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1 | INTRODUCTION

Choosing optimally the assets to own and to rebalance portfolios are the main tasks of portfo-
lio managers. Classical finance first provided a systematic way of doing so in markets without
frictions—in what follows we will call it the Merton problem (without frictions) for the Nobel lau-
reate Robert Merton who was the first to give its systematic solution. Although elegant, the results
obtained with these models are of little help to real-world investors, as the optimal strategies pre-
scribed would lead to immediate ruin in the presence of the smallest frictions. Indeed, financial
markets do not behave in the idealized way described by the assumptions of these early models.
Trading actively costs, and all the more so when the size and speed of the portfolio rebalancing
increases. The type of trading costs that interests us in this article stems from the lack of market
depths and the insufficient liquidity of the assets traded. To trade, an investor needs counter-
parties, be it over-the-counter or in the limit-order-book. Attracting enough of these counter-
parties for a large trade necessitates a price move in the direction adverse to the investor. It is
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accepted that the size of this shift increases with the size of the trade and the speed of trading.
The seminal works of Bertsimas and Lo (1998) and of Almgren and Chriss (2001), and Almgren
(2003) set the models that are now widely used in the literature: the price impact is assumed pro-
portional to a power a > 0 of the trading rate. For tractability, price impacts were first taken to
be linear (o = 1), and many interesting results sprouted in the literature (see, e.g., Bank, Soner, &
Vof3, 2017; Collin-Dufresne, Daniel, Moallemi, & Saglam, 2015; Guasoni & Weber, 2017; Moreau,
Muhle-Karbe, & Soner, 2015; and references therein)l. However, empirical studies such as Lillo,
Farmer, and Mantegna (2003) and Almgren, Thum, Hauptmann, and Li (2005) suggest that the
power «a of the trading speed is in the interval (0,1), which leads to superlinear but subquadratic
trading costs.

Portfolio choice problems with these types of frictions have only been recently studied. The
first article to analyze these frictions is by Guasoni and Weber (2020), in which the investor max-
imizes power utility of final wealth in a Black-Scholes market. Trading induces price impacts
proportional to a power a of a “volume-renormalization” of the trading rate. They characterize
the optimizer, identify a family of asymptotically optimal strategies and find the relative loss of
utility to the leading order in the limit of small price impacts. These are expressed in terms of
the solution of an ordinary differential equation that depends on a. More recently, the problem
was solved in Cayé, Herdegen, and Muhle-Karbe (2020) for constant absolute risk averse (CARA)
investors and general one-dimensional markets where the price follows a not necessarily Marko-
vian It6 diffusion. The Ordinary Differential Equation (ODE) found in Guasoni and Weber (2020)
is still a crucial building block of the solution. In a parallel strand of literature, Cai, Rosenbaum,
and Tankov (2017a, 2017b) embed these problems in the study of tracking problems.

Although the previous works give a good understanding of the behavior of one-dimensional
markets, they do not take into account the important effects of interdependence in multi-asset
markets through correlation and cross-price impacts. Indeed, it is not unreasonable to think that,
asset prices being correlated, a liquidity strain on an asset may very well have a liquidity effect
on another asset. For proportional transaction costs and also for linear price impact, the conse-
quences of the asset liquidity interdependence on portfolio optimization problems are relatively
well understood (see, e.g., Bichuch & Guasoni, 2018; Guasoni & Weber, 2018; Garleanu & Peder-
sen, 2016; Moreau et al., 2015; Possamai, Soner, & Touzi, 2015). It is found that in contrast to the
one-dimensional case, it is not anymore optimal to trade directly toward a target strategy, which
turns out to be the frictionless optimizer, unless the current displacement is an eigenvector of the
inverse price impact matrix multiplied by the volatility matrix. The optimal strategy is, in general,
to trade in a direction given by a symmetric matrix depending on the price impact and volatility
matrices. This direction needs not be pointing to the currently optimal portfolio.

In the present article, we study a portfolio choice problem in a multidimensional market where
transaction costs are superlinear and subquadratic. We consider an investor with a constant rela-
tive risk aversion (CRRA) who is maximizing the utility of her consumption on a finite time hori-
zon. Our model allows for general patterns of cross-impacts and we consider a general Markovian
It6 price process set-up. The presence of superlinear costs makes this problem very challenging
to solve explicitly and, as first done by Shreve and Soner (1994) in the context of transaction costs,
we turn to the powerful machinery of viscosity solutions developed by Crandall, Ishii, and Lions
(1992) to characterize its solution. In particular, one of the challenging features of the cost struc-
tures we consider is that the associated Hamilton-Jacobi-Bellman (HJB) equation is degenerate
with a Hamiltonian growing superquadratically in the first derivatives with power m = 1 + i > 2.
Considering that in practice transaction costs are small, it is natural to make an asymptotic
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analysis of the problem for small price impact using techniques developed by Soner and Touzi
(2013) for proportional transaction costs. These techniques, inspired by the homogenization the-
ory for Partial Differential Equation (PDE) with periodic terms, mixed with general stability
results for viscosity solutions and the identification of two corrector equations rather than one,
were then extended to multidimensional markets with proportional transaction cost by Possamai
et al. (2015) and later by Moreau et al. (2015) for linear price impact.2

Based on the approach developed in Soner and Touzi (2013), Possamai et al. (2015), and Moreau
et al. (2015) and using tools from homogenization theory (Evans, 1989, 1992; Lions, Papanicolaou,
& Varadhan, 1986; Souganidis, 1999), we characterize the asymptotic expansion of the value func-
tion of the problem in terms of the solutions of the so-called corrector equations. The first correc-
tor equation is an ergodic-type Hamilton-Jacobi-Bellman equation with superquadratic Hamil-
tonian similar to the equations studied in Ichihara (2012) and Cirant (2014)3. This PDE, whose
structure depends neither on the price dynamics nor on the utility function, seems to be ubiq-
uitous in the nonlinear price impact problems. It generalizes the ODE derived by Guasoni and
Weber (2020), which is also a crucial element of the solution in Cay¢ et al. (2020) in the setting of
one-dimensional markets with nonlinear price impact.

This first corrector equation cannot be solved explicitly and we have to rely on existence results
from Ichihara (2012) and Cirant (2014). In particular, in order to prove the asymptotic expansion,
we need second derivative estimates for the solution of this equation and they are, at the moment,
only available for a particular choice of the price impact functional (see (48)). For more general
impacts, we expect that, under some technical assumptions, such second derivative bounds can
still be obtained by using the adjoint method, but this is beyond the scope of this article.

The loss of utility at the leading order is then characterized by the second corrector equation,
which is a linear PDE. Similarly to the previous results in the literature, the second corrector
equation is a linearization of the PDE solved by the value function of the frictionless problem. Its
source term is provided by the first corrector equation and it reflects the local utility loss generated
by the optimal control of the fast variable in an ergodic control problem. The solution of the second
corrector equation can also be expressed as the expectation of a function of the state variables
integrated over the trading horizon as in Soner and Touzi (2013), Possamai et al. (2015), Moreau
et al. (2015), and Cayé et al. (2020).

Due to the fact that the first corrector equation cannot be solved explicitly in general, one needs
to rely on numerical solutions of this equation to obtain approximations of the utility loss. Alter-
natively, some particular impact functions and choice of model allow to factorize its solution and
express the utility loss in closed form (up to the solution of a one-dimensional ODE). We pro-
vide such a factorization in Proposition 3.9 for the particular case of the Merton problem and cost
functionals satisfying a scaling property. In this case, the dependence of the solution to the first
corrector equation in the price, the time, and the wealth of the investor disappears. The only state
variable for this partial differential equation is the rescaled deviation from the Merton portfolio.
The solution of this equation is a couple (@, 4). Then, the utility loss can be directly written as a
linear function of 4 and (¢, w)—where the state variable tuple represents time and current wealth
(marked to market). Although we do not prove here that they are, we also provide a family of
strategies conjectured to be asymptotically optimal. These strategies can also be written using @
and the dual friction function ®. Thus, answers to natural questions about the portfolio optimiza-
tion problem with price impact are contained in (@, 1). For example, knowing whether or not the
asymptotically optimal strategy consists in trading toward the Merton proportion can be answered
by studying the functions ®,. and @, .
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Besides this general statement on the Merton problem, we provide an example of impact func-
tion where the first corrector equation can be reduced to a one-dimensional PDE and (4, 1) can be
explicitly computed. Thus, for this impact function and similarly to Guasoni and Weber (2018) and
Moreau et al. (2015), A can be explicitly computed and the utility loss can be explicitly obtained.
We also mention other examples of impact functions that could be considered.

The proof of the expansion relies on general stability results for viscosity solutions and locally
uniform bounds for the difference between the frictionless and frictional value functions. Regard-
ing the viscosity solution aspects, unlike in Moreau et al. (2015) and Ekren and Muhle-Karbe
(2019), the solution of the first corrector equation is not a simple quadratic function of the devia-
tion from the frictionless target. Thus, generating the test functions to use the viscosity property of
the frictional value is more challenging. Compared to previous literature, our test functions have
additional dependencies and do not always scale as a power function. Additionally, these features
have to be included in the remainder estimates in Proposition 5.1, which renders these estimates
more challenging.

The complexity of the solution of the first corrector equation also generates difficulties to check
the assumptions needed to apply our main theorem. In particular, a new method is needed to
obtain the locally uniform bounds for the difference between the frictionless and frictional value
functions. Indeed, in our case we cannot simply apply Itd’s formula to the squared difference
between the current position and the target position to obtain these bounds. Also, we are not able
to find a smooth subsolution of the frictional PDE as in Possamai et al. (2015) to obtain them. To
exploit the strong mean-reversion property of the position to the frictionless target, one needs to
find an appropriate Lyapunov function. In fact, in our multidimensional framework, the solution
of the first corrector equation is this Lyapunov function. However, the application of 1t6’s for-
mula to the Lyapunov function gets extremely technical and is left to the Appendix where we give
guidelines to obtain the locally uniform bounds of the renormalized difference between the two
value functions for a model with Geometric Brownian Motion. Refining these technical estimates
would prove the optimality of the candidate family of strategies. We are confident that these com-
putations would succeed, but their length and tediousness would not bring more insight to an
already quite technical article, and they are left to courageous readers.

Finally, our result, with additional assumptions on the initial wealth and constraints on the
available strategy, can be used to determine derivative prices by utility indifference, and find the
asymptotically optimal partial hedging strategies by subtracting its final payoff from the final con-
sumption of our investor (while ensuring that this quantity stays nonnegative). See Cayé et al.
(2020), for example, where the case of a smoothed and convexified put option with exponential
utility of final wealth is considered.

The paper is organized as follows. We state the problem of interest in Section 2. We then state our
main result in Section 3. In particular, in Subsection 3.3, we provide an expansion for the particular
case of the multidimensional Merton problem and a fairly general class of impact functions. In
Section 4, we also provide an explicit expression of impact function that satisfies the assumptions
of our main results and we give the expansion of the value function for this example. In Section 5,
we state the remainder estimates that are the main estimates to carry out the viscosity theory
proofs in Section 6. In the Appendix, we prove a technical lemma on the distance between the
asymptotically optimally controlled state variables and the frictionless target necessary to check
the assumptions of the main Theorem 3.7 for our example.

In the rest of this section, for readers’ convenience, we will list the frequently used notation.
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1.1 | Notation

For a smooth function ¢, ¢, denotes the derivative of ¢ in y (we reserve the notation 0, ¢ for the
derivatives of any composition in y) and ¢,,, denotes the second-order derivative with respect
to x and y. We denote by | - | the Euclidian norm for a vector or matrix, S; stands for the set
of symmetric matrices. For a deterministic vector x, x; denotes its ith component and for a vec-
tor valued process (X;), X ; denotes its ith component. We also define the sets D := {(t,w,s) €
[0,T) x R, X [RL} and Dy :={(t,w,s) e {T} xR, X IRfiH}Where we write R, , := (0, 00).In
the article, we write C for a generic positive constant or a positive continuous function on D with
polynomial growth, that may change from a line to the next. For vectors x,y € R and « > 0, we
denote by x - y their Euclidian scalar product, x® = (sign(x;)|x;|%, ..., sign(xz)|x4|¥)7, x1*! =
(1x1]%, ey 1Xq|®)T and x X y = (611, ., XqVa) -

2 | THE MODEL
2.1 | The Merton problem without friction

Let (Q,F,F = (Fp)iefo,r), P) be a filtered probability space. The financial market consists of a
money market account with interest rate r(S) and stocks. The dynamics of the assets are as fol-
lows:

ds! = S/(ui(S,)dt + ai(S,) - dB,), with S =s for 1<j<d, )

J
0
ds? = SOr(S,)dt, with S = s,

where B is a d-dimensional Brownian motion, r, ,uj are continuous real-valued functions, ¢/ a
continuous vector-valued function, for 1<j<d. We also assume that s - s j,uj (s)ands s jaj (s)
are Lipschitz continuous for all j = 1,...d. We denote by o the d X d matrix whose jth row is g/.
We assume furthermore that oo’ is positive definite. We write indifferently r, for r(S,), u; for
u(S;), and o, for cr(St).4

The investor chooses at time ¢t a consumption rate ¢, > 0 and the number of shares H, =
(H},...H f)T to hold in the stock. Her wealth evolves according to the following dynamics:

d d
dW? = (r,W? — c)dt + Y H/S/(u! —r)dt + ) H!S/o/(S,)dB! @)
i=1 ij=1
in vector notation,
dw? = (r,W? —¢)dt + (H, x S;) - (u, — r,)dt + (H, x S;)'o,dB,, (3)

where 1 is the vector of R with 1 for every component. The objective is to maximize the expected
utility from consumption. The value function for (t,w,s) € DU Dy is

T
Vot,w,s)= sup E / U(c,)dr + U(cy)
(¢,H)EAO (W) t

W, =w,S, = s] . 4)
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U(x) = xR /(1 —R),R > 0, R # 1isthe utility function, and .A° is the set of admissible strategies
(i.e., number of shares in each asset and consumption) that guarantee that the Stochastic Differ-
ential Equation (SDE) for the wealth process has a strong solution and that W? > 0andc, > 0for
allt > 0andcy < W

Remark 2.1.

(i) Note that although S, appears in the wealth dynamics, we could easily remove it by treating
the amount in units of numéraire invested in the stock, H;S;, as the control. Here, we consider
the number of shares as control in order to have more resemblance with the frictional case
introduced in the next section.

(ii) Note also that unlike the classical problem, the consumption at the final time is controlled.
This choice is made so that the frictionless and the frictional problem (22) have the same struc-
ture. However, we obviously have the same value as the classical Merton problem because the
optimal control here is c; = Wg as it is the case in the classical Merton problem.

Under some assumptions (e.g., the existence of regular solutions to the Hamilton-Jacobi-
Bellman equation and of an optimal policy for (4)), it can be proved that the frictionless value

function V? satisfies the Hamilton-Jacobi-Bellman equation for all (¢, w, s) € D

WOt w,s) := -9,V —sup{U(c) = VOc}— L£5V0 - Vo rw (3)

d 0
—sup{V0 Zh (W (s)—r)+ Z Vi Sihjs;a'(s) - JJ(S)+V— Zhjsjof(s) }
Jj=1 i,j=1
VYT, w,s) = Uw), (6)

where £ is the infinitesimal generator associated to S, and the above supremum is attained point-
wise by

d d
no(t,w,s) 1= = argmax {VO (t, w, S)Zhjsj (W (s) —r(s)) + Z Vi (tw, 8)sihs;a'(s) - oI (s)
Jj=1 i,j=1
0 d 2
—VwW(t, @, S) 2 I’lJSJO'J(S) (7)
j=1

Then h° satisfies the first-order condition for all (t,w, s) € D

d d
Vosi(w —r) + 2 Vi 5i8;0'(s) - 0l (s) + Vi, 2 hs;sj0'(s) - o/(s) = 0, forall 1<j<d. (8)
i=1 i=1
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We define additionally HY = h%(t, W, S,), for ¢ > 0. Denote by
_ _LIR
U®y) :=sup{U(x) — xy} = gy ., fory>0 )
. _
the convex dual of U and the optimal consumption rate
At w,s) 1= -0 (Vi(t,w,s)). (10)
Finally, define (¢, w, s) — cho(t, w, s) the function such that
d{h°(t,w?,s
= e (e, w0, s,) = (W) 51)) € Sy (1)

dt

is the quadratic variation of (H ?)[E[O’T].
Assumption 2.2. We make the following assumption on the frictionless problem.

(i) V°,c0 hO are C122(D U Dy) functions, and ¢’ is continuous and positive on D U Dy.
(ii) The strategy h° does not allow short selling, borrowing, nor zero position in any of the assets:

0

hO XS d d Si i
€© 1% and ) — <1 (12)
i=1

w

(iii) We have V0 > 0and VY, <0on DU Dy.
Remark 2.3.

(i) Short selling and borrowing to invest are forbidden as in Guasoni and Weber (2020) to avoid
ruin in the presence of market impact. Indeed, in the presence of price impact, the investor
might not be able to liquidate her short position or her overinvested portfolio fast enough in
case of a down-turn of the market and may face ruin, which is not allowed by the power utility
function.

(i) However, unlike Guasoni and Weber (2020), in (12), we assume that the strategy strictly
belongs to the interior of the simplex for technical reasons: it is necessary to ensure admissi-
bility of our candidate strategy in the treated example; see Appendices A.1 and A.3 for details.

With these assumptions and notation, we can rewrite Equation (5) as

0=—-9,V0—U0W%) —LV° —Vorw—V9(h°xs)- (u—rl)

d 2

Z h?(t, w, s)s;o’
Jj=1

d V()
0 0 i i ww
— E szisl-hj(t,w, s)sjch -ol— —
ij=1

13)

Example 2.4. Throughout the article, we will illustrate our results for geometric Brownian
motion as the multidimensional price process and an investor with risk aversion R € (0, 1). This
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means that we take u, o, and r constant, such that ool is positive definite and denote

© = (O'UT)l/z. (14)

In this case, one can show by verification (using the following ansatz, Equations 8 and 13) that
the value function takes the form

VOt w,s) = g(HU(w), (15)
Ot w,5) = g0 Fuw, (16)
T
W@m@=<m§wqm$>, with 7 = R (00 ™) ™ (u — r1), (17)
where
o(t) = (1 + - i)e_V(T_[) >R .

_ T Ty=1¢,,_
satisfies g(T) =1landv = (R— 1)(% 4 e (U;RZ) W r]l)) # 0.

. . : d
Assumption 2.2 means that we require 7;(t) = 7; > Oforalli = 1,..dand },_, 7; < 1.

Remark 2.5. Note that the function g is bounded and bounded away from 0 on [0, T'].

2.2 | The Merton problem with price impact
Let the financial market be the same as in the frictionless case except that the execution price S,
may be different from the fundamental price S;. More precisely, we consider a temporary price
impact model,

S = 8] + f(S:,¢86), 19)
where’ 0, = H, is the trading rate, ¢ is a small parameter, and (f ;) is a family of functions satisfy-

ing the following Assumption 2.6. We additionally define the convex conjugate ®(s, .) of the cost
functional 8 — 8 - f(s,6) in R? by

feRd

d
®(s,x) := sup {x -0 — Zejfj(S,G)}, (20)
=1

on which the Assumption 2.6 on f can be equivalently formulated.
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Assumption 2.6. The function f is continuous in both of its variables, continuously differen-
tiable in 6 and positive homogeneous of degree o € (0, 1) and odd in 8. Additionally, we assume
that for all s € (R, )%, the function 8 - 8 - f(s, 8) is strictly convex (it is then also homogeneous
of degree o + 1.

® is assumed to be continuous in both of its variables and continuously differentiable in x. @ is
convex positive homogeneous of degree m > 2 in x, and ®,,, its derivative in x, is an odd function
in x that is homogeneous of degree m — 1, where m = 1 + i > 2.

In Subsection 3.3, we provide examples of impact functions satisfying this assumption.
Remark 2.7.

(i) The constanta € (0, 1) (or equivalently and more conveniently for the PDE results used later
the constant m = 1+ ~ > 2) will be crucial in our study. It expresses the scaling of market

impact as a function of the trading rate. We fix a € (0, 1) (and therefore m > 2) and define
% a 1

3m—2"
(ii) Note that the function f is such that the instantaneous transaction costs functlon 0—-0-

f(s,0) is nonnegative, convex, and positive homogeneous of order o« + 1 = E € (1, 2): this
is the d-dimensional version of the subquadratic trading cost as it appears in Guasoni and
Weber (2020) and Cayé et al. (2020) where the market is composed of a single risky asset and
a bank account. The importance of the dual friction ® was already identified by Dolinsky
and Soner (2013) in discrete time frictional markets and used by Guasoni and Rasonyi (2015)
to provide a characterization of the optimizer of the solution of the nonlinear frictions in a
one-dimensional set-up using convex duality.

With these frictions, the wealth of the investor starting at ¢ = 0, with a marked-to-market wealth

of wy, satisfies the following SDE (with initial condition W = w,) on [0, T]

dWe = (r,We —¢,) i(H]S][( '—rt)dz+a dBt]—foj(St,EG,)dt>. Q1)

The value function corresponding to this new control problem is

T
€ (t,w,s,h)eDxRY— sup E / U(c,)dr+U(cp)|W; =w,H, = h,S; =s|, (22)
(c,0)eA(w) t

where (c,0) € A if W — Z?zl Hﬁ,Sé >0, Hﬁ, >0and ¢, >0 forall s€([t,T) and if cp < W7 —
d . .
X Hy St

Remark 2.8. We note that in our framework, the total wealth w represents the frictionless lig-
uidation value of the portfolio where h is the vector of number of shares held in each asset and
w— 2?21 his' is the cash holdings of the agent. In other words, W¢ represents the “marked-to-
market” wealth of the investor.
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The associated Hamilton-Jacobi-Bellman equation is

d
-0,V —sup{U(c) Viet—LVE — Vgrw—sup{VEG ngejf](s 56)}
Jj=1

d 2

ZhJS]C'J

Jj=1

€

V
-V Zhjsj(,uf -r)— Z Vi Sihjsjol - Lzuw
i,j=1

= 0. (23)

Optimizing over c and 6, and using the homogeneity of f and ®, we rewrite the Hamilton—
Jacobi-Bellman equation (23) as

€ )1—m

0 = G (Vo)(t,w,s,h) := —3,VE —U(VE,) — LVE —VErw — qu)(S’ V)

2
. (24

ww

Zhjs gl

~VE, Zh]sj(#f —r)- Z Vi Sih

i,j=1

We make the following assumption on the frictional value function.

Assumption 2.9 (Characterization of the frictional value function). For € > 0, the value function
V¢ islocally bounded and is a (possibly discontinuous) viscosity solution of the Hamilton-Jacobi-
Bellman equation

G(VE(t,w,s,h) =0 for (t,w,s,h) € DX R4 o5)
25
V&(T,w,s, h) =U (w - Z?zl hjsj> for (w,s,h) e R, X IRd++ x R4,

where G° is defined in (24).

3 | MAIN RESULTS
3.1 | The corrector equations
3.1.1 | Heuristic motivation of the equations

We postulate an asymptotic expansion for the value function of the frictional problem of the form

* . h—h(tw,
VE(t,w,s,h) = VO(t,w,s) — ™ u(t,w,s) — "™ w<t,w,s,— G S)>,

gm*

for some functions u and w satisfying integrability and growth conditions to be determined, and
where the fourth argument of @ is the “fast variable”

h—ho(t,w,s)

em

E(t,w,s,h) = (26)
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Introducing this ansatz in the Hamilton-Jacobi-Bellman equation (24), we obtain (recall that V°
satisfies (13) and @ is homogeneous of order m)

. «_ 1+2m*
GVt w, 5, h) = " <E1<r,w,s,§is3’" e w;(t,w,s,55),wgg(t,w,s,§£>)

+ Ey(t, w, S, Uy, Uy, U, Uy Uy Uss)

+ R(t,w, s, h,V?),

where the functional E; and E, are defined as follows:

2

Vo
E (t,w,s,&,p,X) 1= —% — VO |'-ma(s, p) + %Tr(choX), 27)

d
&80
=1

Ey(t,w, 8, X, P, g, Xypws Xws: Xss) 1= T(t,w,S,p,wa,st;hO([,S, w))

d

1 ~

+x (g x5) - us) +rwp+ 5 Y (007); s (X + U'(V)p, (28)
ij=1
and we denote
T(t,w, S, P, Xpwr Xws; B) 1= p(h X 5) - (u—rL) + (X X s X h) 00Ts
X

+ =5 (hx s) ooT(h x s) (29)

and "’ (t,w, s) is the quadratic variation of the frictionless strategy defined in (11).
The value of the scaling factor m* = 3% is in fact the only choice that allows us to claim

«_ L+2m*
€™ " "m =1andthe expansion yields

GVt w,5,h) = 2™ (Ey (t,w, s, &, we(t, w, s, §), wee(t, w, 5, £))
+ Ey(t, w, S, Uy, Uy, U, Uy, Uyyss Uss))

+ Ré(t,w, s, h, V?), (30)

The last term of (30), under technical conditions on u and @, converges to 0 as € | O for 4 in a
neighborhood of hO(t, w, s). See Section 5 and, in particular, Proposition 5.1 for further details.

Thus, for the correct expansion, we expect @ and u to solve the so-called first and second cor-
rector equations,

Ei(t,w,s, &, we(t,w, s, 8), wee(t,w, 5, 8) = at,w,s)(DU D) X RY,

w(t,w,s,0) =0onD (31)
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—Ey(t, w, S, U, Uy, Ug, Uy Upss Uss) = a(t, w, s) on (D U Dy),
d
u(T, w,s) =0on R} x (RY)". (32)
Remark 3.1.

(i) For the first corrector equation (31), the triplet (¢t,w,s) € D is in fact just a parameter of
the equation. The variable of the equation is £ € R? as in Barles and Meireles (2016), Cirant
(2014), and Ichihara (2012). The solution of the first corrector equation is a couple (@, a). The
term a of the solution of the first corrector equation is a source term in the second corrector
equation.

(ii) The first corrector equation (31) is the most important object in the study of small transaction
cost asymptotic theory. Indeed, as the transaction parameter € goes to 0, the deviation from
the frictionless position & := H‘E;f? oscillates faster around 0. The first corrector equation
expresses the trade-off the agent needs to make between keeping this quantity close to 0 and
the transaction cost she has to pay. In the first corrector equation, the utility loss due to the

. Vo d ; .
displacement £¢ comes from the term —w [y =1 §jsjo’ |? > 0 and the transaction cost

comes from the term (V,(¢, w, 5))!~™®(s, p). The local control problem that the agent solves
is an infinite horizon problem similar to Ichihara (2012, eq. 2). This comes from the difference
of time scale in which the different variables evolve. Indeed, as € goes to 0 the variable ¢ (the
so-called fast variable in the homogenization theory) oscillates faster and faster and sees any
infinitesimally small interval (under the right scaling) as infinite, while the variable (¢, w, s)
stays almost constant on such small intervals.

(iii) We note also thatin the system (31) and (32), the only nonlinearity is the dual friction function
® that is assumed to be convex positive homogeneous of degree m > 2. @ is also the only term
in this system that depends on the price impact function f.

‘We now state the different assumptions needed for our main result.

Assumption 3.2 (Local boundedness of the renormalized utility loss). For all (¢,, wy, sg) € D,
there exists ¢, > 0 and r, > 0 such that

VO(t,w,s) — VE(t,w,s, h
Sup{ ( 2 S) ( 22 ) . |(ta w, S, h)_ (tO,LUO,S(), ho(t07 WO,SO))|<r0,E € (0780)} < oo,

g2m*
(33)
where m* = ﬁ is defined in Remark 2.7.
Assumption 3.2 is sufficient to define on D the semilimits

VO t,, wl’sl _ VE t,, w,,S,, h/

u*(t,w,s) 1= lim sup ( ) > j( ), (34)
elo,(t" w! s h")—(t,w,s,h0(t,w,s)) gem

L Vo', w', s = verit,w', s, b

u(t,w,s) 1= lim inf ( ) ( ), (35)

el0,(t/ w! 8" )= (t,w,s,h0(tw,s)) gzm*
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used in Section 6, where V& and V&* are, respectively, the lower and upper semicontinuous
envelopes of V€. They allow us to characterize the deviation from the frictionless value and prove
our main theorem stated below.

Remark 3.3. This assumption is a property of the frictional value V¢ and is in fact the most difficult
assumption to check. There are two ways of checking the assumption. Similarly to Possamai et al.
(2015), one can try to exhibit a smooth subsolution of the frictional PDE (23) that is close enough to
the frictionless value function V°. However, in Possamai et al. (2015), this method works due to a
proportionality between the frictionless value VV° and the solution to the second corrector equation
u. In our framework, such a proportionality does not hold and we cannot employ this method.

The second method is to exhibit an admissible control whose performance gives the required
bounds. This is the one we use for the example treated in Subsection 3.3. However, our task is
rendered technical by the controls admissibility condition and the fact that power utility is only
defined for positive consumptions.

Before making assumptions on the solutions to the corrector equations, we define the following
class of functions.

Definition 3.4. We call C,, the subset of C1>22([0, T] X R, x (R,,)¢ x R¢, R, ) containing the
functions y with the following growth rates at infinity

sup (1+ |§|2)_(%+$

sup (01 il + 00+ il + sl + Ll + [z )05, 8)
€R

+ sup (1+ |§|2)_% (’){5’ + |)(w5’ + )(t,w,s, HLC(t,w,s), (36)

X
teRd §

where C is a continuous function such that (w, s) — SUP;c(o.7] C(t,w, s) is locally bounded.
Assumption 3.5 (Assumption on the corrector equations).
(i) The first corrector equation (31) admits a solution (a, @)

a: (t,w,s) e [0,T]><[R++><|Rflpr - Ry,

@ (Lw,sE)e0,TIXR,, xRL, xR = R,.

These two functions are in C°([0,T] X R, X R‘i +»Ry) and C,,, respectively. The func-
tion w is such that w(t,w,s,&) >0 on [0,T] x R, X RL x (R4\{0}) and w(t,w,s,0) =
we(t,w,s, 0) =0 for (t,w,s) € [0, T] x R, X [R{‘L.
(ii) There exists a class of functions F.,,,, such that for all u; € F,,,, (respectively, u, € Feopp)
viscosity subsolution (respectively, supersolution) of (32) with
uy (T, w,s) <uy(T,w,s) forall (w,s) € R x (Rj)d,
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one has
uy(t,w,s) <uy(t,w,s) forall (¢t,w,s) € D.
(iii) u* and u, defined in (34) and (35) belong to Feopp-
Remark 3.6.

(i) Note that the functions u™ and u, are in fact only defined inside the domain D, then extended
to Dr by upper and lower semi continuity. We prove in Proposition 6.3 that this extension is
0.

(ii) Note also that we only assume the comparison for the second corrector equation and our
Main Theorem 3.7 provides existence of solutions to this PDE via the Perron’s method.

(iii) Results of Ichihara (2012) show that the first corrector equation has indeed a unique solu-
tion with @w(t,w,s,0) = w¢(t,w,s,0) = 0, w(t, w,s, &) > 0 whenever £ # 0. Furthermore,
the growth condition for @ and @ can be obtained using Ichihara (2012, Proposition 4.2) and
Barles and Meireles (2016, Proposition 3.4). We study in detail in Subsection 3.3 the corrector
equations and show the bounds on @ needed to claim @ € C,, for our main example. We
also provide a factorization of @ in some natural models.

3.2 | The main result

Theorem 3.7. Under Assumptions 2.2, 2.6, 2.9, 3.2, and 3.5, there exists a unique viscosity solu-
tion u € Feopmp of the second corrector equation (32) and for all (t,w, s) € D we have the following
expansion of the value function V*:

VE(t,w, s, hO(t, w, s)) = VO(t,w, s) — e2™ u(t, w, s) + o(e¥™"), (37)

1

where m™ = .
3m-2

The proof of this theorem is provided in Section 6 after proving the necessary intermediate
results.

Remark 3.8.

(i) A more detailed analysis of our proof in fact shows that for all (¢, w, s) € D, there exists a
neighborhood (depending on ¢) of h°(t, w, s) such that the same expansion of V¢(t,w, s, h)
as in Theorem 3.7 holds for any 4 in this neighborhood.

(ii) The term a is the source term of the second corrector equation (32). This equation is linear
and its solution is the first-order utility loss in (37), the function a governs the first-order
utility loss induced by the presence of friction, and we have the Feynman-Kac
representation



BAYRAKTAR ET AL.

* L WILEY

T
u(t,w,s):[E[/ a(r,W?,S,)dr|W?=w, S, =s].
t

(iii) Inthe one-dimensional case, studied by Guasoni and Weber (2020) and Cayé et al. (2020), the
first corrector equation simplifies to an ordinary differential equation. Its solution, a couple
consisting of a function and a constant, gives similarly both the speed of trading as a function
of the displacement from the frictionless optimizer and the leading order utility loss induced
by the presence of frictions.

(iv) Asthe small parameter ¢ in our model appears inside the function f in Equation (19), it corre-

1

sponds to 1= in Guasoni and Weber (2020) and Cayé et al. (2020). Then, our expansion order
2m* is equal to the expansion order % found in these two articles, where the parameter p
p

corresponds to the transaction cost function degree of homogeneity (« + 1 in our model).
(v) In the limiting case « — 1 (or equivalently m — 2), we formally recover the order of the

utility loss % found in Moreau et al. (2015). Note additionally that the displacement from the

target position is rescaled by ¢”" in (26) and as m — 2 this converges to £'/4, which is the

rescaling of the displacement in Moreau et al. (2015).

One can show with some further work that a family of asymptotically optimal investment
strategies is “essentially” given by

i —g3m H; - h}
Hf = E_lq)x S[, —wg t,W[E,Sp—*
Vo, WE,Sy) em

1-m
(Vo (e, WE,S)) HE — k!
- _Vw — N O t,Wf,s[,% (38)
and consumption rate
¢t 1= =U (V(t,WE,S))) = O, WE, S)). (39)

We will not prove this claim for the brevity of presentation. Indeed, although the proof of
this claim can be carried out similarly to Cayé et al. (2020) under appropriate assumptions,
in our case, due to the admissibility condition, one needs to modify these candidate strate-
gies at appropriate hitting times to avoid short selling (similar to (A.8)). This in turn neces-
sitates to prove properties of the solution w of the first corrector equation that are beyond
the scope of this work. Technical difficulties also arise when proving that stopping the strat-
egy before the end of the trading interval happens with an asymptotically small probability.
This requires to additionally stop other processes depending on the primitive of the model
and obtain uniform moment existence for the renormalized displacement £°(-, W¢,S., H®).
These technical issues are similar to the ones appearing in the case of proportional costs (see
Kallsen & Li, 2013; Herdegen & Muhle-Karbe, 2018) or with nonlinear price impact (see Cayé
et al., 2020).
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3.3 | Factorization of corrector equations for Black-Scholes markets

Consider the Merton problem of Example 2.4 with constant coefficients. Let us compute

w? Wf’
d{m;—- Sé ’ J 7T (2 HokSkHolS[ k. WoZSkHOk k. ( i j)
_ oi4o
de SS} kI=1 k=1
+ (W?)zoi -aj>

= (W?)zﬂﬂfj (nToo"m—7nToo T (e; +¢;)+eaaTe;)
S S;

= (W?)Zﬂl—]j(,u —rl — RocTei)T(Rzoch)_1 (u—rll—Roa'e;),
S S;

.....

27

iTj -1
Risr, (u—rl—Roo'e) (o0") (u—rll—Roo'e;)

ho _
¢ (t,w,s) =

is the function appearing in the first corrector equation (31) (recalling (27)). Denote by T the matrix
whose ith column is the vector

© Yu—rl —Roo'e) = m;RS(mr —e;), forl<i<d.

We now state a Proposition on the factorization of the corrector equations for the geometric
Brownian motion.

Proposition 3.9. Assume that the frictionless problem is the Merton problem with constant coeffi-
cients described in Example 2.4 and the assumptions of Theorem 3.7 hold. Assume also that

B(s, x) = d‘n(%) (40)

and the elliptic equation,

LTr(fvxx(x)ZTZ) =1, forxeRY, (41)

R _ o .
FI@xP = B, () + 55

admits a unique solution (@, A) satisfying @ (0) = 0 and

sup | BTG @ | (42)

xeRd (l“'l) 2 =~
A+ x|\ m 1+ [x]*)m
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Then, the solution of the first corrector equation has the form
1—Ram* ~ [ 5%
w(t,w,s,§) = gHhw (=) (43)
wl+m*

at,w,s) = AgOw*™™ =R forall (t,w,s) € [0, TI X R,y x R%,
and the expansion of the value function is
VE(t, w, s, hO(t, w, ) = U(w)(g(t) — A1 — R)(we)*™ &(t)) + o(e*™), (44)

where the function g solves the linear ODE

g0+ g() [_5g(t)—% +Br+ [6 B (ﬁ )](u rll)T(aoT)_l(u - rll)] = —g(1),
g&(T) =0, (45)

B = 3mm* — R and has the explicit expression

T S

a0 = [ sorexn ([ |-ser +are | £+ EEZR G0 (o) - | s,
t t

(46)

Remark 3.10.

(i) The function g is bounded from above and away from 0 on [0, T], therefore, so is g.

(i) Similarly to Guasoni and Weber (2020), Moreau et al. (2015), and Cayé et al. (2020), the utility
loss is proportional to a constant that we denote A that is the only term in the expansion that
depends on the expression of f(g§ depends on m > 0 that is assumed to be fixed). To under-
stand the joint effect of correlation and impact functions on 1 (and therefore the expansion),
we need to study an ergodic type Hamilton-Jacobi-Bellman equation, (41). This equation
was studied in Cirant (2014) and Ichihara (2012). Although we cannot explicitly compute @,
Equation (41) fully describes the mechanism of how @ and @ affect the expansion. We pro-
vide below a choice of @ that allows an additional simplification of the solution of this PDE
as sum of one-dimensional functions. However, in general we do not expect explicit solution
to this PDE.

(iii) The trading direction of the asymptotically optimal strategies in (38) are determined by the
composition of the two functions ®, and w;. The direction to which w; points is determined
by the one @, due to the factorization (43). For example, the optimal strategies trading direc-
tions would point to the origin if the composition of the vector fields @, and ®, would point
to the origin. Thus, to understand how the direction of optimal portfolio depends on the var-
ious data of the problem one needs to compute @ numerically using the methods in Cacace
and Camilli (2016).
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Proof. Using the expression (15) for the frictionless value and the factorization of ®, the first cor-
rector equation yields that the function @ defined by (43) that might eventually depend on ¢, w, s

solves the PDE
R () 1-R+2m* f 2 g
g(Hw'~ XS _Rezmm* 5 = XS
2 © | ~ 8w Ol Ty SH

—R+3mm*
+ MTT(@';@C(ﬁ)ZZT) = a(t,w,s).

JR2 wlrm*
Given our uniqueness assumption for (41), we have that @ does not depend on ¢,w,s and
a(t,w,s) = Ag(O)wR+3m" where (@, 1) is given by the solution of (41). For the second corrector
equation, given the fact that a does not depend on s, we make the following ansatz

u(t,w,s) = 2w Rg(t) = Uw)(1 — R)Aw™ g(t). (47)
Then, plugging this in (28), with the optimal values obtained for h° in (17), we obtain the linear
ODE (45) for g. The solution of this Riccati equation is (46). O
4 | EXAMPLES OF IMPACT FUNCTIONS
4.1 | Main example of impact function

The main example that we fully treat is the price impact function

m-—1

fi(5,6) =1 5 <@(@(e % s))(ﬁ’> for some x > 0. (48)

J

Whether the impact function (48) holds for a given market is an empirical question that is beyond
the scope of this paper. To motivate this choice of the price impact function, let us look at the case
m = 2. For this choice of parameter, one recovers the quadratic transaction cost of Garleanu and
Pedersen (2016) (where the impact matrix and the covariation of the market are assumed to be
proportional) and Guasoni and Weber (2018):

8- f(s,0) = §|@(e x )% = g(e x 5)T&2(6 x 5) =

R

d
D 1(&(6 x5); 2. (49)
j=1

In Garleanu and Pedersen (2016), the rationale for such a cost functional stems from the risk taken
by the counterparts of our investor: to accept to hold these assets until they find an end buyer,
the market makers must be compensated for risk. This (instantaneous) cost functional quantifies
the reward necessary for these market maker to enter the transaction. In Garleanu and Pedersen
(2016), this reward is quadratic in the trading speed. The price impact function that we present in
this section makes the choice of an o + 1-homogeneity for the cost
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6 f(5,6) = k™ 2 (@6 x )77 =1 Z (&6 x 5); 1"+

Jj=1 Jj=1

The second and most important reason for the choice of (48) is the fact that for this choice
of impact function, the solution to the first corrector equation can be written as sums of one-
dimensional functions. We use this property of the solution to obtain second derivative estimates
on w and show that it is C,,, as needed for Assumption 3.5. Indeed, for this choice of f, ® is

d " d m
1;(@(6“))]%} = mxfn_ljy(@—l(g))j’ . (50)

d(s,x) := sup {x-@—xm_

feRd
-
where (f) stands for <:—1 s ?) and ® has the same form as (40). Therefore, defining
1 d
% -1
B) = — Z ()" (5

we can use Proposition 3.9 to obtain a first factorization of the first corrector equation. Then,
we show that (51) allows us to write @ defined as the solution (41) as sum of one-dimensional
functions. The form of f in (48) is also in line with Possamai et al. (2015, Example 3.1) where a form
is postulated for the first corrector equation directly. We provide in Subsection 4.2 other examples
of impact function and mention what types of estimates are needed for these problems. For the
general setting, the second derivative estimates for w needed for Assumption 3.5 are believed to
be true, but their proof is far beyond the scope of this article and would require one of its own.
Therefore, we choose to illustrate our main result for (48) only.

4.1.1 | Corrector equations for the main example

For the example (48), in order to simplify the impact of the correlation structure in the term
§|@x|2 of (41), we slightly change the ansatz (43) to

w(t,w,s, &) = g(t)wl‘RJr“m*z”U<—@Z)(1g Xf) )
wl+tm
Then, (41) becomes
d R 1 1
2 —M | m =~ T —
E <2xj - Ekl |w'xj(x)| > + ﬁTr(wxx(x)(Z@) Z@) = (52)

j=1

We will solve this equation in terms of %1, which is the solution of an ODE

@HY'(x)=-x*+1, + Wl(ﬁl) x)|™, forx € R, and @'(0) =0, (53)
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1
+m(m —1)m ! The existence

@Y _

2/m
of such a solution can be provided by two different method|s.|0ne can either note that this equation
is in fact (52) reduced to one dimension and use the theory developed in Ichihara (2012), Barles
and Meireles (2016), and Cirant (2014) or, alternatively, remark that —(&!)’ is in fact equal to the
function defined in Guasoni and Weber (2020, Theorem 6) and that 4,, is the constant c,, defined
in the same theorem. We now provide additional properties of @!.

where 4,, > 0 is the unique constant such that lim,._, , o,

Lemma 4.1. The function @' defined by the ODE (53) is convex and has a bounded second-
order derivative.

Proof. By symmetry, we only show the bound at +c0. As it is an anti-derivative of an odd,
increasing function (see, e.g., Cayé et al., 2020, Lemma 3.1), @' is convex. Therefore, we only
need an upper bound for (wl)’ ’. The second derivative being a function of the first derivative
and m > 2, we have that @' is four times continuously differentiable. @' being subquadratic
the limit of (') at infinity cannot be infinity. Thus, there exists M > 0 and y,, T oo such that
(@) (y,) < M. Assume that (%')" is not bounded, meaning, there exists x, — co such that
(&l ’(xn) T o and (@')’(x,) > M. Thus, for all x,, there exists Y, ;) and Y, such that
Ymy(n) € Xn < Ym,(n)- Note that (1) has a local maximum on [V, (n)> Ymy(my]- Denote X, this
local maximum and note that y,, ;) < %, < Ym,(n) and @"”'(%,) = 0. We differentiate (53) twice
to obtain that at the local maximum %,, of (&!)”’, we have

02 (@) () =-2+Cl(@" &E)I" (@) &)

for a constant C that only depends on m. Thus,

@Y @M@ @ < 2

The growth of (&)’ and m > 2 gives that for some n large enough the assumption (&!)"(x,) > M
is contradicted. We conclude that (%')"” is bounded. Note that repeating the procedure, replacing
the y,’s by the X,,’s, we can prove that (&!)"’ converges to 0 at infinity. O

Remark 4.2. The result of Lemma 4.1 is actually stronger than what is necessary for the analysis
in the rest of the article. To prove Theorem 3.7, the growth conditions defined in the class C,, (cf.
Definition 3.4) are enough, that is, the ones stated below in (56).

We now give the following lemma for the well-posedness of the reduced first corrector equation

(52).

Lemma 4.3. Provided that the diagonal terms of (£&) " (2&)) are all positive, there exists a unique
solution, denoted by (4, w) of (52) satisfying @ (0) = 0, @ > Oandliminf|, _, , w(x) > 0. This solu-

tion is given by w(x) = ijl ﬁjw (yjx;), where @' is the solution of (53) and

m m—1 R3m—1 m
(o)
Km0/ (@erEe))
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K(m _ 1) >4(m1)m"

—am* amm*—-1__ . m*
gi=27* ((Z@)T(E@)) 'R-1-4 < -

d
R
= ; o (54)

Here, 1, is also identified in (53). Additionally, %! and & are C2, convex, and satisfy the limit and
bounds

o wl() m’?
am =z T 1L )
x| (m+2)(m—1) =
1,1

14 |x[?)2 m R
%—cszﬁ(x)sdlﬂxlz)ﬁ’": 6)
and  sup @y (X ’ﬁxi ) @ () < (57)

~ o
iefl,..dhxerd | W(X) x| 1+ |x|%

where C is a positive constant.

Proof. By verification, we see that the given function solves the PDE (52). As the solution of this
PDEis unique (this is a consequence of Ichihara, 2012, Theorem 4.14), our candidate is the solution
of (52). For the limits, let > 0 be arbitrarily small. By Guasoni and Weber (2020), there exists
X, > 0 such that for all x > x,, it holds

- < @Y < Lm . (58)
(m—1)" (m—1)'

m

Then integrating between 0 and x for x > x,), we obtain

m + m x1+3
1 7 ” IR Prang)
(m=1) m (m=1) m

2

1+

where C; = /Ox”(zﬁl)’ (y)dy — <% _77) —% " As 7 was arbitrary we obtain the
(m=1) m

growth behavior of @' at +oco. The reasoning for its growth behavior at —co is exactly the same.
Now take x = (X, ..., Xg) € S¢, and r > 0. We have

@(rx) _ iﬁj @ (y;rx;) (59)
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and then, using the growth behavior of %!, we obtain

. w(rx) m? d 1+2
lim — = - Zﬁjh/jle m. (60)

r—oo 1+

e m+2)(m—1)"m =1

Finally, (56) is a consequence of (59), (58), and the same reasoning on S¢ as above. Then (57) is a
consequence of the linear growth of (')’ around 0 and its growth at infinity given in Guasoni
and Weber (2020, Theorem 4). O

We summarize here our results for the price impact function (48).

Theorem 4.4. Let u, o, r be such that the strategy (17) does not have any short selling and borrowing,
meaning 7r; > 0, forall 1 <i < dand Z?:l 7; < 1. Assume also that the price impact is as in (48)
and 0 < R < 1. Then for all (t,w, s) € D, the following expansion of the value function holds

VE(t,w, s, ho(t, w, ) = Uw)(g(t) — AA — R)(we)*™ g(1)) + o(e™),
where g is given by (18), g solves (45) and A is given by (54).

Proof. Note that from the closed-form solutions obtained for Example 2.4, and the assumptions
of the theorem, Assumption 2.2 is satisfied. The definition of the price impact function in (48)
satisfies Assumption 2.6. By Lemma 4.3, Assumption 3.5(i) is satisfied. By the weak dynamic pro-
gramming result of Bouchard and Touzi (2011, Corollary 5.6), Assumption 2.9 is satisfied. Now,
considering the computations above, in order to use our main theorem and Proposition 3.9, we
need to show that Assumptions 3.2 and the last three items of Assumption 3.5 are satisfied, that
is, (a) define a set [F,,,,, containing the function u defined in (47) and prove that it has the prop-
erties of Assumption 3.5, (b) prove the bound (33). These are the aims of Lemma 4.6 and Proposi-
tion 4.7. |

Remark 4.5.

(i) Similarly to Guasoni and Weber (2020) and Cay¢ et al. (2020), the utility loss is proportional
to a constant found as a part of the solution of the relevant ODE (¢, or ¢, respectively, in
these articles).

(ii) The main computational simplification of our choice (48) is that we can compute A as in (54)
and obtain the second derivative estimates in (42) due to the one-dimensional factorization
of @ proven in Lemma 4.3. In this case, 4 and therefore the utility loss is proportional to
x2m=Dm" that represents the size of the price impact in (48).

(iii) The restriction 0 < R < 1 is a technical condition and is needed to obtain the bounds (33) in
the Appendix. Under this condition, we can easily control the utility at final time by increas-
ing the consumption.’

(iv) Given the choice of impact function (48), we can show that the state that is controlled via
conjectured asymptotically optimal controls has a particular behavior. Indeed one can show
that with this control, each component of the vector & ;* : representing the deviation from

the target position multiplied by &, has a one-dimensional behavior at the leading order. The
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factorization of the function w given in Lemma 4.3 is then not surprising. For the case m = 2,
at the leading order the mean reversion speed of every component is equal. Thus, we obtain
that any direction is a principal portfolio in the sense of Guasoni and Weber (2020) and the
asymptotically optimal strategy points to the target position. However, in the case m > 2, a
Hi—h{
Em

*

straightforward computation shows that, although each component of © solves a one-
dimensional ODE at the leading order, the local mean reversion speed of each component to
0 might be different. Therefore, the conjectured asymptotically optimal portfolio might not
locally point to the target position.

(v) Unlike the one-dimensional framework of Guasoni and Weber (2020) and Cayé et al. (2020)
where the expansion is characterized by the solution of a unique ODE (53) that does not
depend on the impact function but only on a, in the general multidimensional case for each
impact function one might need to solve a PDE. It would be interesting to see whether the
PDE (41) would admit further simplification for a fairly large class of impact functions.

4.1.2 | Verification of Assumptions 3.2 and 3.5 for the main example

Lemma 4.6. The class of function

t’ b
Feomp =4¢ : D> R :3k>0: sup ¢t w, 9| <wb (6D

d _
(twED 1+ wk + wk + 37 (s +575)

1

has the comparison property defined in Assumption 3.5.

Note that if a function ¢ € F,,,, satisfies the boundedness assumption for a k > 0, it also sat-
isfies it for all kK’ > k. This is due to the fact that

sup 1+ wk + sup 1+w™* <
_— _— 0.
ws0 L+ wk o1+ wx

Proof. We now show comparison of viscosity solutions within Fe,,, . Let uy, uy € Feopy ) be, respec-
tively, viscosity subsolution and supersolution of (32) such that u; (T, -)<u,(T,-) on R, X Ri +
Take k > 0 such that

|uj(t9 was)l

sup sup < oo.
i d ko —k
J=12(tws)ED 1T+ wk +w=k + 3. (sf +57°)

A direct computation shows that for ¢ > 0 large enough the function
d
r:(tw,s)— e‘“(l +wk + w2k 4 2 (s? + si_Zk)>
i=1

is a viscosity supersolution of (32). The argument to show the comparison property on D is the
standard dedoubling of variables technique as in the proof of Theorems 4.4.3 and 4.4.4 in Pham
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(2009). By definition of ', we have that for all § > 0,

1(1)m uy (t,w,s) — uy(t,w,s) — 6r(t, w,s) = —oo,
w—

lim ul(t w,s) — u,(t,w,s) — 6r(t,w,s) = —co, forl<i<d,

$;—0, s;>

lim u;(t,w,s) —uy(t,w,s) — I(t,w,s) = —
w—+o0

lim u,(t,w,s) —u,(t,w,s) — T(t,w,s) = —o0, forl<<i<d.

5;—+00
Thus, defining
Ds5(t,t', w,w,s, ") = u(t,w,s) —uy(t',w',s") — 6T, w',s")
t—t| "+ |lw-u' +s—s’>
s (et +jw—w[ s 5|

the maximizers (5, té, Wes, wg, ss, sg) of @5 exists for all § > 0. One can now conclude similarly to
the proof of Theorem 4.4.4. in Pham (2009). O

The remaining ingredient for the proof of Theorem 4.4 is to check Assumption 3.2 and to show
that u* defined in (79) is in F,,,,, defined by (61) that is proved in Proposition 4.7.

Proposition 4.7. Assume that the assumptions of Theorem 4.4 hold. Then, for all (ty, Wy, Sy) € D,
there exists €y > 0 and roq > 0 such that

VOt w,s) — VE(t,w,s, h)
sup S

|t = tol + |w — wol + s = so| + |k — KO, wo, 50)|<ro, € € (0,€)} < o0, (62)
and u* defined in (79) is in Feopp-

The proof of (62), which is very technical, is provided in the Appendix.

4.2 | Further examples of impact functions

_m_ 2-m

Example 4.8. Another possible price impact is f;(s, ) = x; J’” 16 |6;| m-1 where the impact on

each asset price depends on the trading on this asset. In this case, <I> only depends on the vector
T

of the ratios (ﬁ, s x—d> ,

51 Sd

X m
S; -

_1\ym—1
d(s,x) = Z—(n}; )

mam 1
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Similarly to the main example with price impact function (48) in the case of a Black-Scholes
market, this scaling in s allows to use Proposition 3.9. If & is not diagonal, the couple (&, 1)
still solves an equation similar to (41) but they cannot be expressed as sums of one-dimensional
functions. We are not able to compute 4 explicitly.

Remark 4.9. We are not able to fully treat this example. Indeed, currently, there are no estimates
available in the literature for the growth of the second derivative of @ in (42). These estimates
are necessary to check the Assumption 3.5 and to proceed with the proof of the estimates of
the Appendix.

However, under appropriate assumptions, one can use a refined version of the so-called adjoint
method to show for Example 4.8, that the second derivative of w satisfies the bound’

|@ze(§)]

1 1<K'
22w
A+

Then, one can use the methodology presented here to obtain the expansion of the utility loss.

2—m
Example 24;r110. The simplest choices for f; are given by f;(s,0) = x;6;]6;| =1 and f;(s,6) =
x;s;0;|6;|m-1 for some x; > 0 and m > 2 that lead, respectively, to an additive and multiplicative
price impact independent of the stock price. However, in these cases, the first corrector equation
(31) has a complicated dependence on ¢, w and s and the factorization of Proposition 3.9 is not
possible. Thus, unlike the first two examples where one needed to solve a unique first corrector
equation, it is necessary here to solve a first corrector equation for each (¢, w, s) € D (and prove

smooth dependence on (¢, w, s) of the solution, see Assumption 3.5).

5 | THE REMAINDER ESTIMATES

In this section, we gather some results that will be useful in the proofs of Propositions 4.7 (espe-
cially Lemma A.4), 6.1, and 6.2. Let us define the rescaled displacement function &€ for ¢ > 0 as

_ h—=h(t,w,s)

£ 1= £t w,s,h) o (63)

Let us denote by (v¢),- a family of functions in C1>?2 and (), be a family of functions in C,,
(recall Definition 3.4) and define

, 30
Pe(t,w, s, h) 1= VO(t,w,s) — 2™ <v5(t, w, s, h) + 2™ x¢ <t, w, s, M) ) (64)

em”

Proposition 5.1. For ¢ € (0,1), let v € C1*>2? and x° € C,, be real-valued functions and ¥*
defined as in (64) with v¢ and y¢. We assume that v¢ and its first two derivatives admit bounds uni-
formin € > 0, that is, sup__, |vg(t, w,s, h)| + |v,§c(t, w,s,h)| < D(t,w,s, h) where a € {t,w,s, h},
b,c € {w, s, h} and D is a locally bounded function.
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Then

ws»

G @)t w,s,h) = RE(t,w, s, h, %) + 2™ (B, (£, w, 5,9, V5, VE, ¥, Vs Vs )
€ € € € €
+E1(t, w,s, & ’)(g(t’ w,s, & )’ng(t’ w,s, & ))
e\1-m £y _ £ —m* €
+ @ (05, 1) — @ (5,25 +7 5 ) ) ). (65)
where GF was defined in (24) and RE satisfies the following properties on the set

VS; B awl;bE <

v > o { 22

{2} forsomel; >0 and ¢,<1. (66)

(i) Let(t,w,5) € Dandr > 0. Assume that v¢ and y* depend on € > 0 but that v¢ does not depend
on h and that the derivatives of the x* up to second order are uniformly bounded on B,(f, W, 5) X
R<. Then it holds on B,(f, w, 5) x R? that

IRt w, s, b, 95 e R et 41— 1O, w, 9))

g2m’
for some C > 0 independent of t,w, s, h but depending on the second derivatives bounds for x
and (t,w,§,r).

(ii) Let (f,w,5,h) € Dx R% andr > 0. Assume that x* does not depend on € (and write x). Then
it holds on B,(f, w, 3, h) that

1

1
w <C(1 + |§E(t,w,s)|2)5+;

EZm*

for some C > 0 depending only onr,t,w, §, and h.
(iii) Assume that x* does not depend on ¢ (and write it y). If the set

hz_ho tE, s’ €
K1:{<t5,w£,s£, @ w S)> :E>0}CD><IRd

gm”

is bounded, then

RE(tE, we, s, ke, 1/)5)
g2m*

*

<Ce™

for some C > 0 depending only on the bound of the set K;.

Remark 5.2. Because the solution of the first corrector equation w is not homogeneous in £ (unlike
in Moreau et al., 2015) we have to include a dependence of v on ¢ in the result that we will use in
Section 6.

Proof. We drop the dependence of v* and y¢ in ¢ to simplify notations. Consider first a function
1* as in (64), and define the following feedback control function:
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ct(t,w, s, h) = —U'(0,¥%(t,w, s, h)), (67)

0 Yt w, s, h
8-t w,5,h) 1= £, <S,_M>

awng(t, wa Sa h')

= @ Y5t w, s, ) "

20
®, <s,x§» <r, ,5, M) F ey w,s, h)>. (68)

gm*
Note that the trading rate ¢ and the consumption c¢ are functions of ¢, w, s and h and these func-
tions are the maximizers of the Hamiltonian in the HIB equation (23) evaluated at 3)°.
The wealth process and strategy obtained using these controls and started at (t,w, s, h) € D X
R4 are denoted Wets:h gnd [&HW-sh We have

a h A FrE,t h agns h
dH N = 05 (u, Wi S, By d .

We denote the drift function of the diffusion W5"*" = pe(u, WEHSH s, A5y by ¥ Tt
holds

€ * * * T
Bt w,s,h) = VY =™y — e x4+ 8 (R)) x:

+ (VY =2y, — ey, + s3m*(h2))T)(§) rw — cf9,P¢

d d
(V8 = vy = e o+ (1)) xe ) sl — 1) = @up) Y, 8 1(s,66)
j=1 j=1

d
+ % (VO = ™ vy — €™ X Z hihjs;sjo’ - o/
=1
am* (03T 10 \T 1 om (00T 0 : i
+ ¢ (hy) )(w§+§(hww) xe ) —5¢ (hy) xeehy, Z hihjsisjo - o
=1
d

* * * T .
+L5(V0 —2my — M ) 4 31 2 (hY) xesiudt
i=1

d
1 . T T T . T o
t3 2 <g3m <(th_) Hes + (R0) e + (RS ?65)—52'” ) ngh?j>sisj0"0’

ij=1

d
¢ * * T T T
+ Z (Vg)si _£2m vwsi _E4m sti +E3m ((hg) ng + (how) X§Si + (h?‘-)si) X5>
i,j=1

=& () Xeehl)sihysiot - o) — (@7 e + & vy) 1O
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Note that the functional ¢ applied to 3 gives
@5t w,s, h) = —(ﬁ¢£(t,w,s, h) + U(c?)), (70)

as the choices made for 8¢ and ¢ provide the equalities U(3,,%°) = U(cf) — d,9°ct and
CRNCAAEEI Zle 651 fI(s,60%) = e (3, %)~ ®(s, 6 Y°).

We now reorder the terms in %" and group them to facilitate the analysis. The quadratic vari-
ation of h° is given by (omitting the argument (¢, w, s))

d d
(ch0>l = z”; <z‘1 (hg;lho’j + hgjil)sjcr{)(; (hg;mho’k + hg,;m>skog‘>. (7)
, i=1 \j= =1

The formula for the trace of the quadratic variation of h° multiplied by the Hessian of y with
respect to £ is given by

d d
Tr(e" xee) = (W) Txechl) ), hOhsisiot - a7 +2 Y (W) xechh)sisiol - of
i,j=1 i,j=1
+ Z(h ) xeehl sisjot - ol (72)

i,j=1

The definition of E;, E,, and T are given in Equations (27), (28), and (29). We regroup

2 (w,s,h) = VO + OWY) + L5V°

d d 0

1%
+V0rw+Voz:h0 (/,tf—r)+Zszslhs0'J ol + wahOhossaoJ
i,j=1 i,j=1
+V0 Z(h — K)s;(ul —1r) + Z Vi (hj = K)sisjot - of
i,j=1
Viw § 0,0 i 0o et [ (p01-m Lo b0, i
+ - Z (hihj —h; hj.)sisja -0/ +¢€ Vi) "(s, x¢) — ETr(c Xee))
ij=1
. d d
+ 62’"*< — L% — v rw =T (Vv — vy Z h9s;(u! —r) — Z vwsls,hosjci gl
Jj=1 i,j=1

wa 2 hOhOSlSJGi . crf) — R = U(c%) = 0 "(®(s, xe) — D5, xz + E_m*Vh))>

i,j=1
—e2" (Ey(t,w,5,67™ (h — h°), xe, xee) + Ex(t, W, 8,1, Vi, Vs, Vipws Vioss Vss)

—(Bu ) TM(@(s, xg) — B(s, xg + €™ vp))) — RE = U(E). (73)
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The first line is obtained using that ¢° is the pointwise maximizer (in w and s) of ¢ — U(c) —
VOc, that is, U(c?) — V9c® = U(V?). Recall that ¢°(V°) =0 (cf. (5)), therefore the first two
lines of the right-hand side of the above equation cancel. Due to the first-order condition
(8), the third line (and a part of the fourth) of the right-hand side can then be rewritten
as TV0, Tp 1 (hihy — 20h% + hOR)sis;0t - o) = 2V0,| T (h — h¥)si"|>. This term, added
to the fourth line gives —E;(t,w,s, e (h — hY), Xe> Xee)- The fourth and fifth lines give
—E,(t,w, S, V, V¢, Vi, Vs, Viows Vs Vss)- The terms remaining or forcefully introduced into the above
equality are gathered in the function R¢, that can be further decomposed into

RE = [oU 4 g2m” (Tt w, 8, Vi, Vipuys Vipss B) = T(E, W, 8, Vi, Vs Vioss h°)

HIE 4[5 4 [593  [54),

where the I¢’s are functions defined below in (74)—(78).

We now bound each term constituting R. Note that the sets of items (i), (ii), and (iii) are such
that (¢, w, s) is in a compact.

T is quadratic in h and does not depend on y, therefore the bounds in all three cases are obvious.

Similarly, although the derivatives of U have negative powers in their argument, the assump-
tions (66), the boundedness of (¢, w, s) on the considered set and the fact that U, v, y, V° and 3*
are continuous allow us to treat these functions as Lipschitz-continuous with respect to the three
first variables. Thus, defining I &U and using a Taylor expansion twice, there exist 1,1, € (0,1)
depending on (¢, w, s, h) with

Ut w,s,h,v, x) = O(V9) — U@,9¢) — 2™ U' V),

oA 8,9 — V) -
= g2m’ [U’ <vg <1 + ’71—w¢Vo = )) - U’(Vg)] Vy

w
9,9¢ — VO
+em U’<V3,<1 + nl—wz’bvo “’))awx
w
N 3, — VO
= M (9, ° —WL)U"(V&(l +nz%>> ()
w
9,9 — VO
+etm U’<V3<1+n%>>aw)(.
w

Then, given that y € C,, and for 0 < ¢ < 1 the following bounds obtain on the set defined in (66).
et w, s, b, v, I < CE™ |l + €™ [xe Nt w, s, )

2 2
* * 1+— * =
<c<sm + 2 Ee T e |§E|m>.
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The expression for I®! is

d
I“Y(t,w, s, h, x) = 2™ ()a + LY+ XWX YRS =)
j=1
d 1 d
+ ijzz“l Xuws,SiSjhjo' - ol + 5 Xww ,-j-zz"l hihjs;sjc! -af>. (75)

If (t,w, s, h) is in a bounded set the fact y € C,, implies

2
I (t, w, s, h, x)| < Ce2™ <1 + ISEIH;) ,

and if y has bounded derivatives (as in item (i)),
1948, w, 5, h, )1 < Ce2™ (1 + [h = KO, w, 5)|2).
The expression for I? is

12t w, 5,k v, 00 = (V)™ = (0,99 (s, xe) - (76)

Similarly as in (74), (66) allows us to treat negative powers of d,,3¢ as a Lipschitz function. If
(t,w, s, h) takes value on a bounded set, (V)= — (3,4°)!~™) can be uniformly bounded for
h — h°(t, w, s) small enough and we obtain

[I92(t, w, 5, h, v, X)| < Ce¥™ (s, xz) < Ce?™ (1 + €512 < C <1 + |§€I“m) :

If the derivatives of y are bounded, the inequality becomes
152, w, 5, B, v, )| < CI((VE)™™ = (3, %°)' ™) < Ce*™ .

The definition of I3 and I¢* are

d

d
hs;i(u' — ")> + Z (hg) Xesif!
1 )

1

fasa,w,s,m=—E’"*<<h?>vg+ () x (“”*

i=

d
1 A
+ <(hL0U)TXw§ + E(h?uw)-r)(§> Z hihjSiSjO'l . O']
i,j=1

d
1 . ;
+ 5 20 () e, + (W) xes; + (W) xesisjot - o

ij=1

d
+ z ((h?,.)T)cgw + (ho) T xes, + (h?osi)T)tg)hiSiSjC’i 'O'j> (77)
ij=1
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and
d
4, w, s, b, ) = %(how)T)(gghg; "21 (hihj - h?hg) s;sj0' - o
i,j=
d
+ X (h)" ek, <hj - h?) 5850t - . (78)

ij=1

Again, if (t,w, s, h) is on a bounded domain, h° € C1%? (cf. Assumption 2.2) and y € C,, imply
the bounds

2 2
\I53(t, w, s, h, )| < Ce™ (1 + |§E|;> < C, and [I®*(t,w,s,h, )| < C (1 + I§E|1+ﬁ> ,

and if the derivatives of y are bounded

[I3(t, w, s, h, x)| < Ce™ (1 + |h — hO(t, w, 5)|?)

1548, w, s, b, )| < CA + [ = KO®t, w, 5)|?).
Then, results (i) and (ii) are a consequence of the estimates above. Note that if additionally ¢ is
bounded as in (iii), all terms except I>* are bounded by Ce™". For I* we have h — h® = ¢™ £¢.

Thus, we also obtain the bound [IS*(t, w, s, h, )| < Ce™" due to the boundedness of &, and 0 <
€ < 1. This conclude the proof of the remainder estimates. [l

6 | PROOF OF THE MAIN THEOREM

In this section, we prove Theorem 3.7.

6.1 | The semilimits

Let V¢ (respectively, V=*) be the lower (respectively, upper) semicontinuous envelope of the func-
tion V€. Assumption 3.2 allows us to define the following semilimits for (¢, w, s) € D

. ) Vo', w',s") = VE(L W', s’ i)
u*(t,w,s) := lim sup T ,

el0,(t",w’ s ,h")—(t,w,s,h0(t,w,s))

(79)

Vo(l',, wl’ S,) _ VE’*(t,, w/’ S,, hl)

u(t,w,s) := limi -
€l0,(t’ w',s' b )—(t,w,s,h0(t,w,s)) g2m

(80)

where m* = P By definition u,, is upper semicontinuous, u* is lower semicontinuous and
i
they satisfy
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Define additionally for € > 0

Vo(t9 w, S) - Vi(ty w, s, h') >

u®(t,w,s, h) = s

0, (81

VO(t,w,s) — Vo (t,w,s, h
(t,w,s) (t,w,s )20-

ui(t,w,s,h) = T

(82)

In the case of a market with sublinear price impact as here (i.e., subquadratic transaction costs),
any finite position can be liquidated fast enough so that the loss of utility is negligible at the leading
order (O(e2™")) and the penalty due to holding the “wrong” number of shares (H; # H, 0 orh#
hO(t,w, s)) is of order strictly higher than 2m*, unlike in Moreau et al. (2015) where the authors
had to introduce the adjusted semilimits.

Finally recall the definition of the function £° : (t,w, s, h) € D X RY
the renormalized displacement from the frictionless optimal strategy.

h—hO(t,w,s)

m* ’

- which gives

6.2 | The supersolution property

Proposition 6.1. Under the assumption of Theorem 3.7, the function u,, is a lower semicontinuous
viscosity supersolution of the second corrector equation (32).

Proof. The proof is based on Moreau et al. (2015, Proof of Proposition 6.4). Lower semicontinuity
of the function holds by the definition of the function. We now show the viscosity property. Let
(t° w°,5°) € D and ¢ € C*%(D) such that (t°, w?, s°) is a strict minimizer of u, — ¢ on D and
that u, (¢, w°, 5°) — ¢(t°, w?, s°) = 0. Then, for all (¢, w, s) € D\{(°, w?, s°)} the following holds:

0 = u,(t% w’, s%) — p(t°, w, 5°) < u,(t,w,s) — $(t, w,s). (83)
We want to show that ¢ is a supersolution of the second corrector equation (32) at the point
(%, w?, s°), in other words —E,(t°, w°, s°, @, P> Ps» Pow» Pws> Pss) = a(t, w?, s9).

By the definition of u, (see (79)), there exists a family (t¢, w¢, s¢, h¥) € D x R¢ such that

(5, we, s, h°) — (1%, wP, s0, hO(t%, wP,s%), wi(ef, ws, s, h°) — u, (1% wo,s%)

and p® = ul(t5, ws, 5%, h°) — ¢(t5, w, s°) > 0 ase — 0. (84)

By Assumptions 2.2 (continuity of h° on D), and 3.5 (continuity of @ on D X R<), there exist
€, To > O such that B, (t°,w’,s°) C D and for all £ € (0,¢,] we have

,
(1, wF, 5 = (. w, IS5 [Pl (85)

Let M = sup{p(t,w,s) | (t,w,s) € B, (t°w’ s°)} +4 and note that (85) implies |(t,w,s)—
(t5,we, s9)|* = (ro/2)* on 8B, (t° w",s°), for 0 < & < . We can now choose ¢, > 0 such that
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co(ro/2)* = M and define ¢¢ and ¢° on R4*2 by
PE(t,w,s) = ¢(t,w,s) + p° — co|(t, w, s) — (5, ws, s°)|4, (86)
2>t w,s) = ¢(t, w, s) — co|(t, w, s) — (£°, w?, sO)|*.
Given the choice of these constants, (85) gives
¢°(t,w,s)< — 3 on 8B, (1% w",s%) forall ¢ € (0,¢], (87)
and by definition of p* (see (84)), we have
—u (%, we, 55, he) + @°(t5, we, s°) = 0. (88)
]

Claim. There exist a neighborhood around 0 in R¢ and C > 0 constant such that on this neigh-
borhood SUD 1 1 5)eB,, (19,00,59) w(t,w,s, &) < C|¢|? and SUP 1 1 5)B,, (19,00,59) @(t,w,s,&): < ClE].

This follows from the first corrector equation and the fact that w (¢, w, s,0) = w;(t, w,s,0) = 0
for any (¢, w, s). @ is a solution of the first corrector equation (31). Then it holds for all (t, w, s) €
B, (t° w?,s") that %Tr(cho(t, w,)we(t,w,s,0)) = a(t,w,s). The inequality |X|<Tr(X) for sym-
metric nonnegative matrices, the fact that w is convex, ch0 is positive definite and continu-
ous (cf. Assumption 2.2), and the continuity and positivity of a yield |w¢(t, w,s,£)|<C on a
neighborhood N of 0 in R4, for some C > 0 constant. Then, on Bro(to, w?, 5% x M, we have
|we(t, w,s,£)|LC|¢| and | (t, w,s, £)|<C|€&|?, and the claim is proved.

For fixed (£, w?, s°) and ry, the continuity of E,, ¢"’, a, ®,, and o, the regularity of ¢ and @,
the (m — 1)-homogeneity of ®,, the fact that @ € C,,, by Assumption 3.5 and the last claim allow
us to define the following positive finite constants:

Ky 1=1+sup {|E; (t, w,s, 9, ©uyr B3> Poior Pios: @5 ) | © (£, w,8) € B, (1%, w’, D)}, (89)

Ks :=1+sup { |ch0(t, w, s)| : (t,w,s) € B, (1%, wo,so)}, (90)

K5 :=1+sup

D | (s O+ D)
BE HRG

(t,w,s) : (t,w,s) € B, (1% w’,s°), |£]>1

t’ b b -
+ sup It w,s O + |t w, s, &) (tw,s) € B, (1% w°,s%), |§I<1 ¢, (91)

2

1+=
1§ " m
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K. =14 sup { < |we (-, &)l N |wee (-, )N + @ (-, &) >(t,w,s)  (t10,5) € By (10 w0, 0, |§|>1}

14 1§12
+ sup { <|w|(§-|,2§)| + |W§|(§'i§)| + |w§§(~,§)|>(t,w,s) : (t,w,s) € B, (1%, w?,5°) |§|<1}, (92)
K, :=1+sup{la(t,w,s)| : (t,w,s) € B, (1°, w’,s")}, (93)

[P, (s, )]
Kq)x ::1+SUP{W . |S—Sol<ro,xeRd s (94)
BVt w, s)| < P _
yo i=inf § —= 222 B Eisiol(9)| 1 (Lw,s) € By (0wl s0), 18 =1 b (99)
j=1

Additionally, it holds by Assumption 2.2 that V9 > 0 on D, so there exists ¢ > 0 such that
1 _
7<V?U(t, w,s)<t  forall (t,w,s) € B, (t°, w’, s°). (96)
Similarly to Possamai et al. (2015, Lemma A.2) and Moreau et al. (2015, Proof of Proposition 6.4),
there exists C* > 0 such that for all 7 > 0 we can find a function h” € C*(R<,[0,1]) and a,>1

satisfying

W' =1onBy(0), h7=00nB; (0), [KI()|A[xRI(X)I<n and |xPRLISC. (97)

Fix § and 7 in (0,1). Note that due to the inequality 1 + 2 < 2, there exists £*¢ > 0, the unique
m
positive solution of

2
25 dKyK o + 2(K, + Ko) + dKsK (C* + 2)

#,0\2 _
= a—a-omy, )

Define also the functions
H’7’5:§E[Rdn—>(1—5)h’7<§fa>, (99)

PNt w, 5, h) 1= VO(t,w,s) — 2™ (L, w,s) — e (@HMO)(t, w, s, £°),

VEE(t,w, s, h) — 1,b5”7’5(t, w,s, h)

€n,0 -
I#"°(t,w, s, h) .= T
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where we make a slight abuse of notation for brevity in writing (wH"°)(t, w, s, £¢) for
HM(E(t, w, s, h))@(t, w,s, £E(t,w, s, h)) for (t,w,s, h) € Dx R,

We want here to use 579 as a test function for the viscosity subsolution property of V=* (see
Assumption 2.9 and Equation 24). For this, we need interior maximizers of the functions V=* —
=79 (or equivalently of I°7-9) in B, (1%, w®, s°) x RY. However, the supremum of I may not
be attained or lie on 8B,,(¢°, w’, s°) x RY and we therefore need to modify 7.

First, note that for the elements of the family (¢°, w®, s, h®)o.<, We have by (88) and nonneg-
ativity of @ (see Assumption 3.5)

IE9(t8, we, 55, hE) > 0. (100)

2
Defining €, 5 := gy A1A (Kw(ang*ﬁ)“z)—l/@m*), similarly to Moreau et al. (2015, Proof of
Proposition 6.4), we obtain the following inequality on B, (¢°, w®, s°) x RY for all 0 < &<, 5

I79(t, w, s, h)<@*(t, w, s)

2 €
* 1+—w(t’ w’85§ (t9 w,s, h’))
+e™ |t w, s, )| T Lgje(t 0,5, 1) <y £}

|Ee(t, w, 5, B)] T

2
<pt(t,w,s) + Ezm*(ané'*’a)HEKw < @f(t,w,s) +1, (101)

where the first inequality holds by (82) and the estimate 0SH"-(¢ )<y £]<a,¢+o} and the second
by the definition (91) of K, and the choice of ¢, 5.

As the right-hand side of (101) is uniformly bounded on B, (t°, w?, s°) for 0 < e<g, 5, we can
pick (f67:9, w8, §6n8 hend) e B, (t° w?,s°%) x R4 such that

%

2m
2 A o 0 €
[EN8(Fend pemS gend pendy > sup {Is,v,ﬁ(t, w, s, h)} - (102)
Bro(to,wo,so)de 2

We now add a penalization to 379 in the direction of h. Let f € C*(R,,[0,1]) be a function
satisfying for some ¢ > 0

f0) =1, f(x)=0 for |x| > 1, 0<f<1 and |f’(x)|<c|x| in a neighborhood of 0. (103)
Then, define the functions for» € (0,1], 5 € (0,1) and ¢ € (0, ¢, 5)

Gt w, 5, h) = $E3(E, w, 5, h) — € (1R — 7)),

VE’*(t’ w,s, h) - sz,n,E(t’ w,s, h)

Ig’n,é(ty w,s, h) = 2m*
&

= 18t w,5, 1) + & f(1h = B2,
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and the compact set
Q=70 :={(t,w,s,h) : (t,w,s) € B, (1%, w’,s%), |h — h*79|<1}.

Claim. there exists (F&79, w72, 5678 hen9) e Int(Q5"%) a maximizer of V*¢ — 7% on
B, (1% w°,s%) x R4,

The proof of this claim is similar to Moreau et al. (2015, Proof of Proposition 6.4, Step 3). As
£(0) = 1 the definition of ¢ leads to

Is,r;,5(fe,r),5’ we,n,é’ §€,7;,5’ ﬁs,n,c?) — IE,n,é(fE,r),é’ we,n,é’ §£,r),5’ ﬁa,r),é) + £2m*‘

Furthermore, on (B, (t°, w?,s°) x R4\ Q"9 it holds I (t, w, s, h) = I¢"9(t, w, s, h). This, with
(102), gives

sup {I74(t,w,s,h)} = sup {I*"°(t,w,s, h)}. (104)
Qe,n,d

B,O(to,wo,so)de
The function I¢” is upper semicontinuous and Q%" is compact, so there exists a maximizer
(F570, o0, 500 hE0) of V*€ — €70 on Q%79 It is also the maximizer on B, (1%, w?, s%) x R%.
Now, let (t, w, 5, h) € 8B, (t°,w’, %) x R<. Then, by the bounds 0<f<1, and 0 < £,6 < land the
two inequalities (87) and (101), we have

IEn8(t, w, s, DKIENO(t, w, s, h) + €2 < — 2 + 2 < — 1.

On the other hand, in the interior of B, (t°, w’,s°) x RY, for the family (£¢, w¢, s, h)o<ese, 5 it
holds by (100) and definition of I¢"-

fs,n,é(ta’ we, s°, hs) > Is,r),é(ts’ we, 55, hs) >0
and the maximizer is therefore a point of B, (°, w?, s°) X R< and the claim is proved.
Thus, for € € (0,¢, 5], we have a C 1.2.22(p x R?, R) function ¢ and a local strict maximizer
of V&* — 1,55”7’5 denoted (F9, w9, §€1:0 jEM:9). As VE* is a subsolution of (24), it holds
GE(PENSY(Fem0 e gend | jEnd)<0. (105)

Denoting

@9(t, w, s, £) = (@H?)(t,w,s, &) + f(|e™ & + hO(t,w, s) — he70))

and gz,nﬁ c= ga(fs,n,é’ wa,r),5’§5,n,5’ flz,r],é)

the remainder estimate (65) of Proposition 5.1 for (¢ (in that case the function v of Proposi-
tion 5.1 is @ and does not depend on h) with (105) yields
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761,80 1RENO GEMO A€ nE A€ A€ € I3
EZ (t“? ’w«”) :Sgn a¢[a¢s’¢wa¢sw’¢ww7¢ss)

E(FEMS 11EMO FEMND RHEMS ,N,EN,O
RE(£EM:2, 55710, §51:0  p&1:0 1h&1:0)

<0. (106)

- - ~ z ~Eend . end
+E, <ts,n,5,ws,n,5,se,n,5’ 55,0,5’07277 ,wgg > +

EZm*
The family {(¢¢79, w9, 579) | ¢ € (0, €ysl, 1 €(0,1), § € (0,1)} is bounded. For fixed 7 €
(0,1), § € (0,1), due to the choice of f and H”°, the assumptions of claim (i) in Proposition 5.1
holds (up to reducing &, > 0 for (779,179, 579 he19) to be in the set defined in (66)) and we
obtain the existence of C > 0 that may depend on »,d € (0, 1) but not on € > 0 such that

[RE(FENO, (pen0, §E0 pend 1hend))|

S <C(1 + [em =212, (107)
£ m
Claim. Fix 7 € (0,1) and & € (0, 1), the family {€57° : ¢ € (0, ¢7%)} is bounded by Ct. To prove
this, we assume that there exists a sequence (g,),en Such that lim,,_, , E57% = oo with ¢, €
(0,679 foralln e Nand ¢, — 0 as n — oo (indeed, the function £¢ is continuous and the family
{50, S §Em9) | g € (0, &y5], 1 €(0,1), § € (0,1)} is bounded and ¢,, bounded away from 0
would imply that the family {£¢7¢ : ¢ € (0,£7%)} is bounded). Without loss of generality, we can
assume that the sequence (g, is decreasing. By definition (99) of H” it holds that wH?"° and its
derivatives vanish at (t, w, s, éan’m) for (t,w,s) € B, (t° w?, s°) and n large enough (say n > n;).
Then we have for n > n,

T = O e E + RO w, ) — RN, BT = e (I E + hO(t,w,5) — RO,

Furthermore, it holds for» € (0,1), 8 € (0,1) and ¢ € (0, g9),
Be (1™ & + RO(t,w,s) — h=73]) = ™ f/(|e™ & + hO(t,w, s) — hen? 8T D2,
Bz fIE™ & + hO(t,w,5) = hEnS1) = 2" (e § + RO(t, w, 5) — A8 DY (DY )T

+e2m f1(|e™" € + hO(t, w, 5) — 3 DS,

where s’"*Di”’”’a and Ezm*D;’”’a are the gradient and the Hessian of the function ¢ € R?
|€™ & + hO(t, w, s) — hs79| (at the point (¢, w, s, £) that is omitted in the equation above). With
the assumption made on f” (see (103)), we have for (¢, w, s,¢) € B, (1%, w?,s%) x R¢

|6§f(|8m*§ + hO(t,w,s) — ﬁE’”’al)‘gsm*Cf and
|0ec FUe™ & + ROt w, ) — hEro )| <e?™ ¢, (108)

where Cy is a positive constant that can be chosen independent of 7, § and e. Then, by m-

homogeneity of ® (remember that m > 2) and linearity of the trace, there exists C}. > 0 such that

®
szm Cl

1-m 1
‘—|V?U(t, w,s)' (b(s, zf!g”’n’a(t, w, s, 5)) + 5Tr<ch0(t,w,s)t%§"’"’5(t, w, S, §> [

§
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on B, (°,w®, s°) X R%. This finally provides the estimate for E; (see (27))

- - ~ g ~ )0~ Enl)y0
El (tsn,r),é’ wsn,n,é’ Ssn,n,d’ gan,n,d’ wgn , wg} )

0 (76,0 17RO qEnsNL0 d B 2
> —C’ 52’"* _ wa(t n , wen ,8n ) Z gs.,,,n,6§£.n,n,6c_j(§sn’n,5)
f 2 VARSI J
J=1
) - 2
> =l 4y, |Eenn?| (109)

Note that E,(t, w, s, @5, @5y, @5 Prow» Pivs» Pss) does not depend on £ (or /) and is bounded on
B, (t° w°,s%) for € € (0,1). Hence, putting together (106), (107), and (109), we obtain for some
positive constant C

- 2 v
Ed| SC(L+ [em Eon0P2),

Vv

which contradicts the convergence of €79 to infinity while ¢, converges to 0 when n goes to .
Thus, the claim is proved, and there exists a subsequence in ¢ > 0 such that

Fen8 s 18 pEnd 5 b §EMS 5 g0 pEmS s b = pO(FN0 10 §1:9)

and (70 @end gEn0 | pendy - End,

Using this convergence, the continuity of the functions ¢, (¢*)¢-q, @, H"S, ng, V?U, D, cho, RE,
E;, and E, on their domain, the fact that (%), converges uniformly on B, (t°,w°,s°) to ¢ as
¢ — 0, the claim (iii) of Proposition 5.1 (note that again (7%, w"°, §7°, i) is in the set defined
in (66), as we have taken the limit ¢ — 0 of a sequence of elements of the set in (66)), and taking

the limit of (106) as € - 0 we obtain the inequality

Ey(87°,w"°,579, E1° 8, (wH"?), 8z (wH"))
< = E({0,w7°,57%, 0%, 00, 00, 051 P P5)- (110)

We used as well estimate (108), to conclude that on B, (t°,w?,s%) x Be, 0), 1%2"’"’5 and zfrg’é’”’a

converge uniformly to ag(wmﬁ) and 6§§(wH’7’5), respectively, as € - 0 (where Ce bounds the
family {€579° : ¢ € (0,¢79)} by the previous claim).

Note that (f°,w"°,57°) € B, (t°,w’, s°). Direct computation of d¢¢(H"w), the properties
(97) of h"’s derivatives, the definitions of K, K, K-;, and K in (89)~(92), the elementary equation

Tr(A) < d|A|, the inequality 0 < § < 1and (110)yield the following inequality at the point P79 :=
('fn,é’ wr),S’ 5}7,5’ 577,6)

d 2
35570l

=1

V?uw(f"’a, wn,é,gmé)
a 2

— V3,2, w78, 579)[ -7 (572, 8, (wH")) (P72)
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- 5 1 0
<- Ez(tn’5’ w7},5’ §r),6’ CP?, @8,, (0?, go?uw’ qo?vs’ (p(s)s) - _Tr<ch 555(WH7’6)> (Pr]’é)

2
d ek / 7,0
<Ko + 5Ks( KiC* + 20K}, + Koy |§ | "y (111)
We also write this term as
VO (@9, wnd, 50 d ) 2
_ ww( - ) Zg}),égj_)ﬁo}(g«n,a)

j=1
- (Vﬁ,)l_md><s”’7’5 L, weH + wH§’5> (P79)

2

0 (6 ;7m0 .0
_ YV (7, 677, 57 - (V) (57, w H) (P19)

2

2§”5~’?%J(s~v )

j=1

D () o ) 7

_.mé M
=117+ (112)
We first bound I ;7’6,
VO [775 wr)6 §7)6
e Y@ ) 25”5”’?%(“)’ — (V) (1 = 8)" (-, ) (P9)

j=1

VO (09, w518

d é.1,0 ) 2
£N.8 1.8 i M
Z_ 151 §;70l(s; )’

]:

—(1—5)M< STr( 05w ) (P79) - a(@r, w2, 505)>

gl — 1 - 5)’"<§K2Kw<|§”’5|l+; v 1> +Ka>. (u3)

We obtained the first inequality using that (V2)!~"" is nonnegative by Assumption 2.2, that ® is
nonnegative by construction and homogeneous of degree m by Assumption 2.6, we then used
the first corrector equation (31) satisfied by w to obtain the second equality and the definitions
of the constants (90)-(95) to obtain the last inequality. By the convexity of @, and estimate (96),
we have (we drop the argument of the functions for clarity in the next two sets of computations,
they are taken at the point (779, "%, 7.9, £7:9))

z2(1-0-8)"yy

|12’6|$Lm_1<‘¢‘x(8, w§H’7-5)’ + ‘CID (s w,gH”‘S + wHM)’) |wH’75’

o (£2) + @i(Fs)|

7
w8 ¢

m—
<l - 5)’"K¢,x<1 v |w§| Tr1v

-1
2
1§79
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0.6 m—1
() )’7 T )

|&n0)
where the second inequality is obtained by (97), the definition (94) of Ko and the m —
1-homogeneity of ®,. For the third inequality, we set C,, > 1 a constant, so that (a +
b)"1<C,, (a1 + b™1) for all @, b > 0, and use the estimate 0SH"°<1.
Assume now that |§’1’cs |2/ " > 1 and recall that K, > 1, then
m—1
. w
1§79

m—1 N 5
>77Kw|§77’5| n

<411 - 8)"C,,Ke K| E79 12, (115)

m—1
e 5)mzcm1<q,x<1 v |w§| F1v

m—1
I7°1<20m (1 = 6)"C Ko, (1 V]we| +1v

77 w
|End|

m—1

= 2
F1v 'Kw|§"’5|m

s s 2
<2711 - 8)"CpKo, (1 v ’Kw|§"7’5 | m

where the first inequality follows from the property of h” (see (97)), the second from the definition
(91) of K, and the third from the assumption on 7. Hence, if |E7| > 1, joining together (111),
(112), (113), and (115), we get

(A =@ =08y, — 4" 11 - 8)"CpKo Kin) €742 (116)

-
KsKo| &

_ s\m
<@ -8)"d 5

2
d ~ 1+;
+K, +K0+§K2<K[_JC*+277K{H +Kw|§”’5| >

1-(1-8)")y,
8m=1(1-8)C,, Ko K2’

Letns = forn € (0,n5 A 1), we have
52
(1= (1= Y™y, |£79)|

] (-4 - sy ) 6

Thus, under the assumption |7-9| > 1 and for 5 € (0,75 A 1), (116) leads to

2
S -
e 2|§’%5 | "dKsKy + 2(K, + Ko) + dKsK (C* +2)
7, < .
&4 < 1-1=-8my,

This shows, due to the definition (98) of £*9 that for all 5 € (0,75 V 1), |€7?| is bounded by 1 v
£%9 Hence, up to taking a subsequence, as? — 0, forevery § € (0, 1), there exists @, w?,5,8% e
B, (1% w°,s%) x R< such that we have the following convergence as 7 — 0,

fr),6 N fé’ wn,é N wé, §n,5 N §6, gr),é N 55_



BAYRAKTAR ET AL.

* L WILEY

As h" converges uniformly on compacts to 1 and by continuity of the functions involved, we can
now take the limit to 0 in # in (110) to obtain

— B0, u°,5%, 00, 00, 00, @0 P> 9%) = By (0, 0°,5%, 8%, (1 — S)w, (1 — &) wey)

ww(t5 5)

d
5 of(~5) 19, (8, w8, 80w (0, WP, 2, E9)
4 31

- (Vo @, w, 55))1—'”(1 — 8)"D(5°, w (0, w°, 8%, £9))
w(t5 5°,5%)| « 2

Z oJ (5%)

=(1-=8"a(@,w’, )+ ((1-8)m-1)

1 _ _ =
+({(1-8)-0- 5)M)§Tr(ch° 1,08, %) wee (7, w°, 5%, 55))
> (1-8)"a(®,u’,5%), 117
where we used the first corrector equation (31), the signs of V0 (#%,w?, 59), (1 — ) — (1 — &)™),
((1 = 6)™ — 1), the convexity of @, the positive definiteness of ¢"’, and the fact that the trace of the
product of symmetric positive semidefinite matrices is nonnegative. Due to the compactness of

B, (t°,w°, %), up to a subsequence, we can take the limit of the family (%, w°, 8%)se( 1) as § — 0
and obtain

Using (83), one can show by a classical argument of the theory of viscosity solution (see, e.g.,
Crandall et al., 1992) that

(F,w,3) = (t°% w°, s°).

Additionally, by continuity of a, E,, and (¢, w, s) = ¢,|(t, w, s) — (¢, w?, s°)| we have the following
limitsas§ — 0

70 50 & 0o 0 o _0 0 0
_EZ(tS’ w5’ S59 §0[ ’ qow’ §Ds ’ goww’ (/’ws’ goss) - —Ez(to’ wO’ SO’ ¢t’ ¢w9 ¢S’ ¢ww’ ¢ws9 ¢ss)’

(1=8)"a(®,w’,3%) — a(t®,w’,s°),

which gives the supersolution property for u,, via (117).

6.3 | The subsolution property

Proposition 6.2. Under the assumption of Theorem 3.7, the function u* is an upper semicontinuous
viscosity subsolution of the second corrector equation (32).

Proof. The proof is based on Moreau et al. (2015, Proof of Proposition 6.3). Let (t°, w, s°) € D and
¢ € C?2(D,R) such that (¢°,w?, s°) is a strict maximizer of u* — ¢ on D. Then, for all (t,w, s) €
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D\{(t°, w?, s} it holds

0 =u*(° w’, s%) — p(t% w?, 5% > u*(t,w,s) — $(t, w, s). (118)
By definition of u* (see (81)), there exists a family (¢, we, s, h®).~o such that
(t5,ws, 5%, h%) = (10, w?, 80, hO(t%, w°, s%)),  ut*(t5, we, 5%, h*) = u* (%, w?,s°)
and p® := u®*(¢f, wt, 5%, h) — o(t5, ws, s%) — 0. (119)

By Assumption 3.2 and the regularity of h°, there exist gy,r, > 0, a € (0,ry), & < 1 such that
B, (t°,w°,s°) € D, and such that for all € € (0, ), we have

b* :=sup {u*(t,w,s,h) : |(t,w,s,h) — (°w’, s°, KOy, wo, 50))|<ro, € € (0,0)} < o0,

.
and |h°(t,w, s) — h°(t°, w?,s°)| < ZO if (¢, w,s) — (1% w59 < a.
For (t,w,s) € (B, (1% w’, s")\B, > (t°, w?,s)) and (t',w’,s") € By /a(t°, w®, s°) we have

4
|t w, ) — (', 0!, )| > (%) .
Denote M := 2+ b* + sup{—¢(t,w,s) : (t,w,s) € B,(t°, w°,s°)} < co. Due to Assumption 3.5,

eltw.st) > 0and

we can define §; := mf{(r,w,s)eB,.O,|§|>'70} e

M
(z)ﬁag(r_o)“%.
4 4

The growth of w in its last variable at infinity assumed in Assumption 3.5 provides the inequal-
ity

co 1=

heé — hO(ts, ws’ SS)

gm”

he — hO(ta we s5)|2+4/m
em*(2+4/m)

w2<t5’we’se’ ) < C(IE,wE,Se)|

Then, the continuity of h° (Assumption 2.2), and the convergence of (¢, w¢, s¢, h) to the point
(%, w?, 5%, h°) allows us to choose g, > 0 smaller to also have for 0 < ¢ < ¢,

*(14 2 he — hO(t, we, s¢ 1
MU0 m (e e s, ( ) < —. (120)
en 3¢y

As m > 2, we can also take ¢, small enough so that

1
< 3 (121)

em*

w

" he — hO(t, we, s¢
g2m w<t5,w5,s5, ( _ )

4 a
(8, we, 5%) — (%, w?, s°)| < T and |pf| <1, fore € (0, g).
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We now define

e . 2m*A+2) 5
wE(t,w,s, h) 1= cye m’ | t,w,s, o
€

h— ho(t, w,s))

¢t w,s,h) 1= co((t — 19)* + (w — w)* + (s — $9)*) + TFE(t, w, 5, h).

By (120), we have |¢*(t5, w?, 5%, h®)| < 1/3. The definitions of §,, ¢y, and M were set so that ¢* > M
if |h — hO(t, w, s)| > %0 orif (t,w,s) € By (t%, w°, s°)\By »(t%, w’, s°), for e € (0, gy). Now define for
n€(0,1)

¢ 1= pi 4+, @ 1= + ¢,
PEI(t,w, s, h) 1= VO(t,w,s) — 2™ (¢ + ¢)(t, w, s, h)
h—ho(t,w, s))

Emﬂ,

—e" (1 +n)w <t, w, s,

O

Claim. V& —1%" is a lower semicontinuous function that, for 0 < ¢ < g, attains its min-
imum on B,(t%, w’,s%) x B, (h°(t°,w’,s°)) at an interior point (7%7,w", 5%, A7) such that
|A&7 — hO(Ee7, w7, §57)| + |he" — hO(t°, wP, 5%)| < r; for some r; > 0 independent of ¢, 7. Indeed
by (120), (121), and the inequality 0 < n < 1, it holds that €M (VE — (16, wh, 55, h¥) < 1, while
if (t,w,s) € B, (1% w®, s")\B »(t°, w?, s°) or if (t,w,s) € B, /,(t°,w’,s°) and |h — h°(t,w,s)| >
%0, by definition of b*, the bound on p?, the definition of M, cj, the fact that (¢, w?,s®) €

By /4(1°, w°, s°) and the nonnegativity of @, the inequality e (VE — %57)(t°, w¥, s°, h¥) > 1 holds.
Furthermore, by the triangular inequality, we can choose r; = 5ry /4.

Denote £ = ¢~ (h&" — hO(F5", %", §)). Now using the viscosity property of V¢ at
(&7, w7, 57, he7) for the test function 17, we obtain

G (ME, W™, 57, hT) > 0.

Using Equation (65) from Proposition 5.1 applied to %7 with v = ¢° and y = (1 + n)w, we
get

O GEWEM)(EE, We, 57, hET) = 2™ B (F57, 7, 557, @, 95, @5, @50y Pl PEs)
4 g2m E,(F57, W, 557, €, (1 + n)wg(f&n’ we, 560, €61, (1 + n)wgg(fs,n’ we, 567, ESNY)
+ RE(FEM, we, 57, fls,n, PeN)

+ 2 (B M(@(s, (1 + )we) — (s, (1 + Mywg + ™ &%) (&7, w7, 557, k), (122)

where we have slightly abused notation for w; because this function does not depend on h but
on €. Note that this last term is in fact nonpositive. Indeed,
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4m*

2che m
1+7

Q+nwe+e™ @ =1 +nwe|l+

2 E4m*/m
0 w)

and w > 0. Thus, (1 +
147

> 1 and by the m-homogeneity of ®

2 (3 ¥ ™(@(s, (1 + n)wy) — (s, 1 + )@y + 7™ %))

am* m

2c0E M
2 <0. 12
117 Co@ <0 (123)

= &2 (8,9°) (s, A + Nw)| 1 — |1 +

Claim. Up to reducing ¢, P*7 := (£, w*", 557, h*") is in the set defined in (66) for 0 < ¢ < .
We need to bound |(V?, — 8,,4¢)(P*7)|. We have

. 2
(Vi = 8uy=7) (o) = 2" <¢w(ﬁﬁ”7) + 4co |05 — wf [ + 206" (“W(wawwxﬁa’?))
+e4 (1 4 1)d,m(PE).

As @ € Cp, by Assumption 3.5, we have on B, (t°,w’,s%) x B, (h°(t°,w?,s")) with C, =
sup{C(t, w,s) | (t,w,s) € B, (t°, w’, %)}

m*(1+2) < h—hot,w,s)
€ m’wg| t,w,s, e —

2
> < Colh = ho(t,w, )|,

2

142 —no 2
Em (Hm)(ww —gm (hg)(t,w,s))Tw§> <t,w,s, W) < C0|h _ ho(t,w,s)IH’"-

As [R5 — hO(F57, w5, §7)| is bounded, we get that |¢=2"" (VO — 8,,95")(P*")| is too. Then tak-
ing ¢, smaller if necessary, and using that V¥ is bounded away from 0 on Bro(to, w?,5%), the
claim obtains.

Similarly, the scaling of w and its derivatives yields that @*® and its derivatives in fact admit
uniform bounds in €. Then, we can apply item (ii) of Proposition 5.1 and we have on the bounded
set {(f57, W, 557, h*") | € € (0,¢0),n € (0,1)}

1

REQEEM, 1o, 550, hEN, o) o lyL
| Pl o + &)t

g2m*

for C that does not depend on ¢ nor 7. Then, due to the continuity of h°, E,, the regularity of ¢°,

and the boundedness of (£7, w7, §7, h®" )iee(0.6,, ne(0,1)}» WE obtain the inequality

|R5(f€,77’ wE,?)’ §E’7), FlE,n’ ¢E,7})|
EZm*

TEN 7EN  JEs £ € £ € € €
E2(t 77’w U’S n,¢t,¢w,¢s,§0ww,§0ws,§0ss) +

1

- 1.1
<C(+ €22 "m
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for some C > 0 independent of ¢ and ». This inequality implies, due to (122) and (123), the follow-
ing estimate:

— Eq (7, w®", 57, f”l, 1+ n)w§(f5'”, wen, §57, 55”7), a+ U)ng(fg’n, wen, §51, 5”)))
~ 1,1
<CQ+ (&%) m, (124)
Additionally, using the definition of E; from (27), we have

— B (87,057, 557, E, (1 + )we (£, w7, 57, E), (1 + n)wee (7, w7, 57, 7))

d 2

Z ~E’7] O'.] (§€,77)

ww(tE ) w“? §&1)

+ (VD0 5N (57, (14 nywe (197, wE7, 557, €97))

1+ ) ) ;
— (e, wE, ) (0, 0, 57, 890 ).

We now use that @ solves the first corrector equation (31) to obtain the equation (we drop the argu-
ment of the functions for clarity: (7, w®", §7) for V°, its derivatives and a, (7, w®7, §7, £57)
for w and its derivatives)

0 d 2

2 57)~57)GJ(S£77)

— By (7, 0%, 557, E0, (1 + n)we, 1+ n)wgg) = —

—@+ma+@VPOI(@(57,(1+ nwe) — A + )P (57, we)). (125)
We note that due to the boundedness of (£, W7, 57 )gc(0., ], e(0,1)- and the continuity of a

the term (1 + 7)a(f®",w"", 5") is bounded uniformly in ¢ > 0 and 7 € (0, 1). Additionally, we
have by m-homogeneity and nonnegativity of ® forn € (0, 1)

(57, (1 +n)we) — A+ (57, @) = (1 + )" — A +9)P(57, @) 20
Putting together this inequality with (124) and (125) finally yields

V0,057, 57)
2

Z§€n~£ncj(§“7) <C(+ |§“7|2)2 "

for C > 0 independent of ¢ > 0 and 7 € (0, 1). Due to the nondegeneracy of oo ', and the fact that
(B0, W5, 8 )ee(0,60], neo.1)} € Bry (t°, w°, s°) € D, we can find ¢ > 0 such that

d 2

Z 75en G (567)

VO (7, w“7 5671 N
- > nel&En)2.

Thus, as m > 2, we deduce that for all 7 € (0, 1), the family {£7 : € € (0, ¢,]} is bounded.
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Now, for every n € (0,1), we extract a subsequence of {(f57, w7, 5%, h®7, 55”7) | € €(0,¢e0)}
converging to (7, w", 57, h’, E’/). Additionally, the boundedness of {55”7 : £ €(0,g]} allows us
to use the last point of Proposition 5.1 to pass to the limit in (122) and obtain that for all n €
(0,1), (note that ¢¢ converges uniformly on compacts to ¢ and that (7, w",§7, h") as limit of
(57, W, 557, h®7) along a subsequence is in the set of (66))

0<E2(fn’ w?)’ §’7’ ¢l’ ¢w7 ¢Sﬁ ¢wws ¢ws: ¢Ss)
+E (0, w7, 5, €7, (1 + n)we (77, ", 87, &), A + n)wee ([, w7, 5, £7)).

We use (125) one more time and obtain that

EZ(fn’wr]ﬂgr]’ ¢[r ¢w’ ¢s’ ¢wwa ¢wsa ¢SS) = _(1 + 77)a

Note that &7 is not present in this inequality and (7, %", §7) is bounded for 7 € (0,1). One can
now take the limit 7 — 0 to obtain due to (118) (using classical arguments of the theory of viscosity
solutions, see Crandall et al., 1992) that a subsequence of (£7, 17, §7) converges to (t°, w?, s°). Then
passing to the limit in the equality above, we obtain

_EZ(tO’ w07 SO’ ¢l’ ¢w7 ¢S’ ¢ww’ ¢ws: ¢SS)<a(t0’ w07 SO)’

which gives the viscosity subsolution property.

6.4 | The terminal condition
Proposition 6.3. Under the assumption of Theorem 3.7, u* satisfies

limsup u*(t,w’,s')=0 forall (w,s)€ R, X Rd++.
(t,w’,s")—(T,w,s)

Thus, the upper semicontinuous extension of u™ to Dy and lower semicontinuous extensions of u,, to
Dr satisfy

u,(T,w,s) =u*(T,w,s) =0.

Proof. Due to the inequality 0 < u, < u*, it is sufficient to show that u*(T,w, s) < 0. Assume
on the contrary that u*(T,w?,s% > 56 > 0 for some (w’,s°) € R‘f:rl. Similarly to the proof of
Proposition 6.2, by definition of u,, (see (81)) there exists a sequence (¢°, w*, 5%, h°),-( such that

(t5,we, 55, h°) = (T, wP, s, hO(T, w°,5%), u* (5, ws, 5%, h°) - u, (T, w’, s°).

Note that, the functions u, and u* are only defined on D and then extended by semicontinuity to

{T}x R‘iﬁl, and that therefore, we can take t* < T for all ¢ > 0.
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Similarly to the proof of Proposition 6.2, there existey > 0,ry = a > 0, ¢, > 0 large enough such
that for all € € (0, £y], we have the following estimates

10, w,5) = KT, 0°, 5|2, V(t,w,5) € D such that [(t,w,s) — (T, w’, s,
(28, we, s¢) — (T, wo,so)lg%, us* (t5,we, s, h°) > 48, |h — hO(t5, we, s9)|? < %
and u*(t,w, s, h) — ¢°(t,w, s, h) < 0 on By \By 4,
where
Fe(t, w, s, h) 1= co(I(t, w, 8) = (¢5, W, s)[* + |h — hO(t, w, 5)|?),
By := (T —a,T) X Bo(w°,5°) x B, (h°(T,w’, s°)),
Byg i= {(t,w,s, h) € B, : (t,w,s) € (T - %,T) X By /(w?,5%)

and h € B, ,(h*(T, w?, s0))}.

Define the functions ¢°(t,w, s, h) := 5% + F(t,w, s, h) and ¢ 1= VO — 2™ ¢ Then, simi-
larly to the proof of Moreau et al. (2015, Proposition 6.5), the function V' — ¢ admits a local mini-
mizer (¢, w¢, §¢, h®) € B, satisfying u®* (i€, w¢, §¢, k) > 8 and t° < T.Indeed, we have e~ (V¢ —
PE)(t°, we, 5%, h®) < =26 and on B, \B , it holds that (V — ¢°)(¢t,w, s, h) > 0.

Now, using that V¢ is a supersolution of (25) by Assumption 2.9, and applying Proposition 5.1(ii)
to 3¢ with v = ¢ and w = 0, Equation (65) yields

0SGE (YOI, 0°, &, %) = 2™ By, W, §°, 65, $5r 05 Poouws Bloss B5)
+ &2 By (5, ue, §, £, 0,0) + |RE(F, wF, §5, hE, °)|
+ e2M° (8,95 (F5, 0, §€, hE))!~™(D(5E, 0) — D(5E, 6™ ¢, (€, w0, §¢, h9))), (126)
with

|R£(f‘€, ws’ 55’ ]j’ls’ ¢5)|

oo iyl
S <CQA+ &) m,

Note that up to reducing ¢, > 0 and taking 0 < § < §, for some small enough &,, the point
(f5, w®, §°) is in the set defined in (66). Now, the last term in (126) is

—(VO(FF, wF, 5) — €™ (5, U, 5, )" D(5F, 20 E%) = —C.|E¢|™,

where C; is bounded from below away from 0 as ¢ - 0 and f € = ¢ (hE — hO(F¢, wF, §)).
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The set {(i*, W%, §°) | € € (0, &y)} is bounded, E, is continuous, ¢* and its first- and second-order
derivatives in w and s are 0 at (¢, w¢, s¢, h®). This, with the definition of E; and E, in (27) and (28)
yields

2 1

VO i‘s’w&"s{ ~ 1.1 ~
o 4 Yol 05T <+ IER T - g

T —t¢ 2

Thus, using that oo " is positive definite, that s is bounded away from 0 on {(F¢, 0%, §) | € € (0, £,)}

and that V9, is negative and bounded from above by —C < 0 on {(f*, &%, §) | € € (0, &y)}, we obtain

1

1
O _ClER<c@+ER T - E .

T —t¢

Now, m > 2 implies that both £ and % are bounded. This is a contradiction with t* — T and
the result is proved. O

Proof of Theorem 3.7. A combination of Propositions 6.1-6.3 allows us to claim that u* and u, are,
respectively, viscosity subsolution and supersolution of the second corrector equation (32) with 0
final condition. They also satisfy u* > u,, due to their definition as limsup and liminf. Due to the
Assumption 3.5(ii), we also have u* < u,. Denote u = u* = u,, thatis the unique viscosity solution
of the (32). We now have the following inequalities:

LVt w, s) = VE(, w, s, hO(t, w, s LV, w, s) = VER(t, w, s, hO(t, w, s
lim inf ( ) ( " ( ) > lim inf ( ) ( " ( )
€l0 g2m* €0 g2zm*

> u,(t,w,s) =u(t,w,s) = u*(t,w,s)

VOt w,s) — Vi(t, w,s, ho(t, w,s))

> lim su -
~ €l0 P g2m*
> lim sup VO(t,w,s) — VE(t,w, s, ho(t,w,s))
~ €l0 g2m” ’

The reverse inequality between the supremum and infimum limits being trivial, we have

0 Y€ 0
lim Vit w,s) = Vet w, s, b7t w, 5))

i T u(t,w,s).

(]
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ENDNOTES

Note that in these works and in our study price impact are only temporary: the asset price immediately reverts to
its “base value” after the trade. For a review of the different models for transient (and temporary) price impact, see
the survey by Gatheral and Schied (2013) and the work of Roch and Soner (2013). Recent developments include
Bank and Voss (2019), Ekren and Muhle-Karbe (2019), Garleanu and Pedersen (2016), Guéant and Pu (2017), and
Schied and Schoneborn (2009).

Note that to use this methodology, the setting of the problem needs to be Markovian. This constraint can be
relaxed in one-dimensional markets through the use of convex duality (see Guasoni & Rasonyi, 2015) and ergodic
theory for one-dimensional diffusions, see, for example, Kallsen and Muhle-Karbe (2017), Kallsen and Li (2013),
and Cayé et al. (2020).

The study of portfolio problems with frictions is closely linked to ergodic control problem as was already made
clear in Soner and Touzi (2013), Kallsen and Li (2013), and Cay¢ et al. (2020). For recent developments in ergodic
control theory and on how to approximate their solutions, see Cirant (2014), Cacace and Camilli (2016), and the
references therein.

Note that the interest rate and the drift and volatility of the price could depend on time and a multidimensional
factor process. All the analysis of the article goes through. We choose to omit them for readability and simplicity
of notations.

In the presence of price impacts, only strategies absolutely continuous with respect to the Lebesgue measure can
be optimal: infinite variation leads to immediate ruin.

This is the degree of homogeneity of the transaction cost in the trading speed, parameter called p in Cay¢ et al.
(2020).

For R > 1 cumbersome estimates would be needed, and we omit them so as not to drown the already complicated
analysis in more technical details.

This has been pointed out to us by Marco Cirant and is the topic of an ongoing work with him.

This ensures the strict positivity of the wealth until final time and that the lump sum consumption at the final
time is strictly positive.
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APPENDIX

The Appendix is dedicated to the proof of Proposition 4.7. First, in Appendix A.1, we define the
strategies that we use to obtain the bound (62). Then in Appendix A.2, we study the drift of the
process 55" defined in (A.13). In Appendix A.3, we bound the renormalized loss of utility
due to price impact; see Lemmas A.4-A.7. Finally, we provide the proofs of Proposition 4.7 and of
Lemma A.2 in Appendix A.4.

A.1 | Candidate asymptotically optimal strategies

Let 0 < € < 1. Consider the following function (note that it is of the form of the functions stud-
ied in Section 5 and that it corresponds to the candidate value function expansion obtained in
Theorem 4.4)

10
PE(t,w, s, h) 1= VO(t,w,s) — 2™ <u(t, w,s) + 2" w (t, w, s, M))

gm*

= g(HU(w) — (we)*™ Aw'~Rg(t) — (ws)“m*/lg(t)wl‘Ra”T((wgm* <h$ S_ 7r> > (A1)

Also denote the set of admissible states
. d . : sih;
A=< (t,w,s5,h) EDXR*: h; >0 foralll<i<d and 27 <1 3. (A.2)
We will need the following property of 9,,3°¢.
Lemma A.1. There exists cy, > 0 such that if (t,w, s, h) € A we have that

A, 05(t, w, s, h) + 2™ 3, u(t, w, s) 1
21 —cy(we)m
g(Hw=R

M >1—cp((we)* + (ws)i) (A3)
gHwr

1
1+ cpp(we)m >

. 1
and 1 + ¢ (we)*™ + (we)m) >
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forall (t,w,s,h) € DX R4,
Proof. By differentiation, we obtain

aw¢€(t, w’ Sa h)

=g(®Ow R — (1 = R + 2m*)g(t)AwR(we)*™

(we)ym*

- _R whXs s © hxs
+ (we)>™ Ag(Hw <©<(1+m) " m n)) wx<—(w£)m*< " n))

Note that the continuity of the second derivative @, and the fact that @ (0) = 0 = @, (0) imply
that for |£] < 1, w(¢) < C|€)? and |@,(¢)] < C|£]. Combined with the bounds in Lemma 4.2,

these inequalities yield

—-(1-R+ 4m*)(w£)4’”*lg(t)w‘szr< © <h;< 5 _ ﬂ>>

B() < CE]" i and |@,(8)] < Cl&| for £ € RY. (A4)

Now, considering the boundedness from above and away from zero of g, g, and the fact that %
is uniformly bounded on A for all 1 < i < d, we obtain
()

(1 — R+ 2m*)=—=(we)*™"| < ey (we)*™,
g()

(1-R+ 4m*)(ws)4m*/lz~v< (wim* (h:()( S _ 7l'>> < %cw(wg)%,

ro{ a5t e)) 53 (550

3m*—(£)m*
m

1

1 1 1
< ECW(w‘E) = ch(wE)m

for some ¢y > 0.

Define the feedback control functions

A(tw,s) 1= =U'(Vi(t,w,s)) = g(t)_%w, (A.5)

_3m* _ 1,0
6i(t,w,s, h) 1= 1@, | s, E—w§ t,w,s, Lﬁws)
! NVt w,s) en

. - h—ho(t,w,s)
= ¢gm V,?U(t,w,s) mtI)xj <s, —w;:(t, w,s,T
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d m
= —(we)™™ Z < w ’ﬁxi(X(f,w»S, h)| @, X(tw,s, h))>
i=1

Km—lsj

CRORA (A.6)

Note that in this example, the function ®,, defined in (50) is odd and the functions u and @ are
the solutions of the corrector equations (31) and (32) whose properties are listed in Lemma 4.3.
We fix an initial condition (¢, w, s, k) € D x R9 and consider ¢ € (0, (T — t)1/2""). We denote by
wetwsh and getwsh the state variables controlled with the above ¢® and 6¢ starting at (¢, w, s, h)
up to the stopping time (A.8). Additionally, we define the rescaled portfolio weights displacement

&,t,w,s,h,1 o1 et,w,s,h,d od
Hy Su Hy Sy

! d
ELwsh Tpewsh . T Tpesh T
Lwsh _ . :
Xy =© TR o | (A7)
Wy, ) (eW" ym

71.*
2

. o * 2 1 zm*
etwsh —infdy [t,T]‘IWf[t’w’b’h —Wil > =WJlorW) <e™ orew? > < A 1>

m+2
m
(m+2)m* A .o7* 2 .
or W) T (14 (X)) > G20 B ONC VY (A8)
16C L+ d2g2m
d |x|1+2/m

where 7% and Cy are given by 7* :=inf, g m; A(1 = Y., ;) > 0and Cy :=sup, o 0)
- w(Xx

oo (cf. (A.4)) and cyy is the constant defined in Lemma (A.1). This complicated form of 755w is
due to two reasons. First, we are only able to express the strong mean reversion to the frictionless
e,t,w,s,h

position by applying It6’s formula to @& (X, )(see (A.35)). Indeed, application of Itd’s formula
to quantities such as

d e,t,w,s,h,i qi 2 &,6,w,8,N,i i 2
HE st HE st .
E —_— =7 oY — ™ — T for some i
e,t,w,s,h g,t,w,s,h
i=1 W, W,

do not provide any expression that could allow us to claim that these quantities are small fore > 0
(m+2)m*

small. The second reason is that if we do not multiply (1 + (X" by (WEHSM) ™
we will have to study the hitting time of a process to a random barrier. It appears that

(WEHwsh )(m+jl)m (1 + w(X5"5M) is the simplest expression allowing us to define the liquida-
tion time as the hitting time of a constant barrier by a mean reverting process.

Now, we consider an investor following the control ¢’ and 6 as given on [[¢, 75“*5"] and who
liquidates her invested position on [z&%:5:h zetwsh 4 ¢2m*] and consumes the remaining cash’

at rate c0(t, Wf’[’w’s’h ,S,) on [[t&-WS" TT. The controls for W&tWsh and H&HW-S1 are
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¢ (V, W;E,t,w,s,h’ Sr’ Hﬁ,t,w,s,h) on IIt9 Ts,t,w,s,h]]
r€,t,W,8,h
Hr = _E—Zm* ;fll:’)ss:l on IITE,t,w,s,h’ Ts,t,w,s,h + EZm*]] (Ag)
0 on [[r&twsh 4 g2m” T,

with the consumption process

Lw,s,h
co<r, wihs ,Sr> on [[t, 86w
&.1,w,8,h €,L,W,8,h *
C; =4C: , on [[TE,L,w,s,h, TELW.s.h 4 g2m ]] (A.10)

Jtw,s,h *
c°<r, wohts ,S,) on [[r&twsh 4 g2m" T,

where the choice of the consumption on [[z&5Wsh getw.sh 4 e2m™ ] is kept, so that

1
EWi’t’w’S’h <———A 1A ZEW,()
(deyy)2m*

on this interval. It is also chosen large enough, so that if

&t w,s,h om* &,t,Ww,s,h 1
T <T-—¢ then ng’t,w‘s’hﬁm* <1A > (A11)
e(deyy) 2m*
and small enough, so that
*
Ws,t,w,s,h S 7T_W0 forr e H.L.s,t,w,s,h relwsh 4 EZm*]]

r = 2 retw,sh

The first of these last two inequalities implies in particular by Lemma A.1 that along admissible
portfolios it holds

%g(t)w‘R < 0,¥5(t, w, s, h) < %g(t)w‘R. (A.12)

1
On [[retwsh 4 g2m™ T wetwsh satisfies the SDE dWS " = (r — g(z) R)WEMSMdz, Tts
supremum has therefore moments of all positive and negative orders on this interval. We have
additionally

wo

Tr S WELSh < cWO on [[r, T8Lwsh).

Finally, note that this strategy is indeed admissible as proven in Lemma A.2.
Define also on [¢, T] the processes

lpi,t,w,s,h = PE(r, Wi,t,w,s,h’ Sr,Hi’[’w’S’h), (A.13)
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( Hz,t,w,s,h _ ]’lo(l", Wﬁ,t,w,s,h’ Sr))

et,w,s,h
II

e,t,w,s,h r
£ =we| W Sy,

gm”
= g(r)(Wehwshy=R+3m* <s X S, (Xi"’“”s’h> ) (A.14)

The following lemma provides a bound on the probability of stopping stricly before T — 2" when
using the controls we just defined. Its proof will be given in Appendix A.4 after the study of the
generator of ¥&-%5" in Appendix A.2 and the necessary auxiliary Lemmas stated and proved in
Appendix A.3.

Lemma A.2. The control defined above is admissible and there exists C € F o, such that for all

(t,w,s) € D, there exists 8, > 0 such that for all h € R satisfying s _ 7;|1<6,, we have
w

P(retwsh <« T — 2m)ge2m C(t, w, 5).

A.2 | Semi-martingale decomposition of (A.13)
Define the following process:

~EL,W,s,h * £,t,w,s,h &,t,w,s,h -m ,t,w,s,h -m
Getwsh - gam <(6w¢5<r,W,” S HE) ) (Vi WS ) )

X aw¢s (r’ Wﬁ,t,w,s,h, Sr1 Hi,t,w,s,h)q)x (Sr’ _Hz,?w,s,h )f (Sr’ q)x <Sr: _Hz,tr,w,s,h> )

4 g2mt <<a Z,bs(r Wz,t,w,s,h S Hz,t,w,s,h))l_m _ (VO (r Wz,t,w,s,h S ))1—m>
w » W >0, Hy w\"> Wy »Or

£,t,w,s,h _ e,t,w,s,h
xTIZ" @x(sr, ! )

On [[75, ¢ + 2™ ]|, G=Lw-SN is given by

&,t,w,s,h * £,t,w,s,h £,t,w,s,h 1=m &,t,w,s,h
Gr” ELH =EZm aw,ng(r’Wrs’ 95 ’Sr’Hr,, 9y ) q)x(Sr’_H,, 39y >

&r
LEw,s,h
f(Sr,cbx(S,,—Hg;“ ))

m*(m—2)

—e e B (WS s HE ) HERS I (s, HE M)

7€

om* El € Ws,t,w,s,h S Hs,t,w,s,h l_mns,t,w,s,h ® Hs,t,w,s,h
te w¢ r, Wy s Ors Ly e

m* rE.LLWw,s,h 7yt w,s,h
+e H§,r H; ,

and on [z + 2™, T] we define

1_
~ELL h G t h t h t h
Gotwsh — gam 5w1/’5<”, WELwSh g | et ) o, (Sr, _Hg,,;w,s, )
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H(swtufsmne)) e

* &,t,w,s,h &,t,w,s,h 1=m &,t,w,s,h
= —¢2m 6w¢5<r,Wr” S, Hy ) @(S,,—Hg’r’ > )so.

G&bWsh takes into account the difference in drift of W&4%5" if it had been conrolled by c® (same
control for the consumption) and the optimizer of the Hamiltonians in 4 in the functional G¢(¢)%).
This allows us to relate the remainder estimate of Section 5 (Equation 73) to the drift of W&w-sh
below (see Equation A.15). We now give the following estimates for G&HWsh,

Lemma A.3. It holds

|G~i,t,w,s,h| < C(EWi,t,w,s,h)zm* (Wi,t,W,S,h)l—R on [[t,7¢],

m

~E,LW,S,h L w,S,hy1— JEw,s,hy — —
[ |<c<(W5 IR (WSRO, )

€

1
LW, ,h —-R *
+ (W::' w,s )m (W-?e,t,w,s,h)> on HTE’TE + g2m ]]’
|G~5,t,w,s,h| < C(Wi,t,w,s,h)l—R <Con[r+ EZm*’ 1.

Proof. First note that by Lemma A.1, and the fact that g is bounded away from 0 on [0, T], we have
for the chosen control H5WS" and C&-%-5" the following inequality on [[t, 755WSh]|

awd’g(”, Wi,t,w,s,h’ S,, Hi,t,w,s,h) _ (V?U(r, Wi,t,w,s,h, Sr))

" 1
< C(Wi,t,w,s,h)_R((Wi,t,w,s,hE)ZWf + (Wﬁ’t’w’s’hs)m),
which yields, by Taylor’s expansion and (A.12)
(awzpz)—m _ (VLOU)_m| <l’, Wj,t,w,s,h’ Sr,H;f’t’w’S’h>
< c((WE’f’w’s’h)—R)_l_mw g -V
= r w w
<C Wa,t,w,s,h Rm €,t,W,S,h\2m* £,t,w,s,h 1
<c(w; (EWEseshpm’ 4 euetwshym,

_ 1-
(awl,bs)l m (VS)) m| (r’ Wi’[’w’s’h, Sr,Hi’[’w’s’h>

r

&,t,w,s,h R(m-1) €,t,W,S,h\2m* ,t,w,s,h L
<C(wW ((EWr ) + (eW, )m).

Second, by definition of f in (48) and @, in (50), it holds for some constant C > 0,

&tw,s,h m

Er
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Hs,t,w,s,h m
e,t,w,s,h e,t,w,s,h Er
Hz,t,w,s,h m
0< f<S ® <S _Ha,t,w,s,h>) ) <S _Hs,t,w,s,h) <C &r
X re X re g,r X re g,r X Sr
£,t,w,s,h,i gl
Finally, the definition of IT&-%-5" in (A.14), the estimate (A.4) on @,, and the fact that HW“—me

is uniformly bounded for an admissible strategy and 1 < i < d, provides the bound

*

&,t,w,s,h
H;’,r

S,

1 L ,t,w,s,h
2<C£ m(Wr,”,)

Wy

£,6,w,8,iN—R+3m* R+t
< CQwEtushy .

Now the result follows from combining the definition of G5*-5" on the three stochastic intervals,

the estimates we just stated, the fact that g is bounded and bounded away from 0 (see Remark 2.5),

Hs,t,w,s,h,isi

the definition of f, H‘;’t’w’s’h, and t&HWS (in (48), (A.14), and (A.8)), the fact that e i

uniformly bounded for an admissible strategy and the inequalities (A.4) and (A.12). O
Denote ¥° the drift of the diffusion W55 = ye(u, WEHSH s, HEMSM) Note that in (69)

we computed the drift of ¢ applied to processes controlled by a different strategy. In (69), the
controls appear in three different lines. Thus,

PE L YF ,t,w,s,h e,t,w,s,h etw,s,h ,t,w,s,h e,t,w,s,h
Mz =p; + 6wz,b5(z, Wz ’ SZ’Hz ) CE(Za Wz !Sz’Hz ) - Cz
+ Gg,t,w,s,h.
Here, the second term corresponds to the difference in consumption between the control used in

(69) and (A.10), the last term corresponds to the difference in strategy 0 between (69) and (A.9).
Thus, using (70) we obtain

dllfi’t’w’s’h __ [gg(ng)(z’ W;,t,w,s,h’ S,, H;,t,w,s,h) + U<Cg <Z, W;,z,w,s,h’ s,, H;,t,w,s,h) )] dz

+ awl,bE(Z, W;,t,w,s,h’ SZ’H;,l,w,s,h) [cg(z’ W;,t,w,s,h’ Sz’ H;,t,w,s,h) _ C;,t,w,s,h] dz

+GotShaz + dM,, on [t,T], (A.15)
where M is amartingale. The first line corresponds to the generator computed in Section 5, the sec-
ond line and the process G5*>5" are the contributions due to the fact that consumption, respec-
tively, the candidate strategy 6°, are not the maximizers of the Hamiltonian in (24).
A.3 | Local boundedness of the renormalized loss of utility
We also need to define WOHws" the frictionless wealth process started at (¢, w,s) when the

investor does not consume (¢ = 0 in the wealth dynamics) and follows 6. Let £ be the gen-
erator of the diffusion (-, W S e=m" (h — hO(., WOHWS" § ))). We now provide the main
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decomposition for the renormalized loss of utility associated with the controls H&WS" and
Ccobwsh Before we proceed, let us define for a function ¢ of the form defined in (A.1) and € > 0
the remainder functional

RE@)(t, w, s, h) 1= (m = D)@(s, @w)(V) ™" (89" — Vi)

At = VO 4+ 2y,

-U'(v9) i (A.16)

Lemma A.4. Forall (t,w,s) € D, and h € RY it holds

VO(t,w,s) — VE(t,w,s, h)

52m*

—u(t,w,s) (A.17)

T
£,t,w,s,h L6l w,s,h
<E l/ T(r,W,; s Sy Uy Uyoups Urss Hy )
t

&,t,w,s,h . 1.0 £,t,w,s,h
—T(l", Wr ’Srauw’ Upw> uws;h (r, Wr ’Sr))dr]

% ~ h’ - hO(Ts WO’ST)
+ g2m <[E lw(T, W%, St, p

—E[w (T W5 S = BT W s )| )

T
+E l/ (RE(}’, Wf,t,w,s,h’ Sr,Hi’[’w’S’h) _ E—zm*éi,t,w,s,hd;,)]
¢

T
*
— g 2m'E l/ 3, (r, WﬁJ,lU,SJ’l’ Sr,Hi’[’w’S’h)
t

x (CE(}’, W;T,t,w,s,h’ Sr’Hi,t,w,s,h) _ Ci’[’w’s’h>dr]

T
+e 2 E l/ (U(CE(V, W;:,t,w,s,h’ Sr,Hf’[’w’s’h)> _ U(Ci’[’w’s’h)>dr] .
t

Proof. Due to (A.15) and the fact that H;’t’w’s’h =0, we have
T
Yo w,s.h) = E| W + l / (G WE o, s, HE sy - ggtesh

t

€ e,t,w,s,h e,t,w,s,h < e,t,w,s,h e,t,w,s,h e,t,w,s,h
— 0, ¥(z, W, 3 Sz, Hy )|cf(z, W, Sz Hy )—C;

U (2, oD S Hi’t’w’s’h)))dz] .
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By definition of ¢ and the boundary conditions of VV° and u (see Equations 6 and 31), it holds

E[wi "] = E[vo, wit e sp)| - e E[ur, w5

&,t,w,s,h 0 e,t,w,s,h
e (G

tw.s.h
— " E| w| T, W, Sy,

gm*

—E [U(W;,t,w,s,hﬂ — M [w (T, W;,t,w,s,h’ Sy, _e R0 (T, Wja:t,w,s,h’ ST) )] .

Note that the condition H;’t’w’s’h = 0 implies that the position in cash at final time is indeed
W;’t’w’s’h. Thus, given the admissibility of the strategy and the terminal condition (25) for V¢,

we have E[UWE"*") + [1 U(CS"*")dz] < V¥(t,w,s, h) and obtain

T

‘(,bs(t, w, s, h)S[E l/ <g5(¢s)(z’ W;’t’w’s’h, SZ,Hi,t,w,s,h) _ G;,t,w,s,h>dzl
t

z z
t

T
+E l/ (—awl,bS(Z, Wé,t,w,s,h, Sz,Hi’t’w's’h)[CE(Z, W;,t,w,s,h’ SZ,HE’t’w’S’h) _ Ca,t,w,s,h]
+U(C£(Z, W;,t,w,s,h’SZ’Hz,t,w,s,h)) _ U(C;’[’w’s’h)>dz]

F Vw5, 1) — e E|w (T, W5 sy, = O (T, Wi 51 ) ),

which implies

T

<g5(¢s)(z’ W;,t,w,s,h’ SZ,Hg,t,w,s,h) _ Gg,t,w,s,h>dr]

g£2mx = g2m*

Vo(t,w,s)—Vg(t,w,s,h)< 1 [El/

. h—ho(t,w,s
+u(t,w,s) + 2™ w(t,w,s, #>

gm*

T
—2m* e,t,w,s,h e,t,w,s,h £,t,w,s,h e,t,w,s,h e,t,w,s,h
+e m[El/ — 0, (z, WEPOS S HE )[cE(z,WZ S, HVoshy _ ¢

z
t
+ U(CE(Z, W;,t,w,s,h’ SZ’Hé,t,w,s,h)) _ U(C;,t,w,s,h)dzl

M [w (T, Werwsh g _g=m’ o <T, webwsh, ST> )] , (A.18)

where the left-hand side is nonnegative by construction.
We note that the remainder estimates of Section 5 for this choice of ¢ give

€2 GE(E)(t, w, 5, h) = T(t, W, S, Uy, Uy Us: 1) — T(E, W, S, Uy, Upprs Ugsi RO(E, W, 5))



BAYRAKTAR ET AL.

WILEY—2

+ " f(w) - %Tr<chow§§) + (V)" = (B9~ ) @(s, ~ )

N (V) — U@,9°) — 2™ U'(V,)uy,
e2m* '

This follows indeed from (70) and (73), the fact that for the solutions u and w of the corrector
equations (31) and (32), it holds

Ei(t,w,s,§, @, @ee) + Byt W, 8, U, Uy, Uy, U, Uiy Uy Uss) = 0,

and the equation (obtained by direct computation from (72) and the definitions (75), (77), and
(78))

I6 4 [63 4 [64 = ¢2M" () — %Tr(chowgg).

Recall that ®(s, -) is even for the choice made for f in (48). Due to the convexity of x — x!™
and U the following two inequalities hold for all (¢, w, s, h),

(V™ — (B, ™) B(s, —wg)<(m — (s, 11:5)(1/3))_’”(<3wz,bE -V,

O(Vy) = UGuy*) =™ U/ (V)uy

- ¢ _ 0 2m*
<- U’(V?U)apr LR "y

EZm* EZm*

Hence, by the convexity of £ — w(t, w, s, &) and the fact that s nonnegative (the trace of the
product of symmetric nonnegative matrices is nonnegative), we obtain

£72M GE(YE)(t, w, 5, )T (t, w, S, Uy, Uy Upss ) — T(E, W, S, Uy, Uy, Upss KO(E, W, 5))

At = VO 4+ 2y,

EZm*

+ &2 £(@) + (m = DO(s, m) (Vo)™ (89" = Vi) = U'(VE)

With the definition of R in (A.16), we obtain
1 ! h h
g2m* E |:/t g€(¢a)(W§ b ’Sr’I_I;LE s )dr]

T
<E [ / (T(; HEPOSY) = T hO(r, WSS S, WES S, sy, gy, g )
t
+E[e2" w (T, W9, Sr, 6™ (h — h%(T, W2, S1)))] — 2™ w(t,w,s,e™ (h— h°(t, w, 5)))
T
+E l/ RE(r, Wﬁ,Sr,Hi)dr].
t

Combining this inequality with (A.18), we conclude the proof. O

The following lemmas allow us to locally bound the renormalized loss of utility.
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Lemma A.5. Let u be the function defined in (47) and T defined in (29). Then, for (t,w,s,h) € A
(defined in (A.2)), we have

‘T(t, W, S, Uy, Uy, Ugss 1) — T(E, W, S, Uy, Uy, Uys; KO, w, ) + RE(L, w, s, h)
* 1+L-R
<c<1+w1+2m Ryw ) < C(1+ wk)

holds for some k > 0.

hxs hO(t,w,s)xs

Proof. Note that due to the admissibility of the strategies we have that is uniformly

w
bounded. Thus, |T(t,w, s, Uy, Uy, Uyps; )| < Cw!R+2"" for admissible strategies. Similarly, to

the proof of Lemma A.3 we have

_ o
q)(s,w§<t,w,s, —h g_(,,tllw’S))>

(V)™ < Cwh™

— * -
SCE 2m wl Rm

1

10,97 = VI < C((we)*™ + (we)m)w*

0 2m*
awlnbE —Vyte " uw’ L 1—R+%

u'vo) — <Cemw
£

Thus,

, 1
|RE@E)(t, w, s, h)| < c<1 + wltzm =R L, R)_

O
Lemma A.6. Define the process
K, 1= = 3,9 (r, WS, S,,Hf*“w’s’h)[cS(r, WSt s, HES - oSt
+ U, Wit s, HEYS ) —o(cpt ! forr € [1,T). (A19)

Then, the admissibility of the strategy implies
K, | SCOWEDSe2m Wt s 1=K op [[f, gotwshy),
K, | SCWELSM=R o [zetwsh T,

Proof. First, on [[t, 750@S] and [z50@Sh 4 €2 T1), it holds

CoPst = O, Wit S,) = —O' (VO w, 5)).
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We also have for R < 1, U(Cﬁ’t’w’s’h) > 0. Thus, using (A.12), the definition of ¢¢ in (67) and of U
in (9) and the fact that g is bounded and bounded away from 0, the following inequality holds on

[, T]]
K| <1005, W, 5, HE ) (107 (8,95, Wi s, HEY5 M) )|
T (VO w, ) + U (r, WP s HEWOSM) < c(WEhosiy-R,

for some C > 0. Now using Lemma A.l similarly to the proof of Lemma A.3, we have the
inequalities

1 _1 ]
|(aw¢s)_§ _ (V?v) R | <l’, W;‘E,t,w,s,h’ SV’H;‘,t,w,s,h>

1
<C (Wi,t,w,s,h > ((EWE,t,w,s,h)zm* + (Ewi,t,w,s,h); ),

1-R

1-R
(@)™ ® = (Vo) |(r Wit s, mpe )
<C Ws,l,w,s,h I_R(( Wa,t,w,s,h om* We,t,w,s,h ES
S r EWy ) + (W, )m).

Then, on the interval [[¢, 755", by definition (A.8) of 7%/ and using (A.12), we have
K, | < C(W;‘:',I,w,s,hE)Zm* |W§,l,w,s,h|1_R'
O

The proof of Lemma A.2 requires moments existence for W¢ for which we need first the follow-
ing result on W°.

Lemma A.7. In the Black-Scholes setting, the supremum of W° over [t, T| has moments of all orders

U r 7
E,| sup (Wf;[’w’s’h) +E, / (Wff’w’s’h> du| +E,| sup (Wg)}7 = Cy"w” < oo,
ue(t,T] t u€(t,T]

where E, denotes the expectation conditional on F,; and n > 0.

Proof. The result is a direct consequence of the fact that W? is a geometric Brownian motion,
the fact that by the definition of our strategies we have W?o < W& < CWY for some C > 0 until
tbWsh the SDE satisfied by WehWsh on [&0w:sh zebwsh 4 ¢2m° ] and on [r&4W5h + 2™ T,
the fact that H="“"" is strictly decreasing on [7&/@:sh retwsh 4 ¢2m" | and the % homogeneity
of 0 0 - f(s,0). Ol



BAYRAKTAR ET AL.

* L WILEY

A.4 | Proofs of Proposition 4.7 and Lemma A.2
Proof of Proposition 4.7. Combining the inequality (A.17) of Lemma A.4 with Lemmas A.3, A.5,
and A.6, we obtain the inequality

€2m>:<

0 _ 1€ T
VOt w,s) = Vet w,s,h) u(t, w, s)<E l/ C<1 + (Wi,t,w,s,h)k)dr]
t

Te,t,w,s,h
+E l/ Ce—2m’* (EWiJ,W,S,h)Zm* (Wi,t,W,S,h)l—Rdr]
t

*
Ts,t,w,s,h +£2m

+E CE_Zm* <(W§,t,w,s,h)1_R + (Wﬁ’t’w’s’h)_R(WO )E

€,,Ww,s,h
TELW,Ssh T

TELW,S,h

1
W W ’)drl

T
+E / CE—2m* (Wi’t’w’s’h)l_Rdl"
TELW,S,A +€2m*

h — ho(T, WO,ST)>]

gm*

+ 2™ E lw(T, W, Sr,

, h— RO(T, WERSh gy
om* e,tw,s,h W »OT
—g2m'E lw(T, W, , 7, g .

where k > 0is the constant of Lemma A.5. Now with the boundedness of the wealth on (z&5W-s" 4
g2m* T) (indeed after retwsh 4 g2m” yretwsh gatisfies a linear, deterministic ODE with starting
value satisfying (A.11)) and Lemma A.2, the moments (of all positive and negative orders) of W,
WO, and Wetw:sh in Lemma A.7, the definition of @ in Lemma 4.3, and the growth of @ in £ we
obtain for some constant C > 0 and some positive function C of w

VO(t,w,s) — VE(t,w,s, h)

— —u(t,w, )SC(w) 4+ Ce~2M pP(ratwsh < T _ g2m™)
3

w2+m 1
2m*—m* — =0 1—R+—
+e m E [|W¥| m] .

Note that W° is dominated by the wealth of an investor investing in a frictionless market
with interest rate r + sup{g(t) | t € [0, T]} and following the strategy given in Example 2.4 and
has therefore finite SP norm by Lemma A.7. Note that the right-hand side is in F.,, due
to Lemma A.2 (in fact the last term goes to 0 as € — 0, as m > 2). This proves as well that

u* € Feomp- O

Proof of Lemma A.2. Part 1: Bounds on the drift and volatility of the SDE satisfied by X&W-S":
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|x|?

Let (t,w,s, h) € D x R? and ¢ € (0,1]. Recall also the constants Cs :=sup, = <
14 m+2 (x)

(it exists, see Lemma 4.3) and the stopping time 7555 in (A.8).

Writing C, 5 :=sup, | Tﬁi < oo (see Lemma 4.3), assume that (¢, t,w, s, h) € (0,1) X D X
) X m
R4 is such that
1_1
% d P 212 m
(m+2)m™ hist . (71.*)2

m C) 5 — -7t < , A.20
(ew) m + m;(w n) < (A20)

and all the estimates below will be uniform in these quantities, provided that (A.20) holds. By the
definition (A.8) of &5WS" and of C, we have on [, 7¢]| the two inequalities

m+2
2m
A .or* 2 (m+2)m*
( mlnzm ) Z(EWZ’t’w’s’h) o <1+‘@(XZ’[’w’S’h>)
m2 32
16C'ﬁr d
(m+2)m* 2
>(EW;,t,w,s,h) = |X7i,t,w,s,h|1+m
Z , (A.21)
Ce
1
€.0,w,s,h 1 m £.6,w,s,h 0 « 7110
eWebWS > E Al and |Wu - Wul < 7Wu (A22)
This implies that on [[¢, 7°]], we have
d &,t,W,8,h,i i 2
AP A & [P
We,t,w,s,h > 0 and ( min ) > min z r r — 7l (A.23)
2m 2m 4 i Ws,t,w,s,h
+2 +2 1= u
l16d2C1  CI
This provides a useful inequality
. 2
/12. d Hs,t,w,s,h,lsi (m+2)m*
i JtLw,s,h ~ L6 Ww,s,h
LY o | <@ T <1+w<X§ ws )) (A.24)
e =Ll Wy
w

These estimates also imply that for all 1 <i < d, the proportion of wealth invested in asset i
satisfies

\ €,t,w,s,n,i qi «
7  Hy S, L
T3d S Teresn " Sag (A.25)

u

on [[t, ff’l’w’s’h]]. This last inequality, combined with the fact that 7* is less than 7t for all i, yields
that the proportion of wealth in each asset is positive, H>W" > 0. Summing (A.25) in i, the
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definition of 7* also implies that the fraction of wealth in cash is positive, and it is larger or equal
to %. Thus, the amount of wealth in cash is larger than

3 3 3k 3k
s Wity %%Wﬂ foru € [1,7°], (A.26)

the strategy is therefore admissible up to time z¢.

Given the price impact in (48), and the strategy defined in (A.9) and (A.6), the dynamics of the
wealth (21) becomes on [[¢, 7¢]|

dWE,t,w,s,h &,t,w,s,h,j ]
P — Uyl — J
e <r g(u) R >du + 2 e “((u - r)du + o’dB,)
u Jj= u
d m-—1 "
_ &,t,W,s,h\2m* - ~ e,t,w,s,h
(eW;; ) 21 ot | P (Xu ) du.
j:
We can directly compute for any p # 0,
p
d(WZ’[’w’S’h> 1 d Ha,t,w,s,h,j Jj . '
- = <V - g(u) E)du + Z W((ﬂj - r)du + Udeu) (A27)
p(Wi ") W
_1 Hz,t,wsh,jS] 2
+p2 Z ustwshuaj du
Jj=1 Wu
e,t,w,s,h m-—1]_ e.t,w,s,h
— (EWM > ]Zl m m—xj <Xu )’ du.

Thus, the dynamics of the investment proportion displacement is given by (remember that the
frictionless investment proportions 7;’s are constant in the Black—-Scholes model)

HE,t,w,s,h,iSi Hs LEw,s,h,i lSl
d< L L) = (W —r+gu) R)du+o"dB

WZ’[’w’S’h W;,t,w,s h
d 5 tw,s,h,j } ; gy i d H;,[,w,s,h,jsi; de
Z twsh ('u —r+(a)) O) u- Z etw,s,h g u
j=1 Jj=1 u
d d £,6,W,8,N,j o 2
* m—1]_ Hy Sy,
+ (EWZ’[’w’S’h)Z’" Z Wy (XZ[ WS, h) du + Z L T
ot mxm—1 i web w,s,h
= j=1 W

d
_(&_Wstwsh m* z

’m—Z

o (5)

@, (X“wsh)(@ i du.
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We now compute the evolution of X&%-$"i and obtain

d e,t,w,s,hk ok
. &, H. S -
dX::t,t,w,S,l’l,l _ Z i,ktty u (,le —r+ g(u) R )du

(1+m*)
k=1 em (Wbst,t,w,s,h>
d P Jh,j ] d HE,l,w?S,h,j J
T~k u u_j k
Z o ————= (W —r +(0/) " d")du - Z v o/dB, + c*dB,
Jj=1 Jj=1 u
d d &,LW,8N,j oj |2
et w,s,h ZM*Z m-—1/_ ( ztwsh>| ZH S
+ (W, ) 2 Pt | P X, du+ —t,w,s,h du
j= j=1

d Etwsh,] Jj

—m Xstwshl r—g(u)” R)du+z L((u/ = r)du + o/dB,)

s Lw,s,h
u
m % &LWw,s,h,j oj 2
m*+1 H S, .
( “ws}‘)Zm Z m—1 (X;’t’w’s’h> du — Z . ztwshua] du
mx j=1 Wu’ SWsd,

d S kHz,t,w,s,h,kSk a t,w,s,h, ij

) d T d |, j
i u u i
- . J k _ Z U Cuj
m* z >(1+m*) Z s t,w,s,h o o 4 Jtw,s,h ol )du

=1 gm (Wi,t,w,s,h

m—2
£,1,w,8,h\—2m* 1 ~ e,t,w,s,h ~ e,t,w,s,h
— (W, )~ T [P (Xu >' X (Xu )du
. . Wy, (x . .
Note that due to the finiteness of C5 = sup, ll’;’—z(/m)l, we have the inequality
” X
d m d Hs,t,w,s,h,isi 2
&,t,W,s,h\2m* ~ e,t,w,s,h m 12 u u _
Wity Y e, (xioesm)| < om 22 Y, el B (A28)
j=1 i=1 u

where A,,,y is the largest eigenvalue of the matrix ©. Additionally, the equalities

H;’t’w’s’h’kS{j

_ 1Ny LW,S,h Y
1+m* © )X“ + Ws,t,w,s,h m*
em (Wi,t,w,s,h> Wy, ) k

d e,t,w,s,hk ok
z icHy Su etwshi (@),

1+m*) U W, s,k
k=1 em* <Wstwsh>( +m) (EW; ws ym*

u

allow us to claim that there exist processes Y1 valued in R, and Y2 valued in R9, function of the
&L,Ww,8,N0,j o

state variables and with growth in % at most quadratic such that

&,t,w,s,h
u
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m—2
dXs,t,w,s,h,i _
L =

« 1
_(EW;,t,w,s,h)_zm wxl (Xs LW, h)du

xm—1

w~ : (;TE,[,LU,S,]’!)
. (@71 )
<(] m*))rE,t,w,S,h,l 13

1,i 2,iNT
m)(Y du+ (v2')'dB,
u
m*(m* +1)  (©n),

2 (E stwsh)m

zd:HitWSh’ij 2

W JLw,s,h

J

j=1

d €,L,w,s,hk ok d &,L,w,8,h,j oJ

©,; H S H S
2 — “*<</«f"—<1+m*)2 . -
k=1 J

u Tugi.gk k
g s gl-o )du +o dBu>,
Em*<W£twsh> =1 u

where we can define the processes Y as follows

) 1 d Ha,t,w,s ]’l,]S]
Yi’l =<—V +g(u)_§ - Z -t

Jj—
,t,w,s,h (’u V)

Jj=1 Wy
d m d £,6,W,8,N,j «j 2
-1 H Sy .
+ (EW;’t’w’S’h)zm Z (X;,t,w,s,h> + Z u u ol i
mxm—1 Ws,t,w s,h
Jj=1 Jj=1 u
&,1,W,8,N,j o
21 _ Z Hu Su j
— 0"
&,t,w,s,h

j=1 W )

By (A.25) and (A.28), the processes Y1/, Y2 are bounded (uniformly in (u, w)) on [[t, 750WS]]
We now compute (remember that by Lemma (4.3), @, . = 0fori # j)

dw(thwsh) (EWEtwsh)_

&,t,w,s,h
@y, (X3, Mdu

©S).
+wa,(X”“”h) (1+m* )X”w““+—(t )’h <Y“du+(Y2‘) dBu>
= (EWZ, ,W,S,. )m*
d stwsh} J
3 e

twsh
J:

2

d
*m* +1 Z G
4 m*(m ) ~x,(Xf;t’w’s’h) (@), du
2 =

(Wstwsh

d wx(Xll‘,w,s,h)@ Hatwshksk ztwshj j
: 1+m*)§ So'-ok du + o*dB
+ Z (1+m*) = ( stwsh u
ik=1 em < Etwsh)
d . Hstwshksk

1 gme <W£twsh)(1+m')

2
~ £,1,W,S, h
wx,-xi (Xu

du.

+
N =
.M&

1l
_

(Y2 + )

(A.29)

u
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Now define
3 & 1 - £,t,w,s,hN 1 m mR e,tw,s,h 2
nﬁ—gﬁﬂmﬁu ™+ = IX
d

+ z ﬁxl_ (Xi,t,w,s,h)<(1 + m*)(EWZJ,w,S,h)Zm*XlEl,l,w,S,h,i + (EWZ,t,w,S,h)m* (@ﬂ)l ) Y; i
i=1

. &1,W,8,N,] of 2
m*(m* + 1) £w,s,h Lwshym Hy _S
+————Zﬁwww@mwws 1z e o
J=1
d . ﬁ)q-(thSh)@ HEfWShkS etwsh,}sj
e,t,W,s, m* _ & J . k
+ Z(EWu ) £,t,w,s,h (1+m )Z Etwsh g
ik=1 W
d d e,t,w,s,hk ok 2
1 - s,t,w,sh lkH S 2,0 k
zzwxl—xi(xu Z Etwsh (Y to ) ’

d

X T
Yg _ Z zﬁ,Xi(Xb:—:t,t,w,s,h)(<(1 " m*)(EW;’t’w’s’h)m*XZ’t’w’S’h’l n (@”)i> (Yﬁ,l)

i=1

d e,t,w,s,hk ok

T e )
£,t,Ww,s,h ’

k=1 wy

so that
ds Xs,t,w,s,h _ €,t,W,S,hN—2m* Y3 mR Xe,t,w,s,h 2 d &,L,W,S,hN—m* Y4 TdB
'LU( u ) _(EWu ) u_ T' u | u+ (EWu ) ( u) u-

Now, the Y1 ¥’s and the proportion of wealth invested in each asset are bounded on [[¢, rs”’w’s’h]]
(see (A.25)), so for some C > 0 it holds

&,W,8,N,] J . )
u —(1+m*)2—af-ak+Y};l <C. (A.30)

5 LELw,s,h

Note that on [[t, 7¢]), eW&-%5" is bounded by definition (A.8) of 75WS" and @, is bounded by
Lemma 4.1. Thus, on this interval we have for some C > 0,

R
n’; |Xz,t,w,s,h 2 (A.31)

Mm.

Jtw,s,h
wal(XE ORI+

i=1 K

d

~ £,1,W,8,h\ 16t W,S, N, ~ ,t,w,s,h
+C ) |a, (X |+ |, (X)) + C.
i=1
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Note that by Lemma 4.3,
@, (X)x; @ ,.(x) @ ,.(x)
sup il : il il —| < co. (A.32)
iefl,...djxerd | @(X) |x] 1+ |x|m

Due to (52) (we have assumed that the matrix (&) (&) has positive diagonal terms) and the
convexity of @, it holds that

d
— P (K < ma - TR g, (A33)

i=1

Thus, with (A.31) and (A.33), we obtain
Y2 <mi - —|X“’“h|2 + c( (XS 4 |X““”h| + 1> (A.34)
Similarly due to the growth of w, the function
mR 2
X ml— T|x|2 + C(a’“r(x)+ |x|m + 1)

is bounded from above and we obtain that Y* is bounded from above by a constant. Similarly,

2m

5(x)) M2
there exists a constant C > 0 such that —mTR x> < C— @) m?

of w(X&hwshy ag

. We then obtain the dynamics

2m
_om* . 1+@ Xs,t,w,s,h iz
da (X0 ) = (ewit e y3 - Lr et = DN Y

* T
+ (WSSt (v4) dB,, (A.35)

for some process Y uniformly bounded from above and |Y*| < Cler, (X595
Part2: Bound of P(t¢ < T — ¢2™"). When not needed we drop the superscripts ¢, w, s, h for nota-

m+2)m*
tional simplicity. We denote by X, := (W“wSh) 1+ &EEM) and T =T — &2
and define for ¢ € (0,1)
( m+2
2m
As #)2 WE
Af =4 sup X, > —( I;Lnﬂ) ,B€:={sup —0—1 %}
reft,ze] 16C§Fd2£2m* reftze] | Wy

1

2m*
Cce:={ inf Wo<e™ or sup /2W0 > L<L/\1>
reft,te] relt,] 247 \ dey

\
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‘We now compute
P(t° < T — 2™ )<P(A® U BF U CH)KP(A® N (BY)° N (C9)) + P(BE N (C¥)°) + P(CH).

Note that P(C?) is related to the exit time of Brownian motion and can be easily estimated to any
polynomial order (by Markov’s inequality, for example) and we obtain, for example, that

P(C?) < C(w)e™*.

We estimate the other terms separately.

m+2

(Ain7* )2
2m
m+2 *
16C'u='r d2g2m

Step 1: Estimation of P SUP, o 1) Xt 2 N (B)° N (C%)° |: Denote K¢ and M¢,

respectively, the finite variation and martingale part of X and M°* (use (A.27), (A.29), and
1t6’s formula) the set

me2 me2
2m 2m
#)2 2
ME . (Amin7") N sup K°3 (Amin7™)
T ™ 2m t 2m
iz N tel0,T¢] iz N
16C 2" d2e2m 32C 2 d%e?m
me2
2m
(/1min7'l'*)2

NB) N(CF'N sup M; <
tel0,T¢]

2m

48C 1 d2g2m*

Then we have the following inequalities:

m+2
m
. r* 2
P| sup &, > (I;;n—ﬂ) N (B N (C%)°
te[0,T¢] - .
16C 12 d2g2m
m+2
om
1. r*)2
<p| sup mex | AT 1 gee oo | 4 pLMEL
telo,T¢] 48Cé"?d252m*

To find K¢ and M¢, we apply Itd’s formula to X, using (A.27) and (A.35) and obtain

2m
(2—m)m* A 1+ XE,t,w,S,h e
dx, = (W;,t,w,s,h) . g—2m Yzi _ ( ( uc )

du
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<Y6X +em (W”w”’) m (Y4) YZ,)du
+< —m* (Wstwsh) " (Y4> +XM(Y5)T>CIBM,

for Y° bounded from above, Y7 and Y® uniformly bounded. Note that the inequality

sup, % < oo implies that there exist Y° bounded from above and Y'° uniformly
bounded such that
e,t,w,s,h 2m
@omym” . 1+ @(X, 7)) me2
dx, = (WS " g2m'| y3 ( ( “C DIEN % +X,(Yodu + YdB,).
(A.36)
Note that
r et,w,s,h 2m
@-—mym* o - 1+ (XS0 me2
= / (WEHSIy T gmam| 3 ( ( e ) +X,Y,du.
Thus, on M¢, there exists u such that
m 2m
( )m* (1 + ﬁ(Xa,t,w,s,h)) mez Xm+2
2m e,t,w,s,h 9 3 u ,t,w,s,hN—2m*
Wy m X, Y, Y =Wy .
( ) o XYo+ c = ( yam e
Define
2m
fs s mm - tw.sh X+
€ i=supdu : 2 (WP T XY, + YD > (wibeshymam uC
m+2
m
) %12
Note that on M, X; = (/15“,;“—”) and the processes above are continuous. Thus,

16C 12 gagam*
on the event {sup, elo1] EW?<1} C {sup, elo1] gl/ 2W?<1} we have ¢ < 7°. Note that at £ we
have

2m

—(m+2)m* m+2
W&,t,w,s,h m X-
e te
+2)m*

2m (WEtwsh)Zm ((WS[LUSh) —(m n X[g)yQ +Y3
C

Thus, due to the boundedness of e2m" (W‘E Lwshyam* y9 and the boundedness from above
m+2)m*

of Y3, ((WE S, h) m  X;) is bounded from above by the positive root of the equation
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2m

Cy + C = ym+2 and

(m+2)m* (m+2)m*  —(m+2)m* —(m+2)m*

Xie SCWEPSM T S CEVPWE) T e <Ce o

Additionally on [[#,7°], K is decreasing and we are on the event

m+2 m+2 m+2
2m 2m 2m
2 )2 )2
£ (Amin7™) _ (Amin7t™) _ (Amin7t™)
SUD, ¢(0.7¢] M| ——r—— and Xee = | —50———— =|—5=
48C 2 q2g2m* 16C 112 d2g2m* 16C.1*2 g2
w w w

—(m+2)m*
€ : m) > Xp. Thus, P(M?) =0 for € > 0 small enough. This equality reflects the
fact that a mean reverting process can only become large due to the contribution of its
diffusive part.
Note that

d(My,)
du

< CX2.

By Markov and Burkholder-Davis-Gundy (BDG) inequalities, we have

m+2

m

A ¥ 2
P| sup (M})* > (T;,# N (B N (Co)F
elor 437" d2g2m*
m_+2
2m m
48C 2 g2g2m” L2 a
< w—2 E| sup (M®)?]| < ce™ m E / X2dul.
(Aminn*) tel0,T¢] t
24 3m—
We define o = 22212 2,p= L > Now, similarly to (A.36) applying Itd’s for-
m(m+2) 2mm*

mula to X between t and 7° produces a martingale part and an absolutely continuous
part that can be divided in two elements: a dominating mean-reverting one and a slowly
increasing one. Shifting half of the mean-reverting part to the left-hand side, the other
half is used to bound the rest of the absolutely continuous part by a constant C > 0 and
we obtain

€ 1 3m2+4m—4

T ' 1 L 2
E| X% +/ g2m" (wetwsh) T g, "Dy | < O(x% +1) < Cw)e ™ %,
t

24 4m—
Note that 22444 _ 1 _ 2p. Applying the reverse Holder inequality, the bound on

m(m+2) mm*
the moments of W implies that

€

T
/ X2du
t

p
2

E < C(w)EZm*(l—(1/2+1/m)a) — C(w)s_ﬁ.
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This finally implies that

N2 (/lminﬂ*)z m* m+2 _Zm*
P| sup (M})" 2| ———— NBH NICH | L C(w)e mg m
tel0,T¢] iz N
48C 2T d2e2m
= C(w)e?™".

Step 2: Bounding P[Bt N (C®)‘]: One can compute the dynamics of ratio of the frictional wealth
to the frictionless wealth as (see (3) and (21))

we\wo & [ HEss) |
d( >W9:Z( Stwsh - 7; |((uj = r)du+0/dB,)

d E ,W,S8,h, j ]
Wii Z u k
Wg = Ws JLW,S, T elwsh
d m—1 m
_ €,t,W,8,h~\2m* - ~ £,t,w,s,h
(eWy; ) z o | P (Xu ) du
J_
d EthhJSJ
= Z( s 7rj>(cxudu+ﬁudBu),
on [[t, 785WS"] for some bounded a and . Then we have using (A.24)
 d 5 t w,s,h,j «j 2
S (7T*)2
£ € c . £\C
P[B¢ n (C%)°] (/ Z Etwsh ﬂjazdt> > - n(C)
2
r d E t w,s,h, j ] (7_[*)2
g\c
wel( s/ 2 S —mfpas ) > G ne)

Etwshjsj

€

2
T 2m
dul{(cg)c} S CEzm*[E l/ Xum+2 du] ,
t
2m

and E l f: Xu’”? du] can be bounded by an element in F.,,,

7T.
stwsh J

C[E/Z
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