THE NUMBER OF PLANE TREES WITH A GIVEN PARTITION
F. Harary and W. T. TurTE

This note is a continuation of the articles [6] and [2]. In [1], trees
with a given partition « = (a,, @,, ...), where a, is the number of vertices
(points) of valency (degree) ¢ were enumerated. After the determination
of the number of plane trees in [2], the number of planted plane trees
with & given partition « was found explicitly in [6]. In the present note,
the number of plane trees with a given partition is expressed as a function
of the number of planted trees with a given partition. The method, which
is not new, consists of an application of the enumeration techniques of
Otter [3] and Pélya [4]; it was used in [1] and also by Riordan [5].

Our notation tends to follow that of [1] and [2]; the terminology
[2] and [6]. Let R, , be the number of planted plane trees with n+-1
vertices and partition « =(a,, @,, ...) where @, is the number of mono-
valent vertices (end points) other than the root and for i >1, @, is the
number of vertices of valency i. Of course o determines » since » =ZXa,,
but it is convenient to retain n. Let #;, f,, ... be an infinite set of variables
and write symbolically #* = ¢,%1 £,%2... . Then the generating function for
planted plane trees is denoted by

R, ty= Y R, ,ant= (1)
In [6] it was shown that R, , = 0 unless the partition « satifies
§] ma,, = 22a,,—1 = 2n—1, (2)
1
and that if (2) holds, then
_ . (n— 1) |
Rn, o Ham ’ (3)

Thus R(z, t) is known.

Now let R, , be the number of rooted plane trees with n vertices and
partition o (note that n is now the total number of vertices, including
the root), and let their generating function be

Rz, t)= X R, "t~ (4)
n, &
Similarly let
r(x, t) = X r, ,2"* (5)
n, o

be the generating function for the numbers ,, , which give the number of
plane trees with » vertices and partition «.
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Two vertices (or edges) of a tree are simalar if there is an automorphism
of the tree sending one onto the other. Otter [3] has shown that the
numbers p* and ¢* of similarity classes of vertices and edges respectively
of any tree satisfy the equation

1= p¥—(g%—q,), (6)

where ¢, is the number of symmetric edges, whose two vertices are similar
to each other. It is easy to verify that the equation (6) also holds for
plane trees. Summing (6) over all plane trees with a given partition «
and with n vertices, one can show that

L — — [0 (n or « odd)
Tnoa= Rn ) > 2Rn1, oy an, u2+§ =
n1+na—n Ry, 3, (nand o even.)
xytag=a e

The details of the manipulations (multiplying (7) by «®#* and summing
over n and «) involved in proceeding from (7) to (8) are so entirely analo-
gous to the methods and reasoning used in [1] and [5] that we omit them
and simply state :

r(x,t) = R(x, t)—3[R%(x, t)— R(22, 12)]. (8)

Note that while R(x, t) is known by (1), (2) and (3) and while equation
(8) determines r(x,t) in terms of R(x,t) and R(x,t), it still remains
to find a formula for the generating function R(z,t) which enumerates
rooted plane trees with a given partition.

Let C,, be the cyclic (permutation) group of degree m and order m.
Then it is well known (see Pélya [4]) that its cycle index is

1
Z(C,) =— X $(d)ym?, (9)

m a\m

where the letters y,; are indeterminates. In an analogous manner to the
reasoning in [2], we find that R(x,t) can be expressed in terms of R(x, )

by
R, t) = at, 3 2(C,, Ria,1), (10)
m=0

where as usual the substitution of E(z,t) into Z(C,,) entails the replace-
ment of each variable y, by E(x?, t9).

It would be interesting to sum the equation (10) as Read [7] success-
fully did for a similar summation involving all the cycle indexes Z(C

but we have not been able to accomplish this.

)n),
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Note that the first few terms of these three generating functions are
given by

7 (@, ) = at, -+ 228 2 23,2 by (£, 2 6,2 83 8g) B (E, 28,343 to by 1,0 8) ...
B(x, t) = at, +x?¢t,2+ 2231,%¢,

- a8(28,2 8,2 28,3 85) a5 (38,2 8,34 Bt B £y tg+20,48,) +...
R(w, t) = at,+-a2t, ty+a3(ty 6,2 1,2 b5)Fab(ty 8,3+ 3t 2bp by 1,3 8)+ ... .
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