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ABSTRACT

Each day, most of us interact with a myriad of networks: we search for information on
the web, connect with friends on social media platforms, and power our homes using the
electrical grid. Many of these interactions have improved our lives, but some have caused
new societal issues — social media facilitating the rise of fake news, for example. The goal
of this thesis is to advance our understanding of these systems, in hopes improving beneficial
interactions with networks while reducing the harm of detrimental ones.

Our primary contributions are threefold. First, we devise new algorithms for estimating
Personalized PageRank (PPR), a measure of similarity between nodes in a network used in
applications like web search and recommendation systems. In contrast to most existing PPR
estimators, our algorithms exploit local graph structure to reduce estimation complexity. We
show the analysis of such algorithms is tractable for certain random graph models, and that
the key insights obtained from these models hold empirically for real graphs.

Our second contribution is to apply ideas from the PPR literature to two other problems.
First, we show that PPR estimators can be adapted to the policy evaluation problem in
reinforcement learning. More specifically, we devise policy evaluation algorithms inspired
by existing PPR estimators that reduce the sample complexity of existing methods when
certain side information is available. Second, we use analytical ideas from the PPR literature
to show that convergence behavior and robustness are intimately related for a certain class
of Markov chains.

Finally, we study social learning over networks as a model for the spread of fake news. For
this model, we characterize the learning outcome in terms of a novel measure of the “density”
of users spreading fake news. Using this characterization, we devise optimal strategies for
seeding fake news spreaders so as to disrupt learning. These strategies empirically outperform
intuitive heuristics on real social networks (despite not being provably optimal for such
graphs) and thus provide new insights regarding vulnerabilities in social learning.

While the topics studied in this thesis are diverse, a unifying mathematical theme is that
of perturbed Markov chains. This includes perturbations that yield useful interpretations in
various applications, that provide algorithmic and analytical advantages, and that disrupt
some underlying system or process. Throughout the thesis, the perturbed Markov chain

theme guides our analysis and suggests more general methodologies.
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CHAPTER I

Introduction

1.1 Motivation

In today’s world, we constantly interact with networks, defined simply as sets of pairwise-
connected objects. Examples include the Internet (websites connected by hyperlinks), social
networks (users connected by friendships), and even the human brain (neurons connected
by synapses). Among these networks, those that have emerged recently have dramatically
disrupted how we interact with friends and colleagues, distribute and acquire information,
conduct business, and undergo countless other activities. While some of these changes have
been beneficial — the Internet facilitating access to information, for example — others have
been detrimental — social networks enabling the rise of fake news, for example. In both cases,
however, networks lie at the heart of important societal issues.

The primary goal of this thesis is to advance our understanding of networks, in hopes
of either improving the solutions they present or mitigating the problems they cause. At a
high level, our contributions are as follows. First, we develop algorithms that can help prac-
titioners better utilize network-related data, with motivating applications including Internet
search and recommendation systems. Second, we prove structural results that give new in-
sights regarding how networks are organized and how processes unfold over networks, with
search and recommendation again as motivation, and also with an eye toward fake news.

Developing such algorithms and proving such results is challenging for (at least) two rea-
sons. First, modern networks have complex interconnections. Owing to this, an algorithm
that works well for a given network may dramatically fail if the network’s topology changes
slightly, processes occurring over seemingly-similar networks can have strikingly different
evolutions, etc. Second, modern networks are massive; studying them manually is impos-
sible, while studying them algorithmically requires extensive computational power, clever
algorithmic implementation, or (as is often the case) a combination of the two. To combat

these challenges, we often abstract a network to a simplified mathematical model — namely,



a random graph — and exploit the mathematical tractability of this model to obtain rigor-
ous insights into the behavior of an algorithm, process, or other phenomena. However, like
all models, these random graphs are crude representations of real-world networks. Thus,
throughout the thesis, we also validate our insights computationally on real networks.

In addition to these algorithms and structural results, a third contribution of the thesis is
to apply our insights to settings beyond the study of networks. These applications are both
practical and theoretical. On the practical side, we use network algorithms as inspiration for
a reinforcement learning algorithm. On the theoretical side, we use network analysis tools to
study the robustness and convergence behavior of certain stochastic models, and specifically
the relationship between robustness and convergence.

In short, this thesis studies a diverse set of topics involving network algorithms, network
organization, processes occurring over networks, reinforcement learning, and robustness of
stochastic models. A unifying mathematical theme appearing across our treatment of these
topics is that of perturbed Markov chains. At times, this involves perturbing some underlying
chain in a manner that yields a useful interpretation for a certain application, and/or that
provides desirable analytical or algorithmic properties. At other times, the perturbation
is generated adversarially and disrupts some underlying system or process, and we aim to
understand the deleterious effects of the perturbation.

To describe this through-line of perturbed Markov chains in more detail, and to more
precisely define the problems we address, we next discuss some technical preliminaries. We

then return to provide a brief overview of the thesis and a summary of our contributions.

1.2 Preliminaries

We begin by introducing the perturbed Markov chains studied most extensively in this
thesis, the PageRank chain and its generalization to Personalized PageRank. We then discuss
some applications of these Markov chains found in the literature. Finally, we describe several

important mathematical properties that will be exploited throughout the thesis.
1.2.1 PageRank

The PageRank chain is defined in terms of a given discrete-time, time-homogeneous,
finite-state Markov chain {X;}sez,, where Z; = {0,1,...}. We assume for simplicity that

{Xi}iez, has state space [n] = {1,...,n}, and we denote its transition matrix by P, i.e.
P(Xip1 =j| Xy =14) = P(i,j) Vi,j€[n]t € Z.

Then for a € (0,1), the PageRank chain corresponding to P is the chain with transition

matrix (1 — a)P + al,1} /n, where 1, is the length-n column vector of ones. Thus, we



obtain the PageRank chain by an a-bounded perturbation of the given transition matrix
P. This is one example of a perturbation that yields a desirable analytical property: since
(1 —a)P +al,17/n is irreducible and aperiodic (without assumption on P), the PageRank

chain has a unique stationary distribution, i.e. a unique nonnegative row vector 7 satisfying

T=m ((1 —a)P+ 0‘1”11) , Zn:w(z) — 1

n X
=1

In the network science literature, {X; }ez, is typically the simple random walk! on some
underlying graph G = (V, E), where V is a set of n nodes and E is a set of directed
edges of the form ¢ — j for 7,5 € V. In this case, the PageRank chain has a particularly
simple interpretation: from the current state, flip a coin that lands heads with probability
1 — o if heads, take a random walk step; if tails, “restart” the walk by choosing the next
state uniformly at random from V. This interpretation was proposed in [1] as a model for
web browsing called the random surfer model. Here V represents a set of web pages, and
1 — j € E means page ¢ € V contains a hyperlink leading to page j € V. Thus, the random
surfer navigates the web by either clicking a random hyperlink (i.e. taking a random walk
step) or typing a random page’s web address into the address bar (i.e. restarting the walk).
If 7 is a particularly popular web page, in the sense that many other pages link to it, the
random surfer frequently visits 7, and 7(7) is large. Owing to this, PageRank was first used
to identify popular web pages for ordering Internet search results. It has since been viewed

as a centrality measure for networks in diverse domains; we discuss some examples soon.
1.2.2 Personalized PageRank (PPR)

PPR is a natural generalization of PageRank. Given a distribution o over [n] (viewed as a
column vector), the PPR vector 7, is the stationary distribution of the chain with transition
matrix (1 —a)P+al,o’. This corresponds to a random surfer who either chooses X;,; from
X¢’s neighbors (as in Section 1.2.1) or restarts at a state sampled from o. Note the latter
case generalizes the uniform restart of the PageRank chain; put differently, the PageRank
vector is precisely the PPR vector in the special case o = 1,/n, i.e. 7 = 7, /,,. In the same
manner as PageRank, we view the PPR chain as a perturbation of the original chain.

An important special case is 0 = ¢;, where e; the vector with 1 in the i-th coordinate and
zeroes elsewhere; to simplify notation, we write such PPR vectors as m; = m.,. Note that
on the corresponding PPR chain, conditioned on restarting, the random surfer deterministi-

cally restarts at i. Conceptually, this leads to a simple inverse-distance interpretation: if j is

!By simple random walk, we mean X, is chosen uniformly at random from X;’s outgoing neighbors in G,
i.e. from those 7 € V with X; — j € E. In the PageRank literature, one typically adds a self-loop to states
with no outgoing neighbors; note {X;};cz, is not irreducible in this case, but the PageRank chain still is.



“close” to 7 in the graph, the random surfer will often visit j between restarts at ¢, and thus
the PPR value m;(j) will be large. Moreover, many networks exhibit homophily, meaning
“similar” nodes tend to be connected — for example, social network users from nearby geo-
graphic areas and of similar ages are more likely to be friends. Thus, if 7 and j are similar,
they will be close in the graph (perhaps friends themselves, or sharing a mutual friend), and
m;(j) will be large by the inverse-distance viewpoint. For this reason, PPR values are often
interpreted as measures of similarity or relevance between nodes.

The case 0 = e; is of particular interest owing to the linearity property derived in Section
1.2.4, which states that any PPR vector 7, can be written as a convex combination of {m; }I" ;.
Put differently, if we are given {m;} ,, we can compute any PPR vector 7,, including the
PageRank vector 7. For this reason, one should view {m;}" ; as the primitive objects of our
study. Given the importance of these primitives, we use the notation Il for the matrix with

rows {m;}I~,, and at times we call II the PPR matrix.
1.2.3 Motivating applications

Having explained the centrality /influence interpretation of PageRank and the similarity/
relevance interpretation of PPR, we describe some applications that have exploited these
viewpoints. As already mentioned, PageRank was originally used to rank Internet search
results [1]. One downside to this approach is that it models all Internet users by the same
random surfer; namely, one that restarts at a uniformly random web page. More realistically,
each user has personal preferences that influence which pages they are likely to restart at.
These preferences are naturally encoded by a distribution o over the set of pages; the PPR
vector 7, can then be used to rank search results while accounting for these preferences.
This idea of personalized web search was in fact the genesis of PPR [2].

Beyond web search, PageRank and PPR have been used in many other practical settings.
For example, Twitter has employed PPR to provide users with personalized recommendations
of who to follow [3]. Here nodes in the underlying graph represent Twitter users and edges
represent follower relationships. Thus, user i’'s PPR vector 7; can be used to identify similar
users j that ¢ does not currently follow (those j for which m;(j) is large but i — j ¢ E),
and Twitter can recommend that ¢ follow j. A similar idea was used for personalized video
recommendations on YouTube [4]. More broadly, PageRank and PPR have been used in
diverse fields such as bioinformatics [5, 6].

In addition to these practical examples, PageRank and PPR have proven useful in graph-
theoretic problems. For instance, PPR has been used to detect communities near a seed
node: the set of j for which m;(j) is large can be viewed as a community (i.e. a subset

of densely-connected nodes) surrounding ¢. This intuitive viewpoint can in fact be made



rigorous [7, 8, 9]; for instance, [7] shows that the resulting community has low conductance,
a traditional measure of how tightly interconnected a community is. As another example,
PPR has been used as a primitive to assess structural similarity between graphs [10].

The examples discussed in this section are far from exhaustive; we point the reader to [11]
for a survey of applications. Moving forward, we discuss specific applications infrequently, as
we will typically be concerned with abstract estimation problems and structural properties.
Nevertheless, it is worth noting the widespread utility of PageRank and PPR; they can

potentially be useful in any application where a graph arises.

1.2.4 Key properties
We next describe some key properties of PageRank and PPR used throughout the thesis.
The first property is a closed-form expression for PPR: to derive it, first observe

Ty = Mgy ((1 —a)P + aanT) =(1—-a)m,P+ac’,

where the first equality holds by definition of 7, and the second holds since n,1, = 1

(assuming we normalize 7, so it sums to 1). We then solve for 7, to obtain?
Te=a0' (I —(1-a)P) ' =ac’ i(l —a)'P" (1.1)
Consequently, recalling from Section 1.2.2 that II is the matrix with rows {m;} ,, we have
N=a(l—-(1-a)P)'= ai(l —a)'P. (1.2)

t=0

We refer to (1.1) and (1.2) as the power iteration, since the summations can be estimated by
iteratively computing certain powers. For example, in (1.2) we can compute the (¢ + 1)-th
summand from the ¢-th as (1 — )M P = (1 — a)!P! x (1 — a)P.

From (1.1), we derive a linearity property: given two distributions oy, o9 over [n] (viewed

as column vectors as in Section 1.2.2) and some A € (0,1), (1.1) immediately implies

Tao1+(1-Noz = Moy + (1 = N7, (1.3)

20mne can argue (I —(1—a)P) is invertible using the Perron-Frobenious theorem: if instead (I —(1—a)P)x =0
for some z # 0, then Pz = /(1 — «), but P cannot have eigenvalue 1/(1 — ) > 1 since it is row stochastic.



Note this extends to any finite mixture of distributions. In particular, we can write

n n
1 1
™= 7Tln/n - 77-2;‘:1 ei/n — E g 1 Te, = E E 1 T,
1= 1=

i.e. the PageRank vector is the average of the PPR vectors.
The final property is a consequence of (1.1) and (1.3): if the initial state X is distributed

as o, and if 7" is a Geometric(o) random variable independent of {X,}.ez, , we have

Xr = j) ZZP Xy = j|T =t,Xo = i)P(T = t)P(Xo = i) (1.4)

i=1 t=0

_ZZPtzj ) x a(l—a)! xo(i :Z D7) = 75 ().

i=1 t=0 i=1

In words, (1.4) says we can sample from the distribution 7, by simulating a Geometric(a)-
length trajectory beginning at a state drawn from o; we call this the perfect sampling prop-
erty (chains exhibiting this property are more generally called Doeblin chains [12, 13]).

It is worth noting that (1.1), (1.3), and (1.4) are extremely special properties that need
not hold for general Markov chains. Thus, as alluded to in Section 1.1, we can view PageRank
and PPR as perturbations that yield desirable analytical properties. Moreover, as will be

discussed shortly, these properties lead to algorithmic advantages as well.

1.3 Overview of the thesis

Equipped with the definitions and key properties of PageRank and PPR, and having
presented motivating applications, we provide an overview of the thesis and our contributions.

Thematically, the thesis is organized into three parts, which we discuss in turn.
1.3.1 Part 1: Exploiting local structure in PPR estimation

The first part of thesis considers algorithms for estimating certain submatrices of II, or
estimating II itself. Such estimators are necessary because computing II via the matrix
inversion in (1.2) is infeasible in many of the applications discussed in Section 1.2.3, since
this computation has O(n?) complexity and n may be on the order of 10° or greater. Before
discussing our contributions, we give a brief survey of the most relevant existing algorithms
so as to contextualize our work. We also note that Sections 2.2 and 3.5.2 contain more

thorough PPR literature reviews and more detailed comparisons to our algorithms.



1.3.1.1 Existing algorithms and context of our work

Most PPR estimators are derived in some manner from the power iteration (1.2) and/or
the perfect sampling property (1.4). Indeed, we have already interpreted (1.2) algorithmically
in our discussion of the power iteration (see Section 1.2.4). Note in particular that for large
T, TI(-,i) (the i-th column of II) can be estimated with complexity O(T'n?) using T matrix-
vector multiplications. Conceptually, this approach works backward from ¢ to explore all
paths of length at most T" leading to 7 in the underlying graph. Improving upon this idea, [§]
provides an algorithm called Approx-Contributions that estimates II(-, i) by exploring only
“high-probability” paths at lower complexity. Analogously, [7] proposes an algorithm called
Approx-PageRank that estimates m; = Il(7,-) by forward exploration of high-probability
paths. From a probablistic perspective, (1.4) immediately suggests estimating m; via Monte
Carlo, i.e. by sampling many Geometric(«)-length trajectories from i. Several variants of this
scheme were proposed in [14]. The ideas from [8] and [14] were later combined in [15] for an
algorithm called Bidirectional-PPR. As its name suggests, Bidirectional-PPR estimates
a single PPR value 74(t) = II(s,t) in two stages: random walks are sampled forward from
source node s € V' and Approx-Contributions is run backward from target node t € V.

The algorithms of [7, 8, 14, 15] all feature rigorous accuracy and complexity guarantees
but estimate only a subset of the entries of II. Clearly, these algorithms can be run repeatedly
to estimate all entries of II — e.g. one can use the algorithm of [8] to separately estimate each
column of IT — but this is intuitively wasteful as it ignores dependencies across entries arising
from the common underlying graph. For instance, if m;(j) and 7;(k) are both large, the
inverse-distance interpretation from Section 1.2.2 suggests m;(k) will be large as well. Prior
work, such as [16, 17], has attempted to exploit these dependencies to reduce complexity,
but these works typically lack rigorous guarantees. The fundamental difficulty is that these
dependencies rely heavily on the local structure of the underlying graph . In contrast, works
with rigorous-yet-tractable analyses typically ignore local structure and express complexity
in terms of macro-level graph parameters (number of nodes, number of edges, etc.)

A major contribution of this thesis is to bridge these approaches, i.e. to account for local
structure while still providing rigorous guarantees. This is made possible by the random
graph abstraction mentioned in Section 1.1: we consider random graphs with well-behaved
local structures, which makes it tractable to exploit dependencies while providing rigorous
guarantees. On the other hand, we consider models that preserve the key properties of real
graphs, and thus our insights hold empirically for real graphs as well. We next discuss two

settings in which we exploit local structure to accelerate PPR estimation in this fashion.



1.3.1.2 Overview of Chapter 11

In Chapter II, we consider estimating the sub-matrix of IT with rows S C V' and columns
T C V, denoted I1(S, T'). For example, if S represents a set, of users searching for friends on a
social network and 7" represents a set of users matching the search queries, estimating I1(.S,T')
allows us to order the search results for each searching user. Our algorithms are based on the
aforementioned Bidirectional-PPR estimator. Clearly, we can use Bidirectional-PPR to
estimate I1(S,T) by separately sampling random walks forward from each s € S and sep-
arately running Approx-Contributions backward from each t € T. However, this ignores
possible dependencies across the entries of II(.S,T") that we can potentially exploit. Thus,
in Chapter II we propose two accelerations of this naive approach. First, we show that
random walks can be shared across S, reducing sample complexity. Second, we develop an
Approx-Contributions variant that runs jointly across 7" and eliminates wasteful compu-
tations that may occur if the algorithm is run separately for each t € T

Our analysis in Chapter II shows that the complexity reduction resulting from these
accelerations is most significant when S and/or T are clustered, i.e. when most s € S
and/or most t € T are close in the graph. As a concrete example, we study our walk-sharing
scheme on the stochastic block model (SBM), a common model for graphs with this clustering
property. For the SBM, our method requires as few as O(logn/ log log n) random walks when
|S| = v/n, whereas the naive approach requires Q(y/n). Moreover, empirical results show
that our algorithms significantly reduce the runtime of the naive approach when S,7T are
clustered on real-world graphs (and moderately reduce runtime when S, T" are not clustered).
As an application of these results, we propose a distributed PPR estimation scheme that
simultaneously samples walks and partitions S so as to reduce runtime, without using a
separate (and likely costly) partitioning scheme. In short, we exploit the local structural

property of clustering to accelerate PPR estimation in Chapter II.
1.3.1.3 Overview of Chapter III

The connection between clustering and complexity explored in Chapter II hints at deeper
structural properties, which we address in Chapter III. Here the specific property of interest
is dimensionality and arises from the following (apparent) paradox: the entires of II have a
naturally transitive structure (see Section 1.3.1.1), yet is II is full rank for any underlying
graph G (see Section 1.2.4). Put differently, rank is too coarse to capture the intuitively
small dimension of II. Hence, in Chapter III we consider a different dimensionality measure;
roughly, the minimal rank among a certain set of matrices e-close to II (in the [, operator
norm, which is natural for row stochastic matrices like IT). This quantity is difficult to analyze

for a fixed graph, so we restrict attention to a sequence of random graphs {G,, = ([n], E,,) }nen



generated via the directed configuration model (DCM) [18], a means of randomly constructing
a graph with a pre-specified degree distribution.

Our analysis shows that under certain assumptions, this dimensionality measure scales
as O(n), ¢; € (0,1), resolving the aforementioned paradox. Our key assumption is that the
in-degree distribution is sparse but heavy-tailed; for example, this roughly occurs on Twitter,
where typical users follow a tiny subset of all other users and celebrities have a great number
of followers. Furthermore, we show that this dimensionality measure dictates the complexity
of estimating II: since only O(n) rows of II are truly independent, one can estimate only
these rows, then recover the remaining rows as linear combinations. This allows us to show II
can be estimated with complexity O(n), ¢, € (1,2), improving upon all existing algorithms
(when our assumptions hold). We note the algorithm in Chapter III is conceptually similar
to those from the aforementioned [16, 17], which account for dependencies across II but lack
rigorous guarantees. Thus, as in Chapter II, abstracting to a random graph allows us to

exploit structural properties and (rigorously) accelerate PPR estimation.
1.3.2 Part 2: Applications of PPR algorithms and analysis

The second part of the thesis applies algorithmic and analytical ideas from the PPR

literature to two problems beyond networks. We discuss each in turn.
1.3.2.1 Overview of Chapter IV

In Chapter IV, we adapt PPR algorithms to the policy evaluation problem in reinforce-
ment learning (RL). The basic object of study is a finite, discrete-time Markov decision
process (S, A,Q,c): S is a set of S € N states, A is a set of A € N actions, and, given
state-action pair (s,a) € § x A, we incur instantaneous cost ¢(s,a) € Ry and transition
to s € S with probability Q(s'|s,a). Mappings 7 : S — A are called policies and dictate
the action taken at each state3. Thus, each policy 7 induces an instantaneous cost vector
cr(s) = c(s,m(s)) and a transition matrix Q.(s, ) = Q(:|s,7(s)) and that depend only on s.

The discounted cost incurred when using policy 7 and starting from state s is then

va(s) =E | (1= ) ) a'cr(ST)

t=0

Se = s] =(1—a)e! ZatQﬁrcﬂ, (1.5)
=0

where « is a discount factor that reflects a trade-off between short- and long-term costs, and
where {S] }iez, is an S-valued Markov chain with transition matrix Q.. Policy evaluation
then refers to estimating the vector v, = {v,(s)}ses for a fixed policy 7.

Policy evaluation has a clear connection to PageRank and PPR: by (1.2) and (1.5), v.(s)

3In Chapter IV, we use 7 to denote a policy for consistency with the RL literature; this is not to be confused
with the PageRank vector 7 used in other chapters.



is the expected cost of a random state sampled from s’s PPR vector on Q,*. However, a
key distinction in the RL setting is that we do not know @, explicitly and can only sample
from it; more precisely, for any s € S, we can sample a random state distributed as Q(s, -)
(the s-th row of @, a distribution over §). Thus, the problem considered in Chapter IV is
to accurately estimate (1.5) with as few samples as possible.

In this setting, the existing approach from [19] estimates v, (s) by simulating many tra-
jectories on the @), chain beginning at s; repeating this for each s € § yields an estimate of
vr. Conceptually, this existing approach is analogous to separately estimating each primitive
PPR vector. But when @, is known and ¢, = e, for some s* € §, estimating v, amounts
to estimating the s*-th column of the PPR matrix, and the PPR literature suggests it is
more efficient to use Approx-Contributions or its bidirectional variant (see Section 1.3.1.1).
Motivated by this observation, our goal in Chapter IV is to extend these PPR algorithms to
the setting where @), is not explicitly known and ¢, is a general cost vector.

There is, however, a fundamental issue with our approach: Approx-Contributions is
based on the idea of backward exploration and thus requires us to understand columns of
Q, but we are only allowed to sample from rows of ). To overcome this issue, we assume
additional side information is provided; namely, a graph whose edges are a superset of those
in the graph induced by @Q),. We call this the supergraph and argue in Chapter IV that such
side information is likely available in many applications of interest.

Equipped with the supergraph, we devise an analogue of Approx-Contributions for the
policy evaluation problem. We prove that its sample complexity is asymptotically equiva-
lent to that of the existing approach in the worst case, and in the average case it can be
significantly better. For instance, if the supergraph and cost vector are maximally sparse (in
certain senses), the average-case sample complexity of our approach is O(logS), compared
to O(S'log S) for the existing approach. We also devise an analogue of Bidirectional-PPR,
which we argue has lower sample complexity than other approaches if a highly-accurate esti-
mate is desired. Finally, we discuss several other settings where our analysis could potentially

be recycled to extend PPR estimators and related algorithms to other RL problems.
1.3.2.2 Overview of Chapter V

In Chapter V, we apply analytical ideas from the PPR literature to study the robustness
of Markov models. More precisely, given a Markov chain with transition matrix P, and state
space [n], a distribution o, over [n], and some a,, € (0, 1), we study the PPR-like perturbation
P, o =0—0a,)P, + anlnag . We refer to such perturbations as restart perturbations in

Chapter V, and we view them as part of a larger class of perturbations which change each

4The roles of o and 1 — « are reversed compared to other chapters for consistency with RL conventions.
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row of P, by at most «,, in total variation distance. Our main goal is to understand how
this perturbation of the transition matrix affects the long-run behavior of the chain. Thus,

mathematically, we study the relationship between the perturbation magnitude «a,, and the

error magnitude ||, — T4, o, |7V, Where 7, and 7, », are the stationary distributions of the

original and perturbed chains, and where || - |7 denotes total variation distance.
We prove two main results in Chapter V. The first shows that for a certain class of chains,

the asymptotics of ||, — 7q, ».|/7v are fully characterized by the relative asymptotics of
(n)

a, and the mixing time ¢, (¢) of the P, chain (roughly, the number of steps before the

distribution of the P, chain is e-close to m,). More precisely, we show the following:

o If antfgx(s) — 0, |7, — Tay, 00 ||l7v — 0 for any sequence of distributions {oy, }nen.
(n)
t

o If a,t, () = 00, || — Ty .0, |l7v — 1 for some sequence of distributions {,, }nen.

o If antfﬁl(a) — ¢ € (0,00), limsup,,_, |70 — Tan.o, ll7v < 1 — e ¢ for any sequence of
distributions {0, }nen, and some such sequence attains the bound.
This “trichotomy” of cases echoes the results of [20, 21|, along with a connection between

PPR dimensionality and mixing times discussed in Section 3.7.4, which similarly show that

some property of the original chain is unaffected when antr(ffi)x(e) — 0, is changed maximally
when antﬁgi)x(g) — 00, and exhibits an intermediate behavior when antfgi)x(s) — (0, 00).

However, [20, 21] and Section 3.7.4 consider generative models for the underlying chain, all
of which have cutoff, meaning
lim ¢ ()t (1—e)=1Ve e (0,1/2). (1.6)

mix
n—00

In contrast, our result applies to all chains with cutoff, provided these chains are irreducible,
lazy, and reversible. In other words, we show the “trichotomy” phenomena is more general
than suggested by [20, 21] and Section 3.7.4. We also note parts of our analysis — in particular,
our upper bounds — apply to larger classes of chains; see Chapter V for details.

Our assumptions of irreducibility, laziness, and reversibility are common restrictions in
the mixing times literature; in contrast, the assumption of cutoff is quite strong. Our second
result addresses whether such an assumption is necessary. We partially answer this by
showing that the weaker notion of pre-cutoff (which only requires the ratios in (1.6) to be
uniformly bounded as n — o) is equivalent to certain notion of “sensitivity to perturbation”
(meaning ||m, — o, o, ||l7v — 1 for certain a,,, o,,). Intuitively, cutoff and pre-cutoff describe
a sharp or sudden convergence to stationarity, and thus our second result suggests this
sharp convergence is intimately related to perturbation sensitivity. This second result also
complements the main result of [22], which shows that (1.6) is equivalent to a certain notion

of “hitting time cutoff”. The utility of these results is that, while different notions of cutoff
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have been established for many different chains, there is at present a lack of general theory.
1.3.3 Part 3: Social learning and fake news

The third and final part of the thesis is unique in that PageRank and PPR do not appear
in our analysis. Instead, Chapter VI considers a model for the spread of fake news over social
networks. The model includes n agents attempting to learn an underlying true state of the
world in an iterative fashion (modeling, for example, social network users debating a pair
of candidates running for office). At each iteration, these agents update their beliefs about
the state based on noisy observations (modeling news articles) and the beliefs of a subset of
other agents (modeling discussions on social networks). These subsets may include a special
type of agent we call bots, who attempt to convince others of an erroneous true state, rather
than learn (modeling users spreading fake news). The precise form of the belief update is
taken from the recent empirical work [23] and bears resemblance to the non-Bayesian social
learning model of [24].

Under this model, two competing forces emerge as the learning horizon (i.e. the number of
iterations) grows: agents receive more observations of the true state (beneficial to learning),
but the influence of bots gradually propagates through the system (detrimental to learning).
Hence, while the learning horizon has a clear effect on the learning outcome, the nature
of this effect is unclear. Moreover, this effect has often been ignored in the literature; for
instance, [25, 26, 24| all study models similar to ours but only consider infinite horizons.

We (partially) address this gap by considering a horizon 7,, that is finite for each finite
n but grows to infinity with n. Assuming the underlying graph is generated via the directed
configuration model (see Section 1.3.1.3), our analysis details three potential learning out-
comes: agents may learn the true state, mistake the erroneous state promoted by the bots as
true, or believe the state falls between the true and erroneous ones. Which outcome occurs
depends on the relative asymptotics of T,, and a quantity p, that describes the “density”
of bots in the network. This leads to several interesting consequences; for example, agents
initially learn the true state but later “forget” it and believe the erroneous state to be true.

In Chapter VI, we also adopt an adversarial viewpoint and consider the problem of seeding
bots so as to maximally disrupt learning. We leverage our analysis of the learning outcome
to formulate the adversary’s problem as an integer program in terms of the bot density p,.
While this problem can be solved exactly, we also propose an approximate solution that
can be obtained at lower computational complexity. The form of this approximate solution
suggests that successful adversaries carefully balance agents’ influence and susceptibility to
influence. For a social network like Twitter, this means targeting users with many followers

(i.e. influential users) who follow very few users themselves (so that fake news tweeted by
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bots will appear prominently in the targeted users’ Twitter feeds). Moreover, the precise

form of the approximate solution is non-obvious and empirically outperforms more intuitive

heuristics on real social networks. In short, we believe our analysis provides new insights

into vulnerabilities of news sharing platforms and social learning models.

Though PageRank does not appear in Chapter VI, it bears much in common with the

rest of the thesis. It is conceptually related because a perturbed Markov chain appears: we

show analyzing beliefs amounts to analyzing a certain random walk that bots perturb to

prevent learning (see end of Section 6.1). Methodologically, it follows a random graph-based

analysis similar to Chapter III; we discuss this connection more in Section 7.1.2.

1.4

Summary of contributions

In summary, the major contributions of this thesis are as follows:

With random graphs as a key tool, we devise PPR estimators that exploit local
graph structure but still admit reasonably tractable analyses. This allows us to ob-
tain stronger theoretical guarantees than existing algorithms that similarly exploit
structure, while also empirically accelerating existing algorithms that ignore structure.
Along the way, we resolve an apparent paradox regarding PPR dimensionality.

We adapt backward exploration-based PPR estimation algorithms to the problem of
policy evaluation in reinforcement learning. In the worst case, our algorithm has similar
performance to the existing approach; in the average case, it can offer dramatically
better performance, reducing sample complexity from O(S log S) to as low as O(log S)
if the supergraph and cost vector are sparse in certain senses.

Viewing the PPR Markov chain as an adversarial perturbation of a given chain, we
show the relationship between perturbation magnitude and mixing time dictates the
asymptotic change in stationary distribution for a certain class of chains. We also
prove that perturbation sensitivity is intimately related to a certain notion of cutoff.
Motivated by the increasingly-prominent issue of fake news, we study a model of social
learning in the presence of malicious agents. Using our random graph-based analysis of
the learning outcome, we devise strategies for seeding malicious agents that empirically
outperform intuitive heuristics on real graphs. These strategies also give novel insights

regarding vulnerabilities in social learning.

Important note: Notation varies across chapters but each is self-contained, i.e. any notation

used in a chapter is defined in that chapter. Appendices use the same notation as their

corresponding chapter, e.g. Appendix A uses the same notation as Chapter II.
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CHAPTER 11

On the Role of Clustering in Personalized PageRank

Estimation!

2.1 Introduction

Motivated by the widespread applications (see Section 1.2.3) of Personalized PageRank
(PPR) and the need for efficient estimation algorithms (see Section 1.3.1), we consider the
following problem in this chapter. We are given a directed graph G = (V| E), a set of source
nodes or sources S C V', and a set of target nodes or targets T C V. Our goal is to estimate
II(S,T) = {ms(t)}sester, where II is the PPR matrix and 7, is the PPR vector defined in
Section 1.2.2. For instance, S could represent a set of users searching for friends on Twitter,
T could represent those users matching the search queries, and estimating II(S,T") would
provide a means of ranking search results for each searching user.

Throughout this chapter, we devise several algorithms for this task and show that their
complexity decreases with increased clustering among the given sources and targets. To
demonstrate the consequences of our findings, we also consider a distributed setting in which
this relationship between complexity and clustering can be leveraged to design more efficient
algorithms. More specifically, our contributions in this chapter are as follows:

1. In Section 2.3, we propose a variant of Bidirectional-PPR [15], the state-of-the-art
PPR estimator for a single source/target pair (i.e. for the case |S| = |T| = 1). As
the name suggests, Bidirectional-PPR estimates PPR in two stages: random walks
forward from the source node and dynamic programming (DP) backward from the
target node. Our algorithm, called FW-BW-MCMC, adds a DP stage forward from the
source that allows it to serve as a primitive in the many pair setting. In Appendix A.1,
we establish similar guarantees to those for Bidirectional-PPR.

2. In Section 2.4, we use FW-BW-MCMC as a primitive to estimate PPR for many pairs,

!This chapter is adapted from [27]. A preliminary version appeared in the abstract [28].
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Figure 2.1: Summary of empirical results.

proposing methods that accelerate the naive scheme of separately sampling walks for
each source and separately running DP for each target. For the sources, we show the
forward DP allows walks to be shared, decreasing the number of walks required. For
the targets, we define a new iterative update for the backward DP, which eliminates
repeated computations that may occur when treating each target separately. Using
these ideas, we devise algorithms with accuracy guarantees on each scalar estimate
and on the matrix containing all estimates. Across a diverse set of real-world graphs,
our methods are roughly 1.1 to 9.3 times faster than baseline methods (Fig. 2.1a).

3. We show analytically in Section 2.4 and empirically in Section 2.5 that the accelera-
tions offered by our algorithms are most significant when the sources and targets are
each clustered together in the graph, i.e. PPR estimation is “easier” when clustering
occurs. For example, our algorithms typically accelerate baseline methods by factors
of 3-4 when clustering occurs (Fig. 2.1a). More specifically, we prove the number of
random walks for the sources and the number of DP iterations for the targets scale
with quantities that describe clustering among the sources and targets, respectively;
we also find empirically that these clustering quantities scale with a more traditional

clustering quantity, conductance (Fig. 2.1b). Also, while these clustering quantities are
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difficult to analyze for a fixed graph, we provide analytical results for the stochastic
block model, the prototypical model for networks with community structure.

4. Finally, in Section 2.6, we demonstrate an application of our results, showing that
our findings can be used to devise efficient PPR estimators in a distributed setting.
Specifically, we show that quantities computed during the forward DP can be used to
predict the random walk sampling time for different assignments of tasks to machines,
and we propose a heuristic method to compute an assignment that (locally) minimizes
this time. At a high level, our method “learns” the clustering present at runtime;
empirically, this learning is quite successful, in the sense that our method performs
nearly as well as an oracle method that knows the clustering a priori (Fig. 2.1c).

The remainder of the chapter is organized as follows. We begin by discussing related work
in Section 2.2. Sections 2.3-2.6 follow the outline above. We close in Section 2.7.
Notational conventions for the chapter: Throughout the chapter, G = (V, E) is a directed
graph with n = |V| nodes and m = |E| edges. Forv € V, let Ny (v) ={u €V :v - u € E}
denote v’s outgoing neighbors, and let dou(v) = |Nout(v)| denote the out-degree of v. For
simplicity, we assume doy(v) > 0V v € V. Similarly define Ny, (v) and di, (v) as v’s incoming
neighbors and in-degree. We let A denote the adjacency matrix of G and let D be the
diagonal matrix with D(v,v) = dow(v). Thus, P = D7!A is the transition matrix for the
simple random walk on G; from P, we define PageRank and PPR as in Section 1.2. In

addition to these conventions, other notation will be introduced as needed.

2.2 Related work

Before proceeding, we discuss some existing PPR estimators. Broadly speaking, these can
be organized hierarchically: first, those that estimate the entire PPR matrix {m(¢) }seviiev;
second, those that estimate a single row {m(t)}icy or column {7,(¢)}scy of this matrix, or
its column sums (i.e. global PageRank); and third, those that estimate a single entry m4(¢).

At the first level, several algorithms have been proposed to accelerate the power iteration
or matrix inversion in (1.2). To accelerate the power iteration, [16] provides a decomposition
that allows a single row of the PPR matrix to be estimated using previously-estimated rows.
Hence, this yields a procedure of first computing a small number of rows and then using these
to estimate other rows; we discuss this algorithm more in Chapter III. To obtain less costly
matrix inversions, several works, e.g. [29, 30], have leveraged structural assumptions of the
graph at hand. For example, Tong et al. in [29] propose a decomposition of P into a block
diagonal matrix P; and P, := P — Pj; for graphs like social networks, P, can be extremely
sparse. From the probabilistic viewpoint (1.4), [31] gives an algorithm to estimate any entry

of the PPR matrix at runtime using a precomputed database of random walk samples.
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At the second level, algorithms include the dynamic programming methods in [7] and [32]
that estimate a row and a column of the PPR matrix, respectively; both can be viewed as
localized versions of the power iteration in (1.2). The algorithm in [7] yields /; and l, error
guarantees on the row estimate with complexity O(m), while [32] gives an [, guarantee
on the column estimate with complexity O(m). We make use of these algorithms in our
methods and will discuss them in more detail in Section 2.3. We also note the approach in
[7, 32] is closely related to work by Lee and co-authors [33, 34, 35] that focuses on estimation
of the stationary distribution of countable state-space Markov chains, as well as estimation
in the context of general linear systems. From the probabilistic viewpoint, an important
work is [14], which analyzes Monte Carlo methods for global PageRank estimation, based
on both the final step of sampled random walks (as given by (1.4)) and the number of visits
along the entire walk (appealing to renewal theory in the latter case). In [14], it is shown
that a single walk from each node (i.e. n walks total) suffices to obtain estimates with small
relative error for nodes with high global PageRank. Another work in this category is [36],
which uses random walk-based methods to detect all nodes with global PageRank exceeding
n=%,6 € (0,1) with complexity sublinear in n. [36] also contains an algorithm to estimate
a row of the PPR matrix with each estimate satisfying a multiplicative plus additive error
guarantee; the complexity is linear in n (if the error tolerance is set to match [15]). Several
papers have also studied distributed estimation of global PageRank; for example, [37, 38, 39
adopt a stochastic approximation viewpoint, [40] features an algorithm similar to those in
the aforementioned [7, 32, 33, 34, 35], and [41] uses Monte Carlo methods.

At the third level, the aforementioned Bidirectional-PPR algorithm from [15] combines
existing dynamic programming and Monte Carlo methods to estimate a single PPR value
with worst-case and average-case complexity O(n) and O(y/m), respectively. From an ac-
curacy perspective, this algorithm achieves a relative error bound for PPR values exceeding
1/n, and an absolute error bound otherwise. We discuss in more detail in Section 2.3.

In the context of this body of work, we will consider estimation of a small set of PPR
values, {ms(t)}sester for some S, T C V. While we do not precisely quantify “small”, we
implicitly assume |S| ~ |T| = o(y/m). In this setting, the existing methods described above
can be applied in two ways. First, using methods such as the power iteration or the dynamic
programming schemes (i.e. the first two levels of the above hierarchy), one can estimate
entire rows and/or columns of the PPR matrix and then discard unwanted estimates. Such
approaches typically have complexity O(|S|m) or O(|T|m). Second, one can run the single
pair estimator Bidirectional-PPR separately for each pair (s,t) € SxT. This approach has
typical complexity O(|S||T|/m). When |S| =~ |T| = o(y/m), the second approach is more

efficient. Hence, we will treat this approach as a baseline for comparison to our methods.
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Figure 2.2: Depiction of our algorithm FW-BW-MCMC. Blue and red nodes/edges show forward
and backward DP, respectively; black edges show random walks.

2.3 Single pair estimation

We begin by proposing a variant — in fact, a generalization — of Bidirectional-PPR
[15]; we will introduce our algorithm and then describe Bidirectional-PPR as a special
case. As mentioned in Section 2.2, the idea behind these estimators is to combine dynamic
programming (DP) and Markov chain Monte Carlo (MCMC) to estimate m4(t) for some
s,t € V. Our algorithm uses two DP stages and one MCMC stage. We will refer to these
stages as the forward DP, backward DP, and MCMC stages; hence, we call our estimator
FW-BW-MCMC. It is depicted pictorially in Fig. 2.2 and defined formally in Algorithm 2.3.
Before proceeding, we briefly describe each stage.

The forward DP stage is Algorithm 2.1. This is nearly identical to the Approximate-
PageRank algorithm of [7], so we use the same name here; however, we change the termination

criteria from || D71r®|l < 75, to ||r¥|1 < 78, where 5 € (0,1) is an input to the

max’

algorithm (we describe our motivation for this shortly). The algorithm takes as input s € V'

and produces p°,r* € R, shown in [7] to satisfy the invariant (2.1) at each iteration.

mo(u) = p*(u) + Y ri(w )VuelV. (2.1)

weV

As mentioned Section 2.2, Algorithm 2.1 can be viewed as a “localized” power iteration. At
a high level, it computes elements of the matrices in (1.2) corresponding to high probability
paths from s to u (the p®(u) term) while tracking the error from “uncomputed” paths (the
Y wey TP (w)my, (u) term). These high probability paths are shown as blue edges in Fig. 2.2.

The backward DP stage is Approximate-Contributions (Algorithm 2.2, from [32]),
which is the “dual” of Algorithm 2.1: while Algorithm 2.1 works along outgoing edges,
Algorithm 2.2 works along incoming edges. In [32], it is shown that Algorithm 2.2 maintains
invariant (2.2), which is interpreted similarly to (2.1). This stage is shown in red in Fig. 2.2.

(0)+ > m(w)rt(w) Vv e V. (2.2)
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To motivate the MCMC stage, we combine (2.1) and (2.2) with v = ¢ and v = s to obtain

m(t) = p'(s) + (%) + Y i (w)my (W)t (w), (2.3)

and so, after running the DP, only the third term in (2.3) is unknown. The goal of the
MCMC is to estimate this term. Towards this end, let o, = 7*/||r®||; and use (1.3) to write

Il D D o(w)ma =l ) o (w = [Ir* [ Eyer,, [r(0)]

w'eV weV w'eVvV

Leveraging the perfect sampling property (1.4), we can then estimate this term via random
walks. More specifically, we first sample a starting node from o4 (blue nodes in Fig. 2.2),
and we then sample a random walk beginning at the starting node (black edges in Fig. 2.2).

This process of sampling random walks is the MCMC stage of our algorithm.

Algorithm 2.1: (p°,r°) = Approximate-PageRank(G, s, a, 13,..)

) max

1 Initialize p® = 0,7° = e

2 while ||r5||1 > .. do

3 Let v* € argmaxvevr () /dout (V)

4 Set 7¥(u) < r*(u) + (1 — a)r*(v*)/ Out( )V u € Now(v¥),
p*(v7) = p*(v7) + ar®(v”), r(v") =

Algorithm 2.2: (p',r') = Approximate-Contributions(G,t,a, 7%, )

" max

1 Initialize p' = 0,7! = ¢;

2 while HrtHoo >t do

3 | Let v* € argmax,ey r'(v)

a | Set rf(u) « ri(u) + (1 — @)rt(v*) /dout(u) ¥V u € Niy(v*),
D) e pH(0) + art(v*), (o) =

Algorithm 2.3: 7,(t) = FW-BW-MCMC(G, s, t, a, 75,7t . w)

max’  max’

1 Let (p®,r®) = Approximate-PageRank(G, s, o, 15 ) (Algorithm 2.1); set o, =

2 Let (p',r') = Approximate-Contributions(G,t, a,r’ ) (Algorithm 2.2)

3 for i =1 to wdo

4 Sample random walk starting at v ~ o, of length ~ geom(«); let X; = r(U;),
where U; is endpoint of walk

5 Let m5(t) = p'(s) + (p°, r') + _”TZJHI > ing Xi

=[x

As mentioned above, the forward DP stage terminates when ||7*||; < r2 __ instead of when

D7 1r*]|e < 78, (as in [7]). This is because we require a uniform bound on {||7%||; }ses

max

19



when proving results for a set sources S in later sections. However, this bound is not needed

S
max*

FW-BW-MCMC-Practical; see Algorithm A.2 in Appendix A.2 for a formal definition.
Having defined FW-BW-MCMC, we describe the existing algorithm Bidirectional-PPR,

which operates as follows: run the backward DP from ¢, take v = s in (2.2), and estimate

in practice, where we can instead use | D™ 1r||, < r We call this variant of our algorithm

the unknown term Eys., [r*(U)] via random walks from s. We observe this is a special case of
FW-BW-MCMC; naemly, the case ;. = 1. We emphasize that walks are sampled from v ~ o
in FW-BW-MCMC and from s in Bidirectional-PPR, which will be a key distinction later.

Moving forward, we will propose many pair estimators that use either Bidirectional-
PPR or our variant as a primitive. We will show that using our variant offers runtime accel-
erations not possible when using Bidirectional-PPR. Implicit in this discussion will be an
understanding that using either primitive yields similar performance when these accelera-
tions are ignored (so that using our variant offers better performance when the accelerations
are accounted for). In particular, we can prove the following results (as single pair estimation
is not our focus, we defer formal statements and proofs to Appendix A.1):

1. FW-BW-MCMC, FW-BW-MCMC-Practical, and Bidirectional-PPR offer the same accu-

racy guarantee (except for mild differences in assumptions)
2. FW-BW-MCMC and Bidirectional-PPR have O(n) worst-case complexity
3. FW-BW-MCMC-Practical and Bidirectional-PPR have O(y/m) average-case complex-

ity (where by average case we mean averaging over uniformly random t € V)

2.4 Many pair estimation

In this section, we consider the problem of estimating PPR for many node pairs, namely
the set {ms(t) }sester for some S, T C V. We consider two variants of this problem. First, in
Section 2.4.1, we view {7(t) }sester as a set of scalars, each of which we aim to accurately
estimate. Second, in Section 2.4.2, we view {7 (f)}sester as a matrix, which we aim to
approximate accurately in the operator norm. For both variants, we propose algorithms
that accelerate existing approaches, and we show the accelerations scale with quantities that
can be interpreted as clustering measures of S and 7. In addition to these algorithms, we

briefly discuss variants that use precomputation in Section 2.4.3.
2.4.1 Scalar estimation viewpoint

A natural approach to estimate {m;(t) }sester is to use single pair estimators from Section
2.3 as primitives. In particular, we could use either of the following approaches:
e Run forward DP and sample random walks from v ~ o, for each s € S. Run backward
DP from each t € T'. Compute estimates as in FW-BW-MCMC.

e Sample random walks from each s € S. Run backward DP from each ¢t € T. Compute
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(a) Source side: walks are sampled from blue nodes (b) Target side: red paths are computed via Extend
for s; and from red nodes for s9; walks from blue and during t2 DP; blue paths can be computed via Merge
red nodes are shared between s; and ss. during to DP, rather than recomputed via Extend.

Figure 2.3: Many-pair accelerations of FW-BW-MCMC when |S| = |T'| = 2.

estimates as in Bidirectional-PPR.
As discussed above, the primitives FW-BW-MCMC and Bidirectional-PPR are roughly equiv-
alent in terms of complexity and accuracy; hence, both approaches have similar complexity.
However, in Section 2.4.1.1, we show the source stage of the first approach (forward DP and
random walks) can be accelerated in a way not possible for the second approach. Further, in
Section 2.4.1.2, we show the target stage (backward DP) can be accelerated as well. Hence,
using primitive method FW-BW-MCMC and the accelerations of Sections 2.4.1.1-2.4.1.2, we can

more efficiently estimate {m(¢) }seser-
2.4.1.1 Source stage acceleration

To accelerate the source stage, we define a unified MCMC stage for a set of sources S. At
a high level, this scheme allows us to share walks across multiple s € S, thereby decreasing
the total number of walks required. We motivate the scheme pictorially in Fig. 2.3a, for
the simple case S = {s1, s2}. Here blue and red depict o, and o, values, i.e. blue and red
nodes are the starting nodes of random walks used in the 7, and 7,, estimates, respectively.
Observe several nodes have nonzero o,, and oy, values. The unified MCMC stage allows us
to use random walks sampled from such nodes towards both estimates (7, and 7,).

To define the unified MCMC stage, we first define an equivalent MCMC stage for a
single source. Recall that in Algorithm 2.3 we sample each of w random walks in two
stages: first, we sample starting node vy ~ o, and second, we sample a walk starting at
vs. Equivalently, we can first sample starting nodes {I/S(i) * , 1i.d. from oy, and then sample
Xs(w)(v) =" 1} = v) walks starting at v, for each v € V. With this in mind, the
unified MCMC stage proceeds as follows. First, for each s € S we sample starting nodes
{Vs(i)};”zl i.i.d. from o, (as in the single source case), and we define X" (v) as above. Next,

we sample X ™) (v) := max,cg ng)(v) walks starting at each v € V. Letting U denote the
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endpoint of the i-th walk from v, we then estimate m,(t) as

. X0 ()
O D YD S (2.4

vEV:XS(w)(v)> =1

The final term in (2.4) is an unbiased estimate of Eyr, [r*(U)] using >, . X (v) = w
random walks, so the accuracy guarantee of Algorithm 2.3 holds. To analyze the complexity
of this scheme, we bound the total number of walks > _,, X®@)(y) in Theorem 2.1.

Theorem 2.1. Fix ¢, pry € (0,1). Assume

- 3108(2) csvev L(os(v) > 0)/prain)

€2 minsGS,UGV:Us(U)>O Os (U)

(2.5)

Then with probability at least 1 — pgy, the total number of walks >, ., X ) (v) satisfies

veV

Z XW(y Z max os(v)| < ew Z max os(v (2.6)

veV veV veV

Proof. See Appendix A.3. O

Before proceeding, we offer several remarks on this result:

e A lower bound on w is given by (A.1) in Theorem A.l to guarantee an accurate
estimate. Thus, if w exceeds both (2.5) and (A.1), guarantees for scalar accuracy and
walk complexity both hold. (In general, it is unclear which of (2.5) and (A.1) is larger.)

e In the worst case, the denominator on the right side of (2.5) may be quite small, so the
assumption on w in Theorem 2.1 may be restrictive. However, this only means that the
concentration in (2.6) may not provably occur, not that the scheme will necessarily have
poor performance. We do find that this concentration essentially occurs for practical
values of w, see e.g. leftmost plot in Fig. 2.5 and left two plots in Fig. 2.8.

e Moving forward, we will denote the matrix with rows {o,}scs by 2 (or by Xg, if we

wish to emphasize the sources S at hand) and will write the bound in (2.6) as

[cn = 3 max o, (v) (27)

veV

Here we have used the notation of the L, , matrix norm, defined for a matrix A as

4l = (5 (S JaG )" (28)
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From Theorem 2.1, we expect to sample approximately w||X||o1 walks. It is easy to verify
1Z|lo1 € [1,]S]], so our approach requires w|S| random walks in the worst case, but only
w in the best case. In contrast, if we use Bidirectional-PPR as a primitive for many pair
estimation, the unified MCMC stage is not possible (all walks used to estimate 7 begin at s,
so sharing walks is not possible), and w|S| walks are always required. In short, FW-BW-MCMC
with the unified MCMC stage may accelerate the source stage of our many pair estimation
approach. Unfortunately, it is difficult to quantify the degree of this acceleration in general,
because ||Xsl|/oo,1 depends on the forward DP, which itself is difficult to analyze. However,
in Section 2.5, we offer empirical evidence that ||Xg||«.1 scales with the conductance of S, a
common measure of the clustering of S in the underlying graph (see (2.18)). Furthermore, as
will be discussed next, this quantity provably scales with clustering for the stochastic block
model (SBM), a common model for networks with community structure. In short, when S
is clustered, ||Xg||co1 is typically small, and estimating PPR for many sources is easier.

We now turn to our result for the SBM. We consider the special case for which n is a
perfect square and the graph is composed of y/n communities, each containing y/n nodes.
(This allows us to compare the extremes of choosing y/n sources from the same community
or from distinct communities; however, the analysis can be modified for other cases.) More
specifically, we define V,,; = {1+ (i — 1)y/n,...,iy/n} and set V,, = U " Viis we will view
each V,,; as a community. For v € V,,, we denote by i(v) the unique i € {1,...,y/n}
satisfying v € V,,;, i.e. i(v) is the community that v belongs to. We then construct a graph
G, = (Vp, E,) as follows: for any u,v € V,, s.t. u # v, edge u — v is present with probability
pn if i(u) = i(v) (i.e. if u, v are in the same community), and is present with probability g, if

i(u) # i(v) (i.e. if u,v are in different communities), independent of other edges. We define
dowt(V) =[{u €V rv mue By}, doy(v) =[{u € Vi\Viiw) v mu € Ey}| YveV,.

In words, dou(v) is v's out-degree (as before, though here it is a random variable), and
d_.(v) is the number of edges pointing from v to other communities.

Our analysis will assume p,, = p is a constant and ¢, = o(1/4/n). In this case, E[dou (v)] =
©(y/n) (i.e. the graph is dense) and E[d,,,(v)] = o(y/n) (i.e. nodes prefer to connect to their
own community). Also, we assume the forward DP is run for at most o(y/n) iterations.
Since all nodes have out-degree ©(y/n) with high probability (see proof of Theorem 2.2),
this means we dedicate at most o(n) complexity to the forward DP. This is consistent with
the fact that our algorithm has average-case complexity O(y/m), since v/m = n** when all
out-degrees are ©(y/n). Hence, this assumption on the number of iterations is minor. Under

these assumptions, we can prove the following bounds on ||3|/s 1.
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Theorem 2.2. Let {G, = (V,,, E,) }hen.ymen be the sequence of SBMs described above,
with p,, = p for some constant p € (0,1) and ¢, = o(1/y/n). Assume we run the forward DP
for at least one iteration, but at most o(y/n) iterations. Then the following hold:

o Let S, =V, for some i (i.e. all sources belong to the same community). If ¢, =

Q(logn/n) (i.e. cross-community connections are dense), then for some constant C' > 0,
lim P (|| Xs, |leon < Cgun) =1,
n—oo

ie. || Zs,lleonr = O(gnn) = o(y/n) with high probability. If instead ¢, = ©(1/n) (i.e.

cross-community connections are sparse), then for some constant C' > 0,
lim P (||Xs, |1 < Clogn/loglogn) =1,
n—oo

i.e. || X, |leo1r = O(logn/loglogn) with high probability.
e Let S, C V,, with |S,,| = /n and i(s) # i(s') V 5,8 € S, s.t. s # & (i.e. each source

belongs to a distinct community). Then for any constant § € (0, 1),
T P (s, e = (1= 8)v) = 1,

ie. [|Zg,]loo1 € [(1 — 0)y/n, v/n] with high probability.
Proof. See Appendix A.4. m

2.4.1.2 Target stage acceleration

Our next goal is to accelerate the target stage of the many pair estimation approach.
We motivate our approach in the simple case T' = {t1,t2}. Assume that p™,r‘* have been
computed by Algorithm 2.2, and that p'2, r*2 are currently being computed. If r2(t;) > 7%

at some iteration, we can use the alternate update rule
P2 p P (t)p",  r? R () (" —eyy). (2.9)
When p'2, 72 are updated via (2.9), the invariant (2.2) is maintained. Indeed, for any s € V,

pE(s) + 2ty +Z7rs w) + 2 () (1 (u) — e, (1))

—p(s) + 3wt (u) + 12t )+ () ~n(t))  (2.10)
ueV ueV
= my(ta) + 72 (1) (ma(h) — () = o (82), (2.11)
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where in (2.10) we rearranged terms and in (2.11) we assume p'*, r™* and p'2, r2 satisfy (2.2).

We can interpret (2.9) as follows. As discussed in Section 2.3, we view Algorithm 2.2
as a method of traversing paths to ¢ and computing the probability of these paths. For the
update in Algorithm 2.2, specific paths are extended by a single step at each iteration; we
call this update Extend. In contrast, (2.9) extends paths by (potentially) many steps in an
iteration; specifically, by appending paths to t;, with paths from ¢; to %5, to obtain paths to
to. We call this update Merge to highlight the fact that paths are merged in this manner.

The utility of Merge is that the probability of paths to ¢ through ¢; need not be recom-
puted one step at a time via Extend. This is depicted in Fig. 2.3b: red paths are computed
via Extend during to DP; blue paths, having already been computed via Extend during ¢; DP,
are used to compute longer paths in a single iteration via Merge during ¢, DP. In contrast,
blue paths would be recomputed one step at a time via Extend during t, DP, if separate DP
was used. In short, Merge may allow Algorithm 2.2 to terminate in fewer iterations. This is
made more specific in Proposition 2.1.

If we run Algorithm 2.2 for

to and use Merge whenever v* = t;, the algorithm terminates in at most Zﬁf”) — tllﬁa)

max

Proposition 2.1. Suppose T' = {t1,t2} and 7, (t2) > 7

max*

iterations. If Merge is not used, the algorithm terminates in at most W iterations.

max

Proof. See Appendix A.5. O]

From Algorithm 2.2, ||p"||; > «. Hence, Proposition 2.1 allows us to tighten the iteration
bound by W > 0 (with equality if and only if the algorithm terminates in a single

iteration for ¢;). More generally, the iterations we save roughly scales with the quantity

7|

or = Z {5 € {1,2, i — 1} o7, (1) > rhae ] (2.12)

assuming the nodes in 7" are chosen in order {ti,%s,...,t7/}. We note the choice of this
order has a clear impact on performance, but optimizing it at runtime is difficult; we discuss
this more in Appendix A.7. See Algorithm 2.4 for our many target algorithm.

We next offer a clustering interpretation of the quantity cp. For this, note m, (t;) > 7.
is a notion of “closeness” between ¢; and t;; hence, cr is a notion of clustering of the set
T, and our analysis suggests estimating PPR for many targets is easier when the targets
are clustered. Note that, while the source clustering quantity ||X|w1 from Section 2.4.1.1
is smaller when clustering among sources is more significant, the target clustering quantity
cr is larger when clustering among targets is more significant; in Section 2.5, we show —cp

scales with the conductance of T in practice.
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Algorithm 2.4: {(p',r") };er = Approx-Cont-Many-Targets(G, T, «,rt )
T| do

1 fori=1to

2 pli=0,r" =e¢
3 | while HrtlHoo >l do
4 v* € arg maxyey 7 (v)
5 if v* € {t17"'7ti—1} then
6 | pt Pl (0)p =t (o) (r — ey (ie. use (2.9))
7 else
8 rti(u) < rhi(u) + (1 —a) - ) m(V%),
¢

p" (V") < p" (V") + arti(v )7’( ) =0

2.4.2 Matrix approximation viewpoint

For the second variant of the many pair estimation problem, we view {m(t)}scster as a
matrix that we aim to accurately approximate. For simplicity, we assume |S| = |T'| = [, and
we denote these sets S = {s;}}_,,T = {t;}}_,. We also assume V = {1,2,...,n}, and we let
IT denote the matrix of dimension n x n whose (i, j)-th element is 7;(7). In this notation,
we seek an estimate I1(S,T) of II(S,T) that minimizes ||[II(S,T) — II(S, T)||s, where for a
matrix A, A(I,J) denotes the submatrix of A containing rows I and columns J, and where
| All2 = maxz,=1 ||Az]2 is the operator norm.

Before proceeding, we introduce additional notation used in this section. Similar to the
A(1,J) notation, A(/,:) and A(:, J) are the submatrices with rows I and all columns, and all
rows and columns J, respectively. For a vector x, z([) is the vector with elements I; when
x has nonzero entries, diag(z) and diag(1/x) are the diagonal matrices whose i-th diagonal
elements are x(i) and 1/z(7), respectively. Finally, we will encounter stable rank, which for
a matrix A is defined as srank(A) = (||A||r/||A||2)?, where || - ||z = || - |[2.2 is the Frobenius
norm, with || - ||22 defined as in (2.8). It is straightforward to verify 1 < srank(A) < rank(A)
by writing || A[|% and [|A]]3 in terms the singular values of A (see e.g. [42, Section 2.1.15]).

With this notation in mind, we define the following matrices:

Ps € R™ s.t. Ps(i,j) = p (i), Rs€R™ st. Rg(i,j) =r*(i), (2.13)
Pr e R™st. Pr(i,j) =p(i), R € R™ st. Rp(i,j) =rY(5). (2.14)

Here p%, 7% and p', r' are computed via Algorithms 2.1 and 2.4, respectively. We may then

collect the invariant (2.3) for each (s;,¢;) pair in matrix form as

II(S,T) = Pr(S,:) + P§ Ry + R{IIRy. (2.15)
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Observe only RIIIRy is unknown in (2.15). Hence, we consider estimation of this term. To
this end, let o be any n-length vector satisfying (i) > 0V i € {1,2,...,n}and >, o(i) = 1;

note we may view o as a distribution on V. We then rewrite the unknown term in (2.15) as
RIRy = Rldiag(1/0)diag(o)1Ry. (2.16)

Using (2.16), we can obtain unbiased estimates of RIIIRy as follows. Let {u;}¥, be i.i.d.
samples from o. For i € {1,2,...,w}, let v; ~ 7, independently (where we sample from
T, using a random walk, as given by (1.4)), and let X; = Ridiag(1/o)e e, Rr. It is
straightforward to see Ele,, e}, | = diag(o)IT; hence, E[X;] = RIIIRy. We may then estimate
(S, T) as II(S,T) = Pr(S,:) + PARr + 1 30 | X

We will consider two forms of ¢ for this approach. Specifically, let us define

1 1
Oavel(t) = — 0s(1),  Omax(? max o,(? 2.17
g() lsezs () () HZHool pyars () ( )
where o, = r®/||[r°||; as before. Observe that when o € {0ayg, Omax}, the assumption

Yo ,o(i) =1 is satisfied. Furthermore, we argue that the assumption (i) > 0 is with-
out loss of generality in these cases. Indeed, suppose o(j) = 0 for some j and o (i) > 0 for
i # j. Then P[u; = j] = 0 by definition, and by (2.17), 7*(j) =0V s € S. It is then readily
verified that Rs(V '\ {j},:)"diag(1/o(V \ {j}))eu e}, Rr is an unbiased estimate of R{IIRy.

Given this simple fix, we assume (i) > 0 moving forward.

Algorithm 2.5: I1(S, T') = FW-BW-MCMC-Many-Pair(G, S, T, a,rt, . s, . w)

1 for t=1toldo

2 (p®%,r®) = Approximate-PageRank(G, s;, a, 75, ) (Algorithm 2.1)

3 {(p', ") }rer = Approx-Cont-Many-Targets(G, T, a,r! ) (Algorithm 2.4)

4 Construct Ps, Rg, Pr, Ry via (2.13), (2.14); compute 0 = 0ayg OF 0 = Oppax via (2.17)

5 for i =1 to w do

6 Let X; = Ridiag(1/0)e, e} Ry, where v; is endpoint of walk starting at i; ~ o
of length ~ geom(«)

7 Let TI(S,T) = Pr(S,:) + PdRr + 1 30 | X,

To summarize, we have proposed the matrix approximation scheme formally defined in

Algorithm 2.5. Theorem 2.3 provides a guarantee for the accuracy of this scheme.

Theorem 2.3. Fix € > 0. If 0 = 0, in Algorithm 2.5, assume

w > 12\/stank(T1(S, T)) 10g(21 /prain) 75 oL (6 + 42) /(362).
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If instead 0 = opax in Algorithm 2.5, assume

w > l3/2\|2\|oo71 10g (21 /Pgait )75 7h o (6 + 42) /(3€2).

max

Then for both choices of o, and with probability at least 1 — pgy, Algorithm 2.5 returns an
estimate II(S, T) satisfying ||II(S, T) — IL(S, T) |2 < £ max{||TI(S,T)]|2, 1}

Proof. See Appendix A.6 [

Neglecting common factors, Theorem 2.3 states w scales with {2 and [%/? in the best case

for oave and omax, respectively; in the worst case, w scales with [°/2 for both approaches.

In the next section, we compare /I srank(II(S,T)) with ||||s,1 empirically to compare
the “typical” case. We also observe Theorem 2.3 shows that, as in the scalar estimation
viewpoint of Section 2.4.1, PPR matrix approximation is easier when clustering occurs.
This is because, when 0 = oy, complexity scales with ||X||«1 (which we have argued is
measure of clustering of S); when ¢ = 0,,, complexity scales with srank(II(.S,7")), a measure
of matrix dimensionality. Additionally, stable rank is unique from the clustering quantities
introduced thus far in that it takes into account both S and 7" (unlike ||X||~ 1, which only
accounts for S, or ¢y, which only accounts for 7). Finally, we comment on a difference
for the choices of . In particular, when 0 = 0.y, one can set w proportional to ||X||c 1
before sampling random walks, leveraging clustering at runtime to increase efficiency. In
contrast, when o = 0,,, the scaling factor in the w lower bound is the unknown quantity
srank(I1(S,T)). However, we propose using srank(Pr(S,:) + Pd Ry) (known at runtime) as
a surrogate for srank(II1(S, 7). In Section 2.5, we show empirically that using this surrogate

yields performance similar to using srank(II(.S,T")).
2.4.3 Precomputation variants

While we have thus far assumed all computations are done online, one can also consider
variants for which some computations are done offline, with the results stored for later use.
In fact, in Section 4 of [15], the authors propose several such algorithms for the case of one
source s € V and many targets 7' C V, using Bidirectional-PPR as a primitive. Each
of these variants proceeds as follows. For the offline stage, Approx-Contributions is run
for every t € V, and the vectors {p’, 7' },cv are stored. For the online stage, random walks
are sampled from s, and {7,(t) };er are estimated using the endpoints of these walks and
{p', 7" }er. As mentioned, several such algorithms are proposed; these only differ in how
the vectors are stored and how the walks and vectors are combined to generate estimates.
In particular, the basic framework of running Approx-Contributions offline and sampling

walks from s online is used in all of the precomputation algorithms from [15].
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Analogous to our extension of Bidirectional-PPR from single to many pairs, we can
extend these precomputation algorithms from the single source case to the many sources
case. Specifically, we can modify each of these algorithms in two ways (but otherwise leave
them unchanged). First, we can modify the offline stage by also precomputing and storing
{p®,r*}sev via Approx-PageRank. Second, we can modify the online stage by sampling walks
using the precomputed vectors {r°}cs and the walk sharing scheme from Section 2.4.1.1.

To assess the performance of this approach, we compare against the naive extension
of [15]’s precomputation algorithms to the case |S| > 1; namely, leaving the offline stage
unchanged and sampling walks separately from each s € S online. Clearly, our approach
requires more storage (due to running Approx-PageRank offline); however, this storage will
be roughly double that of the naive extension and thus will not increase the order of the
space complexity. On the other hand, our approach will accelerate the online stage of this
naive extension, since fewer random walks will typically be sampled. Specifically, per Section
2.4.1.1, we expect to sample w||X||o1 walks instead of w|S| walks; as discussed previously,
the former quantity can be much smaller if S is clustered.

We also note that Algorithm 2.4 can be used to compute {p’,r'};cy offline, though
this is a minor point, since offline computational complexity is generally not a concern.
However, this raises another point. When precomputation is not allowed, our source and
target accelerations are both used at runtime; when precomputation is allowed, only our
source acceleration is used at runtime. Hence, the runtime savings of our schemes may be
less significant in the precomputation setting. In spite of this, we believe the savings will still
be considerable in general. This belief follows from the fact that, in our experiments, the
source acceleration is generally at least as significant as the target acceleration. For example,
Fig. 2.4 shows that the number of random walks sampled grows more slowly in |S| than the
number of DP iterations grows in |T'|. Additionally, Fig. 2.7 shows that for fixed |S|, |7,

walk savings and DP iteration savings are comparable across a wide range of graphs.

2.5 Experiments

In this section, we demonstrate the empirical performance of our algorithms and the role
of clustering in their performance. We conduct experiments using both synthetic and real
graphs. On the synthetic side, we use a directed Erdds-Rényi graph and directed stochastic
block model (referred to hereafter as Direct-ER and Direct-SBM, respectively), each with
n = 2 x 10% and E[m| = 2 x 10%. For the real datasets, we use a set of graphs from the
Stanford Network Analysis Platform [43] including social networks (Slashdot, Wiki-Talk),
partial web crawls (web-BerkStan, web-Google), co-purchasing and co-authoring graphs

(com-amazon, com-dblp), and a road network (roadNet-PA). In addition to the diverse
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domains of these datasets, they differ in terms of sparsity (in order of magnitude, each
has 10° edges, but the number of nodes ranges from 10? to 10°), so we believe our empirical
results are robust. We also note that error bars depict standard deviation across experimental
trials, while for scatter plots without error bars, each dot represents a single trial. For further
experimental documentation, we point the reader to Appendix A.8. In particular, Table A.2
in Appendix A.8 documents algorithmic parameters used. We chose these parameters so the
primitive algorithms FW-BW-MCMC and Bidirectional-PPR yield similar accuracy (=~ 10%
relative error) while balancing runtime between the DP and MCMC stages of the algorithm
in the single pair case. Note the analysis in Appendix A.1 shows that balancing runtime in
this manner minimizes overall complexity; hence, for both algorithms, our chosen parameters
optimize runtime subject to an accuracy constraint, providing a fair comparison. Finally,

our experimental code is available at https://github.com/danielvial /clusteringPpr.
2.5.1 Synthetic data
2.5.1.1 Scalar estimation

We first compare FW-BW-MCMC with Bidirectional-PPR when computing 7s(t) V (s,t) €
S x T as |S| and |T| grow on Direct-ER. More specifically, for FW-BW-MCMC we use the
| D7 1r]|oe < 7. forward DP scheme as in FW-BW-MCMC-Practical, sample walks using the
scheme from Section 2.4.1.1, and use Algorithm 2.4 for backward DP; for Bidirectional-
PPR, we sample walks separately from each s € S and run backward DP separately for each
t € T. Results are shown in Fig. 2.4. Note the number of random walks sampled and number
of backward DP iterations grow more slowly with |S| = |T'| using FW-BW-MCMC, due to the ac-
celerations proposed in Sections 2.4.1.1 and 2.4.1.2, respectively. As a result, runtime grows
more slowly using FW-BW-MCMC. In Fig. 2.4, we also show the clustering quantities (2.7) and
(2.12). We observe the source clustering quantity ||X||1 has a concave shape, which cor-
responds to the apparent sublinear growth of random walks as |S| grows. Additionally, the
target clustering quantity ¢y has a convex shape; since backward DP iteration savings scale
with ¢y, we expect DP iterations to correspondingly “flatten”, which indeed occurs. These
observations empirically validate the key insights of Section 2.4.1: namely, that the estima-
tion schemes proposed have complexities that scale with the identified clustering quantities
|X|lco1r and cr. We also plot srank(II(S,7")) on the runtime plot; note it appears to flatten
along with runtime as |S|, |T'| grow. Finally, these plots remain similar as n grows, though
the improvement of our scheme over the existing one increases; see Appendix A.S.

Next, to further examine the effect of clustering, we use Direct-SBM. We fix |S| = |T'| =
100 and sample S and T from decreasingly clustered sets via the following scheme: we first

sample S, T from a single community, we then sample S, T from two communities, etc., until
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Figure 2.4: On Direct-ER, random walks, backward DP iterations, and runtime scale more
slowly in |S|,|T| for our method FW-BW-MCMC when compared to the existing
method Bidirectional-PPR.
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Figure 2.5: When clustering is significant, fewer random walks and backward DP iterations
yield faster runtime for our method on Direct-SBM; additionally, our clustering
measures roughly scale with conductance.

we sample S, 7T from the entire graph, allowing us to observe a wide range of clustering.
As in the previous experiment, we are interested in how algorithmic performance relates to
|IX||coq and er. Here, we also compare these quantities to a clustering measure commonly

used in the graph theory literature (see e.g. [7]), conductance, defined for U C V as

> icujev Aij
min{ZueU dOUt (U), Zu¢U dOUt (U)}

In Fig. 2.5, we observe fewer random walks are sampled when ®(S) is small (when S is

(V) = (2.18)

significantly clustered); similarly, the backward DP converges in fewer iterations when ®(7T')
is small (when T is significantly clustered). Also, Fig. 2.5 shows that ||X|le1 grows with
®(S) and —cr grows with ®(7"). In short, our identified clustering quantities behave similar
to conductance. In the runtime plot, we again show srank(II(S,7)) as a measure of overall

complexity; this quantity (roughly) grows with 3(®(S) 4+ (7)), as does runtime.
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Figure 2.6: On Direct-SBM, our matrix approximation schemes are most efficient when clus-
tering is significant; additionally, the surrogate srank(Pr(S, :)+ Pd Rr)) performs
similar to srank(I1(S,T)).

2.5.1.2 Matrix approximation

We now document performance of our matrix approximation scheme (Algorithm 2.5)

using Direct-SBM and the S, T sampling strategy from the previous experiment. We com-

pare three cases: 0 = Opax With w & [|X]|sc1, 0 = Oavg With w \/l srank(I1(S, T)),
and 0 = 0,4 With w o< /I stank(Pr(S,:) + Pd Ry). These cases are motivated by The-

orem 2.3, which states that the sample requirements for 0 = opax and o = 0,y are

2] and /1 stank(I1(S, T))), respectively (neglecting common factors); additionally, since
srank(I1(.9,T')) is unknown in practice, we proposed using srank(Pr(S,:)+ Pd Rr) as a surro-
gate in the discussion following the theorem. Results are shown in Fig. 2.6. Observe that for
all three cases, fewer walks are sampled when S and T are clustered (i.e. when $(®(5)+®(T))
is small; nevertheless, error remains roughly constant (in fact, when clustering is present,
error is somewhat lower despite fewer walks being sampled). Further, we observe oy, and
Oavg have similar performance, in terms of complexity and accuracy. Finally, we note the
results for the srank(I1(S, T')) and srank(Pr(S,:) + Pd Rr) cases are quite similar, suggesting
that srank(Pr(S,:) + Pd Rr) is an appropriate surrogate for srank(I1(S,T)).

2.5.2 Real data
2.5.2.1 Scalar estimation

We next compare FW-BW-MCMC with Bidirectional-PPR as in Section 2.5.1.1, but here
using real datasets. We fix |S| = |T'| = 1000 and randomly sample S, T using two different
schemes: sampling uniformly among all nodes and using an algorithm described in Appendix
A.8 to build clustered subsets of nodes; we find these schemes typically give conductance
values ~ 0.99 and = 0.5, respectively, allowing us to observe two degrees of clustering. In
Fig. 2.7, we show random walk count, DP iteration count, and runtime for our method

relative to the corresponding values using Bidirectional-PPR. Averaging across the diverse
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Figure 2.7: On real graphs, our scalar methods are typically 1.4 and 2.9 times faster than
existing methods when S, T" are chosen uniformly and clustered, respectively, due
to fewer random walks and DP iterations.
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Figure 2.8: On real graphs, random walks and Merge updates scale with clustering quantities
|X|lco1 and e, empirically validating the analysis of Section 2.4.1.

set of graphs considered, our method is approximately 1.4 times faster in the uniform case
and 2.9 times faster in the clustered case, highlighting the efficiency of our algorithms and
the impact of clustering on their performance. Additionally, we note our method is at least
twice as fast for all datasets in the clustered case. For the same experiment, we also show
random walk count (normalized to w) and the number of Merge updates (i.e. the number
of DP iterations saved when compared to existing methods) in Fig. 2.8. From Theorem 2.1
and Proposition 2.1, we expect these quantities to scale linearly with the identified clustering

quantities |31 and cr, respectively; from Fig. 2.8, we observe this scaling roughly occurs.

2.5.2.2 Matrix approximation

Finally, we test our matrix approximation scheme (Algorithm 2.5) on real graphs. Here
we also compare to a baseline method that does not leverage clustering among targets and
sources. In particular, we run backward DP separately for each target, rather than using the
accelerated scheme as in Algorithm 2.5. Additionally, the baseline method uses no forward
DP, i.e. we set r2 . = 1 in Algorithm 2.5, so that p* = 0,r°* = e, V s € S. Note that, in
this case, both the oyax and o,y schemes reduce to sampling p; ~ S uniformly, sampling
v; ~ 7, using a random walk, and estimating I1(S,7") as f[(S, T) = Pr(S,:) + izz’;l X,
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Figure 2.9: On real graphs, our matrix approximation schemes are significantly faster than
the baseline method (which uses no forward DP) with comparable accuracy; this
is most notable when S, T are clustered.

where X; = [e,, €5, -+ €g]Te,e) Ry is an unbiased estimate of II(.S, :) Ry. We reemphasize
that walks are not shared among sources for this baseline scheme, i.e. clustering among
sources is not leveraged to improve performance. For the baseline scheme, we set w o [, and
we compare performance to the oyax scheme with w o ||X||o1 and the o,y scheme with

w oc /I stank(Pr(S,:) + PJ Rr). Results are shown in Fig. 2.9, with quantities shown for

the omax and o, schemes relative to the baseline scheme. Averaging across datasets, the
Omax and o, schemes are over twice as fast as the baseline scheme when S,T" are chosen
uniformly and 3.4 times faster when S, T are clustered; additionally, the accuracy of both
schemes is comparable to the baseline (and slightly better on average). We also note both

our schemes are at least twice as fast as the baseline for all graphs in the clustered case.

2.6 Application: distributed random walk sampling

Thus far, our main finding has been that PPR estimation complexity scales with quanti-
ties that describe clustering among sources and/or targets. In this section, we demonstrate
one application of these findings; namely, that these findings can be used to efficiently
estimate {m}scs online when several machines are available and when offline storage is
permitted. More specifically, we consider the following distributed computational setting:

e L machines are available for parallel computation and a central machine is available to

facilitate the parallel computation (for simplicity, we assume k € {|S|,]5|/2,|5]/3,...})

o {p', r'}ev have been precomputed via Algorithm 2.2 and are stored offline
Using the existing method as a primitive, a baseline strategy for this estimation task is as
follows: arbitrarily partition S into k subsets of size |S|/k, use the i-th machine to sample
random walks from each source s belonging to the i-th subset, and estimate 7y using the
endpoints of walks from s and {p*, 7' },cy (as in the primitive method Bidirectional-PPR).

We propose the following alternative (using FW-BW-MCMC as a primitive). First, we arbi-

trarily partition S into k subsets of size |S|/k, and we use the i-th machine to run forward
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DP (Algorithm 2.1) for each source s belonging to the i-th subset. Second, we use the central
machine to construct another partition {S;}%_ ; of S, in a manner we discuss shortly. Third,
we use the i-th machine to run the accelerated source stage from Section 2.4.1.1 for the
subset of sources ;. Finally, we estimate 7, as in the primitive method FW-BW-MCMC.

It remains to specify how to construct the partition {S;}¥_,. For this, we turn to Theorem

2.1 and the results of Section 2.5, which indicate that the number of random walks sampled

on the i-th machine scales with ||Xg, ||oo1, Where Xg, is the matrix with rows {0, }ses,. Hence,

as the random walk stage in our approach runs in parallel across i, its runtime scales with

max || Xg,

o1+ 2.19
i€{l,...k} 1 ( )

Our goal is thus to construct the partition {S;}¥_; so as to minimize (2.19). However, as this
is a combinatorial optimization problem, we devise an approximate heuristic. To simplify
the discussion of this method, we introduce some notation. For S’ C S, let og¢ be s.t.
g (v) = maxges 0y (v) Vv € Vi note [|[Xg|looq = ||og|1. For S’ C S and s € S\ 5, let

d(s,S") = max{o,(v) — o5(v),0}. (2.20)

veV

It is easy to derive (2.21), i.e. (2.20) gives the increase in ||og||; if we add s to S’
d(s, S/) - ||O-S’U{5}H1 — ||0'5'/||1. (221)
With this notation in place, we may restate the objective function (2.19) as

nax los: - (2.22)
Our heuristic to approximate the minimizer of (2.22) proceeds as follows. First, we assign
one node to each S;, i € {1,...,k}, using an initialization method similar to k-means++
[44]: we choose the i-th of these nodes with probability proportional to its distance from the
first (i — 1) of them, in hopes of choosing initial nodes with o4 vectors far apart. Next, we
iteratively assign the remaining nodes to some S;, choosing j such that d(s, S;) + |log, |1 is
minimal; by (2.21), we thus minimize the increase in the objective function (2.22) incurred
by assigning s to some S;. This heuristic method is formally defined in Algorithm 2.6.
We now empirically compare our approach with the baseline scheme. For this experiment,
we set S = {S'l-}le, where each S is a clustered subset of nodes constructed as in Section 2.5
(with k = 10, |S;] = 100 V ). This yields a set of sources S that is not highly clustered itself,

but that contains k subsets that are densely connected internally and sparsely connected to

35



Algorithm 2.6: {S;}F | = Source-Partition ({0,}scs, k)

1 Draw s ~ S uniformly, set S; = {s}, 05, = 05; 8¢t S; =0Vie{2,...,k}
2 for i =2 to k do
3 Draw s ~ S with probability proportional to minje(y,..i-1y [|[0s — 05, [|1; set
S; = {s}, s, = 05
4 fori=k+1to 5] do
Choose any s € S'\ (UleSj) (any s not yet assigned); compute
d(S,Sj) VJ S {1,,]€}
6 | Let j* € argmin;d(s, S;) + [log|1 , 0s,. (v) = max{os,.(v),04(v)} Vv EV,
Sj» = Sj« U{s}

other subsets. In addition to comparing to the baseline, we also test the performance of an
“oracle” scheme, which knows the clustering information of the input set S. More specifically,
the oracle scheme proceeds in the same manner as our scheme, except instead of using
Algorithm 2.6 to construct the partition {S;}¥_,, it simply sets S; = S; Vi € {1,2,...,k}.
Put differently, while the heuristic scheme attempts to learn an assignment of sources to
machines for which each machine is assigned a clustered set of sources (in the sense that
(2.22) is minimal), the oracle scheme knows such an assignment a priori.

Results for this experiment are shown in Fig. 2.10, using the set of real graphs from
Section 2.5. Averaging across graphs, the oracle and heuristic methods are roughly 1.8 and
2.2 faster than the baseline scheme, respectively (left). (Here total runtime is computed as
maximum walk sampling time across machines for the baseline; sum of maximum forward
DP time and maximum walk time for the oracle; and sum of maximum forward DP time,
maximum walk time, and time to run Algorithm 2.6 for the heuristic.) Additionally, both
methods sample approximately }1 of the random walks sampled by the baseline scheme, across
graphs (middle). Finally, the heuristic method typically produces a partition {S;}*_, of S
with objective function value (2.22) similar to that produced by the oracle method (right).
Interestingly, the heuristic outperforms the oracle for several datasets. This suggests that the

cluster information known by the oracle does not necessarily produce an optimal assignment

of sources to machines; rather, the source clustering quantity |log,||; identified in Section
2.4.1.1 may be what truly dictates performance.

Before closing, we offer several remarks. First, while we focused on the scalar estimation
scheme from Section 2.4.1.1, the framework extends to the o,,,, matrix approximation scheme
from Section 2.4.2. In particular, using the latter scheme in this setting would also involve
construction of a partition so as to minimize (2.22), per Theorem 2.3. For this reason, we
expect the performance of this scheme to be similar to Fig. 2.10. Second, we note that using

the o,y matrix approximation scheme in this setting requires a partition that minimizes a
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Figure 2.10: In the distributed setting, our heuristic method is typically 1.8 times faster than

1

the baseline, samples ; of the walks, and produces a low objective function

value, with performance similar to an oracle method.

different objective function. In Appendix A.9, we present an algorithm to construct such
a partition and empirical results describing performance (in short, our scheme performs
similarly to the oracle and noticeably outperforms the baseline, as in Fig. 2.10). Third,
we find in practice that our heuristic partitioning schemes naturally balance the number
of sources assigned to each machine (see Appendix A.9). Such balance is crucial in the
O(|S|/k) V i to perform as

well as the baseline, which may in turn require an extreme degree of clustering if the partition

performance of our scheme. This is because we require

is unbalanced (for example, if |\S;| = O(|S|) for some ). It is worth noting that we also tried
to partition {o}ses using k-means++, but this led to highly unbalanced assignments and
poor performance. Finally, we note one limitation of our scheme is that, if |S|, |7 = ©(n),
Algorithm 2.6 essentially partitions the entire graph and thus may be slower than directly
estimating PPR. However, recall from Section 2.2 that our focus is | S|, |T| = o(y/m) = o(n),
so this is not a concern. Indeed, for the Fig. 2.10 experiment, Algorithm 2.6 accounted for

only 12% of runtime (averaged across graphs).

2.7 Conclusions and future directions

In this chapter, we analyzed the relationship between PPR estimation complexity and
clustering by devising estimation algorithms for many node pairs and showing the complexity
of these methods scales with quantities interpretable as clustering measures. To demonstrate
the utility of these findings, we considered a distributed setting for which the clustering
quantities computed in situ could be leveraged to reduce computation time. We believe this
setting and the algorithms we designed for it are just one example of how our findings can

be used; hence, an avenue for future work would be to further explore applications.
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CHAPTER III

Personalized PageRank Dimensionality and

Algorithmic Implications!

3.1 Introduction

In Chapter 11, we devised algorithms to estimate submatrices of the Personalized PageR-
ank (PPR) matrix II while exploiting clustering in the underlying graph. In this chapter, we
take a deeper and more holistic view and consider the structure of II itself, and subsequent
algorithmic implications. Our specific contributions are as follows:

1. In Section 3.4, we prove the dimensionality of II scales sublinearly in n with high prob-
ability, for a certain class of random graphs and for a notion of dimensionality similar
to rank (Theorem 3.1). Put differently, we argue that the effective dimension of this
matrix is much less than n; this occurs despite the fact that Il is full rank (see Section
1.3.1.3). This class of graphs can be roughly described as the directed configuration
model with sparse but heavy-tailed in-degrees. The notion of dimensionality we study
is the smallest number of “hub” nodes such that the PPR vectors of all other nodes
are close to linear combinations of the hub PPR vectors.

2. In Section 3.5, we show this notion of dimensionality relates closely to the complexity of
estimating 1. Specifically, we use our dimensionality result to show that this matrix can
be accurately estimated (in terms of the maximum [; error across rows) with complexity
O(n®) for some ¢ < 2 for the same class of graphs (Theorem 3.2). Conceptually, this
scheme leverages the low dimension of IT in a manner analogous to low-rank matrix
approximation. To the best of our knowledge, our scheme improves upon all existing
complexity bounds for this task, the most competitive of which are O(n*logn) in
our setting. We also note that maximum [; error across rows is a natural accuracy

objective, since each row of I (i.e. each PPR vector) is a distribution over the nodes.

!This chapter is adapted from [45].
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3. The estimation scheme we analyze is similar to those that were proposed (but not
analyzed) by Jeh and Widom in [16] and Berkhin in [17]. Hence, we offer theoretical
evidence for the empirical success of these algorithms.

4. While Theorems 3.1 and 3.2 apply to a class of random graphs, we show empirically
in Section 3.6 that our dimensionality measure is small relative to n for real graphs.
Hence, we argue that the dimension of II is small more generally. This also suggests
that the complexity of estimating II becomes much smaller when one accounts for the
dependencies among its rows that arise from the common underlying graph.

5. Additionally, we believe the class of random graphs considered contains realistic models
of real-world networks. As an example, in Section 3.7.3 we provide a model for a graph
like Twitter, which contains a few nodes with huge in-degrees — modeling celebrities
with millions of Twitter followers — and many nodes with moderate in-degrees — model-
ing “normal” users with dozens or hundreds of followers. We also discuss various other
aspects of our analysis throughout Section 3.7, including a geometric interpretation of
our dimensionality result and a connection to Markov chain mixing times.

The chapter is organized as follows. We begin in Sections 3.2 and 3.3 with preliminaries and

related work. Sections 3.4-3.7 follow the outline above. We close in Section 3.8.

3.2 Preliminaries

We begin by defining the main ingredients of the chapter. Most notation is standard or
defined as needed, but we note the following is often used: for z € R” and J C {1,2,...,n},
we set z(J) = >, 2(4), we let ey € {0,1}" satisfy e;(j) = 1(j € J) (where 1(-) is the

indicator function), and we write e; = ey;y for simplicity.
3.2.1 Directed configuration model (DCM)

We consider a random graph model called the directed configuration model (DCM). For
the DCM, we are given realizations of random sequences N,, = {N, },ev, and D,, = {D, }ev,
satisfying N,,, D, e NVwv eV, and ) o, Ny =3 o, D, 2 L, (here V,, = {1,2,...,n}).2
We will refer to (N,,, D,,) as the given degree sequence. Our goal is to construct a directed
graph G, = (V,,, E,), such that v € V,, has in- and out-degree N, and D,, respectively.
Toward this end, we first assign N, incoming half-edges and D, outgoing half-edges to each
v € V,; we call these half-edges instubs and outstubs, respectively. We then randomly pair
half-edges to form edges in a breadth-first search fashion that proceeds as follows:

e Let s ~ V,, uniformly. For each of the D, outstubs assigned to s, sample an instub

2For example, in Section 3.7.3, we let N,, ~ fin i.i.d. for a given distribution f;,,; we then realize D,, conditional
on ), cy, Ny in a manner that guarantees ) 5 i, Dy = >y, Ny. Alternatively, [18] proposes letting Ny, ~

fin 4-1.d., Dy, ~ fout 4.1.d. for some fi,, foutr, then to modify N,,, D,, to guarantee Zuevn D, = Zvevn N,.
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uniformly from the set of all instubs (resampling if the sampled instub has already
been paired), and pair the outstub and instub to form an edge out of s.

o Let Ay = {v €V, \ {s} : an outstub of s was paired with an instub of v}. For each
v € Ay, pair the D, outstubs of v in the same manner s’s outstubs were paired.

e Continue iteratively until all half-edges have been paired. Namely, during the (m+ 1)-
th iteration we pair the outstubs of all v € A,,, where A,, is the set of nodes at distance
m from s (those v € V,, for which the shortest path from s to v has length m).

We define this procedure more formally in Appendix B.1.2. For now, the important points
to remember are that the initial node s is chosen uniformly at random from V,,, and that, at
the end of the m-th iteration, the m-step neighborhood out of s has been constructed. We
emphasize the resulting graph will be a multi-graph in general, i.e. it will contain self-loops

(edges v — v for v € V;,) and multi-edges (more than one edge from v € V,, to w € V,,).3
3.2.2 Personalized PageRank (PPR)

In this chapter, we use PPR notation similar to that used in Chapters I-1I; however, there
are a few key differences we mention here. First, we denote the adjacency matrix of G,, by
M, ie. M(i,j) €{0,...,D;} is the number of directed edges from i to j, for each i,j € V,.
From M, we define a row stochastic matrix P by P(i,j) = M(¢,5)/D; V i,5 € V,. Note
P describes the random walk on G,, for which we follow a uniform outgoing edge at each
step (i.e. we account for the fact that G,, may be a multi-graph). For v € V,,, we define the
(primitive) PPR vector 7, as the stationary distribution of the chain with transition matrix
P,=(1—a,)P+a,l,e] (asin Section 3.2.2). We treat each 7, as a row vector and define
the PPR matrix II,, as the matrix with rows {m, },cv, (again, as in Section 3.2.2). Thus, we
explicitly denote the number of nodes n as a subscript of II,, in this chapter.

As suggested by the notation above, we allow the restart probability «a,, to vary with n
in this chapter; in particular, we will let o, = ©(1/logn). We argue in Section 3.4.2 that
this is appropriate when considering the asymptotic behavior of PPR on the DCM. We note
a line of work by Boldi et al. [46, 47] analyzed the limit of PPR as o — 0 for a fixed graph
G; in contrast, we fix a value of «,, for each GG,,. Finally, we further motivate our choice of

oy, in Section 3.7.4 in terms of the mixing time of the random walk discussed above.
3.2.3 Dimensionality measure

Our main focus is the dimensionality of the PPR matrix II,,. A standard measure of
this dimension is rank(Il,,); however, rank(Il,,) = n V n € N (see Section 1.3.1.1), so we will

consider a different notion of dimensionality. This notion is motivated by the following obser-

3In [18], the authors provide conditions under which a simple graph results with positive probability as n — oo,
but these are stronger than the conditions we require, so we will instead assume G, is a multi-graph.
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vation: the rank of the matrix with rows {z;};c; (where I is some finite set) can be bounded
by | X'UX"|, where X’ C {z;}icr and X" = {2; ¢ X' : z; is not a linear combination of X'}.
We will relax this slightly, by only including in X” those z; ¢ X’ that are not “close” to a
linear combination of X’. Specifically, for ¢ > 0 we define

min A(K,,e) = |K,| + [{v € Vi, \ K, : B,(K,,¢) holds}|, (3.1)

Kn,CVp

where B, (K,,¢) is the event

Ty — (Z B (k) + anel>

keK,

inf >ep. (3.2)
{Bu(k)} ke K, CR .

We offer several remarks on this definition. First, as will be discussed in Section 3.5,
(3.1) suggests an algorithm for estimating the PPR matrix: we first estimate 7, for each
v € K,, and v ¢ K, such that B,(K,,¢) holds; we then approximate m, for other v as a
linear combination of the {7y }reck, estimates. Under this scheme, (3.1) is the number of
PPR vectors estimated directly (i.e., not as linear combinations); we will argue this direct
estimation dominates the scheme’s complexity, and thus the scheme’s complexity scales with
(3.1). Second, we note (3.1) differs slightly from the quantity | X’ U X”| defined in the

previous paragraph, since in (3.2) the estimate of 7, is a linear combination plus the term

T
v

ane, . This latter term is included because it is a known component of m,, independent
of the graph structure encoded by P (by the power iteration (1.1)). Third, we note Iy
distance is a reasonable choice in (3.2) because PPR vectors are distributions over V,,, [y
distance is twice total variation distance, and total variation is a standard distance for
comparing distributions. Finally, we note (3.1) bears some resemblance to low-rank matrix
approximation and nonnegative matrix factorization (NMF'); we discuss this in Section 3.5.2.

Our dimensionality result (Theorem 3.1) provides conditions on the given degree sequence
(N,,,D,,) and the choice of K, under which A(K,,¢) scales sublinearly in n; hence, under
these conditions, ming, -y, A(K,,¢) is also sublinear. (Clearly, |K,| being sublinear is one
such condition; proving that |[{v € V,, \ K,, : B,(K,,¢) holds}| is also sublinear is highly
nontrivial.) We note that we currently lack a matching lower bound for (3.1).

For analytical tractability moving forward, we will set K,, = {v € V,, : U, = 0}, where
U, = {U,}vey, is a random length-n binary sequence that may be correlated with the
given degree sequence (N,,, D,). Additionally, we will assume the entire tuple (N,,, D,,, U,,)
is realized before the graph is constructed. In light of this, we emphasize that A(K,,¢)
is a random variable that depends on two sources of randomness: the random sequence

(N,,,D,,U,), and the random graph construction. Towards proving our dimensionality
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result, intermediate results will be established with (N,,,D,,U,) held fixed, after which
expectation with respect to (N, D,, U,) will be taken. This motivates the following defi-
nitions: we let E,[-] = E[-|N,,D,,U,] and P,[-] = P[|N,,, D,, U,] denote expectation and

probability with the only source of randomness being the graph construction.

3.3 Related work

Before proceeding, we comment on relationships to prior work. We focus on [16], [17],
and [48], the papers most closely related to this chapter. We will also return to discuss more
related work — in particular, other PPR estimation schemes — in Section 3.5.2.

In [16], Jeh and Widom propose a scheme for estimating the PPR matrix. The scheme
relies crucially on the Hubs Theorem in [16], which states that the PPR vector m,,v € V,\ K,,,
can be written as a linear combination of {7 }rer, and another vector. The Hubs Theorem
is central to our results as well; an alternative formulation appears as Lemma B.1 here.
Improving upon [16], Berkhin in [17] proposed a similar algorithm that uses sparse estimates
of PPR vectors. We discuss these algorithms in more detail in Section 3.5.2.

Unfortunately, the authors of [16] and [17] present no complexity analysis. Namely, it is
unclear how K, should be chosen and how large it must be to guarantee accurate estimation.
This chapter addresses this shortcoming. Specifically, as discussed briefly in the introduction,
our dimensionality measure (3.1) relates to the complexity of a similar estimation scheme.

In [48], Chen, Litvak, and Olvera-Cravioto consider the limiting value of 7, (the PPR
vector with restart distribution o,,, as in Section 1.2.2) as ,, weakly converges to a probability
distribution o. Specifically, they show that the PPR value of a uniformly chosen node is given
by the solution of a recursive distributional equation (RDE) [49]. They also show (roughly)
that PPR values follow a power law when in-degrees follow a power law, establishing the
“power law hypothesis” that had long been observed empirically. Similar results were proven
for other graph families in [50]. On the other hand, [48] was preceded by [51], where the
power law hypothesis was established for global PageRank; further back, the hypothesis was
studied under more restrictive assumptions in [52, 53, 54].

While [51, 48, 50, 52, 53, 54] share a goal of understanding the power law behavior of PPR
on random graphs, our goal is to instead understand the dimensionality of IL,. As alluded
to above, dimensionality carries with it algorithmic implications, so the current chapter
is perhaps more useful from a practical perspective when compared to this body of work.
However, the analytical approaches of these works will be useful to us. Specifically, we will
use a modified version of Lemma 5.4 from [48]; see Appendix B.1.3.

In short, this chapter combines the strengths of [16, 17], which are entirely algorithmic,

and [48], which is entirely analytical. Specifically, we leverage certain aspects of the analysis
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from [48] to obtain guarantees on an algorithm similar to those proposed in [16, 17].

More broadly, other work studying PPR on random graphs includes [55], where it is
shown that m, can be well-approximated as a convex combination of ¢, and the degree
distribution for certain random graphs. The DCM was proposed and analyzed in [18, 56]
as an extension of the (undirected) configuration model, the development of which began
in [57, 58, 59]. The configuration model (and variants) have been studied in detail; for
example, [60] considers graph diameter in this model, while [61] studies the emergence of a

giant component.

3.4 Dimensionality result

We next turn to our dimensionality result. We define our assumptions and our choice of

o, in Sections 3.4.1 and 3.4.2, respectively, and then state the result in Section 3.4.3.
3.4.1 Assumptions

Our dimensionality result is a consequence of a key lemma, the proof of which requires
Assumption 3.1. This assumption states that certain moments of (N,,,D,, U,) exist with
high probability, and furthermore, converge to limits at a certain rate.

Assumption 3.1. We have P[Q¢] = O(n~°) for some § € (0,1), where Q,, = N%_,Q,,; and
for some constants v,p € (0,1) and n;, (*, \* € (0, 00), all independent of n,

> et Vn - > het UnDr, _
Qn - —_— — < v , Qn — == — * S ¥ 7
! { n = ! > =1 Un ¢ "

Qno = { Lz oD 2| = ”_7} v s = { Zh—? Oy S ”_W} ;

n Zh:l Uh

n 92 n

Qn’sz{M_nsgn’Y}, Qn76:{w_p‘§n—7}.

n Zh:l Ny,

We also have ¢ £ ny/n; > 1 and define X\ = 13 /n;.

We note that the constants ( and p appearing in Assumption 3.1 also appear in our
dimensionality result, and both have simple interpretations: if v, satisfies Plv, = v]
N, Vv e V,,n €N, then lim,_,., E[D,, |Q,] = ¢ and lim,,_,. E[U,,|Q2,] = p, i.e.  and p
give the limiting expected out-degree and the limiting probability of belonging to V,, \ K,,
respectively, for a node sampled with probability proportional to in-degree. (The other
constants in Assumption 3.1 will not appear in our dimensionality result but have similar
interpretations.) We also remark that ¢ > 1 in Assumption 3.1 is not necessary to establish
our results but, given this interpretation, is the more interesting case; this also simplifies the

statements and proofs of certain results (which otherwise would have to address the cases
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¢ >1,¢=1,and ¢ < 1 separately).
Our dimensionality result requires Assumption 3.2, which strengthens Assumption 3.1

by requiring | K| to be sublinear (an obvious requirement for sublinearity of (3.1)).

Assumption 3.2. 3 x € (0,1) independent of n s.t. E[|K,|] = E[>_;_,(1 — U,)] = O(n")
and Assumption 3.1 holds.

While Assumption 3.2 may appear limiting, we provide an example (N,,D,,U,) in
Section 3.7.3 that satisfies it, and that we believe is a reasonable model for certain graphs
arising in the motivating applications of Section 1.2.3 (namely, Twitter). Additionally, we
argue in Section 3.7.2 that several events (2, ; appearing in Assumption 3.1 are essentially
implied by others, and are therefore not restrictive. Finally, we believe the most important
condition for sublinearity of A(K,,¢) is that K, contains a vanishing fraction of nodes but
a non-vanishing fraction of edges (i.e. E[|K,|] = O(n*) and €, ¢ holds in Assumption 3.1).
We discuss this further in Section 3.7.2 and provide empirical evidence that this holds when

{N,}vev, follow a power law, a common model for real-world graphs.
3.4.2 Choice of restart probability

As mentioned in Section 3.2.2, we take «,, = ©(1/logn) in this chapter. Having defined
Assumption 3.1, we choose a specific value of «,,. This choice is motivated by the following
proposition, which states that s’s PPR concentrates in a small neighborhood surrounding s,

and bounds the size of this neighborhood, for two choices of a,.

Proposition 3.1. Let 7 € (0,1) and p > 1 be constants, and let s ~ V,, \ K,, uniformly. For
l e N, let V, s(I) denote the [-step neighborhood out of s. Then the following hold:

o If a,, = plog(1/7)log(¢)/log(n) = ©(1/logn) and | = [log(1/7)/c],

liminfr, (V,s(1)) > 1 —7a.s., E[|V.s (]2 =0 (nl/”) :

n—oo

e If o, = ais a constant and [ = [log(7)/log(1 — a)],

liminfr, (Vs (1)) > 1 —7a.s., E[|V.s(D)]2] =0(1).

n—o0
Proof. See Appendix B.5. O]

Loosely speaking, Proposition 3.1 states that, for both choices of a,, all but 7 of s’s PPR
concentrates on a small neighborhood surrounding s, for any 7 > 0. The difference is the size
of this neighborhood: when «,, = ©(1/logn), the neighborhood grows with the graph; when
o, is constant, the neighborhood has constant size. From the PPR interpretation of Section

1.2.2, this suggests that the number of nodes that are “similar” to s grows in the former
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case but remains fixed in the latter case. We believe the former case is more appropriate.
Additionally, the growth of this similar set of nodes remains sublinear in n in the former
case; intuitively, this says that a vanishing fraction of all nodes are important to s, i.e. the
PPR vector remains “personalized” to s. Later, we will further motivate this choice in terms
of the mixing time of the simple random walk on G,, (see Section 3.7.4). We also remark
that, since PPR concentrates on a small neighborhood for this choice of «,,, PPR vectors
can be well-approximated by sparse estimates (with the sparsity precisely controlled by 7
and p), which has implications in terms of both time and space complexity for algorithms

we discuss in Section 3.5.1. We reiterate that for the remainder of the chapter, we set

_ plog(1/n)log(Q) _ (;) _ (3.3)

logn logn

n

3.4.3 Dimensionality result

Before presenting our dimensionality result, we state a tail bound for the event By(K,,¢)
(recall this event, defined in (3.2), states that 7, is more than ¢ from a linear combination of
{7k }rek, ). Our dimensionality result will follow almost immediately from this lemma. The
bound is n~mn{eree®} for constants ¢; depending only on the degree sequence and the choice

of a,,; hence, € only affects the bound when it is sufficiently small.

Lemma 3.1. Given Assumption 3.1, for s ~ V,, uniformly and ¢ > 0 independent of n,
P[Bs(Kn;g)‘Us = 1] =0 (n*C(E)) ’

where, with 0, p, ¢ from Assumption 3.1, and with p, 7 from (3.3),

2 i {5 1osl/p)  ((1=p)e)”
o) = {6’ 21og(¢/p)’ 2plog(1/7) logé} >0

The proof of Lemma 3.1 is lengthy and occupies Appendices B.1 and B.2. For now, we
note that the proof broadly requires four steps:

1. Show that, for a certain {3,(k)}rex, , the error term |7, — (anel +3°, o Bs(k)me) ||y in
Bs(K,, ) can be bounded by only examining the m-step neighborhood out of s. (Here
the choice of {fs(k) }rek, arises from an alternate form of the Hubs Theorem from [16],
which requires a new proof; the error bound is new, to the best of our knowledge.)

2. Argue that, conditioned on certain events not occurring during the first m steps of
the graph construction, this error bound follows the same distribution as a quantity
defined in terms of the first m generations of a branching process. (Here we essentially

argue that, before these events occur, a bijection exists between the subgraph that
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determines the error bound and the tree resulting from the branching process.)
3. Bound the probability of these events occurring during the first m iterations. (Here we
use a modification of Lemma 5.4 from [48]. Our modification weakens the assumptions
of [48], allowing us to apply it to a wider class of degree sequences; see Section 3.7.3.)
4. Bound the probability of By(K,,¢), conditioned on these events not occurring, by
analyzing the branching process quantity. (Here our analysis leverages the fact that
the branching process quantity has a martingale-like structure.)
Before proceeding, we pause to state the choice of {fs(k)}rek, from Step 1, which will
be used in Section 3.5. First, for any realization of the DCM and for v € V,, \ K,,, we define

Note P, corresponds to a Markov chain for which the random surfer from Section 1.2.2
restarts at v with probability 1 upon reaching K, (instead of «,). Letting 7, denote the

stationary distribution of this chain, one can show (see Appendix B.1.1)

U Ty (W) + 3 g, Tolk)mr(w)

ot (= a7 K YweV,. (3.5)

Ty (w) =

With (3.5) in mind, we define

Bu(k) = Tulk)

_ VEkeK, 3.6
an + (1 — ) (K) < (3.6)

and we take {0s(k)}rek, asin (3.6) in Step 1 above.

We now turn to the dimensionality result, Theorem 3.1. Together with Assumption 3.2,
it essentially states the following: when certain moments of the degree sequence exist, and
when a sublinear number of nodes contains a constant fraction of instubs, the dimension of

the PPR matrix scales sublinearly in n (with high probability).

Theorem 3.1. Given Assumption 3.2, for any € > 0 independent of n,
E[A(K,,e)] = O (nmax{“’lfc(e)}) ,
where ¢(¢) is from Lemma 3.1. Hence, V ¢ € (max{r,1 —¢(¢)},1),C > 0 independent of n,
PIA(K,, &) > C’né} =0 (nmax{“’l_c(s)}_é) — 0.

n—oo

Proof. See Appendix B.3. O
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3.5 Algorithmic implications

Having stated Theorem 3.1, we next consider its algorithmic consequences. Broadly
speaking, the main consequence is that only A(K,,e) PPR vectors — those corresponding
to K, and {v € V,, \ K,, : B,(K,,¢) holds} — need be computed, after which the others can
be estimated as linear combinations of {7 }rek, using the weights {7,(k)}rek,. Because
A(K,, €) scales sublinearly per Theorem 3.1, this may yield an order reduction when com-
pared to the naive scheme of computing all n PPR vectors. However, computing A(K,,¢)
vectors and n — A(K,, ) sets of weights {7,(k)}rek, remains too costly, so each of these
quantities will be estimated. This introduces a nontrivial challenge: the errors incurred by
estimating {7y }rer, and {7,(k)}rer, will propagate through to the estimate of 7,, poten-
tially rendering it highly inaccurate. In this section, we devise an algorithm that overcomes

this challenge. We then discuss compare this algorithm to existing PPR estimators.
3.5.1 Algorithm to estimate the PPR matrix

At a high level, our algorithm proceeds as follows. First, estimate {7y }rer, as {7 }rek, -

Next, for v € V,, \ K,,, estimate 7, as

~

ZkeKn 0 (k)ﬁk

a, + (1 — an)frv(Kn)’ (38.7)

ozneI +

where 7,(k) is an estimate of 7, (k). The basic idea behind this scheme is that, by (3.5),
the estimate shown in (3.7) may be close to m,. Throughout this section, we make this idea
rigorous, developing an algorithm based on this idea and using Theorem 3.1 to analyze it.

The first step of our scheme is to estimate {7y }rcx,. Here we use a modified version of the
Approx-PageRank algorithm [7] from Section 2.3. Our modification accounts for the fact that
the DCM may be a multi-graph; we define it in Algorithm 3.2 and include a modified analysis
in Appendix B.4. Specifically, in Appendix B.4 we show that for any realization of G,, and
any v € V,,, Approx-PageRank(v, ¢1) has complexity O(nlogn/e1), assuming L, = O(n) (as
in Assumption 3.1) and a,, = ©(1/logn). Hence, running Approx-PageRank(k,s,) V k € K,
will yield estimates of {7 }rek, with error guarantees in the /; norm.

We next consider estimation of {7, (k) }vev\ k. kek,; here we desire an [, error guarantee
that, paired with the [; guarantee on 7y, will yield an l; guarantee on (3.7). A natural algo-
rithm to use is the Approx-Contributions algorithm [32] from Section 2.3. However, since
we seek estimates of {7, (k)}vev,\k,, Dot {m,(k)}vev,\k,, the existing algorithm does not

directly apply. For this reason, we consider a modified version of Approx-Contributions.
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This is based on our analysis in Appendix B.2.2; which shows (see (B.34))

o iy (K)
Wv(k) T 1= (1 — Oén),uv(Kn>

VoeV,\ Ky ke K,

where 1, (k) is the k-th element of p, = e} (I — (1 — ) P)~" (here P, defined in (3.4), is the
row-normalized adjacency matrix with rows corresponding to K, set to zero). Note that i,
has nearly the same form as m,, by (1.1); in particular, u, is a scaled PPR vector defined
on a modified graph. Hence, we will use a modified version of Approx-Contributions to

estimate {/i,(k)}vey, for each k € K, after which we may estimate {7, (k)}vev,\k, as

%v(k) - anﬂv(k)

= - VoeV,\ K, keK,.
1—(1- O‘n)ﬂv(Kn> \

This modification is necessary to account for the different scaling between m, and pu,,, as well
as the fact that our DCM may be a multi-graph. With this in mind, we define a modified
version of Approx-Contributions in Algorithm 3.3; we include an analysis in Appendix
B.4, based on [32], which includes our desired bound on |7,(k) — 7, (k)|.

After computing {7y }rex, and {7, (k) }oev,\ i, kex, via Algorithms 3.2 and 3.3, we could
immediately compute (3.7) and return this as our estimate of m, for v € V,, \ K. There
are two drawbacks to this approach, both of which our algorithm will address. The first

drawback is that, while Lemma 3.1 guarantees m, is close to

ZkeKn 7oy (k)T

o+ (1 — )i () (3:8)

an(aI +

for most v (namely, all but a sublinear number), it could be far from (3.8) for some v; hence,
the estimate given by (3.7) may be inaccurate for some v as well. The second drawback is
that computing (3.7) for every v € V,, \ K,,, k € K,, requires matrix multiplication that has
complexity O(n*™) when |K,| = O(n"); as we discuss in Section 3.5.2, existing methods can
estimate {m,},cy;, in our setting with complexity O(n?*logn) and with the same accuracy
guarantee we will provide. Hence, we next address each of these drawbacks.

First, to address the accuracy concern, we show in Appendix B.4 that %U(Kn) can be
used at runtime to determine whether (3.7) will be sufficiently accurate, without actually

computing (3.7) or knowing m, itself. Specifically, we show that if 7,(K,) exceeds

an(l—(e1+ ay))
g1+ Oén(2 — (61 + ozn))7

gn(‘gl) =

then (3.7) will be close to 7, in l. Note %U(Kn) > gn(e1) intuitively states that K, is “close”
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to v in the graph; hence, (3.7) is a good estimate of 7, whenever K, is close to v.

Second, to address the matrix multiplication concern, we will “sparsify” the matrix
{7k trek,, 1-€. set certain elements of this matrix to zero. We will do so in a manner that
ensures (1) enough elements are set to zero to guarantee the resulting multiplication has
complexity o(n?), and (2) not enough elements are set to zero to significantly alter the accu-
racy of the resulting estimates. In particular, we will set 7 (u) to zero whenever u ¢ V,, x(1),
where [ is an input to our algorithm and V,, ;(!) is the [-step neighborhood out of &k (as in
Proposition 3.1). Using an argument similar to the proof of Proposition 3.1, we will show
that |V, x(1)| scales sublinearly in n (which will address point (1) above) and that 7 (u) is

small whenever u ¢ V,, (1) (which will address point (2) above).

Algorithm 3.1: {7, },cy, = Estimate-A11-PPR(eq,e9,()

1 for k € K,, do

7 = {7k (u) buev, = Approx-PageRank(k,e;) (Algorithm 3.2)

it (u) = 7p(u)1(u € Vo (1)) Yu eV,

{f1u(k) }uev, = Approx-Contributions(k,es) (Algorithm 3.3)

for v eV, \ K,, do

ﬁv(]{") = anfly(k)/(1 = (1 — an)i(Ky)) YV k € Ky

if 7,(K,) < gn(e1) then 7, = {7,(u)}yey, = Approx-PageRank(v,¢e;)
else 7, = ane, + > k. To(B) 7L/ (am + (1 — )T (K))

® N O O A~ W N

Algorithm 3.2: 7, = {7,(u) }uev, = Approx-PageRank(v, &)
1 (u) =0,1(u) =1(u=v)Vuel,
2 while max,cy, 7,(u)/D, > €1/L, do
3 | v* €argmaxyey, mo(u)/Dy
ro(u) < rp(u) + (1 — ap)ry (V) P(v*,u) ¥V u # v*
7o (V") = 7, (V) + apry (vF)
To(V*) <= (1 — )1y (v*) P(v*, v*)

=21 SN

Algorithm 3.3: {/i,(v)}uey, = Approx-Contributions(v,es)
1, (v) =0,7(u) = llu=v)Yuel,

2 while max,cy, 7,(u) > €5 do

3 v* € argmax,ev;, 1y (u)

ro() = ro(u) + (1 — ap)ry (V) Pu, v*) ¥V u # v*

flo (V) <= flpe (V) + 1y (U*)~

(V") = (1 — ay)ry (V) P(v*, v%)

(=<1 SN
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Having described each step of our scheme, we provide a formal definition in Algorithm
3.1. Theorem 3.2 provides two guarantees for Algorithm 3.1, stated informally as follows:

1. For certain choices of 7 in the definition of «,,, each estimate 7, is accurate in the [;
norm a.s. In fact, this guarantee holds for any underlying graph G,,.

2. For certain choices of p in the definition of «,,, the complexity is o(n?) with high
probability, assuming Assumption 3.2 holds and each k € K, has O(1) out-degree.
(Note this strengthens the previous assumption of O(1) average out-degree.)

We reemphasize that Algorithm 3.1 generates estimates accurate in the [; norm for any
graph G,,. We also note this is a natural objective, since bounding /; distance is equivalent
to bounding total variation distance, total variation is a standard distance for comparing
distributions, and PPR vectors are distributions over V,,. Additionally, while the complexity
guarantee pertains to a class of graphs, we suspect the algorithm will perform well for a
wider class of graphs. For example, we believe that graphs with in-degrees following a power
law satisfy the most crucial of our assumptions (see Section 3.7.2). Hence, while the entirety

of Theorem 3.2 applies to a class of graphs, we believe Algorithm 3.1 is of wider value.

Theorem 3.2. Let ¢ € (0,1) be a constant, and set €; = /4, &3 = a2g,(¢/4)/(2|K.,|), and
[ = [log(1/7)/ay] in Algorithm 3.1. Then the following hold:
e (Accuracy) Assume 7 < £/4 in the definition of «,,. Then for an arbitrary graph G,,

|7ty — mol1 < e Vv eV, as.

e (Complexity) Assume G, is the DCM, Assumption 3.2 holds, p > - in the definition
of a,, (with k from Assumption 3.2), and 3 constants ¢’ > k and Dy > 0 s.t.

Qn} =0 (n ).

Then, letting C4143.1 denote the complexity of Algorithm 3.1,

P {max Dy > Dok

keKy

E [Caigs1|Q) = O (max {E[A(Kn, e/14)|n(log n)3,nmax{1+“+1/p’2+“_5,}}) :
Consequently, 3 ¢ < 2 such that
lim P [CAlQB.l Z nE|Qn] = 0.
n—o0

Proof. See Appendix B.4. m
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We note that the E[A(K,,,/14)n(logn)3] term? in the complexity guarantee accounts for
all but Line 8 of Algorithm 3.1. Roughly, the proof shows that Approx-PageRank need only
be run A(K,,e/14) times, once for each node in K,, or {v € V,, \ K,, : B,(K,,¢/14) holds};
for other nodes v, m, can be well-approximated as a linear combination of {7y }xek,. The
proof also shows that each run of Approx-PageRank has complexity linear in n; hence, if
instead A(K,,£/14) scaled linearly in n, Algorithm 3.1 would have n? complexity. Because of
this, Theorem 3.2 should be viewed as a consequence of Theorem 3.1. On the other hand, the
pax{l+r+1/p246=0"} term in the complexity guarantee accounts for the matrix multiplication
in Line 8 and requires the additional assumptions stated in Theorem 3.2.

One issue we have not addressed is how to optimally choose K,,; our analysis simply says
if an appropriate K, exists, then the algorithm has subquadratic complexity. We believe
choosing nodes of highest in-degree as K, is a good choice; see Section 3.6 for empirical results
and Section 3.7.1 for some theoretical evidence. However, an important (though, we believe,
a very difficult) question for future work is as follows: given € > 0, how can one optimally
choose K,, = K,(¢) to ensure e-accuracy while minimizing complexity in Algorithm 3.17

Finally, we note Algorithm 3.1 can be easily modified to obtain a variant that uses
precomputation and that proceeds as follows:

e Offline stage: Run Lines 1-4 of Algorithm 3.1; store {#! }rer, and {fix(k) }uev, kek, -

e Online stage: When an estimate of 7z, k € K,, is needed, return #t; when an estimate

of m,,v ¢ K, is needed, run Lines 6-8 of Algorithm 3.1.
In Appendix B.4.3, we show that, under the assumptions of Theorem 3.2, the offline stage
requires O(n'™") storage, the estimate returned during the online stage has [; error bounded

by e, and for s ~ V,, uniformly, the online stage has complexity
@ (max {A(Kn, e/14)logn, pftmax{1/p,1-6"} }) )

Note that this storage is subquadratic, strictly better than the n? storage required the store
the PPR matrix itself. Additionally, with x < max{d’,1 — 1/p} per the assumptions of
Theorem 3.2, the online stage has sublinear complexity, strictly better than the existing

approach of running Approx-PageRank for s ~ V,, uniformly online (O(nlogn) complexity).
3.5.2 Comparison to other algorithms

In the previous section, we showed Algorithm 3.1 estimates {m,},cy, with constant
error in the /; norm for each vector and has complexity o(n?) on the DCM (under ap-

propriate assumptions). To the best of our knowledge, this complexity bound is strictly

1A(K,,,e/14) appears because the if statement in Algorithm 3.1 relies on an estimate of 7, (K,); if 7, (K,)
were known, A(K,,€), a smaller quantity, would instead appear. The factor 14 has no particular significance.
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better than any in the literature. In fact, the best existing algorithm is to simply run
Approx-PageRank(v,e) V v € V,,, which, by Lemma B.11 in Appendix B.4, guarantees con-
stant [; error and has complexity O(n?logn) when L, = O(n),a,, = ©(1/logn) (i.e. in
the setting of Theorem 3.2). Alternatively, the original version of Approx-Contributions
from [32] guarantees [, error bounded by &,, with complexity O(L,,/(na,e,)) for a uniformly
random node (see Theorem 2 in [62]). Hence, running this algorithm for all nodes, setting
€, = £/n to obtain constant [; error, and taking L, = O(n), o, = ©(1/logn) as in our set-
ting, this complexity is also O(n*logn). Similar complexity bounds are provided in [63] for
algorithms based on deterministic rounding and randomized sketching; namely, [63] shows all
PPR vectors can be estimated accurately in [, with O(nlogn/e,) complexity, which again
is O(n?logn) if we desire an [; guarantee. We do concede that these O(n?logn) bounds only
require L,, = O(n), while ours pertains to a class of random graphs; however, we believe this
class contains reasonable models for many graphs of interest (see Section 3.7.3).

We also note we conditioned on €2, for the complexity guarantee of Theorem 3.2 because,
if instead Q¢ holds, we could have A(K,,,¢/14) = O(n), L,, = O(n?), in which case Algorithm
3.1 will have complexity O(n?logn), the same as the existing methods. However, if we assume

L,, = O(n) with probability 1, we can write
E [Caiga] < E[Caigaa|2a] + O(n logn)P [€2]] = o(n?),

where the first term is o(n?) by Theorem 3.2 and the second is o(n?) since P[QS] = O(n~?) by
Assumption 3.1. Thus, when L, = O(n) with probability 1, Algorithm 3.1 is subquadratic
and thus strictly better than existing methods without conditioning on €2,,.

Another line of work worth mentioning includes [64, 65, 66, 67]. For example, [64] provides
algorithms to estimate the solution of Az = b in nearly-linear time, which in principle could
be run separately across nodes to estimate I in nearly-quadratic time. However, it is unclear
how to exploit dependencies across rows of II in this scheme, and thus unclear if this can
be improved to subquadratic time like our algorithm. Also, [64] bounds || — x|/ 4, where
i is the estimated solution and |jy||4 = /yT Ay for a vector y; this accuracy guarantee is
somewhat unnatural for PPR vectors. In a related line of work, [68, 69] devise algorithms
to estimate graph-related primitives including PPR, stationary distributions, and commute
times in nearly-linear time; for PPR, I, accuracy guarantees are provided.

As mentioned in Sections 3.1 and 3.3, our algorithm is similar to those proposed in [16, 17].
Jeh and Widom’s scheme from [16] follows the description from the beginning of Section
3.5.1: first, estimate the hub PPR vectors {m;}rek, and the weights {7, (k) }oev,\ ko kekn;

second, for v ¢ K, approximate m, as a linear combination via (3.7). The estimation in
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the first step uses dynamic programming (DP) algorithms similar in spirit to the methods
Approx-PageRank and Approx-Contributions that we use. Berkhin in [17] similarly uses
hub PPR vectors as a basis for estimating other PPR vectors, with dynamic programming
algorithms again used for the primitive PPR estimation. The key difference is that Berkhin’s
scheme involves bookmark-coloring vectors (BCVs), which are essentially sparse estimates of
PPR vectors; it is shown empirically in [17] that controlling the sparsity of these BCVs
reduces the runtime of Jeh and Widom’s scheme. However, in the case of both papers, no
complexity analysis is provided for the primitive DP algorithms. Moreover, even if guarantees
did exist for these DP algorithms, non-trivial subtleties arise when using such guarantees
to analyze the overall estimation scheme, as was seen in Section 3.5.1; these subtleties were
not addressed in [16] or [17] either. In contrast, our algorithm and its analysis provide the
guarantees one would desire in practice: an accuracy guarantee for all estimates, a complexity
guarantee for certain choices of K,,, and evidence for why choosing K,, with high in-degree is
a good choice. It is also worth noting that Berkhin’s idea to improve runtime by controlling
sparsity is the same idea we use in this chapter; see Section 3.5.1.

Another relevant work is [36]. Here the authors provide an algorithm to estimate , s.t.
(1 —eNmy(u) — e, < 7rp(u) < (1+&Nm(u) +e, VueV,.

The complexity of this scheme is O((logn)*log(1/e,)/(en(¢’)?)) per node. Hence, set-
ting €, = €/n for some constant ¢, setting ¢’ small and independent of n, and running
this scheme for all nodes gives complexity O(n?(logn)?), similar to Approx-PageRank and
Approx-Contributions. However, the multiplicative error term ¢’ cannot be avoided, so this
is not quite an [y error guarantee. The analysis in [36] also shows via a tight lower bound
that the complexity bound is within a polylogarithmic factor of the optimal. Naively using
their lower bound independently for each node would lead to the erroneous claim that any
algorithm for estimating the PPR matrix should have complexity at least Q(n?). Critically,
though, properly accounting for the dependence of the PPR vectors based on the common
underlying graph allows us to do better than this naive conjectured lower bound.

We also believe our analysis can used to tighten complexity bounds of other algorithms,
similar to the analysis we conducted here for a modified version of the algorithm from
[16]. For example, the algorithms from Chapter II and [15] estimate ,(u) with complexity
O(y/nlogn) when L, = O(n), a,, = O(1/logn), and with accuracy guarantee

emy(u), my(u) >1/n

, (3.9)
2¢e/n, m(u)<1/n

|70 (1) — 7o (u)| <
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i.e. a relative error bound when m,(u) is large and an absolute error guarantee otherwise.
If one desires this accuracy guarantee for the entire matrix {m,(u)}yuev,, the scheme can
be run separately for every v,u pair at complexity O(n*logn) (which is strictly better
than computing the matrix via the inverse in (1.2)). However, the basic approach we have
used here could also be used to reduce this complexity; namely, by first using the scheme to
estimate {7y }rek, and {7,(k)}rek, and then using (3.7) to estimate {m,(u)}vuev,\k,- The
challenge of designing such an algorithm would be similar to the challenge we encountered
in this section. Specifically, we had to carefully design certain aspects of Algorithm 3.1
— “gparsifying” the matrix {7y }rek, and checking if %U(Kn) exceeds gn(€1) — to ensure
that estimation errors pertaining to {m }rek, and {7,(k)}rexk, did not propagate through
to estimates of {m,(u)}yuev,\k, and render them highly inaccurate. Similarly, using our
framework to estimate the PPR matrix using the algorithm of [15] would require a careful
analysis of how the errors in (3.9) propagate through to later estimates. To summarize,
we believe our basic approach can be used to design modified versions of other existing
algorithms; however, we suspect this is nontrivial, suggesting an avenue for future work.

As mentioned in Section 3.2.3, our algorithm also bears resemblance to nonnegative
matrix factorization (NMF), which, given X € R"*™ seeks W € R"*"  H € R™"™ such that
| X — W H]| is small (where typically r < m,n). This is directly analogous to our algorithm.
Indeed, Algorithm 3.2 generates W € R A(Ene/14) [T ¢ RAKne/I)X1 gatisfying

|(IL, — ) — WH||» < €,

where ||A]lo = max; ||a;||; for a matrix A with rows {a;}. However, there are some key
differences between NMF and our scheme. First, NMF assumes X is known, while in our
algorithm II,, — o,/ (which plays the role of X) is unknown. This means that standard
NMF algorithms, which compute gradients dependent on X to iteratively update W, H
(see e.g. [70]), do not apply. Additionally, computing these gradients requires the objective
function || X — W H]|| to be differentiable; in contrast, we use the non-differentiable norm
|| - oo, Which further prohibits use of standard NMF algorithms. Finally, NMF chooses the
dimensions of W, H a priori, while our algorithm adjusts r at runtime so as to minimize
complexity (ultimately yielding r = A(K,,e/14) as above). In short, our algorithm can be
viewed as a variant of NMF, tailored to the PPR setting in a manner that guarantees high
accuracy and low complexity. We discuss this in more detail in Appendix B.8.1. We also that
NMF with an objective function similar to ours has been studied in the contextual bandits
literature. Namely, [71] analyzes a model for which X;; gives the mean reward of pulling

arm ¢ given context j. The authors propose a regret-minimization algorithm to minimize
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| X — W H|| 0,00, Where ||Aljoo00 1S the maximal element (in absolute value) of a matrix A.
However, [71] assumes a small dimensionality by assuming a particular generative model for
W, H; in contrast, this chapter develops conditions to prove a small dimensionality.

In light of this, we mention another matrix problem of relevance, low-rank approximation.

For low-rank approximation, we are given a matrix X € R™™ and aim to solve

Cinf || X — X|| s.t. rank(X) <7,

XeRrnxm
for some r € {1,...,n} (for example, when | - || is the spectral or Frobenius norm, the
minimizing X is a truncated singular value decomposition , see e.g. Section 2.4 of [72]). A

related problem, which can be viewed as the dual of low-rank approximation, is

‘min rank(X) s.t. | X - X[ <e. (3.10)
XeRnxm
Note our dimensionality measure (3.1) is a variant of (3.10) in which the minimum is taken
over a restricted class of matrices (those containing a subset of rows of the original matrix,
in addition to linear combinations of this subset). Hence, as in the above discussion of NMF,
our scheme can be viewed as a tailored version of low-rank approximation.
Finally, we note estimating the PPR matrix can be viewed as a special case of the
algorithm from [73], which studies representation learning on graphs. However, we believe

this algorithm offers worse performance than ours in the PPR setting; see Appendix B.8.2.

3.6 Experiments

In this section, we illustrate various aspects of our analysis with some empirical results.
Our goal is to demonstrate that our theoretical findings — namely, that 7y can be well-
approximated as a linear combination of {7 }rex, (Lemma 3.1) and that PPR dimensionality
is small (Theorem 3.1) — may still hold when our assumptions fail. To this end, we will
estimate our dimensionality measure for two real graphs, as well as showing that 7, is indeed
well-approximated for a wider class of real graphs. Additionally, since our theoretical results
are asymptotic statements, we will investigate the relevant quantities as n grows for the
DCM. We note that, unless otherwise mentioned, we choose K, as the n” nodes of highest
in-degree, per the discussion of Section 3.7.1 (with  specified for each experiment).

We first estimate A(K,,¢) for a range of ¢ when x = 0.8 (0.8 was chosen as we found
it roughly balanced the two summands in (3.1)). For this, we use two datasets from the
Stanford Network Analysis Platform (SNAP) [43] that align with the motivating applications

of Section 1.2.3: soc-Pokec, a social network, and web-Google, a partial web graph (see
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Figure 3.1: Dimensionality for social network soc-Pokec and partial web crawl web-Google.

Appendix B.7.1 for details). We set a,, = 1/logn, and, V v ¢ K,, compute a bound on

> ke, Tu(k)mh )

ot (1= )7 (Ko (3.11)

Ty — <aneI +
1

using a power iteration scheme described in Appendix B.7.2. Adding n® to the number of
v eV, \ K, for which this bound exceeds ¢ then gives a bound on A(K,,¢). Figure 3.1a
shows histograms of the error bound, while Figure 3.1b shows our dimensionality measure.
We highlight two points on Figure 3.1b, ((1—«,,)/3,0.09) for soc-Pokec and ((1—a,)/3,0.15)
for web-Google. We believe (1—«,)/3 is a reasonable choice of € because (as proven in (B.31))
(3.11) is bounded by 1 — a,; hence, this choice of £ reduces the worst-case error term by
a factor of 3. Note A(K,, (1 — a,)/3) is small for both datasets — 9% and 15% of nodes,
respectively. This suggests that while Theorem 3.1 does not apply, the dimension of {7, },ev,
appears small, and that while Theorem 3.2 does not apply, Algorithm 3.1 should be efficient.
We offer several other remarks on Figure 3.1. First, as proven in Appendix B.7.2, (3.11)

is zero for v with no outgoing neighbors in V,, \ K,,, i.e. for any v € V,, o, where
Vio={vé¢ K, :A(w,w') € E,st. w=v,0w" ¢ K,}. (3.12)

As aresult, the “spikes” at € = 0 in Figure 3.1a have height |V}, o|/n, and A(K,,0) = n—|V,,0|
in Figure 3.1b. Next, the aforementioned claim that (3.11) is bounded by 1 — «,, explains
the spikes at right in Figure 3.1a and the “dips” at right in Figure 3.1b (both of which occur
at € = 1 — a,,). Finally, we observe that, between the spikes at ¢ = 0 and € = 1 — «,, the
soc-Pokec histogram quickly decays beyond € = 0.3; this corresponds to the dimensionality
being nearly flat beyond € ~ 0.3 in Figure 3.1b.

Computing (3.11) for every v € V,, \ K,, requires significant computational time, but (as
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Figure 3.2: Average error experiments for real and synthetic datasets.

described in Appendix B.7.2) we can also compute a bound on the average error

1 T ZkeK 7~Tv(k)Wk
_— T, — | ane, + n
[V \ K| 2 ( !

e an + (1 — )T (K)

(3.13)

1

much more efficiently. Hence, we show this average error bound for a wider variety of graphs
in Figure 3.2a. Interestingly, the social networks soc-LiveJournall and soc-Pokec have similar
behavior, as do the web graphs web-BerkStan and web-Stanford (web-Google is somewhat
of an outlier; we believe this is in part because its |V}, o] is largest).

We next replicate this average error experiment for two synthetic graphs, which allows us
to observe how the bound on (3.13) evolves as n grows. The first graph we consider is a DCM
with power law in-degrees with exponent 2, i.e. P[N, = i] ci >V v € V,,,i € {1,2,...,n},
and out-degrees generated as in Algorithm 3.4 from Section 3.7.3 (which, in expectation,
gives constant out-degree to each node). We note this in-degree model is a common one for
many graphs observed in practice (see Section 3.7.2 for details); however, Lemma 3.1 does
not apply, as the in-degree sequence does not satisfy all of our assumptions (for instance,
the expected in-degree does not converge). Nevertheless, Figure 3.2b shows that the average
error bound decays as n grows across all choices of k. We suspect this is in part because,
while the degree sequence does not satisfy all of our assumptions, empirical results show that
it contains a vanishing fraction of nodes with a non-vanishing fraction of edges (see Section
3.7.2). We believe this to be the most important of our assumptions.

Finally, we replicate the average error experiment with the sequence (N,,D,,, U,) gen-
erated via Algorithm 3.4 in Section 3.7.3; this sequence provably satisfies Assumption 3.2.
We note that Algorithm 3.4 chooses |K,,| in a manner that guarantees E[| K, |] = n* (unlike
previous experiments, for which |K,| = n* by design). Hence, in Figure 3.3a, we show the

average error bound for a variety of E[|K,|] choices. For choices of k at or above 0.5, the

57



K, chosen as in Algorithm 4

0.5% —

K, contains highest in-degree

Average error bound

0 n 4 n n n n
10° 10* 10° 10° 107 10° 10* 10° 10° 107
n n

Figure 3.3: For s ~ V,, \ K,, uniformly on the DCM with the degrees from Algorithm 3.4,
error decreases as n grows.

average error bound slightly decays as n grows (though less notably than in Figure 3.2b).
We also conduct an experiment for which (N, D,,) is generated via Algorithm 3.4 but K,
is chosen as the nodes of highest in-degree; results are shown in Figure 3.3b. The average
error bound is slightly smaller for each x value than in Figure 3.3a; this again suggests that

K, being the nodes of highest in-degree is indeed a good choice.

3.7 Discussion

Before closing the chapter, we discuss several other aspects of our analysis, including
the “optimal” choice of K, the restrictiveness of our assumptions, an example sequence
(N,,,D,,,U,) that satisfies our assumptions, a connection between our result and recent

work on mixing times, and a geometric interpretation of our dimensionality result.
3.7.1 Choice of hub nodes

A natural question is which choice of K, gives the smallest exponent in Theorem 3.1. For
this, first note the exponent grows with x and p and decays with § (e, 7, p, and ¢ also appear
in the exponent, but all are independent of K,,). The growth with £ and p suggests a good
choice of K, is a small set of nodes (small k) containing a large fraction of instubs (small p).
In particular, this suggests choosing K, to be the nodes with highest in-degree. We note the
authors of [16] heuristically choose K, to be the nodes with highest global PageRank, and
we showed in Section 3.5 that the complexity of a similar algorithm relates to A(K,, ) on
the DCM. Since global PageRank is suspected to correlate closely with in-degree for many
graphs (see e.g. the aforementioned [51, 48, 50, 52, 53, 54] and the empirical works [74, 75]),
our analysis appears to validate this heuristic. However, it is difficult to prove that choosing
the highest in-degree nodes as K, gives the smallest exponent, in part because exponent
decays with §, which interacts with K, more subtly (see Assumption 3.1).

Choosing K,, as nodes of high in-degree can also be motivated using results concerning
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the simple random walk on the DCM. In particular, it is known that the distribution of
this walk is close to the stationary distribution after ©(logn) steps when starting from an
arbitrary node (Theorem 1 in [56]), but is close to stationarity after just a constant number
of steps when starting from the in-degree distribution (Theorem 3 in [56]).> In other words,
the in-degree distribution is a good initial guess for the stationary distribution. This suggests
that high in-degree nodes are reached quickly on random walks. On the other hand, our
analysis states m, is close to a linear combination of {7y }xe g, when walks from v are likely to
hit K, (see Appendix B.1.1). In summary, choosing high in-degree nodes as K,, means walks

are likely to reach K, which in turn means 7, is likely well-approximated by {7 }rex,,-
3.7.2 Comments on assumptions

At a high level, our assumptions fall into two groups: the events {Q,;}?_; in Assumption
3.1, which say that the degree sequence is sparse, and the event €, s in Assumption 3.1, which
(in light of Assumption 3.2) says that a vanishing fraction of nodes contains a non-vanishing
fraction of in-degrees. We discuss each of these in turn.

For the sparsity assumptions, we note {{,;}3_, in Assumption 3.1 are fairly standard
given our approach, which leverages the fact that the random graph is locally tree-like [76].
In fact, €, 5 is a weaker assumption than that required in e.g. [48]; see Appendix B.1.3 for
details. Next, we argue 2,4, €2, 5 in Assumption 3.1 are not restrictive. For this, first note
that given €2, ; and Q, ¢ in Assumption 3.1, and since Y ,_, U, = ©(n) by Assumption 3.2,
SR + oy et
noo 3o Un oo D350 Uk

=pm < 00,

ie. Y o UyNy/ > h_, Uy converging to a finite limit is implied by other assumptions; addi-
tionally, Assumption 3.2 implicitly requires A* = pn;. (We have written 2,5 as its own as-
sumption only out of convenience.) Similarly, €2, 4 is essentially implied by Y, _, Uy = ©(n)

and (2, 1, since then the fraction in €2, 4 satisfies

2 =1 UnDn _ Ly i D
22:1 Up — %Zzzl Up n—oo

> 1 < oQ.

For the remaining assumption, we recall that €, ¢ requires > Uy,N, /L, to converge

vEV,
to p < 1 with | K| sublinear by Assumption 3.2. We offer empirical evidence that this occurs

for certain graphs of interest. Specifically, in Figure 3.4a, > UyN,/L, remains constant

UEVn

SThese results require max{max,ecy, D,, max,ecy, N,} = O(1), which is a stronger sparsity condition than
we have assumed in this chapter. In fact, we suspect that max in-degree is not O(1) for many sequences to
which our results apply (see Sections 3.7.2 and 3.7.3), so this discussion is not entirely rigorous.
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Figure 3.4: €2, ¢ is empirically satisfied for power law in-degrees similar to Twitter.

and strictly less than 1 as n grows, for a variety of sublinear |K,| choices (here we take
K, to be the nodes of highest in-degree, as in Section 3.6). For this plot, in-degrees were
sampled from a power law with exponent 2, i.e. P[N, = i] oc i~2. This in-degree distribution
is commonly seen in real graphs and has been studied extensively, see e.g. [78, 79]. As an
example, Figure 3.4b compares the histogram of these in-degrees with the in-degrees of the
Twitter graph (available at [77] from WebGraph [80]). Both histograms are linear with slopes
~ —2 over x € [10,5000]. In short, a common model of in-degree distributions for graphs
aligning with the applications of Section 1.2.3 empirically satisfies €, with |K,| sublinear.

Ultimately, we believe this last assumption is fundamentally necessary, while the sparsity
assumptions may be artifacts of our analysis. To illustrate this, we compare the same power
law in-degree sequence to a sequence of binomial in-degrees with parameters n and 10/n
(i.e. Poisson(10) in-degrees asymptotically). For both sequences, we first realize in-degrees
independently and choose K, to be the nodes of highest in-degree; we then generate out-
degrees as in Section 3.7.3. In Figure 3.5a, we observe the moments appearing in {€2,,;}7_,
grow without bound as n grows for the power law case but converge to constants for the
binomial case. On the other hand, Figure 3.5b shows the quantity appearing in €2,, s converges
to p < 1 for the power law case but rapidly approaches 1 for the binomial case. In short,
the sparsity assumptions fail while the remaining assumption holds for power law in-degrees;
the opposite is true for binomial in-degrees. From Figure 3.5¢c, we observe the average
error bound (3.13) (computed as in Section 3.6) decays to 0 for the power law case but
grows to 1 for the binomial case. Hence, we ultimately conclude the following: when the
sparsity assumptions fail but the remaining assumption holds, m,,v ¢ K, is typically well-
approximated as a linear combination of {7 }rex,, so our dimensionality measure should be
small; when sparsity holds but the remaining assumption fails, the opposite is true. This

suggests that the sparsity assumption is a less necessary assumption.
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Figure 3.5: Power law in-degrees satisfy only our most crucial assumption (Fig. 3.5a,3.5b),
but average estimation error decreases, suggesting low dimensionality (Fig. 3.5¢);
the opposite is true for binomial in-degrees.
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3.7.3 Example degree sequence

We next provide an example of a degree sequence satisfying Assumption 3.2. This is
meant as a coarse model of a network like Twitter: roughly speaking, it will contain a
small number of nodes with huge in-degrees (corresponding to celebrities on Twitter with
millions of followers) and a large number of nodes with small in-degree (corresponding to
“normal” users with tens or hundreds of followers); additionally, all nodes will have out-
degrees that (in expectation) do not scale with n (a given Twitter user does not follow a
sizeable portion of all users). Specifically, given ¢1,co > 0 and &, 1,0y € (0,1), we assign
degrees and choose K,, via Algorithm 3.4. In words, we assign in-degrees as a mixture of two
(truncated) power laws; after realizing in-degrees, each node initially receives one outstub,

and the remaining » (N, — 1) outstubs are each assigned uniformly. (Note that this

weVy,
guarantees N,, D, € NV v €V, and ZveVn N, = Zvevn D,, as we have assumed throughout

the chapter.) Proposition 3.2 states that the resulting sequence satisfies our assumptions.

Algorithm 3.4: Example degree sequence construction
1 Vv eV, let U, ~Bernoulli(l1 — n"!) and sample N, as

e Yie (Lo [}
_Z—Vie{l,...,(nlﬂ}
712-"7’702

2 Sample v; ~ V,, uniformly Vi € {1,2,...,3 -, (Ny — 1)}
3 \V/ CAS V’Vl) Set D = 1 + Z wEVn(Nw—l)

Proposition 3.2. Assume ¢; € (3,4), ¢ € (1,2), [ € (0,1/(5 — 1)), I € (0,1), and
k=1—13(2—c¢3). Then (N,,D,, U,) generated by Algorithm 3.4 satisfies Assumption 3.2.

Proof. The proof is tedious but elementary and can be found in [45, Appendix I]. ]

As an example of parameter choices for Proposition 3.2, we can take ¢; = 3.1, ¢o = 1.1,
l1 =05, 1l =0.9, and £ = 0.19. In this case, nodes belonging to V;, \ K, have maximum

05 while nodes in K, have maximum in-degree n%?; additionally, the in-degree

in-degree n
distribution for K, has a heavier tail (since ¢o < ¢;). This is consistent with the discussion
of Section 3.7.1, where we argued K,, should contain high in-degree nodes.

We note that, per Figure 3.4, a more appropriate model for the Twitter in-degree sequence
would be a power law with exponent ~ 2. However, Assumption 3.2 requires the second

moment of N, to converge for v € V,, \ K,,; when N, follows a power law for such v, this
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requires the exponent to exceed 3 (hence the requirement ¢; > 3 in Proposition 3.2). On
the other hand, recall that our analysis uses a result from [48] but with weaker assumptions.
Specifically, we only require Y U,N2? = O(n), whereas [48] requires Y, N2 = O(n) (see
Appendix B.1.3). Weakening the assumption in this manner allows for N,,v € K, to follow
a power law with exponent ¢y € (1,2) in Proposition 3.2. This is turn yields an in-degree
distribution with a heavier tail than if all in-degrees were restricted to power law with
exponent exceeding 3, which allows our model to more closely resemble the exponent ~ 2
case. In particular, ¢; € (3,4),¢ € (1,2) yields an in-degree sequence with bounded mean
but unbounded variance as n — oo, as does a power law with e.g. exponent 2.1.

Finally, we note ¢; < 4 is not necessary to prove Assumption 3.2 holds but allows us to
avoid addressing separate cases in the proof; also, taking ¢; > 4 would yield a less accurate

model of power law sequences observed in practice, which often have exponents = 2.
3.7.4 Connection to mixing times

We can also motivate our choice of a,, in terms of the mixing time of the simple random
walk on G,,. First, we let m denote the stationary distribution of this walk. For any v € N,
and for a graph of n nodes, we let 7, be the uniform distribution on V,, for n < v, and we
define 7, as in Section 3.2.2 for n > v. (This ensures 7, is well-defined in what follows.) We
can then prove the following, which shows that 7, is (asymptotically) indistinguishable from

7 when a,, = 0(1/logn) and when a certain mixing condition is satisfied.

Proposition 3.3. Let v € N, m = O(logn), o, = o(1/logn), and ¢ > 0. Then for n

sufficiently large, we have for any G,,,
|7y — 7], < Su)mez%/:f |eqP™ — ||, +e.

As a consequence, if
maXHele—ﬁHl Lo, (3.14)

weVn n—00

then ||, — 7|1 —L 40, where - denotes convergence in probability.
n—oo
Proof. See Appendix B.6. O

Proposition 3.3 states that when «,, logn — 0 and the random walk on G,, mixes in logn
steps (in the sense of (3.14)), 7, is close to 7 in [; (for large n and with high probability). Put
differently, II,, is close to the rank one matrix 1,7 in this case, suggesting a dimensionality of
1. This is in fact somewhat obvious: since the first restart at v on the Markov chain defining
m, occurs at time 1/q, (in expectation), the chain reaches stationarity after logn steps but

does not restart at v until e.g. (logn)? steps, so 7, should not depend on v.
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We believe that the mixing condition (3.14) holds for our graph model. This belief is
based on recent work by Bordenave, Caputo, and Salez, who prove (3.14) for a class of
sparse, randomly-generated Markov chains (Theorem 1 in [81]). In particular, this class
includes random walks on random graphs with a given degree sequence (i.e. the DCM). The
key differences between this model and ours are (1) we permit multi-edges, while the model
in [81] does not, and (2) D, > 1,D, = O(1) V v € V,, in the [81] model.® We note that
the condition D, > 1, D, = O(1) can be added to Assumption 3.1 without contradiction;
Assumption 3.2 then implies a graph with a few huge in-degrees, mostly small in-degrees,
and all small out-degrees, as in Section 3.7.3.

We have thus far argued the dimensionality of {m,},cy, grows as n® for some ¢ € (0,1)
when «,, = ©(1/logn) (Theorem 3.1) and is constant when «,, = o(1/logn) (Proposition
3.3). A third case is a;,, = w(1/logn). For this case, we first note [81, 56] prove a matching
lower bound to (3.14), i.e. they show for some m’' = O(logn),

min ||ef P™ — 7|1y — 1,
weVn n—00

where || -||7v denotes total variation distance. Hence, the number of restarts at v before mix-
ing scales with a,, logn in expectation, which is unbounded in the case a,, = w(1/logn). In
contrast, only a constant number of restarts at v occur before mixing in the «,, = ©(1/logn)
case. For this reason, we conjecture that A(K,,e) behaves fundamentally differently if
a, = w(1/logn), perhaps dominating n¢ for any ¢ € (0,1) (e.g., n/logn or even n).
Ultimately, this discussion further explains our choice of a,: if we set ,, much smaller, we
obtain dimensionality 1; if we set «,, much larger, we expect to obtain a much larger dimen-
sionality. Hence, our choice of «,, yields the strongest possible result before trivial behavior
occurs. Finally, we note this “trichotomy” — O(1), O(n°), and Q(n/logn) dimensionality if

oy, is very small, moderate, or very large — is further explored in Chapter V.
3.7.5 Geometric interpretation

Before closing, we note Theorem 3.1 has a simple geometric interpretation. To see this,

first recall that for all but a vanishing fraction of v € V,, \ K,,, the theorem states

ZkeKn 7oy (k) T,
an + (1 — ) (K)

Ty — <e¢

6For simplicity, we stated a slightly stronger condition than requiredin [81]: see Example 1 in [81] for details.
b Y, ghntly g q 5 p
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Figure 3.6: As n grows, most of {m,}vev,\k, (green dots) concentrate near the convex hull
of {7y }rex, (blue dots/lines) (a few of {7, }vev,\k, (red dots) can be far away).
Further, since |K,| shrinks relative to n, the convex hull of {m}rek, shrinks
relative to the n-dimensional simplex.

Furthermore, for such v, we have by (B.81) in Appendix B.4,

7o () 1

>
_ = — etan(2—(ctan)) '
ap + (1 — )y (K) ﬁ +(1—ay)

(3.15)

Note the left side of (3.15) is upper bounded by 1, while the right side tends to 1 — ¢
as n — oo. The previous two equations can then be interpreted as follows: setting e
arbitrarily small, and letting n grow large, m, is arbitrarily close to a linear combination
{7k }rek,; furthermore, the weights for the linear combination are nonnegative and their
sum is arbitrarily close to 1. Taken together, =, is arbitrarily close to the convex hull of
{7k }rek, . Additionally, because B,(K,,¢) fails with high probability, all but a vanishing
fraction of {m,},ev, are arbitrarily close to this convex hull. Finally, because |K,| scales
sublinearly in n, this convex hull is a low dimensional subset of the n-dimensional simplex
to which {m,},cv, belong. Hence, beyond describing the dimensionality of the set of PPR
vectors, our dimensionality result also describes the space in which most of these vectors
reside. This interpretation is depicted graphically in Figure 3.6; we note this figure is simply

an illustration of the preceding paragraph and was not generated using actual PPR vectors.”

3.8 Conclusions and future directions

In this chapter, we argued (analytically for the DCM and empirically for other graphs)
that the dimensionality of the PPR matrix scales sublinearly in n. We also used our analysis
to bound the complexity of an algorithm to compute all PPR vectors, which is similar to

that found in [16]. Our analysis suggests several avenues for future work. First, the proof of

"Generating such a figure with actual PPR vectors is difficult because n-dimensional vectors must be projected
into 2D space while roughly preserving I; distances, and such a projection is not well understood [82, 83].
Appendix B.7.4 includes a figure obtained from actual PPR vectors, but it is less illustrative.
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Lemma 3.1 can be modified to analyze the tail of the [, error (this would essentially involve
replacing Lemma B.5 with a tail bound on a maximum instead of a sum). Hence, bounding
absolute error for the estimate of m4(v) for any v € V,, is a straightforward extension; a less
immediate variant would involve bounding relative error. Second, examining PPR dimen-
sionality for other random graph models may be of interest. For example, several papers
have analyzed PPR on preferential attachment models [84, 85]; we suspect a dimensionality
analysis for such graphs would yield a message similar to this chapter (K, should contain
nodes with high in-degrees). A more interesting class of graphs would be from the stochastic
block model; here it may be more beneficial to choose K, such that each community contains
a nonempty subset of K. Finally, as discussed in Section 3.5.2, we believe our analysis and
our approach to analyzing the algorithm from [16] can be used to design improved versions

of existing algorithms and derive tighter complexity bounds.
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CHAPTER IV

Empirical Policy Evaluation with Supergraphs

Important remark on notation: In this chapter, we use notation from the reinforcement
learning literature: 7 will denote a policy, not to be confused with the PageRank vector used

in other chapters, and the roles of a and 1 — « are reversed compared to other chapters.

4.1 Introduction

Reinforcement learning (RL) is a machine learning paradigm with potential for impact in
many applications. At its most basic level, RL studies autonomous agents interacting with
uncertain environments, by taking actions and observing the effects of those actions, in hopes
of achieving some goal. Mathematically, this is often cast in the following (finite, discrete-
time) Markov decision process (MDP) model. Let S and A be finite sets called the state
space and action space, respectively; for simplicity, we let S = {1,...,S}and A= {1,..., A}
for some S, A € N. If the current state is s € § and the agent takes action a € A, it incurs
instantaneous cost ¢(s,a) € R, and transitions to state s’ € & with probability Q(s'|s,a).

Given discount factor « € (0,1), the infinite horizon discounted cost problem is

inf vr(s) = Ex | (1~ ) > ale(S, Ar)

t=0

SO = S] s (41)

where the infimum is over stationary, deterministic, Markov policies 7 : S — A, i.e. mappings
from the current state S; to the current action A;. It is well known that one can restrict
to such policies without loss of optimality (see e.g. [86, Ch. 8]). Also, it is clear that each
such policy 7 induces a transition matrix Q. (s, s’) = Q(s|s, 7(s)) and an instantaneous cost
vector ¢, (s) = ¢(s,m(s)) that depend only on the current state s. From this observation, one

can use (4.1) to show that the vector v, = {v,(s)}scs satisfies
v =(1—a) ZatQﬁrcﬂ =(1—-a){I —aQ,) ‘e (4.2)
=0
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Assuming @) is known, several classical algorithms can be used to solve (4.1). For example,
the policy iteration algorithm (see e.g. [86, Ch. 8]) solves (4.1) by iteratively computing (4.2)
(the policy evaluation step) and greedily updating 7 (the policy improvement step). In the RL
setting, however, one models the uncertainty of the environment by incomplete knowledge of
Q. More specifically, @ is not known explicitly, but given state-action pair (s,a) € S XA, the
agent can obtain samples from Q(+|s,a). The empirical dynamic programming approach thus
adapts algorithms from the classical setting to the RL setting by replacing terms involving
() with empirical estimates (see e.g. [87, 88, 89, 90], and in particular [19] for the discounted
cost problem). For instance, the policy evaluation step (4.2) becomes an empirical policy
evaluation step, wherein (4.2) is estimated via samples from Q. (s,) = Q(-|s, 7(s)).

In this chapter, we restrict attention to empirical policy evaluation. The policy 7 will
thus be fixed for the remainder of the chapter, so we dispense with this subscript in (4.2) and
(with slight abuse of notation) define our problem as follows. Let discount factor o € (0, 1)
and cost vector ¢ € R;qr be given, and let () be an unknown S x S row stochastic matrix.

Our goal is to devise an algorithm to estimate the value function
v=(1-« Za (1—a)(I —a@) e (4.3)

while accessing () via samples, i.e. the algorithm has a subroutine which, given s € S,
returns a sample from Q(s, -) (the s-th row of @), a probability distribution over S). Clearly,
one can obtain an arbitrarily accurate estimate of v with enough samples. However, in RL
applications this sampling requires costly interaction with the environment, and thus we face

a trade-off between accuracy and sample complexity.
4.1.1 Conceptual motivation of our algorithms

To motivate our approach, we first discuss the existing approach from [19]. Let {W;}2,
be a Markov chain with transition matrix @, fix s € S and T' € N, and rewrite (4.3) as

v(s) = (1—a) z_:ozt]E[c(WtﬂWo =5+ 0 (|c”) - (4.4)

Here the O(||c|la®) bias can be made small if T is chosen large, and the first term can
be estimated by simulating length-T" trajectories. Speciﬁcally, let {T/V‘(””'}tT’O1 be a trajectory
obtained as follows: set W3 = s and, for t € {1,.. — 1}, sample W, from Q(W;",,-).
Letting m € N and repeating this for each i € {1,. m} we obtain an unbiased estimate of
the first term in (4.4), namely = > (1—a) Zt o ate(W"). Repeating this across s yields

an estimate of v, and for large m one can show |0 — v|| is small with high probability. We
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discuss this more in Section 4.2.4; for now, we simply note that this approach fundamentally
requires )(S) samples, as we must simulate trajectories beginning at each states.

At a high level, this approach explores the T-step outgoing neighborhood of each state
s, i.e. those states reached with positive probability within 7" steps when the chain starts at
s. We refer to this as forward exploration, as it is roughly analogous to conducting a T-step
breadth-first-search forward (i.e. along outgoing edges in the graph induced by @) from each
state. Note that when () is known, estimating v by computing the first T" powers of ) involves
a similar breadth-first-search. But when @) is known, it is more computationally efficient to
use the power iteration: initialize vy = (1 — )¢ and, given 0;_4, set 0y = (1 — a)c + aQv;_1,
so that o, = (1 — «) th:o a”@Q7c. Conceptually, this is a backward exploration approach, i.e.
exploration along incoming edges. This is most obvious when ¢ has a single nonzero entry
c(s*): we begin at s* ((1—«)c term), then discover the incoming neighbors of s* ((1 —a)aQc
term), then discover states two steps away from s* ((1 — a)a?Q?c term), etc.

Motivated by the observation that backward exploration is more computationally effi-
cient when @ is known, we will devise analogues for the case where () is unknown, in hopes
that these will be more sample-efficient than the forward exploration-based approach from
[19]. Of course, computational complexity and sample complexity are in general very dif-
ferent creatures, but in our problem they are intuitively related owing to their conceptual
connections to breadth-first-search discussed in the previous paragraph. We also note that
several works — see e.g. [91, 92, 93, 94] — have recognized the advantages of the backward
exploration approach, but these works have only studied the approach empirically. Thus,

another motivation of this chapter is to add theoretical grounding to this line of work.
4.1.2 The supergraph

There is, however, a fundamental issue with our approach: backward exploration requires
us to understand the columns of @); in contrast, we can only sample from rows of ). Of
course, we can estimate all columns by estimating all rows, but then we incur Q(S) sample
complexity as in the existing approach. To overcome this issue, we will assume more is known
about the underlying MDP: in addition to sampling from (), we assume the algorithm is given

a binary matrix A satisfying the “absolute continuity” condition
A(s,8)=0=Q(s,s) =0V s, €8S. (4.5)

Note we can view A as the adjacency matrix for a graph whose edges are a superset of those
in the graph induced by @); thus, we refer to this side information as the supergraph.
In words, the supergraph tells us that one-step transitions cannot occur between certain

(ordered) pairs of states. For instance, if the MDP models a robot moving through an
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environment, known physical limitations may prevent one-step transitions between states
corresponding to significantly different locations, speeds, etc. As another example, if the
MDP models a game, the game’s rules may prevent transitions between certain pairs of
states. Thus, in principle, domain knowledge can be used to construct such a supergraph.
Hence, we believe our supergraph assumption is reasonable in many RL applications of
interest. We emphasize that the reverse of the implication in (4.5) need not hold, i.e. we
allow pairs s, s for which A(s,s’) = 1 but Q(s,s’) = 0. Put differently, we do not require
exact knowledge of the sparsity pattern of (). Of course, there is a trade-off: our algorithms
are more sample-efficient when A is sparser; thus, while one can always set A(s,s') =1V s, s
to ensure that (4.5) holds, this will typically increase sample complexity.

In this chapter, we assume the supergraph is given, and we investigate how certain
features of the supergraph (e.g. sparsity) impact the performance of our algorithms. An
important practical consideration is how to actually obtain the supergraph; this problem is
application-dependent and one we do not address. However, we do note that in applications
like those of the previous paragraph, one can likely obtain policy-independent supergraphs:
for instance, regardless of the action the robot takes from its current state (i.e. its policy),
it cannot transition to a new state that corresponds to a significantly higher speed. Thus,
in many applications, we believe one can construct a single supergraph, and then use it to
evaluate many policies. For example, in the empirical policy iteration algorithm from [19]
mentioned above, we would incur a one-time, offline expense to construct a supergraph that
would then be used for the duration of the algorithm. In principle, this would be much more

efficient than constructing a new supergraph at each policy improvement step.
4.1.3 Overview of chapter

Having motivated our approach, we give a brief summary of the chapter. As alluded
to above, we devise algorithms for empirical policy evaluation (EPE), i.e. estimators for
the value function (4.3) using the supergraph and samples from ). Our first algorithm,
Backward-EPE, is based on the idea of backward exploration and the power iteration. But
in fact, Backward-EPE is more closely related to the Approx-Contributions algorithm [32]
discussed in Section 2.3, which estimates (4.3) when @ is known and ¢ has a single nonzero
entry. We generalize this algorithm to the case ¢ € ]Ri and unknown @); in the empirical
dynamic programming spirit, we replace terms involving () with empirical estimates.

Our analysis shows the worst-case sample complexity of Backward-EPE is O(Slog.S),
which is the best-case complexity of the forward approach from [19] (assuming an [, ac-
curacy guarantee). We also show that when averaging over a certain class of cost vectors,
Backward-EPE has expected complexity O(d(||c[l1/||c|lsc) log S}), where d = & Zis,zl A(s, s')
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is the average degree in the supergraph. Note d|c||i/||c/loe = O(1) can occur, and thus
Backward-EPE can offer dramatic improvements over the forward approach, reducing sam-
ple complezity from O(SlogS) to as low as O(log S). In general, this average case result
suggests Backward-EPE reduces sample complexity when the supergraph is sparse (so that
d is small) and there are few high-cost states (so that ||c||1/||c|s is small).

Our second algorithm, Bidirectional-EPE, is inspired by the Bidirectional-PPR al-
gorithm [15] discussed in Section 2.3; perhaps unsurprisingly, Bidirectional-EPE combines
Backward-EPE with the forward exploration approach. This algorithm is less suited to the
I« guarantee that we establish for Backward-EPE and that is used in [19]; instead, we show
Backward-EPE is conducive to a relative-plus-absolute error bound. Owing to this, it is more
natural to compare Bidirectional-EPE to a plug-in estimator, wherein one estimates v by
replacing () with an empirical estimate in (4.3). Our analysis suggests Bidirectional-EPE
is more sample-efficient than this plug-in estimator whenever the average degree in the su-
pergraph is comparable to the mazimum degree in the graph induced by Q).

Analytically, one of the main contributions of this chapter is an approach for analyzing
power iteration variants like Approx-Contributions in the setting where @) is unknown.
Analyzing such algorithms in this setting is difficult because the existing analysis relies on
the invariant (2.2) from Section 2.3, which is in terms of PPR vectors defined on ). Since
we replace ) with empirical estimates in the algorithm, the invariant fails in the current
setting, and with it the existing analysis. However, we show the invariant does hold if @)
is replaced by any of a large set of matrices related to the estimate of () generated during
Backward-EPE (see Lemma 4.1). While we focus on two specific algorithms, we believe this
analytical approach is applicable to other settings; Section 4.4 discusses some examples.

Notational conventions for the chapter: The following notation is often used in this
chapter. For a matrix B and any ¢ € N, we let B'(s,s’), B'(s,-), and B'(-,s’) denote the
(s, ')-th entry, s-th row, and s’-th column of BY, respectively. We write 0,,x,, and 1,,x,, for
the nxm matrices of zeroes and ones, respectively. Matrix transpose is denoted by 7. We use
1(+) for the indicator function, i.e. 1(E) = 1 if statement E is true and 1(F) = 0 otherwise.
For s € S, e, is the length-S column vector with 1 in the s-th entry and 0 elsewhere, i.e.
es(s') = 1(s = ¢). Also for s € S, Ny, (s) ={s' € A: A(s',s) = 1} and d;,(s) = |Nin(s)|
are the incoming neighbors and in-degree of s in the supergraph. Average degree in the
supergraph is denoted by d = 3%, A(s,5)/S = 325 | din(s)/S. We use the following

s,8'=1
(standard) notation for {a, }nen, {bn}nen C [0,00): a, = O(b,), a, = Qbyn), a, = O(by),
and a,, = o(b,), resp., mean limsup,,_,. a,/b, < oo, liminf, o a,/b, > 0, a, = O(b,) and
a, = Q(b,), and lim,,_, a, /b, = 0, resp. All random variables are defined on a probability

space (2, F,P), with E[-] = fQ - dP denoting expectation and a.s. meaning P-almost surely.
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4.2 Backward empirical policy evaluation

4.2.1 PageRank contributions and policy evaluation

We begin by restating some PPR ideas from Chapter II in the notation of this chapter
and clarifying the connection between PageRank and policy evaluation. To avoid confusion
with the policy notation of Section 4.1, we write ps, = (1 — a)el (I — aQ)™! for the s-th
primitive PPR vector in this chapter (also recall the roles of & and 1 — « are reversed). Note
that in the special case ¢ = ey for some s* € S, v(s) = psc = ps(s*), so estimating the
value function (4.3) amounts to estimating the s*-th column of (1 — a)(I — «Q)~*. This is
precisely the task accomplished by the Approx-Contributions algorithm. For the general
case ¢ € RY, we can simply initialize the residual vector in Approx-Contributions as the

cost vector; we define this scheme formally in Algorithm 4.1.

Algorithm 4.1: Approx-Contributions [32]

1 Input: Transition matrix Q; cost c; discount factor o termination parameter €
2k:0,@k:OS><la7nk:C

3 while [|r;||oc > ¢ do

4 k<« k+1, s ~ argmax, g rx—1(s) uniformly

5 for s € S do

6 if s = s, then 0x(s) = 0p_1(s) + (1 — @)rr_1(s), T6(s) = aQ(Ss, sk)rr—1(sk);
7 else 0(s) = Op_1(8), me(8) = re_1(8) + aQ(s, sp)rk_1(sk);

8 _

@)Y s, aQc

Output: Estimate vy of v = (

In the case where @) is known, the accuracy analysis from [32] immediately extends to

this general cost vector initialization. In particular, one can use the proof of [32] to show
Op(s) + psre =v(s) Vke{0,1,...},s€S (4.6)

(see also Remark 4.1 below). Thus, letting k. = min{k € Z, : ||ri|lec < £} denote the

iteration at which Approx-Contributions terminates, we have

=
a
*
—
»
S~—
|
<
—
»
=
IA
(]~
=
»
3
a
*

()i () <& pals) =<

i.e. U, (s) is an e-accurate estimate of v(s). Thus, the fact that Approx-Contributions

produces an accurate estimate is fundamentally due to (4.6); since this equation relies on @

(through v and p;), one of our challenges will be to adapt this to the case of unknown Q.
At this point, it may not be clear why Approx-Contributions is preferable to the basic

power iteration. To explain why it can be, first note that while we defined a sequence of vector
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pairs {f)k,rk}z*: o in Algorithm 4.1 for notational clarity, in practice one would iteratively
update the same vector pair 0, r, i.e. one would overwrite the old values of 0(s),r(s) with
the new values per Lines 6-7 if these values change (for values that do not change, no update

need occur). As an example, consider the problem instance

) 1, s=1,§=Sors>1,¢d=s—-1 2¢, s=1
Q(s,s') = . c(s) = i
0, otherwise (1—-3a)e, s#1

Here we initialize 0 = Ogx1, 7 = ¢. At the first iteration, we choose s; = 1 and update v(1) =
2¢(1 — ), r(1) =0, and r(2) = (1 — a)e. After this update, ||r||e = 7r(2) = (1 — a)e < ¢,
so the algorithm terminates. Note we only updated ©(1), r(1), and r(2), and thus the
computational complexity is O(1). In contrast, a single power iteration, i.e. computation of
Qc, incurs Q(S) complexity. More generally, [32, Theorem 1] and [62, Theorem 2| provide
computational complexity results; see Remark 4.4 below. For now, we only mention that,
like the accuracy guarantee, these complexity results fundamentally rely on the invariant

(4.6). Thus, our challenge will again be extending to the setting of unknown Q).
4.2.2 Algorithm

We now devise our first algorithm, Backward-EPE, by adapting Approx-Contributions
to the EPE-with-supergraph setting. To explain our exact implementation, we begin with the
first iteration of Approx-Contributions. Note here we only require knowledge of Q(:, s1).
Using the supergraph and samples from (), we estimate this column as follows:

o V5 € Ny(s1), (4.5) ensures (s, s1) = 0, so estimate such entries as zero.

o Vs ¢ Niy(s1), let {Xs;}y ~ Q(s,-) and estimate Q(s, s1) as >, 1(X,,; = s1)/n.
Note this approach yields an unbiased estimate of Q(-,s1) (and for large n this estimate
will concentrate around (-, s;)). Now at future iterations, we could proceed in the exact
same manner as the first iteration; however, this may be sample-inefficient. In particular, if
s € Nin(s1) and s € N, (sg) at some later iteration k& > 1, we have already taken n samples
from Q(s, -), so taking more samples from Q(s,-) to estimate Q(s, sx) is wasteful. Thus, we
will instead reuse the samples taken at the first iteration to estimate Q(s,sx). (In Section
4.4.3, we discuss the relative merits of reusing samples versus resampling in more detail.)

To make this more concrete, we refer to the formal definition of Backward-EPE, Algo-
rithm 4.2. In addition to the estimate and residual vectors from Approx-Contributions,
we iteratively update a set U that tracks the states we have encountered up to and in-
cluding iteration k£ and a matrix Qk that represents our estimate of () at iteration k, ini-
tialized to Uy = @,QO = Ogxs. At the k-th iteration, we sample a high-residual state s

as in Approx-Contributions and then use Uj_; and the supergraph to determine which
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incoming neighbors of s, have not yet been encountered (Line 4 of Algorithm 4.2), i.e
for which neighbors s we have not yet estimated Q(s, ).
mate Q(s

remains unchanged (Line 8).

For such neighbors, we esti-
,-) (Line 7); for other states s, our estimate of Q(s,-)

We then update the estimate and residual vectors in the

,-) via samples from Q(s

same manner as Approx-Contributions but using the empirical estimate of Q). As in
We re-

emphasize that our initial estimate of @ is QO = Ogxs and we gradually fill the rows of

Approx-Contributions, this sequence of updates continues until ||rgllec < e.

Q) with estimates as we encounter more states; once we fill a row Qg(s,-) it remains un-

changed for the remainder of the algorithm.

Algorithm 4.2: Backward-EPE
1 Input: Sampler for transition matrix Q); cost vector c; discount factor a; supergraph
in-neighbors { N, ()}, ; termination parameter €; per-state sample count n

2 k=0, 0 = 0gx1, 7 = ¢, Uy = 0, Qr = Ogxs

3 while [|rg]|oc > ¢ do

4 k<« k+1, s ~argmax g r_1(s) uniformly, Uy = Ux_1 U Ny, (i)

5 // Q update loop

6 for s € S do

7 if s € Nin(s) \ Up—r then {X, ;10 ~ Q(s,), Quls, ") = 230 1(X,,; = );
8 else Qk(v, )= Qk_l(v, );

9 // 0,7 update loop
10 for s € S do
11 if s = s then 9y,(s) = Op_1(5) + (1 — @)r_1(5), 7(s) = aQx(s, s)re_1(s1);
12 else iy(s) = tp_1(s), 74(5) = r_1(5) + aQx(s, s)r4—1(s8);
13 Output: Estimate vy of v= (1 —a)> °,a'Q'c

4.2.3 Analysis

As discussed in Section 4.2.2, the main analytical difficulty is that 0y, 7, need not satisfy
(4.6) when these vectors are generated via Backward-EPE. To overcome this issue, we begin
with the key observation mentioned in Section 4.1.3: while the invariant need not hold for
the actual transition matrix @), it does hold for a class of matrices derived from the estimated
transition matrix Q. More specifically, we will show that (4.6) holds if we replace ps(s’) and
v(s) with analogous quantities defined in terms any matrix P satisfying two key properties:
P should contain the estimates of () generated during Backward-EPE, and P should satisfy
the absolute continuity condition (4.5). Note that if we encounter all states during the
algorithm, i.e. if Uy, = S, then only Qk satisfies these properties; however, if Uy, is a strict
subset of S, many choices of P will satisfy these properties (i.e. we can fill the unestimated

rows of Q. with any entries satisfying (4.5)). This is formalized by Lemma 4.1.
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Lemma 4.1. Let P = {B € R$*%: 32%_ B(s,5') = 1V 5 € S} denote the set of S x S row

stochastic matrices, and let P be a P-valued random matrix satisfying the following:
P(s,") = Qu(s,)Vs €U as., A(s,s)=0= P(s,s) =0V s, €S a.s.

For each s € S, let vy, = (1 — a)el (I — aP)™! and u(s) = vyc denote the PPR vector and

value function on P. Then the vectors {0y, rk} v from Algorithm 4.2 satisfy the following:
Uk(s) +vsrp =u(s) Vke{0,...,k},s €S as. (4.7)

Proof. Fix s € §. We prove (4.7) by induction. For k& = 0, (4.7) is immediate, since
0o = Ogx1, ro = ¢ in Algorithm 4.2. For k € [k,], Lines 11-12 of Algorithm 7 imply (a.s.)

Ok(s) + vsry = Up—1(s ) (1 —a)rp_1(sk)1(s = si)

+ Z Vs rk 1 (8/ =+ Sk) + @@k(3/7 Sk)rkfl(sk‘))

s'=1

= D_1(8) + vgre_1 + rro1(sk) (—vs(sk) + (1 — @)1(s = sp) + awsQ(-, si)),(4.8)

where for the second equality we added and subtracted pis(sg)ri—1(sk). Now since 0p_1(s) +

Vsrg—1 = u(s) a.s. by the inductive hypothesis, and since
vs(sk) — (1 —a)l(s = sg) = a(l — «) ZatPt(s, JP (-, sK) = avsP(-, sg), (4.9)

it suffices to show Qi(s', sx) = P(s',s;) ¥ s' € S a.s. (since then the term in parentheses in
(4.8) will be zero). Toward this end, we fix s € S and consider two cases:

o If & € Uy, Algorithm 4.2 implies Qu(s, sx) = Q. (s',s,). Moreover, U, C Uy, in
Algorithm 4.2 so s’ € Uy,, and thus P(s',s;) = Qk*(s’,sk) a.s. by assumption on P.
Taken together, Qx(s', ;) = P(s', s) a.s

o If & ¢ Uy, Algorithm 4.2 implies Qx(s’,sx) = 0. On the other hand, Ny, (sx) C Uy,
(Line 4 of Algorithm 4.2) so s’ ¢ N;,(sx) and A(s', sx) = 0 by definition of Ny, (sg).
Hence, by assumption on P, we have P(s’,s;) = 0 a.s. as well.

Thus, Qk(s’, sk) = P(s',s) a.s. in both cases, completing the proof. ]

Remark 4.1. The Approx-Contributions invariant (4.6) is proven in a similar (but sim-
pler) manner: assuming (4.6) holds for & — 1, one proves it holds for k using the approach
of (4.8) and (4.9) (replacing v, with p, and both P,Q; with Q).
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Lemma 4.1 allows us to apply the invariant (4.7) to (potentially) many matrices P. In this
chapter, we only use two (somewhat obvious) choices of P. For the first choice, we fill rows
of Qk that were not estimated during the algorithm with independent estimates generated
offline. More precisely, for each s € S and each i € [n], let Y;,; ~ Q(s, -), independent across
s and i, and independent of all the random variables generated by Algorithm 4.2. From

{Ysi}tsesicm), define an offline estimate Q of Q row-wise by

Qs, ) == 1(Yes="). (4.10)

1=1

From (), we define our first choice of P and the corresponding value function by

Q(s,) = Qr.(5:), 5 € U, s =(1—a)el(I —aQ) ™, 0(s) =mcVseS. (4.11)

O@s,), seS\U,.

For the second choice, we fill unestimated rows by the actual rows of @), i.e. we let

Q(S ) _ Qk*(s,-), s € Uk* 1y = (1 i @)61([ . aQ)*l),y(s) :&C\V/ seS. (412>

- Q(s,-), seS\U.
Note Q = Q= Qk* if Uy, = S. Also note @ and @ satisty the assumptions of Lemma 4.1, so
Op(s) + sri = 0(s),  Up(s) +pste =v(s) VEe{0,...,k},s€S as. (4.13)

We will refer to the identities in (4.13) as the Q-invariant and the Q-invariant, respectively.
For clarity, we hereafter refer to (4.6) as the Q-invariant. The Q- and Q-invariants will be
crucial tools in our proofs; however, typically these proofs will only work when using one of
the two invariants (see Remarks 4.2, 4.3, and 4.5).

Equipped with Lemma 4.1, we can prove our first main result concerning Backward-EPE,
Theorem 4.1. The theorem provides a lower bound on the per-state sample count n to
ensure the ultimate estimate ¥y, is 2e-close to v in the /o, norm with high probability. Here
2¢ arises because we have two sources of error: the e-bounded residual and the fact that the
Q-invariant fails. Of course, we could bound both errors by /2 with only worse constants
for the per-state sample count; however, for later analysis, it will be more convenient to have

residual error bounded by ¢ instead of £/2 (i.e. to not carry the 1/2 factor).
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Theorem 4.1. Fix ¢,6 > 0 and define

wr(eg) — elo® | e

e2(1 — «)? o l—a

Then assuming n > n*(e,0) in Algorithm 4.2, we have
P(|| 0k, — v|joc > 2¢) <. (4.14)

Proof sketch. The full proof is deferred to Appendix C.1 but we sketch it here. First, by the

Q-invariant (4.13), the triangle inequality, and the termination criteria of Backward-EPE,
[0k, = vlloo < N0k, = Vlloo + [[7 = vlloo < &+ [0 = |,

so our task is reduced to showing || —v||» < & with high probability, i.e. that ¥ concentrates
around v. It is reasonable to expect this to hold for large n, since v and v are defined in terms
of Q and Q, respectively, and since Q ~ @ when n is large. However, this concentration is not
immediate, in part because v need not be an unbiased estimate of v. Thus, most of the proof
involves estimating |7 — v||s by an upper bound that is more amenable to concentration
inequalities, i.e. the deviation of an empirical average from its true mean. Here the key steps

are as follows. First, it is straightforward to show that for large enough 7',

-1
_ —t 5
7= vl < (1 =) 3_a'll@ = Qelloo + 5. (4.15)
t=1
Second, using convexity of || - ||o and row stochasticity of @, a simple calculation yields

1@ — QYelloo < 1@ = Q" elloe + 1@ — Q)Q ¢l -

Iterating this inequality and substituting into (4.15) gives a bound on ||T — v||s in terms of
1(Q — Q)Q''¢||so. Furthermore, by definition this latter quantity has the same distribution
as [|(Q — Q)Q"'¢||ns, 50 We can bound ||T — v||o in terms of ||(Q — Q)Q*'¢||s (see Remark
4.2). Finally, defining d,_; = Q" '¢, the s-th entry of QQ' !¢ is

n

> Qs da () =Y (% 1Y s'>> da(s) = 3 da (Vo)

i=1
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and similarly, the s-th entry of QQ' !¢ is Ed;_1(Y;;). Therefore,

(@~ Q@ el = max | = 3" (dea(Ye) ~ Bder (V1))

n
i=1

so that || (Q —Q)Q" ' ¢||» is the deviation of an empirical average around its mean, as desired.

The proof is completed using standard Chernoff bounds. O]

Remark 4.2. It may seem wasteful that we use the Q-invariant instead of the Q-invariant
for Theorem 4.1, since @ fills unestimated rows of Qk with the actual rows of (), and thus
v should be a better estimate of v. We explain this choice as follows. First note that by the
arguments in the proof sketch, bounding ||v — v||s amounts to bounding |[(Q — Q)Q" "¢[|c.

It is tempting to use the union bound to bound such terms as

P((Q - 0)Q" || > U{Uk*) < Z P (| Do (i1 (X)) — Bdy 1 (X))l > U‘Uk*> ‘

n
s€Uy,

The issue with this approach is that there is a complicated dependence between { X, ;}I ; and
Uy, in Algorithm 4.2. We also note that we replace ||(Q — Q)Q" '¢||ls by [[(Q — Q)Q"'¢[|

in the proof of Theorem 4.1 owing to a similar issue.

Theorem 4.1 says that if we take n > n*(e, §) samples from Q(s, ) in Line 7 of Algorithm
4.2, the ultimate estimate vy, will be 2¢-accurate. Hence, the total number of samples
needed to ensure 2e-accuracy is n*(e, §) multiplied by the number of times Line 7 is reached;

in order

by definition, this latter quantity is |Uy,|. Our next goal is thus to bound |Uy,|,
to bound the overall sample complexity of Backward-EPE. Before presenting our result, we
develop some intuition regarding the behavior of |Uy, |. First, it is clear that |Ug,| < S.
Moreover, this upper bound can be attained in certain cases, for example:

e Suppose mingesc(s) > . Then V s € S, we have s, = s for some k € [k, (else,
. (8) > 10(s) = c(s) > €, a contradiction). Thus, each s € S will belong to N, (sy) at
some k, so Uy, = Ui;le(sk) =S.

e Suppose A(s,s') =1V s,s' €S. Then N;,(s1) =S by definition, so Uy, = S as well.

While these examples are extreme cases, they suggest |U,

will be large if there are too
many high-cost states or too many edges in the supergraph. Put differently, it seems |Uy, |
may be small if there are sufficiently few high-cost states and sufficiently few edges in the
supergraph. But even when both of these occur, one can construct adversarial examples for
which Uy, = S. For instance, suppose we restrict to ¢ having a single high-cost state and the

supergraph to having the minimal number of edges possible, S. Then takingc=[10 ... 0],
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A = lgyie] will satisfy this restriction, but will yield Uy, = S (assuming € < 1). The
key issue in this example (and, we suspect, in most adversarial examples) is the interaction

between the cost vector and the supergraph; in particular, if high-cost states have high

in-degrees, |Uy, | will be large (even if there are few high-cost states and edges overall).

In summary, the sample complexity of Backward-EPE scales with |Uy,|, which is intu-
itively small when there are few high-cost states and supergraph edges; however, even when

is maximal in the worst-case. Given this, our

both of these quantities are minimal, |Uy,

while

best hope for bounding |Uy, | is an average-case analysis; in particular, bounding E|Uy,
randomizing over the inputs of Backward-EPE. As it turns out, we only need to randomize
over the cost vector (not ). Roughly, we will consider a random cost vector C' for which
EC(s) = O(E||C]|1/S) V s € S, i.e. the expected cost of any given state does not dominate
the average expected cost. For such cost vectors, the interaction between cost and in-degree
discussed in the previous paragraph will “average out”, and consequently the adversarial

examples will not dominate in expectation. This is formalized in the following theorem.

Theorem 4.2. Let C' be an Rf-valued random vector s.t. E||C||; < co and max,es EC(s) <

BE||C||1/S =: ¢ for some constant § € [1,00). Then if Algorithm 4.2 is initialized with C,
Sed

e(l—a)

where the expectation is with respect to C' and the randomness in Algorithm 4.2.

E|Uy,

<

Proof. We use the Q-invariant (4.13) (note we proved Lemma 4.1 for fixed ¢ but the same

arguments hold for random C' owing to their almost-sure nature). First, for for any s € S,

v(s) > v, (s) = (1 — ) irk_l(s)l(s =s;) > e(l —a) i: 1(s = sp), (4.16)

where the first inequality holds by the Q-invariant (4.13), the equality by Lines 11-12 of
Algorithm 4.2, and the second inequality by definition of k.. On the other hand, we have

ko ko s ke
U] = | Uiy Nin(si)] < de(sk) = de(s)l(s = 8) = Zd"”(s) Z 1(s = s).
k=1 k=1 s=1 s=1 k=1

Combining the previous two inequalities and taking expectation, we have therefore shown

S

<L S d(s)En(s). (4.17)

E|U

s=1
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Now consider Ev(s). By definition (4.11),

Ev(s) = En;C = (1 — «) Z atE@t(s, )C =(1—«) Za J|CC).

Now after realizing C, we fill some rows of Q with samples generated during the algorithm
and other rows with samples generated offline; in contrast, all rows of Q are filled with offline
samples. But in either case, these samples have the same distribution, so we can replace
Q@ by Q in the previous equation. Moreover, @ is independent of the random variables in

Algorithm 4.2, including o = C. In summary,

E[Q (s,)|C] = E[Q'(s,-)|C] = E[Q"(s,)]. (4.18)

Combining the previous two equations and using the assumption on C', we obtain
Ev(s (1—a) Za Qt C]<(1-a) Za J]élsx1 = ¢,

where we also used row stochasticity of Q Substituting into (4.17) completes the proof. [J

Remark 4.3. Note this approach fails if we use the Q-invariant. In particular, we cannot
express E[Q'(s,-)|C] as deterministic in (4.18), since C' influences which states are encoun-
tered during the algorithm and thus influences which rows of @ are estimates and which are
exact. This illustrates the utility of the Q-invariant: it allows us to “decorrelate” the esti-
mated transition matrix from the cost vector, i.e. to obtain E[@t(s, )C] = E[Q!(s, -)]E[C].
In the current chapter, this is our only use of this decorrelation trick, but it may useful in

analyses of algorithms like Backward-EPE (for example, those discussed in Section 4.4).

Remark 4.4. The preceding proof is similar that of Theorem 2 in [62], which considers the
expected computational complexity of Approx-Contributions when C' ~ {e,}5_; uniformly.
In fact, [62] uses the Q-invariant but otherwise follows the logic leading to (4.17); since p; is
deterministic in the Q-invariant, one immediately obtains Ev(s) = usEC = pslgy1 /S =1/8
in this case. Similarly, [32, Theorem 1] provides a bound on k, for fixed ¢ of the form ¢ = ey
the proof uses the Q-invariant and the logic of (4.16) to obtain v(s) > e(1—a) Y25, 1(s = sy,),
then sums over s to obtain k, < ||v|1/(e(1 —«)). We note similar arguments are used in our

analysis for Chapters IT (see Appendix A.1-A.2) and IIT (see Appendix B.4).
4.2.4 Discussion

We now return to interpret our results for Backward-EPE and specifically to derive the

algorithm’s overall sample complexity, which by definition is n*(g, 0)|Uy, |. In the worst case,
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\Uk,

all loglog factors and all absolute constants, ignoring log terms for quantities that have

= Q(9), and thus the worst-case sample complexity for fixed c is Sn*(g,0). Neglecting

polynomial scaling (e.g. writing log(1/(1 —«))/(1 — a)?* as simply 1/(1 — «)?), and assuming

« is either constant or grows to 1, Theorem 4.1 implies
Sn*(e,0) = O (Slog(S/6)||cllZe*(1 — a)7?) .
For comparison, the sample complexity of the approach from [19] in any case is
O (Slog(S/0)]lcl|Ze (1 — a)™%) (4.19)

(see Appendix C.4). Thus, in the worst case Backward-EPE has similar complexity to the
best case of the approach from [19], with a slightly improved dependence on the discount
factor a. (The extra (1 — «) factor in (4.19) arises since O(1/(1 — «))-length trajectories
must be sampled to make the bias in (4.4) small.)

In the average case, the sample complexity of Backward-EPE can be dramatically better.

In particular, by Theorem 4.2, we can bound the average-case sample complexity as

E[|U,|] x n*(e,8) = O (g(fida> y 10igf{<i)\gl\m) _0 (!IC\Ilci;(()f(_Sf)QICIIOO) |

(This argument is not precise, since ||C|| is random in Theorem 4.2; we return to address

this shortly.) Thus, assuming «, §, and ||C|| /¢ are constants, the expected complexity is
O ((ICh/1Cl) x d x log S) . (4.20)

Interestingly, (4.20) exactly captures the intuition discussed in Section 4.2.3: ||C||1/]|C]l
quantifies the intuition that Backward-EPE has low complexity if there are few high-cost
states; d quantifies the intuition of low complexity if there are sufficiently few edges in the
supergraph. We also note that when «, §, and ||C||. /e are constants, the existing approach’s
complexity (4.19) becomes O(Slog S). In the extreme case, ||C||;/]|C]|s and d are both O(1),
and thus Backward-EPE offers a dramatic reduction in sample complexity.

Though this average-case argument is not entirely precise, we can make it precise with
further assumptions on C. For example, the following corollary considers random binary
cost vectors with H nonzero entries. Such cost vectors could arise, for example, in simple
MDP models of games, where states corresponding to losing configurations of the game have

unit cost and other states have zero cost.

Corollary 4.1. Let H € S and Cy = {327, ases - as € {0,1} Vs € §,5° a, = H}.
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Assume the cost vector C' is chosen uniformly at random from Cy and «,d,e are con-
stants. Then to guarantee an accurate estimate in the sense of (4.14), Backward-EPE requires

O(min{Hd, S} log S) samples in expectation.

Proof. Though we stated Theorem 4.1 in the case of a deterministic cost vector ¢, it also
holds for C' if the lower bound on n holds almost surely (see Remark C.1). Moreover, by
assumption on C, ||C|l« = 1 pointwise and thus n*(e,d) is deterministic; paired with the
assumption on «,d, e, we have n*(e,d) = O(log S). Thus, the expected sample complexity
of Backward-EPE is E[|Uy, |n*(e,0)] = O(E[|Uy,
EC(s) = H/S ¥V s € S, so we can apply Theorem 4.2 with ¢ = H/S to obtain E|Uy,

O(Hd). Finally, since Uy, C S, we can sharpen this to obtain E|Uy, | = O(min{Hd, S}). O

]log S). Again using the assumption on C,

4.3 Bidirectional empirical policy evaluation

4.3.1 Algorithm

We next explain our second algorithm, which is derived from Backward-EPE in much the
same way FW-BW-MCMC and Bidirectional-PPR are derived from Approx-Contributions
(see Section 2.3). The main wrinkle is that the Q-invariant fails, so we will instead use the
Q-invariant. In particular, similar to Theorem 4.1, we can make |v(s) — v(s)| small if we
take enough samples during Backward-EPE; when this holds, we have

v(s) = v(s) = Ok, (5) + fisTk. - (4.21)

Now since 15 is a probability distribution over S, the residual term in (4.21) satisfies

1 &
/ﬁrk* = ]EZSNMSTk*(ZS) ~ n_ Zrk* (Zs,i)7
B L

where {Z,;};f) are i.i.d. samples from p, and np is large. Hence, by (4.21),

nr

’U(S) ~ @k* (8) + % Z Tk, (Zs,i)' (422)

Intuitively, the right side of (4.22) is a more accurate estimate of v(s) than vy, (s) alone;
the only remaining question is how to generate {Z;,;};f;. For this, we exploit the perfect
sampling property (1.4), restated in our current notation as P2(Z,; = s') = p(s'), where
P9 means probability conditioned on Q and Z,; is the endpoint of a Geometric(l — «a)-
length trajectory on @ beginning on s. Note we can indeed simulate trajectories on @, since

sampling from Q(s, -) amounts to sampling either from Q(s, -) (as in Backward-EPE) or from
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Qk*(s, -) (which is known after running Backward-EPE). Put differently, to generate Z,; we
sample from Q(s,-) unless we have already sampled from Q(s,-) during Backward-EPE, in
which case we sample from the empirical estimate Qk*(s, -) from Backward-EPE.

This procedure is formalized in Algorithm 4.3. As above, write ng for the per-state for-
ward trajectory count; we also write ng for the per-state sample count in the Backward-EPE
subrountine. We denote the ultimate estimate of v by vgp. Other than these changes, the

notation is identical to that used for Backward-EPE.

Algorithm 4.3: Bidirectional-EPE

1 Input: Sampler for transition matrix QQ; cost vector c¢; discount factor a; supergraph
in-neighbors { Ni,(s)}5_,; termination parameter €; per-state backward, forward
sample counts ng, np

// Backward exploration stage

Run Backward-EPE with inputs @ sampler, ¢, o, {Ny,,(s)}5_,, €, np

// Forward exploration stage

for s € S do

for i =1 to nr do

// Generate sample Z,; from p,

L, ~ Geometric(l — ), ZJ; = s

fort=1to L,; do
‘ Zé,i ~ Q(Z§;1> )

Zyi= 2"

Output: FEstimate 0pp(s) = Oy, (s) + # St ke, (Zss) for each s € S

© o N O A W N

=
(=}

ju
[

=
N

4.3.2 Analysis

Since Bidirectional-EPE samples trajectories forward from each s € S and thus incurs
Q(S) sample complexity, it cannot asymptotically dominate the approach of [19] when both
algorithms are subject to an [, error guarantee (unlike Backward-EPE). Instead, we will
show in this section that Bidirectional-EPE is conductive to a different error guarantee,
and we will argue in Section 4.3.3 that this guarantee is stronger than the [, guarantee of
Backward-EPE for certain problem instances. Thus, Bidirectional-EPE can be viewed as
a more accurate but less sample efficient variant of Backward-EPE.

The aforementioned error guarantee is formalized in the following theorem, which states

that with high probability, the estimate vpp satisfies the following (uniformly in s):
(]— - 5rel)v(5) — Eabs S ,[)BD(S) S (]— + Erel)v(s) + Eabs-

Here ¢, € (0, 1) denotes a relative error tolerance while £,5s > 0 denotes an absolute error
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tolerance. Put differently (with a change of constants to nr and ng) the estimate will satisfy

5relv(3)a ’U(S) Z CC:abs/grel

N Erel Eab
|opp(s) —v(s)| < ;e v(s) + ;s < max {,qv(8), Eaps } =
Eabs) U(S) S gabs/‘g'r‘el

with high probability. Hence, Theorem 4.3 provides a relative error guarantee for high-value
states (v(S) > eaps/Erer) and an absolute error guarantee otherwise, similar to the guarantee

found in [15] for the analogous bidirectional PPR estimator (see Appendices A.1-A.2).
Theorem 4.3. Fix ¢, € (0,1) and £4p5,9 > 0, and define

. 324¢ log(45/9)
np (Erela Eabss 5) = 872"el€ab3 ’
3log(452/) Fog@ncnoo/eabar
7 rety ~aos; 5 = i L, J '
5 (Erets Sans: 9) (log(1 + €re/2))? ming jes.qeij)>0 @7, J) (1-a)

Then assuming ng > n5(rer, Eaps, 0) and ng > n’(rer, Eaps, 0) in Algorithm 4.3, we have
P(US_ {|0Bp(s) — v(s)| > rav(s) + €aps}) < 6. (4.23)

Proof sketch. The proof separately treats errors from the backward and forward exploration
stages. We briefly describe each stage here; the full proof is in Appendix C.2. For the
backward stage, Lemma C.1 in Appendix C.2 shows that if ng > n}(€rer, €aps, 0), then

J

P (U {lu(s) — v(s)| > o) + 222} ) < 3, (4.24)

with v defined as in (4.12). We prove (4.24) in two steps. First, we show that if ng >
N5 (Eret, Eabs; 9), then [Q(s, 8') —Q(s,s")| < MQ(s, s') for some A € (0,1) and all s,s" € S. This
follows from standard Chernoff bounds after replacing @ by Q (which is necessary for similar
reasons as those discussed in Remark 4.2). Second, we show that if |Q(s,s") — Q(s, s")| <
AQ(s, s"), then v is close to v (in the sense of (4.24)). To illustrate the second step, note we

can use the upper bound on @ to write

(1—a) Z e < (1-a) Z L+ N'Q' (s, )e <1+ N (1—a)) a'Q'(s,)c

For large enough T, the left and right sides are within e,,/2-additive errors of v(s) and
(1+ )\)TU(S), respectively; having chosen T', we can choose A to ensure (1+A)7 < 1+¢e,/2.

It is from here that the relative-plus-additive guarantee of Theorem 4.3 arises.
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For the forward exploration stage, we let G denote the o-algebra generated by the random

variables from the Backward-EPE subroutine and show that when ng > n5.(g,e1, €abs, ),

P ([osn(s) () > Fo(s) + 757

gﬁ@g@ﬂ@ﬂg?w@+?ﬂgzg(mm

Here we use probability conditioned on G so that the only randomness in |[0gp(s) — v(s)]
is that from the forward exploration. Moreover, we can bound this term by exploiting the
Q-invariant to write |0pp(s) —v(s)| as the deviation of an empirical average from its mean (as
discussed in Section 4.3.1) and then use standard Chernoff bounds. Roughly speaking, this
requires us to use the indicator function in (4.25) to replace v(s) by v(s) in the probability
term; we then separately address the cases of large v(s) and small v(s) using a modification

of the approach for the analogous bidirectional PPR estimators. ]

Remark 4.5. While the choice of invariant for Theorems 4.1-4.2 was subtle (see Remarks

4.2-4.3), using the Q-invariant for Theorem 4.3 is obvious, since () appears in Algorithm 4.3.

4.3.3 Discussion

We next discuss Theorem 4.3. To simplify notation, we restrict to the setting of Corollary
4.1; however, the key insights extend to the more general setting of Theorem 4.2. Also, we
assume the relative error tolerance ¢,;, the discount factor «, and inaccuracy probability &
are constants independent of S. Finally, we note Theorem 4.3 holds for random C assuming
the lower bound on ng holds almost surely; see Remark C.2.

We begin by deriving expressions for the sample complexity of Bidirectional-EPE in
the setting of Corollary 4.1. For the backward stage (i.e. the Backward-EPE subroutine), we
require per-state sample complexity 1} (€per, Eaps, 0); note this is deterministic since ||C||o = 1

pointwise in Corollary 4.1. Thus, the average-case sample complexity is (by Corollary 4.1),

:O(l%wﬂgU%J Xg%. (4.26)

mini7je$:Q(i,j)>0 Q(Zu?) €

En*B(grela Eabs) 6) X |Uk*

For the forward stage, we require n}.(€rer, Eaps, 0) = O(elog(S)/ews) trajectories of expected
length o/ (1—«a) for each of S states. We are assuming « is a constant, and thus the expected
forward complexity is simply O(eSlog S/eaps). Combined with (4.26), and writing Kgp for

the overall expected sample of Bidirectional-EPE in the setting of Corollary 4.1, we obtain

Kpp = O ( Hdlog(S)log(1/eqbs) . eS'log S) .

£ min; jes.5)>0 @i, J) Eabs

Here the termination parameter ¢ for the Backward-EPE subroutine is a free parameter that
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can be chosen to minimize the overall sample complexity. For example,

Hde gps Hd
e=0 - Cab — = Kgp =0 - S ——log S |,
S min; ;e8:Q(i,5)>0 Q(% J) Eabs M1} j€5:Q(4,5)>0 Q(% J)

(4.27)
where for simplicity we wrote 1og(1/€ups)/\/Eabs as simply 1/,/4ps. Now to better understand

(4.27), we will consider a specific choice of €45 (similar in spirit to the choice of the analogous

parameter the PPR setting; see Appendix A.1). To motivate this, we first observe that in
the setting of Corollary 4.1,

H H

Ev = (1 — Oé) ZatQt x EC = (1 — Oé) ZO&tQt X glsxl = glsxl,
t=0 t=0

i.e. the “typical” value in the setting of Corollary 4.1 is H/S. It is thus sensible to choose
eaps = O(H/S), so that we obtain a relative guarantee for above-typical values and settle for

the absolute guarantee for below-typical values. Substituting into (4.27), we conclude

d
Knn =0 : ——Slog S 4.28
BD (\/mmi,jes:cg(i,jbo Q(Zv J) & ) ( )

samples are required to guarantee (4.23) in the setting of Corollary 4.1.

It is interesting to compare Bidirectional-EPE to a certain plug-in estimator that lends
itself to the same accuracy guarantee. For this plug-in estimator, we simply estimate v as
(1—a)3,_,a'Q'C, where Q(s,-) = 1 3" 1(Y,,; = -) with Y.; ~ Q(s,-) as in (4.10). Then

by the same argument following (C.17) in the proof of Theorem 4.3, the plug-in estimate
will satisfy the guarantee (4.23) whenever n > n’(&rer, €aps, d). Consequently, the sample

complexity of the plug-in estimator is, under the assumptions leading to (4.28),

(4.29)

|
Sn*B(grehgabsya) =0 ( 5 OgS > .

mini,jeS:Q(i,j)>0 Q(% j)

Comparing (4.28) and (4.29), we see Bidirectional-EPE is more efficient than the plug-in
estimator whenever d < 1/ min; jes..j)>0 @4, 7). To interpret this inequality, first suppose

the supergraph is precisely the graph induced by @, i.e. A(s,s') =0 < Q(s,s’) =0. Then

no_ Q(S? S/) ZS’GS:Q(S,S’)>O Q<S7 S/) B 1
2AEN= > G S

es SE8:Q(s.5)>0 min; jes:Qig)>0 Q1 J)  Minijesq>0 Qi )

sod <1/ min; jes.qi,j)>0 Q(7, j) holds. More generally, this shows that the complexity of
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Bidirectional-EPE is order-wise equivalent to that of the plug-in method whenever degrees
in the supergraph and induced graph are order-wise equivalent. If also most positive transi-
tion probabilities dominate the minimum probability, then d = o(1/ min; jes.qei,j)>0 Q4 7)),
in which case Bidirectional-EPE is strictly better.

Generally, it is difficult to compare the sample complexity (4.28) to the bounds derived in
Section 4.2, owing to the different error guarantees. However, we note the [, guarantee for
the estimators Section 4.2 implies the guarantee of Theorem 4.3 if we choose €4, = H/S for
the [, error tolerance; this choice gives O(S®logS/H?) sample complexity for the Section
4.2 estimators. In certain cases, Bidirectional-EPE is thus dramatically more efficient: for
instance, if d = O(1), min; jes.q(ij)>0 Q(4,j) = (1), and H = O(1), then Kpp = O(Slog S)
but O(S®log S/H?) = O(S?log S), i.e. Bidirectional-EPE reduces the sample complezity
of the Section 4.2 estimators by a factor of S%. This illustrates that Bidirectional-EPE is

more sample efficient than the approach from [19] when a highly accurate estimate is desired.

4.4 Conclusions and future directions

4.4.1 Adaptation of other PageRank algorithms

In this chapter, we adapted Approx-Contributions and Bidirectional-PPR to the EPE
setting. As discussed in Sections 2.2-2.3, many related algorithms exist (e.g. the forward
exploration analogue of Approx-Contributions from [7], our algorithm FW-BW-MCMC from
Section 2.3, etc.). Each of these algorithms relies on an invariant analogous to (4.6), so each
could (in principle) be adapted to the current setting using our analytical approach. Thus,
while we have focused on two specific algorithms in this chapter, our analysis should be

viewed as an example of how to extend a family of algorithms to the setting of EPE.
4.4.2 Finite horizon empirical policy evaluation

We studied the discounted cost problem in this chapter, where the value function is given
by (4.3). Another problem in the MDP literature is the finite horizon problem, wherein one
aims to minimize the total cost over a finite time horizon T'. Here the value function is

T T
ZC(Zt) = ZQt(S’ ')Ca
t=0 t=0

v(s)=E Zy=s

so one aims to estimate multi-step transition distributions of the form Q'(s,-). Though our
algorithms do not immediately apply, relevant analogues of Approx-Contributions exist
in the case where ) is known. In particular, [95] provides an algorithm to estimate Q'(s, -)
when () is known. The algorithm is analogous to Approx-Contributions in that it explores

backward while only pushing residual mass from a single high-residual state at each iteration.
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Moreover, the authors of [95] provide a bidirectional variant. Both of these algorithms
could be adapted to the current setting; this would yield analogues of Backward-EPE and
Bidirectional-EPE for the finite horizon problem. As in Section 4.4.1, the analysis in [95]

relies on a @-invariant analogous to (4.6) and thus our analytical approach may be useful.
4.4.3 Reusing samples versus resampling

As an alternative to Backward-EPE, we can take independent samples from Q(s,-) for
each s € N;,(sx) and at each iteration k, rather than only sampling from Q(s, ) when we first
encounter s as in Backward-EPE. This alternative scheme is formally defined in Appendix
C.3. An interesting property of this alternative is that, while the @Q-invariant (4.6) need not
hold, the corresponding error process ey(s) = Ux(s) + psr — v(s) is a zero-mean martingale
(see Appendix C.3 for a proof), so the Q-invariant holds in expectation. Analytically, this is
an advantage over Backward-EPE, where the Q- and Q-invariants hold but the corresponding
value functions v and v are biased. The disadvantage of this scheme is that it may sample
many times from each row of (), and thus the overall sample complexity may exceed that
of the approach from [19]. Put differently, Backward-EPE is conservative in the sense that
it performs no worse than the existing approach in the worst case (see Section 4.2.4), but
it sacrifices desirable properties that could perhaps improve performance in other cases. A

useful avenue for future work would thus be to investigate this tradeoff.
4.4.4 PageRank estimation with limited knowledge

A problem that has received little attention in the PageRank/PPR literature is PageR-
ank/PPR estimation when the estimator has limited knowledge of Q). For instance, consider
a third party who wishes to pay influential Twitter users to promote their products. Since
PageRank serves as a measure of influence or centrality in networks, the third party may
wish to identify high PageRank users, but the Twitter graph (as encoded by ) is not pub-
licly available, and thus existing PageRank estimators do not apply. However, Twitter does
allow limited data requests [96], which may allow the third party to partially recover rele-
vant entries of ). This setting could be abstracted as the follows: devise an algorithm that
estimates PageRank while only sampling from () and while minimizing sample complexity.
This is similar to the problem we considered in this chapter, with one major difference:
we justified the existence of a supergraph based on, for example, physical limitations that
prevent transitions between states; if () represents Twitter, states (i.e. Twitter users) can
be connected arbitrarily. Thus, we could perhaps replace knowledge of the supergraph with
sampling of incoming neighbors, i.e. given a Twitter user, we can sample a random follower
via data request. This would serve a similar purpose as the supergraph (allowing us to

understand columns of @), and we suscept many of our ideas could be recycled.
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CHAPTER V

Restart Perturbations for Lazy, Reversible Markov
Chains!

5.1 Introduction

In this chapter, we apply analytical ideas from the PPR literature to study the robustness
of Markov models. Our motivation is the basic question of how modeling inaccuracies affect a
chain’s steady-state behavior, i.e. how changes to the transition matrix affect the stationary
distribution. Mathematically, we formalize this as follows. Let P, be the transition matrix
of a Markov chain with n states and stationary distribution 7,. Denote by P, the transition
matrix and 7, the stationary distribution of another chain, obtained by perturbing each row
of P, by at most a,, € (0,1) (in total variation). Then the main question we study is as
follows: how does the perturbation magnitude o, relate to the error magnitude ||m, — 7,||
(where || - || denotes total variation) as the number of states n grows?

Before previewing our results, we outline two basic notions. The first is a class of PPR-
like perturbations we call restart perturbations in this chapter. Here we obtain P, from P,
by “restarting” at a state distributed as some auxiliary distribution o, with probability «,,
at each step. A second important notion is that of mixing times and cutoff. Roughly, the

(n)

e-mizing time t; (¢) is the number of steps the chain with transition matrix P, must take

before its distribution is e-close to m, (see (5.3)). Certain chains exhibit cutoff, meaning

lim t7) (e) /" (1 —¢) =1V e € (0,1/2). (5.1)
n—oo

Intuitively, (5.1) says the chain is far from stationarity for many steps, then abruptly becomes

!This chapter is adapted from [97].
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close to stationarity. A weaker condition is pre-cutoff, which only requires

sup limsupt™ (£)/t" (1 - ¢) < 0. (5.2)

mix
€€(0,1/2) m—o0

We now preview the two main results of this chapter. The first, Theorem 5.1, says that
(n)

the relative asymptotics of o, and ¢! (¢) fully characterize the asymptotics of ||m, — 7, || in

the case of restart perturbations. More specifically, we establish the following trichotomy:

o If lim, . Oénlfgbi)x(&) = 0, then lim,_, |7, — 7s|| = 0 for all restart perturbations.
e If lim, o antf:i)x(s) = 00, then lim,,_, ||7, — T,|| = 1 for some restart perturbation.

(n)

o If lim, oo ant,; (€) = ¢ € (0,00), then limsup,,_,. |7, — 7| <1 —e ¢ for all restart
perturbations, and some restart perturbation attains the bound.
We note Theorem 5.1 holds assuming the original chain is lazy (P,(i,7) > 1/2 V i), reversible
(mn(0)Po(i,j) = ma(3)Pu(j,i) V i,7), and exhibits cutoff. The laziness and reversibility
assumptions are inherited from [22], which contains an inequality used in our lower bounds
(see Section 5.3). Hence, we suspect these assumptions may be artifacts of our analysis. In
contrast, we believe some notion of cutoff is fundamentally necessary (as will be discussed
shortly). Also, parts of our analysis hold more generally; see Lemmas 5.1 and 5.2.
Interestingly, Theorem 5.1 says that a threshold phenomena for the original chain — cutoff
— translates into a different threshold phenomena for the perturbed chain — the trichotomy
above. Another point of interest is that similar trichotomies have been established in sev-

eral recent works. For example, [21] shows that the restart perturbation adopts the cutoff
(n)

mix

(¢) — 0, has a distinct convergence to stationarity
(n)

mix

behavior of the original chain if a,t
(n)
t

if a,t,; () — oo, and exhibits an intermediate behavior if a,t, /. (¢) — (0,00), assuming

the original chain is the random walk on the directed configuration model from Chapter III.
Similar results were obtained in [20, 98] for random walks on dynamic versions of the DCM.
Finally, in Chapter IIT we showed the PPR matrix has dimension O(1) if ant™ () — 0, con-

mix
(n)
mix

jectured the dimension is Q(n/logn) if a,t,. (¢) = oo, and proved the dimension is O(n/(®))

for some f(c) € (0,1) if a,t™ () = ¢ € (0,00), when the original chain is generated as in
[21]. See Section 5.6 for details of these related results.
Ultimately, this chapter, [21, 20, 98], and Chapter III all study different questions, but

the similarities speak to a much deeper phenomena: some aspect of the original chain is
(n) (n)
t t

o0 (€) = 0, this aspect is significantly altered when oyt (¢) — oo, and

(n)

mix

unaffected when «,
an intermediate behavior occurs when a,t, 7 (¢) — (0, 00). However, in contrast to [21], [20],
and Chapter III, we work directly with the stationary distribution in this chapter, which is
arguably the most fundamental such aspect one would hope to understand. Additionally,

we do not assume a generative model for the original chain in this chapter; in this sense, the
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results of this chapter are more general, while demonstrating a similar idea.

Our second result concerns pre-cutoff. As alluded to above, we believe some notion of
cutoff is fundamental for the lower bounds of Theorem 5.1. Indeed, in Theorem 5.2 we show
that for lazy and reversible chains, pre-cutoff (5.2) implies a perturbation condition, and

sup liminf tﬁ)x(g)/tfgx(l —€) =00

€€(0,1/2) "X
implies the negation of the perturbation condition. Roughly, this condition is as follows:
for certain {ay, . fnence0,1/2) C (0,1) and all € € (0,1/2), there exists a sequence of restart
perturbations with restart probabilities {a, . }nen and stationary distributions {7, . }ren s.t.
|7 —Tnel| = 1. Hence, Theorem 5.2 says that chains with pre-cutoff are sensitive to pertur-
bation, in the sense that certain perturbations maximally change the stationary distribution,

and the converse (almost) holds. The only gap in our logic involves the case

sup liminft™ (£)/t" (1—¢) < oo = sup limsupt™ (e)/t" (1 —¢
p mix mix p p mix mix )

e€(0,1/2) ™r® €€(0,1/2) n—o0
which only occurs for a class of chains of little interest (see Section 5.4). Thus, for all intents
and purposes, Theorem 5.2 is an equivalence between pre-cutoff and sensitivity.

The utility of Theorem 5.2 is that, while different notions of cutoff have been proven for
different chains, there is little general theory. In fact, only recently was a condition equivalent
to cutoff determined in [22] (a certain notion of “hitting time cutoft”). Additionally, while
Theorem 5.2 relies on an inequality from [22], we believe it is more than a corollary of this
inequality. Instead, we believe our result complements [22], since we consider pre-cutoff
instead of cutoff, and since our equivalent notion is different. See Section 5.6 for details.

In short, this chapter contributes to two lines of work. First, we add to the growing
collection of “trichotomy” results; unlike existing results, however, we study the stationary
distribution directly and do not assume a generative model. Second, we add to the general
theory of cutoff in the manner of [22], but for a different notion of cutoff.

The remainder of the chapter is organized as follows. We begin in Section 5.2 with
definitions. Sections 5.3 and 5.4 contain the two theorems described above. We present
examples in Section 5.5. Finally, Section 5.6 discusses the related results mentioned above,

and Section 5.7 discusses conclusions and future directions.

5.2 Preliminaries

We first define the notation used in this chapter. Let Z, = {0,1,...}, and let {X,,(¢) }1ez,

be a time-homogeneous, irreducible, aperiodic Markov chain with states [n] = {1,...,n}.
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We denote by P, the transition matrix of this chain, i.e. the matrix with (7, j)-th entry
Po(i,j) = P(Xu(t +1) = j[Xa(t) = 1) Vi,j € [n],t € Zy.

It is a standard result that this chain has a unique stationary distribution m,, i.e. a unique
vector m, satisfying 7, = m,P, and Y . m,(i) = 1. Here and for the remainder of the
chapter, we treat all vectors as row vectors. For i € [n], we let e; denote the length-n
vector with 1 in the i-th coordinate and zeros elsewhere. Also, we let A,,_; denote the set
of distributions over [n], so that (for example) 7, € A,,_;. Finally, we let &, denote the set
of transition matrices for time-homogeneous, irreducible, and aperiodic Markov chains with
state space [n], so that (for example) P, € &,.

Some of our results will only apply to a strict subset of £,. In particular, we at times
require the chain to be lazy, meaning P,(i,7) > 1/2 ¥V i € [n], and reversible, meaning
Tn(8)Po(1,5) = m,(3) P(4,4) V i, 7 € [n]. Note any chain can be made lazy without changing
its stationary distribution, by considering (P, + I,,)/2 instead of P,, where I, is the n x n
identity matrix. In this sense, reversibility is our most restrictive assumption. However, this
is a common restriction in the mixing times literature, as it guarantees the eigenvalues of P,
are real and allows one to use certain linear algebraic techniques (see e.g. [99, Chapter 12]).

As discussed in Section 5.1, mixing times will play a pivotal role. To define mixing times,

we first define the distance between the t-step distribution and stationarity as

dn(t) = max leiPy — mull Y t € Zy,
i€n

where || -|| denotes total variation distance, ||u—v|| = maxacp, |u(A) —v(A)| for p,v € Ay,

For £ € (0, 1), we can now define the e-mixing time as

£ (e) = min{t € Z, : d,(t) < e} (5.3)
As is convention in the literature, we set ¢ = ¢ (1/4). We also note the following

monotocity property follows immediately, but we record it here as it will be used often:

Ve, 6e(0,1)st.e<6, t(e) >l (6). (5.4)

mix mix

Having defined mixing times, cutoff (5.1) and pre-cutoff (5.2) are now clearly defined?. We

*Note [le; — mp|| > 1 —m,(i) Vi € [n], so dp(0) > 1 —min;epy) 7, (i) > 1 —1/n > 1—¢ for fixed € and n large.
Thus, tggl)x(l —¢) > 0 for such n, so the fractions in (5.1) and (5.2) is well-defined for large n. Along these
() (1 —¢€) > 1, with the implicit understanding that this holds for large n.

lines, we at times assume ¢,
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note a basic result (see e.g. Section 18.1 of [99]) says that cutoff occurs if and only if

s<1= lim dn(stfﬁi) =1, s>1= lim dn(Stfﬁ)x
n—oo n—oo

) = 0. (5.5)

Thus, cutoff means the graph of d,,(¢) approaches a step function as n — oo, when the t-axis
(n)

mix?

is normalized by tf:l)x Put differently, the chain is far from stationarity at time e.g. 0.99¢
(n)

then reaches stationarity at time e.g. 1.01¢, . . Pre-cutoff has weaker but similar intuition.
For the perturbation analysis described in the introduction, it will be convenient to

introduce some additional notation. First, given P, € &, and a € (0, 1), we define
B(P,,a) = {Pn SO m?u}( e Py — e Pyl < 04} . (5.6)
en

In words, B(P,,«) is the set of transition matrices for time-homogeneous, irreducible, and
aperiodic chains whose rows differ from the rows of P, by at most a. We will denote the
unique stationary distribution of P, € B(P,, ) by #,. A particular subset of B(P,,a) is
the class of restart perturbations discussed above. Such perturbations have the same form
as PPR, i.e. (1 —a)P, +allo, € B(P,,a) for some a € (0,1) and o,, € A,,_1, where 1, is

the length-n row vector of ones. For clarity, we use the notation
Pyo, = (1—a)P, +allo,

to define restart perturbations. We denote the corresponding stationary distribution by

Ta,0n- Moving forward, o will typically depend on n, so we write P, and g, 4, -

Finally, the following (standard) notation for {a, }nen, {bn }nen C [0, 00) will be used: we
write a, = O(by,), a, = Q(b,), a, = O(b,), and a,, = o(b,), resp., if limsup,, , . @, /b, < oo,

liminf, . a,/b, > 0, a, = O(b,) and a,, = Q(b,), and lim,,_, a, /b, = 0, resp.

5.3 Trichotomy

In this section, we formulate our first main result, the trichotomy described in Section 5.1.
For transparency, we begin with two lemmas, parts of which require weaker assumptions.
We then collect these results under our strongest assumptions in Theorem 5.1.

The first lemma concerns the case ozntf;li)x(s) — {0,00}. The lemma states that if the
perturbation magnitude «,, is dominated by the inverse mixing time, no perturbation can
change the stationary distribution. On the other hand, if «,, dominates the inverse mixing
time, one can find a perturbation that maximally changes this distribution. Note the former
case holds for all bounded perturbations (not just the restart variety). Also, while the latter

case requires laziness and reversibility, it does not require cutoff (only pre-cutoff). Hence,
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Lemma 5.1 contains stronger results for the case a,t. ! (¢) — {0,00} than Theorem 5.1.

Lemma 5.1. Let P, € &,,a, € (0,1) Vn € N, and let ¢ € (0,1) be independent of n.
Assume lim,, o, antf;ti)x(a) = c € {0,00}. Then the following hold:

o [fc=0and e <1/2, then V {ﬁn}neN st. P, € B(P,,a,) VneN,

Tim |7 — 7|l = 0. (5.7)
o If ¢ = oo, {P,}nen exhibits pre-cutoff, and each P, is lazy and reversible, then

3 {Pn}neN st. P, € B(P,,a,) V¥ neN and
nh_)rgo |7n, — 7l = 1. (5.8)

In particular, Vn € N, ]5n is a restart perturbation, i.e. Pn =P, ., forsomeo, € A, _;.
Proof. See Appendix D.2 O

We briefly discuss the proof. The case ¢ = 0 is simpler and relies on standard mixing
time results. In particular, we use the fact that distance to stationarity decays exponentially
after it reaches 1/2 (d,(kt") () < (2¢) ¥ k € N), hence the additional assumption & < 1/2
in this case. The case ¢ = oo is more involved. The key step is to establish a weaker version
of (5.8): namely, V § > 0 s.t. ozntgli)x(é) — 00, 3 P, € B(P,, ) s.t.

liminf ||7,, — 7, ]| > 1 — 30. (5.9)
n—oo

After proving (5.9), we define a vanishing sequence {0y }ren and apply (5.9) to each k& € N to
reach the stronger conclusion of (5.8). (The extension to (5.8) is not as immediate because
the left side of (5.9) has a dependence on ¢§; however, it is still reasonably simple.)

Before proceeding, we discuss further the key step from the ¢ = oo case, i.e. the proof of
(5.9). This proof involves a construction of P, that relies on a result from the aforementioned
[22]. Roughly speaking, this result shows that one can find a state z,, € [n], a subset of states
A, C [n], and some t,, € Z., such that {X,,(t)}ez, is unlikely to reach A, within ¢, steps
when started from X,,(0) = z,,. Furthermore, in the case of pre-cutoff, m,(A,) is large and
(n)

mix

“large” set A, just before t™) (§).

mix

tn is comparable to ¢,/ (0). In summary, the chain started from x, makes its first visit to a

This argument suggests a good construction for the perturbed chain: set P, = P, ie.

n,€xy )

perturb the chain by restarting at x,, with probability «,, at each step. On this perturbed

chain, the number of steps between restarts at z,, is (in expectation) 1/a,; hence, when
(n)

ant, !l (0) — oo, restarts occur at intervals typically much shorter than tgfl)x((S) In other
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(n)
(n)

mix

words, the perturbed chain rarely wanders ¢, . (0) steps from xz,. But, per the previous

paragraph, the chain started from x,, requires ¢, . () steps to reach A,,. Hence, the perturbed

chain rarely visits A,, and thus assigns a small stationary measure to A,,. Finally, since 7, (A,,)
is large, the definition of total variation ensures ||m, — 7, || > m,(A4,) — T.(A,) is also large.
This intuition is the key idea behind (5.9).

We turn to the second lemma, which considers the case oznt(”)

mix

() = (0,00). This lemma
contains two bounds; one analogous to the upper bound (5.7) and one analogous to the lower

bound (5.8). Here we require stronger assumptions than Lemma 5.1. For the upper bound,
(n)

mix

(¢) — oo as n — oo. This latter
(n)

mix

we restrict to restart perturbations and we assume ¢
assumption is minor, since typically one studies the growth rate of ¢ (¢), and thus chains
that mix in constant time are of less interest. For the lower bound, we again assume laziness
and reversibility, as well as strengthening the pre-cutoff assumption to cutoff. The proof is

similar to that of Lemma 5.1, but the stronger assumptions allow for a tighter analysis.

Lemma 5.2. Let P, € &,,a, € (0,1) Vn € N, and let € € (0,1) be independent of n.
Assume lim,,_,o 0t (€) = ¢ € (0,00). Then the following hold:

o If lim, , .t/ (¢) =00, then V {0, }nen s.t. 0, € Ay V€N,

. 1—(1—¢)e ¢, ee€1/2,1)
limsup (|7, — Tap o0 || < :
n—+00 min{l — (1 —¢)e %, (1 —e ) /(1 —2ee7 )}, €€ (0,1/2)

(5.10)

o If {P,},en exhibits cutoff and each P, is lazy and reversible, then 3 {0, },en s.t.

on € A1 Ve N and liminf, o |7, — Tap00]] > 1 — e

Proof. See Appendix D.3. O]

Before proceeding, we comment on the upper bound in the case ¢ € (0,1/2), which (we

note) includes the usual case of interest € = 1/4. Here one can verify

1—(1—¢g)e ¢ ¢ >log(2(1 —¢))

min{l — (1 —¢)e %, (1 —e ) /(1 —2ee™ )} = B B .
(1—e9)/(1—2ee7°), c<log(2(1—¢))

Hence, for smaller ¢, the upper bound in Lemma 5.2 is (1 —e™¢) /(1 — 2ee~¢), while for larger
¢, the bound is 1 — (1 — ¢)e™¢. Note the former bound approaches 0 as ¢ — 0, and thus
approaches the ¢ = 0 case of Lemma 5.1. Furthermore, the latter bound approaches 1 and
thus becomes trivial as ¢ — oo; this is expected due to the ¢ = oo case of Lemma 5.1.
Combining Lemmas 5.1 and 5.2, we arrive at our first main result. Theorem 5.1 collects

the results of the lemmas under our strongest assumptions: the chain is lazy, reversible,
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and exhibits cutoff, and the perturbation is restricted to the restart variety. Under these
assumptions, we can fully characterize perturbation behavior. Note these assumptions are
stronger than those required for the upper bounds in the lemmas, which allows us to discard

the ¢ < 1/2 assumption of Lemma 5.1 and the tf:i)x(z—:) — 0o assumption of Lemma 5.2.

Theorem 5.1. Let P, € &,,a, € (0,1) Vn € N, and let ¢ € (0,1) be independent of n.

Assume { P, },en exhibits cutoff, each P, is lazy and reversible, and lim,, ., antf:i)x(s) =cée
[0, 00]. Then the following hold:
o Ifc=0,thenV {0, }nen st. 0, € Ay V€N,
lim |7, — T, 0|l = O. (5.11)
n—oo
o If c € (0,00), then V {0, }nen s.t. 0, € Ay V€N,
limsup (|7, — oo, || <1 —€7C. (5.12)
n—oo
Furthermore, (5.12) is tight, i.e. 3 {0, }nen s.t. 0, € A1 V1 € N and
liminf |7, — 7o, 0,/ > 1 —€7“ (5.13)
n—oo
e If ¢ = 00, then 3 {0, }nen s.t. 0, € A1 V€ Nand
lim |7, — o, 0.l = 1. (5.14)
n—oo
Proof. See Appendix D.4. n

5.4 Pre-cutoff equivalence

We next turn to Theorem 5.2. As discussed in the introduction, the theorem provides a
near-equivalence between pre-cutoff and a perturbation condition. More specifically, we will

show that pre-cutoff implies a perturbation condition, and that this condition fails if

sup liminf tfg&(s)/t(n) (1—¢) = o0. (5.15)

mix
e€(0,1/2) "

The caveat of Theorem 5.2 being a near-equivalence arises because (5.15) is stronger than
the negation of pre-cutoff. Indeed, one can construct sequences of chains for which pre-cutoff

and (5.15) both fail. For instance, in Section 5.5 we provide two example sequences with
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drastically different cutoff behaviors; if we oscillate between these two, we obtain

liminf £,7 (¢)/tpi(1 —) = 1, limsup . (e)/40h (1 —¢) =00, Ve € (0,1/2).
n—0o0 n—00
However, this oscillating sequence is pathological; the literature typically considers chains
defined in the same manner for each n. Thus, the “near-equivalence” caveat is a small one.
Before presenting Theorem 5.2, we must define the perturbation condition. However, this
condition is somewhat mysterious, so we first discuss the difficulty in deriving it, in hopes of

making it less opaque. We begin with an obvious candidate, the condition from Lemma 5.1:
¥ {an}nen st lim antfn}x(g) =00, 3 {P.}nen s.t. lim ||, — 7ol = 1. (5.16)
n—0o0

Indeed, we have already proven that pre-cutoff implies (5.16) (assuming laziness and re-
versibility). The difficulty is showing that (5.16) fails whenever (5.15) holds. The most
obvious approach is as follows. When (5.15) holds, it is possible that for a fixed € € (0,1/2),

lim tmlx( )/tmlx( —€) = o0, (5.17)

n—oo

mlx( — ¢) for some ¢ independent of n, since then

which suggests setting o, = ¢/t

lim a,tig,(e) = ¢ lim ¢ () /14 (1 — &) = oo,
n—00 n—00

Our task would then be reduced to upper bounding |7, — 7, || (perhaps via techniques used
for upper bounds above). Unfortunately, we are not guaranteed that (5.17) holds.

While this attempt fails, it illustrates the dissonance at hand: (5.16) considers sequences
{ay, }nen depending only on n, while the sequence {1/tmlx(1 —&) bnenee(0,1/2) in (5.15) depends
on both n and €. Hence, we could modify (5.16) to involve a sequence {e}nenec(0,1/2)
depending on both n and . However, if (5.16) is modified in this manner, it is no longer
implied by pre-cutoff via Lemma 5.1, so this direction of the proof may become difficult.

It turns out this issue can be resolved by placing appropriate restrictions on the set of
sequences of restart probabilities appearing in the perturbation condition. In particular, we

will say {n . }nence(o,1/2) C (0,1) coincides with the mixing times {tmlx( €) }nenee(o,) i

mix
e€(0,1/2) ™r® Ay §

(n)
€ Nl =
sup lim infan,at(n') (€) = o0, Tne ¢ [tm( 5;, 1] Ve de(0,1/2) st.e >6,VneN,

(5.18)

3As shown in the proof of Theorem 5.2, such sequences always exist under the assumption of laziness.
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Condition 1 holds Condition 1 fails

, ie€) o hi(e)
sup lim Sup —————— < ®© sup lim mfm)i =
e€(01/2) n—oa byl —¢) e,12) n—e (1 —€)

Figure 5.1: Partition of lazy/reversible sequences of chains induced by Condition 5.1. The-
orem 5.2 says chains satisfying pre-cutoff and (5.15), respectively, are contained
in the subsets for which Condition 5.1 holds and fails, respectively. The gray
subset contains e.g. the pathological example from Section 5.4.

and we will restrict to sequences that coincide with the mixing times. More specifically, we

define the following perturbation condition for use in our second main result.

Condition 5.1. For any {a,.}nence0,1/2) C (0,1) that coincides with the mixing times

{tfﬁi(e)}neN’se(m), there exists {0,¢ }nenee(0,1/2) such that
Ope €A1 VneNe€(0,1/2), lim |7, — o, 0./ =1Vee€(0,1/2).
n—oo

The definition of “coincides with” yields a crucial property: when pre-cutoff holds and
") (€)Y nervec(0.1), Anet' ) (€) = 00 Ve € (0,1/2). In words,

{0 ¢ Fnence(0,1/2) coincides with {7 i
not only is the sup in (5.18) infinite, the liminf in (5.18) is infinite, for every ¢ € (0,1/2).
This allows us to prove (via Lemma 5.1) that Condition 5.1 is implied by pre-cutoff, while
also proving that Condition 5.1 fails (via the approach discussed above) if (5.15) holds.

With Condition 5.1 in place, we present Theorem 5.2; see Figure 5.1 for an illustration.

Theorem 5.2. Let {P,},en be s.t. P, € &, is lazy and reversible V n € N. If {P,},en
exhibits pre-cutoff, Condition 5.1 holds; if {P, },en satisfies (5.15), Condition 5.1 fails.

Proof. See Appendix D.5. m

5.5 Illustrative examples

Our results suggest a deep connection between some notion of cutoff and some notion of
perturbation sensitivity. Here we illustrate this with two example chains called the winning
streak reversal (WSR) and the complete graph bijection (CGB). We define each in turn.

The winning streak reversal (WSR) is taken from [99]. As its name suggests, this chain
is the time reversal of the so-called winning streak chain. The winning streak chain is shown
at left in Figure 5.2a and has the following interpretation. At each step, one plays a fair
game. If the game is won, the winning streak is increased, meaning the state is increased

by 1 (unless the current state is n, in which case the state remains n); if the game is lost,
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4 The reversal of

the winning streak ends, meaning the state returns to its lowest value.
this chain, which we analyze, is shown at right in Figure 5.2a. For general n, the transition

matrix and stationary distribution for the WSR are (see Section 4.6 of [99] for details)

(0= =1 jef{l,...n—1}

27l i=1,7=n 27, die{l,...,n—1}
Pu(i,j) =41, ie{2,...on—1},j=i—1,m(i) = (5.19)

271, i=n,j€{n—1n} 27l i =n

0, otherwise

Note that P,(1,7) = m,(i) V i € [n]; hence, the chain started from state 1 reaches stationarity
(exactly) after 1 step. Furthermore, the chain starting from ¢ € {2,...,n — 1} deterministi-
cally transitions to state 1 in ¢ — 1 steps and thus reaches stationarity (again, exactly) after
1 steps. As will be seen, this implies a particularly strong form of cutoff.

We next define the complete graph bijection (CGB). As suggested by the name, for even
n we first construct complete graphs on nodes {1,...,n/2} and {14+ n/2,... ,n}; we then
add edges between i and i+mn/2 for each i € [n/2], corresponding to the bijection ¢ — i+n/2.
For n odd, we first construct this graph for n — 1; we then add an auxiliary node n, along
with an edge between n and every i € [n — 1]. Figure 5.2b shows these graphs for n = 6 and

n = 7. We consider the lazy random walks on these graphs. The transition matrices are

I, 1|13l —1Is  In
P, = b + - 2 . T V n even, (5.20)
2 52 2
11_1 1”7*1 - ILfl [L*l 11—1
1 1 2 2 2 2 2
Pn:—ln+— [L—l 11_11717—1—[717—1 11_1 Vnodd
2 n+1 2 = 2 2 =
n+1 n+1
2125t entgt O

It is a standard result that the degree distribution is stationary for random walks on undi-
rected graphs; this also holds for P, since laziness does not change the stationary distribution.

From this, one can easily verify the stationary distributions for the CGB are

+1 ,
N . o= L€ M—1]
(i) = —Vie[n],neven, m,(i)= (";“3)(” o Vnodd  (5.21)
n el i=n
4Given this interpretation, it is more sensible to use state space {0,...,n — 1}, so that the winning streak is
zero after a loss. However, for consistency with the rest of this chapter, we use state space {1,...,n}.
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(b) Complete graph bijection for n = 6 (left) and n = 7 (right).

Figure 5.2: Depicition of example chains.

We next state a proposition that estimates the mixing times of these chains. The propo-
sition contains several results. First, we show both chains have ©(n) e-mixing time, for any
fixed € € (0,1/2). Furthermore, the proposition says that for the WSR and for any such ¢,

1<t™ ()t (1—e)<1+6(n7h). (5.22)

mix mix

1 a particularly strong notion of cutoff

Hence, the ratios in (5.22) converge to 1 at rate n~
(the standard definition of cutoff, (5.1), imposes no rate of convergence). In contrast, for
the CGB, the proposition shows that these ratios are ©(n), the maximum (up to constants)
among all chains with ©(n) e-mixing times. In summary, while both chains have equivalent

e-mixing times, their cutoff behaviors are at opposite extremes among such chains.

Proposition 5.1. Let ¢ € (0,1/2) be independent of n. Then the following hold:
e Suppose {P, },en is the WSR. Then

(1-e)<n—1, 7

(n—1) —log,(1/e) <t

mix

(e)=n—1 VneN.

e Suppose { P, },en is the CGB. Then

tﬁ)x(l —¢) =1V n € N sufficiently large, tfgl)x(s) = O(n).
Proof. See Appendix D.6. (For the WSR, much of the analysis is taken from [99].) O

The next proposition shows that these polarized cutoff behaviors translate into polarized
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perturbation behaviors. First, for the WSR, note we cannot invoke lower bounds from our
earlier analysis, since we lack laziness. However, we can prove a stronger result: namely, we
can identify an uncountable class of restart perturbations such that |7, —7q,, o, | — 1 (this is
a stronger result than previous lower bounds, which only guaranteed one such perturbation).
On the other hand, for the CGB, we show that the conclusion of Lemma 5.1 fails, despite

all assumptions except pre-cutoff holding. In particular, we have the following:

Proposition 5.2. Let ¢ € (0,1/2) be independent of n. Then the following hold:

e Suppose { P, }nen is the WSR and {a, }neny C (0,1) satisfies a,, = ©(n~=") for some
(n)
t

¢ € (0,1) independent of n; note a,t, . (¢) — oo by Proposition 5.1. Furthermore, let

{0 }nen satisty o, € A,_1 V n €N, and, for some ¢3 > 1,¢3 > 0 independent of n,

[esan 2]
nhi& Z; on(i) = 0. (5.23)
Then lim,, o0 |77 — Ty 00| = 1.
e Suppose {P,}nen is the CGB and {a,}neny C (0, 1) satisfies lim,, o a,n = 0o and
limsup,,_,., an, = @ < 1/2; note antfsi))((e) — 00 by Proposition 5.1. Then ¥V {P,},en

s.t. P, € B(P,,a,) V0 €N, limsup, . ||m, — || <a@+1/2 < 1.
Proof. See Appendix D.7. m

We have stated Proposition 5.2 in some generality, so it is useful to consider an example.
Namely, let € € (0,1/2) and a,, = 1/\/n ¥V n € N, so that o, t")

mix(€) — oo for both example
chains. Then for the WSR, many sequences {0, }nen yield restart perturbations satisfying
|70 — T .om || = 1. Some examples (easily verified to satisfy (5.23)) are as follows:

e Uniform restart, i.e. 0,(i) = 1/n Vi € [n].

e “Flipped” stationary restart, i.e. 0,(i) = m,(n —i+ 1) Vi € [n].

e Deterministic restart on Q(n*4), i.e. 0, = e;, for some i, = Q(n%*).

In contrast, for this choice of a,, and any perturbation of the CGB, Proposition 5.2 implies
that limsup,, .. ||7mn—7x|| < 1/2. Thus, while many restart perturbations maximally perturb
the WSR, no perturbation (restart or otherwise) can maximally perturb the CGB.

Finally, we summarize the discussion of this section graphically. At left in Figure 5.3,
we plot d,(t) versus t for n = 2°. Note the WSR exhibits a clear cutoff behavior, dropping
suddenly from d,(n —3) ~ 1 to d,(n — 1) = 0. In contrast, the CGB initially falls from
d,(0) = 1 to d,(1) < 1/2, after which point d,(t) decays gradually in ¢. Hence, roughly
speaking, the WSR “makes no progress” towards stationarity until step n — 1; in contrast,

the CGB “makes half its progress” towards stationarity after a single step. At right in Figure
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Figure 5.3: Convergence if n = 2° (left) and perturbation error (right) for WSR and CGB.

5.3, we show the error ||, —7q,, o, || for a certain® o,, and for oy, = 1/y/n. Note a,t,2 () — o0
for both chains, and that restarts occur every 1/a,, = /n steps (in expectation). For the
WSR, error rapidly increases from = 0 to ~ 1; for the CGB, error approaches 1/2.

In short, we can (roughly) say the following to illustrate the intuition of this chapter:

e The WSR requires n — 1 steps to make any progress to stationarity. Thus, with the
perturbed chain restarting every /n steps, it never approaches the original stationary
distribution. Consequently, the perturbed chain wanders far from this distribution.

e The CGB makes half its progress to stationarity at time 1. Hence, one step after
each restart, the perturbed chain comes close to the original stationary distribution.
Consequently, the perturbed chain cannot wander too far from this distribution.

Ultimately, while the cutoff/perturbation connection is perhaps obvious for these chains, this
is because their cutoff behaviors lie at opposite extremes among chains with tr(:i)x(g) =0(n).
The main contribution of this chapter is to extend this connection to a wider class of chains

(lazy and reversible), for which it is far less obvious.

5.6 Related work

We now return to discuss the trichotomy results mentioned in the introduction. All of
these results concern the directed configuration model (DCM) discussed in Chapter III. It
was recently shown that for random walks on the DCM, cutoff occurs at ©(logn) steps

[81, 56]. More precisely, [81, 56] prove an analogue of (5.5), namely

) —— 1, s>1=dy(stl)) 0, (5.24)
n—00 n—00

s < 1= dy(stlh)

ent

where téﬁz = O(logn) is defined in terms of the given degrees and L denotes convergence in

probability. Using these results, Theorem 2 in [21] states that for certain sequences {o, },en,

the distance to stationarity d,,, ., (-) corresponding to P, satisfies the following:

n,0n

SIntuitively, one should choose o,, “far from” ,. Thus, in Figure 5.3 we let o, be uniform for the WSR
(since 7, is highly non-uniform) and set o,, = e, for the CGB (since 7, is roughly uniform).
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o If o, t!") = 0, (5.24) holds with d,(-) replaced by da, o, (-)-

ent
o If antgzz — 00, da, 0, (8/000) L etV s >0, ie. da, o, (t) decays exponentially.
n—oo
o If a,t") — (0, 00), the behavior is intermediate: for ¢ < £, da, o, (t) decays exponen-

ent ent>
tially; for t > t7), dq, o, (t) = 0.
In [20], the authors study a dynamic version of the DCM for which an «,, fraction of edges
are randomly sampled and re-paired at each time step. The main result (Theorem 1.4) says
the distance to stationarity of the non-backtracking random walk on this dynamic DCM
follows a trichotomy similar to the one from [21]. Similar results were also obtained in [98]
for a dynamic DCM in which the entire graph is regenerated at random intervals distributed
as Geometric(a,). Finally, in Chapter III we showed the dimensionality of I, (the matrix
rOWS {Ta, c: bicln in the present notation) scales like O(nf(©#)) for some f(c,e) € (0,1) if
™ but scales like O(1) if a,t™

ent ent
(n)

ent

a, = c/t — 0; we also conjectured this dimensionality is

significantly larger if o, t.,; — 0o (see Section 3.7.4).

Ultimately, these results all echo Theorem 5.1 and hint at a deeper phenomena. However,
prior to this chapter, one may have (erroneously) suspected that such results rely crucially on
some property of the DCM, since [21, 20, 98] and Chapter III all study this generative model.
In contrast, the present chapter suggests that cutoff is the crucial property. Accordingly, it
is unsurprising that the existing trichotomy results rely on the cutoff results from [81, 56].

Theorem 5.2 relates closely to the aforementioned [22]. Here it is shown that mixing
cutoff (5.1) is equivalent to “hitting time cutoff”. Namely, Theorem 3 in [22] shows that for

lazy, reversible, and irreducible chains, (5.1) is equivalent to each of the following:

39 € (0,1/2] s.t. 0 (n,2) — ) (n, 1 — &) = o(t) (9, 1/4)) V & € (0,1/4),  (5.25)
Ine(1/2,1) st 0 (n,e) — 18 (0,1 — &) = ot (1, 1/4)) ¥ & € (0,1/4),¢) = o)

mix) .

Here tﬁj}f is the inverse spectral gap of P, (see (D.1) in Appendix D.1), and tﬁft) (n,¢e) is the
first time the chain has visited all sets of stationary measure at least n with probability at
least 1 — e, from any starting state (see (D.2) in Appendix D.1). Hence, (5.25) roughly says
that shortly after “large” sets are reached at all, they are reached with high probability. As
discussed in Section 5.1 in Theorem 5.2 nicely complements this result, since both the cutoff
notion and the equivalent notion differ.

Finally, we mention some prior work with less immediate connections to our own. First,
we note that the basic connection between mixing times and perturbation bounds has been
previously been explored; for instance, the line of work [100, 101] derives upper bounds for
perturbation error in terms of mixing times. However, the more difficult lower bounds and

the precise asymptotic characterization in Theorem 5.1 are (to the best of our knowledge)
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new. In the PageRank literature, another relevant paper is [55], which estimates 7, ,, as a
mixture of o,, and the degree distribution; in this sense, the results in [55] are more precise

than ours, but they are restricted to a certain class of P,.

5.7 Conclusions and future directions

In this chapter, we showed that the relative asymptotics of restart probability and mixing
time fully characterize the asymptotic change in stationary distribution for restart pertur-
bations of lazy, reversible chains. We also showed that a certain notion of perturbation
sensitivity is (almost) equivalent to pre-cutoff. Together, these results illustrate that how
“sharply” a chain converges to stationarity is intimately related to how robust it is.

There are several immediate extensions of this chapter. An obvious one is to extend
the results beyond lazy, reversible chains. Note the upper bounds in Lemmas 5.1 and 5.2
do not require laziness or reversibility, so this would only require generalizing the lower
bounds of these lemmas. Here the main challenge would be generalizing the lemma from
[22] discussed after (5.9). Another avenue to pursue is to extend the results to the wider
class of perturbations B(P,, a,) defined by (5.6). Note Lemma 5.1 already holds for such
perturbations; moreover, the lower bound in Lemma 5.2 establishes existence of a restart
perturbation and thus existence of a perturbation in B(P,,«,). Hence, the only challenge
is to extend the upper bound in Lemma 5.2 to B(P,, a;,). One approach would be to show
that restart perturbations drive the perturbed chain furthest from stationarity, after which
the existing upper bound would immediately extend to B(P,, ;). We are unsure if this
actually holds, but intuition suggests it might, since the worst restart perturbation drives

the chain to a particularly bad part of the state space (see discussion after (5.9)).
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CHAPTER VI

Local Non-Bayesian Social Learning with Stubborn

Agents!

6.1 Introduction

With the rise of social networks like Twitter and Facebook, people increasingly receive
news through non-traditional sources. For instance, one recent study shows that two-thirds
of American adults have gotten news through social media [104]. Such news sources are
fundamentally different than traditional ones like print media and television, in the sense
that social media users read and discuss news on the same platform. As a consequence, users
turning to these platforms for news receive information not only from major publications but
from others users as well; in the words of [105], a user “with no track record or reputation
can in some cases reach as many readers as Fox News, CNN, or the New York Times.” This
phenomenon famously reared its head during the 2016 United States presidential election,
when fake news stories were shared tens of millions of times [105].

In this chapter, we study a mathematical model describing this situation. The model
includes a large number of agents attempting to learn an underlying true state of the world
(e.g. which of two candidates is better suited for office) using information from three sources.
First, each agent receives noisy observations of the true state, modeling e.g. news stories from
major publications. Second, each agent observes the opinions of a subset of other agents,
modeling e.g. discussions with other social media users. Third, each agent may observe the
opinions of stubborn agents or bots who aim to persuade others of an erroneous true state,

2 Based on this information, agents iteratively

modeling e.g. users spreading fake news.
update their beliefs about the true state in a manner similar to the non-Bayesian social

learning model of Jadbabaie et al. [24]. This iterative process continues for a finite number

!This chapter is adapted from [102]. A preliminary version appeared in the abstract [103].
2The term stubborn agents has been used in the literature to describe such agents; the term bots is used in
reference to automated social media accounts spreading fake news while masquerading as real users [106].
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of iterations that we refer to as the learning horizon.

Under this model, two competing forces emerge as the learning horizon grows. On the one
hand, agents receive more observations of the true state, suggesting that they become more
likely to learn. On the other hand, the opinions of the bots gradually propagate through
the system, suggesting that agents become increasingly exposed to these opinions and thus
less likely to learn. Hence, while a growing horizon clearly affects the learning outcome, the
nature of this effect — namely, whether learning becomes more or less likely — is less clear.

This effect of the learning horizon has often been ignored in works with models similar
to ours. For example, our model is nearly identical to that in the empirical work [23], in
which the authors show that polarized beliefs can arise when there are two types of bots
with diametrically opposed viewpoints. However, the experiments in [23] simply fix a large
learning horizon and do not consider the effect of varying it. Models similar to ours have
also been treated analytically; for example, [24, 26, 25] study non-Bayesian learning models
similar to ours. However, these works consider a fixed number of agents and an infinite
learning horizon and thus also ignore timescale effects.

In our first set of results (see Section 6.3), we argue that the learning horizon plays a
prominent role in the learning outcome and therefore should not be ignored. In particular,
we show that the learning outcome depends on the relationship between the horizon 7T, and
a quantity p, that describes the “density” of bots in the system, where both quantities may
depend on the number of agents n. Mathematically, letting 6 € (0,1) denote the true state
and 07, (i*) denote the belief about the true state for a uniformly random agent i* at the

horizon T,,, we show (see Theorem 6.1)

Or, (%) ——s nooo (6.1)
nree 10, T.(1—p,) —— o0
n—oo

Here p, is smaller when more bots are present and 0 is the erroneous true state promoted
by the bots. Hence, in words, (6.1) says the following: if there are sufficiently few bots, in
the sense that T, (1 — p,) — 0, i* learns the true state; if there are sufficiently many bots, in
the sense that T,,(1 — p,) — oo, i* adopts the extreme belief 0 promoted by the bots.

We note the result in (6.1) assumes a particular model for the graph connecting agents
and bots (a modification of the directed configuration model used in Chapter III). For such
models, phase transitions — wherein small changes to model parameters lead to starkly
different behaviors — are often observed. In this case, assuming T, = (1 — p,)~* for some
k > 0 and p, — 1, the limiting belief suddenly drops from 6 to 0 as k changes from e.g. 0.99

70.99)

to 1.01 (see Figure 6.1). Put differently, agents initially (at time (1 —p,,) learn the true
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Figure 6.1: Graphical illustration of learning outcome in the case n = 6 = 0.5.

state, then suddenly (at time (1 — p,)~1%1) “forget” the true state and adopt the extreme
opinion 0. In light of this, it is interesting to set £ = 1 and “zoom in” to study the dynamics
of this drop from € to 0. Indeed, in Theorem 6.1, we show that if T,,(1 — p,) — ¢ € (0, 0),

Or, (i7) —— O(1 = ™) /(cn), (6.2)
where i € (0, 1) is a model parameter that dictates the weight agents place on other agents’
opinions in their belief updates. The limit in (6.2) is depicted graphically as a function of ¢
in Figure 6.1, which offers an intuitive interpretation: if an adversary deploys bots in hopes
of driving agent opinions to 0, the marginal benefit of deploying additional bots is smaller
when c is larger. In short, the adversary experiences diminishing returns.

To conclude the first part of the chapter, we show in Theorem 6.2 that all but o(n) agents
adopt opinion 0 in a certain sub-case of T,,(1 — p,) — oo (namely, the sub-case in which the
“density” of bots is non-vanishing). Hence, Theorem 6.2 is stronger than Theorem 6.1 and
applies to fewer cases; we argue empirically that this stronger result fails in other cases.

Our second set of results (see Section 6.4) consider a setting in which an adversary deploys
bots in hopes of disrupting learning. More specifically, the adversary chooses how many bots
to connect to each agent (subject to a budget constraint), with the aim of minimizing 61, (i*).
Here we leverage our first set of results to formulate the adversary’s problem as an integer
program: by (6.1) and (6.2), an adversary can minimize beliefs (at least asymptotically) by
minimizing p,, viewed as a function of the number of bots connected to each agent.

Even after recasting the adversary’s problem as an integer program, it remains unclear if
it can be solved efficiently. Thus, in Section 6.4, we propose two solutions to this problem.
First, we show its objective function belongs to a special class of discrete-domain functions
that can be minimized in polynomial time, and we employ an existing algorithm to solve the

2

integer program exactly. However, this runtime is n° even in the best case, which too high

for social networks like Twitter and Facebook (where n is on the order of 10%). Thus, we also
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propose a randomized approximation algorithm that runs in time nlogn and that produces
a constant-fraction approximation of the optimal 1 — p,, with high probability (see Theorem
6.4). Using this constant-fraction result, as well as our analysis from the first part of the
chapter, we (roughly) show the following: if the most sophisticated adversary can drive the
typical belief to 0 (in the sense of (6.1)), then our randomized scheme will drive the typical
belief to 0 as well. See Corollary 6.1 for a formal statement.

While the exact solution can only be found algorithmically, our randomized scheme has a
somewhat interpretable, and quite interesting, form. In particular, it suggests that successful
adversaries carefully balance agents’ influence and susceptibility to influence. For a social
network like Twitter, this means targeting users with many followers (i.e. influential users)
who follow very few users themselves (so that fake news tweeted by bots will appear promi-
nently in the targeted users’ Twitter feeds). While this is somewhat intuitive, the precise
form of the randomized scheme is far from obvious. Thus, we believe our analysis provides
new insights into vulnerabilities of news sharing platforms and social learning models.

Finally, we show empirically that our proposed adversary solutions outperform (in terms
of minimizing 67, (:*)) a number of intuitive heuristics on graphs representing real social
networks. This is somewhat remarkable, because our adversary solutions fundamentally
assume that minimizing 0r, (¢*) amounts to minimizing p,,, and we only verify this assumption
for a certain random graph model (and only in the limit as n grows to infinity). Thus, our
empirical results suggest that our insights regarding vulnerabilities in news sharing and social
learning extend beyond the random graph model considered in the rest of the chapter.

Before proceeding, we note several of our results also assume 7,, = O(logn), which
guarantees that at the learning horizon, an agent’s belief is only affected by a vanishing
fraction of other agents and bots (at least in the sparse random graph considered). This is
why the title of the chapter refers to the learning as “local”. More specifically, our choice of
T,, is dominated by the mixing time of the random walk on this random graph, which means
we cannot leverage global properties like the stationary distribution of this walk, in contrast
to many works on social learning (see Section 6.5). Instead, similar to the analysis in Chapter
I1T (see the discussion following Lemma 3.1), we leverage the fact that the random graph has
a well-behaved local structure, and we show that analyzing beliefs amounts to analyzing the
probability of reaching the absorbing states representing bots. It is from three regimes of
these absorption probabilities that the three regimes in (6.1)-(6.2) arise (see Section 6.3.2).
Furthermore, we can view the introduction of these absorbing states as a perturbation of
the random walk on the agent sub-graph; from a learning perspective, this perturbation may
cause learning to fail where it may have succeeded. Thus, this chapter studies a perturbed

Markov chain for which the perturbation causes adverse effects.
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The remainder of the chapter is organized as follows. In Section 6.2, we define the model
studied in this chapter. We present our results concerning the learning outcome in Section
6.3. In Section 6.4, we discuss the adversarial setting. Finally, we discuss related work in
Section 6.5 and conclude the chapter in Section 6.6.

Notational conventions for the chapter: Most notation is standard or defined as needed,
but we note here that the following conventions are used frequently. For n € N, we let
n] ={1,2,...,n},and for n,k e Nwelet k +[n]=[n]+k={k+ 1,k +2,....k+n}. Al
vectors are treated as row vectors. We let e; denote the vector with 1 in the i-th position and
0 elsewhere. We denote the set of nonnegative integers by Ny = NU {0}. We use 1(A) for
the indicator function, i.e. 1(A) = 1 if A is true and 0 otherwise. All random variables are
defined on a common probability space (2, F,P), with E[-] = fQ - dP denoting expectation,

5 denoting convergence in probability, and a.s. meaning P—almost surely.

6.2 Model

6.2.1 Learning model

We begin by defining the model studied throughout the chapter. The main ingredients
are (1) a true state of the world, represented as a scalar, (2) a social network connecting two
sets of nodes, some who aim to learn the true state and some who wish to persuade others of
an erroneous state, and (3) a learning horizon. We discuss each of these ingredients in turn.

The true state of the world is a constant 6 € (0,1). For example, in an election between
candidates representing two political parties (say, Party 1 and Party 2), § ~ 0 can be
interpreted as the Party 1 candidate being far superior, § =~ 1 means the Party 2 candidate
is far superior, and 6 ~ 0.5 implies the candidates are roughly equal. We emphasize that 0
is a deterministic constant and does not depend on time, nor on the number of agents.

A directed graph G = (A U B, E) connects disjoint sets of nodes A and B (details
regarding the graph structure are discussed in Section 6.2.2). We refer to elements of A as
reqular agents, or simply agents, and elements of B as stubborn agents or bots. While agents
attempt to learn the true state 6, bots aim to disrupt this learning and convince agents
that the true state is instead 0. In the election example, agents represent voters who study
the two candidates to learn which is superior, while bots are loyal to Party 1 and aim to
convince agents that the corresponding candidate is superior (despite possible evidence to
the contrary). Edges in the graph represent connections in a social network over which nodes
share opinions in a manner that will be described shortly. An edge from node i to node 7,
denoted 7 — 7, will be interpreted to mean that j observes ¢’s opinion.

Agents and bots share opinions until a learning horizon T" € N. We will allow the horizon

to depend on the number of agents n = |A| and will thus denote it by T}, at times. In the
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election example, T' represents the duration of the election season, i.e. the number of time
units that agents can learn about the candidates and that bots can attempt to convince
agents of the superiority of the Party 1 candidate. Here T), will be finite for each finite n,
and we will let 7, tend to infinity with n.

It remains to specify how agents attempt to learn and how bots aim to disrupt learning.
We begin with the agents. Initially, i € A believes the state to be 6y(i) = () /(o (i)+50(7)),
where ag(i) € [0,a] and By(i) € [0, 3] for some &,3 € (0,00) that do not depend on n
(if ap(i) = Bo(i) = 0, we let Oy(i) = 0.5 by convention). We refer to ap(i), So(i) as the
prior parameters and will not specify them beyond assuming they lie in the aforementioned
intervals.®> In our running example, the initial belief 6y(i) can encode i’s past opinions
regarding the political parties, e.g. 09(7) < 0.5 means 7 historically prefers Party 1 and
is predisposed towards the corresponding candidate before the election season begins. At
each time t € [T], i € A receives a noisy observation of the true state (e.g. i reads a news
story regarding the candidates) and modifies its opinion based on this observation and on
the opinions of its incoming neighbors in G (e.g. i discusses the election with its social
connections). Mathematically, ¢ € A updates its belief as 0,(i) = (i) /(o (7) + 5¢(i)), where

auli) = (1= mlaws(i) + () + = > i) (63

n (Z) JEN'LTL(Z)

Buli) = (1= ) (B () + (L= s + s D0 Biali).

Here s,(i) ~ Bernoulli(f) is the observation of the true state, Ny, (i) C AU B are i’s incoming
neighbors in G, d;;, (i) = | Ny (7)], and n € (0, 1) is a constant (independent of agent 7 and time
t). We note that, as n grows, the effect of the network becomes stronger (i.e. the opinions of
agent i’s neighbors have a stronger effect on ¢); this will be reflected in our results. Also, as
discussed in Section 6.2.2, we will assume d;,, (i) > 0V i € A, so (6.3) is well-defined.
Before discussing the bots, we comment further on the belief update (6.3). First, assuming
n = ao(i) = Bo(i) = 0 temporarily, we simply have 0;(i) = >.'_, s,()/t, which is an unbiased
estimate of the true state 6. Next, if we drop the assumption (i) = Gy(i) = 0 (but still
assume 7 = 0), 6;(4) is no longer an unbiased estimate. Instead, we can view 6;(i) as the mean
of a beta distribution with parameters a;(7), 5;(7); in this case, (6.3) is simply a Bayesian
update of the prior distribution Beta(a;_1(7), 5;-1(7)) with a Bernoulli(f) signal. Finally,
dropping the assumption 1 # 0 to obtain the model we actually consider, (6.3) is no longer
a Bayesian update, as alluded to by the title of this chapter. This non-Bayesian model is

closely related to others in the literature; see Section 6.5 for details.

3Appendix E.1.1 shows the effect of the priors vanishes when T}, — oo, so specifying them is unnecessary.
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Having specified the behavior of agents, we turn to the bots. For ¢ € B, we simply set
a(i) =0, B(i)=B+(1—nt Vte[T] (6.4)

Hence, the opinion of i € B is 0,(i) = a4(i)/(cw (i) + 5:(i)) = 0, e.g. bots believe the Party 1
candidate is far superior. To explain the precise form of (6.4), consider a system composed of
only agents (i.e. B = (). Since fy(i) < 3,s:(i) > 0V i € A, it is easy to show via (6.3) that
Bi(i) < B+ (1 —n)t and ay(i) > 0V i € A,t € [T]. Hence, not only are bots biased towards
state 0, but their bias is maximal, in the sense that their parameters ay(i), 3;(i) are as
extreme as an agent’s can be. We also note we can define bot in an alternative way that will
be more convenient for our analysis. Specifically, for i € B, we can set N;, (i) = {i} (i.e. i has
a self-loop and no other incoming edges in G), ay(i) =0, By(i) = 3, and s,(i) =0V ¢ € [T].
Then, assuming ¢ € B updates its parameters via (6.3), it is straightforward to show (6.4)
holds. This alternative definition will be used for the remainder of the chapter. Finally,
since all bots ¢ € B have the same behavior, we assume (without loss of generality) that
the outgoing neighbor set of i € B is Ny (i) = {i,7'} for some ¢’ € A, i.e. in addition to its

self-loop, each bot has a single outgoing neighbor from A.
6.2.2 Graph model

We next specify how the social network G is constructed. For this, we use a modification
of the directed configuration model (DCM) from Chapter III. Our modification is needed to
account for the distinct node types at hand (agents and bots).

To begin, we realize a random degree sequence {d,.; (i), d2 (i), d3 (i) }sea from some dis-
tribution; here we let A = [n]. In the construction described next, i € A will have dyy(7)
outgoing neighbors (i will be observed by d,.; (i) other agents), along with d< (i) and d2 (i)
incoming neighbors from A and B, respectively (i will observe dz} (i) agents and d2 (i) bots).
The total in-degree of i is thus d;,(i) = d2.(i) + d5 (i). We will assume

o (i), d,(1) €N, dD (1) €Ng Vi € A, Y dous(i) = > _ din(d). (6.5)
icA icA

In words, the first condition says ¢ is observed by and observes at least one agent, and may
observe by one or more bots. The second condition says sum out-degree equals sum in-degree

in the agent sub-graph; this will be necessary to construct a graph with the given degrees.
After realizing the degree sequence, we begin the graph construction.* First, we attach
dyut (1) outgoing half-edges, di (i) incoming half-edges labeled A, and dZ (i) incoming half-
edges labeled B, to each i € A; we will refer to these half-edges as outstubs, A-instubs, and

4This construction is presented more formally as Algorithm E.1 in Appendix E.1.1.
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B-instubs, respectively. We let O 4 denote the set of all outstubs. We then pair each outstub
with an A-instub to form an agent sub-graph in the following breadth-first-search manner:
e Sample i* from A uniformly. For each of the dZ (i*) A-instubs attached to i*, sample
an outstub uniformly from O, (resampling if the sampled outstub has already been
paired), and connect the instub and outstub to form an edge from some agent to i*.
o Let A; = {i € A\ {i*} : an outstub of ¢ was paired with an A-instub of i*}. For each
i € Ay, pair i’s di. (i) A-instubs in the same manner i*’s A-instubs were paired.
e Continue iteratively until all A-instubs have been paired. In particular, during the /-th
iteration, we pair all A-instubs attached to A;, the set of agents at distance [ from ¢*
(by distance [, we mean a path of length [ exists, but no shorter path exists).
At the conclusion of this procedure, we obtain an agent sub-graph, along with unpaired
B-instubs attached to some (possibly all) agents. It remains to attach these B-instubs to
bots. For this, we define B =n + [Y_,_, d% (i)] to be the set of bots (hence, the node set is
AUB = [n+ Y ,c,d5(i)]). To each i € B we add a single self-loop and a single unpaired
outstub (as described at the end of Section 6.2.1). This yields >_._, d3 (i) unpaired outstubs

icA %in
attached to bots. Finally, we pair these outstubs arbitrarily with the >, , d? (i) unpaired
B-instubs from above to form edges from bots to agents (note the exact pairing can be
arbitrary since all bots behave the same, per Section 6.2.1).
Before proceeding, we note that the pairing of A-instubs with outstubs from O4 did not
prohibit us from forming agent self-loops (i.e. edges i — i for i € A), nor did it prohibit
multiple edges from i € A to i’ € A. This second observation means the set of edges E will

in general be a multi-set. For this reason, we re-define the parameter update (6.3) as

E:j =ji =i}

(i) = (1= ) ons (i) + (i) 47 3 W 2TE aia(j), (66)

jEAUB din (1)
) = (L= (Bali) + (L= s 4y 3 WEEETT =R ),
jeAUB wm

i.e. we weigh ¢’s incoming neighbors proportional to the number of edges pointing to 7. We
also note that, instead of attaching bots to B-instubs after pairing all A-instubs as described
above, we can pair B-instubs iteratively along with the pairing of A-instubs. Finally, in the
case d2 (i) =0V i € A, the construction above reduces to the standard DCM.

6.3 Learning outcome

Having defined our model, we turn to our learning outcome analysis. We begin by defining
the required assumptions in Section 6.3.1. We then state and discuss our results in Sections

6.3.2 and 6.3.3. Finally, in Section 6.3.4, we return to comment on our assumptions.

112



6.3.1 Assumptions

To define our assumptions, we require some notation. First, from the given degree se-
quence {doy (i), d2t (i), dB (i) }ica—), we define, for each (i, j, k) € N x N x Ny,

) n »n

n

Frlin ) = = S 1 (o), A 0), 45 0)) = (7,3, ), (67

a=1
Z dout<a)
= Ywen dou(d)

n

fn(iaja k) = 1((dout( )’dﬁL( )adzB;z( )) = (iaja k))

In words, f* and f,, are the (random) degree distributions for agents sampled uniformly and
proportional to out-degree, respectively. Note that, since the first agent ¢* added to the
graph is sampled uniformly from A, the degrees of i* are distributed as f;;. Also recall that,
to pair A-instubs, we sample outstubs uniformly from O 4, resampling if the sampled outstub
is already paired. Thus, each time we add a new agent to the graph (besides i*), its degrees

are distributed as f,,. Using these random distributions, we also define

Pn = Z Zf i,5,k),  Pn= Z —an i,j,k (6.8)

jGN,kGNo ZGN JEN, kENo €N

gn: Z j—|—]€j+l{?2fn2]’

jEN,keNg

Following the discussion above, p7 is the expected value (conditioned on the degree sequence)
of the ratio of A-instubs to total instubs for i*; p, is the expected value of this same ratio,
but for new agents added to the graph (besides i*). The interpretation of g, is similar, i.e.
the expected ratio of A-instubs to the square of total instubs for new agents (besides i*). At
the end of Section 6.3.2, we discuss why these random variables arise in our analysis.

We now define the four assumptions that are needed to establish our results. Two of
these statements require the degree sequence to be well-behaved (with high probability) —
specifically, (A1) requires certain moments of the degree sequence to be finite, while (A3)
requires {p, }nen to be close to a deterministic sequence {p,},en. The other statements,
(A2) and (A4), impose maximum and minimum rates of growth for the learning horizon T,,.
In particular, 7;, must be finite for each finite n by (A2) and grow to infinity with n by (A4),
as mentioned in Section 6.2.1. We defer further discussion to Section 6.3.4.

(A1) lim, oo P(£2,1) = 1, where, for some vy, 15, v5,7 > 0 independent of n with v; > v,

Oy = {max {‘—Z?leo“t(i) — 1/1’ , Ty dow@® ),

d , 7)2?:11101;:(2')@‘;@) _ ,/3‘} < n—v}‘

113



(A2) 3 N e Nand ¢ € (0,1/2) independent of n s.t. T,, < (log(n)/log(vs/v1) Vn > N.
(A3) lim, 0o P(2,2) = 1, where, for some p, € [0,1] s.t. lim, o p, = p € [0, 1], some
0 <6, =0(1/T,), and some & € (0,1) independent of n,

Qn,? = {|pn _ﬁn| < 5na]57*1 > ﬁn7dn <1- 5} .

(A4) lim, 0 1), = 0.
6.3.2 General case

We can now present our first result, Theorem 6.1. The theorem states that the belief at
time T,, of a uniformly random agent converges in probability as n — oco. Interestingly, the
limit depends only on the relative asymptotics of the time horizon 7), and the quantity p,
defined in (A3). For example, this limit is # when T,,(1 — p,) — 0; note that 7,,(1 —p,) — 0
requires p, to quickly approach 1 (since T,, — oo by (A4)), which by (A3) and (6.8) suggests
the number of bots is small. Hence, i* learns the true state when there are sufficiently few

bots. (The other cases can be interpreted similarly.)

Theorem 6.1. Given (Al), (A2), (A3), and (A4), we have for i* ~ A uniformly,

0, T,(1-p,) —— 0
Or, (i") ﬁ L(pn) = 01 —e=1)/(en), T.(1—py) T> c € (0,00) . (6.9)
0, Tn(1 = pn) — 00
n—oo

Before discussing the proof of the theorem, we make several observations:

e Suppose p, is fixed and consider varying T, e.g. let p, = 1 — (logn)~'/? and define
T,1 = (logn)¥* and T, 5 = (logn)®* (note T, 1, T}, o satisfy (A2), (A4)). Then T, ;(1—
pn) — 0 and T, 2(1 — p,) — o0, so by Theorem 6.1, the belief of i* converges to 6 at
time T}, and to 0 at time T}, ». In words, i* initially (at time (logn)'/*) learns the
state of the world, then later (at time (logn)3/*) forgets it and adopts the bot opinions.

e Alternatively, suppose T, is fixed and consider varying p,, e.g. let p,, = 1—¢/T,, for some
¢ € (0,00). Here smaller ¢ implies fewer bots, and Theorem 6.1 says the limiting belief
of i* is a decreasing convex function of ¢ (see Figure 6.1). One interpretation is that, if
an adversary deploys bots in hopes of driving agent beliefs to 0, the marginal benefit
of deploying additional bots is smaller when c is larger, i.e. the adversary experiences
“diminishing returns”. It is also worth noting that, since (1 —e=")/(cn) — 1 asc— 0
and (1 —e=“)/(en) — 0 as ¢ — oo, the limiting belief of ¢* is continuous in c.

o If T,(1 — p,) — ¢ € (0,00), consider the limiting belief of i* as a function of 7. By
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Theorem 6.1, this belief tends to 6 as n — 0 and tends to (1 —e™¢)/c asn — 1. This is
expected from (6.6): when n = 0, agents ignore the network (and thus avoid exposure
to biased bot opinions) and form opinions based only on unbiased signals; when n = 1,
the opposite is true. Interestingly, though, there is an asymmetry here: when n — 0,
the belief approaches the T, (1 — p,) — 0 case, but when n — 1, it does not approach
the T,,(1 — p,) — oo case (since (1 —e™¢)/c > 0).

o If p, — p <1, we must have T,,(1 — p,) = oo (since T,, — oo by (A4)), and the belief
of 7* tends to 0 by Theorem 6.1. Loosely speaking, this says that a necessary condition
for learning is that the bots vanish asymptotically (in the sense that p, — 1).

The proof of Theorem 6.1 is lengthy; for readability, we outline it in Appendix E.1 and
defer computational details to Appendix E.2. However, we next present a (non-rigorous)
argument to illustrate why the three cases of the limiting belief arise in Theorem 6.1.

At a high level, these three cases arise as follows. First, when 7,,(1 — p,) — 0, the
“density” of bots within the T,-step incoming neighborhood of 7* is small. As a consequence,
7* is not exposed to the biased opinions of bots by time 7T, and is able to learn the true state
(i.e. O7,(i*) — 6 in P). On the other hand, when 7,,(1 — p,) — oo, this “density” is large;
i* is exposed to bot opinions and thus adopts them (i.e. 67, (i*) — 0 in P). Finally, when
T.(1 —p,) = c € (0,00), the “density” is moderate; i* does not fully learn, nor does * fully
adopt bot opinions (i.e. 7, (i*) — 0(1 — e~ ") /(cn) in P).

The explanation of the previous paragraph is not at all surprising; what is more subtle
is what precisely density of bots within the T),-step incoming neighborhood of i* means. It
turns out that the relevant quantity (and what we mean by this “density”) is the probability
that a random walker exploring this neighborhood reaches the set of bots.

To illustrate this, we consider a random walk {X;},en that begins at Xy = ¢* and, for
[ > 0, chooses X;;1 uniformly from all incoming neighbors of X; (agents and bots); note
here that the walk follows edges in the direction opposite their polarity in the graph. For
this walk, it is easy to see that, conditioned on X; € A, X;,1 € A occurs with probability

i (X))
di (X)) + d5 (X))

(6.10)
Importantly, we can sample this walk as we construct the graph, by choosing which instub

of X;_1 to follow before pairing them. Assuming they are later paired with uniform agent

outstubs, and hence connected to agents chosen proportional to out-degree, we can average
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(6.10) over the out-degree distribution and conclude X;;; € A occurs with probability

dout(a) -
2 + dB( DS mendowl@) D" (6.1)

Now since bots have a self-loop and no other incoming edges, they are absorbing states, so
Xr, € Aif and only if X; € AV [ € [T,]; by the argument above, this latter event occurs
with probability p,". Since p, ~ p, by (A3), we conclude X7, € A occurs with probability

. T,
pz;” ~ pg" - (1 _ hmn—>oo ;n(l - pn)) ~ eflimn%w Tn(lfpn).

From this expression, the three regimes of Theorem 6.1 emerge: when 7,,(1 — p,) — 0, the
random walker remains in the agent set with probability ~ 1; this corresponds to ¢* avoiding
exposure to bot opinions and learning the true state. Conversely, T,,(1 — p,) — oo means
the walker is absorbed into the bot set with probability =~ 1 and thus adopts bot opinions.
Finally, T,,(1 — p,) — ¢ € (0,00) means the walker stays in the agent set with probability
~ e ¢ € (0,1), corresponding to i* not fully learning nor fully adopting bot opinions.

We note that the actual proof of Theorem 6.1 does not precisely follow this argument.
Instead, we locally approximate the graph construction with a certain branching process; we
then study random walks on the tree resulting from this branching process.> However, the
foregoing argument illustrates the basic reason why the three cases of Theorem 6.1 arise.

Finally, we note the argument leading to (6.11) shows why p, enters into our analysis.
The other random variables defined in (6.8) enter similarly. Specifically, p; arises in almost
the same manner, but pertains only to the first step of the walk; this distinction arises since
the walk starts at ¢, the degrees of which relate to p;. On the other hand, g, arises when
we analyze the variance of agent beliefs, which involves studying two random walks; by an

argument similar to (6.11), the probability of both walks visiting the same agent is

]_ dout(a’) — A
Z d4 (a + dB( ) dip(a) +df(a) Yeq dow(a’) ™"

6.3.3 Special case

While Theorem 6.1 establishes convergence for the belief of a typical agent, a natural
question to ask is how many agents have convergent beliefs. Our second result, Theorem 6.2,

provides a partial answer to this question. To prove the result, we require slightly stronger

5This is necessary because the argument leading to (6.11) assumes instubs are paired with with uniform
outstubs, which is not true if resampling of outstubs occurs in the construction from Section 6.2.2.
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assumptions than those required for Theorem 6.1 (we will return shortly to comment on
why these are needed). First, we strengthen (Al) and (A3) to include particular rates of
convergence for the probabilities P(2,;),7 € {1,2}. Second, we strengthen (A4) with a
minimum rate at which 7,, — oo (specifically, T,, = Q(logn)). Third, and perhaps most
restrictively, we require p, — p < 1 in (Al). As a result, Theorem 6.2 only applies to the
case T,,(1 — p,) — o0, for which Theorem 6.1 states the belief of a uniform agent converges
to zero. In this setting, Theorem 6.2 provides an upper bound on how many agents’ beliefs

do not converge to zero. In particular, this bound is O(n*) for some k < 1.

Theorem 6.2. Assume 3k, > 0 and N’ € N independent of n s.t. the following hold:
o (Al), with P(Q2,1) = O(n™").
o (A2).
o (A3), with P(Q,2) = O(n™") and p < 1.
e (A4), with T,, > plogn ¥V n > N'.

Then for any ¢ >0, k > 1 — min{% -, %_GP)/Q)Q, k}, and K > 0, all independent of n,

lim P (|{i € [n] : 0, (i) > e}| > Kn*) = 0.

n—oo

We reiterate that ¢ < 1/2 by (A2) and p,k > 0 by the theorem statement. Hence,

-, %_6’))/9)2, Kk} > 0, so we can choose k < 1 in Theorem 6.2 to show that the size

min{1
of the non-convergent set of agents vanishes relative to n. We suspect that such a result is
the best one could hope for; in particular, we suspect that showing all agent beliefs converge
to zero is impossible. This is in part because our assumptions do not preclude the graph from
being disconnected. Hence, there may be small connected components composed of agents
but no bots; in such components, agent beliefs will converge to 6 (not zero). Additionally,
while the lower bound for k£ in Theorem 6.2 is somewhat unwieldy, certain terms are easily
interpretable: the bound sharpens as n grows (i.e. as agents place less weight on their
unbiased signals), as p decays (i.e. as the number of bots grows), and as 6 decays (i.e. as
signals are more likely to be zero, pushing beliefs to zero).

As for Theorem 6.1, the proof of Theorem 6.2 is outlined in Appendix E.1 with details
provided in Appendix E.2. The crux of the proof involves obtaining a sufficiently fast rate
for the convergence in Theorem 6.1; namely, we show that for some v > 0, P(0r, (i*) > ¢) =
O(n=7).5 At a high level, obtaining such a bound requires bounding three probabilities by

O(n~7), which also helps explain the stronger assumptions of Theorem 6.2:

60One may wonder why we derive a new bound for Theorem 6.2, since we already bounded P(fr, (i*) > ¢) for
Theorem 6.1. The reason is that the bound for Theorem 6.1 does not decay quickly enough as n — oo to
prove Theorem 6.2; on the other hand, the bound for Theorem 6.2 does not decay as n — oo for the case
T,,(1 — pp) — [0,00) and thus cannot be used for all cases of Theorem 6.1.

117



e As for Theorem 6.1, we first approximate the graph construction with a branching
process so as to analyze beliefs on the tree. Here strengthening (A1) with P(Q,, ;) =
O(n™") is necessary to ensure this approximation fails with probability at most O(n~7).

e To analyze beliefs on the tree, we first condition on the random tree structure and treat
the belief as a weighted sum of i.i.d. signals using an approach similar to Hoeffding’s

~2e*Tn). strengthening (A4)

inequality. Namely, we obtain the Hoeffding-like tail O(e
with T, > pilogn is necessary to show this tail is O(e~2"#18m) = O(n 7).

e Finally, after conditioning on the tree structure, we show this structure is close to its
mean. Specifically, letting E[J7, (¢)|7] denote the expected belief for the root node in

the tree conditioned on the tree structure (see Appendix E.1 for details), we show

B(E[ir, (6)|T] > ) = O (n™).

Note the only source of randomness in E[J7, (¢)|T] is the tree; because this tree is
recursively generated, it has a martingale-like structure that can be analyzed using an
approach similar to the proof of Lemma 3.1 in Chapter III. Here we require P(§2,,2) =
O(n™") to ensure the degree sequence is ill-behaved with probability at most O(n~7);
we also require p, — p < 1 in this step (and only in this step).

We now address the most notable difference between Theorems 6.1 and 6.2; namely, that
the latter only applies when p, — p < 1. We believe this reflects a fundamental distinction
between the cases p, — p < 1 and p, — 1 and is not an artifact of our analysis. An intuitive
reason for this is that more bots are present in the former case, so fewer random signals are
present (recall bot signals are deterministically zero). As a result, 07, (i*) is “less random”,
so its concentration is stronger. Toward a more rigorous explanation, we note that Appendix

E.1.4.1 provides the following condition for extending Theorem 6.2 to other cases of p,:

34 > 0 s.t. P(|E[r, (6)|T] = L(p,)| > ) = O (w’) , (6.12)

where L(p,) is the limit from Theorem 6.1 defined in (6.9). It is the convergence of
IE[0r,(¢)|T] — L(p,)| in (6.12) that we suspect is fundamentally different in the cases
pn — p < 1 and p, — 1. To illustrate this, we provide empirical results in Figure 6.2.
In the leftmost plot, we show 1 — p,, versus T},; here the plot is on a log-log scale, so a line
with slope m means (1 — p,) o< T'". Hence, we are comparing four cases: m = 0, so that
pn ~ p < 1 (blue circles); m ~ —0.5, so that T,,(1 — p,) — oo and p,, — 1 (orange squares);
m ~ —1, so that T,,(1 — p,,) — 1 (yellow diamonds); and m ~ —1.5, so that T,,(1 — p,,) — 0
(purple triangles). The second plot reflects the corresponding cases of L(py,): E[dz, (¢)|T]

decays to zero in the first two cases, grows towards ¢ = 0.5 in the fourth case, and approaches
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Figure 6.2: Empirical comparison of cases p, — p < 1, T,(1 — p,) — oo with p, — 1,
To(1—p,) = 1, and Tp,(1—p,) — 0 (leftmost plot). Note E[dr, (¢)|T] approaches
the corresponding limit from Theorem 6.1 in all cases (second plot from left).
However, the error term |E[J7, (¢)|T] — L(p,)| behaves markedly differently in
the case p, — p < 1, with a faster decay on average (second plot from right)
and a strikingly lower variance (rightmost plot).

an intermediate limit in the third case. The final two plots illustrate the convergence (or
lack thereof) in (6.12). Here the empirical mean of the error term [E[d7, (¢)|T] — L(pn)|
decays quickly for the first case but decays more slowly (or is even non-monotonic) in the
other cases. More strikingly, the empirical variance of this error term is several orders of
magnitude smaller in the first case. This suggests that P(|E[d1, (¢)|T] — L(p,)| > ¢) decays
much more rapidly in the case p, — p < 1, which is why we believe this is the only case for
which (6.12) is satisfied. (See Appendix E.5 for further details on this experiment.)

6.3.4 Comments on assumptions

We now return to comment on the assumptions needed to prove our results. First,
(A1) states that certain empirical moments of the degree distribution — namely, for i* ~ A
uniformly, the first two moments of d,;(i*) and the correlation between dy,(i*) and d (i*)
— converge to finite limits. This says our graph lies in a sparse regime, where typical node
degrees do not grow with the number of nodes.” We also note v3 > v; in (A1) is minor and

simply eliminates an uninteresting case. To see this, first note that when (2, ; holds,

vy i1 dow()din ()/n o~ dow(i)

RPN _ J =Y 2 _ad(i) > 1, 6.13
TS iy 2 S dgu ) ) (6.13)

where we have used the assumed inequality d4 (i) > 1V i € [n]. Hence, v3 < vy cannot occur,

so assuming v3 > v simply eliminates the case v3 = v;. This remaining case is uninteresting

"This is analogous to e.g. an Erdés-Rényi model with edge formation probability A\/n for some A > 0 inde-
pendent of n, in which degrees converge in distribution to Poisson(A) random variables.
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because v3 /v is the limiting number of offspring for each node in the branching process we
analyze; thus, if v3 = 14, the tree resulting from this process is simply a line graph.

Next, (A2) states T, = O(logn). Together with (A1), these assumptions are standard
given our analysis approach (locally approximating the graph construction with a branching
process). We also note that, with the interpretation of v3/14 above, it follows that the

number of agents within the T,-step neighborhood of ¢* can be upper bounded by
(v3/v1)™" =0 ((VB/VI)UO%(”)/log(V3/V1)) = 0 (n%) = o(n).

In words, the size of the aforementioned neighborhood vanishes relative to n. As mentioned
in the introduction, this is why the chapter title refers to the learning as “local”: only a
vanishing fraction of other agents (those within this neighborhood) affect the belief of 7*.
The remaining statements are needed to establish belief convergence on the tree resulting
from the branching process. (A4) states T,, — oo with n, which is an obvious requirement
for convergence. (A3) essentially says that three events occur with high probability. First,
Pn should be close to a convergent, deterministic sequence p,; this is necessary since the
asymptotics of p,, play a prominent role in Theorem 6.1. Second, p; > p,, essentially says
that bots prefer to attach to agents with higher out-degrees, i.e. more influential agents;
this is the behavior one would intuitively expect. Third, ¢, < 1 — ¢ € (0,1) is a minor

assumption; for example, if all agents have total in-degree at least 2, ¢, < 1/2.

6.4 Adversarial setting

In the previous two sections, we defined and then analyzed the following model:
(I) A degree sequence {doy: (i), din (), d5 (i) }iepn) is realized.

rin ?n

(II) From {dyu (i), dz (i) }iem), an agent sub-graph is constructed.

) i
(IIT) To each i € [n], dZ (i) bots are connected (each also containing a self-loop).
(IV) A learning process occurs on the graph connecting agents and bots.
We next consider an adversarial model, which modifies steps (I) and (III) of this model
as follows: in (I), only {dou(i),d3 (i) }iep is realized, and in (III), an adversary chooses
{dP (i) }iefn (subject to a budget constraint). Put differently, we first construct a graph of
agents aiming to learn; an adversary then deploys bots in hopes of disrupting this learning.
In this adversarial model, we will assume the adversary observes {dyy:(2), di (i) }iepn) but
does not observe the agent sub-graph. This is a reasonable assumption for social networks
like Twitter, where follower and followee counts (i.e. out- and in-degree) are displayed on each
user’s profile, but where the actual graph of follower/followee relationships is not publicly
available. Under this assumption, our adversarial model can be equivalently defined by

replacing (I) with (I’) in the model above (but otherwise proceeding as above), where
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(I') A sequence {dyyu(7),din(2)}iem is realized and observed by the adversary, who then

rn

chooses {d2 (i) }iepn), yielding the degree sequence {doy (), d2h (7). d5 (i) }icpn-

)’ in ?n

To be clear, we will assume (as in previous sections) the observed sequence satisfies

ot (i), d,(1) €NV i € [n], Y doul(i) Zd

i€[n] i€n

and the adversary’s choice satisfies d? (i) € Ny V i € [n], i.e. the full sequence satisfies (6.5).
The adversary’s goal is to disrupt learning, by which we mean minimizing the average
v dB (i) < b, (here

b, is a given non-negative integer). At first glance, it is far from obvious how the adversary

belief at the learning horizon 07, (i*), subject to the budget constraint >

should deploy bots to achieve this goal. Hence, we appeal to Theorem 6.1: to achieve this
goal asymptotically, the adversary should deploy bots so as to minimize p,,. In particular, if
the adversary can drive p, to e.g. 1 —T,, 1% for some € > 0, Theorem 6.1 ensures 07, (i*) — 0
in P (when our assumptions hold). Furthermore, if the adversary’s choice of {d% (i)}iepm
yields a degree sequence {doy (i), di} (i), d5 (i)}iep satisfying the assumptions of Theorem
6.18, minimizing p, is asymptotically equivalent to minimizing p, (since |p, — p,| — 0 with
high probability by (A3)). Hence, we will assume the adversary’s goal is to minimize p,
after observing the realization of {dy: (i), d2 (i i) }icin)- More concretely, we first let m, =

»n

Y iy dout (i) and (with slight abuse of notation) define the function p,, : N — [0,1] by

n A .
Pnld) = Z 7 (d) i)d( )d(’;;i ) va= (d(1),...,d(n)) € NI, (6.14)

which is simply p,, as defined in (6.8), viewed as a function of the bot in-degrees d(i) =

dB (i)°. In light of the preceding discussion, we then define the adversary’s problem as

min p,(d) s.t. id(@) < bp,. (6.15)

deNy

While a solution to (6.15) exists, it is not clear if it can be found efficiently, since the
minimization is over a discrete set that grows exponentially in n. Thus, in the remainder
of this section, we propose two approaches to efficiently solve (or approximate the solution
of) (6.15). The first, discussed in Section 6.4.1, employs an existing algorithm for so-called

M-convex minimization, which computes the solution of (6.15) exactly. When accounting for

8We cannot verify these assumptions in general, as the structures of our proposed solutions are not amenable
to analysis. Thus, there is a slight gap in our argument that minimizing 6, (i*) amounts to minimizing p,.
However, we show empirically in Section 6.4.3 that 61, (i*) and p, are closely correlated in practice.

9Here and for the remainder of the section, we suppress the sub- and super-scripts in dZ (i).
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the separable nature of our objective function p,, this approach is somewhat efficient, with
computational complexity between O(n?) and O(n?b,,). However, this complexity is too high
for social networks like Twitter, where n is on the order of 10%. Hence, our second approach,
discussed in Section 6.4.2, is a randomized algorithm that approximates the solution of (6.15)
with O(nlogn+1b,) complexity and provably high accuracy. In addition to these advantages,
the randomized scheme has a non-obvious but interpretable form, which provides new insights

regarding vulnerabilities in non-Bayesian social learning models.
6.4.1 Exact solution

For the exact solution, we first rewrite (6.15) as mingezn p,(d), where

pu(d), d(i)>0Vie[n],> " d(i)=0b, |

0, otherwise

pn(d) =

In words, we incorporated the constraints from (6.15) into the objective; we also used the fact
that the solution of (6.15) satisfies the budget constraint with equality. In this equivalent
problem, the objective p,, belongs to a special class of discrete-domain functions that can be

efficiently minimized. This class is the set of M-convezr functions, defined as follows.

Definition 6.1. [107, Section 1.4.2] Let f : Z"™ — R U {oco} be a function with effective
domain dom(f) ={x € Z" : f(x) € R}. Then f is called M-convex if for any =,y € dom(f)
and any i € [n] satisfying (i) > y(i), there exists j € [n] satisfying

y(j) > 2(j), f@)+fly) > flx—eite)+ fly+e —ej).

To verify that our objective is M-convex, first note that by definition,
dom (p,) = {d eZ":d(i)>0Vie [n],zd(l) = bn} :
i=1

Now let d,d’" € dom(p,),i € [n] s.t. d(i) > d'(i). Then since > ;_, d(k) = >, _, d'(k) = by,

we have d'(j) > d(j) for some j € [n]. From > ;_, d(k) =>_;_, d'(k) = b, and d(i),d'(j) > 1,

it is also clear that d—e; +e;,d +e; —e; € dom(p,). Hence, letting (k) = doue (k)d2}

A p(k) p() )

Pld =t o) = D ) " am A —1 T BG) -0+
p(2) 4%))

=Pl R T dG) - D@ 1 d@) @A) dG) + V@G + )

(6.16)
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where we have simply used the definitions of p,, p,,. Similarly, we obtain

S (d e — o) = b (d p(7)

Puld = ei) =0ld) GG @ + D@0+ 20
N 49 _
@G) + 40) — DAG) + 40)

Adding the previous two equations, and using the inequalities d(i) > d'(i)+1,d'(j) > d(j)+1
(where the first holds since d(i) > d'(i) and d(i),d'(i) € Z, and the second holds similarly)
gives pn(d —e; +€j) + pn(d + e; — e;) < pn(d) + pp(d’), i.e. Py, is M-convex.

Any M-convex function f satisfies the following optimality criterion, which says x mini-

mizes f if and only if f cannot be decreased by “exchanging” x by x — e; + e;.

Theorem 6.3. [107, Theorem 6.26] Let f be M-convex, and let x € dom(f). Then

fle) < fy)VyeZ' <& flr)<flr—e+e) Vi je|n].

From Theorem 6.3, our exact solution emerges: we begin with an initial bot deployment d;
we then iteratively “exchange” bots and check whether or not the objective has decreased.
More formally, our exact solution is Algorithm 6.1; it is taken from [107, Section 10.1.1],
where it is called steepest descent. Note that the algorithm terminates when the optimality
criterion of Theorem 6.3 is satisfied; thus, Algorithm 6.1 provides an exact solution of of
(6.15).

We offer several remarks on the algorithm’s complexity:

e Line 3 dominates each iteration’s complexity. Naively, this requires O(n) time per i, j,
so each iteration’s complexity is O(n3). However, by (6.16), we can accelerate this by
computing py,(d — €; + e;) in O(1) time, which yields O(n?) complexity per iteration.

e In the best case, the initial choice of d is actually a solution. However, it still requires
one iteration to verify this, so the best-case complexity is O(n?).

e In the general case, [107, Section 10.1.1] provides a tie-breaking rule for the choice
of (i*,7*) that guarantees termination in max{|d — d'[|; : d,d" € dom(p,)} = O(b,)
iterations. Furthermore, this tie-breaking does not increase each iteration’s runtime (in

an order sense). Thus, for an arbitrary choice of initial d, the complexity is O(n?b,,).
6.4.2 Approximation algorithm

We now turn to our approximation algorithm. The idea to first solve the relaxed problem

min p,(d) s.t. id(z) < by, (6.17)

deRY
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Algorithm 6.1: Exact solution of (6.15)

1 Let d € dom(py,), compute p,(d) (in practice, we use a rounded version of the
relaxed solution (6.18))

while 1 do

3 Compute p,(d —e; +¢e;) Vi,j € [n] s.t. ¢ # j (using p,(d) and (6.16), this

requires O(1) time per 7, j pair)

4 Let (7%, j*) € argming jyemj2:izj Pn(d — €; + €;)

if p,(d) < pn(d — e+ + €j+) then terminate (d solves (6.15) by Theorem 6.3)

6 else Set d = d — e;« + ¢~

N

Algorithm 6.2: Approximate solution of (6.15)

1 Compute d’® (i) as in (6.18) and set d"*"4(i) =0V i € [n]
2 for j =1 to b, do

ie. P(W; = i) = st Vi € n]

3 ‘ Sample W; from the distribution > = g

dn
Z:l dzel (k-) )

a Set d7od(i) = S0 1(W,; =) YV i € [n]

j=1

and then to sample bot locations in proportion to the relaxed solution. More formally, our
approximate solution d’® is constructed via Algorithm 6.2. We note that, as shown in
Appendix E.3.1, the solution of the relaxed problem (6.17) is

47l (7) = dA (4) (# - 1> Vi€ [n], (6.18)
+

where 24 = z1(z > 0), r(i) = dput(i)/din, (i) V i € [n], h* = max,eg, h(z), and

Z:ie[n]:r(i)zw2 dOUt (Z)dﬁz (Z)

vz e R, (6.19)
b" + Zie[n]:r(i)ZIQ dﬁz(z) "

h(z) =

While this randomized scheme is somewhat opaque, it in fact yields useful insights. In
particular, the randomized and relaxed solutions d7"¢ and d"® are equal in expectation, and
the relaxed solution d’® satisfies some intuitive properties:
o (i) grows with 7(i) = dyu(i)/dZ (i), i.e. the adversary targets i with large dyy (i)
and small d4 (i) under the relaxed solution. Here large doy (i) means i is influential
(e.g. i has many Twitter followers), while small dZ (i) means i is susceptible to influence
(e.g. i has few followees, so bot tweets will appear prominently in i’s Twitter feed).

o If r(i) < (h*)?, then d"® (i) = d"™%(i) = 0. Hence, if i is sufficiently non-influential,

and /or sufficiently non-susceptible, then targeting i gives no value to the adversary.
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e If r(z) = r(j) > (h*)?, the relaxed solution yields

(i) bt b dp ()
Ao () + a6 rG) V() da() A G)

This can be interpreted as follows: the adversary strives for a similar proportion of

fake news in the feeds of users with similar ratios of influence to susceptibility.

In short, our approximate solution balances influence and susceptibility. While somewhat
intuitive, the precise manner in which this balance occurs (in particular, the precise form of
(6.18)-(6.19)) is highly non-obvious. Thus, in the absence of Theorem 6.1 and the subsequent
formulation of the adversary problem (6.15), one would not have arrived at this solution.

We now turn to the analysis of the randomized scheme. For the complexity analysis, first
observe that by definition of h, {h(z)}ser, = {h(\/7(7))}icln- Furthermore, {A(~/7 (7)) bicpn,
and thus {h(z)},er,, can be computed in time O(nlogn) as follows:

e Compute a vector containing {r(i)};cn) sorted in decreasing order (O(nlogn) time).

o Iteratively compute the sums in (6.19) at each z € {1/7(i) }iep (O(n) time).

e Compute {h(\/7(7)) : i € [n]} (O(n) time).
In summary, {h(x)}zer, (Which contains at most n elements) can be computed in O(nlogn)
time. After computing this set, h*, and then d"®, can each be computed in linear time. Thus,
computing the relaxed solution (6.18) requires O(nlogn) complexity. Finally, assuming we
can obtain one sample from d7¢ in O(1) time after O(nlogn) pre-processing time (using e.g.
the alias method [108, 109],[110, Section 3.4.1]), Algorithm 6.2 has complexity O(nlogn+b,).

Analyzing the accuracy of Algorithm 6.2 is more difficult. We will prove a guarantee that

says that with high probability, and for any 6 > 0

1+ 0 + py (doP)
2406

L4+ +pa(d) 1= P (dF)
240 2468

P (d") < & 1—p, (d) > 1

where d°P! is any solution of (6.15), i.e. 1 —p,(d"*) provides a constant-factor approximation

of 1 — p,(d°P") with high probability. More formally, we have the following theorem.

Theorem 6.4. Assume the following holds:

1—9 opt
I {z,}nen C [0,00) s.t. lim z, = oo, lim P (mn( Pn(d:”)) > xn> =1. (6.20)

n—o0o n—00 max;en] r(])

Then for any 6 > 0,

146 +z5n(dgpt)> .

: ~ rand
11mIP’(pn(dn ) > 315

n—oo
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Proof. See Appendix E.3. O

We reiterate that p,(d?") and p,(d"®?) are both random variables; the former some
complicated function of the given (random) degrees {d,u:(i), di, () }icin), the latter also de-
pending on the random sampling in Algorithm 6.2. To prove Theorem 6.4, we first condition
on the given degrees — so that the only randomness is the Algorithm 6.2 sampling — and
bound the probability that p,(d7"?) exceeds (1 + & + p,(d"))/(2 + &) (viewed as a fixed
quantity when conditioning on the given degrees). We then average over the realization of
{dout(1), dip (1) }iepn) and use (6.20) to show that this tail bound decays in n. In particular,
the conditional tail bound almost surely decays in m,(1 — p,(d%"))/ max;ecp, r(j); this is a
complicated function of the given degrees and thus a difficult random variable to understand,
so we assume it behaves as in (6.20) to prove concentration of p,(d’"?).

In light of this proof approach, one may think (6.20) “assumes away” the difficulty of the
proof, but we argue that this assumption is in fact minor. Indeed, in the setting of Theorem

6.1, and in particular by (A1), the following occur with high probability:

n
my, = vin, max7r(j) < maxdo,(j) = max v/ dou( Zdout(j)2 SV
j=1

j€ln] jeln] j€ln]
Thus, assumption (6.20) in Theorem 6.4 holds if (A1) holds and with high probability,

Vi (1= p, (&) — oo. (6.21)

n—o0

If instead (6.21) fails, assumption (6.20) may fail as well. However, if (6.21) does fail, the
T,, = O(logn) assumption of Theorem 6.1 implies

T (1= pn (d7")) = O (logn/v/n) —— 0,

which, by Theorem 6.1, suggests that agents successfully learn. In short, (6.20) only elim-
inates cases in which even the most sophisticated adversary (i.e. one using the optimal
strategy) cannot prevent learning. This is an uninteresting case, so (6.20) is minor.

As a corollary of Theorem 6.4 (and of the Theorem 6.1 analysis), we can prove the
following. It essentially says that if the most sophisticated adversary can drive the typical
belief to zero, then the randomized scheme will drive the typical belief to zero as well. Tt also
establishes the reverse implication; while this is intuitively obvious, it requires some work to
prove (though no additional effort than is needed to establish the forward implication, so we

include it for completeness). Here we write 677 (i) and 6;%"%(i), respectively, for the belief of
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Table 6.1: Dataset details.

Name Description n ||
Gnutella Peer-to-peer network 6,301 20,777
Wiki-Vote | Wikipedia administrator elections 7,115 103,689
Pokec Slovakian social network 1,632,803 | 30,622,564
LiveJournal | Blogging platform 4,847,571 | 68,993,773

agent i € [n] at time ¢ € [T},] in the graphs with bot degrees d°?* and d’*"?, respectively.
Corollary 6.1. Assume (Al), (A2), (A4), and (6.20) hold. Then for i* ~ [n] uniformly,

o - P rand [ :* P
HTZ:O ) m 0 = QTn d('L ) m 0.
Proof. See Appendix E.4. m

Note the corollary assumes (A1), (A2), and (A4); this allows us to leverage the branching
process approximation from the Theorem 6.1 proof. Importantly, these assumptions only
involve the learning horizon T}, and the given degrees {dyu(7), diy () }iejn), not the bot degrees

»

{dB (i) }iepn). We again assume (6.20), but as discussed above, this is minor given (A1), (A2).
6.4.3 Empirical results

A fundamental assumption in our adversary solutions is that p,, and 07, (i*) are correlated,
in the sense that minimizing p, also minimizes 07, (i*). While Theorem 6.1 states this
correlation holds for the random graph model of Section 6.2.2, it is unclear if it holds in
practice. To conclude, we present empirical results suggesting that this indeed occurs.

In our experiments, we compare our proposed solutions against some natural heuristics:

e A naive baseline, which uses Algorithm 6.2 but samples each W; uniformly from [n].

e Three schemes which similarly use Algorithm 6.2, along with the observed degrees:

sampling W, proportional to dy, (i.e. targeting influential nodes), di} (i.e. targeting
susceptible nodes), and d,,;/d2 (i.e. naively balancing influence and susceptibility).

e Sampling proportional to PageRank with restart probability ¢, denoted PageRank(e).

We compare our proposed solutions with these heuristics using four datasets from [43],
described in Table 6.1. We chose these datasets so we could test our proposed solutions on
real social networks of two scales: Gnutella and Wiki-Vote have n < 10*, a scale at which the
exact solution Algorithm 6.1 is feasible; Pokec and LiveJournal have n > 10%, a scale that
renders Algorithm 6.1 infeasible but that more closely resembles social networks of interest.

For the experiments, we set = 0.5 (the case of maximal variance for the signals), n = 0.9
(to emphasize network effects), and T,, = 101 (to ensure the code had reasonable runtime).
We set b, = [|E,|/400], so that (roughly) 0.25% of all agent in-edges are connected to bots.
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Figure 6.3: Average belief over time when simulating our learning model on real datasets; our
proposed solutions (Algorithms 6.1 and 6.2) outperform heuristics, even those
using graph structure (i.e. PageRank).

For each graph and for five experimental trials, we chose {d2 (i) }icp, as above, added bots
to the original graph accordingly, and simulated the learning process from Section 6.2.1.
In Figure 6.3, we plot the mean and standard deviation (across trials) of 6,(i*) as a

- Tn})

For all datasets, our solutions outperform all heuristics, in the sense that our solutions yield

function of ¢ (to avoid cluttering the plot, we only show 6,(i*) for t € {1,11,...,101

the lowest average 0;(i*) for most values of t. More specifically, we note the following:

e Across datasets, our solutions outperform PageRank(e) for all values of €. This is quite
surprising, since PageRank uses the entire graph structure, whereas our solutions only
use degrees. Also, as € becomes increasingly smaller, PageRank(¢) performs increas-
ingly better, but this comes at the cost of higher runtime to estimate PageRank(e).

e Among the heuristics using only degree information, dyy/d: performs best — though
worse than Algorithm 6.2 — across all datasets. Thus, naively balancing influence and
susceptibility is not enough; the form of Algorithm 6.2 yields better performance.

e For Gnutella and Wiki-Vote, Algorithm 6.1 outperforms Algorithm 6.2. Though the
former is exact and the latter is an approximation, this is still surprising, since it is
unclear that these schemes are even optimizing the correct objective for real graphs.

While Figure 6.3 only considers one choice of b,, we believe our conclusions are robust.

= [b|E,[] for each b € {3655 555> 1550 7050 a5 1> 5O
1% of edges connected to bots (thus, Figure 6.3 shows the

In particular, we also tested the cases b,
that between = 0.0625% and ~

middle case b = Appendix E.5 contains a figure analogous to Figure 6.3 for the other

400)
choices of b; the plots are qualitatively similar. In Figure 6.4, we also summarize this set of
results by plotting the final average belief 07, (i*) as a function of b,. Generally speaking,
the gap between our solutions and the heuristics increases as b,, decreases. Put differently, if

an adversary with a limited budget spends this budget intelligently (i.e. using our proposed
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Figure 6.4: Average belief at the learning horizon versus budget on real datasets. Generally,
the improvement of our solutions over heuristics increases as b,, decreases.

Gnutella Wiki-Vote Pokec LiveJournal

0.5 0.5 ;05 y
~ H
g 048 o4 © | 04 F
gt (IR = ¥/: . ‘e
So46r ' $os . S .
0.44 1 ;
0.2 | . .
0.95 . 1 0.95 1 0.95 1
]371 ]371 ]371 ﬁ?l

Figure 6.5: As suggested by Figures 6.3 and 6.4, 07, (i*) and p,, are closely correlated.

solutions), they can still disrupt learning; in contrast, an adversary with a large budget need
not be as careful. Also, as expected, 07, (i*) decreases in b, in Figure 6.4.

We have thus far shown that our solutions outperform the heuristics. This is somewhat
remarkable: our solutions were derived under the fundamental assumption that minimizing
Or, (i*) amounts to minimizing p,, but we only verified this assumption for a class of random
graphs. Thus, our empirical results suggest that even for real social networks, this assumption
holds. Indeed, in Figure 6.5 we show scatter plots of 67, (i*) against p,, (each dot represents

one experimental trial). For all datasets, the two quantities are closely correlated.

6.5 Related work

Before closing, we discuss some connections between existing work and this chapter.
First, from a modeling perspective, we note our belief update (6.3) is closely related to the
non-Bayesian social learning model from [24]. In that model, agent beliefs are distributions
over a finite set of possible states of the world (not scalars, as in our model), but belief

updates are similar. Specifically, at time ¢ agent i updates its belief 1,(7) as

(i) = maBU (o1 (), wi(0) + > migpe1(4),

jENin(i)
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where w; (i) is the signal received by i at ¢, BU(us—1(7),w:(7)) means a Bayesian update of
the prior belief p;1(i) with the observed signal wy(i), and > n. o ny = 1. In [24,
Proposition 3|, it is shown that, under certain assumptions, including the graph being fixed
and strongly connected, these distributions converge to point masses on the true state as
t — oo.

Per the discussion following (6.3) in Section 6.2.1, our model can be viewed as a variant of
this one, in which all agents have beta beliefs and Bernoulli signals, communicate parameters
of distributions instead of the distributions themselves, and average parameters instead of
distributions. From this viewpoint, our quantity of interest ;(4) is simply the mean of agent
1’s belief. However, the crucial assumptions of strong connectedness and an infinite learning
horizon from [24] are violated in our model (the former since bots have self-loops but no
other incoming edges; the latter since we take T,, = O(logn)). This necessitates a different
analysis, which in turn requires us to simplify the model from [24] by communicating scalars
and by taking a simple form of the weights {n;;}jen..)utir-

We also note our variant of the model from [24] is quite similar to the model in the
working paper [23]. In fact, our belief update and inclusion of bots are both taken from this
work (with minor differences to bot behavior). However, this work only includes theoretical
results in the case B = (J; the case B # () is studied empirically. This allows [23] to use a
richer model than ours, including a time-varying graph structure, agent-dependent mixture

parameters » @it Mig» and three types of nodes (bots, agents who observe bots, and

€N,
agents who dojnot observe bots). Notably, the empirical results from [23] for the case B # ()
fix a learning horizon, so the delicate relationship between timescale and bot prevalence that
we describe in Theorem 6.1 is not brought to light in [23].

From an analytical perspective, our approach of analyzing beliefs by studying random
walks is not new. Perhaps the most obvious example is the classical deGroot model [111],
in which agent ¢ updates its (scalar) belief as 6(i) = >_;0,-1(j)W(j,4) for some column-
stochastic matrix . Collecting beliefs in vector form yields 8, = 0,WW*, where 0, is the vector
of initial beliefs. From here, it is clear that beliefs relate closely to random walks, since the
i-th column of W' gives the distribution of a ¢-step random walk from 7 on the weighted
graph defined by W. This observation has been exploited in the literature; see the surveys
[112, Section 3] and [113, Section 4], and the references therein. For example, assuming W
is irreducible and aperiodic, and therefore has a well-defined stationary distribution 7, [26]
establishes conditions for learning using the fact that 6,(i) = 6yWle] ~ OynT V i when t
is large. Beyond the deGroot model and deGroot-like models such as ours, random walk
interpretations have also been leveraged in Bayesian learning models. For example, [114]

considers a model for which agents perform a Bayesian update using their own signal but
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using the prior of a randomly-chosen neighbor. Exchanging priors with neighbors yields a
natural connection to random walks; assuming strong connectedness, the authors exploit the
fact that the walk visits every agent infinitely often (i.o.) to derive conditions for learning.
Similar to [24], these works typically assume strong connectedness and long horizons so as
to leverage properties such as stationary distributions and i.o. visits, which is a fundamental
distinction from this chapter. Indeed, even if we disregard stubborn agents, so that the
random walk has a stationary distribution, it does not converge within our learning horizon.

This is because, as shown in [56], the sparse DCM we consider has mixing time that exceeds

logn logn . logn

S o (dA(z'))d““—t(i)Zlo (3 dd (i) =—2en @y ™ log(vs /1)’
ieln] 108\ Lin\1)) S0 () S\ uieln) Vin\Y) S5 o ()

where the inequality is Jensen’s and the approximate equality is (6.13). The final expression
exceeds T,, by (A2), i.e. our learning horizon occurs before the underlying random walk mixes.
But the situation is in fact more severe, since the random walk on this DCM exhibits cutoff
(see Section 5.6). Thus, the T,,-step distribution of this walk can be maximally far from the
stationarity. Hence, not only can we not use this stationary distribution, we cannot even
use an approximation of it. Again, this means our analysis cannot leverage global properties
typically used when relating beliefs to random walks and thus requires a different approach.
We also note that our idea to simultaneously construct the graph and sample the walk (as
discussed in Section 6.3.2) is taken from [56].

Some other works have considered social learning with stubborn agents. For example,
[25] studies a model in which agents meet and either retain their own (scalar) beliefs, adopt
the average of their beliefs, or adopt a weighted average; the agent whose belief has a larger
weight is called a “forceful” agent. Here the authors show that all agent beliefs converge to
a common random variable and study its deviation from the true state. A crucial difference
between [25] and this chapter is that [25] assumes even forceful agents occasionally observe
other agents’ opinions. This yields an underlying Markov chain that is irreducible; the
analysis then relies on this chain having a well-defined stationary distribution.

Stubborn agents have also been considered in the consensus setting. This setting is
similar to the social learning setting we consider, but instead of asking whether agents learn
an underlying state, one asks whether agent beliefs converge to a common value, i.e. a
consensus. For example, [115] considers a model in which regular agents adopt weighted
averages of beliefs upon meeting other agents (regular or stubborn), while stubborn agents
always retain their own beliefs. This intuitively prohibits a consensus from forming; indeed,
it is shown that agent beliefs fail to converge, and therefore that disagreement can persist

indefinitely. Another example is [116], in which an agent’s belief at time ¢ + 1 is a weighted
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average of their own belief at time 0 and their neighbors’ beliefs at time ¢. In this model,
stubborn agents place all weight on their own belief from time 0 and thus do not update
their beliefs. The analysis in [116] is similar to ours as it relates agent beliefs to hitting
probabilities of the stubborn agent set, but it differs as the learning horizon is infinite in
[116]. Also in the consensus setting, [117] investigates protocols for robust consensus that

may lessen the undesirable effects of stubborn agents in e.g. [115, 116].

6.6 Conclusions and future directions

In this chapter, we analyzed a model for social learning in the presence of stubborn
agents. Our learning outcome analysis identified a close relationship between the learning
horizon, the “density” of stubborn agents, and the learning outcome. We also considered
an adversarial setting which, paired with our learning outcome analysis, yielded insights
regarding social learning vulnerabilities.

Several extensions of our learning outcome analysis can be considered. First, it would be
useful to generalize our model to allow for agent- and /or time-dependent mixture parameters
(i.e. allowing n to vary with i and/or ¢t in (6.6)). Allowing agent dependence suggests a
more heterogeneous model in which some agents place more value on private observations,
while others place more value on the opinions of their social connections. Allowing time
dependence, and specifically allowing 7, to vanish as t grows, suggests a model in which
agents become more “set in their ways” over time. Second, one could keep T, finite for
each finite n but allow it to asymptotically dominate our “local” O(logn) horizon. Here our
branching process approximation fails, so this would require a different analysis. However,
it would be interesting to see if the three regimes of Theorem 6.1 still hold for such T,,, or if
a different phenomenon emerges when global effects of the network take hold.

Each of these extensions of our model would likely yield a different learning outcome,
and thus a different objective function in the adversarial setting. Hence, each may require
a different analysis to determine optimal or near-optimal bot strategies. Subsequently, each

may also yield new and useful insights regarding the sensitivity of the associated models.
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CHAPTER VII

Conclusion

Throughout the thesis, we discussed conclusions and immediate extensions of our results
on a per-chapter basis; see Sections 2.7, 3.8, 4.4, 5.7, and 6.6. In this chapter, we mention

some more holistic takeaways and some less immediate future directions.

7.1 High-level takeaways

Put succinctly, the main ideas developed in this thesis are as follows:

e PPR estimation can be accelerated by exploiting local graph structure. The resulting
algorithms are amenable to random graph-based analyses, and if the random graph
model is well-chosen, the key insights hold empirically for real graphs.

e Algorithmic and analytical ideas from the PPR literature can be leveraged in a num-
ber of different settings. In this thesis, we specifically showed how empirical policy
evaluation can be accelerated and how Markov chain perturbations can be analyzed.

e In non-Bayesian social learning, adversaries should carefully balance an agent’s influ-
ence and susceptibility when deciding whether or not to target the agent. Practically,
this may give insights regarding fake news on social networks (see Section 7.2.6).

Given the diversity of the topics considered in this thesis, we lack a unifying conclusion

regarding a particular application or real-world problem. However, we next describe some

unifying methodological insights provided by this thesis.
7.1.1 Perturbed Markov chains

As discussed in Chapter I, a recurring mathematical object in the thesis was a perturbed
Markov chain. In Chapters II, ITI, and IV, we specifically considered the PPR Markov chain,
and we proposed algorithms derived from this chain’s power iteration property (1.1) and/or
its perfect sampling property (1.4). These properties were fundamentally necessary. For
instance, the algorithms in Chapters II and III estimate the PPR chain’s stationary distri-

bution but cannot be used to estimate stationary distributions of general chains. Similarly,
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the algorithm in Chapter IV relies on the discounted cost objective’s connection to PPR and
does not immediately apply to other objectives used in reinforcement learning (though we
believe an analogue can be derived for the finite horizon objective; see Section 4.4.2).

The special properties of the PPR chain are also useful analytically. The primary example
of this thesis arose in Chapter V. For extremely small and extremely large perturbation
magnitudes, we were able to characterize the behavior of a general class of perturbations
(Lemma 5.1). However, for perturbations of moderate magnitude, the behavior is more
subtle, and we needed the closed-form solution of the power iteration (Lemma 5.2).

While the PPR chain did not arise in Chapter VI, a different perturbed Markov chain
provided a conceptual approach for our analysis. Namely, we viewed the introduction of
bots into our social learning model as a perturbation of a certain random walk relating to
agent beliefs (see end of Section 6.1). In contrast to other chapters, we do not believe this
viewpoint was fundamentally necessary to analyze the learning outcome; however, it did
provide a tractable framework that made the analysis more intuitive. This was especially
welcome in Chapter VI, since there we considered a random process unfolding over a random

graph, perhaps the most complex mathematical object studied in this thesis.
7.1.2 Concentration of measure

Another recurring mathematical theme was the concentration of measure phenomena —
the idea that a function of a large (but finite) set of independent random variables is close
to its expected value with high probability. This phenomena was crucial in our analysis of
a number of randomized algorithms that estimated expected values of functions by taking
many samples and averaging. In Chapters Il and IV, the function was simply a sum, so we
only used basic Chernoff bounds; in Chapter VI, the function was more complex, and we
required the theory of self-bounding functions (see Appendix E.3.3).

Concentration of measure arose in a different manner when we analyzed PPR dimension-
ality in Chapter III and learning outcomes in Chapter VI. We discuss this in some detail as
the analysis is similar in both cases and speaks to a more general approach. In both cases,
we considered quantities defined on a per-node basis, recursively in terms of the node’s

neighbors. In Chapter 111, this recursion arose from the PPR power iteration (1.1):

Ty =ael + (1 —a)elP Z(l —a)'P'=ael +(1—a) Z P(s,v)m,, (7.1)

t=0 veV

i.e. s’s PPR vector can be written in terms of PPR vectors of s’s neighbors (those v for which
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P(s,v) > 0). In Chapter VI, the recursion arose from the belief update

Bili) = (L= (Bra() + (1= (@) + = D" Brah), (7.2)

i.e. i’s belief is written in terms of its neighbors’ beliefs (see discussion preceding (6.3)). In
both cases, the recursive form implied that the quantity could be estimated on a local neigh-
borhood in the graph, and we exploited the concentration phenomena to approximate these
neighborhoods with branching processes. Moreover, the recursive nature of the branching
processes, paired with the recursive nature of (7.1) and (7.2), yielded martingale-like pro-
cesses that could be treated with modifications of existing martingale techniques.

We have ignored many details in this discussion; see the proof outlines of Lemma 3.1 and
Theorem 6.2 in Appendices B.1 and E.1, respectively, for a more detailed description. The
key point is that we believe this analytical approach is more generally useful. In particular, we
believe that many quantities defined recursively on sparse random graphs can be estimated
in terms of related branching processes, and that the recursion of the branching processes,
paired with the recursively-defined quantity, will yield tractable, martingle-like processes.

Finally, we mention that another manifestation of the concentration phenomena involved
non-standard norms of random matrices. This arose twice in the thesis: in Section 2.4.1.1, we
encountered the [ ; norm (sum of column-wise maximums), while in Chapter III, we studied
the [, norm (max of row-wise sums). At present, there is less theory regarding concentration
in these norms than in more standard ones like the Frobenius or spectral norm [42]. Thus,
it may be worth investigating if these non-standard norms have wider utility, and if so, to

develop a more formal concentration theory for such norms.

7.2 Future directions and open problems

We close by discussing some future directions. In the spirit of the thesis, we discuss

several PPR problems, two applications of PPR ideas, and social learning.
7.2.1 Accuracy criteria for PPR estimation

The PPR estimators discussed in Chapters II and III, along with most all appearing
in the literature, assess accuracy in terms of the estimates of PPR wvalues — e.g. relative or
absolute error of each estimate, [, error of the vector of estimates, etc. While such guarantees
are far more tractable to establish, the ranking of these values is more relevant in many of
the motivating applications discussed in Section 1.2.3 (ordering of Internet search results
or friend recommendations on social networks, for instance). Thus, we believe the “gold

standard” of PPR estimators is an efficient algorithm with rigorous guarantees on how far
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the true and estimated rankings differ, quantified in terms of some metric on permutations
(e.g. Cayley distance, Kendall’s tau distance, etc. [118, Ch. 6B]). Such an analysis would be

novel in the PPR literature and could be extremely useful in applications.
7.2.2 PPR with non-backtracking random walks

Another significant deviation from the PPR literature would be replacing the underlying
random walk of PPR with a non-backtracking one. More precisely, one could consider a
Markov chain on a graph G = (V| E) that restarts at v € V with probability « and takes
a non-backtracking random walk step! with probability 1 — . At a high level, this chain
explores the neighborhood of v between restarts in more efficient manner than the standard
PPR chain. For example, it may take fewer samples of the Geometric(«)-length trajectories
described by (1.4) to obtain an accurate approximation of the corresponding stationary
distribution. In fact, it is known that the non-backtracking version of certain chains can
mix much faster than the backtracking version (see e.g. [119]), which further supports this
conjecture. Thus, we expect the mixing time of this non-backtracking version of PPR would
play an important role in the analysis, which may involve connections to our ideas considering

mixing times and PPR (namely, those in Section 3.7.4 and Chapter V).
7.2.3 PPR microfoundations

In Section 1.2.2, we discussed the PPR interpretation of “similarity” or “relevance” be-
tween nodes. We noted that this is intuitively reasonable, since many graphs exhibit ho-
mophily and PPR is a measure of “inverse distance” in networks. Some empirical studies,
e.g. [2], have also attempted to justify PPR’s use in personalized web search. Nevertheless,
there is a lack of theoretical microfoundations for PPR as a relevance/similarity metric. One
approach to formalize this mathematically is as follows. Let V' be a set of nodes and asso-
ciate each v € V with a vector z, (perhaps generated from some distribution). For instance,
V' could represent a set of people and z, could quantify certain characteristics of person v
(i.e. age, geographic location, political leanings, employment status, etc.). From {z,},ev,
generate a social network with homophily, perhaps by adding edge (v,w) with probability
proportional to e~ I#*=®«ll for some norm || - || (i.e. v, w are more likely to be friends if they
have similar age, location, politics, and jobs). From this random graph model, one could
consider the following questions. (1) Are ||z, —x,|| and the corresponding PPR value II(v, w)
strongly correlated? If so, this would offer justification for PPR as a similarity/relevance
metric. (2) If ||z, — || and II(v,w) are only weakly correlated (or even uncorrelated), is

there a metric that correlates more strongly with ||z, — x,||? If so, this would suggest the

!By “non-backtracking random walk step,” we mean that if the previous state is u € V, the current state is
w € V, and the outgoing neighbors of w are N,,¢(w), the next state is chosen randomly from Ny, (w) \ {u}.
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new metric is a more appropriate measure of similarity /relevance than PPR. (3) If a new

metric is more appropriate, can it be efficiently estimated for large graphs?
7.2.4 Empirical policy iteration

As discussed in Section 4.2, Backward-EPE can reduce the sample complexity of the
existing scheme from [19], while attaining the same accuracy in the [, norm. Since [, is the
same norm used in [19], our algorithm can be “plugged in” as the EPE subroutine to improve
sample complexity bounds for the overall empirical policy iteration (EPI) algorithm discussed
in Section 4.1. In contrast, Bidirectional-EPE offers a different accuracy guarantee, and
thus would necessitate a new analysis if used in EPI. Put roughly, this accuracy guarantee
(see Section 4.3) provides a better estimate of the value function for “good” starting states
(i.e. states s for which v,(s) is small) than for “bad” starting states (s such that wv,(s)
is large). This is arguably more natural than an [, guarantee: if s is a particularly bad
starting state, there is little utility in accurately estimating v, (s), since we will likely change
the policy m(s) at the next policy improvement step. Thus, it would be useful to analyze

EPI with this EPE subroutine to determine if the overall sample complexity is reduced.
7.2.5 Computational estimation of mixing times

In Markov chain Monte Carlo, one aims to estimate Ex.. f(X), where f is some function
and 7 is the stationary distribution of some Markov chain {X;}°, with transition matrix
P. Consider the case for which P is unknown but, given a state 7, one can obtain samples
from P(i,-) (as in Chapter IV). In this case, a natural method is to choose some state
X, iteratively sample X;,; from P(Xj,) until the mixing time ¢t = t,,(¢) (as defined in
Chapter V) and estimate Ex . f(X) as f(Xy,. (o)) (perhaps averaging over many samples).
However, when P is unknown, ty(¢) is unknown as well, so a recent line of work has
proposed algorithms for estimating ¢, (£) in this setting [120, 121, 122, 123]. These existing
works indirectly estimate ¢, (€) by instead estimating the relazation time t. (see Appendix
D.1). A classical result in the mixing times literature states (ty — 1)log(1/2¢e) < tni(e) <
tre1 l0g(1/emmin), where my;, is the minimum stationary distribution of any state, and thus
the upper bound is never tight in the number of states. Hence, a remaining challenge is direct
estimation of t,ix(e) in the aforementioned sampling model. Our understanding of mixing
times and PPR-like perturbations from Chapter V, and our extension of PPR estimators to

this sampling model in Chapter IV, may be useful tools in tackling this challenge.
7.2.6 Social learning and fake news

Our main finding in Chapter VI was that in order to prevent social learning, adversaries

should target agents who are influential, yet susceptible to influence themselves. An obvious
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follow-up question is whether this finding holds in practice; namely, whether influential-
yet-susceptible users encountering fake news facilitates its spread. This question could be
addressed in several ways. From a social sciences perspective, one could investigate whether
our social learning model is a reasonable approximation of how social media users’ opinions
evolve. From a data science perspective, one could use historical data to investigate if fake
news spreads more extensively when it reaches influential-yet-susceptible users (quantified
in some manner). If our finding indeed holds in practice, the next question would be how
to leverage it to mitigate the spread of fake news. And if such solutions exist, incentivizing
social media platforms to adopt them would be yet another issue. In short, Chapter VI
suggests a more sprawling research agenda than the other directions proposed in this chapter.

Nevertheless, we believe these are important questions given the societal impact of fake news.
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APPENDIX A

Proofs and Experimental Details for Chapter 11

A.1 Analysis of FW-BW-MCMC and comparison to Bidirectional-PPR

Here we state and prove the guarantees that were stated informally in Section 2.3. We
include the corresponding results for Bidirectional-PPR for comparison. We first state the
accuracy guarantee, Theorem A.1. The idea is to bound relative error when 74(¢) > § and to
bound absolute error when 7,(t) < 8. The authors of [15] suggest choosing § = O(%). This
choice dictates that we desire the relative bound when ¢’s PPR exceeds a uniform distribution
over all nodes, which suggests that t is “significant” to s in this case. The proof applies the
Chernoff bound to a variety of cases, which vary between the algorithms.

Theorem A.1. Fix minimum PPR threshold 9, relative error tolerance ¢, and failure prob-
ability pgi. For FW-BW-MCMC, assume the following hold:

1 s t 2 1/31 2 .
ccC (07 > , w = Crmaxrmax c> 3( 6) Og( /pfal>‘ (Al)
V2e

b g7/3
For Bidirectional-PPR, assume the following hold:

t .
t c (2_657 1) ’ w = CT max c> 310g(2/pfa11) (A2>

max ae 5’ €2 '

r

Then with probability > 1 — pg;, the estimate 74(¢) from either algorithm satisfies

X ems(t), ms(t) > 0 (significant case)
|ma(t) — 7s(B)] < o : (A.3)
2ed, ms(t) < 0 (insignificant case)
Proof. See [15] for Bidirectional-PPR; see Appendix A.1.1 for FW-BW-MCMC. O

From Theorem A.1, FW-BW-MCMC offers the same accuracy as Bidirectional-PPR. How-
ever, our assumptions on € and ¢ are stronger than those required for Bidirectional-PPR.
The first assumption is mild, since é ~ 0.43 and we typically desire a tighter relative
error bound. The second affects complexity and will be discussed next. Note also that our

guarantee holds V rf € (0,1), while Bidirectional-PPR requires a lower bound on r?

max max*
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Next, we have a worst-case complexity result in Theorem A.2 (by worst case, we for any
s,t € V). The idea is to choose 75 rt  to balance the complexity of the DP and MCMC

max’ ' max

stages of the algorithm. The result requires the additional assumption md < log(1/ps.q) /2%,
which guarantees that these 5., 7% .. values lie in (0,1). Note that with § = O(+), this

max’ = max

implies m = O(n), i.e. nodes have constant degrees as n grows.

Theorem A.2. Fix minimum PPR threshold 9, relative error tolerance ¢, and failure prob-
ability prjg. Assume (A.1)-(A.2) hold and md < log(1/pgy)/e®. Then setting 75 =

max

1/3§1/3.7/9 . . . 2/3(log(1/peain)) /3 .
rt = MW in FW-BW-MCMC yields complexity O (m (a‘;%(/géli%l)) ), and setting
t Vmoe . s . _ . . mlog(1/psair)
Thax = Tl in Bidirectional-PPR yields complexity O (—as 75 )
Proof. See Appendix A.1.2. n

Note that, with § = O(2), so that m = O(n), both algorithms have complexity linear in
n, while FW-BW-MCMC has strictly better dependence on the parameters pg; and e.

Finally, we present an average-case complexity result for FW-BW-MCMC-Practical (Algo-
rithm A.2), which uses termination criteria ||[D~'7*||, < 7%, in the forward DP.

Theorem A.3. For any s € V and t ~ V uniformly, FW-BW-MCMC-Practical produces an

\/mlog(l/pfan)>

estimate satisfying the Theorem A.1 and has complexity O ( oG

Proof. See Appendix A.2. O
With § = O(2), the average-case complexity is O(y/m), as claimed in Section 2.3. The
guarantee for Bidirectional-PPR in [15] has € instead of £”/¢ but is otherwise identical.
A.1.1 Proof of Theorem A.1
We will use the following result from [124].

Theorem A.4. (from Theorem 1.1 in [124]) Let {Z;} be a set of independent random
variables with Z; € [0,1] Vi, and let Z = ). Z;. Then for any n € (0,1) and any d > 2¢E[Z],

P[Z > (1+mE[Z]] < exp(—n"E[Z]/3), P[Z < (1 -n)E[Z] < exp(—n’E[Z]/2),(A4)

PZ >d <27 (A.5)

To begin the proof, we define Y; = X;/rl  and Y = > | 'YV;, where X; is from Algorithm
2.3. Observe the Y;’s are independent and Y; € [0,1] (by the terminating condition of
Algorithm 2.2), so Theorem A.4 applies for appropriate choices of n and d. We also observe

that (A.6) holds, which follows by linearity and w = % in the statement of the theorem.

cr

max g X (A.6)

E[Y] = —E[X] = ==

t
T'max

We now turn to the case m4(t) > 9, for which we aim to show P[|7s(t) — ms(t)| > ems(t)] <
Prait V € € (0, %@) We will examine three sub-cases. The first two sub-cases depend on the
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constant k := (£)'/? (we motivate the choice of this constant at the conclusion of the proof).
3(2¢)1/3 log(2/psail)

We also observe the following, which follows from the assumption ¢ > 7 :
k 13 10g(2/Prai
hooe el los(/pm) (A7)
3 6ek?  3(2e)1/3 e2c

For the first sub-case, assume E[Y] > kc. Then we have the following:

— > Xi—E[X]

=P[|Y —E[Y]| > eE[Y]] < 2exp (—’E[Y]/3) < 2exp (—&%*kc/3) < pran.

> cE[X}]

Here the first inequality holds by definition of 74(¢) in Algorithm 2.3 and the invariant (2.3);
the equality holds by (A.6) and the definition of Y'; the second inequality uses Theorem A.4
(note e < \/Lfe < 1); and the final two inequalities hold by E[Y] > kc and (A.7).

For the second sub-case, assume E[Y] € [5%,kc). First, observe that by (A.6), the as-

sumption E[Y] < ke, and the Algorithm 2.1 terminating condition,

Lo L0 R LR

crs rs

max max

I [ E[X:] = ko,

and so ms(t) > [|r*|L\E[X:] + (1 — k)d (else, ms(t) < d by (2.3), a contradiction). Then:

> € (JE[X] + w)]

Pl7s(t) — ms(t)] > ems(t)] < P 7]l

1 w
. ;x — E[X]]

(1 —k)ow
7517 hax
—P [|Y _E[Y]| > ¢ <IE[Y] + (%) kcﬂ <P [|Y _E[Y]| > %E[Y]}

< 2exp (—’E[Y]/ (3k*)) < 2exp (—&’c/ (6€k)) < praq.

—P [|Y ~E[Y]| > ¢ <E[Y] + )} <P[lY —E[Y]| > £ (E[Y] + (1 — k)c)]

Here the first inequality and first equality follow similar arguments as Case 1; the second
inequality is by the Algorithm 2.1 terminating condition and w = %; the second
equality multiplies and divides k; the third inequality holds by assumption E[Y] € [5£, kc);
the fourth inequality holds by Theorem A.4 (note £ = £*3(2¢)'/3 < 1 by assumption & <

\/L%); the fifth inequality follows from E[Y] € [5¢, kc); and the final inequality holds by (A.7).

Note we have assumed 1 — k£ > 0 in the third and fifth inequality; this follows from & < \/LQ?
For the third and final sub-case, assume E[Y] < 5¢. We have the following:

> ms(t)] =P {IY ~E[Y]| > ems(tw
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edw

s t
max' max

<P|lY —E[Y] > =P[|Y —E[Y]| >ec] <P[Y >ec] <27 (A8)

Here the first three equalities and first inequality follow similar arguments as previous cases;
the penultimate inequality holds since {|Y — E[Y]| > ec} C {Y > ec} when Y > E[Y],
whereas {|Y — E[Y]| > ec} C {E[Y] > ec} C {2¢E[Y] > ec} = ) when Y < E[Y]; and the
final inequality holds by Theorem A.4; note ec > 2eE[Y] by assumption. Next, observe

Ge log(l/pfail) be
—_— > 66 10 1 ail) — T~ lo 1 - > 10 1 ). A9
(V/2e2)4/3 8(1/pair) oz, (c) o (1/prait) > 1ogo(1/prat). (A9

where the first two inequalities hold by ¢ > 3(26)1/3517(}%(1/ piail) o e < \ﬁ, and the final one

holds since log,(e) < 2 = log 3 > 3¢ > 1. Combining (A.8) and (A.9) completes Case 3.
Finally, note the bounds in Cases 1 and 3 grow with decreasing and increasing k, respec-
tively. Hence, k = (5 )1/ 3 arises from equating the two to minimize failure probability.
We now turn to the case ms(t) < . Observe that by m4(t) < § and the invariant (2.3),
|7*|\E[X;] < 6. By (A.6), this implies 2eE[Y] < 2 —: h. Then

Tinax|[7®[[1

R ] — 2ed 2edw
P|7(t) — ma(t)] > 2¢8) = EZ > e | =P [|Y—E[Y]| o or?
=1 max
=P[|Y —E[Y]| > b < P[Y > <27° (A.10)

Here the equalities follow similar steps as previous cases, the first inequality holds by the
same argument in the Case 3 analysis, and the final inequality holds by Theorem A.4 (note
(A.5) applies since b > 2¢E[Y]). We also observe

2ewd 2ewd
b= v > 0 9ec > ec > 1ogy(1/prain), (A.11)

| e | | 1 Tfnaxrisnax

max ‘

where the first inequality is by the Algorithm 2.1 terminating condition, the second inequality
holds since 2¢ > 1 > ¢, and the third inequality follows from (A.9); the equalities are by
definition. Finally, we combine (A.10) and (A.11) to complete the proof.

A.1.2 Proof of Theorem A.2

The complexity of Algorithm 2.3 is the total complexity of Algorithm 2.2, Algorithm 2.1,
and the random walks. Below, we show Algorithms 2.2 and 2.1 have complexity —7#— and

, respectively (using arguments from [32] and [7]). Furthermore, the complexityaof the

random walk stage is O(* max "‘2’3:;%1/ Ptoil) ), where * is the expected complexity of sampling a

single random walk, and where the remaining factors give the number of walks required for
(A.1) to hold. Hence, the complexity of Algorithm 2.3 is O(C'(rs,,. 7% ..)/@), where

max max

s
Of’l”a

s t
s t _ . m T maxT max log(l/pfail) m
C(Tmaxrmax) — Tfnax + 587/3 ’r’fnax (Al?)

S

We now aim choose 7, to minimize O(C'(r5 .1 .. ) /), or equivalently, to minimize

max’ max
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C(r k). For this, we let K = 10%1# > 0 and note 2 fmx = Krl,.. — g =0if
and only if (rf )%k . = %, and similarly, 3¢ t = 0 if and only if (1 )? rf;lax = %; hence,
()3, ()3 is a statlonary point of C'(75,.., rfnax) To verify this is a minimizer, we observe
e 2%C 2
T i | — |G 1
92C 92C K 2m |
87‘fnaxrtsnax 8(T~t aX) (rlénax)g
from which it follows that the Hessian of C' evaluated at rmax e = (2)Y3is K(I4+117).
This is positive definite, since z (K(I+11T))z = K(||z]|3+(2"1)?) > 0 for any nonzero vector
z. To summarize, we have shown r5,. = rt . = (2)"3 minimizes C(rf,, 7h.,) and thus

minimizes the complexity of Algorithm 2.3, i.e. the choice of ’I“max, 7t . in the statement of the
theorem minimizes complexity. Finally, substituting 75, = rf,. = (%2)"3 into (A.12) and
dividing by « gives the complexity expression of the theorem. Following the same approach
establishes the Algorithm Bidirectional-PPR complexity bound given in the theorem.

We return to bound the complexities of Algorithms 2.2 and 2.1. For Algorithm 2.2, we
use an argument from [32]. First, let v € V. From Algorithm 2.2, p‘(v) increases by at
least arl . at each iteration for which v* = v. By the invariant (2.2), p'(v) < m,(t). Taken
together, v* = v for at most ;r”# iterations. Furthermore, the complexity of each iteration
for which v* = v is di, (v). Hencreﬂzdxthe complexity of all iterations for which v* = v is bounded
by di(v) 5= ) . Finally, the complexity of Algorithm 2.2 can be bounded by summing over
allveV,ie Y, d(v Vo < o= Y ey din(v) = .

We turn to Algorlthm 2.17 As mentioned in the main text, Algorithm 2.1 changes the
termination criteria from [7]; for clarity, we include the original definition in Algorithm A.1.
Here we use tilde marks to distinguish quantities from those in Algorithm 2.1, and we indicate
iteration number k to improve clarity of the arguments to follow. Besides these notational
changes, the only difference between Algorithms 2.1 and A.1 is the termination criteria.

With this notation in place, the complexity of Algorithm A.1 can be bounded as follows
(using arguments from [7]). First, observe that for any iteration k,

= X e+ ¥ (e )
)

veV\({vr }UNout (vi)) VE Nout (Vi out (vk)

= 1721 lly = a7 (ve),

where the first equality holds via Algorithm A.1. Next, let k* be the iteration at which
Algorithm A.1 terminates. Then the complexity of the algorithm is 22:1 dout (Vg), and

k* k* d (/l) 1 k*
Zdout(vk) - fout (UIZ Tlc 1(Uk) < ~s Zflifl(vk)
k=1 k=1 max p—1
k*
1 1 1
= 7= 7lh) = ¢ il — 175 ) <
. ; (7ol = I7%l) o 75l = N3 112) < T

where the first inequality holds since 75, < | D717 |00 = Z’ttl((s:)) for k < k* (i.e. for each k
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before termination), the second equality holds by the previous display, and the final inequality
holds since ||7§]|1 = ||es|s = 1 and ||75.||1 > O (the remaining steps are straightforward).
Using this, we bound the complexity of Algorithm 2.1. First, in Algorithm 2.1 we have

=m|| D77,

ré(v
lr®|l = Zd dout (V) < mmax )

out veV dout (U)

so to guarantee termination of Algorithm 2.1 (i.e. to ensure [|r®||; < 7)), it suffices to
have ||[D71r%||o < ‘;j". But from the analysis of Algorithm A.1, the complexity required to

ensure || D71rf||, < rmﬁ is 75— hence, the complexity of Algorithm 2.1 is at most

Algorithm A.1: (p°,7°) = Approximate-PageRank-0Original(G, s, a, oy )
1 Set k=0,p; =0,7; = e
2 while ||D7'7 || > 75, do
3 | Set k< k+1;let vy € argmaxyey 75_1(v)/dout (V)
Set 7 (v) = 71 (v) + (1 = )7y (k) /dowt (vk), (V) = Pio1 (V) ¥ 0 € Nous(vr)
Set 73 (o) = 0, Pi(ve) = Piy (k) + @y (vk)
Set pi(v) = pi_1(v), 7(v) = 71 () Vo € V\ ({op} U Now (1))

=23 BN

A.2 Practical version of FW-BW-MCMC

In this appendix, we define and analyze a modified version of FW-BW-MCMC that is more
useful in practice. Before proceeding to the formal definition and analysis, we first motivate
the practical algorithm. First, suppose for an instance of FW-BW-MCMC we have already run the
backward DP (Algorithm 2.2) and we are currently running the forward DP (Algorithm 2.1).
Though FW-BW-MCMC dictates we run the forward DP until ||7*]|; < 72, for some predefined
T8 s We could instead terminate the forward DP (even if ||r®||; > 75,..) and proceed to the
random walks. In other words, we dynamically change 7} . from the predefined value to the

current value of ||r®]|;. Then, if the number of walks sampled is w = ¢||r*||;rf . /d, where

c = 3(2e)*1og(2/pai) /€3, (A.14)

the proof of Theorem A.1 goes through. Furthermore, this argument holds at any iteration
of the forward DP. In other words, we can terminate the forward DP at any iteration and
achieve the accuracy guarantee, as long as we scale w with the ||r®||; value obtained at
termination. From this observation, we aim to terminate the forward DP at the “optimal”
iteration, i.e. the iteration for which the overall complexity of the algorithm is minimized.
Towards determining this optimal iteration, let Crpp denote the complexity of the
forward DP until the current iteration, and define Cpcnc = 3(2¢)!/r f“a’;l/%g(z/ prail) o that
|7*iCrene gives the complexity of the MCMC stage (since cl|r®||17%,,./0 walks are sam-
pled, each in expected time é, with ¢ satisfying (A.14)). Then, if we terminate the forward
DP at the current iteration, the combined complexity of forward DP and MCMC stages will
be Crpp + ||7°][1Creme. Suppose instead that we decide to run one more iteration, i.e. to
terminate the forward DP at the next iteration. Then, by Algorithm 2.1, the next iteration
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will have complexity doy(v*). Furthermore, by (A.13) in Appendix A.1.2, ||r®||; will decrease
by ar®(v*) at the next iteration. Hence, if we run one more iteration, the combined complex-
ity of forward DP and MCMC will be (Cppp + dowt(v*)) + (||7*]|1 — ar®(v*)) Crpreme. Now
clearly, we should terminate the forward DP if and only if the resulting complexity is less
than the complexity resulting from running another iteration, i.e. if and only if

Crpp + ||7°|1Crveme < (Crpp + dowt (V7)) + (I7°]|1 — ar®(v™)) Cruenme (AL15)
& 1 (v%) /dow (V) < 1/(aCremc)-

In other words, to optimize the tradeoff between forward DP and MCMC, we should run the
forward DP until ||D~'7¢|| falls below the threshold in (A.15). This motivates the practical
version of FW-BW-MCMC in Algorithm A.2. Algorithm A.2 changes two aspects of FW-BW-MCMC:
it replaces Algorithm 2.1 with Algorithm A.1 (which uses ||[D~'7%||, termination), and it
scales the the number of random walks sampled with ||7°||; (as discussed above.)

Algorithm A.2: 7,(t) = FW-BW-MCMC-Practical(G,s,t, o, 75 1t . w)

1 Let (p', ") = Approximate-Contributions(G,t, a, !, ) (Algorithm 2.2)
2 Let (p*,7%) = Approximate—PageRank—Origlnal(G s,a, 75 ) (Algorithm A.1); set
a5 =7°/[|7*[lx
3 for i =1 to w||7*||; do
4 Sample random walk starting at v ~ &, of length ~ geom(«); let X; = r(U;),
where Uj; is endpoint of Walk

5 Let y(t) = p'(s) + (p*,rt) + + Zwl\v" %

We now establish accuracy and average-case complexity guarantees for Algorithm A.2.

Theorem A.5. Fix min. PPR threshold 4, error tolerance ¢, failure probability pe.;. Let

1 t 3(2¢)/3 1og(2/psai
ge(a__),w:C%w ¢ > 32e) 082 pra) (A.16)
vV 2e

5 g?/3
Then the estimate 74(t) produced by Algorithm A.2 satisfies (A.3)with probability > 1—pg.;.

Proof. As discussed above, the proof of Theorem A.1 establishes this result. n

Theorem A.6. Fix minimum PPR threshold 4, relative error tolerance ¢, and failure proba—
bility pri. Assume (A.16) holds. Then for any s € V and for ¢t ~ V' uniformly, setting 72, =

max

7/3 m . . . . v/ m1og(1/psai1)
m, rt o= \/% in Algorithm A.2 yields complexity O (%).
Proof. For the backward DP (Algorithm 2.2), we use the result from [62], which we include
for completeness. Recall from Appendix A.1.2 that the complexity of Algorithm 2.2 fort € V
is bounded by Y ., din(v) ;T:(t Hence, for ¢t ~ V uniformly, the expected complexity is

veV
1
S ) W UWtZ% 0) Y om(t) = ——,
teV vev max ,ev teV max
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since ) .\ my(t) = 1 by definition. Next, we consider the complexity of the forward DP (Al-

Tfnax 10g(l/pfail)
ade™/3

Finally, for the MCMC stage, we sample w||7*||; < w walks, where w = c¢rf /6 with ¢

satisfying (A.16). Each walk is sampled in average time é Therefore, the MCMC stage

Tfnax IOg( l/pfail)
ase™/3

gorithm A.1). From Appendix A.1.2, for any s € V' we have complexity m:} =

). Thus, the overall complexity of Algorithm A.2 is bounded by

0( m +rfnaxlog(1/pfan>). (A.17)

¢ 7/3
nart e/

complexity is O(

Substituting 7% . given in the statement of the theorem yields the desired complexity bound.
Further, viewing (A.17) as a function of rf . one can verify this r!, is the minimizer. [

max’

A.3 Proof of Theorem 2.1
We first observe

[Z rgleach(w > (1+ 5)er£1€a§< Us(v)]

<P [UseS,veV{ng) (v) > (1+ 5)was(v)}}
< > PXM@) > (1+e)we(v)], (A.18)

s€SWeV:ios(v)>0

where the second inequality holds since Xﬁw)(v) ~ Binomial(w, o5(v)) (so Xs(w)(v) = 0 when
os(v) = 0). Again using this fact, we have by (A.4) from Theorem A.4 in Appendix A.1.1,

P [X™(v) > (14 )wo(v)] < exp <—%was(v)) : (A.19)

Combining (A.18) and (A.19), we obtain

P [ TE%XX(M)< v) > (1+e)w Zl?easg( O'S<U)] < Z exp (—%211)05(1})>
veV )

veV s€S,weVios(v)>0

< (ot {oe (om0 ) (Z o= 0>)

= exp (Tw SES,UEI?/}CE'IS('U)>O as(v)) < Z 1(os(v) > O)) < Ptait/2, (A.20)

seS,weV

where the final inequality holds by the bound on w in the statement of the theorem. For the
lower tail, following the same steps used to obtain (A.20) gives

P [Z IEEanXS(“’) (v) < (1—e)w ZT&XUS(U)] < Dtait/2. (A.21)

veV veV
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Finally, by the union bound, (A.20) and (A.21) together establish the theorem.
A.4 Proof of Theorem 2.2

The theorem relies on two key lemmas. The first (Lemma A.1) shows that the out-degrees
in our stochastic block model (SBM) concentrate, in the sense that these degrees are all close
to py/n with high probability. The proof, deferred to Appendix A.4.1, is a modified version
of a standard result for similar random graph families (such as the Erdds-Rényi model).

Lemma A.1. Let {G, = (Vi, Ey) }nen.ymen be the sequence of SBMs defined in Section
2.4.1.1, with p, = p for some constant p € (0,1). For €,C' > 0, define the following events:

Ene = Nuev, {dou(v) € (1 —e)pv/n, (1 +€)pvn) },

_ _ Clogn
Fnc = {{)Ié%i{dout(v> < ann}, Gno = {gg‘l/i{dout(v) < W}-
Then the following hold:
o If g, = o(1//n), then for any constant ¢ > 0, lim,, o P(&,.) = 1.
o If ¢, = Q(logn/n), then for some constant C' > 0, lim,,_,o, P(F, ) = 1.
o If ¢, = ©(1/n), then for some constant C' > 0, lim,,_,» P(G, ) = 1.

Proof. See Appendix A.4.1. ]

The second lemma (Lemma A.2) contains bounds regarding o = ri/||ri|l1, where r} is
the r® vector in the k-th iteration of Algorithm 2.1. (Here and moving forward, we explicitly
denote the iteration of Algorithm 2.1 via subscripts, as in Algorithm A.1 from Appendix
A.1.2). In fact, these bounds hold more generally than will be required for the theorem;
namely, we formulate the lemma for any deterministic graph on n nodes for which the out-
degree condition &, . holds. The proof is tedious so is deferred to Appendix A.4.2.

Lemma A.2. Let G, = (V,, = {1,...,n}, E,) be a deterministic graph satisfying
dowt(v) € ((1 —€)pv/n, (1 +e)pyv/n) Yv eV, (A.22)
for some p,e € (0,1), and let k € {1,...,[(1 —&)?’py/n(1 —«)/(2¢)]}. Then for any s € V,,

1
o3 (v) < —= < VeV,

Vi (1= a)(1—e)?p—2ek//n

and for any S,, C V,, s.t. s € S,

s(p) < WaxXses, [Nout(s') \ Snl 1+ 2ek/\/n
Ueg\sn 7)< vn (1=e)p((1 = a)(1 —e)?p —2ek/\/n)

Proof. See Appendix A.4.2. n

We now turn to the proof of the theorem. First, suppose all sources belong to the
same community, and consider the sub-case ¢, = o(1/y/n),q, = Q(logn/n). Then for any
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€ (0,1), Lemma A.2 implies that any realization of G, satisfying &, . also satisfies

S
maxoi() < 3 maxaiv) + 3 D, oilv)

veEVL 'UES SESn UEVn\Sn
1 e
S| %
e T (s [ ey
18] maxes, Ao (S) 1+ 2ek/\/n

vn (1—e)p((1—a)(l —¢)*p—2ek/y/n)

Recall a,e,p are constants and |S,| = y/n,k = o(y/n) in the statement of the theorem.
Hence, for some C” > 0 and all n large, any realization of G, satisfying &, . also satisfies

S 1"
max oj(v) < €7 max doy(s).
’UEVTL

Now let C" > 0,C = C'C". Then for n large, any realization satisfying &, . N F,, ¢ satisfies

max o (v) < C
Z SESR k ™
’Ue n

In other words, we have shown that for some C' > 0 and any C’ > 0,

nh_}rEOIP’ <Z max oy (v) < Cgun|&E e, Fn o/> =1.

Finally, for C” satisfying the second statement of Lemma A.1, we obtain

( E m%xak ) < Cqun ) >P ( m%xak ) < Cqun|&pne, Fu c/> P(&e, Fucr) = L
SESn SESn
UEVn

’UGVn

In the sub-case ¢, = ©(1/n), a similar argument implies that for some C,C’ > 0,

Cl
P max o (v) < — 081
o €5 log logn

Clogn

2P ( max oy (v) < 5%5,9%0') P (e Gner) = L.
vEVy

5E€5n loglogn

We next consider the case for which all sources belong to different communities, i.e.
Sn = {v/n,2y/n,...,n} (which is without loss of generality by symmetry). Then clearly

Z%mk >Z Z oV (v). (A.23)

veVn =1 y=1+(i—1)\/n
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Further, for any € € (0,1), Lemma A.2 implies that any realization satisfying &, . satisfies

vn (I=e)p((1 —a)(l —e)?p —2¢k/\/n)

Now suppose ¢, = o(1/y/n),q, = Q(logn/n), and let § € (0,1) be a constant. Then for
C' > 0 and n sufficiently large, any realization satisfying &, . and F,, ¢ will also satisfy

Vn _
Z oﬁ(v) o1 max,cy, Aoy (V) 1+ 2ek/\/n
v=1

vn

where we again used the fact that «, e, p are constant and k = o(y/n). The same argument
holds for each i € {2,...,y/n} in (A.23). It follows that, for appropriate choice of C' > 0,

N
Zaﬁ(v} >1- C4un =1-Cq,v/n>1-0.
v=1

gn,safn,0> ]P)(gn,eafn,C) =1L

A similar approach establishes the desired result in the case ¢, = ©(1/n).

Note that the only feature of the SBM used above was the degree concentration of Lemma
A.1. In other words, we considered the number of edges for each node, while ignoring how
exactly these edges were connected. Consequently, the same analysis can be used to obtain
results for sequences of deterministic graphs {G,, = (Vi,, E) }ren. men. For example, if such
a sequence satisfies &, ., G, ¢ for some constants €, C' and for all n large, the analysis above
implies ||Xs, |1 = O(logn/loglogn) when /n sources belong to the same community,
whereas ||Xg, [lc.1 = (/1) when /n sources belong to different communities.

A.4.1 Proof of Lemma A.1

For the first statement, we begin by showing duu (1) concentrates around py/n; we will
then use the union bound to establish the lemma. Towards this end, first note that since
edges from node 1 to each v € {2,...,y/n} are present with probability p, and since edges
from node 1 to each v € {\/n +1,...,n} are present with probability ¢,, we have

E[dowt(1)] =p (Vn—1) + ¢ (n — vn) =pvn+ (¢, (n — v/n) —p). (A.24)

Next, since g, = o(1/y/n) and p is constant by assumption, we have for n sufficiently large,

q"(”;}f)‘pgljfﬂ = (142) (@aln— Vi) —p) < Spva

Thus, combining the previous two lines, we obtain (for such n),

(1+5) Eldou (0] = (1+5) pvin+ (14 5) (@ (0= Vi) =p) < (1 +)pv/m.
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We can then use monotonicity and (A.4) from Appendix A.1.1 to obtain

P (dow(1) > (1 +€)py/n) <P (dout(l) > (1 + g) E [dout(l)]> < exp (—%ﬁ) :

where we also used E[dou(1)] > py/n by (A.24). Using the same argument for the lower tail,
and then using the union bound, we thus obtain

P (doue(1) & [(1 — £)p/m, (1 + )pv/]) < 2exp (—’j—é’ﬁ) |

Since also {dout(v) }oev are identically-distributed, and by the union bound,

2

P (UvGV {dout(v) ¢ [(1 —e)pv/n, (1+ 6)1?\/5} }) < 2nexp (—%\/ﬁ) — 0,

which completes the proof of the first statement.

For the second statement, we similarly begin with a tail bound for d_(1). First note that,
since ¢, = Q(logn/n), we can find C’ > 0 such that for all n sufficiently large, ¢,n > C"logn.
Now let C' > max{2e,2/(C"log2)}. Then clearly

Cgun > 2eq, (n — /n) = 2¢E [d,(1)] .
Hence, we can use (A.5) from Appendix A.1.1 to obtain
P (4 (1) > Cgon) < 2700

By the union bound argument used above, we then have

out

P (m@X g (v) > ann) <P (dyy (1) > Cgyn) = 27 (Cann=logan),
veVn

Also, by our choice of C' and for n sufficiently large (so that ¢,n > C’logn),

Cqun — logyn > C'logn — logy n = log, n.

2
C"log?2

Combining the previous two inequalities then yields, for n sufficiently large,

P (max do(v) > ann) <1/n,

veEV),

from which the second statement clearly follows.

For the third statement, we again derive a tail bound for d_, (1), but this requires a
different approach. First, for any M € {1,...,[n — +/n|}, the event {d,, (1) > M} means
that node 1 has outgoing edges to M nodes in other communities, so

.....
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< Z P(l—u€FE,Yuel,)
Un C{14v/m,...n}:|Up|=M

= (") = (g )

where the first inequality is the union bound, the second equality holds by definition of our
SBM, and the inequality is immediate. Now by assumption ¢, = ©(1/n), we can find C;
such that g,n < C} for n sufficiently large; combined with the standard binomial coefficient

approximation (;%) < (%)M we can further bound the above as

P (d(1) > M) < (") < (%)M

for all n large (we also defined Cy = Cje). Thus, by the union bound and the fact that
{doui(v) }oev are identically-distributed, we obtain for all n large and any constant C' > 0,

C'logn - Cyloglog n Clogn/loglogn
" T Mee .
C'logn

P - >
(Eré%.i( dout(v> - lOg 10gn

Next, we note

log 1 C'logn/loglogn 1
log | n Czloglogn =logn + Clogn (log(Cyloglogn) — log(C'logn))
C'logn loglogn

Cloglog(logn)“?  C'loglogn®
=logn(1+ — .
log logn log logn

Choosing any C' > 1 clearly implies
(loglogn®)/(loglogn) > 1.

Also, since Cy > 0 is a constant, we have for all n large (for example)
1
(loglog(logn)“?)/(loglogn) < 7

Combining the previous four lines, we then obtain, for all n large,

C'logn

< (1-C/2)1
loglogn) = C/2)logn,

IOgP (E}Ig‘l/i( dout (U> >

so that choosing any C' > 2 establishes the third statement.
A.4.2 Proof of Lemma A.2

We begin with another lemma, which in fact holds for any underlying graph G.
Lemma A.3. For any graph G = (V, E), any source node s € V| and any iteration k €
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{1,...,dout(8)} of Algorithm 2.1,
-« 11—« ox ((1—@)(1@—1)).

< n(v) <
S maxry (U) I’IliIlUGV dout (U)

max,ey dout (V) VeV mingey doyt (V)

Proof. For the lower bound, first note 75(v) = (1 — @) /dout($) ¥ v € Noyt(s). Furthermore,

for each such v, 73 (v) is non-decreasing in k for k < k,, where k, is the first iteration k for

which vj = v. Also, since v} = s, we must have k, > douw(s) + 1 for some v € Nyy(s).

Hence, for any k € {1,...,dow(s)}, we can find some v € Ny (s) for which k, > k, which

implies 1 (v) > r§(v) = (1 —a)/dout(s). Since also doyt(s) < max,ey dout(v), the lower bound

follows. For the upper bound, we use induction. For the base of induction, simply note
l-« l-«a

5(p) = < Nout(8).
T1<U) dout(s) o minvGV dout<v) v Ve t(5>

Now assuming the upper bound holds for £ — 1, we have for any v € V,

11—« 11—«
7H(0) < 1)+ () < (1 ; ) ——

dOut(UZ minvev dout(v> v'eV

= (1 i minvlev_ d(jut(v)> minvlev_ diut(v) o (um_in(jiffkd:j) (U))
1-a eXp((l—a)(k—l))’

- minvEV dout(”) minvGV dout<v)

where the first inequality uses the iterative update in Algorithm 2.1, the second is immediate,
the third uses the inductive hypothesis, and the fourth uses 1 + x < e”. O

We next state and prove a corollary of Lemma A.3, which translates the r} bounds from
Lemma A.3 to bounds regarding o} (the actual vector of interest in the theorem).

Corollary A.1. Let G, = (V,, ={1,...,n}, E,) be a graph satisfying

dowt(v) € (1 —e)pv/n, (L+€)pv/n) Vv eV, (A.25)
for some p,e € (0,1). Then for any k € {1,...,|[(1 —e)py/n]} and any s € V,,

-« s e

ovm < manilv) < G

(1—e)(1— ) . 2e
4v/n

<) < T
2e(k —1)

(1—e)?pyn’
l-a)— =<l <l-a) -

(k—1)(1-2)(1-a)
(1—e)’pyn 4y/n '

Proof. Fix k€ {1,...,[(1—¢)py/n]} and s € V,,. Then k < dyyui(s) by (A.25) and the choice
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of k. We can then use the assumption (A.25), Lemma A.3, and the choice of k to obtain

11—« - 11—« < 10
maxr
(14+e)py/n  maxyey dous(v) — vev B\

< 1-a exp((l—a)(k—l))<(1_a)ela

~ mingey dow (V) mingey doye (V) (1—e)py/n’

Finally, €, p,a € (0,1) yields the first pair of inequalities. Next, by definition of v},

ri(vi ) ri(v) dout (V5 1)

S, % _ dou * E\"k+1) dou R\ oW TR/ s . A.26
Tlc(vk—&-l) t(vk+1)—dout(UZ+1) t(vk+1)£%§l/§ o (V) {)Ié%/f dowt (0) i (v) ( )
On the other hand, by the assumption (A.25), and since € € (0, 1),

]-_5<]-_5 dout<UZ+1)<1+€< 2
2 1+e¢ dout (V) l—-¢ 1-—¢

(A.27)

Combining (A.26) and (A.27), and using the first pair of inequalities, yields the second pair
of inequalities. For the third pair of inequalities, we first assume k > 1 and use (A.13) from
Appendix A.1.2 to obtain

[rells = el —ari—y (vi) = = |Irglli—arg(vr)— Z j ]+1 ) =1-a-— O‘Z ]+1

where we also used rj = e;,v] = s by Algorithm 2.1. We can then use the second pair of
inequalities to obtain the third pair of inequalities. If instead &k = 1, we immediately have
|72]l1 = 1 — «, which is precisely the third pair of inequalities in the case k = 1. O

We can now prove Lemma A.2. For the first bound, note the assumptions of Lemma A.2
are stronger than those of Corollary A.1, so we can use Corollary A.1 to obtain

JZ(U) _ "’Z(U) < (1—56)1’\/5 _ L (1 — 6)6 ‘
2l = (1= a) = 2~ Vi (1= a)(l =P 26(k = D/

Using the trivial inequalities 1 — e < 1,k — 1 < k then yields the first upper bound. (Note
the assumed upper bound on k ensures the denominator is non-negative.)
For the second bound, let S,, C V,, be a set containing s. We begin by showing

S i) < YR D) e N () \ . (A.28)

’UEVn\Sn <1 ) p n ° ES

To prove (A.28), we use induction. For k = 1, the r®* update in Algorithm 2.1 implies

11—« l—«

ri(v) = ——=1(v € Now(s)) = (s
! dout(s> UGVZn\:Sn F out( )

|N0ut( ) \ Sn‘ )
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which, using the assumption (A.22) and a, e,p € (0, 1), can clearly be bounded as

Z re(v) < W max | Now (8') \ Syl

n s'esSn
’UGVn\S’n

which proves (A.28) when k& = 1. Now assume (A.28) holds for £ — 1 and consider two cases:
1. v} ¢ S,: We can write the r® update in Algorithm 2.1 as

rp(v) = i (v)+

)rk,l(v,:)l(v € Nowt(vy))—1rr—1(v;)1(v = v;) Vv € V,, (A.29)
where 1(A) is the indicator function of the event A. This clearly implies

> )= X i)+l (s WauleD) V8.1 1)

’UGVn\Sn Uevn\sn Out( k

from which the inductive hypothesis completes the proof.
2. v; € S,: Again using (A.29), we observe

Yo i)=Y i)+ 1_();)7%1(UZ)INout(vZ)\5n\- (A.30)

Aout (V
VEVR\Sn VEVn\Sn out (U

(Note the final term in (A.29) does not appear in (A.30), since >,y \g 1(v =vj) =0
when vy € S,.) For the second summand in (A.30), the second upper bound from
Corollary A.1, the assumption (A.22), a € (0, 1), and the assumption v} € S,, imply

11—« 2e
(1) | Nowe (v5) \ Sy
dout(UZ) Tk 1(Uk> | t(vk) \ | <

Substituting into (A.30) and using the inductive hypothesis yields

Z ri(v) < (\/ﬁ—i_ 2e(k —2) + 2¢ ) max | Noui(s") \ Snl,

vEVn\Sn (1 - 5)32727% (1 — 8)3p2n s'eS

(T g P oue () Sl

which completes the proof.
Combining (A.28) with the lower bound for ||r§||; from Corollary A.1 gives

s vn+2e(k—1
S i) = st THO) G mexves Now(s) | 5

s 2e(k—1)
vEVn\Sn ||TkH1 (1 — Oé) — —(176)2]7\/5
o maXgegs, |Nout(5/) \ Sn| 1+ 2€(l€ - ].)/\/ﬁ

Vn (1=e)p((1—a)(l—e)’p—2e(k—1)/v/n)’
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from which the trivial bound k£ — 1 < k completes the proof.
A.5 Proof of Proposition 2.1

First, assume Merge is used at each iteration for which v* = t,. By Algorithm 2.2,
|p2||1 increases by at least arl,  at each iteration for which v* # ¢;. By (2.9), [|p™|:
increases by at least ||p™||17f,,, at each iteration for which v* = ;. Let us define I; as the
number of iterations for which v* # ¢;, I5 as the number of iterations for which v* = ¢;, and
I = I + I as the total number of iterations. Since ||p2||; = 0 at the start of Algorithm 2.2
and ||p*2]|1 < nw(ty) by the invariant (2.2), we have

nm(ts)

t
Tmax

> aly + ||p"||ile = of + (||p" |1 — a)ls. (A.31)

Now at termination of Algorithm 2.2, [|rf2]|,, < rmax, so by the invariant (2.2), m, (t2) <
p™2(ty) + rf . at termination. Therefore if 7y, (t2) > 1l PP (tl) > 0 at termination, which
can only occur if v* = ¢; at some iteration. Hence, m, (to) > rf = I, > 1. Finally, from
Algorithm 2.2, ||p"*||; > a.. Substituting into (A.31) gives [ < 27{2) — Uptlh=a)

t
armrlx «

If instead Merge is not used, ||p*||; increases by at least ar’ . at every iteration. Hence,
the same argument establishes that the total number of iterations is bounded by — " tz)

A.6 Proof of Theorem 2.3

We will use Corollary 6.2.1 from [42], which (applied to our setting) states the following.
Assume {X;}¥, are independent random matrices satisfying E[X;] = RIIIRy. Let M be
s.t. || Xill2 < M as., and let ma(X;) = max{||E[X; X/ ]||2, |E[X; Xi]||l2}. Then V n >0,

—3wn?
<9 .
= Sexp (sz(Xi) T 4M77>

mdx

P >

1 w
RIIR, — - > X

2

We have verified the independence and E[X;] = RINRy assumptlons in the main text. Also,
from (2.15) and Algorithm 2.5, II(S, T') — II(S,T) = R{IIR, — - >~ | X;. Thus,

i [HH(S,T ~TI(S, T)H > e max{||TI(S, 7). 1}]

—3w (e max{[|I1(S, T)|2, 1})?
< QZGXP < +4M5maX{HH(S T)HZ? 1}>

-3 2 -3 2
< 2lexp ( mz(X->w8 > < 2lexp ( m(xow6 ) - (A32)
b mms ey +4Me by, t4Me

where we have also used max{||II(S,T)|2, 1} > 1, max{||IL(S,T)||2, 1} > [[II(S,T)|l2-
Now to prove the theorem, we aim to find M s.t. || X;||2 < M a.s. and to compute mo(X;)
such that (A.32) is bounded by pg;, in each of the following cases:

12 k(IT(S,T)) log(2l/ pta; 4
(Case 1) 0 = 0ayg, w> Vorank(IL(S, 7)) og§€2/pf 1 (0 & 5). (A.33)
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32| 2| co,1 log (21 / Piai 4
(Case 2) 0 = Omax, w l || ||OO 1 Og( l/pfa 1) "max” max(6 + 6) <A34)
3e?

We begin with Case 1. By Lemma A.4, we may take M = [3/?r° rt  and by Lemma

max max’

A5, we have mo(X;) < 1?r8, 1t ||TI(S,T)||r. We can then write

ma(X;) 2.5 ( [0S, T)llr | 4 )
612y gne < s gt (el F

P gt (wsrank T(5.7)) + \%)

2

3
< l2 Isnax maX\/SI‘aIlk )(6+4€) < m,

where the penultimate inequality holds since [, srank(II(.S,7")) > 1, and the final inequality
is by (A.33). Substituting (A.35) into (A. 32) establishes the desired result.
For Case 2, we take M = I3/2||%| o 17 (Lemma A .4), and by Lemma A.5 we have

(A.35)

max max

ma(Xi) < 1| Zloo 17 maxinax 02X TS, T)|oc, ITICS, T2 }-

max’ max

We then obtain

ITL(S, T) ||z e e HH(S )]l
3we?
< B2 oo 6+4e) < ————— A.36
|| || 1T max” max( ) = log(2l/pfa11) ( )

where the second inequality is || A||s, || Al < VI||Allz ¥ A € R™Y), and the third inequality
is by (A.34). Substituting (A.36) into (A. 32) completes the proof.

Lemma A.4. If 0 = 0., | Xilla < 13278 if 0= omax, || Xillz < 322 oo178 s

max max7 max’ max-

Proof. Observe X; = a;b], where a;,b; € R" with a;(5) = 7% () /o (i), b:(j) = 79 (1), X;

has rank 1, and we may write its singular value decomposition as

= sttt () (uzi-ing)T’

so the nonzero singular value of X; is ||a;||2]|b;||2. Using the well-known fact that a matrix’s
2-norm equals its largest singular value, || X;||2 = ||a;||2]|b:]|2, so we seek bounds on ||a;||s and
1b;|2. First, if 0 = 0aye, we have

Z ||,,as

1/2
lrs Z (/‘z)—lrsl (ZTS(M)2> lsl |ail|20(pi)-

||1 max SES max SGS max
(A.37)

Here the first equality holds by definition (2.17), the first inequality uses the terminating
condition of Algorithm 2.1 (||r®||; < r and the second equality is by definition of a;. We

max)
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conclude ||a;]|2 < Irg,

b .

To bound ||b;]]2, we have
Ibilla < Vllbille < Vir,

where we have used a well-known vector norm inequality and the terminating condition of
Algorithm 2.2 (||rt]|e <7 Hence, ||X; (o < 13/2r follows. If instead 0 = 0 ppay,

(A.38)

max’

max)

1 (1) 1
o) = 1 > —
||Z||001 s€5 |[rsll1 T (|2 ]loo,1max 5€8
1
= S r® ,uz —HGZHO-(/%)? <A39)
ZHZHOO 1" max ; l”ZHOO T ax

which holds similar to (A.37). Combining with (A.38) gives || X;la < I*/2|| S| con?s,u, O

max max-’

Lemma A.5. If 0 = O then mo(X;) < 12rs, rt |ITI(S,T)| F; if instead 0 = Oppay, then
M (X;) < [ E oo 1 max T inax MAXL LS, T)[oo, [ITL(S, T)|1}-

max’ max

Proof. We first assume o = 0,,,. Using Jensen’s inequality, and since X; = a;b], we have

IELXGXT |2 < E[IXGXT 2] = Efla:|3][0:]]3]; similarly, [E[X:X (2 < Eflail|3]|0:]13]. Thus,

ma(X5) < Elllaf3lbil3 = 3 ou)m(v) (@er) (D%)Z)

u,veV ses teT
2
t WU(,U) s t
< it z - (% <u>) z W
max max Z Z Z ) < lrmax max Z Z ﬂ-s(t>7 <A40>
seS teT u,peV seS teT

where the second inequality uses the terminating condition of Algorithm 2.2 (r*(v) < rk..)
and the nonnegativity of r*(u), the third follows from (A.37), and the fourth uses the invari-
ant (2.3). Finally, letting vec(I1(S,T')) denote the (*-length vector with entries {m4(¢)}ses.ter,

> D m(t) = JoeeTI(S, 1))l < Ulvee(LL(S, T)) 2 = UIL(S, 1)

SES teT

where the inequality is a standard norm inequality, and the second inequality is by definition
of Frobenius norm. Substituting into (A.40) establishes the result.
We next assume o = 0, and bound ||E[X;X.T]||2. We observe that by definition,

XixT = @ti;)(;i))[rm(m ] ) )
= EX X = ) 7;“(%)2#(@)2 [ror(u) - ()] () e ()]
u,veV teT
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Letting 1; denote the all ones vector of length [, we also have

E[X; X1, = Z 7;“(%})) Zrt(v)2 er(u) [t (u) - (u)]T (A.41)

u,veV teT ses

Now since E[X;X/T] is symmetric, its 2-norm is its largest eigenvalue; since it is nonnegative,
this eigenvalue is bounded by its maximum row sum (Perron-Frobenius Theorem). Thus,

IE[X: X2 < je{“{f?ﬁ‘.,@ Z 7;“(%’)) D et ) et (u)ri (u) (A.42)

teT seS

<UD o178 e e max v A.43
ISl o, 3= 37 5% (60 () (A43)

< ZHZHOO 1rmax max 6{12...1}271—8] ZHE”OO 1Tmax rnaxHH(S T>||OO7<A 44)

where (A.42) uses the row sums derived in (A.41), (A.43) uses (A.39) from the proof of
Lemma A.4 and the terminating condition of Algorithm 2.2 (||rf||. < rf..), and (A.44) uses
the invariant (2.3). We can use the same idea to bound ||E[X X;]||2. The steps to obtain the
expression analogous to (A.42) follow the same approach so we omit them. We then have

IE[XT X[l < .y Z 7;”((5)) S w2 S (o)

SES teT

2> f;‘g)) 3 () maer” () 3 () 0)

u,veV seS teT

<
l”EHOO 1Tmax max 6{12 ..... Z}Z Z (U> <A45)

s€S u,weV

< IS oot e e AX 7Ts( 3) = U lloo 17 maxTonax ITLCS, T) 1, (A.46)

max max, e{1,2,..., l}

where (A.45) uses (A.39) from the proof of Lemma A.4 and the terminating condition of
Algorithm 2.2 (||rt||le < and (A.46) uses (2.3). Thus, by (A.44) and (A.46),

max)

max{||E[X Xi][l2, |[E[X: X ][l2} < UISlooarmaxmax max{ [T(S, T) [loo, [TI(S, 7)1} O

max’ max

A.7 Choosing order of targets in Algorithm 2.4

As mentioned at the end of Section 2.4.1.2; the performance of Algorithm 2.4 can sig-
nificantly depend on the order in which the targets t1,ta, ..., ¢ are chosen. For instance,
suppose there exists t* € T such that 7 (') > rl, V¢ € T, but m(t') < rl, . Vit €
T\ {t*},t' € T. Then choosing t; = t* implies ¢y = |T'| — 1, while choosing ¢ = t* 1mplies
cr = 0. More generally, the algorithm is most efficient when any ¢ satisfying m;(t') > rf . for
many ¢ € T is chosen “early” in the algorithm, i.e. ¢; = ¢ for small i. However, because m(t’)
is unknown, optimizing the order 1, s, ..., 7| at runtime is difficult. A possible workaround
is to use p¥'(t) as a proxy for m(t'), since p*' (t) € [m(t') — m:(t')] by the invariant (2.2).

max )
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Table A.1: Datasets for real graph experiments.

Dataset Description n m

com-Amazon Amazon co-purchasing 334863 | 925872
com-dblp Scientific co-authorship 317080 | 1049866
roadNet-PA Roads in Pennsylvania 1087532 | 1541514
Slashdot Friendships on technology news site 71307 912381
web-BerkStan | berkley.edu, stanford.edu web graph | 334857 | 4523232
web-Google Partial web crawl 434818 | 3419124
Wiki-Talk Friendships among Wikipedia editors | 111881 | 1477893

Unfortunately, even this proxy is difficult to utilize at runtime. This is because we would
like to choose t; such that m (t;) is large for many j < 4, but the proxy p“(t;) of m,(;) is
only known after choosing t;. (Loosely speaking, we have a “chicken and egg” scenario.)
Hence, we do not suspect there is a provably optimal method, or even a simple heuristic but
suboptimal method, for choosing the order of targets at runtime.

A.8 Experimental details

Here we provide some details on the experiments from Section 2.5.

Datasets: Direct-ER is a directed Erdés-Rényi graph with parameters n = 2000,p =
0.005 (edge v — w is present with probability p, independent of other edges, ¥V v,u €
V,v # u). Direct-SBM is a directed stochastic block model; there are n = 2000 nodes
partitioned into k = 20 disjoint communities, each of size 7 = 100; directed edges occur with
probability 9/(% — 1) between distinct nodes in the same community and with probability
1/(n— %) between nodes in different communities (so that each node has nine neighbors in its
own community and one neighbor in another community, in expectation, yielding a highly
modular graph). The real graphs used are available from the Stanford Network Analysis
Platform (SNAP) [43]; see Table A.1 for further details.

Parameters: For the scalar estimation experiments in Sections 2.5.1.1 and 2.5.2.1, we
use the algorithmic parameters shown in Table A.2. More specifically, FW-BW-MCMC uses
Algorithm A.1 for forward DP with parameter 7% . and samples w||7*||; random walk starting
node locations for each source s (as in Algorithm A.2), uses the walk sharing scheme from
Section 2.4.1.1 to sample walks jointly across S, and uses Algorithm 2.4 with parameter
rt .. for the targets; for Bidirectional-PPR, we sample w walks separately for each source
and run Algorithm 2.2 separately for each target. In practice, we find that w given by the
accuracy guarantee (Theorem A.1) is overly pessimistic, so we instead set w = cr‘é“TaX for both
methods, with ¢ given in the table. For the matrix experiments in Sections 2.5.1.2 and 2.5.2.2,

" t t
we use the same 75, and ], values. Furthermore, we set w = [%22x w = ||| 1 22, and

max max

w = \/ [ srank(Pr(S,:) + P RT)Cr‘t“Ta" for the baseline, opax, and o,y schemes, respectively.

Single pair performance: The parameters in Table A.2 were chosen so the primitives
FW-BW-MCMC- Practical and Bidirectional-PPR offer similar accuracy in the single pair
case and balance runtime between dynamic programming (DP) and Monte Carlo (MC). To
demonstrate this, we show statistics in Table A.2. We obtained the statistics by averaging
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Table A.2: Algorithmic parameters and single pair performance.

s ’ DP MC
Graph Algorithm rmax3 Tma"?) o ¢ | time | time | Error
x10° | x10
(ms) | (ms)
Direct-ER FW-BW-MCMC-Prac | 1.8 3.8 1/n 7 | 10.61 | 7.63 | 0.075
Direct-ER Bidir-PPR N/A| 16 | 1/n | 12 | 6.94 | 7.52 | 0.072
Direct-SBM | FW-BW-MCMC-Prac 1 4 1/n 7 | 1543 | 7.08 | 0.052
Direct-SBM Bidir-PPR N/A | 3 1/n | 10 | 10.19 | 12.01 | 0.061
com-amazon | FW-BW-MCMC-Prac | 3.6 | 18.2 | 10/n | 12 | 22.55 | 22.54 | 0.12
com-amazon Bidir-PPR N/A| 74 | 10/n | 13 | 22.13 | 22.21 | 0.11
com-dblp FW-BW-MCMC-Prac | 2.9 | 14.3 | 10/n | 13 | 20.27 | 20.31 | 0.12
com-dblp Bidir-PPR N/A 6 10/n | 15 | 20.03 | 19.65 | 0.11
roadNet-PA | FW-BW-MCMC-Prac | 15.1 | 34.8 | 10/n | 6 | 55.04 | 56.58 | 0.11
roadNet-PA Bidir-PPR N/A | 128 | 10/n | 6 | 53.19 | 55.96 | 0.10
Slashdot FW-BW-MCMC-Prac | 2 12.2 | 10/n | 7 | 3.08 | 3.38 | 0.10
Slashdot Bidir-PPR N/A | 42 |10/n| 17 | 3.30 | 4.03 | 0.11
web-BerkStan | FW-BW-MCMC-Prac | 6.9 23 | 10/n| 3 | 11.13 | 11.02 | 0.12
web-BerkStan Bidir-PPR N/A | 11.6 | 10/n | 3 | 840 | 842 | 0.12
web-Google | FW-BW-MCMC-Prac | 4.5 | 17.6 | 10/n | 8 | 23.33 | 22.83 | 0.11
web-Google Bidir-PPR N/A | 6.7 | 10/n | 11 | 26.07 | 22.29 | 0.11
WikiTalk FW-BW-MCMC-Prac | 2.3 75 | 10/n | 8 4.40 3.99 0.11
WikiTalk Bidir-PPR N/A | 29 | 10/n | 20 5.84 5.10 0.11

across 10 trials of the following procedure. First, we sample ¢ € V uniformly. Next, we
sample a “significant” source s (i.e. s satisfying 74(¢) > 0) and an “insignificant” source
s’ (i.e. s satisfying 7y (t) < §). Since Theorem A.1 bounds relative and absolute error for
significant and insignificant pairs, respectively, we compute relative and absolute error for
the 75(t) and 7y (t) estimates, respectively. (We do not report absolute error statistics as no
insignificant estimate violated the absolute error guarantee.) For real datasets, we cannot
compute 74(t) to test error performance; instead, we run Algorithm 2.2 with r%  replaced

by n = %, denote the output pz, rfw and bound relative error for significant pairs as

7t) = w(0)] _ 1) =)+ il IR = ph(s) | 1
O P (s) <) 10

where we have used p; (s) € [7s(t) — ||} lloo; Ts(t)] (which holds by (2.2)), [|r}llee < n =
(which holds by Algorithm 2.2), and pf(s) > 0 = 12 (which holds by choice of s,t). I
the same manner, we can bound absolute error for insignificant pairs as |74(t) — w(t)] <
|7s(t) — ph(s)| + =. (Note we choose significant pairs as those (s,t) satisfying p!(s) > 4,
since then 74(t) > & by (2.2); similarly, we choose insignificant pairs as those (', t) satisfying
pr(s’) < 6 —n, since then 7y (t) < by (2.2).)

Additional Erdos-Rényi results: We also ran the first experiment from Section 2.5.1.1
for Erdés-Rényi graphs with n € {4000,8000}, each with edge formation probability 10/n.

1
n
n
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Figure A.1: Replicating Erdés-Rényi experiment from Section 2.5.1.1 with n = 4000 (top)
and n = 8000 (bottom).

For FW-BW-MCMC, we used parameters (75 . rf ) = (1.5,3.5) x 107 when n = 4000 and

(75 s Thiae) = (1.2,3.2) x 1073 when n = 8000 (choosing smaller parameters for larger n gave
more balanced runtime than using the n = 2000 parameters from Table A.2). Similarly, for

Bidirectional-PPR, we used 7! = 1.1 x 107 when n = 2000 and r%,, = 0.8 x 10~® when
n = 8000. As in Table A.2, we ensured these parameters gave similar accuracy for both
algorithms. Results are shown in Fig. A.1. As mentioned in Section 2.5.1.1, the plots are
qualitatively similar across n; however, they improve slightly as n grows. For instance, in
the extreme case |S| = |T| = n/2, FW-BW-MCMC-Prac was (on average) 2.9, 4.5, and 5.8 times

faster than Bidirectional-PPR for n = 2000, n = 4000, and n = 8000, respectively.

Building clustered subsets: As mentioned in Section 2.5.2, we use a simple algorithm to
randomly construct clustered subsets of nodes for experiments; see Algorithm A.3.

Algorithm A.3: U = Construct-Clustered-Set(G,I)

1 Choose u € V' uniformly at random, let U = {u}

2 for 1=2to !l do
‘ . : S wer LweNous () |
3 | w~ (UyevNout(u)) \ U with prob. proportional to N () ; U« UU{w}

A.9 Additional experiments for distributed setting

A.9.1 Matrix approximation, average sampling approach

In this section, we describe a scheme to use the o, variant of Algorithm 2.5 in the
distributed setting from Section 2.6. Our scheme is quite similar to that defined in Section
2.6 and proceeds as follows. First, we arbitrarily partition S into k subsets of size |S|/k, and
we use the i-th machine to run forward DP (Algorithm 2.1) for each source s belonging to
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the i-th subset. Next, we create another partition {S;}%_, of S and use the i-th machine to
sample random walks for S; using the o, variant of Algorithm 2.5. Finally, we construct
the estimate I1(S,T) of II(S, T as in Algorithm 2.5.

It remains to specify the construction of {S;}¥ ;. For this, we first use the output p*
of Algorithm 2.1 to define surry, = Pr(s,:) + (p*)" Ry for each s € S; here Pr and Ry are
the matrices with columns {p'},cr and {r'}ier, respectively (with each (p',r') computed
offline via Algorithm 2.2 as in Section 2.6). Note that surr, is a row of the surrogate matrix
Pr(S,:) + PJ Ry discussed at the conclusion of Section 2.4.2. For S’ C S, we also define
surrg: be the matrix with rows {surrg}scs. Now, as in Section 2.5.2.2, the number of walks
sampled on the i-th machine will be set proportional to /|S;|srank(surrg,)); hence, our goal
is to construct {S;}*_; so as to minimize

max /| S;|srank(surrg, ). (A.A4T)

16{177k}

To approximate the solution of this minimization problem, we consider a heuristic method
defined in Algorithm A.4. Note this is similar to Algorithm 2.6 in Section 2.6: we assign one
source to each S; (with surr, vectors far apart), and then iteratively assign the remaining
nodes to some S; so as to minimize the cost of this assignment. In light of (A.47), we here
define the cost of assigning s to S; as d(s, S;) = V/ ([Si] + 1)srank(surrg,uis).-

Algorithm A.4: {S;}f | = Source-Partition-c., ({surrs}scs, k)

1 Draw s ~ S uniformly, set S; = {s}; set S; =0V ie{2,...,k}

2 fori =2 to k do

3 ‘ Let s ~ S with prob. proportional to minje . ;—1y ||surrs —surrg, [|1; set S; = {s}
4 fori=k+1to |5 do

5 Choose s € S'\ (Uj_,S;) ; compute d(s,S;)Vje{l,... k}

6 | Letj* € argmin, d(s,S;) , Sj = S;- U {s}.

Note Algorithm A.4 requires the singular value decomposition (SVD) of surrg,ugs to

be computed, so that J(s, S;) can computed in the second for loop of Algorithm A.4. (In
contrast, computing d(s,S;) in the oa, partitioning scheme, Algorithm 2.6, only requires
subtracting one vector from another.) Hence, we also propose an alternative partitioning
method that avoids this SVD. This method is based on two observations. First, we have

2 _ T T71 [SUTg; _ T T
[surrs,urey |3 = Amax ([surr 5, surrs} [surr = Amax E SUITSUITy + SUIT SUIT
S
s’'es;

< max g surrsurry + surr]surr, | (¢,t')
teT
teT \s'eS;

= max g surry (t)||surry ||y + surrg(t)||surrg||y | ,
=
s'€S;
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where the first equality is a well-known result and the inequality follows from the Perron-
Frobenius Theorem. Second, by definition of || - || 7, we have

[surrs, o |7 = Z [surry |3 + [lsurr[f3.
S/GS]'

Combining these observations, we obtain

(151 + 1) (Lues, lsurra 3 + lsurr, 1)

maxer (Zs'esj surry (t)||surrg||; + surrs(t) Hsurrs\|1>

d(s,S;) = d(s, 5;) =

(A.48)

This expression allows us to estimate cZ(s,Sj) more efficiently than it can be computed
exactly. In Algorithm A.5, we give a partitioning scheme that leverages this insight. Note
that the computation of d(s, S;) in Algorithm A.5 can be performed as

C{(& S;) = \/ (1S;] + 1) (z; + [|surrs||3)

maxer (y;(t) + surrg(t)||surrg||;)’

i.e. the terms ) .o [|surry |2 and > _yes, Surty (t)[[surry |1 in (A.48) have already been com-

puted as z; and y;(t) when d(s,S;) is computed; further, z; and y,(¢) are updated (rather
than being computed in full) each time some s is added to S; (last line of Algorithm A.5).

Algorithm A.5: {S;}¥ | = Source-Partition-o,,-alt ({surr,}ses, k)

1 Draw s ~ S uniformly, set S; = {s}, 71 = ||surry||3, y1(¢) = surry(t)||surrg|ly VE € T
2SetSi:®,$i:yi:OVi€{2,...,k}

3 for ¢ =2 to k do

4 Draw s ~ S with probability proportional to minje(y,...;—1y [[surr, — surrg, |1

5 Set S; = {s}, m; = ||surr, |3, v;(t) = surry(¢)||surry]|, YVt € T

6 fori=Fk+1to |S] do

7 Choose any s € S'\ (UV_,S;); compute d(s,S;)Vje{l,... k}

8 Let j* € argmin; d(s, S;)

9 Set zj+ = xj« + |[surrg||3, v« (t) = y;« (t) +surrg(t)||surrg||y V¢ € T, Sy = Sj U{s}

In Fig. A.2, we present empirical results for the o,,, matrix approximation scheme in the
distributed setting. In particular, we show results for the scheme described above with the
partition {S;}¥_, constructed via Algorithm A.4 (“Heuristic” in Fig. A.2) and via Algorithm
A5 (“Alt Heuristic” in Fig. A.2). For both schemes, we show the maximum forward DP and
random walk sampling time across machines, the maximum number of walks sampled across
machines, and the value of the objective function (A.47). The first two quantities are shown
relative to the respective quantities for a baseline scheme, which arbitrarily partitions .S into
subsets of size |S|/k and uses the i-th machine to run the baseline matrix approximation
scheme from Section 2.5.2.2 for the i-th subset (recall no forward DP is used for this baseline
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Figure A.2: The 0, matrix approximation scheme is typically 2-3 times faster than the
baseline scheme in the distributed setting of Section 2.6, and our heuristic parti-
tioning schemes (Algorithms A.4 and A.5) perform similar to the oracle method.
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Figure A.3: Our source partitioning schemes produce partitions {S;}¥_, with |S;| ~ S|/k =
100 V i (where |S|/k = 100 is the case of perfectly balanced partition).

scheme, i.e. walks are not shared across sources). For this experiment, we let S = {S‘i}le,
where k = 10 and each S; is a clustered subset satisfying |S;| = 100; we also compare to an
oracle scheme that sets S; = S; (as in Section 2.6). In general, Fig. A.2 conveys the same
message as Fig. 2.10 in Section 2.6: our methods perform similarly to the oracle method
and noticeably outperform the baseline. Here we also note that the heuristic outperforms
the oracle across graphs, while the oracle in turn outperforms the alternative heuristic.
Nevertheless, the alternative heuristic offers similar performance as the other schemes, while
avoiding the SVD computation of the heuristic (which may be prohibitive as S grows).

A.9.2 Other results for source partitioning schemes

As discussed at the conclusion of Section 2.6, it is crucial that our source partitioning
schemes (Algorithms 2.6, A.4, and A.5) balance the number of sources assigned to each
machine. We find this occurs in practice, despite the lack of explicit balance constraints in
Algorithms 2.6, A.4, and A.5. To demonstrate this, we show the maximum and minimum
number of sources assigned to machines for the three partitioning schemes in Fig. A.3.
Averaged across graphs, Algorithms 2.6, A.4 and A.5 typically produce partitions with |S;| €
85, 122], |.S;| € [55, 188], and |\S;| € [75, 134], respectively (the red line shows |S|/k = 100, i.e.
a perfectly balanced partition). We also note that, while Algorithm A.4 typically produces
the least balanced partition, its overall performance is similar to that for Algorithm A.5 (see
Fig. A.2), which we have argued is more useful in practice for large S.
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APPENDIX B

Proofs and Experimental Details for Chapter III

B.1 Proof of Lemma 3.1 (outline)

In this appendix, we outline the proof of Lemma 3.1. Our approach follows the outline
described in Section 3.4.3. Specifically, we consider Steps 1-4 of the outline in Appendices
B.1.1-B.1.4, respectively. In Appendix B.1.5, we combine the results to prove the lemma.

B.1.1 Error bound in local neighborhood

Our first goal is to bound the error term

Mg — (anel + Z ,65<k)71'k)

keKn,

(B.1)

1

for a particular choice of {f;(k)}rek, . For this, we require an intermediate result; namely,
(3.5) from Section 3.4.3, which we formalize as Lemma B.1 here. Recall from Section 3.4.3
that 7, is the stationary distribution of the Markov chain with transition matrix 155 =
(1 = )P + (anev,\k, + ex, el, where P satisfies P(i,5) = U;P(i, 5).

As mentioned in Section 3.4, Lemma B.1 is an alternate form of the Hubs Theorem from
[16]. Conceptually, both formulations view 75(v) as the probability of paths from s to v and
partition these paths into those that avoid K, (which have probability proportional to 7s(v))
and those through K, (which have probability proportional to 7s(k)m(v)). The difference
between the formulations is that we explicitly construct a new Markov chain that does not
include paths through K, (i.e. the chain with transition matrix P,), while [16] does not. Our
formulation admits an intuitive probabilistic proof; the proof in [16] is linear algebraic.

Lemma B.1. If U; = 1, we have for any realization of the DCM,

anUpTs(v) + ZkeKn (k) mi(v)
ay + (1 — o) 7s(K)

ms(v) = VovelV,.

Proof. See Appendix B.2.1. ]

We next bound the error term (B.1) using a particular {3,(k)}xer,: that suggested by
Lemma B.1. Our bound leverages the fact that the transition matrix P; is the sum of two
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matrices, one of which is rank one. This allows us to use the Sherman-Morrison-Woodbury
formula (see e.g. Section 6.4 of [125]) to bound the error term in terms of the (row) vector

m

) = TS (1= an ) P, (B2)

=0

which clearly depends only on the m step neighborhood out of s.

Lemma B.2. Consider any realization of the DCM and assume Ug; = 1. Define

Bulk) = 7a(k)

— ke K,.
an + (1 — )75 (K,) vk e Ky

Then for each m € N,

Ty — <OzneST + Z ﬁs(k)wk>

keKn

<a, (" PV \K,) —1) +el(1- an)" P™ey\ k-

S

1

Proof. See Appendix B.2.2. n

B.1.2 Coupling with branching process (Step 2)

Next, we show that the error bound in Lemma B.2 follows the same distribution as a
related quantity defined in terms of a branching process. Before presenting this result, we
formally define the DCM construction and the branching process.

We begin with the DCM. As described in Section 3.2.1, the basic idea is to randomly pair
outgoing half-edges (which we call outstubs) with incoming half-edges (which we call instubs)
in a breadth-first search fashion. We begin by sampling a node s uniformly at random from
V... In the first iteration, for each outstub belonging to s, we sample an instub uniformly
(resampling if the sampled instub has already been paired), and we pair the outstub and
instub. We allow the possibility that the sampled instub belongs to s (in which case a self-
loop is formed) or that multiple outstubs of s are paired with instubs belonging to the same
node (in which case multiple edges are formed between s and that node).!

At the end of the first iteration, we denote by A; the subset of V,, \ {s} containing those
nodes that have had at least one instub paired with an outstub of s. In the second iteration,
we pair all outstubs of all nodes in A; in the manner described previously. In general, we
pair all outstubs of all nodes in A,, 1 during the m-th iteration, where A,, | is the set of
nodes v at distance m — 1 from s. In other words, paths out of s of length m are constructed
during the m-th iteration. When all outstubs have been paired, the construction finishes.

To facilitate this construction and the coupling argument, we define labels for each instub
e and for each node v, denoted g(e) and g(v). The instub label g(e) is necessary because if e

'Because of this, the resulting graph will in general be a multi-graph. We note the authors of [18] prove
that a simple graph (no self-loops or multi-edges) results with positive probability as n — oco; however, this
requires stronger assumptions on the degree sequence than Assumption 3.1, which is all that we require.
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Figure B.1: Example DCM after three steps; ,ugg)(Vn\Kn) depends only on dashed subgraph.

is sampled for pairing, we must check whether e has already been paired. Hence, we define

1, e is currently unpaired
g(e) = :

0, e is currently paired

The node label g(v) is defined as

(A, v does not currently belong to graph

B, v belongs to graph, U, =0

C, v belongs to graph, U, = 1, all paths from s to v
< visit some w € V,, s.t. U, =0
D, v belongs to graph, U, = 1, some path from s to v

avoids all w e V,, st. U, =0

\

To illustrate these node labels, we show a graph after three iterations of the construction
in Figure B.1. The node at the top of the figure is s. Circle and square nodes, respectively,
depict those nodes v with U, = 1 and U, = 0, respectively (i.e., those belonging to V,, \ K,
and K, respectively). Short arrows depict half-edges (i.e. unpaired instubs and outstubs),
while longer arrows depict edges (i.e. instubs and outstubs that have been paired). Node
labels, assigned according to (B.3), are displayed on each node.

Node labels will be useful in the coupling argument to come. In particular, the term
,ugm) (V,\ K,,) in Lemma B.2 only depends on the subgraph containing label D nodes within
m steps of s (see Figure B.1). This observation follows since ™ (v) (by definition) is nonzero
if and only if there exists a path from s to v of length at most m that avoids K,.

The graph construction is defined in Algorithm B.1. We use three additional pieces of
notation: I, is the set of all instubs, {(v/, j)}i”'1 is the set of outstubs belonging to v' € V,
(ordered arbitrarily), and 7 is a variable that tracks the first iteration at which certain
events occur (these events relate to the coupling and will be discussed shortly). Before
proceeding, we offer several comments to relate Algorithm B.1 to the preceding discussion:

e In Line 1-2, we initialize the algorithm. We sample the first node s, define the label

g(s) according to (B.3), and set Ay = {s} (i.e. the only node at distance zero from s is

s itself). We then set g(e) = 1 for all instubs e (since no instubs have been paired) and
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Algorithm B.1: Graph Construction

1 Choose s from V;, uniformly, set g(s) = D if U; = 1 and g(s) = B if Us = 0, set
Ay = {s}

2 Set gle) =1V eel, set glv)=AVveV,\{s} set ¢ =00

3 for m =1 to oo do

4 Set A, =0

5 for v/ € A,,_; do

6 for j =1 to D, do

7 // find instub for pairing

8 Uniformly sample instub e

9 if g(e) = 0,7¢ = oo then set 7¢ =m

10 while g(e) =0 do

11 ‘ Uniformly sample instub e

12 Pair (v/,j) with e, set g(e) = 0, denote instub node by v

13 if g(v) = A then set A, = A, U {v}

14 if g(v') = D, g(v) € {C, D}, 7¢ = oo then set 7¢ = m

15 // update label

16 if U, =0,¢9(v) = A then set g(v) = B

17 else if U, =1,¢(v') = B, g(v) = A then set g(v) = C

18 else if U, = 1,¢(v") € {C, D}, g(v) = A then set g(v) = g(v')
19 else if g(v') = D, g(v) = C then set g(v) = D, set g(w) =DV w €V,

s.t. g(w) = C' and v — w path avoiding all w’ € V,, s.t. U, = 0 exists

20 // termination
21 if g(¢) =0V ¢ € I, then return

g(v) = AV v # s (since only s belongs to the graph at this stage of the algorithm).

e The remainder of the algorithm iterates over m (outer for loop), iterates over nodes
v" at distance m — 1 from s (middle for loop), and iterates over outstubs belonging to
v" (inner for loop). For each such outstub, denoted (v’, j), the occurs:

— In Lines 8-11, we uniformly sample an instub e, resampling until an unpaired
instub is found. (Line 9 relates to the coupling and will be discussed shortly.)

— After sampling an unpaired instub e, we pair (v, j) with e and set g(e) = 0 to
reflect the fact that e has been paired (Line 12). If the node v to which e belongs
did not previously belong to the graph (i.e. if g(v) = A), then v is at distance m
from s, so we add v to A,, (Line 13). (Line 14 relates to the coupling.)

— In Lines 16-19, we update the label of v according to (B.3). Note that, if g(v") = D
and g(v) = C, (B.3) implies that a path from s to v avoiding K, did not exist
before (v',j) and e were paired, but now such a path does exist. Hence, if some
node w s.t. g(w) = C can be reached from v while avoiding K, a path from s to
w avoiding K, now exists as well. For this reason, we must change the label of
such w from C to D (Line 19).

e If all instubs have been paired, the algorithm terminates (Line 21).

Our next goal is to define a branching process and a quantity related to the error bound in
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Figure B.2: Instub belonging to label C' node (top) or label D node (bottom) is sampled for
pairing with outstub of label D node (left of arrow). After labels are updated,
orange dashed subgraph of label D nodes is no longer a tree (right of label).

Lemma B.2, so that this error bound can instead be analyzed on the tree resulting from the
branching process. Before defining this tree construction, we offer some intuition, which also
helps explain the variable 75 in Algorithm B.1. First, recall the error bound in Lemma B.2
depends only on the m-step neighborhood out of s. Hence, a typical approach to analyzing
the bound would be to argue that this neighborhood is treelike, and then to analyze the
bound on a related tree. However, this is more than we require. To see this, we return to
the example from Figure B.1. As argued previously, the error bound only depends on the
orange dashed subgraph. Hence, the related tree we construct will (roughly speaking) only
contain this subgraph, i.e. rather than require the entire m-step neighborhood to be treelike,
we only require the m-step neighborhood of label D nodes to be treelike.

This discussion also helps explain the variable 74 in Algorithm B.1. Note that we set
T7¢ = m if we pair an outstub of v € A,,_; with an instub of v, where g(v') = D and
g(v) € {C,D} (Line 14 in Algorithm B.1). As shown in Figure B.2, these events (may)
destroy the tree structure of the label D subgraph. We also set 7o = m if we sample an
instub that has already been paired while attempting to pair an outstub of v' € A,,_; (Line
9). This is to ensure nodes have i.i.d. attributes (N, D,,U,), as will nodes in the tree
construction.

This intuition motivates our tree construction. We begin with a root node denoted by
¢, and we assign attributes (Ng, Dy,Uy). Here Ny is the number of instubs of ¢, all of
which will remain unpaired for the duration of the algorithm (so that the tree structure is
maintained); Dy is the number of offspring of ¢; and U, = 1. To each offspring of ¢, denoted
1,2,..., Dy, we assign attributes (N;, D;, U;). Here N; denotes the number of instubs of i;
one of these is paired with the i-th outstub of ¢, while the other N; — 1 remain unpaired
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Figure B.3: Branching process after three generations, corresponding to the example graph
from Figure B.1. In particular, the orange dashed subgraphs are identical.

(again, to preserve the tree structure). Furthermore, unlike the root node, node i receives
D; offspring only if U; = 1; otherwise, the outstubs remain unpaired. This is explained by
Figure B.1, since only the orange dashed subgraph affects the quantity of interest.

The set of nodes 1,2,..., D, is denoted by Ay In general, we denote by A,, the m-th
generation of the tree, i.e. the set of nodes at distance m from the root node. The generic
node in Am,m > 1 is denoted by 1, where 1 = (41,142, ...,%y,) is an ordered list of natural
numbers that traces the unique path from ¢ to 1: specifically, this path is ¢ € /10,2'1 €
Ay, (iy,i5) € Ay, ... 1€ A,,. The offspring of 1 (assuming U, = 1) are denoted by {(1, j)}?
where (1,7) = (il, i9,...,1m,J) is the concatenation operation.

To assign attributes, we define f, : N x N x {0,1} — [0,1] and f* : N x N — [0,1]
(given the degree sequence) by (B.4). Note that f, is the distribution of node attributes for
nodes sampled proportional to in-degree, whereas f is the distribution of node attributes
for nodes sampled uniformly at random from V,, \ K,,. Because non-root nodes are sampled
proportional to in-degree in the graph construction (until an edge must be resampled, i.e.
until we set 7¢ = m), non-root node attributes are sampled from f,, in the tree construction.
Similarly, since the first node is sampled uniformly from V,, \ K, in the case of interest of
the graph construction, root node attributes are sampled from f in the tree.

=1

n

Uy,

n(i,J, k Z thi,Dh:j,thk),f;(i,j):ZW
h=1 &h'=1"1

L(Ny, =14, Dy, = 7).

(B.4)
The tree construction is given formally in Algorithm B.2. We denote by G = (Vn, En)
the resulting tree. Note the tree construction continues indefinitely, so the subscript n does
not refer to the number of nodes in the tree; rather, it refers to the length of the sequence
{Nn, Dp,, U }3_, from which the distributions f,, f are defined. Finally, in Figure B.3, we
show an example of the tree construction, which corresponds to the graph construction of
Figures B.1 (i.e. the dashed orange subgraph has the same structure).
Having defined the tree construction, we define the aforementioned quantity that follows
the distribution of the error bound in Lemma B.2. Specifically, we define fi4 recursively as

(1—a,)U,

D, (1,7) € A, 1> 0, (B.5)

fio(@) =1, fis((1,5)) = fig(1)

182



Algorithm B.2: Tree Construction

1 Draw root attributes (N, Dy) ~ f*, set Uy = 1, set Ay = {¢}
2 for m =1 to oo do

Set A, = 0
fori1e Am_l do
if U, =1 then

for j=1to D, do
Add offspring (1, j) to 1, let (N 5y, D), Unyj)) ~ fa, set

EN = I | B

where (by convention), 1 = ¢ when (1,7) = i1 € N, i.e. when (1,j) € A;. Note that (B.5) is
the same as (B.2) but computed on the tree G,,; because there is a unique path from ¢ to 1

A

for each 1 € V,,, this recursive definition will be more convenient.

We next state Lemma B.3, whose proof is in Appendix B.2.3. The proof formalizes the
preceding intuition, that when 75 > m, the error bound from Lemma B.2 is computed on a
treelike subgraph and therefore follows the distribution of the analogous tree quantity.

Lemma B.3. For any m € N,
m D - R
Ng )(Vn \ Kn){te > m, Uy =1} = Z Z Uifip (1),
=0 \e 4,

where 2 denotes equality in distribution.
Proof. See Appendix B.2.3. O

We can now explain the remainder of our approach to proving the lemma. Using Lemmas
B.2 and B.3, and noting that, by definition, } 3 U.fis(1) = Uyfig(¢) = 1, we have

P (B (K, €)|Uy = 1] < Plan (1 DV \ ) = 1) 4 el (1= @) Pey e, > 2

US:1]

<Plrg <m|U, = 1] +P |y, Z_ > Ufis() + > Uifig(r) > =|(B.6)

J=11€4; €A,

Hence, our approach to bounding the probability of (3.2) will be to further bound the
two summands in (B.6). Since (B.6) holds for any m € N, our final step will be to choose
m to optimize the sum of these bounds. In particular, we will choose m to balance the two
bounds. This is because the summands are increasing and decreasing in m, respectively.

B.1.3 Coupling failure (Step 3)
Our bound for the first summand in (B.6) is given in Lemma B.4. This result is similar
to Lemma 5.4 of [48], and our proof follows a similar approach. However, Assumption 3.1 is

different than the assumption required for the result in [48]. This difference arises because
the result in [48] requires the entire m-step neighborhood to be treelike, while we only
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require the m-step neighborhood of label D nodes to be treelike. This allows us to relax the
assumption from [48], which requires Y ,_, N7 /n to converge; we only require Y ,_, NZU,/n
to converge. In fact, the example degree sequence presented in Section 3.7.3 satisfies

E[N;Uy) = O(1), E[N;] =0 (n"),
where [y > 0. Hence, there are sequences for which the lemma from [48] does not apply, but

for which our version does apply. This is why we do not directly use the lemma from [48].

Lemma B.4. Given Assumption 3.1, for any m,, — oo as n — oo s.t. m,, = O(n?), we have
Plre < ma|Us = 1] = O (n™ + (™ /v/n)
where 7, 9, ( are defined in Assumption 3.1.

Proof. See Appendix B.2.4. n

B.1.4 Tail bound on branching process quantity (Step 4)

Our final step is to bound the second summand in (B.6). Our approach is to bound the
probability that either ay, Z;’:ll > oied, Uilig(1) or 304 Ufig(1) exceeds €/2. For the first
term, the recursive definition of i, yields a martingale structure that allows us to use an
approach similar to the method of bounded differences. The second term arises from the tail
of the m-step neighborhood approximation from Appendix B.1.1; hence, its expected value
decays geometrically fast in m, so we simply use Markov’s inequality.

Lemma B.5. Given Assumption 3.1, for any € > 0, any m,, — oo as n — oo s.t. m, =
O(n”), and any «,, — 0 as n — oo, we have

m—1
(0 y - Mn — — 82 (e 7%
Plan > > Ufis()+ Y Uiigl) > :O<n O pmn 4 e ((17P2)7/( )>,
Jj=1 IEAJ' 16Am

where p, 0 are defined in Assumption 3.1.

Proof. See Appendix B.2.5. O]

B.1.5 Completing the proof of Lemma 3.1

Finally, we can combine the results of this section to prove Lemma 3.1. First, we substi-
tute the results of Lemmas B.4 and B.5 into (B.6) to obtain (when Assumption 3.1 holds)

P[B,(Kn,e)|Us =1] = O <n—5 + % 4 e—((l—p>s>2/<2an>) '

l0gn__ 0 equate the middle two terms, i.e.

Next, choose m,, = 210g(C/p)

¢ pn = = loa(1/p)/1oa(¢/p)).

NG
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For the third term, take o, = plog(1/7)log(/logn as in Proposition 3.1 to obtain

2
exp (_«1;—?)5)) _ )~ (1-p)=)?/2plog(1/7) log <)
ay,

Hence, we ultimately obtain
]P)[BS(Knyg)‘US frng 1] — O (nfc(g)) :

where ¢(¢) is defined as in the statement of the lemma.

B.2 Proof of Lemma 3.1 (details)
B.2.1 Proof of Lemma B.1

The lemma relates the stationary distributions of several Markov chains: those with
transition matrices P,, P;, and Py, k € K,, where P, and P, are defined in Section 3.2.2
and P, is defined in (3.4). We will denote these chains by {X7}2°,, {X5}22,, and {XF}2,,
k € K,, respectively, in this proof. Our basic approach will be to relate the stationary
distributions indirectly via a renewal-reward interpretation of PPR. Hence, we begin by
defining this interpretation in Appendix B.2.1.1. We then prove the lemma in Appendix
B.2.1.2. Recall from the main text that Pg, [-] and Eg, [-] denote probability and expectation
with the DCM fixed (as in the statement of the lemma).

B.2.1.1 Renewal-reward interpretation of PPR

From the dynamics of {X?}>°, described in Section 3.2.2, we can view the time instances
of jumps to s as forming a Bernoulli process with parameter «,,, independent of the random
walk. Furthermore, for each v € V,,, we can define a reward function 1(X? = v). Then,
letting L, denote the time of the first jump to s, we define

Ls—1

T(v) = D UX] =), (B.7)

i=0
which, when X§ = s, gives the accumulated reward during the first inter-renewal interval.

From the renewal-reward theorem (see, for example, Section 5.4 of [126]), it follows that

t—1
. 1 s S __
Jim 7 31087 =) = B [0} = o) (B5)
where we have also used the fact that Ly ~ geometric(ay,). On the other hand, assuming P
is irreducible (which we will return to argue is without loss of generality), we have

~1
= lim — Z 1(X] =) (B.9)
=0

t—oo {
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Hence, combining (B.8) and (B.9) yields
7s(v) = a,Eq, [1s(v)| X5 = s] Vv € V,. (B.10)

Similarly, for k € K,,, m,(v) = a,Eq, [7:(v)| X = k], where 73,(v) is defined as in (B.7).

For the chain { X7}, we have a similar (though subtler) renewal-reward interpretation.
Recall the dynamics of this chain are as follows: from v € V, \ K,,, follow the random walk
with probability 1 — «,, and jump to s with probability a,,; from k& € K, jump to s with
probability 1. Hence, while the time instances of jumps to s do not form a Bernoulli process,
they still form a renewal process: inter-renewal intervals are independent (due to the Markov
property) and identically-distributed (due to the time invariance of the Markov chain). Also,
assummg X = s, the first renewal occurs at min{L,, H + 1}, where L, ~ geometric(a,,) and

—inf{i € Z, : X7 € K,,} is the hitting time of K. It follows that

E, [7:(v)| X5 = 5]
Eq, [min{Ls, H + 1}|X{ = 5]

7s(v) = VovelV,,

where 7,(v) = B LAY (X — ),

Before proceeding, we argue irreducibility is without loss of generality for the Markov
chains at hand. Consider, for example, {X/}22,. If this chain is not irreducible, we can
define V,, s C V,, as the states for which a path of positive probability from s to v exists.
Then the Markov chain restricted to states V,, s is irreducible: for any v,w € V,, 5, we can
jump from v to s and then reach w from s. We can then compute the stationary distribution
{ms(v)}vev,, for this irreducible chain and set m,(v) = 0V v € V,, \ V., (intuitively, v is
unimportant to s if s cannot reach v, so its PPR should be zero). Note this is consistent
with the derivation above. In particular, (B.8) and (B.9) hold for the chain restricted to
states V}, s, so (B.10) holds for v € V,, 5; conversely, both sides of (B.10) are zero for v ¢ V,, 5.
B.2.1.2 Proof of the lemma

Equipped with this renewal-reward interpretation, we will relate 7y, 7y, and 7, k € K,
by relating Eq, [7,(v)| X§ = s], Eq, [7:(v)| X¢ = 5], and Eq, [1(v)| X& = k]. For this, we define
H =inf{i € Z, : X € K,}, the quantity analogous to H instead defined on {X7}%2,.

Because the dynamics of {X?}2°, and {X?5}2°, only differ when K, is reached, we can
immediately obtain several relationship between the quantities computed on these chains.
In particular, if K, is not reached before the first renewal (i.e. if Ly < H, Ly < H), the
chains have identical dynamics. Therefore, we have V v € V,,,

Eg, [7:(v)|Ls < H, X§ = ] = Bq, [7(v)| Ly < H, X§ = s].

Furthermore, 74(v) = 0 when v € K,, and L,< H (i.e. when K, is not reached before the
first renewal), so we may rewrite this as

Eq, [r(v)|Ls < H, X{ = 5] = U,Eq, [7(v)|Ls < H, X = s]. (B.11)

By a similar argument, if K, is reached before the first renewal (Ls > H, L,>H ), the

186



dynamics of the chains differ after H, H, but remain the until H, H. Hence, V k € K,,,
P, [Xj =k, Ly > H| Xy = 5| =P, [X5 =k, L, > H|Xj = s, (B.12)
which also implies 3 o
Pe,[Ls < H|X§ = s] =Pg,[Ls < H|IX; = 3. (B.13)

We can obtain another expression for the right side of (B.12). Since jumps from k to s

occur with probability 1 on the {X#}%, chain, k is visited at most one time before the first

renewal, i.e. 7,(k) € {0,1}. Also, 7,(k) = 1 if and only if L, > H and )N(lf{ = k. Hence,
P, [ X5 =k, Ly > H|XS = 5| = Eg, [7(k)| X5 = 5] V k € K,,. (B.14)
If instead K, is reached, the dynamics of {X7}2°, and {X7}°, differ. In this case, we claim
Ec, [ms(v)| X = k, Ly > H, X§ = 5] = UEq, [7,(v)|[ X5 =
+Eq, [7(0)| X5 = K],

which we will return to prove shortly. (In essence, (B.15) counts the number visits to v
before and after reaching k using the {X$}2°, and {XF}* | chains, respectively.)
By (B.11), (B.12), (B.13), (B.14), and (B.15), and the law of total expectation,

B, [7:(0)| X5 = s] = UEq, [7(0)|X5 = s] + Y Ea, [7:(k)|X§ = s|Ea, [(0)| X5 = K].

keKn

We then use the renewal-reward interpretation from Appendix B.2.1.1 to translate this equa-
tion back to stationary distributions. Specifically, multiplying by «, on both sides, and
multiplying and dividing by E¢, [min{L,, H + 1}|X§ = s] on the right side, gives

7s(v) = Bg, [min{L,, H 4+ 1}| X = 5] (anUvﬁs(v) + Z ﬁs(k)ﬂk(v)> : (B.16)

Then, summing over v € V,, (assuming stationary distributions are normalized to sum to 1),

1 = Eq, [min{L,, H + 1} X3 = 5] (an7s(V,, \ K,) + 74(K,)) (B.17)
1
y + (1 — a7 (K)

= Eq, [min{is,lfl + 1}])25 =s| =

Finally, combining (B.16) and (B.17) completes the proof.
We now return to prove (B.15). First, by definition of 74(v),

H-1
Ec,[rs(v)| X =k, Ls > H, X = s] =Eq, | ) UX; =v)| X =k L > H X; = s]B.18)
1=0
Ls—1
+Eg, 1(X;:v)X;,:k,LS>H,Xg:S]_
i=H
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Now by the preceding arguments, {X;}2,, {X 71720 have the same dynamics before H, H,
so we can replace H, X7, X, Ls, X§ by H, X7, X3, , Ly, X¢ in the first summand in (B.18).
Moreover, for v € V,, \ K,, (1 e. U, =1), we can erte

H-1

Ee, | > 1(X; =v)|X

e

1=

i H
_z':O
_min{is—l,]:[}
=Eg, Yo UX;=v)|Xy=kL,>HX;=5s
=0
— g, |[7(0)|[ X =k Lo > 1, %5 =5

where the first equality holds since v € V}, \ K,, and by conditioning on {X 2=k} (k€ K,),

the second holds by conditioning on {L, > H}, and the third holds by definition of 7,(v).
Note also that if v € K, (i.e. U, = 0), we simply have

X =v)|Xs =k Ly>H X, =s| =0,

i
which holds by definition of H. To summarize, we have shown

H-1
D UX =) | Xy =k Lo>HX;=s
=0

— U,Ee, [%s(v)lf(;{ — kL, > H,X; = s] .

Next, consider the second summand in (B.18). We rewrite this term as

Eq, [k WX =v, X5 =k, X§ = s)1(L, > H)]
Pe, [X5 =k, Ly > H, X = s] ’

(B.20)

and we focus on the numerator. First, we note 1(L; > H) = >,_, 1(Ls = [, H = h), where
the sum is taken over {(I,h) € Z, X Z, : | > h}. Substituting and using linearity gives

> Ea,

I>h

Ls—1
S UX; =0, Xy =k X)=s)1(L,=1,H= h)]

i=H

_ZEG

I>h

-1
> K Xf:fu,X;j:k,Xg’:s)l(LS:l,H:h)]
i=h
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-1
=> ) Po,[X;=v,X; =k X;=5L,=1,H=h] (B.21)

I>h i=h
Rewriting the summand in (B.21) as
Pa, [X; = v, X5 = s, Ly = L, H = h[.X} = k] Pa,, [X; = k],

we next aim to apply the Markov property to the conditional probability above. For this,
we write {Ls =1} = Ag; N (ﬂé;%Agj), where A, ; denotes the event that a jump to s occurs
at step j of the random walk. We then have
(X7 =v,Xg=s,Ly=1,H=h}={X; =v, Ay, AT} n {H = h,n}_ AT, X = s}
where on the right side, the first event is the future and the second event is the past, when
h is viewed as the present. Hence, the Markov property implies
s s s s — C s

Pe, [X] = v, X5 =, L, =1, H = h| X}, = k] = Pg, [X] = v, Asy, N2, AL | X5 = K]

x Pa, [H = h,NZ0AS X5 = s|X; = k] .

(B.22)

Furthermore, by the time invariance of the Markov chain,

Pe, [X7 =v, Ay, ﬂé;lhAgj‘X;j = k| =Pq, [X; ) =v,Asin, ng.;’g-lAg’.|Xg = k|

)

=Pg, [X;,=v,Ly=1-h|X; =k]|. (B.23)
Finally, by definition of A, ;, we have

P, [H = h,N'ZjAS

s?]’

X§=s|X;=k| =P¢, [H="h,L,>h,X;=5|X;=k]. (B24)

Combining (B.21), (B.22), (B.23), and (B.24) then yields

Ls—1
> Ee, | > UX;=v, X5 =k X;=s)1(L,=1H=h) (B.25)
I>h i=H

-1
=3 Y Pe, [X;,=v.Li=1—h|X;=k|Pg, [H=h,L,>h X;=s X; =k

I>h i=h
oo Il—h—1
=Y Po, [H=hL>hX;=5X=k > > P [X =vL=1-hX;=k,
heZy I=h+1 =0

where in the second equality we have simply rearranged terms and rewritten indices. For
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the inner double summation, we have

oo I—h-1
> ) PBo, [X; =v,Ly=1—h|X; =k
l=h+1 =0
S Ba, [0 10 = o)LLy =1 = b X; = )|
B Pe. [Xg = K]
> ilni Ba, [Zfi&l 1(X; = 0)1(Ly=1—h,X§ = k)]
- Pe, [X; =
Eo, [S50 X7 = o)1 = £) 52, UL = L~ )]
- Pe. [Xg = K]
[Ls—1
:]EGn Z 1(XZS:’U) XS:]{] :EGn[TS<’l})|X8:k] :]EGn{Tk(UHX(])c:k],
L =0

where the first three steps are straightforward, the fourth step uses the fact that L is integer-
valued and a.s. finite, and the fifth step follows by definition. The final inequality follows
because 7,5(v) and 74(v) count the number of visits to v on the {X7}%°, and {XF}2°, chains
before jumps occur, and before jumps occur, these chains have the same dynamics (since
they only differ in jump locations, s versus k). Substituting into (B.25) gives

2_Ea,

I>h

Ls—1
S UX; =0, X5 =k X =s)1(L,=1H= h)]
i=H

=Ee, [m(0)|Xg =k Y P, [H=h,L;>h X =5,X} = k|
h€Z+

=Eg, [ (v)| X8 = k|Pq, [Ls > H, X5 = 5, X5, = k] . (B.26)
Hence, combining (B.20) and (B.26) yields

Ls—1

> UX; =)

i=H

Eg X8 =k Ly>H X5 =s| =Eg,[r(v)| XE = k] (B.27)

n

Finally, (B.18), (B.19), and (B.27) complete the proof of (B.15).
B.2.2 Proof of Lemma B.2
We aim to bound |7, — (el + 3, Bs(k)mi) |1, where

7s(k)
an + (1 — ap)7s(Ky)

Bs(k) = VikekK,.
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Using Lemma B.1, we can write

Mg — (ozne;,r + Z ﬁs(k)ﬂk>

keK,

a,UyTts(v)
an + (1 — ay,)7s(K)

:Z —ayl(v=s)|.

1 veV,

We next claim that the terms in the absolute values are nonnegative. This is obvious for
v # s. For v = s, since Uy = 1, we aim to show

7s(8) = apn + (1 — )75 (Ky). (B.28)
To this end, first note that by 7, = 7”%5158 and 7,1, =1,
s (1—an)s<P+eKn S)—{—an I

which implies

-1

s = aneST <[— (1—ay) <P+€Kn s)) = aye TZ (1—ay) (]5+6KnesT) ) (B.29)

Using (B.29), we have

s) = apel Z(l — )’ (]5 + eKnesT) es = ap + anel Z(l — )’ <]5 + eKneST> es

i=1

o .
K3
- T T
= a, + a,(1 e E (1— ) <P+€Kn68> €K, € Es

—i—an(l—an)e;r (1 —an) (P+6Kn s) Pe

'M%

I
=)

)

and so, discarding a nonnegative term, we obtain
s - i
7o(8) > ap + an(l — el Z(l —ay)' <P + eKnesT> ek, eres = an + (1 — ay)Tsex, .
1=

This establishes (B.28), since 7sex, = 75(K,). Hence, we have shown

Ty — <ozneST + k; 5s(k;m> —a, (an +7T(1(‘f;f)(;)(f(n) - 1) . (B.30)

(We pause to note that since 75(V;, \ K,,) <1 and 74(K,,) > 0,

Ty — <0zne;r + 3 Bs(k;)wk> an, <i - 1) =1—ay,, (B.31)

o
keK, n

1
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i.e. m, is at [; distance at most 1 — «, from a linear combination of el and {m;}rck,.) We

next bound the right side of (B.30) in terms of ,ugm), as in the statement of the lemma. We

begin by establishing a relationship between 7, and ug, where

-\ —1
te = lim p(™ —6T21—an i =] <I—(1—an)P) . (B.32)

m—o0

To this end, consider the matrix inversion in (B.29). By the Sherman-Morrison-Woodbury
formula (see, for example, Section 6.4 of [125]),

(I — (1 —ap) <]5 + eKneST))_l = (([ - (1- an)p) - (1- an)eKnesT) B
I—(1-ay) )1 (1 - anex.el (1-(1- an)P>1

P B.33
( (1-— an)ls> - (1—ay)ek, (539

- (1— (1 —ozn)IS>_1 + (

It follows that, for each v € V,,

7s(v) = apey (] — (1 —ay) (P—f— ek, e S>)1 €y
= anel ( (1—ay) ) 1
(r-a- an)P> (1= anerel (1= (1= an)P)
1—ef (] - (1- ozn)]5> - (1 —ay)ex,

(1 - ozn)us(Kn) B anus<v)
1—(1- an),us(Kn)) T (1 — ) s (K) (B.34)

where the first three equalities follow from (B.29), (B.33), and (B.32), respectively, and the
fourth involves simple manipulations. We can then combine (B.30) and (B.34) to obtain

T
+ apeg €y

= anpts(v) (1 +

Ty — (anesT +> 6S(k)7rk> =, (s (Vyy \ K) — 1) (B.35)
ke K 1
Next, we observe
1 (Vo \ ) = i (VN K el D (1= an) Plev,ag,
1=m-+1
= M (Vi \ Ky) + el (1= 0)"P™ ) (1= a)' Pley, .,
=1
=MV \ K) + (8™ = ") Y (1= ag)' Plev,\k,,  (B.36)
=1
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where we have used (B.2) and (B.32). We next claim lf’evn\Kn < ey,\k, componentwise. To
prove this, let (Pey,\x,)(i) denote the i-th component of Pey,\k,. Then

(Pevak,) (i) = Ui > Pli, j)ev,x, (4) < Ui ZP iJ) = ev,\k, (1),
j=1
where the first equality uses the definition of P, the second equality holds because P is row
stochastic, and the remaining steps are straightforward. It follows that

> o~ s , 1—oa,

i=1 i=1

where the inequality is componentwise. Combining (B.36) and (B.37),

1—ao,
Vo \ K < VA )+ () = ) (222 ) e,
1

= —e (1= an)" Py, + " (Vo \ ), (B.38)

where we also used ,us ) > ug m-1) (componentwise). Finally, (B.35) and (B.38) imply

Mg — (anel + Z ﬁs(k:)wk>

keK

< o (VW \ Kp) — 1) +el (1 — )™ Pey, k.-

1

B.2.3 Proof of Lemma B.3

We use Algorithm B.3 in Appendix B.2.6, which simultaneously constructs a graph and
a tree. We let H,, and H,, denote the graph and tree, respectively. From H,,, we define

m

W =ely (1-an)Q, (B.39)

J=0

where Q(i, j) = U;Q(i, 7) and Q is the adjacency matrix of H,,, normalized to be row stochas-

tic. Note this is simply (B.2), i.e. the definition as 1™ but computed on H,, (while ud™ s

computed on G,,). Similarly, using H,, recursively deﬁne
(1)) € Al>0, (B.40)

which is (B.5) but computed on H, instead of G,,. With this notation in place, we will show

wM VN Ko |[{re > m, Uy =1} 2 y<m><v \ K,))|{rs > m}, (B.41)
WV \ K,) Z Z U,vy(1) when 7g > m, (B.42)
Jj= 01€A
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> D Ussl{rs >m} 2303 Uiis(), (BA3)

J=0 1€4; 7=0 1€Aj

which, taken together, establish the lemma. (We remind the reader that 75 and 7g, re-
spectively, denote the first iteration at which certain events occur in Algorithm B.1 and
Algorithm B.3, respectively. Specifically, these events are the following: an instub belonging
to v with label g(v) € {C, D} is sampled for pairing to an oustub of v" with label g(v") = D,
or an instub e with label g(e) = 0 is sampled for pairing with any outstub.)

We begin with (B.41). First, observe that by definition u{™(V, \ K,) and ™ (V,, \ K,,)
depend only the m-step neighborhood out of s (i.e. the subgraph with nodes UL, A;) in G,
and H,, respectively. When 7 > m, U, = 1 in Algorithm B.1 and 7¢ > m in Algorithm B.3,
these neighborhoods are constructed by the same procedure. Thus, (B.41) follows.

We next consider (B.43). The left and right sides of (B.43) depend on the first m
generations of G, and H,, respectively. In Algorithm B.2, these first m generations of G
are constructed as follows: the root node ¢ has attributes (Ny, Dy) ~ fi and Uy = 1,
non-root nodes 1 have attributes (N,, D,,U,) ~ f,, and D, offspring are born to 1 if and
only if U, = 1. In Algorithm B.3, the root node in H, also has attributes has attributes
(Ng,Dy) ~ f¥ and U, = 1; furthermore, with 7¢ > m, non-root nodes 1 have attributes
(N, D,,U,) ~ f, and D, offspring are born for either value of U,. Hence, when 75 > m,
modifying the construction of the first m generations of H, such that offspring are born only
when U, = 1 yields the construction of the first m generations of G,. But, by (B.40), the
left side of (B.43) remains unchanged when this modification occurs. (B.43) follows.

It remains to prove (B.42). For this, we begin with two lemmas. These lemmas use the
mapping ® from graph nodes to tree nodes defined in Algorithm B.3 in Appendix B.2.6.
Lemma B.6 states that tree nodes that do not map to graph nodes do not contribute to the
right side of (B.42). Lemma B.7 states that a tree node that does map to a graph node
contributes to the right side of (B.42) the same value that the corresponding graph node
contributes to the left side of (B.42). Together, these lemmas will allow us to prove (B.42).

Lemma B.6. If 7¢ > m, 1€ A; for some j € {0,...,m}, and ®~'(1) = @, then U,7,(1) = 0.

Proof. We will denote 1 by 1 = (iy,1s,...,14;), and for [ < j, we let 1|l = (iy,49,...,4;), with
1|0 = ¢ by convention. Define [* = max{l € {0,1,...,5} : ®71(1]l) # 0}. Note the set over
which the maximum is taken is nonempty, since ®~'(1|0) = ®~!(¢) = s; furthermore, since
d1(1]j) = @71 (1) = 0 by assumption, I* < j. In words, 1]I* is the youngest ancestor of 1 that
maps to a node in the tree; we let v/ = ®~1(1]I*) denote this node.

We observe @~ 1(1|l) # 0 V I € {0,1,...,1* — 1}. To see this, suppose instead that
®~1(1]l) = O for some such [. Then, from the second inner for loop in Algorithm B.3, the
offspring 1/(I+1) was born without adding a node to the graph, which implies @' (1|(I+1)) =
(). Repeating this argument eventually gives ®~1(1]l*) = (), a contradiction.

Now suppose U,74(1) > 0; we seek a contradiction. First, by (B.40), U,04(1) > 0 implies

Up=Up=---=U-=1 (B.44)

which further implies Ug-1qp) = Uy = 1V 1 € {0,1,...,0"}, i.e. the graph H, contains a
path of length [* from s = ®71(1|0) to v/ = ®~1(1]I*) that avoids K,,.
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Next, note that ®~1(1i*) # 0, ®~1(1|(I* + 1)) = @ implies that, during the (I* + 1)-th
iteration of Algorithm B.3, an outstub of v’ was paired with an instub of some v € V,, that
already belonged to the graph, and so a copy of v (namely, 1|/(I* 4+ 1)) was added to the tree.
Consider the following cases for the labels of these nodes at the moment of pairing:

o If g(v') = A or g(v) = A, we have a contradiction, since by assumption, both v’ and v

already belonged to the graph at the moment of pairing.

o If g(v') = B or g(v) = B, Uy = Uy = 0 or Uyjg+4+1) = U, = 0, contradicting (B.44).

o If g(v') =D, g(v) € {C, D}, then 7¢ = I* < m in Algorithm B.3, a contradiction.

The remaining case is g(v') = C' at the moment of pairing. This contradicts the statement
that the graph contains a path from s to v’ of length [* that avoids K, (since this path was
present at start of the (I* + 1)-th iteration, it was present at the moment of pairing). ]

Lemma B.7. If 75 > m, then le/s(m)(v) = Upw) Vg (P(v)) ¥V v € UL A;.

Proof. We proceed by induction. For the base of induction, we note Ay = {s}, so the
statement only needs to be verified for v = s. But this is immediate, since ®(s) = ¢ and
Us = Uy =1 in Algorithm B.3, and since 1/3(0)(3) = Us(¢) = 1 by (B.39) and (B.40).

Now assume 75 > m and let v € UL A;. We consider two cases. First, if v € A; for
some j € {0,1,...,m — 1}, we can use the inductive hypothesis to write

U™ (v) = U, (v{™ (v) = v D (0)) + UV (0) = Upe] (1=) " Q™ ey +Us(w) s (2 (),

and so it suffices to show Uve;r@mev = 0. Clearly, this holds when U, = 0. If instead U, = 1,
suppose e] Q™e, > 0. First, note that U, = 1 and v € A;,j < m imply g(v) € {C, D} at the
start of the m-th iteration of Algorithm B.3. Furthermore, esT@mev > (0 implies there exists
a path of length m from s to v, with every node w along the path satisfying U, = 1. Let
v’ be the node immediately preceding v on this path, so that an outstub of v was paired
with instub of v during the m-th iteration. Then we have e;'—@m_lev/ > 0, which implies
g(v") = D at the start of the m-th iteration of Algorithm B.3. But g(v') = D, g(v) € {C, D}
contradicts 7¢ > m in Algorithm B.3. Therefore, we must have esT@mev = 0.

Now suppose v € A,,. Then vagm_l)(v) = 0 (else, v is at most m — 1 steps from
s, contradicting v € A,,), so we aim to show U,el (1 — a,,)™Q™ = Us(yPs(®(v)). Since
U, = Us(v) in Algorithm B.3, this is trivial when U, = 0; when U, = 1, it suffices to show

er (1 —a,)"Q™ = 0y(®(v)).

Towards this end, let v" € U;-”:_OlAj be the first node whose outstub was paired with an instub
of v during the m-th iteration (which occurs by v € A,,); by the inductive hypothesis,

Uv/Ugm_l) (Ul) = Uq)(v/)ﬁd,(q)(U/)).
Now since Dy = Dg(,r), and since ®(v) is an offspring of ®(v'), we can use (B.40) to obtain

(1 - Oén)Uv/yém—l)(U/> B (1 _ Ckn)U@(vl)ﬁd;(q)(U/)) .
Dy - Da(w) = Us(®(v)). (B.45)
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Next, observe the left side of (B.45) is at most €] (1 — a,,)™Q™ by (B.39), so we must show
this inequality is actually an equality. Suppose 1nstead that the inequality is strict. Then,
later in the m-th iteration, we must have paired an outstub of some v” s.t. g(v") = D with
another instub of v. But g(v) € {C, D} after the v" outstub was paired with the v instub,
and g(v") = D, g(v) € {C, D} contradicts 7¢ > m in Algorithm B.3. O

We now return to the proof of (B.42). Assume 75 > m. Note that by Lines 19-20 of
Algorithm B.3, {®(v) : v € A;} C A;, so the right side of (B.42) satisfies

m

Z YUsm =Y | Y U()+ D Usiu?s(®(v))

J=0 1€ 4; J=0 \1ed;:o-1(1)=0 veEA;
Now since U,4(1) > 0 by definition, Lemma B.6 implies

o Ubs()=0Vje{0,1,....m}.

1€A;:d—1(1)=0

Furthermore, since 1™ (v) =0V v ¢ ULy A; (which holds by (B.39)), Lemma B.7 implies

(Vi \ K,,) Z DU W) =D Upuys(®(v))

j=0 veA; j=0 veA;

Finally, combining the previous three equations yields (B.42).
B.2.4 Proof of Lemma B.4

We begin with some initial definitions that will be used throughout the proof. Specifically,
let ¢, = E,[D)] and A\, = E,[N,U,], where (N,, D,,U,) ~ f, are the attributes for a non-root
node in the tree. Then, conditioned on €2,

1 m(1+0(n™)) .
1 - 2 n3(1+O0(n™7)) _ —
An = L—n;NhUh (T 0(m) ~ A14+0(n™))

Similarly, let (¢ = E,[Dy] and X} = E,[N,], where (Ny, Dy) ~ f are the attributes for the
root node of the tree, so that given €2,,,

n

1 1
G=wr 7D _DUn=C(1+00n7")), A=) NMU,=XN(1+0(n")).
> =1 Un ; > =1 Un ;

We explain our approach for bounding P[7¢ < m|Us = 1]. First, observe that, conditioned

on Ug = 1, the graphs in Algorithms B.1 and B.3 (the graph and simultaneous constructions,
respectively) are constructed by the same procedure until 7o = m or 7¢ = m; further, 74 is
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assigned in Algorithm B.1 by the same procedure 75 is assigned in Algorithm B.3. Thus,
Plre < m|Us = 1] = Plrs < m).
Next, for i € {0, 1}, define
E; = {g(e) =i at the moment 7g is assigned in Algorithm B.3}.

In other words, Ej is the event that the coupling breaks because a paired instub was sampled,
while Fj is the event that the coupling breaks because an unpaired instub that forms an
edge v' — v s.t. g(v') = D, g(v) € {C, D} was sampled. Also, for [ € {1,2,...,m}, let

2= Y D, (B.46)

IGAAZ,1

which is the total number of outstubs in generation [ — 1 of the tree; note Z; = |4,|. Finally,
let {y, : n € N} be a sequence tending to infinity (which we will choose later), and let

We can then use the previous four equations to write

1 m
Plre < m|U, = 1] < O(n™°) + PES Q] + Y Y Plrs =1, By, Q). (B.4T7)

=0 (=1

where we also used P[Q¢] = O(n~%) by Assumption 3.1. We next bound each term in (B.47).
To bound P[FS|Q,], first note {D,}, ;4 | are identically distributed and independent of

Zi_1 = |A_4], so
En[2] = En[BalZi|Zi1]] = B[ Zi 1 B[ D) Z1 1)) = BulZia]Ea[D)] = En[Zi-1]Go,
and so applying recursively gives
En[Z] = Ba[ 2] = Ba[Do)G" = GG (B.48)
Now let X; = Z,/(¢:¢iY), so that E,[X] = 1. Furthermore, define
G =0({Ny, Dy, Uy : 1 <h<n}U{D, 1€ A;,0< 5 <1}),
where by o(-) we mean the generated o-algebra. Then for j > 0,

E(Z41G)  ElZ;|GIEDG]  E[Zi;-1|G)]

E[Xi1;1G1] = C:C»ZZJ,-]‘—I = CCH] 1 - CCHJ 2
=E[X;,1|G] = - =E[X|G] = X;,
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so {X; : 1 € N} is a martingale. This implies, by Doob’s inequality,

Yn (1+0(Mm)"
<
Fn [@%ﬁxl "5 O(n‘”))m} S

where we have used E,[X,,] = 1. Using this bound, we can obtain

)

> Yn

.

Z
PFS|,] = P [max s ¢y

* ~l—1
Q] b [m Xt

—P L%?&X’(l +0m ) >y, Qn} <P Lrg%xl > 05 Oy(jrv))m Qn}
= g 1P, [mmX C Oil—mjlﬂm

where in the third line we used the tower property and the fact that 1(€2,) is fixed given the
degree sequence, and where the final equality holds by the assumption m = O(n?) in the
statement of the lemma, since then (1 +O(n™7))™ = (1 + %)m =20 = 0(1).
To bound P[rs = [, Ey, F,,|€2,], we first write

Plrg = I, By, Fy|] = E [1 (F,) B, [TS =1, EO‘{Z]- ;.n:ﬂ ‘Qn} (B.49)
which holds because 1(£2,,) and 1(F,,) are fixed given the degree sequence and {Z; }it,. Next,
observe {1s = [, Ey} occurs if and only if, during iteration [, we sample an instub that has
already been paired while attempting to pair an outstub belonging to a node v € A;_;.
We aim to bound the probability of this event. Consider any such outstub. Since we
sample instubs uniformly from the set of all L,, instubs, the probability of sampling a paired
instub is the fraction of paired instubs at the moment we attempt to pair the outstub under
consideration. This fraction is clearly bounded by the fraction of paired instubs at the end
of iteration [. Further, since each time we pair an instub of v € V' in the graph, we also add

a node to the tree with the same attributes as v, the numerator of this fraction is further
bounded by the number of nodes in the tree at the end of iteration [, which is

| b
—> 7 (B.50)
where (we recall) L, = > ., N, =3 ., D,. Now consider the number of such outstubs.
By definition, this is ) _Dy. Also, since each time we add a node to 4,1 in the graph,

we also add a node with the same attributes to A;_; in the tree, we have

Z D, < Z D, 2 Z,.

v EA_1 1€Al—1

vEA_

198



Combining these arguments, letting Bin denote a binomial random variable, and using
Markov’s inequality, we can write

B . Zl+1 Z N
Pn |:TS =1 EO‘{Z m+1:| < ]P)n Bin <Zl7 %) >1 {ZJ};n:ﬁl
r +1 A +1 A
LS ZN YL
<E, |Bin (Zl,%) {Zym ! :Zl%. (B.51)

Next, we recognize 1(F,,)Z; < ¢*¢'~'y, by definition of F,,, so combining (B.49) and (B.51),

+1 4
Zjilzj 0
L

n

A

I+1

<"y Y E

Plrg = I, Ey, Fin|Q] < E | 1(F) 2,

n

=
n

Furthermore, by definition of €2,,, we have

Z

Ly

Ly,

E Q.| =E Q,

e
= [ -

Q] = oy = (G 1)(]3 59)

nmn n

where (1 4+ O(n™"))! = O(1) again follows from m = O(n~"). We have therefore shown

l
]P)[TS = l7 E07 Fm|Qn] = O <ygn<l1 Z<]> .
7=0

We will use the same approach to bound Plrs = [, Ey, F,,|€2,] as we used to bound
Plrs = I, Ey, F,,,|2,]. First, observe {7¢ = [, E1} occurs if and only if, during iteration [,
we sample an instub belonging to v s.t. g(v) € {C, D} while attempting to pair an outstub
belonging to a node v € A;_; s.t. g(v') = D. The key step in the derivation will be bounding
the number of such instubs and outstubs. First, the number of such outstubs is clearly
bounded the number of all outstubs paired during iteration [. As we argued previously, this
is further bounded by Z;. Next, for j € {1,...,m+ 1}, define 17] = ZleAj,l NU,. As in the
previous argument, the number of such instubs while pairing any such outstub is bounded
by the number of instubs belonging to U, = 1 nodes in the graph at the end of iteration .
Since each time we add a node to the graph, we also add a node to the tree with the same
attributes, the former quantity is bounded by the same quantity computed on the tree, i.e.

I+1 I+1
N NU= ZV
J=lied;_,4

Hence, as in the analysis of P[rg = [, Ey, F,,,|Q2,],

Plrs = 1, By, Fonl2] = E [1(Fo)P, |75 = L, By

{23y AV

o]
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+1 Y I+1 ~
. LV i
<E 1<Fm)ZZZJL1 ) Q] <y R E"LW Q,

Our final step is to compute E,, [\7J] For j > 1, we have
Ea[V;] = EalZ; 1 JEA[NU] = GG M,

where the first equality holds since |/1j_1| = Zj_l and since {N\U, :1 € Al_l} are identically

distributed and independent of Zj_l. Therefore,

E.[V; *(CI2 )\ ‘ j—2
[ ]] Qn:| — C C (1 —FO(TL_FY))] — O (C ) .

E
Ly,

Qn

L, nm n

. {c:;cz-m

For j = 1, since Ay = {¢} with U, = 1, we simply have E,[Vi] = E,[Ny] = \*, so

A*
=F |2
L/n

E,[Vi]
L,

Q] A1+ 0m) =0 (l) |

nmn n

E Q,

Combining previous arguments, we obtain

-1
P[TS - l, Ela Fm‘Qn] =0 (%Cll Z <J> .
=0

B.2.4.1 Overall bound

Combining the bounds from the previous sections, we obtain

m l
Plre <m|Us;=1] =0 (n—5 +y, + % > ¢! Zgﬂ') :
1 §=0

=

By Assumption 3.1, we have ¢ > 1, which implies

m l m m 2
_ : ¢t -1 1 (¢ — 1) ( ¢ ) 2m
-1 J -1 2l _

R S A = G

We thus obtain
Plre < m|Us = 1] = O (n™° +y, " + yu*"/n)

Finally, we choose y,, to minimize the bound. This yields

Plre <m|Us =1 =0 (n° +("//n) .
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B.2.5 Proof of Lemma B.5
For j € {1,2,...,m}, let X; = ZleAj U,f15(1), and for n € N, let
A Zzzl UhNh
Dn —Ln .

Note that, by Assumption 3.1, |p,, — p| < n~7 when (2, holds.
Before proceeding, we present some intermediate results required for our analysis.

Lemma B.8. Vi,j € Ns.t. j >4, let X' = {X;}i_,. Then E,[X;|X7] = (1 — c)pn) " X;.

Proof. We first observe

DU = DU,
N 3 | D Ol | Ko ST
1€AJ

1€A; 1€A; 1=0 1 =0 Dy

where the first equality follows from (B.5) and the second follows since, by Algorithm B.2,

~

A; = {(l,k) eA U =1ke {1,2,...,D1}}.
Next, let 1 € flj_l s.t. U, = 1. For each k € {1,2,...,D,}, observe

E [U(Lk)‘{]\fh,Dh, Up:1<h<n)U{Us,Dy:1 € A,s< j}}

UnN,
= E [Uppy[{Nn, D, Up: 1 < h <n}] = % = Py, (B.54)
which follows since in Algorithm B.2, (N x), Dok), Unk)) are sampled from f,, independent
of the attributes of nodes in previous generations. Combining (B.53) and (B.54) gives

E[XJ DnUp:1<h<n}U{U,D, 1€ A, s<j}}
Jj—1 j—2
1 — Oén U 1 - 04n U Ul ~
DI | S Z = 0=l )
N 1|l 1|l D,
1€A;_ 1l =0 IGA] 1 =0
j—2
~ (1 - Qn)Ulﬂ ~ ~ ~
= (1 — an)pn Z D—1|1Ul = (1 — ozn)pn Z N¢(1)U1 = (1 — Ozn)anj_l
IGA]',1 =0 IEAJ',1

Note that X? is a function of {U,, D, :1 € /Als, s < j}, so we can also write

E|X;

Then, taking conditional expectation with respect to {Ny, Dy, Uy, : 1 < h <n} U X,

Dy, Uy : 1 ghgn}U{Ul,Dl:16As,s<j}UXl} = (1 - on)pnXj1

B [X5]X7] = (1= an)pun [Xj-11X7]
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and so applying recursively gives
En[Xj|Xi] = ((1 - @n)ﬁn)j_iXiv
which completes the proof. O]
Lemma B.9. Let Z be a random variable satisfying E[Z] =0 and a« < Z < b a.s. Then
E[e*] < N0y x> 0.
Proof. See, for example, Lemma 5.1 in [124]. ]
Lemma B.10. For any j € N and any ¢; > 0, define Y; = ¢;(X; — (1 — a;,)pnX;-1)). Then

A2 ,
B oxp ()Xo < exp (61— ).
Proof. Note E,[Y;|X;_1] = 0 by Lemma B.8. Also, X; € [0, (1 — a,)X,_41] by (B.5), so
Y <l —on)(I—pn)Xjma = by, Y > —¢;(1 = an)pnXjor = aj.

Therefore, applying Lemma B.9 gives
A2 9
En[eXp<)\Yy)’X371] < exp g(cj<1 — Oén)Xjfl) ,

and using X; 1 < (1 — a,,)?~! (which again follows from (B.5)) completes the proof. O

We now turn to the proof of the lemma. First, we write

m—1
P [an SX X > 0, | + PQC]. (B.55)

J=1

m—1
gplanZXj+sza

J=1

Recall P[Q¢] = O(n~?) by Assumption 3.1, so it remains to bound the first summand. First,

1
Qn] - 5 ®

For the term inside the expectation, we have

m—1 m—1
omZXj—i—Xm>6] <P, [anzxj>§

j=1 j=1

m—1
P[anZXj—I—XmZE

J=1

1(Q) P, [anmixj + X, > 5” . (B.56)

J=1

P, B, [Xm > ; . (B.57)

For the second summand, we use Markov’s inequality to write

21 — a, )™ 2™
( a)pn<pn‘
19 g g

2E, | X
P> 5] « 2l

202



Recall that p, < p+ n~7 when 2, holds. Therefore, by assumption m = O(n"), we obtain

el 2pta)m L 2(1+ 22y .
1), [Xm>§}< (p - L 6”) —0 @M. (B.58)

We next consider the first summand in (B.57). First, we use the Chernoftf bound to write

m—1
P, [anZX >5] <m1ne *E,

7j=1

H exp (Aa, X ] : (B.59)

To analyze (B.59), we require a definition: for j =0,1,...,m — 1, let

Cj:En

an mi: Xi] = On mi: (1= aun)in)" = (1~ (L= u)pn)™7) (B.60)

i=0 1— (1 - an)pn

where we have used Lemma B.8 and since, by definition,

= Uns(t) = Uppis(9) = 1.

IEAO

From (B.60), it is straightforward to show

co— o, =E,

o, Z Xl'] . Cme1 =y, G =+ (1 — y)Pncjsa. (B.61)

Now for j € {1,...,m — 1}, we use Lemma B.10 and (B.61) to obtain

En[exp(Ae; X;)| X77]
= Enlexp(Aej (X — (1 = ap)pnX;j-1)) | X7 exp(Aej (1 — ap)pnXj-1)

< exp (%Q(Cju - an)j)2> exp(A(cj_1 — an)Xj_1).

We can then apply to the expectation in (B.59), i.e

m—1
H exp (Ao, X
j=1

=E, H exp (A, X;)E, [exp (Acleml)‘Xmﬂ]

Lj=1

Hexp (AanX;) exp (A1 Xm— 1)]

<E, H exp (Ao, X;) exp(A(cm—2 — an)Xm_Q)] exp (% (emer(1— an)m_1)2>

L j=1
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and so applying recursively eventually gives

m— /\2 m—1
H exp (Aap, X ] < exp <)\En g Z ci(1— o) ) )
j=1 7=1

where we have also used Xy =1 and (B.61). Substituting into (B.59),

m—1 m—1
€ € A2 N2
s 2 < mi W A (1 — )
P, [an El X; > 2] < minexp ( A (2 E, > + g E (c](l Q) ) ) )
]:

"~ (B.62)

m—1
Qn Xz

=1

m—1

anZXz

=1

It is straightforward to show the global minimizer of (B.62) is

o 45— B [ 0 X))
ST (e(1 = an)i)?

which is positive when E,, [a,, > i) ! X;] < £. Plugging into (B.62),

Sy L 2(5 — En [on 20" X))
P, [an ;Xj > 5] < exp (— S : (61— an) )2 ) ) (B.63)

Jj=1

We now derive bounds for the denominator and numerator in the exponential in (B.63). To
(coarsely) approximate the denominator,

m—1 00
A oy, 2j , 1
i < < E l—a,)” < E 1 —o,) = —

j=1 j=0 "

m—1
Qp, Qo
= E (1—ay) — < , B.64

j=1 Git=e (1 —pn)?  (I—p—n7) ( )

where the final inequality holds assuming §2,, and n is sufficiently large (so that p+n~" < 1).
For the numerator, first observe that, when €2, holds, we have

= < )
1 - (1 - an)pn - (p + n—'y)

mZX] o= (- i) e

and so E,[a, > 00, ' X, ;] < €/2 for n sufficiently large (as required), assuming «,, — 0 as
n — 00. Therefore, when €2, holds, «,, — 0, and n is large,

annixiDQ > (% - %)2 (B.65)

e )
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Thus, under these assumptions, (B.64) and (B.65) give

2(5 B [on 05 X)) (mpon o ay
S0 —a))? | 2an A -p )(5 1—<p+nv>)‘

To summarize, we have shown that for n sufficiently large, assuming a,, — 0 and €2,, holds,

m—1
1_ Y \222
P, OZnZXj>% Sexp(—( p2an )8)
j=1 "

X exp (2(1 —p—n"") (5 - %))
~0 <eXp (_%» (B.66)

where the equality holds because the second exponential term is O(1) for p € (0,1). Finally,
we combine (B.55), (B.56), (B.57), (B.58), and (B.66) to obtain

P [an Z X+ X, >e| =0 ('rf‘S +p" + e*((lfp)E)Q/@an)) ’

j=1

which completes the proof.
B.2.6 Simultaneous construction of graph and tree

For the proofs of Lemmas B.3 and B.4, we use Algorithm B.3, which simultaneously
constructs a graph and a tree. Algorithm B.3 uses similar notation as Algorithms B.1 and
B.2 in Appendix B.1.2. However, there are some differences, which we explain first.

e In Algorithm B.1, we chose s ~ V,, uniformly, which is the standard DCM construction.

In Algorithm B.3, we instead choose s ~ V,, \ K, uniformly. This is because in the
statement of Lemma B.3 involves ugm)(Vn\Kn), conditioned on Ug = 1 (i.e. s € V,\ K,,);
similarly, the statement of Lemma B.4 involves {7¢ < m}, conditioned on Uy = 1.

e Algorithm B.3 uses a function ® : V,, — U, where U = U2 N and N’ = {¢} by
convention. The function ® will be used to map nodes in the graph (which have labels
in the set V},) to nodes in the tree (which have labels in the set U).

e The variable 75 in Algorithm B.3 denotes the first iteration at which events that break
the coupling occur (analogous to 7¢ in Algorithm B.1). Once these events occur,
the simultaneous construction terminates, and the graph and tree constructions are
continued separately using Algorithms B.1 and B.2, respectively.

For illustrative purposes, we include an example of the simultaneous construction in
Figure B.4. The basic idea is as follows. Whenever a new node is added to the graph, (which
occurs when outstub (v/, j) is paired with an instub belonging to v € V,, s.t. g(v) = A) a new
offspring (with the same attributes as v) is added to the tree, and a map between the graph
node and tree offspring is defined. In particular, Figure B.4 has the following mapping:

O(s) = ¢, (1) =(1), @(2)=(2), @) =(12),
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Figure B.4: Simultaneous construction of graph (left) and tree (right).

O4) = (1,3), O(5)=(2,1), B6)=(2,3), (1) =(2,4).

If an edge is added between two nodes already in the graph (which occurs when outstub
(v', ) is paired with v € V,, s.t. g(v) € {B,C, D}), a new offspring with the same attributes
as v is added to the tree. This is illustrated by the following examples:

e Node 1 in the graph adds an edge to itself; (1,1) in the tree has the attributes of 1

e Node 1 in the graph adds an edge to 2; (1,4) in the tree has the attributes of 2

e Node 2 in the graph adds a multi-edge to 5; (2,2) in the tree has the attributes of 5
These offspring can be thought of as copies of nodes already in the tree: (1,1), (1,4),
and (2,2) are copies of (1), (2), and (2, 1), respectively. Furthermore, note that for 1 €
{(1,1),(1,4),(2,2)}, '(1) = 0. In other words, copies of nodes in the tree do not map to
nodes in the graph. This implies that we may have more nodes in the tree than in the graph.
For this reason, after pairing all outstubs belonging to all v" € A,,_; (which map to nodes
in the tree), we must separately add offspring to nodes 1 € Ay st ®~1(1) = 0 (which do
not map to nodes in the tree). This is done in Lines 27-29 in Algorithm B.3.

B.3 Proof of Theorem 3.1

First, we observe

E[A(K,, )] = E[|K,| + |{v € Vy, \ K,, : By(K,,¢) holds}|]
=0 (n")+ > E[U(By(Knc),U, =1)] = O (n") + nE[1(By(Ky,e), U, = 1)]

UEVn

< O (n") + nP[B,(K,,e)|Us = 1] = O (n*) +nO (n—C(e)) -0 (nmax{n,l—C(s)}) ’

where the steps hold by definition of A(K,,, ), by Assumption 3.2, since 1(B,(K,,¢),U, = 1)
are identically distributed before the degree sequence is realized, since P[U, = 1] < 1, and
by Lemma 3.1, respectively. Hence, by Markov’s inequality,

E[A(Ky, €)]

PIA Kn > |l <« ek Sl /s R max{k,1—c(e)}—¢c )
( ’€> - n - C’nc (n )
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Algorithm B.3: Simultaneous Construction

1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20

21
22
23
24
25
26
27
28
29

Choose s from V,, \ K,, uniformly, set g(s) = D, set Ay = {s}
Set gle) =1Vee S, set glv)=AVveV,\{s}

Set (Ng, Dy, Uy) = (Ny, Dy, Uy), set Ay = {¢}

Set ®(s) = ¢, set 75 = 00

for m =1 to oo do

~

Set A,, = flm =0

for v € A,,_; do

Let 1 = ®(v)

for j =1 to D, do

// find instub for pairing, check if failure has occurred
Uniformly sample instub e, denote instub node by v
if g(e) =0 org(e) =1,9(v") = D, g(v) € {C, D} then
Set 7¢ =m
Continue constructing graph as in Algorithm B.1
Continue constructing tree as in Algorithm B.2
return
// update graph, tree, and map
Pair (v/, j) with e, set g(e) =0
if g(v) = A then set A,, = A,,, U{v}, set ®(v) = (1,7)
Add offspring (1,7) to 1, set (Nq ), Dqj), Uny)) = (N, Dy, Uy), set
Ap = A U{(1, )}
// update node label in graph
if U, =0,¢9(v) = A then set g(v) = B
else if U, =1,9(v) = A, g(v') = B then set g(v) = C
else if U, =1,¢9(v) = A,g(v') € {C, D} then set g(v) = g(v')

if g(¢/) =0V € € I, then return

/ generate offspring for tree nodes not mapped to a graph node
for1e A,y s.t. (1) =0 do

for j=1to D, do

Add offspring (1,7) to 1, sample (N j), D ), Uny)) from f,, set
Am = Am U {(17])}
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B.4 Proof of Theorem 3.2

B.4.1 Analysis of subroutines of Algorithm 3.1

We begin with analyses of Approx-PageRank and Approx-Contributions. Namely,
Lemma B.11 gives accuracy and complexity guarantees for Approx-PageRank, while Lemma
B.12 and Corollary B.1 provide guarantees for Approx-Contributions. We note that these
results are essentially restatements of those found in [7, 32]; we have included the arguments
because they need to be slightly modified and to state them using our notation. These ar-
guments are also similar to those used in Appendices A.1-A.2 for our PPR algorithm and in
Chapter IV for our policy evaluation algorithm.

Lemma B.11. For any G,,, v € V,,, and €1 € (0,1), Approx-PageRank(v, £1) has complexity
O(L,/(ane1)), and the output 7, satisfies ||m, — 7, ||1 < €1, T(u) < mp(u) VY u € V.

Proof. We first claim that for each u € V,, and at each iteration of Approx-PageRank,

() = Fo(u) + D 1y (w)m,(u). (B.67)

’LUEV’VL

To prove (B.67), first note that since 7, and r, are initialized to 0,, and e,, respectively, it
holds trivially at the beginning of the algorithm. Now assume (B.67) holds before 7, and r,
are updated at some iteration. Then after the update, we will have

(7o (1) + @y (V) 1w = v")) + D (ro(w)l(w # v%) + (1 = an)ro (0 P(0*,w)) o (w)

= (T (u) + apry, (V) 1(u = v"))

+ > m)m(u) + () (1 - an) Y POt w)m,(u)

weVp\{v*} weVn
= (7o (1) + apry (V)1 (u = v")) + Z ro(W) e (w) + 7, (V) (e (u) — a1 (u = v¥))
weVp\{v*}
= y(u) + Y ro(w)me(u) = m(u),

where the final equality uses the assumption that (B.67) holds before the update, and where
the second equality holds by (1.1). Next, observe that m,(u) > 0V w,u € V,, by definition;
further, r,(w) > 0V w € V, for the duration of the algorithm. Together with (B.67), this
implies T, (u) < m,(u) ¥V u € V,,, as claimed.

To show ||, — 7|l < &1 at termination, observe

I =l = Y (mu(u) = #u(w) = D D ro(w)m(u) = Y ro(w) Y ma(u)

ueVy ueVy wev, weVn, uEVn
ro(w) €1
— E Tv(w) = E Dw S - E Dw = €1,
Dy, Ly
’LUGVn ’LUEVn ’lUGVn

where the first equality holds by 7,(u) < m,(u), the second holds by (B.67), and the fourth
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uses the fact that m,, sums to 1 (the others are immediate); the inequality holds at termination
of the algorithm via the terminating condition of the while loop.

For the complexity guarantee, let ¢* denote the iteration at which the algorithm ter-
minates, and let v; be the node chosen as v* durmg the i-th iteration. Then it is readily

Ty

verified that ||r,||; decreases by ay,r,(v;) = «, Dvl Dy, > oyt -D,, at the i-th iteration.

Hence, because ||7,][; = 1 initially and is bounded below by zero,

L
1> E Ty (v;) > anz—IZDvi = ZDvi <=
i=1 noi i=1 Anf1

On the other hand, at most D,, elements of the r, vector and one element of the 7, vectors
are updated at iteration ¢, so the complexity of the algorithm scales with >_._, D,,. Hence,
the complexity is bounded by L, /(a,e1), as claimed. O

Lemma B.12. For G,,, v € V,,, and e € (0, 1), Approx-Contributions(v, &) has complex-

ity
1
O <— Z,uu(v)Nu> ,
€2 ueV

and the output {fi,(v)}uey, satisfies |, (v) — i, (v)| < e2/ay, and f1,(v) < py(v) ¥ u € V,,
where p1,(v) is the v-th element of the vector p, given by (B.32) in Appendix B.2.2.

Proof. We begin with a claim analogous to (B.67); namely, that for each u € V,, and at each
iteration of Approx-Contributions,

pa(v) = fu(0) + Y pa(w)ry (w). (B.68)

As for (B.67), (B.68) is immediate at the start of the algorithm, and if it holds before
{ftu(v) }uev, and r, are updated, we have

N——

(71u(0) + (07 1( + 3 ) (ro(w)1(w #07) + (1= ag)ry(v*) Plw,0")

weVy,
= (fu(©) + (@)U u=v)) 4 Y pa(w)ry(w) + (o) (1= ap) Y pu(w)Plw,v*)
weVn\{v*} weVn
= (fu(©) + (@)U u=v)) 4 Y paw)ry(w) + 1y () (1a(v7) = 1u = v"))
weVp\{v*}
= (V) + Y pu(w)ry(w) = p(v),

wEVn

where the final step is because (B.68) holds before the update by assumption, and the second
equality holds by (B.32). From (B.68), the fact that p,(w) > 0V u,w € V,, by definition,
and the fact that r,(w) > 0V w € V, for the duration of the algorithm, we immediately
obtain fi,(v) < p,(v) ¥V u € V,,, as claimed.

209



For the accuracy guarantee, note that at termination, we have

fu(v) = fu(v) = Z fu(w)rp(w) < &2 Z fu(w) < €/,

wWEVn, weVp,

where the equality holds by (B.68), the first inequality is by the terminating condition of
the while loop, and the final inequality holds by definition of pu, and the fact that P is
nonnegative with row sums bounded by 1, together which imply

ZM“ —il—an) TP’l <Zl—an)—ai.
=0 =0 n

wEVn

For the complexity guarantee, first note that fi,(v) increases by r,(u) > €, at each itera-
tion for which v* = u; hence, because fi,(v) < ,(v), we can have v* = u for at most p,,(v)/es
iterations. Also, the complexity of each such iteration scales with N, (as in the argument in
the proof of Lemma B.11). Hence, the complexity is bounded by > .y ftu(v) Ny /€. O

Corollary B.1. For any G,, and €5 € (0, 1), running Approx-Contributions(k,¢es) for each
k € K, produces output fi,(k) satisfying |, (k) — i, (k)| < €2/, and i, (k) < p, (k) for each
v €V, k€ K,; also, if L,, = O(n) and 5 depends on n, the complexity is O(n/es).

Proof. The accuracy guarantee follows from Lemma B.12. Also by Lemma B.12, we can
bound the complexity as

k:GKn u€Vy uGVn

Using (B.34), it is straightforward to show

Tu(Kn)
an + (1 — )Ty (Ky)

() = <1Vuel,

where we have also used 7, (K,,) < 1. Combining the previous two equations gives complexity
L, /eq, from which the corollary follows by assumption L,, = O(n). O

B.4.2 Proof of Theorem 3.2

With Lemmas B.11 and B.12 and Corollary B.1 in place, we turn to the proof of Theorem
3.2. We begin with the complexity guarantee. For this, we will proceed through each of the
six computatlons undertaken by Algorithm 3.1 and bound the complexity of each.

First, let ot Alg 3 | denote the complexity of running Approx-Page-Rank(k,e;) Vk € K,,. By

Lemma B.11, OAlg?).l = O(|K,|L,/(aner)). Since L, = O(n) when Q,, holds, a,, = ©(

and €7 is constant, we conclude

logn)

E |C)a1|0] = O (Bl |10 10g )

Next, let C’%)gg.I denote the complexity of running Approx-Cont- ributions(k,ey) for every
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k € K,. By Corollary B.1, this has complexity O(n/ey) when L, = O(n), which occurs
when §2,, holds. Since also g3 = %, this is O(E[|K,||Q]na2g,(c/4)) in expectation
when €, holds. Furthermore, since a,, — 0 as n — oo and € € (0,1) is constant, we have

1-2(e/4) <1—a,—(¢/4) and /4 > @, (2 — o, — (¢/4)) for large enough n; for such n,
a,(1—2(g/4)) _ an(1 —a, — (g/4))
2(e/4) (e/4) + (2 — an — (¢/4))

It is also immediate that g,(¢/4) < 2% Taken together,

= gn(e/4).

gn(c/4) € <an(12;5/2§/ 4)),;‘;—1) = gu(e/4) = O(ay). (B.69)

Hence, with o, = ©(j;;), we conclude

2
E[cd),,

Qn} = O (E[| K,||Q]n(log n)?) .

Next, let O,ﬁlgl?q&l denote the complexity of constructing #L. We claim that this can be done
while running Approx-PageRank(k, £1) without increasing the order of the Approx-PageRank
complexity. This argument is based on the fact that Approx-PageRank(k,e;) essentially
completes a breadth-first-search out of k. First, we can set V,x(0) = {k} at the initial
iteration, and each time a new node is encountered, we can add it to V,,x(j + 1) if its
previously-encountered incoming neighbor belongs to V;, ;(j) for some j. (By encountering
a new node u, we mean incrementing r,(u) for the first time; note that r,(u) is incremented
only if u’s incoming neighbor w is chosen as v*, which in turn occurs only if r,(w) is nonzero,
which means w has been previously encountered.) Next, observe that 74 () is not updated
until w is first encountered, at which point we can check if u € V,, x(j) for some j < ; if it is,
7t (u) can be updated each time 7y (u) is updated. Adding nodes to V,, x(j+1) has complexity
that scales with that of updating 7, while updating #} has complexity that scales with that
of updating 7. Hence, constructing #} has complexity bounded by the Approx-PageRank
complexity. In other words, we have

3
B[c),,

Qn] = O (E[|K,||Q]nlogn).

Next, let Cgll)g&l denote the complexity of computing 7?1,(/{) VkeK,veV,\ K,. This has
complexity O(n|K,|), i.e.

4
£ [,

Qn] = O (E[|K,[|]n) . (B.70)

Next, let 01(452(]3.1 deAnote the complexity of running Approx—Page—Rank(vA,el) for any v €
Vi \ K, satisfying 7,(K,) < g.(e/4). We first observe that, by (B.85), m,(K,) < gn(c/4)
implies

- K,le 3

R < ga(e/) + 22 = 3y (o)

n
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where we have also used ¢5 as given in the statement of the theorem. Next, as in the
argument leading to (B.69), we have

3a, 6o, an(1= (/7))  an(7T—¢)

ggn(a/ll) < 56/_4 = gn(e/14) > /7 - €

Hence, by assumption € < 1, we have 2g,(¢/4) < g,(¢/14). In other words, we have shown
To(Ky) < gn(e/4) = 7,(K,) < gn(e/14). Therefore, by the argument leading to (B.81),

D ker, Tolk)Th )

a4 (1 — o)y (K)

A

To(Kn) < gn(e/4) = -

ﬁ .

Ty — <aneg + (B.71)

1

Note that the right side of (B.71) is the event B,(K,,c/14) defined in (3.2). Hence, the
number of v € V,, \ K,, for which Approx-PageRank(v,&;) is run in Algorithm 3.1 satisfies

E H{U eV, \ K, : 1 (%U(Kn) < gn(5/4)>}HQn}
<E[[{v eV, \ K, : By(Kn e/14) holds}||Q2] .

On the other hand, by the argument in the analysis of C’Sl)gg'l, the complexity of running
Approx- PageRank(v, 1) is O(nlogn) when €2,, holds. Combining arguments, we obtain

5
E [01(41?(13.1

Qn] =0 (E[{v e Vi \ K, : B,(K,,e/14) holds}||Q,] nlogn) . (B.72)

Finally, let CI(LS)QSJ denote the complexity of computing 7, for all v € V,, \ K, s.t. %U(Kn) >
gn(g/4). Here we multiply two matrices: the first has dimension O(n) x |K,| and contains

{%v(/c) v €V \ K, st 7o(Ky) = gule/4), k € Kn} ,

and the second has dimension |K,| x n and contains rows {#L}rcx,. We may bound the
complexity of this multiplication as n times the number of nonzero elements of the latter
matrix. Towards this end, recall that 7% (u) is nonzero only if u € V}, (1) and 7 (u) is nonzero,
so the number of nonzero elements of 4! is bounded by |V,, x(1)|, which we can bound as

.

— 1-¢
~ & [1V0a 03 D1 < Do 2,] 40 (). (B.73)

E[|Vae(D)]Q2) <E {]Vn,k(l)\’max D, < DmaX,in +nP {max Dy > Dpax
kEKn kEKn

where the equality holds by the assumption in the statement of the theorem. To further
bound the remaining expectation, we use an argument from Appendix B.2.4 (we describe
this briefly and refer the reader to Appendix B.2.4 for further details). The argument is
as follows. After k € K, is first encountered during the graph construction and V4 (1) is
being constructed, we can simultaneously construct a tree of [ generations, adding a new
node to this tree each time an instub is sampled for pairing with an outstub belonging to
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some u € V,, ;(1). By construction, |V, x({)| will be upper bounded by the number of nodes
in this tree. Also, the number of nodes in this tree will have the same distribution as a tree
constructed via Algorithm B.2 in Appendix B.1, which, with slight modification of (B.48)
in Appendix B.1, satisfies D ax 23:1 ¢7 (here ¢, is defined at the start of Appendix B.2.4).

To summarize, we have argued E,, [|V,, x(1)|] < Dmax 22:1 ¢J, which further implies
E {|Vn7k(l)|‘max Dy, < Dyax, Qn]
keKn,

— ! { (maX Dy, < Dinax; ) E, [\Vn,k(l)”}

]P)[manGK Dk < DmaX7
l
<max Dk < Dmax; n) DmaxZC%]
j=1

< 1
o P[manEKn Dk S DmaX7
l
= DmaXZE |:C7JL ]Iglé%(if Dk < Dmax; Qn:| =0 (Cl) =0 (nl/p) , <B74)

j=1

where the penultimate equality uses Dp.x = O(1), the argument of (B.52) in Appendix
B.2.4, and ¢ > 1; the final equality uses (B.88) from Appendix B.5. Hence, by (B.73) and
(B.74),

E [Var(DlI2] = O (/7 40t~} = O (est/mi=07).

Recalling that |V, x(1)| bounds the number of nonzeros of 7, that 05161)93.1 is bounded by n
times the number of nonzeros of {#!}rcx,, we obtain

6
E [C,(Aui;&l

Qn:| =0 (E[|Kn||Qn]n1+max{1/p,l—6'}> .

Finally, since E[|K,|] = O(n") by Assumption 3.2 and P[Q¢] = O(n~?%) by Assumption 3.1,

E[| K, [|0] = E[ﬁ;ﬁ"” < g{gj — oW, (B.75)

and so we ultimately obtain

6
E[c0,,

0,] = O (nrsmmttion=1). (B.76)

6 .
Now because Cyjg31 = >, C,(;z)g?,.u we have

5
E [C143.1]€2,] = max {ZE [Cgl)g?).l
i—1

0. E[ct,

Qn] } (B.77)
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Using the bounds derived above for {E[ Alg3 U3, we have

ZE[ Alg3.1

} ((E [{v € Vo \ Ky, : By(Ky,£/14) holds}|$2,] (B.78)

+ E[|K, ][9] )n(log n)’)
= O (E[A(K,,/14)|Q]n(log n)*) = O (E[A(K,,£/14)]n(logn)?)

where the final line holds as in (B.75). (B.76), (B.77), and (B.78) complete the proof.

We now turn to the accuracy guarantee. For this, first note that 7, is computed via
Approx- PageRank(v,e;) whenever v € K, or v € V,, \ K,,, frv(Kn) < gn(e1). In both cases,
Lemma B.11 ensures |7, —m,||1 < €1 = ¢/4 < e. Thus, it only remains to show |7, —m, || < €
when v € V,, \ K,, and %U(Kn) > gn(€1), in which case we instead compute 7, as

2 I
k
Ty = Qpe, + - B.79
oy + (1 - an)ﬁ'v(Kn) ( )
We first note that by (B.34) and the definition of 7,, we have
K. (1, (K .
Fo () = —CntlBn) o oaolBn) ke (B.80)

T— (L= anpo(Kn) — 1= (1 — an)its(Ky)

where the inequality holds because the left side is increasing in p,(K,) and since p,(K,) >

fi,(K,) by Lemma B.12. Thus, %U(Kn) > gn(e1) implies 7,(K,) > gn(e1) as well; further-
more, some simple algebra, along with (B.30) in Appendix B.2.2, shows

i > ker, To(k)m <
v Kn > n v n . = = T4 bl
To(Kn) > gn(er) & |7 (ae”+an+(1—an)7~%(Kn) 1_81 4 (B
where the equality holds by the statement of the theorem. Then
Zk ﬁ'v(k‘)ﬂ'k
. < _ T cKn
||7TU 7T’U||1 >~ 7T'U (anev + O{n _I_ (1 _ an>ﬁU(Kn)> 1
ZkGKn ,ﬁ-v(k) ~1
o awm gy ™)
> rer, Tk ~ &
. (k) = 7 (h) )
+ (1 — an) o (Ky) <7T =) 1
. 1 !
+ 71-v(k;>ﬁ— ( B )
keZK "\a, + (1= o)o(Kn)  an, + (1 — ) (Kn) 1
€ 7o (Kn) — 7£Tv(K")
€ B B.82
el R o
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(1= Q) (F) () = 7o)
(an 4 (1 — )7 (K)) (i + (1 — )T (K))

where the first inequality is the triangle inequality, and the second uses (B.81) for the first
term and the triangle inequality for the other terms (in bounding the final two terms, we
have also used the fact that for each k € K,, ||7L]l; < 1 and 7,(k) > 7,(k)). We next derive
bounds on the final three terms in (B.82). For the second term, we observe

max [|my — #y[], < max [l — Al + max |7 = A], (B.83)

<e+ max (Vo \ Var(l) < e+,

where the first inequality is the triangle inequality, the second uses Lemma B.11 and the fact
that 7 (v) = 7t (v) for v € V,,x(1) and 7x(v) < m(v), 7L(v) = 0 for other v, and the third
follows by the argument leading to (B.87) in Appendix B.5. For the fourth term in (B.82),
first note that by a, > 0 and 7,(K,)) < 1,

(1 B an)%v(f(n)
(an + (1 — an) T (K))

and so the final two terms in (B.82) can be bounded as

o (Kn) — o (Ky) (1 = an) o (K) (7o (Kn) — To(Kn))
an + (1= )T (Kn)  (a + (1 — )70 (K)) (anm + (1 — )7 (K))
2(ﬁv(Kn) - 7:Tv(lfn)) < Q(ﬁv(Kn) - 72Tv([(n))
an + (1= a7 (Ky) — gn(e/4) ’

<

(B.84)

where for the second inequality, we have used «,, + (1 — )7, (K,) > 7, (K,) > gn(e/4) by
assumption. Furthermore, we note

- 2 o anuv(Kn) anﬂv(Kn)
WU(KH) a ﬂ-v(Kn) B 1 - (1 - an),uv(Kn) a 1 - (1 - O‘n)/lv(Kn)
an(ﬂv(Kn) - /lv(Kn)) ’Kn|52

T 00— e B — (= ainB) = a2+ (B

where we used (B.80), Lemma B.12, and the fact that, by (B.34),

o (Ky)
oK) = an + (1 — )7 (K)

<1,
and a similar argument implies fi,(K,) < 1. Combining (B.82), (B.83), (B.84), and (B.85),
we have shown that when v €¢ K,,, 7,(K,) > gn(€1), i.e. when 7, is computed via (B.79),

2’Kn‘€2

9
U_AU <_ g o /AN 8’
I =l < G et T+ g e
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where the final inequality holds by our assumptions on €1, €5, 7. This completes the proof.
B.4.3 Precomputation variant of Algorithm 3.1

We begin by analyzing the precomputation variant’s accuracy. For this, we first note
that the estimate of m,,v ¢ K, is computed in the same manner as in Algorithm 3.1, so the
accuracy guarantee of Theorem 3.2 holds for such v. However, for k € K,,, the precomputa-
tion variant instead returns 7%, so the accuracy guarantee does not apply. Nevertheless, by
(B.83),

H?Tk — foﬂHl <e +7<¢€/2

where the second inequality holds by the assumptions in Theorem 3.2. Hence, all estimates
returned by the variant satisfy the accuracy guarantee claimed in the main text. We next
consider the space complexity for storing {#!}rex, and {fix(k)}uev, rex, from the offline
stage. Trivially, nnz(#t) < n and nnz({jix(k)}uev,) < nV k € K,,, where nnz(x) denote the
number of nonzero elements of the vector . Hence, the overall storage is at most 2n|K,|,
which is O(n'*") in expectation. Finally, we consider the complexity of running the online
stage for v* ~ V,, uniformly. If v* € K, no computation is required, so this complexity
is negligible. If v* € V,, \ K,, this complexity is simply 1/|V,, \ K,| times the complexity
of running Lines 6-8 V v € V,, \ K, in Algorithm 3.1. By the analysis in Appendix B.4.2
(specifically, by (B.70), (B.72), and (B.76)), this latter quantity is

6

SO B[O [00] = OE[IK9)0)

i=4
+O(E[{veV,\ K, : B,(Kp,e/14) holds}||Q2,] nlogn)
+0 (n1+/-c+max{l/p,175’}>

=0 (max {A(Kn, 5/14)n log n, n1+n+max{1/p,1_5/}}) .
Hence, with |V, \ K| = O(n) in expectation, the complexity the online stage for v* ~ V;, is

B.5 Proof of Proposition 3.1
First, note that V. n € N, VI € N, and V I’ <[, we have (a.s.)

Te(Vis () = an > (L= (eI PL,) =0, Y (1—0p) > 1—(1— o), (B.86)

J=0 J=0

where the first inequality follows from (1.1) and by definition of V,, 5({), and the first equality
holds since P? is row stochastic (the remaining steps are simple manipulations). Therefore,
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plog(1/7)log ¢

when «,, = logn

, we can define ¢ = plog ¢ and use (B.86) to write

1 log(n)/c
lim inf 7, (vn,s ([M]» >1— lim (1 + L(T)) —1-71as.,

n—00 Qn n—>00 log(n) /C

which is the desired bound. If instead «,, = « is a constant, we have more simply

og(1/7)
lim inf 7 <Vn,s <[MW>> >1—-(1- a)loé(lg/gl—a» =1—-7a.s.. (B.87)

N—00 log(1/(1—-a))

Next, to bound the size of V}, (1), we use the analysis of Appendix B.2.4. First, for [ € N,
the argument preceding (B.50) in Appendix B.2.4 implies |V}, s(1)] < Z] _o Z;, where Z; is
defined in (B.46). Furthermore, by (B.52) in Appendix B.2.4, we have for j € N

Qn} =0 (d™),

while Zy = 1 by definition. Combining gives for [ € N,

E[Vas(DI€2] <1+Z<J>=

plog(1/7)log¢
logn

E(|Vas ([2222])]00] = O (¢Rst/m/er) =0 (¢osct™™) =0 (wihe) . (B.8S)

Similarly, if a,, = « is a constant,

e [|Vh. ([t )|
B.6 Proof of Proposition 3.3

Assume n > v, so that m,, P, are defined as in Section 3.2.2. For such n, we claim that
for any realization of G,, and any ¢ € N,

E |2

Therefore, when «,, = , we have

Q] = O (et e /0oy = o),

i—1
Pi=aylue; Y (1= )P+ (1—a,) P (B.89)

j=0

We prove (B.89) inductively: it holds by definition for ¢ = 1, and if it holds for general i,

Pt =P, (anl el Z n) P74 (1 — an)iPi>
i—1

= an(Poly)e) Y (1= a) P/ + (anleey + (1 — a)P) (1 — o) P!

J=0
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= anlney (1= )P+ (1= a,) ' P,
j=0

where the first equality holds by the inductive hypothesis, the second uses the definition of

P,, and the third uses row stochasticity of P,. We next write

-1
T, = TyP™ = ane) Y (1 — o) P+ (1 — a,)™m, P™ (B.90)

3

.

= 1, P+ anel > (1 —a,)’ P+ ((1 — a,)™ — 1)1, P™,

—= O

3

<.
o

where the equalities follow by global balance (7, = 7,P,), (B.89) and the fact m, sums to 1,
and adding/subtracting m, P™, respectively. Next, we have for any w € V,,,

[ —mll < 7 — e P[]} + lewP™ — m P™ ||y + (|7 P™ — ol
= [|m — eme||1 + llewP™ — 7TvaHl +2(1 = (1 —ay)™), (B.91)

where the inequality is the triangle inequality, and the equality follows by (B.90) and the
fact that P is row stochastic. Again using the triangle inequality, as well as the fact that ,
sums to 1 and convexity of || - [|;, we can write

”6me —7Tva||1 S ||€me _7T||1 +

Z mo(w') (eg, P™ — )

w' eV, 1
< |lew P™ — 7T||1 + Z 7Tv<w,) HeL,Pm - 7TH1
w'eVi,
= |le,P™ — 7|, + max |ew P™ — 7TH1 < 23125;(1 e, P™ — 7rH1 .(B.92)
We may then combine (B.91) and (B.92) to obtain
T — l1 < 31%8\% lewP™ — 7|, +2(1 — (1 — ay)™). (B.93)

Furthermore, by Bernoulli’s inequality, m = ©(logn), and «a,, = o(1/ log,,),

1>1-a,)" >1—a,m —> 1.

n—oo
Thus, letting n — oo in (B.93), |7, — 7|1 — 0 by assumption on maxy.ecy, ||€,P™ — 7||1.
B.7 Experimental details
B.7.1 Dataset details

The following table shows details of the datasets used for experiments in Section 3.6.
All datasets are available from the Stanford Network Analysis Platform [43]. The «, values
shown are used for all experiments conducted on the corresponding graph. We note that,
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while these are smaller than «,, values typically used, they are the same order of magnitude
(v, = 0.15 is a common choice in the literature). Finally, we note that the datasets with
prefix web- are partial web crawls; those with prefix soc- are social networks.

Dataset n L, a, =1/logn
soc-LiveJournall | 4847571 | 68993773 0.065
soc-pokec 1632803 | 30622564 0.070
web-Google 875713 5105039 0.073
web-BerkStan 685230 7600595 0.074
web-Stanford 281903 2312497 0.080

B.7.2 Scheme to bound estimation error

To bound ||, — (ame] + > ek, Bo(k)7r)|l1, where 3,(k) are defined in (3.6), we employ

. . . 0 . i—1 .
a power iteration scheme: we initialize 2 = el, and given 28 for i > 1, we set

2 = apel + (1 — a,)zi-VP,
where P is defined in (3.4). We claim
2 = a,pl=Y 4+ (1 — a,)’e] P, (B.94)

where pi ™Y = €T Z;;B(l — )7 P7 (as in Appendix B.1-B.2). (B.94) is easily proven induc-
tively: the base of induction holds by definition; assuming true for ¢ — 1, we have

¥ = anel + (1 — o) (anpfj—” +(1-— ozn)i_lezpi_l) P
i—1

= ame, + ay Z(l — ) PP+ (1 —ap)e] PP = ol + (1 — ay,)'e] P

J=1

as claimed. Now by Lemma B.2 in Appendix B.1, for any ¢ € N we obtain the following
bound:

Ty — (aneI + Z Bv(k)ﬂk)

keKn

< O-/n:uq(;i_l)(vn \ Kn) + (1 - an)iezpievn\m — Qn (B'95)

1

=20V, \ K,)) — a. (B.96)

From this bound, we can prove two other claims from Section 3.5. First, we note

i—1
:Ez(zi)(vn \ K,) = O‘ne;lz— Z(l - an)jpj +(1— O‘n)ie;}l—pieVn\Kn <=1

J=0

where the inequality follows since P is nonnegative with row sums bounded by 1. Hence,
from (B.96), the estimation error is bounded by (1 — «a,) (as claimed in Section 3.5). Next,

suppose v € Vo, with V,, o given by (3.12). Then ellsjevn\;(n =0, so xg)(Vn \ K,) = ap,
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and the estimation error is zero (as claimed in Section 3.6). We can also bound the gap in
the inequality (B.95): use (B.35) in Appendix B.2.2 and (B.95) to write

Ty — (anez + Z ﬁv(k)ﬂk>

keK,

- (xg;i)(vn \ Kn) - an)

1

= (aneI Z(l — ) Pley\x, — an> - (a:ff)(Vn \ K,) — o)

=0

= anpl "V (Vo \ K) + e T}: (1= an) Plev,, — ) (Vi \ Ka)

j =1

= ane] Z(l — an)ipievn\Kn —(1- an)ie;rpievn\;{n > —(1—ay),

j=i

where the inequality holds by dropping a nonnegative term and since eTP‘eVn\ x, < 1. Hence,
if we let i* > log(;_,,,(tol) for some desired tolerance tol, the bound 2l (V \ K,) —a, is
tight within additive error tol. (For all experiments, we set tol = 0.05.)

To bound average error across V,, \ K,,, we instead use

T T
o vk, (i) CV\K,,

B (i-1) 7
IVH\K" |Vn \ Kn|7 IV”\K" |V \ K | + <1 an)xvn\KnP'
Note 1333\ K, = WIKM Zvevn\ X, 2 when i = 0 by definition; assuming true for general i —1,
(4) ‘T/ \K,
2y =ap—— + (1 — ) !
A TAY v g
1 ( T i—1)
= —— anel + (1 — )zl )P> !
YIRS paxs Z\

ie. :C&)L\Kn = m Zvevn\Kn 2 i € N. Tt follows from above that

1 T
m Z Ty — <0znev + Z Bv(k:)wk>

M oveV\Kn, keKn,

<o) (Va\ Ky) —a

1

which is the average error bound we compute for Figures 3.2a, 3.2b, and 3.3. The argument
above also implies this bound is tight within tol when i* > log(;_, (tol).

B.7.3 Details on Figure 3.1 experiment

In addition to the histograms of [; error shown in Figure 3.1a, we include a more de-
tailed set of plots for the same experiment. Speciﬁcally, we estimate the error |a,el(w) +

> ek, Bo(k)mp(w)| as P (w) — apl(w = v) (where 2 is defined in Appendix B.7.2), for
each w € V,, \ K,,, and for each v in a subset of V;, \ K,, of size ~ 10%. (These v were chosen
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Figure B.5: Detailed error analyses.

uniformly from nodes with average error € (0.08,0.25), which corresponds to the regime of
linear decay in Figure 3.1.) We also estimate the relative error, i.e. the ratio of this absolute
error to an estimate of m,(w), for the same set of (v,w). The estimate of m, is computed
using the same power iteration scheme in Appendix B.7.2, but replacing P with P. Note
this gives a lower bound on the true value of m,(w), thereby upper bounding relative error.
Unfortunately, we cannot compute this relative error estimate when the estimate of m,(w)
is zero; this occurred for only 10% of (v, w) pairs considered. Finally, for both absolute and
relative error, we compute the number of error values lying in log-spaced bins and divide
these values by n to estimate the frequency of each error value. (We add values lying beyond
the first and last bin edges to the first and last bins, respectively.)

Results are shown for the soc-Pokec dataset at left in Figure B.5. (We note the spikes
at left occur due to values lying beyond the first bin edge.) As an illustration for absolute
error, the frequency of values above 1072 was ~ 1075, i.e. the vast majority of nodes had
estimated absolute error below 1073, To illustrate the relative error, the frequency of values
above 0.2 was =~ 0.09, i.e. over 90% of nodes had estimated relative error below 0.2. The
results for web-Google are shown at right in Figure B.5. For absolute error, the frequency
above 1072 was again ~ 107%; for relative error, over 90% of nodes had error below 0.2.

B.7.4 Geometric interpretation of Theorem 3.1

In Figure B.6, we show a graphical representation of Theorem 3.1 similar to Figure 3.6
in Section 3.7.5 but using actual PPR vectors. For these plots, GG,, is a DCM with in-degrees
following a power law with exponent 2 and out-degrees generated as in Algorithm 3.4 from
Section 3.7.3. The dots are projections of the n-dimensional vectors {m,},cv,\k, into 2D
space; specifically, the v-th dot is at (m,(vy), m,(v2)), where vy is the node of highest in-degree
and v, is the node of second-highest in-degree. Red and green, respectively, correspond to
those v for which B,(K,,¢) holds and fails, respectively, with K, chosen as the y/n nodes
of highest in-degree and ¢ = 0.2. Finally, the region outlined in blue is the convex hull of
{(mg(v1), 7k (v2)) brek,. Note that, as n grows, a larger fraction of dots fall near or within
the blue outlined region, and the area of this region decreases as n grows, as in Figure 3.6.
However, the dichotomy of green dots lying inside the region and red dots lying outside
the region is much less clear than in Figure 3.6. This is in part because the projection
Ty +— (my(v1), my(v2)) is not [y distance-preserving. Instead, green and red dots exhibit a
different distinction in Figure B.6: roughly speaking, red dots lie closer to the bottom left of
each plot, while green dots lie closer to the top right. This is because v, vy € K,, by definition
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Figure B.6: An analogue Figure 3.6 in Section 3.7.5, but here using actual PPR vectors.

of v1,v9 and choice of K,,; hence, dots near the top right are “close” in the graph to at least
two elements of K,,, which (at a high level) means their PPR vectors are well-approximated
as linear combinations of {my }rek,, -

B.8 Algorithmic comparisons

B.8.1 Nonnegative matrix factorization

As discussed in Section 3.5.2, our algorithm can be viewed as a variant of nonnegative
matrix factorization (NMF). To explain this, we assume for simplicity that nodes are labeled
such that K, = {1,...,|K,|} and B,(K,,c/14) holds ¥V v € {|K,| + 1,...,A(K,,c/14)}.
Thus, for v < A(K,,ec/14), the estimate 7, is computed via Approx-PageRank, while for
v > A(K,,e/14), 7, is computed as

ZkeKn %v(k‘)ﬁk
a, + (1— an)frv(Kn)'

- T
Ty = Qp€, +

Thus, Algorithm 3.1 outputs o, [ + W H, where W € R™*AEne/14) 1 ¢ RAERe/1)xn gatisfy

7};’1 o 7y ([Kn]) 0 -+ 0 )
[ (ar)ﬁ(l—oi)ﬁu‘)(f(n) }7 v > A(Ky,e/14)
T

v

W(v,:) =

{eT v < A(K,,e/14)

H(v,:) =7, — aye
In short, our algorithm computes matrices W and H such that
I, — anl) = WH|loo <,

which is the NMF-like objective function discussed in Section 3.5.2.

As mentioned in Section 3.5.2, our algorithm offers several advantages over typical NMF
algorithms. First, it is provably accurate (for general graphs) and provably efficient (for
the DCM). Second, it is adaptive in terms of the dimensions of W and H: while standard
NMF algorithms assume W € R™" H € R™" q priori for some r (typically r < n to
obtain a low rank estimate), our algorithm determines at runtime which m,,v ¢ K, can-
not be approximated as linear combinations of {7 }rex, and adjusts r to account for this
(ultimately yielding r = A(K,,e/14) as above). Additionally, off-the-shelf NMF algorithms
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are difficult to adapt to our setting for several reasons. First, our objective function uses
the non-differentiable norm || - ||, so we cannot compute the gradients needed for standard
NMEF. Second, even if our objective was differentiable, it involves the unknown matrix II,,,
again rendering gradient calculations impossible (typically, NMF aims to find W, H so as to
minimize || X — W H]|| for some known matrix X).

To overcome these issues, one could instead use the objective function

_ L | _ _ _ 2
TV, H) = min Yl ~ WH(I = (1= a,) P)[-
Here we have used the differentiable norm || - || and removed the unknown matrix II,, from
the objective. The form of this new objective function is motivated by (1.2), which shows
I, = a,(I — (1 — a,)P)""; hence, J(W,H) = 0 when WH = II,. With this objective
function, the multiplicative update rule for NMF from [70] can be applied, which is

W+ WV, /Vi, H<+ HV/Vy, (B.97)

where the multiplication and division is elementwise, and where Vy;, and Vi, are the negative
and positive parts of the gradient of J with respect to W (V;, V}; are defined analogously).
However, we claim that this method will perform worse than our algorithm. To see why, we
define Y = (I — (1 — a,) P) and note

Vi =—-a,Y H + WHYYTH',
Ve =—-a,WYT +WWHYYT.

Here multiplying W' by WHYYT to compute Vg at the first iteration has complexity
O(n?r), assuming W € R™" and H € R"™*".2 In short, the first iteration of this NMF scheme
has higher complexity than our algorithm. We also note [127] provides similar algorithms
but tailored to stochastic matrices (such as II,,); however, these still involve computation of
Vw, Vg and a multiplicative update, so the same issue remains.

B.8.2 Representation learning

In Section 3.5.2, we noted a connection between our algorithm and the representation
learning scheme from [73]. At a high level, the latter proceeds in two stages. The first stage
learns certain parameters for the second stage via stochastic gradient descent; the second
stage (Algorithm 1 in [73]) is described informally as Algorithm B.4 here. Roughly, this
second stage begins by representing each node with a given feature vector, then updates this
representation based on features of neighbors (after one iteration), neighbors of neighbors
(after two iterations), etc. There are some issues with applying Algorithm B.4 to our setting.
First, it relies on given feature vectors, derived from e.g. text data pertaining to each node;
our algorithm assumes only the graph structure is known. Second, it applies to undirected
graphs; we have assumed a directed graph throughout the chapter. However, setting these

2This claimed complexity assumes W, H are initialized as dense matrices. We assumed this because, if instead
they are initialized as sparse matrices, the resulting estimate W H could be far from II,,. This latter claim
follows from the update rule (B.97): entries of W, H initialized to zero will remain zero; hence, if W (i, :) or
H(:,7) contain mostly zeros but II,, (7, j) is large, the estimate W (i,:)H(:, ) could be far from II,, (7, j).
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issues aside, we next discuss two more subtle issues with adapting this algorithm to PPR.
We first consider the most immediate adaptation of Algorithm B.4 to our setting, which
we present as Algorithm B.5. Here we let feature vectors simply be point masses on each
node (Line 1), we let the aggregate function be a simple average (Line 4), and we update
h* as a weighted average of this aggregated vector and e! (Line 5). In essence, we have
chosen the learned parameters for Algorithm B.4, rather than learning them. This choices
guarantee
hy i
=, Y (1= a,) PP — I, (B.98)

.i o i—00
hy, i=

where h! is the representation of v after i iterations of Algorithm B.5, the equality holds by
Proposition B.1 below, and the limit holds by (1.2). Hence, with these chosen parameters,
running Algorithm B.4 is effectively the same as computing the power iteration in (B.98).
However, as discussed in Section 3.5.1, Approx-PageRank and Approx-Contributions are
refined versions of this power iteration (with stronger complexity and accuracy guarantees),
and these methods have complexity O(n?logn). Hence, we strongly suspect that this imme-
diate adaptation of Algorithm B.4 will have worse performance than our algorithm (which
has complexity O(n°),¢ < 2). Of course, the preceding paragraph only considers one choice
of parameters for Algorithm B.4. We could also consider learning these parameters. How-
ever, [73] states that running Algorithm B.4 with learned parameters causes prohibitively
long runtime when I > 2 (where [ is the number of iterations for the algorithm). Hence,
for feasible choices of I, each node’s ultimate representation only depends on its two-step
neighborhood. We believe this would lead to very poor accuracy in our setting. This is
because, as described in Section 3.4.2, the set of nodes with large PPR grows with n when
a, x 1/logn. Hence, approximating a node’s PPR vector while only accounting for its
two-step neighborhood will give exceedingly poor accuracy as n grows.

Algorithm B.4: Stage 2 from [73]

hg — x, Vv eV, where z, is a given feature vector
for:=1to I do
for v €V, do
hf\f(v) < AGGREGATE, ({h*~! : u € N'(v)}), where N'(v) are v’s neighbors and
AGGREGATE,, is a para- meterized function with parameters learned in Stage 1
5 h¥ < o (W, CONCAT(h*~1, h}“\/(v))), where o is a nonlinearity, W, is a matrix
learned in Stage 1, and CONCAT(z,y) concatenates vectors x and y

U VD

Proposition B.1. For any v € V,, and any iteration ¢ in Algorithm B.5,
hl = ane] Z(l —ay ) PY.
=0

Proof. We use induction. For i = 0, the proposition is immediate by Line 1 of Algorithm
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Algorithm B.5: Adapting Algorithm B.4 to PPR
1 W «—elVoeV,
2 fori=1to I do
3 for v €V, do

S| f—
4 hﬁf(v) = D_% ZueNout(v) h;: !
5 hy < ane, + (1= an)hyq,

B.5. Assuming true for ¢ — 1, we have

. 1 - a, .
B = el + DO‘) Yo ow

u
v

UGNout('U)
(1 o ) i—1
_ T v T _ Jpi
= aue, + D. Z (aneu Z(l ay,)’ P )
UGNout('U) ]:0

1 o
_ T T _
= ane, + an(l —ay) D. Z €u Z(l ) P?

= ane; +ane) Z(l — 0, PI = el Z(l — )’ P,

j=1 7=0

where the first equality holds by Lines 4 and 5 of Algorithm B.5, the second uses the inductive
hypothesis, and the fourth holds since P is the row-normalized adjacency matrix. O]
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APPENDIX C

Proofs for Chapter IV

C.1 Proof of Theorem 4.1
First note that, as stated in the proof sketch,

P([|or. = vlloo = 26) <P(|J[v = vl = ). (C.1)

We next derive a pointwise bound for || — v||«. First, fix " € N and observe

T-1

7= vllo < (1= ) D~ l(@ = Q)ellow < (1 =) Y~ '@ = @)l +2]cllca”, (C.2)
t=1 t=1

where the first inequality is convexity and the second holds since by row stochasticity,

(1—=a) Y '@ = Qe < (1 =) Y a'([Q el + [Qlloc) < 2[lcca”  (C.3)
t=T t=T

Now for large enough 7', the bound in (C.3) falls below €/2; in particular,
T > log(4llcllse/2)/(1 = a) = 2lle|sa’ < 2|lcfloe™ T < /2 (C4)

Furthermore, for the ¢-th summand in (C.2), we can use the triangle inequality to write

1@ = Q)elloo < Q@ = Q" Nelloo + 1@ — Q)Q" ¢ . (C.5)

For the first summand in (C.5), we have by convexity and row stochasticity,

S
1R@Q"" — @ Vel <max > Qs, )@ (5,) — QN Nel < @ — Q" el
seS v
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We can then combine the previous two inequalities and iterate to obtain

1@ = Qelle < D I@ = Q)R elloe < tmax (@ — Q™ lle.
t=1

Since this holds uniformly in ¢, we obtain

T-1
— — a
(1 =) D@ ~ Q)ell < max]|(@ ~ Q@7 el g (C6)
t=1
To summarize, for 7" as in (C.4) we have shown
= < e T—1 « E
17— o[l < ?é?ﬁ (@ -Q)Q CHool — + 9
and so, by the union bound,
3 e(1- )
P(|[T — |0 > ol > ) .
7l 2 ) < 3P (1@ - Q)0 el 2 ) 1)

Now consider the t-th summand in (C.7). Since @ and Q have the same distribution,

P(1@- @@ > T ) = p (10 - Q@ el > ) (o)

To bound the right side of (C.8), we first define d;_; = Q' 'c and observe that for any s € S,

S S n
Qtl Z SS dtl ):Z<%21(Ys,i:81)>dt1 Zdtl sz

-1 s'=1 i=1
Moreover, for any s € S,i € [n] we have

S

Q(s,)Q e =Y " Q(s,8)di1(s) = Y _P(Yey = s)dy1(s) = Edyp_1 (Yay).

s'=1 s'=1

Combining the previous two equations, and again the union bound, we obtain

P (1G- Q@ el = ) (©9)

Z (die1(Ye) = Edy—y(Yey))| >
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Now fix s € S. Since {Y;,;}", are independent, {d;_1(Ys;)}?, are independent as well.
Moreover, d;_1(Y;,;) takes values in [0, ||c||o]. Thus, by the Chernoff bound (C.24),

P ( LS a0 B ()| = %ﬂ) (C.10)

i=1

_p i (dt—l(Ys,z‘) _ Edt—l(YS,z‘)) S ne(l — a)
i=1 ||C||OO HCHoo o 2||C||OOOA
ne?(1 — a)? )
<2 < —
> eXp( 2||c”§oa2 ) = ST7

where the final inequality holds assuming we choose T' as small as possible in (C.4) and by
the assumption on n. Combining (C.1), (C.7), (C.8), (C.9), and (C.10) implies the theorem.

Remark C.1. This proof assumes the cost vector c¢ is deterministic; in the setting of The-
orem 4.2, the cost vector C'is random. In the latter case, we can replace P(-) by P(-|C) but
otherwise follow the same proof to obtain P(||0x, — vl > 26|C) < § a.s. and then average
over C' to obtain the same result, assuming the lower bound on n holds almost surely.

C.2 Proof of Theorem 4.3
Define Q,v as in (4.12). We also define the events

Ey = U {|0Bp(s) — v(s)| > €rev(s) + €ans}

87’6 Ea S
By, = {|y(8) —o(s)| = (s + 7 } By =US B,

A~ Ere ga S
By = {[0mn(s) = v(s)| = Fro(s) + 5%}, By = U By

As discussed in the proof sketch, we let G = o({0x, 7%, Uk, Qs sk+1}],§*:0) denote o-algebra
generated by the random variables in the Algorithm 4.2 subroutine of Algorithm 4.3. Note
in particular that () is G-measurable, and thus v is G-measurable; consequently, E,, € G.
Using these definitions, we state two key lemmas.

Lemma C.1. For ng as in the theorem statement, P(E5) < /2.

Lemma C.2. For np as in the theorem statement, and V s € S, P(Es,|G)1(ES,) <
5/(25) a.s.

Before proving the lemmas, we show that they imply the theorem. Towards this end,
first note By C E, U E3 by the triangle inequality, so £; N ES C Es N EY. Consequently,

P(E,) = P(Ey N Ey) + P(E, N ES) < P(E,) + P(E3 N ES).

Furthermore, by the union bound and monotonicity, we have

S S
Engcgz (Bs, NES) < Z (B35 N ES,).
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Now fix s € §. Then since Egs € G, we can write
P(Es N ES,) = E[P(Es,4|G)1(E5,)].

Combining the previous three inequalities with the two lemmas, we obtain

B(EY) < B(Ey)+ Y E[P(E,.[G)1(ES,)] < 6.

s=1
and by definition of E;, the theorem follows. We next return to prove the lemmas.

C.2.1 Proof of Lemma C.1

First, we define the constants

T log(2||c|loo/Eabs) \ = log(1 "':57'3[/2)
1—« ’ T '

Next, we prove the following implication that was mentioned in the proof sketch:

Q(s,8") — Q(s, )| < AQ(s,8) ¥ 5,8 €S = |u(s) —v(s)| < 8;61 (s)+ 5;”8 Vseds. (C.11)

Assume the left side of (C.11) holds and fix s € S. Then clearly

(1-a) Za Je<(l-a) Zatllc!\m—aTuch < e (=T||g||, < 5{58
t=T

00 T—
=(1-a)) a'Q (s, )e< (1 —a Z 8‘;’3. (C.12)
t=0 t=0

We next upper bound the term Q'(s, -)c in the ¢-th summand of (C.12). For ¢ = 0, this term
is simply ¢(s) < (14 A)T¢(s). For t = 1, the left side of (C.11) implies

S

S _
ZQ s,8)e(s') < (14 X)) Qs,8)e(s) = (1+X)Q(s,)e < (1+ M) Q(s, )e.

s'=1
Finally, for t € {2,...,T — 1}, the left side of (C.11) similarly gives

Qt(s, e = Z Z Q(s,51)Q(51,52) - - - Q(S1—2, 51-1)Q(5¢-1, 5" ) (")

s’€S s1,...,8t_1E€S

<SA+ND T D Qs s)Q(s1,82) - Qlst-2,51-1) Q511 8)e(s)

s'€S s1,...,5t—1E€S

= (1+N)'Q%s, )e < (1 +N)TQ(s,-)c.
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In summary, we have shown Q'(s,-)e < (1+ MNTQYs, )eVte{0,..., T —1}. Also,

1+ N < <14 ET; (C.13)

Combining these observations, we can further bound (C.12) as

T-1
Erel t At Eabs Erel Eabs
< _ . < . :
u(s) < <1+ - )(1 a) tzoa@(s, o+ 22 < (1+ - >v(s)+ . (C.14)
For a lower bound on v(s), we similarly have
T-1 . T—-1
(5) = (1=a) Y a'Q(s,-)e = (1= N"(1—a) Y a'Q'(s,-)e

(1—)\)< 1—azatQt ) (1 A)T@(s)—g‘;’”).

We next loosen this bound further. First, by convexity and (C.13),

1+a 1=\ ; i y i
2_2(; +T> §(1+A)T+(1—A)T§(1+€21)+(1—A)T,

and so (1 — \)T > 1 — £,./2. Since also (1 — \)T < 1, we thus obtain

o(s) > (1 - 5;”) (v(s) - 5‘;’8) (1 - w) u(s) — S22 (C.15)

2 2
In summary, we have shown that if the left side of (C.11) holds, then (C.14) and (C.15) hold
as well. Since (C.14) and (C.15) together imply the right side of (C.11), (C.11) is proven.
We can now use (C.11) to prove the lemma. First, (C.11) and the union bound imply

Vv

P(Ey) <P (U575/€5{|Q(s, s')—Q(s,s')| > AQ(s,5)}) (C.16)
< 3 B(QUs ) — Qs,5)] > AQ(s, ).

Now for the (s, s’)-th summand in (C.16), we first note

P(IQ(s,s') = Q(s, ') > AQ(s,s")) < P(|Q(s, ') — Q(s, 5')[ > AQ(s,5'))  (C.17)
=P(|Q(s,s') = Q(s. ") > AQ(s,8))

where the inequality holds since |Q(s, s') = Q(s, §')| < [Q(s, s')—Q(s, s')| pointwise by (4.11)-
(4.12) and the equality since Q and @Q have the same distribution. Substituting into (C.16),

B(E) < 3 P(Q(s, ) — Qs )| > AQ(s, o). (C.18)

s,8'€S
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so our goal is to bound each summand in (C.18) by §/(252). If Q(s,s’) = 0, this is trivial;
if instead (s, s’) > 0, the Chernoff bound (C.25) implies

~ A’ min; jes.qa,; ]
]P)(|Q(S,SI> i Q(S,SI)’ > )\Q(S, S/)) < 2€Xp (_nB min 7]G«'S;())Q( ,7)>0 Q(l ])) < 2;27

where the final inequality holds by assumption on ng.
C.2.2 Proof of Lemma C.2
Fix s € §. Then by definition of Es 4, Es , we aim to show

Eabs
2

Erel
2

[0(s) = v(s)] < Zo(s)+ =22 = P (Jopn(s) — v(s)| >

Assume the left side of (C.19) holds. Recall by Algorithm 4.3 and the @Q-invariant (4.13),

. . 1 ng . 1 ng
Opp(s) = Ur,(s) + . erk*<Zs,i>72(5) = O, (8) + psTr, = Vp.(8) + - ZIE[W(ZMHQ]
_ (C.20)
Consequently, defining Z; = > """ ry, (Z,;)/e, we have
A~ 8T€ 50/ S
P (Jopn(s) — u(s)| > “Lo(s) + 7y g) (C.21)
o 7 = n_F Erel Eabs
=P (12~ EIZJ9)| > ** (Zo(s) + 52 |9)

Note that conditioned on G, Z, is a sum of independent [0, 1]-valued random variables, so
the Chernoff bounds from Appendix C.5 apply. We consider two cases:
o E[Z|G] < npeaps/(12¢): Here we bound the right side of (C.21) as

P (12, - BlZGl| > (o) + 5°)|6) <P (12 — BlZgll > =5

9)

—P (Zs ~E[Z|9] > % g) +P(E[Zs|g] 7, > % g)
g]P(ZS 5, DFCabs g) 40,

where the first inequality and the equality are immediate, and the second inequality
holds since, by assumption on E[Z,|G], E[Z,|G] — Z, < E[Z,|G] < nreaws/(12¢) <
Nreaps/(2¢), 50 EB[Z,|G] — Zy > npeas/(2€) cannot occur. For the remaining term,
since E[Z,|G] < (1/6) X npeaps/(2¢) we can use the Chernoff bound (C.26) to obtain

P (701> 2 (500 + ) < (7 > )
)

< 2—nF6abs/(2€) <
— _— 457
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where the final inequality holds since, by the theorem statement,

324¢ log(45/9)
F2

162 2clogy(4S/0) _ 2elog,(4S5/9)
g2 ¢ 2 = '
rel©abs €

rel logz € Eabs Eabs

o E[Z,|G] > npeas/(126): We first observe

Erel Eabs Q(S> - 8abs/2
< (1 > —_— & —— < .
Q(S) ( + 2 U(S) _'_ 2 1 + grel/2 U<8)

Consequently, the left side of (C.19) implies

grelv(s)+5abs > Erel Q(S) - gabs/z Eabs _ €rely(5> +€abs 1— 81ﬂel/2 Erely(s)’
2 2 2 1+4ea/2 | 2 24ca 2 1+ e,0/2 3

where we used €,¢ € (0,1). Since also v(s) > E[rg,(Zs,)|G] by (C.20), we thus obtain

NE (Erel Eabs ng 87“elE[7ﬂk (}/s z) |g] Erel nFE[rk (Y; z)lg] Erel
- > £ o\ oi/1F]  Zrel QeI T
€ ( 2 v(s) + 2 ) € 3 3 € 3

Therefore, we can bound the right side of (C.21) as

1Z,]G].

_ _ NE [ Erel Eabs = = Erel ~
P (12, - BIZIG) > "E (ho(s) + ) |6) < B (17, - EIZ.I6) > 2 EIZ161|6)
(5rel/3)2 > 512@1 NFEabs 0
<20 (- p(20]) < 20 (- 32502 ) <

where we used Chernoff bound (C.25), the E[Z,|G] assumption, and the nx assumption.

Remark C.2. The proof of Lemma C.1 extends to random cost vectors C' by replacing P(-)
by P(:|C') and then averaging over C, similar to the proof of Theorem 4.1 (see Remark C.1).
Furthermore, recall 7o = C' and thus C' is G-measurable by definition of G, so the proof of
Lemma C.1 is identical in the case of random cost C'. Thus, when C' is random, Lemmas
C.1 and C.2 hold and can be used to prove the theorem as above.

C.3 Resampling approach

The resampling approach is formally defined in Algorithm C.1. In contrast to Backward-
EPE, we estimate (s, sx) as follows at each iteration k: for s € Ny,(sx) we draw indepen-
dent samples {sz m, from Q(s,-) (Line 5 of Algorithm C.1), and for s ¢ N;,(s;) we set
Qk(s, sk) = 0 (Line 6). We then compute 7y, ry using the update rule from Backward-EPE
(Lines 7-8). Finally, as in Backward-EPE, we terminate when ||ry|. < e.

We derive the martingale property stated in Section 4.4.3. Define the error process ex(s)
as in Section 4.4.3, and define a filtration {F;}5=, by Fir = o({ir, 74, Sw11}5_), where by
o(-) we mean the generated o-algebra. Now fix k € [k.],s € S. Then by the update in Lines
7-8 in Algorithm C.1, we have

er(s) = (Up—1(s) + (1 — a)rp—1(s)1(s = sx))
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Algorithm C.1: Backward-EPE-Resample

1 k=0, 0 =0sx1, T =cC

2 while [|rg]|o > ¢ do

3 k<« k+1, sy ~ argmax, g r,_1(s) uniformly

4 for s € S do

5 if s € Nln(‘sk) then {Xf,z i—1 ™ Q(S7 ')7 Qk(57 Sk) = %Z?:l 1(Xf,l = Sk) 3

6 else Qk(s, s) = 0;

7 if s = s then 0x(s) = Ux_1(s) + (1 — @)rr_1(s), 7%(s) = aQx (s, Sk)Tk—1(Sk);
8 else 0y(s) = Up_1(5), 76(s) = r6_1(8) + aQr (s, Sk)rr—1(Sk);

+ Zﬂs (re—1(s)1(s" # s) + aQr(s, sp)rr_1(sx)) — v(s)

=ep_1(s) + rr_1(sk) (—us(sk) + (1 —a)l( )+ aZus Qk s sk)>C.22)

Note that all terms in (C.22) except Qk(s’ , S) are Fj_j-measurable, and therefore
Elex(s)|Fe-1]
= ep-1(8) + r—1(5x) <—Ms(3k) + (1= a)l(s = sx) + Y pa(sE[Qx(S, 8k)|]:k1]>

= ep—1(8) + rr—1(sk) (—us(sk) + (1 —a)l( ) + aZus (s', sk ) = ep_1(s),

where the first two equalities hold by Lines 5-6 of Algorithm C.1 and the third holds similar
o (4.9). Hence, {en(s)}}~, is a martingale. Also note eg(s) = o(s) + psro — v(s) =
0 + pusc —v(s) = 0. We thus conclude Eex(s) = 0, i.e. the Q-invariant holds in expectation.

C.4 Analysis of existing approach

We recall from Section 4.1.1 that the approach from [19] proceeds as follows. Fix 7' € N
and, V s € S, sample m length-T trajectories {{W;”'}/_;'}™, from s, and estimate v(s) as

() = - D21 a) Y ale(1;).

(We use the subscript E to distinguish the estimate of this existing approach from the esti-
mates of our algorithms.) To analyze this scheme, we follow the analysis of [19, Proposition
5.4]. By the argument leading to (C.4) in Appendix C.1 (but with a different constant),

log(2[|¢[loo/2)

T >
- 11—«

[0s(s) — ()] < low(s) — Eom(s) +e,  (C23)
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so consequently, for 7" as in (C.23),
P(35(5) — v(s)| 2 26) < P (|o(s) — Bop(s)] > ).
Towards further bounding the right side, we write (as in (C.6))

«

10p(s) — v(s)| < max

te[T—1] 1—a’

> 5(1—04)>‘

We then apply the Chernoff bound (C.24) to bound the ¢-th summand by

= c(WtS’i)_Ec(WtS’i)) me(1l — a) o 2me*(1l —a)?
P(Z<ncnm [ell )‘2 [ella )Sz p( [ela? )

i=1
Note this holds uniformly in ¢; also, we can take a union bound over s € § to obtain

%Zj: (W) — Be(W)

Combining the previous two inequalities, and using the union bound,

P(|og(s) — v(s)| > 2) Z]P’ (

t=1

m

(W) = Ee(W;"))

1=

201 _ \2
P(||og — v]le > 2¢) < 25T (—M) <3,

ez

where the final inequality holds assuming we choose

S el a? | 25T

m>—————log| —|.

=221 —a)2 2\ s

Note here that m is the number of length-T" trajectories sampled from each state. Thus, the
overall sample complexity is at least ST'm, which we can lower bound as

2 2
51 o Slela?log2lelu/o) | (28 os(@lele/2))
2e2(1 — a)? J -«

C.5 Chernoff bounds

The following is a standard result used throughout our analysis.

Theorem C.1. Let {R;}!", be independent [0, 1]-valued random variables, and define R =
> R;. Then

P(|R —ER| > n) < 2exp(—2n°/m) V n > 0, (C.24)

P(|R — ER| > nER) < 2exp(—n*ER/3) ¥V n € (0,1), (C.25)

P(R>n) <27"Vn>6ER. (C.26)

Proof. See e.g. [124, Theorem 1.1]. O
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APPENDIX D

Proofs for Chapter V

D.1 Existing results

Here we collect some existing results that will be used in our proofs. Most can be found
in the textbook [99]. First, we recall some basic properties of total variation distance.

Lemma D.1. Let p,v,n € A,_1. Then the following hold:

o (I equivalence) || — v =5 371, |u(i) — v(i)] = 5ln— vl

o (Triangle inequality) || — v|| < [lu =0 + [|n — |-

e (Convexity) [[(vu+ (1 =7)v) =nll <~llp—nll+ 1 =7)llv =7l Vv € (0,1).

e (Coupling) ||z —v|| < P(X #Y) for any coupling (X,Y) of x and v, i.e. for any pair

of random variables X and Y with respective marginal distributions p and v.

Proof. For [y equivalence, see Proposition 4.2 in [99]. The triangle inequality and convexity
follow from the corresponding [y properties. For coupling, see Proposition 4.7 in [99]. ]

We next collect some basic mixing time results. These involve the relazation time

£ = 1/(1 =A%), (D.1)

rel —

where 1 — \* is the absolute spectral gap of P,, defined by
Ar = max{|A| : A is an eigenvalue of P,, A # 1}.

(Note P, € &, = N < 1-see e.g. Lemma 12.1 in [99] — so (D.1) is well-defined in this case.)

Lemma D.2. Let P, € £, Vn € N, and let € € (0,1) be independent of n.
e For any n,t € N, d,(t) < max; jep ||e: P} — e; Py

If each P, is lazy, then supse (g 1) iminf, o tf:l)x(é) = 00.

For any n, k € N, d,, (kt™) (£)) < (2¢)* !

mix

e If P, is reversible, then tl(gl)x(e) > (t(n) — 1) log(1/(2¢)).

rel

INote this motivates the convention ¢ = 1/4, which yields the convenient inequality d,, (kt") ) < 2=

mix
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o If {P,}nen exhibits pre-cutoff and each P, is reversible, then £ = o(t") (¢)).

mix

d,(t) = max

1€[n]

Proof. The first statement holds by global balance and convexity from Lemma D.1, i.e.

eiPL = ma(j)e; Phf| < max >, ma(j)lleily —e; Pl < max fleiP; —e; Byl
€|n 1,J€N

Jj€ln] J€[n]

For the second statement, let 4,, € [n] be s.t. m,(i,) < 1/n V n € N (clearly, such i, exists).
Then by definition of d,(t), definition of total variation, and laziness, we have V n,t € N,

dn(t) = llei, Py = mall 2 (€3, Py) (in) = T (in) = 27" = 1/m.

As a consequence of this inequality, we obtain

. 1 N
tr(ni)x(é) > log, (m) VneNoe(0,1) = sup hrnmftr(ni)x(zs) = 00.

5e(0,1) N>
For the other statements, see Equation 4.34, Theorem 12.4, and Proposition 18.4 in [99].
Finally, we state the inequality from [22] discussed in the main text. Define the hitting
time of A C [n] as T,,(A) = inf{t € Z, : X,,(t) € A}. Given n1,n3 € (0,1), let

RO-mn) =it e RG@S0<mp. 02

z€[n]),AC[n]:mn(A)>1—n3

where P, denotes probability conditioned on the chain starting from X,,(0) = . We now
state the aforementioned inequality, which relates (D.2) to mixing and relaxation times.

Lemma D.3. Let P, € &, be lazy and reversible. Then for any 7y, 19,73 € (0,1),

(n) 2
n n tre 2 1 —
£ (1) A1) < E (1 — g, m) + { 21 max {log <—( m) ) ,0}—‘ :

23
Proof. See Corollary 3.1 in [22]. O

D.2 Proof of Lemma 5.1

For the upper bound, let {P, }nen satisfy P, € B(P,,a,) ¥V n € N, and let § € (0,1) be
arbitrary. It suffices to show that for some N € N, |7, —7,|| <6V n > N. First, Vn,t € N,

|70 — 70| = ||7Tn—7~TnP£|| < ||7rn_7~TnP£||+||7?npfz_7~rnﬁ)£” < dN(t>+m?)]< ||€$P7tb_€$pqi||v (D.3)
re|n
where we have used global balance and Lemma D.1. For the second term in (D.3), we claim

mz[u]( |lex Pt — e, Pt|| < ant. (D.4)
rxen
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We prove (D.4) by induction. For ¢ = 1, (D.4) holds by assumption. For general ¢, note
P, — P =P, (Pt = P + (P, — B) P
where we added and subtracted P,P!~!. Hence, by Lemma D.1, we have ¥V z € [n],
lex Py — exPull < llewPa( By = Py + llew(Po — Po) Py (D.5)
For the first term in (D.5), we have by Lemma D.1 and the inductive hypothesis,

n

lewPu(PE! = P < max e, Pi! — e, A7 < a(t = 1) (D.6)

For the second term, we use the following: for a vector x and a row stochastic matrix A,
[zA]ly < ZZ |2(7)A(,9) Z |z(j IZA (G.4) = Y le()] = Iz
J

Using this inequality and Lemma D.1, we can bound the second term in (D.5) as
. 1 . 1 . .
lex(Po—Pa) Pyt = §||62(Pn_Pn)Prtz Hh < §||e:v(Pn_Pn)||l = llex(P—Po)|| < o, (D.7)

where the final inequality holds by assumption. Combining (D.6) and (D.7) establishes (D.4).
Substituting into (D.3), we have therefore shown

700 — 7nll < du(t) + ant ¥ n,t € N.

Now set k = [log(2/6)/log(1/(2¢))] and t = ktmlx(a). Note k € N since 6 € (0,1) and
e € (0,1/2). Hence, we can use Lemma D.2 to obtain

d(t) = do (KL (£)) < (26)F < (2¢)1oE@/9)/ Tox(1/22)) _ O

mix 2 °

Furthermore, since k is independent of 7 and ay,t ¢ (¢) — 0, we can find N s.t.

mix

1X

)
ant—kanm)()<§Vn2N.

Hence, combining the previous three inequalities, we obtain |7, — 7,|| <J ¥V n > N.
For the lower bound, we begin by stating and proving a weaker version of the result.

Lemma D.4. Let P, € &,,,, € (0,1) Vn € N, and let 6 € (0,1/2) be independent of n.

Assume {P, }neN exhibits pre-cutoff, each P, is lazy and reversible, and lim,, ., antﬁ)x(é) =

0o. Then 3 {P Fnen s.t. P, € B(P,,a,) V n €N and liminf,_, . ||7rn Tnll > 1 — 30.

Proof. First note that 1 —4d,1 — 2§ € (0,1) by assumption on 9, so ¢, }(1?3(1 — 0,1 —26)
is well-defined. Hence, by definition, 3 z,, € [n], A, C [n] satisfying

(A >1-6, P, (To(An) >t —1)>1—26. (D.8)

237



Now set P, = Py, ... Then by the PPR power iteration property (1.1),

tn—1 00

Fn(An) = an Y (1= 0)'Pa, (Xa(t) € Ap) + 0 > (1= a)'Pa, (Xu(t) € Ay). (D)

t=0 t=tn
We consider the two summands in (D.9) in turn. For the first summand, we note
P, (Xn(t) € A,) <P, (Th(A,) <t) <P, (T,(A,) <t,—1) <26,

where the second inequality holds for ¢ < ¢, and the third by (D.8). It follows that

tn—1

an Y (1= )Py, (Xu(t) € Ay) < 26.

=0
For the second summand in (D.9), we simply upper bound the probabilities by 1 to obtain

o0

an > (1= )Py, (Xn(t) € Ay) < (1= )™ < exp(—anty).

t=tn
Taken together, we have shown 7,,(A,,) < 26 4+ exp(—apt,). Combined with (D.8),
|70 — Tl > 0 (An) — Tn(Ay) > 1 — 30 — exp(—ant,). (D.10)

Next, applying Lemma D.3 with n; = 1 — 26 and 1, = n3 = d, we obtain

(n) 1) 8
" (1 _§) < Frel _°
ton(1=209)<t,+ 5 10g(1_25> :

which, after rearranging, yields

otn At (1—g) |t og(8/(1 - 20))/2]

> mix - (D.11)
ntin(0) T (o) tine (9)
Now since pre-cutoff holds, tml)x(l J) /tfﬁ((é) is lower bounded by a positive constant as
n — oo (by definition of pre-cutoff) and trel) = o(tf:lx(é)) (by Lemma D.2). Hence,
lim inf Oé(n—{);n > 0.
e antrﬁix((s)
Since antfm)x(é) — 00, this implies a,t,, — 00, so take n — oo in (D.10). O

We now prove the ¢ = oo case of the lemma. First, for k € N, let &, = 2=*+1 /3: clearly,
O € (0,1/2) V k € N. We claim lim,,_,, c, mlx(ék) oo V k € N, which we prove as follows:
o If 5, < e, then t™)(5,) > t™) (¢) by (5.4), s0 ant™)

mix mix

(0x) — oo by assumption.
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o If 0, >cand e < 1/2, then §, < 1/2 <1 —¢, s0 tmlx(ék) >t ](m) (1 —¢) by (5.4), and

1X

ot

B " (1 —
(n )(614) _ Cknt(n) (8) mlx( /C) > a, t( )(6) mlx( 5) y 00,

mix mix t(n) (6) - mix t(n) (6) 00

mix mix

where the limit holds since ozntfm)x( ) — oo by assumption and since t ( e)/ tmlx( )

is lower bounded by a positive constant as n — oo by pre-cutoff.
e The final case, §; > ¢ and € > 1/2, cannot occur, since ¢y < 1/2V k € N.

We have verified the conditions of Lemma D.4, so for each k € N we can find {P }neN s.t.
Pék) € B(P,,a,) ¥V n €N, and, denoting the stationary distribution of P7(L by m(lk),
liminf ||m, — 7®| > 1 - 36, =1 — 2=+, (D.12)

n—oo

Note that, as a consequence of (D.12), ¥V k € N 3 N € N s.t.
|m — 7| >1-27FVn >N, (D.13)

VVNe assume temporarily that limg_,., Ny = oo. Our goal is to use {P,&’“)}n,keN to construct
{P, }nen satisfying the lemma statement. The construction proceeds as follows:
o If n < mingey Vg, set ]5n = Isn(l). (The choice k =1 is arbitrary.)
o If n > mingey N, let k, = max{k € N : n > Ny} and set P, = Bk (Note
n > mingey Ny guarantees {k € N : n > N} # 0, while Ny — oo guarantees
{k € N:n> Ni}| < o0, so k, is well-defined.)
Note that, since P,Ek) € B(P,,a,) ¥V n,k € N by Lemma D.4, this construction guarantees
P, € B(P,,a,) YV n € N as well. Additionally, for n > mingey Ny, we have n > N, by
definition. Hence, because 7, = 7y, ) for all such n, we can use (D.13) to obtain

|70 — || = || =7 || > 1=27Fn ¥ iy > mme = liminf ||, —7,| > 1—limsup2~*".
n—00 n—oo

(D.14)
Thus, to complete the proof, it suffices to show k,, — oo as n — oo. For this, let M > 0 and
define N™ = max{Ny,..., Njar}. Then k, > [M] > M V¥V n > N™ 5o since M > 0 was
arbitrary, k, — oo as n — oo follows. Thus, by (D.14), we obtain

liminf ||m, — 7,|| > 1 > limsup |7, — 7| = lim |7, —7,] = 1.
n—00 0o n—00

We now return to the case limy_,, Ny < co. Here the construction is much simpler: we set

P, = }BT(L") V n € N. Then for all n sufficiently large, n > N,,, so for such n,
17 = Tl = [l = 7N > 1= 27"

from which it is clear that lim,, . |7, — 7| = 1.
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D.3 Proof of Lemma 5.2
For the upper bound, let {0, },en be s.t. 0, € A1 Vn € N. Then V n € N,

170 = Taponll < 0 > (1= )| — 0n P < 0 Y (1= )" dn(t), (D.15)
t=0 t=0

where we used Lemma D.2 and the PPR power iteration. Now since d,(t) < 1, we can write

00 mlx e}

Y (1= ay)'da(t) = (1 —ap)'d(t) + o Y (1= ay)'da(t) (D.16)

t=0 t=0 t— t(’ﬂ)( )

mix

[e.o]

<1—(1— )o@ ¢ a, D> (1= ap)da(t).
t=t{) (¢)

mix

We now consider the two cases of the bound in turn. First, assume ¢ € [1/2,1). Then

o0

an Y (1= a)dy(t) < (1 — a,)ix®),
t=ti (e)

mix

where we have used d,(t) < & whenever ¢t > ¢t (¢). Thus, by (D.15) and (D.16), we obtain

mix

17 — Moo | <1 — (1 — €)(1 — qup)tomn® —5 1 — (1 — £)e ™. (D.17)

n—oo

Note this argument also holds for € € (0,1/2). Hence, for € € (0,1/2), it suffices to show

li || || < 1—¢e7¢
11m su TTp — T P ——
o p n Qn,0n 1 — 2€€_Ca

(D.18)

after which we can take a minimum over the bounds in (D.17) and (D.18) to complete the
proof. To prove (D.18), we first bound the remaining summation in (D.16) as

0o oo (J‘f‘l)tx(::g(() 1
an Y (L= ap)da(t) :anz > (1—ap)d,(t) (D.19)

t=t) () =1 =5 (o)

mix mix

G+t ()1

mix

<any da(itine) D> (1—aw)
Jj=1

t=5t") (e)

mix

= (1 —(1-ay, tr(:lz( €)> Zd jtffl)x an)’ ti:lx(a)
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where the first equality is immediate, the inequality holds by monotomclty of d,,, and for the
second equality we computed a geometrlc series. Now by definition, d,, ( ") (€)) < e < 2e.

mix

Furthermore, by Lemma D.2, d,, (jtmlx( )) < (2¢)7 V j > 1. We can therefore write

(n)
j 2e(1 — auy, )tmix(€)
Zd Gt (e 0y ) < Z (25 1=, )foete )) _ 2 ( ) ey (D.20)
1 —2e(1 — o) mix€

Hence, combining (D.15), (D.16), (D.19), and (D.20), we have ultimately shown
(n)
" 2(1 — au, ) mix(®)
1 - 26(1 - C(n)tmlx( )

1 — (1 — )o@ 1—e°
1= 26(1 — 0, )loie(®) nod’ 1 —2ee™

We turn to the lower bound. Similar to the ¢ = oo case of Lemma 5.1, we begin with a
weaker result. This result is almost identical to Lemma D.4; its proof is similar and leverages

the stronger assumption of cutoff to obtain a useful bound when antfm)x(é) — (0, 00).

Lemma D.5. Let P, € &,,a, € (0,1) Vn € N, and let 6 € (0,1/2) be independent of n.
Assume {P, },en exhibits cutoff, each P, is lazy and reversible, and lim,, ., ant(n) (0)=ce

mix

(0,00). Then 3 {P,}pen s.t. P, € B(P,, ) V1 € N and lim inf,,_,o ||7, — 7, || > 1—36—e~¢.

Proof. By the argument preceding (D.10) in the Lemma D.4 proof, we obtain {P, },ey s.t.
|7n — Tl >1—36 — exp(—antl(gt)(l — 0,1 —20)).

Furthermore, by the same argument leading to (D.11) in the proof of Lemma D.4, we have

o)1= 51— 25) _ d(1—g) |t log(s/(1 - 20))/2]

wlan®) ke fonl)
Now when cutoff holds, tl(;fl)x(l J) /tf:l)x(é) 1 (by definition) and ter) /tmlx( ) — 0 (by

(n)

mix

Lemma D.2) as n — 0o. Hence, by assumption lim,,_, at,./ (6) = ¢, we conclude

lim inf oznthlt)(l —4,1—20) >c.

n—oo

To summarize, we have shown
lim inf ||, — 7,|| > 1 — 30 — exp(—liminf ot/ (1 — 6,1 —26)) > 1—-35—e . O
n—oo n—oo

We use Lemma D.5 to prove the lower bound in Lemma 5.2 in the manner we used Lemma
D.4 to prove the ¢ = oo case of Lemma 5.1. First, for k € N, let 6 = 2=*+1 /3 € (0,1/2); we
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claim lim,,_, ant n)

mix

(0x) = c. To prove this, first note (provided the limits exist in (0, 00))

lim ot (0) = lim a, t0) (e) lim ¢ (8,) /1 (e) = ¢ lim 00 (50t (e),

n—o0 n—oo n—o0 n—oo

so it suffices to show lim,_,. ¢\ (Or)/ tm) (¢) = 1. This can be proven as follows:

mix 1X

o If e <6 <1—¢, we have tfm)x(l g) < ¢ (o) < ¢ (¢) by (5.4), so by cutoff,

(n) (n) (n

t /(1 — t (0 t

1= lim —m"(‘TE) ) < 1 —I?D;( ) < li E?;)X(E) =1.
nee tmix(g) n tmlx(g) n tmix(g)

(1—6x) < t™ () < ¢! (5,) by (5.4), so by cutoff,

mix

e [f0, <e<1—g¢g we have ¢

mix

(n) () ()
(106 1 e
1= lim w < lim %(g) < lim f(m)x(g) ~1.
P (O T (Gk) T i (e)

mix mix mix

e If1—e< ¢, <cordp <1—e < e, the result holds by reversing the roles of ¢ and
1—e.
e Finally, e<1—-e<fand1—e<e< 5k cannot occur since 0 < 1/2.
We have shown §; € (0, 1/2) and lim,,_,o v, mlx(dk) = ¢V k € N. Hence, for each k, we can
use Lemma D.5 to find {P }neN t. PP e B(P,,a,) ¥ n €N, and

liminf ||m, — 7®| > 1 —e™¢ — 27 k+D),
n—oo

From here, proof can be completed in a similar manner as the ¢ = oo case of Lemma 5.1, by
replacing 1 with 1 — e~ in the analysis following (D.12).

D.4 Proof of Theorem 5.1

The lower bounds (5.13) and (5.14) follow from the lower bounds in Lemmas 5.1 and 5.2.
Hence, we only need to prove the upper bounds (5.11) and (5.12). Towards this end, first
assume € = 1/4; we will then extend the proof to the case € # 1/4. In the case ¢ = 1/4
(in fact, any € < 1/2), (5.11) follows immediately from the upper bound in Lemma 5.1. To
prove (5.12), assume for the sake of contradiction 3 {o, },en with o, € A,,_1 ¥V n € N and

limsup ||, — 7o, 0.l > 1—€
n—oo

If this inequality holds, then the interval

(O, min {1/4, ec<1im sup ||, — Tay, onll — (1 — e_c)> })

n—oo

is nonempty, so we can choose 0 in this interval. Since § < 1/4 by construction, (5.4) implies

(n) (n)
n Eonin (0 ) i (0
Z51(111))( — ntI(nl)X<5) = antl(m)x<1 - 5) (n)m1X< ) S antr(nl)x (n)mIX( ) :
tmix(l - 6) tle(l - 5)
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Hence, using the definition of ¢ and the cutoff assumption,

(n)
n : oo (8
¢ = lim a,t™). < lim ant", )(5) < lim o,t™). x lim lu(0) =cx1l=¢ (D.21)

mix mix mix (n)
n—o00 n—o0o n—o00 n—o00 trr:ix(l _ 5)
so that lim,, . ozntgli)x(é) = c¢. Assuming for the moment that tffl)x(é) — 00, we can then use

(5.10) and the choice of § to obtain

lim sup ||, — Mo, .00l <1 —€e ¢+ 0e < lmsup ||7, — T, 0. ||
n—00 n—o0

which is a contradiction. Now to see why ™) (§) — oo holds, first note that ¥ & € (0,4),

("_) (n) 1_§
100 (8) = ¢ (8) =0 i) 5 )tmn(c(—é)
Fais () ()

where the inequality holds by (5.4). Hence, by cutoff, we obtain V ¢’ € (0, ¢),

lim inf ¢ (8) > lim inf ¢") (&),

n—o0 n—oo

On the other hand, the previous inequality immediately holds ¥V ¢’ € [§,1) by (5.4). Therefore,

lim inf tgbl)x(é) > sup liminf ¢!

n—o0 §e ( ) n—o0

§') = oo,

mix (

where the equality holds by Lemma D.2.
Finally, we extend the upper bounds to € # 1/4, for which it suffices to show
lim c,t™ (e)=c¢c = lim ant™ =, (D.22)

mix mix
n—oo n—oo

after which we can invoke the result from the case € = 1/4 to complete the proof. (D.22) is
an almost direct consequence of cutoff. To prove it, we first use (5.4) to obtain

(n) o)

€ (0,1/4) = a,t (e) > ant! = a, ") (e )(tn)& > ant™ (o) m,((i)l ).
tle( ) tmix(5>

€ (1/4,3/4] = antl(e) < antl = antih () 2 < it (€)™
Emin (€) ¢ (3/4)"
(n) (n)

€ (3/4,1) = ant™ (6) < ant™. = it (&) —tmix_ < o 1) (S)tm(l &)

mix mix mix tf:l)x( ) mix tE:l)X (5)

Now letting n — oo and using cutoff in the three cases, (D.22) follows as in (D.21).
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D.5 Proof of Theorem 5.2

For convenience, we restate the definition of “coincides with” from the main text: a

sequence {0 ¢ brnenec(0,1/2) C (0,1) coincides with {tfm)x( €) Inenee(o) if

4 e _ [ ta(1—9)
sup liminf oy, t,; () = 0o, —= € o) 1| Ve de(0,1/2)st.e >0,VneN.
e€(0,1/2) " Q.6 6t (1—¢)

(D.23)
Such sequences always exist for lazy chains. In particular, if ¢ € (0,1) is independent of n
and ¢, and if o, = cV n € Nye € (0,1/2), then {a, . }nenee(o,1/2) satisfies (D.23). To see
why, note that the first condition in (D.23) follows immediately from Lemma D.2; for the
second condition, the upper bound clearly holds, and the interval is nonempty by (5.4).

We now prove the crucial property that was discussed in Section 5.4.
Lemma D.6. If pre-cutoff holds and {ay . }nenec,1/2) C (0,1) coincides with the mixing

times {tmlx( ) }neneco,1), then Ve € (0,1/2), lim,, 00 vy Etfm)x(e) = 0.

Proof. Let € € (0,1/2); we aim to show angt( ) (6) = 00. Fixn € N. Then V § € (0, ],

mix

() o T (1= 8)

i cle() 2 et (1= 2) 2 antin(L = 6) = Qnstn(6)255 TR (D.24)

where the first inequality holds by (5.4) (since € < 1/2), and the second holds by the lower
bound of the interval in (D.23). On the other hand, ¥ § € [¢,1/2),

(n)
n t (1 —46
Qi =tk (€)= stk (6) > a5t (6) —m“;ﬁ) ! (D.25)
tmix((s)

where the first inequality holds by the upper bound of the interval in (D.23) and by (5.4),
and the second by (5.4) (since 0 < 1/2). Now n € N was arbitrary, so (D.24) and (D.25)

imply

(n) () (5 b1 = 8)
liminf o, . £," (¢) > liminf oy, 5251;11)((5)“1”‘()— Ve (0,1/2).
n—00 n—00 tn?lx(5>

Also, by definition of pre-cutoff, 3 K > 0 independent of n,d such that ¥V § € (0,1/2),

(n) (n)

ton (1l —0 ton(l—0

lim inf an,(gtf:i)x(é)% > lim inf —ml’(‘() ) lim inf o, 5tfm)x(5)
n—00 trr?lx((;) n—00 tmlx((s) n—00

> K hm 1nf Qp, 5tfm)x(5)

Combining the previous two bounds, and since these bounds hold V § € (0,1/2),

lim inf o, Etf:ll(( )> K sup liminfa, 5tfm)x(5) = 00,

n—oo 56(0,1/2) n—oo

where the equality holds by (D.23). O
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We turn to the proof of the theorem. First, we Show pre-cutoff implies Condition 5.1.
For this, let {on ¢ }nenee0,1/2) C (0,1) coincide with {tmlx( ) }neneco,1), and fix e € (0,1/2).

Lemma D.6 ensures an,etﬁ)x( ) — 00; hence, by Lemma 5.1, 3 {anﬁg}neN s.t.

One € An—l Vne N7 7}1_{& Hﬂ-n - Tran,e,O'n,EH =L

Next, assume (5.15) holds and set o, = 1/(2 2t™ (1 —¢))Vn eN,e e (0,1/2). Then

mix

(n)
€ s (1=
O, :tl(m;‘( vese.1)2)
(0779 tn (1 — 8)

mix

Furthermore, since (5.15) holds by assumption,

(n)
sup lim inf ans I(m)x(g) = — sup lim inf (n)rmx(s) _ '
e€(0,1/2) ™ £€(0,1/2) N0 tm1x<1 _ 8)

The previous two lines show that {o, . }nencc(0,1/2) coincides with {tmlx( €) bnenec(o,)- Fixing
€ €(0,1/2) and {0y }tnen s.t. 0pe € A,y V n € N, we can then use (D.15) to obtain

" (1—e)—1 00
170 = Tancomell < Qe Z (1= ane)'dn(t) + e Z (1= ane)'dn(t)
=0 t=t") (1—¢)
i (1-2)=1 %
Sone Y, (- +an: Y, (I—ay)(l—¢)
=0 t=t") (1—¢)
") (1—¢)
=1 — (1 — )t s>1—g<1—()1—/2> <1-°%,
bnix (1 = €) 2

where the final inequality is Bernoulli’s. Since ¢, {0, ¢ }neny were arbitrary, Condition 5.1
fails.

D.6 Proof of Proposition 5.1

D.6.1 Winning streak reversal

For the winning streak reversal, most of the arguments are recounted from Section 4.6 of
[99]. First, for i € [n — 1], note the chain started from i reaches stationarity in 7 steps, i.e.

BZP,; = eiPﬁfan = €1Pn = Tn.
It remains to analyze the chain starting from n. First, we claim that for j € [n — 1],

J
enPl =) 27 e, i+ 27, (D.26)
i=1
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This claim can be proven inductively: for j = 1, the left side of (D.26) is (e,—1 + €,)/2 by
(5.19), while the right side of (D.26) is clearly (e,_1 + e,)/2; assuming true for j, we have

. 1 1 1(I~ .
enP;L—H = enPnPTJL = 5(671—1 + en)Pr]L - éen—l—j + 5 (Z 22_]_1671—1' + 2_j€n>
=1

J Jj+1
— 2_16n7(j+1) + Z 2=+l 4 o=(tl)e — Z 2i=Uth-lg 49Ut
i=1 =1

which establishes (D.26). Now taking j =n — 1 in (D.26), we obtain

n—1

enPr,:L_l — Z Qi_(n_l)_len—i + 2—(n—l)6n — 2_161 N 2_(n_1)€n—1 + 2_(n_1)€n = T,
i=1

To summarize, we have shown e, P! =7, Vi € [n — 1] and ¢; P! = 7,,, which implies

do(n —1) = max le PP —mll=0 = "W a—e) () <n—1.
€N

mix ) Ymix

For a lower bound on the e-mixing time, note that, by (D.26), P*%(n,1) = 0, where
P"=2(n, 1) is the (n,1)-th element of P"~2. Hence, we immediately obtain

1
du(n=2) 2 [leaPy ™ = mol| 2 ma(1) = P20 1) = 5 > = ]

mix

() >n—2,

so, combining with the above, we conclude tgfl)x(e) = n — 1. Finally, to lower bound the

(1 — e)-mixing time, first note that for any ¢ € {0,...,n — 2}, we have e,_1 P} = e,,_1_4, S0
dp(t) > |len1 Pt — moll = llen-1-t — Tl > 1 —mp(n — 1 —t) =1 — 27"FHE
Hence, for t < n —1—log,(1/¢), we obtain

do(t) > 1—2 i 5 _o-loml/e) =) _ o o 4l

mix

(1—¢)>n—1-—1logy(1/e).

D.6.2 Complete graph bijection

For the complete graph bijection, we denote by N(i) the neighbors of i € [n] in the
underlying graph, i.e.

({1,...,2'—1,i+1,...,n/2,i+n/2}, n even,i < n/2
{i—n/2,14+n/2,...;i—1,i+1,...,n}, n even,i > n/2
N(@E)=<{1,...;i—1,i4+1,...,(n—=1)/2,i+ (n—1)/2,n}, nodd,i<(n—1)/2
{i—(n—-1)/2,1+(n—-1)/2,...;i—1,i+1,...,n}, nodd,(n—1)/2<i<n
({1,...,n—1}, nodd,i =n
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As an example, for the n = 6 graph in Figure 5.2b, we have

N(1) ={2,3,4}, N(2)={1,3,5}, N(3)={L,2,6},
N(4) ={1,5,6}, N(5)={2,4,6}, N(6)={3,4,5},

while for the n = 7 graph in the same figure, we have

N(1) ={2,3,47}, N(2)={1,3,57}, N@3)={1,2,67},
NH4)={1,5,6,7}, N(5)={2,4,6,7}, N(6)={3,4,5,7},
N(7) = {1,2,3,4,5,6).
We now show ™) (1—¢) = 1 for n large. For n even, we have by Lemma D.1 and (5.20)-(5.21),

mix

2||ler P, — my|
= P(1,1) =7 (D] + > |Pu(l,5) — ma(j)] + > |Pa(1,5) — ma(J)]
JEN(1) JEMNH{1IUN(1))
1 1 n|l 1 n 1
=|=-—— e ——1) 0——| — 1,
’2 n 2in n +<2 ‘ n| n—oo

so, by symmetry, max;c, ||€; 5, — m,|| — 1/2 along even n. If n is odd, we similarly have
20lexPn = mall = [Pa(1, 1) = mn (V)] 4 [Pa(L, 1) = 70 (1)
+ D IR -mG+ Y R(Lg) = ()]

JEN(\{n} JelN{1IUN(D)
| n+1 1 2
12 m+3)(n-1) n+1l n+3
n—1| 1 n+1 n n—3 n+1 1
2 n+l1 (n+3)(n—1) 2 (n+3)(n—1)| nooo
so, by symmetry, max;cp,—1 ||€; 2, — 7|l — 1/2 along odd n. We also note
2||en P — mall = Z |Pa(n, ) — mu(5)] + [Pa(n,m) — 7|
( 1) 1 n+1 + 1 2 1
= \n — — —_— —
2n—1) (n+3)(n—-1) 2 n+3| nox 2
SO MaX;e[n) ||e;Pn — mp|| — 1/2 along odd n. Combined with the analysis for n even,
. 1
limsupd,(1) = hmsupmax leiPy —mal| < 5 <1—¢, (D.27)
n—o00 n—oo 1€[n] 2
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SO tr(m)x(l —¢) < 1 for large n. Finally, by the discussion in Section 5.2, we also know

¢ (1 —¢) # 0 for large n, so we conclude ¢ (1 —¢) =1 for such n.

We next show tfm)x( ) = O(n). We begin with the easier proof, tmlx( ) = Q(n). Forn
even, the intuition is that the stationary distribution places equal weight on both cliques,
whereas the distribution of X,,(¢) is biased towards [n/2] if X,,(0) = 1. Hence, we write

dn(t) = |lex P, — ol = P(1, [n/2]) — ma([n/2]) = P(1, [n/2]) — % (D.28)

where Py (i,7) is the (i,7)-th element of P} for 4,5 € [n] and P;(i,A) = >, Py(i, ) for
A C [n]. It remains to lower bound P!(1,[n/2]). For this, we claim

1 t
P, [n/2]) > (1 — ﬁ) ViteZy,ic€[n/2l. (D.29)
We prove (D.29) by induction. For ¢ = 0, (D.29) is immediate. Assuming (D.29) holds for ¢,

P (i, [n/2)) = > Pali k) Pk, [n/2]) > Y Pu(i,k)PL(k, [n/2])

keln] keln/2]

> (1 _ %)tPn(z’, (n/2]) = (1 - %)m,

where the first inequality holds by nonnegativity, the second inequality is the inductive
hypothesis, and the last equality holds by (5.20). This proves (D.29). Substituting into

(D.28),
t
dn(t)z(l—l) —12(1_3)_1:l_£7
n 2 n 2 2 n

where we have also used Bernoulli’s inequality. The following is then immediate:

t<n (% — 5> = dy(t) > = tiﬁl(a) >n (% — 5) : (D.30)

We next assume n is odd. Here the argument is nearly identical: since by (5.20),

Cn—1 2 , n—1
p({ . D_l_n+1vze[ . ]

we can use an inductive argument as above to obtain

. n—1 2\
P (1, 5 > 1_n+1 VteZ,.

On the other hand, by (5.20) we have
n—1 n—1 n+1 1
7Tn = S —
2 2 (n=1)(n+3) ~ 2
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Hence, combining the previous two lines, and using Bernoulli’s inequality, we obtain

1 2t
W(t) > |len Pt —m|| > = — .
da(t) 2 ller Pl = mall 2 5 — —
The following implications are then immediate:
1/1 n 1/1
15<Th2L (5—5) = dy(t)>e = tfni)x(s)>n;L (5—5). (D.31)

Combining (D.30) and (D.31), we conclude t™) (¢) = Q(n).
For the remainder of the proof, we aim to show ¢Y = O(n), for which we use couplings.?

More specifically, by Lemmas D.1 and D.2, we aim to bound

dn(t) < max leiPy — e;Pyll < max Pij (X (t) # Ya(t)), (D.32)
,7€N

1,7€[n
where {X,,(t) }iez, and {Y,(t)}ez, , respectively, are Markov chains with transition matrix
P, starting from X,,(0) = ¢ and Y,,(0) = j, respectively (as denoted by the subscript in P;;).
For n even, we will refer to the sets {1,...,n/2} and {14+n/2,...,n} as cliques (since these
sets form complete subgraphs in the underlying graph); similarly, for n odd, we will call the
sets {1,...,(n—1)/2} and {1+ (n —1)/2,...,n — 1} cliques.

We begin with the case where n is even. Our approach is to first bring the two chains to
the same clique, after which they remain in the same clique forever. Once the chains are in
the same clique, we bring them to the same state, after which they remain in the same state
forever. More specifically, given X,,(t), Y, (t), we assign X,,(t + 1), Y, (t + 1) as follows:

(A) If X, (t) # Y,(t), proceed to (B). Otherwise, let X, (t+1) ~ ex, ) FPn and set Y, (t+1) =
X,(t+1) (i.e. run the chains together).

(B) If X, (t),Y,(t) are in the same clique, proceed to (C). Otherwise, flip an independent
fair coin. If heads, sample X,,(t + 1) from N(X,,(¢)) uniformly (i.e. move this chain)
and set Y, (t+1) =Y, (¢) (i.e. keep this chain lazy). If tails, set X,,(t+1) = X,,(¢) (i.e.
keep lazy) and sample Y, (¢ + 1) from N(Y,(¢)) uniformly (i.e. move).?

(C) Flip an independent fair coin. If heads, set X, (t +1) = X, (t),Y,(t + 1) = Y,.(?)
(i.e. keep both chains lazy). If tails, roll a three-sided die that lands 1, 2, and 3 with
probability %, %, and 1 — %, respectively, and proceed as follows:

e If 1, define X, (t + 1), Y, (t + 1) as follows (i.e. move to the other clique):

(Xo(t) +1/2,Yo(t) +1/2), Xu(t) < n/2

(Xt +1), Yt +1)) = {( Xat) = /2, Yn(t) = n/2), Xa(t) >n/2

o If 2, set X,,(t+1) =Y, (t),Y,(t +1) = X,,(¢) (ie. swap the chains).

2Note this bound is order optimal in the sense that is matches the Q(n) lower bound. Hence, while some
intermediate bounds may seem needlessly loose, this is not a major concern.

3By moving only one chain, we ensure the chains do not switch cliques, i.e. we prevent e.g. the case X,,(t) €
{1,...,n/2}, Y, (t) e {1 +n/2,...,n} and X,,(t +1) € {1+ n/2,...,n}, Y, (t+1) € {1,...,n/2}.

4“When the die is 2 or 3, both chains move within the clique. By swapping the chains when the die is 2, we
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e If 3, sample X,,(¢t+1) uniformly from N (X, (¢))\{Y.(t)}, set Y,,(t+1) = X, (t+1).
To analyze this, first suppose X,,(0) = 7,Y,,(0) = j for some ¢ # j in the same clique.
Then X, (t) # Y,(t) implies that at each step 7 € {0,...,t — 1}, one of the following occur:
e The coin in (C) lands heads, so both chains are lazy. This occurs with probability 1/2.
e The coin in (C) lands tails and the die in (C) lands 1 or 2, so that both chains move,
but to different states. This occurs with probability (1/2) x (4/n) = 2/n.
By independence of these coin flips and die rolls, it follows that

Py (Xa(t) £ Ya(t) < (% " %) | (D.33)

Next, suppose X,,(0) = 4,Y,,(0) = j for i # j in different cliques. Fix t € N,7 € {1,...,t},
and let E, denote the event that X,,(7),Y,(7) are in the same clique. Then
Pij(Xa(t) # Ya(t) = P(Xo(t) # Yo (D) E-)P(E;] X, (0) = 4,Y,(0) = j)
+P(Xn(t) # Yo ()| B )P(E7 [ Xn(0) = i, Ya(0) = j)
P(X(t) # Ya(t)|Er) + P(EF|X,(0) =0, Ya(0) = j),  (D.34)

where we used the Markov property. For the first summand in (D.34), we use time invariance
and the fact that (D.33) holds for any i # j in the same clique to obtain

B(X, (£) # Yalt) | Br) = B(X,(t = 7) # Yalt — )| Eo) < (% n %) *

For the second summand in (D.34), note that EX implies X,,(7’), Y, (7') are not in the same
clique ¥ 7" < 7 (since once they reach the same clique, they remain in the same clique forever).
This in turn implies that at each such 7/, the chain that moves in (B) at step 7" moves within
its current clique, which occurs with probability 1 — 2/n. Thus, by independence,

n n

PEC| X, (0) = i, Y, (0) = j) < (1 - E)T < exp (-2—7) |

To summarize, we have shown that if X,,(0) = ,Y,,(0) = j for ¢ # j not in the same clique,

Pyi(Xa(t) £ Y, (1)) < (% + %)t + exp (—2%) . (D.35)

Combining (D.33) and (D.35), we thus obtain for any ¢t € N, 7 € {1,...,t},

max Py (X, (t) # Y, (t)) < max { (% n E)i (% N %>t—T +exp (_2_T> } . (D.36)

i,j€[n] n n

can sample uniformly from the clique, excluding the states X, (¢), Y, (t), when the die is 3.
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Now it is straightforward to verify that if (for example)

n 2 log(2/e) _ n 2 log(2/¢)
>6, 7> -log(2), t>74 5 Dge (2 4 25V
m=0 Tz gls (g) =T 0a6/5) — 2 2\ 5 ) T10a(6/5)”

then (D.36) is bounded by e. Hence, by (D.32), we obtain for some a. independent of n,

e (e) < glog (g) - % <anVness,...}. (D.37)

We next consider n odd. Here we could use a similar approach, but the auxiliary state
n complicates this. Hence, we instead leverage this auxiliary state as follows: we wait until
both chains leave state n (if necessary); we then ensure that the next visits to n occur
simultaneously (after which point the chains run together indefinitely). More specifically,
given X,,(t), Y,(t), we assign X,,(t +1),Y,,(t + 1) as follows:
(D) If X,,(t) # Y,(t), proceed to (E); else, let X, (t + 1) ~ ex, ) Pn, Yo (t +1) = X, (t + 1).
(E) If X,,(t) # n and Y, (t) # n, proceed to (F). Otherwise, flip an independent fair coin.
If heads, sample X,,(t+ 1) from N (X, (t)) uniformly and set Y,,(t+1) = Y,,(¢). If tails,
set X,,(t +1) = X,,(t) and sample Y,,(t + 1) from N(Y (t )) uniformly
(F) Roll a die that lands 1, 2, and 3 with probablhty S == ﬁ, and — +1’ respectively.
o If 1, set X, (t+1) Xon(t), Yot +1) = Y(t).
e If 2, independently and uniformly sample X,,(t+1) and Y,,(t+1) from N (X, (¢))\
{n} and N (Y, (1)) \ {n}, respectlvely
o If 3, set X,,(t+1)=Y,(t+1)=
To analyze this coupling, first suppose Xn(O) =1,Y,(0) = j for some 7,5 € [n] \ {n} s.t.
i # 7. Then X, (t) # Y,(t) implies the following, for each T < :
X,(7) # Y, (7). (This can be proven by contradiction. Namely, if X,,(7) = Y,,(7), then
X, (t) # Y, (t) is violated, since the chains run together forever after meeting by (D).)
o X, (1) # n,Y,(17) # n. (This can be proven inductively. For 7 = 0, it holds by
assumption. For 7 > 0, we have X, (7 — 1) # Y, (7 — 1) by the previous item and
Xn(t —=1) # n,Y, (1 — 1) # n by the inductive hypothesis. Hence, X,,(7),Y,(7) are
assigned via (F) This implies X,,(7) # n, Y, (7) # n; else, X,,(7) = Y, (1) = n by (F).)
By the argument of the second item, we can also conclude that, if X, (¢) # Y, (t), then
X (7), Y, (7) were assigned via (F) for each 7 < t. Thus, at all such 7, the die in (F) must
have landed 1 or 2 (else, X,(t) # Y, (t) is violated); this occurs with probability 1 — 5
Hence, by independence,

Pij(Xn(t) # Ya(t)) < (1 - ﬁ) < exp <_nL—|—1> Vi,j€ln]\{n} st i#j (D.38)

We next consider the case X,,(0) = n or Y,(0) = n; without loss of generality, assume
X,n(0) =n,Y,(0) = j #n. Let 7 <t and define E; = {X,,(7) # n,Y,(7) # n}. Then

Prj (Xn(t) # Ya(t)) = P(X(t) # Ya(t), Er[Xn(0) = n, Y, (0) = j)
+P(Xa(t) # Ya(t), E71Xa(0) = n, Ya(0) = j)
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= P(Xn(t) # Ya(O)| E-)P(E7| X,(0) = 1, Y (0) = j)
+P(X(t) # Ya(t), E71Xa(0) = n, Y, (0) = j)

< P(X(t) # Ya(D)|Er)
+P(Xa(t) # Ya(t), BY1X0(0) = 0, Y,(0) = j),  (D-39)

where the equalities use the Markov property, and the inequality is immediate. Now for the
first summand in (D.39), we can use time invariance and (D.38) to obtain

P(X,(t) # Yo(t)|E,) = P(X,(t — 7) # Y, (t — 7)| Ep) < exp (-Zﬂ) . (D.40)

For the second summand in (D.39), we again use X,,(t) # Y,(t) = X, (7) # Y, (7) to obtain

P(X,(t) # Ya(t), EY | X0(0) = 1, Y,(0) = 5) < P(Xo(7) # Ya(7), B | X, (0) = n, Yn(0>(= j))
D.41
We next claim (and will return to prove) that

{X, (1) # Yo (1), ESY{X,,(0) = n, Y, (0) = j} = X, (7)) =n V7' <7, (D.42)
i.e. conditioned on the event {X,(0) = n,Y,(0) = j}, the event {X,,(7) # Y,(7), E€} can
only occur if the X,,-chain is lazy at every step up to 7. In other words, we require the 7
independent coin tosses at the first 7 iterations of (E) to all land tails. Hence, we conclude

P(X,(7) % Y, (7), ES| X, (0) = n, Y, (0) = j) <277 (D.43)

Combining (D.38), (D.39), (D.40), (D.41), and (D.43), we have shown that for n odd,

max Py (Xo(£) # V() < max {exp (-ﬁ) 27T+ exp (-t - T) } . (D.44)

1,J€[n] n—+1

Therefore, if we choose (for example)

2 2 2 2
7 > log, (g), t>74+(n+1)log <g> > (n+1)log (g> + log, <g>,

we conclude (D.44) is further bounded by e. We thus obtain for some b. independent of n,

2 2
too(€) < (n+1)log <g> +log, < ) <bnVne{l,3 . . } (D.45)
Finally, we can combine (D.37) and (D.45) to obtain for some a, b. independent of n,
¢ (e) <max{a.,b:}nVn>6 = #m () = O(n).

mix mix

We have completed the proof of tmlx( ) = O(n), assuming (D.42) holds. We now return to
prove (D.42). Assume (for the sake of contradiction) that X, (7%) = n, X,,(7* + 1) # n for
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some 7 < 7. (i.e. the X,,-chain was non-lazy at some 7* < 7). Then, by (E), the Y,,-chain
was lazy at time 7%, i.e. Y, (7%) = Y,,(7* + 1). Now consider two cases:

1. 7 =7 — 1: By assumption, X,,(7) = X,,(7* + 1) # n. Also, we must have Y,,(7) # n:
if instead Y,,(7) = n, then n = Y,,(7) = Y, (7" + 1) = Y, (7*) (since 7" = 7 — 1 and
the Y, -chain was lazy at 7*), which implies X,,(7*) = Y, (7*) = n, which contradicts
X,(7) # Y, (7) in (D.42). Hence, X,,(7) # n, Y,,(7) # n, contradicting EC in (D.42).

2. 7" < 7—1: Similarly, X, (7" +1) # n, Y, (7*+1) # nand X,,(7*+1) # Y, (7*+1). This
implies X,,(7*+2), Y, (7" +2) were assigned via (F). In (F), the chains only move to n if
they move to n together, after which point they remain together forever. Thus, neither
chain can move to n at time 7" + 2, else X,,(7) # Y, (7) in (D.42) is contradicted.
Repeating this argument for 7* + 3, ..., 7 then contradicts £ in (D.42).

Since both cases yield contradictions, (D.42) is proven.

D.7 Proof of Proposition 5.2

D.7.1 Winning streak reversal

For the WSR, let {ay, }nen, {00 }nen, €1, ¢o, and c3 be as in the statement of the proposi-
tion. For n € N, set m,, = [n1(172)/2| Then by a,, = O(n), ¢; > 0, and ¢, > 1,

apm, =0 (n_clncl(H”)/Q) =0 (ncl(CQ_l)/Q) = lim o,m, = 0. (D.46)

n—oo

Again using a,, = O(n=), ¢; > 0, and ¢y > 1, we also observe

Lo 2] = = © (n71 =) =l ([esa, ] —ma) = oo

Consequently, we can find a sequence of positive integers {m! },en such that

|30, 2| —my, 4+ 2> m, V n € N sufficiently large, lim m], = occ. (D.47)
n—oo
Now letting e, | = Zie[m,] e; = Zz’i e;, we can use Lemma 1.1 to obtain
Tamon ([Mp]) = 0 > (1= an)lonPlef,) = an > (1= )Y on(i)ePlef,
=0 =0 i=1
mp—1 LCB‘J‘;CQJ
=y, Z (1—ay,) Z an(i)eipﬁe[TmH (D.48)
t=0 i=1
tan Y (=) Y ou(i)eiPlef,, (D.49)
t=mn =1
mp—1 n
ton > (L=an)' > ouli)eiPlef,) (D.50)
=0 i=[ezan 2] +1
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To bound the summands in (D.48)-(D.49), we use ¢; Plel | <1V it to obtain

n=my,

mn—1 lesan 2] mn—1 lesan 2] leson 2|

an Y (M=) Y oa(i)ePlef, <o > (L—an) Y oa(i) < Y ouli),
t=0 i=1 t=0 i=1 =1

679 Z (1 - an>t ZO’n(Z)QP;‘;GF;nM S (079 Z (1 - an>t - (1 - an)mn S eXp(_anmn>‘
t=mn =1 t=mn

We next consider (D.50). First note that, whenever ¢ — ¢t > m/ > 0, we have by (5.19),
€i Py, = €int€imy) = 0.
Also, every i,t pair in the summation in (D.50) satisfies, for n sufficiently large by (D.47),
i—t> ez, +1—(m, —1) = |z, —m, +2>m,
which implies (D.50) is zero for all n large. We have therefore shown
lesan 2]

lim sup 7a,, 4, ([m,,]) < limsup Z on(1) + exp(—a,my,) | =0,

n—00 n—00 -
=1

where the equality holds by assumption and (D.46). Since also 7, o, ([m}]) > 0V n € N,
we conclude lim,, o Ta, 0, ([m,]) = 0. On the other hand,

/

1=1 i=1

where the limit holds since m/, — oo by (D.47). Combining arguments, we have shown
liminf ||7, — 7, o, || = liminf (m,([m)]) = Ta,.0, ([ML]) = 1,
n—oo n—oo
and so, since ||m, — T, 0. || <1V n €N, we conclude lim,, o ||7) — Ty .0, || = 1.

D.7.2 Complete graph bijection
For the CGB, let {a, fren, {Isn}neN be given. Then

|70n — 7| < mz[m]( |7mn — € Pl + m?)]c llei P, — eiPnH <d,(1)+a,VneN,
en 1€In

where we have used Lemma D.1, global balance, and the fact that P, e B (P, a). Thus,
using (D.27) from Appendix D.6 and the assumption lim sup a,, = &, we obtain

limsup |7, — 7,|| < limsupd,(1) 4+ limsup o, = = + @.

n—oo n—oo n—oo

N | —
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APPENDIX E

Proofs and Experimental Details for Chapter VI

E.1 Proof of Theorems 6.1 and 6.2 (outline)

The proofs of Theorems 6.1 and 6.2 proceed in two steps. First, we show that the
graph construction can be locally approximated by a certain branching process. Second, we
analyze the beliefs of agents in the graph by instead analyzing the beliefs of agents in the tree
resulting from the branching process. We note that studying tree agent beliefs rather than
graph agent beliefs is advantageous because the tree has a comparatively simple structure.

The first step is identical for both theorems, while the second step requires a different
analysis for each theorem. In Appendix E.1.1, we outline the first step, and in Appendices
E.1.2 and E.1.3, respectively, we outline the second step for Theorems 6.1 and 6.2, respec-
tively. To highlight the key ideas of our analysis, we defer many details to Appendix E.2;
in particular, proofs pertaining to Appendices E.1.1, E.1.2, and E.1.3 | respectively, can be
found in Appendices E.2.1, E.2.2, and E.2.3, respectively. Finally, we note that through-
out the analysis we use P, and E,, respectively, to denote probability and expectation,
respectively, conditioned on the degree sequence {dou:(4), di (), d5 (i) bicp)-

i ? T m

E.1.1 Branching process approximation

We first show the belief of any agent in the graph depends (asymptotically) only on
the structure of the agent’s neighborhood and on certain signals realized within this neigh-
borhood. This will facilitate the definition of the branching process with which we will
approximate the graph construction. Importantly, the agent’s belief will not depend on the
priors ayg, By (asymptotically). This is necessary as we have not specified these priors (beyond
assuming they are bounded by some @, 3 independent of n, as discussed in Section 6.2.1).

To begin, we require some notation. Let P denote the graph’s column-normalized adja-
cency matrix, i.e. P(i,j) =|{i' = 7 € E:i' =1i,7 = j}|/din(j), and set Q = (1 —n)I +nP,
where [ is the identity matrix of appropriate dimension. (Recall from Section 6.2.2 that F
is in general a multi-set; hence, the numerator in P(i,j) may exceed 1.) Next, for t € N, let
s; denote the collection of signals {s;(7)};caup in vector form. Finally, for i € A define

1 Tl

Ur, (i) = T Z st,-1Q'e; . (E.1)
" t=0
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We note that (E.1) can be rewritten as

Tpn—1

1. (i) = Ti 5SS s (@, (E.2)

" t=0 jeA

where we have used the fact that s;(j) =0V ¢t € N,j € B. From this expression, it is clear
that Y7, (i) only depends on the structure of the T,-step neighborhood into ¢ (since only
this sub-graph affects the e;Q'e] terms) and on certain signals within this neighborhood, as
mentioned above. We can then establish the following.

Lemma E.1. Given (A4),Ve>03 Nst. Vn>N, |0r,(i) —Ir,(i) <ecas. Vie A
Proof. See Appendix E.2.1.1. O

Before defining the aforementioned branching process, we formally define the graph con-
struction described in Section 6.2.2. For this, we will use the following additional notation.

o We let A;,l € Ny denote the set of agents at distance [ from the initial agent ¢*, i.e.
1 € A; means a path from ¢ to ¢* of length [ exists, but no shorter path exists. Similarly,
we let B;,l € Ny denote the set of bots at distance [ from 7*.

o We let {(7,7) : j € [dout(7)]} denote the set of outstubs belonging to i € A; we let O4
denote the set of all such outstubs.

e For each (i,j) € O4, we define a label ¢g((7,7)) € {1,2,3} as follows:

1, 1 does not yet belong to graph
g((7,7)) = < 2, i belongs to graph but (4, j) has not been paired . (E.3)
3, i belongs to graph and (7, j) has been paired

We will explain the utility of these labels shortly.
With this notation in place, we present the formal graph construction as Algorithm E.1. We
offer some further comments to help explain the algorithm:

e The algorithm takes as input the degree sequence {d,.: (i), d2 (i), d2 (i) }ica, which is
used in Line 1 to define O4. Also in Line 1, we label all outstubs as 1 (since no agents
have been added to the graph), and we initialize the set of bots to the empty set.

e In Line 2, we sample the agent +* from which the graph construction begins. Since ¢*
then belongs to the graph, we change the labels of its outstubs to 2.

e The remainder of the algorithm proceeds in a breadth-first-search fashion, iterating
over [ and agents ¢ at distance [ from ¢*. For each such agent, we do the following:

— For each of the d4 (i) instubs of i intended for pairing with agent outstubs, we
sample an agent outstub uniformly (Line 7), resampling until an unpaired outstub
(i.e. one with label 1 or 2) has been found (Line 9). Upon finding such an outstub,
denoted (7, j'), we pair it with i’s instub to form an edge from ¢’ to ¢ (Line 10).
Note that g((¢',7’)) = 1 implies ¢’ was added to the graph when edge ¢ — i was
formed; hence, because i € A;, i’ is at distance [+ 1 from i* and must be added to
Ai41 (Line 11). Finally, we update the labels of the outstubs of ¢’ via (E.3) (Lines
11-12). (Line 8 will be used in the branching process approximation to come.)
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Algorithm E.1: Graph-Construction
1 Set Op={(4,7) i € A, j € [dows ()]}, g((i,5)) =1V (i,5) €Ox, B=10
2 Sample ¢* uniformly from A; set g((i*,7)) =2V j € [dout(i*)]; set Ag = {i*}
3 for [ =0 to co do
4 Set Al+1 = Bl+1 = (Z)
5 for i € A, do
6 for j =1 to d2 (i) do
7 Sample (i, j') from O4 uniformly
8 if g((i',5')) # 1 and 7, = oo then set 7, =
9 while ¢((i,5')) = 3 do sample (7', j') from O, uniformly
10 Add directed edge from i’ to ¢
11 if g((¢',j')) = 1 then set Ay = A U{d'}, g((¢, 7)) = 3,
o(7,77) = 2% 7" € o)\ 17}
12 else if ¢((7,j")) = 2 then set g((i', 7)) =3
13 for j =1 to d2 (i) do
14 Add bot b =n+ |B| + 1 with self-loop and unpaired outstub, set
B = BU{b}, Biy1 = Biy1 U{b}
15 Add directed edge from b to i
16 if g((¢,5)) =3V (,5') € O4 then return

— For each of the d? (i) instubs of i intended for pairing with bot outstubs, we add
a new bot with a self-loop and an unpaired outstub to the set of bots, updating
By accordingly (Line 14), and then add an edge from the new bot to ¢ (Line
15). Note here that B = () at the start of the construction; it follows that the
k-th bot added to the graph is n+k +1,s0 B =n+ [>.,., d5 (i)] is the set of
bots at the end of the construction.

— Finally, if all outstubs have been paired, the construction terminates (Line 16).

We return to discuss Line 8 of Algorithm E.1. Here 7, denotes the first iteration an
outstub with label 2 or 3 is sampled for pairing with an instub. Put differently, 7, > [
means that for the first [ iterations of the construction, only outstubs with label 1 have
been sampled. This has two consequences. First, no edges have been added between two
nodes both at distance < [ from ¢*, i.e. the [-step incoming neighborhood of i* is a tree
(except for bot self-loops). Second, no resampling of outstubs has occurred (Line 9); this
implies that the outstub (i, ;') paired in Line 10 is chosen uniformly from O4, so the de-
grees (doy (i), d4 (i), dB (")) of i’ are distributed according to the out-degree distribution f,
defined in (6.7).

These observations motivate a tree construction that we define next. In particular, we
will construct a tree (except for bot self-loops) with edges pointing towards the root. Agents
will be added to the tree with degrees sampled from f,, except for the root node, whose
degrees are sampled from f} (6.7), corresponding to the degrees of i* in the graph.

The tree construction requires further notation. First, we let A (Bl, respectively) denote
agents (bots, respectively) at distance [ from the tree’s root. We also set A= Uj’iofll, B =
UEﬁOBl. (Here and moving forward, we use * to distinguish tree-related objects from similarly-
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Algorithm E.2: Tree-Construction
1 Define f,,, f* via (6.7), set Ay = {¢}, sample (doui(0), d2 (¢), dB (¢)) from fr
2 Set X} = X2 =¢

3 for [ =0 to oo do

4 Set Al-{-l = Bl—i—l = @

5 fori1e /11 do
6
7
8
9

for k € {1,2} do
if X} =1then
Sample j* from [dZ} (1) + dZ (1)] uniformly, set X[, = (1, j*)
if j* > d2 (1) then set Xfi = (1,7) VI € {l+2,1+3,---}
10 for j =1 to di (1) do
11 Sample (dout((1, 7)), d5s ((1,.5)), d7,((1, 7)) from f,
12 Add directed edge from (1, ) to 1, set A1 = A U{(1,5)}
13 for j =1 to dZ(1) do
14 Add bot b= (1,d: (1) + j) with self-loop and unpaired outstub, set
Biyy = By U {b}
15 Add directed edge from b to @

defined graph-related ones. ) At times, we will use branching process terminology and e.g.
refer to A; as the I-th generation of agents. We let ¢ denote the root node, so that Ay = {o}.

We will denote generic node in Al U Bl as1€ N5 here 1= (iy,...,4) encodes the ancestry of
1, i.e. (i1,...,7) is the child of (i1,...,4,_1), the grandchild of (il, ..., 41—2), etc. Finally, for
such1and for j € N, (1,5) = (41, ...,4,j) is the concatenation operation and 1|j = (i1, ..., ;)

denotes 1’s ancestor in generation j, with 1|0 = ¢ by convention (note 1|l =1).
We define the tree construction in Algorithm E.2 and offer several comments:
e Lines 2 and 6-9 define a random walk used in Appendix E.1.2; they do not affect the
tree structure and we defer further explanation to Appendix E.1.2.
e As mentioned above, the root node ¢ has degrees sampled from f (Line 1), while all
other agents have degrees sampled from f,, (Line 11).
e In Line 12, a directed edge is added from (1, j) to 1; the other d,((1, 7)) — 1 outstubs of
(1,7) are left unpaired so that the tree structure is preserved (except for bot self-loops).
e At the conclusion of the [-th iteration, 1 € A, has incoming neighbor set (offspring,
in the branching process terminology) {(1,7) : j € [d4,(1) + dZ (1)]}. More specifically,
the subset (1,1),..., (1,d: (1)) of I's incoming neighbors are agents (Line 12), while the
subset (1 ,df}L( )+ ) ,(1,d2 (1) +dP (1)) of 1's incoming neighbors are bots (Line 14).
e Unlike the graph Constructlon, the tree construction continues indefinitely, yielding an
infinite tree (except for bot self-loops) with edges pointing towards the root node ¢.
Having defined the tree construction, we also define U7, (¢) as in (E.1) but using the tree
from Algorithm E.2 instead of the graph from Algorithm E.1. Specifically, we let

Th—1 Tn—1
I, (P Z STn_tQt€¢ Z Z s, _¢(1)e Qte¢, (E.4)
n =0 1A
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where §;(1) ~ Bernoulli(f) V¢t € N,1 € A;30)=0VteN1eB; Q= (1-n)+nP;and
P is the column-normalized adjacency matrix of the tree from Algorithm E.2. We note

Tn—1

3 1 At T
0 <7, (¢) < ; 1Q%] =1, (E.5)

n

where the first inequality holds since (E.4) is a sum of nonnegative terms, the second follows
since ) 4 871,—+(1)e, < 1 component-wise (where 1 is the all ones vectors) and since Qtel is
element-wise nonnegative, and the equality holds by column stochasticity of Q

We can now state Lemma E.2, which relates the belief of a uniformly random agent in
the graph with the belief of the root node in the tree. For the first statement in the lemma,
we argue that, conditioned on 7, > T,,, the T,-step neighborhood of * in the graph and
the T),-step neighborhood of ¢ in the tree are constructed via the same procedure; since the
signals are defined in the same manner as well, this implies ¥, (i*) and 7, (¢) have the same
distribution. The second statement of the lemma says that the condition 7,, > T,, occurs with
high probability; it is essentially implied by [48, Lemma 5.4]. We note that the assumptions
(A1) and (A2) are required for this second statement to hold, and are standard assumptions
needed to locally approximate a sparse random graph construction with a branching process.
Finally, we recall ( < 1/2 by (A2), which is why the limit shown in Lemma E.2 holds.

Lemma E.2. Assume (A1) and (A2) hold, and let Z denote equality in distribution. Then

Or, (V{70 > T} Z 00, (8),  P(r < T Q1) = O (n712) — 0.

n—0o0
Proof. See Appendix E.2.1.2. O

We can now state and prove Lemma E.3, which is the main result for Step 1 of the proofs
of the theorems. This result will allow us to analyze convergence of 0, (i*) (the graph agent
belief) by instead analyzing convergence of ¥7, (¢) (the tree agent belief).

Lemma E.3. Assume (Al), (A2), and (A4) hold. Then V z € R and all n € N large,
P(|0, (i*) — x| > ) < P(|U5, (¢) — 2| > £/2) + P(Q5,) + O (n*/?).
Proof. First, given € > 0, we have for sufficiently large n,
P07, (") — 2| > &) < P(|07, (i) = Or, (0")| + 01, (i) — 2 > &) S P(|dr, (i7) — z[ > £/2),

where the first inequality uses the triangle inequality and in the second we used Lemma E.1
to bound |07, (i*) — 97, (i*)| by €/2 a.s. Furthermore, by the law of total probability, we have

P(|dp, (i) — x| > /2) < P(|97, (5%) — x| > /2|1, > T,) + P(7, < T, Q1) + ]P’(QSJ).
Combining the previous two inequalities and using Lemma E.2, we obtain

P65, (i) — 2| > &) < P(9r,(9) — 2| > /2) + O (n*%) + B(Q)),
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which is what we set out to prove. O]

Before proceeding, we state a lemma that will be used in Step 2 of the proofs for both
theorems. This lemma uses the fact that each agent in the tree has a unique path to the
root. As a result, we can obtain an alternate expression for the terms etheg in (E4).

Lemma E.4. For each n € N,

where by convention Hé_:% din(1]7)™" = 1 when [ = 0.
Proof. See Appendix E.2.1.3. O]

E.1.2 Step 2 for proof of Theorem 6.1

We next establish convergence of @Tn (¢), from which convergence of fr, (i*) will follow via
Lemma E.3. We will use Chebyshev’s inequality, so we begin with two lemmas describing the
limiting behavior of the mean and variance of U7, (¢). Here and moving forward, for random
variables X and Y we use Var,(X) = E,[X?] — (E,[X])? and Cov,(X,Y) = E,[XY] —
E,[X]E,[Y] to denote variance and covariance conditional on the degree sequence.

Lemma E.5. Given (A3) and (A4), we have the following:

lim T;,(1 —pa) = 0= lim [E, [0, (¢)] —0]1(2u2) = 0 a.s.

n—oo
: . - 1—e™
nl1_>r£10Tn(1 —pn) =c€ (0,00) = nh_>nolo E,[V1,(¢)] — 0 ” 1(Q,2) =0 a.s.
lim 7,(1 — p,) = oo = lim |E,[J7,(¢)]|1(Q2) = 0 a.s.
n—oo n—oo
Proof. See Appendix E.2.2.1. m

~

Lemma E.6. Given (A3) and (A4), lim,,_,« Var, (97, (¢))1(Q2,2) =0 a.s.
Proof. See Appendix E.2.2.2. n

Before proceeding, we briefly describe our approach to proving these lemmas. First, we
note that in analyzing the moments of U7, (¢), the i.i.d. Bernoulh random variables S7,, (1)
in (E.6) are easily dealt with; the difficulty arises from the H —odin(1)7)" terms. Luckily,
there is a simple interpretation of that guides our analysis and that proceeds as follows. First,
define a random walk {X}}cn, with X] = ¢ and X} chosen uniformly from the incoming
neighbors of X} |, for each [ € N. Then, as shown in (E.25) in Appendix E.2.2.1,

EZHdm (1l7) = (Xl EAl)

1€A; J=0
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In short, computing the mean of 1§Tn(¢>) amounts to computing hitting probabilities of the
form P(X} € A;). Similarly, to analyze the second moment of U7, (¢), we compute hitting
probabilities of the form P(X;} € A;, X? € A;), where X? is defined in the same manner
as X;' and is conditionally independent of X' given the tree structure. We note that, in
principal, the k-th moment of 1§Tn(¢) can be computed by analyzing k£ walks. However,
the calculations become exceedingly complex as k£ grows, and because we only require two
moments, we do not study any case k > 2.

This interpretation explains Lines 2 and 6-9 of Algorithm E.2: in Line 2, we begin two
walks at the root node ¢; each time Lines 6-9 are reached, we advance the walks one step.
Importantly, we simultaneously sample the walks and construct the tree, i.e. the [-th step of
the walk is taken at Line 8, before the degrees of the corresponding node are realized in Line
11; this is crucial to our computation of the aforementioned hitting probabilities. Finally, we
note that in Line 9 of Algorithm E.2, the condition j* > d4 (1) implies the walk reaches the
set of bots B; since bots have self-loops but no other incoming edges, they act as absorbing
states on the walk. This is why the future trajectory of the walk can be defined in Line 9.

In Lemmas E.7 and E.8, we compute the hitting probabilities needed for the proofs of
Lemmas E.5 and E.6. We note that, in addition to the random variables p,, p¥, ¢, defined in
(6.8) in Section 6.3.1, Lemma E.8 requires the definition of several similar random variables;
we define these in (E.7) (and recall the definitions of p,, p}, ¢,). We discuss these in more
detail shortly.

ﬁn: Z jT anZj, ﬁ:;: Z j+ Zf 7/]7

jEN,keNo zEN JEN,keNy ZEN
~n — n Z , N:; = 7/ ,
q jeNZkeNJJFkJ*ka g k) g jeNZkeNJJFkJ*ka Jk) (®T)
fn = n Z s ,F:, —_= Z ,
jeNZk:ENﬁkﬁka ok jeNZk:ENﬁkﬁka ok

Lemma E.7. We have
pipht, leN

P, (X' e A) = .
(X ) {1, =0

Proof. See Appendix E.2.2.4. O

Lemma E.8. For I’ > [, we have

A A P.(X} € A, X? e A)pt~!, 1eN
P(X} € A X3 e dy={ U €AX € NHT, TEN
pnpn_ 9 l == O
Furthermore,
A o (FeT S ad e +dat 1e {23,
P.(X] € A, X} € A) =7 + q, I=1 . (E.8)

1, 1=0
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Proof. See Appendix E.2.2.5. O

Before proceeding, we comment on the form of (E.8), which helps explain the definitions
in (E.7). Namely, in (E.8), F;ﬁ%(lfl) is the probability of the two random walks visiting
different agents on the first step of the walk (7 term), then separately remaining in the
agent set for the next [ — 1 steps of the walk (]5%([_1) term); similarly, d;dfb_?fnﬁi(l_t) is the
probability of the walks visiting the same agents for ¢t — 1 steps (¢*¢.~2 term), then visiting

a different agent on the ¢-th step (7, term), then separately remaining in the agent set for

[ —t steps (ﬁ%(l_t) term); finally, g%\ ! is the probability of the walks remaining together

and in the agent set for [ steps. Each of these arguments follows from (E.7): p, gives the
probability of a single walk proceeding to an agent (j/(j + k) term), G, gives the probability
of two walks proceeding to the same agent (j/(j + k) term for the first walk, 1/(j + k)
term for the second walk), and 7, gives the probability of two walks proceeding to different
agents (j/(j + k) term for the first walk, (j —1)/(j + k) term for the second walk). Similar
arguments apply to p;, g, 7, except these pertain to the first steps of the walks.

Equipped with Lemmas E.5 and E.6, we can prove Theorem 6.1. First, suppose T,,(1 —
pn) — 0. Given ¢ > 0, we can use Lemma E.3 to obtain (provided the limits exist)

Tim B(Jfr, (%) — 0] > ) < Tim (B(ir,(8) — 0] > £/2) + BQ,) + 0 (n672)) ()
— 1im B(ir, (6) ~ 6] > </2)
where we have used P(Q25,) — 0 by (A1) and ¢ < 1/2 by (A2). Next, using total probability,
P([07, (¢) = 0] > £/2) < P([Jr,(¢) — 6] > £/2, Qn2) + P(A). (E.10)
We can further expand the first summand in (E.10) as

P([dz,(¢) — 8] > £/2,Qn2) < P({0r,(¢) — Enr, (9)] + [Endr, (9) — 6] > £/2, Qn2)

<P (\@Tn(@ B dr (0)] > Z Qm) +P (yEnéTn@) 9 > Z QM) , (E.11)

where we have simply used the triangle inequality and the union bound. Now for the first
summand in (E.11), we have by Chebyshev’s inequality,

P ([0z,(9) = Eudr, (9)] > 7.02) = E [Pu ([9,(9) — Eudr, (9)] > 7) 12)|(B12)

< 5E [Var,(dr, (6))1(02)] —— 0,

g n—oo

where the limit holds by Lemma E.6. For second summand in (E.11), we write

P (|En1§Tn(¢) — 0> i, Q,LQ) ) [1 (yEnéTn(¢) — 0> Z) 1(Qn,2)} (E.13)

4 ~
< EEHEnﬁTn (¢) - 9|1(Qn,2)] m 07
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where the first two lines use total expectation and the inequality 1(x > y) < x/y for x,y > 0
(which is easily verified), and the limit holds by Lemma E.5. Finally, combining (E.9),
(E.10), (E.11), (E.12), and (E.13), and recalling that P(QS,) — 0 by (A3), we obtain

og19uwmmw)—m>g>g@pﬁm&mwy—m>gm):0

Since ¢ > 0 was arbitrary, we conclude that 07, (i*) converges to  in probability, completing
the proof in the case T, (1 —p,) — 0. For the cases T,,(1—p,) — ¢ € (0,00) and T,,(1 —p,) —
00, respectively, we can replace 6 with §(1—e~“")/(¢n) and 0, respectively (the corresponding
cases from Lemma E.5), but otherwise follow the same approach.

E.1.3 Step 2 for proof of Theorem 6.2

Similar to the second step in the proof of Theorem 6.1, we begin by analyzing the limiting
behavior of 19Tn(gz5). However, we will use a different approach than that used in Theorem
6.1. This approach is made possible by the stronger assumptions of Theorem 6.2, and it will
yield a fast rate of convergence that will allow us to prove the theorem.

To explain our approach, we first recall that Lemma E.4 states

-1

in0) == 3 (3 )= 0 srs [T i)™

t=0 1=0 e A, j=0

Hence, letting 7 denote the collection of random variables defining the tree structure,

Bl T = 7 3= 3 ()0 =0 Bl @7 [Tdntl) ™ E10

IEAZ

233 G)nl(l S [T i),

IEAZ ]:0

where we have simply used the fact that the signals are i.i.d. Bernoulli(#) random variables.
Our basic approach will now proceed in two steps. First, in Lemma E.9 we condition on the
tree structure, so that Jr, (¢) is simply a weighted sum of i.i.d. Bernoulli(#) random variables;
the lemma shows that this weighted sum is close to its conditional mean E[d7, (6)|T] with
high probability. Second, in Lemma E.10, we show that the conditional mean E[Jz, (¢)|T]
converges to zero in probability. Before proceeding, we also note that an argument similar

to (E.5) implies the following, which will be used throughout the section:
0 < E[dr, (¢)|T] < 0 a.s. (E.15)

We now state Lemma E.9. As mentioned, the proof involves analyzing a weighted sum
of i.i.d. random variables; hence, our analysis is similar to Hoeffding’s.

Lemma E.9. Assume 3 > 0 and N’ € N independent of n s.t. the following hold:
o (A4), with T,, > plogn Vn > N'.
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Then V ¢ > 0,
B(ld1,(¢) - Eldr, (9)IT]] > &) = O (n~*™).

Proof. See Appendix E.2.3.1. O]

Lemma E.10 states that conditional mean E[dr, (¢)|T] converges to zero in probability.
Note that the only source of randomness in E[J, (¢)|T] is the tree structure. Since the tree
is generated recursively, E[d7, (¢)|T] has a martingale-like structure; this allows us to use an
approach similar to the Azuma-Hoeffding inequality.

Lemma E.10. Assume 3 &, > 0 and N’ € N independent of n s.t. the following hold:

e (A3), with P(Q,2) =O(n™") and p < 1.

e (A4), with T,, > plogn Vn > N'.
Then V ¢ > 0,

P(E[r, (¢)|T] > ) = O <n‘ min{u(an(l—p)w)%}) ‘

Proof. See Appendix E.2.3.2. O]

We prove Theorem 6.2. First, since 07, (i*), 7§Tn (¢) > 0, taking x = 0 in Lemma E.3 gives

P(0r, (i) > €) < P(r,(¢) > €/2) + P(QS)) + O (n*71/2)
=P(Ir,(¢) > ¢/2) + O (") + O (n*~V?), (E.16)
where the equality is by the theorem assumptions. For the first summand in (E.16), we write
P(Ir, (¢) > €/2) < P(|91,(¢) — Elr, (&) T]| + E[dr, (9)|T] > £/2)

< P(|97,(¢) — Eldr, ()| T]| > £/4) + P(E[dr, (¢)|T] > /4)
-0 (n—sw/s o min{u(en(l—p)/(’)"’/l&ﬁ}) —0 (n— min{#(en(l—p)/f))?/w,n}) ,

where the first inequality is immediate, the second inequality uses the union bound, the
second equality uses Lemmas E.9 and E.10, and the final equality holds since n,p € (0,1)
implies €211/8 > u(en(1 — p)/60)?/16. Substituting into (E.16),

POy, (i*) > ) = O (n— min{<1/2>—c,msn(l—p)/ef/w,n}) _ (E.17)
We can then write
E|{i € [n] : 05,(i) > e}| = nP(0r, (i") > ) = O (nl—min{@/?)—47“@”(1—1’)/9)2/16’”}) :

where we have used (E.17). Hence, by Markov’s inequality,

P ([{i € [n] : 7, (i) > e}| > Kn*) < K'n *E |{i € [n] : 0, (i) > £}|
—0 (nfiw(1fmin{(1/2)fc,u(sn(l—m/eﬁ/w,n})) . 0,

n—oo

where the limit holds by the assumption on £ in the statement of the theorem.
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E.1.4 Other remarks
E.1.4.1 A sufficient condition for extending Theorem 6.2

Here we show that the condition (6.12) from Section 6.3.3 is sufficient to extend Theorem
6.2 to other cases of p,. Recall this condition is

3+ >0 s.t. P(E[dr, (6)|T] — L(pa)| > ) = O (rm’) , (E.18)

where L(p,) is the limit from Theorem 6.1 based on the relative asymptotics of 7,, and p,,
ie.

0, T.(1—p,) —0
Lpe) = L0 — ) (en). Tl — pn) — ¢ € (0,00). (£.19)
0, T,(1 —p,) — o©

Suppose (E.18) holds in the case T, (1 — p,) — 0, so that L(p,) = 6. In this case, we have

P(|0r,(i*) — 0] > &) < P(|Ur,(¢) — 0] > £/2) + O (n~min{m (/270
< P(|0r,(9) — EWr, (9)[T]| > e/4) + P(E[r, (9)[T] = 6] > £/4) + O (n~mn{=(/270))

< 19) (n_EQH/8> +0 <n_’y/) +0 (n—min{ﬁ,(l/Q)—C}) -0 <n—min{sQ#/&,ylﬁ,(l/Q)—C}) 7

where the first inequality is Lemma E.3 (which holds for all cases of p,) with P(,,) =
O(n~") and the third uses Lemma E.9 (which holds for all cases of p,) and the sufficient
condition (E.18). Hence, by the argument following (E.17), we obtain for any ¢ > 0, K > 0,
and k' > 1 — min{e?*u/8,7', , (1/2) — (},

n—o0

P (|{i e [n]: 0r, (i) — 0] > €}| > Kn”) 0,

i.e. Theorem 6.2 holds with k replaced by &’. The same argument shows that Theorem 6.2
holds (with a change of k) if T,,(1 — p,) — ¢ € (0,00) or T,,(1 — p,) — oo with p,, — 1.

E.1.4.2 Comparing Step 2 for proofs of Theorems 6.1 and 6.2

As shown in Appendices E.1.2 and E.1.3, Step 2 for the proofs of both theorems involves
bounding P(|Jz, (¢) — L(pn)| > €/2) for the appropriate L(p,). One may wonder why we
have conducted a different analysis for the two theorems. The reason is that, as shown in
Appendix E.2.3.3, the analysis for Step 2 of Theorem 6.2 yields a bound that does not decay
with n in the case T,,(1 — p,) — ¢ € [0,00). Hence, we have derived a bound for Theorem
6.1 that encompasses all cases of lim,, o, T,(1 — p,). On the other hand, the bound from
Theorem 6.1 only states P(|J, (¢) — L(p,)| > £/2) — 0 but does not provide a rate of
convergence so cannot be used to prove Theorem 6.2. We also note Appendix E.2.3.3 shows
that, while the bound for Step 2 of Theorem 6.2 does decay in n for the case T,,(1—p,) — oo
with p, — 1, it does not decay quickly enough to establish (6.12).
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E.2 Proof of Theorems 6.1 and 6.2 (details)

E.2.1 Branching process approximation
E.2.1.1 Proof of Lemma E.1

For t € Ny, let oy, 5; denote the parameters {c(i)}icaun, {5:(7) }icaus in vector form,
and let 1 denote the all ones vector. We claim

t t

a=1-m> 5Q 7+ @, Bi=1-nY (1-5)Q " +5HQ" VteNE20)

T=1 T=1

We prove (E.20) for ay; the proof for f, follows the same approach. First, we use the
parameter update equations (6.6), and the definitions of P and @ from Appendix E.1.1 (P
being the column-normalized adjacency matrix and @ = (1 — n)I + nP) to write

ar = (1 —=n)(a + st) +no—1P = (1 —n)s; + ar1Q. (E.21)

Now for t = 1, (E.20) is equivalent to (E.21). Assuming (E.20) holds for ¢ — 1, we have

t—1
a; = (1—n)s;+0a;1Q = (1 —1)s; + ((1 =) ) s QU 4 aoQt‘1> Q

=1
t—1

=@=ms+(1-m> Q7 +aQ =(1-1)Y 5Q " +aQ"
=1 T=1

Next, recalling e; is the vector with 1 in the i-th position and 0 elsewhere,

00 (i) = —Cm() (A=) ¥ s QT el + agQrel]
@+ (1) Q0T + (a0 + QT

T, . )
(1—n) 37 5:Q™ el +agQel _ 7o 2 $:QT el + oy anQ el

(1 =T, + (o0 + Bo)Q™e] 14 m(ao + Bo)QTre] ’

where the equalities hold by definition, by (E.20), since the columns of @ sum to 1 by
definition, and by multiplying numerator and denominator by m, respectively. Next,
recall from Section 6.2.1 that ag(j) € [0,a] V j € AU B for some & > 0. Hence, ap
is element-wise upper bounded by al, so ay@Q™"e] < alQTe] = @, where we have used
column stochasticity of Q. Additionally, ap@*e] > 0 (since the three terms in the product
are elementwise nonnegative). By a similar argument, 0 < ByQ™"e] < 3. Taken together,

we can use the previous equation to obtain

1 Tn Tp—1,T Tn _
T_ =1 STQ " ei . 1 T — T 0]
. 17 <Or, (i) < — Y 5:Q" el + ———.
a+ - n - ? _
L+ oo g (L=m)T

Finally, recall from Section 6.2.1 that & and j3 are independent of n. Hence, because T,, — oo
as n — oo (by (A4) in the statement of the lemma), a/T,,, 5/1,, — 0 as n — oo. It follows
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that, for given € > 0 and n sufficiently large, |01, (i) — Tin S 5,QT el | < e. Finally, by
1 Tn
) ’IT,L =1

E.2.1.2 Proof of Lemma E.2

changing the index of summation 5,QT"el =91, (i), completing the proof.

We begin by arguing 91, (i*)[{7, > T,,} Z U1, (¢). For this, first consider the sub-graph
containing only edges between two agents formed during the first 7, iterations of Algorithm
E.1. Conditioned on 7, > T,,, this sub-graph is constructed as follows:

e The initial agent ¢* is sampled uniformly from A (Line 2), which implies its degrees

(dout (%), d2 (i*), dB (i*)) are distributed as f*. (In fact, this holds even if 7, < T,,.)

e Each time an edge is added to the sub-graph (Line 10), the paired outstub (7', j') is
sampled uniformly from O4 (else, 7, > T, is contradicted by Line 8-9), so the degrees
(dout (7'), d22 (i), dB (i")) of the corresponding agent 4’ are distributed as f,,.

e The initial agent ¢* has no paired outstubs, while all other agents in the sub-graph
have one paired outstub (else, an outstub with label 2 was paired within the first 7T,
iterations, contradicting 7,, > 7T,, by Line 8); in particular, the sub-graph has | U;‘FQO A
nodes and \UZT;’O Aj|—1 edges. Also, every agent in the sub-graph has a path to i* by the
breadth-first-search construction, so, neglecting edge polarities, we obtain a connected
graph with | U™, 4] nodes and | U™, A;| — 1 edges, i.e. a tree. Finally, since all edges
point towards i* (see Line 10), the sub-graph is a directed tree pointed towards i*.

In summary, the sub-graph is a directed tree pointing towards an agent with degrees dis-
tributed as f, in which all other nodes have degrees distributed as f,,. This is precisely the
procedure used to construct the sub-graph of agents during the first 7,, iterations of Algo-
rithm E.2. Additionally, Algorithms E.1 and E.2 add bots in the same manner (Lines 14-15 in
Algorithm E.1, Lines 14-15 in Algorithm E.2). Taken together, we conclude that, conditioned
on 7, > T,,, the T,,-step neighborhood into i* is constructed in the same manner in Algorithm
E.1 as the T),-step neighborhood into ¢ is constructed in Algorithm E.2. Furthermore, by
(E.2) and (E.4), it is clear that V1, (i) and 1§Tn(¢), respectively, depend only on these respec-
tive neighborhoods, and on the signals sz, _+(7) and §7, (1), respectively. Since the signals
st, (1) and S, 4(1) are also defined in the same manner (s7, (i), S7, (1) ~ Bernoulli(f)
for i € A1 € A; sp,_4(i) = 57,_4(1) = 0 for i € B,1 € B), we ultimately conclude that
U7, (i*) and U1, (¢) have the same distribution when 7, > T,, holds.

We next argue {7, > T, } occurs with high probability when 2, ; holds. For this, we
note that Algorithm E.1 is identical to the graph construction described in [48, Section
5.2] except the construction in [48] does not include the pairing of agent instubs with bots
in Lines 14-15 of Algorithm E.1. However, these lines do not affect 7,,. Moreover, when
(A1) holds, the assumptions of [48, Lemma 5.4] are satisfied. This lemma states that,
if ¢, < (logn)/(2log(vs/v1)) and v5 > vy (with vy, v5 defined as in (Al)), then P(7, <
tn|Qn1) = O((v3/v1)™ /+/n). In particular, by (A2) we have T,, < (log(n)/log(vs/v1) for n
sufficiently large, with ¢ € (0,1/2) independent of n; substituting gives

(v3/11)¢ log(n)/log(va/v1)

P(1, < T,|Q1) = O ( NG ) =0 (n71?).
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E.2.1.3 Proof of Lemma E.4
We first claim that for I € Ny and 1 € A,

pry _ J Lz dinli) 7 V=1 (E.22)
=0, reN\ {1} |

(Recall P is the column-normalized adjacency matrix.) We prove (E.22) separately for [ = 0
and [ € N. When [ = 0, the only case is 1 = ¢ (since Ay = {¢}); if I' = 0, the left side is
clearly 1 and the right side is 1 by convention; if I’ € N, the left side is 0 since e¢]5l' =0
(¢ has no outgoing neighbors in the tree). Next, we aim to prove (E.22) for 1 € A; and
[ € N. For such 1, there is a unique path from 1 to ¢ with length [ that visits the nodes
1|l = 1,1l — 1,...,1|/0 = ¢. By definition of P, it follows that

1 1 1
din ([l = 1) din (1 = 2)  din(0)”

On the other hand, if I’ # [, no path of length [’ from 1 to ¢ exists, so elpl/% = 0.
Recalling that @ = (1 —n)I + nP, we next claim that V t € N,

O = i @ n(1 = )t P. (E.23)

=0

e.Ple, = P(1|l1|l = 1)P(|l — 1,1)l — 2) - -- P(1]1,1]0) =

We prove (E.23) inductively: both sides equal I when ¢ = 0; assuming (E.23) is true for ¢,
t
Qt+1:<( [+7]P Z() thl

t ¢ t+1

_ L1 — )it pl t+1—1 pl

—z(l)n P (0 e
=0

_ t+1[ + Z (( ) ( 1)) Wl(l _ n)tﬂ—l]f)l + 77t+1]5t+1

t . A
=1

where in the first line we have used the definition of Q and the inductive hypothesis, the
second line simply uses the distributive property, the third rearranges summations, and the
fourth uses Pascal’s rule ([t 4+ 1] has (“/") subsets of cardinality /; (,,) that contain 1 and

() that do not contain 1). This completes the proof of (E.23).
Having established (E.23) and (E.22), we can combine them to obtain V ¢ € Ny,1 € A,

eth% — {(?)77[(1 — )t H] Codin(1g)7h 1<t

0, >t
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Finally, substituting the previous equation into (E.4), and recalling A= U;ﬁofil, we obtain

Tp—1 t -1

01,0 = 7 30 3 S snt0) ()0 - o Tl ™

ntOloleAl §=0

which completes the proof.
E.2.2 Step 2 for proof of Theorem 6.1
E.2.2.1 Proof of Lemma E.5

First, letting D denote the degree sequence and 7 denote the set of random variables
defining the tree structure, we can use Lemma E.4 to write

Th,—1 t
1 n
E,.[0r, (¢ Z() (L=n)""En | > Elsr,-( |D7’]Hdm 1[5)”
I t=0 =0 1€A,
(9 Tn—1 t + .
= (Z) n'(1—n) 'R, (X} € A), (E.24)
™ =0 =0

where the first equality uses the fact that A; and d(1]7)~! are fixed given the tree structure,
and the second uses the fact that 87, (1) ~ Bernoulli(f) and the definition of X}, i.e.

P.(X! € A) = E,[P(X} € A|D, T)] ZHdm 7)1 . (E.25)

IGAZJ =0
Here we have also used the fact that {X'}ien is a walk starting at the root of a directed
tree; hence, for 1 € Aj, P(X}! =1|D,T) is the probability of the path from ¢ to 1, which is
Hé;t din(1]7) 7!, and X} € A < X} =1for some 1 € A;. Next, using (E.24) and Lemma E.7,

E,[dr, (9)] = Ti i (Z C) (L= n) "' papl !+ (1 - n)t> : (E.26)

" =0 =1

where by convention the summation over [ is zero when ¢ = 0. Adding and subtracting
(1 —n)'pk /pn, the previous equation can be rewritten as

. 9 ]5; Th—1 t + . - 9 ﬁ; Th—1
B0 (0] = 2 3 3 (- g (1- ) S @
nin o =0 " "7 t=0
0 pr = ) 0 ( 15*) 1—(1—n)
= I N Y (1= ) 4 o (1o ) I
BCEARELTE A AR L
T, P n(1 = py) T, Pn 1 ’
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where we have simply used the binomial theorem and computed two geometric series.
Next, we assume temporarily that p, — 1 as n — co. By (A3), we have for w € €, 5

Hence, by p, — 1, and 6,, — 0 by (A3), we have for v; > 0, n sufficiently large, and such w
Pp(w)

11—y <= <1+,
Pn(w)

where we have also used the fact that 1 > p > p, on 2,5 by (A3). Also, by (A4), it is clear
that (1 — (1 —n))™ /T, — 0, so for given v, > 0 and n sufficiently large,
61— (1-n)t

0<
T, i

< Y2-

Combining the previous four equations implies that for n sufficiently large and w € Q,, o,

01— (1—n(l—py—5d)™

E”[@Tn (P)(w) < (1+ %)ﬁ 00— pn —02) + 7172, (E.28)
B 0r, (0)](0) > (1 =)o MR LR

We complete the proof for the case T,,(1—p,) — 0; the proof for other cases is similar. First,
we use Lemma E.11 from Appendix E.2.4 to obtain for any 73 > 0 and for n large enough

1—(1=n1—=p,—68,))™
1— (1 =n(l—p,+06,))™
Tnn(l —Pn T+ (Sn)

1—’}/3<

11— < <14 7s.

Combining the previous two equations gives for n large and w € 2, 2

~

B, [V7,(9)](w) < 01+ 7)) (L +73) + 7172 = 0 + 0(71 + 73 +713) + 7172,
E,[07, (9)](w) > (1 — 3)(1 —73) — my2 = 0 — 0(7 + 73 — 11Y3) — M2

Hence, for given v > 0, we can find 7, 72,73 small and n large such that, for w € €, ,
IE,[07, (6)](w) — 0] < ~. This clearly also implies [E,[J1,, (¢)](w) — 0]1(Qn.2)(w) < 7 for such
w. On the other hand, for w & Q,,,, it is trivial that |E, [0, (¢)](w) — 0]1(Q2)(w) = 0 < 7.
This completes the proof for the case T,,(1 — p,) — 0.

We return to the case p, — p € [0,1). Here it follows from (A4) that T, (1 —p,) — [0, 00)
cannot occur, i.e. we need only consider the case T,,(1 — p,) — oo. First, note that since
pn — p < 1 and 6§, — 0, we have p,, + 9, < 1 — v for some v; > 0 and n sufficiently large.
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For such n, and for w € Q,, 5, we then obtain p,(w) < 1 — 7;; substituting into (E.26) gives

En[Jz,(6)](w) < T% i (Z G) n (=) (1 =y) "+ (1~ n)t> (E.29)

t=0 =1
Th—1 t
6 1 X (t),
< = n(1—=n)"(1-m)
01 1= =gy 6 1 1
T,1—m M To1—ymm

where in the first inequality we used p,(w) < 1 —; and p}(w) < 1, in the second we used
1 —v €(0,1) (so that (1 —n)" < (1 —n)"/(1 —)), for the equality we used the binomial
theorem and computed a geometric series, and the final inequality is immediate. Since 6,1, v,
are independent of n, while T,, — 0o as n — oo by (A4), it is clear from this final expression
that, for given v > 0, n sufficiently large, and w € Qn2, 0 < E,[d7, (¢)](w) < 7. It follows
that |E, [0, (¢)]|1(Q2) = 0 a.s., completing the proof.

E.2.2.2 Proof of Lemma E.6

First, suppose p, — p € [0,1). Then, since 01, (¢) <1 a.s. (see (E.5) and the following
argument) Var, (U7, (¢)) < E,07, (¢)2 < Eudr,(¢). Furthermore, since T, — oo by (A4),
the fact that p, — p € [0,1) means only the case T,,(1 — p,) — oo can occur. In this case,
since B, [0, (6)]1(Q, 2) — 0 a.s. by Lemma E.5, we immediately obtain from Var, (J7, (¢)) <
E,[01, (¢)] that Var,(dz, (¢))1 (Q2) = 0 a.s. as well. Hence, it only remains to prove the
lemma in the case p, — 1, which we assume to hold for the remainder of the proof.

Towards this end, letting D denote the degree sequence and 7 denote the set of random
variables defining the tree structure (as in Appendix E.2.2.1), we have

Var, (Vr, (¢)) = Eu[Var(r, (¢)|D, T)] + Var,(E[ir, ()| D, T]). (E.30)

We next consider the two summands in (E.30) in turn. In particular, we aim to show that
each summand multiplied by 1(€2,,2) tends to zero a.s. as n tends to infinity.

For the first summand in (E.30), we use the fact that the signals are i.i.d. Bernoulli(#)
given the tree structure, as well as Lemma E.4, to write

Var(r, (¢)|D, T) = i ) var(sn, ()P, T) (( ) — n)tlﬁdm(qj)l)

ntozoleAl

=—T"21i29 10 <() l(ln)”ﬁ)dm(lj)l>2

where in the final step we have used ) 4 Hé_:t din(17) "t < land 3, ('l —n)' =1
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It immediately follows that 0 < E,[Var(dr, (¢)|D, T)]1(Qm2) < 1/T, a.s. Hence, because
T, — oo as n — oo by (A4), analysis of the first summand in (E.30) is complete.
For the second summand in (E.30), we first use the argument of (E.24) to write

B[, (6)/D, 7] = o ZZ() LS T i)

’I’L

=0 1=0 1A, =0
T, -1 T,-1 T,-1
S99 | CAUED U MIIEHIEET) par
1=0 ,c A, j=0 t=l T
where we have defined Y; = 37 4 Hz;lo din(1]7) " and ug,; = 37" (H)n'(1 —n)*" Thus,

92 Tn—1 Tn—1 Tn—1
Var, (E[dz, (6)|D, T]) = (Z ug, Var, (YD) +2 > g,y > g, yCovi( Yl,Yl/)(>] 31)

T 1=0 V=l+1
It remains to compute the variance and covariance in (E.31). First, for any [,I’ € N,
E.[YYy] = E. [P(X] € AD, T)P(X} € A|D, T)] (E.32)
—E, [P(X} € 4, X} € AP, T)| = Pu(X] € 4, X} € A),

where we have used the argument of (E.25) and the fact that {X!}3°, and {X?}$°, are inde-
pendent random walks given the tree structure. By a similar argument, E,,[Y]] = IP (X} € A).
Hence, using Lemmas E.7 and E.8, and assuming for the moment that [ > 1, we have

Var, (V)) = P, (X} € A Xﬁ € A) — (P,(X} € A))?

= g Y +Zq* T T S (M

=i (g )i (- g ) e
Next, using (E.7) and Jensen’s inequality, we have
2
Tn = ( Z an { .]7 ) :ﬁi - (jnv (E'34>
jEN,keNg J+ zeN

and so 1 —7,,/(p2 — ¢) < 0, i.e. the second term in (E.33) is non-positive, so V [ > 1,

1 G o)
Var, (V) < = <f;; ) )pil (E.35)
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In the case [ = 1, we have (again by Lemmas E.7 and E.8)

Var(¥0) = (7 + @) = 7, < 7 + = — () = — (f;:+ (51 )p
n — 4n n pn - Qn
where the inequality is (E.34) and p} < 1; hence, (E.35) holds for [ = 1 as well. Finally,
since Yy = 1 a.s., it is immediate that (E.35) also holds for I = 0. We next analyze the
covariance terms in (E.31). First, if I’ > [ > 0, we can use (E.32) and Lemmas E.7 and E.8
to obtain

E [V =Po(X}! € A, X2 € A) =L 'P (X} € A, X2 € A) = pL ', [V,
E,[Yy] = P(X} € A) = za:;ﬁi; L= prpl tph T = P(X] € A)pl Tt =B [Yilph
= Cov, (Y1, Yr) = pb " (Ea[Y?] — (Bu[Yi])?) = b, Var, (V7).

On the other hand, if I’ > [ = 0, we have Y; = 1 a.s., so Cov,(Y},Yr) =0 = ﬁf;Varn(Yo).
Hence, combined with (E.35), we have argued

, 1 7
Cov,, (Y, Yy) = b ~'Var, () < 5 (7:7*1 T — (pr) ) IV e Ny, I > 1. (E.36)

=Il+1

7 | [T T—1 T,—1
7::—|—~2n"~ ( ))T2 <ZuTl+2ZuTn ZuTnl/>

+1

1 i g2 [Tl Tp—1 T—1
<= (ﬁﬂ- o —(252)2) T2 (Z uT,LzﬁferQZuTn Z wg, pphtt )
n n T Gn

2
1 ( G mz) lTZ 1 ( G <~*>2)
== \" - = — (Dp p— ur,, ==\ - = — (Dp )
2 2 T, Tl 72 2

where the second inequality is simply 6,p, < 1, the first equality is immediate, and the
second equality holds by definition of ur, ;. It clearly follows that

Varu (El05 (9D, TH1(O%z) < = (f;:+ T —@;;)2) (), (E37)

and so we aim to show the right side of (E.37) tends to zero a.s. Clearly, the right side is
zero if w ¢ €1, 2; we aim to also show that, given v > 0, 3 N s.t. for n > N and w € §,, 5,

1 (w0 G (W) (w) 5 (w)?
—)2<n( )+ = AR ))<7- (E.38)

ﬁn(w pn(w)Q - Qn(w

To prove (E.38), we first recall that by (A3), we have for w € Q,, 9, P (w) > Pp(w) > pp — On.
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Hence, since we are assuming p, — 1, and since 6, — 0 by (A3), we have for v/ > 0, n
sufficiently large, and such w, p,(w)?, pi(w)* > 1 — 4. Thus, for n large and w € Q,, 5,

L (. G (W)rn(w) L (. G (W)7n(w) :
e (3 S ) < = (e + 2 - =)
(E.39)
To further upper bound the right side of (E.39), we note 7, < 1— ¢, a.s. by the first equality
n (E.34). The same argument gives 7% < 1 — ¢’ a.s. Note, however, that to use the second
bound, we must ensure 1 —+" — g, (w) > 0. To this end, recall that §,(w) < 1—¢ for w € Q9
by (A3). Hence, assuming we choose 7/ < £, we obtain 1 — " — §,,(w) > 0 for such w. Thus,

~12Gmw+~ﬁWm*”-ﬁmmﬁ

Pn(w) Pn(w)? = Gn(w)

) ( )(1 — @L(w)) o (1 i 7/))

<

1
1—v <( Il — 7 = Gu(w)

)
1 3/7’ <1 i (—e)in( ) +1> 1 zlv’ (g;—(?’ ' 1) =1 jlv’ (5—17’ H?MO)

where the first inequality uses (E.39) and the bounds from the previous paragraph, the
equalities are straightforward, the second inequality uses G,(w) < 1—¢ for w € Q,, 5 by (A3),
and the third uses ¢ (w) < 1 (recall we have chosen 7' < £). Finally, it is straightforward to
see the final bound in (E.40) tends to zero with +'. Hence, for sufficiently small v/, (E.38)
follows, completing the proof.

E.2.2.3 Notation for proofs of Lemmas E.7 and E.8

In the next two subsections, we prove Lemmas E.7 and E.8. For these proofs, we let
D denote the degree sequence {dou:(i), di (i), d5 (i) }icpn), and we let D denote a realization
of this set. Note that the random variables defined in (E.7) are all functions of D; for
a realization D of D, we let e.g. p, p denote the realization of p,. We similarly define
fn.p, . p for realizations of f,, f, defined in (6.7). Finally, letting g(D) = P(-|D = D), we

have P, (-) = ¢g(D) by definition of P,,. Hence, to prove Lemma E.7, it suffices to show

= ~]—1
o * leN
P(XZEA|D:D):{];nDan, ZGO

while to prove Lemma E.8, it suffices to show

P(X} € A, X} € AID=D)p, 3, 1€N

P(X} € AX} e AD=D)=¢ "', T (B4
Pn,DPn.D > [=0

e ~2(1—1 2(1— e
R R Tn,Dpn(,D ) + Zt 2 n, an Drn Dpn(D ) +4q, an Dv [>1
P(X,}! € A, X} € AlID=D) = b+ @ o | ££142)
1, =0
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E.2.2.4 Proof of Lemma E.7

The [ = 0 case is trivial, since X} = ¢ € A, so we assume | € N moving forward. First,
since AY = B is an absorbing set, we have X} € A= X! , € A, so

P(X}! € AID=D)=P(X} € A|IX} , € AD=D)P(X!, € AID=D). (E.43)

For the first term in (E.43), we have

P(X} € A|X! , € A,D = D) (E.44)
= Z P(le S A|d£1(X1171) = jydi(lefl) = kszlq € A,D = D)
j€N,keNy

X P(dﬁz(Xllfl) =7 disz(Xllfl) = k|X], € A,D = D)

— ZJ'GNJCENO jﬁ ZiEN fThD(i?ja k) = ﬁn,D, le {2, 3,.. }
ZjeN,keNo jﬁ ZieN ;,D(iaja k) = 252,1)7 =1

Y

where the second equality holds by Algorithm E.2. Specifically, for [ > 1, the degrees of X} ,
are sampled from f,, p (Line 11) after realizing X' ; (Line 8), yielding the >, fn.p (i, J, k)
term; further, X} is chosen uniformly from the incoming neighbors of X} , (Line 8) after
realizing the degrees of X' |, yielding the j/(j+k) term (the [ = 1 case is similarly justified).
Combining (E.43) and (E.44), and using the fact that X} = ¢ € A by definition, completes
the proof in the case [ = 1. For [ > 1, we again use (E.43) and (E.44) to obtain

P(X} € A|D = D) = p,pP(X;, € AID = D) = - = i, }P(X{ € A|D = D) = i, 15, p-

E.2.2.5 Proof of Lemma E.8

We begin by proving the first statement in the lemma, i.e. (E.41). First, we note that for
the [ = 0 case, Xy = ¢ € A by definition, so P(X} € A, X} € A|D = D) =P(Xj} € A|D =
D), and the statement holds by Lemma E.7. For the [ € N case, we first write

P(X! e A X2 AD=D)=P(X} € A, X? , € A, X? € A|D = D)
—P(X2cAlX} € A, X2 , € AD=DP(X! € A X2 , € AID = D),

where the first equality holds since A® = B is an absorbing set (i.e. X2 € A = X2 | € A)
and the second rewrites a conditional probability. Next, by the same argument as (E.44),

P(X2 e A|X! € A, X2 € AD=D)=pnp.
where we used the I’ > 1 case of (E.44), since I’ > [ > 1. Hence,

P(X} € A, X} € AID = D) = p,pP(X}! € A, X2 | € A|ID = D)
= =ph (X} € A, X} € AID = D).
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This establishes (E.41). For the second statement, i.e. (E.42), the | = 0 case is trivial, since
X! = X2 = ¢ € A by definition, so we assume [ € N for the remainder of the proof. First,
let 7 = inf{t € Ny : X! # X?} denote the first step at which the walks diverge. Note
Xl = X2 =¢by deﬁmtlon so 7 € N a.s.; also, due to the tree structure, the walks remain
apart forever after diverging, i.e. X!, # XTH,XT+2 # X2,,,... a.s. Next, for [ € N,

P(X} € A, X? € A|D = D) (E.45)

l
=Y P(X/ €A X} €A r=t[D=D)+P(X/ € A, X} € A,;7 > D= D)
t=1
We begin by computing the second term in (E.45). Here we have
P(X} € A, X} € A, 7> |D = D) (E.46)
—P(X} € AX?ecA X =X}X e A X} e AX  =X2,,... . X =X2D=D)
xP(X}, €A X2, €A r>1-1D=D),

where we used the definition of 7 and that A° = B is an absorbing set. Now for [ > 1,

P(X} e A, X’ e A, X} =X}X! e A X} e AX =X ,,... . X =X2D=D)

—P(X} €A X, Xf|Xl1 L €A X} ,=X?,,D=D) (E.47)
= Z anD Z .]7 - QTL,Dv
JEN,keNy +k‘7 +k

where the first equality uses independence and eliminates repetitive events, and the second
follows an argument similar to that following (E.44). Combining (E.46) and (E.47),

P(X} € A, X} € A,7>1D=D)=G,pP(X!, € A X? €A1 >1-1/D= D(E.A48)
= =g pP(X{ €A X] €A r>1D=D).

Finally, by an argument similar to (E.47), we have

P(X! e A X% ¢ A T > 1|D D) = IP’(XI € A, X! = X?D=D) (E.49)
= fn 7’ ]7 - Cj;; .

Hence, combining (E.48) and (E.49) gives
P(X!' € A, X} € Ar>1D=D)=¢ pipV1eN. (E.50)

For the first term in (E.45), we first consider the ¢ = [ summand. For [ > 1, similar to
(E.47),

P(X} € A, X} e A, 7 =1|D = D)
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P(X} e A, X} e A, X} # X} X}, = X2 ,,..., X! = X}D=D)

P(X} e A, X} e A, X} # X2 X} e A X, =X2,,.... X} =X}D=D)

P(X} e A, X? e A, X} # X}X!, e A X} =X2,,..., X} = X2 D=D)
><]P’(Xll | e A XL =X, .. Xl—XﬂD:D)

= D fup(i,j. K)P(X), € A, X2, € A,7>1-1/D=D)
. j+ j+k§:
jEN,keNg

~[—2 ~%
- TNananDv

where in the final step we have also used (E.50). Similarly, for [ = 1,
P(X;i e A X?cAr=1D=D)=P(X! € A, X? € A, X! # X}D=D)

- Z j+k:j+sz”DZ]’ =

jEN,EENy

To summarize, we have shown

R . N l1e€{2,3,...
IP’(X}EA,XIQGAJ:Z\D:D):{q"Dq”DT’D’ €231 (E.51)

;’kLD7 l - 1
Next, we consider the ¢ < [ summands in (E.45) (which are present only for [ > 1). We have

P(X} € A, X? € A,r =t|D = D)
—P(X} € A X?cA X! e A X, €A X!, #X?,,1=tD=D)
—P(X} € A X?cAIX! €A Xt €A X}, #X2,,7=1,D=D)
xP(X}, € A X2, €A X} #X2, . T=tD=D)

2
=[Px € AIX, € AX} € AX  # X, 7=tD=D)
h=1
xP(X! €A X2, e AT =tD=D),
where in the first equality we used the fact that A® = Bisan absorbing set and the fact that
once the walks diverge they remain apart; in the second equality we used the fact that X'
and X} are conditionally independent given the event X}' | # X7 |. Further, for h € {1, 2},

P(X]' e A|X} | € A X2 €A X,1 \# X2, T=t,D=D)

= Z anD { ], ﬁn,Da

jEN,kENo ZGN

and so, combining the previous two equations and applying recursively yields

P(X} € A, X} e Ar=tD=D)=p  P(X}, € A, X} € Ar=t{D=D) (E52)

277



= =pP(X] € A, X} € A7 =t/D=D)

~% 2(1
ananrnDpn(D”, te{2,3,...,1—1}
f:,Dﬁi(,lD 1), t=1 ’

where the final equality uses (E.51). Combining (E.45), (E.50), (E.51), and (E.52),

~ . P ~2(1—-1) 2(1—t) ~x o =1 I>1
P(X} € A, x? € Alp = D) = { "mPPnD ~F Stea 805 0P+ 8o .
n,D + qn,D’ =1

E.2.3 Step 2 for proof of Theorem 6.2
E.2.3.1 Proof of Lemma E.9
We first write

P (|9, (6) — EWr, 0)IT]| > ) =B [P (|ir,(6) - Bl (&) T]| > £|T)]
=E [P (Vr,(¢) = El0r,(0)T) > &|T) + P (Elr, (6)|T) = r, (6) > £|T)] (E:53)

where the first equality uses the law of total expectation and the second is immediate. For
the first summand in the expectation in (E.53), we fix A > 0 and write
7)

P (ir,(6) - E[@anm > e\T) -P (expu(én(as) ~ Elin, (6)|T])) > e

Tp—1 t
r A ([t
—)\s t—l 1/a
H H H E |exp <Tn l n'( Hdm 17) 7 (87, (1) 9)) ‘T]
t=0 1=0,c4, Jj=0
To—1 t awz -1 2
Ae ! t—1 1
< [T ITew <? (l)n (1= ) TL bl >
=0 1=0 ¢ 4, =0
Th—1 t )\2 t -1
<o T I ex» (W (l)nl(l ) ] donl0l) )
t=0 1=0,c4, " j=0
)\2 1 Th—1 t t -1
=exp | —Ae + T T (l)ﬁl(l n)’ lHdm(lm '
T =0 1=0 ¢4, j=0
2 R )\2
= exp (—)\5 + ST QE[ﬁTn(qSHT]) < exp (—/\8 + 87) . (E.54)

Here the first equality holds by monotonicity of z — e*®, the first inequality is Markov’s,
the second equality holds by (E.14), the second inequality uses Lemma E.13 from Appendix
E.2.4, the third inequality uses (;)n'(1 — n)t_l,Hi._:t din(1l7)7! < 1, the third equality is
immediate, the fourth equality again uses (E.14), and the fourth inequality uses (E.15).
Since the preceding argument holds V A > 0, we choose A\ = 4¢7,, to minimize the bound.
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Upon substituting into (E.54), we obtain e~2=Tn . The same argument holds for the second

summand in the expectation of (E.53). We also note that the bound =27 is non-random,
so we may discard the expectation. In summary, we have shown

P (|0r,(¢) — Ellr, (0)IT]] > ¢) < 2e77

Hence, for n sufficiently large, we have by assumption on T,
P ([0, (6) — Blin, ()1 T]] > ¢) < 2e72wiosn = 90720 = 0 ()

which is what we set out to prove.

E.2.3.2 Proof of Lemma E.10

We begin by deriving a bound conditioned on the degree sequence. First, we fix A>0
and use monotonicity of z — e’ and Markov’s inequality to write

P, (Elir, (6)[T] > €) < e *E, exp(AE[Jr, (6)[T]). (E.55)

The bulk of the proof will involve bounding the expectation term. For this, we first note

E, exp(AE[dr, (6)/T]) = E, exp A—sz() 0 Y T

”tozo €A, 7=0

o Tl (Tl gy -1
B (23 (Z (l)n’(l—n)”> S donl0li)
" =0 t=1 €A, 1=0
Tp—1
=E, H exp(Aur, Y1),

=0

where the first equality holds by (E.14), the second rearranges summations, and in the third
we defined A\ = M/ T, ur,y = >0 ()01 —n)', and ¥, = > e, Hé;t din(1]7)7". For
the remainder of the proof, we use E,; to denote conditional expectation with respect to
the degree sequence and the set of random variables realized during the first [ iterations of
Algorithm E.2 (i.e. the first [ generations of the tree). Using this notation, we have

Th—1 Th—1

E,| [T exoOur, 1¥)| = Bu|Bor, 2| T exp(ur, 30| (E.56)
=0 =0
Th—2

= En[ H eXp(/\UTn,lYE)]En,Tna [GXP()\UTn,TrlYan)H
1=0
Tn—3

= En[ H exp(Aur, 1V7) exp(Mur, 1,2 + ur, 1,~1Pn) Y1, ~2)
1=0

X Ep 1,2 [GXP(AUTn,Tn—l(YTwl - ﬁnYTn—Q))H,
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where in the third equality we multiplied and divided exp(Aur, 7,,—19, Y1, —2). Next, note

Th—2
Vo= ) > I dwali™ (E.57)
VEAD, _51€ AT, _1a|(T,—2)=r J=0
Thn—2
= ) S T )

I'EATn,Q 1€ATn,1:1|(Tn—2):1’ Jj=0

Th—2

= 3" T danlli) Mo € Agy :1l(T, — 2) = 1)
veAs, 5 3=0
Thn—3

= > T daltl) 7 dunl0) 20,

IIEATn72 J=0

where in the first equality we rewrote the sum based on the construction of ATn_l in Algo-
rithm E.2, in the second we used the fact that 1|5 = 1'[j for j € {0,...,T,, — 2} by Algorithm
E.2 (in words, 1 and 1 share the same ancestry in the tree), in the third we have recognized
that the 1-th summand does not depend on 1, and in the fourth we used V'|(7,, —2) =1’ (since
1" € Ag, _5) and the construction of the offspring of 1" in Algorithm E.2. It follows that

Tn—3 T,—3
E, 1, —2Yr,—1 = Z H dm(1/|j)_1En7Tn—2(dﬁl(ll)/dm(ll)) = H din(V'17) " P = Y1, 2P,
VeArq, o J=0 7=0

where E,, 7, _2(di (1) /din (1)) = pn holds by definition of di (1), i, (1) in Algorithm E.2 and
of p,, from (E.7). In summary, we have argued E,, 1, o(Yr,,—1 — Y7, —2Pn) = 0. On the other
hand, 0 <Yy 1 <Yy, o <--- <Yy = 1, where the first inequality holds since Y7, _; is a sum
of nonnegative terms and the second holds by (E.57) (using d;,, (1) = dis (1) +dB (') > d4 (1)),
and where Yy = 1 by definition. Hence, we can use Lemma E.13 from Appendix E.2.4 to
obtain

E, 1,2 exp(Aug, 1,1 (Y, -1 — Pu Y1, —2)) < € “bnit-1/3, (E.58)

Substituting into (E.56) then yields

Th—1

E| [T expOur, v7)| (E.59)

=0

Tn—3

n ~ )\2

< En[ [T expur, Y1) exp(A(ur, 7,2 + uTn,anpn)YTnfz)} exp (gule’n,Tn—l> :
=0

We can then iteratively apply the preceding argument. Namely, we have

Thn—3

n _ )\2

En[ I expOur, 1¥0) exp(A(uz, 7,2 + UTn,Tn—lpn)YTn—ﬁ} exp <§U2TW,TR—1)
=0
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Tn—4

=E, [ H exp(Aug, 1Y) exp(A(ur, 1,3 + Ut 1,—2Pn + U, 1, -1P2) Y1, —3)
1=0

_ _ A2

8
[ H p(Aur, Y1) exp(A(ur, 1, -3 + ur, 1,~2Pn + uTn,Tnflﬁi)YTn%%)] (E.60)
1=0
N 2

X exp g (ur, 12 + Uz, 1, 1P0)? + U7, 7, 1) (E.61)

Tp—1 2 Dol (Taml 2

<< En[expuum%) exp (A > uTn,lﬁ;lYl) } exp | D (Z ur, v, )
I=1 =2 \V

(E.62)

(The precise form of the summations in (E.62) can be verified by considering the case T}, = 4
n (E.60) and (E.61).) Note that the final step of the iteration is different because the
root node has degrees sampled from f (the uniform distribution) instead of f, (the size-
biased distribution) in Algorithm E.2. Nevertheless, a similar argument holds: here we have
E,oY:1 =piYy and Yy € [0, 1] a.s., so by an argument similar to that leading to (E.58),

=1

Th—1 Th—1
=E, [exp (A (um,o +0h Y uTn,zﬁirl) Yo) Eno [exp (A D ur i (Yi - ﬁZYo)> H

=1 =1

Tn—1 2 [Tl 2
< E, | exp (A (um 220 uTn,zﬁM) Yo> [exp | 5 (Z wr, il 1)

To—1
E, [exp()\uTmon) exp ()\ Z uTn’lﬁfllK) }

=1 =1

Combining the previous inequality with (E.59) and (E.62) then yields

Th—1

En[ H exp(/\uTle})}

=0

Tp—1 2 Dol (Ta—l 2
<E, [GXP (A (UTn,o + D, Z UTn,lﬁZ_l) YO) ] xp |3 Z (Z g, v Pl >

=1 =1 ’

Next, we recall Yy = 1 by definition. Additionally, we have

T,-1 T,—1 Tp—1T,—1
ur, 0 + P, Z ur, by | = Z )"+ b, Z Z ( ) '

=1 t=0 =1 t=l
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:“4<i:() Hmm1+u—mﬁ=¥%mwnw»

t=0 =

where the first equality uses the definition of ur, ;, the second rearranges summations, and
the third uses (E.26). Combining the previous two equations therefore yields

Tp—1 T ) 2 Tl (Taml / 2
En|: H exp()\uTle})] < exp /\%En[ﬁn(éb Z (Z ug, vp, )

=0 =1 !

Hence, recalling that A = 5\9/ T, and substituting into (E.55), we have shown

A ) o 3202 Tl [Tam] 2
Po(E[Jr, (6)IT] > €) < exp | —Ae + AEu [, (6)] + T > (Z ur, v ) . (B.63)
noi=1

!

Clearly, this inequality still holds if we multiply both sides by 1(€2,2). Additionally, by
(A3), pn(w) < pn + 0y, for w € Q,, 9, where p, — p and 6,, — 0; since we additionally assume
p < 1 in the statement of the lemma, we conclude p,(w) < p, + , < 1 for w € 2,5 and n
sufficiently large. For such n, we can therefore write

P (E[r, (9)|T] > €)1(2n2)

’7T2

no=1

2
_ _ R )\202 Tn—
<exp | —Ae + AE,[Vr1,(9)] + Z (Z ur, v (Pn + 0n) ) 1(Q2)
262
1(€2n2),
SEm%l—U%+6wP> (a)

< exp <—5\6 + XETL[,lng ()] +

where the second inequality uses Lemma E.12 from Appendix E.2.4. Additionally, since
pn — p < 1, we can use the argument leading to (E.29) to obtain E,[d7, (¢)](w) < ¢/T,
(for some ¢ independent of n) whenever w € Q,, 5 and n is sufficiently large. For such n, we
obtain

BBl (6)[T] > )1 (@s) < exp [ e + 26 + s
T 22 =GP TS T ST 2 (1 = (pa + 6,

NE >1(Qn,2), (E.64)

Now since A > 0 was arbitrary, we can choose A = 4Then?(1 — (p, + 6,))%/6%. Upon
substituting into the exponent in the previous equation, this exponent becomes

A2 Ae
“TRLP( - (a4 007 T,
= _2Tn527]2(1 - pn)Q/QQ + 2Tn527725n(2(1 - pn) - 571)/92 + 465772(1 - (pn + 571))2/02
—2T,2®n*(1 — pp)? /0% + AT, %10, /0% + 4cen? /02, (E.65)

— A
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where the inequality simply uses p,,d, > 0 and p, + 6, € (0,1) (for large n). Now note
that since p, — p, we have (for example) (1 — p,)? > (1 — p)?/2 for n sufficiently large.
Additionally, since 6,, = o(1/T,,), we have (for example) T,,0,, < ¢/e for n sufficiently large.
Combining these observations, we can upper bound (E.65) as

22T (1 — pp)? )0 + 40 T,0, /0% + dn*ec/0* < —(en(1 — p))*T, /0% + 8cen? /6.
Hence, substituting into (E.64) gives

Po(E[r, (9)|T] > £)1(Qn2) < exp(8cen®/6%) exp(—(en(L —p) /6)°T,)1( Q). (E.66)

Finally, we write

P(E[Ir, (9)|T] > €) = B[Pu(E[dr, (9)|T] > €)1(Qn2) + Pu(E[dr, (9)|T] > £)1(Q2F,)]
<0 < (en(1—p)/0) Tn> + P(Qf,g) s (e—(an(l—p)/9)2ulogn + n‘”) ’

where the inequality uses (E.66) and upper bounds a probability by 1, and the second equality
uses the assumptions in the statement of the lemma.

E.2.3.3 Where the proof fails in the case p, — 1

As shown in Appendix E.1.4.1, extending Theorem 6.2 to the case p, — 1 amounts to
showing that for some v > 0,

BB, (0)/T] ~ L(pa)] > ) = O (n7). (E.67)

where L(p,,) is the appropriate limit from (E.19). Here we show (roughly) why the approach
from the preceding proof fails to establish (E.67) in the case p, — 1. To begin, we note we
first used the assumption p,, — p < 1 following (E.63). Hence, in the case p, — 1, we can
still follow the approach leading to (E.63) to obtain the (one-sided) bound

P(E[Jr, (9)|T] = L(pn) > €)1(2n2) < exp(=A(e + L(pa))E expAE[r, () T])1(2n 2)

8717

no=1

/

o A 202 Tl [Ta-l 2
<exp | =Ae+ A (=L(pa) + Ealdr, (0)]) + S 3 (Zumz ) 1(Q2)

) 3202 Toml [Ta-l 2
o | At G 2 (Zu ) 1(Sn2), (E:68)

no=1

’

where the approximate equality uses E, [1§Tn(¢)] ~ L(pn) on Q9 by Lemma E.5. We next
note

=1 = I'=1 I'=1 t=l’
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- ) (Z S (1) 77)”'152155{1>2

t=1 I'=1
1-(1- n)T")2
']7 )

= ) (G Ealon, (0] -

where the inequality discards nonnegative terms, the first equality is by definition of ug, 1,

the second rearranges summations and multiplies/divides by (p)?, and the third uses (E.26).
Hence, we have shown (E.68) is (roughly) lower bounded by

exp (—Xe + 5 (Balon o) - =) ) 1(92.0),

T.n

where we have also used p}, ~ 1 for large n on €, » when p,, — 1 by (A3). Now we consider
three cases for the exponent in the previous expression:
e T,(1 —p,) = 0: Here Lemma E.5 states E,[0r,(¢)] &~ 6 for large n on €, ; for such
n, the exponent is roughly

1292 (1 o\Te) N\ 2 ~ Y202 2
%0 1_0(1 (I—=mn)') Z—/\€+>\9 :_4i’
8 T.n 16 R

—e +

where the inequality holds for large n (so that (1 —(1—7)™)/(T,n) < 1—1/+/2, which
holds since T,, — oo) and the equality holds by choosing the minimizing A (namely,
A = 82/6?). Since this lower bound is constant in n, (E.68) does not decay as n grows.
o T,,(1 —p,) — ¢ € (0,00): Here Lemma E.5 states E, [0, ()] = 6(1 — e=“")/(cn) for
large n on €, 5. An argument similar to the previous case shows (E.68) does not decay.
e T,(1 —p,) — oo with p, — 1: Here we consider an example to show (E.68) does not
decay sufficiently quickly for the general case: assume 7T,, = c¢logn for some constant
¢ that satisfies the theorem assumptions and we set p, = 1 — (logn)~%?. Then since
6, = o((logn)~') per (A3), we have e.g. 1 — p, + 6, < (1 — p,)/2 for large n. Hence,

0(1 — (1 —n(1 — pa+6.))")
NT5(1 = pn + )
0(1 — (1 — (n/2)(logn)~09)closn) N :
(cn/2)(log n)o! (log n)0-1

where the first inequality holds by (E.28) in Appendix E.2.2.1 (where v;,v are ar-
bitrarily small, hence the approximate inequality), the second holds for our chosen
T, Pn, 0n, and the third holds for some constant ¢ and for large n. Hence, the expo-
nent is (roughly) lower bounded by

where the equality holds for the minimizer A = (4¢/¢)(logn)®2. From here it follows
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that (E.68) cannot be O(n~"): if it is, then for all large n and for some constant C,
252 0.2 N — 282 0.2 / ~
exp [ ——(logn)™" | <Cn™7 = exp —g(logn) “+4'logn | < C.
¢

The final inequality is a contradiction, since —(2¢2/¢%)(logn)%? + ' logn — co.
E.2.4 Auxiliary results

In this appendix, we collect several auxiliary results used in other proofs. (These results
are either cited from other sources, or their proofs are tedious but elementary, so we collect
them here to avoid cluttering other parts of our analysis.)

Lemma E.11. For T,, — oo, p, — 1, and 4,, — 0 s.t. §,, = o(1/T},), we have

1_ 1_ 1_ n_(gn T, n—oo
(1-—nd-p ) s { (L—e)/(en), To(1—p,) — c € (0,00)(E.69)

1T (1 = pn — ) n—vo0 ’HOO;

\ n—00

1 _ 1 _ 1 - 5n T, n—o0
(1 —n(l —pn+dn)) (1—e=)/(cn), Tu(l —pn) — c € (0, 00)(E.70)

1T (1 = pn + 0n) n—vo0 T

k()’ Tn(l _pn) o0
n—oo

Proof. We consider the three cases of (E.69) in turn; the proof of (E.70) follows the same
approach. First, suppose lim,, ,o, T,,(1—p,) = co. Then since T,,0,, — 0 and T,,(1—p,,) — o,
we have T,0, < 1 < T,(1 — p,) for sufficiently large n, which implies (1 — p,, — d,,) > 0 for
such n. Clearly, we also have (1 — p, — d,) < 1 for all n. Taken together, it follows that
1—(1—=n(1—-p,—95,))™ € (0,1) for n large. For such n, we can then write

1—(1=n(l—p,—06,))™ _ 1

where we used (1 — p, — d,) > 0 in the denominator. Now since T, (1 — p,) — oo and
1.0, — 0, T,,(1 — p, — 0,) — 00, so taking n — oo in the above inequality gives the result.

Next, suppose lim,, o T,(1 — p,) = ¢ € (0,00). Since n7T,,(1 — p, — 6,) — nec by T,,(1 —
pn) — ¢ and T,0,, — 0, it suffices to show (1 —n(1 — p, — §,))" — €77 as n — oo. First,
since T,(1 —pn) > ¢, Ve >03 Ny st.c—e <T,,(1 —p,) <c+e1 V> Ny, Further,
since T,,0, — 0,V g9 > 0 3 Ny s.t. —e9 < T),0, < €2 ¥ n > Ny. Hence, ¥V n > max{N;, Ny},

(1 ) 77(C+;—711+52))T < (L=n(1 = pn = 0n))™ < (1 - W%::@)T

0<

Moreover, since (1 —x/m)™ —— e * Ve3> 03 N3 s.t. Vn > Ng,

m—o0

T Th
R I (B =
T, ’ T,
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Combining these arguments, we obtain V n > max{ Ny, Ny, N3}
e~meterter) oo < (1= (1 —p, — 6,)) ™ < eMes17e2) 4 op

Since both bounds converge to e as €1, 9,63 — 0, (1 — (1 — p, — §,))™ — e follows.
Finally, suppose lim,,_,, T,,(1 — p,) = 0. First, we observe

e ® DR (R ) (S N 8

Pn —o

where the inequality holds for n s.t. (1 — p, — 9,,) > 0 (which indeed occurs for large n; see
proof of T,,(1 — p,) — oo case), since then the sum is over T,, terms, each upper bounded by
1. On the other hand, we can use the binomial theorem to write

1-(1-n1—p, )" 1= () (=n(1 = pn—6,))"

= E.72
NTa(1 = pn — 6n) NTn (1 — pn — 6n) (E.72)
o3 @) (T DD G0 = = 5)
B t! '
t=2
Next, we observe (assuming (1 — p, — d,,) > 0) as above)
T,
(T — 1) (T — £+ 1) (=1 ((1 — pn — 6,))"
t=2 ’
T, T,
- (Tn_l)"'(Tn_t‘{'l)(T/(l_pn_én))til - l_pn_é))
<2 7 < Z (i —2)
t=2 t=
3~ (1= po = 6,)
=Tl =pn—6,) >~ T <Tu(l=pa— §,)eTn(1=pn=bn)
=0

where the first inequality replaces negative terms with positive ones; the second inequality
uses n < 1, (t —2)! < ¢!, and (T,, — j) < T, for 7 > 0; and the third inequality replaces the
upper limit of the summation with infinity. Hence, (E.71), (E.72), and (E.73) yield

— — — _ Tn
R (e )

— (1 —=n(1—p, —5,))
= 12> lim ( n(l—p ) >1— lim T,(1 —p, — 5n)eTn(1fpn—5n) -1

>1—T,(1—p, — (5n)eT“(1_p”_5")

Y

where the final equality holds since T,,(1 — p,), 7,0, — 0 by assumption. ]

Lemma E.12. Let uz,; = Y., " ()n'(1 —n)'~". Then for any x € (0,1),

- Th—1 T
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Proof. For | € Ny, define w; = Zl, . uTn pz' =t Then

Tn—1
_ U—(1+1) _
w; =uUr,; + E U, 1T (+1) — U, | + TWig1.
U'=I+1

Assuming temporarily that ug, y > ur, v whenever I’ <" (which we will return to prove),

Tn—1 Th—1—2 u
—(l+1) U Thn,l
w1 < Ut E ot = ur,,l E 2 < g,y E =T
'=Il+1

Hence, using the previous two equations, we obtain w; 1 —w; = (1 — x)wyp1 —up,; <0, ie.
the sequence {w;} decreases in [. It is also clearly nonnegative. Therefore,

To—1 [Tph—1 2 7.
/_
E g uTmyxl M = g wi < Thwg.
=1

=1 =l

To further bound the right hand side, we note

Wo = Ti:l (%:1 (lt,) n'(1- 77)HI> 2’ S (lt,) (nz)" (1 — )"

= Yl () = S (1= ) < 31l - ) =

where the first line uses the definition of up, » and rearranges summations, and the second
line involves simple calculations. The previous two inequalities then imply the lemma.
We return to prove ur, y > ug, oo for I’ < 1”. First, we claim that ¥V t* € N, 1 € {1,...,t*},

t* 41 .
Z t nl(l _ n)t—l . Z t nl-i—l(l o 77)t—(l-i—l) _ " +1 77l(l . n)t*—i—l—l‘ (E74)
l [+1 [+1

t=l t=l+1

We prove (E.74) by induction on t*. First, when ¢* = 1, the only case to prove is [ = 1; when
t* =1 =1, it is immediate that both sides of (E.74) equal n(1 — n). Next, assume (E.74)
holds for ¢t* — 1. If I = t*, both sides of (E.74) equal 5" (1 —n). If [ € {1,...,t* — 1}, we
write

t=l t=Il+1
t*—1 ¢ t* ¢

_ L o\t I+1 (1+1)
(S (a3 (1 )
t=l t=I+1

AW o (UL 41— (1+1)
1— - 1—
+<l)n( 1) (l+1 n T (1—mn)
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(l i 1) n'(1— 77)“) + (tl*) n(1—n)" - (tl*:_rll)n’“(l —n)" !
o= ()« () =)
(1=t <(tl*:11> B ”(tl*if)) _ <t;j11) (1 — )+

where the first equality simply writes the final summands separately, the second uses the
inductive hypothesis on the term in parentheses, the third is immediate, the fourth uses
Pascal’s rule ([t* + 1] has (t*H) subsets of cardinality [ + 1; ( ) that contain 1 and (

I+1 l+1)
that do not contain 1), and the fifth is immediate. This establishes (E.74). We then write

Th—1 " T,—1 ;
U, 11— UT, 141 = Z <l’) n'(1—n)t" — Z (l’ N 1) A1 — )@+

t=l’ t=l'+1
Th—1 " Ty "
_ Ul o\ U419 _ NE—=(U'+1)
=> (l,)n (1-n) > (z'+1>’7 (1-n)
t=l’ t=l'+1
Tn ’ (1
4 (l, N 1> 77z +1(1 B 77)Tn (I'+1)
T \ v T~ T \ v T/
(z/+1>" (L=n)"" + (l'+1)" (1—mn)
Tn / (1

where the first equality holds by definition of ur, y, the second adds and subtracts a term,
and the third uses (E.74). Thus, up, y > ur, y41; iterating gives ug, y > ug, o for ! <1”. O

Lemma E.13. Let Z be a random variable satisfying EZ = 0 and Z € [a,}] a.s., and let
A > 0. Then Ee? < e (0—a)?/8

Proof. See e.g. [124, Lemma 5.1]. O

E.3 Proof of Theorem 6.4

The proof relies on three lemmas proved at the end of this appendix. Also, throughout
the proof, we use P, and En, respectively, to denote probability and expectation, respectively,
conditioned on {dpu(7), 2 (i) }icpny] (Le. the degrees observed by the adversary).

In the first lemma, we solve the relaxed problem. The proof is standard and primar-
ily amounts to verifying the Karush-Kuhn-Tucker (KKT) conditions (see e.g. [128, Section

5.5.3]).
Lemma E.14. The solution of the relaxed problem (6.17) is, almost surely,

dy!(i) = di, (i) (# - 1) Vi€ n],
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where x; =z for x > 0 and x;, = 0 for x < 0. Furthermore, Y., d'°(i) = b,,.

i=1"n
Proof. See Appendix E.3.1. m

The next lemma shows that also the randomized scheme objective is (in expectation)
close to the relaxed solution objective.

Lemma E.15. The following inequalities hold almost surely:

(1+ pn (d27)) .

N =

o (071) < o (d7%) < B (d77) < 3 (14 o (d7)) <
Proof. See Appendix E.3.2. m

The third and final lemma provides a tail bound for this randomized scheme objective.
The proof shows that an affine transform of this objective is a self-bounding function of
independent random variables [129, Section 3.3] and uses an existing result for such functions.

Lemma E.16. For any § > 0, 9 ¢5 > 0 independent of n such that, almost surely,

) 1 5, (APt 1 — po(dort
P, (ﬁn (dn?) > 0+ Pnldy )) < exp (_05mn( D 2 ))> .
240 maX;ep) 7(7)

Proof. See Appendix E.3.3 O]

With Lemma E.16 in place, we can prove the theorem. First, by (6.20), we can find a
sequence {x,}nen C [0, 00) satisfying x,, — oo and P(€,, ) — 1, where &, is the event

£, - {mn(l —Buld)) xn} _

maX;e mr (])

Thus, by the law of total expectation and Lemma E.16,

i 1+ 6+ pn(dor) - [ 1+ 0+ pu(d?)
P rand > n —FE|P rand > n
(o () = L2201 o (o ey = LEO D

~ opt

- 246
<exp (—csmn) + P (ES) —— 0.

n—oo

gxn] P (£9)

E.3.1 Proof of Lemma E.14

First note strict convexity of y — 1/y for y € R implies strict convexity of p,, i.e. for any
d#d € R} and p € (0,1), we have

~ "N 1 dﬁz(l)dout(z)
Polpd + (1= 0)0) =3 T (- O T AW

- p 1—p  \ dA@Ddouli) -
= Z (dA @ +d) A6+ d’(@')) . phn(d) + (1 = p)pn(d).
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Also note we can rewrite the relaxed problem (6.17) as

min p,(d) s.t. g(d) <0,¢,(d) <0Vi€n], (E.75)

deRn

where g(d) = >"1 | d(i) — by, gi(d) = —d(i). Given A\, \; > 0, we also define the Lagrangian
L(d, A M-, M) = Pal(d) + Ag(d +ZAzgz

Finally, we set A\* = (h*)?/m,, \f = ((h*)* — r(i))4 /m, (clearly, A\*, A > 0). Now to prove
the theorem, it suffices to establish the following (see e.g. [128, Section 5.5.3]):

Log(dme), gi(dre), ..., gn(di®) < 0V i € [n], i.e. d7 is a feasible point of (E.75).

2. VL(d" X, X5, ..., \%) = 0, i.e. the first-order condition is satisfied.

3. Ng(di¥) = Nigy(drét) = -+ = X5 g (dre') = 0, i.e. complementary slackness holds.

We proceed to the proofs of these three statements.

1. Clearly, g;(dre") <0V i € [n]. To show g(d™) < 0, we claim (and will return to prove)

that h* is a fixed point of h, i.e. h* = h(h*). Assuming this claim holds, we have

s = 3OS 3 a0, (576
i€[n]ir(4)>(h*)2 (1) > (h*)?

_ out@)d:,z(z) S dh) -~ b =0,

h(h*
( )Ze[n] (@)= i€[n]:r (i) = (h*)?

where the last two equalities use the fixed point clalm and the deﬁmtlon of h.
2. If i € [n] satisfies r(i) > (h*)?, then d™¢!(i) = —d2 (i) + dik (i)+/r(i)/h*, Xf = 0, and

OL |, . . .. o dow(i)dy (i) 1 .
gy (AN ) = = G e T e
e ()2 () (R dout (1)d,(0) L,

ma(d () /r@) /b2 ma mn(\/dout(i)dﬁl(i)/h*y "

Next, let i € [n] satisfy r(i) < (h*)?, so that d™¢!(i) = 0, \; = ((h*)* — r(i))/m,. Then

aL rel \* \* * __dOUt(Z)d;?T(Z> 1 *
oty e ) T (@E TN
), O

3. For any i € [n], we have

At = dA()(W);;T“)L( 25”—1) |
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Clearly, the first (-); term is zero if (i) > (h*)?, the second is zero if r(i) < (h*)?, and
both are zero if r(i) = (h*)%. Finally, \*g(d"¢') = 0 holds by (E.76).
We return to establish the fixed point claim. We in fact prove the slightly stronger result

h(z) < h(h(x)) V z € Ry. (E.77)

The fixed point claim then follows, since h* > h(h*) by definition and h* < h(h*) by (E.77)
with © = z*, where z* is a maximizer of h. Thus, it suffices to prove (E.77). Towards this
end, fix r € R;. We first assume « > h(z) and will return to address the other case. For
any y,z € RU {00}, we define

N(ya Z) = Z dout@)dﬁm(i)? D(y> Z) = Z dﬁz@')?
i€[n]ir(i)€ly?,2?) i€[n]r(i)€ly?,22)

where by convention N(y, z) = D(y,z) = 0 if y, z are such that {i € [n] : r(i) € [y?,2?)} =0
(i.e. if the sums are over empty sets). Then by definition of h, N, and D, we have
 N(@,x)  N(,00)+ N(h(z),2)

~ by + D(h(x),00) b, + D(x,00) + D(h(x),z)

h(h(x))
Again by definition of h, N, and D, and recalling 7(i) = doy(7)/d% (i), we also have

N(h(z),z) = > Vr(@)di, (@) = h(x) > din (i)

i€[n]r(i)e[h(z)?,22) i€[n]:r(i)e[h(z)?,22)

:u@mmﬁwzafﬁﬁ%amm@@

Thus, combining the previous two equations, we obtain

N(z,00) + 35205 D(h(x), ) N(z,00)

brn+D(z,00)

hh(z)) = b, + D(z,00) + D(h(z), z) T b, + D(z,00) = ).
If instead = < h(x), we can use the same argument to obtain
~ N(w,00) — N(z,h(x)) N(z,00)
T, 00) — —M&:2) _pr by
N h(h(x)) > N( ) ) bn+D(:Jc,oo)D< 7h( )) N(:E, OO) _ h(:(:)

= by+ D(z,00) — D(z,h(z)) b+ D(z,00)

E.3.2 Proof of Lemma E.15

The first and fourth inequalities are immediate, since d’? is the solution of (6.17), d°* is
the solution of (6.15), and (6.17) enlarges the feasible set of (6.15). The second inequality is
immediate by definition of d%*. Thus, it only remains to prove the third inequality.
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Towards this end, first recall that for each ¢ € [n],

oty = S AWy =), Bu(Wy = i) =

J=1

G )
Zk 1drel( ) bn

Viebd,  (E78)

where the second equality holds by Lemma E.14. Also note, by definition of m,, and dr*",

5 R n d (’L) 5 drand(i)
En 1—7p, drand _ out ]En n
( p ( n )) ZZI Mo, dﬁz@) + drand(l')
n bn, . n . .
Z dout(Z Zj:l 1(WJ = Z) out beE W = Z) (D ,79)
pr— B _ \J_J:|
i=1 M ﬁz(l) + 227;1 1(Wk = @) i=1 j=1 + Z (Wk = 1)
We can then bound the (7, j)-th summand in (E.79) as
D L(W; = 1)
" () + Yo, (W = )
. 1(W; = i)
=E.E, | —— ‘ '{Wk}%;l,k#]
din(2)+ ( _Z)+Zk 1,k#7 ( k:Z)
_IE drel( )/b - drel(')/b
d(i)/ bn 1 d’"d( )

TR + 1+ (b, — D) /b, 2, ) + (i)

where in the first line we mean E,[[|X] = E[-|X, {dou(i), d2 (i') }irepn) for any random vari-
able X, the second equality holds by (E.78), the first inequality is Jensen’s, the third equality
again uses (E.78), and the second inequality uses 1 < d4 (i) (by assumption) and the obvious

inequality (b, — 1)/b, < 2. Substituting into (E.79), we thus obtain

n

S S R T

i=1

which, after rearranging, completes the proof.
E.3.3 Proof of Lemma E.16

For any w € (wy, ..., wy, ) € [n]>", define

bn

B 1 Aot (W;)
9uw) = D 2

Max;efn) 7 w;) + S0 Lwy = wj)
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Observe that, if W is the [n]’"-valued random vector with i.i.d. coordinates {W;};ep,] s.t.

d'(k)  dy(k)
2 i1 Ayt (K) bn

(where the second equality holds by Lemma E.14), then the random variable g,, (W) satisfies

YV j € b,k € [n]

BV, = k) =

o dout(i)
) = sl Z > dA (W = ) (0

jlll

My - dout ( E?ll 1(WJ = Z)
$a

maX;efn) r(J) = dA (i) + 320 (W, = i)
m, n dout (Z) drand (Z) m, . .
= ; L — = — (1 — Dn d:LUm '
max;e() 7(J) ZZI m,, di (i) + drend (i) max;ep,] 7(j) ( ( ))

Thus, we can analyze g, (W), then recover p,(d"*%) by an affine transform. Working with
gn (W) is convenient because g, is a self-bounding function, defined as follows.

Definition E.1. [129, Section 3.3] Let X be some measurable space, | € N, and f : X! —
[0,00). We say f is a self-bounding function if there exists auxiliary functions f_; : X'"1 —
R,i € [I] such that, for any x = (11,...,7;) € X',

0< fz) = fra(z) <TVielll, D (fle) = fulz)) < flo),

where z_; = (x1,..., %1, Tit1,...,x) Vi €l].

To verify g, is self-bounding, we use the most obvious choice of auxiliary functions: let

b
Goilw) = — % dous (0;)
7 MaX;e|n] T(]) =1, dﬁb(wj) + ZZ’;M# 1(wk = wj)

where w_; = (wy, ..., W;_1,Wit1,...,wy,) for w € (wy,...,wy,) € [n]’, i.e. we simply ignore
the i-th coordinate of w. Towards bounding g, (w) — ¢, —;(w—;), we first observe

o (w0 - E.81
Z : ) (dA (w;) + Yoo Lwe = wy)  d(w)) + 20, i L(wp = wi))( )

— —1(’LU¢ = w])dout(wj) £.89
2;76, (dp, (wj)+2k 1 1wy = wy))(df (wj>+2k 1k#i L(wy, = wy)) ( )
_ - —1(’LU1 = wj)dout(wi)

_ A (i (wi) + 32 1wy = wi))(d (wi) + 300 s 1wy = w;)) (E.83)
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_ —dout(w;) y Zk Lo LWk = w;)
it (wg) + 300 Ly = wi)  dib(wi) + 30 s Lwe = wy)

_dout<wi)
© <dﬁz(wi) + ZZ"::[ 1wy = wy;) ’ O) ’ (E.85)

where in (E.82) we computed the difference of fractions in (E.81), in (E.83) we replaced w;
by w; (which is permitted due to the indicator 1(w; = w;)), and in (E.84) we rearranged
the expression; the upper bound in (E.85) is obvious, while the lower bound holds since the
second factor in (E.84) is less than 1. Using the upper bound in (E.85), we can then obtain

(E.84)

bn , 1 B 1
Zj=17j75i dout<w]> (dﬁb(wj)-ﬁ-ZZil 1(wi=wj) dﬂ(wj)+2211,k¢i l(wk—w/))

. (E/86)
max;ey 7()

In(W) = gn,—i(w_) =

1 .
* N Do) (E.87)
maxjep 7(7) dif (wq) + 3ope, 1wy, = w;)
< 1 dout(wZ') < T(wz) A S 1 (E88)

maxX;en) T(]) dﬁl(’U)l) + an: 1(wk = wl) maX;e[n) T(])
k=1

On the other hand, using the lower bound in (E.85), along with (E.86)-(E.87), we obtain
gn(w) — gn —i(w—;) > 0. Together with (E.88), the first condition in Definition E.1 holds.
To verify the second condition in Definition E.1, we use the leftmost expression in (E.88) to
obtain

bn, bn,
dout (wz )

1
Z (gn(w) - gn,fi(wfi)) < mane[n] T(]) ; dﬁl(wz) + Zzn_ - gn(w)'

i=1 " H(wy = wy)

Having verified that g, is self-bounding, we aim to show g, (W) concentrates around its
mean. For this, we will use the following concentration inequality.

Theorem E.1. [129, Theorem 6.12] Let X1, ..., X; be independent X'-valued random vari-
ables, define X = (Xi,...,X;), and let f : X! — [0,00) be self-bounding. Then V t €
(0, Ef(X)],

P(f(X) < BF(X) — 1) < exp (—m) .

Applying the theorem to our setting, we obtain for any t € (0, E,g,(W)],

Bo(gu(W) < Bnga () — ) < exp (—m) . (.89)

Now for § > 0 define
) My, 1 — pp(doPt)
2+ 0 maxjepn 7(4) 2 '

1(5) =
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Observe that, by Lemma E.15 and (E.80),

) My,

t(0) <

246 max;e[n]

77 (17 B (07) = 55 0V) < B ),

Thus, for any § > 0, we can set t = () in (E.89). Furthermore, we have

B My 1= pa(doP)
2+5maxje[n}r(j) 2

o manE[n] r(])Qn(W) < manG[n] T(j)]Engn<W> . 0 1 _p’n(dzpt>
my, - my, 2+0 2
. = 6 1 —pa(d)
1 — . drand < 1_En N drand o n\"n
& 1= pn (4) < Pu (™) = 55—
1 _ﬁn(dgpt> _ o 1 _ﬁn(d;)zpt) - 1 _ﬁn<d$zpt)
2 2446 2 246
R 148+ pu(dor)
N drand > n ’
&P (47 2 —5

gn(W> < ]Engn(W) - t(é) = fEngn(W)

=1 _ﬁn (dzand) S

where the second and third implications hold by (E.80) and Lemma E.15, respectively, and
the others are simple manipulations. Hence, by monotonicity and (E.89), we obtain ¥V 6 > 0,

- 1 ~ opt 2
P, (ﬁn (drend) > 0 1 Puldy )) < exp (——~t(5) )
2+9 20, g0 (W)

Finally, we bound the exponential term. For this, we first note

t(5> _ 0 1— ﬁn(dept> _ 0 1— ﬁn (dzpt) > 0
Enga(W) 202+ 0) maxjep r(j)Enga(W)/mn 202+ 0) 1 = E,p(djond) ~ 2(2+0)°

where the first inequality is the definition of ¢(J), the second holds by (E.80), and the
inequality holds by definition of d”*. Combining the previous two inequalities, we thus
obtain

- L4 54 () P (L~ pa(d)
rand > n < — -
P, (pn (dym) > 2+46 =P T 02  maxge () )

so choosing ¢; = §%/(4(2 + §)?) completes the proof.
E.4 Proof of Corollary 6.1

Define @%’f((b) and @}‘i”d(@ as in (E.4) but using the sequences {doy: (i), di, (¢), d% (i) }icpn)
and {dou (1), d2 (1), d7" (i) }ien), respectively. (In words, these are the beliefs of the root
nodes in the trees induced by the optimal and randomized bot strategies, respectively.) The

proof proceeds in two steps. First, we use the analysis of Theorem 6.1 to show

O (") —— 0 = BIP (¢) —— 0, (i) —— 0 & EI(¢) —— 0. (E.90)

n—oo n—o0 n—oo n—oo
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Second, we again leverage the analysis of Theorem 6.1, and also invoke Theorem 6.4, to show

EJ () ——0e EJ5" (o) —— 0. (E.91)
Combining (E.90) and (E.91) then completes the proof.

We note the proof of (E.90) will specifically use Lemmas E.1, E.2, and E.3 from the
Theorem 6.1 analysis; these lemmas require (A1), (A2), and (A4), but not (A3) (hence the
assumptions of the corollary). To prove (E.91), we will use the analysis leading to (E.27)
in Appendix E.2.2.1; this analysis does not require any of the four assumptions and thus
applies.

E.4.1 First step for proof of Corollary 6.1

We only prove the first equivalence in (E.90); the proof does not rely on the choice of
{d%" (i) }icn), so the same logic establishes the second. The proof combines a standard result
(X, = 0in P < EX,, — 0 for uniformly-bounded/non-negative random variables { X, },en)
with the fact that 07 "(i*) and @ﬁt(qﬁ) behave similarly per the proof of Theorem 6.1.

First, assume E@%it(gb) — 0. Then for any ¢ > 0 and all n large,

P (02 (i*) > ¢) <P<W( )>e/2) +P(Q0) + 0 (n<172)

n—o0

< EE@"T’jf(gb) +P(QF)) +0 (n*?) — 0,

where the first inequality is Lemma E.3 (with = 0), the second is Markov’s, and the limit
holds by assumption E9%"(¢) — 0 and by (A1)-(A2).

Next, assume 67 t( *) — 0 in P. We desire an inequality analogous to Lemma E.3, but
pointing in the opposite direction; we derive one using logic similar to the proof of Lemma
E.3. First, define 99'(i*) as in (E.1) but using {dou(1), dit (), d'(i) }iepy; in words, 97" (i*)

is like 677 t( *) but ignores the prior parameters. We can then write the following:

P (07, (") > ¢/2) i) > ) > P (IF(i") > elr > T,) P (7 > T,,)

P (9
P (I (i) > e|r2" > T,) P (77" > Ty | Q1) P(Qn1)
P (07(6) > 2) P (1" > T, |201) P(),

>
>

Here the first inequality holds for n large by Lemma E.1, the next two hold by monotonicity
(here 72" is the first time at which the graph is no longer treelike; see Algorithm E.1), and
the equality holds by Lemma E.2 (97 (i*) and I ?(¢) have the same distribution when the
graph is treelike). Now by assumption 7' (i*) — 0 in P, Lemma E.2, and (A1),

lim P (62(i*) > ¢/2) =0, lim P (77" > T,,|Q1) = lim P(Q,1) = 1.

n—oo n—0o0 n—0o0

Combining the above, and since € > 0 was arbitrary, we conclude 19332 t(gb) — 0 in IP. Hence,
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because 19%72 "(¢) € [0,1] a.s., we have for any € > 0 and for all n sufficiently large,

0 SEJ(6) < SP(07(0) < 5) +P(02'(9) > ) < S+ 5 ==

E.4.2 Second step for proof of Corollary 6.1
To prove (E.91), we use the following notation: for d,, = (d,(1),...,d,(n)) € N, define

which is simply the random variable p} defined in (6.8), viewed as a function of the bot
degrees d,, (similar to how we defined p,(d) in (6.14)). For such d,, also define

o(dy) = Ti 3 (Z (’;) A (L= 1)U () (Pu(dn)) ™ + (1 — n)t> (F.92)
_ Oph(dy) 1 — (1 —n(1 — Pn(dn)))"™ i _ Pr(dn) 1= (1 —n)"
T dn) T —pu(d) T, (1 zan(dn)) P

where the second equality follows as in (E.27) from Appendix E.2.2.1; note from the first
expression that ¢g(d,) monotonically increases in p}(d,) and p,(d,). Also, by (E.26),

EUF!(¢) = Eg ("), EUp(¢) = Eg ().

Hence, we aim to show Eg(d?') — 0 < Eg(d') — 0. By the monotonicity observed
above, this requires showing p, (d7*"?) and p,(d°") are comparable, for which we will invoke
Theorem 6.4. In contrast, there is no obvious relationship between p (d7e"?) and p7 (d°P) in
the general case. However, in the case of a sublinear budget (i.e. b, = o(n)), we can derive

useful bounds on these terms. Thus, we begin by restricting to this case; we then return to
address the case b, = Q(n).

E.4.2.1 Sublinear budget case

We begin by lower bounding p?(d,). We claim that for any {d, },en satisfying d,, € Ny
and Y7 d,(i) < b, for each n (note d%!, d’*™¢ both satisfy this),

INeNst.Vn>N, pi(d,) >1/2. (E.93)

Suppose instead V N € N 3 n > N satisfying p(d,,) < 1/2. For such n, we have

N —

: i ! i (i 1, |
>ﬁ,€%dfn(i)—jc)in(i)zﬁ > szﬁl{ze[n]:dn(w:w,

i€n]:dn(i)=0 "
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where the second inequality holds as all summands are non-negative. On the other hand,

b > da(i)= > dali) = |{i € [n]: dn(i) €N} =n — [{i € [n] : du(i) = 0},
i€[n]

1€[n]:dp (1)EN
where we used the fact that d, (i) € Ny V i. Combining the previous two inequalities,
VNeN3In>Nst b, >n—|{i€[n]:d,(i) =0} >n/2

which contradicts b, = o(n), completing the proof of (E.93).
We next show Eg(d') — 0 = Eg(dr*"?) — 0. First, we claim that for constant ¢ > 0,

lim P (1 —p, (&) < ¢/T,) = 0. (E.94)

n—o0
Assume for the sake of contradiction that (E.94) fails. Then for some & > 0,
limsupP (1 — p, (d%") < ¢/T,,) > e,
n—oo

= limsup Eg (dflpt) > elimsup E [g (dzpt) ‘1 — Dn (dflpt) < c/Tn} :
n—oo

n—0o0

Now assume n is such that p¥ (d*) > 1/2 (i.e. n is large enough that the lower bound derived
above holds). Then 1 — p, (d°?*) < ¢/T,, implies

g(dzpt> > 9(1/2> 1 - (1 B ﬁC/Tn)T" 0 (1 _ 1/2 ) 1— (1 B 77)T"

+_

(1l —¢/T),) c T, 1—¢/T, n
g 1—ec
n~>oo/ 277 Is ’

where we used the fact that g,(d°") is monotone in pf (d%") and p,(d?%"), and for the limit
we used T,, — oo by (A4). Combining the previous two lines, we obtain

0 1—em°
limsupEg (d%") > e— SN 0,

which contradicts the assumption Eg(d%") — 0. This establishes (E.94).
Next, we prove (E.94) holds with d%P! replaced by d"*"¢. For constants ¢, d > 0,

_ c(24+98) 1 —p,(drend) 1 By c
1—p, (d°P) > n_J = 1—p, (d") > —.
P (B > == ST T 24 P () > 7

Thus, by monotonicity and the inclusion-exclusion principle,

B N 2+ 6) 1 _ﬁn<d7‘and) 1
Pl1— rand C >p(1— opt C( n
( ol >>Tn)— ( P lBE) > T T T 7S

B 2+0) 1 — pn(drend) 1
>P(1—7p, (d c2+9) P n —1 s 1
- ( ba (d7") > T, )+ (1—;5n(dzpt) >2+5 oo
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where the limit holds by (E.94) and Theorem 6.4.
Finally, we show Eg(d’*"?) — 0. First, we note that by the inclusion-exclusion argument,
of the previous line, along with (A1), we have for any constant ¢ > 0,

: 5 rand —
nh_}r{.loIP’ (Qm, 1—pn (dn ) > c/Tn) 1.
Consequently, since g(d7*"?) <1 a.s., and assuming the limits exist,

Eg (d:land) <E |:g (d;and> |Qn,1> 1— ﬁn (d:lan‘i) > C/Tn] +P ((le, 1-— ﬁn (d:IGNd) > C/Tn)c>

= lim Eg (d;""") < lim E [g (d"™)|Qn1,1 = Pn (™) > ¢/T,] |

n—oo n—oo

so it suffices to show Eg(d’?) — 0 conditioned on €, ; and 1 — p,(d"*?) > ¢/T,. Given
these events, and using the trivial upper bound p;(d"*¢) < 1, we have by (E.92),

gn (A7) < 0 1 — (1 —ne/T,)" n 0 (1 _ 1 ) 1—(1—n)'
" n(l —¢/T,) c T, 1—¢/T, 7
Ol —e™)
n—oo ’r]c ’

where the limit uses 7,, — oo by (A4). Note the limit can be made arbitrarily small by
choosing ¢ sufficiently large. In particular, given any € > 0, we can choose ¢ = ¢, such that

lim E [g(d;""")|Qn1, 1 = P (d0™) > ¢./T,,] <,
n—oo
which completes the proof of ]Eg(d%“"d)A — 0.
The proof of EV3™(¢) — 0 = EJZ'(¢) — 0 is essentially identical, so for brevity we

only outline it. First, we can use E@’”Ti"d(gb) — 0 and the p! lower bound to prove (E.94)
with d°P* replaced by dr*"@. This immediately implieSA(E.94), simply by definition of d°*
(i.e. we need not invoke Theorem 6.4). From (E.94), EJZ(¢) — 0 follows as above.

E.4.2.2 Linear budget case

We next consider the case lim inf,,_, b,/n > 0. The basic idea is as follows. Since average
in-degree is constant by (A1), we can find a constant fraction of nodes whose in-degrees are
bounded by some constant d. We can then (naively) connect one bot to each of b, nodes,
each with in-degree bounded by d. In this naive strategy, a constant fraction of nodes will
have a constant fraction of bot in-neighbors. Consequently, p, — 1 cannot occur, which
will imply the naive strategy drives the typical belief to zero. Finally, since even this naive
scheme drives the belief to zero, the randomized and optimal schemes will as well.

More specifically, we will construct a naive choice of bot degrees d"*¢ satisfying

Je€(0,1),NeNst.¥Vn>N, Q= po(dl") <1—¢. (E.95)
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We claim (E.95) is sufficient to show Eg(dP!), Eg(dr*?) — 0. Indeed, for dP* we have

lim Eg (d;"") < lim E g (d77)[Qn,] + lim P(QF,)

n—oo

, 6 1-—(1—-ne)» 0 1 1—(1—n)t _ c
<1 —(1— lim P (€, ,) =
<im (Gitg s () ) @) <o

where the second inequality uses p,(d%?") < p,(d"*¢) by definition of d°* and p,(d"*"¢) <
1 —¢eon Q,; for large n by (E.95), and the trivial inequality p(d?") < 1, and the equality
holds since T}, — oo by (A2) and since P(£2,, ;) — 1 by (A1). For d’? we have V § > 0,

lim Eg (d,**") < lim E [g (d,"")[Qn1, B0 (") < (140 + P (dP)) /(24 6)]

a n* ELIEOP (1) + lim P (B (") > (140 + pa (d77")) /(2 + 0)) (E.96)
. 0 1—(1—ne/(2+6)™ 0 1 1—(1—n)T
= (nu —ej2+0)  Te/+o) T (1 1 —s/(2+5)> ; )

=0,

where the logic is similar, but we also Theorem 6.4 to equate (E.96) to zero.
It only remains to prove (E.95). Towards this end, we first show that for any ¢ € (0, 1),

Fde (0,00),NENst.Vn>N, Q= |{i€[n]:d)(i)<d}|>cn, (E.97)

i.e. when n is large and €2,; holds, a constant fraction of nodes have bounded degrees.
Suppose instead that (E.97) fails for some ¢ € (0,1). Let d = 31, /(1 — ¢), where v is the

limiting mean degree in (A1), and N = [v; Y ™1, where v is the rate of convergence in (A1).
Then for n > N, €1, ; implies

mp/n<vi+n Y <4+ N7 <2

By assumption, 3 n > N satisfying Q,,1 and |{i € [n] : d2. (i) < d}| < en. For such n,

oy > M Zie[n]:dﬁl(i)>d diy (i) - d|{i € [n] : d: (i) > d}| > d(1 —c)n

= 31/1,
n n n n

which is clearly a contradiction. Consequently, (E.97) holds.

Finally, we use (E.97) to prove (E.95). Let [ = liminf, . b,/n > 0. Then 3 N; € N s.t.
b, > nl/2¥ n > Ny. If | > 2, set ¢ = 1/2; otherwise, set ¢ = [/2. Then ¢ € (0,1), so by
(E.97) we can find d € (0,00), Ny € Ns.t. Vn > Ny, Q.1 = [{i € [n] : diL(i) < d}| > cn.
Hence, for n > max{N;, Ny} satisfying 2,1, we can find Z,, C [n] satisfying

en < || < bn, di(i) <dViel, (E.98)
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For such n, we define d"*"¢(;) = 1(i € Z,) and observe

—/ maive dout (i) d2 (i Aot (7 d Aot (7 Aot (1
o (4 =2 mi)d;;(z)(lﬁz m()SdJrlZ mi)+z .

m
i, i¢T, " icT, i¢T, "

) dou )
1 Dier, t(Z)<1 L|In|<1 1 oen

Cd+1 Mo, =" d+1m, — d+1m,’

where the first inequality holds by (E.98) and since y/(y + 1) increases, the second equality
by definition of m,,, the second inequality since dyy (i) > 1 V i, and the third inequality by
(E.98). Thus, for any n > max{Ny, Na,v; "}, so that m,, < 2v1n on Q,, ; as above, we obtain

Qua = Py (A7) < 1 — -85, 50 € = ¢/ (4w (d + 1)) satisfies (E.95).

E.5 Experimental details

The basic workflow of the experiment in Section 6.3.3 proceeded as follows:
e Choose a sequence of time horizons T;, that increase linearly, then set n accordingly.
e Realize the degrees {dou:(i), di (), d5 (i) }icpn after selecting n.
e Define the empirical distributions f,, f using the degrees as in (6.7).
e Evaluate quantity of interest E[dr, (¢)|T] empirically via (E.14) using f, f*.
We repeated this 400 times to obtain 400 samples of E[J7, (¢)|T]; the plots in Figure 6.2
show empirical means and variances. We used the following parameters:
e We set n = 0.9 to emphasize the effect of the network.
e Welet d4 (i) = 1+Poisson(Aa—1) Vi € [n], so that E[d4 (i)] = Aa; we choose Ag = 2.1
so that E[d4 (i)] = O(1), as required by (A1).
o After realizing {d(i)}ien, We assign one outgoing edge to each i € [n], then assign
each of the remaining Zie[ Al d4 (i) — n outgoing edges independently and uniformly.
This implies d4 (), dou (i) > 0 and 2 icn) di (i) = 2 icn) dout (1), as required by (6.5).
e We let dB (i) = Poisson(Ag), with Ag = Aa(1 — p,.)/pn, so that

Ed;, (1)/ (Bdy, (i) + Edy, (1)) = Aa/(Aa + Ag) = 1/(1 = (1 = py) /pn) = pn-

e We compare four cases of p,: p, =p and p, =1 — cz-Tr(L_Hl)/2 for i € {2,3,4}, with p
and ¢; independent of n. Note that the three latter cases satisfy

(1 _pn) o TTS—i+1)/2 c {T—1/2 T—l T_3/2},

as shown in Figure 6.2. Here p and c¢; were chosen so all four cases behaved roughly
the same at the smallest value of n (as in Figure 6.2). In particular, we chose

P = 09, Co = ]_3, C3 = 19, Cqy = 2.7.

e Welet T,, € {2,3,...,11}; here the minimum of 2 was chosen since T,, = 1 is a trivial
case and the maximum of 11 was chosen due to computational limitations.

e Given T, we let n = [A4"]. Note that this implies 7}, ~ (logn)/(2log \4), roughly
the upper bound in (A2). With our chosen T, and A4, n ranged from 20 to ~ 12 x 106.

Figure E.1 shows an analogue of Figure 6.3 with b, = [b|E,|] for b € {5555 555> 3550 165
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Figure E.1: Analogue of Figure 6.3 for b = 1/100, 1/200, 1/800, and 1/1600, respectively.
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