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ABSTRACT

This thesis sets up the foundations of a theory of rings and modules on sheaves of
spectra over topological spaces. The theory is based on Kan spectra, which is better
behaved sheaf-theoretically, and a rigid smash product on Kan spectra is constructed,
and is well-behaved enough for discussing F..-rings and their modules. Moreover,
this thesis also develops localization on the homotopy category of sheaves of Kan
spectra. Using the machinery of localization, the derived category of Kan spectral
sheaves is defined and is compatible with the smash product. The main result of the
thesis is building a symmetric monoidal structure on the derived category of modules

over an F.-ring in Kan spectral sheaves.
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CHAPTER 1

Introduction

The purpose of this thesis is to set up the foundations of spectral algebra in
categories of sheaves of spectra over topological spaces. By spectral algebra, we
mean the branch of mathematics which studies the analogues to the constructions in
classical commutative algebra, e.g. localization and completion, in derived categories
of spectra, or the stable homotopy category, and of their sheaves. Specifically, we
provide “point-set” level constructions as well as methods of calculations to the

following notions:

1. derived categories of sheaves of spectra, and derived functors on sheaves of

spectra;

2. strict and derived Verdier duality for sheaves of spectra in the special case of

locally closed embedding; and
3. operadic smash product in sheaves of spectra.

We emphasize that the approach using Kan’s combinatorial spectra still remains
the only one to-date which can provide a fully functional theory of sheaves of spectra;
no such theory of sheaves based on May spectra has been successfully developed

beyond the case of locally constant sheaves.



While this approach faces the challenge that Kan’s spectra lack a smash product
which is associative and commutative on the point-set level, a major achievement of
this thesis is the definition of an operadic smash product on these spectra, as well
as on their sheaves, which gives a well-behaved point-set model of the symmetric
monoidal smash product in the derived categories. This provides a solid framework
for the study of ring and module spectra, and for rigid constructions in the context
of spectral algebra on sheaves.

More detailed introductions of some of the key notions mentioned above are in

order.

1.1 Spectral algebra

Spectral algebra, as termed by M. Hopkins and J. Lurie, mainly studies, among
other structures, highly structured ring spectra. Highly structured ring spectra were
first termed “brave new rings” by F. Waldhausen, and extensively studied since by
J. Peter May, A. Elmendorf, I. Kriz, M. Mandell, S. Schwede, B. Shipley, J. Smith,
among others.

In the early development of the theory of spectra, for example the construction
by M. Boardman in his PhD thesis (later written up by his student R. Vogt in [33]),
and a later more extensive treatment by F. Adams [1], a stable homotopy category
of spectra is constructed, and is found extremely useful in generalized cohomology
theory. However, Boardman’s and Adams’ treatments have the same defect that,
the underlying point-set models lack some very basic categorical properties, for ex-
ample do not have all limits and colimits. Furthermore, in these models of spectra,
the smash product is only associative and commutative after passing to the derived

category, but not generally so on the point-set level. As a consequence, although



the notions of ring and module spectra have already been introduced in |1] and have
many useful applications, these models are inadequate for generalizing various con-
structions in commutative algebra—for example, while the stable homotopy category
is triangulated, the cofiber (or “cone”) of a morphism of module spectra need not be
a module spectrum.

These defects are fixed by J. Peter May and his collaborators by giving “rigid”
point-set models of the stable homotopy category. May arrives at the notion of what
are now called Lewis—-May spectra, or simply May spectra (see [18]); i.e. sequences
of (based) topological spaces Z,, together with homeomorphisms p, : Z, = QZ, 1.
Moreover, following the introduction of operads in [23], Elmendorf-Kriz—Mandell-
May [10] models the stable homotopy category by S-modules, which are spectra
equipped with actions of the linear isometry operad £, and constructs on them an
operadic smash product, which is symmetric monoidal on the point-set level.

The category of S-modules, together with alternative constructions of symmetric
spectra [14] and orthogonal spectra [20], sets up the foundations of spectral algebra,
which provides a deep homotopy theoretic generalization of classical commutative
algebra.

In this thesis, we seek to further extend the foundations of spectral algebra to

sheaves of spectra, or simply spectral sheaves.

1.2 Kan spectral sheaves

In addition to generalized cohomology, ordinary cohomology admits a generaliza-
tion in another direction, namely, abelian sheaf cohomology, which reflects not only
global but also local properties of topological spaces (or more generally, Grothendieck

sites). Recall that, in generalized cohomology the coefficient of an abelian group A,



or equivalently of the corresponding Eilenberg—MacLane spectrum H A, is replaced
by a general spectrum; on the other hand, in sheaf cohomology one would instead
replace the coefficient by a sheaf of abelian groups, or simply called abelian sheaf. It
is thus natural to speculate a common generalization to both generalized cohomology
and sheaf cohomology, via some notion of sheaves of spectra.

Naive attempt using sheaves of May spectra, which might seem the most natural
at first, encounters technical difficulty of sheafification. Although a sheafification
functor, or the left adjoint functor to the inclusion of sheaves into presheaves, must
exist for sheaves of May spectra by the general categorical framework of Freyd-—
Kelly [11], its interaction with homotopy, even just on cell sheaves, seems very much
intractable.

Another inadequacy of sheaves of May spectra could perhaps be seen heuristically
by analogy with the case of abelian sheaves. The category of abelian sheaves has
enough injectives, given by the Godement resolution |12], but it does not have enough
projectives (=cofibrant replacement) for general base space. On the other hand, the
category of May spectra, just like in the category of topological space, has a cofibrant
approximation by cell spectra. It is therefore natural to consider left derived functors
on sheaves of May spectra, while right derived functors, such as sheaf cohomology,
are much more significant in abelian sheaves.

There have also been different approaches to generalized sheaf cohomology, the
most successful ones of which include R. Thomason’s approach [31] via presheaves
of fibrant spectra. Thomason defines, under certain conditions, his version of gener-
alized sheaf cohomology via the Bousfield-Friedlander Q-spectra [4], with the use of
the Godement resolutions, which only makes use of stalks and requires only filtered

colimits and products. However, Thomason’s approach is incapable of dealing with



functors which cannot be determined on stalks, such as direct images of sheaves.
In fact, since the category of Q2-spectra does not have arbitrary limits, it is already
difficult to even discuss sheaves of {2-spectra.

This then begs an alternative point-set model of the stable homotopy category

which
1. has all limits and colimits,

2. is Eckmann-Hilton dual to May spectra, in the sense that all objects are cofi-

brant and have fibrant resolution, and
3. admits a sheafification that is easy to work with.

We propose the use of D. Kan’s combinatorial spectra [16], or simply Kan spectra,
which satisfies all the properties above. Originally introduced in 1960s, Kan spectra
are obtained as direct stabilization of (based) simplicial sets, just as May spectra are
to topological spaces. In the 70s, K. Brown [5] develops a fully functional theory of
sheaves of Kan spectra, or simply Kan spectral sheaves, and defines generalized sheaf
cohomology as well as direct image functors. Brown’s category is later applied by
Brown-Gersten [6] to algebraic K-theory, and by R. Piacenza [26] to local systems
of Kan spectra, which is an alternate approach to parametrized spectra (see [21]).

In Brown’s theory, the derived category of Kan spectral sheaves is constructed
using the machinery of “category of fibrant objects”, which is, roughly speaking, a
half the structure of a model category. In [8], the foundation of the derived category
of Kan spectral sheaves is revisited. The technique of [8] is now better understood via
the language of localization (compare with colocalization) of categories. In Chapter
[1, we give a detailed account of the results in 8], and apply the same methods to

generalize to the case of simplicial Kan spectral sheaves.



The theory of derived category and right derived functors based on localization

will be discussed carefully in Appendix [A.2]

1.3 Locally closed Verdier duality

An immediate benefit of the foundational improvement from Brown’s theory to
localization is the ease of defining right derived functors, including the derived direct
and inverse images functors commonly seen in abelian sheaf theory.

More specifically, in order to apply Brown’s machinery of a category of fibrant
objects to right-derive a functor, it is necessary for that functor to preserve weak
equivalences of a certain subclass of flabby sheaves. For instance, the global sec-
tion functor I' only preserves weak equivalences of flabby sheaves which are (ho-
motopically) bounded below, and thus Brown’s theory only produces the generalized
sheaf cohomology functor on the subcategory of the derived category of Kan spectral
sheaves, on bounded-below objects.

On the other hand, the main result of [§] (see Corollary[I1.52)) asserts the following:

A functor defined on the category of Kan spectral sheaves
is right-derivable if and only if it preserves strong homo-
topy equivalences, in which case its right derived functor

can be computed by the Godement resolution.

This allows us to construct derived functors by first defining them on the point-
set level and then applying the Godement resolution. Using this machinery, we
construct, for a continuous map f : X — Y between locally compact Hausdorff
spaces, the direct image functor f, and the proper direct image functor fi. Both of

them are verified to preserve strong homotopies, and thus their derived functors R f,

and Rf; are well-defined.



We also construct the inverse image functor f*, which is ezact in the sense that
it preserves stalk-wise equivalences. In particular, as in the case of classical abelian
sheaf theory, we have the adjunction (f*, Rf,).

Classically, Verdier duality states that the derived direct image functor R f; has
a right adjoint f'. While the right adjoint in general does not exist on the point-set
level, it does in the special case where f = i is a locally closed embedding. This
special case also generalizes easily to Kan spectral sheaves, as we may again define
the functor ¢' first on the point-set level following the classical construction, and then
pass to the derived category to obtain the right derived functor Ri'. Note that in
this case the functor 7, is now exact, and as a result we have an adjunction (i, Ri'),
which is a key special case of Verdier duality for Kan spectral sheaves.

This establishes a crucial part of the siz-functor formalism on Kan spectral
sheaves on locally closed subspaces of a locally compact Hausdorff topological space.
In particular, on a stratified space, for instance a complex analytic variety, we can
make sense of constructible Kan spectral sheaves, and in essence the “recollement”
situation of [3]. We will discuss these results in Chapter [[1]]

We conclude with the remark that the six-functor formalism makes possible the
considerations of a perverse t-structure on constructible Kan spectral sheaves, whose
heart provides perverse Kan spectral sheaves and thus opens up the possibility of

generalized intersection cohomology.

1.4 Operadic smash product of Kan spectra

One challenge of Kan spectra, compared to other approaches to the stable ho-
motopy category, particularly May spectra, is the substantial difficulty of defining

a symmetric monoidal smash product. Such difficulty arises even when smashing a



Kan spectrum with a simplicial set. The reason is that, in contrast to the case of
topological spaces, the simplicial suspension functor ¥ does not commute with the
smash product A of simplicial sets. Moreover, although there exists a comparison

map
(1.1) S(KAT) <= (SK)AT

which is also a weak equivalence, its direction is opposite to the desirable one to
assemble a spectrum. Consequently, given a simplicial set K and a Kan spectrum

Z, one already encounters an infinite staircase diagram

(1.2)

S(K A SZy ) —= SHEK AT, _s)

|

KASZy 1 —=S(K A Zy_1)

|

KANZ,
as first observed by Kan [16] in construction of his “reduced product”, which we call
the star product and discuss in detail in Section [2.1.5]

Attempts to rescue the smash product, at least up to homotopy, include the
works of Kan—Whitehead [17] and Burghelea—Deleanu [7]. In their approach, the
smash product (which they call the “reduced join”) is constructed, up to homotopy,
from a combinatorial “bi-spectrum”, which is, roughly speaking, a Kan spectrum
which also has face and degeneracy operators indexed by negative integers. While it
provides a model of the smash product of Kan spectra, it is too lax in nature to be
useful in spectral algebra.

It is the main purpose of this thesis to take up the task of constructing, on the



point-set level, a workable smash product of Kan spectra, and extending to Kan spec-
tral sheaves. The development of such a theory occupies Chapter [V} we shall give a
brief outline of our method.

Our construction is loosely analogous to that in [10]. As the first step, we seek
the space (simplicial set) parametrizing various models of the smash product of
Kan spectra; morally it should play the role of the linear isometry operad .Z for
May spectra. Specifically, even though the comparison map goes the “wrong”
way, using various staircase diagrams , Adams’ construction of smash product
nonetheless applies, and produces different models of the smash product indexed by
Adams data (which is originally termed by Adams as “handicrafted data”). On the
other hand, while there is certainly no strict analogue to .Z in the simplicial world due
to the rigidity of the simplex category A (for instance, the simplicial coordinates do
not even admit permutations), we may nevertheless mimic the “universe extension
functor” by inserting suspension coordinates into a Kan spectrum; such data of
insertion are referred to as slackening. Combining these two data, we may form the
categories of slackened Adams data, one for each “arity” of the smash product, which
are shown in Section to be contractible in the sense of [27].

Consequently, we obtain by taking the simplicial nerves a sequence of (weakly)
contractible simplicial sets {7 (n)}. It is a curious discovery that this collection
of such simplicial sets do not have an operad structure, but rather forms a partial
operad, in the sense that composition maps are not defined entirely on the product
simplicial sets but only certain subsets of them. The notion of partial operads were
first explored in [24], and the little convex bodies operad there were superceded by
Stein’s operad [30]. In the spirit of May-Thomason [22], we construct in Section

a machinery of “rectifying” any such partial operad to an operad of the same
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weak homotopy type. This way, the partial operad .7 is rectified into a genuine
E-operad <.

However, for our purpose of constructing the (partial) operadic smash product
on the categories of rings and modules based on Kan spectra, rectification of partial

operads is largely unnecessary, since it suffices to consider the monad associated to

the partial operad /. We will, in Sections 4.1.4] and [4.2.1] construct the smash

product via the two-sided bar construction of monads. This technique follows an
unpublished preprint, which was a precursor to |10].

Finally, we will construct the derived categories of rings and modules, as well
as the derived smash product of modules over a fixed ring spectrum. This uses the
homotopy theory of (simplicial) Kan spectral sheaves developed in Chapter , along
with the techniques of derived categories and derived functors in the presence of

both a localization and a colocalization. We will verify, in Sections [£.1.6] and [£.2.2]

that the derived categories of Kan spectra and of their sheaves, together with the
cofiber structure and the derived smash product, form tensor triangulated categories
in the sense of [2]. The general categorical results for this construction is discussed in
Appendix This concludes our journey of setting up the foundations of spectral

algebra in sheaves of spectra.



CHAPTER I1

Kan Spectra and Kan Spectral Sheaves

2.1 Kan spectra

2.1.1 Definition

Let A denote the simplex category, whose objects are nonempty finite linear
ordersn = {0 < 1< --- <n} for n € Ny and whose morphisms are order-preserving

functions p : m — n. Consider the endofunctor
P:A— A
sending each object n to n + 1 and each morphism p : m — n to the function

» p(i) ifi <m,
O(p)(i) =

n+1 ifi=m+1.

We define the stable simplex category Ag to be the strict colimit of the diagram
(2.1) A— A— -

in the category of small categories. We denote by ®>*~¢ the canonical functor from
the ¢th copy of A in Diagram (2.1) to Ag. Note that we could extend Diagram ({2.1)
infinitely to the left without changing the colimit, thus there is a canonical functor

P>t A — A for any ¢ € Z.

11
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We give a more explicit description of the stable simplex category Ag. Its ob-
jects are in bijection with Z via the correspondence ®>*~“(n) = n — /. Recall that
morphisms in A are generated by the face maps 4] : n —1 — n and the degeneracy
maps o, : n+ 1 — n for 0 <7 < n which satisfy the usual simplicial relations. Since

for any m,n € Ny and 4, j € Z we have

Homa,, (™7 (m),®* 7 (n)) = colim Homa (@"(m), @ (n))

k>i,j

(2.2)
= colim Homa(m — i+ k,n —j+ k),

k>ij
the morphisms in Ay are generated by the maps ®*~*(6""*) : n—1 — n and
d° (g™ :n+1 = mnfor k> —nand 0 <4 <n+k Note that ®(67) = o7
and ®(o7) = o"*!, the maps are in fact independent of k. Thus, morphisms in
Ay are generated by the face maps d; = ®°7%(5"™*) and the degeneracy maps
s; = ®>F(g"*) for 4 > 0, which again satisfy the usual simplicial relations. A
composition of face (resp. degeneracy) maps is called an iterated face (resp. degen-
eracy) map.

Furthermore, for each m,n € Z and k > —n, we may extend each function
p € Homa(m +k,n + k) to an order-preserving function ®>*~*(p) by sending each
s >m+k ton—m+s. Then using , a morphism f € Homa_, (m,n) can be
identified as an order-preserving function f : Ny — Ny that is eventually bijective,
that is, f(s+1) = f(s)+1 for s sufficiently large. In particular, f can be decomposed
into a surjective map followed by an injective map just as in A, and again a surjective
(resp. injective) map is precisely an iterated face (resp. degeneracy) map.

Let Set, denote the category of based sets and based functions; the basepoint will

be denoted by x.

Definition II.1. A (based) stable simplicial set is a functor T : Ay — Set,. The
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category of based stable simplicial set is the functor category A’-Set,. A Kan
spectrum is a based stable simplicial set Z satisfying an additional finiteness property:

for all x € Z(n), there exists k € Z such that d;(z) = * for i > k.

For a Kan spectrum X, we say an element x € X (n) has degree
deg(x) = min{k|d;(z) = * for i > k} = max{i|d;(z) # *}.

The category . of Kan spectra is the full subcategory of AgP-Set, on Kan spectra.
Note that .7 is a coreflective subcategory of Ag-Set,, that is, the natural inclusion
functor has a right adjoint given by passing to the based stable simplicial subset
satisfying the required finiteness property. In particular, the category .¥ has all

(small) limits and colimits.

Example II.2. The sphere spectrum S is the free Kan spectrum generated by a

single element o = oy € S(0). Specifically, we have

{an,*} ifn >0,
S(n) =

() ifn<0,

with faces d;(a,,) = a,—1 (n > 1) and degeneracies s;(a,) = apy1 (n > 0).

Definition II.3. Let Z be a Kan spectrum. An element z € Z(n) \ x is degenerate
if there exists an element y € Z(m) and an iterated degeneracy s € Homa_, (n, m)

such that z = s(y); z is non-degenerate otherwise.

Analogous to the Eilenberg—Zilber lemma in the case of simplicial sets, we have

the following:

Lemma II.4 (Eilenberg—Zilber lemma for Kan spectra). Let Z be a Kan spectrum
and z € Z(n) \ = an element. Then there exist a unique non-degenerate element

y € Z(m) and a unique iterated degeneracy s € Homa,, (n, m) such that z = s(y).



14

The proof will be postponed to page [18] after we introduce an alternate descrip-

tion of Kan spectra (see Proposition [I1.9)).

2.1.2 Loop and suspension. Spectrification

Given a based simplicial set K : A°®? — Set,, the loop space QK is the simplicial
set given by

(QK)(n) = {o € K(n+ D)l (@) = #),

and d; : (QK)(n) = (QK)(n—1) and s; : (QK)(n) — (2K)(n + 1) the restrictions
ofd;: K(n+1) — K(n) and s; : K(n+ 1) — K(n + 2). The assignment K +— QK
defines a functor

Q: A°P-Set, — A°P-Set,,

called the loop functor. Note that an element x € QT'(n) is non-degenerate in Q7" if
and only if, when regarded as an element in 7'(n + 1), it is non-degenerate in 7T'.
The loop functor has a left adjoint X, called the suspension functor. Explicitly,
the suspension functor is given as follows. Let A be the subcategory of A consisting
of the same objects n and morphisms p : m — n such that p(m —1) < n —1, or
equivalently, p~!(n) has at most one element m. In particular, any morphism of the

form ®(p) is contained in Aj. Define a functor

Yo @ A°P-Set, — AJP-Set,

* if n =0,
20K<n) =

Kn-1) ifn>1.
A morphism of the form ®(p) acts on oK the same way as p does on K, and any

other morphism acts trivially by sending all elements to *. Denote by ¢ : Ag? < A°P
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the opposite of the inclusion functor, then we define
YK = Lan, (X0 K) = (3o K)
as the left Kan extension along ¢. To see that ¥ is left adjoint to €2, observe
Hom aop-set, (XK, L) = Hompgr-set, (X0, t"L) = Homaop-set, (K, 2L).

Notice that ¥ raises the dimensions all non-degenerate simplices by one, and ¢; freely

adds in degenerate simplices to the last face of each simplex to form a simplicial set.

Proposition IL.5 ([16, Prop. 2.3]). Write |?| : A°?-Set, — Top, the geometric real-
wzation functor of simplicial sets, and X : Top, — Top, the usual suspension functor
on spaces given smashing by (S*,1). Then there is a canonical natural isomorphism

of functors

X7 = [X(7)| : A°P-Set, — Top,,
from the category of based simplicial sets to the category of based spaces.

Proof. Since every based simplicial set is a colimit of A”', and all three functors

4

involved are left adjoints and thus commute with colimits, it suffices to observe that

Y ‘A’H is naturally homeomorphic to ‘Z (Aﬁi) ‘ O

Corollary 11.6. For any based simplicial set K, there is a functorial inclusion
|QK)| — Q|K].
Proof. The desired map is the adjoint to the composite
BI(K)| = [£Q(K)| £ K],

where the first map is the isomorphism in Proposition [[I.5] and the second map is

the geometric realization of the counit of the adjunction. O
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Proposition I1.7. The unit of adjunction
n:ld — QX

18 a natural isomorphism.

Proof. 1t suffices to observe that 1 preserves non-degenerate elements of each degree

since both  and X do. O]

Now we consider the interaction between A’-Set, and A°P-Set,. Given a based

stable simplicial set 7" : A°? — Set, and k € Z, define a simplicial set Q®°*T by:
Q) (n) = {x € T(n+ k)|d(x) = * for m > n},
and set

d; - (T (n) = (QTFT)(n — 1)

s; 0 (TR (n) — () (n + 1)

to be the restrictions of d; : T(n+ 1) — T'(n) and s; : T(n + 1) — T(n + 2),

respectively. The assignment 7+ Q®°**T defines a functor
Q- AP-Set, — A°P-Set,.
Lemma II.8. The functor Q% has a left adjoint denoted L°FF.

In the special case k = 0, the functor ¥X°° is called the shift suspension functor.
We postpone the proof of Lemma to page [20], after the introduction of Kan
prespectra and spectrification (see Proposition [[1.10)).

From the definition, we have

(23) QZQoo+lc — Qoo+k+£
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and consequently X °TFYf = $°0+k+  Using the functors Q%% we give an equivalent
description of the category . of Kan spectra. Consider the category .¥’ whose

objects are sequences of simplicial sets {Z,, } ez together with structure maps
Pn Ly — Qi1

and whose morphisms from {Z,} to {T,,} are sequences {f, : Z, — T, }nez of maps

between simplicial sets commuting with the structure maps p,,.
Proposition I1.9. The category .7 is canonically equivalent to the category ..

Proof. Given a Kan spectrum Z, the sequence {Q2*°7"Z} of simplicial sets gives an
object in .’ by ([2.3]), and this assignment is functorial.

Conversely, given an object {Z,} in ., define a set Z(n) by
Z(n) = olim Zr(n+ k),
k
where the colimit is taken over the diagram
o= Zpn+ k) = (k) (n+ k) — Zpp(n+k+1) — -

Taking the maps d; : Z(n) — Z(n — 1) and s; : Z(n) — Z(n + 1) as the colimits
of the face and degeneracy maps of the simplicial sets Z;, makes Z a based stable
simplicial set. Furthermore, Z is indeed a Kan spectrum because each element in
Zi(n+ k), hence that in Z(n), has only finitely many nonzero faces. Functoriality is
clear.

It remains to see that these two functors are inverse to each other. Given any

Kan spectrum Z, since

(Q°7*Z) (n+ k) = {x € Z(n)|dn(x) = * for m > n+ k},
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so the colimit colim, (Q>7%Z) (n + k) is precisely Z(n). On the other hand, given

any {Z,} in .7, the set

Q> 2)(i) = {a; € colim Zi (i — n + k)|dp(z) = * for m > 2}

contains Z, (i) with k = n, and is contained in Z,, (i) because d,,(z) = * form >i. 0O

Given the perspective of Proposition [[I.9) we may prove the Eilenberg—Zilber

lemma for Kan spectra:

Proof of Lemmal[Il4] For any element x € Z(n), let d;(x) = x for i > k. Then x
may be regarded as an element in (Q*T" % 2)(k) = Z,_,(k). By the Eilenberg-
Zilber lemma for simplicial sets, there exists a unique integer 0 < ¢ < k, a unique
non-degenerate element y € Zy_,,(k—/), and a unique degeneracy s € Homa (k, k—1)
such that z = s(y). Note that y in turn can be regarded as an element in Z(n — ¢),
and s as an element in Homa, (n,n —1). We may then take m =n — (.

While £ is not necessarily unique, if = is regarded as an element in Z_,(k'),
and x = §'(y') for some v € Zp_,(k' — '), we may again regard x an an element
in Zy_n(N), where N = max{k,k’'}. Then the uniqueness result of the Eilenberg—
Zilber lemma implies that y = ¢’ and s = &/, and in particular ¢ = ¢’ and hence m is

unique. ]

In light of Proposition [[.9] we will identify the categories . and .#’, and use
the two descriptions of Kan spectra interchangeably.

Motivated by the description, we also consider the category &2 of Kan prespectra.
A Kan prespectrum is a sequence of simplicial sets {7, },cz together with structure
maps

Pn - Zn — QZn—i—la



19

or equivalently by adjunctions
On 22y — Zpiq.

A morphism between Kan prespectra {Z,} and {T,} is a sequence {f, : Z, —
T, }nez of maps between simplicial sets commuting with the structure maps p,,, or
equivalently with o,,.

Thus the category . of Kan spectra is a full subcategory of Kan prespectra &2.

The inclusion functor is denoted
Ps: ¥ — &,

called the forgetful functor.

Proposition I1.10. The forgetful functor Ps has a left adjoint
Sp: ¥ — .7,

called the spectrification functor. In addition, the composite functor SpoPs is the

wdentity functor.

Proof. The functor Sp is given by

(Sp(Z))n = m Qan—Hm
k
where the colimit is taken over the diagram

Qkpn+k

S Qan+k QkQZnJrkJrl —

Sp(Z) is indeed a Kan spectrum, since 2 commutes with sequential colimits.

To see the adjunction, let T" be a Kan prespectrum and Z a Kan spectrum, and
let f: T — PsZ be a morphism in &. Fix n € Z, then for any k € Z, there is a
morphism of simplicial sets

Qkfn+k

Qan+k Qan—f—k = Z’m



20

thus taking the colimit gives a morphism Sp(f), : Sp(T"), — Z,. The commutativity
of f, with p, shows that of Sp(f), with the structure maps, as well as that the

association of Sp(f), to f, is a bijection. O

Remark I1.11. Equivalently, one may replace the index set Z by Ny and obtain yet
another category .7 that is equivalent to ., and another category &, of “Kan
prespectra”. The inclusion . — &, again has a left adjoint, the “spectrification”.
However, although the natural inclusion .y — %’ is an equivalence of categories

(since both are equivalent to .’), the inclusion &, — & is not.

Now we construct the functor X% left adjoint to Q°F*.

Proof of Lemmal[Il.§ Given a simplicial set K, consider the Kan prespectrum 7'
given by T,, = ¥"** K with structure maps o, : T}, — T, 41 the identity maps. For

any Kan spectrum Z, any morphism
KL oethz =7,
of simplicial sets induces morphisms
n+k sntky n+k o
T, =X""K — = ¥"""7 ., — 7,

of simplicial sets, which are compatible with the structure maps o,,, and conversely
any morphism T — PsZ of Kan prespectra arises this way. Therefore, we have

bijections
Hompep-set, (K, 2T Z) =2 Hom» (T, Ps Z) = Hom »(Sp T, Z). O
Example I1.12. Recall the sphere spectrum from Example we claim that

S = »*g5°,
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where S° 2 %, denotes the simplicial 0-sphere. To see this, note from definition that

{Q)_n,x} fork>n
Sn(k) = {z € S(k —n)|d(z) = * for m > k} = ,

{x} for k < n.
so S, is the free simplicial set generated by a single element «,, in degree n; this is
precisely S™. On the other hand, note that X"S° = S", so the Kan prespectrum T’
with T,, = ¥"SY = 8" is already a Kan spectrum, and is in fact precisely the sphere

spectrum S.

Definition I1.13. For any n € Z, the n-sphere spectrum S™ is defined as L7789 =

eS8,
2.1.3 Comparison with May spectra

The categories of Kan spectra and of May spectra are related by level-wise ap-
plying the geometric realization functor |?| and the singular complex functor Sing;
we denote the resulting functors by . and Sing, respectively, and again they form
an adjoint pair.

For any May spectrum F, denote by Sing(FE) the Kan (pre)spectrum given by

{Sing(E),, = Sing(E,,)}; this is in fact a Kan spectrum because

since both 2 and Sing are right adjoints.

On the other hand, if Z is a Kan spectrum, then it follows from Corollary
that the May prespectrum |Z] is an inclusion prespectrum, namely, the structure
maps Z, — 7,1 are inclusions of spaces. We denote by .Z(Z) the May spectrum

obtained as the spectrification of {|Z,|}. Since spectrification of May spectra is left
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adjoint, we have an adjoint pair (.%, Sing). With this adjunction, we may “transfer”

the notion of weak equivalences from May spectra.

Definition I1.14. A morphism f : Z — T in ./ is a weak equivalence if the mor-

phism Z(f) : ZL(Z) — Z(T) of May spectra is a weak equivalence.

Lemma I1.15. For any Kan spectrum Z, the unit of adjunction
(2.4) Nz : Z — Sing(Z(2))
18 a weak equivalence.

Proof. By definition, we must show that £n; : £(Z) — £ Sing £ (Z) is a weak

equivalence of May spectra. Since the composite
ZLn . neL
L(Z) — ZLSing L(Z) — ZL(Z)

is the identity which is a weak equivalence, it suffices to show that n.Z is a weak
equivalence of May spectra. We claim that for any May spectrum F, the counit of
adjunction

€g: L Sing(E) — E

is a weak equivalence. In fact, this is the spectrification of the morphism of inclu-
sion prespectra level-wise given by | Sing(E,)| — E, which is known to be a weak
equivalence of spaces. Thus our claim follows from that spectrification of inclusion

spectra sends level-wise weak equivalence to weak equivalence. O

Remark 11.16. It is well known that Sing(E),, = Sing(F,,) is a (Kan) fibrant simplicial
set; we say that Sing(FE) is level-wise fibrant. We will introduce another notion of
fibrancy for Kan spectra, which turns out to be equivalent to level-wise fibrancy (see
Propositionbelow). Therefore, the unit of adjunction 7 is a “fibrant replacement

functor”.
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2.1.4 Relative cell maps and anodyne extensions

Let A™ denote the standard n-simplex, which is the (unbased) simplicial set
represented by n. It has a unique non-degenerate element « € A™(n) corresponding
to the morphism id, € A(n,n). We denote by JA™ the simplicial subset of A"
generated by all the non-degenerate elements except «, and by V;* the simplicial
subset of JA™ generated by all the non-degenerate elements except dj(a). For an
unbased simplicial set K, we denote by K the simplicial set with a disjoint basepoint
attached.

A cell of Kan spectra is a morphism of the form
2°°+’53A1 — Z"OHAi,

for some n € Ny and ¢ € Z, while an anodyne cell of Kan spectra is a morphism of
the form

cot+lyn oo+l AN
Sy MOHAT

for some n € Ng, 0 < k < n, and ¢ € Z. Intuitively, a relative cell map (resp.

anodyne extension) is obtained by repeatedly attaching (resp. anodyne) cells.
Definition I1.17. Let f : X — Y be a morphism of Kan spectra.
e f is a relative cell map if there exists a diagram of Kan spectra
(25) X =Y = Yo = = Yoy = Yomgn) = -+ = colim Vi) =Y,
where each map Y{,,) — Y(41) is obtained as the pushout

0o+l (i N (2 fm
\/iEImE e ()8A+ ()—>Y(m)
r

Vier,, goettn @A Y(m+1)
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for some indexing set I,,,, functions n,, : I, — Ny and ¢, : I, — Z, and some
morphism f,,. A Kan spectrum X is a cell spectrum if the initial morphism

x — X is a relative cell map.

e fis an anodyne extension if, in Diagram ({2.5)), each Y(,) — Y{(;n41) is instead

obtained as the pushout

004l (i N (2) fm
\/z‘elm ootm( )V;cm(i)—&— — Y(m)

-
Vier, EOOJrém(i)Aim(Z) — Y1)
for some indexing set I,,,, functions n,,, k,, : I, = Ny and ¢, : I,, — Z such

that k., (i) < n,,(i) for any i € I,,,, and some morphism f,,.

e fis a fibration if it has the right lifting property with respect to all anodyne
cells, or equivalently, all anodyne extension. That is, for any commuting dia-

gram

ZOO_MVIQ&- . X

(2.6) Yr ///Jf

EOO%AZ’_ —Y

there exists a dashed arrow making the entire diagram commutative.

e A Kan spectrum Z is fibrant if the canonical map Z — % is a fibration.

Since all (anodyne) cells are monomorphisms,we see that all relative cell maps
(as well as anodyne extensions) are monomorphisms. In fact, the converse is also

true.
Proposition 1I1.18.

(1) Every monomorphism of Kan spectra is a relative cell map. In particular, every

Kan spectrum is a cell spectrum.
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(2) Every anodyne extension is a weak equivalence.

(8) A morphism of Kan spectra f : X — Y s a fibration if and only if it is a

level-wise fibration, that is, f : X,, — Y, is a fibration of simplicial sets for any
n € Z. In particular, a Kan spectrum Z is fibrant if and only if it is level-wise

fibrant.

Proof. (1) Let f : X — Y be a monomorphism of Kan spectra, and we will

(3)

explicitly construct a relative cell structure. For any k > 0, let Y{;)(n) be the
set of elements z of the form s(y) such that y is non-degenerate and deg(y) < k
(recall that deg(y) = k if di(y) # * and d;(y) = * for i > k). By Eilenberg—
Zilber lemma@, this process is well-defined, and indeed every Yy is obtained
from Y(;_1) by attaching cells ©°7“Ak | Indeed, every element y € Y)(n) of
degree k corresponds to a morphism A% — (Y(4))n—k, or equivalently by

adjunction

Eoof(nfk)Al_cl_ SN Yf(k)’

and all of its faces necessarily has degree less than k — 1.

The image of an anodyne cell under the functor £ is a weak equivalence
and an inclusion of May spectra, so a pushout of such a map is also a weak
equivalence and an inclusion. Since the left adjoint . commutes with pushouts
and sequential colimits, it suffices to observe that, in a system of May spectra
where the connecting maps are both weak equivalences and inclusions, the
canonical map from each term into the sequential limit is a weak equivalence

(and an inclusion).

Using the adjunction (3°°7¢ Q%) to the diagram (2.6)), we see that f is a
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fibration if and only if, for any ¢ € Z and any commuting diagram

Vig — X

7
T
7

A ——=Y,
there exists a dashed arrow making the entire diagram commutative. That is,

f—¢ is a fibration of simplicial sets. ]

Remark 11.19. Note that if, instead of a cell of the form ZOO*ZA’L we attach a cell
EOO_E_’“AT'“ for some k£ > 0, then the resulting new Kan spectrum is isomorphic to

the original one.

2.1.5 Function spectra. Star product with simplicial sets

Recall that, for any simplicial sets K and L, the smash product K AL of simplicial

sets is given by, the pushout

KVL—KXL

-
x*x — K AL
Note that |K A L| = |K|A|L] since the left adjoint |?| commutes with V and pushout,

and it commutes with x by Milnor’s theorem.

For K fixed, the functor K'A? has a right adjoint F'(K, —) given by
F(K, L), = Hompor-ser, (K AA”, L),
with the basepoint the constant map taking value at the basepoint in T

Lemma I1.20. For any simplicial sets K and L, there is a canonical epimorphism

of simplicial sets
(2.7) (XK)ANL — X(K AL)

which is natural in both K and T.
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Proof. In [16, Prop. 6.1] this map is constructed and shown to be natural. Indeed,
to see the construction, it suffices to consider the special case K = A" and L = A7,
since every based simplicial set is a colimit of standard simplices, and the functor A
commutes with colimits in each coordinate. Note that the non-degenerate (m-+n+1)-
simplices in

S (AT AAT) = S (AT x A"),

corresponds to the non-degenerate (m + n)-simplices in (A™ x A") , and therefore,
corresponds to riffle (m, n)-shuffles. On the other hand, the non-degenerate (m +
n + 1)-simplices in

2 (A7) A AT

corresponds to the non-degenerate (m + n + 1)-simplices in (A™*! x A™)_ | that is,
to riffle (m + 1,n)-shuffles. Then the desired map is constructed by applying the
last degeneracy s,,.1 to the non-degenerate (m + n + 1)-simplices in X (AT) N AT
corresponding to all the (m + 1, n)-shuffles except those ending with an element in
the set of (m + 1)-elements.

From the construction, it is also clear that the map is an epimorphism. Indeed,

it is a quasi-fibrations with all fibers contractible, hence a weak equivalence. O

Corollary I1.21. For any simplicial sets K and L, there is a canonical monomor-

phism of simplicial sets
(2.8) F(K,QL) — QF(K, L)
which is natural in both K and L.

Proof. Fix L and consider the functors (X7) A L and X(? A L), which have right

adjoints QF(L,?) and F(L,Q7), respectively. Then for any simplicial sets K and M,
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we have a commutative diagram

Homper-set, (SK) A L, M) — Hompor-set, (K, QF (L, M))

Homer-ser, (S(K A L), M) —> Hompov-set. (K, F(L, QM)

here the left arrow is injective because ([2.7]) is an epimorphism, so the injectivity of

the right arrow implies that (2.8)) is a monomorphism. O

For a simplicial set K and a Kan prespectrum 7', we define the function pre-
spectrum F,(K,T) as follows. Put F,(K,T), = F(K,T,), equipped with structure

maps

F(K,pn)

pn: F(K,T),) F(K,QT, 1) — QF (K, T,11),

where the second map is (2.8)).

Lemma I1.22. For a simplicial set K, the function prespectrum functor F,(K,?) :

P — &P has a left adjoint denoted by K - 7.

Proof. We construct the left adjoint explicitly. Given a Kan prespectrum 7', we put

(K AXT, o) —=Y2(K AT, )
(2.9) (K -T), = colig L

K AN ZTn,1 I E(K VAN Tnfl)

|

KNT,
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Since the left adjoint X commutes with colimits, we have

(K -T) = colim | s A ST, o) —— X2(K AT

|

S(K AT,)

Since this diagram is a part of the colimit diagram defining (K - T'), 41, there is a

canonical map

Y(K-T), — (K-T)per;

these will be the structure maps for (K - T).
To see the adjunction, let (K -7T) — Z be a morphism of Kan prespectra. Then

for any n € 7Z, there is a morphism
KANT, — (K-T), — Z,
of simplicial sets, which by adjunction induces a morphism
T, — F(K, Z,) = F,(K, Z),.

It is easily check that these maps are compatible with the structure maps o,,.
Conversely, let T — F,(K,Z) be a morphism of Kan prespectra, and for any

n € Z we have a morphism
Tn—k — Fp(Ka Z)n—k = F<K7 Zn—k)

of simplicial sets. Applying the functor ¥* to its adjoint and post-composing with

the structure map of Z, we obtain a morphism

SE(K A Tyy) — X2, 2 7,
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of simplicial sets. One checks that, for different values of k, these morphisms are
compatible with Diagram ([2.9)), hence inducing a morphism (K -T'),, — Z,,. They are
again compatible with the structure maps o, hence defining a morphism K -7 — Z

of Kan prespectra. O

Definition II1.23. For a simplicial set K and a Kan spectrum Z, we define the

function spectrum

F(K,Z) = Sp(F(K,PsZ))

as the spectrification of the function prespectrum, and define the star product
Kx 7 =8Sp(K-(PsZ))
as the spectrification of the dot product prespectrum.

Lemma 11.24. If Z is a Kan spectrum, then we have an isomorphism
L(K*xZ)2|K|N|ZL(Z)],

where the smash product on the right hand side is the smash product of May spectra

by spaces.

Proof. First note that the left adjoint |?| commutes with colimits, distributes over
the smash product of simplicial sets, and commutes with suspension by Proposition
[1.5[ and that the arrows in the diagram in are all isomorphisms, we have a
homeomorphism

(K- Z)a| = | K[ A [ Z].

Since spectrification commutes with the left adjoint £, we conclude that Z (K * Z)
is precisely the spectrification of the prespectrum {|K| A |Z,}, which is simply |K| A

L(2). O



31

Corollary 11.25. For any Kan spectrum Z, the functor ? x Z preserves weak equiv-

alences as well as monomorphisms.

Proof. Note that K — K’ is a weak equivalence if and only if |K| — |K’| is, and
similarly a morphism of Kan spectra Z — Z’ is a weak equivalence if and only if
ZL(Z) — ZL(Z') is, so the fact that 7 x Z preserves weak equivalences between Kan
spectra follows from Lemma and the analogous statement in May spectra.

To see that ? x Z preserves monomorphism, note that for any based simplicial L
the functor ? A L preserves monomorphisms, so comparing diagram gives the

desired monomorphism. O

Lemma 11.26. For any simplicial sets K and L and any Kan spectrum Z, there is

a morphism
(Tl/\TQ)*Z i) T1*<T2*Z>

which is natural i Ty, Ty and Z.

Proof. This follows from associativity of the smash product between based simplicial

sets. O

Lemma 11.27. For any based simplicial set K, the functor K7 : ¥ — . preserves

directed colimits of spectra.

Proof. Since both Sp is left adjoint to Ps, while K -7 : & — £ is the left adjoint to
the functor F,(K,?): & — & defined level-wise, hence both Sp and K - 7 preserve
all colimits.

It remains to argue that Ps also preserve directed colimits. Given a directed

diagram Z : D — ., the colimit colig‘@ Z in & is formed level-wise, that is

{@ Z] (n) = colimy Z(n)
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Since the loop functor {2 commutes with directed colimits, if the structure morphisms
(Z(d))(n) — (Q(Z(d)))(n+1)
are isomorphisms for each object d € Obj D, then so is the induced morphism

[colim Z] (n) — Q [colim Z] (n +1). O

2.1.6 Localization of Kan spectra

Definition I1.28. A (strong) homotopy between morphisms f,g : X = Y of Kan
spectra is a morphism

hil,«X — Y

such that the diagram

i0+*id i1 +*id

{O}+*X—>'I+*X<—{1}+*X

T

Y

commutes.

We write ~ for the equivalence relation generated by homotopies. It is a con-
gruence relation on the category ., that is, it is preserved under pre- and post-
compositions, and thus we may form the quotient category h.? = .%/~ which we
call the (strong) homotopy category of Kan spectra. By a (strong) homotopy equiv-
alence, we refer to an isomorphism in h.#, or a morphism in . whose image under

the canonical (quotient) functor . — h.¥ is an isomorphism.
Lemma I1.29. A homotopy equivalence between Kan spectra is a weak equivalence.

Proof. By Lemma we see that a strong homotopy between morphisms of Kan

spectra gives rise to, after applying realization functor £, a strong homotopy between
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morphisms of May spectra. In particular, a strong homotopy equivalence of Kan
spectra is a strong homotopy equivalence between May spectra. The claim then

follows since the two categories of spectra have the same weak equivalences. O

Lemma I1.30. If f : X — Y s a monomorphism of Kan spectra and also a weak
equivalence, then there exists a monomorphism of Kan spectra g 1Y — Z such that

go f is an anodyne extension.

Proof. By Proposition , there exists a relative cell structure Y{,) such that
Yoy = X, coﬁ)qY(n) = Y, and each Y{;,41) is obtained from Y{,, by attaching
cells ZOO*ZA’}F. We will inductively construct subspectra Y{,,) < Z() such that
X = Z(y) is an anodyne extension. Then putting Z = %Z(m) gives the desired
inclusion g : Y — Z such that g o f is an anodyne extension.

For the base case we put Z(_;) = Z. Suppose Z,;,) has been constructed. We may
first apply the small object argument to attach all possible anodyne cells to Z(,,) and

assume Z(,) is fibrant. Now consider any possibly attaching map with boundary
S TOAT — Vi

of a cell in Y with boundary in Y(,,), which corresponds to a morphism of simplicial
sets

A} — (Y(m))e ;

note that by Remark [[I.19 we may choose ¢ large enough that X, < Y} is indeed an
equivalence of simplicial sets. Then the composite

~

AL — (Yim), = (Zm)),

14

must have a filling A — (Z(,,,))¢, which is equivalent to that the cell

Eoo_eAi — Z(m)
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is already in Z(,,). Thus, for each cell to be attached to Y(,,) to form Y, 1), we

attach to Z,,) via

S (AT X TV AT x {0}) —= Zm)

I

3ot (AT x )
This gives an anodyne extension, and therefore so is X < Z,,). This process must

terminate for set-theoretic reason, and the induction is complete. O

Proposition 11.31. The fibrant Kan spectra in the homotopy category h. are local

with respect to the class W of weak equivalences.

Proof. Let f: X =Y be a weak equivalence, and E a fibrant Kan spectrum. First

note that we may assume f is an inclusion by replacing Y by the mapping cylinder

[+ X —= {1}, +V
|
I x X Mf

and f by the morphism

X = {0}, X — M/,

which is an inclusion by Corollary Note that by the canonical morphism
Mf — Y is a homotopy equivalence by Lemma [[1.26]
To prove that f is surjective, we apply Lemmal[I.30]to form an anodyne extension

g o f for some inclusion g : Y — Z. Since E is fibrant, the lifting problem

N

X——F
4
of |~ 7
gof 5 i
J —— %

has a solution Z — FE, and the composite Y — E gives the lift of any map X — E.
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To prove that f is injective, form the double mapping cylinder

[ {1} + X —— {1}, V|

Pf = coli I, x X

{1 X —— {1} + Y|

where /1 is the based simplicial set I V{34 I. Then there is an inclusion
Pf— 11, %Y

and is also a weak equivalence since f is. We may now apply Lemma [[1.30] to extend
any morphism Pf — F to I[I, xY — FE, which implies that any two maps ¥ = F

are homotopic if their post-compositions with f are, as desired. O

Theorem 11.32. The strong homotopy category h.” of Kan spectra has a localization
with respect to weak equivalences. Furthermore, the localization is given by the functor

Sing .Z together with the unit of adjunction ([2.4]).

Proof. The unit of adjunction in Lemmal[[I.T5]is an equivalence, and a Kan spectrum
of the form Sing £ X is level-wise fibrant and hence fibrant by Proposition [[I.1§]

which is local in h. by Proposition above. O

Corollary I1.33. The derived category D. = W1 of the category of Kan spec-
tra with respect to weak equivalences exists, and it is equivalent to the usual stable
homotopy category. Moreover, a functor F : . — & is right-derivable if and only if

it preserves strong homotopies, and its right derived functor
RF:DY — D9,

can be computed as

RF(?) = F(Sing Z(?7)).
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Proof. The existence of D.¥ follows from the Theorem and the general results
of localization (see Theorems and . Moreover, since a morphism f in . is
a weak equivalence if and only if Z(f) is a weak equivalence in the category of May
spectra, it follows that D.# is equivalent to the derived category of the category of
May spectra with respect to weak equivalences, which is precisely the usual stable
homotopy category. Finally, A functor F': . — & preserves strong homotopies if
and only if it induces a unique functor F : h.? — 2, which is always right-derivable

as a consequence of Theorem O

2.2 Kan spectral sheaves

2.2.1 Preliminaries

In this section, we fix a space Z°. Recall that for a complete and cocomplete
category %, a €¢-valued presheaf is a functor Open(2")°? — %, where Open(.2") is
the partially ordered set of open subsets of 2™ ordered by inclusion.

Given a presheaf F, an open set U C 2, and any covering {U; C U}, there is a
canonical morphism
(2.10) FU) —eq |[[F0) = [[FWinT)|.

i irj
The presheaf F is a separated presheaf if a sheaf if for any open set U and any
covering {U;}, the diagram is a monomorphism, and F is a sheaf if is
an isomorphism. We denote by Shy(27) (resp. PShy(Z7)) the category of €-valued
sheaves (resp. presheaves) on 2.
Our main objects of study are objects in Sh»(2") and PSh»(2Z"), which we call

Kan spectral (pre)sheaves.
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Recall that the stalk of a (pre)sheaf F at x € 2 is the colimit

F, = M?(U).

Usx

Definition I1.34. A morphism f : & — G of Kan spectral sheaves is a stalk-wise

(weak) equivalence if, for any z € 2, the induced morphism
fx : ?x — gx
is a weak equivalence of Kan spectra.

Our goal is to construct the derived category of Kan spectral sheaves with respect
to stalk-wise equivalences, as well as derived functors from the derived category. To
do so, we will make use of the notions of the relative cell maps and anodyne extensions

as in the case of Kan spectra.

2.2.2 Sheafification of Kan spectral sheaves

First recall the “plus-construction”f] for presheaves. Let F be a presheaf on 2~

in a complete and cocomplete category 4. Define another presheaf F* on 2" by the

)

where the colimit is taken over the category (opposite to that) of coverings of U

formula

(2.11) FHU) = colim <eq

{U;—U} covering

[[5w) =]]5winuy)

,J

under refinements.
It is well-known that (see for example, |29, {Tag 00W1]) the double plus-construction
is the sheafification for presheaves of (based) sets. More precisely, we have the fol-

lowing results:

Theorem ([29, [Tag 00WB|). Let F be a presheaf of sets, then

* Not to be confused with the Quillen plus-construction.



https://stacks.math.columbia.edu/tag/00W1
https://stacks.math.columbia.edu/tag/00W1
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1. the presheaf F* is always separated;

2. if F is separated, then the presheaf ¥ is a sheaf, and the canonical morphism

F — Ft is a monomorphism; and
3. if F is already a sheaf, then the sheaf F* is isomorphic to F.

As a consequence, the functor
PShSet* * (%) — ShSet* * (%)
F — (TNt = TF#
1s the sheafification functor for presheaves of sets. That is, it takes a presheaf to a

sheaf, and is left adjoint to the forgetful functor from sheaf on 2 to presheaves on

Z. ]

Corollary 11.35. The same assertions above hold true with based sets replaced by

based stable simplicial sets.

Proof. Via the identification of the category of (pre)sheaves of based stable simplicial
sets with the category of stable simplicial sheaves of based sets, we see that the
(double) plus construction in PShaer g, (27) is the same as the object-wise (double)

plus construction in AZ-PShacp-se, (Z7) across objects of A. O

Recall that the full inclusion . < AZ-Set, exhibits . as a coreflective subcat-

egory of AZP-Set,, and we denote by R the right adjoint to the inclusion.

Corollary 11.36. Consider the functor

L : PShy (%) — Shy (2)
F — U= R(FHU))];

then the sheafification of Kan spectral presheaves is given by the functor LL.
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Proof. The canonical morphism F — F* factors as
F=RF — RIt =LF — T+,

and if G is a Kan spectral sheaf, then any presheaf morphism ¥ — G uniquely factors
as

F—JF" —gG

which then further factors, by applying the functor R again, as
F— LF — G;

this is unique.
It remains to see that LLTJ is indeed a sheaf. First note that LJ is separated since

R commutes with the product and the equalizer and preserves monomorphisms, thus

(LF)(U) = R(F*(U)) = Req

[[77w) =] winy)

.3

[[zH ) = [[LHw:nu))

A 2,]

%eq

for any cover {U; — U}. In particular, (LF)™ is itself a sheaf; but then

(LLF)(U) = R(LF)"(U) = Req [ [(LH) " () = [[LH) (U N ;)

( 1,J

>~ oq [H(LL&")(UZ-) = [[eLs)winuy)

( i,J

This completes the proof. O

Henceforth, we will slightly abuse notation and also denote by (?)* the functor

L, and by (?)# the sheafification LL.

Corollary 11.37. The category Shy(Z") is a reflective subcategory of the functor

category PSho(Z"), and in particular is itself complete and cocomplete. O
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Finally, we mention a well-known result, of which we will freely make use without

reference.

Corollary I1.38. For any Kan spectral presheaf F and any point x € X, we have

an isomorphism of stalks

Proof. This follows from that the left adjoint (?)# preserves the colimit (?),. O

2.2.3 Relative cell sheaves and anodyne extensions

Let T be a based simplicial set, and U an open subset of 2. We denote by Ty
the based simplicial sheaf which sends any open set U’ to T if U’ C U and to the

singleton otherwise. For an inclusion ¢ : U’ < U of open subsets of 2", we consider

pushouts
(9a1),, — (9A1),
Lo
(A}) g — (A1),
and

(Vi) — (Vid)y

|
(82) (B2,

in the category of based simplicial sheaves. A cell in Kan spectral sheaves is then a
morphism of the form

B (M), o B (AL),,

for some n € Ny, ¢ € Z, and inclusion ¢ of open sets of 2", while an anodyne cell is

a morphism of the form

E(Br), — BT (AL,
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for some n € Ny, 0 < k < n, £ € Z, and inclusion ¢. Here, the functor X>* from
based simplicial sheaves to Kan spectral sheaves are defined section-wise followed
by sheafification. It has a right adjoint Q> which is defined section-wise, as the

resulting presheaf is indeed a sheaf.
Definition 11.39. Let f : ¥ — G be a morphism of Kan spectral sheaves.

o fisa relative cell sheaf map if there exists a cardinal « and a collection {G, },<q

of sheaves such that

- §cn=Fand G, = G;

Sy;

— if 8 is a limiting ordinal, then Gz = coli s

— for any ordinal 8 < «, there exists an inclusion g : U é — Up of open sets

of Z and a pushout diagram

— Gy

F00+ (A:L_B)LB

|

$ootls (AT)UB — 9511

A Kan spectral F is a cell sheaf if the initial morphism * — JF is a relative cell

sheaf map.

e [ is a anodyne extension if, in the construction above, each Y,y is instead

obtained as the pushout

poetts (EZ§+> > 95
Lg

|

y100+Lg (Aiﬁ)Uﬁ . 95+1
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It is clear that (anodyne) cells are monomorphisms, and anodyne cells are also
weak equivalences. Since taking stalks commutes with the pushout, and monomor-
phisms and stalk-wise equivalences are detected by stalks, we have

Lemma I1.40.
1. Relative cell sheaf maps and anodyne extensions are monomorphisms.
2. Anodyne extensions are stalk-wise equivalences. [

Proposition 11.41. Every monomorphism of Kan spectral sheaves is a relative cell

sheaf map. In particular, every Kan spectral sheaf is a cell sheaf.

Proof. Let f:3F — G be a monomorphism of Kan spectral sheaves. We will induc-
tively construct, for any ordinal 3, a sheaf G5 together with a monomorphism G5 — §.
We start with §(_,) = &, and if 3 is a limiting ordinal, we put Gz = m%ﬁ G,. Now
suppose G has been constructed for some ordinal §; if G5 — G is an isomorphism,
then we are done (and we may simply put Gp41 = G from then on). Otherwise, there
exists a point x € 2 such that (G3), < G, is not an isomorphism. In particular,
there exists an element ¢ € G, (k) which is not in (G3).(k), but all of whose faces are
in (G5).(k —1). Indeed, there exists an open set U C 2~ such that ¢ is represented
by t € G(U)(k). Similarly, there exists an open subset U’ C U C 2 such that all
faces of t are represented by elements in (G3)(U)(k — 1). Denote by ¢ the inclusion

U’ C U, then we may define Gs11 to be the pushout

oot (A7) ;

|
£+ (A7), G

AN

— Gy
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where the top horizontal arrow represents the faces of ¢, the bottom curved arrow
represents ¢, and the right curved arrow is the inclusion from the inductive hypothesis.
Note that we again have a monomorphism Gg; — G, since it is true at all stalks
ye .

Now we have t € (G441),. Iterating this process to a sufficiently large ordinal
exhausts all elements in any G,(n) that is not in F,(n), so we must have G5 = G for

some ordinal . O

Lemma I1.42. If f : F — G is a monomorphism of Kan spectral sheaves and also
a stalk-wise weak equivalence, then there exists a morphism of Kan spectral sheaves

g: G — H such that go f is an anodyne extension.

Proof. Using Proposition we express [ as a relative cell sheaf map. We will

inductively construct morphisms
98+ 9 — g

such that gg o f is an anodyne extension. Again, we start with §_;) = JF, and if
is a limit ordinal, we put G5 = C_OH_IE’Y< 5 S.,. Now suppose gg has beeen constructed
for some ordinal 3; if G = G then we are done. Otherwise, there exists an element
t € G.(k) which is not in (Gg).(k) but all of whose faces are. Moreover, there exist
open subsets U’ C U C 2 such that t is represented by t € G(U)(k), and the faces
of ¢ are represented by elements in (G3)(U)(k — 1). Moreover, since f is a stalk-wise
equivalence, we may assume, upon replacing U by a smaller neighborhood containing
U', that ¢ lifts, up to homotopy, to an element in .2 (Hz(U")).

We claim that we may assume, without loss of generality, that the restriction
map

Hp(U) — Hs(U')



44

is a fibration of Kan spectra. Indeed, we may attach, in w steps, all possible non-
isomorphic anodyne cells to Hg in each step. This is similar to, although not exactly
the same as, the canonical factorization of morphisms into anodyne extensions fol-
lowed by fibration (since sheafification is applied in every step of attaching), the
small object argument still applies, and the resulting sheaf Hg has the property the
restriction map along ¢ : U’ C U is a fibration.

Now we construct the morphism gzy;. By assumption, the composite
yoo—t (Ai)L — 95 —§
representing the faces of ¢ extends to
—t
x>t (Ar), — S
By our assumptions, this means that the morphism
—t
mE(AL), — G — K
extends to
RO (AL), — Hg,
by adjunction and that restriction along ¢ is a fibration. But this means, in the

process of attaching cells to G to construct G441, we may instead form a pushout of

the form

B (Q1), Hs

o
ST (A" X T4 )y — Hp

where (Q")4 is the based simplicial sheaf formed as the pushout

(087 A L) V (A1 A S%), — (081 AL) V (AL ASY)),

| r |

(Ai /\I+)U’ <Q7‘|L')L
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Note that this is an anodyne extension, and therefore so is F < Hg < Hpgy;. This

process must terminate for set-theoretic reason, and the induction is complete. [

2.2.4 Localization of Kan spectral sheaves

Definition I1.43. Define functors
K*p‘?PShy(%)—)PShy(%), K*()Shy(%)—)Shy(%),

by (K %, F)(U) = K % (F(U)) for a spectral presheaf F on 2" and open set U C 2,

and K xF = (K %, F)#, where # denotes the sheafification functor.

Definition I1.44 (Strong homotopy). A strong homotopy h : ¢ ~ 1 between two

morphisms p, 1 : F = G in Sh»(Z") (or more generally, in PSh o (.27)) is a morphism
h:l,xF — G,

so that hody = ¢ and hod; =1, where d; : {i}, — I,.
A morphism ¢ : F = G in Shy(2") is a (strong) homotopy equivalence if there

is a morphism ¢ : § — JF such that ¢ o ¢ ~ idy and ¢ oY ~ idg.

We write ~ for the equivalence relation generated by strong homotopies. It is
again a congruence relation on the category Sh» (%), and we may form the (strong)
homotopy category of Kan spectral sheaves hSho(2") := Sh»(Z")/~. By a (strong)

homotopy equivalence, we refer to an isomorphism in hASho(2").
Lemma I1.45. A homotopy equivalence is a stalk-wise weak equivalence.

Proof. By Lemma [[1.29] it suffices to show that a strong homotopy of Kan spectral
sheaves induces strong homotopies on stalks.

A strong homotopy of Kan spectral sheaves

I, xF —§
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induces, on each open set U C 2", a strong homotopy of Kan spectra
I x(FU) — (I xF)(U) — 9(U).
Passing to the stalk at x € 2", on the level of Kan prespectra, we have a morphism
I -3, — G,

since I, - 7 is a left adjoint. Since G, is itself a Kan spectrum, taking spectrification
yields a strong homotopy

I, %3, — G,
as desired. 0

Definition I1.46 (Godement resolution). Consider the space Zy;s which is the dis-
crete space on the underlying set of 2", and let p denote the natural map 2" — Zs.

For any Kan spectral sheaf ¥ on 2", we define

TF = pp*TF = H . F = H . Ty

X reX

where z, denotes the skyscraper sheaf at x. T is a monad, and the cosimplicial
Godement resolution is defined as the cosimplicial object Gode® F associated to T.

Specifically, Gode?” F = TP F with standard coface and codegeneracy morphisms.
Note that the unit of the adjunction (z*,x,) provides a coaugmentation

F — Gode* F

of cosimplicial Kan spectral sheaves, which is a cosimplicial homotopy equivalence.
For a cosimplicial Kan spectrum Z°, the cosimplicial realization is defined as the

categorical end

\Z‘|_/ I1 F(ay.zm)

meENy

> eq HF Am Zm Zi H F(AT7Zk)7

meA pEA™ (k,;m)

(2.12)
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where A™ is the subcategory of A consisting of all injective morphisms.

Definition II.47 (Cosimplicial realization of sheaves). Given a cosimplicial Kan

spectral sheaf F* on 2", we define the cosimplicial realization |F*| of F* by
1F*|(U) = [F*(U)].

Since the cosimplicial realization is a limit, and Shy(2") is a reflective subcate-
gory of PSho(Z7), | Gode® F| is itself a Kan spectral sheaf on 2". Applying cosim-

plicial realization to the coaugmentation ¥ — Gode® F induces a natural morphism
F — | Gode® F|

of Kan spectral sheaves. We refer the target of this morphism as the Godement

resolution of F, and simply denote by Gode F.

Lemma 11.48. If F is a Kan spectral sheaf whose stalks are fibrant Kan spectra,

then for any inclusion of open subsets U' C U C %, the restriction map
Gode F(U) — Gode F(U")

1s a Kan fibration.

Proof. First note that TJ has the desired property, that is, its restriction maps are
fibrations because

TFU) =[[F=2]][Fx ] %= — ][] F=TFOW)

zelU xelU’ zeU\U’ zelU’

is projection of product forgetting factors that are fibrant. Since fibrations/fibrant
objects are characterized by a right lifting property, products of fibrant spectra are
again fibrant, so the sheaf TJ is again section-wise fibrant and therefore stalk-wise

fibrant. It thus follows that the sheaves Gode” F also have the desired property.
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The lemma now reduces to the following claim: if X* — Y* is a degree-wise
fibration of cosimplicial Kan spectra, then the cosimplicial realization ([2.12)) produces

a fibration of Kan spectra |X| — |Y|. Observe that for all m, m’ € A, the morphism
F(ag,xm) — F(ary)

is a fibration by adjunction since the morphism
AT x BTV — AT % BO7IAY

is an anodyne extension. Now our claim follows since the right lifting property of the
equalizers with respect to anodyne cells reduces to that of each product of function

spectra. ]

Given a Kan spectral sheaf &, we denote by Sing . ZF the sheafification of the

presheaf

U s Sing Z(F(U)).

Corollary 11.49. For any Kan spectral sheaf F, the sheaf Gode Sing ZF has the

property that, for any inclusion U' C U, the restriction map
Gode Sing ZF(U) — Gode Sing LF(U")

s a fibration of Kan spectra. In particular, the sheaf Gode Sing ZF is section-wise

fibrant.

Proof. The presheaf U — Sing Z(F(U)) is section-wise Kan fibrant by Proposition
and is section-wise weakly equivalent to F as a presheaf. Therefore, after
sheafification, the sheaf Sing ZF is stalk-wise fibrant, and the natural morphism F —
Sing .ZF is a stalk-wise weak equivalence. The desired claim is now a consequence

of Lemma [[1.48] and the statement regarding section-wise fibrancy follows from that

F(2) = *. O
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Recall that the cohomological dimension cd 2 of 2" is the smallest integer d > 0
such that for any abelian sheaf A we have H"(Z; A) = 0 for all n > d. Typical
examples of spaces with finite cohomological dimensions include finite-dimensional
manifolds and noetherian scheme of finite Krull dimension. Henceforth, we shall

assume that 2" has finite cohomological dimension.

Proposition I1.50. The Kan spectral sheaves Gode Sing Z & in the homotopy cate-

gory hSho(Z") are local with respect to the class W of stalk-wise weak equivalences.

Proof. We follow the proof of Proposition Let f : F = G be a stalk-wise
equivalence, and &' := Gode Sing £ € for some Kan spectral sheaf &. We may first
replacing G by the mapping cylinder M f, if necessary, to assume that f is an inclu-
sion. Note that by the canonical morphism M f — Y is a homotopy equivalence by
Lemma

To prove that f is surjective, we apply Lemma[[I.42]to form an anodyne extension

g o f for some inclusion g : § — H. Since € is fibrant, the lifting problem

v

F—-=E
7

gof |~
4

*

H—-

/

has a solution H — &’ by Corollary [[1.49] so the composite § — &’ gives the lift of
any map F — &'.
To prove that f is injective, again form the double mapping cylinder

[ {1} F—= {1}, %G |

|

Pf = coli I, x5

|

| {1} T —— {1} 5 |
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and there is an inclusion and stalk-wise equivalence
Pf—1I,%G.

We may now apply Lemma [[T.42] and Corollary again to extend any morphism
Pf— & toll,xG — & which implies that, if any two maps § = &’ are homotopic
when post-composed with f, then they are themselves homotopic.

Finally, the natural morphism
(2.13) F — Gode Sing ZF

being a stalk-wise weak equivalence is a consequence of |28, Thm. 4.14]. O

Theorem I1.51. The strong homotopy category hSho(Z") has a localization with

respect to stalk-wise weak equivalences given by ([2.13)).

Proof. In light of Proposition [[I.50] it remains to show that the natural morphism

F — Gode T is a stalk-wise equivalence. O

Corollary I1.52. The derived category D. = W™1Sho(2") of the category of Kan
spectral sheaves on 2 with respect to stalk-wise weak equivalences exists, and it is
equivalent to K. Brown’s [5] homotopy category StaFo(Z") of sheaves of spectra on
Z . Moreover, a functor F' : % — 2 is right-derivable if and only if it preserves

strong homotopies, and its right derived functor
RF : DShy(Z) — D2,
can be computed via the Godement resolution as

RF(?) = F(Gode Sing .Z(7)).
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Proof. The existence of DSh»(Z") follows from the Theorem and the general
results of localization (see Theorems and . Moreover, since our category of
spectral sheaves and the notion of weak equivalences agree with the ones of Brown’s,
we conclude that their derived categories coincide. Finally, A functor F : .¥ — %
preserves strong homotopies if and only if it induces a unique functor F : h.¥ — 2,

which is always right-derivable by the localization. O]

Remark 11.53. In [§], the result above is generalized to the case of spectral sheaves on
a site € be a site of finite cohomological dimension which also satisfies the following

assumptions:
(A1) the site ¥ is small and has enough points;

(A2) the site ¢ has sub-canonical topology, and any subsheaf of any representable

sheaf is representable;

(A3) for every sheaf of sets F on a site €, p a point of €, and t € F,, there exists
an object U € Obj% and and an injective morphism U — F such that p is in

UandteFU);

The (small) site associated to a topological space 2 obviously satisfy the as-
sumptions (A1)—(A3) above, and it has finite cohomological dimension condition if

and only if 2" does.

2.3 Simplicial Kan spectra and spectral sheaves

For future reference, we generalize Sections[2.1.6]and [2.2.4]to the case of simplicial

objects in Kan spectra and Kan spectral sheaves, and we construct their localizations.
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2.3.1 Bisimplicial sets

Recall that a bisimplicial set is a functor
Koot A% X AP — Set,

and a morphism of bisimplicial sets is a natural transformation. A bisimplicial set
X may be identified with a simplicial object in simplicial sets in two ways, namely
“horizontally” and “vertically”. Using these identifications, there are total realization
functors

2lh

i
(A% x A°P)-Set —= A°-Top

K
Toth leOtv 7|

A°P-Set Top

17|
Here, |?|, is the geometric realization of bisimplicial sets in each simplicial degree,
and Tot is the totalization of bisimplicial sets; in both cases the superscript A or v
indicates whether the realization takes place across horizontal or vertical simplicial

degree. It is well known that both totalizations are isomorphic to the diagonal functor
(AP x A°P)-Set — A°P-Set

by sending each bisimplicial set X, to the simplicial set X, with X,, = X,,,,. It

thus follows that both realizations are isomorphic to the composite

(A% x A%) Set

.

A°P-Set

Top

17l

which we call the diagonal realization and denote by |[|?]|.

Definition I1.54. A morphism of bisimplicial sets f : X — Y is a diagonal (weak)

equivalence if the diagonal d(f) : d(X) — d(Y) is a weak equivalence of simplicial
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sets, or equivalently, if and only if the diagonal realization || f]| : || X]| — ||Y]] is a

weak equivalence of topological spaces.
To each pair of simplicial sets K and L, there associates a bisimplicial set
(KX L)y = Ky X Ly;
this forms an external product functor
77 A%-Set x AP-Set — (AP x A°P)-Set.

For example, for m,n € Ny, the bisimplicial set A™ K A" is precisely the presheaf
A™™ represented by the object (m,n) € A x A.

A bi-cell has the form
(2.14) OA™™ = (OAT K A™) U (A™ K OA™) — AT K A" =2 A™"

while a bi-anodyne cell has either the form

(2.15) V= (VP RAT) U (AT RGA™) s A™ R A™ 22 AT,
or
(2.16) V= (AT R V) U (DA™ R A") e A™ R A™ 22 AT,

We may now define the notions of relative bi-cell maps, bi-anodyne extensions, and
fibrations analogously to the case of simplicial sets, and again we have the following

analogous results:

Theorem I1.55. There is a model structure, called diagonal model structure, on the
category of bisimplicial sets, where equivalences are diagonal weak equivalences, cofi-
brations are monomorphisms, and fibrations are morphisms with right lifting property

with respect to all anodyne cells.



54

Proof. The diagonal model structure is proven in [15]; see also [9, Thm. 5.5.7], which

also establishes the Quillen equivalence. O]
The following statements are direct consequences of the model structure.
Proposition I1.56.

1. FEvery monomorphism of bisimplicial sets is a relative bi-cell map. In particular,

every bisimplicial set is a bi-cell bisimplicial set.

2. A morphism is a bi-anodyne extension if and only if it is both a monomorphism

and a diagonal weak equivalence.

3. A morphism of bisimplicial sets has right lifting property with respect to all
monomorphisms if and only if it is both a fibration and a diagonal weak equiv-

alence. [
The diagonal functor d has a left adjoint d, characterized by
d,(A") = A™"
in addition to preservation of colimits, and d also has a right adjoint defined by

d* (K)mn = Hoonp_set(Am X An, K)

)

Theorem I1.57 ([9, Thm. 5.5.7]). Moreover, the pairs (d,,d) and (d,d.) are both
Quillen equivalences between the category of simplicial sets with the Quillen model

structure, and the category bisimplicial sets with the diagonal model structure. O

Corollary I1.58. The composition of units of adjunctions
(2.17) Id — d.d —> d. o Singo|?|od

1s a fibrant replacement in the category of bisimplicial sets.
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Proof. Recall that Id — Singol|?| is a fibrant replacement in A°P-Set, so the above
composition, being a “derived unit of adjunction”, is a weak equivalence. The fact
that a bisimplicial set of the form d, Sing |dX| is fibrant follows from that |dX]| as a

topological space is fibrant and that each
|[dVi'] — |dA”|
is an anodyne extension in the category of topological spaces. O

There is also a notion of strong (geometric) homotopy arising from the interval
object Abl. Note that strong homotopy equivalence in this sense encodes both

“horizontal” and “vertical” homotopies via the inclusions
AI,U ¢ Al’l 5 AO,l.

In the standard way, this leads to the notions of strong homotopy equivalences and
strong homotopy category h(A°P x A°P)-Set of bisimplicial sets.
The following are immediate:

Proposition I1.59.

1. The morphism

XZAYWx X — AV x X

1s an acyclic cofibration.
2. The inclusion
(8Am’” X Al’l) U (Am’” X AO’O) s AT AM
1s an acyclic cofibration. ]

Therefore, by arguments similar to those for Proposition [[I.31] we may show the

following result.
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Proposition I1.60. Fibrant bisimplicial sets are local with respect to diagonal weak

equivalences in the strong homotopy category h(A°P x A°P) -Set. [

We end this section by remarking that all constructions above have the based
variants, where the category Set is replaced by Set,, bisimplicial sets X by the the
based ones X, with a disjoint basepoint attached, and cartesian product x by the

smash product A.

2.3.2 Simplicial Kan spectra

Let .# .7 denote the category of May spectra. There are adjunctions

AP~ NP

Sing
F.”l?l

MS
where (%, Sing) is defined degree-wise extending the adjunction between Kan spectra
and May spectra, and the functors |?| and F, are defined as follows: For a simplicial

May spectrum Z,, its totalization is defined as
neA
12| = / A" A Z,,

while for a May spectrum FE, the free simplicial May spectrum is defined as
Fo(X)=F (|A:L|,X) .

Here, the |A” | is the topological standard n-simplex, A is the smash product of May
spectra by based topological spaces, and F' is the function May spectrum functor, so
in particular F'(JA%|,?) is right adjoint to |AT| A 7.

We denote by ||-Z|| the composite |?| 0 £, and by Sing, the composite Sing oFy;

it is clear that the pair (||-Z||, Sing,) is an adjunction.
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Definition I1.61. A morphism f, : X, — Y, of simplicial Kan spectra is a total

(weak) equivalence if || -Z]|(fs) is a weak equivalence of May spectra.
Lemma I1.62. The following are weak equivalences of simplicial Kan spectra:

1. a degree-wise weak equivalence of simplicial Kan spectra, i.e., a morphism f, :

Xo — Y, such that f, is a weak equivalence of Kan spectra for each n;

2. a simplicial homotopy equivalence of simplicial Kan spectra.

Proof. These follow from the that the simplicial realization |?| of simplicial May
spectra realizes degree-wise weak equivalences and simplicial homotopy equivalences
to weak equivalences, along with the observation that .Z preserves strong homotopy

equivalences. O

For each k € 7Z, there is a simplicial shift suspension spectrum functor
yeetke s (AP x A°P)_Set, —» AP-F

extending the functor ¥ characterized in Lemma and constructed in the proof

in page 20} Specifically, we have
(Eoo+k,oX.7.>n — Eoo—i—k (Xt,n)

for each n € A. It has right adjoint Q>*** given by applying the functor Q°** to
each “vertical” simplicial degree.

A cell of simplicial Kan spectra has the form of X>°*¢ applied to for some
¢ € Z, and an anodyne cell of simplicial Kan spectra has the form of ¥ applied
to either or . Again, these give rise to the notions of relative cell maps,
anodyne extensions, and fibrations of simplicial Kan spectra, as well as cell and

fibrant simplicial Kan spectra.
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Analogously to Proposition and Lemma [[T.30] we have the following results:
Proposition I1.63.

1. A morphism of simplicial Kan spectra is a relative cell maps if and only if it is

a monomorphism. In particular, all simplicial Kan spectra are cell.

2. An anodyne extension of simplicial Kan spectra is both a monomorphism and

a total weak equivalence.

3. A morphism [ : X — Y of simplicial Kan spectra is a fibration if and only if
it is a level-wise fibration of bisimplicial sets, that is, if Q% is a fibration of

bisimplicial sets for any { € 7. [

Lemma I1.64. If f, : X¢ — Y, is a monomorphism of simplicial Kan spectra and
also a total weak equivalence, then there exists a monomorphism of simplicial Kan

spectra g : Yo — Zo such that ge o fo is an anodyne extension. [

Recall from Sections[2.1.6land 2.3.1]that both the category . of Kan spectra and

the category (A x A°P)-Set, have localizations, with respect to weak equivalences
and diagonal weak equivalences, by fibrant objects, which are given by (2.4) and
(2.17), respectively. As a common generalization of these cases, we will show that

the unit of adjunction
(2.18) n : Id — Sing, ||-Z||

gives a localization in the category A°P-. of simplicial Kan spectra.

Lemma I1.65. The unit of adjunction (2.18) is a natural total weak equivalence,

with targets fibrant simplicial Kan spectra.
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Proof. A similar argument to the proof of Lemma shows that the morphism
(2.18]) is a total weak equivalence. To see that Sing, ||-Z||(Z.) is fibrant for any
simplicial Kan spectrum Z,, it suffices to solve the lifting problem

Dt A —— Sing, | £ (Z.)

-
-~
—~
-

ZOOHB/
with respect to any bi-anodyne cell A — B in bisimplicial sets, that is, of the form
either or (2.16). By the adjunction (|||, Sing,), this is equivalent to the
lifting problem

2] (£74) — |2 (2.

-
-
-
-
~

1| (==*B)

which always has solution since the May spectrum ||.Z||(Z,) is necessarily fibrant. [

To discuss locality of fibrant simplicial Kan spectra, we need the notion of strong
(geometric) homotopy. To this end, we consider the bisimplicial set Ab! as the

interval object. We also extend the star product to a functor
257 : (A% x A%)-Set, x AP-F — AP-F

as follows. Given a based bisimplicial set K, and a simplicial Kan spectrum Z,,

define a simplicial Kan spectrum K x Z by
(K*xZ)p = Kepn* Zy.

Now the star product J, x ? with based bisimplicial set J, gives rise to the notions
of strong homotopy, strong homotopy equivalences, and strong homotopy category

hA°P-.& of simplicial Kan spectra.
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Note that strong homotopies contains both degree-wise strong homotopies in
simplicial Kan spectra, as well as simplicial homotopies in simplicial objects in Kan
spectra.

The following is analogous to Proposition and Theorem [[T.32]

Theorem 11.66. The strong homotopy category hA°P- of simplicial Kan spec-
tra has a localization with respect to total weak equivalences, given by the functor

Sing, ||-Z|| together with the unit of adjunction (2.18)).

2.3.3 Simplicial Kan spectral sheaves

A simplicial Kan spectra sheaf, on a space 2, is a simplicial object in the category
Sh(Z") of Kan spectral sheaves on 27, or equivalently a sheaf on 2~ taking value
in the category A°P- of simplicial Kan spectra; it is the second viewpoint that
we will mostly take. We denote by A°-Shy(Z") the category of simplicial Kan
spectral sheaves on 2". The category A°P-Sh,(2") is complete and cocomplete
since the categories . and therefore A°P-.% are, and it follows that there is again

the sheafification functor of simplicial Kan spectral sheaves.

Definition I1.67. A morphism f, : F, — G, of simplicial Kan spectral sheaves is a

stalk-wise total (weak) equivalence if, for any x € 2", the induced morphism

(fO)x : <5t°)z — (9')33
is a total weak equivalence of simplicial Kan spectra.

We will construct the localization mimicking the method used in Section

For a based bisimplicial set K and an open subset U C 2", we denote by K the

based bisimplicial sheaf sending U’ to K if U’ C U and to the singleton otherwise.
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We form pushouts

(@AT’“)U, - (8AT’”)U

Lo

(AF")y —— (A"

U’ L
as well as
(Vkr,r:j-)U/ e (Vkﬁ’ﬁ)(]
|
(ATH)U/ - (EI?,*+)L
and

(V;%T-) A (K?Zﬁ) U

Lo
(AT — (E:;k‘F)L

A morphism in simplicial Kan spectral sheaf is called a cell if it has the form

(2.19) ZFES (AT, — ZFE (AT,

and an anodyne cell if it has the form

ZooJr@,o (E],;L7*+)L N Eoo+£,o (A:_n,n)U

or

P (B,), — D (A,

where the functor ¥>°+%* is applied section-wise followed by sheafification. As before,
these give rise to the notions of relative cell sheaf maps and anodyne extensions.
Both of these are monomorphisms, and anodyne extensions are furthermore stalk-

wise total equivalences.

Analogously to Proposition [[I.41] and Lemma [[T.42] we have the following results.

Proposition I1.68. Fvery monomorphism of simplicial Kan spectral sheaves is a

relative cell sheaf map. O
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Lemma I1.69. Fvery monomorphism which is also a stalk-wise total equivalence can

be extended to an anodyne extension. [

The star product constructed in Section can be extended to a functor
Tx 7 (A% x AP)-Set, x AP-Shy(Z) — AP-Shy(Z)

by applying the star product section-wise followed by sheafification. Now strong
homotopies, strong homotopy equivalences, and the strong homotopy category can be
defined using the functor J, star?, where J is the interval object of based bisimplicial
sets considered in Section 2.3.21

Furthermore, we may also extend the adjoint functors (||-Z |, Sing,) to simplicial
Kan spectral sheaves via section-wise construction and sheafification, and finally, the
Godement resolution (Deﬁnition to simplicial Kan spectral sheaves. This gives,

analogously to the localization (2.13]) for Kan spectral sheaves, a natural morphism
(2.20) F. — Gode Sing, ||-Z||(F.).

Like Corollary [[.49] the simplicial Kan sheaves Gode Sing, ||-Z||(F.) have the prop-
erty that the restriction map along any inclusion of open subsets of 2 is a fibration
of simplicial Kan spectra.

We may finally state the main result, which is analogous to and can be proven

using a similar argument to Theorem [[I.51]

Theorem I1.70. The simplicial Kan spectral sheaves of the form
Gode Sing, ||-Z||(F)

are local with respect to stalk-wise total equivalences, and the strong homotopy cate-

gory hA°P-Sh o (Z") has a localization given by ([2.20)). O
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2.4 Connection to homotopy sheaves of spectra

In this section, we explore the connection between Kan spectral sheaves and
homotopy sheaves of Kan spectra, which is a different notion of sheaves with the
sheaf condition satisfied “up to homotopy”. We will see that the localizations proven

in Theorems [[1.51] and [[1.70] play the role of homotopy sheafification. We will make

precise these ideas below.
To start, let € be a complete and cocomplete category, and consider a %-valued
presheaf on a topological space 2. Given an open set U C 2 and a covering

U = {U; C U}, there is a diagram

(2.21)
H&"(Ui)::H?(UiﬂUj)EE~-:5; 11 ff(UilﬂmﬂUin):;;--~
i ,J T e nin I

in ¢, extending the equalizer diagram in (2.10)); we denote this diagram by F(U),.
The limit @ F(U), of this diagram is precisely the equalize we saw in (2.10)).

Now suppose % has a model structure, and denote by R a functorial fibrant
replacement functor in 4. Then we can consider the homotopy limit of the diagram

F(U), and it is well known that

Holim F(U)e = Jim RF (W),

where the limit on the right-hand side is taken over the diagram obtained by fibrantly
replacing each term F (U;, N---NU;,) in the products in the diagram F(U),. Note

that there is a commutative diagram

F(U) RF(U)
Jim F (1), — Holim F (W),

in the homotopy category Ho% .
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Definition I1.71. A %-valued presheaf is called a (%-valued) homotopy sheaf over

Z if, for any covering U of an open set U C 2", the canonical morphism

FU) — Holim F(U).
is an isomorphism in Ho% (that is, represented by an equivalence is %).

Note that this definition applies to more generally any category & with equiva-
lences which has notions of a derived category and homotopy limits of shape .
Taking % to be the category A°P-Set of simplicial sets with the standard Quillen
model structure, we arrive at a notion of homotopy simplicial sheaves. There is also

based variant with ¥ = A°P-Set,.

We are most interested in the case of Kan spectra, as well as simplicial objects
in them. Kan spectra admit a model structure which was first constructed by K.

Brown.

Theorem I1.72 (|5, Thm. 5]). There is a model structure on the category . of

Kan spectra where
e cquivalences are the weak equivalences as defined in Definition
e cofibrations are monomorphisms, and

e fibrations are characterized by the right lifting property with respect to mor-

phisms that are both equivalences and monomorphisms. [

Remark 11.73. By Proposition [I1.18 (3), the fibrations in Brown’s model structure
are precisely the fibrations as defined in Definition [[.17} which are also the same as

level-wise fibrations.
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Given Brown’s model structure, we can consider homotopy sheaves in Kan spec-
tra, which we call homotopy sheaves of Kan spectra. The category of homotopy
sheaves of Kan spectra is the full subcategory of the category PSh o (2") of presheaves
of Kan spectra, consisting of all homotopy sheaves; we denote this full subcategory

by hoSh.(%).

Lemma 11.74. Let F be a presheaf of Kan spectra over Z . Then the Godement
resolution

Gode Sing ZF

as in (2.13) is a homotopy sheaf of Kan spectra.

Proof. Since the sheaf F' is section-wise fibrant by Corollary [[1.49] we have, for any

covering U of any open set U C 2~

Holim 57(W), = lim (W), = (1)
(the second isomorphism follows from the sheaf condition of F). O

Corollary I1.75. Every presheaf of Kan spectra is stalk-wise equivalent to a ho-
motopy sheaf of Kan spectra, which can be given by the Godement resolution in

particular. [

Now we turn to the case with € = A°P-.¥ being the category of simplicial Kan
spectra. While there is no known model structure on simplicial Kan spectra, we
do nonetheless have a notion of total equivalences (Definition [[1.61]), with respect
to which a derived category exists and can be constructed from the localization
constructed in Theorem [[1.66] To define homotopy sheaves in simplicial Kan spectra,

it still remains to define homotopy limits of the shape ([2.21]). We will do so “by hand”.
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Definition I1.76. Let f : X, — Y, be a morphism of simplicial Kan spectra. The

mapping fiber F f of f is defined as the pullback

Ff_>F(A1717Y;>

L

X Y,

where F/(AM!Y,) is the simplicial Kan spectrum whose nth level is the Kan spectrum
F((A")en, Yn) .

It is clear that the morphism Ff — X, is a total equivalence, and that the
functor F(AL,?) is right adjoint to Al x?. Moreover, the canonical map F'f — Y
is a fibration.

For a pair of morphisms f, g : X, = Y, of simplicial Kan spectra, we may define

the double mapping fiber F(f, g) as the limit of the diagram

X

@

F(ALla K) —Y,

:

X. f °

More generally, for an n-tuple (f1, ..., f,) of morphisms X, — Y,, we define the n-fold

mapping fiber F(fy,..., fn) as
Xoxp FAYL,Y) x gy Xo X gy F(AMLY) %y -0 X, F(AMLY) x4, X

Using the n-fold mapping fibers, we will “fatten” the diagram ([2.21)), and use it to
define homotopy limit of shape (2.21)) and in turn homotopy sheaves of simplicial

Kan spectra.
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Let F be a presheaf of simplicial Kan spectra over 2", and U an open covering
of an open set U C Z". Consider the diagram

(2.22)

_—

1 .2\ — o 1 2 3 — 1 2 3 4 —
F(T1,2> 7"1,2) — F(T1,2,3v 71,23 7"1,2,3) — F(T1,2,3,47 71234 71,234 7"1,2,3,4) —

n

where the mapping fibers F(r{ ., ...,r ) are defined inductively as follows:

ny e

o F(r{,,17,) is the double mapping fiber of

[[F70) ==]]Fw:nD;)

.3

e Suppose F(r{ ,_y,...,r{ 1,_1) is constructed, then F(r{ . ...r{ ) is the n-

ny

fold mapping fiber of

F(Ti,.‘.n—lv a3) r?:.ln—l) : H ?(UZI AEERNN U’Ln)

The limit of this diagram is denoted by

Holim F(1).

Definition I1.77. A presheaf F, of simplicial Kan spectra is a homotopy sheaf over

2 if, for any covering U of an open set U C 2", the canonical morphism

FU) — Holim F(U),
is a total equivalence.

Note again that if F is section-wise fibrant, then the homotopy limit Eolim F(U),
coincides with the ordinary limit @? (U)e. Therefore, we conclude the following

result analogous to homotopy sheaves of Kan spectra.
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Theorem 11.78. For any presheaf F of simplicial Kan spectra over %2, the Gode-

ment resolution

Gode Sing, || -Z||(F)

as in ([2.20)) is a homotopy sheaf of simplicial Kan spectra. Thus, every presheaf of
simplicial Kan spectra is stalk-wise equivalent to a homotopy sheaf of simplicial Kan

spectra, which can be given by the Godement resolution in particular.



CHAPTER I11

Constructible Derived Category of Kan Spectral
Sheaves

Unless otherwise specified, all spaces considered in this chapter are locally com-
pact Hausdorff topological spaces. We will elaborate on the case of Kan spectral
sheaves, but the constructions and the results in this section can be easily general-

ized to simplicial Kan spectral sheaves.

3.1 The proper direct image functor f

3.1.1 Definition

Let F be a Kan spectral sheaf (or more generally, a Kan spectral presheaf),

U C Z an open set. For a € F(U)(n), we define the support of a to be the set
supp(a) ={z €U :a, #x € F.(n)},
where a, denotes the image of a under the map F(U)(n) — F.(n).

Lemma III.1. The support of a is closed in U, hence locally (but not necessarily

globally) closed in X .

Proof. 1f a, = * for some z € U, then there exists an open neighborhood W C U

such that pY,(a) = * by definition of stalks, and hence W N supp(a) = @. O

69
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In this section, fix a map f : & — % of spaces. Recall that f is proper if the
preimage of any compact set over f is again compact. In locally compact Hausdorft

spaces, this is equivalent to that f is a closed map with compact fibers.
Lemma II1.2 (Properness is local on the target). Let f: 2 — % be any map.
1. If f is proper and V C % is any set, then f~1(V) IV s also proper.

2. If % =, Va is an open cover, and each f~(V,) ER V., is proper, then f is

proper.

Proof. 1. Clearly any fiber of f|y is also that of f and thus compact, so it suffices
to show that f|y is closed. Any closed set in f~!(V) is an intersection with a

closed set @ in 2, and
flv@n (V) = f@) NV
is closed in V.

2. Clearly any fiber of f is also that of some f, and thus compact, so it again
suffices to show that f is closed. Let ) be any closed set in 2, then for each

i € I the set QN f~1(V,) is closed, and therefore

flv@nN fH(Va)) = f(Q) N Ve
is closed in V,,. It thus follows that f(Q) is also closed. ]

Definition ITL.3. Let F be a Kan spectral sheaf (or more generaly, a Kan spectral

presheaf) on 2. For V C % open and n € Z, define

FFV)(n) = {a € F(F1(V))(n) : supp(a) SV is propefl} € LF(V)(n).



71
The main goal of this section is to construct the functor

Proposition II1.4. Suppose F is a Kan spectral presheaf on 2 . For any fized V,

the sequence { F(V)(n)}nez of based sets defines a Kan spectrum fiF(V).

Proof. 1t suffices to show that f,F(V) is a stable simplicial set, because then it would
be a stable simplicial subset of f.F(V), so it automatically satisfies the finiteness
condition defining a Kan spectrum.

For any n € Z and any i € Ny, we have the i-face and i-degeneracy maps
di: £IV)(n) — LIV)(n—1), s LF(V)(0) — LI (V)(n+1),

respectively. We claim that, when restricted to fiF(V)(n), these maps have image
contained in fiF(V)(n — 1) and fiF(V)(n — 1), respectively, hence giving the i-face
and i-degeneracy maps for fiF(V'). The simplicial relations are also satisfied because
they hold for f.F(V).

Let a € fiF(V)(n), and suppose a, = * € F,(n) for some x € f~1(V). Then the

naturality of the colimit diagram defining the stalk F, implies
(dia)y = (ds;)pa, = * € Fp(n —1);

where (d;), is the i-face map of the Kan spectrum JF,, which must preserve the
basepoint. Therefore, we have supp(d;a) C supp(a). By Lemma [[II.1} the closed
inclusion supp(d;a) < supp(a) is proper. It then follows that d;a € fiF(V)(n — 1).

A similar argument also shows that s;a € iF(n + 1). O

Proposition III.5. For a Kan spectral presheaf & on Z°, the assignment V +—

HF (V) defines a presheaf iF on ¥ .
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Proof. Let W C V be open sets in &. Since f,F is a sheaf, there is a restriction
morphism pY, : fL.F(V) — f.(W) of Kan spectra. Again we show that this induces
a morphism pyy, : iF(V) — fi(W), then functoriality inherits from f,.

Let a € fiF(V)(n). Note that the restriction morphism p}cj%)) of the sheaf

sends each a to pijé%(n)a e F(f~Y(W))(n). Moreover, for any z € f~1{(W) C

1

f~Y(V) we have a, = (pj:l%)) (n)a) by the definition of stalk, hence we have

supp (pﬁgv)) (n)a> = supp(a) N f~H(W).

It thus follows that supp (p?j%%(n)a) Lowis proper by Lemma [[11.2] ]

Proposition II1.6. For any Kan spectral sheaf F on 2, the Kan spectral presheaf

fH1F is indeed a Kan spectral sheaf.

Proof. We check that

FFV) — [[AFVa) = T AF(Va N V)

o,

is an equalizer diagram for any open cover V' = J, .4 Va. Since f.J is a sheaf on &,
we have an equalizer diagram

£FV) — [ £30Ve) = [ £F(Van V),

a?/B

and there is an obvious morphism, induced by inclusions, from the first diagram into
the second one.

Recall that limits in AgP-Set are constructed level-wise, and, since . is a coreflex-
ive subcategory of Ag-Set, limits in . are the coreflector of the level-wise limits in
AZP-Set, that is, taking the stable simplicial subsets satisfying the finiteness condition
defining Kan spectra. Therefore, f.F(V')(n) consists of the elements in

eq [[[£FVa)(n) = T £-F(VanVa)(n)

a7ﬁ
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which in addition satisfy the finiteness condition, and we want to show that fiF(V')(n)
consists of those in

eq [[[AF(Va)(n) = [ AF(Van V) ()| |

aMB

satisfying the finiteness condition. Moreover, it is clear that the second equalizer is
contained in the first, so we only need to check that, if a € f.F(V)(n) is also in the
second equalizer, then supp(a) Lvis proper, that is a € fiF(V)(n).

By the argument in Proposition [[IL.5 we may conclude that for any o € A we

have
supp (pjf:%i)(n)a) = supp(a) N f~ (Va),
and hence
supp(a) = _J supp (p}tjg‘vfj)(n)@ ,
acA
and supp(a) Lvis proper by Lemma |[I1.2 H

Theorem II1.7. The assignment F — fiF defines functors

and

f; : Shy(%’) — Shy(g/),

both of which will be called the proper direct image functor. Moreover, in either case

fi 1s a subfunctor of f., and the diagram of functors

Shy (2) —LSh, (%)

PSh(27) —2'= PSh (%)

commutes.
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Proof. Let ¢ : 3 — G be a morphism of Kan spectral presheaves. We define fip to
be the restriction of f.p, and we attempt to show that f.p maps fiF into fiG. In
particular, it then follows that f, preserves identity and compositions.

Let V C % be an open set, and a € fiF(V)(n) C F(f~1(V))(n). Recall that

fep(n) rar— gy (n)a € §(f7H(V))(n),

so again if a, = * € F,(n) for some x € f~1(V), then the naturality of the colimit

diagram defining the stalk map ¢, : F, — G, implies that

(pr-10na), = @u(n)(az) = * € Ga(n).

Therefore, we have supp(f.¢(n)(a)) C supp(a), and again by Lemma [[11.1| we con-

clude that f.p(n)(a) € fi9(n). O

3.1.2 Basic properties of f

We next collect some important properties of the proper direct image functor fi.

Proposition II1.8. For maps 2 ENY/ R %, there is an isomorphism of functors

(gf ) = gio fi: Sho(2) — Sho(Z).

Proof. This is true as in the cases of abelian sheaves and of based sets, since both

g (fi(F)) and (gf)i(F) collect properly supported sections. O
Proposition II1.9. The functor f, is left exact.

Proof. Since all finite limits can be computed in terms of pullbacks and terminal
objects, it suffices to show that fi preserves these special finite limits.
The terminal object in Shg(27) is simply the constant sheaf %5 on 2, whose

section on any U C 2" open only consists of the singleton. Since f, is a right adjoint,
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it preserves terminal object, so we have f.(*5 ) = *4. Since fi(x4) is a subsheaf of
f«(x2°) = *2 which has no proper subsheaf, it follows that fi(x4 ) = %4 also.

Now suppose we are given a pullback diagram

x5
@’l _ ¢
9—>¢ H
in Shy(Z"), then we want to show that
f!jcf!—lb;f!?
ﬁdl fie
f!gﬂf!i}f

is a pullback diagram. Since pullback of sheaves can be detected on sections, it

suffices to prove that for each V' C % open

f!iK(V)Mf!EF(V)

fie' (V) lf!tp(v)
fip(V)
18(V) 222 p3e(v)
is a pullback diagram. Again since f, is a right adjoint, it preserves all limits, so we

have a pullback diagram

' (V)
[XV)—— fF(V)
f*tp’(V)L _ lf*‘ﬂ(v)
FSV) sy FOUV)
By a similar argument as in Proposition it suffices to show that for each n € Z,
and for each e € f.K(V)(n) which is also in
[FV)(n)
T&rl lf*so(V)(n)
(V) (n
RSV (] “E R (V) ()
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the map supp(e) Ivis proper, or e € /iX(V')(n). Note that from the assumptions

we have in particular
a:= fa)'(V)(n)(e) € AF(V)(n),

so if e, = * for some z € f~1(V), then

az = (£ (V)(€)), = (fu¢) € = *.

Thus we conclude that supp(e) is a closed subset of supp(a) which is proper over V,

hence supp(e) is itself proper over V. O]

3.1.3 Locally closed strict Verdier duality

If i : & — % be a closed embedding, then the proper direct image functor 4, is
just i,. Slighlty more generally, we consider a locally closed embedding j : 2 — %.
For any Kan spectral sheaf F on %, we denote by F» the sheaf j7*F, which is
naturally a subsheaf of F. If k : W C £ a subset such that j/ : W C % is locally

closed, then there is a sheaf morphism
Fw =5(")T =jkk™ 5T — jij*F = T,

where the natural transformation kk* — Id arises from the composition of ky — k,

followed by the counit of adjunction k.k* — Id.

Proposition IT11.10. The functor j, is the extension by zero functor in the following

sense: for any Kan spectral sheaf F on 2, we have

. F, ifye Z,
(]!?)y:

« ify¢Z,
As a consequence of the description of stalks above, we have Fy (V) = F(V) if

VCZ and Fx(V)=xifVNZ=0.
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Proof. Note that in this special case, we have
GFV)=H{aeF(ZNV):supp(a) C Z NV isclosed in V} C j,F(V).

Suppose y € %, then any a, € J, is represented by ay € F(V) for some V C &
open. By Lemma [[IL.1] we have supp(ay ) is closed in V, therefore ay € 4F(Z NV)
and a, € HF(V). Conversely, if y ¢ 2, then y has an open neighborhood (#'\C)NV
disjoint with 2, over which the section of j,F consists of only the singleton *. Since

supp(*) = @ is closed in any open set, it follows that (5F), = *. O

Theorem II1.11. The functor ji preserves weak equivalences; in particular, it de-

scends to a functor

namely, it is the same as its right derived functor. Moreover, j is exact.

Proof. This follows from Theorem [[IT.10] since weak equivalences are defined stalk-
wise. Moreover, the exactness of j; follows from Theorem [[II.9] and the description
of stalks of j;F, as right exactness can be detected stalk-wise because stalks preserve

colimits. O

Proposition 111.12. The functor
jg : Shy(o@p) — Shy(@)

1s an embedding into the full subcategory of Kan spectral sheaves G on % which have

trivial stalks outside 2. Moreover, the inverse functor is precisely j*.

Proof. First of all, we note that for any Kan spectral sheaf F on 2, the composition

InF —=jnF —3F
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of j* applied to the inclusion followed by the counit of adjunction is an isomorphism.

In fact, for any z € 2, we have

U3 F). = (1F). = F-.

On the other hand, suppose §G is a Kan spectral sheaf on % that satisfies G, = *

for all y ¢ 27, then the unit of adjunction § — j,7*G factors as
S —5J*S — 3.J°5,
and the first morphism is an isomorphism, since for any y € ¢ we have

(i*G), fyeZ,
(15°9), =
* ify ¢ 7,

which coincides with G,,. O

Definition ITI.13. For a Kan spectral sheaf § on %', an open set V C %, and

n € Z, we define

GZ(V)(n) = {a € (V) : supp(a) C Z}.

Proposition II1.14. The assignment [V +— {G%(V)(n)}] defines a Kan spectral

sheaf GZ on ¥ .

Proof. The proof goes along the same lines as that of Proposition to Theorem
1.6 as we only need to verify the containment of supports, which we did exactly

the same in those proofs. O

Definition III.15. For any Kan spectral sheaf G on ¢, we denote by j'G the Kan

spectral sheaf j*G% on Z.

Clearly, if j : 2 < % is an open embedding, then j' = j*.
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Proposition II1.16. The assignment G +— j'G defines a functor
§':Sho (%) — Sh,(2Z),
called the exceptional inverse imagefunctor.

Proof. Again we only need to check the containment of supports, which has been

done in the proof of Theorem [[T1.7} O

Theorem III.17 (Locally closed Verdier duality). The functor j' is right adjoint to
J-
Proof. Clearly (G%), =« for all y ¢ 2, so by Proposition [lI1.12

33'G(V) = 3" 5% (V) = §7 (V) € §(V),

and we have an inclusion j5'G — G. Moreover, given any Kan spectral sheaf F on
Z, the sheaf jF has satisfies (j1F), = * for y ¢ 2, so any morphism jsF — § factors
as

0F — 5ij'G — G,

where the first morphism is the same as, by Proposition [[I1.12| again, a map F — j'G

upon application of j*. This shows that the desired adjunction. O

Corollary II1.18. Leti: Z — % and j : V — % be closed and open embeddings.

Then both i, =i, and j' = j* have both left and right adjoints. [

3.2 Right derived functors

Fix amap f: 2 — & of spaces.
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3.2.1 The derived direct image R/,

Theorem II1.19. The direct image functor f,. preserves strong homotopy, and there-

fore the right derived functor
Rf.: DShy(Z) — DSho(#)
exists.
Proof. There is an isomorphism of sheaves
I x fF=f, (I xF)

natural in both K and J, since both are the sheafification of I, %, f.F = f.(IL %, F).

It then follows that f, preserves strong homotopy, and Theorem [[[.52] applies. [

Note that f, has a left adjoint f*, which preserves stalks and, therefore, weak

equivalences. Hence Proposition applies:
Corollary II1.20. The direct image functor f, preserves local sheaves. [

Corollary I11.21. The derived direct image functor Rf, has a left adjoint, which

we again denote by f*. ]

Theorem I11.22. For any maps & BNy %, there is an isomorphism of functors
R(gf)« = Rg. o Rf. : DShy(2) — DShy(Z).
Proof. For any Kan spectral sheaf F on 2", the Godement resolution
Gode Sing ZF
is local, therefore so is the sheaf

Rf.(F) = f.(Gode Sing ZF)
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by Corollary [I11.20[ (1). Hence, there are isomorphisms
R(go [)«(F) = (g0 f).(Gode Sing )
= 9.(f+(Gode Sing ZF)) = Rg.(R[.(F)).
in DSh,(%). O
3.2.2 The derived proper direct image Rf

Lemma II1.23. For any Kan spectral sheaf F on 2 there is an isomorphism (K x,

Fe 2K+ (F,) at any x € Z.
Proof. Since stalk is a directed colimit, this follows from Lemma [[I.27] O

Proposition IT1.24. For any Kan spectral presheaf F on 2 and any based simplicial

set K, there is an isomorphism
Ok : K %, (T — fi(K %, F)
of presheaves on %, natural in both K and F, and the diagram of presheaves

K %, iF —2 f(K %, F)

|

K x, f.F=——= fi(K %, F)

commautes.

Proof. The morphism g is the restriction of the bottom isomorphism. Moreover, it

follows from Lemma [11.23] that
Je(K % F)y Z (K ¥y f.F)y = K+ ((fF)y),

for any y € %/, and therefore on any V' C % open, elements in f.(K x, F)(V) have
proper support if and only if they correspond via K 7 to elements in K, (f.(F)(V))
with proper support. In other words, in the diagram above, the isomorphism at the

bottom restricts to an isomorphism 6 on top. O
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Proposition II1.25. For any Kan spectral sheaf F on 2 and any based simplicial

set K, there is a morphism
0]( : K*f;gj—) fl(K*fTr)
of sheaves on % natural in both K and &, and so that the diagram of presheaves

K*p fggj&f[([(*p 3")

| |

K % (T2 f(K % F)

commutes.

Proof. The presheaf morphism K %, 7 — K % J from sheafification induces another
presheaf morphism fi(K x, F) — fi(K = F). Since the target of this morphism is
actually a sheaf by Proposition [[II.6] precomposition with the presheaf morphism
K %, hT — fi(K %, J) in Proposition induces, by the universal property of

sheafification, a natural morphism of Kan spectral sheaves
K*f;.’r"—)f;(K*ff) OJ

Theorem II1.26. The proper direct image functor f, preserves strong homotopy of

Kan spectral sheaves, and therefore the right derived functor
er1sts.

Proof. Given a strong homotopy h : I, x5 — G between sheaf morphisms ¢, :

F = G, we have a commutative diagram

{0}4_*9:_)']4_*9:(_{1}4'_*9:

|

F g F
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We form the following diagram by applying f; and using Proposition [[T[.25}

{0} x AT IL* [T {1} x AT

9[+ /
m l 01y,

fi{0}y x F) — fill4 x F) =— A({1}4 x F)

_— % s A

h I hs I

this diagram commutes by functoriality of f and naturality of the morphism 6.

Therefore, fih o6 is a strong homotopy between fip and f1. n

Corollary II1.27. With respect to the localization on Shy(Z"), the local sheaves are
“fi-acyclic” in the sense that

RAHT = RAS

for any weak equivalence ¥ — G € MorSho(Z"). In particular, the Godement

resolutions are fi-acyclic.

Proof. Since weak equivalences between local sheaves are automatically strong ho-

motopy equivalences, this follows from Theorem [[TI.26] O

Conjecture. For maps 2 ENVEN %, there is an canonical isomorphism
R(gf): — Rg o Rf.
This possibly requires some analogue of the Grothendieck spectral sequence

E3' = RPqRIfy = RFT(gf):.

3.2.3 The derived exceptional inverse image Rj'

For the rest of this section, fix a locally closed embedding j : & — %'
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Theorem II1.28. The exceptional inverse image functor j' preserves strong homo-

topy of Kan spectral sheaves. As a consequence, the right derived functor
Rj': DShy(Z) — DSh (%)
er1Ssts.

Proof. In fact, for any Kan spectral sheaf G on %', we have
j!(Lr *p §) = L % 'S

since both K %, ? and j' = j*(?)? preserve stalks. From the universal property of

sheafification, this isomorphism induces a sheaf morphism
I %j'G — ' (14 % 9). u

Theorem II1.29 (Derived locally closed Verdier duality). The derived direct image

functor

has as right adjoint the functor Rj', the derived exceptional inverse image functor.

Proof. In light of Corollary and Theorem [T1.28] Proposition again applies

to the adjunction (ji,5') from Theorem [[11.17 O
Also as a consequence of Proposition we also obtain the following result.

Proposition II1.30. The functor j' preserves local sheaves. [

3.2.4 Higher derived functors

In this subsection, we record the notion of generalized higher direct image functors

and prove some of their basic facts from K. Brown’s doctoral thesis.
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Definition II1.31. For a Kan spectral sheaf F on 2", the g-th homotopy group sheaf
m,F is the abelian sheaf on 2 defined as the sheafification of the homotopy presheaf

Pr, U m (F(U)).
For each ¢ € Z, the assignment F — 7, F defines a functor
T, - Shy(%) — Sh/.\b<%)

Lemma II1.32. For any Kan spectral sheaf F on X and any v € 2, we have an

isomorphism (z,5), = 7,(F.) of Kan spectra.

Proof. Since sheafification preserves stalks, and that homotopy groups commutes

with directed colimits, we have

(0, F)a = @l@ﬂq(?((])) = (m ?(U>> = mg(Fa)- o

Corollary II1.33. A morphism in Shy(Z") is a weak equivalence if and only if it

induces isomorphisms on all homotopy group sheaves.

Definition II1.34. For a map f : 2 — %, the generalized higher direct image

functors are defined by

RIf(F)=x_Rf.T.
Similarly, the generalized higher proper direct image functors are defined by
RU(F) =n_ RHT.

For the unique map py : & — % from 2 to a point, (pa). = I and (py ) = T
are the global section (with proper support) functors, and their higher right derived

functors are generalized sheaf cohomology

H(Z,F) = n_ RT(Z,T)
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and generalized compactly supported sheaf cohomology
HU(Z,F) =nm_(Rl(Z,F),
respectively.
Lemma I11.35. RIf.(F) is the sheafification of the presheaf
Vi HU(f7H(V); T)
. Similarly, RIfi(F) is the sheafification of the presheaf

Vi HI(f7H(V); )

Proof. Since
Rf.F(V) = GodeSing ZF(f~'(V)) = RL(f1(V); F),

taking 7_, shows that the presheaf V +— H?(f~!(V);F) is the homotopy presheaf of

Rif.(F). The assertion about R?f,(F) is proven similarly. ]

3.3 The constructible derived category

In this section, we consider the category of stratified spaces and stratified maps.
Recall that a stratification of a space 2 is a locally finite partition

2=\ |2,

A€A

such that

1. each %), called a stratum, is a connected submanifold and is locally closed in

Z;
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2. the closure 2, of any stratum .2 is a union I—lu Z,, of strata.

A stratified space is a space 2 equipped with a stratification A. A stratified map
f:Z — % is one such that the preimage of any stratum of % is a union of strata
of 2. Recall an abelian sheaf I on a space 2" is constructible if there exists some
stratification A such that the restriction F|4, on each stratum Z) of A is a local

system of abelian groups.

Definition II1.36. A Kan spectral sheaf F is constructible is all of its homotopy

group sheaves 7, J are constructible abelian sheaves.

By Corollary the notion of constructibility passes to the derived category
DShy(Z") of Kan spectral sheaves on 2". The full subcategory of DShy(%2") con-
sisting of constructible Kan spectral sheaves is denoted by D.Sho(Z"), and called

the constructible derived category.

Lemma I11.37. For a locally closed embedding j : 2 — 2, the functor j preserves

constructibility.

Proof. We show that the diagram

Shyy(2) —=Shy(2)

Shap(Z) — Shap(Z7)
commutes. For any Kan spectral sheaf ¥ on 2, we have Pr,(j.F) = j.(Pn,F)
since both of them send U C 2" to m,(F(U N Z)). By inspection on supports, we
also obtain P, (iF) = ji(Pm,F). Taking sheafification, we get a natural morphism
7, (11 F) — ji(z,F). Since 7, preserves stalks by Lemma and j) commutes with
stalks at points in 2 (and have trivial stalks otherwise), we may detect stalk-wise

to that this morphism is an isomorphism. O
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Proposition I11.38. For an open embedding j : U — Z°, the functor Rj. preserves

constructibility.

Proof. By refining the stratification on 2", if necessary, we may assume that U is a
union of strata U,. For any constructible Kan spectral sheaf ¥ on 2", the homotopy
group sheaves m, Rj,J are simply restrictions of the constructible abelian sheaves
m,F onto U. They are constructible since their further restrictions onto each U, are

local systems of abelian sheaves. O

Corollary II1.39. For a locally closed embedding W : & — Z, the functors Rj,

and 7, both preserve constructibility.

Proof. We may decompose j into W Koyl g , where k is an open embedding
and i is a closed embedding (in fact, we may take Z to be the closure of W in Z").
By Theorem and Proposition [[IL.§ along with the observation that i, = i
is exact, we have Rj, = iy o Rk, and j; = 4y o k. Since three functors preserve

constructibility, so do their compositions. O]



CHAPTER IV

Rings and Modules in Kan Spectral Sheaves

4.1 Rings and modules in Kan spectra

4.1.1 Models of the smash product

Fix Kan spectra X and Y. An Adams datum (a,b) is a sequence {(an,b,) : n €

Np} of pairs of integers subject to the following conditions:
e ag=by=0;
e a,+ b, =mn;
e a, < a,. <a,+1,soequivalently b, < b,y < b, +1;
e lim, .., a, = oo and lim,,_,,, b, = 0.

Given an Adams datum (a,b), we want to define a model X A¢p) Y of the smash
product of X and Y labelled by (a,b), by mimicking the construction of K « (7),
where K is a based simplicial set.

Define

X A Y =5 (XA V).

89



90

where X PAap Y 18 the Kan prespectrum defined by

a,

(4.1)
¥(?h-1) =
(Xp/\(a,b) Y)n = colig j
?n - E (Xa,n71 /\ Yl-)n—l)
i Xa, N Yy,
where

X  ASY,, ,, or

n—1)

7, = (DX,

an—1

) () -
XX AN Y, -

To obtain the structure map

(4.2) 2 (XA Y)n — (XA Y)

)
n+1

note that ¥ is a left adjoint and hence commutes with colimits, so

2 (XAt Y)n > colin l
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Observe that the diagram above is a part of the diagram defining

(X 7’/\(a7b) Y) - = colig L )

L Xan+1

/\ )/bn+1

so there is a canonical map (4.2) as desired.
The construction A is functorial in both coordinates, that is, given maps

X — X' and Y — Y’ between Kan spectra, there is a canonical map
X Nap)Y = X' Nap Y.

A slackening datum is a sequence ¢ = (c¢,) of natural numbers subject to the
following conditions:

e ¢y =0;

e ¢, <cpp1 <ot 1

o lim, ,(n—¢,) = oc.
Given a slackening datum, we may form a Kan spectrum ”X ) by

("X(@), = 2" Xnc,

with the structure map

Xy Xn—cn — Yot Xn+1—cn+1
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which is either induced from the structure map XX, . — X,41-., in the case
Cni1 = Cyn, Or is the identity map in the case ¢,.1 = ¢, + 1. The spectrification
Sp(* X (¢)) is denoted by X().

Suppose ¢ and ¢’ are slackening data such that ¢ > ¢, that is, ¢, > ¢, for all n,
then we have a map

Xy — X,

obtained as the spectrification of the prespectrum map *X ) — X given level-
wise by the iterated structure maps Y**X, — ¥¢X, ., of the Kan spectrum X.
Therefore, given slackening data ¢, ¢/, d and d’, such that ¢ > ¢ and d > d’, and Kan

spectra X and Y, there is a natural map

(4.3) X(e) Map) Yia)y — X&) Nap) Yia)-

Also note that certain vertical arrows in the diagrams defining the prespectrum

X(¢)PNap)Y(a) are in fact equalities; more precisely, this occurs when

(4.4) Upetp = Ap—t—1 + 1 and Cap_p = Cap_py +1,
or
(45) bn—k = bn—k—l +1 and dbn—k = dbn—k—l + 1.

In such cases, the corner

Ek(?n—kﬁ) ~ Zk+1 ((X(C))ankl A ()/(d))bnkl)

e (X), A V), )
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may be omitted when taking the colimit. A choice of such corners to omit therefore
induces a map

X(e) Nap) Yia) — X&) Narpr) Yiar),

where (a’,b') and ¢’ and d’ are obtained from (a, b) and ¢ and d by dropping the parts

corresponding to the choice of omission. More precisely, in the case of (4.4)), we have

/
a;

a;:ai’b;:bi’c :Caivd;;i:db' leSTL—k’—l,

K3

/ _ / _ / _ / _ s
a; y=a;—1L,b,_; =bjc,  =co_,dy,  =dy, i1 >n—k.

The case (4.5]) is similar. The general case is obtained by iterating this procedure.

Finally, for any slackening datum e’ with e’ < e, we get a map
(4.6) (X Aaty Y@) () — (Xie) M) Yiay) o) -

To make the situation more manageable, we need a more categorical description

of the Adams data and the slackening data.
Lemma IV.1. The following data are equivalent:
e an Adams datum;

e a monotone bijection

(4.7) Ny =5 Np II N,
where the coproduct is taken in the category of posets. [

On the other hand, a slackening datum c can be thought of as an inclusion
C < N, with infinite complement. In fact, C' is the set {n|c,+1 — ¢, = 1}, whereas

given such a C, the sequence (c,) can be recovered by ¢, = #(C NN_,). Therefore,
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a model (X (©) Nab) Y(d)) indexed by a choice of an Adams datum and slackening

(e)
data may be encoded by a diagram

C1.D
(4.8) ooHoo[

Np I Ng«== N,

Here the superscript £ corresponds to the slackening datum e in the above sense.

Definition IV.2. The category &7? of slackened Adams data is defined as follows.

The objects are diagrams (4.8]), and a morphism is a commutative diagram

cuub

c'uup oolloo

(4.9)
solloo Np I Ng———2—— Ny
- <
= =

Np IT NS z No

such that the arrows
cubp
oolloco

No I N(’g;u{ Ny II Ny
are jointly surjective. (In (4.9), we decorate the horizontal inclusions with their

complements. )

Regarding the elements not in the image of order inclusion Ny — Ny as being
“dropped”, the joint surjectivity condition means precisely that only the elements

labelled by the slackening data C' and D may be dropped.

To summarize the discussion above, we have
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Proposition IV.3. There is a functor
(?(7) A(2,7) ?(7))(?) : (M(Z))Op X xS — S,

where .# denotes the category of Kan spectra. In other words, every morphism (4.9))

gives rises to a map (4.6 of Kan spectra. O

We will show in the next section that the category o7 is contractible. We
denote by 7(2) the nerve N.oZ® of the category 27 (?; it is a contractible simplicial
set.

We can similarly consider categories o7 ™ encoding all models

/\ (Xi)(ci)

(a1, an) ©
of the n-fold smash product X; A --- A X,, of the Kan spectra X;. More precisely, it
has as objects diagrams
cia---1c,

(4.10) ool 1o
NOHHN(](?-NQ

and morphisms are again commutative cubes with a joint surjectivity condition,
similarly to ([£.9). By a similar strategy to the proof of contractibility of &, we
can inductively show, by forgetting one variable at a time, that these categories .7 (™
are all contractible. We will denote by .27 (n) the nerve N.oZ™ which are weakly
contractible simplicial sets.

Analogously to Proposition for any n € N there is a functor

N Doy | (@M)Px " — 7
(7,..,7)
()

To simplify notation, we denote by A, (X7, ..., X,) the image of (¢, X7, ..., X,,) under

the functor above, where ¢ € ™ and X3, ..., X,, € .7.
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Definition IV.4. Define the twisted half-smash product functor
A (n)x?:. 7" — AP

by setting

A(n)x (X1, Xo)m= /AKX X),

00— 00 o
ENpo/ (™
where faces act by composition of arrows in 0y — --- — 0, and degeneracies act by

insertion of identity arrows.

We furthermore extend the twisted half-smash product to simplicial Kan spectra
o (n) X 7: (AP- )" — AP
by applying diagonal totalization to the resulting bisimiplicial Kan spectrum.

Observe that shuffles can be composed. More precisely, let £ > 0 and jy, ..., 7 > 0
be natural numbers, and put j = j; +- - -+ jx. Then a j-fold shuffle NyII- - - 1IN, ==
Ny of Ny is equivalently a composite of js-fold shuffles (1 < s < k) followed by a

k-fold shuffie. However, there is no composition map
A (k) x o (j1) x -+ x A (jr) — A (j)

due to the jointly surjective condition on the morphisms. Nonetheless, such a com-
position map can be defined on a simplicial subset of the source, and is obtained as

the nerve of the functor from the subcategory of
A ®) s o) s oo g Ur)

consisting of all shuffles with compatible slacks, to the category &7, In general,
given any tree T, there is a simplicial subset ./ (T") C [],., </ (n) consisting of all

shuffles with compatible slacks, and there are composition maps

yr : A (T) — o (nr).
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This exhibits a partial operad structure on the set {7 (T)} labelled by all trees, and

</ will be called the Adams partial operad.

We will give precise definitions of trees and partial operads in Section and
develop a machinery to “rectify” them into an actual operad <7 show that it is indeed
an E.-operad.

However, our point is the rectification is largely unnecessary, as the partial operad
structure {27 (T)}r tree suffices for our purpose to describe the notion of E-ring
Kan spectra. We will follow the second approach in Section to define ring and

modules in Kan spectra, and construct the operadic smash product of modules.

4.1.2 The contractibility of the category .&7®

A functor is called a homotopy equivalence if it induces a homotopy equivalence
on the classifying spaces, i.e., the geometric realization of the nerves. A category is
said to be contractible if its classifying space is.

The goal of this section is to prove the following result.

Theorem IV.5. The category D which encodes all models (X(C) N(a,b) Y(d)>(e) of

the smash product X N'Y 1s contractible.

We denote by C', D and E the subsets of Ny corresponding to the slackening data
¢, d and e as in the previous section. As the first step, we will show that the data
C, D and F can be forgotten without changing the homotopy type of the category.

In this section, we denote by &% the category with objects the Adams data
and morphisms the commutative diagrams

N I Ny =5 N,

<II< <

NOHNOZ)NO
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We also denote by 27 the full subcategory of &7(? consisting of objects with E = @,
that is, objects of the form (4.8]) with the bottom arrow a monotone bijection.

Note that there is an obvious forgetful functor o) — o forgetting C' and D.

Lemma IV.6. The inclusion <, — o/® is itself a left adjoint, and thus is a

homotopy equivalence.

Proof. The right adjoint to this inclusion functor is given by, for an arbitrary object
of the form (4.8)), restricting the bottom arrow to the monotone bijection onto the

image. O
Proposition IV.7. The forgetful functor [ : oy — <% is a homotopy equivalence.

Proof. Fix an arbitrary object
<=
a:NoIINy = Ny

of #%. By Quillen’s Theorem A [27], it suffices to show that the comma category
(f 4 a) is contractible.

Note that an object of (f | a) has the form

C' T D— N, I Ny =N,

|

N IT Ny = N,

Consider the full subcategory (f | a)o of (f | a) on objects

C I D—— N, IT Ny == N,

| ]

No II Ny ——= N
Note that the joint surjectivity condition holds automatically, so the category (f | a)o
is isomorphic to the product of two copies of the poset of subsets of Ny; this poset is

contractible since it admits an initial object (&, @).
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Therefore, it remains to show that the inclusion (f | a)o < (f { @) is a homotopy
equivalence. Fix any object b of (f | a), and observe that the comma category
(b 1 (fd a)o) is isomorphic to the poset of pairs (C’, D) of subsets of Ny with

respect to inclusions, subject to the following two conditions:
e CC(C'and DC D, and

e in both diagrams

C~ -=N D& - =N
r ¢ P ¢
[ [ and [ [
¥ y

C,C—> NO D/(—> NQ

the solid arrows are jointly surjective.

We claim that this poset is directed, hence contractible. Indeed, given C’ and C”
both containing C' and making the left diagram above jointly surjective, then so is
C'NC", since elements not in the image of the vertical arrow lie in the image of both
C’ and C”. Similar holds for D, and thus for any two pairs (C’, D') and (C”, D"),

the pair (C"'NC”, D' N D”) maps to both of them. ]

. . . . < .
Next, consider the monoid M of monotone inclusions Ny <= Ny. There is an
Np.

obvious forgetful functor ¢ : o — M keeping the first copy of
Proposition IV.8. The monoid M 1is contractible.

Proof. 1t is a general fact that, for a (small) category €, the nerve N€ is 2-coskeletal,
therefore its classifying space B = |N%'| has no higher homotopy groups 7, (B%)
for n > 2. It thus suffices to show that m(BM) is trivial. Also recall [27, Prop. 1]
that

(5! (B%, C) = Autcg[(Arrcg)—l](C)
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where €’[(Arr ©)~1] denotes the groupoid obtained from % by formally inverting all
arrows. In the case where ¥ = M is a monoid, this is the Grothendieck group of M.

Thus, we have reduced the proof to the following Lemma. n

Lemma IV.9. The Grothendieck group KM of the monoid M is trivial.

Proof. We show that every element f € M is conjugate to the identity.

Step 1: If f has no fixed points, then f is conjugate to the translation map t(n) =
n+ 1.

Monotonicity, injectivity, and fixed-point freeness together imply that f(n) >

n, so the function g(n) = f™(1) is also a monotone inclusion It is clear that

gt = fg.

Define a “suspension” operation o on M by

1 n=1,
(0f)(n) =
f(n) n>1.

Step 2: If f is not an identity, then f is conjugate to the map o™t for some m > 0.

Observe that f has only finitely many fixed-points. For if f(m) = m, then
f(n) = n for any n < m by monotonicity and injectivity. Let m < oo be the
number of fixed-points of f, then f = ¢™g. Since g is conjugate to t, we see

that f is conjugate to o™t.

Step 3: For any m > 0, ¢t is conjugate to t".

This is clear since o™t o t™ = t™ o t™.

Thus, we have shown that every non-identity element in M is conjugate to t™ for

some m. It then remains to show that
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Step 4: t is conjugate to the identity.

Denote by ¢, 0 : Ny — Ny the inclusions to evens and odds, i.e., ¢(n) = 2n and

o(n) = 2n + 1. We will show that o is conjugate to e, then our claim follows

since
ooid=toe.
Let ¢ € M be given by
2n n even,
q(n) =
2n+1 n odd,

then 0> = goo and ¢> = goe. This means that o, ¢ and ¢ are pair-wise

conjugate, and the proof is complete. O
To finish the proof of the contractibility of .&7(?), we are left to show
Proposition IV.10. The forgetful functor g : @4y — M is a homotopy equivalence.

Consider the comma category (Nj | g) whose objects are diagrams

Ny
<
<,
NO I No —_— No

and whose morphisms are commutative diagrams

Ny
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By Quillen’s Theorem A, Proposition reduces to the contractibility of the
comma category (Ng | ¢). Also consider the subcategory (Nog | ¢)o of (Nog | ¢)

consisting of morphisms

No
| .

1%

N0HN0—7>NQ

| |

N()HN(]@NO

Lemma IV.11. Then inclusion ¢ : (Ng | g)o <= (No | g) is a left adjoint, thus in

particular a homotopy equivalence.

Proof. Define a functor r : (Ny | g) — (No | ¢)o by

NO NO
N()HNQ—;>NQ Imz’HNO—;>a_1(Imi) Ua_l(No)

Then the data of a morphism

No

R

% N()HNO—:>N0

% < <

N()HNO—;>N0

in (Np | g) is equivalent to the data of a morphism

No

Ny II Ny Ny

c

Im i I Ny —=a~ " (Imi) U a™ ' (Np)

i
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in (Ng | g)o. This means precisely that
Homw,q) (120, x) = Homy, g, (%0, 72) ,

so r is right adjoint to ¢. O

Thus, we have established that the category 27(?) is homotopy equivalent to the
comma category (Ny | ¢)o, which can be equivalently described as follows: its objects
are inclusions Ny S Ny with infinite complements, and morphisms between two such

objects are commutative triangles

N> Nj
BN
No
From this we see that there is an embedding of (Ny | ¢)o into the product (A,)“
of countably many copies of the augmented simplex category A,, given by sending
each ¢ : Ny = Ny to
H [Civ1 — ¢ — 2]
=0

7

(with the convention that [—1] = @); the infinite complement condition is equivalent
to that infinitely many coordinates lie in the usual simplex category A, namely, are

nonempty. We denote by € the embedded image.

Lemma IV.12. The classifying space B€ has no homotopy groups, hence € is

contractible.

Proof. We prove that the simplicial homotopy groups of the nerve N€ are trivial.
Consider any generator of 7, (N%) represented by a map Sd" S¥ — N, where
SdY denotes the N-fold barycentric subdivision functor, and S* = AF/9AF is the

simplicial k-sphere. Since Sd” S* has finitely many nondegenerate simplices, for
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each i there exists m; € Ny such that the image of SdY S* is contained in the infinite
product [];2, A, of finite-dimensional simplices. Since one can explicitly construct
a simplicial contraction of this infinite product, it follows that this generator is

simplicially null-homotopic. This shows that mx(N%) = 0. O

This concludes the proof of Proposition [V.10} Combining Lemma and

Propositions [V.7 [V.§ and [[V.10} we conclude our proof of Theorem [[V.5]

4.1.3 Rectification of operads

In this section, by a “tree” we shall mean a version of the concept of planar tree,
where leaves are not counted as nodes, and the tree with a single node is not allowed.

We give the precise definition below
Definition IV.13. A tree (T, n, k) consists of the following data:
e a finite poset (T, <) of branch nodes,
e an arity function n: T — N,
e a grafting function k which sends each pair s < ¢t in T to k(s,t) € {1,...,n};

Such data are subject to the following axioms:

T has a unique maximal element;
e for any s <t in 7T, the interval [s,t]r = {r € T': s <r <t} is a total order;
o for any s; < so <t in T, we have k(s1,t) = k(sq,1);

o for s1,80 € T, let t = sup(sy, so); if k(s1,t) = k(sq,t), then s; and sy are

comparable.
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Remark 1V.14. Equivalently, a tree is a finite poset (7, <) with a unique maximal
element such that, for all s <t € T, the interval [s, |7 is a total order, and that, to

each t € T is equipped a natural number n; and an injective function
¢y :{s€T|s<tand flx € T with s <z < t}.

An element i € {1,...,n,} is thought of as a bud, each of which is either a leaf if

it is not equal to some k(s,t), or is grafted by a tree T ;:

Lemma IV.15. For anyt €T and i € {1,...,n:}, the set
Ty, ={seT:s<t, k(s,t) =1},
endowed with restrictions of <, n and k, is again a tree. [

A subset T of a tree T is a subtree if, when endowed with restrictions of <, n
and k, it is itself a tree. We remark that being a subtree is a condition on the subset

T’, with the rest of the tree data uniquely determined by those of T
Definition IV.16. A morphism of trees is a function f : T" — T" together with a

bijection

0.0 [ (L ond\{k(@. )]z <t zef(s)}) — {1,...,n.}

tef=1(s)
for each s € Im f (in particular, it follows that ny = 32, o1y — lf~Y(s)] + 1),

satisfying the following properties:
o if s <tin T, then f(s) < f(t);
o if f(s) < f(t), then s < t;

e for any s € T", the subset f~1(s) is a subtree of T}
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e for any s <t in 7T such that f(s) < f(t), we have

k(f(s), F() = (B0 © ) (K(s, To))

where to = min([s, ¢] N f~1(f(¢))), and ¢ is the canonical inclusion of the set

{1, ...,n,} \ {k(z,to)|z < t, z € fH(f()}
into the coproduct.

In the above definition, the source of the bijection 6, collects all leaves in the
tree f~!(s), which we demand to biject with the buds of the grafting node s. More
generally, we define the number of leaves of a tree 1" as

ny = H({l, o \{k(z, t)|x < t, x € T})|.

teT

Then the a morphism f : T" — T" of trees necessarily satisfies that ny-1(,) = np for
any s € Im f.

A morphism of trees is injective, surjective, or bijective if the underlying function
is. An injection is precisely an inclusion of a subtree, while a surjection f : T —
T’ can be regarded as grafting a tree f~'(s) to each branch node s € T'. Every
morphism of trees factors as a surjection (onto the image) follows by an injection.

We denote by Aut(7') the group of automorphisms, or bijective self-maps, of 7.
Note that there are embeddings Aut(T) — X,, and Aut(T) < [[,cr 2, as an
automorphism of a tree necessarily permutes the leaves, as well as the set of buds
for each branch node.

We will make frequent use of a special kind of tree [n], whose underlying poset is
a singleton {r}, arity function is constant with value n, and grafting function is the

empty function. It is clear that Aut([n]) = X,,.
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Let II denote the category of trees and injections of trees, and consider a functor
2 . 1I°? — A°-Set. In particular, given any tree T and any t € T, there is
an injection [n;] < T sending the unique node in [n;] to ¢, which induces a map

D(T) = D([ne])-
Definition IV.17. A domain (in simplicial sets) is a functor II°P — A°P-Set subject
to the Segal condition: for any tree T', the canonical map

or : A(T) — [ 2(In))

teT

is an inclusion and a weak equivalence.

Lemma IV.18. Let & be a domain. For any partition of a tree T into subtrees
11, ..., T, namely, each T; is a subtree of T such that every t € T belongs to exactly

one T;, the canonical map

2(T) — ][ 2(T)
18 an inclusion and a weak equivalence.

Proof. The functoriality with respect to I1°? implies that the diagram

ier 2([n4))

This forces the top arrow to be an inclusion and a weak equivalence. O

The category Dom of domains is the full subcategory of the functor category
[1°P-A°P-Set on domains. We also consider the functor category >-A°P-Set, where
¥ = [I,-¢2n is the permutation groupoid, that is, it has as object set Ny, and

Y(n,n) =%, and X(m,n) = & for m # n.
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Proposition IV.19. There is an adjoint pair (L, R) between Dom and 3-A°P-Set

given by
L Dom +—— Y-A°®Set : R
9 —> (Z([n]))nen
(HtGT Cg<nt))T tree — Cg

Proof. Each L(2)(n) = 2([n]) is a X,-simplicial set. On the other hand, given an
injection f : T < T" of trees, we set the map R(%)(f) to be the projection

[T %0 — L% ).

teT’ teT

and the maps 07 are just the identities. The functoriality is clear, and the adjunction
follows from LR = Id, and that the maps dr define a natural transformation ¢ : Id —

RL such that Lo = Id;. O

We now proceed to define monads ® and ® on Dom and 3-A°P-Set, respectively,
such that ®-algebras are precisely operads, and @—algebras may be regarded as “par-

tial operads”.

Definition IV.20. For an object ¥ in X-A°P-Set, define for each n € N

(&) (n) =[] ((H Cf(”t)) X Aut(T) Ew) ;

T tree teT
nr=n

which is a (right) ¥,-simplicial set.

It is convenient to write ¢’ (T") for the balanced product

(H CKO%)) X Aut(T) EﬂT?

teT

so ®(¢)(n) =11,,-,€(T).

Proposition IV.21. ® defines a monad on %-A°P-Set.
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Proof. Functoriality is clear. The unit 7 : Id — @ is defined by mapping, for each &

in ¥-A°P-Set and each n, the simplicial set € (n) to
@(n) = € (n) Xaut(n)) Xn = €([n])

labeled by the tree [n] (recall Aut([n]) = 3,).
To define the multiplication p : ®* — @, fix n € N. For any choice of the

following data

e a tree T' with ny = n,

e for each t € T, a tree T; with ny, = ng,

there is a tree S obtained by “wreathing” trees T; to T', and it satisfies ng = ny = n.

This provides a map

I[LI]#(n) — ][40,

teT seTy seS

which induces on the balanced products a map

[[¢m) — ().

teT

Taking coproduct over the choices T; gives

[T I[em =11 II €@ =]]2@) ) — ] %0S),

(Tt)ter trees teT teT Ty tree teT S tree
nTt =Nt ’Vth =Nt nsg=n

which again induces on balanced products a map

o()(T) — [ €(9).

S tree
ns=n

Finally taking coproduct over all choices T' gives the desired map

22(€)(n) = [] o)1) — [] €(S) = 2(€)(n).

T tree S tree
nr=n ns=n

Unitality and associativity are readily checked. O



110

Corollary 1V.22. R®L defines a monad on Dom.

Proof. The unit nrer : Id = RPL is given by

1d %5 rL Bty pep,

while the multiplication pper : (R®PL)> — RPL is given by
(R®L)? = ROLRDL = RO?L >+ ROL.

Associativity and unitality of R®L follow from the corresponding properties for ®.

]

Definition IV.23. For a domain &, define for each tree T’

&%mzfﬁgw

¢

where “—” denotes a surjection of trees, and the coend is taken over the groupoid

st

| 7

S/

of isomorphisms of trees surjective over T
Lemma IV.24. ®(2) is a domain.

Proof. Given an injection of trees g : 7" < T, we define
®(2)(g) : ®(2)(T) — B(2)(T")

as follows. Any surjection f : S — T restricts to a surjection flp @ f~1(T") —»
T'. Taking the coend of Z(f~'(T")) over all such f gives the desired morphism.
Moreover, the Segal condition holds because the coend simplifies to a coproduct over

isomorphism classes of maps f: S — T. O]
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Proposition IV.25. d defines a monad on Dom.

Proof. Functoriality of d is again obvious. The unit 7 : Id — d is given by, for each

2 in Dom and each tree T', the canonical map

5r: D(T) = / Ti}T—> / f:SH*T@(S).

To define the multiplication i : P2 — Cf, fix a tree T, and choose a surjection

f: S —T. We define a map

f:S=T pg:R—-S f:8—>T
/ / D(R) — / 7S

by sending Z(R) into the part of single coend labeled by R ENFENS Associativity

and unitality are readily checked. O]
Lemma IV.26. There is an isomorphism of functors R® = dR.

Proof. Given a Y-simplicial set ¢ and a tree T, recall

S—T
(PRE)( / [[# ).

seS

On the other hand,

roeyr) - T 11 (H S(n) s, 2)

teT S tree SES:
ng,=nt
Here, we may wreath the trees S; together along T to form a larger tree S with a
surjection S — T, and the product of coproducts may be rewritten as [T, [[,cr
By comparing the two formulas with care, one concludes that ®RE and ROE are

naturally isomorphic. O

~

A map Z — 2’ of domains is called a (tree-wise) weak equivalence if 2(T) —
2'(T) is a weak equivalence for any tree T', and a map M — N of monads on Dom
is called a natural weak equivalence if M P — N2 is a (tree-wise) weak equivalence

for any domain Z.
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Theorem IV.27. There is a natural weak equivalence ® = ROL.

Proof. The desired natural transformation is given by
& ™ SRL = ROL.

Note that the unit of adjunction n : ¥ — RLZ is precisely the map ¢, which by the
Segal condition is an inclusion and a weak equivalence at each tree T'. Moreover, it
is clear from definition that ® preserves tree-wise weak equivalence, so this natural

transformation is indeed a natural equivalence. O

Recall from [23] that, for a monad M : C' — C and left and right M-functors
F:D — Cand G : C — E, the two-sided bar construction B,(G, M, F) is the
simplicial object in the functor category E¢ given by B,(G, M, F) := GM"F. The
face maps are given by right action on GG, multiplication maps of M, and left action

on F, respectively, and the degeneracy maps are given by unit maps of M.

Corollary IV.28. The two-sided bar construction B,(®L, EI\D, D) defines a simplicial

d-algebra such that RB.(®L, &5, D) is naturally simplicially weakly equivalent to 9.
Proof. There are natural simplicial weak equivalences
R%, = RB.(PL,®,7) = B,(RPL,®, 7) <= B,(®,®,9) ~ 2. O

Definition IV.29. The rectification of a ®-algebra & is the simplicial ®-algebra

B,(®L, D, D).

Definition IV.30. The Adams operad < is the rectification B, (®L, </I;, /) of the

Adams partial operad & constructed at the end of Section |4.1.2

Lemma IV.31. For each tree T, the simplicial set </ (T') is a retract of the space

o (nr), and is in particular weakly contractible.
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Proof. Denote by /") for now the subcategory of [Ler /™) so that o (T) =
N.o/™) . We will construct a split of the functor &#” — 7). Denote by [k; 71, ...jx]
the tree where the root has arity k and with its sth bud grafted by the tree [j4]. It

suffices to construct the split
Dy g Kiin),

as the split in the general case can be obtained as the iteration of the functor above.
Indeed, this split is immediate, as a shuffle j-fold shuffle is equivalent to a collection
of k shuffles, each of which is js-fold (1 < s < k), and then followed by a k-fold

shuffle. u
The following is an immediate consequence of Corollary [V.28 and Lemma [[V.31]

Corollary IV.32. The Adams operad </ is an E-operad. [

4.1.4 Operadic smash product in Kan spectra

Definition IV.33. An E . -ring Kan spectrum, or an 7 -algebra in A°P-., is a
simplicial Kan spectrum X, together with morphisms

(1) % (Xo, o, Xo) — X,

n times

for any n € N, satisfying the condition that, for any surjection of trees ¢ : S — T,

the diagram

[T ®) x (X, .. Xo) —= ][ @ ([ne—0)]) x (Xe, ... Xo)

teT teT
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commutes. Here each product []. .o 27 (s) X (X, ..., X,) is interpreted as an iterated

ses
twisted half-smash product over the tree S, and the bottom and the right arrows are

iterations of the morphisms 6, the top arrow is induced by the composition
Vo A (T) — A ([nr])
of the partial operad &7, and the left arrow is induced from the morphism

o+ (T) = [ [« (Ind))-

teT

Define a monad A on the category A°P-.% of simplicial Kan spectra by

(4.11)

AXy=coeq | [] [[# (¢ (@1) x (Xo, .. Xo) = [] ] #(Ina)) x (X, ... X.)

$:S—T teT U ueU

where the top arrow identifies S = U and applies the morphism ¢ of o/, while the
bottom arrow identifies 7' = U and applies the composition . Note that ng =
ny = ny, so the number of X, remains unchanged; however, the factors X, may be
permuted according to the surjection ¢.

An immediate comparison of definitions gives the following.

Proposition 1V.34. There is an isomorphism between the category of A-algebras
and the category of </ -algebras, which restricts to the identity functor on the under-

lying simplicial Kan spectra. [
Similarly, we may also define a functor
Ay (A°P-.F)? —s AP-F

from the category of pairs of simplicial Kan spectra to the category of simplicial Kan

spectra, by defining A«)(X,,Y,) to be the coequalizer of

412) [ [[#67'®) x (Xe, ... Xo.Y0) = T[] #(n]) x (Xe, ... X0, Y0),

$:S—T teT U ueU
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where the coproduct in the source of the coequalizer is taken over surjections ¢ :
S — T which keeps the last coordinate fixed. Then there is a monad A, in the

category (A°P-.#)? of pairs of simplicial Kan spectra defined by
Ay (Xe, Ye) = (AXe, Ay (X, 0)) -

Definition IV.35. Let R be an FE,-ring Kan spectrum, or equivalently an A-
algebra. A simplicial Kan spectrum M is an R-module if the pair (R, M) is an

A y-algebra.

Similarly, there is a monad A, ; in the category (A°-.7)* of triples of simplicial

Kan spectra defined by
‘A(l’l) (Xn }/o; Zo) = (AX07A(1)(X07 Yc)y-A(l) (Xn Zo)) .
We also define a functor
A : (A"p-ﬁﬂ)‘(3 — AP

from the category of triples of simplicial Kan spectra to the category of simplicial

Kan spectra by the formula

IT T2 @) x (X . Xo. Yo, Z) S T[] @([n)) ¢ (X, oo Xo, Y, Z4)

¢:S—>T teT U uweU

again with ¢ keeping the last two coordinates fixed, and the functor

Ayt (AP-7)% — (AP-7)?

‘A(Z)(XMYM Z.) = (.AX.,.A(Q)(X,, Y;7 Zo)) .

Note that A is both a left-algebra over A,y and a right-algebra over A ;).
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Definition IV.36. Given an E,-Kan spectrum R and R-modules M and N, the
operadic smash product M Ar N is the module over the E,-ring Kan spectrum

B(A, A, R) defined as the second variable of the two-sided bar construction
B (A, Ay (R, M, N)) .

More explicitly,

(4.13) M AR N = B (A@), An: (R, M,N)).

We remark that, while M Ar N is not a module over the original ring R, the ring
B(A, A, R) is nonetheless canonically weakly equivalent to R, and thus, as we shall
see in the next section, the derived categories of modules over R and B(A, A, R),

respectively, are canonically equivalent.

4.1.5 Derived categories of rings and modules

Definition IV.37. A morphism of E-ring Kan spectra, or equivalently A-algebras
in simplicial Kan spectra, is a weak equivalence if the morphism is, as a morphism

of the underlying simplicial Kan spectra, a total weak equivalence (Definition [I1.61]).

We will construct the derived category of A-algebras with respect to weak equiv-
alences using the techniques in Section by considering both a fibrant approxi-
mation

Id — Sing, ||.Z||

as well as cell approximation

Q) — Id,

based on the discussion of simplicial Kan spectra in Section [2.3.2
First of all, we say that a morphism of E..-ring Kan spectra is a fibration if it is

a fibration as a morphism of the underlying simplicial Kan spectra.
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Proposition IV.38. If X, is an A-algebra, then so is Sing, ||-Z||(X.).

Proof. In this proof, we may drop the subscript 4 when it is clear from the context

that the objects involved are simplicial. We will show that a morphism
o (n)x (Y1,...Y,) = Z
of simplicial Kan spectra induces a morphism
o (n) x (Sing, [|.Z|(Y1), ..., Sing, |-Z||(Y,)) — Sing, [|.Z]|(Z).

By fixing an element in <7 (n), it suffices to construct, for each n-fold Adams datum
a, a morphism

A (Sing, [|Z]1(X1), ... Sing, | £1(X,))) — Sing £(Z).

a

We elaborate on the case n = 2, and the cases for higher n are done similarly.
We start by constructing, for simplicial Kan prespectra X and Y, a natural

canonical morphism

X N

(ar) ¥

(4.14) Sing, X A, , Sing, [[Y]| —+ Sing,

Y

where (a, b) is a fixed Adams datum, and AP is the smash product on the prespectrum
level performed degree-wise, and ||7]| is the degree-wise (May) realization followed by

the simplicial realization. Notice that, at level n, the source of (4.14)) is the colimit

of the diagram

() = »b* (Sing,

n

X“nfl g

)

A Sing, |[Ys, ;.

Sing, [| X, o A Sing, [|Y5,, |
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where

Sing, || Xa,_y || A E* Sing, [|Ys, e[, or
(?>’,n _ n—1, n,

»le Sing,

Xa

A Sing, [|Ys, el ;

n—1,®

depending on the Adams datum (a,b). Here, X, + denotes the bisimplicial set
Xne: (kB 0) — (QOO_"Xg)k,

and Xb* signifies the Kan suspension of bisimplicial sets with respect to the first
simplicial coordinate. Using the natural canonical morphisms of based bisimplicial
sets

Sing, || K|| A Sing, ||L|| — Sing, || K A L||

and

»1* Sing, || K|| — Sing,

El,oKH

for based bisimplicial sets K and L, the diagram above maps to

Sing, [|X"*(?,)|| —=— Sing,

E17.()(1177,717. /\ }/;)nflv.)

Slng. ||Xan7. /\ }/E)na.”

where

1
Xanfly. /\ 2 7.}/2)”71,.7 or

217.Xan,1,0 /\ 1}/E)nfly.'
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Passing to the colimit, the source of (4.14) maps naturally and canonically to

Sing, || colim | sile(7 y = . yle(X, AV L)

|

Xan,. N }/;Jn:.

which is the target of (4.14)).

We next show that the canonical morphism (4.14]) also passes to the spectrum

level and gives a canonical morphism
(4.15) Sing, [|-Z[(X) Aoy Sing, [|Z]|(Y) — Sing, [|-Z]| (X Awp Y)

for simplicial Kan spectra X and Y. Since ||?|| commutes with A for (bi-)simplicial
sets, it suffices to construct, for inclusion May prespectra Z and T, a natural canon-

ical morphism
(4.16) Sing o Sp(Z) AL, ;) Sing, o Sp(T) — Sing o Sp (Z AL T) .
Recall that the spectrification of an inclusion May prespectrum Z is given by
Sp(Z), = ma’fzm.
k

At level n, the source of (4.16) is the colimit of the diagram

(7" - ¥ (Sing colim Q' Z,, 11 A Sing colim Q“ Ty, 1.11)

|

Sing coli_lg QO Z, .1 ASing colig QT 1o
For each fixed pair (k, /), we may choose m sufficiently large such that a,,, >

a, + k and b, ,,, > b, + ¢; this is possible since lim, a,, = lim,, b, = co. Then there
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are natural canonical morphisms

QkZan+k VAN QeTbn+g — QQfntm=an 7 AT,

An+m

A Qbrtm=be s Q™0 (Z,

An+m n+m )

By taking the colimits appropriately, we conclude that the diagram above maps to

Sing, colim Q™ *(? i) yhe (Sing, colim Qm”(Zan_Hm,,y, A Tb71_1+m//7.)>

Slng. (m/l Qm(Zan+m7. /\ Tbn+m7.)
whose colimit is precisely the target of (4.16). This completes the constructions of

(4.16)), and thus of (4.15)) by appropriately spectrifying /\f%b). m
By a similar argument, one can show that:

Proposition IV.39. If the pair (X,Y) is an A)-algebra, then so is the pair

Sing, ||Z[[(X), Sing, [[Z]|(Y)). 0

We also construct cell approximations of A-algebras. Specifically, a cell in the
category of A-algebras is the free A-algebra functor applied to a cell in the category of
simplicial Kan spectra, namely the image of a morphism of the form under the
shift suspension functor X>°*4*. This leads to the notions of relative cell A-algebra

maps and cell A-algebras.

Lemma IV.40. For any simplicial Kan spectrum X, the free A-algebra AX is a cell

A-algebra.

Proof. Since the free A-algebra functor A is a left adjoint to the forgetful functor

from A-algebras to simplicial Kan spectra, it commutes with colimits and thus,
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in particular, with attaching cells. Since X is a cell simplicial Kan spectrum by

Proposition [[1.63], it follows that AX is a cell A-algebra. O

Proposition IV.41. For any A-algebra X, there exists a cell A-algebra QX and a
total weak equivalence QX = X of the underlying simplicial Kan spectra. Moreover,
the assignment X — QX is functorial, and the total equivalences form a natural

transformation () — Id.

Proof. We put QX to be the (diagonal) realization of the two-sided bar-construction,
QX = |Bs(A, A, X)]|,

which is itself cell. This is clearly functorial in X, and the natural map QX — X
is a total weak equivalence since it is the realization of the simplicial contraction

Bo(A, A, X) = X. O

Proposition IV.42. The cell A-algebras are colocal with respect to total weak equiv-

alences between A-algebras whose underlying simplicial Kan spectra are fibrant.

Proof. This follows from the adjunction between the free A-algebra functor and the
forgetful functor from A-algebras to simplicial Kan spectra, as well as the right lifting

property of fibrant simplicial Kan spectra with respect to cells. O]

Theorem IV.43. The derived category of A-algebras exists, and s equivalent to
the category whose objects are A-algebras, and whose morphisms between X and
Y are A-algebra morphisms from the cell A-algebra QX to the fibrant A-algebra

Sing, [[Z|[(Y).

Proof. This is a consequence of Theorem [A.T3] O

We shall also treat the category of A -algebras.
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Definition IV.44. A morphism of A;)-algebras (R, M) — (R, M’) is a coordinate-
wise weak equivalence if both morphisms R — R’ and M — M’ are, as morphisms

of the underlying simplicial Kan spectra, total weak equivalences (Definition [I1.61]).

A similar theory of fibrant and cell algebras can also be introduced for A)-
algebras by working coordinate-wise. Consequently, we obtain the derived category

DMod of A -algebras with respect to coordinate-wise weak equivalences.

Definition IV.45. Let R be an E-ring Kan spectrum. The derived category of
R-modules D(R) is the full subcategory of DMod consisting of pairs (R, M) with the
first coordinate being the fixed object R, and the second coordinate an R-module

M.

Lemma IV.46. If R and R are weakly equivalent, then there is a canonical equiv-

alence of categories between D(R) and D(R').

Proof. The weak equivalence R = R’ makes any R’-module M also an R-module,

and furthermore (R, M) — (R', M) is a weak equivalence, or an isomorphism in

DMod. O

Corollary IV.47. For any E..-ring Kan spectrum R, the formula yields a

well-defined smash product
?AE?: D(R) x D(R) — D(R)

defined by

M AEN = QM Ar QN,

where QM — M and QN — N are cell R-algebra approrimations.
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4.1.6 Symmetric monoidal structure

In this section, we prove the following theorem:

Theorem IV.48. The category D(R) has a symmetric monoidal structure (A%, R),
where N% is the derived operadic smash product defined in and S s the sphere

spectrum.

First of all, we note that the symmetry of the operadic smash product holds on
the point-set level, that is, before passing to the derived category. That is, we have
a natural isomorphism

MAgN=NAr M

for any E-ring Kan spectrum R and R-modules M and N from the definitions of
Az and Ay 1y via the balanced product over the symmetric groups. Thus, it suffices
to construct the (left) unitor and associator on the point-set level, and to show that
they are weak equivalences.

To construct the left unitor
(4.17) RARM =5 M,
we construct, on the point-set level, a natural morphism
(4.18) B (A(z)a-ﬂ(m)’ (R, R, M)) — B (A(1)7A(1)7 (R, M)) :
This suffices because the simplicial homotopy equivalence
Ba (Aqys Agy, (B, M) = (R, M),
yields, via the diagonal realization of multi-simplicial objects, to a weak equivalence

B (A(l):ﬂ(l)a (R7 M)) ; (Rv M)
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To this end, first recall from definition that

Bn (A(2)7A(1,1)7 (R7 Ra M)) = 'A(Q) © Aq(ll,l) (Rv Ra M)

= Ay 0 (A0 A" R, Ay 0 AT (R, ), Aqy 0 A (R, M))

and

By (Aqy Aqy, (B M)) = Ay o (AR, Ay 0 AL (R, M)

Lemma IV.49. Let R be an E-ring Kan spectrum R' and M' an R'-module. We

have natural morphisms

(419) A(l)(R,, R/) — AR
and
(4.20) A(g)(R/, R/, M’) — .A(l)(R/, M/>.

Proof. The morphism (4.19) is the canonical morphism between the balanced prod-
ucts in the definitions of A and A(y), via the embeddings ¥,, < ¥,;; by permuting
the first n labels. The morphism (4.20]) is obtained similarly, using instead the defi-

nitions of the functors Ay and Ay, and the embeddings X, 1 < X, 49. O

Thus, we obtain for each n > 1 natural morphisms

Ao (Ao AR A o A (R, R), A 0 AL (R, M)

A © (A"Ra A"R, Aqy o Al R, M )>

Ay o (AR Aq) o A (B, M)
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first using (4.19) with (R, M') = A?l_)l(R, M) and then ({.20) with (R',M') =

A?l)(R, M). Taking the diagonal realization of the multi-simplicial objects, this

yields the desired morphism .

Next we construct the associator
(4.21) amnp: (MA;N) AP =5 M AL (N AL P).
We first define the three-fold operadic smash product to be

P

M Ag N Ag P =B (Ag),Aq 1, (R, M, N, P)),

where A, ; ;) is a monad in the category (A°-)* defined similarly to A1y, and
A : (A°P- )t — A°P-.7 is defined similarly to Aqy and A(z). We will compare it
to the module

(M ANg N) ANpaar P.

where P is regarded as a B(A, A, R)-module via the canonical map B(A, A, R) — R.
In fact, we will construct, on the point-set level, a natural morphism
(4.22)

(M Ar N) Apaar B (Aay,Awy, (R, P)) — B (A@), A1y, (R, M, N, P)).
For each n > 1, the nth simplicial degree of the source of the morphism above is
Az o AT <A"+1R, As 0 A1 (R, M, N), Ay o A% (R, P))

= Az o0 ‘A?l,l) oA <~AnRv Aq o A?f)l(Ra M), Awyo Aq(lf)l(Ra N),
Ay o Al (R, P)),
while the nth simplicial degree of the target is
Az o Al 11y (R, M, N, P).

Using the multiplication maps of the monad A, we obtain the following.
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Lemma IV.50. There are natural transformations

(4.23) Ay o Aun — A
and
(4.24) Ay 0 Ap 1) — A -

By iterating (4.23) and (4.24]), we obtain a natural morphism

Az 0 Ay 1y 0 A (AnR;_?l,l)(Rv M, N>7_?1)<Ra P))

|

A(g) (.A(l) o A?51<R, M),.A(l) o -A?ﬁl(R7 N),.A(l) o -A?ﬁl(R7 P))

ﬁ(:&) o ‘A?l,l,l) (R,M,N,P)

These morphisms therefore assemble into the desired morphism (4.22]).

It still remains to construct (4.21)). To this end, it suffices to observe that there

is a zig-zag of weak equivalences
(M AR N) Naary P——MAGN N P <= M Njaap) (N AR P)

of morphisms of the form (4.22). Since these morphisms are invertible upon passing
to the derived category D(R), we may define the associator (4.21)) as the composite

above.
Now we return to the proof of the symmetric monoidal structure (D(R), Ak, R).

Proof of Theorem[IV.4§ Tt remains to check that the unitor (4.17) and associator

(4.21)) satisfy the following three axioms (see [19, Chap. XI]):

(1) the triangle axiom for the unitors and associator;
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(2) the pentagon axiom for the associator;
(3) the hexagon identity for associator and braiding.

To see the triangle axiom, consider the diagram

(M Ar R) Aar) N

\

MANrR RAg N—>M Ar N

/

M Apuar (RARN)
where the two arrows on the left are constructed from and the arrow on the
right is . Upon passing to the derived category D(R), the two composites are
homotopic to the Ay Aidy and idy AAy, respectively, and the zig-zag on the left
gives rise to the associator.
To see the pentagon axiom, we may define the four-fold operadic smash product

to be
My Ag My Ng Ms Ag My = B (A4, A 110y, (R, My, My, Ms, My))

and construct a natural morphism from each of the vertex of the pentagon, each of
which is an iteration of the two-fold operadic smash product on the ordered quadruple
(M, My, M3, My), to the four-fold product. One then observes that, every edge of
the pentagon is formed as a zig-zag of these natural morphisms which, upon passing
to D(R), are weak equivalences. The fact that the pentagon diagram commutes
amounts to that all iterations of the two-fold product is represented by the same
object

My Ng My Ne My N5 M,

in D(R).
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Finally, to see the hexagon diagram, we may similarly observe that, given the
symmetry on the point-set level, all iterations of the two-fold operadic smash product
on the ordered triple (M, N, P) are represented by the three-fold product MAENAL P

in D(R). O
4.1.7 Tensor triangulated structure

Recall from [2] (also cf. [13] and [25]) that a tensor triangulated category is
a triangulated category equipped with a symmetric monoidal product A which is
exact in each variable. The goal of this section is to prove that the derived category
D(R), equipped with A%, is a tensor triangulated category.

We start by constructing the triangulated structure on the category D(R). Recall
that D. is equivalent to the stable homotopy category, and thus is triangulated.
Specifically, it has as translation functor the derived suspension functor LY, and as
distinguished triangles those weakly equivalent (isomorphic in the derived category)
to some cofiber sequence

Xo &y, — .S,

where (C'f),, = C(f,) is the degree-wise cofiber of f,.

Lemma IV.51. Let R be an E . -ring Kan spectrum. If f: M — N is a morphism

of R-modules, then the cofiber C'f is also an R-module.

Proof. To obtain the desired R-module structure, we construct a natural morphism

of pairs of simplicial Kan spectra. Recall the cofiber in simplicial Kan spectra is
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constructed as the pushout

X, — vy,
-
[+*X._>Cf.

and the free R-module functor (AR, Ay (R, Cf)) is left adjoint to the forgetful func-
tor RMod — A°P-.¢ and thus commutes with colimits, so we have a natural isomor-
phism

(AR,A(l)(R, Cf)) = (AR, CAn)(R, f)) ,
where the second coordinate on the right-hand side is the cofiber of the morphism

Awy(R, M) — Aqy(R,N),

and then the functoriality of cofiber allows us to construct (4.25) as the dotted

vertical arrow in the diagram

(‘ARv A(1)<R? M)) - ('AR> ‘A(l)(R> N)) - (*AR? ‘A(l?(Ra Cf))

l | '

¥
(R, M) (R, N) (R,Cf)
to make the entire diagram commute. It is readily checked that the morphism (4.25)

is indeed a morphism of A)-algebra, and the commutativity of the right square

implies that the morphism N — C'f is a morphism of R-modules. ]

Corollary IV.52. Let R be an Ey-ring Kan spectrum. If M is an R-module, then

s0 is LM n

Theorem IV.53. Let R be an E-ring Kan spectrum. The category D(R) has a
triangulated structure where the translation functor the derived suspension LY, and
a triangle

M—N-—P-=

is distinguished if it is distinguished in A°P- .



130

Proof. We check the axioms (TR1)-(TR4) in [32]. Observe that the axiom (TR1)
holds by definition, while axioms (TR2) and (TR4) hold by forgetting to the category
A°P- of simplicial Kan spectra. Note that (TR3) follows from the other axioms,

as observed for example by May [25]. O

Now we investigate the tensor triangulated structure A% on D(R).

Theorem IV.54. Let R be an E..-ring Kan spectrum. The category D(R) with
symmetric monoidal structure as in Theorem [[V.48 and triangulated structure as in

Theorem is a tensor triangulated category in the sense of [2].

Proof. Tt suffices to show that, for any R-module M, the functor M A% (?) preserves
coproducts (that is, it is additive) as well as cofibers (that is, it is exact). Note the
analogous statements on the level of simplicial sets, that is, for any based simplicial
set K, the functor K'A(7) preserves coproducts and cofiber since it is a left adjoint. By
construction, the functors A ;) (R, M,?) and A)(R, M,?) both preserve coproducts
and cofibers. Finally, since both coproducts and cofibers for simplicial Kan spectra
are formed as degree-wise colimits, they are also preserved by the bar construction

and diagonal realization. O]

4.2 Rings and modules in Kan spectral sheaves

In this section, we fix a space 2", and generalize the notions of F_-ring and
modules to simplicial Kan spectral sheaves on 2. To avoid cumbersome notation,
we will sometimes suppress the subscript o of the simplicial object when there is no
ambiguity.

For simplicial Kan spectral sheaves F1, ..., F,, on 2, the twisted half-smash prod-
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uct is defined as the sheafification of the presheaf
Ur— o (n) x (F1(U), ... Fu(U))

extending the twisted half-smash product for simplicial Kan spectra in Definition

V.4

Definition IV.55. An E.-ring Kan spectral sheaf, or an < -algebra in A°P-Sh o (Z"),
is a simplicial Kan spectral sheaf F, together with morphisms

A (1) % (Foy oy Fo) — T

n times

for any n € N, satisfying the condition that, for any surjection of trees ¢ : S — T,

the diagram

[T ®) x (Fe . Fo) —=[[ < ([n6-109]) % (Fo, .. Fo)

¥ )|
[[<) x (5., ...5) 0 7.
seS

commutes.

In other words, an F.-ring Kan spectral sheaf is a sheaf in the category of an
E-ring Kan spectra; compare with Definition [[V.33]
We can construct monads A, Ay, Agq ), etc., and functors A(;) and Ay for

j > 11in a completely analogous way. Again, we have the following result.

Proposition IV.56. There is an isomorphism between the category of A-algebras
and the category of o -algebras, which restricts to the identity functor on underlying

objects. [
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Definition IV.57. Let R be an E,-ring Kan spectral sheaf, or equivalently an A-
algebra. A simplicial Kan spectral sheaf M is an R-module if the pair (R, M) is an

A )-algebra.

Definition IV.58. Given an F,-Kan spectral sheaf R and R-modules M and N,
the operadic smash product M Agx N is the module over the E.-ring Kan spectral

sheaf B(A, A, R) defined as the second variable of the two-sided bar construction
B (Aw) A, (RMN))

More explicitly,

(4.26) MAxN = B (A, Aq 1), (R, M, N)) .

Again, while M AgN is not a module over the original ring R, the ring B(A, A, R)
is nonetheless canonically weakly equivalent to R, and thus, as we shall see next, the
derived categories of modules over R and B(A, A, R), respectively, are canonically

equivalent.

4.2.1 Derived categories of rings and modules

We will again construct the derived category of A-algebras (resp. A(l)—algebras)
with respect to weak equivalences using the techniques of fibrant approximation and
cell approximation.

First recall from that the category A°P-Sh,(Z") of simplicial Kan spectral

sheaves on 2" has a localization ([2.20]), with respect to stalk-wise total equivalences.
Proposition IV.59. If F is an A-algebra, then so is GodeF.

Proof. First observe that if F is an A-algebra in A°P-Sh» (%), then for any x € 2,

the stalk &, is an A-algebra in A°P-.. Indeed, the sheaf AJF has the same stalk as
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the presheaf U — A(F(U)), so we have a natural morphism

AF,y = colim AFU) — colim FU) =F,,

U>sz U>sx
using that each section F(U) of U is an A-algebra in A°-.7.
Now recall from the Godement resolution Gode F is the realization of the cosim-

plicial object Gode™ F = T""F, where

(TH)(U) =[] F=-

zelU

Since each ¥, is an A-algebra, it follows that there is a natural morphism
A(TF) — TF

which is section-wise given by

A (H S"m> — [[AG) — []5F. =TT

zelU xzeU zelU

By induction, we conclude that each Gode" JF is itself an A-algebra.
It remains to show that, for any cosimplicial §* in A°P-Sh»(.Z"), there is a canon-
ical morphism

Al — |AS],
for then the desired structure map of the A-algebra Gode F is the composition
A GodeF = A |Gode® F| — |A Gode® F| — |Gode® F| = Gode T.

Recall that the realization of a cosimplicial sheaf is section-wise realization of the
cosimplicial objects, while the functor A on sheaves are defined section-wise followed

by sheafification, it suffices to show that there is a natural morphism

A|Z*| — |AZ®|
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for each cosimplicial-simplicial Kan spectrum Z°, where AZ*® is A applied to each
cosimplicial degree of Z°, and the realization functor for cosimplicial Kan spectra is
given in (2.12)). Now the desired natural morphism above readily follows from the

universal property of the equalizer. O
By a similar argument, one can show that
Proposition IV.60. If (F,9) is an Aq)-algebra, then so is (GodeF, Gode §G). [T

Combining Propositions [[V.38 and [V.59] we have:

Corollary IV.61. The category of E.-ring Kan spectral sheaves has a fibrant ap-
proximation

Id — Gode Sing, ||.Z||.

Moreover, the category of Ay -algebras in simplicial Kan spectral sheaves also has a

fibrant approximation by applying the above coordinate-wise. [

For cell approximations of A-algebras in Kan spectral sheaves, we define a cell
to be the free A-algebra functor applied to a cell in the category of simplicial
Kan spectral sheaves. This leads to, in the usual way, the notions of relative cell
A-algebra maps and cell A-algebras.

By arguments similar to Propositions [[V.41] and [[V.42] and Theorem [[V.43] we

have the following analogous results:

Proposition 1V.62. For any A-algebra F in A°-Sho(Z"), there exists a cell A-
algebra QF and a stalk-wise total equivalence QF = F of the underlying simplicial
Kan spectral sheaves. Moreover, the assignment F +— QF is functorial, and the total

equivalences form a natural transformation @ — 1d. ]
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Proposition IV.63. The cell A-algebras in A°P-Sho(Z") are colocal with respect
to stalk-unse total equivalences between A-algebras whose underlying spectral sheaves

are of the form Gode Sing, ||-Z||(F). O

Theorem IV.64. The derived category of A-algebras in A°®-Shy(Z") exists, and
18 equivalent to the category whose objects are A-algebras, and whose morphisms
between F and G are A-algebra maps from the cell A-algebra QF to the CE-fibrant

A-algebra Gode Sing, ||.Z||(9). O

The notions of fibrant and cell algebras, and coordinate-wise weak equivalences
can also be introduced for A -algebras, and by a similar argument we obtain
the derived category DMod(2") of A -algebras in A°P-Sh,(2") with respect to

coordinate-wise stalk-wise weak equivalences.

Definition IV.65. Let R be an F.-ring Kan spectral sheaf on 2. The derived
category of R-modules D(R) is the full subcategory of DMod(Z") consisting of pairs
(R, M) with the first coordinate fixed as R, and the second coordinate an R-module

M.
Analogously to Lemma we have

Lemma IV.66. IfR and R’ are stalk-wise weakly equivalent, then there is a canonical

equivalence of categories between D(R) and D(R'). O

As a consequence, we conclude the following result analogous to the case of spec-

tra.

Corollary IV.67. For any E.-ring Kan spectral sheaf R on 2", the formula (4.26))

yields a well-defined smash product

?AE?: D(R) x D(R) — D(R)
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defined by
M AL N = QM Ax QN,
where QM — M and QN — N are cell R-algebra approximations. O

4.2.2 Tensor triangulated structure

In this section, we will prove that for an F,.-ring Kan spectral sheaf R on 2,
the category D(R), equipped with the smash product A%, is a tensor triangulated
category in the sense of [2].

We first observe that the argument in Section can be easily generalized to

sheaves with no change. Therefore, we have the following:
Theorem IV.68. The category (D(R), Ak, R) is a symmetric monoidal category. [

We next construct the triangulated structure on the category D(R). The cofiber

in simplicial Kan spectral sheaves is defined as the pushout

g1 . g
-
[ xF——=Cf

where the functor x is constructed section-wise followed by sheafification. Equiva-
lently, Cf is the sheafification of the presheaf which sends an open set U C 2" to the
simplicial Kan spectrum C(f(U)). Consequently, the suspension ¥XF of a simplicial
Kan spectral sheaf F is the section-wise suspension followed by sheafification.
Following the argument for the analogous statements in the case of modules over

an F.-ring Kan spectrum, we obtain the following results.

Proposition IV.69. If f : F — G is a morphism of R-modules, then Cf is an

R-module. In particular, if F is an R-module, then so is 1F. O
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Theorem IV.70. The category D(R) has a triangulated structure where the trans-

lation functor is the derived suspension functor LY, and a triangle
M—N— P
is distinguished if it is isomorphic to a some cofiber sequence
MLN —er s 0

Theorem IV.71. The category D(R) with symmetric monoidal structure as in The-

orem [IV.68 and triangulated structure as in Theorem [IV. 70 is a tensor triangulated

category in the sense of [2]. O
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APPENDIX A

Derived Categories and Derived Functors via
(Co)localization

A.1 Derived categories and derived functors

Let % be a category, and & C Mor % a class of morphisms in &, called equiva-
lences.

We review the definitions of derived categories and (right) derived functors.

Definition A.1. The (strict) derived category D€ = & '€ of € with respect to

&, if one exists, is a category with a functor
d:¢ — DY

which sends & to the class Iso(D%) of isomorphisms in D%, such that for any functor
F : % — 2 which sends & to Iso(2), there is a unique functor F' : D€ — & such

that ' = F’ o ®, that is, the diagram

l 4
o e
7 A

D¥

of categories and functors commute strictly.
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As usual, a strict derived category, if exists, is unique up to isomorphism of

categories.

Remark A.2. From the 2-categorical point of view, the requirement of strict com-
mutativity seems very restrictive. In fact, we could define derived categories in the
2-categorical sense by relaxing to commutativity up to unique natural isomorphism.
Then, a 2-categorical derived category, if exists, is unique up to equivalence of cate-
gories.

In this thesis, all derived categories considered are strict. We remark that a
derived category in the strict sense is a derived category in the 2-categorical sense,

thus any 2-categorical derived category is naturally equivalent to a strict one.

Lemma A.3. If a derived category D€ of € exists, then the functor ® : € — D€

s a bijection on objects.

Proof. We define a category & as follows: ObjZ is the same as Obj %, and for
any z,y € Obj 2, we define Homg(z,y) = Hompy(Pz, Py). There is a functor
U : ¢ — 2 which is identity on objects and ® on morphisms. Then the functor ®
factorizes into

¢ 25 9 - DE,
where I' is ® on objects and identity on morphisms. Clearly ¥ makes & a derived

category of &, thus I is in fact an isomorphism of categories. n

Therefore, without loss of generality, we can always choose D% in such a way

that it has the same objects as €.

Definition A.4. A functor F : ¢ — & is right-derivable if the left Kan extension
Lang F' of F along ® : ¥ — D% exists. In this case, the functor Lang F' is called

the (total) right derived functor and denoted RF.



141
More explicitly, there exists a natural transformation
n:F — RFo®,

and for any functor G : D% — & and any natural transformation x : F' — G o P,

there exists a unique natural transformation A : RF — G such that (A®) on = k.

If F already sends & to Iso(Z), then we see from the definition of D% that

RF = F.
A.2 Localization

Definition A.5. Let € be a category, & C Mor % a class of morphisms in % .

e An object z € € is local with respect to & if, for any morphism f : x — y in
&, the map

Homy (f, z) : Homy(y, 2) = Homg (x, 2)
is a bijection.

o A localization of a category € with respect to & and consists of an endofunctor
(?) : € — € and a natural transformation « : Id — (7)’ such that for any x €
Obj %, the object 2’ is local with respect to &, and the morphism ~, : x —

in &.

In other words, an object is local if it satisfies a version of “co-Whitehead theo-
rem” with respect to “equivalences” &, and the localization is an approximation by

local objects “from the right”, or a “local resolution”.

Lemma A.6. If f:x — y is a morphism in & with both x and y local, then f is an

1somorphism.
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Proof. Locality of x implies that there is a bijection
Homg (f, z) : Homg (y, 2) — Home (z, ).

Let g : y — x be the pre-image of id,, that is g o f = id,. Now locality of y implies

that there is a bijection
Homy (f,y) : Homg(y, y) — Home (z,y).

Note (fog)of=fo(gof)=f=1id,of, so both fog and id, are mapped to f; it

then follows that f o g =id,. n

Theorem A.7. If € has a localization with respect to &, then the derived category

D€ = &€ exists. Up to isomorphism, the cateqgory DE can be described as follows:
e Obj D% = Obj €,
e for any x,y € Obj €, we have

Hompg (z,y) == Homg (z', /).

Moreover, the canonical functor ® : € — D€ is given by sending an object x to x’

and a morphism f to f'.

Proof. We will verify that ® satisfies the universal property in Definition [A.T] First
of all, ® sends & to Iso(Z) by Lemma [A.6]

Now let F': € — 2 be a functor sending & to Iso(Z), and we will construct a
unique functor F' : D% — 2 with F = F’ o ®. Consider any morphism f € Mor %,

then we must put

(A1) F'(f") = F'(®(f)) = F(f).
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Next, for any object z of €, we have commutative diagrams

3w Fi(a) S22 F(a)
'yle ~l7<w’> = F’(%)l% %lF'W(z’))
;) o~ " F'(x = F' ("
e @t t @)
so we must have
(A.2) F' (W(I/)) =F (7)) = F(72)

Now let ¢ € Hompg(x,y) = Homg(z',y') be an arbitrary morphism. We have

commutative diagrams

g

' ——y F'(z') —=F'(y)
V(a! jN NLW&/) = F/('Y(oc’))lE glpl(’y(y’))
/! 2 / Vi ! /!
o —>y F'(a") s E'(Y")
which forces
(A.3) F'(g) = F'(yyn) " o F'(¢') o F(yw)) = F() ™" 0 F(g) 0 F(7a).

We must also check the consistency between (|A.3]) and (A.1)), that is, we must show

that
F(y) o F(f') o F(y) = F(f).

This follows from the commutative diagrams

f F(f)
===y F(z) —==F(y)
"/x]’“ NL’Yy == F(VZ)L% ELF(’Yy)
' —=y F(a') —= F(y)

f/
In particular, taking z = y and g = id,, we see that F'(z) = F(z) for any object
x of €. One readily checks that this definition makes F’ a functor, and uniqueness

follows since the definition is forced. O
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Remark A.8. In the above construction of the derived category D%, we indeed have
a bijection

Hompg (z,y) == Homg (2, y") = Homg (z,y)

since 3/ is local. Therefore, when computing the hom-set in the derived categories,

it suffices to “resolve” only in the second coordinate.

Theorem A.9. For any functor F : € — &, the right derived functor RF exists,
and it can be computed by

RF = F(?).

Proof. We begin by constructing the natural transformation 7. For each object x of

€, we put
e F(z) 20 prety 200 pary = RE() = (RF o ®)(x).

Naturality of ) follows from the naturality of v and functoriality of F'.
It remains to check the desired universality of . Let G : D€ — % be any
functor, and k : F' — G o ® any natural transformation. That is, for any x € Obj %,

there is a natural morphism
ko o F(x) — (G o @)(x) = G(a),
and we must construct a natural morphism
\: : RF(z) = F(2') — G(2),
such that for any z € Obj %, we have

Ky = (A®); 01y = Ay © F(yan)) © F(72).
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To this end, consider the diagram

Fow |2 e %lcm
P(a') A G()
Flyvan) |, < NlG(“/(zq)
Fa"y " G

so we must put

Aor = Kz 0 F) " o Fyw) ™"
Moreover, the naturality assumption forces
Ao = G(Ve) o X 0 F(ya) = G(7z) t o kg o Fy,) ™

Naturality of A follows from the naturality of x and functoriality of F' and G. The
equality (A®) o n = k is readily checked, and the uniqueness of A follows since the

definition is forced. 0

We end with a useful lemma concerning adjoint functors and their derived func-

tors.

Lemma A.10. Let € and €' be two categories, with equivalences & C Mor € and
& C Mor%é’. Let

F:€€ <— 9:G

be an adjunction. Suppose F' preserves weak equivalences, so it induces to a functor

D€ — DE" which we again denote by F'. Then:
(1) G preserves local objects.
(2) There is an adjunction

F:D¥ «<— D¥': RG.
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Proof. For (1), let z € Obj%” be a local object, and let z — y be a morphism in &,

so F(x) — F(y) is in &’. Then there are bijections
Homey (2, G(z)) = Homg (F (), 2z) = Home (F(y), 2) = Home (y, G(2)).

This proves the locality of G(z). For (2), consider any z € Obj% and z € Obj%".

Then 2’ is a local object, therefore so is G(2’) by (1). Hence, there are bijections

Hompy (F(x), 2) = Homg (F(z), 2')

= Homy(z, G(2')) = Hompy (x, RG(2)).
This proves the desired adjunction. O

A.3 Localization and colocalization

In this section, we treat the case of a category with equivalences, which has
both a “localization” and a “colocalization” in some sense, and we seek an explicit
description of its derived category.

More precisely, let € be a category with equivalences &, and suppose there are

the following data:

e full subcategories 47, and 6 of €,

e functors (7), : € — €., and (?)g : € — €r, and

e natural transformations (7);, A1dL ()R, all of whose components lie in &
which satisfy the following axioms:

1. the objects of €7, are colocal with respect to morphisms in & N Mor %, and

2. the objects of €x are local with respect to morphisms in & N Mor 6.
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With these data, we propose to define a category & as follows:
e ObjZ = Obj¥;
e for z,y € Obj ¥, we haveHomy(z,y) = Homyg (21, yg).

It follows from the two-of-three property of & that both (7); and (?)g sends &

to &.

Proposition A.11. The classes Obj 2 and Mor & = {Homgy(z,y)|z,y € Obj Z}

specified above form a category 9.

Proof. We first declare that an identity morphism id, in Homg(z, x) is represented
by the morphism p, o A\, in Homg (2, zRg).

Next we define the composition
o : Homgy(y, z) x Homg(y, z) — Homgy(x, 2)

for any objects x,y,z € ObjZ. Suppose given morphisms [f] € Homg(z,y) and
[g] € Homgy(y, z) be represented by morphisms f : x; — yr and g : yp — 2zr in €.

Then we have a commutative diagram

(A.4)

(ZR)R

where we decorate by ~ morphisms in &, and ]?is the unique lift of f along (\,)r,
whereas é? is the unique lift of gg o f along (p.)r- We define [g] o [f] to be the

morphism in Homy (z, ) represented by gf € Homy (21, 25).
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To check the associativity axiom, comparing the commutative diagrams

(A.5)

(2r)R (wr)r
(where g]? is the unique lift of g f along (A.)g, and h(gf) is the unique lift of hg og]?

along (p,)r) and
(A.6)

(2r)R (Wr)r

(where (hg) f is the unique lift of (hg)go f along (pu)r) gives that h(gf) = (hg)f. O
Proposition A.12. The assignment

® : Homyg(x,y) — Homg(z,y) = Homy(zr,yr)
f — pyo fol

forms a functor ® : € — 9.

Proof. ® sends identities to identities by definition. To see that it preserves compo-
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sition, consider the commutative diagram

(A.7) rr L YL
NL AN Plur) l
N ~
N f g
T N Y z
N / N
N N on
Z/L)R YR = ZR

and note that p, o/]\”g)\x = p(y,) © fr and thus

—_——

(pz0g0X)ro(pyofors)=(p:0g0N)r0 Py, o fL
= (pz)rogr o (\y)Rr O P(yy) © fL
= (pz)rROogrO pyo Ay o fL
= (p:)rop.0gofol,.
The uniqueness of lifting guarantees that the composition of ®(f) and ®(g) defined

above is precisely ®(g o f). ]

Theorem A.13. The functor

O:¢ — 9
exhibits 9 as the derived cateqory DE = &€ of € with respect to &.

Proof. Again, we will verify that ® satisfies the universal property in in Definition
A1l First of all, ® sends & to Iso(2). Indeed, give a morphism f : x — y in &,

consider the commutative diagram
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where the dashed arrow is th unique lift of p, 0\, along fr, or equivalently the unique
lift of p, o A\, along fr, thus making the entire diagram commutative. It is easy to
see by the composition defined in that this dashed arrow is the inverse to f in
9.

Next let F' : € — o be a functor which sends € to Iso(«), and we will construct
a unique functor F' : 2 — o such that F = F o ®. For any object € €, we are
forced to put

Fpy o)) = F(®(id,)) = idp(g),

SO

F(pa:) =

gl

(A.8) (A) .

Also for any morphism f :z — y in %, we are forced to put
(A.9) F(pyo foX)=F(2(f)) = F(f).

Moreover, for any object x € €, we have commutative diagrams

(Az) (p=)
(xL)L R XL RALA ($R)L

F(Az)

F(ZL’L)L (

LF(L'L (o) F([ER)L

A(Q?L)l Az LA(mR) FA(IL)l F)q LF’\@R)
Ty N TR = Far s Fo—2 > Fap
P(zL)L Pu lp(zR) Fp(zL)l prj LFP(ZR)
21)p ——Tp — (x F(xp)p= Fap— Flx
(@L)r o7 or G (@R S Tk

where the one on the left consists entirely of equivalences and the right of isomor-

phisms, so we are forced to put

and

F(Aawy) =F (proAe 0 A@wy)

I
|
B
>

£

I

3
>~
8

S~—

F (p(ﬂ«“R)> =F (p(xR) © Pz © )‘w) = F((D(px)) = F(ps).
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Combining all these, we are forced to put, for any morphism f : z; — yp in €

F(f)=F(®(f) = F (pum © F o Aap)

which forces the definition
(A.10) F(f)=F(p,) o F(f)o F(\)~".

It is clear that F defines a functor, hence this definition is compatible with (A.§)),

and the compatibility with (A.9)) is easily checked. O
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