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Abstract

In this paper, we present exact Riemann solvers for the Riemann problem and the half Riemann prob-
lem, respectively, for one-dimensional multi-material elastic-plastic flows with the Mie-Griineisen equation
of state(EOS), hypo-elastic constitutive model and the von Mises’ yielding condition. We firstly analyze the
Jacobian matrices in the elastic and plastic states, and then build the relations of different variables across
different type of waves. Based on these formulations, an exact Riemann solver is constructed with totally
thirty-six possible cases of wave structures. A large number of tests prove the rightness of the new exact
Riemann solver. Moreover, an exact Riemann solver is also deduced for the half Riemann problem and its
validity is tested by two examples.

Keywords: Elastic-plastic flows, Riemann problem, hypo-elastic model, exact Riemann solver,

Mie-Griineisen equation

1. Introduction

In this paper, an exact Riemann solver is built for one-dimensional multi-material elastic-plastic flows
modeled by the Mie-Griineisen equation of state (EOS) [, 2], hypo-elastic constitutive model and the von
Mises’ yielding condition.

The elastic-plastic flow is used to describe the deformation process of solid materials, especially metals,
under strong dynamics loading, such as explosive or high-speed impact. The simulation of elastic-plastic flows
has important application backgrounds, especially in the Implosion Dynamics weapon and Inertial Confine
Fusion (ICF). The first try of simulating the elastic-plastic flows was given by Wilkins [B] in 1960s. In his
work, the hypo-elastic constitutive model with the von Mises’ yielding condition (so-called the elastic-perfectly
plastic model) is considered with a simple EOS that pressure only depends on density. Following [3], Maire
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hypo-elastic constitutive model with strain hardening (HCMSH) [5] and Steinberg-Guinan (SG) constitutive
model [G] and so on. In this paper, only the elastic-perfectly plastic model with the Mie-Griineisen EOS is
considered for its general applications in the numerical study of elastic-plastic flows [, 8, @].

Riemann problems and the corresponding solvers have been viewed as essential problems for the study
of computational fluid dynamics (CFD) since the introduction of Godunov schemes [[0] and their high-
order extensions [[1]. In the following two decades, a lot of famous and widely used approximate Riemann
solvers are proposed, such as the Roe Riemann solver [2], the HLL [i3], HLLC [id] and HLLE Riemann
solvers|[T5]. Even recently, Riemann problems still attract much attention, especially in the following three
aspects. The first is to reduce numerical dissipation and to approve the robustness of schemes [IG, ['7]; the
second is to develop two-dimensional Riemann solvers [IX, 9, P0]; and the third is to extend the existin
approximate solvers to other systems, such as the magnetohydrodynamic (MHD) [0, IR] and elastic-plastic
flows [22, 23, 24, P5]. In the study of Riemann problems, the exact Riemann solver has also played a very
important role as it not only can give a guide and reference in constructing approximate Riemann solvers,
but also can be used to determine the convergence and stability of numerical schemes. Besides the exact
Riemann solver for Euler equations which is used in the first Godunov scheme given by Godunov [I0], some
exact Riemann solvers are also constructed for other systems, for example, for highly transient mixed flows
[26], for two-phase flows containing non-conservative products [27] and for shallow water equations system
[28]. In solving the Riemann problems of these systems, solving procedures are different. For example, for the
shallow water equations with discontinuous bottom geometry 28], we only need to solve algebraic equations;
but for general hyperbolic equations [0, P6, 27, 29, B0, BT, the iteration procedures are necessary. Recently,
the exact Riemann solver for elastic-plastic flows also attracts much attention [29, 30, 81]. However, building
the exact Riemann solver for elastic-plastic flows is not easy. Comparing with the governing equations of
1D pure fluids, for 1D elastic-plastic flows, there are two more equations, a non-conservative constitutive
equation and the von Mises yielding condition, needed to be considered. The non-conservative character
of the constitutive equation increases the difficulty in constructing Riemann solvers, while the von Mises
yielding condition may lead to more non-linear waves in the wave structure of Riemann solvers. Moreover,
in a general way, the equation of state(EOS) for solid materials is more complex than that for pure fluids,
which directly increases the difficulty in solving the Riemann problem.

For the elastic-plastic flow with the hypo-elastic constitutive model and the von Mises’ yielding condition,
some approximate Riemann solvers[P2, 23, P4, 25, 20] have been developed recently. However, for the exact
Riemann solver, the research is relatively few, and focuses mainly on the problems with relatively simple
constitutive models or relatively simple EOSs. For example, Garaizar [82] and Miller [80] introduced an
exact Riemann solver for elastic or hyper-elastic materials, Gao and Liu [33, B4] firstly considered the yielding
effect and developed an exact elastic-perfectly plastic solid Riemann solver. In Gao and Liu works [33, B4],

a five-equation Eulerian governing system is constructed, and a complete list of sixty-four cases of wave type
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is presented.

In this paper, we construct an exact Riemann solver for the system of 1D elastic-plastic flows with the
Mie-Griineisen EOS, the hypo-elastic constitutive model and the von Mises’ yielding condition. Although
Gao and Liu [33, B4] have developed a comprehensive exact Riemann solver for a five-equation system with
1D elastic-perfectly plastic solid, but their exact Riemann solver is not suitable for a general four-equation
system because there are big differences between these two systems. In the four-equation system in Section
2.1, the elastic and plastic states are treated with same equations of mass, momentum, total energy and the
same complex Mie-Grneisen EOS, but only different in deviatoric stress. While in the five-equation system,
two states are separated and they have their own densities, velocities and EOSs. For example, in the elastic
state, the pressure is only a function of density and the internal energy is not necessarily considered; in
the plastic state, a linear stiffened-gas EOS is used, which is the simplified form of the Mie-Grneisen EOS.
Moreover, the four-equation system is widely used in many engineering areas since the seminal work by
Wilkins [B] and the following works [d, B5, BB, 23, 37, B8]. For these reasons, we want to construct an exact
Riemann solver for the common used four-equation system and with a more general case of real materials
characterized by the Mie-Griineisen EOS [B].

This paper is organized as follows. In Section 2, we introduce the governing equations to be studied.
In Section 3, the Riemann problem and the relations for every wave type (contact wave, shock wave and
rarefaction wave) are derived. Then, the exact Riemann solver is given in Section 4. The half Riemann
problem and its solver is introduced in Section 5. Some numerical examples are presented to validate our

Riemann solvers in Section 6. Conclusions are shown in Section 7.

2. Governing equations

In this paper, the elastic energy is not included in the total energy. The exclusion of the elastic energy is

usual for practical engineering problems [4] and is different from that in Ref.[22].

2.1. Motion equations

For a continuous one-dimensional homogeneous solid, the motion equations in the differential form are

U+ 9, F(U)=0,z€ QCR, t>0,

where
P pu
U=|pu |, F=| pu®> -0 , (2.1)
oE (bE - o)u
3
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p, u, o and FE are the density, velocity in x—direction, Cauchy stress and total energy per unit volume,

respectively, F has the relation with the specific internal energy e as
Ly
E=e+ U (2.2)

0= —p+ Sgz, (2.3)

where p and s., denote the hydrostatic pressure and the deviatoric stress in the x— direction, respectively.

2.2. The equation of state (EOS)

The relation of the pressure with the density and the specific internal energy is gotten from the equation

of state (EOS). In this paper, we consider the Mie-Griineisen EOS,

p(p.€) = poag f(n) + poloe, (2.4)

where f(n) = ("71()("7%("71)/2), n= p%’ po, ag, s and Iy are the constant parameters of the Mie-Griineisen

n—s(n—1))2
EOS.

2.3. The constitutive relation

Hooke’s law is used here to describe the relationship between the deviatoric stress and the strain [39, 40],

, .1V
Szz =21 <€a¢ - 3V> ) (2.5)

where p is the shear modulus, V' is the volume, and the dot means the material time derivative,

o0 90

()= ot + Uy (2.6)
and .
ou V  ou
By using Eq.(222), Eq.(E33) can be rewritten as
OSpx 054 4 Ou

2.4. The yielding condition
The Von Mises’ yielding condition is used here to describe the elastic limit. In one spatial dimension, the
von Mises’ yielding criterion is given by

2
|Saa| < §Y07 (2.9)

where Y is the yield strength of the material in simple tensions.
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3. The Riemann problem

The Riemann problem for 1D time dependent elastic-plastic equations is given as follows:

Oep + Oz(pu) =0,

2
|Smm| S gYO,

QL, if x < 0,

Qr, ifx >0,

where Q = (p, pu, pE, 5,2)" .

Or(pu) + &,;(pu2 +p— Sz2) =0,
at(pE) + 0y [(pE +p-— Szcac)u] =0,

4
atszm + U8at5x:c - gamu = Oa

(3.1)

Firstly, we assume that the wave structure of this Riemann problem is self-similar [20, &1].

If the material is in the plastic state, the above forth equation can be simplified. Correspondingly, sonic

velocity is different from that in the elastic state, which will be discussed in the following.

3.1. Elastic state

3.1.1. Jacobian matriz in elastic regions

For the Mie-Griineisen EOS; if the material is not yielding,
2
x| < Y )
|Saal 370

the system (B can be written as
0Q + Je(Q)a’L’Q =0,

where Q = (p, pu, pE, s,..), and the Jacobian matrix is

where I = %.

The eigenvalues of J.(Q) are given as

AM=X=u, A3=U—Ce, A =UFCe,

5
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where ¢, means the sonic speed of the solid in the elastic state,

4
Co = \/a2 - %Fosm + a

3p’
(3.3)
2o P W0F b
dp  p*0e  Con 2T
Corresponding right eigenvectors are
1 r
I —or 1 1
u Tu
= -3 1| u—ce 1| utece
T = b , T2 = b 7T3:72 7744:72 ) (34)
0 1 ) h — uce ¢ h + uce
1 0 ¢2 ¢2
where
0 :
bh=2L 1B, h=E4+P2" %
dp
and
Po dpl
¢2 = 012 — pﬁzFonx — Cg = —?;

3.1.2. Relations across the contact wave

For a system without molecular diffusion, there is no materials convecting across the contact wave or
interface, so the velocities on two sides of the discontinuity are always equal. This can also be verified by
eigenvectors in Eq.(B4) and Eq.(B35D).

Use Q7 and Q} to denote the two states connected by the contact wave in the solution, where Q =
(P, U, P, Saz)-

Thanks to Eq.(84d), based on the theory of Generalised Riemann Invariants introduced by [41, &2], for

the Ai-wave we have
dp _dpu  dpE  ds,

+ = (3.5)
m ﬁ 0 1
From above equations, we can easily deduce that
du=0, d(sze—p) =0, (3.6)
which means
uj = (3.7)
and
oy = J;R, (3.8)

where ()} and ()}; denote () in the regions of Q} and QF,, respectively. Here we do not show the details of

the derivation for a simple presentation.
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Similarly, for the Ao-wave one has

dp  dpu  dpE  dsy,
—T — —ul — - :
5 = 1 0

From the above equations, we can easily deduce that
du=0, dp=0, dsz; =0,

which means

From Eq.(BT2), we get that

* %
UI,L - az,R'

At last, for the A1 and Ay waves, one can find that the following two relations always hold:

For convenience, we define

where s* denotes the velocity of the contact wave.

3.1.3. Relations across rarefaction waves
Left-going rarefaction wave

Across the left wave associated with As-wave, (A3 = u — ¢.), we have

dp dlpu) _ d(pE) _ dsas

1 U—ce h—uce —4?"% '
which leads to
du = —%dp,
p
A = I Py,
P

4

dsge = — =24
3p

Using (), one can get
dFE = de + udu.

7
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(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
(3.18)

(3.19)

(3.20)



Substituting (817) and (BOR) into the above equation yields

_71 P — Szx

de = 7 dp = 2 dp.
Thanks to (24), one can get
op,  Op 2 Of
dp=—dp+ —de =a5=d Tod
D ap P+6e e %an p + polode,

Substituting (8721) into the above equation yields
of | p Po
dp = a§ ==+ 5pol'o — 5 08zz | dp.
D (a08n+p2p0 0T 2 0 P

The above equation can be rewritten as a differential equation of p(p)

P (p) - A% = f(p),

where

A= pol’o fz(P)—GO%_ 2

By integrating (B=Z) across the left rarefaction wave, the pressure can be solved out as

pe% — /fg(p)e%dp = constant.
Integrating (BTA) across the left rarefaction wave yields
Ce
u + / —dp = constant.
P

Right-going rarefaction wave

Across the right wave associated with A\j-wave, (A3 = u + ¢.), we have

@ dlpu) _ d(pE) _ dsua

1 u—i—ce_h—i—uce _A4p1r
3 p
which leads to
du:c—edp,
)
Ap = I 01y,
p
4p
dsge = —=—d
s 3 0
8
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(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
(3.30)

(3.31)



By using the same method as the left wave, one can get

pe% — /fQ(p)e%dp = constant.

c
U — / —dp = constant.
p

3.1.4. Relations across shock waves

(3.32)

(3.33)

Now we consider a shock wave moving with the speed of s. The data in front of the shock is (p1, u1,p1, Szz1)

and that after the shock is (p2, u2, D2, Spa2)-

We transform the equations to a frame of reference moving with the shock. The Rankine-Hugoniot

conditions are given as

p2(uz — s) = p1(u1 — s),

pauz(uz — 8) = prui(uy — 8) + 02 — 01,

p2E2(U2 - S) = p1E1(u1 — 8) + ooug — o1UT .

Substituting (B=34) into (B=33) yields
p1(uz —uy)(ug — 8) =02 — 01.

From (B334), one has
(u1 — u2)p2
P2 — P1

Uy — S =

then substituting it into (BZX2) yields
—t(uz —u1)? = 09 — 01,

where t = 212
pP2—p1

By using the same methods for (8239), (B338) can be written as
t(u1 — UQ)(EQ - El) = 02U2 — O1U].

Because of E = e + %uz, we can get
01 + 02
2t

€2 —€1 =

Using the EOS of Mie-Griineisen (E4), can get

e = cop —c1.f(p/po),

9
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(3.34)
(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)



2
where ¢g = po%o and ¢; = £2. Put the above equation into (82l), we can formulate the pressure py in terms

To
of P2
2t(c1 f(p2/po) +e1) — (01 + Sza2)
QtCQ -1 '

P2 =

Thanks to (BB0), s,.2 can be written as

4 P2
Spw2 = Spz1 — —pln(—).
2 1 3# (,01)

Then, the Cauchy stress can be written as
02 = —pP2 + Szg2.

We can use (BZ39) to solve the velocity after the shock

01— 02
t

uy + 4/ ¥ Right-going.

5 — pPu2 — P1U1
P2 — pP1

up — Left-going,

U =

And the shock speed is given as

3.2. Plastic state

When the material is yielding,

2
X :7Ya
|S2a] 370

the equations of Riemann problem can be simplified as

Op + 0z (pu) = 0,
8t(pu) + 61(/)112 +p— sz) =0,

616(/0E) + 0y [(pE +p—- 5wz>u] =0,

2
Tx :7Y7
|Saal 370
Up, if x <0,
U(z,t=0) =
Ug, if z > 0,
where U = (p, pu, pE).
10
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(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)



3.2.1. Jacobian matriz in plastic regions

Motion equations of (B29) can be written as

8, U +J,(U)3,U =0,

where the Jacobian matrix is

0 1 0
J,(U)=| —u?+ 22 +1(%5 —e¢) w2 —T) r
2 2 P~ 2
Ty —e)—e—%+2+Pu+% —Tu’-24+e (1+Du

Eigenvalues of J,(Q) are given as

A =u, X=u—c¢cp, A3=1u-+cy,

where ¢, shows the sonic speed in the plastic state,

ep = Ja? = Blys,,. (3.50)
p
The corresponding right eigenvectors are
r
o 1 ! 1 !
= | _Tu || — _ , = . 3.51
T1 b T2 h— ucy U —Cp T3 Bt uc U+ cp ( )
1 h —ucp h + ucy

Comparing Eq.(B3) with Eq.(8350), we notice that the sonic speed is not continuous between the elastic
state and plastic state. As the shear modulus p is always positive, the elastic wave runs always faster than

the plastic wave.

3.2.2. Relations across the contact wave

According to the eigenvectors in Eq.(851), for the Aj-wave (A = u), we have

g _ dow) _ o) (3.52)

by by

which means that

11
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* %
Because s}, = sk 5, thanks to (233), one can get
o] =0Fg.

For convenience, we define

3.2.3. Relations across rarefaction waves
Left-going rarefaction wave

Across the left wave associated with Ag-wave, (A2 = u — ¢,), we have

dp _ d(pu) _ d(pE)

1 u—c¢ h—-ucg

Similar to Section BTT=3, we can get the relations

pe% — /fz(p)e%dp = constant.

and

U+ / cldp = constant.
p

Right-going rarefaction wave

Across the right wave associated with Az-wave, (A3 = u + ¢;,), we have

dp _ d(pu) _ d(pE)

1 utec, htuc,

Similarly, we can get

pQ% — /fQ(p)e%dp = constant.
U — / c—pdp = constant.
p

8.2.4. Relations across a shock wave

By using the same deducing process as Section BT, we can get the state after the shock wave:

Sxx2 = Szxl,

_ Qt(clf(pQ/pO) + 61) - (Ul + szQ)
QtCQ -1 ’

12
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(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)



2
1 a
where ¢y = oT0 C1 = ﬁ, 09 = —P2 + Szz2,

o1 —0
Uy — % Left-going,

uy + g Right-going.

And the shock speed is given as
_ pP2u2 — P1U1

 pe; (3.62)

3.3. A relation between p and Sy

Thanks to (28), the equations of the density and the deviatoric stress in Eq.(B) can be written as

ou 1dp
Ou _ _Ldp 3.63
ox p dt ( )
and
dsze 4 Ou
dt 3/ 0z (3.64)
Substituting (BH3) into (BHd) yields
d 4 1d
Ser _ 2,22l (3.65)

dt 3" pdt
Integrate the above equation from the data in front of a wave to the data behind the wave and perform some

simple algebraic manipulations, one can get

4
Szx + guln(p) = constant. (3.66)

Analyzing (BH0), one can find, 659;)1 < 0. So, if the material is compressed and p increases, s, will
decrease; if the material is expanded and p decreases, s, will increase. According to the compressed or
expanded process of the material, even if the initial material is in the plastic state, the material can be into

a different state. With considering of the von Mises yielding condition, all cases are shown as follows:

1. If s, = %YO, initial material reaches the elastic limit. If the material is compressed so that ppastic >
p* > p, one can get |si.| < %Yo, the compressed material jumps from the plastic state to the

elastic state. Here p and s,, mean the initial density and deviatoric stress, respectively, ppiastic =

Y 3szx
,oe(fﬁJr ap ), ()* denotes the variable () of the compressed or expanded material.

2. If s = %Yo and the material is compressed greatly so that ppiastic < p*, Shp < —%Yo, the compressed
material will jump from the positive plastic state to the negative plastic state. Here the positive or
negative plastic state means s, = %YO Or Szp = —%YO, respectively.

3. If 540 = %YO and the material is expanded, s}, > %YO, the material is still in the positive plastic state.

13
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Plastic Rarefaction Right wave Plastic rarefaction
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.
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N

(a) Elastic rarefaction wave (RF)

Contact

Elastic shock Right wave

o X o) X
(b) Plastic rarefaction wave (R”)  (c) Both elastic and plastic rarefaction
waves (RERF)

Contact Contact

Plastic shock

Right wave Plastic shock Right wave

Elastic shock

9 Q;
Qr Qr v RN
QL
(@] O X o) X
(d) Elastic shock wave (SF) (e) Plastic shock wave (RF) (f) Both elastic and plastic shock waves

(s¥sP)

Figure 1: The possible cases of Riemann solution structures in the left side.

CIf spr = —2Y0 and the material is expanded so that ppastic < p* < p, one can get |s* | < 2Y°, the
3 p pp p p? g T 3 9

expanded material jumps from the plastic state to the elastic state.

I sy, = —%Yo and the material is expanded greatly so that ppigstic > p*, sk, > %YO, the expanded

material will jump from the negative plastic state to the positive plastic state.

I sy, =

state.

4. Exact Riemann solver

Now we consider the constructing details of the exact Riemann solver. For the Riemann problem in

that we have studied.

4.1. The solving process

ngO and the material is compressed, s, < f%Yo, the material is still in the negative plastic

Section B, there are 6 x 6 possible cases in the Riemann solution with different wave structures. The left six
cases are shown in Fig.ll. Here we remark that we do not consider vacuum in building our exact Riemann

solver, for the reason that vacuum hardly ever appears in the elastic-plastic deformation of solid materials

From Section B, we can find that all variables can be formulated in terms of the density. So we define

functions f, and f,:

fu(pz? pj%a QL7 QR):UE(/)Z7 QL) - uE(pE7 QR)a
fcr(pza P;zv QLv QR):UZ(PE QL) - JE(pj%v QR)

(4.1)

14
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A new p}

Left case determined Right case determined

* % * * * *

PL SxxL UL PR-Sxxr ¥R
Convergence ?

NO NO

J YES

‘ Output with Q; and Q5

Figure 2: A flow chat of the Newton iteration process.

By using the relations across the contact wave in Section BT and Section BZ22, we can get

fu(pz? p}{% QL) QR)=uz(pz7 QL) - UE(ﬂEv QR) = Oa
fcr(pz» Pﬁz, QLv QR):UE(PE’ QL) - Uj%(pj%v QR) =0.

(4.2)

Obviously, this system is uniquely solvable, but we can not get the analytical solution of (22). We have to
use an iteration procedure to solve (A=2) and the solving process is shown in Fig.B. The details are introduced
in the following.

Initial:

The initial densities are given as

% L+ PR . PL + PR
_PLEPR = PLTPR (4.3)

Iterations begin:

Step 1 Determining the case of the wave structure:
Given pz(k) and p*R(k) in the k-th iteration step, we can use the method introduced in Section E=2
to determine the case of wave structure of this Riemann problem. In the procedure for solving the
Riemann problem, the subscript (k) means the variable in the k-th iteration step.

Step 2 Evaluating fy ) and fy):

After determining the structures case, we need to solve Cauchy stresses and velocities in regions Q7

15

This article is protected by copyright. All rights reserved.



and QJ, and the details are given in Section E.

Step 3 Evaluating the derivatives of fy, ) and fo ().

The derivatives of f, ) and f,) are given as

O fu) Juk) = fute—1) Ofo(k) fotk) = fo(k—1)

. = — , - = — . (4.4)
8pL(R) PL(R)(k) — PL(R)(k—1) aPL(R) PL(R)(k) — PL(R)(k-1)
At the first step, we use a simple numerical difference method to evaluate
afu(l) _ fu(pZ(R)(l) + Ap) - fu(p*L(R)(l)) afu(l) _ fu(pZ(R)(l) + Ap) - fu(p*L(R)(l)) (4 5)
aP*i(ﬁc) ApL(r)(1) ’ Wi(m AprL(r)() ’
where Ap is a small quantity, here we define it as
L))
P= 100 (4.6)
Step 4 Evaluating 92(k+1) and pj;%(k-&-l):
Ofuy 0wy |
* * u u(k
PrLie+ny | _ | PLio) | _ dp% apk, Fuw) (4.7)
* * Ofcy  Ofs(r) ’
PR(k+1) PR(k) ap; ot fotw)
Step 5 Convergence test:
The iteration is convergent if
CHA < TOL, (4.8)
where . i . .
CHA = max | it ~Phgol, Vhwry =Pl (0 (4.9)

1 % * [ *
§|pL(k+1) + pL(k)‘ §|PR(1<+1) + pR(k)|

TOL = 10~

If not, go to Step 1 and continue the iteration procedure until convergent. Numerical examples show,

after 2-4 iterations, the condition (A28 ) is satisfied.

Iterations end

4.2. Determining the case of structures
Given the value of density pz( R)> We can distinguish the non-linear wave is a shock or rarefaction wave.
This is done easily by comparing pz( R) with pr(g), the subscript r(g) means in the left(right) side of the

contact wave.

a rarefaction wave: if pr(r) > pL(g),
(4.10)

a shock wave: if pr(r) < PL(R)-
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Table 4.1: The condition of cases classification.

5 Spx < %Yo Spx = %YO and S, > %YO other
P <P ["Casea: RE Case b: RY Case c: RFRP
“ Spx > —%YO Spr = —%Yo and §,, < —%YO other
P" =P Case d: SF Case e: ST Case f: SFST

Thanks to (BB0), the deviatoric stress can be evaluated as

. 4 P*L(R)
=——puln | ——= . 4.11
SzxL(R) 3/14 n (pL(R) + SzxL(R) ( )

According to the values of initial and evaluated deviatoric stresses in (B-I) in one side of the contact

wave, the non-linear wave in this side may be:

2

an elastic rarefaction if $2(r) < gYO,
2 2

a plastic rarefaction if sp2r(r) = gYo and 8,,1,(r) = §Y°’
2 2

an elastic rarefaction and a following plastic rarefaction if sp2r(r) < §YO and S,,1,(r) = §Y0,
2

an elastic shock if $400(r) > ngo,
. . 2 R 2

a plastic shock if $p2r(R) = —3% and S;.1(r) < 75%,
2 2

an elastic shock and a following plastic shock if sper(r) > ngO and S;.1(r) < *§Y0~

(4.12)

Combining (B10) and (ET2), we can find, in any side of the wave structures of this Riemann problem, there
are six cases showed in Table B, where capital letters “S” and “R” mean the shock and rarefaction wave,
respectively; superscript letters “E” and “P” indicate the elastic and plastic state of a wave, respectively.

Otherwise, the subscript L or R are omitted for simplification.

4.3. Fvaluating states in middle regions (QL and QR)
Cases (R¥, R”, SF and ST)
For cases (RF, RF, S¥ and ST) in Fig.l, the material is totally yielding or totally not yielding, there is

no midlle state Qrg). For expression convenience, we let

(PL(R)> UL(R), PL(R)> Szz) = (PL(R)s UL(R)> PL(R)> SzxL(R))> (4.13)

Case (RERT)
Using the methods introduced in the Section (B13), we can easily deduce the formulation of all unknown

variables after the rarefaction wave. Here we do not show the details of the deduction.
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For the case (RFRT), after the elastic rarefaction wave, the deviatoric stress achieves the elastic limit.

Thanks to (B10) and (ET32), one can easily deduce that
. 2
SzxL(R) = gYO-

By using (BB0), the density in Q L(R) 18 given as

~ . ox 7& + 351.LL(R)
PL(R) = PL(R)€XP 2% 711“ .

From (B28) and (B332), for the case (RF RF), the pressure is rearranged as

A _a __a PL(R) N
ﬁL(R) = pL(R)ePL(R) PL(R) 4 ¢ FL(R) / f2($>e§d;1;’ (414)
PL(R)
where
of  Sux(p) 4 ( )
A= r f :a277>‘ y Szx = ——uln + Spx .
polo  fa(p) = ag an e (p) = —3p P L(R)

Thanks to (824) and (B=33), for the rarefaction wave case (RF RT), the velocity is given as

PL(R)
uyp — / Mdm for the left-going rarefaction wave,
x
aL(R) _ PL (4.15)

PLR) ¢ (1
UuR + / %daz for the right-going rarefaction wave,
PR

where the sonic speed is given as

Remark 1: In (B04) and (EH), there are two integral terms. Obviously, because of the complexity of
the EOS, we can not get the exact integral values. We have to use the numerical methods to approximate the
two integral terms with high order accuracy. The approximation methods are introduced in the Appendix
A.

Case (SEST)

Using the methods introduced in the Section (814), we can easily deduce the formulation of all unknown
variables in Q L(r)- In order to shorten the length of our paper, we do not show the details of the deduction.

For the case (S¥ST), after the elastic shock wave, the deviatoric stress achieves the elastic limit. So, by

using (AM) and (E12), one can easily deduce that

. 2
SeaxL(R) = _§YO-

18
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From (B®R), after the elastic shock wave, the density in Q L(R) 18 given as

~ Yo 33zzL(R)
PL(R) = PL(R)eXP 2% + T )

By using (BZ3), the pressure can be solved as

_ 2Uaf(prry/po) +err) — (OL(r) + 822L(R))
PL(rR) = otco — 1 >

(4.16)

5 _
1 _ a5 _ PL(R)PL(R)

c1 = 2 and t = s——2 ==L

polo? 1 To PL(R)—PL(R)

Thanks to (828), the velocity can be written as

aL:uL_ \/ G.L;&Lv (4 17)
’ZTLR:’ZLR+Q/70-R;&R,

where ¢ =

where

OL(R) = —PL(R) T SzzL(R)- (4.18)

4.4. Evaluating states in regions Q7 and Qp

Rarefaction wave cases (R¥, RY and RFRT)

For the three rarefaction wave cases, thanks to (860) and (B48), s,, in Q} and Qj, are

4 Pl
— —pln ( ~L(R)> + S2aL(R) for case (RF),
8 Lo = 3\
zxL(R)
§YO for cases (RY and RFRF).

From (ET4), the pressure in the star region is

A X — 2 PZ(R) N
PL(r) = Prme™ ™ " +e pL(R)/ fa(z)ex dz, (4.19)
PL(R)
where
of | szx(p) 4 ( )
A= pol =al== -\ , Szz(p) = —=pln + Sy .
pofo 2o =g, =2 e P o

By Equations (BZ4) and (BZ33) the velocity in regions Q} and Q% can be written as

Pi(n)
ﬂL —/ %x)dfﬂ,
Ui (r) = p;zm) (4.20)
. c(x)
UR +/ le',

PR
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where

of  plp) Po dp B
o) \/agan + 7POF0 - ?Fosxw(p) + 3p for case (R™),
c(p
\/a%g?j; + p/()g)p I %Fosm(p) for cases (RY and RFR").

Remark 2: Just like Remark 1, we have to use numerical integral methods introduced in the Appendix
A to evaluate the integral terms in (E19) and (2220).
Shock wave cases (S¥, SP and SFSP)

For shock wave cases, the deviatoric stresses in Q} and QF are given as

4
— —pln ( _ p ) + S22 L(R); for case (S¥),
ng(p) _ 3 PL(R)
2
— gYO, for cases ( ST and S¥ST).

(BZ3) gives direct expression for the the pressure in the star region as

) 2t (clf(p’z(R)/Po) + 5L<R)) - (5L<R) + sm(pzm)))
PL(R) = oo — 1 ’

2 * ~

w = PL(R)P
herec@*p(}ipovclf% andt:%_
L(R) PL(R)

Thanks to (828), the velocities in QJ, and QF; are

&L — UE(R)
Uy, — — for the left-going shock wave,
UL(R) ——
OR — 0O
uR + %(R) for the right-going shock wave,
where UZ(R) = —p’i(R) + s;zL(R).

5. Half Riemann problem and its solver

Sometimes we need to analyse a half Riemann problem with a given velocity or Cauchy stress. Shown
in FigB, in these cases, we only need to solve states in one side. There are six possible cases which are
introduced in Section B. Here we will use the example shown in Fig.B to show how to solve the half Riemann
problem.

As we know the velocity u* or the Cauchy stress o* on one side, for example , the left side, there is only

one equation need to be solved:

f(p*v QR) = U(P*a QR) - U* = 07 (5]‘)
or
f(p*,Qr) = o(p*,Qr) — 0" = 0. (5.2)
20
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Right wave

With a fixed u* or ¢*

Qx Qr

>
O X
Figure 3: Half Riemann problem with a given left velocity or Cauchy stress.

Similar to the process in Section (EI), we have to use an iteration procedure to solve (6) or (52) and the
solving process is list in the following.
Initial:

The initial density is given as

Iterations begin:

Step 1 Determine the case of the wave structures:

Given the value of p’(kk) in the k-th iteration step, use the methods introduced in Section EZ to
determine the case of wave structure of this Riemann problem. Here the subscript (k) means the

variable in the k-th iteration step.

Step 2 Elevate f(p*, Qr):

After determining the structure case, evaluate the velocity ( or the Cauchy stress) in the region Q*

and the details are given in Section B

Step 3 Evaluate the derivative of f(p*, Qg):

The derivative of f is given by

Oy _ fooy = Fi-y)
0" Pl ~ Plr-1)

, for k>1

At the first step,
Ofay _ flp" +Ap) — f(p*)

Op* Ap ’

P

where Ap is a small quantity, here we set Ap = 55

Step 4 Evaluate p’(“kH):
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A new density can be updated by

. . fk
Plk+1) = Pk) — f/ a(p)'

Step 5 Convergence test:

The iteration is convergent if

CHA < TOL,

where

p* _ *
Jg%iﬂggf%?t , TOL=10"%
§|P(k+1) + P(k)|

CHA:maX[ S f]

after 2-4 iterations, the condition (B3) is satisfied.

Iterations end.

6. Numerical tests

If not, go to Step 1 and continue the iteration procedure until convergent. Numerical examples show,

In this section, we will solve different elastic-plastic Riemann problems with several different wave struc-

tures in the Riemann solutions. In order to verify the correctness of our exact Riemann solver, we use a

third-order numerical scheme for 1D elastic-plastic flows to evaluate these Riemann problems and compare

numerical results with our exact solution. Before considering elastic-plastic Riemann problems, a two-phase

impact benchmark problem [43, 0, g4] is firstly taken in to test the correctness of the numerical method [Z4].

6.1. Two-phase impact benchmark problem

At the beginning of this problem, there is a right-moving copper with the speed u; = 1500m/s interacting

with a solid explosive at the rest on the right of the plate under the uniform atmospheric condition which

has pressure py = 10°Pa and temperature Ty = 300K throughout the domain. Cochran-Chan equation of

state which is in the form of Mie-Griineisen form [[] is used but derivative stress is not considered in this

problem. The Cochran-Chan EOS is

where

p(p,e) = pret(p) + T'(p)[e — eret(p)]-

- C, Ty

ﬂl @ l—e2 B
(- <2) [(,,) '
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For the copper and solid explosive, the parameters are given as

(po, B1, B2, €1,€2, L0, Cu)copper = (8900kg/nf137 145.67GPa, 147.75GPa, 2.99,1.99, 2, 393J /kg - K)

(p0, B1, B2, €1, €2, Lo, Co ) Explosive = (1840kg/m?, 12.87GPa, 13.42GPa, 4.1,3.1,0.93, 1087J /kg - K)

In this problem, the yielding strength is set to zero and the 3rd-order cell-centered Lagrangian scheme
[75] is used. We solve this problem with 200 grids and CFL number is set as 0.5. The final time is ¢ = 85us.
Results of density and velocity shown in Fig.@ are compared the exact solution and numerical solution in

[16]. This comparison verifies the correctness of our numerical scheme.

. o Eulerian
, o Lagrangian 1500 A Lagrangian
| f Exact | Exact

8000

>0

1000 -

6000 [~

Density
Velocity

o

=3

S
T

4000

T

2000—”‘|H‘|H‘|H‘|HL_.| ol v vy

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 4: Numerical results for the two-phase impact benchmark [23, @, @4].(The ” Eulerian” and the ” Exact” results are extracted
from [g4] and the ”Lagrangian” result are computed by the method in [25])

6.2. FElastic-plastic Riemann problems

By choosing different initial conditions, different Riemann problems are tested in following with several
different wave structures in the solutions. Two materials, copper and aluminum are considered with the pa-
rameters (po, ag, Lo, 8, i) copper = (8930kg/m?,3940m /s, 2,1.49,2.76,2.76 x 10'°Pa) and (po, ag, o, s, 1) a1 =
(2785kg/m3, 5328m /s, 2, 1.338,4.5 x 10'°Pa), respectively. The yielding strengths of the two materials are
Yoa1 = 3 % 108Pa and Yo,copper = 9 X 107Pa, respectively. The computational domain is setted as [0, 1m)
with 800 cell points and the initial interface is located at 0.5m, the terminal time is ¢ = 5x 10™%s. Otherwise,
in the initial condition, ”I.” and "R” mean x < 0.5m and = > 0.5m, respectively.

Test 1

In this case, the material is yielding at both sides, so there are three waves with two plastic shock waves

and one contact. The initial condition is

L: Al, p=2785kg/m3 —w=20m/s, p=10Pa, s,, =—2.0x 10°Pa,

R: Al, p=2785kg/m® wu=0m/s, p=10Pa, s, =—2.0x10%Pa,
It can be seen that the exact solution matches the numerical results very well in Fig.A.
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Figure 5: Comparison for Test 1 with the structure of ST|ST.
Test 2

Here we consider a case with yielding process at both sides, so there are five waves in the wave structure

of this Riemann problem. The initial condition is

L: Al, p=2785kg/m> wu=800m/s, p=1.0Pa, 5., =0.0Pa, (©2)
6.2
R: Al, p=2785kg/m> ~wu=0m/s, p=1.0Pa, s,, =0.0Pa,

Shown in Fig.B, the exact solution matches the numerical results well generally, except the under-cooling
effect performed in the numerical results, but it is not considered in the designing of the exact Riemann
solver.

Test 3

In this example, we test the case with two elastic rarefaction waves. In the wave structure there is one

elastic rarefaction wave on each side of the contact wave. The initial condition is given as

L: Al, p=2785kg/m> wu=—-20m/s, p=10"Pa, s, =0.0Pa, (63)
6.3
R: Al, p=2785kg/m* w=20m/s, p=1.0x 10"Pa, Suz = 0.0Pa,

We can see that the results of the exact solution match the numerical results very well.
Test 4

In this test we test the example with both elastic and plastic rarefaction waves on both sides of contact
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Figure 6: Comparison for Test 2 with the structure of SEST|STSE,

wave. The initial condition is

L: Al, p=2785kg/m® ~w=—40m/s, p=1.0x10"Pa, s,, = 0.0Pa,

(6.4)
R: Al, p=2785kg/m> —wu=40m/s, p=1.0x10"Pa, s,, = 0.0Pa.
Results are shown in Fig.B, the results of the exact solver match the numerical results very well.
Test 5
The initial condition of this Riemann problem is
L: Al, p=2785kg/m*®, —wu=—200m/s, p=10Pa, s,, =—2.0°Pa, (65)
6.5
R: Al, p=2785kg/m> w=0m/s, p=1.0Pa, s,, =—2.0%Pa.
Obviously, at the beginning, the material is in the negative plastic state (i.e. sy.r(r) = —%Yo). According to

the analysis introduced in Section B33, after an expanding process the material will turn back into an elastic
state and will yield again into a positive plastic state. Our exact solution in Fig.H are consistent with the
analysis in Section 3.3. Of course, our exact solution matches the numerical solutions very well.

In this case, we also compared the results given with different orders of the Gaussian quadrature method
in Fig.[, from which we can see that there is nearly no difference between the results, so the Riemann solver
is not sensitive to the accuracy of the Gaussian quadrature method.

Test 6
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Figure 7: Comparison results for Test 3 with the wave structures of R¥|RE.
The initial condition of this Riemann problem is

L: Al, p=2785kg/m> —w=200m/s, p=1.0Pa, s,, =2.0°Pa, (66)
6.6
R: Al, p=2785kg/m> ~w=0m/s, p=1.0Pa, s,, =2.0%Pa.

Different from Test 5, at the beginning, the material is in the positive plastic state (i.e. sy.r(r) = %YO).
According to the analysis introduced in Section B33, after an compressing process the material will turn back
into an elastic state and will yield again into a negative plastic state. We can get the exact solutions which
match the numerical solutions very well in Fig.[Cl.

Test 7

All the above five tests have symmetrical wave structures. Here we will test an example with different
structures on two sides: one plastic shock on the left side and both the elastic shock and plastic shock on the

right side of one contact wave. The initial condition is given as

L: Al, p=2785kg/m*®, ~wu=40m/s, p=1.0x 10°Pa, s,, = —2.0 x 10°Pa, 67)
6.7
R: Al, p=2785kg/m>® ~wu=—40m/s, p=1.0x 10*Pa, s,, = 0.0Pa.

The solutions of this test are shown in Fig.IA. From this figure, we can find the exact solutions match
numerical solutions very well.

Test 8

26

This article is protected by copyright. All rights reserved.



2785 —— 40M{"®  Numerical
E — Exact

2780

2775

2770
©® Numerical
— Exact a0k

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

o (kg/im?3)
p (kg/m?)

b'e X
ol _ﬁ r— 2.0x108 ® Numerical
P —— Exact
-1x108
1.5%10°
M 2x100 o
£ £
S S 1.0x108
X =3
a Q
-3x10° |
5.0x107
-4x10° -
© Numerical 1
— Exact 0 —A b—

-5x10¢ n L
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

X X

Figure 8: Comparison for Test 4 with the wave structure of R RT|RP RE.

In this test, we consider an example with zero initial velocities on both sides, driving by the gradient of
the pressure, there are rarefaction waves produced into the higher pressure side and shock waves generated

into the lower pressure side. The initial condition is given as

L: Al, p=2785kg/m> w=0.0m/s, p=1.0x10""Pa, s,, =0.0Pa, ©38)
6.8
R: Al, p=2785kg/m>, wu=00m/s, p=10x10°Pa, s,, = 0.0Pa.

Shown in Fig.@, we can see there are two shocks in the right side and two rarefaction waves on the left side.
Test 9

Now we will consider two multi-material tests with different materials on both sides. In this test, on the
left side, the lighter material of aluminum impacts the heavier material of Copper. The initial condition is

given as
L: Al, p=2785kg/m® w=40m/s, p=0.1Pa, s;, = 0.0Pa, 6o
R: Copper, p=8930kg/m* —wu=0.0m/s, p=0.1Pa, s,, = 0.0Pa. (09
Shown in the Fig.[A, there is a large jump of density at the material interface and both the elastic shock and
the plastic shock exist in each side of the interface. Comparing with the numerical results of the scheme with
MHLLCEP approximate solver, we can find that our exact Riemann solver can solve the Riemann problem

with multi-materials very well.

Test 10
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Figure 9: Comparison results for Test 5 with the structure of R¥ RT|RF RE.

Here we test another multi-materials case. In this test the initial condition is given as

L: Copper, p=8930kg/m® —u=0.0m/s, p=1.0x10""Pa, s,, = 0.0Pa, ( )
6.10
R: Al, p=2785kg/m> ~w=0m/s, p=10.0Pa, s,, = 0.0Pa.

Shown in Fig.H, there are two rarefaction waves on the left side and two shocks on the right side. Moreover,
we can find that there is the discontinuity of pressure on the interface, and the Cauchy stress is continuous,
which satisfies the theoretical analysis.

Test 11

This test is the half Riemann problem with a given velocity u* = —20m/s on the left, and the right initial
condition is

Copper, p=8930kg/m®, u=0.0m/s, p=0.1Pa, s,, =0.0Pa. (6.11)

In Fig.@, comparison results are given by the exact half Riemann solver and the numerical method. We can
see that the exact solver can resolve both the elastic shock and the plastic shock wave very well.

Test 12

The second half Riemann case is with a given Cauchy stress ¢* = 0Pa on the left, and the right initial
condition is

Copper, p=8930kg/m>®, wu=0.0m/s, p=10x10°Pa, s,, = 0.0Pa. (6.12)

In FigA, we give the results computed by the exact Riemann solver and the numerical simulation. From
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Figure 10: Comparison results for Test 5 with different orders of the Gaussian quadrature method.

this figure one can see, the exact solver can resolve the elastic and plastic rarefaction waves well.

7. Conclusions

In this paper, we have analyzed the Riemann problem in detailed for one-dimensional multi-material
elastic-plastic flows with the Mie-Griineisen EOS, hypo-elastic constitutive model and the von Mises’ yielding

condition and found

1. The sonic speed periods a significant jump when the material is yielding.

[\

. the plastic wave is always faster than the elastic wave for the reason of the sonic speed jump.
3. There are only thirty-six possible cases of the wave structure in the Riemann problem.
4. All the variables after the non-linear waves can be written as functions of the density theoretically.

5. If the initial material is in the negative plastic state, after being expanded, the material may be into

the elastic state or the positive plastic state and vice versa.

Then, based on the above analysis, we have constructed exact Riemann solvers for both the Riemann problem
and the half Riemann problem, separately.

Because of the iteration process, the CPU cost of the exact Riemann solver is of course more expensive than
approximate ones. However, the main purpose of the exact Riemann solver is used to study the structures
of the Riemann problem itself and give reference results to construct high performance approximate solvers.
Tested by a large number of examples, the exact Riemann solver is reasonable and its solutions are matching

well with the numerical results for both single material problems and multi-material Riemann problems.
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A. Numerical integration for the rarefaction wave

There are two integrations in functions p(p) and u(p) in the rarefaction wave, for example, in the equations
(E132) and (21H). In this paper, we use a seventh-order (with 4 integrating points) Gaussian quadrature to

make numerical integrations. For a function g(x), the Gaussian integration from —1 to 1 is given as

/ g(z)dz ~ Zwig(xi)v
-1 i=1

w; is the weight, and z; is the integrating point, n is the number of the Gaussian quadrature points. Here

n = 4. For the 7th-order Gaussian quadrature, integrating points and corresponding weights are

36

T3, Tqg =+t 3+2\/€ ws, W 718_\/%
3, 4 — 7 7 5 3 4 36 .

For the function g(z) over [po, p|, this change of interval can be done in the following way:

P _ 1 _
/ g(z)dz = L po/ g(ﬂ P0x+po+0> da.
. 2 )0\ 2 2

3 2 /6 18 4+ /30
T, Ty ==* zT7\VE wy, W= ———— 1,
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At last, we can get

P n
p—p p—p po+p
/g(x)dw% 5 OE wig( 5 02 + 02 ) (A1)
PO

i=1
A.1. Integrating of p(p)

Taking Equation (E14) as an example,

A A
p(p) ~ PL(r)e 7 + e_%Intgl7 (A.2)
where .
P~ PL(R )
Intg, = T() sz‘fﬂl)i)e/\/m,
n=1
and pi = P*PQL(R) T + PL(I;)‘FP.

Obviously, we can use (B2) to evaluate all the values of p(p;) on all Gaussian quadrature points.

A.2. Integrating of u(p)
Taking Equation (EI3) as an example, if the wave is on the left side

u(p) = ur, - / eel®) g,

X

The numerical integration of u(p) is given as
u(p) =~ ur, — Intg,y (A.3)

where

4
P — PL(R) Ce (pl)

Intgy = ———= w;——,

? 2 Z pi

n=1

Different from (B=2), the sonic speed c.(p;) is dependent on p(p;):

of ( pi p(pi 4
ce(pi) = \/agan (’p’o> + ;’; ) poy %Fosmm(pi) + §§' (A.4)

After finishing the evaluation of p(p;), we can evaluate c.(p;) by using the same process as (BA3).
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Abstract

In this paper, we present exact Riemann solvers for the Riemann problem and the half Riemann prob-
lem, respectively, for one-dimensional multi-material elastic-plastic flows with the Mie-Griineisen equation
of state(EOS), hypo-elastic constitutive model and the von Mises’ yielding condition. We firstly analyze the
Jacobian matrices in the elastic and plastic states, and then build the relations of different variables across
different type of waves. Based on these formulations, an exact Riemann solver is constructed with totally
thirty-six possible cases of wave structures. A large number of tests prove the rightness of the new exact
Riemann solver. Moreover, an exact Riemann solver is also deduced for the half Riemann problem and its
validity is tested by two examples.

Keywords: Elastic-plastic flows, Riemann problem, hypo-elastic model, exact Riemann solver,

Mie-Griineisen equation

1. Introduction

In this paper, an exact Riemann solver is built for one-dimensional multi-material elastic-plastic flows
modeled by the Mie-Griineisen equation of state (EOS) [, 2], hypo-elastic constitutive model and the von
Mises’ yielding condition.

The elastic-plastic flow is used to describe the deformation process of solid materials, especially metals,
under strong dynamics loading, such as explosive or high-speed impact. The simulation of elastic-plastic flows
has important application backgrounds, especially in the Implosion Dynamics weapon and Inertial Confine
Fusion (ICF). The first try of simulating the elastic-plastic flows was given by Wilkins [B] in 1960s. In his
work, the hypo-elastic constitutive model with the von Mises’ yielding condition (so-called the elastic-perfectly
plastic model) is considered with a simple EOS that pressure only depends on density. Following [3], Maire
et.al [@] developed a high-order cell-centered Lagrangian scheme with the same elastic-plastic constitutive
model with the Mie-Griineisen EOS which is widely used in charactering real materials [l]. Besides the elastic-

perfectly plastic model, there are other more complex models for elastic-plastic deformations, such as the

*Correspondence to: Jun-Bo Cheng, Institute of Applied Physics and Computational Mathematics, Beijing 100094, China.
E-mail: Cheng_junbo@iapcm.ac.cn
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hypo-elastic constitutive model with strain hardening (HCMSH) [5] and Steinberg-Guinan (SG) constitutive
model [G] and so on. In this paper, only the elastic-perfectly plastic model with the Mie-Griineisen EOS is
considered for its general applications in the numerical study of elastic-plastic flows [, 8, @].

Riemann problems and the corresponding solvers have been viewed as essential problems for the study
of computational fluid dynamics (CFD) since the introduction of Godunov schemes [[0] and their high-
order extensions [[1]. In the following two decades, a lot of famous and widely used approximate Riemann
solvers are proposed, such as the Roe Riemann solver [2], the HLL [i3], HLLC [id] and HLLE Riemann
solvers|[T5]. Even recently, Riemann problems still attract much attention, especially in the following three
aspects. The first is to reduce numerical dissipation and to approve the robustness of schemes [IG, ['7]; the
second is to develop two-dimensional Riemann solvers [IX, 9, P0]; and the third is to extend the existin
approximate solvers to other systems, such as the magnetohydrodynamic (MHD) [0, IR] and elastic-plastic
flows [22, 23, 24, P5]. In the study of Riemann problems, the exact Riemann solver has also played a very
important role as it not only can give a guide and reference in constructing approximate Riemann solvers,
but also can be used to determine the convergence and stability of numerical schemes. Besides the exact
Riemann solver for Euler equations which is used in the first Godunov scheme given by Godunov [I0], some
exact Riemann solvers are also constructed for other systems, for example, for highly transient mixed flows
[26], for two-phase flows containing non-conservative products [27] and for shallow water equations system
[28]. In solving the Riemann problems of these systems, solving procedures are different. For example, for the
shallow water equations with discontinuous bottom geometry 28], we only need to solve algebraic equations;
but for general hyperbolic equations [0, P6, 27, 29, B0, BT, the iteration procedures are necessary. Recently,
the exact Riemann solver for elastic-plastic flows also attracts much attention [29, 30, 81]. However, building
the exact Riemann solver for elastic-plastic flows is not easy. Comparing with the governing equations of
1D pure fluids, for 1D elastic-plastic flows, there are two more equations, a non-conservative constitutive
equation and the von Mises yielding condition, needed to be considered. The non-conservative character
of the constitutive equation increases the difficulty in constructing Riemann solvers, while the von Mises
yielding condition may lead to more non-linear waves in the wave structure of Riemann solvers. Moreover,
in a general way, the equation of state(EOS) for solid materials is more complex than that for pure fluids,
which directly increases the difficulty in solving the Riemann problem.

For the elastic-plastic flow with the hypo-elastic constitutive model and the von Mises’ yielding condition,
some approximate Riemann solvers[P2, 23, P4, 25, 20] have been developed recently. However, for the exact
Riemann solver, the research is relatively few, and focuses mainly on the problems with relatively simple
constitutive models or relatively simple EOSs. For example, Garaizar [82] and Miller [80] introduced an
exact Riemann solver for elastic or hyper-elastic materials, Gao and Liu [33, B4] firstly considered the yielding
effect and developed an exact elastic-perfectly plastic solid Riemann solver. In Gao and Liu works [33, B4],

a five-equation Eulerian governing system is constructed, and a complete list of sixty-four cases of wave type

2
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is presented.

In this paper, we construct an exact Riemann solver for the system of 1D elastic-plastic flows with the
Mie-Griineisen EOS, the hypo-elastic constitutive model and the von Mises’ yielding condition. Although
Gao and Liu [33, B4] have developed a comprehensive exact Riemann solver for a five-equation system with
1D elastic-perfectly plastic solid, but their exact Riemann solver is not suitable for a general four-equation
system because there are big differences between these two systems. In the four-equation system in Section
2.1, the elastic and plastic states are treated with same equations of mass, momentum, total energy and the
same complex Mie-Grneisen EOS, but only different in deviatoric stress. While in the five-equation system,
two states are separated and they have their own densities, velocities and EOSs. For example, in the elastic
state, the pressure is only a function of density and the internal energy is not necessarily considered; in
the plastic state, a linear stiffened-gas EOS is used, which is the simplified form of the Mie-Grneisen EOS.
Moreover, the four-equation system is widely used in many engineering areas since the seminal work by
Wilkins [B] and the following works [d, B5, BB, 23, 37, B8]. For these reasons, we want to construct an exact
Riemann solver for the common used four-equation system and with a more general case of real materials
characterized by the Mie-Griineisen EOS [B].

This paper is organized as follows. In Section 2, we introduce the governing equations to be studied.
In Section 3, the Riemann problem and the relations for every wave type (contact wave, shock wave and
rarefaction wave) are derived. Then, the exact Riemann solver is given in Section 4. The half Riemann
problem and its solver is introduced in Section 5. Some numerical examples are presented to validate our

Riemann solvers in Section 6. Conclusions are shown in Section 7.

2. Governing equations

In this paper, the elastic energy is not included in the total energy. The exclusion of the elastic energy is

usual for practical engineering problems [4] and is different from that in Ref.[22].

2.1. Motion equations

For a continuous one-dimensional homogeneous solid, the motion equations in the differential form are

U+ 9, F(U)=0,z€ QCR, t>0,

where
P pu
U=|pu |, F=| pu®> -0 , (2.1)
oE (bE - o)u
3
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p, u, o and FE are the density, velocity in x—direction, Cauchy stress and total energy per unit volume,

respectively, F has the relation with the specific internal energy e as
Ly
E=e+ U (2.2)

0= —p+ Sgz, (2.3)

where p and s., denote the hydrostatic pressure and the deviatoric stress in the x— direction, respectively.

2.2. The equation of state (EOS)

The relation of the pressure with the density and the specific internal energy is gotten from the equation

of state (EOS). In this paper, we consider the Mie-Griineisen EOS,

p(p.€) = poag f(n) + poloe, (2.4)

where f(n) = ("71()("7%("71)/2), n= p%’ po, ag, s and Iy are the constant parameters of the Mie-Griineisen

n—s(n—1))2
EOS.

2.3. The constitutive relation

Hooke’s law is used here to describe the relationship between the deviatoric stress and the strain [39, 40],

, .1V
Szz =21 <€a¢ - 3V> ) (2.5)

where p is the shear modulus, V' is the volume, and the dot means the material time derivative,

o0 90

()= ot + Uy (2.6)
and .
ou V  ou
By using Eq.(222), Eq.(E33) can be rewritten as
OSpx 054 4 Ou

2.4. The yielding condition
The Von Mises’ yielding condition is used here to describe the elastic limit. In one spatial dimension, the
von Mises’ yielding criterion is given by

2
|Saa| < §Y07 (2.9)

where Y is the yield strength of the material in simple tensions.

4
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3. The Riemann problem

The Riemann problem for 1D time dependent elastic-plastic equations is given as follows:

Oep + Oz(pu) =0,

2
|Smm| S gYO,

QL, if x < 0,

Qr, ifx >0,

where Q = (p, pu, pE, 5,2)" .

Or(pu) + &,;(pu2 +p— Sz2) =0,
at(pE) + 0y [(pE +p-— Szcac)u] =0,

4
atszm + U8at5x:c - gamu = Oa

(3.1)

Firstly, we assume that the wave structure of this Riemann problem is self-similar [20, &1].

If the material is in the plastic state, the above forth equation can be simplified. Correspondingly, sonic

velocity is different from that in the elastic state, which will be discussed in the following.

3.1. Elastic state

3.1.1. Jacobian matriz in elastic regions

For the Mie-Griineisen EOS; if the material is not yielding,
2
x| < Y )
|Saal 370

the system (B can be written as
0Q + Je(Q)a’L’Q =0,

where Q = (p, pu, pE, s,..), and the Jacobian matrix is

where I = %.

The eigenvalues of J.(Q) are given as

AM=X=u, A3=U—Ce, A =UFCe,

5
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where ¢, means the sonic speed of the solid in the elastic state,

4
Co = \/a2 - %Fosm + a

3p’
(3.3)
2o P W0F b
dp  p*0e  Con 2T
Corresponding right eigenvectors are
1 r
I —or 1 1
u Tu
= -3 1| u—ce 1| utece
T = b , T2 = b 7T3:72 7744:72 ) (34)
0 1 ) h — uce ¢ h + uce
1 0 ¢2 ¢2
where
0 :
bh=2L 1B, h=E4+P2" %
dp
and
Po dpl
¢2 = 012 — pﬁzFonx — Cg = —?;

3.1.2. Relations across the contact wave

For a system without molecular diffusion, there is no materials convecting across the contact wave or
interface, so the velocities on two sides of the discontinuity are always equal. This can also be verified by
eigenvectors in Eq.(B4) and Eq.(B35D).

Use Q7 and Q} to denote the two states connected by the contact wave in the solution, where Q =
(P, U, P, Saz)-

Thanks to Eq.(84d), based on the theory of Generalised Riemann Invariants introduced by [41, &2], for

the Ai-wave we have
dp _dpu  dpE  ds,

+ = (3.5)
m ﬁ 0 1
From above equations, we can easily deduce that
du=0, d(sze—p) =0, (3.6)
which means
uj = (3.7)
and
oy = J;R, (3.8)

where ()} and ()}; denote () in the regions of Q} and QF,, respectively. Here we do not show the details of

the derivation for a simple presentation.

6
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Similarly, for the Ao-wave one has

dp  dpu  dpE  dsy,
—T — —ul — - :
5 = 1 0

From the above equations, we can easily deduce that
du=0, dp=0, dsz; =0,

which means

From Eq.(BT2), we get that

* %
UI,L - az,R'

At last, for the A1 and Ay waves, one can find that the following two relations always hold:

For convenience, we define

where s* denotes the velocity of the contact wave.

3.1.3. Relations across rarefaction waves
Left-going rarefaction wave

Across the left wave associated with As-wave, (A3 = u — ¢.), we have

dp dlpu) _ d(pE) _ dsas

1 U—ce h—uce —4?"% '
which leads to
du = —%dp,
p
A = I Py,
P

4

dsge = — =24
3p

Using (), one can get
dFE = de + udu.

7
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(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
(3.18)

(3.19)

(3.20)



Substituting (817) and (BOR) into the above equation yields

_71 P — Szx

de = 7 dp = 2 dp.
Thanks to (24), one can get
op,  Op 2 Of
dp=—dp+ —de =a5=d Tod
D ap P+6e e %an p + polode,

Substituting (8721) into the above equation yields
of | p Po
dp = a§ ==+ 5pol'o — 5 08zz | dp.
D (a08n+p2p0 0T 2 0 P

The above equation can be rewritten as a differential equation of p(p)

P (p) - A% = f(p),

where

A= pol’o fz(P)—GO%_ 2

By integrating (B=Z) across the left rarefaction wave, the pressure can be solved out as

pe% — /fg(p)e%dp = constant.
Integrating (BTA) across the left rarefaction wave yields
Ce
u + / —dp = constant.
P

Right-going rarefaction wave

Across the right wave associated with A\j-wave, (A3 = u + ¢.), we have

@ dlpu) _ d(pE) _ dsua

1 u—i—ce_h—i—uce _A4p1r
3 p
which leads to
du:c—edp,
)
Ap = I 01y,
p
4p
dsge = —=—d
s 3 0
8
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(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)
(3.30)

(3.31)



By using the same method as the left wave, one can get

pe% — /fQ(p)e%dp = constant.

c
U — / —dp = constant.
p

3.1.4. Relations across shock waves

(3.32)

(3.33)

Now we consider a shock wave moving with the speed of s. The data in front of the shock is (p1, u1,p1, Szz1)

and that after the shock is (p2, u2, D2, Spa2)-

We transform the equations to a frame of reference moving with the shock. The Rankine-Hugoniot

conditions are given as

p2(uz — s) = p1(u1 — s),

pauz(uz — 8) = prui(uy — 8) + 02 — 01,

p2E2(U2 - S) = p1E1(u1 — 8) + ooug — o1UT .

Substituting (B=34) into (B=33) yields
p1(uz —uy)(ug — 8) =02 — 01.

From (B334), one has
(u1 — u2)p2
P2 — P1

Uy — S =

then substituting it into (BZX2) yields
—t(uz —u1)? = 09 — 01,

where t = 212
pP2—p1

By using the same methods for (8239), (B338) can be written as
t(u1 — UQ)(EQ - El) = 02U2 — O1U].

Because of E = e + %uz, we can get
01 + 02
2t

€2 —€1 =

Using the EOS of Mie-Griineisen (E4), can get

e = cop —c1.f(p/po),

9
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(3.34)
(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)



2
where ¢g = po%o and ¢; = £2. Put the above equation into (82l), we can formulate the pressure py in terms

To
of P2
2t(c1 f(p2/po) +e1) — (01 + Sza2)
QtCQ -1 '

P2 =

Thanks to (BB0), s,.2 can be written as

4 P2
Spw2 = Spz1 — —pln(—).
2 1 3# (,01)

Then, the Cauchy stress can be written as
02 = —pP2 + Szg2.

We can use (BZ39) to solve the velocity after the shock

01— 02
t

uy + 4/ ¥ Right-going.

5 — pPu2 — P1U1
P2 — pP1

up — Left-going,

U =

And the shock speed is given as

3.2. Plastic state

When the material is yielding,

2
X :7Ya
|S2a] 370

the equations of Riemann problem can be simplified as

Op + 0z (pu) = 0,
8t(pu) + 61(/)112 +p— sz) =0,

616(/0E) + 0y [(pE +p—- 5wz>u] =0,

2
Tx :7Y7
|Saal 370
Up, if x <0,
U(z,t=0) =
Ug, if z > 0,
where U = (p, pu, pE).
10
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(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)



3.2.1. Jacobian matriz in plastic regions

Motion equations of (B29) can be written as

8, U +J,(U)3,U =0,

where the Jacobian matrix is

0 1 0
J,(U)=| —u?+ 22 +1(%5 —e¢) w2 —T) r
2 2 P~ 2
Ty —e)—e—%+2+Pu+% —Tu’-24+e (1+Du

Eigenvalues of J,(Q) are given as

A =u, X=u—c¢cp, A3=1u-+cy,

where ¢, shows the sonic speed in the plastic state,

ep = Ja? = Blys,,. (3.50)
p
The corresponding right eigenvectors are
r
o 1 ! 1 !
= | _Tu || — _ , = . 3.51
T1 b T2 h— ucy U —Cp T3 Bt uc U+ cp ( )
1 h —ucp h + ucy

Comparing Eq.(B3) with Eq.(8350), we notice that the sonic speed is not continuous between the elastic
state and plastic state. As the shear modulus p is always positive, the elastic wave runs always faster than

the plastic wave.

3.2.2. Relations across the contact wave

According to the eigenvectors in Eq.(851), for the Aj-wave (A = u), we have

g _ dow) _ o) (3.52)

by by

which means that

11
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* %
Because s}, = sk 5, thanks to (233), one can get
o] =0Fg.

For convenience, we define

3.2.3. Relations across rarefaction waves
Left-going rarefaction wave

Across the left wave associated with Ag-wave, (A2 = u — ¢,), we have

dp _ d(pu) _ d(pE)

1 u—c¢ h—-ucg

Similar to Section BTT=3, we can get the relations

pe% — /fz(p)e%dp = constant.

and

U+ / cldp = constant.
p

Right-going rarefaction wave

Across the right wave associated with Az-wave, (A3 = u + ¢;,), we have

dp _ d(pu) _ d(pE)

1 utec, htuc,

Similarly, we can get

pQ% — /fQ(p)e%dp = constant.
U — / c—pdp = constant.
p

8.2.4. Relations across a shock wave

By using the same deducing process as Section BT, we can get the state after the shock wave:

Sxx2 = Szxl,

_ Qt(clf(pQ/pO) + 61) - (Ul + szQ)
QtCQ -1 ’

12
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(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)



2
1 a
where ¢y = oT0 C1 = ﬁ, 09 = —P2 + Szz2,

o1 —0
Uy — % Left-going,

uy + g Right-going.

And the shock speed is given as
_ pP2u2 — P1U1

 pe; (3.62)

3.3. A relation between p and Sy

Thanks to (28), the equations of the density and the deviatoric stress in Eq.(B) can be written as

ou 1dp
Ou _ _Ldp 3.63
ox p dt ( )
and
dsze 4 Ou
dt 3/ 0z (3.64)
Substituting (BH3) into (BHd) yields
d 4 1d
Ser _ 2,22l (3.65)

dt 3" pdt
Integrate the above equation from the data in front of a wave to the data behind the wave and perform some

simple algebraic manipulations, one can get

4
Szx + guln(p) = constant. (3.66)

Analyzing (BH0), one can find, 659;)1 < 0. So, if the material is compressed and p increases, s, will
decrease; if the material is expanded and p decreases, s, will increase. According to the compressed or
expanded process of the material, even if the initial material is in the plastic state, the material can be into

a different state. With considering of the von Mises yielding condition, all cases are shown as follows:

1. If s, = %YO, initial material reaches the elastic limit. If the material is compressed so that ppastic >
p* > p, one can get |si.| < %Yo, the compressed material jumps from the plastic state to the

elastic state. Here p and s,, mean the initial density and deviatoric stress, respectively, ppiastic =

Y 3szx
,oe(fﬁJr ap ), ()* denotes the variable () of the compressed or expanded material.

2. If s = %Yo and the material is compressed greatly so that ppiastic < p*, Shp < —%Yo, the compressed
material will jump from the positive plastic state to the negative plastic state. Here the positive or
negative plastic state means s, = %YO Or Szp = —%YO, respectively.

3. If 540 = %YO and the material is expanded, s}, > %YO, the material is still in the positive plastic state.

13
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Contact

Elastic Rarefaction Right wave

Contact Contact

Plastic Rarefaction Right wave Plastic rarefaction

Right wave

Elastic rarefactiots o
<L
.

Q.
.
N

(a) Elastic rarefaction wave (RF)

Contact

Elastic shock Right wave

o X o) X
(b) Plastic rarefaction wave (R”)  (c) Both elastic and plastic rarefaction
waves (RERF)

Contact Contact

Plastic shock

Right wave Plastic shock Right wave

Elastic shock

9 Q;
Qr Qr v RN
QL
(@] O X o) X
(d) Elastic shock wave (SF) (e) Plastic shock wave (RF) (f) Both elastic and plastic shock waves

(s¥sP)

Figure 1: The possible cases of Riemann solution structures in the left side.

CIf spr = —2Y0 and the material is expanded so that ppastic < p* < p, one can get |s* | < 2Y°, the
3 p pp p p? g T 3 9

expanded material jumps from the plastic state to the elastic state.

I sy, = —%Yo and the material is expanded greatly so that ppigstic > p*, sk, > %YO, the expanded

material will jump from the negative plastic state to the positive plastic state.

I sy, =

state.

4. Exact Riemann solver

Now we consider the constructing details of the exact Riemann solver. For the Riemann problem in

that we have studied.

4.1. The solving process

ngO and the material is compressed, s, < f%Yo, the material is still in the negative plastic

Section B, there are 6 x 6 possible cases in the Riemann solution with different wave structures. The left six
cases are shown in Fig.ll. Here we remark that we do not consider vacuum in building our exact Riemann

solver, for the reason that vacuum hardly ever appears in the elastic-plastic deformation of solid materials

From Section B, we can find that all variables can be formulated in terms of the density. So we define

functions f, and f,:

fu(pz? pj%a QL7 QR):UE(/)Z7 QL) - uE(pE7 QR)a
fcr(pza P;zv QLv QR):UZ(PE QL) - JE(pj%v QR)

(4.1)

14
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A new p}

Left case determined Right case determined

* % * * * *

PL SxxL UL PR-Sxxr ¥R
Convergence ?

NO NO

J YES

‘ Output with Q; and Q5

Figure 2: A flow chat of the Newton iteration process.

By using the relations across the contact wave in Section BT and Section BZ22, we can get

fu(pz? p}{% QL) QR)=uz(pz7 QL) - UE(ﬂEv QR) = Oa
fcr(pz» Pﬁz, QLv QR):UE(PE’ QL) - Uj%(pj%v QR) =0.

(4.2)

Obviously, this system is uniquely solvable, but we can not get the analytical solution of (22). We have to
use an iteration procedure to solve (A=2) and the solving process is shown in Fig.B. The details are introduced
in the following.

Initial:

The initial densities are given as

% L+ PR . PL + PR
_PLEPR = PLTPR (4.3)

Iterations begin:

Step 1 Determining the case of the wave structure:
Given pz(k) and p*R(k) in the k-th iteration step, we can use the method introduced in Section E=2
to determine the case of wave structure of this Riemann problem. In the procedure for solving the
Riemann problem, the subscript (k) means the variable in the k-th iteration step.

Step 2 Evaluating fy ) and fy):

After determining the structures case, we need to solve Cauchy stresses and velocities in regions Q7

15
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and QJ, and the details are given in Section E.

Step 3 Evaluating the derivatives of fy, ) and fo ().

The derivatives of f, ) and f,) are given as

O fu) Juk) = fute—1) Ofo(k) fotk) = fo(k—1)

. = — , - = — . (4.4)
8pL(R) PL(R)(k) — PL(R)(k—1) aPL(R) PL(R)(k) — PL(R)(k-1)
At the first step, we use a simple numerical difference method to evaluate
afu(l) _ fu(pZ(R)(l) + Ap) - fu(p*L(R)(l)) afu(l) _ fu(pZ(R)(l) + Ap) - fu(p*L(R)(l)) (4 5)
aP*i(ﬁc) ApL(r)(1) ’ Wi(m AprL(r)() ’
where Ap is a small quantity, here we define it as
L))
P= 100 (4.6)
Step 4 Evaluating 92(k+1) and pj;%(k-&-l):
Ofuy 0wy |
* * u u(k
PrLie+ny | _ | PLio) | _ dp% apk, Fuw) (4.7)
* * Ofcy  Ofs(r) ’
PR(k+1) PR(k) ap; ot fotw)
Step 5 Convergence test:
The iteration is convergent if
CHA < TOL, (4.8)
where . i . .
CHA = max | it ~Phgol, Vhwry =Pl (0 (4.9)

1 % * [ *
§|pL(k+1) + pL(k)‘ §|PR(1<+1) + pR(k)|

TOL = 10~

If not, go to Step 1 and continue the iteration procedure until convergent. Numerical examples show,

after 2-4 iterations, the condition (A28 ) is satisfied.

Iterations end

4.2. Determining the case of structures
Given the value of density pz( R)> We can distinguish the non-linear wave is a shock or rarefaction wave.
This is done easily by comparing pz( R) with pr(g), the subscript r(g) means in the left(right) side of the

contact wave.

a rarefaction wave: if pr(r) > pL(g),
(4.10)

a shock wave: if pr(r) < PL(R)-

16
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Table 4.1: The condition of cases classification.

5 Spx < %Yo Spx = %YO and S, > %YO other
P <P ["Casea: RE Case b: RY Case c: RFRP
“ Spx > —%YO Spr = —%Yo and §,, < —%YO other
P" =P Case d: SF Case e: ST Case f: SFST

Thanks to (BB0), the deviatoric stress can be evaluated as

. 4 P*L(R)
=——puln | ——= . 4.11
SzxL(R) 3/14 n (pL(R) + SzxL(R) ( )

According to the values of initial and evaluated deviatoric stresses in (B-I) in one side of the contact

wave, the non-linear wave in this side may be:

2

an elastic rarefaction if $2(r) < gYO,
2 2

a plastic rarefaction if sp2r(r) = gYo and 8,,1,(r) = §Y°’
2 2

an elastic rarefaction and a following plastic rarefaction if sp2r(r) < §YO and S,,1,(r) = §Y0,
2

an elastic shock if $400(r) > ngo,
. . 2 R 2

a plastic shock if $p2r(R) = —3% and S;.1(r) < 75%,
2 2

an elastic shock and a following plastic shock if sper(r) > ngO and S;.1(r) < *§Y0~

(4.12)

Combining (B10) and (ET2), we can find, in any side of the wave structures of this Riemann problem, there
are six cases showed in Table B, where capital letters “S” and “R” mean the shock and rarefaction wave,
respectively; superscript letters “E” and “P” indicate the elastic and plastic state of a wave, respectively.

Otherwise, the subscript L or R are omitted for simplification.

4.3. Fvaluating states in middle regions (QL and QR)
Cases (R¥, R”, SF and ST)
For cases (RF, RF, S¥ and ST) in Fig.l, the material is totally yielding or totally not yielding, there is

no midlle state Qrg). For expression convenience, we let

(PL(R)> UL(R), PL(R)> Szz) = (PL(R)s UL(R)> PL(R)> SzxL(R))> (4.13)

Case (RERT)
Using the methods introduced in the Section (B13), we can easily deduce the formulation of all unknown

variables after the rarefaction wave. Here we do not show the details of the deduction.
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For the case (RFRT), after the elastic rarefaction wave, the deviatoric stress achieves the elastic limit.

Thanks to (B10) and (ET32), one can easily deduce that
. 2
SzxL(R) = gYO-

By using (BB0), the density in Q L(R) 18 given as

~ . ox 7& + 351.LL(R)
PL(R) = PL(R)€XP 2% 711“ .

From (B28) and (B332), for the case (RF RF), the pressure is rearranged as

A _a __a PL(R) N
ﬁL(R) = pL(R)ePL(R) PL(R) 4 ¢ FL(R) / f2($>e§d;1;’ (414)
PL(R)
where
of  Sux(p) 4 ( )
A= r f :a277>‘ y Szx = ——uln + Spx .
polo  fa(p) = ag an e (p) = —3p P L(R)

Thanks to (824) and (B=33), for the rarefaction wave case (RF RT), the velocity is given as

PL(R)
uyp — / Mdm for the left-going rarefaction wave,
x
aL(R) _ PL (4.15)

PLR) ¢ (1
UuR + / %daz for the right-going rarefaction wave,
PR

where the sonic speed is given as

Remark 1: In (B04) and (EH), there are two integral terms. Obviously, because of the complexity of
the EOS, we can not get the exact integral values. We have to use the numerical methods to approximate the
two integral terms with high order accuracy. The approximation methods are introduced in the Appendix
A.

Case (SEST)

Using the methods introduced in the Section (814), we can easily deduce the formulation of all unknown
variables in Q L(r)- In order to shorten the length of our paper, we do not show the details of the deduction.

For the case (S¥ST), after the elastic shock wave, the deviatoric stress achieves the elastic limit. So, by

using (AM) and (E12), one can easily deduce that

. 2
SeaxL(R) = _§YO-
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From (B®R), after the elastic shock wave, the density in Q L(R) 18 given as

~ Yo 33zzL(R)
PL(R) = PL(R)eXP 2% + T )

By using (BZ3), the pressure can be solved as

_ 2Uaf(prry/po) +err) — (OL(r) + 822L(R))
PL(rR) = otco — 1 >

(4.16)

5 _
1 _ a5 _ PL(R)PL(R)

c1 = 2 and t = s——2 ==L

polo? 1 To PL(R)—PL(R)

Thanks to (828), the velocity can be written as

aL:uL_ \/ G.L;&Lv (4 17)
’ZTLR:’ZLR+Q/70-R;&R,

where ¢ =

where

OL(R) = —PL(R) T SzzL(R)- (4.18)

4.4. Evaluating states in regions Q7 and Qp

Rarefaction wave cases (R¥, RY and RFRT)

For the three rarefaction wave cases, thanks to (860) and (B48), s,, in Q} and Qj, are

4 Pl
— —pln ( ~L(R)> + S2aL(R) for case (RF),
8 Lo = 3\
zxL(R)
§YO for cases (RY and RFRF).

From (ET4), the pressure in the star region is

A X — 2 PZ(R) N
PL(r) = Prme™ ™ " +e pL(R)/ fa(z)ex dz, (4.19)
PL(R)
where
of | szx(p) 4 ( )
A= pol =al== -\ , Szz(p) = —=pln + Sy .
pofo 2o =g, =2 e P o

By Equations (BZ4) and (BZ33) the velocity in regions Q} and Q% can be written as

Pi(n)
ﬂL —/ %x)dfﬂ,
Ui (r) = p;zm) (4.20)
. c(x)
UR +/ le',

PR
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where

of  plp) Po dp B
o) \/agan + 7POF0 - ?Fosxw(p) + 3p for case (R™),
c(p
\/a%g?j; + p/()g)p I %Fosm(p) for cases (RY and RFR").

Remark 2: Just like Remark 1, we have to use numerical integral methods introduced in the Appendix
A to evaluate the integral terms in (E19) and (2220).
Shock wave cases (S¥, SP and SFSP)

For shock wave cases, the deviatoric stresses in Q} and QF are given as

4
— —pln ( _ p ) + S22 L(R); for case (S¥),
ng(p) _ 3 PL(R)
2
— gYO, for cases ( ST and S¥ST).

(BZ3) gives direct expression for the the pressure in the star region as

) 2t (clf(p’z(R)/Po) + 5L<R)) - (5L<R) + sm(pzm)))
PL(R) = oo — 1 ’

2 * ~

w = PL(R)P
herec@*p(}ipovclf% andt:%_
L(R) PL(R)

Thanks to (828), the velocities in QJ, and QF; are

&L — UE(R)
Uy, — — for the left-going shock wave,
UL(R) ——
OR — 0O
uR + %(R) for the right-going shock wave,
where UZ(R) = —p’i(R) + s;zL(R).

5. Half Riemann problem and its solver

Sometimes we need to analyse a half Riemann problem with a given velocity or Cauchy stress. Shown
in FigB, in these cases, we only need to solve states in one side. There are six possible cases which are
introduced in Section B. Here we will use the example shown in Fig.B to show how to solve the half Riemann
problem.

As we know the velocity u* or the Cauchy stress o* on one side, for example , the left side, there is only

one equation need to be solved:

f(p*v QR) = U(P*a QR) - U* = 07 (5]‘)
or
f(p*,Qr) = o(p*,Qr) — 0" = 0. (5.2)
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Right wave

With a fixed u* or ¢*

Qx Qr

>
O X
Figure 3: Half Riemann problem with a given left velocity or Cauchy stress.

Similar to the process in Section (EI), we have to use an iteration procedure to solve (6) or (52) and the
solving process is list in the following.
Initial:

The initial density is given as

Iterations begin:

Step 1 Determine the case of the wave structures:

Given the value of p’(kk) in the k-th iteration step, use the methods introduced in Section EZ to
determine the case of wave structure of this Riemann problem. Here the subscript (k) means the

variable in the k-th iteration step.

Step 2 Elevate f(p*, Qr):

After determining the structure case, evaluate the velocity ( or the Cauchy stress) in the region Q*

and the details are given in Section B

Step 3 Evaluate the derivative of f(p*, Qg):

The derivative of f is given by

Oy _ fooy = Fi-y)
0" Pl ~ Plr-1)

, for k>1

At the first step,
Ofay _ flp" +Ap) — f(p*)

Op* Ap ’

P

where Ap is a small quantity, here we set Ap = 55

Step 4 Evaluate p’(“kH):
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A new density can be updated by

. . fk
Plk+1) = Pk) — f/ a(p)'

Step 5 Convergence test:

The iteration is convergent if

CHA < TOL,

where

p* _ *
Jg%iﬂggf%?t , TOL=10"%
§|P(k+1) + P(k)|

CHA:maX[ S f]

after 2-4 iterations, the condition (B3) is satisfied.

Iterations end.

6. Numerical tests

If not, go to Step 1 and continue the iteration procedure until convergent. Numerical examples show,

In this section, we will solve different elastic-plastic Riemann problems with several different wave struc-

tures in the Riemann solutions. In order to verify the correctness of our exact Riemann solver, we use a

third-order numerical scheme for 1D elastic-plastic flows to evaluate these Riemann problems and compare

numerical results with our exact solution. Before considering elastic-plastic Riemann problems, a two-phase

impact benchmark problem [43, 0, g4] is firstly taken in to test the correctness of the numerical method [Z4].

6.1. Two-phase impact benchmark problem

At the beginning of this problem, there is a right-moving copper with the speed u; = 1500m/s interacting

with a solid explosive at the rest on the right of the plate under the uniform atmospheric condition which

has pressure py = 10°Pa and temperature Ty = 300K throughout the domain. Cochran-Chan equation of

state which is in the form of Mie-Griineisen form [[] is used but derivative stress is not considered in this

problem. The Cochran-Chan EOS is

where

p(p,e) = pret(p) + T'(p)[e — eret(p)]-

- C, Ty

ﬂl @ l—e2 B
(- <2) [(,,) '
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For the copper and solid explosive, the parameters are given as

(po, B1, B2, €1,€2, L0, Cu)copper = (8900kg/nf137 145.67GPa, 147.75GPa, 2.99,1.99, 2, 393J /kg - K)

(p0, B1, B2, €1, €2, Lo, Co ) Explosive = (1840kg/m?, 12.87GPa, 13.42GPa, 4.1,3.1,0.93, 1087J /kg - K)

In this problem, the yielding strength is set to zero and the 3rd-order cell-centered Lagrangian scheme
[75] is used. We solve this problem with 200 grids and CFL number is set as 0.5. The final time is ¢ = 85us.
Results of density and velocity shown in Fig.@ are compared the exact solution and numerical solution in

[16]. This comparison verifies the correctness of our numerical scheme.

. o Eulerian
, o Lagrangian 1500 A Lagrangian
| f Exact | Exact

8000

>0

1000 -

6000 [~

Density
Velocity

o

=3

S
T

4000

T

2000—”‘|H‘|H‘|H‘|HL_.| ol v vy

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
X X

Figure 4: Numerical results for the two-phase impact benchmark [23, @, @4].(The ” Eulerian” and the ” Exact” results are extracted
from [g4] and the ”Lagrangian” result are computed by the method in [25])

6.2. FElastic-plastic Riemann problems

By choosing different initial conditions, different Riemann problems are tested in following with several
different wave structures in the solutions. Two materials, copper and aluminum are considered with the pa-
rameters (po, ag, Lo, 8, i) copper = (8930kg/m?,3940m /s, 2,1.49,2.76,2.76 x 10'°Pa) and (po, ag, o, s, 1) a1 =
(2785kg/m3, 5328m /s, 2, 1.338,4.5 x 10'°Pa), respectively. The yielding strengths of the two materials are
Yoa1 = 3 % 108Pa and Yo,copper = 9 X 107Pa, respectively. The computational domain is setted as [0, 1m)
with 800 cell points and the initial interface is located at 0.5m, the terminal time is ¢ = 5x 10™%s. Otherwise,
in the initial condition, ”I.” and "R” mean x < 0.5m and = > 0.5m, respectively.

Test 1

In this case, the material is yielding at both sides, so there are three waves with two plastic shock waves

and one contact. The initial condition is

L: Al, p=2785kg/m3 —w=20m/s, p=10Pa, s,, =—2.0x 10°Pa,

R: Al, p=2785kg/m® wu=0m/s, p=10Pa, s, =—2.0x10%Pa,
It can be seen that the exact solution matches the numerical results very well in Fig.A.
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Figure 5: Comparison for Test 1 with the structure of ST|ST.
Test 2

Here we consider a case with yielding process at both sides, so there are five waves in the wave structure

of this Riemann problem. The initial condition is

L: Al, p=2785kg/m> wu=800m/s, p=1.0Pa, 5., =0.0Pa, (©2)
6.2
R: Al, p=2785kg/m> ~wu=0m/s, p=1.0Pa, s,, =0.0Pa,

Shown in Fig.B, the exact solution matches the numerical results well generally, except the under-cooling
effect performed in the numerical results, but it is not considered in the designing of the exact Riemann
solver.

Test 3

In this example, we test the case with two elastic rarefaction waves. In the wave structure there is one

elastic rarefaction wave on each side of the contact wave. The initial condition is given as

L: Al, p=2785kg/m> wu=—-20m/s, p=10"Pa, s, =0.0Pa, (63)
6.3
R: Al, p=2785kg/m* w=20m/s, p=1.0x 10"Pa, Suz = 0.0Pa,

We can see that the results of the exact solution match the numerical results very well.
Test 4

In this test we test the example with both elastic and plastic rarefaction waves on both sides of contact
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Figure 6: Comparison for Test 2 with the structure of SEST|STSE,

wave. The initial condition is

L: Al, p=2785kg/m® ~w=—40m/s, p=1.0x10"Pa, s,, = 0.0Pa,

(6.4)
R: Al, p=2785kg/m> —wu=40m/s, p=1.0x10"Pa, s,, = 0.0Pa.
Results are shown in Fig.B, the results of the exact solver match the numerical results very well.
Test 5
The initial condition of this Riemann problem is
L: Al, p=2785kg/m*®, —wu=—200m/s, p=10Pa, s,, =—2.0°Pa, (65)
6.5
R: Al, p=2785kg/m> w=0m/s, p=1.0Pa, s,, =—2.0%Pa.
Obviously, at the beginning, the material is in the negative plastic state (i.e. sy.r(r) = —%Yo). According to

the analysis introduced in Section B33, after an expanding process the material will turn back into an elastic
state and will yield again into a positive plastic state. Our exact solution in Fig.H are consistent with the
analysis in Section 3.3. Of course, our exact solution matches the numerical solutions very well.

In this case, we also compared the results given with different orders of the Gaussian quadrature method
in Fig.[, from which we can see that there is nearly no difference between the results, so the Riemann solver
is not sensitive to the accuracy of the Gaussian quadrature method.

Test 6
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Figure 7: Comparison results for Test 3 with the wave structures of R¥|RE.
The initial condition of this Riemann problem is

L: Al, p=2785kg/m> —w=200m/s, p=1.0Pa, s,, =2.0°Pa, (66)
6.6
R: Al, p=2785kg/m> ~w=0m/s, p=1.0Pa, s,, =2.0%Pa.

Different from Test 5, at the beginning, the material is in the positive plastic state (i.e. sy.r(r) = %YO).
According to the analysis introduced in Section B33, after an compressing process the material will turn back
into an elastic state and will yield again into a negative plastic state. We can get the exact solutions which
match the numerical solutions very well in Fig.[Cl.

Test 7

All the above five tests have symmetrical wave structures. Here we will test an example with different
structures on two sides: one plastic shock on the left side and both the elastic shock and plastic shock on the

right side of one contact wave. The initial condition is given as

L: Al, p=2785kg/m*®, ~wu=40m/s, p=1.0x 10°Pa, s,, = —2.0 x 10°Pa, 67)
6.7
R: Al, p=2785kg/m>® ~wu=—40m/s, p=1.0x 10*Pa, s,, = 0.0Pa.

The solutions of this test are shown in Fig.IA. From this figure, we can find the exact solutions match
numerical solutions very well.

Test 8
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Figure 8: Comparison for Test 4 with the wave structure of R RT|RP RE.

In this test, we consider an example with zero initial velocities on both sides, driving by the gradient of
the pressure, there are rarefaction waves produced into the higher pressure side and shock waves generated

into the lower pressure side. The initial condition is given as

L: Al, p=2785kg/m> w=0.0m/s, p=1.0x10""Pa, s,, =0.0Pa, ©38)
6.8
R: Al, p=2785kg/m>, wu=00m/s, p=10x10°Pa, s,, = 0.0Pa.

Shown in Fig.@, we can see there are two shocks in the right side and two rarefaction waves on the left side.
Test 9

Now we will consider two multi-material tests with different materials on both sides. In this test, on the
left side, the lighter material of aluminum impacts the heavier material of Copper. The initial condition is

given as
L: Al, p=2785kg/m® w=40m/s, p=0.1Pa, s;, = 0.0Pa, 6o
R: Copper, p=8930kg/m* —wu=0.0m/s, p=0.1Pa, s,, = 0.0Pa. (09
Shown in the Fig.[A, there is a large jump of density at the material interface and both the elastic shock and
the plastic shock exist in each side of the interface. Comparing with the numerical results of the scheme with
MHLLCEP approximate solver, we can find that our exact Riemann solver can solve the Riemann problem

with multi-materials very well.

Test 10

27

This article is protected by copyright. All rights reserved.



0”@  Numerical
— Exact

50k

2780 |

2770

o —
5
-100 |
2 2760} =
b 3>
Q
2750 F 150
2740 |[ @ Numerical
— Exact 200k
0.00 025 0.50 075 1.00 0.00 025 0.50 0.75 1.00
SXX X
of ————e— — 2x100 | ®  Numerical
—— Exact
-2.0x10° |
1x10°
-4.0x10°
= ©
o s |
e; 6.0x 10 E_/ ok
2
-8.0x10° -
1x10°
1.0x10°
12x100Hf @ Numerical 1
m— Exact n - ’ X -2x10° | _‘A X X X b‘_
0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
X X

Figure 9: Comparison results for Test 5 with the structure of R¥ RT|RF RE.

Here we test another multi-materials case. In this test the initial condition is given as

L: Copper, p=8930kg/m® —u=0.0m/s, p=1.0x10""Pa, s,, = 0.0Pa, ( )
6.10
R: Al, p=2785kg/m> ~w=0m/s, p=10.0Pa, s,, = 0.0Pa.

Shown in Fig.H, there are two rarefaction waves on the left side and two shocks on the right side. Moreover,
we can find that there is the discontinuity of pressure on the interface, and the Cauchy stress is continuous,
which satisfies the theoretical analysis.

Test 11

This test is the half Riemann problem with a given velocity u* = —20m/s on the left, and the right initial
condition is

Copper, p=8930kg/m®, u=0.0m/s, p=0.1Pa, s,, =0.0Pa. (6.11)

In Fig.@, comparison results are given by the exact half Riemann solver and the numerical method. We can
see that the exact solver can resolve both the elastic shock and the plastic shock wave very well.

Test 12

The second half Riemann case is with a given Cauchy stress ¢* = 0Pa on the left, and the right initial
condition is

Copper, p=8930kg/m>®, wu=0.0m/s, p=10x10°Pa, s,, = 0.0Pa. (6.12)

In FigA, we give the results computed by the exact Riemann solver and the numerical simulation. From
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Figure 10: Comparison results for Test 5 with different orders of the Gaussian quadrature method.

this figure one can see, the exact solver can resolve the elastic and plastic rarefaction waves well.

7. Conclusions

In this paper, we have analyzed the Riemann problem in detailed for one-dimensional multi-material
elastic-plastic flows with the Mie-Griineisen EOS, hypo-elastic constitutive model and the von Mises’ yielding

condition and found

1. The sonic speed periods a significant jump when the material is yielding.

[\

. the plastic wave is always faster than the elastic wave for the reason of the sonic speed jump.
3. There are only thirty-six possible cases of the wave structure in the Riemann problem.
4. All the variables after the non-linear waves can be written as functions of the density theoretically.

5. If the initial material is in the negative plastic state, after being expanded, the material may be into

the elastic state or the positive plastic state and vice versa.

Then, based on the above analysis, we have constructed exact Riemann solvers for both the Riemann problem
and the half Riemann problem, separately.

Because of the iteration process, the CPU cost of the exact Riemann solver is of course more expensive than
approximate ones. However, the main purpose of the exact Riemann solver is used to study the structures
of the Riemann problem itself and give reference results to construct high performance approximate solvers.
Tested by a large number of examples, the exact Riemann solver is reasonable and its solutions are matching

well with the numerical results for both single material problems and multi-material Riemann problems.
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A. Numerical integration for the rarefaction wave

There are two integrations in functions p(p) and u(p) in the rarefaction wave, for example, in the equations
(E132) and (21H). In this paper, we use a seventh-order (with 4 integrating points) Gaussian quadrature to

make numerical integrations. For a function g(x), the Gaussian integration from —1 to 1 is given as

/ g(z)dz ~ Zwig(xi)v
-1 i=1

w; is the weight, and z; is the integrating point, n is the number of the Gaussian quadrature points. Here

n = 4. For the 7th-order Gaussian quadrature, integrating points and corresponding weights are

36

T3, Tqg =+t 3+2\/€ ws, W 718_\/%
3, 4 — 7 7 5 3 4 36 .

For the function g(z) over [po, p|, this change of interval can be done in the following way:

P _ 1 _
/ g(z)dz = L po/ g(ﬂ P0x+po+0> da.
. 2 )0\ 2 2

3 2 /6 18 4+ /30
T, Ty ==* zT7\VE wy, W= ———— 1,
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At last, we can get

P n
p—p p—p po+p
/g(x)dw% 5 OE wig( 5 02 + 02 ) (A1)
PO

i=1
A.1. Integrating of p(p)

Taking Equation (E14) as an example,

A A
p(p) ~ PL(r)e 7 + e_%Intgl7 (A.2)
where .
P~ PL(R )
Intg, = T() sz‘fﬂl)i)e/\/m,
n=1
and pi = P*PQL(R) T + PL(I;)‘FP.

Obviously, we can use (B2) to evaluate all the values of p(p;) on all Gaussian quadrature points.

A.2. Integrating of u(p)
Taking Equation (EI3) as an example, if the wave is on the left side

u(p) = ur, - / eel®) g,

X

The numerical integration of u(p) is given as
u(p) =~ ur, — Intg,y (A.3)

where

4
P — PL(R) Ce (pl)

Intgy = ———= w;——,

? 2 Z pi

n=1

Different from (B=2), the sonic speed c.(p;) is dependent on p(p;):

of ( pi p(pi 4
ce(pi) = \/agan (’p’o> + ;’; ) poy %Fosmm(pi) + §§' (A.4)

After finishing the evaluation of p(p;), we can evaluate c.(p;) by using the same process as (BA3).

37

This article is protected by copyright. All rights reserved.



	Introduction
	Governing equations
	Motion equations
	The equation of state (EOS)
	The constitutive relation
	The yielding condition

	The Riemann problem
	Elastic state
	Jacobian matrix in elastic regions
	Relations across the contact wave
	Relations across rarefaction waves
	Relations across shock waves

	Plastic state
	Jacobian matrix in plastic regions
	Relations across the contact wave
	Relations across rarefaction waves
	Relations across a shock wave

	A relation between  and sxx 

	Exact Riemann solver
	The solving process
	Determining the case of structures
	Evaluating states in middle regions (L and R) 
	Evaluating states in regions QL* and QR*

	Half Riemann problem and its solver
	Numerical tests
	Two-phase impact benchmark problem
	Elastic-plastic Riemann problems

	Conclusions
	Numerical blue integration for the rarefaction wave
	Integrating of p()
	Integrating of u()

	Introduction
	Governing equations
	Motion equations
	The equation of state (EOS)
	The constitutive relation
	The yielding condition

	The Riemann problem
	Elastic state
	Jacobian matrix in elastic regions
	Relations across the contact wave
	Relations across rarefaction waves
	Relations across shock waves

	Plastic state
	Jacobian matrix in plastic regions
	Relations across the contact wave
	Relations across rarefaction waves
	Relations across a shock wave

	A relation between  and sxx 

	Exact Riemann solver
	The solving process
	Determining the case of structures
	Evaluating states in middle regions (L and R) 
	Evaluating states in regions QL* and QR*

	Half Riemann problem and its solver
	Numerical tests
	Two-phase impact benchmark problem
	Elastic-plastic Riemann problems

	Conclusions
	Numerical blue integration for the rarefaction wave
	Integrating of p()
	Integrating of u()




