
Ni

Nk

X
→

ai $/MW2h
bi $/MWh
ci

Mservicei

Ri

Ci

Pi, min MW
Pi, max MW
Pdi MW
αi

βi

Pbase MW
Putility

MW
cretailu $/MWh

A

x ∈ ℝ
y ∈ ℝ
rk

k + 1 Ω
xk

k + 1 Ω
v0 kV

Vmin kV
Vmax kV
θmin

θmax

ε

Pgi

MW
Cgi

lmpi $/MWh

ki

ρi $/MWh
Pi MW
Pri MW
cretaili $/MWh

Ploss MW

Pk k + 1 MW
Qk k + 1 MW
pk

MW
qk

MVAR
vk kV
Pkk

MW
Qkk

MVAR
Plossk

k + 1 MW
φi

x
0

x
∗

Ψ(x, y)
Z(x)
θn



λi



Cgi = aiPgi
2 + biPgi + ci + Mservicei

,

Pgi

ai bi ci

Mservicei

lmpi = 2aiPgi + bi .

Pgi

ρi = kilmpi = ki(2aiPgi + bi),

ρi ki

max Ri = cretaili ∑
i = 1

Ni

(Pi − Pdi) − ∑
i = 1

n

Ci

Pi = Pgi + Pri

s . t . Pi, min ≤ Pi ≤ Pi, max,

Ni Pi Pri

Pdi

Ci

Pi, min Pi, max

cretaili = βi − αi(∑i = 1

Ni Pi − Ploss) αi βi

U = cretailuPutility + ∑
i = 1

Ni

Mservicei
,

Putility cretailu

min ∑
i = 1

Ni

ρiPi, ∀i ∈ [1, Ni] .



F(x, y)
G(x, y) ≤ 0

f (x, y) g(x, y) ≤ 0

F(x) = xTAx + b
T
x + c

A

x y ∈ ℝ

f
x + y

2
≥

1
2

( f (x) + f (y)) .

1
2

(x + y)T
A(x + y) ≥ xT Ax + yT Ay

xT Ay + yT Ax ≥ xT Ax + yT Ay .

(x − y)T
A(x − y) ≥ 0,

Pk + 1 − Pk = pk − rk

Pk
2 + Qk

2

vk
2 ,

Qk + 1 − Qk = qk − rk

Pk
2 + Qk

2

vk
2 ,

vk + 1
2 − vk

2 = − 2(rkPk + xkQk) − (rk
2 + xk

2)
Pk

2 + Qk
2

vk
2 ,

k = 1, . . . , Nk Pk Qk

k + 1 vk

pk qk

rk xk

k + 1
Pk

Qk

Pk = ∑
kk ∈ K

Pkk, Qk = ∑
kk ∈ K

Qkk,

(vk − v0)
2 ≃ 0 v0

2 + 2v0(vk − v0) ≃ vk
2

Pk + 1 − Pk = pk, Qk + 1 − Qk = qk,

vk + 1 − vk = −
(rkPk + xkQk)

v0

.

Vmin ≤ vk ≤ Vmax .

k + 1

Plossk
= rk

Pk
2 + Qk

2

vk
2 ≃ rk[Pk

2 + Qk
2] .

Ploss = ∑
k = 1

Nk

Plossk
= ∑

k = 1

Nk

rk

Pk
2 + Qk

2

vk
2 ≃ ∑

k = 1

Nk

rk[Pk
2 + Qk

2],

Ploss

Pbase

∑
i = 1

Ni

Pdi + Ploss + Pbase = ∑
i = 1

Ni

Pi + Putility .



x
0

x

Ploss Putility x

x
∗

Z(x)
Z(x) < ε ε

i ← i + 1

Ni

xi

i = 1, 2, 3, . . . , Ni

x = x1, x2, . . . , xNi

φi

φi

φi = Ri − Ci,

Ri Ci

xi

(yi | x)
(x1, . . . , x(i − 1), yi, x(i + 1), . . . , xNi

)

yi

(x1, . . . , x(i − 1), x(i + 1), . . . , xNi
)

x
∗ = (x1

∗, . . . , xNi

∗ ), ∀i

φi(x
∗) = max

(xi | x
∗) ∈ X

→
φi(xi | x) .

Ψ(x, y) = ∑
i = 1

Ni

[φi(yi | x) − φi(x)]

[φi(yi | x) − φi(x)]

xi yi

x

x
∗

max
(x∗, y) ∈ X

→
Ψ(x∗, y) = 0

Z(x) = arg max
y ∈ X

arg max Ψ(x, y)x, Z(x) ∈ X,

x
0

x
0

xn + 1 = (1 − θn)x
n + θnZ(xn), 0 ≤ θn ≤ 1,

θn

xn

θn 0.5

max
(xn, y) ∈ X

→
Ψ(xn, y) ≤ ε,

ε

F(x, y)

G(x, y) ≤ 0 f (x, y)
g(x, y) ≤ 0

Upper level: min Fupper(x, y)

s . t . Gupper(x, y) ≤ 0

Lower level: min f lower(x, y)

s . t . glower(x, y) ≤ 0.



F(x, y)
∂F(x, y)/∂x = 0 ∂F(x, y)/∂y = 0

min
x ∈ X

→
, y

F(x, y)

s . t .

G(x, y) ≤ 0

g(x, y) ≤ 0

λi ≥ 0, ∀i ∈ [1, m]

λigi(x, y) = 0, ∀i ∈ [1, m]

∇yL(x, y, λ) = 0

where L(x, y, λ) = f (x, y) + ∑
i = 1

m

λigi(x, y),

λ

λi

gi(x, y) = 0 λi = 0 gi(x, y)

ε = 10−3

ai

bi

Mservicei

bi ci $/h

ai, $/MW2h

bi, $/MWh

ki

αi

βi



k + 1

ai, $/MW2h

bi, $/MWh

ki

αi

βi

Pi, MW

ki

Pi, MW

ki

βi

Pi, MW



Pi, MW

ki

βi

Pi, MW


