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A Proof of Lemma 1

Proof. We first show that Assumption 2 indicates that

P(W | Z,a,2) = P(W | U,2)P(U | Z, a, x) (1)

EIY | Z,a,a] = E]Y | U,a,a]P(U | Z,a,2), @)

which intuitively states that in the observed data models, the conditional effect of Z on W is proportional
to that of Z on Y, as they share a factor P(U | Z, a, x) which is the confounding mechanism. First, under
Assumption 2 we have Y(a) 1L (A,Z) | (U, X). One one hand, we have f(Y(a) | U,X) = f(Y(a) |
A, Z,UX)=fY|A=a,Z U X). On the other hand, f(Y(a) | U, X) = f(Y(a) | A,U,X) = f(Y |
A=a,U X). Wethushave f(Y | A=a,U,X)=f(Y | Z,A=a,U,X). Therefore Y 1L Z | (U, A, X)
and

ElY |Z,a,z] = E[Y | U,a,2|P(U | Z,a,z).

Second, under Assumption 2 we also have W L (Z, A) | U, X, therefore
PW |Z,a,z)=P(W | U,2)P(U | Z,a,x)

Now, by Assumption 4, because P(W | U, z) has full column rank with |IW| > |U], it is left invertible.

That s, there is a |U| x |W| matrix denoted as P(W | U, z)* such that P(W | U, z)* P(W | U, z) = Iy,



Therefore (1) gives
P(U | Z,a,7) = P(W |U,2)"P(W | Z,a,x).

Combined with (2) we have
ElY |Z,a,2] = E]Y | U,a,2|P(W | U,2)*P(W | Z,a, ).
Therefore there exist a 1 x |W| vector h(a, x) such that
ElY |Z,a,z] = h(a,x)P(W | Z,a,x). 3)

In particular, h(a, z) does not depend on U because neither E[Y | Z, a,z] or P(W | Z,a, x) depend on U.
Similarly, by Assumption 4, P(U | Z, a, x) has a right inverse denoted as P(U | Z, a, z)™, which satisfies
P(U | Z,a,2)P(U | Z,a,x)* = Ijy|. Multiplying both sides of (1) and (2) by P(U | Z,a,z)*, we have

ElY | U,a,2] = B[Y | Z,a,2]P(U | Z,a,2)* (4)

P(W |U,z) = P(W | Z,a,2)P(U | Z,a,z)" 5)

Now consider

E[Y(a) | 2] =E[Y | U,a,2]P(U | z)
WEY | Z,0,2]P(U | Z,a,2)* P(U | 2)
Dh(a,2)P(W | Z,a,2)P(U | Z,a,z)" P(U | )
Oh(a,2)P(W | U,2)P(U | z)

=h(a,z)P(W | z)

Therefore

EY(a)] = /X h(a,z)P(W | z)f(z)dz.

Thus we complete the proof of Lemma 1. Below we show Corollary 1.

From (1) we know that

rank(P(W | Z,a,x)) < min{rank(P(W | U, z)),rank(P(U | Z,a,x))} = |U|.



By the Sylvester’s rank inequality (Gantmakher, 2000) we also know that
|U| = rank(P(W | U, z)) + rank(P(U | Z, a,z) — |U| < rank(P(W | Z, a, x)).
Therefore
rank(P(W | Z,a,x)) = |U]|.

Thus one can learn |U| from the rank of P(W | Z, a, z), which is observable. In particular, when |Z| =
|W| = |U|, P(W | Z,a,z) is invertible under Assumption 4, and the above linear system (3) has a unique
solution

h(a,z) = E[Y | Z,a,z|P(W | Z,a,z) L.

Thus
E[Y(a)] = /XE[Y | Z,a,2)]P(W | Z,a,2) " 'P(W | z) f(z)dz.

In contrast, when |Z| > |U| or [W| > |U|, h(a, =) is not unique, but E[Y (a)] is still uniquely identified by

B[V (a)] = /X h(a, ) P(W | 2)f(2)dz.



B Proof of Lemma 2

Proof. Because A = [, {E[Y(l) | X =2]|—-FE[Y(0) | X = x]}f(x)d:c, it suffice to consider E[Y (1) |
X =z] — E[Y(0) | X = z]. To simplify notation, conditioning on X is implicit in the following proof. In
addition, we let the levels of W and Z be w; and z; respectively, 7, j = 0, ..., k. We note that for general

polytomous negative controls W and Z of k + 1 categories, we have

E[Y(1)]=E[Y | Z,A=1]P(W | Z,A=1)"1P(W)
=E[Y | Z,A=1]P(W | Z,A=1)"".

P(Z, A=1)441)x1

P(W | Z, A=1) (ks 1)x (k1) POW | Z, A=0) (1 11)x (k1) 2004 \ p(z, A=)
s A=0)(ky1)x1

2(k+1)x1

=B | Z, A=1){ P(Z, A=1) 1)1 + P(W | Z,A=1)""- P(W | Z, A=0)P(Z, A=0) ],
Thus we can simplify E[Y (1)] — E[Y (0)] as follows.

E[Y(1)] - E[Y(0)] =E[Y | Z, A=1][P(Z) — P(Z, A=0)] — E[Y | Z, A=0][P(Z) — P(Z, A=1)]
+E[Y|Z,A=1P(W |Z,A=1)"'. P(W | Z,A=0)P(Z, A=0)
— E[Y | Z,A=0|P(W | Z,A=0)"" . P(W | Z, A=1)P(Z, A=1)
—E[0%(2)] - B(Y | Z, A=1) [11 — PYW | Z,A=1)P(W | Z, A=0)| P(Z, A=0)
—E(Y | Z,A=0) [P—l(w | Z, A=0)P(W | Z, A=1) —]I]P(Z,A:l)

=Ez[6%(2)] - ) E(Y |Z,1-a)-P (W |Z,1-a) 8% (Z)  P(Z,a)
ae{0,1}

(6)

where [ is an identity matrix, and 8% (Z) = P(W | Z, A=1)—P(W | Z, A=0) is a (k+1) by (k+1) matrix.
We note that Ez[6% (Z)] is the g-formula of treatment effect but ignoring the unmeasured confounding U,
whereas >0 .o 3 E(Y | Z,1—a) - P~ Y (W | Z,1-a) - 8% (Z) - P(Z,a) is a bias correction term that
adjusts for the bias due to unmeasured confounding using a negative control exposure Z and a negative
control outcome W. In the following, we show that when P~Y(W | Z,1 — a) is invertible, we have the

following two conclusions:

(1) If there is no unmeasured confounder U, then E[Y | Z,1—a]P~Y(W | Z,1-a)d%¥ (Z)p(Z | a) = 0.



In this case, the bias correction term is equal to zero, Eq. 6 reduces to the common effect estimate
E[Y (1)] - E[Y(0)] = Ez[5}(Z)].
(2) If the unmeasured confounder U exist (which ensures that E[§% (Z) | A, X] # 0), then

E[Y | Z,1=al1x ()P (W | Z,1-0) o1y (6104 (Z) o1y x (k1) P(Z | @) g 1)x1
=(&0-a),&0-a),....& (1-0))

1xk
A (l=a) &l(-a) -+ &i(1-a) E[6y(2) |
w(=a) &2(l=a) - &2(1—a) E[64*(Z) | d]
v(l-a) €(-a) - &x(1-a)) \EP(2)|d)

where

& (1—a) =E[Y | Z=zj,1—a] - B[Y | Z=z0,1—a],t = 1,..., k;
;”ji(l—a) =PW=w; | Z=2j,1—a) - PW=w; | Z=2p,1—a),j=1,... k,t=1,...,k;

84(Z) =P(W=w; | Z,1) — PW =w; | Z,0),j =1,...,k.

Note that column sums of P(W | Z,1—a) are all equal to 1. One can show that column sums of
P~Y(W | Z,1—a) are also all equal to 1. This is because for an invertible matrix A with column sums all

equal to 1, we have 17TAA™! = 1TA"! = 171 = 17, where 1 = (1,1,...,1)". Accordingly, we denote the

1=3F eio o 1= e
€10 te Clk
(k+1)x (k+1) matrix P~Y(W | Z,1—a) as P~Y(W | Z,1—a) = €20 e Cok ,
Ck0 s Ckk
and as we will show later, we have
mi
. W —Lixg | | me
P YW | 2,1-a)8% (Z)p(Z | a) = | @
Tk :
mg



where m; = Z§:1(Ct,j — ¢0)E[6%(Z) | a]. When there is no unmeasured confounder, because W is a

negative control outcome, we know that E[04*(Z) | a] = 0,Vj and thus m; = 0, Vt. In this case, the bias

adjustment term ,1—a)- -7 ,1—a) - . ,a) 1S equal to zero. en
dj awciony BE(Y | 2,1 P~Y (W |Z1 sW(z)-P(Z,a)i 1 Wh

U actually exists and P(W | Z, a) is invertible, there exists j such that E[6%(Z) | a] # 0. In this case, we

solve for m;,t =1,...,kin

p(W | Z,1-a)P~ (W | Z,1—a)8% (Z)p(Z | a) = p(W | Z,1—a)

As we will show later, the left hand side of (8) can be simplified as

p(W | Z,1-a)P" (W | Z,1-a)8 (Z)p(Z | a) =

As we will show later, the right hand side of (8) can be simplified as

p(W | Z, 1_a)(k:+1)><(k+1)

s (1—a)

21

2(1—-a
where £ (1 —a) = ! ( )

HF(1—-a)

_]llxk

kxk

s (1—a)

22

¥2(1—a)

22

w(1-a)

my
—Lixk | | m2
e xk
m
E[04'(Z) | af
—TLixk E[063*(Z) | o]
Tk (k+1)xk
E5(2) |al) |
mi mi
ma —Lixk m

2
= &7 l—a)ik | |

)

©)

(10)

My My
o (1—a)
w(l=a) | o .
isa k x k matrix with element £ (1—
s (1-a)

a)=PW=w; | Z=2;,1—a) - PW=w; | Z=2y,1—a),i,j =1,... k.

Because
Tk

has rank & with an identity matrix I, and p(W | Z, 1—a) is invertible, we know

that the lefthand side of the above Eq. (10) has rank k. Since for a (k + 1) x k matrix A and a k x k matrix
B, we have rank(AB) < min{rank(A), rank(B)}, we know that £}/ (1 — a) has to have rank k. Therefore,

€% (1 — a) is invertible.



Combining (9) and (10) we arrive at the following linear equations

Uil—a) €(1-a) o €1-a)\ [m E[55(Z) | a]
(M) e(l-a) €(1-a) - &2(1-a) | | m (M) E[5%(2) | d
Tk : : - : A Tk : 7
i(l-a) €(1-a) - E(1-a)) \my E[5%*(2) | a

the solution to which is

m)  (er0-0) gri-a - -0\ (B
ma | _[€0m0) @ e gm0 || EER@ L]
m)  \er(-) g(-a) - -0 \EE2)|d

Finally, we have

E[Y | Z,1—aPY(W | Z,1-a)6%¥W (Z)p(Z | a)

mi
—Tixk mo
=FE[Y | Z,1—d] | by Eq. (D)
Tk :
my

m1

—Lixg | | m2
:(E[Y | Z=20,1—a),E]Y | Z=21,1—a],...,E[Y | Z=z, l—a])
e xk :

mg



where 5;;(1—61) =EY | Z=z,1—al| - EY | Z=2,1—-a],t =1,..., k. By Eq. (11) we have

E[Y | Z,1-alP™ (W | Z,1-a)8¥ (Z)p(Z | a)
—(&h(1-a)eh(1-a),....% (1-0))

-1

v(l-a) €2(1-a) - &2(-a)) (EBY(2) ]
w(la) €2(1-a) - &2(1-a) | | EE3(Z)|dl
goe(l-a) €2(1-a) - &x(1-a)) \EF32)|d

Therefore,

Ez[6%(Z2)) - > E(Y |Z,1-a)- P (W |Z,1-a)- 64 (Z)- P(Z| a)P(a)

ac{0,1}
=E4[8}(2)]
~Eazl(€0-4),51-4),.... € (1-4))
-1
B-A) p(1-4) o gm-a))  [(65(2)
Er1-A) €214 o epu-A) | |0 |
B1-A) g(1-4) =) \oi(2)

= E7[0%(2)] — Ea z|[R(1-A)8Y (2)],

gia) &5(a) - &5(a) 041 (2)
w2 (g w2 (g w2 (q 052 (Z
shere 3 )y = | 510 EEW 0 R ) |ORD
Era) &Ha) - Er(a) 05 (Z)

€ @ = (). €0, (@)) and R} = €¥ (0)7 (6 (@)



Proof of Eq. (7):

PY(W | Z,1-0)6¥ (Z)p(Z | a)

1=3% jeio o 1= cin
E[63(Z) | a]
C10 e C1k
—Lixk E[6%*(Z) | d]
= €20 T Cok -
KXE /e 1) xk
E[s3(2) |al)
Cho o Chk (k+1)x (k+1)
- ( Zle Ci1 — Cio) - ( Zle Ci2 — Cz’O) e — ( Zle Cik — Cz’O)
E[53(Z) | a]
C11 — C10 C12 — C10 T Cik — C10
E[63*(Z) | a]
= C21 — €20 C22 — C20 s Cok — C20 .
E[64*(Z) | a]
Ck1 — CkO Ck2 — CkO ce Ckk — Ck0
C11 —Ci0 C12—Ci0 -+ Cig — C10 EWX(Z) | a]
[ ~Lixk) [car—cn c2—cn o0 ca—c | | E[64%(2) | d]
Tk xk
Chl —Cho Ck2 —Cko -+ Ckk —Cro) \E[04%(Z) | a]
mi
_ —Lixk ma
]Ikxk
mp

where m; = E?Zl(ct,j —¢10)E[04'(Z) | a].



Proof of of Eq (9):

p(W | Z,1-a)P" (W | Z,1-a)0} (Z)p(Z | a) = 6} (Z)p(Z | a)

oW1 (Z :Zo)
= (5w2(Z:Z())

oWk (Z:Z())
YL EBY(Z) | d]
E[84'(Z) | d]

=|  EPY(2) |4

E[63"(2) | a]

Proof of Eq (10):

— L M (Z=5) — L M (Z=2)

oWt (Z: Zl)
ow2 (Z: Zl)

5w’“(Z221)

. _]llxk
Tk sk

(k+1)x1

—Lixk
P(W | Z,1-a) b1y (ki 1) ( ) )
(k+1

S Ev(1-a)
vi(1-a)

= ¥2(1—a)

#(1-a)

Tk

]'_Z?:l P(W:wz | Z:ZO’]_—Q)
P(W:wl ’ Z:ZQ,I—a)
- PW=uw; | Z=2z,1-a)

PW=uwy | Z=2p,1—a)

k .
—2im1 & (1-a)

& (1—-a)

2 (1=a)

o (1—a)

- Zf:l W= (Z = z)
0N (Z =z)
o2 (Z:Zk)

(5w’“ (Z:Zk)

E6y"(Z) | a

) E[5%(Z) | a]
(k+1)xk

E65(2) a])

)xk

1-SF  PW=uw; | Z=2,1-a)

PW=w | Z=2,1—a)
PW=wy | Z=2,1—a)

PW=uwy | Z=2z,1—a)

3 Evi(1-a)

si(1—a) .
—Lixk
Zc?(l_a) — (
kxk
s (1-a)

10

P(Z=zy|a)
P(Z=2z |a)

P(Z=z|a)

(12)

Because p(W | Z, 1—a) has column sums all equal to one, similar to Eq. (7) we have

_ﬂlxk
Tk




“(l—a) &2 (1—a) --- & (1—a)

21 z9 2k

2(1-a) &2(1-a) --- &22(1-a)

where £ (1 — a) = sand i(1—a) = PW =w; | Z=

;,‘ik(l—a) g;k(l—a) :‘Z‘;f(l—a)
zj,1—a) — PW=w; | Z=29,1—a),i,j =1,... k.

B.1 An alternative illustration of the representation

In this section, we illustrate with a toy example that the scaling factor R(A, X) depends on A when there
is an A-U interaction in the outcome model E[Y | A, U, X]. We illustrate this in the following example
where Z, W, and U are binary. Note that the following models are not required for the identification and
estimation results in our paper.

By Assumption 2 we know that E[Y | A, Z,U, X| = E[Y | A,U,X]and E|W | A, Z,U, X| = E[W |
U, X]. Let o(X), B(X), and y(X) denote any arbitrary function of the observed confounders X. Because
A, Z, and U are binary, we have the following nonparametric representation of the underlying true data

generating models

ElY | A, 2,U,X] P BlY | A,U, X] = ag(X) + aa(X)A + ap(X)U + aav(X)AU
EW | A,2,U,X) "£° BW | U, X = o(X) + By (X)U (13)

EU A Z, X] =v(X) +7a(X)A+v2(X)Z + vaz(X)AZ.
From the true models, we can derive the observed model as follows

EIY | A, Z, X] = ag(X) + aa(X)A
+ [av(X) + aav(X)A] [v0(X) + ya(X)A +72(X)Z +vaz(X)AZ] (14)

E[W | A, Z,X] = Bo(X) + Bu(X) [70(X) +74(X)A +72(X)Z + y42(X)AZ].
Therefore by definition

[y (X) 4+ aav (X) Al [v2(X) + yaz(X)A]
Bu(X)[v2(X) +vaz(X)A]
:[OéU(X)+OéAU(X)A] ay(X) aAU( )

Bu(X) Bu(X)  Bu(X)

R(A, X) =

5)

A

We can see that, if there is no A-U interaction in the outcome model E[Y | A, U, X], i.e., aay(X) = 0,
then R(A, X) = ay(X)/Bu(X), which only depends on X. In this case, R(X) accounts for the different

11



scales of the effects of U on Y and U on W in Apjps = E[R(X)6" (Z, X)]. In contrast, if there is A-U
interaction in E[Y | A,U, X], i.e., aau(X) # 0, then R(A, X) depends on A, which further accounts
for the effect modification by U in the outcome model. In this case, the bias adjustment term should be
Avpigs = E[R(1 — A, X)W (Z, X)] which we illustrate as follows.

To simplify notation, hereafter we ignore covariates X. We have 6" (Z) = Bu[ya + v4zZ] and

SW(Z)R(A) = [ya + vazZ)ow + aav A). Therefore

Apias = E[0% (Z)R(1 — A)] = E[ya +vazZ)Jav + cav) — cav E[(ya +vazZ) Al (16)

Now we compare the true ATE and the naive ATE without accounting for unmeasured confounder.

When there is A-U interaction in E[Y | A, U, X], the true ATE is given by
true ATE = ay + aar E[U], 17)
whereas what we can obtain from fitting the observed data model E[Y | A, Z] is

Aconfounded = E[@Z(Z)] =aQap+ E[’YA + 'YAZZ] [OlU + aAU] + O‘AUE['YO + ’YZZ] (18)

Note that E[U] = E[(y0 +vzZ) + (74 + vazZ)A]. Therefore, from the underlined parts of (16)-(18),

we can see that using R(1 — A) allows us to account for the effect modification by U, in the scenario where

aay # 0.

12



C Generalization to polytomous negative controls

In this section, we generalize our results to allow for polytomous negative controls Z and W, and U, i.e.,
k is any positive integer. Similar to the binary case in Section 3, we first characterize the EIF for A in
the nonparametric model. We then propose to use the EIF to construct an estimating equation to obtain a
multiply robust and locally efficient estimator of A which requires estimating the distribution of the observed
data under a parametric (or semiparametric) working model and then evaluating the EIF under such working

model.

C.1 Efficient influence function in the nonparametric model

Recall that Lemma 2 provides an alternative representation of A given by

A :Aconfounded - Abias;

Aconfounded = E[(;};(Z,X)], Abias = E[R(l—A,X)(SK/(Z, X)]7

where R(a,z) = €% (a, )€Y (a,z) ' isal x k vector with £% (a,z) = {&} (a,2), &), (a,2),.. .,

&) (a,x)}" and €% (a,r)is a k x k matrix with €% (a, x); ; = 2'(a,x), and oW (z,2) = {09 (2,2),
0%92(z,x),...,04"(z,2)}". In addition, let T'yy = {1(W = w1), L(W = wy),...,1(W = wy)}" denote a
k x 1 vector generalizing the binary W, with T'yy; = 1(W = w;). LetII(Z | A, X) ={1(Z = =)/ f(Z =
21 | A X) = WZ = 20)/f(Z =20 | A, X),1(Z = 22)/f(Z = 20 | A, X) — L(Z = 20)/f(Z = 20 |
AX),o..,l(Z = 2)/f(Z = 2z, | A, X) = 1(Z = 20)/f(Z = 2z | A, X)}" denote a k x 1 vector
generalizing (27 — 1)/f(Z | A, X) in the binary case, with II(Z | A, X); = 1(Z = 2;)/f(Z = z; |
A X)—1UZ = 20)/f(Z = z | A, X). We begin by noting that the EIF for A onfounded in the general
case is still given by Eq. (11) of the main manuscript. The following theorem is a natural generalization of

Theorem 1 to the case of polytomous Z, W, and U, which reduces to Theorem 1 when k = 1. It is proved

in Appendix F.

Theorem C.1. Under Assumptions 1 — 4, the efficient influence function of the bias correction term Apiys in

13



the nonparametric model M ,oppar is

94 — 1 W
EIFa,, =E[R(1-A,X)| Z,X]- FATZT (FW W (Z,X)A— E[Tw | A=0, 7, X])

fA-AX)
fA]X)

BTy | 2=0,4, X)) €% (4, )"} - BISY (2. X) |1 - A,X]

HIL(Z | A, X) {[Y—E[Y | Z=0,4, X] — R(A, X)(Ty—

+R(1-A, X)8X (Z, X) — Dpias.

Thus, the efficient influence function of A is given by

EIFx = EIFy — EIFa,,,

confounded

and the semiparametric efficiency bound in M onpar for estimating the ATE is E[EIF, A (0)?7 L

C.2 Multiply robust estimation of A

In this section, we propose a multiply robust and locally efficient estimator using the E'I Fa of Theorem C.1
as an estimating equation and evaluating it under a working model of the observed data distribution. Specif-
ically, let n%¥,(X) be a k x k matrix with n'%,(X);; = T]Z;j (X)) denoting the joint effect of A and

1(Z = z;) under the restriction that fori,j = 1,...,k
Mz, (X)ANZ =2) =[€27 (A, X) =21 (A=0, X)W Z = zj) =6 (2 =25, X) =0 (Z = 20, X) AW Z = zj).

It is straightforward to verify that fort =1,...,k

Elw,; | A, Z,X|=E[Tw; | A=0,Z =20, X]+64(Z =20, X)A+E€7 (A =0, X)Lz +ny5(X)A T,

(19)
where Ty = {1(Z = 21),1(Z = 2),...,1(Z = z)}", £€54(A, X) is the i-th row of €Y (A, X)

with €7(A, X)T'z = Z?Zl (A = 0,X)I(Z = 2j), nyz(X) is the i-th row of nW,(X) with

Nay(X)AT; = Z?Zl s, (X)AL(Z = zj). Likewise we have

ElY | Z, A, X]=E[Y | Z=0,A,X]+ R(A, X)) (A, X)Ty, (20)
where R(A, X)¢W (A, X)Tz = Z;?:l R(A, X)EW (A, X)1(Z = zj) and €} (A, X) is the j-th column

of €W (A, X).
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Similar to Section 3.3, we specify parametric working model f(A, Z | X;a4%), E]W | A=0,Z =

0,X; BV LEY | Z=0,4,X;8Y], ¥ (A X; V%), 6% (Z,X; BV ), nV,(X; 8% A%), and R(A, X ; BR),

~AZ

with 3 4% a common subset of 37 and "4, We estimate the indexing parameters as follows. Let 6 agie s

Bmle , and /Bmle solve

]P’n{U az(d rﬁlez)} = Pn{aofax,z

. 0
Bu{ Uro (Bi) } = B 53570 oo 14 = 0.7 = 20) log fW | A=0,7 = 20, X84 } =0,

N 0
Y _ _ _ ) N G ;
]P’n{UBy (Bm]e)} = Pn{aﬁy ‘BY=B,¥ICH(Z =zo)log f(Y | A, Z = 20, X;; B )} = 0 respectively.

A2y L
208 f(A,Z | X5at 7)) =0,

atZ=a;

In addition we obtain ,5’}1/1/ 4 Bfﬁ/ Z, and Bﬁ by solving the following g-estimating equations generalized to
polytomous case evaluated at the above estimated nuisance models

Po{Ugwia gz (B B 7Y b = Puf [ o8 (4, 2, X) = Blo(4, 2, %) | XsagiZ1] [Pwi

nle

E[Twi | A, Z,X; B0, gWiZ gWid ]}}:o, i=1,... .k

Po{Upn(B) | = Bu{ [01(4. 2. %)~ Bl (4. 2.X) | A X:ap 21| [Y — BIY | 2= 0.4, X: 3~

Fnle

R(AaXaﬁR)(I‘W_E[FW ‘ Z:07A7X7/QIII/K£36(II/YA])}} 207

where g(()i) (A, Z, X) is a vector of dim(8"i4)+dim(8Y+%) —dim(B8":4%) functions, (W4, gWi% gWiAZ)
is the subset of (W4, BWZ gWAZ) corresponding to the i-th level of W, E[Tyy; | A, Z, X| is parameter-
izedby Eq. (19), E[I'w | A, Z =0, X]isavectorof E[I'yy; | A, Z =0,X],i=1,...,k,and g1(4, Z, X)
is a k x 1 vector of dim(3%) functions. It can be shown that B}ﬁ/ A and B(‘ﬁ/ Z are CAN under the union
model Mo U M3, and BAf is CAN under the union model M; U M3 (Robins and Rotnitzky, 2001; Wang
and Tchetgen Tchetgen, 2018). The outcome model E[Y | Z, A, X;
Eq. (20).

Y BWZ 31 is then obtained using

Finally the proposed multiply robust estimator solves PP, {EI FA(O; Ay, éT)} = 0, where EIFA(O; A, 0)
is EIF evaluated at § = {(a/52)T (BY)7, (BWO)T, (BWZ)T (BWAYT (BE)T)T. That is

Xnle

Amr = Aconfounded,mr - Abias,mr7

15



where

" 24 -1 A
Aconfounded,mr = A7 (Y E[Y | A Z X; Bmlevﬁvyzvﬁg])ﬁ_
{f(A | Z, X540 )
(E[Y | A:17Z>X;Br¥ﬂe>B£/Z7B§]_E[Y | A:()vZaX;Br)rflea AXYZ’BCII?])}
) Az 24 — 1 .
Abials,mr:]PDH{E‘[I%(l A X) | Z X; ﬁ(ﬁv mle] (A‘Z X N )<FW E[FW | Z X; 5mle7 (11/1/147 KZ])
mle

SO A X ap?

TI(Z | A, X; 6yl O { Ty _ B[y | Z = 0,4, X: 3] — R(A,X: ATy —

" AL XA
E[Tw | Z=0,4,X; B0, B )| €8 (4, X: B4 1} BI8Y (2,X) | 1— A, X3 B4, 6yl

RO - A, X 36 (2,581 ).

Note that E[R(1— A, X) | Z, X; R, a2%) = S R(1—a, X; 88) f(a | Z,X;a:57) is evaluated under

mle
FA| Z,X;6057), and E[0Y (Z, X) | 1=A, X; B A, 60iZ] = 32, W (2, X5 BV (2 | 1-A, X5 607)
is evaluated under f(Z | 1 — A, X; A;;lﬂeZ).

The following theorem generalizes Theorem 2 to polytomous case and is proved in Appendix G. The
submodels M1, Mo, and M3 are defined as in Section 3.1 except that instead of scalars, E[T'w | A, Z, X; 8" |xx1.

oW(Z, X; BV w1, R(A, X; 7)1k, and W (A, X; BY%) k. are now vectors and matrices.

Theorem C.2. Suppose Assumptions 1 — 4 and standard regularity conditions stated in Appendix G hold,

then \/ﬁ(Am, — A) is regular and asymptotic linear under M ion with influence function

OEIFA(O; A, 0)

IFunion(O§A7e*) = EIFA(07A7‘9*) - 90T

E{ 9Uy(0;0)
0*

o7 ‘9*}_1[]‘9(0;9*)’

and thus /n(A,—A) —4 N(0,0%) where 0% (A, 0%) = E[I Fynion(O; A, 6%)2), 0* denotes the probability
limit of 0, and Up(0;0) = (Ulaz, Ugy, Ugwo, UgWA gwzs U;R)T, where Ugwa gwz is the collection of
Ugwia gwiz,i=1,..., k. Furthermore, A, is locally semiparametric efficient in the sense that it achieves

the semiparametric efficiency bound for A in M pion at the intersection submodel M ysorsecs = M1 U Mo U

M3 where My, Mas, and M3 are all correctly specified.

16



D Proof of Theorem 1 (efficient influence function in M gupar for binary

case)

In this section, we show that the efficient influence function in M poppar for
A= / {Ez[a}((z, X) | X=1] — Eaz[R(1—A,X)0% (2, X) | X =x] }f(x)d:c
X

where

6% (z,2) =E[Y |A=1,Z=2X=z] - E[Y | A=0,Z=2,X=x];
W(z,2)=EW |A=1,Z=2X=x]| - EW | A=0,Z=2, X =x;
&(a,z2)=FY |A=a,Z=1,X=2] - E[Y | Z=0,A=a,X =xz];
&) (a,x) =EW |A=0a,Z=1,X=a] -E[W |A=a,Z =0,X=2x];

fg(l—a, x)

R(l1—a,x) = 759/(1_&’ )

is

IFA(Y,W, A, Z, X)

:f(12414];,1X)<Y 0% (2, X)A— E[Y | A=0,Z,X]) +84(2,X)

_J%ZTZX)(W 0¥ (2, X)A~ E[W | A=0,2,X]) - E[R(1- A, X) | Z,X]

_m[y_my | Z=0,4,X] = R(A,X)(W ~ EW | Z=0,4,X])]:
%V(IA’X)EME/(Z,X) 11— A,X]W

~R(1-A, X)¥ (Z,X) - A.

Proof. Let f(Y,W, A, Z, X;0) denote a one-dimensional regular parametric submodel of M pnpar indexed
by 0, under which Ay = Ey[6Y ,(Z, X)] — Eg[Re(1 — A, X)5K9(Z, X)]. The efficient influence function

in M yonpar 1s defined as the unique mean zero, finite variance random variable D satisfying

0
— Ag=FE|D-SY W, A, Z, X
80920 0 [ S( 7VV7 )y )]7

where S(-) is the score function of the path f(Y,W, A, Z,X;60) at 6 = 0, and 2 , OAQ is the pathwise
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derivative of A. To find D, we derive the following pathwise derivatives. First, for 8% ,(Z, X) = Ey[Y |
A=1,Z,X]|— EplY | A= 0, Z, X], we have

2A -1

)
%‘9705}&9(2’){) :E[m(y —ElY | A,Z X])S(Y, A, Z, X) Z,X}
N ’ (21)
o o24-1 y B
_Ebaﬂijau:wAwpmAwawA_mzxmswpazx)ZX}
Second, for 0%y(Z, X) = Pp[W | A=1,Z,X] — Py[W | A =0, Z, X], we have
) 241
90 os D80 (2 X) =B 5507 (W = BIW | A, 2, X)S(W, 4,7, X)|7, X
’ (22)
:E[%(W — W (Z,X)A - E[W | A=0,2,X))S(W, A, Z, X)‘Z, X]

Third, forﬁ}Z/;g(l—A,X) =ElY |1-A,Z=1,X]| - Ep[Y | 1-A,Z =0, X], we have

fziax)y ~EVIZ21-4 XS, Z1-4,X)|1-4,X] @3)

o
00 16=0
Forth, for £(1—A, X) = Py[W | 1-A,Z = 1,X] — Py[W | 1—-A, Z = 0, X], we have

8’905%(1—14, X) :E{f 27 —1

0 M(W—E[W!Z,1—A,X])S(W,Z,1—A,X))1—A,X}

(24)

Lastly, using Eq. (23) and (24), we have

P
_ Ra(1-4,X) :%‘

il
o6

§r0(1-A, X)
6=0£y4(1-A, X)

:0£§;9(1—A,X)§§V(1—A,X) _gg(l_AvX)% 920629(1_‘47)()

001

L

(€7 (1-A, X)?]
1 27 — 1
TVA-AX) [f(Z oax)Y BV 1Z1-4 X)S(, Z,1—A,X)\1—A,X}
R(I_A’X) 27 —1
CJ-AX) [f(ZI1—A,X)(W_E[W|Z’l_A’XDS(WZ,1—A7X)‘1—A,X}
Z
[ 1 27 —1
i ax 77y BV 1 21-AX)SY 214 01— 4 ]
F R(1—A, X) 97 — 1
Playacax) Fzi—ax) W - EWIZ1-4XDSA, Z,1-A,X)[1-A4,X]|
Z
o271
“Elrzrimax¥ ~EV 1214 X] - RO-A,X)(W = BW | Z,1-4, X])]

1

——S(Y, W, Z,1-A, X)|1-A, X
62/(1_A7X)S( 7W ) ) )’ ) :|7

(25)
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where the last equation holds because for any function f, E[f(Y,Z, A, X)S(W | Y,Z, A, X)] = 0 and
E[f(W,Z,A,X)S(Y | W, Z, A, X)] = 0.

In the following, we consider the pathwise derivative of E[6Y (Z, X)] and E[§% (Z,X) - R(1— A, X)]
respectively. By Eq. (21), the pathwise derivative of E[5} (Z, X)] is given by

O Bl e(z.3)] =

0 |60 5A (Z,X)| + E[6%(Z,X)S(Z, X))

L35l

2A
Pl 7%

6Y(Z,X)]-S(Y, A, Z X)}.

(Y —6%(Z,X)A—-E[Y | A=0,Z, X])+

Because E[f(Y, A, Z, X)S(W | Y, A, Z, X )| = 0 for any function f, we have

ﬁ‘ Fol53(2, X)) = B{| (2A_1

Y, _ Y
56 los Ttz —HZX)A-BY | A=0,7,X]) + 6A(Z,X)]S(Y,W,A,Z,X)}.

Now we consider the pathwise derivative of E[0% (Z, X) - R(1— A, X)]. Note that

o] B2, %) Re1- 4, )
—E[R(1-A, X) 80‘ oW o2, X)) + ao’ Ro(1—A, X)o%W (2, X)] + E[6%¥ (Z, X)R(1— A, X)S(A, Z, X)].

(26)

Thus we consider the E[R(1-A, X)% ‘9 O(SEKH(Z, X)] and E[% , ORg(l—A, X)W (Z, X)) respectively.
First, we consider F[R(1—A, X)% ‘9 06%9(2, X)] as follows. By Eq. (22)

) )
E[R(l—A,X)%L:OJKQ(Z,X)] - / %’920529(,2,3;)3(1_@@ f(a, 2, z)dadzdz

A
/E[M(WE[W | A, 2, X))S(W, 4, 2,X)| =2, X =i R(1~a,2) (0, 2,)dad=dz

/E[JM(WE[W | A, Z, X))E[R(1—A, X) | Z=2,X =2]S(W, A, Z,X)‘Z:Z,X:l]f(z,x)dzdx

:E[ 2A—1

Farzx) W EW 1A 2 X])er(Z, X)S(W, 4,7,%)),

27

where ep(z,x) = F[R(1—-A,X) | Z=2z, X =x]. Because E[f(W, A, Z, X)S(Y | W, A, Z, X)] = 0 for

any function f, we have

9 241
B[R(1-A,X) 55| 84y(2,%)] = E|

W(W—E[W | A, Z, X))er(Z, X)S(Y, W, A, Z,X)}. 28)
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Second, we consider E[% ‘g_oRg(l —A, X)0% (Z, X)] as follows. By Eq. (25)

El| Ro(-AX)5¥ (2,%)]

/2 6 ()Re (1—a,2)0% (2,2)f(a, 2, v)dadzdzx
= Bl A [f - B 214X RO AW EW | 2,1-4,X)

WW’W’Z’1*A»X>\1fA:1fa,X:x} W (2,2) (0, 7 z)dadzdz

Note that the above can not be combined with Eq. (26) and (28) since the score is evaluated at S(Y, W, Z, 1—
A, X) rather than S(Y, W, Z, A, X'), which we solve as follows. Denote £ {m [Y ElY | Z1-
Agﬂ—Rﬂ—AXXWZJWV|Z1—AXDkyéIﬂSOﬂMZJ—AXWLﬁhﬂ—szxas
h(1—a,z), then we have
/ h(l—a,z)0W (z,z) f(a, z, z)dadzdz
= / h(1—a,z)6% (z,2)[f(z,2) — f(1—a, 2, z)|dadzdz
/h(l a,2)0% (z,2) f(z | z) f(x)dadzdz — /h(l—a,x)é}flv(z,x)f(z | 1—a,z)dzf(1—a,z)dadx

/hl a,2)EY (z,2) | z]daf(z dac—/hl a,2)E0Y (z,2) | 1—a,z]f(1—a, z)dadz .

A B
We consider simplifying A as follows. Because E[5Y (Z, X) | «] is a function of z, we have
[ h0-a,2) B (2.X) | aldaf @)z
/E z | — x) [Y —B[Y | Z1-A,X] - RA1—A,X)(W — E[W | Z,1-A, X])}

S(Y,W, 7,1~ a:r’l a, | BY (Z,X) | ldaf(2)da

m
/E Z|1 ax)[Y_EmZ71‘A’X]‘R(1—A7X)(W—E[WlZ71—AaX])} (29)
m B[ (2.X) | €]S(Y, W, Z,1~a,2) | 1-a,z| daf (x)da

27 —1
_/E{W[Y—E[Y|Z,l—A,X]—R(l—A,X)(W—E[W|Z,l—A,X])}

1 E[§Y(Z,X) | 2]
&Y (1—a,z)  f(l—a|x)

S(Y,W,Z,1-a,z) | 1—a,x}f(1—a,x)dadx.

We consider simplifying B as follows. Because E [6}2/(2 , X) | 1—a, x] is a function of 1—a and z, we have
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27 —
/E[ 71 )[Y E[Y | Z1-A X] - RA—A,X)(W — EW | Z,1 AX])}
ar (11 - m)S(KI/V,Z,l—a,ac)’l—a,a:}E[é}f‘V(Z,X) | 1—a,z]f(1—a,x)dadx (30)

/E Z | — Y E[Y | Z1-A,X] - R(1-A,X)(W — E[W | Z, l—A,X])}
a,

E[(SKV( X)|1-a,z]SY,W,Z,1—a,z ‘1 aw}f(l a,z)dadzx.

Combining Eq. (29) and (30) we have

89‘ Ro(1—A, X)0% (2, X)]

/E[f(;lZlW[YE[Y | Z1-A,X] = RO A, X)(W ~ E[W | Z,1-A4,X])]
MS(Y’WZ’1—a’$)‘1—a,$}5zv(Z,X)f(a,z,a:)dadzda: a1
:/E[% [Y—E[Y | Z,1-A, X] — RA—A, X)(W — E[W | Z,I—A,X])}

5§V(11_a,x) (E[%(_Za)fi)l 4 E[5?(27X)\1—a,x]) -S(Y, W, Z, 1—a,x)\l—a,x}fa—a,x)dadx.

Let g(1—a, x) denote

27 —1
E[m [Y _E[Y|Z1-AX] - RA-A,X)(W — EW | Z, 1—A,X])}

1 EY(Z2,X)|z] o ) b
5?(1—a,x)< fl—ala) Bl (2, X1 7]> S(Y, W, Z,1-a,2)[1-a,1]

then Eq. (31) is

89‘9_ Ry(1-A X)5A (Z,X)] = /g(l—a,iﬂ)f(l—a,x)dadg;,

Because A is a binary variable taking on values 0 and 1, we have

/g(l—a,x)f(l—a,m)dadm —/g(l —0,2)P(A=1-0]2)+g(1-1,2)P(A=1—-1]2)f(x)dx

:/g(a,x)f(a | )daf(x)dx = /g(a, x)f(a, x)dadx.
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Therefore Eq. (31) becomes

89‘ Ro(1-A, X)0% (2,X)] = /g(a,x)f(a,x)dadx

27
:E[m [Y—E[Y | Z, A, X] — R(A, X)(W — E[W | Z,A,X})]
1 BN (Z,X) | X]  oow
W (A, X) ( FA]X) E[64(Z,X) | A,X]) S(Y,W, A, Z,X)).

Because F[f(Y,A, Z, X)S(W | Y, A, Z, X)] = 0, and similarly E[f(W, A, Z, X)S(Y | W, A, Z, X)] =

0 for any function f, we have

aa‘ Ro(1—A, X)o% (2, X)]

Taz1 1 ERY(Z.X)| X]
A" B 142 ) e (AT

:E{ — B[ (7, X) |A,X])

[S(Y, A, Z,X) + S(W | Y, A, Z, X)}]

- 27 —1 - R(A,X) (E[6W(Z,X)| X]
[f(z A, X) W —EW 4,2, X])ggV(A,X) ( fA]X)

— B} (2,X) | A,X])

[S(W, 4,2, X) + S(Y | W, 4,7, X)]|

27 —1
=Bl A Y~ FWY 1A 2.X] - RA X)W BIW | 4,2,X])]
1 E[SW (Z,X) | X]

In addition, because Z is binary, we have E[Y | A, Z, X| =5 (A, X)Z+E[Y | Z=0,A,X] =
RAX)EYV(AX)Z+E[Y | Z=0,A,X],and EW | A, Z,X] =Y (A, X)Z - E[W | Z =0, 4, X].
Therefore

89‘9 ORg (1-4, X)6% (2, X))

27 —

= [m [Y —RA,X)EY(A,X)Z —EY | Z=0,A,X] - R(A, X)W — ¢¥ (A, X)Z—

E[W | ZzO,A,X])}

1 )(E[ézv(Z,X) | X] — BV (2,X) | A,X])S(Y, W, A, Z, X)]

¢y (A, X AT X)
27 —1
Bl 1A Y = BIY | Z=0,4,X] = R(A, X)(W — E[W | Z =0, 4,X])|
1 (BEPY(2,X) ]| X]
ggV(A,X)( ?v(A X) ~EPY (Z,X) | A,X])S(Y,W,A,Z,X)]_
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Note that

B0} (2, X) | X]
fA]X)

04 (2,2) — f(z,a | x)]dz
. T )[f(zliﬁ) f(zalx)]d

/6,4 zla) fGe1=alz)

(z|1=a,z)f(1—a | x)
/5,4 Fla| ) dz
_EY (2, x) | 1-4, x1 10

—E§Y(Z,X)| A X] =

Al X)
fA1X)

Therefore, we finally arrive at
Ro(1—A, X)W (Z, X))

L35l

%[Y_E[y | Z=0,4,X] = R(A, X)(W — E[W | Z =0, 4,X])| 32)
1

7 (A, X)

:E[

(EY (2.x) 11— 4,x) LA L0

W)S(Y, W, A, Z, X))

Combining Eq. (26), (28), and (32) we have
Ea 514 G(Z X) RQ(].—A,X)]

24 —1
f(AlZ,X)

s

= [{5A (Z,X)R(1—A,X) + (W — 8% (Z,X)A - E[W | A=0,Z, X))E[R(1-A, X) | Z, X]

L 221

f(Z]AX)
1

€7 (A, X)

{Y—E[Y | Z =0,A,X] - R(A, X)(W — E[W | Z=0,4,X])|

(WY (z.x) 1~ 4, x) {0 41%)

AT ) s w4, 2, x)).

Therefore, the efficient influence function in Myenpar for A = E[6Y (Z, X)|—E[0%} (Z, X)-R(1-A, X))

is given by
IFA(Y,W, A, Z,X) = ZA‘;X (Y S (Z,X)A— E[Y | A= OZX])
A (W= 204 B | 4=0.2.X]) LR -4.X) | 2.
;Z\;X Y = B[Y | Z=0,4,X] - R(A, X)(W ~ EW | Z = 0, 4,X]) |
521(1A7X)( 6% (Z,X)|1—A,X]W>

+6%(Z,X) — R(1-A, X)W (Z, X) — A.
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E Proof of Theorem 2

Proof. Under the regularity conditions given in Theorem 3.2 of Newey and McFadden (1994), the estimated

nuisance parameters
5 SAZNT (5 A A AWANT (A
0 = {(Amic )" Brie) s (Buie) "> (Bar )T (Bar )™ ()"}

from solving the moment function vector P,{Uy(O;60)} = 0 are asymptotically normal and converge at

o(n~1/2) rate to its probability limit
0* = {(a)T, (BT, (B )T, (B )T, (BT, (BT

regardless of whether the corresponding nuisance models are correctly specified.

The main step of the proof is to show that E1Fa(O) is an unbiased estimating equation for A under
Munion. This is completed by first showing that that V4 = gWA W2 — sWZ ypder My U M3, and
ﬁf = B under M; U M3 in Section E.1; then showing that A ., the probability limit of Amr, satisfies
E[A},] = Ain Section E.2.

Now we derive the asymptotic distribution of Anr. Assuming that the regularity conditions given in
Corollary 1, Chapter 8 of Manski (1988) hold for EIFA(O; A, 6) and Uy(O; 0), it follows from standard
Taylor expansion of /nP, { EIFA(O; A, 6*)} = 0 that

EIFA(O; A
0 =i, {EIFA(O; A, 9%)) 4 2ETa(0:4.0)

’A\/H(Amr - A)

OAT
OEIFA(O; A0 oUy(0; 0 -1 .
+ \/ﬁIP’n{ B(HT ) G*E{ - 8;”) 9*} Uyp(O; 0 )} + 0p(1),
where %@A’Q) ‘A: —1. Therefore
. 1 &
V(A = A) = == " TFunion(O03; A, 6%) + 0p(1),
vn i=1
where
. ) o _ «  OFIFA(O;A,6) 0Uy(0;0) -1 .
[ Fanion(0; A, 0%) = EIFA(O; A, 0%) + S G*E{ - = 6*} Uy(0; 6%),

O, stands for the i-th observation and 6* is the probability limit of 0. By Slutsky’s Theorem and the Central
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Limit Theorem we have \/n(Ap, — A) =4 N(0,03), where 02 (A, 6%) = E[I Fynion(0; A, 6)?].
At the intersection submodel Mipersect Where all models M1, Mo, and M3 are correctly specified,

6* = 6 and we have that
OEIFA(O;A,0)
o007 o+

=0,

and thus
IFunion(O; A, 0* = 9) = EIFA(O, A, 0* = 9)

Therefore if all models M, My, and M3 are correctly specified, Amr achieves the semiparametric efficient

bound under model M ion.

E.1 Proof that 3V4 = gWA, 3WZ — 3WZ ynder M, U Ms, and % = 37 under M, U M

To simplify notation, we let D§W(ZX)’D*R(1—A x): R*(1-A, X),E*[Y | Z=0,A,X], E*X[W | A=0,Z =
A 9y K

0,X],6W(Z2,X), Y (A, X),E*[W | Z=0,A,X], f*(A| Z,X), f*(Z | A, X),and f*(A | X) denote

and AF

the probability limit of the estimated nuisance models. Similarly, we let A% , A’ bias.mr

mr> 2 confounded,dr’
denote the probability limit of the estimated parameters of interest.

We start with showing that 67" (Z, X) = W (Z,X) and £¥ (A, X) = ¥ (A, X) under My U M3,
and R*(A, X) = R(A, X) under M; U M3. Note that 6 (Z, X), £ (A, X), and R(A, X) do not by
themselves give rise to a likelihood, and estimation of these components relies on construction of estimating
equations that depends on other components of the full data likelihood such as f(A,Z | X) and E[W |
A = 0,Z = 0, X] which can be estimated by the MLE. Therefore, we show such doubly robust property
by showing that the constructed estimating equations are unbiased with mean zero under the union models
Mz U Msz (or M1 U Ms).

First, we show that 6"V (Z, X) = §W(Z,X) and £/ (A, X) = €Y (A, X) under My U M3. Un-
der My where f(A, Z | X;a™%), §EV(A, X;BYZ) and 5E‘V(Z, X; BW4) are correctly specified, we have
a? = A2, [*(A,Z | X) = f(A,Z | X),and thus E*[go(A, Z, X) | X] = Elgo(A, Z, X) | X] for any
function go(A, Z, X). Recall that BXE/A and BXE/Z solves Pn{UﬁWAﬂwz (BXKA, Agyz)} = 0 with
limy, 00 IP’n{Uﬁw,q,sz(ﬁA(‘fYA, BAXYZ)} = E[Ugwa gwz (84, BIV#)]. Therefore we consider
E[Ugwa gwz (B4, BV 7)) R under My where £} (A, X; V%) and

Wz, X; W A) are correctly specified, i.e. V(A X) =&Y (A X; %) and 6 (2, X) = 0¥ (Z, X; YA,
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we have

E[Ugwa gwz (8", 8" 7))

=B{[90(A, 2, X) - E[gu(A4, Z,X) | X]| |[W = BIW | A,2,x; 80, "7, 5" 4]}

— B [gO(A, Z,X) - Elgo(A, Z,X) | X]] [E[W |A=0,Z=0,X]-E[W|A=0,7Z=0,X;8V+
(€7 (A=0,X) — €7 (A=0,X;8Y)]Z +[54 (Z = 0,X) — 64 (Z = 0,X; 8 )] A+
Inil (X) — ity (X 8V 49) A7)}

— B [gO(A, Z.X) - Elgo(A, Z,X) | X]] [E[W |A=0,Z=0,X]-E[W|A=0,7 = O,X;BZVO]}}

=0

because E[{go(A, Z,X)— FElgo(A, Z,X) | X}}h(X)] = 0 for any function h. Thus, under My where
YV (A, X; 8V %) and 6% (Z, X; B4) are correctly specified, Pn{UQWA,sz CHENIED ’B&VA:BWA,ﬁKZ:ﬁWZ}
converges to zero, i.e. (34, 3" %) is a solution to the probability limit of Pn{UﬁWAﬁwz (BYA, Bgfz)} =
0. Thus B4 = W4, and pIV4 = BWZ and thus % (Z, X) = sW(Z,X) and €} (A, X) = €Y (A, X)
under M.

Similar arguments apply to the scenario under M3. Under M3 where working models R(A, X; %),
EY | Z = 0,A,X;BY], ¥(A, X;8Y%), sW(Z,X;"4), and E]W | A = 0,Z = 0,X;5"] are
correctly specified, we have S/V0 = W0 and thus E*[W | A = 0,Z = 0,X] = E[W | A =0,Z =
0, X]. In addition, we again have £} (A4, X) = ¢ (A, X; 8" %) and 6% (Z, X) = 6W (Z, X; ™ 4). Now

consider
ElUgwa gws (54, 6% 2)]

=B{[90(A, 2, X) = E'[g0(A4, Z,X) | X]| [W = BIW | A,2,x; 810, "7, 5" 4]}

—B{|90(A, 2, X) = E*[g0(A, 2, X) | X]|[EIW | A= 0,2 =0,X] ~ BIW | A=0,7 =0, X; 8]+
€7 (A=0,X) =7 (A=0,X;8")Z+[64 (Z=0,X) =64 (Z=0,X; 8" )] A+
[nil (X) = ity (X 8V A5 A7)}

—B{|90(A, 2, X) — E'[g0(A, 2, X) | X]| [EIW | A= 0,7 =0,X] — B[W | A=0,7 =0, X; 8|}

=0

because E[W | A=0,Z =0,X; 87 = E]W | A=0,Z = 0, X]. Therefore 6% (Z, X) = 6W(Z, X)

26



and £ (A, X) = ¢ (A, X) under M. In addition, we have that

E*W | A Z,X]|=E*W |A=0,Z=0,X]+6 (A=0,X)Z+35% (Z=0,X)A+ Y, (X)AZ
—EW|A=0,Z=0,X]+&J(A=0,X)Z+ 0V (Z=0,X)A+n,(X)AZ
=E[W | A, Z, X].
(33)

Second, we show that R*(A, X) = R(A, X) under M; U M3. Under M; where working models
f(A, Z | X;a%) and R(A, X; BT) are correctly specified, we have a? = oAZ, ff(AZ ] X) =
f(A,Z | X), and thus E*[g1(A, Z,X) | A, X] = E[g1(A,Z,X) | A, X] for any function g1 (A4, Z, X).
Recall that 52 solves Pn{Uﬁa(ﬂA(ﬁ)} = 0 with lim,,_, IP’n{UBR(Bg)} = E[Uzr(BE)]. Now consider
E[UBR(BE)]‘BR_ﬁR under M, where R(A, X; %) is correctly specified, i.e. R(A,X) = R(A, X; %),
we have )

E[Usn(8%)] = E{[01(A, 2, X) - B'[01(A, 2, X) | A, X]| [V = B*]Y | Z =0, 4, X]-
R(A, X; 8%)(W — B*W | Z = 0,4, X])|}
=B{[91(A, 2, X) — Elg1(A, 2,X) | A, X]| [{R(A, X) = R(A, X: %)}l (A4, X) 2+
=B{|91(A. Z, X) = Elgu(A, 2, X) | A, X]| {E[Y | Z = 0,A,X] = E'[Y | Z = 0,4, X]}+
[BIW | Z = 0,4,X] - E*[W | Z = 0, A, X]}R(A, X; 87) |}

=0

because F'|{g1(A4,Z,X) — E[g1(4,Z,X) | A,X]}h(A,X)} = 0 for any function h. Thus, under M,
where R(A, X; %) is correctly specified, ]P’n{U 3R (B

. } converges to zero, i.e. BR is a solution to

Bii=pr

the probability limit of Pn{UﬁR(Bg)} = 0. Thus 8% = 8% and R*(A, X) = R(A, X) under Mj.
Similar arguments apply to the scenario under M3. Under M3 where working models R(A, X; B),

ElY | Z=0,A,X;3Y]and E[W | A, Z, X; 3] are correctly specified, we have E*[Y | Z =0, A4, X] =
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ElY | Z=0,A,X]andby (33) we have E*[W | A, Z, X| = E[W | A, Z, X]. We again consider

E[Usx(8%)] = E{|g1(A, Z, X) — E*[g1(A, Z, X) | A,X]] [Y —EY | Z=0,4,X]-

R(A, X %)W — B (W | Z = 0,4, X])|}
=B{[91(A, 2, X) - E'ls(A, Z, X) | A, X]| {R(4, X) = R(4, X; 87} (4, X) Z+

(BY | Z=0,A,X]—E*[Y | Z=0,A,X]} +{E[W | Z=0,4,X] - E*[W | Z=0,A, X]}R(A, X; %)}
—B{ [gl(A, Z,X) — E*[gi(A, Z,X) | A, X]} {{E[Y | Z=0,A,X] - E*[Y | Z = 0,4, X]}+

{(EW | Z=0,A,X] - E*[W|Z=0,A4,X]}R(A X; %}
=0

because E*[Y | Z = 0,4, X] = E[Y | Z = 0, A, X and E*[W | Z = 0, A, X] = E[W | Z = 0, 4, X].
Therefore 3% = 3% and R*(A, X) = R(A, X) under Ms3.

E.2 Proof that £[A},] = A under Mpion

Using the results in Section E.1, we now show that E[A* ] = A under M yion. To this end, we consider
E[AY tounded)» E[D;ZV . X)], and E[Dp_y x)] under My, Ma, and M3 respectively.

Under M where working models f(A, Z | X;a*%) and R(A, X; B%) are correctly specified, we have
(A Z | X)=f(A,Z | X)and R*(A, X) = R(A, X). First we consider

2A—-1

EIAY oumded] = E [m (E[Y | A, Z, X]-E*[Y | A, Z, X]) YEMY | A=1,Z, X]-E*[Y | A=0, Z, X]} .

Note that for any function of A, Z and X, denoted as h(A, Z, X ), we have

2A—1
B2 h(A,7,X)] = E[h(1, Z, X) — h(0,Z, X)]. 34
A7 (A 2] = BIb(1,Z.X) = (0.2 X) G4
Accordingly, when f*(A | Z, X) = f(A | Z, X), we have

2A—-1

E[Aconfounded] =K W(E[Y|A727X}_E [Y|A7Z7X])+E [Y|A:1aZaX]_E [Y|A=O,Z,X]

:E[5X<Z7 X) - 6}(*(2’ X) + 6}2* (27 X)] = Aconfounded-
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Second, consider

EDjy 1 x)] :E[]m (W~ B[ | 4,2.x)) SR (-AX)f (4] 2.%)|

:E[m (E[W | A, Z,X] - E*[W | A, Z, X]) ZA:R*(l—A,X)f*(A | Z, X)]

When f*(A| Z,X) = f(A] Z, X), by Eq. (34) we have

EDjy ;)] :E[J"(ZA\ZX) (BIW | 4,2,X] - B (W | A, 2,X]) EIR*(1- A4, X) | Z,X]|

:E[(&EV(Z,X) - 5Z,V*(Z,X))E[R*(1—A, X)| 2, X]]

Because we also have R*(A, X) = R(A, X),

E[szv(Z,X) + R*(l_A7 X)(s}flv* (Za X)]
=B[(W(2.%) = 6} (2. X)) BIR(1— 4, X) | Z, X] + R(1—A, X)3} " (Z,X)] = Apia.
Third, consider

. 27 —1 1 . . ffa-AfX
EDR(-a,x)] :E{f*(Z A, X) €77 (4, X) (ZZ:(SZ‘V (2.X)F(Z 1= 4, X)JE*(AI)L))>

[Y_E*[Y | Z = 0,4, X] —R*(A,X)(W—E*[W | Z:‘)’A’X])”

B 27 — 1 1 . : ffA-AlX)
A FzTan g an (L GOrZ - ANTEET)

[{R(A,X) — R (A, XYY (A X)Z+{E]Y | Z=0,A,X] - E*[Y | Z=0,4,X]}

V{EW | Z=0,A,X] - E*[W | Z = O,A,X]}R*(A,X)] }

When f*(Z | A, X) = f(Z | A, X), by similar argument as Eq. (34) we have

w i} B
BlDk-a0)] = E{mm(& X)R*(AaX)HzZ: Wz, X)f*(Z | 1A,X)]-’W}
(35)

We can see that when R*(A, X) = R(A4, X), E[D}*%(l_A X)] =0.
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In summary, under M, we have

E[A;u] :E[A:onfounded] - {E[D;ZV(Z,X) + R*(l —A, X)(SK/* <Z7 X)] + E[DE(lfA,X)]}
:Aconfounded - {Abias + 0} =A
Under My where f(A, Z | X;a%), €Y (A, X; 8% 7)) and 6% (Z, X; ") are correctly specified, we

have f*(A,Z | X) = f(A,Z | X), &) (A, X) = €J (A, X),and £V (A, X) = €V (A, X). Particularly,
f*(A| X) = f(A| X). First we consider

* 2A -1 * * *
EIAL oo = E[m (E[Y | A, Z, X|-E*[Y | A, Z, X])+E Y | A=1,7, X]-E*[Y | A=0, Z, X]]

When f*(A| Z,X) = f(A]| Z,X), by Eq. (34) we have

* 24-1 * * *
E[A pmtounded] :E[m (BIY | 4,2,X] - E'lY | A,2,X]) + E'[Y | A=1,2,X] - B'[Y | =0, 7, X]|

:E[(SX(Z, X) - 6}4;* (Zv X) + 5};* (Z7 X)] = Aconfounded-

Second, consider

. 24— 1
EDGy z.x)] =F [W

M(E[W | A,2,X] - B W | A,2,X]) Y R*(1-A, X) (4] 2, X))
’ A

(W _EY W | A, Z, X]) S RU(1-AX)f(A| Z,X)]
A

:E[

When f*(A| Z,X) = f(A| Z, X), by Eq. (34) we have

. 24— 1
s =Elraz

:E[(&ZV(Z, X) - 5K,V*(Z,X))E[R*(1—A, X) |z, X]}

E] (E[W | A, Z,X] - E*[W | A, Z, X])E[R*(l—A, X)| 2z, Xﬂ

=0

because £V (A4, X) = ¢V (4, X).
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Third, consider

27 — 1
F(ZTAX) AX

(ZaA* Z,X)f(Z | 1— A, X)w>

E[DR-a,x)] :E{ fr(AlX)
[Y_E*[Y | Z:O,A,X]—R*(A,X)(W—E*[W | Z:‘)’A’X])H

B 27 — 1 1 . : B ffA-AX)
A Fzran g am (L GOrZ AN T

[{R(A,X) R A X)W (A X)Z+{BY | Z=0,A,X] - E*[Y | Z=0,4,X]}

V{EW | Z=0,A,X] - E*[W | Z = O,A,X]}R*(A,X)] }
When f*(Z | A, X) = f(Z | A, X), by similar argument as Eq. (34) we have

w e
B )= {2 I 0 m a0 202140 SR,

(36)
Note that when the model for f(A | X) is correctly specified, i.e., f*(A | X) = f(A | X), in Appendix H
we show that for any function A(Y, W, A, Z, X), we have

E[WY,W, A, Z, X)W} = E[WY,W, Z,1- A, X)].
Let h(Y, W, A, Z, X) = %‘&fg) [R(A, X) — R*(A, X)] - [, 0% (2, X)f*(Z | 1 — A, X)), then Eq.
(36) is equivalent to
W1-AX :
EDjyax) = E{M[R(l—A, X)-R(1-A, XD oW (2. X)f(Z | 1-(1-A), X)]}.

Z

In this case, because we also have that £ (A, X) = ¢ (A, X),and €V (A, X) = ¢V (4, X),

EDRax) + R (1-A,X)d) (2,X))

=E{[R(1-A4,X) = R"(1=A, X)|EPY (2.X) | A, X] + B* (1= A, X)8} (Z.X) } = A
In summary, under My, we have

E[AL] =E[Adntomdeal = {EDfw 5 )] + EDf_a x) + B (1A, X)34 " (Z, X))}

:Aconfounded - {0 + Abias} =A
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Under M3 where R(A, X; %), BE[Y | Z = 0,A,X;8Y], €J (A, X;8Y%), sW(Z,X;6"4), and
EW | A =0,Z = 0,X; 8] are correctly specified, we have R*(A, X) = R(A,X), E*[Y | Z =
0,4, X]=E[Y | Z=0,A4X],&)(AX)=V(AX), YV (Z,X)=6V(Z X),and E*X[W | A =
0,Z=0,X|=E[W|A=0,Z=0,X]. First we consider

2A—-1

Bl omaedl = B| 51 757 (B VA2 X=B Y | A, 2, X))+ B[Y | A=1,2,X]=B"[Y | A=0,2,X] .

Note that

E*Y | Z,A,X] =E*[Y | Z=0,A,X]+ R*(A, X)) (A, X)Z
=E[Y | Z=0,A,X]+ R(A, X)) (A, X)Z = E[Y | Z, A, X],

therefore we have

E[A

*
confounded]

24 —1
=Plrarzx

:E{E[Y ‘ A:LZyX] - E[Y ‘ A:O, Z,X]} = Aconfounded-

(E[Y | A, Z,X] — E[Y | Ajz,X]) VE[Y |A=1,2,X] - E[Y | A=0, 7, X]

Second, consider

Py ) ~E| i (V — BV | 4.2.X)) ¥ R (1A, X) (4] 2.)]
? A
:E{m (E[W | A, Z,X] — E*[W | A, Z, X]) Y R(1-AX)f(A| Z,X)]
’ A
—0

because E*[W | A, Z, X| = E[W | A, Z, X] by (33).
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Third, consider

. 27 — 1 . ffA-AlX)
E[Dxax)) :E{f*(ZlAX) e AX (25A (2.X)f Z|1_AX)W>

V=B | Z=0,4,X] - R'(4,X)(W - B W | 2 = 0,4,X]) |}

B 27 — 1 1 . : B ffA-AX)
A Fzran g am (L GOrZ AN T

[{R(A,X) —RAXNY (A X)Z+{EY | Z=0,A,X] - E*[Y | Z =0, A, X]}
V{EW | Z=0,A,X] - E*[W | Z = o,A,X]}R*(A,X)]}

=0

because R*(A,X) = R(A,X), E*Y[Y | Z = 0,A,X] = E[Y | Z = 0,4, X], W (Z = 0,X) =
SWN(Z=0,X),and E*W | A=0,Z=0,X]=EW |A=0,Z=0,X]

Thus, under M3, we have

ElAn] =E[A

confounded] {E[ 5W(Z X)] + E[DE(l_ij)] + E[R*(l—A, X)éA ’ (Z, X)]}
:E[Azonfounded] {E[ §W(Z X)] + E[D*R(l—A,X)] + E[R(l _Aa X)dK/(Z, X)]}

:Aconfounded - {0 +0+ Abias} =A

In summary, E[A},] = A under Mypion = M1 U Mo U Ms.

E.3 Variance estimator

Here we provide a consistent estimator of the asymptotic variance O'QA(A,G*) by writing our problem

in the form of standard M-estimation. Recall that § are the estimated nuisance parameters that solve

P, {Ug (O; é) } =0,and A, is the proposed multiply robust estimator that solves ]P’H{EI FA(O; Amr, é) } =

0. Lety = (6, A)" denote the vector of all parameters of dimension k, () = {Up(O;0)", EIFA(O; A,0)}7,
and let G, () = Pn{w('y)} = L5 9(0;;) denote a k x 1 vector of estimating functions where the
k-th element is the estimating function for A, then 4 = (é , Amr) is the solution to the estimating equations
Gn(7) = 0. Let An(3) = =200 = =3 S0 {gr(0is4) f and Ba(3) = & 1Ly (0 )0 3)

We define the empirical sandwich estimator as follows

Var(y) = An(3) " Ba(3) (Au(9) ™).
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Then a consistent estimator for the asymptotic variance of Ay, corresponds to Var(5)y., the (k, k)-th
element of Var(¥). In practice, one can also apply the nonparametric bootstrap to estimate the variance.

O]
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F  Proof of Theorem C.1 (efficient influence function in M ,oppar for polyto-

mous case)

Proof. Let f(Y,W, A, Z, X;0) denote a one-dimensional regular parametric submodel of M onpar indexed
by 6, under which Ay = Ey [5}2’0(& X)] — Eg[Ro(1 — A, X)W 9(Z, X)]. The efficient influence function
in M yonpar is defined as the unique mean zero, finite variance random variable D satisfying

0
— Ag = FE[D-S5(Y, A Z X
90 lo—o 0 [ S( 7VVa y Ly )]a

where S(-) is the score function of the path f(Y,W, A, Z, X;0) at § = 0, and % , OAQ is the pathwise
derivative of A. To find D, we derive the following pathwise derivatives. First of all, we have the same
result as Eq. (21) for the pathwise derivative of 8% (Z, X) = E[Y | Z,A=1,X| - E[Y | Z,A = 0,X],

which is

89‘ 9102, X)
:E[f(jA‘Z’X)(Y ~E[Y | A, Z X])S(Y, A, Z, X)‘Z, X}
:E[f(jA‘;’l)()(Y —§¥(Z, X)A— E[Y | A=0, 2, X]))S(Y, A, Z,X)(Z, X]

Accordingly, the pathwise derivative of E[0Y (Z, X)] is given by

89) Eolo} (2, X)]
S 9‘ 5%(2,X)] + E6Y(2,X)S(2,X)]
24 —
:E[W(Y —E[Y | A, Z,X]))S(Y,A, Z,X)] + E[64(Z,X)S(Z, X))
:E{[JM(Y Y2, X)A— E[Y | A=0,7,X]) + 65(Z,X)] - S(Y, 4, Z, X)}.

Second, for 6%*(Z,X) = E[1(W =w;) | A=1,Z,X] — E[1(W = w;) | A=0, Z, X] we have

) .
%‘0:05;4/—%(27)()
24 —1
= [W(R(W =w;) — E[L(W = w;) | A, Z, X])S(W, A, Z,X)‘Z, X}
ZE[M(R(W =w;) — 04(Z,X)A— E[L(W =w;) | A=0,2,X])S(W, A, Z, X)’Z, X]
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Generalizing from 1(W = w;) to vector I'yyy, we have

A9 Z X)kxl
2A—1
FAZX)"

2A—1
A Z.X)

s

—E| Ty — E[Cw | A, 2, X])ia S(W, A, 2, X)|Z, X | 37)

=5 (Tw — 8% (2, X)A — E[Lw | A=0,Z, X])ia S(W, 4,7, X) 2, X .

Third, for & (1-A, X) = E[Y | Z=2;,1-A,X] — E[Y | Z=2),1— A, X], we have

JRS— Y p—
89‘9:0€ZJ,9<1 A7 X)

B I(Z =2zj) 1(Z = z)
_EKf(Z:zj [1-A,X)  f(Z==z] l—OA,X

)) (Y _E[Y | Z,1-A, X])S(Y, Z, 1—A,X)‘1—a].
Generalizing from z; to vector Z, we have

0
il 1= A X,

B 1(Z = z) 1(Z = 2p) W(Z=2,—-1) 1(Z = 2p)
_E{[(f(Z =z, | 1-A,X) f(Z=2z] 1—A,X)>’ (f(Z =z, —1|1-A,X) f(Z==2] l—A,X))’

( IL(Z = Zl) _ ]l(Z = 2’0)
o f(ZZZl‘l—A,X) f(ZIZQ’l—A,X

:E{H(Z | A7X){X,€(Y _E[Y| Z 1—A,X})S(Y, Z, 1—A,X)‘1—A,X}7

)>]1><k(Y ~ BV | 7,1-4,X])8(Y, Z,1- 4, X)

(38)
(Z=2) 1(Z=20) 1(Z=2) 1(Z=20) L(Z=2)
where II(Z | A, X) = {fZ Zlﬁx T f(z= ZO\ZXX) f(Z ZQ\ZX) = zoﬁx) o f(Z= zk|ZAkX) o
%}T denote a k x 1 vector generalizing %1%y in the binary case, with II(Z | A,X); =
1(Z=z;) 1(Z==zp)

f(Z:Zj‘Avx) - f(Z:ZolAvX)‘
Forth, for €2 (1— A, X) = E[L(W = w;) | Z=2j, 1A, X] - E[L(W = w;) | Z=z,1- A, X], we

have

89‘0 =0 ZJ’ o1-4,X)
B 1(Z = zj) 1(Z = 2p)
_E[(f(zzzj 11-A, X)  f(Z=2z] 1—0A,X

S(W,Z,1—A,X)’1—A,X]

)) (]l(W = w;) — EL(W = wy) | Z, 1—A,X])

Generalizing to column vector I'y,, we have
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A X)kxl

B ]l(Z:z-) 1(Z = 2p)
_E[(f(Z =z | l—JA,X) Cf(Z==x] 1—0A,X)

S(W,Z,l—A,X)‘l—A,X}.

69‘9 0

) (rw — E[lw | Z, 1-A,X])kXl (40)

Generalizing to row vector Z, we have

80)9 0 1 4 X)IXk (41)

—E [H(Z | A, X){Xk@(w = w;) — E[L(W = w;) | Z, 1—A,X]>S(W, Z, 1—A,X)’1—A,X]
Generalizing to a matrix, we have

0
5l 50— A, Xk

(42)
:E[(I‘W — E[lw | Z, 1—A,X])kX1H(Z | A, X)T, . S(W, Z, 1—A,X)‘1—A, X].

From the above, we finally have

Ry(1-A, X) 1 = €y o(1—A, X)], o7 s(1—A, X) 1,

80‘0:0
] _ L0 .
52,9(1—A’X)1xk59/(1—14aX)kxlk + 55(1—147X)1xk%‘9:0€g,/9(1—14a X)ixn

s

il

E{H (Z | A, X) 1xk(Y—E[Y | Z,l—A,X])S(Y, Z,1—A,X)‘l—A,X}{EV(l—A,X)‘l—

R(1—A, X)1xk - E[(FW — B[l | Z,l—A,X])leH(Z | A, X)T, . S(W, Z,1—A,X)} ‘1—A,X}§§V(1—A,X)—1

E (Y E[Y|Z1-A X])H(Z|A,X){kag’(l—A,X)‘IS(Y,Z1—A7X)

(
|
“R(—A,X)1xp - (rw — BTy | Z,1—A,X})kX1H(Z | A X)Tiby (1-4, X)L S(W, Z»l—AvX)‘l—AX}
B{[Y - BIY | Z1-4,X] - R1-A, X)ixi - (Tw - E[w | Z,1-4,X]) |-

H<Z ‘ A7X){><k€Z (1_A7X)_1S(Y7WZ71_A7X)’1_A7X}
(43)

Recall thatT'y = {1(Z = 21), 1(Z = 23),..., 1(Z = z)}" denote a k x 1 vector generalizing the binary
Z,with T'z; = 1(Z = z;). We note that

EY | Z1-A, X1y = €5 (1—A, X)T pdiag[Tz]ixr + E[Y | Z = 20, 1—A, X]11 sk,
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and
Elw | Z,1-A, X]ix1Llixk = €2 (1A, X)pxrdiag[T z)exr + E[Tw | Z = 20, 1— A, X]gx1 Lix.

Therefore,

(Y E[Y | Z,1-A,X] - R1—A, X) 15 - (I‘W — E[Tw | Z, 1—A7X])le)]llxk
:(Y _ R(l—A,X)I‘W) 1yup — (55(1—/1, X7, odiag[Tz]exk + E[Y | Z = 29, 1— A, X]]llxk)
+ R(l—A,X)lxk-(E?’(l—A,X)kxkdiag[Fz}kxk +ETw | Z = 2, 1_A7X]kx1]ll><k)

:[Y “ElY | Z=2,1-4,X] - R(kA,X)lxk(rW —E[lw | Z = 2, kA,X])kXJ Lixck.

Thus, Eq. (43) can be simplified to
)
5 Ro(l=A, X) 1

:E{ [Y CEBlY | Z=2,1-A,X] - R(1—A, X)1xs - (FW —E[Tw | Z = 2, 1—A,X])M] (44)

I1(Z | A,X){Xk(gg"u—A,X)) lkS(Y,I/V,Z,l—AX)’l—A,X}

kx
Now we consider the pathwise derivative of E[R(1—A4, X)1xx86% (Z, X )xx]- Note that

3‘ Eo[Ro(1— A, X)8% o(Z, X)]

90lo—o " ’ 4,607

B[] RO-A X)0Wa(Z,X)] 4 BL|  R(-A,X)8Y (2,X)] + EIR(1-A, X)8¥ (2, X)S(4,Z, X))

(45)

thus we consider E[R(1—A, X)% ’9 05%9(Z, X)] and E[% , OR(l—A, X)6W (Z, X)] seperately.
First, by Eq. (37), and using similar argument as the derivation of Eq. (28) in Appendix D, we have

E[R(1-A X oWo(Z,X))

)%’920

24 -1
—E|er(Z, X)1xx(Tw — 6% (2, X)A ~ E[Lw | A=0,7, Keasiarz,%)

(46)
S(W, A, Z, X)] .

where eg(z,z) = E[R(1-A, X) | Z=2, X =xz].
Second, we consider E[%‘e 0Rg(l — A, X)8W(Z, X)]. By Eq. (44) and using the argument as the
derivation of Eq. (32), we have
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9 w
Bl Ro(1-A,X)8% (2. X)]

:E{ [Y — B[V | Z =2,A,X] - R(A, X) - (rW —E[Tw | Z = 2, A, X])} (47)

-t fA-A]X)

H(Z|A,X)T(55V(A)) (E[éKV(Z,X)U—A,X] AT )S(Y,W,A,Z,X)}.

Combining Eq. (45), (46), and (47) we have
O Eofode(2.X) - Ry(1-A,X)
00 lo=o 4,01 ’

:E{R(1—A,X)6X,V(Z,X)

+E[R(1-4,X) | Z,X|(Cw - 84 (2. X)A - E[Lw | A=0,Z, X“m

+[Y _EBY | Z=2,A,X] - R(A,X) - (I‘W _ElTw | Z= ZO,A,X])}

f=AlX)

1(Z | A,X)T(ﬁ%V(A))_1<E[5XV(Z’X) [1-4,X] fA]X)

)S(Y,W,A,Z,X)}.

Therefore, the influence function for A = E[6% (Z, X)] — E[R(1—A, X)8% (Z, X)] is given by

IFA(Y, W, A, Z, X)

:J‘(?\ZX) (v~ 8%(2.X)A~ BlY | A=0,2, X))
~E[R(1-A,X)| Z,X] (Tw - 8% (2. X)A~ E[Tw | A=0,7, X])m

_[Y —ElY | Z=20, A, X] - R(4, X)<Fw — E[Ty | Z:zO,A,Xm.
ey (e ) (st -4 o)

+6%(Z,X) - R(1-A, X)6W (Z, X) — A.
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G Proof of Theorem C.2

Proof. Under the regularity conditions given in Theorem 3.2 of Newey and McFadden (1994), the estimated

nuisance parameters
5 SAZNT (A A A AWANT (4
0 = {(Gmie )" (Bauie) "> (Brie) ™ (Bar )" (Bar )" (Ba) ™}

from solving the moment function P, {Uy(O; #)} = 0 are asymptotically normal and converge at o(n~/?)

rate to some fixed values
0" = {(aM?)T, (BD) (BYO), (B )T, (BT, (BE)TYT

satisfying E[Uy(O; 6*)] = 0 regardless of whether the corresponding nuisance models are correctly spec-
(z.xy PR x) BI(1=A,X), E*[Y | Z = 20, A, X], E*[Tw | A=
0,Z = 20,X], W (Z,X), ¥ (A, X), EX[Tw | Z = 20,4, X], f*(A | Z,X), f*(Z | A X),

ified. Accordingly, we let D}y,
A

and f*(A | X) denote the probability limit of the estimated nuisance models. Similarly, we let A% .
and Agiy o
that II(Z | A, X) = {1(Z = 21)/f(Z = z1 | A, X) — 1L(Z = 20)/f(Z = 2z | A, X),1(Z =
2)/f(Z =2 | A, X)—WZ = 20)/f(Z =2 | AX),....,(Z = 2z)/f(Z = 2, | A, X) - 1(Z =
20)/f(Z = 29| A, X)}" denote a k x 1 vector generalizing (2Z — 1)/ f(Z | A, X) in the binary case, with
I(Z | AX); = 1(Z = 2)/f(Z =2 | A,X)— 1(Z = 2)/f(Z = 2 | A, X). With slight abuse of
notation, we let IT*(Z | A, X) denote the limit of II(Z | A, X).
We start with showing that 6% (Z, X) = 6% (Z,X) and £ (A4, X) = £€¥ (A, X) under My U
Ms, and R*(A,X) = R(A,X) under M; U Ms. First, we show that % (Z,X) = 6W(Z,X)
and €7 (A, X) = €Y (A, X) under My U Ms. It suffice to show that 5% (Z,X) = 64 (Z,X) and
leU;(A,X) = £7'(A, X) for all i. Or equivalently ( Wid gWViZy — (BWid BWiZ) where (SWi4, gViZ)
is the subset of (84, 3"%) corresponding to the i-th level of 7. Recall that BdriA and Bdriz solves
Po{ Ui g (Bl B 7Y b = O with iy oo P Ui gz (B4, B 7) b = ElUw,a g (874, 87
wid WiZ)]‘B*WiAzﬁwiAﬁ:ViZ:Bwiz under My where £ (A, X; fVi%)

Now consider E[Ugw;a gw;z(Bx ", Bs
and 0%1(Z, X; BWi4) are correctly specified, ie. £, (A,X) = €(A,X;8%%) and 64 (Z,X) =

A onfounded.dr’ denote the limit of the estimated parameters of interest. In addition, recall
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5211(2, X; W4, we have

E[Ugw.a gwiz (84, B%7)]

=B{[90(A, 2, X) = E'[go(A, Z.X) | X]| |Twi — E[Lws | A, 2,X: 610, "7, 5% 4) |}

—B{|90(A, Z, X) ~ E*[90(A, 2, X) | X]| | ECwi | A= 0,2 = 20, X] = B[Cw; | A= 0,7 = 2, X; 8]+
€5 (A=0,X) = €5 (A=0,X; BV )Tz + 04 (Z = 20, X) = 64 (Z = 2, X; BV )] A+
%5 (X) = ny (X: 8V A2)| AT |}

—E{|90(A, Z, X) = Elgo(A, Z,X) | X]| |E[Cwi | A=0,Z = 20, X] = E[Twi | A=0,7 = 20, X; 8] |}

=0

because E[{go(A, Z,X)— FElgo(A, Z,X) | X}}h(X)] = 0 for any function h. Thus, under Mo where
52/1' (A, X; 8%i%) and 5}2/1' (Z, X; p"+4) are correctly specified, ]P)n{UIBWiAyﬁWiZ( AXKiA, Agyiz) ‘IBAKiA:ﬁWiA,B‘ZViZ:ﬁWiZ }
converges to zero, i.e. (3 Wid pWiZ ) is a solution to the probability limit of P,, { U BWiA gW;Z ( BKiA, AK"Z )} =
0. Thus B4 = gWid and BIViZ = BWiZ and 6% (7, X) = 6%(Z, X) and &5 (A, X) = €% (A, X) for
all 3. Therefore 6% " (Z,X) = W (Z, X) and €% " (A, X) = €% (A, X) under Mo,
Similar arguments apply to the scenario under M3. Under M3 where working models R(A, X; 3%),
E[Y | Z = 2, A, X; 81, €51(A, X; BYi%), 6% (Z, X; BYi4), and E[Tywi | A =0,Z = 20, X; W] are
correctly specified, we have B/V0 = W0 and thus E*[Ty | A=0,Z = 20, X] = E[Tw; | A=0,7 =

20, X |. We again consider

E[Ugw;a gw,z (874, 8"7)]

=E{[90(A, 2. X) = B*[90(A, 2. X) | X]| [T — BT | A, 2, X380, %7, g%}

—B{ [go(A, Z.X) — E*[go(A, Z, X) | X]} [E[I‘Wi | A=0,Z =2, X] - E[Twi | A=0,Z = 2, X; 8V )+
(€2 (A=0,X) €9 (A=0,X; 8V, + [0Wi(Z = 20, X) — Wi (Z = 20, X; BV )] A+
it (X) = niyy (X: 87 A7) AT, |}

—B{ [go(A, Z.X) — E*[go(A, Z, X) | X]} [E[I‘Wi | A=0,7Z=2,X] - E[Cy: | A=0,2 = 2, X; 53"0]]}

=0

because E[Ty; | A = 0,7 = 20, X;8%°] = E[Tw; | A = 0,Z = 2, X]. Therefore 6XV*(Z,X) =
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W (Z,X)and €)Y (A, X) = €% (A, X) under M3. In addition, we have that

*

E*[Twi | A, 2, X] =E*[Tyy; | A=0, Z =20, X|+6" (Z =20, X) A+ £ (A, X)T s 40" (X)A T,
=ETw; | A=0,Z =20, X]+ 04 (Z =20, X)A+ €7 (A, X)T z4n45(X)AT,
=E[Tw; | A, Z, X],
(48)

ie, E*Tw | A, Z,X] = ETw | A, Z, X].

Second, we show that R*(A, X) = R(A, X) under M; U Ms3. Under M; where working models
f(A, Z | X;0%%) and R(A, X; BR) are correctly specified, we have a? = oA, (A Z | X) =
f(A,Z | X), and thus E*[¢g1(A, Z,X) | A, X]| = E[q1(A,Z,X) | A, X] for any function g;(A, Z, X).
Recall that B£ solves Pn{UBR(B({E)} = 0 with lim,, Pn{UﬁR(Bg)} = E[Ugr(BE)]. Now consider
E[Ugr (Bf)]‘ ., under M where R(4, X; B%) is correctly specified, i.e. R(A,X) = R(A, X; %),

we have

pE=5

E[Usr(8%)] = E{ [gl(A, Z,X) — E*[g1(A, Z,X) | A, X]] [Y —EBY | Z = 20, A, X]—

R(A, X; 8%)(Cw — E*[Cw | Z = 20, 4, X])|}
=B{|91(A. Z, X) = Elg1(A, 2, X) | A, X]| [{R(A, X) = R(A, X; 8%)}¢¥ (4, X)Z+

[BIY | Z =20, A,X] = E'lY | Z = 20, A, X]} + {E[Cw | Z = 20, A, X] - E'[Tw | Z = 20, A, X]}R(4, X; B7)]}
—B{|01(4,2,X) - Elg(4,2,X) | A, X]|{E[Y | Z = 20,4, X] - B[V | Z = 20, A, X]}+

{E[Tw | Z = 20, A, X] — E*[Tw | Z = 2, A, X]}R(A, X BR)}}

=0

because F|{g1(A4,Z,X) — E[q1(A,Z,X) | A, X]}h(A, X)} = 0 for any function h. Thus, under M,
where R(A, X ; %) is correctly specified, ]P’n{U 3R (B

. R} converges to zero, i.e. 3 is a solution to
Bdr =3

the probability limit of PR{UBR(B(ﬁ)} = 0. Thus BF = g and R*(A, X) = R(A, X) under M;.
Similar arguments apply to the scenario under M3. Under M3 where working models R(A, X; %),

ElY | Z = 2,A,X;8Y] and ETyw | A, Z, X; 3] are correctly specified, we have E*[Y | Z =

20, A, X] = E[Y | Z = 29, A, X| and by (48) we have E*[T'yy | A, Z, X] = E[Tw | A, Z, X|. We again
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consider

E[Usx(8%)] = E{|g1(A, Z, X) — E*[g1(A, Z, X) | A,X]] [Y ~EB[Y | Z =2, A, X]—
R(A, X; 5%)(Cw — E*[Cw | Z = 20, 4, X])|}
=B{[91(A, 2, X) - E'[g1(A. Z, X) | A, X]| {R(A, X) - R(4,X; ™)} (4, X)Z+
[BIY | Z = 20,4, X] = E'lY | Z = 20, A, X]} + {E[Tw | Z = 20, A, X] = E"[Tw | Z = 20, A, X} R(4, X; 8%) |}
=B{|01(4,2,X) - E*[01(A, 2, X) | A, X)|[{E[Y | Z = 20, 4, X] = E')Y | Z = 20, A, X]}+
{ETw | Z = 20, A, X] — E*Tw | Z = 20, A, X]}R(A, X; 85) |}
=0
because E*[Y | Z = 20, A, X] = E[Y | Z = 2, A, X] and E*[Tyy | Z = 20,4, X] = E[Tyy | Z =

20, A, X]. Therefore S = % and R*(A, X) = R(A, X) under M3.
We now show that E[AY ] = A under Mpion. To this end, we consider E[A

confounded

- BBy (2,3}
and E[DE(PA X)] respectively. Under M where working models f(A, Z | X;a%) and R(A, X; %) are
correctly specified, we have f*(A,Z | X) = f(A,Z | X) and R*(A, X) = R(A, X). First we consider

. 24— 1
E[Aconfounded] =F [f*

W(E[Y | A, Z,X]-E*[Y | A, Z,X])+E*[Y | A=1,7, X|-E*[Y | A:o,Z,X]]

When f*(A| Z,X) = f(A]| Z,X), by Eq. (34) we have

. 24 -1
E[Aconfounded] =FE [m

:E[(SX(Z’X) - 5};* (ZvX) + 5A*(Z7X)] = Aconfounded-

(E[Y | A, Z,X] — E*[Y | A,Z,X]) Y EYY | A=1,2,X] - E*[Y | A:O,Z,X]}

Second, consider

ED"sw(z.x)] = E[(ZR*(l—AaX)f*(A | Z,X)) (I‘W B Cw | A Z’X]>JM(2£1’_ZIJQ]
A 9
—E|(D R (-4,X)f(A] 2,X)) (ETw | A, 2,X] - B*[Tw | A,Z,X]>J“‘(21‘114|_ZlX)}
. )

When [*(A | Z,X) = f(A| Z,X), ¥, R*(1- A, X)[*(A | Z,X) = E[R"(1- A, X) | Z, X]. By Eq
(34) we have

ElDjw ;)] = E|EIR(1-4,X) | 2,X] ((SX‘V(Z,X) 8% (z, X))].
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Because we also have R*(A, X) = R(A, X),

B [DZ;XV (Z,X)

—E|E[R(1-4,X) | Z,X] (6% (2,X) — 6% (2, X)) + R0~ A, X)8% " (Z.X)| = Apias.

+ R (1-A, X)6W " (z,X)]

Third, we consider £[DF, R(1-A X)] Because

E[Y | A,Z, X}ﬂlxk = €)Z,(A7X)-{Xkdlag[FZ]k‘Xk + E[Y | Z = ZOaAaX]]]-lxka

and
Elw | A Z, X]jx1lixk = €7 (A, X)ixrdiag[Lzlexk + ECw | Z = 20, A, X]px1 Lixk,
we have
EDg(1a,x)
:E{ [Y B Y| Z = 20, A, X] — R*(A,X)(FW _E*Tw | Z = zO,A,X])}
(n*(Z|AX)) (ZaA*ZX (Z]1— A,X)-W)}

:E{ [{R(A, X) = R (A, X)W (A, X)iwndiag[Tzloxn + {E[Y | Z = 20, A, X]—E*[Y | Z = 29, A, X]} L1xh
+RYA, X) 1 i {B[Tw | Z = 20, A, X] — E*[Tw | Z = zo,A,X]}kxlnlxk}
\ 1= A X)
diag[TT*(Z | A, X)]kxr€ % ( (Z&A (Z,X)f*(Z]1- A, X))W},
(49)

When IT*(Z | A,X) = II(Z | A, X), by similar argument as Eq. (34), we have for any function
hA,Z, X)

E[h(A, Z, X)11xpdiag[II(Z | A, X)|kxr] = E[{h(A, 21, X)—h(A, 20, X), ..., h(A, zx, X)—h(A, 20, X) }1xk-

(50)
Thus, Eq. (49) can be simplified to
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EDR(1-a x)]

:E{[R(A,X) — R (A, X))1xk€Y (A, X)pxrdiag [H(Z | A, X) + 1(Z = 2p)

f(Z=2014A,X)],,, O

(Z&A* (Z,X)[(Z |1 - A, X))M},

(A X)
where
diag [H(Z | A, X) + f(Z]l(:ZZ 02’ fo;)XJ — diag[T7]diag[IL(Z | A, X)]

=diag{

FZ=a AX) FZ =l AX) fZ =% AX)

Because E[diag [ (Z A X)+ JC(Z(ZZ#O)X} ok | A, X] = Ipxk, we can simplify Eq. (51) as follows
X

EDR(1—a,x)]
:E{[R(A, X) — R*(A, X)|1x1€7 (A, X)pxrdiag [H(Z |4, X) + f(Z]l(ZZZo: Z)?X)} kxk
(ZéA* Z,X)f(Z]1— A, X))W}
:E{[R(A, X) — R (A, X)€Y (A, X)€" ( (25A (2, X1z 11~ A’XDW}’
(52)

We can see that when R*(A, X) = R(A, X) we have E[D*R(I—A,X)] =0.

In summary, under M7, we have

E[Azlr] :E[AZOHfounded] {E[ 5W(Z X) + R*(l_A’ X)(SAW* (Z’ X)] + E[DE(I—A,X)]}

=Aconfounded — {Abias + 0} =A

Under My where f(A, Z | X; %), E?(A,X; Y2 and JK/(Z,X; BWAY are correctly specified,
we have f*(A,Z | X) = f(A, Z | X), 8% (Z,X) = 6W(Z,X) and £} (A, X) = €Y (A, X). First we

consider

E[AGonfounded] = E[m (E[Y | A, Z, X]-E*[Y | A, Z7X])+E Y| A=1,Z X]-E"[Y | A=0>Z>X]]
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When f*(A| Z,X) = f(A| Z, X), by Eq. (34) we have

* 24 -1 * * _ * _
E[AGonfounded) =F W(E[Y | A, Z,X]| - E*[Y | A, Z,XD +E'Y |A=1,Z,X] - E*[Y | A=0,Z, X]

:E[(SX(Za X) - 6}2* (Za X) + 5,};* (Z, X)] = Aconfounded-

Second, consider

:E[(ZR*O—A X)J (Al Z,X>) (ETw | A, 2.X] - E'[Cw | A, 2, X])J“(%ﬁ_zlxﬂ
. )

When f*(A | Z,X) = f(A| Z, X), by Eq. (34) we have

E[D;

swizx)l = E|BIR (1-4,X) | 2,X] (8% (2, X) - 8% (2,X))| =0

because 6% (Z,X) = 6W" (Z, X).

Third, we consider E[DE(I_A’X)]. As discussed above, when IT*(Z | A, X) =TI(Z | A, X), we have
Eq. (52) hold. Note that when the model for f(A | X) is correctly specified, i.e., f*(A | X) = f(4 | X),
in Appendix H we show that for any function A (Y, W, A, Z, X),

By W, A, 2,3 TC 2 S = Blbyw z1-4, )
Let
WY, W, A, Z,X) = [R(A, X) — R*(4, X)|e¥ (4, X)e¥" (ZéA (Z.X)[(Z |1~ A,X)),

then Eq. (52) is equivalent to

EDR(—a,x)]

:E{[R(lfA,X) fR*(lfA,X)]ég’(lfA,X)(gz (1-4, X) ) (ZaA (2. X)f(Z|1—(1-A), ))}
In this case, because we also have that 8% (Z, X)6%W (Z, X) and €™ (4, X) = ¢ (A, X)

E[ E(lfA,X) + R*(l_A7X>6A *(Z7X>]

—B{[R(1-A,X) - R'(1- A, X)|E[6} (2,X) | A, X] + R*(1- 4, X)8%¥ (Z,X) } = Apias.
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In summary, under My, we have

E[A;u] :E[Aionfounded] {E[ 8% (z, X)] + E[D;{(lfA,X) + R*(l _A7 X)EA ) <Z7 X)]}

:Aconfounded - {0 + Abias} =A

Under M3 where R(A, X; 8%), B[Y | Z = 20, A, X; 8Y], €Y (A, X; 8V %), 6% (Z, X; "4), and
E[lw | A =0,Z = 2, X; Y] are correctly specified, we have R*(A, X) = R(A,X), E*[Y | Z =
20, A, X] = E[Y | Z = 20, A, X], €] (A, X) = €Y (A, X), 64" (Z,X) = 6% (2, X), and E*[Tyy |
A=0,Z=2,X]|=FETw|A=0,Z = z, X]. First we consider

2A—-1

Em&mmd:Eb%ﬂzisgwwAZX}EﬂWAZJﬂ+EﬂwA:LZX}quA:azxﬂ

Note that

E*[Y | Z,A, X] =E*[Y | Z = 20, A, X] + R*(A4, X)¢¥ " (A=0,X)T'4

=EY | Z =2, A, X]+ R(A, X)€Y (A, X)T, = E[Y | Z, A, X],

therefore we have

. 24— 1
E[AGonfounded) =F W(E[Y | A, Z, X] - E[Y | A,Z,X]) +EY |A=1,Z,X] - E[Y | A=0, Z, X|

:E{E[Y | A:]_,Z,X] - E[Y | AZO) Z’X]} = Aconfounded-

Second, consider

EID sy (z0)) = [(ZR’“ A,X)f *(A\ZaX))(FW—E*[FW|A,Z,X]>J”(2/ﬁ_Z»IX)]
=B|(LR(1-4.X)1*(A] 2,X)) (BICw | A,Z,X] - E'[w | 4,2, X])m}

=0

because E*[I'w | A, Z, X| = E[Tw | A, Z, X] by (48).

Third, consider we consider E[D%,_4 X)] Because R*(A, X) = R(A, X), E*[Y | Z = 20, A, X]| =
EY | Z =20,A,X],0%W (Z = 20,X)=6%(Z = 20,X),and E*[Ty | A=0,Z = 20, X] = E[Tw |
A =0,Z = 7, X], it is straightforward to see from Eq. (49) that E[D*R(PA’X)] = 0.
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In summary, under M3, we have

E[A;knr] :E[Azonfounded] - {E[ :;XV(Z,X)] + E[D*R(lfA,X)] + E[R*(l_/L X)(sA ) (Z7 X)]}
= B[Dntounded] — {E D 3] + B x)] + EIR( -4, X)8% (7, X)]}

:Aconfounded - {0 +0+ Abias} =A

In summary, E[A* ] = A under Mypion = M1 U My U Ms.

The rest of the arguments are the same as Appendix E.
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H Change from Ato1—A

In this section, we show that

fA-AlX)

B[R(Y, W, 4,2, X) i

| = E[L(Y,W,Z,1- A, X)].

Proof. Consider

fA-A|X

)= _uxogfzal®)
FA] X) ]—/E[h(YvWaAaZaX)IA— X = 1]

fla|w)
:/E[h(Y,VV,A,Z,X) | A=a,X =2z|f(1-A, X)dadz.

EnMY,W, A, Z, X) f(a,z)dadx

Because A is binary, we have

/E[h(Y,VV,A,Z,X) | A=a, X =z|f(1— A, X)dadz

—/E[h(Y,VV,A, Z,X)| A=1,X=z]P(A=0,2) + E[L(Y,W, A, Z,X) | A=0, X =z|P(A=1,2)dx
:/E[h(Y,W,Z,l—A) 1= A=0,X =2]P(A=0,2) + E[h(Y, W, Z,1—A) | 1= A=1, X =] P(A=1, )d
:/E[h(Y,VV,Z,l—A) | 1-A=a, X =z|f(a, z)dadx

_ BIW(Y, W, Z,1- A, X)]

Therefore

fA-ATX)

E[nY,W,A,Z, X) FATX)

| = E[R(Y,W, Z,1 — A, X)].
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I Sensitivity analysis for observational postlicensure vaccine safety study

The causal model under consideration in the Pentacel vaccine study is Figure 2c of the main text, where
both injury/trauma and ringworm in fact satisfy the negative control exposure/outcome assumptions. In this
scenario, the roles of W and Z can be switched, and the temporal order of Z and W relative to A — Y does
not matter because they are independent of A and Y. In general, if one were to observe multiple negative
control outcomes that are conditionally independent of A and Y, one could in principle split them and use
some as negative control exposure and the others as negative control outcome. The vaccine application
illustrates such a setting where the study monitored both ringworm and injury/trauma as control outcomes,
and we took ringworm as negative control exposure. Analogous approach could be taken if one observes
multiple negative control exposures.

We take injury/trauma as negative control outcome mainly because it is consistent with the literature.
In the literature of vaccine effectiveness and safety, there is a long-standing history to use injury/trauma
as a so-called “control outcome” or “falsification outcome”, which is essentially an negative control out-
come. However, most studies do not collect negative control exposures. Therefore these traditional studies
can only detect but not remove unmeasured confounding bias. In the Pentacel vaccine study, in addition
to injury/trauma, we have available data on ringworm as another “control outcome”. Therefore we take
ringworm as an negative control exposure to further remove confounding bias.

In this section, we perform sensitivity analysis by switching the roles of injury/trauma and ringworm.
As presented in Table A, we observed similar conclusions that the difference in risk of fever comparing
children who received DTaP-IPV-Hib vaccine relative with children who received other DTap-containing
comparator vaccines is not statistically significant, although most point estimates are negative with wider
confidence intervals compared to the primary analysis in Table 2. In addition, there was no evidence of
unmeasured confounding. Under deviation from the nonparametric model, all methods produced a stable
estimate of A onfounded> While Apjas Was estimated with larger bias. In general, multiply robust estimation
provided protection against model misspecification.

It is also important to note that Figure 2c is consistent with Figure (b) of Kuroki and Pearl (2014),
under which Kuroki and Pearl (2014) developed methods to identify the mean of potential outcomes. The
first method relies on eigenvalue decomposition to recover P(W | U, X). Due to the rare adverse events
in our example, such a factor analysis approach may not be stable. Alternatively, further assuming linear
structural equation models with normal random noises for relationships among all variables, equation (6)

of Kuroki and Pearl (2014) can be used to identify the causal effect, which is essentially an analysis of
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variance approach. Our nonparametric identification is a generalization of (6) in the sense that we do not

require linear structural equation models with normal random noises.

Table A: Adverse effect of DTaP-IPV-Hib vaccine on fever among children.

. ATE A P l‘OpOl‘tiOIl Aconfounded Abjias
Scenario Method  95v 0, cry  Bias(\%) P (95\% C1) (95\% CI)
Al -5.0(-185,8.6) 0.0 05 05(05,14) 54(-80,18.8)
All Ay -5.0(-18.5,8.6) 0.0 05 05(-0.514) 54(-80,18.8)
models are A;  -5.0(-18.5,8.6) 0.0 05 05(-0.5,14) 54(-8.0,18.8)
NP MLE  -5.0(-18.5, 8.6) 0.0 05 05(-0514) 54(-80,18.8)
MR  -5.0(-18.5, 8.6) 0.0 05 05(-0.514) 54(-8.0,18.8)
My is NP Ay -38(-15.0,74) 233 05 05(05,14) 43(68,154)
My, M3 As 0.5 (-2.4,3.4) 1108 0.7 0.5(-04,14)  -0.0(-2.8,2.7)
arerestricted | MLE  -4.7 (-17.6, 8.2) 5.7 05 0.5(-0514) 52(-7.6,17.9)
MR  -5.0(-19.1, 9.0) 1.4 05 05(-05,14) 55(8.5,19.5)
My is NP A; 38(17.2,9.6) 232 0.6 05(05,14) 43(9.1,17.6)
My, M3 Ay -38(-17.2,9.6) 232 0.6 0.5(-04,14) 43(-9.1,17.6)
arerestricted | MR -7.7(-33.7,182)  56.1 0.6 05(-05,14) 82(-17.6,34.1)
M3 is NP A; 5.1(1809,87) 25 05 05(05, 14 56(8.1,192)
My, My Ay -5.1(-19.5,9.4) 1.9 05 0.5(-0.514) 55(-88,19.9)
arerestriced | MR -5.0(-18.5, 8.6) 0.0 05 0.5(-0514) 54(-80,18.8)
A; 38(17.2,9.6) 232 0.6 05(05,14) 43(9.1,17.6)
All Ay -38(-15.0,7.4) 233 05 0.5(-0.514) 43(-638,15.4)
models are As  24(167,11.8)  -50.6 0.7 05(-05,14) 29(-11.2,17.1)
restricted MLE  -4.7(-17.6, 8.2) 5.7 05 0.5(-0514) 52(-7.6,17.9)
MR  4.3(-204,29.0)  -1867 0.7 05(-0.5,14) -3.8(-28.5,20.9)

Note: all point estimates and 95% confidence intervals (CI) are scaled by 103. Prop bias (%) is the bias calculated as
the proportion of the ATE under the saturated model (NP model) taken as the true value.
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