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Abstract

The main subjects of this dissertation are indices of the N' = 4 SU(N) Super-Yang-
Mills (SYM) theory, namely the topologically twisted index and the superconformal index.
These indices have received a lot of attention since they provide microscopic understanding
of AdSs black strings and black holes respectively through the AdS/CFT correspondence.
In this dissertation, we focus on the field theory side and investigate these indices with a
goal of improving the current microscopic understanding of AdSs; black strings and black
holes. As a result, we unveil interesting physics of the 4d indices such as modular properties
and a relation to the S partition function of effective Chern-Simons theory, and also make
suggestions in the gravity side based on the structure of indices through the AdS/CFT
correspondence.

First, we study the topologically twisted index of the N' = 4 SU(N) SYM theory on
T? x S?. We introduce the Bethe Ansatz (BA) formula that gives the twisted index as a sum
over solutions to the Bethe Ansatz Equations (BAE) and categorize various solutions into two
groups: standard ones that compose the SL(2,Z) family and non-standard ones that denote
all the other BAE solutions including continuous families. Focusing on the contribution from
standard BAE solutions, we confirm that it behaves as an elliptic genus with certain modular
properties and further investigate its asymptotic behaviors in the Cardy-like limit. Lastly,
we review how the twisted index counts the microstates associated with the dual AdSs black
string entropy in the Cardy-like limit, and discuss missing steps that should be taken care
of to validate the microstate counting.

Next, we study the superconformal index of the N =4 SU(N) SYM theory. We compute
the superconformal index first by saddle point evaluation and then by the BA formula. In
due process, we establish a direct relation between the 4d superconformal index and the
S3 partition function of Chern-Simons theory. Then we investigate the phase structure of
the superconformal index in the large-N after the Cardy-like limit, which contains partially-

deconfined phases distinguished from the previously well-known fully-deconfined /confined

vil



phases. Finally, we discuss implications of a partially-deconfined phase, based on the count-
ing of microstates associated with the dual AdSs black hole entropy by the superconformal

index.
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Chapter 1

Introduction

1.1 Microscopic understanding of black hole thermo-
dynamics

During the last few decades, quantum field theory (QFT') has been one of the most successful
frameworks through which we understand our nature. It is a theoretical foundation of the
Standard Model that decribes various quarks, leptons and their interactions consistently.
Beyond theoretical consistency, its validity has also been strongly supported by numerous
experiments.

QFT does not fully account for our nature, however, particularly when the longest known
fundamental interaction of particles — gravity — comes into the picture. We may try to
quantize gravity following a systematic formulation of perturbative quantum field theories
that have successfully described other types of fundamental interactions such as strong, weak,
and electromagnetic forces. Non-renormalizability of gravity, however, does not allow for a
verifiable quantum field theory of gravity.

In typical laboratory conditions, we can circumvent the issue of lack of a consistent
quantum theory of gravity by treating gravity classically. This is allowed since gravity
is fairly suppressed compared to the other fundamental interactions. The aforementioned
success of QFT and the Standard Model is also valid in this weak gravity regime. This
limitation of QFT still implies, however, that QFT is not enough to describe our nature
completely.

String theory has received a lot of attention since it provides a possible explanation of
the quantum nature of gravity. Furthermore, due to its theoretical sophistication, string
theory has been considered as one of the leading candidates for a consistent quantum theory

of gravity so far. It is still unclear, however, if the theoretical validity of string theory as a



quantum theory of gravity can be supported by experiments.

This situation has motivated research on black holes. First of all, a black hole is a
perfect background to test if a given candidate is a valid quantum theory of gravity since
conventional QFT does not work around black holes due to strong gravity; we need a quan-
tum description of gravity to address quantum properties of black holes. If string theory
successfully describes such properties, it could provide solid evidence for accepting string
theory as a quantum theory of gravity. Furthermore, black holes are not just made out of
our theoretical imagination, but are actual celestial objects that have been observed in our
real world. This opens up a possibility that quantum theoretical explanation for black hole
physics based on string theory could be tested by experiments in the future. Hence both
theoretical and experimental understanding of black holes hold the key towards establishing
a consistent quantum theory of gravity.

In this context, black hole thermodynamics has received particular interest among other
properties of black holes. The microscopic origin of thermodynamic quantities of black
holes, in particular, requires a quantum theoretical explanation and therefore becomes an
important subject of a quantum theory of gravity. To be specific, since Bekenstein and

Hawking introduced the macroscopic entropy of a black hole [11, 64] as

A

Spi = e (1.1)

in terms of the horizon area A and the Newton’s constant G, the quantum origin of mi-
crostates associated with the black hole entropy (1.1) has been considered one of the most
important questions in high energy theory.

For a certain class of supersymmetric (or BPS from Bogomolny-Prasad-Sommerfield)
black holes in asymptotically flat backgrounds, Strominger and Vafa successfully resolved
this problem by reproducing the black hole entropy as the logarithm of the number of BPS
states in string theory [107]. To be specific, they have focused on asymptotically flat %L—BPS
black holes in 5d N = 4 supergravity which arising in the low energy regime of type 1B
string theory compactified on K3 x S'. The number of corresponding BPS states was then
counted by investigating the relevant D-brane world volume theory in the small K3 limit.
The logarithm of this number of BPS states was then matched with the black hole entropy.
Applying the same technique to slightly different near-BPS black holes was also successful
[33].

Even though the first successes of black hole microstate counting were made in asymp-
totically flat backgrounds, more systematic understanding of the microscopic origin of black

hole entropy has been initiated in asymptotically Anti-de Sitter (AdS) backgrounds through



the AdS/CFT correspondence. The AdS/CFT correspondence, which was first suggested
by Maldacena in [86], tells us that a gravity theory in AdS is dual to a non-gravitational
conformal field theory (CFT) on the conformal boundary of AdS. According to this duality,
an asymptotically AdS solution of a gravity theory corresponds to an ensemble of quantum
states of the dual CFT. Applying this relation to asymptotically AdS black hole solutions
(AdS black holes), we can provide a quantum theoretical explanation of microstates associ-
ated with the AdS black hole entropy. Based on this idea, Strominger successfully accounted
for the entropy of AdS; black holes [106].

However, generalization to higher dimensional AdS black holes seemed non-trivial. In
[106], the authors computed the entropy of a 3-dimensional Banados-Teitelboim-Zanelli
(BTZ) black hole [9] with locally AdS3 near horizon geometry in terms of the central charge
of a dual CFT5 using the Brown-Henneaux central charge relation [26]. The resulting entropy
was then matched with the logarithm of the number of dual quantum states computed by
the Cardy formula [34]. Compared to this AdS; black hole case equipped with the Brown-
Henneaux central charge relation and the Cardy formula, there is no apparent tool that we
can use to count the number of quantum states dual to AdS,.; black holes with d > 3.
Hence AdS black hole microstate counting in higher dimensions had remained as an open
question for a while.

While microscopic understanding of AdS;,1 (d > 3) black holes has remained unresolved,
there have been important developments in supersymmetry. First, the idea of supersymmet-
ric localization introduced in [97] has allowed for exact calculation of important physical
quantities of various supersymmetric field theories such as partition functions and Witten
indices. Based on this achievement, it is now possible to compute various exact quantities
of superconformal field theories (SCFT) even in the strong coupling limit and to compare
the results with their holographic duals in the supergravity limit through the AdS/CFT
correspondence. Meanwhile, rigid supersymmetry has allowed for systematic construction
of supersymmetric field theories on curved manifolds [53]. It has been done by fixing the
metric to a curved background in the corresponding supergravity theory with appropriate
topological twists to keep supersymmetry. Combining these two achievements, numerous
exact results for supersymmetric field theories on various backgrounds have been obtained
in the literature.

Based on these recent developments in supersymmetry, the microscopic origin of higher
dimensional AdS black holes has been recently addressed for a supersymmetric magnetic
AdS, black hole in 4d N/ = 2 gauged supergravity coupled to vector multiplets [16]. First,
the authors computed the partition function of 3d Aharony-Bergman-Jafferis-Maldacena

(ABJM) theory [2] on 5% x ST with topological twist over 52 as a function of magnetic charges



and chemical potentials associated with flavor symmetries. It is called the topologically
twisted index [21]'. The logarithm of the twisted index was then successfully matched with
the AdS, black hole entropy upon extremization with respect to chemical potentials, which
was dubbed as I-extremization [16]. Since then, numerous following works have been done in
similar directions and have improved our microscopic understanding of AdS,;;1 (d > 3) black
holes. For other examples in AdS,/CFTj, refer to the following references: generalization to
dyonic cases [17]; indices on general 3-dimensional manifolds [29, 22, 39, 41, 40, 42]; AdS
black holes and their near-horizon geometries uplifted to 11-dimensional supergravity along
with 7-dimensional Sasaki-Einstein internal manifolds and their dual indices [75, 72, 44,
56, 57, 76, 68]; AdSs black holes uplifted to Type ITA supergravity and their dual indices
[18, 70]; a universal behavior of various examples [8]. Also refer to [74, 54, 108, 109, 46, 45]
for examples in AdSg/CFTs5.

In this dissertation, we are particularly interested in microscopic understanding of super-
symmetric, magnetically charged AdSs black strings and supersymmetric, rotating, electri-
cally charged AdSs black holes in 5d N' = 2 gauged supergravity. Since these AdSs black
strings and black holes are dual to the corresponding ensembles of BPS states of the N' = 4
SU(N) Super-Yang-Mills (SYM) theory, the main subjects would be appropriate indices
that count such BPS states. They are the topologically twisted index [43, 21, 66, 40] and the
superconformal index [83, 101, 40] of the N =4 SU(N) SYM theory associated with AdSs
black strings and black holes respectively. Compared to the topologically twisted index of
ABJM theory on S? x S!, these 4d indices have richer structures such as modular properties
and interesting physics related to lower-dimensional effective theories. On the other hand,
compared to 5d indices of various SCFTs, we have more control of 4d indices and therefore
may investigate their physics more precisely. These features partially explain our partic-
ular interest in the microstate counting in AdS;/CFT, among other examples in different
dimensions.

Hence, in this dissertation, we explore the aforementioned indices of the N = 4 SU(N)
SYM theory in the context of microstate counting of dual AdSs black string/hole entropy.

This work is based on

e Ref. [67]: Junho Hong, James T. Liu, The topologically twisted index of N' = 4 super
Yang-Mills on T?x S? and the elliptic genus, JHEP 07 (2018) 018, [arXiv:1804.04592],

e Ref. [5]: Arash Arabi Ardehali, Junho Hong, James T. Liu, Asymptotic growth
of the 4d N' = 4 index and partially deconfined phases, JHEP 07 (2020) 073,

!The topologically twisted index of N = 2 supersymmetric gauge theories was in fact studied in [96] first
based on the Bethe/gauge correspondence [93, 94, 95]. The authors of [21] used supersymmetric localization
instead.



[arXiv:1912.04169],

e Ref. [58]: Alfredo Gonzalez Lezcano, Junho Hong, James T. Liu, Leopoldo A. Pando
Zayas, Sub-leading Structures in Superconformal Indices: Subdominant Saddles and
Logarithmic Contributions, JHEP 01 (2021) 001, [arXiv:2007.12604].

Before providing details of these indices, however, first we review recent developments in
supersymmetry that have formed a foundation of this line of research in section 1.2 and the
N = 2 gauged supergravity theory that contains AdSs black strings and black holes of our

interest in section 1.3. In section 1.4, we summarize the main part of this dissertation.

1.2 Developments in supersymmetry

As briefly mentioned in the previous section 1.1, recent progress in the exact calculation
of indices of various superconformal field theories are due in large part to two main devel-
opments in supersymmetry: rigid supersymmetry and supersymmetric localization. In this

section we review these techniques schematically.

1.2.1 Supersymmetric field theory on a curved space

Supersymmetry is a very powerful tool which allows us to have more control of a given field
theory. For example, based on supersymmetry, we can explore protected physical quantities
such as the Witten index that gives information about ground states of the theory. In the
dual gravity side, we can find numerous solutions of supergravity theories with the help
of supersymmetry that reduces the 2nd order equations of motion to the 1st order BPS
equations.

Hence it is natural to ask if we can construct supersymmetric field theories in general
backgrounds beyond Minkowski space. This question has been answered by various works
in different backgrounds. For example, the N' = 4 SYM theory was constructed on S* in
(97, 98], and [79, 80, 81] studied the partition function of some N = 2 theories on S%. A
systematic construction of supersymmetric field theories on curved backgrounds was then
established in [53, 52]. Here we review this systematic procedure schematically.

First, based on a given supersymmetric field theory, one introduces a supergravity mul-
tiplet that contains metric g,, and auxiliary fields. Along with the original supermultiplets
including chiral/vector multiplets, this gives a off-shell supergravity. If necessary, we may
also add background vector multiplets. The next step is to fix the metric to a curved space

where we want to construct a given supersymmetric field theory. Other auxiliary fields within



the supergravity multiplets should also be frozen under supersymmetry transformation since
we want a supersymmetric field theory on a curved background, and not a supergravity

theory. In short, we impose
Osusy Juv = Osusy (auxiliary fields) = 0. (1.2)

To satisfy the condition (1.2), we need to turn off a gravitino field W¥,, which necessarily

means

Sausy W = (Vo 4+ )C = 0. (1.3)

These constraints are called the Killing spinor equations. For some degree of supersymmetry
to survive, the Killing spinor equations (1.3) must allow for a non-trivial Killing spinor ¢,
which imposes certain constraints on fixed values of auxiliary fields hidden in “---” of (1.3).
In a flat space, the Killing spinor equations (1.3) would be automatically satisfied with zero
auxiliary fields and a constant Killing spinor (. In a curved space, however, they typically
assign particular values to auxiliary fields for the theory to remain supersymmetric.

For concreteness, we repeat the above procedure in a specific example of interest, namely
the construction of N' = 1 theory on T2 x S? following [52, 66]. We start with N' = 1

chiral/vector multiplets:
chiral multiplet: (¢,, F), vector multiplet: (A,, A, D). (1.4)

These superfields make up A = 1 theories. To define the theory on T? x S2, one introduces

a new minimal off-shell supergravity multiplet [104, 103]
supergravity multiplet : (g,., V,, A, Buw), (1.5)

with auxiliary fields A, and B,,. Then, following the logic introduced above, one must

impose the Killing spinor equations

Osusy ¥, = —2(V,, —itA,)¢ — 24V, — 2iV,¢( — 2iV"0,,( =0, (1.6)

Osusy Uy = —2(V,, +1A,)¢ — 21V, + 2iV,( + 2iV"5,,( = 0,
with non-trivial Killing spinors (¢, ), for the A” = 1 theory to remain supersymmetric on
T? x S?. Here V), is defined in terms of the field strength of By, as V¥ = 1e#7*9,B,,. Since
V, = 0, on aflat space, it is obvious that the Killing spinor equations (1.6) allow for constant
Killing spinors (¢, ¢ ) with zero auxiliary fields. On a curved space where V,, = 0,, + iwzb%b,

however, one must investigate the Killing spinor equations (1.6) to figure out particular



values of auxiliary fields A,, V,, that allow for non-trivial Killing spinors ((, ¢ ). On T?% x S?

whose metric is given explicitly as

9 \?2
ds* = dwdw + <1 ) dzdz, (1.7)

+ 2z

the auxiliary fields that allow for non-trivial Killing spinors ((, ¢) are determined as

1 zdz — zdZ
A= 227 27 y_y. 1.8
2 142z (18)
The non-trivial Killing spinors that satisfy the Killing spinor equations (1.6) along with

auxiliary fields (1.8) are then given as

0 ~ 1
0 )

up to multiplicative constants. Note that the background A field in (1.8) gives a non-trivial
magnetic flux on S2, which is called a topological twist on S2. This is a quite general feature
of supersymmetric field theories on curved backgrounds, and we call them topologically
twisted theories. The topologically twisted index of A' =4 SU(N) SYM theory on T? x S?,
which is of our interest in chapter 2, is basically the partition function of the topologcially
twisted N = 4 SU(N) SYM theory on T? x S? with a topological twist on S?. In this
example, there are additional background gauge fields associated with flavor symmetries so
the fixed values of auxiliary fields would be more involved than (1.8). However, they are
determined by the same logic we have reviewed above; refer to [66] for more details about
the topologcially twisted A =4 SU(N) SYM theory on T? x S2. In chapter 2, we focus on

the calculation of the topologically twisted index.

1.2.2 Supersymmetric localization

The AdS/CFT correspondence [86] was first introduced as a strong-weak duality, which
connects string theories on AdS backgrounds in the small curvature limit (the radius of
curvature is much larger than the string length) and conformal field theories in the large
‘t-Hooft coupling limit. It had not been easy to test this duality explicitly, however, since
the large ’t-Hooft coupling limit does not allow for a perturbative calculation in the field
theory side.

Supersymmetric localization, which was first introduced in [97], provides a way to over-

come this issue for certain supersymmetric conformal field theories (SCFT). It allows for



exact calculation of various physical quantities of SCFTs regardless of the size of the t-
Hooft coupling, so we can compare field theory results with gravity results in the small
curvature limit (or equivalently in the supergravity limit). Here we review the mechanism
of supersymmetric localization schematically.

Interesting physical quantities of SCF'Ts such as partition functions and supersymmetric

indices can be written as a path integral as

2= [ Do expl-Slol. (1.10)

where ¢ denotes a set of fields in a given SCFT and S|[¢] is the action. By assumption, the
action is invariant under a supersymmetry transformation @ as QS[¢] = 0.

Now we introduce a potential V[¢] that satisfies Q?*V[¢] = 0 and a deformed quantity
Z(t) as

2() = [ Do expl-S[6) +1QV0]. (1.11)
Note that the physical quantity of interest (1.10) is equivalent to Z = Z(0). In fact, provided

the path integration measure D¢ is invariant under a supersymmetry transformation @), we

can conclude Z = Z(t) for an arbitrary value of ¢ since

7'(t) = / Do (QVI[3]) exp[—S[4] + tQV[d]] = / Do Q(expl—S[6] +tQV[4]) = 0. (1.12)

In the 2nd equation we have used QS[¢] = Q*V[¢] = 0 and in the 3rd equation we have
used that the integral of a total derivative vanishes.

Next we find a localization locus ¢y where the deformation term QV[¢] satisfies

o(QV)
6¢()

*(QV)
0¢(x)5¢(y)

QV]go] =0, [0] =0, [éo] ~ 0%(z — y). (1.13)
Substituting the Taylor expansion around this locus, namely ¢ = ¢q + \/%gbl, into Z = Z(t)

(1.11) then gives

0*(QV)
0¢(x)?

7= 7(t) = / d6oDé1 exp {—S[d)o] v / il ( w) o2+ 00| (1)

Note that the ¢p-integral is over the localization locus and not a path integral anymore.



Finally, taking the limit ¢ — oo, we obtain the physical quantity of our interest (1.14) as

7= 2(00) = [ o expl—5l60] [det(‘f(ggﬁ w)]#, (1.15)

where # = —3 for bosonic fields and # = 1 for fermionic fields. In the final formula (1.15),
the original path integral expression (1.10) reduces to an ordinary integral of the classical
contribution Zgjassical multiplied by 1-loop determinants Zi.io0p over the localization locus ¢y.

It is remarkable that the above procedure is independent of the size of coupling con-
stants and therefore valid even in the strong coupling limit. Since the work of Pestun [97],
other physical quantities of various SCF'Ts have been computed exactly following the above
procedure. The S? partition function of Chern-Simons-Matter theory is a typical example
[79]. Indices of N'=4 SU(N) SYM theory of our interest have also been studied by super-
symmetric localization: see [43, 21, 66] for the topologically twised index and [27] for the
superconformal index?. In the main part of this dissertation, we will focus on the results of

supersymmetric localization and investigate various properties of those indices.

1.3 5-dimensional N =2 gauged STU model

In this section, we turn to the gravity side and investigate AdSs black strings/holes dual
to N =4 SU(N) SYM theory of our interest: to be specific, supersymmetric, magnetically
charged AdSs black strings and supersymmetric, rotating, electrically charged AdSs black
holes. They are solutions of the 5d N/ = 2 gauged supergravity coupled to two vector
multiplets, so we start from there.

Five-dimensional N/ = 2 gauged supergravity coupled to vector multiplets was con-
structed in [59, 60]. The supergravity multiplet consists of a graviton g,,, a gravitino v,
and a graviphoton A,. The vector multiplet consists of a real scalar ¢, a dilatino A**, and a
gauge field A} where x take values in x = 1,-- -, ny with ny the number of vector multiplets.
All the fermionic fields ¢j} and A** are symplectic-Majorana spinors with the corresponding
SU(2) index « € {1, 2}.

We are particularly interested in the case with two vector multiplets (ny = 2), namely
the STU model. The 5d N/ = 2 gauged STU model was known as a consistent truncation

2In chapter 3, we formulate the superconformal index following the Hamiltonian approach [83, 101]
instead. The result is slightly different from the one from supersymmetric localization [27] by the factor
of supersymmetric Casimir energy, which we will not discuss in this dissertation. Refer to [6, 23] for more
details about the supersymmetric Casimir energy.



of 10d Type IIB supergravity on AdSs x S® [47], where the three abelian gauge fields of the
STU model including a graviphoton originate from the U(1)? Cartan subalgebra of the full
gauge group SO(6) acting on the internal manifold S°. This means that the equations of
motion of the truncated Type IIB supergravity are equivalent to those of the N’ = 2 gauged
STU model. Then, through the duality between the Type IIB supergravity on AdSs x S°
and the N’ =4 SYM theory on the Minkowski space through the AdS/CFT correspondence
[86], we can understand various solutions of the 5d /' = 2 gauged STU model as holographic
duals of the ensemble of quantum states in the N' = 4 SYM theory. Based on this overall
picture, first we study supersymmetric (or BPS) AdS black string/hole solutions of the 5d
N = 2 gauged STU model in this section. We will then move on to the indices of the N/ = 4
SYM theory that count the number of BPS states dual to these black string/hole solutions
in the main part of this dissertation.

To find a supersymmetric AdS black string/hole solution of the 5d N/ = 2 gauged STU
model, first we need its bosonic action. Fermions will not matter since we can turn them
off with appropriate consistency conditions called the BPS equations that will be specified

later. Following the convention of [47, 87], the bosonic action is given as

3 2 3
1 1 1 4 S
2 T T \N—2 1 nz
R +4g E _Xi_§§ D, "¢ _ZE (X*)°F,, F*
i=1 x=1 i=1 (]_16)

1
S = &
167G s) / w9

1 vpo 7 j
+ﬂ|5ijk|5u P )\FMVFXUAI;] ,
where = and i, j, k take values in = € {1,2} and i,j,k € {1,2,3} respectively and the

convention of the Levi-Civita symbol is given as

—lg|~'? (even permutation
E,uupo)\ — |g’ ( p ) . (117)

+]g|™*/?  (odd permutation)

The physical scalars ¢® are parametrized by X* as

1 sl 1 42 1 a1, 1 42 2 41
X'=e w0 X2 = ve? T X3 =eve? (1.18)

Y )

10



From the bosonic action (1.16), the Einstein equations are given as

1 3 . 1 < 1 2
B = 59w(R+49" 3 (X)) = 53 0407006 = 79 3 0,6°0"6"
=1 z=1

=1

5 5 (1.19)
1 —2 717 % 1 i\ —2 100
+§Z F F r— gguVZ(X) FpUFp :
i=1 i=1
The scalar equations of motion are given as
13 3
0=V, V'¢" — - Z Ope (X')2F), F'™ + 4g° Z D (X7, (1.20)
The Bianchi identity and the vector equations of motion are given as
0= 0,,F\o, (1.21a)
. ) 1 .
0=V, ((X)2F") + 1\/§|sij,€ysf“pff”z%ﬂﬁ,. (1.21D)

For a supersymmetric bosonic solution, the supersymmetry transformations of fermionic

fields 09} and A" must vanish. This condition gives the aforementioned BPS equations

3

. . 3
— 1 v =17 g i g %
0= 8“+4wﬂ vab+24(y P48 > (XTI, ZX E;AM

=1

€, (1.22a)

0=|-2 MWW 4= Zaw Fi g gZa¢xXZ

(1.22D)

To find a supersymmetric solution of the N = 2 gauged STU model from the bosonic ac-
tion (1.16), we must find a field configuration that satisfies all the above equations (1.19),
(1.20), (1.21), and (1.22). In [55, 61], however, it has been found that the BPS equations
(1.22) and the following integrability condition are in fact sufficient to find a supersymmetric
solution with a time-like Killing vector. In the following subsections, based on this observa-
tion, we discuss supersymmetric AdSs black string/hole solutions that have been found by

investigating the BPS equations (1.22).

1.3.1 AdS; black strings

In this subsection, we review a supersymmetric, magnetically charged AdS; black string and
its entropy in 5d N' = 2 gauged STU model. First, a supersymmetric, magnetically charged
AdS; black string solution of the BPS equations (1.22) with identical vector fields has been

11



found [84]:

3 -2
12 1
ds? = r2 (r — 3_) (—dt® + dz?) + (r — 3—) dr® 4+ r3(d6? + sinh? d¢®),  (1.23a)
T r
. 1
A= —3 cosh do, (1.23b)
X' =1. (1.23¢)

Note that we identify magnetic charges p’ in (30,31) of [84] as p' = % to restore a pure AdSs
solution with vanishing physical scalar fields, namely ¢* — 0 or X* — 1, in the asymptotic
region r — oo. Note p' = ¢, Then we set ¢ = 1 which fixes the AdSs radius. In the
near-horizon limit r» — \/Lg, the geometry becomes AdS; x H2. A magnetic string solution
similar to (1.23) was found for the case with S? instead of H? but it has a naked singularity
[35].

Since the work of [35, 84], there have been numerous works that try to generalize the AdSs
black string solution (1.23) to one with general magnetic charges. In [32, 7], for example,
the authors reduced the BPS equations (1.22) for a magnetic AdS;5 black string ansatz to a
system of SO(2,1) spinning top equations. Then the AdSs black string solution (1.23) was
partially generalized to the case with different configurations of magnetic charges. Despite
the effort, an analytic AdSs black string solution with fully general magnetic charges has not
yet been constructed.

We are mainly interested in the entropy of an AdSs black string, however, and therefore
we do not need a full analytic solution. It suffices to know the near-horizon limit to compute
the entropy. Fortunately, the near-horizon limit of an AdSs black string that satisfies the

BPS equations (1.22) has been found for general magnetic charges. It is given as [12]

2
Spip*p3II\ 3 [ 1 dr? r 2
2 L 24,2 2 5
ds® = (—93 2\ dt” + gy +p° | dz® + —2pdt (1.24a)

1,.2,,3\2 %
N ((p pHp ) ) 2500 (da? 4 dy?), (1.24D)
A= g, (1.24¢)
i PP 4P -2 (1.24d)
(p'pp*II)s ’ |
S R . ) (1.24¢)

where we have introduced a function hy, and a one-form wy, that characterize the Riemann
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surface ¥, of genus gas (k =1, k =0, and k = —1 for g =0, g = 1, and g > 1 respectively)

—ydx+x
e (8=0) e (g=0)
= = S Vor (g=1),  ws, = 7(—ydz+ady) (g=1)- (1.25)
1 dx
v (g>1) m (g>1)

The constants II and © are given in terms of magnetic charges as

0= +p =)' ="+ ") (' + 1" +1°), (1.26a)
0 =—(p") - @) - ") +20"" + P’ +1°p"). (1.26b)

In the metric (1.24b), we have replaced the Poincaré AdSs part in [12] with the extremal BTZ
metric following [77]. Since they are locally equivalent, we still dub (1.24) as an AdS; x 3,
near-horizon solution for simplicity. It is remarkable that an AdS; x X, solution (1.24) of
the BPS equations (1.22) is truly a near-horizon limit of an AdSs black string with general
magnetic charges, which was confirmed by constructing numerical black string solutions
whose near-horizon limits correspond to (1.24) [12].

Now the entropy of an AdS; black string whose near-horizon limit corresponds to (1.24)

is given from the Bekenstein-Hawking entropy formula [11, 64] as

g Ay vol[Sg] p'p?*p’p A

= = 1.27

where A3y denotes the volume of a 3-dimensional time-slice at the horizon r — 0 and Ags

is the period of the ° coordinate. G5 is a 5-dimensional Newton’s constant.

Corresponding 4D black holes

Following the AdS/CFT picture described in section 1.1, we would like to relate the black
string entropy (1.27) to the index of a dual superconformal field theory. For that purpose,
first we should clarify the physical meaning of a free parameter p in the entropy formula
(1.27) and then find out its dual in the field theory side. This is because we need an exact
dictionary between parameters in both sides of the AdS/CFT correspondence to match the
entropy and the index precisely. In the 5d N' = 2 gauged STU model, however, the physical
meaning of a free parameter p is unclear.

This issue has been overcome in [77] by relating the near-horizon limit of an AdS; black
string (1.24) to the near-horizon limit of a 4-dimensional black hole in the 4d N' = 2 STU
model [31]. To elaborate this relation, we briefly introduce the 4d N' = 2 gauged STU model

13



and the map that connects the 5d theory to the 4d theory.

The 4d N = 2 gauged STU model has a supergravity multiplet, which contains a graviton
Juv, & gravitino ¢, and a graviphoton Ag, and three vector multiplets, each of which contains
a complex scalar 2%, a gauigino \'®, and a gauge field AL. Here i take values in i € {1,2,3}
and « is the SU(2) index « € {1,2}. The bosonic action of the 4d N' = 2 gauged STU model

is then given as

i Ouz 8“2

5 (=2 (1.28)
1 1

+ I F) F — Ze””p"RUF/fVFJW} :

B 1
n 167TG(4)

/ diy/ =g

2

where I, J take values in I, J € {0, 1,2,3}. The coefficients Z;; and R;; are given in terms

of the symplectic language as

. = (Im]—}K)XK(Im}_JL)XL
R Ly =F, 2 1.29
17 tilpy 17+ 21 (Tm Frep) XK AL ; (1.29)
where Fr; = 0y10ysF and the prepotential F for the STU model is given as
xtxzxs
Here X! parametrizes physical scalars z'’s, and we use a particular parametrization
i A
¥ = (1.31)

In this parametrization, the coefficients Z;; and R;; introduced in (1.29) are written explic-
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itly as

(2 (P22 (2428 (2422 (23420) (B4R (D) (RP4E)

1 1 4 4
(z2+22)(z3+23) 0 _23+23 _22+22
R[J: 3 —34 1,31 3,53 2 12—1 )
) (z +27) _ 24z 0 _Z2+2
4 2 2
(2142 (22 +22) 2247 i 0
4 2 2
- - - 3 i mi
fym GBS (1.32)
81 — (1 — Z1)?
=1
B e Gl Gl AR

(iR =) (2 =) (2 - 2) (R =2 (et = 2N (22 - 2B
7y = o (g )

2=zl 2(22 — 22) ’ 2(23 — 28

Lastly, the 4d electromagnetic charges are given as

1
I — FI
LS TN /E ’

g
1
I -7 F’ F7).
vol[%,] /zg( 1 B AR E)

(1.33)
qr

It is straightforward to show that the 5d bosonic action (1.16) reduces to the 4d bosonic
action (1.28) under the Kaluza-Klein (KK) reduction

- 1
ds(s) = € Pdsiy + (da” + S AY) ),

i i iy L
A(S) = —A(4) + (Z +z )(d$5 + §A?4))’ (134)
Xi = —Z.eiso(zi - zi)a

e3¢ — i(zl _ 21)(22 — 22)(23 — 53>7

where we have distinguished metric and gauge fields in different dimensions using the corre-
sponding subscripts. In particular, the KK reduction (1.34) maps the near-horizon limit of

a supersymmetric, magnetic AdSs black string (1.24) to the near-horizon limit of a 4d black
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hole, namely

d8%4) — %%ﬂ <—T2dt2 + dr_rj i %262hzg(m,y)(dx2 + dy2)> 7 (1.35)
Ay = %dt, (1.35b)
Alyy = P'ws,, (1.35¢)
- pi; row) (1.35d)
—k=p' +p°+p’. (1.35¢)

Note that this is not the near-horizon limit of an AdS, black hole [31]. The entropy of
a 4d black hole whose near-horizon limit corresponds to (1.35) can be computed by the

Bekenstein-Hawking formula [11, 64] as

Ay vol[Sg] p'p*p’p

S: - )
4Gy~ 2Gw ©

(1.36)

where A3 denotes the area of a 2-dimensional time-slice at the horizon r — 0. Gy is a
4-dimensional Newton’s constant. This black hole entropy (1.36) is exactly the same as the

original black string entropy (1.27) under the identification

Gy = ApsGay, (1.37)
which is justified by the relations
1 / Pa /G R = . / dx"d'z\/gay [Ray + -]
167TG(5) 167TG(5) (1.38)

1 4
S

for the KK reduction (1.34).
Finally, we discuss the physical menaing of a free parameter p in the context of the
4d N = 2 gauged STU model. Substituting (1.35) into (1.33) along with (1.32) gives an
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expression for p in terms of 4d electromagnetic charges as

1 PP’
= Ia
o vol[X,] /2 ( o3 ¥

g
1 P TIO
= — “Wdr Nd
vol[ %] /29( ©3 pHe ’ LR (1.39)
9O
= e

Hence the degree of freedom in p is directly related to the Kaluza-Klein electric charge asso-
ciated to the 4d graviphoton A°. The AdSs black string entropy (1.27), or equivalently the

corresponding 4d black hole entropy (1.36), now can be rewritten in terms of 4d electromag-

vol[YX,] [qop'p?p?
— . 1.4
=%, V6 (1.40)

We will discuss the microscopic origin of this black string entropy using the topologically
twisted index of dual N' =4 SU(N) SYM theory in Chapter 2.

netic charges as

1.3.2 AdS; black holes

In this subsection, we review a supersymmetric, rotating, electrically charged AdSs black hole
and its entropy in 5d N' = 2 gauged STU model. The first example of a supersymmetric,
rotating, electrically charged AdSs black hole in 5d A/ = 2 minimal gauged supergravity
was found in [62]. It is then generalized to the theory coupled to vector multiplets [61].
Generalization to non-extremal black holes with two independent angular momenta has been
done in [37, 38]. Here we focus on the most general supersymmetric, rotating, electrically
charged AdS; black hole in 5d N' = 2 gauged STU model [85] that incorporates all the
aforementioned black holes as its special case.

The supersymmetric, rotating, electrically charged AdS; black hole solution to the BPS
equations (1.22) is given as [85]

ds® = —(HyHyHs) "5 (dt + wydd + wydi))? + (Hy HyHs) 3 hypda™ da™, (1.41a)
A" = H N (dt + wydd + wydiy) + Ude + Uldip, (1.41Db)
X' = H; Y(H,H,Hy)5. (1.41c)

Here we have used the (¢, 7,0, ¢, 1) coordinate, where (0, ¢, 1) is a typical S® coordinate with
0<0<7%, ¢~¢+2m and i) ~ ¢ +2m. The 4d base metric h,,dz™dz™ in (1.41) is given

17



as

r?sin®6 _ .
homdz™da™ = A—dr + A—0d92 = (o +5i0°0(p°¢” + 2(1 + ag)(a + b)g)] d”
r? cos? 6
—— |5+ cos0(p°g> + 2(1 + bg)(a + b)g)] dv”
=b
2r? sin?  cos? 0
—— (0297 +2(a+b)g + (a+ b)*g?] dpdip,
(1.42)
and the other functions in (1.41) are given as
VZaZ(1 + g2u;) — 24 cos? 0 — =y sin® 6
Hy =1+ = , (1.43a)
g sin® f -2/ 2 2
Wy = == 3= + (2r2 + a*)p? (52 —a’b* — g% (a* - b)) |, (1.43b)
gcos’0 [ 2 2y 2, 1 272 -2/ 2 2
Wy = == [P+ 2+ D)7+ (B — a0+ g7 (0 - B)) (1.43c)
Zb
. in%0
vy =2 [pz +2r% 4+ a® = EEp + g (1 - EaEb)] : (1.43d)
, cos? 6
Ul =2 =, 074202+ = VEE+ g7 (1 - VEE)), (1.43¢)
where we have used the following definitions:
A, =1%(g*r? + (1 4 ag + bg)?),
Ap=1—a*¢*cos® 0 — b*g?sin® 0,
2. =1-d’¢%,
=y =1—b%g?, (1.44)

p* = 1%+ a*cos® 0 + b*sin? 0,
r2 =g '(a+0b)+ ab,
Bo = EaZp(pafin + papis + papin) — 297V EaZe(1 — V/ZaZp) (b1 + pio + p13)

+ 3g (1 —V *—*a:b>2'

The five parameters p;, a,b (i = 1,2, 3) used above to describe the black hole solution are in

fact constrained by

1+ p + pg =

[2r3n +3g7%(1 - \/ﬁ)} . (1.45)

[1]

—
—
—

(=

a
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They are also supposed to satisfy

0<ab<gl, 0<VI/2—1<g%u, (1.46)

where the last one is from the regularity of scalar fields X?, for the case with a > b without
loss of generality.

The Bekenstein-Hawking entropy of a black hole (1.41) is then given as

A
G
) ) > Y EavEye o, (147)
m \/[1 + 9% (i + p2 + ps)lpapiops — 197 (ape + popis + papn)? + ~5o=2=t=J
where we have defined J as
T =1+ ¢ m)(1+ g*u2)(1 + ¢°ps). (1.48)

In terms of electric charges and angular momenta following the convention of [20, 82],

L VTN i o3
o g2 —2 ) 1.49
Q G L9 + 2(#1#2 + otz + 3 fi1 " )} ( a)
7T [ ~ —
Jp = o) g(ﬂllh + popts + pspty) + g pipiops + g2 T (VB /B — 1)] , (1.49b)
il i - — —_
Jyp = G g(ﬂllm + popts + pspn) + Gl iaps + g 3j(\/:a/:b — 1)] , (1.49¢)
we can rewrite the black hole entropy (1.47) as
m(Js + J
S = 2, [ Qi Qo+ QuQs + QuQy — "2 T Tu) (1.50)

We will discuss microscopic origin of this black hole entropy using the superconformal index
of dual N' =4 SU(N) SYM theory in Chapter 3.

1.4 Overview of this dissertation

As explained in section 1.1, this dissertation focuses on appropriate indices of the N/ = 4
SU(N) SYM theory that count microstates associated with the AdSs black string entropy
(1.27) and the AdS; black hole entropy (1.50) respectively. Here we summarize what we
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discuss about those indices in the next two chapters with more details.

In Chapter 2, we study the topologically twisted index that counts microstates associated
with the AdSs black string entropy (1.27). First, we introduce the topologically twisted
index of N' =4 SU(N) SYM theory on T? x S? [21] and show how to compute it through
the Bethe Ansatz (BA) formula [73]. Then we show how the previous calculation in the
Cardy-like limit [73] can be improved and obtain exact expressions of the SL(2,Z) family
of contributions to the twisted index through the BA formula. This SL(2,Z) family of
contributions turns out to behave as an elliptic genus of 2d SCFT and also have interesting
Cardy-like asymptotics that plays an important role in the microstate counting. We will also
discuss other contributions to the twisted index, which have been ignored in the conventional
BA formula. Finally we revisit the relation between the twisted index and the black string
entropy (1.27) through the I-extremization [73]. In this last step, we will emphasize subtle
issues in the microstate counting by the topologically twisted index. This chapter is based
on joint work in collaboration with Arash Arabi Ardehali and James T. Liu, previously
published as [67, 5].

In Chapter 3, we investigate the superconformal index that counts microstates associ-
ated with the AdSs black hole entropy (1.50). First, we introduce the superconformal index
of N' =4 SU(N) SYM theory through the Hamiltonian formalism® and derive the elliptic
hypergeometric integral representation. Then we explain how to compute it in two different
ways [36, 20]: saddle-point evaluation and the BA formula.* To be specific, we improve the
previous saddle-point evaluation in the Cardy-like limit and obtain an all-order result up to
exponentially suppressed terms using the 3d effective Chern-Simons theory. The result is
then confirmed by the BA formula. Next we investigate the phase structure of the super-
conformal index in the large- NV after the Cardy-like limit. As a result, we find a ‘partially
deconfined’ phase of the superconformal index, which is distinguished from previously well-
known fully-deconfined /confined phases in the large- N limit. Finally we discuss the relation
between the superconformal index and the black hole entropy (1.50). Here we will see how
recent developments in the superconformal index, especially a ‘partially deconfined’ phase
of the superconformal index, implies the existence of missing gravity dual solutions different
from the known AdSs black hole in subsection 1.3.2. This chapter is based on joint work
in collaboration with Arash Arabi Ardehali, Alfredo Gonzalez Lezcano, James T. Liu, and

Leopoldo A. Pando Zayas, previously published as [5, 58].

3You may use the superymmetric localization instead. See [27] for example.
4There is another approach using elliptic extension [28, 30] but we will not discuss this method in this
dissertation.
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Chapter 2

The Topologically Twisted Index

2.1 Introduction

In this section, we introduce the partition function of N' =4 SU(N) SYM theory on T? X
S? with a partial topological twist on S2, which is introduced to preserve supersymmetry
following the procedure in 1.2.1. It is also called the topologically twisted index based on its

alternative interpretation as a supersymmetric index, namely [21, 73, 43, 66]

3
Z(7, Ay, 1y) = Tran g [(—1)FqPHyaa], (2.1)
a=1

2mifa are fugacities associated with flavor symmetry charges J, and ¢ = €2™"

where y, = ¢
is given in terms of 7, the modular parameter of 72. P is the momentum along the spatial
direction of T? and n, are magnetic fluxes associated with flavor symmetries. Note that
angular momenta and corresponding fugacities are omitted in (2.1). A general rotating case
has also been considered in [71], but here we focus on the case without angular momenta.
The topologically twisted index (2.1) has been computed using supersymmetric localiza-
tion described in subsection 1.2.2. Here we review the procedure schematically based on
[14, 15, 21, 66]. The starting point is the path integral representation of the twisted index

(2.1), namely

Z(r. Auny) = / D expl- 5[] = / Do expl—Se1l¢] — Senitld] — Swecrrldl].  (2.2)

Here ¢ denotes a set of fields that compose the NV = 4 SU(N) SYM theory on T? x S2.

Since the action from chiral/vector multiplets are exact with respect to supersymmetry
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transformation [66], one can treat Sepia and Syector as deformation terms QV[¢] in 1.2.2%.

The result is given as

Z(Ta Aaa na) = ¢ }tHEoo/ng eXp[_SFI[¢] - tcSChiral[qb] - tvSvector[¢]]- (23)
Then [21, 66] have determined localization locus ¢, that extremizes the deformation terms
Seniral and Syector- The resulting localization locus ¢q is parametrized by the holonomy of the

gauge field A, along the two cycles of the torus 77 with the modular parameter 7

u= 271']{ A— 27?7'% A, (2.4)
A-cycle B-cycle

and integer gauge magnetic fluxes {m;}. Refer to [21, 73] for more details about the local-
ization locus. The path integral expresssion (2.3) then reduces to a saddle point evaluation
around the localization locus ¢y, which gives the integrand in terms of a classical action and

1-loop determinants as
Z(1,Aq,14) = / Ao Zetassicat Po] Z5huan [ d0] ZYSeanldo)- (2.5)

Here the classical action can be computed by evaluating the on-shell action at the localization
locus and 1-loop determinants can be computed by Gaussian integrals around it. It is
remarkable that they are equivalent to the contributions from chiral/vector multiplets to the
elliptic genera of 2d N = (0, 2) supersymmetric gauge theories [14, 15].

The result of supersymmetric localization (2.5) now contains an ordinary integral, which

is much simpler than the original path integral in (2.2). It still has a subtle issue, however,

chiral
1-loop

¢o with singularities and therefore the naive expression (2.5) does not converge. This issue

that the 1-loop determinant from chiral multiplets Z [¢o] is a meromorphic function of
has been treated carefully in [14, 15] for 2d elliptic genera and the same technique has been

applied to the 4d case of our interest in [21, 66]. To be precise, the naive expression (2.5)

Zchiral

et [9o], namely the sum of Jeffrey-

should be written as a sum over a specific set of poles of
Kirwan (JK) residues [78]. Then one can rewrite the sum of JK residues as appropriate
contour integrals. Refer to [21, 66] for more details. The final integral representation of the
topologically twisted index of N =4 SU(N) SYM theory on T2 x S? (2.1) is given as a sum

over gauge magnetic fluxes {m;} along with integrals over complex holonomies w;’s, namely

n fact, [21] and [66] have used slightly different deformation terms but the final results are consistent
with each other as expected. See [66] for detailed explanation.

22



dz N 01 (u; 2 mij—fatl
7 1 zp
27rizi) H [ H (91 (wij + Aa, )) ] '

" {m;}ezN i=1 i,5=1 (i#]) a=1

(2.6)

Here z; = 2™, Ui = u; — uj, my; =m; —m;, and we have defined the prefactor A as

3 in(r (N—1)(1—ng)
A = n(r)*™-D H (%) : (2.7)

Special functions n(-) and 6,(-;-) are defined in Appendix A. For the twisted index (2.6) to
be well-defined, we impose the inequality |¢| < 1 or equivalently 0 < arg 7 < m. The SU(V)

constraint is given as
N
Y u € (2.8)
i=1

Chemical potentials A, and flavor magnetic fluxes n, are constrained as

3 3
d A€z, ) n.=2 (2.9)
a=1 a=1

from the invariance of superpotential under flavor symmetries and supersymmetry respec-

tively.

2.2 The Bethe Ansatz formula

In this section, we explain how to compute the integral representation of the topologically
twisted index (2.6) using the Bethe Ansatz (BA) formula. First, using the trick introduced
in [21, 16, 73], we can take the sum over gauge magnetic fluxes {m;} before evaluating the

integral. The result is given as

N-1

Z(1,Au, ) —N,/Qmw/ H QZZZ I[Qi41)
< [9(n<>)H(9<n+(i>>]

i,j=1(i#75)
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with a large positive integer M and the integration contour B that encloses the origin w = 0.
Here the Bethe Ansatz (BA) operator @); is defined as

i 01 (uji + Ag; 7
Qul{us}iT Ad) “Hﬂei Bt ol 211)
%] ay T

where we have introduced \ as w = ¢*™. Now we can evaluate the integral (2.10) by picking

residues of the integrand determined by the Bethe Ansatz Equations (BAE), namely

Qi({u;};7,A.) = 1. (2.12)

The topologically twisted index (2.10) then reduces to a sum over BAE solutions as

N 01 Ui 1—n,
Z(1, Mg, 0y) = Z A {u]} — H H(el uw(+Aa), )) (2.13)

{u;}€BAE 1,j=1(i#£j) a

where we have used the constraint on the flavor magnetic fluxes (2.9) and introduced a

Jacobian determinant

(2.14)

H({u;}; 7, Ay) = det[H({u;}; 7, Ay)] = de t{ 1 9(Q1, - Qn) ]

218 O(ug, - ,un_1,\) |

We call (2.13) the Bethe Ansatz (BA) formula of the toplogically twisted index of N' = 4
SU(N) SYM theory on T? x S?. Note that the factor of N! in the denominator of (2.10) is
canceled by treating BAE solutions related by rearranging holonomies {u;} as equivalent.

The BA formula (2.13) is not completely rigorous, however, since it implicitly assumes
that all the solutions of the BAE (2.12) are isolated. Only under this assumption, we can
apply the Cauchy’s integral formula to pick residues in (2.10) and derive the BA formula
(2.13). If there are continuous family of solutions to the BAE (2.12), we should therefore
modify the BA formula (2.13) accordingly. Schematically we may write it as

) A N 3 61 (wij; T) e
Z(mAumd) = ) H{ui}; 7, Ad) Il H<91(“iﬂ‘+A“57)>

{ui}€BAE i.j=1(i#j) a=1

(2.15)

+ (contribution from continuous family of BAE solutions).

Another issue is the contour C in (2.10), which is introduced to capture the JK residues.
To compute the contribution from isolated BAE solutions correctly through the BA formula

(2.15) derived from (2.10), one should sum over BAE solutions within the contour C only.
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This has not yet been investigated thoroughly in the literature [73, 67]. We leave it for future

research.

2.2.1 Solutions of the BAE

To compute the topologically twisted index through the BA formula (2.13) or the modified
one (2.15), the first step is to solve the BAE (2.12) and find its most general solutions. Since
the BAE is a system of highly involved non-linear algebraic equations, however, it is difficult
to find the most general solutions. Hence an asymptotic solution of the BAE (2.12) in the
Cardy-like limit, namely |7| — 0 with fixed 0 < arg 7 < 7, was found first in [73]:
ui:(%—%)r (i=1,---,N), A:%. (2.16)
In [67], it has been observed that (2.16) in fact satisfies the BAE (2.12) for any 7 in the upper
half plane. Furthermore, a large class of BAE solutions that includes (2.16) as its special
case was reported in the same reference. We study these BAE solutions in the following
subsection 2.2.1 in detail. Later in [5], new BAE solutions including a continuous family
have been found. We investigate these new BAE solutions and their implications in the next

subsection 2.2.1.

Standard BAE solutions

The ‘basic’ BAE solution (2.16) is obtained by distributing N holonomies {u;} along the
thermal circle of the torus 72 with the modular parameter 7. This particular distribution
of holonomies defines the torus 7?/Zy with modular parameter 7 = 7/N. Based on this
observation and from the modular property of the twisted index that we will discuss in
subsection 2.3.1, [67] proved that any set of holonomies {u;} evenly distributed over the
torus satisfy the BAE (2.12). In this case the set of holonomies {u;} defines a freely acting
orbifold T?/Z,, x Z, where m takes all positive divisors of N with N = mn. This BAE

solution can be written explicitly as

;7 k r J + k7
u;,;zﬂ%—%—l—ﬁ(T—i—E):ﬂ—l—] (2.17)
with 7 = M where we have introduced a double index notation (uy = ug)
Ui Uz (=01, m—1, k=01 n—1). (2.18)
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The constant @ in (2.17) is chosen to enforce the SU(NN) constraint (2.8). We call the BAE
solutions (2.17) standard ones.

Here we prove that (2.17) truly satisfies the BAE (2.12) following [67]. Substituting
(2.17) into (2.12), we can write the BAE explicitly as

e = ﬁnﬁﬁgl S s (2.19)
alekO +(J J0)+ﬂ§k k0)77.>

To prove this equation, it suffices to show that the RHS of (2.19) is independent of the
double index (j'o, l%o). With this goal in mind, we derive the following identity using the
double-periodicity of the elliptic theta function 6, (u;7) (A.7b):

m]olnkol

H H91A:|:j+k7— )

Jj==jo k=—ko
1 k (2.20)

_ ( 1)11]0—4-(7' 1)ko :t27rzk0(mA :I:M )e—iwmlAcoT H H Ql A, :t
j=0 k=0

Substituting (2.20) into (2.19) and using the constraint Y0, A, € Z from (2.9) then gives

3 m—1n—1 j+k5’7’

27rz)\ i 01 )
HHH (A, +]+,W o (2.21)
a=l j—0 k= o

Now the RHS of (2.21) is manifestly independent of (jo, 1%0), which demonstrates that the
BAE reduces to a single algebraic equation that can be satisfied for some parameter A\. This
proves that (2.17) truly satisfies the BAE (2.12).

While the proof has already been completed, we can determine the parameter A explicitly
by simplifying the RHS of (2.21) further. First, choosing (o, l%o) =(m—1,n—1)in (2.20)

with the upper sign, we obtain

m-1n-1g +/%%.T) N1

11 H e T) _ oni - mBa) (2.22)
j T.

=0 k= 0 A T )

Substituting this identity (2.22) back into (2.21) then gives

N+1
A= T+ (2.23)

Note that this is consistent with the basic solution (2.16). The above calculation shows that
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this value of A (2.23) is in fact valid for all standard BAE solutions (2.17).

In summary, we have found multiple BAE solutions to (2.12), namely (2.17), denoted by
three integers {m, n,r} where m,n are positive divisors of N such that N = mn and r take
values in r € {0,1,--- ;n — 1}. Recall that we call them standard BAE solutions.

Non-standard BAE solutions

In the last subsection, we found a large set solutions of the BAE (2.12) dubbed as standard
BAE solutions (2.17). It is important that they are not the most general solutions to the BAE
(2.12). Since the BA formula of the topologically twisted index (2.15) requires a complete
set of BAE solutions, we cannot compute the twisted index through the BA formula (2.15)
relying solely on standard BAE solutions. In this subsection, following [5], we will therefore
investigate other BAE solutions that we call non-standard ones. For simplicity, here we
assume real chemical potentials A, € R. Then, since the BAE (2.12) is invariant under the
integer shift A, — A + Z and the flip (A, A,) = (—=\, —A,), we can set

3
0<A, <1, Y A=1 (2.24)

without loss of generality for real chemical potentials. Note that we exclude a pathological

case with integer chemical potentials.

N = 2 case

Since the BAE (2.12) is difficult to solve in general, we start with the simplest case with
N =2. For N =2, the BAE (2.12) reduces to a single algebraic equation as

= 2miA H +“21’ 7). (2.25)

— U21, T)

Due to the double periodicity (A.7b), for any given solution uy; of the N = 2 BAE (2.25),
Ug1 + Z + Z7 will also be BAE solutions. Then, since an elliptic function takes all complex
values once within the fundamental domain, the N = 2 BAE (2.25) will have 3 solutions in
the fundamental domain up to identification 1s, ~ ug+Z~+7Z7 for each choice of e 2™ = +1.

To be explicit, we found [5]

. 1 7 1+7
—2mIA
=—-1 _ 2.2
e U21€{22 5 }7 (2.26a)
eI =1 1wy € {0,un, —un}. (2.26b)
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The first three BAE solutions (2.26a) correspond to the standard solutions denoted by three
integers {2,1,0}, {1,2,0}, and {1,2, 1} respectively, which we have already encountered in
the previous subsection 2.2.1. Here we are interested in non-standard BAE solutions listed
in (2.26b). The first one is a trivial solution and therefore we are interested in the last two
BAE solutions in (2.26b), namely ug; € {£ua}. The subscript “A” represents that they are
functions of chemical potentials A, in general, which distinguishes these solutions from the
standard ones. Even though the explicit form of ua has not yet been known for a general 7,
their asymptotic behaviors have been studied in [5] and here we review them briefly.

In the ‘low-temperature’ limit (|7| — oo with fixed 0 < argT < ), we can approximate
the N = 2 BAE (2.25) using the product form (A.3b) as

3 1 — e2mi(uz1—Aa) | _ o2mi(r—u21+Aq)

14 O(e—2ﬁ\7|sin(arg7))) , (227)

__—2miA
tl=e - H 1 — e2mi(u21+Aa) | — p2mi(r—u21—A4) (

a=1

where we locate ug; within the fundamental domain without loss of generality. Solving (2.27)

—2miA

for e = 1 then gives a trivial solution and the low-temperature asymptotic forms of the

other two non-standard solutions ug; € {fua}, namely

1 1-— oA 1-— oA, \ 2
lim us = — log | — ZW”SW‘W+¢< Z“”SW‘? —1]. (2.28)

7| =00 271 2 9

In the Cardy-like limit (|7| — 0 with fixed 0 < argT < 7), we can approximate the
N =2 BAE (2.25) using the asymptotic form (A.23) as

3
:l:l — 6—27ri)\ — Heﬂ%[{Aa"l‘qu}T(l_{Aa“l‘qu}'r)_{Aa_u21}7(1_{Aa_u21}7‘)}+7T7;(LAa‘f’ﬁZlJ_\_Aa_'aQIJ)

a=1

(1 — e 7 0 {Batua}n)) (] — o= 7 {Aatun}s
X

_ 2msin(arg7)
_ — ) (1 +O(e T )) )
(1 . 677(17{Aa*u21}r))(1 _ e*T{Aa*UQI}T)

(2.29)

Solving (2.29) for e~2™* = 1 then gives a trivial solution and the Cardy-like asymptotic

forms of the other two non-standard solutions us; € {tua}. First, when max[A,] < 3, we
found
I 0T (max(Ad < ) (2.30)
im up = = + — max[A,] < =). .
|7|—0 AT 9y 2
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0.47} A, = {0.25,0.35,0.40} 0.47t A, = {0.15,0.25,0.60}

0.37 0.37
Im7—0

0.27 0.27
0.17+ 0.17+ /~—Im7—>0
I Im7 — o0 \Im‘r — 00
0.3 0.4 0.5 0.6 0.7 0.3 0.4 0.5 0.6 0.7

Figure 2.1: Numerical plots of the non-standard N = 2 solution ug; = ua with arg 7 = 7 /4.
The figure on the left corresponds to the case with max[A,] < 1/2 while that on the right
corresponds to the case with max[A,] > 1/2. Note that the vertical axis is given in units of
T.

Otherwise, namely when max[A,] > 1, we found

log 2

(max[A,] > =). (2.31)

N | —

lim uan =1 — max[A,] +i

|7|—=0 27r

In [5], we have also found numerical BAE solutions that connect the low-temperature
asymptotic solutions (2.28) to the Cardy-like asymptotic ones (2.30) and (2.31) precisely.
See Figure 2.1. This confirms the existence of non-standard BAE solutions with a generic

T.
N = 3 case
For N = 3, the BAE (2.12) reduces to a couple of algebraic equations as

Aoz + U215 T

61 ( 01 (Ag + us1;7)
(Aa_UQI;T
(
(

01(A, — U313 T )

{1,w,w?} > e 2™ H
(2.32)

)01 (

)01 (
. 1(Ag = up1; 7)01 (A + uzg — Uni; 7)
H9 )01 (A

)
1(Ag + U913 7)01 (Ay — usy + ug1;7)

where w = e27/3

the N = 3 BAE (2.32) is much more complicated to solve compared to the N = 2 one (2.25)

because there are more than one holonomy pairs, namely (uo1,u31), we should solve for. In

is a primitive cube root of unity. Even though it is the next simplest case,

particular, this makes it difficult to classify the most general solutions to the N = 3 BAE
(2.32) within the fundamental domain.

Even though a full classification of solutions to the N = 3 BAE (2.32) is highly involved
and has not yet been done, [5] did find some non-standard solutions to the N = 3 BAE (2.32).
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As we did in the N = 2 case, we investigated BAE solutions in both asymptotic regions first
and confirmed that they are at least numerically connected for a generic 7. It is particularly
interesting that it is a complex 1-dimensional continuous family of BAE solutions. To be
specific, the N = 3 BAE (2.32) imposes only one constraint on the holonomy pair (us;, u31)
in this case and therefore the resulting BAE solution has a complex 1-dimensional degree of
freedom. Its asymptotic forms can be found in [5] and here we focus on the exact solution

within this continuous family of solution, namely

(g1, uz1) = (%g) . (2.33)

It is straightforward to check that (2.33) indeed satsifies the N = 3 BAE (2.32) using the
double periodicity (A.7b) and the inversion (A.8b).

The BAE solution (2.33) is independent of chemical potentials A,, but distinguished
from standard BAE solutions (2.17) in that it is a part of the continuous family and not
isolated. Here we prove it by showing that the Jacobian matrix H ({u;}; 7,4A,) in (2.14) has
at least one zero eigenvalue at the BAE solution (2.33). To begin with, applying the relation

(2.48), which we will derive in the next section, to the present N = 3 case, we find

s X (A0 )/05(Aus )

(QWi)SH({uj}; T, Aa) ’ (u21,u31)=(3,2) =30 Z HJZ 9/ ( )/01( )

(2.34)

Here 65 3 4 are the Jacobi theta functions given explicitly in (B.3). Next we prove the following

lemma in Appendix B.1:

Lemma 1. For any 7 in the upper half plane and any complex A, subject to the constraint
S A, €Z, we have

. 1
N S ATIE T 2

2

Finally, substituting Lemma 1 into (2.34), we have

H({u;}; T, Aa)’(uzhum):(%’%) =0. (2.36)

This establishes that the Jacobian matrix H({u;};7,A,) in (2.14) indeed has a vanishing
eigenvalue at the BAE solution (2.33) and thereby proves that (2.33) is within a continuous
family of BAE solutions.
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N > 3 case

Investigating continuous family of solutions to the BAE (2.12) for N > 3 is highly involved
and it has not yet been studied analytically so far. The authors of [5] observed an interesting
pattern, however, in continuous families of BAE solutions for N =4,5,6,7,8,9, 10 through
numerical analysis. First, we found numerical BAE solutions where the Jacobian matrix
H({u;}; 7, Aq) (2.14) has a single vanishing eigenvalue for N = 4,5. Then for N = 6,7,8,9,
we found new BAE solutions where the Jacobian matrix has two zero eigenvalues. Lastly
for N = 10, numerical analysis shows that there is a BAE solution where the Jacobian
matrix has three zero eigenvalues. This implies that the maximum complex dimension of
a continuous family of BAE solutions increases as IV increases with a certain pattern. The
exact pattern in the dimensionality of the space of continuous family of BAE solutions has

been conjectured in [5] as

Conjecture 1. For N > UG ype BAR of N = 4 SU(N) SYM theory (2.12) has

2
l-complex dimensional continua of solutions at most.

This conjecture is based on a duality between the space of BAE solutions of N' = 4 SU(N)
SYM theory and the vacua of N' = 1* theory proposed in [5]. To be specific, the authors
of [5] related the standard BAE solutions (2.17) to the massive vacua of the N’ = 1* theory
studied in [50] and the continuous family of non-standard BAE solutions to the Coulomb
vacua of the N/ = 1* theory studied in [51]. Then, based on the analysis of the Coulomb
vacua of the NV = 1* theory with SU(N) gauge group in [99], we have conjectured the
maximum dimension of continuous family of BAE solutions as 1. As we have confirmed
above numerically, the conjecture 1 works well at least for small rank of the gauge group
N = 2,3,---,10. Furthermore, the exact non-standard BAE solution within a continuous
family for the SU(3) case (2.33) turns out to have its explicit counterpart in dual N' = 1*
theory [51]. Both observations strongly support the proposed duality [5] even though the
exact dictionary has not yet been established.

Even though a full classification of non-standard BAE solutions beyond the conjecture 1
has not yet been done, there are particularly interesting class of such solutions. Note that
the structure of standard BAE solutions (2.17) depends heavily on the factorization of the
rank of a gauge group N. For example, if NV is a prime number, there are only N + 1 number
of standard BAE solutions denoted by {N, 1,0} and {1, N,r} (r =0,---,N —1). On the
contrary, if N has many positive divisors, there are much more standard BAE solutions
denoted by {m,n,r}. This brings the following question. Consider a large, odd number N
for example. Then for the case with the gauge group SU(N — 1), the BAE (2.12) has a
standard solution (2.17) denoted by {2, £=1,0}. But if you slightly change the rank of the
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gauge group by N —1 — N, a similar standard solution like {2, &, 0} does not exist anymore

R
since 2 does not divide N. Since the change N —1 — N should be ignorable in the large- N
limit, such a drastic outcome must be explained somehow. This naturally suggests that
there is a non-standard BAE solution for an odd N, which looks similar to the {2, %1 0}
standard BAE solution.

We did find such a non-standard solution, analytically in the Cardy-like limit and nu-
merically for a generic 7. First we discuss the asymptotic analysis following [5]. In the

Cardy-like limit, the BAE (2.12) reduces to

o~ 2miA HHG’” {Aatujits (1—{Aatuji}r) —{Aa—uji tr (1={Aa—uji}r)[+mi([ Ao+ ] — [Aa—1ji])

e N N (2.37)
_ *%(17{Aa+u Z}T) —_ 7ﬂ{Aa+u 'i}T 7 sin(arg T
(I1—e i) (1 —e diiT) <1+O(e_%)>

X 27 2mi
(1 — e~ 7 OHABamwiln)) (1 — =T {Bamusikr)

from the asymptotic expansion (A.23). Then we find asymptotic solutions to (2.37) for the
two different cases, namely max[A,] > £ and max[A,] < 3. They are given explicitly as
CASE 1. max[A,] > 1

{Uj}:{mﬂj:o’.” ,N;1}U{3+ﬁ7’j:1,~- ,%} (2.38)

CASE 2. max[A,] < 3

{u} = {imm[éa] _E} . {(N—j3)/2T‘j:O"" $}

U{%+(zj\}:l1/)2/27)j_1""’%}’ (2:39)
- #exp{ T <_% — min[A,] + (N = 1)(1 - maX[Aa]))}

Here, for notational convenience, we omitted a universal additive constant @ that should
be added to all holonomies u;’s to satisfy the SU(N) constraint S u; € Z (2.8) as in
(2.17). Although (2.38) and (2.39) are BAE solutions valid only in the Cardy-like limit, we
confirmed numerically that there are indeed exact BAE solutions corresponding to them.
Furthermore, we checked that they can be continuously deformed to satisfy the BAE (2.12)
for a generic 7. See Figure 2.2.

While we have focused on non-standard solutions whose holonomies are packed into
two groups, numerical investigations confirm that similar non-standard solutions whose

holonomies are divided into more than two nearly equal packs do exist, at least for N
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Figure 2.2: Numerical solutions to the BAE (2.12) with N = 11 and 7 = 2%, Here (a)
corresponds (2.38) with (A}, Ag) = (32, 75) and (b) corresponds to (2.39) with (A}, Ay) =

5177 287
( 75 152)
2877 517/

sufficiently large. These non-standard solutions are similar to the above discussed solutions
(2.38) and (2.39) in that their explicit forms are sensitive to the configuration of chemical
potentials A,. The simplest asymptotic BAE solution, corresponding to CASE 1 above,
occurrs only when max[A,] > 1 —1/C where C' denotes the number of packs that we divide

holonomies into. In this case, the non-standard solution in the Cardy-like limit is given by

J J _ N-D
=1z J=0,---,D—1,j=0,--
{us} {C (N+C— D/C‘ IR T } (2.40)
J o j-1/2 o N-D '
U{(ﬁm N L A e }

where N =C|N/C|+ D (D =1,---,C —1). This solution (2.40) satisfies the BAE in the
Cardy-like limit (2.37) up to exponentially suppressed terms.

Although this extension of the CASE 1 solution (2.38) to arbitrary values of C' only holds
for sufficiently large max[A,], we expect that generalizations of the CASE 2 solution (2.38),
whose pairs of holonomies may be pulled away from the main packs, exist for other values
of the chemical potentials. We thus conjecture that solutions to the BAE (2.12) exist for all
values of C' and N with d < N/C < d + 1. Here, d corresponds to the minimum number
of holonomies in a single pack that allows the solution to be categorized as a set of packs
instead of individually distributed holonomies. When C' divides N, the solution is standard

but otherwise it is non-standard.

2.2.2 The topologically twisted index from the BA formula

In the previous subsection 2.2.1, we investigate various solutions to the BAE (2.12). Standard

BAE solutions (2.17) were obtained explicitly and we have also found various non-standard
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BAE solutions, which simply denote all the BAE solutions except standard ones. Non-
standard BAE solutions, however, have not yet been classified completely. Hence, even
though the existence of non-standard BAE solutions is clear from various examples, it is
still difficult to compute the topologically twisted index through the (modified) BA formula
(2.15).

There is a part that we can compute explicitly, however, namely the standard contribution
from the standard BAE solutions (2.17) to the twisted index through the BA formula (2.15).

To be more explicit, first we rewrite the BA formula (2.15) as

Z<Ta Aaa na) = Zstandard (7—7 Aa; na) + Znon-standard (7_7 Aaa na)a (241)

where we have defined the standard contribution Z.ndara as

N
Zstandard(Ta Aaa na) = Z Z{m,n,r} (7_7 Aaa na)a

Aa ¢ 2N~ 1-—ng
./4 3 91 ( (]17]2)4’;2]61*]62)7'; 7_)
Lt (7 Bana) = [ ] ( it (aha)?, )
1T

% m,n,r A SN (J1—g2)+(k1—ko)T .
{ ) } a=1 (]1 kl)?é(]Q k:z el(Aa + e

m

ﬁﬁl ﬁmﬁ 1 nﬁl ( J1+k1777_) >1na
+k T. :
H{ nr} 152=0 ko=0 j1=—j2 ki=—ko +]1 - T)

(2.42)

Here Hipmnry(7,Aq) denotes the Jacobian determinant H({u;}; 7, A,) (2.14) evaluated at
the standard BAE solution (2.17). The primed sums in (2.42) indicate that (ji, ki) = (0,0)
is to be omitted from the double product. It is striaghtforward to see that the standard con-
tribution Zgandara (2.42) is obtained by summing over all contributions from the standard
BAE solutions (2.17) to the twisted index through the BA formula (2.15). The non-standard
contribution Z,n-standara 18 the remaining contribution which has not yet been known explic-
itly.

Here we focus on simplifying the standard contribution Zgandara (2.42). To begin with,

we shift the product over j;, k; in (2.42) using (2.20) as

m—jo—1 n—ky—1 ]1+k17— 7_) m—1 n-—1 ]1+k17 7_)
H H ) —27rzmk2Aa H H (2 43)
jl+k1T .]1+le ’ '
J1=—Ja k1*—/€2 A + T) 71=0 k1=0 A + T)
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Then Zy, nry in (2.42) reads

N N(1—ng)
JitkiT. )

3 m—1 n—
A 6—7rim(n—1)Aa / H / 91( m
Ql(Aa + jl—::ﬁ—; T)

(2.44)

Substituting the identity (A.4) and the prefactor (2.7) into (2.44) then gives

<917(7(AT(1);3T)> <ng£ga);3%))N] - : (2.45)

To simplify the Jacobian determinant Hy,, »,y in (2.45), first note that the element of

N 3
2Nl

Z{m,n,r} =

H{m,n,r} o

the N x N Jacobian matrix H is given from (2.14) as

1 8Q N
Hy = 5= = 0 ) 9(us 7. Aa) = 9t 7, Aa) + gtus 7, M), (2.46a)
2mi Ou,, o
1 0Q N
Hyy =5 g = = 37 Aa) — ;7 A ;7 A 2.4
Nv =5~ o, ;g(um,ﬂ o) — 9(un;s T, Ag) + g(0; 7, Ay, (2.46D)
1 0Q,
T omi 0N 2.4
mNTomi ON ’ (2.46¢)
1 9Qn
Hvn =g =1 2.4
NNTom oN (2.46d)

where pu,v € {1,2,..., N — 1} and we have defined

.3
1 0
g(u; T, Aa) = % ;:1 6Aa 1Og [01 (Aa + u; T>Q1<Aa — U 7—)} (247)
From (2.46), we can derive
1 a(Qla e 7QN71>
=det H = Ndet|— ) 2.4
H ¢ ¢ |:27TZ 8(’&1,"' ;UN—l) ( 8)

Hence, to determine the Jacobian determinant H or our interest, it suffices to study the

determinant of the (N — 1) x (N — 1) square matrix whose elements are given as (2.46a).
Since we are particularly interested in Hy, 5}, namely the Jacobian determinant (2.14)

of a standard BAE solution (2.17), we turn to a double index notation as (2.18). We also
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introduce the G-function as

0 j’ + kT j+ k7
A,) A, ; A, — ; 2.4
g{mnr}(] k T, ZaA 91( m 77—)91( a m 77-) ) ( 9)
which is related to the g-function (2.47) as
Gimamay (G — Jo, b = ko3 7, Aa) = glusg, — w3 57, Aa). (2.50)

Then the matrix element (2.46a) can be rewritten in terms of a double index notation as

m—1n—1

[H{mnr} - 5,[1,1/ Z Z g{mnr} ]ua k 3Ty A ) + g{m,n,r}(j;ﬂ ]%m 7, Aa)
j=0 k=0 (2.51)

~

- g{m,n,r} (ju - .}w kp, - kw T, Aa)

where (11, v) = (nJ, + k., nJj, + k) following (2.18). The sum in (2.51) can be simplified as

m—1n—1 m—1n—1
Z g{m n r} ],ua - k'u; T, Aa) = g{m,n,r} (]7 k; T, Aa)
j=0 k=0 7=0 k=0 (2'52)

(mAg; T),

where we have used (2.20) and (A.4) in the first and in the second equations respectively.
Substituting (2.52) back into (2.51) then gives

.3

i 0 ~
Hmnr v — - Aa;~ |:I - Hmnr )
[ { k] 7}]”7 <7T g aAa (m T)) N—-1 + { ’ 7} v

g{m,n,r}(jm l%,u; T, Aa) - g{m,n,r} (j,u - .}u; l%,u - ku; T, Aa)
% 22:1 % log 61 (mA,; T) '

[H{m,n,r}]u,y =

The Jacobian determinant My, .,y is then given from (2.48) and (2.53) as

g N-1
Himmngy = det Hpppy = N (% (mAg; %)) det(l + ff{m,mr}) (2.54)

— A,

Finally, the contribution from the standard BAE solution (2.17) denoted by three integers
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{m,n,r} is given by substituting (2.54) into (2.45) as

3 61(Aair) (_mn(m? \N
Ha:l |:< n(r)3 >(91(mAa;7~')> :|

— ) N_1
Ndet(l + H{m7n7r}> [% 22:1 ﬁ log 6 (mAy; %)]

1—ng

Z{m,n,r} (7—7 Aaa na) = (255)

The standard contribution Zgandara then naturally follows from (2.42).

2.3 Standard contribution to the topologically twisted

index

In this section we investigate the standard contribution Zg.nqarq to the topologically twisted
index based on (2.42) and (2.55). Even though this is not enough to get the full topologically
twisted index due to the non-standard contribution 2o, standara i (2.41), we will see that the
standard contribution itself has an interesting transformation property and an asymptotic

behavior in the Cardy-like limit.

2.3.1 The index as an elliptic genus

In [43, 66], it has been observed that the partition function of a theory on 7% x S? with
N = 1 chiral/vector multiplets is equivalent to an elliptic genus of certain N' = (0,2)
theory on T?. Since the topologically twisted index of N = 4 SU(N) SYM theory means
the partition function of a supersymmetric gauge theory on 72 x S? that consists of three
N =1 chiral multiplets and one N/ = 1 vector multiplet, we should be able to interpret the
twisted index of our interest as an elliptic genus too. A direct evidence for this would be
that the topologically twisted index of N'=4 SU(N) SYM theory has the same periodicity
and modular property with an elliptic genus. To be specific, to show that the twisted index
becomes an elliptic genus, we must prove that the twisted index transforms as a weak Jacobi
form of weight zero as an elliptic genus does. Here it is worth recalling that, for a single

chemical potential, a Jacobi form of weight k£ and index m transforms according to

gb(u + AT+ 5 7') = (_1)2m(>\+u)q—m,\2e—4m’m>\u¢(7_7 u)’ (2.56&)
U at + b 2mimen?
(CT Yd er vt d) = (er +d)e” v o(T, u), (2.56b)

for a,b,c,d, \, u € Z with ad — bc = 1. It is then straightforward to generalize this to the

case of three chemical potentials A, (a = 1,2, 3) of our interest.
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We do not have an explicit expression for the full twisted index, however, since the non-
standard contribution Z,on standara i (2.41) is unknown. Hence it is difficult to show that
the full twisted index Z = Z.ndard + Znon-standara transforms as a weak Jacobi form of weight
zero. We therefore focus on the standard contribution Zg.nqara @and show that it transforms
as an elliptic genus. More explicitly, we verify that the standard contribution Z.,qara from

(2.42) and (2.55) transforms as a weak Jacobi form of weight zero and indices

N? -1
2

(1 _na)7 (257)

mg =

under the constraint >, A, = 0. To do so, in subsection 2.3.1, we first consider the periodic
shifts A, — A, + 1 and A, — A, + 7 to confirm (2.56a). Then in the next subsection
2.3.1, we consider the modular transformations 7': 7 — 7+ 1 and S : 7 — —1/7 to confirm
(2.56b). Note that the index m, is a half-integer when both N and n, are even, and an

integer otherwise.

Periodic shifts of chemical potentials

We first consider the shift A; — A; + 1 for a single A;. From (A.7b), we find that Z,
(2.45) transforms under this shift as

Z{m,n,r} — (_1)(1_mN)(1_n&)Z{m,n,r} — (_1)2m&(_1)N(N_m)(1_nd)Z{m,n,r}

- (2.58)
- (_1) aZ{m,n,r}a

where we substituted in the index m; from (2.57). In the last equation we have used that
N(N —m) =m?n(n — 1) is an even integer. The result (2.58) is in agreement with (2.56a).
Note that this result is valid even if we only shift a single A;.

For the shift A; — A; + 7, we first consider how the numerator in Zg,, .,y (2.55)
transforms. Using (A.7b), we find

01(Ag +757) = —q_l/Qe_QMAWl(A&; 7), (2.59a)
01(m(Ag + 7); 7) = (=1t = N2 =2mNidag (mA,; 7). (2.59b)

This demonstrates that the numerator picks up an overall factor as

1711[1
Znumer (2 60)

7numer [(_1)1—N(n+r(n+1))q(N2_1)/2yéV2_1 T

{m,n,r} -
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under the shift A; — A; + 7. As above, the sign factor can be rewritten as

1—-Nn+r(n+1)=—(N?—=1)+ Nn(m—1) —r(n+1))
= —(N* = 1) +n*m(m —1) —rmn(n +1). (2.61)

Since the last two terms in the final expression are even, they do not contribute to the overall
sign, and we are left with
numer mg ,—Mmg ,—4mimgAs r7numer
Z{m,n,r} - <_1)2 q e ! Z{mm,,r}? (262)
where we have substituted in the index mg from (2.57). Since the numerator by itself
transforms properly under the shift A; — A; + 7 as a weak Jacobi form of index m; (2.57)

following (2.56a), we see that the denominator must be invariant under this shift. This is

not entirely obvious, however, as the logarithmic derivatives of #; transform as

O, log 01 (As + 7,7) = 0a, log 01 (Aa, T) — 27,
O, log 601 (m(As + 7),7) = Oa, log 01 (mAs, 7) — 27N, (2.63)

as can be seen directly from (2.59a) and (2.59b). The sum of logarithmic derivatives, however,
is invariant so long as we simultaneously shift another chemical potential, say A;, by —7,
since then these additional factors will cancel. Therefore the denominator is invariant under
this combined shift, and hence (2.62) leads to

Z{m,n,r} N (_1)2ma q—ma€—4m‘maAa Z{m,n,r}; (264)

which is in agreement with (2.56a). Note that this simultaneous shift is in fact required to
maintain the constraint 22:1 A, €Z (2.9).

Finally, since the standard contribution Zgandara is a sum of all Z,, (2.42) and each
Zimmnry transforms under periodic shifts of chemical potentials as (2.58) and (2.64) consis-
tent with (2.56a), we conclude that Zgandara transforms under periodic shifts of chemical

potentials as a weak Jacobi form of weight zero and indices m, (2.57).

Modular transformations

This time we check the properties of the standard contribution Zgandara (2.42) under modular

transformations (2.56b). Since a general transformation can be generated by a combination
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of T" and S transformations, it is sufficient for us to demonstrate the following properties:

T: Zstandard (T + 17 Aaa na) = Zstandard (7-7 Aaa na)a (265&)
S . Zstandard(_l/Ty A¢1/7—7 na) = 6@ Zi:l maA?l Zstandard (T7 Aay na)- (265b)

These follow from the modular transformation of a weak Jacobi form of weight zero and
indices m,, (2.57) with chemical potentials A, based on (2.56b).

T-transformation

We begin with the T-transformation 7" : 7 — 7+ 1. Under this transformation, an individual
contribution Zy,, » 1 will get permuted even though their sum Zandara Will be invariant. We
thus work each contribution at a time, namely the T-transformation of Z,, ;.

To proceed, we consider the expression (2.45), and observe that the numerator is built

from the combination

(2.66)

which transforms as a weak Jacobi form of weight —1 and index 1/2, as can be seen from
(A.12). For ¥(Ag; T), we have simply

V(Au; T +1) = (Ag; 7). (2.67)

However, the transformation is not as direct for ¢y (mA,;7), since T : T — 7+ m/n is not a

SL(2,Z) transformation on 7. In this case, it is more useful to note that

T : — =
n n n

mr+r m7+(7’+m)_m7+r’+Lr+mJ’ (2.68)

n

where 7 = r +m (mod n). Since 1 (2.66) is invariant under integer shifts of the modular

parameter, we end up with

m(t+1)+r m't + 1’
w(mAa; ( n ) ) = w(m/Aa; T)? (269)
where ) )
7 = u, {m',n';r'"} = {m,n,r +m (mod n)}. (2.70)

n/

Substituting (2.67) and (2.69) into the numerator of (2.45) then gives a simple transformation

ZRmer (741, Mg, ng) = Z5me (7, Mgy 1g), (2.71)

{m,n,r}
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where {m/,n’, 7'} is from (2.70).

To be complete, we must also investigate the T-transformation on the denominator of
(2.45), namely the Jacobian determinant H, » ) (2.54). Here we use the double periodicity
(A.7b) and the modular property (A.11), to obtain the map

g{m,n,r} (5; ]%; T, Aa + 1) = g{m’,n’,r’}(jlv ]%/; T, Aa>> (272>

with {m/,n’, 7'} from (2.70) and

r+m
n

J (mod m), K =k (2.73)

Then since the above (7, k) — (7, k') is a bijective map from Z,, X Zy t0 Zyy X Zys, We get
(see Appendix B.3)
H{m,n,r} (T + 1, Aa) = H{m/m/ﬂn/}(’f, Aa), (274)

and hence the denominator transforms in the expected manner as well.
Substituting (2.71) and (2.74) into (2.45) then gives

Z{mm’r}(T + 1, Aa, na) = Z{m’,n’,r’}<7—7 Aa, ‘(‘la) (275)

where {m/,n/,7'} is from (2.70). Finally, since {m,n,r} — {m’,n’,7'} in (2.70) is bijec-
tive, it is clear that the standard contribution Zgangara (2.42) is indeed invariant under

T-transformation as (2.65a).

S-transformation

We now turn to the S-transformation, which takes A, — A, /7 along with 7 — —1/7. Once
again, we start with the numerator. Since ¢(u;7) defined in (2.66) is a weak Jacobi form of
weight —1 and index 1/2, we immediately have

1 nia2
WAa/T;—l/T):;@ Ty

(Aq,7) (2.76)

from (2.56b). For ¢(mA,;7), it is important to realize that S does not simply take 7 to
—1/7. Instead, we want to map 7 into a new 7/, at least up to a SL(2,Z) transformation. In

particular, we demand
mr +r rr—m ai +b

S : = 2.77
n - nr e +d’ ( )
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where 7/ = (m/T + ") /n’. The resulting SL(2,Z) transformation is given by

a= f, c= E, ad —be =1, g = ged(n,r), (2.78)
g g
and 7' takes the form
/ !
7 = m, {m',n',r'} ={9,N/g, —dm}. (2.79)

Here b and d are uniquely determined as the solution to (2.78) is under the constraint for r/,
0 <r" <n’. Also note that we can make use of the simple relation ¢7’' + d = m’t/m, which
can be derived without explicit knowledge of b and d. From (2.77) and (2.56b), we then find

A _ 'A = iNA2
77[) (m a; rT m) :w ( m Qg . aTt +b) _ m e dnr ¢(m/Aa,%/)- (280)

T nrt e’ +d et +d

Substituting this expression along with (2.76) into the numerator of (2.45) then gives

2

numer (_1/7_7 Aa/T, na) — TN—ley Za maAaZ?#Lr/I?Z?T/} (7'7 Am na)a (281)

{m,n,r}

where m, is from (2.57) and {m/,n’,r'} is from (2.79).

N=1is expected to be canceled by a similar factor arising from the

The extra factor of 7
denominator of (2.45), namely the Jacobian determinant #Hy, 3. For this determinant,
we use the double periodicity (A.7b) and the modular property (A.11), along with the

requirement » A, = 0 to obtain the map
g{m,n,r} (37 l%a _]-/7-7 Aa/7—> = Tg{m’,n’ﬂ“’}(jla l%/a T, Aa) (282)

with {m/,n’, 7'} from (2.79) and

j = —g(l% +dk') mod g, (2.83a)
n
. . . N
F="5+"k mod—. (2.83b)
g g g

In Appendix B.2, we show that the above (7, l;:) — (7, /%’) is a bijective map from Z,, X Z,
t0 Zyy X Zy. Then from Appendix B.3 we get

Himn (—1/7, A0 /7) = 7V Vet Hppnr oy (—1/7, Ao /7), (2.84)

which will cancel the extra factor of 7¥~! from the transformation of the numerator (2.81).
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Substituting (2.81) and (2.84) into (2.45) then gives
Z i (—1/7, Ao /7 0g) = €7 Zame B8 70 (7, A, 1) (2.85)

where {m/,n/,r'} is from (2.79). Finally, since {m,n,r} — {m/,n’,r'} in (2.79) is self-inverse
and therefore bijective, it is clear that the standard contribution Zgangara (2.42) transforms
under the S-transformation as (2.65b).

Here we wish to explain why the chemical potentials must sum to zero in order for the
standard contribution Znqara (2.42) to be a proper modular form, in particular under the S-
transformation. Since S-transformation takes A, to A, /7, we must demand the simultaneous

conditions

3 3
Y A €Z and Y A, €L (2.86)
a=1 a=1

to satisfy the constraint given in (2.9) for both Z(7,A,,n,) and Z(—1/7,A,/7,n,). This
leads to 22:1 A, = 0. Of course, we can always shift chemical potentials by integers as
A, = Ay +7Z to set 22:1 A, = 0, so this is not a physically sensible restriction on chemical

potentials.

2.3.2 Cardy-like asymptotics

In this subsection we investigate the Cardy-like limit of the standard contribution Zgandara

given from (2.42) and (2.55) that we repeat here for convenience

N n—1
Zstandard<7-7 Aau na) = Z Z Z{m,n,r} (T7 Aa; na)7 (287&)
n=1(n|N) r=

0
o\ 1—ng
[Tocs [V(Aus 7)(mAL; 7)™
~ JN-1"
3 P (mAg;T
ndet (1 + H{m,n,r}> [% Dami w((mAa;?))}

Z{m,n,r} (7—7 Aaa na) = (287b)

Note that we simplify (2.55) in terms of the t¢-function (2.66) to get (2.87b). Here the

Cardy-like limit means
7| = 04+ with fixed 0<argr <. (2.88)

The Cardy-like limit of the twisted index has been first investigated in [73]. It was restricted
to the Cardy-like limit of Z;; n oy, however, and here we extends a similar analysis to generic
Ztmnry and therefore the total standard contribution Zgandara following [67], but with generic

complex parameters 7 and A,.
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To begin with, using the Cardy-like asymptotics of elliptic functions (A.16) and (A.23),

we derive

log (A7) = T{Ad} (1= {Ad},) +logT — T+ puri

A _ i (2.89)
4 O(e—%min({Aa},l—{Aa}n
where we have defined an integer p, as
pa = |Re A, — cot(arg 7) Im A, |. (2.90)

See (A.17) and (A.19) for the definitions of the 7-modded value {-}, and the ‘tilde’ compo-
ment of chemical potentials A,. Next, for 1)(mA,; 7), first we take the SL(2,Z) transforma-
tion with

c=—, d= —C, ad —bec =1, g = ged(n, r), (2.91)
g g

in (A.12). The result is given as

s} ACL 2
MT Ty _ T oy 92e, 97 4y (2.92)

n g r ' Nt ' ¢

V(mAg; 7) = p(mAg;

Applying the product forms (A.2) and (A.3b) to the RHS of (2.92) then gives

NA,

g3mi

log h(mAg; 7) = o {

n (’)(e_%?\”gﬂmm({%&}’l_{%&a}))

(= (220 g (20 ) i (14 (a0 + 1)) o

where we have defined an integer ¢, as

(2.94)

NA NA
Qo = LRe ¢ — cot(arg ) Im aJ .
9

9

Lastly, the diagonal term from the Jacobian matrix in the denominator of (2.87b) can be

expanded using (2.93) as

1 U'(mAy;T) g
T ; V(mAyT) anN/g’ (2.95)

where we have assumed CA, ¢ Z and introduced n¢e € {1} for a positive integer C' as

i{c&a} _3 *;”C. (2.96)
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Here we have used the constraint 22:1 A, € Z (2.9) too.
Finally, substituting (2.89), (2.93), and (2.95) into (2.87b) gives

lOg Z{m,n,r} (7', Am na)

v

_ TN ) [{Aa}m (A -

T

(2.97)

7 (1= 1) [P = Naa(1+ (g0 + 9] +

2 sin(arg ) X X X X
— log det( + H{mw}) + O(e 7\gmm({%A“}’lf{%A“}’{A“}’km“})).

Note that the 2nd line is pure imaginary, which is meaningful up to 27iZ only. Substituting
the asymptotic expansion of each sector (2.97) into the sum (2.87a) then determines the
Cardy-like limit of the standard contribution Zg.ndara, Where the contribution from the
determinant in the last line of (2.97) is left implicit.

Since the contribution from determinant, namely — log det(1+fl{m,n,r}) in (2.97), is rather
intricate, its Cardy-like limit has not yet been known explicitly except for some special cases.
Here we summarize the key observations of [67] but in a slightly different way with general
complex 7 and A,. First, recall that elements of an (N —1) x (N — 1) square matrix [Tl{m’n,r}
are given from (2.52) and (2.53) as

g{mnr}(]uaka A ) g{m,n,r}(ju _jl/al%u - ]%V;Tv Aa)
n—1 7
25:0 =0 g{m,n,r} (.]7 k; T, Aa)

[H{mnr}] s (298)

where (u,v) = (nj, + ku,nk, + k) € Zn x Zy \ {(0,0)} following (2.18). To compute
the determinant of the matrix with elements (2.98) in the Cardy-like limit, first we need
to expand the G-function in the Cardy-like limit. By substituting the Cardy-like expansion
(A.23) into the definition (2.49), we obtain

A 1< n, +rk nj +rk
g{m,n,r}(]vk;Ta Aa) = - Z (Bl {A j } ) + Bl({Aa - j—}T))

T N
271'1(1 {Aa+0_]+kT}) 6 27r1{A +a_]+k:‘r}T
+ Z 2 -
27r1 ]+k‘r _ 2mi J+k-r
alJ:i: 1—e Tl{A—l—a ) 1—e T{Aa—l—om}.r
27r<1n(arg7‘)
+0(e ),

(2.99)

where B,,(z) denotes the n-th Bernoulli polynomial.
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In the simplest case with {m,n,r} = {1, N,0}, (2.99) shows that the G-function becomes
independent of an entry (7, k) in the Cardy-like limit as

3
- 2
g{LN,O}(],]{?;T, Aa) ~ ; ZBI({ACL}T)7 (2100)

a=1

where “~” means that an equation is valid up to exponentially suppressed terms. Substi-
tuting (2.100) back into (2.98) then gives

[Hunoluw ~0 = log det(l + fI{l,N,O}) ~ 1. (2.101)

Substituting (2.101) into (2.97) then gives the Cardy-like asymptotics of Z oy explicitly

log Z{l,N,O}<7—7 Aav Ila) = _M Z<1 o na){Aa}‘r(l - {Aa}r)
— (N = 1)mi 31— no)pa + (1+ ?71)(2N — )i (2.102)

a=1

N O(@_%min({&z}ﬂ—{ﬁa}))_

Note that the 2nd line is pure imaginary which is physically meaningful up to 27iZ only.

The problem is, as observed in [67], the determinant may vanish in general sectors
{m,n,r} # {1,N,0} for some chemical potentials up to exponentially suppressed terms,
namely

det (1 + ﬁ{mm,r}) ~ 0 (for some A,). (2.103)

This is not always the case, and the determinant may yield a finite non-zero value for other
configurations of chemical potentials. In that case, the determinant contribution in (2.97)
is of order O(|7]°) so can be ignored compared to the leading O(|7|™!) order. When the
determinant vanishes as (2.103), however, we must keep track of the first exponentially
suppressed terms of the G-function, namely the 2nd line of (2.99), to improve the estimate

of the determinant contribution in (2.97) as

improve
—

—log det(l + ﬁ{mﬁm}) — o “log det(l n H{m,n,r}> o). (2.104)

This makes the evaluation of the determinant contribution highly involved, which cannot
be ignored since it affects the |—i|—leading order in the Cardy-like limit. Refer to [67] for

this calculation with N = 2,3. We leave a systematic understanding of the determinant
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contribution in (2.97) for future research, which is required to evaluate the Cardy-like limit

of the standard contribution Zgnqara (2.87a) completely.

2.4 Microscopic understanding of an AdS; black string

In this section, we come back to the original motivation of studying the topologically twisted
index of N'=4 SU(N) SYM theory on T? x S?. First we review how the twisted index has
been used to count the microstates associated with the AdSs black string entropy (1.27) [73,
77,69, 111, 71]. Then we discuss how recent developments in the twisted index summarized

in sections 2.2 and 2.3 affects the previous microstate counting.

2.4.1 Microstate counting by the topologically twisted index

In [73], the authors related the topologically twisted index to the central charge associated
with the AdS; geometry in the near-horizon limit of an AdS; black string (1.24) in the
Cardy-like limit. To be precise, they claimed

lim log Z(7, A%, 1) = ——c, (1) + o( N?) (2.105)
|7|—0 127
where A7 stands for an extremum of the twisted index and the right-moving central charge

¢y (n,) is computed by applying the Brown-Henneaux central charge formula ([26]) to the
AdS; part of (1.24) as

3RAng
c(ng) = ——=
2G(3)
1 1
1231\ 3 1 [9N2 1,,2.3\2\ 3
_ g (SN L i (PPN s (2.106)
o3 2\ 7wt I
— 3N? el .
1— (nlng + nong + ngﬂl)
Here we have identified p* = —%na and used

1 voly 2N?

= = voly,
Gs Gao 0 107
(') (2107
Y (20
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where g = 0 is for ¥; = S? in (1.24) and 7 is for the volume of an internal manifold S°
with unit radius. The result is not surprising since (2.105) is the expected behavior in the
Cardy-like limit of the SCFT.

Since we want to understand the microscopic origin of the AdS; black string entropy
(1.27) using the topologically twisted index, however, we take a different route. Following
(77, 69, 111, 71] instead, we will match the twisted index directly to the AdSs black string
entropy (1.27) upon appropriate extremization.

It is also important to note that the aforementioned literature [73, 77, 69, 111, 71] have

investigated the topologically twisted index implicitly assuming
Z(1, A%, ng) ~ Zpy vy (T, A%, 1) (2.108)

in the Cardy-like limit. Given (2.41) and (2.42), this is not a trivial statement and we will
discuss this issue in the following subsection 2.4.2. For now, we assume (2.108) and how the
resulting twisted index counts the microstates of a dual AdSs5 black string entropy (1.27).

To begin with, recall that a partition function can be written schematically as

Z(p) =) _ Q)™+, (2.109)
Q

where @) denotes a set of charges that specify microstates of degeneracy d(Q) and u is a set
of chemical potentials associated with (). The number of microstates d(Q) is then obtained

by the Cauchy’s integral formula as

1 1
QQ) = / dp Z(p)e 2 e = / dp eSH9), (2.110)
0 0

where we have introduced

S(p; Q) =log Z(u) — 2mipQ. (2.111)

If Re[S(p; Q)] becomes a large positive number around a saddle point, we can compute the

integral (2.110) using a saddle point approximation as

log (Q) ~ S(1"; Q) (2.112)

where p* is an extremum of S(u; Q).
Following the above picture, we can count the number of BPS states of N’ = 4 SU(N)
SYM theory on T? x S? specified by electric charges ¢, (a = 1,2,3) and a Kaluza-Klein
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momentum along the spatial direction of T2 namely ¢, as [111, 71]

1
Ua, gy 1a) = | dA1dDAT Z(T, Ay, ) 2T 2a Bate—2miTg 2.113
(@) = [ dddadr (7, Bim)e N StE)
from the relation
2(r, D) = 3 g g.ng) €27 e Setni, (2114)
qa,q
Then the saddle point approximation (2.112) simplifies (2.113)
3
log Q(qa, q, ng) ~ log Z(7%, A n,) — 2mi Z Arq, — 2miT*q, (2.115)
a=1
where an extremum (7%, A%) is determined by the saddle point equations
0 = 0a, log Z(7, Ay, ny) — 2mig® — 2mi), (2.116a)
0= 0, log Z(1, Ay, n,) — 2mig. (2.116D)

The parameter A in (2.116a) is a Lagrange muliplier for the constraint 32°_ A, € Z.

The saddle point approximation (2.115) is of course valid only if Re[log Z(7, A, n,)]
becomes a large positive number around a saddle point. Assuming (2.108), we will check
this in the large-IN after the Cardy-like limit posteriori. Before that, we solve the saddle
point equations (2.116b) by substituting (2.102) and (2.108) and therefore making them
explicit in the Cardy-like limit as

0 ~ Oa, log Zg1 noy (T, A, 1a) — 2miq" — 2mi, (2.117a)
0 ~ 0-log Zp N0y (T, Ag, 0g) — 2miq, (2.117b)

where (i¢ is a phase independent of 7, A,)

N2 — )i ,
log Zg1 8,01 (T, Aa, Ng) ~ —% Z(l — 1 ){Au}-(1 = {A.},) + ip. (2.118)
a=1

Now we solve the saddle point equations in the Cardy-like limit (2.117). To begin with,
the first saddle point equation (2.117a) with g, = 0 (the case of our interest) gives

(N2 — 1)

T*

0~ — (1 - ny)(1 — 2{A%},.) — 2mi. (2.119)

assuming A, ¢ Z around a saddle point A, = A*. Summing (2.119) over a = 1,2,3, we
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have
wi(N2-1)
— =

- 2mi Zi:l ﬁ
where n¢ is defined in (2.96) for C' € Z. Substituting this A back into (2.119) then gives an

extremum

1 121 1 na(na — 1)
A= 1+—"—]==(1 1-— 2.121
{ a} 2 < + § 2_1;> 2 ( +7h ( 1—111112—1’121’13—113111 ( )
=1 1-ny

under the constraint >2°_ n, = 2 from (2.9). Note that A* € R from (2.121). The cor-
responding value of log€2(0, ¢, n,) is obtained by substituting the extremum (2.121) into
(2.118) and then into (2.115) under the assumption (2.108). The result is given for ¢, = 0

as

(2.120)

7Ti(N2 — 1) ningng . .
log (0, ¢, 11,) ~ — it . 92.122
0g (0, ¢,n,) I Ty — s — o, 2TTa e (2.122)
Next, the 2nd saddle point equation (2.117b) gives
.3
(N? — 1)mi . . .
0= A VTS0 A (- AL ~ 2rig
a=1
2 _ .
_ V= Dmi bhlcli — 2rig (2.123)
472 1—nny — NoNly — N3Ny
* . N2 —1 ninsng
- = ,
8q 1— nng — nNong — N3y

where we have assumed A, ¢ Z around a saddle point A, = A’ again and used the above
result (2.121). Substituting the value of 7* from (2.123) into (2.122) then gives

2<N2 — 1)(]111112113
1— ning — oy — N3Ny

log (0, ¢, n,) ~ 7r\/ + . (2.124)
The real part of (2.124) is a large positive number in the large-N limit, if the two of n,’s are
negative. This condition on flavor magnetic charges is in fact required for the 2d N = (0, 2)
SCFT arising from the KK compactification of 4d N' = 4 SU(N) SYM theory over S? to
have a positive central charge (2.106) [12, 73]. Therefore the saddle point approximation
(2.115) is indeed valid in the large-N after the Cardy-like limit.

Now we want to relate the field theory result (2.124) to the dual black string entropy
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(1.27). Under the AdS/CFT dictionary (see (5.12) of [71] for example)

Ays 1 N2 _ A 1

n, = —2p°, - -, — - : 92.125
P TGP Gu” 4G 4G (2:125)
the logarithm of the number of BPS states (2.124) can be rewritten as
2m —qop'p*p? 9
log (0, q,ng,) ~ + o(N
820, 4:m) Gy \/1 — 4(p'p® + p*p* + pp") (%)
(2.126)
o 102,03
- 12 212 6:130127]729 1,2 2.3 3.1 +0(N2)'
Gu \| =042 = ()2 — (p*)? + 2(p'p% + p*p* + p°p!)

Here we have also used the constraint 22:1 n, = 2 from (2.9) or equivalently 22:1 Pt =
—1. This result (2.126) matches the AdS; black string entropy (1.27), or equivalently the
corresponding AdS, black hole entropy (1.40), in the large- N limit where we set the Riemann
surface ¥; = S?. Hence we conclude that the ensemble of BPS states of N' =4 SU(N) SYM
theory on T? x S? counted by the topologically twisted index provides quantum origin of

microstates associated with the dual AdSs black string entropy (1.27).

2.4.2 Implication of new BAE solutions

The conclusion made at the very end of the last subsection is of course valid only if the
assumption (2.108) is true in the Cardy-like limit. Here we discuss its validity. To check
(2.108) based on (2.41) and (2.42), we must show

Rellog Z(1 v,y (T, Ag, 10)] > Rellog Zpm n iy (T, Aa, )] ({m,n,r} # {1,N,0}), (2.127a)
Reflog Z1,3,03(7; Aa, 11a)] > Re[log Znon-standara (T, A a)], (2.127D)

in the Cardy-like limit, around a saddle point (7%, A*) given by (2.121) and (2.123). These
conditions (2.127) have been implicitly assumed in the literature. Since we do not have
explicit expression for the non-standard contribution 2, standard, however, we leave (2.127b)
for future research.

To prove (2.127a), we substitute (2.97) and (2.102) into (2.127a). Then the inequality
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(2.127a) reduces to

NAZ NAZ
“Jre “}re)

21 2 1- *
Re | % Za—m( I —{A;}T*<1—{A;}T*>>

a=1

(2.128)
=+ lOg det(l + ﬁ{m,n,r}(7*7 AZ)):| >0

for any positive integer g = ged(n, ) that divides N, where a saddle point (7%, A*) is given by
(2.121) and (2.123). As we have discussed in subsection 2.3.2, the determinant contribution in
(2.128) is difficult to analyze in general. In particular, when det(14H {mn,r} (7%, A%)) vanishes
in the Cardy-like limit, we must keep track of the leading exponentially suppressed terms
of the form O(e~'/I"l). The determinant contribution in (2.128) then becomes a negative
number of order O(|7|™!), which makes the proof of the inequality (2.128) more complicated.
Hence we focus on the case where det(1 + ﬁ{m,M}(T*, Ar)) does not vanish in the Cardy-
like limit. The determinant contribution in (2.128) then becomes a finite number of order
O(|7|?), which is sub-leading to the 1st line of (2.128). The inequality then reduces to

() a- ey *
( N2/ g2 —{A} (1 - {Aa}‘r*)>] > 0. (2.129)

.3
S -
T —_

Since chemical potentials at the saddle point A7 given in (2.121) are real and arg7* = 7

from (2.123), we can simplify the inequality (2.129) further as

. ({Ta}a SErS

Z NZ/gZ

a=1

—{AZ}(1 - {A;})) > 0. (2.130)

Note that {A¥}.« = {AX} since A is real from (2.121). Here the curly bracket {-} denotes
a normal modded value on the real line as (A.20).

Now we review the proof of the reduced claim (2.130) in [67] for flavor magnetic charges n,
satisfying the constraint 22:1 n, = 2 with two of them being negative. See the explanation
following (2.124) for why. To begin with, note that the saddle point (2.121) is in fact an

invertible map between

{n| Z n, = 2, two of them are negative}
(2.131)

© {{AZ}I(+——{A*} {Ash? > ({AI}+1+771)({A} Hm)},
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where the inverse is given as

2{AC{AL - 1)
1—4({ATHAs + {ASHAs +{AsHATY

Recall n; € {£1} from (2.96). From here on, we take 7, = —1 and the other case can be

n, =

(2.132)

studied in a similar way. Then, using

(1 — n1)<1 — n2)<1 — ng)
1— niny — nNong — N3y

(1—ma)(1 - 2{A7}) = -

>0 (2.133)

derived from (2.121) and the constraint S°2_, n, = 2 with two of them being negative, the

inequality (2.130) can be rewritten equivalently as

fldy dy) =) — 21{ A <{n/A2}(1n; el (anpa - {Az})) >0, (2134)

a=1

for any {A*} within the domain (2.131) and a positive integer n’. Here we define a function

f(dy,ds) as the LHS of the above inequality where we have introduced abbreviations
do ={A}}, wa = {n'A7} = {n'd.}. (2.135)

Then within the subdomain of fixed integers |n'AZ], where 0y, f is well defined, we can

consider an extremum of f under the constraint Zi:l d, = 1 which satisfies

adlf = adzf =0
2 2a(1— 24) 1 1— 2z, (2.136)
—dy(1 —d, —(1-2d,) | =k,
- (1—da)2( " ( ))+1—2da( P ))
where k is some constant independent of an index a = 1,2,3. At this extremum, the
determinant of the Hessian is given by
05 04,04, f 16k

== 21— 2d)(1 = 2d5) ~ (2137)

8012 ad1 f 632 f

where the last inequality is valid within the domain (2.131) with 7, = —1. So the extremum
is in fact a saddle point, not a minimum or maximum. This implies that the minimum
of f within the subdomain of fixed integers |n’AX| must stays on its boundary. If one

investigates the values of f on the boundary, it is straightforward though tedious to check
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that f is minimized under

3

Ty = 0 2 = 07,23 > 17 for ZLn'AZJ =n'—1, (2.138)
a=1
3

Ty =0 g — 17,23 > 17 for ZLn/AZJ =n' -2, (2.139)
a=1

where we have ordered d, as d; < dy < 1/2 < d3 without loss of generality (recall we set
m = —1so ) d, =1). For both cases, we have

> do(1—ds) Ny Nats

fldy, dz) — _Z 1—2d, N _4(1 —ny)(1 —ny)(1 —mny)

a=1

> 0. (2.140)

This means that the LHS of (2.134) has a positive minimum value in every subdomain of
fixed integers |n'A’ |, and thereby proves the claim (2.134) for any {A*} within the domain
(2.131) and a positive integer n'.

Hence we conclude that the inequality (2.127a) is valid in the Cardy-like limit, provided
the determinant contribution in (2.128) is of order O(|7|%). This partially supports the
validity of the microstate counting by the topologically twisted index in subsection 2.4.1
based on the assumption (2.108). It is still incomplete, however, and to fully justify the
statement of 2.4.1 we must figure out how to investigate both inequalities in (2.127). We

leave it for future research.

2.5 Concluding remarks

In this section, we summarize the main results of this chapter about the topologically twisted
index of N =4 SU(N) SYM theory on T? x S? and discuss future directions.

First, in section 2.2, we have reviewed the Bethe Ansatz (BA) formula that gives the
topologically twisted index of N' = 4 SU(N) SYM theory on T? x S? as a sum over solutions
to the Bethe Ansatz Equations (BAE). We have also investigated various BAE solutions
including the SL(2,Z) family of standard ones and the other non-standard ones. Compared
to standard BAE solutions, however, a full classification of all possible non-standard BAE
solutions has not yet been known. Since the BA formula gives the exact twisted index
only if the most general solutions to the BAE are known, more systematic understanding
of non-standard BAE solutions would be the first step towards a complete understanding
of the twisted index. Furthermore, the existence of continuous family of non-standard BAE

solutions requires the conventional BA formula to be modified since it has been derived
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assuming all BAE solutions are isolated. This motivates an improvement of the BA formula
that takes the contribution from generic BAE solutions to the twisted index into account.

Second, in section 2.3, we have focused on the contribution from standard BAE solutions
to the twisted index through the BA formula and investigated its properties. To be specific,
we confirm that it behaves as an elliptic genus of 2d N/ = (0,2) SCFT and then explore
the Cardy-like asymptotics. First of all, it is surprising that the standard contribution itself
satisfies periodicites and modular properties of an elliptic genus, considering that it is not
exactly the twisted index due to the non-standard contribution. This implies that the total
non-standard contribution must vanish or at least satisfy the properties of an elliptic genus by
itself. For a complete understanding of the twisted index, this would be the first and foremost
statement we need to check in the future. When it comes to the Cardy-like asymptotics,
even the standard contribution has not yet been fully digested. This is mainly because of
a complicated structure of the Jacobian in the BA formula, a systematic understanding of
which may lead to an interesting future work.

Lastly, in section 2.4, we have reviewed how the twisted index counts the microstates
associated with the dual AdSs black string entropy in the large-N after the Cardy-like limit.
Then we clarified a hidden assumption for the microstate counting. The proof of this hidden
assumption, however, is not complete mainly because the Cardy-like asymptotics of various
contributions to the twisted index through the BA formula have not been computed explicitly.
The first step towards a complete microstate counting of AdSs black holes would therefore
be figuring out the Cardy-like asymptotics of such contributions. Taking one step further,
since the AdS/CFT correspondence does not require the Cardy-like limit, we may even try
to compute the twisted index in the pure large-N limit (without the Cardy-like limit) and
count the dual microstates based on the resulting twisted index. Then we can count the
microstates associated with holographic dual solutions by the large-N twisted index that
preserves a certain modular property, which was broken in the Cardy-like limit. This could
be a very interesting future direction that possibly unravels new holographic dual solutions

different from the AdSs black string discussed in this dissertation.
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Chapter 3

The Superconformal Index

3.1 Introduction

The Witten index of a 4-dimensional superconformal field theory (SCFT) that contains infor-
mation about protected short multiplets, the ones that cannot pair up into long multiplets,
has been introduced in [83, 101]. By construction, this superconformal index (SCI) remains
the same under continuous deformations of the theory. Upon a radial quantization where
the spacetime now reads S® x R, the SCI can be understood as an index that receives con-
tributions only from the BPS states that do not combine into long representations. In this
chapter, we are particularly interested in the SCI of N'= 4 SU(N) SYM theory over 1—16—BPS
states.

In this section, we provide a trace formula for the SCI of our interest and then derive
an elliptic hypergeometric integral formula from it for further calculation in the next section
3.2. To begin with, the SCI of N/ = 4 SYM theory on S* x R for %G—BPS states can be
written as a trace formula from (3.1), (3.3), (3.4), (4.2) of [83] as

Z(t,y,v,w) = Tr[(—1)Fe_Qﬁ{Q’QT}tQ(H+Jf)y2J2ZURQwRﬂ (3.1)

where 2{Q, Q'} = A = H—2J; —3(3R1+2Ry+R3). Here H is Hamiltonian, J7, are angular
momenta associated with SU(2); xSU(2)g =SO(4) acting on S? respectively, R, (a = 1,2, 3)
are Cartan generators of the SU(4) R-symmetry. Out of these charges, H + Jf, J5, Rs,
R; are the conserved charges that commute with the supercharges Q, Qf and t,y,v,w are
fugacities associated with them respectively.

Here we introduce a symmetric form of the SCI (3.1). First we introduce new fugacities
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P, ¢, ya following (5) of [105] as

=t y==rw, ys==twol, p=ty, ¢=ty". (3.2)
Note that they are constrained as pq = y1y2y3 by construction, so there are still 4 independent
fugacities. Then we take the change of basis for R-charges given in Appendix C of [83] as

Ry Ry _ R — Ry

— 1R+ 22
Ql 2+ 2+27Q2 9 ’

Ri+R
Qs =——— ;L 2, (3.3)
where @Q),’s are Cartan generators of the SO(6)=SU(4). Substituting (3.2) and (3.3) into the

SCI (3.1) then gives a symmetric representation

_ T zZ z [
I(ty, 0, w) = Z(p, ¢, ya) = Tr[(—l)Fe 26{Q.Q"} 24 i +J5 o I~ ylczlygzzygs] 5
_ TI“AZQ[(—1)FPJ1Z+JQZC]J1Z_J2Z?J?1y§2y§23]-

In the second line we have used that the SCI (3.1) receives contributions from the ;=-BPS
states satisfying the constraint A = 0 only.

Now we review the derivation of an elliptic hypergeometric integral formula of the SCI
of N'=4 SU(N) SYM theory [49, 105], which is a foundation for explicit calculation in the

next section 3.2. To begin with, we rewrite the SCI in terms of a path integral as

Z(p,q,Ya) = /DU exp

=1

§ — f(t™ Y™ 0™ ™) e U T U™ | (3.5)
m

m=1

where the single particle index f(t,y, v, w) is given as [83]

o+ 5 +%) =ty + ) —thw+ + )+ 20
_ 43 _ 8
(1=ty)(1-=7)

flt,y,v,w) = (3.6)

In terms of symmetric fugacities p, q, y, given in (3.2), the single particle index (3.6) can be

rewritten as

> act Yo = DAY aey 3= — D — 4+ 2Dg
1-p)1—q) '

fty,v,w) = f(p,q,ya) = (3.7)

This can also be derived from single particle indices for a chiral multiplet and a vector

multiplet given in [102], using that the N =4 SYM theory consists of three chiral multiplets
and a vector multiplet. Thanks to the identity f(tm, Yy o™ w™) = f(p™,q™, yi"), the path
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integral form of the SCI (3.5) now reads

= 1
> —f" "y T U T U™ | (3.8)
m

m=1

Z(p,q,Ya) /DU exp

Let us first consider the case where the gauge group is U(N). In this case we have

U = diag(z1,- -+, zx) with zf = z; ! and the integration measure of (3.8) is given as

N N
H QWZ H % — 7| (3.9)
=1 i<j

Substituting (3.9), (A.27), and (A.28) into (3.8) then gives the SCI of N' = 4 U(N) SYM

theory as

T(p, g, ya) = ((p;p)ooj(vql; Qo)™ I(ye: P 7{

i 3 zZi .
Nt dZ] 7&] Ha:l F(yaz_japv Q)

Y

(3.10)
where the contour integral is over a unit circle at the origin. Refer to (A.1) and (A.5a) for
the definitions of a pochhammer symbol and an ellptic gamma function respectively. The
SCI of N = 4 SU(N) SYM theory can be obtained just by replacing the trace of unitary
matrices in (3.8) as [3]

U TTU™ — TrUT T U™ - 1. (3.11)

From (A.27), it is straightforward to show that the replacement (3.11) simply changes the
prefactor in (3.10) as

((p;p)oo(q;q)ooHT(ya;p,Q)> — <(p;p)oo(q;Q)ooHF(ya;p,Q)) - (312)

a=1

Finally, the elliptic hypergeometric integral formula of the SCT of N' = 4 SU(N) SYM theory
is given by applying (3.12) to (3.10) as

. i N-1 3 #J H3 [(ya2; )
PiP)oo\q54)00 dz; a=1 yazjapaq
I(p7q7ya> = (( ) ( ) ) | | F(ya;p, f | | j , .
a=1

(3.13)
For later purpose, we introduce holonomies u;’s as z; = €™ and chemical potentials o, 7, A,

as p = ¥ ¢ = ¥ and y, = €*™Pe. The SU(N) constraint and the constraint for
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chemical potentials are given as
N
Y uwetz, (3.14)
i=1
3
ZAQ—T—UGZ, (3.15)
a=1

respectively. Note that A, satisfy a constraint (3.15), which is different from the one in (2.9)

we encountered when computing the topologically twisted index.

3.2 The calculation of the superconformal index

In this section, we compute the SCI (3.13) in two different ways: a saddle point evaluation
and the Bethe Ansatz (BA) approach. For simplicity, we identify p = ¢ (0 = 7) in (3.13)
and replace the argument of the SCI (3.13) with chemical potentials as

Z(p,q,ya) — ZIZ(1,A). (3.16)

For a saddle point evaluation in subsection 3.2.1, we take the Cardy-like limit (|7] — 0 with
fixed 0 < argT < ) following [36, 27, 65, 4], but keep track of terms up to exponentially
suppressed ones of the form O(e~"/I"). For the BA approach in subsection 3.2.2, we take
the large-N limit but keep track of terms up to O(NV). We will also take the Cardy-limit in
the BA approach and confirms that the result is consistent with the one from a saddle point

evaluation.

3.2.1 The saddle point evaluation

When you compute a complicated matrix integral, a saddle point evaluation is one of the most
straightforward approach. To apply this technique to the elliptic hypergeometric integral

formula, first we rewrite (3.13) with p = ¢ = €?™" as

N-1

I(r,A) = % / o 1] duy. exp[N?Sea({ui}: 7, A)], (3.17)

1

2N
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where the integration range was chosen for later convenience and we have introduced an

effective action S.g as

N2Seg({u;}; 7, A) = Z (Z log f(u” + Ag; ) + log by (uij; 7'))

i#j \a=1

(3.18)
-1) ZlogF a;7) +2(N —1)log(q;q),

Refer to (A.5b) for the definition of ‘tilde’ elliptic gamma function and {u;} is a shorthand
notation for a set of holonomies {u; |i = 1,--- , N}. To obtain the expression (3.17), we have
also replaced — ), ;log f(uij; 7) with ), 2 log 8o (u;;; 7), using the quasi-double-periodicity
(A.7a), (A.9) and the inversion formula (A.8a), (A.10) of elliptic functions.

Given the effective action (3.18) and the integral form of the index (3.17), we can now
apply the saddle-point approach. First, we find solutions {u;} = {u}} to the saddle point

equations

0= iseﬂ‘({uz‘};'r, A)

pu (p=1,--- ,N—1). (3.19)

{uit={uj}

Then the index (3.17) can be approximated around these saddle points as

Z(r,A) /D H du, exp[N*Seg({u;}; 7, A)], (3.20)

{u*}eC’ {uf} p=1

where the integration is along the steepest descent contour C’ passing through one or more
saddle points. For each saddle point {u;} = {u;}, Dy, is a neighborhood of the corre-
sponding saddle point solution {u}}. If all the saddle points {u}} that contribute to the SCI
through (3.20) are real and on the original contour C of (3.17), namely

N-1

1 1
= -1 - — 21
we have C' = C and
{u:} S D{u;} CC. (3.22)

However, in general, we may expect some saddle points to be complex, in which case the
original contour C has to be deformed to C'(# C) passing through those complex saddle
points. Here we assume this to be the case, and comment on the contour deformation
further in subsection 3.2.1.

Note that (assuming contour deformation is possible) if we did not restrict the integral
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in (3.20) to the neighborhoods of the saddle points and kept the full integration contour
C’, we would still have an exact expression for the index. The approximation comes from
integrating only near the saddle points, and this needs to be controlled by a large parameter.
Such a parameter would naturally be N? in the 't Hooft expansion. But in the Cardy-like
limit, we will see that 1/|7| can also play the role of a large parameter. In either case, the
saddle point evaluation (3.20) is valid up to exponentially suppressed terms with respect
to the large parameter. From here on, we take the Cardy-like limit (|7|] — 0 with fixed
0 < argT < m) and use 1/|7| as a large control parameter.

In subsection 3.2.1, we revisit the leading term in the Cardy-like limit |7| — 0 [36, 27,
65, 4]. In subsection 3.2.1, we keep track of sub-leading corrections in the finite Cardy-like
expansion with |7| < 1. In both sections, our goal is to obtain an explicit expression for the
SCI using the saddle point evaluation (3.20).

Leading term in the Cardy-like limit

In the Cardy-like limit, |7| — 0, we substitute the asymptotic expansions (A.15), (A.21),
and (A.25) into the effective action (3.18). The leading order terms then reads

.3
i
N*Se({uidim A) = =3 (Z Bs({uij + Aa}r) + (N = 1)33({Aa}7)) +0(77),
a=1 \i#j
(3.23)
where B, (z) is the n-th Bernoulli polynomial. Refer to (A.17) for the definition of a 7-

modded value {-},. Here we assumed
i+ Ay A 7 (3.24)

for any u;’s and A,’s, to use the asymptotic expansion of an elliptic gamma function (A.25).
The ‘tilde’ values @; and A, are defined following (A.19) and the curly bracket {-} stands
for a modded value of a real number as (A.20).

The saddle point equation (3.19) is then given from the effective action (3.23) as

O:—ﬂ-—i 3 - BQ qu Aar —BQ UN; AaT
ZZ( (g + Aa}r) = Bol{un; + Ag}s) )

— B({=wy + k) + Bal{—un; + Aa}) ) + Ol ),

under the assumption (3.24). The leading order saddle point equation (3.25) has a rich set

of solutions and we expect that one or a handful of solutions yields a dominant contribution
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to the SCI through the saddle point approximation (3.20). One of the most well known
solutions is the one with all identical holonomies, namely u; = u; for all 4,5 € {1,--- N}
[36, 65, 4]. The effective action at this saddle point successfully counted the dual AdSs black
hole microstates [36] as we will review in subsection 3.4.1. Here we focus on the case where
this particular saddle point with identical holonomies is dominant over the other saddle
points and therefore this black hole microstate counting is valid. We put off the discussion
on other saddle points, in particular the ones dubbed as C-center saddles! in [5], to Appendix
C.1.

On the integration contour (3.22), there are N distinct sets of identical holonomies sat-

isfying the SU(V) constraint Zf\;l u; € Z, namely

m m m| .
w§@:{@)zﬂﬂg:anN} (m=0,1,---,N —1). (3.26)

We can compute the effective action (3.23) at this saddle point (3.26) as

Vsl Y o) = - T U (A - 8 o, e

a=1

where 1, € {£1} is defined from

3+770 3+770

Z{CA b, =207+ VN Z{OA } = (3.28)

under the assumption

CA, ¢ 7. (3.29)

Refer to (A.19) for the definition of a ‘tilde’ component of chemical potentials. The SCI is
then given by substituting (3.27) into the saddle point evaluation (3.20) as

Z(r,A) = Nexp [—MH ({A }— 1+ Th) +o0 (|T]2)]

a=1

(3.30)

+ (contribution from other saddles).

This reproduces the result of [36, 27, 65, 4] provided that the other contributions are sub-
dominant. The factor of N!in the denominator of (3.20) is removed by the degeneracy from
permuting N holonomies within the saddle point (3.26). The prefactor N in (3.20) comes

from the number of distinct sets of identical holonomies on the contour (3.22).

!The C-center solution is related to the {C, N/C,0} BAE solution in [67] and the (C, N/C) saddle in
[30].
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Sub-leading terms in the Cardy-like expansion

The fact that the || %-leading term in the Cardy-like limit (3.30) also captures the N?2-
leading term in the large-N limit is not clear a priori, since (3.30) could have terms of order
N? but sub-leading in the Cardy-like expansion such as O(N?|7|™!). In this subsection we
clarify that such a correction does not show up in fact and therefore (3.30) captures the
NZ%leading term in the large-N limit correctly except the ones of the form O(NZe='/I7l),
by keeping track of all the sub-leading terms up to exponentially suppressed ones in the
Cardy-like expansion.

To go beyond the leading term in the Cardy-like limit, we have to expand various elliptic
functions to higher order. In particular, we substitute the asymptotic expansions (A.15),
(A.21), and (A.25) into (3.18) and keep track of sub-leading terms in the finite Cardy-like

expansion |7| < 1. The result is given in terms of Bernoulli polynomials as
NSea({ui}; 7, A)

_ (}:zﬁ(@hj+zng)+(Af—I)BA{AaLJ)

i#]

a=1

+= (ZZBM%- + )+ (V=1 Y Ba(fAu}e) + > {ui}o(1 - {uzj}»)

l
T
a=1 i#j a=1 1#]

— % (Z Bl({uij + Aa}r) + (N - 1)Bl<{Aa}T)>

i#j
, mi(27% — 31 — 1)N? , mi(272 + 37 — 1)
+ i ;{uw}T + o + miN — =
— (N —=1)log7+ Zlog(l - e_@(l_{““%» (1 - 6_@{“’7}*)
i#]

_ 27sin(arg )
+0 (et TR,

(3.31)

where the first line above is just the leading order term (3.23). As in the previous subsection,
we follow the conventions in (A.17), (A.19), (A.20) and the assumption (3.24). The higher

_ 27sin(arg T)X .
order terms are of order O(|7| e I ) where X is defined as

X =min({a; + A}, 1—{i; + A} :a=1,2,3,i,j=1,---  N). (3.32)

This is exponentially suppressed under the assumption (3.24). Thus, we are treating the SCI

in all powers of 7 up to exponentially suppressed terms.

63



Using this finite Cardy-like expansion of the effective action (3.31), we would like to
evaluate sub-leading corrections to the leading order saddle point solution (3.26) and the
SCI (3.30) obtained in the infinite Cardy-like limit. For that purpose, it suffices to focus on
the effective action (3.31) near the leading order saddle point solution (3.26). To be specific,

we make an ansatz for a saddle point solution in the finite Cardy-like expansion,

N
{ug-m)}:{ug-m):%—i—vj v; ~ O(|]%), Z } m=0,1,---,N—1), (3.33)

and investigate the effective action (3.31) around this ansatz. This ansatz (3.33) is natural
as it is equivalent to the leading order solution (3.26) up to sub-leading corrections. We call
this ansatz a ‘basic’ ansatz, and the corresponding solution a ‘basic’ saddle point. Note that

Z;.Vzl v; = 0 is required to satisfy the SU(N) constraint.

The effective action (3.31) near the basic ansatz (3.33) can be simplified using

{uij + Aa}‘r = Uyj + {Aa}ﬂ

{uij}r = o
1+ Ujj (Uz < Uj).

Here (3.34) was derived by factoring out u;; from modded values carefully based on that

w;j = v;;7 is at most of order O(|7]). The resulting simplified effective action is given as

)

N2Seg({u;}; 1, A) nmNZ (u] M) + Zlog(Zsm

i7k
: 3
i 1+n mi(6 —5m) (N2 —1)  (3.35
—g(N )H<{A br— 1)+ 112 (3.35)
a=1
miN(N — 1) 2m sin(arg 7) 4

(N —1)logr+O(|7| te” T ),

in terms of 1, € {£1} introduced in (3.28).
The saddle point equation (3.19) is then given from the effective action (3.35) and the
basic ansatz (3.33) as

N
1
inv; = N Z cotmvj, (1=1,---,N), (3.36)
k=1(#j

which is valid up to exponentially suppressed terms. Note that the system of equations is
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Figure 3.1: Numerical leading saddle points (blue dots) discussed in Appendix C.2.3 with
7i/6

N =30 and 7 = ZET There must be N = 30 distinct sets of holonomies in the above

figure but here only 5 copies of them are shown for presentation. Orange crosses denote
+7 + % (m = 2,8,14,20,26) and therefore it is straightforward to see that each set of
holonomies collapses to % as [7]| — 0.

T-independent, thus justifying our assumption v; ~ O(|7|°) in the basic ansatz (3.33). In
addition, the log term in the first line of (3.35) leads to a repulsion between pairs of eigen-
values. It is this term that shows up away from the strict Cardy-like limit that pushes the
eigenvalues apart and modifies the leading order saddle point, (3.26), of condensed eigenval-
ues. In fact, as will be highlighted below, this set of equations closely resemble those of an
SU(N) Chern-Simons model.

The steepest descent contour. At leading order in the Cardy-like limit, we found N
distinct real saddle points (3.26). However, at sub-leading order, while there are still N
distinct basic saddle points, each one is now complex, as the solutions to (3.36) are complex.
As a result, we seek to deform the original contour (3.22) to a new contour C’ that passes
through these N basic saddle points.

To be more specific, we show a typical complex basic saddle points in Figure 3.1. The
original contour integrates all eigenvalues along the real line, as shown by the red path. The
first step is then to deform the contour so that the integration path of each holonomy w,
passes through the corresponding saddle point as indicated by the green path in the figure
(the one in Figure 3.1 is particularly for the second holonomy wus from the above). Since
the contributions from the left and the right ends of green contours cancel each other, the

deformed contour can be written simply as

, 1
C'= U(v,ﬁ—ﬁ,v,ﬂ%—l——], (3.37)
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where {v;|j=1,---, N} is a solution to the saddle point equation (3.36) under the SU(N)
constraint Z;VZI v; = 0. Note that we are implicitly assuming that the effective action is
analytic in this region so that the deformation is valid.

The saddle-point evaluation of the SCI (3.20) around basic saddle points {ugm)}, obtained
from the ansatz (3.33) satisfying the saddle point equation (3.36), is then given from the
effective action (3.35) as

A)NNZ_li/ ]ﬁdu exp —m—mNi< M) +Zlog<28m >
m=0 N { g 7’ j=1 i#k

ul(_m)} p=1

+ (contribution from other saddles)
(3.38)

up to exponentially suppressed terms. Here D{u(m)} denote small neighborhoods of basic
saddle points {ugm)} on the deformed contour (3.37), namely
N-1

m m
Doy = Jwur+ 5 —eur+ 5+ CC (3.39)

pn=1
for some small positive number e. The prefactor A in (3.38) is defined as

A exp [_Z_;‘(N 1] ({A L 1+771> L mi(6 = 5n) (V2 ~ 1)

e 12
- mN(N-1)
2

(3.40)
27 sir‘x(z‘arg T) X

— (N —1)log7 + O(|7| e )
It is convenient to introduce new integration variables \; with the constraint Zj\;l Aj =0

as

wy = ul™ — (i\j +v))T = % — AT (3.41)

This allows us to rewrite (3.38) as

5 N-1 N
(1, A) ~ SN-1, TUNZ1) ./4 H dA, exp [nlﬂiNZ)\? + Zlog(? Sinhﬂ'Ajk)

Dingy p=1 j=1 2k
+ (contribution from other saddles),
(3.42)

where the integration contour Dy, is given from the original one (3.39) and the change of
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variables (3.41) as
N i€ i€
Doy = U (v, — put W+ ?] (3.43)
p=1
Remarkably, the steepest descent integral in (3.42) is identical to that used to evaluate

the S® partition function of supersymmetric SU(N); Chern-Simons theory

N-1
1 (o.]
ZSCIf(N)k = ﬁ/_ H d\,, exp [—mk‘z )\2 + Zlog 2sinh ) |, (3.44)

Jj=1 J#k

provided we make the identification k = —nN. This does depend on the ability to deform the
contour of the Chern-Simons theory in (3.44) to pass through the D3 contour in (3.42),
which we assume to be the case. We briefly comment on this issue in the beginning of
Appendix C.2. The SCI (3.42) then reads in terms of the S* partition function (3.44) as

Z(r,A) ~ N7V~ e Azgg . (3.45)
+ (contribution from other saddles).

We have computed this SU(NV) partition function in Appendix C.3 based on the U(V)
partition function from [79]. Substituting the result (C.60) into (3.45), we get

Z(r,A) ~ Nexp [_wn ({A v 1 —|-771> +(’)(6_1/|T|)] (3.46)

a=1

+ (contribution from other saddles).

Here (3.46) shows that there are in fact no sub-leading corrections besides exponentially
suppressed ones. We also obtain a log N contribution to the logarithm of the SCI, which
comes directly from the degeneracy of N different saddle points contributing equally to the
SCI. This is in fact an important lesson we learn, and the universality of the logarithmic
correction has been confirmed for a large class of N'=1 4d SCFT’s in [58].

3.2.2 The Bethe Ansatz formula

In this section, we compute the SCI (3.13) using the Bethe Ansatz (BA) approach first in
the large-N limit and then in the Cardy-like limit. The BA approach was first applied to
the SCI of a generic 4d N' = 1 quiver gauge theories in [19] and then specialized to that of
N =4 SU(N) SYM theory with p = ¢ in [20]. The latter is then generalized to the case
where (p,q) = (h®, h%) with a,b € N (ged(a,b) = 1) in [13]. Since we are interested in the
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SCI of ' = 4 SU(N) SYM theory with p = ¢, we mainly follow [20] but go beyond the
leading order.

According to the BA formula [19], the elliptic hypergeometric integral formula of the SCI
of N'=4 SU(N) SYM theory (3.13) can be rewritten in terms of a sum over Bethe vacua as

Z(r,A) = Ky Z Z({ui};m AYHEuy; 7, A7 (3.47)

{u; }eMBaE

where the building blocks are given as

= % ((q; 9)% Hf(Aa; T)) (3.48a)
2 ({urgima) — [ Lz Dl + A7) (3.48b)

oy F(uw,T)

H ({u;};7, A) = det {27117@(1@(1@1’. 'uf]j)ﬂ] .

(3.48c¢)

Here the BA operator Q;({u;}; 7, A) is defined as

01(uj; + A;T)
2N 1 7
Qi({u;};m,A)=e | | | | 5 Ujg AT (3.49)

where A take values in A € {Ay, Ay, —A; — As}. Note a notational difference from the one
we used to compute the topologically twisted index (2.11) due to different constraints for
chemical potentials, (2.9) and (3.15): we must use —A; — Ay instead of Az in (3.49). The
Bethe Ansatz Equations (BAE) are then given as

Qi({ui};7,A) =1, (3.50)

which have the same form as (2.12). The sum over Bethe vacua in the BA formula (3.47)
must be taken for solutions to the BAE (3.50) whose first NV — 1 holonomies are within a

particular domain, namely

[} € Mpap iff { CHEETRNT B (3.51)
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The BA operator (3.49) has a double-periodicity, namely

Hence, if we find one solution {u;} to the BAEs (3.50), we can generate countably many
solutions {u; + m; + n;7} with different sets of integers m;’s and n;’s. To compare the
contributions of these BAE solutions through the BA formula (3.47), we need to understand
how the building blocks H({u;}; 7, A) and Z({u;}; 7, A) transform under the shifting {u;} —
{u; + m; + n;7}. First, it is straightforward to show

H{w; +m; +n7h 7, A) = H({u}; 7, A) (3.53)
from (3.49) and (A.7b). The other building block Z({u;};7, A) transforms as

Z({ui +miy; 7, A) = Z({ui}; 7, D), (3.54a)
Z({u; — Suth; 7, A) = (=D)N e AQr({wi }; 7, A) Z({wi ) 7, A) (3.54b)

which are derived from (3.49) and (A.9). This implies that for a standard BAE solution (2.17)
satisfying (3.50) with A = 2 (2.23), both building blocks H({w;}; 7, A) and Z({w;}; 7, A)
are invariant under {u;} — {u; + m; + n;7} from (3.53) and (3.54). The contributions from
standard BAE solutions to the SCI through the BA formula (3.47) are therefore invariant
under shiting holonomies as {u;} — {u; +m; + n;7}. Note that this argument is not valid
for non-standard BAE solutions in general since A may take different values. In any case, we
don’t have to consider countably many contributions in the BA formula (3.47) due to the
holonomy shifting {u;} — {u; +m; +n;7} in fact, since the sum over Bethe vacua in the BA
formula (3.47) is taken only for BAE solutions satisfying the 2nd constraint in (3.51).

One of the simplest solution to the BAE (3.50) is a so-called ‘basic’ standard solution,

namely

{whie = {w =+ prfi= 120 V=1 U fuy =) (3.55)

where @ is supposed to satisfy the SU(N) constraint S u; € Z (3.14). Following the
notation of [67], this is a {1, N,0} BAE solution. Due to the double-periodicity of the BA

operator (3.52), there are countably many basic solutions as

{ui}basicz{ui:u—i—%T—i—mianiT i=1,2,-- ,N—l}U{uN:u—i-mN—i—nNT}
(3.56)

with arbitrary integers m;’s and n;’s. Note that m;’s are redundant since u;’s are introduced
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modulo integers in the first place. As we mentioned above, only some of the basic BAE
solutions (3.56) that satisfy the 2nd constraint in (3.51), will contribute to the SCI through
the BA formula (3.47). From here on, we will compute the contribution from such basic
BAE solutions to the SCI through the BA formula (3.47) in the large-N limit and then in
the Cardy-like limit.

Degeneracy

To determine the contribution from basic BAE solutions (3.56) to the SCI through the BA
formula (3.47), first we must figure out how many of them satisfy the 2nd constraint in (3.51)

and therefore contribute to the SCI. In short, we need the relevant degeneracy of basic BAE

solutions. To begin with, we classify all possible basic BAE solutions (3.56) satisfying the
2nd constraint in (3.51) into two cases.
Case 1:
{u; }pasic = {uZ =u-+ %7‘ i=1,2,--- N — 1} U{uy =t +nn7}. (3.57)
In this case, the value of @ is determined by the SU(N) constraint Zf\il u; € Z (3.14) and
the 2nd constraint in (3.51) as

. N-1
_ -2 0 =0.1.--- . N—1 = . 3.58
u € {N N T\ y Ly ) y N L 9 J7L 2 J ( )
Hence the degeneracy of CASE 1 is 2N x (N — 1)!, where (N — 1)! is from permuting
{ula T 7UN—1}'
Case 2:

U fhasic = § U; = U + LT
fu) .

Z_Ovaj_lmj_'—lvaN_l}
(3.59)

U{UN:I_L—F%T—{—RNT}.

Here j € {1,---, N —2}. Asin Case 1, the value of @ is determined by the SU(N) constraint
SV u; € Z (3.14) and the 2nd constraint in (3.51) as

S
ae{i—Q—NTizo,L---,N—L nNZLTjLJ}. (3.60)
Hence the degeneracy of Case 2 is (N —2) x N x (N — 1)!, where (N — 2) is from choosing
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different j € {1,--- , N — 2} and (N — 1)! is from permuting {us,--- ,uy_1}.
The total relevant degeneracy for the basic BAE solutions (3.56) is obtained by summing

over degeneracies of the above two cases, which yields N x N!. Consequently, the BA formula
of the SCI (3.47) now reads

I(T7 A) =N x N' X '%NZ({ui}basic; T, A)H({ui}basic; T, A)_l

(3.61)
+ (from other BAE solutions).

Focusing on the logarithm of the basic contribution, namely the first line of (3.61), we get

lo,gz;I(T,A)‘basiC =log N! + log N + log kn

(3.62)
+ log Z({u; brasic; 7, A) — log H{{wi brasic; 7 A).
The contribution log Kk can be written explicitly from the definition (3.48a) as
logky = —log N! + ( (Z log IT'(Ag; 7) + 2log(g: 7)o ) (3.63)

In the remaining part of this subsection, we compute the remaining two contributions in
the second line of (3.62) in order mainly following the results of [20], but kepp track of
sub-leading corrections. We omit the subscript ‘basic’ of {u; }pasic for notational convenience

from here on.

The contribution from log Z({u;}; 7, A)

The contribution log Z({u;}; 7, A) to the SCI (3.62) can be written explicitly as

T—|— Ay;T) — logF(

log Z({u;}; 7, A) Z (Z logF

i#j \a=1

—J
N T T)) : (3.64)
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To simplify the expression (3.64) further, recall that section 4 of [20] yields

N _ ’l—j QO(N({Aa}Tfl)._E>
logI' T+ A7) = 2mi Q ’7' +{A.}-;7) — Nlog z LT

¢(M) ¢(M)
—+ Z (lOg N1 {A }T)> — NlOg I/D(H1—7%>’ (365&)

7' T —2mZQ

ZlogF

T—i-l 7) — Nlog N

i#] i#]
(@G | mi

—2Nlog ———+ —(N — 1), 3.65b
(@ @) ! ! (3.655)

where we have followed conventions in Appendix A. We have also defined ¢ = e —* and

Bs(u) Bs(u) 5 T

L) = — B - .

Qlui7) 67 " ar 120 Wt g (3.66)

in terms of the n-th Bernoulli polynomials B, (z). Then, using the asymptotic expansions
in Appendix A, we can show that some of the contributions in (3.65) are exponentially

suppressed in the large-N limit as

27 N sin(arg 1)

log(g": ") =0(e ), (3.67a)
N({AJ,-1) N e entensn) i (A1
o MURedr Z Ny _ oot mint (a8 (3.67D)
T
> N k: ]_— Aa - 727rNsin arg T A
> logu MR < oe TG, (3.67c)
T
= k A 27N sin(arg 7
Z +{ o)y _ o(ne TR By (3.67d)
k=
where we have assumed
A, A 7. (3.68)
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Ignoring the above exponentially suppressed terms and using the identity (A.13), we can
simplify (3.65) as

_77iN2<{Aa}T - T)({Aa}‘r - T %)({Aa}r - T — 1)

2
2 37
Adr—7—3
L il }6 "3 NiogT(A,: )
N O(Ne_%mm({&},l—{ﬁa}))’ (3.69a)
N _ N2 L ) 2 ’
S TN} (1 —35)(t—1) mN(r*>=3r+1) mir
log T T) = - 6
; og I'( N T T) 3 67 6

27 N sin(arg )

— Nlog N 4 2N log(: §),, + O™ 11 ). (3.69b)

Finally, substituting (3.69) into (3.64) and introducing 1, € {1} as (3.28), we obtain

N2 1 1— . .
IOgZ({ui};T, A) = W:— H ({A }T +771) n ( 2771)7TZN2 . nigl

a=1
3
+ Nlog N — NZlog T(Ag;7:7) — 2N log(: 7w (3.70)
a=1
) 2 — 7N sin(arg T . ~ ~
n 7TZN<T 31+ 1) n O(Ne_m‘%‘(g)mm({Aa}J_{Aa}))‘

67
The contribution from —log H({u;}; 7, A)

Next we consider the Jacobian contribution (3.48¢) to the SCI (3.47), which has been already
introduced in (2.14) and studied in subsection 2.2.2. The result (2.54) for the basic BAE
solution {m,n,r} = {1, N,0} reads

—log H({u;};7,A) = —log N — —1)lo Oa log 01 (A
gH({u}; 7, A) gN — (N g( > Oalog N)) -

+ log det ([N_1 + H({u;}; 7, A)),
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where A take values in {A1, Ay, —A;—As} and we have slightly redefined an (N —1)x (N—1)
square matrix H (2.53) for the basic BAE solution as

gl 7, A) — glp —v; 7, A)
Sy g(ks T, A)
9(j; 7, A) Z O log {el(ﬁf + A 7)91(—NT + AT (3.72b)

[Hf({ul}7 T, A)L,V = , (3.72a)

The second term of (3.71) can be computed explicitly in the large-N limit using the asymp-

totic expansion (A.23) as

Z’ T N _ 27N sin(arg 7) min({ A " A u
—D_0alogbi(A; ) =m— + O(e7 I SR (3.73)

in terms of 1, € {1} in (3.28) and under the assumption (3.68). Substituting (3.73) into
(3.71) then gives

—logH({u;};7,A) = =Nlog N + (N — 1) log T log det <IN,1 + H({u;}; T, A))
U (3.74)
+ O~ T min(Aa) 1-{Aa))y

The final step would be therefore estimating — log det(In_; + H ).

Since it is difficult to estimate —logdet(In_1 + H ) in general, first we take the Cardy-
like limit |7] < 1. Using the asymptotic expansion (A.23), we can obtain the Cardy-like
expansion of the g-function (3.72b) under the assumption (3.68) as

gUjs 7 A) = T O T min(Ba) 18y, (3.75)
Substituting (3.75) back into [H({u;}; T, A)], (3.72a) then gives
(0], = O(N~Te 2= min(Bab1—(Aa)) (3.76)
The Jacobian contribution (3.74) is then simplified as
logH({w;}; 7, A) = —Nlog N + (N — 1) log L+ 0l —EE min(Aa}1-(Aa))(3.77)

in the Cardy-like limit.
We want to estimate — log det(/y_4 +ITI) in the large- N limit, however, not in the Cardy-

like limit. To do that, we use the Gershgorin Circle Theorem: every eigenvalue of H lies
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within at least one of the N — 1 Gershgorin discs (u=1,2,--- ,N — 1)

N-1

D([Hyr Y |Hluol), (3.78)

v=1(#n)

where the first and the second argument of D(-,-) denotes the center and the radius of a
disk respectively. Due to (3.76), every Gershgorin disc can be located within the unit disk
at the origin for a small enough but finite |7|, and therefore every eigenvalue of the matrix
H has modulus less than 1 in that regime. Hence we can estimate — log det(Iy_; + H ) for

a small enough |7| as

[e.o]

~logdet(Iy_ + H) = — trlog(Iy, + ) = tr (3 %(—f[)") OV, (3.79)

Here we have used that every eigenvalue of [H],, has modulus less than 1 for the taylor
expansion of a logarithm in the 2nd equation. The Jacobian contribution (3.74) is then

estimated as
—log H({w;};7,A) = —Nlog N + (N — 1) log% + O(NY). (3.80)

for a small enough but finite |7|.

We have not been able to estimate — logdet(Iy_1 + H ) analytically for a generic finite
7, where some eigenvalues of H can be be greater than equal to 1. Hence we move on to a
numerical analysis. We investigated — log det(Iy_y+ H) with (A1, Ay) = (L, 1) and 7 =2+
for N = 30,35, ---,200 numerically. In this case the corresponding matrix H (3.72a) does
have eigenvalues greater than 1 so we cannot rely on the analytic argument (3.79). As in
Figure 3.2, however, —logdet(Iy_, + H) still scems to be of order O(N®). We obtained
similar results with other chemical potentials A,’s and 7. Based on these numerical results,

we believe that (3.79) and (3.80) are valid for a generic finite 7 in fact.
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Figure 3.2: In the left hand side, blue dots represent numerical values of the real part of
the Jacobian contribution Relog H({w;}; 7, A) and an orange line shows the first two leading
terms in (3.74), namely Nlog N — (N — 1)log|7|. The figure in the right hand side shows
numerical values of Relog (Iy_1 + H ), obtained by subtracting an orange line from blue dots

in the left hand side. It converges to a certain finite value and therefore we can conclude it
is of order O(N?).

The sum of all contributions

Substituting (3.63), (3.70), (3.74) into (3.62) and using the identity (A.11la), we have

3
log Z(, A)}basic = mTN H ({A - —Hh) +log N — Zlogf(Aa;T)

a=1 a=1

2 12
—logT —logdet(Iy_1 + H({u;}; 1, A))

N O(e‘w*w min({Aa},l—{Aa}))‘

— 2log(¢; q)o + (3.81)

Recall that log det(Iy_y + H) is of order O(N°) as (3.80) so (3.81) can be simplified as

N2 1
logZ(r,A)|, = —”T H ({A S ”1) +log N + O(NY) (3.82)

w € 2miZ is removed

in the large-N limit. Note that the pure imaginary term
due to n, € {£1}.

Even though (3.81) has been derived in the large-N limit, the result is also valid in the
Cardy-like limit up to exponentially suppressed terms in the last line. Furthermore, we can

simplify (3.81) further using the Jacobian contribution in the Cardy-like limit (3.77), the
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asymptotic expansion of a Pochhammer symbol (A.15), and the following expansion

S 1+771 mi(T — 2m) (21 —m)
og'(Ag;7) = Agtr —
;l el(BaT) =~ e ({ ) ) i 127 (3.83)

4 O T min((Aa} 1 (A

derived from (A.25). The result is given as

(N2 —1 1
log Z(7,A)],... = _gn ({A b — +771) +log N

a=1
27 sin(arg 7) min X _IA
+ O TIEE min({Aa) 1 (A0

(3.84)

Y

which matches the result from a saddle point evaluation (3.46) precisely. In the BA approach,
the origin of the log N term can be found in the relevant degeneracy of the basic BAE
solutions (3.56) and a similar result has been confirmed for more generic N'=1 SCFT’s in
[58].

3.3 The phase structure of the superconformal index

In this section, based on the results from the previous section 3.2 and the Appendix C.1,
we investigate the phase structure of the SCI of N' = 4 SU(N) SYM theory. As a final
result, following [5], we will conjecture the leading asymptotics of the SCI in the large-N
after the Cardy-like limit. In due process, we will show that the leading asymptotics dis-
plays “infinite temperature” Roberge-Weiss-type first order phase transitions [100] between
the fully-deconfined phase and confined or partially deconfined phases under a variation of
chemical potentials.

In (C.13) that generalizes (3.46), we computed contributions from C-center saddles to
the SCI of N' = 4 SU(N) SYM theory through the saddle point evaluation (3.20) in the
Cardy-like limit. The leading order from (C.13) reads

CIN

N . 72
Zexp[ Z (Fo(Caa) = w(B) ) + ol >] s
+ (contribution from other saddles).

Here we have introduced the s-function as

r(x) = {xp(1 = {a})(1 = 2{z}), (3.86)
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which satisfies the following identity under the constraint (3.28):

3 k(CA,) = 6}_[1 ({CAQ} ! Z”C> . (3.87)

a=1

The Cardy-like asymptotics (3.85) is consistent with the results from the BA approach given
in (C.18) that generalizes (3.84).

Since contributions from other saddles (or BAE solutions in the BA approach) in the
second line of (3.85) may affect the SCI, we can only provide the lower-bound for the Cardy-
like asymptotics of the SCI from (3.85) as

.3
. i N? - N
|11|210I(7', A) > exp [—@ aE:1 (C—%/ﬁ(CmAa) - H(Aa)> (3.88)
Here C,, is a positive divisor of N that maximizes
Ti o~ [ N2 ~ ~
Re —@ aE:1 (C_r?’nﬁ(C'mAa) — H(A(l)) (389)

The authors of [5] have investigated numerically if the lower-bound (3.88) is optimal for
small values N. For N = 3,4, it has been observed that the lower-bound for the Cardy-like
asymptotics of the SCI (3.88) is indeed optimal. That means, the inequality in (3.88) turns
out to hold as an exact equation in this case. For N = 5,6, however, some configurations of
chemical potentials satisfied (3.88) as a strict inequality only. For N = 6 the lower-bound
(3.88) is almost optimal though, which is not surprising since 6 has more positive divisors
{1,2,3,6} than 5 does {1,5}. In any case, this situation motivates an improvement of the
lower-bound of the Cardy-like asymptotics of the SCI (3.88).

A conceptually straightforward way to improve the lower-bound of the Cardy-like asymp-
totics of the SCI (3.88) is to consider contributions from different saddles in the 2nd line of
(3.85). Recall that we have only considered C-center saddles where N holonomies are evenly
distributed into C' packs, which are then evenly spaced along the domain [0, 1) with 0 and 1
being identified. See (C.1) for their explicit configurations. It is remarkable that the number
of different C-center saddles considered in (3.88) heavily depends on the factorization of
the rank of the gauge group N. For example, if N is a prime number, there are not many
C-center saddles even though N is large. As a result, it is unlikely for the lower-bound (3.88)
to be optimal for a prime N. To improve the lower-bound (3.88), this issue needs to be taken
care of.

In [5], we therefore considered new saddles where the packs are nearly uniform by first
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distributing | N/C'] holonomies into each of the C' packs. This leaves N mod C' holonomies
left over, which can then be distributed in some prescribed manner in the C' packs. Note
that such saddles are closely related to the non-standard BAE solutions discussed at the end
of subsection 2.2.1. We can take these almost C-center saddles into account regardless of the
factorization of the rank of the gauge group N, and consequently improve the lower-bound
(3.88). However, the resulting lower-bound would be sensitive to the particular distribution
of the left over N mod C holonomies, and can no longer be expressed as compact as (3.88).

This problem can be treated by taking the large-N limit (after the Cardy-like limit we
have already taken). To be specific, although the refined lower-bound that is obtained by
splitting the holonomies into C' packs for all integers C' does not admit a simple expression
for finite IV, it nevertheless simplifies in the large- N limit, at least for the leading order of the
SCI. The idea here is that, instead of taking all C' =1,2,..., N, we cut off the set of almost
C-center saddles that we will consider to improve the lower-bound (3.88) at some large but
finite Cihax that is independent of N. Then, for a given C, we start with C' packs of | N/C|
holonomies and compute Seg (3.31) for this subset of C'|N/C'| holonomies. This is of course
incomplete, but the missing contributions turns out to be of order O(N) at most. Hence
the contribution from almost C-center saddles to the SCI is equivalent to the contribution
from ‘exact’ C-center saddles in (3.85) up to O(N) order in the large-N after the Cardy-like
limit.

As a result, the lower-bound for the SCI in the large-N after the Cardy-like limit is

improved from (3.88) as

‘ 3
TiN?

lim lim Z(7,A) > exp TR
ST

N—o0 |7]—0

K(Crl,) + O(N2|T|_2)] : (3.90)

a=1

where C,, < Cpax 1S @ natural number that maximizes

Re . (3.91)

. 3
’l ~
g3 2 M(Onlla)
m a=1

Here, because the lower-bound applies for any finite Cl.x € N in the large-N limit, we can
in fact remove the cutoff C,., and instead choose C,, from any natural number. Note that
the improved large-N lower-bound (3.90) confirms that the finite N lower-bound (3.88) is
not optimal in general, and therefore explains why the lower-bound (3.88) is not optimal for
N = 5,6 as we mentioned above.

Now we are ready to discuss the phase structure of the SCI in the large-N after the
Cardy-like limit. As long as the RHS of (3.90) has a positive real part, the SCI will exhibit
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O(N?) growth in the large-N after the Cardy-like limit. This corresponds to either a full
deconfinement when C,, = 1, or a partial deconfinement when C,, # 1. In the M-wing

where
3

_7_12 Z K(Aa)

a=1

M-wing: Re > 0, (3.92)

we always have C,,, = 1in (3.90) even at finite NV [5] and therefore the SCI is fully deconfined.

On the other hand, the situation is more elaborate in the W-wing where

. 3
VA ~
—= 2 ~(B)
a=1

and therefore C,, # 1 in (3.90). In the W-wing, the question therefore becomes whether for

any given chemical potentials we can find an integer C' > 1 such that

W-wing: Re <0, (3.93)

3

i -
— 5573 D H(CA)

a=1

Re > 0. (3.94)

If this is the case, we can conclude that the asymptotics of the SCI in the large-V after the
Cardy-like limit does have a partially deconfined phase in the W-wing.

Following [5], here we prove the existence of such C' € N. Let us fix 0 < arg7 < § for
concreteness. Then the W-wing (3.93) consists of all A;, subject to 0 < {A;},{A},1 —
{A;} — {As} < 1. Hence it suffices to show that for any such {A;,} we can find an integer
C' > 1 satisfying the condition (3.94). Since (3.94) is periodic under ALQ — Al,g +1/C,
we can simply focus on the square 0 < ALQ < 1/C. Now, it follows from the scal-
ing A, — A,/C that on this square the sign of 3" x(CA,) is positive (resp. nega-
tive) if the representatives {CALQ}/C of Al’g on the square 0 < ALQ < 1/C lie on the
lower triangle with vertices (0,0),(0,1/C),(1/C,0) (resp. the upper triangle with ver-
tices (0,1/C),(1/C,0),(1/C,1/C)). Hence the question boils down to whether we can
find a natural number C such that the representatives are on the upper triangle where
{CA}/C + {CA,}/C > 1/C. The following Lemma answers this question in the posi-

tive. An elementary proof can be found in Appendix C.4.2

Lemma 2. For every pair of real numbers x,y subject to 0 < x,y,1 —x —y < 1, there exists
a natural number C' > 1 such that {Cz} +{Cy} > 1.

Similar arguments apply when 7 < arg7 < m. We thus conclude that for all chemical

potentials strictly inside the W-wing (3.93), there exists an integer C' > 1 that satisfies the
condition (3.94). Hence the SCI is partially deconfined in the W-wing.

2We learned the proof from David E Speyer, a mathematician at University of Michigan.
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A “non-deconfined” behavior (i.e. o(N?)/7o growth for logZ as N — oo after the
Cardy-like limit) might appear in non-generic situations where arg7 = 7 (c.f. section 3 of
[4]), or A, € Z. In such cases, subdominant terms of O(N) or smaller may be important in
order to fully pin down the behavior of the SCI. As a special example of such non-deconfined
behaviors, recall that the SCI will show a confined behavior of order O(N?) for real fugacities,
or equivalently for pure imaginary chemical potentials arg 7 = arg A, = 7. [83].

Finally, with some optimism, we conjecture that the improved lower-bound (3.90) with
the cut-off C\.x removed gives not just a lower-bound but the actual leading asymptotics of

the SCI [5]. This is formally written in the following conjecture.

Conjecture 2. The leading asymptotics of the SCI of the 4d N =4 SU(N ) SYM theory in
the large-N after the Cardy-like limit is given as

L iTN? .
]\}1_{%0 ‘ll‘IBOI(T, A) ~ exp (_605’17'2 Z Ii(CmAa)> : (3.95)

a=1

with the error such that logarithms of the two sides differ by o(N?|7|72). Here C,, is a natural

number that maximizes
7

3
O3 12 Z f(Cnla)
m a=1

Recall that Lemma 2 guarantees that (3.96) is positive.

Re

. (3.96)

This conjecture is motivated in part by the following two observations: i) in the N — oo
limit, (3.95) takes infinitely many almost C-center saddles into account and hence increases
chance of their sufficiency; ii) already for NV as small as 6, as witnessed by Figure 4 of [5], exact
C-center saddles considered in (3.88) provide a good estimate for Cardy-like asymptotics of
the SCIL.

3.4 Microscopic understanding of an AdS; black hol

In this section, we discuss how the SCI of N =4 SU(N) SYM theory counts the microstates
associated with the dual AdS; black hole entropy (1.50). First we review the literature
that have succefully counted the microstates using the SCI. Then we consider a further
development in the SCI studied in previous sections 3.2 and 3.3 and its implication to the

previous black hole microstate counting.
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3.4.1 Microstate counting by the superconformal index

In [83], the SCI of N' =4 SU(N) SYM theory (3.13) was computed for real fugacities p, ¢, yq.
It does not show the O(N?) order deconfined behavior in the large-N limit though, and they
explained it as a large cancelation between bosonic and fermionic BPS states. Since then
the dual black hole microstates counting had remained unresolved for a while.

Recently, by three different groups [36, 27, 20], it has been shown that the SCI can be
used to count the dual black hole microstates by allowing for complex fugacities, which is
natural in Euclidean theory. Even though they computed the SCI in different ways, final
results turned out to be consistent with each other. Hence the microstates counting steps
are almost identical in all three references. In this subsection, we review that process.

Before getting into details, it is important to note that the aforementioned literature have

investigated the SCI implicitly assuming

T(r.A) ~ exp —MH (B -15m) +0<|T|-1>]

a=1

miN?
T2

+771

~ exp|—

)+om

T(. -
a=1
in the Cardy-like limit [36, 27] or in the large-/V limit [20]. Note that (3.97) is consistent
with the result from a saddle point evaluation (3.46) and that from the BA approach (3.82)
only if the ‘basic’ contribution dominates the other. Recall that we have already shown in
the previous section 3.3 that this is not always the case: C-center contribution with C' # 1
dominates the ‘basic’ one in (3.95) where chemical potentials are within the W-wing (3.93).
We will discuss how this affects the microstate counting in the next subsection 3.4.2. For now,
we consider the case where the assumption (3.97) is valid, or equivalently where chemical
potentials are within the M-wing (3.92).

Following the subsection 2.4.1, we can count the number of ——BPS states of N' = 4
SU(N) SYM theory specified by electric charges @, (a = 1,2,3) and identical angular
momenta J = J; = J5 as®

1
QUQa,J) = / dAdAydodr I(T, A)e 22T+ BaQa) (3.98)
0

3 Ag.eZ

a=1

Substituting the large-N asymptotics in (3.97) and using the saddle point approximation

3To be precise, the number of bosonic BPS states minus the fermionic ones.

82



then gives

3

1082(Qu. ) ~ "2 ({Az}x - m) — 2mi(2r ] + Y (AT — Q)

e 2 2
(3.99)
where we have replaced A,Q, with ({Az},+ — £1)Q, in the exponent of (3.98) assuming
integer electric charges ), € Z. From here on we take the large- N limit and use NV as a large
control parameter for the saddle point approximation [20], but you may use the Cardy-like
limit and use 1/|7| instead [36, 27]. The saddle points (7%, A%) are determined by solving

the saddle point equations

iV [Ty ({22} — 552)

Ty @) =2 (3.1000)
27TiN2 : * 1 + Uil .
0~ =3 1:[1 ({Aa}ﬂ - ) — 4mi(J — A), (3.100b)

derived by taking partial derivatives of (3.99). Here A is a Lagrange multiplier for the

constraint ,

> <{AZ}T* ! an) —2r €7, (3.101)

a=1

which is from (3.15). Solving the saddle point equations (3.100) for A gives three solutions
but only one of them yields a real, positive value for log €2 (3.99) that physically makes sense.
Refer to [27, 20] for details. The corresponding positive log Q2 is given as

log AQu, J) = 21/ Q1Qs + Q2Q3 + Q3Q1 — N2J. (3.102)

This matches the AdSs black hole entropy (1.50) exactly under the AdS/CFT dictionary

N2=_T 3.103
2G(5)g3 ( )

Hence we conclude that the ensemble of BPS states of NV =4 SU(N) SYM theory counted
by the SCI provides quantum origin of microstates associated with the dual AdSs black hole
entropy (1.50).

3.4.2 Implication in the gravitational side

We have clarified that the conclusion made at the very end of the last subsection is valid

only under the assumption (3.97). In the previous section 3.3, we have found that (3.97) is
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true only within the M-wing where chemical potentials satisfy the condition (3.92). Hence
in the W-wing where chemical potentials satisfy the opposite condition (3.93), the SCI will
have a different dominant contribution. According to the conjecture 2, such a dominant

contribution will take the following form

3

Tl ({cAa}T - ”2"0) " 0<N2\712>] (3.104)

a=1

Z(r,A) ~ exp

in the large-N after the Cardy-like limit, with some natural number C' > 1. In this subsec-
tion, we discuss what entropy the leading asymptotics (3.104) in the W-wing bears.

The number of BPS states of our interest can be computed from the same formula (3.98).
Substituting the leading asymptotics (3.104) instead of (3.97) into (3.98) and using the saddle

point approximation then gives

N2 1
Clog UQu, J) ~ — I1 ({CA;}T* _ J;”C> — Ami(CT¥)J

= (3.105)
. & * 1 + Nic
—2mi Y _({CA} - — ),
a=1

where we have replaced A,Q, with %({C’AQ}T* — 1Jr%)Qa assuming ), € CZ. Since we
take the large- N after the Cardy-like limit, we can use any of N and 1/|7| as a large control
parameter for the saddle point approximation. The saddle points (7%, A*) are determined
by solving the saddle point equations

miN? Tlos, ({CA) - — B

0~ = (C'7*)? (CAT},. — 1+n02 ) —2mi(Qp +A) (b=1,2,3), (3.106a)
bIT*

2

2miN? 1+ 70
0~ — CAM e — —Ami(J — A), 3.106b
o L (1031 = H57) ity (3.106b)
derived by taking partial derivatives of (3.105). Here A is a Lagrange multiplier for the
constraint
- 14 nc
> ({(JAQ}T* - ) — 207 €7, (3.107)
a=1

which is from (3.15). Since (3.99) and (3.100) are equivalent to (3.105) and (3.106) respec-

84



tively under simple replacements

1+nc
2 (3.108)

{CAZ}T* -

*

T -  C77,

we do not need to solve the saddle point equations (3.106) to compute log €2 through (3.105)
this time: once you find a saddle point solution of (3.100) that yields (3.102), the map
(3.108) will gives you the corresponding solution of (3.106). Substituting that solution back
into (3.105) will then gives the corresponding entropy as

108 Q. 1) = 5/ @iQs + Qo5 + Qs — N2 (3.109)

Note the the entropy is different from (3.102) that matches the AdSs5 black hole entropy by a
factor of 1/C with some natural number C' > 1. This strongly implies that there is a missing

gravity dual solution whose entropy is supposed to match (3.109).

3.5 Concluding remarks

In this section, we summarize the main results of this chapter about the SCI of N' = 4
SU(N) SYM theory and discuss future directions.

First, in section 3.2 and Appendix C.1, we computed contributions from C-center saddles
(C.1) (resp. BAE solutions (C.14)) to the SCI through the saddle point approximation (3.20)
(resp. BA formula (3.47)) in the Cardy-like limit (resp. large-N limit) beyond the leading
order. The results are given in (3.46) and (C.13) (resp. (3.81) and (C.17)). In these results,
sub-leading corrections are more involved in C-center contributions with C' > 1. For a
complete description of the SCI, it would be important to improve these results by figuring
out the full sub-leading corrections up to exponentially suppressed terms in both limits. The
next question would then be understanding sub-leading corrections in the holographic side,
particularly the universal log N correction we’ve found.

Second, in section 3.3, we conjectured the leading asymptotics of the SCI in the large-N
after the Cardy-like asymptotics in Conjecture 2 based on the results from section 3.2. In
due process, we also confirmed that the SCI has not only a fully deconfined phase of order
O(N?) and a confined phase of order O(N?), but also a partially deconfined phase of order
O(N?) but distinguished from the fully deconfined one. Proving the Conjecture 2 would
be an important direction for future research. In the context of BA approach, this will

include understanding the contribution from non-standard BAE solutions and comparing
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them with the C-center contributions. Looking for Euclidean holographic duals of partially
deconfined phases in grand canonical ensemble where chemical potentials are not extremized
could be another direction to explore. Recent discovery of new Euclidean black saddles in
AdS, background [24] implies that the same scenario may work in AdS; background, and
furthermore a duality between Euclidean AdSs black saddles and partially deconfined phases.
Research in this direction will improve our holographic understanding of the SCI.

Lastly, in section 3.4, based on the Conjecture 2, we have shown that partially deconfined
phases of the SCI implies the existence of gravity dual solutions whose entropies are different
from the AdS; black hole entropy by multiplicative factors of 1/C with natural numbers
C > 1. The fact that the entropy (3.109) has a multiplicative factor of 1/C' is reminiscent of
the exponentially suppressed contributions from black hole farey tails computed explicitly in
[92, 10], whose concepts are first introduced in [88, 48]. Based on this observation, it would
be very interesting to construct missing gravity dual solutions explicitly and to investigate

the relation between those solutions and the black hole farey tails.
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Appendix A

Elliptic Functions

Here we gather definitions and useful identities of elliptic functions.

A.1 Definitions

The Pochhammer symbol is defined as

o0

(210)00 = [ J(1 = 2¢").

k=0

The Dedekind eta function is then defined as

2miT

where ¢ = e

product forms:

o0

Oo(u; 7) = H(1 -

k=0

. TiT

01(u; 7) = —ie 4

us-"“

n(r) = q2

627ri(u+k:7‘))(1 . 627ri(—u+(k+1)7'))

00
7rzu _ —7r7,u | | 27rzk’r

k=1
oo

_ _,L'(_]_)meﬁf 67rz[(2m—&—1)u—&—m (m+1)7] H

. 7r17'

= 1€

k=1

oo
mue H 27r2k7'

k=1

(¢ @)

Y

eQm‘(kT—l—u) ) (1

27rzk7'

— €

2mi(kT—u) )

627rz‘((k+m)7+u)) (1 .

(A1)

(A.2)

. The elliptic theta functions used in this dissertation have the following

(A.3a)

627ri((k:—m—1)7'—u))

(A.3b)



From the product form of 6, (u;7) (A.3b), we can derive a useful identity

s H@ Ut SIT) e ity mbamin (r) Oy (muis )
o i n(r) Or(usT)  n(7)
S i (A4)
T ,ﬁ,ﬁl(]*’”‘ R = mn(ff’
(7) n(7)
j=0 k=0
with ¢ = €™ and 7 = 2T The elliptic gamma function and the ‘tilde’ elliptic gamma
function are defined as
>~ 1_ pjﬂqkﬂz*l
I'(z; = . A5
7,k=0
_ >~ 1 _ 627ri[(j+1)0+(k+1)7'—u]
I'(u;o,7) = H e (A.5Db)

7,k=0

In this paper, we are mainly interested in the case with o = 7 and abbreviate I'(z; ¢, ¢) and

T(u;7,7) as [(z,q) and T'(u; 7) respectively. We also define a special function v (u) as

(u) = exp {u log(1 — ™) — QLle (e ], (A.6)

A.2 Basic properties

The elliptic theta functions have quasi-double-periodicity, namely

Oo(u +m 4 n7;7) = (—1)"e 2T =T (4 1), (A.7a)
Or(u+ m + nr;7) = (—1) e 2T, (4 7Y, (A.7b)

for m,n € Z. The inversion formula of 0y(u;7) can be written simply as

Oo(—u; ) = —e ™0y (u; T), (A.8a)
O1(—u; 1) = =04 (u; 7). (A.8b)

The elliptic gamma function also has quasi-double-periodicity, namely

T(u;o,7) =T(u+1;0,7) =0y (u;7) 'T(u+0;0,7) = Op(u;0) ' T(u+7;0,7).  (A.9)
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It also satisfies the inversion formula

D(u;o,7)=T(0c+7—u;0,7)"". (A.10)

The Pochhammer symbol, the Dedekind eta function, and the elliptic theta functions

are transformed under the modular transformations 7 : 7 — 7+ 1 and S : 7 — —1/7 as

(q=e*" G=e"7)
(G @)oo = (=i7) 2B (g5 ), (A-l1a)
n(r+1) = elin(r), (A.11Db)
n(=1/7) = (=ir)n(7), (A-1lc)
o/ T; —1/7) = €7 (C DTN G (s 7), (A-11d)
O1(u; 7+ 1) —6491(u T), (A.11e)
Or1(u/T;—1/7) = —i(— 27')267@ 01(u; 7). (A.11f)

These modular properties can be extended to general SL(2,Z) transformations as (see [25]

for example)

n (aT i b) = &ver +dn(7),

ct +d

b 7ricu2
0, ( u_aTt ) 253\/07+d6m91(u;7),

cr+d et +d

(A.12)

where ¢ is a 24-th root of unity and a, b, c,d € Z with ad — bc = 1. The SL(2,Z) transfor-
mations of the Pochhammer symbol and 6, can be derived similarly. The elliptic gamma
function can be written in terms of these S-transformed elliptic theta functions and the

y-function (A.6) as (see [4] for example)

; . ) Ag}r
- 2miQ({Aa}ri7) (P Balr

F(Aa; T) = 00({Aa7]:‘r*1; _%> P w(kJrlfiAa}T ) ) (A'13>
where Q(-;-) is defined as (3.66) that we repeat here for convenience:
B B D
Quiry =2 B 5 gy T (A14)

672 2T 12 12
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A.3 Asymptotic behaviors

For a small |7| with fixed 0 < arg 7 < 7, the Pochhammer symbol can be approximated as

7” (r+ 1) _ % log(—iT) + 0(5%), (A.15)

log(q; q),, = D) .

The Dedekind eta function in the same limit is then given as

i 1 . _ 27sin(arg )
logn(r) = —17;—7_ —5 log(—i7) + O(e ). (A.16)

To study asymptotic behaviors of elliptic functions, first we introduce a 7-modded value

of a complex number u, namely {u}., as
{u}; =u — |Reu — cot(arg7) Imu| (ue€ C). (A.17)

By definition, the 7-modded value satisfies

{u}, ={a},; +ar, {—u}, = b iup (@ ¢ 2) (A.18)

—f{u}r (aeZ),

where we have defined @, u € R as
u = U+ ur. (A.19)

Note that, for a real number z, a 7-modded value {z}, reduces to a normal modded value
{z} defined as
{z} =2 —|z] (z€eR). (A.20)

Now, the elliptic theta function 0y(u;7) can be approximated for a small |7| with fixed

0 <argT < as

log (3 7) = T {u} (1 = {u}s) + mifu}, — To(1+ 37+ 7°)
i J 67— i 2w sin(arg ) (A21)
+ lOg(l — 6_2(1_{71}7')) (1 _ €_¥{U}7—> + O(G_T)’

based on an alternative product form of 6y(u;7) (m € Z):

s 1
T+ =

Oo(u; 7) = —ie” o ( 7 (w=m)(1—utm) gmi(u—m)

)67—

X H(l — e‘@(k—u—&-m))(l . €—¥(k—1+u—m)). (A22)

k=1
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This product form can be derived by combining (A.3a) with the S-transformation (A.11d).
Similarly, the elliptic theta function 60;(u;7) is approximated for a small |7| with fixed

0 <argT < as

log 6 (u; T) = ﬂ{u}T(l —{u};) — ?(1 —7) 4+ mi|Reu — cot(arg 7) Imu]| — %logT
T T (A.23)

_ 27msin(arg )

+ log<1 - e_¥(1_{”}*)> (1 - e‘¥{“}T) +O0(e 7T ),

based on an alternative product form of 6;(u;7) (m € Z):

1 s}

O1(u;7) = (—it) 2e 4 e (umm)(1—utm)

> e T T A24
x [J(1— e Fh)(1 — e FEmmtm)(q — o= (htrumm)y (424
k=1

This product form can be derived by combining (A.3b) with the S-transformation (A.11f).
For a small |7| with fixed 0 < arg 7 < m, the elliptic gamma function can be approximated

as
~ 27 sin(arg 7) . ~ ~
log D(u; 7) = 2mi Q({ulr; 7) + O(|7|Le™ ™ 1 min(tEhl=ti)y (A.25)

provided 4 4 7Z (see [4] for example). See (A.14) for the definition of Q(-;-).

A.4 Plethystic expansions

The Pochhammer symbol (A.1) and the elliptic gamma function (A.5a) have plethystic

expansions:
) = 1 7 A.26
(P;P)oc = exp m§1 - pm] (A.26a)
(1 oy Ty
I'(y;p,q) = exp § — . A.26b
Wb ) o m (L—p)(1—q™) (A4:260)
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In terms of (A.26), we can derive useful identities

exp [Z Z Z 1 ya —p q —yi]m) (zi/2)™| = 1_[1 'HlF(yazi/zj;p, q), (A.27a)

a=1 i,j= 1m1

exp [Z %iﬁmj;m_) (ﬁm__qi? = (03 P)oo (¢ @) (A.27b)
and
- 1 2p™q™ —p™
exp [ZZ (1—pm)(1 ) (( zi/ 7)™ + (25/2:)™)
— exp [Z > i (/)" + (2 >3 ~((zif 2" + (251 5)")
_ H 1
iy (U= 2i/2) (1 = 2/ 2)U 2/ 2530, )V (2 /2550, )

i#] 1

B H P jr HN F(ai/2p4)

(A.28)

Here we have used (1 — z;/z;)(1 — 2j/2;) = |2 — zj|? from z; ' = 2. These identities will be

used to derive the elliptic hypergeometric integral formula of the SCI (3.13).
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Appendix B

The Topologically Twisted Index

B.1 Proof of Lemma 1

Here we prove Lemma 1 in the main text.! Using the identity
01 (n; 7) = 03(n; 7)05(n; 7)04(n; 7) (B.1)

for an arbitrary integer n € Z, we can generalize Theorem 2.1 of [90] as

3 0 (n;7) 01(Aq;7) __ ).
07(Ag; 7) _ +491 (1) Ha 1 9}(Aa T) (I =3); (B.2)
a=1 QI(AG; T) 91(2 3 Ha 1 .91— (I = 2’4)7

where > A, =n € Z. Here 0534 are related to 6, (u; 7) defined in (A.3b) via

Oy(u;7) = 01 (u+ 1/2;7), (B.3a)
O3(u; 7) = €5 ™0, (u + (1+7)/2;7), (B.3b)
O4(w;7) = —ie 5 ™0y (u+ 7/2; 7). (B.3c)

These theta functions are basically obtained from 6; (u; 7) by shifting the first argument u by

147 T
2' 72 12

together with 6;(u; 7), namely [110]

three different half-periods 2 respectively. They satisfy the so-called Jacobi’s formula

! ! / ! / / ! /
201 (ug, uy, ug, uz; 7) = 01 (ug, uy, uy, ug; 7) + Oa(ug, uy, uy, uz; T)

—93(“6,11/1,’&/2,71{3;7')—|—¢94(U6,U/1,u/2,’ug;7'>, (B4>

'We are indebted to Hjalmar Rosengren, a mathematician at Chalmers University, for an instrumental
correspondence regarding the proof.
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where 2u], = Z%:o ug — 2u, (@ =0,1,2,3), and we have used the abbreviations

3
01 (o, ua, uz, uz; 7) = [ [ 0r(uai 7). (B.5)
a=0

Since 61(n;7) = 0 for an arbitrary integer n € Z, the following special case of Jacobi’s
formula (B.4) is valid for ) A, =n € Z:

0 = Oy(n, Ay, A2, A337) - 93(7%A1,A2>A3;7') + 04(n, A1,A2>A3;7'>- (B.6)

Combining (B.6) and (B.2) establishes the Lemma 1.

B.2 Proof that the map (2.83) is bijective

First we prove that (2.83) is one-to-one, i.e.

%:jé&ki:% = 51252&7;’1212?2' (B.7)
To begin with, note that (2.83a) implies

n=p&k =k = k==Fk (modn), (B.8)
which means k; = k, in fact. Combined with this fact, (2.83b) implies

A=p&kE =k = j=j (modm), (B.9)

and therefore we have j; = j,. Hence (2.83) is one-to one.

Next we prove that (2.83) is onto, i.c. there exists (J, k) € Zy, X Z, satisfying (2.83) for
any given (7', k') € Zyy X Z,y where m’ = g and n’ = N/g with g = ged(n, 7). To begin with,
recall that we have

(=b)+—-(d)=1 (B.10)

L (—bz%' + fj’) + (dl%’ - @j’) =3 (B.11)
g g g g
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This can be solved for & as

R . R dk' — g R R N
k/: {E{—bk/+i]/+7’ \‘—QJJ 7m}+i{dk/_ﬁjlan}7_}a <B12)
g g n g g g

where {A, B} denotes A mod B (0 < A < B). Now it is straightforward to check that

: R L7
J= b+ +r|——| ,my €Ly, (B.13a)
g n

- {d/%’ — ﬁj’,n} €z, (B.13b)
g

indeed satisfy (2.83), so (2.83) is onto.

B.3 Invariance of the Jacobian determinant under mod-

ular transformations

Here we demonstrate that Hyp, - transforms according to (2.74) and (2.84) under 7" and
S transformations, respectively. We first note that the holonomies for the BAE solution
denoted by {m,n,r} are canonically ordered according to (2.18). The key step here is then
to order the holonomies for the BAE solution denoted by {m’,n’,7’} differently, according

to

m,n,r} sector : u — Uz, B.14a
7k

— uj.,,;,. (B.14b)

n§+lA€

roor ) o
{m/,n/,r"} sector : w5,

Note that (j,k) — (7', k') is a bijective map from Z,, X Z, t0 Zyy X Zy for both T and S
transformations, namely (2.73) and (2.83), so the above ordering for the {m’,n’, '} sector
is valid. Furthermore, it does not affect the value of H ., v/} as the determinant does not
depend on the ordering of holonomies.

Now, with respect to the above ordering, we prove

H{m,n,r} (T + 17 Aa) = H{m’,n’,r’}<7_7 Aa)a (B15a)
Himnry (=1/7,00)7) = TN Hppr o (1, A). (B.15b)

at a matrix level, which then yields (2.74) and (2.84) automatically. Note that {m/,n',r'}
are different for 7' and S cases as (2.73) and (2.83) respectively. From (2.46), the (j,N)
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entries of the LHS and the RHS are the same as unity for j € {1,---, N}. To prove that

the other matrix elements also match, it suffices to show

g{m,n,r}(j - 507 ]% - ]%O; Aaa T+ 1) = g{m’,n/,r/}(3/ - j(l)a ff/ - l;’(/), Aa,’T), (BlGa)
g{m,n,r}(j - 307 ]% - 1%07 Aa/7—a _1/7_) = Tg{m’,n’,r’}(j/ - 3(/)7 ]%/ - ]%(/)7 Am T)a (B16b)

for any 7,jo € Zm and k, kg € Z, and the primed indices given from (2.73) and (2.83) for
(B.16a) and (B.16b) respectively. See (2.49) for the definition of the G-function. Note that
these are not trivial from (2.72) and (2.82) but can be proved based on those relations and

the following properties of the G-function:

g{m,n,r} (j + m, ]%7 T, Aa) = g{m,n,'r} (.}7 ]%a T, Aa)a (Bl?a)
Gimmn Gk + 157, 80) = Gpommry (7 + 1, k57, A). (B.17b)

Proof of (B.16a)

L k—k
LHS = G ({J’—]’Oﬂ”"{ - OJ } {k — ko, n}; Aa77—+1>

kOJ +{l%—l%0,n} m+r } lgrg,n};Aaﬂ')

~ ~ ]%_ k
- g{m’,n’,r’} ({j _]0+T \‘
Aoalm+r A ~ m+r A A
= g{m’,n’,r’} ({J +k \‘ n J am} - {]0 + kU \‘ J }7k kOaA )

= RHS.

(B.18)

Here {A, B} denotes A mod B (0 < A < B). Note that (B.17) has been used in the 1st and
the 3rd lines. The 2nd line comes from (2.72).
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Proof of (B.16b)

~ ~ /%—/; ~ [ Aa 1
LHS = g{m,n,r} ({j _jO_'_r \‘ OJ 7m}7{k_ kOan};_7__>
n T T
g, - N~ A r,~ ~. N
— m/ . ! —_— k—k d - - _k_k y ) )
Tt }<{ n(( o)+ {g(] o) + 5k = o) g}) g}

(B.19)

A N ~ N
— Tg{m/’n/,rf}<{—% (k‘i_d{ﬁj + zk’, —}) 79}
g g g
- N ~ N
- {_g (kO ‘|‘d{ﬁ]0 + ik(]?_}) 79}7
n g g g

. . N . ~ N
{Ej‘i‘ik;_}_{Ejo—i-iko,—};Aa,T — RHS.
g g 9 g g g

Note that (B.17) has been used in the 1st and the 4th lines. The 2nd line comes from (2.72)
followed by the identity M{A, B} = {MA, M B}.
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Appendix C

The Superconformal Index

C.1 Contribution from C-center solutions

In this Appendix we repeat the same procedures in 3.2.1 and 3.2.2 for a more general class
of saddle point solutions and the BA solutions respectively. Both solutions are denoted by
a finite, positive divisor of NV, namely C, and the solution with C' = 1 corresponds to what
we have discussed in the main text. We will call them C-center saddles and C-center BAE
solutions respectively.

The final results of this Appendix, namely (C.13) and (C.18), are consistent with each
other for the first three terms. The remaining pure imaginary or order O(N°) terms do
not match apparently: more detailed analysis on contour deformations in the saddle point
approach and on the Jacobian contribution in the BA approach would be required for a
perfect match and we leave it for future research.

Another important implication of this Appendix is that 3D SU(N) Chern-Simons theory
arises from A" =4 SU(N) SYM on S! x S% in the Cardy-like limit independently of saddle

point solutions. In the main text we have observed it for a basic saddle point (3.33). The

following subsection C.1.1 will generalize this result to C-center saddles (C.1).

Lastly, it is worth highlighting the robustness of the universal log N term. We will
demonstrate that these C-center saddles or BAE solutions, which can be dominant in certain
domain of chemical potentials A, as we discussed in 3.3, still contribute log(%) to the SCI.

This is compatible with the result for C' =1 in the main text.

C.1.1 Saddle point approach

In 3.2.1, we have investigated the contribution from a basic saddle point ansatz (3.33) to the

SCI through the saddle point approximation (3.20). Here we repeat the same procedure but
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with a more general ansatz for C-center saddles [5], namely

N
m Cm m LN/CJ - T2
@¢@>:{¢ >:N+——7T——+wrw~0hl Z: } (C.1)
with m € {0,1,---, C — 1}. The range of m is determined from the integration contour
deformed from (3.22) as
N-1
1 Cc—-1 1 Cc-1
U =55 =St oy ~ ek (C2)

which passes through the above C-center saddle {u;}(©™. The C-center ansatz (C.1) and
the corresponding deformed contour (C.2) reduce to the ones in the main text (3.33) and
(3.37) respectively for C' = 1.

In the strict Cardy-like limit |7| — 0, the C-center ansatz (C.1) reduces to C' groups
of holonomies, where each group has equal number (N/C) of condensed holonomies and is
separated from adjacent groups by 1/C along the domain (0, 1] with 0 identified with 1. The
name ‘C-center’ comes from its symmetry breaking pattern Zy — Z¢ [5].

Following 3.2.1 and using the following identity of Bernoulli polynomials

Q

-1

Bn({ +ut,) =

1
crm Ba({Cu}s)  (ue ), (C.3)

<
Il

we simplify the effective action (3.31) near the C-center ansatz (C.1) up to exponentially
y

suppressed terms as

-« ~ mineN K Al m(ur; — ur;)
N2Se({u;}; 1, A) Z C:Q Z(u” — ) + Z log (2 sin %)
=0 i=1 ij
m N2 A , TiN? i 1+nc
o ()2 = CA), —
272 02 52 Sy (ts) C372 e ({ } 2 ) (C4)
.3 : : :
i 1+m SmineN?  miN  wi(6 — 5mp)
= AV _ _
= 1;[ <{ oke ) 2C 2 12
— (N —=1)logr,
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where we have introduced u;; and @ as

I-<t i—1

+ 2 +Uri—(N/C)I (I= {WJ ,i=1,---,N),

o m
Y=y C
N/C (C.5)

1
ur = W Zzl Uy ;-

Note that 210;01 uy = 0 from the SU(N) constraint (3.14). We have also defined £, as

3

Z{% + A}, =27+

a=1

34+&5
2 )

(C.6)

which is related to nc defined in (3.28) as ne = Z(;:_& &; € {£1} under the assumption
CA, €7 (3.29).

Substituting the effective action (C.4) into the saddle point evaluation (3.20) gives the
SCI as

N/C-1 A N-1
I(Ta A) ~ —/ du eNQSeffvwdePt({“i};AmT)
mz:% ((N/OW b, cm E . (C.7)

+ (contribution from the other saddles),

where Dy, 1c.m) denotes a small neighborhood of a C-center saddle {u;}(“™ (C.1) on the

contour (C.2), namely

= m L) - o
2 2
Dyyyom = H(’UMT + N + G T euwT + N + - + €], (C.8)

with some small positive number €. The u-dependent part of the effective action, namely
N2Serdept ({wi}; 7, A), denotes the first three terms of (C.4) and the prefactor A is related

to the remaining u-independent part of (C.4) as

3

miN? 1+ i 1+n
A = exp —WH({CACL}T— 5 C) +§H({Aa}7— 5 1)
a=1 a=1 (C.9)
B SmineN?  miN ~ mi(6—5m)

190 5 B —(N-1) logT} :

Note that we have ((NV/C)!)¢ instead of the original N!in the denominator of (C.7) taking an

extra factor of W into account, which corresponds to the number of evenly distributing
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N holonomies into C' groups as (C.5).

Introducing new integration variables Ar; and A/ as

—idgT=ug;—t; (I=0,---,C—landi=1,--- ,N/C—1),

- (C.10)
—ixT=u; (I=0,---,0—2),

whose Jacobian is given as

a(ulv e JuN—1>

a()\0,17 Tty )\O,N/Cfla 5\07 >\1,17 Ty AC*l,N/C*l)

(N1 c-1
Ceme (D)o o

the SCI (C.7) can be rewritten as

I(T, A) = ETN_IAQ_% ZCSN/C /Hd)\lez EIJ o€r-1(A1s)?

C (C.12)

+ (contribution from other saddles).

Here we have assumed smooth deformations of contours as we have done from (3.43) to real
lines in the main text. Note that the original SU(N) group breaks down into C' copies of
SU(N/C) groups and the remaining C' — 1 copies of U(1) groups. As a result, we obtained
C' copies of the SU(N/C) Chern-Simons partition function together with an extra (C' —
1)-dimensional integral for U(1) terms. We denote the latter simply as Zyqys. Finally,
substituting the partition function of SU(N) CS theory (C.60) with N — N/C into (C.12)

gives

a=1 a=1

(C.13)

bri(n, — C
+ (n112 770)} X ZU(l)’s

+ (contribution from other saddles).

C.1.2 Bethe Ansatz approach

In 3.2.2, we have investigated the contribution from basic solutions (3.56) to the SCI through
the Bethe Ansatz formula (3.47). Here we generalize it with a larger set of BAE solutions
denoted by a positive divisor of N, namely C, as

I  i—(N/O)I

{ui}(;:{mza+5+W

7

T+mi+ni7"[: {N/C’J ,i=1,--- ,N} (C.14)
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with arbitrary integers m;’s and n;’s. We call them C-center BAE solutions. Note that
this solution is equivalent to the {C, N/C,0} solution in [67] and the (C, N/C) saddle in
[30]. Since the calculation is parallel to the one in the main text, we summarize the key
intermediate results only.

First, the degeneracy gives log N! 4+ log N by the same token we discussed in the begin-
ning of 3.2.2. The prefactor contribution also remains the same as (3.63). Calculating the
contribution from log Z({u;}¢; 7, A) is more involved but does not require extra techniques
other than using (3.69) and (C.3). The result is given as

C—-1N/C-1 3

3
log Z{uito; 7, A) = C’Z Z Zlo I( N/CT+ J + Ay 7) NZlogf‘(Aa;T)
a=1

J=0 4,j=0 a=1

C—-1N/C—-1 J N/C-1
- 1 F 1 F
C’Z Z og N/C -C Z og N/C' ;T)
J=1 ij=0 0,5=0 (i7#7)
miN? 1+nc mi(1 —nc)N?  mi(1—3r+7%)N
— — A —
C372 (11_[1 ({C okr 2 ) * 2C * 67

N
m??cC' B NZlogF T +Nlog5 — 2N log(q; q) .,

n O(N(WS“%Wmm({5+Aa},1f{%+Aa}\J=0,1,---,cf1))

Y

(C.15)

where n¢ is defined as (3.28). The Jacobian contribution —log H({w;}c; 7, A) can also be
obtained by following 3.2.2 and 2.2.2 as

—log H({u;}c;7,A) = —log N — (N — 1) log< ZGA log 0, (C N;—CQ)) - logdet(]N_1 —i—f—j)

Cr -
— _Nlog N + (N —1)log —~ — log det (IN,l n H)
Nc
n 0(6_2””“‘%@%”mm({%+Aa},1_{é+Aa}|J:o,1,--.,c—1)).
(C.16)
Substituting all the contributions to the BA formula of the SCI (3.47) and using (A.11a),
finally we obtain the contribution from C-center BAE solutions (C.14) in the large-N limit
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as

N2 1+ N 7i(1 —ne)N2
10gI(T, A)‘C—center — —L H ({CACL}T — TlC) + log JE— _|_ 71'2(—776’)

Cir2 22 2 C 2C
mincC  mi(l —no)(N —1)
1 2 (17)

—ZlogF a;7) — 2log(q;9) o, 1ogT—1ogdet<]N_1+}NI>

27N sin(arg ) _ . J | A J A _
 O(Ne BB min(F A1 (F+Bal 101, C-1))

In the Cardy-like limit that imposes |7| < 1, this reads

TiN? £ 1+n 1+n
IOgI(T7 A)|C-center ~ _W H ({CACL}T 2 C) H <{A }T 1)

N  7i(l—nc)N*  mwi(l — 770)(]\7 —1)  mwincC (C.18)
log — _
tle st T 50 2 BT
mi(6 — 5m1) 7
— T — logdet(INA + H)

up to exponentially suppressed terms. Based on the comments below (2.103), we may sim-

plify this further as

TiN? L I+nc = L+m
IOgI T,A ~ = ( CAa T ) + = ( A T )
( )|C—center 037—2 }_[1 { } 2 T2 i { } (019)
+O(7[7h).

C.2 Saddle point solutions of 3D Chern-Simons theory

In this Appendix, we investigate the saddle point equation (3.36) from the effective action
of the ' =4 SU(N) SYM theory in the Cardy-like expansion (3.35), namely

N
1
ml@j:ﬁklz(#)wtﬂvjk (i=1,---,N). (C.20)
= J

This equation is in fact equivalent to the saddle point equation of 3D Chern-Simons theory
with a 't Hooft coupling ¢ [1, 63],

N .
Z coth %k, (C.21)

k=1(])

103



under v; — tu; /27 and ¢ = 2mwi/m;. We solve this saddle point equation in the planar limit,
or equivalently in the large-N limit.

The partition function of 3D Chern-Simons theory on S* can be written as [1, 63]

Z = %/Hduzn (2 sinh %)26Xp (— 2115 Zuf) : (C.22)

7 1<j

where g, = 2mi/k and k is the effective Chern-Simons level. As we have seen in (3.35), the
fluctuations around the dominant saddle point of the N' = 4 SYM theory are described by
such a Chern-Simons theory, provide we make the identification t = 2mi/n; where t = g, N
is the ‘t Hooft coupling. Although this partition function can be evaluated directly [79] as
detailed in Appendix C.3, it is important to note that our starting point is a saddle point
evaluation of the A/ = 4 SYM index. Hence, in principle, we should seek a saddle point
evaluation of the 3D Chern-Simons partition function. As we demonstrate in this Appendix,
the saddle point result coincides with the exact partition function in the large-/N limit, so
in practice this distinction is immaterial. However, we highlight an interesting observation
that there are, in fact, multiple saddle point solutions to the Chern-Simons model and that

it is important to properly identify the dominant saddle in order to find agreement.

C.2.1 The dominant saddle point
The saddle point equation obtained by varying the action in (C.22) takes the form
N
T4 = Z coth % (C.23)
k=1 ()

As in [89], it is convenient to introduce the exponentiated eigenvalues X; = €%, so that the

saddle point equation becomes

N
t 2X
)

As usual, in the large-N limit, we assume the eigenvalues condense along a single cut,
x € [a,b] on the real axis, provided the 't Hooft parameter ¢ is real. (Later on we will
analytically continue to complex ¢.) We then introduce the density of eigenvalues p(z) such
that

b
Z flz) — N / dz p(z) f (). (C.25)
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The important properties of the matrix partition function are now encoded in the eigen-

value density. In order to determine p(z), we introduce the resolvent

wX)=—t+ 2t/ dy p(y)X)_( (X € C\O). (C.26)

Y
This function is analytic in the complex X plane except for a cut C from [e?, €?] on the
positive real axis. By studying w(X) on both sides of the cut, we can reproduce the saddle
point equation
1
log X = §[w+(X)—i—w_(X)] (X €C), (C.27)

and also recover the eigenvalue density

o) =~ fon(X) —w (X)) (X €0) (C.28)
Here we have defined
wi(X) = w(e™) = w(X +ie) (X €C). (C.29)

Following [89], we can use the following trick to derive the resolvent w(X). Recall that
w(X) is analytic on X € C\ C. Then it is straightforward to check that the function g(X)
defined as

g(X) = P2 L X2 (X eC\C) (C.30)

can be analytically continued to the entire complex plane including C since

g (X) = o012 L xemerX) = xemo-(X) L= — g (X)) (X €0), (C.31)

where the equality in the middle corresponds to the saddle point equation (C.27). Further-
more, using the asymptotic behavior of (C.26)

lim w(X) = —t, lim w(X) =t, (C.32)

X—0 | X |—o0

we deduce the form of g(X) as

g X)=eA(X+1) (XeQ). (C.33)
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Substituting this into (C.30) then gives

e(X)/2 = % <g(X) +\/g(X)2 = 4x) . (C.34)

Consistency of this solution demands that the branch cut of the square root is along C. In

particular, note that the branch points of the square root are given by

N|=

Xi =2 —1£2(e* — €'z, (C.35)
with the product X, X_ = 1.

The solution for ¢t > 0

Although we have assumed that the eigenvalues condense along the real line, the endpoints
X4 are only real for real ¢ > 0. Assuming this to be the case, the resolvent (C.34) can be

written as

1 1 1
02— = (X +1) — X = X)B(X - X)F), (C:30)

where the principal branch is taken for both square roots. The eigenvalue density can then

be recovered from the discontinuity across the cut using (C.28), with the result [89]

1 » ,/et—cosh2§
p(x) = Etan W (x € |a,b]), (C.37)

where the endpoints are given by —a = b = 2 cosh™' (e¥/2).
Substituting this eigenvalue density into the saddle point action is non-trivial, but can
be shown to give the genus-zero free energy (see e.g. Appendix A of [63])

log Z = N? (C<3) — Lis(c™) i 12) + o(N?). (C.38)

12 6 6t
This has a simple expansion in the large-t limit

log Z/N? ~ % - g—j + % +OE™)  (t>1), (C.39)

but remains valid for real ¢ > 0. For small ¢, it has an expansion

1 3t
log Z/N* = ~logt — ~ 4+ — + —— 4 - - t— 0" C.40
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-1.0

Figure C.1: Orange (red) crosses are branch points and green (blue) lines are branch cuts of
hy(x) and h_(z), respectively. Here we chose ¢ = 1/10 for presentation.

which diverges logarithmically as t — 0.

The solution for ¢ = 27i/n with n; = +1

While we have worked with real ¢ above, in order to connect to N' = 4 SYM, we want to
analytically continue to a purely imaginary value ¢t = 2mi/n; where n; = £1. However, this
continuation is subtle, since n7; = +1 turns out to be the endpoints of a singular region of
the Chern-Simons matrix model. In particular, there is a divergence for ¢t = 2mi/n; with
—1 < n < 1[91]. This subtlety can also be seen by noting that the endpoints of the cut, X4
in (C.35), collapse to X1 =1 when 7, = +1.

To avoid this singularity issue for 7, = £1, we take t = 27i/n; + €2 where € is a small
positive number. Although we have assumed real ¢ above, it was not strictly needed in
order to obtain the resolvent (C.34). We thus start from there and analytically continue to
imaginary eigenvalues, + — iz. In particular, we take X = ¢, in which case the resolvent
takes the form

6w(X)/Q _ 5 (6—t/2(€zx + 1) + (e—t/2<€zx + 1) + 261&:/2)%(6—15/2(6216 + 1) . QGZI/Q)%> . (041)

For t = +2mi + €2, the square root factors have the following branch cuts:

hy(z) = (72" 4+ 1) + 26”/2)% : U [(4n 4 2)m — xy, (An + 2)7 + 2],

| o (C.42)
h_(z) = (e /(e 4+ 1) — 2e/?)2 - U [AnT — x,, dnm + x4,

neZ

107



where z, = 21 — 2ie + O(€?) (see Figure C.1). Using'
hel(w) = (—(1F /%)) + O(e), (C.43)

we can write down h. (z) more explicitly with the above specified branch cuts as

() = +i(1 elj"”/2) + O(e?) (above the cuts of hy (x)) (C.440)
Fi(1 — e®/2) + O(?)  (below the cuts of h(x)),

b () — +i(1 + eli"’“"/2) + O(€?) (above the cuts of h_(x)) (C.44D)
Fi(1 +e®/2) + O(¢?)  (below the cuts of h_(x)).

We now rewrite the resolvent (C.41) using (C.44) within the strip Rex € (—2,2n)
explicitly as

)
—1+0O(e?)  (above the cuts of hi(z))

e =1 —€” 4+ O(e*) (between the cuts of hy(z)) (C.45a)

1+ O(e?)  (below the cuts of hi(z)),

—% + O(€?) (above the cuts of hy(z))
LX) - —%(1 — L)+ O(€e?) (between the cuts of hy(z), Rex € [0,27))
@(1 +2)4+O(¢?)  (between the cuts of hy(z), Rex € (—27,0))
\ 2:7” + O(€?) (below the cuts of hy(z)).

(C.45b)

Since (C.45a) determines w(X) only up to 4miZ, we have used the asymptotic conditions from
(C.32) along with continuity outside of the branch cuts to fix w(X). Finally, the eigenvalue
density can be obtained by substituting (C.45b) into (C.28)

L(1-£)+0() zel0,z)

(C.46)
% (1+£)+0(#) ze(—x,0).

plz) =

!This Taylor expansion becomes subtle as  — 27Z where the leading order vanishes. So we focus on the
bulk and ignore this subtle issue near the endpoints x = 27Z.
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Taking the limit € — 0 then gives the simple expression

1 |z
=—(1—— —2m, 2 C.47
which satisfies the normalization condition ff;rﬂ dx p(z) = 1 as expected. Recall that, since
we have analytically continued, the actual eigenvalues © = iz are now distributed between
+27mi along the imaginary axis.

The genus-zero free energy can be obtained by evaluating the saddle point action

Set/N? = [—% / dzp(r)u® + % / p(x)p(¥)dz dF log <4 sinh? = ; “)2] (C.48)

U=1T, U=1T

on the solution given by (C.46). Here some care must be taken in keeping the e regulator

while integrating the log term because of branch issues. The result is simply

51

log Z/N?| __p = T3 (C.49)

which is purely imaginary. This result can also be obtained directly by analytic continuation,
namely by inserting ¢ = 27i/n; into (C.38) but our careful analysis provides some direct

insight into the structure of eigenvalues.

C.2.2 The sub-leading saddle point

In deriving the resolvent (C.34), we assumed a one-cut solution with the cut extending along
[X_, X.]. The function ¢g(X) defined in (C.30) is then argued to be analytic in the complex
plane. For ¢ > 0, this picture is evident as the cut is on the positive real axis in the X plane.
However, for t = £27i, the cut starts at 1 — 2¢, wraps twice around the unit circle, and ends
at 1 4 2¢, where € prevents the cut from overlapping with itself.

This picture of a cut wrapping twice around the unit circle in the X plane suggests the
possibility of another solution where the cut extends only once around the circle. We have
in fact identified such a solution where the cut starts at X = —1, goes around the circle,
and ends again at X = —1. What is special about this solution is that the double endpoint
X = —1 may be singular, and this allows for g(X) defined in (C.30) to have a pole at
X = —1. In particular, we find that

g(X) =e (X +1) 42—

T (Kec\{-1. (C.50)
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Figure C.2: The numerically determined eigenvalue density, p(x), for N = 50 and ¢t = 5 (red
dots) along with the large-N analytic solution (blue line), (C.52). The numerical density is
obtained by finite differencing.

is consistent with analyticity except for a pole at X = —1. The regular (first) term is
identical to that of the standard solution, (C.33), while the pole (second) term is new but
does not modify the asymptotic conditions (C.32).

The solution for ¢t > 0

For t > 0, we choose the cut to lie along the unit circle, starting and ending at the singular

point X = —1. Using (C.34), we obtain the resolvent

() = —t+2log(1+X) (|X|<1) (C51)
t—2log(l+1/X) (|X]|>1),

where the principal branch is taken for the log. Here the ‘inside’ and ‘outside’ solutions are
chosen to satisfy the asymptotic conditions (C.32). In this case, the matrix eigenvalues are
imaginary and lie in the interval (—im,im). The eigenvalue density is obtained from (C.28),

and is given by

p(z) = % (1 — %log<4 cos? g)) (x € (—m, m)), (C.52)

and the eigenvalues themselves are u = 1x. Although the 't Hooft coupling multiplies the log
term, it averages to zero over the interval (—m, ), so the normalization condition is satisfied
with an average eigenvalue density of 1/27r. This sub-leading solution is somewhat unusual
as p(x) diverges logarithmically at the endpoints, as highlighted in Figure C.2.

The genus-zero free energy can be obtained by using the above eigenvalue density in
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Figure C.3: The numerically determined eigenvalues, —iu; for N = 50. The family of
solutions correspond to t = 5(red), ¢t = 5 + mi/2 (orange), t = 5 + 2w (yellow), t = 3 +
27i (green), and t = 27i (blue), respectively.

(C.48), with the result

3 2
log Z/N? = % + % + (t-independent imaginary term), (C.53)
where we have not been careful enough to keep track of the log branch issues that go into
computing the imaginary term. Note that, even though here we have taken real ¢ > 0, the

saddle point free energy is complex since this sub-leading saddle itself is complex.

The solution for t = 27i/n with n; = +1

For connection to the N' = 4 SYM saddle, we are interested in analytically continuing to
t = 2mi/m; with n; = £1. While in the previous cases the eigenvalues either lie entirely
on the real or imaginary axis, this is no longer the case for the sub-leading saddle with
t = 2mi/n;. Instead, from numerical observations, the eigenvalues lie along a curve connecting
u € (—im,im). We have been unable to obtain an analytic form of this curve. However, it can
be examined numerically, as shown in Figure C.3, where the 't Hooft coupling is analytically
continued from ¢ = 5 to t = 2.

The genus-zero free energy for the sub-leading saddle with ¢ = +27¢ may be obtained by
analytic continuation of (C.53)
¢(3)

2~ + (imaginary). (C.54)

log Z/NZ{t::Iﬁm' T T A

Since this has a negative real part, it is always sub-dominant to the leading saddle whose

free energy (C.49) which has vanishing real part.
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C.2.3 Saddle point solutions of ' =4 SYM from direct numerical

evaluation

We now return to the original problem at hand, namely the saddle point evaluation of the
N =4 SYM index in the Cardy-like limit. As we have shown in (3.42), the effective action
reduces to that of 3D SU(N) Chern-Simons theory. As a result, we may simply apply the
saddle point solution of the latter theory to the A/ = 4 SYM index. However, it is instructive
to see how this works in practice. To do so, we have numerically solved the saddle point
equation arising from the effective action in (3.18). This was performed using FindRoot in
Mathematica, where the elliptic gamma function was approximated by truncating its product
representation (A.5a).

We find that numerical solutions to the saddle point equation for the AV = 4 SYM
index are sensitive to the initial trial configuration for the eigenvalues. Based on large-N
investigations of the SCI that suggest the eigenvalues are distributed along the ‘thermal’
circle [30, 5], it is natural to start with an initial configuration distributed uniformly along
the interval (—7/2,7/2). This starting point, however, converges to the sub-leading saddle
point solution discussed in section C.2.2. To find the dominant saddle point studied in
section C.2.1, we have to instead start with an initial configuration mirroring (C.47) of the
3D Chern-Simons theory. Here the initial eigenvalues wraps twice around the ‘thermal’
circle, and are distributed non-uniformly in the interval (—7, 7).

As an example, we compare the numerical solution to the N/ = 4 SYM saddle point
equations with those from the 3D Chern-Simons theory in Figure C.4 for the leading saddle
and Figure C.5 for the sub-dominant saddle. For N' = 4 SYM, we take 7 = ie¢"/% and
chemical potentials such that n; = 1, so that ¢ = 27¢ in the Chern-Simons theory. Since
|7| = 1, the numerical results are not taken in the Cardy-like limit. Nevertheless, the
similarity of the full SYM solution with that of the corresponding Chern-Simons theory is
apparent. We have observed numerically that the sub-leading saddle point solution becomes
indistinguishable from that of the Chern-Simons theory in the Cardy-like limit. However,
the leading order saddle is more sensitive to 1/N effects arising from the repulsion between
eigenvalues on the inner and outer circles of Figure C.4. In any case, the distinction between
N =4 SYM and 3D Chern-Simons solutions is small compared to the difference between
the dominant and sub-leading saddles, which is clearly evident when comparing Figure C.4
with Figure C.5.
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Figure C.4: Comparison between the N’ = 4 SYM (blue dots) and 3D Chern-Simons (orange
diamonds) solutions for the dominant saddle point. Here we have taken N = 100 along with
7 =ie™% and A, = (2/3,2/3,2/3+27), which maps to t = 27i in the Chern-Simons theory.
As seen in the figure on the right, the exponentiated eigenvalues wrap twice around the
circle. The 3D Chern-Simons eigenvalues u; are given as in (C.22), while the N' =4 SYM
eigenvalues 4; are mapped according to u; = 2mwit;/T.

C.3 The S° partition function of SU(/N) Chern-Simons
theory

Here we compute the S? partition function of SU(N) Chern-Simons theory, namely

o N—1

ZSU(N) / H dA;) PP Ry H 2sinh A (C.55)
> i#]

with the constraint Z — Aj =0, where k = —nN (g = £1).
Recall that the S3 partltlon function of U(NN) Chern-Simons theory is given in Appendix
B of [79] as

1 etk
Z5%) = M/ ([Lanye == [T 2sinhm,
j=1 #J (C.56)

N(N-1) miN(N—1) i 2 N—-1
(_1> — _GTN(N -1)

= i (ik)jV/Q ¢ H <251n —)N_m.

m=1

Under the change of variables A\, — X\, + Z;VZI Aj (w=1,---,N —1), whose Jacobian is
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Figure C.5: Comparison between the N/ =4 SYM (blue dots) and 3D Chern-Simons (orange
diamonds) solutions for the sub-leading saddle point. The parameters are the same as in
Figure C.4, but for the sub-leading saddle the exponentiated eigenvalues go only once around
the (distorted) circle.

given as
N N

[Ty — N[Jav. (C.57)

j=1 j=1

the U(N) partition function (C.56) can be rewritten as

N N-1
1 o ik SNV N ) 2—ikmA2 ;
Zgg\]) = —(N 7 / (H d);) e k30,20 Aut22500 Ag)2—ikmAg H 2 5inh 7\,
TYT =1 ptv

X H 2sinh (A, + ;0 — Ay)2sinh 7(Ay — A, — 5;0)

OON1

= H dA\,) H 2sinh w\;; (C.58)
( J An=— ZNfl)\
i#j w=1 78
5 /Oo d\y o tRTN O+ 05 A)? =ik (00 AR+ (25 Aw)?)
N2 cs
= (E) ZSU(N)'
For k = —nN with n; = £1, substituting the identity
N-1 .
(251n —) = NN/2 (C.59)
m=1
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into the U(N) partition function (C.56) and using the relation (C.58), we have

TiN(N—1) i 2
- 4 e%m(N -1

71>
g€ 2 € wi(14n)N(N—1)
4

e (C.60)
TiN(N —1) N S5min(N? —1)

2 12

C.4 Proof of Lemma 2

Cover the torus R?/Z? with balls of radius €/2. By the pigeonhole principle, there are
two integers A < B such that ({Ax},{Ay}) and ({Bz}, {By}) are in the same ball. Then
({(B — A)z},{(B — A)y}) is in the ball of radius € around 0 (mod Z?).

Now, if {(B — A)z} + {(B — A)y} > 1, we are done by taking C' = B — A.

If on the other hand {(B — A)z} + {(B — A)y} < 1, then the relation

g =1 {a} > {8} oo
fa} = {8} +1  fa} < {8}

guarantees that for € small enough we have ({(B— A — 1)z} + {(B— A —1)y}) > 1, so we
are done by taking C' =B - A—1. Q.E.D.

Let us see how things work in an example. Take x = y = 1/3. The two values B = 6 and
A = 3 are acceptable. Now, since {(B — A)z} + {(B — A)y} = {1} + {1} =0 < 1, we can
take C' = B—A—1=2. Indeed {2-3} +{2- 3} = 5 > 1 as desired. This implies that for
0 < argT < 7, at the point ({A}, {A}) = (1/3,1/3), C = 2 satisfies the condition (3.94).
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