THE ASYMPTOTIC FORMULA IN WARING’S
PROBLEM

KENT D. BOKLAN

§1. Introduction. Let s, k and n be positive integers and define r,,(n) to
be the number of solutions of the diophantine equation

n=xi+x5+- - -+xk (1.1)

in positive integers x;. In 1922, using their circle method, Hardy and Littlewood
[2] established the asymptotic formula

LA+ /R -

T(s/k) (1+o0(1)) (1.2)

rs,k(n) = 6Syk(n)

whenever s> (k—2)2*"'+5. Here S,,(n), the singular series, relates the local
solubility of (1.1). For each k we define G(k) to be the smallest value of s,
such that for all s > s, we have (1.2), the asymptotic formula in Waring’s problem.
The main result of this memoir is the following theorem which improves upon
bounds of previous authors when k<9.

THEOREM 1. Suppose that k>6. Then G(k)<32".

Hardy and Littlewood were able to prove that G(k)<(k—2)2*"'+5 by
using Weyl’s inequality, first discussed by Weyl [8] in 1914. In 1938, Hua [4]
demonstrated that (1.2) holds provided s>2*+1, thus proving th
G(k)<2*+1, and improving upon the bound of Hardy and Littlewood when
k>4. Hua’s proof complemented Weyl’s inequality with a new ingredient,
Hua’s inequality. For small values of k (k<11), no progress was made on
G(k) over the next 48 years. For large values of k, frequent progress has
been made—initiated by Vinogradov’s pioneering work. Vinogradov, Hua, and
others refined bounds for G(k) leading to the bound G(k) < (4+ o(1))k* log k.
Although it is quite probable that G(k) <k, and, perhaps, even that G(k)=
k+1 (even though (1.1) may be insoluble), this is far beyond the reach of
known methods. In 1986, Vaughan {6], [7] used important new ideas to estab-
lish (1.2) when s=2* and k>3. Using techniques unrelated to those of
Vaughan, Heath-Brown [3] in 1988 proved that G(k) <22*+ 1 when k>6. His
striking methods encompass both an improvement in Weyl’s inequality and an
associated improvement in Hua’s inequality.

[MATHEMATIKA, 41 (1994), 329-347)



330 K D BOKLAN

THEOREM (Heath-Brown [3], Theorem 1). Let k=6 and

ql ¢
with (a, q)=1. Setf(a)=z_f=, e(axb). Then, for any £>0,
fl@) <P 5(Pg + P 2+ qP! TRyP, (1.3)

(Throughout this treatise we set f(a), the standard generating function for
kth powers, to be as defined in the last theorem, with P=[r'/*].) This result
yields its strongest bound when P*<g<P*73, and, for these g, f(a)<
P'"%*¢ (¢f. (6.2) and (6.4)). This may be compared to the bound f(a) <
P'~27"*¢ that is deduced from Weyl’s inequality when P<g<P*~'; many of
the technical difficulties that we encounter can be traced to the disparity in the
aforementioned ranges on g. More precisely, Heath-Brown’s result improves
upon the bound that arises from Weyl’s inequality whenever P°®<gq<P*~?
with §>3.

THeEOREM (Heath-Brown [3], Theorem 2). Let k>6. Then, for any £>0,
1
jlf(a)ﬁ”da < PPTHE (1.4)
0

To estgblish his bound on Gi(k), Heath-Brown combined (1.4) with Weyl’s
inequality.

Extending ideas of Heath-Brown [3] and Vaughan [7] (the latter relying
heavily upon the opera of Hooley), we establish Theorem 1 as a direct conse-
quence of the following result.*

THEOREM 2. Suppose that s, k and n are positive integers with k =6 and
=32* and that y(k) is 1 if k is even and O otherwise. Then

r(1+1/k)

=1 4 (O~ (log n)+ "0
TGs/k) ( (log n) )

rs.k(n) = 6.\',1((”)

where

n(k) =20k~ 3)* = %= 3k+ 13+ 2 (k)(d(k) ~ 1).

(A formal definition of S,,(n) is given in Section 5.) It is crucial that
n(k) is negative as S, (n)>1. Indeed: n(6)=—-0-607..., n(7)=-6, n(8) =
—5:639...,n7(9)=—-11-606 . . .. The value of n(k) may be reduced, but at the
cost of rather cumbersome complications. We intend to pursue such methods
in a later paper. The proof of Theorem 2 involves a delicate treatment of the

* Recently, Greaves has proved an estimate that allows us to take y(k)=0 for all k in this
result. See G. Greaves, On the representation of a number as a sum of two fourth powers 11,
(Russian) Mat. Zametki, 55 (1994), 44-58.
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Hardy-Littlewood method that is motivated by the proof of (1.4) of Heath-
Brown [3]. The essential difficulty in the proof is that we cannot appeal to a
classical dissection into major and minor arcs. The major arcs would be too
wide to accommodate the error terms in the standard analysis of the auxiliary
functions that are employed to obtain (1.2) and, moreover, we need the “fuli”
strength of (1.3) which demands that ¢> P>. In classical treatments (see, for
example, [5], Chapter 4), the major arcs “cover” those @ which can be well-
approximated with small values of ¢ (e.g. ¢<P). It may be of some interest
to note that in the arc dissection to follow the main contribution to the error
term in Theorem 2 does not arise on the minor arcs (as formulated ), but on
pruned sections of the (non-classical ) major arcs.

We would be remiss to not note that Wooley [9] has recently demonstrated
that G(k)<(2+o0(1))k*logk. In particular, he has proved that G(10)<750.
His substantial improvements supersede the bounds of Heath-Brown when
k=10

The author would like to thank Professors H. L. Montgomery, R. C.
Vaughan, and T. D. Wooley for their support, encouragement, and many
helpful discussions. This manuscript comprises a part of the author’s Ph.D.
thesis at the University of Michigan.

§2. Notation. As usual, ¢ denotes a sufficiently small positive number, <
and > denote Vinogradov’s well-known notation (where implicit constants are
functions of, at most, € and k unless otherwise specified ), and e(x) =exp (27ix).
Further, we assume that s= %2", that k is a fixed positive integer that is at least
6, and that »n is large (in terms of ¢ and k). We adopt the convention that the
value of £ may change from one occurrence to the next. It will be convenient
to define y (k) to be the characteristic function on the even integers. As usual,
d.(n) denotes the number of representations of n as the product of r ordered
positive integers and d>(n) =d(n). Also, [w] designates the greatest integer not
exceeding w and ||w| the distance from w to the nearest integer.

§3. Preliminary lemmata. We initiate the proof of Theorem 2 in the next
section. Presently, we give two germane results of potentially independent
interest. To obtain strong estimates for divisor sums of restricted type we
provide the following lemma.

LeEMMA 1. Letr, t, and A be fixed, r=2, t=1, A>3, and put
cmy=#{(a1,az,...,a): m=aa,...a.,1<a;<A4}.

Then
Z c(m)'<A'(]og A)r’—(r—-l)l-l+;.

mz1
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Proof. Let 7 be fixed and set M= A"(log A)"*. It is clear that if m> A"
we have c(m)=0. Set
Hi= Y c(m), H,= Y c¢(m)".
msM m>M
We treat H, by utilizing the basic inequality c(m) <d,(m). Employing well-
known bounds for moments of the divisor function,
Hi< Y d(m)<M(log M),

msM

Our estimate for H, is acceptable if 7 is taken to be sufficiently large. If m> M,
we have a;> A(log A)” " for all i. For j>1 we set

1(j)=(A(log A)""e’™", A(log A)"*¢].
Since
cm< Yy 1,

aay...a,—y\m
I<ai<

we see that, if m> M,

cm< Y Y L
JUJ2sendr—1 @iaz... ap-ilm
aie I}

As each j; takes on O(log log 4) values, it follows that
c(m)<(loglog A)~' max Y  1=(loglog 4)""'A(m)

WLM20slr =\ vy .. ay- ()M
ui<a;<eu;

where A,(m) is Hooley’s (extended ) divisor function. Setting y=1 in Theorem
3 of Hall and Tenenbaum [1] we obtain
Z A,(N)' <r,1x(]0g x)r’—(r— Dr—1+¢
N<x

(and the exponent of logx here is sharp). The desired result follows
immediately.

The second lemma of this section, a mean value estimation, is quite extraor-
dinary—in part because it can be established by elementary means.

LEMMA 2 (Vaughan, unpublished). Let S denote the number of solutions
of the simultaneous equations

3 3 3 3 3 3
xXitxp+tx3=yit+y;ty;
3.1
Xy +x2+x3=y| +y2+y3
in positive integers x;, y; with x;< P, y;<P. Then

S=6P*+ O(P}*9).
Proof. 1If x;=y; for some i and j, it follows easily that y,, y,, ys is a

permutation of x,, x,, x3. (The x; are distinct for all but O(P?) triples x,, x5,
x3.) It therefore remains to show that the number of non-trivial solutions of
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(3.1) is O(P¥*%). On factoring (x;+x;+x3)* —x}—x3—x3, it follows that
system (3.1) is equivalent to the pair of simultaneous equations

(2t x3)(x3+x1) (X1 + x2) = (y2+p3) (3 +y) (Vi +y2)
X+ x+x3=y+y,t+ys.

Upon making the substitutions

Xi=x2+x3, Xo=x3+x, X3=x1+Xx,,
and

Yi=y:tys, Y2=ysty, Ys=yi+y,
we see that it suffices to show that the number of non-trivial solutions of

X XoX3=Y,Y,Vs, X1+ X+ X:=Y,+Y,+Y;

with 1 <X;<2P, 1< Y;<2P, is O(PY*®). (If X,= Y; for some i and some j then
Yy, Y,, Y3 is a permutation of X, X,, X; and, hence, that x;=}; for some i
and j.) Writing

Y,
di=(Y, X)), dz=(—l,X2>, Y\ =didxds,

d
W)
e=Ya_, e=|—,—|, Y,= 3
1 ( 2 4 2 e d 2=€1€62€3
X.) (Y3 Xz)
=|Y. s | =75 Y;= s
fl ( ? die, fz fl dye, ? flf2f3
we find that
XX
____1_2—X3=d3e3ﬁ
dlelfld2e2f2 .
and that
(_:“Xz_,dsesﬁ)ﬂ_
dlelfleezf2

Thus X, =d\e, fi, Xa=dhe, f2, and X3=dse; f3. We need, therefore, to bound
the number of non-diagonal solutions of

d,elfl +d2e2f2+d3e3f3=d1d2d3+e,e2e3+f.f2f3 (32)

with the six terms in (3.2) each at most 2P. It is sufficient to consider the
solutions for which f; </ </, , since every solution is of this form after a suitable
rearrangement of indices. We therefore suppose that f; <P'/?. Multiplying
(3.2) through by f; and rearranging terms we obtain

(fids—eie))(fres—didy) = (fs fr —daex)(f3 [2—drey). (3.3)

Since we are considering only non-diagonal solutions to (3.2), each of the four
factors in (3.3) is non-zero. By standard estimates for the divisor function,
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given d,, d,, ds, e,, €3, e; and f3, the number of choices for f; and f; is thus
at most

2d(|( frds—ere)( fres— didr)|) < P°.

The number of solutions of (3.2) is therefore at most

2
Z Z Z P€<P%+t( Z l) <<P%+£.

didydy 2P eyeres<2P fi< P didydy <2P

This completes the proof of the lemma.

§4. Preparatory treatments. One of the innovations of Heath-Brown in
[3] was to iterate Wey!’s shift operator only k£ — 3 times to obtain cubic exponen-
tial sums. We begin the proof of Theorem 2 by refining an argument of Heath-
Brown [3] that is based upon a symmetric difference operator. (Alternatively,
one may use Weyl’s forward differencing technique followed by a suitable linear
transformation.) We first set

[l:;c ] ) P+l 3;]3+ 1] , T(x)=max

Y e(yn’+zn) 4.1

nel

o]

where the maximum is taken over subintervals / of [1, P], zin [0, 1] and y in
J(x). Though we refrain from reproducing the details of the method of Heath-
Brown [3] here, we begin with the bound

{
f(a)Zk—3<P2k—3—k+2 Z T(a %Zk—-Shlhz . hk—3)

Ihil < P/2

(obtained by a differencing argument). (The maximum over y is a spurious
condition as y=x. However, we shall find it convenient to take the max after
realizing that xeJ(x).) We now make two definitions:

()= {(h1,h2, ..., ;—3):h=hha. . ey, |h| <P/2},
C(Il)= {(hl,hz, ey hk-:;)l h=hh,... hk..3, 0<h,<P/2}

It follows that
2k-3 2k=3_f+2 P/t * k~3
f(@)* <P S c*(WT(ax2 k)
h=0
where x =k!/6. Since c(0) <P*~* and T(0) = P, we obtain, as c*(k) <c(h),

2k-3 2k-3 *-3_k12 (P/2)%-3 e
f(@)* " <P¥ 74P Y em)T(ax2*h). (4.2)

he=1

It is at this point in our discourse that we consider two separate lines of attack—
via two different applications of Hélder’s inequality. From (4.2) we conclude



THE ASYMPTOTIC FORMULA IN WARING’S PROBLEM 335

that

K Pk~3 1/3 spr-3 2/3
f(a)Z" 3<P2"3—I+P2"3—k+2< Z T(ah)3> (Z C(h)3/2)

h=1 h=1

and that

kPk—3 1/6 /pk-3 5/6
f(a)zk-.3<P2k—3—l+P2k“3—k+2( Z T(ah)6) (Z c(h)6/5) .

h=1 h=1

We now appeal to Lemma | to obtain the respective bounds

KPk=3 173
f(a)”"@z“—'+P2*"3‘%(logP)-%"“”’”'“?”( Y T(ah)") (4.3)

h=1

and

KPk-

L

h

5 1/6
f@? < P* 7+ P 6 i(log P)%“‘”““"‘*%”( T(ah)ﬁ) . (4.4)
In Section 6 we use (4.4) to treat the integral over the minor arcs. The integral
over the pruned arcs is more difficult to evaluate and we shall resort to addi-
tional devices to complement (4.3) in later sections of this lucubration. Before
we proceed to invent a suitable arc demarcation, we provide a result which we
shall use to extract key information concerning the “average” size of T(x)°.

LemMaA 3. Using the notation of (4.1),
P3
Y T(mP <P,

m=1

Proof. From the definition in (4.1), T(x) attains a maximum for some I,
z and y. For x=mP > let such an extremal triple be denoted by 1,,, z,, and
¥m. Then

T(mP'3 Y=Y e y,,,n3 +z,,n)

nely,

f Y e(y’+(zntyIn) ¥ e(—ty)dy|.

n=1 tely,

0
Suppose y is not an integer. Since 7, is a subinterval of [1, P],
1
= - <—'
I—e(=y) Isin(—zy)| 7|
If ¥ is near an integer, we supplement this with a trivial bound whence
1
- , 1
T(mP™?%) <J min (P, ﬂ)dy.
14

(]

Y e(—ty)

tely

S|

i e()’mn3 +(zm+7)n)

n=1
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By Holder’s inequality,
1 1

P 6 G
T(mP'3)6<<J. dy)(fmin (P, m) 5}/) .

S e(yutt’ + (zm+ 7)n)

n=1

Since
1

1 6/5
Jmin (P, —) dy<P'/5,
i

0

employing the change of variable z,,+ y =u we conclude that

1
6

pP3 P3 P
Y T(mP*°<P ¥ Y e(yan’+un)| du. 4.5)
m=1 m=1 n=1

4]
We define R(u, v) to be the number of solutions of the simultaneous equations
m+n+m=v,
nmtntni=u,

with 1<n,<P. Since
p 3
¥ e(y,,,n3+;m)) =YY R(u, v)e(y.v+puu),
=1 u v

from (4.5) we discern that
1

P3 P3 2
Y, TmP)°<P ¥ z(z R(u, v)e(ymv))e(uu) dp.
m=1 m=] u \v

0

By Parseval’s indentity, the integral on the right-hand side is equal to
2

X

u

2. R(u, v)e(ymv)

and therefore
2

Pf T(mP)°<PY, ”i . (4.6)

m=1 u m=]

¥ R(u, v)e(ymv)

v

By assumption, each of the points y,, lies in the interval [m/P?, (m+1)/P%] so
that the set of y,, under consideration can be partitioned into two sets, by
parity on m, in each of which they are spaced at least P~ apart. Hence, by
the large sieve inequality,

P3 2

z

m=]

2 R(u, v)e(ymv)

v

<P*Y R(u, v)*.
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Thus, from (4.6),

pr3
Y T(mP)P°<P*Y ¥ R(u, v)°.
m=1 u v
Since the double sum is the number of solutions of (3.1) as counted by S, the
desired result follows from Lemma 2.
This proof of Lemma 3 is due to R. C. Vaughan. From Lemma 3 we see
that T(ah) is rarely larger than P?*, We shall exploit this phenomenon further

(¢f. (8.2)).

§5. The essential demarcation. By a theorem of Dirichlet, for any real a
we can find integers a and g with (a, g)=1 and
1

<S— (5.1)

a
a—- gP "}

q

where 1<q<P* . We tacitly assume that (5.1) holds throughout this
manuscript. It will be convenient to work on the unit interval

- [L, ! +L]
2kn 2kn

rather than [0, 1]. We partition % into three sections. We first set

P
a—3|<—}, a=\)" Ma,q)
q aq

H(a,g)=1a: &
(@ q) { 2kqn

where the * signifies that the union is taken over all 1 <a<q<P with (a,¢q)=
1. It follows that .# —%. Additionally, set

1 . PP -
m={ae%: a—g's—kijth(a,q)=l1mp11es—<q<P" 3}
ql qP 4

and
N =YN(M L ),

pruned sections of the major arcs .#. (The intervals .#(a, q) are clearly pairwise

disjoint.) We have, by classical methods (see {5], Theorem 4.4),

r{+1/ky
17k

(s/k)—1 (s/k)—1-6
A +0(n ) (5.2)

J f(a)'e(—na)da = S,,(n)
4
for some explicit §>0. As usual, the singular series &;.(n) is given by
it ] s an
Sum=Y ¥ (Sgaq") e(-;)
=1

g=1 a
(ag)=1
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with
i ar*
S, o)=Y e<———-).

r=1 q
It is well-known that 1> S;,(n)>1 (see [5], Theorem 4.6). A salient feature
of our major arcs is the inequality

P < 1
2kqn qP**

so we may think of .# as being embedded in the set of @ e% that satisfy (5.1)
with 1 <g<P. As noted in Section 1, we cannot take .# to be the set of all
a e that satisfy (5.1) with 1 <g< P for that would corrupt the treatment of
the auxiliary functions that are (classically) used to approximate f(a) on the
major arcs (see [S], Chapter 4). Pruning is our recourse. Since

rix(n) = ff(a)se(—na)da,
0

it follows that

rsx(n) = ff(a)‘e(—-na)da + ff(a)‘e(—na)da + Jf(a)se(—na)da

= ff(a)‘e(—na)a’a + O(flf(a)l“da + f |f(a)|‘da>. (5.3)

§6. The treatment of the minor arcs. We first obtain a refined form of
Heath-Brown’s analogue of Weyl’s inequality (1.3). We use the following
lemma.

LeEMMA 4 (Heath-Brown [3], Lemma 6). Let |a —(a/q)| =z with (a, q)=
1 and <1/q%. Then, for H>1, A>0, and any real p,
#{h: 1<h<H,|lah—pu| <A} <8(1+(q2)"'A)(1+qzH)
and
#{h:1<h<H, |ah—p| <A} <4(1+qA)(1+q 'H).
We deduce from Lemma 4 that if 7<1/4* and (a, q) =1,
#{h:1<h<H, |ah—p| <A} <1+qzH+(q2)"'A+ HA
and that
#{h:1<h<H, |ah—p| <A} <1+q 'H+gA+ HA.
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It follows that
#{h:1<h<H, |leh—p| <Ay <1+HA+qAZ+q 'HZ™'
where Z=max (1, (Hz/A)). Thus, for Z=max (1, P*z),
#{h:h<kP* 2 |lah—mP 3| <P} <qZP*+P* S +q7'Z7'P* 3. (6.1)

Since

xPk-3 p3

Y, T(ah)’<max #{h<«xP*":|ah-mP7|<P7} ¥ T(mP™)",
h=1 " m=1

from Lemma 3 we conclude that

xpPk-3
T(ah)* <P (gZP 3+ P* S+47'Z7'P*%).
q

h=1
Therefore, from (4.4),
f(@)<P(PZ7'qg" + P 24+ 4ZP'%)¥ *(log P)* ¥*¢
where '
W (k) =327"%(5(k —3)%*— 6k +19).

It follows from (only) using the second bound in Lemma 4 that whenever
la—(a/q)| <1/¢’ with (a, g)=1,

f(@)<P(Pg '+ P 2+¢P' )% (log P)* ®*¢, (6.2)

To treat the minor arcs we first note that s=32¥+2*"' so

acon

f |f()|*da <sup | f(a)|#* f 1f(a)” 'da. (6.3)
ot E4

From the definition of » we deduce from (6.2) that for aem
fla)<P' " ¥ log P)* ®*¢, (6.4)

To overcome the positive power of the logarithm in (6.4) we appeal to Theorem
B of Vaughan [7] with subsequent remarks to obtain, with /=k—1,

1
J.If(a)'Z""da<P2""-—(k—l)(log P)s-—‘5(k—I)(k—2)+x(k)(d(k)—l). (6.5)
0

Combining this with (6.3) and (6.4) we conclude that

f| f(a)|’da <P* *(log P)* ¥+ ¢ (6.6)

where

W(k)=3(k —3)*° - 2k* — ke + 5+ y (k) (d(k) - 1).
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For k=6, W(k) is negative: W(6)=—6-157..., ¥(7)=—13-304..., ¥(8)=
—15-253 ..., and W(9)=—24-035. ... It suffices to treat the integral over the
pruned arcs to establish Theorem 2.

§7. A partition of the pruned arcs. We construct two subsets of A~ corre-
sponding to rational approximations to a as in (5.1) with g large and ¢ small.
To this end we set

a-— E‘ < 22}
q

where the * indicates that the union is taken over all a with 1<a<gq and
(a,q)=1. Clearly I(q, z) and I(q, 2z) are not disjoint. Let i, =iy(q) be the
smallest integer i with

g, 2=U" {ae”ll:z—P_ks

2’<’P"‘+ P );—lk 3
2kgn/” 2qP*"

Define, for 0<i<ip,
: P
Z(qg)=2 (P "k+—>
2kgn

and let

If we set

M= U U K4, 249),

1€g<P O0<i<ip
then .41 includes all a e# that satisfy (5.1) with 1 <g< P that do not lie in .#.
We define j; =jo(g) to be the smallest integer j such that

ZjP_kk“]—

2qP*%
and subsequently let, if 0<j<jp,
Zj(q)=2'P*
and set
Z;(9) =%.
2qP*"

We next define
H= U U g Zig).

P<g<iP?® 0<j<jo
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It follows that .45 includes all @ e% that satisfy (5.1) with ¢ in the intermediate
range P<q<3P>. Thus

1<q<P 0<i<ip
1(9.Z24q))

'flf(a)l‘da< y ¥ f |f(a)|'da

+ Y X j | /(@) da.

P<q<iP’ 0<j<io Y,
1@.Zi(g)
For each of the two sums on ¢ we break up the range of g into dyadic blocks.
For convenience we refer to the first sum above by subscript 1 and the second
sum with, naturally, subscript 2. There are O(log P) such blocks for each sum.
It follows that there exist 9, and Q, such that

Q1<g<20 0<i<ip

flf(a)l’da <logP ¥ ) f |f(a)’da
A Ka.Z(q)
+logP Y, Y J | f(a)|'da. a.1n
0:<9<202 0<j<jo

4.Zj(q))

We next make each range for Z(q) and Z;(g) independent of g by annealing
our structure. Let i; be the smallest integer i with

2"(P"‘+ P >> l
4kQn)” 20,P*3

and define, for 0<i<ij,

5 i pk P)
Z(q) 2<P * o

and set

1

Zi|(4)=5éF:§-

For the sum on j we define j; to be the smallest integer j that satisfies

2’p k>—2QTP"_’_5
and let
Zg=2'P*
if 0<j<j, and set
Zig) =

2Q2Pk—3'
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(Clearly Z)(q)>Z,(q).) This newly generated cover of |a—(a/q)| for
0.<qg<20, (v=1,2) is larger than the former given implicitly in (7.1). We
rewrite (7.1), inverting the orders of summation, to find that

0gi<iy Qi<qg<20Qy v
1(9.Z(q))

_[If(a)l’da <logP } ) J | f(a)|*da

+logP Y Y, J |f(a)*da.
0</</t Qa<g<2Q v,
He.Zi(g)

Since i; and j; are O(log P) we conclude that there exist Z; and Z, such that

Jlf(a)l“da <(log Py’ max Y |f(a)|’da (7.2)
A Qo=a<200 1(q.Zy)
where
1-k 3-k 3—-k

(7.3)

P P _ P
01<P, P<Q<P’, o <7< o P*<Z,«

1 1 2

In the next section we employ the fact that the I(g, Z,) are pairwise disjoint
(for v fixed). To establish this assertion suppose « is in both I(q,, Z,) and
Kq,, Z,) where q, #q>. Then

1

~

9192

a a 2
- <4Zu<a’;7_—3

a1 92

<la

q| qz

from which it follows that
Pk_aQuSquqz-

Since ¢, <20, we obtain a contradiction as ¢, < iPon A

§8. The small values case. Following (4.3) and (7.2), we need to bound

xPk-3

Y T(ah)’ (8.1)
h=1

for those ael(q, Z,). We cannot, unfortunately, evaluate the integral over A~
in (5.3) in a direct manner. Instead, we consider a bifurcation contingent upon
the size of the quantity in (8.1). Suppose that this function attains its maximum
value for ael(q, Z,) at a,. Let Y, denote those values of ¢ with 0, <¢<20,
for which
xpPk-3
Y T(ah)’=P* '(log P)’(log log P). 8.2)

h=1
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For any ael(q, Z,) where gq¢Y, (where we are henceforth assuming that
0,<q<20,),

xPk-3
Y T(ah)’<P* '(log PY***

h=1
so that, from (4.3),
f(a)Z"’:‘<P2"’3—_'i(log P)_%(k—3)3/2—k+4+£. (8.3)
We first note the trivial bound (after (7.2))

v q¢Y,
(q,.Zy) Kq.Zy)

flf(a)l’da<(10gP)2maX(Z J If(@)'de+ ) If(a)l’da)-

8.4)
We now deal with the second sum in (8.4) by using (8.3) and (6.5). Set
A (k)=2(k—3)"*=3k+14.
Since it was demonstrated in the previous section that the I(gq, Z,) are pairwise

disjoint,

(]0g 1’)2 Z |f(a)lsda<1)§2k—l(log P).vl(k)+g Z |f(a)|2kﬁlda
qé¢Yv Koz géY, oz

<P%zk—l(log P).ql(k)+e jlf(a)lzk-'da
£
< P**(log P)10*e (8.5)
where
n(k)=2(k—3)"*— 3k* =3k + 13+ x (k)(d(k) = 1). (8.6)

A direct calculation shows that 0> n(k) > (k) when k>6. (Explicit values of
n(k) are given in Section 1.)
To wit, from (5.2), (5.3), (6.6), (8.4) and (8.5),

rex(n) = S;4(n) ______r(;‘(-:/lk/)k)’ n/m =t O(n“/*- '(log n)** ntky)
+0((log Py max Y |f(a)|"da>. (8.7
LT ez

§9. A large values sieve. The goal of this section is to show that there
cannot be “many” ¢ with geY,. From (4.3) we obtain

) If(@de< ¥ Vi) | |f(e)**da 9.1)

geY, qgeYy
1(q.Z,) Kq.Zv)
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where

xPk-3

Z

h

2
V(q)=P%2*-6+P%2*—2“f( T(aqh)-‘).

1
Define
xpPk-3 2
Se= ). ( ¥y T(aqh)3)
geYy \ h=1
and, as D and T run over (appropriate) powers of 2, let
E(D, T, q)={he[l, x P*3|: D<(h, q)<2D, T< T(ah)<2T}.
(Trivially, T(a,h)21.) Thus, for some D, and T,

xPk-3

Y T(agh)’ <(log PY’T #E(D,, Ty, q). (9.2)
h=

1
In the other direction (8.2) holds whence
#E(D,, T.,, g9)»P* 'T;?loglog P. 9.3)
Observing that
#ED,, Ty, @) <H#{h<kP*: (b, q)>D,}
< Y #{h<xP* . d|h}

diq
d> Dy

<d(g)P**D;'
< Pk—3+£D-l
(a bound that can be worse than trivial), we conclude from (9.2) that

S,<P***eTép)' Y #EMD,, T.,q) (9.4)

g€ Y o(Dy,Ty)

for a suitable subset Y (D,, T,) of Y,. We next consider
Se= Y  #EWD.,, T.,9).

. q€ Y o(Dy,Ty) . . .
Since the treatment of S, that we need is (essentially) the same as that given

by Heath-Brown [3], Section 3, we suppress the details here (the argument
relies upon (6.1)). To strengthen our rhetoric, we remark upon an improvement
arising from the precision of Lemma 3:

P T -3y6\1/2
S, <P** D, T;%0,Z,) "+ #Y (D,, T,,)P"'i( y —('"—:g-l) .
. m=1 v
From (9.3),
So># YDy, TP ™' T loglog P
hence, we deduce after Lemma 3 that

SL,<P*°D,T;%Q,Z,)".
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Thus, from (9.4),
S,<P**'*¢(0,2,)7". (9.5)

§10. The conclusion of the proof of Theorem 2. We first observe that if k=
2[3(k+1)] then §2*>k>k for all k>6. Additionally,

f If(a)l*zkda<aes,1(1qu)If(a)I“*‘E f |/ (a)|*da

1(q.Zy) H(q.Zy)

k
dp. (10.1)

2Z,

a

< sup |f(e)**F z Hf(—+ﬂ)

ael(q,Zy) q
(aq) 1 -2z,

We now give a very useful mean value result.

LEMMA 5 (Health-Brown [3], Lemma 8). Lef h be a fixed positive integer
such that 2h=k. Then

3 [|fes)

-2z

2h
dﬂ<q2P2h-l+€+P2h—k+€.

Lemma 5 may be refined so the P* terms are quantified as slowly growing
functions of g—but, as we shall soon see, this is an unnecessary complication.
In order to treat the supremum in (10.1), we provide one last lemma.

LEMMA 6. Suppose that |a—(a/q)l<2/(qgP*"®) where (a,q)=1 and
1<q<iP> Suppose, further, there is a positive constant A such that whenever
1 <g< P we have

A
> q Pk— 1°

Then
fla)<, P72

Proof. Clearly @ —(a/q)| <1/q*. For g> P, the desired result is thus a
direct consequence of Weyl’s inequality (see [S], Lemma 2.4). We suppose,
therefore, that 1 <g<P. By Dirichlet’s theorem, we can find mtegers rand s
with (r,s)=1 and 1<s<P*"'/A4 satisfy

A
st—l'

r

a—-|<

Since a/q does not satisfy this inequality, a/q#r/s hence

1 a A 2
—< g+

a——|x ——
5q q st—l qu’—3

s q

r
a—-|+

s

<
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It follows that s> P*~*. Thus

<l
<=
&

a—

|~

where (r, s)=1 and P* 3 <s<,P*"'. The desired result follows from Weyl’s
inequality.
We now address the supremum in (10.1)—if ael(q, Z,),

1 2
sQqu—3<qu—3

a
q
with (a,q)=1. If g<P (ie., v=1),

a—

by construction. From (10.1) and Lemmata 5 and 6 we infer that

f If(a)lézkda<P(1—2'**)(%2k~E)+e(QDZUPE—|+PE—k).
Kq,Z,)

(We have dropped the restriction (@, ¢) =1 to majorize the right-hand side of
(10.1).) Combining this with (9.1) we find that

Y |f(@)*da <(P~°Q,+ P~%S,) P>+ 50,7 P~ + P¥),
qeYy .
Kq.Zy)

On the first factor on the right we use the trivial bound Q,<P*. Then, from
9.5),

) |f(@)*da < PP %~ **¥ " k+e(g 7 PF 44 1+ PITHQ,Z,)7Y).  (10.2)
qeY,
I(q.Zy)

Since (7.3) provides that
P'"*<0,Z,<P’™,

the second factor on the right-hand side of (10.2) is bounded. We conclude
that

Z lf(a)lsda<Ps—k—¢5+€
qeY,
K(q.Zy)
where 6=4—2'"*k. From (8.7) we consequently obtain
P+ 1/K) p-1
I'(s/k)

+0(n*"P " (log n)** ") + O(nO ! 78Ky (10.3)

rs,k(n) = 6.s',k(n)
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where n(k) is given in (8.6). A simple check verified that § >0 whence the
latter error term in (10.3) is subsumed by the former—and, mirabile dictu,
Theorem 2 is proved.
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