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THE VALUES OF A TRIGONOMETRICAL POLYNOMIAL AT
WELL SPACED POINTS

H. DaveNPoRT and H. HALBERSTAM

1. A study of the recent papers of Rotht and Bombierif on the large
sieve has led us to the following simple result on the sum of the squares
of the absolute values of a trigonometric polynomial at a finite set of points.

THEOREM 1. Let a_y, ..., ay be any complex numbers and let

N
S@)= X a,e(nx), (1)
n=—N
where e(8)=e*%. Let 2y, x,, ..., xg (B = 2) be any real numbers, and define§
d=min| z;— ;. (2)
irk
Then R N
3| S@,)P<2:2 max(3, 2N) 3 |a, . (3)
r=1 n=-N

The numerical constant 22 arises from the use of a particular auxiliary
funection and could be improved by using other functions or a combination
of functionsY. It would be of interest to know if there is any simple and
best possible inequality which includes (3).

We prove Theorem 1 (very simply) in §2, and in §3 we deduce slightly
sharper versions of Bombieri’s Theorems 2 and 3. Theorem 3 was the
basis for Bombieri’s work on the average of the error term in the prime
number theorem for arithmetic progressions.

If N3 is small, it is possible to prove a result which is stronger than (3),
apart from the numerical constant. This result (Theorem 4 of §4) attaches
greater weight to those points x, which are well separated from their
neighbours. Let

8,=minl||z,~=,|; (4)
J#r
then the result is that
R N
3 min(1, N8, () <6-1N 5 |a, 2 (5)
r=1 -N

t Mathematika, 12 (1965), 1-9.

1 Mathematika, 12 (1965), 201-225.

§ We denote by || 8| the distance from @ to the nearest integer.

9§ If 8N is sufficiently small, the factor on the right of (3) can be improved to (1+4¢) 6!
by replacing #(x) in (8) by the function which is 1 for |jz||<y and 0 otherwise. We are
indebted to Dr. H. Stark for the remark that the constant 2-2 cannot be replaced by a
number less than 2— 872, This is shown by the following example (taking N to be large):
.y =..=ay=1; R=2N and x,...,2; are the numbers 0, }, 4 T(%%{:—l—ll—)
(n =1,..., N—1), so that ! = 2N+1.

[MaTaEMATIEA 13 (1966), 91-96]
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The justification for our describing this as a stronger result lies in the fact
that min(1, N3,)> N§ if Nd<1. As corollaries to Theorem 4 we have
modified forms of Theorems 2 and 3.

Finally, in §5 we point out a modified form of (3) containing | S(x,)*,
where > 2.

2. Proof of Theorem 1. For 0 <n <38, let?
V)= 3 bye(nn)
be any real function of integrable square which vanishes for ||z| >7. Let
T(x)= zl]:’b‘n—l a, e{nx).
Then, by the usual ¢ convolution ’ formula,

s@= [ 4w Te-nay= [ 4o -y

whence ) .
2 2 Tix—u)2dy).
seps( [ vwa)([ 1Te-vra)
On replacing z by #,, and summing over r, we obtain
R 1
sisers ([ vww) [ irere ©

since the intervals (x,—7, z,+7) do not overlap. Since

f¢2(ydy fsbz )dy= an,

we deduce that
R @
51860 <(£07) (S bl anr)- )
We now take
sin nmy _ A=y =z|) if |x] <,
i/l(x)——_m( nTn ) 6("'517)—{0 if “x”>”’) (8)

For this funetion,
® 1
55,7 [ wr@de=go,
—_C0 0

and for |n|< N we have

sin Ny

t Functions of this type played an important part in Roth’s argument.
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provided Nn<}. Thus

5|8 )|2<a7TN_(-T7_— 5l
= ml=3 (sin Norn) "

The function of 5 on the right is least when N7y =6, where §,=0-845...,
and its value then is 4:34 ... N. If the value of  so determined satisfies
7 <}8, we use it and get an upper bound 4-34 ... N. If not, we take =143,
and get an upper bound

N 4 B, \4
2yt (——ﬂ’——) < g(zs—l)( Sin" n ) <2-2871,

sin N7 o

In either case the condition N <} is amply satisfied.
3. THEOREM 2. Let the a, be any complex numbers, and let
Y+U
Sx)y= Y a,e(nr).
n=Y+1

Then

q Y+U
S 2 S@P<22max(U, X 3 |a, [
<X a=1 ¥+1

@ 9=1

Proof. When the numbers z, are the rational numbers afg with
¢<X, we have §> X~2. The result follows from Theorem 1 on taking
N=1U or }(U-1), and putting n=n"+ ¥ + 1+ N, so that »’ goes from
~NtoNor N-1.

THEOREM 3. For any character y to the modulus g, let
q
T(x)= X x(m)e(m/q),
m=1
and let the a, be any complex nuinbers. Then

Y+U
- ZI 12 Z X(n) ay,
X Y+l

2 Y+U
<22max(U+X, X?) 3, d(n)a,|
Y+1

Q<X

Proof. When (n,q)=1 we have

m=1
(m, @)=1
whence Y4U a Y+U
(%) X x(n)a,= X x(m) X ay,e(mnfq)
Y41 m=1 n=Y +1
(m, @)=1 (n, @)=1

On multiplying this by its complex conjugate and summing over y, we
obtain

Z]lT(x)l2 x(n)a

=4@ 3 |S,mio),

(m, D=1



94 H. DaveNPORT and H. HALBERSTAM

where Y+U
S(x)= X a,e(nx)
n=¥Y+1
(n,@)=1
We have Y+U
S,@)= X u(d) ¥ a,e(nw),
s

whence, by Cauchy’s inequality,

|8, (@) < (.Z Mz(d)/d) (}Fq 13, tnee)])
Since 1
2 _— —
2 W@ pIIIq(1+ . )<a@,
we obtain

q q r+u 2
@) 3 (Smig<eTd 3| Y apeumig)].
m=1 dig m=1 Y+1

= n=
(m, @)=1 m,g=1 dln

Thus the sum under consideration in the theorem does not exceed

2

q
Xd¥ 3

Y+U

Xz a,e(nmfq)
<X ¢<X m=1 In=Y+1
dlig (mg=1 dln

For each d we apply Theorem 1 to the sum over ¢ and m in the same way
as in the proof of Theorem 2. We take the numbers z, of Theorem 1 to be
the rationals a/q with ¢ <X and d|g, and this allows us to take 8 >dX~2.
We also put n=dn’, so that the range for »’ is

U <1+ UJd.

We therefore get, for each d,

Y+U r+U
)Y

q 2
DD a,e(nmfq)| <2-2max(X2d-1, 1+ Ud™) | @, 2
g<X m=1 n=Y+1 n=Y-+1
dlg (m,g=1 In dln
Y+U
<(2-2d ) max (X% X+U) ¥ |a,l%
s

Multiplying by d and summing over d we get the result.
4. THEOREM 4. With the hypotheses of Theorem 1, let
8, = min |z, .

Then R N
¥ min(1, N§,)| 8(z,)2<6-IN Y |a,[%
Y

r=1
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Proof. We argue as in the proof of Theorem 1, but without supposing
that 5 <$3. The modified form of (6) is

R 1
S min(t, ¥ seye<( [ vo)ay) [ P epas

where
F(2)= P min(1, N§,). (9)

2-=g<T, <24y

If the last sum contains no point z,, or only one point x,, we have F(z)<1.
Now suppose that the points occurring are «, , ..., %,,, in increasing order.
Since the intervals

(@py> Tpy+84)s (Xpyy Ty +84.)5 oovs Xy 15 Tpy y + 6, )
are contained in (2 —mn, z+7) and do not overlap, we have
8y +8,,+ ...+, < 2.
Hence
F(z)<1+42Ny.
It follows that

R © N
S min(1, N8| S, < (1 + 2Nn>( 5 b,f)(z bn—zlanP). (10)
-N

r=1 —%

With the same funection as before for ¢ (x), the right-hand side is

Nﬂ-'y’ 4 N
<(1+2 2 Y 2
(1+287) 87 (sinNm;) Z [a]

provided Ny <1. This (apart from the sum) is

g \a
2 1
3N(2+ 0)(sin0) ’

where = N7z ; and on taking 6 = 0:75 we obtain an amount less than 6-1V.

CoroLLARY 1. With the notation of Theorem 2,

. U a T+U
b mm(l, —) Y |8qrP<3-1U 3 |a,l2
<X 2Xq ) a=1 Y+1
(@, =1
This follows as before on taking N =1U or (U — 1) and on noting that
the distance from a/q to the nearest rational number a'/q’ with ¢’ < X is at

least 1/(Xgq).

CoROLLARY 2. With the notation of Theorem 3,

1 U | 74U
3, —min(L,5z=) Sl | x(n)e,

2 Y+U
€3 1(U+X) X d(n)]anlz.
e<x ¢ Y+1

G
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5. Suppose that 1/k+1/I=1 and that 1<I<2. We can replace the
inequality preceding (6) by

saps( [ jsora) ([ 17w nra).
This gives

p i 1 kil 1
s 1s@es([ora)” [17ere
By the Young-Hausdorff theorem ¥,

([[1rema)™ < (£ o, taur)"

If we use the same function ¢ as before, then

! d 2 a
for/r’(y) Y= .

and the conclusion is that

R 9 W Nmy \2(N kil
3 k ~I+4+1 1
Siser< () (o) (S1ah)

subject to n <18 and Ny <.
Putting N7m=0, we see that the last expression is

Choosing 0 as in the proof of Theorem 1, but now as a function of k, we
obtain

R N kil
% [8(e,) < 4 ktmax (54 M)( B at)
y

r=1

where A is an absolute constant.
The analogous generalization of Theorem 4 is

R N kfl
S min (1, 58| S(e) F < ARR N ( £ a,7)"
N

r=1
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