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Appendices

A More on simulation study

The details of how do we implement the competing methods are listed as follows,

BS Implemented by the routine sbs of the package wbs(Baranowski & Fryzlewicz,
2015). The number of change-points is selected by the BIC criterion.

WBS Implemented by the routine wbs of the package wbs(Baranowski & Fryzlewicz,
2015). The number of change-points is selected by the BIC criterion. The code we
used is

obj<-wbs (x) ; changepoints (obj, penalty="bic.penalty").

FLASSO Implemented by the routine fusedlassold of the package genlasso(Arnold
& Tibshirani, 2014). The number of change-points is selected by the BIC criterion.

SMUCE Implemented by the routine smuceR of the package stepR(Pein et al., 2017).
We use the default settings which set the parameter « at 0.5. The code we used is

stepFit (x).



cumSeg Implemented by the routine jumpoints of the package cumSeg(Muggeo,
2012). We use the default settings. The code we used is jumpoints (x). The

number of change-points is selected by the BIC criterion.

PELT Implemented by the routine cpt .mean of the package changepoint(Killick
etal., 2016). The number of change-points is selected by the BIC criterion. The code
we used is cpt .mean (x/mad (diff (x) /sqrt (2)), method="PELT",
penalty = "BIC"), where mad function calculates the median absolute devia-

tion. This implementation was advocated by Fryzlewicz (2014).

S3IB Implemented by the routine Segmentor of the package Segmentor3IsBack(Cleynen
etal., 2016). The number of change-points is selected by the BIC criterion. The code
we used is

obj<-Segmentor (x, model=2);SelectModel (obj,penalty="BIC’).

SaRa The routine is coded by ourselves. The number of change-points is selected by the

BIC criterion.

Model 1 is a standard testing signal which is also used in Frick et al. (2014) and Fry-
zlewicz (2014). Model 2 and 3 have signals in the shape of teeth. Model 2 is a mix
of more pronounced changes with short distances between change-points and less pro-
nounced changes with greater distances between change-points. Model 3 has more fre-
quent change-points while the size of the jump is constant. Model 4 has signals in the
shape of stairs, the change occurs every 10th observation. The models are considered
because they illustrate various patterns of change-points.

We show more simulation results using the same models as in Section 4, and now the

errors are generated from an autoregressive (AR) model,
€ = 0.3675,1 + OUg,

where o is the same as the model in Section 4, and w; is standard normally distributed.
The results are collected in Table A.1,A.2 and Figure A.1. Generally speaking, all meth-
ods perform worse than the case where the errors are independent because the correlation

structure is ignored. Compared to other methods, the proposed method performs better
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regarding change-point number estimation and change-point location estimation. Regard-
ing the empirical coverage probabilities of the percentile interval, the smoothed interval,
and the adaptive interval, they are all below the nominal level. This is mainly because the
bootstrapping method and the standard formula for the bagging estimator may not be the
best for correlated data. Also notice that the percentile interval, the smoothed interval, and

the adaptive interval have higher coverage probabilities compared to the SMUCE interval.

Table A.1: Summary statistics of N — N and the Hausdorff distance d for model 1 and

2. The error are generated from the AR model.

N-N dy
Frequency(%)
Method <-2 =-1 =0 =1 >2 Mean Med Mean SD
Model 1
BootCp 3.6 80 628 86 170 037 0.0 31.48  36.56
BS 37.0 94 382 124 30 -0.67 0.0 29.83  28.99
WBS 6.0 58 648 136 98 0.21 0.0 2694 3438
FLASSO 42 0.8 1.0 24 0916 6.01 6.0 69.24  34.02
SMUCE 0.0 0.6 84 198 712 243 2.0 9243  41.87
cumSeg 77.6 8.8 108 22 06 -1.61 -2.0 35.89 16.25
PELT 0.0 0.6 106 142 746 3.65 3.0 81.12 5291
S3IB 0.6 28 450 240 276 091 1.0 40.71  46.67
SaRa 5.2 11.8 326 174 33.0 0.90 1.0 5593 4474
Model 2

BootCp 242 206 298 116 138 -0.31 0.0 78.09  57.20
BS 60.2 182 122 54 40 -212 20 162.70  88.65
WBS 366 210 274 92 58 -091 -1.0 86.64  63.95
FLASSO 974 0.0 0.6 0.6 14 -12.34 -13.0 259.83  140.77
SMUCE 12.0 312 362 150 56 -0.29 0.0 48.15  32.18
cumSeg 99.6 0.4 00 0.0 00 -891 -9.0 17477  89.12
PELT 2.2 54 16.2 184 578 234 2.0 48.82  36.32
S3IB 18.8 182 358 272 00 -033 0.0 73.08  56.03
SaRa 5.8 8.6 18.6 154 51.6 1.88 2.0 5296  37.98




Table A.2: Summary statistics of N — N and the Hausdorff distance dj for model 3 and

4. The error are generated from the AR model.

N-N dy
Frequency (%)
Method <-2 =-1 =0 =1 >2 Mean Med Mean SD
Model 3
BootCp 32.6 74 532 62 06 -1.15 0.0 9.08 11.06
BS 99.8 0.0 02 00 00 -12.61 -13.0 111.22  22.06
WBS 34.2 54 404 138 62 -232 0.0 11.63  20.23
FLASSO 1000 0.0 0.0 00 00 -1296 -13.0 96.50 26.68
SMUCE  83.0 116 52 02 00 -3.69 -40 13.33  7.09
cumSeg 100.0 0.0 0.0 00 00 -1294 -13.0 109.28 23.69
PELT 17.4 9.8 442 202 84 -0.15 0.0 7.07 5.92
S31B 77.2 6.2 164 02 00 -314 -3.0 19.70  16.21
SaRa 30.4 134 480 6.8 1.4  -0.85 0.0 7.39 6.51
Model 4

BootCp 0.2 84 790 120 04 0.04 0.0 2.74 2.56
BS 9.6 242 598 62 02 -041 0.0 4.67 3.49
WBS 0.0 1.8 430 368 184 0.80 1.0 3.37 1.97
FLASSO 16.0 1.8 24 52 746 1.61 4.0 3799  8.04
SMUCE  47.6 266 252 06 00 -147 -1.0 6.33 3.23
cumSeg 10.8 224 602 66 00 -045 0.0 4.97 3.22
PELT 0.0 1.8 514 31.0 158 0.70 0.0 3.12 2.16
S31B 3.6 230 734 00 00 -0.30 0.0 3.58 3.45
SaRa 4.4 224 618 102 12 -0.19 0.0 4.60 3.39
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Figure A.1: The empirical coverage probabilities and average length of the confidence intervals based
on 500 simulation runs. From top to bottom, the lines are percentile intervals, adaptive intervals, smoothed

intervals, SMUCE intervals.

B Proof of the theorems

We will prove the theorems under a model with two change-points. Since the change-
points are estimated sequentially, the theory can be generalized to a model with multiple
change-points easily. This technique for proving the convergence rate of the change-points

estimator is advocated by Bai (1997). The model under consideration in this section is
Xe=Bf+ea, 1<t<t]
Xi=8+e, t+1<t<ty
Xi=8+e, th+1<t<n.
Because the BS algorithm is implemented sequentially in this paper, we will consider

the convergence rate of the first change-point detected by the BS algorithm. The weighted

residual sum of squares is defined as

k n
LY(k) =Y w(X— X2+ > wi(Xe— X%)%, (B.1)
t=1

t=k+1

where X = 3% w, X,/ 328w, and X¥, = Yot Wi X/ >0, we for an integer
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k € [1,n — 1]. The first detected change-point is defined as

t = argmin L" (k). (B.2)

k=1,....n—1
To prove Theorem 1, we need to investigate the convergence property of LY (k) defined
in (B.1). We first study the asymptotic behavior of U¥(7) = n~'L¥(|n7|) under the

assumptions A1-A3, where |n| is the integer part of n7. The intermediate results are

stated in Lemma 1 to Lemma 5.

Lemma 1. Under Assumptions AI-A3, sup, .oy |Uy (T) — U(7)| = op, (1) for a deter-

ministic function U (7).

Lemma 2. Under Assumptions Al1-A3, ax \U»(k/n) — U,(k/n)| = op, (n"?1log(n))
<k<n

for a deterministic function U, (k/n).

See (B.9) for the definition of U,,(k/n). The function U(7) has different expressions

over three different regimes,

(Tf—T)@(T)ZJr(TS—Tf)b(T) + (1 =m)e(r)? if 7 e [0,7),
U(r) = T?(TT—T?) (BS — B9 + (19 T)(l Tz)( Y if 7 e (70, 79), (B.3)

d(T)* + (19 — 7'10)6(7')2 + (7' — N f(7)? if 7 € [79,1],

where a(r) = = (8] — ) + =2 (55 — 39), b(r) = Tl‘:wg BY) + (89 — BY).
r) = (3 = ) + T — o) dr) = o0 — ) + e — )
() = T3 — )+ T8 — ), and £r) = (88— 80 + (5 — 4. Note
that U(7) is also the limit of U, (7) = L,(|n7];0, n)/n, see Bai (1997). From Lemma
2, we know that U¥(7) is asymptotically close to U, (k/n) given almost all sample paths

of X1, Xs, ... at the rate op, (n~'/?log(n)). We expect that the minimizer of U" (1) will
be close to the minimizer of U,,(k/n) too. The function U(7) has two local minima at 7}

0

or 7, as explained by Bai (1997). A convenient condition would be that U(7) has a well

pronounced minimizer. In the following, we will assume the following assumption.

Assumption A4. U(1) < U(7Y).



Bai (1997) discussed this case where U(7)) = U(7y) in-depth, and he found that
in this case the first change-point detected by the BS algorithm converges to a random
variable with equal mass at t{ and ¢9. It is possible to adapt the method of our proof to
the case U(1Y) = U(7{). However, we focus on the most interesting case by assuming

Assumption A4.

Lemma 3. Under Assumption Al-A4, there exists a positive constant C' which does not

depend on n such that
n(U,(k/n) — U,(t%/n)) > C|k — 9| for all large n,
where k € [1,n — 1] denotes a location.

Lemma 3 is essentially a restatement of the Lemma 3 of Bai (1997), with minor differ-
ences. Lemma 3 confirms that #{ is the minimizer of U, (k/n). Furthermore, it quantifies
the lower bound on the difference U, (k/n) — U, (t?/n), which is essential in proving the
convergence rate of £ to . Recall that #* is the minimizer of L (.) defined in (B.2), and

it is the first detected change-point in our sequential implementation of the BS algorithm.
Lemma 4. Under Assumptions Al-A4, t* — 1 = op_(n'/?log(n)).

The convergence rate of £ to ¢! is op, (n'/?log(n)) as shown in Lemma 4. This rate is
too slow for doing inference on the mean of X;. The convergence rate can be improved by
carefully examining the behavior of LY (k) for those k is small neighborhood of #?. For a
fixed € > 0, denote D,,. = {k :nn < k <nm)(1 —1n), |k — 1% > clog(n)}, where n > 0
is chosen such that t{ € (nn,n7Y(1 — n)). The following lemma is helpful in improving

the convergence rate of £,
Lemma 5. Under Assumptions Al-A4, for every ¢ > (),
: : w < JWw 0 — 5.
7115{)10 P, (ké%fng LY (k) < Ly (tl)) 0 as
To prove the lemmas, we exploit the Hayek-Rényi inequality (H4jek & Rényi, 1955)
for independent random variables. Note that the Hayek-Rényi inequality has been genera-
zlied to linear processes (Bai, 1994), martingale difference sequences, p-mixing sequences

(Fazekas & Klesov, 2001), and negatively associated sequences (Hu & Hu, 2006). The

Haéyek-Rényi inequality can be used to derive uniform convergence rate of partial sums.
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Lemma 6. (Hdjek & Rényi, 1955) Let X1, ..., Xk, ... be a sequence of independent ran-
dom variables with zero mean (E(X}) = 0) and finite variance (E(X}) < oo). Denote
the partial sum of X as S, = X1 + --- + Xy. Let cp, k = 1,2,... be a non-increasing

sequence of positive numbers. For any o > 0 and positive numbers n < m,

1 2 . 2 - 2 2
P alsd > o) < % [43m0d) + 3 dtmed

The following conditional Hayek-Rényi inequality, derived by Rao (2009), will be

useful in deriving convergence rates of bootstrap estimators.

Lemma 7. (Rao, 2009, Theorem 5) Let G be a sub-o-field of F. Conditional on G, let
Xi,..., Xg,... be a sequence of conditional independent random variables with zero
conditional mean (E(X}|G) = 0) and finite conditional variance (E(X?|G) < o). De-
note the partial sum of Xy as S, = X1+ -+ Xy. Letci, k = 1,2, ... be a non-increasing
sequence of positive G-measurable random variables. For any G-measurable random vari-

able o > 0, a.s. and positive numbers n < m,

RN 2 — 2
P (nrgnzgnckwa >« ‘ g) < e [cn;E(XkW) +k_z;rl GE(X;9)] a.s.

By Lemma 6 and 7, we can establish uniform convergence of partial sums. Lemma 8

collects some uniform convergence rates which are handy in proving the lemmas.

Lemma 8. Ler 0 < ¢(n) < n be a non-decreasing and unbounded function. Under



Assumptions AI-A3, we have,

n

(i) max | D (w—1) |- Ox(v) = Op, (VD).
sestt | 52,
#
and Jnax, t;ﬂ(wt - 1) (= O, (Vn);
(i) max, t;ﬂ(wt—l)et = Op, (Vn);
1 k
(i) | x| 7> (= Ve |= os. (log 6(m);

() 1<Ii?§¢§n) — “
) m ! (log ¢(n))
— pr— .
! 1§k§¢§n) k |7 R OB U

Proof. (i) By the Hayek-Rényi inequality (Lemma 6), we have for M > 0,

(%liwt—l |>Mf>

1
< (n =)+ (# —1)) < ek
Therefore, max; << | > e (w ‘— Op(+/n). Because the bootstrap weights w;, t =
1,...,n and the data X;,t = 1, ..., n are independent by Assumption 3, max;<j<

> orar(we —1) }: Op,, (1/n) as well. The second part of () is proved in the same way, for
any M > 0,

t0 1
< —.

maX|Zwt—1 |>M\/_ §M2 ek

1<k<t?




(i1) By the conditional Hayek-Rényi inequality (Lemma 7), we have for M > 0,

w(%lzwt—l et\>Mf)

2
nM t=t{+1 t=1
1 [1<
:W<5263> s
t=1
1

where the last step follows from the strong law of large numbers. By the definition of the
notation Op,,(.), (ii) is proved.

(iii) By the conditional Hayek-Rényi inequality (Lemma 7), we have for ¢ > 0,

P, <1<rl£1<a(;<n) \/_ Z — 1) |> elog gb(n))

a.s.
10g¢ —
#(n) etg _ 02 #(n) o

1 1 2
=2 | Togo? & 1og¢ Pt

t=1 t=1

The series Y .-, (e2—0?)/(t(log(t))?) converges almost surely by invoking the Kolmogorov’s
three series theorem. In view of the Kronecker lemma, the first term in the bracket con-

verges almost surely to 0. The second term in the bracket converges to 0 by noting that

Yo et < log(g(n)) + 1.
(iv) By a formula discovered by Chung (1948, page 206), we have for any € > 0,

P <lim sup {1<r1£1<a¢§n) > (\/¢(n)log qb(n))g})
é(n)
=P | lim sup ‘ Z

> \/¢(n)log p(n)e
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That is, we can translate the strong convergence result of sum of random variables to
the maximum of sums. Therefore, by applying the law of iterated logarithms, we have

1<r]1€r1<a£% )\ S el/(v/o(n) log ¢(n)) converges to 0 almost surely. Lastly, we prove that if

Znis o(Xy,...,X,) measurable, then Z,, = op, (1) is equivalent to Z,, converges to zero

almost surely. This follows from the following chain of arguments,
Ve > 0, JLIEOIP’w(\ZH >¢e) =0, a.s.
& Ve > 0, n11_>n;o 1(|1Z,] > €) =0, a.s.
eVk=1,2,..., nll_)Ilolo 1(|Z,] > 1/k) =0, a.s.
< lim |Z,| =0, a.s.,
n—oo

where 1(.) is the indicator function.

(v) The proof of (v) is the same as that of (iv). Using Chung (1948)’s formula, we

> log gb(n)e})

> log ¢(n)e

have for any € > 0,

P <lim sup { max
n 1<k<¢(n)

1 k
W=
n)

o(
=P | limsup ‘;Zet
n V gb(n) t=1

The lemma is proved by invoking the law of iterated logarithm.

The proofs of the Lemma 1-5 and theorems are presented below.
Proof of Lemma 1 and Lemma 2. We first examine LY (k) for k € [1,n]. For k < 9,

k k
X};’ _ Zt:l w Xy _ ﬁ? 4 Zt:l W€t
)
Zf:l Wy Zf:l Wy
0 t9
tl: Wy ZtQ:tO—H Wt
Zt k+1 1

Z?:kﬂ Wy Z?:k+1 Wy

To simplify the notations, denote

n
0 Zt:k+1 W€t

n
0 D i1 We
By + — <~ —
D tmk1 Wt

v 0
ka‘ - 61 + 2 n
D ik W

_ Zle We€t Z:L:k-i-l W€y
Zle Wy 7 * Z?:k—&—l Wt

e

11



and

y 1 n n
af = o | 2 0B = )+ D (B = ) o
k10 g0 t9+1
tO
1 - -
by = < Zwt(ﬁg—ﬁg)+zwt(ﬁg—ﬁg) )
D a1 We 1 941
t9 t9
w 1 1 2
il = sy 2w = B+ D - )
LS e W) k+1

Using these notations, we have

k k
Zwt(Xt - Xy)? = Zwt(Et — &),
t=1 t=1
and
Z wy(Xy — X2)*
t=k+1
1y £ n
= > w( X = XU+ ) w(X = X5+ D w(X — X))
t=k+1 t=t{+1 t=t9+1
1 9 n
w =Y 2 w =Y 2 w =Y 2
= Z wt(ak+et—e_k) + Z wt(bk+et—e_k) + Z wt(ck —|—et—e_k)
t=k+1 t=t0+1 t=t9+1
t9 t9 n £
= (a)* Y wi+ ()Y Jwi+ () w+2ap > wile — %)
k+1 t9+1 t9+1 k+1

tg n n
+ Zb;: Zwt(et — gli)k) + QCZ) Z wt(et — Elli}k) + Zwt(et — giuk)Q

19+1 941 k+1
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Thus, we obtain for k& < ¢9,

Uy (k/n) = Ly (k) = Zwt(Xt — Xi)? + Z w(X; — X%)°

t=1 t=k+1

t9 9
1 1 2 n
== (af)QZwt + (bz’)22wt + (Clku)zzwt

n
k+1 t9+1 t9+1
1 n
2 : 2
+ — wtet + Rg(k),
n
t=1
where

t9 t9
1 1 2 n
RZ(’C) = E 2@? Z W€ + sz} Z W€ + 201]: Z W€

k+1 t9+1 t9+1
1 ttl) tg n
- E 2(lk wt + 2bk wt + 2Ck wt Efk
k+1 t9+1 t9+1
k n
1 1
—w\2 —w \2
- = E wy (&) — = E wy(€2)
n n
t=1 t=k+1

= I(k) + TI(k) + ITI(k) + IV (k).

(B.4)

In the following, we derive the convergence rate of R (k). Note that the bootstrap

weights wy, t = 1,...,n are positive by Assumption A3, therefore max{|a}’|, |b}|, |}’ |} <
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2(187] + 1831 + [B3]). Thus,

9 9
1 1 2 n
I(k) = ﬁ 2&1’: Z W€t + Qb}: Z W€ + 201’: Z W€t
kt1 t9+1 t9+1
1 n
=— | 2a} Z weer + 2(b7 — af Z weer + 2(cf — ay) Z W€y
n k+1 t9+1 t3+1
1 n tg n
=~ | 208 > (we = Ve + 2008 = ag) Y (wy = Der +2(cf — af) Y (wy — 1)e
kL t9+1 #9+1
n tg n
2ay Z e+ 2(b) — ap) Z €+ 2(cf — ap) Z €
kot #0+1 t9-+1

= I,(k) + (k).

Now, we apply Lemma 8 (ii) to the first term [ (k), by the boundedness of a}’, b}, and
¢, we conclude that sup, <y<,0 I (k) = Op, (n™"/?). Note that max; <0 | Y5, €] <
maxi<k<n | )iy, €| = op, (v/nlogn) by Lemma 8 (iv). Thus, we have sup; ;<0 [>(k) =
op, (n"'/?1logn). By combining the convergence rates of I;(k) and I,(k), we obtain the

uniform convergence rate of I(k) as sup; <0 (k) = op, (n~"/*logn).

Similarly,
1 Gt 5 n
IT(k) = — | 20§ > Jwy + 268 > " wy+ 20 Y wy | €

n k+1 t9+1 t9+1
1 (2%0 1w+ 207 ZtO—H wy + 2¢ Zto 1 wt) i

= - Wy
" 2k W t=k+1

< —max{]ak| 10k] |ci |} <‘ Z wy — 1)e; | + ‘ Z € )

t=k+1 t=k+1

+’Z€t).
t=k+1

By applying Lemma 8 (ii) and (iv), we have sup, ;<0 [1(k) = op, (n='2logn).

4
< —(1871 + 1821 + 1851) (\ Z wy = 1)ey

t=k+1
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The uniform convergence rate of I11(k) can be derived as follows,

’“ (ke we)
1 D i1 Wi

1
sup [II(k)=— sup w (€)% = — sup
1<k<t? T <p<t? ; . N1 <p<t9 Zle Wy
2
1 ( Zt 1( )€t+ \fzt 1€t)
= — sup
T 1<k<t % Zt:l W
k k 2
1 <Zt:1<wt - 1)675 + Zt:1 Et)
< - Sup k
N 1<k<logn Do Wy
2
k k
1 (%@ Dt (we — 1)er + \Lf > i Et)
+ — sup
T log n<k<t9 % Zt 1( —1)+1
=111+ 11l.

By the conditional Hayek-Rényi inequality (Lemma 7), we have for ¢ > 0,

k
P, | 200> o

1 1 log(n)
< 21 50 as.,
~ e2log(n) |\ log(n) Z K s

(B.5)

where the last step follows from the strong law of large numbers. Take ¢(n) = log(n) in
Lemma 8 (iv), we have sup; <;<joey, | Zle et| = op, (logn). Together with (B.5), we have
III, = op, (log(n)?/n).

Next, we derive the convergence rate of ///;. By Lemma 6 and the Assumption A3

that the bootstrap weights and the observations are independent, we have for any € > 0

P, max
log(n)gkgt?

t=1
oxln 0 (B.6)
J1fo .\ tzl 1) _1 3
= 2 ) 2 | = 2
e? \ log(n) <= k 1 £2log(n)
Therefore maxiqq(,)<k<0 LS (w, —1) ) p, (1). Take ¢(n) = t? = n7? in Lemma
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8 (iii) and (v), we obtain that

k
— ] B.7
log(%g}k{ﬂ?‘ Z Et 0Pw<og( )) ®D
and
Ly~ (log(n)) (B.8)
max — €t |— O ogin)). .
tog(m<h<ey | g =1 ®

By combining (B.6), (B.7), and (B.8), we obtain 111, = op,(log(n)?/n), and therefore
Sup; <0 111(k) = op, (log(n)?/n).

Using the same techniques for deriving the convergence rate of /15, we can prove
that sup; 0 IV (k) = op,, (log(n)?/n). Combining the convergence rates of I(k), I1(k),
I11(k), and IV (k), we obtain sup; <0 Ry, (k) = op,, (log(n)/v/n).

Recall the decomposition of U (k/n) in (B.4) for k € [1,tY] is

Uy (k/n) = ﬁ (ak) ZU’HL (bx) Zw”L c) Zwt +%;wt€f+Rﬁu(@

k+1 t9+1 t9+1
_ (t? | D= 1>> ar e (B2 Z(: DY
+ (n e 1)) () + 2D e + )
t=1
For k € [1,1Y], denote
Un(k/n) = i kai + f2 ; t(l)bi ntgci + o? (B.9)

where ay, = ((n —19) (8 — 53) + (n — £5)(B3 — 83))/(n — k), by = ((t] = k) (B3 — B7) +
(n—15)(B3 — £3))/(n — k), and ¢ = (] — k)(B) — BY) + (t3 — k)(B5 — B2))/(n — k).
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We calculate the difference between U¥(k/n) and U,,(k/n) as

U (k) — O k/m) = B2 (a2 — ) + 22l = gy
0_ 40 t(g) wy — 1
n—t9 91 (wy —1 .
PO () 4 2 T D

n n

1 1 "
+ =D (wi =D+~ (6 — o) + Ry (k).

t=1 t=1
To derive the uniform convergence rate of U¥(k/n) — U,(k/n), we first investigate

the convergence rate of a}’ to ay, b} to by, and ¢}/ to ¢;. For a}’, simple algebras lead to

Do We o — 9 Show g
a¥ — a. = 71 o 0 + 5 o 2 0 70
k k <2k+1 w; n—Fk (ﬁl 52) Zk+1 wy n—k (52 53)

n*;t? Z??J,-l(wt -1) - ﬁ ZZH(wt —-1)
(5 S = 1)+ 1) (25)

(BY — Ba)

rltg Z%H(wt —1) - ﬁ Zk—H( t—1) 0 0
+ 1 n n—k (62 B 53)
(7 S (e = 1) + 1) (255)
By Lemma 6, we have for some M > 0
1 & 1 nC
P, —1) ‘> Mn~V? , B.11
(1r<r}€a<>§? n—k Z( " M2 n—1t° ®.11)
k1
for some constant C' > 0. Therefore, max, <<, | (n—k)™' Y20, (w—1) |= Op, (n7/?).

We thus proved that max; <<, [ay’ — a| = Op, (n~'/?). Similarly, for by and ¢}’ we have

_ ~1/2 _ ~1/2
Max) << b — bi| = Op,,(n /%) and MaxX; << | — ek = Op,,(n )
By the convergence rate of a} to ax, b} to by, ¢} to c¢x, and Lemma 8 (i), we have

proved that the first six terms of (B.10) have uniform convergence rate of Op, (n~'/2) for
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k € [1,t)]. The seventh term of (B.10) can be bounded as

P, () %Z(wt —1)é |>n1/2 log(n)5>

t=1

1
< - 450 .S.
~ nlog(n)?e? Z€t .

t=1

n

for any € > 0, where the convergence follows from the strong law of large numbers. The
convergence rate of the eighth term is op, (n~'/?log(n)) by the law of iterated logarithm.
Together with the already proved rate sup; <0 Ry (k) = op,, (log(n)/+/n), we obtain the
convergence rate
sup |Uy(k/n) — Un(k/n)| = o, (log(n)/v/n).
1<k<t

With the same technique the results can be proved for k € [t0+1,t5] and k € [t5+1, n).

These results imply Lemma 2.

For k = |n7] and 7 < 77, denote

_ 70 _ -0

a(r) = SR — )+ S () )
0 _ (]

br) = DT — ) + S (3 )
0 _ 0 _

o(r) = T—(8 - B) + Z—(5 - ).

and let
U(r) = () = 7)a(r)” + (7 = 7)b(r)* + (1 = 73)e(7)". (B.12)

Since lim,, o Uy, (k/n) = U(7) uniformly for 7 € [0, 70], Lemma 1 is proved.
Proof of Lemma 4.
UL /n) = Uy (81/n) = (U (& /n) = Ua(8*/n)) = (U (t1/n) = Un(t3/n))
+Un(i"/n) = Un(t]/n)
> —2 sup |U”(k/n) — U,(k/n)| + C|t* — 7| /n,

1<k<n

where the last inequality is true by Lemma 3. Since U¥ (" /n) — U¥(t9/n) < 0, we have

£ — 8] < C7'2n sup Uy (k/n) — Un(k/n)].

1<k<n

18



Thus, Lemma 4 is proved by the result of Lemma 2.

Proof of Lemma 5. In the proof, we consider the case k < t. The case k > t{ is similar.
With a little bit abuse of notation, we denote D,,. = {k:nn < k < nrd(1 —n),t? — k >
elog(n)}. We decompose L¥ (k) — L¥(t?) as follows,

Lw( Lw to Zwt ak + Zwt bk — t(l)) )

3 wil(€)? — (€4)?) + n(RY (k) — RE(LD)).

Denote A(w, 8°) = Y, wi(4 — B3) + Yy wi(8 — B9). We rewrite af, by, cf as

_ Aw, 8
g ZZH w;’
w (w 50) 0 0
b - )
k Zk+1 . (52 ﬁl)
0
= S - o)

19



After some algebras, we obtain

Zw%ﬂ&)ﬂ%%@%+ZwMW4@%

k+1 t9+1

_ a0 { wﬁ) %@—@MWﬁ%}
(ZZH wt) B " ; ZkJrl w)? - ZZH Wy

& [ A 28— AW, 8
Z t { (Zt0+1 w)? " Z%H Wy }

- A(w, 8% | 2(8) — BY)A(w, B°)
" Z { (Zk+1 w)? * Z:+1 Wy }

__nw Alw, B | 2(88 — BY)A(w, B)
Z ' { (Zt0+1 wt) - Z:tf_,_l Wy }

Zk+1 Wt Zt0+1 Wy
_ Zk1+1 wiA(w, B°)?
ZZ—H Wt 2?(141 W

9 012
_ Zk+1 th(wuB )
ZZ—H Wy Z?(l)-&-l Wy

Therefore, we have

22k+1 wiA(w, B°) (Z Wy ﬁQ ﬁl + Z wy ﬁg ﬁl )

t9+1 t9+1

10
Lw(k‘) . L“’(to) o Zlirl th(w’/BOP
n n\"1) — n n
Zk+1 Wy Zt(l)-i-l Wy

We first derive a lower bound of A(w, 8°)%/(3 4 1 we 2204, we) for k € [1,4]]. Let
B=(1-m)(8 -9+ (1—7)(B —B3),and A = B?/(1 — 17). We have
A(w, B°)?
(S 0 S )
(%ZgHwa—Uuﬁ—ﬁ®+%zgﬂw%—nwg—@y+3f (B.13)
(3 (= 1)+ (n = ky/m) (3 S (we = 1)+ (L= 7))

+n(Ry (k) — Ry(11)).
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By Lemma 8 (ii), all the stochastic terms in (B.13) are O]pw(nfl/ 2) uniformly over k €
[1,¢9]. It is easily seen that for a fixed £ > 0,

0)2
lim P, ( min A(w,B) > A/Q) =0 as. (B.14)

neo 1<k<t? Dok We Zto 1 W
Therefore, we have

i ., iyt LE(6) < LE@)) = i P, ( U (220 - L2) < 0}>

n—o00 k€D, keD
ne

. Pw< U {n(R:s(k)—Rz(t?)) o AW By }) B.15)

A k€Dne Zﬁﬂ Wy (Zkﬂ Wy Zt9+1 wt)
w _ pw(40
< lim P, ( U {n(Rnazzo R 2 }) |
e k€Dne Y g Wy

where the last inequality follows from (B.14). Therefore, to prove Lemma 5, it is suffices

to show that for any fixed ¢ > 0,

n(Rﬁ(/f)O— RY(19))
Z?ﬂ Wy

n(Ry (k) = By () /255 we [= op, (1).
We decompose n(RY (k) — RY(t})) for k < t? as follows,

n—00 k€Dne

lim P, ( sup

> A/2> =0 a.s., (B.16)

which can be implied by proving sup;.cp, _

n(Ry) (k) — Ry(1)))

tO

_Qakatet+2 bw—b Zwtet+2 —c;‘é)Zwtet

k+1 1941 t9+1
i 3 " (B.17)
— 2a; e’ kat—i—Q e Zwt—l—Z(cﬁElﬁk—c;’é@t?)Zwt
k+1 t9+1 t9+1
k t(l) n n
— 1D w@) =D wilEn)? | = | DD wi@)? = D wi(@)?
t=1 t=1 t=k+1 t=t{+1

We will show that each term of n(R¥ (k)—RY (1)) divided by ZZ? 1 wy is op,, (1) uniformly
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over k € D,.. The first term of (B.17) divided by 317, | wy is

0 1 t(l) 1 t(l)
2a¥ S 0% Do (W — D&+ o Dok €
% = 9q0 i = ok =i 7 (B.18)
Zkﬂ Wt tO % Zkﬂ( -1)+1

By Lemma 7, for an arbitrary o > 0,

tO kat—let

k+1

P max >0

nngkgt?—s log(n)

(B.19)

t9 9 t9—elog(n)

1 1 €
< - - S — —t
“vla—cem, 2 @0t & @)

k=t9—clog(n)

The right hand side converges almost surely to 0 as n — 0 by invoking the Kolmogorov’s

three series theorem. Next, we prove that max tol - k 1 € — 0,a.s.. For any
nn<k<t{—clog(n) 1
5 >0,
oo
lim P max € >0
m—00 nun nn<k<t{—elog(n) to k % ! |
B (B.20)

SAE%OP(,C;%?; \—Z@P‘S)%li“wbg e

where the last inequality follows from Lemma 6. Thus, by (B.20) we have proved that

1 Y o .
max T Dhg1 € — 0,a.s.. Similarly, for any § > 0,
nn<k<t]—elog(n) 1

tO
Py, max 1 Zwt—1|>5

nn<k<t{—elog(n) to k |
(B.21)

9 t9—elog(n)

1 1 1 1
< |- - -
“ela—coem, 2 @t X @)

k=tQ—elog(n)

the right hand side converges to 0 obviously. By combining (B.19), (B.20), (B.21) and that

ay’ is bounded from above, we have

2ay w
max b Zk“ L= op, (1).

- _4
nn<h<t]—elog(n) YLy
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For the second term of (B.17), note that

0
(b — w) Ztoﬂ we,  A(w, 8°) Ztoﬂ W€y

Zk+1 wy e W Zt0+1 Wy

n— t Zt +1( — e+ = t0 Zt0+1
n,tg Zt‘l)-i-l(wt 1)+1

(B.22)

< 2(1871 + 1831 + 1531)

Therefore, by Lemma 8 (i), (ii), and the strong law of large numbers, we have

0
max (0 - “’) ZZOH e

0
nn<k<t{—elog(n) ZZH Wy

= Opw(l).

The third term of (B.17) can be treated similarly as the second term. To treat the fourth

term, we first deal with €,
e = Z%kﬂ W€y
D1 We
_ L (W =D+ 230 e
N ﬁ Z?:ml(wt —1)+1 '
e

By the same technique in deriving (B.19) and (B.20), we know that max,,, <x.<10_c1og(n) € =

(B.23)

op,, (1). Therefore, the fourth term is op,, (1) uniformly over k € [nn, Y — log(n)].
The fifth term of (B.17) can be written as

(b €y, — b€l Zwt

t9+1

3 3
w \ -w w (W (1)
t?)e_k E wy + bt(l)(e_k — e_t(l)) E wy

t0+1 9+1
0 t9 t9 £0
A(w, 8°) t0+1 w w D k1 Wier
AP PO v
k1 Wt 24940 We 377 941 k1 Wt

= Vi(k) 4+ Va(k) + V3(k).

0 0
" tZQ i We Yoy Weee
Zk+1 Wy ZtO—H wy

t9+1
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For the first part, |V (k)|/ Zﬁ-&-l wy < C|€”,|. Thus, by (B.23), we obtain

max )|V1(k)|/2wt:0pw(1).

nn<k<t9—elog(n 1

For the second part,

t9 0
Va(k) w t§+1 Wy ZZ}H Wiy

— 00
ZZ?H wy E ZZ?H Wy ZZ“ w;

which is op, (1) uniformly over k € [nn,t) — clog(n)] because (B.18) does so. For the

third part, we have

tO
Va(k) - Zt?fﬂ Wt ZZ)H wy Z%H Wi
—0  — Yo
Ztitl Wy E ZZ-H Wi Z??H Wy Z??H wy
ZZ)H W€t

St
t9+1 Mt

which is op, (1) uniformly over k € [nn, t) — elog(n)]. By combining the convergence re-
sult of Vi (k), Vo (k), and V3(k), we obtain that the fifth term of (B.17) divided by Efﬁ“ wy
is op, (1) uniformly over k € [nn, t{ — elog(n)].

The sixth term of (B.17) is treated similarly as the fifth term. The second to the last

< 2(187] + 83| + 1531

term divided by Z}il w; can be decomposed as

k t9 t9
D wil@)* =D w(e) | /D w
t=1 t=1

k+1
. 2 " 2
<Zt:1 wtet) <Zt1:1 wtﬁt)
Tt k = 0 '
Zk+1 Wy Y g Wy ZkJrl wy Y 4ty wy

which is op,, (1) uniformly over k € [nn, t?—¢ log(n)] using the same techniques in proving

(B.7) and (B.8). The last term is treated similarly as the second to the last term.

By combining all the convergence results we obtained, we have

RY(k) — R¥(tY
x| MERB - RYE®)
nn<k<td—elog(n) 221+1 w,
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which leads to (B.16). The proof of Lemma 5 is completed.

Proof of Theorem 1. Note that the binary segmentation algorithm is implemented se-
quentially in this paper, we first study the convergence rate of £, which is first change-
point detected by the BS algorithm defined in Section 2.2. For a fixed ¢ > 0, recall that
Dpe ={k:nn <k <nmd(1-n), k-1 >elog(n)},

lim Py (|t* —t9] > log(n)e)

n—oo
< lim P,(#* < nnort” > nrd(1 —n)) + lim P,(* € D,)

n—oo n—oo
< i (< (v > nrd(1 — li inf LY(k) < LY(t)
< lim P, (" <mport® 2 nry(1—n)) + lim Pu( inf Ly(k) < L7(17))
=0 a.s.,

where the last equality follows from Lemma 4 and Lemma 5. Thus, we obtain [{* — t9| =
o, (1og(n)).

Have obtained the convergence rate of the first change-point £, we can proceed to
analyze the convergence rate a further change-point in the sub-sample [t*, n]. Since we
have proved that £ —t9 = op_(log(n)), the difference between the residual sum of squares
using the sub-sample [t n] and the sub-sample [0, n] is of order op, (log(n)), which is
ignorable in the proof. Thus, we can use the same technique used in proving the conver-
gence rate of £ to prove that the second estimated change-point converges to ¢ with the
rate op,, (log(n)).

Proof of Theorem 2. Denote the weighted mean of X;, ¢ = ky,..., ko by the weights
wy, t =k, ... ke by X o= (02, w)t 302, we Xy, denote the weighted-CUSUM
statistic for the sample X;, ¢t = ky,..., ko by

ko k
.. Wy _

Vo (k) = =k [E (X, - X}, >]

o \ Zt:kl Wy D 2 gy We t=k1 o

Zk:k Wy Zkik 1 Wt o >
= e (X X |-
t=kq Wy

We first study the difference between (62°)? and (61 ,)?, the subscript k& and k& — 1 de-

note the number of change-points for the candidate model. Note that the estimated set of
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change-points are nested, thus (62 ;)? — (6%)? must be of the form

(61,)? — (67)? =
Zfikl w( Xy — Xﬁul,kQ)Q - Zf:kl wy( Xy — Xﬁ,kﬁ - Zfik wy (X — Xlgjkz)Q
D iy Wi
k k
. (Vk?l,kg)g . Zt:kl Wy Ztik—i-l W Xw Xw 2
- n - n k2 |: k’l,k - k’,k‘Q:| Y
D1 W Dty Wi Zt:kl Wy

where k, k1, ko are change-points estimated by the binary segmentation algorithm. Note
that the number of change-points is N = 2 in the true model, we use NV in the proof for

clarity. By Theorem 1, the change-points are estimated by the precision op,, (log(n)),

B Zf:kl Wy Zfik—&-l Wy
N D i W Zfikl Wy
_ Zf:kl Wy Zfik+1 Wy
X w Y, w
= (b1 — B2)? + op, (1),

(6N-1)* = (6N)*

[Xp = Xi,)?

—W —Ww - 2
[5? - B+ €k — Cory T 0P, (0 ! 10g(n))}

where €/ ,, = (sz we) Z,’: wyes, BY is the mean of X in the segment Xy, t = k1, ..., k,

and (39 is the mean of X, in the segment X;,t = k,... ko. For k < N,
(6%)" = (68)* = (63) = (6341) "+, -, +(0N_1)" — (6%)"
> (o3_1)" = (6%)* = (B — Ba2)* + 0p, (1)

We have for £ < N and some positive constant C' > 0,

BIC(k) — BIC(N) = glog EZ’}Z ;z + (k — N)log(n)
n (63)° — (63)°
=3 log ( 1+ Gy ) + (k — N)log(n)
> C’n<0kw) — (GF) + (k— N)log(n) a.s.

>Cn+ (k— N)log(n) >0 a.s.,

which is true for sufficiently large n. Next we consider the case where k£ > N, for k =
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N + 1 we have,
k k
Zt:kl Wy Ztik—H Wy
k
Z?Zl Wy Ztik’l Wy
k k
_ Zt:k’l Wy Ztik+l Wy |:—fw

—w - 2 -1
- €k — Ehpy T 0p(n 1)] = op, (n" " log(n)).
Doimr Wi Zfikl Wy ' 2

Thus for &k > N, we have (61°)% — (6%)? = op,, (n"'log(n)), and

(X, — Xi,)”

(6N)" = (6N4)" =

BIC(k) — BIC(N) = glog (0} )z + (k — N)log(n)

> O 4 (k= N) log(n)
(o%)?

> op, (log(n)) + (k — N)log(n),
which is positive for large n almost surely. Thus for large n, BIC(k) is minimized at
k = N = 2 almost surely.
Proof of Theorem 3. Without loss of generality, we prove the asymptotic consistency
of the confidence interval for x{ for a fixed location ¢ such that t — ¢ > log(n). Note
that in the proof ¢ is used to indicate a fixed notation. By Theorem 2, we have that the
probability of the estimated number of change-points for the bootstrap samples equals
the true number of change-points goes to 1 conditional on the observations almost surely.
Take ¢ = 1/2 in Theorem 1, we have lim,, . P, (|t¥ — | < 1/2log(n)) = 1 almost
surely. Therefore, lim, . P, (fw —t > 1/2log(n)) = 1 almost surely. Therefore,
lim,, oo Py (1" = Ztl L ws X,/ Z ' w,) = 1 almost surely, where i denotes the boot-
strap analog of fi, = 1/t; 25:1 X.

Denote j1¥ = 2(1):1 we X,/ Zil w;, we shall show that |1 — 1’| = op, (log(n)?/n).

In view of the inequality

10
’ ’ | Zs 1w5X Z ftW+1w5 ‘ + | Zs 1 Ws Zs thwSX }
tO tw
Zslzl Wy Zs:l Wy

we only need to prove that

Y

Z w, = op, (log(n)?), and Z w, X, = op, (log(n)?). (B.24)

s=t+1 s=t¥+1
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For any € > 0,
f
P, Z w, > ¢log(n)?

s:le‘url

tO
<Py | Y w>elog(n)? i — 1] < elog(n)
s=tP+1
+ Py ([T — 1] > elog(n)
G
<P, > we>elog(n), [i — 1] < elog(n)
s:t(l)—log(n)—&-l
+ Py (| — 1] > ¢ log(n))

log(n) Tw 0
< m + Pw<|t1 — t1| > glog(n)) —0 a.s.,

where the second inequality follows from positiveness of wj, the third inequality follows
from the Chebyshev’s inequality, and the convergence follows from Theorem 1. The proof
of second part of (B.24) is the same as the first part except we need to apply a strong law
of large numbers to sum of | X|.

Theorem 3.6.13 of van der Vaart & Weller (1996) develops the general theory for
the weighted bootstrap measures, with the continuous mapping theorem (van der Vaart &
Weller, 1996, Theorem 1.11.1), we have

tO
T

t(l] My — FZXS ~ N(Oa02)7
1 s=1

in probability, given the almost all the observations X, X5, ..., where ~~ stands for weak
converge. For the exact meaning of the above statement, we refer the reader to Section 2.9
and Section 3.6 of van der Vaart & Weller (1996). Together with the already established
result |1 — 1| = op, (log(n)?/n), we have
1 &
tg”‘@i& ~ N(0,0%),
in probability, given the almost all the observations X;, X5, .... The asymptotic consis-

tency of the percentile interval follows from Lemma 23.3 of Van der Vaart (2000).
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Note that the bagging estimator is the conditional expectation of /i given the obser-
vations. By standard probability manipulations similar to the proof of (B.24), we can show
that n/ log(n)?E, (|4 — i) — 0 almost surely. Also note that E,, (1) = 1/t° Zgl):l X;.
The delta method approximation of the variance of the sample mean is simply the sample
variance, see Chapter 6 of Efron (1982). Therefore, the consistency of the smoothed in-
terval follows from the central limit theorem. Because the adaptive interval is either the

smoother interval or the percentile interval, the adaptive interval is also consistent.
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