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Abstract

Vibration-based self-powered systems are electromechanical technologies that are mechani-
cally coupled to vibratory phenomena, and have the capability to convert this mechanical
energy into electrical energy to power their operations. These systems are fully energy-
autonomous because they derive all the energy needed for operation directly from the vibra-
tory disturbances to which they are subjected. Examples include (i) a wireless sensor node
that powers its sensing, computing, and transmission tasks by converting low-level structural
vibrations into electrical energy, (ii) an ocean wave energy converter that transforms the os-
cillating motion of ocean waves into electrical energy and uses a portion of this converted
energy to power its control operations, and (iii) a structural vibration suppression control
system that powers its operation by storing and recycling the energy it extracts from the
vibrating structure.

In this thesis, we consider the general problem of control design for vibration-based self-
powered systems in the context of discrete-time optimal control theory, and realize the
optimal control solution in real-time using Model Predictive Control (MPC). The function-
ality of a self-powered system is constrained due to the limited availability of the vibratory
energy resource, and also due to the finite bounds of its on-board energy storage subsystem.
In addition, there are parasitic losses associated with harvesting energy and running intelli-
gence, as well as decay of stored energy. These effects further restrict the functionality of the
system. Consequently, the main challenge associated with control design for these systems
relates to carefully managing energy harvesting, usage, and storage.

First, we develop a general model for self-powered systems and provide conditions on the
model parameters for stability and feasibility. We restrict our attention to linear, time-
varying, discrete-time systems, and assume the exogenous disturbances are known exactly.
We then formulate the discrete-time optimal control problem to minimize a quadratic perfor-
mance measure subject to constraints on the on-board energy storage, which is, in general, a

nonconvex quadratically constrained quadratic program. We formulate the dual relaxation

Xiv



of the self-powered optimal control problem, which may be solved uniquely and efficiently.
Its solution provides a lower bound on the optimal primal performance measure. The duality
gap is the difference between the optimal primal and optimal dual objectives. We illustrate
that if a certain easy-to-check condition holds for the obtained dual optimum, then there is
no duality gap, and consequently the dual and primal optima are coincident. In this situ-
ation, it follows that this duality technique can be used as a convex means of solving the
primal (nonconvex) optimal control problem exactly. If there is a nonzero duality gap, the
resulting trajectory does not satisfy the constraints of the original optimal control problem.
In this case, we introduce an algorithm to guarantee that the first time-step of the trajectory

is feasible and can be implemented in real-time via MPC.
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Chapter 1

Introduction

1.1 Motivation

The incorporation of embedded intelligence and actuation into the design and operation
of electromechanical dynamical systems is increasing with the need for real-time sensing,
control, and adaptation. It is often advantageous for these physical systems to operate in
complete energy-autonomy, as they do not require access to an energy source, and instead
have the capability to convert energy available in their environments into electricity to power
their operations. In this thesis, we consider the general problem of control design for these
energy-autonomous systems that are mechanically coupled to vibratory phenomena.

We assume the transducers used to implement the control have bi-directional power flow
capability; that is, they can be controlled to inject power into a vibratory system (as ac-
tuators), and to remove power from this system (as generators). These transducers are
electronically interfaced with localized energy storage subsystems so that they are capable of
storing and reusing the energy they harvest. Crucially, we assume that the energy in these
storage systems is the only energy that the transducers, sensors, and control intelligence can
access to power their operation. This type of system is fully energy-autonomous since it
derives all the energy needed for operation directly from the vibratory disturbances to which
it is subjected. We refer to a vibratory network equipped with such control technologies
as a self-powered system. To ground these concepts in technology, consider the following

examples of self-powered systems excited by vibratory phenomena.

1. Wireless Sensor Node: Small-scale embedded sensing systems have applications
across a wide range of fields including biomedical devices implanted within the human

body, and structural monitoring systems in buildings and other civil infrastructure
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‘ tronics E'(1)

Ta ,(1) (base acceleration)

Figure 1.1: Vibration energy-harvesting wireless sensor node

[31]. In many cases, power availability is one of the most daunting challenges. In gen-
eral, on-board batteries must be periodically replaced or recharged as their energy is
depleted, and the service life of a sensing system can be several decades. This requires
routine maintenance, which is undesirable for many reasons. For instance, it requires
that the sensor (or at least the storage subsystem) be easily accessible. In infrastruc-
ture monitoring applications, this prohibits sensors from being embedded internally
in structural components or joint connections during construction. In addition, re-
quired routine maintenance may prohibit the use of such sensors in hostile and remote

environments [3, 67].

In infrastructure monitoring applications, low-level vibrations are a common form of
available environmental energy, which can be exploited to power small-scale embedded
sensing systems [45, 60]. Figure 1.1 shows a schematic of a vibration energy-harvesting
wireless sensor node, where a base acceleration excites a mass-spring-damper system
and this mechanical energy is converted into electrical energy via a transducer. Al-
though many forms of transduction may be used to dynamically convert vibratory
energy into electricity, at the pW-mW scale three modes of transduction — piezoelec-
tric, electromagnetic, and electrostatic — are most prevalent. Harvested energy is stored
in an energy storage system, which can either be used to power tasks like sensing or
transmitting, or can be injected back into the mass-spring-damper system to aid in

harvesting more energy.

. Active Vibration Suppression System: There is a long history of research on the
use of active control systems to suppress vibratory responses in civil structures (i.e.,
buildings and bridges) during seismic and wind events [34]. To implement active con-

trol requires the use of large-scale electromechanical actuators distributed throughout



the structure, which are controlled in real-time in response to sensor feedback. This
technology can significantly outperform passive technologies (e.g., shock absorbers,
tuned mass dampers, etc.). However, these control systems require enormous amounts
of external power and energy in order to function properly. In many cases, especially in
the case of seismic response protection, the external power grid cannot be relied upon.
These reliability concerns have been one of the chief impediments to the adoption of

active control technologies in structural engineering.

In many aerospace applications, structural vibration suppression is also a central con-
cern. However, delivery of power to a wide array of actuators used for vibration
suppression in an aerospace structure may be impractical or undesirable. Hence, many
such applications make use of passive vibration suppression technologies; most no-
tably, piezoelectric transducers [28, 61]. Although these passive technologies perform
adequately in many circumstances, superior response suppression can theoretically be

achieved via the use of active control.

Active vibration suppression systems that can simultaneously harvest energy (using, for
example, piezoelectric [75] or electromagnetic devices [82, 83]) and suppress vibration
without the need for an external power source, allow for the improved performance of
active control without external power reliability concerns. Figure 1.2 depicts a self-
powered active vibration suppression system for a civil structure subjected to a base
acceleration. Each floor of the civil structure is equipped with a transducer, which is

then connected to an energy storage system via power electronics.

. Wave Energy Converter: WECs are devices that convert the oscillatory motion of
ocean waves into electrical energy, and send this harvested energy back to shore to
be incorporated into the power grid [20, 62]. There are many types of WECs, e.g.,
submerged flaps, attenuators of various geometries, and oscillating water columns;
however, the most established technology is a point absorber buoy, which floats on the
surface of the ocean and is connected to the seabed via moorings [17]. Various types
of transducers (which are referred to as Power Take-Off (PTO) devices in the WEC
industry) are used in point absorber buoys: hydraulic, direct drive mechanical, and
linear generators, for instance. Actively controlled WEC buoys significantly outperform
passively controlled buoys [59], but active controllers require an energy source to realize

bi-directional power flow.

Although a WEC could be designed to draw power for active control directly from
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Figure 1.2: Self-powered active vibration suppression system for a civil structure

the grid, there are benefits to using a local, bottom-mounted energy storage device to

provide this power. Figure 1.3 depicts a WEC farm consisting of four buoys, each con-

nected to a common energy storage system. The system supports bi-directional power

flow between the buoys and the energy storage system, but only single-directional

power flow to the grid on shore. A benefit of this design is that the energy storage

system can be used to smooth out the power sent to the grid. This is critical for

WECs because, in general, these devices produce power with much higher variability

than other renewable energy technologies, for instance, wind turbines [49]. From the

perspective of a grid operator, single-directional power flow to shore simplifies the in-

corporation of these renewable energy devices into the larger grid and reduces reliability

concerns. Furthermore, because WECs have access to a finite amount of stored energy;,

this method guarantees stability of the actively controlled buoy. Therefore, we classify

this type of WECs with a bottom-mounted energy storage device as a self-powered

system.
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Figure 1.3: WEC farm with a common bottom-mounted energy storage system

1.2 Self-Powered System Model

Figure 1.4 shows a general model of a self-powered system. The plant is excited by d
exogenous disturbances a(t) = [al(t) : --ad(t)}T, and is actuated through m transducer
ports. Transducer port j has an associated control input w’(¢) and collocated potential
variable v/ (). We collect control inputs and potential variables into vectors w(t) and v(t),
respectively, i.e., u(t) = [ul(t) = -um(t)]T and v(t) = [vl(t) ™ (1) T. The ports are
interfaced with p energy storage systems, where a single port can connect to a single storage
system, but a storage system may connect to multiple ports. The energy in the i** storage
system is represented by E‘(t), which, due to physical constraints on the storage device, is
required to be within the bounds E'(t) € [E%, Ei;|, where E% Ei > 0 are the lower and
upper energy constraints, respectively. Each energy storage system is connected to either a
resistor bank or a power bus, which either burns off excess energy that cannot be stored or
sends power to the bus. Let ¢'(t) be this power term for the i'" storage system, and collect
all power terms in vector q(t) = [ql(t) o gP(t)

In addition to the restriction that they operate using only the energy they harvest, self-
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Figure 1.4: General schematic for a vibration-based self-powered system with d dis-
turbances, p energy storage systems, and m ports

powered systems exhibit additional constraints as a consequence of the connectivity of their
electronics. To illustrate this point, consider Figure 1.5 that shows a five degree-of-freedom
mass-spring-damper system with three transducers for active vibration suppression. It also
shows the connectivity of the transducers with the energy storage units through power-
electronic interfaces. The three cases in the figure vary by the restrictions in the flow of
energy. In Figure 1.5a, all transducers are connected to a single storage system, such that
the energy extracted by one can be reused by any. In Figure 1.5b, two of the transducers
share one storage system, while the third is isolated. In Figure 1.5¢, each transducer’s energy
storage unit is isolated, implying that although they can each store and reuse energy, they
cannot transmit energy between each other.

Figure 1.4 also illustrates a generic feedback loop that accepts the system state x(t) and
disturbance a(t), and produces desired (i.e., commanded) values for the control inputs w*(t),
and the power dissipations g*(¢). These commands are then sent to the power electronic
converters in the system, which facilitate high-bandwidth tracking between the desired and
actual values. Designing the feedback law for self-powered systems is challenging for a few

reasons:
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Figure 1.5: A five degree-of-freedom vibratory structure with three transducers, and
various energy storage networks



1. Exogenous disturbance forecasting: Environmental energy sources are stochastic,
and this randomness introduces uncertainty in the availability and magnitude of envi-
ronmental energy. Therefore, supplemental to the control design, we require a predictor
for the future stochastic process based on past and present disturbance measurements.
In some situations, such as the WEC problem, the future disturbance can be known

with a fair amount of accuracy ahead of time through the use of up-wave sensors.

2. Finite energy resource and storage: A self-powered system is constrained by
the requirement that it not exceed its energy storage bounds at any time along its
trajectory; i.e., it must be the case that E'(t) € [E%, B}, Vt, i € {1...p}.

3. Energy dissipation and decay: We assume that the energy recovered by the system
decays. Consequently, a self-powered system can operate at a higher efficiency if its
control law reuses this energy more rapidly. In addition, because the presence of
parasitic losses will in general depend on the control input u(t), these parasitics must
be factored into the control design in order to properly account for the dissipation

associated with a given control action.

4. Divided control effort: In some situations, harvesting energy and the primary per-
formance objective require conflicting control actions. For instance, it is generally the
case that optimal energy harvesting and optimal vibration suppression are conflicting
control objectives. A control law that makes optimal effort to replenish the energy
storage system may result in poor vibration suppression. On the other hand, a control
law that disregards the replenishment of energy will likely result in violation of the

energy constraints.

1.3 Scope

The objective of this thesis is to develop a general theory for the control design of self-powered
systems that minimize a performance measure J while satisfying the physical constraints of
the energy storage units. As discussed earlier, we are specifically interested in implementing
these control algorithms on electromechanical systems subject to vibratory disturbances. For
many of these types of devices, there are well-established linear dynamic models that char-
acterize the plant in Figure 1.4. Due to the need to strictly enforce the physical constraints

of the energy storage units, we develop a control design for these systems in the context of
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Figure 1.6: Components of the system intelligence block in Figure 1.4, where fore-
casted exogenous disturbances {ay ... axy} and the estimated current state
Z are fed into a trajectory optimization algorithm, and then the first time-
step of the optimized trajectory {u},q;} is implemented in ZOH.

discrete-time optimal control theory, and realize the optimal control solution in real-time
using economic Model Predictive Control (MPC) techniques [9, 46].

Economic Model Predictive Control (MPC) is an iterative method in which the perfor-
mance measure J is minimized over a finite-time horizon. Let k be the discrete-time step
corresponding to the continuous-time interval t € [kAt, (k + 1)At), and let N be the num-
ber of time steps in the receding horizon. Figure 1.6 shows the components of the system
intelligence block in Figure 1.4, which is used to implement the optimal control solution via

MPC. For each time step k, the following steps are executed:

1. The exogenous disturbances are measured by a set of sensors, and then a disturbance
forecaster uses these data to predict the next N + 1 future disturbances {ay ... ax+n}-
Simultaneously, the states or outputs are also measured by sensors, and if not directly

measured, the current state is estimated @j.

2. Treating {ay...axr,n} as deterministic, the trajectory optimization algorithm then
calculates optimal control inputs {wj ...u;, 5} and optimal energies flowing to the
resistor banks or power buses {qj . .. g, y } to minimize a receding-horizon performance

measure, J.

3. The first time-step of these trajectories, u; and qj, are realized in Zero Order Hold

(ZOH) over the duration t € [kAt, (k + 1)At).

To simplify the analysis, we assume that w*(¢) and g*(¢) can be tracked with infinite band-
width by the power electronics, such that w*(t) = w(t) and g*(t) = g(t). Of these steps,



step 2 (i.e., trajectory optimization) is the computational bottleneck, and is the focus of the

thesis.

1.3.1 Trajectory Optimization Techniques

In general, trajectory optimizations associated with self-powered systems are nonconvex.
We show in Section 4.1.3 that the nonconvexity results from the physical constraints on
the energy storage units, and that these constraints are quadratic functions in u. If perfor-
mance measure J is also a quadratic function, the trajectory optimization is a Quadratically
Constrained Quadratic Program (QCQP). QCQPs have the following general form where

z € R™ is the optimization variable and we enforce b quadratic constraints:

[ Given: Qi, si,ri, Vi€ {0..b}
QCQP — Minimize: 2'Qoz + stz + g
Domain: zeR™
| Constraints:  2"Q;z+ s/ z+1r; <0, Vie {1..b}.

Specific QCQPs can be solved efficiently. For example, convex QCQPs can be solved in
polynomial-time using well-known convex optimization techniques [10], and QCQPs with a
single variable can be solved analytically. Nonconvex QCQPs with only one constraint have
zero duality gap and hence can be solved in polynomial-time via its convex dual, which is
known as the S-procedure or S-lemma [12]. However, these special cases do not encompass
the trajectory optimizations for self-powered systems, which are nonconvex, and in general,
MPC horizons extend beyond a single time-step. There are no specialized solution methods
available for general nonconvex QCQPs, and these problems are NP-hard [55].

To solve the original nonconvex problem directly, it is common to use a generic non-
linear optimization algorithm, for instance, barrier methods or Sequential Quadratic Pro-
gramming (SQP). When using barrier methods, we solve a sequence of equality-constrained
minimizations, while in SQP, we solve a series of Quadratic Programs (QPs) [10]. There
are many commercially available and open-source packages (e.g., Matlab’s optimization tool-
box, GAMS, AMPL, YALMIP) that implement these types of algorithms to solve generic
nonlinear optimizations, and other available packages that calculate Nonlinear MPC con-
trol actions directly (e.g., Matlab’s Model Predictive Control Toolbox, ACADO, PANOC).
Although these techniques ensure local convergence, because a series of problems must be

solved sequentially, the computational cost can be high. Furthermore, these techniques are
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highly sensitive to the algorithm’s starting point. As we plan to implement the optimal
control actions via MPC, trajectory optimizations must be solved to an acceptable precision
during a single time-step At, making computation time critical.

Instead of solving the original (primal) nonconvex problem, we can instead solve a convex
relaxation to obtain bounds on the optimal performance measure. First, consider a Semi-
Definite Relaxation (SDR) that lifts the original QCQP into a higher dimensional space
through the introduction of the new variable Z € S™, where S™ is the set of all real m x m

symmetric matrices:

(Given: Q;,s;,r;, Vie{0..b}
Minimize: Tr(ZQo) + s¢z + 1o
SDR = ¢ Domain: zeR™ ZeS™
Constraints: Tr(ZQ;)+ s}z +1; <0, Vie {1..b}
\ Z = 22",

The optimal solution of the SDR is equivalent to the optimal solution of the original QCQP
if Z = z2z* [11, 73]. SDRs are employed in various engineering problems: for example, in
the context of the sensor network localization problem [44], and in the optimal power flow
problem, where the relaxed solution is exact under special conditions [39].

Another type of convex relaxation is a dual (or Lagrangian) relaxation where we maxi-
mize over the Lagrange multipliers (as opposed to minimizing over the primal variables in
the original problem). Let L(z,A) be the Lagrangian, where A € R%, are the Lagrange

multipliers used to enforce the constraints:

b
L(z,A) = 2"Qoz + sfz + 1o+ Z Xi (2"Qiz+slz+m).
i=1

Then, the dual relaxation is:

(Given: Qi, si,ri, Vie{0..b}

Maximize: G(A) =inf L(z, A)
Dual Relaxation = z
Domain: A

KCmnstraints: A>0,

11



where G() is the dual function (see Section 2.5 for an overview of Lagrangian duality). From
the optimal Lagrange multipliers, we can recover the associated primal variable z. The dual
relaxation also provides a lower bound on the optimal solution of the primal problem, and
can also be framed as a Semi-Definite Program (SDP) [10]. Dual relaxations are implemented
in many engineering problems, for example, in the unit commitment problem [53, 74].

The dual relaxation and SDR are duals of each other, and consequently, they provide the
same lower bound on the original nonconvex QCQP (assuming constraint qualifications are
satisfied) [10, 11]. The original nonconvex trajectory optimization problem has (m+p)(N+1)
variables (at each time-step of the receding horizon, there is a control input u associated
with each of the m transducer ports, and a power dissipation term ¢ for each of the p energy
storage units). For the SDR, in addition to the (m + p)(N + 1) original variables, there are
s((m + p)*(N + 1) 4+ (m + p)(N + 1)) unique entries of symmetric matrix Z. The dual
relaxation has 2p(/N + 1) variables (see Chapter 5), significantly fewer than the SDR.

Both relaxations grow in dimensionality with the length of the MPC horizon (N) and
the number of energy storage units (p). However, the SDR also grows with the number
of transducer ports (m) and grows quadratically in all these variables. In this thesis, we
only consider the dual relaxation. Furthermore, we exploit the specific structure of the
self-powered optimal control problem in the formulation of the dual relaxation to increase

efficiency.

1.3.2 Dual Relaxation Algorithm for Model Predictive Control

Dual relaxations provide lower bounds on the performance measure of the original nonconvex
problem. However, if these bounds are not tight, the optimal trajectories produced by these
relaxations are infeasible in the primal domain, i.e., they do not satisfy all the physical
constraints of the energy storage units. Many researchers have explored stochastic SDRs,
where the performance measure is minimized and constraints are satisfied in expectation
[44]. Park and Boyd introduce the Suggest-and-Improve algorithm for obtaining approximate
solutions to general QCQPs [56]. In this algorithm, a relaxation of the original problem is first
solved (the suggest portion), and then a local optimization method is used to improve upon
this initial solution (the improve portion). However, the Suggest-and-Improve algorithm also
does not guarantee feasibility.

One way to guarantee feasibility is to verify that there is zero duality gap. The duality

gap is the difference between the minimum performance measure of the nonconvex primal
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trajectory optimization and the maximum dual function of the dual relaxation. Because the
dual relaxation always produces a lower bound of the original primal problem, the duality
gap is a nonnegative value. Under special circumstances, the duality gap is zero, meaning
that the dual and primal optima are equal. When this is the case, the primal optimal
solution can be found by solving the convex dual problem instead of the nonconvex primal
problem, which always results in feasible trajectories. In Chapter 5, we introduce sufficient
conditions for zero duality gap for the self-powered system trajectory optimization. For
situations where there is a nonzero duality gap, we modify the trajectory resulting from the
dual relaxation. Because we are implementing the trajectory optimization using MPC, we
only need to guarantee feasibility of the first control action. In Chapter 6, we introduce an

optimization algorithm to ensure feasibility of the first time-step.

1.4 Outline

The following is an overview of the content of each chapter of this thesis:

Chapter 2: We present a general overview of the foundational topics of the work presented
in this thesis. We review linear matrix and system theory, input-output relations,

discrete-time optimal control, and Lagrangian duality.

Chapter 3: We develop a general model for a self-powered system and provide conditions on
the model parameters for stability and feasibility in continuous-time. The model for
an energy storage subsystem is formulated to account for the decay of stored energy
and transduction losses. We then discretize these models and provide discrete-time

feasibility conditions.

Chapter 4: We formulate the trajectory optimization problem for self-powered systems, and
derive conditions for convexity. Barrier methods are introduced to solve the original
nonconvex problem, and then we demonstrate this method by maximizing the data

transmission of an energy-harvesting wireless sensing node.

Chapter 5: We use the dual relaxation to solve the trajectory optimization presented in
Chapter 4. A closed-form expression of the dual function is derived, as well as condi-
tions to guarantee that it is finite. We present easy-to-check sufficient conditions for
zero duality gap. Last, we demonstrate the techniques developed in this chapter on a

piezoelectric vibration energy harvester.
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Chapter 6: We first present an overview of MPC, and then introduce an algorithm to guar-
antee feasibility of the first time-step of the dual relaxation discussed in Chapter 5. We
conclude this chapter by investigating two example problems: a spherical buoy-type
WEC with the goal of maximizing energy generation, and an energy-harvesting active

vibration suppression system.

Chapter 7: We first summarize the contributions of this thesis. Then, we discuss future
work that builds on the ideas presented in this dissertation: (i) a method to forecast
exogenous disturbances, (ii) a technique to smooth the power extracted from WECs,
(iii) on-going work to derive necessary and sufficient conditions on the problem data

to guarantee zero duality gap, and (iv) improvements to the loss model.
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Chapter 2

Preliminaries

In this chapter, we first present the mathematical notation used throughout this thesis.
We then provide a brief review of concepts from linear matrix and system theory, input-
output theory, discrete-time optimal control, and Lagrangian duality that are relevant to
this dissertation. Basic definitions and relations from linear algebra and linear system theory

are not presented here; however, [33] can be used as a reference.

2.1 Notation

Let R be the set of real numbers, C be the set of complex numbers, and Z be the set of
integers. Let [a, b] be the set of real numbers on the interval from a to b, and {a...b} be the
set of integers from a to b. R™™ is the set of n x m real matrices, R™ is the set of n x 1
real vectors, and S™ is the set of real n x n symmetric matrices. When applicable, these
same notations are also used for the set of complex numbers C. The complex conjugate of
a complex number ¢ € C is designated as ¢, and the real part of ¢ € C is Re (c). Let L? be
the Lebesgue space of functions that are square-integrable. All other sets are designated as
uppercase letters in the blackboard (double-barred) font.

Matrices are bolded upper-case symbols (e.g., M), and vectors are bolded lower-case
symbols (e.g., v). I, is the n X n identity matrix, and 0,,x,, is a n X m matrix of zeros. M ()
represents a continuous-time, time-varying matrix with ¢ € R. In general, superscripts refer
to parameters or variables related to the i'* energy storage system (e.g., v%). In general,
the first subscript refers to discrete-time time-step, e.g., v;, is the discrete-time, time-varying
matrix, where k € Z is the counter. The ;% element of vector v is denoted as vg;. Let

M;..,, be the sequence of discrete-time, time-varying matrices from time-step k£ to m, i.e.,
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M., = {Mj,...M,,}, and the same notation is used for vectors. Let M < 0 (M = 0) be

refer to the element-by-element inequality (equality).

2.2 Linear Matrix and System Theory

Definition 2.1. (Continuous-Time Linear Time Varying (LTV) System, Continuous-Time
Linear Time Invariant (LTI) System) Let S.pry be a continuous-time LTV system, which

1s represented by the following set of equations:
(2.1)

with initial condition x(0), and where x(t) € R" is the state vector, u(t) € R™ is the input
vector, v(t) € RP is the output vector, A(t) € R™", B(t) € R™™, C(t) € RP*", and
D(t) € RP*™ for all times t € R. If matrices A, B, C, and D are time-invariant, then

Sc.rv becomes the continuous-time LTT system S, prr which is of the form:

Sormr {w(t) =Ax(t) + Bu(t) (29)

v(t) =Cx(t) + Du(t).

Definition 2.2. (Discrete-Time LTV System, Discrete-Time LTI System) Let Sqrrv be a

discrete-time LTV system, which is represented by the following set of equations:

Tr1 =ArTy, + Brug,
Sd,LTV . { (23)

v, =Crxy, + Dyuy,

with initial condition xo, and where x), € R™ is the state vector, up, € R™ is the input vector,
v, € RP is the output vector, A, € R™" B, € R C) € RP*", and D) € RP*™ for all
time indices k € Z. If matrices A, B, C, and D are time-invariant, then Sq v becomes

the discrete-time LTI system Sy rrr which is of the form:

i1 =Arxy, + Bruy
'Sd,LTI . { (24)

Vi :Ck:ck + Dkuk.

Definition 2.3. (Matriz Definiteness) Let M € S"™. If for all x € R™\ 0:
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1. £ Mx > 0, M is positive definite, denoted as M > 0
2.« Mx > 0, M is positive semi-definite, denoted as M > 0
3. 2T Mx < 0, M is negative definite, denoted as M < 0
4. ' Mz < 0, M is negative semi-definite, denoted as M =< 0

Theorem 2.1. (Matriz Inversion Lemma) [33]. Let B = A+ X RY , where A € R™ is non-
singular, X € R™™ R € R™™ is nonsingular, and’Y € R™". Then, if ( R"'+ YA 'X)

and A are nonsingular, we can write the inverse of B as:
B'=A"-A'X(R'+YA'X) YA

Theorem 2.2. (Derivative of Matriz Inverse) [33]. Let M (x) be a square matriz, which is

a function of variable x, then the derivative of M (x) is:

OM (z)~!
ox

_,OM (x)
ox

=— M(z) M(z)™".

Definition 2.4. (Schur Complement) [33]. Let M € R™X(0+m) be o matriz of the form:

Y

_ Mll M12
My My,

where My, € R™" My € R™™ My € R™" and My € R™ ™. If block Myy is

nonsingular, then the Schur complement of block Moy is:
M /My, =My, — Mo M, M.

If block My, is nonsingular, then the Schur complement of block My is:
M /My =My — My My M.

Theorem 2.3. (Schur Complement Condition for Positive Definiteness and Positive Semi-
Definiteness) [33]. Let M € SU"™) be of the form:

M M
M _ 1’1} 12 :
Mi, Moy
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with My, € S, M5 € R™™ and My € S™. Then, if My, is nonsingular the following

are true:
1. M = 0 if and only if My > 0 and M /My, - 0
2. M = 0 if and only if My, = 0 and M /M, = 0.
If My, is nonsingular, then the following are true:
1. M =0 if and only if Moy = 0 and M /My, > 0
2. M =0 if and only if May > 0 and M /My = 0.
Remark 2.1. Let M be defined as in Theorem 2.3. If My, is nonsingular, then:
[I —Mﬁle] ' [Mn Mm] [I —Mﬁle] B [MH 0 ]
0 I ML M| |0 I 0 M/M;|’

If My, 1s nonsingular, then:

I —M;;' My,
0 I

T
I —M;'My,|  [M/My 0
0 1 0 My,

My My
ML My,

Definition 2.5. (Reverse Discrete-Time Riccati Difference Equation (RDRDE), Discrete-
Time Algebraic Riccati Equation (DARE)) [2]. Let P, € S", Ay € R"™" By, € R™™,
Ry, € R™ ™ and Qi € R™™ for all k € Z~o. The RDRDE is of the form:

P, =ATP.A, — (B[ P,A;)" (Ry+ Bl P.B,)” (Bl P.A) + Q.
If matrices A, B, R, Q, and P are time-invarient, the RDRDE reduces to the DARE as:
P=A"PA- (B"PA)" (R+B"PB) ' (B"PA) +Q.

Definition 2.6. (Markov Parameters) Consider the discrete-time, LTV system Sgprv in

(2.3). The matriz impulse response with initial condition o = 0 is:

Dy, k=0
Hk = k=1
C, |l AiBy, k>0,
i=1
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where the terms Hj, are the Markov parameters of system (2.3).

Definition 2.7. (Continuous-Time State Transition Matriz) Consider the continuous-time
LTV, unforced system of the form &(t) = A(t)x(t) with initial condition x(0). Let t;,t2 € R
and t; < ty. Then, ®(tq,t1) is the continuous-time state transition matrix, and is the unique

solution to:
DB(ty, 1) = Altz)® (b2, 1), (2.6)

with the initial condition ®(t1,t1) = I.

Definition 2.8. (Discrete-Time State Transition Matriz) Consider the discrete-time LTV,
unforced system of the form xy 1 = Arxy with initial condition xy. Let k,i € Z, and k > 1.

W(k, i) is the discrete-time state transition matrix and is the unique solution to:
W(k+1,1) = Ay W(k, i), (2.7)

with the initial condition W(i,i) = I.

2.3 Input-Output Theory

2.3.1 Continuous Time
Definition 2.9. (Bounded-Input-Bounded-State Stable) Consider the continuous-time sys-

tem represented by the following differential equation with initial condition x(0) = 0:

a(t) = f(t,u(t),z(t)), (2.8)

where f : R x R™ x R® — R". If there exist a constant o € R such that for all u € (L*)™
andt > 0:

t t
/ x” (7)x(7)dr < 04/ u” (7)u(r)dr, (2.9)
0 0
then (2.8) is bounded-input-bounded-state stable.

Definition 2.10. (Continuous-Time Passive System) [14]. Let S. be a continuous-time

system represented by the following set of equations:

(2.10)



where f : R XR™ X R"” - R” and g : R x R™ x R* — R™ . If for each initial condition
x(0) € R™, there exists a B > 0 such that for all w € (L*)™ and t > 0:

[ wrewinar > -

then S. is continuous-time passive.

Definition 2.11. (Continuous-Time Positive Real (PR) and Strictly Positive Real (SPR)
Transfer Functions) [38]. Consider a m X m continuous-time transfer function T'(s) : C —
C™ ™ of real, rational functions, where s € C. T'(s) is PR if:

1. all elements of T'(s) are analytic for all s € C such that Re(s) > 0
2. T(s) is real for all real, positive values of s
3. T(s)+T7T(5) =0, for all s € C such that Re(s) > 0.

T(s) is SPR if there exists an a > 0 such that T'(s — «) is PR.

Theorem 2.4. (Continuous-Time, Time-Invariant Positive Real Lemma) [38]. Let {A, B,C, D}
be a minimal realization of the continuous-time, LTI system S.prr in (2.2). Then, let the

continuous-time, real, proper, and rational transfer function of w — v be:
T(s)=C|[sI — A "' B+ D. (2.11)
T(s) is PR if and only if there exists P = PT = 0 such that:

ATP+PA PB-CT
(PB-C™)T —(D+ D7)

Theorem 2.5. (Passivity of Continuous-Time LTI Systems) [38]. Let {A, B,C,D} be a
minimal realization of the continuous-time, LTI system system S.prr in (2.2). Let T'(s) be
the continuous-time, real, proper, and rational transfer function of w +— v in (2.11). Then,

T(s) is PR if and only if system (2.3) is a continuous-time, passive system.

2.3.2 Discrete Time

Definition 2.12. (Discrete-Time Passive System) [38]. Let Sq be a system represented by
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the following set of equations:

S, {$k+1 =fr(ur, Tr) (2.12)

Vg ng(uk,mk),

where f : R™ x R" — R™ and g : R™ x R" — R™. If for each initial condition x, € R",
there exists a 3 > 0 such that for all ugy, € (R™) L and k € Z=y:

then Sy is discrete-time passive.

Definition 2.13. (Discrete-time PR and SPR Transfer Functions) [38]. Consider a m xm,
rational, and proper discrete-time transfer function T'(z) : C — C"™ ™ where z € C. T(z)
is PR if:

1. all elements of T'(z) are analytic for |z| > 1
2. T(z)+T"(z) =0, V|z| > 1.
T(z) is SPR if there exists an a € (0, 1) such that T'(az) is PR.

Theorem 2.6. (Discrete-Time Time-Invariant Positive Real Lemma) [38]. Let{A, B,C,D}
be a minimal realization of discrete-time LTI system Sqprr in (2.4). Then, let the discrete-

time, real, proper, and rational transfer function of u — v be:
T(z)=C[:I - A 'B+D. (2.13)
T(z) is PR if and only if there exists P = PT = 0 such that:

ATPA-P ATPB - CT 20
(ATPB-C")' —(D+D")+B"PB| "~

and T(z) is SPR if and only if the above matrix is negative definite.

Theorem 2.7. (Passivity of Discrete-Time LTI Systems) [38]. Let {A,B,C,D} be a
minimal realization of discrete-time LTI system Sq rrr in (2.4). Consider T'(z), the discrete-
time, real, proper, and rational transfer function of u — v in (2.13). Then, T(z) is PR if

and only if system (2.4) is a discrete-time, passive system.
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2.4 Discrete-Time Optimal Control

Definition 2.14. (Discrete-Time Performance Measure, Lagrangian, Optimal Control Prob-
lem (OCP), Constrained Optimal Control Problem (COCP), Unconstrained Optimal Control
Problem (UOCP)) Consider the following discrete-time difference equation for the evolution

of ® with nitial condition xy € R":

i1 =fr(ug, Tr), (2.14)

where k € Zsq s the discrete-time counter, u, € R™ is the control input, and x;, € R" s
the state vector.
Let the discrete-time performance measure (also referred to as the objective function or

cost function) be J(wg.n, To.n41) @ (R™)VFL x (R?)N+2 — R, which is:

N
J(won, on+1) =®(xni1) + Y Li(ug, ), (2.15)
k=0
where N € Zy is the length of the MPC horizon, ®(xy.1) : R" — R is a final-time penalty
function, and Li(ug, x) : R™ x R" — R is the Lagrangian.
Let cp(uy, ) : R™ x R™ — R be the i inequality constraint functions, and hy(uy, ) :

R™ x R™ — RI be the j equality constraint functions. Now, let a COCP have the following

form:
' Given: fk(a ')7 Ck('7 '>? hk(7 ')7 Lk('? ')7 Vk € {ON}
CI)(), xo € R"
Minimize: J(wo.N, Zo.N+1)
Domain: UQ.N, Lo
coCP = O (2.16)

Constraints: x.1 = fi(ur, zy),
ci(ug, x) <0,
hi(uy, ) =0,
Vk € {0...N},

\

where we optimize over control inputs wy.y and states xo.ny+1 to minimize the performance
objective J(uo.n, To.n+1) while satisfying the i(N + 1) inequality constraints (cx(uy, ) < 0)

and j(N + 1) equality constraints (hy(ug, x;) = 0).
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Let a UOCP have the following form:

( Given: fe(y )y Li(e,+), VE € {0..N}
O(), ¢y € R”
COCP — Minimize: J(wo.n, To.n11) (2.17)
Domasin: U N, TOo:N+1
Constraints: x.1 = fi.(uy, ),
VEk € {0...N},

\

i.e., there are no inequality or equality constraints. We refer to both COCPs and UOCPs as
OCPs.

Definition 2.15. (Primal Domain, Feasible and Infeasible Primal Domains, Feasible and
Infeasible Primal Trajectories, Feasible and Infeasible OCPs) [10]. Let DP C ((R™)N*+! x
(R™)NF1) be the primal domain of an OCP in Definition 2.14, which is defined as:

N N N
DP =dom J(ug.n, To.N+1) ﬂ dom fy (g, k) ﬂ dom ¢ (ug, xy) ﬂ dom hy(uy, ).

k=0 k=0 k=0

Now, let F? C DP be the feasible primal domain, which is defined as the set of control inputs

and states {ug.n, To.n+1} that satisfy the constraints, i.e.:

Fp - U: 733 :
{{ 0:N LO:N+1} hi(uy, xx) =0, Yk € {0..N}

i1 = felug, xr), cp(ug, k) <0 }

Then, the infeasible primal domain is ((R™)N+1 x (R™)N+2) \ FP. A primal trajectory
{wo.n, @o.n41} is feasible if {uo.n,xo.ni1} € FP, and infeasible otherwise. An OCP is

infeasible if F? = (), and feasible otherwise.

Definition 2.16. (Minimal Performance Measure, Unbounded Optimal Control Problem,
Optimal Trajectory) [10]. Consider the definition of an OCP in Definition 2.14, and let F?

be the primal feasible domain in Definition 2.15. Now, let J* be the minimal performance
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measure, which is defined as:

00, ]Fp:@

J* =

i1 = fr(ug, xr), cp(ug, xr) <0, (2.18)
inf{J(uo:N,CUo:NH) k1 = fe(ur, ), cp(ug, xy) }’ P £ (.

hk(uk,mk) =0, Vk € {ON}

An OCP is unbounded if J* = —oo. Let {uf,, Ty} € FP be an optimal trajectory if

J(US:N7 xS:N—l-l) = J*

Definition 2.17. (Hamiltonian, Lagrange Multipliers, Costates, Dual Variables, Augmented
Performance Measure) [15]. Consider an OCP from Definition 2.14. Then, the Hamiltonian
for the k' time step is Hi(Up, Tp, g, Ok, pr) : R x R* x REXRI x R® — R, which is defined

as:

Hy (Ulc, Tp, Ak, Ok, Pk) :Lk(uka wk) + )\fck(uk, xy) (2 19>

+ o hi(ug, @) + pry Fr(ur, @),

where Ly (ug, xy) is the Lagrangian from Definition 2.14, Ay € Rgo are the Lagrange multi-
pliers that enforce the i inequality constraints (cy(uy, xy) < 0) at the k™ time step, o), € RI
are the Lagrange multipliers that enforce the j equality constraints (hy(uy, xr) = 0) at the
k™ time step, and pr+1 € R™ are the costates that enforce the evolution of the state dynamics
(xps1 = fe(ur, ) at the k™ time step.

The Lagrange multipliers and costates are also referred to as dual variables. Now, ref-
erence the performance measure in Definition 2.14, and let the augmented performance
measure J(Uo.n, To.n+1, Mo:N, Oo-n Prnt1) - (RTVTL x (RMNF2 x (RN x (RI)NH x

(R")N+2 - R be:

N

J(Wo.N, To.N+1, MoV, O0N, P1:N+1) =P(TNi1) + Z Hi(uk, Tk, Ak, Ok, Pr)- (2.20)
k=0

Definition 2.18. (Primal Minimaz Problem) Consider an OCP from Definition 2.14, which

can be written in the following primal minimax form:

" .
J = inf sup J(Uozm150:N+17/\O;N,UO:N,PLNH), (2-21)
{uo:n, zo:N11} {Xo:n20,00:.N, P1:N+1}

where J is the augmented performance objective in (2.20), and J* is the minimal performance
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objective in (2.18). The associated optimal trajectory is then:

* * o .
{ug. v, wO:N+1} = arginf sup J(Wo:N, To:N41, AoV, T0:N P1:N+1)-
{uo:n, To:n41} {Ao:N20,00.N,P1:N+1}

Theorem 2.8. (Finite-horizon, discrete-time Linear Quadratic Regulator (LQR)) [41]. The
finite-horizon, discrete-time LQR problem is an UOCP where the state dynamics are repre-

sented by the discrete-time LTV system (2.3), and the performance measure is of the form:

N

1
J(uo.n, To:nt1) :§$JT\;+1PN+1$N+1 + B E ngkwk + Unguk + 2u£Skf€k,
k=0

where PJ€+1 = Py = 0, RE = Ry, = 0. Then, the optimal control input trajectory
Vk € {0..N} is uj = —Kjx), where:

K, = (R.+ Bl P,B,) ' BfP. A, + R;'S].
Let A, = A, — BkR,QIS,?, and the Py is the solution to the following RDRDE:
~ AT D AT T -1 A
P, =Qi + A P, A, — A P,B, (R, + B, P.B;) B,P,A,,
with final condition Py.y.

2.4.1 Convexity

Definition 2.19. (Convez Set, Nonconvex Set) [10]. A set A is convex if Va,y € A and
Va € [0, 1]:

ax+ (1 —a)y € A,

and set A is nonconvex otherwise.

Definition 2.20. (Convex Function, Strictly Convex Function, Concave Function, Strictly

Concave Function) A function g(x) : R" — R is convex in x if the following are true:
1. domg(x) is a convex set

2. Va,y € domg(x) and Vo € [0,1], g(ax + (1 — a)y) < ag(z) + (1 — a)g(y).
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Function g(x) is strictly convex if the inequality in the second requirement is strict. Func-

tion g(x) is concave if —g(x) is convez, and strictly concave if —g(x) satisfies the second
requirement with strict inequality.

Definition 2.21. (Conver OCP, Nonconvex OCP) [10]. Let x5 (wo.n, To) be the solution
to (2.14) over the interval k € {0...N}; i.e.,

xy 1 (wo.n, To) = Fr(uk, T3 (0., To)).
An OCP from Definition 2.14 is convex if the following are true:
1. Performance measure J(wo.n, T, n 1 (Uo:n, To)) @S conver in ugn

2. Inequality constraint functions cg(ug, 5 (wo.n, o)) < 0 are conver in ug.n, Yk €
{0..N}

3. Equality constraint functions, hy(uy, €5 (uo.n, o)) = 0 are affine in wo.n, Vk € {0..N}.
It follows that the feasible primal domain of a conver OCP, F?, is a convex set. An OCP is
nonconvex if it is not convez.
2.4.2 Special Optimization Problem Forms

Definition 2.22. (QP) [10]. A QP is a optimization problem with a quadratic performance
measure that has the form:

;

Given: QeS" seR"r,
MeR™" peR" AcR* beRP
Minimize: 2'Qx + sz +r
QP =
Domain: x € R"
Constraints: Mx < p,
Ax =b.

\

The QP is convex if Q = 0.

Definition 2.23. (QCQP) [10]. A QCQP is an optimization problem with a quadratic

26



performance measure and quadratic inequality constraints that has the form:

[ Given: Q. €S" s, € R r;, Vie{0..m}
AcRP" beRP
0C0P — Minimize: ' Qox + st x + 1o
Domain: xecR"

Constraints: ' Qx +s'z+r; <0, Vic{l..m}
Ax = b,

\

If Q; =0 for alli € {1...m}, then the constraints are linear and the problem is a QP. The
QCQP is convex if Q; = 0, for all i € {0...m}, and nonconvez if there exists an i € {0...m}

such that Q; is not positive semi-definite.

Definition 2.24. (SDP) [10]. A SDP is an optimization problem that has the form:

;

Given: CecS"beR" A, €S",Vk € {l..m}
Minimize: Z Z Ci; X5
i=1 j=1
SDP = ¢ Domain: X eS"

Constraints: Z Z Apii X = b, Yk € {1..m}

i=1 j=1

X =~ 0.

\

2.5 Lagrangian Duality

Definition 2.25. (Dual Function, Dual Problem, Dual Minimax Problem, Dual Feasible,
Optimal Dual Solution) Consider the COCP from Definition 2.14, and let the dual function
G : (RL)NT x (RN — R be defined as:

G(Xo:n,00.n) = sup inf J(Uo. N, ZO:N11, AN TON s P1:N+1)5
p1:N41 LB0:N, To:N+1}

where J is the augmented performance objective in (2.20). The dual function G(Xo.n, 0o.n)
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1s always a lower bound on the minimal primal performance measure, i.e.,
G(Aon; oo.n) < J*, V{Aon, 00N} € ((RZ;O)NJrl X (Rj)NH)-

Then, the problem of finding the greatest lower bound on J*, which is the maximal dual

function G*, is the dual problem, i.e.:

( Given: G(-,-)
Maximize: G(Ao:n, 00
Dual COCP = (Ao, 70.)
Domain: AO:N; 0. N
\ Constraints: Aoy = 0.

Note that the dual function is concave, regardless of the convexity of the primal problem

which can be written in the following dual minimax form:

G* = sup inf J(Wo.N, To.N+1, Ao:N, O0:N s PLN+1)- (2.22)
{Aon20,00.8 1841} (Mo, Tonga}
Let {Ao.n,00.n} be dual feasible if Ao.xy = 0. Let {X.y, 0.5} be an optimal dual point if
G( 8:N70-8:N) =G".

Definition 2.26. (Duality Gap, Strong Duality) [10]. The difference between the minimum
performance measure, J*, and the maximum dual function, G*, is the duality gap, i.e.,
J* —G*, which is always a nonnegative value. An optimization problem has zero duality gap
if J* = G*, then we say that strong duality holds.

Definition 2.27. (Karush-Kuhn-Tucker (KKT) Conditions, Constraint Qualification) [10].
Consider the COCP from Definition 2.14. Let the performance measure J(-,-), inequality
constraints ¢ (+,-), and equality constraints hy(-,-) be differentiable functions in wg.y and

To.n+1- The KKT conditions are the first-order necessary conditions for the primal solution:

* * * * *
{ug.ns o N+15 NN TO:N P1:N+1}

to be optimal, given that a constraint qualification (also known as a regularity condition) is
satisfied. The KKT conditions are:

1. cp(ul,y, xhniq) <0 and hy(ug,y, x6.y,1) =0, Yk € {0...N} (primal feasibility)
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2. X; =20, Vk € {0...N} (dual feasibility)

3. (M) ep(un, @hny1) =0, VE € {0...N'} (complementary slackness)

N
4. VJ(ugy, mS:NH) + ’;)(AZ)TV%(“ES;N, wS:NH) + (UZ)Tth(US;M wEk):N-i-l)
+ (P51) Vfe(up, @) = 0 (zero gradient).
Theorem 2.9. (Slater’s Constraint Qualification) [8, 10]. Consider a convex COCP from
Definition 2.14, and let FP be its feasible domain. Then, if there exists {wo.n,To.n} €
relint(F?) such that cx(wo.n, Toni1) < 0, Tpr1 = Felur, @), and hy(wo.n, ons1) = 0,

VEk € {0...N} (i.e., the inequality constraints hold with strict inequality), then strong duality
holds.
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Chapter 3

Self-Powered System Modeling

In this chapter, we introduce continuous-time dynamical models for the plant and energy
storage blocks in Figure 1.4. We characterize each of the components of these models. Then,
we show that for plant models satisfying certain properties, a self-powered system cannot
be destabilized by any feasible control input. Last, we discretize the dynamics of the plant
energy storage system models, and then discuss properties of the discrete-time models that

guarantee a nonempty feasible domain.

3.1 Continuous-Time Model for Self-Powered Systems

3.1.1 Continuous-Time Plant Model

We begin by modeling the linear, time-varying dynamics of the plant in Figure 1.4 in conti-

nuous time with n states, m control inputs, and d exogenous disturbances as:

(3.1)

D {w(t) =A(t)x(t) + B(t)u(t) + G(t)a(t)
v(t) =C(t)z(t) + D(t)u(t),

where the overbar later distinguishes the continuous-time system matrices from the dis-

cretized matrices.

Definition 3.1. For continuous-time plant models of the form (3.1), we define P to be the

set of all models satisfying the following properties:

1. The mapping u — v is continuous-time passive (see Definition 2.10)
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2. The plant is bounded-input-bounded-state stable (see Definition 2.9), i.e., there exist
constants g, and g, such that for (0) =0, a(t) € (L?)¢, w € (L?)™, and t > 0:

/Ot ' (1) (r)dr < g4 /Ot u” (T u(r)dr + ga /Ot o (F)a(r)dr.

Assumption 1. We assume P € P for the entirety of this thesis.

The passivity of u — v is a consequence of thermodynamic constraints on the plant.
Physically, the plant is a passive vibratory network, implying that it contains no internal
energy sources. Equivalently, as seen from the terminals of the transducer ports, the equiv-
alent circuit for the driving point impedance of the plant can be realized via a network of
ideal, time-varying resistors, capacitors, inductors, transformers and gyrators.

Both the passivity property and the bounded-input-bounded-state property is important
in proving the guaranteed stability of self-powered systems (see Section 3.1.5). If either of
these conditions are violated it may still be the case that the MPC algorithm to be presented
here could be applied in this situation. However, in that case closed-loop stability would

need to be guaranteed explicitly for the MPC algorithm.

3.1.2 Continuous-Time Energy Storage Model

Reference Figure 1.4, where m transducer ports are interfaced with p energy storage sys-
tems. The energy in the i'* storage system is represented by E*(t), which, due to physical
constraints on the storage device, is required to be within the bounds E} < E'(t) < EY,
where E% E! > 0 are the lower and upper energy constraints, respectively. Each energy
storage system is connected to a resistor bank or power bus. The evolution of stored energy

in the i'" energy storage system is:
LE(t) = —LE'(t) —u" () K'v(t) — p'(t) — ¢'(1), (3.2)

where:

e Ti > 0 is a time constant derived from the physical parameters of the ' storage
system that accounts for the loss of energy due to decay in the storage system. For
T — oo, there is no decay of energy in the storage system, and for T = 0, no energy

can be stored in the storage system.
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e K'is an m x m diagonal matrix with entries of {1,0} that describe the connectivity
between the m ports and the i energy storage system. Each port can only connect to
a single energy storage system, however, each energy storage system may have multiple
ports connected to it. Therefore, we require Y 7 K* = I,,. Let K be the set of all
ports connected to the i’ energy storage unit, e.g., in Figure 1.5b K! = {1,2} and
K? = {3}.

e 1'(t) accounts for transmission power dissipation, e.g., due to losses within the power

electronics, which we discuss in detail in Section 3.1.3.

e ¢'(t) > 0 is the power sent from energy storage system i to its resistor bank or power

bus.

3.1.3 Continuous-Time Transmission Loss Model

In equation (3.2), p'(t) represents the transmission losses associated with the facilitation of
power flow from the transducer ports to storage system i. In this work, we assume pu‘(t) to

be a quadratic function of u(t) and v(t); i.e.,

4 1, u(t), w(t)) = [“(t))] Mi(1) [““)] . (3.3)

v(t)

Assumption 2. We make the following assumptions regarding p'(-,-,-), i € {1...p}.
1. For allt >0, M(t,u(t),v(t)) = 0.
2. There ezists a matriz Ry, >~ 0 such that V{u(t),v(t)} € (R™ x R™) and ¥Vt > 0:

Z it u(t), v(t) = ul () Rpul(t).

3. For each v(t) € R™ and t > 0, there exists a u(t) € R™ such that:

ul ((t) + p'(t,u(t),v(t)) <0, Vie{l.p} (3.4)
Assumption 2.1 ensures that the power dissipated upon transmission from the transducer
ports to storage system i is uniformly nonnegative. This is a consequence of physical con-

straints on the network. Assumption 2.2 is only of importance for proving the unconditional
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stability of the self-powered system, to be discussed later in Section 3.1.5. Assumption 2.3
stipulates that for each potential variable, there exists a control input such that the power
extracted at the transducer ports exceeds the transmission losses incurred in the electronics.

This assumption is important for the feasibility analysis to be discussed next.

3.1.4 Valid Continuous-Time Models and Control Feasibility
Definition 3.2. We refer to a self-powered system model M as the collection of the following:
1. A continuous-time plant model P as in (3.1)

2. A set of p continuous-time energy storage models as in (3.2), together with physical
storage bounds {E} ... E¥} and {E}, ... E}}

3. A set of p continuous-time transmission loss models {p' (-, -, <) ... P (~,+,-)} as in (3.3).
Definition 3.3. We define a model M to be valid if:

1. PeP

2. Ts € (0,00], and 0 < EY < Ej;, Vie{l...p}

3. Assumption 2 holds for the transmission loss models {p*(-,-,-) ... uP(+, - )}
Definition 3.4. We refer to the set of all valid models as M.

For a given M € M, we collect all energy storage values in vector E(t) as:
T
E(t) = [B'(1) - B()] .
and then we define the feasibility domain of E(t) as:
Rp = [}, ] -+« x [E}, BY).

Definition 3.5. Given model M € M, disturbance a € (IL?)¢, state initial condition x(0) €
R", and energy initial condition E(0) € Rg:

1. Control inputs {u,q} € (L*)™ x (L?)? are called feasible if they result in E(t) € Rg
and q(t) > 0, for allt > 0.

2. The set of all feasible control inputs is denoted Frq (a, 2(0), E(0)).
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Lemma 3.1. Let M € M, and for each i € {1...p} either E; = 0 or T4 — oo. Then,
F (a,z(0), E(0)) is nonempty for all {a,z(0), E(0)} € (L?)¢ x R" x Ry.

Proof. M € M implies that Assumption 2.3 holds. Then, there exists a feedback law k
which maps {x(t),t} — w(t) such that (3.4) holds uniformly for ¢ > 0. Let () be the

response of plant P with this feedback law imposed under exogenous disturbance a, and let:
p(t) = v () (2(t),1) + 1 (t, & (2(1), 1), 0(t)) <O,
be evaluated along this response trajectory. First, consider the case where E? = 0. Then:
G (t) = =7 B'(t) = p,(t) — ¢'(t).

Now let:
max {0, L E() — pl(0)} . E'(t) = B}
0, Ei(t) # Ei.

q'(t) =

Clearly, ¢'(t) > 0, Vt > 0. Then, because p!,(t) < 0 and ¢*(t) = 0 when E'(t) = 0, it follows
that E'(t) > 0, Vt > 0. Furthermore, for ¢'(t) as above, E‘(t) cannot exceed E}; for any
t > 0if £'(0) < E}. For the case where T% — oo, the proof follows analogously, but the

above differential equation reduces to:

=Y
ey
=,
—~
~
N—
Il

—py(t) — ¢'(t),

and then because E'(0) € [E%, EY], it follows that E'(t) > E}, Vt > 0. O

3.1.5 Stability

Theorem 3.1. Let M € M be subject to erogenous disturbance a € (L*)¢, and initial
conditions (0) € R", and E(0) € Rg. Then there exists a function fu (a,2(0), E(0)) < oo,
such that:

/0 " 2T (W@ ()dt < fa (@, 3(0), B(0)). (3.5)

for all {u,q} € Frq (a,x(0), E(0)).
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Proof. First, we define:
V(t) = Z E'(0) + /0 (—u" (T)v(r) —u" (1) Rpu(r)) dr.

Then it follows that V(t) > Y7 | E'(t), for all ¢ > 0. To see this, consider that:

p

% (Z (1) - V“)) == (TigEi(t) + () + it u(t), o(t)) — uT(t)RiLu(t)) |

=1

If M is a valid model then by Assumption 2.2, the second term on the right-hand side is
negative. If {u, q} is feasible then the first term must be negative, and consequently we have
that 7 | E*(t) — V(¢) is a non-increasing function, which, with an initial condition of 0,

must therefore be nonpositive for all ¢ > 0. Consequently, we have that:
p .
V()= E(t).
i=1

But if {u, g} is feasible then E'(t) > 0, Vi € {1...p} and then we conclude that V(¢) > 0,
Vt > 0. This is equivalent to stating that:

> E0) - /0 T (Yo (r)dr > /0 u? (1) Ryu(r)dr. (3.6)

But if M € M this implies that P € P, which, by Definition 3.1, implies the existence of a
B(xo,a) > 0 such that:

/o u’ (T)v(1)dT > —B(x0,a) , VtE Ry, (3.7)

Adding (3.6) and (3.7) we have that:

ZE’(O) + Bz, @) > /0 u’ (T)Rpu(r)dr.

By Assumption 2.2, Ry, > 0. As such, let A(Ry) > 0 be the minimum eigenvalue of R and
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we have the further bound:

p

> E(0) + B(xo, @)

S /0 o (7)u(r)dr.

Because P € P, it follows that (2.9) holds independently of @ and u and consequently:

t iEi(O) + B(@o, @) t
/0 ' (7)x(r)dr < o Ry —i—aa/o a’(t)a(7)dr.

However, a € (IL?)? so the integral on the right-hand side has finite value as t — oo and

consequently there exists a o, @, € R such that (3.5) holds. O

Theorem 3.1 states that a valid plant for a self-powered system cannot be destabilized
by any control input that is physically realizable (i.e., feasible). As such, it is physically

impossible for a self-powered system to destabilize.

3.1.6 Alternative Modeling Methods

In the previous subsection, we define self-powered system model M in Definition 3.2, and
as mentioned earlier, {u(t),q(t)} are the control variables over which we optimize. The
challenging aspect of this modeling method is that the differential equation for the energy
in the storage system (3.2) is nonlinear (specifically, quadratic in u(¢)), and because E'(t)
is not guaranteed to be in the range [E}, E};], we must enforce constraints to ensure the
physical bounds of the storage units are satisfied. However, there are alternative methods of
formulating the self-powered system problem, which introduce different challenges. Consider

the following alternative methods.

1. Directly Controlling Transducer Power Flow: To explain this approach, we
consider the case with one port (m = 1) and one energy storage system (p = 1). It is
common in power systems engineering to control power flow pr(t) = u(t)v(t) explicity,
as opposed u(t). Then, the differential equation for the evolution of energy in the

storage system is linear in pr(¢):

LE(t) = — £ E(t) — pr(t) — p(t) — q(t).
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However, depending on how the transmission losses u(-, -, -) are modeled, this linearity
may be lost. Commonly, transmission losses are modeled assuming a fixed efficiency
n € (0,1) as:

(1 =n)pr(t), pr(t) =0
ppr(t)) = .
(1—)pr), prt) <0.
If this is the case, then 24 E(t) is no longer linear in pr(t), and the benefits of instead
controlling transducer power pr(t) are unclear. Furthermore, the plant P in (3.1) also

becomes nonlinear:

. Modeling Energy Storage Units as Capacitors: For the special case where the
energy storage units are modeled as capacitors (or flywheels, which are the mechanical
analogy of capacitors), let i’ (¢) be the current, w’(¢) be the voltage, and C? be the
capacitance of the i'" capacitor. Then, ii(t) = C’i%}”, and the energy in the capacitor
is:
i Lo 2
Bi(t) = 5O (ui(t))?
which is nonnegative for all w’(t) € L% Therefore, for this modeling method, there
is no need to enforce the energy storage constraints when E% = 0 because E'(t) is

always nonnegative. However, we do need to enforce a maximum allowable voltage:

|w!(t)] < Wynae- Then, the power delivered to the capacitor is:
io(hwy(t) = —u’ () K v(t) — u'(t).

Let the evolution of the capacitor voltage be modeled via the following nonlinear dif-

ferential equation for w’(t) # 0:

dw(t) 1 (ul(t)K'v(t) + u'(t)
- C( K ) (3.8)

C we(t)

Although this modeling method does not require the use of energy storage constraints,

it introduces the nonlinear differential equation for w:(¢) in (3.8). This nonlinear
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differential equation does not linearize well, which can make control strategies difficult

to implement.

All three modeling approaches include nonlinearities somewhere in the their formulation,
but the quadratic nonlinearity in w(t) in (3.2) may be the easiest to implement numerically.
In the method used in this thesis, we are also able to model the plant via linear differential
equations, which is exploited in later sections to simplify the analysis. The downside of this
method is that it necessitates the use of constraint functions, which, as we discuss in Section
4.1.3, introduces nonconvexity into the optimal control problem. Although Methods 1 and
2 discussed above are also viable approaches, we use the model presented in Sections 3.1.1

and 3.1.2 because of the linear plant dynamics and quadratic energy storage model.

3.2 Discrete-Time Model for Self-powered Systems

3.2.1 Discrete-Time Plant Model

The ultimate purpose of the continuous-time physical model developed in the previous section
is for use in a MPC trajectory optimization algorithm. Hence, the continuous-time model
M must be converted to a discrete-time model. Inputs w are mapped from discrete to

continuous time via ZOH, i.e.:
u(t) =uy, , te kAt (k+1)At) (3.9)

where k € Z~, denotes the discrete-time counter, and At is the discrete time-step.
The dynamics of plant P in (3.1) can be modeled in discrete time using the following

linear, time-varying state space:

Tpi1 :Akazk + Bkuk + ag (310)
v, =CLx), + Dyuy, (3.11)

where the discrete-time disturbance is:

(k+1)At B
ag :/ ®((k+ )AL, 7)G(1)a(T)dr, (3.12)

At
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the discrete-time matrices are:

(k+1)At B
Ay =((k + )AL EAY), By :/ &((k + 1AL, 7)B(7)dr
kAt (3.13)
C, —C(kAY), Dy —D(kA),

and where ®(t5,1;) is the continuous-time state transition matrix (see Definition 2.7).
3.2.2 Discrete-Time Energy Storage Model
Let the stored energies at the discrete-time points be:
E; = E'(kAt), Vk € Zsy, Vi€ {l1..p}. (3.14)
We collect all the discrete-time energies at time-step £ in vector Ej, as:
T
E.= B - E| .

We want to develop a discrete-time evolution equation for Ef such that (3.14) is satisfied
exactly. We define this type of discrete-time model as energy-preserving. To create energy-

preserving storage models, we first define y! as:

) - pk1)AL —(k+1)At+t
Y, =K’ / e T w(t)dt
k

At
where:
, o DAL _epnartr
Bk :KZ/ e T C(r)®(r, kAt)dr (3.16)
kA
, o DAL _epater /0 _ T _
D, —K / e (D(THC(T) / B(a, kAt)B(a)da)dT (3.17)
’ kAt kAt
, o BHDAL _ernarer T _
ay), :KZ/ e T C(T)/ ®(a, kAL G (a)a(a)dadr. (3.18)
kA kAt

In terms of these quantities, F}, evolves in discrete time according to:
By =7 By — ugyy, — 1t — dis (3.19)
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where E}, € [E%, E}] is the initial energy in storage system 4, and where 7%, pi, and ¢, are
defined as follows.
The unitless variable v* represents the decay of energy in the it storage system, and is

calculated as:
v =e T, (3.20)

which exists in the range [0,1]. An ideal storage system with no decay has v* = 1, and a
system with no ability to store energy has 7% = 0.

The power sent to the i'" resistor bank or power bus, ¢'(t), is mapped from discrete to
continuous time via ZOH. However, for simplicity, in discrete time we instead control the
energy sent during time step k. Let ¢. be the ZOH discrete-time energy sent to the

resistor bank or power bus:
4. = X'q'(kAt) , t € [kAt, (k+1)At), (3.21)
where the scalar x*, which has units of time, is a function of T4, At and '

At, yi=1
X'=qTi(l—7), 0<y <1
0, v =0.

Now, we collect all energies sent to the resistor banks or power buses at time-step k& in vector
qy:
1 p]"
qk‘ = |:qk‘ “ e qk:| .

3.2.3 Discrete-Time Transmission Loss Model

The term pi captures the transmission losses in discrete time. Technically, this should be

evaluated as:

' (k+1)At  7—(k+1)AE
po= [ R il o)
kAt

However, for the purposes of MPC trajectory optimization we assume this discrete-time
transmission loss can be approximated (or, at least, conservatively over-bounded) by a

quadratic loss model, which is described in the next.
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Quadratic Loss Models

For the purposes of MPC trajectory optimization we assume that the transmission loss

is a quadratic function of {uy,y.}; i.e.,

T .
, : Uu M, M; U
i (Uk, Yi,) :[ k] [ ok y’“] [ ""] (3.22)
Y (Muy k) Myy,k Yi

where M, = 0. The simplest transmission loss model is the case in which M , = 0,

(2
Myy &

on the control inputs w. Physically, if these inputs w correspond to transducer currents or

= 0, and M wr 0. In this case, the losses are modeled as a quadratic penalty

voltages, then this simple loss model captures the “2R” losses associated with the control,
with M  taking the form of a resistance or admittance matrix, respectively.

In many cases, the system’s energy dissipation may be best modeled via a non-quadratic
loss function. Let i} (ug, yi) be the true, non-quadratic loss model. Then, in some cases it is

possible to find a quadratic overbound of fii (ug,y:), which has the form (3.22) and where:

i (e yr) = g (uns i), V{ur, i} € (R™ < R™).

For example, in many studies, the efficiency of a self-powered system is assumed to be a
static value. Consider port j, and let n; € (0,1) be the efficiency between port j and the
storage system to which it is connected. Then, at time-step k, let u; ; be the control input
for this port and y}” be its colocated energy-preserving output for the i** storage unit. We

model the energy dissipation over one time sample via a static efficiency as:

(1-— nj)uk,jyi;,y Uk,jyi;,j 20

~i iy
Mk,j(uk,j;yk,j) = 1 ; ;
<1 — 77_]'> Uk Yk jr WkjYg; <0

Then, the true non-quadratic loss model for the i*" energy storage unit is the summation of

the losses of its connected ports:

:u ’u’ku yk § /’Lk,j Uk,j> yk,j)
jeK?

where K’ is the set of all ports connected to storage system ¢ (see Section 3.1.2). We now

show that it is possible to find a quadratic overbound function for fi.(,-) of the form (3.22)

41



with the following matrices:

Mo i1 Myy k. Moy ke
Mi,, = 3 M, = g M, =

uu,k yy,k uy,k
Muu,k,m Myy,k,m Muy,k:,m
From the definition of y! in (3.15) and because the above matrices are diagonal, we can

rewrite the quadratic overbound as:

[u’?’j] . (3.23)

T
Uk, j Muu,k,' Mu K
uk,yk Z,Ukj ukjvykj Z [ i]] [(Myk;)T M, ' Yhi
u A 1J

]EKZ jEKi yk,j yyvkvj

For each port j € {1..m}, let hy; > 0 be a design parameter. The overbound then

satisfies:
MZJ (ukJ?ylic,j) > ﬂ;cg (uk,jvylic,j)a V{uy.;, yli,j} € (R xR), (3.24)
and the equality holds if uy; = —hy ju}, ;; ie.,
Wi (=P Vi Uk y) = fii s (hk Y s Vi) (3.25)
= (L= nj) i (yi ;). (3.26)

In order for conditions (3.2.3) and (3.23) to satisfy (3.24) for all {uy;, ;. ;} € (R x R), both

of the following equations must hold:

(2Muy rj — 1+ 77j)2 S AMuyu e jMyyr;  or  2Myyp; —14+1n; >0 (3.27)
1\? 1

<2Muy,k,j — 14+ T]_) 4Muuij vk, j or 2Muy,k,j — 1+ ’r]_ < 0. (328)
j i

Condition (3.26) requires that:

Myy7k7j M P
= Muuk, kg
By ;

2Muy,k,j -1 + 77j = —
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Noting that the right-hand side is always negative, (3.27) and (3.28) become:

M,y s 2
(M - Muu,k,jhk,j> < 0
hi.;
M, ki - 1
——sy’ L — M, e — 05+ — < 29/ Mg i Myy k5.
Ky ;j

The only way (3.29) can be satisfied is to set:

Myy i = Muyupj(hi)?.

Then (3.30) becomes:

1
-1 + — < 2Muu,k,jhk,j-
J

The least-conservative value of My, ; satisfying this is:

. 1— (m)?
uu,R,]J zn]hk’] .

(3.29)

(3.30)

Then, the values of My, 1 ;, and M,,  ; that are the least conservative over-bound are:

1— (n;)?
My =

YvY,

1—=n: 1= (n.)2
Muy,k,j = L o (nj) :
2 2n);

3.2.4 Valid Discrete-Time Models and Control Feasibility

Definition 3.6. For a valid self-powered system model M, discrete time step At, and ez-

ogenous disturbance a € (IL2)¢, the associated discrete-time model D(M, At, a) is comprised

of:
1. Discrete-time state evolution equation (3.10) with energy-preserving outputs y*

(3.15) fori e {1...p}

2. Discrete-time energy evolution equations (3.19) fori € {1...p}

3. Discrete-time loss modeling equation (3.22) for i € {1...p}.

as in

Note that for a discrete-time model, the continuous-time exogenous disturbance a gener-

ates time-varying parameters that affect the discrete-time state evolution, energy evolution,
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and loss model equations in different ways. In the state evolution equation the consequence
of a is the presence of discrete-time exogenous input ay, as evaluated from (3.12). In the
energy evolution equations, the consequence of a is the presence of output disturbances ag x,
as evaluated from (3.18).

When implementing trajectory optimizations via MPC, it is necessary to constrain the
discrete-time control inputs u; and q; such that, when mapped back to continuous-time via
(3.9) and (3.21), they result in feasibility; i.e., they render E(t) € Rg, for all t > 0 within
the optimization horizon. However, imposing this constraint over a continuous time interval
is computationally problematic. Therefore, we define a relaxation of feasibility for use in

discrete-time optimization, as described below.

Definition 3.7. Let M, = D(M,At,a) be a discrete-time model, in which M € M. At
discrete time k, let ), € R" and Ey, € Rg. Let inputs {us, q/} be defined over the interval
¢={k..k+ N}. Then:

1. We say that these inputs are finite-horizon discrete-time feasible if they result in E, 1 €
Rpg fort € {k..k + N}.

2. Denote the set of all finite-horizon discrete-time feasible inputs as Faq, (g, Ex, N).

Finite-horizon discrete-time feasibility does not imply continuous-time feasibility, because
the constraint F'(t) € [E%, EY] is only enforced at discrete times ¢ = kAt. It is therefore
possible that for some i € {1...p}, E'(t) could satisfy the feasibility condition at two consec-
utive discrete time points but violate it in between. This is illustrated in Figure 3.1 for the
case with E% = 0. For a physical self-powered system with E% = 0, if such a control input is
commanded, the result is that the continuous-time control inputs {wu(t), g(¢)} would fail to
track their zero-order-hold commands, {u*, g*}. Consequently there would be distortion in
the ZOH inputs, to the degree necessary to maintain E*(t) > 0. This distortion is shown in
red in Figure 3.1. For the purposes of MPC trajectory optimization, we do not model these
distortion effects.

Discrete-time feasibility does imply continuous-time feasibility if one assumes that the
continuous-time function E(t) can be recovered from discrete-time samples Ej via linear
interpolation. As At is made smaller, this assumption becomes more justified. In the case
with At — 0, the assumption may be viewed as being asymptotically exact.

The following Lemma gives conditions for a nonempty set of feasible inputs F q, (z, Ex, N).
First, we introduce g, which is the portion of yi that does not depend on the k™ input wuy,

Le., Y = Yi + D us.
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Figure 3.1: Trajectory violating the lower energy storage bound is shown in blue, and
the ZOH input distortion is shown in red as a consequence of inter-sample
loss of feasibility
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Lemma 3.2. Let My = D(M, At,a) be a discrete-time model in which M € M, and for
each i € {1...p} let either Bt =0 or ' = 1. For alli € {1..p}, £ € {k...k + N}, and each
U, € R™, let there exists a uy, € R™ such that:

T . .
Uy Mfm,é M;y’g + %I
yi| [(ML)"+11 M

uy,f yy,¢

[W] <0, (3.31)

Y
At discrete time (, let &, € R™ and E;, € Rg. Then, Faq, (g, Ex, N) is nonempty.

Proof. The proof is directly analogous to the that of Lemma 3.1 for the continuous-time

case, and is omitted in the interest of brevity. O

u

Note that it is trivial to verify that if M} , =0 and M} , = 0 for all i € {1...p}, then
(3.31) is satisfied with u; = 0. It is also straight-forward to verify that the inequality can
also be satisfied for the static efficiency loss model example discussed in Section 3.2.3, by

setting up; = —hy y;; for all i € {1..p} and all j € K.

Assumption 3. We assume that for the discrete time models My considered, for all i €
{1..p}, L € {k..k + N}, and each g, € R™, there exists a u, € R™ such that (3.31) holds.
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Chapter 4

Trajectory Optimization

In this chapter, we first formulate the trajectory optimization problem associated with the
self-powered system in Figure 1.4. We then show that this trajectory optimization is non-
convex in general, and determine specific conditions for which the problem regains convexity.
Next, we discuss special cases of this optimization: the LTI version, passivity-constrained
problem, energy harvesting problem, and zero energy storage problem. Last, we introduce
the barrier method to solve the original nonconvex trajectory optimization in the primal do-
main, and present an example using an energy-harvesting piezoelectric wireless sensor node

with the goal of maximizing data transmission.

4.1 Formulating the Trajectory Optimization Problem

Referring back to Figure 1.6, the core of the MPC feedback law is the trajectory optimization
that maps the state estimation &) and the exogenous disturbance trajectory forecast a(t),
t € (kAt, (k + N)At] into an input command {u},q;}. As discussed in the introduction,

this problem is made tractable by two key assumptions:

1. {u, g} track their commanded values {u*, ¢*} with high bandwidth, and consequently

the algorithm can be viewed as optimizing {w.x1n, Qr-x1n} directly.

2. For the purposes of trajectory optimization, a(t) = a(t), for t € (kAt, (k+ N)At|, and
&, = x,. That is, we assume perfect knowledge of the exogenous disturbances and

that we can measure all states at time-step k.

In the interest of reducing the notation, we present the results for the specific case in which
k=0.
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4.1.1 Performance Measure

Let J(wo.n, Qo.n, Tong1) : (RN x (RP)VHL x (R?)V+2 — R be the performance measure
function to be minimized by the trajectory optimization algorithm. Then, J(-,-,-) has the

form:

N

J (0., Qv Toon41) =G(Tni1) + > Li(ws, i ), (4.1)
k=0

where ¢(-) is the final state penalty term, and Ly(-,-,-) is the Lagrangian (see Definition
2.14).
Quadratic Performance Measure

Consider the special case where the performance measure is a function of, and quadratic in

{uo.n, To.n+1}, 1€,

T
N | Tk Qr S Tp| |z

J(UO:N7 5130:N+1) :$%+1PN+1$N+1 + Z Uy, S{ R, U, Ug | (4-2)
k=0 ay. TkT U;‘gr ‘/;C ag.

where for the purposes of our analysis we assume Ry > 0 and Pyy; =~ 0.

This quadratic form encompasses many performance measures of interest, for example,
the energy harvesting problem (see Section 4.2.2), and the vibration suppression problem
(see Section 6.4). Therefore, we focus to this specific quadratic form in later chapters.

In most optimal control applications, it is also customary to make the assumption that
Qr — SkRIZIS,z = 0, Vk € {0...N}, which renders the Lagrangian positive-semidefinite,
therefore guaranteeing the existence of a finite minimum of the optimization. However, for
the analyses to be conducted, this condition is conservative, and may be relaxed while still
guaranteeing that J(-,-) has a finite global minimum. This is shown in Theorem 4.1 below.
However, prior to presenting this theorem we first introduce the notation &, 5 (wo.n, o) as
the solution to (3.10) over the interval k£ € {0...N}; i.e.,

N

xy (uo.n, To) =Ty (To) + Z U (k, j)Bjuj,

J=0
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where W(k, j) is the discrete-time state transition matrix (see Definition 2.8):

0, k<
W(k,j) =<1, k=j+1 (4.3)
Akfl...Aj+1, k2]+2,

and where &; isolates the terms related to the initial condition xy and disturbance a:

(o) =W (k,0)zo + Y W(k, j)a;. (4.4)

=0

Theorem 4.1. Let J(-,-) be the quadratic performance measure in (4.2). Let x; evolve
according to (3.10), with initial condition o € R", and with disturbance ag,y € RN+,
Let R, >~ 0, Vk € {0...N}, and Py, = 0. Then, J(uo.n, 5N, (Uo:n, o)) has a unique,
finite minimum over wo.y if and only if X}, = (Ry + Bl PyB},) = 0, Vk € {0... N}, where
Py is solution to the following RDRDE:

P =Qi+ A PA, — (Sp+ B}?PkAk)T (R, + B/?Pk;Bk)il (Sk+ BLP.Ay), (4.5)

with terminal constraint Py 1.complement

Proof. (< Sufficient) Assume that (R + B P,By;) = 0, Vk € {0..N}. Let H be the
9%J
OuduT "

minimum if and only if H = 0. Let H be the block diagonal matrix:

Hessian of J(-,-) with respect to the input u, i.e., H = J(+,-) has a unique, finite

Ty

We construct the transformation matrix T such that H = THT?T. Let ®(k,i) be the
discrete-time state transition matrix in (4.3), where i,k € {0...N} and xy; = ¥(k,0)xo +
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S Wk, i) (B, 4+ Giay). Let H, ; = 2J he the m x m submatrix of H, where:

=0 auiau?

N
H;; = B/W(N +1,i) Px®(N +1,5)B; + >  B'W(k,i) Q¥ (k,j)B; + 6; ; R;
k=0

+ B/ ¥(j,i)'S; + 5/ ¥(i,j)B;.

Assume that the transformation matrix T is the product of N matrices as T = Ty ... TrT;.
Now, let Hy, = (T}, ... TyT,) H (T'T) ... T;'). We then define:

H, = BIW((+1,)TPW(C+1,))B; + H]

INE
where ¢ € {0...N} and:
) ¢
H{; =Y BU(ki) Qu¥(k j)B;+06,;R + Bl (j,i)"S; + 5/ ¥(i,j)B;.
k=0
Then, note that I-IZJ\; = H, ;. We begin to construct T} by first expanding P, according to
Riccati equation (4.5) in Yy = Ry + BI Py By as:

Yo = Ry+ Bl (Q, + ATP,A,) B, — BT (S; + BIPA,)" Y;' (S, + BT P A,) B,.
(4.6)

Noting that (4.6) is the Schur complement of the matrix:

Ry + BJ (Qi+ ATPA) B, B[ (S +BIPA)"
(S1+ BT PA,) By Y, ’
we let T be:
I, BY (S +BIPA) Y

Om Im
T1 —

20



Then ﬂl = TITIA{Tl, and:

-~ ~ ] r A - 9T
Hy, H}, Bl [BIAT
fl, M, Bl | | B!
Tg -+ 0 P1 0
Ty | 0 | 0

We repeat this process by expanding P, according to Riccati equation (4.5). The k' trans-

formation matrix T}, is:

where:
and Hj, is:
[ 1k
HQ0
X HF
H,=|""°

I, ILY,!
Omka Im
T, =
I,
(BgA{ e A;}F—l)
I, — : (Sk+ Bl P.A,)"
B,
- - - —- - T
H), By AT - A} By Al --- A}
H: BT BT
k,k + k Pk k
Y1 0 0
'I‘N_ i 0 i i 0 ]
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Then we have that Hy = H. ie.,

(aY, - HY| [BIAT.. Aj BTAT...AT]"
Hy=1| : -~ |+ : Py :
I:IJ]\\TT,O I:[J]\\II,N_ BJ:I\} B]:I\}
-Ho,o HO,N-
| Hyo -+ Hnn)
- H.

(= Necessary) Transformation matrix T}, is upper triangular with identity matrices along
the diagonal, therefore T}, k € {0...N}, is invertible. And we have that T-'HT " = H. [

Corollary 4.1. For the conditions in Theorem 4.1, if J(wo.n, G, n 4 (Uo:n, X)) has a finite

and unique minimum in wo.y, then J(wo.n, TGy (Uo:n, To)) 95 a convex function of uo.y.

Proof. The proof follows directly from the fact that J(wo.n, 2.5, (¢o:n, o)) is quadratic

in ug.y. ]
0

Theorem 4.1 has a close connection to (Q, S, R) dissipativity, as defined in [38]. Indeed,
it may be viewed as providing necessary and sufficient conditions for discrete-time, time-
varying, finite-horizon (@, S, R) dissipativity. In special cases for choices of {Qy, Sk, Ry}
it distills to conditions for various versions of the finite-horizon Kalman-Yakubovich-Popov
(KYP) Lemma, including the positive-real and bounded-real lemmas. Anderson and Vong-
panitlerd in [5] provide an optimal-control-based proof of the finite-horizon positive-real
lemma in continuous-time, before taking the asymptotic limit as the time horizon approaches
infinity, and showing that for time-invariant plant parameters one arrives at the matrix in-
equality condition for positive-realness of time-invariant plants. Green and Limebeer, in
[26], show the analogous continuous-time, optimal-control-based proof to Theorem 4.1 for
the bounded real lemma.

However, there does not appear to be analogous finite-horizon proofs in the open literature
in the discrete-time case. Rather, the discrete-time version of the KYP lemma (whether in
its general form, or specifically for positive-real or bounded-real cases) is usually only proved
in the time-invariant, infinite-horizon case, with the usual approach being to relate it to

the continuous-time KYP lemma using a bilinear transformation (e.g., [14, 25, 32]). The
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discrete-time finite-horizon time-varying positive real lemma follows directly from Theorem

4.1.

Corollary 4.2. (Discrete-Time Finite-Horizon Time-Varying Positive Real Lemma) Let @,
evolve according to the LTV difference equation (3.10) with initial condition xy € R", and
exogenous disturbance ag.y € R”“WN+D . Now, let p = 1 and y;. be defined according to (3.15),

and let performance measure J(-,-) be:

N
J(UDNawON—H U0 N, To)) E ukykza
k=0

which can be written in the form (4.2) with Pyy1 = 0 and with matriz parameters:

1 1
Sk :§(C}E,k)T7 R, :§(D112,k + (D}E,k)T)

where Cl,., and Dy, are defined in (3.16), and (3.17), respectively. Then, the discrete-time
mapping w — y' is passive if and only if the RDRDE:

~ ~ ~ T ~ -1 ~
Py = AlPA, + (Ch, — BIPAL) (Dpy+ (Dh)" — B{PB,) (Ch, - BIBA),

with final condition Pyyy = 0, has a solution where (Dpy + (Dg,)" — B!P.B,) = 0. If
the solution to P, exists, then P, = 0, Vk € {0...N + 1}.

Proof. The proof follows analogously from Theorem 4.1, where P, = — P, in Equation (4.5).
Because Qi = 0, Py.1 = 0, and (D}Ek + (D}E?k)T — B,{PkBk) >~ 0, we can conclude that
P, »0,Vk € {0..N +1}. O
Assumption 4. Let M, = D(M, At,a) be the discrete-time model under consideration,
and let © evolve according to (3.10). Then, we assume that if the performance measure is of

form (4.1), then J(uo.n, Qo:n, 5. 5 (Uo.N, To)) is convex in {wo.n,qo.n}. If the performance

measure is of form (4.2), then J(uo.n, g 5y (wo.n, 0)) is convez in wo.y.
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4.1.2 Energy-Constrained Optimal Control Problem

The energy stored in the 7" unit £} 41 can be written explicitly in terms of {wo.n, qo.n, To.n '}

as:
k

Ej (won, qon, o) = (V) Ey =Y () (uf yi + pi(we, vp) + 47),
(=0

where y! is related to {wo.n, go.n, To.n} via (3.15). Let ck(-,-,-) and €Y (-,,-) be the set of

p lower and p upper energy constraint functions, respectively:

L
Cy, ('U'O:Nv qo:N, fCo:N) =FE; - E;

cZ(uo:N, qo:n, To.n) =Ey 11 — Ey,
T T
where E; = [Ei e Eﬁ] and Ey = [E}] - E’{J] . Then clearly:

L U
Ei,.1 e Ry <= c¢;(uon,qon,xon) <0, cf (won, qon, Ton) <0,

with the inequalities taken element-by-element. Let the trajectory optimization, where we
enforce that the discrete-time states evolve according to (3.10), be the Energy-Constrained
Optimal Control Problem (ECOCP), which has the following form:

(Given: xg, Eo,ak,a’ﬁk,
Ay, By, CiE,k7DJiE,k77i7Mli
Vk € {0..N}, Vi € {1...p}
Minimize: J(wo:n, qo:n, Q. 11 (Wo:N, To))
ECOCP = < Domain: U.N, Qo:N (4.7)
Constraints:  cf (uo.x, go.n, T (Uo.n, o)) < 0,
ci (wo.n, qon, T,y (Uo.n, o)) <0,
qr = 0,
Vk € {0..N}.

\

Define the Lagrange multipliers that enforce the £ lower energy constraint, and k" upper
energy constraint of the it energy storage system as Aé’i and Ag’i, respectively. Let AL and

AL be vectors of length p containing these Lagrange multipliers for each energy storage
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system:
T T
L L1 L, v_ [\u1 U,
A :|:/\k Akp} , A 7[)\]6 Akp]
Now, let A; be a vector of length 2p of all these Lagrange multipliers at the £ time step:
T
A= [0 )]
L1 L, Ul U,
:[)\k D VD VR Ve
The KKT conditions require these Lagrange multipliers to be non-negative at the optimum,

e, ALAY > 0, VE € {0...N}. We explicitly enforce the energy constraints and state

dynamics in the augmented performance measure function J(-,-, -, ) as:

J_(UO:N, qo:N mS;NH(Uo:N, fBo), /\o:N) = w?v.H(uN, mo)TPNHﬂCfVH(Uo:N, 1‘0)
N N

+ Z L (wg, 2y (wo.n, o)) + Z(}‘i)Tcil(UO:Na qQo:n Ty (Uoun, Zo))
k=0 k=0

N
+ ST (v o T (s 20). - (4.8)
k=0

Then, the ECOCP is equivalent to the following primal minimax problem:

J*(xg) =  inf { sup J(“O:NyqO:Nymg:N+1(u0:N7w0)a)\O:N)}- (4.9)

uo:N5> 90:N20 2. x>0

4.1.3 Convexity

The ECOCP is convex if performance measure J(wo.n, go:n, 5. n 41 (Uo:n, o)) in (4.1) is a

convex function of {wg.n, qo.v}, and if the inequality constraint functions:

Cﬁ(UO;N,CIO:NJJS:N(UO:N,SUO)) <0 and cf(uoy, qo:~, T,y (Uo:n, o)) < 0

are convex in {ug.y, go.n }, for all & € {0...N} (see Definition 2.21). If the ECOCP is convex,
then its feasibility domain Fu4, (@, Ex, N) is a convex set. Assumption 4 ensures that

J(wo.n, Qo:n» TG, 41 (Uo:N, To)) s a convex function of {ug.n, go.n}. Hence, we focus on the
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convexity of the storage constraint functions, but first, we introduce some notation. Let:
a =(v") ", &, =(7") "y, g =)y, (4.10)
and then we define the i"* modified system as:

i\1/2 ~i ~i ~

(") / Z) . =AyZ), + Byu, (4.11)
;. =Cp &), + D,

with initial condition &{ = xy, € R™. Recall that 7* € (0, 1] is a unitless scalar that quantifies

the decay of energy within the i’ storage system as defined in (3.20).

Theorem 4.2. For all i € {1...p}, let the mapping u' — y° be discrete-time passive (see
Definition 2.12). Then, the following are true Yk € {0...N}:

1. ek (uo.n, go.n, T8 n (U, o)) is a vector of convex functions in {wo.n, Qo.n }
2. e (uo.n, qo.n, TH n (Uo.n, o)) 48 a vector of concave functions in {wo.n, qo.n }-

Proof. First, we show statement 1. Let {ug ,q5%} and {u} v, g%} each satisfy the lower
energy constraint for the i energy storage unit, cé’z(-, +) <0 for k € {0...N}, i.e., they are
feasible trajectories for these constraints. Let Ej% 41 and Eé’gv 41 be the resulting energies
from implementing these feasible inputs. Let a € [0, 1], and define the linear interpolation

between these two feasible trajectories as:

’U,ng :O['U,&N + (1 - a)u(b):N’ (412)

i,ab i,a i,b
Gy =qoy + (1 — a)qoin,

and let Eé’j\? 41 be the resulting energy from implementing these interpolated inputs. Due to

linearity, the corresponding responses for y{ v and @y are also interpolations; i.e.,

i,ab i,a i,b
Yoy =Yoiy + (1 — )ygiy,

xiy =axfy + (1 — a)xh,y.

Function ¢,*(+, -, ) is convex if:

ab A

v Z(ung7 qg:bN7 :BO:N) - O'/cé,i(uS:N’ qS:N’ m(O]L:N) - (1 - (X)Cé’ (,u’g:Nv qg:Nv mgN) < 0.

F,. = cL’
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Then, simplifying we have that:
i,ab i,b
Fp=—E/+ O‘Ek;—i-l (1-a)E.y,

i\ k— a i,ab i,ab i,ab
(V) (g™ Ty, ™ + pp(ui®, ™) + ;)

M-

Iy
o

k

—a > (V) () + gy ) + )
=0

k
(1—a) Z ) ((uy) Tyéb*'#e(ue,ye )+q;’b)-
—0

Because (-, -) is quadratic, this simplifies to:

k k

B (o= ) (0P - o )+ 3t st i)

/=0 =0

The second term in the parentheses is positive because p(-, -) is positive-semidefinite. Then,

we have that:

k
Fr <= (a—a”) (@) "3
£=0

where @} = (7/)"%2(ug — ub) and g = (v/)"/*(yy* — y,"). Note that ¢! depends only on
u}. (but not a and x,). Recall that the mapping @’ — ¢ is discrete-time passive, and this

requires that with g = 0 and aq.y = 0:
- T
S (@) gi >0, Vahy e RV vk e 7.,
=0

Then, it follows that Fy, < 0, Yk € {0...N}. Thus, completing the proof for statement 1.
To show statement 2, we repeat the same process, but instead show that F, > 0 Vk €

{0...N}, and therefore cg’i(uow, qo.n, 3.y (Wo.n, o)) is a concave constraint in {uo.n, qo.n }-
]

In the above proof, we show that the energy storage constraints are quadratic in wug.y, and
therefore if the performance measure is also quadratic in ug.y, the ECOCP is a nonconvex

QCQP in general. However, under special conditions on the model parameters, the ECOCP
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is convex.
Let E! _ be the maximum possible energy that the i storage system can extract at

time-step N + 1 from disturbance ag.y € (RY)V*Y with initial condition &y € R™, no decay

in the storage system (7 = 1), and ignoring lower storage bounds. That is:
Bl = max { By, (uo . o = 0, @ (t0v, 0)) }- (4.13)

Therefore, E! . is an upper bound on the amount of energy in storage system i.

Corollary 4.3. For a given set of initial conditions and exogenous disturbances, there exists
bounds {E}; - -- EV} such that the ECOCP is convex if for all i € {1...p}:

1. Ei, > E},
2. The mapping @' — ' is discrete-time passive.
It then follows that the feasibility domain Faq, (2o, Eo, N) is a conver set.

Proof. Assumption 4 states that performance measure J is a convex function of {uo.n, qo.n }-
Theorem 4.2 shows that the upper energy constraint ¢{ (-, -, ) is a concave function in ug.y.
However, if Ef, > E' .,

constraint is inactive for all £ € {0...N} and for all {ug.x, go.v} € (R™)NVFD x (RP)NVFD Tt
follows that the ECOCP is convex. A tighter bound, where E}; < E

max?

which is defined in (4.13), for all i € {1...p}, then the upper energy

may exist. O

The requirement that the mapping @’ — g’ be discrete-time passive Vi € {1...p} is rather
restrictive. To simplify matters, consider the case in which v* = 1, Vi € {1...p}. Then,
this effectively requires discrete-time passivity of each mapping uw — ¥, Vi € {l..p}. Tt
is straight-forward to show that this is the case if p = 1, i.e., if there is only one storage
system, because in this case the discrete-time passivity of u — y! is inherited from the
continuous-time passivity of the plant, which we prove below. However, if p > 1, then this
discrete-time passivity condition does not hold in general, irrespective of the passivity of
the continuous-time system. And even if the mapping u’ — ¢° is discrete-time passive for
7" =1, it may fail to hold for v* below a certain threshold (see Section 4.2.1 for an extended

discussion on this).

Lemma 4.1. Consider the case with one energy storage unit p =1 and where Té — oo. If
the mapping w — v is continuous-time passive, which is the case for all P € P, then the

discrete-time mapping w — y' is discrete-time passive.
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Proof. 1t follows from the definition of continuous-time passivity in Definition 2.10 that for
each initial condition (0) € R"™ and exogenous disturbance trajectory a € (L?)¢, there
exists a B > 0 such that for all w € (L?)™ and all £ € Z:

(e+1)At
/ u’ (T)v(T)dr = —p.
0

Then, when u(7) = uy for 7 € [kAt, (k + 1)At) and for all k € {0...0}, i.e., w is a ZOH

trajectory, we can write the above as:

At 2At (L+1)At
uOT/ v(T)dT—i—ulT/ v(7)dr+~~-+ugT/ v(r)dr > —p.
0

At LAL

(k+1)At

wns | v(7)dr, and then it follows that:

When T4 — oo, yi simplifies to y; =
¢
k=0

and therefore, the mapping u +— y' is discrete-time passive via Definition 2.12. O

4.2 Special Cases of the Energy-Constrained Optimal

Control Problem

4.2.1 Linear Time Invariant Plant

Consider the special case where the dynamics of the continuous-time plant P in (3.1) are
LTT. Then, it follows that the discrete-time plant dynamics evolves according to the following

discrete-time LTI difference equation:

Tpi1 =Axy + Buy, + ay

o . . (4.14)
vy, =Cgpx) + Dyuy + aZEJf.
where: B -
A=e4% B=A'A-I)B
_ _ (4.15)
D =D, C=C
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Then, the energy-preserving, discrete-time matrices in (3.16), (3.17), and (3.18) simplify to:

Ci ~K'C(A+ LD (A1)
D —K° (C(A + 07 (B-By) + Dxi) (4.16)

@, =K (C(A + L0 (A A-D)G - (;Xi)) ar.
’ S
Now, we can represent the discrete-time mapping u — y* by the following transfer function:
T(z) =C% (:1 — A)"' B + D, (4.17)

and the discrete-time mapping @' +— ¢’ , where @' and ¢’ are defined in (4.10), are repre-

sented by following transfer function:

T'(z) = Ci (('yi)%zI - A)1 B + Dk, (4.18)

We specialize Theorem 4.1 and Corollary 4.3 for LTI systems using transfer functions (4.17)
and (4.18).

Corollary 4.4. Consider the case where the dynamics of the continuous-time plant P in
(3.1) are LTI There exists bounds {E} ---E"} such that the ECOCP is convex if for all

ie{l.p}:
1. B} > E}
2. Transfer function T*(z) in (4.18) is PR.

Recall from Theorem 2.7 that a transfer function is PR if and only if the associated
discrete-time LTI system is passive. Consider the case where mapping u — y* is discrete-
time passive for i € {1...p}. If p = 1, we can guarantee u — y' is discrete-time passive
via Lemma 4.1; however, we cannot guarantee passivity for p > 1. As mentioned in Section
4.1.3, there exists a threshold for 7% below which passivity of @’ ~ ¢ is lost. This result
becomes more obvious in the LTI case because we can more easily analyze how transfer
function T%(z) changes with decreasing 4*. First, consider the case where v* = 1. Then,
T'(z) = T'(z) and the mappings @’ — ¥’ and u — gy’ are equivalent. Hence, for 7% = 1,
Corollary 4.4 requires T?(z) to be PR. However, if 4* < 1, we require a stronger condition
on T"(z) to hold. It follows directly from Definition 2.13 that for 4* € (0, 1], T%(z) is PR if:
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1. all elements of T(z) are analytic for V|z| > (7%)2
2. T'(2) +(T)"(2) 2 0, V2| > (7)%.

As ~* decreases, the region over which the above requirements must be satisfied grows.
Therefore, the conditions for T%(z) to be PR become more restrictive with decreasing 7.
For the case where «* = 0, there is no energy storage (see Section 4.2.4), and the ECOCP is

always nonconvex.

4.2.2 Energy Harvesting Problem

In the energy harvesting problem, the goal is to maximize the total generated energy (i.e.,
the energy delivered from the transducers to the storage system, minus transmission losses)

over a finite time horizon. Then, the energy harvesting performance measure is:

D N

J(’u’ONJwONJrl UON;CUO Zzukyk+u2 'U/k,yk) (4'19)
=1 k=0

where y! is defined in (3.15), and 4 (-, ) is the quadratic transmission loss model in (3.22).

Note that the energy harvesting performance measure can written as the quadratic form in
(4.2).

Theorem 4.3. Consider the energy harvesting performance measure in (4.19). Let the
mapping u — y° be discrete-time passive Vi € {1...p}, then the energy harvesting performance

measure (4.19) is a convez function of ug.y.

Proof. First, we show that the first term of performance measure J(-,-) is a convex function

of ug.y. We write this first term as a quadratic function of wug.y:

T T
u Ug Ug

DY uwyi= | (ZV) ] X (4.20)

i=1 k=0

[e=]

un uyn uyn
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with:

(D 0)" + Dy (Cp ¥(1,0)By)" -+ (Cpy¥(N,0)By)”
Vi — 1| Cp.¥®(1,00By (DL )"+ Dy, - (Coy®(N,1)By)"
2 : : . :
CLn®(N,0)By, Cpy¥®(N,1)By --- (Dyy)"+Djy
[ al, + Cj oo
Li _ azE‘,l + CZE,ljl ’
_ajE,N + CJZ;S,NZ_UN

and where &}, is defined in (4.4). Because V" is a matrix of Markov parameters (see Definition
2.6) and if w — y' is discrete-time passive, it follows that:
T T

Ug Yo Uo Ug

uy Yy uy uyn

Then, V' = 0. The sum of positive semi-definite matrices is a positive semi-definite matrix,
so it follows that > % | V' = 0. We conclude that (4.20) is a convex function of ug.nx

Now, we show that the second term of performance measure J(-,-):
p N M i
% U uu,k Muy k 2
33kt - Y030 [] [ e 2 [
i=1 k=0 i1 k=0 LYk Muy k) Myyk Yk

is a convex function of ug. . Let gi be the portion of yi forced by the control input, and
not by the initial condition or exogenous disturbance, i.e., gj, = Cp () — Tx) + D jup.
Then:

il K MzZLyk) ngy,k Yi,

’ T A ~ ,
ra ][ Gt ohy
Yr. My, (C}E,kik’ + a’ZE,k)

hS]

N T .
v o
i=1 k=0 yk (M;y k)T M;y k :'?/llc

+ (Chy®r + alyy)' M, (Chy®e + aly,)  (4.21)
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Because M’ = 0 and ¢! is a linear function of the control inputs, (4.21) is a convex function
of ug.ny. The sum of convex functions is a convex function, so we conclude that performance

measure (4.19) is a convex function of wug.y. O

4.2.3 Passivity-Constrained Problem

In the passivity-constrained problem, we enforce the constraint:
Zujryi. >0, Vie{l..p}, and Vk € {0...N},

which is equivalent to the lower energy constraint ¢f(-,-,-) with v* = 0 and p(-,-) = 0
for all i € {1...p}. This type of constraint is useful for robust control, where the Passivity
Theorem guarantees the feedback connection of two passive systems is stable. The passivity-

constrained problem has the form:

Given: xy, Eqg=0,a, Ay, By,
g D g @y, VE € {0..N}
Minimize: J(wo.n, . x4 1 (Uo:n, To))
Passivity-Constrained = ¢ Domain: U N

Constraints: Zu y] = 0,

Vie {l..p}, Yk €{0..N},

\

Previous research exploits passivity (or (Q,S,R)-dissipativity, which can be thought of as
a more general version of passivity [38]) in MPC optimization problems. References [57, 77,
80] impose passivity-based state constraints to enforce closed loop stability, and [69] uses dis-
sipativity conditions to implement distributed MPC. References [6, 48] exploit dissipativity
to find the optimal steady-state operation in the context of economic MPC. Falugi in [22] im-
plements passivity-constrained MPC for passive plants and focuses on ensuring feasibility of
constrained trajectories for nonlinear plants, which ensures robustness in a continuous-time

setting.
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4.2.4 Zero Energy Storage Problem

Consider the case where all transducer ports are connected to a single energy storage system.
In the zero energy storage problem, E} = E};, = 0, meaning that energy cannot be stored
from time-step to time-step. In this case, feasible trajectories require E} = 0, Vk € {0...N}.
This is equivalent to enforcing a power directionality constraint, meaning that the aggregate
power from all transducers must flow out of the ports, i.e., ulyi < 0, Vk € {0..N}. This
is also equivalent to the case with v = 0, i.e., all energy in the energy storage system is
dissipated during a single time step. In the zero energy storage problem the two inequality
constraints ¢Z(+,+,-) < 0 and ¢ (-,-,-) < 0 can be simplified to a single equality constraint:

ck(-,-,) =cl(-,+,-) = 0, and therefore it is always a nonconvex problem.

4.3 Barrier Method Approach

In this section, we present an overview of the barrier method approach to solve the nonconvex
ECOCP and then demonstrate this algorithm on a piezoelectric wireless sensor node with
the goal of maximizing transmitted data.

As previously mentioned in Section 1.3.1, barrier methods are used to solve a sequence of
equality-constrained minimizations to which Newton’s method can be applied to ultimately
find a solution of the desired constrained problem [10]. Consider the general COCP in (2.16)
with inequality constraint vector ¢x(uo.n, To.n41) < 0 of length 7. Let ¢ ;(-,-) be the 5%

constraint in this vector. Then, the indicator function of ¢ (-, -) is:

07 Ck.j (U'O:Na CBO:N+1) < 0
l(ck,j(UO:N> $0:N+1)) =
00, Ck;,j(UO:Ny mO:N+1) > 0.

We can enforce compliance of the inequality constraints by adding the indicator function
to the performance measure and instead minimizing this altered performance measure. The
altered performance measure is:
N i
J(uo.n, To:ng1) = J(Uon, Tong1) + Z 1(ck;(wo.n, To:n+1))
k=0 j=1
However, the indicator function is not differentiable. Therefore, solution methods that

make use of derivatives of the performance measure, like Newton’s method, cannot be used
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in conjunction with .J (+,-). We can approximate the indicator function with the following
differentiable logarithmic function, which we refer to as a log barrier. Let the log barrier of
¢k j(+,-) with constant 8 > 0 be:

—% In (¢jk(wo.n, on+1))s  Chj(Won, Tont1) <O

i(ﬁa Ck.j (UO:N7 CCO:NJrl)) = (422)

00, Cr,j(Uo.N, To:n41) > 0.

Note that the approximation of the indicator function improves as [ increases. Then, we

can minimize the performance measure plus the log barriers of each constraint as:

N i
j(ﬂa Uo: N, wo:NH) = J(UU:N, wo:NH) + Z Z i(ﬁ, Ck,j('uO:Na wO:N+1>>-

k=0 j=1

When using barrier methods to solve an optimization problem, we do not need to enforce
the inequality constraints explicitly, and instead we solve a sequence of equality-constrained
minimizations, increasing the value of 3 in each successive minimization. With each succes-
sive minimization, the approximation of the indicator function improves with increasing .
We iterate on the inputs until desired convergence is achieved for a sufficiently large 5. An
advantage of the barrier method is that the optimization is performed completely within the
primal, feasible domain so there is no activation and de-activation of the multipliers. Here
we have described the basic methodology of barrier methods; however, [8, 10] can be used
as references to provide extended commentary about this class of algorithm. Next we look

at using barrier methods to solve trajectory optimizations for a self-powered system.

4.3.1 Example: Piezoelectric Wireless Sensor Node

This example is based off of work in [37]. We use the barrier method approach to find the
optimal control solution which maximizes data transmitted by a piezoelectric wireless sensor
node subject to base acceleration impulses. Consider the model of a piezoelectric energy
harvesting single-user wireless communication system depicted in Figure 4.1. This system
has five components: (1) a piezoelectric bimorph cantilever beam, (2) a power electronic
energy conversion circuit, (3) an energy storage system (e.g., a rechargeable battery), (4) a
data queue, and (5) a data transmitter.

Base acceleration a(t) excites the piezoelectric beam, resulting in mechanical vibrations,

and in turn, a voltage v(t) at the transducer. The power-electronic circuit controls the en-
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data queue

R, Cp L -
N\ T i) |power energy =N
w(t) Il < a() vt electronics | | storage Tx =
m, k, b j - || N—

Figure 4.1: Wireless sensor node equipped with a piezoelectric bimorph cantilever
beam, a power electronic circuit, an energy storage system, a data queue,
and a transmitter.

ergy extracted from the transducer, and then delivers this harvested energy to the storage
subsystem. By reciprocity, harvesting energy also removes mechanical energy, which imposes
supplemental damping on the beam [40, 60]. If energy is harvested too aggressively, then the
resulting high damping will suppress beam resonance, which may reduce the magnitude of
future power injection to the beam from the disturbance. Oppositely, if energy is harvested
too slowly, the injected disturbance energy will be lost due to mechanical damping. Conse-
quently, the effectiveness of an energy harvesting system is strongly related to the dynamics
of the control system used to extract power.

A commonly-used power-electronic circuit at the interface of the transducer is a diode
bridge rectifier, which trickle-charges the energy storage system. This circuit cannot be con-
trolled to maximize harvested energy, and hence it cannot adapt to optimize the damping
imposed on the beam. Liu et al. in [43] use a PWM-controlled H-bridge circuit for piezo-
electric energy harvesting, which is shown in Figure 4.2. Through high-frequency PWM
switching of the circuit’s four MOSFETs {S1, Ss, S5, S4}, the H-bridge circuit can realize
any desired transducer current, including trajectories that result in two-way power flow (i.e.,
absorbing energy from and injecting energy into the transducer). In this work, we assume
the use of an H-bridge circuit at the interface between the transducer and storage system.

We consider the case where the wireless node is exclusively powered by energy harvested
from a periodic chain of base acceleration impulses. We assume that the arrival times and
magnitudes of these impulses are known a priori. Our goal is to determine the optimal off-
line control of the transmission power and the transducer current that maximizes the number
of bits transmitted over the wireless network in a fixed time period. Although we focus on
piezoelectric transduction and impulsive disturbances, the techniques described in this paper
may be applied to other energy harvesting technologies and/or disturbance regimes in an

analogous manner.
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Figure 4.2: Circuit drawing of power electronics interfacing the piezoelectric trans-
ducer with the energy storage system, an H-bridge circuit

Recent work that identifies an optimal scheduling policy to maximize data transmission of
an energy harvesting node abstracts the source and transduction method. Energy arrival is
often treated as a discrete event, and energy is delivered to the harvester instantaneously in
“energy packets” or “energy bursts” [50, 52, 54, 72, 78]. As described earlier, the dynamics
of a piezoelectric transducer are affected by harvesting energy, and hence modeling a node
without transducer dynamics may significantly vary the optimal solution. In addition, mod-
eling energy arrival as a discrete event does not account for the time period over which that
energy is harvested. For example, it may take x time units to harvest y energy units, but
if we model all y units arriving instantaneously, we may schedule the use of those y energy
units before they have actually been harvested.

Many studies also do not account for the energy consumed by the harvesting process, i.e.,
the parasitic losses of the power electronics [50, 52, 54, 72, 78]. Although transmitting data
over a wireless network is a particularly energy-intensive task, operating power electronics
does not come without an energy cost as well. [79] and [18] account for the energy con-
sumption of the circuitry by including a constant penalty term for each unit time when the
system is ON, however, this consumption model may not be conservative. For a general
vibration energy harvesting system, [63] studies the parasitic losses of the power electronics.
They show that loss models that are quadratic in the transducer current overbound the par-
asitic dissipation. In this study, we assume non-negligible parasitic losses and model these
losses conservatively as shown in [63]. Our optimal scheduling policy must allocate energy
resources between two energy-consuming tasks: harvesting energy and transmitting data.

We examine this problem in the context of full-information optimal control, in a manner
that accounts for the transducer dynamics and parasitic losses associated with the recharge

circuit. Although outside the scope, this technique can be compared to the more abstracted
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solutions that currently exist in the literature. In addition, the optimal off-line control
solution considered here provides intuition about the optimal real-time controller. Finally,
the analysis presented here establishes an upper bound on the performance of any real-time
controller, for which a priori disturbance information would likely be unavailable, and which

would also have to contend with uncertainty in the model and feedback measurements.

Modeling

Reference the general model of a self-powered system in Figure 1.4, and the definition of
model M in Definition 3.2. Here we consider the case with a single piezoelectric beam
(m = 1) connected to one energy storage system (p = 1). As shown in Figure 4.1, our
control input is the current i(¢) into the transducer, the potential variable is the transducer
voltage v(t), and the exogenous disturbance is a periodic chain of base acceleration impulses
to the piezoelectric beam each with a magnitude ag. Then, the rest of the components of

the model are as follows:

1. Plant: Here we model P € PP, the dynamic response of the piezoelectric cantilever

beam in Figure 4.1, by the following set of dynamic equations:

5. {mwu}(t) + dyto () + kyw(t) = Cualt) — Oy,v(t) (4.23)

Cowd(t) + 7-0(t) = Our(t) +i(t),

where w(t) is the displacement of the piezoelectric beam, v(t) is the transducer voltage,
i(t) is the transducer current, a(t) is the base acceleration, m,, is the mass of the beam,
d,, is the beam damping, k,, is the beam stiffness, (,, is the disturbance input coefficient,
6., is the electro-mechanical coupling factor, ', is the equivalent capacitance, and R,
is the dielectric leakage resistance. Note that the subscript w is meant to distinguish
the model parameters from the other parameters used in this thesis. The electro-
mechanical dynamics of a piezoelectric beam are constructed in [29], and the set of

equations in (4.23) are based on simplifications of this model described in [66] and [64].

Next, we nondimensionalize plant P by making the following variable substitutions

t=y/mei wl(t) =S (f) o(t) =i (f)

(4.24)

A

a(t) =aoy/Eea() Ry =g [mR. i) =Cuaoy/ Sei(d),

w

where the hat indicates the nondimensional version of that variable. The nondimen-
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sional mechanical damping czw, electromechanical coupling factor éw, and dielectric

leakage coefficient &, are equal to:

A A~

__dy Oy p —Cw [ kuw
dw T VEwmw 9“’ T VCuwkw Fow T Ry Moy

_ T
We represent the plant in continuous-time with states x(t) = [w(t) w(t) v(t)] ,
where @(t) and w(t) are the nondimensionalized displacement and velocity of beam

tip, respectively. The states evolve according to (3.1) with LTT matrices:

0 1 0 0
A=|-1 —-d, -6,|, B=|0o|, G=1|1|, C=-B", D=0,
0 B0, —hu —1 0

where control input is the transducer current, u(t) = i(t).

. Transmission Losses: For the PWM-controlled H-bridge circuit, we assume it is
equipped with a high-bandwidth current-tracking loop. This enables us to assume
that at the time scale of the electromechanical beam dynamics, transducer current (%)
can be made to track any desired signal with negligible error, allowing us to treat it as
a control input. This versatility of the H-bridge circuit does not come without a price,
as it exhibits higher parasitic losses than other popular power electronic circuits used
for this interface (e.g., a diode bridge rectifier, or a buck-boost DC/DC converter).
The higher parasitic losses are due to presence of four MOSFETSs, which must be
gated in PWM, and use of feedback control. We model the power electronics’ parasitic
dissipation quadratically as:

p(t) = Rei(t)?, (4.25)

where R, is the circuit resistance. To nondimensionalize p'(t), we use the relations in

(4.24), and R, = & /™R,

. Dissipated Power From Energy Storage: In this example, let ¢*(¢) be the trans-
mission power of the communication system. Define r(¢) as the transmission rate in bits
per second. Assuming an additive white Gaussian noise data channel with zero-mean
and unit variance, the transmission rate and transmission power are related through

the following function:
¢'(t) = 7(e* — 1),
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where 7 > 0 and o > 0 are physical constants (with units of power and time, re-
spectively) that are dependent on the proprieties of the transmitter hardware. The
transmission rate is a non-negative value, i.e., 7(t) > 0. The power terms ¢'(¢) and 7 is
nondimensionalized via the relation ¢'(t) = \}gj—zi):wa(f), and « is nondimensionalized

via the relations in (4.24).

4. Energy Storage System: We assume the evolution of the energy in the storage sys-
tem E'(t) is governed by Equation (3.2), where the lower energy constraint is E} = 0.
We vary the upper energy constraint £}, in the following analysis. Note that the energy

in the storage system is nondimensionalized via the relation F'(t) = (Cﬂ;ﬂf}l(f)

We suppress the hat notation for the remainder of the example, and exclusively use the
nondimensional parameters and variables from here on. The discretized state space is of the
form (4.14) with matrices (4.15) and (4.16), and the discrete-time dynamics of the energy in
the storage system are of the form (3.19).

ECOCP Formulation

Our goal is to maximize the number of bits transmitted to the receiver over a finite time pe-
riod without violating the input and energy constraints. Framed as a minimization objective,

the resultant optimal control problem is then:

(. . 1 1 Pl 1
Given: xo, By, A, B,Cy, Dy, v,
ag, alE,ku MIIWVk < {ON}7
N
Minimize: J(gh.n) = — Zhl (g +1)
k=0
Domain: Uo: N, Qé:N
Constraints: cﬁ(uo:N,qé:N,wgzN(uo:N,wo)) <0,
Cg(UO:N; qé:N? wg:N<u0¢N7 CUO)) <0,
a >0,
\ Vk € {0...N},
Note that to simplify the analysis, we assume zero initial conditions, i.e., E} = 0, and

xo = 0. However, the development is not fundamentally different when other (known) initial

conditions are assumed. Now, we eliminate the explicitly enforced inequality constraints by
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implementing log barriers as:
(Given: xy, By, A, B CE,D}E,VI B,ak,a}g’k,uiﬁk € {0...N},
sos e 3 L 1 o
Minimize: J(g).y) Z In (Lgz + 1) + 1(8, ¢ (won @i, £,y (Uoin s T0)

+ 1(57 Ck (uOINa qo:N7 wS:N(uO:]\H CU())) + i(ﬁa _qli)

. 1
| Domain: Uo:N, Go:N

where 1(-, ) is the log barrier and f is the log barrier constraint defined in Definition 4.22.
However, due to the computational complexity of the energy constraints, we introduce two

slack variables, o, and &y, to enforce them. We require that for all k € Zg.y:

or < — (upyp +m) <G

Then, let £}, be a lower approximation of the stored energy and E}, ; be an upper approx-

imation of the stored energy using these slack variables; i.e.,
Epy =7'Ep + or — q, By =7"EL +065,—q

which implies that E,}; < E,i < E,i We enforce new constraints containing these slack vari-

ables instead of the original constraints cf (-, -,-) and ¢{/(-,-,-). Let ér(-,,-,-) and &/ (-, -, -)
be:

C o _Qk + uTy1 + ,ul

Ci(uOZN’q(l):N7m0:N<u0:N7m0)aQ'k) = ( k 1’“ k)

L —Epi
O T,1 1
~ o _ —0 — (U y +M
Cg(u01N7q(l):N7m0:N(UO:N7mO)7O'k:) — 1( k Ik ) k)
By — By
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We modify the optimal control problem to reflect the addition of these new slack variables

and constraints:

Given: xy, By, A, B C}J,D}E,vl B,ak,a}g’k,u}gﬁk € {0...N},

Minimize: J(q).y) Z In ( ) +1(8,—qz)

2

+ Z 1(5, éﬁ,j(uo:N, Go.» To.n (W0, T0), Ok)
j=1

+ 1(57 6g,j<u0!N7 qé:Nﬂ mS:N<u0!N7 mO)? 5-1%‘)

s 1 _
\Domaln. Uo:N, 4o.N> T0:Ns O0:N

Now, we can solve the above optimization by iterating on the inputs {ug.n, ¢.x» 00.N, To.N }
by using a conjugate gradient algorithm paired with a line search. Once desired convergence
is achieved, § is increased and another optimization is performed. [10] gives stopping criteria

as a function of 5.

Results

We emphasize that this example is primarily demonstrative, and is not meant to be an accu-
rate depiction of any realistic hardware. All parameters are treated in their nondimensional
units. Let time step At = 1, number of time steps N = 299, mechanical damping d,, = 0.05,
electromechanical coupling factor 6,, = 0.2, dielectric leakage coefficient k,, = 0.001, circuit
resistance R, = 0.001, and v' = 0.99. The system is excited every T = |j AtJ for j € Z by
acceleration impulses with magnitude ag = 1.

We compare the cases where storage capacity is B, — oo, Ef;, = 1, E}, = 0.5, and
E}; = 0.1. These four considered cases are marked in black, blue, green and red, respectively,
in the following figures. Figure 4.3 shows the energy in the storage system, transmission
energy, and transducer current for the considered cases over the entire time period. Figure
4.4 shows these same variables in addition to the transducer power, i.e., pr = vy for times
150 to 180.

For cases E}; = 0.5 and E}; = 0.1, the transducer power is negative for all time, meaning
that power is only flowing into the energy storage system. For cases E}, — oo and E}; = 1,
the transducer current cycles energy into and out of the transducer (i.e., this current could not

be realized by a circuit that trickle-charges the storage system). From a design standpoint,

72



Y ;’

m | ‘ ‘ i H Il H I ‘,,x ‘1 Il H Il H h H ]| | lll”li ]
A L A

S

ooty TTTWTTTTTWM
i

\ \
0 100 200 300

Figure 4.3: The energy in storage system FE', transmission energy ¢', and transducer
current ¢ over the entire time series. The capacity of the energy storage
system is marked as a dashed line in the color corresponding to each case
in the energy plot.
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Figure 4.4: The energy in storage system E!, transmission energy ¢', transducer cur-
rent i, and transducer power pr; from times 150 to 180. The dashed
vertical lines indicates the arrival of a base acceleration impulse.
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it is necessary to implement a recharge circuit with two-way power flow for these larger
E}; cases to achieve optimally, however, for the smaller E}; cases, a trickle-charge circuit is
sufficient. In Figure 4.4, note that energy is produced and then completely consumed in all
cases. Although the magnitude of the transmission power and transducer current differs for

each case, the shape of the trajectories are similar.
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Chapter 5

The Dual Problem

As shown in Chapter 3, ECOCPs are nonconvex in general. Nonconvex optimal control
problems can be challenging to solve as they may be computationally expensive, and only
local optima can be assured. However, constrained optimal control problems can be viewed
from two perspectives: the primal problem (in which we minimize over the control variables,
as demonstrated in Section 4.3.1), and the dual problem (in which we maximize over the La-
grange multipliers). As discussed in Chapter 2, dual problems are always convex, regardless
of the convexity of the primal problem, and hence, global solutions to the dual problem can
often be found in polynomial time. Furthermore, the dual problem provides a lower bound
on the optimal solution of the primal problem [10].

The duality gap is the difference between the optimal primal and dual solutions (see
Definition 2.26). In the case where the optimal primal and dual solutions are coincident, the
duality gap is zero. Therefore, we investigate the use of duality techniques to aid in finding
the primal optimal solution (when the duality gap is zero) or a lower bound on the primal
optimal performance measure (when the duality gap is nonzero). In this chapter, we develop
the dual problem (which we also refer to as the dual relaxation) for a ECOCP with quadratic
performance measures (see Section 4.1.1), and present easy-to-check sufficient conditions for

zero duality gap. The work in this chapter expands on ideas originally presented in [36].
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5.1 Formulating the Dual Problem for the
Energy-Constrained Optimal Control Problem

with Quadratic Performance Measures

Let G(-) be the dual function of the ECOCP, which is:

G(Xon) = inf  J(uon, qo.n, o (Wo.n; To), Ao:n), (5.1)

uo: N, qo:N 20
where J(-, -, -,-) is the augmented performance measure defined in (4.8). Then, as discussed
in Section 2.5, the dual problem of the ECOCP constitutes a reversal of the infimum and

supremum in primal minimax problem (4.9) as:

G* = sup G(Ao.n). (5.2)

Ao:n =0
In this section, we solve the dual problem in lieu of the primal problem, as a means of de-
termining a trajectory {wo.n,qo.n}- It is a classical result that dual problems are always
convex [10], and consequently this approach eliminates the nonconvexity of the primal prob-
lem, leading to efficient determination of a global optimum for G(Ag.n). However, (5.2) may
exhibit a duality gap in which case J* > G*. In this circumstance, the optimum Ag. does

not correspond to a feasible trajectory for {wo.n, qo.n}-

5.1.1 Feasibility of the Dual Solution

We begin by showing that for the assumptions made in this paper, G* > —oo.

Lemma 5.1. Let My = D(M, At,a) be the discrete-time model under consideration. Let
J(-,-) be defined as in (4.2). Given that Assumption 4 holds, then G* > —oc.

Proof. Evaluating G(Ag.n) at Ap.y = 0 gives the minimal unconstrained performance; i.e.,

G(0) = arginf J(uo.n, g, v 41 (Uo:N))-

From Corollary 4.1, it is known that under the stated conditions the above infimium has
finite value. Because G* is the supremum of G(Ag.y) over Ag.y, this finite value is a lower

bound, i.e., —oo < G(0) < G*. O
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5.1.2 Closed-Form Expression of the Dual Function

Let:
N
Ui Ly
=3 ()i k(A Y ) (5.3)
=k
T T
and define vy, = [y,i e yﬂ and v = [VOT - u}\}] . Now, we can write the augmented
performance measure J(-, -, -, -) in quadratic form as:
T
Ug Uo U
J (o, Qo:n, g, (Uo:n; To), Adoy) = | H(Xon) | | +26" (o)
un un un

)\ON ZVka, 54

where the (i, j)* m x m block of the symmetric m(N + 1) x m(N + 1) matrix H(-) is

H i (Ao.n) = gy 1, Priagnee + Rid + g8k + S gjx — 9pji + Z 91, Qngni
h=0
p .
— ¥ (h, ) (Z vi(Clop) " My, Ciy ) T(h, k), (5.5)

i=1
the j' subvector of length m of the m(N + 1) vector b() is:
bi(Aon) = g1, Py + S &5 + Uja,
~ (1 i \T (i i \TAfi (i |~
=Y ((5Ck, + (0,7 C, + (DM, €, e,
i=1 N
( I+M, + (DZ‘EJ)TM;W) a,E,j) +Y gt (Qray + Thay,)
k=0
P

— U (k,j) Z V;' ((C;E,k)Tngy,ka%,k + (CZEk>TM;kaEEki:k) (5.6)

=1

78



and the scalar term f(-) is:

N p

fon) = &y Py @y + Z T Qrr+aj Viay+ (M) Ep — (X)) Ep) + Z vV E§v
k=0 i—1

— V]i (ig( %,k)TM;%kC%,kC_Bk + 23_3%1( E,k)TM;ykaiE,k + (aiE/'7k>TM;y’kaiE7k) ' (57)

Parameters g;;, and gg ji have the following forms:

0, J<k
gjk = ,
4
0, <k
p. . . _
gejk = Z:ZIVJZ (DjE,j + MﬁuJ) ; J=k
b , , .

\

where W(k, j) is the discrete-time state transition matrix defined in (4.3).

Let {ug.n(Xo:n), g6 n(Aov)} be the primal trajectory as a function of the Lagrange mul-

tipliers that minimizes J(-, -, -, "), i.e.,

{US:N()‘OZN)7 qS:N(AOIN)} = arginf j(UO:Na qo:N, wg:N(“O:Na mO)a AO:N)'
UQ: N, qO:N20

Then, we have the following result.

Lemma 5.2. Reference the definition of v, in (5.3) and the dual function in (5.1). Then,
the following are true:

1. If v >0 for some k € {0..N} and i € {1...p}, then G(Ag.n) — —00.
2. If G(Xo.v) is finite then vl q;(Xo.n) =0, Vk € {0..N}.

Proof. To prove statement 1, we note that qu.n appears only affinely in the last term in
(5.4), and independently of ug.y. We have that:

N
q;. N (Ao.v) = arginf Z {—vlia}.

qo:N =0 5—0
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Clearly if any v} > 0, then the objective being infimized decreases linearly with ¢}, which is
constrained to be positive. Consequently, the infimizing solution is ¢, — oo, rendering an
objective which is —oo.

To prove statement 2, we note that in the equation above, if vi < 0, then the objective
increases linearly with ¢.. Consequently, because ¢}, is constrained, the infimium is achieved
at g, = 0. O

An interpretation of the results of Lemma 5.2, is that the go.xy > 0 sequence acts as
Lagrange multipliers to enforce the constraint vo.n < 0, i.e. for all £ € {0..N} and i €
{1...p}:

=0, vy, <0
(@)"§>0, =0
— o0, v >0.

Also as a result of Lemma 5.2, we can disregard g when formulating the dual function
G(+). Let a prime, i.e. J'(wo.y, 55 (Wo.n, o), Ao.n), denote the evaluation of J(-, -, -, -) with
givy = 0, Vk € {0...N}. Then it follows that we can write the dual function in (5.1) to
reflect this:

G(Xo.y) = inf J' (wo.n, 0 n (Wo.n, o), Aoy )- (5.8)

Uo: N
It is worth emphasizing that H(Xg.y) is the m(N + 1) x m(N + 1) Hessian of J'(-, -, -)

with respect to the control inputs wg.y, evaluated at a given value of Ag.y, i.e.,

B 82j/ an/ 82j'
dugduy  Oudug  Ounouo
92 92 92
dupdu, Oudu;  Ounou;
H(\o.y) = (5.9)
92 92 9%
_BuoauN 81148’114\7 U auNéuN_

Definition 5.1. For an initial condition ¢y € R™ and exogenous disturbance a € (L?)4, the

set G(xg, a) is comprised of all Ao.n for which the following conditions hold:
1. Aoy 20

2. Vy:N < 0
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3. HXo.y) =0 or (H()\():N) =0 and b(Aon) € N(H()\O:N)>)-

Theorem 5.1. The dual function G(Ao.n) can be expressed in the following closed-form

solution:

G()\O:N) _ —bT<)\0:N>HT(A0:N)b(A();N) + f()\():N), >\O:N € G(iL‘o, a) (510)

—00, else,

where (-)7 denotes the Moore-Penrose inverse. The dual function is finite if and only if
Aon € G(xg,a). For finite G(Ao.y), the associated optimal control input for a given Ao.n
18!

w (Aon) = —HT(Ao.n)b(Ao.y).

Proof. From Lemma 5.2, we know if there exists a k € {0...N} and 7 € {1...p} such that v}, >
0, then G(Xo.y) — —oc. Now, consider J'(-,,-), which has the quadratic term H (Xo.y).
From (5.8), it follows that G(Xg.x) is finite if H(Ao.n) > 0, and equal to —oo if H (Ag.x)
has at least one negative eigenvalue. When H (Ag.x) has a null space, the boundedness of
G(Ao.v) requires that b be in the null space. O

5.2 Numerical Methods to Solve the Dual Problem

In this section, we outline a method to solve the dual problem by solving a series of QPs.
Newton’s method is an iterative algorithm that can be used to find the direction in which
to modify the Lagrange multipliers Ag.ny that maximizes the second-order approximation of
G(-). Let )\((]33\, be the j** iteration of the Lagrange multpliers. Then, let the second-order
Taylor approximation of the dual function about )\(()]])V be GU )(¢Y)) where ¢ is the direction

that we optimize. The second-order approximation G@(¢0)) is:

T
Al . ; oG N1 T 0*G ;
GO (¢V) =@ <>‘l()]3\7> + (W) ¢ 4 5 (¢9) m —7 ¢,

where the gradient has the following form:

3G_[8G 0G_ oG GG]T7 oG :[<6G)T (a_G)Tr,

(9_)%— AL PV oNTP Oo.n DXo
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and where the Hessian has the following form:

»’G .. _ G eI .lc Y /e N e »’G ... __da
ATt ! groalt aal oyt aaJraak! o Pyt axltoay! DYErYE
22G . _ G e .lc S ./ S . ¢ G .. _ 2@
OAGIONGT  ONGTONGT ONTOAGT OAGPONGT OAGTONGT ONGTONGT OARTONGT OATONG
PG .. PG 0°G .. __9G . . _9G . _ 9G_ 9’G .. 2%
YR AFPOATT argTaa(! AT PN oaytory! AGPONTT NG oD ! NGNS
»*G .. __¥&C »G ., _ 6 . _ ¢ __9G #G__ .. &G
092G ot MGPAT? T taad® YR angrtoadr agraT? axlltoad® anrardr
ONZ ' ' ' ' ' ' ' '
0:N G .. 82a A .l Y .l B .l c. G .. 2%G
My raag? MGPONRT T toag! MNP NN N N N Ve
*®c__ .. __&a »c ., _ 6 . _ ¢ | __9&G »#6 .. __&a
g toakr ngrarkr axdlaakr Trarkr g toakr agrarkr axltaakr a{rarkr
rc__ .. __9G *®G¢ . _ 6 . _ 6 &G »*G__ . &G
GG PG arg oA AT POAR! oAyt oAy! IARPONG" G oay! NG
»*G___ ., __&G *G ., _ 6 . _96¢ . __9G #G__ .. &G
G taaR! MGPAAT? TP DYETIVE oAl LPaARr axltaalr NPaaSr

Given )\é{;\[, we solve the following QP to find the vector ¢ that maximizes @(j)(~):

(Given: )\(()ng
Maximize: G (C(j))
Dual QP = , (5.11)
Domain: ¢
| Constraints: /\(()]])V +¢Y > 0.

The Newton step is the value that maximizes GU )(-) without the non-negativity constraints
on the Lagrange multipliers, which is:

-1

0*G oG

¢V = - . NT )
oxdx (0201 OGN

However, given the constraints on the Lagrange multipliers, we cannot guarantee that the
Newton step is the solution to (5.11). Therefore, a common method used to solve these
QPs are interior-point algorithms, which can enforce the non-negativity constraints on the
Lagrange multipliers [10].

After solving (5.11) for the optimal value of ¢V, which we designate as ¢V)*, a scalar

line scarch is performed over o) to maximize the original dual function G(AJ) + o) ¢0)*)
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subject to the nonnegativity constraints on the Lagrange multipliers, that is:

a9 = argmax {G (Aff}v + Oé(j)c(j)*) ‘ )‘(()ng +alli¢r > 0}'

ald)
Then, the (5 + 1) iteration of the Lagrange multipliers is:
AUHD Zx0) 4 qUe ),

We continue this iteration process until iteration h where a®* = ¢. Then, the maximum
dual function is G* = G (/\(()h])\,> In the following section, we formulate the gradient and

Hessian of the dual function with respect to Ag.n.

5.2.1 Formulating the Dual Gradient and Hessian

Due to the structure of the dual function, it is easier to take derivatives with respect to vy.y,
which is defined in (5.3), than Ag.y. Reference the equations for H(-) and b(-) in (5.5) and
(5.6), respectively, where Ao,y only appears in H(-) and b(-) in the form of vy.y. Let G(-)
be the portion of dual function G(-) that directly dependent on vy, i.e.,

N
G()\():N) I/()N +Z )\L TEL — )\U)
k=0

First, we determine the Hessian of G () with respect to vy, which has the following form:

oG .. 96 G _9%G ]
61/0 61/0 31/0 81/0 81/11\,(91/3 (91/%81/&
or¢_ .. oG . _9*G . _o%
A ovtovl ol ovl v oVl o ovl
0*G
81/2, - . . . . )
N or¢ . oG _oG . _9G
61/0 81/N 81/0 81/N 81/]1\,81/11\, 81/?, 81/11\,
or¢_ . oG _o*G . _o%G
L oviouk, ovg ok, vy, vk, ooy, |
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where the ((k— 1)p+ h, (j — 1)p + i)™ element of the Hessian is:

)i
—ahG - =4 ( ab.) HTa—HH*b 2 (ab.) g 2bTHTaHHT8—HHTb
vy ov; v, oVl ov! o v v

J

2 2
0O°H __ _0°b = 0.

Note that the second derivatives of H (vg.x) and b(vg. ) both zero, i.e., Srag = B =

The gradient of G(-) with respect to vy, has the form:

~

R . . T
0G _Te¢ .. o¢ . 8¢ .. oG
aVO:N - 81/3 81/6’ 81/]1\, 81/% ’

where the ((j — 1)p + )™ element of the gradient of G(-) is

a T ~
H
8G:_2 ob H'b bTHTa Hb+ 3f"
aVJZ' ay;', 31/] (91/;
where f(-) is
. N P
f(von) = By Pra@ya + Z z; Qrxy + a; Viay, + Z Y Eivh
k=0 i=1

-1 (wif( ; )TM vy, +Ch xTi + 2z, (C )TM;y,ka’iE,k: + (a’%,k)Tngy,ka’éE,k)'

The gradient of the dual function G(-) with respect to Ag.y is:

oG oy OG 0 N Lor o
OAo:N (8>\0:N> ovy. N + o N (Z()‘k) L — (X)) Ey |,

k=0

and the Hessian of the dual function with respect to Ag.n is:
82G B (ayo;]v)T 82é (aVo;N)
0A§:N 8)\0:]\/ an:N 8)\0;]\] .

It is notationally cumbersome to present 2X:X for general p, so we instead present the case
y MoN 8
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with p = 1. Let ¢’ = A" — AU and then:

r 31/& 8Vé . oy 7

Ovg  Ovg . 9w 1 1\N
Opy  Opy Oply L () - ()
L A W L HN-1
ovo.n N don | 0 1 - (7)
- - )
aQOO:N : : :
81/}\, 81/11\, .. alljlv O 0 R 1
Lol Opl O}, |

and:

[ 0p5  Oph ey O¢h .. vy 99 ]

AT aaDT oal T gDt DIV -1 0 0 -+ 0 0

Op]  Opi  Op]  Op1 . 09l ¢ 0 0 -1 1 0 0
L1 U1 T,1 U1 L1 U1 — cee
Ipon _ | aafT aTT aalT ol NG
OAo:N : : ; S ; ; e

o} Do} Do} ol Dol el .

AL pIT pIT 5T T pIT T 00 00 b

L 0 0 1 1 N N
and it follows that:

ovy.§ i (aVO:N) (aSOO:N)
IAo.y dpo.n dAo.n
For the case with p = 1, we have that:
9 . INT U\T 1 1 1 1 1 17
E (M) EL—(Ay) Ev | = |:EL —Ly Ep —LEy - Ep —Ep| -
aAO:N 5—0

Note that for the zero energy storage case (see Section 4.2.4), we can optimize directly over

the vy.n because the above derivative is zero.

5.3 Alternative Method Using Costates

The method outlined in the last section to formulate the dual function, gradient, and Hessian
can be computationally intractable because it requires the construction and inversion of
Hessian H(-). A less computationally expensive method is to instead formulate the dual
function, gradient, and Hessian using costates. Let pp;1 be the (k + 1) costate which
enforces the (k + 1) difference equation modeling the evolution of the states, i.e., 41 =
Az, + Bruy, + ay.
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5.3.1 Closed-Form Expression of the Dual Function

Let J ;(~, -,+,+) be the modified performance measure incorporating the costates and disre-

garding the term with g as discussed in Lemma 5.2:

I (Wo.Ns To-N 415 Ao-Ns P1N+1) Z vy By + Z L, + (M) EL

=1
- (A )TEU + proi (Arzy, + Byuy, + ap, — Tiy1),
where:
x} (wo.N, To) X Q Ag
& = uy, . I, = |Q] Z, E
1 AT =Ty,
with:
p . . . .
X =Q — Z VIZc<CzE,k)TM;y,kClE,k
i1
PO/ . 4
Q=S — Z vy, <§(Cf9k)T +(Cpp)" My, + (Cp )" My, kDZEk)
i1
p
Ay =Uiay, — Z’/k( Ba) My, a5
i1

p
Zy = Ry, — Z Vi ((DjE,k)T + M, + Mly kDE y + (Dg k:)TMZy »Di )
i1
P 1 ‘
Ey, = Tray, — Z (2I+ M, + (D) Myyk> ag,,
i—1

E i T % %

Mz'

yy,k
Then, the associated dual function is:

Note that M’

ks and M, , are components of the quadratic loss model in (3.22).

: /
G(Aon) = sup inf Jp(uo;z\h TON+1, NO:N s PLN+1)-
P1:N+1 YO:N> LO:N+1
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The Hamiltonian (see Definition 2.17) associated with Ji (-, -, -, ) is:
Hi(wr, @, A, prin) = €€ + (ML) EL — (A))TEy
+ pri1 (Agzy + Brug + ap — Tji1) -

Then, from Pontryagin’s minimum principle [15, 41] we require that ug,.y, €.y, and pj. 4

satisfy the following first order necessary conditions for optimality, Yk € {0...N}:

0%

T~ Skt 2Q] @), + 28, + Bl pry1 =0 (5.12)
k
OH
k
OH
LI Az + Brug + ap = Ty (514)
OPr+1
and final costate condition:
0P
= 2PN 1 TNy = PN (5.15)
0T N1

where X, = (Zk + ZkT) To find the optimal control input, we solve for uy in (5.12) as:
uj(Aon) = =3, (2Q)z; + Bl pj1 + 28) . (5.16)

Let {@{, v, pi.n} be the unique solutions to the following two-point boundary value problem,
which follows from (5.13)—(5.15):

Thr| _ Arzy, + Brug + ay Ty | Lo (5.17)
03 2Xxy + 2wy, + 2A5 + ATpS | | P 2PN 1 TNyt |
and then:

pZ(AO:N) pg(AO:Na ’U’S:N(AO:N))

Now since we have established the optimal trajectories of wg.n, ®o.n, and p.yi1 as a

w:(Aom] _ [wzww?uzw@ow))

function of Ag.n, we can now formulate the closed-form expression of G(Ag.n). First, we

multiply both sides of (5.13), the partial derivative of the Hessian with respect to the states,
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* * * * * * 1
(wk)T? =(z)" Xyx), + (x})" Q. + ()" Ay + Q(wk)TAk P
k
OH;,

* * * * * * 1 *
=(&) TS — (up) U x), — (up)” Zyuy, + §(Pk+1)T (_8 .
Pri1

—2u})TE, — Alx; — Y.

— Bju;, — ak)

Gathering terms, and then using the relation X uj = (2Q] @} + Bf p},, + 28;) from (5.16),

we have:
5(‘”1@)718_332 =(&) &, — (up)" Zyu;, — 2( e (QQT + By K Pri1 T 251«)
+ §(Pk+1)T (8 = a'k) — (up)TBr — Az - Y,
k-+1

:(fk)THk‘fk - (uk>TZkuk + _(uk)TEkuk + _(pk+1>T <3 P ak)
2 2 Pr+1

(Sk)THkSk; (Pk+1)Ta—*k - <§(pk+1)T0k + (u )ink +xp Ay + Yk) .
Pri1

Solving for (£;)TT1,&;, and using the relations in (5.13) and (5.14), we have that

. L L1, OH,, 1, ., OH,, 1 . —T .
(&) T :é(xk)T T §(Pk+1>T—a e <2afpk+1 +Ejuy + Az + Yk>
k k+1

:§(mk)TPk - §(Pk+1>T k+1 T (26% P+ Eiuj, + ALz + Yk) . (5.18)

Now, we plug relations (5.18), (5.13), and (5.14) into (4.8) to derive the dual function
G(Ao.n), and then from Theorem 5.1, we have that:

;

930 P+ Y UAEN+Y A)TEL
Z Z AO:N S G(mo, a)
1 * *
G(Aon) = 4 - ()‘k )TEU + 5% Pis1 + Epup + Ajzp + Y, (5.19)
—00, else.
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5.3.2 Decoupling the Two-Point Boundary Value Problem

In this section, we present a method to decouple the two-point boundary value problem
(5.17) through a change-of-basis, which provides of means of efficiently calculating uj v,

X7 ny1, and pi. v ,. First, we substitute wy, which is defined in (5.16), into (5.17) as:
iyt | _ | Th TlTQ”“ ey (W To | _| @ (5.20)
Pr T Tll,k Pri1 Wak PN+1 2Py 4

Ty =A, — 2B 'Qf, Wi, =a, — 2B, 3, 'E,
Ty = — BWX, ' By, W, =20, — 40315, (5.21)
Ty =2X), — 4, 2,1 QF.

where

Let pry1 be the altered costate, which we define as:

Pri1 =Phy1 — Arliiq
= (I — AkT12,k) plt:—&—l — Alel,sz — Ale,ka (522)

where {Ag, Ay, ..., Ay} is a series of n X n matrices, and the second equality is derived
using the relation x| = Ty ) + T2 xpf + Wik in (5.20). We define the final condition
as ﬁN+1 =0 by lettlng AN = 2PN+1, i.e.,

PNt1 = Pny — ANTN
= (2Pny1 — AN) Ty

=0.
Solving for p;,, in equation (5.22), we have:
Pir = (I — AyTi2p) " (Prgr + ArTiexy + A Wiy) .

Then, py, is defined as p, = p; — Ap_1x}, and we use relations in (5.20) to expand py as:

pr= (Torg + TH (I — ApTrop) " ApTiis — Agoi) T,
+ T1T1,k (I — Alez,k)_l Pri1 + Tﬂk (I — AkTm,k)_l AW, + Wy
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We force Ay to evolve backwards according to the following difference equation:
Ay =Ty + Tﬁ,k (I — AkT12,k)_1 ATy g, (5.23)
with final condition Ay = 2Px,1. We decouple the altered costate from the state as:
pr=TH (I — AyTio) ™ prt + T (T — AyTiop) ™ AWy + Way. (5.24)

Now, we rewrite (5.20) as a time-varying, decoupled linear system as:
el IS Il A S R To | ™o (5.25)
Pk 0 TV | [Prtr Wak PN 11 0

Tll,k =(I— T12,kAk)_1 T, Wl,k = - T12,kAk)_1 Wia
TlQ,k = - T12,k:Ak)_1 Tio ., Wk,2 =Ty, (I — Ak;Tm,k)_l (AW ) + Wa.

where

(5.26)

We can expand the difference equation for Aj_; in (5.23) using (5.21) and the Matrix

Inversion Lemma (see Theorem 2.1) as:

Ay = (2X, — 40,3107
+ (AT — 20,50 'BY) (I + ABS;'BY) ' Ay (A, — 2B, 'QF)
= (2X; — 403, ')
+ (AT — 20,3, 'BY) (I — AyB,Y'B]) A, (A — 2B, 2,7,

where we let Y be the following m x m matrix:

Y =% + Bl A;By. (5.27)
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Expanding the second term in the above equation:

Ay = (22X, — 4.3, 1QT) (AL — 2.3, 'B) Ay (Ay — 2B,Z;, 1QT)
—ATAB, () + B AB,) ' BIALA+2ATAB, (), + BIAB) ' BIAB,S;'QF
+ 20,3, 'BY ABy, (S« + Bl AyB,) " BFALA,
— 49,3, Bl A,By, (S« + B AyB,) " B AB,S;'Q7,

and then adding a zero matrix (X; — 3; = 0) in strategic places results in:

Ay = (2X5 — 40, 3;197) + (AT — 20,5, 'BY) A, (A, — 2B,X;'QF)
~ ATA;B, (Z; + BIA;B;) ' BTA A,
+2ATA;B; (£, + BTA;B)) ' (-3, + 3, + BTA;B;) =717
+20,57 (-2, + 2, + BTA;B)) (2, + BTA;B;) ' BTA A,
—4,37 (-3, + 3, + B] A B)) (35 + B]-TAij)_l (-%;+ %+ B/ A;B)) =7'Q)

Finally, collecting and cancelling terms results in the following:

Ay 1 =ALALA, — (ATALB, +297) (S, + BIAB,) ' (BF AGA, +29;) +2X,,.
(5.28)

Therefore, the series of n x n matrices {Ag, Aq,..., Ay} evolve according to the above

Riccati difference equation.

5.3.3 Formulating the Dual Gradient and Hessian

Let the performance measure j;) be:

A

N

/ / IN\T UN\T

Jp(“O:NawO:N+1>VO:N;pl:N+1) = Jp(UO:NamO:NJrla)‘0:N7p1:N+1 E >\ EL— )\ ) EU)
k=0

and then G(-) is:

N

G(VO:N> = sup inf j;;(’U'O:Na Lo:N+1, Vo:N s pl:N+1), (529)
P1:N+1 BO:N> LO:N+1
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and the ((j — 1)p + i)™ element of the gradient of G(-) is

aG OJ’ Mo 8:ck 0., 0 = 9J, opi,
< O}, « Ouj; 8V — Opjyy Ov)

From classic Euler-Lagrange theory [15] and (5.29), we know that x}(vo.n), uj(vo.n), and

Pi(vo.n) are at their optimums, so it follows that:

A A

d.J’ d.J’ d.J!
2 =0, Vke{l.N}, —2=0, Vke{0.N}, —L =0, Vke{0..N—1}.
ox; ouy op;

Then, the ((j — 1)p + i)™ element of the gradient of G(-) is:

P[0 oy o,

. T ov; ovj wi | |z
oG _ aJ/ _ 1E1 + i (GQJ)T 0Z; 08, i
ovi o 9 K 5 o o | (Y

0]

1 on \" (o= \T oy 1
81/;: 81/;- ovt

where 0 is the Kronecker delta, and where:

0Xy, _ _(C}E,k)TM;y kCJiz,ka J=k

0% | = (G(Cu )T + (Chop) My, + (Cpp) ™My, D) =k

e o, Ak

OA, _ —(C k:) M kaE  J= k

(91/} O’ j#k

02, )~ (Dgp)" + M, + My, Dy + (D) "M, D), G =k
GV; O, j 7§ k
@: (1I+szk+(DZEk> Myyk)a’%},k7 j:k

al/Z O, ]7é L

oYy _ J—(ap) My, a,, =k
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(y]) E]wj + DE]uJ + a,j'w as:

3_1/§ = 007" Eg — (uj)T(yj) - Mj(uja (yj) )-

The ((k—1)p+h,(j —1)p + 1) element of the Hessian is:

0X; o2

ATl w w2

~ X Vi v auh

2 j v
’G 9 |yt (an_J-)T 10%; ou’
oJV% J v 2 0v; ovy

J 1 on, \ T (o \T 1
BV;- 81/;

The derivative of the optimal control input u} with respect to v is:

( oz} 0
-1 To%; T 9Pj11 :
> (Q L+ Bl 2ip ) k# j
*
ou; _
ovp —1 (9% ) 521 (9T o T =
K =0 (G ) (2QTx: + BT p},, +28;)
1 69? « Tr?z T@pﬁ_1 0=, .
>t (28V£mj+29mh+Bj +2%), k=],
ox};
To solve for -~ ey h, we take the derivative of (5.20) with respect to v, and solve the
k
resulting two-point boundary value problem:
oz oz* oTi,; OT oW1
J+1 j 11,5 12 ] 1,5
v | _ Ty, T, ovy n ovh 8:/7{; 33; 4 v
% | T, T | |2 T, Ti, * OWs,; ’
v A AN vl o) Pj1 v
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with:

—103; ¢v— _ 89? .
— =
ov}! 0, -y
—10%; -1 T _
T, _ ) BiEy 5p% B, k=]
h
4 0, -y
0X; 0N — 10 007 )
Oy, _ |25 — 4503 HAQE RO 43 0 k=
=L =
ov}! 0, bt
and:
f1a

oW, |2BE R E 2B k=

_ J oy J 81/;9”
ovh .
k 0, k#J
0 01y 1081y S -195; _

6_11,2”
vy 0, k#j

Then, we can decouple this two point boundary value problem by using the same procedure
as described in Section 5.3.2. Let:

* *
ph _apj-l—l A oz 4
J+LEk — ) h
o} ov}!

where if A; is defined as the backward Riccati equation in (5.23) with final condition Ay =

2P 1, then the two-point boundary value problem decouples as:

ox* ~ ~ ox*

i+l . . 3
~h 7T ~h
ol 0 Ti;| [P}k

0Ty, O0Ti2 OW; -

—1 11,5 12,5 * 1,5

(I — T127]'Aj) 0 ovh &/qg Z,; + ovh
T A. I OTn,; 9Thy, * OWs,; ’

11,j50 ar o | LPin1 o0l

where Tllvj and ij are defined in (5.26).
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5.4 Evaluating the Duality Gap

Now, we explore one of the most interesting questions in this analysis, which is whether the
dual optimum exhibits a duality gap. Let w? be the primal optimal input sequence, and
A%l he the dual optimal Lagrange multiplier sequence. Then, when strong duality holds,
we have that:

ugy = g N (AGN), (5.30)

which implies that the (potentially nonconvex) primal problem is solved via its convex dual

relaxation.

Corollary 5.1. Let H(Xo.y) be defined according to (5.9). Then, the following statements

are equivalent:
1. HAon) =0

2. Ye(Xon) = Zy + Z] — BIAyBy, = 0, Vk € {0...N}, where Ay is the solution to
Riccati equation in (5.28) with final value Axy = 2Py .

Proof. The proof is analogous to the proof of Theorem 4.1, where instead we consider whether

J'(+,-,-) has a unique, finite minimum. ]

Theorem 5.2. If Y;(Ad) - 0, Vk € {0...N}, as described in condition 2 of Corollary 5.1,
then the duality gap is zero and (5.30) holds.

Proof. Via Corollary 5.1, H(A34) = 0 and then it follows that A& € int(G(xzo,a)). It
is straight-forward to verify that G(Ag.y) is twice differentiable when not on the boundary
of G(xp,a). Then, it is a classical result (see, e.g., [10]) that if a dual function is twice

differentiable at its optimum, the duality gap is zero. O

Then, the duality gap can be checked by determining if the minimum singular values of

the sequence Yo.x(Ag%) are uniformly positive; i.e., if there exists an € > 0 such that:
YA — eI =0, Yk e {0..N}. (5.31)

Note that Yo.n(-) is also calculated in (5.27) of Section 5.3.2 when decoupling the states
and costates, and then calculating the control inputs. When the dual optimal Lagrange
multipliers AZ“ are determined, for a small computational cost, we can check the definiteness

of these matrices to gain additional information on the primal optimality of this dual solution.
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Because Y, is an m x m matrix, for the case with m = 1, Y reduces to scalar value and
we instead test its positiveness.

It is well-known (see, e.g., [10]) that if Ad“ € int(G(xo, a)) and there is a nonzero duality
gap, then G(Xg.y) is not differentiable at Ad“¥. From inspection of (5.1), the dual function
G(XAo.v) is differentiable with respect to all Aoy € G(xg, a). Therefore, if a nonzero duality
gap exists, Ad4 is on the boundary of G(xo, a), i.e., A&“¥ € 0G(x, a).

We can guarantee zero duality gap for any exogenous disturbance or initial condition for

problems with special structures as shown in the Theorem below.

Theorem 5.3. Consider a convex ECOCP, which satisfies Corollary 4.3. Then, if for each
i € {1..p}, either EX = 0 or v = 1, there is zero duality gap for all initial conditions

xo € R" and Ey € Rg, and for all exogenous disturbances a € (IL?)%.

Proof. From Corollary 4.3, we assume that the upper energy constraints are inactive for all
k € {0...N}, and can therefore be excluded them from this analysis. We also assume that the
system takes no action (i.e., ug = 0) unless energy is available, so without loss of generality,
let g = C oo + alyy # 0. To use Slater’s constraint qualification (Theorem 2.9), we must
show that there exists a ug.y € relint(Fuy,) that strictly satisfies the lower energy storage
constraints, i.e., Ei > FE% for all k € {0...N} and all i € {1...p}.

First, let £} = 0. If E} > 0, then ug.y = 0 strictly satisfies the constraints. If the storage
decay term % < 1, the energy in the storage system asymptotically approachs zero, however,
because N is finite, Ei > 0 for all k € {0...N}. If E} = 0, the energy at the next time-step

1S:

Ei = —oné - Mé(uo, yé)
T . .
. Uo Mqiu,O Mqiy,() + %I
yo| |(Mio)"+3I M,

yy,0

b

From Assumption 3 it follows that for all i € {1...p} and each g} € R™\ 0 (where yi =
¥y + Dy ouo), there exists a ug € R™ such that Ej > 0. Setting the rest of the trajectory
uq.y = 0 strictly satisfies the constraints.

Now, let v* = 1. If E} > E%, then ugy = 0 strictly satisfies the constraints. If £} = Et,
we again invoke Assumption 3 as shown above to guarantee that there exists a ug € R™
such that Ef > E%. [
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5.5 Example: Piezoelectric Energy Harvester

In this section, we present an example using a piezoelectric energy harvester. The process
of formulating the model for this device, and then discretizing and nondimensionalizing it is
outlined in Section 4.3.1. In this case, we assume there is no transmitter and instead ¢'(t)
sends power to a resistor bank. Our goal is to maximize the energy generated by this device
(see Section 4.2.2). The associated ECOCP is:

(Given: xo, By, A, B,Cg,Dp., 7',
ak,a}gk,,u,lﬁ(-, -),Vk € {0...N},
N
Minimize: J(uo.ny) = Z uryy + o (un, U1
k=0
Domain: UQ: N Q(l):N
Constraints: cﬁ(uOZN,qé:N,mS:N(uOZN)) <0,
Cl[f] (UO:N, Qé:Na mS:N(UOZN)) < 07
g, = 0,
Vk € {0..N}.

\

Let the time step At = 1, number of time steps N = 100, nondimensionalized mechanical
damping d, = 0.005, electromechanical coupling factor ¢, = 0.1, dielectric leakage coefficient
kp = 0.001, circuit resistance R, = 0.4, and v' = 1 (note that we have suppressed the overbar
to indicate nondimensional factors, and assume all factors are nondimensional). The beam
is excited by a base acceleration a ~ N(0,1). Let E} = 0, and consider four different energy
storage values: B}, = {o0, 2, 0.2, 0.02}.

Figure 5.1 shows the trajectories for the energy in storage system FEj}, the control input
ug, and power sent to the resistor bank g for various nondimensional values of EJ;. These
trajectories have been modified for feasibility when necessary. The control input trajectories
uo.y are the same for the F!, = oo and Eé = 2 cases. However, the energy sent to the resistor
bank ¢, is nonzero for the E}, = 2 case to satisfy the upper energy storage constraint, while
for the B}, = oo case, no energy is sent to the resistor bank. Note that the control input
trajectories ug.y differ from the infinite energy storage case for £}, = 0.2 and E}; = 0.02.

Because m = 1 for this example, 1.y simplifies to a sequence of scalar values. Therefore,
we can verify zero duality gap by checking that each scalar YT > 0, for all £ € {0...N}.

However, due to finite numerical tolerance, we assume that Theorem 5.2 is satisfied if T >
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Figure 5.1: The energy in storage system E,i, the control input u}w and energy sent
to the resistor bank q,i for a piezoelectric energy harvester with various
values of upper energy constraint: E};, = co (red), E}, = 2 (blue), E}, = 0.2
(black), and E}; = 0.02 (green).
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1078, for all k € {0..N}. For E};, = {00, 2, 0.2}, Ty > 0 at each time step, and we can
conclude that strong duality holds for these cases. However, for the £}, = 0.02 case, Ty is
below the threshold stated above, and therefore, we conclude that it has nonzero duality
gap.

Figure 5.2 plots E}; versus the saturated primal performance measure, Jyo. If the dual
optimum results in a feasible trajectory, which is the case when strong duality holds, then
Jsat = J. However, if the dual optimum results in an infeasible trajectory, which is the case
when a nonzero duality gap is present, we modify the resulting u*(A?) so that the constraints
are satisfied.

In Figure 5.2, the blue arrow spans the values of EJ; that have the same optimal solution
as the infinite storage case, as described above with E; = 2. The ¢} 5 trajectories differ for
values of EJ; in this region in order to satisfy the upper energy constraints. The red arrow
spans the region that results in zero duality gap, meaning that solving the dual problem
results in the optimal solution to the primal problem. The green arrow spans the values
of E}; that result in nonzero duality gap, and hence the resulting trajectory from the dual
optimization is infeasible. Therefore, we must modify these trajectories for feasibility. The
E}, = 0.02 case falls within this region, meaning it is the only suboptimal solution of the

four considered cases.

99



4.8 R ]
nonzero
r duality J
| gap >
5l \ zero duality gap |
r “ . same optimal solution 7
‘\ E,=0.02
Jsat 52 - \\ 7
\
\
\
L \ i
540 i
E =02 1 .
— 7U’ e EU: 2 EU* ®©
'5-6 Il Il Il Il Il PR Il eee
0 0.1 0.2 0.3 0.4 0.5 2 e

El

U

Figure 5.2: Plot of J,,; versus Eb The blue, red, and green arrows spans the values of
Ellj that have the same optimal solution as the infinite storage case, result
in zero duality gap, and result in nonzero duality gap, respectively.

100



Chapter 6

Implementation via Model Predictive
Control

In this chapter, we first provide an overview of MPC. We then discuss how to implement
the solution from the dual relaxation introduced in Chapter 5 in real-time via MPC. When
the optimal control problem has nonzero duality gap, the solution to the dual relaxation
is infeasible, meaning the primal constraints are not satisfied. Therefore, we introduce an
algorithm to derive a feasible input from the dual relaxation solution. We demonstrate these
techniques on a spherical buoy WEC, with the goal of maximizing generated energy, and a

multi-energy-storage-system vibration suppression system.

6.1 Overview of Model Predictive Control

MPC, which is also referred to as receding horizon control, is an on-line closed-loop iterative
control method [9, 46]. At time k, an open-loop optimal control problem is solved over time
interval {k, ..k+N}, starting from (known) initial condition @). This optimal control problem
yields a sequence of N +1 control inputs. The first control input (for time k) is implemented.
Then at time k + 1, the process is repeated over the new interval {k+1,..k + 1+ N}, with
known initial condition xy;. Figure 1.6 shows how the system intelligence of a self-powered
system may be structured to enable MPC.

Figure 6.1 depicts the procedure for implementing MPC. In this figure, we assume that
the control input is ZOH, and the performance objective is measured at discretized points.
Let the solid blue lines represent the past control inputs, and the dashed blue lines represent

the N + 1 future control inputs determined from the optimal control problem. The solid red
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lines represent the past objective functions, and the dashed red lines represent the N + 1
predicted objective functions based on the future control inputs.

In Figure 6.1a, the current time-step is k. The control inputs from time-steps k to k + 10
are calculated. In Figure 6.1b, the control input at time k£ was implemented, and the current
time-step is now k£ + 1. The control inputs from k£ 4+ 1 to k + 11 and the corresponding
values of the objective function are calculated. Note that the measured objective function
in Figure 6.1b at time k is different from the predicted objection function in Figure 6.1a at
time-step k. Differences between the predicted and measured objective function could result
from errors in the exogenous disturbance predictions, or from modeling errors. In 6.1c, the
control input at time k£ + 1 was implemented, and the current time-step is now k+ 2. Again,
the control inputs from k+ 2 to £+ 12 and the corresponding values of the objective function
are calculated as the prediction horizon is shifted forward one time-step.

A benefit of MPC is that it can account for hard and soft constraints, which nearly all
engineering applications require. However, as described above, in MPC, an optimal control
problem is solved every time step At, meaning that either the dynamics of the plant must be
sufficiently slow to accommodate this or the optimal control algorithm sufficiently fast. When
using MPC techniques, the introduction of uncertainty via, for example, poor disturbance
prediction or large modeling errors, may cause MPC algorithms to perform poorly. Therefore,
robustness of MPC algorithms is an ongoing research area [27, 46]. Here we have provided
a brief overview of MPC; however, [24, 46, 57] can be used as references.

In the context of the self-powered system control problem, we implement our control
strategy using MPC because it allows us to strictly enforce the physical constraints of the
energy storage units. However, as mentioned earlier, using MPC requires that the ECOCP
be solved every time step At. We prove in Chapter 4 that the ECOCP is nonconvex in
general, meaning it may be computationally expensive to solve and only local minima can
be ensured. Therefore, we explore the use of the convex dual relaxation in Chapter 5 to
solve the ECOCP, where the global optimum can be found in polynomial time. However,
in general, we cannot guarantee that the solution to the dual relaxation is feasible, and
obviously, MPC requires feasible inputs to satisfy constraints. Therefore, in the following
sections, we formulate an algorithm to modify infeasible trajectories resulting from the dual

relaxation to implement via MPC .
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Figure 6.1: Diagram depicting model predictive control procedure: (a) prediction hori-
zon starting at time step k, (b) starting at time step k+ 1, and (c) starting
at time step k + 2.
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6.2 Modifying Infeasible Trajectories

In the case where the ECOCP has nonzero duality gap, the resulting optimal trajectory found
from solving the dual problem {u}.,  nv(ALL ), G n (A4 )} s infeasible (i.e., violates
the constraints). Let k be the first time step in the ECOCP. In MPC, we only implement the
first time step of the dual optimal trajectory, i.e., {uj (A4l ), gp(Af4el )}, Therefore, we
are specifically interested in modifying these to guarantee feasibility. Recall from Definition
3.7, that F(xy, Ex, N) is the domain of all finite-horizon discrete-time feasible inputs. Now
let Fy(zy, By, N) be the set of all inputs at the k' time step {ug,qx} that satisfy the

constraints at time-step k, i.e.,
Fi(xzy, By, N) = {{’ka,%} : ey (wp, qr, k) <0, cf (ug, gy, ) <0, and gj, > 0}7

which we reference as Fy, for brevity. If {wj (Al ), gp (At )} € Fy, then regardless of the
feasibility of the rest of the dual optimal trajectory, we implement {w},(Af4 ), gi(Af4el )}
as is. However, if {uj(A{ul ), gr(Afuel ()} ¢ Fy, then we modify for feasibility.

Given how gy, the energy sent from the storage system, can be treated a Lagrange mul-
tiplier in the dual domain (see Section 5.1.2), it does not violate the constraint g, > 0.
If {wf(ALel o), gp(Afuel )} violates the upper energy storage constraint of the i storage
unit cg’i(-, -,+) < 0, the constraint can be satisfied by increasing ¢ so that cg’i(-, ) =0.If
{uwp(Afeet ), gp(Afuel )} violates the lower energy storage constraint of the i storage unit
cé “(-,-,-) < 0, modifying the inputs to satisfy this constraint is more complex.

When there is a lower energy storage constraint, we modify uy such that it minimizes the
difference between the (infeasible) dual optimum, under a quadratic performance measure,
such that the lower energy constraints are satisfied for all of the energy storage systems. We
refer to this as the Modification Quadratically Constrained Quadratic Program (MQCQP)

and it has the form:

(Given: x., B, A, B,
iE? D;Ea ’Yia aiE ko ,U;c(, ) Vi € {1p}
MQCQP : < Minimize: (u uj( )\g“k“iN <ZM > i — UZO‘Z?&N))
Domain: U

\Constraints: ck (g, 0,x) < 0.
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Corollary 6.1. The MQCQP is convez if for all i € {1...p}:

F (Dj . + (D p)") + M, M]Lyk] = 0. (6.1)

Proof. 1t is trivial to show that the quadratic performance measure is convex. We turn our

attention to the constraint function cé’i(-, -,») < 0, which can be written as:

o (ug, 0, @) = Ef — 7' B + (93) "y,
Ty i \T i i
Uy 2 (DE,k + (DEk) ) + M, Muy,k
(M3, 0)" M,

vY,

Uy
;. + D ‘

Ui, + Dy puy

uy?

Now, assume (6.1) holds, and then we can write the matrix in the following form:

% (D%,k + (DlE,k)T) + M'Zu,k Miy,k

uy,k yy,k

] =vvT,

where V' € §". Then via Theorem 2.3, it follows that ¢ (uy, 0, ;) < 0 if and only if:

Uy,

T
Bl —~E 4+ (), | 1%

VT

u
ok I
By inspection, we can see that the above matrix inequality is linear in u, meaning it is a

convex inequality constraint in wy. O

Note that if the mapping u +— y is discrete-time passive, it follows that (D%7k+(D%7k)T) >
0 [38], and then Corollary 6.1 holds. Recall from Section 1.3.1 that for cases with m = 1
or p = 1, the MQCQP can be solved analytically. The below algorithm summaries the

modification algorithm for MPC implementaiton:
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Algorithm 1: MPC Implementation

1 k=0
2 while 7 do
3 Solve dual problem to obtain {wj (A ), gp(Afet )}

4 modify-u =0
5 for =1 top do

6 if ¢ (up (AL, ai (A 2E (AR ) > 0 then
7 Solve the MQCQP for uy,
8 modifyu =1
9 Exit loop
10 if modify_u =0 then
no || =y

12 fori=1topdo

13 if Cg’i(uZ()‘%ykaiN)a @A N ), TE (AL N)) > 0 then
14 | dh = BBy, @iy, AL ) — By
15 else

16 | dh= g ()

17 Implement {wu, g}

18 k = k+1

Because the trajectory is adjusted from the optimal dual solution, there is no guarantee
of stability. If the problem is in continuous-time, Theorem 3.1 can be used to show that the
adjustment algorithm cannot destabilize the system. However, in discrete-time, the model
allows for inter-time-sample energy violations as discussed in Section 3.2.4, and therefore
stability is not guaranteed. Theoretically, it is possible that the modification algorithm
can destabilize the system. However, we can assume that for small enough sampling times,
destabilization should not be of major concern in practice. Future work will focus on stability

for cases with arbitrarily large sampling times.
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6.3 Example: Spherical Buoy Wave Energy Converter

This example is based off of work in [35] in collaboration with the National Renewable Energy
Laboratory. WECs are devices that convert the oscillatory motion from ocean waves into
electricity [20, 62]. There is increasing awareness from experts in the field of wave energy
conversion that specialized control technology is vitally important to the success of wave
energy power [59]. The control systems of WECs must be developed so that the technology
can operate in a variety of sea states and maximize generated energy while simultaneously
mitigating system damage. Although improvements to WEC mechanical and PTO systems
can increase the economic feasibility of wave power, appropriate controller design has been
shown to significantly increase the harvested energy of WECs [7, 59].

Controller design for WECs requires specialized treatment beyond well-known, standard
control techniques. Because ocean waves are stochastic (i.e., they do not occur at a single
frequency) and are usually modelled via a spectrum that is a function of wind velocity, the
controller must accommodate for changing spectral shapes that are potentially wideband.
Further, mechanical and electrical constraints need to be enforced to avoid device damage,
or possible external constraints from electric grid regulators.

Controllers for WECs are sometimes designed assuming single-frequency waves [19, 21];
however, true sea states are far from narrowband phenomena, and such controllers are con-
sequently suboptimal in realistic applications. Single-frequency WEC controllers can be
extended straightforwardly to the broadband situation by implementing a dynamic feedback
law equal to the complex conjugate transpose of the frequency-dependent impedance matrix
of the WEC. The WEC industry refers to this technique as “complex conjugate control”
[51]; however, this type of control is anticausal, cannot account for system constraints, and
assumes that the PTO system can realize bidirectional power flow solutions.

A more computationally complex solution involves the execution of real-time control al-
gorithms using MPC methods, which can account for system constraints [46]; however, two
distinct complications arise when implementing MPC. First, if constraints are imposed, the
associated optimization required to be solved in real time by an MPC algorithm is generally
a nonconvex problem. Finding solutions for nonconvex problems is inefficient and problem-
atic, and in most scenarios only local minimality can be assured. Second, MPC algorithms
require knowledge of future disturbances, so we require a reliable wave forecasting system.
Because of the interaction and propagation of waves, wave forecasting can be complex and

is an active research area [1, 23].
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Figure 6.2: Spherical buoy wave energy converter

Many other works have used MPC techniques to control WECs. References [16, 30,
42] perform linear MPC, and [42] uses a convex relaxation of the primal cost function by
implementing a sampling delay. References [70] and [58] perform nonlinear MPC while im-
plementing displacement and generator constraints. Reference [13] minimizes tracking error
and controller effort subject to constraints on displacement, velocity, and PTO. However,
none of these methods have used dual optimization techniques. In this section, we imple-
ment MPC by solving the dual problem using techniques from Chapter 5, and if necessary,

we modify infeasible solutions using the algorithm introduced in Section 6.2.

6.3.1 System and Disturbance Model

The WEC system considered in this study consists of a single-body sphere that is constrained
to move only in the heave direction pictured in Figure 6.2. Here, we consider the case with
a single buoy (m = 1) connected to one energy storage system (p = 1). The control input
is the PTO force u(t), the potential variable is the buoy’s heaving velocity v(t), and the
exogenous disturbance is the force from the waves acting on the buoy. Then, the rest of the

components of the model are as follows:

1. Plant: In this example, we use the floating spherical buoy model developed for the
International Energy Agency Offshore Energy Systems Task 10 [76]. The buoy has
radius r = 5 m and mass M = 261.8 x 10 kg. Let G;(jw) be the transfer function
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from force to buoy velocity:

Gylw) = (ca<w> + (M + My(w) - 5)) ,

w2
with added mass, M,(w), added damping, C,(w), and hydrostatic stiffness coefficient,
K,. Because of the the spherical shape of the buoy, the force due to buoyancy is
nonlinear with respect to submergence depth. We approximate K, as dgmr?, where
d = 1000 % is the density of water and g = 9.81 5 is the acceleration due to gravity.
We use linear hydrodynamic theory to numerically determine the forces acting on the
buoy via hydrodynamic software (such as WAMIT or ANSYS Aqwa). Let G,(w) be the
transfer function from wave amplitude to buoy velocity: G,(w) = Gf(w)H,y(w), where
H.,(w) is the transfer function from wave amplitude to force, which is also numerically
determined. This mathematical model is discretized and finite-dimensionalized to a
six-state, LTI system in (4.14). An explanation of the method of discretization and
finite-dimensionalization is out of the scope of this thesis; however, [47, 65, 68, 81] can

be used as references.

. Transmission Losses: We model the parasitic losses quadratically as a function of

S

ug as py = up My,ug, where M, = 8.5 x 10710 -

. Dissipated Power From Energy Storage: Let ¢(¢) be the power being sent from
the WEC to the power grid, which we model as a power bus.

. Energy Storage System: The decay of the energy in the storage system is fixed at
~v = 0.99 and the lower energy storage bound at £, = 0 M.J. We consider three values
for the upper energy storage limit: Fy = {oo, 0.5, 0.25} M J.

. Exogenous Disturbance: In this study, we also assume perfect knowledge of future
exogenous disturbances. Future studies could incorporate forecasting of future distur-
bances given present and past information using, for example, a Kalman filter [1, 23].
We assume the buoy sits in an ocean of infinite depth, and irregular waves excite the

buoy, which can be characterized by the Bretschneider spectrum [71] as:

S0 =22 o5, exp (—Z (fT) ) (6.2)
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where frequency f is in Hz, significant wave height H, = 1 m, and peak wave period

T,=+=12s.

6. PTO Force Constraint: In this example, we consider an additional constraint on
the PTO force, u(t), which is a maximum allowable force of ., = £500 kN (this
force is of a similar magnitude used in other studies [30, 42]). Note that this constraint

is a convex function of u.

6.3.2 Energy-Constrained Optimal Control Problem Formulation

Here we develop an MPC control scheme to maximize generated energy (see the energy
harvesting problem in Section 4.2.2) subject to constraints on the energy storage and the
maximum allowable control force, ... Let k be the current time step, and then the
resultant ECOCP is:

(Given: xy, E&, A,B,C;, D ',
Af:k+N, a“lE,k:k—l—Na :U“Jl()’ v] € {kk + N}
k+N
Minimize: J (s n) = Z ujyjl- + ,u}
j=k
Domain: Uk:k4+-Ns Qh:k+N

Constraints: Cf(uk;HN, qjl-, T (Up:k 4N, To)) <
C;](Uk:kJrN, q}, T (Up:k 4N, To)) <
g =0,
S = Upygy < 0,

Vj € {k..k+ N}.

\

6.3.3 Incorporating Maximum Input Constraints

To incorporate the maximum force constraint, we need to slightly modify the theory de-
veloped in Chapter 5 to include an additional Lagrange multiplier. First, let Aj™** be the
Lagrange multiplier used to enforce the maximum input constraint at the j* time step,

which, via the KKT conditions, is required to be nonnegative. Recall the definition of J in
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(4.8). Let J,

Umax

be J with maximum input constraint incorporated, i.e.,
k+N
T T [ 2 2
Jupaw = J + E Ajmes (uj — umm) )
Jj=k

Now, recall the formulations of the Hessian H (-) in (5.5) and constant term f(-) in (5.7). Let
H"mew(Xo.n, Agne) and f*mee (Xo.v, Agrat®) be the versions that incorporate the maximum

input constraint, which have the form:

H s (Mo, Aoin™) = Hjr(Aow) + A0

£ Moo, ™) = Fin (o) — Abmeeai?,,,.

In the dual problem, we now need to optimize over the original Lagrange multipliers in
addition to the new Lagrange multiplier A*m+=. Alterations to the rest of the theory presented

in Chapter 5 follow analogously.

6.3.4 Results

Let the discrete time step be At = 0.5 s. The prediction horizon is one peak wave period, i.e.,
N = 24, and the MPC algorithm is run for 100 wave periods, for a total time of T"= 1200 s.
Figures 6.3 and 6.4 show the MPC results for the energy in the storage system (E), PTO
force (u), buoy displacement (w), generated power (pr), and power sent to the grid (gq).

The average generated power for the Fy = {0.25, 0.5, oo} MJ cases are 83.20 kW,
85.21 kW, and 85.34 kW, respectively. Although a WEC with Fy = oo would obviously not
be designed in practice, this case gives insight into the optimal energy trajectory without the
upper energy storage constraint, as well as the amount of energy storage needed to prevent
upper energy bound saturation: 3.33 MJ. Note that ¢ = 0 for this case because the system
never runs out of energy storage.

For each time step of the MPC algorithm, the zero duality gap condition is tested by
examining if each of the elements in the sequence Yj..yn are uniformly positive because
there is one control input (m = 1), so Ty is a scalar value. However, due to finite numerical
tolerance, we assume that Theorem 5.2 is satisfied if Y., n > 1078, For the Eyy — oo and
Ey = 0.5MJ cases, zero duality gap is achieved at every time step. For the Ey = 0.25M J
case, zero duality gap is achieved 1979 times out of the total 2400 time steps, meaning the

global optimal solution is implemented in about 82% of the time steps.
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Figure 6.3: The energy in the storage system, £, PTO force, u, buoy displacement, w,
generated power, pr, energy sent to the grid, ¢, and the red line represents
the wave elevation in meters. (a) Ey =0.25 MJ, (b) Ey = 0.5 MJ.
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Figure 6.4: The energy in the storage system, £, PTO force, u, buoy displacement, w,
generated power, pr, energy sent to the grid, ¢, and the red line represents
the wave elevation in meters for Ey; — oo
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6.4 Example: Vibration Suppression System

In this section, we present an example using an energy-harvesting active vibration sup-
pression system. See Section 1.1 for background on vibration suppression systems in civil
engineering and aerospace applications. We analyze the three systems in Figure 1.5 with one,
two, and three energy storage systems. The following analysis is not meant to be represen-
tative of any particular structure, but rather demonstrate the use of the algorithm presented

in Section 6.2, and is therefore performed using nondimensionalized units.

6.4.1 System and Disturbance Model

Consider the five degree-of-freedom mass-spring-damper systems pictured in Figure 1.5
with three transducers (m = 3) connected to one, two, or three energy storage systems
(p = {1,2,3}). The control inputs are the transducer actions {u'(t), u?(t),u?(t)}, the asso-
ciated potential variables are {v'(t),v?(t),v*(t)}, and the exogenous disturbance is the base

acceleration a(t). The rest of the components of the model are as follows:

1. Plant: The continuous-time dynamics evolve according to (3.1) with system states:

z(t) = [zl(t) 22(t) 2(t) 24t) 2P(t) ) 22() 2@1) () 25(t)]T,

where 2;(t) is the i"* mass displacement, and Z;(t) is the " mass velocity. The

continuous-time state space matrices are:

. 0 I 0 _ 0
A= ~1 -1 ) - , G =
~M;'Ks —Mg'Cs Us Es
0,

B
C:[o US], D

where Mg = I,; is the mass matrix, Kg is the stiffness matrix, Cys is the damping

matrix, Ug is the actuator connectivity matrix, and FEg is the disturbance matrix.
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These matrices have the following forms:

(2 -1 0 ] [1 —1 0]
-1 2 -1 0 0 1 0
K= ~1 1 : Us=|0 0 0
0 —1 0 0 1
I 0 -1 1 0 0 0
(2 -1 0 0 0] 1]
-1 2 -1 0 0 0
Cs=001|0 -1 0 0|, Es=1|0
2 -1 1
0 0 0 -1 1] o

This plant model is discretized as described in Section 3.2 with time-step At = 0.5.

2. Transmission Losses: In this example, we use the quadratic overbound of the effi-
ciency model described in Section 3.2.3. We assume that n; = 0.9, Vj € {1...m}. The
design parameter is hy ; = 0.4, Vj € {1...m} and Vk € Z-(, which added a reasonable

level of damping to the structure, and performs well.

3. Energy Storage Systems: We analyze cases with p € {1,2,3}, and we fix T% = 100
for all i € {1...p}, meaning that energy in the storage system decays about ten times
slower than the dynamics of the plant. We also fix Ef = 0 for all « € {1...p}, but vary
E}; € {00,10,1,0.1}.

4. Exogenous Disturbance: The system is excited by a base acceleration a(t) = Z,(t),

which is characterized as i.i.d. Gaussian with zero mean and unit variance, i.e., a ~

N(0,1).

6.4.2 Energy-Constrained Optimal Control Problem Formulation

Our goal is to suppress the vibration of the structures when subjected to a base acceleration

a(t). The Lagrangian represents the sum of the squared accelerations and is of the form:

wj] : (6.3)

T
T

Q S
ST R

J

U;

Lj(uj, x;) = [

U;
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with matrices:

S:

KI!Ks; KIC
Q= [ S 5 S] ) R = I]gﬂlfs.

CIKs CICj

~-KlUs
~Ctus |’

Let k be the current time step and p € {1,2,3} be the number of energy storage units, then
the associated ECOCP is:

(Given: xy, Ey, A, B, Cg,Dg,vi,aj,abj’M;(.L
Vje{k..k+ N}, Vie{l..p}
k+N
Minimize: J(Wreor N TRy N (Wb N, To)) = Z Li(u;, ;)
j=k

Domain: WUf:k+N;s Gk:k+N

Constraints: ¢} (Uppsn, @, T (Wpps v, o)) <
Cg(“k:k+N7 q;, w;(“k:kJrNu .’.C())) <
Vje{k..k+ N}.

\

6.4.3 Results

The prediction horizon is N = 50, and the MPC algorithm runs for 1000 horizons. Table
6.1 summarizes the results for each considered case. Let Ly/pc; be defined as in (6.3)
after implementing the MPC control inputs at time step 7, and then the sum over all 1000

time-steps is the MPC performance measure, i.e.,

1000

Jupc = Z Lispe,-
5=0
Column three of Table 6.1 shows the values of Jype. The fourth column of Table 6.1
indicates how many of the 1000 optimizations result in zero duality gap via the method in
Section 5.4. The last column shows the number of times the modification algorithm in Section
6.2 is invoked to alter infeasible inputs from the dual relaxation. Note that all three cases
satisfy Corollary 6.1, meaning that the MQCQP is convex. For the case using the system in
Figure 1.5a and E}; — oo, there is zero duality gap for all trajectory optimizations, but the

modification algorithm is still invoked. When using numerical optimization, the algorithms
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converge within numerical precision of the actual optimum. Therefore, it may be the case
that optimizations with zero duality gap via Theorem 5.2 have slight feasibility violations
in practice. For these situations, modifications are very small. This highlights a benefit to
using Theorem 5.2 to determine strong duality versus checking the trajectory optimization

for primal feasibility.

Case El,  E%( FE} | Jupc | Nonzero Duality Gap | Modifications
00 11139.6 0 1
) 1 11184.0 0 0
Figure 1.5a
0.1 11369.5 24 4
0.01 11465.2 104 28
00 o0 11167.8 0 0
. 1 1 11196.2 0 0
Figure 1.5b
0.1 0.1 11503.8 42 7
0.01 0.01 11754.5 482 239
co oo oo | 11198.0 0 0
. 1 1 1 ] 112223 0 0
Figure 1.5c
0.1 0.1 0.1 | 11585.3 53 23
0.01 0.01 0.01 | 12410.8 963 749

Table 6.1: Summary of vibration suppression results for the three considered systems

shown in Figure 1.5 and for various values of energy storage

Figure 6.5 plots the resulting performance measure Jy;po for the twelve considered cases
versus the amount of energy storage. For large amounts of energy storage, the three systems
in Figure 1.5 perform similarly. However, for small amounts of energy storage, cases with
fewer storage units perform better. This result emphasizes the advantage of connecting
multiple transducers to a single storage unit: energy harvested by all of the connected
transducers can then be used by any single transducer.

Figures 6.6 — 6.9 show the energy, control input, and energy dissipation trajectories for
the system in Figure 1.5a with £, = {00,1,0.1,0.01}, respectively. Figures 6.10 — 6.13 show
results for the system in Figure 1.5b with two energy storage systems, and Figures 6.14 —
6.17 show results for the system in Figure 1.5¢ with three energy storage systems. For cases

with infinite energy storage EY, — oo, ¢' = 0 because the system never runs out of energy
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Figure 6.5: Performance measure (Jypc) versus energy storage amounts (Ej;) for all
considered cases in Table 6.1, where red circles refer to results using the
system in Figure 1.5a with 1 storage unit, blue circles refer to the system
in Figure 1.5b with 2 storage units, and black circles refer to the system
in Figure 1.5¢ with 3 storage units

storage, and therefore has no need to dissipate energy. However, ¢ grows as the energy in

the storage systems decrease. Also note that the energy trajectories for cases with Ei, = 0.01

repeatedly fill and then exhaust the storage units for the entire timespan.
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Chapter 7

Summary of Contributions and
Future Work

7.1 Summary of Contributions

The main contributions of this dissertation are as follows:

o We develop a general continuous-time model for a self-powered system, which includes
the model for the energy storage subsystem that accounts for transmission losses and
storage decay (see (3.2)). We derive conditions on the model parameters for problem

feasibility (Lemma 3.1), and conditions for system stability (Theorem 3.1).

e We develop a discrete-time model for a general self-powered system from the continuous-
time model, and address issues related to enforcing the energy storage bounds only at
discrete-time points. We introduce a quadratic overbound of the efficiency loss model in
Section 3.2.3, and give conditions on the discrete-time model parameters for feasibility

(Lemma 3.2).

e We derive conditions for a finite quadratic performance measure (Theorem 4.1), and
present the ECOCP, which accounts for the bounds on the energy storage system in
(4.7).

e We show that under special conditions, the upper energy bound is a concave constraint
and the lower energy bound is a convex constraint (Theorem 4.2); however, in gen-

eral, these quadratic constraints are nonconvex. Then, we present conditions for the
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convexity of the ECOCP (Theorem 4.3). For the case with a quadratic performance
measure, the ECOCP is a nonconvex QCQP.

e We formulate the dual relaxation of the ECOCP, derive a closed-form solution for dual
function (Theorem 5.1), and provide conditions for a finite dual function. Then, we
show that the dual function is independent of the energy dissipation term q (Lemma
5.2).

e We present a numerical method to solve the dual relaxation and determine the Hessian
and gradient of the dual function (Section 5.2.1). We also provide an alternative
method using costates, which is a more computationally efficient method to solve the

dual relaxation (Section 5.3).

e We derive an easy-to-check condition on the optimum dual trajectory A% that guar-
antees zero duality gap (Theorem 5.2). We also show that for specific model parame-
ters, there is zero duality gap for all initial conditions and exogenous disturbances via

Slater’s constraint qualification (Theorem 5.3).

e We present an algorithm to modify control inputs for feasibility and MPC imple-
mentation (Algorithm 1), and derive conditions for the convexity of the associated
optimization, MQCQP (Corollary 6.1).

e We demonstrate Algorithm 1 using a sphere-type WEC buoy with the goal of maxi-
mizing energy generated, and on a mass-spring-damper five degree-of-freedom system

with multiple energy storage systems.

7.2 Future Work

Below we present three areas in which the work presented in this thesis can be extended:

1. Exogenous Disturbance Forecasting: As shown in Figure 1.6, a component of the
system intelligence is a disturbance forecaster, which estimates the N + 1 exogenous
disturbances {ay . .. ax4n } to be fed into the trajectory optimization. In this thesis, we
assume that the exogenous disturbances can be measured exactly. In some situations
this may be a feasible assumption, for example, wave-energy converters commonly
employ up-wave sensors to accurately measure incoming waves. However, in general,

self-powered systems do not have the ability to accurately measure incoming future
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disturbances. Therefore, future work will explore various prediction algorithms (e.g.,
a Kalman filter [4]).

. Improving Power Quality: Reference the WEC example in Section 6.3, where
Figure 6.3 shows the energy sent to the power grid ¢q. Such poor quality power can
cause frequency fluctuation or voltage deviations. However, as mentioned in Section
1.1, energy storage systems can help improve power quality. Local energy storage
systems can be used to smooth out power fluctuations, store surplus energy, or provide
energy during peak demand. An important extension of the WEC example in Section
6.3 is to incorporate a power smoothing algorithm that can be implemented when
solving the dual problem.

First, we introduce a new variable, p,.4(t) € L? to account for the power sent from the
i'" energy storage system to the grid. Now, we modify the differential equation (3.2)
to account for this new term as:

d 1

B =~ B(t) —u(t)v(t) — u(t) = q(t) = porialt).

and then the corresponding difference equation is:

Pgrid,j

Ejpn =vE; —wy; — py — ¢ — N

Now, we formulate our performance measure to maximize the power sent to the grid
over a finite time horizon as:

k4N
J(Pgrid pk+n) = — E Dgrid,j-
Jj=k

We restrict pyriq; to have a specific form. Figure 7.1 shows a possible structure of pg,;q.

Let 8 € Z~q be defined such that % € Z-~g, which is the number of time steps over

which we linearly interpolate the power sent to the grid. Variables {o¥,..., 0%} are
5

the power values over which we optimize to determine the trajectory of py.q(t). The
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Figure 7.1: Possible structure of pg,;q(t)

discrete-time power to the grid py,iq; is then:

(Oan —06)0 +3)

Pgrid,j = B +0§7
. (7.1)
Vi ed{k+ pa..k+ pla+1)—1},
Va € {O%}

Therefore, this method restricts the shape of py.q(t) without incorporating additional
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Lagrange multipliers. The associated ECOCP for the WEC example in Section 6.3 is:

.
: . 1 1 Pl 1
Given: w07E07A7B70E>DE77 . B,
1 1 .
Akt Ny Op gy ns 15 (), Vi € {k..k+ N}
k+N
Minimize: J(PgridkinN) = — § Darid.k
=k
D s k
omain: Uk:k+Ny Qk:k+N O-O:N/ﬁ
1 . L 1 o
Constraints: ¢ (Ugkin, G5, T; (Urki N, o), Pgriag) < 0,
U 1 o
¢j (Up:by N5 @5 5 (Ukikr N, T0) 5 Pgridj) < 0,
1
2 2
U; — Upmgq < 07

Pgrid,; defined according to (7.1)
Vje{k..k+ N},

3. Necessary and Sufficient Conditions for Strong Duality: In Chapter 5, we de-
rive sufficient conditions on the optimal dual trajectory A¢ that guarantee zero duality
gap (see Theorem 5.2). We also provide necessary and sufficient conditions for zero
duality gap for all exogenous disturbances and initial conditions (see Theorem 5.3).
However, these conditions are quite restrictive and require the original ECOCP to be
convex (because we use Slater’s constraint qualification). We would like to determine
necessary and sufficient conditions for strong duality for a larger class of problems,
and specifically if the optimal control problem is not guaranteed to be convex. As we
discussed in Chapter 5, we know that if the dual optimum does not lie on a boundary,
then the duality gap is zero. Therefore, we are investigating under what conditions we

can guarantee that the dual maximum does not lie on the boundary.

4. Loss Modeling: Throughout this thesis we assume transmission losses are captured
via the quadratic model in (3.22). In Section 3.2.3, we show how the efficiency model
can be overbounded by this quadratic model. However, loss models may not be
quadratic, or a quadratic overbound may not be a good estimate of the losses. Hence,
we would like to be able to incorporate nonlinear loss models into the theory developed

in this thesis.
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