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ABSTRACT

Efficient protective structures are needed to ensure safe transport of fragile devices,

cushioning of delicate objects in mechanically hazardous environments, like spacecraft

launch, and protection of humans during collisions in athletics and automotive accidents.

Compliant delicate objects, that are enclosed in rigid shells, are protected from indentation,

but are vulnerable to impacts that involve large accelerations and high coefficients of resti-

tution. The human brain is an example of such a delicate object. Early theories of traumatic

brain injury identified two kinematic injury regimes, which are separated by a characteristic

time. Depending on the duration of the impact, either a maximum tolerable acceleration or

velocity governs risk, and common cushioning strategies that rely solely on reducing force

may be inadequate for impacts that are shorter than the object’s natural period.

First, we introduce a dissipative cushioning strategy that uses the fractional derivative

visco-elastic model known as the fractional Standard Linear Solid (FSLS). The FSLS is

capable of describing the complex modulus of a variety of materials accurately with a

smaller number of parameters than a multi-term Prony series. Material selection criteria

and a framework for optimizing cushions for minimum size are also presented. The cush-

ions that dissipate most efficiently have relaxation times which are slightly shorter than the

impact, and have high loss factors. The acceleration of the impact can be reduced more

efficiently with a visco-elastic cushion than a purely elastic collision. The successful im-

plementation of this cushioning strategy requires knowledge of the characteristic time of

the object and threshold values for its maximum tolerable velocity and acceleration.

Therefore, the calculation of the characteristic time and approximate kinematic toler-

ances for the brain, obtained by analyzing an idealized two-dimensional cylindrical model,
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are sought in the second part of this thesis. Both rotation and linear translation of the cylin-

der’s shell are evaluated, and the resulting pressure and shear strain are calculated. This

approach is based on the theory that dangerous strain arises from rotational motion, and

that dangerous levels of pressure come from linear motion. The rotation of the skull pri-

marily produces shear stress and strain. Linear motion would produce both shear stress

and strain, but the high bulk modulus of the brain suppresses volumetric strain and the low

shear modulus suppresses high shear stress. The strain from linear motion is found to be

relatively small.

The final chapters, which consider the strain due to rotation, provide scaling laws for

estimating shear strain from rotational loads. In particular, shear strain is either dependent

on angular velocity or the angular velocity times a fractional power of the impact duration,

when the impact is short. The points of transition between different types of response are

identified as the characteristic times of the brain, and their dependence on material proper-

ties and dimensions of the brain are discussed. Knowing which types of motion bring about

more or less deformation is important for knowing which aspects of the impact should be

mitigated. This can be paired with the analysis of the cushion response, addressed initially,

to design cushions that meet design criteria based on the kinematic damage criteria. There-

fore, the correlations between strain and kinematics can be coupled with the cushion design

framework to optimize the design of helmets and evaluate their performance with simple

experiments that measure easily-observable kinematic quantities rather than internal strain.
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CHAPTER I

Introduction

Delicate objects may require protective packaging to mitigate the risk of damage from

accidental impacts that occur during transportation of the object, or its use. Impact miti-

gation can be achieved using more than one strategy, and the design of effective cushions

for specific scenarios depends on the accurate characterization of the response of the del-

icate objects involved to the types of impact they experience. Increasing awareness of

concussion and other mild brain injuries has made concussion prevention an especially

high-priority packaging application. In this scenario, visco-elastic packaging may offer an

alternative to the existing designs that are currently available to athletes in contact sports,

which are primarily elastic in their behavior. In this chapter, the foundations of impact

protection for dynamic delicate structures will be introduced, with special attention paid

to efforts to describe and mitigate mild injuries to the human brain caused by low-energy

collisions. Subsequent chapters will offer a novel impact mitigation strategy suitable for

delicate objects involved in collisions, and discussions of the extent of deformation that

occurs in impacts of various kinds.
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1.1 Differentiating between short and long impacts using a lumped

parameter model

Essential early work on impact-induced damage, by Kornhauser and Lawton [23], used

a simple linear lumped parameter system as a model for more complicated delicate objects

that are subjected to external dynamic loads. The system they used is shown in Figure

1.1, and is composed of an excitation point and a mass, which are connected to each other

by a linear spring. The excitation point represent the exterior container surrounding the

delicate object. In the context of head injury, the excitation point is an analog for the skull,

and its motion represents skull motion. The deformation within the spring functions as

an analog for strain within the delicate object. When the excitation point is accelerated,

deformation builds up within the spring in proportion with the force in the spring, and the

spring applies this force to the mass. Then the mass accelerates, which in turn changes the

deformation in the spring. The internal dynamics of the delicate object have a characteristic

time, Tc, which is associated with a period of natural vibration. The object’s stiffness and

mass govern the characteristic time of the delicate object, through its frequency of natural

vibration.

The response of this system has two limits: the short-pulse limit and the long-pulse

limit. Examples of these types of response are shown in Figure 1.2a. “Short” and “long”

refer to the relative duration of the impact, t0, compared to the characteristic time of the

delicate object, Tc. Depending on the ratio of these two times, the response of the system

will tend to approach either the short-pulse limit or the long-pulse limit. That is, whenever

the acceleration pulse that results from an impact is much longer than the characteristic

time of the delicate object, the response of the delicate object will share some important

features. When the features of the long-pulse limit are exhibited by the system after being

loaded with an acceleration pulse of finite duration, it can be said to be displaying the

“long-pulse response.” Similarly, if the duration of the impact is much shorter than the
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(a) (b)

Figure 1.1: A simple lumped parameter model of a delicate object surrounded by a rigid
shell, composed of a spring, mass, and excitation point, experiences internal loads when
the excitation point is accelerated a prescribed amount, as(t). (a) Diagram of the spring-
mass representation of a delicate object that is adhered to a rigid shell. The rigid shell is
forced to follow the acceleration history as(t), which causes the mass to accelerate by the
amount ar(t). The excursion of the spring, which is proportional with ar(t), represents
the stress or strain within the delicate. (b) Two important parameters that describe the
acceleration pulse, as(t), are the maximum of the magnitude of the acceleration, amax, and
the magnitude of the velocity change, ∆v.[23]

characteristic time of the object, then the system can be categorized as exhibiting the “short-

pulse response,” since the various responses to a range of short pulses all share some of the

same features.

In the long-pulse response, both the mass and excitation point accelerate approximately

the same amount at all times, and the spring deforms in proportion to the spring force

needed to drive the mass at the same acceleration level as the excitation point. During the

entire impact, the time-dependence of the spring’s deformation approximately mirrors the

acceleration of both the excitation point and the mass. Therefore, the extent of deformation

is correlated with the maximum of acceleration of the excitation point, for long impacts.

When the impact is shorter than the critical impact duration of the delicate object, Tc,

the deformation within the spring is proportional with the velocity change, ∆v, of the

excitation point. The precise meaning of the “velocity change” in this scenario is defines

as the difference between the final velocity coordinate and the initial velocity coordinate,
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Figure 1.2: Kinematic injury criteria regimes for a simple lumped parameter model are dif-
ferentiated by impact duration. (a) Short impacts have short-duration acceleration pulses
and responses that are delayed with respect to the completion of the acceleration pulse.
Long-duration impacts have responses that match the time-dependence of the acceleration
pulse. (b) If exceeding a maximum tolerable level of stress or strain leads to damage, then
damage may also be detected with an acceleration and velocity tolerance, atol and vtol,
respectively, which are related by the critical impact duration, Tc. If a short acceleration
pulse results in a change in speed that exceeds to the tolerance of the delicate object, dam-
age occurs. If the acceleration pulse duration is longer than the critical time Tc, then an
acceleration tolerance is more appropriate. [23]
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∆v = vf − v0.

For many objects, exceeding a fixed critical deformation threshold is believed to cause

damage, even if the exact critical value is unknown. For delicate objects of this kind, it can

be seen that the impulse, which can be calculated from the velocity change of the excitation

point of the system, is the cause of deformation during short impacts. For long impacts,

exceeding the deformation threshold will be due to exceeding an acceleration threshold.

Consequently, successfully protecting a delicate object from impact requires that either

the force applied to the delicate object be reduced so that the acceleration is below the

critical acceleration of the delicate object, or the impulse be reduced so that the velocity

change during an impact is lower than its corresponding critical value. These two paths to

transforming a harmful impact into a safe impact, using a cushion, are shown in Figure 1.3.

Translation in multiple dimensions is beyond the scope of this thesis, but it should be

noted that the vector characteristics of velocity must be taken into account when consid-

ering such cases. Even with limiting this discussion to one-dimensional translation only,

some ambiguity in the meaning of “velocity change” emerges if negative velocities are

considered. Since the velocity change introduced by Kornhauser and Lawton operates in

a one-dimensional context, where velocity has but one component, and the acceleration

always points in the positive direction, the velocity of the excitation point is always ori-

ented in the same direction, and has a positive coordinate. For simplicity, the change in

the coordinate for the single positive component of the velocity vector is referred to as the

“velocity change” in that work. However, the concept of the velocity change can be gener-

alized by introducing the concept of the magnitude of the velocity change, |∆~v| = |~vf−~v0|.

The magnitude of the velocity change, |∆~v|, is the magnitude of the vector difference be-

tween the initial velocity and the final velocity. If the system is initially at rest, and the

one-dimensional acceleration vector is never negative, as in the work of Kornhauser and

Lawton, then the velocity change, the magnitude of the velocity change, and the change

in speed, ∆|v|, of the system are all equivalent. However, the magnitude of the velocity
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Figure 1.3: Two approaches to mitigating impact severity. (a) There are two paths to con-
verting a damaging impact (black star, in the red region) to a safe impact (outside the red
region). One approach uses energy dissipation to reduce the impulse and velocity change
(green star). The other approach extends the duration of the impact to reduce the peak
force and acceleration (blue star). (b) Example sketch of the acceleration of the skull dur-
ing impacts with no head protection (black), an impulse-reducing cushion (green), and a
force-reducing cushion (blue).

change, |∆~v|, and the change in speed, ∆|v|, are separate quantities, and only the magni-

tude of the velocity change, |∆~v|, is truly correlated with the extent of deformation within

the delicate object.

In some circumstances, it is not obvious whether a strategy that is based on lowering

the magnitude of the velocity change to address the short impact response, or lowering the

acceleration magnitude to address the long impact response will produce the best results.

Since the introduction of a protective cushion lengthens the duration of the impact, a transi-

tion from the short-impact response to the long-impact response can occur when a cushion

is added. The duration of the impact without a cushion, and the characteristic time of the

delicate object, which is the critical impact duration for the transition from short- to long-

impact response, should both influence the choice between emphasizing force or impulse,

when designing a cushion.
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1.2 Incorporating visco-elasticity into cushion design

While design of packaging to mitigate forces can be achieved by the use of compli-

ant elastic cushions [13], with no limitations to repeated use, the design of packaging to

mitigate impulse is more difficult. In particular, it requires the dissipation of energy. The

bicycle helmet is one well-known example of packaging that protects by dissipating en-

ergy, by crushing and fracturing during an accident. However, a common feature of these

kinds of dissipative cushioning structures is that they can only be used once. After a single

use, the packaging needs to be replaced [35]. If multiple-use packaging is required, mecha-

nisms of plasticity and fracture will result in less effective protection with each subsequent

impact.

In Chapter II, a numerical model is used to demonstrate how a visco-elastic cushion can

minimize both the deceleration and the one-dimensional velocity change of a mass with a

known amount of initial kinetic energy. Specifically, a fractional Standard Linear Solid

model is chosen to represent the cushion because it accurately reflects the glass transition

behavior of real, rather than idealized, visco-elastic materials with a relatively small num-

ber of parameters [34]. The acceleration of the delicate object, its total velocity change, and

the strain within the cushion are calculated by simulating impacts, using the mathematical

method of Atanackovic [3]. Dimensionless results for the strain within the cushion, accel-

eration, velocity, and impact duration are obtained and expressed as functions of known

dimensionless parameters that describe the impact scenario. Then, these results are used

to construct a design framework for building visco-elastic cushions for objects with fragile

interiors.

1.3 Mild traumatic brain injury

Although many aspects of mild traumatic brain injury are still areas of ongoing re-

search, it is broadly accepted that mild traumatic brain injuries are due to the rapid motion
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of the head causing dangerous levels of deformation within the brain [16], [4]. Therefore,

it was hypothesized that the prevention of mild traumatic brain injuries due to collisions

in contact sports is a possible application of the cushion described in Chapter II. Demon-

strating that the cushion in Chapter II can prevent head injuries requires that the sources

of damage in a potentially harmful collision are of the same kind that are addressed by

the cushion. To do that, the fundamental causes of deformation within the brain must be

identified, and cast in a format that is appropriate for comparisons with the performance

metrics of the cushion. Put in practical terms, if it is known that the cushion can reduce

acceleration and velocity change, it must then be determined whether reducing acceleration

or velocity change will decrease deformation within the brain.

At the most fundamental level, linear and rotational motion of the skull are expected to

produce different types of deformation within the brain. Further, the relative affect of these

two different types of motion on the extent of damage during an impact is also a subject of

current debate. As early as 1971, it was suggested that linear skull motion was correlated

to pressure-driven injury, whereas rotation could be correlated with strain-driven injury

[38]. Ommaya et al. also list evidence of the differentiation between linear (translational)

impacts and those that involve rotation in a 1994 review article [31], though discussion

of the relative influence and possible interaction of these two types of motion continues

[10, 21]. It is also recognized that rotation of the skull about different anatomical axes

produce different responses within the brain. As with linear motion, angular acceleration

and angular velocity of the skull produce mechanical loads within the brain, and rotational

analogs to the kinematic quantities used by Kornhauser and Lawton that can predict defor-

mation are of importance. A theoretical framework based on angular acceleration, θ̈, and

angular velocity, θ̇, underpins foundational animal experiments by Ommaya and colleagues

in the 1960’s and 70’s. Therefore, both linear motion and rotational motion of the skull are

considered in this thesis.

The analysis presented in Chapters III-VI represents a compromise between extremely
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simplistic models of head injury and extremely elaborate models of brain deformation,

which each have their advantages and disadvantages. The idealized continuum models

used in this thesis are used because they combine some of the advantages of each. They are

used to show that the brain deforms in proportion with both linear and rotational kinematic

quantities, and exhibits aspects of both the short and long impact response described in

Section 1.1. The simplest approach to modeling the internal dynamics of a delicate object

is the single-degree-of-freedom lumped parameter model, like the one used by Kornhauser

and Lawton. Other variations on this approach, like the single-degree-of-freedom model

proposed by Gabler et al. [11] and the multiple-degree-of-freedom model of Laksari et. al.

[24], are quite useful in representing the essential frequency response of the human head,

but since they are themselves derived from observations of brain response or simulations

of brain response, they are mainly phenomenological in nature. Additionally, the lack of a

spatial dimension in a lumped parameter model severely limits its usefulness in describing

the response of continuum objects that are vulnerable throughout their volume. To describe

the response of different regions of a continuum body requires more than one position

variable, and so the lumped parameter approach is not capable of calculating the maxima

of certain variables, like strain, across the entire body in many circumstances. The simplest

lumped parameter models cannot address shear deformation and volumetric deformation

simultaneously, either. Since both types of deformation are caused by head impacts, it is

necessary to use a more sophisticated continuum model which is able to capture them both

at once.

Numerous studies over several decades have taken a continuum mechanics-based ap-

proach to correlate deformation with observable impact kinematics. Early studies relied on

analytical calculations of motion for idealized geometries [25] but more recently, elaborate

finite element models of reconstructed impacts are more popular. Often, reconstruction

studies employ sophisticated material models and detailed geometry in simulated head im-

pacts that replicate the mechanical observations of experiments and in-situ impacts with
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as much fidelity as possible [21, 40, 11, 10, 19]. These efforts are related to the work of

identifying tissue-level thresholds of deformation and stress that correlate with brain injury.

On occasion, these efforts coincide, as finite element reconstructions of impacts that led to

injury are used as a basis for arguing in favor of, or against, certain tissue-level damage met-

rics and kinematic injury criteria [22]. Attempts to distinguish which kinematic variables

are most correlated with deformation, such as [10] and [21], are dependent on accurately

modeling the mechanical response of brain tissue. For example, recent work by Zhao et

al. examines how the different constitutive laws used to represent the brain influence the

numerical results a model generates, and determines that calculations of peak principal

strain depend extremely heavily on the time-varying shear modulus assumed for the brain

[44]. However, consensus on the correct material models for brain tissue is absent, and the

strain predictions obtained from human head finite element models inherit this uncertainty

[6, 44].

Therefore, a simple continuum model, that captures the general behavior of the whole

brain during an impact event, but which does not assume a particular set of constitutive

parameters for the brain, is helpful in identifying which kinematic aspects of an impact are

most relevant to deformation calculations. These calculations of strain, from hypothetical

impacts, can be used to predict helmet efficacy. The link between first principles, such as

the relationship between shear modulus and shear wave speed, and observable differences

in injury thresholds for different impacts, is made possible by recasting the impact problem

in a dimensionless form in Chapters 3-6. In turn, attaining the dimensionless form of the

impact events considered in this study is achieved by choosing simple material models and

a small number of impact description parameters. Situating the results obtained from finely

detailed finite element models within the context of a general framework obtained from

simple models, like the one proposed in this thesis, is also advantageous because the effect

of adding complexity in an aspect of the finite element model can be isolated by these

effort, and then studied.
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The relative ease of fabricating and and detecting deformation within this class of del-

icate objects is an additional benefit to choosing the simple cylindrical geometry used in

Chapters III-VI. Although an anatomically-detailed model of the human brain has some

advantages, physically assembling such a complex structure, and fully characterizing the

constitutive properties of all its components, is beyond the scope of this project. Using

a radially symmetric model also greatly eases difficulties in discussing skull rotation, and

the circumferential brain motion that attends it. Simple geometry and constitutive laws

that facilitate the development of physical models to experimentally characterize cushion

performance are therefore quite suitable for this effort.

1.4 Using scaling laws that relate strain to kinematic variable in order

to design cushions for preventing head injury and inform future

numerical modeling efforts

Data describing the head impacts that athletes are currently experiencing can be ob-

tained by analyzing video records of impacts, or using accelerometer data. Injuries are

detected clinically, but the efficacy of a helmet needs to be verified long before a player

uses it regularly. Scaling laws relating kinematic variables of the impact to local measures

of injury risk, like the maximum principal strain, are essential tools for using mechani-

cal analysis techniques to verify helmet efficacy and designing helmets that take dynamic

response of the brain into account.

These types of scaling laws are useful in several ways. First, scaling laws that incorpo-

rate kinematic quantities, the impact duration, and the magnitude of a deformation measure,

can be used to isolate the kinematic quantity that best correlates with increased levels of

deformation. For instance, if the ratio of the maximum shear strain to the maximum magni-

tude of the angular velocity of the skull is constant, even for impacts of different durations,

we conclude that a cushion that significantly reduces the maximum magnitude of the an-
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gular velocity during a rotational impact will provide more protection than one which only

diminishes the angular velocity slightly. This type of analysis sets up future work in iden-

tifying an angular-velocity-based injury criterion that is predicated on the idea that a single

threshold angular velocity change value for the skull can indicate that a strain-based tissue

threshold has been reached within the brain.

Relatedly, the scaling laws that will be developed in Chapter VI are helpful in distin-

guishing categories of impact from one another. Even though observable quantities which

take on a single numerical value are the most helpful in estimating the severity of impacts,

a single parameter is not enough to fully predict the distribution of strain within even a sim-

ple object like the visco-elastic cylinder we study here. In fact, angular acceleration pulses

with the same maximum angular acceleration values, and the same maximum angular ve-

locity values, sometimes produce different amounts of strain within the cylinder. Although

single-valued functions of the angular acceleration and angular velocity of the skull are

enough to estimate the approximate magnitude of the strain, additional information about

the time-dependence of the angular acceleration pulse is necessary for determining how

long the high deformation lasts within the brain, and is useful in obtaining even more

accurate estimates of strain. The analysis of the influence of the time-dependence of ac-

celeration is accomplished through considering a few different dimensionless pulse shapes,

which span a range of qualitative angular acceleration pulse characteristics.

The third way that these scaling laws are useful is related to concerns with developing

accurate models of the human brain, and being able to anticipate how judgement calls in the

development of numerical models may bias the model outputs. For example, throughout

Chpater V and Chapter VI, we will consider two plausible sets of parameters for modeling

the human brain’s visco-elastic response. One set of parameters represents a material which

is fairly dissipative in the frequency range of the brain’s response to rapid rotational loads.

The other set produces a response which is not very dissipative of the shear strain waves

generated by these types of impacts. The time-dependent strain fields that develop within
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cylinders that are modeled with these two sets of parameters differ in important ways.

Knowing how over-predicting or under-predicting the damping performed by the brain’s

visco-elasticity has import applications in choosing model parameters which will not over-

predict the performance of helmets or under-estimate the severity of an on-field impact to

an athlete’s head.

1.5 Organization of the Thesis

The goal of this investigation is to develop a visco-elastic cushion and determine its

applicability to the mitigation of mild brain injuries by identifying scaling laws that corre-

late deformation within the brain with skull motion, and identifying the characteristic times

that govern transitions from one type of response to another. It is known that both linear

motion of the skull, and rotational motion, produce internal stress and deformation within

the brain, so both categories of kinematic loading are addressed.

This primary goal will be achieved by:

(i). Providing a conceptual framework for the design of a visco-elastic cushion applicable

to both rapid impacts and impacts of long duration [Chapter II].

(ii). Calculating the pressure and strain within a brain-like delicate object that experiences

a prescribed amount of linear acceleration [Chapter III].

(iii). Developing and validating an analytical model for shear strain due to rotational mo-

tion of the skull-like shell surrounding a brain-like delicate object [Chapter IV].

(iv). Characterizing the features of the short and long-duration asymptotic response of the

brain-like delicate object [Chapter V].

(v). Identifying scaling laws involving material properties and brain size to estimate de-

formation within a brain-like delicate object subject to a variety of rotational loads

[Chapter VI]
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(vi). Determining the characteristic times that delineate the regions in which different scal-

ing laws for deformation and kinematics are applicable [Chapter VI]

(vii). Identifying qualitative aspects of the impact kinematics that influence strain levels

[Chapter VI]
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CHAPTER II

The use of visco-elastic materials for the design of helmets

and packaging

2.1 Introduction

Protective packaging can be used to reduce the risk of damage to delicate objects from

accidental impact during transportation or use. In the form of armor, packaging can also

provide protection for objects that may be the target of deliberate attack by blast or by

projectiles. Helmets or pads that protect the brain, soft tissues, or bones during contact

sports also function as protective packaging.

A common perspective is the assumption that packaging serves as no more than a cush-

ion, decreasing the magnitude of the force acting on an object that needs to be protected

[13]. This can be achieved by using a large quantity of a very soft material, such as a foam

or airbag, for the cushion. Upon impact, the cushion deforms at low loads, limiting the

transmitted force. This is one valid design strategy that is discussed later in this paper.

However, a focus on reducing the magnitude of the force transmitted to an object ne-

glects the dynamic aspects of damage. All structures have both density and compliance.

Therefore, inertial effects give rise to transient dynamic stresses and strains that can then

cause damage to an object as the result of an impact or blast. In particular, the behavior

of a compliant body enclosed within a stiff outer casing and subjected to a rapid change
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in motion can be dominated by these transient waves. As a result of these inertial effects,

there are conditions under which effective packaging requires mitigation of the impulse,

rather than the force, resulting from an impact [35].

Which protective strategy, mitigation of force or impulse, needs to be employed de-

pends on the duration of the impact compared to a characteristic period, Tc, of vibrations

of the dynamic system. It can be shown for a linear, lumped-parameter, dynamic system,

with motion in only on dimension, that an assumption of damage being associated at a

local scale with a critical level of stress or strain can be recast at a global scale in approxi-

mate, but reasonably realistic, terms, as a critical maximum acceleration, atol, or a critical

magnitude of the velocity change, vtol, depending on the duration of the impact [35, 23].

Although a more elaborate symbol could be devised for the critical magnitude of the ve-

locity change, such as |∆~v|tol, the symbol vtol is used instead to facilitate comparisons with

the critical maximum acceleration, atol. If the impact is relatively long compared to the

characteristic period of the dynamical system, then it is the transmitted force that needs to

be limited to prevent damage. This is equivalent to limiting the peak acceleration of the

object being protected. If the impact is relatively short compared to the characteristic time

of the dynamical system, then it is the magnitude of the transmitted impulse that needs to

be limited. This is equivalent to limiting the magnitude of the velocity change of the object

being protected. The magnitude of the velocity change is a scalar quantity defined as

|∆~v| = |~vr − ~v0| (2.1)

where ~vr is the rebound velocity of the delicate object after an impact, and ~v0 is the initial

velocity of the delicate object. It should be noted that the magnitude of the velocity change,

|∆~v|, is not the same as the change in the speed of the delicate object. The change in speed,

defined as ∆|~v = ∆|~vr − ~v0|, is not known to correlate with deformation due to one-

dimensional translation of delicate objects. In the rest of this chapter, “velocity change,”
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∆v, will refer to the magnitude of the velocity change, since the motion considered here

is confined to one dimension and these terms are less cumbersome than the more specific

term “magnitude of the velocity change” and rigorous symbol |∆~v|. The symbol ∆v has the

benefit of being consistent with the early work of Kornhauser and Lawton [23] on bodily

injury due to impact.

The criteria described above can be illustrated graphically for a simple model in which

the force transmitted to an object by an impact increases linearly with time to a maximum

value of amax, and then decreases linearly to zero, with the total duration of the impact

being equal to td. If td is less than the characteristic time for the dynamic response of the

object, Tc, damage will occur if the velocity change of the object is greater than a critical

value, vtol. If td > Tc, damage will occur if the maximum acceleration of the object is

greater than a critical value, atol. For such a simple linear model, it can also be shown that

the characteristic period can be replaced by Tc = vtol/atol, so only two parameters are re-

quired to construct the damage map illustrated in Fig.2.1(a). This map shows schematically

the regime of damage on a plot of ∆v against amax imparted to an object by the impulsive

load, in terms of the critical velocity change and the critical acceleration for the object. The

map also shows representative contours of how ∆v varies with amax during linear impacts

of different durations.

It will be noted that there are two possible ways to interpret the design map shown in

Fig. 2.1(a). The first perspective is that there is a critical velocity change criterion that

applies for short impacts, and a critical acceleration criterion that applies for long impacts.

The second perspective is that damage only occurs if both the velocity and acceleration

criteria are met. This latter perspective provides a very powerful insight into the design of

packaging: a safe design can be ensured by preventing one of the two criteria from being

met; there is no need to focus on both. While real dynamic systems have a slightly more

complex behavior than described here, this approach provides a good approximation for

exploring the basic concepts pertinent to the design of packaging.
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The human head represents a delicate dynamic system that requires protection against

blast and impact, and the simple damage model described above has long been accepted

empirically, even if not specifically described in such terms. For example, Holbourn [16]

used model experiments to identify velocity-controlled and acceleration-controlled regimes

of damage almost eighty years ago, while the alternative, but equivalent, perspective that

both a velocity and acceleration damage criterion had to be met simultaneously was ex-

pressed almost twenty years later [23] in the context of the vulnerability of a mammalian

body to impact. The form of Fig.2.1(a) captures the essential elements of the impact-

sensitivity curves shown in Ref [23]. In addition, as we show in Fig.2.1(b), the empirical

head-injury criterion known as the “Wayne-State Tolerance Curve” [39] can be approxi-

mately described by a maximum velocity change of about 4 m/s for very short impacts, a

maximum acceleration of 40g for longer impacts, and a characteristic period of about 10

ms. Other head-injury criteria share similar characteristics [10], but all are complicated by

the empirical requirements to accommodate the non-linear nature of the brain and multiple

characteristic periods. Some head injury criteria recognize the status of velocity, accel-

eration, and corresponding angular quantities as vectors, but it is also quite common for

researchers in this field to reduce one-dimensional and multi-dimensional vector quantities

to related scalar quantities [21, 9, 26, 30, 17].

While design of packaging to mitigate forces can be achieved by the use of elastic

cushions, with no limitations on repeated use, the design of packaging to mitigate impulse is

more difficult. In particular, it requires the dissipation of energy. Well-known examples of

packaging that protect by dissipating energy include crash barriers that deform plastically to

reduce damage to cars, cars that dissipate energy within the crumple zone of the body [18],

and bicycle helmets that crush and fracture to protect cyclists in accidents [? ]. However,

a common feature of all these packages is that their efficiency is greatly reduced after only

one impact. After a single use, the packaging needs to be replaced or repaired (e.g, a

bumper) to restore the efficiency.
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In previous work we have shown how visco-elastic materials can dissipate energy and

be used for repeated protection against very short-duration events such as blast [35]. In the

present paper, we address the longer-duration events associated with impact, and demon-

strate design principles of reusable visco-elastic packaging for impact. We do this in two

steps. In the first portion of this paper we demonstrate a very simple analytical model of

how a visco-elastic cushion can minimize both the deceleration and the velocity change of

a mass with an initial level of kinetic energy associated with it. In the second section of

the paper, we use these results to discuss a design framework for the use of visco-elastic

cushions in packaging.

2.2 Mathematical model

In this section, we show how a visco-elastic cushion can control both transmitted force

and impulse during an impact. This is done by considering the model illustrated in Fig.2.2.

A rigid object of mass m per unit area is traveling at a speed v0 towards a rigid wall. The

velocity of the rigid object is a one-dimensional vector, ~vo = voî. The rigid delicate object

is to be protected from the resultant collision by a visco-elastic cushion of thickness h

(assumed to have negligible mass). Upon impact with the wall, the visco-elastic cushion

deforms. If the package consisting of the object and cushion has a coefficient of restitution

(CoR) equal to zero, it is brought to rest as a result of the collision. If the impact is perfectly

elastic, with a CoR equal to one, it will rebound with a speed of vo in the opposite direction

from its initial velocity, such that the rebound velocity is ~vf = −voî. In practice, the CoR

will be between these two limits, and the magnitude of the “rebound speed” is always less

than vo.

The analysis that follows can be done quite simply if the cushion is a standard linear

solid (SLS), with a relaxed modulus of Er, an unrelaxed modulus of Eu, and a relaxation

time of τR. However, the use of such a model for a polymer over-estimates both the sharp-

ness and the intensity of the damping peak compared to those of real materials. Therefore,
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in this paper we use a generalized Zener model, which is a four-parameter fractional visco-

elastic model, or a fractional linear solid [34, 1], to model visco-elastic materials. At the

cost of only a single extra material parameter, the fractional derivative order, α, this model

does an excellent job of describing the behavior of real visco-elastic materials, without the

many extra terms associated with a Prony-series representation.

The relationship between stress, σ, strain, ε, and time, t, for a fractional linear solid is

given by [34]

σ(t) + ταR
dασ(t)

dtα
= Erε(t) + Euτ

α
R

dαε(t)

dtα
, (2.2)

for small displacements. Alternatively, we could express this in terms of frequency (f ),

rather than time. The equation reduces to that for a standard linear solid when α = 1. As

a means of illustrating how the behavior of a fractional solid differs from a standard linear

solid (α = 1), the storage modulus, E ′, which relates the in-phase components of stress

and strain [34, 41] is shown as a function of the normalized oscillation frequency, f̃ = fτR,

in Fig 2.3(a) for different values of α. Figure 2.3(b) shows a corresponding plot for the loss

factor, or tan δ [34, 41].

When the visco-elastic cushion comes into contact with the rigid wall at time t = 0,

the rigid body has an initial speed of vo. As the boundary between the rigid body and the

cushion displaces by the amount u(t) (shown in Fig. 2.2(b)), a stress σ(t) develops within

the visco-elastic cushion that establishes the equation of motion for the rigid body:

σ(t) = −md2u(t)

dt2
, (2.3)

where m is the mass per unit area of the rigid body. u(t) is the time-varying coordinate

of displacement with respect to the basis vector î. Recognizing that the normal component

of strain in the cushion is given by ε(t) = −u(t)/h, this equation can be coupled with the
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constitutive relationship of Eqn. 2.2 to give a governing equation of

m
d2u(t)

dt2
+ ταRm

d2+αu(t)

dt2+α
= −Er

h
u(t)− Euτ

α
R

h

dαu(t)

dtα
, (2.4)

with initial conditions:

u(0) = 0, (2.5)

du(t)

dt

∣∣∣
t=0

= vo , (2.6)

and
d2u(t)

d2t

∣∣∣
t=0

= 0 . (2.7)

These initial conditions reflect the fact that no contact force is developed at the instant of

initial contact between the cushion and rigid mass, so there is no deceleration of any portion

of the rigid mass at t = 0.

The equations listed in terms of parameters with dimensions in the previous paragraph

can be re-expressed in a non-dimensional form as

d2ũ(t̃)

dt̃2
+ τ̃α

d2+αũ(t̃)

dt̃2+α
= −Ẽũ(t̃)− τ̃αd

αũ(t̃)

dt̃α
, (2.8)

with

t̃ = t

(
Eu
mh

)1/2

,

ũ(t̃) = u(t)

(
Eu
mv2oh

)1/2

,

Ẽ = Er/Eu ,

and

τ̃ = τR

(
Eu
mh

)1/2

.
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The non-dimensional initial conditions are

ũ(0) = 0 , (2.9)

dũ(t̃)

dt̃

∣∣∣∣
t̃=0

= 1 , (2.10)

and
d2ũ(t̃)

dt̃2

∣∣∣∣
t̃=0

= 0 . (2.11)

2.3 Results

An analytical approach for solving Eqn. 2.8 is described in [3]. In the present case, the

equation was solved numerically using the commercial code Matlab1, with a new variable

x̃(t̃) = ũ(t) − t̃ being introduced, and the equations being rewritten in terms of x̃ and its

derivatives. The form of Eqn. 2.8 shows that the dimensionless coordinate of displacement,

ũ(t̃), of the rigid mass is a function of only Ẽ, τ̃ , and α. The non-dimensional coordinates

of velocity, ṽ(t̃), and acceleration, ã(t̃), of the rigid block can be readily expressed as

ṽ(t̃) =
dũ(t̃)

dt̃
=
v(t)

vo
(2.12)

and

ã(t̃) =
d2ũ(t̃)

dt̃2
=
a(t)

vo

(
mh

Eu

)1/2

. (2.13)

Typical examples of how the non-dimensional magnitude of acceleration varies with

time while the package is in contact with the rigid wall are shown in Fig. 2.4. From plots

such as these, the non-dimensional duration of the impact, t̃d, and the maximum non-

dimensional magnitude of acceleration, ãmax, corresponding to the maximum force exerted

on the object, can be found. These are plotted in Figs. 2.5 and 2.6, as functions of τ̃ , and
1The MathWorks Inc.
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for different values of Ẽ and α.

The other quantity that is important from a packaging perspective is the magnitude of

the velocity change as a result of the impact; it is proportional to the impulse transmitted

by the wall to the package. If vf is the speed with which the package leaves the wall, the

magnitude of the change in the non-dimensional velocity is given by

∆ṽ = 1− vf
vo
. (2.14)

This can vary between 2, for a perfectly elastic collision (maximum impulse transmitted

to the package), and 1, for a perfectly plastic collision (minimum impulse transmitted to

the package, consisting of the rigid mass and cushion). Plots of how ∆ṽ depends on the

properties of the visco-elastic cushion are shown in Fig. 2.7.

It will be observed from these figures and the non-dimensionalization scheme that the

relaxation time of the visco-elastic cushion interacts with the unrelaxed modulus and thick-

ness of the cushion, as well as with the mass of the body, to provide an ability to tune

the package so that the cushion can either behave as a stiff elastic material (large τ̃ ), a

compliant elastic material (small τ̃ ), or as an energy-dissipating visco-elastic material (in-

termediate τ̃ ). Of particular note is that it is possible to tune the system so that the CoR of

the collision is almost zero (as in a perfectly-plastic collision), especially if α is close to

one, and Ẽ is very small. However, in this case the deformation is not plastic, but is fully

reversible, since the system is visco-elastic.

The thickness of the visco-elastic cushion enters the normalization of τ̃ as one of the

parameters that can be used to tune the design of the package. However, it should be rec-

ognized that, in general, there will be a limiting compressive strain εmax above which the

governing equations may no longer hold. For example, if there is a densification strain

for a foam. Therefore, part of the design process for the packaging must also include a
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calculation of the maximum compressive displacement, umax. The non-dimensional max-

imum displacement, ũmax = umax
√
Eu/mv2oh is plotted as a function of the packaging

parameters in Fig. 2.8. The design of the packaging is then subject to a constraint that

ũmax < εmax

√
Euh

mv2o
. (2.15)

2.4 Discussion

The results of the previous section can be used to illustrate the process by which one

might design packaging for the limiting case to protect a delicate dynamic system contained

within a relatively massive supporting structure. For the purposes of this discussion, it will

be assumed that damaging internal strains within the dynamic system are induced when

both the velocity change and the acceleration magnitude of the supporting structure exceed

their respective critical values of vtol and atol. As discussed in the introduction, this can also

be interpreted as two distinct failure criteria for short and long impacts. It is recognized

that this is a slight over-simplification even for a linear dynamic system, and certainly for

a non-linear system like the brain, but it provides a very useful example of how the design

and materials selection for packaging might proceed.

2.4.1 General principles

By way of introduction, first consider an object moving with an initial speed such that

vo/v
tol < 0.5. Even if the collision with a rigid wall is perfectly elastic, the damage

criterion will not be met, because the magnitude of the velocity change, which will be equal

to 2vo, is less than vtol. Any energy dissipation that might occur will result in a smaller

velocity change. As discussed in the introduction, damage requires both the velocity and

the acceleration criterion to be met. So, since the magnitude of the velocity change can

never exceed vtol, no protection is needed against an impact at these low initial velocities.

Conversely, now consider an object moving with an initial speed such that vo/vtol ≥ 1.
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Now, even for a perfectly plastic collision, the magnitude of the velocity change will ex-

ceed vtol. Therefore, the velocity damage criterion will always be met, no matter how the

packaging is designed. Damage of the object can only be avoided if amax is reduced to a

value below atol. Such a reduction in amax can be achieved by extending the duration of

the impact.

Inspection of Fig. 2.6 shows that ãmax is generally a monotonic function of τ̃ , so that

decreasing τ̃ reduces ãmax. Therefore, to reduce amax to below the threshold for damage

requires τ̃ to be reduced below a critical value for given values of α and Ẽ. This can

be done by increasing the thickness of the visco-elastic cushion, and a second step in the

design process is then to ensure that this thickness also satisfies the deformation constraint

of Eqn. 2.15.

Finally, consider an object moving with an initial speed such that 0.5 < vo/vtol < 1.

Now the packaging can be designed using either a velocity-controlled approach or an

acceleration-controlled approach. The acceleration-based approach has been described

above. To avoid a velocity-controlled failure, one must ensure that ∆ṽ <
(
vo/v

tol
)−1.

From Fig. 2.7, it can be seen that this imposes an upper and lower bound on τ̃ for a safe

polymer cushion, depending on the corresponding values of both α and Ẽ.

As discussed above for the design of acceleration-controlled packaging, the deforma-

tion constraint of Eqn. 2.15 is also a concern. This can be addressed by using Fig. 2.8

to obtain the value of ũmax corresponding to the choice of τ̃ , α, and Ẽ. The minimum

thickness of the polymer cushion to avoid excessive deformation is then given by

h >

(
ũmax
εmax

)2
mv2o
Eu

. (2.16)

Different polymers will be defined by different values of τ̃ , α, Ẽ, Eu and εmax, so a
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systematic search through candidate materials can result in the appropriate material to min-

imize the thickness based on satisfying either the acceleration constraint or the velocity

constraint, remembering that only one has to be satisfied for a safe design. The addition of

a polymer density into the equations would allow a search for a minimum mass of cushion

to be conducted.

2.4.2 Design optimization

The approach outlined above can be refined using the design approach of Ashby [2]. For

the purposes of the illustration, we will assume a design problem in which a massm is trav-

elling at an initial speed such that that vo/vtol = 0.8. In this case both a velocity-controlled

approach and an acceleration-controlled approach can be explored; it is assumed that there

is a second failure criterion of atol. We will also assume that the optimization parame-

ter is the thickness of the cushion. Therefore, we are looking for a solution that minimizes

h from a universe of different polymers having fixed but known values of τR,Eu,Er, and α.

2.4.2.1 Velocity constraint

If one first considers the velocity criterion, it can immediately be seen from Fig. 2.7 that

there is a subset of material properties (corresponding to low values of α and high values of

Ẽ) for which ∆ṽ ≥ 1.25. This forms a group of materials that cannot be used to satisfy the

velocity constraint for this particular example where vo = 0.8vtol. Figure 2.9 shows a more

complete map for safe design when vo = 0.8vtol, in terms of all three non-dimensional

material parameters, α, Ẽ, and τ̃ . Similar maps can be constructed for different values of

vo/v
tol in the range of 0.5 to 1.0, with all materials being able to satisfy the velocity con-

straint below the lower end of this range, and with no materials being able to satisfy the

velocity constraint above the higher end. It will be observed from Fig. 2.9 that, for a given
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value of Ẽ and α, there is a lower and an upper bound for τ̃ that will allow the velocity

constraint to be met.

If these lower and upper bounds for the acceptable range of τ̃ corresponding to a given

set of values for α and Ẽ are denoted by τ̃1 and τ̃2, respectively, one can see that for any

acceptable polymer there are corresponding constraints on the thickness:

(
τR
τ̃2

)2
Eu
m

= h2 < h < h1 =

(
τR
τ̃1

)2
Eu
m

(2.17)

This is subject to a third constraint on the thickness of the cushion provided by Eqn. 2.16.

If this minimum thickness required to satisfy the strain constraint calculated at τ̃ = τ̃1

from Fig 2.8, h3, is greater than h1, then the use of a velocity criterion will not result in a

valid design. Conversely, for all polymers that satisfy h3 < h1, the approach of Ref. [2]

for multiple constraints can be used to find the optimal polymer that satisfies the velocity

constraint.

2.4.2.2 Acceleration constraint

After the optimal design based on velocity control has been identified, a second type

of analysis needs to be conducted to assess whether a more efficient design can be found

using acceleration control. In other words, one must consider whether a more efficient

design can be achieved by satisfying the acceleration constraint of amax < atol. This is

a rather more complicated step since the normalization of the acceleration given earlier

includes the thickness, which is the parameter being minimized. From this normalization,

one can see that acceleration control requires the thickness to be greater than a critical

value:

h > h4 = ã∗
2

max

( vo
atol

)2 Eu
m

, (2.18)
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where ã∗max can be an arbitrary value within the range of the plots shown in Fig. 2.6. For

a given polymer, ãmax generally increases with τ̃ . So, if one sets a value of ã∗max, this

corresponds to a value of τ̃ ∗ for a given polymer, and one can establish another constraint

on h:

h > h5 =
(τR
τ̃ ∗

)2 Eu
m

. (2.19)

Both of these constraints must be met, with the minimum thickness being established

by the smaller of the two. However, if one tries to reduce h4 by reducing ã∗max for a given

polymer, h5 is increased as the result of reducing τ̃ ∗. In this case, one can establish an

optimum value of h by equating h4 to h5. A new requirement that

ã∗maxτ̃
∗ = τRa

tol/vo . (2.20)

emerges from this analysis.

This equality of Eqn. 2.20 can be plotted as straight lines on Fig. 6, corresponding to

different values of τRatol/vo, and the optimum point can be found from the intersection of

the line with the plot. From this, the optimum value of τ̃ = τ̃opt can be found, and then

used to find the corresponding optimum value of h = hopt. Once this has been determined,

the corresponding value of ũmax can be found from Fig. 8. This value of ũmax can be used

to deduce yet another minimum constraint on the thickness h = h6, from Eqn. 2.16. The

larger of hopt or h6 then provides the minimum thickness required to satisfy the acceleration

constraint.

Finally, the solutions from both the velocity-controlled calculations and from the acceleration-

controlled calculations have to be compared, and the smallest value of the two thicknesses

is the optimal solution for packaging that provides protection with a minimum thickness by
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satisfying either the velocity constraint or the acceleration constraint.

2.4.2.3 An experimental implementation

As part of the authors’ submission in the final round of the Head-Health Challenge-III

competition in 2017, we used the design concepts described above to develop a system to

minimize the coefficient of restitution in a drop-tower test.

The University of Michigan entry to this competition used an open-cell polyurethane

foam provided by a polymer manufacturer. We characterized the frequency response of

this material using a fractional-derivative model reduced to a reference temperature of

21oC, as shown in Fig. 2.10. As an example, the fitting parameters shown in Fig. 2.10

are Eu = 17 MPa, Er/Eu = 0.0023, α = 0.59, and τR = 4 × 10−5 s. The cushion had a

diameter of 51 mm, a height of 45 mm, and a mass of 26 g. The drop tower contained an

anvil with a mass of 2.85 kg. As part of the design process, we noted that our system had

to be stiffened very slightly to accommodate the loads resulting from bigger drops. How-

ever, these pillars were slightly recessed from the top of the foam, and, therefore, didn’t

contribute significantly to the energy dissipation at the lowest impact energy of 12.5 J, dis-

cussed here.

Using the analysis presented in this paper, and including uncertainties to the fitting

properties, we calculated a coefficient of restitution in the range of 0.25 to 0.32, and a

maximum transmitted force of 600 ± 200 N. These should be compared with a measured

coefficient of restitution of 0.25 ± 0.02, and a transmitted force of 920 ± 10 N for our

reinforced foam design. In this context, it is noted that similar measurements on two com-

mercial products designed to dissipate energy in a football helmet, with similar dimensions

and masses, gave coefficients of restitution greater than 0.5, and transmitted forces in the

29



range of 1100 to 1300 N.2

2.5 Conclusions

In this paper we have discussed the strategies for using visco-elastic materials to de-

sign packaging of delicate dynamic structures, such as the head and brain. Failure of such

objects occurs as the result of both an excessive velocity change and an excessive accel-

eration. The velocity constraint is responsible for damage with impacts that are relatively

short compared to a characteristic time for the dynamic response of the object, while the

acceleration constraint is responsible for damage with longer impacts. However, it is a

valid protection strategy to mitigate only one of the criteria, since both need to be satisfied

for damage to occur.

For impacts of long duration, mitigation has to be focussed on reducing the acceleration

of the object to be protected, by lowering the transmitted force below a critical threshold.

This can be done by using a compliant cushion, such as an elastic foam. For impacts of

short duration, mitigation can occur by reducing the velocity change of the object to be

protected, by lowering the transmitted impulse to below a critical threshold. Alternatively,

mitigation can occur by using a compliant material to increase the duration of the impact,

moving the problem to the acceleration-controlled regime and ensuring that the acceler-

ation constraint is met for a safe design. If a strategy of reducing the impulse is to be

pursued, without resorting to massive armor, then energy needs to be dissipated. However,

it should be recognized that this strategy of energy dissipation can reduce the transmitted

impulse only by a factor of two, at most.

Energy dissipation generally requires permanent damage such as plasticity or fracture.

2A video of the drop tower experiment at 33J is provided in the supplemental information.
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This limits a packaging cushion to a single use. However, visco-elasticty can be used to dis-

sipate energy, provided the frequency content of the stress within the cushion corresponds

to a critical damping frequency. We have shown in this paper how the properties of a visco-

elastic material can be matched to the design constraints (initial momentum and kinetic

energy of the object to be protected) and the thickness of the packaging layer to maximize

the energy dissipated. It is possible to establish an almost perfectly plastic collision with a

visco-elastic cushion, yet have the material recover fully for further use. Conversely, poor

design, in which the frequencies are not matched, could result in a perfectly elastic colli-

sion, with no dissipation of energy.

The use of visco-elastic materials for packaging has the further advantage that the de-

sign can be tailored to satisfy either the velocity constraint or the acceleration constraint.

As a result, it is possible to produce optimal design of packages using visco-elastic materi-

als. In this paper, we have illustrated such a design process for minimizing the thickness of

the package.
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(a)

(b)

Figure 2.1: (a) An approximate schematic sketch of a map showing how both the critical
velocity and critical acceleration criteria must be met for damage to occur. This sketch
also shows how the velocity criterion is controlling for short impacts, but the acceleration
criterion is controlling for long impacts. (b) The Wayne State tolerance curve redrawn
from Ref. [39], compared to a critical velocity change of ∆vtol = 4 m/s (assuming a head
of mass 5 kg), and a critical acceleration criterion of atol = 40g.
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(a)

(b)

Figure 2.2: An illustration of the model analyzed in this paper. A rigid object of mass m is
protected by a visco-elastic cushion of thickness h. (a) The package travels towards a rigid
wall at an initial speed vo. (b) Upon impact, the visco-elastic cushion deforms by u(t), and
generates a corresponding internal stress of σ(t).
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(a)

(b)

Figure 2.3: (a) Normalized storage modulus, Ẽ ′ = E ′/Eu, plotted as a function of nor-
malized frequency, f̃ = fτR, for different values of α and a ratio of relaxed to unrelaxed
modulus of Er/Eu = 10−2. (b) Loss factor, tan(δ), plotted as a function of normalized
frequency, f̃ = fτR, for different values of α and a ratio of relaxed to unrelaxed modulus
of Er/Eu = 10−2.
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Figure 2.4: Typical examples of how the normalized acceleration, ã(τ̃) =
[a(t)/vo][mh/Eu]

1/2 varies with normalized time while the package is in contact with the
rigid wall, as shown in Fig. 2.4.
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(a)

(b)

Figure 2.5: Normalized impact duration, t̃d = td (Eu/mh)1/2, plotted as a function of
normalized relaxation time, τ̃ = τR (Eu/mh)1/2, for (a) different values of Ẽ with α = 0.8,
and (b) different values of α with Ẽ = 10−2. The transition to a longer duration of impact,
associated with a lower value for the maximum acceleration, can be seen with a drop in τ̃ .

36



(a)

(b)

Figure 2.6: Maximum normalized acceleration, ãmax = (amax/vo) (mh/Eu)
1/2, plotted as

a function of normalized relaxation time, τ̃ = τR (Eu/mh)1/2, for (a) different values of Ẽ
with α = 0.8, and (b) different values of α with Ẽ = 10−2. The transition to a lower value
for the maximum acceleration, associated with a longer impact duration, can be seen with
a drop in τ̃ .
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(a)

(b)

Figure 2.7: Normalized magnitude of the velocity change, ∆ṽ = 1 − vf/vo, plotted as a
function of normalized relaxation time, τ̃ = τR (Eu/mh)1/2, for (a) different values of Ẽ
with α = 0.8, and (b) different values of α with Ẽ = 10−2. Note that the coefficient of
restitution was found to be very close to 0 for α = 1 and Ẽ = 10−3, while it tends to 1 for
very small or very large values of τ̃ .
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(a)

(b)

Figure 2.8: Normalized maximum displacement of the cushion, ũmax = umax
√
Eu/mv2oh,

plotted as a function of normalized relaxation time, τ̃ = τR (Eu/mh)1/2, for (a) different
values of Ẽ with α = 0.8, and (b) different values of α with Ẽ = 10−2.
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Figure 2.9: Design map showing the regimes in which velocity control can be used to
satisfy the velocity criterion for vo = 0.8vtol for different values of α. The safe design
space is beneath each curve. For situations where vo < 0.8vtol, the safe space provides a
conservative design.
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Figure 2.10: The fractional-derivative fit to experimental data for (a) the storage modulus,
and (b) the loss factor for a visco-elastic foam used in a practical implementation of the
packaging design. The data have been shifted to a reference temperature of 21 oC.
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CHAPTER III

The response of a compliant cylinder to linear acceleration

Introduction

The development of protective helmets is one component of the effort to prevent mild

brain injuries in sports. Designing an effective helmet requires both an understanding of

which characteristics of the impact cause injury and a strategy to alter those impact char-

acteristics to avoid causing damage. The previous chapter, Chapter II, provides a strategy

for reducing the peak acceleration and magnitude of the velocity change during an impact.

Therefore, in order to argue that the cushion in Chapter II is capable of providing adequate

protection to the head, injury to the human brain must be shown to depend on the extent of

these two quantities. The causes of injury can be expressed with kinematic injury criteria,

which indicate the type and amount of head motion that cause injury.

The identification of kinematic brain injury criteria is an ongoing area of research, and

the next few chapters provide an analysis of the causes of brain deformation that is tailored

to the specific goal of demonstrating the efficacy of the cushion in Chapter II, in a head

impact scenario. Given the importance of preventing brain injury in automobile and bicycle

collisions, these results are situated in a wider research context that stretches back decades

and spans a variety of experimental and numerical approaches to identifying the causes of

brain injury in closed-head impacts.

It is recognized that the motion of the skull drives deformation within the brain and that
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delicate objects, like the brain, can be injured by impulsive loading and inertial loading

that lead to harmfully high levels of deformation [16]. This is consistent with the theory

of bodily injury [23] and also with the discussion of the structural response of an even

wider range of non-biological targets [15]. In head injuries, and in some other types of

harmful impact and blast loading, either the magnitude of the impulse or force dominates,

depending on the ratio of the duration of the loading to the characteristic time of the delicate

object. If this ratio is small, then impulse will govern the extent of the deformation within

the object; if this ratio is large, then it is the force that will govern the extent of deformation.

The underlying mechanics that give rise to these two kinds of response are discussed in

greater detail in [23], Section 1.1, and Section 2.1.

In the context of collisions and head impacts, the magnitude of impulse and force can

be re-framed as the magnitude of the velocity change and magnitude of the acceleration

of the skull. These types of kinematic quantities, both linear and rotational, and their

derivatives, are the basis of most kinematic brain injury criteria. Since the motion of the

brain itself is obscured, the motion of the skull must be used to estimate the motion of

the brain. Examples of kinematic criteria include BRIC, PRHIC, HIC, GSI, KLC, and

RVCI, which are described, compared, and evaluated in [10]. Although there is evidence

that both rotational and linear motion of the skull can lead to brain injury, the relative

importance of rotational and linear components of the head’s motion is still uncertain, and

the thresholds associated with a given type of motion, such as rotational acceleration in

the coronal plane for example, are not well-established. Numerical continuum models can

be used to understand this better, but injury criteria developed from numerical simulations

alone rely on tissue-level tolerances and material models that are not definitive [6].

In particular, the uncertainty in brain stiffness is known to be problematic since it is

recognized that the shear modulus of the brain, which determines its deviatoric deforma-

tion response, governs the magnitude of the strain that evolves within the brain during and

shortly after an impact [20, 44]. Some finite element models have been validated with pres-
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sure and displacement data obtained from impacts to cadaver heads, but there is still a lack

of certainty about the stiffness and dissipation of living brain tissue, and the experimental

measurements for cadaver brain tissue are not consistent with one another [6]. Recent ef-

forts to measure the visco-elastic constitutive properties of living brain using shear wave

elastography are promising, but the results of these studies have yet to be incorporated

into commonly used numerical brain models. Among the models currently in use, a range

of shear moduli between 100 Pa and 20 kPa are used [42, 44]. This is an extremely wide

range, and will lead to vastly different calculations for strain from the same amount of skull

motion when a low modulus is used compared to when a relatively high modulus is used.

To address the variation between the constitutive parameters recorded in different ex-

perimental investigations, numerical studies have been conducted to probe the influence

of different constitutive assumptions on brain deformation metrics, such as local principal

strain, and spatial aggregation of strain history maxima (e.g. CSDM) [45, 20, 44]. How-

ever, none of these studies explicitly considers the influence of brain constitutive proper-

ties on the characteristic time of the brain, which is the parameter which governs which

kinematic injury criterion is most appropriate for a given impact scenario. Until the consti-

tutive properties of brain tissue are fully quantified and the variation between individuals

can be characterized, cautious choices for brain descriptors should be selected. This is to

avoid under-predicting the harmfulness of simulated impact events. Using scaling laws

that relate dimensionless strain magnitude with brain properties and kinematic descriptors

of the impact, a set of cautiously-selected brain properties will be identified in this chapter.

The scaling laws presented in this chapter can also be used to determine which material

properties and kinematic impact parameters warrant additional study because they heavily

influence strain or pressure magnitudes, and which are less critical, because they do not

strongly affect these results.

More fundamentally, we will show that the deviatoric response and the volumetric re-

sponse of the cylinder evolve separately and are governed by different sets of constitutive
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parameters. The differences in the scaling laws for relating volumetric and deviatoric de-

formation to skull motion suggest that different mechanisms drive these two different types

of response. Specifically, the magnitude of the volumetric response primarily depends on

the maximum acceleration of the cylinder and the extent of the deviatoric response de-

pends on the jerk of the cylinder. Relating these kinds of observable kinematic quantities

to the amount of shear strain and pressure within the cylinder will enable rapid estimation

of the deformation and internal stress due to an impact. Although the simplicity of this

model makes it unsuitable for predicting deformation within particular regions in the brain,

or as a tool for diagnosing mild traumatic brain injury in a clinical setting, the general

conclusions drawn from this analysis can function as guiding principles for the design of

deformation-reducing cushions and helmets.

This chapter will consider the development of pressure and strain within brain-like

cylinders during linear impacts, specifically. These are impacts which involve only uni-

directional translation of the shell that surrounds the cylinder, and involve no rotational

motion of this shell. Chapters IV-VI address deformation due to rotational impacts.

3.1 Computational model

3.1.1 Model geometry

The geometry of the human head can be greatly simplified into a two-dimensional cylin-

der surrounded by an annular shell, as shown in Figure 3.9. The delicate object represents

the brain and the shell represents the skull. The compliant cylindrical delicate object is

fully attached to the rigid shell, so that the material on the outer radius of the cylinder

moves exactly with the interior surface of the rigid shell, in both the normal and circumfer-

ential directions. The spatial dimensions of the cylinder are expressed in polar coordinates,

with radial coordinate r and circumferential coordinate θ. The circumferential coordinate

θ is measured with respect to unit vector parallel to the translation of the cylinder’s shell.
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The size of the brain is expressed with its radius, Ri, and the brain-like cylindrical object is

referred to as the “cylinder” in this chapter and subsequent chapters. In this and subsequent

chapters, the radius of the cylinder used to perform calculations is 10 cm, though the di-

mensionless formulation of the results presented here enable generalizations for cylinders

of different sizes.

The plane strain constraint for the axial direction is used in this work, though the plane

stress case is also worthy of investigation. The plane strain case was chosen because the

brain is enclosed by the skull in all directions. For instance, the lateral sections of the

skull and falx will constrain coronal brain motion during motion of the skull in the sagittal

plane, and the anterior and posterior sections of the skull will constrain brain motion in the

sagittal plane during horizontal motion of the skull. The resistance to large out-of-plane

strains caused by the true shape of the skull would be lost in a two-dimensional model that

does not confine normal strain in the out-of-plane axis. However, in a real human head,

there is is some capacity for normal strain in all three dimensions. Therefore, the plane

stress model is still of interest, since it can exhibit tri-axial strain.

3.1.2 Constitutive model for the cylinder

The cylinder has the Standard Linear Solid (SLS) constitutive law for the shear re-

sponse. The SLS model is defined with an unrelaxed modulus, Gu, a relaxed shear mod-

ulus, Gr, and a relaxation time, τGR . The ratio of the unrelaxed to relaxed shear modulus

is fixed at the value 5 in this study. Although some constitutive models for the brain use

higher or lower ratios, this is within the commonly accepted range [42]. The same is true

of the choice of relaxation time for the shear stress relaxation function, which is 0.1 s in

this chapter. A further discussion of the influence of relaxation time on the extent of shear

strain due to rotational motion is included in Chapters V and VI. For the volumetric re-

sponse, two different constitutive forms are considered. For the study of the dependence of

the pressure on loading pulse duration, a rate independent bulk modulus, K0, was chosen.
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The brain’s high bulk modulus is due to the incompressibility of water, which is one of the

main components of the brain. For the study of the shear strain, a weakly visco-elastic SLS

model was chosen. The parameters that describe this constitutive model are Ku, Kr, and

τKR . For the visco-elastic model, the ratio of the unrelaxed to relaxed modulus is 2. This

low value is used because the resistance to volumetric change within the brain is thought

to be independent of strain rate, but some dissipation was needed to prevent the resonance

of high amplitude “whispering gallery” modes. The relaxation time is set to a small value,

so that the high frequency modes are preferentially damped. The brain’s density is 1040

kg/m3, which is slightly above that of water. However, in order to keep dimensionless

groups in forms that can be expressed with only a few significant figures, the density for

the cylinder is rounded down to 1000 kg/m3 in these calculations.

3.1.3 Linear acceleration of the shell results in linear acceleration of the points on

the outer radius of the cylinder

The method of loading in this study is the prescribed acceleration of the shell that

encloses the cylinder. Since the outer surface of the cylinder is bonded to the shell, the

motion of the shell is replicated by the material on the outer radius of the cylinder. The

time-dependence of the acceleration of the shell is prescribed to follow one of two specific

functional forms in these simulations. The two types of pulses that are used in this chapter

have some similarities and some differences. In both types of pulses, acceleration begins

with a period of positive acceleration and ends with a period of negative acceleration. The

positive and negative regions of the pulse each cause changes in the velocity of the shell

of equal magnitudes, but opposite signs. Therefore, the shell comes to rest after the pulse

is complete. The outer radius of the cylinder is then held stationary for the rest of the

simulation. The two forms used in this chapter are shown in Figure 3.2. In the shear strain

study, a smooth pulse with the form below is used.
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a(t)/amax =



ξ31(10− 15ξ1 + 6ξ21) 0 < t < t0/4

1− 2(ξ32(10− 15ξ2 + 6ξ22)) t0/4 < t < 3t0/4

−1 + ξ33(10− 15ξ3 + 6ξ23) t0/4 < t < 3t0/4

0 t > t0

where ξ1 = t
t0/4

, ξ2 = t−t0/4
t0/2

, and ξ3 = t−3t0/4
t0/4

. This form is easily accessed using the

“Smooth Step” option for “Amplitude” definition, in Abaqus 2018. The “Smooth Step”

option is intended for minimizing the amplitude of high frequency vibrations excited by

the rapidly applied forces needed to accomplish rapid changes in acceleration.

For the pressure study, one cycle of a sinusoidal wave is used for the loading pulse. It

has some of the same features as the acceleration function for the shear strain study, but

introduces some high frequency vibrations that do not affect the pressure field greatly, but

do affect the strain fields significantly.

3.1.4 Linearity of strain with the magnitude of prescribed kinematic load

Since the constitutive law for the cylinder is linear, the stress and strain are propor-

tional with the magnitude of the acceleration pulse, provided that the time-dependence (i.e.

“shape” and duration) of the loading pulse is held constant. Therefore, when the time-

dependence of the loading pulse is held constant, increasing one kinematic quantity, such

as acceleration, by some factor will also increase the velocity, displacement, and jerk by

the same factor. In this situation, which quantity truly governs the amount of strain or stress

cannot be known, since it is impossible to separate an increase in one kinematic quantity

from an increase in another. If the real cause of increased deformation is, for instance, in-

creased acceleration but not increased jerk, that cannot be determined if acceleration cannot

be varied independently from jerk. Therefore, the time-dependence of the pulse must be

varied in order to identify the kinematic quantity (e.g. jerk, acceleration, velocity, displace-
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ment) that causes the stress and strain magnitudes to be of the observed value. By varying

the pulse duration, pulses with the same values for some kinematic quantities but different

values for other kinematic quantities can be compared, and the kinematic quantities which

correlate with stress and strain for a range of impact durations can be identified. In this

study, the acceleration is chosen as the default kinematic quantity for expressing the size of

the loading pulse, but each impact with a known amax and t0 can be characterized with its

maximum velocity, displacement, or jerk. For the acceleration formula for the shear strain

study, the corresponding values for maximum speed, distance, and jerk are given below:

umax = 0.134 t20 amax (3.1)

vmax = 0.297 t0 amax (3.2)

jmax = 7.50 t−10 amax (3.3)

Modeling the brain with linear materials is a significant simplification of the actual

mechanical properties of the brain, since the brain is known to have a nonlinear response

at high levels of deformation. Nevertheless, limiting this analysis to linear material models

makes the creation of approximate comparisons between different levels of loading much

simpler. Rather than needing to perform calculations for many loading levels with the same

time-dependence, one simulation is sufficient. The results of a single simulation can be

non-dimensionalized, in order to determine relative increases in deformation and internal

stress for different levels of kinematic loading.

3.1.5 Dimensional Analysis

One of the benefits of a simple model is that it can be non-dimensionalized easily, and

the relationships between dimensionless groups can be used to understand the fundamental

properties of the system. In this chapter, the Buckingham π theorem is used to generate the
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dimensionless groups relevant to the problem. We assume that there are eleven physically

meaningful variables in the pressure study and thirteen in the strain study. Nine of these

variables are the same, in both. They are: Ri, ρ, Gu, Gr, τGR , t0, amax, x, and y. In the

pressure study, the tenth and eleventh variable are maximum pressure, pmax, and the bulk

modulus,K0. In the shear strain study, the additional variables are εmax, and the parameters

for the volumetric visco-elastic response, Ku, Kr, and τKR . The dimensionless groups for

the pressure study are: Gu/K0, Gr/Gu, t̃K = t0
√
K0/ρ/Ri, τGR

√
Gu/ρ/Ri, x/Ri, y/Ri,

and p̃max = pmax/amaxρRi. Only seven dimensionless groups are needed because the

response pmax is linear with amax. Similarly, there are only nine groups necessary for the

shear strain study. They are Gr/Gu,Ku/Gu, Kr/Ku, t̃0 = t0
√
Gu/ρ/Ri, τGR

√
Gu/ρ/Ri,

τKR
√
Ku/ρ/Ri, x/Ri, y/Ri, and ε̃max = εmaxKut0G

1/2
u /(amaxρ

3/2R2
i ). Although it is

not essential, the dimensionless quantity Gu

amaxρRi
is helpful in generating the dimensionless

strain group, and it would be necessary if it was not already known that the strain is linear

with acceleration when all other parameters are held constant.

3.2 Results

Linear acceleration pulses initiate a few different kinds of transient stress waves. Some

of the waves that are created by the motion of the shell involve deformation and propaga-

tion behaviors that are similar to those of dilatational and shear plane waves. Dilatational

waves are tensile and compressive waves with volumetric change. The particle motion of a

dilatational wave is parallel to the direction of propagation. Shear waves have particle mo-

tion orthogonal to the direction of propagation. The behavior of the transient waves in the

cylinder that are similar to dilatational waves is primarily governed by the bulk modulus,

and the behavior of the shear waves depends on both the bulk modulus and shear response.

The large bulk modulus of the brain limits the amount of volumetric strain that can

occur during an impact, so Mohr’s circle for strain is centered near zero. Therefore, the

absolute values of both the principal strains, ε1 and ε2, are approximately equal to the max-
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imum shear strain, εs. The maximum value of shear strain, then, is enough to approximate

the maximum of the absolute values of the two principal strains, too. In contrast, the pres-

sure serves as an approximation of the maximum of the absolute values of the principal

stress. Since the shear modulus is quite small, the material responds to even large shear

strains with relatively small shear stresses. In this situation involving a large bulk mod-

ulus and a small shear modulus, the maximum principal stress is approximately equal to

the absolute value of the pressure. This is because the radius of Mohr’s circle for stress is

relatively small compared to the σ-coordinate of its center. Since shear strain also approxi-

mates principal strain magnitudes, and pressure approximates principal stress magnitudes,

only the dependence of maximum shear strain and pressure on kinematic impact variables

are considered in this chapter.

3.2.1 Pressure

The pressure at a given time within the cylinder depends mainly on the acceleration

of the shell, at that instant. That is because, after the transient waves have died out, the

unidirectional, linear acceleration of the shell produces internal loads that are equivalent to

an elasto-static problem with a constant body force in one direction.

Figure 3.3 shows a contour plot of the dimensionless pressure, p(x, y, t)/a(t)ρRi, within

the cylinder during the application of the acceleration pulse. The magnitude of the pressure

at each point is proportional with the acceleration at that instant in time, and the spatial

distribution within the cylinder remains the same, regardless of the acceleration magni-

tude. This trend holds across the four values of Gu/K0 that were considered in this study,

for which the dimensionless parameter t̃K = t0
√
K0/ρ/Ri is chosen to be larger than 20.

Only one value of Gr/Gu and one value of τR
√
Gu/ρ/Ri were used in this analysis, but

it is unlikely that the visco-elastic proprties of the deviatoric response affect the pressure

because the pressure is associated with the volumetric response.

Figure 3.4 shows the dependence of the maximum dimensionless pressure as a function
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of a dimensionless acceleration pulse duration, t̃K . This is a different dimensionless time

than the one that is used throughout the rest of this chapter and in later chapters, which

is t̃0 = t0
√
Gu/ρ/Ri. The pressure is made non-dimensional by dividing by the quantity

amaxρRi, as stated in Section 3.1.5. For large values of t̃K , independent of K0/Gu, the

maximum dimensionless pressure approaches the limit of 1. The existence of this limit,

and its physical meaning, are discussed in the next section.

3.2.1.1 Discussion

The quantity amaxρRi is the maximum pressure that would be attained in a one-dimensional

object, such as a rod, that is adhered at each end to a pair of rigid bodies that maintain a

fixed distance from each other, and are subjected to an identical acceleration pulse, a(t).

This is the one-dimensional analog to the two dimensional cylinder being enclosed within

a rigid shell that experienced a prescribed acceleration. The expression for the pressure in

the one-dimensional scenario is explained below.

The equilibrium equation in one dimension with no body forces is

∂σ

∂x
= ρa. (3.4)

Placing the origin at the center of the body, the stress field will be anti-symmetric in x.

Therefore the stress field will be

σ(x) = ρax (3.5)

and the maximum stress will be located at one end of the object, at x = Ri, and have the

value σmax = amaxρRi.

In the analysis of the cylinder, the acceleration pulse duration, t0, is non-dimensionalized

by dividing by the quantity Ri

√
ρ/K0. This represents the approximate time it takes a

P-wave to travel the distance from the outer radius of the cylinder to its center, which

functions as a characteristic time for the propagation of this type of wave within the cylin-
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der. Although a P-wave travels with the speed
√
M/ρ, where M is the P-wave modulus,√

K0/ρ is an acceptable approximation of this speed when the ratio of the shear modulus,

G, is very low compared to the bulk modulus, K.

For cylinders with different K0/Gu ratios that are sufficiently large, the response to a

linear acceleration pulse is approximately the same, when considered using dimensionless

parameters. This is evident in the overlap of the curves for various Gu/K0 ratios. In the

region between t̃K = 40 and t̃K = 130, the curves for all four Gu/K0 ratios overlap. As

long as t̃K is larger than 40, the maximum pressure within the cylinder is proportional to

the maximum acceleration of the cylinder’s outer radius. This holds regardless of the exact

value of the pulse duration, provided it is sufficiently long. However, for t̃K values less

than 40, the maximum pressure can be larger than the long-pulse limit, and the relation-

ship between pressure and acceleration depends on the pulse duration. We can see from

this plot that non-dimensionalizing the pulse duration, which converts between t0 and t̃K ,

collapses the dimensionless maximum pressure curves for multiple Gu/Ku ratios onto one

curve. That suggests that Ri

√
ρ/K0 is the characteristic time associated with the temporal

evolution of the maximum pressure value.

In the context of head injury, the properties of the brain can be substituted into these

dimensionless relationships to determine whether the brain’s pressure is proportional with

acceleration, magnitude of the velocity change, or a different kinematic parameter.

This type of analysis is detailed here. First, we must confirm that we can use the

dimensionless maximum pressure results in Figure 3.4, which were obtained for different

values of Ku/Gu, (e.g. 3.33 × 104 and 3.33 × 105). Since the results are the same for

these two values, we assume that if the K0/Gu-value of the brain is within this range, then

the dimensionless pressure results will be equally applicable. The shear modulus of the

human brain is on the order of 10 kPa or lower, and the bulk modulus is on the order of

the effective bulk modulus of water, which is 2.19 GPa. Therefore, the K0/Gu ratio of the

human brain is at least 2.19×105, and falls within an acceptable range for using the results
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in Figure 3.4.

Next, we consider two representative head impacts and calculate approximate maxi-

mum pressures for them. The t̃K-value for a 10 ms pulse applied to a head with a radius of

10 cm is 148, which is in the range where the maximum pressure depends exclusively on

the maximum acceleration, the density of the brain, and its radius. 10 ms is approximately

the average duration of head impacts recorded in football practices and games [7]. A lower

bound for the applicability of this simple correlation can also be attained with these curves.

A t̃K-value of 40 corresponds to a pulse duration of 3.7 ms. It can be seen in Figure 2

of [17], that sports-related collisions are significantly longer than 3.7 ms, and most falls

are generally not very much shorter than this duration. Therefore, the maximum pressure

during any head impact that can lead to injury is expected to be proportional with the max-

imum acceleration of the skull, and independent of the impact’s duration, because these

impacts are longer than the characteristic time of the brain in this loading arrangement. For

brain injuries due to dangerously high levels of pressure within the brain, we expect that an

injury criterion based on a threshold of the maximum acceleration of the skull will be most

effective in classifying injury risk.

3.2.2 Shear strain

Numerous studies have shown that excessive deformation of brain tissue can lead to

injury [6]. Although the most common measures of deformation are based on maximum

principal strain, the maximum shear strain is an acceptable alternative for classifying the

extent of deformation, since it generally coincides with the maximum principal strain, when

the bulk modulus of the material is much larger than the shear modulus. Further, shear

strain provides a complementary view of the internal dynamics of the brain, when paired

with pressure. This is because pressure is associated with volumetric deformation and the

shear strain is associated with deviatoric strain. Using both pressure and shear strain, we

are able to gather a broad view of the response of the brain during and shortly after an
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impact.

Although strain is already a dimensionless quantity, defining a “dimensionless strain”

facilitates the scaling law analysis in this section, which is later used to estimate the mag-

nitude of strain during linear impacts. Strain can be written in a dimensionless form with

the expression

ε̃ = ε
Ku

aρRi

t0
√
Gu

Ri
√
ρ
. (3.6)

The definition in Equation 3.6 incorporates the other known dimensionless parameters

Gu/amaxρRi, t̃0, and Ku/Gu. In Section 3.2.2.5, the motivation for using this formula

for the dimensionless shear strain is explored.

3.2.2.1 Shear wave propagation

Figure 3.5 depicts how the shear strain, at a range of positions, changes over time, as

a propagating strain pulse travels away from the outer radius of the cylinder, where it was

initiated. This transient deformation disturbance has many of the properties of a shear plane

wave. The shear strain at four different times, that are separated by the time period ∆t, is

plotted here as a function of position along the vertical line x = 0, which passes through the

center of the cylinder and extends out to the outer radius of the cylinder. In these plots, it is

shown that a transient wave is generated at the outer radius of the cylinder, at r̃ = 1, and it

propagates inward at approximately the speed vu =
√
Gu/ρ. The dimensionless distance,

∆r̃, that a wave with the speed vu would travel in the time between plotted instants, ∆t, is

marked on this figure. A dimensionless version of ∆t, with the form ∆t̃ = ∆t
√
Gu/ρ/Ri,

is the same as the dimensionless distance ∆r̃. That the dimensionless quantity ∆r̃, which is

based on an idealized wave speed of vu, correlates with the actual dimensionless distance

that the wave travels in this simulation, suggests that the strain disturbance studied here

travels with a speed near to the idealized unrelaxed wave speed vu. Since the particle

motion for this disturbance is also orthogonal to the direction of propagation, the behavior

of this transient disturbance is very similar to that of a plane shear wave. This similarity
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provides support for analyzing the shear strain due to this propagating disturbance with

concepts from the analysis of plane shear waves.

3.2.2.2 Definition of dimensionless maximum shear strain, ε̃max

The dimensionless maximum shear strain, ε̃max(x, y), is of interest because it is a use-

ful measure of the extent of deviatoric deformation that has occurred. This dimension-

less quantity, and all other strain-based dimensionless quantities covered in this section,

is obtained from the corresponding strain using the scheme in Equation 3.6. The spatial

distribution of this value can be examined to see which regions experience the most se-

vere deformation. In this chapter, the quantity ε̃max refers to the dimensionless form of the

temporal maximum of the maximum shear strain at a given location, (x, y). This section

describes how this value is obtained from the strain tensor, which varies in time and space.

The quantity, ε̃max(x, y), is obtained from the dimensionless instantaneous maximum

shear strain for each instant, referred to here as ε̃s(x, y, t). ε̃s is the dimensionless time-

varying maximum shear strain in the context of Mohr’s circle. That is, it is the dimen-

sionless form of the maximum value of the shear strain that can be attained by changing

the basis vectors that the strain tensor is expressed in. In Figure 3.5, the magnitude of the

dimensionless shear strain in the (x-y) coordinate system, |ε̃xy|, coincides with ε̃s, at some

locations. These locations are the points which lie on the vertical line that passes through

the center of the cylinder, where x = x0 = 0 m. However, this is not true for all positions

within the cylinder, so it is necessary to calculate the dimensionless maximum shear strain

at each position, using the dimensionless form of the full strain tensor.

Figure 3.6 shows an example of the progression from ε̃xy(x0, y, t) to ε̃∗max(x0, y, t) for

the strain at a range of positions. Since the leading edge of the strain pulse has reached

y/Ri = 0.76, we can see that the maximum shear strain that a point has experienced

prior to time t, known as ε̃∗max(t), increases when higher-magnitude sections of the strain

disturbance passes by. When the impact is complete and all the waves within the cylinder
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have dissipated, then ε̃∗max(∞) will give the value for the dimensionless maximum shear

strain for the whole impact, ε̃max.

3.2.2.3 Dependence of ε̃max on the cylinder bulk modulus to shear modulus ratio,

Ku/Gu

Having defined ε̃max, we consider its dependence on the constitutive properties of the

cylinder, on the location of interest within the cylinder, and on the duration of the lin-

ear acceleration pulse that caused the deformation. Figure 3.7 shows the dimensionless

maximum shear strain along the vertical line passing through the center of the cylinder,

ε̃max(x0, y), for acceleration pulses with three different dimensionless durations, t̃0, and ra-

tios of Ku/Gu. The spatial distribution of the dimensionless maximum shear strain, ε̃max,

depends strongly on the dimensionless duration of the pulse, t̃0, but only very weakly on

the ratio of bulk to shear modulus, Ku/Gu. The weak dependence of dimensionless maxi-

mum shear strain on this ratio can be observed from the overlapping of the maximum shear

strain curves for different Ku/Gu values in each subplot, a-c. For example, in Figure 3.7b,

for which t̃0 =
√

6 × 10−0.5, all three curves, each with a different Ku/Gu value, have

maximum dimensionless strain values within 10% of one another, and have their spatial

maxima at the same location. In the other two subplots, which have different dimension-

less durations, the curves for different Gu/Ku-values are also similar to each other, and

nearly overlap.

Further evidence of the lack of dependence of the dimensionless maximum shear strain

ε̃max on the ratioKu/Gu is found in Figures 3.8a-c and 3.9a-c. These depict the dimension-

less maximum shear strain as a function of position within the cylinder, the dimensionless

loading pulse duration, and the ratio Ku/Gu for a variety of cylinder constitutive property

selections. The maximum strain experienced by the material at five different positions is

reported. These five positions are evenly distributed along the vertical line extending from

the middle of the cylinder up to its outer boundary, at y = Ri. This is the same line from
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which the results in Figure 3.7 were drawn. (Strain at y/Ri = 0 is not reported because it

approaches zero.)

Figure 3.8a gives the dependence of ε̃max on the ratio of Ku to Gu for relatively short

pulses, which have dimensionless duration t̃0 =
√

6× 10−1. For a cylinder with unrelaxed

shear modulus Gu = 6 kPa, density ρ = 1000 kg/m3, and internal radius 10 cm, this

dimensionless pulse duration is associated with pulses that are 10 ms long. Figures 3.8b

and 3.8c are associated with longer pulses, with dimensionless durations t̃0 =
√

6× 10−0.5

and t̃0 =
√

6. For the results in this figure, all simulations have the same values for the

remaining dimensionless parameters: Gu/Gr = 5, Ku/Kr = 2, τGR
√
Gu/ρ/Ri =

√
6 and

τKR
√
Ku/ρ/Ri = 0.16. For the shortest impact duration considered here, shown in Figure

3.8a, there is a slight dependence of ε̃max on Ku/Gu, with decreasing ε̃max associated with

increasing Ku/Gu. However, above approximately Ku/Gu = 5 × 104, the resolution the

in ε̃max dependence is not large enough to see the details of the relationship between ε̃max

and Ku/Gu. For the other two durations considered, there is relatively little dependence of

the dimensionless shear strain on the ratio of bulk modulus to shear modulus, in the sense

that any Ku/Gu ratio between 1.05× 104 and 1.05× 105 results in approximately the same

value of ε̃max at each position.

3.2.2.4 Dependence of ε̃max on the dimensionless acceleration pulse duration, t̃0

As with the ratio Ku/Gu, the dependence of ε̃max on dimensionless relaxation time, t̃0

is not large for the five positions considered in Figures 3.8 and 3.9. Specifically, over a

range of pulse durations that span an order of magnitude (i.e. a factor of 10), the great-

est variation between ε̃max-values is less than a factor of 4 for the innermost position

(r/Ri = 0.2), and less than a factor of 2 for the other positions that were considered

(/Ri = 0.4, 0.6, 0.8, and 1.0). Further, the magnitude of the dimensionless maximum

strain stays between the values 6 and 1.5 for all five positions, r/Ri, and across the full

range of dimensionless pulse durations, t̃0.
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However, Figure 3.9 considers only five points, all with r/Ri ≥ 0.2. Within the range

of dimensionless values studied here, the spatial maximum of ε̃max along the vertical line

x = 0 is usually attained at a point within r/Ri < 0.2. Figure 3.10a contains a plot of the

maximum shear strain within the cylinder as a function of loading pulse duration for the

vertical line, x = 0, and the horizontal line (and y = 0) that each pass through the center of

the cylinder. Figure 3.10b has the radial coordinate of the point where the maximum shear

strain is attained plotted against dimensionless pulse duration. The increasing maximum

shear strain seen for decreasing dimensionless pulse duration is associated with the position

where that maximum is attained, r̃∗, being smaller, and therefore closer to the center. This

relationship holds for all ratios of Ku to Gu that were considered.

3.2.2.5 Discussion: Calculation of an upper bound for shear strain in linear impacts

The definition for the maximum dimensionless shear strain in Equation 3.6 is chosen

in order to normalize the magnitude of the strain with the severity of the acceleration pulse

and the constitutive parameters of the cylinder. The dimensionless quantity ε̃max, referred

to as the dimensionless maximum shear strain, is a function ofGu/Ku, t̃0, Gr/Gu, Kr/Ku,

t̃K = t0
√
K0/ρ/Ri, and τGR

√
Gu/ρ/Ri, as well as the dimensionless position variables

x̃ = x/Ri and ỹ = y/Ri. In the previous section, the dependence of ε̃max on Ku/Gu and

t̃0 was explored in detail. The other dimensionless parameters, t̃K = t0
√
K0/ρ/Ri, and

τGR
√
Gu/ρ/Ri, are not the focus of this study, and are fixed to values that are consistent

with, and representative of, the properties of the human brain.

The definition for the maximum dimensionless shear strain in Equation 3.6 can be re-

arranged into the expression

ε = ε̃max
amax
t0

ρR2
i

Ku

√
ρ

√
Gu

, (3.7)

where ε̃max acts as a coefficient that depends weakly on Gu/Ku and t̃0, and which relates
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known variables to an estimate of strain. The dimensionless position parameter r/Ri must

also be sufficiently large, approximately r/Ri > 0.2 in the case shown here, for ε̃max to

remain within a small band of values across a range of Gu/Ku and t̃0 values. For r/Ri <

0.2, the shear strain is noticeably higher, in the case of the most rapid pulses, or lower, in the

case of longer pulses, than in the rest of the cylinder. Higher strain values at the center of the

cylinder, that are observed especially in the shortest acceleration pulse scenarios, are due

to the stress wave being focused at the center of the cylinder. The lack of radial symmetry

and material homogeneity of a human brain may prevent the evolution of these relatively

high strains, because waves initiated at the interface between the shell and the cylinder

will not arrive at the same radial location coordinate within the interior simultaneously,

and can be scattered by internal interfaces between sections of the brain. Additional high

frequency damping would also likely suppress the magnitude of these peaks. The region

that experiences these high levels of strain is also relatively small.

An upper bound for shear strain can be obtained with the results from this section and

cautious choices for unknown parameters, like the bulk and shear moduli, using Equation

3.7. From Figure 3.8d and 3.9d, it can be seen that the maximum ε̃max is 15 for accel-

erations pulses in the range relevant to sport impacts. The bulk modulus of the brain is

approximately 2.19 GPa, the density of the brain is 1040 kg/m3, and the radius of the brain

of an adult human is on the order of 10 cm. 1 kPa is a fairly cautious estimate for the

unrelaxed modulus of human brain. For the sake of seeking an upper bound on εmax, this

is an appropriate choice, though the true unrelaxed shear modulus of the brain is likely

higher. Assuming a hypothetical impact lasting 15 ms, with a maximum linear acceleration

of 1000 m/s2 and no rotation of the skull, the upper bound of strain is expected to be on the

order of 0.005 or less. This is well below most strain-based tissue damage criteria, which

are most often on the order of 0.05 to 0.5. Therefore, the linear component of skull motion

is expected to make a relatively modest contribution to shear strain within the brain.

60



3.3 Conclusions

For the simplified geometry considered in this chapter, the pressure at all points within

the cylinder is proportional with the linear acceleration of the cylinder’s outer radius, when

the dimensionless duration of the pulse is more than roughly 40. The pressure is pro-

portional with the acceleration in all these impacts because the pressure within the whole

cylinder reaches its steady-state behavior quickly, compared to the pulse duration, so the

spatial variation in pressure remains the same, up to a multiplying magnitude coefficient,

regardless of duration of the pulse. The magnitude of this steady-state field at any given

time depends entirely on density, bulk modulus, and the current acceleration value. Sub-

stituting in the parameters for the human head, the dimensionless duration of 40, above

which pressure is dependent only on acceleration and is independent of duration, corre-

sponds to approximately 3.7 ms. Since nearly all head impacts involving a helmet, and

many of those lacking head protection, last longer than 3.7 ms, it can be concluded that ac-

celeration should be the underling kinematic variable for kinematic injury criteria for focal

brain injuries that are thought to be caused by dangerously high pressures.

The deviatoric part of the deformation due to the linear acceleration of the shell sur-

rounding the cylinder is more complicated, and so the development of a kinematic injury

criterion for diffuse brain injuries caused by large deviatoric deformations within the brain

is also not simple. Although the lumped-parameter model of [23] suggests that strain from

short loading pulses will be proportional with the magnitude of the velocity change of the

shell, that sort of behavior was not observed in these simulations. Instead, when accelera-

tion pulses with a range of durations are applied to the shell, it was seen that the maximum

shear strain in the interior of the cylinder is roughly proportional with the ratio of the shell’s

acceleration magnitude to the pulse duration, amax/t0. This ratio is proportional with the

maximum value of the jerk of the shell. Therefore, it is proposed that the shear strain is pro-

portional with this kinematic quantity, rather than the magnitude of the shell’s maximum

acceleration or velocity change.
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The proportionality between maximum shear strain and the maximum jerk of the shell

is due to the development of a transient wave with a lateral displacement magnitude that

is proportional to the acceleration of the shell. The shear strain of the transient wave ini-

tiated during the pulse is roughly proportional with the magnitude of the particle velocity

at each material point that is on the vertical line passing through the center of the cylin-

der. Further, the shear strain is also roughly inversely proportional with the speed of an

infinite-frequency shear wave, vu =
√
Gu/ρ, for the region close to the outer radius of the

cylinder. This is analogous to what occurs in a plane wave, where the magnitude of the

shear strain is proportional with the magnitude of the lateral particle velocity and inversely

proportional with the speed
√
Guρ. This commonality between an idealized plane wave

and the transient wave in the cylinder suggests that the shear strain within the cylinder is

due to the lateral motion of the top and bottom of the cylinder’s outer radius driving a shear

wave. This shear wave is superposed onto the lateral motion of the whole brain, which is

mostly brought on by rapidly-traveling longitudinal waves. The lateral displacement that is

associated with the shear wave has a magnitude which is proportional with the acceleration

of the shell, so its particle velocity magnitude is therefore proportional with the jerk of the

shell. The strain due to this slow-moving wave is also approximately proportional to the

quantity R2
i ρ/Ku. This quantity is of the same order as the square of the time it would take

an elastic P-wave to travel the distance of the radius of the cylinder, Ri

√
M/ρ. In that way,

the bulk modulus of the cylinder medium influences the magnitude of shear strain.

In this chapter, scaling laws involving dimensionless quantities were paired with cau-

tious approximations for other brain parameters, in order to draw conclusions about kine-

matic causes of tissue level deformation within the brain. First, it was shown that pressure

within the brain in neatly correlated with acceleration. Then, an upper bound for the strain

within the brain during a typical head impact in football was identified and found to be

on the order of 0.005, which is much less than most published injury thresholds for brain

tissue. Therefore, the development of kinematic head injury criteria for linear head impacts
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should focus mainly on characterizing acceleration thresholds, because that is the quantity

which provides the best correlation with pressure.

The magnitude of the velocity change of the skull need not be studied in greater detail,

since it was shown that the magnitude of the velocity change is not directly correlated

to increasing strain or pressure, since those two quantities correlate best with jerk and

acceleration, respectively. Although the jerk of the skull is correlated with the shear strain

magnitude, and the potential risks associated with exceedingly short impacts should not

be completely ignored, it was shown that the magnitude of the shear strain will remain

small in purely linear impacts with acceleration magnitudes and durations like those that

currently occur in contact sports. This is because the existing cushioning strategies, which

give rise to the typical football impacts considered here, are sufficient to keep shear strain

well below the tissue tolerance levels.
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Figure 3.1: Diagram of a cylindrical delicate object that is enclosed by a rigid shell. The
rigid shell is perfectly attached to the outer radius of the delicate object, so the motion of
the rigid shell is transfered directly to the material on the outer radius of the cylinder. The
shell, and therefore also the material on the outer radius of the cylinder, is forced to follow a
prescribed trajectory. The rigid shell is an analog to the skull and the cylinder is analogous
to the brain. The size of the cylinder is described by its outer radius, Ri. The cylinder ma-
terial is a linear visco-elastic material with density ρ. The shear response is modeled with
a Standard Linear Solid, with the parameters Gr, Gu and τ (G)

R . The volumetric response is
modeled with either linear elasticity, with K0 for the bulk modulus, or another SLS model,
with the parameters Kr, Ku and τ (K)

R . The unrelaxed and relaxed shear moduli, Gu and Gr,
are much smaller than the bulk modulus, K0, and the unrelaxed and relaxed bulk moduli,
Ku and Kr.
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Figure 3.2: The magnitude of the linear, unidirectional acceleration of the cylinder’s outer
radius, a, as a function of time. The magnitude of the acceleration is normalized by its
maximum value over time, amax, and time, t, is normalized by the duration of the pulse
itself, t0. The smooth pulse was used in the analysis of the maximum shear strain, and the
sine pulse was used in the study of the pressure magnitude. Both forms have a positive
region and a negative region, and both result in the final speed of the cylinder’s outer radius
being equal to its initial speed.

Figure 3.3: Dimensionless pressure distribution, p̃(t̃, x̃, ỹ) = p(t, x, y)/(a(t)ρRi), due to a
linear acceleration pulse of sinusoidal shape, oriented along the horizontal unit vector. The
darkest red corresponds to a value of 1 and the darkest blue corresponds to a value of -1.
The even spacing of the contours indicates that pressure varies linearly across the cylinder,
with no pressure along the vertical line that passes through the center of the cylinder. The
magnitude of this field varies in time with the magnitude of the acceleration.
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Figure 3.4: Maximum dimensionless pressure as a function of dimensionless acceleration
pulse duration and K0/Gu ratio. The human brain has a K0/Gu ratio on the order of
2 × 105 and sports-related impacts have dimensionless pulse durations larger than 40, so
the maximum pressure that develops in such an impact is proportional with the maximum
acceleration of the cylinder’s outer radius.
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Figure 3.5: Dimensionless shear strain at four time-points after the completion of the ac-
celeration pulse. The dimensionless distance that a nondispersive pulse travels in the time
∆t, if it has speed

√
Gu/ρ, is ∆r̃ and is marked on the plots with a two-sided arrow that

spans this dimensionless distance. This approximates the distance that the simulated wave
travels; therefore, the speed of the pulse can be seen to be roughly

√
Gu/ρ
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Figure 3.6: Example of the relationship between the shear component of the strain
tensor,ε̃xy, the maximum shear strain with respect to Mohr’s circle, ε̃s, and the maximum
shear strain that has occurred up to time t, ε̃∗max(t). The direction of the propagation of the
shear wave is toward lower values of dimensionless vertical position, y/Ri.
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(a)

(b)

(c)

Figure 3.7: Maximum dimensionless shear strain within the cylinder as a function of po-
sition for three different ratios Gu/Ku and eleven dimensionless pulse durations t̃0. a.)
t̃0 =

√
6× 10−1 b.) t̃0 =

√
6× 10−0.5 c.) t̃0 =

√
6× 100.

69



(a)

(b)

(c)

Figure 3.8: Maximum dimensionless shear strain within the cylinder at five location as a
function of Ku/Gu for three different pulse durations. a.) t̃0 =

√
6 × 10−1. b.) t̃0 =√

6× 10−0.5 c.) t̃0 =
√

6× 100
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(a)

(b)

(c)

Figure 3.9: Maximum dimensionless shear strain at five positions along the vertical line
passing through the center of the cylinder. Maximum dimensionless shear strain is plotted
as a function of dimensionless pulse duration, t̃0, for three different Ku/Gu ratios.
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(a)

(b)

Figure 3.10: (a) Maximum strain along the vertical (∗) and the horizontal (◦) lines that
pass through the center of the cylinder. Inspection of spatial contour plots of maximum
shear strain distributions indicate that the spatial maxima for dimensionless maximum shear
strain are always located on either the vertical or horizontal line that passes though the
cylinder. Decreasing dimensionless pulse duration increases the maximum dimensionless
shear strain along both the horizontal and vertical lines considered here. (b) Decreasing
dimensionless pulse duration, t̃0, is associated with the spatial maximum of dimensionless
maximum shear strain occurring at a position, r̃∗, that is closer to the center of the cylinder.
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CHAPTER IV

Analytical calculation of shear strain within a rotating

cylinder and comparison with finite element results

4.1 Introduction

Most injurious head impacts involve both linear motion of the skull and rotational mo-

tion of the skull. Unterharnscheidt suggests that focal injuries are primarily caused by high

pressures within the brain, due to linear acceleration, whereas diffuse injury is more likely

to be caused by rotation [38]. In the previous chapter, a finite element model of a visco-

elastic cylinder, modeled with a Standard Linear Solid constitutive model, with brain-like

properties and dimensions, was used to study both the pressure and strain caused by lin-

ear acceleration of the brain’s outer radius. It was shown that the shear strain is relatively

small in linear impacts. In this chapter, an analytical model for calculating the shear strain

brought on by the rotation of the outer shell of a similarly idealized cylindrical head model,

with a homogeneous SLS visco-elastic material model for the brain’s shear response and

no compressibility, will be described. Then, some results obtained with this model will be

compared to those from a finite element analysis of a nearly identical scenario, in order

to verify the accuracy of the analytical approach. The model described in this chapter is

the basis for the results and discussion presented in the next two chapters, Chapter V and

VI. Chapters V and VI both include discussions of which qualitative aspects of the time-
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dependence of the rotational motion of the shell influence the interior cylinder strain most

heavily, so we take this opportunity to describe the four different pulse shapes which form

the basis of those analyses. As with the previous chapter, our attention remains focused on

identifying the cylinder parameters that influence the scaling between the maximum shear

strain and kinematic descriptions of impact severity.

The link between rotation of the skull and brain tissue injury is the dangerously high

levels of shear strain that evolve during rotational impacts [28, 16, 32]. Sometimes, the first

principal strain is used to quantify the extent of deformation [22, 43], though the maximum

shear strain provides a similar type of result, as explained in Section 3.2. Similarly, tissue-

level tolerances for deformation are sometimes expressed in terms of Lagrange strain [29].

Although there are slight differences in the exact definitions of these various strains, they

all attempt to describe similar types of deformation. Since the brain has a very high bulk

modulus [32], the volumetric deformation of the brain is constrained to be quite small, so

most measures of strain will be dominated by the deviatoric strain. In this model, where

the shear strain is the only component of strain, because the material is modeled as an

incompressible solid, this single strain component is expected to show the same trends as

most other strain measures.

An analytical solution to this rotational kinematic loading problem, such as the one

presented in this chapter, is particularly advantageous in this situation because the shear

waves in the brain move very slowly, due to the low value of the shear modulus of the

medium. Recent work by Giudice et al. [12] suggests that some of the commonly used fi-

nite element models produce vastly different results for maximum principal strain when the

element type is changed or the mesh is refined. This is concerning, as numerical dispersion

in inadequately meshed models is well-documented and dispersion of this kind results in

under-prediction of strain. Even studies that confirm convergence for the mesh, using one

set of constitutive properties, need to ascertain whether the mesh remains adequate if new,

more compliant, material properties are substituted into the original model. The effect of
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an overly-coarse mesh was seen in early versions of the the finite element model used here,

and was corrected after a mesh refinement study was completed.

The analysis presented here relies heavily on previous analyses that use purely ana-

lytical approaches to calculate the strain in a rotating cylinder. One assumption that is

common to several previous analyses, and will be used in this chapter and the next two

chapters, is the elimination of compressibility within the cylinder medium. Although the

brain and other structures have some compressibility, it is accepted that for rapid impacts,

this small amount of compressibility can be ignored [6]. Eliminating compressibility and

choosing a simplified cylindrical geometry, as in the previous chapter, facilitates simplify-

ing the two-dimensional problem into a one-dimensional partial differential equation, with

only circumferential displacement and the resulting radial-circumferential shear strain al-

lowed. Earlier work on this problem explicitly considers this one-dimensional approach

as a model for diffuse axonal injury, as in the work by Margulies and Thibault [25, 26].

The first of these early studies includes a description of an analytical approach for calcu-

lating strain due to impacts of various durations [25], and the latter offers an associated

tolerance criterion for the human brain [26]. The analysis in these studies is based on the

deformation of a visco-elastic cylinder with a Kelvin-Voigt model, for which the influence

of shear modulus and loading duration on the strain experienced within the brain is evident.

More recently, due to interest in new techniques for measuring brain deformation directly,

the solution to a related problem, involving similar geometry, is used to verify the perfor-

mance of a transient strain detection method, in work by Bayly et al. [5]. The solution

provided there is for the deformation in a cylinder of SLS visco-elastic media brought to

rest from an initially rotating state, and uses a Laplace transform method to arrive at the

solution. Later related work, by Massouros et al., addresses the rotation of a cylinder with

a Maxwell visco-elastic material definition and obtains an analytical solution [27]. Each of

these studies involves at least one facet of the problem we seek to answer in the next few

chapters.
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4.2 Model

As with the finite element model in the previous chapter, the delicate object considered

in the next two chapters is a cylinder made of visco-elastic media that is fully bonded to a

rigid exterior shell, and is subject to plane-strain conditions. Whereas the previous chapter

focused on the cylinder’s response to linear acceleration of its shell, a(t), this chapter, and

the two that follow it, are focused on the response of the cylinder to the prescribed rotation

of the shell that bounds it. Specifically, the rotation of the shell about its center, in the

radial-circumferential plane, with its angular velocity vector parallel to the axial direction,

is of interest. Since the geometry under consideration is two dimensional, this is the only

possible direction the angular velocity vector can point, and the angular velocity has only

one component. When the shell rotates about the cylinder’s longitudinal axis, the angle that

each point on the rigid shell traces out with respect to its original orientation, θ(t), fully

characterizes this motion. Since it is a rigid body, the angle that each point on the shell

sweeps out is the same, regardless of the circumferential coordinates of each point.

The first and second time-derivatives of the angular displacement, θ̇ and θ̈, are referred

to here as the the angular velocity and the angular acceleration of the shell. This mirrors the

convention in the literature to use these symbols to refer to the angular velocity and angular

acceleration of the skull during a rotational impact [30]. Alternatively, symbols involving

ω and α are also commonly used to represent these variables within head injury research

[5, 10, 22, 36]. Nevertheless, the θ̇ framework is used here in order to emphasize that θ̇(t)

and θ̈(t) are scalar, not vector quantities. They are scalar quantities because they are the

time-varying components of the angular velocity and angular acceleration vectors, which

are both constrained to have but one component in this scenario. Further, this eliminates

any confusion between θ̇(t) and angular frequencies, which are often represented with ω

alone. Since there is only one component of angular velocity and angular acceleration

involved in the motion of the cylinder’s shell, these components will be referred to as the

angular velocity and angular acceleration themselves.

76



The circumferential displacement by points at the outer radius of the cylinder can be

expressed with the symbol, uθ(Ri, t). uθ(Ri, t) is directly proportional to θ(t) and to Ri,

the outer radius of the cylinder, such that

uθ,t(r, t) = Riθ(t). (4.1)

The strain that is brought on by the rotation of shell, and the circumferential motion

of the cylinder’s outer radius, is due to the radial variations in the relative circumferential

displacement of the material points within the cylinder, uθ(r, t)/r, and can be calculated

directly from the displacement field using a strain-displacement relation. These quantities

are indicated on the diagram in Figure 4.1.

The other difference between the model that is analyzed in this chapter and the one

from the previous chapter is volumetric behavior of the material. Although the materials in

the previous chapter had a visco-elastic response for the volumetric deformation as well as

the deviatoric deformation, the materials considered in this chapter are incompressible and

have an SLS-type behavior for the deviatoric response, only.

4.2.1 Mathematical model and solution

The governing equation used to calculate the circumferential displacement within the

interior of the cylinder, uθ(r, t), is derived from the analysis in [5]. In that paper, the

correspondence principle is used to obtain the governing differential equation for the visco-

elastic case from the equation for the analogous elastic case. This step of the analysis

takes place in the Laplace domain. Alternatively, the visco-elastic solution can be obtained

directly, within the time domain, as is demonstrated here. The equation of motion for the

cylinder interior is
∂σrθ
∂r

+
2

r
σrθ = ρ

∂2uθ
∂t2

, (4.2)
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where r is the radial position coordinate, t is the time, ρ is the density of the cylinder

medium, σrθ is the shear stress, and uθ is the circumferential coordinate of displacement.

The constitutive equation for the cylinder medium takes the SLS form, expressed as

σrθ + τR
dσrθ
dt

= 2Guεrθ + 2GrτR
dεrθ
dt

, (4.3)

where εrθ is the tensor shear strain, Gu is the unrelaxed shear modulus, Gr is the relaxed

shear modulus, and τR is the relaxation time. Rigorously, this is accompanied by the initial

condition that σrθ(0+) = 2Guεrθ(0
+), but this is not an essential aspect of the analysis

since both the stress and strain have no discontinuities. The strain-displacement relation

for the radial-circumferential shear strain is

εrθ =
1

2

(
∂uθ
∂r
− uθ

r

)
. (4.4)

The governing equation for circumferential displacement, uθ, can be derived from com-

bining these. Multiplying Equation 4.2 by τR and taking its derivative with respect to time,

and adding that equation to the original form of 4.2 results in the expression

(
∂σrθ
∂r

+
2

r
σrθ

)
+ τR

d

dt

(
∂σrθ
∂r

+
2

r
σrθ

)
= ρ

∂2uθ
∂t2

+ τR
d

dt

(
ρ
∂2uθ
∂t2

)
. (4.5)

This can be re-arranged into

∂

∂r

(
σrθ + τR

d

dt
σrθ

)
+

2

r

(
σrθ + τR

d

dt
σrθ

)
= ρ

∂2uθ
∂t2

+ τRρ
∂3uθ
∂t3

. (4.6)

By substituting 4.4 into 4.3, displacements can be related directly to stress and its deriva-

tives, and the resulting expression can be substituted into 4.6 to obtain the governing equa-
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tion. Distributing out the derivatives gives

(
GrτR

2

∂3uθ
∂t ∂r2

+
Gu

2

∂2uθ
∂r2

)
+

1

r

(
GrτR

2

∂2uθ
∂t ∂r

+
Gu

2

∂uθ
∂r

)
− 1

r2

(
GrτR

2

∂uθ
∂t

+
G∞
2
uθ

)
− ρ

(
τR
∂3uθ
∂t3

+
∂2uθ
∂t2

)
= 0.

A dimensionless form of this equation is

βrr̃
2 ∂

3ũθ

∂t̃∂r̃2
+βur̃

2∂
2ũθ
∂r̃2

+βrr̃
∂2ũθ

∂t̃∂r̃
+βur̃

∂ũθ
∂r̃
−βr

∂ũθ

∂t̃
−βuũθ− r̃2

∂3ũθ

∂t̃3
− r̃2∂

2ũθ

∂t̃2
= 0

(4.7)

where the dimensionless quantities are

ũθ = uθ/Ri (4.8)

t̃ = t/τR (4.9)

r̃ = r/Ri (4.10)

βr =
Grτ

2
R

ρR2
i

(4.11)

βu =
Guτ

2
R

ρR2
i

(4.12)

where Ri is the radius of the cylinder.

A Fourier transform of 4.7 results in the equation

(iω̃βr + βu)

(
r̃2
∂2ũθ
∂r̃2

+ r̃
∂ũθ
∂r̃
− ũθ

)
− r̃2

(
(iω̃)3 + (iω̃)2

)
ũθ = 0 (4.13)

which can be rearranged as

r̃2
∂2ũθ
∂r̃2

+ r̃
∂ũθ
∂r̃
−
(

(iω̃)3 + (iω̃)2

iω̃βr + βu
r̃2 + 1

)
ũθ = 0. (4.14)
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Choosing a change of variables x = r̃β where

β =

√
(iω̃)3 + (iω̃)2

iω̃βr + βu
(4.15)

gives the equation

x2
∂2ũθ
∂x2

+ x
∂ũθ
∂x
−
(
x2 + 1

)
ũθ = 0. (4.16)

Equation 4.16 has the form of the modified Bessel equation, which has the modified Bessel

functions as solutions. Since the circumferential displacement at the center of the disk must

be zero, there is no contribution from the modified Bessel functions of the second kind. The

solution then has the form

ũθ(r̃, ω̃) = (U0/Ri)
I1(r̃β)

I1(β)
, (4.17)

where U0 is the amplitude of the circumferential displacement of the points on the cylin-

der’s outer radius.

The strain within the cylinder may be calculated in either the time domain or frequency

domain, though it is generally more efficient to do this calculation in the frequency do-

main before transforming the solution back into the time domain. When the operations are

performed in that order, derivatives need only be taken once at each location rather than

for each time point for which strain is requested. This is much more efficient when the

complete time-dependence of the strain is of interest.

Multiplying 4.17, or the associated strain, by the frequency spectrum of the circumfer-

ential displacement of the points on the outer radius of the cylinder, uθ(Ri, t), gives the

frequency domain solution, which can be mapped back into the time domain numerically,

using the inverse Fast Fourier Transform. This approach is well-suited for the consideration

of acceleration pulses with different types of time-dependence.
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4.3 Angular acceleration pulse shapes

Since the pulse shape matters in some circumstances, which are described further in

Chapters V and VI, four different pulse shapes are introduced here and used in Chapters V

and VI to probe the role that pulse shape plays in the magnitude of the shear strain within

the cylinder. The four types of pulses used are the sine (Sine) pulse, the half sine (HS) pulse,

the single rectangular (SR) pulse, and the bipolar rectangular (BR) pulse. Sketches of the

dimensionless time-dependence of the dimensionless angular acceleration, ˜̈θ(t̃), of these

four pulses is shown in Figure 4.2. The dimensionless pulse duration in this chapter and

subsequent chapters is the same as t̃0 from the previous chapter, which is defined as t̃0 =

t0
√
Gu/ρ/Ri. The time in the simulation is likewise dimensionless, with t̃ = t

√
Gu/ρ/Ri.

The dimensionless maximum angular acceleration magnitude is ˜|¨|θmax = |θ̈|maxρR2
i /Gu.

These pulse shapes were selected for this investigation because they can be neatly cate-

gorized in two different ways. First, they can be categorized by their sharpness or smooth-

ness. The sine pulse and the half sine pulse have a relatively smooth increase in acceler-

ation, initially. In contrast, the single rectangular pulse and the bipolar rectangular pulse

have steep, sharp increases and decreases in acceleration. The second method of categoriz-

ing these pulses is to divide them by the angular speed that the angular acceleration pulse

imparts to the shell, which was initially at rest, |θ̇|f . The sine pulse and the bipolar rect-

angular pulse both result the the final angular speed of the shell being 0 rad/s, |θ̇|f = 0

rad/s. In contrast, the half sine and single rectangular pulses result in the angular speed of

the shell being non-zero (|θ̇|f 6= 0).

Considering these four pulse types, two different ways of defining the dimensionless

pulse duration are possible. They are the true dimensionless pulse duration, t̃0, which is

defined in the previous chapter and is familiar, and includes both the positive and negative

regions. The other is the dimensionless duration of only the positive section of the pulse,

t̃p. For the pulses which have a non-zero final angular speed, such as the half sine pulse

and the rectangular pulse, these two dimensionless durations are the same. However, t̃p is
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half of t̃0 for the sine pulse and the bipolar rectangular pulse. It will be shown later that the

quantity t̃p is sometimes more useful in comparing pulses of different types to one another

than t̃0 is.

4.4 Validation of analytical results with analogous finite element cal-

culations

The solution method in Section 4.2.1 is verified by comparing the shear strain fields

calculated with it to analogous results obtained with a finite element model, for a nearly

identical situation.

The finite element models used to validate the analytical results have a small amount

of compressibility, which does not affect the calculated shear strains significantly. Specifi-

cally, the results in the figures discussed in this section are for cylinders that have 8.37×104

as their bulk modulus to unrelaxed shear modulus ratio. This value was chosen for the vali-

dation study because it is the ratio of 2.4 kPa to 0.2 GPa. 2.4 kPa is a relatively low estimate

for the shear modulus of the brain. Although the bulk modulus of the brain is probably

closer to 2.19 GPa than 0.2 GPa, increasing the bulk modulus to 2.19 GPa extended the

computational time significantly, with negligible influence on the calculated shear strains.

Figure 4.3, Figure 4.4, and Figure 4.5 depict the comparison between the finite element

results and the analytical results, with the analytical results represented with lines and the

finite element results represented with dots and circles. Figure 4.3 considers the strain at

the outer radius of the cylinder, r̃ = 1, as a function of time. The strain from three scenar-

ios is depicted. The different scenarios each correspond to the cylinder’s shell experiencing

a prescribed angular acceleration in the shape of the a sine pulse, each with different di-

mensionless duration, t̃0. In this figure, the magnitude of the shear strain is normalized by

the magnitude of the angular acceleration pulse, and that normalized quantity is rendered

dimensionless with other system variables, such as the unrelaxed modulus of the cylinder
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medium. The dimensionless quantity corresponding to the magnitude of the shear strain is

|ε̃rθ| = |εrθ|
√
Gu/ρ/(Riθ̇max), where |θ̇|max is the maximum angular speed that the shell

attains during the loading pulse. |θ̇|max is not the same as |θ̇|f , though the value of |θ̇|f is

the same as the value for |θ̇|max, when the acceleration pulse has the sine pulse shape or the

rectangular pulse shape.

The other dimensionless parameters that describe these simulations are the dimension-

less relaxation time, τ̃R, and the ratio of the relaxed shear modulus to the unrelaxed shear

modulus, Gr/Gu. For Figure 4.3, the dimensionless relaxation time, τ̃R, and ratio of the

relaxed and unrelaxed shear moduli, Gr/Gu, are held constant. Their values are τ̃R = 2.45

and Gr/Gu = 0.2. Figure 4.4 confirms that altering the ratio of the relaxed and unrelaxed

shear moduli, Gr/Gu, does not reduce the accuracy of the analytical calculations. For Fig-

ure 4.5, four different dimensionless relaxation times are investigated in the same way. For

the three shorter dimensionless relaxation times, the finite element results and the analytical

results agree well.

There was only one instance of the analytical incompressible results not correlating well

with the finite element results. This was for the simulation involving τ̃R = 24.5 in Figure

4.5. In this case, the finite element results have relatively high frequency vibrations that oc-

cur near sharp changes in the time-derivative of the shear strain, whereas these oscillations

do not appear in the analogous analytical result. However, the maximum values of shear

strain still correlate quite well in this situation, and that is the quantity that is of the most

importance in subsequent sections. Nevertheless, further study of this difference between

the finite element results and analytical results under these conditions is warranted. One

possible cause of the additional oscillations in the finite element simulations is an insuffi-

ciently fine mesh or insufficiently small time steps in this model. Spurious oscillations are

known to develop on some occasions when a mesh is inadequate. The larger dimension-

less relaxation time in this situation, τ̃R = 24.5, is associated with less dissipation of high

frequency vibrations, and the initial mesh refinement study for this model was performed
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with a smaller dimensionless relaxation time and higher unrelaxed modulus, Gu, so it is

possible that the mesh needs to be refined further to gather accurate results for this set of

parameters, when using the finite element method.

4.5 Conclusion

In this chapter, an analytical method for calculating the shear strain within a visco-

elastic cylinder that is enclosed within and connected to a rigid rotating shell, was pre-

sented and validated with results from analogous finite element simulations. Terms for the

quantification of the motion of the bounding shell, such as θ̇(t), were also introduced, as

were some dimensionless parameters that are useful in reducing the number of variables

needed to describe the essential character of the system, such as τ̃R. The four pulse shapes

that are used in subsequent chapters to probe the affect of altering the time dependence of

the angular acceleration pulse, θ̈(t), were also described here. This chapter, in conjunction

with previous discussion of short and long duration responses, is intended to supply the

background and some of the terminology necessary for understanding the context of the

results and discussion in the next two chapters.
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Figure 4.1: Diagram of circumferential displacement and shear strain in rotational impacts.
The rotation of the outer shell (not shown) about its center produces circumferential motion
of the points on the outer radius of the cylinder, uθ(Ri, t). The circumferential displacement
of points within the cylinder, uθ(r, t), are driven by the motion at the outer radius of the
cylinder. Radial variation in the uθ(r, t)/r field produces the radial-circumferential strain
field, εrθ(r, t).

Figure 4.2: Four angular acceleration pulse shapes and their dimensionless angular accel-
eration as a function of dimensionless time. The dimensionless pulse duration t̃0 and the
dimensionless positive pulse duration, t̃p are indicated on the x-axis for each.
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Figure 4.3: Comparison of analytical and FEA solutions for dimensionless shear strain
as a function of dimensionless time for angular acceleration pulses with three different
dimensionless pulse durations. The analytical and finite element analysis results agree for
both short pulses (t̃0 = 0.245), intermediate-duration pulses (t̃0 = 2.45) and long pulses
(t̃0 = 24.5). τ̃R = 2.45, Gr/Gu = 0.2.

Figure 4.4: Comparison of analytical and FEA solutions for two different ratios of Gr to
Gu. τ̃R = 2.45, t̃0 = 0.245.
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Figure 4.5: Comparison of analytical and FEA solutions for four different dimensionless
relaxation times, τ̃R. t̃0 = 0.245, Gr/Gu = 0.2.
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CHAPTER V

Characteristics of the long pulse response and the short

pulse response

5.1 Introduction

In the previous chapter, a model for the shear strain that evolves in a cylinder enclosed

in a shell, when the shell is forced to rotate about the cylinder’s longitudinal axis, was

described. The application of a prescribed amount of angular acceleration to the shell

surrounding the cylinder is referred to as an “angular acceleration pulse.” This type of shell

motion brings about internal dynamic deformation within the cylinder. In this chapter, this

model will be used to calculate the shear strain that evolves in a diverse range of scenarios,

and the responses in these scenarios will be described and then categorized. The primary

variable for categorizing the dynamic response of the class of delicate objects studied here

is the duration of the angular acceleration pulse. The primary question to be answered

for any kinematic loading event of this type is whether that duration is shorter than the

characteristic time of the cylinder, and therefore induces the “short pulse response”, or if

the angular acceleration pulse duration is longer than the characteristic time of the cylinder

and produces the “long pulse response.” The “short pulse response” and the “long pulse

response” of a spring-mass system are discussed in detail in Section 1.1, and the goal of

this chapter is to describe how the concepts described there, and analogous behaviors, are
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manifested by this similar, but more complicated, system.

In this effort to describe the short and long pulse responses, and delineate differences

between them and identify the causes of these differences, this chapter will focus on how

the spatial distribution of shear strain within the cylinder depends on the magnitude, du-

ration, and time-dependence shape of the angular acceleration of the shell, θ̈(t). Both the

time-dependent changes to the strain field and the maximum shear strain magnitude will be

considered. That is, trends in both the time-dependence of shear strain, εrθ(r, t), and the

temporal maxima of those functions, εmaxrθ (r), will be identified and linked back to pulse

duration, t0, the pulse’s shape, (e.g. sine, half sine, rectangular, bipolar rectangular), the

unrelaxed modulus of the cylinder, Gu, and the cylinder’s visco-elastic stress relaxation

time, τR. These trends underpin the dominant features of the short-pulse response and the

long-pulse response, and the phenomena described in this chapter will be categorized by

whether they mainly operate during short pulses or long pulses. An understanding of how

different combinations of these parameters and pulse shapes bring about different types of

shear strain response, in both a qualitative and quantitative sense, is necessary context for

the discussion of the scaling laws that relate maximum shear strain to kinematic attributes

of impacts. Providing evidence for, and analysis of, these dimensionless scaling laws is the

purpose of the next chapter, Chapter VI.

The first section of this chapter addresses the long-pulse response and the second sec-

tion concerns the short-pulse response. When the angular acceleration pulse is long, the

strain response reaches dynamic equilibrium, so the strain fields that develop have a steady-

state component and a transient component. The short-pulse response is mainly character-

ized by the propagation of transient shear waves, that are created by the circumferential

motion of the cylinder’s shell. This motion is perpendicular to the direction the wave can

propagate, so it produces a shear wave. The overall shape (i.e. qualitative temporal evolu-

tion) of the strain response that is produced by the motion of the shell, the initial magnitude

and maximum value of this strain response, and how the shear wave propagates and atten-
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uates over time and space, are analyzed in this section.

5.2 Short-pulse and long-pulse limits for dynamic systems

A diagram of the rotational loading of a compliant visco-elastic cylinder, and the shear

strain that results, is given in Figure 5.1. The compliant visco-elastic cylinder of interest

here has density, ρ, and is incompressible. It has a visco-elastic response to deviatoric

stress and strain that can be modeled with the Standard Linear Solid (SLS) model, which

is parameterized by the unrelaxed shear modulus, Gu, the relaxed shear modulus, Gr, and

the stress relaxation time, τR. The size of the cylinder is described by its radius, Ri. The

cylinder in enclosed within a rigid shell, and its exterior is bonded to the inner surface

of the shell. The only non-zero component of angular acceleration of the shell, θ̈(t), can

be forced to follow a particular functional form, such as that of a rectangular pulse of

amplitude |θ̈|max and duration t0. The cylinder and its shell are initially at rest, and the

angular acceleration pulse being applied to the shell causes the shell to rotate with angular

velocity ~ω(t) = θ̇(t)ẑ, where ẑ is the longitudinal axis of the cylinder, which points out of

the plane defined by the radial and circumferential unit vectors.

The angle swept out by the points on the shell, θ(t), produces the circumferential dis-

placement uθ(Ri, t) = Riθ(t) at the outer radius of the cylinder. The angular velocity

component, θ̇, and the angular acceleration component, θ̈, are the first and second time-

derivatives of the angle that the shell rotates through, θ(t). In this chapter, these compo-

nents will be referred to more simply as the angular velocity and the angular acceleration,

since all other components of these vector quantities are constrained to be zero.

Compliant cylinders respond differently to angular acceleration pulses of different du-

rations because of their internal dynamics. In the work by Kornhauser and Lawton [23],

the internal dynamics of a spring-mass system are shown to respond in different ways to

short acceleration pulses and long ones. Figures 1.1 and 1.2, reproduced here as Figures

5.2 and 5.3, are adapted from [23]. 5.3 provides examples of the types of response that are
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seen in the spring-mass system, shown in Figure 5.2a, and conveys how the different types

of response have different injury mechanisms. Figure 5.2a is a diagram of the spring mass

system, and Figure 5.2b is a diagram showing how the kinematic parameters associated

with a linear acceleration pulse, as(t), are determined. Figure 5.3a contains plots of the

extension and compression of the spring as a result of two different, and representative,

input acceleration pulses. A short-duration pulse produces a response that is dominated by

the natural vibration of the system. The long-duration pulse results in the internal defor-

mation having roughly the same normalized time-dependence as the angular acceleration

input function has. In the short-pulse scenario, the maximum amount of deformation in

the spring is proportional to the magnitude of the velocity change of the excitation point,

which can be calculated by examining the time-integral of the acceleration pulse function.

In the long-pulse scenario, the maximum deformation in the spring is proportional to the

maximum acceleration of the excitation point. For very short impacts, damage is due to ex-

ceeding a threshold of the magnitude of the velocity change, vtol, with little influence from

the amax-value of the impact. For very long impacts, damage is mainly due to exceeding

an acceleration threshold atol, with little influence from the velocity ∆v. The magnitude

of the the velocity change matters more, and the maximum magnitude of acceleration mat-

ters less, as impulse duration shrinks. The dominance of the velocity-tolerance, vtol, is

one asymptote, and it applies to pulses with short durations. The velocity change matters

less and the maximum of the magnitude of acceleration matters more as impulse duration

increases. The dominance of the acceleration-tolerance, atol, is the other asymptote, and

it applies to pulses of long durations. Figure 5.2c depicts what combinations of ∆v and

amax cause damage to this type of simple dynamic system, and locates the examples in (b)

within ∆v − amax space.

As discussed in Chapter I, the asymptotes in Figure 5.2c are analogous to the “laws

of injury” identified by Holbourn [16] and the pressure-impulse framework outlined by

Hetherington [15] for all vulnerable objects. The rotational forms of these two types of
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responses are presented in the work of Ommaya and others [30], and are identifiable also

in the work of Margulies and Thibault [25], which followed. In this chapter, the sym-

bols |θ̇|max and |θ̈|max will refer to the maximum of the magnitude of the angular velocity

of the shell and the maximum of the magnitude of the angular acceleration of the shell,

respectively. These are analogous to the the linear quantities ∆v and amax.

Since both the long and short-term shear moduli of the brain are quite low, each within

an order of magnitude of 1 kPa, the transient waves that propagate within the brain are

relatively slow-moving and the natural period of vibration of the brain is relatively long.

Therefore, angular acceleration pulses that last several milliseconds produce the short-pulse

response, and angular acceleration pulses that last nearly a full second or longer produce

the long-pulse response.

5.3 Long-pulse rotational response

5.3.1 The relative contributions of the steady-state shear strain response and the

transient shear strain response for angular acceleration inputs of different

time-dependence shapes

For cylinders with shells that are subject to prescribed rotational acceleration pulses of

long duration, the strain-response has two main components. The two main components

are the steady-state response, εsrθ(r, t) and the transient response εtrθ(r, t).

εrθ(r, t) = εsrθ(r, t) + εtrθ(r, t) (5.1)

The steady state response component, εsrθ(r, t), has a time-dependence that mirrors the

time-dependence of the angular acceleration, θ̈(t). The other component is the transient

component, which is a sum of higher frequency oscillations that can be excited by sharp

changes in the shell’s angular acceleration. The time-dependence shape of the angular

acceleration pulse, and its duration, influence the relative magnitudes of these two compo-
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nents of the entire shear strain response. In this section, the responses to a bipolar rectan-

gular angular acceleration pulse, which has |θ̇f | = 0 rad/s and a relatively rapid increase

in acceleration initially, and to a triangular angular acceleration pulse, which has |θ̇f | 6= 0

rad/s and a relatively slow increase in angular acceleration initially, are compared, and used

to identify which types of angular acceleration pulses have responses that are dominated

by either the steady-state or transient component.

When a long rotational acceleration pulse is applied to the cylinder’s shell, shear strain

develops within the cylinder relatively slowly. In Figure 5.4a, the strain response to a tri-

angular acceleration pulse lasting 2.5 s is plotted. Figure 5.4b shows the response to a

long bipolar rectangular acceleration pulse, also lasting 2.5 s. The complex shear modu-

lus of the cylinder is modeled with a Standard Linear Solid visco-elastic model, with the

parameters Gu = 6 kPa, Gr = 1.2 kPa, and τR = 2 ms. These values for Gu = 6 kPa,

Gr = 1.2 kPa are of similar magnitude to those used in other brain mechanics studies. The

relaxation time, τR = 2 ms is somewhat lower than what is observed for human and other

mammalian brains [42]. The cylinder’s density is ρ = 1000 kg/m3 and its outer radius,

which corresponds to the inner radius of the shell, is Ri = 0.1 m.

The complex modulus and density of the cylinder material govern how fast a shear

wave travels within the medium. Shear waves travel more slowly in media with smaller

complex shear modulus and larger densities, but 2.5 s is still much longer than it takes

a shear wave to travel from the outer radius to the center of the cylinder and back, in this

medium. Therefore, both the triangular acceleration pulse and the bipolar rectangular pulse

in Figure 5.4 have sufficiently long durations for waves to travel from the outer radius to

the center of the cylinder, and back, a few times, within the time it takes for the acceleration

pulse to be completed. While transient waves propagate across the cylinder, strain builds up

in the interior of the cylinder. The strain that accumulates at the outer radius of the cylinder

approximately mirrors the time-dependence of the rotational acceleration, especially for the

triangular pulse. However, for the bipolar rectangular pulse, which has a rapid change in
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acceleration initially, there are noticeable additional higher amplitude transient oscillations.

These dissipate over time, though, and this allows the strain to settle into proportionality

with the applied angular acceleration, eventually.

5.3.2 Spatial scaling of shear strain in the steady-state solution

The difference in the spatial distribution of strain for these two types of pulses is also

evident in Figure 5.5, which shows the shear strain as a function of time at four evenly-

spaced points, including a point on the outer radius of the cylinder. Whether the angular

acceleration pulse has a steep increase in angular acceleration initially also affects the mag-

nitude of the shear strain throughout the cylinder. This is because the steady state response

and the transient response depend on the radial position, r, in different ways.

The steady-state component of strain is due to the stress needed to accelerate the cylin-

der’s interior to match the angular acceleration of the shell. An expression for the shear

strain at a radial position, r, within the cylinder, can be obtained by analyzing that require-

ment. Calculating the torque about the center of mass, T , needed to accelerate the material

on the interior of a given ring of material (r′ < r) yields the shear stress that ring of ma-

terial, dr. In the derivation below, IICz (r′) represents the polar moment of inertia of the

cylinder of material on the interior of the ring, and σrθ represents the shear stress on the

outside surface of that cylinder. The total torque is calculated in terms of σrθ by integrating

infinitesimal elements of torque, dT , due to the shear stress acting at a distance r from the

center of mass.
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∫
dT = IICz θ̈ (5.2)

2π∫
0

rσrθr dθ =
1

2
(ρπr4)θ̈ (5.3)

2πσrθ =
1

2
(ρπr2)θ̈ (5.4)

σrθ =
1

4
ρr2θ̈ (5.5)

If the cylinder medium were an elastic material, the tensor shear strain, εrθ, within the

cylinder would be calculated by dividing the shear stress σrθ by twice the shear modulus,

2G.

εrθ = σrθ/2G (5.6)

=
ρr2θ̈

8G
(5.7)

The preceding analysis explains the r2-dependence of shear strain for the steady-state

strain response of the cylinder. For the triangular acceleration pulse, the transient oscilla-

tions have a relatively small amplitude, so the r2-scaling is evident in the maximum strain

observed at each point. These values are shown by the set of black markers in Figure 5.7.

A dashed red line is overlaid on this to indicate this power law relationship for maximum

strain and position. For the bipolar rectangular pulse, the transient has a larger magni-

tude relative to the steady-state component, so the r2-scaling of the steady-state response

is obscured, and the transient oscillatory response dominates the spatial distribution of the

maximum strain.
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5.3.3 Relaxation time and visco-elastic damping

For Figure 5.7, the cylinder medium has a relatively short relaxation time, τR = 2 ms.

There is a transition from the strain being related to the angular acceleration through the

relaxed modulus to being related through the unrelaxed modulus, as the relaxation time is

increased. Specifically, this transition is governed by the relative duration of the relaxation

time to the other time-scales that are present, such as the loading pulse duration, and the

time it takes a wave to propagate from the cylinder’s outer radius to its center. This is

evident in Figure 5.8, where the strain inside the cylinder with a relaxation time of 0.001 s

(blue circles) approaches ρr2|θ̈|max/(8Gr) (dashed black) and the strain inside the cylinder

with a relaxation time of 1 s (purple triangles) approaches ρr2|θ̈|max/(8Gu) (dashed black).

The scaling for long relaxation times is used in Chapter VI to non-dimensionalize εrθ(t)

and εmaxrθ with respect to |θ̈|max.

5.4 Short-pulse rotational impacts cause shear waves to propagate

A short pulse is a pulse that has a duration that is shorter than the time it takes a stress

wave to travel across the structure being loaded. A short angular acceleration pulse applied

to the cylinder’s shell causes a shear stress wave to propagate toward the cylinder’s interior.

After the loading pulse is over, this wave continues to propagate toward the center of the

cylinder, and when it arrives there, it is reflected back out toward the outer radius of the

cylinder. This process occurs over a longer period of time than the angular acceleration

pulse takes. In this way, the angular acceleration pulse may be complete, but the cylinder

is still experiencing dynamic deformation within its interior.

In this section, we will show that we can predict the overall shape of the time-dependence

of the shear strain response at a location near the outer radius of the cylinder from the time-

dependence of the angular velocity of the shell. Further, we can predict the amplitude of the

shear wave that starts at the shell-cylinder interface during the angular acceleration pulse,
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using only the shear wave speed within the cylinder and the maximum change in circum-

ferential speed of the points on the shell, even for angular acceleration pulses with different

time-dependence shapes. Then, we will consider how the material properties of the cylin-

der govern the magnitude of the strain response, over time, as the shear wave propagates

toward the center of the cylinder. With these three pieces of information, we can begin

to identify which aspects of an angular acceleration pulse, brought on by an impact, are

correlated most strongly with large shear strain within the cylinder.

5.4.1 The final angular speed of the shell, after the angular acceleration pulse is com-

plete, strongly influences the time-dependence of the resulting strain response

In the short-pulse limit, the time-dependence of the strain depends on the time-dependence

of the angular velocity of the shell. Even if it is the angular acceleration which is originally

specified, the angular velocity that results from the prescribed angular acceleration pulse is

the variable which governs the time-dependence of the shear wave that forms. It is possi-

ble to observe how the angular velocity and angular acceleration affect the shear strain by

considering angular acceleration pulses with different time-dependence shapes.

In Section 4.3, four pulse shapes were described and were divided into two categories:

those that produce a non-zero final angular speed of the shell, |θ̇f | 6= 0, and those that

bring it back to rest by the end of the pulse, |θ̇f | = 0. Another way to think about this

categorization is whether the angular velocity history of the shell is more similar to a step

function or a delta function. Naturally, we expect the responses to these two types of

loading to be quite different from each other. Both types of pulses increase the strain

within the cylinder initially, but differ in how rapidly the shear strain magnitude returns to

zero or attains a negative value, after this initial positive region comes to an end. When the

angular acceleration pulse results in a non-zero final angular speed, the decrease in strain

following the completion of the acceleration pulse is slow, and governed by the properties

of the cylinder. When the angular velocity is reduced immediately after it reaches its peak
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value, so that the shell returns to rest as rapidly as it reached its maximum angular speed,

the strain also decreases rapidly, too.

In Figure 5.9a, the triangular acceleration pulse causes the cylinder’s shell to have a

non-zero final angular speed, |θ̇f | 6= 0. Specifically, in this instance, the maximum angular

speed of the shell is |θ̇|max = 1 rad/s, which can be calculated with the area under the

angular acceleration-time curve, |θ̇|max = (1/2)t0|θ̈|max. Since the maximum angular

acceleration,|θ̈|max, is 800 rad/s2, and the pulse duration is t0 = 0.0025 s, this gives the

previously stated maximum angular speed of |θ̇|max = 1 rad/s. The angular acceleration

pulse brings the shell, which was initially at rest, up to this magnitude of angular speed,

and the angular acceleration is held at 0 rad/s2, so the shell keeps rotating at this speed,

thereafter. This causes the shear strain to linger around its maximum after the angular

acceleration pulse is complete. However, a bipolar rectangular pulse, which leads to a

triangular velocity pulse, and a final angular speed of 0 rad/s, produces a strain response

that returns to zero shortly after the stress wave passes by. This response is shown in

Figure 5.9b. Both pulses have the same maximum angular speed, |θ̇|max = 1 rad/s; the

difference is mainly in whether the maximum angular velocity of the shell is maintained

or not. If the maximum angular velocity is maintained at its maximum value in perpetuity,

the input is similar to a step function in θ̇(t), but if the angular velocity of the shell is

rapidly decreased from the maximum value, the input is more like an impulse. Since one

input is the derivative of the other, the relative contributions of high and low frequency

modes will be different for these two kinds of loading. An approach to analyzing loading

that looks exclusively at the maximum magnitude of the angular acceleration history may

obscure both the magnitude of the maximum strain experienced within the cylinder, and

the duration of time that the material spends at those high deformation levels.

This fundamental difference between pulses which have a non-zero final angular speed,

and those which do not, is manifested across a range of pulse durations. In Figures 5.10a

and 5.10b, the responses to an angular acceleration pulse with a non-zero final acceleration
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pulse are compared with the responses to angular acceleration pulses that result in the final

angular speed being 0 rad/s. In these figures, pulses with several different durations are

considered, and the cylinder modeled here also has slightly more damping than the one

associated with Figure 5.9.

The two angular acceleration pulse shapes used for this comparison are the rectangular

pulse and the bipolar rectangular pulse. This is a slightly different comparison than the one

in Figure 5.9, which compared the response to a triangular angular acceleration pulse to the

response to a triangular angular velocity pulse, which is identical to a bipolar rectangular

angular acceleration pulse. Nevertheless, the response of the cylinder to the triangular

angular acceleration pulse and its response to the rectangular angular acceleration pulse

are qualitatively similar. When the final angular speed of the shell is not zero (|θ̇f | 6= 0

rad/s, Figure 5.10a), the strain response for short pulses again lacks the rapid decrease

seen for pulses that leave the shell at rest when they are complete (|θ̇f | = 0 rad/s, Figure

5.10b). Instead, the strain increases slightly after the loading pulse is over, and stays at

a relatively high value for longer, in Figure 5.10a. For these pulses, the strain pulse has

approximately the same shape for the tp = 0.001, 0.0025, 0.0063, and 0.016 s pulses. The

bipolar rectangular pulses, which have the same durations for the positive section of the

pulse, tp, as in Figure 5.10a, generate a different type of response. These strain pulses are

approximately triangular when plotted against time, like the angular velocity, and last the

same amount of time as the corresponding angular acceleration pulse lasts.

5.4.2 Initial shear strain magnitude at the outer radius of the cylinder is propor-

tional to the reciprocal of shear wave speed and the maximum circumferential

speed

The purpose of a kinematic injury criterion is to relate observable kinematic quantities

to the risk of damage posed by an impact situation, so that dangerous impacts can be pre-

vented, and if they cannot be prevented, at least identified in order to provide treatment.
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Since it is known that large interior strains are damaging, knowing the parameters of im-

pact that correlate to large strains can form the basis of a kinematic injury criterion. In

the simplified head model in this chapter, it can be shown that there is a straightforward

relationship between the magnitude of the shear wave that is created by rotational skull

motion, and the circumferential speed of the points at the interface between the skull and

brain. Although the shear wave produces different levels of strain within the cylinder as

time progresses, the initial magnitude of the shear strain pulse provides a good reference

from which to estimate the strain throughout the brain, and from which to measure how

much the strain changes as the shear wave propagates.

It is useful to use the behavior of plane shear waves as context for the behavior of

the more complicated visco-elastic shear waves that exist in the cylinder because they have

some important similarities. For elastic waves, the shear strain associated with a plane wave

is proportional to the particle velocity and inversely proportional to the phase velocity of a

shear wave in the medium. The ratio of shear strain to particle velocity within a plane wave

is calculated below:

~u(x, y, t) = uy(x, t)ĵ (5.8)

uy(x, t) = u0 exp i(ωt− kx) (5.9)

u̇y(x, t) = iωu0 exp i(ωt− kx) (5.10)

γxy(x, t) =
∂uy
∂x

+
∂ux
∂y

(5.11)

γxy(x, t) = −iku0 exp i(ωt− kx) + 0 (5.12)

εxy(x, t) = (1/2)γxy(x, t) (5.13)

εxy/u̇y = −(1/2)k/ω (5.14)

εxy/u̇y = −(1/2)1/cs (5.15)

εxy/u̇y = −(1/2)
√
ρ/G (5.16)
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In the preceding derivation, x is the coordinate in the direction of wave propagation,

y is the perpendicular component, t is time, uy is the displacement perpendicular to the

direction of wave propagation, u̇y is the particle velocity, u0 is the amplitude of the wave,

ω is the frequency of the plane wave, k is the wave number, γxy is the engineering shear

strain, cs is the phase velocity of the wave, ρ is the density of the medium, and G is the

shear modulus of the medium.

The amplitude of a visco-elastic plane wave is more complicated than that of an elastic

wave, since the frequency content of the strain response governs how it propagates and

attenuates. A more rigorous discussion of the propagation of plane visco-elastic waves

can be found in [8]. However, in the context of brain injury, an approximate treatment is

acceptable in justifying the choice of parameters used as the basis for scaling laws that are

obtained using the rigorous model outlined in the previous chapter. It is noted here that

since the relaxation time of the brain is on the order of 0.01 s to 1 s, there is little need

to consider the behavior of waves in media with relaxation times that are more than one

order of magnitude outside this range. Relaxation times that are dramatically shorter than

the angular acceleration pulse duration and the time it takes a shear wave to travel across

the brain would produce waves that behave somewhat differently than those that evolve in

the brain. The behavior of the brain during impact is the focus of this analysis, so the range

of relaxation times used here will be constrained to those which are at least one-third the

duration of relatively short head impacts, which last about 3 ms. This limits the influence of

Gr on the cylinder response, and allows for the use of Gu as the primary model parameter

defining the stiffness of the visco-elastic material, during rapid impacts.

The cylindrical geometry of the model being studied here provides a clear link between

the angular velocity of the shell, θ̇(t), and the circumferential speed of the material at

the outer radius of the cylinder, that generates the shear waves within the cylinder. This

relation can be obtained by taking the time-derivatives of both sides of Equation 4.1, anf

then taking the appropriate magnitudes. The circumferential speed of the points on the
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outer radius of the cylinder is analogous to the particle velocity of the elastic shear plane

wave. The cylindrical geometry makes calculating how the shear wave propagates a more

complicated problem than the propagation of a plane wave, but initially, they are quite

similar.

Specifically, the magnitude of the shear wave created by rotating the cylinder’s shell

follows a similar scaling to that of the strain in elastic plane waves. The maximum of

the magnitude of the shear strain at the outer radius of the cylinder, in the time during

the application of the angular acceleration pulse, is denoted with the symbol ε∗rθ. It is

approximately equal to the ratio of the circumferential speed of the points on the outer

radius of the cylinder, |u̇θ|max, to the square root of the unrelaxed shear modulus divided

by the density,
√
Gu/ρ. Therefore, as with the elastic plane wave, the material properties

of the visco-elastic cylinder also play a role in the defining the magnitude of the shear wave,

though it is not as precise a relationship.

The exact proportionality between the unrelaxed shear modulus of the cylinder, the

density of the cylinder, and the circumferential speed of the points on the outer radius of

the cylinder, for angular acceleration pulses of different shapes and cylinders with a few

different relaxation times, is shown in Figures 5.6a and 5.6b. Figure 5.6a is for sinusoidal

pulses of two durations (t0 = 0.001 s and t0 = 0.01 s) and three different relaxation times

(τR = 0.01, 0.0316, 0.1 s). The density of the medium is 1000 kg/m3. The dotted grey lines

represent the scaling between the shear modulus and the shear strain for an elastic plane

wave, with the shear modulus being the same as the unrelaxed shear modulus listed on the

x-axis, and the corresponding magnitude of particle velocity.

The sine pulse is used to show this correlation because it varies smoothly, and gener-

ates a comparably smooth circumferential speed history for the points on the outer radius

of the cylinder. Further, this type of angular acceleration pulse produces a final angular

speed of 0 rad/s after the angular acceleration is complete, which has the affect of reducing

the influence of the relaxation time on the amount of strain. The result of this is that the
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strain response that is generated is also smoothly increasing and therefore does not produce

spatially narrow response features that require a fine spatial discretization to resolve. The

sine pulse and half sine pulse are also commonly used forms for acceleration in other stud-

ies of brain deformation due to skull motion. For example, the sine pulse shape is used in

[25] and [21]. Figure 5.6b shows the corresponding result for a single rectangular accelera-

tion pulse. The relation between the unrelaxed shear modulus, density, and circumferential

speed of the points on the outer radius of the cylinder, is more approximate in this case

than it is for an elastic plane wave or for the sine pulse. Nevertheless, this is a relatively

robust result showing that the initial magnitude of the wave is roughly proportional with

the maximum of the magnitude of the angular velocity.

In Figure 5.6b, the initial strain for the cylinder with τR = 0.01 s and Gu below 3

kPa is above the grey line for Equation 5.16. This may be due to the shorter relaxation

time causing the visco-elastic material to respond with a stiffness noticeably lower than

the unrelaxed shear modulus Gu. This lower stiffness results in shear strain values that are

higher than for other relaxation times.

5.5 Propagation and attenuation

Once the wave is created at the shell-cylinder interface, it propagates into the interior

of the cylinder. Since the medium is visco-elastic, the wave will be dissipated the longer

and farther it travels. The exact amount that the shear strain attenuates as the shear wave

propagates depends on the amount of dissipation that the material performs. The amount

of dissipation the cylinder medium performs depends on the frequency content of the shear

wave, and how much that spectrum overlaps with the vibration frequencies the material

damps well. The speed with which the strain wave travels also depends on the frequency

content of the strain pulse and the properties of the medium. If the strain pulse has mainly

low frequency content, it will propagate more slowly than a pulse with mainly high fre-

quency content. The dissipation of the shear wave has important consequences for the
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maximum strain that is attained at different regions within the cylinder.

5.5.1 Wave attenuation depends on the material properties of the cylinder

Figure 5.11 contains plots of the strain inside deforming cylinders under different con-

ditions, specifically two different relaxation times and two different pulse durations, for

a bipolar rectangular angular acceleration pulse. Figure 5.11a and Figure 5.12b are for

cylinders with relatively low damping, due to a relaxation time of 0.1 s, which is somewhat

longer than the pulses considered, and of the same order as the time it takes a shear wave

to travel from the shell to the center of the cylinder. Figure 5.11c and Figure 5.11d are for

a cylinder with higher damping, due to a relaxation time of 0.01 s, which is shorter than for

Figure 5.11a and Figure 5.11b. Experimentally obtained values for the relaxation time of

the brain and those used in finite element simulations vary over a few orders of magnitude

[33, 37, 42], but the exact amount of damping the brain achieves is not fully characterized,

so we have considered two plausible values of relaxation time for modeling the relaxation

behavior of the brain.

Four positions within the cylinder are considered. These points are evenly spaced along

the path toward the center of the cylinder, from the outer radius. The low damping for the

0.1 s relaxation time results in strain waves that propagate across the cylinder repeatedly

before they damp out, as is visible in Figure 5.11a and Figure 5.11b. The strain associated

with the shear wave increases as it propagates toward the middle of the the cylinder, espe-

cially in Figure 5.11a. In contrast, the cylinder with the shorter relaxation time, τR = 0.01

s, damps the strain response more rapidly, both in space and time, shown in Figure 5.11c

and Figure 5.11d. As the shear wave propagates toward the interior of the cylinder, the

magnitude of the strain associated with the wave passing by a particular radial location

decreases.

In Figure 5.12, a wider range of scenarios is considered, and attention is focused on the

magnitude of the strain at the outer radius of the cylinder. Figure 5.12c and Figure 5.12e
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show the shear strain due to bipolar rectangular angular acceleration pulses, which have

the shape shown in Figure 5.12a. Figure 5.12d and Figure 5.12f are for single rectangular

pulses, of the form shown in Figure 5.12b. All the angular acceleration pulses result in a

maximum angular speed |θ̇|max = 10 rad/s.

The lack of damping of the strain in Figure 5.12d reduces the amount the wave atten-

uates, so the magnitude of the wave is still high when it returns to the outer radius of the

cylinder, after reflecting off the center of the cylinder, located at r/Ri = 0. The reflec-

tion of the wave by the interface between the shell and the cylinder, at the cylinder’s outer

radius, r = Ri, produces high shear strain at that location temporarily. This is especially

significant for the two shorter pulses, t0 = 0.0025 s and t0 = 0.0063 s, and those scenarios

produce the highest shear strain of all the scenarios considered here. However, the shorter

relaxation time, τR = 0.01 s, which is associated with better damping, also causes the

cylinder material to respond with more compliance. This results in t0 = 0.016 s pulses

and t0 = 0.04 s pulses, for both the rectangular pulse shape and the bipolar rectangular

pulse shape, leading to higher maximum strains than are seen with the larger relaxation

time, τR = 0.1 s. In Figure 5.12e, the maximum shear strains for the longer two pulses

are larger than in Figure 5.12c, and the maximum shear strains for the longer two pulses in

Figure 5.12f are larger than in Figure 5.12d. Therefore, we see that the increased damping

from a smaller relaxation time, τR = 0.01 s, reduces the maximum strain for shorter pulses

but increases the maximum strain for longer pulses. Incorrect estimates of relaxation time

of the brain will the produce a bias in the predicted performance of helmets that produce

either longer or short impacts. If, for instance, a proposed design produces a relatively

long-duration impact, on the order of 16 ms, but the brain model uses a relaxation time

which is too short, then the prediction of strain during the impact will be over-estimated

and the performance of the helmet consequently under-estimated.
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5.5.2 Geometry focuses strain in the middle; visco-elastic damping can compensate

for this.

In some circumstances, the strain at the interior of the cylinder can be much higher than

at the exterior, as is seen in Figure 5.11a. In general, this increase in strain at smaller radial

coordinates occurs when the cylinder medium does not damp out the transient component

of the shear strain, and the pulse has a sufficiently short duration. In Figure 5.11a, four

radial locations were considered, but a more finely resolved picture of the spatial depen-

dence of the maximum shear strain is necessary for drawing broader conclusions about the

propagation and attenuation of shear waves in compliant cylinders.

Figure 5.13 depicts the maximum shear strain at a range of radial positions within the

cylinder. Each plot corresponds to a different loading pulse duration (t0 = 0.001 and 0.01

s) and contains results for four different relaxation times (τR = 0.001, 0.01, 0.1, 1.0 s).

Since both pulses are significantly shorter than the time it takes a shear wave to travel

from the edge of the cylinder, a shear strain pulse forms at the place where the cylinder

connects to the shell, and propagates into the middle of the cylinder over time. For the

three longer relaxation times τR = 0.01, 0.1, 1.0 s, the initial magnitude of the shear strain

pulse is approximated by Equation 5.16. The initial magnitude is higher for τR = 0.001 s

because the visco-elastic medium creeps when the relaxation time is shorter than, or of the

same order as, the angular acceleration pulse duration.

For the cylinders with the two longer relaxation times, τR = 0.1 s and τR = 1 s, the

maximum shear strain distributions have slight peaks at the larger radii, near the interface

of the cylinder and shell. There is also a local maximum near the center of the cylinder,

r/Ri = 0, though the peak near the middle has a higher relative magnitude and is closer to

the center, for the shorter pulse, than for the longer pulse. These interior maxima are due

to the circular geometry of the cylinder concentrating the shear waves at the center of the

cylinder. For the relaxation time in the intermediate range (τR = 0.01 s) the cylinder has

a nearly constant maximum shear strain what the shorter pulse is applied. For the slightly
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longer pulse, there is a decrease in the maximum shear strain farther into the interior of the

cylinder. In this case, the maximum shear strain over the whole cylinder is attained at the

outer radius of the cylinder in both cases. With the shortest relaxation time considered here,

τR = 0.001 s, the maximum shear strain is observed at the the outer radius of the cylinder,

with the maximum shear strain monotonically decreasing farther into the cylinder interior.

The two shorter relaxation times are associated with cylinder media which have higher crit-

ical damping frequencies, and dissipate energy more effectively at the frequencies which

compose the angular velocity pulses than do the media with longer relaxation times. There-

fore, in this situation, it can be seen that the dissipation of a shear wave by a medium with

the critical damping frequency suitably close to the frequencies of the traveling shear wave

can mitigate the focusing affects of the circular geometry.

5.5.3 Conclusions

In this chapter, many features of the short-pulse response and the long-pulse response

of a cylindrical rotating delicate object were identified. This enumeration of the qualitative

aspects of the response of a compliant cylinder enclosed within, and connected to, a rotated

rigid shell, enables an informed discussion of the the quantitative response of this cylin-

der. In the next chapter, this background will be used to explain why certain scaling laws

emerge, based on the overall categories of response that can be observed under different

circumstances. We also introduced some quantitative results associated with the magni-

tude of the transient wave initiated by short angular acceleration pulses and the the spatial

distribution of strain within the steady state response. These facilitate making meaningful

choices for the dimensionless groups used in the next chapter.

The behavior of cylinders loaded with long pulses is consistent with the concept of

the long-duration response presented by Kornhauser and Lawton. The discussion of the

long pulse response identified two main components of the shear strain field: the transient

mode excited by sharp increases or decreases in angular acceleration, and the steady state
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response. Although the presence of the transient oscillations increase deformation with

respect to the steady-state response, these oscillations are relatively small for the triangu-

lar pulse. The steady-state strain field is proportional with the magnitude of the rotational

acceleration, the square of the radius, and the density. When the relaxation time of the

medium is small compared to the other time-scales, the strain will be proportional with the

reciprocal of the relaxed shear modulus. Otherwise, the strain will approach proportional-

ity with the reciprocal of the unrelaxed modulus for increasingly longer relaxation times.

These are the relaxed and unrelaxed limits for the steady-state response.

The consideration of the short-pulse response indicates that short angular acceleration

pulses generate shear strain pulses with time-dependence that is most similar to the time-

dependence of the angular velocity of the shell. When the angular acceleration pulse leaves

the final angular speed of the shell above 0 rad/s, the resulting shear strain at the outer

radius of the cylinder rises quickly and decays relatively slowly. When the angular accel-

eration pulse increases the angular speed but then reduces it to 0 rad/s, the shear strain at

the shell both increases and decreases rapidly, over the same time-scale as the pulse dura-

tion. Therefore, kinematic brain injury criteria should not neglect to incorporate the effects

of the overall time-dependence shape of the angular acceleration pulse; whether the angu-

lar velocity remains high after the non-zero part of the angular acceleration pulse is over

governs the amount of time that high shear strains persist within the brain.

Although the time-dependence of the shear strain within the cylinder is heavily de-

pendent on the angular acceleration pulse shape, the initial magnitude of the strain wave

generated at the shell is relatively insensitive to it, and instead depends mainly on the max-

imum angular velocity of the shell, and the shear wave speed within the medium. The

maximum angular velocity of the shell produces circumferential motion of the outer radius

of the cylinder, and this rapid motion causes a shear wave to form. The influence of relax-

ation time on the initial magnitude of this shear wave is generally negligible, as long as the

relaxation times considered are sufficiently large compared to the pulse duration. However,
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relaxation time does influence the amount of damping within the cylinder. More damping is

associated with waves being attenuated as they propagate, resulting in lower strains within

the interior of the cylinder and lower maximum shear strain at the exterior. Relatively low

damping results in the shear strain increasing farther within the cylinder.

In the next chapter, it will be shown how the behaviors identified in this chapter, for the

short-pulse and long-pulse limits, underpin the scaling laws that describe the shear strain

response of cylinders rotated at different rates, over a range of time-scales.
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Figure 5.1: Diagram of circumferential displacement and shear strain in rotational impacts.
The rotation of the outer shell (not shown) about its center produces circumferential mo-
tion of the outer radius of the cylinder, uθ(Ri, t). The circumferential displacement of
points within the cylinder, uθ(r, t), are driven by the motion at the outer radius of the cylin-
der. Radial variation in the uθ(r, t)/r field produces the radial-circumferential strain field,
εrθ(r, t).

4Kornhauser, M., Lawton, R. W. (1961) Planet. Space Sci.

Fragile objects have a critical velocity change and a 
critical acceleration, which must both be exceeded if 
damage is to occur.

(a) (b)

Figure 5.2: A simple lumped parameter model of a delicate object surrounded by a rigid
shell, composed of a spring, mass, and excitation point, experiences internal loads when
the excitation point is accelerated a prescribed amount, as(t). (a) Diagram of the spring-
mass representation of a delicate object that is adhered to a rigid shell. The rigid shell is
forced to follow the acceleration history as(t), which causes the mass to accelerate by the
amount ar(t). The excursion of the spring, which is proportional with ar(t), represents
the stress or strain within the delicate. (b) Two important parameters that describe the
acceleration pulse, as(t), are the maximum of the magnitude of the acceleration, amax, and
the magnitude of the velocity change, ∆v.[23]
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5Kornhauser, M., Lawton, R. W. (1961) Planet. Space Sci.

Fragile objects have a critical velocity change and a 
critical acceleration, which must both be exceeded if 
damage is to occur.
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Figure 5.3: Kinematic injury criteria regimes for a simple lumped parameter model are dif-
ferentiated by impact duration. (a) Short impacts have short-duration acceleration pulses
and responses that are delayed with respect to the completion of the acceleration pulse.
Long-duration impacts have responses that match the time-dependence of the acceleration
pulse. (b) If exceeding a maximum tolerable level of stress or strain leads to damage, then
damage may also be detected with an acceleration and velocity tolerance, atol and vtol,
respectively, which are related by the critical impact duration, Tc. If a short acceleration
pulse results in a change in speed that exceeds to the tolerance of the delicate object, dam-
age occurs. If the acceleration pulse duration is longer than the critical time Tc, then an
acceleration tolerance is more appropriate. [23]
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(a)

(b)

Figure 5.4: Shear strain at the shell of a rotating cylinder for two types of prescribed angular
acceleration pulses. The cylinder has the properties Gu = 6 kPa, Gr = 1.2 kPa, ρ = 1000
kg/m3, Ri = 0.1 m, and τR = 2 ms. a.) Tangential acceleration aT , and shear strain
due to a triangular angular acceleration pulse with |θ̈|max = 10 rad/s2. The blue curve
is the shear strain history at a point just inside the cylinder, near the interface with the
shell, at r = Ri. The orange curve is the tangential acceleration applied to the shell. The
tangential acceleration of the points on the shell can be converted to the angular acceleration
of the shell by dividing by the radius of the cylinder, Ri = 0.1 m. The time-dependence
of the shear strain mirrors that of the angular acceleration. b.) For a prescribed angular
acceleration pulse with a sharp increase at its leading edge, a transient mode is visible, but
the steady-state solution emerges after the transient has dissipated. The strain levels off to
the same maximum value that is seen briefly in the triangular pulse case in (a).
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(a)

(b)

Figure 5.5: Shear strain at several points within a cylinder as a function of time for ac-
celeration pulses with magnitude |θ̈|max = 10 rad/s2 and duration t0 = 2.5 s. Strain
decreases with smaller dimensionless radial coordinate, r/Ri. a.) For the triangular accel-
eration pulse, the time-dependence of the strain within the interior of the cylinder is closely
proportional with the rotational acceleration of the shell, with relatively small transient per-
turbations. b. For the bipolar rectangular pulse, the steady-state magnitudes of the strain
depend on the acceleration, but the transient oscillations are larger than for the triangular
acceleration pulse.

113



(a)

(b)

Figure 5.6: Maximum shear strain at the outer radius of the cylinder during the loading
pulse, as a function of unrelaxed shear modulus for cylinders that have different relaxation
times (τR = 0.01 s indicated with triangles, τR = 0.0316 s indicated with asterisks, and
td = 0.1 s indicated with circles). The amplitude of the shear wave generated at the outer
radius of the cylinder is approximately ε∗rθ = |u̇θ|max/2

√
Gu/ρ, where |u̇θ|max is the max-

imum circumferential speed of the points on the outer radius of the cylinder. Pulses of two
different durations (t0 = 0.001 s in blue, t0 = 0.01 s in orange) are considered. Cylinder
parameters: Gr/Gu = 0.2, Ri = 0.1 m, ρ = 1000 kg/m3. (a) Sine pulse with magnitude
|θ̈|max = 10 rad/s2, and |u̇θ|max = 0.000318 m/s for the t0 = 0.001 s pulse, and 0.00318
m/s for the t0 = 0.01 s pulse. (b) Single rectangular pulse with |θ̈|max = 10 rad/s2, and
|u̇θ|max = 0.001 m/s for the t0 = 0.001 s pulse, and 0.01 m/s for the t0 = 0.01 s pulse.
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Figure 5.7: The maximum absolute value of the shear strain, normalized with the maxi-
mum angular acceleration of the shell, as a function of position within the cylinder for two
types of acceleration pulses. The triangular acceleration pulse results in strain maxima that
approximate the steady-state value given in Equation 5.7. However, for the bipolar rectan-
gular pulse, the maximum strain value has a relatively large contribution from the transient
oscillations, and does not follow the same r2 scaling as the triangular pulse does.
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Figure 5.8: Maximum shear strain as a function of position for four cylinders with different
relaxation times, for a triangular angular acceleration pulse with a duration of t0 = 1 s.
All four cylinders have Gr = 1.2 kPa and Gu = 6 kPa, and have different relaxation
times, τR = 0.001, 0.01, 0.1, 1.0 s. As the relaxation time increases, the maximum strain
transitions from the relaxed to the unrelaxed limit, both of which are indicated with dashed
black lines.
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(a)

(b)

Figure 5.9: Shear strain due to a triangular angular acceleration pulse and a triangular
angular velocity pulse. (a) Shear strain at the shell as a function of time for a 0.0025
s triangular angular acceleration pulse, which generates an angular velocity history that
is like a step function. (b) Shear strain at the shell as a function of time for a 0.0025 s
triangular angular velocity pulse, which is like an impulse. A triangular angular velocity
pulse is analogous to a bipolar rectangular angular acceleration pulse.
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(a)

(b)

Figure 5.10: Shear strain as a function of time for six angular acceleration pulses with
different durations, tp. Gr/Gu = 0.2, Gu = 6 kPa, τR = 0.01 s, Ri = 0.1 m, ρ = 1000
kg/m3, ∆v = 1 m/s (tangential). (a) Pulse shape: Single rectangular pulse. The angular
acceleration pulse produces a non-zero final angular speed, that persists after the loading
pulse is complete. The resulting shear strain response decreases slowly as a result. (b)
Pulse shape: bipolar rectangular pulse. The angular acceleration pulse returns the angular
speed of the shell back to 0 rad/s at the end of the pulse. The resulting shear strain response
decreases rapidly as a result of the rapid decrease in angular velocity needed to bring the
shell back to rest.
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(a) (b)

(c) (d)

Figure 5.11: Shear strain at four points on the interior of cylinders with two different re-
laxation times τR, as a function of time t. Bipolar rectangular angular acceleration pulses
of two different duration were applied. Gr/Gu = 0.2, Gu = 6 kPa, Ri = 0.1 m, ρ = 1000
kg/m3, ∆vmax = 1 m/s. (a), (c): t0 = 0.0025 s. (b), (d): t0 = 0.016 s. (a), (b): τR = 0.1 s.
(c), (d): τR = 0.01 s
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(a) (b)

(c) (d)

(e) (f)

Figure 5.12: Shear strain within cylinders with two different relaxation times τR, as a
function of time t, for pulses of different durations t0, and shapes (e.g. bipolar rectangular
pulse, single rectangular pulse). Gr/Gu = 0.2, Gu = 6 kPa, Ri = 0.1 m, ρ = 1000 kg/m3,
∆vmax = 1 m/s. (c), (e): (bipolar rectangular) |θ̇f | = 0. (d), (f): (single rectangular)
|θ̇f | = 10 rad/s. (c), (d): τR = 0.1 s. (e), (f): τR = 0.01 s
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(a)

(b)

Figure 5.13: Maximum shear strain as a function of position for triangular acceleration
pulses on four cylinders with different materials. All four materials have Gr = 1.2 kPa and
Gu = 6 kPa. They have different relaxation times, τR = 0.001, 0.01, 0.1, 1.0 s. (a) t0 =
0.001 s. The τR = 0.1, 1 s curves are examples of pulse-cylinder combinations for which
the maximum strain is attained on the interior because the material is not very dissipative
and the pulse duration is short. For τR = 0.001, 0.01 s, there is sufficient dissipation.
(b) t0 = 0.01 s. For τR = 0.1 s the maximum strain is highest on the exterior, but also
has a local peak close to the center of the cylinder. The attenuation of the strain pulse as it
propagates prevents the maximum shear strain on the interior from exceeding the maximum
shear strain at the exterior.
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CHAPTER VI

Scaling laws for predicting maximum strain using

kinematic quantities

This chapter uses the principles from the previous chapter to compare the responses of

different cylinders to pulses of different durations and shapes, in order to identify scaling

laws that relate maximum shear strain to kinematic quantities. The maximum shear strain at

each location within the cylinder is addressed first. Then, we consider the maximum shear

strain across the entire cylinder. Trends in how this whole-cylinder maximum shear strain

relates to pulse duration and the cylinder’s level of damping are discussed last. Therefore,

generalizations about the range of impact durations and material property combinations

that each scaling law applies to are included in both the discussion of the local maximum

strain and the whole-cylinder maximum strain. This is because the realms of applicability

of scaling laws are an essential component of their use. For instance, we should not try to

use scaling laws that only apply to short impacts to describe long impacts, and vice versa.

Knowing how strain magnitude scales with different descriptors of the motion of the

shell enclosing the cylinder is helpful in identifying which aspects of an impact should be

altered to protect this class of delicate objects. This is not altogether different from the

work of reconstructing impacts using recordings of skull motion, but this work attempts to

systematically probe a wider domain of impact conditions than most reconstruction studies

do, and with less reliance on what impacts currently occur than is typical. Instead, this
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analysis leans toward the consideration of both common collisions and those with unusually

short and long durations. Additionally, the use of dimensionless groups in the scaling laws

produces conclusions that are independent of particular choices of stiffness parameters for

the delicate object, and therefore still of use, even when some of the relevant quantities are

known only approximately.

6.1 Identification of scaling laws for maximum shear strain

Three scaling laws that govern the maximum shear strain experienced at each radial

position within the cylinder, εmaxrθ (r), have been identified. Which scaling law applies

depends on the pulse duration, the position being considered, and the material properties of

the cylinder. For a single cylinder, which has fixed material properties and size, there are

critical pulse durations and critical radii that delineate the regimes for the applicability of

different scaling laws.

One way to depict these scaling laws is through showing the dependence of maximum

shear strain, εmaxrθ on different parameters. Alternatively, the dimensionless form of this

quantity, derived with properties of the cylinder, and the maximum magnitude of the angu-

lar acceleration, |θ̈|max, can be used. One way to non-dimensionalize the maximum shear

strain is

e∗ =
εmaxrθ Gu

|θ̈|maxρR2
i

. (6.1)

Figure 6.1 depicts the dependence of this dimensionless maximum shear strain, e∗, at

the radial position r̃ = 1/4, on dimensionless pulse duration, t̃0. The dimensionless pulse

duration t̃0 is the same as t̃0 from the preceding chapters, as is r̃.

Three regions, each associated with one of three categories of scaling laws, are visible

in this figure. The three regions in Figure 6.1, and their corresponding dominant scaling

laws, are labeled in the following way: (A) e∗ ∝ t0, (B) e∗ ∝ t−10 , and (C) e∗ ∝ t00.
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This alternative labeling convention is introduced because the applicability of each scal-

ing law depends on position, the amount of damping, and the pulse duration. The “short

pulse” and “long pulse” nomenclature of the previous chapter does not account for the

position-dependence of scaling law applicability, since it is based on describing the pulse

duration with respect to a single characteristic time that applies to the whole of the delicate

object. This works well when there is only one degree of freedom, as in the spring-mass

oscillator, but the infinite degrees of freedom of the cylindrical continuum problem each

have their own characteristic time. Additionally, the framework of Kornhauser and Lawton

assumes that the transition out of the short-pulse response is a transition into the long-pulse

response. For smooth pulses, the B-type transition from A-type behavior to C-type behav-

ior occurs over a wider range of pulse durations, and has its own scaling law. The critical

durations that bound the A-type region and the C-type regions are tA and tC , respectively.

They are non-dimensionlized in the same manner as other time-based quantities, using the

time it takes a shear wave to propagate the distance Ri within the cylinder of interest. Us-

ing the “A, B, C” framework with two critical pulse durations, tA and tC , builds on the

spring-mass oscillator framework while also accurately describing the range of responses

seen in the more complicated visco-elastic cylinder model.

Table 6.1 lists different ways of expressing these scaling laws. The scaling expressions

in the third column of the table correlate strain with kinematic quantities without involving

the pulse duration directly. We note that although Table 6.1 expresses shear strain in terms

of angular quantities, like |θ̈|max, converting between these and the circumferential kine-

matic quantities, like amaxθ , is achieved by straightforward multiplication or division by the

internal radius of the shell, Ri.

In Figure 6.1, the relationship e∗ ∝ t0 is identified with the letter A, and applies to short

pulses, with durations less than tA. The critical duration tA depends on the position r/Ri,

and it will be discussed in subsection 6.2. The expression for the dependence of maximum

strain on acceleration and pulse duration can be re-written as εmaxrθ ∝ |θ̇|max, since the
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Table 6.1: Scaling law labels and alternative expressions.

Label e∗ scaling with tx0 εmaxrθ scaling with angular kinematic quantities

A e∗ ∝ t10 εmaxrθ ∝ |θ̇|max
B e∗ ∝ t−10 εmaxrθ ∝ |∂θ̈

∂t
|max

C e∗ ∝ t00 εmaxrθ ∝ |θ̈|max

maximum angular speed, |θ̇|max, is proportional to the product of the maximum angular

acceleration and the pulse duration. The A-type behavior is analogous to the short-duration

response limit in [23].

For intermediate-duration pulses with the sine pulse shape, the relationship e∗ ∝ t−10

may appear. Recalling Chapter III, this type of dependence of strain on acceleration magni-

tude and pulse duration suggests that the magnitude of the maximum strain is proportional

to the maximum of the first time derivative of angular acceleration. This type of scaling

is associated with a transition from the A-type scaling to the C-type scaling, and does not

evolve in all circumstances. The conditions where the B-type transition occurs, and the

ones where it does not, are discussed in section 6.1.1.

For pulses with durations longer than the critical pulse duration, tC , the normalized

strain approaches e∗ ∝ t00, alternatively written as εmaxrθ ∝ |θ̈|max. This type of relationship

is identified with the letter C, and corresponds to the long-pulse response in [23]. In this

circumstance, the ratio of strain to maximum acceleration magnitude stays roughly the

same for pulses of different durations. Depending on the material properties, however, the

behavior of pulses longer than tC may depart from the expected e∗ ∝ t00 relationship if the

relaxation time of the medium is of the same order as the pulse duration.

6.1.1 The existence of B-type response to angular acceleration depends on pulse

shape

In the previous section, three types of strain-angular acceleration scaling laws were

identified for the sinusoidal pulse. However, not all of these responses occur for all cylin-
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Figure 6.1: Dimensionless maximum shear strain, e∗, is plotted with respect to the di-
mensionless duration of the angular acceleration pulse that caused it. The maximum shear
strain, εmaxrθ , at the position r̃ = 1/4 can be made dimensionless with the maximum of
the magnitude of the angular acceleration pulse, and the properties of the cylinder, Gu, ρ,
and Ri. This dimensionless maximum shear strain, e∗, is a function of pulse duration, t0,
which can also be rendered dimensionless with the same properties of the cylinder that are
used to non-dimensionalize the maximum shear strain. The dimensionless pulse duration
is t̃0 = t0

√
Gu/ρ/Ri. Three kinematic scaling law relationships that relate the maximum

shear strain and the dimensionless pulse duration are visible. These scaling laws are listed
in Table 6.1, and described briefly there. The other parameters that describe this cylinder
are Gr/Gu = 0.2, τR = 0.1 s, Ri = 0.1 m, ρ = 1000 kg/m3, and Gu = 6 kPa.
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der materials and pulse shapes. For example, the bipolar rectangular pulse exhibits only the

A-type εmaxrθ ∝ |θ̈|maxt0 and C-type εmaxrθ ∝ |θ̈|max responses. Figure 6.2 depicts the scaling

laws with respect to angular velocity for four types of pulses: sine, half-sine, bipolar rect-

angular, and single rectangular. The exact time-dependence of these pulses can be found in

Figure 4.2. The pulses with sharp increases in acceleration (the bipolar rectangular pulse

and single rectangular pulse) transition directly from the short-pulse response (A) to the

long pulse response (C). In contrast, the pulses with smoother acceleration profiles (sine

pulse and half-sine pulse) have the intermediate response, (B), where εmaxrθ ∝ |θ̇|maxt−20 .

There is also an important difference in the magnitude of the maximum strain between the

smooth acceleration pulses and those with sharp changes. The sharply-changing accelera-

tion pulses give rise to much higher values of maximum strain within the C region. In the

C region, the maximum shear strain does not follow the εrθ ∝ r2 spatial scaling that the

smoother pulses have. As discussed in Section 5.3, the sharp acceleration rise is associated

with both a transient wave and a quasi-static or steady state strain field. The magnitude

of the transient part is larger than the steady state part, so that part dominates the max-

imum strain for the bipolar rectangular pulse and the single rectangular pulse in the (C)

εmaxrθ ∝ |θ̈|max regime.

The absence or presence of the B-type transition also depends on relaxation time of the

cylinder medium. However, the effect of the magnitude of the relaxation time is difficult

to separate from the effect that increased or decreased dissipation has, since dissipation

level depends on the relaxation time. In Figures 6.2a and 6.2b, the r/Ri = 1/4 curves for

the smaller relaxation time τ̃R = 0.245 have no B-type transition, and segue directly from

A-type εmaxrθ ∝ |θ̇|max to C-type εmaxrθ ∝ |θ̈|max, even though the pulses are smooth, and the

shear strain approaches the steady-state limit. Further into the interior of the cylinder, at

r/Ri = 1/16, however, there is a B-type transition, initiating at a smaller t̃A value, around

0.13, and ending at a larger t̃C value, around 1.3, than for r/Ri = 1/4, where t̃A = t̃C ,

around 0.6. It is possible that the disappearance of the B-type transition for the r/Ri = 1/4
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(a) (b)

(c) (d)

Figure 6.2: A dimensionless maximum strain, e∗, at two positions, r̃ = 1/4 and r̃ = 1/16,
as a function of dimensionless pulse duration, t̃0 for four types of pulses, Sine, HS, BR,
SR. (a) and (b) are associated with smooth pulses, and they have a B-type transition re-
gion where the dimensionless maximum shear strain, e∗, is proportional to the maximum
magntiude of the time-derivative of angular acceleration, |∂θ̈

∂t
|max. However, for (c) and (d),

which are associated with sharp angular acceleration increases, the dimensionless maxi-
mum shear strain remains at approximately the same levels as at tA, as t̃0 increases.
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curves in Figures 6.2a and 6.2b is due to the shorter relaxation time causing the material

to respond with more compliance. In that case, the response to a pulse with an interme-

diate duration is already closer to the response for a much longer pulse, because the glass

transition behavior occurs over the same range of pulse durations as the transition from the

wave-dominated response (A) to the steady-state-dominated (C) response. For example,

for a pulse with a dimensionless duration t̃0 > 0.6, and a cylinder with a dimensionless

relaxation time τ̃R = 0.245, there is time for creep and stress relaxation to occur before the

pulse is complete.

6.1.2 Onset of C-type behavior, at tC , depends on pulse shape and damping within

the cylinder.

The critical pulse duration, tC , is the minimum duration for εmaxrθ /|θ̈|max ∝ t00 behavior.

tC strongly depends on whether there is a B-type transition. Since the existence of the B-

type transition is dependent on dissipation and pulse shape, tC depends on those properties,

too. Referring back to Figure 6.2, it can be seen that smooth acceleration pulses have t̃C at

a lower value than sharply increasing acceleration pulses of the same duration. The shorter

t̃C for the sharply increasing pulse is due to the lack of B-type behavior for these accel-

eration pulses. The absence of B-type behavior, for sharply increasing pulses, is caused

by the relatively high amplitude of the transient wave generated by this type of loading, as

discussed in Section 5.3 and Subsection 6.1.1.

6.1.3 Scaling laws in the (A) region

In general, if t̃0 < t̃A(r), then εmaxrθ (r) ∝ |θ̇|max, regardless of pulse duration. This

proportionality and the discussion of the initial magnitude of the strain pulse in Section

5.4.2 motivates defining the dimensionless maximum shear strain as

ε̃rθ = εrθ

√
Gu/ρ

|θ̇|maxRi

. (6.2)
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Figure 6.3 and Figure 6.4 are plots of the dimensionless maximum shear strain, ε̃maxrθ , ob-

tained at three points with the cylinder, as a function of dimensionless pulse duration. In all

parts of Figure 6.3, which are derived from the sine pulse and the bipolar rectangular pulse,

which both leave the angular speed of the shell at rest at the end of the angular acceleration

pulse (|θ̇f | = 0), there is very little departure from the common ε ∝ |θ̇|max scaling, for

the shortest pulses, t̃0 < t̃A. The dependence of maximum shear strain on the maximum

angular velocity of the shell, |θ̇|max, is similarly simple in Figures 6.4b and 6.4d. Figures

6.4b and 6.4d are associated with the half sine pulse (b) and single rectangular pulse (d).

They are also derived from the loading of a relatively highly-damping cylinder, with the

dimensionless relaxation time τ̃R = 0.245.

The notable exception to εrθ(r) ∝ |θ̇|max, in the A-region, is when the pulse has a

net change in angular velocity, and the material has low damping. In that instance, the

strain-duration curves in the A-region depart slightly from the εmaxrθ ∝ |θ̇|max scaling that

applies in other circumstances. In Figures 6.4a and 6.4b, where the half sine pulse and

single rectangular pulse are considered, and the cylinders have relatively low damping, the

dimensionless strain- pulse duration curves have a negative slope. The qualitative conse-

quence of this slight negative slope is that the maximum strain is not strictly proportional

with maximum angular velocity magnitude and, instead, is reduced when the maximum an-

gular velocity magnitude is held constant and the pulse duration is extended. Nonetheless,

the slope is not so steep that the εmaxrθ ∝ |θ̈|max relation would apply, either. A fractional

power of duration and either |θ̈|max or |θ̇|max might be a better description of this scaling,

and warrants further study.

6.2 Critical duration tA

The critical duration, tA, is the maximum pulse duration for which the short-pulse scal-

ing laws εmaxrθ ∝ |θ̇|max and εmaxrθ ∝ |θ̇|maxt−1/20 apply. The critical duration, tA, depends

on position, r, and the infinite frequency shear wave speed, vu =
√
Gu/ρ, but generally
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(a) (b)

(c) (d)

Figure 6.3: Maximum shear strain as a function of pulse duration for the sine pulse and the
bipolar rectangular pulse. Two different relaxation times that lead to different amounts of
damping are also considered. (a) and (b) are associated with the sine pulse, and (c) and (d)
are for a bipolar rectangular pulse. In all four, there is a well-defined horizontal region of
each curve, for t̃0 < t̃A, where strain stays within a range of approximately a factor of 2.
That is, in these situations, the strain can be said to closely follow the scaling expression
εrθ ∝ |θ̇|max.

131



(a) (b)

(c) (d)

Figure 6.4: Maximum shear strain as a function of pulse duration for the sine pulse and
the bipolar rectangular pulse. Two different relaxation times that lead to different amounts
of damping are also considered. (a) and (b) are associated with the half sine pulse, and
(c) and (d) are for a single rectangular pulse. The pulses applied to cylinders with high
damping, (b) and (d), produce shear strain which satisfies the expression εrθ ∝ |θ̇|max.
This is indicated by the constant values for ε̃rθ. When there is low damping, in (a) and (c),
the strain that is produced approximately follows the relation εrθ ∝ |θ̇|maxt−1/20 .
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does not depend on how much of the initial strain pulse is dissipated, or the pulse shape.

The critical pulse duration tA can be non-dimensionalized in the same way as the pulse

duration, t0, relaxation time, τR, are non-dimensionalized:

t̃A = tA
√
Gu/ρ/Ri (6.3)

tA(r̃) is a function of dimensionless position, r̃ = r/Ri, but is independent of pulse

magnitude, |θ̈|max or |θ̇|max. Whether the acceleration increases sharply or smoothly does

not affect tA. However, the critical duration for the sine pulse and the bipolar rectangular

pulse is twice the critical duration for the half-sine pulse and the single rectangular pulse.

Therefore, it appears that it is the duration of the positive region of the pulse, tp, that

governs the switch from εmaxrθ ∝ |θ̇|maxRi to other scaling laws, rather than the whole pulse

duration t0. tpA and its dimensionless quantity t̃pA refer to the critical tp that designates

the end of the εmaxrθ ∝ |θ̇|maxRi regime. In this analysis which compares only four pulse

shapes, tpA appears to be mostly independent of pulse shape. Although tpA depends on the

stiffness and density of the material, the dimensionless critical pulse duration, t̃pA(r̃), is

the same for most cylinders, including those with different relaxation times, τR, and shear

moduli, Gu and Gr.

The dimensionless maximum shear strain results for r̃ = 1/4 and r̃ = 1 from Figures

6.3 and 6.4 can be regrouped and re-plotted, with pulse duration parameterized with t̃p,

rather than t̃0. Figure 6.5 contains these plots. It can be seen that, for a given position and

dimensionless relaxation time, t̃pA has approximately the same value, regardless of pulse

shape. The similarity of the responses to pulses of different shapes is especially strong for

the cylinders with high damping, e.g. when τ̃R = 0.245, as depicted in Figures 6.5c and

6.5 d.
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(a) (b)

(c) (d)

Figure 6.5: Dimensionless maximum shear strain, ε̃rθ as a function of the dimensionless
duration of the positive section of the acceleration pulse, t̃p, at two different positions within
the cylinder, r̃ = 1 and r̃ = 1/4, and two different dimensionless relaxation times, τ̃R =
2.45 and τ̃R = 0.245. The A-type εmaxrθ ∝ |θ̇|max regions end at roughly the same positions
for all pulse types, especially when there is high damping (τ̃R = 0.245). Sine: sine pulse,
HS: half sine pulse, BR: bipolar rectangular pulse, SR: single rectangular pulse. (a) and (c)
are associated for r̃ = 1 and (b) and (d) are for r̃ = 1/4.
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6.2.1 t̃A dependence on r̃

Figure 6.6 shows the normalized maximum shear strain, εmaxrθ /(Ri|θ̈|max) at four dif-

ferent locations, r̃, as a function of pulse duration, t0, for two cylinders with different

relaxation times, τR. The two cylinders under consideration here have the same radius

Ri = 0.1 m, unrelaxed shear modulus Gu = 6 kPa, modulus ratio Gr/Gu = 0.2, and den-

sity ρ = 1000 kg/m3. The results in Figure 6.6a are for a cylinder with τR = 0.1 s and those

in Figure 6.6b are for τR = 0.01 s. Carrying out the relevant arithmetic gives the result that

the cylinder with τR = 0.1 s has dimensionless relaxation time, τ̃R = 2.45 and the cylinder

with τR = 0.01 s has the dimensionless relaxation time τ̃R = 0.245. These correspond to

relatively low damping and relatively high damping respectively.

Black stars and dashed grey lines indicate where the εmaxrθ /|θ̈|max ∝ t0 region ends

for each of the different radial positions, r̃ = 1, 1/4, 1/16, and 1/64. When the damping

low, as is the case for the cylinder with τR = 0.1 s, then tA(r̃∗ is also the pulse duration for

which the whole-cylinder maximum strain is attained at the radial position r̃∗. For example,

letting r̃∗ = 1/4, we can see that the pulse duration t0 = tA(1/4) the pulse duration for

which the spatial maximum of εrθmax is at r̃ = 1/4. However, as Figure 6.6b shows, this is

not the case for some cylinder media. In Figure 6.6b, which is for a cylinder with τR = 0.01

s, the tA values are the same as in Figure 6.6a, even though the magnitude of the strain is

different and the spatial distribution of strain is different, too. If t0 = tA(1/4) = 0.022 s in

this situation, the highest normalized strain throughout the cylinder is around 0.0015, and

occurs at the radial position r̃ = 1, not r̃ = 1/4. The maximum strain for r̃ = 1/4 is lower

than that, with a value of 0.0007.

6.3 Whole-cylinder strain scaling laws for short pulses

In the previous section, each position within the cylinder was considered separately, and

scaling laws for the maximum shear strain experienced by the material at a few different
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(a)

(b)

Figure 6.6: Maximum strain, normalized by maximum tangential acceleration, at four posi-
tions, as a function of pulse duration for a single-period sinusoidal acceleration pulse. The
critical durations tA for the end of the εmaxrθ /|θ̈|max ∝ t0 region are indicated with black
stars. (a) τR = 0.1 s. (b) τR = 0.01 s. For all four positions, the tA values are not affected
by the relaxation time. Gu = 6 kPa, ρ = 1000 kg/m−3, Ri = 0.1 m.
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points with the cylinder were identified. Then, those results were used to draw conclusions

about the response at other points within the cylinder. However, there is interest in identi-

fying the scaling laws for the highest strain attained throughout the cylinder. This spatial

maximum of temporal maxima is referred to as the whole-cylinder maximum shear strain,

εwcmrθ , in this work. The dimensionless form for this quantity is

ε̃wcmrθ = εwcmrθ

√
Gu/ρ

|θ̇|maxRi

(6.4)

For long-duration pulses (region C), the whole-cylinder maximum shear strain is the

same as the maximum shear strain at the outer radius of the cylinder, r̃ = 1. For short

pulses, however, the location of the whole-cylinder maximum shear strain varies with the

pulse duration and the dimensionless relaxation time of the cylinder. Figures 6.7 and 6.8

depict the relationship between the dimensionless whole-cylinder maximum strain, ε̃wcmrθ ,

and the dimensionless pulse duration, t̃0, for different pulse shapes and relaxation times.

Figure 6.7 gives the scaling for a cylinder with low damping, from having the dimensionless

relaxation time τ̃R = 2.45. Figure 6.8 is associated with the higher dissipation dimension-

less relaxation time, τ̃R = 0.245. For the low damping relaxation time, τ̃R = 2.45, the

dimensionless whole-cylinder maximum shear strain (grey circles) approximately follows

the expression

ε̃wcmrθ ∝ t̃
−1/2
0 (6.5)

for t̃p < 1. This type of scaling is indicated with a dashed black line overlaying the data.

In Figures 6.7a and 6.7c, the ε̃wcmrθ ∝ t̃
−1/2
0 scaling is associated with the migration of

the radial position where the whole cylinder maximum shear strain occurs, as the pulses

become shorter. For example, the maximum shear strain curves for r̃ = 1/64 (blue ‘x’s),

r̃ = 1/16 (green squares), and r̃ = 1/4 (burgundy triangles) are tangent to the ε̃wcmrθ -curve

at various dimensionless durations. This means that for the duration where the ε̃rθ(r̃∗)

curve overlaps the ε̃wcmrθ curve, ε̃rθ(r̃∗, t̃0) = ε̃wcmrθ (t̃0). The ε̃wcmrθ -values between these
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intersections are associated with ε̃wcmrθ occurring at intervening positions, even though not

every ε̃rθ(r̃∗) curve is plotted.

In Figures 6.7b and 6.7d, as was noted in Section 6.1.3, the short-pulse response to both

pulse shapes that have |θ̇f | 6= 0 (half sine and single rectangular pulses), for cylinders with

low damping, does not follow the ε ∝ |θ̇|max scaling common to other scenarios. This

phenomena makes it more difficult to interpret the ε̃wcmrθ curve, especially as it relates to the

strain at r̃ = 1, which governs ε̃wcmrθ starting at t̃0 values between 0.1 and 0.2 for both pulse

shapes. Although the source of this type of proportionality has not yet been identified here,

the same approximate scaling law that applies to the other two pulse shapes, ε̃wcmrθ ∝ t̃
−1/2
0

seems adequate for these pulses, too.

In Figure 6.8, ε̃wcmrθ ∝ t̃
−1/2
0 is not sufficient to describe the scaling between ε̃wcmrθ

and the pulse duration. For the range of pulse durations considered, the highly damping

cylinder properties lead to the ε̃wcmrθ being entirely governed by ε̃rθ at r̃ = 1 for the pulses

with |θ̇f | 6= 0. For the sine pulse, the shortest pulse durations have the ε̃wcmrθ ∝ t̃
−1/2
0

scaling that the less dissipative cylinder from Figure 6.7 has. Future work should consider

even shorter pulses, to see if the ε̃wcmrθ ∝ t̃
−1/2
0 scaling emerges for the other pulse shapes

for very small pulse durations, or if the dissipation is sufficient to eliminate it. Recalling

Section 5.5.2, the attenuation of the strain pulse as it propagates across the cylinder reduces

the maximum shear strain seen at points closer to the center of the cylinder. In a highly

damped cylinder, the whole-cylinder maximum shear strain is obtained at the outer radius

of the cylinder, r̃ = 1, where the shear strain pulse is initiated.
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(a) (b)

(c) (d)

Figure 6.7: Whole-cylinder maximum shear strain as a function of the duration of the
duration of the acceleration pulse, t̃0. The maximum shear strains at four points within the
cylinder are also indicated. The dimensionless relaxation time is τ̃R = 2.45, which results
in relatively low damping. (a) Sine pulse. (b) Half sine pulse. (c) Bipolar rectangular pulse.
(d) Single rectangular pulse.
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(a) (b)

(c) (d)

Figure 6.8: Whole-cylinder maximum shear strain as a function of the duration of the
angular acceleration pulse, t̃0. The maximum shear strains at four points within the cylinder
are also indicated. The dimensionless relaxation time is τ̃R = 0.245, which results in
relatively high damping. (a) Sine pulse. (b) Half sine pulse. (c) Bipolar rectangular pulse.
(d) Single rectangular pulse.
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6.4 Conclusions

6.4.1 Scaling laws relating strain to kinematic variables for cylindrical delicate ob-

jects enclosed in rotating shells

For a delicate object with the cylindrical geometry studied in this chapter, the response

to angular acceleration pulses of different durations can be categorized into one of three

types. There are sub-categories of these three primary response types that emerge when the

damping capability of the cylinder medium and the pulse shape are varied, too.

Short pulses give rise to the (A)-type response, which can be described by the scaling

law ε ∝ |θ̇|max or ε ∝ |θ̇|maxt−1/20 , depending on the shape of the angular acceleration

pulse and whether the cylinder medium is very dissipative. The ε ∝ |θ̇|maxt−1/20 scaling

law operates only when the angular acceleration pulse causes nonzero final angular speed,

|θ̇f | 6= 0, and the cylinder has relatively low damping. If the pulse does not drive a per-

manent change in the angular speed, |θ̇f | = 0, or the cylinder is highly damping, then the

ε ∝ |θ̇|max scaling applies.

Considering only pulses with the same shape, the longest pulse duration for which ei-

ther the ε ∝ |θ̇|max or ε ∝ |θ̇|maxt−1/20 scaling applies is denoted with the symbol tA. tA

depends on pulse shape, but tpA, which is a similar quantity, and is defined as the criti-

cal duration associated only with the positive region of the angular acceleration pulse, is

roughly the for all pulse types. tpA also depends on the position, and decreases with the

radial coordinate, r. Therefore, the region of the cylinder farthest from the center can re-

spond to an angular acceleration pulse with the A-type response, while the interior region

of the cylinder responds to the same pulse with either the B-type response or the C-type

response.

The critical duration tpA(r) is important because it delineates the pulse durations which

generate the (A)-type response at a point in the cylinder from pulse durations which lead

to other behaviors. If the positive region of the angular acceleration pulse due to an impact
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is longer than the critical duration tpA, then either the angular acceleration, or its time-

derivative, is the kinematic quantity which best predicts the extent of deformation with the

cylinder at a particular position. In this scenario, additional analysis of the angular accel-

eration pulse shape and the extent of damping must be considered to distinguish whether

the impact is in the B-type region or the C-type region. If the impact has tp < tpA, then the

kinematic quantity most likely to predict deformation is the maximum magnitude of the

angular velocity, possibly with some additional influence of pulse duration, depending on

the pulse shape and amount of damping, as explained previously.

Based on the consistency in the value of t̃pA(r) across pulse types, it can be concluded

that the critical duration at the outer radius of the cylinder, tpA(r̃ = 1), for a given cylinder,

is a property of the cylinder alone; it depends only on Gu, ρ, and Ri. Specifically, this

dimensionless critical duration t̃pA(1), is the ratio of the positive region of the pulse, t0, to

the time it would take a shear wave to propagate to the center of the cylinder Ri/
√
Gu/ρ.

Therefore, cylinders with larger radii, higher densities, and lower shear moduli will have

larger values of tpA(r = Ri) than cylinders with smaller outer radii, lower densities, and

higher shear moduli.

The other limit for the response of a rotating cylinder is the long-pulse response, which

is labeled with the letter “C”. All the combinations of cylinder properties and pulse types

considered in this study eventually exhibit εrθ ∝ |θ̈|max for sufficiently long angular accel-

eration pulses. However, the spatial distribution of strain in this limit differs between pulses

which have a sharp increase in angular acceleration, and those which have a smoothly-

varying shape. The smooth pulses result in εrθ ∝ r2 scaling in the long-duration limit,

whereas those with sharp increases do not.

If the pulse is smooth, there may be an extended transition (B) between the short-pulse

response (A) and the long-pulse response (C). In this transition, εrθ ∝ |θ̈|max/t0, and this

region lasts from tA to tC . The conditions under which the B-type transition exists are not

fully characterized here, but preliminary observations suggest that damping can suppress
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the existence of the extended transition, and that it generally appears for smooth pulses but

does not appear for sharply-increasing ones. When the extended transition does not appear,

tA is necessarily the same as tC , because the end of the A-type region is the begineeing of

the C-type region.

The maximum shear strain attained across the whole cylinder depends on the position-

specific maximum shear strains. There are also multiple scaling laws that describe this

quantity, and their applicability also depends on the duration of the pulse. The other govern-

ing factor is the amount of dissipation and attenuation that shear waves experience within

the given cylinder.

For short pulses, if the cylinder is highly dissipating, the maximum shear strain over the

whole cylinder occurs at the outer radius of the cylinder, so the trends in the response of

the strain at that location are the same as the trends for the whole cylinder maximum shear

strain, overall. However, if the cylinder is not very dissipative, then the circular geometry

focuses the shear wave, with the strain increasing with decreasing radial coordinate values,

until it reaches a critical radius, where the peak in strain occurs. There can be no strain at

the exact center of the cylinder, so the peak strain is attained at a small distance from the

center, which depends on the spatial width of the pulse. This distance is a result of the pulse

duration and the speed with which the shear wave propagates. This produces the scaling

law εwcm ∝ |θ̇|maxt−1/20 . Further analysis of this focusing and amplification of strain at the

very middle of the cylinder is likely not relevant to the study of the human head, however,

as the human head is not perfectly symmetrical, and this phenomenon is predicated on

the radial symmetry of the simplified, cylindrical, geometry considered in this chapter.

The εwcm ∝ |θ̇|maxt−1/20 scaling that occurs in low damping cylinders, when subjected to

pulses with |θ̇f | 6= 0, is also due to the response of the material at the outer radius of

the cylinder, which has this form for the position-dependent maximum strain scaling law,

too. More study of the origins of this position-dependent scaling law are warranted, as

rotational impacts frequently lead to pulses with |θ̇f | 6= 0, and the human brain may be
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under-damped.

The essential components of the observations described above are cataloged in Table

6.2 and Table 6.3.

|θ̇f | = 0 |θ̇f | 6= 0

Smooth

Sine pulse
a.) ε̃wcmrθ ∝ |θ̇|maxt−1/20 in (A)
b.) εrθ ∝ |θ̇|max in (A)
c.) εrθ ∝ |θ̈|max/t0 in (B)
d.) εrθ ∝ r2 in (C)

Half sine pulse
a.) ε̃wcmrθ ∝ |θ̇|maxt−1/20 in (A)
b.) εrθ ∝ |θ̇|maxt−1/20 (approx.) in (A)
c.) εrθ ∝ |θ̈|max/t0 in (B)
d.) εrθ ∝ r2 in (C)

Sharp

Bipolar rectangular pulse
a.) ε̃wcmrθ ∝ |θ̇|maxt−1/20 in (A)
b.) εrθ ∝ |θ̇|max in A
c.) No (B)-region; tA = tC
d.) Lacks εrθ ∝ r2 scaling in (C)

Single rectangular pulse
a.) ε̃wcmrθ ∝ |θ̇|maxt−1/20 in (A)
b.) εrθ ∝ |θ̇|maxt−1/20 (approx.) in (A)
c.) No (B)-region; tA = tC
d.) Lacks εrθ ∝ r2 scaling in (C)

Table 6.2: Summary of scaling laws for low damping

|θ̇f | = 0 |θ̇f | 6= 0

Smooth

Sine pulse
a.) ε̃wcmrθ ∝ |θ̇|maxt0 in (A)
b.) εrθ ∝ |θ̇|max in (A)
c.) εrθ ∝ |θ̈|max/t0 for small radii, no
(B)-region for large radii
d.) εrθ ∝ r2 in (C)

Half sine pulse
a.) ε̃wcmrθ ∝ |θ̇|maxt0 in (A)
b.) εrθ ∝ |θ̇|max in (A)
c.) εrθ ∝ |θ̈|max/t0 for small radii, no
(B)-region for large radii
d.) εrθ ∝ r2 in (C)

Sharp

Bipolar rectangular pulse
a.) ε̃wcmrθ ∝ |θ̇|maxt0 in (A)
b.) εrθ ∝ |θ̇|max in (A)
c.) No (B)-region; tA = tC
d.) Lacks εrθ ∝ r2 scaling in (C)

Single rectangular pulse
a.) ε̃wcmrθ ∝ |θ̇|maxt0 in (A)
b.)εrθ ∝ |θ̇|max in (A)
c.) No (B)-region; tA = tC
d.) Lacks εrθ ∝ r2 scaling in (C)

Table 6.3: Summary of scaling laws for high damping

6.4.2 Fundamental principles for developing brain injury criteria

Brain injury is likely caused by exceeding a tissue-level strain tolerance, so the scaling

laws between kinematic quantities and the resulting strain presented here can inform the

creation of head injury criteria. Using these scaling laws, the amount of kinematic loading
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that would bring about enough deformation to cause injury can be calculated. For example,

if it is known that exceeding a maximum principle strain, εinj , anywhere within the brain

will cause damage, and the dimensionless relaxation time of the brain, the dimensionless

pulse duration, and the pulse shape are known, the amount of angular velocity that will lead

to injury can be calculated as:

|θ̇|inj = εinj
√
Gu/ρ

Riε̃wcmrθ (t̃0, τ̃R)
(6.6)

where the value of ε̃wcmrθ (t̃0, τ̃R) is a function of the pulse shape. Using the results in the

previous section, the value of ε̃wcmrθ can be ascertained by determining whether the class

of impacts has |θ̇f | = 0. For instance, if the dimensionless relaxation time is between 0.1

and 1, the angular acceleration pulse shape is a sine, and the dimensionless relaxation time

is around 0.245, the ε̃wcmrθ -value is constant, at a value of 0.5. Therefore, for this whole

class of impacts, a simple angular velocity threshold is expected to be enough to predict

whether damage will occur. However, if the dimensionless relaxation time of the brain is a

factor of ten larger, τ̃R = 2.45, the ε̃wcmrθ -value is not a constant quantity. Instead, it varies

inversely with the square root of the pulse duration. The fractional power of pulse duration

in the scaling law relating ε̃wcmrθ to kinematic variables |θ̇|max and |θ̈|max means that neither

of these alone is sufficient to predict the εwcmrθ . Therefore, it will likewise be impossible

to devise an injury criterion that depends on only |θ̇|max or |θ̈|max, without also including

t0. Therefore, determining the degree of dissipation performed by the brain material is

essential to evaluating both the spatial distribution of strain, and the duration-dependence

of proposed injury criteria.

Since the human brain has a relatively small shear modulus, understanding tpA, and the

concept of a critical duration more generally, may be useful for understanding why some

brain injury criteria are useful in some circumstances and not others. Using approximate

properties for the human brain, Gu = 6 kPa, ρ = 1000 kg/m3, and Ri, an approximate
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critical pulse duration for the position r̃ = 1/4 can be calculated as tbrainpA (r̃ = 1/4) = 8

ms. For the same estimated brain parameters, the critical pulse duration for the exterior

of the brain is 41 ms. Therefore, the time-scales of most head injuries could overlap with

the time-scale for which the brain switches between strain being proportional with angular

velocity or angular velocity divided by a fractional power of pulse duration, and strain being

proportional with even higher derivatives of rotation angle, θ(t). Choosing more compliant

properties for the brain will increase estimates of the critical pulse durations. UsingGu = 2

kPa produces the result that most head impacts are described by the short-pulse response

asymptote, since tbrainpA (r̃ = 1/4) would be estimated at around 14 ms.

This brief analysis can be used to put experimental data involving the relative safety

of voluntary laboratory head rotations into perspective. Recent work by Hernandez and

Camarillo [14] demonstrated that head rotations conducted in laboratory conditions that re-

sulted in relatively high angular velocities were not dangerous, even though they exceeded

angular velocity injury thresholds derived from experimental observations from sports col-

lisions, such as BrIC [36]. The key difference between the laboratory impacts and the

sports impacts was their durations. In the lab, the head rotations lasted around 40 ms, but

the sports impacts were much more rapid. It may be possible that the critical pulse duration

of the human brain is less than 40 ms and longer than the duration of the sports collisions

used to generate BrIC. If that is the case, then the laboratory impacts were sufficiently long

that their severity was not governed by angular velocity. Instead, they may have been in the

B-type region or C-type region, where severity is governed by higher derivatives of rotation

angle, like angular acceleration.

In conclusion, the scaling laws for a geometrically simple, linear visco-elastic, ho-

mogeneous, delicate cylindrical object subject to the rotation of its shell can be used to

estimate rotational injury criteria for the brain, if tissue-level strain-based injury criteria are

introduced. Even in the absence of reliable tissue-level damage criteria, the scaling laws

provided here, when put in terms of approximate brain parameters, can point toward which
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types of kinematic quantities govern the extent of deformation. This is enough to begin

the process of optimizing helmets to diminish the magnitude of these harmful kinematic

quantities.
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CHAPTER VII

Conclusion

7.1 Contributions

The first subject area developed in this thesis was the design and optimization of a

visco-elastic cushion. Then, a simplified model of the human head was used to determine

the primary impact characteristics that lead to the highest shear strain and pressure during

linear and rotational impacts. The simplified head model used here is composed of a rigid

outer shell, that resembles the skull, and a compliant cylinder, which represents the brain.

The exterior of the cylinder is attached to the interior surface of the rigid shell. Therefore,

when the exterior shell accelerated, the material at the outer radius of the cylinder moves

in the same way. The prescribed unidirectional linear acceleration and angular acceleration

of the rigid shell is made to take on a few different functional forms in order to determine

which aspects of the linear and angular acceleration are most important for predicting the

magnitude of the strain within the brain-like cylinder. Using the scaling laws that relate

strain to kinematic quantities, it can be seen that the cushion developed in Chapter II is

suitable for reducing the strain experienced by the brain during rotational and linear head

impacts.
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7.1.1 Visco-elastic cushion design and optimization [Chapter II]

• Significant reduction in the velocity change of the delicate object during an impact

requires high levels of energy dissipation, which can be achieved with realistic visco-

elastic materials modeled with a fractional derivative visco-elastic model.

• Efficient energy dissipation with visco-elastic materials requires that the time-dependence

of the impact be known, and the selection of the relation time of the cushion material

be matched to the frequency content of the impact.

• In situations where the acceleration of the delicate object must be addressed, using a

visco-elastic cushion can reduce the minimum cushion thickness needed to meet the

design requirements, with respect to the thickness needed if an elastic material was

to be used instead.

7.1.2 Response of compliant visco-elastic cylinders to kinematic loading by linear

acceleration pulses [Chapter III]

• When a linear acceleration kinematic load is applied to a cylinder of nearly incom-

pressible material, the pressure is proportional with acceleration.

• Linear acceleration at the levels associated with brain injury in falls and sports col-

lisions generates relatively modest amounts of shear strain. This result is not de-

pendent on the exact constitutive properties assumed for the brain, provided they

are within a reasonable range. This is consistent with theories suggesting that linear

acceleration does not contribute to brain injuries caused by excessive brain strain.

What little shear strain is generated by linear acceleration pulses in brain-injury-

relevant conditions is proportional with the maximum of the time-derivative of ac-

celeration.
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7.1.3 Response of compliant visco-elastic cylinders to kinematic loading by angular

acceleration pulses [Chapters IV-VI]

• When the duration of a rotational load is long, a steady-state strain response devel-

ops. Transient modes, in addition to this steady state response, are excited by sharp

increases in angular acceleration.

• The magnitude of the shear strain wave for short pulses depends on the maximum

value of the circumferential speed that the points on the cylinder’s outer radius reach.

This circumferential speed is proportional with the angular speed of the shell. The

strain magnitude of the wave, initially, is one-half the ratio of the circumferential

speed of the points on the outer radius of the cylinder to the shear wave speed of

the cylinder medium. This fundamental relationship suggests that the angular speed

of the skull better suited to estimating the extent of deformation within the brain

than the angular acceleration is. This is because there is a fundamental theoretical

connection between angular velocity and strain, for short pulses, where no such link

exists for the angular acceleration and strain, within this regime.

The relaxation time of the cylinder medium governs the attenuation of strain

pulses as they propagate. The relaxation time, and the ratio of the relaxed shear

modulus to the unrelaxed shear modulus, together determine the range of frequencies

for which the visco-elastic cylinder medium provides more or less damping. The

overlap between the frequency content of the strain pulse and the frequency range

that the medium damps drives the extent to which a pulse dissipates.

• A critical value for the duration of the positive region of angular acceleration pulses

is denoted with the symbol tpA. Angular acceleration pulses with a positive section

that is shorter than this critical value bring about a shear strain response usually char-

acterized by proportionality with the maximum magnitude of the angular velocity

of the shell, or characterized by a strain-dependence that is between strict propor-
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tionality with angular velocity of the shell and proportionality with the maximum

magnitude of the angular acceleration of the shell, in other circumstances. This is

a crucial point, and opens up the possibility that brain injury criteria may need to

incorporate impact duration into the severity metric directly, since neither angular

velocity nor angular acceleration are sufficient on their own to predict deformation

levels. (Criteria for differentiating between these two types of pulses are provided in

Section 6.1.3.)

tpA is a monotonically decreasing function of the radial coordinate, r, and de-

pends on the unrelaxed shear modulus, density, and radius of the cylinder. Therefor,

more compliant objects, like the human brain which has a very low shear modulus,

have relatively high values for tpA.

Estimates of tpA(r) for the human brain can be made with approximate values

for the shear modulus of the brain and its size. The estimates provided in section

6.4.1 range from 8 ms for interior of the brain, to 41 ms for the exterior, using an

approximate unrelaxed shear modulus of 6 kPa and an approximate radius of 10 cm.

The stiffness of the brain may be even lower than 6 kPa, which would correlate to

even larger tpA values. Most head impacts in football and other contact sports occur

over 7 to 15 ms [7], [17], so these estimates suggest that the angular velocity plays

a significant role in determining the extent of deformation in the brain during most

sport-related collisions.

An extended transition between the short-pulse category of response and the

long-pulse category of response occurs for some locations within cylinders sub-

ject to pulses which have only smooth variations in their angular acceleration time-

dependence shapes. For angular acceleration pulses with durations that fall within

this transition region, the shear strain at the points which have the extended tran-

sition is proportional with the maximum magnitude of the first time-derivative of

angular acceleration.
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• The maximum strain throughout a rotating cylinder, called the “whole cylinder max-

imum” shear strain, can be calculated using the values of the maximum shear strains

obtained at every location within the cylinder.

For pulses shorter than tA, the whole-cylinder maximum strain will scale with

the maximum magnitude of the angular velocity of the shell, if the cylinder is made

of a very dissipative medium. If the medium produces very little damping, the whole-

cylinder maximum shear strain varies with the quotient of the angular velocity of the

cylinder’s shell, and the square root of the duration of the angular acceleration pulse

(εwcmrθ ∝ |θ̇|maxt−1/20 ). If the cylinder is moderately damping, very short acceleration

pulses have the scaling law εwcmrθ ∝ |θ̇|maxt−1/20 , and pulses only slightly shorter than

tA have the εwcmrθ ∝ |θ̇|max scaling law.

For long pulses, the whole cylinder maximum shear strain is the maximum shear

strain obtained at the outer radius of the cylinder.

• Efforts to simulate the brain using finite element models should take into account the

very fine mesh needed to resolve features of the time-dependent shear strain field that

are due to rapid loading, since the speed that strain waves travel at is quite slow, due

to the low shear modulus of the brain. Mesh refinement studies that are conducted

with the very lowest shear modulus that will be considered, and the most rapidly

varying loading signal, are conservative.

In the preceding chapters, a design for a visco-elastic cushion is proposed and the dy-

namic deformation of an idealized model of the human brain was studied. The analysis of

the idealized brain model suggests that the extent of deformation within the brain is pri-

marily governed by the maximum of the magnitude of the angular velocity of the skull, and

sometimes the duration of the impact to a lesser degree. This simplification of the dynamic

response of the brain applied to the impacts which produce rotation of the skull and last 1

to 40 ms. This correlation of strain with angular velocity, and the coupling between angular
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motion and linear motion during some head collisions, makes the closed-head brain injury

problem a suitable scenario for intervention with the cushion design presented in Chapter

II.

7.2 Future Work

7.2.1 Modeling deformation of the brain with a visco-elastic cylinder

In Chapter VI, an alternative scaling law for the strain generated during short im-

pacts was uncovered. Whereas most pulses that bring the shell back to rest after they are

complete, and cylinders with high damping, had responses which obeyed the scaling law

εrθ ∝ |θ̇|max, some situations led to the alternative form εrθ ∝ |θ̇|maxt−1/20 . This alterna-

tive form applied only to non-dissipative cylinders with shells that were rotated by angular

acceleration pulses with final angular speeds larger than 0 rad/s. Future work should con-

sider possible explanations for this departure from the usual scaling behavior. One possible

explanation for this phenomenon is a moderate contribution from the mode at the natu-

ral frequency of the cylinder. Whereas highly dissipative cylinder materials would damp

out this oscillation rapidly, so that it makes a negligible contribution to the shear strain,

a weakly dissipating material would not. If it is not damped, then the strain due to this

mode could be a significant addition to the strain from the propagating shear strain wave.

The contribution of this mode may also be small for the acceleration pulses which have

|θ̇f | = 0, since their spectra are distributed toward higher frequencies than those of the

pulses which produce a sustained change in angular velocity. Since the natural frequency

of the cylinder is relatively low, the half sine and single rectangular pulse spectra excite

that mode more than the sine and bipolar rectangular pulse spectra do.

The scaling laws developed for strain in linear and rotational impacts can also serve

as reference for determining the effects of increasing the complexity of the constitutive

laws used in other finite element models of the brain. Since the use of more elaborate
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constitutive models require more computational resources, their use should be considered

in the context of what greater accuracy they permit. Similarly, being able to quantify the

increase in accuracy from using different constitutive laws for different regions of the brain,

relative to assuming homogeneity, will enable researchers to direct their attention toward

the properties and parameters that improve accuracy the most. For example, dividing the

cylinder into an external annulus and an internal cylinder, each with different material

properties, could be used to develop a preliminary understanding of the affect of interior

regions of the brain being either more rigid or more compliant than exterior regions.

7.2.2 Validating the performance of visco-elastic cushions for protecting the human

brain during impact

The next step in implementing the cushion in Chapter II is a series of parametric stud-

ies involving the simultaneous simulation of the strain that evolves in the delicate object

and the deformation of the cushion during impacts with both linear and angular motion.

Completing this work requires expressing the fractional derivative visco-elastic material

definition in a finite element package [1], and addressing the numerical challenges associ-

ated with dynamic two-dimensional contact involving the rigid surface of the shell and the

compliant visco-elastic cushion. This is an ongoing project, and interpreting the results of

these simulations is grounded in the fundamental mechanics of both the cushion and the

compliant delicate objects described in this thesis.
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