INSTITUTE OF MATHEMATICAL GEOGRAPHY
MONOGRAPH SERIES
VOLUME 24

Calculus 2 Workshops

Six Semesteiong Series
Derived from Experience in the
Department of Mathematics and Computer Science
Lawrence Technological University

Southfield, Michigan

Imﬁmtapf.g'a_m_@ﬁﬁﬁg_al Geography

G Ty

Professor William C. Arlinghaus, Ph.D.
with input from
Professor Michad\lerscher

Professor James Nanny

FirstEdited and Assembled as a Book, December 20iisequently, November 2020.
Copyight is retained by Willian®. Arlinghaus




Calculus 2, Wasshop Series 16 William CArlinghaus

Table of Contents

ACKNOWIEAGIMENTS.....ceeiiiiiiee e e e e e e e e e e e e e e e e e e e e e e e e e nnnnnnees iii
[ a1 oo [0 o i o] o F PP PP P PP PEPPPPPTPPPRPPP v
Y=L 1T PP P PP PPPPP PPN 6
= 1S PP PP PP PPPPPN 35
= 1S PP PP PPPPPN 63
= 1S P PP PP PRSP PPPPN 92
L= 1o PP P PPPPPPPPPPN 120
Y=L 1T G PP PPPPPPPRPPPN 148



Calculus 2, Wasshop Series 16 William CArlinghaus

Acknowledgments

| wish to thankmy collaborators, Mike Merscher and Jim Nanny for their thoughtful
participation in this project and for their care in writing a few of the workshops. In addition, |
thank Dean James RodgatLawrence Technogical Uniersity and Associate Ded&slen
Bauerfor the care they took in overseeing various aspects of curricular needs within the
university. Their care enabled ne fit this sequence into an otherwise tight schedule.
addition, Glen and Mike workeoh a similar series of Calculus 1rk&hops.

Most of all, however, thank the hundreds of students at Lawrence Technological University
who participated in these workshops and offered constructive feedback.

Finally, khank Sandra L. Arlinghaus, Ph.Dthe Institute of Mathematical Geogphy for her
major role in bringing this book to light.

The collaborative experience developed in the production of this book harks back to the
collaborative experience we know that many of our students enjoyed!

William C. Arlinghaus
Ann Arbor, Ml



Calculus 2, Wasshop Series 16 William CArlinghaus

Introduction

In 1997, a group of three of us worked to develop workshops in support of Calculus 2 lectures.
My colleagues, Mike Merscher and Jim Nanny, in the Department of Mathematics and
Computer Scierg; assisted men aeatingproblem sets that would &ith foster critical thinking

skills about calculus and develop an appreciation for the benefits of interactive and
collaborative work.

My original suggestions were for the following topics:

Week 1 Inverse Functions

Week2 Exponential and Logarithmicriations
Week 3 Inverse Trigonometric Functions
28581 n fQl2aLAGHE Q& wdz S
Week 5 Integration by Parts

Week 6 Trigonometric Integral

Week 7 Partial Fractions

Week 8Approximate Integration

Week 9 Improper Integrals

Week 10Arc Length

Week 11 Sequencesr Sequences and Series
Week 12 Series or Series Tests

Week 13 Test Comparisons or Power Series
Week 14 Power Series or Taylor Series

Over time, we developed variations on these topics, in six different séraga 1997 through

2002 Variations onwhether logarithms or exponentials came first, dictated differing ordering

of the workshopsas did other concerns that we noted in the process of using the documents

Some decisions were made based on the current chafi¢extbook. In this document,

comments that in the past made reference to a specific place in a specific textbook have been
NBLX F OSR gAGK 3ISYSNIf LIKNI&aSa adzOK Fa WwWLG o1 a
insertion of other references miglsit institutional variation.

In addition, so that students (from semester to semester) would have a consistent experience
from one offering of Calculus 2 to another, but probabbt an identical experience to what

iv
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their roommatesmight earlier have hadve delibeately altered matesl fromone series to
the next There are obvious merits to such jumbling of materials that a prudent instructor
follows in orde to optimizematerialsactuallylearned.

These series of workshops were classroom/laboratesyed over a period of six yeawith
feedback from hundreds of students. Those who participated fully in the workshop experience
felt that they learned more and did better in the course than if they had not gone to the extra
workshgs. Waeall hope tha your students might have a silar experience and that you, as an
instructor, might derive some benefit today from our success in the past.

William C. Arlinghaus
Ann Arbor, Michigan
December, 2015.



Calculus 2 Workshop for a Single Semester

Series 1

Jassroom tested at Lawrence Technological University
Department of Mathematics and Computer Science

Prof. William C. Arlinghaus, Ph.D.
with input from
Prof. Michael Mersher
Prof. James Nanny

Note: This particular series has no workshop for WEEKIt serves as a model for how to adjust the
when holidays, or other events, remoaewvorkshop from the sequence.
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The goal of the calculus workshop is to provide each studkht(1) a deeper understanding of
the important mathematical concepts encountered in calculus and (2) an opportunity to
develop beneficigbroblem-solving

skills within a collaborative group setting. While the workshop program is designed to be
essentidly independent of a traditional lecture portion of a course, the work done in the
workshop will generally be related to many materials covarel@ctures. Instructors may
make a judicious selection from the various series that appear below, dependimgnwoan
individual course might be structured.

The calculus workshop is designed to bepéeted in 1 hourand 15 minutes, once a week
throughaut a semester. Students should work in small groups on a special set of problems,
distributed at the beginningfahe workshop session. Workshop facilitators should be available
to answer questions and offer limited suggestions during each workshomsesaiork groups
might be reassigned periodically during the semester.

Members of each group are encouragedaork together, share ideas, and divide tasks when
appropriate in order to complete as many of the assigned exercises as possible during the
scheduled workshop session. Groups are also encouraged to voluntarily exchamaje e
usernames and to set up aditihal meeting times as needed during the week in order to
complete unfinished solutions and to share all final results.

Each student is requitketo turn in an individual written report following each weekly
workshop. Each graded workshop report shouldabsigned a score ranging from 0 to 10
points (or other scheme at instructor discretion).

The overall semester grade for the workshop will aigiine sum of the highest ten report scores
(maximum 100 points, using then-point scale suggested above) andlwe considered
equivalent to one irclass exam.

One final note: Students are also encouraged to consider forming independent study groups
work on regularly assigned homework and to prepare for exams throughout the semester.
(Keep in mind that thevorkshop session 1ot to be used for this purpose.)
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Calculus Workshop Report Guidelines

Weekly workshop reports should be submittedadixed regular location by a fixed time. Late
reports should not be considered. Graded reports should be newithe following week.

Each student must submit a complete workshop report for each workshop attended. Every
member of a group is expected tecord the solutions collaboratively obtained by that group
either during the workshop or, if necessary, at 8sequent group meeting. Once the group
work is completed, each student is expected to independently prepare a final workshop report
recountingthe computational details of the solutions obtained and providing all final answers
and required graphs. In sa@rtases it may also be appropriate to include a brief summary of
the methods used and any general conclusions that can be drawn from thesresult

Mathematical solutions should be complete, precise, well organized, and notationally correct.
In all writtenexplanations, proper attention should be given to legibility, grammar, spelling, and
punctuation. Each solution should be clearly labeled Withappropriate problem number.

Each week students should receive a Workshop Report cover page which mudtidedras
the first page of the individual report. On it students must provide

1 Name and student ID number

1 Date

1 Lecture instructor

1 Namesof all other group members

Additional sheets should be attached in order with a staple in the upper left cotdse.only
one side of each sheet. Partial sheets and pages torn from spiral notebooks or ring binders are
not acceptable. The use gfaph paper is recommended for hawdawn graphs.

Excessive or habitual tardiness by any member of a group is unthie tther members and

puts the whole group at a disadvantage. For this reason, groups with fewer than four members
will generally be cmbined with other groups. Any student arriving late will be reassigned to a
different group as space is available. émg arriving over 20 minutes late will be excluded

from participating in that session and will be marked absent. There will be no mggrto
GYlF1SdzL | YA&aaSR 62N akKz2Ll aSaarzyo
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Calculus Workshop Series

Calculus 2

Week 1

1. Let

—
e
~
= ¢ D¢
N
g €
—~
N

fx) = -

a) Plot the 4 points corresponding xa=-3,x=-2,x=4,andx = 9.
b) Draw the graph di(x)® 052y Q0 LI 20 Fye& Y2NB LRAy(Ga®O

c) As you can see, the graph consistsastipns of 3 lines. What are the slopes of these three
portions of lines?

d) Plot the mirror images (acrogsx) of the 4 points you found in part a).
e) Draw the graph of "* (x).
f) What are the slopes of the three portions of linestthamprise the graph of ** (x)?

g) Give an explicit formafor f *(x).

2. Let f(x)=7- (x- 5)* forx¢ 5,the left half of a parabola with vertes, 7).
a) Showf is -1 by showing that is increasinghroughout its domain.

b) Find the point(s) wherg=xandy=f(x)intersect.

c) Find the intercepts of the graph k).

d) Draw the graph di(x).

e) What are the domain and range df* (x)?
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f) Draw the graph of "* (X).

g) Find the value of the derivative of ** (X) at the points wherex= 0andx =-18. Use your
knowledge of the derivative df(x)to perform this calculation.

h) Find an explicit formula forf ** (x).

i) Calculate thelerivative of f * (x). Evaluate this derivative at= 0andx = 18to verify that
your answers in part g) are correct.

10
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Calculus Workshop Series

Calculus 2

Week 2

1. LetRbe the region bounded by= In xand by dine L which passes through the poin{$,0)

a)

b)

ov

d)
e)

f)

9)
h)

and(e,1).
Draw a graph gf=In xandL, and shade the regioR.
Seup the definite integral whicho calculate the area dR by integrationwith respectto x.
2 Ke Ol yQuiu géaPdz S@Ifdzr S GKA&a AydS
Draw the mirror image & across the ling = x.
What is the equation of the mirror imageldst

Set up the integral to evaluate the area of the mirror image loy integration with respect
to x.

Evaluate this integral.

Wha is the area oR?

2. Now consider the integral 1 Q8

a)

b)

Graph the region whose area is represented by this integral.

Besidey = In x, what are the other two boundaries of this region?

c) Draw the mirror image of this region across the hne x.

d)

e)

What are the equationsf the two straight line boundaries of this region?

Set up the integral to evaluate the area of this region by integration with respgct to

f) Evaluate this integral.

11
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g) What is the value of thaiginal integral 1 ©Q ¢

h) Now look aable of integralsand find an antiderivative dh x. Use this to verify that the
answer you obtained in g) is correct.

12
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Calculus Workshop Series

Calculus 2

Week 3

1. LetRbe the region irthe first quadrant bounded by = sinx, y =sin"* x, and by the
straight linesx=p/2 and y=p/2.

a) DrawR (recall that the graph off = sinx lies below the graph ofy = x in the first quadrant,
and usereflection to draw the graph of = sin"* x).

b) Set up, btido not evaluatethe integrals (with respect t&) which representhe area ofR.

c) Now draw the ling/ = X through this regiorR, dividing the region into two regions. Call the
upper regionSand the lower regn T.

d) Why do yoknow that the area o65= the area ofl?
e) Set up and evaluate the integral (with respect)tto calculate the area df.

f) What are the areas &, S andT respectively? Give both exact answers and numerical
approximatios.

NOTE: The following antiderivative formulas will be useful to you in calculating the integnals
problem 2.

ﬁsinzxdx: x/2- sinxcosx/2+C

ﬁ(Sin xdx=sin x- xcosx+C

2. Now rotate the regioiR about they-axis, olaining a solid of volumy.

a) Set up, but do not evaluate, the integrals to calculate this voMimgusingcylindrical
shells.

13
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b) Set up, but do not euate, the integrals to calculate this voluriveby usingwashers.
NOTICE that neither of thesgtegrals can be calculated by methods we know so far.

c) Suppose thaband T were rotated about they-axis, giving rise to solids of volumég and
V;, respectively. Doeg=V,+V;? Doed/s = V,;? Why or why not?

In parts d,e, f give both exact answers and numerical approximations.
d) Calculatevg by using washers.
e) Calculat&/; by using cylindrical shisl

f) Calculatey.

g) Verify, by differentiating the antiderivatives of the note, that the antiderivative formulas
given in the note are geect.

14
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Calculus Workshop Series

Calculus 2

Week 4

1. a) LetF(t) = fjxtdx

i) ComputeF (2), F(1), F(0), F(- 1/ 2).

i) ComputeF(t) fort , -1
A i A~ . . . oA
AAAO | as f Ql 2éLJ2\:UtI-mf fFéI).wdzf S u2z2 02YLldzisS
iv) Doed. = F(-1)? What does this say abol?
b) Let Fy (t) = fjxtdx
i) ComputeF, (t) fort, -1
. lim
i) ComputeLy :t 1 R (1).
i) DeesLy =K (-1)7?

. 1, . .
¢) What does this tell you aboqlﬁ—dx in relation to thepower rule?
X

x?-3

2. Consider the graph of (x) = ————.
drap ) e*(2x- 3)

a) Find all intercepts.

b) Find all vertical asymptotes.

A o A - . A
Oouv | as fQIEéLJAUXI'rPgéX(Z\Mdﬂ).S uz 0O02YLldzi S

15
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d) Find all horizontal asymptotes.
e) Calculatef '(x)..
f) What are thecritical points?

4x* - 20x® +33x” - 24x+3

g) Verify thatf"(x) = & (2x- 3)°

h) Whatare the local maxima and mininwd f?
i) Calculatd " (.15), f"(.2), f"(2.75), f"(2.8).
J) What are the infletion points off (approximately)?

k) Graph(x), plotting both x- andy-coordinates of all relevant pots and identifying all of the
above features carefully.

16
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Calculus Workshop Series

Calculus 2

Week 5

1. Recall that not all quadratic polynomiakve real roots.Indeed, when in the quadratic

formulab? - 4ac< 0, the roots arecomplex numbers, # polynomial is said to be
non-factorableover the real numbers, and its graph lies either entirely above or entirely
below thex-axis.

a) knd the solutions 0f13x2 - 4x+1=0.

b) If a complex number is of the fora= a+bi, a is called the real part of, andb is called
the imaginary part ofz. Wesometimes write thisRe(z) =a, Im(z) =b. Two

complex numbers are called equal if theial@artsare equal, and their imaginaparts
are equal.

i) What isRe(7+3i)? What isIm(8- 11i)?
i) Whataresandt if (3s+1)+(8- 3t)i=7- 4i?

c) Sincé’=-1,wecanusél KS GChL[ ¢ fl¢ G2 02y Of dzRS GKI
(a+bi)(c+di) = ac+adi+bci+bdi® = (ac- bd) + (ad+ bc)i.

i) Compute(2+3i)(2+3i).
i) Compute(2+3i)(2- 3i).

iii) Complex numbers of the form+ bi anda- bi are called complex conjugates of
each other. Noticing that the proatiof complex conjugates is always real, we
a+bi _(a+bi)(c- di) _ (a+bi)(c- di)
c+di (c+di)(c- di)  c2+d?
multiplication by using the complex conjugate of the denominator.

can compute

, turning division into

Compute 1 - and 1 -
2+3i 2- 3

17
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RO [ FGSNI AY (GKS GSNXY 6S gAff RSNAGS 9dz SNNA
trigonometry, €9 = cosg+ising. Use this formula to compute”.

2. a) Use integration by parts to verify thaQ ATo®dQw Q —ATod —O kb
b) Now computéO = 'Q ‘Q 'Qdby using elementary integration.

c) Verifythak RO = Q ATodQo

d) Use the result of part b) to computeQ O EotoQ @

e) (For your final report) use integration by parts to verify theult in part d).
3. a) Now use integration by parts to computeX2 Q Qw o Qw

b) What are (2 ATo®dQdand cQ AT odQb

Note that these would be extremely difficult to do using integration by parts.

18
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Calculus Workisop Series 1

Calculus 2

Week 6

Recall that if a function has two antiderivatives, then those two antiderivatives must differ by a
constant.

This workshops designed to reinforce that fact.
1. a) Calculate O EdA T 6 cusing the substitutionu = sin x.

b) Calculate O EJA T ¢ cusing the substitutionu = COSX.

c) Calculate T 6 &A1 D awice, once using each of the above antiderivatives.

d) Now use a trigopnometric identity twtice that the antiderivative you found in part a) differs
from the one you found in pak) by a constant. What is thenstant?

2. a) CalculateO EDA T ©Q cusing the substitutioru = sin x.
b) Calculate O EDA I ©Q cusing the substitutioru = COSX.

c) Take the antiderivative you found in part a), use a trigopnometric identity to change all the
occurrences ofsin x to occurrences ofcosx, and show that the antiderivative qfart a)
differs from that of part b) by aonstant. What is the constant?

1- cos2x

3. a) Calculate © EDQ awith the help of the identitysin® x = 5

b) Calculate O EDQ dwith the help of the reduction formula

p

fem e, EP
OEMLQ® é—OElwwew — OET 0Qw

c) Use trigonometric identities to show that the antiderivatives you obtained iits @gd and b)
differ from each other by a constant. What is the constant?

19
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Hint: it may be useful to change the antiderivativepaft a) using the identities
cos2g=cos g- sin® g=1- 2sin®* g=2cos g- 1and

sin2g = 2sin gcosq

20
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Calculus Workshop Series

Calculus 2

Week 7

In mathematics, it is common to find new methods to extend knowledge from what isrkim
whatA & dzyly26y> odzi aAYATIFNI 2 6KIFIG Aa (y26yo
fact, the new methods will even provide another way to do the problem whose solution was
already known.

1. a) Use the substitution=4- x” to help you calculate ®/It  ® Qw

Notice that the integral obtained is a simple power rule integndlich was possible to
do in Calculus 1.

b) Now use the trigonomeic substitution x = 2sin g to calculate the same integral. This time
notice thataseOl f f SR a Sl aeé¢ GNAI2y2YSUNRO Ay adSINI
powers of the sin@nd cosine with at least one of the exparts an odd integer.

c) Use this same trigonometric substitutiars 2sin g to calculate, @ Ut ® Q®
Note KI' i I y2G3KSNJ aSIaeé¢ GNARAI2Yy2YSGNARAO AydS3aN

d) Evaluate the integral of part ¢) using the substitution4- x. Notice that this time it is
more difficult, and that you need to writa® asx*(x dx) and then setx* = 4- u.

e) Now consider the integral @ Vit~ ® Q cwThis time the substitutiom=4- x*R2 Sa y Qi
help at all, and the trigonometric substitution= 2sin g yieldsa more difficult
trigonometric integral than the ones in parts b) and e). Evaluate the integral ussg t
trigonometric sistitution; be sure your final answer is in terms)of

One of the key things we see from this example is that trigonometric substis
handle all of theséentegrals, and that Calculus 1 methods only work in special cases, in
this case when the power afis odd, and even then they require a lot of manipulation.

21
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2. a) Earlier we learned the formulapf 6 & Q6 -OAT- &8Use this formula to
help you calculate ————Q w

b) Calculate this same integral using the trigonometric substitutier = 3 tang.

c) Use this same trigonometric substitutia® 4 = 3 tang to help you calculate
—08

d) Finally use this same trigonometric substitutiot 4 = 3 tang to help you calculate
—08

Remember to undo all substitutions, duat all your answers are in terms xf

22
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Calculus Workshop Series

Calculus 2

Week 8

1. Consider 49x" +9 dx
' r"x5- I+ x3-3x2

a) Factor the denominator of the integrand.
b) Expand the integrand as a sum of partial fractions.
c) Evaluate the constants in the expaan.

d) Evaluate the integral.

2. Now consider the integral B +35¢ +119x +34
| gren (x* +4x+13°?

a) Expand the integrand as a sum of partial fractions.

b)  Write the system of 4 equations in 4 unknowns whose solution will give you the
constants.

c) Evaluate the constants.
d) Use atrigonometric substitutiomo convert the integral to one we can do.

e) Evaluate the integral. Be sure to undo the substitution so that the final answer is in terms
of x.

23
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Calculus Workshop Series

Calculus 2

Week 9

{AYLAZ2Y Qa wdz Sxintate fréas indedziirves @venlif Blloizila for the curve is
not known, bu the values othe function at equally spacgabints along the axis are known,

since onlythose values and the lengtB x of the spacing are needed. We woulctlio use this
technique tohelp us measure the area of lowa. A map of lowa is provided on your table, along
with the followingtable of values of latitude and longitude for selected points.

latitude west boundary longitude east boundary
longitude
43.5 -96.5992 -91.2177
43.20829 -96.4748 -91.1096
42.91657 -96.5388 -91.146
42.62486 -96.5152 -90.7031
42.33315 -96.3998 -90.4261
42.04143 -96.2648 -90.164
41.74972 -96.0899 -90.2967
41.45801 -95.9245 -90.6828
41.1663 -95.8506 extra point -91.0398
40.87458 -95.8285 ons -91.033
bdry
40.58287 -95.769 -91.7288 -91.7288
40.37806 point at south tip -91.4191
latitude longitude

24
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The following facts are needed to lpecompute the area:
a) The circumference of the earth is approximately 24,800 miles.

b) The circumference of the circle at latitude is 24800cosa. This circle idivided into360
degrees of longitudeFor example,he length of the line at the northern bowlary
between the west boundargnd the east boundary is
(-912177+96.59922480@04A35° / 36(.

c) The distance between points of equal longitude is measured gl@ag circles, which
have thesame circumference as the equat&o in our caseDX is
(43.5- 43.20829) 24800/ 360.

M O a2 S { AY Rty cldulate Het Sortién ofité area of lowa whicredaot
include the small triangulgsiece at the southeast edge.

2. Approximate the base and heigiftthe small triangular piece, and then approximate its
area.

3. Calculate the area of lowa. How close did you come to the published area of 56,363.3 sq.
mi.? How large a percentage ernierthis?

25
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Calculus Workshop Series

Calculus 2

Week 10

., B 22x+6
1. Con&dera - ¥ 1 8x. 4dx.

a) As the first step in evaluating this integral, use the method of partial fractions totiveitetegrand
as a sum of two fractions.

b) Find theantiderivative of the integrand.
¢) Combine the logarithmic terms of thatiderivative.

d) Find the limit of the antiderivative as- @ . Note that one term of the limit can be calculated with
GKS KStLI 2F f QI 2heritdkmicarib@calcutibd dBextly y R G KS 2

e) Evaluate the integral.

Oy . .. . . .
2. Nowconsider@ e” X"dx. Since this is an integrand for which we are unable to find an

antiderivative, other methods must be used.

l o . L o
a) First note thatfae X“dx is known to exist, since it represents an area under a cwhieh in fact

lies above thex-axis in the region of integration. If we wanted to know its value, we could
F LILINBEAYFGS Al dzAAy3 a2YS YSGK2R &adzOK & {AYL3A

b) Note that ifx2 1, thenx* 2 x. What does this say about the rétmship betweene” X ande™ X 2

o]
c) Show thatﬁ] e” Xdx converges.

o]
d) Conclude thaflj e” X*dx converges. Thimethod is called comparison. By comparamg integral

(known to be positive) tanother positive integral which is larger and yet still convergent, we
are able to conclude that the smaller integral also converges.

27



Calculus 2, Wasshop Series 16 William CArlinghaus

o]
e) Why do the results gfarts a) and yitell us thatﬁ e X dx converges?

o]
f) Do you know wéther or not g' dex converges? Why?

28



Calculus 2, Wasshop Series 16 William CArlinghaus

Calculus Workshop Series

Calculus 2

Week 12

a

1. Recall that a geometric series with first teaymatior has sum S= r
-r

andnth partial sum

_a@-r")
1-r

a) Find the sumfdhe geometric series with first term 3, ratio 4/5.
b) Find the first term of the geostric series with sum 14, ration 3/7.
¢) Find the ratio for the geometric series with first term 2, sum 18.

d) Suppose a geometric series has first term 5, @B8oands, = 35.86765. Findn.

2. When one pays back a loan, the loan payrsemé made after the loan is made, so they only stove
pay back what is called the PRESENT VALUE of the payment amounts. For examplejsf money
lent at 12% yedy interest compounded quarterly, or 3% interest per quarter, a payment of
$1000 3 monthgrom now has PRESENT VAMJE 100q1.03)"", since an amour¥ invested
for 3 months would at the end of that 3 months be worth
V(103) =100q103) *(1.03) = 100¢.

Thuspayments of $1000 at the end of 3 months, 6 months, 9 months, and 12 months would
have aPRESENT VALUE of

100qL03)* +100qL03) 2 +100qL03)"® +100q103) * = 371710

Note that this is the sum of the first itms of a geometric series with
a=100q103 " andr =(1L03)*.

a) Show that in a geometrseries withr = (1+i)™* and first terma(1+i) %,
S, =?(1- r'y= ?(1- (1+i)™"). Notice thats, calculates the size of loan that

payments of sizawill pay off if the interest rate per period is
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b) Verify thaif a=1000,i =.03, thens, =3717.10. Calculates;.

C) Suppose that, after making 4 payments on the loan ofssiaépart b), you decided tpay
off the whole loan. How much would you have to pay at that time.

Hint: You have paid off 3717.10, so what you owe is the vals,6f3717.10) = L ,
4 periods from the beginning of the loan. That is, you o@.03)*

3. Now consider the geometric series withr (1005, first term 70Q1.005*.
a) What is thesum of this series?

b) If you took out a Xyear loan at 6%nterest compounded monthly, how big a loaauld
you pay off with payments of $700 per month (6% per year is .005 per month)?

c) How big a loan could you pay off if you made payments fged%?
d) If you took out the 3§ear loan of part c), how nal would you owe after 15 years?

e) Recently, banks in Japan have started givingy@@0loans. At the interest rates of this
problem, how big a loan could you pay off in 100 years?

f) What percentage of the sum of the infinite seriesjg,?

g) After 30 years of payments on the 3y¥ar loan, how much would you still owe?
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Calculus Workshop Series

Calculus 2
Week 13
1. Consider the convergepiseries é_ % Call its surh.

a) In the proof of the integral test, we established the inequality
—Qw 0 w | —Qw
Use this inequality to establish limits for

b) Since tHi is a series with all positive terms, we also kndw 0.
Use this fact to improve your limits far
c) It was established earlihrat if the nth partial sums, is used as an estimate far the error

R, satisfies ﬁ*lx_l“ dx¢R, ¢ ﬁ%dx.

i) Uses, as an estimate fot. How big could the error be?

i) What is the smallestyou could use to be sure the error <.001? Find this estimate

for L.

1 . . .
d) Now conS|dera Trone3 a series known to converge bgngparison to the series
n
n=1

above.Earlier it was establishetiat the error in usings, as an estimate for the sum has
error no more than the error for the corresponding partial sum in part c. Find an
estimate for the sum of this serieshich has error < .001.

e) Consider the alternating serla (- 1)n+l 1

n=1

A0 a8 [SAoyAT Q ¢Sad G2 aK2s GKAA ASNASE
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i) Recall that the error in usirg for an estimate of the sim is less thathe absolute
valueof the (0+1)st term. What is the smallestwhich will make the error <
.001? Find the estimated sum using this value. of

2. The following are related alternating series, whose relationship we shall investigate late

a) Considerq (- 1)”+1(2n—11)|. Show this series converges, and find an estimate of the sum
n=1 - :

accurate to 3 decimal places. How many terms of the series did you have to add?

e . (.08)7" 1
-1" 1(—
b) Consuderel( ) (2n- 1)

accurateto 3 decimal places. How many terms were required this time?

. Show this seriesonverges, and find an estimate of the sum

S w1 (2.5)7"1
C) Con&de%( 1) —(Zn- o

accurate to 3 decimal places. How manymsrwere required this time?

Show this series converges, and find an estimate aune

d) Calculate sin 1,rsi08,sin 2.5. Are the answers related to what you found above?
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Calculus Workshop Series

Calculus 2

Week 14

e}

Notation: Letd a, X" be a power series with suin
n=0

n+l n+2

Then s, =g, +ax+..a.x" and R, =L- 5 =a,x" +a,,X" " +..

o}

. . -1 s
1. Consider the geometric senﬁs— = X" =1+ x+x*+...+x"+..., convergent for 1< x < 1.
- X n=0

a) Uses, for this series to estimate 1/.98

b) Show this estimate is accurate is accurate to 4 decimal places by showilly) thatself a
geometric series with sum < .00001

c) Find a serieq a,x" for -1
1+x 1- (-x)
d) Findaseriesforip @ _—Q® 6 _BOOQ®

i) Setx=0to calculateC.
ii) Does thé series converge for=1? Why?
iii) How many terms would you have to add to estimbt@ with error <.001?
e) Calculate —'Q ausingpartial fractions.
f) Setx=1/3in this series. To what value does the series converge?
g) UseZs, to estimateln 2.
h) Show this is a good estimate by showing that

N € V) M € V) N € V) &
* 9 7 7(1-1/9)
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2. a) Find a serigq b,x" for

1+ x%°
b) Find a seriesf@Alo . —Qw 6 _BoO®.
¢) Does this series converge fol? Why?

d) How many terms would be needed to estimae 4(p/ 4) = 4tan *1with error < 001?

+
e) Use the addivn formulatan(a + b) = tana +tanb to show that

1- tanatanb
tan(tan *1/ 2+tan*1/ 3) =1=tan(p/ 4) and thus thatp/ 4 =tan *1/ 2+tan *1/ 3.

f) Estimatep using the fomula of e) and the series fdan* x. Show the error < .001
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Calculus 2 Workshop for a Single Semester

Series 2

Classroom tested at Lawrence Technological University
Department of Mahematics and Computer Science

Prof. William C. Arlinghaus, Ph.D.
with input from
Prof. Michael Mersher
Prof. James Nanny
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Thegoal of the calculus workshop is to provide each student with (1) a deeper understanding of
the important mathematical conceptsneountered in calculus and (2) an opportunity to

develop beneficigbroblem-solvingskills within a collaborative group settingVhile the

workshop program is designed to be essentially independent of a traditional lecture portion of
a course, the work dee in the workshop will generally be related to many materials covered in
lectures. Instructors may make a judicious selectrom the various series that appear below,
depending on how an individual course might be structured.

The calculus workshop igdgned to be completed in 1 hoand 15 minutes, once a week
throughout a semester. Students should work in small groupsspeeial set of problems,
distributed at the beginning of the workshop session. Workshop facilitators should be available
to ansver questions and offer limited suggestions during each workshop session. Work groups
might be reassigned periodically duritige semester.

Members of each group are encouraged to work together, share ideas, and divide tasks when
appropriate in order tacomplete as many of the assigned exercises as possible during the
scheduled workshop session. Groups are also encouragesuntarily exchange-enail
usernames and to set up additional meeting times as needed during the week in order to
complete unfinshed solutions and to share all final results.

Each student is required to turn in an individual written report following eaebkly
workshop. Each graded workshop report should be assigned a score ranging from 0 to 10
points (or other scheme at instruat discretion).

The overall semester grade for the workshop will equal the sum of the highest ten report scores
(maximum 10Qoints, using the@en-point scale suggested above) and will be considered
equivalent to one irclass exam.

One final note: Stdents are also encouraged to consider forming independent study groups to
work on regularly assigned homework and to prepamegiwams throughout the semester.
(Keep in mind that the workshop sessiom@ to be used for this purpose.)
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Calculus Workisop Report Guidelines

Weekly workshop reports should be submitted to a fixed regular location by a fixed time. Late
reports should not be considered. Graded reports should be returned the following week.

Each student must submit a complete workshop megor each workshop attended. Every
member of a group is expected to record the solutions collaboratively obtaigedai group

either during the workshop or, if necessary, at a subsequent group meeting. Once the group
work is completed, each studers expected to independently prepare a final workshop report
recounting the computational details of the solutions oipied and providing all final answers
and required graphs. In some cases it may also be appropriate to include a brief summary of
the methods used and any general conclusions that can be drawn from the results.

Mathematical solutions should be completegpise, well organized, and notationally correct.
In all written explanations, proper attention should be given to legibility, grammailisg, and
punctuation. Each solution should be clearly labeled with the appropriate problem number.

Each week studws should receive a Workshop Report cover page which must be included as
the first page of the individual report. On it students mustyide

1 Name and student ID number

1 Date

1 Lecture instructor

1 Names of all other group members

Additional sheets sbuld be attached in order with a staple in the upper left corner. Use only
one side of each sheet. Partial sheets and pages torn from spietbooks or ring binders are
not acceptable. The use of graph paper is recommended for-deasn graphs.

Excesive or habitual tardiness by any member of a group is unfair to the other members and
puts the whole group at a disadvantage. For this reagooyps with fewer than four members
will generally be combined with other groups. Any student arriving lalldo@ireassigned to a
different group as space is available. Anyone arriving over 20 minutes late will be excluded
from participating in that ession and will be marked absent. There will be no opportunity to
GYlF1SdzL | YA&aaSR 62N akKz2Ll aSaarzyo
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Calculus Workshop Series ?

Calculus 2

Week 1

1. a) Use the substitution = 4- x? to help you calculate Wit @ 'Q @wNotice that the
integralobtained is a simple power rule integral.

b) Use thesame substitution to calculate oMt ® ‘Q ®Undo the substitution before
calculating the integral

c) Use this same substitution to calculates¥it @ 'Q ¢again,only this time change the
limits of integration when you make the substitution.

2. a) Use theame substitution to calculate @ Ut~ & ‘Q cNotice that you will have to
think ofx® as X &, expressing the first factor in terms ofaind using the second as
part of du.

b) Calculatedéx3\/4- x*dx

3. Evaluat qﬁ dx. Notice that this time using the substitutiar1+2xand changing

V1+2x
the limits of integration makes this problem a power rule problem withyea
calculations.
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Calculus Workshop Series ?

Calculus 2
Week 2
Ie2X?: 4 < -2
1. Letf() = {4217 -2¢x¢8
i 2X+5 X2 8
[ 7

a) Plot the 4 points corresponding xo= -4, x=-2,x = 8,andx = 15
b) Draw thegraph dix). 6 52y Qi LI 204 Fye@ Y2NB LRAYy(iad0

) As yoican see, the graph consssif portions of 3 lines. What are the slopes of thésee
portions of Ines?

d) Plot the mirror images (acrogsx) of the 4 points you found in part a).
e) Draw the graph off ** (x).
f) What are the slopesf the three portions of lines that comprise the graph fof* (x) ?

g) Give an explicformula for f * (X).

2. Let f(x)=5- (x- 4)* forx¢4, the left half of a parabola with vertei,5).
a) Showf is 1-1 by showing thaf is increasinghroughout its domain.

b) Find the point(s) wherg=x andy=f(x) intersect.

¢) Find the intercepts of the graph k).

d) Draw the graph di(x).

e) What are the domain and range df * (x)?

f) Draw the gaph of f * (X).
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g) Find the value of the derivative of * (X) at the points wherex= 0andx=-11. Use your
knowledge of the derivative df(x) to perform this calculation.

h) Find an explicit formula forf ~* (x).

i) Calculate thelerivative of f * (x). Evaluate this derivative at= 0andx =-11to verifythat
your answers in part g) are correct.
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Calculus Workshop Series ?

Calculus 2

Week 3

1. LetRbe the region bounded by= In xand by a lind. which passes througthe points(1,0)
and (e4,2).

a) Draw a grapbfy=InxandL, and shade the regioR.

b) Set up the definite integral to calculate the areddly integration with respect ta.

Ou 2 Kg OlFlyQil &2dz S@lIfdzr S GKA&a AYyaGS3aNITK
d) Draw the mirror image @& across the ling/ = x.

e) What is the equation of the mirror imageldf

f) Set up the integral to evaluate the area of the mirror image loy integration with respect
to x.

g) Evaluate this integral.

h) What is the area ¢¥?

e
2. Nowconsider the integraﬁ In x dx .

a) Graph the region whose area is represented by this integral.

b) Besideg = In x, what are the other two boundaries of this region?

c) Draw the mirror image of this region across the hne x.

d) What are the equations of the two straight line boundaries of this region?

e) Set up the integral to evaluate the area of this region by integration with respgct to

f) Evaluate tlsiintegral.

Je
g) What is the vakiof the original integralr“l Inx dx ?
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h) Now look in a table of integraksnd find an antiderivative df x. Use this to verify that the
answer you obtained in g) is correct.
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Calculusorkshop Sees 2

Calculus 2

Week 4

1. LetRbe the region in the first quadrant bounded by=sinx, y =sin"*x, and by the
straight linesx=p/3 and y=p/3.

a) DrawR(recall that the graph of/ = sinx lies below the graphfoy = x in the firstquadrant,
and use reflection to draw the graph of = sin™* x).

b) Set up, but do not evaluatéhe integrals (with respect t&) which represent the area &t

c) Now draw the ling/ = x through this regiorR, dividing the region into twoegions. Call the
upper regionSand the lower regiorT.

d) Why do you know that the area $f the area ofl ?
e) Set up and evaluate the integral (with respect)tto calcuhte the area off.

f) What are the areas @R, S andT respectively? Give both exact answers and numerical
approximations.

NOTE: The following antiderivative formulas will be useful towin calculating the integrali
problem 2.

ﬁsinzxdx: x/2- sinxcosx/2+C

ﬁ(Sin xdx=sin x- xcosx+C

2. Now rotate the regioR about they-axis, obtaining a solid of volumé

a) Set up, but do not evaluate, the integrals to calculate this voMimgusingcylindrical
shells

b) Set up, but do not evaluate, thdegrals to calculate this voluméby usingwvashers.
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NOTICE that neither of these integrals can be calculated by methods we know so far.

c) Suppose thaband T were rotated about they-axis, giving rise to solid$é volumesvg and
V;, respectively. Doeg=V,+V,;? Doed/s = V,;? Why or why not?

In parts d,e,f give both exact answers amdimerical approximations.
d) Calculat&/ by using washers.
e) Calculat®/; by using cylindrical shells
f) Calculatey.

g) Verify, by differentiating the antiderivatives of the note, that the antiderivative fdasu
given in the note are correct.
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Calculus Wdkshop Series 2

Calculus 2

Week 5

1. a)LetO0 | wQw
i) ComputeF(2),F(2),F(0),F(- 1/ 2).
ii) ComputeF(t) fort , -1
AAAOD &S fQl 2a LJZ\:GtIImfllEz(é). wdzft S G2 O2YLlziS
iv) Doed. = F(-1)? What does this say abol?
b) Let Fy (t) = rjxtdx
i) ComputeF (t) fort, -1
i) ComputeL, =tlim 1 Fr (t).
i) DoesLy = F (-1)?

¢) What does this tell you aboql%l dx in relation to thepower rule?
X

x*-5

2. Consider the graph of (x) = ———.
grap ) e*(3x- 5)

a) Fird all intercepts.

b) Find all vertical asymptotes.

00 1 as fQl2aLiilnf @ABwEE S G2 O2YLidzi$

d) Find all horizontal asymptotes.
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e) Calculatef '(x).
f) What are thecritical points?

19x* - 48x3 +70x? - 40x- 15
e“(3x- 5)°

g) Verify thatf"(x) =

h) What ae the local maxima and minima &
i) Calculatd " (-.3), f"(-.2), f"(3.5), f"(3.6).
J) What are the inflection points df(approximately)?

k) Graph(x), plotting both x- andy-coordinates of alielevant points and identifying all of the
above features carefully.
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Cdculus Workshop Series 2

Calculus 2

Week 6

Notice that, even in integration by parts, the obvious substitution may not be correct.

1. a) Use integration by parts walculate, & O A TowQ & Note that because only the
derivative, notthe integral of tan'* x is known, we must leti = tan* x. Only one
application of integratiorby parts is needed, but long division is needed to calculate the
resuting integral.

b) Use inggration by parts to calculate @ 1 & 'Q wAgain, we must use the nesbvious
substitution. This time we must apply integration by parts twice.

2. LefO . 'Q ATddQcandd | Q OEhQ®
. . . 1 6X 1
a) Use integratin by parts withu = cos3x to show that | = Ee 0053x+§J.

b) Use integration by parts withh=sin3x to show that J = :—éeax sin3x - :—ZLI .

c) Substitute the value dffrom b) into the equatiorfor | from a) to calculaté.
d) Substitute the value offrom a) into the equation fod from b) to calculatel.

Notice that this time we applied integration by parts twice but were only able to calcylate
indirectly.

3. Consider the integralc A T ¢8R wThis time the obvious substitution works, but we have to
applyintegration by parts six times. Notickowever, that the functions that wer@uandvin

the first application becoma anddvin the second, and that this continuesat the

applications. So make a table as follows:
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Udu dvv
X cos
6x° sin»
30x* -COS X
0

Note that the first two values afvappear as produstalong the diagonal lines in the table,
giventhat the signs (+ ang are included

a) Complete the table.

b) Write the integral, using this table. This method is called tabular integration and can be
usedany time that the originali is a polynomiahnd the originatlvcan be integrated as
many timesas may be required.
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Calculus Vérkshop Series 2

Calculus 2

Week 7

Recall that if a function has two antiderivatives, then those two antiderivatives must differ by a
constant.

This workshop is designed teinforce that fact.

1. a) Calculate O EdA T 66D cusing the substittion u = sinx.
b) Calculate O EJA T ¢ cusing the substitutionu = COSX.
c) Calculate T 6 &A1 D awice, once using each of the aboastiderivatives.

d) Now use a trigopnometric identity to tice that the antiderivative you found in part a) differs
from the one you found in part b) by a constant. What is the constant?

2. a) Calculate O E A 1 ©Q cusing the substitutionu = sinx.
b) Calculate O E A T &@Q cusing the substitutioru = COSX.

c) Take the antiderivative you found in part a), use a trigonometric identity to change all the
occurrences 08in x to occurrences ofcosx, and show that the antidevative of part a)
differs from that of part b) by a constant. What is the constant?

1+ cos2x

3. a) CalculateA T &Q cwith the help of the identitycos” x = 5

b) Calculate AT &Q cwith the help of the reduction formula

fFos'xdx= lcos"'1 xsin X+L1FFOS"'2X dx.
n n
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c) Use trigonometric identities to show that the antiderivatives you obtained in parts a) and b)
differ from ead other by a constant. What is the constant?

Hint: it may be useful to change the antiderivative of part ajgiihe identities
c0s2g=cos ¢g- sin® g=1- 2sin® g=2cos g- 1 and

sin2g = 2sin gcosq
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Calculus Workshop Series ?

Calculus 2

Week 8

In mathematics, it is common to find new methods to extend kmalge from what is knwn to

whatA & dzyly26y> odzi aAYAf Il N (2 beksillustratéthaliyi2 6y @
fact, the new methodswill even provide another way to do the problem oge solution was

already known.

1. a) Use the substitution=9- x?to help you calculate Ww & ‘Q wNotice that the
integralobtained is a simple power rule integral, which was possibt#o in Calculus 1.

b) Now use the trigonometc substitution x = 3sin g to calculate the same integral. This time
noticethatasecak SR a Sl aeé¢ GNAI2y2YSOGNRO AydiS3aNIE
powersof the sine and cosine withat least one of the exponents an odd integer.

c) Use this same trigonometric substitutiarr 3sin g to calculate @ Vw @ '‘Q @Note that
FY20KSN) aSlae¢ GNRAI2Yy2YSUNRO AyGSaINIE Aa 2

d) Evaluate the integral of part c) using the sulbsitin u=9- x*. Notice that this time it is
more difficult, and that you need to writg® asx*(x dx) and then setx* =9- u.

e) Now consider the integral & Viw @ 'Q & This time the substitutiom=9- x*R2 S& y Qi
helpat all, and the trigonometric substitutior = 3sin g yields a more difficult
trigonometric integrathan the ones in parts b) and e). Evaluate the integral usiisg th
trigonometric substitutionjpe sure your final answer is in terms xf

One of the key things we see from this example is that trigonometbstgutions handle all of
theseintegrals, and that Calculus 1 methods only work in special cases, in thilean the
power ofxisodd, and even then they require a lot of manipulation.

2. a) Earlier we learned the formuﬁjzlizdu = ltan‘1E +C. Use this formula tdnelp yau
+a a a

calculatey 5 dx
+6x+25

b) Calculate this same integral using the trigonometric substitutier8 = 4 tang.
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c) Use this same trigonometric substitutiar 3= 4 tang to help you calculate

N 1 dx
r\'(xz +6x+ 257

d) Finally use tsisame trigonometric substitutior + 3 =4 tang to help you calculate

N 1 dx
r\'(xz +6x+25°

Remember to undo all substitutions, so that all your answers are in terms of
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Calcuus Workshop Series 2

Calculus 2

Week 9

1. Considef ———— Qw

a) Factor the denominator of the integrand.

b) Expand the integrand as a sum of partial fractions.
c) Evaluate the constants in the expansion.

d) Evaluate the itegral.

2. Now consider the integral Qw

a) Expand the integrand as a sum of partial fractions.

b)  Write the system of 4 equations in 4 unknowns whose solution will give you the
constants.

c) Evaluate the costants.
d) Use a trigonmetric substitutionto convert the integral to one we can do.

e) Evaluate the integral. Be sure to undo the substitution so that the final answer is in terms
of x.
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Calculus Workshop Series ?

Calculus 2

Week 10

1. Consider Qw

a) As the first step in evaluating this integral, use the method of partial fractions to thete
integrand as a sum of two fractions.

b) Find the antiderivative of the integrand.
c) Combine the logarithmic terms thie antiderivative.

d) Find the limit of the antiderivative as- © . Note that one term of the limit can be
OF £ Odzf F i1 SR 6AGK (GKS KStfLI 2F fQl 2aLlhAdlrfQa
directly.

e) Evaluate the integral.

2. Now consider Q 'QwsSince this is an integrand for which we are unable to find an
antiderivative, other methodsust be used.

a) Firstnotethat ‘Q 'Qads known to exist, since it represents an area under a cwhieh
in fact lies &ove thex-axis in the region of integration. If we wanted to knowigdue,
$6S O02dz R | LIINBEAYIFGS AlG dzaAay3da az2vyS YSiGiK2R

XZ

b) Note that ifx 2 1, then x* 2 x. What does this say about the relationsiietweene™ * and

e X?
c) Showthat Q 'Qwonverges.

d) Conclude that Q 'Qaeonverges. This method is called comparison. By compamniag

integral (known to be positive) to another positivegegral which is larger and yet still
convergent, we are able to colucle that the smaller integral also converges.
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e) Why do the results gfarts a) and d) tellus that 'Q 'Q ceonverges?

f) Do you know whether or npt Q 'Q caonverges? Why?
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Calculus Workshop Series ?

Calculus 2

Week 11

1. Calculate the limits of the following sequences.

28 7n°- 3n+6
a) L
29 5n° +4n+1
56 7n°-3n+6
b) L
29 5n° +4n+1
3_
c) E,ta '155,...,tan'17nz—?m4-6,...
4 29 5n° +4n+1

: : - . a .
2. Recall that a geometric series with first tegymatior hassum S= T andnth partial
- r

a(l-r"
sums, = %
a) Find the sum of the geometric series with first term 5, ratio 4/9.
b) Find the first term of the geometric sesiwith sum 11, ratio 3/5.
c) Find the ratio for the geometric series with first term 6, sum 18.

d) Suppose a geometrseries has first term 5, ratio 7/8, argd = 35.86765. Findn.

3. When one pays back a loan, the loan payments are madeth# loan is made, so they only
serveto pay back what is called the PRESENT VALUE of the payment amounts. For
exampe, if moneyis lent at 6%yearly interest compounded monthly, or 0.5% interest
per month, a payment of $1000 one month from now has PRESENT VALUE
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V =100q1L005*, since an amour¥ investedfor 1 month would at the end of that
month be worthv (1005 =100q1.005 * (1005 = 100(.

Thus paymets of $1000 at the end of each month fawear, starting in one month,
would have @RESENT VALUE of

100G1009"* + 10010092 +100q1005 3 +...+100q1005 *2 Note that this is the
sum of the first 12 terms of a geometric series witk- 100q1005* and r = (1005 *

a) Slw that in a geometric sées withr = (1+i)™* and first terma(1+i)*,
:"i—i(l- r')y= ?(1- (1+i)™"). Notice thats, calculates the size of loan that

payments of size a will pay off if the interest rate per period is
b) Find the sum of the series &#=100Qi =.00¢.

c) Verify that ifa =1000,i =.005, thens;, =11618.93.

d) How large a mortgage could you pay off in 15 years with payments of $106ptr,
with interest rate 6% compounded monthly? What partial sum is this?

e) How large a mortgage could you pay off in 30 years with payments of $1000 per month,
with interest rate 6% compounded monthly? What partial sum is this?
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Calculusorkshop Series 2

Calculus 2

Week 12

1. Consider the convergeniseries § % Call its surh.
n=1 n
a) In the proof of the integral test, we established the inequality
—Qw 0 ®w |, —Qw
Use this inequality to establishmits forL.

b) Since this is a series with all positigents, we also knowd 0. Use this fact to improve
your limits forL.

c) We have establisheglsewherethat if the nth partial sums, is used as an estimate for

the errorR, satisfies ﬁﬂ% dx¢R ¢ ﬁ%dx.
ML X ™ X

i) Uses, as an estimate fot. How big could the error be?

i) What is the smallestyou could use to be sure the error < .00E#hd this estimate
for L.

d) Itwas also established elsewhéteat by addings, to the inequality of part c)pne obtains
i . MQuQw 0 i | "QwQwTaking the average diie left-hand and
right-hand sides of this inequality gives an estimaté @fhich is in error by at most half
the difference between them.

i) Use thes, of part c)i) and the above inequality to get a new estimatelfoHowlarge
could the error be?

i) Now uses, for the n of part c)ii) andhe above inequality to get a new estimate for
L. How large could the error be?
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a

2. Now congiler g

n=1
above. Thistime it was established previoudlyat the error in usings, as an estimate
for the sum hagrror no more than the error for the correspding partial sum in part c.
Find an estimate fothe sum of this series which has error < .001.

, a series known to converge by comparison to the series
n*+n*+3
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Calculus Workshop Series ?

Catulus 2

Week 13

w1
n*

1. Consider the alternating serigg (- 1)

n=1
a) Use the Alternating Series Test to shbig series converges.

b) Recall that the error in usirgy for an esimate of the sum is less thahe absolute valuef
the (n+1)st term. What is the smallestwhich will make the error <.001? Find the
estimated sum using thisalue ofn.

2. The following are related alternating series, whose relationship we slhialitigate later.

a) Considerq (- 1)”*1(2n—11)'. Show this series converges, and find an estimate o$tine
n=1 - .

accurate to 3 decimal places. How many termthefseries did you have to add?

S w (113)271
b) ConS|derna:_1( 1) —(2n- D

accurate to 3 decimal places. How many terms were required this time?

. Show this series ngerges, and find an estimate of tlkem

L a a(2.3)"1
-" 1(—_
C) Con&de%( ) (2n- 1)

accurate to 3 decimal places. How many temese required this time?

Show this se#s converges, and find an estimate of #en

d) Calculate sin 1, sin .13, sin 2.3. Are the answers related to what you found above?
Notation: Letd a, x"be a powerseries with suni..

n=0

Thens =a,+ax+..ax” and R, =L- s =a X" +a X" +..
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o

, : -1 o
3. Consider the geometric serlﬁs— = 4 X" =1+ x+x*+...+x"+..., convergent for
- n=0

-1<x<1.

a) Uses, for this series to estimate 1/

b) Show this estimate is accurate is accurate to 4 decimal plac#®lyng thatR, is itself a
geometric series with sum < .00001

c) Find a serieqy a x" for -1 . If a series has radius of ooergenceR, so does
1+x 1- (-x)
the integral or derivative of the series. So wansider the integral of the series in part
C.
d) Findaseriesforip @ . —Q® _ BOOQw

i) Setx=0to calculateC.

il) Does this series converge ferl? Why?

iii) How many terms would you have to add to estimbit® with error < .001?
e) @lculate, —'Q dboth using partihfractions and using power series.
f) Setx=1/3in both calculations. To what value does the series converge?
g) UseZ2s, to estimateln 2. Notice that this requires adding onlydn-zero terms.
h) Show this is a good estineaby showing that

(1/3)°, W™, _ @3y
9 9 T 91-1/9)

R <
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Calculus Workshop Series ?

Calculus 2

Week 14

2n+1

1. a) Recall the series representattan*x =3 (- 1)" X
=0 2n+1

b) How many terms would be needed to estimate 4(,0/ 4) = 4tan* 1 with error < .001?

c) Use theaddition formulatan(a + b) = tana +tanb to show that

1- tanatanb
tan(tan *1/ 2+tan*1/ 3) =1=tan(p/ 4) and thus thatp/ 4 =tan*1/ 2+tan'1/ 3.

d) Estimate using the formula of e)rad the series fotan* x. Show the error < .001

2. Find a Taylor series f0ix- 3 near x=11.

3. a) Find a Maclaurin series @mshx, using the definition of Maclaurin series.

b) Find this same series by using the definitionashx and the Maclaurin series fa".
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Calculus 2 Workshdpr a Single Semester

Series 3

Classroom tested at Lawrence Technological University
Department ofMathematics and Computer Science

Prof. William C. Arlinghaus, Ph.D.
with input from
Prof. Michael Mersher
Prof. James Nanny

63




Calculus 2, Wasshop Series 16 William CArlinghaus

The goal of the calculus workg is to provide each student with (1) a deeper understanding of
the important mathematical conceptencountered in calculus and (2) an opportunity to
develop beneficigbroblem-solvingskills within a collaborative group setting. While the
workshop progam is designed to be essentially independent of a traditional lecture portion of
a course, the worklone in the workshop will generally be related to many materials covered in
lectures. Instructors may make a judicious selection from the various seateagpear below,
depending on how an individual course might be structured.

The calculus workshop desgned to be completed in 1 hoand 15 minutes, once a week
throughout a semester. Students should work in small groups on a special set of problems,
distributed at the beginning of the workshop session. Workshop facilitators should be available
to answer questions and offer limited suggestions during each workshop session. Work groups
might be reassigned periodically during the semester.

Members ofeach group are encouraged to work together, share ideas, and divide tasks when
appropriate in ordeto complete as many of the assigned exercises as possible during the
scheduled workshop session. Groups are also encouraged to voluntarily excharage e
usernames and to set up additional meeting times as needed during the week in order to
complete uninished solutions and to share all final results.

Each student is required to turn in an individual written report following each weekly
workshop. Each grad workshop report should be assigned a score ranging from 0 to 10
points (or other scheme at instctor discretion).

The overall semester grade for the workshop will equal the sum of the highest ten report scores
(maximum 100 points, using then-point scale suggested above) and will be considered
equivalent to one irclass exam.

One final note:Students are also encouraged to consider forming independent study groups to
work on regularly assigned homework and to prepare for exams throughout thesseme
(Keep in mind that the workshop sessiom@ to be used for this purpose.)
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Calculus Workshop Report Guidelines

Weekly workshop reports should be submitted to a fixed regular location by a fixed time. Late
reports should not be considered.r&sled reports should be returned the following week.

Each student must submit a complet@rkshop report for each workshop attended. Every
member of a group is expected to record the solutions collaboratively obtained by that group
either during the worklkop or, if necessary, at a subsequent group meeting. Once the group
work is completedeach student is expected to independently prepare a final workshop report
recounting the computational details of the solutions obtained and providing all final answers
and required graphs. In some cases it may also be appropriate to include a brief suaima
the methods used and any general conclusions that can be drawn from the results.

Mathematical solutions should be complete, precise, well organized, and not#jicraarect.
In all written explanations, proper attention should be given to legihiframmar, spelling, and
punctuation. Each solution should be clearly labeled with the appropriate problem number.

Each week students should receive a Workshop Raqoatr page which must be included as
the first page of the individual report. On iustents must provide

1 Name and student ID number

1 Date

1 Lecture instructor

1 Names of all other group members

Additional sheets should be attached in order with gostan the upper left corner. Use only
one side of each sheet. Partial sheets pades torn from spiral notebooks or ring binders are
not acceptable. The use of graph paper is recommended for-deasn graphs.

Excessive or habitual tardiness by anymber of a group is unfair to the other members and
puts the whole group at a disadviage. For this reason, groups with fewer than four members
will generally be combined with other groups. Any student arriving late will be reassigned to a
different groy as space is available. Anyone arriving over 20 minutes late will be excluded
from participating in that session and will be marked absent. There will be no opportunity to
GYlF1SdzL | YA&aaSR 62N akKz2Ll aSaarzyo
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Calculus Workshop Series }

Calculus 2

Week1

2x- 8
Te 3 X¢-2
}5x- -2¢x¢4
1. Let f(x) = ¥5X514
i
1 3x-7 X2 4
[ 5

a) Plot the 4 points correspondjrtox =-3,x=-2,x=4,andx = 9.
b) Draw thegraph dix). 6 52y Qi LI 204 Fye& Y2NB LRAYy(iaod0

c) As you can see, the graph corsgdtportions of 3 lines. What are tlgdopes of thes¢hree
portions of lines?

d) Plot the mirror images (acrogsx) of the 4 points you found in part a).
e) Draw the graph off ** (x).
f) What are the slopes of the three portions of lines that comprise the graph bfx) ?

g) Give an explicit fonula for f* (x).

2. Let f(x)=7- (x- 5)* forx¢5, the left half of a parabola with verte,7).
a) Showf is 1-1 by showing that is increasing throughout its domain.

b) Find tle point(s) wherey=x andy=f(x) intersect.

c¢) Find the intercepts of the graph k).

d) Draw the graph dix).

e) What are the domain and range df * (x)?

f) Draw the graph of "* (x).
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g) Find the value of the destive of f * (x) at the points wherex= 0andx =-18. Use your
knowledge of the derivative df(x) to perform this calculation.

h) Find an explicit formula forf ~* (x).

i) Calculate thelerivative of f * (x). Evaluate this derivative at= 0andx = -18to verifythat
your answers in part g) are correct.
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Calculus Workshop Series }

Calculus 2

Week 2

1. LetRbe the region bounded by= In xand by a lind. which passethroughthe points(1,0)
and(e-5,1.5)

a) Draw a graph ofIn xandL, and shade the regioR.

b) Set up the definite integrdb calculate the area dR by integrationwith respect tox.

(o)1) 2 Kg OlFlyQil &2dz S@lIfdzr S GKA&a AYyaGS3aNITK
d) Draw the miwr image ofR across the ling/ = x.

e) What is the equation of the mirror imageldf

f) Set up the integral to evaluate the area of the mirror imagelmf integration with respect
to x.

g) Evaluate this integral.

h) What is the area ¢¥?

2. Now consider the integral "1 boe

a) Graph the region whose area is represerigdhis integral.

b) Besideg = Inx, what are the other two boundaries of this region?

c) Draw the mirror image of this region across the yirex.

d) What are the equationsf the two straight line boundaries of this region?

e) Set up the imtgral to evaluate the area of this region by integration with respeat to

f) Evaluate this integral.
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N N
g) What is thevalue of the original integral | WQ®

h) Now look aable of integral&nd find an antiderivative dh x. Use this toverify that the
answer you obtained in g) is correct.
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Calculus Workshop Series }

Calculus 2

Week 3

1. LetRbe the region in the first quadrant bounded byO EJ¢ , y= 2sin"*x, and by the
straight linesx=p and y=p.

a) DrawR (note that the graph ofo O EJ¢ lies below the graph ofy = x in the first
guadrant; then use properties of reflection and inverse functiondreowthe graph of
y = 2sin"*x).

b) Set up, but do not evaluatéhe integrals (with respect t&) which represent the area &t

c) Now draw the ling/ = x through this regiorR, dividing the region into twoegions. Call the
upperregionSand the lower regiorT.

d) Why do you know that the area $&the area ofT?
e) Set up and evaluate the integral (with respect)tto calculate the area df.

f) What are the areas &, S andT respectively? Give both exact answargl numerical
approximations.

NOTE: The following antiderivative formulas will be useful to you in calculating the integnals
problem 2.

< 0 o Q
Ti Mo — TidH A F

O i Mo Tid OTHI Ol F

2. Now ptate the regionR about they-axis, obtaining a solid of volumé

a) Set up, but do not evaluate, the integrals to calculate this voMimgusingecylindrical
shells.

b) Set up, but do not evaluate, the integrals to chlte this voluméV by usingwashers.
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NOTICE that neither of these integrals can be calculated by methods we know so far.

c) Suppose theband T were rotated about they-axis, giving rise to solids of volumé&sand
V;, respectively. Doeg=V,+V,;? Doed/s = V,;? Why or why not?

In parts d,e,f give both exact answers and numerical approximations.
d) Calculat&/ by using washers.

e) CalcwdteV; by using cylindrical shells

f) Calculatey.

g) Verify, by differentiating the antiderivatives of the note, that the antiderivative formulas
given in the note are correct.
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Calculus VWérkshop Series 3

Calculus 2

Week 4

1. a)Let'O0 | wQw
i) ComputeF(2),F(2),F(0),F(-1/2).
ii) ComputeF(t) fort , -1

~ . lim " . o . A
AAAO | &as fQIEéLM:thI-flfFéI).wdsz U2 O0O2YLJzi S

iv) Doed. = F(-1)? What does this say abol?
b) LetO0 & wQw

i) ComputeF, (t) fort, -1

.. lim
i) Computely :t 1 R (t).

i) DoesLy = F (-1)7?

¢) What does this tell you about -'Q dn relation to thepower rule?

x2-7

2. Consider the graph of (x) = ———.
drap ) e*(4x- 7)

a) Find all intercepts df

b) Find dlvertical asymptotes df.

- i A . 9 . A
o0 A4S tQl 24LR uX|-TgéX(4wdif).s G2 O2YLdz $
d) Find all horizontal asymptotes bof
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e) Calculatef '(x)..

f) What arethe critical points forf?

16x* - 88x> +105x% - 28x- 77
eX(4x- 7)° '

g) Verify thatf" (x) =
h) What are the locahaxima and minima df?

i) Calculatd " (-0.7), f"(-0.6), f"(4), f"(4.2).

J) What are the inflection points df(approximately)?

k) GrapH(x), plotting both x- andy-coordinates of all relevant points and identifying all of

the above features carefully.
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Calcuus Workshop Series 3

Calculus 2

Week 5

Notice that, even in integration by parts, the obvious substitution may not be correct.

1. a) Use inkgration by parts to calculatecw O A T¢®Q cwNote that because only the
derivative, notthe integral of tan* 2x is known, we must leti = tani* 2x. Only one
application of integratiorby parts is needed, but lomdjvision is needed to calculate the
resulting integral.

b) Use inégration by parts to calculatecw | & 'Q @Again, we must use the nesbvious
substitution. This time we must apply integration by parts twice.

2. LetO . 'Q ATAdQAT A A Q OBbhQ®

a) Use integration by parts witlh=cos3x to show thd | = %e“x COS3X +§J )

b) Use integration by parts withh=sin3x to show that J = lee“x sin3x - EI .

c) Substitute the value dffrom b) into the equation fot from a) to calculaté.
d) Substitute the value offrom a) into theequation forJ from b) to calculatel.

Notice that this time we applied integration by parts twice but were only ableatoulatel, J
indirectly.

3. Consider the integraley O EIQ @ This time the obviousubstitution works, but we havie
apply integration by parts six times. Notice , however, that the functions that dere
andv in the first applicatiorbecomeu anddvin the second, and that this continues in
all the applications. So make a table as follows:
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Udu dvv
X sin x
6x° -COS X
30x* -sin x
0

Note that the first two values afv appear as products along the diagonal lines in the table,
giventhat the signs (+ ang are include.

a) Complete the table.

b) Write the integral, using this table. Thistimod is calledabular integration and can be
usedany time that the originall is a polynomial and the origindl'can be integrated as
many timesas may be required.
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CalculusiVorkshop Series 3

Calculus 2

Week 6

Recall that if a function has twantiderivatives, then those two antiderivatives must differ by a
constant.

This workshop is designed to reinforce that fact.

1. a) Calculate O EotoA T o@Q cuising the subtitution u = sin3x.
b) Calculate, O EotoA | o Q cusing the substution u = cos3x.
c) Calculate T 6 EoboA | aQ cwice, once using each of the above antiderivatives.

d) Now use a trigopnometric idetyito notice that the antiderivative you found in part a) differs
from the one you found in part B}y a constant. What is the constant?

2. a) Calculate O EDA T ©Q cusing the substitutiornu = sinx.
b) Calculate O EDA T &Q cusing the substitutioru = coS X.

c) Take the antiderivative you found in part a), usegmnometric identity to change all the
occurrences o8in x to occurrences ofcosx, and show that theantiderivative of part a)
differs from that of part b) by a constant. What is the constant?

3. a) Calculate © E®Q cwith the help of the identitysin® x = %.
b) Calculate © EDQ cwith the help of the reduction formal
_O0EdQw -OElTwéd — OETwQw
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c) Use trigonometric identities to shawat the antiderivaties you obtained in parts a) af)
differ from each other by a constant. What is the constant?

Hint: it may be useful to change the antiderivative of part a) using the identities
c0s2g=cos ¢g- sin® g=1- 2sin® g=2cos g- 1 and

sin2g = 2sin gcosq
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Calculus Workshop Series }

Calculus 2

Week 7

In mathematics, it is commai find new methods to extend knowledge from what is known to

whatis unknown, but similar to what is known. BothloK A & ¢SS1 Q& LINBoO6f Sya A
fact, the new methods will even provide another way to do the problem whose solution was
alreadyknown.

1. a) Use the substitution=1- 4x*to help you calculate (/p T1® Q GNotice that the
integralobtained is a simple power rule integral, which was possible to do in Calculus 1.

b) Now use the trigopnometc substitution 2x = sin g to calculate the same integral. This time
noticethataseOl £ £ SR &SI d&¢ ( Nbtared dariS, ornedndlvidgy G S 3 NI €
powersof the sine and cosine with at least one of the exponents an odd integer.

c) Use this same tiagometric substitution2x = singto calculate @ Mp Tt Q wNotethat
FY20KSN) aSIae¢ did\abt@mey 2 YSGNRAO Ay GdSINI

d) Evaluate the integral of part c) using the substitution1- 4x*. Notice that this time it is
more difficult, and that you need to writg® asx®(x dx) and then setx® = (1- u)/ 4.

e) Now consider the integral o Mp Tt Q@ This time the substitutiom=1- 4x*R2 S& y Qi
helpat all, and the trigonometric substitutioBx = sin g yields a moredifficult
trigonometric integrathan the ones in parts b) and e). Hate the integral using this
trigonometric substitution; beure your final answer is in terms xf

One of the key things we see from this example is that trigonomatbstgutions handle all of
theseintegrals, and that Calculus 1 methods only workpecial cases, in this case when the
power ofxisodd, and even then they require a lot of manipulation.

2. a) Earliewe learned the formula p7 6 @& Q6 -OAT- &8 Use this formula to

help you calculate ———Q w
b) Calculate this same integral using the trigonometric substitutier8 = 3 tang.
c) Use this same trigonometric substitution+ 3= 3 tang to help you calculate
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Qw

>v

d) Finally use this same trigopnometric substitutiofi 3= 3 tang to help you calculate

Qw

Remember to undo all substitutions, so that all your answers are in terms of
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Calculus Workshogeries 3

Calculus 2

Week 8

1. Considet ———— Q&

a) Factor the denominator of the integrand.
b) Expand tle integrand as a sum of partial fractions.
c) Evaluate the constants in the expansion.

d) Evaluate the integral.

2. Now consider the integral Qw

a) Expand the integrand as a sum of partial fractions.

b)  Write the system of 4 equations in 4 unknowns whose soifutwvill give you the
constants.

c) Evaluate the constants.
d) Use arigonometric substution to convert the integral to one we can do.

e) Evaluate the integral. Be sure to undo the substitution so that the &éingiver is in terms
of x.
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Calculus Workshop Series }

Calculus 2

Week 9

1. Consider Qw

a) As the first step in evaluating this integral, use the method of partial fractions to tiveite
integrand as a sum of two fractions.

b) Find the antiderivative of the integrand.
c) Combine the logarithmic terms thie antiderivative.

d) Find the limit of the antiderivative as- © . Note that one term of the limit can be
OF £ Odzf F i SR 6AGK (GKS KSfLI 2F QI 2aLAGEE Qa N
directly.

e) Evaluate the integral.

2. Now congder . 'Q 'QwSince this is an integrand for which we are unable to find an
antiderivative, other methodsust be used.

a) Firstnote that Q 'Q dis known to exist, since it represents an area under a cwhieh
in fact lies abovéhe x-axis in the regiomf integration. If we wanted to know itglue,
$6S O02dz R | LIINBEAYIFGS AlG dzaAay3da az2vyS YSiGiK2R

b) Note that ifx 2 1, then x* 2 x. What does this say about the relationshigween e x?

ande™ X ?
c) Showthat Q 'Qaxonverges.

d) Conclude that Q 'Qwonverges. This method is called comparison. By comparing one

integral (known to be positive) to another positive integral which is larger and et stil
convergent, we are able to comcle that the smaller integral also converges.
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e) Why do the results of parts a) adyitell us that 'Q 'Q wwonverges?

f) Do you know whether or npt 'Q 'Q ceonverges? Why?
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Calculus Workshop Series }

MCS424 Calculug

Week 10

1. Calculate the limits of the following sequences.

28 7n°-3n+6
a) L
29 5n° +4n+1
56 7n°-3n+6
b) L
29 5n° +4n+1
3_
c) E,tan'15—6,...,tan'17nz_?m,...
4 29 5n° +4n+1

2. For each of the following sequencBdist the values of the first 5 terms) find thelimit of
the sequere

aw | -Qw
b) ® | —Qw
0w . -Qw
d w —Qw
e) w —Qw

3. For each of the following serigg a,, I) compute thenth partial sun s, for n=1,2,3,4,5.ii)
im
find a general expression fe. iii) compute 5 S,.
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b) a, = 26 (hint: use partial fractions)
4n° -1
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Calculus Workshop Series }

Calcuus 2

Week 11

: . e : a :
1. Recall that a geometric series with first teaymatior hassum S= T and nth partial

a(l-r")

sum s, =—
- r

a) Find the sum of the geometric series with first term 3, ratio 4/5.
b) Find the firstedrm of the gemnetric series with sum 14, ratio 3/7.
c) Find the ratio for the geometric series with first term 2, sum 18.

d) Suppose a geometric series has first term 5, ratio 7/8,5ad35.86765. Findn.

2. When one pays back a loanetloan paymerg are made after the loan is made, so they only
serveto pay back what is called the PRESENT VALUE of the payment amounts. For
example, if moneys lent at 12% yearly interest compounded quarterly, or 3% interest
per quarter, a payment 051000 3 months from now has PRESENT VALUE
V =100q103)*, since an amour¥ investedfor 3 months would at the end of that 3
months be worthv(103) =100q103) *(1.03) = 100C

Thus payments of $1000 at the end of 3 months, 6 mor@hsonths, and 12 months
would have aPRESENT VALUE of

100103 * +100d103)"* +100q1L03) * +100q1L03)* =371710 Note that this is

the sum of the first 4 terms of a geometric series watkr 100q103)"* andr =(103)*

a) Show that in a geometric series with (1+i)"* and first terma(1+i) ",
S, :"i—i(l- r")= ?(1- (1+i)™"). Notice thats, calculates the size of loan that
payments of size a will pay off if the interest rate per period is

b) Verify that ifa =1000,i =.03, thens, = 3717.10. Calculates;.
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C) Suppose i, after making 4 payments on the loan of sgef part b), you decided tpay
off the whole loan. How much would you have to pay at that tird@t: You have
paid off 3717.10, so what you owe is the valuégf- 3717.10) = L 4 periods from
the beginning of the loan. That is, you ovi€1.03)*

3. Now consider the geometric series witl (L005*, first term 700(1.005*.
a) What is the sum of this series?

b) If you took out a Xyear loan at 6% interésompounded nonthly, how big a loacsould
you pay off with payments of $700 per month (6% per year is .005 per month)?

c) How big a loan could you pay off if you made payments for 30 years?
d) If you took out the 3§ear loan of part c), how much walyou owe afte 15 years?

e) Recently, banks in Japan have started givingy@@0loans. At the interest rates tfis
problem, how big a loan could you pay off in 100 years?

f) What percentage of the sum of the infinite series, ig?

g) Ater 30 years of payments on the 19@ar loan, how much would you still owe?
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Calculus Workshop Series }

Calculus 2

Week 12

1. Consider the convergeniseries § % Call its surh.
n=1

a) In the proof of théntegral test, we estaidhed the inequality
—Qw 0 w , —Qow
Use this inequality to establish limits for

b) Since this is a series with all positive terms, we also kidow 0. Use this fact to improve
your limits forL.

c) It @n also be establishatiat if the nth partial sums, is used as an estimate far the error

T R 2 1
R, satisfies mﬂF dx¢R, ¢ N Fdx.
i) Uses, as an estimate fot. How big could the error be?

i) What is the smallest n you cdulse to be sure the error < .00FInd this estimate
for L.

d) It can also be establishétat by addings, to the inequality of part c)pne obtains i
MQwQw 0 | | "Qw'Qawraking the average diie left-hand and righthand

sides of this inequality gives an estimatd_ofhichis in error by at most half the
difference between them.

i) Use he s, of part ¢)i) and the above inequality to get a new estimatelfoHowlarge
could the error be?

i) Now uses, for the n of part c)ii) and the above inequality to get a new estimate for
L. How large couldHe error be?

a

2. Now consier  ——
na=‘1 n*+2n*+2

above. It is established elsewhet@at the error in usings, as an estimate for the sum

, a series known to conxge by comparison to the series
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haserror no more than theerror for the corresponding parti@um in part c. Find an
estimate forthe sum of this series which has error < .001.
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Calculus Workshop Series }

Calculus 2

Week 13

n+l
-
n

1. Consider the alternating serigg (- 1)

n=1

i) Use theAlternating Series Test to show

this seriexconverges.ii) Recall that the error in usirg) for an esimate of the sum is
less tharthe absolute valu®f the (h+1)st term. What is the smallestwhich will make
the error < .001? iRd the estimated sum using this value of

2. The following are related alternating series, whose relationship we shall investigate later.

a) Considerq (- 1)”+1(2n—11)|. Show this series converges, and find an estimate o$time
n=1 - .

accurate to 3 dcimal places. How many terms of the sedabyou have to add?

a 2n-1
Herd (- 1) (.12
b) Consudergl( ) —(2n- D1

accurate to 3 decimal places. How many terms were required this time?

. Show this series converges, and find an estimate otime

o 2n-1
el (- 1) (2.4) -
C) ConS|dena:_1( ) —(Zn- D1

accurate to 3 decimal places. How many terms were required this time?

Show this series convesgyeand find an estimate of theum

d) Calculate sin 1, sin .11, sin 2.4. Are the answers related to what you found above?

Notation: Letd a, x"be a power series whitsumL.
n=0

n+l

Then s, =a, +ax+..a,x" and R, =L- s, =a,,X"" +a,,X"*+..

o

. : .1 o
3. Consider the geometric serlcis— = 4 X" =1+ x+x*+...+x"+..., convergent for
- X n=0

-1<x<1.

a) Uses, for this series to estimate 1/.985
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b) Slow this estimate is accurate is accurate to 4 decimal places by showing trsitself a
geometric series with sum < .00001

c) Find a serieqy a x" for 1
1+x 1- (- x)

If a series has radius of convergem;eso does the integral or derivative of the series. So we
consider the integral of the series in part c.

d) Find a series fén(1+ x) = ﬁl%dx: C+1f a,x"dx.
X

i) Setx=0to calculateC.

i) Does this series converge ferl? Why?

iiil) How many terms would you hawo add to estimatén 2 with error < .001?
e) Calculate —'Q dboth ushg partial fractions and usimpwer series.
f) Setx=1/3in both calculations.To what value does the series converge?
g) Use2s,to estimae In 2. Notice that this requires adding only 4 Rpero terms.
h) Show this is a good estimate by showing that

(1/3)°, W3, _ (U3° _ (3
9 9 7 91-1/9) 8

R <
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Calculus Workshogeries 3

Calculus 2

Week 14

2n+1

1. a) Recall the series representattan*x =3 (- 1)" X
=0 2n+1

b) How many terms would be needed to estimate= 4(,0/ 4) = 4tan* 1 with error < .001?

iy +
c) Use the addition formulan(a + b) = tana +tanb to show that
1- tanatanb

tan(tan *1/ 2+tan*1/ 3) =1=tan(p/ 4) and thus thatp/ 4 =tan*1/ 2+tan'1/ 3.

d) Estimatep using the formula of c) anthe series fotan* x. Show the error < .001

2. Find a Taylor series f0Ix +8 nearx=19.

X - X X

. e -e
,Ssinhx =

- X

3. a) Define:oshx=e

b) Show that(coshx)'= sinhx,(sinhx)'= coshx.

c) Find a Maclaurin seriés coshx, using the dénition of Maclaurin series.

d) Find this same series by using the definitionashx and the Maclaurin series fa*.
e) Find a Maclaurin series feinhx by differentiating the series of parts c) and d).

f) Integrate the serig of parts c) and d) instead. See that if you evaluate the constargctly,
you get he same series as in part e).
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Calculus 2 Workshop for a Single Semester

Series 4

Classroom tested at Lawrence Technological University
Department of Mathematics an@omputer Science

Prof. William C. Arlinghaus, Ph.D.
with input from
Prof. MichaeMersher
Prof. James Nanny

Note: This particular series has no workshop for Week 2. It serves as a model for how to adjust
when holidays, or other events, remoaewvorkshop from the sequence.
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The goal of the calculus workshop is to providetestudent with (1) a deeper understanding of
the important mathematical concepts encountered in calculus and (2) an opportunity to
develop beneficigbroblemsolvingskillswithin a collaborative group setting. While the

workshop program is designed te lessentially independent of a traditional lecture portion of

a course, the work done in the workshop will generally be related to many materials covered in
lectures. Instuctors may make a judicious selection from the various series that appear below,
depending on how an individual course might be structured.

The calculus workshop is dgsed to be completed in 1 hoand 15 minutes, once a week
throughout a semester. Stedts should work in small groups on a special set of problems,
distributed at the keginning of the workshop session. Workshop facilitators should be available
to answer questions and offer limited suggestions during each workshop session. Work groups
might be reassigned periodically during the semester.

Members of each group are ene@ged to work together, share ideas, and divide tasks when
appropriate in order to complete as many of the assigned exercises as possible during the
scheduled workshop ses®. Groups are also encouraged to voluntarily exchangai
usernames and to $eip additional meeting times as needed during the week in order to
complete unfinished solutions and to share all final results.

Each student is required to turn in an iagiual written report following each weekly
workshop. Each graded workshop repsiibuld be assigned a score ranging from 0 to 10
points (or other scheme at instructor discretion).

The overall semester grade for the workshop will equal the sum of tteelst ten report scores
(maximum 100 points, using then-point scale suggested ale) and will be considered
equivalent to one irclass exam.

One final note: Students are also encouraged to consider forming independent study groups to
work on regulag assigned homework and to prepare for exams throughout the semester.
(Keep in mid that the workshop session ®t to be used for this purpose.)
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Calculus Workshop Report Guidelines

Weekly workshop reports should be submitted to a fixed regulartiogdy a fixed time. Late
reports should not be considered. Graded reports stidad returned the following week.

Each student must submit a complete workshop report for each workshop attended. Every
member of a group is expected to record the solusamollaboratively obtained by that group
either during the workshop or, if necesgaat a subsequent group meeting. Once the group
work is completed, each student is expected to independently prepare a final workshop report
recounting the computational etails of the solutions obtained and providing all final answers
and required graph. In some cases it may also be appropriate to include a brief summary of
the methods used and any general conclusions that can be drawn from the results.

Mathematical soltions should be complete, precise, well organized, and notationally correct.
In al written explanations, proper attention should be given to legibility, grammar, spelling, and
punctuation. Each solution should be clearly labeled with the appropriatelgmonumber.

Each week students should receive a Workshop Report covenaige must be included as
the first page of the individual report. On it students must provide

1 Name and student ID number

1 Date

1 Lecture instructor

1 Names of all other group members

Additional sheets should be attached in order with a stapléaéupper left corner. Use only
one side of each sheet. Partial sheets and pages torn from spietbooks or ring binders are
not acceptable. The use of graph paper is recommended for-deasn graphs.

Excessive or habitual tardiness by any membex gifoup is unfair to the other members and

puts the whole group at a disadvantage. For this reagooyps with fewer than four members
will generally be combined with other groups. Any student arriving late will be reassigned to a
different group as spce is available. Anyone arriving over 20 minutes late will be excluded
from participating in that ession and will be marked absent. There will be no opportunity to
GYlF1SdzL | YA&aaSR 62N akKz2Ll aSaarzyo
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Calculus Workshop Series 4

Calculus 2

Week 1

1. a) Use the substitutioni= 4- x* to help you calculat@xv/4 - x*dx. Notice thd the

integralobtained is a simple power rule integral.

b) Use thesame substitution to calculalglx\m- x?dx. Undo the substitution before

calculating the integral

c) Use this same sultstiion to calculateﬁx\M- x?dx again, ory this time change thémits

of integration when you make the substitution.

2. a) Use theame substitution to calcule fj’v4- x*dx Notice that you will have to think

of x* as X X, expressing the first factor in terms vfaindusing the second as part of
du.

b) Calculatq§x3\/4- x?dx

X
1+ 2X
the limits of integration makes this problem a power rule problem with easy
calcuations.

3. Evaluatq’ij1

dx. Notice that this time using the substitutiar=1+2x and changing
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Calculus Workshop Series 4

Calculus 2

Week 3

1. LetRbe the region bounded by= In xand by a lind. which passes througthe points(1,0)
and(el).

a) Draw a graph of =In xandL, and shade the regioR.

b) Set up the definite iegral to calculate the area &by integrationwith respect tox.

Ou 2 Kg OlFlyQil &2dz S@lIfdzr S GKA&a AYyaGS3aNITK
d) Draw the mirror image @& across the ling/ = x.

e) What is the equation of the mirror imageldf

f) Set up the integral to evaluated area of the mirror image & by integration with respect
to x.

g) Evaluate this integral.

h) What is the area ¢¥?

2. Now consider the integral 1 Q@

a) Graph the region whose area is represented by this integral.

b) Besidsy = Inx, what are the other two boundaries of this region?

c) Draw the mirror image of this region across the yirex.

d) What are the equations of the two straight line boundaries of this region?

e) Set up the integral to evaluate the areaha$ region by integration with respect to

f) Evaluate this integral.
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g) What is thealue of the original integral 1 $Q ¢?

h) Now look in gable of integralsand find an antiderivative dh x. Use this to verify that the
answer you obtained in g) is correct.
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Calculus Workshop Series 4

Calculus 2

Week 4

1. LetRbe the regionn the first quadrant bounded by = sinx, y =sin"* x, and by the
straight linesx =p/2 and y =p/2.

a) DrawR(recall that the graph ofy = sin x lies below the graph ofy = x in the firstquadrant,
and use reflectin to draw the graph ofy = sin"* x).

b) Set up, but do not evaluatéhe integrals (with respect t®&) which representthe area ofR.

c) Now draw the ling/ = x through this regiorR, dividing the regn into tworegions. Cal
the upper regiorSand the lower regiof.

d) Why do you know that the area $f the area off?
e) Set up and evaluate the integral (with respect)tto calculate the area df.

f) What are the areas &, S andT respectively? Give both agt answers anchumerical
approximations.

NOTE: The following antiderivative formulas will be useful to you in calculating the integnals
problem 2.

ﬁsinzxdx: x/2- sinxcosx/2+C

ﬁ(Sin xdx=sin x- xcosx+C

2. Now rotate the regiomR about they-axis, obtaining a solid of volumé

a) Set up, but do not evaluate, the integrals to calculate this voMimgusingecylindrical
shells.

b) Set up, but do neevaluate, the integrals to calculate this voluMdéy usingwvashers.
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NOTICEnat neither of these integrals can be calculated by methods we know so far.

c) Suppose theband T were rotated about they-axis, giving rise to solids of volumégsand
V;, respectively. Doeg=Vg+V;? Does/s = V;? Why or why not?

In parts d,e, f give both exact answers and numericapproximations.
d) Calculat&/ by using washers.
e) Calculat&/; by using cylindrical shells

f) Calculatey.

g) Verify, by differentiating the antiderivatives of the note, that the antiderivative formulas
givenin the note are correct.
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Calculus Workshop Series 4

Calculus 2

Week 5

l.a) LetO0 | wQw
i) ComputeF(2),F(1),F(0),F(- 1/ 2).
i) ComputeF(t) fort, -1

~ . Jim . . o . A
AAAOD | as fQIEéLJZ\:UtI-fleét).wdsz U2 O2YLJzi S

iv) Doed. = F(-1)? What does this say abod?

b) Let'00 _ ©Q®

i) Conpute F (t) fort, -1

. im
i) ComputeL, :t 1 Fr (t).

i) DoesLy = K (-1)?

¢) What does this tell you about -'Q dn relation to thepower rule?

x%- 3

2. Consider the grdpof f(x) = ——.
grapof f (X) & (2% 3)

a) Find all intercepts df

b) Findall vertical asymptotes df

A . lim A . < . A
du ! as fQIQéLJ)\UXI-fgléX(deZD.S G2 O2 YLz $
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d) Find all horizontal asymptotes.
e) Calculatef '(x).
f) What are the critical points fdf

4x* - 20x3 +33x% - 24x+3

g) Verify thatf"(x) = eX(2x- 3

h) What are the local maxa and minima of?
i) Calculatef " (.15), f"(.2), f"(2.75), f"(2.8).
J) What are the inflection points df(approximately)?

k) Graph(x), plotting both x- andy-coordinates of all relevant points and identifying alltbe
above features carefully.
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Calculus Workshp Series 4

Calculus 2

Week 6

Notice that, even in integration by parts, the obvious substitution may not be correct.

1. a) Use irggration by pats to calculate ¢ O A T¢@Q & Note that because only the
derivative, notthe integral of tan* 2x is known, we must leti = tan* 2x. Only one
application of integratiorby parts is needed, but long division is neededatculate the
resulting integral.

~

b) Use inggration by parts to calculatew 1 & 'Q ®Again, we must use the nembvious
substitution. This time we must apply integration by parts twice.

2. LetO _Q ATodQdT & _Q OBhhQw
a) Use integration by parts with= cos3x to show that | = %e“x c033x+%].

b) Use integration by parts with=sin3x to show that J = lee“x sin3x - %I .

c) Substitute the value dffrom b) into the equation fot from a) to calculatd.
d) Substitute the value offrom a) into the equation foJ from b) to calculatel.

Notice that this time we applied integration by parts twice but were only able to calculate
indirectly.

3. Consider the integralé O EQ @ This time the obvious substitution works, but we have to
apply integraton by parts six timesNotice, however, that the functions that wergu
andv in the first application becomaanddvin the second, and that this continues in
all the applications. So make a table as follows:
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U du dvv
X sin x
6x° -COoS X
30x* -sin X
0

Note that the first two values afvappear as products alonyé diagonal lines in the table,
giventhat the signs (+ ang are included

a) Complete the table.

b) Write the integral, using this table. This method is calédlar integration and cabe
usedany time that the originali is a polynomial and the origindl/can be integrated as
many timesas may be required.
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Calculus V@rkshop Series 4

Calculus 2

Week 7

Recall that if a function has two antiderivatives, then those amtiderivatives must differ by a
constant.

This workshop is designed to reinforce that fact.

1. a) Calculate O EdA T 66D cusing the substiition u = sinx.
b) Calculate O EJA T ¢€® cusing the substitutionu = cosx.
c) Calculate T 6 &dA T oD cxwice, once using each of the above antiderivatives.

d) Now use a trigopnometric identity twtice that the antiderivative you found in part a) differs
from the one you found in part b) by a consta What is the constant?

2. a) Calculate O EDA T &Q cusing the substitutioru = sin x.
b) Qiculate, O EDA T &Q cusing the substitutioru = cosx.

c) Take the antiderivative you found in part a), usegmnometric identity to change all the
occurrences o6in x to occurrences ofcosx, and show that the antidevative of part a)
differs from that of part b) by a constant. What is the constant?

1- cos2x

3. a) Calculate © EdQowith the help of the identitysin? x = 5

b) Calculate © EDQ dwith the help of the reduction formula

& 169 6 éEOEId)d)édb Tp OET &
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c) Use trigonometric identities to show that thatiderivatives you obtained in parts a) and b)
differ from each other by a constant. What is the constant?

Hint: it may be udell to change the antiderivative of part a) using the identities
cos2g=cos ¢g- sin® g=1- 2sin? g=2cos’ g- 1 and

sin2g = 2sin gcosqg
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Calculus Workshop Series 4

Calculus 2

Week 8

In mathematics, it is common to find new methotb extend knowledge from what is known to
whatA & dzyly26y> odzi aA YAt NI ( rowekns ilfustratéthat, ¥i2 6 y @
fact, the new methods will even provide another way to do the problem whose solution was
already known.

1. a) Usghe substitutionu=4- x* to help you calculate @/t & Q @ Notice that the
integralobtained & a simple power rule integral, which was possible to do in Calculus 1.

b) Now use the trigonomeic substitution x = 2sin g to calculate the same integral. This time
noticethataseOl f f SR &Stk aéé¢ GNARI2y 2 Y SaheNidvéving v i S I NI f
powersof the sine and cosine with at least one of the exponents an odd integer.

c) Use this same trigonometric substitut x = 2sing to calculate @ Ut & Q & Notethat
FY20KSN) aSlae¢ (nbta2d 2YSOGNAO AYyGSaINIE A&

d) Evaluate the integral of part ¢) using the substitutipn4- x2. Notice that this time it is
more difficult, and that you need to writg®> asx*(x dx) and then setx* = 4- u.

e) Now casider theintegral ¢ VIt @ ‘Q @ This time the substitution=4- x¥*’R2 S& y Qi
helpat all, and the trigonometric substitutior = 2sin g yields a more difficult
trigonometric integrathan the ones in parts b) and e). Evaluate the integral using this
trigonometric substitution; beure your final answer is in terms xf

One of the key things we see from this example is that trigonometrictisutiens handle all of
theseintegrals, ad that Calculus 1 methods only work in special cases, in this case when the
power ofxisodd, and even then they require a lot of manipulation.

2. a) Earlier we learned the formulap¥ 6 @& Q06 -OAT- 68Use this formula to

help you calculee, ————Q
b) Calculate this same integral using the trigonometric substitutie = 3 tang.
c) Use this same trigonometric substitutia+ 4 = 3 tang to help you calculate
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Qw

>v

d) Finally use this same trigopnometric substitutiof 4 = 3 tang to help you calculate

Qw

Remember to undo all substitutions, so that all your ansaage in terms ox.
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Calculus Workshop Series 4

Calculus 2

Week 9

1. Consider 49x" +9 dx
' r"x5- I+ x3-3x2

a) Factor the denominator of the integrand.
b) Expand the integrand as a sum of pdrfractions.
c) Evaluate theconstants in the expansion.

d) Evaluate the integral.

: : ~Bx° +35x* +119x +34
2. Now consider the integralf} > >
(X +4x+13

X.

a) Expand the integrand as a sum of partial fractions.

b)  Write the system of 4 equations in 4 unknowns whose solution wil gou the
constants.

c) Evduate the constants.
d) Use a trigonometric substitution to convert the integral to one we can do.

e) Evaluate the integral. Be sure to undo the substitution so that the final answer is in terms
of x.
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Calculus Workshop Series 4

Calculus 2

Week 10

w dzt

S Itt2ga
not known, but the values of the function at equally spaced points along the axis are known,
since onlythose values and the lengtbh x of the spacing are needed. We would like to use this
technique tohelp us measure the area of lowa. A map of lowa is provided on your table, along
with the followingtable of values of latitude and longitude for selected points.

dza

0 2

F LILWNRBEAYFGS |

William CArlinghaus

latitude west boundary longitude east boundary
longitude
43.5 -96.5992 -91.2177
43.20829 -96.4748 -91.1096
42.91657 -96.5388 -91.146
42.62486 -96.5152 -90.7031
42.33315 -96.3998 -90.4261
42.04143 -96.2648 -90.164
41.74972 -96.0899 -90.2967
41.45801 -95.9245 -90.6828
41.1663 -95.8506 extra point -91.0398
40.87458 -95.8285 ons -91.033
bdry
40.58287 -95.769 -91.7288 -91.7288
40.37806 point at south tip -91.4191
latitude longitude
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Thefollowing facts are needed to help compute the area:
a) The circumference of the earth is approximately 24,800 miles.

b) The circumference of the circle at latitudeis 24800cosa. This circle is divided into
360degrees of longitude.For example, the length of the line at the northern boundary
between the west boundargnd the east boundary is
(-912177+9659922480@0sA35° / 36(.

c) The distance between points of equal longitude is measured along great circles, which
have he same circumference as the equator. So in our cd3r is
(43.5- 43.20829) 24800/ 360.

M O a2 S { AY Rty cléulate Het Sortidn ofité area of lowa which does not
include the small triangular piece at the southeast edge.

2. Approximate the base and height of the small triangydeece, and then approximate its
area.

3. Calculate the area of lowa. How close did you come to the published area of 56,363.3 sq.
mi.? How large a percentage error is this?
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435, -96:599158
43.20828695-96.474761____

42.9165738,-96/53879
/26248607, -96.515202
42'3331476,-96/399803 ¢
42.0414345.296264757

‘11 7497214, -96.089858

4114580083, -95 9244683'

@1 1662952, -95:85057.9

40/8745821-95.828535

Oe
fincoln
40.582869, -95.769005 .

/ OSt Joseph
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A

3I5RC 7668
- Wisconsin
‘43 2082869, -91:109561
42.91657387-91.146011

Madison
1426248607, -90 703071
42:3331476.-90.42605

420414345, -90 163979
417497214 901296661
lowa VIR <002 9

o 3 4114580083, -90.682832
Des Moines : $

"41 1662952, -91.039752
40:8745821,-91.032958 *

40582869, -91 374362 i
: 1 ‘ |
R SN 0378059, 911419134

Image Landsat
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v
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Calculus Workshogeries 4

Calculus 2

Week 11

22X+ 6
2x3- x> +8x- 4

o]
1. Considerf,i
a) As the first step in evaluating this integral, use the method of partial fractions totiete
integrand as a sum of two fractions.
b) Find the antiderivative of thmtegrand.
c) Combinghe logarithmic terms of the antiderivative.

d) Find the limit of the antiderivative as- ©. Note that one term of the limit can be
OF £ Odzf F i1 SR 6AGK GKS KStLI 2F QI 2€dLIA G £ Q&
directly.

e) Evalate the integral.

o]
2. Now consideﬁ e X dx. Since this is an integrand for which we are unable to find an

antiderivative, other methodshust be used.

. l _x, . o .
a) First note thatfde X dxis known to existsince it represents an areander a curvewhich in

fact lies above the-axis in the region of integration. If we wanted to knowmédue, we

O2dzf R FLIWINREAYLFGS AlG dzaaAy3d a2YS8S YSGikK2R &dz0

b) Note that ifx2 1, then x®2 x. What des this say about the relationship betweehx2
ande” X ?

o]
c) Show thatj € Xdxconverges.
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o]
d) Conclude thaﬁ] e dexconverges. This method is called comparisBg.comparingpne

integral known to be positive) to another positive integral which is larger and yet still
convergent, we are able to conclude that the smaller integral also converges.

o]
e) Why do the results gfarts a) and d) tell us thaﬁ e dexconverges’?

o]
f)  Doyou know whether or not g’ X d4x converges? Why?
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b)

William CArlinghaus

Calculus Workshop Series 4

Calculus 2

Week 12

For each of the following sequenceklist the values of the first 5 terms) find the limit of
the sequence

ldx
X

=S

a_n:

1
2

o
I
=1
o
X

Q
>
1
3313
&
X |~

[EEN
o
x

=]
T
-

QD
=
I
1

1

2

a = dx

n

Do

x

For each of the following serigp a,, i) compute thenth partial sums, for n=1,2,3,4,5.ii)

lim
find a general expression fagy. iii) compute 5 S,.

(hint: use partial fractions)

Recall that a geometric series with first tempratior hassum S= 1i and nth partial
-r
a(l-r")
sum § =———=.
*h 1-r
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a) Find the sum of the geometric series with first term 3, ratio 4/5.
b) Find the first term of the geometrseries with sum 14, ratio 3/7.
c) Find the ratio for the geometric series Wiitlst term 2, sum 18.

d) Suppose a geometric series has first term 5, ratio 7/8,samd35.86765. Findn.
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Calculus Workshop Series 4
Calculus 2

Week 13

1. Consider the convergeniseries § i4 Call its surh.
n

n=1
a) In the proof of the integral test, we established the inequality
—Qw 0 ®w , —Qow
Use this inequality to establish limits for
b) Since this is a series with all positive terms, we also kidow 0. Use this fact to improve

your limits forL.

c) Itis established elsewhetieat if the nth partial sums, is used as an estimate far the
T I | <1
error R, satisfies Al dx¢R, ¢ 0 Fdx.

i) Uses, as an estimate fok. How big could the error be?

i) What is the smallestyou could use to be sure the ermre .001?Find this estimate

for L.
d) lItis also established elsewhetteat by addings, to the inequality of part c)pne obtains

S, + ﬁl f(x)dx¢L¢Cs, + rn] f (X)dx. Taking the average tifie left-hand and righthand

sides of this inequalityiges an estimate df whichis in error by at most half the

difference between them.

i) Use thes, of part c)i) and the above inequality to get a new estimatelfadowlarge
could the error be?

i) Now uses, for the n of part c)ii) and the above inequality to get a new estimate for

L. How large could the error be?

e}

2.  Now conside§ —
?:1 n*+2n*+2

above. It is established elsewhetbat the error in usings, as an estimate for the sum

, a series known to converge by comparison tosages

116



Calculus 2, Wasshop Series 16 William CArlinghaus

haserror no more than the error for the corresponding partial sum in part c. Find an
estimate forthe sum of this series which hasror < .001.
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Calculus Workshop Series 4

Calculus 2

Week X4

. . o al : . .
1. Consider the alternating serigg (- 1)" 1—4. i) Use the Alternating Series Test to show this
n=1 n
series converges. ii) Recall that the error in uginigr an estimate of the sum is less
than the absolute valuef the (n+1)st term. What is the smallest n that will make the

error <.001? Estimatine sum using this value of

2. The following are related alternating series, whose relationship weiskhia#itigate later.

Consid 4 ) LA —
a) Consi ernaz‘l( ) (2n- D)

accurate to 3 decimal places. How many terms of the series did you have to add?

Show tlis series converges, and find an estimate ofshe

o] 2n-1
derd (- 7)™ (.13)
b) ConS|der§}1( ) —(Zn- D

accurate to 3 decimallpces. How many terms were required this time?

. Show this serieaverges, and find an estimate of tkem

S w1 (2.3)71
C) Con&de%( 1 —(Zn- o

accurate to 3 decimal places. How many tenwvere required this time?

Show this series converges, and find an estimate auhne

d) Calculate sin 1, sin .13, sin.2/&e the answers related to what you found above?

Notation: Letg a,x" be a power series with suin
n=0

n+l n+2

Then s, =g, +ax+...ax" and R, =L- 5 =a,X" +a,,x" +..

o

. : 1 S
3. Consider the geometric serlﬁs—X = 4 X" =1+ x+x*+...+x"+..., convergent for
- n=0

-1<x<1.

a) Uses, for this series to estimate 1/.987
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b) Show this estimate is accurate is accurate to 4 decimal places by showirR) teatself a
geometric series with sum < .00001

_ 1
1+x 1- (-X)°

c) Find a serie§ a,x" for

If a series has radius of comgenceR, so does the integral or derivative of the series. So we
consider the integral of the series in part c.

d) Find a series fdn(1+ x) = ﬁl%dx: C+f a,x"dx.
X

i) Setx=0 to calculateC.
i) Does this series converge fer1? Why?

iiil) How many terms would you have to add to estimbit with error < .001?
1 . . . . .
e) Calculaten dx both using partial fractions and using power series.
) 9{‘1_]7 gp gp

f) Setx=1/3 in both calculations. To what value does the series converge?
g) Use 2s, to estimateln 2. Notice that this requires adding only 4 naero terms.
h) Show this is a good estimate by showing that

S @yt W3 W3’
9 9 o(1-1/9) 8

R
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Calculus 2 Workshop for a Single Semester

Series 5

Classroom tested dtawrence Technological University
Department of Mathematics and Computer Science

Prof. William C. Arlinghaus, Ph.D.
with input from
Prof. Michael Mersher
Prof. James Nanny
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The goabf the calculus workshop is to provide each student with (1) a deepegnstahding of

the important mathematical concepts encountered in calculus and (2) an opportunity to
develop beneficigbroblem-solvingskills within a collaborative group setting. Wé¢hthe

workshop program is designed to be essentially independent cdditional lecture portion of

a course, the work done in the workshop will generally be related to many materials covered in
lectures. Instructors may make a judicious selection fthenvarious series that appear below,
depending on how an individual cae might be structured.

The calculus workshop is dgsed to be completed in 1 hoand 15 minutes, once a week
throughout a semester. Students should work in small groups on aasget of problems,
distributed at the beginning of the workshop sessioWorkshop facilitators should be available

to answer questions and offer limited suggestions during each workshop session. Work groups
might be reassigned periodically during trersester.

Members of each group are encouraged to work together, shdead, and divide tasks when
appropriate in order to complete as many of the assigned exercises as possible during the
scheduled workshop session. Groups are also encouraged to &olyrxchange -enail
usernames and to set up additional meeting timesiasded during the week in order to
complete unfinished solutions and to share all final results.

Each student is required to turn in an individual written report following each weekl
workshop. Each graded workshop report should be assigned a scoregdrayn O to 10
points (or other scheme at instructor discretion).

The overall semester grade for the workshop will equal the sum of the highest ten report scores
(maximum 100 poird, using theéen-point scale suggested above) and will be considered
eguivalent to one iAclass exam.

One final note: Students are also encouraged to consider forming independent study groups to
work on regularly assigned homework and to prepare fomexghroughout the semester.
(Keep in mind that the workshop sessiomdd to be used for this purpose.)
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Calculus Workshop Report Guidelines

Weekly workshop reports should be submitted to a fixed regular location by a fixed time. Late
reports shouldhot be considered. Graded reports should be returned the following week

Each student must submit a complete workshop report for each workshop attended. Every
member of a group is expected to record the solutions collaboratively obtained by that group
either during the workshop or, if necessary, at a subsequent group mee@rge the group

work is completed, each student is expected to independently prepare a final workshop report
recounting the computational details of the solutions obtained and mhog all final answers

and required graphs. In some cases it may alsagpeopriate to include a brief summary of

the methods used and any general conclusions that can be drawn from the results.

Mathematical solutions should be complete, precise, weilamized, and notationally correct.
In all written explanations, propertti@ntion should be given to legibility, grammar, spelling, and
punctuation. Each solution should be clearly labeled with the appropriate problem number.

Each week students should eee a Workshop Report cover page which must be included as
the first pag of the individual report. On it students must provide

1 Name and student ID number

1 Date

1 Lecture instructor

1 Names of all other group members

Additional sheets should be attaeti in order with a staple in the upper left corner. Use only
oneside of each sheet. Partial sheets and pages torn from spiral notebooks or ring binders are
not acceptable. The use of graph paper is recommended for-deasn graphs.

Excessive or habitlitardiness by any member of a group is unfair to the other membad

puts the whole group at a disadvantage. For this reason, groups with fewer than four members
will generally be combined with other groups. Any student arriving late will be reaskigra
different group as space is available. Anyone arrivirgg 80 minutes late will be excluded

from participating in that session and will be marked absent. There will be no opportunity to
GYlF1SdzL | YA&aaSR 62N akKz2Ll aSaarzyo
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Calculus Workshop Seess 5

Calculus 2

Week 1

1. a) Use the substitution=4- x* to help you calculatgrv 4 - x*dx. Notice that the

integralobtained is a simple power rule integral.

b) Use the same substitution to calculq§p<\/4- x?dx. Undo the substitution before

calculating the integral

c) Use this same substitution to calculatéx\M- x?dx again, only this time change the

limits of integration when you make the substitution.

2. a) Use the same substitution to cdéte f°v4- x’dx Notice that you will havéo think

of x* as X &X, expressing the first factor in terms ofind using the second as part of
du.

b) Calculateﬁﬁxgxm- x*dx

X
N1+ 2%
the limits of integration makes this problem a power rule problem with easy
calculations.

3. Evaluatefij1 dx. Notice hat this time using the substitution=1+2xand changing
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1. Let f(x) =

a) Plot the 4 poins corresponding ta=-3,x=-2,x=4,andx= 9.

b) Draw the graph of(x). 6 5 2 y Qi

Calculus Workshop Series }

Calculus 2

Week 2

fzx?;S X ¢ -2
t5x- 14 -2¢x¢4
L6

13X-7 X2 4

[ 5

LJX 2 0

William CArlinghaus

LI2AY(G&d0

c) As you can se¢he graph consists gfortions of 3 lines. What are the slopes of théisee
portions of lines?

d) Plot the mirror imagegcrossy=X of the 4 points you found in part a).

e) Draw the graph off ** (x).

f) What are the slopes of the three portions of lines that comprise the graph bx) ?

g) Give an explicit formula fof " (X).

2. Let f(x)=7- (x- 5)* forx¢5, the left half of a parabola with vertes,7).

a) Showf is 1-1 by showing thatis increasing throughout its domain.

b) Find the point(s) wherg=x andy=f(x) intersect.

c) Find the intercepts ohe graph off(x).

d) Draw the graph dix).

e) What are the domain and range df * (x)?

124



Calculus 2, Wasshop Series 16 William CArlinghaus

f) Draw the graph of " (X).

g) Find the valuefdhe derivative of f ** (x) at the points wherex= 0andx = -18. Use your
knowledge of the derivative df(x)to perform this calculation.

h) Find an explicit formula foff * (x).

i) Calculate the derivative of "' (x). Evaluate this derivative &t= 0andx = -18to verifythat
your answers in part g) are correct.
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Calculus Workshop Series }

Calculus 2

Week 3

1. LetRbe the region bounded by= In xand by a lind. which passes througthe points(1,0)
and(el).

a) Draw a graph of =In xand L, and shade the regioR.

b) Set up the definite integral to calculate the areddlfy integrationwith respect tox.

Ou 2 Kg OlFlyQil &2dz S@lIfdzr S GKA&a AYyaGS3aNITK
d) Draw the mirror image @& across the ling/ = x.

e) What is the equation of thairror image ofL?

f) Set up the integral to evaluate the area of the mirror image loy integration with respect
to x.

g) Evaluate this integral.

h) What is the area ¢¥?

e
2. Now consider the integraﬁ In xdx .

a) Graph theagion whose area is represented by this integral.

b) Besideg = Inx, what are the other two boundaries of this region?

c) Draw the mirror image of this region across the yirex.

d) What are the equations of the two straight line boundarieshef tegion?

e) Set up the integral to evaluate the area of this redpgmntegration with respect ta.

f) Evaluate this integral.
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e?
g) What is the value of the original integrﬂ In xdx ?

h) Now look in a table of integradsid find an antiderivative olin x. Use this to verify that the
answer yowbtained in g) is correct.
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Calculus Workshop Series }

Calculus 2

Week 4

1. LetRbe the regionn the first quadrant bounded by = sinx, y =sin"* x, and by the
straight linesx=p/2 and y=p/2.

a) DrawR (recall that the graph ofy = sinx lies below the graph ofy = x in the firstquadrant,
and usereflection to draw the graph of = sin™* x).

b) Setup, but do not evaluatethe integrals (with respect t®&) which representthe area ofR.

c) Now draw the ling/ = x through this regiorR, dividing the region into twoegions. Call
the upper regiorSand the lower regiof.

d) Wrly do you know that the area &= the area ofl?
e) Set up and evaluate the integral (with respect)tto calculate the area df.

f) What are the areas &, S andT respectively? Give both exact answers angnerical
approximations.

NOTE: Thdollowing antiderivative formulas will be useful to you in calculating the integrats
problem 2.

ﬁ;inzxdx: x/2- sinxcosx/2+C

ﬁ(Sin xdx=sin x- xcosx+C

2. Now rotate the regioiR about they-axis, obtaining solidof volumeV.

a) Set up, but do not evaluate, the integrals to calculate this voMimgusingcylindrical
shells.

b) Set up, but do not evaluate, the integrals to calculate this voMimg usingwvashers.

128



Calculus 2, Wasshop Series 16 William CArlinghaus

NOTICE that neither of these integrals ¢ee calculated by methods we know so far.

c) Suppose theband T were rotated about they-axis, giving rise to Bds of volume¥/ and
V;, respectively. Doeg=V, +V,? Does/s; = V,? Why or why not?

In parts d,e, f give both exactanswers and numerical approximations.
d) Calculate/s by using washers.
e) Calculatd/; by using cylindrial shells

f) Calculatdy.

g) Verify, by differentiating the antiderivatives of the note, that the detivative formulas
given in the note are correct.
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Calculus Workshop Series }

Calculus 2

Week 5

1.a) Let F(t) = r‘jxtdx.

i) ComputeF(2),F(1),F(0),F(-1/2).

i) ComputeF(t) fort, -1
A . lim A~ . . . oA
AAAO | as f Ql 2éLJ2\:UtI- flfFét).wdzf S u2z2 02YLldzisS
iv) Doed. = F(-1)? What does this say abol?
b) Let Fy (t) = ﬁxtdx
i) ComputeF (t) fort, -1
. lim
i) ComputeLy :t 1 R (1).
i) DoesLy = F (-1)?

: 1, . .
c) What does this tell you aboqﬁ—dx in relation to thepower rule?
X

2 -
2. Consider the graph df(x) = X—3
e*(2x- 3)
a) Find all intercepts df
b) Find all vertical asymptotes bf
N . im A - . A
WS QI 2aLMAGL € )ga Qve)éleﬂx83).u 2 02YLyzi$
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d) Find all horizontal asymptotes.
e) Calculatef '(x).
f) What are the critical points fdf

4x* - 20x3 +33x% - 24x+3

g) Verify thatf"(x) = eX(2x- 3

h) What are the local maxima and minimaf®f
i) Calalatef"(.15), f"(.2), f"(2.75), f"(2.8).
J) What are the inflectn points off (approximately)?

k) Graph(x), plotting both x- andy-coordinates of all relevant points and identifying all of the
above features carefully.
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Calculus Workshop Series }

Calculus 2

Week6

Notice that, even in integration by parts, tldbvious substitution may not be correct.

1. a) Use integration by parts to calculaﬁ(3 tan* 2xdx. Note that because only the

derivative, notthe integral of tan* 2x is known, ve must letu = tan* 2x. Only one
application of integrationby parts is needed, but long division is needed to calculate
the resulting integral.

b) Use integration by parts to calculatﬁ@(ln X)?dx. Again, we must use the nabvious

substitution. This time we must apglytegration by parts twice.

2. Letl = ﬁa“x cos3xdxandJ = ﬁa“x sin 3xdx.

a) Use integration by parts with= cos3x to show that | = %e“x C0OS3X +§J .

b) Use integration by parts with=sin3x to show that J = lee“x Sin3x - EI .

c) Substitute the value dffrom b) into the equation fot from a) to calculaté.

d) Substitute the value offrom a) into the equation fod from b) to calculatel.

Notice that this time we appliechiegration by parts twice but were only alie calculatel, J
indirectly.
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3. Consider the integrﬁ(6 sin xdx This time the obvious substitution works, but we have to

apply integration by parts six times. Notice, however, that the fumtitat weredu
andv in the first application becomae anddvin the second, and that this continues in
all the applications So make a table as follows:

U du dvv
X sin x
6x° -COoS X
30x* -sin X
0

Note that the first two valuesf uv appear as products along the diagonal lines in the table,
giventhat the signs (+ ang are included.

a) Complete the table.

b) Write the integral, using this table. This method is called tabular integration and can be
usedany time that the orignaluis a polynomial and the origindl/can be integrated as
many timesas may be required.

133



Calculus 2, Wasshop Series 16 William CArlinghaus

Calculus Workshp Series 5

Calculus 2

Week 7

Recall that if a function has two antiderivatives, then those two antiderivatives must differ by a
constant.

Thisworkshop is designed to reinforce that fact.

1. a) Calculatg$in xcosx dx using the substitutionu = sinx.

b) Calculate f$in xcosx dxusing the substitutionu = cosx.

/2 . . .
C) Calculatef-g sin xcosx dx twice, once using each of the above antiderivatives.

d) Now use a trigonometric idéity to notice that the antiderivative you found in part a) differs
from the one you found in part b) by a constant. What is the constant?

2. a) Calculat§pin’xcos’ xdx using the substitutioru = sinx.

b) Calculateffin®xcos’ x dx using the substitutioru = cosx .

c) Take the antiderivative you found in part a), use a trigonometric identity to change all the
occurrences osin x to occurrences ofcosx, and showthat the antiderivative of part a)

differs from that of part b) by a constant. What is the constant?

1- cos2x

3. a) Calculatﬁsin“x dx with the help of the identitysin® x = >

b) Calculatq“f'pin“x dx with the help of the reduction formula
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~ 1. . n-1.. .
nsln”xdx:- Zsin" 1xcosx+—rfs|nn 2x dx.
n n

c) Use trigonometric identities to show that the antiderivatives you obtained in parts a) and b)
differ from each other by a constant. What is the daims?

Hint: it may be useful to change the antiderivative of part a) using the identities
co2g =cog g- sin®g=1- 2sing=2cosg-1 and

sin2g = 2sin gcosq
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CalculusiVorkshop Series 5

Calculus 2

Week 8

In mathematics, its common to find new methods to extend knowledge from what is known to
whatA & dzyly26y> odzi aAYATIFNI 2 6KIFIG Aa (y26yo
fact, the new methods will eveprovide another way to do the problem whose solutioasv

already known.

1. a) Use the substitution=4- x* to help you calculateﬁ<\/4- x?dx. Notice that the
integralobtained is a simple power rule integral, which was posdibldo in Calculus 1.

b) Now use the trigonomeic substitution x = 2sing to calculate the same integral. This time
notice thataseOl f f SR a Sl aé¢ UGNAI2y2YSUNRO Ay dSINI f
powersof the sine and cosine withat least one of the exgnents an odd integer.

c) Use this same trigopnometric substitutian= 2sin g to calculate ﬁ(3\/4- x?dx Notethat
FY20KSN) aSlaeéé¢ GNRAI2Yy2YSUNRO AYyGSaINIE Aa 2

d) Evaluate the integral of part ¢) usitgptsubstitutionu=4- x*. Notice that this time it is
more difficult, and that you need to writg® asx*(x dx) and then setx* = 4- u.

e) Now consider the integrfix’~'4- x’dx Thi time the substitutioru=4- X’ R2 Say Qi KSf L

at all, and the trigopnometric substitutior = 2sing yields a more difficult trigonometric
integralthan the ones in parts b) and e). Evaluate the integral using this trigommmet
substitution; besure your final answer is in terms af

One of the key things we see from this example is that trigonometric substitutions handle all of
theseintegrals, and that Calculus 1 methods only work in special cases, in this case when the
power of xisodd, and even then they require a lot of manipulation.
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2. a) Earliewe learned the formuquhziizduzltan'lﬂ+c. Use this formula tdnelp you
a a a

calculate m dx.
X

b) Calculate this same integral using the trigonometric stigin x + 4 = 3 tang.
c) Use this same trigonometric substitutia+ 4 = 3 tang to help you calculate

N 1 dx
r"(xz +8x+25°

d) Finally us¢his same trigopnometric substitutior + 4 = 3 tang to help you calculate

~ 1 d
r"(xz +8x +25°

X.

Remember to undo all substitutions, so that all your answers are in terms of
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Calculus Workshop Series }

Calculus 2

Week 9

1. Consider 49X +9 dx
' r"x5- I+ x3-3x2

a) Factor thedenominator of the integrand.

b) Expand the integrand as a sum of partial fractions.
c) Evaluate the constants in the expansion.

d) Evaluate the integral.

2. Now consider the integral ~BX* +35¢° +119x+34
. g n (X2 +4X+13)2

a) Expand the integrand as a sum of partial fractions

b)  Write the system of 4 equations in 4 unknowns whose solution will give you the
constants.

c) Evaluate the constants.

d) Use a trigonometric substitutio to convert the integral to one we can do.

e) Evaluate the integral. Be sure to undo the substitution so thatfinal answer is in terms
of x.
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Calculus Workshop Series }

Calculus 2

Week 10

22X+6
- X*+8x- 4

o]
1. Consndefi o
a) As the firsstep in evaluating this integral, use the method of partial fractions to viiiee
integrand as a sum of two fraons.
b) Find the antiderivative of the integrand.
c) Combine the logarithmic terms of the antiderivative.

d) Find the limit of the antiderative asx- ©. Note that one term of the limit can be
OF £ Odzft F § SR ¢ A 0K nil& &d eSothedtegrifcantb@daleutatedh G | £ Q&
directly.

e) Evaluate the integral.

o]
2. Now consider @ e  X*dx. Since this isneintegrand for which we are unable to find an

antiderivative, other methods must be used.

a) First note thatﬁe X*4x is known to exist, since it represents an area under a cwhieh

in fact lies above the-axis intheregiondk Y 4 SANI G A2y ® L SBtof A YL 2y
approximate it.

b) Note that ifx2 1, then x? 2 x. What does this say about the relationship betw@ﬁ(2
ande” X when x2 1?

o}
c) Show thatﬁ] e” Xdx converges. What is its value? What does this tell you atheuvalue

. L xe
of the integral Q€ dx.
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Note: the method used in part c) is called comparison. By comparing one integral (known to be
positive) to another positive integral which is larger and yet still convergent, we are able to
conclude that the smallentegral also converges.

o]
d) Why do the results of parts a) and c) tell us tq@t e X dx converges? Give an

approximatevalue of this integral, based on your previous results.
e) ! aS { AYLJ 2 yhebato eatﬂnhtéﬁ%‘ @A UsK this estimate, along with the value
o o]
of ﬁ’] e “dx, to improve your approximation oﬁ e X*dx.

o]
f) Do you know whether or nofy g X2 dx convergesWhy? Estimate its value, if it

converges.
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Calculus

Week 11

Calculus Wdkshop Series 5

2

William CArlinghaus

1. For each of théollowing sequences) list the values of the first 5 termsi) find the limit of

the sequence

a) an:r'j%dx

b) an:r:]nx—lzdx
C) an:ﬁm%dx
d) an:rjxn1+1 dx
e) an:ﬁx—lzdx

2. For each of the following serigp a,, i) compute theith partial sums, for n=1,2,3,4,5.ii)

im

find a general expression fay. iii) computen 5 S

1 1
a) a, =—- —

n n+l1

6 : . :

b) a,=— (hint: use partial fractions)

an° -1
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3. Recall that a geometric series with first tespratior hassum S= 1i and nth partial
- r
a(-r")
sum § = ——=.
*h 1-r

a) Find the sum ofhe geometric series with first term 3, ratio 4/5.
b) Find the first term of the geometric series with sum 14, ratio 3/7.
c) Find the ratio for the geometric series with first term 2, sum 18.

d) Suppose a geometric series has festn 5, ratio 7/8§ ands, = 35.86765. Findn.
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Calculus Workshop Series }

Calculus 2

Week 12

1. Consider the convergeniseries § % Call its surh.
n=1 n
a) In the proof of the integral test, we established the inedyal
—Qw 0 ®w | —Qw
Use this inequality to establish limits for

b) Since this is a series with all positive terms, we also kidow 0. Use this fact to improve
your limits forL.

c) Earlier it was establishékat if the nth partial sums, is used as an estimate far the error
. e 1 21
R, satisfies mﬂF dx¢R, ¢ N Fdx.
i) Uses, as an estimate fok. How big could the error be?

i) What is the smallest n you could use to be sure thererr.001?Find this estimate
for L.

d) Itis established elsewhet@at by addings, to the inequality of part cjpne obtains

S, + fil f(x)dx¢L¢s, + ﬁ f (x)dx. Taking the average tife left-hand and righthand

sides of this inequality gives an estimate_ofhichis in error by at mashalf the
difference between them.

i) Use thes, of part c) i) and the above inequality to get a new estimate.fddowlarge
could the error be?

i) Now uses, for the n of part c)ii) and the above inequality to get a new estimate for
L. How large could the error be?

143



Calculus 2, Wasshop Series 16 William CArlinghaus

a

2. Now consider ——
n8:.1 n*+2n?+2

series. It is established elsewhetbat the errorin usings, as an estimate for the sum
haserror no more than the error for the corresponding partial sumante. Find an
estimatefor the sum of this series which has error < .001

, a series known to converge by comparisothe above

3. Show that§ 8 _ 32891 as follows.

< n?+14n+33 2772C
a) Usepartial fractions to write the fraction as a difference of two fractions.
b) Write s; asA- R;, whereAis the sum of the positive terms in the summation.

c) Note that R;< 8/12.
d) Show thats, = A- R,,whereR<8/(n+4)
e) Show thatA = 32891/27720
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Calculus Workshop Series }

Calculus 2

Week 13

n+l

1. Consider the alternating serigg (- 1)

%. i) Use the Alternating Series Test to show this
n=1 n

seriesconverges.ii) Recall that the error in using for an estimate of the sum is less
than the absolute valuef the (+1)st term. What is the smallesthat will make the
error <.001? Estimatine sum using this value of

2. Theollowing ae related alternating series, whose relationship we shall investigate later.

a) Considerq (- l)n+l(2n—11)l' Show this series converges, and find an estimate o$time
n=1 - .

accurate to 3 decimal places. How many terms of the series ditigaeito add?

o] 2n-1
derd (- 7)™ (.13)
b) ConS|der§}1( ) —(Zn- D

accurate to 3 decimal places. How many terms were required this time?

. Show this series converges, and find an estimate otime

S w1 (2.3)71
C) Con&de%( 1 —(Zn- o

accurate to 3 decimal places. How many terms were required this time?

Show this series converges, amdi fanestimate of thesum

d) Calculate sin 1, sin .13, sin 2.3. Are the answers related to what you found above?

Notation: Letg a,x" be a power series with suin
n=0

n+l n+2

Then s, =g, +ax+...ax" and R, =L- 5 =a,X" +a,,x" +..

o

. : 1 S
3. Consider the geometric serlﬁs—X = § X" =1+ x+x*+...+x"+..., convergent for
- n=0

-1<x<1.

a) Uses, for this series to estimate 1/.987
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b) Show thissgimate is accuratdo 4 decimal places by showing thij is itself ageometric
series with sum < .00001

_ 1
1+x 1- (-x)’

c) Find a serieq a,x" for

If a series has radius of convergem;eso does the integralr derivative of the series. So we
consider the integral of the series in part c.

d) Find a series foln(1+ x) = ﬁl%dx: C+ff a,x"dx.
X

i) Setx=0to calculateC.
i) Does this series converge for1? Why?

iii) How many terms would you have to add to estimbit@ with error < .001?
1 . ) . ) )
e) Calculatefy dx both using partial fractions and usin ower series.
) nl-7 agp gp

f) Setx=1/3in both calculations. To what value does the series converge?
g) Use 2s, to estimateln 2. Notice thatthis requires adding only 4 nexero terms.
h) Show this is a good estimate by showing that

S @yt W3 W3’
9 9 o(1-1/9) 8

R
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CalculusiVorkshop Series 5

Calculus 2

Week 14

2n+1l

. ) - X
1. a) Recall the series representatiam * x = g (- 1)"
=0 2n+1

b) How many terms wouldebneeded to estimatey = 4(p/ 4) = 4tan ' 1 with error < .0017?

tana +tanb
c) Use the addition formultan(a + b)) = ———  to show that
1- tanatanb

tan(tan*1/ 2+tan*1/ 3) = 1=tan(p/ 4) and thus thatp/ 4 = tan *1/ 2+ tan *1/ 3.

d) Estimate using the formula of ¢) and the series fan ' X. Show the error < .001

2. a) Find a Taylor series fx + 8 nearx=19.

b) Use the second Taylor polynomial to estima®7.03 . How accurate is your estimate?

c) How many terms of the Taylor series are neeeg to estimatel/ 27.48 correct to
four decimal places? Find this estimate.

X - X X

) e -e
,Ssinhx =

- X

. e
3. a) Dehe coshx =

b) Show that(coshx)'= sinh x, (sinh x)'= coshx.

¢) Find a Maclaurin series fooshx, using the definition of Maclaurin series.

d) Find this same series by using the definitiomaghx and the Maclaurin series fa@".
e) Find a Maclaurin series feinhx by differeniating the series oparts c) and d).

f) Integrate the series of parts ¢) and d) insteade tBat if you evaluate the constacbrrectly, you get
the same series as in part e).

g) Calculatsinh(.12) using this series, accurate to three decimal places.
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Calculus 2 Workshop for a Single Semester

Series 6

Classroom tested at Lawrence TechnataglUniversity
Department of Mathematics and Computer Science

Prof. William C. Arlinghaus, Ph.D.
with input from
Prof. Michael Mersher
Prof. James Nanny
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The goal of the calculus workshop is to provide each student with (1) a deeper understanding of
the important mathematical concepts encountered in calculus and (2) an opportunity to
developbeneficialproblem-solvingskills within a collaborative group setting. While the

workshop program is designed to be essentially independent of a traditional lgotuten of

a course, the work done in the workshop will generally be related to manymatteovered in
lectures. Instructors may make a judicious selection from the various series that appear below,
depending on how an individual course might be stowet.

The calculus workshop is dgsed to be completed in 1 hoand 15 minutes, once week
throughout a semester. Students should work in small groups on a special set of problems,
distributed at the beginning of the workshop session. Workshop facig should be available
to answer questions and offer limited suggestions during eaatkshop session. Work groups
might be reassigned periodically during the semester.

Members of each group are encouraged to work together, share ideas, and disldewhen
appropriate in order to complete as many of the assigned exercises as possiiig the
scheduled workshop session. Groups are also encouraged to voluntarily excharage e
usernames and to set up additional meeting times as needed duringdled in order to
complete unfinished solutions and to share all final results.

Each studet is required to turn in an individual written report following each weekly
workshop. Each graded workshop report should be assigned a score ranging from 0 to 10
points (or other scheme at instructor discretion).

The overall semester grade for the wehHop will equal the sum of the highest ten report scores
(maximum 100 points, using then-point scale suggested above) and will be considered
equivalent to one irclass exam.

One final note: Students are also encouraged to consider forming indepestieht groups to
work on regularly assigned homework and to prepare for exams throughout the semester.
(Keep in mind that the workshop sessiom@ to be used for his purpose.)
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Calculus Workshop Report Guidelines

Weekly workshop reports should Isebmitted to a fixed regular location by a fixed time. Late
reports should not be considered. Graded reports should be returned the following week.

Each student mustubmit a complete workshop report for each workshop attended. Every
member of a groupsi expected to record the solutions collaboratively obtained by that group
either during the workshop or, if necessary, at a subsequent group meeting. Once the group
work is completed, each student is expected to independently prepare a final workshor repo
recounting the computational details of the solutions obtained and providing all final answers
and required graphs. In some cases it may also be appropriateltméa brief summary of

the methods used and any general conclusions that can be drawmtfie results.

Mathematical solutions should be complete, precise, well organized, and notationally correct.
In all written explanations, proper attention should been to legibility, grammar, spelling, and
punctuation. Each solution should be cledalgeled with the appropriate problem number.

Each week students should receive a Workshop Report cover page which must be included as
the first page of the individuakport. On it students must provide

1 Name and student ID number

1 Date

1 Lecture instuctor

1 Names of all other group members

Additional sheets should be attached in order with a staple in the upper left corner. Use only
one side of each sheet. Partial sheets and pages torn from spietbooks or ring binders are
not acceptable. These of graph paper is recommended for haséhwn graphs.

Excessive or habitual tardiness by any member of a group is unfair to the other members and
puts the whole group at a disadvantage. For this reagooyps with fewer than four members
will generallybe combined with other groups. Any student arriving late will be reassigned to a
different group as space is available. Anyone arriving over 20 minutes late will be excluded
from participating in that assion and will be marked absent. There will bepportunity to
GYlF1SdzL | YA&aaSR 62N akKz2Ll aSaarzyo
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1. Let f(x) = j

a) Plot the 4 points corresponding xo=-3,x=-2,x=4,and x= 9.

b) Draw the graph dix). 6 5 2 y Q i

Calculus Workshop Series ¢

Calculus 2

Week 1

fZXS_S X ¢ -2
t5x- 8 -2¢x¢4
L6
13X-2 X2 4
I 5

LJX 2

William CArlinghaus

LRAY(ad0

c) As you can see, the graph considtpartions of 3 lines. What are the slopes of thélseee
portions of lines?

d) Plot the mirror images (acrogsx) of the 4 points you found in pas).

e) Draw the graph off ** (x).

f) What are the slopes of the three portions of lines that comprise the graph bfx) ?

g) Give an explicit formula fof ** (X).

2. Let f(x)=5- (x- 4)* forx¢ 4, the left half of a parabola with vertg4,5).

a) Showf is 1-1 by showing thatis increasing throughout its domain.

b) Find the point(s) wherg=x andy=f(x) intersect.

c) Find the intercepts of the graph f{k).

d) Draw the graph di(x).

e) What are the domain and range of "* (x)?
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f) Draw the graph of "* (X).

g) Find the value of the derivative of * (x) at the points wherex= 0andx =-11. Use your
knowledge of the derivative df(x)to perform this calculation.

h) Find an explicit formula forf ** (x).

i) Calculate the derivative of ** (x). Evaluate this derivative at= 0andx = -11to verifythat
youranswers in part g) are correct.
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Calculus Workshop Series ¢

Calculus 2

Week 2

1. LetRbe the region bounded by= In xand by a lind. which passes througthe points(1,0)
and(e*,2).

a) Draw a graph of=In xandL, and shade the regioR.

b) Seup the definite integral to calculate the areaRby integrationwith respect tox.

(o)1) 2 Kg OlFlyQil &2dz S@lIfdzr S GKA&a AYyaGdS3aINITK
d) Draw the mirror image & across the ling = x.

e) What is the equation of the mirror image b?

f) Set up the tegral to evaluate the area of the mirror imageR®by integration with respect
to x.

g) Evaluate this integral.

h) What is the area d¢¥?

e
2. Now consider the integralf‘-’l Inx dx .

a) Graph the region whose area is represented Iy ititegral.

b) Besideg = In x, what are the other two boundaries of this region?

c) Draw the mirror image of this region across the Vimex.

d) What are the equations of the two straight line boundaries of this region?

e) Set up the integréb evaluate the area of this region by integration with respecx.to
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f) Evaluateltis integral.

e
g) What is the value of the original integrﬁ{ Inx dx ?

h) Now look in a table of integradsid find an antiderivative dh x. Use ths to verify that the
answer you obtained in g) is correct.
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Calculus Workshogeries 6

Calculus 2

Week 3

1. LetRbe the regionn the first quadrant bounded by =sin (x/2), y = 2sin"*x, and by the
straight linesx=p and y=p.

a) DrawR (note that the graph ofy =sin (x/2)|ies below the graph ofy = x in the first
guadrant; then use properties of reflection and inverse functiondriow the graph of
y= 2sin"*x).

b) Set up, butdo not evaluatethe integrals (with respect t&) which representhe area ofR.

c) Now draw the ling/ = x through this regiorR, dividing the region into twoegions. Call the
upper regionSand the lower regiorT.

d) Why do yoknow that the area o65= the area ofl?
e) Set up and evaluate the integral (with respect)tto calculate the area df.

f) What are the areas &, S andT respectively? Give both exact answers and numerical
approximations.

NOTE: The followingntiderivative formulas will be usefuld you in calculating the integralis
problem 2.

fpin“udu=u/2- sinucosu/2+C

ﬁJsinudu:sinu- ucosu+C

2. Now rotate the regioR about they-axis, obtaining a solid of volumé

a) Set up, but do not evaluate, theegrals to calculate this voluméby usingcylindrical
shells.

b) Set up, but do not evaluate, the integrals to calculate this voMimg usingvashers.
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NOTICE that neither of these integrals can be calculayetiethods we know so far.

c) Suppose tit Sand T were rotated about they-axis, giving rise to solids of volumésand
V;, respectively. Doeg=V,+V;? Doed/s = V,;? Why or why not?

In parts d,e,f give both exact answers and numerical approximations.
d) Calculat&/g by using washers.
e) Calculat®/; by using cylindrical shells

f) Calculatev.

g) \erify, by differentiating the antiderivatives of the note, that the antiderivative formulas
given in the note are correct.
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Calculus Workshop Series ¢

Calculus 2

Week 4

1.a) LetF(t) = ﬁxtdx.
i) ComputeF(2),F(1),F(0),F(-1/2).
i) ComputeF(t) fort , -1

AAAD ' &8 lezaLJz\djtl-'”}lca;a).wdzfs 2 O2YLldzi$

iv) Doed. = F(-1)? What does this say abol?
b) Let Fy (t) = rjxtdx
i) ComputeF, (t) fort |, -1

. lim
i) ComputeL, :t 1 Fr (1).

iii) Does Ly = Fy (- 1)?

. 1, . .
¢) What does this tell you abOLﬁ—dx in relation to thepower rule?
X

2 -
2. Use the methods of Calculus to help you grédgl) = X—7.
e (4x-7)
a) Find all intercepts df
b) Find all vertical asymptotes b

~ . im R , o . A
cw | as fQIQéLJ)\UI)-(fQéeX(wm-ZW)S U2 O0O2YLJzi S

- -@Q
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im X2 -7
X- - og*(4x-7)

d) Now compute
e) What does this tell you about whether there is a horizontal asymptote on the left?
f) Now find all horizontal asymptotes bf

g) Calculatef '(x)..

h) What are the critical points fd?

16x* - 88x> +105x° - 28x- 77

i) Verify that f"(x) = eX(4x- 7y

J) Use the formula of i) to help determine which critical points are local maxima and minima.

k) Use i) to help determine inflection points fio(if you have trouble fiding the zeroes of the
second derivative, try calculatirfg' (- 0.7), f"(- 0.6), f"(4), f"(4.1).).

) Graphf(x), plotting bothx- andy-coordinates of all relevant points and identifying all of the
above features carefully.
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Calculus Workisop Series 6

Calculus 2

Week5

Notice that, even in integration by parts, the obvious substitution may not be correct.

1. a) Use integration by parts to c:alculatﬁx6 tan* xdx. Note that because only the

derivative, notthe integral of tan'* x is knownwe must letu =tan* x. Only one
application of integratiorby parts is needed, but long division is needed to calculate the
resulting integral.

b) Use integration by parts to calculat[ﬁ;(6 (In X)>dx. Again, we must use the nabvious

substitution. This time we must apply integration by parts twice.

2. Let | = f§™ cos3xdxandJ = > sin 3xdx.

a) Use integration by parts witlh=cos3x to show that | = :—éeﬁx COS3X +%J .

b) Use integration by parts with =sin3x to show that J = ée6x sin3x - %I .

c) Substitute the value dffrom b) into the equation fot from a) to calculaté.

d) Substitute the value offrom a) into the equation fod from b) to calculatel.

Notice that this time we appliechiegration by parts twice but were only able to calculaté
indirectly.
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3. Consider the integrﬁ<7 sin xdx This time the obvious substitution wks, but we have to

apply integration by parts six times. Notice, however, that the fumtiinat weredu
andv in the first application becomae anddvin the second, and that this continues in
all the applications. So make a table as follows:

u/du dv/v
x' sin x
7x° - COSX
42x° -sin x
0

Note that the first two valuesf uvappear as productalong the diagonal lines in the
table, giverthat the signs (+ ang are included.

a) Complete the table.

b) Write the integral, usinghts table. This method is called tabular integration and can be
usedany time that the orignaluis a polynomial and the origindl/can be integrated as
many timesas may be required.
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Calculus Workshop Series ¢

Calculus 2

Week 6

Recall that if dunction has two antiderivatives, then those two antiderivatives must differ by a
constant.

Thisworkshop is designed to reinforce that fact.

1. a) Calculatg$in xcosx dx using the substitutionu = sinX.

b) Calculate f$in xcosx dxusing the substitutionu = COSX.

12 . . . e
C) Calc:ulatq'é7 sin xcosx dx twice, once using each of the above antiderivatives.

d) Now use a trigonometric identity to notice that thatiderivative you found in part a) differs
from the one you found in part b) by a constant. What is the constant?

2. a) Calculat§pin®xcos’ x dx using the substitutioru = sinx.

b) Calculatef$in®xcos’ x dx using the subttution U= COSX.

c) Take the antiderivative you found in part a), use a trigopnometric identity to change all the
occurrences o8in x to occurrences ofcosx, and show that the antiderivative of part a)
differs from that of part b) by a constant. What is the constant?

1+ cos2x

3. a) Calculatﬁ:os“x dx with the help of the identitycos® x = >

b) Calculatq’-‘pos“x dx with the help of the reduction formula
ffFos'x dx = %co§'1 Xsin x+n#1 fpos” *xdx.
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c) Use trigonometric identities to show that the antiderivatives you obtained in parts &))and
differ from each other by a constant. What i®tbonstant?

Hint: it may be useful to change the antiderivative of part a) using the identities
cos2g =cos g - sing=1- 2sing=2cos g- 1 and

sin2g = 2sin gcosq
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Calcuus Workshop Series 6

Calculus 2

Week 7

In mathematcs, it is common to find new methods to extend knowledge from what is known to
whatA & dzyly26y> odzi aAYATIFNI 2 6KIFIG Aa (y26yo
fact, the new methods wileven provide another way to do the problem whasgution was

already known.

1. a) Use the substitution=9- x*to help you calculateﬁ<\/9- x*dx. Notice that the
integralobtained is a simple power rule integral, which wasspole to do in Calculus 1.

b) Now use the trigonomeic substitution x = 3sin g to calculate the same integral. This time
notice thataseOl f f SR a Sl aé¢ UGNAI2y2YSUNRO Ay dSINI f
powersof the sine and cosineith at least one of the exgnents an odd integer.

c) Use this same trigopnometric substitutian= 3sin g to calculate ﬁ<3\/9- x*dx Notethat
FY20KSN) aSlaeéé¢ GNRAI2Yy2YSUNRO AYyGSaINIE Aa 2

d) Evaluate the integral of part c) ngithe substitutionu=9- x*. Notice that this time it is
more difficult, and that you need to writg® asx*(x dx) and then setx” = 9- u.

e) Now consider the integrfix’v9- x*dx This time the substitutom=9- x¥’R2 Say Qi KSf L

at all, and the trigonometric substitutior = 3sin g yields a more difficult trigonometric
integralthan the ones in parts b) and e). Evaluate the integral usiisgrigonometic
substitution;be sure your final answer is in terms xf

One of the key things we see from this example is that trigonometric substitutions handle all of
theseintegrals, and that Calculus 1 methods only work in special cases, in this case when the
power of xisodd, and even then they require a lot of manipulation.

2. a) Earliewe learned the formulq’hziizduzltan'lﬂ+c_ Use this formula tdnelp you
a a a

calculate 5
+6x+25
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b) Calculate this same integral using the trigonometric stuigin x + 3=4 tang.
c) Use this same trigonometric substitutiar 3= 4 tang to help you calculate

N 1 dx
r"(xz +6x+ 25?2

d) Finally us¢his same trigopnometric substitutior + 3= 4 tang to help you calculate

N 1 dx
If"(xz +6x+25°

Remember to undo all substitutions, so that all your answers are in terms of
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Calculus Workshop Series ¢

Calculus 2

Week 8

o - 46x*+16
1. Consider N 2 - e+ a2 dx.

a) Factor thedenominator of the integrand.

b) Expand the integrand as a sum of partial fractions.
c) Evaluate the constants in the expansion.

d) Evaluate the integral.

3 2
2. Now consider the integraﬁzx +215X * 71)(2139 dx.
(X +4x+ 20)

a) Expand the integrand as a sum of partial fractions.

b)  Write the system of 4 equations in 4 unknowns whose solution will give you the
constants.

c) Evaluate the constants.

d) Use atrigonometric substitutiono convert the integral to one we can do.

e) Evaluate the integral. Be sure to undo the substitution so thatfinal answer is in terms
of x.
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Calculus Workshop Series ¢

Calculus 2

Week 9

22X+ 6
- X* +8x- 4

o]
1. COHSidE‘Iﬁ o
X

a) As the firsstep in evaluating this integral, use the method of partial fractions to viiiee
integrand as a sum of two fractis.
b) Find the antiderivative of the integrand.

c) Combine the logarithmic terms of the antiderivative.

d) Find the limit of the antidevative asx- = . Note that one term of the limit can be
OF £ Odzf 1 SR ¢ A (K & &nd teSothedtegrifcanto@daleutatedh G I f Q&
directly.

e) Evaluate the integral.

o]
2. Now consider |7d e X dx. Since this is amtegrand for which we are unable to find an

antiderivative, other methodshust be used.

. l o, . L .
a) First note thatra’e X" dx is known to exist, since it represents an area under a cwvieh

in fact lies above the-a&xis in the region of integrat2 y & 'aS { AVYHeb2y Qa
approximate it.

b) Note that ifx2? 1, then x2 2 x. What does this say about the relationship betwesR®
ande” X when x2 1?

o]
c) Show thatf”l] e” Xdx converges. What is its value? What dabis tell you about the value

. B xe
of the integral R e dx.

166



Calculus 2, Wasshop Series 16 William CArlinghaus

Note: the method used in part c) is called comparison. By comparing one integrain(to be
positive) to another positive integral which is larger and yet still convergent, we are able to
conclude that the smaller integl also converges.

o}
d) Why do the results of parts a) and c) tell us tlﬁte' X2 dx converges? Givan

approximatevalue of this integral, based on your previous results.

SO LaS {AYLERt @ﬁimaﬂeéﬂ' QL Uehis Kstimate, along with the

G . : . 9 _x2
value ofr“sj e *dx, to improve your approximation qﬁ e” X dx.

o]
f) Do you know whether or nofy e X dx converges™Why? Estimate its value, if it

converges.
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Calculus Wdkshop Series 6

Calculus 2

Week 10

1. For each of thiollowing sequences, i) list the values of the first 5 termjsfind the limit of
the sequence

a) an:ﬁidx

b) anzl’ﬁx—lzdx
) an:r:]m%dx
@) &= dx
e) an:'rjx—lzdx

2. For each of the following serigp a,, i) compute the 5th partial surs, .ii) find a general

: lim
expression fors,. iii) compute S,
o]

1
a) a,=—- —
n n+l
b) S (hint: use partial fractions)
& 4 16n+15 '
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: . e . a .
3. Recall that a geometric series with first tespratior hassum S= T and nth partial
- r

a(a-r"
sum s, = %
a) Find the sumfdhe geometric series with firderm 4, ratio 3/5.
b) Find the first term of the geometric series with sum 21, ratio 4/7.
c) Find the ratio for the geometric series with first term 5, sum 22.

d) Suppose a geometric series has first term 5, rd8pahd s, = 35.86765. Fnd n.
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Calculus Workshop Series ¢

Calculus 2

Week 11

1. Consider the convergeniseries § % Call its surh.
n=1 n
a) In the proof of the integral test, we established the inequality
—Qw 0 w | —Qow
Use this inequality to establish limits for

b) Since this is a series with all positive terms, we also kidow 0. Use his fact to improve
your limits forL.

c) Itis estalished elsewher¢hat if the nth partial sums, is used as an estimate for the

error R satisfies ﬁﬂi4 dx¢R, ¢ ﬁ%dx.
M X "X

i) Uses, as an estimate fot. How big could the error be?

i) What is the smallestyou could us to be sure the error < .001Rind this estimate
for L.

d) Itis also established elsewhéhat by addings, to the inequality of part c)pne obtains
S, + ﬁl f(x)dx¢L¢s, + rn] f (X)dx. Taking the average tife left-hand and righthand

sides of this inequality gives an estimatelofvhichis in error by at most half the
difference between them.

i) Use thes, of part c) i) and the above inequality to get a new estimatd_fadowlarge
could the error be?

i) Now uses, for the n of part c)ii) and the above inequality to get a new estimate for
L. How large could the error be?
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4. Compute § 2; as follows.
e N°+10n+21

a) Use patrtial fractions to write the fraction as a difference of two fractions.
b) Wirite s, as A- B,, whereAis the sum of the positive terms in the summation.

c) Write s; asA- B;. How manyractions are added together i, ?
d) ShowB;< 4/12.
e) If s, =A- B, whatisB,?
f) ShowB,< 4/(n+4).
. 4
0) Showna:‘l—nz 1o+ 2l =A.
h) Write A as a simple fraction.
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