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Abstract

The accurate determination of the Field Line Resoea(FLR) frequency of a resonating
geomagnetic field line is necessary to remotely itoorthe plasmaspheric mass density during
geomagnetic storms and quiet times alike. Undeiaiceassumptions the plasmaspheric mass
density at the equator is inversely proportionathte square of the FLR frequency. The most
common techniques to determine the FLR frequenmy fground magnetometer measurements
are the amplitude ratio and phase difference tectes, both based on geomagnetic field
observations at two latitudinally separated grostations along the same magnetic meridian.
Previously developed automated techniques have stsgidtical methods to pinpoint the FLR
frequency using the amplitude ratio and phase reiffee calculations. We now introduce a
physics-based automated technique, using non-liheast squares fitting of the ground
magnetometer data to the analytical resonant wayetens, that reproduces the wave
characteristics on the ground, and from those deterthe FLR frequency. One of the advantages
of the new technique is the estimation of physiasedl errors of the FLR frequency, and as a result
of the equatorial plasmaspheric mass density. Wseot analytical results of the new technique,
and test it using data from the Inner-Magnetosph®miay for Geospace Science (iMAGS) ground
magnetometer chain along the coast of Chile anedlsécoast of the United States. We compare
the results with the results of previously publdiséatistical automated techniques.

1 Introduction

The Earth’s plasmasphere is an important plasmamney the terrestrial magnetosphere-
ionosphere system, playing a significant role i@ ttynamics of the magnetosphere-ionosphere
coupling during quiet and active periods alike (la&m & Gringauz, 1998; Goldstein et al., 2004;
Yizengaw & Moldwin, 2005; Kotova, 2007; Darrouzéte, 2009; Masson et al., 2009; Reinisch
et al., 2009; Moldwin et al., 2016). During magnetiorms the mass loading and unloading of the
plasmasphere is an integral part of the storm gyogith widespread implications for a variety
of processes in the magnetosphere and/or ionos{Béexley et al., 2001; Yizengaw et al.,
2005a). Earthward looking Extreme-UltraViolet (EYJWhagers on spacecraft high above the
magnetic pole have yielded valuable informatiorthef structure of the plasmasphere in recent
decades (e.g., Goldstein, 2006; Goldstein et @032and references therein).

The equatorial plasmaspheric mass dengity, is a key parameter that tracks the evolution
of the plasmasphere during a magnetic storm ot geieods. A simple, cost effective technique
that can measure,, at a specifid. value (and provide large scale temporal coveragégs on
the remote sensing of the plasmasphere using a gfailongitudinally aligned ground
magnetometers. This method is based on the relaétween the wave period@, of a resonating
magnetic field line and the mass density along fietd line (Dungey, 1954), assuming
theoretically determined properties of wave ampktand phase across the latitudinal spread of
the resonating bundle of fluxtubes. The standingesan a closed magnetic field line are referred
to as a Field Line Resonance (FLR). FLR frequenoedsng to the Ultra-Low Frequency (ULF)
range, typically in the Pc5 frequency range (1-Hzjnwithin the auroral zone, and in the Pc3/4
range (7-100 mHz or periods of 10-150 s) withinghb-auroral and plasmasphere regions.

According to the Wentzel-Kramers—Brillouin (WKBjne of flight approximation in the
solution of the standing wave equation (Gul'yel'd®67; Kitamura & Jacobs, 1968; Schulz, 1996;
Menk et al., 1999; Denton & Gallagher, 2000, arfdrences therein), the period of the standing
wave along a magnetic fluxtube is given by
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wheren is the wave mode numbéf, the Alfvén speeds the distance along the magnetic field
line, B the magnetic fieldp the mass density all along the field line, apdhe permeability of
free space. The mass dengitglong the field lines is usually represented pewer law decrease
with radial distanc&®
LRp\™
P = Peq (T) 2)
whereR is the radial distance from the center of the laris the equatorial radial distance of a
fluxtube in Earth radiR;, andm is the power law index of the density decreasaaglbe field
lines. Following Schultz (1996), and assuming allipnagnetic field, equations (1) and (2) yield
the value of the equatorial plasmaspheric masstgerss
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wherefz;r is the FLR frequency. The above equations shotkti@avledge of the FLR frequency
can yieldp,, at the L value of the observing ground station.

Observations have shown that FLRs are presenteinntier magnetosphere downlto
values of 1.5 (Menk et al., 1994, 2000). Eovalues lower than that, most of the magnetic field
line lies within the dense ionosphere, and thud4hE oscillations on that field line are strongly
damped. Many techniques have been developed tinab&a FLR frequency of the resonating
field lines (Baransky et al., 1985, 1990; Waterslet1991, 1994; Pilipenko & Fedorov, 1994;
Menk et al., 1999, 2000). In the current study wk wse the amplitude ratio (AR), and cross-
phase or phase difference (CP or PD) techniquds. tBohniques rely on measurements from two
adjacent ground stations, at approximately the saagnetic longitude, and separated by less than
200 km in magnetic latitude.

The techniques are described in detail in BoudmigdZesta (2007), and illustrated in
Figure 1. Briefly, assuming a latitudinally unifomiistribution of resonating field lines according
to (1), the FLR frequency of the waves decreasebefield line length increases, therefore the
FLR frequency is decreasing with increasing lattienk et al., 1994). At every latitude, the
wave amplitude exhibits a maximum at the FLR freguyeof that field line (Figure 1, panel 1
from top), while the wave phase reverses, shift§&§ (panel 2 from top) across the latitude of
the resonance. For two adjacent in latitude magneter stations, the ratio of their wave
amplitudes (AR) has a transition through 1 (pantb top), while the difference of their wave
phases (PD) demonstrates a maximum value (paneh¥tbp), at the frequency half way between
the peak amplitude frequencies of the two stati@nsce for two stations in close proximity to

Poq = 44794 x 107
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Figure 1. lllustrative plot of the AR and PD metbtmbies in determining the FLR frequency of the esat the mid-
point of a longitudinally aligned station pair. Rrdop to bottom the four panels show the wave annbdi at the two
stations, the wave phase, the amplitude ratiotlamghase difference.

each other the frequency decreases almost linesitly increasing latitude, the mid-point
frequency is the FLR frequency at the mid-pointdale between the stations. The two frequency
values, one from AR and one from PD, yield two peledent measurements of the FLR frequency
for the L value of the mid-point between the two stationschain of longitudinally aligned
magnetometers can thus observe the FLR frequeracyaaige of. values, as many as the number
of pairs of stations that can be formed betweenettisting stations of the chain. As the Earth
rotates the chain measures the latitudinal digiobwof the FLR frequency at all magnetic local
times (MLTSs), as long as there are waves presetheimagnetosphere. This ultimately yields the
radial distribution of the equatorial plasmasphem&ss density (Chi et al., 2013).
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2 Analytical FLR Deter minations

The two FLR detection techniques mentioned above baen automated, using statistical
methods to pinpoint the FLR frequency (Berube e28&I03; Boudouridis & Zesta, 2007). The first
steps involve generation of the dynamic spectth@magnetic observations from the two stations,
and calculation of the AR and PD for the statioim,gar the frequency range around resonances,
typically the Pc3/4 ULF range for the plasmasph8tdasequent steps (detailed in Boudouridis &
Zesta (2007)) include smoothing of the AR and PDwia dimensions (frequency vs time), and
application of various statistical manipulations tbk data, such as the t-test to estimate a
meaningful maximum of the PD, or time-constantoratfithe average amplitude at two frequency
ranges to estimate the transition through 1 ofReat the desired time step through the data. The
end result is two curves, one for AR and one for &lerived FLR frequencies as a function of
time during the period of ULF wave presence, tyijhycan the dayside magnetosphere
(Boudouridis & Zesta, 2007, their figures 2 and 3).

The statistical methods used for the FLR frequesetgrmination yield reasonably good
results whenever there is sufficient Pc3/4 ULF wpoeer present. This occurs mostly on the
dayside magnetosphere. Despite their success poiptmg the FLR frequency in magnetometer
data from a pair of ground stations, the statistezhniques use ad hoc detection criteria thét lac
the robustness of a physics-based technique. Talgtimal, physics-based technique that we
present in this paper uses the analytical standange equations to calculate the expected AR and
PD for the station pair, and then fit them to tla¢adat the desired time resolution. At each time
step the transition through 1 of the AR, and thaimam of the PD can be calculated from the
resulting analytical curves, yielding the time euamn of the FLR frequency for the two FLR
determination techniques. The additional advantafjehe new analytical technique is the
estimation of physics-based errors of the FLR fesqy and the equatorial plasmaspheric mass
density.

2.1 ULF wave equations and AR/PD fitting

Following Kawano et al. (2002), the wave phabg,,, and amplitudeH,,,,, of a standing
wave at the lower latitude station of the statiair,pas a function of frequency, are given by

Doy = tan™1 (f;—oal> (6)
Hipy = ——2 @
14 b

where f is the wave frequency, and the paramefaish;] define the wave characteristics as

follows (refer to Figure 1)a, represents the phase reversal frequeag)is a measure of the
phase reversal rate with frequendy, represents the frequency of the peak amplitbges a
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measure of the amplitude change rate with frequeand b, is the peak wave amplitude.
Similarly, the wave equations for the higher lat#ustation are given by

f_as)

a;

(8)

¢high = tan_l(

b;

Hypigh =
, AR
1+ (f be)

The phase differenc&éd, and amplitude ratidl,., for the station pair are given, respectively, by
equations

©))

AD = By, — Py (10)
Hlow

H, = (11)
" Hpign

This convention yields a maximum PD at the midpdietween stations, and a transition from
lower to higher than 1 value for the AR at the sdocation, since the frequency of the standing
waves decreases with increasing latitude as mestdiaarlier (Menk et al., 1994). With this
parameterization, equation (10) has 4 free parametg(i = 0, ..., 3), and equation (11) has 6
free parameterdy; (i = 0, ...,5). These free parameters can be determined by nearlieast
squares fitting of the PD and AR data as a funatibfiequency at every step in time, using the
analytical equations (6)-(11).

Figure 2 demonstrates the application of the aitalytechnique to a station pair located
at Puerto Natales (PNT) and Punta Arenas (PAC)autt&rn Chile. Comparison with the
statistical results of Boudouridis & Zesta (20@r@ also shown in Figure 2. Panels 1 and 3 from
the top show the PD and AR of the pair for the tpeeod 1300-1600 UT on 21 December 2003,
as a function of time and frequency, color codetwhe scales on the right of each panel. These
are calculated from the ground magnetic field déaserved at PNT and PAC. The horizontal black
lines in panels 1 and 3 denote the maximum PD aRdtrAnsition through 1, respectively,
determined with the statistical methods of Bouddisr& Zesta (2007) at 1-min intervals.

Panels 2 and 4 from the top show the results ofnthelinear least squares fitting of
equations (10) and (11) to the observed PD andrAshectively, for one such 1-min interval,
1348-1349 UT, denoted by the vertical white linepanels 1 and 3. The black lines in panels 2
and 4 are the corresponding measured PD and AR ¢fie color-coded displays of panels 1 and
3) plotted as a function of frequency for this Innmterval. The orange lines are the corresponding
non-linear least squares fits of the black curvik the functions of equations (10) and (11). The
red diamonds in the two panels mark the statisB&lmaximum/AR transition through 1 using
the methodology of Boudouridis & Zesta (2007). Tilee diamonds denote the fitted PD
maximum/AR transition through 1, using the new gtiedl technique. The vertical dashed lines
and captions on the right of the panels, of theesaafors, show the FLR frequencies determined
with the two methods. The same procedure is apfisieglvery minute of the interval shown, 1300-
1600 UT. This yields the analytical equivalent loé tstatistical FLR frequency determinations
(black horizontal lines) of panels 1 and 3. Fig@setop panel, shows the statistically and
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Figure 2. Analytical fit of wave PD and AR from twdjacent stations, FLR frequency determinatioth(estimated
errors), and comparison with statistical deterniamet

analytically determined FLRs for both the PD and #&Rhniques at 1-min intervals across the
same time period as in Figure 2. We discuss thessdts in more detail below.

2.2 FLR errors

A further advantage of the new technique is thenagion of physics-based errors of the
FLR frequency, which can yield physics-based ermirghe equatorial plasmaspheric mass
density. These are the result of error propagdtiom the fitting parameter errors. Considering
that the two stations are in close proximity, tharge of FLR frequency with latitude between
them is approximately linear. Therefore, the raesglimidpoint PD and AR FLR frequencies,
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respectively, are given by the average of the spoeding fitted parameters that represent the
FLR frequencies in equations (6)-(9)

a; +as

frp = 2 (12)
b, + bs

far = - 5 (13)

The fitting parameter errorda; andA4b;, are determined by the nonlinear least squargsgdfit
technique. As a result, the respective errdfs, andAf,z, can be defined as

Aay + Aaz

Afop = 5 (14)
_ Ab, + Abs

Afpp = — (15)

The resulting errors are shown as blue horizongak lon the fitted FLR frequencies (blue
diamonds), on panels 2 and 4 from the top of Figur@ote that the error of the PD technique
(panel 2) is present but not visible as it is v@nall).

3 Plasmaspheric M ass Density

Once the FLR frequency is known, the plasmaspheass density can be calculated
through equations (3)-(5). Equation (3) also yidtwserror inp,, as

—2pgAf
Apeq = % (16)

whereAf is eitherAfpp or Af 4z from equations (14) and (15), respectively. Thaalits for the
interval 1300-1600 UT on 21 December 2003, andostgtair PNT/PAC are shown in Figure 3.
The top panel shows the FLR frequencies, old stzICP (red), old statistical AR (blue), new
fitted CP (black), and new fitted AR (orange). Thattom panel shows the corresponding mass
density determinations in amu/cc. The errors ofrte@ technique are shown as vertical orange
bars for the AR method, and black bars for the @thod (barely visible in most instances). The
FLR frequency CP error is <1% while the AR erroinghe range of 10-15%. Clearly the CP
method has much smaller errors. The correspondigsrdensity errors are 0.1-1% for the CP
method, and 5-18% for the AR method.

Previous methods of determining field line eigegiérencies using pairs of ground stations
result in an uncertainty in mass density of 25%ss (Berube et al., 2003). The choice of magnetic
field model can lead to as large or larger unceties as well, especially during moderate to severe
geomagnetic activity. For example, Berube et &l06) found the difference in density between a
dipole and a Tsyganenko TO1 model can be mucheagrédan 25%. More importantly for this
study, reducing the uncertainty of the FLR frequemelps constrain the composition estimates of
heavy ions such as helium and oxygen. Using tadhti FLR identification methods provides
wide estimates of mass composition (e.g., Berulaé €2005) found that He+/H+ ratios can range
from 3% to 40% al = 2 for quiet conditions). By narrowing the uncertastof the mass density
at a giverL shell and geomagnetic disturbance level, the cangs on heavy ion composition can
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Figure 3. Application of the fit for 1300-1600 UT @1 December 2003.

significantly improve, helping to understand iontftaw dynamics (e.g., Welling & Liemohn,
2016; Varney et al., 201&kioulidou et al., 2019).

4 Application to the Halloween stor ms

As a second example of the least squares fitticlynigue, we show its implementation for
the PNT/PAC station pair data on 31 October 2088, gf the Halloween Storms (e. g., Yizengaw
et al., 2005b). Figure 4 shows the results fortime period 1400-2000 UT when strong ULF
waves were present in the magnetosphere. On thealeél we demonstrate the application of the
fit to 1 min of data during this period, in the saformat as in Figure 2. The FLR frequencies
during the storm are lower than the previous csigajfying higher plasmaspheric equatorial mass
densities. This is clear in the plots on the rigintthe FLR frequency (top), and the mass density
(bottom) during this storm (in the same format asFigure 3). The FLR frequency is seen
decreasing with time from ~45 mHz at 1400 UT taobe#l0 mHz at 1700 UT (which corresponds
to noon MLT at the stations location in Chile), aredlurning back to 45 mHz at the end of the
interval, at 2000 UT. The plasmaspheric equatanaks density has the opposite behavior,
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Figure 4. Results of the analytical least squattsd technique for 31 October 2003 (part of thallblween Storms).
(left) An example of 1 min fit in the same formatia Figure 2. (right) Results for 1400-2000 UThe same format
as in Figure 3, FLR frequency at the top and eqistmass density at the bottom.

reaching nearly 35000 amu/cc near local noon, rinane twice the values observed during the 21
December 2003 example.

In terms of the least squares fitting techniquefgserance, the results exhibit higher
variability, especially for the PD technique. Tlglue to the much higher variability of the input
PD image data. We should mention that to obtairrekalts of Figure 4 we applied higher image
smoothing to the PD and AR images before we apygyedchnique. In addition, in order to achieve
more stable AR fitting, we extended the fit intdraeound the initial guess of the FLR frequencies
(b, andbs) to 14 mHz from 10 mHz that was applied in theeoafsFigure 2. These internal model
parameters can affect the results, and eventualhg o be determined interactively for a fully
automated technique, together with the initial gesaused for the; andb; fitted parameters (see
discussion in the following section).

The right panels of Figure 4 show that the errdrthe AR technique still exhibit high
variability. Close inspection of all the 1-min ARsfshows that the high errors observed are always
the result of failed least squares AR fit. Theseaaimalities of the AR fit (and much more rarely
of the PD fit) need to be addressed in a comprevengy in the future, in order to develop a
more robust and reliable technique (see additidisalission below). In this case, the PD technique
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errors forfr g andp.q were boths1%. The errors for the AR technique, whenever st
squares fit converged, wes0% for f g and<20% forp,,.

5 Conclusions and Futur e Dir ections

In this work we described two physics-based, AR BBd FLR frequency determination
technigues. At the heart of the new methods iswthelinear least squares fitting of the AR and
PD data, as opposed to statistical manipulatiortiisfdata. The analytical approach introduces
physics-based errors of the FLR frequency and tpuaterial plasmaspheric mass density. The
results show that these errors are much smallethierPD technique compared to the AR
technique, both for the FLR frequency and the esiatplasmaspheric mass density.

The application of the technique to the same stagair for two different days, 21
December 2003 and 31 October 2003 (part of theowakn Storms), shows that for a fully
automated technique further improvements need tonhde. Some future directions are the
following:

1. Introduction of criteria for the convergence or nbthe non-linear least squares fitting for the
two techniques, AR and PD, in order to eliminatemeous results.

2. Use of criteria for the comparison of the AR andméthods, in order to exclude frequencies
for which the two techniques yield very differeasults.

3. The results of the analytical non-linear least sgsiditting technique depend on the initial
choice of the fit parameterg andb;. This is especially true for the AR technique, tout
lesser extent for the PD technique as well. Culyghese parameters are chosen manually at
the beginning of the automated procedure, and @pbea at every minute of the entire test
interval. Instead, these parameters can be seletdtdctively, different at every minute of
the test interval, in an effort to minimize theaes of the fit, and thus the errors of the FLR
frequency and equatorial plasmaspheric mass density

4. Internal modeling parameters, such as the exteftbfand AR image smoothing and the
frequency range of the application of the leasasgglifitting technique, need to be determined
interactively in order to achieve the best reswiith no user input. One way to do this is to
perform the fitting for a multi-variable matrix @fiternal input parameters, and choose the
internal parameter values that minimize a metrithefresulting FLR frequency errors.

5. Use of a more realistic magnetic field model, sastthe Tsyganenko TO1 model (Berube et
al., 2006).

6. Devise a statistical FLR frequency model that Willthe gaps for the times when the least
squares fitting technique fails, or the times wikh and AR yield results that are far apart.
This could be done by building a database of Fldgudencies correlated with various solar
wind and IMF parameters and/or geomagnetic indiEksn, using the statistical model based
on this database, fill the gaps in FLR frequencgmtine technique fails with reasonable values
that take into account the neighboring successgtul f
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