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ABSTRACT

Anosov representations were introduced by Labourie for fundamental groups of closed nega-
tively curved Riemannian manifolds in his study of the Hitchin component and further generalized
by Guichard-Wienhard for more general Gromov hyperbolic groups. Anosov representations of hy-
perbolic groups form a rich and structurally stable class of discrete subgroups of real reductive Lie
groups and are recognized as a higher rank analogue of classical convex cocompact representations
of hyperbolic groups into simple Lie groups of real rank 1. In this thesis, we obtain characteriza-
tions of Anosov representations in the spirit of the work of Guéritaud-Guichard-Kassel-Wienhard
and Kapovich-Leeb-Porti in terms of equivariant limit maps, the Cartan property, the uniform
gap summation property and weak uniform eigenvalue gaps. As an application, we obtain a char-
acterization of strongly convex cocompact subgroups of the projective linear group PGL(d,R).
We also compute the Holder exponent of the Anosov limit maps of an Anosov representation in
terms of the Cartan and Lyapunov projection of the image of the representation. Finally, we also
provide a complete characterization of the domain groups of Borel Anosov representations into

the projective linear group PGL(4¢ + 2, R) for every ¢ greater or equal than 1.

vi



CHAPTER I

Introduction & Statement of Results

In this chapter, we provide a brief introduction to Gromov hyperbolic spaces and groups, a
definition of Anosov representations into special linear groups along with some classes of examples

and also state our main results.

1.1 Gromov hyperbolic groups

Gromov hyperbolic spaces were introduced by Gromov during the 80’s in his seminal work
[Gro87] and since then they play a fundamental role in the study of the geometry and topology
of metric spaces with hyperbolicity. Let us provide a definition attributed to Rips in terms of
slim triangles. Given a geodesic metric space (X, d), a geodesic triangle defined by three points
p,q,7 € X (and geodesics between the vertices [pq], [qr], [rp]), is called -thin if the union of the
d-neighbourhoods of any two of the geodesics [pq], [qr], [rp] contains the third one. A geodesic
metric space (X,d) is called Gromov hyperbolic if there exists 6 > 0 such that every geodesic
triangle on X is d-thin. Gromov hyperbolic spaces can be thought as a generalization of the class
of metric spaces of strictly negative curvature. The fundamental examples of Gromov hyperbolic
spaces include Hadamards manifolds of sectional curvature at most —x < 0 (i.e. complete simply
connected Riemannian manifolds (M, g) of sectional curvature at most —x < 0). An important
property of Gromov hyperbolicity is that it is invariant under quasi-isometry (see [Gro87], [BH13],
[CDPO06]): a geodesic metric space (Y, d) which has the same large scale geometry as a Gromov
hyperbolic space has to be Gromov hyperbolic.

Given a finitely generated group I' and a finite generating subset S of I', we say that I is
word hyperbolic if its Cayley graph equipped with the word metric dg induced from S is a Gromov

hyperbolic space. Moreover, since Gromov hyperbolicity is invariant under quasi-isometries, the



definition does not depend on the choice of the generating subset S of I'. It is an immediate
consequence of the Svarc-Milnor lemma that a group I' is word hyperbolic if and only if it admits
a proper discontinuous and cocompact action by isometries on a Gromov hyperbolic metric space.

The free group Fy of rank k, k > 1, is word hyperbolic since its Cayley graph, equipped with
the word metric defined with respect to a set of free generators, is a tree and hence 0-hyperbolic.
The fundamental group 71 (%) of a closed orientable hyperbolic surface ¥ is also word hyperbolic,
since 71 (X) admits a proper discontinuous and cocompact action by isometries on the upper half

plane H = {(x,y) € R? : y > 0} equipped with the Poincare metric

2 _ (dz)® + (dy)®

(ds) )2

of constant negative curvature —1.

Another large class of examples arises from fundamental groups of certain mapping tori of
closed hyperbolic surfaces. Thurston, proved in [Thu98| (see also [Ota96]) that given a closed
orientable hyperbolic surface 3 and an orientation preserving pseudo-Anosov diffeomorphism ¢ :
¥ — X, the mapping torus M, = X x [0,1]/{(s,0) ~ (¢(s),1)} admits a hyperbolic structure.
The fundamental group of My, m1(My), is word hyperbolic since it admits a discrete, faithful and
cocompact representation into PSL(2,C), the group of orientation preserving isometries of the
3-dimensional real hyperbolic space HZ, = {(z,y, z) € R*: 2 > 0} equipped with the Riemannian

metric

(ds)? = (2 + (dyg)2 + (d2)*

z
of constant negative curvature —1. More generally, uniform lattices (i.e. discrete and co-compact
subgroups) of a simple Lie group G of real rank 1 (e.g. G = SO(n, 1), n > 1) are word hyperbolic.

The Bestvina-Feighn combination theorem [BF+92] provides examples constructed as amal-
gamated free products and HNN extensions of word hyperbolic groups along certain subgroups.
More precisely, given two word hyperbolic groups I'; and I'ys and a quasiconvex malnormal sub-
group I'g of both I'y and I'y, the amalgamated free product I'; *r, I's is word hyperbolic. Other
examples include certain mapping tori of free groups (see [BF+92, page 85]) and certain small
cancellation groups.

The class of word hyperbolic groups generalizes, in many aspects, the class of fundamental
groups of closed negatively curved Riemannian manifolds. Associated to every word hyperbolic
group I' there exists a finite dimensional and contractible simplicial complex, called the Rips
complez, on which I' acts properly discontinuously and cocompactly (see [BH13| for more de-

tails). Word hyperbolic groups are finitely presented and satisfy several remarkable algorithmic



properties. For example, the word and conjugacy problems are solvable in the class of word hy-
perbolic groups (see for example [BH13, III. T".2]). However, besides the remarkable properties
that word hyperbolic groups enjoy, there exist examples with features completely different from
those of uniform lattices in linear rank 1 Lie groups. For instance, there are examples which
fail to admit faithful representations into any matrix group (see the constructions of Kapovich
[Kap05] and Canary-Stover-T. [CST19]). Moreover, there are examples of word hyperbolic groups
capturing some of the pathologies occuring in non-hyperbolic finitely presented groups. The Rips

construction [Rip82] and its generalizations (see [Wis03]) exhibit such examples.

1.2 Anosov representations of hyperbolic groups and a defini-
tion into special linear groups

Higher Teichmiiller theory is the study of spaces of discrete and faithful representations of
finitely generated groups into real Lie groups by using tools from several areas of Mathematics
such as differential geometry, Lie theory, dynamical systems, geometric group theory and many
more. The prototypical example of a collection of (classes of) discrete faithful representations is
the Teichmiiller space T (S), where S is a closed orientable hyperbolic surface of genus greater or
equal than 2. The space 7 (S) can be identified with the set of discrete and faithful representations
of the fundamental group m(S) into PSL(2,R), up to conjugation by elements of the projective
linear group PGL(2,R). Teichmiiller space, and its quotient moduli space, play a central role in
diverse fields including algebraic geometry, complex analysis, low-dimensional topology, dynamics
and geometric group theory. Higher Teichmiiller spaces can be thought as the higher rank analogue
of the space T(59), i.e. a collection of connected components of the space of representations of a
finitely generated infinite group I' into a non-compact linear semisimple Lie group G.

An important class of discrete faithful representations into linear semisimple Lie groups are
Anosov representations. Anosov representations of word hyperbolic groups form a rich and struc-
turally stable class of discrete subgroups of real semisimple Lie groups with special dynamical and
geometric properties, playing central role in the study of Higher Teichmuiiler spaces. They were
introduced by Labourie [Lab06] for fundamental groups of closed negatively curved Riemannian
manifolds in his work on the Hitchin component. Guichard-Wienhard later extended Labourie’s
dynamical definition for more general word hyperbolic groups in [GW12] by using the Gromov
geodesic flow space associated to a word hyperbolic group (see [Gro87], [Cha94], [Min05]). In
several cases, Anosov representations of a word hyperbolic group I' form an entire connected

component of the representation variety Hom(I',G). For example, this is the case for Hitchin



representations see [Lab06] and Benoist representations (see [Ben05]).

Labourie’s dynamical definition of Anosov representations is inspired by the definition of an
Anosov flow on a compact C*°-manifold [Ano67]. The prototypical example of an Anosov flow
is the geodesic flow {g:}scr on the unit tangent bundle T'M of a closed Riemannian manifold
M of negative sectional curvature established by Anosov in [Ano67]. More precisely, let us fix a
Riemannian metric ¢ = || - || on the compact manifold N := T'M. Then, there exist {g; }icr-
invariant sub-bundles E*, E° and E* of the tangent bundle TN with the following properties:

(i) E° is one dimensional and spanned by vector field on TN, riv — <L g,(r)| m e N.

t=0°
(ii) TN = E* @ E° @ E*.

(iii) The geodesic flow on E* (resp. E®) is uniformly dilating (resp. uniformly contracting). In

other words, there exist C, ¢ > 0 such that for every 7 € N, ¢t > 0, vt € E% and v~ € E:

o)., <0

g—e(h)

S CG_Ct
gt (1)

gl
m

m

The Gromov geodesic flow (f‘, 1) associated to a word hyperbolic group I', introduced by Gromov
[Gro87] (see also [Cha94] and [Min05] for other contructions), is a metric space on which I' acts
properly discontinuously and cocompactly by isometries and has similar properties as the unit
tangent bundle of the universal cover of a closed negatively curved Riemannian manifold. For
every Anosov representation p : I' = G into a semisimple Lie group G, there exist explicit vector
bundles EpjE over the flow space (f, 1), obtained from f, p and the Anosov limit maps of p with
the following properties (see [Lab06], [GW12], or subsection 2.5 for the precise definition):

(i) there exists a lift of the geodesic flow {¢; }er on I' on the bundles Ef and B
(ii) the geodesic flow on E (resp. E) is uniformly dilating (resp. uniformly contracting).

Now let us provide an alternative definiton of Anosov representations into the special linear
groups PSL(d,R) and SL(d,R), in terms of eigenvalue and singular value gaps established by the
work of [KLP18], [BPS16] and [KP20]. For an introduction to Anosov representations we also
refer the reader to Canary’s lecture notes [Can20).

Let us fix d > 2. For an element g € SL(d,R), let A\1(g) > Xa(g) > ... > Aa(g) denote the
logarithms of the moduli of the eigenvalues of ¢ in non-increasing order (counting multiplicity).
We denote by p1(g) > pa(g) > ... > uq(g) the logarithms of the singular values of g (defined by

1

the relation 1;(g) = 5Xi(gg")) in non-increasing order. The definition of an Anosov representation

p: T — SL(d,R) depends on the choice of a pair of opposite parabolic subgroups (P*, P~) of



SL(d,R). Up to conjugation, every pair of opposite parabolic subgroups (P*, P™) arises as the
stabilizer of a k-plane and a complementary (d — k)-plane for some 1 < k < %. In this case, we

say that p is Py-Anosov.

Definition 1.2.1. ([KLP18], [BPS16], [KP20]) Let I" be a finitely generated group and dg : I'xT" —

N be a left invariant word metric on I' induced by a finite generating subset S of I'. For v € I we

set |ylr = d(7,e) and let |Y|roco = lim, oo hgp be the stable translation length of . For d > 2,
1<k<L g and a representation p : I' — SL(d,R) the following are equivalent:

(i) p is Px-Anosov.

(ii) There exist constants C;a > 0 with the property:

ti(p(7)) = br+1(p(7)) = alylp = C ¥y €T

(iii) I s word hyperbolic and there exists ¢ > 0 with the property:

A(p(7) = Aes1(p(7)) = cvlree ¥y €T

The equivalence (i)<>(ii) has been established by Kapovich-Leeb-Porti [KLP18] and Bochi-Potrie-
Sambarino [BPS16]. The equivalence (iii)<>(ii) was established by Kassel-Potrie [KP20] answering
a question of Bochi-Potrie-Sambarino in [BPS16].

In general, discrete representations of word hyperbolic groups into semisimple Lie groups
are not very well understood. Even restricting to the case of Anosov representations, there are
several open questions concerning word hyperbolic groups admitting Anosov representations. Some
restrictions on groups admitting projective Anosov representations into SL(3, R) and SL(4, R) have
been estabilshed in [CT20]. However, there is no known classification of which word hyperbolic
groups are Pj-Anosov into SL(d,R) for any d > 5. Moreover, as of now, there is no known
example of a linear word hyperbolic group which fails to admit Anosov representations into any
linear semisimple Lie group (see for example [Kas18, page 24]). One hope for the construction of
such examples is to consider amalgamated free products involving super-rigid lattices in the rank
1 Lie group Sp(d, 1), d > 2, following the point of view of the constructions in [CST19].

During the last decade several results have been established for Anosov representations in-
cluding various characterizations completely different from Labourie’s original dynamical defini-
tion [Gué+17], [KLP17], [KLP18], [KLP14], constructions of domains of discontinuity associated
to Anosov representations [GW12], constructions of Riemannian metrics on higher Teichmiiller

spaces containing Anosov representations [Bri415], analogues of the collar lemma for Hitchin and



maximal representations (see [LZ17] and [BP17] respectively), generalizations of the notion of
Anosov representation for relatively hyperbolic groups [KL18], [Zhul9] and many more.
Recently, the work of Danciger-Guéritaud-Kassel [DGK17] and Zimmer [Zim17] offers a con-
nection of Anosov representations with real projective structures. More precisely, their work shows
that, up to composing an Anosov representation with an explicit Lie group homomorphism, the
image of the composition acts convex cocompactly on a properly convex domain of some real
projective space. In particular, Anosov representations of word hyperbolic groups can be thought

as a generalization of convex cocompact representations into simple rank 1 Lie groups.

1.3 Examples of Anosov representations

Let us now provide some examples of Anosov representations into SL(d, R). A linear represen-

tation p : I' — SL(d, R) is called Borel Anosov if p is P-Anosov for every 1 < k < g.

(i) Convex cocompact subgroups of rank 1 Lie groups. Let G be the full isometry group of the
locally symmetric hyperbolic space H', where m > 2 and k = R, C or the ring of Hamiltonian
quaternions H (i.e. G is locally isomorphic to SO(m, 1), SU(m, 1) or Sp(m, 1)). Let zo € H* be a
fixed basepoint. The visual boundary d.H}' of the Gromov hyperbolic space H}" is by definition
the equivalence classes of geodesic rays starting at o, where two geodesics o1, 09 : [0, 00) — HJ
are equivalent if there exists M > 0 such that dym(01(t),02(t)) < M for every ¢ > 0. The visual
boundary d-H}" is topologically the sphere of dimension [k : R]m — 1. The topology on o Hj" is
induced by a visual metric (see Section 2.2).

Given a subgroup I' of G, the limit set Ar of I in H}? is the set of accumulation points of
orbits of I in the visual boundary d,.H}". The subgroup I' C G is called convex cocompact if I" is
a discrete subgroup of G and acts cocompactly on the convex hull C of its limit set Ar into the
space H. It is an immediate consequence of the Svarc-Milnor lemma (see [BH13]) that I' is a
word hyperbolic group and the inclusion I' — G is a quasi-isometric embedding, i.e., after fixing

a word metric dg on I', there exist C', ¢ > 0 such that
dy (Y20, 20) = clylr —C Vy €T

and |v|r := ds(v, e). The inclusion representation I' — G is Anosov. We also remark that addi-
tional examples arise from convex cocompact subgroups of the isometry group of the octonionic
hyperbolic plane H2 equipped with the Killing metric.

In general, given a representation p : I' = G into a linear simple Lie group G of real rank 1,



the following are equivalent (for instance see [GW12, Theorem 1.8]).

(i) p is Anosov.
(ii) The kernel ker(p) is finite and p(I") is a convex cocompact subgroup of G.

(iii) p is a quasi-isometric embedding, i.e there exist A,a > 0 such that
1
alylr + A > dup (p(7)0, v0) > aMr —A

for every v € I'.

(ii) Johnson-Millson deformations. We describe here the type of deformations defined in [JM87].
Let I be a torsion-free and cocompact lattice (i.e. discrete with compact quotient) of the Lie group
SO(d,1). Suppose that I' contains a subgroup I'g which is a cocompact lattice of SO(d — 1,1) C
SO(d,1) and To\HE ™! — T\H¢ is a totally geodesic embedding. The van Kampen theorem
implies that the fundamental group of the compact hyperbolic d-manifold I'\Hg, T, splits as
an amalgamated free product A xr, B in the non-separating case, or as an HNN extension
C¥ry—g(ro) = (C,s | sys™' = ¢(v), v € Ty) for some monomorphism ¢ : Ty < C in the
separating case. Let p denote the inclusion of I' in SO(d,1). Let us also fix an one parameter

subgroup {¢; }er in SL(d+ 1,R) centralizing I’y and consider the following family of deformations
{p: T = SL(d+ 1,R)}, o of p, defined as follows

p(y), €A p(s)e, v=s
t(Y) = and pi(v) =
P {ctp(v)ct‘l, v€EB o) { p(7), yeC

in the non-separating and separating case respectively. The representation p is P;-Anosov, so for
small enough values of ¢, the representation p; remains Pj-Anosov by the stability of Anosov
representations (see [Lab06] and [GW12, Theorem 5.12]). In fact, Benoist’s theorem in [Ben05]
shows that p; is Pi-Anosov for every t € R.

The previous examples are Pj-Anosov. It is also possible to produce Pi-Anosov examples for
k # 1. For example, let I' — SL(2,C) be a torsion-free uniform lattice containing a separating
totally geodesic surface ¥ and, up to conjugation, we may assume that m;(X) is a convex cocompact
subgroup of SL(2,R). Note that I' splits as an amalgamated free product I' = A *, (») B. Now
consider the Lie group homomorphism 75 : SL(2,C) < SL(4,R) defined as follows:

Re(g) —Im(g)

g eSL2,0).
() Re(g) | 1Y

Ta(g) =




Observe that the one parameter subgroup {cs }ser, ¢s = diag(e®, e*, e™%, %), centralizes 72(SL(2, R)).

The Johnson-Millson deformations {p, : I' — SL(4, R)}qeR of 75 : I' — SL(4,R) defined as

To(7), v €A
Pq(V) = 1
C‘]TQ(V)C(I y Y € B

are Zariski dense and P-Anosov in SL(4,R) as soon as 0 < |¢| < € and € > 0 is small enough.

(iii) Hitchin representations. For d > 3, let iy : PSL(2,R) — PSL(d,R) be the unique, up to con-
jugation, irreducible representation. For a closed orientable hyperbolic surface S, a representation
p:m(S) — PSL(d,R) is called Fuchsian, if p = iz o j for some discrete faithful representation
j :m(S) — PSL(2,R). A continuous deformation of a Fuchsian representation of 7 (.5) is called a
Hitchin representation. The Hitchin component(s) Hq(S) is (are) by definition the set of Hitchin
representations of 7 () into PSL(d, R) up to conjugation by elements of PSL(d, R). Hitchin proved
in [Hit92] that each connected component of Hq(S) is a real analytic manifold diffeomorphic to
R@=DIx(S)|

By using Definition 2.5(ii) and the fact that j is convex cocompact in PSL(2,R), we may
deduce that iz o p is Borel Anosov. Labourie in [Lab06] showed that every Hitchin representation
is Borel Anosov and established strong transversality properties for their Anosov limit maps. In

particular, it follows by Labourie’s work that #H4(.S) is an example of a higher Teichmiiller space.

(iv) Barbot type representations. Let jo : SL(2,R) < SL(3,R) be the reducible embedding defined
as jo(g) = diag(g,1), g € SL(2,R). Barbot proved in [Barl0] that for every convex cocompact
representation p : m1(S) — SL(2,R) the composition jyo p is Pi-Anosov. By using Definition 1.2.1
(iii), we may check that the product (igx+1 © p) X (igm 0 p) : m1(S) — SL(2k + 2m + 1, R) is Borel
Anosov for every k,m € N. Moreover, by stability, nearby deformations of (iog+1 © p) X (izm © p)

are also Borel Anosov.

We would like to remark that the two known classes of torsion-free word hyperbolic groups which
are known to admit Borel Anosov representations are free groups and surface groups. To us,
the only know examples of Borel Anosov representations of surface groups are either Hitchin

representations or Barbot type representations.

(v) Benoist representations. Another large class of Anosov representations arises from strictly
convex real projective structures on closed manifolds. A domain §2 of the real projective space
P(R?) is called properly convez if it is a bounded and convex domain contained in an affine
chart of P(R?) (i.e. the complement of a projective (d — 1)-plane) and € is called strictly convex

if additionally its boundary 02 does not contain projective line segments. Benoist in [Ben04]



proved that every discrete subgroup I' of SL(d,R), d > 3, acting cocompactly on a strictly convex
domain € of the real projective space P(R?) is word hyperbolic and the Hilbert geodesic flow
on T\T'Q is Anosov [Ben04]. The inclusion I' < SL(d,R) is called a Benoist representation and
is Pi-Anosov (see [GW12, Prop. 6.1]). However, for every 2 < k < £, a Benoist representation
into SL(d,R) is not Pgx-Anosov [CT20, Corollary 1.4]. Moreover, Benoist proved in [Ben05] that
the set of Benoist representations in the connected component C; of ¢ in Hom(I',SL(d,R)) is

closed. Benoist’s closedness result, combined with Koszul’s openess theorem [Kos68], implies that

C; contains entirely Benoist representations. In particular, C; is a higher Teichmiiller space.

1.4 Statement of the results

In this thesis, we present the main results obtained by the author in [Tso20a], [Tso20b] and
a characterization of Benoist representations established by Richard Canary and the author in
[CT20] in terms of limit maps.

First, we provide characterizations of Anosov representations in the spirit of the character-
izations of Guéritaud-Guichard-Kassel-Wienhard [Gué+17] and Kapovich-Leeb-Porti [KLP17],
[KLP14], in terms of the existence of limit maps, the Cartan property and the Lyapunov and
Cartan projection. We use our main result in order to obtain characterizations of strongly convex
cocompact subgroups of the projective linear group PGL(d, R). We also study the relation between
weak Property U, introduced by Kassel-Potrie in [KP20], and the uniform gap summation prop-
erty introduced in [Gué+17]. In particular, we provide conditions for a linear representation of a
finitely generated group with weak uniform gaps in eigenvalues to be Anosov. We also introduce
a Gromov product associated to the linear forms on the Cartan projection of a representation.
For a representation satisfying the uniform gap summation property of [Gué+17] we compare the
Gromov product on the Cartan projection of its image with the usual Gromov product on the
domain group. We also compute the Holder exponents of the limit maps of an Anosov represen-
tation in terms of the Cartan and Lyapunov projection of the image. Furthermore, by using a
result of Benoist in [Ben00], we provide a complete characterization of the domain groups of Borel
Anosov representations into the projective linear group PSL(4g + 2,R), ¢ > 2, answering in the

affirmative a question of Andrés Sambarino.

For some background on Lie theory and word hyperbolic groups, we refer the reader to Section
II. We briefly provide some notation here in order to state our main results. Let I be an infinite
word hyperbolic group, G' be a linear, non-compact semisimple Lie group with finitely many
connected components and fix K a maximal compact subgroup of G. We also fix a Cartan subspace

a of g, a* a closed Weyl chamber of a, a Cartan decomposition G = K exp(a™)K and consider



the Cartan projection u : G — a@t. Given a linear form a € a*, we set a(H) = {(a, H). Every
subset 6 C A of simple restricted roots of G defines a pair of opposite parabolic subgroups Pj
and P, , well defined up to conjugation.

Let p : T' — G be a representation and &7 : 0’ = G/P,” and £~ : 0, — G/P; be
two p-equivariant maps. The maps ¢* and £~ are called transverse if for any two distinct points
zF, 27 € 95T there exists g € G such that £+ (27) = gP,f and £~ (27) = gP, . The representation
p is called Py-divergent if for any infinite sequence (7, )nen of elements of I' and « € 6, the sequence
({a, (p(n))))nen is unbounded. The map & : 9,,I' — G/ P, satisfies the Cartan property if for
any sequence (7Y,)nen of elements of T' which converges to a point * € 0,I' in the Gromov

boundary 9" we have £ (z) = limy, k() Py, where p(75,) = k) exp(p(p(vn))k ) is written

;(vn
in the Cartan decomposition of G. The limit maps of an Anosov representation (see sub-section
2.5 for the definition) satisfy the Cartan property, see [Gué+17, Theorem 1.3 (4) & 5.3 (4)]. We
discuss the Cartan property in more detail in Section 3.2, where we prove (see Corollary 3.2.5)
that for a Zariski dense representation p : I' — G a (necessarily unique) continuous p-equivariant
map £ has to satisfy the Cartan property.

Our first characterization of Anosov representations is based on the existence of a pair of

transverse limit maps, where one of the limit maps satisfies the Cartan property:

Theorem 1.4.1. Let ' be a word hyperbolic group, G a real semisimple Lie group, 0 C A a subset
of simple restricted roots of G and p : I' — G a representation. Then p is Py-Anosov if and only

if the following conditions hold:
(i) p is Py-divergent.

(ii) There exists a pair of continuous, p-equivariant transverse maps
€10, — G/P; and & :0'—= G/P,

and the map &1 satisfies the Cartan property.

We explain how Theorem 1.4.1 is related with [KLP14, Theorem 1.7], [KLP17, Theorem 5.47]
and [Gué+17, Theorem 1.3] in sub-section 1.4.6. From Theorem 1.4.1 we deduce the following
characterization of Anosov representations entirely from the Cartan projection of the image of the

representation.

Corollary 1.4.2. Let I' be an infinite word hyperbolic group, G a real semisimple Lie group with
Cartan projection p : G — at, 0 C A a subset of simple restricted roots of G, {wa}aco the
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associated set of fundamental weights and p : T' — G a representation. We fix |- |r : T — N a
left invariant word metric on I'. The representation p is Py-Anosov if and only if the following

conditions are simultaneously satisfied:

(i) There ezist C,c > 1 such that

{a, u(p(7))) = clog|vy|r — C

for everyy €T and o € 6.

(ii) There exist A,a > 0 such that

(wa 2u(p(7)) = (p(v?))) < A- (2lvIr — *Ir) +a

for everyy €T and o € 6.

For a group I', we denote by 'y, the set of infinite order elements of I'. For two linear repre-

sentations p; : I' = SL(m,R) and py : I' = SL(d, R), where py is Pi-Anosov, we define

and v (p1,p2) == sup )m

A
v_(p1,p2) = inf M(p1(7) :
YEl N

v€leo A1 (p2(7))

By using Definition 1.2.1 (iii), we may see that there exists a > 0 such that A\ (p2(7)) > a|v| for
every v € I and hence the previous two quantities are well defined. As an application of Theorem
1.4.1 we obtain the following approximation result in Section 3.8 which refines the density result

of Benoist obtained in [Ben+00].

Corollary 1.4.3. Let I' be a word hyperbolic group and py : I' — SL(m,R), py : I' — SL(d,R) be
two representations. Suppose that py is Pi-Anosov and py satisfies one of the following conditions:
(i) p1 is Pr-Anosov.

(ii) p1(T) is contained in a semisimple Py-prozimal Lie subgroup of SL(m,R) of real rank 1.
Then for any 6 > 0 and p,q € N with v_(p1, p2) < % < vy (p1, p2), there exists an infinite sequence
(Yn)nen of elements of I' such that

d ] log |’7n‘F

~
q h/n’l"

q  p(p2(m))

p m(m(%))‘ _

for every n € N.
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Now let p : I' — (G be a Zariski dense representation which admits a pair of p-equivariant limit
maps £ 1 0l = G/P; and £ : 9’ — G/ P, . In [GW12, Theorem 5.11], Guichard-Wienhard
proved that p is Pp-Anosov if and only if £T and £~ are compatible and transverse. By using
Theorem 1.4.1 and Corollary 3.2.5 we obtain a generalization of [GW12, Theorem 5.11]. For a
quasi-convex subgroup H of I' (see Definitions 2.2.6 (ii)) we denote by tg : O H < 01 the

Cannon-Thurston map extending the inclusion H — TI'.

Theorem 1.4.4. Let " be a word hyperbolic group, H a quasiconvez subgroup of I', G a semisimple
Lie group, 8 C A a subset of simple restricted roots of G and p : I' — G a Zariski dense
representation. Suppose that p admits continuous p-equivariant maps €7 : O’ — G/P@Jr and
£ 0l = G/P, . Then p|u is Py-Anosov if and only if the maps £ o vy and £ o vy are

transverse.

In Theorem 1.4.1 we do not assume that the image p(I') contains a proximal element in
G/ Pj or that the pair of maps (£,£7) is compatible at some point = € du T, i.e. Stabg (¥ (x)) N
Stabg (€~ (x)) is a parabolic subgroup of G. Under the assumption that both maps (1, £7) satisfy
the Cartan property, Theorem 1.4.1 also follows from [KLP14, Theorem 1.7].

1.4.1 Strongly convex cocompact groups

Classical examples of Anosov representations arise from convex cocompact subgroups of real
rank 1 simple Lie groups and their nearby deformations (e.g. Johnson-Millson deformations) into
higher rank Lie groups. In general, Anosov representations into higher rank semisimple Lie groups
(e.g. SL(d,R), d > 3) have many connections with real projective geometry and geometric struc-
tures. Let us fix an integer d > 3. Let I" be a discrete subgroup of PGL(d,R) which preserves
a properly convex domain Q of P(R%). The full orbital limit set Aq(T) of I' in € is the set of
accumulation points of all I'-orbits in 9 (see [DGK17, Definition 1.10]). The group I' acts convex
cocompactly on Q if the convex hull of Ag(T") in © is non-empty and has compact quotient by I'
(see [DGK17, Definition 1.11]). The group I' is called strongly convexr cocompact in P(R?) if it acts
convex cocompactly on some properly convex domain 2 with strictly convex and C*-boundary.
The work of Danciger-Guéritaud-Kassel [DGK17] and Zimmer [Zim17] shows that Anosov rep-
resentations can be realized as convex cocompact actions on properly convex domains of real
projective spaces. More precisely, suppose that p : I' — PGL(d,R) is a P;-Anosov representation
with Anosov limit map € : 95" — P(R?) and suppose that p(I') preserves a properly convex do-
main of P(R?). Then there exists a p(I')-invariant properly convex domain € on which p(T) acts
convex cocompactly. The proximal limit A]E(F) (see sub-section 2.1.2) of p(T') in P(RY) is exactly

£(0xI") C 09, and p(I') acts cocompactly on the convex hull of £(0I") in €.

12



The following result of Danciger-Guéritaud-Kassel [DGK17] offers a connection between Anosov

representations and strongly convex cocompact actions:

Theorem 1.4.5. ([DGK17, Theorem 1.4]) Let I be an infinite discrete subgroup of PGL(d,R)
which preserves a properly conver domain of P(R?). Then T is strongly convexr cocompact in

P(R?) if and only if T is word hyperbolic and the natural inclusion I' — PGL(d, R) is Py-Anosov.

For a properly convex domain €2 let dg be the Hilbert metric defined on 2. By using Theorem
1.4.1 we prove the following geometric characterization of strongly convex cocompact subgroups

of PGL(d, R) which are semisimple, i.e. their Zariski closure in PGL(d, R) is a reductive Lie group.

Theorem 1.4.6. Let I' be a finitely generated subgroup of PGL(d,R). Suppose that T" preserves
a strictly convex domain of P(R?) with C*-boundary and the natural inclusion T — PGL(d,R) is

semisimple. Then the following conditions are equivalent:
(i) T is strongly convex cocompact in P(R?).

(ii) ' — PGL(d,R) is a quasi-isometric embedding, ' preserves a properly conver domain Q of
P(RY) and there exists a T'-invariant closed convex subset C of 0 such that (C,dq) is Gromov

hyperbolic.

The previous theorem generalizes the well known fact that a subgroup I' of PO(n, 1), n > 2,
is convex cocompact if and only if its is quasi-isometrically embedded in PO(n,1). We remark
that the assumption that the inclusion I' < PGL(d, R) is a quasi-isometric embedding cannot be
dropped.

For a torsion-free word hyperbolic group I', cd(I") denotes the cohomological dimension of T'.
Note that given a convex a representation p : I' — GL(d, R) whose image acts convex cocompactly
on a properly convex domain  of P(R?) is a Benoist representation if and only if cd(I') = d — 1.
We also obtain the following characterization of P;-Anosov representations into GL(d, R) whose

domain group is of cohomolical dimension at least d — 1.

Theorem 1.4.7. ([CT20, Theorem 1.5 & 1.7]). Let I' be a torsion free word hyperbolic group of
cohomological dimension at least d — 1 > 3 and suppose that p : T' — SL(d,R) is a representation.

The following conditions are equivalent:
(i) p is a Benoist representation.
(ii) p is Pi-Anosov.

(iii) There exists a non-constant continuous p-equivariant map & : OsoI' — P(R?).

13



1.4.2 Gromov products.

We also give the following definition of a Gromov product on G' x G which we use in the proofs

of our previous characterization (see Lemma 3.7.1).

Definition 1.4.8. Let G be a real semisimple Lie group, a a Cartan subspace of g and let p :
G — @t be the Cartan projection. For every linear form ¢ € a* the map (+), : G x G — R is

called the Gromov product relative to ¢ and is defined as follows: for g, h € G

(g-h)p = %<so, 1(g) + p(g™") + (k) + p(h™") = (g™ h) = pu(h"g) )

We prove that for every Py-Anosov representation p : I' — G, the restriction of the Gromov
product on p(I') x p(I"), with respect to a fundamental weight w, for o € 6, is comparable with
the usual Gromov product on I' x I'. We fix | - |[p : I' — N a left invariant word metric on I and
[7"|r
n

for v € I" and recall that |y|p e = lim, denotes the stable translation length of ~.

Proposition 1.4.9. Let G be a real semisimple Lie group, a a Cartan subspace of g and let
p:G—at and \: G — at be the Cartan and Lyapunov projections respectively. We fiz 6 C A
a subset of simple restricted roots of G and {wa}aco the associated set of fundamental weights.
Suppose that ' is a word hyperbolic group and p : I' — G is a Py-Anosov representation. There

exist constants C,c > 0 such that

(i) (v 8)e —c< (p(7) - p(8)), <C(y-0)e+c foreverya e andv,0 €T,

[e%

(ii) If 0 = A, then E(v-6)e —c < (p(7) - p(6)), < C(y - 0)e + ¢ for every a € BF and v,6 € T.
(iit) &(IvIr = [lree) — € < (was 1lp()) = Ap(1))) < CIvlr = [lr,00) + ¢ for every o € 6 and
~vel.

We remark that in the case where w, = €1, statement (i) of the previous proposition is not
enough to guarantee that p is a Pj-Anosov representation (see Example 3.10.3). However, p is P;-
Anosov if we additionally assume that p(I") preserves a properly convex domain © of P(R?) with
strictly convex and C'-boundary (see Proposition 3.7.1). Proposition 1.4.9 is proved as follows:
by [Gué+17, Proposition 1.8] we may replace p with its semisimplification, then we compare
the Gromov product relative to the fundamental weight {wa }acp With the Gromov product with

respect to the Hilbert metric dg for some properly convex domain and then use Theorem 1.4.5.

1.4.3 Eigenvalue gaps and the uniform gap summation property

Kassel-Potrie introduced the following definition in [KP20]:

14



Definition 1.4.10. Let I' be a finitely generated group, p : I' — GL(d,R) be a representation and
fir 1 < i < d—1. The representation p has a weak uniform i-gap in eigenvalues if there exists

¢ > 0 such that
Ai(p(7)) = Xix1(p(7)) = eyl co

for every v € T.

Guéritaud-Guichard-Kassel-Wienhard in [Gué+17, Theorem 1.7 (c)] proved that if T' is word
hyperbolic, p has a uniform i-gap into eigenvalues and admits a pair of continuous, p-equivariant,
dynamics preserving and transverse maps £ : 0o’ — Gry(RY) and €~ : 95" — Grg_;(R?), then p
is P-Anosov. Kassel-Potrie proved (see [KP20, Proposition 4.12]) that if T" satisfies weak Property
U (see Definition 3.5.1) and p has a weak uniform i-gap in eigenvalues, then p has a strong i-gap in
singular values: there exist L, ¢ > 0 such that u;(p(7)) — pir1(p(y)) = £|y|r — L for every v € I.
The work of Kapovich-Leeb-Porti [KLP18] and Bochi-Potrie-Sambarino [BPS16] then shows that
I' is word hyperbolic and p is P;-Anosov.

A function f: N — R* satisfying the following two conditions:
(i) 202 f(n) < Foo.
(ii) there exists m > 0 such that f(k+ 1) < f(k) < mf(k+ 1) for every k € N,

is called a Floyd function. For the statement of our next theorem, we need the following definition

(see also [Gué+17, Definition 5.2] and Definition 3.2.6 for a more general definition).

Definition 1.4.11. Let I' be a finitely generated group, p : I' — GL(d,R) be a representation. We
say that p satisfies the uniform gap summation property if there exists C > 0, a Floyd function f
(e.g. f(x) =2717", k>0) and 1 <k < ¢ such that

1k(p(7) = k1 (p(y)) = —log (f(|y[r)) = C ¥y eT.

The following theorem, motivated by [KP20, Question 4.9], provides further conditions under

which a representation p : I' — GL(d, R) with a weak i-uniform gap in eigenvalues is P;-Anosov.

Theorem 1.4.12. Let T' be a non-virtually cyclic finitely generated group and |- |p : T' — N be
a left invariant word metric on I'. Suppose that p : T — GL(d,R) is a representation which has a

weak uniform i-gap in eigenvalues for some 1 < i < d — 1. Then the following are equivalent:
(i) T' is word hyperbolic and p is P;-Anosov.

(ii) There exists a Floyd function f: N — RT such that the Floyd boundary O;T' of I' contains at

least three points.
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(iii) I' admits a representation py : I' — GL(m, R) satisfying the uniform gap summation property.

(iv) T admits a semisimple representation ps : I' — GL(p, R) with the property

i a(P2(0)) = p(p2(7))

[y|lp—o0 log |v|r

We prove that conditions (ii), (iii) and (iv) imply that I" satisfies weak Property U, so (i) follows
by [KP20, Proposition 1.2]. In particular, in Theorem 3.5.3 we prove that every finitely generated
group with non-trivial Floyd boundary has to satisfy weak Property U.

1.4.4 Holder exponents

Sambarino in [Sam16] used the Holder exponent of the Anosov limit maps in order to pro-
vide upper bounds for the entropy of a Pj-Anosov representation of the fundamental group of a
hyperbolic manifold. Let (X7,d;) and (X3, ds) be two metric spaces and f : (X1,d;) — (Xag,ds)
be a Holder continuous map. The Holder exponent as(dy,ds) of f is defined as the supremum
among all numbers o > 0 such that there exists C' > 0 with do(f(2), f(y)) < C - dy(z,y)* for
every x,y € X1. We give a computation of the Holder exponent of the Anosov limit map £ of a
(not necessarily semisimple) P;-Anosov representation of a word hyperbolic group in the following

theorem:

Theorem 1.4.13. Let (X,d) be a Gromov hyperbolic space and let I' be a word hyperbolic group
acting properly discontinuously and cocompactly on X by isometries. We fix xg € X and a >
0 such that there exists a visual metric d, on 0sX with dg(z,y) =< a= @Y for z,y € 0,X.
Suppose that ¢ = 2 and p : I' — SL(q,R) is a Pi-Anosov representation whose Anosov limit map
£ (00X, dy) — (P(RY),dp) is spanning. Then

Csup i FaP(1) = H2(p()

g (d ,d]pv = p
¢ (da, dr) loga n>1lx>n Ivlx

where |y|x = d(yzo, xo).

In Theorem 1.4.13, dp denotes the angle metric defined as dp([u], [v]) = | sin £ (u, v)| for u,v € R?
unit vectors. Moreover, in the case where p is irreducible we may replace the singular values with
eigenvalues in the previous formula (see Corollary 3.9.2).

Now let us fix the visual metric on the real hyperbolic space H$ defined as follows: d (z,y) =< e~ (@)

for 2,y € OxH? (see [BH13, Chapter II1.LH.3]). We remark that every Anosov subgroup I' of
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PO(d, 1) is quasi-isometrically embedded and acts convex cocompactly on the real hyperbolic

space Hﬁé. As a corollary of the previous theorem we have:

Corollary 1.4.14. Let d > 2 and I" be a convex cocompact subgroup of PO(d, 1) with limit set
Ar C 0514, Suppose that ¢ > 2 and p : T — PGL(q,R) is an irreducible P;-Anosov representation
with Anosov limit map € : (Ar,dy) = (P(RY),dp). Then we have

o M) = Xap(n)
aclddp) = tf == 15

where lga(7y) is the translation length of v and T C ' denotes the set of all infinite order elements
of T'. Moreover, if T is a cocompact lattice in PO(d, 1), then for every ¢ > 0 there exists v € T’
such that

AM(p(7)) = A2(p(7)) < (1 +¢) - Lya(y)

1.4.5 Borel Anosov representations in even dimensions

Let us recall that a representation p : I' — GL(d, R) is called Borel Anosov if p is Py-Anosov
for every 1 < k < g. We address the following question of Andrés Sambarino and provide a

positive answer when d = 4¢g + 2 and ¢ € N.

Sambarino’s Question: Suppose that ' is a torsion free word hyperbolic group which admits a

Borel Anosov representation into SL(d,R). Is I necessarily free or a surface group?

The only known examples of Borel Anosov representations are constructed from representa-
tions of free groups or surface groups (i.e. the fundamental group of a closed surface of negative
Euler characteristic). Hitchin representations are the only known examples of Borel Anosov repre-
sentations of surface groups in even dimensions. In odd dimensions, Barbot type representations
and their nearby deformations are the only known examples except from Hitchin representations
(see sub-section 1.3 (iii)).

A positive answer to Sambarino’s question was given in [CT20] for d = 3 or 4. By using results
of Benoist in [Ben00] and [Ben05], we prove that a torsion free word hyperbolic group admitting a
Pg11-Anosov representation into GL(4¢+ 2, R) has to be either free or a surface group. Moreover,
by using Wilton’s result [Will8] on the existence of quasiconvex surface groups or rigid subgroups
in one ended-word hyperbolic groups and a theorem of Kapovich-Leeb-Porti in [KLP18] (see also
[KLP14, Theorem 6]), we prove the following stronger statement obtained in [Tso20b]:
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Theorem 1.4.15. Let I' be a word hyperbolic group and p : I' — GL(4q 4+ 2,R) a representa-
tion. Suppose that there exists a continuous, p-equivariant dynamics preserving map £ : Osl’ —

Grag+1(RY*2). Then T is virtually free or virtually a surface group.

The group I is virtually free (resp. a surface group) if it contains a finite-index subgroup which is
free (resp. a surface group). The map ¢ is called dynamics preserving whenever v € T is an infinite
order element, p(7) is Pg-proximal and £(yT) is its attracting fixed point in Gragiq(R*T2). An

analogue of Theorem 1.4.15 does not hold in dimensions which are multiples of 4, see Section 4.3.

Corollary 1.4.16. Let Gyqy2 be either GL(4g +2,R) or PGL(4¢ +2,R). If I is a word hyperbolic
group and p : I' = Guqqo is a Pogi1-Anosov representation, then I' is virtually free or virtually a

surface group.

A torsion-free word hyperbolic group I is called rigid if I' does not admit a non-trivial splitting
over a cyclic subgroup. Let 7;7 : Gri(RY) — P(AFRY) be the Pliicker embedding (see subsection
2.1.2). By using the connectedness properties of the boundary of a rigid hyperbolic group with
the methods of the proof of Theorem 1.4.15 we have:

Corollary 1.4.17. Let T be a torsion free rigid word hyperbolic group and p : I — GL(4g+2,R) be
a representation. Suppose there exists a continuous p-equivariant map £ : O’ — Gr2q+1(R4q+2).

Then the map & is nowhere dynamics preserving and TQJ;H o & is mot spanning.

The map £ is called nowhere dynamics preserving if for every infinite order element v € I' the

restriction of £ on {y~,7"} is not dynamics preserving.

1.4.6 Historical remarks

We first explain how Theorem 1.4.1 is related with the equivalence (3) < (5) in [KLP14, The-
orem 1.7], see also [KLP17, Theorem 5.47]. A subgroup I of a real reductive Lie group G is called
Tmod-asymptotically embedded [KLP14, Definition 6.12], if it is 7y0q-regular, Toq-antipodal, word
hyperbolic and there exists a I'-equivariant homeomorphism « : 0 I' — A, (I"). Here Tyoq cor-
responds to the choice of a subset of simple restricted roots n C A of G, Tmeq-antipodal means that
the map « is transverse to itself i.e. for x # y the pair (a(z), a(y)) is transverse and Tyoq-regular
corresponds to P,-divergence. Theorem 1.4.1 follows from [KLP14, Theorem 1.7] in the case
both maps €1 : 0, — G/P9+ and £ : 0ol = G/ P, are assumed to satisfy the Cartan prop-
erty (see Definition 3.2.1). In this case, we obtain a p-equivariant embedding & : dooI" — G/ P with
P = PN P Here, * : A — A denotes the opposition involution and §* = {a* : a € 6}. Note

18



that the pair of maps (£1,£7) is compatible and transverse, hence £ is injective. The map & satis-
fies the Cartan property, maps onto the 7poq-limit set A, (p(I")) and p(I") is Tmoea-asymptotically
embedded.

We also remark that Theorem 1.3 of Guéritaud-Guichard-Kassel-Wienhard (see [Gué+17,
Theorem 1.3, (1)< (2)]) implies that a representation p : I' — G is Pp-Anosov if and only if p is
Py-divergent and admits a pair of continuous, p-equivariant, dynamics preserving and transverse
maps £* : 0, — G/ P(;t. If we assume that p is semisimple, the argument of the proof of Corollary
3.2.5 shows that £ satisfies the Cartan property and p has to be Anosov by Theorem 1.4.1.

In case (i) of Corollary 1.4.3, by [Gué+17, Proposition 1.8], we may replace both p; and py
with their semisimplifications pi® and p5°. In this case the inequality also follows from Benoist’s
main result in [Ben+00].

The upper bound of Corollary 3.9.2 (i), ay+(da, dp) < loéa ir%f w7 has been es-
76 [eS] 0

tablished by Sambarino in [Sam16, Lemma 6.8]. We prove the other bound by using Theorem
1.4.13 and Benoist’s approximation result for the Cartan projection by the Lyapunov projection

(see [Ben97] and [Gué+17, Theorem 4.12]).
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CHAPTER II

Background

In this chapter, we recall definitions from Lie theory, review several facts for hyperbolic groups
and the Floyd boundary and provide the dynamical definition of Anosov representations from
[Lab06] and [GW12] along with some of their main properties and also discuss several facts for
semisimple representations. We will mainly follow the notation from §2 of [Gué+17]. For more

background on reductive Lie groups we refer the reader to [Kna02].

2.1 Lie theory

We will always consider G to be a semisimple Lie subgroup of SL(m,R) for some m > 2, of
non-compact type which has finitely many connected components. The Zariski topology on G is
the subspace topology induced from real algebraic subsets of SL(m,R). The group G has finite-
index into a Zariski closed real semsimple subgroup of SL(m,R). We denote by Ad : G — GL(g)
the adjoint representation and by ad : g — gl(g) its derivative. The Killing foorm B : g x g — R

is the bilinear form B(X,Y) = tr(adxady) and is non-degenerate as soon as g is semisimple.

2.1.1 Root space decomposition, Cartan subspaces and parabolic subgroups.

We fix a maximal compact subgroup K of G, unique up to conjugation, a Cartan decomposition
g = t@®p where t = Lie(K), p is the orthogonal complement of t with respect to B and the Cartan
subspace a which is a maximal abelian subalgebra of g contained in p. The real rank of G is the
dimension of a as a real vector space. For a linear form 3 € a* we use the notation (8, H) = §(H)
for H € a. The transformations ady : g — g, H € a are diagonizable and mutually commute.

Thus we obtain a decomposition of g into the common eigenspaces of ady, H € a called the
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restricted root decomposition

a=000 P ga

a€eX

where g, = {X € g : adg(X) = (o, H)X VH € a} and ¥ = {« € a* : g, # 0} is the
set of restricted roots of G. We fix Hy € a with a(Hy) # 0 for every a € ¥. We denote by
Yt ={a e X: (o, Hy) > 0} the set of positive roots and fix A C IT the set of simple positive
roots.

Note also that there exists a unique vector Hz € a such that (8, H) = B(H, Hg), since B|axa
is a positive inner product. For two elements «, f € a* we set (a, 3) = B(H,,, Hg). For a simple

restricted root o € A, we consider the associated fundamental weight w, € a* satisfying

Wa )

(
2. 5)

Z(Sag Vo e A

For every 6 C A, 3y = X N (X ,ep Ze) denotes the set of all roots in 3 which are linear combi-

nations of elements of §. We consider the parabolic Lie algebras

péczgo@ @ Ja

aGEiUEA,g

and denote by Py" = {g € G : Ad(g)pF = pif} to be the normalizer of p; in G. A subgroup P of
G is called parabolic if it is the normalizer in G of some parabolic sub-algebra of g. Two parabolic
subgroups Pt and P~ of G are called opposite if there § C A and g € G such that PT = gP,)fg~!
and P~ = gP, g .

Let at := aEﬂw{H € a: (o, H) > 0}. There exists a decomposition G = K exp(a™)K called the
Cartan decomposition where each element g € G is written as g = kg exp(u(g))ky, kg, k, € K and
u(g) denotes the Cartan projection of g. The Lyapunov projection \ : G — @' is defined as

Mg) = lim u(z )
Example 2.1. The case of G = SL(d,R). The unique (up to conjugation) maximal compact sub-
group of G is the special orthogonal group SO(d) = {g € SL(d,R) : g¢* = I4}. A Cartan subspace
for g is the subspace a = diag(d) of all diagonal matrices with zero trace. Let €; € a* be the pro-
jection to the (7,4)-entry. The closed dominant Weyl chamber of a is @ := {diag(a, ..., aq) : a1 >
.= ag, Y% a; = 0} and we have the Cartan decomposition SL(d,R) = SO(d) exp(a*)SO(d).
The restricted root decomposition is sl(d,R) = a & ®,.; RE;;, where Ej; denotes the d x d el-
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ementary matrix with 1 at the (7, ) entry and 0 everywhere else. The set of restricted roots is
{ei—ej 11 # j} and of simple positive roots is {&; —&;41 :i=1,...,d—1}. Foreach 1 <i < d—1

the associated fundamental weight is wg, = i _ & For an element g € SL(d,R) we denote

—&i+1
by Ai(g) (resp. p;(g)) the logarithm of the modulus of the i-th eigenvalue (resp. singular value) of

g. We recall that the p;(g) = %/\i(gtg). The Cartan and Lyapunov projections of g € SL(d,R) are

given by the diagonal matrices:

p1(g) = diag(p1(9), -, pra(g)) and A(g) = diag(log Ai(g), .., Aa(g))-

2.1.2 Proximality.

An element g € G is called Py-prozimal if (a, A\(p(7))) > 0 for all @ € 6. Equivalently, g has

two fixed points x;“ € G/P; and V, € G/Py such that the pair (z;, V") is transverse and for

every z € G/ P, transverse to V,~, we have lim,, g"z = l’;r. The element g is called Py-biproximal

1 1

if gand g~
in G/Py .

are both Fp-proximal. In this case, we denote by x, the attracting fixed point of g~

Let d > 2 and e, ..., eq be the canonical basis of R?. We denote by (ey, ..., eq) the canonical
basis of R? and set ejL = @;xRej. The group K = SO(d) is the unique, up to conjugation,
maximal compact subgroup of SL(d,R). For 1 < k < g, we denote by P the stabilizer of the
plane (e1,..,ex) and by P, the stabilizer of the complementary (d — k)-plane (€41, ..., eq). The
Grassmannian of k-planes, Grg(R?) is identified with the quotient manifold SL(d, R)/P;". Similarly
Gry—r(R?) is identified with GL(d,R)/P, . A pair of planes (VF, V=) € Grg(R?) x Gry_x(R?) is
transverse if there exists h € SL(d,R) such that V't = h(ey,...,ex) and V= = h{ei1,..,€q4). An
element g € SL(d, R) is called Pg-prozimal if A\i(g) > Ar+1(g). Equivalently, g has two fixed points

ry € Gry (R4) and V€ Grg_1(R?) such that the pair (zf, V") is transverse and for every k-plane

Vo transverse to V= we have lim,, "V = x;. The element g is called Py-biproximal if g and ¢g—*

are Pg-proximal. We denote by z the attracting fixed point of g~' in Gri(R?Y). For k = 1, a
Py-proximal element g € GL(d, R) in P(R?) has a unique eigenvalue, ¢;(g), of maximum modulus
with multiplicity exactly one. The matrix g is called Pj-positively prozimal if ¢1(g) > 0.

The Pliicker embeddings 77 : Grg(R?) — P(A*RY) and 7, : Grg_x(R?) — Grg—1(AFR?),

dy = (Z), are defined as follows

T (gP) = lger A .. Ager] and 7 (gPy) = [(A*g)Wi]
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where Wy, = (ei; A ... Aeiy o {in, i} # {1,..,k}). The maps 737 and 7 define embeddings
of Gr(R?) and Gry_j(R?) into P(A*R?) and Grg, _1(A*R?) respectively. An element g € SL(d,R)
is Pg-proximal if and only if 7,7 (¢) is Pi-proximal (see also [Gué+17, Proposition 3.3] for more

details).

Limit sets. For a subgroup I' of G, the Py-proximal limit set A?/ a of I'in G/ P@Jr is defined to be
the closure of the attracting fixed points of Pp-proximal elements of I in G/ P; . In the case where
G =SL(d,R) and T is an irreducible subgroup containing a P;-proximal element, the action of I’
on AF in P(R?) is minimal (i.e. for every x € AR, 'z := {yz : v € '} is a dense subset of AL) (see
[Ben00, Lemma 2.5]).

A linear representation p : I' — GL(d,R) is drreducible if p(I") does not preserve a proper
subspace of R%. The representation p is called strongly irreducible if for every finite-index subgroup
H of T' the restriction p|g is irreducible.

Let G be a semisimple linear Lie group. A representation 7 : G — GL(d, R) is called proxzimal if
7(G) contains a Pj-proximal element. For an irreducible and proximal representation 7 we denote
by X the highest weight of 7. The functional x, € a* is of the form x, = > cA Naws and the
representation 7 is called 8-compatible if § = {a € A : ny > 0}.

The restricted Weyl group of a in g is the group W = Ng(a)/Zk(a), where Nk (a) (resp.
Zk(a)) is the normalizer (resp. centralizer) of a in K. The group W is a finite group, acts simply
transitively on the set of Weyl chambers of a and contains a unique order two element wZg (a) € W
such that Ad(w)at = —a@". The element w € K defines an involution * : A — A on the set of
simple restricted roots A as follows: if & € A then o € A is the unique root with o*(H) =
—a(Ad(w)H) for every H € a. By the definition of * we have («a, uu(g)) = (a*, u(g~1)) for every
a € Aand g € G. Now let § C A be a subset of simple restricted roots of G determining the pair
of opposite parabolic subgroups Pj and P, . The homogeneous spaces G/F, and G/P, admit
K-invariant metrics. We first fix an irreducible linear §-proximal representation 7 : G — GL(d, R)
such that P,” = Stabg(Re;), P, = Stabg(e1) and 7(K) C O(d) (see [Gué+17, Proposition 3.3]).

The metrics dg)pt and dg ) p- are defined as follows: for g1, g € O(d) we have

deypy (1P 92Py) = de(7(91) P}, 7(g2) PF)

deyp (1P 92Py ) = dp(T(91)" P, 7(g2)" P)

where dp is the angle metric on P(R?) with

<91€1792€1>2
|lgrenl? - [|g2en|?

dp(g1 P17, g2 P1") = |sin £(greq, gze1)| = \/1 -
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and 7(g;)* = 7(g;) " for i = 1,2.
Let g € G such that {(a, u(g)) > 0 (resp. (a, u(g™1)) > 0) for every a € 6. If we write g =
kg exp(p(g))k) in the Cartan decomposition of G, the coset kg Py (resp. kgwP; ) is independent

of the choice of the element k, € K (see [Gué+17] and the references therein). Hence we define

Eg(g) = kgPGJr (resp. S (9) = k:ngG_)

2.2 Gromov hyperbolic spaces.

In this section, we provide some background on Gromov hyperbolic spaces. We also refer
the reader to [BH13], [CDP06], [Gro87], [KB02] and [V&i05] for a detailed discussion and more
background on Gromov hyperbolic spaces and their boundaries. By default, all metric spaces we

consider will be assumed to be locally compact and proper.

Let (X,d) be a metric space. A curve o : [0,a] — X, a > 0 will be called a geodesic if
d(o(t),o(s)) = |t — s| for every 0 < ¢ < a. The space (X,d) is called geodesic if for every two
points z,y € X there exists a geodesic connecting z with y.

Let (X, d) be proper geodesic metric and o € X a fixed basepoint. For an isometry v : X — X
we define |y|x = d(vyxg, zo). The translation length and the stable translation length of the isometry
v are:

lx(v) = 12)f( d(yzr,z) and |y|xeo = lim hlx

—00 n

respectively.

" x

Remark: Note that the stable transaltion length of v, |V|xcc, is well defined and lim,, “—* =
inf,>1 22X (see for example [BH13, p. 230)).

n

Let I' be a finitely generated group and S be a finite generating subset of I'. The left invariant
word metric dg on the Cayley graph Cr is defined as follows: for g, h € I we set

ds(g,h) = inf {k : g h=s51--s,8€SU Sfl}

For an element v € I" we set |y|r = dg(7,e) and |y|r,00 = lim, w denotes the stable transla-

tion length of .
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2.2.1 Quasi-Isometries

Definitions 2.2.1. A map [ : (X,d) — (Y, d') is called a (K, c)-quasi-isometric embedding if

%ﬂ%w—CSJUWXﬂw)SKﬂ%W+C

for every x,y € X. The map f is called a quasi-isometry if:
(i) f is a (K, c)-quasi-isometric embedding for some K, c > 0.

(ii) f is coarsely onto, i.e. there exists M > 0 such that for every y € Y, there exists x € X with
d(y, f(x)) < M.

A (K, e)-quasi-isometric embedding o : [0, R] — X, R € [0,00], will be called a (K,¢)-quasi
geodesic. The following proposition is a fundamental observation in geometric group theory known

as the Svarc-Milnor lemma (see for example [BH13]).

Proposition 2.2.2. (Svarc-Milnor lemma) Let I' be a group acting properly discontinuously and

cocompactly by isometries on a proper geodesic metric space (X,d). Then:
(i) T' is finitely generated.

(ii) If S is a finitely generated subset of ' and xo € X, the orbit map xo — Yz is a quasi-isometry
between (I',dg) and (X,d).

2.2.2 Gromov hyperbolicity

The Gromov product on a metric space (X, d) with respect to zo € X is defined as follows

(& yhon 1= 5 (Al 20) + (g, 20) — d(.))

The triangle inequality shows that (z-y)., < distx(zo, [z,y]) for every geodesic [z, y] C X joining

x and y.

Definitions 2.2.3. The metric space (X,d) is called Gromov hyperbolic if there exists § > 0 with
the following property: for every x,y,z € X

(l’ : y)xo > IDIII{(ZL‘ ’ Z)Im (Z : y)ivo} —0
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An infinite sequence of elements (Ty)nen in X is called a Gromov sequence if limy, 1, (Ty, + Tz
exists and is infinite. Two Gromov sequences (Ty)nen and (Yn)nen are equivalent if lim, (x,, -
Yn)zy = +00. The Gromov boundary of X, denoted 0xX, is the set of equivalence classes of

Gromov Sequences.

Given a Gromov hyperbolic space (X, d), the Gromov product with respect to zp € X extends
also 10 Ose X X 05X as follows: for z,y € 0, X define

(x : y)xo ‘= sup { mli%oo(xm : yn)xo : 7r%l~r>noo Ty =2 and nhar{olo Yn = y}

The Gromov boundary 0, X is metrizable (see [Gro87] and [BH13, Proposition 3.2]): there exist

constants C,a > 1 and a visual metric d, : 0so X X 050X — R such that for every x,y € 0, X:

éa*@'y)wo < da(z,y) < Ca™ ¥

For more details on boundaries of Gromov hyperbolic spaces we refer the reader to [KB02].

Given a subset A of X and M > 0, the M-neighbourhood of A in X is the set By/(A) =
Ugea{y € X : d(z,y) < M}. One of the key properties of Gromov hyperbolic spaces is that they
satisfy the following stability property for quasi-geodesics known as the fellow traveler property

(see for example [BH13, Theorem 1.7, Chapter III.H.1}):

Theorem 2.2.4. Suppose that (X, d) is a geodesic metric space which is 0-hyperbolic. For every
K,e > 0 there exists M = M(d,e, K) > 0 with the following property: for every two (K, €)-quasi-
geodesics aq : Iy — X and ag : Iy — X with the same endpoints then ay(ly) C By (ag(]z)) and
as(I2) C By (ai(fh)).

An immediate consequence of the fellow traveller property is the fact that Gromov hyperbol-

icity is invariant under quasi-isometries (see for example [BH13], [KB02]):

Proposition 2.2.5. Let (X,d) and (Y,d') be two proper geodesic spaces and suppose that f :
(X,d) — (Y,d') is a quasi-isometry.

(i) (X,d) is Gromov hyperbolic if and only if (Y,d') is.

(i) Suppose that (X,d) and (Y,d") are Gromov hyperbolic and fix two visual metrics d, and dy,

a,b >0, on 0xX and 0Y . The map [ induces the homeomorphism Of : (O, da) — (0s0Y, dp)
defined as follows

Of ([(zn)nl) = [(f(xn))n]
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Moreover, tha map Of is bi-Holder continuous, i.e. there exist C,a, 5 > 0 such that

1

ada(x, )’ < dp(0f(x),0f(y)) < Cdg(x, )

for every x,y, € 0o X.

Definitions 2.2.6. Let I' be a finitely generated group, S a finite generating subset of I' and let
Cr be the Cayley graph of I with respect to S.

(i) The group T' is word hyperbolic if Cr equipped with the word metric dg is a Gromouv hyperbolic
space. The Gromov boundary of I, Ox L, is by definition the Gromov boundary of the space (I', dg).
(ii) Let H be a finitely generated subgroup of a word hyperbolic group U'. The subgroup H is called
quasiconvex in U if there exists L > 0 with the following property: for every g,h € H, every
geodesic [g,h] in (Cp,ds) is contained in the L-neighbourhood of H in Cr (with respect to dg).

Remarks: (i) Given a word hyperbolic group I, the definition of the Gromov boundary Oy I is
independent of the choice of the generating subset .S of I'. Note that for every generating subset
S" of T, the spaces (', dg) and (', dg/) are quasi-isometric, hence a sequence (yy, )nen is a Gromov

sequence with respect to dg if and only if it is a Gromov sequence with respect to dg.

(ii) Theorem 3.5.4 implies that the definition of a quasi-convex subgroup H of a word hyperbolic
group I' does not depend on the choice of the generating subset S of I'. In addition, H is a word

hyperbolic group and the inclusion ¢ : H — IT" is a quasi-isometric embedding.

For a word hyperbolic group I and v € I" an infinite order element, the map Z — ', n +— 7",
is a quasi-isometric embedding and hence |y|p o > 0. Moreover, v has exactly two fixed points

~T and v~ in 04T, represented by the sequences:

’Y+ = [(’Yn)nEN} and vo= [(V_n)nEN]

called the attracting and repelling fixed points of v respectively.

We shall use the following inequality relating the stable translation length and the word length
of an element of a group I' acting isometrically, properly discontinously and cocompactly on a

Gromov hyperbolic space.

Lemma 2.2.7. Let (X,d) be a Gromov hyperbolic space and xo € X. Suppose that I" is a group

acting properly discontinously and cocompactly by isometries on X. There exists C' > 0 depending
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only on X such that for every infinite order element v € I' we have

B 1
’(W -y la), - §(|V|X - |7’X,oo)‘ <0

where v = lim,, Y"xg.

Proof. Since (X, d) is Gromov hyperbolic, we may choose ¢ > 0 such that

(2 Y)wy = min {(x - 2)z0, (2 Y)ao} — O

for every x,y, 2 € XUJ,X. Observe that since the orbit map z¢ — dxg, 0 € I', is a quasi-isometry,

" x

(7" o) nen is a Gromov sequence and lim,, v"z¢ is well defined. Since |y|x 0o = lim, , it is not

hard to check that

. n+1 _|am T n+1 A
lim ("™ x = 17"1x) < Py <l (7" [x = 17"x)

Let (kn)nen C N be a sequence such that lim,, (|7 |x — |7"|x) = lim, (|[7* "1 x — |v*"|x). Note

1

that for large n € N we have (y7 - 'yk"xo)xo > (vt ey mo)xo, SO

(), < fim, (0P Mao),, 0

1 .
=5 dim (hlx + [ =) + 6

1
< §(|’Y|X —V|x,00) + 0

Similarly, let (m,,)nen be a sequence with lim,, (|| x — [7"|x) = lim,, (]y™ ™ |x — [y™"|x). Then

1 1

x0>m0 > lim (’anxo Y

n—o0 xo)xo —9

(v

1 : m My
3 (ylx + ™ = ™) =

WV

1
5(\7\){ —lx00) =9

The inequality follows. [
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2.3 The Floyd boundary.

Let T" be a finitely generated group, S a finite generating subset of I' defining the left invariant
metric dg and let |y|r = dg(v,€) for v € T'. A function f : N — R satisfying the following two

conditions:
(i) 22021 f(n) < 4o0.
(ii) there exists m > 0 such that f(k+ 1) < f(k) < mf(k+1) for every k € N,

is called a Floyd function. There exists a metric dy on I' defined as follows (see [Flo80]): for two
adjacent vertices g, h € I the distance is d¢(g, h) = f(max{|g|r, |h|r}). The length of a finite path
p defined by the sequence of adjacent vertices p = {x¢,x1,..., 2} is L¢(p) = Zf;ol df(xi, iq1).

For two arbitrary vertices g, h € I' their distance is defined as:
ds(g, h) = inf {Lf(p) : p is a path from g to h}

It is easy to verify that d; defines a metric on I and let I' be the the metric completion of I' with
respect to dy. Every two elements z,y € T are represented by Cauchy sequences (Y )nen, (0n)nen
with respect to dy and their distance is d¢(z,y) = lim, d¢(Vn, 0n). The Floyd boundary of I' with
respect to f is defined to be the complement 9" := T — I' equipped with the metric df. The
Floyd boundary 01" is called non-trivial if it contains at least three points. For every infinite

£ exists (see for example [Kar03, Proposition 4]) and is

order element v € I' the limit lim,, v
denoted by v*.

If " is a word hyperbolic group, there exists k > 0 such that the Floyd boundary of I' with
respect to f(z) = e~ is the Gromov boundary of I' equipped with a visual metric (see [Gro87]).

For more details and properties of the Floyd boundary we refer the reader to [F1o80] and [Kar03].

2.4 Flow spaces for hyperbolic groups.

Flow spaces for hyperbolic groups were introduced by Gromov in [Gro87] and further developed
by Mineyev [Min05] and Champetier [Cha94]. Associated to any word hyperbolic group I' there
exists a metric space (f,df) equipped with an R-action {p;}:cr called the geodesic flow of T'

having the following properties:
(a) The action of T' on ' commutes with the action of the geodesic flow.
(b) The group I' acts properly discontinuously and cocompactly by isometries on the flow space

r.
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(¢) There exist C, ¢ > 0 such that for every 7 € T, the map t — ¢, (1) is a (C, ¢)-quasi-isometric
embedding (R, dg) — (T, dyp).

It follows by property (a) that the flow {¢;}+er descends to a well defined flow on the quotient
I'\I" which we also denote by {¢; }1er. Moreover, property (c) guarantees that the map (7+,77) :
[' = 000 X 0ol — {(z,2) | 2 € BT}

is well defined, continuous and equivariant with respect to the action of I" on I.

For example, if I' = 7 (M), where (M, g) is a closed negatively curved Riemannian manifold, a
flow space for I' satisfying the previous conditions is the unit tangent bundle T M equipped with
the usual geodesic flow. Let " be a torsion free, discrete subgroup of PGL(d,R) acting properly
discontinuously and cocompactly on a strictly convex domain €2 of P(R?). By Benoist’s theorem
[Ben04, Théoréme 1] the group I' is word hyperbolic. A flow space for I' is the manifold T'\T'Q
equipped with the Hilbert geodesic flow.

2.5 Anosov representations

Let I' be a word hyperbolic group, p : I' = G a representation and fix § C A a subset of simple
restricted roots of G. We denote by Ly = PQJr N P, the common Levi subgroup. There exists a
G-equivariant map G/Lg — G/P,” x G/P; mapping the coset gLy to the pair (9P, ,gP, ). The
tangent space of G/Lg at (9P, , gP; ) splits as the direct sum TgP9+ G/P, @Tng‘ G/ P, and hence
we obtain a G-equivariant splitting of the tangent bundle T'(G/Lg) = £ & £~. We consider the
quotient spaces:

X, =T\(T'x G/Ly) and & =T\(I x*)

where the action of v € I' on T'(G/Ly) is given by the differential of the left translation L, :
G/Ly — G/Lg. Let m : X, — F\f and 7wy : 8} — X, be the natural projections. the maps
7+ define vector bundles over the space X, where the fiber over the point [, (¢P;", gP; )]r is
identified with the vector space T P G/Py.

Given a flow space (I', {¢: }+er) associated to I', there is a natural flow, which we continue to

denote by {¢¢}er, on the quotients 5;5 and &, defined as follows:

i ([, gLolr) = [e(), (9Fy , 9Py )Ir and ([, gLelr) = [0¢(), ulr
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for every e I', g € G and u € £* C T(G/Ly).

Now we are ready to provide the dynamical definition of an Anosov representation introduced
by Labourie in [Lab06] for fundamental groups of negatively curved closed Riemannian manifolds,
extended by Guichard-Wienhard in [GW12] for more general word hyperbolic groups. We also refer
the reader to Canary’s lecture notes [Can20] for more background on Anosov representations.

For the defintion, we shall need the following definition.

Definitions 2.5.1. Let 6 C A be a subset of simple restricted roots of G, I' be a word hyperbolic

group and p : I' — G a representation. For a coset gPei, the stabilizer Stabg(gPei) is the parabolic
subgroup gP(,ng_1 of G. Suppose that £* : O, ' — G/P; and £ 1 OI' = G/P; are two

continuous p-equivariant maps.

(i) The maps £ and £~ are called compatible if for every x € O I the intersection Stabg (£ (x))N
Stabg (£ (z)) is a parabolic subgroup of G.

(ii) The map &% (resp. £ ) is dynamics preserving if for every infinite order element v € T', p(7)
is prozimal in G/ P, (resp. G/ Py ) and (") (resp. £~ (y1)) is the attracting fized point of p(7)
in G/P; (resp. G/ Py ).

(iii) Two maps & and §~ are called transverse if for for every x,y € Ox I with x # y, there exists
h € G such that (£~ (z),& (y)) = (hPy, hPy ).

Definition 2.5.2. ([GW12], [Lab06]) Let I" be a word hyperbolic group and fix 6 C A a subset of
restricted roots of G. A representation p: I' — G is called Py-Anosov if:

(i) There exists a section o : T\I' — X, flat along the flow lines.

(ii) The lift of the geodesic flow {@i}ier on the pullback bundle 0.ET (resp. 0.7 ) is dilating

(resp. contracting).

The previous definition is equivalent to the existence of a pair of continuous p-equivariant trans-

verse maps 1 0, = G/P;f and ¢ : 0,,I' — G/P, defining the flat section o : X, — G/Lg
[% 0 p
o([mlr) = [, &5 (rF (M), & (v~ (m))], ¥ el

and a continuous equivariant family of norms (|| - |[z),cp\p With the property:

There exist C,a > 0 such that for every x = [, t > 0, v € T5+(T+(m))G/P9+ and u €
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Te- () G/ Fy -

X

H@—AXN\L_M < Ce@

x

Xu

< Ce—at

Jee(X2)

wt(z) T

where X and X denote copies of the vectors v and u in the fibers 71! (z) and 7-' (z) respectively.
We summarize here some of the main properties of Anosov representations obtained by

Labourie [Lab06] and Guichard-Wienhard [GW12]. A represention p : I' — G is called a quasi-
isometric embedding if there exist C, K > 0 such that

%Ivlr - K< Hu(p(v))H <Chlr+ K

for every v € T

Theorem 2.5.3. ([GW12], [Lab06]) Let I' be a word hyperbolic group and 0 C A a subset of

simple restricted roots of G. Suppose that p: T' — G is a Py-Anosov representation. Then
(i) The kernel of p is finite and p(T') is a discrete subgroup of G.

(ii) There exist C,c > 0 such that (o, u(p(7))) = Clylr — ¢ for every v € T and o € 6. In

particular, p is a quasi-isometric embedding.

(iii) There exists a pair of compatible continuous p-equivariant maps
"0l = G/P) and & : 0. = G/Py

which are dynamics preserving and transverse. Moreover £+ (9xI) identifies with the P@i -proximal

limit set of p(T') is G/P;.

(iv) The set of Py-Anosov representations of I' in G is an open subset of Hom(I', G) and the map

assigning a Py-Anosov representation to its Anosov limit maps is continuous.

Remark: Let G be a higher rank semisimple Lie group and 8 C A be a subset of simple restricted
roots of G. A quasi-isometric embedding p : I' — G might fail to be Py-Anosov (see Example
3.10.1). Moreover, if G = SL(d,R), d > 4, for every 1 < i < %l, p might even fail to be in the
closure of P;-Anosov representations of I' into G (see [Ts020c]).

32



The following result is the content of [GW12, Proposition 4.3], [Gué+17, Propostion 3.6]
and [Gué+17, Lemma 3.7] and is used to reduce statements for Pyp-Anosov representations to

statements for P;-Anosov representations.

Proposition 2.5.4. ([Gué+17], [GW12|) Let G a real semisimple Lie group, @ C A a subset of
simple restricted roots of G. There exists d = d(G,0) and an irreducible 0-proximal representation
7 : G — GL(d,R) such that T7(P,") and 7(P;) stabilize the line [e1] and the hyperplane et =

(€1, ...,e4—1) respectively, so there exist continuous and T-equivariant embeddings
T G/PS = P(RY)  and o G/P; < Grg_y(R%)

Let RE=VXr @ VX1 @ ... @ VXt be a decomposition of R? into weight spaces, where VXi := {ve
R : dr(H)v = x;(H)v VH € a} and x; € a*. The following properties hold:

(i) A representation p : I' — G is Py-Anosov if and only if Top : I' — GL(d,R) is P;-Anosov.
The pair of Anosov limit maps of To p is (1T o0&, 1= 0 &™), where (E1,£7) is the pair of the limit
maps of p.

- : o _ , oyt . _

(ii) For each 1 <i <k, xr — xi = Zﬁexgr ngq where ng; € N and ¥y =X span(A — 0).

(iii) For each o € 0 there exists 1 < i < k such that x; = xr — .

(iv) min(a, u(9)) = m(r(9)) = n2(r(g)) and minfa, A(g)) = M (7(g)) = Aa(7(g)) for every g € G.

We need the following estimates which help us verify, in several cases, the Cartan property
(see Section 3.2) of limit maps into the homogeneous spaces G/P,” and G/P, . The second part
of the following proposition has been established in [BPS16, Lemma A4] and [Gué+17, Lemma

5.8], but for completeness we give a short proof.

Proposition 2.5.5. Let G be a real semisimple Lie group, 8 C A a subset of simple restricted roots
of G and 7 : G — GL(d,R) an irreducible, 0-prozimal representation such that T(P;") stabilizes the
line [e1] in R?. Let x, be the highest weight of T and g,7 € G.

(i) If g is Py-prozimal in G /P, with attracting fized point x;r, then

Ay (w5228 (9)) < oxp (= min (o u(g)) + (xr, ulg) = A(9)))

deyry (55 (97), 25 (9)) < Carexp (— min (o, u(9))
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where Cy, = o1(7(r))or(r(r~1))vd — 1.

Proof. By the definition of the metric d, /Py and Proposition 2.5.4 we may assume that G =
SL(d,R), 6 = {e1 — g2} and G/ P, = P(R?).

(i) Since g is Pi-proximal there exist h € GL(d,R), Ay € GL(d —1,R) and kg, k;, € O(d) such that

h™! = kgexp(u(g))ky and |6 (g)] = ti(g)-

14 0
h 1 (g)
0 Ag

We can write Zf (g) = ko Pi" and x} = hP{" = w1 P{" for some w; € O(d). Note that

. |fGle) 0
0 A,

0 * .
hence k‘;lwl 1(9) ] = exp(u(g))k,’;wl and ‘<k;1w1€1, €¢> = Zg; <k’gw1e1, €i> for2 << d.
*
Therefore,
d 2 2
_ _ 2 ai(g) 2 _ oa(g)
dP(ﬂfz;r,:T(g))Q =1- <kg 1w1€17€1> - Z ti(g)? <k;w1€17€i> < (g)?
i=2

(ii) We have kg, exp(p(gr))k,, = kyexp(p(g))kyr and in particular

<kg_1kg7“€17€i> _ oi(9) <k;7"(k;r)_16176i>

for every 2 < i < d. Note that since o1(gr) > 71(9)  and ‘<k;r(k;,q)*1el, ei>

o1(r—1)

< o1(r), we have

’<kg_1k’gr€1,€i> < Zii?)al(r)al(r_l)
Finally,
d (=1 (g7) Ef(g>)2 :dek:’lk er, )’ :Zdj 7ilg)” (Kr(k,)er,er) < C3 o29)°
) 2 g Fgr1, € 2 o1 (gr)2 \"a e € ) S d,ro,l(g)g
0
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2.6 Semisimple representations.

Let T" be a finitely generated group and p : I' — SL(d, R) be a representation. The representa-
tion p is called semisimple if the Zariski closure H := (F)Zar of p(T") in SL(d, R) is a real reductive

Lie group. Equivalently p is semisimple if one of the following conditions are satisfied:

(i) If b := Lie(H) denotes the Lie algebra of H, [h,h] is a semisimple Lie algbera and h =
3(h) @ [b, b], where 3(b) is the center of b.

(i) There exists a decomposition RY = Vi @ - - - @ V; and irreducible representations v; : H —
GL(V;), ¢ = 1,...,k, such that the inclusion i : H — SL(d,R) decomposes as the direct sum

i=Y1 @B Yy

Let us fix an Euclidean norm || - || on the Cartan subspace a C g. The following result was
established by Benoist using a result of Abels-Margulis-Soifer [AMS95] and allows one to control
the Lyapunov projection of a semisimple representation in terms of its Cartan projection. We refer

to [Gué+17, Theorem 4.12] for a proof.

Theorem 2.6.1. ([Ben97]) Let G be a real reductive Lie group, I be a finitely generated group
and p; : ' = G, 1 < i < s be semisimple representations. Then there exists C' > 0 and a finite

subset F' of T' such that for every v € T" there exists f € F with the property:

max
1<is

o)) = ()| < €

Let ‘H be a real algebraic subgroup of GL(d,R). There exists a unique connected normal
unipotent subgroup of H, R,(H), called the unipotent radical of H and a semisimple subgroup £
(isomorphic to the quotient H /R, (H)) such that H = R, (H)L.

Let p: T' — GL(d,R) be a representation. Guéritaud-Guichard-Kassel-Wienhard in [Gué+17]
observe that from p one may define the semisimplification p*® as follows: let H be the Zariski
closure of p(I"), R,(H) be the unipotent radical of H and fix L a semisimple Lie subgroup of h
with H = R, (H)L. Let 7 : H — L be the projection onto L. The representation p* := p o 7 is
a semisimple representation into SL(d, R). We shall use several times the following result for the

semisimplification p** established in [Gué+17].

Proposition 2.6.2. ([Gué+17, Proposition 1.8]) Let ' be a finitely generated group, G a real
semisimple Lie group, 0 C A a subset of simple restricted roots of G and p : I' — G a represen-
tation with semisimplification p** : I' — G. Then, X(p(7)) = A(p** (7)) for every v € I" and p is
Py-Anosov if and only if p** is Py-Anosov.
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2.7 Convex cocompact groups

Let us recall that a subset  of the projective space P(R?) is properly conves if it is contained
in an affine chart of P(R?) in which © is bounded and convex. The domain  is called strictly
convex if it is properly convex and 9€) does not contain projective line segments. Suppose that
is bounded and convex in some affine chart A. We fix an Euclidean metric dg on A. We denote

by dq the Hilbert metric on €2 defined as follows

dg(y,a) - dg(z,b)
dg(a,z) - dg(y,b)

1
do(r,y) = 5 log

where a, b are the intersection points of the projective line [z, y] with 02, = is between a and v,

and y is between z and b. The group
Aut(©2) = {g € PGL(d, R) : g2 = 0}

is a Lie subgroup of PGL(d,R) and acts by isometries for the Hilbert metric dg. Any discrete
subgroup of Aut(f2) acts properly discontinuously on €.
We shall use the following estimate obtained by Danciger-Guéritaud-Kassel in [DGK17] which

implies that convex cocompact subgroups of G = PGL(d, R) are quasi-isometrically embedded in G.

Proposition 2.7.1. ([DGK17, Proposition 10.1]) Let 0 be a properly conver domain of P(RY).
For any xy € Q, there exists k > 0 such that for any g € Aut(Q),

p(g) — palg) = 2da(gzo, o) — K

Let I" be a subgroup of PGL(d, R) preserving a properly convex domain 2. Recall that the definition
of the Gromov product with respect to a linear form on a* was given in Definition 3.6.1. By using

the previous proposition we can control the Gromov product with respect to €; € a* as follows:

Lemma 2.7.2. Let I be a subgroup of PGL(d,R) which preserves a properly convex domain § of
P(R?). Suppose that the natural inclusion of T' — PGL(d, R) is semisimple. Then for every xo € Q
there exists C' > 0 such that

(11(7) = pa(3)) = 2da(ya0,20)| < C and |(7+8)e, = (y0 - 620}y < C
for every v,0 € I' of infinite order.
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Proof. By Theorem 2.6.1 there exists a finite subset F' of I" and M > 0 such that for every v € T’
there exists f € F such that A\ (vf) — Aa(7vf) = pa(y) — pa(y) — M. The translation length of an
isometry g € Aut(€) is exactly 1(A1(g) — Aa(g)), see [CLT15, Proposition 2.1]. In particular, if
v €l and f € F are as previously we have that

2dq(yw0,0) = 2da(y fro,70) — 2?“}3 do(fwo, o)
S
> MOV f) = X0 f) — 2?Ugd9(f$o,fvo)
S

> (v f) = pa(vf) — M — 2sup do(fxo, 7o)
feF

> () = pa(y) — (pa(f) = pa(f)) —2 sup do(fxo,20)

Then, by Proposition 2.7.1, we obtain a uniform constant L > 0 such that

‘(ul(v) — (7)) = QdQ(Wio,wo)‘ <L

for every v € I'. The conclusion follows. O

Definitions 2.7.3. ([DGK17]) Let I' be an infinite discrete subgroup of PGL(d,R) and suppose
that T preserves a properly conver domain Q of P(R?). Let Aq(T") be the set of accumulation points
of all T'-orbits in 02 The group I' acts convex cocompactly on 2 if the convex hull of Aq(T') in §2
is non-empty and acted on cocompactly by I'. The group T is called strongly convex cocompact in

P(R?) if I' acts convex cocompactly on some strictly convex domain Q with C'-boundary.

The following lemma follows immediately from [DGK17, Theorem 1.4] and [Zim17, Theorem

1.27] and is used to replace an arbitrary Pj-Anosov representation with a convex cocompact one.

Lemma 2.7.4. ([DGK17],[Zim17]) Let Vg be the vector space of d x d-symmetric matrices and
Sq : GL(d,R) — GL(Vj) be the representation defined as follows Sq(g)X = gXg' for X € V.
For every Py-Anosov representation p : I' — GL(d, R), the representation Sqo p is Py-Anosov and

Sa(p(T)) is a strongly convex cocompact subgroup of GL(Vy).

We will also need the following lemma which allows us to control the Cartan projection
of an Anosov representation p in terms of the Cartan projection of a semisimplification p* of
p. This follows by the techniques of Guichard-Wienhard in §5 of [GW], showing that Anosov

representations have strong proximality properties. Given two representations p; : I' = GL(n, R)
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and pg : ' = GL(m, R), we say that p; uniformly dominates py is there exists § > 0 with the
property
(1 =0)A(p1(7)) = A1(p2(7))

for every v € T

Lemma 2.7.5. Let I' be a word hyperbolic group, G a real semisimple Lie group, 0 C A a
subset of simple restricted roots of G. Suppose ¢ : I' — G is a Py-Anosov representation with

semisimplification ¥*° : I' — G. Then there exists a constant C > 0 such that

[(was (7)) = @™ (1)))| < €

for every vy €' and o € 6.

Proof. By Proposition 2.5.4, we may compose v with an irreducible representation 7 : G —
GL(n,R) such that p := 701 is P;-Anosov. We remark that p** = 701°*. Note also 111 (S, (p(7))) =
2u(p(y)) for every v € ', where S, is defined as in Lemma 2.7.4. Therefore, by Lemma 2.7.4, we
may further assume that p(I') preserves a properly convex domain 2 in P(R").

Note that if p is irreducible, then its Zariski closure is a reductive Lie group and the conclu-
sion is immediate. Therefore we continue by assuming that p is reducible. Notice that the dual
representation p*(y) = p(y~1)! for v € T, also preserves a properly convex domain €' of P(R™).
Then, up to conjugating p and considering possibly the dual of this conjugate, we may assume
that p(I") still preserves a properly convex domain € of P(R™) and there exists a decomposition

R*"=V; ® ... ® V, such that

P11k x % p1 0 0 O

0 po * % 0 po 0 O
= and p* =

0 0 * 0

0 0 0 pg 0 0 0 pe

where p; : I' = GL(V}) are irreducible representations, p; is Pj-Anosov and uniformly dominates

pi for 2 <@ < . In particular, p; is the restriction of p* on the vector subspace (£, (9xI')). We

conclude that for every v € I', p1(p(v)) = p1(p**(7)) 80 (wa, #(¥(7))) = (Wa, n(¥°*(7)))-
Now we prove that there exists C' > 0 such that (wq, pu(¥(y) —pu(¥**(y))) < C for every v € I
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By using induction, it is enough to consider the case when ¢ = 2 and

pi(7)  u(v)
= ,yeT
p(7) [ - (7)] vE

for some matrix valued function u : I' — Hom(V5, V1). The group p;(I") preserves the properly
convex domain Qo N P(V4) of P(V4). By [DGK17], [Zim17], there exists a closed p;(I")-invariant
properly convex domain ; C P(V;) and a pq(I')-invariant closed convex subset C C € such
that p1(I")\C is compact. We fix a basepoint zg € C such that every point of C is within dg,-
distance M from the orbit p1(T") - zg. Let g € T and consider zg,z1, ...,z € [xg, gro] such that
3 dﬂ(xz,l'l+1) < 1. For every i, there exists g; € I' such that do(p1(g:)zo,20) < M and let
hi =g; Ygiv1, 0 <i < k—1, where gy = e and g, = ¢. A straightforward computation shows that

u(g) = ulho - - - hy—1) Z pa(hixy - h—1)' - pi(ho - - - hiy) - u(hy)

By Theorem 2.6.1, there exists a finite subset F' of I and C > 0, such that for every ~v € I' there
exists f € F with ||[A(pi(7f)) 7)|| < C for i = 1,2. Since py is semisimple, Pj-Anosov
and uniformly dominates py, we can ﬁnd constants A, E, a,b,e > 0 such that for every v € I' we

have:
bor(p1(7)' 7 = o1(p2(v)),  o1(pi(7)) > Aedn (1))

and | (11(p1 (7)) = pa, (p1(7)) = 2o, (10, 30)| < .

For 0 < ¢ < k—1 we set w; := hg - - - h;. The triangle inequality shows |dq, (p1(w;)xo, o) —
da, (zi, )| < M and |dg, (p1(w;)xo, gxo) —da, (zi, p1(g)zo)| < M. There exists R > 0 independent
of g, such that h; € T" lie in a metric ball of radius R > 0 of I" and hence there exists Cr > 0

independent of g such that:

S S oo (w; g))o (o (wi)
lu(g)|| < Cr Y o1(p2(hizt - hw)) - o1(pr(ha -+ ;) <bCR D L2
i=0 i=0 Ul(pl(wi g))€
e 1 01 01 1
R e o) g, P9 g wd) TS
k—1
< bCR Z s e?dgl (Pl(wi_lg)iro,fvo)-‘rE . 62(191 (p1(wi)zo,x0)+E (A_ge_aglwi—lglr)

—oi(p(g™)
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2E k—1
_ bCre Z e2da(p(wizo),p(g)x0)+2da(p(xi)x0,20) ,—asda(p1 (w; ' g)o,w0)

B O—l(pl(gil»As i=0

bCg e2E+2M+2Mae k—1 bCg e2E+2M+2Mae

2dg, (p1(g9)zo,20) —ea(k—i)\ <
€ e < o
Ago—l(pl(g_1>) <§ ) AE(l _e—ag) 1(p1(g))

It follows that there exists L > 0 depending only on p such that o1(p**(g)) < o1(p(g)) <
Loy (p**(g)) for every g € T'. In particular, for the highest weight x, we obtain L’ > 0 such that

[ 1((9)) = (@™ ()] < I

for every g € I'. Since 7 is §-compatible the conclusion follows. O
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CHAPTER III

Characterizations of Anosov Representations

In this chapter, we prove our main characterizations of Anosov representations and Benoist
representations in terms of the existence of equivariant limit maps, the Cartan property and the
existsence of a weak uniform gap in eigenvalues. As an application we obtain a characterization of
strongly convex cocompact subgroups of PGL(d, R). We also provide a computation of the Holder
exponent of the Anosov limit maps of a semisimple Py-Anosov rperesentation in terms of the

Cartan and Lyapunov projection.

3.1 The contraction property

Let I' be a word hyperbolic group, (f, 1) a flow space on which I' acts properly discontinuously
and cocompactly and F' C [a compact fundamental domain for the action of I' on [. Let also
p: I' = GL(d,R) be a representation which admits a pair of transverse p-equivariant maps
€11 0T = P(RY) and € : 9o — Grg_1(RY) defining the flat section o : T\I' = X, of the fiber
ver\ Ol the fibers of the bundle
T EF — I\I". For a given point 7 € I’ we fix an element h € G so that &+(77 (1)) = hP;" and
€ (17 (")) = hP; and denote by Ly, : G — G the left translation by h € G. Then we have

bundle 7 : X, — T\I". We fix an equivariant family of norms (||-||..)

d
Typy P(RY) = {dLypdr* (X) : X € DREx}
=2
d
Typ- Graa(RY) = {dLydn™ (X) : X € PREy}

=2
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For u € {0} x R4, we denote by X;} and X the tangent vectors

0 o]
X = lm,§+(7+(m)),§_(r_(m))7dLde+ ]
(u 0] r
_ o _ 0 u]
X, = [ﬁz,fﬂf”(ﬁz)),{ (17 (m)),dLpdm ]
10 0] r
in the fibers of the bundles 0, — I\I' over © = []r and 7+, 7~ are the projections from

SL(d,R) to P(R%) and Grg_;(R?) respectively.
The following lemma shows that when the geodesic flow on ¢,£~ is weakly contracting, then

the geodesic flow on 0,E7 is weakly dilating.

Lemma 3.1.1. Let p: I' — GL(d, R) be a representation. Suppose there exists a pair of continuous,
p-equivariant transvserse maps £ 1 Osl' — P(R?) and £~ : 0,1 — Grg_1(R%). Then for any

z=[mlr €T and u € {0} x R we have:

lim Joe(X ) @)« 1 (X ) (@) > 0

t—00

Proof. For two sequences of positive real numbers (a,)nen, (bn)neny We write a, =< b, if there

exists R > 0 such that %an < b, < Ra, for every n € N. We may assume that p(I') is

contained in SL*(d,R), otherwise we replace p with p(v) = [det(p(7))|~4p(7), v € T. Let
(tn)ner be an increasing unbounded sequence. For each n € N, we may choose v, € I' such

that v, (M) lies in the compact fundamental domain F. There exist ki, ko, € K so that

)\n * Sn 0 . + + +
p(m)h = kin = kop . Notice that for g € P;~ we have dLjodr™ = dr*oAd(g).
0

A, x B,
Then, an elementary calculation shows that

00 A 00
ALyl = dLy,, | drt | Ad )
u 0 0 A, u 0
0 0
= del dm +
ﬁAnu 0

and similarly

dL dm™ 0 u =dL dm™
n k n
p(yn)h 00 2




The continuity of the family of norms (|| - ) and the fact that ki, ko, lie in the compact

zel\T
group K imply

Al
||()0tn(XU)||<Ptn($) - |)\n‘

e, (X, 0y = I3l 1B5 14l

where || - || denotes the usual Euclidean norm on R?~!. Up to passing to a subsequence, we
+

A

may assume that lim, v, (M) = m/. Since the maps 7= are continuous we conclude up to
subsequence that (7,71 (7))nen and (7,77 (M))nen converge to 71 (/) and 77 (M) respectively.
We have ¢ (7F(v,m)) = ki, Pt and € (77 (7)) = ko, Pl and by transversality, there exist
Pn € Pf’ ,qn € P{ and g € G such that lim, ky,p, = lim,, k2,,g, = ¢g. Then there exist z,, 2/, € R

so that lim, z,k1,e1 = ger and lim, 2/ kane; = g~ 'e; and we observe that |z,],|z/,| converge

respectively to ||ge1|| and ||g~'e1||. Notice that lim, 2,2}, (kine1, kaner) = (g te1, ge1)| = 1 and
. 1 An * Sn 0 .
so limy, (kine1, kaner) = m Recall that ks, k1p = , hence by looking
geririig 0 A, x B,
at the (1,1) entry of both sides we obtain ‘f\—z = |(k1ne1, kaner)| and so L := inf,en ‘f\” > 0.
A O Sy % * * )
Furthermore, we observe that K = k%, and hence = k3, k1in
« A 0 B « B 'AL

since ki, k!, = konkb, = I;. Up to extracting, we may assume that lim,, B, 'A! = @) exists. Since

|An|| det(An)| = |sn]| det(B,,)| we have |det (B, *AL)| =

Sn

> L > 0. In particular, @ is invertible

and there exists M > 0 with 7, < max(||B, A%]], |4, tBt "1|) < M for every n € N. Therefore, for
every n € N
2 2 2 2
[Apul o ™ _ [l [l Llull

= = 2 =
Anl 7 Pal Al Al JAZEBLBL )l — [ Aal [[AZBLIL - (B full = Msal [| By ull

since ||Anul| - || A tul| = ||u||?. Finally,

T o (X, Bt (K2, 0y > 0
and since the sequence (t,)neny Was arbitrary the conclusion follows. O]

Proposition 3.1.2. Let p: I' — GL(d,R) be a representation which admits a pair of continuous
p-equivariant transverse maps £ 1 Osol' — P(RY) and £~ : 05T’ — Grg_1(R?). We fiz x = [,
u € {0} x R4 and suppose €7 (7F(m)) = hPt and £~ (77 (M) = hP[ . Let (V)nen be a sequence
of elements of I' such that (Yot (Th))neN lies in a compact subset of . Then
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(1) i [lor, (X, () = +00 if and only if

n—o0

)l
oo ol
=0 || p(7n ) he |
(i) lm [Jo, (X)), @) = 0 if and only if
* —t

n=o0 || p* (v )h~ter ||

Ak n O
Proof. Suppose that p(v,)h = k1, [ ) ] = kop, {9 ] . Let (7, )nen be a subsequence of
0 n x B,

(Vn)nen- A calculation shows that

[Ar,ull _ llpCyr, )bl
Al () hel

-sin £ (p(yr, ) her, p(yr, ) hu)

where {7(z) = hP}" and hu € £ (y). Up to subsequence, we may assume that lim, ., ¢y, ()
exists and so lim,, v, 71 () # lim,, 4., 7 (). The maps T and £~ are transverse, hence there
exists ¢ € G and p, € P;", ¢, € P; such that lim, p(y.,)hp, = lim, p(V,, )hg, = g. Let vy €
4n'u
llgn ul|

hence lim,, sin £ (p(v,, ) her, p(Vr, )hu) = sin £(gveo, ge1) > 0. Since we started with an arbitrary

et be a limit point of the sequence ( ) " Then we have lim, mp(%n)hu = Vs and
ne "

subsequence, there exists € > 0 with |sin £(p(~,,, )her, p(7r, )hu)| = € for every n € N. Therefore,

lAnull _ llpGyn)bull

o = Toohall By Proposition 3.1.1 we have that

| Apul|
ot (X ey (@) =<
| Anl

and so part (i) follows. The argument for part (ii) is similar. O

3.2 The Cartan property and the uniform gap summation prop-
erty

Let G be a linear, non-compact, semisimple Lie group with finitely many components, K a
maximal compact subgroup of G, a a Cartan subspace of g and consider the Cartan decomposition

G = K exp(a®)K with Cartan projection 1 : G — @*. Let I' be an infinite, finitely generated group
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and p: ' — G be a representation. We say that p is Py-divergent if

lim (o, p(p(7))) = +oo
[7lp—o0
for every a € . Notice that the representation p is Pp-divergent if and only if p is Pys-divergent.

Recall that for an element g = k, exp(u(g))k,, written in the Cartan decomposition of G, we define

E;“(g) = /{:gPeJr and Z,(g) = kywP,

For an equivariant map £~ : 0" — G/P; , the map &* : 0,I' = G/P, is defined as follows
& (z) = kywPy, where £~ (z) = k, P, and k, € K.

Definition 3.2.1. Let G be a real semisimple Lie group, I' be a word hyperbolic group and suppose

that p: I' = G is a Py-divergent representation.

(1) Suppose that p admits a continuous p-equivariant map £ : OxI' — G/P,". The map &*
satisfies the Cartan property if for any x € 01" and every infinite sequence (v, )nen of elements

of I' with lim, v, =  we have

¢ (x) = lim 27 (p(1n))

n—oo

(2) Suppose that p admits a continuous p-equivariant map £ : Oxl' = G/FP, . The map £~
satisfies the Cartan property if the map £* : 01" — G/ P,. satisfies the Cartan property. In other
words, for every x € JxI' and every infinite sequence (Y )nen of elements of I' with lim, v, = z,

we have

¢ (x) = lim S5 (p(yn))

n—o0

Remark 3.2.2. Let p : I' — G be a Py-divergent representation. The Cartan property for a
continuous p-equivariant map £ : 9.I' = G/ PQJr (resp. £7) is independent of the choice of the
Cartan decomposition of G. This follows by the fact that all Cartan subspaces of G are conjugate

under the adjoint action of G and the second part of [Gué+17, Corollary 5.9].
The following fact is immediate from the definition of the Cartan property:

Fact 3.2.3. Suppose that p, T, G and 0 are defined as in Definition 3.2.1 and let £ : 01" — G/P@+
be a continuous p-equivariant map. Suppose that T : G — GL(d,R) is an irreducible 0-proximal
representation as in Proposition 2.5.4 so that T(Pj) stabilizes a line in R? and induces a 7-
equivariant embedding .+ : G/ P, — P(R%). The map & satisfies the Cartan property if and only
if 1t o & satisfies the Cartan property.
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Let M be a compact metrizable space and I' a group acting on M by homeomorphisms. The
action is called a convergence group action if for any infinite sequence (7, )nen of elements of T’

there exists a subsequence (7Vx, Jneny and a, b € M such that for every compact subset C' C M —{a},

Yk, |c converges uniformly to the constant map b. For an infinite order element v € I', we denote
by 7* the local uniform limit of the sequence (y*"),en. Examples of convergence group actions
include:

(i) the action of a non-elementary word hyperbolic group on its Gromov boundary (see [Gro87]).
(ii) the action of a finitely generated group I' on its Floyd boundary 0;I' (see [Gro96, §8] and
[Kar03, Theorem 2]).

We prove a version of [CT20, Lemma 9.2] which shows, in many cases, that a representation

p is Py-divergent when it admits a continuous p-equivariant limit map.

Lemma 3.2.4. Let M be a compact metrizable perfect space and let I' be a torsion free group
acting on M by homeomorphisms and p : I' — GL(d,R) be a representation. Suppose that T’
acts on M as a convergence group and there exists a continuous p-equivariant non-constant map

£ M — P(R?). Then for every infinite sequence (Yn)nen of elements of T we have

lim g1 (p(7n)) = Ha—pr2(p(n)) = +00

n—oo

where p = dimg (¢ (M)).

Proof. We first prove the statement when p = d. If the result does not hold, then there exists

e > 0 and a subsequence which we continue to denote by (7, )nen such that %&’3% > ¢. We may

write p(7n) = kn exp(u(p(yn))kl,, where k,, kI, € O(d). Up to subsequence, there exist n,7" € M

such that if = # 7’ then lim,, v,2 = 1 and hence lim,, p(7,)¢(z) = £(n). We may also assume that

a2(p(vn))
a1(p(7n))

some C' > 0. Let 2 # 1 and write &(z) = k. P;" for some k, € O(d). Since lim,, p(7,)é(x) = £(n),

up to passing to a subsequence, we may assume that

the sequences (ky)nen, (), )nen converge to k, k' € O(d) respectively and converges to

iy P (1lp(m)) K kser
n=oe ||exp (u(p(n)) kkeen |

=€- k:_lkjnel

where £(n) = k,P;t and € € {—1,1}. We conclude that for every x € X, there exits A\, € R such
that (K'keer,e1) = A\p(k™kper, e1) and (K'kyer,es) = %(l{_lknel,eg>. Since (¢ (M \ {n'})) = R4
and M is perfect, there exists xg # 1’ such that A\, # 0. Then for every x # n’ we observe that

Az
7<kkz0617 €2>

(K'kyer,er) = ﬁ(kkxoel,eﬁ and  (k'kyer,es) = 3

Azo
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Therefore, for every x # 1/, k&(z) lies in the subspace V = (kkg,e1) + ef Ney, a contradiction
since dim(V) < d — 1.

In the case where p < d, we consider the subspace V = ({(M)) and the restriction p : I' —
GL(V) of p. The map & is p-equivariant and a spanning map for p. The conclusion follows by

a1(p(7)) a1(p(7))
o2(p(v)) S gq—pr2(p(7))” -

observing that for any v € I we have
Corollary 3.2.5. Let I' be a word hyperbolic group, G a real semisimple Lie group and § C A a

subset of simple restricted roots of G.

(i) Suppose that p : T' — SL(d,R) is an irreducible representation which admits a continuous

p-equivariant map & : eI’ — P(R?). Then p is Py-divergent and & satisfies the Cartan property.

(ii) Suppose that p' : T' — G is a Zariski dense representation which admits a continuous p'-

equivariant map &' : O — G/P,". Then p' is Py-divergent and &' satisfies the Cartan property.

Proof. (i) We first claim that if p(v) is Pj-proximal, then £(71) is the attracting fixed point in
P(R?). Indeed, since p is irreducible we have (£(9,I)) = RY. If p(v) is Pj-proximal, we can find
T € OxI' — {77} such that {(z) is not in the repelling hyperplane V.~ Since lim,, "z = 7", we
have £(y1) = :L‘;—(W).

Since p is irreducible it follows by Lemma 3.2.4 that p is Pj-divergent. Let (7, )nen be an infinite
sequence of elements of I' such that lim,, v, = x. By the sub-additivity of the Cartan projection
i (see [Gué+17, Fact 2.18]) and Theorem 2.6.1, there exists a finite subset F' and C' > 0 such
that for every v € I, there exists f € F with [|[A(p(7f)) — n(p(vf))|] < C. Then, for large
n € N there exist f,, € F such that p(~,f,,) is Pi-proximal and A (p(Vnfn)) — 1 (p(nfn)) = —C.
Notice also lim, v, = lim, v, fn = lim,(y,fn)T = @ in the compactification I' U doI' and so
lim,, :L“:f(%fn) = lim, &((vnfn)") = &(z). Then, by using Proposition 2.5.5, for every n € N we

obtain the estimate:

de (@050 =1 (000)) ) < e (i, o0 B (o f) ) + de (Z1 (3 fn)) X (p()) )

) a2(p(m))

< (e +supC
( & 01 (p(’Yn))

fer

where Cy s > 0 is defined as in Proposition 2.5.5 (ii). This shows &(z) = lim,, Zf (p(v,)) and finally
that £ satisfies the Cartan property.

(ii) Let 7 be as in Proposition 2.5.4. Since p’ is Zariski dense the representation 7oy’ is irreducible.

By Lemma 3.2.4 the representation 7 o p’ is Pj-divergent and hence p’ is Py-divergent. By part
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(i), the 7 o p-equivariant map ¢* o £’ satisfies the Cartan property. It follows by Fact 3.2.3 that ¢’
satisfies the Cartan property. O

3.2.1 The uniform gap summation property

We are now aiming to generalize the uniform gap summation property (see [Gué+17, Definition

5.2]) for representations of arbitrary finitely generated groups.

Definition 3.2.6. Let I' be a finitely generated group, p : I' — G be a representation and 8 C A a
finite subset of restricted roots of G. We say that p satisfies the uniform gap summation property

with respect to 0 and the Floyd function f : N — RT if there exists C > 0 such that

(o, u(p(7))) = —log (f(Ivlr)) = C

for everyy eI and o € 0.
We say that the representation p satisfies the uniform gap summation property if there exists

a Floyd function f, a subset of simple roots 6 C A and C' > 0 with the previous properties.

Let p : I' = G be a representation. In [Gué+17, Theorem 5.3 (3)] it is proved that if I' is word
hyperbolic group and p satisfies the uniform gap summation property, then it admits a pair of p-
equivariant, continuous limit maps which satisfy the Cartan property. If I' is not word hyperbolic,
we may obtain a pair of p-equivariant maps from a Floyd boundary dI" of I" into the flag spaces
G/P; and G/P, . Note that when 9;I" is non-trivial, the action of ' on d;I" is a convergence
group action (see [Kar03, Theorem 2]) so we obtain additional information for the action of p(I")

on its limit set in G/ P;".

Lemma 3.2.7. Let ' be a finitely generated group, G a real semsimiple Lie group, 8 C A a
subset of simple restricted roots of G and p : I' = G a representation. Suppose that p satisfies
the uniform gap summation property with respect to 0 and the Floyd function f : N — R*. Then,

there exists a constant C > 0 with

deyp (55 (p(9)), 25 (p(0) ) < C - dy(g,h)
for all but finitely many g,h € U. In particular, there exists a pair of continuous p-equivariant

maps

£ 0T = G/Py  and & 0T — G/Py.
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Moreover, if p(I') contains a Py-prozimal element, then gj(afr) maps onto the Py-prozimal limit
set of p(T') in G/P; .

Proof. As in the proof of Proposition 2.5.4, we may assume that § = {1 — 2} and G = SL(d,R)
and G/P,” = P(R?). Let S be a fixed generating set of I' defining a left invariant metric |-|r. There
exists a constant K > 0 such that % < Kf(|y|r) for all v € T'. Let p be a path in the Cayley
graph of I' defined by the sequence of adjacent vertices gy = g, ...,h = g, with L¢(p) = d¢(g,h).

Then, by using Proposition 2.5.5, we may find C’ > 0 depending only on S and p such that:

dp (ET (p(9)), = (p<h))) < ni dp (El+ (p(90)), =t (p(gm)))
=0
s¢ ; o1(p(g:)) S CK;]C(‘QZ‘F) — C'Kdy(g,h)

Now define the map f;f : 94T — P(R?) as follows: for a point = € 9T represented by a Cauchy
sequence (Vn)nen (With respect to dy), then

& (x) = lim =7 (p(n))
The previous inequality shows that the limit lim,, = (p(7n)) is independent of the choice of the
sequence (7, )nen representing x, since for any other sequence (7),)neny with z = lim,, v,,, we have
lim,, d¢ (7, ,,) = 0. Finally, S}L is well defined and Lipshitz and hence continuous. By identifying
G /P, with G/P,f, we similarly obtain the limit map &

Suppose that p(I') is Pj-proximal. By the definition of the map fj{, if p(70) is Pj-proximal,
then f;{(yar ) is the unique attracting fixed point of p(7p) in P(R?). Since I' acts minimally on 9;T
we have 575(8fF) = Ar. O

We remark that in the case where I' is a geometrically finite Kleinian subgroup of SO(3, 1),

the natural inclusion I" < SL(4,R) satisfies the uniform gap summation property (see [F1o80]).

3.3 Proof of Theorem 1.4.1 and 1.4.4

This section is devoted to the proof of Theorems 1.4.1 and 1.4.4. Note that in the statement
of Theorem 1.4.1 we do not assume that the group p(I") contains a Py-proximal element, the pair

of limit maps (£*,£7) is compatible or the map £~ satisfies the Cartan property.

Theorem 1.4.1. Let I" be a word hyperbolic group, G a real semisimple Lie group, 8 C A a subset
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of simple restricted roots of G and p : I' — G a representation. Then p is Py-Anosov if and only

if the following conditions hold:
(i) p is Py-divergent.

(ii) There exists a pair of continuous, p-equivariant transverse maps
£ 0.0 = G/P and & : 0.1 = G/Py

and the map T satisfies the Cartan property.

Proof. If pis Py-Anosov, the Anosov limit maps of p are transverse and dynamics preserving and
p is Py-divergent by Theorem 2.5.3 (ii). Also, the fact that the Anosov limit maps satisfy the
Cartan property is contained in [Gué+17, Theorem 1.3 (4) & 5.3 (4)].

Now we assume that p satisfies (i) and (ii). We first reduce to the case where I' is torsion
free. Since p is Pp-divergent, every element of the kernel ker(p) has finite order, hence ker(p) is
finite. The quotient group H = I'/ker(p) is quasi-isometric to I" and by Selberg’s lemma [Sel62]
H contains a torsion free and finite-index subgroup H;i. It is enough to prove that the induced
representation p : H; — G is Py-Anosov. Notice that p satisfies the same assumptions as p and
the source group is torsion free.

By Proposition 2.5.4, we may assume that G = SL(d,R), § = {e; — &2}, P,/ = Stab(Re;) and
P, = Stab(ei). We consider the section o : T\I' = X, o([i]r) = [, EF (7 (), & (77 (M)
inducing the splitting 0,€ = 0.ET & 0.£~. Then we fix z = [7]r and choose an element h € G so
that (77 (1h)) = AP} and £~ (77 (1h)) = hP; . Let (t,)nen be an increasing unbounded sequence.
We consider a sequence (7, )nen of elements of I' such that (v, (M))nen lies in a compact
subset of I'. We observe that lim, v, = 7 (/) in the bordification I' U dxI'. We write p(v; 1) =
(k)" tw exp(p(p(v;))wk; ! in the Cartan decomposition of G, where w = ¢, Eia+1-i) €
O(d). Since £t is assumed to satisfy the Cartan property and (v,)nen is Pg-divergent, up to
subsequence, we may assume that lim, =1 (p(v,,1)) = lim, (k},)'wP,” = hP,". Equivalently, if
*

0 B
K'(K')t = I, we observe that k'h~tu = wg_1 B 'u + Oeq and K'h~te; = %601 + Z?;} C;e; for some

k' = lim, k], then k'h = w for some B € GL(d — 1,R). Fix u € {0} x R?1. Then, since

s #0,(1,..,Ci—1 € R and wg—1 € O(d — 1) is a permutation matrix with wy_1e; = e4—1 and

wy—1e4—1 = e1. Equivalently, we write:

d d
koh'u = xine; and K h7'er =Y (ine
i=1

=1
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we have that lim,, x4, = 0 and lim, (4, = % A computation shows that

* — d _ ; "
Hp (’Yn)h tUH2 _ i=1 X%’ne 2pi(p(n))
Hp* (’Yn)h_tel H2 ,fl:l Czn€72/‘”(p(7n))

X% ne—2u1(p(%))+2ud(p(%)) + Z?:_zl Xl27n€—2m(ﬂ(vn))+2ud(p(%)) + X?l,n

)

S 2, em2mplym))F2uale(m)) 4 (2

[lo(yn)*htull

and we deduce lim,, y7=mm= = 0. By Proposition 3.1.2 (ii) we obtain

dim [[r, (X, )y, ) =0

The sequence we started with was arbitrary, therefore the geodesic flow on ¢,£~ is weakly con-
tracting. By Lemma 3.1.1 we conclude that the flow on 0,E™ is weakly dilating. The compactness
of T\I" implies that the geodesic flow on 0, (resp. 0,.E7) is uniformly dilating (resp. contract-

ing). Finally, p is Py-Anosov with Anosov limit maps £ and . O

Proof of Corollary 1.4.2. Assume that conditions (i) and (ii) hold. Let 7 : G — GL(d,R) be
an irreducible and #-proximal representation as in Proposition 2.5.4. It is enough to prove that
p' = Topis Pi-Anosov. By using [Gué+17, Theorem 5.3 (1)] (see also Lemma 3.2.7), there exists a
pair of continuous, p’-equivariant maps £+ : 9, I' — P(R?) and £~ : 9o’ — Grg_1(R?) satisfying
the Cartan property. Let z,y € 05" be two distinct points and (v, )nen a sequence of elements
of I’ with z = lim,, 7, and y = lim,, 7, !. The second condition, shows that sup,, (e1, 2u(p’(vn)) —
w(p'(72))) < +o0. By Proposition 3.6.2 we have that dist(¢7(z), & (y)) - dist(E1(y), £ (y)) > 0
so the pair (£1(z),£ (y)) is transverse. The maps ™ and £~ are transverse, p' is Pj-divergent by
(i), so by Theorem 1.4.1 p’ is P;-Anosov.

Conversely, part (i) follows by Theorem 2.5.3 (ii). By Proposition 1.4.9 (i) we can find A,b > 0
such that for every a € 0 and v € T', (wa, 2u(p(7)) +2u(p(v™1)) — u(p(7?)) — p(p(v72))) < A(y-
7~ He +b. There exists N > 1 such that Nw, is the highest weight x,. of an irreducible proximal
representation 7, of G (see for example [Gué+17, Lemma 3.2]). In particular, N(wq,u(h)) =
(1, (1o (h))) for every h € G. Therefore, (wq, 2p(g) — pu(g?)) = 0 for every g € G. Now part (ii)
follows. O

Let I' be a word hyperbolic group and H be a subgroup of I'. The group H is quasiconvez in
I' if and only if H is finitely generated and quasi-isometrically embedded in I'. In this case, there
exists a continuous injective H-equivariant map tg : OscH — O [ called the Cannon-Thurston

map extending the inclusion H < I.
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Theorem 1.4.4. Let I" be a word hyperbolic group, H a quasiconvex subgroup of I', G a semisimple
Lie group, 0 C A a subset of simple restricted roots of G and p : I' = G a Zariski dense representa-
tion. Suppose that p admits continuous p-equivariant maps @ 0o I’ — G/P9+ and £ : 0" = G/ P, .

Then p|g is Py-Anosov if and only if the maps T o1y and £ oy are transverse.

Proof of Theorem 1.4.4. Corollary 3.2.5 shows that the representation p is Pp-divergent and &
satisfies the Cartan property. Since ¢y is an H-equivariant embedding, the map T ovpy also satisfies

the Cartan property. Theorem 1.4.1 then implies that the representation p|gy is Pp-Anosov. [

We observe (see Example 3.10.4) that there exists a closed hyperbolic surface S and a Zariski
dense representation p; : m1(S) — PSL(4,R) which is not P;-Anosov and admits a pair of contin-
uous pp-equivariant maps (£, £7). The representation p; is Pj-divergent and py(v) is Pi-proximal
for every v € m1(S) non-trivial. However, for every finitely generated free subgroup F' of m(5),

the maps £ o tp and £ o 1y are transverse and p|p is P-Anosov.

3.4 Proof of Theorem 1.4.7

In this section, we prove Theorem 1.4.7 which was established by Richard Canary and the
author in [CT20]. Let us first recall that a representation p : I' — SL(d,R), d > 3 of a torsion-free
group I' is a Benoist representation if and only if p(I") is a discrete subgroup of SL(d,R) which

acts properly discontinuosuly and cocompactly on a strictly convex domain €2 of P(R%).

Theorem 1.4.7 ([CT20, Theorem 1.5 & 1.7]). Let I be a torsion free word hyperbolic group of
cohomological dimension at least d — 1 > 3 and suppose that p : T' — SL(d,R) is a representation.

The following conditions are equivalent:

(i) p is a Benoist representation.

(i) p is Pi-Anosov.

(iii) There exists a mon-constant continuous p-equivariant map € : OsI' — P(R?).

Since Benoist representations into SL(d,R) are P;-Anosov, the implications (i) = (ii) = (iii)
follow. Therefore, it is enough to establish the implication (iii) = (i).

First, we prove:

Proposition 3.4.1. ([CT20, Proposition 9.3|) Suppose that " is a torsion-free hyperbolic group
of cohomological dimension m > d— 1 which does not admit a cyclic splitting. If p : T — SL(d, R)
is irreducible and there exists a p-equivariant continuous map & : Osol’ — P(Rd), thenm=d—1

and p is a Benoist representation.
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Proof. Since p is irreducible we have (£(0,I')) = R%. By Lemma 3.2.4, p is Pj-divergent. Since
p is irreducible, by Theorem 2.6.1, we may choose vy € I" so that p(p) is biproximal. We may
assume that the attracting eigenlines of p(70) and p(yy ') are (e1) and (eq) respectively and the
corresponding attracting hyperplanes are ej and ej . In particular, since I' acts as a convergence
group on d,I' and (£(0xT)) = R%, we deduce that &(vg) = [e1] and £(yg ) = [eq). Suppose that
7 € 0ol — {77, 7 }- Since lim, yix = 77 and lim, 7, " = v, £(z) cannot lie in either P(eq)
or P(e}). Since the group I' does not split over a cyclic subgroup, the set 9I' — {7} is connected
(see Bowditch [Bow98, Theorem 6.2]), so we may assume that (0. — {75}) is contained in
the connected component {[1 : x5 : ... : 24 ] : zg > 0} of P(R?) — P(ef) U P(ef). It follows
that £(0,I) lies in the affine chart P(R?) — P(V) where V = {(zy,...,zq) € R"*! : 2y = —14}.
By [CT20, Proposition 2.8] p(I') preserves a properly convex domain § in P(R?). Since p(T') is
Py-divergent, it is discrete and faithful, so it must acts properly discontinuously on 2 (see [Ben05,
Fact 2.10]). Since p(I") has cohomological dimension m > d — 1, it must have compact quotient.
Hence, by Benoist [Ben04, Theorem 1.1}, €2 is strictly convex, so p is a Benoist representation and

m=d— 1. O

In order to complete the proof of Theorem 1.4.7 we need to reject the cases where p is reducible

or I' admits a non-trivial cyclic splitting.

Proposition 3.4.2. Let I" be a word hyperbolic group and p : I' — GL(d,R) be a representation.
If there exists a continuous p-equivariant non-constant map & : Ol — P(R?), then p is discrete

and ker(p) is finite.

Proof. Assume that there exists an infinite sequence (v,)nen of distinct elements of I' with
lim,, p(7,) = I4. The group I' acts on JxI" as a convergence group, hence up to subsequence,
there exists 1,1 € 0xI' with lim,, y,x = n for  # 1’ and {(z) = £(n) for x # n'. Since O I is

perfect, £ has to be constant, a contradiction. O

We also need the following lemma which asserts that for a non-elementary hyperbolic group
[' and a linear representation p : I' — SL(d,R), a continuous, spanning p-equivariant limit map
€ 1 0’ — P(R?) is non-constant when restricted on the Gromov boundary 9.,y of a quasiconvex

non-cyclic subgroup I'y of T'.

Lemma 3.4.3. ([CT20, Lemma 9.5]) Suppose that T is a torsion-free hyperbolic group and Ty is
a non-abelian quasiconvex subgroup of I'. If p : I' — SL(d,R) admits a continuous p-equivariant

map & : Dol — P(R?) s0 that £(OT) spans R?, then the restriction of & to 0xLg is non-constant.
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Proof. Proposition 3.4.2 implies that p is discrete and faithful. Suppose that £ is constant on
Js'g. By conjugating, we may assume &(0xoI'g) = {[e1]}. Then p|r, has the form
e(7) u(y)
p(7) = 1
0 eI Tpo()

for some homomorphism ¢ : I' — R* and some representation pg : I'g — SL(d — 1, R). Notice that

the representation of p : I'y — SL(d, R) given by

ply) = [5@) ’ ]
0 |e(y)[ T po()

is the limit of the discrete faithful representations {Q; o p|r, 0@, }, where Q,, is a diagonal matrix
with a;; = n and all other diagonal entries equal to 1, so p is discrete and faithful (see Kapovich
[KKO1, Theorem 8.4]). We next show that if v € I'g and e(y) = 1, then A\;(p(y)) = 1 for all 1.
Suppose that there exists v € I'g which has an eigenvalue of modulus strictly greater than 1. We

may consider the Jordan normal formal for py(7), regarded as a matrix in SL(d — 1, C), i.e.

po(y) =P pt

J‘]mkr

where P € SL(d—1,C) and J, , is the k-dimensional Jordan block with the value ¢ € C along the
diagonal. We may assume that |¢1| > --- > |¢-| and that if |¢;| = |gi+1], then k; > k;41. Notice
that, if n is sufficiently large, the co-efficient of Ji', with largest modulus has modulus exactly

(" )]g|" "1 It follows that there exists C' > 1 so that

1 - _ _ _
S <y (7)) < Ot g

for all n € N. Therefore, {(nk1_1|q1 ]”_’“H)_l po('y”)} o has a subsequence which converges to a
n
non-zero matrix A, € GL(d — 1, R). Now let us choose w = z1e; + v, where v € R4™! — ker(Ay).

Note that we can write:



p(Y" )w = xper + po(Y" )0, @ =z + i: {(po(y")v, u(70))
=0

and observe that

n n
[n] < Jaa + D oo (Y- lu(o)ll - (ol < G Yo Har|” < Con®* |
=0 =0

for some constants C1, Cy > 0 independent of n. Up to passing to a sub-sequence, we deduce that

(Y w = ( lim $)61 + Asov

nL)HOlO nk1—l|q1’n—k1+1p n—oo nk1—1|q1|k1—l

We conclude that {[p(7)™(w)]} does not converge to [e1]. Since £(OsI') spans R? and ker(Ay,) is
a proper subspace of R?, there exists © € 9xI' — 9xolg s0 that &(x) ¢ P(R x ker(Ay)). Since &
is p-equivariant, {p(7)™(&(x))}neny must converge to £(y) = [e1], which contradicts the previous
calculation. Therefore, it follows that for every v € I’y with e(79) = 1, all of the eigenvalues of the
matrix p(vy) have modulus 1.

Notice that if N is the commutator subgroup of I'g, then (N) = {1}. Since I'y is a non-
abelian torsion-free hyperbolic group, N contains a free subgroup A of rank 2. Let ¢ = p|% be a
semisimplification of p|a. Since v is a limit of conjugates of p|a and p|a is discrete and faithful,
1 is also discrete and faithful [KKO01, Theorem 8.4]. Since A;(¢(7)) = Xi(p(y)) = 0 for all v € A
and all ¢, Theorem 2.6.1 guarantees that there exists M so that |u;(¢(v))] < M for all v € A
and all 1 <4 < d. Therefore, 1(A) is bounded which contradicts the fact that 1) is discrete and
faithful and that A is infinite. O

Moreover, we need the following proposition showing that when I' does not split over a cyclic
subgroup and has large cohomological dimension, a representation of I' which admits a spanning

limit map has to be irreducible:

Proposition 3.4.4. ([CT20, Proposition 9.4]) Suppose that T is a torsion-free hyperbolic group of
cohomological dimension d — 1 > 3 which does not admit a cyclic splitting. If p: I' — SL(d,R) is
a representation and there exists a p-equivariant continuous non-constant map & : Osol’ — IP’(]Rd)

so that £(0xT) spans RY, then p is irredicuble.
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Proof. 1If p is reducible, one may conjugate it to have the form

P ok % *

0 p2 * =
0 0 . x
0 0 0 px

where k > 2, each p; : I' — GL(V}) is an d;-dimensional irreducible representation and R¢ = @F_, V.
Notice that if 2 € oI and £(x) lies in V = R% % x {0}% then, since I acts minimally on dI
and p(T') preserves V, £(sI') would be contained in the proper subspace V, which would con-
tradict our assumption that &(9,I') spans R?. It follows that there exists a pp-equivariant map
& Osol’ — P(R), obtained by letting & (z) denote the orthogonal projection of &(z) onto V.
Notice that &, (0xI) spans Vi, since £(9xI') spans R%. Proposition 3.4.1, applied to the represen-

tation pg, implies that I' has cohomological dimension dj — 1, which is a contradiction. O

We also need the following result, following by the work of Louder-Touikan [LT17] and allows

us to find quasiconvex subgroups in a torsion-free word hyperbolic group I' which do not split.

Proposition 3.4.5. ([CT20, Proposition 9.6]) Let I" be a torsion-free hyperbolic group of coho-
mological dimension > 3 which splits over a cyclic subgroup. Then I contains an infinite index,

quasiconvex subgroup of cohomological dimension cd(I") which does not split over a cyclic subgroup.

Proof. One first considers a maximal splitting of I along cyclic subgroups. One of the factors, say
A has cohomological dimension m (see Bieri [Bie75, Corollary 4.1] and Swan [Swa69, Theorem
2.3]). A result of Bowditch [Bow98, Proposition 1.2], implies that A is a quasiconvex subgroup of
I'. If A itself splits along a cyclic subgroup, we consider a maximal splitting of A along cyclic sub-
groups. We then again find a factor Ay of this decomposition which has cohomological dimension
m and is quasiconvex in A, hence in I'. Louder and Touikan [LT17, Corollary 2.7] implies that
this process terminates after finitely many steps, so one obtains the desired quasiconvex subgroup

of cohomological dimension cd(T"). O

Proof of Theorem 1.4.7 (iii) = (i). Suppose that ' has cohomological dimension d — 1 and there

is a non-constant p-equivariant map € : 9o I' = P(R?). There are two cases to consider.

Case 1. Suppose that I' does not admit a non-trivial splitting over a cyclic subgroup. If W =
(€(05T)) = R?, by Proposition 3.4.4, p is irreducible. Therefore, by Proposition 3.4.1 p is a

Benoist representation.
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Now suppose that V := (£(0)) is a proper subspace of R Let my : GL(V) — SL*(V)
be the obvious projection map. Consider p = my o ply : I' — SLi(V) and the non-constant p-
equivariant map £ : 9xI' — P(V) (which is simply ¢ with the range regarded as P(V')). Since £
is non-constant, V' has dimension at least 2. If V' has dimension 2, then, by Proposition 3.4.2,
p is discrete and faithful, which implies that I" is a free group or surface group, contradicting
our assumptions on I'. If W has dimension at least 3, then Proposition 3.4.4 implies that p is

irreducible, while Proposition 3.4.1 provides a contradiction in this case.

Case 2. Suppose that [ admits a non-trivial splitting over a cyclic group. We will derive a con-
tradiction. By Proposition 3.4.5, I" contains an infinite index, quasiconvex subgroup I'; of coho-
mological dimension d — 1 which does not split over a cyclic subgroup.

We next observe that ¢(0,I'1) must span RY. If it doesn’t, let W be the subspace spanned
by €(0soI'1). We obtain a representation p : I' — SLE(W), given by 7y o p|w and a continuous
p-equivariant map & : O’ — P(W), which is simply £ with the range regarded as P(1V), so that
€(0seT") spans W. There exists a subgroup I'y of index at most two, so that p(I'y) lies in SL(W).
Notice that I'y also has cohomological dimension d—1. By Lemma 3.4.3, é |o..r, 18 non-constant, so
Propositions 3.4.1 and 3.4.4 imply that p|r, is a Benoist representation and that W has dimension
d, which is a contradiction. It follows that (£(9,I'1)) = (£(0xT)) = R%.

Lemma 3.4.3 implies that &|s_r, is non-constant, so Proposition 3.4.1 implies that p; = p|r,

is a Benoist representation. Therefore, p(I'1) acts properly discontinuously and cocompactly on

Q=PR") - U P (@)

TEDoT1

where fgl_l is the limit map for p;. Moreover, {(0xI"1) = 092.

Let p(«) be a bi-proximal element of p(I') — p(I'1) and let V() be the repelling hyperplane of
p(a). Since ¢ is equivariant, if [v] € 99, then {[p(a™)v]}nen converges to (a™). Therefore, Vo
is disjoint from 9. It follows that P(RY) — Q is the closure of the set of repelling hyperplanes
of biproximal elements o p(I"). Therefore, the complement of €2, and hence 2 itself, is invariant
under the full group p(I"). By Proposition 3.4.2, p(T") is discrete and since p(I'y) acts cocompactly

on Q, p(I'1) must have finite index in p(I') which contradicts the fact that p is faithful. O
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3.5 Property U, weak eigenvalue gaps and the uniform gap sum-
mation property

In this section, we discuss Property U, its relation with the uniform gap summation property
and prove Theorem 1.4.12.

Property U and weak Property U were introduced by Delzant-Guichard-Labourie-Mozes
[Del+11] and Kassel-Potrie [KP20] respectively and are related with the growth of the trans-

lation length and stable translation length of group elements in terms of their word length.

Definition 3.5.1. Let I" be a finitely generated group and fix |- |r : T — N a left invariant word
metric on I'. The group T satisfies Property U (resp. weak Property U) if there exists a finite
subset F' of I and C,c > 0 with the following property: for every v € I there exists f € F such
that

lo(fvy) = clylr — C (resp. | fY]oo = c|y|r — C)

Fact 3.5.2. (a) Note that (weak) Property U is independent of the choice of the left invariant
word metric on I' since any two such metrics on I' are quasi-isometric. Moreover, for every v € I,

lr(7y) = |7V|r,00, s0 if I satisfies weak Property U then I' also satisfies Property U.

(b) Let I'; and T’y be two finitely generated groups satisfying (weak) Property U. The product
[’y x I’y also satisfies (weak) Property U. In particular, finitely generated abelian groups satisfy

weak Property U.

(c) Suppose that ¢ : 'y — I'y is a surjective group homomorphism which is also a quasi-isometry.
If I’y satisfies (weak) Property U then so does the group I's. In particular, (weak) Property U is

preserved under taking finite extensions.

Delzant-Guichard-Labourie-Mozes [Del+11] proved that the following classes of groups satisfy
Property U:

(i) the class of word hyperbolic groups.

(ii) every finitely generated group I' admitting a semisimple quasi-isometric embedding into a

reductive real algebraic Lie group.

We prove that a virtually torsion free finitely generated group with non-trivial Floyd boundary
satisfies weak Property U. Recall that the Floyd boundary 0;I" of I with respect to f is called non-
trivial if |0¢'| > 3. Let H be subgroup of I'. We define A(H) C 0" to be the set of accumulation

points of infinite sequences of elements of H in OfI'.
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Theorem 3.5.3. Let T be a finitely generated group and fix |-|r : T' — N a left invariant metric on
I'. Suppose that the Floyd boundary O;T of T' is non-trivial for some Floyd function f: N — R*.
Let H be a torsion free subgroup of I' with |A(H)| > 3. Then there exists a finite subset F' of H
and L > 0 with the property: for every v € H there exists g € F such that |g7|r — |97|re0 < L.

In particular, if ' is virtually torsion free then it satisfies weak Property U.

Proof. Let G : [1,00) — R* be the function G(z) := 10332 |, o) f(k). Note that G is decreasing
and since f is a Floyd function we have :CILIEO G(z) = 0. By Karlsson’s estimate [Kar03, Lemma 1]
we have

drlo.h) < Gl(g- W) and dr(g.9%) < G(3lglr)

for every g, h € I', where g has infinite order. The group H is torsion free, so the second inequality
shows that A(H) is the closure of the attracting fixed points of elements of H. Since A(H)
contains at least 3 points, by [Kar03, Proposition 5] we may find f1, fo € H non-trivial such
that the sets {f;", fi } and {f5, f; } are disjoint. Let e = & min{d(fi, '), ds (fi . fi)}. We
make the following three choices of constants M, R, N > 0. First, we choose M > 0 such that
G(z) > 155 if and only if 2 < M. We also choose R > 0 such that G(z) < 155 for every » > R.
We also consider N > 0 large enough such that min {|f{¥|, [f3' |} = 10(M + R).

Let F := {le, >, e}. Now we claim that for every non-trivial v € H, there exists g € F' such
that ds(gy",7") = e. It dy(v+,77) = € we choose g = e. So we may assume that ds(y*,77) < e.
We can choose ny € N such that G(1[7"|r) < € for n > ng. Notice that we can find i € {1,2} such
that df(v", f;7) = 50e and ds(y", f;7) > 50e. Indeed, if we assume that dist(y", {fi", fi }) < 50e
then dy(y*, fi) = dist(f55, {fi", fi'}) — 50e > 50e. Without loss of generality we may assume

that df(y*, fi7) = 50 and ds(y", f;) = 50e. By our choices of N and ng we have that

dr(Y", [iN) = dp (v ) —dp(f fY) = dp(vh ")

> 50 G(%\f{v\p) - G(%wp) > 48¢

hence G((y" - fiV ),) = ¢ for n = ng. By the choice of M > 0 we have that (4" - f )6 < M for
n > ng. Then, we choose a sequence (ky)nen such that |f7™ N|F < |f1”|F for every n € N. For

=
n = ng we have

2( 1]v7n'f1n)5: |fljv7n|r+|f1n|r |fN Fn |

= "o+ LA e =200 ) LA e = LA T
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—2M + ‘le{r + ’ffnh“ - |fiN_kn’F

|

> |V —2M > |F>2R

Therefore, by the choice of R > 0 we have G((fNy"™ - ff”)e) < ¢ for n > ng. It follows that
dy(fy*, i) <eso

de (X, 77) 2 de(vt, A1) — de(F T 1) —dp(vh,77) > 48¢

The claim follows.

Now, let L := 10maxgep |glr + 2R and A := {y € H : |y|r = L}. If v ¢ A then we choose
g = e and obviously |y|r — |7|rc0c < L. Suppose that v € A. We may choose g € F such that
df((gvg~1)*,v7) = e, where (979~ ")* = gv* in 9¢T. We observe that

dr((gv9~ )" (90)F) < dp((9vg D) 9797 ") +dr(9vg " 97) +de((97) . 97)
< G(1|gvg_1| ) +G((9797" - 97)e) + G(%|gv|p)

3¢
( [7lr = 2lglr) < 100
and  dy(v" 7797 <ds(y ) +dp(v e

G( M) G((v v g e)

G (5hle —2le) <

N

since |y|r — 2|g|r > R. Therefore, we have

o ™

de((gN T 77 g™ = de(gvToy) —ds(gvT (gn)™) —dr(v v leTh) >

This shows that there exists ny > 0 such that G(((g7)" - (¢97)7"),) = § and ((g7)"-(97) "), < M

for n > ny. We can find a sequence (my,)nen such that

mp+1 ’1’*

lim (|(g7) = (g™ 1) <lg7Ire

n—o0

so limy, 2((g7)™ - (97)™"), = |97Ir — |97Ir,00- Finally, since R > M, we conclude that
97| = 97Ir,e0 <2M < L
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This completes the proof of the theorem. O

We need the following proposition which allows us to control the quasi-isometry constants of
the induced quasi-isometry between two Gromov hyperbolic spaces (X, dx) and (Y, dy) acted on

geometrically by the discrete group I

Proposition 3.5.4. Let I' be a non-elementary torsion free word hyperbolic group acting properly

discontinously and cocompactly by isometries on the Gromouv hyperbolic spaces (X, dx) and (Y, dy)

"‘/‘X,oo
[7lv,00

"YlX,oo
|’Y|Y,oo

respectively. We set ay y = infer

and a}y i= SUD,er,, . Suppose that xg € X and

Yo € Y are two given points. Then there exists M > 0 such that

ax,y (o - 0yo),, — M < (yx0 - 00), < axy (Yo - 60),, + M

for every ~v,0 € I

Proof. For v € T, let |v|x = dx(yxo,zo) and ||y = dy (Y0, yo). By the Svarc-Milnor lemma (see
Proposition 2.2.2) and the fellow traveller property for Gromov hyperbolic spaces (see Theorem

3.5.4) we can find constants C, ¢ > 0 such that

max { (v* - v7"20),,, (7" -7 "), b < OOy, e
for every v € I'. By Lemma 2.2.7 we obtain a constant m > 0 such that
max {[7]x = Mxoes Yy = v } < (1l = Prlrc) +m
for every «v € I'. By using Theorem 3.5.3 and the previous inequalities, we can find a finite subset F’

of T"and L > 0 with the property: for every 7 € T there exists f € F such that || f]x,0c —|f7]x] <

L and || fy]y,co = |f7ly| < L. By definition we have ax y [ f¥yco < [f7]x,00 < a}7y|f’y|ym, hence

|fYx = [f7]x00 2> a)_(,Y’f’Y‘Y,oo > a;(,Y’fﬂY —ayyL

axy1fly = axy|flviee 2 [Flxee = |f1lx —ak y L
Therefore, since ||fv|x — [7|x| < |flx and ||fv|ly — |7]v| < |f]y for every v € T, there exists

K > 0 with

axylly — K <|ylx <akyhly + K
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for every v € I'. The fellow traveller property combined with previous double inequality shows

that

— K" + ax ydisty (yo, [Yy0, 6y0]) < distx (o, [y20, d20]) < a% ydisty (o, [vy0, 0yo]) + K’

for some K’ > 0. The conclusion follows since X and Y are Gromov hyperbolic. O

Remark 3.5.5. Kassel-Potrie established an analogue of the Abels-Margulis-Soifer lemma [AMS95,
Theorem 5.17] simultaneously for a linear representation p : I' — GL(d,R) of a word hyperbolic
group and the abstract group I' equipped with a left invariant word metric (see [KP20, page 16]).
Note that in the case I' is word hyperbolic, Theorem 3.5.3 follows by their result.

3.5.1 Weak uniform gaps in eigenvalues.

Recall that a linear representation p : I' — GL(d,R) has a weak uniform i-gap in eigenvalues
if there exists ¢ > 0 such that A\;(p(7)) — Ai+1(p(7)) > ¢|7|r,00 for every v € T

For a group I' the lower central series
- Dgs(l) Igo(T) < gi(l) D go(l) =T

is inductively defined as gi41(I') = [I', gx(I")] for & > 1. For every k, g(T) is a characteristic
subgroup of I and the quotient g (I")/gr+1(I") is a central subgroup of I'/gy11(I"). The group I'
is nilpotent if there exists m > 0 with g,,,(I") = 1.

First, we prove that a nilpotent group I' admitting a representation with a uniform weak
eigenvalue i-gap has to be virtually cyclic. We remark that the following proposition fails to
be true when I' is assumed to be solvable. For example, the solvable Baumslag-Solitar group
BS(1,2) = (a,t[ta”'t"'a?) admits a faithful representation into GL(2,R) with a weak uniform
1-gap (see [KP20, Example 4.8]).

Proposition 3.5.6. Let I' be a finitely generated nilpotent group. Suppose that p : T' — GL(d, R)

has a weak uniform i-gap in eigenvalues for some 1 <1 < d — 1. Then I' is virtually cyclic.

Proof. Let G; be a group and Gy C Z(G1) be a central subgroup of G;. Observe that if the
quotient G /Gy is virtually cyclic, then Gy is virtually abelian.
Let G be the Zariski closure of p(I') in GL(d,R). We consider the Levi decomposition G =

L x U, where U is a connected normal unipotent subgroup of G and L is a reductive Lie group.
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The projection mo p : I' = L is Zariski dense and A(7(p(7)) = A(p(7)) for every v € I'. The Lie
group L is reductive and 7(p(I")) is solvable, so L has to be virtually abelian since it has finitely
many connected components. We may find a finite-index subgroup H of I' such that gi(H) is
a subgroup of ker(mw o p). Therefore, for every k& > 1 we obtain a well defined representation
pr » H/gr(H) — GL(d,R) such that py o mp = o p, where 7, : H — H/gy(H) is the quotient
map. Note that for every & > 1 there exists ¢, > 1 such that |74 (h)|m/g, (7)o < Ck|h|H,00 for every
h € H. Since A(pr(h)) = A(p(h)) for every h € H, p; has a weak uniform i-gap in eigenvalues
for every k > 1. We may use induction on k to see that H/gy(H) is virtually cyclic. The group
H/g1(H) is abelian and satisfies weak Property U, so p; is Pi-Anosov by [KP20, Proposition 4.12]
and H/g1(H) has to be virtually cyclic. Now suppose that H/gy(H) is virtually cyclic. Note that
gr(H)/gr1(H) is a central subgroup of H/gy+1(H) with virtually cyclic quotient H/gy(H). It
follows that H/gy+1(H) is virtually abelian. In particular, H/gy11(H) satisfies weak Property U,
SO pi+1 is P-Anosov and H/gy+1(H) is virtually cyclic. Therefore, H/gy(H) has to be virtually
cylic for every k > 1 and H is virtually cyclic since g,,(H) = 1 for some m > 1. O

By using Theorem 3.5.3 we obtain the following relation between the uniform gap summation

property and weak Property U.

Corollary 3.5.7. Let I' be a finitely generated group which is not virtually nilpotent, G be a
semisimple Lie group and 8 C A a subset of simple restricted roots of G. Suppose that there exists
a representation p : I' = G satisfying the uniform gap summation property with respect to 0. Then

I' satisfies weak Property U.

Proof. By Proposition 2.5.4 we may assume that G = SL(d,R) and 6 = {e; — e3}. Since p
satisfies the uniform gap summation property ker(p) is finite. It suffices to prove that a finite-
index subgroup of I = T'/ker(p) satisfies weak Property U. By Selberg’s lemma [Sel62] TV is
virtually torsion free, so we may assume that I' is torsion free and p is faithful. By Lemma 3.2.7
there exists a continuous p-equivariant map &y : OfI' — P(R?) for some Floyd function f. We first
prove that 0;I" is not a singleton.

Suppose that |0;I'| = 1. By the definition of the map &y, the image {7(0;I") identifies with the
Tmog-limit set of ' in P(R9). Since I' is not virtually nilpotent, we may use [KL18, Corollary 5.10] to
reach a contradiction. We provide here the following different argument. Since (I is a singleton,
up to conjugation, we may assume that £7(9¢I') = [e1] and find a group homomorphism a : I' — R*
such that p(y)e; = a(y)e; for every v € I'. We consider the representation p(y) = ﬁp(fy).
Note that p satisfies the uniform gap summation property, {; is p-equivariant and we can write

1
ply) = [ u((’y))] for some group homomorphism py : I' = GL(d — 1,R). Let g € T" be a non-
0 poly
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trivial element. Since & is constant we have lim,, Zf (p(g")) = lim,, =7 (p(¢™™)) = [e1]. Let us write

p(g") = knexp (u(p(g9™)))k,, in the Cartan decomposition of G. Up to passing to a subsequence
we may assume that lim, k,, = koo and lim, k&, = k. . Then k. P;" = wP;", (k/_e1,e1) = 0 and
|(koe1,€1)| = 1, so lim, mﬁ(g”) = koo E11K., € @ REy;. If 1(p(g)) > 1, then £1(po(g)) =
01(p(g)). Let p; and po be the largest possible dimension of a Jordan block for an eigenvalue
of maximum modulus of p(g) and po(g) respectively. We have o1(p(g™)) =< nPr =11 (p(g™)) and
a1(po(g™)) = nP2= 11 (p(g"™)) and p; > po since lim,, mpo(g”) = 0. We can find C' > 0 such
that

Hu(g")H:Hipo(gi)f (9)|| < [[ulg szm (p(g))' < Oty (p(g))"

for every n € N. Since p; > ps and £1(po(g)) > 1 we have lim,, W(ﬁ(g")) S P2 (plg))t = 0.

Therefore, lim,, mHu(g")H = 0 which is impossible since lim,, mpggg(?t)) has at least one of its

(1,2),...,(1,d) entries non-zero. It follows that ¢1(p(g)) < 1 and ¢1(p(g)) < |a(g)|. Similarly, we

obtain m =l1(p(g71)) < w. It follows that all the eigenvalues of p(g) have modulus equal
to 1. Therefore, by Theorem 2.6.1, any semisimplification of p has compact Zariski closure. Then,
by using [Aus61, Theorem 3] and [KL18, Theorem 10.1], we conclude that p(I') (and hence I') is
virtually nilpotent. We have reached a contradiction. Therefore, {; is non-constant and |0;I'| > 2

Now we conclude that I" has weak Property U. If |0/'| = 2, we consider the restriction
pv : T — GL(V) where V = (£(9;I")) and dim(V) = 2. Since &;(9;I") contains two points, up to
passing to a finite-index subgroup of I and conjugating py, we may assume that py (') lies in the
diagonal subgroup GL(V). Let g € ker(py). We may write p(¢") = ky exp(p(g™))k,, and assume
that koo P = Pi. We see that lim, 495 = koo Bk, € S0, REy;. We may write

I, B
0 A

I, (Li,A")'B

, plg) =
0 A"

p(g") = [

and so lim, mAn is the zero matrix. If A has an eigenvalue of modulus greater than 1,
then ¢1(A) = l1(p(g)). By working similarly as before, we have lim,, m S o lJAY] = 0. This
would show that lim,, Wln)np(g") has all of its (1,4) entries equal to zero, a contradiction. It
follows that all elements of p(ker(py)) have all of their eigenvalues of modulus 1. We deduce
that p(ker(py)) (and hence ker(py)) is virtually nilpotent and finitely generated. The quotient
I'/ker(py) is abelian, so I' has to be virtually polycyclic. Since |0;I'| > 1, a theorem of Floyd
[F1080, page 211] implies that I has two ends, so I is virtually cyclic. Since I' is assumed not to
be virtually nilpotent, this is again a contradiction.

Finally, it follows that [0;I'| > 3. Therefore, Theorem 3.5.3 shows that I" satisfies weak Prop-
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erty U. O

We obtain the following theorem providing consitions under which a linear representation
p: ' — GL(d,R) of a finitely generated group I' with a weak uniform i-gap in eiganvalues is

P,-Anosov.

Theorem 1.4.12. Let I' be a non-virtually cyclic finitely generated group and |- |r : T'— N be a
left invariant word metric on T'. Suppose that p : T' — GL(d,R) is a representation which has a

weak uniform i-gap in eigenvalues for some 1 < i < d — 1. Then the following are equivalent:
(i) T' is word hyperbolic and p is P;-Anosov.

(ii) There exists a Floyd function f: N — RT such that the Floyd boundary O¢T of T contains at

least three points.
(iii) I' admits a representation py : I' — GL(m, R) satisfying the uniform gap summation property.

(iv) T' admits a semisimple representation ps : I' — GL(n,R) with the property

el

hr—oo  log |[v|r

Proof. Suppose that (i) holds. Then (ii) holds since the Floyd boundary identifies with the Gromov
boundary of I". Moreover, by Theorem 2.5.3 and Proposition 2.6.2, (iii) and (iv) hold true for any
semisimplification p** of the P;-Anosov representation p. Now let us prove the other implications.
There exists ¢ > 0 such that A\;(p(7))—Aix1(p(7)) = ¢|7V|r.o for every v € I'. By [KP20, Proposition
4.12] it is enough to prove that I" satisfies weak Property U.

(ii) = (i). We first observe that for every element g € ker(p) we have |g|r0c = 0. We next show
that N := kerp is finite. If not, NV is an infinite normal subgroup of I' and A(N) = 94T since I'
acts minimally on 0;I'. By [Kar03, Theorem 1] there exists a free subgroup H of N of rank at
least 2 and |[A(H)| > 3. By Theorem 3.5.3 we can find v € H such that |y|r . > 0. This is a
contradiction since v € N. It follows that N is finite.

The Floyd boundary of IV = I'/N is non-trivial since I is quasi-isometric to I'. Note that
the representation p induces a faithful representation p’ : I — GL(d,R) which also has a weak
uniform i-gap in eigenvalues. Selberg’s lemma [Sel62] implies that I is virtually torsion free so,
by Theorem 3.5.3, I satisfies weak Property U. We conclude that IV and T" are word hyperbolic

and p is P;-Anosov.
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(iii) = (i). If [ is virtually nilpotent, Proposition 3.5.6 implies that I" is virtually cyclic, a con-
tradiction. Therefore, I' is not virtually nilpotent. Since p; satisfies the uniform gap summation

property, by Corollary 3.5.7, I has to satisfy weak Property U. Therefore, (i) holds.

(iv) = (i). Let p** be a semisimplification of p. By Proposition 2.6.2, A(p(7)) = A(p**(y)) for
every v € I so there exists § > 0 such that

(0 (7)) = X1 (0 (7)) = evlr o = 3[|A(p2(7))]]

for every v € I'. By Theorem 2.6.1 there exists a finite subset F' of I' and C' > 0 such that for every
v € T there exists f € F with ||u(p* (7)) = Mp(vf)|| < C and [[u(p2(7)) = Mp2(vf))]] < C. By

the previous two inequalities we obtain K > 0 such that

1i(p**(9)) — pisa(p°*(9)) = 6|[u(p2(9))|] — K

for all g € T'. By assumption, for all but finitely many g € I we have ||u(p2(9))|| = %1log|g|r, so
there exists K’ > 0 such that

1:(p**(9)) — pis1(p*(g)) = 2log|glr — K’

for all ¢ € I'. In particular, p*® satisfies the uniform gap summation property. The conclusion

follows by the implication (iii) = (i). O

Remark 3.5.8. The representation py : I' — GL(p,R) in condition (iv) of Theorem 1.4.12 is far
from being a quasi-isometric embedding. As mentioned above, it follows by [Del+11] that any
group I' admitting a semisimple quasi-isometric embedding into GL(d,R), d > 2, satisfies (weak)

Property U.

3.6 Gromov products

In this section, we define the Gromov product associated to an Anosov representation of a
word hyperbolic group I" and prove Proposition 1.4.9, showing that it is comparable with the usual
Gromov product on the group I'. We also prove an analogue of Proposition 1.4.9 for representations
satisfying the uniform gap summation property. First, let us recall the definition of the Gromov

product:
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Definition 3.6.1. Let G be a real semisimple Lie group, a a Cartan subspace of g and let p :
G — @t be the Cartan projection. For every linear form ¢ € a* the map (+), : G x G — R is

called the Gromov product relative to ¢ and is defined as follows: for g,h € G

- %<% 1(g) + plg™") + (k) + p(h™") = (g™ h) = p(h~"g) )

(9-h)y
For a line ¢ € P(RY) and a hyperplane V € Gry_;(R%), the distance dist(¢, V) is computed by
the formula

dist(¢, V') = |(keer, kvea)|

where ¢ = [kee1], V = [kyes] and ky, ke € O(d). The following proposition relates the Gromov

product with the limit maps of a representation p and will be used in the following chapters.

Proposition 3.6.2. Let I' be a word hyperbolic group and p : I' — PGL(d, R) be a representation.
Suppose that p is Py-divergent and there exists a pair of continuous p-equivariant maps & : Osol’ —
P(R?Y) and €~ : 05" — Grg_1(R?) which satisfy the Cartan property. Then for x,y € Os I and

two sequences (Yn)nen, (O0n)nen of elements of ' with lim,, v, = z and lim,, 6,, = y we have

Jim exp ( = 4(p(m) - p(%))el) = dist(§(x), £ (y)) - dist(§(y), & (x))

/

Proof. We may write p(y,) = ws, exp(u(p(yn)))ws;, and p(d,) = ws, exp(u(p(dn)))ws, where

ws € PO(d). Since p is Py-divergent we have lim,, Ud(& ((Zy"))) = lim,, [;d((‘; ) — () for

Ws,, , W ws,

n?

/
Yn?
1 <35 <d-—1. Then we notice that

. B _ ~m o1(p( " 9n)) o1 (p(
Jim exp (= 4(p() - plon)) ) = fim s RS

)
= lim (H( 1d1ag(0d(p(5n§;, 1)w6 w%dlag(l, UdE,OE’Yn;

n—00

1 \—1 a(p(1m)) -1 . aa(p(dn))\
H( dlag(%,...J)w% wgndlag(l,...,m)wén

: -1 —1
i [|Braw s, B |- [ Buges, o, B

Pliiv.

= nhA{{.lo ’(w’;nlwén 61’ ed) ’ <w[;n1w7n617 ed>’
= lim dist(Zf (p(7a)), Z1 (p(64))) - dist(ZF (p(0)), =1 (p(7n)))

= dist(£(2), & (y)) - dist(£(y), £ (@)

67



since ¢ and £~ satisfy the Cartan property. The proposition follows. O

Proof of Proposition 1.4.9. (i) Fix a € 0. By [Gué+17, Lemma 3.2], there exists N, > 0 and an
irreducible #-proximal representation 7, of highest weight Nowe. Since p is Pg,)-Anosov, the rep-
resentation 7, 0p is P1-Anosov. The difference between (p(v)-p(9)),, and Na(7a(p(7))-7a(p(9)))
is bounded above and below by uniform constants depending only on 7, and p. Therefore, for
the proofs of (i) and (iii) it suffices to restrict to the case where G = SL(d,R), § = {e1 — &2}
and p is Pi-Anosov. By Lemmas 2.7.4 and 2.7.5, we may further assume that p is semisimple
and p(T") also preserves a properly convex open subset 2 of P(R?). By Lemma 2.7.2 we can find
M > 0 such that [(p(7) - p(d))e; — (p(7v)0 - p(d)w0), | < M. Then p(I') acts cocompactly on a
closed convex subset C C Q. Fix x € C. By applying Proposition 3.5.4 for (X, dx) = (C,dq) and

(Y,dy) = (', dr) we can find C' > 0 such that

agr(v-8)e —C < (p(7) - p(8))., < afp(y-0)e+C

1

This finishes the proof of (i).

By using Proposition 3.6.2 and our previous argument we deduce the following corollary:
Corollary 3.6.3. Let (X, d) be a Gromov hyperbolic space and suppose that T' is a word hyper-
bolic group acting properly discontinuously and cocompactly on X by isometries and fix xg € X.
Suppose that p : T' — GL(d,R) is a Pi-Anosov representation and with Anosov limit maps
& 1 0 — P(RY) and € 1 9. — Grg_1(RY). We set a, = infyer, 2O =2ae)) - g

171 x,00
a;f I= SUP,er,, %ﬁj(p(v)). There exists C > 0 such that

e < dist(€7 (), €(9) - disl€" (), (@) < (€T (@), 1)

dist(£7(z), € () - dist (€T (y), £ (x)) < Ce 4% F ¥l

for every x,y € 05X .

For the proof of Proposition 1.4.9 (ii) we need the following sharper bounds for the Gromov

product. For a group I', we denote by I'y, the set of all infinite order elements of I'.

Lemma 3.6.4. Let I" be a word hyperbolic group, p1 : I' — GL(d1,R) and ps : I' = GL(dg,R) be

two P-Anosov representations and set

A= e g e2)) = Aa(p2(v) e AM(p2(7)) = Aay (p2(7))
PPz el M(p1(7)) = Aay (p1(7)) et er (e (7)) = Aa (o1 (7))
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There exists C' > 0 such that

A (01(7) - p1(9)), = C < (p2(7) - p2(9)) ., < A, (01(7) - p1(9)),, +C

for every v,0 € I

Proof. By Selberg’s lemma [Sel62] we may find a finite-index subgroup I'g such that p;(Tg) is
torsion free for ¢ = 1,2. By Lemma 2.7.5 we may also assume that p; and py are semisimple.
Furthermore, by Lemma 2.7.4, for i = 1,2, we may assume that p;(I") preserves a properly convex
domain Q; of P(R%) and acts cocompactly on a closed convex subset C; of ;. By applying
Proposition 3.5.4 for (X,dx) = (C2,dg,) and (Y,dy) = (C1,dg,) the inequality follows. O

Proof of Proposition 1.4.9 (ii). Suppose that p is Pa-Anosov. We fix o € A. By Proposition 2.5.4,
there exists an irreducible {a}-proximal representation 7 : G — GL(V') such that P{J;} stabilizes
a line of V and 7o p is Pi-Anosov. Let x, be the highest weight of 7. For each restricted weight
x; € a* of 7 we have x; = x- —nia—zﬁeA,{a} ng;f3 for some n; € NT, ng; > 0and x1 = xr —a.
If £ = dim(VX') and g € G, then (g;, u(7(9))) = (xr — a,u(7(g))) for 2 < i < k+1 and
(ek+1—eks2, u(7(g))) = ming>2 (X7 —a—xs, u(g)). Since p is Pa-Anosov there exist C, ¢ > 0 with
mingea (o, 1(p(7))) = Clylr — ¢, hence we can find L, ¢ > 0 with (x, —a — x;, u(9)) = L|vy|r — ¢
for every v € I and 7 > 2. By [BPS16], [KLP18] the representation ¢ := 70 p is Pgi1-Anosov. For
every v,0 € I' we have

k(p(7) - p(6)), = (k+1)(¢(7) - 6(8)) . — (A" o(7) - A" (p(6)))

1 1

and

g S M) + AT
FHL A s =E B O N0 T M)
A ke sy @AM FAPOT)
L= Ay ng =h 8D A T AGG)

are well defined and positive since p is P[q}-Anosov. By applying Lemma 3.6.4 for p; := ¢ and
po := A**1¢ we obtain M > 0 such that

(k1= A% ) (600 - 6(0))es = M < (p(3) - p(0))a < = (k4 1= A7 i )(O(7) - (0))es + M

Bl
>

for every «,d € I'. The conclusion follows by part (i) since ¢ is P;-Anosov. [
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Remark 3.6.5. Note that when G = SL(d,R) and p is P, and P»-Anosov the previous proof
shows that the Gromov product with respect to the simple root {1 — &2} also grows linearly in

terms of the Gromov product on I' with respect to the metric | - |p.

We prove the following analogue of Proposition 1.4.9 for representations which satisfy the
uniform gap summation property. For simplicity, we assume that f(z) = 27! for some x > 0,
G = SL(d,R) and 0 = {1 — e2}. In particular, part (i) of the following proposition shows that
the Gromov product of p(I') with respect to €1 € a* grows at least logarithmically in terms of the

Gromov product on I'.

Proposition 3.6.6. Let I" be a finitely generated group and | - |r : I' — N be a left invariant
word metric on I'. Suppose that p : I' — SL(d,R) is a representation satisfying the uniform gap
summation property with respect to the set 0 = {e1 — 2} and f(x) = 27175 where k > 0.

(i) There exists R > 0 with the property

m(p(gl»al(p(h»)” "
o1(p(g~th))

(g'h)e<R<

for every g,h € I.

(ii) There exists L > 0 with the property

m(pw»)” "

for every v € T of infinite order.

We remark that the domain group of a representation with the uniform gap summation prop-
erty is not necessarily hyperbolic and the representation might not be convex cocompact. We will

need the following estimates. In the following lemma w € O(d) is the permutation matrix with

w = Zgzl Ei(d+l—i)~

Lemma 3.6.7. Let g, h € SL(d,R). Suppose that g = kg exp(uu(g))k; and h = ky, exp(u(h))k;, are

written in the standard Cartan decomposition of SL(d,R) and ky, k;, kn, kj, € SO(d).

(i) The following inequality holds

oulgh) o2(9) | o2(h) | ca(g) o2(h)

(71(9)01<h) = Ul(Q) U1(h> 01(9) U1(h) +dIP’(]€hP1 7(/4: )_ wPl )

g
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(ii) Suppose that lim,, Z;gg:; = +o0o. Then

51(9) UQ(g) lim =+(.n A
o1(9) S a1(9) +nl—>ood]P’(“1 (9"), (kg) ™ why")

Proof. (i) We may write exp(u(g)) = 01(g)E11 + Sy and exp(p(h)) = o1(h)E1 + S, where Sy and
Sp, are diagonal matrices such that [|Sg|| < 02(g) and [|Sp|| < o2(h). Then we notice that

Ul(gh) 1 / Y
= k Ey 4+ S,k kK h)E11 + Sy) k
@~ e 1210 B+ SRl (DB + 5],
1 ! / / !
= mHal(g)O’l(}l)Euk khEll + Ul(g)Ellk’ khSh + Ul(h)Sgk /{JhEH + SgkgkhShH
! ! 1 /
< ||E11k khEllH + h ||E11/€ khShH —|- HS k khEllH + WHSgkgkhShH
, 1
< [(kgkner, en)| + IIShH +— HS H + 7H59H S]]
o1(g)ai(h)
- h) ( ), o2(h) oa(g)
< + =1, pt oa( ]
S de BT (g) R ) o Tote) T )

The inequality follows.

(ii) We note that since £1(g) = lim,, o1 (g")"/" we also have

— o (gn+1)
g < hm I ——
( ) n—oo gy (g”)

We may choose a sequence (my,)nen such that ¢1(g) < lim, % Let us write

g™ = kpdiag(o1(9™"), ... oa(g™)) k),

in the standard Cartan decomposition of GL(d, R). Note that = (¢"") = k, P;” and up to passing

to a subsequence we may assume that lim, k, = ko € O(d). Therefore, we obtain

lim dp (7 (9™"), (kg) " 'wP") = dp (koo P, (Kg) "' wPY)

n—oo
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o1(g™)
o2(g"

Since lim,, = 400, by part (i) we have that

mn+1)

~—

.oy : —t(may (-1, py L 9209
< lim —————F— < lim dp(=7 ("), (k wP;") +
o1(g) ~n=eoi(gmn)oi(g) T nee (B g™), (k) V) 1(9)

Q

O

Proof of Proposition 3.6.6. By assumption, there exists C' > 0 such that % > Cly|Et! for
every v € I'. Karlsson’s estimate for the Floyd distance (see [Kar03, Lemma 1]) shows that there
exists M > 0 such that ds(g, h) < # for every g, h € T'. Hence, by Lemma 3.2.7 (i) there exists

C7 > 0 and a finite subset A of I' such that

for all g,h € T' — A.

(i) We note that &, = wk,'. By using Lemma 3.6.7 (i) and since min{|g|r, |h|r} > max{1, (g -
h)e} we obtain:

a1(p(g~'h)) oa(p(h)) | oa1(p(g)) | o2(p(h)) cai(p(g)) - o
T ] < o) T oalole) iR oalolgy o (E @) EL (k)
< 1 L 1 n 1 n & < M
S Ol T O T g T b S (g

where M = 2 + 4 + C% Since A is finite, part (i) follows.

(ii) Let v € ' — A be of infinite order. We recall that lim,, ‘7Z|F = |¥|r0 and hence lim,, (]7"*!|r —

I 00- We may find a sequence (my,)nen such that lim,, (Y™ — |y™|r) < |y

|7n|F) < h/ oo It

follows that

(W\F - Mr,oo)

N | =

lim (7" -y 2

n—00

The uniform gap summation property implies that the limit lim,, = (p(7™)) exists. We obtain the

bound

28Cy
(|7|F - |V|F,oo)ﬁ.

dp ( lim =} (p(v"), B (p(7)) = lim de (2 (p(v™), Z (p(v7)) <

n—oo
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By Lemma 3.6.7 (ii) we have that

tL(p(v)) _ o2(p(7)) 2°Cy PR 2"Cy o rai+1c

1) S a1 T Tl = Pl S R T (e = Pleee)” ~ (Ml — Plre)

K.

Since A is a finite subset of I', the inequality follows. [
Now we can finish the proof of Proposition 1.4.9.

Proof of Proposition 1.4.9 (iii). We may assume that G = SL*(d,R), p is semisimple and P;-
Anosov, p(I') preserves a properly convex domain € of P(R?) and acts cocompactly on a closed
convex subset C of Q. For v € T', let p(y)" be the attracting fixed point of p(7) in the Gromov
boundary of C. By applying Proposition 3.5.4 for (X,dx) = (I',dr) and (Y,dy) = (C,dq) and
Lemma 2.2.7 we can find L, L', a > 0 such that

(p(N)* - p(N) o), <alv™ ), + L< (e =~ ree) + L

|

for every v € I'. By Lemma 2.2.7 we obtain uniform constants M, m > 0 such that

1o 21le)) 1, oi(p(n)lalp()
1500000 S 1'% 0alp()np(r)
< 5 (dap(2)0,70) = |p()lece) +m

< (p()* - p(N) M), + M

for every v € I'. The upper bound follows.

Let us fix d, a visual metric on the compactification I' U O ['. Since p is Pi-Anosov, the map
ETUET (0T UT, d,) — (P(RY), dp) is s-Hélder for some s > 0 (see for example Section 3.9).
By Lemma 3.6.7 (ii) and Lemma 2.2.7 there exist C’, C”,a; > 0 such that:

((00) _ 2a(p()
7o) S a1(p())

< Cle—alh‘l“ + dp (IIJ;F(,Y); Ef (p(’}/_l)))

< Clemubhle L org=s(r7 e

+de(a) ), Ef (p(7))

__sloga

C/e—al(l'y\r—l’v\r,oo)_i_cfle 5 (\Vlr—lvlr,oc)

N

(" + "ye¢(hlr=hlre)

N

where ¢ = min{ay, Slo%} This concludes the proof of the lower bound. [J
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3.7 Strongly convex cocompact subgroups of PGL(d, R)

In this section, we prove Theorem 1.4.6 which we recall here.

Theorem 1.4.6. Let I be a finitely generated subgroup of PGL(d,R). Suppose that T preserves
a strictly convex domain of P(RY) with C*-boundary and the natural inclusion T — PGL(d,R) is

semisimple. Then the following conditions are equivalent:
(i) T is strongly convex cocompact in P(R?).

(ii) I' = PGL(d,R) s a quasi-isometric embedding, I preserves a properly convexr domain 0 of
P(RY) and there exists a T'-invariant closed convex subset C of Q0 such that (C,dq) is Gromov

hyperbolic.

For our proof we need the following proposition characterizing P;-Anosov representations in
terms of the Gromov product under the assumption that the group preserves a domain with

strictly convex and C!-boundary.

Proposition 3.7.1. Let I be a word hyperbolic subgroup of PGL(d,R) which preserves a strictly

conver domain 0 of P(R?) with C*-boundary. Then the following are equivalent.
(i) The natural inclusion I' — PGL(d,R) is Py-Anosov.

(i) There exist constants J,k > 0 such that

1
3(7'6)8_k<(7'5)s1<J(7'5>e+k

for every ~v,0 € I

Proof. (ii) = (i). We observe that I is a discrete subgroup of PGL(d, R). Let (7,,)nen be an infinite
sequence of elements of I' and zy € 2. We may pass to a subsequence such that lim,, yx, x¢ € 02
exists. Since 02 is strictly convex we conclude that lim,, v, o is independent of the basepoint xg.
Therefore, as in [DGK17, Lemma 7.5] or Lemma 3.2.4, we conclude that lim,, 2(y,) =0 and I
has to be P;-divergent.

Now let (7 )nen, (0n)nen be two sequences of elements of I which converge to a point x € JuoI.

We claim that the limits lim,, v,2q, lim,, d,xq exist and are equal. Note that the limits will be

independent of the choice of xg. We may write

/

Y = Wy, exp(p(ya))wl, — and &, = ws, exp(u(d,))ws,
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where w.,,,w! ,ws,, w5 € PO(d). Since T' is Pj-divergent, there exist subsequences (Vx,)nen,
(s, Jnen such that a; = lim, vk, zo = lim, Z{ (1,), a2 = lim, s, xo = lim,, =7 (d5, ), lim,, =7 (%,,) =
a; and lim, E; (0s,) = a3, where Zf (vx,) = [w,, 1] and E7 (w,) = [w.,, e5]. Proposition 3.6.2

and the fact that (v, - ds,)e, — 00 show that

lim dist (Z; (Y, ), =1 (0s,) - dist(E{ (05,), =1 (3k,)) =0

n—oo

so either ay € ay or as € a; . Using the same argument, we see that

Tim dist (S (1,). 5y (%)) = lim dist(Z(0,,), 57 (3.,)) = 0
so a; € a; fori=1,2. In each case, the previous calculation shows that a;,as € aj or a;,as € a; .
Without loss of generality, assume that as € a;, so the projective line segment [a, as] is contained
in the projective hyperplane a; and Q. Since I' is Pj-divergent, there exist z; € Q* such that
lim, 21 (Y,,) = lim, v,z and a; € 9Q*. Therefore, a; avoids Q. We conclude that [aq, as] is
contained in 02 and a; = as.

Finally, for any two sequences of (7,)nen and (0,)nen converging to z € OnoI' the limits
lim,, y,20 and lim,, d,7¢ exist and are equal. We obtain a I'-equivariant map ¢ : O, I' — P(R?)
defined by the formula £(lim, 7,,) = lim,, y,z0. Let x = lim,, §,, and suppose lim,, z,, = x in JxI.
We may write x,, = lim,, 7,,m. For every n there exists k,, m,, € N, such that (v, - Om,)e > n
and dp (Y, 0, (7)) < % Then, lim,, v, , To exists and is equal to &(x) = lim,, d,2¢. It follows,
that lim, (z,) = £(z). So the map £ is continuous. By definition ¢ has the Cartan property.

The dual convex set §* has strictly convex boundary since the boundary of 2 is of class C.
By considering the standard identification of P((R%)*) with P(R?), we obtain a properly convex
domain €’ of P(R?) which is ['*-invariant and has strictly convex boundary. Since (y~¢- 7)., =
(7+0)e,, we obtain a continuous I'*-equivariant limit map &* : 9,,I' — P(RY) satisfying the Cartan
property. From £* we obtain a ['-equivariant continuous map £~ : 9" — Grg_1(R?) as follows: if
¢*(z) = [kye1] where k, € PO(d) then ¢~ (x) = [kyef].

For two distinct points z,y € 0", we choose sequences (o, )nen, (Bn)nen With z = lim,, a,,
y = lim, B, and (2 -y)e = lim, (v, - Bn)e. By Proposition 3.6.2 and the assumption, we obtain the

lower bound

diSt(f(x)vg_ (y)) 'diSt(f(y)yg_(x» > 6—4J($~y)e_4k <0

Therefore, the pair of maps (£,£7) is transverse. Finally, the inclusion I' — PGL(d,R) is P;-

divergent, admits a pair (£,£~) of I'-equivariant, continuous transverse maps with the Cartan
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property, so Theorem 1.4.1 shows that the inclusion I" < PGL(d, R) is P;-Anosov.

The converse is a consequence of Corollary 1.4.9. O

Proof of Theorem 1.4.6. The implication (i) = (ii) follows immediately by the Svarc-Milnor lemma.
Now assume that (ii) holds. By [DGK17, Theorem 1.4] it is enough to prove that I' — PGL(d, R)
is Pi-Anosov. Let xg € C. Lemma 2.7.2 shows that the orbit map xg — g is a quasi-isometric
embedding of T" into (C,dq), hence I' is word hyperbolic. By Proposition 3.5.4 and Lemma 2.7.2
there exist constants J, k > 0 such that for every 7,6 € I’

1

F(7-0)e =k < (p(7) - p(9)),, < J(y-0)e +k

1

Proposition 3.7.1 then finishes the proof. [

3.8 Distribution of singular values

Let I be a word hyperbolic group and pr, : I' — SL(m,R) and pg : I' — SL(d,R) be two
representations. By using Theorem 1.4.1 we exhibit conditions guaranteeing that the products
pr X pr and pr, ® pr are Pi-Anosov and Ps-Anosov respectively. We deduce estimates on the
distribution of the Cartan projections of the images of the representations py, and pg.

Recall that for a matrix ¢ € GL(d,R) and 1 < i < d, u;(g) (resp. Ai(g)) is the logarithm
of the i-th singular value (resp. modulus of the i-th eigenvalue) of g. For ¢ € N, let Sym?(R%)
be the g-symmetric power of V = R? and sym? : GL(d,R) — GL(Sym%(R%)) the corresponding
representation. Note that with respect to the standard Cartan decomposition we have o (sym?g) =

(1((9))?.

Theorem 3.8.1. Let I' be a word hyperbolic group and let pr, : ' — SL(m,R), pg : ' —
SL(d,R) be two representations such that there exists an infinite order element o € T' with
M(pr(70)) > M(pr(0)). Furthermore, suppose that py, is Pi-Anosov and pr satisfies one of the

following conditions:

(i) pr is Pi-Anosov.

(ii) pr(T) is contained in a semisimple proximal Lie subgroup of SL(d,R) of real rank 1.
Then, the following conditions are equivalent:

(1) The representation pr, X pg : I' = SL(m + d,R) is Py-Anosov.

(2) lim p(pr(v)) — ma(pr(y)) = +oo.

|v|r—00
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(3) There exist C)c > 0 such that

1 (pr (7)) — ma(pr(7))| = clog|y|p — C

for every v € T.

(4) lim X(pr(v)) — Milpr(v)) = +oo.

[V]c0—00

(5) There exist C,c > 0 such that

A (pL(7)) = Mpr((7))] = clog [ylre — C

for every v € I' of infinite order.

Proof. Let G be a Pj-proximal Lie subgroup of SL(d,R) of real rank 1 with Cartan projection
pc : G — R. Up to conjugation, we may write G = K¢ exp (uc(G)Xo) Kg, where K¢ C hSO(d)h™!
for some h € SL(d, R) and exp(tXy) = diag(e'®, ..., e"®) with a1 > as > ... > ag_1 > a4. The sub-
additivity of the Cartan projection shows that there exists M > 0 such that |p;(g) —aiuc(g)| < M
for every g € G and 1 < i < d. In particular, there exists M’ > 0 such that

a1 — a2

pa(g) — pa2(g) = pi(g) — M’ Yg e G.

ay

Since we assume that pgr is Pi-Anosov or p(pg(I')) is contained in a proximal, rank 1 Lie

subgroup G of SL(d,R), by the previous remarks we can find A, a > 0 such that

Let p := pr, X pr. We obtain continuous, p-equivariant and transverse maps £/ 5 : 9o’ — P(R™F9)

and & p 1 0ol = Grypya—1(R™H?) defined as follows:

Ep(r) =& (x) and Epp(r) =& (x) ®R?

where &/ and &, are the Anosov limit maps of pr. For every element v € I we observe that the
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following estimates hold:

(2) = (1). We observe that condition (2) and estimate (b) together show that p is Pj-divergent.
Since ¢/ satisfies the Cartan property and ey, pu1(pL(7)) — pa1(pr(7)) > 0 as |y|r — oo, the map
¢ has the Cartan property. The maps & and £, 5 are transverse, hence Theorem 1.4.1 shows

that pr X pr is Pi-Anosov.

(3) = (1). We first assume that ¢ > 1. By estimate (b), there exists a constant Cy > 0 such that

p(p(7)) — p2(p(v)) = clog |v|r — C1

for every y € I'. Therefore, by [Gué+17, Theorem 5.3], we obtain a p-equivariant map & : Jsol" —
P(R™*+4) which satisfies the Cartan property. Then, since p(7g) is Pj-proximal, we have &(q7 ) =
&R (77). The minimality of the action of I' on 9 I" shows that £ = &/ 5. Then £/, satisfies the
Cartan property, £, and fer are transverse and p is Pj-divergent. Theorem 1.4.1 shows that
p is Pi-Anosov. If ¢ < 1, we choose n € N large enough and consider the symmetric powers
sym”pr,sym”pgr of pr, pr respectively. Then sym"™py, is Pi-Anosov and sym"ppg satisfies either
(i) or (ii). Since pi(sym”pgr(y)) = nui(pr(y)) for v € T, the representation sym”p;, x sym”pg
satisfies condition (3) for ¢ > 1. Therefore, the previous argument implies that the representation
sym”pp, x sym”pp is Pi-Anosov. Therefore, by estimate (a), we obtain uniform constants k, K > 0
such that [y (pr(7)) — pa(pr(7))| = kly|r — K for every v € T. The first part again verifies that

p is P-Anosov.

(4) = (1). We are proving that (4) = (2). Let p3°, p% be semisimplifications of pr,, pr respectively.
By Proposition 2.6.2, it is enough to show that p7® x p% is Pi-Anosov. By Theorem 2.6.1 there
exists C' > 0 and a finite subset F' of I' such that for every v € I', there exists f € F such
that [ A1 (pL(vf)) = pa(pi* (7)) < Cand |M(pr(vf)) = pa(p%(7))] < C. Let (yn)nen be an infinite
sequence of elements of I'. For every n € N we choose f,, € F' satisfying the previous bounds. The
triangle inequality shows [|A(pr(ynfu)ll = [|(pr(7n))]| — C, hence limy, |y, fn|oo = +o00. There-
fore, limn A1 (07" (W fn)) = M (PR (Wnfn)) = +00 so limy, (7’ (W) — pa(pi (1)) = +o0. The
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claim now follows by (2) = (1).

(5) = (1). It is enough to prove that the semisimplification pj® x pj of p is P;-Anosov. Note
that the representation pj® is Pj-Anosov and pj satisfies either (i) or (ii). By Theorem 2.6.1
there exists L > 0 and a finite subset F' of I" such that for every v € I" there exists f € F' with
1A (7f) = nlpE (I < L and [[A(pr(7[)) — ulpk (7)) < L. Since py, is a quasi-isometric
embedding, by using the previous inequality, we may find M > 0 such that |y f|p e > ﬁ]ﬂp - M,
where v € T and f € F are as previously. Finally, we obtain L', ¢ > 0 such that for every v € T’

we have

(P (1) = m(pE (1)] > clogyIr — L'
Therefore, p5* x p3 is Pi-Anosov from (3) = (1).

(1) = (2),(3),(4),(5). Since (g1, \pL(70))) > (1, A(pr(70))), §1r(7g ) is the attracting fixed point
of p(v0) in P(R™*4). The action of ' on dxI" is minimal, hence £} is the Anosov limit map of
p. In particular, £/, satisfies the Cartan property. This shows that for any sequence (v, )nen of
elements of I we have lim,, (e1, u(pr (1)) — p(pr(7m))) = +0o. The Anosov limit map of p has to
be the map &} 5, since £ 5(7g) is the attracting fixed point of p(v) in P(R™*%) and hence there
exists € > 0 such that (1 —e)(e1, MpL(7))) = (e1, A(pr(7))) for every v € T'. By estimates (a),
(b) and Theorem 2.5.3 (ii) we deduce that (3), (4), (5) hold. O

Let p; : ' = SL(m;,R), i = 1,2 be two representations such that py is Pi-Anosov. The stretch

factors associated with the representations p; and po are:

= su M an U = inf ———==
PP I M) ) B )

where 'y, denotes the set of infinite order elements of I'. Since ps is a quasi-isometric embedding

both quantities are well defined.

Proof of Corollary 1.4.3. We consider the representation p = sym?p; x sym?py. The representation
symPps is Pi-Anosov and sym?p; satisfies either condition (i) or (ii) of Theorem 3.8.1. We consider

the following cases:

Case 1. :\\152 ;mg = g for every v € T of infinite order. Note that p; is a quasi-isometric embedding.
If p1(T) lies in a proximal semisimple rank 1 subgroup of SL(d, R), then p; is Pi-Anosov. In each
case both p; and py are Pj-Anosov and the conclusion follows immediately by Lemma 2.7.5 and

Theorem 2.6.1.

Case 2. v_(p1, p2) < 2 < vy(p1, p2). We may find 79 € I of infinite order such that pAi(p2(y0)) >
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gM(p1(70)) and A (symPpa(v0)) > Ai(sym?pi(p)). Suppose that there exists 6 > 0 such that
|1 (sym2p1 (7)) — pua (symPpa(v))| > dlog |y|r for every v € I'. Theorem 3.8.1 (3) implies that p is

Pi-Anosov and sym? py uniformly dominates sym?p;. This contradicts the fact that g < vi(p1,p2).

Case 3. & = v_(p1,p2) and Ai(p1(7)) = EAi(p2(7)) for every v € T We deduce that py is a
quasi-isometric embedding. In each case, under the assumption of the corollary, p; is P-Anosov.
By Case 1, we may find 71 € I' of infinite order such that gA1(p1(71)) > pAi(p2(71)) and hence
A1(sym2p1 (1)) > A (symPpa(71)). If the conclusion fails to hold for some 6 > 0, by Theorem 3.8.1
(3) we deduce that p is Pj-Anosov and sym?p; uniformly dominates symP p,. This contradicts the

fact that £ = v_(p1,p2). O

Remarks 3.8.2. (i) In Theorem 3.8.1, when both p.(T") and pgr(T") are contained in a proximal
real rank 1 subgroup of SL(m,R) and SL(d,R) respectively, the equivalences (1) & (2) < (3)
follow by [Gué+17, Theorem 1.14]. If pr, and pgr take values in Auty(b) (k = R,C,H) for some
bilinear form b (see [Gué+17, §7] for background), the implications (1) < (2) < (3) = (5) = (4)
of Theorem 3.8.1 follow by [Gué+17, Proposition 7.13 & Lemma 7.11 & Theorem 1.3].

(ii) By Theorem 2.6.1 and Corollary 1.4.3 we deduce that the closure of the set

)\1(P1(’Y)) .
{)\1(/72(7)) e Foo}

is the closed interval [v_(p1, p2), v4(p1, p2)]. We may replace both p; and ps with their semisim-
plifications, so this fact also follows by the limit cone theorem of Benoist in [Ben97|. In the case
where p; and po are convex cocompact into a Lie group of real rank 1, the previous fact also

follows by [Bur93, Theorem 2.

By using similar arguments as in Theorem 3.8.1 we obtain the following conditions for the

tensor product pr, ® pr to be Py-Anosov.

Proposition 3.8.3. Let m,d > 2, I" be a word hyperbolic group and pr, : I' — GL(m,R), pp: ' —

GL(d,R) be two Py and Py-Anosov representations. Then the following conditions are equivalent:
(1) The representation pr, @ pg : I' — GL(md, R) is Py-Anosov.

(2) There exist C,c > 1 such that

(11— p2)(pL(7)) — (1 — p12) (pr(7))| = clog |y|r — C
for every v € T.
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(3) There exist Cyc > 1 such that

|(A1 = X2)(pr(7)) = (M = X2)(pr(7))| = clog|ylree — C

for every v € T' of infinite order.

Proof. We observe that for any v € I' the following estimates hold:

(a) [(r1 = p2)(pr(7)) = (1 — p2)(pr())| = (p2 — 13)((pz ® pr) (7))
[(A1 = X2)(pL(7)) — ()\1 A2)(pr(M)| = (A2 = A3)((pL ® pr)(7))

(b) (2 — 13)((pr @ pr)(7)) = min (I(m (1) = (11 = p2)(pr(N)|: (12 = p13) (o1, 0(7))
(A2 = 23)((p2. @ pr) (7)) = min (|(\ (1)) = (1 = A2)(pr(1)]; A2 = A3) (pL,r(7)) )

The two estimates in (a) immediately imply (1) = (2), (3). Note that for this part, we did not
use the fact that pr, pr are Pi-Anosov.

Suppose that (2) holds. Notice that since p; and pr are Py-Anosov, by estimate (b) the
representation pr, ® pr satisfies the uniform gap summation property with respect to = {e3—e3}.
Moreover, since pr, and pg satisfy condition (ii) of Corollary 1.4.2 for & = €1 — g9 and €9 — £3 , by
the previous estimates we deduce that pr, ® pgr also satisfies condition (ii) of Corollary 1.4.2 for
a =9 —e3. Then pr, ® pr is Po-Anosov and (2) = (1) follows.

For the implication (3) = (1), let p7® and pj be two semsimplifications of pr and pg re-
spectively. It is enough to prove that pj° ® p% is Po-Anosov. We may work as in Theorem 3.8.1
(5) = (1), to see that (2) holds for pj° and pj;. Then, pj® @ pj is Pa-Anosov by (2) = (1). The
proof follows. O

Let S be a closed orientable surface of genus at least 2. Recall that a Fuchsian representation is
the composition of a discrete faithful representation j : 1 (S) — PSL(2,R) with the (unique up to
conjugation) irreducible representation iz : PSL(2, R) < PSL(d,R) and a continuous deformation
of a Fuchsian representation is called a Hitchin representation. We use the calculation of the simple
root entropy for Hitchin representations by Potrie-Sambarino in [PS17] to prove that the tensor
product of two Hitchin representations is not P,-Anosov and hence, by using Proposition 3.8.3,

we deduce the following:

Corollary 3.8.4. Let dy,dy > 2, I' :== m1(S) and p1 : T' — PSL(d1,R), p2 : I' — PSL(d2,R) be

two Hitchin representations. There exists a constant C' > 0 depending only on p1 and an infinite
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sequence of elements (yn)nen of I' such that

11(p2(m)) = pa(p2(m)) | _ Clog|mm[r

N (01 0m) — p2or ()| S T Tl

for everyn € N.

Proof. We first conclude that the tensor product p; ® ps is not P>-Anosov. We fix a hyperbolic
structure on Sy and let {g;}er be the geodesic flow on T1S. For a Holder continuous function
f:T'S — R we denote by {gf}teR the reparametrization of {g; }1er by f. For more details on
the thermodynamical formalism we refer the reader to [Bri+15] and the references therein. Since
p1, p2 are Borel Anosov [Lab06], there exist positive, Holder continuous functions f,, : T'S — R,
1 = 1,2 with the following property: a periodic orbit represented by the conjugacy class of an
element v € I' has period £, (7) := A(pi(7)) — A2(pi(7)) as a gtf"i—periodic orbit. Note that
for a point x in this periodic orbit we have foé"l ™ %(gf” (x))ds = £,,(7). By the theorem of
Potrie-Sambarino [PS17], the topological entropy of g/t and g/ is equal to 1. Then, [Bri+15,
Proposition 3.8] applied to f,, and f,,, provides sequences (0p)nen and (9;,)nen of elements of
I' with lim,, Z’flggig <1< lim, ﬁ;ﬁgzg. Up to passing to a subsequence, let m; and mgy be the
weak limit of the gfo1-invariant measures supported on the periodic orbits represented by 6, and

5/

n

respectively. Then, [ %dml <1< fpg %dmz and we can find 0 €< ¢t < 1 such that

Jrig fcﬂdm = 1, where m = tmy + (1 — t)my. By the Anosov closing lemma we obtain a sequence
P1

of periodic orbits represented by the elements (7] )nen such that lim, ZQ 8’}; = |mg %dm =1
1 n 1
Therefore, estimate (a) of the proof of Proposition 3.8.3 shows that the representation p; ®

p2 cannot be Py-Anosov. For every n > 2, Proposition 3.8.3 (2) provides an element v, € T’

with [yalr > n and (i — #2)(p1 (7)) — (i1 — 2) (p2(7))| < (1 + L) 10g |yl The conclusion
follows. O

3.9 The Holder exponent of the Anosov limit maps

In this section, we express the Holder exponent of the limit map of an Anosov representation
p: ' — G in terms of the Cartan and Lyapunov projection of p(I"). Let us recall the definition of

the Holder exponent of a continuous map between two metric spaces.

Definition 3.9.1. Let (X1,dy) and (X2,d2) be two metric spaces and f: (X1,d1) — (Xa,d2) be
a Holder continuous map. The Holder exponent of f is defined to be

ap(dr,da) = sup{a>0:3C >0, d(f(x), f(y) < C-di(z,y)* ¥ 2,y € X1}
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We have the following computation for the Holder exponent of the limit map & : 9, I"' — P(RY) of
a Pj-Anosov representation p : I' — GL(¢, R) when ¢ is spanning. In the case where V' = (£(0"))
is a proper subspace of R?, we can always consider the restirction of p|y which is also Pj-Anosov

and its Anosov limit map £ is spanning,.

Theorem 1.4.13. Let (X,d) be a Gromov hyperbolic space and let T' be a word hyperbolic group
acting properly discontinuously and cocompactly on X by isometries. We fix xg € X and a >
0 such that there exists a visual metric d, on s X with do(z,y) < a= @Y for x.y € 0,0X.
Suppose that ¢ = 2 and p : T' — SL(q,R) is a Pi-Anosov representation whose Anosov limit map
£ (00X, dy) — (P(RY),dp) is spanning. Then

Csup inf p1(p(7)) — p2(p(v))

ag(dy, d
¢(da, dp) = loga n>1\le>n 7] x

where |v|x = d(yzo, x0).

Proof. We set ay, := infy| >p, ﬁ(al — g9, u(p(7))) for m > 1. First, we prove that a(d,,dp) >
1Oga(supm>1 am). Fix e > 0. Let g, h € T be two elements and [gxo, hao) C X be a geodesic joining
gxo and hxg. Let p € [gzo, hag] such that d(xg, m) = dist(xo, [gzo, hwo]). Then, we consider points
Yo = P,T1,...,Tx = gro and yo = p,y1,...,y¢ = hxg with the property % < d(xg,zi41) < 1
and 1 < d(y;,yj41) < 1 for every i,j. We can find L > 0 and go, .., gk, b1, ..., he € T, with
gk = g, he = h, d(givo, v;) < L and d(h;xo,y;) < L. We note that g; 'g;11 and hj_lhj_H always
lie in a finite subset F' of I'. By Proposition 2.5.5 (i), there exists a constant C, > 0 such that

dp (=T (p(9f)), =7 (p(9))) < Cpgf(zgz g for every f € F and g € . By using the previous inequality

and arguing as in [Kar03, Lemma 1] we obtain the bounds:

~

/N

=1 (o)), Zf (p(hir)) )

k
de (27 (p(9))),E1 (p(1))) < D de (21 (0(9)). Ef (plgi1) ) + Y de
i=1 i=1

—o, Y (p(gz))JrC 3 02<p<hi))+cp 5 o2 (p(gi ))+C 3 UQ(ﬂ(Zz‘))

i:lgi\x>m (p(gl)) it|hilx >m Ul(p(hl)) i:]gi| x <m Jl(p(gl)) i:|hi| x <m Ul(p( Z))
< Cp Z e—am|gi|x + Cp Z e—a7n|hi|X+

i:]gi|x =>m i:|hi|x =>m
+C, Z elam—a1)m—amlgilr | c, Z elam—a1)m g—am|hi|x

i:]gi| x <m i:lhi|x <m

k k
< Cpe(am*al)m Z efamlgilx + Cpe(a'rn*al)m Z efamlhilx

i=1 i=1
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The choice of the midpoint p € X and the triangle inequality show that:
|g74’X Z max {Z - d(l'(),p) - L7 d(l’g,p) - L} and |hJ|X Z max {] - d(l'o,p) - La d(x(]?p) - L}

for every 1 < i < kand 1 < j < L. Therefore, for every g,h € I’

eamL

de (5 (p(9)). =1 (p(h))) < 20,6l =™ (2d(wo,p) + ;- Je o eor)
f— 6 m
Since (X, d) is Gromov hyperbolic, there exists § > 0 such that |d(zo, [gzo, hao]) — (920 hao)s,| < 6

am L
for every g,h € T'. If we set R, := ==, then:

= = 20 am—a1)m £ —(am—2¢)d(xo
de (21 (p(9)), =1 (p(1)) ) < Tl el o2 don)
< (Lc'p . e(am_al)m+€Rm+(am_25)5)6_(am_25)(gI0‘th)zo
15

for every g, h € I'. Since £ satisfies the Cartan property we have

am —2¢

elem e m AR Han=298) ~{am 2@ V0 < d, (¢, y) e

20,
3

ds (&(x), £(y) < (

for every x,y € 0,,X. It follows that that £ is @(am — 2¢)-Holder. Note that since € > 0 and

m > 1 were arbitrary we have ag(d,, dp) > @(supm% am)-

(e1—e2,1(p(7n)))

Let (n)nen be an infinite sequence of elements of I" such that lim,, P

= SUPpm>1 Am-
We may write p(yn) = kp(y,) exp((p(1n)) k)., in the standard Cartan decomposition of SL(g, R)
and up to extracting we may assume that lim,, k;(%) = k'. Since £ is spanning and I" acts minimally
on O I, for every open subset W of 0,1, the image £(W) cannot be contained in a union of
projective hyperplanes. Hence, we may choose W to satisfy:

-if y € W and &(y) = k,P;", then (K'kyeq, e1) (K'kyer, ea) # 0.

. K kyei,

-the function a, := W,
Therefore, we may choose z, 2 € W such that a, # a. and also z, 2’ # lim,, 7, *. Then we observe

where y € W and £(y) = k, P;", is not constant.

that if we write

oilp(m))  Fpemh=erre)  ailp(m))  Hpphen e
a1(p(m)) (K ykzerer) T ai(p(m) (K, kerersen)

Qzin =
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d d
Vs = D43 Oz in€ a0d Uy = Y5 2@z ; ne;, we have that

dp (p(1)E(2), p(1)E(2))* = dp(exp(u(p(%))k},(%)ksz , exp(p(p(n) )k, Ko P )2

(1+ @z, g0 + (Va2 )
(1 + a’g,2,n + ||Uz,n”2) (1 + ag',zn + HUZ’JLHQ)
(@22 = @z 20)” + ||z 20020 — @220z 0] > + V20 — Vel P + [zl Pllvz ] = (Vzn, v2r0)?
B (1+ a%,n + vzl ?) (1 + ag/,Q,n + vz ml[?)
(ko hzer, 1)’ (ko Fer, 1)®

d—1+ (K ke e)? d—1+ (K

:1—

= (ayon —ayo 2.
= ( z,2,n 2!, ,n) (,.Yn)kz’el>€1>2

Note that by the choice of z,2’ € W we have lim,, %(%,zn — Gy 2n) =0, —ay #0 as

well as there exists 6 > 0 such that [(k,(,)kze1,e1)| = § and [(ky,)ke1,e1)| = § for every

n € N. Therefore, we can find v = v, > 0 such that dp(&(1,2),E(m2)) = VZ?EZSL;; for every

n € N. Since z,2' # lim, v, !, we can find M > 0 with the following property: for every pair

of sequences (zs)seny and (z))seny in X converging to z and z’ respectively and n € N we have

lim; (v, *zo - zs)mo < M, limg (v, Lo - zg)zo < M and limg (25 - z;)zo < M. Notice that we can

write

(s - L), = Pl + (o 2000 — (0 20),, — (0 20),

Therefore, |(ynz © 1m2’) L I7nlx| < 3M for every n € N. Now suppose that there exists

x

C' > 0 such that dp(£(x),&(y)) < Ca™ @V for every x,y € s X. Then, dp(£(7n2), £(1n2)) <

Ca="0m=m= )2 for every n € N and by the previous step we conclude

a1(p(m)) > Y k(mzn2)eg > VagﬁManl%\x

o2(p(m)) ~ C
for every n € N. We finally obtain x < loéa lim,, ml‘x (11 (p(m)) = p2(p(m))) = @ SUP,>1 Un-
This gives the upper bound a(d,, dp) < 1oéa(SUPm>1 am) and the theorem follows. O

The previous formula works also for reducible P;-Anosov representations which are not semisim-
ple and whose Anosov limit map £ is spanning. For Zariski dense Anosov representations we obtain
the following general formula for the Holder exponent of its Anosov limits maps in terms of the
Lyapunov projection. The first equality between the exponents of the Anosov limit maps is in
analogy to Guichard’s result [Gui05, Corollaire 12] for the Holder regularity of the boundary of
a divisible properly convex domain in the projective space and its dual. Zhang-Zimmer in [ZZ19]

established conditions under which the proximal limit set of a P;-Anosov representation is a C'-
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submanifold of the corresponding projective space. In [ZZ19, Theorem 1.12] they provide a formula
for the optimal value of « in terms of the Lyapunov projection of the image of the representation.

Recall that for a group I', ', denotes the subset of infinite order elements of I'. In the case
where p is semisimple we are able to replace the Cartan projection in the formula of Theorem

1.4.13 with the Lyapunov projection as follows:

Corollary 3.9.2. Let (X,d) be a Gromov hyperbolic space and let I' be a word hyperbolic group
acting properly discontinuously and cocompactly on X by isometries. We fixr xg € X and a > 0
such that there exists a visual metric dy on 0s X with dy(x,y) = a~ @Yo for x,y € 05 X. Let G

be a real semisimple Lie group and fix 0 C A a subset of restricted roots of G.

(i) Suppose that d > 2 and p : T' — GL(d,R) is an irreducible Pi-Anosov representation and
let N7 (000X, da) — (P(RY),dp) and 1~ : (00X, da) — (Gra—1(R?), der, ,) be the Anosov limit
maps of p. Then

Lo Ale(n) = Aele(v))

inf

Qe+ (da, d]P) = Q- (da7 dGrdfl) - ]Og a V€l ”Y|X 00

Moreover, if p(I') is a subgroup of SO(d — 1,1) then oy (dq,dp) is attained.

(ii) Suppose that p' : T' — G is a Zariski dense Py-Anosov representation and let £ : (0o X, dg) —
(P, dgpr) and & 2 (00X, da) = (G/Fy ,dgyp-) be the Anosov limit maps of p'. Then

1 mingeg (9, AM(P'(7)))
gt (da, dgypr) = e (da, dgpr) = loga ot . Mx

Proof. (i) Let g := ir}f w. The inequality o+ (da, dp) < 5_ follows by Sambarino’s
Y€l oo

[Ix,00 loga

lemma [Sam16, Lemma 6.8]. It is enough to prove the bound a,+(da, dp) > -

By Theorem 1.4.13 there exists an infinite sequence of elements (7, )nen such that

i Fa(P(rm)) = p2(p(7n))

n—o00 |’Yn|X

=loga - a,+(dg, dp)

Since p is semisimple, there exists a finite subset F' of I' and C' > 0 satisfying the conclusion of The-
orem 2.6.1. Up to passing to a subsequence, we may assume that lim,, v,z¢ = z and lim,, v, 'zg = y
for some z,y € s X. Since 05X is perfect, we may choose b € I' such that b= f~1y # x for every
f € F. Hence, lim,,(v,bf) ™! # lim,,(7,bf) for every f € F. By applying Theorem 2.6.1 for the se-

quence (V,b),en and the sub-additivity of the Cartan projection, we may pass to a subsequence still
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denoted by (7, )nen and find fy € F such that (g1 — p2)(p(1m)) — (M1 — X2)(p(7bfo))| < C for ev-
ery n € N. Let 6, := v,bfo and notice that b € T" was chosen so that lim,, §,, # lim,, 5, . Note that
since lim,, 0,; = lim,, 8,20 we have that sup,,cy (6, '5”%)3;0 < 400. By Lemma 2.2.7, we may find
L > 0 such that 0 < [0,,|x — [0 | x,00 < L for every n € N. Note that lim,, ‘lg"fx = lim,, M‘glj‘f =1,

palp (vl)w);i 2(p(yn)) = lim,, Aulp (%h)nlif(p () This shows log a- oy, +(dg,dp) = f3 and proves

hence lim,,
the formula for the Holder exponent of the map n™.

Similarly, we obtain the formula for the exponent of the the Anosov limit map n* : J.I' —
P(R?) of the dual representation p*. By definition of the metric dg,, , we have - (da, der, ) =
- (dg, dp). Since for v € T we have A1 (p(771))=A2(p(771)) = M (p* (7)) —X2(p* (7)) the conclusion

follows.

Suppose that p(I') is a subgroup of SO(d —1,1). Let (7, )nen and (6, )nen be two sequences of
[' with z = lim,, v,z and y = lim,, d,z9. We may find k,, k/, € O(d — 1) x O(1) and write

=F (p(m)) = [knger]  E{(p(0)) = [kger] and =7 (p(6n)) = kngeq

where g = \f(E” + Eq1 + Evg — Eaq) + Z I O(d). A straightforward calculation shows
that

dz(ZF (p(1), Z1 (p(6.))) < V2/dist(E{ (p(7)), Ex (p(61))

for every n € N. Therefore, for 7,y € 0,I' we conclude dp(n* (), 7 (y)) < v2+/dist(n*(z), 1~ (y)).
By Lemma 3.6.4, since oa(p(7)) =1 for v € I', we can find L > 0 such that

(p(7) - p(9))e; = loga - ays(da, dp)(7y - 6)e —

for every v,0 € I'. By Corollary 3.6.3 we have that
dlSt(U+ (y)7 n (37)) : dlSt(77+ (SE’), n- (y)) < €4La_4a77+ (da,dp) (z-y)e

and therefore,

dp (7 (), 7 () < V2/dist (7 (y), 7 (2)) - dist(n* (), 7 () < V2 - = )

for every x,y € O, I'. In particular, o, + (dq, dp) is attained.

(ii) Let 7 be as in Proposition 2.5.4 so that 7o p/ is irreducible and P;-Anosov. Let n and n* be
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the Anosov limit maps of Top’ and (70p')* in P(R™) respectively. By the definition of the metrics
dgypr and dg p- we have ag+ (da, dG/P;r) = a,+ (dg, dp) and ag-(d,, dG/P;) = ay» (dg,dp). The

conclusion follows by the previous part and Proposition 2.5.4 (iv). O

For a metric space (X, d) denote by dim(X, d) its Hausdorff dimension.

Proof of Corollary 1.4.14. The first part of the corollary follows immediately by applying Theorem
1.4.13 where X is the convex hull of the limit set Ap in H?.
For § > 0 small, the Anosov limit map £ is (a¢(dy, dp) — 0)-Holder, therefore by the definition

of Hausdorff dimension we obtain dim(Ap(p), d]p) < dim(Ar, dy). Now assume that I' is a

1
O‘&(dacvdﬂ’)
uniform lattice in PO(d, 1). The Hausdorff dimension of the limit set Ar equipped with d, is exactly
d — 1. On the other hand, since A,y is homeomorphic to J,.I', we have that dim(A,ry, dp) is at
least the topological dimension of J,I" which is exactly d — 1. Therefore, the previous inequality

immediately shows that ag(dq.,dp) < 1. The conclusion now follows by Corollary 3.9.2 (i). O

Remarks 3.9.3. (i) Let I', X, p, £ and a > 0 be as in Theorem 1.4.13. The Hoélder exponent
a(dg, dp) can be arbitrarily large when I is virtually a free group. However, when I" is not virtually

free, a(d,, dp) satisfies the upper bound

Hy 1

davd g :
o ) ved(T) =1 loga

where ved(T") denotes the cohomological dimension of a torsion free and finite-index subgroup of

I'and Hp = lim Llog|{y €T : |v|x < n}| is the critical exponent of I.
n—oo

(ii) In Corollary 3.9.2 (i) the formula for the exponent o+ (dy,dp) in terms of the Lyapunov

projection remains valid when p is P; and Py-Anosov (e.g. d = 3) and n* is spanning,.

3.10 Examples and counterexamples

In this section, we discuss examples of representations of surface groups with nice properties
which are not P;-Anosov. The examples show that the assumptions of the main results of this
paper are necessary. Throughout this section S denotes a closed orientable surface of genus at

least 2.

Example 3.10.1. There exists a strongly irreducible representation p : m(S) — SL(12,R) which

satisfies the following properties:
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e p is a quasi-isometric embedding, Pi-divergent and preserves a properly conver domain ) of
P(R'2).

e p admits continuous, injective, p-equivariant maps &1 : Osom1(S) — P(R2) and &1 : 0o (S) —
Gri1(R'2) which satisfy the Cartan property. The prozimal limit set of p(m1(S)) in P(R?) is
£1(0som1(S)) and does not contain projective line segments.

e p admits continuous, p-equivariant and transverse maps &4 : Onomi(S) — Gry(R'2) and & :
Ooo1(S) — Grg(R12).

® p is not Py-Anosov for any 1 < k < 6.

The previous example shows that the assumption of transversality in Theorem 1.4.1 is necessary.
Moreover, the maps &4 and &g are transverse although p is not Py-Anosov, therefore Zariski density

is also necessary in Theorem 1.4.4.

Proof. Let S be a closed orientable surface of genus at least 2 and ¢ : S — S be a pseudo Anosov
homeomorphism of .S. The mapping torus M of S with respect to ¢ is a closed 3-manifold whose

fundamental group is isomorphic to the HNN extension
m(M) = (m(S).t | tat™ = 6.(a), a € m(S))

where ¢, is the automorphism of 7 (.S) induced by ¢. Thurston in [Thu98] (see also Otal [Ota96])
proved that there exists a convex cocompact reprsentation py : m (M) — PO(3,1). The rep-
resentation pg lifts to a P-Anosov representation in SL(4,R) which we continue to denote by
po and let ppiper 1= polx,(s)- By a result of Cannon-Thurston [CT07], there exists a continuous
equivariant surjection 6 : 0o (S) = Onomi(M). By precomposing 6 with the Anosov limit map
of pg in P(R*), we obtain a pripe-equivariant continuous map Epiper : Osomi(S) — P(R?). Let
v € m(S) be an element representing a separating simple closed curve on S. We may choose a
Zariski dense, Hitchin representation pp : m1(S) — SL(3,R) with 2\ (priber (7)) = A1 (pu(y)). We
claim that p = priber ® pu : m1(5) — SL(12, R) satisfies the required properties.

Let ® : SO(3,1) x SL(3,R) — SL(12,R) be the tensor product representation sending the pair
(91, 92) to the matrix g; ® go. The representation ® is irreducible. Let G be the Zariski closure of
PFiber X pH into SO(3,1) x SL(3,R). Note that the projection of the identity component G° into
SO(3,1) (resp. SL(3,R)) is normalized by priber(m1(S)) (resp. pu(m1(S))), so it has to be surjective.
Since the Zariski closures of ppiper and py are simple and not locally isomorphic, it follows by
Goursat’s lemma that G = SO(3,1) x SL(3,R). We conclude that p is strongly irreducible.

We obtain a properly convex domain Q of P(R'?) preserved by p(m1(S)) as follows. Let €
and Q5 be properly convex domains of P(R*) and P(R?) preserved by priber(71(S)) and py(71(S))
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respectively. Let 2, be a properly convex cone lifting Q; for ¢ = 1,2. The compact set C =
{lur ® ug] : u; € @, i = 1,2} is connected, spans R'? and is contained in an affine chart A of
P(R'2?). We finally take € to be the interior of the convex hull of C in A.

The representations priper and pp are Pj-divergent hence p is also Pj-divergent. Moreover, we
notice that for § € m1(S) we have 111 (p(0)) = 11 (priber(0)) + 11 (pr(0)), hence p is a quasi-isometric
embedding. Let &y : Osomi(S) — P(R3) and & : xom1(S) — Gra(R?) be the Anosov limit maps
of pu. The map & : Osom (S) — P(R'?) defined as & (z) = [kye1 @ kleq], where Epiper (1) = [kze1]
and &g(z) = [klLe1], is continuous and p-equivariant. Since p is strongly irreducible, the proof
of Corollary 3.2.5 shows that the map &; satisfies the Cartan property. The image of & is the
Py-proximal limit set of p(m1(S)) in P(R'?). Similarly, the dual reprsentation p* = P @ Py
admits a p*-equivariant map & : Oxom1(S) — P(R'2), so we obtain the p-equivariant map &11.

The maps &4 : Osom1(S) — Gry(R1?) and & : Ooom1(S) — Grg(R'?) defined as
&a(z) =R @p &u(x) and &(z) = R @ &5 (x)

are p-equivariant, continuous and transverse. Also for every @ € Jxom1(S) we have & (z) € &4 (z),
and hence & is injective. It follows that &1 (0sem1(S)) = Apimy(s)) = S1. For x # y the projective
line segment [n(x), {u(y)] intersects A,y at exactly {&u(z), &u(y)} hence [&1(x), &1 (y)]N A,y =

{&u(2), &1(y)}-

The choice of the element v € m1(S) in the first paragraph shows that p(7y) cannot be Pj-
proximal for k = 2,4,6, so p is not Pg-Anosov for k = 2,4,6. Let g € m1(S) be a non-trivial
element. The infinite sequence of elements g, := gzﬁn) (9) has the property that (|gn|nr (s)c0)nen
is unbounded and there exists M > 0 such that ]Al(ppiber(gn)) — )\g(ppiber(gn))] < M for every
n € N. Then, it is easy to check that the differences A1(p(gn)) — A2(p(gn)), A3(p(gn)) — Aa(p(gn))
and As(p(gn)) — Aeé(p(gn)) are uniformly bounded, so p is not Pg-Anosov for k = 1,3, 5. O

Example 3.10.2. Necessity of the Cartan property. The representation px py : m1(S) — SL(15,R)
(where p and py are from Example 3.10.1) is P;-divergent and admits a pair of continuous, equiv-
ariant, compatible and transverse maps £ : 9nom1(S) — P(R') and £~ : 0pom1(S) — Grig(RY)
induced from the Anosov limit maps of pg. However, p X pyg is not P;-Anosov since p cannot
uniformly dominate py. This shows that the assumption of the Cartan property for the map £+

in Theorem 1.4.1 is necessary.

Example 3.10.3. Necessity of reqularity of X2 in Proposition 3.7.1. Let n > 2 and " be an
convex cocompact subgroup of SU(n,1) C SL(n+1,C). Let 7o : SL(n + 1,C) < SL(2n + 2,R) be
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the standard inclusion defined as

Re(g9) —Im(g)

, SL(n+1,C
l(g) Re(g) | 00T

T2(g) =

The group sym?(72(I")) C SL(2n + 2,R) is a P>-Anosov subgroup for which there exist J,k > 0

such that

1

(7 8)e —k < (sym®(m2(7)) - sym*(12(6))),, < J(v-0)e +k

for every 7,8 € T'. Moreover, sym?(7(T")) preserves a properly convex domain in P(Sym?*R?"+2)
but it cannot preserve a strictly convex domain since it is not Pj-divergent. Similar counterexam-

ples are given by convex cocompact subgroups of the rank 1 Lie group Sp(n,1) C GL(n + 1, H).

Example 3.10.4. Necessity of transversality in Theorem 1.4.1 in the Zariski dense case. There
exists a Zariski dense representation p; : m(S) — PSL(4,R) which admits a pair of continuous
p1-equivariant maps £ : o1 (S) — P(R?*) and £ : D01 (S) — Grz(R?*) but is not Pj-Anosov.
Let M be a closed hyperbolic 3-manifold fibering over the circle (with fiber S) which also contains
a totally geodesic surface. By Johnson-Millson [JM87] the natural inclusion j : 71 (M) — PO(3,1)
admits a non-trivial Zariski dense deformation j' : 7 (M) — PSL(4,R) which by Theorem 2.5.3
can be chosen to be Pi-Anosov. Let & and ¢ be the Anosov limit maps of j’ into P(R*) and
Grz(R*) respectively. By the theorem of Cannon-Thurston [CT07] there exists a continuous, 7 (S)-
equivariant map 60 : Osom1(S) = Osomi(M). The restriction py := j'|r,(s) is Zariski dense, not a
quasi-isometric embedding and &;” 08 and & o6 are continuous, non-transverse and pj-equivariant
maps. In addition, by [Can96], every finitely generated free subgroup F' of 71(.S) is a quasiconvex

subgroup of 71 (M). Hence, /| is Pi-Anosov and £t o v and £~ o 1y are transverse.
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CHAPTER IV

Borel Anosov Representations in Even Dimensions

In this chapter, we prove Theorem 1.4.15 and Corollary 1.4.16, providing a characterization
of the domain group of a Borel Anosov representation into PSL(4q + 2,R), g > 1.

Let us recall that an element g € GL(d,R) is called Pj-proximal if A1(g) > A2(g). In this
case, g admits a unique eigenvalue of maximum modulus which we denote by ¢;(g). The element
g € GL(d,R) is called positively prozimal if g is P;-proximal and ¢1(g) > 0. From now, when we
say that g is prozimal we mean that g is Pj-proximal. A subgroup I' of GL(d, R) is called positively

proximal if it contains a proximal element and every proximal element of I' is positively proximal.

4.1 The work of Benoist

First, let us summarize here some results that we use from [Ben00] and [Ben05]. An open cone
C C R is called properly convex if it does not contain an affine line. A domain Q C P(RY) is
called properly conver if it is contained in some affine chart of P(R?) in which €2 is bounded and

convex.

Lemma 4.1.1. ([Ben05, Lemma 3.2]) Let I' be a subgroup of GL(d,R) which preserves a properly
convex open cone C in R%. Then every v € T is positively semi-prozimal. In particular, every

prozimal element v € T s positively proximal.

Benoist characterized irreducible subgroups of GL(d, R) which preserve a properly convex cone

in R as follows:

Theorem 4.1.2. ([Ben00, Proposition 1.1]) Let I' be an irreducible subgroup of GL(d,R). Then

' preserves a properly convex open cone C in R if and only if T is positively prozimal.
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We also have the following fact for subgroups of GL(d,R) which preserve properly convex

domains in P(Rd) :

Fact 4.1.3. Let I be a subgroup of GL(d, R) which preserves a properly convex domain 2 C P(R%).
There exists a representation 7 : I' — GL(d,R) and a group homomorphism ¢ : I' — Z/2 such
that: 7(y) = (—=1)*"~ for every v € T and 7(I') preserves a properly convex open cone C' lifting
Q. Thus, if I is also finitely generated the group I's := N{H : [[" : H] < 2} has finite-index in T’

and preserves the properly convex cone C.

Let F}, be the free group on k generators. We close this section with the following proposition

which follows by the work of Breuillard-Green-Guralnick-Tao (see [Bre+12, Theorem 4.1]):

Proposition 4.1.4. ([Bre+12]) The set of Zariski dense representations from Fy in SL(d,R) is
dense in the representation variety Hom(Fs, SL(d, R)).

4.2 Proof of Theorem 1.4.15

We need the following lemma which is proved using a theorem of Kapovich-Leeb-Porti [KLP18§]
(see also [CLS17]).

Lemma 4.2.1. LetT" be a torsion free non-elementary word hyperbolic group and p : I' — GL(d, R)
be a representation which admits a continuous p-equivariant map & : OsI' — P(RY). Suppose
there exists v € T such that p(v) is biproximal, {(vT) = x;r(ﬁf) and &£(y7) = T,y Then, there
exist a,b € T' such that {(a,b) is a free quasiconvex subgroup of T' of rank 2 and the restricted

representation p : {a,b) — GL(d,R) is P;-Anosov with Anosov limit map §.

Proof. By Proposition 3.4.2, the representation p is discrete and faithful. Let ¢ € I" be an infinite
order element such that {7+, v~} {t* ¢~} is empty. Note that lim, t"y* = ¢t and lim,, t ""7* =
t~, so we may find m > 0 such that {t"y* t"y~}N{y", v} and { T, t "™y }N{yT,7 "} are
empty. Up to conjugating p we may assume that x:w) = [61],95:;(771) = [eq] and Vi = (€2, ..., €4),

Vp?’y_l) = (e1,...,€4—1). Then we notice that

+my, .+ — — +my,.— — —
P20y E B (Vo)) U PV )) and p(t5™)a ) @ PV ) UB(V,( )

For example, suppose that p(tm):r,;’h) € ]P’(szﬁ{)), then lim,, p(v")p(tm)x;’m = lim, £(y™"t™y 1) =
£(v") = le1] has to be in P(V, ), a contradiction. Note that lim,~"t"™y" = ~7, hence
lim,, p(y"t~™)&(y 1) = x;(w) and p(t*m)x;(fl) ¢ P(\/pz,y)). Then, by [KLP18, Theorem 7.40] (see

also [CLS17, Theorem A2]), there exists N > 0 such that the group H = (yV,tmyNt=™) is a free
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group of rank 2 and the restriction p|g is P;-Anosov. The restriction p|y is also a quasi-isometric
embedding, hence H is a quasiconvex subgroup of I' and its Anosov limit map is the restriction

of £ on OsH considered as a subset of OyI. O

Recall that for a finitely generated group I', I's is defined to be the intersection of all finite-

index subgroups of I' of index at most 2.

Lemma 4.2.2. Let " be a torsion free one-ended word hyperbolic group and p : I'«Z — GL(d,R) be
a representation which admits a p-equivariant continuous map & : Oso(D*Z) — P(R?). Suppose that
§ € T'y is a non-trivial element such that p(0) is biproximal and £(6F) = :E:((s) and §(67) = x ;)

Then p(0) is positively proximal.

Proof. Let s be a generator of the free cyclic factor, t = sds~! € T" and notice that p(t) is proximal
with p(s)x;r(é) = :c;(t) = (1) and tF ¢ 0. If 2 € 05T, lim, p(t")€(x) = lim,, £(t"z) = £(tT).
Since p(t) preserves V ) and lim, t"z = t+, &(z) cannot lie in P(V,;))- 1t follows that £(0xcT)
lies in the affine chart P(RY) — P(Vp?t)). Let V' = (£(0xI")) and we consider the representation
p T = GL(V) where p'(v) = plv(7), v € I'. The map £ is not constant, hence p is discrete and
faithful. The map & : 0" — P(V) is p’-equivariant, p'(9) is proximal with attracting fixed point
§(6%) and £1(p(0)) = £1(p'(9)).

Then we notice that £(0-I") also lies in the affine chart A = P(V) —P(V' N szt)) of P(V).
Since T is one-ended, dxI" and &(0I") are connected. The convex hull of £(0xI") in A, say C, is
bounded and convex in A and has non-empty interior since {(0xI") spans V. Then p'(I") preserves
€(0soI") and by [CT20, Proposition 2.8] it also preserves C. It follows that p'(I") preserves the non-
empty properly convex set 2 = Int(C) C P(V). Fact 4.1.3 shows that there exists a representation
g : ' = GL(V) which preserves a properly convex cone C' C V and p(y) = p'(7) for every v € T's.
By Lemma 4.1.1, p(4) is positively proximal in P(V') and hence in P(R?). O]

A torsion free word hyperbolic group I' is called rigid if it does not admit a non-trivial
splitting over a cyclic subgroup. For example, the fundamental group of a closed negatively curved
Riemannian manifold of dimension at least 3 is rigid. By a theorem of Bowditch [Bow98] the

Gromov boundary J,.I" of a rigid hyperbolic group I' does not contain local cut points.

Lemma 4.2.3. Let " be a torsion free rigid one-ended word hyperbolic group. Let p : T' — GL(d, R)
be a representation which admits a continuous p-equivariant map & : 0o’ — ]P’(Rd). Suppose that
§ € T'y is a non-trivial element such that p(d) is biproximal and £(61) = x;f(é) and £(07) = T 5)-

Then p(0) is positively prozimal.

Proof. Since 05" does not have any local cut points, the set 9,,I' — {6, } is connected. For

x # 67,67 we have that lim, ™"z = 6% and, as in Lemma 4.2.2, the conected set (9ol —
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{6%,67}) is contained in P(R?) — P(V 5) UP(V,(5-1)). Note that the two (d —1)-planes V) and
Vp?(;,l) are distinct, hence by the connectedness of d,,I' — {§7,07} we can find a hyperplane V}
such that £(0.T) is contained in P(R?) —P(Vp). Then we consider the restriction p' : T' — GL(V),
V = (£(0xI")), whose image preserves the compact connected subset {(0xI") of the affine chart
P(V) —P(V N V) of P(V). The element p'(v) is proximal in P(V) and ¢1(p(7)) = ¢1(p'(7)). We
similarly conclude that p/(I") preserves a properly convex domain Q of P(V'). Again, Fact 4.1.3
guarantees that p'(I'2) preserves a properly convex cone of V' and ¢1(p'(5)) > 0. O

Now we combine the previous results to prove Theorem 1.4.15.

Theorem 1.4.15: Let I' be a word hyperbolic group and p : I' — GL(4q + 2,R) a representa-
tion. Suppose that there exists a continuous, p-equivariant dynamics preserving map & : Osol’ —

Grag+1(RY*2). Then T is virtually free or virtually a surface group.

Proof. We first assume that I' is a torsion free hyperbolic group. By Proposition 3.4.2, p is
faithful and we may assume that p(I") is a subgroup of SL(4q + 2, R). If not, we replace p with
the representation p : I' — SLE(n,R), p(y) = |det(p(7))|~/“*+2) p(y) and T with a finite-index
subgroup I'g such that p(I'g) is a subgroup of SL(4q + 2, R). Notice that p has to be faithful since
¢ is p-equivariant and dynamics preserving for p.

Let V, = A20TIR%+2 and notice by assumption that &, = qu 410§ s AR+ p_equivariant and

dynamics preserving. We consider the following two cases:

Case 1. Suppose that I' has infinitely many ends. Then we show that I is free. If not, by Stallings’
theorem [Sta68], there exists a splitting I' = I'y * ... x I'y % Fy, where s > 0 and for 1 < ¢ < k,
I'; is an one-ended word hyperbolic group. In particular, there exists a quasiconvex subgroup of
I' of the form A * Z, with A one-ended. Lemma 4.2.1, shows that there exists a quasiconvex
free subgroup Hy of Ay such that A27Tp(Hp) is Pi-Anosov in SL(V,) and its limit map is the
restriction &, : OscHo — P(V).

Since A%H1p(§) is proximal for every § € Hy C Ay, by Lemma 4.2.2, ¢1(A*F1(p(4))) > 0.
The representation p : Hy — SL(4g + 2,R) is Pag+1-Anosov and A%9T!p(v) is positively prox-
imal for every non-trivial v € Hy. By Theorem 2.5.3 (iii), we can find a path connected open
neighbourhood U of pg := p|g, in Hom(Hy, SL(4¢g + 2,R)) consisting of entirely of Psq41-Anosov
representations. Proposition 4.1.4 guarantees that there exists p; € U such that py(F}) is Zariski
dense in SL(4g+2, R). Let {p; }o<t<1 be a continuous path between py and p; contained entirely in
U. Observe that for every v € Hy, the map t — £1(A?7T1p, (7)) is continuous with real values and
nowhere vanishing. Hence ¢1(A%+1p;(v)) > 0 for every v € Hy. Therefore, since A?**1 is an irre-
ducible representation, the group A?9p;(Hy) is a strongly irreducible subgroup of SL(V;) which

is positively proximal. By Theorem 4.1.2, the group A% p; (Hy) preserves a properly convex cone
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and hence a properly convex domain of P(V,). On the other hand, the group A?7"!SL(4q + 2, R)
(and hence A?7t!p;(Hy)) preserves the symplectic non-degenerate form w, : V; x V, — R given
by the formula wy(a,b) =aAb € (e1 A ... A eggro). However, by [Ben00, Corollary 3.5], a strongly
irreducible subgroup of SL(d,R) which preserves a symplectic form cannot preserve a properly
convex domain of P(R%). We have reached a contradiction, so I' cannot contain any non-trivial

one-ended factors in its free product decomposition. Therefore, I is free.

Case 2. Suppose that I' is one-ended and not virtually a surface group. Wilton’s result [Will8,
Corollary B| ensures that I' contains a quasiconvex subgroup A which is either isomorphic to a
surface group or rigid. If A has infinite index in I', then there exists a quasiconvex subgroup of I
isomorphic to A x Z. However, by the previous case we obtain a contradiction. Therefore, we may
assume that A is rigid and has finite index in I". By Lemma 4.2.1, there exists H; a quasiconvex
free subgroup of Ay such that the restriction A29T1p|y, is P-Anosov. By Lemma 4.2.3, for every
h € Hy, N**1p(h) is positively proximal in (V). By continuing as previously, we obtain a Pag1-
Anosov, Zariski dense deformation p; of p|g, such that A24t1p (H) is positively proximal. Again,
by Theorem 4.1.2, A7 p; (H;) preserves a properly convex domain and the symplectic form w,,
a contradiction.

We now consider the general case where I' might have torsion or p is not faithful. If p is not
faithful, Proposition 3.4.2 shows that ker(p) is finite. The group I'" = I' /kerp is word hyperbolic,
ool = 05T, s0 € is a p'-equivariant dynamics preserving map, where p' : IV — GL(4¢+2, R) is the
faithful representation induced by p. By Selberg’s lemma, there exists a torsion free finite-index
subgroup I'; of I”. The previous arguments imply that I'y is either a surface group or a free group.
Therefore, I is either a finite extension of a virtually free group or a virtually surface group. In
the second case, its boundary is the circle and by [Gab92], T' is virtually a surface group. In the
first case, by [Dun85], I" has infinitely many ends and splits as the fundamental group of a finite
graph of groups with finite edge groups and vertex groups of at most one end. The vertex groups
of this splitting are also finite extensions of a virtually free group hence finite. It follows that I" is

virtually free. O

By following the argument of case 1 in the proof of Theorem 1.4.1 we obtain the following

conclusion:

Theorem 4.2.4. Let Fy be the free group on two generators and p : Fo» — GL(4¢ + 2,R) a
representation. Suppose that p is Paqy1-Anosov. Then N2 p(Fy) is not a positively prozimal

subgroup of GL(A24HIR49+2),

For the proof of Corollary 1.4.16 we need the following proposition for the existence of lifts of

Pyi+1-Anosov representations into PGL(d, R). The proof is similar to Lemma 4.2.2 and 4.2.3. In
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the case p is irreducible and k& = 0, Zimmer has proved the existence of lifts in [Zim17, Theorem

3.1].

Proposition 4.2.5. Let ' be a torsion free word hyperbolic group and p : I' — PGL(d,R) is a

Pop1-Anosov representation, where 0 < k < %.

(i) Suppose that A is an infinite indez, one-ended quasiconvez subgroup of I' and py is the restric-

tion of p on A. There exists a lift pg : A — GL(d,R) such that A***1pg(A) is positively prozimal.

(ii) If T is a rigid word hyperbolic group then there exists a lift p : I' — GL(d,R) of p such that

AHHL0(T) s positively prozimal.

Proof. We begin with the following observation: suppose that ¢ : I' — PGL(V; @ V5) is a repre-
sentation such that () preserves V; for every v € I'. If p(y) = [g,] then the map ¢o(v) = [g4|1]
is a well defined representation ¢g : I' — PGL(1}). If o admits a lift @p, then there exists a lift
@ of ¢ such that ¢(v)[y, = @o(7) for every v € I'. The lift ¢ is defined as follows: for v € T,
@() is the unique element h, € GL(V; @ V3) such that the restriction of hy on Vi is @o(y) and
e(7) = [hy].

Notice that we may asssume that & = 0, because the exterior power A?**1 : GL(d,R) —
GL(A?*1R9) is faithful. For part (i), we may consider § € T' with 0% ¢ 0,,A and £(054) is a
connected compact subset of the affine chart P(R?) — P(sza)). In particular, {(0xA) lies in the
affine chart A =P(V)-P(V NV ;) of P(V), where V = ({(0xA)). Since po(A) preserves V' there
exists a well defined representation p; : A — PGL(V'). The image p1(A) preserves the connected
compact set £(0sA) and hence the interior of the convex hull of £(0A) in A. There exists a lift
p1 of pp into GL(V') such that p;(A) preserves a properly convex cone C' of V. The representation
p1 is Pi-Anosov, faithful and by Lemma 4.1.1, pi(7) is positively proximal for every v € A non-
trivial. By our initial observation we obtain a lift py : A — GL(d,R) of po with po(7)|v = p1(7).
The representation py is Pi-Anosov with Anosov limit map £. For every non-trivial v € A, the
attracting fixed point of py(y) is in V' and ¢1(po(7y)) = ¢1(p1(7)) > 0.

The proof of (ii) follows by observing, as in Lemma 4.2.3, that the image of 0,,I" under the
Anosov limit map ¢ lies in an affine chart of P(R?). Then we continue as previously to obtain the

lift 7. O

Proof of Corollary 1.4.16. We first assume that I' is torsion free. If I' contains a quasiconvex
infinite index one-ended subgroup Iy, there exists a lift gy of p|r, such that the group AZ*+150(Ty)
is positively proximal, contradicting Theorem 4.2.4. Also I' cannot be rigid again by part (ii) of
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the previous proposition. Therefore, I' is either free or has one end and by [Will8, Corollary B|
there exists a quasiconvex surface subgroup which has to be of finite index in I'.

Now suppose that I' is not torsion free or kerp is non-trivial. We may find a torsion free finite-
index subgroup I'y of I" = I"/ker(p) so that p induces the faithful P, 1-Anosov representation p’ :
I't = Gug42. The previous step shows that 0,I'1 = 051 is either a circle or totally disconnected.
By working as in the last paragraph of Theorem 1.4.1 we conclude that I' is virtually free or

virtually a surface group. [

Proof of Corollary 1.4.17. Let & : 0" — Grag+1(R*%2) be a continuous p-equivariant map.
We first show that £ is nowhere dynamics preserving. Suppose not, i.e. there exists a Ppyi1-
proximal element p(y) € p(I') with {(1) = ZL‘:(W) and {(77) = z,). The map Y=y 08 s
A20+1 pequivariant and by Lemma 4.2.1 there exist a free quasiconvex subgroup H of I'y such that
A2 p|y is Pi-Anosov. Lemma 4.2.3 shows that A29t1p( H) is positively proximal, a contradiction
by Theorem 4.2.4.

Let V, = AR and € = 75, 0 & We show that the map £ cannot be spanning.
Suppose that £ is spanning and 21, ..., 2, € 0" with V, = @I_, £ (;), r = dim(V}). Since T
acts minimally on 0. I', for every open subset U of 01", £1(U) spans V;, and the union U}_; &~ (z;)
cannot contain £ (9xI"). There exists y € dI’ and 1 < j < r with V, = £ (z;) @ £ (y) =
£ (y) ® & (x;). By the density of pairs {(67,67) : § € I'} in the set of 2-tuples of dx I, we can
find 7 € T such that V, = £(v+) & £ (v7) = £5(7) @ €(77).

Then we claim that g = A?¥1p(v) is a biproximal matrix. Up to conjugating g we may assume

that E7(vT) = [e1 A Aeggr1] and 7 (77) = [Wagt1], where Wa, 11 is defined as in sub-section 2.1.2.

0
We may write g = al9) ) for some matrix A € GL(Wa441). Suppose that |(1(A)| > |a(g)|. Let
0

p > 1 be the largest possible dimension of a complex Jordan block corresponding to an eigenvalue
of maximum modulus of A. Then there exists a subsequence (ky,)nen, Aco @ non-zero matrix and

b € R with
b 0

0 A

]_ kn

lim —— ¢
Nn—00 k‘?flwl (A) kn

Since O,I' is perfect and {7 (0sI') spans Vg, we may choose € 9,.I' — {7} such that the
projection of £ (x) into Wagy1 is not in ker(As). Thus, lim, g% &+ (z) = lim, £ (yF2) = €7 (yH)
cannot be the line [e1 A ... A ezg41], a contradiction. It follows that |a(g)| > [¢1(A)| and A2 p(v)
is proximal with attracting fixed point £ (y7). Since V, =T (77) @ £ (), the same argument
shows that A2¢T1p(y~1) is proximal with attracting fixed point £¥(y7). The map £+ (and hence
€) preserves the dynamics of {y~,~7"}. This contradicts the fact that £ is nowhere dynamics pre-

serving. Therefore, 75,1 (£(0x0T)) lies in some proper vector subspace of V. O
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4.3 Examples

In this section, we provide an example showing that the analogue of Theorem 1.4.1 does not
hold in dimensions which are multiples of 4. We also provide examples of Zariski dense Borel
Anosov representations of free groups into SL(4¢,R), ¢ > 1, all of whose elements have positive
eigenvalues. Moreover, we give an example of a surface group representation p into SL(4q + 2, R)
which is not P»,41-Anosov but admits a p-equivariant continuous dynamics preserving map ¢ into
Grag1(R1+2).

Let S be a closed orientable hyperbolic surface and 75 : SL(2,C) — SL(4,R) be the standard

inclusion defined as

Re(g) —Im(g)

. g€SL(2,0).
Im(g) Re(g) gestzo

Ta(g) =

Example 4.3.1. Pyi-Anosov representations into SL(4k,R) of non-surface groups. Let Fy be the
free group on two generators. The group I' = 7m1(S) * Z % Z admits an Anosov representation
p into SL(2,C) and hence 75 o p is a P»>-Anosov representation into SL(4,R). For & € N, the
representation pp = x¥_ (120 p) of I into SL(4k, R) is Pay-Anosov. In fact, by Theorem 2.5.3 (iii)

and Proposition 4.1.4 there exists a deformation pj, of py which is Zariski dense and Paj-Anosov.

Example 4.3.2. For every q > 1, there exist Zariski dense Borel Anosov representations of Z.x 7.

in SL(4q,R) all of whose elements have all of their eigenvalues positive.

Let us fix a presentation of the surface group

m1(S) = <a17b17 vy g, bg | Jaz, by - - - [agabg]>

where g > 2 is the genus of S. We fix pg : m(S) — SL(2,R) a discrete faithful representation
and assume that pg(a;) = diag(s,s™1) for some |s| > 1. Note that since {a], a7} N {b7,b7} is
empty and pg is P;-Anosov, po(bl)x;}(al) AT 0 (a1 x;ro(al)} and hence the (1, 1) entry of po(by) is

non-zero. For ¢t > 0 define the map p; on the generating set {ai, b1, ..., a4, by} of m1(S5):

po(7), v € {ai,az,ba,...,ay,by}
pe(7) = ) _
po(b1)diag(e’, e™")
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Note that p; extends to a well defined representation p; : m1(S) — SL(2,R) which is P;-Anosov
for every ¢ > 0. Since the (1,1) entry of pg(b1) is non-zero a direct computation shows that
limg e7*{| p¢(b1)|| > 0. Since the representation po|a, p,) is Zariski dense in SL(2,RR), by [AMS95,
Theorem 4.1], there exists C' > 0 and a finite subset Fj of (as, by) with the property: for every t > 0
there exists f; € Fo with pi1(pe(b1fi)) = 11 (pe(b1)po(f2)) < A1lpe(b1)po(fe)) +C = Ar(pe(brfe))+C-
Therefore, we may find ¢y > 0 large enough such that A\ (p,(9)) > (2¢ — 1)A1(po(g)) where
g := b1 fi,.

Now let ip, : SL(2,R) — SL(2¢,R) be the unique up to conjugation irreducible representation
and consider the tensor product representation p := (iz40p0)®py,. Our example will be constructed
as a deformation of the restriction p|p on a free subgroup F' of m(.5).

: 0som1(S) — Gri(R?9), 1 < i < 2¢
be the Anosov limit maps of iy, o po. Let also &, : dwmi(S) — P(R?) be the Anosov limit

The representation i, o py is Borel Anosov and let §f2pop1
map of pg,. Since A\i(p,(9)) > (2¢ — 1)A1(po(g)), we may check that the matrix p(g) (resp.
p(g™1)) is Pi-proximal for every 1 < i < 2¢ and its attracting fixed point in Gr;(R??) is the
i-plane &, o, (97) ® &, (97) (vesp. &, o,0(97) ® &y, (97)). In particular, the p-equivariant map

! ® &py, 1 Ooomi(S) = Gr;(R*) is dynamics preserving restricted to {g*,¢~}. By applying

124000
Lemma 4.2.1 for the representations A’p and the maps 7; o ( fzqopo ® fpto) (7; denotes the Pliicker
embedding), we may find m € N and h € 7 (S) such that F := (g™, hg™h™!) is a free group
of rank 2 and Aip\ F is Pi-Anosov for every 1 < i < 2q. In particular, p|r is Borel Anosov into
SL(4¢,R).

Now observe that since py and py, are connected by a path of Pj-Anosov representations into
SL(2,R), for every ¢ € m1(S) we have ¢1(po(0))l1(p,(0)) > 0. We deduce that for every 6 € F,
p(8) = (izg © p0)(0) ® py,(0) is diagonizable and all of its eigenvalues are positive. By Proposition
4.1.4 and the stability of Anosov representations, we may find a Zariski dense deformation p’ :

F — GL(4q,R) of p|r such that ¢, ( A" p(8))€1 (A" p'(8)) > 0 for every § € F and 1 <i < 4q. In

particular, for every 0 € F all the eigenvalues of p/(d) are positive. O

Example 4.3.3. Let M be the mapping torus of the closed hyperbolic surface S with re-
spect to a fixed pseudo-Anosov homeomorphism ¢ : S — S. Recall (see Example 3.10.1) that
the group 71 (M) contains a normal and infinite index subgroup I' isomorphic with 71(S). By
Thurston’s theorem [Thu98] (see also Otal [Ota96]), the group m (M) admits a convex co-
compact representation ¢ into PSL(2,C). In fact, by [Cul86], ¢ lifts to a quasi-isometric em-
bedding 7: m (M) — SL(2,C). By composing 7, with 7, we obtain a P,-Anosov representation
p1:m (M) — SL(4,R). The Cannon-Thurston map (see [CT07]), € : Oxom1(S) — Onom1 (M) com-
posed with the Anosov limit map 521 : Ooom1 (M) — Gro(R*) provides a p;|r-equivariant dy-

100



namics preserving map & : I — Gra(R*). Note that the representation p;|r is not a quasi-
isometric embedding, in particular not Py-Anosov, since I is not a quasiconvex subgroup of 71 (M).
Let pr : I' — SL(2,R) be a Fuchsian representation with limit map §;F. The representation
p = (Xip1|lr) X pp into SL(4g + 2,R) is not Payi1-Anosov, however the p-equivariant map

E= (B &) D §},F : Oool' = Grog+1(R*%2) is dynamics preserving.
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