Cluster Algebras of Open Richardson Varieties

by

Gracie Ingermanson

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
(Mathematics)
in The University of Michigan
2019

Doctoral Committee:

Professor David Speyer, Chair
Professor Henriette Elvang
Assistant Professor Steven Karp
Professor Karen Smith



Gracie Ingermanson
gmi@umich.edu

ORCID iD: 0000-0001-9478-9724

(© Gracie Ingermanson 2019



ACKNOWLEDGEMENTS

David Speyer has been an incredibly gracious, patient and supportive adviser to
me throughout my non-linear journey through graduate school. David has made
essential contributions to every stage of the project, including introducing me to
the problem, resolving last-minute mathematical gaps, and helping me prepare
for my defense. I am very grateful for his direction and encouragement, and for
his generosity with his time and mathematical knowledge.

Karen Smith has given me a considerable amount of valuable advice and moral
support over the years. I'm thankful to Karen for listening to me and believing in
me.

I'would also like to thank the other members of my committee: Henriette Elvang
for several useful conversations about the context of my work; Steven Karp, my
second reader, for carefully reading through my thesis, asking good questions and
providing very detailed and helpful suggestions, complete with line numbers.

I thank the NSF for providing support for this project through grant #DMS-
1600223. T also thank the UM Math Department for fellowships during Winter 2017
and several summers.

I am thankful to Teresa Stokes and Anne Speigle from the math office, who have
been immensely helpful to me in navigating the last year. I also thank Stephanie
Carroll, Tara McQueen and Beste Erel Windes for their assistance and support in

previous years.

ii



I thank Chris Fraser, Michael Gekhtman and Melissa Sherman-Bennett for use-
ful mathematical conversations.

I really enjoyed my coursework at the University of Michigan and would like to
thank professors Harm Derksen, Sergey Fomin, Bill Fulton and David Speyer for
their instruction, among others. I also thank Greg Muller for serving on my prelim
committee.

I am grateful to Irina Arakelian, Fernando Carreon, Paul Kessenich, Angela
Kubena and Gavin LaRose for their help in my development as an instructor.

Several people from other departments at the university have helped me with
the non-mathematical side of this project. I thank Cortney Totty for help with or-
ganizing my time over the past year; I also thank Cat Cassel and Lillian Li for
suggestions about writing.

I thank my professors at the University of Washington, especially Ethan Dev-
inatz, Ralph Greenberg, Jack Lee, John Sullivan and Garth Warner for their in-
struction and Jim Morrow for supervising my undergraduate reading courses and
project.

I'm thankful to Andrew Stacey for writing the braids package in TeX, which
was used to create most of the diagrams in this thesis.

Finally, I'm thankful to my friends for their support and camaraderie, and to

my parents, sisters and Rishi for always being there for me.

iii



TABLE OF CONTENTS

ACKNOWLEDGEMENTS . . . . . . ... . o ii

LISTOFFIGURES . . . . . . . ... e vi

ABSTRACT . . . . . ix
CHAPTER

I Introduction . .. ... ... .. ... ... .. ... 1

II. Background and Notation . . . . ... ... ... .. .. .. ... ........... 10

21 Thesymmetricgroup G, . . . . . .. .. ... 10

22 Flags . . . . . o 12

2.2.1 1-parameter subgroups and signed transposition matrices . . . . . 13

2.3 Schubert cells, opposite Schubert cells and open Richardson varieties . . .. 14

2.4 Flag reductions and Deodhar’s decomposition. . . . . ... ... ....... 15

2.5 Clusteralgebras from quivers . ... .. ... .................. 18

III. Wiring Diagrams . . . . . . .. ... ... ... ... ... ... . ........ 22

31 Wiringdiagrams . . . . .. ... ... 22

3.2 Chambers in reduced wiring diagrams . . . . . . ... ... .. ........ 25

3.3 Unipeak wiring diagrams . . . . .. ... ... ... ... ... . . .. 26

3.4 Chamberansatzformulas. . . . ... ................. ... ... 31

IV. Pivots . . . . . ... .. 35

41 Pivotinequalities forsubsets . . . ... ... ... L L L L L oL 39

42 Elementary transpositionsand pivots . . . . . .. ... ... Lo 40

4.3 Pivots and unipeak wiring diagrams . . . . ... ... ... o 0L 46

4.4 The geometry of the region JC(j) in a unipeak wiring diagram . . . . .. .. 48

V. Regularity of Cluster Variables . . ... .. ... ............... .. ... 62

5.1 Nearly positive sequences and chamber weightings . . . . . ... ... .... 62

52 Theleft-to-rightpath7® . . . . . ... ... L 66

5.3 Deletion of strands and geodesics crossing above the path 7 . . . . ... .. 69

5.4 The variable X; is regular on R%* and vanishes on the Deodhar divisor DV % 77

VI. Flows in Oriented Bridge Diagrams . . . . . ... ... ... ............. 81

6.1 Weighted networks, flows and augmenting paths . . . . .. ... ... .. .. 81

iv



6.2 Converting a wiring diagram to a weighted network . . . . . ... ... ... 85

6.3 Graph theoretic properties of JC(j) in an oriented bridge diagram . . . . . . 88

VII. Regularity of Mutated Variables . . .. ... .. ... .. ............... 93

7.1 StarfishLemma. ... .. e 94

7.2 The upper cluster algebra A(X) is the upper bound /(%) for the initial seed 98

7.3 Coordinate functions of D"+-W are Laurent in the mutated variables . . . . . 101

7.4 Mutated variables as terms in the special chamber minors . . . . . . ... .. 115

7.5 Regularity and coprimeness conditions . . . . .. ... ... o 0oL 125

VIIL. Conclusions . . . . ... ... ... .. .. .. ... 134
BIBLIOGRAPHY . . . . . . e 136



Figure

2.1

3.1

3.2

3.3

34

3.5

3.6

3.7

4.1

4.2

43

44

4.5

5.1

LIST OF FIGURES

Permutation matrices and rank matrices for the words u = s, and w = s,s, . . . . . 12
Wiring diagram for theemptywordw =1 . .. .. ... ... ... .. ....... 23
Adding a crossing atheighth, . . . . ... ... ... ... .. . 0 0L 23
Wiring diagram for the reduced word w = s,8, . . . . . ... ... ... ... ... 24
Upper and lower arrangements fOr §55,515,8,555485 « « « « « « v v v v v v o 24
Chambers in a wiring diagram . . . . . ... ... ... ... ... L. 26
Relative indexing for the chambers west, north, south and east of a crossing¢ . . . 26

Chamber weightings for the wiring diagram for the word w = s;5,5,5,555,5,5; as a
double wiring diagram for the double Bruhat cell G*! and as a decorated wiring
diagram for the Deodhar stratum DV-%, where v is given by the underlined factors
IN 8352515485525485 « « ¢ v v v v e e e e e e e e e e e e e e 34

Strands in C*(8) are shown in red and strands in C"*(8) are shown in blue. Imme-
diately to the left of crossing 8, strands in C'*(8) are at heights > hg + 1 and strands
in C*(8) are at heights < hg. The strand beginning at source \; does not intersect
JC(8). o e e 50

Geodesic paths in R'(10) are shown in red and geodesics in R'(10) are shown in
blue. The geodesic beginning at A, is not a boundary geodesic. . . . . . ... .. .. 51

At left, the strand o (j) joins 7, by traveling down at the index j_. At right, the
strand o (j) joins v,x by travelingup. . . . .. ... ... ... L L 52

Paths traveling northeast between chambers in JC(j) eventually reach the descend-
ingstrand o (J). - - - . oo 54

Since JC(j) is simply connected, any discontinuity of the boundary 0JC(j) would
correspond to switching strands at a crossing i € J;,, so that JC(j) would contain
an odd number of the chambers surroundings. . . . .. ... ............. 60

The first row shows the weighting Q( % ) = H X, together with the chamber
= e3c(k)
labeling for the Deodhar torus D"+ ". The second row shows the chamber labelings
for the boundary divisors DY and DY ™. L 64

vi



52

5.3

54

6.1

6.2

6.3

6.4

6.5

6.6

6.7

7.1

7.2

7.3

74

7.5

7.6

7.7

7.8

At crossing 7, the strand « -(7) with left endpoint A, and the geodesic path v, cross
above the strand o .(5). The minor A}5; and the minor A}; obtained by deleting

R
row 3 and column 1 satisfy the same scalar relation Agsiﬁ %(80 as the pairs of

chamber minors surrounding crossing 7. . . . . . .. ... . L L oL

The crossings 2 and 9 have the same rising strand « .(2) = a_-(9), but give rise to
different paths 72 and 7% . . ... ... L

Chamber weights for the non-unipeak expression w = 5,5,555,5,555,51 - - - - - - .

Blocks in the wiring diagram and oriented bridge diagram corresponding toi € J;;,

Blocks in the wiring diagram and oriented bridge diagram corresponding toi € Jy, .

Forbidden boundary segments for reduced wiring diagrams. . . . . . ... ... ..
Forbidden boundary segments for unipeak wiring diagrams. . . . . . ... ... ..

Bridges with X ;-degree +1 when oriented down and X ;-degree —1 when oriented

Boundary-incident edges of X;-degree 0. . . ... ... ... .............

ACF

The g-variable for the chamber D is £75,

which is equal to theratio . .. . . ..
Flipping a negative weight JC(j)-path component . . .. .. .............

A unipeak wiring diagram and the orientation of its bridge diagram obtained by
reversing edges along the flow from sources {\, ), Aw ()} to targets {p,, p,}. Every
edge incident to or above the red path to the right of the dotted line is oriented
left-to-right. . . .. ... ... ..

Directed edges which are never used by an augmenting path in @ZI ..........
Types of directed edges arriving at JC(j) that either follow a geodesic v, where

r € R'(j) or follow a bridge toward a geodesic v, where r € R'(j). In the first three
diagrams on the left, the red edges arriving at JC(j) are forbidden. . . ... .. ..

Types of directed edges leaving JC(j) that either follow a geodesic v, where r €
R'(j) or follow a bridge away from a geodesic v, where r € R*(j). In the diagram
on the far right, the red edge leaving JC(j) on v,, is forbidden. . . . . ... ... ..

Augmenting paths with negative X;-degree arrive at JC(j) from one of the red
edges j~. or e/ and leave JC(j) using one of the blue edges j_ orte. . ... ... ..

The chamber ansatz quiver and the induced Richardson quiver . .. ... ... ..

vii

. 86

86



7.9

In the chamber weighting at right, the variables (X1, Xo, X3, X4, X5, X¢, Xg) in-
dexed by crossings in J;; specialize to (1, —1,~1,1,1, —1, —¢). Letting € approach
zero gives a path through the Deodhar torus D"+% with limit in the boundary
divisor DY ™. oL 126

viii



ABSTRACT

This thesis shows that the coordinate ring of the open Richardson variety R*"
in type A has the structure of an upper cluster algebra. We begin by deriving in-
equalities related to northwest rank conditions on a general collection of columns
of a matrix in B_vB,. In the special case where w is the unipeak expression for

w, the chamber minors in Marsh and Rietsch’s generalized chamber ansatz for the

R,
A7
Cj

Deodhar torus D"+" factor into products of minors A ', which turn out to be
flag-invariant regular functions. We show that each minor in this change of basis
is either globally nonvanishing on R** or vanishes on precisely one boundary di-
visor. Using augmenting paths in a weighted, oriented bridge diagram, we show
that there is an upper cluster algebra structure on R*" with initial cluster given
by the minors Agj and exchange relations induced by the chamber ansatz quiver

defined by Berenstein, Fomin and Zelevinsky.
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CHAPTER 1

Introduction

The purpose of this thesis is to show that for every open Richardson variety
R*“" in type A, the coordinate ring C[R*"] has the structure of an upper cluster
algebra.

Fomin and Zelevinsky introduced cluster algebras after their classification of
minimal total positivity tests for double Bruhat cells revealed a beautiful, fractal-
like pattern formed by connecting pairs of total positivity tests which differ by
exchanging a single element.[10] Pairs of elements that are exchanged satisfy bi-
nomial relations of the form X X’ = M; + My, where M, and M, are products of
the elements common to both positivity tests.

Total positivity was first studied in the context of matrices whose minors are
all nonnegative real numbers, motivated by applications in data interpolation[20]
and modeling mechanical vibrations.[15] More recent applications of total posi-
tivity include the study of Markov structures in statistics[8] and Ising models of
ferromagnetism in physics.[25]

Gasca and Pefia proved that in order to test a matrix for total positivity, it suffices

1,h] A[r-ﬁ-l,r—i—h

to check the collection of n? minors of the form A{C " 1,c4h] [1,5] I where the

row indices and column indices are given by intervals of consecutive integers and



each minor contains either the first row or the first column.[16]

On the torus where the minors A, in this positivity test are nonvanishing, de-
terminantal identities of the form XY = AD + BC give expansions for the re-
maining matrix minors as Laurent polynomials in the variables A ., With positive
coefficients.

Fomin and Zelevinsky characterized minimal total positivity tests for totally
nonnegative invertible matrices stratified by the double Bruhat cell decomposi-
tion in [9]. In 2000, they introduced cluster algebras to formalize the study of total
positivity in algebraic varieties.[10] A cluster algebra is generated by the variables
appearing in a seed pattern. A seed ¥ consists of an n-element cluster (generaliz-
ing a minimal total positivity test), together with a quiver or skew-symmetrizable
matrix encoding subtraction-free binomial exchange relations. Seed mutation is an
involutive operation giving a new seed whose cluster differs from the initial cluster
by a exchanging a single element according to the exchange relations; seeds £ and
Y are called mutation-equivalent if there is a sequence of mutation operations tak-
ing 3 to ¥'. Fomin and Zelevinsky proved that if > and ¥’ are mutation-equivalent
seeds, then the cluster variables of >’ are Laurent polynomials in the cluster vari-
ables of the seed X. They conjectured that the coefficients in this expansion are
positive; this was later proved by Lee and Schiffler for cluster algebras with skew-
symmetric exchange relations in [24], and by Gross, Hacking, Keel and Kontsevich
for skew-symmetrizable cluster algebras in [18].

Applications of cluster algebras include the study of scattering amplitudes (see
[1].

In [3], Berenstein, Fomin and Zelevinsky introduced the upper cluster algebra

A(X) generated by a seed %, defined as of the intersection of the Laurent rings



in the cluster variables of all seeds mutation equivalent to ¥, and containing the
cluster algebra A(X) as a subalgebra. They proved that coordinate rings of double
Bruhat cells have an upper cluster algebra structure. It was later shown by Good-
earl and Yakimov that the upper cluster algebra of a double Bruhat cell coincides
with the cluster algebra in [17].

Our primary goal is to show that there is an upper cluster algebra structure
on open Richardson varieties R*" in type A, where the cluster variables in the
initial seed come from a minimal total positivity test for R*". It is an open ques-
tion whether the cluster algebra generated by the associated seed pattern is always
equal to the upper cluster algebra.

Lusztig defined total positivity for flags in various Lie types in [26] and con-
jectured a decomposition of the totally nonnegative part of the flag variety into
algebraic cells. In [29], Rietsch proved this conjecture and showed that each cell in
the decomposition is contained in an open Richardson variety R"* indexed by a
pair of Weyl group elements v and w.

Given a matrix g € G = SL,(C), the spans of the first i columns of g determine
aflag F = F, ¢ Fy, < ---  F, where dim(F};) = . Matrices ¢g; and ¢, determine
the same flag if and only if g» = ¢10 where b is an element of the upper triangular
subgroup B, < SL,(C).

Let Ag(M ) denote the minor of a matrix M with row set R and column set C'.
Right multiplication by elements of B, preserves ratios of left-justified minors: if
g» = ¢1b, there are nonzero scalars Ay, --- , \,_1 so that Aﬁh] (g2) = /\hAﬁh](gl).
In particular, for each h, the row sets R for which the minor Aﬁ, p) is nonzero is
independent of the flag representative g. For each flag F, there are uniquely deter-

mined permutations u, w € &, so that u ([1, h]) is the minimal row set with A ﬁ e



0 and w ([1, h]) is the maximal row set with Aﬁ n # 0. Flags with the same north-
west rank conditions as ' are the opposite Schubert cell B_uB. /B, and flags with
the same southwest rank conditions are the Schubert cell B,wB,/B.. The open
Richardson variety R*" is the intersection B_uB., /B, n BywB,/B.. Whenu < w
in the Bruhat order, R is a variety of dimension ¢ (w) — ¢ (u); otherwise, R"" is
empty.

Let F' be a flag in the Schubert cell B,wB, /B, and let w = s,, ---s,, be any
reduced word for w. We write w;) = s,, - - - 5, for the product of the first i factors,
where w(g) = 1. There is a unique sequence of flags F°, F*, ... | F* = F satisfying
the following conditions: for each 0 < ¢ < (, the flag F" is in the Schubert cell
BBy /By, and the subspaces F! and F; ' are equal for all j # h;.[27]

Deodhar[7] showed that for each open Richardson variety R** and each re-
duced word w, the sequences of permutations v/ = v, which occur as northwest
rank conditions for a sequence F°, F, .- | F* with F* € R*“" are the distinguished
subexpressions of w with product u (see Definition I1.16). Distinguished subexpres-

tw)—t(w) and a union

sions for u give a partition of R*" into a dense open torus (C*)
of lower dimensional subvarieties D¥':*.

Marsh and Rietsch showed in [27] that algebraic cell R given by the totally
positive points of R*" is contained in the Deodhar torus D"+" for any choice of
reduced expression w. They define a minimal total positivity test by regular func-
tions A, giving coordinates on D"+¥, and provide parametrizations for each sub-
variety in Deodhar’s decomposition.

For each reduced word w for w and each distinguished subexpression v, they

define a sequence of coset representatives g(o), g1, - - - , g(o) for the flags F°, F*, ... F‘ e

DY-¥ using a combination of 1-parameter subgroups and signed transpositions cor-



responding to crossings in a wiring diagram, which they partition into index sets
Jy, J§ and J_; (see Definition I1.18).

The inverse maps Marsh and Rietsch define from D¥'¥ to (C*)I¥| x (C)v| use
chamber ansatz formulas which closely parallel Berenstein, Fomin and Zelevin-
sky’s chamber ansatz formulas for double Bruhat cells. An important distinction

is that chamber minors for the open torus in R"™* need not be irreducible.

Example I.1. Let w = 5,5,5,5,5,5,5,5, and letu = s,. Then the minors A}>; and A7,
are both chamber minors, but the identity A2} = AJ2A 2% holds everywhere on

Ruww

Karpman proved that for Deodhar strata D"+ which project onto positroid
cells, Marsh and Rietsch’s wiring diagram can be converted into a plabic graph
by first constructing a bridge diagram and then deleting strand endpoints to ob-
tain a bridge graph. We will interpret the partial products g;;) in Marsh and Ri-
etsch’s parametrization of D"+ as weight matrices for Karpman’s bridge dia-
grams, viewed as non-planar weighted networks, in order to express minors as
sums of flow weights via Lindstrom’s lemma. After reorienting along certain dis-
tinguished flows, the ratios of minors may be computed in terms of weights of
simple augmenting paths. This technique is used by Postnikov in the case of pla-
nar networks mapping to the Grassmannian via the boundary measurement map,
and is also closely related to Ford and Fulkerson’s classic algorithm for finding a
maximal flow in a network with edge capacities.!

Following Berenstein, Fomin and Zelevinsky’s construction of the upper clus-

ter algebra structure on double Bruhat cells,[3] we will show that there are regu-

n the network flow sense studied by Ford and Fulkerson, paths in a flow need not be vertex-disjoint and the value of
the flow through a given edge need not be integer-valued. A flow in the sense of Lindstrom, Gessel and Viennot requires
that the flow through each vertex and each edge is either 0 or 1, so that a finite network has a finite number of possible
flows; rather than the value of a flow, the relevant data is the weight of the flow, given by the product of the edge weights.



lar functions (X7, - -, X¢(w)—¢u)) Which are pairwise coprime and satisfy the con-
ditions that for each variable X, either X, is identically nonvanishing on R*",
or there is a function X which is regular on R"" so that X/ is relatively prime
to (X1, -+, Xyw)—r)) and the functions X; and X] satisfy the exchange relation
X, X] = M, + M_ for coprime monomials M, and M_ in the variables {X : j #
i}. We will show that the mutated cluster (Xi, -, X;_1, X}, -+, Xow)—e(u)) gives
coordinates for a new torus.

There are two major ways that our work extends previous work. We provide a
factorization of the chamber minors into products of irreducible minors, allowing
us to define a cluster structure that holds generally, where previous results have
placed restrictions on either the word w or the subword u. This requires us to com-
pute minors in terms of path weights in non-planar graphs.

Similar work has been done by Leclerc[23], using cluster-tilting objects to con-
struct a cluster algebra A contained in C[R™"]. Leclerc showed that A is equal
to C[R*"] in the special case where w has a reduced word of the form w = vu,
where u is a reduced word for u. Serhiyenko, Sherman-Bennett and Williams used
Leclerc’s result to show that the coordinate ring of an open Schubert variety in the
Grassmannian is a cluster algebra in [30]. Galashin and Lam[14] generalized this
result, proving that if the open Richardson variety R*" projects onto a positroid
cell in the Grassmannian, then C[R*"] has a cluster algebra structure. This holds
when w is a Grassmannian permutation, which in particular implies that w has a
unique commutation class of reduced words.

We give a further generalization by describing an initial seed X for a specific
commutation class of reduced words w with positive subexpression u,, where

w € &, is any permutation. A word w is unipeak if its wiring diagram satisfies



the condition that each strand first rises monotonically to a maximum height and
then falls monotonically. Every permutation w € &,, has a unique commutation
class of unipeak words (see [22] on canonical sequences). In the case where the
permutation w is not fully commutative, the chamber minors A, from Marsh and
Rietsch’s minimal total positivity test need not be irreducible in C[R**]. In Chap-
ter V, we describe a construction for factoring each chamber minor into a product
of irreducible minors. An irreducible minor X; is obtained from Marsh and Ri-
etsch’s minor A ; by removing strands and row indices along a broken-line “path”
traveling left to right through the wiring diagram. We note that there are close par-
allels between this construction and the technique of deleting redundant portions
of strands, used by Galashin and Lam in [14] and defined by Karpman in [21]. The
strand portions removed in our algorithm are in general not redundant in Karp-
man’s sense, and in particular a strand o may be removed when solving for the
minor X; but retained in solving for some minor X, corresponding to a crossing
k to the right of j. Another subtle distinction is that we remove strands based on
crossings to the right of a chamber rather than to the left. That is, a chamber mi-
nor which is irreducible for matrices z € B, with 2w € R*®*® may factor if we
require that zuwy) € R*®“® for some k > 1.

Chapter II gives an introduction to the symmetric group, the Schubert and op-
posite Schubert cell decompositions of the flag variety, and the open Richardson
varieties R*" under Deodhar’s decomposition.

Chapter III gives background on wiring diagrams with applications to Marsh
and Rietsch’s Chamber Ansatz and describes key characteristics of unipeak wiring
diagrams which will enable us first to find regular functions which are pairwise

coprime, and later to compute entries in a distinguished flag representative and



verify Laurentness in the mutated cluster.

In Chapter IV, we develop combinatorics for showing when a minor on a col-
lection of columns which is not left justified vanishes due to northwest rank condi-
tions. We show that chambers labeled by minors which vanish on a given divisor
form a simply connected region in the planar projection of the wiring diagram and
are bounded by a connected cycle in the non-planar wiring diagram.

In Chapter V, we give a chamber weighting on the unipeak wiring diagram for
the open Deodhar stratum, so that each minor is a product of irreducible minors
Agi indexed by nearly positive sequences v7. In particular, the distinguished subex-

pressions giving hypersurfaces in Deodhar’s decomposition are a subset of the v/.

J

We show that if v/ is a distinguished subexpression, then the minor Agj vanishes
identically on DV, and that for any i # j the minor Agz is generically nonvan-
ishing where Ag = 0.

In Chapter VI, we lay out the background for computing minors of a weight
matrix for a weighted directed network using augmenting flows in a reoriented
graph and describe Karpman’s bridge diagram construction for identifying Marsh
and Rietsch’s wiring diagrams with weighted directed networks.

In Chapter VII, we recall Berenstein, Fomin and Zelevinsky’s Starfish Lemma
for giving the coordinate ring of a normal variety the structure of an upper cluster
algebra. We define a quiver with vertices indexed by the variables X; and arrows
induced by arrows in the chamber ansatz quiver. We use augmenting flows in an
acyclic weighted network to first show that the exchange relations send coordinate
functions on the torus to Laurent polynomials in the new cluster, and later to show

that each exchange variable X/ can be computed in terms of the special chamber

minor defined by Marsh and Rietsch in the parametrization of the boundary divisor
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CHAPTER II

Background and Notation

2.1 The symmetric group &,

Definition IL.1. An interval [a, b] in the integers is given by the consecutive integers

twitha <7 <b.

Definition II.2. The symmetric group &,, is the group of permutations on n letters,
where a permutation is a bijection from [1, n] — [1, n]. We write vw for the compo-
sition v o w given by v o w(i) = v(w(7)).

Definition I1.3. The one-line notation for a permutation w € S,, is the sequence of

letters w(1)w(2) - - - w(n).

The group &,, is generated by the elementary transpositions {s;,|]1 <i <n —1},
where s, swaps the letters i and i + 1 and fixes j ¢ {i,i + 1}, with the following

defining relations.
o s?=1.
e 5,5, =s;s;, when |i — j| > 1.
® 5,85118; = Si115:Siy1-

Definition II.4. An inversion of w € &,, is an ordered pair (i,j) with i < j and

w(i) > w(j). We write inv (w) for the set of inversions of w.

10



11
Note that inv (s,) = {(i,i + 1)}.
Definition II.5. The length of w is ¢ (w) = #inv (w).

Note that ¢ (w) = 1 if and only if w = s, for some i.
For any w € &,, and any elementary transposition s,, either ¢ (ws,) = ¢ (w) + 1

or { (ws;) = { (w) — 1.[4]

Definition IL.6. A word for w is a sequence s, ,--- ,s, with products, ---s, =w.

A word for w is reduced if k = ¢ (w).

Definition IL7. A subword of s;, ---s,_is an ordered subsequence Sij Sy -

Im

Definition IL.8. The permutation matrix corresponding to w € &,, is the n x n matrix
P(w) with entries P(w),,;, ; = 1 and P(w),; = 0if i # w(j). This gives an isomor-
phism between &,, and the group of n x n matrices with exactly one 1 in each row

and each column and other entries 0.

Definition I1.9. Let M be an n x n invertible matrix and denote the submatrix of M
with rows I and columns J by M. We define the northwest and southwest rank
matrices of M as follows:

“WRank;; (M) = Rank (M)

swRank;; (M) = Rank (M["])

Definition I1.10. Let M be an n x n matrix. Let R and C be subsets of [1,n] with

|R| = |C|. We denote the minor of the submatrix M/ by Ag.

In the case of a permutation matrix P(w), the rank of any submatrix is its num-
ber of nonzero entries, so that the entry ™Rank;; (P(w)) is the number of 1s in the
northwest block P(w),}, and the entry g Rank;; (P(w)) is the number of 1s in the

southwest block P (w)[".

1,5]



12

1 0 0 1 1 1 1 2 3
P(52) = ( 0 0 1 ) NWRank (P(Sz)) = ( 1 2 ) swRank (P(Sz)) = ( 0 2 )
01 0 1 2 3 0 1 1

0 1 0 0 11 1 2 3
P(sys:)=1 0 0 1 MWRank (P(s,s,)) = 0 1 2 wRank (P(s,s,)) = 1 1 2
1 0 0 1 2 3 1 1 1

—_
—_

Figure 2.1: Permutation matrices and rank matrices for the words v = s, and w = s,s,

We say that v < w in the Bruhat order if it meets one of the following criteria.
(See Corollary 2.2.3 and Theorem 2.1.5 [4].)

Proposition I1.11. Let u and w be permutations in &, The following are equivalent:
1. Every reduced word s, - - - s, for w has a subword that is a reduced word for u.
2. Some reduced word s, - - - s, for w has a subword that is a reduced word for .

3. Foreveryiand jin [1,n], #{a € [1,7] : u(a) = j} < #{a € [1,i] : w(a) = j}.
4. For every i and j in [1,n], swRank;; (P(u)) < “Rank;; (P(w)).
5. For every i and j in [1,n], " Rank;; (P(u)) = swRank;; (P(w)).

In Figure 2.1, we note that for the words © = s, and w = s,s,, the matrices
NWRank (P(u)) and ™Rank (P(w)) agree in columns 2 and 3, and so do the matrices
swRank (P(u)) and gwRank (P(w)), while the entries in the first columns satisfy in-
equalities gyRank;; (P(u)) <gwRank;; (P(w)) and ™Rank;; (P(u)) =""Rank;; (P(w)).
The rank matrices corresponding to pairs of permutations u and w satisfy the same

type of inequalities whenever u can be expressed as a subword of a reduced word

for w.

2.2 Flags

Let G denote SL,,(C), the group of n x n matrices with entries in C and determi-

nant 1. Let B, and B_ denote the Borel subgroups of upper and lower triangular
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matrices. The type A flag variety F(,, = G/B, is the variety of sequences of sub-
spaces F = F!' ¢ F? < --- < --- F" = C" satisfying dim " = i. Given a matrix
g € G, the successive spans of the first i columns determine a flag. Matrices ¢,
and g, determine the same flag if there is an upper triangular matrix b € B, so
that ;0 = go. We identify a flag I’ with its coset of matrix representatives gB. .
Since ratios of maximal minors on a given collection of vectors are preserved by
elementary column operations, the following data are independent of the choice
of g.
1. The condition that Af ,\ 0.

Al

AT

[1,h] (9)

2. The value of the ratio , Where R is chosen so that the denominator is

nonvanishing.

In particular, the matrices ™ Rank (g) and syRank (g) are well-defined functions
of gB. . Foreach flag g B, , there are unique permutations v and w so that ™Rank (g)
="Rank (P(u)) and syRank (g) = syRank (P(w)). In the general linear group G L,,(C)
“WRank (¢g) = ™Rank (P(u)) if and only if ¢ = LP(u)U for some lower triangu-
lar L and upper triangular U, and syRank (¢) = swRank (P(w)) if and only if g =
Ui P(w)U, for some upper triangular matrices U; and U, (see Fulton[13]). Since
the determinant of a permutation matrix P(w) is given by (—1)#/%) = +1, the
matrices P(u) and P(w) need not be elements of G, but there are analogous con-
ditions ™Rank (¢g) = “Rank (¢') ifand only if B_¢gB, = B_¢'B, and swRank (g) =

swRank (¢') if and only if B, gB, = B.¢'B,.

2.2.1 1-parameter subgroups and signed transposition matrices

Following Marsh and Rietsch,[27] we write y,(¢) and z,(¢) for the 1-parameter

subgroups of G whose elements look like the identity matrix with the (h,h + 1)
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diagonal block replaced by the blocks (}9) and (§¢).

There is a set-theoretic inclusion of G,, into G induced by sending each elemen-
tary transposition s, to the matrix 3, = y,(1)z,(—1)y,(1), giving the block () ') at
the (h, h+ 1) position. The matrices $, have relations s,s, = $,s, for | —k| > 2 and
$n8ns18n = Sni1SnSni; we note that §;' = y,(—1)z,(1)y,(—1), with (h, h + 1) block
so that s, is not an involution. For each w € &,, let s, - - - 5, be a reduced word for
w and let w be the product s,, - - - §,,. From Deodhar, the matrix w is independent

of the choice of reduced word.[7]

Remark 11.12. By construction, the matrices w have the property that the minor on
rows w([1, h]) and columns [1, 4] has determinant 1, since a column is multiplied

by —1 exactly when it introduces an involution.

2.3 Schubert cells, opposite Schubert cells and open Richardson varieties

The flag variety G/B. has two natural decompositions into Schubert cells B, wB, /B
consisting of flags with southwest rank matrix gyRank (P(w)) and opposite Schubert
cells B_uB, /B, corresponding to flags with northwest rank matrix " Rank (P(u)).
Following Fulton,[13] each flag ¢ B in the Schubert cell B, wB, /B, has a unique
coset representative of the form Zw, where 2 is upper triangular with diagonal
entries 1 and Zw,(;); = 0 whenever j > i. The entries indexed by permutation

positions give ¢ (w) independent coordinates on B wB, /B..

Remark 11.13. It follows immediately that if A, - - - , \,, are scalars satisfying H)‘i =
i=1

1, there is a unique z € B, so that the flag zwB, = gB,, the diagonal entry z;; = \;

and zwy(;),; = 0 for j > 1.

Definition I1.14. The open Richardson variety R*" is the intersection B wB, /By n

B_uB./B,.
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From Marsh and Rietsch,[27] whenever © < w in the Bruhat order, R*“" is
nonempty and has dimension ¢ (w) — ¢(u), while if v £ w, then R*" is empty.
We recall that if u € w, then there exists some index h so that u([1, h]) < w([1, h]),

u([1,h])

so that AFl(E]’h]) vanishes identically on B wB, /B, while A" is everywhere

nonvanishing on B_uB, /B..

2.4 Flag reductions and Deodhar’s decomposition

Givenany reduced word w = s,,, - - - 5,,, Deodhar[7] showed that the open Richard-
son variety R"" breaks down into a disjoint union of simpler strata. The largest
piece is a dense open torus, and the remaining strata are of lower dimension and

isomorphic to products of tori with affine spaces.

Notation IL.15. Let w = s,, - - - 5,, be a reduced expression for w. We write w;, for

the partial product s, - - - s,,..

Let ' = F| ¢ --- c F, be aflagin R*" and let w = s, ---5,, be a reduced
word for w. There is a unique flag Fin Biwg-1)B4 /B, so that the subspaces
[, = F, agree for h # h,. We say that F is the projection of F' to the Schubert
cell Byw—1)B4/B.. If z is an upper triangular matrix with 2w is a coset represen-
tative for the flag F’, then zw,_,) is a coset representative for F. (See [27].)

Inductively, if B, € R“", then there is a unique sequence of flags F* = ¢gB,,
F*1 ... F° = B, obtained by projecting the flag F in B_ ;B /By to the Schu-
bert cell B, w;_1)5B,/B.. Deodhar considered the sequence of permutations u, so
that the flag F'"* is in the opposite Schubert cell B_1 ) B, /B, and gave the follow-

ing characterization.

Definition IL.16. Let w = s, - - - 5,, be a reduced expression for w. A sequence of

permutations v = v is a distinguished subexpression of w if v, = 1 and for

> Ve
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each index i with 1 < ¢ </, the following conditions hold.

1. Either v, = v, , orv, = v, s,

1)

2. Whenever v,

(-1)Sn; < U

i1y in the Bruhat order, v, = v,_,,s,,.
We say that v is a distinguished subexpression for « if v is a distinguished subex-

pression satisfying v u.

® =
Notation I1.17. [27] We use the notation v < w to mean that v is a distinguished

subexpression of w.

Definition I1.18. [27] Let w and u € &,, with u < w. Fix a reduced expression w
for w, and let v < w be a distinguished subexpression for u in w. We define J
= {0 v = v 0 b I =0 vy > vy tand Jo = {7 v < vg)

Notation II.19. [27] Given a reduced expression w = s,, - - s,,, we encode a dis-

tinguished subexpression v by writing s, to indicate that v, =v_, s,

Theorem I1.20. [7] Fix a reduced word w for w and let v = v, ,--- , v, be a sequence of
permutations. The locus DV given by {zwB, € R"" : zwy By € R"&™" forall 0 <
i < 0} is non-empty if and only if v is a distinguished subexpression of w. For each distin-

guished subexpression v, DY is isomorphic to (C*)"™ x €IV,

Definition I1.21. Let v be a distinguished subexpression of w with product u. v is
called a positive subexpression if for each 1 < i < {, we have v, ,, < v,,,.
Marsh and Rietsch proved the following lemma, which implies that the decom-

position of R*™ corresponding to a reduced word w has a unique maximal torus

DU+W ~ (C*)Z(w)—((u) )

Lemma I1.22 (Lemma 3.2[27]). Let u < w in the Bruhat order and fix a reduced word
w for w. There is a unique positive subexpression of w with product u, obtained by setting

Uy = wand taking u_,, = u,s,, whenever ugs,, < u.
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One of our initial goals is to show that there are regular functions X, - - - , X))
giving a parametrization of D"+" which satisfy the coprimeness condition that for
each i # j, the locus {X; = 0} n {X,; = 0} has complex codimension > 2. In partic-
ular, to describe the regular functions on R"", it suffices to check regularity on the
torus D"+ and on each hypersurface D¥''%, where v/ is a distinguished subex-

pression of w which gets shorter at a unique index.

Definition I1.23. Let u, = v, - - - , u(, be the positive subexpression for v in w. Let
J be an index with u;_,, = u;,. We define the nearly positive sequence v’ by setting
Vi = U, forall k = j, v, ,) = ugs,, and vf;_,) = v(ys,, whenever vy, s,, < v(,. v’ is

e . . _] _
a nearly positive subexpression for u if v(,, = 1.

Corollary I1.24. Let v be a distinguished subexpression for w in w. The Deodhar stratum
DY-Y is a hypersurface if and only if v is the nearly positive subexpression v’ for some

index j with ug, = u;.) and ug, = 1.

Proof. We note that if v is a nearly positive subexpression v/, then by construction
it has ¢ (u) + 2 factors and hence gives a hypersurface by Theorem II.20. The dis-
tinguished subexpression v gives a hypersurface if and only if there is a unique

index where v ;_,, > v,,,. Since v and u, are both distinguished subexpressions for

(-1

u, we have v ,, = u = . For k > j, both sequences decrease whenever possible,

()

giving v ;) = u;, and hence v, ) = u;s,, > u;), so that u;_,, = uy; by positivity of
u_. By hypothesis, v/ has ¢ (u) +2 factors, so that v, - - - ,v,,_,, must be the unique
positive subexpression for v,_,) = u_ys,, inside w,, -, w; ). So v = v/, and
hence v/ must be a distinguished subexpression. O

In Example I1.25, we compute the nearly positive sequences for the expression

W = 5,555,5,5,555,. In general, if i € Ju, is the index of the first factor of s, in w,
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the sequence v’ is not a nearly positive subexpression. In this example, we will
see that this is not an equivalence: the sequence v° fails to be a nearly positive
subexpression. This means that the cluster variable X (as described in Chapter V)

is frozen.

Example I1.25. Let w = s,555,5, 5,555, with positive subexpression u. given by the
underlined factor s,. In sequence notation, u; = (u), -, uwm) = (1,1,1,1,1, 55, S5, 55).

The nearly positive sequences of w are given in the following table. We note that

each v’ agrees with u, for indicesi,i +1,--- , £ =T7.
Index i e Ja, Vii_yy = U1y S, vi = (Uéo), Uiy o ,vfﬂ)
1 S, (84, 1,1,1,1,8,,85,8,)
2 Ss (83,85, 1,1,1,8,,8,,8,)
3 Sy (Sa, Sy Say 1, 1, 85, 85, S5)
4 S, (81,81, 81,81, 1, S, S, Ss)
6 $583 (8583, 8283, S283, 8283, S2S3, Sa, Sa)
7 8584 (1,84, S4y Say S284, S2S4, S284, )

The sequence v’ is a nearly positive subexpression of w, since it satisfies the

condition v7

i, = 1. We do not define a nearly positive sequence v° since the index

5isin J , corresponding to the underlined factor s,.

2.5 Cluster algebras from quivers

Cluster algebras are an algebraic structure introduced by Fomin and Zelevin-
sky, motivated by the study of total positivity. In [9], they characterized minimal
total nonnegativity criteria for matrices in the double Bruhat cell G*-*. Using deter-
minantal identities, they showed that if the minors indexed by the chambers of a

double wiring diagram for the pair of permutations (u, v) are nonzero, then every
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minor of the matrix can be expanded as a subtraction-free Laurent polynomial in
the chamber minors. Further, they showed that one set of total positivity criteria
can be transformed to another by a sequence of exchanges, where one function X is
exchanged for another function X’ obeying a subtraction-free binomial exchange
relation X X’ = M, + M.

In [10], Fomin and Zelevinsky defined cluster algebras to formalize the study
of the rings generated by clusters related by a similar subtraction-free binomial
exchange recurrence.

We will restrict our attention to cluster algebras from quivers, as described by

Williams in [34].

Definition II.26 (Ice quivers). An ice quiver is a directed multigraph ) = (V, E) so
that whenever there is an arrow e from v; to vy, there is no arrow from v, to v,

together with the following data and constraints.

1. Each vertex v € V is designated either mutable or frozen.

2. For each arrow e € I, at least one endpoint of e is mutable.

3. For each mutable vertex vy, there is a mutation rule ;i sending () to a new

quiver Q" = (V, ux(E)). The arrows ju,(E) are obtained from E as follows.
e For any length 2 path v; oo 3 v;j in ) with at least one of the endpoints
v; and v; mutable, an arrow v; — v; is added to £’

e Arrows starting or ending at v, are reversed.
e Cycles of length 2 are eliminated by removing pairs of arrows v; — v; and

vy — U;.

The vertices of the ice quiver are labeled by a cluster X of algebraically inde-

pendent indeterminates, given the same designation of frozen or mutable as the
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corresponding vertices. When the quiver is mutated at a mutable vertex vy, the
variable X}, is exchanged for a variable X}, where the product X X; is a binomial
in the other cluster variables encoded by the arrows of the quiver. The elements
of the original cluster X and the mutated cluster p;(X) generate the same field

extension over C.

Definition I1.27. Given anice quiver () with mutable vertices vy, - - - , vx and frozen
vertices vy 41, -+ ,Un+m, a cluster is a tuple of variables indexed by V with X; des-
ignated mutable if v; is mutable and frozen if v; is frozen. The pair ¥ = (X, Q) is
called a seed. The seed mutation 1u,(X) is the mutation of () at vertex v, together with
the cluster mutation j;,(X) = X\ {Xx} u{X}}, where X, and X}, satisfy the exchange

relation X, X = H X+ H X;.
Uki)l)]' vjih)k

For any mutable vertex vy, the mutation /() is an involution. In general, the

mutations p; and i, do not commute under composition.

Definition I1.28 (Mutation equivalence). Two seeds ¥ and ¥’ are mutation-equivalent
if there is a sequence of mutations transforming ¥ to >'. In this case we write

Y~ Y.

Definition I1.29 (The cluster algebra generated by an initial seed). Let ¥ = (X, Q)
be a seed. The cluster algebra generated by ¥ is the C-algebra .AY generated by all

cluster variables appearing in seeds mutation-equivalent to ¥.

Fomin and Zelevinsky proved that whenever ¥ = (X, Q) and ¥’ = (X', Q)’) are
mutation-equivalent seeds, every cluster variable X, in the cluster X’ can be writ-
ten as a Laurent polynomial in the cluster variables X. That is, the cluster algebra
A(X) is contained in the ring of Laurent polynomials in the variables of any given

cluster X. Given an initial seed ¥, Berenstein, Fomin and Zelevinsky defined the
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upper bound algebra /(X)) as the intersection of the Laurent rings in the cluster
variables belonging to seeds within one mutation from ¥ and the upper cluster
algebra A(Y) as the ring of functions that are Laurent in the cluster variables of

every seed mutation equivalent to 3.

Definition I1.30 (Upper bounds and upper cluster algebras). Let ¥ = (X, Q) be a

seed. The upper bound for ¥ is the algebra givenby U(X) = C[X*]n [ Clux(X)*].

X mutable

The upper cluster algebra generated by X is givenby AX = [ C[X*].
2=(X'Q)

By Theorem 1.5 in [3], the upper bound algebra ¢/ () is equal to the upper clus-
ter algebra in the case where exchange binomials in every seed are pairwise co-
prime.

We will find it computationally convenient to describe the exchange relations
for a cluster variable in the initial seed in terms of the ratio of the two monomials
on the right hand side; that is, the y-variables defined by Fomin and Zelevinsky in
[11].

Definition I1.31 (y-variables). Let v; be a mutable vertex. The y-variable for the clus-

[T x
€
VU5

ter variable X, is g, =

X

€
VTV



CHAPTER III

Wiring Diagrams

3.1 Wiring diagrams

Wiring diagrams are a combinatorial object for keeping track of where a left-
justified interval [1, k] is sent by partial products of the first i terms of a word
Sny, -+ 5n,([1, h]), which applies in our context to keeping track of which minors
of an upper triangular matrix z are determined by ratios of left-justified minors of
the flag zw ;) B

We begin with a general discussion of the wiring diagram associated to a word
w.[2] [3]

Letw = s,, ---s,, be a word for w (not necessarily reduced). The wiring diagram
associated to w is given by the following procedure: We begin with n horizontal
line segments or strands, with endpoints labeled from bottom to top as A,,--- , A,
on the left and p,,-- -, p, on the right. The height of a strand « is the number of
strands weakly below it.

For each index 7, we insert a crossing at height h,; corresponding to the transpo-
sition s,,, by extending the diagram at the right, so that the strands with endpoints

labeled p,. and p,. ., cross transversely, switching heights.

Notation III.1. We refer to the strand that travels up at crossing i as the rising

22
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A, ———————pa
N,
Ay Ps
A P2
A P

Figure 3.1: Wiring diagram for the empty word w = 1

Prn Pn
. Sh. i i) -
L //’__h_’;\\\ ax, () >Z< a/(z).phi
_— /}}:i Y il . Ph;+1
P1 P

Figure 3.2: Adding a crossing at height h;
strand, denoted by « .(i); the strand that travels down is the falling strand, denoted
by a-_(7).
We will also need refer to the set of crossings with a particular rising or falling

strand.

Notation III.2. For each strand «, we define the ascending indices of o to be the set

Jo(a)={j:a.(j) =a}.

We define the descending indices of « to be

Jo(a) ={j:a (j) =a}.

Notation ITL.3. We write \(w) (o) = h if the strand « has left endpoint \,. We write
p'(w) (o) = hif a has right endpoint p, after crossing i is added (or equivalently,

if v is at height h immediately to the right of crossing 7).

The wiring diagram for w = s, - - - s,, is reduced if w is a reduced word, which

is equivalent to the condition that each pair of strands o and 3 cross at most once.
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Aw(n) Ps
)\w(s) J@ P2

Aw(2) ! P1

Figure 3.3: Wiring diagram for the reduced word w = s,s,

As Ps As
1234 1234 1234
A, P4 Ay
123 123 124 124 123
As Ps s
12 12 12
Ao P2 Ao
1 1
AL P1 A

Figure 3.4: Upper and lower arrangements for s;5,5;5,5,5,545,

Definition IIL4. A left-to-right path in a wiring diagram is a sequence of strands
a,,- -, o, indexed by consecutive crossings ¢ < j < m, such that foreach j > i+1,
either o, = o, , or a; and v, , cross at index j. Thatis, o, - - - , ,, is a left-to-right
path if there is some & € [1,n] and a subexpression v of w so for each i < j < m we
have (v,,,) " (h) = p'(W) () . A left-to-right path is connected if for each crossing j

where «; # «;_,, we have j € J°.

In general, a left-to-right path may refer to a sequence of edges in the non-planar

graph which projects onto a path.

Definition IIL.5 (Upper and Lower Arrangements). Let w be a reduced expression
for w with distinguished subexpression v. The upper arrangement is the wiring di-
agram with crossings corresponding to the factors of v. The lower arrangement is

the wiring diagram corresponding to w.

Definition II1.6. Let r be an index with 1 < r < n. The geodesic path -, is the left-

to-right path in the wiring diagram for w corresponding to the strand in the upper
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arrangement with left endpoint A, and right endpoint p,-1,,.

Notation IIL.7. We write X’(uy) (o) = r if the right endpoint of the strand « at
index i is at height h where u,,(h) = r (or equivalently, if the right endpoint of «
at index h is on the geodesic path 7,). We write p*(u.) (r) = h if the geodesic path

with left endpoint A, has right endpoint p, at index i.

Definition II1.8. We say that the geodesic path ~, crosses below the strand « .(4) if

either of the following holds:
1. i e J;, and v, follows o (i) immediately to the left and right of crossing i.

2. i€ Jy, and 7, follows a .(i) to the left of 7 and a. (i) to the right of i.

3.2 Chambers in reduced wiring diagrams

Consider an embedding of the wiring diagram in a rectangle so that the end-
points of the strands are on the boundary of the rectangle.

A closed chamber at height h in a wiring diagram is the bounded region between
consecutive crossings at height h. A left boundary chamber at height h is the region
between the strands with left endpoints A\, and A, ,, and the left boundary of the
rectangle; a right boundary chamber at height h is enclosed by the strands with end-
points p, and p,., and the right boundary of the rectangle. The wiring diagram
in Figure 3.5 has a single closed chamber, C. Chamber D is both a left boundary
chamber and a right boundary chamber.

We will use the Korean letter =% (“chieut”) to represent a chamber, and we write
Strands( =% ) for the set of strands below =% . We denote the four chambers sur-
rounding the crossing at index ¢ by = _ (i), = (i), = (i) and = (i), as shown

in Figure 3.6.! The pairs of chambers { = _(i), =% _ (i)} and { =% ,(i), % (i)} are

IThese can be pronounced as “the west chamber of i” for =& _ (1), etc.
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Figure 3.5: Chambers in a wiring diagram

= (i)

= _(HAF )

Ne

(@)

Figure 3.6: Relative indexing for the chambers west, north, south and east of a crossing ¢
opposing; we refer to the other pairs of chambers surrounding = as adjacent.

3.3 Unipeak wiring diagrams

In this section, we describe a distinguished class of reduced wiring diagrams
that will enable us to define an initial seed for each open Richardson variety R"".
Unipeak diagrams are the wiring diagrams associated to the canonical sequences
studied by Kassel, Lascoux and Reutenauer[22] in the context of factorizations of

the Schubert form representative of a flag in B vB..

Definition II1.9. A wiring diagram is unipeak if for each strand « there is an index
J so that the sequence p'(w) () is weakly increasing for all ¢ < j and weakly

decreasing for all i > j.
Proposition II1.10. Every unipeak wiring diagram is reduced.

Proof. Suppose to the contrary that there is a pair of strands that cross twice. Then

there are indices i < j so that a (i) = o~ (j) and (i) = « ~(j), which contradicts
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the hypothesis that no strand travels up after traveling down. O

Proposition II1.11. A reduced wiring diagram is unipeak if and only if for every crossing
J, there is no strand [3 which crosses below « .(j) to the left of i and crosses above o (j) to

the right of j.

Proof. It is immediate from the definition that if a diagram is unipeak, no such
strand [ exists since a strand in a unipeak diagram cannot travel up after travel-
ing down. Conversely, if a reduced diagram fails to be unipeak, then choose some
strand [ so that there are indices i < k with a (i) = 8 = a_.(k). Since the wiring
diagram is reduced, the strand « (i) stays above /5 to the right of i and the strand

a- (k) is above f to the left of k. So there must be some index j with i < j < k with
a(j) = a.(i) and o (j) = - (). [

In [22], Kassel, Lascoux and Reutenauer showed that every permutationw € &,
has a unique commutation class of unipeak wiring diagrams, which they char-
acterized by the equivalent description from Proposition III.11. They define the
canonical sequence of a permutation w as follows. For each index h with1 < h < n,
let m, = h + #{h' : (h,j) € inv(w) }, and let C}, be the cycle s,,, _, ---s,, where
the product is empty if m; = h. The canonical sequence for w is the expression
w = () ---C,. Its wiring diagram is unipeak: for the strand o ending at target
vertex p,, the crossings where o travels down are precisely the crossings corre-

sponding to the cycle Cj,.

Proposition IIL.12. Let i and k be crossings in a unipeak wiring diagram with i < k.

Then the following hold:

1. Ifa (i) = a_.(k), then

Strands( = _(k)) = Strands( =& _(i)) v {a (j) 1 i < j < k,a.(j) = a_.(i).
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2. If (i) = a(k), then for all j =i, p(w) (a (1)) < p(W) (a(K)).

3. If o (i) = av (k), then
Strands( = _(k)) = Strands( =& _(i))\{a -(j) : i < j < k,a (j) = o () }.

4. If o (1) = a (k), then A(w) (a_-(i)) > A(w) (e-(k)).

Proof. We can think of the strands in a chamber of the form = _(k) either as the
collection of strands with targets weakly below « .(k) at index k£ — 1 or as the col-
lection of strands with targets strictly below a. (k) at index k& — 1.

In general, if w is reduced, and « (i) = a .(k), then
Strands( = _(k)) = Strands( = _(i)) \{a(j) :i < j < k,a(j) = a_(1)}
Ual () i< <k a.() = a(i)}
If o .(k) = a (i), then the strand « .(7) is traveling strictly up between indices i and
k, so that the set {a.(j) : i < j < k,a(j) = a (i)} is empty. The strand o (7) is
traveling strictly down for indices greater than 4, so we must have p’(w) (o (7)) <

pH(w) (e (K)) -

Similarly, if a. (i) = - (k), then
Strands( = _(k)) = Strands( = _(i)) \{a-(j) : i < j < k,a (j) = a (1)}
vl () ri<j <k a(j)=a (i)}

In a unipeak diagram, the set {a (j) : ¢ < j < k,a.(j) = a (i)} is empty, since
a- (i) cannot cross up over any other strand at an index j > 1.

Since o (i) = o (k), then « (i) and « .(k) must each be traveling up in the
region to the left of a. (7). In particular, « (i) and « .(k) do not cross each other
before crossing a. (j). Since . (i) crosses down over « .(i) first, a .(i) must be

above a (k) to the left of . (7). O
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Proposition II1.13. [31] Let i be a crossing in a unipeak wiring diagram. Then the fol-

lowing hold:
1. {a: AMw) (a) < A(w) (an(i))} < Strands( = _(i)).
2. Foreachj =i —1,theset {f : p(w) (8) < p’(w) (a(2)) } < Strands( = _(i)).

Corollary III.14. For each j > i — 1, the set {a : A(w) (o) < A(w) (a-(4)) } v {P :
pP(w)(B) < p'(w)(a (i)} = Strands( = _ (1)), where in general the union is not dis-
joint.

Proposition IIL.15. Let m = o, - - - , o, be a left-to-right path in a unipeak wiring dia-
gram. If j < kareindices so that o; = o -(j) and o, = o - (k), then A\(w) (o;) = AN(W) (o),

with equality if and only if oy = «; forall j < j' < k.

Proof. We claim that the sequence {\(w) (o .(j)) : 7 travels through crossing j} is
weakly decreasing. Let j and k be consecutive crossings along 7. If a; = a .(j),
then either o .(k) = a -(j) or a (k) crosses above « -(j) so that A\(w) (o .(k)) <
A(w) (o ~(7)). Otherwise, o -(j) and « (k) are consecutive strands crossing above

a;, and hence A\(w) (a (k) > A(w) (a_(k)). O

Corollary II1.16. Let w be a unipeak word with positive subexpression u... Let v, be a
geodesic path and suppose that there are crossings i < k so that ~, follows o (i) immedi-
ately to the left of i and o (k) immediately to the left of k. If o .(7) has left endpoint \, and

a (k) has left endpoint \,, then a > b. In particular, o .(k) € Strands( = _(1)).

Corollary I11.17. Let w be a unipeak expression with positive subexpression u,. If j < k
are indices so that N (u,) (a ~(7)) = N (uy) (a -(k)), then \(w) (o (7)) = X(w) (o -(k)),
with equality if and only if N (u.) (o -(4)) = N (uy) (a () forall j < j' < k.

Corollary IIL.18. If o .(i) = o -(j) and N (uy) (o -(2)) = r, then for all crossings k > j

with \*(u.) (o .(k)) = r, we have o . (k) € = _(3).
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Proposition II1.19. Let w correspond to a unipeak diagram for w and let u be a positive
subexpression of w. Let « be a strand in the wiring diagram and let k be an index so that
p' (W) (o) is weakly increasing for i < k and weakly decreasing for i = k. Then \'(u..) (o)

is weakly increasing for i < k and weakly decreasing for i = k.

Proof. Since u, is a positive subexpression, for any crossing i, we have A’ *(u ) (a (4))
<A (uy) (o () Ifi e Ty, A(uy) (- (i) = A7 (uy) (o (4) and A (uy) (a (1) =
AN uy) (e (d)). If i € Jy then M (uy ) (a (i) = A7 (uy) (o -(i)) and A () (@ (4))

= A7 (uy) (o, (4)). 0

Lemma II1.20 (Forbidden crossings). Fix a unipeak diagram corresponding to u, and
w. Let ov and 3 be two strands and suppose that for some i we have p'(w) (o) < p'(w) (B)
and X'(uy) (o) > N (uy) (B). Then p*(w) (o) < p*(w) (B) forall k = i. (That is, o and

B do not cross at any index k > i.)

Proof. Assume for contradiction that there is some k& > i so that p*'(w) (o) <
p*(w) (B) and p*(w) () > p"(w) (B)). Letro = X'(uy) (a) and let rg = A'(uy) (8).
Write w,) = w,_1)S,, - Since a must cross up atindex k, p’(w) («) is weakly increas-
ing for j < kand so \*'(uy) () = 7o. If M (uy) (B) < rp < 7o, then ug,_yys,, <
w1y Which contradicts positivity of u;.So o and § cannot cross at k. If \*~*(u) (5)
> rg, then there is some j € J; withi < j <k, N"'(uy) (8) = rg and N (u,) (B)
>1rg.50 p'(w) (B) > p/(w) (a(j)) > p(w) (or;) with o (j) traveling down. Hence
o must cross above a-_(j) at some index j' between j and k. But M’ (u,) (a-_(j)) <
N (uy) (e (j)) = rp, contradicting positivity of u.. So a and 8 do not cross at any

index k > 1. O]

Corollary I1.21. Let i € J; and write r* = u,(h;) and r— = g (h; + 1). Let o and

B be strands so that ~y,+ follows o at some index k > i and ~y,_ follows (3 at some index
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k' > 1. Then the right endpoint of o is above the right endpoint of /5.

3.4 Chamber ansatz formulas

In this section, we describe the Chamber Ansatz formulas of Marsh and Rietsch,
which generalize earlier work of Berenstein and Zelevinsky.

From Deodhar’s theorem, given a reduced expression w with distinguished
subexpression v, the Deodhar stratum DY is isomorphic to the product of a torus
(C*)v! and an affine space (C)I’v|, where we recall that J¢ is the set of indices i
with v, = v,_,, and J is the set of indices i with v, < v,_,,. Marsh and Rietsch
give the following explicit parametrization of DV-%.

Formula 111.22 (Parametrizing the Deodhar stratum DY"[27]). Let w be a reduced
expression for w and let v < w. There is a bijective map from (C*)~ x (C)Mv

to DV given by (t)icss % (mi),e;- — 9By where g is the coset representative

g = ﬁgi, with
i=1

9i =3 s, ie J}
x,(my)s7t ieJy

\

To construct the inverse map DV:% — (C*)vI x (C)’v], Marsh and Rietsch define
chamber ansatz formulas, where a flag gB, € D'V is sent to a point described by
ratios of minors of an upper triangular matrix z satistying zwB, = gB,.

To each chamber = in the wiring diagram for w and v, Marsh and Rietsch
associate a minor of an upper triangular matrix z such that flag determined by zw is
an element of DV'%. Rows are determined by the strands in the upper arrangement

below the region containing =%, while columns are determined by the strands
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under =X in the lower arrangement. For indices i with ¢ € Jf or ¢ € J, so that
there is a crossing in the upper arrangement at index ¢, Marsh and Rietsch also
consider the special minor with columns taken from the chamber to the right of 4

and rows taken from the region to the left of 7 in the upper arrangement.

Notation I11.23. We denote the minor of a matrix M with row set R and column set
C by Ag(M ). Except where otherwise specified, row indices and column indices
are taken in increasing order. When no matrix is specified, Ag refers to a minor of

a fixed upper triangular matrix z.

Definition I11.24 (Chamber minors [27]). Label each region R in the upper arrange-
ment by the left endpoints of the strands v under R and label each chamber =
in the lower arrangement with the left endpoints of the strands oo under = . Fix
an upper triangular matrix z with zu}BJr e DV, The standard chamber minor for a

chamber = = = _ (i) is the minor A ;" (” Aw(z)) (LA ( ).Ifie Jforie J;,

- i—1)([Lhi]) i—1)([Lhi])
the special chamber minor for = is the minor Aw(i)([l ) = w((i) (Elyhi]) (2).

Marsh and Rietsch observed that the chamber minors obey two relations, im-
plied by an identity proved by Dodgson for minors of a general matrix. We will
use the following form of Dodgson’s identity, as restated by Curtis, Ingerman and

Morrow in [6].

Formula 111.25 (Dodgson’s Identity). Let M be an n x n-matrix and let ? and C be
subsets of [1,n]| with |R| = |C|. Let a,b € R and let o, f € C' witha < band a < .

Then

R A B\{a,b} R\{a} A R\{b} RB\{a} A R\{b}
= AC\{oz,ﬂ} - AC\{Q}AC\{ﬁ} B AC\W}AC\{(J&}'

i—1) ([Lhal) . , .
For eachi € J, the special minor A | o 1)1 ) Vvanishes, so that Dodgson’s iden-
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tity gives the relation

Vi ([17hi+1]) (O ([17]11-—1]) Vi ([1,h2]) v, ([1,hi])
(i—1) (i—-1) (i-1) (@)
Aw(iq)([thi*l])Aw(iq)([Lhrl]) - AW(I‘A)([L’%]) wy) ([1,hi])

for the standard chamber minors indexed by the chambers = _ (i), % (i), = (i)
and = _ (i) surrounding crossing i. Similarly, for each i € .J;, the minor A Uf(’ 1)([1]3“])

vanishes, so that Dodgson’s identity gives the relation

Av(i,l)([Lhi"’lD U(if1)([17hi_1]) L U(¢71)([1’hi]) U(i)([lahi])
w(i—1)([Lhi+1]) —wi-ny ([LA—1]) — wi—1)([1,ha]) T wey ([1,:])

for the standard chamber minors indexed by the chambers = _ (i), =% (i), = (%)

and =X _ (i) surrounding crossing i. The negative sign comes from the condition

that v, ,,([1, hi]) > v, ([1, h:]) while w,_y ([1, hs]) < w, ([1, Ri]).

Definition II1.26. A chamber weighting is a function Q( % ) assigning a monomial
weight to each chamber = in the wiring diagram, satisfying the following condi-

tions.
1. Ifi e Jg,, then Q(= _(i))Q( = .(i)) = Q(=,(1))Q( = ,(4)).
2. Ifie Jy,, then Q(= _(1))Q(* (1)) = —=Q( = (i))Q(* (7))

Formula I11.27 (Chamber Ansatz [27]). Let w be a reduced expression for w and let

v < w. Let z be an upper triangular matrix so that zw B, € D¥'¥. The inverse map

is given by
NH)([Lha1]) AN V) ([1Ri=1])
0B, — S T AR e GRS AT
i AN LD ANTO)LAD
N W) ([LRD TN LAD ) e
ML )([La]) AN (V)([Lha))
O B e Y S U L N L
AN LA AN (V)([LRi—1]) sn (L)) 96=1)
A= w)([Lhi+1]) = A1 (w) ([1,h—1])

€y
We note that if the permutation w € &,, is not the order-reversing permutation

wy, there are multiple choices of z € B, which have the same chamber minors
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A
A
As
A
A

1

Figure 3.7: Chamber weightings for the wiring diagram for the word w = $55,5,5,555,5,55 as a
double wiring diagram for the double Bruhat cell G*>! and as a decorated wiring di-
agram for the Deodhar stratum D'V, where v is given by the underlined factors in
535251545352545;

(see [27]). We will work with a canonical choice of z, satisfying the condition that
zw is the renormalization of Fulton’s canonical form for flags in the Schubert cell

BywB, /B, with minimal nonvanishing minors equal to 1.
Notation III.28. We write T** for the unique coset representative for a flag F' €
R*" satisfying the following conditions.

1. TZ’%J = 0 whenever h < j.

2. 1= 0 whenever i > w(j).

3. AL (reey = 1.

Our canonical choice of z is the matrix Y*%w~!.



CHAPTER IV

Pivots

Marsh and Rietsch’s parametrization of the Deodhar torus D"+" uses ratios
of chamber minors which obey certain binomial equations. In Chapter V, we will
give solutions to those equations in terms of parameters X; indexed by J;;,, which
will be the cluster variables for an initial seed. Recall that in Definition I1.23, we
defined nearly positive sequences v/ indexed by .J; , and in Corollary 11.24, we
showed that the boundary divisors in Deodhar’s decomposition are of the form
D¥''%, where v/ satisfies the stronger condition of being a nearly positive subex-
pression. The key feature of our change of coordinates is that for each j, either the
parameter X; vanishes on precisely one boundary divisor, indexed by v?, or X; is
nonzero everywhere on R*" and v’/ does not index a boundary divisor.We will
give a chamber weighting for the Deodhar torus so that for each divisor DY, the
parameter X; divides the weighting of the chamber minors which vanish on D¥'¥.

This requires understanding the relationship between the nonreduced distin-
guished subexpression v/ < w and the positive subexpression u, < w. The goal
of this chapter is to describe the rank conditions on the boundary divisor DY’
in terms of rank conditions on collections of columns, which do not necessarily

correspond to chamber minors. We will first need to address the rank conditions

35
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for a general collection of columns of a matrix M so that M B, is in the opposite

Schubert cell B_9vB, /B;.

Notation IV.1. Let R and S be sets of size k for some k. We say that R < S if R has
elements r; < ry < --- < rpand S has elements s; < sy < --- < s, with r; < s; for

each index ¢ from 1 to k.

Let w e &,, and let u < w. Let F' = ¢gB, be a flag in R"" and let z € B, be an
upper triangular matrix so that zwB, = F. Fix a reduced expression w for w. By
Deodhar’s theorem, there is a unique distinguished subexpression v’ of w so that

v, =uand foreach0 <i</land1 < h < Aw(()(lh (z);éOandAR (2

©

= 0forany R < [1,n] with |[R| = hand v, ([1,h]) € R.

That is, for each 0 < i < ¢, the flag zw;) B, is an element of R"®"*“®.

Given a flag F' € R"", there is a canonical matrix T"* so that T“*B, = F
as elements of G/B., T*"w™! is upper triangular, and A « h Y(ruw) =1 for each
I<h<n.

If j € J;, isanindex so that the nearly positive sequence v/ satisfies v{,, = 1, then
D¥'¥ is nonempty and has codimension 1 in R**. Since v/ is defined recursively

from the formulas v*

. i1
) == U(k> fOI' kf 2 j and Ugj) == UU,DShj Where u(jfl) < U(jfl)shj,

it's clear that if = _(j) is the chamber to the west of j so that o' (w) (=% _(j)) =

] Au(j—l)([lvh ]

[1, h;], the minor A\{, 1)([ y (T~ (] (Y ~"ij_q)) vanishes

) =
1y ([Lh])

on D¥'%. However, the minor A w) (. (i (TPw~") can also vanish on a bound-

ary divisor DV for some k # j.

We will show that for each nearly positive subexpression v/, there is a minor

Ri
Ax(w)(éﬂ)

nishing on DY for any k # j. In general, (' need not satisfy p"(w) (@J > =[1,h]

so that A™ vanishes on DV''¥ and A (&) is generically nonva-

A(w)(C7)

for some k.
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Remark IV.2. In this chapter, we will look at minors Ag as functions of n x n matri-
ces M, rather than functions defined for a flag zw B, in terms of minors of upper

triangular matrices.

Definition IV.3. Let M be a matrix and suppose that M and M are square sub-
matrices of size m. If R" < R and C' < C, we say that M, é’“,' is northwest of M and

MZ is southeast of M%.

Proposition IV.4. Let R and C be subsets of [1, n| of size m. Suppose that there exist sets
R < Rand C" < C so that P(v)g is an m x m permutation matrix. Then the minor Ag

is generically nonvanishing on B_vB.,. Otherwise, Ag vanishes identically on B_vB,.

The following example is an illustration of the property that when a column
set C'is not an interval of the form [1, ], the minor Ag can vanish identically on
B_vB, even when the smallest northwest block containing rows R and columns

C has full rank.

Example IV.5. Let n = 4 and let v = s,5,s,. Then v has permutation matrix and

northwest rank matrix given by

0010 0011
_ (0100 NW _ (0122
Pv) = 1000 and ™Rank (v) = 1953
0001 1234

Consider the minor A}>. Every northwest block containing the rows {1,2} and

columns {1,4} has rank at least 2. However, for all M € B_0 B, the minor A}i van-
ishes, since the submatrix A2 has rank 0. We note that there is no permutation
submatrix of P(v) northwest of the submatrix P(v)}2. In contrast,the matrix P(v)
has permutation submatrices P(v)ijand P(v)i2 which are in positions northwest
of A}} and A}?, respectively. Although for M = P(v) the minors A% and A are

both zero, if
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0011
_ (0100
M = 1000/
0001
13
14

then A, (M) = A;i (M) = —1. So the minors Aﬁ and A;i are generically non-

vanishing on B_vB,.
Definition IV.6. Let v € G,, and let C be a subset of [1, n]. We define the pivots of C

with respect to v to be the minimal set R < [1,n]| with |R| = |C| so that P(v) has a

|C| x |C| permutation submatrix P(v)gi northwest of P(v);.. Write R = Pivots¢ (v).

Since the condition that there is a 1 in position (r, ¢) in the permutation matrix
P(v) is equivalent to each of the statements » = v(c) and ¢ = v~'(r), the definition

may be restated as follows.

Proposition IV.7 (Minimality criterion). Let v € &,, and let C be a subset of [1,n].

Then Pivotsc (v) = min v (C') = min  R.
c'<C Re[1n]
v I(R)<C
Corollary IV.8 (Partial order reversing rule). Let v € &,, and let C and D be subsets of
[1,n]with |C| = |D|and C' < D. Then Pivotsc (v) = Pivotsp (v) and v=" (Pivots, (v)) <

v~ (Pivotsp (v)).
Corollary IV.9 (Sandwich rule). Suppose that C' < D. The following are equivalent:

1. Pivotsc (v) = Pivotsp (v).

2. v~ Y(Pivotsp (v)) < C.

3. If v~ (Pivotsc (v) ) < S < D, then v(S) < Pivotsc (v) .
Proposition IV.10. The set Pivots¢ (v) gives the minimal pivots of the column set C when
generic rightward column operations are applied to the permutation matrix for v. We have
Pivotsc (v) < v (C), with equality in the special case where C' = [1, h] for some h.
Example IV.11. Letn = 3and letv = s,. Then Pivotsy; 3 (v) = {1, 2},since v ({1, 2}) =

{1,2} < {1,3}.
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We can apply rightward column operations to the permutation matrix for s, to put

columns 1 and 3 in column-echelon form with pivots in rows 1 and 2.
010 011
001 0/0[1

4.1 Pivot inequalities for subsets

Proposition IV.12. Let v € &,, and let C' and D be subsets of [1,n] with C < D. Then

Pivots (v) < Pivotsp (v).

Proof. From a linear algebra perspective, if M is a generic element of B_v5,, then
Pivotss (v) is the set of minimal pivots of the submatrix M} under downward
row operations. If C' < D, then ML is a submatrix of ME™, so the minimal pivots

of M. are a subset of the minimal pivots of M} O

Definition IV.13. Let v € §,, and let C be a subset of [1,n]. Write C' = ¢;< - - - <¢;p.
The ordered pivots of C' with respect to v are given by ry,--- ,r,, where 7, is the

unique element of Pivots,, ... ,,, (v) \ Pivots,, ... ., (v).

Proposition IV.14 (Partition property). Suppose that a,b € Pivotsc (v) with a < b.

Then there is some C' = C with a € Pivotsc (v) and b ¢ Pivotsc (v).

Proof. Write C = ¢;<---<c,, and let 7, - - - , 7, be the ordered pivots of C. Take
C" = {¢; : 7 < b}. Then Pivotscr (v) = {r; : r; < b}, which contains a and does not

contain b. O]

In the next few propositions, we derive several inequalities relating pivots of

setsC' < D.

Proposition IV.15 (Bubble sort property'). Let v € &, and let C' = c¢1< - <c¢, and

1Bubble sort is a sorting algorithm in which larger elements in an array gradually “bubble” to the right via a series of
swaps, notorious for being neither efficient nor intuitive.
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D =d;<---<dy, be subsets of [1,n]| with C < D. Write 1, - - - , ry for the ordered pivots

of C and write t,- - - ,t,, for the ordered pivots of D. If ¢; = d;, then r; < ;.

Proof. Since r; and ¢; depend only on ¢;< - - - <¢; and d; < - - - <d;, we may assume
i = {and j = m. By induction on | D\C|, we may assume that C' = D\{d;} for some
j,sothatc; = d; fori < jand ¢; = d; . fori > j.

For eachi > j, write t; for the unique element of Pivots,, ... 4, (v) \ Pivots,, ... ., , (v).

Since Pivots,, ... ., , (v) < Pivots,, ... ., (v) < Pivots, ... 4

disy (V) = Pivots, .. ., , (v) U

{ti tig1). By minimality of ordered pivots, r; = min{;, ¢;41}, so that in particular

e < tog1. [

Corollary IV.16. Let v e &,, and let C = ¢y, - , ¢y, be a subset of [1,n]. Let b be the

unique element of Pivotsc (v) \ Pivotscy e,y (v). Then b = max{ry : k > j}.

Corollary IV.17. Let v € &,, and let C' and D be subsets of [1,n] with C' < D. Let

o be an element of C, and let Pivotsp (v) \ Pivotsp\(ay (v) = {b}. Then Pivotsc (v) <
Pivotscy (o) (v) U {b}.

Proof. It’s equivalent to show that if a is the unique element of Pivotsc (v) \ Pivotsc, (v),
then a < b. Write ry, - - - , 1 for the ordered pivots of C' and write ¢4, - - - , ,, for the
ordered pivots of D. We have a = max{r; : ¢; > a} and b = max{t;, : dy > o}.
Given j and k with ¢; = dj, we have r; < t;; since {¢; > a} < {d} > a}, it follows

that max{r; : ¢; > a} < max{t; : d; > a}. O

4.2 Elementary transpositions and pivots

Let s, be an elementary transposition. Then s, acts on subsets of [1, ] by ex-
changing the letters i and % + 1 and on elements of &,, by right multiplication. In
this section, we consider how pivots can change when a transposition s, acts on

the index C, the permutation v, or both simultaneously.
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Lemma IV.18. Let v < vs, and let C' = ¢, < - - - <c,, be any collection of indices. Then the

following hold:
1. Pivotsc (v) = Pivots, oy (v).

2. Pivotse (v) < Pivotsc (vs,,), with equality if h ¢ C or h + 1 € C.2 If Pivotsc (v) #

Pivotsc (vs,), then they differ by exactly one element.

Proof. We will use the criterion Pivots¢ (v) = min v(C”). Write C” for the set v (Pivotsc (v) ).
c'<C

Consider the action of s, on the sets C'and C’.

Since s, is the transposition that swaps i and  + 1, s, acts nontrivially on a set

S < [1,n] if and only if S contains exactly one of the indices h and h + 1; we have

s.(S)>Sifhe Sandh+1¢S,s,(S)<Sifh¢ Sandh+ 1€ S.

First, we show thatif h + 1 € C’, then h € ', so that C’ < s, (C").

Suppose to the contrary that s,(C’") = C'\{h + 1} U {h}. By transitivity, s, (C") <
¢’ < C.Since v < vs, and v(h) < v(h + 1) are equivalent conditions, this implies
that v (s, (C")) < v (C’), contradicting the minimality of v(C”).

We claim that ¢’ < s, (C).

If C <s,(C),then C' < s, (C) by transitivity.

Suppose that 5,(C') < C. Thenh + 1€ C and h ¢ C. Let i be the index of h + 1
inC,sothat #{ce C:c < h} =i—1.Since C' < C, we must have #{c’ e ' : ¢/ <
h} =z i—1and #{c € C" : ¢ < h + 1} > i. Combining this with the condition that
if h+ 1€, then h € C', we obtain that C’ has at least 7 elements ¢’ with ¢ < h. So
"' <5, (0).

Next, we apply these two inequalities to deduce the statements in the lemma.

2This condition is sufficient but not necessary; in particular if there is at least one h’ < h with v(h’) < v(h), then
Pivotsc (v) = Pivotsc (vsh).
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1. Since C" < s, (C), it suffices to show that if S < s, (C) then v(S) < v(C").
Suppose S < s, (C). If S < C, then v(C’) < v(S) by choice of C’. Otherwise,
we must have h + 1 € Sand h + 1 ¢ C, so that s,(5) < S and s,(5) < C.
Since v(h) < v(h + 1), this gives v(C") < v(s, (5)) < v(5). By Proposition IV.7,
v(C") = Pivots,, () (v).

2. Let S < [1,n] beasetwith S < C. Since s, is an involution, we have vs, (s,(S))
=v(S).If s, (S) < C, then Proposition IV.7 implies that vs,(S) = v(s, (5)) =
> v(C"). If 5,(S) < C, then we must have s, (S) = S\{h} U {h + 1} so that in
particular vs, (S) = v(S\{h} U {h + 1}) > v(S) = v(C"). Since for any S < C' we
have vs,(S) = v(C"), grlslél vs, (S) = v(C") = Pivotsc (v). Suppose that h ¢ C or
h +1 e C. We claim that s,(C") < C. If 5,(C") = (", this is clear. Otherwise,
we must have h € C"and h + 1 ¢ C' with s, (C") = C"\{h} u{h +1}.Ift h ¢ C,
then for any ¢ € C' with h < c¢we have h + 1 < ¢, so that s, (C') < C.If h
and h + 1 are both elements of C, write i for the index of A~ + 1 in C. Since
there are at least ¢ elements ¢’ in (" satisfying ¢ < h+ land h+ 1 ¢ C’, we
must have #{c € C" : ¢ < h} =2 i—1.S0 #{c : s,(¢) < h} =i—1and

#{c :5,(c) <h+1} >1i,and hence s, (C") < C.
O
Corollary IV.19. Let v and w be elements of &,, and let s, - - - s, be a reduced word for

w. Suppose that for each 1 < i < { we have v < vs,,. Then the action of w on column

indices fixes pivots: for each C' < [1, n], Pivots,,—1(¢y (v) = Pivotsc (v).

Example IV.20. Let n = 3 and let v and w be the permutations v = s, and w = s,s,,

so that v has permutation matrix

010
P(v)=<100).
001
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Consider the set C' = {1}. Then Pivotsc (v) = {v(1)} = {2}, while Pivots,,-1(¢) (v)
= Pivotsyy) (v) = {1}. This does not contradict our corollary since s, is a factor of w
with vs, = s,8, = 1 < v.
We remark that ¢ (vs,, ---s,,) = ((v) +iforeach 1 < i < (is not a sufficient

condition for the action of w on column indices to preserve pivots.

Corollary IV.21. Pivotsc (v) < Pivots,, (¢ (vsy), with equality if h +1 ¢ C or h e C. If

Pivotsc (v) # Pivots, ¢y (vs,), then they differ by exactly one element.

Proof. We have Pivotsc (v) = Pivots,, (¢ (v) < Pivots,, ¢ (vs,). Since the transpo-
sition s, swaps h and h + 1, the index h € C'if and only if h + 1 € s, (C), while
theindex h + 1 € C ifand only if h € s, (C), so that equality holds if » + 1 ¢ C or

hed. O]

Proposition IV.22 (Ordered pivot criterion). Let v < vs, and let C = ¢;<--- <c,, be
a subset of [1,n] such that h € C and h+ 1 ¢ C, and let i be the index of h. Write R =

1, T for the ordered pivots of C. The following are equivalent:
1. Pivotsc (vs,,) # Pivotsc (v)
2. (vsy) H(R) £ C.
3. ri=v(h)and v='(r;) > h+ 1forall j > i.
4. v(h+1)¢ Rand |R nv([1,h])] = 1.
5. Pivots,, ... ., (vs,) & Pivotsc (v).
Proof. Since v < vs,, Pivotsc (vs,) = Pivotsc (v), with strict inequality if and only if

(vs,)"'(R) £ C.Givenaset S = s;<---<s,, we have S « C if and only for some

index j we have s; > ¢;, which is equivalent to the condition #{s € S : s < ¢;} < j.
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For any ¢ ¢ {h, h+ 1} and any r, we have (vs,)'(r) < cifand only if v~} (r) < ¢;
hence, if ¢; # h, then #{r € R: (vs,) ' (r) < ¢;} = #{re R:v ' (r;) < ¢} = J.

Since (vs,)*(r) < h if and only if either v™(r) < h or r = v(h + 1), we have
Rows, ([LA]) = Row([Lh=1]) v (Bn{v(h+1)}) = (B ([ A]))\{v(h)} v
(R n {v(h + 1)}). Since (vs,)"*(r;) < hfor j < i, the set |R nvs,([1,R])| < i if and
onlyif |[Rnv([1,h —1])| =i—1and v(h +1) ¢ R. Since Pivots,, ... ., (vs,) is a set of

size ¢ contained in v([1, ]), this implies that Pivots,, ... ., (vs,) € R. O

Corollary IV.23. Suppose that Pivotsc (vs,,) # Pivotsc (v) and Pivotsc,, (vs,) = Pivotsc, (v).

Then o > h.

Proof. Write C' = ¢;< - - - <¢,, and write R = ry, - - - , 1, for the ordered pivots of C.
Write Pivotsc, (v) = Ra. Then we must have Pivotse (vs,) = R\{r_} u {a} for some
r_ < a. Write h = ¢;. Thenr; = v(h) and v~ '(r;) > h + 1 forall j > .

Suppose that o < h. The Pivotsca)~[1,5] (R) is a set of size ¢ + 1 contained in
Ran ([1, h]).Since |Rnv([1, h])| = i, we must have v~!(a) < h, so that in particular
Ra does not contain v(h + 1) and |Ra nv([1, h])| = i + 1, which is the index of h in

Ca. Hence Pivotsc,, (vs,) # Pivotsc, (v), a contradiction. O
Definition IV.24. Let v < vs,. We define the jump set of v and s, to be
J (v,s,) ={C < [1,n] : Pivots¢ (vs,) > Pivotsc (v) }.

Lemma IV.25. Let v € &, with v < vs,,. Let C be a subset of [1,n] and suppose that

a < fare elements of [1,n] \ C with Pivotsc, (v) # Pivotscs (v). Then
“-7 (U7 Sh) A {Cv COZﬁH = |j (’U, Sh) a {COé, Cﬁ}|

Proof. Write J for the set J (v, s,) n{C,Ca,Cp,Cap}.

We will show that if P is one of the sets {C, Ca} and {Ca,C3}, then P n J = &
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implies that / = ¢ and P < J implies that J = {C,Ca, C3, Caf}.

Let R = Pivotsc (v). Since Pivotsc, (v) # Pivotscs (v), we must have Pivotsc,, (v)
= Ra and Pivotscg (v) = Rb for some a,b ¢ R with a # b. By the order-reversing
property, Ca < Cf implies that Ra > Rb, and so a > b. Since Ca and C'f3 are sub-
sets of C'a 3, Pivotsc, s (v) must contain Ra and Rb, so by cardinality Pivotscag (v)
= Rab.

Suppose that Pivotsc (vs,) = R and Pivotsc,s (vs,) = Rab. By the containment
property, R < Pivotsc, (vs,) < Rab.Since Ra > Rband Pivotsc,, (vs,) = Pivotsc, (vs,)
= Ra, we must have Pivotsc, (vs,) = Ra. Since (vs,)"*(R) < C and (vs,) ' (Rab) <
Caf3, we must have (vs,) ' (Rb) < max{Ca,C3} = CpB.So Pivots,,, (C3) < Rb =
Pivots, (CB) < Pivots,, (CPB).

Suppose that Pivotsc, (vs,) = Ra and Pivotscg (vs,) = Rb. By the containment
property, Pivotsc (vs,,) € Ran Rb = R and Rab < Pivotsc,g (vs,) , so by cardinality
it follows that Pivots¢ (vs,) = R and Pivotsc,s (vs,) = Rab.

Suppose now that J is nonempty and contains one of the pairs {C,Ca/} or
{Ca,C3}. By the ordered pivot criterion, this implies that both elements of the
pair contain i but not 4 + 1 and have pivots containing v(h) but not v(h + 1). In
particular, h € C'and h + 1 ¢ Caf, while v(h) € Rab and v(h + 1) ¢ Rab. Let i be
the index of i in C. Since «, 8 ¢ C, neither of them is equal to h. By hypothesis,
a < 3. So there are three possible orderings of the indices {h, «, #}, distinguished
by whether the index h is added at the beginning, middle or end.

If h < a < B, then for any D € {C,Ca,CpB,Caf}, the smallest i elements of
D are ¢y, -+ ,¢; with ¢; = h, so that Pivots,, ... ., (vs,) < Pivotsp (vs,). By the or-
dered pivot criterion, if {C,Caf} < J, then Pivots,,.... ., (vs,) € R U Rab = Rab

and if {Ca,CpB} < J then Pivots,, ... ., (vs,) € Ra v Rb = Rab. In particular,
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Pivots,, ... ., (vs,) & Pivotsp (v) € Rab, and hence Pivotsp (vs,) # Pivotsp (v).

If « < h < 8, then h has index 7 in C'and C and has index i+ 1 in Ca and C'af5.
By the ordered pivot condition, C'and Caf arein J ifand only if |[Rnwv ([1,h]) | =@
and |Rabnv ([1,h]) | = i+1, while C3,Ca arein J if and only if |[Rbnv ([1,h]) | =i
and |Ra n v ([1,h])| =i + 1, which are equivalent conditions.

If « < 8 < h, then h has index i in C, index i + 1 in Ca and C and index
i+ 2in Caf. So C and Cap are in J if and only if |[R n v ([1,A4]) | = i and |Rab n
v([1,h])| =i+ 2, while Ca and C are in J if and only if |[Ra nv ([1,h]) | =i+ 1

and |Rb n v ([1,h]) | =i + 1; these conditions are equivalent. O

4.3 Pivots and unipeak wiring diagrams

Proposition IV.26. Let w correspond to a unipeak diagram for w and let u be a positive
subexpression of w. Let C' be a collection of strands and let « be a strand with p’(w) («)
increasing for j < k. Let i < k be some index and write R = Pivots i (w)c) (uw) . If

N(uy) () ¢ R, then N (uy) () ¢ R forany i < j < k.

Proof. Write r, = X'(uy.) (a). By Proposition IV.7, if r € R with p(w) (a) < u)'(r),
then r < r,. Since N (u;) («) is weakly increasing for j < k and u. is a positive

subexpression, o cannot cross above any strand /5 with X’ (u. ) (3) € R before reach-

ing its peak. O

Proposition IV.27. Let C be a collection of strands and let 3 be a strand so that p’(w) ()
is weakly decreasing for j = i. Write R = Pivotsc (u, ). If \'(uy) (B) € R, then N (u.) (B)
€ R forany j > i.

Proof. Write rg = X(uy) (8) . By positivity of u,, if 5 crosses below a strand « at
anindex j + 1 > i, then M(u,) (a) < M(uy) (B) < N(uy) (B). Letr = M(uy) (a).

Since u, is a positive word, we must have ' (r) < p'(w) (8) . By Proposition IV.7,

i
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since 15 € Pivotsc (u(,)) and r < rg with u (r) < ug' (r3), we must have r €

Corollary IV.28 (Pivot stabilization criterion). Let C' be a collection of strands and let
R = Pivotsc (ug,) . Suppose that C' satisfies the following closure property: If j > i and
N (uy) (o) € R, then either o € C or « is traveling down. Then Pivotsc (u;)) = R for all
Jj =t

Definition IV.29. Fix a reduced expression w for w with positive subexpression

u,. Let j € Jy, . The jump chambers of j are given by
JC(j) = { = a chamber in the wiring diagram : p'""(w) (%) € J (u¢_1), s1,) }-

Definition IV.30. The closure of JC(j), denoted JC(j), is the union of the chambers

JC(j) and the strand segments surrounding each of them.

A strand segment e between two crossings is adjacent to exactly two chambers,

one above e and one below e.

Definition IV.31. We say that a strand « or geodesic path intersects JC(j) if it con-

tains a strand segment e which is adjacent to a chamber in JC(j).

Definition IV.32. The strand segment e belongs to the boundary 0JC(j) if exactly
one of the adjacent chambers is in JC(j). The upper boundary of JC(j), denoted
0+JC(j), is the union of all strand segments e so that the chamber below e is in
JC(j) and the chamber above e is not in JC(j). The lower boundary 0,JC(j) is the
union of strand segments e so that the chamber below e is not in JC(j) and the
chamber above e is in JC(j). A geodesic path v, is an upper boundary geodesic if it
contains a strand segment e € J;JC(j); v, is a lower boundary geodesic if it contains

a strand segment e € 0, JC(j).
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4.4 The geometry of the region JC(j) in a unipeak wiring diagram

Our goal for this section is to describe the region in a unipeak wiring diagram
consisting of the chambers JC(j) and the strand segments bounding or intersect-
ing them. We will show that whenever the nearly positive sequence v/ is a dis-
tinguished subexpression, there is a simple closed cycle dJC(j) so that a chamber
= belongs to JC(j) if and only if it is in the interior of 0JC(j). The region JC(j)
is bounded on the right by the descending strand «. (j) and the ascending strand
a (). Each strand segment on 0JC(j) can be classified as either belonging to the
upper boundary 0, JC(j) or belonging to the lower boundary ¢, JC(j), where upper
and lower boundary segments follow disjoint collections of strands. We will show
that for each chamber = in JC(j), the set of pivots of p’~'(w) (% ) with respect
to the permutations v, ,, and v{,_,, differ by indices r_ and " so that the geodesic
path ~,_ follows a portion of 0,JC(j), travels under = in JC(j) and eventually
crosses above the strand «a. (j), while the geodesic path ~,+ follows a portion of
01JC(j), travels over = , and eventually crosses below «a (7).

We begin by showing that every chamber in JC(j) is bounded from the right, and
that the condition that every chamber in JC(j) is bounded from the left is equiva-
lent to the condition that the nearly positive sequence v’ is a distinguished subex-
pression of w (so that v/ indexes a Deodhar hypersurface). Intuitively, chambers
which are open on the right correspond to left-justified minors of the flag, which
must have the upper rank conditions corresponding to B_uB. /B, while cham-
bers which are open on the left correspond to left-justified minors of an invertible

upper triangular matrix, and hence the principal minors must be nonvanishing.

Proposition IV.33. Fix a reduced expression w for w with positive subexpression u... Let
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J € Ju, - Then the following hold:
1. If = € JC(j), then = = = _(i) for some i < j.

2. The nearly positive subsequence v’ is a distinguished subexpression of w if and only

if every = € JC(j) is bounded.

Proof. Suppose that = is a chamber at height h which is not given by = _ (i)
for any ¢ < j. Then there is some index k > j so that p*(w) (=) = [1, h]. Since
p(w) (a (7)) >p(w) (o (j)) forallk = j,if o .(j) € = thena. (j) € =& .Soif h; €

P~ (w) (=) thenh; + 1€ p~'(w) (%) and hence Pivotspj,l(w)( =) (ugonsn,) =

Pivots ; , (=) (ug_1y)- So every = e JC(j) must be given by = _(i) for some

(w)
i <.

It follows that any open chamber = e JC(j) must be on the left boundary of the
wiring diagram. If = is an open chamber at height /, then Pivots ; , w)( =) (ug-1y)
= [1,h] and Pivotspj,l(w)< =) (ug-1y5n,) = v, ([1,h]). The nearly positive subse-

quence v/ is a distinguished subexpression if and only if v?, = 1, which is equiva-

lent to the condition v{, ([1, 2]) = [1, ] for every 1 < h < n. N

We next observe that the region JC(j) is weakly above the ascending strand
a () and below the descending strand o (). In the wiring diagram for the partial
word w;_,, this corresponds to the strands below a chamber connecting to right

endpoints indexed by a set C' that includes h; and excludes h; + 1.

Proposition IV.34. Let = be a chamber satisfying =% € JC(j) and let i be a crossing so
that = is one of the four chambers surrounding i. Then the chamber = and the crossing
i are weakly above « .(j) and below o (7). If w is unipeak, this implies that either o (%)

= a () or 71 (W) (a (4)) < hy.

Proof. We must have h; € p’'(w) (%) and h; + 1 ¢ p"'(w) (=), which means
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Figure 4.1: Strands in C"(8) are shown in red and strands in C"*(8) are shown in blue. Immediately
to the left of crossing 8, strands in C"(8) are at heights > hg + 1 and strands in C*(8) are
at heights < hg. The strand beginning at source A, does not intersect JC(8).

that the a .(j) is below = and the strand «. (j) is above = . By Corollary IV.21,
if Pivots,i—1(wy(=) (v/,_1)) # Pivots,i-1(w)(x) (u;_n), then h; € p'~'(w) (=) and
hj +1¢ p~'(w) (= ). Wehave p"!(w) (a-(j)) = h; and p(w) (a- (7)) = h; + 1.
A strand which is strictly between « .(j) and a. (j) at some index i < j must ei-
ther cross above o (j) or cross below a .(j) to the left of j; a strand which begins

descending before index j must cross below « .(j). O

We can partition the set of strands that intersect JC(j) into sets C'(j) and C"*(j)

based on their right endpoints in the wiring diagram for w, ,,, and similarly we

partition the geodesic paths that intersect JC(j) into sets R'(j) and R*(j).

Definition IV.35. We define C''(j) to be the set of strands which intersect JC(j) and

have left endpoints in w; ,([h; + 1,n]), and we define C"*(j) to be the set of strands

intersecting JC(j) with left endpoints in w,_,,([1, h;]). >
(See Figure 4.1.)

Definition IV.36. Let R'(j) denote the set of indices r € v{,_, ([1, h;]) so that v,

intersects JC(j) and let R'(j) denote the set of indices r € v{,_,,([h; + 1,n]) so that

7, intersects JC(j).

3 That is, immediately to the left of crossing j, the strands C' (j) are at heights in the interval [h; + 1,n] and the strands
C'*(j) are at heights in the interval [1, h;].
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Figure 4.2: Geodesic paths in R'(10) are shown in red and geodesics in R*(10) are shown in blue.
The geodesic beginning at A, is not a boundary geodesic.

(See Figure 4.4.)
A key property of JC(j) is the following statement about chambers surrounding

a crossing i € J,; , which follows immediately from Lemma IV.25.

Corollary IV.37. Leti € J ,and suppose that some chamber = € { & _(i), = (i), =% (i), = _(i)}
is in JC(j). Then there is a chamber =" intersecting =% along a strand segment at i so
that = "isin JC(j). If a pair of opposite chambers { = _(i), = _ (i)} or { 3 ,(i), = (i)}
is in JC(j), then so is the other pair.
We will need to refer to the previous crossings in J;;, which share the same

ascending or descending strand as the crossing j. We will eventually show that

these crossings (where defined) are on the boundary 0JC(j).

Notation IV.38. We denote the index v, ,,(h;) = v{,_,,(h; + 1) by r, and we denote
the index u, ,,(h; + 1) = v{,_,,(h; + 1) by r*.
Notation IV.39. Let j~ = max{i < j :i € J.(a-(j)) n J,,}, and let jT = max{i <

jrie J (a (j)) n Jy, }, where we take the maximum of an empty set to be 0.

We will see that if v{,, = 1, then j. > 0 while j_ may equal 0. Note that there

may be crossings i € J,;, wherei € J.(a-(j)) and 5~ < i < jorie J (a (j))
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\J‘ \j

i i

Figure 4.3: At left, the strand o (j) joins 7, by traveling down at the index j_. At right, the strand
a-,(j) joins 7, by traveling up.

and jT < i < j. That is, between j~ and j the strand o .(j) follows the geodesic
path 1, ; for indices in J. (o~ (j)) between jT and j, the strand a- (j) follows the
geodesic path ,x.

In the following proposition, we describe the part of 0JC(j) on the strand « .(5)
and the descending portion of the strand o (j). We show that this coincides with
the segment where « .(j) is traveling up along the geodesic path ~,, and the seg-
ment where o (j) is traveling down along the geodesic path 7,+, together with the

crossing j.

Proposition 1V.40. Let i be an index with = _(i) € JC(j). If a (i) = a .(j), then
AN ug) (@ (i) = re. If a (i) = a(j), then X' (uy) (o (i) = r*. Conversely, if

i€ J(a(j) and X7 (uy) (e (5) = re or i € J (o (7)) and N (uy) (e (5)) =

r*, then 2 _(i) € JC(j).

Proof. By Lemma II1.20, if A" (uy) (a0 -(2)) # u(;_1y (h), then p™*(uy) (uy_y)) > hiso
that ug_,)(h;) § A7 (ug) (Z (1)) = Pivots -1 w)(x @) (ug-n)- S0 o/~ (W) (= _(4))
¢ T (U1 sn,) -

Similarly, if A" (uy) (e, (i) # ug-ry(hy + 1), then p™(uy) (ug) (b + 1)) < hy
and 50ty (h; + 1) € Pivots i1 (wy(x (i) (Ug-1y)-S0 077" (W) (Z (1)) ¢ T (ug-y sn,) -

For the converse, we note that if 7 € JIL is an index with « < j such that
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PN (W) (a(i)) = hjand X7 (uy) (a (7)) = ug)(hy), then a (i) = a .(j) is travel-

ing up before index j with A(u. ) (a -(7)) = u(,_,(h;) between i and j, so that in par-

ticular forallo € = _ (i) wehave p’'(w) (a) <h;and forallr e Pivots ;-1 (w)(= (1)) (U;-1))

= u,_1([1, h;]), we have p/~'(uy) (r) < h;. Since we have h; € p'~'(w) (=& _(7)),

hj+1¢ p = (w) (Z (i), ug-n(hy) € PIVOLS yj—1(w) (= _ (i) (1)) and u_yy (h; + 1) ¢

Pivots 1 (w) (= ._(1)) (t—1)), We have Pivots i1 (w)(x (1)) (t-1)) <PiVOLs,i-1(w)(x 1)) (tg-nsn,)-
Ifi e J; isanindexwithi < jsothatp’~'(w) (o« (i)) =h;+1and X' (uy) (o +(7))

=u;_1(h; + 1), then for allindices between ¢ and j, o (i) = () is traveling down

with A(uy) (o (7)) = u(;_1)(h;). In particular, if £ is an intermediate crossing along

a- (j), thenk € J; witha .(k)e = _(i)and \*(uy) (a (k) € Pivots -1 (w)(= _ (i) (Ui-1)

=uq_y([1, h;]) sothat#{ce p~(w) (= _(i)) : ¢ < hj} = #{r € Pivots i1 (w)(= _ 1)) (Uy-) :

¢ (uy) (r) < h;}. Since we have h; € p/~'(w) (& (1)), hj+1¢ p ' (w) (= _(i)),

U1y (hy) € Pivots i1 wy = _ i) (wg—n) and ug_y (b + 1) € Pivots i1 (w)(= @) (Ug-1)),

we have PlVOtSp] Lw) (= (4)) (U(J 1)) <P1V0tSp] Lw) (= () (U(J 1)Sh; ) 0

In the following two propositions, we show that any chamber in JC(j) except the
chamber = _(j) is connected on the right to another chamber in JC(j); this goes
back to the condition that if two strands cross before index j, then the descending

strand has a lower right endpoint at index j — 1.

Proposition IV.41. Let i be an index in J;, withi < j. Suppose that = _(i) € JC(j).

Then the chamber > _ (i) is in JC(j).

Proof. Sincei € J;; , wemay write Pivots o1 w)( (1) (Ug—1y) = Pivots i1 (wy(= _@)) (Ug-1)

= R.Since wisareduced word and j > i, wehave p/ ' (w) (% _(i)) <p’ " (w) (=& _(7))

and so PlVOtSp] Lw) (= (4)) (U(J 1)Sh ) = PiVOtSpj—l(w)(iH(i)) (u(j_l)sh].) > R. U]

For unipeak wiring diagrams, if = is a chamber in JC(j) and the strand «
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Figure 4.4: Paths traveling northeast between chambers in JC(j) eventually reach the descending
strand a-_(j).

bounds > from the northeast, then either « is () or the chamber = ' northeast
of = isalso in JC(j). Inductively, there is a sequence of chambers in JC(j) begin-
ning with = and traveling northeast until hitting o (j) (see Figure 4.4). (This is

false in general for a diagram that is not unipeak.)

Proposition IV.42. Let i be a crossing of any type. Then the following hold.
1. If the chamber = (i) € JC(j) and the strand o (i) # o (j), then = _ (i) € JC(j).

2. If the chamber = _(i) € JC(j) and the strand o (i) # o (j), then = (i) € JC(j).

Proof. Since h; € p~'(w) (=% (7)) and h; + 1 ¢ p"~'(w) (= ,(i)), the crossing i is
weakly between the strands o .(j) and o (j). If o (i) # a-_(j), then it must cross
below a .(j) to the left of j by the unipeak property. So p’~'(w) (- (j)) < hy, and
hence by Corollary IV.23, if C' € J (u_.), s4,) , then so is Cp'~'(w) (a (j)) . Apply
this to the pairwith C' = p’~'(w) (& [ (i)) and Cp'*(w) (o (7)) = p (W) (& (1))
and to the pairwithC' = p/~'(w) (& _(¢)) and Cp' (W) (a () =p " (W) (Z (7).

O

Corollary IV.43. Suppose that i is a crossing where a segment of 0+ JC(j) meets a segment

of 0,JC(j). Then i € Jy;  and one of the following cases holds.
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1. The chambers = _(i), % (1) and = (i) are not in JC(j) and = _ (i) € JC(j).

2. The chamber 2= _(i) is not in JC(j) and the chambers = (i), % (i) and = _ (i)
€ JC(j7).

3. The crossing i is equal to j.

Corollary IV.44. Suppose that o € C'(j) intersects JC(j) only on 04 JC(j). Then either

a = (j), ora=a.(j)

In the following proposition, we show that if = = = _(i) is a chamber in
JC(j) and r* and r_ are the indices of the pivots added to and removed from
Pivots yi-1(w)(x) (U;_1)) to obtain Pivotsi-1(wy = (v,_,), then every chamber be-
tween the geodesic paths v,+ and v, immediately to the left of the crossing i is in

3(j).

Proposition IV.45. Let % € JC(j) and writer™ and r_ for the indices so that Pivots -1 (w)( =) (v};_1)

= Pivots i1 (wy(=) (ug-1)) \ {r=} v {r*}. Write = = = _(i) for some i < j. At index

i — 1, the paths ~,+ and ~y,_ are in JC(j), with ~,+ above = and ~,_ below = .

Proof. A geodesic path v, is below = if 7 € Pivots k-1 (w)(x) (@) for k > i and
above = if and only if 7 ¢ Pivots jx—1(w)( =) (uq_y)) for & > i.

Let =’ be any chamber above %, so that Strands( % ) < Strands( =% '). Then
PIvOts i1 (w)(2) (1)) S PIVOLS i1 () (/) (v];-1)) - Since 1™ € Pivots i wy () (v1,-0),
we must have r™ € Pivots -1 (wy(= (v];,_,)). Soif = "¢ JC(j), then v,+ is below ="
Hence 7,+ is in JC(5) at index i — 1.

Now suppose that =’ isa chamber below %, so that Strands( = ) < Strands( = ).
Then Pivots i-1 w) (=) (v],_1)) S Pivots i-1(wy(=) (v{;,_,,). In particular, if = '¢ JC(j),

then r_ ¢ Pivots i1 (w)(=) (u-1)), and so,_isabove = '.So~, isin JC(j) atindex

1 — 1. U
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In the next few propositions, we will show that v,+ being an upper boundary
geodesic is equivalent to the existence of some chamber = in JC(j) so that r* is
the “jump” pivot, and ~v,_ being a lower boundary geodesic is equivalent to the
existence of a chamber = € JC(j) so that r_ is the pivot removed when the pivots

of = jump.

Proposition IV.46. If ~,+ is an upper boundary geodesic for JC(j), then there is some
chamber 2 € JC(j) so that v+ ¢ Pivots yi—1 (w) (=) (g 1)) and r € Pivots -1 (wy =) (v,_y))-
If ~,_ is a lower boundary geodesic for JC(j),then there is some chamber = € JC(j) so

that r_ € Pivots i1 (w)( =) (ug_)) and r_ ¢ Pivots -1 (wy =) (v;_1))-

Proof. We first note that v,+ is an upper boundary geodesic if and only if there
are chambers > e JC(j) and =%’ ¢ JC(j) and a strand « so that Strands( =% ")
= Strands( = ) U {a} and Pivots ;-1 (w)x) (U_1) = R, Pivots,j-1(w)(=) (ug_1) =
R U {r*}. We have Pivots -1 (w)(x) (v/,_1)) S Pivots,i-1(wy =) (vi,_1)) = R u {r*}
since = ¢ JC(j). Since 3 € JC(j), Pivots i-1(w)(x) (v{;_,)) # R, so by cardinality
r+ € Pivots y-1(wy =) (v,_y)) -

Similarly, +,_ is a lower boundary geodesic if and only if there are chambers
= € JC(j) and = '¢ JC(j) and a strand « so that Strands( > ) = Strands( =% ") U
{a} and Pivots -1 (w)( =) (Ug_1)) = R, PIVOts yj—1(wy( =) (ug-1)) = Ru {r_}. Since =’
¢ JC(5), Pivots yi-1(wy =) (vi,_1)) = R, so that R < Pivots -1 (w)(x) (v/,_,)). Since = €
JC(§), Pivots -1 (wy(=) (vi,_1)) # Ru{r_},soby cardinality r_ ¢ Pivots -1 (w(=) (v,_,)) -

O]

Corollary IV.47. If v, is an upper boundary geodesic, then r € R*(j), and if y, is a lower

boundary geodesic, then r € R'(j).

Corollary IV.48. Suppose that r € R*(j) and , is a geodesic path that goes through JC(j)
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but is not an upper boundary geodesic. Then there is an index r* < r so that ,+ is an
upper boundary geodesic and -, crosses below ~,+ on 04 JC(j).

Suppose that r € R'(j) and ~, is a geodesic path that goes through JC(j) but is not a
lower boundary geodesic. Then there is an index r_ > r so that ~y,_ is a lower boundary

geodesic and ~y, crosses above v, on 0, JC(j).

Proof. If , goes through JC(j) but is not a boundary geodesic, then it first enters
the interior of JC(j) by either crossing below an upper boundary geodesic ,+ with
r* < r along some segment of 0,JC(j) or by crossing below a lower boundary
geodesic v, with r_ > r along some segment of ¢, JC(j). Since crossings on 0JC(j)
are to the left of crossing j, if ~, crosses below ~,+ along ;JC(j), then since v,+ €
R'(j), we must have ~, € R*(j). Similarly, if +, crosses above v, along 0,JC(j), then

since 7, € R'(j), . is also in R'(j). O
Proposition IV.49. Suppose that = € JC(j) and write

Pivots -1 (wy(=) (0);-1)) = Pivots -1 (=) (tg-y) \fr—} v {r"}.
Then ~,+ is an upper boundary geodesic and ~y,_ is a lower boundary geodesic.

Proof. Write = = = _(i). By the proof of the previous proposition, v,+ and ~,_

are in JC(j) at index i — 1. By the previous corollary, if v,+ is not an upper boundary

geodesic, then thereis somer’ < 7 sothatr’ € R*(j) and r’ ¢ Pivots ,j—1(w)(x) (ug_1)) -

So by minimality 7" ¢ Pivots -1 (w)(=) (v{,_,)) - If 7,_ isnotalower boundary geodesic,

then there is some 7’ > r_ so that 7’ € Pivotsi-1(w)(x) (u;-1)) and r’ € R'(j). By the

ordered pivot criterion, the unique element of Pivots -1 (w)(x) (v7;_)) \ PiVOts -1 (w)(=) (1))

is at least 1/, a contradiction. O

The following proposition shows that if i € J; is any interior crossing of JC(j)

in a unipeak diagram, then both the ascending strand and the descending strand
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belong to the lower partition C"(j). Note that this implies that if o € C'(j), then
while « is traveling through the interior of JC(j), every crossing along « is in J ,

so that a follows a single geodesic path.
Proposition IV.50. Suppose that i € J;, and = _(i) € JC(j). Then a .(j) € C*(j).*

Proof. This holds by construction if i = j, so we may assume that ¢ < j. By the pre-
vious proposition, since i € J; we must have a .(i) # a .(j) and a- (i) # o (j),
so that the crossing i is strictly below «. (j) and strictly above a .(j). Suppose
for contradiction that « .(i) € C'(j). Since = _(i) € JC(j), by the ordered pivot
criterion we must have that « .(j) € Strands( = _(7)), a_(j) ¢ Strands( =% _ (7)),
u;-1)(h;) € Pivotsp p,) (uu-1y) and that at index j — 1, the number of strands in
Strands( = _ (7)) with heights at most h; is equal to the number of geodesics 7,
where 7 € Pivotsy 5,1 (u,-,)) at heights at most h;.

Suppose that immediately to the left of crossing i the strand /3 is below « .(j) and
on the geodesic path 7,. Since a .(j) is in Strands( = _ (7)) with ¢ < j and the dia-
gram is unipeak, the strand / is in both Strands( = . (7)) and Strands( = _(j)) and
7. is below both = _(i) and = _(j), so that r is in both Pivots i1 (w)(x ._@)) (t-1))
and Pivots -1 (w)(= . (;)) (4 -1)). It therefore suffices to consider the number of strands
and geodesic paths which cross below « .(j) between indices ¢ and j.

Suppose that r € Pivots,i-1(w)= _@:)) (4t—)) and the geodesic path ~, does not
cross below o .(j) to the left of crossing j. Since the crossing i is below a. (j) and
above a .(j), . must cross above o (j) at some index k to the left of crossing j. It
follows that « - (k) is a strand in Strands( > _(i)) which does not cross below « .(7)
to the left of crossing j.

Since a .(i) € C'(j), we must have that « (i) crosses above a._(j) to the left of

4This is false if the diagram is not unipeak.
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j-Becausei e J; , X'(uy) (o (i) ¢ Pivots,i—1(w)(x . (:)) (1)) and hence by Propo-
sition IV.26, the crossing where « (i) crosses above a._(j) is on a geodesic path 7,
with 7 ¢ Pivotsi-1(w)(= _@)) (%q-1)) -

In particular, there are strictly more geodesic paths v, below o .(j) atindex j —1
such that r € Pivots,i-1(w)(x (i) (4u_1)) than there are strands 3 below a .(j) at

index j — 1, a contradiction. O

In the next proposition, we show that if a crossing ¢ is on the left boundary
of JC(j), then the ascending strand « .(i) is in the upper partition C'(j) and the

descending strand o (j) is in the lower partition C"(j).

Proposition IV.51. Suppose that for some i we have = _ (i) ¢ JC(j) and = (i) e JC(j).

Then o (i) € C'(j) and aw (i) € C*(j).

Proof. Since = _ (i) ¢ JC(j) and = _ (i) € JC(j), the crossing i is between the strands
a-(j) and a -(j) so that the strands « (i) and () must each be in one of the sets
C'(j) and C*(j) depending on whether they cross above a. (j) or below « .(j) to
the right of 7. Since the diagram is unipeak, a. (i) travels strictly down to the right
of i, and hence o (i) € C*(j). We claim thatif o .(i) e C*(j) and = _ (i) € JC(j), then
= _(i)eJC(j).1fi e J3, , then Pivots i—1(wy(x . ()) (Ug-1)) = Pivots i1 (w)(= _ i) (Ui-1)
and the sets Strands( =% _ (7)) and Strands( % _ (i) ) have the same number of strands
below height h; at index j — 1, so that by the ordered pivot criterion = _ (i) € JC(j)
if and only if = _ (i) € JC(j). Soifi e J; with = _(i) ¢ JC(j) and = _ (i) € JC(j),
then a .(i) € C'(j). Suppose that i € J; . If a -(i) is an upper boundary strand,
then there is some index i’ € J, with ¢ < iand a .(i') = a .(i) so that = _(i) €
JC(j) and = _(¢') ¢ JC(j). So a (i) € C'(j). Otherwise, the strand . (i) is a lower

boundary strand. Write r = w(h;+1) and r— = u,(h;), wherer < r_.Then~,_ isa
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o A N
-/ -/ -/
Figure 4.5: Since JC(j) is simply connected, any discontinuity of the boundary 0JC(j) would cor-

respond to switching strands at a crossing i € J,f , so that JC(j) would contain an odd
number of the chambers surrounding «.

lower boundary geodesic, so thatr_ € R'(j).If a .(i) ¢ C'(j), then a_-(7) must cross
below « .(j), and hence must cross below the geodesic path +,_ to the right of the

crossing i. This violates Lemma III.20, so that we must have « (i) € C'(j). O

Corollary IV.52. Suppose that = _(i) ¢ JC(j) and = _ (i) € JC(j). Write r for u., (h; +
1), so that the geodesic path -, follows « (i) at index i. Let k be the index where o (i)

crosses above o (j) , where we have i < k < j. Then +, follows « (i) between the indices

1 and k.

Proof. The strand « (i) is in C'(j) and hence travels strictly up between indices i
and k. If ¢ is the index of some crossing with a .(i') = a .(i) and = _(i) € JC(j),
then i € J , so that the geodesic path v, follows « (i) until it first crosses above
0+JC(j). Every connected component of ¢;JC(j) which is not on a_(j) is a portion
of a strand in C''(j) which travels strictly up before crossing above . (j), so o .(7)

cannot cross above the upper boundary before crossing a._(j). O

Proposition IV.53. The region JC(j) is a simply connected region bounded by the closed

cycle 0JC(j).

Proof. By Proposition IV.42, given any chamber = in JC(j), there is a path in JC(j)
traveling northeast until reaching a. (j). Traveling southeast along «. (j) gives a
path from = to = _(j). So JC(j) is path-connected. The region JC(j) cannot have

any holes; otherwise, there must be some crossing ¢ bounding a hole from the left,
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so that = (i) € JC(j) and = (i) ¢ JC(j). By Corollary IV.43, crossings where
01JC(j) meets 0,JC(j) arein J; (so that the strands meet ata point). Atany crossing
i where an upper boundary component or lower boundary component switches
from following one strand to another, an odd number of the surrounding chambers
are in JC(j), so that i € Jy . It follows that the boundary 0JC(j) is a connected

cycle. O



CHAPTER V

Regularity of Cluster Variables

In the previous chapter, we described the collection of chambers JC(j) where j €
J.., - In this chapter, we introduce a chamber weighting for a unipeak expression w
with positive subexpression u,, where the weight of each chamber is a product of
algebraically independent indeterminates X; where j ranges over .J,, . We will use
pivot combinatorics to show that each of these variables X is given by Aéj w)(¢9)
for some collection of strands C? and rows R/ = Pivots (wy(@) (U (u) where A Aw)(69)

vanishes identically on the Deodhar stratum D¥'* corresponding to the nearly

positive subexpression v’.

5.1 Nearly positive sequences and chamber weightings

Proposition V.1. Let w be a unipeak expression with positive subexpression u... Then

there is a valid chamber weighting given by Q( = H X;.

ji=e€Jc(y)

Proof. Since u, is a positive subexpression, the set J, is empty, so it suffices to
show that for each i € J;} , we have Q( = ,(i))Q( % ,(i)) = Q( = _(1))Q(* _(4))-
We must show that for each j € J; , the monomials Q( > ,(i))Q( = ,(i)) and
Q(= _(7))Q(* _ (7)) have the same degree in the variable X,. If j < i, then for

any chamber = incident to i, we have = ¢ JC(j) and so X, does not divide
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Q(*). We note that there is no variable X; since i € J; . Suppose that j >
i. By Lemma IV.28, for each chamber = incident to i, Pivots,j1(w)(x) (uj-1)) =
PIVOLS i (w)() (), 50 we have PIvots i1 w)(= i) (B) = ue-n (1 ]) # u ([1, hil)

= Pivots i1 (w)(=_ (i) (). By Corollary IV.37,
{=1(0), = (D)} 0 ICH) = [{ = (&), = (i)} 0 IC()]-

So the products Q( = ,(7))Q( =% ,(¢)) and Q( = _(7))Q( =% _ (7)) have the same de-

gree in X;.

Iterating overall {j : j € J; ,j > i} wehave Q( = ,(7))Q( 3% ,(i)) = Q( = _(9))Q( = _(i)).

O

Corollary V.2. If \(w) (% ) = [1, h] for some h, then for each factor X; dividing Q( = ),

the nearly positive subsequence v? has v, # 1. If p'(w) (=) = [L, ], then Q( =) = L.

We write X for the tuple (X; : j € J; ). Given i € J; , we write ¢;(X) for the
Q( = ,1)Q(* ()
Q(F —)Q(*-()

We will now show that assignments of nonzero scalar values to the Xj is in

ratio from Marsh and Rietsch’s chamber ansatz formula.

bijection with right-normalized chamber weightings for the Deodhar torus, and
therefore with Marsh and Rietsch’s coordinates ¢;. This will imply that the X; are
well-defined regular functions on the torus D"+", given by ratios of chamber mi-
nors. We will eventually show that the functions X; can be extended to regular

functions on R%¥.

Proposition V.3. Let w be a unipeak word with positive subexpression u... The change of

coordinates (X; : je Jg, ) — (t;: j € Jy,) is invertible.

Proof. From the proof of Proposition 8.11in [27], (Aig:})(::(j)) je J§+> — (t;:jedg.)

() u

is an isomorphism. It therefore suffices to show that the map (X;:je J; ) —
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S
1234 1234
5 A1245 /_XAZ’MS
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1234 1234 1234 1234 4 1245 N 1234
1234 1245 2345 1234 . 245

\2345
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/ N\ /
123 124 123 123 123 124 124 123
A123/ A124 /\ A145 XAZALS A123/\A124 X A145 XAZALS
12 12 12 12 12 12
Al? A14 A45 Al? A14 A45
1 1 1 1
A1 A4 A1 A4

Figure 5.1: The first row shows the weighting Q(% ) = ][] X together with the chamber
= eJC(k)
labeling for the Deodhar torus D"+-%. The second row shows the chamber labelings for
the boundary divisors DY*W and D¥" v,

ANEI(=O) g0 ) i invertible. For each i € J° , we have AMNu(2 @)
A(wW) (= ~(4)) + uy A(w) (= —(

u (= (i)

Q(=_(1) = H X;. We have that = _(i) € JC(i) and for each j with
it & (i)eIc())

= _(i) € JC(j), j = i. So the matrix giving the change of coordinates is a lower

unitriangular matrix with rows and columns indexed by J; and entry (j,7) = 1
if = _(i) € JC(j). Row j is the bit vector representing the set {i € J;;, : % _(i) €

JC(j)} and column i is the exponent vector for Q( = _(7)). O

One of our primary goals for this chapter is to give an algorithm for writing
the parameter X; as an irreducible minor in the case where the weighting on the

chamber = _ (i) is given by a nontrivial product Q( = _ (7)) = X; 1_[ Xi. We

k>i
= (1)eJc(k)

first consider the following example, where Q( = _(i)) has the form X, X}, and the

parameter X, can be recovered by deleting a single row and column from the minor

u(i—1)([1,hi])
AA(W)(E“—(Z'))'

Example V.4. Let w be the unipeak expression s;s,s,5,5;35,5,5, from our running

example. In Figure 5.2, the chamber to the left of crossing 5 is given a weight of
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Figure 5.2: At crossing 7, the strand « .(7) with left endpoint A\, and the geodesic path ~y, cross
above the strand «_.(5). The minor A}5; and the minor A3 obtained by deleting row

R
3 and column 1 satisfy the same scalar relation Agsgi = %(—SC as the pairs of chamber

minors surrounding crossing 7.

X5Xs, where X5 does not appear in any other chamber weights. On the Deod-
har torus D"+%, Xj; is a regular function with formula given by X; = %5% .
This formula does not extend to the boundary divisor D¥*'%, where the function
X = A}2 vanishes. However, we may extend X; to a regular function on R*"
by showing that there is a non-chamber minor which is equal to X5 on D"+™.

We note that at index 7, the strand « .(5) crosses down over the strand a .(7).

The minors in the four chambers surrounding crossing 7 are related by a common

124 12
scalar, with % = % = +.- We will show that this property that removing
1245 145

column 1 and row 3 corresponds to dividing by X5 also applies to the minor A2,

= X5X8, so that A;i = X5.

For the specific upper triangular matrix z = T*“w ™!, we have

19 Xo+ X3 X5
— X — Xz _ Xo _
X3 X3

123

While the formula X; = ﬁ expressing X5 as a regular function on the Deodhar
1245

torus is not defined on the boundary divisor D¥**%, X5 can be extended to a regular

function on R** by setting X5 = Al2.
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5.2 The left-to-right path =

In this chapter, we prove that for each index ¢ € J;, in a unipeak wiring di-
agram, the variable X; is a regular function on R"“" by expressing X; as a mi-
nor of the upper triangular matrix T""w~". Given i, there is a collection of rows
R' = X'(uy) (= _(i)) and a collection of strands C < Strands( = _(i)) so that
Al (6 =X

We begin with an outline of our proof strategy.

Consider the collection of strands C! := Strands( 3 __(i)) and the collection of

row indices R :=u,_,,([1, h]),so that R} = Pivotspi_l(w)(ég) (ug-1)) =Pivots () (u).

WenotethatA (é):Q(iH(z‘))in H Xi =X, H Xk
_ k>t k>i
Z _(i)eac(k) PP (w) (CHed (uge—1)-5ny, )

Following Example V.4, we will iteratively define collections of strands C} and
row indices j%; by deleting one strand and one row index at a time. We will use the

following criteria for performing a deletion.
1. The crossing j is in J,; and the strands a .(j) and o (j) are in CZ
2. The set 6}_1 is contained in Strands( = ,(j)).
3. The row index 7 = X~'(u,) (a ~(j)) isin I%;_l

In this case, we will delete the strand « .(j) from the set C” _, and the row index

r = MN(uy)(a.(j)) from ]%-71 to obtain the sets CA’; and R; We will show that

_ Ry
R} i
&) and A Aow) (o) are related by the identity —’\(M =

w)

]

Aw)(E5)

the minors A -1 (@

AN G=D([LA;+1])

Aw )(zm) _ Q(*:m)
ANEIOTLAD QA=_0)
A(w) (= (5))

We will also show by induction that for each j > 4, the minor A ) w)(61) is equal
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to X, times the correction factor H Xk In particular, for j = ¢,
R k>j
()T ()
R;
Aw(@)

Since strands and row indices are deleted only at crossings j where the strand

the minor A will be equal to X;.

a(j) is in @}71 and the set CA’J’;lis contained in the set Strands( = ,(j)), we need
only consider the crossings where the uppermost strand in the collection (:’;?_1 trav-
els down. We will therefore consider the left-to-right path 7 consisting of the up-
permost strand segment in the collection @}ﬁ for each k > i; the crossings j € J,
where the strand « .(j) and row index r = M (u,) (a -(j)) are deleted will be pre-
cisely those crossings where 7' crosses down over a geodesic path ~, where r €
A;‘-fl. We emphasize that 7’ is not a connected left-to-right path; while it switches
from one strand to another only at crossings, consecutive strand segments need

not meet at a common vertex.

Definition V.5. Let i € J;, . We define 7* as follows: 7* follows a .(i) until it begins
to travel down (necessarily at some index j > i). For crossings k > i, 7 travels up
whenever possible. If the strand 7' is following crosses down at some crossing k,
7' continues to follow the strand a. (k) if \*(u) (a-(k)) is in Pivots,w)(= . @)) (w),

and otherwise switches strands.

Thatis, 7" travels greedily up, subject to the constraint that it follows only geodesic
paths v, where r ¢ Pivots, (w)(= _(;)) (u). It is immediate that 7' can travel down only
atindices j € J! . By Proposition II1.16, since 7' never switches from an ascending
strand to a descending strand at a crossing, if 7 follows a segment of a strand «,

then a € = _(i).

Definition V.6. We define the sets C and R as follows. Let C! = Strands( 3% _(i))
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Figure 5.3: The crossings 2 and 9 have the same rising strand « -(2) = « .(9), but give rise to differ-
ent paths 7% and 7°.

and let Ri = Pivotsg: (u) = uu_1)([1, hi]). For each k > 1, there are two cases.
1. If o follows the strand a._(k) immediately to the right of k, we take Ci = Ci_
Vo (k) and Ry = Ry \ (0 (uy) (0 ()))-

2. Otherwise, we take Ci = C¢_, and R. = R _,.

Example V.7. Let W = 5,5,5;5,5355,5,555,54555453525756555453545559545759. Figure 5.3
shows the paths 72 and 7? corresponding to crossings with the same rising strand.
Since 72 never travels down, we have B2 = A'(u,) (3% _(2)) = {1,2,3,4,5,6} and C?
= A(w) (= _(2)) ={1,2,3,4,5,6}, so that X, = Aggigg Since 7 travels down at
crossings 15 and 20, RO =X (uy) (3= _(9)\ {A"(uy) (a~(15)), A (uy) (a-(20))} =
{1,2,3,4,5,6,7}\ {76} and C* = X*(w) (3= (9)) \ {\"*(w) (a+(15)) , \*(w) (ev-(20))}
={1,2,3,4,5,6,8} \ {5,3}. This gives Xo = A S,

We note that the operation taking a chamber = _ (i) to a minor Agz does not
preserve containments of row and column indices or even relative sizes of minors:
in this case, the strands below = _(2) are a subset of the strands below = _(9),

but Xy is given by a 5 x 5-minor and X, is given by a 6 x 6-minor.
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5.3 Deletion of strands and geodesics crossing above the path 7

Our main goal for this section is to show by induction on j > ¢ that the minor

R
A7 s equal to X H X}. In order to determine for which
Aw)(C3) iy
J

pE=H(w) (C3)ed (uge—1y.sny, )

k > j we have p*~'(w) (6‘;) eJ (u<k,1>, shk) , we will first need to show that the set

P (w) (@;) has pivots Pivotspkfl(w)(@;:) (ugery) = ]%

Proposition V.8. Fix an index k > i, and let h be the height of 7" at index k. Then the

following hold.
1. Suppose that o € Strands( = _(i)). Then p*(w) (o) < hifand only if o € C’,ﬁ;

2. Suppose that 1 € Pivots (= iy (v) . Then r € uq,([1, h]) if and only if r € Ei

Proof. Suppose that a strand § crosses above 7* at a crossing k € J; . We claim
that /3 stays above 7 for all £/ > k. To see this, note that 7* “partitions” the di-
agram in the following way: Write r* = N (u.) (o .(7)). By Lemma IIL.20, if r €
Pivotsp(w)< = () (u) and r > 7*, since M (u,) (a (j)) = r*, for all k > j we have
ug) (1) < pt(w) (a (j)) < p*(w) (7").Soif k > iisthe index of a crossing (3,«) along
7' where w,, () € Pivots, (w)(= (i) (u) so that 5 “escapes” from «*, then \*(u..) (5)

< 7r*,

For any k > i, we claim that A(u,) (k)(7}) = r*.

We note that if p'(w) (a) < p’(w) (a.(i)), then M (uy) (o) < r* implies that
N (uy) (o) € Pivots,(wy(= () (u). Suppose that for some k > j we have that \*~* (u,.) (7°)
>r*andif p*(w) () < p*'(w) (7%), then \**(u; ) (o) < 7* implies that \**(u, ) (o)
€ Pivots,(w)(= (i) (u). I the crossing k is not on 7" or if k € J; and 7' switches

strandsat k, then A~ (u,) () = X"(u. ) (%) and g ([1, p*(w) (79) ]) = e ([1, (W) () ],

so that the statement also holds for k.
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If k e J& and 7’ switches strands at &, then p*~'(w) (a.(k)) < p*~'(w) (7*) and
N uy) (a (k) ¢ Pivots, (wy(= (i) (u), so that N*(uy) (7)) = A (uy) (a.(k)) = r*
and ([, p(w) (1) ]) = s ([, 9 (w) (1) ]).

If 7' travels up at k, then \*"' (u;) (a (k) > N (uy) (7%) = r* so thatu, ([1, p* (W) (77) ])
= o ([1, (W) (1) ]) © (V) (o () } and () (1) = V() ().

If k € J is a crossing where 7* travels down, then X*(u,) (7*) = A**'(u,) (7*)
and wg ([1, (%) (1) ]) = i ([1, 9 (w) () ).

So M (uy) (7') = r* and if p*(w) () < p*(w) (), then \*(uy) () = r* implies
that \*(u, ) (o) € Pivots,(w)(= _@)) (u).

By Lemma I11.20, it follows that if a strand « crosses above the path 7" at a cross-
ing k and r’ = \*(u,) (), then v’ < r* and for all ¥’ > k, we have p*(w) (a) >

ULy (') > p(w) (7). H

In the next proposition, we remark that for any subset S of the strands be-

low height h at some index j, the pivots of S with respect to u,, is contained in
U ([1, 7])-

Proposition V.9. Let u, be a positive subexpression of a reduced expression w. Let S
be a collection of strands with p’(w) (S) < [1, h] for some index j and height h. Let r ¢

ugy([1, h]). Then r ¢ Pivots,w(s) (u).

Proof. Let T be the collection of strands with p’(w) (1) = [1, h]. We have Pivots,,w)(s) ()

< Pivots, (w)(1) (w) = uy([L,h]) pr. [
Corollary V.10. We have Pivots , ., (@) (u) = R

Suppose now that for some index j > i, the collection of strands 6’;_1 satisfies

Ri
the condition A 7' .. | = X; H Xk. In order to prove the in-
Aw)(Ci_y) it

(G (v
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duction step, we must check that several conditions are satisfied. If j € JL is an
index where we obtain the collections @‘1 and }A%Z by deleting the strand o .(j) from

CZ _, and the row indexr = X (u,) (a/( ) from Ri

"1, we must show the following.

1. The minors A" A(J (@) and A i~ (Az: ) satisfy the equation

Ri_, A( DG=1)([Lhs+1])

AW)(C51) _ TAW(=10))
Ri A)\(u+)( ) ([Lh4])
)\(w)(é\v]i_) A(wW) (== (5)

(See Proposition V.11.)

2. Forany k > j, the condition that p*~*(w) ( i 1) ej( (e 1),shk) and p*~'(w) (6‘;)
¢ J (uu_), Si,) is equivalent to the condition that = ,(j) € JC(k) and = _(j)
¢ 30(k).

3. Forany k > j, the condition that p"~'(w) (@;_1> ¢ J (up_1), Si,) and p~*(w) (@;)

€ J (w1, sx,) is equivalent to the condition that = ,(j) ¢ JC(k) and = _(j)

€ JC(k).
We will prove this in more generality for a collection of strands S < Strands( = _(j))
so that the pivots of the sets p(w) (S) and p(w) (S U {a .(j)}) differ by the row in-
dexr = N (uy) (a(j)) - On the other hand, if j € J; , then no strand or row index
deletions are performed, so that CA’; = 6’]’;1 and ﬁ’; = ]%;1 ; we must therefore show
that p’~'(w) <CA’;> ¢ T (ug ), sh].) .

Fix j € Ji and let r be the row index M (u,)(a -(j)). Let S be a subset of

Strands( = _ (j)), and write Pivots , (w)(s) (u(;). The condition that S < Strands( = _ (j))

implies that r ¢ Pivots i (w)(s) (1) - The following proposition shows that if the set
RU{N (uy) (e ()}
Aw)(Sva - (4))

lh +1 U(J) lh )

p'(w) (S U a.(j)) haspivots Ru{r}, then the minors AR w)(s) and A

are related by the same scalar factor as the minors A
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Proposition V.11. Fix j € J;| and let r be the row index ug(h;) = N(uy) (o -(j)).
Let S be a subset of Strands( = _(j)), and let R be the set Pivots ;wys) (U, ). The con-
dition that S < Strands( = _(j)) implies that r ¢ Pivots,; w)s) (u) . Suppose that

, , R Ru{r}
Pivots ;) (500 () (up) = R v {r}. Then the minors Ay, o and A}

)(Sua/(J))
Ru{r} u(y) ([1,h5])
satisfy the relation A(W)R(SUW 6) = 2 ((_V)V()[(lz_ﬁ)]g on DU+,
Aw)(S) A2 ()

Proof. Let m = |Strands( = _(j))\S| and apply induction on m. Let S,, = S
Sm-1 € -+ < Sy = Strands( = _,(j)) be a nested sequence of sets so that for each
d the set S, is obtained from S;_; by adding a single strand. Write R, for the set
Pivots,iw)(s,) (U¢))- Since Sy < Strands( = _,(j)) the index r is not in Ry; since S U
{a-(j)} € Squ{a.(j)}, we must have PiVOtspj(w)(Sdu{a/(j)}) (ug)) = Rqgu {r}.

For the base case, we take d = 0. Since S, = Strands( =% _(j)) and Sy U a_.(j)
"R
_ i w)( =% _, J d\\T
Strands( % ,(j)), the statement AMW 5D =) (21 0)) A)\(w)(Sdu{a/ ™
Aw) (31())
trivially for d = 0. For the induction step, suppose that for some d < m we have
A(u) (= (7))
AFe DA ARaor
Auy)(=40)) — Savie )
A(w)(z“y))
let a be the unique row index in R, \ R441. By Corollary IV.16, we note that ¢ must

holds
}- Let 3 be the unique strand in Sy \ S441 and

be larger than . By Dodgson’s identity,

Rd+1u{7”} Rd+1u{a} Rd+1u{7"} Rdﬂu{a}
A w) (Sa+1u{a ~(4) A w)(Sa+10{B}) A w)(Sa+19{B}) A w)(Sar1u{a~(5)})

Rd+1 Rd+1U{T7a}
A Sd+1) )\(W)(Sd+lu{a/(])76})

ARdHU{T} ARd 50 _ARdHU{T ARdH
)

A(W)(Sar1u{e~(4)
Ry Rd+1U{T}
= AA( A (Sd+1U{04/‘( )})

)(Sa+1)

Since a > r, we have that R, U {r} £ Pivots,jw)s,) (ty) = Ra+1 U {a}. Since a

minor of the form A w)(s) Vanishes on D*+¥ if there is any index j where R X
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Pivots,; wys) (1)) , we must have ARdHU{T} = 0. So

)(Sa)
R
ARd+l . A)\Eiw)(Sd) ARd-HU{T}
)(Sat1) — A Ravir} W) (Sar1v{a~(5)})
Aw) (Savfa-(5)})
u(j)([lihj+1']) R
which is equal to W 55:115 {{:}/ by the induction hypothesis. O

Aw)(=1(5))

Combining the previous results,

; M) (= (1)) A
A (;)—AMw)(n(i) 11 N

(")
j/gj iT(j,)
C;”&C;/—l

AL,
— X, | | X, | | A—W
k>1 J<] iT(j/)

= (i)eJc(k) A

C’;éC,l

All 5" appearing in the second product satisfy ;' > 7, so the chamber weightings

of = ,(j')and = _(j') are monomials in {X}, : k > i}. In particular,

where M is a Laurent monomial in { X}, : k£ > i}.

We will show that

M = H X,

k>
P10 (1) (o)

- 1 X,

R k>j
P (w) (C1)ed (uge—1y5my, )

Suppose thatj € J;i isanindexwithj >iand S € % _(j) with Pivotsg (o’ (W) (u,,) )

= R and Pivots i (w)(S0fo ()} (uy)) = Ru{r} wherer = M(uy) (a_(j)). The follow-

Ru{r} v
ing lemma shows that if A w)(Sota () = X; H X, then

k>i

PP (w)(SUfa ()} )ed (ugp—1)sny )
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Af'(w) (s) satisfies the weaker condition Af(w)( s) = X;M, where M is a squarefree

monomial in {X}, : k > i}.

Lemma V.12. Let j € Jy andlet v = N'(uy) (a-(5) < N 7'(uy) (o (f)) = ™.
Then the following hold:
1. ijPivotsp(w)<iT(j)) (v _,,) # Pivots o) (%109) (Uge—1)) and Pivots p(wy( = _ ) (vE_y)
= Pivots,(w)(=_(j)) (Ux-1)), then for any S = = ,(j) with r_ € Pivotsg (u,_.)), we
have Pivotsg (vf,_,)) # Pivotss (ug._1)).
2. Suppose that for some k; > j we have Pivots ., 5 )y (v _,) = Pivots (5, 7)) ()
and Pivots w)(= () (V1)) # Pi0otsyiw)(x () (te-v)). Then ug, (0 (W) (o, (k) )
= r_, and for any S < =,(j) with r_ € Pivotss (ug,_.,) we have Pivotss (vf,_,) =

Pivotsg (wg,_)).
Proof. 1. We have

k

Pivots, ) (1)) (Vien) 2 Pivotsyiw)= () ()
= Pivots,w)(=_(j) (Ux-1) = Pivotsp(w)(iT(j)) (Ug1y) \{r—}-
Since Pivots, () (v (vf,_,,) # Pivots p(w)(31(3)) (), we must have r_ ¢

Pivots, (=, (;) (v _,,).Soif r_ e Pivotsg () with S = = ,(j), then Pivotsg (v}, _,,)

< Pivots, ) () (vf._,,) # r, and hence Pivotss (vf,_,,) # Pivotsg (ug_y)).

2. We have

Pivots w)( - () (Vfry) S Pivots, ) (=, ) (Vi)

S0 if Pivots, (w)(x . (j)) (Ufi_)) 7 Pivots,w)(= _ (7)) (1)), then Pivots,w) = _ ;7)) (v5_,))

= Pivots, w)(= () (ta-n) \ {a} v {r_} for some a < r_.
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Suppose that u, ) (p* (W) (o (k)) ) > r_. Writing m for the index of p* ' (w) (a_.(k))
in p*~(w) (3= _.(4)) and i, -+ 75 )| for Pivots, w)(= () (Vfi_)), we must

have r,, = r and
#lae = _(j): p (W) (@) <y} =#{r € Pivots, (=) (up) 1 ugl, (1) < hit
But 7y, = r_ implies that p*~*(w) (a-(j)) <uyl,(r-) <p"'(w) (a(k)),so

#lae =,(5)  p (W) (@) <hit=#{ae = _(j): p7 (W) (@) <hp}+1

= #{r € Pivots,(w)(=_ (j)) (Ug—1)) UA{r—} 1 ugl,, (r) < g}

—1

= #{re Pivotsp(w)(iT(j)) (Ugemry) = UGy, (1) < he

So Pivots, (w)(=_(j)) (v(’“k_l)) # Pivotsp(w)(iT(m (u@-1y), @ contradiction.
Suppose thatr_ € Pivotsg (u(_s,). The condition w, _,,(p*(w) (an (k)) ) € Pivotsg (u_1))
implies that Pivotsg (vf,_,,) = Pivotss (ug_1)).

]

It follows immediately from the the second part of this lemma that if for some
j € Ji and k e J;_ we have p"~'(w) <(§’JZ_1> ¢ J (ugny, 5n,) but p~'(w) (6‘;) €

J (w@-ry, 51, ) , then the crossing k is above m, so that in particular Ck¢ T (wi-rys Sny) -

Corollary V.13. Let j € J;}, be a crossing where 7' travels down, so that CA’; = CA’j’f_l
\ {a(4)} and ]%; = }A%j-_l \ {r} where r = N '(uy) (a.(§)). If k is an index so that
Pivotse: | (vh_,) = Pivotsc: (o) but Pivots (vh_,) # Pivots: (Ugiry), then the
strand o (k) is in CA‘;, the row index \*'(uy) (o -(k)) is in ﬁ;, and at index k — 1 the
strand o (k) is strictly above 7. In particular, the strand o (k) is not in the collection

Ci_, and the row index X*=*(uy) (a.(k)) is not in Ri,_,.
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Lemma V.14. Let j € J ,and let r_ = \*~Y(u,) (j — 1). Suppose that for some k > j

one of the following conditions holds.
1. Neither of the chambers = ,(j) and 3= _(j) is in JC(j).
2. Both of the chambers = (j) and = _(j) are in JC(j).

Let S be a subset of Strands( = _(j)) satisfying the pivot stabilization criterion from
Corollary 1V.28, and write R = Pivotsg (u). Suppose that Pivots (S0 ()) (u) =
R {r_}. Then p*~*(w) (S) is in J (wg_1), sn,) if and only if p*=*(w) (S {a-(5)}) is
inJ (U(k—m Shk) .
Proof. Suppose that neither of the chambers = ,(j) and = _(j) is in JC(j), so that
r_ is the unique element of PIVOLS 1 (1) (2, (1)) (Viery) \ PivOts i1 (wy = (jy) (VEi_y))-

We first consider the case where p*~*(w) (S) is not in the set J (w41, su, ) , SO
that Pivots i-1(ws) (vf,_,,) = R.By Corollary IV.17, the set Pivotspk,l(w)( Sl () (v _y)
is weakly dominated by the set R U {r_} = Pivotspk_l(w)(su{a/(j)}) (Ur—1y) - On the

other hand, since v, ), < v,

(v—1, In the Bruhat order, we must have Pivots .. (Soto ) (Ur-1y)

< PIVOLS i1 () (540 ()}) (vh,_,)- So equality holds, and hence p*~*(w) (S U {a -(j)})
is not in 7 (g1, Sn, ) -

Conversely, if p*~*(w) (S) isin the set J (g1, 55, ) , then Pivots -1 (w)(s) (vf_,))
is of the form R\{r,} U {r’}. Since S is a subset of Strands( > _(j)), the index r®

must be an element of Pivots -1 (w)(= _ (j)) (V6_,, ), which does not contain the index

k

r_.So PiVOtSpk—l(w)(g) (’U<k71)

) contains an index r* which is not in the set Ru {r_} =
Pivotspk_l(w)<SU{a/(j)}) (4.1, and hence Pivotspk_l(w)(SU{a/(j)}) (vt _,,) also con-
. . b . .
tains the index °. So Plvotspk,l(w)(SU{a/(j)}) (Ug_sy) # P1votspk,1(w)(SU{a/(j)}) (vh ),
and thus p*~(w) (S U a_.(j)) isin J (ug_1), su,) -
Suppose now that both of the chambers = ,(j) and = _(j) are in JC(j). We

claim thatugl(r_) = (v5_,)) " (r_); thatis, r_ is not one of the indices u_y () and
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U1y (hg+1). By Corollary IV.21, the index u,_,,(hx+1) isnotin Pivotspk_l(w)( =1() (U—1y)

and the index u,) (A ) is in Pivots jr-1(w) (=, jy) (uge-1))- Sincer_ isinPivots .. (1) (Uge—r)),
we must have r_ # u._,,(hi + 1); since 7_ is not in Pivots s -1 (w) (= _, (j)) (4@—1)), We

must have r_ # ug_y,(hg).

Since ug_(R) < p"'(w)(S) and ug” (R v {r-}) < p"'(w)(Su{a-()})

k —1

and u;', (r-) = (vi_,)  (r_), we have (v},_,) " (R) < p**(w)(S) if and only if

(vl )_1 (Ruf{r_}) < p*'(w) (S u{a.(j)}).ByProposition IV.22, this implies that

(k—1)
Pivots i-1(w)(s) (vf,_,,) = Rifand only if Pivotspk,l(w)(su{a/(j)}) (vk_y) = Ru{r_}.
Taking the contrapositive of this statement, we have that p*~'(w) (5) is in the set

J (wu-r, sy,) if and only if p*~*(w) (S U a_-(j)) is in the set T (uy,_y), su,) - O

5.4 The variable X; is regular on R"* and vanishes on the Deodhar divisor

1

DvHw

Lemma V.15. Let i € Jgy and let j > i. Then we have Pivots ;. (w)(&) (vf;q)) =

PiUOtSijl(w)(é;j) (ur_y) forall §' < j with j' +# i, and
i
J — .

A\ =X I1 X

k>
pE =L (w)(C1)ed (ugk-1ys5ny )

Proof. Apply inductionon j. For j = i, the set of strands CA’; is given by Strands( = _ (1))
and the row indices are ]%; = Pivots, w)(= _)) (4q-1)), so that statement follows triv-
ially from our choice of chamber weighting Q( = ).

Suppose that for some j > i, we have Pivots@;i1 <vf;,71)> = Pivots@;-;1 (ugr_y)) for

g e e g Ri_, B
all ' € Jy, withi <j" <j—1and Ax(w)(ég‘._l) =X g X.
) (O Yo (w1
Suppose that C% = C%_,.1f j € J;} , the statement follows trivially.

If j € J;, it suffices to show that Pivots , . ) (ci ) (vi,) = Pivots s ) (i ) (t-n)-

Suppose otherwise. Then N ~'(uy) (o .(j)) € Pivotspj,l(w)(é@_l) (ug-n),
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N ay) (a () ¢ PiVOtSpj—l(w)(é;:fl) (ug-1)), and

#laell | p(w)(a) <hj+ 1} =#{re R uj', (r) <hj+1}.

APlvots = _, ()W)

> - (5)
(ijl) PlvotsiT(j)(u)
N N =1(9)

R Rt
so that X, divides A A(J (&) if and only if either X}, divides A ° 1( ) and di-
w L 1

)< N

J

Suppose that @; = Ci_, \ a.(j). Then A ) (@) = A i1

Pivots
Pivots p(w) (3=

—(7)

pw)(=40)

vides both or neither of A ~o and A

A

or X} divides

Pivot ]
VO (w )(zm))(“)
=1(9)

=1(4)

or A

PlVOtSp( ) (=
= (4)

()W

and does not divide A - ( .For k # i,

Ciy)

these are precisely the conditions for when Pivotss; (vf,_,)) #Pivotsa: (ug 1)) (=
J J

RY). O
Lemma V.16. A (@) = X.
4
Proof. A ‘Z w)(Gi) = X, H Xk, where the product is empty since there
‘ k>
P(W)<é§)€~7(u(k—1),5hk)
are no crossings k with k£ > ¢. O]

i

14

Lemma V.17. Let i € J;,  be an index with v), = 1. Then Affw (@) vanishes identically

on the Deodhar boundary divisor DV,

Proof. The relation

PiVOtSp(w)( = —)(k/)) (u)
A/\(W)(i - (k)

- Plvotsp(w)( = T(’“)> (u)
AT AW (21 (R))

ARé _ APIVotSp (w)(= (i) (1) H

Ci ~(7)

holds on the dense open subset D"+* and hence holds wherever the minors

Pivots (u)
p(w) (= 4(k)
A ) SR are all nonzero. But these are chamber minors to the right of j in

; ; ; Pivots oy = . iy) (@)
the wiring diagram for D¥'* and hence are nonzeroon D¥V-¥.OnD"' %, A (f)( (Fe®)
= 0 and hence

Pivots < (u)
. . p(w) (= (k)
AT puy 2 AT () [ Ax
éé u) T T = (i) Pivots i (u)
WAL ()
mipr D x®)
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5

4

2

A
A
As
A
A

1

Figure 5.4: Chamber weights for the non-unipeak expression w = $,5,555,5,555,51

Pivotsp<w)( = (k) (u)

A,
| | = - (k)
=0- .
Pivots (w>(7'<T(k))(u)

k>1 e
ﬂk?éwk 1 =1 (k)

=0. [l

Corollary V.18. Let i € J with v}, = 1 and suppose that Pivotsy(w) ) (v},_,) #

Pivots, (., Uii—
Pivotsy (w) (=) (uu_1y). Then X; does not divide A, )(A;))( =) “),

PlVO’tS)\ (w>( ) (véi_ 1) )

Proof. By Deodhar’s theorem, the minor A =) isnonzero everywhere
PlVOtSA(w)(Z)(%Fm) . ..
on D¥'%. We note that if X; divided A, =) in our parametrization of
Pivots, (4, 'F
Du+¥, then A would divide A, )(A;))( )( ) on R** and hence we would
Pivots, (y, i1
have AMW M ) =)(+e-n) = 0onDvv. O

Remark V.19. The formula we describe for obtaining X; by removing strands and
pivots along the path =, is specific to unipeak wiring diagrams. In Figure 5.4, we
show the chamber weighting w = s,5,555,5,5;5,5,, which has a “univalley diagram”
corresponding to the vertical reflection of our running example. The upper trian-

gular matrix T*“*w~! corresponding to the weighting Q( %) on D"+¥ is given

by
_X2X3+X1X6
X, 0 Xy —XaXppXe o
0 X1 XuXs _ X1X6 X4
X2 X2 X2X3 X2
waw,—1 X3 X1+X3
Tt = 0 0 0 XXy
& X3+ X4 X5
0 0 O X S
0 0 O 0 €



80

Although the variable X, cannot be expressed as a minor obtained by removing
row and column indices from Q( =% _(4)) = Aﬁ = X4 Xjg, it is given by the mi-
nor AE obtained by replacing the column index A\(w) (o -(8)) = 3 with the col-
umn index A(w) (o (8)) = 5 while keeping the same row set. We have verified
that for unipeak diagrams, the variable X; can be expressed as a minor with rows

A(uy) (& _(j)) and columns obtained by iteratively “uncrossing” strands of the

Q( =& (k)
Q( =& )

this construction applies to any reduced wiring diagram with positive subexpres-

form a (k) and a. (k) to rescale the minor by the ratio , and we believe

sion. In general, this procedure requires uncrossing strands along multiple paths

in the diagram, and removed strands may be reintroduced later.



CHAPTER VI

Flows in Oriented Bridge Diagrams

In order to describe the structure of the coordinate ring C[R*"], we will need to
compute some additional minors of the matrices g(;) given by Marsh and Rietsch’s
parametrization of the Deodhar strata D"+ %. In the first part of this chapter, we
recall a lemma originally due to Lindstrom for computing minors of the weight
matrix of a weighted, directed graph in terms of flows. We will need the version
proved by Fomin and Zelevinsky in [9] for non-planar graphs.

We will use Karpman’s bridge diagram construction to convert the wiring dia-
gram for the pair (u ), w,) into a weighted, directed network G* with weight ma-
trix g). After reversing the edges of G, along a flow, we can expand the relevant
minors of g as weights of simple augmenting paths between boundary vertices A,

and \,.

6.1 Weighted networks, flows and augmenting paths

Weighted networks are used extensively in the study of total positivity. In the
case of a planar, acyclic weighted network, every minor of the weight matrix M
can be expressed as a subtraction-free polynomial in the edge weights rather than
an alternating sum in the entries M,;. Fomin and Zelevinsky gave several classes

of weighted networks parametrizing the totally nonnegative matrices in [9].

81
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We adopt their hypothesis that a weighted network has no directed cycles. In
the more general case, Talaska [33] and Postnikov [28] gave formulas for expressing

minors of a weight matrix in terms of rational functions in the edge weights.

Definition VI.1 (Weighted networks and weight matrices). A weighted network G =

(V, E) is a directed acyclic graph with source vertices \,, - - - , A, and target vertices

pis- -, Pn, equipped with a weighting function w on the edges E. The weight of a

path 7 is the product of edge weights w(7r) = Hw(e). The weight matrix M is the
eer

matrix with entries given by summing the weights of all paths from source A, to

target p,, so that M,; = Z w(m).
)\il)Pj

When the entries );; are sums of path weights for paths A\, — p,, the minors
Aﬂ(M ) can be expressed in terms of weights of flows from sources indexed by I to

targets indexed by J.

Definition VI.2 (Flows). Let I and J be collections of vertices in a directed acyclic

graph with |/| = |J|, and fix orderings of / and J. A flow F : I — J is a collection

of pairwise vertex-disjoint paths my, - - -, m;; so that every vertex in I is the start of

some 7; and and every vertex in J is the end of some ;. We write e € F if e is an

edge in one of the paths 7;. The weight of a flow is w(F) = Hw(e), and the sign
ceF

sgn(F) of a flow is the sign of the permutation determined by the reordering of

the endpoints.

We refer to Fomin and Zelevinsky’s proof of Lindstrém’s lemma.

Formula V1.3 (Lindstrém’s lemmal9]). Let G be a weighted network with weight
matrix M, and let R and C be subsets of [1,n] with |R| = |C|. The minor AJ(M)
is given by

Ag(M) = Z sgn(F)w(F).

F:R—C
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We are interested in computing ratios of minors of the form Aﬁ’hk] (9(r)), which
correspond to ratios of minors on the column set indexed by the chamber = _ (k).
Although every Aﬁ,hk] (9(r)) can be computed using flows in the oriented bridge
diagram G, which we will discuss in Section 6.2, it suffices for our purposes to
compute minors where the row set R has the form S\{s} u {r}, where S is one of
the sets u, ([1, hi]) or wy, ([1, ~k])-

To simplify our computations, we will use the standard technique of reversing
edges along a F : S — T in a graph G and identifying augmenting paths = : r — s

in the resulting graph G with flows F' : $\{s} U {r} — T in the original graph G.

Definition VI.4 (Augmenting paths). Let G be a directed acyclic graph and let
F : S — T beaflow. Let G be the graph obtained from G by reversing edges along
F. For vertices s € S and r ¢ S U T, an augmenting path from r to s is a directed
pathm:r — sin G. Let F~ := {e:ee Fle¢ntu{e:eeme¢ F}. Then F™ isa

flow from S\{s} u {r} to T in G, denoted the augmentation of F along .

Augmenting paths are used in Ford and Fulkerson’s algorithm for finding a
maximal flow in a directed network with edge capacities[12] and Hopcroft and
Karp’s maximal bipartite matching algorithm[19]. In the context of total positivity
for Grassmannians, Postnikov showed that for a perfectly oriented planar network,
the boundary measurement map is preserved when we reverse all edges along a
flow and invert their weights.

More generally, if both the directed graph G and the graph G obtained by re-
versing edges along a flow F : S — T are acyclic, then there is a bijection between
augmenting paths 7 : r — sin G and flows F : S\{s} U {r} — T in G. A suffi-
cient condition is that G is acyclic and there is a unique flow F : S — T"in G. For

completeness, we include the following proof, outlined by Speyer in an email.
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Proposition VL.5. [32] Let G be a directed acyclic graph, and let S and T' be collections of
vertices such that there is a unique flow F from S to T'. Let G be the graph obtained from G
by reversing all edges in F. Then G is acyclic, and for each s € Sandr ¢ S U T, thereis a

bijection between paths {m : r — s} in G and flows {F' : S\{s} v {r}} given by 7 < F~.

Proof. Without loss of generality, we may assume that the sets S and 7" are disjoint;
if v is a vertex in S n T, the path from v to v in F has no edges by acyclicity of G.

Suppose that C'is a directed cycle in G. Write C; for the edges of C' which have
the same orientation in G and G and write C, for the edges of C' which have oppo-
site orientations. Since G is acyclic, both C; and C; must be nonempty: otherwise,
either ' = ('} is a cycle in G, or C' = C; so that the reverse of C' is a cycle in G.
Hence, there is a flow 7’ from S to T' obtained from F by using the edges C; instead
of the edges (5, contradicting uniqueness of F. So G is acyclic.

Fixse Sandr ¢ SuT.If 7 is a path from r to s in G, then F~ is a flow from
S\{s} u{r}in G. Conversely, if ' : S\{s} u {r} — T is a flow in G, consider the set
of edges £ in the symmetric difference between F and F'. We claim that in G, the
edges of E form an oriented path from 7 to s. It is immediate from the definition
that a flow in GG uses exactly one inbound edge and one outbound edge for each
non-source, non-target vertex it contains. For an acyclic graph, a flow with disjoint
source and target sets uses one outbound edge for each source and one inbound
edge for each target. It follows that in @, for each vertex v contained in both F and
F', E contains an edge of ' directed toward v if and only if it contains an edge of
F directed away from v, and vice versa. Begin at the vertex r and follow a path 7
that alternates between edges of 7'\ F and edges of 7\F’' whenever possible. By
the previous statement, 7 must eventually either revisit a vertex or arrive at the

vertex s. Since s is a source of F in GG and s ¢ F’, the vertex s has no outbound
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edges in . Because G is acyclic, 7 must reach s and terminate.

We claim that 7 uses all the edges of E. Otherwise, choose an edge e in £/ which
was not used by 7 and form a maximal alternating path 7’ using edges of E. We
claim that 7’ uses no edges of m. Otherwise, consider the first edge e = (vy, v2)
where 7 and 7’ agree. The edge e cannot be the first edge of 7’ by hypothesis, and
it cannot be the first edge of 7 since there are no inbound edges to the vertex r in
G.So 7 and 7’ arrive at v; from different inbound edges, and hence one uses an
inbound edge from F and the other uses an inbound edge from F'. But both 7 and
7’ are alternating, so they cannot both leave v; using e. Hence 7’ does not share any
edges with 7, and so it cannot reach s. It follows that 7’ eventually self-intersects,

contradicting acyclicity of G. O

Under the hypotheses of Proposition VL5, we will define the weight of an aug-

menting path 7 to be the ratio of the signed weights of 7™ and F.

Definition V1.6 (Weight of an augmenting path). Let G be a directed acyclic graph,
and let S and T be collections of vertices such that there is a unique flow F from §

to T. Let G be the graph obtained from G by reversing all edgesin F. Let 7 : s — ¢

sgn(F " )w(F™)

be an augmenting path. We define the weight of 7 to be the ratio ===

6.2 Converting a wiring diagram to a weighted network

Fix a reduced expression w with positive subexpression u.. Karpman gave the
following construction for converting the wiring diagram for D"+* to a weighted,

directed acyclic network, or oriented bridge diagram.[21]

1. For each i € J, replace the crossing i with a vertical bridge of weight ¢; di-

rected down from level h; + 1 to h;, as in Figure 6.1.
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Figure 6.1: Blocks in the wiring diagram and oriented bridge diagram corresponding to i € J;; .

Figure 6.2: Blocks in the wiring diagram and oriented bridge diagram corresponding to i € J; .

2. For each i € J , add vertices on either side of the crossing 4, giving a non-
planar block with horizontal and inclined edges oriented left-to-right between
heights h; and h;, 1, as in Figure 6.2. Assign weight —1 to the upward-inclined

edge and weight 1 to the downward-inclined edge.

3. Strand segments between crossings are horizontal edges of weight 1, directed

from left to right.

We note that a block containing a bridge has weight matrix g; = v, (¢;) and
a block containing inclined edges has weight matrix s, . Following Fomin and
Zelevinsky’s discussion of weighted networks[9], concatenating these blocks from
left to right corresponds to multiplying their weight matrices from left to right.

For each index k with 0 < k < /, let G, denote the oriented bridge diagram
for the first k£ indices of w and u,.. It follows that G, has the weight matrix gy =
9192 - - - g from Marsh and Rietsch’s parametrization.

Since Karpman'’s bridge diagrams are non-planar in general, the path permu-
tation on the endpoints of a flow need not be the identity, so that some flows F
may have sgn(F) = —1. However, when the targets of F are indexed by a left-
justified interval [1, 1], the inversions of the path permutation of F are in bijection
with upward-inclined edges used by F. Since upward-inclined edges have weight

—1, the term sgn(F)w(F) has coefficient 1 as a monomial in the ¢;. This is consis-
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tent with the result of Marsh and Rietsch that every left-justified minor of g is a
subtraction-free polynomial in the variables {t; : i < k}.[27]

By Lemma 7.4 in [27], for each Gy, the unique flow F, ,, from the source vertices

U(k)

. ey ([1,h%])
Mgy s Augy ) tO targets pi, -+, p, has weight A[l,hk] (9)) = 1, and the
unique flow F,,, from source vertices A, PNCIRERE Aw ) tOtargets py, -, py has
w 1,hg . .
weight A W(][ < (9(x)), where these minors are related to minors of the upper

triangular matrix z by the equation
(k) ([1:hk]) Alu ) (K))
1 Anha law)  Alwi=
B [

)
weyy ([1,he]) w(r) ([1,h1]) >\(W) Z—»( )
Aphg low)  Apwg  (aw) AW

Definition V1.7 (The graphs G, and G, ). Fix k with 0 < k < ¢. We denote the
graph obtained from Gj, by reversing the edges of 7, by G,  and we denote the

graph obtained from gy, by reversing the edges of ., by G, k-

We note that an augmenting path in one of the graphs G :+ or G ZV is a nonempty
directed path 7 : A, — ), beginning and ending on the left edge of the rectangle

bounding the planar projection of Gj.

Proposition VL.8. The weight of an augmenting path 7 in @ZV is given by the ratio

I«
i€J3+ T
tisoriented down_ e wejght of an augmenting path T in G, x  1s given by w( H t;.
H t; 267rmJ

ey, nm
i is oriented up

Proof. For each flow F in {F, Wy }, we have that sgn(F,)w(F:) = H ti

i€Fnr r\J,?l+

“(k)

and sgn(F)w(F) = H t;. The augmenting path 7 travels down bridge 7 if and
ieFndy,
only if 7, uses i and F does not use i, while 7 travels up bridge ¢ if and only if

F, does not use i and F uses i. In G, , the bridge i is oriented up if i € F,,, and

. . Su+ . . .
oriented down otherwise. In G, , all bridges are oriented down since F,,, uses no
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bridges. O

6.3 Graph theoretic properties of JC(j) in an oriented bridge diagram

In this section, we will use our results from Section 4.4 to give a graph theoretic

description of the region JC(j) in the oriented bridge diagram G, for &k >

Proposition VI.9. For k > j, 0JC(j) is a simple closed cycle in the underlying undirected

graph of Gy.

Proof. By Proposition IV.53, the planar projection of JC(j) is a simply connected
region, and the boundary 0JC(j) is a cycle which switches strands only at crossings
i € J,,. Replacing a crossing i € J;, with a bridge takes a connected cycle to a

connected cycle. We note that the crossing j is the rightmost crossing on 0JC(j). O

Definition VI.10 (Interior vertices of JC(j)). Let v be a vertex in G;. We say that v
is an interior vertex of JC(j) if either v is a vertex on some bridge ¢ where all three
chambers incident to i are in JC(j) or v is an endpoint of an inclined edge where

both chambers incident to v are in JC(j).

Definition VI.11. We say that a vertex v is in JC(j) if either v is on @JC(j) or v is
an interior vertex of JC(j). We say that an edge e is an interior edge of JC(j) if both
endpoints are in JC(j) and at least one endpoint is an interior vertex.

We say that an inclined edge e enters JC(j) or escapes from JC(j) if exactly one of

its endpoints is an interior vertex of JC(j).

Definition VI.12 (X;-degrees). Let G be a weighted directed graph and let e € G'be
a directed edge with weight w(e). Write w(e) = X{M(X), where M (X) is a Laurent
monomial in the variables {X; : i # j}. We say that the edge e has X;-degree d and

write deng(e) = d. Similarly, we define the X,-degree of a path or flow as the



Figure 6.4: Forbidden boundary segments for unipeak wiring diagrams.

power of X dividing its weight, or equivalently as the sum of the X;-degrees of

its edges.

It is immediate from the definition that if the edge e is not a bridge or if e is

vertex-disjoint from 0JC(j), then e has degree 0 in any orientation.

Definition VI.13. An edge e is 0JC(j)-incident if at least one of its vertices is on the

cycle 0JC(j).

Definition VI.14. Fix j € J; with v, = 1. Leti < j be an index with i € J3,
and suppose that Pivots = _; (v{,_,)) = Pivots = _ ;) (uy_1)) and Pivots = _ ;) (v;_,)
# Pivots = ;) (ug;_1y). Let vt = X' (uy) (o (7)) and let r— = X' (u;) (o (7)). We say
that 7 is a convex left corner of JC(j) if r* € v{,_,,([1, h;]) and r_ € v,_,,([h; + 1,n]).

We say that i is a concave left corner if r* € v{,_,,([h; + 1,n]) and r_ € v{,_,,([1, h;]).

Figure 6.5: Bridges with X;-degree +1 when oriented down and X ;-degree —1 when oriented up.
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Figure 6.6: Bridges with X;-degree —1 when oriented down and X ;-degree +1 when oriented up.

» ) X

—o . ——o . / \

Figure 6.7: Boundary-incident edges of X ;-degree 0.

Proposition VI.15. Let i be a 0JC(j)-incident bridge. If i is an upper or lower boundary
edge, then deg . (i) = 0.

Otherwise, the degree of i in X is as follows.!
1. Ifiis directed toward 04 JC(j) or away from 0, JC(j), then deg . (i) = 1.

2. If i is directed away from 0 JC(j) or toward 0,JC(j), then deg . (i) = —1.

Proof. If i is a 0JC(j)-incident bridge which is not an upper or lower boundary
edge, then either 7 satisfies description 1 when oriented down and description 2
when oriented up or vice versa. Since the weight of a bridge i is ¢; if 7 is directed
down and tl if 7 is directed up, it suffices to verify the claim for downward oriented
bridges. For a unipeak wiring diagram, the possible types of bridges with nonzero

weight in X; are as follows:

!Mnemonically, going to the upper boundary makes the power of X; go up; going to the lower boundary makes the
power of X; lower.
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= ()| 3=,00) | =,06) | =_() | degy (1)

deg, Q=) 1 | 0 | 0 | 0 1
0 1 0 0 1
0 0 1 0 1
1 1 1 0 1
1 1 0 1 -1
0 0 0 1 -1

Case 1 occurs only for i = j; for unipeak expressions, case 3 occurs only for

izj;.

]

Corollary VI.16. Let i be a bridge so that at least one vertex of i is in JC(j). Let ~, and

7.+ be the geodesic paths containing the endpoints of i. Then the degree of i is as follows.

1. Ifr,7" € R*(j) or r,r" € R'(j), then deng (1) =0.

2. Ifr € R'(j) and " ¢ R*(j), then the bridge i has degree 1 when directed toward -,

and degree —1 otherwise.

3. Ifr e R'(j) and r' ¢ R'(j), then the bridge i has degree —1 when directed toward -,

and degree 1 otherwise.

Proof. Every lower boundary component follows a union of geodesic pathsin R'(j),

every upper boundary component follows a union of geodesic paths in R'(j), and

every bridge between geodesic paths 7, € R'(j) and 7,» € R'(j) is incident to 0JC(j).

If both r, 7" € R'(j), then the bridge : must be on 0,JC(j) and hence has degree 0

in X, for both orientations. If both r, 7" € R*(j), then either ¢ is on ¢;JC(j) or i is an

interior bridge, so that i has degree 0 in X;.

]
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Corollary VI.17. Let Gy, be any weighted, directed graph obtained from G, by reversing
some of the edges and inverting their weights. If m = vy, - - - , V1 is a directed path in Gy,
so that vy, - - - , v, is contained in JC(j), and if e;,, - - , s, = (Viy, Viys1), -+ » (Viy, > Viyo1)
is the subsequence of edges with deg  (e) # 0, then deg (€iger) = —deg y (e;,) so that
deng(w) e {-1,0,1}.

Proof. Each geodesic path v, intersecting JC(;) satisfies exactly one of r € R'(j) and
r € R*(j), and the path 7 switches from one geodesic path to another exactly when
it crosses a bridge. Since 7 is a path, it cannot go from R'(j) to R'(j) twice without

going from R'(j) to R'(j) in between, and vice versa. O

Corollary VI.18. Let G, be any weighted, directed graph obtained from G, by reversing
some of the edges and inverting their weights. Suppose that m = vy, - - - , Up,41 s a directed
path in Gy, so that vy, - - - , vy, is contained in T(]) Let dbean index with1 < d < m+1,
and let vq be on the geodesic path .. Then the X;-degree of the first d edges of m is given
by

€ re R'(j)
degvd(vo) =
e+1 reRY())

where € € {—1,0}.



CHAPTER VII

Regularity of Mutated Variables

In this chapter, we will describe the exchange relations corresponding to the
cluster given by the regular functions X; described in Chapter V. We will verify
that the initial cluster variables together with the mutated variables X satisfy the
conditions of Berenstein, Fomin and Zelevinsky’s Starfish Lemma, giving the co-
ordinate ring C[R""] of the open Richardson variety the structure of an upper

cluster algebra.

Using our geometric description of the region JC(j) from Chapter IV, we will
consider the exchange relations obtained by multiplying the y-variables correspond-
ing to Berenstein, Fomin and Zelevinsky’s chamber ansatz quiver. We will show
that for each mutable variable .X;, the term f/J = % is the unsigned path weight of
a simple cycle around the boundary ¢JC(j). By analyzing possible paths between
boundary vertices under certain perfect orientations of oriented bridge diagrams,
we will show that on D"+%, the coordinates of the Schubert form T** are Laurent
polynomials in the variables {X; : i # j} U {X}. This will allow us to show that
the mutated cluster variables X} are globally regular functions on R** and to ver-

ify coprimeness conditions for pairs of distinct variables X; and X in the initial

93
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cluster as well as pairs of variables X; and X7.

7.1 Starfish Lemma

In Theorem 2.10 and Lemma 2.12 from [3], Berenstein, Fomin and Zelevinsky
prove that the coordinate ring C[G""] of the double Bruhat cell G** = B,uB, n
B_vB_ has the structure of the upper cluster algebra, where any reduced double
wiring diagram for u, v determines an initial seed with cluster variables given by
the chamber minors and exchange relations given by a quiver structure they de-
tined. Their proof uses the property that G** is a normal algebraic variety, so that
the coordinate ring C[G""] contains all functions f with singular locus of complex
codimension > 2. Berenstein, Fomin and Zelevinsky begin with an initial seed
and consider the “starfish” of seeds ¥’ = y;(X) obtained from X by a single cluster
mutation. They show that the initial cluster variables and the mutated variables are
globally regular functions, with frozen variables everywhere nonvanishing, and
that for the initial seed ¥ and each of the neighboring seeds ¥’ = 1;(X), the locus
where all cluster variables are nonzero is isomorphic to a torus (C*)"*. For dis-
tinct mutable variables X; and X in the initial cluster, they show that the functions
X; and X are coprime—that is, the hypersurfaces {X; = 0} and {X; = 0} intersect
in codimension > 2. Similarly, they show that the mutated variables X = 1,;(X;)
and the initial cluster variables X; are pairwise coprime. It follows that C[G*""]
consists of all functions which are regular on all the tori determined by the seeds
¥ and ¥, so that C[G""] is the upper bound algebra U (X) given by the intersec-
tion of the Laurent rings C[X*] and C[y;(X)*] for all mutable X;. We will use the

following restatement of the Starfish Lemma.

Lemma VIL1. [3] Let V be a normal algebraic variety with coordinate ring C[V]. Sup-
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pose that there are reqular functions Xy, -, Xy, Xn+1,- -+, Xn+nm and an ice quiver
with mutable vertices vy, - - - vy and frozen vertices Un 1, - - - , Vx4 SO that the following

conditions hold.

1. The map V — CN™M gjven by g — (X1(g), -+, Xn1a(g)) restricts to a biregular

isomorphism { X1, , Xnyar # 0} — (C¥)N+M,
2. The functions Xny1,-- - , Xnym are nonvanishing on V.

3. If1 <i,j < N withi # j, then the locus X; = X; = 0 has complex codimension

> 2.
4. Foreach 1 < i < N, there is a reqular function X/ so that X; X| = M. + M".

5. ThemapV — CN*M givenby g — (X1(g),-- -, Xi1(9), X{(9), X1 (9), -+, Xnsn(9))
restricts to a biregular isomorphism {Xy, -, X;_1, X}, Xiv1, -+, Xnsm # 0} —
(C*)N+M.

6. Forany iand j with1 < i,j < N, the locus X = X; = 0 has complex codimension

> 2.

Then C[V)] is isomorphic to the upper cluster algebra A(X1, -+, Xni ).

Brion gave a proof that the open Richardson variety R"* is a normal algebraic
variety in [5]. In order to show that the coordinate ring C[R*"] is isomorphic to an
upper cluster algebra, it therefore suffices to give an initial cluster and quiver and
verify the conditions of Berenstein, Fomin and Zelevinsky’s Starfish Lemma. We
have shown that for each w € &,, and each v < w in the Bruhat order, the wiring
diagram for the unipeak expression w for w with positive subexpression u.. for u
gives dim R™" = { (w) —{ (u) regular functions X; indexed by the crossings J;,, so
that the evaluation map gives a birational isomorphism from the locus {X; # 0 :

i€ J,, }to(C¥) i+ We have also shown that the function X is nowhere vanishing
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on R*" if and only if the nearly positive expression v fails to be a distinguished
subexpression of w, so that X; divides the chamber weighting Q( =% ) for some
open chamber =X at the left boundary of the wiring diagram.

We will now describe a quiver structure inherited from Berenstein, Fomin and
Zelevinsky’s Chamber Ansatz quiver. We will verify that for each j € J; such
that the nearly positive sequence v/ is a distinguished subexpression of w, there is
aregular function X} € C[R""] so that X; X} = M, + M_, where M, and M_ are
the monomials defined by the outbound and inbound arrows incident to the vertex
corresponding to X in the quiver. Specifically, the function X is proportional to

. - . . . AN ()
a binomial in the expansion of the special chamber minor A AW (2 ()

) appearing in
Marsh and Rietsch’s Chamber Ansatz for the Deodhar hypersurface DY*¥. As an
intermediate step, we will show that for distinct indices ¢ and j, the variables X;
and X; are coprime. At the end of the chapter, we will show that the variables X;
and X7 are also coprime.

Berenstein, Fomin and Zelevinsky defined the following ice quiver structure on

the chambers of a wiring diagram in [3].

1. In each chamber = in the wiring diagram, draw a vertex v, designated

mutable if X is a closed chamber and frozen if =% is an open chamber.

2. For each crossing i, draw a left-to-right horizontal arrow from v _ ;) tov=_ (),
and draw a right-to-left inclined arrow between each pair of chambers that

meet along a strand segment.

3. Erase 2-cycles and arrows between frozen vertices.

Definition VII.2 (Richardson quiver). The induced quiver on R"" is as follows.

1. Draw one vertex v; for each { X : j € J; }, with X; designated mutable if the
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Figure 7.1: The g-variable for the chamber D is which is equal to the ratio .

nearly positive sequence v/ is a distinguished subexpression of w and frozen
otherwise. (Equivalently, X is frozen if and only if there is an open chamber
= so that X; divides Q( =% ).)

2. For each pair of distinct vertices v; and v;, draw one arrow from v; to v; for
each arrow e : v — vx in the chamber ansatz quiver so that X; divides
Q( =) and X; divides Q( =").

3. Erase loops, 2-cycles and arrows between frozen vertices.

We note that the y-variables for the chamber ansatz quiver are given by the

following formula.

Formula VIL.3. Let = be a chamber in a wiring diagram bounded on the left and
right by crossings i < j where h; = h; = hand for all i < i’ < j we have h; # h. The

y-variable for = with respect to the chamber ansatz quiver is given by § ( % ) =

Ax D DG . .
. SN o i+ (whereif k € Jo. we define t;, = 1).
= (7

)P )

This is easiest to see by example. In Figure 7.1, the ratio % for the crossings ¢
IT x

and j to the left of D is givenby ;* = t;t;" = 3555 = 375 = D_’XX, which is the

X—D
y-variable for the chamber D. Note that § (=% ) has a natural interpretation as the

path weight of a counterclockwise cycle around the boundary of the chamber =,
where traveling up at a crossing corresponds to inverting the edge weight.

The outbound and inbound arrows for the vertex labeled by X; are computed
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by taking the net number of outbound and inbound arrows for the chambers in
JC(j), which corresponds to multiplying the y-variables from the chamber ansatz

quiver.

Formula VIL4. Let j € J,, be an index with v}, = 1. The g-variable for the variable

insgivenby?j: H g(=).
= e30(5)

Since the region JC(j) is simply connected, the product of the path weights of
the counterclockwise cycles around each chamber in JC(j) is the weight of the

counterclockwise cycle around 0JC(7).

7.2 The upper cluster algebra A(Y) is the upper bound ¢/ (X) for the initial seed

At the end of this chapter we will verify that C[R**] is equal to the upper bound
algebra U/ (X) for the initial seed ¥ = (X, @)). In order to conclude that C[R*"] is the
upper cluster algebra A(Y), we will need to show that the algebras A(%) < U(X)
coincide.In [3], Berenstein, Fomin and Zelevinsky give a criterion for equality of
the upper bound and the upper cluster algebra in terms of the rank of a matrix

B(Q) describing the exchange relations of a quiver Q.

Definition VIL5. Let () be a quiver. The signed adjacency matrix of () is the matrix
A(Q) = (aij) = #(v; = v;) — #(vj; — vy),

where the rows and columns are indexed by the vertices of () and the entry a;; is
the net number of arrows from v; to v;. The B-matrix of Q is the submatrix B(Q)

consisting of the columns of A((Q)) indexed by mutable variables.

By Corollary 1.9 in [3], if the matrix B(Q) has full rank, then for any seed X the

upper bound U(Y.) is equal to the upper cluster algebra A(X). Combining this with
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their result that the chamber ansatz quiver Q, satisfies the condition B(Q,) is full
rank, we show that the Richardson quiver Q also has a full rank B-matrix.

The proof of the following proposition is due to Speyer.
Proposition VIL6. Let Q be the Richardson quiver. The matrix B(Q) has full rank.

Proof. Write J = J;, v J; for the index set of the crossings in the wiring diagram
of w, and write J"¢"" for the set {j € J : 35~ < j, hj- = h;}. Thatis, J""" is the
index set for the mutable vertices in the chamber ansatz quiver. Let J;"***"*" be the
set {j € Jg, : 357 < j,h;j~ = h;}. Let L be the lattice Z’ and let L"**"*" be the sub-

. interior
lattice Z7

. We may think of a point v € L as the exponent vector of a Laurent
monomial in some weighting on the chambers of the wiring diagram, where an
index j € J gives the exponent for the weight of the chamber = _(j). Let M < L
be the lattice Z”+, and let M*rior be the sublattice of M with index set Jomeerier,
Let Qo be the chamber ansatz quiver. The matrix A(Qy) gives a skew form (, yon L,
and the matrix B(Q) gives a map from L™ to the dual lattice L corresponding
to restricting the form (, ). Let Q be the Richardson quiver. For eachi € J ,leti,, i,
and i_, denote the crossings to the right of the chambers = (i), = (i) and = _(i).
Let o, € L be the weight vector that looks like (1, —1, —1,1);;, s, i_.- The dual lattice
M is the quotient of L'by M~ := Span(y;),. L which corresponds to the condition
that chambers surrounding a crossing i in .J;;, must satisfy Dodgson’s identity.

Write B™¢°"(Q) for the submatrix of A(Q) with columns indexed by J """,

so that B(Q) is a submatrix of B (()). The following diagram commutes.
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MJ_

B(Qo) \[
LGtemor/_m LV
Minterior B s M AQ) N MV

\_/

Binte'r'ior(Q)
We note that in order to show that B(Q) is full rank, it suffices to show that

Binterior(() is full rank.

Consider the map B™erier(Q) : M™eior — M and suppose that ¢ € Minterior
is an element of the kernel. Viewing ¢' as an element of the larger lattice L and
identifying crossings ¢ with the chambers = _ (i), choose i to be minimal so that
' is supported on = _(i). Then i must be in J; , since if i were in J; then the
condition that ¢;(¢') = 0 for v € M would imply that ¢ be supported on at least one
of = (i) and = (i), contradicting the minimality of i.

Write j for the index so that = (i) = = _(j). Let N # 0 be the value of v;. By

hypothesis, B"""(Q)7 = 0. So there must be an element Z Mepr € M so that
ke,

B(Qo)7 + Z Arr = 0. Now the condition = _ (i) = = _(j) implies that B(Q,)
lceJlf+
has entry b;; = 1,50 B(Qo)%; = N. By minimality of i, B(Qy); = 0 for all ' < i.In

particular, this holds for all i’ so that = _(i’) is below the strand «. (i) and above

the strand « (7). So the sum Z (B(Qo)¥)# = N. Since the crossing i is

= (') below o~ (%)
and above o (%)

in J;, , for any crossing k in J; the components of the weight vector ; indexed
by chambers above the strand « (i) and below the strand o. (i) must sum to zero.

So any weight vector of the form w = B(Qo)7 + Z Ay satisfies the condition
ke,

Zwi’ = N, where 7’ ranges over the crossings that are between «. (i) and « (). In

Z‘/
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particular, w cannot be the zero weight vector, since summing over a subset of the
components gives a nonzero sum N.
This is a contradiction, so the matrix B™#"" (@) is full rank, and hence B(Q) is

full rank.

7.3 Coordinate functions of D"+" are Laurent in the mutated variables

In this section, we will use augmenting paths in the family of graphs @Zv to
show that whenever the variable X, vanishes on a Deodhar hypersurface DV, the
restriction of any Schubert coordinate to D"+* is Laurent in the variables { X, : i #
J} u{X;}. It will be convenient to work with the left-normalized Schubert coordinates
described by Fulton in [13], corresponding to entries in the upper unitriangular
matrix Z with z = 2 diag (z;;) .

By the following result of Kassel, Lascoux and Reutenauer, for any unipeak ex-

pression w, the entries of Z satisfy a stabilization property.

Theorem VII.7 (Left-normalized Schubert coordinates in unipeak diagrams, Kas-
sel, Lascoux and Reutenauer[22]). Let w be a unipeak expression for w. Let F' be a
flag in BLwB, /B, and let Z be the upper unitriangular matrix so that the matrix Zw

has zeros to the right of each permutation position and 2wB, = F. Then the matrix

¢ j
2w = nxh(fz)sh Write 27 for the upper unitriangular matrix <H$h(fz)8h> w(j

i=1 1=1

Write A, for the left endpoint of o (k) and write A, for the left endpoint of o (k). Then
the entry 27, is given by
0 ifj<k
Fab =
éab lf] > k.
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wgy ([Lhk])\{b}o{a}
[1/] (9)
w 1,h
A[l(,};gk(][ k]) (90)

By Proposition VL5, the ratio of minors = & Z4 is given

by
wiry ([LAe])\{b}u{a}

[1,hx] (g(k)) B
AP TRD - Z w(F),
[1,hx] (9(k)) Fla—Np

where the sum is over augmenting paths from A, to ), in the directed graph @:
We note that z,, = 2420, Where 2y, is a ratio of frozen variables {X; : v{,, # 1}, so
that for any mutable variable X, the X;-degree of an augmenting path from A, to
Ay in @: is the same as the X-degree in the corresponding term in the expansion
of zup.

Our main goal for this section is to give a characterization of augmenting paths
of negative degree in X in the graph @:

By Proposition VI.17, if m = vy, -, v;y41 is a directed path in @Z so that the
vertices vy, - - - , v, are contained in F(j), then the X;-degrees of the edges of 7
satisfy a weak alternation property so that deg X, (m) is either —1,0 or 1.

The following elementary proposition shows that we can decompose any aug-
menting path F into segments which either satisfy this property or are vertex-

disjoint from JC(j), and therefore have degree 0 in X;.

Proposition VIIL.8 (Partitioning an augmenting path F). Let 7 : A\, — X\, be an
augmenting path in @kw Then F has a unique decomposition into a sequence of consecutive

directed paths 7, - - -, 7€ satisfying the following conditions.
p 8 8

1. Either 7@ is vertex-disjoint from JC(j) or the vertices of ©¢ can be enumerated as

7 =g, -, U1, Where the vertices vy, vy y1 & JC(j) and vy, - -+ , v, € JC(j), with

m > 0.

2. If o is vertex-disjoint from JC(j), then w4+t intersects JC(j).
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Proof. Every vertex of @ZI either belongs to JC(j) or to the complement of JC(;j), and
the vertices )\, and )\, are not in JC(j). Split up the path F at each vertex v; ¢ JC(j)

so that one of the vertices v;_; or v;;1 € JC(j). O

We will now introduce some notation for the paths intersecting JC(j) in this

decomposition of an augmenting path.

Definition VIL9 (JC(j)-path components). Let F : A, — ), be an augmenting path
in @ZI We say that a path 7 contained in F is a

JC(j)-path component of F if m = vg, - -+ , Uyys1 Where m > 0, the vertices vy, V41 ¢

JC(j) and all vertices vy, - - - , v, € JC(7).

Definition VIL.10 (0JC(j)-path components). Let 7 = vy, - - - , v;,41 be a
JC(j)-path component of an augmenting path. If vy, - - - , v, < 0JC(j), we say that =
is a 0JC(j)-path component and designate 7 as clockwise or counterclockwise depend-

ing on the orientation of the boundary arc vy, - - - , vy,

We will also refer to a path 7 as being a JC(j)-path component or a
0JC(j)-path component, leaving the augmenting path or paths containing 7 im-
plicit. This should always be understood to mean that there is at least one directed
path from A, to vy and at least one directed path from v,,, to A,. The following
proposition shows that we can reduce the task of characterizing augmenting paths
F with deg (F) < 0 to the more local task of describing J JC(j)-path components

of X;-degree —1.

Proposition VIL11. Let F : A\, — A\, be an augmenting path in @Z, and suppose

that deg  (F) is negative. Then JF has a JC(j)-path component ™ = v, - - , U1 SO that

deng (m) = —1.
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Figure 7.2: Flipping a negative weight JC(j)-path component

Proof Letn!, .-, 7¢be the decomposition of F from Proposition VIL8. Then deg X, (F)
= Zdeg X, ). If 7 is vertex-disjoint from JC(;), then all edges ¢ € 7’ have degree
0 mX and so degX (7?) = 0.

If 7’ isa JC(j)-path component of F, then by Corollary VI.17, the edges of nonzero
X, degree are of alternating signs, so that deg Xj(wi) e {—1,0,1}. In particular, if
Zdeg x,(7") <0, then atleast one J JC(j)-path component 7' must have deg x, (T ) =

—1. [l

We wish to show that whenever F is an augmenting path from A, to A, with
deg (F) < 0, there exists an augmenting path 7" from A, to A, so that w(F) +
w(F) =M M%JM‘ where M is a Laurent monomial in C[ X[ : i # j].!

The overall strategy we use is as follows. Given an augmenting path 7 : A\, — A,
in the graph G, , let w be a JC(j JC(j)-path component of F as in Proposition VIL8 and
suppose that deg (m) = —1. We will show that knowing the path 7 completely

determines the orientation of JC(j) in @: In particular, we will prove the following.
1. The path m = vy, - -+ , V41 is @ AIC(j)-path component.

2. The vertices v, and v, partition 0JC(j) into a clockwise arc and a counterclock-

11t is not obvious a priori that every augmenting path with negative degree in X; has degree —1 in Xj; it’s false in
general for the subset of the open torus inside R+ parametrized by the specialized chamber weighting Q( = ).
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wise arc.

3. If 7 is any JC(j)-path component in Gy , with deg X, (7) = —1, then 7 is either 7
or the path 7’ which travels from vy to v,,,+1 along the complementary arc of
0JC(j).

Combining this result with the acyclicity of the orientation, we will conclude
that if 7 is an augmenting path from A, to \,, then deng (F) = —1, and when
equality holds, there is an augmenting path 7’ which differs from F by an oriented
cycle around 0JC(j), so that w(F) + w(F’) is divisible by M++M‘

We begin with some observations about the oriented graph Gy .

Paths in the flow F,

w,, N the oriented bridge diagram G, join source vertices

A o™ where 1 < h < hy, to target vertices p,» where 1 < I’ < k; a path switches
from one strand to another if it reaches a bridge i where both « (i) and a._(¢) have

targets in the interval [1, h;]. In particular, a bridge ¢ is an edge of F,,,, (and hence

*)
directed up in the graph @Z) if and only if « .(i) ends at a target in the interval

[hr + 1,n] and a (i) ends at a target in the interval [1, hy].
Proposition VIL.12. Let o be a strand directed left-to-right in @ZV Then the following
hold for indices i, < k.

1. Suppose that i and i’ are indices in J (o) withi < i'. If a (1) is oriented right-to-left,

then so is o _(i).

2. Ifie J («), then a (i) is oriented left-to-right.
Proof. If 3 is a strand with right endpoint p,, then (3 is oriented right-to-leftif » < hy,
and left-to-right if h > hy, + 1.

1. The strands o (i) and o (i') cannot cross each other after crossing below «,

so the right endpoint of a. (%) is lower than the right endpoint of o (7).
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Figure7.3: A unipeak wiring diagram and the orientation of its bridge diagram obtained by re-
versing edges along the flow from sources {\, 1, A2} to targets {p,, p.}. Every edge
incident to or above the red path to the right of the dotted line is oriented left-to-right.

2. If i € J («), the strand «a (i) crosses above o and hence has a higher right

endpoint.

O

Corollary VII.13. Let o be a strand directed left-to-right in @: Let i be a crossing along
« such that both strands are directed left-to-right. Then the portion of G, above the strand

a-_(7) to the right of the crossing i is oriented left-to-right.

Corollary VIL.14. Let F be an augmenting path in G, . Whenever the path F switches

directions, it must travel up a bridge.

Proof. Horizontal and inclined edges on a single strand « are either all left-to-right
or all right-to-left, so that 7 must switch from one strand to another in order to
change directions. Strands in G ZV meet at a vertex exactly when they have a bridge in
common; if a .(¢) and a-_(¢) have opposite orientations, then the bridge 7 is directed

up. [

We will now describe several types of directed edges that are never used by any

augmenting path 7 in (,A},V:, since augmenting the flow F,, ,, along 7 : A, — )\, must

(k)

give a left-justified flow with targets [1, i;] in the oriented bridge diagram Gj. In

particular, a directed path through JC(j) containing any of these forbidden edges

fails to be a JC(j)-path component.



107

XXX

Figure 7.4: Directed edges which are never used by an augmenting path in @:I

Proposition VII.15 (Forbidden edges). Let m : A\, — A, be an augmenting path in @ZV

If e is any of the following types of directed edges, then e is not in . (See Figure 7.4.)

1. The edge e = (s,t) is a left-to-right horizontal edge at height h where either t is a sink

vertex or there is an edge (t,t") where t' is a vertex at level h — 1.

2. Theedge e = (t,t') is a bridge directed down from height h to height h — 1, where the

horizontal edge (s, t) is directed left-to-right.
3. The edge e = (s,t) is an inclined edge directed southeast.

4. The edge e = (s,t) is an inclined edge oriented northeast and the corresponding edge

(s',t") is oriented southeast.

5. The edge e = (s,t) is an inclined edge oriented northwest and the corresponding edge

(s',t") is oriented northeast.

Proof. For the first three cases, every edge reachable after following e is directed
left-to-right, so if F uses one of these edges then F cannot end at the vertex A,.
In the last two cases, there is a crossing i € J; where the flow F™ obtained by
augmenting F,,, along the path 7 uses an upward inclined edge without using the
corresponding downward inclined edge. This does not occur for any flow through

the oriented bridge diagram G, which has left-justified endpoints p,,--- ,p,, . [

Proposition VIL.16. , Let i = (v_,v,) be a bridge directed upward from ~,_ to v+ in
G, . Then there are connected left-to-right paths m— and =™ in the wiring diagram for w,

so that w~ travels from v_ to a target vertex p,_ where h_ < hy, m* travels from v* to a



108

Y

A 4
1
>

Figure7.5: Types of directed edges arriving at JC(j) that either follow a geodesic v, where r € R*(j)
or follow a bridge toward a geodesic v, where r € R'(j). In the first three diagrams on

the left, the red edges arriving at JC(j) are forbidden.

g s . . :-/ .

< ———o

A ’<—\<—/ ]
— e o u—ol/ o« 3o

A

X |

Figure7.6: Types of directed edges leaving JC(j) that either follow a geodesic v, where r € R'(j)
or follow a bridge away from a geodesic 7, where r € R'(j). In the diagram on the far
right, the red edge leaving JC(j) on v, is forbidden.

target vertex p,+ with h* = hy, + 1, and 7~ travels only down at bridges while 7+ travels

only up at bridges.

Proof. Since the bridge i is oriented up in G, , the strand a (i) has right endpoint in
the interval [, + 1, n] and the strand o (¢) has left endpoint in the interval [1, hy].
Take the path 7~ to follow «. (i) to the right of i and let 7" follow « .(¢) initially
and travel up whenever possible and down only at inclined edges. The strand o (%)
has right endpoint in the interval [1, h;], and traveling maximally up in a reduced

wiring diagram weakly increases the right endpoint. O

In order for the JC(j)-path component 7 to have degree —1 in X, there are
two requirements that must be satisfied. First, for the indices where the vertex
vy € T(j), if vq is on the geodesic path +,, the value of deg X, (vo, -+ ,vq) must be
—1 when r € R'(j) and 0 when r € R'(j). This is equivalent to the condition that
the edge (vg, v1) is either a horizontal or inclined edge on a geodesic path 7, where

r € R'(j) or a bridge directed toward a geodesic path v, where r € R'(j) (see Fig-

ure 7.5). In the notation of Proposition VI.18, we will say that 7 has e = —1. Second,



109

\
L

el
J

L

Figure?7.7: Augmenting paths with negative X;-degree arrive at JC(j) from one of the red edges
Jj - or el and leave JC(j) using one of the blue edges j_ or ‘e.

if the vertex v,, is on 7, where r € R'(j), then (v,,, v,,1) must be a horizontal or
inclined edge on the geodesic v,, and if r € R'(j), then (v,,, v;,+1) must be a bridge

directed away from ~, (see Figure 7.6). In this case, we say that 7 has X;-degree .

Definition VII.17. We define the upper left corner of JC(j) to be the minimal index
i sothat = _ (i) € JC(j) and
e ifgg=0
a (i) =
a.(j7) ifjT#0

Note that this index i is necessarily in .J; .

Notation VIL18. Let i be the upper left corner of JC(;j). We denote the horizontal
edge on a (i) to the left of i by ‘e. We denote the horizontal edge on a -(j) to the

right of j by e!.
Proposition VIL19. Suppose that i is a crossing incident to JC(5). If a (i) # a-_(4),
then the left endpoint of o (i) is below the left endpoint of . (j).

Proof. The region JC(3) is below the strand a-_(j), so that if a strand 3 starts above

a-(j) then it must cross below o () at some point weakly to the left of the crossing
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where it first intersects JC(j). Since w is unipeak, if 5 = a .(i) for some i incident

to JC(j), then it does not travel down before index i. ]

Corollary VII.20. Suppose that i is a crossing on 0, JC(j) with o (1) # o _.(j) and o -(7)

€ C*(j). Then the strand « - (i) is below o (7) for all indices 0 < k < .

Corollary VIIL.21. Suppose that o # o .(j) is a strand with o = « (i) for some crossing
ion 0,JC(j). Let B be a strand in C'(j). If 5 starts below «, then [ crosses above « at some

index between i and j. Otherwise, (3 stays above « for all 0 < k < L.

Proposition VIL22. Let 7 = vy, - - - , Up,41 be a JC(j)-path component, and suppose that

¢ = —1. Suppose that the edge (vo, v, ) is not an edge of o -(i). Then deng (m) =0.

Proof. The edge (vo, v1) must be either a bridge with upper vertex on 0, JC(j) or an
inclined edge crossing 0, JC(j) traveling northwest. In particular, the edge (vo, v1)
is an edge of a crossing i where the strand a .(7) is a lower boundary strand for
JC(j) with right endpoint in the interval [, + 1,7], and the strand a._(7) has right
endpoint in the interval [1, h;|. Suppose that the crossing i is a bridge. Since (vo, v1)
isnot on the strand a -(jj), we have o .(i) # a_.(j). Suppose that 5 € C'(j). We claim
that either /5 is oriented left-to-right, or there is no directed path from the edge
(vo,v1) to B in JC(j). By Corollary VIL.21, if 3 crosses a portion of ¢,JC(j) above
and to the left of the crossing 7, then 3 must be oriented left-to-right.

Suppose that the edge (vy, v;) is an inclined edge corresponding to the crossing
i€ Ji . If a.(i) # a-(j), the same argument shows that every strand 3 € C'(j)
is either directed left-to-right or cannot be reached by a JC(j)-path component be-
ginning with the edge (vy, v1).

Suppose that « (i) = a_.(j). We note that every strand in C'(j) starts above

a _-(j). By definition of C'(j), if 8 € C'(j) then § does not cross below « .(j) to
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the left of j. By Lemma II1.20, if 3 ¢ {a (j), o ~(jT)}, then /3 stays above a (7). By
Proposition VII.16, there is some connected left-to-right path in the wiring diagram
traveling up and to the right from the vertex vy; by Corollary III.21, this path cannot
cross the strand o (j) and hence cannot cross a .(j_ ). Hence every strand in C(j)

is oriented left-to-right, and so the JC(j)-path component 7 has X;-degree e + 1 =

0. ]

Proposition VII.23. Suppose that every strand in the set C'(j) \ {a-(j)} v {a (4)}
is oriented right-to-left and every strand in the set C*(j) \ {a~ (j),a (i)} is oriented

left-to-right. Then the following hold.
1. Exactly one of the edges j~, and e is oriented toward 0JC(j).
2. Exactly one of the edges j_ and ‘e is oriented toward 0JC(j).

3. Writing vy and v,, for the endpoints of these edges which are on 0JC(j), the vertices

vy and v, partition 0JC(j) into a clockwise arc and a counterclockwise arc.

4. No path from vy to v, that stays inside JC(j) goes through the interior of JC(j).

Proof. 1. Since a -(5.) = a.(j) and a- (j7.) € C*(j), the bridge ;. is directed up
and toward 0,JC(j) if and only if a .(j) is oriented left-to-right, while e! is

oriented toward 0JC(j) if and only if a .(j) is oriented right-to-left.

2. Suppose that j_ # 0 so that it indexes a bridge. Since the strand o (j) = o= (j)
is oriented right-to-left, the bridge ;T is directed up and away from 0,JC(j) if
and only if the strand « .(jT) is oriented left-to-right (so that !c is oriented
toward 0JC(j)). If jT = 0, then there is no bridge j, while ‘e is an edge of

a- (7) and hence oriented right-to-left and away from 0JC(j).

3. By Proposition IV.51, if i # j is a bridge on 0JC(j), then « .(i) € C'(j) and

a(j) € C*(j); if i is a dIC(j)-incident bridge that is not on 0JC(j), then either
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i = j_ (and hence both a .(7) and a. (i) are in C''(j)) or both a .(i) and - (1)
are in C*(j). Since a bridge i is oriented up if and only if o .(7) is left-to-right
and o_(7) is right-to-left, we have that the portion of 0JC(j) not on the strands
a (), o (j) or a »(jT ) is oriented clockwise. The boundary portion d; JC(j) N
a- () is oriented counterclockwise, and 0; JC(j) N a -(j) is counterclockwise
if a .(j7) is right-to-left, clockwise if a .(j7) is left-to-right, while J,JC(j) n
a (j) is counterclockwise if o .(j) is left-to-right, clockwise if a .(j) is right-

to-left.

4. Suppose that e is an edge with one vertex on ¢JC(j) and one edge in the in-
terior of JC(j). If e is a bridge i, then the strands a .(i) and a. (i) are strands
in C*(i) \ {a-(j)}, so that they are both directed right-to-left and the bridge
i is directed down. Since the boundary vertex is necessarily on 0,JC(j), the
edge e is directed toward 0JC(j). Similarly, if e is a horizontal edge on a strand
a- (i) where ¢ is a boundary bridge, then the strand a. (i) € C*(¢) so that e is
directed right-to-left toward 0JC(j). If e is a horizontal edge on a strand « (i)
where i is a boundary bridge, then there are no bridges on the strand « .(7) to

the right of 7 and in JC(j).

O

Proposition VIL.24. Let m = vy, - - - , Up41 be a JC(j)-path component and suppose that

deg . (m) = —1. Then the following hold.

1. The edge (vo, vy ) is on the strand o -(j) so that either (vo,vy) is the bridge j~., directed

up, or (v, v1) is the horizontal edge at height h; + 1 immediately to the right of j.

2. The edge (Vm,, Um+1) is either the bridge j_, directed up, or the horizontal edge below

and to the left of the upper left corner of JC(j).
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3. The path m is a 0JC(j)-path component, and there is a 0JC(j)-path component ' =
VY, Vg With (vh,v]) = (vo,v1) and (v),, Vi) = (Upm, Um+1) which follows

the complementary arc of 0JC(j).

Proof. 1. Since degy (m) = —1, the path m must have ¢ = —1, and hence either the
first edge (vo, v1) is on the strand « .(j) or it is a bridge directed to ¢, JC(j) or
inclined edge traveling northwest over ¢, JC(j). By Proposition VIL.22, (vo, v1)

must be on « - (7).

2. Since m must have X ;-degree ¢, either the edge (v, vs,+1) is on a right-to-left
strand o € C'(j), or (v, Um41) crosses 0;JC(j) by traveling northeast over the
strand o (j) at some crossing i € J; . We claim that if a ¢ {a (j), @ -(17)},
then « is oriented left-to-right in G-

If (vo,v1) is the bridge j~, then «a .(j) is directed left-to-right. If(v, v;) is the
horizontal edge e to the right of j, then by Proposition VII.16, there is a con-
nected left-to-right path in the wiring diagram traveling from e to a target ver-
tex p, where h > hj,+1. By Corollary I11.21,if o € C"(j) and o ¢ {a (j), o -(5) },
then the strand o must end above height h;, + 1 and so « is oriented left-to-
right. SO (v, Um+1) is either an edge on one of the strands {a- (j),a -(j7)} or
an inclined edge crossing o (j) traveling northeast at a crossing i € J| . By
Corollary VII.14, since every augmenting path containing = must eventually
turn left, there must be an upward oriented bridge on the strand « . (i) to the
right of a_(j), so that there is a connected left-to-right path in the wiring dia-
gram from the strand segment corresponding to the edge (v, v, +1) to a tar-
get vertex p, with i < hy. But this path must cross below the left-to-right path
from a. (j) ending in the interval [h; + 1, n], contradicting Corollary III.21.

Hence, the edge (v,,, Urm+1) must be on one of the strands {a- (j), o -(77)}-
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3. We note that & > j, since the strand « .(j) or some strand crossing above it to
the right of j ends at height > h, + 1 while the strand «. (j) and possibly the
strand o () ends at height < h;.. The claim follows from Proposition VII.23.

]

Corollary VII.25.

Z W(f)zplX;"i_PQ?

F:da—Xp
where Py € C[X; 1 i # jland Py € C[X] @i # j][X;].

Proof. If every augmenting path from ), to A, has nonnegative degree in X, then
this is clear. Otherwise, fix some JC(j)-path component 7 = vy, - - - , U1 of degree
—1in X;, and let 7' be the JC(j)-path component following the complementary arc
of 4JC(j). By Proposition VIL.24, every JC(j)-path component of degree —1 in X;

is either 7 or 7’ and hence has starting vertex v, and ending vertex v,,.1. Since @ZI
is acyclic, an augmenting path F can contain at most one J C( )-path component
of degree —1, and hence deg (F) = —1.Soif F : A\, — ), is an augmenting path
withdeg, (F) = —1, then there is an augmenting path 7” # F obtained from ¥ by
replacing = with 7’ or vice versa, and we have w(F) +w(F') = M M%JM* where M
is some Laurent monomial in the variables {X; : ¢ # j}. Pairing augmenting paths
of degree —1 in X gives Z w(F) = P X} + P, for some P; € C[X;" : i # j] and

Fla—p
Py e C[XE 1 i # j][X;]. 0

Lemma VIL.26. Let j € J;, be an index with v}y, = 1. On the Deodhar torus D"+¥,

the entries of the Schubert form Y*" are Laurent polynomials in the variables {X; : i #
7} v AXG)

Proof. On D"+¥, the entries of T** are Laurent in the variables {X; : i € J; } and

Xl — My+M_

; <, By Theorem VIL7, it suffices to show that if & is any index with



Figure 7.8: The chamber ansatz quiver and the induced Richardson quiver

1 < k </, then writing a = w,(hx) and b = w,(hx + 1), the ratio of minors
w(k)([lvhk])\{b}u{a}(g )
k . .
[l’hki]u<k)([1,hk]) w) Z w(F) is Laurent in {X; : i # j} U {X}}. Apply
[1,h1] (9(x)) Fida=Xp
inGy
Corollary VII.25 foreach 1 < k < /. O

7.4 Mutated variables as terms in the special chamber minors

In the previous section, we showed that if j € J;, is an index so that the func-

R

tion X; = A (jf e R““ vanishes on a Deodhar hypersurface D¥''%, the Schubert

coordinate functions are Laurent in the variables {X; : i # j} U {X] = M%JM‘} on
the torus D"+, It remains to show that X’ extends to a regular function on R**.
That is, we have shown that if there are terms in the expansion of the Schubert
coordinates on D"+ which have negative degree in X, then they are unique up
to multiplication by Laurent polynomials in the variables {X : i # j}, but we have
not yet shown that such terms exist. We will need to show that there is a globally
regular function A so that on D"+, the coefficient of X’ in the expansion of A is

a nonzero Laurent monomial in the {X; : i # j}.

Example VIL.27. Let W = 5,5,5,5,555,5,5,. Figure 7.8 shows the chamber ansatz

quiver and induced Richardson quiver. The chamber weights are minors of the
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upper triangular matrix

X Xo+X3Xs _ (Xa+X2)X3 1 _ XoXu+X3X5X4+X1 X6
3 XG X2X8 X4X5X6
0 Xo 0 X6 _ XoXyu+X1 X6
X3 X3 X3X4X5
— Yww,,~1 — Xa X5X3 X1Xsg
z w 0 0 X1 X5Xg _ XXy
Xo X2 X2X4
Xq
0 0 0 X 0
1
0 0 0 0 +

The exchange relations for the mutable variables are X5 X! = Xy X+ X1 Xq, X6 X§ =

Xy + X3X5, and X5 X{ = X; + X,. In the following table, we compute the special

-1
vl (L)) ;
minor A /\<(]v)v)( o (j), for the Deodhar boundary stratum DY for each mutable vari-
able Xj.
-1
viy ([LAs])
/ (4) 7
X5 || % A= -0)
X X44X) Xg 124 _ Xo X4+ X1 Xg
X5 2 4;5 1 A145 _ Xo )?j_X;
X X2+)g§3Xr, Ai:; _ (X2+)§Z3és)Xs
X)X 1245 _ X;4X
X3 1;8 ? Az = )é;r Xs
vl H([Lhy)
In this particular case, each of the minors A, (w)(x_,(j)) has the form M X7, where

5 ([Lhs])

Wi
M is aratio of variables { X, : £ # j}. In general, AA((JV)V)(iH(j)) = M X} + P for some

PeC[XE:k+j[X;].

In this section, we will use augmenting paths in the graph @;Jr to show that the

function X} € C[D"+"] has an alternate formula which is regular on a dense open

subset of DV''W. We will show that on D"+¥, a multiple of X i = M%JM‘

vj', [Lh ] . . .
the expansion of the minor A /\<(jw;(> = _f( ;) Which is a special chamber minor in Marsh

appears in

and Rietsch’s Chamber Ansatz for the Deodhar hypersurface D¥'%. At the end of
the chapter, we will use specialized chamber weightings to show the following,

thus verifying the last unchecked conditions for the Starfish Lemma.
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1. If X; and X are distinct mutable variables in the initial cluster, then the locus

{Xi; = X; = 0} has complex codimension > 2.
2. If X; is a mutable variable, then the function X7 is globally regular on R**.

3. If X; and X, are mutable variables in the initial cluster, then the locus {X; =

X} = 0} has complex codimension > 2.

We begin with a roadmap of our proof strategy.
By Proposition VL5, since v{,_,,([1, h;]) = ug([1, h;])\{r«} v {r*} and = _(j) is

the chamber above the strands with right endpoints [1, 2] in the oriented bridge

. . oLkl
graph G, the special chamber minor A Mw)(= . (j)) 18 given by

([L.h4]) -
) QLG D W)

FX s —Ary

%—1)
AA(W)(

where the sum is over augmenting paths in the directed graph @;br .Since the cham-
ber = (j) is not in JC(j), Q( = _(j)) has degree 0 in X, so that the path weight
w(F) and the corresponding term Q( % _ (j))w/(F) in the expansion of Ai%‘;; . (szj];)
have the same degree in Xj.

We will show that there are distinguished augmenting paths 7, and Fx which
have degree —1in X, and differ by a cycle around 0JC(j), with F;, following the left
portion of 0JC(j) and Fp following the right portion of 0JC(j). For any augmenting
path F # Fp, we will show that F stays weakly to the left of the 7, and that the
degree difference deg X, (F) —deg X, (Fr) is the number of times that F leaves Fy.
Since the vertices A+ and \,, have valence 1, every augmenting path from A, to
A, has the same first and last edges. Hence, if F is an augmenting path other than
Fi, and Fg then deg X, (F) is nonnegative.

This shows that the remainder term Z w(F) is polynomial in Xj.

]-—:)\T* —Ary
F#Fr, FRr
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There are several important consequences of the fact that the graph @;H is ob-
tained from G, by reversing edges along the flow F;, which follows the geodesic
paths 7, where r € u;;_,,([1, h;]), and in particular uses no bridges of G;.

Like paths in the oriented bridge diagram G, directed paths 7 in G; always go

from higher-indexed geodesic paths to lower-indexed geodesic paths.

Proposition VIL.28. Let 7 be a directed path in §;+ Let eq,- - , e be the subsequence
of non-bridge edges of ™ and write vy, for the geodesic path containing the edge e4. Then

the sequence ry, - - - , 1, is weakly decreasing.

Proof. The path 7 travels from one geodesic path to another exactly when it follows
abridge i. Since u, is a positive subexpression of w, whenever i is a bridge from v,
to ,»with ~, above 7,,, we have r > r’. All bridges in @;H are oriented down, so that

whenever 7 uses a bridge i the index of the geodesic path it follows decreases. [

Proposition VIL.29. Let v be a vertex in §:+ for some k, and suppose that v is not a vertex
of the form X, or p,. If v is the upper vertex of a bridge, it has one inbound edge and two
outbound edges, while if v is the lower vertex of a bridge, it has two inbound edges and one

outbound edge. Otherwise, v has one inbound edge and one outbound edge.

Proof. Every vertex not of the form ), or p, is incident to two edges on the same
geodesic path and possibly one bridge. Edges on a single geodesic path are either

oriented left-to-right or right-to-left, while all bridges are oriented down. O

Proposition VIL.30. Let F : A\« — A, be an augmenting path in @;H Then F n JC(j)

< 0JC(j).

Proof. Assume for contradiction that the augmenting path F crosses 0JC(j), and

let e be the first edge of F containing an interior vertex of JC(j). Then e cannot be
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a bridge, since all bridges with one endpoint on 0JC(j) and one endpoint in the
interior of JC(j) are oriented down toward 0, JC(j).

Similarly, all inclined edges crossing the upper right boundary are oriented
from the interior of JC(j) to the outside, and inclined edges crossing the lower
right boundary are inaccessible from the left.

So e must be a left-to-right edge crossing the left boundary.

]

Proposition VIL.31. Consider the augmenting paths from \,= to A, in @;H There are

two distinguished augmenting paths Fr and F,, so that the following hold.

1. Fg travels clockwise around the right boundary of JC(j) and F, travels counterclock-

wise around the left boundary of JC(j).
2. w(Fg) = t; and w(Fp) = Yit;.

3. If F : A\x — A, is an augmenting path other than Fr and F, then F stays weakly

to the left of .

Proof. Since r* = ug(h; + 1) and r, = u, (h;), the geodesic path ~,+ is directed
left-to-right and the geodesic path v,, is directed right-to-left, and the bridge j is
directed down from to the geodesic path v,,. Take F5 to be the path that follows
7.+ until reaching bridge j and then follows ~,, back to A,,. The weight of Fp is

By Proposition IV.47, if 7, is an upper boundary geodesic of JC(j), then r €
v};_1,([1, h;]), while if ~, is a lower boundary geodesic, then r € v{,_, ([h; + 1,7n]).
Since v{;_,, = u(;_15,,, upper boundary geodesics other than +,« are oriented right-
to-left while lower boundary geodesics other than v,, are oriented left-to-right.

Since we also have that bridges are oriented down, it follows that the left boundary
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of JC(j) is oriented counterclockwise, so that there is an augmenting path 7, which

differs from Fp by traveling counterclockwise around JC(j) rather than clockwise.

©(71) js the weight of a counterclockwise cycle around JC(j) and hence

So the ratio )

equal to Y}, and so w(F.) = Yjt;.
Suppose that 7 : A= — A, is an augmenting path with 7 # F5. By Proposi-

tion VIL.30, F n JC(j) < 0JC(j); since an augmenting path that uses an edge of the
right boundary must agree with 5, the edges of 7 n JC(j) must consist of left
boundary edges. So F stays weakly to the left of the left boundary of JC(j), hence

weakly to the left of 7. O

Proposition VIL.32. Let F : A\« — A, be an augmenting path that stays weakly to the
left of Fr. If ey and ey are consecutive edges of F so that e, ¢ Fy, and e, € F, then one of

the following holds.

1. The edges e, and ey are horizontal edges on a lower boundary geodesic , for some

re <1 <1* with ey € 0,JC(7).

2. The edge e, is a horizontal edge on v, and e, is a bridge, with e, vertex-disjoint from

JC(j). The edge e, is either vertex disjoint from JC(j) or has X;-degree 1.

Proof. Let ¢} be the edge of 7, preceding e, where by hypothesis e} # e;. Since the
edges e, €] and e, intersect at a trivalent vertex v, one of them must be a bridge
and the others horizontal edges on the same geodesic path. Since the paths F and
F' converge, by Proposition VII.29 the bridge must be one of the edges e; or €. So
the edge e, is horizontal. By Proposition VII.28, F cannot leave and rejoin +,+, so
ey ¢ 7,+. Since ey € F, it can either be on 0JC(j) or on v, . By Corollary IV.47, every
lower boundary geodesic v, satisfies r € R'(j) and every upper boundary geodesic

7, satisfies r € R*(j). So every lower boundary geodesic except v,, is oriented left-
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to-right and every upper boundary geodesic except v, is oriented right-to-left. The
path F stays weakly to the left of 7, so if ; is a horizontal edge it must be directed
left-to-right, and hence it must be an edge on a lower boundary geodesic v, where
re <1 <r* Sincer # r., the edge e; must be on 0JC(j). If the edge e, is a bridge,
it must either be directed toward 0JC(j) or toward ~,,. Every bridge incident to
71JC(j) and weakly below ~,= is on dJC(j). If 7 is a bridge with lower endpoint on
0,JC(j), then either 7 is on 0JC(j) or the upper endpoint of i is an interior vertex
of JC(j). Since F cannot go through the interior of JC(j), if the edge e, is a bridge
then e, must be an edge on v, . Since F, leaves 0JC(j) as soon as it reaches v,,, the
condition that F stays weakly to the left of 7, implies that the edge e, is vertex-
disjoint from JC(j). We note that if ¢, is a bridge with upper endpoint on 2JC(5)

and lower endpoint on ~,, but not on 0JC(j), then e, is directed away from 0, JC(j)

and hence has X;-degree 1. O

Proposition VIL.33. Let F : \.x — A, be an augmenting path that stays weakly to the
left of Fr. If ey and ey are consecutive edges of F so that ey € 0JC(j) and ey ¢ Fi, then

one of the following holds.

1. The edge e, is a horizontal edge on .« and e is a bridge, with e, and e, vertex-disjoint

from JC(j).
2. The edges e, and e, are horizontal edges on an upper boundary geodesic +y, for some

re <1 <r* with e, € 0,JC(7).

3. The edge e, is a horizontal edge on a lower boundary geodesic v, for some r,, < r < r*

and ey is a bridge with lower endpoint outside JC(j).

Proof. Write ¢, for the edge following e; in ;.. The edges e;, e; and e, must intersect
2 8 g & 2

at a trivalent vertex v with one inbound edge and two outbound edges, so that the
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edge e, is a horizontal edge on some geodesic path +, and one of the edges e, ¢,
is the following edge on ~, while the other is a bridge with upper vertex on +,.
By Proposition VII.28, the edge e; cannot be on 7,, since an augmenting path that
leaves 7,, cannot rejoin it. Since F stays weakly to the left of F;, the edges e, and

e, must both be weakly to the left of JC(;j). The leftmost bridge from ~,« to a vertex

in JC(j) is on the path F, so if e, is a bridge leaving ~,+ it must be vertex disjoint
from T(]) If the edge e; is not on ~,+, then e; € 0JC(j). The geodesic path ~,
containing e; must satisfy r, < r < r*. So if v, is an upper boundary geodesic
then it is oriented right-to-left, while if ~, is a lower boundary geodesic then it is
oriented left-to-right. We note that the leftmost edge leaving the vertex v is the
horizontal edge to the left of v if v, is oriented right-to-left and the bridge if v, is
oriented left-to-right. In the latter case, the lower endpoint of the bridge e, must be

outside JC(j) because the upper vertex is on dJC(j) and the region JC(j) is simply

connected. 0

Corollary VIL34. Let F = vy, - - - , vz be an augmenting path from .« to \,. Suppose
that for some m and m' with m < m/' the path F leaves F, via the edge (Vp,, V1) and
rejoins Fy, via the edge (Vyy,Vps11), S0 that vy, € Fp and vy, ¢ Fp while v,y ¢ Fp
and v,y 11 € Fr. Let v, be the geodesic path containing v,, and let ~,, be the geodesic path

containing vy, 1. Then ' < r.

Proof. From Proposition VII.33, either the edge (v,,, v;,,+1) is abridge oriented down,
so that the index of the geodesic path followed by F decreases, or F travels left at
a horizontal edge while F;, travels down a bridge to a lower-indexed geodesic.
Since the indices of the geodesics followed by F and F, respectively are weakly

decreasing, we must have " < r. O
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In the following proposition, we combine the previous results to show that if
F i A= — A, isan augmenting path in @;H that stays weakly to the left of 77, then
enumerating the edges of 7 as 7' = ey, -+ , e, we have deg (F) = — 1+ #{d:
eq—1 € Fr,eq ¢ Fr}, so that the weight of every augmenting path other than F,

and Fp is polynomial in X;.

Proposition VIL.35. Let F : A\« :— A, bean augmenting path in @;” Suppose that F is

not one of the distinguished augmenting paths F and Fr. Then deg . (F) is nonnegative.

Proof. Write the edges of 7 as ey, - -- , ¢/ and let d be the minimal index so that
eq ¢ Fr. We claim that the path ey, - - - , e, has degree 0in X;. Theedges ey, - , €41
are the first d — 1 edges of ;. Consider the cases from Proposition VIL.32. If the

edge e, is an edge of ~,+ and e, is a bridge that is vertex-disjoint from JC(j), then
all of the edges ¢y, - - - , eq are vertex-disjoint from JC(j) and hence have degree 0
in X;. If e;_; and ey are horizontal edges on an upper boundary geodesic v, with
r < r* then the path ey, - ,e4_ has degree 0 in X;. If e;_; is a horizontal edge on
a lower boundary geodesic v, and ¢, is a bridge directed away from +,, then the
path ey, ---,eq—1 has degree —1 and the bridge e; has degree 1 so that e, -- ,eq
has degree 0.

Suppose now that m is an index so that e,,_1 ¢ F, while e,, € F; and the
path e, --- , e, has nonnegative degree in X;. By Proposition VII.32, the edge
en is a horizontal edge on a lower boundary geodesic v, (where r may equal 7.),
so that the path of F, ending with e,, has degree —1 and deng(el, L em) =
deng(el, .-+, em_1). In particular, if F continues to follow Fj, for indices m <
1 < m' — 1, then deng(el, ey ) = deng(el, -+, em—1), with strict inequality
if e,y ¢ Fr. Inductively, if F is an augmenting path other than F;, and Fg, then

degy (F) = 0. O
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Proposition VIL.36. Let = = = _ (i) beachamber in JC(j). Let R = Pivots -1 (w)(=) (U(;-1))
. . _ + \{r }u{r‘*’}

and write Pivots -1 (wy =) (Ug_1) = R\{r_} U {r*}. Then the minor A has a

term of degree 0 in X ;. Further, ifr, € Rand r® ¢ R are indices withr_ < r,and r® < r*

A \{Ta}u{f‘

and at least one of the inequalities is strict, then every term of ! has positive

degree in X .

Proof. Consider the graph G, . We have that AR\{T“}U{T Q=) Z w(F),

(=)
]::Ar'b_))\ra

where the sum is over augmenting paths in @:” By hypothesis, Q( % ) has X;-
degree 1. By Marsh and Rietsch, if 7 is an augmenting path from A to A, , then
the path weight wF is nonnegative as a Laurent monomial in the X, so there is

pofrt}

no cancellation of terms. So X; divides the minor Af(\g)“( =), ifand only if every
augmenting path F from A, to A, satisfies deg (F)=0.

We claim that there is at least one augmenting path from A + to A,_ with Xj-
degree —1. In particular, we claim that there is an augmenting path F that follows
v,+ until reaching JC(;j) and then travels clockwise along 4JC(j) until joining 7, .
By Proposition VL18, such a path F would have deg, (F) = —1.

Let v™ be the leftmost vertex on ~,+ that is on 0JC(j), and let v_ be the leftmost
vertex of 7, on 0JC(j). We must show that between the vertices v* and v_, every
portion of 0;JC(j) is oriented right-to-left and every portion of 0;JC(j) is oriented
left-to-right. The indices of the boundary geodesics along 0JC(j) are weakly de-
creasing between v, and ~,,, so that if ~, intersects 0JC(j) between v and v_ then
r— < r < r*.Since r* must be the minimal index in R'(j) with v,+ above %, if
7, is an upper boundary geodesic intersecting 0JC(j) between v* and v_ then ~,
is below =, hence oriented right-to-left. Since r_ must be the maximal index in

R'(j) with v,_ below =, if v, is a lower boundary geodesic intersecting 0JC(j)

between v and v_, v, is above = and hence oriented left to right. So 0JC(j) is



125

oriented clockwise between v* and v_ and hence there is an augmenting path F
from A+ to A, of X;-degree —1.

Now suppose that r* and r, are indices with r, € R and r* ¢ R so that the
inequalities7_ < r, and r* < r* hold. Suppose that F : A\, — ), is an augmenting
pathin G :1 " By positivity of u,, the path F cannot cross above 7, + and cannot cross
below v, . Suppose that 7 has negative degree in X,. Then there must be some
segment m = vy, - - - , Up41 Of F so that the vertices vy and v,,+1 are not in JC( /), all
vertices vy, - - - , vy, € JC(j) and deg x; (m) = —1. Since all bridges are oriented down
in G, ", the edge (vo,v1) must be an edge on a geodesic path 7, where r € R'(j)
and the edge (vy,, vm+1) must be an edge on a geodesic path v, where r € R'(j). In
particular, the path 7 must meet or cross 0JC(j) somewhere between the vertices v™*
and v_. Since the vertices vy and v, must be to the left of 0JC(j), the edge (vo, v1)
must be left-to-right and the edge (v,,, vy+1) must be right-to-left. This implies that
(vo,v1) is on ,+ and (v, V;m+1) is on 7,_. Since the indices of the geodesic paths

b

used by F are weakly decreasing, we must have »* > r* and r, < r_. Hence if

AR\{Ta}U{Tb}

either of the inequalities is strict, then every term in the expansion of (=)

has positive degree in Xj. O
7.5 Regularity and coprimeness conditions

We are now ready to show that the locus where distinct variables X; and X
vanish has codimension > 2 in R"". We will explicitly construct a path in the
Deodhar torus D"+" where X; = —e for a parameter ¢ € C* and the variables
{X; : i # j} are constants with values +1 and verify that the limit of this path is a

flag in the divisor D¥'".
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Figure7.9:In the chamber weighting at right, the variables (X1, X2, X3, X4, X5, X4, Xs) indexed
by crossings in Jy;, specialize to (1, —1,—1,1,1, 1, —¢). Letting € approach zero gives
a path through the Deodhar torus D"+" with limit in the boundary divisor YW,

Lemma VIL37. Let i and j be distinct indices in J,, with v}y, = 1. Then the minor Agi

does not vanish identically on the Deodhar stratum DV’

Proof. We will show that there is an element F' € R"" so that Afgj = 0 and for every
1 # j we have A -, = £1. The Deodhar torus D"+" is an open subvariety of R*", so
every assignment of nonzero values to the variables X; gives an element of R"™.
We will construct a 1-parameter family of flags in D"+* where we set X; = —¢
and fix the values of the other X; as +1 in such a way that taking the limitas e — 0
gives an element of DV

Specialize the chamber weighting as follows. If = is a chamber above « .(j)
and below o (j), then the weighting of = is —%8x, @) Otherwise, the weight-

ingof = is 1. (SeeFigure7.9.) Foreach: # j, writing d = deg (t;) for the standard

chamber weighting, the parameter ¢; specializes to ¢?. The parameter ¢; specializes

to —1.
We have X; = Agi = —¢,since
R S Q> (k)
AL -am o ] Il
OJ Q( ‘—(])) 1 ~ Q(i
k>j:CkxCFL k>j
7 7 quéck 1
Supposethati € J; isanindexwithi # j. We haveAA =Q(=x H A 5-;
Cf‘isz—l

Under this specialization, all factors in the product are either +e¢, +1 or +1. Since
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Ag: has degree 0in X; on D"+¥, it has degree 0 in € under the given specialization.
So g = +1.

We note that the distinguished augmenting paths 7, and 7 in (,A};br have weight

1and —1, so that f/} = j\\% = —landso X} = M+;]M‘ =0.

By Proposition VIL25, every entry of T** can be written in the form P, X} + P,
where P, is Laurent in the variables {X; : i # j} and P, € C[X;" : i # j][X,].

Since X} = 0 under this specialization, the entries of T** are polynomial in X,
so that evaluating at ¢ = 0 gives an element of R**. We have Agi = —¢ =0and
for each i # 7, Agi =+1+#0.

If = isachamber whichisnotin JC(j),so > has the same row labels \(v7) (%)
= A(uy) () in the upper arrangements for v/ and u,, then Aig:f)g (;)) is identi-
cally +1 for all e. If = € JC(j), by Proposition VIL.36 the minor Aig:j))((: )) has a

term of degree zero in X; on D"+¥, so under this specialization we have Aigj))((: ))

= eP + m where P is polynomial in € and m is an integer. The Aigf))((: )) can be
expanded as path weights of augmenting paths which all have the same sign as
monomials in the parameters {¢; : i < j}. Under our specialization, ¢, is the only
parameter which is negative as a Laurent monomial in ¢, so there can be no can-
cellation of terms. It follows that the integer m is nonzero.

So in the limit as ¢ — 0, the minor A;\EZJ))((: )) approaches a nonzero integer m.

On the other hand, if R is a collection of row indices with A\(u;) (%) < R <
A(v?) (=), then by Proposition VIL36, Af(w)(i) specializes to e where P is a
polynomial in ¢, and hence in the limit as € — 0 the minor Af(w)( = approaches 0.

Hence, this specialized chamber weighting gives a path through D"+¥ so that the

limit as ¢ — 0 is a flag in the Deodhar divisor DY'*¥. O
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By upper triangularity in the parameters ¢;, we may change the sign of a param-

eter t; with i > j to obtain a different path to the Deodhar divisor D'¥.

Corollary VIL38. Let {t;. : i € Jy, } be the specialization of parameters from the proof of
Lemma VII.37. Suppose that {t; . : i € J; }satisfiest; =t;.foralli < jand tg,ej = +1
fori > j. Then the entries of " under this specialization are polynomial in e and taking

the limit as e — 0 gives an element of R with X; = 0 and all other X; = +1.

Proof. The y-variable 17] depends only on values t; where i < j, and the variables

X, are ratios of the ¢; with coefficient 1. O

Lemma VIL39. Let j € J;, be an index with v, = 1. Then X is a regular function on
R™™.

Proof. 1t suffices to show that the singular locus of X’ has codimension at least 2.
On D"+%, we have X} = M+7M‘ =M Agj&gﬂﬁﬂ) — P where M is a Laurent
monomial in {X; :i # j} and P is polynomial in X; and Laurent in {X; : i # j}.
Since all the X; are regular functions on R*", M%JM* is regular on the locus where

Lhj])

vl ([Lh .
X; #0. MA ;fj_f()j) "7 — Pisregular on D¥'* except where some X; appearing in

the denominator of M or P vanishes. Since i # j implies that X; does not vanish
. . J J “Zj—1)([1vhj]) ..
identically on D%, the locus of D¥''¥ where M A = () — P is singular has

codimension 2 in R*%.

]

Lemma VII.40. Let X; be any variable in the initial cluster. Then the locus where X; = 0

and X = 0 has complex codimension > 2.

Proof. 1t’s straightforward to show that the variable X; is generically nonvanishing

when X7 = 0. In particular, all the variables X; are nonzero on the Deodhar torus
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Dv+¥; in the proof of Lemma VIL.37, we gave a family of flags in D"+¥ satisfying

Xi=0.

J

To show that X is generically nonzero when X; = 0, we will need to consider
several cases.

First, we consider the case where ¢ = j. By Lemma V.17, X vanishes identically
on the the Deodhar stratum D'*. We will show that the mutated variable X ;s

INGER)

. 'Uj.
generically nonzero on D¥'*. Write X} in the form M A s )

— P, where M
is a Laurent monomial in {X, : i # j} and P is polynomial in X; and Laurent in
{X; :i # j}, so that this formula is generically defined on D''¥. By Marsh and
Rietsch’s Chamber Ansatz formula in [27], there is a birational isomorphism from

(C*){w)~w)=2 « C to D¥'V so that the inverse map gives

Av@;n([l,hﬂ) ;o ;
| Aw)(* (7)) AVG-n D A e ()
’ A vl ([Lhit1]) vl ([Lhy—1])  AW)(=-(5)) sn; ([Lhy])\IG-1))>

AW (=) TAW(=,0))

where the minors on the chambers = ,(j), = _(j) and % |(j) are nonvanishing
'U‘j .
on D"+¥ and determined by the parameters {¢; : i < j} and the term Asfjj iy (96-1)
is also determined by the {¢; : i < j}.
Rearranging terms, we have

A <J 1)( [1,h;+1]) z )([th*l])

7j—1 ) W = o = (7 Jj— 1
A( >zﬁ(j>) _e( Tu)) AW)(=,0)) < +A( )(g(j 1))>_

([L,h;])
(] 1)
AMW)(Z&(J))

Substituting into the formula for X7, we have

A (J ( 1h~+)1]) v{jlz([lahj;]) ;
(=10 Aw) (= () Y1)
X m et A (osen)) 7

h;])
(J
A (Z<—(J))

=M (mj + As;jjzfi,hj]) (9(1—1))> + P
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= M'mj + R

where M’ and R are determined by {¢; : i < j} and M’ is generically nonvanishing
on D¥''%, Since the parameter m; takes values in C, the function X i =M'm;+ Ris
generically nonvanishing on D¥'¥.

Now suppose that X, is a mutable variable with i # j. The exchange mono-
mials M and M_ were defined as the numerator and denominator of a Laurent
monomial in reduced form, so they do not have a common factor. Suppose that
X, divides one of the exchange monomials—without loss of generality, M. Then
M vanishes on the locus {X; = 0}, while there is a dense open subset of {X; = 0}
where all the variables { X}, : k # i} are nonzero, so that in particular X; and M_

MotM_ _ 0+M_

are nonzero. On this locus, we have X/ = = = = _ Mo .
j X; X, X;

Suppose now that ¢ # j and X; does not divide M., or M_, so that deg (ffj)
= 0. We will show that there is a flag in D¥'* where X ;= £2. Consider the special-
ized chamber weighting corresponding to setting X; = —e and the other X, = +1,
from the proof of Lemma VIL37. Then the parameter ¢; specializes to <, with other
t), specializing to ¢/ where deg  (t;) = d. Since }A/J is a ratio of parameters ¢, and by

hypothesis deg . (ffj) = 0, under this specialization we must have

1 if the bridge ¢ is not an edge of 0JC(j)

>

.

—1 if the bridge 7 is an edge of 0JC(j)

The condition that X, = £1if k # ¢ implies that the monomials M, and M_ have

value +1, so that
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So if the bridge i is not an edge of 0JC(j), then X’ specializes to +2, and letting
¢ — 0 gives a flag in D¥"'¥ with X;=+£2#0.

On the other hand, if i is an edge of dJC(j), then since j is the rightmost cross-
ing of 0JC(j) we must have j > i so that ¢; specializes to 1. By Corollary VII.38,
changing the specialization to set t; = —1 gives another family of flags in D"+¥
so that X;, = +1 for k # i and taking the limit as ¢ — 0 gives an element of D¥'*.
Since changing the value of ¢; from 1 to —1 changes the sign of )A/j, this revised

specialization has }A/] = +1,s0 that X} = £2. O

We have shown that the variables X; and the mutated variables X are globally
regular functions on R*", and that the complement of the locus where all clus-
ter variables are nonzero for at least one cluster in the “starfish” about the initial
cluster has codimension > 2 in R%". Since A(X) is the ring of functions that are
Laurent in every cluster mutation equivalent to X, given any f € A(X), we can ver-
ify that f is globally regular on R"™" by expressing it as a Laurent polynomial in
each of the clusters X, 1;(X) to show that it is regular on the locus where the vari-
ables from the given cluster are nonzero. In the following lemma, we verify that
the coordinate ring of R*" is contained in the upper cluster algebra determined
by the initial seed (X, ) where @ is the quiver corresponding to the variables }A/J

The proof technique was outlined by Speyer in an email.

Lemma VIL41. [32]Let X = { X : j € J,, } betheinitial cluster for a unipeak expression

w with exchange relations given by {37] :j € Jy,,vO[j] = 1}. Then C[R**] = A(X).

Proof. By [3], the upper cluster algebra A(X) = () C[(X’)*] determined by the

X/~X
initial seed ¥ = (X, Q) isequal to the upperbound algebral/(X)= | C[(X' )i]
Xj mutable
X'=1;(X)

So we must show that for each cluster X’ € {X, 11;(X) : X; mutable }, the Lau-
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rent ring C[(X')*] is the ring of regular functions on the locus where all cluster
variables in X’ are nonvanishing.

For X’ = X, this is clear. Marsh and Rietsch showed in [27] that the coordi-
nate ring of D"+¥ is isomorphic to the Laurent ring C[t} : i € Ju. ] Applying the
chamber ansatz formulas to our weighting Q( =% ) shows that the ¢; are Laurent
monomials in the X, while Lemma V.16 shows that the X; are Laurent monomi-
als in the ¢;. Suppose that f € C[R*"] is any function. Then the restriction of f to
the Deodhar torus D"+ " is Laurent in the cluster variables X. We claim that f is
Laurent in the cluster variable ;;(X). It suffices to show that there is a generating
set for C[R*"] so that all generators restrict to Laurent polynomials in the variables
115(X).

By [13] and [22], the coordinate ring of the Schubert cell B wB, /B, is gener-
ated by the entries 2;;, where 2 is the upper unitriangular matrix so that 2w has
zeros to the right of permutation positions.Let Y be the intersection of the Schu-
bert cell B,wB, /B, with the opposite Schubert variety B_uB, /B, = {¢B, :
NWRank (g) ;; < ™Rank (u) ;;}. Since Y is a closed subvariety of B.wB, /B, the
coordinate ring C[Y'] is a quotient of C[B;wB. /B. ], and hence generated by the
Z;;. The open Richardson variety is the locus of Y where all left-justified minors
Aﬁ(’[;]’h]) (g) are nonzero for flag representatives g with gB, € R*", so that C[R""]
= (C[Y] [(A;E:;()[(l[lh%])é)*l] so that in particular C[R*"] is generated by the entries
z;; and the reciprocals of minors (A;E:;g[(l[lh%])é)_l The matrix Z differs from the
matrix z = YW ! by the gauge transformation 2 = zdiag (zi_i 1) where the z;; are
ratios of frozen variables X;. It follows that C[R*"] is generated by the entries z;;
and the inverses of the frozen variables Xj.

By Proposition VII.26, the entries z;; are Laurent polynomials in the cluster vari-
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ables 1;(X) for all mutable X, so that in particular there is a set of ring genera-

tors for C[R*"] contained in the intersection of Laurent rings (| C[(X')*] =
Xj mutable

X' =11 (X)

A(X). O



CHAPTER VIII

Conclusions

In this thesis, we constructed an upper cluster algebra structure on the coordi-
nate ring of the open Richardson variety R** in type A. Points in the open Richard-
son variety are flags, so that regular functions must be expressible in terms of ra-
tios of minors on a left-justified collection of minors. Since R"" is contained in the
Schubert cell B.wB, /B, if we choose an ordered basis for a flag F' of the form
zw where z is an upper triangular matrix, ratios of minors on columns indexed
by chambers in a wiring diagram for a reduced expression for w are independent
of z. Each choice of reduced expression w gives a different decomposition of R**
into disjoint Deodhar strata indexed by the distinguished subexpressions of the
expression w which have product u. In particular, there is a unique distinguished
subexpression u; < w that is a reduced expression for u. Marsh and Rietsch de-
fined a parametrization of each Deodhar stratum DY'" with inverse given by a
generalized chamber ansatz. Each chamber is labeled by a minor Ag, where the
column set C' is indexed by the left endpoints of the strands below the chamber
and the row set R is minimal so that the minor is nonvanishing on D"'".

If a distinguished subexpression v < w is non-reduced, then there is at least

one chamber = which has additional rank conditions on DV'% than on the torus

134
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D"+, In particular, if  is an index where the partial product v, becomes shorter,
then the chamber to the left of the i*" crossing receives different row labels. In
general, if a chamber is labeled by the minor A for the Deodhar torus, the minor
A g may vanish on multiple boundary divisors.

We showed that given a unipeak expression w, the chamber minors for D"+"
can be factored into products of minors A?j indexed by nearly positive sequences
v’, which generalize the distinguished subexpressions giving boundary divisors.
Although the minors Agj are not always chamber minors, we showed that they
are well-defined regular functions on R"" using determinantal identities. Using
augmenting paths in the oriented bridge diagrams defined by Karpman, we veri-
tied that when the vanishing locus of a minor Agj is nonempty, it contains a single
boundary divisor D¥*. We showed that defining an initial seed with cluster vari-
ables X; = Agj and quiver obtained from Berenstein, Fomin and Zelevinsky’s

chamber ansatz quiver gives an upper cluster algebra structure to the coordinate

ring C[R*"].
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