
3.4.3 Distribution D2 (radially decreasing thickness)

The experimental results of the third axisymmetric case, a circular membrane with radi-

ally decreasing thickness, are presented here. A linear decrease in the membrane’s thickness

towards the edge is considered here. The membrane was fabricated using a conical mold that

has a positive slope of about 4.8°, which results in a thickness difference of 6.35 mm (0.25 in)

between the center and edge of the membrane. Figure 3.22A shows the thickness distribution

of the axisymmetric membrane of this case. The initial thicknesses of the membrane were

measured to be 1.92 mm (0.076 in) at the edge and 8.27 mm (0.326 in) at the center, giving

η = 0.232. (The volume of rubber material here is about 1.5× that of the uniform thickness

membrane.) Figures 3.22B–3.22E show snapshots of the membrane at four instants of time

during inflation.

A. Membrane cross-section

B. t = 300 s C. t = 450 s

D. t = 600 s E. t = 897.5 s

Figure 3.22: Photographs of the nonuniform thickness membrane (distribution D2) at
selected times during inflation.
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The pressure and volume-change histories during inflation are demonstrated in Fig-

ures 3.23A and 3.23B. The pressure-volume cross plot is shown in Figure 3.23C which shows

an ‘S-shape’ behavior in response similar to the previous axisymmetric membranes.

A. Volume history B. Pressure history

D0

D2

C. Pressure-volume

Figure 3.23: Structural response of the nonuniform membrane (distribution D2).

Figure 3.24 provides information about the membranes response near the crown. In

particular, the pressure-stretch data is shown in Figure 3.24A. The membrane starts from an

undeformed state (λ0 =1) and reaches to a stretch ratio of near λ0 =2.2 at about p =4.15 kPa.

Moreover, it can be seen from Figure 3.47B that the curvature initially increases up to about

p =3.2 kPa and then snaps back and decreases thereafter. It can also be seen that despite

the larger pressure ranges experienced in this case, the crown stress (Figure 3.24C) is smaller

than that of a uniform thickness membrane since the crown’s stretch ratio is smaller here

and the membrane is thicker at the center.

D0

D2

A. pressure-stretch

D0

D2

B. pressure-curvature

D0

D2

C. pressure-stress

Figure 3.24: Measured crown data of the nonuniform membrane (distribution D2).

The variation of the two principal stretch ratios, λR and λΘ, in the radial and hoop

directions, respectively, are plotted at the time of maximum inflation as a function of R/R0

in Figure 3.25. By comparing the two principal stretch ratios, we can see that for a circular

membrane with radially decreasing thickness, at each radius, λR is greater than λΘ, except
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for the crown, where the two stretch ratios are equal (Figure 3.25C). Moreover, it can be seen

that λΘ monotonically decreases to the value of one at the clamped boundary (λΘ = 1), while

λR monotonically increases moving from the crown towards the edge. This is in contrary to

the two previous cases and explains that the membrane gets more stretched in the meridian

direction close to the clamped boundary compared to the crown, since it is much thinner near

the edge. Similar to the previous cases, the state of stress, changes from equi-biaxial tension

at the crown (Equation (3.5)) to pure shear (Equation (3.4)) at the edge, for a nonuniform

membrane with thickness distribution D2.

A. Radial stretch B. Hoop stretch C. Θ-averaged

Figure 3.25: Radial distributions of the two principal stretches in the nonuniform mem-
brane (distribution D2) at the time of maximum inflation.

The dimensionless deformation profile history of the inflated membrane at selected in-

stants of time are depicted in Figures 3.26A and 3.26B in two planes cutting through the

membrane, namely the X-Z and Y -Z planes. It can be seen that, compared to the uniform

thickness membrane, the deformation profiles are more flattened in this case. In addition

to the deformation profiles, the position history of the dots during the inflation processes,

are demonstrated in these plots. It is observed that the dot at the crown (X = Y = 0)

deforms almost only vertically in the Z direction, while all other dots deform both in radial

and vertical directions.

Viewed from above the membrane, the deformation histories of the crown and eight

equally spaced dots around the crown are shown in Figure 3.27. The figure suggests that

the deformation is not completely axisymmetric, as it is supposed to be, an leans slightly

towards one positive X direction.

Variations of the invariants of the left Cauchy-Green deformation tensor in terms of I1−3

and I2 − 3 contour plots are shown in Figure 3.28, respectively.

70



A. Y = 0 plane B. X = 0 plane

Figure 3.26: Measured deformation profiles (gray lines) and displacement histories of
dots (colored lines) during inflation of the nonuniform membrane (distribution D2).

Figure 3.27: Plan view of the displacement history of the crown (red) and the eight
adjacent dots (green) during inflation of the nonuniform membrane (distribution D2).
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A. t = 300 s

B. t = 450 s

C. t = 600 s

D. t = 897.5 s

Figure 3.28: Measured contours of I1(B) and I2(B) for the nonuniform membrane
(distribution D2).
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A. Constitutive response

Pure Tension

Planar Tension

Equi-biaxial Tension

W (kJ/m3)

B. Strain energy density contours

Figure 3.29: The Ogden constitutive behavior for Ecoflex 00-30 silicone rubber. (A)
response to simple constitutive tests and (B) contours of strain energy density.

3.4.4 Axisymmetric simulation results

The numerical results are obtained via the finite-element analysis. Depending on the

nature of the problem, either continuum or membrane elements are used. First we examine

the accuracy of the finite-element (FE) model, by comparing the experimental results of

the uniform membrane inflation with the predicted responses of the FE model. Next a

parametric study is carried out to investigate the effect of the nonuniformity in geometrical

distribution on the response and stability of axisymmetric membranes.

Validation with experimental data: To achieve a solid foundation for a numerical para-

metric study, we first validate the FEA results with the experimentally measured data. For

this purpose, we use the nonlinear least-squares fit results of Table 3.2, to approximate the

constitutive behavior of the rubber material with the Ogden’s hyperelastic energy density

function. As shown in Figure 3.29A, the constitutive behavior of the Smooth-On’s Ecoflex

00-30 silicone rubber, are re-plotted in terms of stretch-stress responses to pure tension, pla-

nar tension, and equi-biaxial tension experiments. The contours of constant energy density

(W ) in the λ1-λ2 space are also plotted in Figure 3.29B. Such a plot gives a sense for the range

of accuracy the Ogden’s model based on the amount of stretch ratios experienced during any

experiment. For example, a contour line that crosses the pure tension curve at λ1 =2.55, will

cross the planar tension curve at λ1 =2.43, and equi-biaxial tension test at λ1 =1.82. This

implies that an Ogden’s model that is obtained only but fitting the model to a pure tension

test up to stretch ratio of λ1 =2.55, might predict accurate results only if the equi-biaxial

stretches during the membrane inflation experiment are below λ1 = λ2 =1.82. The Ogden
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coefficients used here (listed in Table 3.2), however, are obtained by a simultaneous fit up to

stretch ratio of λ1 =2.75 in all the constitutive tests.

Figure 3.30 presents a comprehensive comparison of the accuracy of the FEA with the

adopted Ogden’s hyperelastic coefficients versus the experimentally measured data. In par-

ticular, the deformation profiles at multiple instants of time are compared in Figure 3.30A

and very good agreements are observed between the FE and experimental results. Very good

agreements are also observed in the pressure-curvature (Figure 3.30B) and pressure-stretch

(Figure 3.30C) responses at the the crown. The pressure-volume response of the membrane

(Figure 3.30D) also shows a very good agreement between FEA and experimental data.

Comparison of the principal stretch ratios along the radius of the membrane, at the time of

maximum inflation, also demonstrates a good agreement, although the FE results in general

slightly over predicts the stretch ratio values (Figures 3.30E and 3.30F).
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Sim. (Ogden)

A. Deformed profiles

Sim. (Ogden)

B. Pressure-crown curvature

Sim. (Ogden)

C. Pressure-crown stretch

Sim. (Ogden)

D. Pressure-volume

Sim. (Ogden)

E. Radial stretch

Sim. (Ogden)

F. Hoop stretch

Figure 3.30: Comparison of experimental data and FEA predictions for the uniform
membrane.

75



A. Constitutive response

W (kJ/m3)

Pure Tension

Planar Tension

Equi-biaxial Tension

B. Strain energy density contours

Figure 3.31: The Gent strain energy density function with c1 = 10 kPa and Jm = 100.
(A) response to simple constitutive tests and (B) contours of strain energy density.

Numerical parameter study: A finite-element parametric study through using axisym-

metric membrane elements is carried out here to investigate the effect of geometric nonuni-

formities on the response of an axisymmetric circular membrane. The Gent energy density

function with arbitrarily chosen values of c1 =10 kPa and Jm =100 is considered for this

study (Figure 3.31). Moreover, for simplicity the following non-dimensioalized parameters

are introduced

V =
V

R3
0

, p =
pR0

E0havg

(3.8)

where V is the dimensionless volume and p is the dimensionless pressure. Also, E0 is small

strain Young’s modulus defined as E0 = 3µ0 and havg = (h0 + h1)/2 is the average thickness

of the membrane. It is important to mention that for comparison purposes, the material

volume of the circular membrane itself is kept constant and equal to the material volume of

the uniform thickness membrane, regardless of thickness ratio value, η.

The variations in crown’s stretch ratio versus the changes in pressure are plotted in

Figure 3.32 for the three thickness distribution cases. The pressure-stretch plot shows an

up-down-up behavior in the uniform thickness distribution case (distribution D0), corre-

sponding to a limit-point structural instability in the response (Figure 3.32A). The unstable

region of the equilibrium path which occurs approximately between the crown stretch ratios

of λ0 =2.5 and λ0 =4.5 is dashed, for demonstration purposes. For a nonuniform thick-

ness membrane with distribution D1 and η = h1/h0 =5, the pressure-stretch ratio diagram

(Figure 3.32B) does not show any limit-point instability in the response and the pressure
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monotonically increases as the stretch ratio of the crown increases. For a nonuniform thick-

ness membrane with distribution D2 and η = h1/h0 = 1/5, the pressure-stretch ratio diagram

(Figure 3.32C) again shows a limit-point instability in the response approximately between

the crown stretch ratios of λ0 =1.6 and λ0 =3.35. Also, compared to the uniform distri-

bution case, in distribution D2, the instability begins at a smaller dimensionless pressure

and crown stretch. In addition, the length of the unstable region along the pressure-stretch

equilibrium path is smaller in distribution D2 and the up-down-up behavior is more pro-

nounced. Moreover, comparing the three distributions, we can see that the crown stretch

ratio of distribution D1 is always higher that the other two cases at any given dimensionless

pressure.

A. Distribution D0 B. Distribution D1 C. Distribution D2

Figure 3.32: Calculated pressure-crown stretch responses for three membrane thickness
distributions of the same material volume.

The deformation profiles of the three thickness distribution cases are compared in Fig-

ure 3.33 at different stretch ratios. For the uniform distribution case, the deformation pro-

files are plotted at crown stretch ratios λ0 =1.5, 2.5, 3.0, 4.0, and 4.5 as labeled with circled

numbers 1 to 5, respectively, in its corresponding pressure-stretch plot of Figure 3.32A.

The deformation profiles of the nonuniform membrane with thickness distribution D1, are

plotted at crown stretch ratios λ0 =2.0, 3.0, 4.0, 5.0, and 6.0 as labeled with circled num-

bers 1 to 5, respectively, in its corresponding pressure-stretch plot of Figure 3.32B. For the

nonuniform membrane with thickness distribution D2, the deformation profiles are plotted

at crown stretch ratios λ0 =1.25, 1.5, 2.0, 2.5, and 3.0 as labeled with circled numbers 1 to 5,

respectively, in its corresponding pressure-stretch plot of Figure 3.32C. By comparison of the

deformation profiles of the three cases at λ0 =3, as labeled by 3, 2, and 5 in the distributions

0, 1, and 2, respectively, the membrane with distribution D2 would achieve a much larger

deformation profile in order to reach the same crown stretch.

Figure 3.34 represents the changes in the pressure-volume response of the three thickness

distributions. Similar behavior to the crown’s pressure-stretch response is observed here. It
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C. Distribution D2

Figure 3.33: Calculated membrane profiles (blue) and point histories (green) for three
membrane thickness distributions.

can be seen that compared to a uniform thickness membrane, the up-down-up behavior of

the pressure-volume response is deeper in distribution D2 and the unstable region covers a

larger volume change.

A. Distribution D0 B. Distribution D1 C. Distribution D2

Figure 3.34: Calculated pressure-volume responses for three thickness distributions.

The changes in the two principal stretch ratios of the membrane with respect to the radius

in the undeformed configuration are demonstrated in Figure 3.35 for the three thickness

distribution cases. It can be seen that the principal stretch ratio in the circumferencial

direction, λθ, is always equal to one at the edge of the membrane (pure shear state of

stress). Moreover, for distributions 0 and 2, λr (in the meridian direction) is larger than

λθ, everywhere along the radius, however, this behavior is not observed in distribution D1.

Furthermore, for distributions 0 and 1, λr monotonically decreases moving towards the edge
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of the membrane, but it increase in the case of distribution D2.

A. Distribution D0 B. Distribution D1 C. Distribution D2

Figure 3.35: Calculated pressure-crown stretch profiles for three thickness distributions.

In addition to the above comparison between the three distributions, we can also ex-

amine the effect of the edge to center thickness ratio, η, on the response of nonuniform

thickness axisymmetric membranes. Figure 3.36, demonstrates the pressure-volume and

crown’s pressure-stretch response of the membrane with thickness distribution D1. It can

be seen from the responses that for a uniform thickness membrane (η=1) that demonstrates

structural instability in its pressure response, the instability can be avoided and the curves

can be flattened if η is increased.

A. Pressure-volume B. Pressure-crown stretch

Figure 3.36: The effect of increasing thickness slope (η) on the response of an axisym-
metric membrane.

A similar study on the effect of edge to center thickness ratio on the pressure response of

a membrane with thickness distribution D2, can also be performed, as shown in Figure 3.37.

It is observed that for a uniform thickness membrane (η=1) that demonstrates structural
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instability in its pressure response, the instability can be pronounces and forced to happen

earlier if η is decreased.

1/2
1/4

1/6

1/8 1/10 1/12 1/14

A. Pressure-volume

1/2
1/4 1/6

1/8
1/10

1/12 1/14

B. Pressure-crown stretch

Figure 3.37: The effect of decreasing thickness slope (η) on the response of an axisym-
metric membrane.

Finally, the responses of the three distribution cases are summarized and compared to-

gether in three representative plots, crown’s pressure-stretch (Figure 3.38B), pressure-volume

(Figure 3.38A), and deformation profile (Figure 3.38C). The thickness ratio is set to η = 5

for distribution D1 and η = 1/5 for distribution D2, in Figure 3.38.

1/5

5

A. Pressure-volume

1/5

5

B. Pressure-crown stretch

1/5

5

C. Deformations

Figure 3.38: Comparison of inflation responses of the three thickness distributions.

3.5 Non-axisymmetric inflation

In this section, we present the experimental results of three non-axisymmetric inflation

cases. These include a circular membrane with diametrically increasing thickness, a uniform
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thickness bimaterial membrane, and a uniform thickness spirally reinforced membrane. The

pressure response of each membrane is investigated and the deformation profiles with their

corresponding kinematic 3D contour plots are extracted using photogrammetry.

3.5.1 Distribution D3 (diametrically increasing thickness)

The experimental results of the first non-axisymmetric case, a circular membrane with

increasing thickness across the diameter (wedge-like) made of EF30, are presented here. The

membrane’s thickness is considered to linearly increase in the positive X direction (thickness

distribution D3).

A. Membrane cross-section

B. t = 240 s C. t = 360 s

D. t = 480 s E. t = 718 s

Figure 3.39: Photographs of the nonuniform thickness membrane (distribution D3) at
selected times during inflation.

The membrane was fabricated using a constant depth mold which was tilted to allow the

liquid rubber to flow in the positive X direction before curing, resulting in a linear increase in
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the thickness by an amount of 7.62 mm (0.3 in) at X = 3 in compared to X = −3 in. After

the rubber was cured, the thickness was measured to be 2.187 mm (0.0861 in) at X = −3 in

and 9.957 mm (0.392 in) at X = 3 in. Figure 3.39A shows the thickness distribution of the

non-axisymmetric membrane of this case. It should be mentioned that Y = 0 is the plane

of symmetry in this case.

Figures 3.39B–3.39E show snapshots of the membrane viewed from one of the nine cam-

eras, at four instants of time during inflation. Interestingly, the deformed geometry resembles

the shape of a ‘bike helmet’.

The pressure and volume-change histories during inflation are demonstrated in Fig-

ures 3.40A and 3.40B. The pressure-volume cross plot is shown in Figure 3.40C which shows

an ‘S-shape’ behavior similar to the previous axisymmetric cases.

A. Volume history B. Pressure history C. Pressure-volume

Figure 3.40: Pressure and volume data of the nonuniform membrane (distribution D3).

Figure 3.41 provides information about the membrane’s response at its center. In par-

ticular, the pressure-stretch data is shown in Figure 3.41A. In contrary to the axisymmetric

inflation cases, the stretch ratios in the X and Y directions are no longer equal at the center.

It’s also observed that λ0y and λ0x both increase as the pressure increases, however, λ0y is al-

ways greater than or equal to λ0x during inflation. The membrane starts from an undeformed

state with λ0x = λ0y =1, however after pressurization begins, the difference between λ0y and

λ0x increases and reaches to its maximum at about p =3.0 kPa. Thereafter, the difference

between the two stretch ratios decreases as the membrane gets more ans more inflated until

the two stretches merge together at about p =4.1 kPa. The change in curvatures of the

membrane’s center with pressure is presented in Figure 3.41B. As expected, because of the

non-axisymmetric response of the inflation, the curvatures in the X and Y directions are not

equal. It can be seen that the change in both curvatures are nonmonotonic. Specifically, κ0y

shows the same overall behavior as the previous axisymmetric cases, however, κ0x , although
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initially similar to κ0y, starts deviating from κ0y at about p =1 kPa and demonstrates a

completely different trend afterwards.

A. Pressure-stretch B. Pressure-center curvature

Figure 3.41: Measured data at the nonuniform membrane (distribution D3) center.

The variation of the radial and hoop stretch ratios, λR and λΘ, at eight equally spaced

radial directions around the center of the membrane, are plotted at the time of maximum

inflation as a function of dimensionless radius (R/R0) of the undeformed configurations in

Figure 3.42. It should be mentioned that θ = 0°, θ = 90°, θ = 180°, and θ = 270°, correspond

to the positive X direction, positive Y direction, negative X direction, and negative Y

direction, respectively. Also, it is worth noticing that λR corresponds to λx at θ = (0°, 180°),

and corresponds to λy at θ = (90°, 270°).

The decrease in λR from the center towards the edge for θ = 0° is similar to the behavior

observed in the distribution D1 of the axisymmetric cases, as the membrane becomes thicker

towards the positive X direction. Similarly, the increase in λR from the center towards the

edge for θ = 180° is similar to the behavior observed in the distribution D2 of the axisym-

metric cases, as the membrane becomes thinner towards the negative X direction. Moreover,

since the membrane is symmetric with respect to the Y -plane, for the pairs θ = (45°, 315°),

θ = (90°, 270°), and θ = (135°, 225°), the variations in both λR and λΘ naturally come out

to be coinciding. Furthermore, as can be seen in Figure 3.42B, λΘ, for all directions, reaches

to the value of unity the edge, as expected. Interestingly, the λΘ at θ = (135°, 180°, 225°),

initially increases in the radial direction and then decreases towards unity.

The dimensionless deformation profile history of the inflated membrane at selected in-

stants of time are depicted in Figures 3.43A and 3.43B in two planes cutting through the

membrane, namely the X-Z and Y -Z planes. In addition to the deformation profiles, the

position history of the black dots during the inflation processes, are demonstrated in these

plots. It is observed that the black dot at the center of the membrane (X = Y = 0) deforms

vertically in the Z direction as well as horizontally in the positive X direction.

Variations of the invariants of the left Cauchy-Green deformation tensor (B) across the
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A. Radial stretch profiles B. Hoop stretch profiles

Figure 3.42: Radial distributions of the stretch ratios in the nonuniform membrane
(distribution D3) at the time of maximum inflation.

A. Y = 0 plane B. X = 0 plane

Figure 3.43: Measured deformation profiles (gray lines) and displacement histories of
dots (colored lines) during inflation of the nonuniform membrane (distribution D3).

surface of the membrane are studied next. Figure 3.44 present the 3D contour plots of the

quantities I1 − 3 and I2 − 3, respectively, on the deformed configuration at different time

frames.
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A. t = 240 s

B. t = 360 s

C. t = 480 s

D. t = 718 s

Figure 3.44: Measured contours of I1(B) and I2(B) for the nonuniform membrane
(distribution D3).
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3.5.2 Bimaterial membrane with uniform thickness

The experimental results of the second non-axisymmetric case, a circular membrane with

uniform thickness composed of two materials, are presented here. The bimaterial membrane

is composed of relatively stiff DragonSkin 00-20 (DS20) material in a central strip within

−3.05 cm ≤ X ≤ 3.05 cm (−1.2 in ≤ X ≤ 1.2 in) and softer EF30 material within the

remaining side sectors (Figures 3.45A and 3.45B). Documentation from the material sup-

plier indicates that DS20 is about 5 times stiffer than EF30. In this sample, although not

axisymmetric, X = 0 and Y = 0 are planes of symmetry.

A. Membrane cross-section B. Plan view schematic

C. t = 150 s (p = 3.05 kPa) D. t = 300 s (p = 4.95 kPa)

E. t = 450 s (p = 5.89 kPa) F. t = 650 s (p = 5.86 kPa)

Figure 3.45: Photographs of the bimaterial membrane at selected times during inflation.

The bimaterial membrane was fabricated using a uniform depth mold in two steps. First,
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the two side sectors were made by placing an acrylic insert, with the same shape and dimen-

sions of the stiff segment, in the middle of the mold and pouring the soft EF30 liquid silicone

into the open space of the mold. After the side sectors were cured, the insert was removed

from the mold and liquid silicone rubber of the stiff DS20 material was poured to fill the

space between the side segments. This was allowed to cure resulting in the two materials

being bonded together. The initial thickness of the membrane was measured to be 2.921 mm

(0.115 in) on average across the membrane.

This bimaterial membrane was designed to explore whether or not inflated membranes

could be used to create smooth shapes with negative Gaussian curvatures. The Gaussian

curvature is defined as the product of the two principal curvatures, K = κ1κ2, so a negative

value corresponds to points with saddle-like surfaces. Figures 3.45C–3.45F show snapshots of

the membrane viewed from one of the nine cameras, at four instants of time during inflation.

As inflation progressed the deformed profile of the membrane developed into the shape of

a ‘saddle’ or ‘bean’, demonstrating that a negative Gaussian curvature is indeed feasible.

The stiffer material played the role of a constraining ‘strap’ that suppressed the deformation

along the Y -axis (X = 0) while the softer material bulged outward.

The pressure and volume-change histories during inflation are provided in Figures 3.46A

and 3.46B, and the pressure-volume cross-plot is shown in Figure 3.46C. Interestingly, the

pressure increases up to about p =6.1 kPa at t = 8.8 min, where it reaches a limit pressure

and then decreases thereafter. If the pressure had been controlled (rather than the inflation

volume), this limit pressure would have initiated an instability. It is unclear if this would have

been arrested at higher inflation volumes. The experiment was terminated at V = 2.17 L to

avoid breaking the bond between the two materials and bursting the membrane.

A. Volume history B. Pressure history C. Pressure-volume

Figure 3.46: Structural response of the bimaterial membrane.

The pressure response at the center of the membrane is demonstrated in Figure 3.47.

Figure 3.47A provides the pressure-stretch data at the center of the membrane, showing the
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evolution of λ0x < 1 and λ0y > 0 during inflation. Since X = 0 and Y = 0 are symmetry

planes, the principal stretch ratios at the membrane center are in fact λ1 = λ0x and λ2 = λ0y

and the principal curvatures are κ1 = κ0x and κ2 = κ0y. As can be seen from the snapshots

of the deformation and verified in Figure 3.47B, the Gaussian curvature of the membrane’s

center is positive during the early stages of the inflation, since both κ0x and κ0y are initial

positive. At about p = 2.2 kPa, the Gaussian curvature becomes zero when κ0x decreases to

zero. Subsequently, the Gaussian curvature becomes negative as κ0x becomes negative (and

κ0y > 0), and the deformed profile becomes saddle-shaped.

A. pressure-stretch B. pressure-curvature

Figure 3.47: Measured data at the center of the bimaterial circular membrane.

The question arises whether the stress σ0x is compressive, since λ0x < 1 occurs throughout

the inflation. The answer is no, the stress is tensile (σ0x > 0), despite the negative curvature

(κ0x < 0) that occurs at large pressures. No wrinkling is observed near the center, which

suggests that either the finite (but small) membrane thickness has enough bending stiffness to

suppress local buckling or the stress is indeed positive. A magnified view of the center stretch

ratios is shown in Figure 3.48, along with a dashed line showing a hypothetical λhyp
0x = λ

−1/2
0y

based on the measured λ0y data as if σ0x = 0, i.e., pure tension in the Y direction. Since this

hypothetical stretch ratio is always less than the measured λ0x and the material behavior

is isotropic, the actual stress σ0x must be slightly positive to pull the stretch ratio up its

measured value. Furthermore, the equilibrium relation normal to the membrane is

hκ1 σ1 + hκ2 σ2 = p, (3.9)

where h = λ3h0 = λ−1
1 λ−1

2 h0 is the current membrane thickness and σ1 and σ2 are the

principal Cauchy stresses. Taking σ1 = σ0x > 0, σ2 = σ0y > 0, κ1 = κ0x < 0, and

κ2 = κ0y > 0, it is clear that σ0y must be sufficiently larger than σ0x to offset the negative

curvature κ0x to maintain the positive pressure p > 0. Hence, the stress state is unequal

biaxial tension σ0y > σ0x > 0, but the individual stresses are unknown and would require a
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constitutive model to quantify them.

Figure 3.48: Histories of the stretch ratios at the bimaterial membrane center. The

gray dashed line shows a hypothetical λ0x = λ
−1/2
0y that would make σ0x = 0.

A. Radial stretch profiles B. Hoop stretch profiles

Figure 3.49: Radial distributions of the stretch ratios in the bimaterial membrane at
the time of maximum inflation.

The radial distributions of the radial and circumferential stretch ratios, λR and λΘ, are

plotted at the time of maximum inflation in Figure 3.49. It can be seen that both λR and λΘ

have smooth variations in θ = (90°, 270°) directions, which is merely composed of the stiff

segment. For all other selected radial directions, we observe a jump in the magnitude of both

λR and λΘ, as the interface of the two materials is passed. This is due to the fact that as the

interface is passed, the material becomes softer and therefore, the stretches become greater.

For θ = (0°, 180°), which coincide with the directions of the material discontinuity, this jump

is observed at the dimensionless radius of R/R0 =0.4 as expected. Also as demonstrated in

Figure 3.49A, for θ = (0°, 180°), λR starts from a value slightly smaller than one, λR =0.92.

Moreover, as can be seen in Figure 3.42B, λΘ, for all directions, eventually reaches to the

value of unity the edge, as expected.
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A. Y = 0 plane B. X = 0 plane

Figure 3.50: Measured deformation profiles (gray lines) and displacement histories of
dots (colored lines) during inflation of the bimaterial membrane.

The dimensionless deformation profile history of the inflated membrane at selected in-

stants of time are depicted in Figures 3.50A and 3.50B in two planes cutting through the

membrane, namely the X-Z and Y -Z planes. From Figure 3.50A, it can be seen that during

the inflation, the curvature near the center of the membrane changes sign, from positive at

early stages, to zero, and eventually to negative values at larger deformations.

In addition to the deformation profiles, the position history of the black dots during the

inflation processes, are demonstrated in these plots. It is observed that the black dot at the

center of the membrane (X = Y = 0) deforms almost only vertically in the Z direction,

while all other dots deform both in radial and vertical directions.

Variations of the invariants of the left Cauchy-Green deformation tensor (B) across the

surface of the membrane are studied next. Figure 3.51 present the 3D contour plots of the

quantities I1 − 3 and I2 − 3 on the deformed configuration at different time frames.
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A. t = 150 s

B. t = 300 s

C. t = 450 s

D. t = 650 s

Figure 3.51: Measured contours of I1(B) and I2(B) for the bimaterial membrane.

3.5.3 A spirally reinforced circular membrane with uniform thickness

The experimental results of the third non-axisymmetric case, a uniform thickness cir-

cular membrane composed of two materials, a soft matrix (EF30) with stiff spiral fibers

(DragonSkin 00-30), are presented here.

The membrane was fabricated using a uniform depth mold in two steps. First, the spiral

fibers were made by placing an acrylic sheet insert, with the same shape and dimensions of

the soft matrix, in the mold and pouring the stiff DragonSkin 00-30 (DS30) liquid silicone

in the open space of the mold. After the fibers were cured, the insert was removed from the

mold and the liquid silicone rubber of the soft material (EF30), was poured into the mold

to fill the space between the fibers and bond to them. Documentation from the material

supplier indicates that DS30 is about 8.6 times stiffer than EF30. Figures 3.52A and 3.52B
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show the thickness and material distribution of the non-axisymmetric membrane of this case.

The initial thickness of the membrane was measured to be 3.175 mm (0.125 in) on average

across the membrane. Also, the fibers were designed to have a width of 1.524 mm (0.06 in)

which is equal to 1% of the diameter of the membrane. As can be seen, the membrane has

a total of 16 logarithmic spiral fibers with the following parametric description

X(t) = 3 e−t cos t, 0 ≤ t ≤ π (3.10a)

Y (t) = 3 e−t sin t. 0 ≤ t ≤ π (3.10b)

A. Membrane cross-section B. Plan view schematic

C. t = 140 s D. t = 210 s

E. t = 280 s F. t = 424 s

Figure 3.52: Photographs of the spirally reinforced membrane at selected times during
inflation.
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Figures 3.52C–3.52F show snapshots of the membrane at four instants of time during

inflation.

By looking at the snapshots of the deformation, we can see that the inflation of the

membrane combines three motions; vertical translation, radial expansion, and twist. The

twist in this case is a natural effect that occurs to optimize the energetic tradeoffs between

fiber elongation and matrix distortion [96]. As a result, the initially curved fibers in the

undeformed configuration will tend to straighten out as the inflation proceeds. This will

lead to inflation-induced deformations with a high degree of localized shearing and significant

overall twisting. The amount of twist at the crown of the membrane can be measured using

photogrammetry. Figure 3.53, shows the amount of rotation of the crown (Φ0z) about the

vertical axis, during inflation. As can be seen, within the inflation range of this experiment,

the twist amount almost linearly increases as the pressure goes up. Although not shown

here, the amount of twist is expected to reach an asymptote as the pressure gets higher.

Figure 3.53: Rotation of the crown during inflation of the spiral bimaterial membrane.

The pressure and volume-change histories during inflation are demonstrated in Fig-

ures 3.54A and 3.54B. The pressure-volume cross plot is shown in Figure 3.54C.

A. Volume history B. Pressure history C. Pressure-volume

Figure 3.54: Structural response of the spiral bimaterial membrane.
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Figure 3.55 provides information about the membranes response near the crown. In

particular, the pressure-stretch data is shown in Figure 3.55A. Because of the rotational

symmetry, the two principal stretches are equal at the crown. The membrane starts from an

undeformed state (λ0 =1) and reaches to a stretch ratio of near λ0 =1.2 at about p =5.0 kPa.

Moreover, it can be seen from Figure 3.55B that the two principal curvatures are (almost)

identical, and on average, demonstrate a similar trend to the axisymmetric cases. The

jaggedness in the curvature response is associated to the fact that some of the dots that were

used to calculate the curvatures, were located at the boundary of the (stiff) fiber and (soft)

matrix, resulting in non-smooth measurements.

A. pressure-stretch B. pressure-curvature

Figure 3.55: Measured data at the center of the spiral bimaterial membrane.

The variation of the radial and hoop stretch ratios, λR and λΘ, are plotted at the time of

maximum inflation as a function of dimensionless radius (R/R0) of the undeformed config-

urations in Figure 3.56. As can be seen, the variations of both λR and λΘ along the radius,

are quite jagged. The reason is that a radial line that extends from the center towards the

edge, crosses the spiral fibers at multiple locations, and the discontinuity in the stiffness of

the matrix and fiber, results in such a jagged behavior. More specifically, the valleys of the

λR and λΘ plots correspond to the locations of the fibers along the radius, which get less

stretched compared to their neighboring matrix because of their higher stiffness ans aspect

ratio.

The dimensionless deformation profile history of the inflated membrane at selected in-

stants of time are depicted in Figures 3.57A and 3.57B in two planes cutting through the

membrane, namely the X-Z and Y -Z planes. In addition to the deformation profiles, the

position history of the black dots during the inflation processes, are demonstrated in these

plots. As can be seen the deformation is rotationally symmetric.

Variations of the invariants of the left Cauchy-Green deformation tensor (B) across the

surface of the membrane are studied next. Figure 3.51 present the 3D contour plots of the

quantities I1 − 3 and I2 − 3 on the deformed configuration at different time frames.
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A. Radial stretch profiles B. Hoop stretch profiles

Figure 3.56: Radial distributions of the stretch ratios in the spiral bimaterial membrane
at the time of maximum inflation.

A. Y = 0 plane B. X = 0 plane

Figure 3.57: Measured deformation profiles (gray lines) and displacement histories of
dots (colored lines) during inflation of the spiral bimaterial membrane.
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A. t = 140 s

B. t = 210 s

C. t = 280 s

D. t = 424 s

Figure 3.58: Measured contours of I1(B) and I2(B) for the spiral bimaterial membrane.
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3.6 Conclusions

We presented the response of shape morphing architectured deformable solids in the con-

text of inflatable membranes. We demonstrated a few examples of feasible shapes that can

be achieved upon inflation of initially flat circular rubber membranes. The main contribu-

tions of this study were the implementation of geometrical and material nonuniformities to

achieve nontraditional shapes and motions from the pressurization of simple circular mem-

branes. The case studies included the axisymmetric inflation of membranes with linearly

varying thicknesses as well as non-axisymmetric inflation of an diametrically varying thick-

ness, a bimaterial uniform thickness, and a spirally reinforced uniform thickness membrane.

We showed that it is possible to achieve negative curvatures and twist during pressurization

by selectively changing the distribution of materials in the membrane.

The photogrammetry technique using nine cameras was used to obtain the 3D displace-

ment field for each study. The 3D data of black dots on the membrane was used to recon-

struct the 3D surface of the membrane and analyze the variation of field quantities across

the membrane. Several numerical finite-element simulations were performed to assist with

the parametric study on the effect of thickness distribution on the response, deformation,

and stability of axisymmetric membranes. Our rubber-based prototypes provide a conve-

nient basis for conceptual scientific and design explorations in shape morphing inflatable

structures.
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CHAPTER 4

A Biomimetic Robotic Jellyfish Based on Shape

Memory Alloy Springs

4.1 Introduction

The development of robotic underwater vehicles has grown continuously in recent decades

thanks to the potential applications of these systems and advancements made in the sensors

and actuation devices. These robots have been utilized in numerous applications, including

water sampling, underwater ecological change monitoring, oil and gas explorations, and hy-

drographic surveys [97, 98]. Compared to the traditional methods of underwater sensing with

human-operated submarines, underwater robots offer potential benefits in cost-effectiveness,

compactness, range of operation, and extended lifetime. Since animal locomotion in nature

tends to use the optimal motion for its living environment, biomimetic robots have become

a particular research focus. In early underwater robots, locomotion was accomplished by

traditional piston and motor actuators, usually involving complex linkage mechanisms. De-

spite improvements in later attempts, the size and weight were still critical issues and the

life-time was limited because of the excessive number of parts (see the review in [99]).

Jellyfish are among the simplest animals, containing only a few organs, with axisymmet-

ric bodies. Jellyfish are known to be one of the most efficient ocean swimmers, spending

less energy per distance than many other underwater creatures. This is accomplished by

recapturing part of the expended energy of each stroke [100]. Jellyfish are classified in the

subphylum Medusozoa, which comprises a major part of the phylum Cnidaria. Of the swim-

ming Medusozoa found in nature, the two main classes are Scyphozoa (true jellyfish) and

Cubozoa (box jellyfish). Both have hemi-ellipsoidal bells, but as shown in Figure 4.1, the

Scyphozoa’s is oblate (saucer-like) whereas the Cubozoa’s is prolate (bullet-like). True jel-

lyfish swim through a combination of rowing and jet propulsion, whereas box jellyfish swim

using jet propulsion only [101, 102]. In jet propulsion, water is squeezed out of the bell
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periodically to produce the required thrust. By contrast, rowing propulsion uses the weak

subumbrellar muscles to row at the bell periphery to form vortex rings in the water [103].

True jellyfish generally swim quite slowly, while box jellyfish swim somewhat faster through

a darting motion. The slow motion of the true jellyfish inspired us to mimic its locomotion

through the use of shape memory alloys (SMAs) as artificial muscles.

Our objective is to demonstrate a simple, compact, and biomimetic soft underwater

robot using smart materials. Soft robots, as opposed to conventional robots, may be more

environment-friendly as they reduce the unintended harm to the aquatic ecosystem of under-

water vegetation and marine animals [104]. Among the known smart materials, NiTi-based

SMAs provide some of the highest energy densities available, with typical transformation

strains near 5% at actuation stresses of 200 MPa or more. In addition, NiTi-based SMAs

are corrosion-resistant, biocompatible, and have ultimate tensile strengths above 1 GPa. A

well known disadvantage of SMAs, however, is the slow actuation compared to other smart

materials or conventional actuators. The response time of SMAs is dictated by heat-transfer

considerations; in an actuation mode, the response time is most often limited by the cooling

segment. An underwater environment, however, improves the cooling rate of the SMA and

enables useful actuation cycle rates.

Similar past efforts include the following. Yang et al. [105] developed a jellyfish micro-

robot of a hemispherical body shape made of a rubber material that incorporated a circum-

ferential SMA actuator and four ionic polymer–metal composite (IPMC) legs for swimming.

The proposed design achieved a maximum speed of 6 mm/s at an operating frequency of

0.6 Hz. Villanueva et al. [106] designed a robotic jellyfish that incorporated a beam-shape

composite actuator based on SMA wires as the active component of the muscle. The design

was inspired by contraction of a jellyfish bell through a combination of rowing and jetting

mechanisms for locomotion [107] and reached a maximum speed of 54 mm/s at 0.5 Hz.

Also, Gao et al. [108] fabricated a biomimetic cuttlefish robot that swam at relatively high

speed (87.6 mm/s) through a jetting propulsion mechanism. The propulsion was achieved by

squeezing water out of the mantle cavity by heating of SMA wires embedded in a soft silica

gel. Their design achieved a maximum average jet thrust of 0.14 N at a jetting frequency

of 0.83 Hz. Furthermore, Kim et al. [109] developed a turtle-like swimming robot where

propulsion was achieved through flapping motion of two soft actuators made using SMA

wires that served as the turtle’s flippers and could generate bending and twisting motions.

The robot was able to reach a swimming speed of 22.5 mm/s.

Our ongoing work explores an alternative SMA actuation approach to create a simple,

compact, high-performance, biomimetic jellyfish, with initial results first reported in [43].

The main contribution is the simplicity of design, requiring only a soft rubber matrix with a
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A. Scypho-
zoa (True
jellyfish) [110]

B. Cubozoa
(Box jellyfish)
[111]

Figure 4.1: Photographs of the two main classes of swimming jellyfish

single embedded SMA spring acting as the artificial muscle. Large deformations are achieved

without the need for extra mechanical parts and joints, actuation cycles are demonstrated

at comparable rates to previous attempts (0.5 Hz), and the robot swims with a motion

reminiscent of the actual jellyfish.

The chapter begins with an overview of the proposed robot design, materials, and fab-

rication method. A nonlinear finite-element simulation demonstrates the buckling behavior

of the robot structure. The typical swimming performance of our prototype is reviewed,

followed by an experimental parameter study of the sensitivities of important operational

and design parameters, including new results beyond those in [43].

4.2 The robot jellyfish

4.2.1 Design & operation

We chose to mimic the true jellyfish of the oblate form (Figure 4.1A), which uses the

hybrid rowing and jetting modes for propulsion. The robot design is a flat rubber slab

(h = 3.8 mm thick) in a sunburst shape, consisting of a central circular (D = 76 mm

nominal diameter) disk with up to eight radially protruding flaps (see Figure 4.4A). The tip-

to-tip diameter across the flaps is about 140 mm. An SMA tension spring, embedded near

the periphery of the central disk in a circular loop, serves as the circumferential muscle of the

robot (Figure 4.4F). The alloy is chosen to have a characteristic transformation temperature

well above room temperature, so the SMA phase is martensite at room temperature and

austenite when sufficiently hot. The SMA spring is pre-stretched at room temperature such

that the phase is oriented martensite and is cast in place within the rubber. The SMA spring

is heated by running electrical current through two lead wires attached to the ends of the
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spring loop. The shape memory effect causes the spring to transform to the much stiffer

austenite and contract in length, which creates a radial inward pressure to buckle the rubber

disk into a dome shape. The flaps then follow the rotation of the disk edge, causing them

to paddle downward and inward towards the axis of the dome.

The SMA spring cools back to the ambient temperature and reverts to the more compliant

martensite phase, once the electric current is turned off. The spring is sized such that the

rubber matrix has sufficient stiffness to return the structure toward its prebuckled, flat

configuration. The locomotion of the robot results from the abrupt buckling of the disk that

creates a propulsive jet along with the downward rowing of the flaps, followed by a relatively

slow reset to the flatter configuration in order to minimize the opposing drag in the water.

Each actuation cycle produces a net translation upward, and the robot is kept swimming by

repeating the cycle.

4.2.2 Material behavior

4.2.2.1 SMA material

The synthetic jellyfish structure consists of two components, an SMA spring loop and an

elastomeric matrix. Close-coiled SMA tension springs (do
s = 2.5 mm outer diameter), made

from dw = 0.38 mm diameter 90C Flexinol® wire, were purchased from Dynalloy Inc. The

spring index was c = ds/dw = 5.67, based on the nominal spring diameter ds = do
s − dw.

The uniaxial thermo-electro-mechanical response of this wire was characterized previously

in [112] and the results of a differential scanning calorimetry (DSC) test are reproduced here

in Figure 4.2. It shows the input heat rate (normalized by the temperature rate) to a small

stress-free sample of 90C Flexinol wire during a prescribed heating and cooling temperature

scan. The baseline specific heat is about c0 = 0.5 J/(g-K) for sensible heating and the

shaded area under the peak at 77 oC shows the (endothermic) latent heat of transformation

from martensite to austenite (∆HAM = 21 J/g). During cooling, the valley at 50 oC shows

the exothermic latent heat of transformation from austenite to martensite. Thus, under

stress-free conditions at temperatures below the martensite finish temperatures near Mf =

40 oCthe material is thermal martensite, while above the austenite finish temperatures near

Af = 85 oC the material is austenite. In between these temperatures, the phase of the

material depends on the prior temperature history and may be a mixture of austenite and

martensite. With the application of mechanical stress, these transformation temperatures

shift to higher temperatures, consistent with the well-known Clausius-Clapeyron law.

The elastomeric matrix is made from the two-part Ecoflex 00-30 platinum-catalyzed

silicone rubber from Smooth-On Inc. The as-cured rubber has a Shore hardness of 00-30
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Figure 4.2: Differential Scanning Calorimetry (DSC) thermogram of 90C Flexinol (after
[112]).

and a mass density of ρ = 1070 kg/m3, as indicated by the supplier. The silicone rubber

is quite compliant, similar to a soft gel shoe insert, and can withstand large deformations

without permanent damage.

4.2.2.2 Silicone rubber material

The jellyfish body was mainly composed of the two-part Ecoflex 00-30 platinum-catalyzed

silicone rubber, which was purchased from Smooth-On Inc. and used as received. As spec-

ified by the supplier, the as-cured rubber has a density of ρ = 1070 kg/m3 and a Shore

hardness of 00-30. The mechanical behavior of this silicone rubber is quite soft, similar to

the soft gel insole used in a shoe for example. It can withstand large deformations without

permanent damage, and its mechanical response has little hysteresis. This means the me-

chanical behavior of the jellyfish body can be analyzed in the context of finite elasticity with

a hyperelastic constitutive model. Consistent with the usual approach for analyzing elas-

tomeric structures, we considered the constitutive response of silicone rubber to be isotropic,

incompressible, and nonlinearly elastic.

For its simplicity, we chose the Mooney-Rivlin hyperelastic model (Table 3.1) with a

strain energy density function Ŵ of the form

Ŵ (I1, I2) = c1 (I1 − 3) + c2 (I2 − 3) . (4.1)
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Table 4.1: Mooney-Rivlin stresses for the three constitutive tests.

Uniaxial Tension Planar Tension Equi-biaxial Tension

σ = 2
(
c1 + c2λ

−1
) (
λ2 − λ−1

)
σ = 2 (c1 + c2)

(
λ2 − λ−2

)
σ = 2

(
c1 + c2λ

2
) (
λ2 − λ−4

)
In the small strain limit, the Mooney-Rivlin model gives a shear modulus of µ0 = 2(c1 +

c2), which effectively imposes a constraint on the two material parameters to give a stable

shear response (µ0 > 0). Although the Mooney-Rivlin model shows good agreement with

tensile test data of typical elastomeric materials in the small to moderate stretch range (say

λ < 2), it fails to account for the hardening of the material at large stretches, in which case

a different hyperelastic model would be needed. Fortunately, the finite-element simulation

of the jellyfish in the next section confirms that the local stretch ratios are moderate, so the

Mooney-Rivlin model is sufficient for our purposes.

Table 4.1 summarizes the Cauchy stress-stretch relations for each of the constitutive

tests, defined in Section 3.2, with the Mooney-Rivlin model.

The material parameters of the Mooney-Rivlin model were obtained by a simultaneous

nonlinear least squares fit of data from the three constitutive tests. Since experimental

measurements were performed with respect to their reference (initial) dimensions, the Cauchy

stresses in Table 4.1 were converted to engineering (nominal) stresses by σeng = σ/λ. The

fitted curves of the Mooney-Rivlin model to the stress-stretch responses of the constitutive

experiments are shown in Figure 4.3. The material parameters were found to be c1 = 13 kPa

and c2 = 1.4 kPa, for the batch of the silicone rubber used in this experiment. These values

are used in the upcoming finite-element simulation.

Equi-biaxial Tension

Pure Tension

Figure 4.3: Mechanical characterization of silicone rubber: experimental data (dots)
and Mooney-Rivlin fit (solid lines).
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Ø 139.7 mm

Ø 76.2 mm

22.5°

3.8 mm

139.7 mm

A. Design
schematic

B. Step 1 C. Step 2

D. Step 3 E. Step 4 F. Step 5

Figure 4.4: Jellyfish robot design (A) and fabrication procedure (B–F): (B) the SMA spring
loop and lead wires are placed in the primary mold; (C) liquid silicone rubber is poured in
the primary mold; (D) after curing, the incomplete robot is removed and placed in the sec-
ondary mold; (E) additional rubber is poured to complete the robot body; (F) after curing, the
completed robot jellyfish is removed.

4.2.3 Fabrication

The body of the prototype robot jellyfish is fabricated from silicone rubber using custom-

made molds as described in [43]. Two molds were designed and 3D printed, and the body of

the jellyfish was cast in a few steps. We found it important to precisely place the SMA spring

loop in a concentric initial configuration, so the primary mold has a raised ring to provide

a circular slot (73.7 mm inner diameter, 2.5 mm width) to hold it in place during casting.

It also includes a radial slot to allow electrical lead wires to be attached to the spring loop

and led radially toward the disk’s center. The secondary mold had the same outer envelope

as the primary mold, but without the raised ring, and it was used to complete the casting

of the center disk of the jellyfish body.

About 38 coils of the SMA spring were excised, and the spring sample was heated above

the austenite finish temperature until a nearly close-coiled spring was obtained (L0 = 27 mm

reference length). The SMA spring was then pre-stretched to fit the circumferential length

of the primary mold’s slot, giving a pre-stretch of about λ0 = L/L0 ≈ 16 in the baseline

case. At each end of the SMA spring, a short length of the SMA wire was straightened,
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crimped with a ferrule, and soldered to 30-gauge lead wires. This assembly was then placed

in the primary mold (Figure 4.4B).

After weighing and degassing, liquid Ecoflex 00-30 silicone rubber was poured over the

SMA spring within the outer region of the primary mold (Figure 4.4C) and then allowed

to cure for at least 4 hours at room temperature. After curing, the incomplete jellyfish

was removed from the primary mold and placed into the secondary mold (Figure 4.4D).

Additional liquid rubber was then poured into the remaining central hole in the jellyfish

body and cured for another 4 hours (Figure 4.4E). The jellyfish was removed from the mold

and longer lead wires were soldered to the leads exiting the jellyfish body so that it could be

connected to a power supply. Excluding lead wires, the entire robot jellyfish mass is about

40 g (Figure 4.4F).

4.3 Analysis & simulation

Our purpose here is to establish a simple scaling law for the actuation of the jellyfish

and then to present a finite-element simulation of the jellyfish post-buckling deformation.

The contraction of the circumferential SMA spring loop is intended to create an inward

radial pressure and to buckle the central disk region of the jellyfish body (Figure 4.5A). The

buckling analysis of a circular plate under uniform radial compression pressure on its edge has

been studied extensively [113, 114, 115, 116], and the critical pressures have been investigated

for different supporting boundary conditions and buckling mode shapes. The present analysis

extends this boundary value problem (BVP) to account for the inelastic pre-stretch and the

elastic stretch of an actuated SMA spring as a result of heating. For simplicity of analysis,

the rubber circular plate is treated as an isotropic linear elastic material, and the SMA

spring is treated as a one-dimensional homogenized element. To justify the linear elastic

assumption in the rubber it will be verified that the onset of buckling in the rubber disk

occurs at small strains. The post-buckling analysis, however, will require a fully nonlinear

solution, which will be accomplished by the numerical finite-element analysis that follows.

Before the composite buckling problem is presented, the buckling analysis of a linear

elastic disk under radial pressure is reviewed. A circular flat plate of initial radius a0 and

thickness h0 consists of a material with elastic modulus E and Poisson’s ratio ν and is subject

to a uniform radial compressive pressure p (Figure 4.5B). The Von Karman plate equation

written in polar coordinates for the transverse deflection w(r, θ) [117] is
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Figure 4.5: Schematics of the BVP analyzed: (A) rubber disk with embedded SMA
spring, (B) flat disk subject to uniform radial pressure, (C) cross-section of reference
and buckled configurations.

where N0
rr and N0

θθ are the prebuckled stress resultant intensities, and the flexural rigidity

of the plate is

Dm =
E h3

0

12 (1− ν2)
. (4.3)

Since the prebuckled problem is axisymmetric, the load intensities are N0
rr = N0

θθ = −h0p.

If only the axisymmetric instability modes are sought such that w = w(r), the equilibrium

equation Equation (4.2) simplifies to
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) = 0. (4.4)

The analysis is further simplified by introducing the dimensionless parameters

k = a0

√
h0p

Dm

, r̄ =
r

a0

, w̄ =
w

a0

, h̄ =
h0

a0

. (4.5)

The general solution to Equation (4.4) for the dimensionless transverse displacement w̄ is

w̄(r̄) = c1ln(r̄) +
c2

k2
[1− J0(kr̄)]− c3

k2
Y0(kr̄) + c4, (4.6)

where {c1, c2, c3, c4} are constants and Jn(x) and Yn(x) are Bessel functions of first and

second kind, respectively. A finite deflection at the center of the plate (r = 0) requires

that c1 = c3 = 0. For a simply supported plate edge, the zero deflection and zero moment
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boundary conditions become

w̄(1) = 0,
∂2w̄(1)

∂r̄2
+ ν

∂w̄(1)

∂r̄
= 0. (4.7)

Substituting Equation (4.6) along with c1 = c3 = 0 into Equation (4.7) gives a homoge-

neous system of linear equations, for which non-trivial solutions are possible if the following

characteristic equation is satisfied

kJ0(k)− (1− ν)J1(k) = 0. (4.8)

Assuming the disk material is incompressible (ν = 1/2), the critical compressive load is

obtained by solving Equation (4.8) for the smallest positive root k, which is found numerically

as

kc = 2.16587. (4.9)

Using Equations (4.3), (4.5) and (4.9) with ν = 1/2, the critical buckling pressure pc can be

found from

pc ≡
pc

E
=

(
kch̄

3

)2

. (4.10)

Based on the dimensions described in Sections 4.2.1 and 4.2.3 and assuming the mean radius

of the disk in Figure 4.5A and its elastic modulus (in small strain limit) to be a0 = 38.1−1.3 =

36.8 mm and E = 3µ = 86.4 kPa, respectively, the critical buckling pressure is calculated

to be pc = 0.48 kPa. Using Equation (4.10), the non-dimensionalized critical buckling

pressure is pc = 0.0052, accordingly, which is equivalent to a critical buckling strain of

εc = −pc/(2E) = −0.0028 in the rubber disk. Thus, the small strain assumption in the

rubber is verified, at least at the onset of buckling.

Considering now the SMA spring loop, equilibrium and compatibility with the rubber

disk are enforced as follows. The SMA loop is assumed to have a reference length L0 = 2πb0

corresponding to a loop radius of b0 in the load-free hot austenite phase. The SMA is cooled

down to room temperature, the martensite spring is stretched to a larger loop radius of

a0, and then the spring is installed in the rubber as it cures. This defines the pre-stretch

ratio λ0 = a0/b0, where the SMA spring has an inelastic strain and both the rubber and

the SMA are stress-free. Upon heating to austenite, the SMA spring attempts to contract

to its reference length L0 but is impeded by the opposing radial outward pressure p from

the elasticity of the rubber disk inside the spring loop. The ‘tug-of-war’ between the SMA
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spring and the rubber results in a current loop radius of a, somewhere in between b0 and

a0. Considering equilibrium of the free body diagram in Figure 4.6, the tension in the SMA

spring is

F = ah0p. (4.11)

At this point we require a relation between the radius a and the tension in the spring F .

Fortunately, the ‘constitutive’ law for the hot SMA spring is simple. It is just a linear force-

elongation law based on the initial length 2πb0 and the current length 2πa in terms of the

effective spring stiffness KA in the austenite phase,

F = 2πKA (a− b0) . (4.12)

Equating Equation (4.11) and Equation (4.12) gives the pressure-radius relation

p = 2π
KA

h0

(
1− b0

a

)
. (4.13)

The current radius a must be compatible with the hoop strain in the rubber εθ = a/a0 − 1,

so eliminating a in Equation (4.13) and linearizing with respect to ε leads to

p = 2π
KA

h0

[
1− 1

(1 + ε)λ0

]
≈ 2π

KA

h0

[
1− 1− ε

λ0

]
. (4.14)

Substituting the constitutive relation ε = −p/(2E) and solving for p, gives the pressure in

terms of geometric and material parameters and the pre-stretch ratio,

p

E
= 2

λ0 − 1

1 + Eλ0

, with E ≡ Eh0

πKA

. (4.15)

This pressure must be sufficient to buckle the rubber disk (p > pc), so Equation (4.10)

requires a minimum pre-stretch of

λ0 > λc
0 ≡

2 + pc

2− pcE
. (4.16)

In addition, since the pre-buckled strains in the rubber are quite small, Equation (4.11) with

a ≈ a0 can be used to estimate the tension in the spring (about Fc = 65 mN) at the critical

buckling pressure.

To study the post-buckling behavior, an FEA in COMSOL was performed to explore the

fully nonlinear displacement and strain fields. The geometry of the entire robot jellyfish in its
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Figure 4.6: Tension in the SMA spring loop.

flat reference configuration was modeled (Figure 4.7A), and a structured mesh was defined

with a finer mesh near the periphery of the center disk (Figure 4.7B). For simplicity, the

SMA spring was modeled as a slender ring inclusion, with a cross-sectional area of the SMA

wire and an elastic modulus much larger than that of the surrounding rubber. Contraction of

the SMA element was simulated by prescribing a negative inelastic hoop strain (eigenstrain)

β in the inclusion. This inelastic strain served as the loading parameter throughout the

analysis. A zero axial (vertical) displacement w = 0 was imposed along the periphery of

the inner disk. The inner disk was given a very small (1 Pa) lateral pressure as a loading

imperfection to aid numerical convergence at the onset of buckling.

The 3-D deformed configurations at different stages during simulation are shown in Fig-

ures 4.7C–4.7E with contours of the normalized axial displacement, w. The response of the

structure during the entire simulation is shown in Figure 4.7F in terms of the normalized

axial displacement of the disk center w(0) and the hoop strain inside the rubber disk at the

interface with the inclusion εθ(a0). The filled circle in Figure 4.7F identifies the end of the

simulation, which corresponds to the deformed configuration in Figure 4.7E. The inset in

Figure 4.7F provides a magnified view of the response near the onset of buckling, where the

dashed line depicts the critical buckling strain (εc = −0.28 %) calculated previously. The

knee in the FEA response (solid line) agrees nicely with this value.
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A B

C. β = −0.10 D. β = −0.20

E. β = −0.28 F

Figure 4.7: Finite-element simulation results of the robot jellyfish deformation; (A) reference
geometry, (B) finite-element mesh, (C–E) contours of normalized axial displacement, and (F)
response of the body during simulation with a magnified view of the response near the onset of
buckling.
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Further details of the deformation fields within the jellyfish body at the end of the

simulation (β = −0.28) are provided in Figure 4.8. Using components of the Green-Lagrange

strain tensor ε = (F>F − I)/2, radial (εr) and hoop (εθ) strain contours are shown in a

section (θ=constant) of the body. Ignoring the strain concentration near the ring inclusion

at the edge of the inner disk, the maximum bending strain (εr,max = 25.6 %) occurs at the

outer edge of the disk as indicated in Figure 4.8A. This corresponds to a radial stretch ratio

of λr,max = 1.3, confirming that the strains are comfortably within the range of accuracy of

the Mooney-Rivlin model.

26 %

A. radial strain B. hoop strain

Figure 4.8: Green-Lagrange strain contours inside the deformed robot body at the end
of the finite-element simulation.

4.4 Experimental results

The swimming performance of a prototype robot jellyfish is presented in this final section.

Deformation and force measurements in a special static setup are also presented to quantify

the underwater performance and to explore the influence of operation and design parameters,

such as the input actuation power and frequency, the pre-stretch ratio of the SMA spring,

and the number of flaps of the robot.

4.4.1 Swimming performance

The swimming performance of the submerged robot was evaluated based on its propulsive

thrust, stroke, and the ability to reach steady-state swimming without losing performance

over time. The robot had a slight negative buoyancy and was placed at the bottom of a water

tank with electrical wires extending from the robot to an external power supply (see first
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photograph in Figure 4.9A). Direct electrical current was applied periodically to resistively

heat the SMA spring and cause it to contract within the robot.

Figure 4.9A provides a sequence of selected photographs, showing the prototype jellyfish

swimming from the bottom to the top of the water tank during nine actuation cycles. The

jellyfish traveled a vertical distance of about 245 mm in just over 16 s. The actuation

period was 2 s (0.5 Hz actuation frequency), consisting of a constant voltage of 11.25 V

(about 53.7 W) across the SMA spring for 0.25 s followed by no voltage for 1.75 s, which is

equivalent to an energy consumption of about 13.4 J per cycle. A video (not shown here) of

the swimming prototype showed within each actuation cycle a fast contraction followed by a

slow relaxation, and the motion was reminiscent of an actual swimming jellyfish. The vertical

position (z) and the upward stroke (∆z) per cycle plotted in Figure 4.9B were measured from

image analysis of the photographs. As seen in Figure 4.9B, the stroke started small (under

10 mm) but the amplitude quickly grew after a few cycles to reach a nearly steady-state

value of almost 40 mm/cycle by cycle 8, which corresponds to an average vertical speed of

approximately 20 mm/s.

The stroke is initially small in the first few cycles, since both the rubber and SMA spring

start at room temperature (cold) and the short duration of the input power is insufficient to

completely transform the SMA from tensile martensite (M+) to austenite (A). Consequently,

the SMA spring only partially contracts. Upon continued cycling, however, the average

temperature of the body and the spring loop increases until the temperature oscillations

span the M+ → A and A→ M+ transformation temperatures during steady-state operation.

That is, the SMA spring requires a few transient cycles before it warms up to an optimal

mean temperature to achieve full contraction and relaxation. Subsequent actuation cycles

produce larger deformations of the robot’s body and larger swimming strokes.
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t=0 s 0.1 s 2 s 4 s2.1 s 4.1 s

6 s 8 s6.1 s 8.1 s 10 s 10.1 s

12 s 12.1 s 14 s 14.1 s 16 s 16.1 s

A. Photographs of swimming robot

B. Vertical position and stroke

Figure 4.9: Swimming performance: (A) selected photographs of the prototype robot swim-
ming upward (0.5 Hz actuation frequency), (B) vertical position z and stroke ∆z at successive
actuation cycles.
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Figure 4.10: Static test setup for deformation and thrust measurements. (A) Schematic of
experimental setup and (B) closeup photograph of the robot.

4.4.2 Thrust Performance

A static test rig (Figure 4.10A) was developed to quantify the thrust performance and

overall deformation of the jellyfish robot. The submerged prototype jellyfish was attached by

a rigid rod to a load cell (Futek LRF400, 10 N capacity) above the water tank (Figure 4.10B)

to measure the thrust; synchronized images were taken by two CCD cameras to monitor the

body deformation.

The submerged robot was actuated relatively fast, with approximately 12 V (about 73 W

power) across the SMA spring for 0.2 s, followed by 1.8 s off for recovery, resulting an energy

consumption of about 15 J in each actuation cycle. This corresponded to a total period of

2 s and a duty-cycle of 10%. From analysis of the digital images, the radial displacements

of the tip of the flaps were measured (uf) and then normalized by the initial flap tip radius

(Rf = 69.2 mm, the outer envelope of the entire robot) to obtain a strain-like measure

(uf = uf/Rf) of the overall body deformation. The time history of this normalized flap

displacement over several cycles is shown in Figure 4.11A, exhibiting contractions of near 60%

after a few cycles. The gray line in Figure 4.11A depicts the average flap displacement during

each cycle, and the unfilled circles indicate the deflection at the end of each cycle. While the

prototype reached an almost constant contraction after 9 cycles, it did not completely return

to its initial state. The flap displacement at the end of each actuation cycle, or ‘residual’

displacement (uf,res), is plotted at a magnified scale in Figure 4.11B, showing an evolving

residual displacement with cycling that grew to almost 30% by the end of the experiment.

The cause of this ratcheting behavior was due to incomplete temperature recovery, as shown

and verified in [43] by temperature measurements.

The thrust performance was measured by the load cell, as shown in the force (Pz) history
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A. Flap displacement history B. Residual flap displacement

C. Thrust history D. Net thrust

Figure 4.11: Experimental results with 2 s actuation period at input energy of 15 J (10% duty
cycle).

of Figure 4.11C. The peak thrust started near Pz,max = 0.4 N during early cycles and decayed

gradually to about 0.3 N by the end of the experiment. Likewise, negative thrust values

(Pz,min < 0) were also measured during each cycle which became smaller in magnitude after

the first few cycles. We defined a net thrust as the simple sum Pz,net = Pz,max + Pz,min,

which is plotted in Figure 4.11D. With sustained cycling, the net thrust quickly rose to a

steady-state value of about Pz,net = 0.25 N.

4.4.3 Operation and design study

Numerous additional experiments were performed to evaluate the sensitivity of various

design and operation parameters on thrust performance. The influence of two operation and

two design parameters are presented in Figure 4.12. In all cases presented here, the period

of actuation was fixed at 2 s.

In the first parameter sweep (Figures 4.12A and 4.12B), the influence of input energy

was investigated on the thrust performance of the prototype robot. The duty cycle was

fixed at 10% (electric current was provided for 0.2 s in each cycle), while nine experiments

were performed at different input energies to the SMA spring, from 3 J to 18 J (0.2 s at

15 W to 90 W). The evolution of the net thrust at each energy level was measured during 28
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A. Net thrust per cycle B. Average thrust
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Figure 4.12: The operational parameters, input energy and duty-cycle, require threshold values
to produce positive net thrust, and the thrust trends are non-monotonic with increasing values.
The effects of input energy (a, b) are shown at a fixed 10% duty-cycle and 0.5 Hz actuation
frequency. The effects of duty-cycle (c, d) are shown at a fixed input power of 73 W and 0.5 Hz
actuation frequency.

actuation cycles (Figure 4.12A). The net thrust remained negative at the four lowest energy

levels (up to 9 J). A net positive thrust first appeared at 11 J after three actuation cycles,

and it reached a sustained value of about 0.1 N thereafter. The performance improved at

13 J with a sustained net thrust of almost 0.2 N during late cycles. At 15 J and 16 J the

thrust was higher yet during early cycles, but it began to diminish during late cycles. At

the highest energy level of 18 J, the initial thrust was about 0.4 N, but it quickly decayed

with cycling and even underperformed the 13 J case by cycle 16. As shown in [43], the

decrease in the propulsion performance during late cycles at high energy inputs was caused

by the SMA spring becoming progressively hotter with cycling, such that it was unable to

cool and relax sufficiently before the next actuation cycle. This contributed to incomplete

deformation recovery. At the highest energy level, the deformation eventually reached a

nearly static value with almost no oscillations (tetanic-like contraction).

To summarize the trends, the net thrust was averaged over the 28 cycles at each input
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Figure 4.13: The design parameters, number of flaps and pre-stretch ratio (λ0) of the SMA
spring, require threshold values to produce positive net thrust, and the thrust trends are mono-
tonic with increasing values. The effects of flaps (a, b) are shown at 15 J input energy, 0.5 Hz
actuation frequency, and 10% duty-cycle. The effects of spring pre-stretch ratio (c, d) are shown
at 3.44 J/kg input energy density, 0.5 Hz actuation frequency, and 7.5% duty-cycle.

energy level and plotted in Figure 4.12B. Interestingly, the performance only got worse (more

negative) as the energy was increased at the four lowest input energies. The plot clearly shows

that a threshold energy was required to achieve a positive net thrust (somewhere between

9 J and 11 J). The average thrust improved with larger intermediate energy levels (11 to

16 J), but then dropped off at excessively high input energy (18 J). While the best average

thrust in this series of experiments was obtained at 16 J, it should be recognized that this

was only true for the duration chosen for these experiments (28 cycles). A lower energy level

would be optimal for longer experiments that involve more actuation cycles, since the thrust

histories at 15 J and 16 J were decaying by the end of their experiments. Alternatively, the

jellyfish robot could be given a brief rest, allowing the SMA spring to cool and recover, and

then the performance shown could be repeated for another 28 cycles.

In a second parameter sweep, the influence of the duty cycle was investigated (Fig-

ures 4.12C and 4.12D). Here, the input power was held fixed at 73 W, and seven experi-
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ments were performed at duty cycles between 2.5% and 17.5%. Similar to the previous energy

sweep, a non-monotonic trend in the thrust performance was observed with increasing duty

cycle. No net thrust (Figure 4.12C) was obtained at the two smallest duty cycles (2.5% and

5%). At the three largest duty cycles (12.5, 15, and 17.5%), the initial flap displacements

(not shown here) and net thrusts were relatively large, but these decreased in later cycles.

Again, this was due to excessive heating and the inability to cool and reset, thereby resulting

in large residual displacements (see [43] for more details). Both cases at 15% and 17.5% duty

cycle, resulted in a tetanic-like contractions by the experiments’ end. Better performance

was achieved at intermediate duty cycles, 7.5 and 10%, and they demonstrated a tradeoff

between them. The case with 10% duty cycle reached a larger net thrust in fewer cycles than

the 7.5% duty cycle case, but this came at the expense of a larger residual displacement near

the end of the experiment. Thus, the 10% duty cycle would be the optimal choice (average

thrust of 0.25 N) for the jellyfish robot to sprint quickly, but the 7.5% duty cycle would be

the better choice (average thrust of 0.18 N) for long distance swimming.

A new study was performed on two design parameters. The number of flaps was the first

design parameter varied, where for each successive experiment the same jellyfish robot was

modified by removing two flaps at a time to maintain symmetry of the robot (Figures 4.13A

and 4.13B). The input energy was 15 J and the duty cycle was 10%, and five experiments

(28 actuation cycles each) were performed on robots with 0, 2, 4, 6, and 8 flaps. As shown in

Figure 4.13A the net thrust/cycle remained negative during all cycles for the robot with no

flaps. A net positive thrust first appeared for the two flap robot after eight actuation cycles,

but its subsequent value remained quite small. With four flaps the thrust remained positive

after early cycles and, for six flaps and eight flaps, the performance improved further. The

trend was monotonic with increasing flap number, shown more clearly by averaging the net

thrust over all 28 cycles for each case (Figure 4.13B). Thus, more flaps produced better

performance, yet it is not clear if more than eight flaps (each narrower) would give further

improvement. Finally, the influence of the second design parameter, the pre-stretch ratio

of the SMA spring (λ0), was investigated (Figures 4.13C and 4.13D) for robots with all

eight flaps and a duty cycle of 7.5%. In this study, a different robot was fabricated for each

experiment. The final spring length was fixed by the circumference of the robot’s central

disk, so the initial SMA spring length had to be decreased (fewer coils) as the pre-stretch was

increased. A fixed input voltage would, therefore, produce a different temperature change

due to the different mass of the SMA springs, which would obscure the effects of the pre-

stretch alone. Consequently, the input energy density was held nearly constant at 3.44 J/kg,

and five experiments were performed for 90 actuation cycles at pre-stretch ratios of λ0 = 12,

13, 14, 15, and 16. The corresponding energy inputs per cycle were 13.9 J, 12.8 J, 11.9 J,
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11.1 J, and 10.4 J.

It can be seen that at λ0 = 12 (Figure 4.13C), the robot was unable to maintain a positive

net thrust. Although not shown here, this was a result of a significant amount of unrecovered

deformation at the end of each cycle. For a spring pre-stretch ratio of λ0 = 13, the robot

experienced a significant drop in the net thrust after the fifth cycle. The performance

gradually improved, however, after 50 cycles to generate a small positive net thrust of about

0.03 N by the end of 90 cycles. Nevertheless, the average thrust over all cycles was still

slightly negative (Figure 4.13D). For λ0 = 14, the robot sustained a net positive thrust,

but its performance deteriorated after an initial peak near 0.1 N to an almost steady value

of 0.04 N after 40 cycles. At λ0 = 15, the net positive thrust generally grew and reached

an asymptote near 0.13 N after about 40 cycles, which is more than a three-fold increase

in steady-state thrust compared to the previous pre-stretch ratio. This improvement was

attributed mostly to the faster cooling of the SMA spring as the distance between adjacent

coils (the pitch) was larger at higher stretch ratios. The thrust performance improved further

for λ0 = 16, where the net positive thrust reached a steady-state value of 0.17 N after only

10 cycles. The averaged net thrusts in Figure 4.13D clearly show a monotonic increase in

the thrust performance, at least for the range of the pre-stretch ratios considered here.

Note that for the operational and design study on the number of flaps, the same previously

cycled SMA spring was used in all the experiments. The design study on the pre-stretch

ratio, however, started with a new (uncycled) spring at the smallest stretch ratio, and the

same spring was trimmed to size and reused at each successively larger pre-stretch ratio.

4.5 Conclusion

We presented a simple, compact, and high-performance biomimetic robot jellyfish that

mimics the morphology and kinematics of the actual creature. The main contributions of

the current study are the simplicity of design and the exploration of an alternative SMA

actuation approach as the artificial contractile muscle. The design consists only of a soft

rubber matrix with a single embedded SMA spring loop, which when Joule heated, achieves

large deformations without the need for extra mechanical parts and joints. The buckling

instability of the main body is harnessed to create an effective rowing mechanism of flaps to

propel the robot under water.

A numerical finite-element simulation captures the post-buckling deformation of the robot

and provides details of the deformation fields within it. This provides a useful stepping stone

towards the development of design and simulation tools for the fully coupled electro-thermo-

mechanical problem, which will be pursued in the future. Such modeling tools are essential
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to develop a design methodology for similar underwater robots to achieve a desired level of

performance.

Our experimental results demonstrates actuation cycles at similar rates to previous at-

tempts at biomimetic underwater robots. The robot swims from the bottom to the top of a

water tank in a few actuation cycles via a pulsatile motion reminiscent of an actual jellyfish.

It achieves swimming strokes of near 40 mm per cycle and a net steady-state propulsive thrust

of 0.25 N when operated at 0.5 Hz frequency. An experimental parameter study reveals the

influence of the input energy, duty cycle, number of flaps, and pre-stretch of the spring on the

thrust performance of the robot. The performance is non-monotonic with the input energy

and duty cycle, indicating the existence of a sweet spot that might be exploited in the robot’s

operation. It also reveals tradeoffs, depending on whether speed or endurance is preferred.

In the range of parameters studied, the performance shows monotonic improvement with the

number of flaps and pre-stretch of the SMA spring.
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CHAPTER 5

Conclusions and Future Work

5.1 Conclusions

Inspired by the shape shifting capabilities of biological systems, this work has contributed

the following advancements to the fields of cardiac muscle cells MCT, shape morphing in-

flatables, and soft robotics.

1. As a computational tool to interpret the ongoing in vitro Cell-in-Gel experiments, we

developed a 3-D mechanical analysis of an isolated cardiomyocyte contracting in various

hydrogels. The mathematical model was based on the viscoelastic generalization of

the elastic Eshelby inclusion solution, which provided realistic predictions of the time-

dependent mechanical fields in the Cell-in-Gel system.

2. The model was used to quantify the cell’s mechanical stress and to explore the cell’s

response to different levels of afterload.

3. Consistent with experimental data, the model also identified a closed-loop MCT control

that autoregulated cell’s contraction, thereby added a new feedback feature to the cur-

rent paradigm of feed-forward cardiac excitation-Ca2+signaling-contraction coupling.

4. While the heart’s adaptive response to load changes is usually attributed to neurohor-

monal (autonomic) regulation, our study showed that intrinsic autoregulation within

a single cardiomyocyte also plays a major role.

5. We investigated the inflation of shape morphing synthetic soft composites with ar-

chitectured properties and explored several feasible 3-D shapes that can be achieved

through the inflation of an initially flat rubber membrane with nonuniform geometrical

and material properties.
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6. Several axisymmetric and nonaxisymmetric morphed geometries were studied and pho-

togrammetry was employed to track the deformation profiles and change in mechanical

fields during the inflation process.

7. We performed an FEA parametric study regarding the influence of geometrical nonuni-

formities on the response and instabilities of axisymmetric membranes.

8. In order to have confidence in the numerical findings, we validated the adopted hyper-

elastic energy density model for the FEA, against the experimentally measured data

and showed very good agreements in a wide range of the response.

9. We demonstrated that by tailoring the distribution of materials properties in the mem-

brane, more complicated motions including negative Gaussian curvatures and twist can

be achieved during inflation.

10. Our rubber-based prototypes provided a convenient basis for conceptual scientific and

design explorations in shape morphing inflatable structures.

11. Motivated by the swimming mechanisms of jellyfish, we developed a novel concept

for a shape morphing soft biomimetic underwater robot that imitates the shape and

kinematics of a typical jellyfish. A loop of SMA spring, serving as the artificial muscle,

embedded in a soft silicone rubber, as the body of the robot, was explored for the first

time in the context of underwater robotics.

12. Compared to previous attempts by other researchers to design and fabricate a synthetic

jellyfish, our prototype achieved comparable performance in a simpler, compact, and

solid-state design.

13. We successfully harnessed the buckling instability of the robot’s main body to generate

thrust and achieved a hybrid jetting and rowing locomotion mechanism.

5.2 Future work

The recommendations for future work on soft shape morphing systems include extensions

of the current research and explorations of new ideas in this field. A short list of suggestions

and ideas for future studies is provided below.

In cardiomyocyte contraction autoregulation:

1. To use the actual 3D geometry of different cells and perform viscoelastic FEA on

the actual geometries and compare the results with the predictions of our viscoelastic
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ellipsoidal inclusion assumption in terms of the minimum, average, maximum values

of the field quantities.

2. Adding the affect of pre-load on the cell to measure the fast autoregulatory response

of the myocyte in the framework of Frank-Starling mechanism.

3. Developing an approach for real-time measurement of the stress field during the in

vitro experiments, potentially in the form of stress-sensitive dyes.

In architectured membranes:

1. To explore more patterns of nonuniformity, for example auxetic patterns, to extend

the applications of inflatables by achieving a wider range of motions with potential use

in soft robotics.

2. To embed compliant active materials such as SMA springs and micro fiber compos-

ites in the rubber membrane to achieve more complicated motions through hybrid

pressurization and thermo- or electro-mechanical actuation.

3. Extend the current study to numerically and experimentally explore the effect of pat-

tern, stiffness, size, aspect ratio, and number of the reinforcements on the maximum

twist angle of the spirally reinforced membrane.

4. To implement nonlinear constrained optimization and inverse nonlinear elasticity tech-

niques to find the corresponding anisotropic material and thickness distribution through

which an elastomeric membrane would map to the desired target 3D shape after pres-

surization to a certain level. To implement the proposed idea experimentally, multi-

material 3D printing and multi-stage casting techniques are required to layout the

computationally achieved pattern of the material and thickness distribution.

In soft robotics:

1. To add a few more SMA springs or use other compliant solid-state actuators, potentially

in the flaps of the current robot jellyfish prototype, to enable underwater steering and

direction change.

2. To improve the cooling capability of the current robot jellyfish design to avoid over-

heating of the body after several actuation cycles, potentially by adding thermally

conductive fillers to the silicone body of the robot or be exposing part of the SMA

spring outside the body.
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3. To use feedback of temperature to autonomously adjust the input power and actuation

duty-cycle in real-time to improve the swimming performance.

4. To extend the idea of silicone body with embedded SMA springs to explore other

swimming mechanisms, like the undulatory motion in Anguilliform and oscillatory

motion in Thunniform.
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