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ABSTRACT

The rational conjugacy classes of tori play an important role in the representation theory
of reductive p-adic groups defined over a finite extension k£ of the p-adic numbers. In an
upcoming paper, Adler and DeBacker give a parameterization of the rational conjugacy
classes of embeddings of maximal tori using Bruhat-Tits theory, and our primary goal will
be to move towards an analogous parameterization of maximal -split tori, which play a
prominent role in the theory of p-adic symmetric spaces. In particular, we will parameterize
the rational conjugacy classes of maximal #-split tori in finite groups of Lie type and in
groups defined over the maximal unramified extension K of k. We will then use Bruhat-Tits
theory to parameterize the 6-split tori which split over K and then determine which of these
tori can emerge as the maximal K-split subtorus of a maximal #-split torus. We will also
provide a similar parameterization of a class of unramified tori which we will call unramified
f-perfect tori. These tori will play an important role in future work where we will use them to
determine how the conjugacy classes of #-split tori over K split into rational conjugacy classes.
Finally, in the case of symplectic groups, we will compare DeBacker’s parameterization of

maximal unramified tori to another parameterization due to Waldspurger.
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CHAPTER I

Introduction

Suppose G is a connected reductive algebraic group defined over a finite extension k of
the p-adic numbers Q,, with p # 2, and suppose that 6 is an involution (i.e. an order 2
automorphism) of G defined over k. If G’ denotes the points in G fixed by # and (G?)°
denotes its identity component, then we let H be a k-subgroup of G so that (G?)° C H € G?.
We then have that H°, the identity component of H, is reductive by [36], and we say that the
quotient G/H is a p-adic symmetric space. The study of p-adic symmetric spaces has played
a key role in several important results concerning the representations theory of p-adic groups
and the Langlands program. For example, in [15], the authors use symmetric space methods
to determine when two data in Yu’s construction of supercuspidal representations [38, 13]
correspond to equivalent supercuspidal representations, and symmetric space methods also
show up in the study of the relative trace formulas [19].

If G’ is a connected reductive algebraic group defined over k, then perhaps the simplest
example of a p-adic symmetric space emerges from defining G to be the direct product
G’ x G’ and by letting 6 be the map which sends (g1,92) € G’ x G’ to (g2,91). Then
H = {(g,9)|g € G'}, and we can identify the p-adic symmetric space G/H with G’ via the
map G — G’ which sends (g1, g2) to (g1) ! ge.

Many results about a reductive p-adic group G’ have natural analogues for p-adic sym-

metric spaces that specialize to the original result when we consider G = G’ x G'. (See,



for example, [3, 12, 21, 22, 31].) In this thesis, our primary goal is to study an analogue of
maximal k-tori associated to p-adic symmetric spaces. In particular, we say that a k-torus
S in G is 0-split if (s) = s~ for all s € S. Such tori correspond to Cartan subalgebras in
the Lie algebra g of G which lie in the —1-eigenspace of the differential dfl, and they have
filled a role analogous to that of maximal k-tori in most existing results on p-adic symmetric
spaces [3, 12, 21, 23, 24]. More specifically, we want to move towards a parameterization
of the H(k)-conjugacy classes of the the maximal 6-split k-tori, with the hope that it will
advance the understanding of the structure of p-adic symmetric spaces and facilitate the
development of symmetric space analogues of results in the representation theory of p-adic
groups in which maximal k-tori play a prominent role (e.g. [20]).

In moving towards this goal, we will attempt to model the approach of Jeff Adler and
Stephen DeBacker in their work on parameterizing the G(k)-conjugacy classes of embeddings
of maximal k-tori in G [10, 1, 2]. In their work, they begin in [10, 1] by using Bruhat-Tits
theory to parameterize the tori which split over the maximal unramified extension K < k of k,
where k denotes a fixed algebraic closure of k, and by determining which of these tori emerge
as the K-split component of a maximal k-torus in G. They then determine in [2] how the
G(K)-conjugacy class of a K-minisotropic maximal k-torus in G splits into G(k)-conjugacy
classes, and so by applying this splitting to the K-minisotropic k-tori contained in the
centralizers of the unramified tori arising in [1], they are able to arrive at a parameterization
of the G(k)-conjugacy classes of all maximal k-tori.

In Chapter 2, we will introduce some relevant notation and recall some important facts
about p-adic symmetric spaces. Then, in Chapter 3, we will begin working towards our
parameterization by solving the analogous problem in a finite group of Lie type G defined
over the residue field f of k. As we will be particularly interested in the case where G is the
reductive quotient associated to a point in the Bruhat-Tits building of G(K) which is fixed
under the action induced by 6, we will again use 6 to denote a f-involution of G, and we

will parameterize the #-split f-tori of G by relating them to twisted conjugacy classes in a



finite group called the extended little Weyl group. The proof of this parameterization closely
mirrors the classical result found in, for example, [8] and essentially follows from Lang’s
theorem applied to the connected reductive group H°.

From there, assuming that G satisfies a tameness condition (in particular, the p does not
divide the order of the Weyl group), we will determine in Chapter 4 the H(K')-conjugacy
classes of maximal 6-split K-tori. We will again relate the conjugacy classes to twisted
conjugacy classes in the extended little Weyl group, but we will be forced this time to
rely on an argument using Galois cohomology. We will also provide a parameterization of
the G(K)-conjugacy classes of the tame twisted Levi K-subgroups in G by combining two
proofs in the work of Adler and DeBacker. While this result will be independent of the
theory of symmetric spaces a priori, it will prove useful in showing how the H(K')-conjugacy
class of a maximal #-split torus splits into H(k)-conjugacy classes and is also independently
interesting as a step towards a parameterization of the G(k)-conjugacy classes of twisted Levi
k-subgroups, which, for example, play a prominent role in Yu'’s construction of supercuspidal
representations [38, 13].

We will consider two types of unramified tori associated to p-adic symmetric spaces, the
first being the unramified 6-split tori. A parameterization of the H(k)-conjugacy classes of
maximal unramified 6-split k-tori is given in [28]. Here, in Chapter 5 we will extend Portilla’s
results by defining and parameterizing an analogue for #-split tori of the unramified tori
appearing in [1]. We will show that the unramified component of a maximal #-split k-torus
will be a torus of this form, and assuming a conjecture (Conjecture 5.3.4), we can then show
that all of these tori will arise as the unramified component of some maximal 6-split k-torus.

These tori and their centralizers, which are examples of unramified twisted Levi subgroups,
are expected to play a significant role in the theory of p-adic symmetric spaces. In particular,
the unramified twisted Levi subgroups arising from these tori are associated to 6-split
parabolic subgroups, a type of parabolic subgroup of G which plays a prominent role in the

symmetric space analogue of supercuspidal representations of G. (See [21], for example.)



Thus if one hopes to prove a symmetric space analogue of Yu’s construction of supercuspidal
representations [38, 13] or another result involving twisted Levi subgroups, then one would
expect the unramified twisted Levi subgroups arising from our unramified #-split tori to fill
the role normally played by unramified twisted Levi subgroups.

However, in order to demonstrate how the H(K)-conjugacy of a maximal #-split k-torus
splits into H(k)-conjugacy classes, we will need to consider another class of unramified tori.
In Chapter 6, we will consider unramified #-perfect tori, which are the unramified tori in G (in
the sense of [1]) whose associated unramified twisted Levi subgroup contains a maximal 6-split
k-torus of G. While these tori are not expected to be particularly important in the theory of
p-adic symmetric spaces, they will play a prominent role in the author’s upcoming work on
ramified -split tori. In particular, given a maximal 6-split k-torus S of G, we will need to
construct a @-stable unramified twisted Levi subgroup M so that Cyv(S) is a K-minisotropic
k-torus. Upon constructing such a Levi subgroup, we will then be able to associate a point
in the Bruhat-Tits building of M(k) to S, and using this point in the building, we will be
able to show how the H(K)-conjugacy class of S breaks into H(k)-conjugacy classes. The
twisted Levi subgroups M arising in this way will all correspond #-perfect tori, and so the
results in Chapter 6 will play a prominent role in our analysis.

The methods in Chapters 5 and 6 will rely heavily on Bruhat-Tits theory. In particular,
we will show that all of the unramified tori we need to consider emerge from lifts of tori in the
reductive quotients associated to facets in the Bruhat-Tits building of G(k) which intersect
the Bruhat-Tits building of H(k).

Finally, in Chapter 7 we will review the parameterization of maximal unramified tori in
[10], and we will provide a comparison with an analogous parameterization for symplectic
groups in [37]. The work and notation in this chapter will be completely independent of the

rest of the thesis.



CHAPTER II

Definitions and Notation

In this chapter, we will recall basic definitions and known results about p-adic groups and
p-adic symmetric spaces. We will also introduce notation which we will use for all but the

very last chapter.

2.1 Fields, Groups, and Tori

Let k be a finite extension of the p-adic numbers Q, for p # 2 with nontrivial discrete
valuation v.! Let k denote an algebraic closure of k, and let & < k be the maximal unramified
extension of k in k. Then the valuation v extends uniquely to K, and we will also use v
to denote the valuation of the extension. We let oj (resp. o0x) denote the ring of integers
of k (resp. K), and we fix a uniformizer w for k and thus K. We let § := 0/ < w > and
§ := 0x/ < w > denote the residue fields of £ and K respectively. Then § is an algebraic
closure of f. We can and do identify I' = Gal(K/k) with Gal(F/f), and we fix a topological
generator Fr for I'.

If G is a group and z,y € G, then we may use both Int(z)(y) and *y to denote zyz .

If G is a reductive algebraic group defined over k, then we use Lie(G) or g to denote its

Lie algebra. We will identify G with its k-rational points, and we will also use G instead

Tt is quite likely that most if not all of the results in this thesis apply to the more general setting of
non-archimedean local fields whose characteristic and residue characteristic are both not 2. However, the
author has not checked this carefully.



of G(K) to denote the group of K-points of an algebraic K-group. We use G° to denote
the identity component of G, and if 7 is a k-automorphism of G, then we write G” for the
points in G fixed by 7. Given a subset A of G, we will use Ng(A) and Cg(A) to denote the
normalizer and centralizer of A in G respectively.

When we refer to a maximal torus, we mean a maximal torus in G unless otherwise
specified. If S is a k-torus in G and E is an extension of k, we will use S¥ to denote the
unique maximal k-torus which is contained in S and splits over E.

Throughout this thesis, we will frequently consider maximal k-tori in G which are K-split.
We call such a torus a maximal unramified torus. Let A be a maximal unramified torus
in G that contains a maximal k-split torus of G. Such a torus exists and is unique up to
G*-conjugacy [29]. We denote by ® = ®(G, A) the root system of G with respect to A and
by W = W(G, A) the Weyl group Ng(A)/Cg(A). We denote by ¥ = ¥(G, A, v) the set of
affine roots of G with respect to A and v, and for ¢ € U, we let ¢) € ® denote the gradient
of 1.

2.2 Involutions and p-adic Symmetric Spaces

We fix a connected reductive algebraic group G defined over k, and we fix an involution
0 which is defined over k. If we let H be a linear algebraic k-group with (G?)° ¢ H ¢ GY,
then we have that H° is reductive by [30, 36], and G/H defines a p-adic symmetric space.

We say that a torus S is 6-split if 6(s) = s for all s € S. If ¥’ is an extension of k,
then we say that a k-torus is (6, k')-split if it is both #-split and £’-split. We call a maximal
(0, K)-split k-torus a maximal unramified 6-split torus. By [18], the condition that S is a
maximal 0-split k’-torus is equivalent to the condition that S is a maximal #-split torus that
is defined over £’. Throughout the thesis, we will generally reserve T for maximal k-tori in
G and S for maximal #-split k-tori. The one noticable exception to this will be in Section
4.1, where S will play the role of a maximal K-torus in G.

If T is a f-stable torus, then again by [18], we have a decomposition T = T T~, where



T* denotes the maximal #-fixed torus in T and T~ is a #-split torus equalling the identity
component of the connected algebraic group {t € T|0(t) = t~'}. The product is an almost
direct product in the sense that the map from T* x T~ to T which sends (t1,%,) to (t;) ¢,
is an isogeny whose kernel TT N T~ is a finite 2-group. Since 6 is defined over k, we have
that if T is defined over k, then both T and T~ are defined over k as well (although an
element in T(k) cannot always be written as the product of elements of T* (k) and T~ (k)).

There are several important results about p-adic symmetric spaces that will play an
important role in our analysis of maximal #-split k-tori. First, we note that by Vust, all
maximal #-split tori are (G9)°—conjugate (and hence H-conjugate). It is not generally the case
that two maximal (0, k)-split tori are H(k)-conjugate, but by [18], they are G(k)-conjugate,
meaning that all such tori have the same k-rank.

The difference between G(k)-conjugacy and H(k)-conjugacy accounts for most of the
difficulty in determining the H(k)-conjugacy classes of maximal #-split k-tori. This difference
generally stems from the fact that if G is not simply connected, then we will generally not
have that G’ is connected. However, a result of Vust [36] often allows us to circumvent this
issue. In particular, if A is any maximal #-split torus in G and C := A NG’ then we have a
decomposition G? = C - (G?)°. As all of the elements of A N G? necessarily have order two,
we see that the component group of GY is an abelian 2-group.

A powerful result of Helminck and Wang [18] illuminates the structure of the centralizers of
f-split k-tori. Recall that G can be written as an almost direct product ZgG1Gs, where Zg
is contained in the center of G, Gy is k-anisotropic (i.e. has k-rank 0), and G is k-isotropic
(i.e. has k-rank greater than 0). Then if we let A be a maximal (0, k)-split k-torus in G and
let Z, Ly, and Ly denote the central, anisotropic, and isotropic factors of L = Cg(A) over k

respectively, then Helminck and Wang show that
e A is the unique maximal (0, k)-split torus of Cg(A).

.LQCH.



o If A is any maximal k-split torus of Cg(A), then Ay is f-stable and ZL; C Cg(Ay).

Applying this result when k = k, we see that the centralizer of any maximal #-split torus has
its derived subgroup contained in (Ge)o. As another consequence, one shows that if A is a
maximal (0, k)-split k-torus of G, Ay D A is a maximal k-split k-torus in G, and S D A is a
maximal 6-split k-torus, then Ay and S commute. In particular, there is a maximal torus T
in Cg(A) which contains both a maximal k-split torus in G and a maximal 6-split k-torus in
G.

We also note that there is an analogue of the Weyl group for maximal #-split k-tori of
G. In particular, if S is a maximal 6-split k-torus in G, then we define the little Weyl group
of S in G, which we will denote by Wy = Wy(S,G), to be Ng(S)/Ca(S). By [32], every
element of the little Weyl group has a representative in H® so that we may instead define it as
Nue(S)/Cre(S). The little Weyl group is in fact the Weyl group of the reduced root system
for the roots of S in G, and if T is a maximal k-torus containing S, then the little Weyl
group can be realized as the quotient of the elements of W (T, G) which normalize S by the
elements of W(T, G) which centralize S. Since the derived subgroup of Cg(S) is contained
in H°, we also have that the image of any element in Ngo(S) in the little Weyl group has a
representative in Ngeo(T). As Cge(S) is frequently disconnected, we will generally have to

work with variants of this object in our parameterizations.

2.3 The Bruhat-Tits Building and Symmetric Spaces

We let B(G) denote the (enlarged) Bruhat-Tits building of G, and we note B(G)" (which
we also sometimes write as B(G)') is the (enlarged) Bruhat-Tits building of G(k). Similarly,
we let B(H) denote the (enlarged) Bruhat-Tits building of H°, from which we then have that
B(H)" (or B(H)™™) is the building of H°(k).

If T (resp. T') is a maximal K-split torus in G (resp. H), then we will let A(T) (resp.

A(T")) denote the associated apartment in B(G) (resp. B(H)). If A is an apartment in one



of our various buildings and €2 is a subset of A, then we let A(A,€2) denote the smallest
affine subspace of A containing €.

For z € B(G), we let G, and G} denote the parahoric subgroup associated to = and its
pro-unipotent radical. Recall that both G, and G} only depend on the facet F in B(G)
containing z so that we may write Gr and G}, for G, and G respectively. If F is I-stable,
then the quotient Gr/G7. is the group of F-points of a connected, reductive group G defined
over f. If z € B(G)", then we have that I' acts on G, and G, and the quotient of their
[-fixed points coincides with the group of f-rational points of the connected reductive group
G, defined over §. We also have that G, (f) = G,(F)". We can define these notions analogously
for H.

If A is a maximal unramified torus in G containing a maximal k-split torus of G and
A(A) is the apartment in B(G) corresponding to A, then for a facet F in A(A)™, we have
that the image of AN Gp in Gp, which we call Ap, is a maximally f-split maximal f-torus in
Gp. In other words, Ap is a maximal f-torus in Gy which contains a maximal f-split torus
of Gp. If we denote by Wr the Weyl group Ng,.(Ar)/Ar, then we may identify Wr with a
subgroup of W. We let U denote the set of affine roots of A that vanish on F', and we let
&5 denote the corresponding set of gradients. We then let xM denote the Levi k-subgroup
which contains A and corresponds to @, and we recall that Mg = Gp. For a facet F in
A(A), we let W denote the affine Weyl group Ng(A)/(Ca(A) N Gp). Again we may define
all of these objects analogously for a maximal unramified torus in H.

The action of § on G and G(k) induces an involution on B(G) and B(G)¥ which we
will also denote by #. Prasad and Yu [30] show that we can identify B(H) with B(G)?,
and thus we can also identify B(H)¥ with (B(G))?. The facets in B(H) are too large for
parameterizing maximal #-split k-tori. Thus we will be particularly concerned with 6-facets,
which are defined by Portilla in [27, 28] to be a nonempty subset F' C B(H) which is the set
of f-fixed points of some facet F’ in B(G).

In studying 6-facets, it will be important to understand how the parahoric subgroup G,



of G corresponding to a point  in B(G)? relates to the corresponding parahoric subgroup H,
of H. Upon restricting to the respective pro-unipotent radicals, we have that G N H = H}
by [27]. However, a similar result does not hold for the parahoric subgroups, and we only
have that (G2)° = H,, again by [27].

To see why G, N H does not necessarily equal H,, we look at the example of G = PGL,,

where we define 6 to be the inner automorphism Int(m), where m is the image of the element

in PGLy. Then H° is a maximal tamely ramified elliptic torus, and so the building of H
is a point x. In particular, z is the midpoint of an alcove lying in the apartment of the
diagonal torus. However, the diagonal torus is #-split, and so the reductive quotient G, is a
0-split torus. But a O-split torus has finitely many 6-fixed points (in particular, the order two
elements), and so the #-fixed points are disconnected. Thus we see that GY is not H,, which
is the trivial group. By Hakim-Murnaghan, the #-cohomology of G} is trivial, and so each
element of GY has a representative in G, N H, meaning we have the desired counterexample.

Even so, with Portilla’s result on the pro-unipotent radicals, he is still able to prove that
the points in a given f-facet all lie in the same facet in the building of H. Thus every facet
in B(H) can be written as the union of #-facets, and we have that H, = H, for all points z

and y in a given f-facet F, allowing us to write Hp instead of H, or H,.

10



CHAPTER III

Tori over the Residue Field

The goal of this section is to parameterize conjugacy classes of #-split tori in finite groups
of Lie type. A less general version of this result was attempted in [28]. Let G be a connected,
reductive group defined over a finite field § with characteristic p # 2. Let 6 be an involution
of G defined over f, and let (G’)° C H C G’. Let S be a maximal 6-split f-torus in G, an
f-torus so that 6(s) = s~! for all s € S. Recall that the little Weyl group of S is defined
to be Wy = Ng(S)/Cq(S), and recall that every element of the little Weyl group has a
representative in H° so that we may instead define it as Nye(S)/Che(S). (See [32, 24].) Define
the extended little Weyl group by Wy . = Nu(S)/(Cu(S))°, and we consider the subgroup
Wi, i= Nee(S)/(Cu(S))® of W

Let S; denote the set of H(f)-conjugacy classes of maximal #-split f-tori. Define a relation
~ on Wj . by saying w ~ w' if there is an = in Wy, so that w = zw'Fr(z~"). One checks that
this defines an equivalence relation on Wj .

Recall from [36] that if S’ is another maximal 6-split f-torus in G, then there is an element
h in H° so that S' = *S. Modeling Carter’s parameterization of conjugacy classes of maximal
tori in a finite group of Lie type in [8], we use this result to show that there is a bijective

correspondence between S and Wy ./ ~.

Proposition 3.0.1. The map o : S; — W}/ ~p given by "S — h™'Fr(h) is a well-defined

bijection.

11



Proof. If 'S is a maximal 6-split f-torus in G, then we have
'S = Fr("S) = P (S) = P s

so that A~'Fr(h) is in Nye(S).
Now suppose that S; and S, are maximal #-split §-tori for which there is some h in H(¥)
such that S; = *S,. Suppose S; = S and S, = "2S for some h; and hy in H°. We have that

hy'hhy is an element of Ny(S). Then we see that
(hy*hhy)(hy 'Fr(hy))Fr((hy *hhy)™Y) = h'Fr(hy),

showing that the image of hy 'Fr(hs) in Wy . is Frobenius conjugate to the image of hy 'Fr(hy)
by the image of (hy 'hhy) in Wy,.. Hence our map is well-defined.

We now need to show that the map is injective. Suppose that we have elements h; and hy
in H® for which ™S and "2S determine the same equivalence class in Wy .. Letting 7 denote
the projection map from Ny(S) to Wy, we have that there is some element n in Ny(S) so
that

m(hy'Fr(hy)) = w(nhy 'Fr(hy)Fr(n™1)).

Rearranging terms, we have that
t := nh'Fr(h))Fr(n Y)Fr(hy)hy

is an element of (Cyx(S))°. Conjugating by hy, we then have that
"2t = honhy 'Fr(hi)Fr(n™!)Fr(hy ')

is an element of (Cy("2S))°. Applying Lang-Steinberg, we can find an element u in (Cy(S))°
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so that ("2u)~'Fr("2u) = "2¢. Rearranging terms, we then find that
hounhi* = Fr(hyunhi'),
so that hpunh; ! is in H(f). But we know that un is an element of Ny(S), so we have that
hounhy! (hl S) = h257

meaning that the tori are rationally conjugate and that we have injectivity.
Finally, for surjectivity, note that if w is in Wy, we can find an element n € Ny (S)
so that m(n) = w. Then applying Lang-Steinberg, we can find an element A € H° so that

h~'Fr(h) = n, and so we have surjectivity, completing the proof. O

Note that we can analogously prove that the G(f)-conjugacy classes of maximal #-split
f-tori are parameterized by Frobenius conjugacy classes in the little Weyl group Wy. The
component group Che(S)/(Che(S))° thus controls the difference between the H(f)-conjugacy
classes and G(f)-conjugacy classes. We will perform a similar type of measurement when
parameterizing H (k)-conjugacy classes of K-minisotropic maximal #-split k-tori in the p-adic

setting.
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CHAPTER IV

Results over the Maximal Unramified Extension

We let G be a connected reductive group defined over a p-adic field k& with p # 2. We
assume that G is tame, i.e. that p does not divide the order of the Weyl group. Let 6 be an
involution of G defined over k, and let H be a subgroup so that (G”)° C H C G’. We will use
G(k), G, G for the k, K, and k points of G, where K is the maximal unramified extension of k
in k, and we will use similar notation for H and other subgroups of G. We will parameterize
tame twisted Levi K-subgroups up to G-conjugacy. Then we will parameterize #-split tori up
to H-conjugacy, and we will then discuss which tame twisted Levi K-subgroups arise as the
centralizer of a #-split torus. Finally, we will parameterize the embeddings of maximal #-split
tori up to H-conjugacy as well as the conjugacy classes of #-regular semisimple elements

lying in a fixed maximal #-split torus S.

4.1 Tame Twisted Levis over K

We suppose G is a connected reductive group defined over K, and we fix a Borel K-
subgroup B of G. We also fix a maximal K-torus S of B, and we let Ag = A(G, B, S) be the
corresponding set of simple roots. We denote the Weyl group of S in G by Wg = W(G, S).
For m C Ag, we let Wg » denote the corresponding parabolic subgroup of Wg. Suppose
the residue characteristic of K does not divide the order of the Weyl group, and let o be a

topological generator of Gal(E/K), where E is a tame extension of K over which all maximal
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K-tori of G split.

Recall that we call a subgroup L of G a twisted Levi K-subgroup if it is defined over
K and if there exists a parabolic F-subgroup P of G so that L is a Levi component of P.
We seek to study the set £ of twisted Levi K-subgroups up to G-conjugacy, modeling the
work in [1] for quasi-finite fields and the parameterization in [2] of maximal K-tori up to
G-conjugacy. As in [1], we define a Levi torus to be a K-torus T in G that is equal to the
identity component of the center of Cg(T), and if L is a twisted Levi K-subgroup, then we
let Ty, be the corresponding Levi torus, i.e. Ty, is the identity component of the center of L.
Since L = Cg(Ty), understanding £ up to G-conjugacy is equivalent to understanding the
set of Levi tori up to G-conjugacy.

Let £/ ~¢ be the set of G-conjugacy classes in £. We will relate £/ ~¢ to the set Ig
consisting of pairs (m,w) where 7 C Ag and w € Wg such that o(m) = wr. For two pairs
(r',w") and (m,w) in I, we will say that (7', w’) ~ (7, w) if there is an element u in Wg for

which

One may check that this defines an equivalence relation on Ig.
Proposition 4.1.1. There is a natural bijective correspondence between I/ ~ and L/ ~¢.

Proof. We begin by defining a map ¢ : I¢ — L/ ~¢. To do so, suppose we have a pair (7, w)
in Ig. Looking at the proof of surjectivity in the parameterization of maximal K-tori up to
G-conjugacy in [2], we can find g € G(E) so that ny := o(g7')(g) lies in Ng(x)(S) and has

image w in Wqg. Let S; = (Nyeqker(a))® and M, = Cg(S;). Because o(m) = wm, we have

—1 —1

o(My) = 0(9)0<M7r) = 9" (Ma(ﬂ)> =9(" (Myzr)) = Mg,

so that 9M; is a twisted Levi K-subgroup of G with Tong = 9T\, = 9S;.
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We need to show that this construction is independent of our choice of g. In other
words, we need to show that a different choice results in a twisted Levi K-subgroup that
is G-conjugate to IM,. Choose g; € G(FE) (i = 1,2) so that o(g; ')g; has image w in
Wa. Then there is some s in S(E) so that o(g;")g1 = 0(g5")g2s. Fix an element X of
Lie(' T, )(K) so that Cg(X) = 9 M,.. (Such an X exists. The elements of Lie(9' Ty, ) that
do not vanish on any root of (g1 - Ag) \ (g1 - 7) is non-empty and open in Lie(?' Ty ), and
tori are unirational. Thus there is an element of Lie(9' Ty, )(K) which does not vanish on

any root of (g1 - Ag) \ (¢1 - 7) and so that Cg(X) = Cg(9"Tm,) = 9 M,.) Then we have
U(gzgflx) — 92591 X — 9201 X

Thus %9 X lies in Lie(*T); )(K). However, since the Galois cohomology H!(K, Cg (X))
is trivial by [33], we have that X and 9207 X are G-conjugate, and so Cg(X) = M, and
Cg (9291 X ) = 92M,; are also G-conjugate so that ¢ is well-defined.

We claim that ¢ descends to a map from I/ ~ to £/ ~¢, which we will also call ¢.
Suppose (m,w) ~ (7',w’) with w’ = o(u)wu™", and choose g € G(E) and n’ € Ng(g)(S)
so that o(g™!)g has image w in W and n’ has image u in W. Then ¢ = g(n’)~! is an
element of G(E) so that o(¢"~')¢’ has image w’ in W. We then see that 9 M, = IM, so
that ¢(m,w) = ¢(n', w’).

We now need to show that the map ¢ is injective. To see this, suppose we have (7, w)
and (7',w’) in Ig so that ¢(m,w) = ¢(n’,w’). Choose ¢g and ¢’ in G(FE) so that images of
ng =o0(g)'g and ny = o(¢’)"'¢ in Wg are w and w’ respectively. Replacing g with kg for
some k in G, we may assume without loss of generality that YM, = 9 M, and hence that 98

and 9'S are maximal E-split K-tori in YM,.. Consequently, there is an element m’ = 9m for

m in M, (E) so that ™'9'S = 98 and ™9 (BN M,) = 9(B N M,;). Since we also have

/ !

a(m’)<g S) _ U(m’)o_(g’s) _ O.(m'gls) _m'g S’
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we may conclude that m/c(m’)™" is an element of N, (g)(?S), which then implies that

g Hm'a(m')"") g = nyto(m)ngm™" is an element of Ny, (g)(S). Now set n = mg~'g' =
g~ tm'g’, which we note is an element of Ng(g)(S) so that n7’ = 7 (because ™9 (B N M,) =

9(BNM,)). We have

a(n)(ng)n~" = o(mg"g)o(g") g (mg~'g )~ = a(m)(ng)m™" = ny(ng'o(m)(ng)m™),

1

and so looking at images in Wg, we have that o(m)w'n™" is in the coset wWeg », where 1

/

denotes the image of n in Wg. Choose z in Wg » so that o(7)w n~! = wz, and note that

o =w lo@uwn 'r =w le(@uw'r = w oMo () = w
But the action of Wg  on the set of bases for the root system spanned by 7 is simply
transitive, and so we have x = 1 and (7, w) ~ (7', w’) as desired.

It remains to show that our map is surjective. Suppose that L is in £. Let Ty, be the
connected component of the center of L. Choose a Borel K-subgroup By, in L and a maximal
K-torus Sy, in By. Denote by Ap, = A(L, By, Sy) the corresponding set of simple roots,
and choose g in G(F) so that Sy, = 9S and By, < 9B. Define np, = g~' - A, and note that
7, C Ag. Let wy, denote the image of o(¢g71)g in Wg and put S;;, = (Maer ker(a))® < S.

Then we have
o Ty =95, and
® U(ﬂ'L) = WLTYL,

Thus we have constructed a pair (7, wr,) in I whose image under ¢ is the G-conjugacy

class of L.
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4.2 Maximal #-split Tori over K

We now seek to parameterize the maximal #-split K-tori up to H-conjugacy. We are
forced to take an approach using Galois cohomology.

Fix a maximal #-split K-torus S, and let X be the set of all maximal 6-split tori in G. Let
Wy = Nu(S)/Cu(S) and Wy, = Nu(S)/(Cu(S))° be the little Weyl group and connected

little Weyl group of S respectively. Consider the exact sequence

0— Nu(S) - H— X —0.

Taking the Galois cohomology sequence over K, we have

0— Ny(S) = H — X(K) — HY(K, Nu(S)) — H' (K, H).

Then the set of H-conjugacy classes is parameterized by the kernel of the map H' (K, N (S)) —
H'(K,H). In order to compute this kernel, we will begin by computing H (K, Ng(S)).

We slightly revise our definition of o from the previous section to let it be a topological
generator for the Galois group of the maximal tame extension K4, of K in the maximal

separable extension K, in k.

Lemma 4.2.1. Assume that p does not divide the order of the Weyl group of G. Then

H'(K, Nu(S)) is in bijection with the set of o-conjugacy classes in Wy,..

Proof. First consider the exact sequence

0— (Cu(S))° = Nu(S) = Wy, — 0.

Then by [33], the Galois cohomology sequence gives us a bijection between H'(K, Ng(S))
and H'(K,Wj,.), and so it suffices to compute the cohomology H' (K, Wy_.).

To do so, first note that any prime dividing the order of Wy also divides the order of W.
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This is because if T is a maximal torus in G containing S and n is in Ng(S), then T and "T
are Cg(S)-conjugate. Since the derived group of Cq(S) is #-fixed by [18], they are actually
Cye (S)-conjugate, meaning that n is equivalent in Wj to an element of Ngo(T) and thus
that Wj is isomorphic to a quotient of a subgroup of W (since Wy is defined by modding
Nu(T) by a subgroup containing T').

Now Wy, is an extension of W, by a 2-group, since by [36], the component group of
Cu(S)/(Cu(S))° is a finite abelian 2-group. Since 2 clearly divides the order of W, we have
that each prime dividing the order of Wy . divides the order of W as well.

Now since the residue characteristic p does not divide the order of W by assumption, we
see that there can be no non-trivial cocycles from Gal(Ksep/ Kiame) to Wy, as the former is
a pro-p group and the order of the latter is not divisible by p by our tameness assumption.

Thus it suffices to consider H'(Gal(Kyyme/K), Wy..). Note that Gal(Kgme/K) is isomor-
phic to the product of the groups Z; for [ # p and is topologically generated by o. Thus
a cocycle is determined entirely by the image of o, and since Wp . is finite, we can form
a cocycle by mapping o to any element of Wy, (see e.g. [11, 2.1.2]). Then two cocycles
are cohomologous if and only if the respective images of o in Wy . are o-conjugate in Wy,

meaning we are done.

]

Consequently, if we have that H is connected (e.g. if G is simply connected by e.g. [30]),
or if H-conjugacy is equivalent to H°-conjugacy (e.g. if G splits over K or, more generally,
if G contains a maximal #-split K-torus which splits over K since by Vust, the component
group of H has representatives in the order two elements of some fixed maximal 6-split
K-torus, which are all K-rational if the maximal #-split torus splits over K), then we have
our parameterization since H' (K, H®) vanishes by Steinberg’s theorem ([33]). To deal with

the case of a general G and H, first consider the map of short exact sequences:
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~

— e

g

1 —— Nuo(S) H° X

LT

g
~

where the vertical maps are given by the obvious inclusions. We then obtain a commutative

diagram of the Galois cohomology sequences:

1 — Ngo(S) —— H° —— X(K) —— H'(K, Ng(S)) —— H'(K,H°)

| A J |

1 —— Ny(S) y H y X(K) —— HY(K, Nu(S)) —— HY(K,H)

Now suppose that w is in the kernel of the map H'(K, Ng(S)) — H'(K,H). Then
it is in the image of the map X(K) — H'(K, Nu(S)), and so by the commutativity of
the above diagram, w is also the image of an element w’ in H'(K, Ngo(S)) under the
vertical map H'(K, Ng=(S)) — H'(K, Ng(S)). On the other hand, since H'(K,H°) is
trivial, the commutativity of our diagram tells us that every element of H'(K, Ng-(S))
maps to an element in the kernel of the map H'(K, Ng(S)) — H'(K,H). Thus we see
that the kernel of the map H'(K, Nu(S)) — H'(K,H) is precisely the image of the map
HY(K, Nu(S)) — H' (K, Nu(S)). By the proof of our lemma, we know that H!(K, Ng-(S))
is the set of o-conjugacy classes in Wy, := Ng°(S)/(Cm-(S))°, and the latter is the set of

o-conjugacy classes in Wy ..! Thus we have

Proposition 4.2.2. The H-conjugacy classes of maximal #-split K-tori are in bijection with

the the elements of Wy ., modulo o-conjugacy by the elements of Wj...

Note that by replacing H and H° with G in the proof of the previous proposition allows
us to show that the G-conjugacy classes of maximal 6-split K-tori are in bijection with the
o-conjugacy classes in the little Weyl group Wy. Note that by [32] every element in the little

Weyl group has a representative in H°, and by looking at its image in the extended little

INote that we could avoid using commutative diagrams in this argument by noting that all the maximal
f-split K-tori are H°-conjugate by [36], meaning that we can just directly show that every cocycle in the
kernel is cohomologous to a cocycle in H®.
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Weyl group Wy ., we see from our proof that there is an element h € H® so that h~'o(h) has
the same image in Wy . and hence in Wy as well. Thus we see that every G-conjugacy class
contains a maximal #-split K-torus, and we have that the difference between the o-conjugacy
classes in Wy and those in Wy . measures the difference between G-conjugacy and H-conjugacy
of maximal 6-split K-tori in G.

We now ask which of the G-conjugacy classes of twisted Levi K-subgroups from Proposition
4.1 have a representative which emerges as the centralizer of a #-split torus in G. In other
words, by [18], we want to know which twisted Levis occur in the Levi decomposition of a
6-split parabolic subgroup over k, i.e. a parabolic subgroup P of G so that §(P) NP is a Levi
subgroup. First, note that we may choose T to be a maximal K-torus which is both #-stable
and contains a maximal #-split torus S [18]. Fix a #-basis Ay for the roots of T in G, i.e. a
simple system for the roots of T in G as in [17] so that every simple root is either fixed by
6 or sent to a negative root by 6, and let A} be the roots in Ay fixed by 6. Then by [17],
every 6-split parabolic subgroup is H°-conjugate to one of the form P, for 7 a subset of Ay
containing A, whose span is f-stable. Thus we see that any pair (7, w) in Ig corresponding

to the Levi of a #-split parabolic must satisfy
1. 7 is a subset of Ay containing A, whose span is #-stable and
2. w is the image of an element in Nge(T) C Ny (s)(T).

The previous paragraph is enough for what we ultimately want to do, but one may also
ask the question of whether all pairs (7, w) satisfying the two conditions above emerge as
the Levi of a -split parabolic subgroup over k. Given a pair (7,w) € Ig so that 7 is a
subset of Ay containing A} whose span is f-stable and that w is the image of an element
n in Nge(S) € Nygs)(T), choose g € G(E) so that o(g7')g = n. Then the proof of our
parameterization of the H-conjugacy classes of maximal 6-split K-tori tells us that there is
also an element h € H°(F) so that h~'o(h) has the same image in the extended little Weyl

group Wy . as n and hence also in the little Weyl group Wjy. Since they have the same image
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in Wpy, the parameterization of the GG-conjugacy classes of maximal 8-split K-tori then tells
us that we may multiply g by an element of ¢’ € G so that "S = 9S is a maximal #-split
K-torus in G. But by [17], we know that the centralizer in G of "(T,NS) = 9(T, N S)
equals the centralizer in G of YT,. In particular, Cq("(T, NS)) is the Levi component of a
6-split parabolic subgroup over k of type 7 and also a twisted Levi subgroup corresponding

to the pair (7, w) in our parameterization of twisted Levi K-subgroups.

4.3 0O-regular Semisimple Elements over K

Recall that S is a fixed maximal 8-split K-torus in G. Let s be a strongly -regular
semisimple element in S, i.e. an element so that Cg(s) = Cg(S). We seek to parameterize
the H-orbits in Hs N G. Note that since all maximal §-split K-tori are H(Ky4me)-conjugate
and since the little Weyl group has representatives in H°(Kyqme), we have that all such
elements are conjugate over H(Kyume) so that it is again enough to consider the Galois action
of 0. We will again use a cohomological argument.

Let X’ be the set of all elements of the form *s for h in H, and consider the exact sequence

0—Cu(S) - H— X' —0.

Taking the Galois cohomology sequence over K, we have

0— Cu(S) = H — X'(K) — H'(K,Cu(S)) — H'(K, H).

Then the set of H-conjugacy classes is parameterized by the kernel of the map H* (K, Cg(S)) —
HY(K, H).

Lemma 4.3.1. H'(K, Cu(S)) is in bijection with the set of o-conjugacy classes in C(S)/(Cu(S))°.

The proof is nearly identical to that of Lemma 4.2.1 in the previous section, replacing

Nu(S) with Cu(S). Note that Cu(S)/(Cu(S))° is a finite abelian 2-group by [36], and since
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the residue characteristic p is not equal to 2 by assumption, we see that Gal(Kep/Kiame)
acts trivially on Cg(S)/(Cu(S))° so that it does in fact carry an action of . To complete
the classification, we can look at the analogous commutative diagrams to the ones in the

previous section and perform an identical argument to find

Proposition 4.3.2. The H-conjugacy classes of elements in (Hs N G), where s is strongly
f-regular semisimple element in G, is in bijection with the elements of Cye(S)/(Cu(S))°,

modulo o-conjugacy by Cu(S)/(Cu(S))°.

It is also of interest to know which of these conjugacy classes intersect S. To compute this,
we need to compute the kernel of the map H'(K, Cy(S)) — H'(K, N (S)). Combining our
lemmas from this section and the previous, we see that the kernel is the set of o-conjugacy
classes in Cy(S)/(Cu(S))° which are o-conjugate to the trivial class in the connected little

Weyl group Wy of S.

23



CHAPTER V

Unramified #-split Tori

We now attempt to adapt the parameterization of unramified twisted Levi subgroups and
unramified tori in [1] to the setting of #-split tori. We carry over notation from the previous
section, including the choice of G, H, etc. as the K points, with G(k), H(k), etc. denoting
the k-points. Recall that a #-stable k-torus S is the almost direct product of subtori S*- S,

where ST C GY is a k-torus and S~ is a 6-split k-torus.

5.1 0-Perfect Tori, Roots, and 0-split Parabolics

We say that a maximal k-torus T in G is @-perfect if it is f-stable and contains both
a maximally k-split, maximal K-split k-torus and a maximal -split k-torus which is both

maximally (6, k)-split and maximally (6, K)-split. In other words, we have

e T is a maximal k-torus,

T contains a maximal K-split k-torus T,

T contains a maximal k-split k-torus Ty,

T contains a maximal #-split k-torus S,

S contains a maximal (0, K)-split k-torus Sk,

S contains a maximal (6, k)-split k-torus Sy.
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We first show that such a torus exists. Begin with a maximal (6, k)-split torus Sg, i.e. a
k-torus which is both #-split and split over £ and maximal among such tori. By a result of
Helminck in [16], if we choose any maximal k-split torus T} containing Sy and any maximal
0-split k-torus S’ containing Sy, then S" and T}, commute so that there is a maximal k-torus
T’ containing both. Then to construct a f-perfect torus, we first choose a maximally (6, K)-
split maximal #-split k-torus S containing S, and let Si denote the maximal (6,K)-split
k-torus in S. We also choose a maximal k-split torus T} containing Si. Then since S and T
commute by Helminck’s result, Sg and T} also commute, meaning we can choose a maximal
K-split k-torus Tk containing both Six and Tj. Then applying Helminck’s result again, this
time over K, we have that S and T, commute, so there is a maximal k-torus T containing
both S and Tx. We then have that T is a #-perfect torus.

We next show that a #-perfect k-torus T containing a maximal k-split torus T and a
maximal #-split k-torus S is unique up to (HNg(T))(k)-conjugacy. To see this, first note
that T is unique up to G(k)-conjugacy by [29]. Now note that S is unique up to H-conjugacy
by [36], and again using [29], T is unique up to Cgu)(S)-conjugacy. But by [18], the derived
subgroup of Cg(x)(S) is contained in H°, meaning that T is also unique up to H-conjugacy.
Thus since T is unique up to G(k)-conjugacy and H-conjugacy, we have that T is also unique
up to (HNg(T))(k)-conjugacy, and so we have our claim.

Henceforth, we fix a #-perfect torus T containing a maximal k-split T, a maximal 6-split
k-torus S, and a maximal (6, k)-split torus Sg. We will now choose a special simple system
for the roots of T. In particular, by [17], there is a 0-basis for the roots of T in G, which we
will denote by A, so that A is a basis for the roots of T in G and for all o in A, we have

either
e f(o) =aor
e O(«) is a negative root with respect to the basis defined by A.

We let A, denote the simple roots satisfying the former condition and let A_ denote the
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simple roots satisfying the latter. Again by Helminck [17], the restrictions of the roots in A
to the maximal 6-split torus S contained in T gives a simple system for the roots of S in G,
and the subsets of the corresponding simple system for the roots of S are in bijection with

subsets m of A so that
1. A+ Ccm
2. the subsystem spanned by 7 is #-stable.

We call such a subset 0-admissible. Note that since the action of Fr on T commutes with
the action of # by assumption, we have that Fr acts on the set of #-admissible subsets of
the O-bases for the roots of T. The little Weyl group Wy := Ng(S)/Cq(S) can be identified
with the Weyl group of the roots of S in G and acts simply transitively on the set of 8-bases
for the roots of T in G [17]. We let Wy := Nu(S)/(Cu(S))° be the connected little Weyl
group of S in G, and we consider the subgroup Wj . := Nu°(S)/(Cu(S))° of Wy.. Given
a f-admissible subset 7 of A, we let Wy .(7) and W (7) denote the respective subgroups
of elements whose image in Wy under the obvious projection lies in the parabolic subgroup
corresponding to w. Note that through this projection, all of these groups act on the roots of
S.

Recall that a 6-split parabolic K-subgroup is a parabolic K-subgroup P of G such that
0(P) N P is a Levi subgroup of P. In other words, 6 sends P to an opposite parabolic
subgroup. By [18], a minimal -split parabolic K-subgroup has an associated Levi subgroup
of the form Cg(S;) for S; a maximal (0, K)-split torus. Again by [17], the minimal 6-
split K-parabolic subgroup P containing the Borel subgroup B corresponding to A has
associated Levi subgroup Cg(S), and the root system of Cq(S) has simple system A, . More
generally, the #-split parabolics containing B are in bijection with #-admissible subsets 7 of
A. The 6-split parabolic subgroup corresponding to a #-admissible subset 7 C A has a Levi
subgroup of the form Cg(S,), where S, := [ (ker(alg))°. We call such a Levi subgroup a

aEeT

¢-split Levi subgroup. Given such a subset 7, we let Wy () := Nu(S)/((Cu(Sx))° N Cu(S))
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and Wy .y = Nue(S)/((Cu(Sx))° N Cue(S)). These groups also act on the roots of S by
projecting onto the little Weyl group.
Our primary goal for this section is to parameterize the unramified #-split twisted Levi

subgroups up to H(k)-conjugacy.

5.2 0-split Twisted Levi Subgroups for Finite Groups of Lie Type

We first look at the analogous question over the residue field f. We carry over all notation
from the previous subsection, except we use G, H, etc. for groups over f. We fix a -stable
maximal f-torus T of G containing a maximal #-split f-torus S of G as well as a maximal
f-torus in G and a maximal (0, k)-split f-torus in G (in other words, a #-perfect f-torus T in
G, which exists by [18] as in the case of groups G defined over k). We also fix a 6-basis A of
T. We say that a reductive subgroup L of G is called a 0-split twisted Levi f-subgroup of G
if L is defined over § and there exists a #-split parabolic §-subgroup of G for which L is the
associated Levi factor. We let Ly denote the set of #-split twisted Levi f-subgroups of G.

Every #-split twisted Levi f-subgroup L of G can naturally be associated to a #-split f-torus.
In particular, we let Si denote the maximal #-split subtorus of the connected component of the
center of L, which is #-stable. We call an f-torus S in G that is equal to the #-split component
of the center of Cg(S) a 6-split Levi torus. Then for a #-split twisted Levi f-subgroup of
G, we have that L = Cg(S.), and so we have a bijective correspondence between the set of
f-split Levi tori in G and the set of #-split twisted Levi f-subgroups in G. Thus understanding
Ly up to H(f)-conjugacy is equivalent to understanding the set of 6-split Levi tori in G up
H(f)-conjugacy.

Let Ly/ ~y denote the set of H(f)-conjugacy classes in Ly. Let Iy denote the set of pairs
(m,w) where 7 is a f-admissible subset of A and w € Wy .y = Nue(S)/((Cu(S#))° N Cu(S))
so that wm = Fr(m). For (7', w’) and (7, w) in Iy, we write (7', w’) ~ (7, w) if there exists an
element n’ in Ng(S) so that § = 7’6’ and w = Fr(n/)w’(n’)~1. One can check that this gives

a well-defined equivalence relation on the set Iy.
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Lemma 5.2.1. There is a natural bijective correspondence between I/ ~ and Ly/ ~y.

Proof. We begin by defining a map ¢ : Iy — Ly/ ~n. Suppose that we have a pair
(m,w) € Iy. Then by Lang-Steinberg for H°, we can choose an element h € H° so that the
image of Fr(h ™) in Wy .y is w. Set nj, = Fr(h~')h € Nieo(S). Let S; := 1 (ker(als))® and

aEeTm

M, = Cq(S,). Since Fr(m) = wm, we have

1 -1

Fr(hMW) = Fr(h)Fr(MW) =" (MF‘r(fr)) = h(nh (Myr)) = "M,.

Thus we have that "M, is a #-split twisted Levi f-subgroup of G.

We need to show that a different choice of h results in a #-split twisted Levi J-subgroup
which is H(f)-conjugate to "M,. Suppose I/ € H° is chosen so that ny, := Fr(h’)~!h’ also
has image w in W(;C(ﬂ). Then we can choose s € (Cy(Sy))° N Cye(S) so that ny = nps.
Then we have Fr(W'h™1)"'Wh=! ="s € "((Ch(S,))° N Chxe(S)), and applying Lang-Steinberg
to (Cu(Sx))°, we can find an element s’ € "((Cy(S,))°) C "M, so that Fr(h’h=1) "W R~ =
Fr(s’)~1s’. Thus s’h(h/)~t = Fr(s'h(R/)~!), meaning that s’h(h’)~! € H(f), and we have

I, = M, = R TOR
Thus we have that "M, is H(f)-conjugate to "M, and so ¢ is well-defined.

We now show that ¢ descends to an injective map from I/ ~ to Ly/ ~n, which we
shall also call ¢. Suppose (7, w) and (7', w’) are in Iy, and choose h and A’ in H® so that
the images of nj, and nj, in Wy ., are w and w’ respectively. If o(m,w) = (7', w’), then
there is a k € H(f) so that "M, = *"'M,,. Replacing 2’ by kh/, we may assume without loss
of generality that "M, = "M,,. We then have that both "S and "S are maximal #-split
f-tori in "M, and so there exists some m/ = "m with m in (Cu(S;))° so that ™*'S ="S and
(P QM) ="PNM,), where P is the minimal #-split parabolic subgroup corresponding
to our f-basis for the roots of T. Since we also have that P(™)(*'S) = § and since the two

tori are defined over f, we may conclude that m'Fr(m/)~" € Ni(c, (s, ("S), which implies
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that n; 'Fr(m)nym =" € Ny, (S). Then set n =mh~'h' € Ny(S) and note that nr’ = 7.

We have

Fr(n)(np)n™" = Fr(mh™'W)Fr(R) 'R (mh ™ R) ™! = Fr(m) (np)m ™" = np(n, ' Fr(m)(ny)m ™).

Looking at images in the little Weyl group Wj of S, we see that the image of Fr(n)(w')n~*
is equal to the image of w times an element of the parabolic subgroup Wy(m) of the little
Weyl group corresponding to the #-admissible subset m of A, an element which we call x and

which is equal to the image of n; 'Fr(m)(n,)m ™! in Wy. Note that

v =w 'Fr(n)w'n"'r = w ' Fr(n)w'n’ = w 'Fr(n)Fr(r) = w ' Fr(n) = 7.

But since the action of Wy(m) on the set of 6-bases for the root system spanned by 7 is
simply transitive, we must have that = = 1 in Wy, so that n, "Fr(m)(n;)m~" lies in Cx(S).
Thus n;, ' Fr(m)(ny)m =" lies in (Ch(Sx))° N Cu(S), and so we have that its image in W o(x) is
trivial. Consequently, we have that (m,w) ~ (7, w") so that the map is injective as claimed.

Finally, we show that ¢ is surjective. Suppose L € Ly. Let AL denote the maximal #-split
subtorus of the connected component of the center of L. Choose a minimal #-split parabolic
f-subgroup P in L and a maximal f-torus T in P, containing a maximal #-split f-torus S,.
Denote by A, the corresponding #-basis for the roots of T,. Choose h € H° so that S, ="S
and P_ < "P. Define 7, = h™' - A, and note that m, C Ay. Let w_ denote the image of
Fr(h™')h in Wy (r) and put S, = ( ) (ker(als))® < S. Then we have that A, ="S, and

e

Fr(m ) = wym, which shows that ¢(7p,wy) gives the H(f)-conjugacy class of L.
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5.3 More on 6-split Tori and 6-split Levi Subgroups

We fix a Galois extension E of k. (Note that E here is not necessarily the extension £
from chapter 4, which was defined to be a tame extension of K over which all K-tori split.)
Then we call a subgroup M of G a 0-split Levi (E, k)-subgroup if it is a k-subgroup so that
M =P n4(P) for some O-split parabolic E-subgroup P of G (which then implies that M is
a Levi (E, k)-subgroup in the sense of [1]). If E is a tame Galois extension of k and M is
the group of K-rational points of a Levi (E, k)-subgroup of G, then we can and do identify
B(M) with a subset of B(G), noting that there is no canonical way to do this but that all
such identifications have the same image. Given a 6-split k-torus S of G, we let S¥ denote
the maximal F-split subtorus in G, and given a #-stable maximal k-torus T of G, we let T™

denote the maximal 6-split subtorus of T.

Lemma 5.3.1. If M is a #-split Levi (E, k)-subgroup and Zs; is defined to be the maximal

(0, E)-split torus in the center of M, then Zy; is defined over k and M = Cg(Zny).

Proof. Since M is defined over k, the center of M is also defined over k. Thus by the
uniqueness of Z%,, we have that it is also defined over k.

Now since M is a #-split Levi (E, k)-subgroup, we have that there is #-split parabolic
E-subgroup P of G so that M is equal to P N 6(P). By [17], there is a (0, E)-split torus S
of G so that M = Cg(S). Since S is in the center of M and is (6, E')-split, we must have
that S is contained in Zy;. Thus we have that M < Cg(Zpy;) < Ca(S) = M, and so we are

done. 0

Corollary 5.3.2. Suppose M is a 6-split Levi (E, k)-subgroup whose center has -split
component Zyg. Then if C is a k-subgroup of G which lies between ZY; and Zy, then

M = Cg(C).
Proof. Since Z§; < C < Zy;, we have M < Cq(Zy) < Cg(C) < Cg(Zy;) = M. O

Lemma 5.3.3. If T is a maximal -split k-torus in G, then Cg(T¥) is the unique #-split

Levi (E, k)-subgroup in G that is minimal among Levi (£, k)-subgroups that contain T.
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Proof. Let M = Cg(T¥). Then we must first show that M is a #-split Levi (E, k)-subgroup
in G. Since T is a #-split torus, M is a #-split Levi subgroup by [17], and since T is the
unique maximal E-split torus in T, it is defined over k. Thus M is defined over k as well.
Now if Z%; denotes the maximal (6, E)-split torus in the center of M, then we must have that
TF < Zf/[. Furthermore, since T is a maximal 0-split k-torus in M, we also have Zf,l <T.
But then by the maximality of T in T, we conclude that Z{; < T#. This then implies that
T = Zyy, and so M = Cg(TF) = Ca(ZY)).

Now let T/ be a maximal (6, E)-split torus in G that contains T, and let P’ be a minimal
6-split parabolic E-subgroup so that P’ N A(P") = Cg(T'). (Such a parabolic exists by [17].)
Then since T < M, we have that the subgroup MP’ of G is a #-split parabolic E-subgroup
of G for which M is the associated #-split Levi E-subgroup.

We now show that M is the unique minimal #-split Levi (E, k)-subgroup in G that
contains T. Suppose that M’ is another Levi (E, k)-subgroup that contains T, and let zr,
denote the maximal (0, F)-split torus in the center of M’. Then by the previous lemma, we
have that M’ = Cg(Zay ), and since T < M’ we have that Z, < T. Thus Zyy < T = Z3;,

and so M < M. O

We now adopt the following language when F is the maximal unramified extension K
of k. First, we say that a subgroup L of G is an unramafied 0-split tuisted Levi subgroup
provided that L is a #-split Levi (K, k)-subgroup of G. In addition, we say that a k-torus
S is an unramified 0-split torus in G provided that S is the (0, K)-split component of the
center of an unramified 6-split twisted Levi subgroup in G.

Note that by our lemmas, we know that if L is an unramified 6-split twisted Levi subgroup
in G and S is the (0, K)-split component of the center of L, then L = Cg(S). In addition,
since two @-split Levi (K, k)-subgroups are H(k)-conjugate if and only if the (6, K)-split
components of their centers are H(k)-conjugate, we have that a parameterization of the H(k)-
conjugacy classes of unramified tori also gives a parameterization of the the H(k)-conjugacy

classes of #-split Levi (K, k)-subgroups.
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5.3.1 A Conjecture and a Consequence

We state the following as a conjecture. It likely follows from applying the analogous
result in [1] to the reductive subgroup constructed in [23], but this needs to be checked more

carefully. Note that this conjecture is not used outside of this subsection.

Conjecture 5.3.4. If G is a connected reductive k-group and 6 is an involution defined over

k, then G contains a K-minisotropic maximal #-split k-torus.
Assuming the conjecture is true, we can prove the following:

Lemma 5.3.5. Suppose f is finite. Then a #-split torus T in G is an unramified #-split torus
if and only if there exists a maximal #-split k-torus T” in G such that T is the maximal

K-split subtorus of T'.

Proof. Suppose T is the (6, K)-split component of the center of a #-split Levi (K, k)-subgroup
L. Then by the conjecture, there is a K-minisotropic maximal 8-split k-torus T in L. Then
T is the maximal K-split subtorus of T".

Now suppose there exists a maximal §-split k-torus T' in G for which T is the maximal
K-split subtorus of T'. Then since T" is defined over k, T is as well. Let L = Cg(T). Then
by our previous lemma, we have that L is the unique minimal #-split Levi (K, k)-subgroup
containing T'. We also have that T is contained in Zy,, the 6-split component of the center
of L. Thus T = T < Z{. But then since T’ contains Zy, and T is the maximal (6, K)-split
subtorus of T, we conclude that Zf is contained in T. Hence T = Zf , and so T is an

unramified torus in G. O

Regardless of whether the conjecture holds, note that we have shown that the maximal

(0, K)-split subtorus of a maximal #-split k-torus in G must be an unramified #-split torus.
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5.4 #-split (K, k)-tori

Adjusting our notation from the previous section, we let Z = Zg denote the center of G,
and we let Z~ and Z"~ denote its 6-split component and (, K)-split component respectively.
We call a torus in G a 6-split (K, k)-torus in G if it is a (0, K)-split k-torus that contains
Z%~. If we let Tx denote the set of f-split (K, K)-tori in G, then Tk carries a natural
action of Gal(K/k), and we denote the set of points in Ty fixed by Gal(K/k) by T.. To
ease notation, we will also call the K-rational points S of a #-split (K, k)-torus S a #-split
(K, k)-torus.

Our goal for this subsection is to parameterize the H(k)-conjugacy classes in Ti. To begin,
we introduce indexing sets modeling those in [28] and [1]. For a f-facet F' in B(G) (i.e. a
non-empty subset of points in B(H) = B(G)? which equals the set of §-fixed points of some
facet I’ of B(G)), we let Z denote the group corresponding to the image of Gp N Z*~(K)
in Gr/G}., where we write G for the parahoric of the facet F’ in B(G) containing F. Now

consider the indexing set
J = {(F,S)|F is a O-facet in B(G) and S is a #-split torus in G which contains Z}.

Definition 5.4.1. We say that a (6, K)-split torus S in Tk is a lift of (F,S) € J provided

that we have
1. F C B(Cg(9))
2. the image of SN GF in Gr = Gp/G} is S.

Now suppose that (F,S) € J, and let I' := Gal(K/k). Note that if ['(F') = F, then Gp is
defined over the residue field § of k. In this situation, it makes sense to consider I'(S), and so
we define J' to be the set of pairs (F,S) in J so that both F' and S are I-stable.

Next, we say that a pair (F,S) € J' is maximal if whenever a f-facet F} in B(G) is both

[-stable and contains F in its closure, then S belongs to the f-parabolic subgroup G, /G of
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Gp if and only if F = F}. We let JL

max

denote the subset of maximal pairs in J*.

5.4.1 Lifts of Tori over §

Suppose (F,S) € JU'. Our first goal for this subsection is to show that there is an element
of T that lifts (F,S) and to show that any two such lifts are conjugate by an element of
(HA)'. (Recall from [28] that F is contained in a unique facet F, in B(H). Thus we may
use Hr and H; to denote the subgroups of H associated to Fy.) We will then show that all
elements of 7 arise in this way.

First, recall that we defined a 6-perfect f-torus in a group defined over f to be a 6-stable
maximal f-torus which contains a maximal f-split torus, a maximal #-split j-torus, and a

maximal (6, k)-split f-torus.

Lemma 5.4.2. Set M = C¢,.(S), and let T denote a #-perfect §-torus in M. Then there is a
f-stable maximal unramified torus T in G which lifts (F, T). Moreover, for all such T lifting

(F,T) there exists a unique lift S € T of (F,S) with the property that S < T.

Proof. Such an unramified torus T exists by [28]. Now note that X,(T) = X,(T) as I-modules
and as #-modules, and so we can choose a subtorus S of T corresponding to the image of
X, (S) under the map X, (S) < X.(T) = X,(T). Then S € Ty, and since T < C(S), we have
F C B(T) C B(Cs(S)), giving us that S is a lift of (F,S) as required.

Now if S’ € Ty is another lift of (F,S) that lies in T, then X,(S') = X,(S) = X.(S) in
X,(T), and so S’ = S. O

Corollary 5.4.3. If S, S" € T both lift (F,S), then there exists an element h € (H}5)" so
that S = §'

Proof. We reuse the notation from the proof of the preceding lemma.
Set M' = Cg(S'). Then note that F' C B(M’) by the definition of a lift, and we have that
the image of M’ N Gp in Gr is M = Cg,.(S). Now let T/ < M’ be a #-stable lift of (F,T).

Since S’ is in the center of M', we have S' < T, and since S’ (resp. T') is a K-split torus
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lifting (F,S) (resp. (F,T)), we conclude from the preceding lemma that S’ is the unique lift
of (F,S) in T". Then by [28], there is an h in (H})" so that "T = T’. Our result then follows

from uniqueness in the preceding lemma. ]

Thanks to the preceding lemma and corollary, we can define an action of H(k) on JL

max*

Suppose h € H(k) and (F,S) € JL

max*

Then if S is a lift of (F,S), let S denote the image of
"SN G in Gur and set h(F,S) := (hF,"S) € JL .

We now want to move in the opposite direction, showing that every element of 7Ty arises

as a lift from a pair in JX

max*

Lemma 5.4.4. For all S € T}, there exists (F,S) € JL

max

so that S lifts (F,S).

Before proving the lemma, given a reductive k-subgroup C of G having the same K-rank
as G, we define a (0, C)-facet to be a non-empty subset of B(G)? which equals the set of
f-fixed points of some C-facet in B(C) C B(G).

Proof. Fix S € Ty, and let M = Cg(S). Note that M is a Levi (K, k)-subgroup of G.

Choose a I'-stable (0, M)-facet F’ in B(M) so that F’ has maximal dimension among
f-facets in B(M). Then since F” can be written as the disjoint union of (¢, G)-facets in B(G),
we may choose a I-stable (8, G)-facet F in B(H) so that F € F’ and dim(F") > dim(E") for
all T-stable (6, G)-facets F in F'. In fact, dim(F) > dim(F") for all T-stable (6, G)-facets
F in B(M). This is because every such facet is (M?)-conjugate to an element in the closure
of an alcove of B(M?) = B(M)? [30] containing F’, and by [5, 9.2.5], the I'-fixed points of
all (0, G)-facets lying in the closure of this alcove which do not lie in the closure of another
(6, G)-facet have the same dimension, which will be that of FT.

Now let S be the f-torus in Gg corresponding to the image of S N Gp in Gp. Then,
by our construction, we have that S is a lift of the pair (F,S). It remains to show that

(F,S) € JU__. Suppose that F” C B(G) is a [-stable (6, G)-facet with F C ' and F # F”.

max"*

Then if S belongs to the proper parabolic f-subgroup Gr»/G} of Gr = Gr/GY., then we

have that SN Gg = SN Gpr fixes F” and (F”,S') € J' where S’ is the -split f-torus in Gzw
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corresponding to the image of S N Gpr in Gpr. By [9, 4.4.2], we then have that F” is in
B(M), but the dimension of F is strictly larger than than of F", contradicting the previous

paragraph. ]

5.4.2 An Equivalence Relation

Thanks to the results of the previous subsection, we have a well-defined surjective map
o from JL__ to the set of H'-conjugacy classes in Tj. In this subsection, we introduce an

max

equivalence relation ~ on JL  so that ¢ descends to a bijection.

Suppose A is an apartment in B(H)" so that A = A(S, k) for some maximal k-split torus
S < H. Note that any two such apartments are conjugate by an element h € H'.

If Q C A, then we denote the smallest affine subspace of A that contains Q2 by A(A, ).
If ', Fy are two (6, GT)-facets in A for which () # A(A, F}) = A(A, F,), then we say that F}
and Fy are equivalent. Note that if F/ denotes the G -facet containing F; for i = 1,2, and A’
is an apartment of B(G)'' containing FY}, F}, then by [27] A(A, F}) = A(A, Fy) if and only if
A(A' F]) = A(A', F3). Thus there is a natural identification of Gp, with Gg, as in [10], and
we write Gp, =~ Gp,.

Now suppose (F},S;) € J'. Then we write (F1,S;) ~ (F3,Ss) if there exists an element

h € H' and an apartment A in B(H)" so that
1. 0+# A(A, FT) = A(A, hF))
2. Sl ~ hSQ in GF1 ~ GhFQ.

Lemma 5.4.5. The relation ~ is an equivalence relation on J., .

Proof. The proof is nearly identical to the one in [28] or [10]. O

5.4.3 A Bijective Correspondence

Suppose S € Ty, is a lift of (F,S) € JL

max*

Let M = Cg(S), and note that by our definition

of a lift (Definition 5.4.1), we have that F' C B(M).
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Lemma 5.4.6. Let C' denote a I'-stable (6, M)-facet in B(M) that contains F' in its closure.

Then C' is a maximal (6, M")-facet in B(M)'', and F' is an open subset of CT.

Proof. Tt will be enough to show that F' is a maximal (0, G")-facet in B(M)'. Now choose
a (0, GY)-facet D C B(M)' so that F*' C D. If F' # D, then as S is in the center of M,
the image of SN G = SN Gp in Gr/G} belongs to the parabolic f-subgroup Gp/G7,

contradicting that (F,S) € J. O

max*

Lemma 5.4.7. Suppose (F},S;) € JL

max

with lifts S; € Tx. Then if there exists h € H' so

that hsl = SQ, then (Fl, Sl) ~ (FQ,SQ).

Proof. Replacing (Fy,S;) with (hFy,"S;), we may and do assume that S := S; = S,. Now
set M = Cg(S). Then since S is a lift of (F},S;), we know from the definition of a lift that
F, € B(M). Let C; denote the (6, M)-facet in B(M) to which F; belongs. By the preceding
lemma, we have that C} is a maximal (8, M")-facet in B(M"), and so in particular, C}
must lie in an alcove CT of B(M')? for some M-facet C; in B(M)?. Thus there exists an
m € M" N H so that mCy; = Cy. Replacing (Fy,S;) by (mFy,”S;), then since FI' and
FI' are open in C} and C}, and hence also open in Cr = C’g , for any apartment A in
B(M")’ ¢ B(H)" containing CT we have §) # A(A, FI') = A(A, F}). Then since ™S = S, we
see that (F1,S1) ~ (F2,S2). O

Corollary 5.4.8. There exists a bijection between JL_ / ~ and the set of H'-conjugacy

classes in 7.

Proof. The only thing we still need to check is that if (Fy,Sy), (F»,Ss) € J&

max

with (Fl,Sl) ~
(F3,S5), then they have lifts that are H'-conjugate. Suppose we have such (F},S;) and
(F,Ss) with (Fy,S1) ~ (F3,Ss). Then there is some element h € H" and an apartment A in

B(H)" so that
o 0 AGA FT) = A(A, hF])
® Sl =~ h52 in GF1 ~ GhF2
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We may and do assume that h is the identity and that A C A'(A)F, where A'(A) is an
apartment in B(G) for some maximal k-split torus A of G.

Let M; denote the Levi (k, k)-subgroup of G corresponding to the G-facet F} containing
the (0, G)-facet F;. Since A(A', (F))') = A(A, (F3)") by our earlier remark, we have that
M; = Mo, so we can set M = M;. By construction, the image of M NGp, in Gp, is Gp, itself.

Now since S; =~ Sy in Gp, = Gp,, we can find a #-stable (K, k)-torus T so that the image
of T'N Mp, N Mg, in Mg, = Gp, is a -perfect f-torus in Cg,, (S;). But by Lemma 5.4.2, there
is exactly one lift S of (F},S;) in T. Then the image of SN M in Mg, = Gp, is S;, and so the

proof is complete. O

5.4.4 0-split (K, k)-tori and Extendable Levi (k, k)-subgroups

If M is a Levi (k, k)-subgroup of G, then we let (M’) denote the H' -conjugacy class of M.
For two conjugacy classes (M;) and (M), we write (M;) < (My) if there exists L; € (M;)
so that Ly < Lo. If a Levi (k, k)-subgroup M is #-stable, we say that it is extendable if
M = Cq((T*)*) for some k-torus T+ so that (T")* < H. As the minimal #-stable parabolic
k-subgroups in G have a Levi component equal to the centralizer of a maximal k-split torus
in H by [18], the extendable Levi (k, k)-subgroups should correspond to the Levi subgroups
arising as Levi component of a #-stable parabolic k-subgroup, hence the term extendable.

Given a f-facet F'in B(H), we let zM denote the Levi k-subgroup of G associated to the

facet F' in B(G) containing F'.

Lemma 5.4.9. Fix (F,S) € J.

max’

and let S € T; be a lift of (F,S). Then there exists a
f-stable (Hj)"-conjugate M’ of pM so that S < M’ and so that every extendable Levi

(k, k)-subgroup M” containing S, satisfies (M) < (M").

Proof. Let M = Cg(S). Then from the previous section, we have that F' is a maximal
(0, G")-facet in B(M)" and hence contained in an (M N H)"-alcove. Choose a #-perfect
k-torus T in Cg,(S). Then there is a @-stable lift T of T containing S, and if C denotes

the f-split component of the center of Gg, there is a unique k-torus Cp which lifts CZr and
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which is contained in both T and the center of M by [1]. We know then that M’ = Cq(Crp)
is f-stable since Cp is #-stable by uniqueness, and our previous result tells us that it is
(H})F-conjugate to M since the central tori are f-stable and have the same image in Gp.
Note that M’ contains S.

Now suppose that M” = Cq((AT)*) is an extendable -stable Levi (k, k)-subgroup which
contains S, where A" is a k-torus in H. (Recall that (A*)* denotes the maximal k-split torus
contained in A™.) Then since (A™)* commutes with S, we have that (A*)* < M. Choose a
maximally k-split maximal (K, k)-torus T" in M N H that contains (A™)*. Then since F' is
contained in an (M N H)I-alcove, after replacing T' and M” with a (M N H)(k)-conjugate
we may assume that F©' C B(T")" ¢ B(M?)". Since F' is a maximal (6, G')-facet in B(M)?,
we see that the image of (T')* in Gp is contained in C. After potentially replacing T’ by an
(H{ ) -conjugate, we then have that (A™)* < (T")¥ < Cp. We then have that M’ < M”, and

so we are done.

5.5 A Parameterization of Unramified 6-split Tori

In this section we seek to parameterize the unramified #-split tori, those #-split k-tori S
in G for which S is the (0, K)-split component of the the center of Cg(S). In the case of
maximal unramified #-split tori, we have a parameterization by Portilla. In this case, there is
a bijective correspondence between the set of H'-conjugacy classes of maximal unramified
f-split tori in G and equivalence classes of pairs (F,S), where F' is a f-facet in B(G?)" and S
is a maximal f-elliptic f-stable f-torus in Gp, where we recall from [28] that a 6-stable torus
in said to be f-elliptic if (T*)" = (Z{, ). (Note that there is another notion of a f-elliptic
f-torus appearing in the work of Murnaghan, where it is defined to be a f-torus T so that
(T) = (Z,)")

A general unramified 6-split torus will arise as a lift of one of the pairs (F,S) from the

previous section, where F' is a f-facet in B(GY)™ and S is a #-split f-torus in Gp. However,
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not all of the 6-split (K, k)-tori from the previous section are unramified 6-split tori, and so
we need to refine this parameterization.

We fix an H-alcove C in B(H) lying in the apartment of a maximally k-split maximal
unramified k-torus A of H, which in turn lies inside of a maximally k-split maximal unramified
k-torus A’ of Cg(A). Then C! is a union of #-facets in B(GY)!', and for each such #-facet
F such that a pair (F,Ar) arises in our parameterization from the previous section, we fix
a maximally k-split maximal #-split f-torus A in G and a f-perfect torus A% containing
Ar so that if for two §-facets F' and F’, there is an h € H' so that I and "F’ are strongly
associated, then A is identified with Aps and A% with A’ under the identification of Gp
with Ggr.

By taking lifts of each of the Ar above we find a family of 8-split tori Ar and maximally
k-split f-stable maximal unramified tori A% in G containing them. By [17], the set of roots

in G of each of the A’ has a #-basis, which we denote by Ag.

5.5.1 An Indexing Set over f

Given A’ as above, we set II(G, F') to be the set of all f-admissible subsets of f-bases
of the roots of A’z in G. Recall that we may and do identify II(G, F') with the subsets of
simple systems for the roots of Ar in G. Recall that we identified Fr with a topological

generator for I'. Set
Ipp = {(m,w)|r € I(G, F),w € Wy c(x)p, and Fr(®;) = wd,},

where @, denotes the root system spanned by 7 and Wy (x).r = Nuo(Ap)/((Cre((Ap)x))° N
Che(Ar)).

Modeling [1], if F' is f-facet contained in the facet F’ in B(G), we let ®(F') denote the
set of gradients of the affine roots of A’ in G whose restriction to F” is constant, and we let

A'(F) = (na@(p) ker(a))o . Recall that »M = Cg(A’(F)) and that the image of A'(F)NGp
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in Gp is the group of §F-points of the f-split component of the center of Gp = pMp.

For a #-admissible subset 7 of roots of A, we define

(Woetm))F = Nup(Ar)/((Chp ((Ar)x)) N Chyp (AR)),

where (Ap), is the image of (Ap), in Gp. Note that we can and do identify (W c(r))p with a
subgroup of W c(x),r-

We now define
](F) = {(TF, U}) € L9,F|w € (WG,C(W))F < WO,C(W),F}~

For (¢',w’) and (0,w) in I(F), we write (¢/,w’) ~p (8, w) if there exists n € Ng,.(Ar) so
that @, = n®, and Fr(n)un™" € w'(Wy () r N Wo et (7)), where Wy .-y (7') denotes the
subgroup of Wy .y whose image in the little Weyl group under the natural projection lies
in the parabolic subgroup corresponding to n’. One checks that ~p defines an equivalence
relation.

We will say that (0,w) € I(F) is F-elliptic provided that for all #-facets F’ in C so
that ' C F', for all (¢/,w') € I(F) with (¢',w') ~p (6, w), and for all hp € HE so that
(Ap)g C " Apr, we have that e ' does not have a representative in Hp. We set 1¢(F) to

be the set of pairs in I(F) which are F-elliptic.

Lemma 5.5.1. Suppose (7, w) € I(F). Then we can choose h € Hp so that the image of
n = Fl"(h)_lh c NHF (AF) in (WQ,c(w))F is w.

Proof. Choose h € Hp so that the image of Fr(h)~'h in (Wp «(x))r is w, which we can do by
Lang’s theorem applied to Hp. Note that S = "Ap is a maximal #-split f-torus in Gg by our
choice of Ap. Now let S be a lift of (F,S). Then since S is a maximal unramified #-split torus
with F' C A(S), there exists an element x € Hp so that “Ap = S. Let T denote the image of

z in Hp. Then since S = “Ap, the image of Fr(Z) T in (W (x))r is of the form Fr(w’)tww’
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for some w' in (Wy o(x))p. Then let n’ € Ny, (Ar) be a lift of w’, and set h = xn/. O

5.5.2 Relevant #-split Tori over f

Suppose (F,S) € J¥, and let S be a lift of (F,S). Then we will say that S is relevant in
Gp provided that S is the (6, K)-split component of the center of Cg(S). Let R(F) denote
the set of relevant #-split tori in Gp. Fix « = (7, w) € I(F). Then thanks to Lemma 5.5.1,
we can fix h € Hp so that the image of n = Fr(h)"'h € Ny, (Ar) in (Wycn)r is w. Let b

denote the image of h in Hp, and let

(Ap), = (ﬂ ker(a)yAF> < Ap.

aEcT

Set S, = E(AF)W and S, = "(Ap),. Then S, is a lift of (F,S,). Set L, = Cg,(S,) and
L, = C¢(S,). Then note that &, = ®(L,,"A’), and note that since S, is the (6, I)-split

component of the center of L, S, is relevant.
Lemma 5.5.2. The map that sends ¢ € I(F) to the Hh-conjugacy class of S, is well-defined.

Proof. We first show that the the HL-conjugacy class of S, is independent of the choice of
h above. Suppose I/ € Hp so that the image of Fr(h')™*h' € Ny, (Ar) in (Wy@x))r is also
w and let 7’ denote the image of &’ in Hp. Let S, = " (Ap), and S, = " (A),. Then S/ is
a lift of (F,S;), and since Fr(h')~'h’ and Fr(h)~'h have image w in (Wy(x))r, there exists
s" € (Cu, ((Ar):))° N Cr,(Ar) so that Fr(h/)"'1's' = Fr(h)~'h. Let z = W'h™' € Hp. Then

for all t € S, we have
Fr(“t) = PO R ) = PP YR (L)) = PFr(t).

Hence Int(z) and Int(Fr(z)) both carry S to S/, hence they carry S, to S!. Moreover,
Fr(z)~'z € (Cy,.(S,))°. Then since we know that H!(Fr, (Ch,(S,)°) = 1, we know there

exists [ € (Cy,(S,))° so that Fr(z) 'z = Fr(l)~'/ modulo H}:. Thus 7, the image of z/~! in
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Hp, belongs to HE, and we have that that S, and S' are Hl.-conjugate by 7.

If S is H' -conjugate to S,, say by hy € H', then S = ""(AL),. Then since Fr(hyh)"thih =
Fr(h)~th, the map is independent of our choice of lift, and so we have a well-defined map
from I(F) to the set of H}:-conjugacy classes in R(F).

O

Lemma 5.5.3. The map that sends ¢ € I(F') to the Hf;r—conjugacy class of S, descends to a

bijective map from I(F)/ ~p to the set of Hir-conjugacy classes in R(F).

Proof. We first show that the map is injective. Suppose ¢; = (m;, w;) € I[(F') and h; € Hp so

that image of Fr(h;)"'h; in (Wp o(m))p is w;. Set S; = hi(Ap), and S; = Ei(Ap)m, where h;

is the image of h; in Hp. Note that S; is a lift of (F,S;). Now suppose there exists h € H%
so that S; = 7S,. Then by the previous section, there exists a lift h € Hi of h for which
S: = "S,. Without loss of generality replace hy by hhy so that S; = Sy and S; = S,. Let
L, = Cg,(S1), and let Ly = Cg(S;). Then there exists [ € (L, NHp)° for which hap = Thip
Then there is a lift [ € (Ly N Hy) of I so that " Ap = "™ Ap. Choose m € Ny(Ar) for which

lhy = hom, and note that m = hy'lh; € Hp. Let M, = Cq((AF)y,). Then we have

®r = O(M,,, Ap)
=W O(Ly, M Ap) = AU Ly, M AR) = b O(Ly, 2 AR)
= hl_ll_th(I)(Mﬁzﬂ AF) = m_lq)(Mﬁzv AF) = (I)(Mm*HTW AF)

=m o,

so that m®,, = &,.
Since the image of * (Fr(I)"'l) € Ny, (Ap) in W e(=) belongs to the parabolic subgroup

Wo,c(m) (1), we then have that

Fr(m)_lwgm = Fr(lhl)_llhl((CHF((AF)W))O N CHF (AF))
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= wihy (Fr() D ((Crr (AF)2))° N Crrp (AR)) € wiWo ey (m1).

Since the representatives are all in Hp, we have that Fr(m) 'wym is in (W .(x))F, and so we
conclude that ¢; ~p t9.

We now show that the map is surjective. Suppose T < Gp belongs to R(F). Let T’
be a maximal f-stable f-torus in Gg that contains T and has the largest possible (6,f)-
split rank among #-stable tori in Gp that contain T. Then T' contains the center of Gg
and there exist lifts T of (F,T) and T of (F,T') such that L = Cg(T) is a 6-split Levi
(K, k)-subgroup, T is the (0, K)-split component of the center of L, and T < T’ < L. Let
By, < L be a Borel K-subgroup of Li contained in a minimal #-split parabolic K-subgroup of
L which contains T’. Since T’ is a lift of (F,T’), there is a h € Hp so that "A’, = T'. Let
m=h"T'A(L By, T') € II(G, F). Let w denote the image of Fr(h)™'h in (Wy (x))r. Then

the pair (7, w) belongs to I(F') and corresponds to T. O

5.5.3 Parameterizing H¥*-Conjugacy Classes of Unramified #-split Tori in G

Define

I = {(F,m,w) : F C A(A)™ is a (G, §)-facet and (7, w) € I(F)}

and let U denote the set of H™-conjugacy classes of unramified #-split tori in G. Then by
the previous subsections, we can define a function j : I, — U as follows. For (F, 7, w) € Ly,
let S € R(F) be a relevant torus associated to (m,w) and let j(F, 7, w) be the H™-conjugacy
class of any lift of (F,S).

For (F', 7', w'), (F,m,w) € L, we write (F',7",w’") ~ (F,m, w) provided that there ex-
ists an element n € (W (H, A))™, where W(H, A) is defined to be the affine Weyl group
Np(A)/(Cy(A) N Hp) of A in H, for which A(A(A)™ F') = A(A(A)™,nF) and with the
identifications of Gp = G, and X*(Ap) = X*(A,r) = X*(AF) arising in this way, we have

that (7', w') ~p (nm,"w) in I(F') = I(nF). One check that this defines an equivalence
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relation on [,.
We say that (F, 7, w) € I, is elliptic provided that (m,w) € I¢(F), and we set I, to be

the set of elliptic triples (F, 7, w) in I,.
Theorem 5.5.4. The map j induces a bijection from I,/ ~ to U.

Proof. We first show that j is surjective. Let S be an unramified #-split torus in G. Let
L denote the centralizer of S and let F' be a maximal (0, G*)-facet in B(L%)™ C B(G?)™.
Choose a maximally (6, K)-split maximal unramified torus S’ of L that contains S so that
F C B(S"). Also fix a minimal #-split parabolic K-subgroup Py, of L that contains S’ and a
Borel K-subgroup By, contained in Pr. Choose h € H™ so that hF' C A(A)™. Then after
replacing S with "S, we may assume that F C A(A)™.

Let S denote the #-split f-torus in Gg whose group of f-rational points coincides with
the image of S N Gf in Gp. Then there exists an h € Hp so that S’ = hA’F. Let 7 =
h'A(L,By,S') € II(G, F), and let w denote the image of Fr(h) 'k in (Wp,c(x))r. Then note
that S belongs to j(F,m, w).

To conclude our proof of surjectivity, we need to show that the triple (F,m, w) is elliptic.
If it is not elliptic, then there exists (7', w’) € I(F) with (m,w) ~p (7',w’), an element
hp € Hp, and a (6, G™)-facet I’ with F C F so that Ml has a representative in Hp
and (Ap)y C " Ap. Then there exists h € H := """ Hp C Hp so that Fr(h)~'h lies in
Ng(Ap) and has image w' in (Wy (x))p. Note that hhp F” is a facet in B(""#" A%,), and since
(m,w) ~p (7', w'), from the preceding lemma we have that th’(AF/)h;}ﬂ, ="(Ap)y =78 for
some x € H'. Note that then * "= A", < L, and so z~'hhp F' € B(* e A C B(L)™,
contradicting the maximality of F.

It remains to show that if (Fj,m,w;) for i € {1,2} are two elements of I? with
J(Fy, m,wy) = j(Fy, mo,we), then (Fy,m,wy) ~ (Fy, m,we). Choose S; € R(F;) corre-
sponding to (m;,w;) € I°(F;) and let S; be a lift of (F},S;). Note that (F},S;) € JL

max"*

Since
J(Fy, 7, wy) = j(Fy, mo, ws), we conclude that S; is H™-conjugate to Sy. Thus we know that

there exists h € H™ and an apartment A’ in B(G%)! so that 0 # A(A', F}) = A(A', hF)
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and S; ="S, in Gp, = Gy, by Corollary 5.4.8. After conjugating by an element of HE{, we
may assume that A" = A(A). By the affine Bruhat decomposition for H, we may choose
n € Nugy(A) so that n=*h € HE. Then there exists € Hjj such that after replacing
Sy by *Sy we may assume A(A(A)™ Fy) = A(A(A)™, nFy) and Sy = Sy in Gp, = Gup,.
Identifying n with its image in the affine Weyl group W (H, A) of A in H, we then have that

(Wl,wl) ~F (TLTI'Q,n wg) n ](Fl) = ](TLFQ)
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CHAPTER VI

Unramified f-perfect Tori

While the previous section provides a serviceable analogue of the results in [1], working
with unramified 6-split tori alone does not allow us to show how the H(K')-conjugacy class of
a maximal #-split k-torus splits into H(k)-conjugacy classes. In this section, we will provide
a very similar parameterization of the H(k)-conjugacy classes of a class of #-stable tori called
unramified 6-perfect tori, which are unramified tori in the sense of [1] which are contained in
a H-conjugate of a f-perfect torus in the sense of the previous section. Using these tori, we
will be able to show how an H(K)-conjugacy class splits into H(k)-conjugacy classes in a

future paper.

6.1 Results for Finite Groups of Lie Type

In this subsection, we will look at the analogous problem for finite groups of Lie type.
Recall that a #-stable maximal f-torus in G is called #-perfect if it contains a maximal
f-torus, a maximal #-split f-torus, and a maximal (6, k)-split f-torus. We say that a reductive

subgroup L of G is a @-perfect twisted Levi §-subgroup of G if
1. L is defined over f,

2. there exists a parabolic §-subgroup of G for which L is the associated Levi factor,
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3. and the center of L is a #-stable subtorus of an H-conjugate of a #-perfect torus of G

(or, equivalently, a @-stable maximal f-torus containing a maximal 6-split f-torus.

We let L,., denote the set of 0-perfect twisted Levi f-subgroups of G.

If S is a f-stable subtorus of an H-conjugate of a #-perfect torus of G, then we say that it
is a f-perfect Levi torus if it equals the connected component of the center of Cg(S). Now
if L is a @-perfect twisted Levi f-subgroup, let S denote the the connected component of
the center of L, which by definition is contained in a #-perfect torus of G. Then we have
L = Cg(SL), and this gives a bijective correspondence between the set of §-perfect Levi tori
in G and the set of f-perfect twisted Levi f-subgroups in G. This means that understanding
Lyer up to H(f)-conjugacy is equivalent to understanding the set of §-perfect Levi tori in G
up to H(f)-conjugacy.

Now let L,/ ~n denote the set of H(f)-conjugacy classes in L,.,. Fix a §-perfect f-torus
T, and let A denote a #-basis for the roots of T as in the previous section. Then if 7 is a

subset of A whose span is ¢-stable, we let Wy .y = Nue(T)/((Cu(Tx))° N Cpe(T)). Note the

o(m

W, o(x) acts on the set of such 7 by considering the action which arises from projecting to the
usual Weyl group of T. Let [, denote the set of pairs (7, w), where 7 is a subset of a fixed

f-basis A for the roots of T and w € Wé,c(w) so that
1. the span of 7 is f-stable and
2. wr = Fr(m).

For (7', w’) and (7, w) in I, we write (7', w’) ~ (7, w) if there exists an element n’ in Ny(T)
so that 6 = n/¢’ and w = Fr(n')w’(n’)~'. One checks that this gives a well-defined equivalence

relation on the set I, .
Lemma 6.1.1. There is a natural bijective correspondence between I,/ ~ and L,/ ~h.

Proof. We begin by defining a map ¢ : Ipe, — Lye;/ ~n . To do this, first suppose that we

have a pair (7, w) € I ... Then applying Lang-Steinberg to H°, we can choose an element
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h € H° so that the image of Fr(h~!)h in We’,c(ﬂ) is w. Then we set nj, = Fr(h™')h € Ny (T),
and we let T, := ([ (ker(«)))°. Let My = Cg(T,). Then since Fr(7) = wm, we have

aEem

—1

Fr("M,;) = "OFr(M,) = " (Mpyin) = "(" (Myr)) = "M,

Furthermore, since the span of 7 is f-stable, we have that the center »T, of "M, is a #-stable
subtorus of a #-perfect torus of G. Thus "M, is the center of a f-perfect twisted Levi
f-subgroup.

In order to show that we have a well-defined map, we need to show that a different choice
of h results in a f-perfect twisted Levi f-subgroup which is H(f)-conjugate to *M,. Suppose
that i/ € H° is chosen so that ny := Fr(h/)"1h’ also has image w in Wy ety Then we can
choose s € (Cy(T,))° N Che(T) so that ny = nys. Then we have Fr(h/h=1)"IWh~! = hs €
"(Cx(T,))°NChe(T)), and applying Lang-Steinberg to *((Cx(T,))°), we can find an element
s" €M ((Cu(Tx))°) € "M, so that

Fr(Wh™ ') 'h'h~! = Fr(s')'s.
Thus s’h(I/)~ = Fr(s'h(h')~!), meaning that s’A(h/)~1 € H(f), and we have

hM7r _ s’hl\/l7r _ (s’h(h’)*l)h’Mﬂ_.
Thus we have that » M, is H(f)-conjugate to "M, and so ¢ is well-defined.

We now show that ¢ descends to an injective map from I,/ ~ to Lye/ ~n, which
we will also call ¢. To do this, suppose that (7w, w) and (7’,w’) are in I, and choose

h and A’ in H® so that the images of n, and ny in W o(m) are w and w’ respectively. If

)
o(m,w) = (n’,w'), then we know that there is k& € H(f) so that "M, = *"M,.. Replacing A’
with kA, we may then assume without loss of generality that "M, = ""M,,. We then have

that both "T and ' T are maximal #-perfect f-tori in "M, and so there exists some m/ = "m
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with m in (Cy(T,))° so that ™" T = T and ™" (B N M) = *(B N M,), where B is the
Borel subgroup of G corresponding to our fixed #-basis A for the roots of T. Since * T and
"T are both defined over §, we also see that ™) (" T) = T, and so we can conclude that
m/'Fr(m')™" € Nigy(t.y)("T). This then implies that n, 'Fr(m)n,m™" € Ny, (T). We

now set n = mh™'h’ € Ny(T) and note that nt’ = 7. We also have
Fr(n)(np)n~" = Fr(mh'W)Fe(W) 'R (mh ' R) ™! = Fr(m) (np)m ™" = np(ny, ' Fr(m)(ny)m ™).

Looking at images in the Weyl group W of T in G, we see that the image of Fr(n)(w')n" is
equal to the image of w times an element of the parabolic subgroup W, of W associated to

7, which we call z and equals the image of n, 'Fr(m)n,m~" in W. Note that
v = w Fr(n)w'n"'r = wFr(n)w'n’ = w ' Fr(n)Fr(7) = w ' Fr(n) = 7.

But since the action of W, on the set of simple systems for the root system spanned by 7
is simply transitive, we must have that x = 1 in W, meaning that n,;lFr(m)nhm_1 lies in
Cy(T). Thus we have shown that n; 'Fr(m)(n)m™! lies in (Cy(T,))° N Cu(T), and so its
image in Wy . is trivial. Consequently, we have shown that (7, w) ~ (',w’) so that the
map is injective as claimed.

Finally, we show that the map ¢ is surjective. To do so, suppose that L € L., and let A
denote the connected component of the center of L. Choose a #-perfect torus T in L, and let
BL be a Borel f-subgroup in L containing T, and corresponding to a -basis AL for the roots of
T.. Now choose an h € H° so that T, ="T. and B, < "B. Define 7, = h~'-A(, and note that
7L C A. Let wy denote the image of Fr(h™')h in Wy o) and put Ty = (agL(ker(a)))o <T.

Then we have that A, = "T, and Fr(m ) = wym, which shows that ¢(m,w.) gives the

H(f)-conjugacy class of L. O
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6.2 Some Notation and a Counterexample

Fix a Galois extension E of k. We call a subgroup M of G a 0-perfect Levi (E,k)-subgroup
if it is a #-stable k-subgroup so that M is the Levi factor of a parabolic E-subgroup of G and
if M contains an H-conjugate of a #-perfect torus of G. The latter condition is equivalent to
the identity component of the center of M being contained in an H-conjugate of a #-perfect
torus of G. (Note that the H-conjugates of a @-perfect torus of G are precisely the #-stable
maximal tori in G which contain a maximal 6-split torus. This is because all maximal #-split
tori are H-conjugate and because the derived subgroup of the centralizer of a maximal 6-split
torus is in H® by [18].) Recall that if E' is a tame Galois extension of k and M is the group
of K-rational points of a Levi (E, k)-subgroup of G, then we can and do identify B(M)
with a subset of B(G), noting that there is no canonical way to do this but that all such
identifications have the same image. As in Section 5.3, given a k-torus S of G, we let S¥
denote the maximal E-split subtorus in G.

When F is the maximal unramified extension K of k, we adopt the following language.
First, we say that a subgroup L of G is an unramified 0-perfect twisted Levi subgroup provided
that L is a O-perfect Levi (K, k)-subgroup of G. In addition, we say that a k-torus S is
an unramified #-perfect torus in G provided that S is the maximal K-split subtorus of the
identity component of the center of an unramified #-perfect twisted Levi subgroup of G.

Note that a f-perfect Levi (E, k)-subgroup is also a Levi (E, k)-subgroup in the sense of
[1], and so we can carry over results from section 3 there. In particular, we know that if L is
an unramified #-perfect twisted Levi subgroup in G and S is the maximal K-split subtorus
of the identity component of the center of L, then we know that L = Cg(S). This gives
a bijective correspondence between the unramified f-perfect twisted Levi subgroups of G
and the unramfied #-perfect tori in G, and we have that two unramified #-perfect twisted
Levi subgroups are H(k)-conjugate if and only if the corresponding unramified #-perfect tori
are H(k)-conjugate. Consequently, parameterizing the H(k)-conjugacy classes of unramified

O-perfect twisted Levi subgroups in G is equivalent to parameterizing the H(k)-conjugacy
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calsses of unramified #-perfect tori in G.
It is natural to ask whether the conjecture from Section 5.3 and the lemma following it

have analogues for 6-perfect tori. In particular, one asks:

1. Does G contain a H-conjugate of a #-perfect torus which is K-minisotropic?

2. Is a K-split torus T contained in an H-conjugate of a #-perfect torus unramified if and
only if there exists an H-conjugate T of a f-perfect k-torus so that T is the maximal

K-split subtorus of T.

The answer to both of these questions is no, as the following example illustrates. Let
G = SL3 defined over, as always, a finite extension k of the p-adic numbers Q, with p # 2,

and let 6 be the involution given by conjugating by the matrix

10 0
01 0
00 -1

Then the H(k)-conjugacy classes of 6-split k-tori with respect to this involution can be
directly computed. In particular, for each = € {1,¢, @, ew}, where we fix € € 0* \ (0*)?, there

is an H(k)-conjugacy class which has a representative torus 7T, consisting of matrices of the

form
1 0 0
0 a b
0 zb a

The centralizers of these #-split tori consist of matrices having the form

c 0 0
O a b 9
0 zb «a
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and as these centralizers are tori, we have that they are representatives for the H(k)-conjugacy
classes of the maximal k-tori which are H-conjugate to a @-perfect torus. (The #-perfect
tori correspond to the class where x = 1, and the other H(k)-conjugacy class of maximal
unramifed f-perfect tori is the class where x = €.) But notice that the intersection of each
representative with the diagonal torus in SLj gives us a k-split torus of rank 1, and so none
of the H-conjugates of a #-perfect torus are K-minisotropic. Furthermore, the trivial torus is
K-split and clearly contained in a 6-perfect torus, yet it is not the maximal K-split subtorus
of any H-conjugate of a f-perfect torus, as each such torus contains a k-split torus of rank 1.

Thus we have shown that the answer to both of our questions is no.

6.3 0O-perfect (K, k)-tori

We call a torus in G a f#-perfect (K, k)-torus if it is a #-stable K-split k-torus which
contains Zg = Z% and is contained in a H-conjugate of a @-perfect torus. We let Tk per
denote the set of #-perfect (K, K)-tori in G, then we have that 7T ., carries a natural action
of Gal(K/k), and we denote the set of points in Tk p, fixed by Gal(K/k) by T per. To ease
notation, we will also call the K-rational points T of a f-perfect (K, k)-torus T a #-perfect
(K, k)-torus.

Our goal for this subsection is to parameterize the H(k)-conjugacy classes in Ty per. To
begin, as in the previous section we introduce our indexing sets. For a f-facet F' in B(G), we
let Z denote the group corresponding to the image of (G N ZX) in Gp/G}., where as in the
previous section we write G for the parahoric of the facet F’ in B(G) containing F. Now we
define the indexing set Jpe, to be the set of pairs (F, T) so that F' is a f-facet in B(G) and T
is a subtorus of an Hp-conjugate of a #-perfect torus in Gr containing Zp.

We say that a (K, K)-torus T (in the sense of [1]) is a lift of (F, T) provided that we have
1. T is f-stable

2. F  B(Ce(T))
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3. the image of TN Gp in Gr = Gp/G} is T.

Now suppose that (F, T) € Jp,, and let I' := Gal (K/k). If I'(F) = F, then Gp is defined
over the residue field f of k, and so it makes sense to consider I'(T). We then define Jprer to
be the set of pairs (F,T) in J,., so that both F' and T are I'-stable.

Next, we say that a pair (F,T) in J),. is maximal if whenever a f-facet Fy in B(G) is

[-stable and contains F in its closure, then T belongs to the f-parabolic subgroup Gr, /G £

of Gp if and only if F' = F;. We let JL _ denote the subset of maximal pairs in J!,

m,per per*

6.3.1 Lifts of Tori over f

Suppose that (F,T) € JL

ber- Our first goal for this subsection is to show that there is

a (K, k)-torus which lifts (F,T) and to show that any two such lifts are conjugate by an
element of (H;)F. We will then show that all elements of 7y ., arise in this way.
The proofs here are almost identical to the ones in 5.4.1 from the previous chapter, the

main difference being the tori T which show up in the pairs (F,T) in J._. In particular, a

per:
torus T in Gr may not be -split. For example, letting G be SL3 as in our example from 6.2,
one may take a special vertex x in the apartment of the diagonal torus, and then take the
torus T in G, consisting of diagonal matrices of the form diag(c,a,a). Then T is contained

in a f-perfect torus in G, meaning that (z,T) € JI_, but T is certainly not #-split. On the

pers
other hand, the torus S in a pair (F,S) € J' from the previous section may not contain all of
Zr. For example, if one lets G be the direct product of our SL3 example from 6.2 with a
non-trivial k-split torus T} on which 6 is defined to act trivially, then the maximal 6-split
tori in the product SL3 x Ty are the product of maximal #-split tori in SL3 with the trivial
subtorus and hence do not contain the center of the direct product. Consequently, the pairs

(F,S) in J' associated to the direct product G will not contain the center of the associated

reductive quotient G and hence will not be in .Jj,.

Lemma 6.3.1. Set M = Cg,.(T), and let T' denote a #-perfect f-torus in M. Then there is

a f-stable maximal unramified torus T' in G which lifts (F, T'). Moreover, for all such T
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lifting (F, T') there exists a unique lift T € T e, of (F, T) with the property that T < T".

Proof. We know that such an unramified torus T’ exists by [28]. We have that X,(T') =
X,(T") both as T-modules and as #-modules, and so we can choose a subtorus T of T’
corresponding to the image of X, (T) under the map X,(T) < X, (T') = X,(T'). Then we
have that T is a (K, k)-torus, and since we have 7" < C(T') by construction, we have that
F C B(T") € B(Cg(T)), which shows that 7' is a lift of (F,T) as required.

Now if Ty € T per is another lift of (F, T) that lies in T', then X.(Ty) = X,(T) = X.(T)
in X,(T'), and so T = T,. O

Corollary 6.3.2. If Ty, Ty € T per both lift (F, T), then there exists an element h € (Hj)"

so that "T, = T,.

Proof. Set M; = Cg(T;). Then note that F' C B(M;) by the definition of a lift, and we know
that the image of M; N Gr in Gg is M = Cg,(T). Now let T; < M’ be a 6-stable lift of
(F,T'), where as in Lemma 6.3.1, T" is a f-perfect f-torus in M. Then since T} is in the center
of M;, we have that T; < T/, and since T; (resp. T}) is a K-split torus lifting (F, T) (resp.
(F,T")), we know from the previous lemma that T; is the unique lift of (F, T) in T;. Then by
28], we know that there is an h in (H})! so that "T} = T%. Our result then follows from

uniqueness in Lemma 6.3.1. ]

The preceding lemma and corollary allow us to define an action of H" on J! Suppose

m,per*

that h € H' and (F,T) € J.

m,per "’

Then if T is a lift of (F,T), let "T denote the image of
"T'0 Ghr in Gpp and set W(F,T) := (hF,"T) € J}, .,

We now move in the opposite direction, showing that every element of 7y ., arises as a

lift of a pair in J}

mper- Recall from Section 5.4 that given a 6-stable reductive k-subgroup

C of G having the same K-rank as G, we define a (0, C')-facet to be a non-empty subset of
B(G)? which equals the set of #-fixed points of some C-facet in B(C) C B(G).

Lemma 6.3.3. For all T € Ty ., there exists (F,T) € J%, . so that T lifts (F,T).

m,per
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Proof. Fix T € T per, and let M = Cg(T). Note that M is a #-stable Levi (K, k)-subgroup
of G.

Choose a I'-stable (0, M)-facet F' in B(M) so that F’ has maximal dimension among 6-
facets in B(M ). Then since F’ can be written as the disjoint union of (¢, G)-facets in B(G), we
are able to choose a I'-stable (#, G)-facet F in B(H) so that F C F’ and dim(F") > dim(E™)
for all T-stable (6, G)-facets F in F'. As in the analogous proof for #-split (K, k)-tori in
Section 5.4, we actually have that dim(F") > dim(F") for all I-stable (8, G)-facets F in
B(M).

Now let T be the f-torus in Gp corresponding to the image of TN G in Gp. Then,
by construction, we have that T is a lift of the pair (F,T). It remains to show that

(F,T)e J- Suppose that F” C B(G) is a I-stable (0, G)-facet with F C F and F # F”.

m,per*

Then if T lies in the proper parabolic f-subgroup G /G of Gr = Gp/GF, then we have that

SNGp=SNGp fixes F" and (F", T) e J- . where T is the f-torus in G~ corresponding

per>

to the image of SN Gpr in Gpr. By [9, 4.4.2], we then have that F” is in B(M). However,

the dimension of (F”)" is strictly larger than that of F', contradicting our choice of F. [J

6.3.2 An Equivalence Relation

The previous subsection gives us a well-defined surjective map ¢ from J};L’per to the set of
H"-conjugacy classes in T per- In this subsection, we will define an equivalence relation ~ on
JE so that ¢ will descend to a bijection.

m,per

Suppose (F;, T;) € JL

er- Then we write (Fy, T1) ~ (Fy, To) if there exists an element

h € H" and an apartment A in B(H)" so that
1. 0+ A(A, FT) = A(A,hF))
2. T1 = "Tyin Gp, = Gyup,.

Lemma 6.3.4. The relation ~ is an equivalence relation on J&

m,per*

Proof. The proof is nearly identical to the one in [28] or [10]. O
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6.3.3 Reducing J©

m,per

Suppose that T € Ty per is a lift of (F, T) € J%,

m,per’

Let M = Cg(T), and note that by our

definition of a lift, we have that F' C B(M).

Lemma 6.3.5. Let C denote a I'-stable (6, M )-facet in B(M) that contains F' in its closure.

Then C' is a maximal (6, M")-facet in B(M)"', and F" is an open subset of CT.

Proof. Tt will be enough to show that F' is a maximal (6, G")-facet in B(M)". Now choose
a (0,GY)-facet D C B(M)" so that F'' C D. If F' # D, then since T is contained in the
center of M, we have that the image of TNGr = TNGp in Gr/GE belongs to the parabolic

f-subgroup Gp/G}, contradicting that (F,T) € J}, O

m,per*

In contrast to the case of 6-split (K, k)-tori, not every lift of a pair (F,T) in J]E‘er is
contained in a f-perfect (K, k) torus in G. We can see this by looking at an alcove in B(H)"
in the SL3 example from 6.2. Thus we want to determine a condition for a lift of (F,T) to lie
in T per.

First, note that since any two lifts of (F,T) are (H})"-conjugate, it suffices to check

whether a single lift lies in 7 pe,-. With this in mind, we have the following lemma:

Lemma 6.3.6. Let d be the rank of a maximal (0, K)-split k-torus in G. Let T be a lift of

a pair (F,T) € J

per-:

Then T lies in Ty e, if and only if there exists a §-facet £} so that
o [ is I'-stable

e [ contains F) in its closure

e the rank of a maximal #-split f-torus in Gp, is d

e the image of TN Gp in Gp/ GJ},CI is contained in a Hp -conjugate of a f-perfect torus in
Gr

.

Proof. First suppose there exists a f-facet I} as in the statement of the lemma. Then choose

a @-perfect torus T’ in Gp, containing the image of TN G in Gg/GY,. Then a lift T' of T’

o7



will contain a maximal 6-split k-torus in G, and so T is an H-conjugate of a -perfect torus
in G. After further conjugating, by an element of (H})", we may assume that T contains
T, and so T is in Ty per as desired.

Now suppose that T € T e, is a lift of (F, T), and choose a 6-perfect torus T” in Cg(T),
and let T be its maximal K-split subtorus. Then since T € Ty per, we have that T” is
an H-conjugate of a subtorus of a f-perfect torus, and so T' € T per as well. Thus by
the previous lemma, there is a pair (F',T') € J} ., such that T’ lifts (F",T’). Then F’
is an open subset of a (Cg(T) N H)-alcove, and so after replacing T' and (F’,T') with
a (Cg(T) N H)(k)-conjugate, we may assume that F' is contained in the closure of the
(M N H)"-alcove containing F”. But all maximal (6, G")-facets contained in the alcove will be
open and thus strongly associated. Thus replacing F” with a strongly associated (6, G)-facet

F7 containing F' in its closure, we may assume that I lies in the closure of F' = F}. The

other three conditions on F are satisfied by construction, and so we are done. O

We let JI'  denote the pairs in J. _ which have a lift T satisfying the conditions of

m,per m,per

the previous lemma.

6.3.4 A Bijective Correspondence

Upon restricting to J;L:per and applying our equivalence relation to it, we will finally

obtain our bijective correspondence.

Lemma 6.3.7. Suppose that (F;, T;) € Jr

m,per

with lifts T; € Tiper. Then if there exists

h € HF so that th = TQ, then (FlaTl) ~ (FQ,TQ).

Proof. Replacing (Fy, T;) with (hFy,"T;), we may and do assume that T := T; = T5. Now
set M = Cg(T). Then since T is a lift of (F;, T;), we must have that F; C B(M). Let C;
denote the (0, M)-facet in B(M) to which F; belongs. Then by Lemma 6.6, we have that
CT is a maximal (0, M")-facet in B(M"), and so in particular, we have that C! must lie in

an alcove CT of B(M")? for some M-facet C; in B(M)?. Then there exists an m € M" N H
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so that mC; = C,. Replacing (Fy, T1) by (mFy,™T,), then since F¥ and F} are open
in CI' and CY, and hence also open in CI = CL, we have that for any apartment A in
B(MT)? ¢ B(H)" containing CT, 0 # A(A, FT') = A(A, FT). Then since T = T, we see
that (F1, T1) ~ (Fy, Ta). O

Corollary 6.3.8. There exists a bijection between / ~ and the set of H'-conjugacy

F/
Jm,pe'r

classes in T per-

Proof. 1t remains to check that if (Fy, Ty), (Fy, Ty) € J&

m,per

/ ~ with (Fl,Tl) ~ (FQ,TQ), then
they have lifts that are H'-conjugate. To do this, fix such (£}, T1) and (F», Ty). Then there

is some element h € H" and an apartment A in B(H)" so that
o 04 A(AFF) = A(ADEY)
° Tl ~ th in GF1 ~ GhFQ‘

We may and do assume that A C A’'(A)', where A’(A) is an apartment in B(G) for some
maximal k-split torus A of G, and we may also assume that h is the identity element.

Let M; denote the Levi (k, k)-subgroup of G corresponding to the G-facet F containing the
(0, G)-facet F;. Then since A(A, (F])') = A(A', (F5)") by [28], we have that M := M; = M,.
By construction, we have that the image of M N G, in G, is Gp, itself.

Now since Ty &~ Ty in G, &~ Gp,, we can find a f-stable (K, k)-torus T so that the image
of T'N Mg, N Mp, in Mg, = G, is a 6-perfect j-torus in Cg,, (T;). But we know that there is
exactly one lift T of (F}, T;) in T, meaning that the image of TN M in Mg, = G, is T; and

that the proof is complete. ]

6.3.5 0O-perfect (K, k)-tori and Extendable Levi (k,k)-subgroups

Recall that if a Levi (k, k)-subgroup M is #-stable, we say that it is extendable if
M = Cg((TT)*) for some k-torus T so that (T*)* < H. Fixing a pair (F,T) € JL  and

m,per

a lift T € Ty per of (F, T), we are able to prove the following lemma:
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Lemma 6.3.9. There exists a f-stable (H )" -conjugate M’ of pM so that T < M’ and so

that every extendable Levi (k, k)-subgroup M"” containing T satisfies (M) < (M").

Proof. First let M = Cg(T). Then from the previous section, we have that F" is a maximal
(0, GY)-facet in B(M)' and hence contained in an (M N H)"-alcove. Choose a #-perfect
k-torus T" in Cg,(T). Then there is a 6-stable lift T' of T’ containing T, and if C denotes
the f-split component of the center of Gg, then there is a unique lift Cr of CZp contained
in T by [1]. We must have that M’ = Cg(Cp) is 6-stable by uniqueness and the fact that
CZr is O-stable. Since any two lifts of T' are (H;)"-conjugate, we must have that M’ is
(H})'-conjugate to pM, and M’ clearly contains T.

Now suppose that T} is a k-torus in H so that M” = Cg((T7)*) is an extendable f-stable
Levi (k, k)-subgroup which also contains T. Then since (T} )* commutes with T, we have
that (T} )* < M. Now choose a maximally k-split maximal (K, k)-torus T} in M N H that
contains (T} )*. Then since F' is contained in an (M N H) -alcove, we may replace T} and
M” with a (M N H)(k)-conjugate in order to obtain F' C B(T]) C B(M’)F'. Then since F'
is a maximal (6, G')-facet in B(M)?, we must then have that the image of ((T})*)(K) N Gr
in Gp is contained in C. After potentially replacing T} by an (H:)"-conjugate, we then have

that (T])* < (T))* < Cpr. We then have that M’ < M”, and so we are done. O

6.4 A Parameterization of Unramified #-perfect Tori

In this section, we seek to parameterize the unramified 6-perfect tori, the k-tori T in G
for which C'g(T) contains a H-conjugate of a -perfect torus and for which T is the K-split
component of the center of Cg(T).

The unramified #-perfect tori will arise as a lift of one of the pairs (F, T) from Section
6.3, where F is a f-facet in B(GY)!' and T is a subtorus of an Hp-conjugate of a f-perfect
torus in Gg. However, not all of the #-perfect (K, k)-tori are unramified #-perfect tori, and

so we need to refine the parameterization.
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We first fix an H-alcove C in B(H) lying in the apartment of a maximally k-split maximal
unramified torus A of H, which in turn lies inside of a fixed maximally k-split maximal
unramified torus A’ of Cg(A). Then C' is a union of f-facets in B(G?)", and for each such
O-facet F' such that a pair (F,T) arises in our parameterization of #-perfect (K, k)-tori from
Section 6.3, we fix a f-perfect torus A% in Gr. We choose these tori A% so that if for two
f-facet I and F” there is an h € H' such that F' and "F’ are strongly associated, then A% is
identified with A%, under the identification of G with Gg. For each such f-perfect torus A’
we let Ar denote the maximal -split subtorus of A'.

By taking lifts of each of the A% above we find a family of f-stable maximal unramified
tori A’z in G. Note that not all of the A’, are f-perfect tori in G, but we have a criterion for

checking whether this is the case from 6.3.3.

6.4.1 An Indexing Set over f

Given A', as above, we set II'(G, F) to be the set of all subsets 7 of bases of the roots

of A%z in G so that the span of 7 is f-stable. Set
Iy ={(m,w)|lr e (G, F),w € Wy (1) p, and Fr(®) = wd,),
where ®,. denotes the root system spanned by 7 and
Wo.e(m.r = Nie(Ap) /((Cre((A)x)) N Crro (A)).

Modeling [1] and our parameterization of unramified 6-split tori, if F' is a f-facet contained
in the facet F” in B(G), we let ®(F') denote the set of gradients of the affine roots of A’ in
G whose restriction to I’ is constant, and we let A'(F) = (Naea(ryker(e))”. Recall that
M = Cg(A’(F)) and that the image of A'(F) N GF in G is the group of F-points of the

f-split component of the center of Gp = pMp.
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For a set of roots of 7 € I'(G, F') of the torus A%, we define

(Woem))F = Nup (AF)/((Chip (Ar)x))° N Chip (Ar)),

where (Ap)x is the image of (Ar)r N Gp in Gp. Note that we can and do identify (W .\)r
with a subgroup of Wé,c(ﬂ), Iy

We now define
I'(F) == {(m,w) € Iy plw € Wy e(m))r < Woe(n),r}-

For (¢',w') and (0,w) in I'(F), we write (0',w') ~p (0,w) if there exists an element
n € Ny, (A%) so that @, = n®, and Fr(n)un™! € W (W oinry) P N Wy oo (7)), where
Wé,c(ﬂ"), #(7") denotes the subgroup of Wy .-y whose image in the Weyl group of Ay under
the natural projection lies in the parabolic subgroup corresponding to 7’. One checks that
~r defines an equivalence relation on I'(F).

We will say that (0,w) € I'(F) is F-elliptic provided that for all f-facets F’ in our H-
alcove C so that F C F', for all (¢/,w') € I'(F) with (¢/,w') ~p (§,w), and for all hm € HE
so that (A’)g C "' A’,,, we have that "=’ does not have a representative in Hp. We set

I'(F') to be the set of pairs in I’(F') which are F-elliptic.

Lemma 6.4.1. Suppose (m,w) € I'(F'). Then we can choose h € Hp so that the image of
n =TFr(h)"'h € Ny, (A%) in (Wee(my) F 18 w.

Proof. Choose h € Hp so that the image of Fr(h)~'h) in (Wy.e(m))F is w, which we can do by
applying Lang’s theorem to Hg. Note that T = EA'F is by construction an Hg-conjugate of a
maximal f-perfect f-torus in Gp. Now let T be a lift of (F, T). Then there exists an element
x € Hp so that “A’, = T. Now let T denote the image of x in Hp. Then since T = *A’., the
image of Fr(Z™1)7 in (Wj ) is of the form Fr(w')~'ww’ for some w’ in (Wj ))r- Then

let n’ € Ny, (A%) be alift of w’; and set h = xn’. O
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6.4.2 Relevant 6-perfect Tori over §

Suppose (F,T) € J!,

per?

and let T be a lift of (F, T). Then we will say that T is relevant in
Gp provided that T is the K-split component of the center of Cg(T). Let R/(F) denote the
set of relevant #-perfect tori in Gp, and fix ¢ = (m,w) € I'(F). Then thanks to Lemma 6.11,
we can fix h € Hp so that the image of n = Fr(h)™'h € Ny, (A%) in (Wee(my) P 1s w. Let h

denote the image of h in Hp, and let

(Af)r = (ﬂ ker(am) < Al

aEem

Set T, = "(A%,), and T, = "(A%,). Then we have that T, is a lift of (F,T,). We now set
L, = Cq,(T,) and L, = C(T,). Then note that &, ="' ®(L,,"”A"), and note that since T,

is the K-split component of the center of L,, we have that T, is relevant.

Lemma 6.4.2. The map that sends ¢ € I'(F) to the (Hp)-conjugacy class of T, is well-
defined.

Proof. We first show that the (Hp)'-conjugacy class of T; is independent of the choice of h
above. Suppose I’ € Hy so that image of Fr(h/)~'h' € Ny, (A) in (W o(m)) F is also w and
let 7" denote the image of 1’ in Hp. Let T/ =" (A}.), and T/ = "' (A’.),. Then T’ is a lift
of (F,T,), and since Fr(h')~'h" and Fr(h)~'h both have image w in (Wp .(r))p, there exists
s € (Cy, ((A%)2))° N Ch, (A%) so that Fr(h')~'h's' = Fr(h)'h. Let x = Wh™' € Hp. Then

for all ¢t € T, we have
Fr(“t) = "R DR () = PP (R () = TFr(t).

Hence we see that Int(x) and Int(Fr(z)) both carry TF to T'**, and so they carry T,
to T,. In addition, we have that Fr(z) 'z € (Cy,(T,))°. Then because we know that
HY(Fr, (Ch,(T,)°) = 1, we know that there exists [ € (Cy,(T,))° so that Fr(z)~'z = Fr(l)~!

modulo H;t. Thus 7, the image of 2/~ in Hy, belongs to H}Y, and we have that T, and T/
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are Hi-conjugate by 7.
Now if T/ is H -conjugate to T,, say by hy € H', then T, = ""(A%),. Then since
Fr(hyh)~'hih = Fr(h)~'h, the map is independent of our choice of lift, and so we have a

well-defined map from I’(F) to the set of Hy-conjugacy classes in R(F). O

Lemma 6.4.3. The map that sends ¢ € I'(F) to the H}:-conjugacy class of T, descends to a

bijective map from I'(F)/ ~p to the set of Hi:-conjugacy classes in R(F).

Proof. We first show that the map is injective. Suppose ¢; = (m;, w;) € I'(F) and h; € Hp
so that the image of Fr(h;)~"h; in (Wj ) F is wi. Set T; = "(Af)y, and T; = hi(Ap) .,
where h; is the image of h; in Hgp. Note that T; is a lift of (F,T;). Now suppose that there
exists h € Hgf so that T; = "T,. Then we know there exists a lift h € HE of h for which
T, = "T,. Without loss of generality, we may replace hy by hhs so that Ty = T, and
T, =Ty Let Ly = Cq,.(T1), and let L; = C(T;). Then there exists [ € (L; NHp)® for which
hapl = ip" - Choose m € N (A) for which lhy = hym, and note that m = hy'lhy € Hp.

Let M, = Ca((A%)r,). Then we have

i

o, = d(M,,,AL)
= h (L, A = b (L, AL = ALy, A
- hl_ll_lh2q)(M7r2’ AIF) = m_lq)(sza A/F) = q)(Mm*lﬂza A/F)

=m'®,,

so that m®,, = @,.
Since the image of * (Fr(l)~'l) € Ny, (A%) in Wy (n1) Pelongs to the parabolic subgroup

W5 ey (1), we then have that

Fr(m)~"wym = Fr(lhy) " ((Cr (A)=))° N Crr,o (A))

= wihy (Fe(1) DA ((Crp (A)2)) N Cripe(A)) € Wi oy (1)
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Since the representatives are all in Hp, we have that Fr(m)™!

wym is in (Wy ) p, and so
we conclude that ¢ ~p ¢o.

We now show that the map is surjective. Suppose T < G belongs to R(F). Let T' be a
maximal #-stable f-torus in Gp which contains T and has the largest possible (6, f)-split rank
among f-stable tori in Gz that contain T. Then T contains the center of Gr and there exists
lifts T of (F,T) and T' of (F,T') such that L = Cg(T) is a #-perfect Levi (K, k)-subgroup,
T is the K-split component of the center of L, and T < T' < L. Let By, < L be a Borel
K-subgroup of L. Then since T" is a lift of (F, T'), there is an h € Hp so that "A’, = T'. Let
m=h"T'A(L,By, T') € IT'(G, F). Let w denote the image of Fr(h)"'h in (Wj ). Then

the pair (7, w) belongs to I(F') and corresponds to T. O

6.4.3 Parameterizing H'-Conjugacy Classes of Unramified #-perfect tori in G

Note that not all of the tori in R(F') from the previous subsection lift to a #-perfect
(K, k)-torus. However, we have a condition in Lemma 6.3.6 which allows us to check whether
this is the case. Given a I'-stable 6-facet F} which is contained in the closure of F', we
can check whether or not Gp, contains a maximal #-split f-torus which lifts to a maximal
(0, K)-split k-torus in G by looking at the #-bases of the roots of our fixed maximal unramified
torus A, associated to Fj.

In particular, if A is a #-basis for the roots of A%, ®~ is the set of negative roots of A%,
with respect to A, and #* is the automorphism of the Dynkin diagram of A induced by 6,
then we can partition A into AT = {a € Alf(a) = o}, AT = {8 € Al#(B) € &,0%(8) = 5},
and {A; = {v € A|#(B) € &~,0%(8) # B}. Then by [17], the reduced root system of the
maximal §-split subtorus Ay, of A, has rank [Ay| + @. Thus if this number equals the
rank of a maximal (0, K)-split k-torus of G, then A r must be a maximal (¢, K')-split k-torus,
meaning that Ap, satisfies the third bullet point of Lemma 6.3.6.

For the fourth condition of Lemma 6.3.6, note that the torus in R(F") corresponding to

a pair (6, w) € I'(F) satisfies the condition if and only if (A':)y also satisfies the condition,
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significantly reducing the number of tori we need to check. However, there does not appear
to be a unique minimal 6, as we can conjugate (A’)g by elements in Ny, (A’%). Furthermore,
there does not appear to be a condition on # significantly simpler than the fourth condition
of Lemma 6.3.6.

We let I(F'),., denote the set of pairs (m,w) € I'(F') so that the conjugacy class in R(F)
corresponding to the equivalence class of (7, w) under our map from the previous section

consists of tori which lift to §-perfect (K, k)-tori. Now define

Lunper = {(F,m,w) : F C A(A)™ is a (6, G'")-facet and (7, w) € I(F)per }

and let U, denote the set of H'-conjugacy classes of unramified f-perfect tori in G. Then
by the previous subsections, we can define a function j : I, per — Uper as follows. For
(F,m,w) € Lypper, we let T € R(F) denote a relevant torus associated to (m,w) and let
J(F,m w) denote the H' -conjugacy class of any lift of (F, T) which is a f-perfect (K, k)-torus.

For (F', 7', w'), (F,m,w) € Lynper we write (F', 7', w") ~ (F, 7, w) provided there exists
an element n € (W (H, A))™, where we recall that W (H, A) is defined to be the affine Weyl
group Ny (A)/(Cu(A)N HE) of A in H, for which A(A(A)™, F) = A(A(A)',nF) and, with
the identifications of Gz = G, and X*(A%/) = X*(A ) = X*(A! ) arising in this way, we
have that (7', w’) ~p (nm,"w) in I'(F") = I'(nF"). One checks that this defines an equivalence
relation on Iy, per-

We say that (F, 7, w) € Lunper is elliptic provided that (7, w) € I)(F), and we set I, ..

to be the set of elliptic triples (F, 7, w) in L, per-

Theorem 6.4.4. The map j induces a bijection from I¢, ./ ~ toU.

un,per

Proof. We first show that j is surjective. Let T be an unramified 6-perfect torus in G. Let
L denote the centralizer of T, and let F be a maximal (6, G*)-facet in B(L?)™ C B(G?)™.
Choose a maximally (0, K)-split maximal unramified torus T’ of L that contains T and so

that F C B(T'). Also fix a Borel K-subgroup By, of L that contains T'. Choose h € H' so
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that hE' C A(A)¥. Then after replacing T with "T, we may assume that F' C A(A)™.

Let T denote the #-split f-torus in Gg whose group of f-rational points coincides with
the image of T N G in Gp. Then there exists an h € Hp so that T' = "A’.. Then let
m=h"'A(L, By, T') € (G, F), and let w denote the image of Fr(h)~'h in (Wj ) r. Then
note that T belongs to j(F,m, w).

To conclude our proof of surjectivity, we need to show that the triple (F, 7, w) we
have constructed is elliptic. If this is not the case, then there exists (7, w’) € I'(F') with
(m,w) ~p (7', '), an element hp € HY, and a (6, G™)-facet F' with F C F so that Pt !
has a representative in Hyp and (A%)n C " Al,. Then there exists h € " Hp C Hp
so that Fr(h)~'h lies in NhF/HF,(A/F) and has image w’ in (W ) r. Note that hhpF’
is a facet in B("m A’), and since (m,w) ~p (7/,w’), from Lemma 6.13 we have that
th’(A},)h;}ﬂ, = "(Al,)» =T for some z € H(k). Note that then * " A", < L, and so
2 hhp F' € B(* e AL C B(L)™, contradicting the maximality of F.

It remains to show that if (Fj,m;,w;) for i € {1,2} are two elements of I, . with
J(Fy, m,wy) = j(Fy, me, we), then (Fy,m,wy) ~ (Fy, me, wq). Choose T; € R(F;) correspond-
ing to (m,w;) € I'(F;), and let T; be a lift of (F}, T;). Note that (F, T;) € J&

moper- LN€N Since

J(Fy, 7, wy) = j(Fy, m, ws), we know that Ty is H'-conjugate to Ty. Thus we know that
there exists h € H' and an apartment A’ in B(G%)' so that () # A(A', F}) = A(A', hFy)
and T; = "Ty in G, = Gup,. After conjugating by an element of HIEI, we may assume that
A’ = A(A). Then by the affine Bruhat decomposition for H, we may choose n € Ny)(A)
so that n~'h € HE. Then there exists z € Hf} such that after replacing To with *T, we may
assume that A(A(A)™ Fy) = A(A(A)T nFy) and Ty = "Ty in Gp, = G,5,. Identifying n

with its image in W(H, A), we then have that (m, w,) ~p (n7y, "wy) in I'(Fy) = I'(nFy). O
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6.5 Unramified 6-split Tori versus Unramified #-perfect Tori: An

Example

At first glance, the concept of an unramified 6-split torus is quite similar to that of
an unramified f-perfect torus, and one may notice that our parameterizations and proofs
for these two classes of tori are nearly identical. Here, we seek to briefly demonstrate the
difference between the two parameterizations through an example, and we will attempt to
motivate why each of these concepts is worthwhile.

We return to the SL3 example from Section 6.2 earlier in the chapter. In particular, we

let € be the involution given by conjugation by the matrix

10 0
01 0
00 -1

Then H is the (2, 1)-Levi subgroup of SL3, and the diagonal torus in SL3 is a maximal

k-split torus in H. Then the torus S consisting of matrices of the form

1 00
0 a b
0 b a

is a maximal #-split k-torus, and a @-perfect torus T containing S consists of matrices of the

form
c 00

0 a b
0 b a

Then one computes that Ng(T)/Cu(T) = Nu(S)/Cu(S) is a subgroup of order two whose
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non-trivial element w has representative

-1 0 O
0 1 0
0 0 -1

(Note that it is not generally the case that the set of Weyl group elements having representatives
in H equals the little Weyl group, as an analogous example in SL4 shows.)

The roots of T act on an element

c 00
t=10 a b
0 b a

as follows: The root o sends t to c(a + b)~!, the root 8 sends ¢ to (a + b)(a — b)~t. We
then define —«, —f3, and +(« + ) in the obvious way. We check that 6 acts on the roots by
sending  to —f and by permuting o and a+ 5. One then checks that A = {a+ 3, —a} gives
a #-basis for the roots of T and that —A is the only other #-basis. The only #-admissible
subsets of A are A itself and the empty set. The only other subsets of simple roots which
span a #-stable root space are the sets {8} and {—/}. Note that for each of these subsets 7,
one can check that the #-fixed points of the centralizer of (T), is connected so that there is
no need to distinguish between the little Weyl group (resp., the Weyl group elements having
representatives in H) and the variants of the Weyl group showing up in our parameterizations.

With all of this in mind, we can give the data corresponding to the conjugacy classes of
unramified #-split tori and unramified #-perfect tori. It will suffice to work in a fixed alcove

of the apartment of the diagonal torus of SLy. Then if we let 8’ be the root of the diagonal
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torus which sends the element
z 0 0

=10y 0

0 0 z
to yz~!. Then all the maximal unramified #-split tori are lifts of tori in the facet intersecting
the hyperplane Hj, where 3 denotes the gradient of . In particular, we have the torus S,
which corresponds to the equivalence class of the triple (H T (,1d) and the torus S., where

we fix € € 0™\ (0*)?, which has representatives of the form

1 0 0
0 a b
0 eb a

and corresponds to the equivalence class of the triple (H A (), w). Since the maximal unramified
f-split tori have rank 1, the only other possible unramified 6-split torus is the trivial torus,
which lies in the interior F' of our fixed alcove in the apartment of the diagonal torus and
corresponds to the triple (F, A’ 1d), where A’ is some set of simple roots for the roots of the
diagonal torus.

Similarly, we see that the maximal unramified #-perfect tori are lifts of tori in the facet
Hjp. In particular, we have the torus T, which corresponds to the equivalence class of the

triple (H G (,1d), and the torus T, which has representatives of the form

c 0 0
0 a b
0 e a

and corresponds to the equivalence class of the triple (H B (), w). In this case, the maximal
unramified #-perfect tori have rank 2, and so we have other non-trivial unramified 6-perfect

tori. However, as it turns out the only such torus is the subtorus of the diagonal torus having
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representatives of the form

c 00
0 a O )
0 0 a

which corresponds to the triple (£, 4’,1d). Finally, the trivial torus again corresponds to the
triple (F, A’,1d).

In the general setting, even though unramified #-split tori are not unramified #-perfect
tori in general, we can associate to each unramified 6-split torus S an unramified f-perfect
torus T by taking the identity component of the center of C(S). (In other words, by taking
the identity component of the unramified #-split twisted Levi subgroup corresponding to S.)
If S corresponds to a triple of the form (F, 7, w), then the corresponding unramified f-perfect
torus will correspond to a torus of the form (F, 7, w’) where w’ has image w upon restricting
from the unramified §-perfect torus A’ associated to F to its 6-split component Ap. Thus
we could have first parameterized #-perfect tori first and then identified the unramified #-split
twisted Levi subgroups and their corresponding unramified 6-split tori by restricting to triples
(F,m,w") where 7 is f-admissible. However, this approach is more unwieldy in practice, as the
various lifts of elements in (Wy o(x))F to (Wé,c(ﬂ)) r will typically enlarge the size of the various
equivalence classes of triples and hence the data we need to sort through. Furthermore, as we
discuss below, unramified #-split tori are more likely to play a prominent role in the theory
of p-adic symmetric spaces outside of the parameterization of general #-split k-tori.

Finally, we point out that both of these classes of unramified tori should play an important
role in the theory of p-adic symmetric spaces. In [21], the authors study a symmetric space
analogue of supercuspidal representations called relatively cuspidal representations, and
they show that each irreducible H-distinguished representation of G can be embedded in
some ig;(a), where P is a #-split parabolic k-subgroup of G and ¢ is a relatively cuspidal
representation of the #-split Levi k-subgroup corresponding to P. This suggests that the

f-split twisted Levi k-subgroups are likely to be the proper analogue of twisted Levi k-
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subgroups for proving symmetric space analogues of results where twisted Levi k-subgroups
of G play a prominent role (for example, a potential analogue of Yu’s construction of
supercuspidal representations of G in [38, 13] for relatively cuspidal representations). Thus
one would like to understand the H(k)-conjugacy classes of all f-split twisted Levi k-subgroups,
and understanding the unramified #-split twisted Levi subgroups, which correspond to the
unramified #-split tori, is an important first step in that parameterization.

On the other hand, our motivation for parameterizing unramified f-perfect tori comes
entirely from its role in showing how the H-conjugacy class of a maximal #-split k-torus
breaks up into H(k)-conjugacy classes. In order to do this, one will need to construct from a
representative S in our H-conjugacy class an unramified twisted Levi k-subgroup L containing
S so that the centralizer of S in L is a K-minisotropic maximal k-torus T. As it turns
out, the unramified twisted Levi k-subgroups arising in this way are all unramified #-perfect
twisted Levi subgroups, and so expanding our parameterization of unramified #-split twisted
Levi subgroups to unramified #-perfect twisted Levi subgroups is essential for parameterizing
maximal #-split k-tori.

For example, in the SL3s example, to show how the H-conjugacy class of the maximal

f-split k-torus S; having representatives of the form

1 0 0
0 a b
0 wb a

breaks into H(k)-conjugacy classes, we need to work within the (1, 2)-Levi k-subgroup which

is an unramified O-perfect twisted Levi k-subgroup corresponding to the unramified 6-perfect
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torus having representatives of the form

which is not an unramified #-split torus.

c 0 0
0 a O
0 0 «a
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CHAPTER VII

Maximal Unramified Tori in Symplectic Groups

If G is a reductive algebraic group over a p-adic field F' with residue field F,, an unramified
torus is the group of F-rational points of a F-torus in G that splits over an unramified
extension of F. In [10], the author gives a parameterization of G(F')-conjugacy classes of
maximal unramified tori using Bruhat-Tits theory. In particular, modulo an equivalence, the
conjugacy classes are parameterized by pairs (F, T) where F is a facet in the F-points of the
Bruhat-Tits building of G and T is an elliptic F -torus in the reductive quotient of G at the
facet F'. Given such a pair, T can be lifted to a maximal unramified torus in G, and this
gives a representative for the conjugacy class associated to the pair. The elliptic F,-tori in
the reductive quotient are in turn parameterized by the elliptic Frobenius conjugacy classes
in the Weyl group of the reductive quotient.

On the other hand, for symplectic, orthogonal, and unramified unitary groups, Waldspurger
in [37] gives a parameterization of the maximal unramified tori in terms of triples of partitions.
For each part of one of these partitions, he defines an F-algebra whose structure is determined
by the partition, and he also constructs an F-endomorphism of the algebra. Taking the
sum of these F-algebras, he obtains a symplectic F-vector space, and the sum of the
F-endomorphisms determines a regular semisimple element for a torus in the associated
conjugacy class.

The goal of this chapter is to provide a comparison of the two parameterizations in the

74



case of the symplectic group, similar to the work in [26] and [4] for nilpotent orbits. In
particular, given a triple of partitions (uo, ¢/, ¢¢’) in the Waldspurger parameterization, we will
associate a facet in the Bruhat-Tits building and an elliptic conjugacy class in the Weyl group
of the reductive quotient which determine the same conjugacy class of tori as (g, i/, ).
We will also construct an inverse map, showing that the two indexing sets are in bijective
correspondence.

The facet corrresponding to a triple (g, g/, ") will correspond to a subdiagram of the
extended Dynkin diagram of type C,,. This subdiagram will be a union of two subdiagrams
of type C%, which will be determined by the partitions i/ and p”, and subdiagrams of type
A;, which will be determined by the partition p.

Each element in the Weyl group of the reductive quotient attached to this facet is a
product of signed k;-cycles for natural numbers k; < n. We say that a signed k;-cycle o is
even if ¥ = Id and odd if 0¥ = —1Id. The conjugacy class of an element is determined
by its cycle-type, and the parts of the partitions pug, ¢/, and p” give us the cycle-type of the
associated element w. In particular, each part z; of 1 give us an even z;-cycle while each
part y; of p’ or p give us an odd y,-cycle.

The chapter is organized as follows. In Section 2, we introduce some of the general
notation needed for our result, and we recall some of the structure of the symplectic group
Spsy,- In Section 3, we discuss the Bruhat-Tits building of Sp,,,, and we discuss the DeBacker
parameterization in more detail. In Section 4, we discuss Waldspurger’s parameterization
for Sp,,,. In Section 5, we present and prove the main result, discussing each partition in
Waldspurger’s parameterization in a separate subsection before putting everything together.
Finally, in Section 6 we discuss an inverse to our construction, showing how one can move

from a pair (F,w) to the associated triple of partitions in the Waldspurger construction.
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7.1 General Notation and the Group Sp»,

Let F' be a finite extension of QQ,. Let o be the ring of integers of I’ and p the maximal
ideal in 0. Let w be a uniformizer of F'. Let g be the order of the residue field of F', which
we denote by F,. We let Fr denote a topological generator of the absolute Galois group of F,.
We can and do identify Fr with a topological generator of Gal(Fy,/F), where F,, C F is the
maximal unramified extension of F.

If C is an algebraic group defined over F', we will by abuse of notation also use C (bold)
to denote the F-points, and we will use C' (not bold) to denote the group of F-points.

Let V be a vector space over F' of even dimension 2n for p > 6n + 1,! and fix an ordered
basis B = {ey,...,e,} of V. Let gy be the non-degenerate anti-symmetric bilinear form of V'

whose matrix with respect to B is the anti-diagonal matrix

-1

Let G be the symplectic group Sp,, preserving gy. Then G is a connected reductive
group defined over F'. We will use g to denote the vector space of F-rational points of the
Lie algebra of G, which we may identify with a subalgebra of the F-endomorphisms of V.

If S denotes the diagonal torus in G, which of course is an F-split maximal torus in G,
we will let diag(ty, .. .,t,) denote the matrix in S whose (i,4) entry is ¢; for i <n and ¢, ,_,
for i > n. Let W = Ng(S)/S be the Weyl group of S in G, and we will let & denote the set

of roots of S in G. We fix the simple system A = {o, ..., a,_1, 5}, where ¢; is the root that

IThis is Waldspurger’s assumption on p in [37]. In our proofs, we require ¢ > 2n when choosing the
generators a; in our sections 5.1 - 5.3. We also want p # 2, else regular semisimple elements may not exist in
the residue field.
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takes diag(ty,...,t,) to tjtj_jl for 1 <j <mn—1and g is the root which takes diag(ti,...,t,)
to t2. Then e := 2a; + - - - + 2, + B is the highest root with respect to this simple system,
and it takes diag(ty,...,t,) to t2.

We conclude this section by recalling the root space decomposition of g. We let E; ;

denote the elementary matrix having 1 in the (7, j) entry and 0 elsewhere. Then we have

e For 1 <1 # j <n, the matrix E; ; — Foy11_j2n+1—; spans the root space of the root

sending diag(ty,...,t,) to t,'tj’l.

o For 1 <1 < j <n, Ejont1—j + Ejont1-i spans the root space of the root sending
diag(t1,...,t,) to t;t;, while Es,i1_;; + Ea,41-;; spans the root space of the root

sending diag(ty, ..., ¢,) to (tit;) "

e For 1 <i<n, F;s,,1; spans the root space of the root sending diag(ty,...,%,) to

7

while Ey,.1-;; spans the root space of the root sending diag(ty,...,%,) to ti_2.

Xl,l X1,2
Notice that if X € g has the block form , where each block is an n x n

X2,1 X2,2

matrix, then the root spaces of the roots in the subsystem spanned by a,...,«a,_ 1 are
contained in X' and X?2, while every root space lying in X'? or X?! must be associated

to a root so that the coordinate of § with respect to the simple system A is non-zero.

7.2 The DeBacker Parameterization for G

Let B(G) = B(G, F') be the Bruhat-Tits building of G, which we identify with the Fr-fixed
points of B(G, Fy,). We let A = A(S) denote the apartment of the diagonal torus S in B(G).
Within the apartment, we fix a fundamental alcove C whose walls are determined by the
hyperplanes of n + 1 affine roots so that the set of their gradients is precisely A U {e}. By a
slight abuse of notation, we denote these hyperplanes by H,,,..., H,, ,, Hg, H..

The facets in our fundamental alcove C can be identified with proper subdiagrams of the

extended Dynkin diagram of G. In particular, given such a subdiagram I', the corresponding
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facet is the one vanishing at the hyperplanes H., where v € {e, a1, ..., a,_1, 8} is a root so
that the corresponding vertex in the extended Dynkin diagram occurs in I'. We adopt the

following notation for the facets in the fundamental alcove:

Definition 7.2.1. If a,b > 0 and xy,...,2; > 0 are integers so that a + b+ Zle x; =n, the

facet (alxy,...,z;|b) is defined as follows. Let
A a=0
H} = ,
H, a#0

and define H}; analogously. Then (alz1,...,z|b) is the facet in C lying on

H*NH, N---NH,, N

Haa+1 m e m HacH»zlflm
H, n---NH N

Ag+x+-tawp_1+1 Qg+x+-+axp—1

H

Qatxq+-+xg+1

NN Hy,_ , NHY,

N H,

oty tota; 1 L Ti = 1.

where by convention we ignore Ho,,, \ ., .
i

Note that the special vertex in C lying on the hyperplanes H,,, ..., H,, -1, Hg is the facet

(0] |n), while the other special vertex in C, which lies on H, instead of Hg, is the facet (n| |0)

Example: Let G = Sp,. In Figure 7.1 below, we label the facets in the alcove C determined
by the simple roots A = {«, 5}. There are three vertices and three edges in addition to the

interior of the alcove.

If z € B(G), we let G, denote the parahoric subgroup of G attached to z, and we let
G} denote the prounipotent radical of G,. Note that both G, and G} depend only on the

facet F to which = belongs, so we may write G¢ and Gf. For a facet F in B(G), the quotient
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(21 10)

(0[2/0) (11]0)

(0[1,1]0)

(0] 12) {O]1]1) 1)
Figure 7.1: A labeling of the facets for Spy

Gr := Gg/G{ is the group of F,-rational points of a reductive F,-group. The root system of
this reductive group is the subdiagram of the extended Dynkin diagram associated to the
facet. So in particular, the reductive quotient at the facet (a|zy, ..., x:|b) has root system of
type

Cou X Apyoq1 X oo X Az, X O,

where again by convention we ignore terms with subscript 0.

We now discuss the parameterization in [10] for G. Let C¥ denote the set of G-conjugacy
classes of maximal unramified tori. We will relate C° to the set I™ of pairs (F, T), where
F is a facet in B(G) and T is a F,-minisotropic maximal torus in Gg. Given such a pair,
DeBacker shows that T can be lifted to a maximal unramified F-torus 7', and he shows that
a representative of each G-conjugacy class in C*° arises in this way. To attain a bijection, one
needs to define an equivalence relation on I™.

Given a facet F in an apartment A’ of B(G), let A(A’,F) be the affine subspace of A’
spanned by F. Then if A(A,F) = A(A’,F') for two facets F,F' C A’, we can identify the
reductive quotients Gg and Gg (see [9, Lemma 3.5.1]). This identification then allows us to
define an equivalence relation by saying (F, T) ~ (F', T') provided there is an apartment A’

in B(G) and an element g € G so that
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o )£ AA,F) = A(A, gF") and
e T is identified with 9T’ by the identification of G¢ with Ggp.

Then this equivalence relation gives us a bijection
")~ — C°.

Modeling upcoming work in [1], we can refine this parameterization. First, note that
since C is a fundamental alcove, every facet F in B(G) is conjugate to at least one facet in C.
Thus we may restrict to pairs (F, T) with F C C. Additionally, by [10, Lemma 4.2.1] or [§],
the maximal [F -tori in the reductive quotient Gg are parameterized by the conjugacy classes
of the Weyl group We associated to the image of S N Gf in Gg, which we can and do the
identify with a subgroup of the Weyl group W of S in . Futhermore, the F,-minisotropic
tori in the reductive quotient correspond to the elliptic conjugacy classes. Thus we can refine
our parameterization to look at equivalence classes of pairs (F,w), where F is a facet in C
and w is an elliptic element in the Weyl group Wk.

The elements in the Weyl group of GG can be identified with signed permutations of
{1,...,n}. By ignoring the sign changes, each element 7 of W determines a permutation 7’
of {1,...,n}, and this permutation can be written as a product of disjoint cycles. If j is in a
cycle of length & in the cycle decomposition of 7/, then 7%(j) = 4. If 7%(j) = j, then we say
that the cycle is even, and if 7%(j) = —7, then we say that the cycle is odd. Mimicking the
notation in [7], we write C}, for an odd cycle of length k& and A, _; for an even cycle of length
k. In this notation, using Carter’s classification of conjugacy classes in the Weyl group found

in [7], given a facet F in C of type (a|zy,...,z:|b), the elliptic elements in W are of the form
(Cay X+ X Cgp) X Agy1 X o X Agy 1 X (Cyy X+ x Cy)),
where 3% a; =a and 27_ b, = b.
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For example, in Spys, the facet (2|2,1,3|1) is the facet vanishing on the hyperplanes
H. H, H,, H,, H,,, and Hg. It has root system of type Cy x A; x Ay x C}, and the
elliptic Weyl group elements are of type Cy x A; x Ay x C7 and C7 x C; x A; x Ay x (] in

Carter’s notation.

Example: The conjugacy classes of maximal unramified tori in Sp, are parameterized as
in Figure 7.2 below. In this example, none of the facets in the alcove C determined by the

simple roots A = {a, B} are equivalent, and there are nine pairs (F,w) up to equivalence.

Cy
Cl X Cl
A Ch
1
Cy Cy Ci x C

C'1><C'1

Figure 7.2: A labeling of the pairs (F,w) for Spy

7.3 The Waldspurger Parameterization for G

We will first discuss Waldspurger’s parameterization of conjugacy classes of regular
semisimple elements in g, which will then allow us to discuss his parameterization of the
conjugacy classes of maximal unramified tori.

7.3.1 Regular Semisimple Elements in G

We let g,., denote the set of regular semisimple elements of g. We are going to recall the

description of the G-conjugacy classes in g,., given in [37]. To start, we will consider the
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following objects:

1. A finite set [

2. For all i € I, a finite extension F* of F and a F7-algebra F, which is 2-dimensional

over Fi#.
3. For all i € I, elements a; and ¢; in F}*.

For all 2 € I, we let 7; be the unique non-trivial automorphism of Fj over FZ#. We assume

that our choices above satisfy

(a) For all 7, a; generates F; over F.

(b) For all ¢,j € I with i # j, there does not exist an F-linear isomorphism from F; to F

which maps a; to a;
(c) For alli € I, 1i(a;) = —a; and 7;(¢;) = —¢;

(d) 2n = ZiEI[Fi L F

Thus the choice of a; determines F; and Fi#. Write W = @, _; F;, and define a symplectic

i€l

form ¢y on W by

qW(Z w;, Zwi) = Z[E : F]’ltraceFi/F(Ti(wi)wgci).

el i€l el

We let Xy be the element of Endp(W) defined by Xy (>, ., wi) = >

ser @iw;. Then if we

fix an isomorphism from (W, gy) onto (V, gy ), the element Xy, identifies an element X € g
which is regular and semisimple. The orbit does not depend on the choice of isomorphism,
and if we call it O(I, (a;), (¢;)), then all orbits in g,., are of this form.

Now for all 7 € I, let sgn,. . be the quadratic character of Fl#X associated to the algebra

F;/

F;. Let I* be the set of 7 € I so that F; is a field, i.e. so that sgn is non-trivial. Then

F;/F¥
for two families (I, (a;), (¢;)) and (I’, (a}), (¢})) satisfying the above conditions, we have that

the corresponding orbits O(1, (a;), (¢;)) and O(I', (a}), (¢})) are equal if and only if
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1. There is a bijection ¢ : I — I'.
2. For all 7 € I, there is an F-linear isomorphism o; : Fé)(i) — F;; so that

i. Forallie I, ai(a;)(i)) = a;

ii. Forall? e I, sgnFi/Fl#(Cz'Ui(C;(i))_l) =1

We also have that the two orbits are in the same stable conjugacy class, i.e. there are
regular semisimple elements of g in the respective orbits which are conjugate by an element of
G, if maps ¢ and o; satisfying all but condition ii. above exist. A stable class O%(1, (a;), (¢;))

thus splits into exactly (Z/2Z)"" G-conjugacy classes.

7.3.2 Unramified Tori in G

Given a partition A = (1, ..., zx), let S(A) := SF | x; denote the sum of the parts of \.
We always order the parts of A so that 1 > -+ > x;, and we do not allow parts of A to be zero.
Let 6ax (V') be the set of triples of partitions (g, ¢/, p”") so that S(uo) + S(') + S(i”) = n.
Then we have a bijection C% — 0,0 (V) given as follows:

Let T be a maximal unramified torus, and fix a regular semisimple element X in t, the
Lie algebra of T" in g. Choose (I, (a;), (¢;)) so that X is in the orbit O(I, (a;), (¢;)). For an
integer m > 1, let F™ be the unique unramified extension of F of degree m. Since T is
unramified, for all i € I, there exists an integer m(i) so that Fi# = Fm@)_ Let I', resp. I”,
be the set of i € I* so that the valuation vg,(¢;) of ¢; in Fj is even, resp. odd. We define the
triple (uo, i/, /") by setting p/, resp. p”, to be the the partition which has the same parts
as the family (m(%));er, resp. (m(i));er. Finally, we define p to be the partition having
the same non-zero terms as the family (m(7));cs\ /. Thus we have defined an element of
Omax (V') from a given maximal unramified torus 7. According to [37], it does not depend on
the choice of X in T, and 9X defines the same element of 6,,.,(V') for all g € G. Thus the
construction gives a bijection

C® = Opax(V)
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7.4 Main Result

We are now ready to compare the two parameterizations.

Theorem 7.4.1. Consider (pg, 1/, 1) € Omax(V), with po = (z1,...,2.), ' = (Y1, .., Ys),
W' = (z1,...,2). Then we have that the corresponding G-conjugacy class in C corresponds
to the equivalence class of (F,w) in the DeBacker parameterization, where F is the facet

(S(")|z1, ...,z |S(i')) and w is in the conjugacy class of type

(Coy X oo x Cy) X Ao X oo X Ay 1 X (Cyy X -+ x Cy).

In particular, the tori corresponding to the special vertex of C vanishing at the hyperplanes
He,,,...,H,, , and Hg are those corresponding to triples of the form (0, x/, (). Similarly,
the tori vanishing corresponding to the special vertex of C vanishing at the hyperplanes
Hg,,...,H,, ., and H, are those corresponding to triples of the form ((), 0, u”). The diagonal

torus S corresponds to the triple ((1,...,1),0,0).

Example: In Figure 7.3 below, for each pair (F,w) in Spy, we give the corresponding triple

in the Waldspurger paramaterization.

We will prove this theorem throughout the rest of this section. We will deal with each of
the partitions in a separate subsection before putting everything together at the end. For each
partition, we will carefully construct the necessary field extensions, algebras, and generators
a;. We will then use our construction to produce an ordered symplectic basis and determine
the structure of the matrix of the multiplication map with respect to our choice of ordered

basis. We will pay particularly close attention to:

1. The location of the non-zero entries of the matrix of multiplication by a;, particularly

in our analysis of pp. We need to choose our basis of W so that X lies in the parahoric
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=

02 e (@,

,(2))
C'1><C’1<—>( 1

0,(1,1))

=

Ay ((2),0,0) Cy < ((1),0,(1))

1+ ((1,1),0,0)

Cy > (0, (2),0) Cy < ((1),(1),0) Cy x Cy (0, (1), (1))
C’1 X Cl <~ (@,( 71>7®)

Figure 7.3: The Theorem for Spy

of our proposed facet F and descends to a regular semisimple element in the reductive
quotient. In particular, we will choose our ordered basis so that all of the non-zero
entries of X will lie on either the diagonal or in the root space of a root « so that

FCH,.

2. The way in which Fr acts on the eigenvalues of the matrix of multiplication by a;. When
we put everything together, we will use this information to determine the conjugacy

class in W associated to our torus.

7.4.1 The Partition p

We begin with a lemma:

Lemma 7.4.2. The degree m extension Fi" of F, contains an element 7 so that ;" = F,(n?).

In other words, n? is a primitive element of the extension Fy /F,.

Proof. We will treat the cases of p = 2 and p # 2 separately. First, suppose p # 2, and choose
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an element n € F" so that 7 is a cyclic generator of the multiplicative group of Fi". Then n
—1
has order ¢™ — 1, and since p # 2, n* has order (¢™ — 1)/2 = qT(l +q+- g™ I
n? is not a primitive element of the extension Fy /F,, then n* must belong to some proper
subextension, and so the order of n? is less or equal ¢* — 1 for some k& < m. But
qg—1

qk_1<qk<1+q+...+qm—l<T<1_’_q+.__+qm—1)

since ¢ > p > 2, and so 7? is the desired primitive element of the extension Fy /F,.
On the other hand, if p = 2, then since 2 is then coprime to ¢™ — 1, n? is another cyclic
generator of the multiplicative group of ;" for any cyclic generator n of Fi", and so we are

done. O

For the part z; of the partition pg, we may thus assume that F(®1) = F(n?) for some
1 € 05y Let f(x) be the minimal polynomial of 7> over F so that F@) = Flx]/(f(x)). Note
that F'®1) = F(n) as well, and so the minimal polynomial g(x) of  over F also has degree 1,
which we will use shortly. Then we define the algebra F,, := F@[y]/(y?—n?) = F[y]/(f(v?)).
Then F,, is 2-dimensional over F*!) and is not a field, meaning that it is the algebra
corresponding to 1 in the Waldspurger construction. We have that the non-trivial F(1)-
automorphism 7 sends y to —y.

We set ¢; = y so that our symplectic form on F,, , viewed as an F-algebra, is given by
the pairing (v, v9) = ﬁtraeeFxI/F(T(vl)vzy) for vy,vy € F,,. We set a; = y so that our
F-endomorphism X,, on F}, is given by multiplication by .

We will now determine the eigenvalues of our multiplication map X,,, and we will
determine how Fr acts on them. Again viewing F,, as an F-vector space, we begin by
fixing the ordered basis {1,y, 1%, n?y,n*,...,n?@ =Y 2@~} Then the matrix of X,, with
respect to this basis is in rational canonical form, and so the characteristic polynomial of X,
is f(x?). We then claim that f(z?) = +g(z)g(—=z). To see this, first note that n and —n cannot

both be roots of g(x). If they were, we would have n = Fr*(—n) for some integer k < 1,
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as every unramified extension of F is cyclic. But then we would have that 7? = Fr*(5?),
implying that the extension F,(n?) has degree less than x; and hence contradicting our choice
of 7. Thus the minimal polynomial of —7, which is +g(—=x), is not equal to g(x), and so in
particular g(z) and g(—z) have distinct roots. But n and —n are both roots of the monic
polynomial f(z?), and so we must have that both g(x) and +g(—x) divide f(x?). Since the
degrees match and the roots are distinct, we have our claim.

With this equality, we have that Fr permutes the roots of g(z), which are elements of
07y having distinct images in the residue field, and the roots of g(—x), which are the
negatives of the roots of g(z), cyclically, and so Fr acts on the roots of f(x?), which are the
eigenvalues of X, , via two x;-cycles.

We will now begin working towards a symplectic basis. To begin, we reorder our basis as

2(x1—1)

{2 n% .. ..n Y2y, Py

Then with respect to the basis, X, is a block matrix of the form

0 A
Id 0O

where each block is a xy X 1 matrix with non-zero entries in 0. However, if we consider F(n?) =
F@1) a5 an F-vector space and let Y be the linear transformation given by multiplication
by n?, we notice that A is also the matrix of Y with respect to the ordered basis B =
{1,7%, 7%, ..., n*® =D}, Thus the matrix A has a natural square root v/A obtained by taking
the matrix of the linear transformation on F(n?) given by multiplication by 1 with respect to
the basis B. We also see that v/A is invertible, with inverse given by multiplication by 7~
in F'(n?). Note that VA and \/Zi1 both have entries in o.

Now let T" be the block matrix

VA —VA
Id Id
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and let By be the transformed ordered basis By = {T-1,T -n?,..., T -n*™=Y T .y ... T-

n*@1=Yy1. Then the matrix of X,, with respect to By is given by

i

—1
1
sVA

Id 0 A VA —A VA 0
Id Id 0 Id 1Id 0 —VA

NI= N

From here, we finally construct a symplectic basis. First, we claim that (T -n* T - n¥) =

0= (T -n*y, T -n¥y) for all 4,5 in {0,...,2; — 1}. To see this, note that
T-n? =n-n? 4 iy = g2l 4ty
since VA acts on F(®1) by multiplication by n by construction and
TPy = —p- g2 4+ gty = —p?HL | pliy,
Thus

(T 0>, T-07) = (" + 0Py, n™* +nPy) = 2—231tracem/p((n2 =Py (T P y)y)

2i+2j+2 +n2i+2j+3 242543 2i+2j+2)

= g -tracer, /i (yn n yn

T

=0.

The computation for (T -n* T - n*) is nearly identical.

Thus we can decompose the F-vector space F,, into two Lagrangian subspaces, xi-
dimensional subspaces Ff = spang{T - 1,7 -n? ..., T - n*®~D} and F, = spanp{T -
Y, ..., T-n*@ =Dy} so that (z,y) = 0 for all z,y € F", resp. F,.. Then for v’ € F,, the
map which sends v € F to (v,v’) gives a linear functional on F". Since the symplectic form

is non-degenerate, we obtain an isomorphism F, = (F})*, where (F})* denotes the dual

space of F-. We can then construct a dual basis {7g,...,7% _1} of (F}7)* so that 4} (T-n¥) =
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0 i#y
, and letting B’ be the ordered basis {T'- 1,7 -7% ..., T -n*™ = ~. 1 ... %},

1 i=j
where «; is the inverse image of ~; under our isomorphism F,, = (F,/)*, we have obtained

our symplectic basis.

Id 0
Note that the change of basis matrix from By to B’ has the block-diagonal form

0 M

for some x; X z; matrix M, and so the matrix of X, with respect to B’ also has block

diagonal form

VA 0
0 N

where N is the x1 X x1 matrix given by conjugating —VAT by the matrix . Thus

1

we note that the matrix of X,, with respect to the ordered basis B’ still has entries in o.

For future use, we let 711" := T'- % and 471, = v; for j € {0,...,2; — 1} so that

J+1 j+
/! __ T1,+ 1,4+ z1,— x1,—
B = {77, it gm0 b We also let
1,1
ML
0 M2

denote the matrix of X, with respect to this ordered basis.

Remark: Note that we could have constructed the symplectic basis before applying the
transformation 7" to our original basis. However, the resulting matrix of X,, would not have
the block-diagonal form we have just obtained, which is essential to ensuring our resulting
element will be a lift of a regular semisimple element in the reductive quotient of our eventual
facet F. In particular, we want the non-zero entries of this piece to only show up in the root

spaces in the subsystem spanned by the simple roots «;.
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Thus we are done with the entry x; in p9. For the other x; € 1, we can repeat this
process. The only difference is if x;, = x;, for j; # j2, we need to rescale our choice of a;, by
a representative of a non-trivial class in F/(F N Ray;. ), where Ry, denotes the group of
2, th roots of unity which belong to F7. The resulting matrix of X, and its eigenvalues are
then scaled by the same element so that the entries of X, still lie in 0 and the eigenvalues
of X, still liein o, ,. Since ¢ > 2n, we can scale so that for all z;, = x;,, each of the a;,
are multiplied by representatives of different classes. We need to do this so that condition (b)
at the start of Section 4.1 is satisfied and so that the the eigenvalues of all the matrices X,

are distinct elements of oy, ~with distinct images in qu .

7.4.2 The Partition /'

We choose a lift § € 0;(111) of an element of the degree y; extension F' of F; which

generates the cyclic group (F¥')*. Then we have that the degree y; unramified extension

X since

FWV is equal to F[6]. Furthermore, the image of § cannot have a square root in (F)
(F#1)* has even order, and so the degree 2 unramified extension [, of FWV is generated by
§'/2 for some fixed square root of §. We let 7 denote the non-trivial element of the Galois
group of the extension F,, /F¥) so that 7(5Y/2) = —§/2.

We choose a,, = ¢,, = §/% in the Waldspurger construction. Thus our F-endomorphism
X,, of F,, is given by multiplication by §'/2, and our symplectic form on F,, is given by
the pairing (vq, vg) = ﬁtraeepyl/F(T(vl)vgél/Q) for v1,v2 € F,,. Let f(z) be the minimal
polynomial of § over F. Then f(22) is the minimal polynomial of §'/2 over z, and so it also
the characteristic polynomial of X,,,. Since f(2?) is the minimal polynomial of an unramified
extension of I, we know that the eigenvalues of X,, are in o;(y ., and have distinct images in
F¥1. We also know that Fr permutes the 2y, roots of f (x?) cyclically. Furthermore, for all

roots v'/2 of f(2?), we must have that Fr¥'(y'/2) = —'/2 since Fr permutes the 3, roots of

f(x) cyclically, meaning that Fr acts as an odd y;-cycle on the roots of f(z?).
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Before constructing our symplectic basis, we begin with the ordered basis
{1,0,..., 6071 512 532 gnT1/2Y

Then the matrix of our multiplication map with respect to this basis has the block form

0 A
Id 0O

where each block is a y; X y; matrix. If we let
F;; :spanF{l,(S, 527,,.’5?!1—1} and Fy_l :SpanF{61/2,53/2,,.,,5?/1—1/2}7

then note that any two elements of Fyt (resp. Fy:) are mutually orthogonal with respect to our

symplectic form. For v in F , the map which sends v € F,} to (v,v’) gives a linear functional
+ . . . . . _ +

on I}, and since the symplectic form is non-degenerate, we have an isomorphism F,, — (F;})*,

where (F,f)* denotes the dual basis of F;. Constructing a dual basis {75, ...,7; 1} of (F}})*

. 0 i#j
so that 7} (¢7) = ,welet B ={1,...,6" ' v, 1,...,7%}, where 7; is the inverse
1 i=j
image of 77 under our isomorphism F,, = (F,\)*. For future use, we let 7/{1" = §7 and
vy = forall j €{0,...,y1 — 1} so that B' = {yr AN AR T e

Note that the change of basis matrix from our initial basis to the ordered basis B’ has

Id 0
the block-diagonal form for some y; x y; matrix M, and so the matrix of our

0 M

multiplication map with respect to B’ has the block form
1,2
0 M,
2,1
M 0
This is a matrix with entries in o.

For the other y; € 1/, we can repeat this process. The only change we need to make is

that if y;, = yj,, for j1 # ja, we need to rescale our choice of a,, by a representative of a
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non-trivial class in F)/(Fy N Ry, ), where Ry, denotes the group of 2y;, roots of unity. The
resulting matrix of X, and its eigenvalues are then scaled by the same element of F so that

the entries of X, still lie in 0 and the eigenvalues of X, still lie in 0% Since ¢ > 2n, we

Fy1)®
can scale so that for all y;,, = y;,, all of the a;,, are multiplied by representatives of different

classes. As with 1, we do this to ensure condition (b) at the start of section 4.1 is satisfied.

7.4.3 The Partition p”

For z; € ", we choose 6 as in the previous section so that F'*) = F(§) and F,, = F(§'/?).
The primary difference in the construction from the previous section is that we set c,, = wd'/2,
so that the symplectic form is given by (v, vs) = %ZitrFZi/F(T(Ul)vgwél/Q) for vy, vy € F,,. We
take a,, = d,, -6Y2 where d., is an element of F, chosen so that for all z; = z;, d., and d., are
distinct representatives of Fy /(Fx N Ry.,), where Ry,; denotes multiplicative group of 2z;th
roots of unity in ¥, and so that for all z; = yj, for y € i, a,, Was not scaled by an element

in the same class as d,, in the previous section. Then our F-endomorphism is multiplication

z;—1/2

by d.. - 6'/2. We take our initial basis to be B = {1,4,...,6%! Ay Sk LT We

[
then construct the change of basis matrix that we would have constructed for the basis

{1,8,...,6%71, 62 532 . §%71/2) in the y/ case, and apply it to B to obtain an ordered

basis B = {~{"*, ... it vz, 0,9 b Then we again have a symplectic basis, and the

2

matrix of the multiplication map X, with respect to B’ has the block form

0 M1’,2
ML 0

The z; X z; matrix M}»* (resp. M2') has non-zero entries in p~' (resp. p), and we again see

X

that the eigenvalues of X, are elements of o,

, with distinct images in F'.
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7.4.4 Completing the Proof

We are now ready to put everything together. Let

w=@FroPF,oPF,.

;€O yi N zREP’

Then W is the space associated to the triple (o, i/, ") in the Waldspurger construction.
The symplectic form and F-endomorphism determining our regular semisimple element are
the respective sums of the symplectic forms and F-endomorphisms of each subspace, as

described in section 4.

For m; € puo, set B = {7{"", ..., 72"} and By, = {72~,...,7{"" }. Define B;fj and B

Ty

analogously. Fix the ordered basis
Bw = BfU---UBJUB] U---UB; UB/ U---UB,UB, U---UB, UB_ U---UB, UB_U---UB_.

By our work in the previous subsections, we know that the matrix of our symplectic form

on W has the form

-1
with respect to the ordered basis By, so that we have an obvious isomorphism from W into V.

With respect to By, we have that our F-endomorphism (which again is a regular semisimple

element of our unramified torus), has the block form

MY M2
Y

M M2
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where each block has size n x n. These blocks M* are in turn block matrices. The matrix

M*'! is block diagonal of the form

0
0
M ;11
Ml,l
Ty
0
0
where the blocks have size 21 X 21, ..., 2p X 24, Ty X X1, .o, Tp X Ty, Y1 X Y1, - - -, Ys X Ys TESPECtively.
Similarly, the block M?? is block diagonal of the form
0
0
M 952;‘2
Mgf
0
0
where the listed blocks have size s X Yg, ..., Y1 X Y1, Tp X Ty oo, X1 X T1, Z¢ X Zgy oy 21 X 21

The matrices M? and M?! are block anti-diagonal. M'? has the form
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M2

Y1

1,2
Mys
where the listed blocks have size, from top to bottom, 21 X z1,...,2; X 24,1 X X1,...,T, X
Tpy Y1 X Y1, .., Ys X Ys, and M?>! has the form
2,1
M
2,1
My1
0
0
M2
M?{l
where the listed blocks have size, from top to bottom, ys X ys, ..., y1 X Y1, Tp X Tp, ..., 2T X
1,2 X 2ty ..., 21 X z1. Henceforth, we identify our F-endomorphism of W with the matrix

we have constructed above, and we will write Xy for both.
Thus Xy is the regular semisimple element for our torus arising from the Waldspurger

construction. We now determine a pair (F,w) giving our torus in the DeBacker parameteriza-

tion. We begin with w. To compute w, we first note that there is a diagonal matrix s in the
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Lie algebra of S and an element g € G(F,,) so that X,, = 9s. Then since Xy is F-rational,
we have that n = g7'Fr(g) is an element of Ng(S) sending Fr(s) to s, and we know from
[1] that w is the image of this element in the Weyl group. But by linear algebra, note that
the columns of g must be an eigenbasis for the endomorphism Xy, . Since Xy is a regular
semisimple element in the Lie algebra of Spa, its eigenvalues are distinct, and so g~ 'Fr(g)
is a permutation matrix, where the cycle type of the permutation is determined by how Fr
permutes the eigenvalues of Xy . But by our previous analysis, each x; € ug gives us an even
cycle of type A,,_; in the Carter notation, while each y; € ¢/ and z;, € " gives us an odd

cycle of type C,, or C, respectively. Thus the Weyl group element w associated to Xy is of

type

(Chy X - x Cy) X Ay X oo X Ay X (Cyy X -+ X CYy,)

in the Carter notation.
To conclude the proof, we need to show that the image of Xy in Lie(Gg)/Lie(G¢) is still
a regular semisimple element, where F denotes the facet in the fundamental alcove C of type

(S(")|z1, ..., x¢|S(i')). To do this, we claim that it suffices to check

e The eigenvalues of Xy lie in 0y and are distinct in the reductive quotient.

e Every non-zero entry in the root space of a root « in the subsystem @’ spanned by
{—=e,a1,...,asqm)-1} lies in o if the coefficient of —e in a is 0 with respect to the
simple system {—e, aq,...,aggm-1} of @', lies in p if the coefficient of —e is positive,

or lies in p~! if the coefficient of —e is negative.

e Every non-zero entry in the root space of a root « in the subsystem spanned by the
simple roots «; corresponding to the vertices in the subdiagram of the extended Dynkin

diagram associated to a part x; € pg lies in o.

e Every non-zero entry in the root space of a root a in the subsystem spanned by the
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simple roots  and a,_g(uy41,-- -, Qp—1 is in 0.
e Every non-zero diagonal entry is in o.

e Every other entry is zero.

The last five conditions ensure that the element Xy lies in the Lie algebra of the parahoric
at our facet, and the first ensures that the image Xy, of Xy, in the associated reductive
quotient is a regular semisimple element of Lie(Gg). Note that the centralizer of Xy, call it T,
in the quotient Gg/G¢ is a maximal F,-torus that corresponds to the image of C(Xw )N G
in Gg/GE. By [10], the maximal unramified torus C(Xy) is a lift of T.

We now check that Xy, does in fact satisfy the six conditions. The first condition follows
from our choice of the elements a; in the preceding sections for each partition. In particular,
we showed that the eigenvalues associated to each part are distinct elements of of , and
since they are the roots of the minimal polynomial of an unramified extension, they have
distinct image in the residue field. Furthermore, by scaling at the end of each subsection
whenever one of our partitions contains parts that are equal, we ensured that eigenvalues of
Xy in the direct sum are also distinct elements of oy, ~which still have distinct image in qu .

We can see that all of the remaining conditions hold from the block form of our matrix
Xw. In the first S(u”) columns and last S(u”) columns of Xy, all non-zero entries are in
M?*" and M"? respectively. In particularly, they lie in a block of the form MZ2! or M]»*. The
entries in the blocks Mfi’l correspond to root spaces of roots in the subsystem spanned by
{—e,a1,...,ag(m)—1} so that the coefficient of —e is positive. By our construction in the
previous section, we know that the non-zero entries of M2' lie in p. Similarly, the entries in
the blocks lez correspond to root spaces of roots so that the coefficient of —e is negative,
and again by our construction in the previous section, we know that the non-zero entries of
B}? lie in p~'.

For z; € pg, we consider the columns S(p”)+x1+- - +x; 1 +1,...,S(u")+x1+- - 2 1+

and 2n — (S(¢") + 1+ -+ )+ 1,....2n — (S(W') + 21 + - -+ + x;—1). Then the only
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non-zero entries are in the matrices M;' and M2?. The non-zero entries of these matrices
are in 0. They contain the diagonal entries of Xy lying in the columns, and they also contain
the root spaces of the roots in the span of avg()4a;+ta; 1415 - - - XS(u")+a1+...0s—1, Which are
the simple roots corresponding to the vertices in the subdiagram of the extended Dynkin
diagram associated to x;.

Finally, in the middle 2- S(y’) columns of Xy, all non-zero entries are in the blocks of
the form M2' or M,-*. But the non-zero entries of these blocks are in o0, and the entries of
the blocks are root spaces of roots in the subsystem spanned by 8 and a,_g(uw), - .., @p-1.

Consequently, Xy defines the torus associated to the pair (F,w), and so we are done.

7.5 Inverse Map

The construction in the previous section produces one pair (F,w) in the equivalence class
associated to our maximal unramified torus. It is natural to ask whether we can obtain
other pairs (F',w’) in our equivalence class so that we may construct an inverse map. To
answer this, note that our construction only produces facets of the form (a|zy,...,z,|b) for
xq > -+ > x,.. However, in our construction of W in the previous section, note that if o is a
permutation of the parts of g, then we can permute the sub-bases B;“i by o when choosing
our ordered basis By, as long as we also permute the B, analogously. Then with respect to
this permuted ordered basis, the matrix of Xy will still be of type w, and it will define an
element in the same G-conjugacy class. However, now it will be regular semisimple in the
reductive quotient of the facet of type (S(u”)|o(x1),...,0(x,)|S(K')).

Consequently, given a pair (F,w), where F is of the form (a|xy,...,z,|b) and w € WE is
elliptic of type (Cyy X -+ X Cg,) X Agy—1 X -+ X Ay, 1 X (Cpy, X -+ X Gy, ), then we can define
fto to be the unique partition containing the parts 1, ..., x,, i’ to be the partition containing
the parts by,...,bs, and y” to be the partition containing the parts aq,...,a;. Then the
F-conjugacy class associated to the triple (uo, i/, 1) is the F-conjugacy class associated to

(F,w).
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