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ABSTRACT

My dissertation focuses on information economics in games. In Chapter II, “Optimal
Disclosure of Private Information to Competitors”, I consider a duopoly model with
differentiated substitutes, price competition, and uncertain demand, in which one
firm has an information advantage over a competitor. I study the incentives of the
informed firm to share its private information with its competitor and the incentives
of a regulator to control disclosure in order to benefit consumers. I show that full
disclosure of information is optimal for the informed firm, because it increases price
correlation and surplus extraction from consumers. I also show that the regulator
can increase expected consumer surplus and welfare by restricting disclosure, but
that, surprisingly, consumers can benefit from the regulator privately disclosing some
information to the competitor. My findings highlight the consequences of an unequal
distribution of consumer data between firms on welfare allocation. They also inform
an ongoing policy debate about regulating what data online platforms release to

other firms who offer goods on its platform.

In Chapter III, “Strategic Incentives and the Optimal Sale of Information”, 1 study
the optimal sale of information by a monopolist data-seller to multiple privately in-
formed data-buyers who play a two-stage game of incomplete information. In the
information stage, data-buyers can simultaneously acquire supplemental information
to reduce their uncertainty about the state. In the action stage, data-buyers simul-
taneously select an action to maximize their expected payoffs. The data-seller offers
a menu of Blackwell experiments and prices to screen between two types of data-

buyers. I show that the nature of data-buyer’s preferences for information allows
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the data-seller to extract all surplus from data-buyers, distorting the information
provided to the low type such that the high type is indifferent between both exper-
iments. I also show that the features of the optimal menu are determined by the
interaction between data-buyers’ strategic incentives in the action stage and the cor-
relation of their private information. This interaction can expand the data-seller’s

ability to serve all segments of the market, increasing expected profits.

In Chapter IV, “Product reviews - Information Source or Persuasion Device?” | which
is joint work with Anne-Katrin Roesler, we study the optimal design of review sys-
tems by a platform that has the best interest of consumers in mind. We consider
a setting in which a seller offers a good of ex-ante unknown quality through a plat-
form with a review system to sequentially arriving short-lived heterogeneous buyers.
Reviews from previous buyers provide consumers with information about the good’s
quality. Based on the review system, the seller chooses an optimal pricing scheme.
Buyers make their purchasing decision based on the information available through
reviews, their type, and the price. In a two period setting, we approximate the opti-
mal review system by characterizing the optimal K-piecewise linear distribution over

posterior quality estimates.

X



CHAPTER 1

Introduction

My dissertation focuses on information economics in games, specifically how infor-
mation affects the decisions of agents facing uncertainty. Information design studies
how an “information designer” can influence agents’ individually optimal behavior,
by providing information about a payoff-relevant state. In games of incomplete infor-
mation, the information designer commits to an information structure to affect the
behavior of strategically interacting agents. By revealing information, the designer
affects the players’ beliefs about the payoff-relevant state and their beliefs about the

information observed by others, which determine players’ optimal choices.

This dissertation studies how an information designer should provide information
to multiple privately informed agents who play three different games of incomplete
information. I characterize the optimal disclosure of private information between
firms to protect consumers, the optimal sale of information by a data-seller to in-
teracting data-buyers, and the design of a review system that allows consumers to
share information through product reviews. In each chapter, before observing the
payoff-relevant state, a designer commits to an information structure which maps
from the state to a joint distribution over signals. Given this information structure,
each player observes a signal realization and updates her belief about the state and
the information observed by others. Each player then chooses an action to maximize
her expected payoff. In this context, the designer chooses the information structure
such that players play the Bayes Nash equilibrium that maximizes her own expected

payoff.

In Chapter II, “Optimal Disclosure of Private Information to Competitors”, I con-



sider a duopoly model with differentiated substitutes, price competition, and uncer-
tain demand, in which one firm has an information advantage over a competitor. I
study the incentives of the informed firm to share its private information with its
competitor and the incentives of a regulator to control disclosure in order to benefit

consumers.

I show that full disclosure of information is optimal for the informed firm, because
it increases price correlation and surplus extraction from consumers. I also show
that the regulator can increase expected consumer surplus and welfare by restricting
disclosure, but that, surprisingly, consumers can benefit from the regulator privately
disclosing some information to the competitor. Disclosure increases the ability of
firms to extract surplus from consumers by pricing to better match the level of
demand. But, private disclosure can create a pricing coordination failure between
firms by introducing uncertainty in their choices, which increases price volatility and
opportunities for consumers to arbitrage prices. The benefit from private disclo-
sure depends on the differentiation between goods, because it determines consumers’
willingness to substitute between goods and therefore the extent to which disclosure
affects relative demand across firms. Thus, I show that private partial disclosure is
optimal for consumers when firms offer sufficiently close substitutes and, otherwise,
no disclosure is optimal. When partial disclosure is optimal, I also fully characterize

the consumer optimal disclosure policy.

My findings highlight the consequences of an unequal distribution of consumer data
between firms on welfare allocation. They also inform an ongoing policy debate
about regulating what data online platforms release to other firms who offer goods

on its platform.

In Chapter III, “Strategic Incentives and the Optimal Sale of Information”, 1 study
the optimal sale of information by a monopolist data-seller to multiple privately in-
formed data-buyers who play a two-stage game of incomplete information. In the
information stage, data-buyers can simultaneously acquire supplemental information
to reduce their uncertainty about the state. In the action stage, data-buyers simul-
taneously select an action to maximize their expected payoffs. The data-seller offers
a menu of experiments and prices to screen between two types of data-buyers. In

contrast to standard screening problems, buyer’s preferences for information cannot



generally be ordered across types since they value information if and only if it affects

their choices.

I show that the nature of data-buyer’s preferences for information allows the data-
seller to extract all surplus from data-buyers, distorting the information provided to
the low type such that the high type is indifferent between both experiments offered
in the menu. I also show that the features of the optimal menu are determined by
the interaction between data-buyers’ strategic incentives in the action stage and the
correlation of their private information. This interaction can expand the data-seller’s
ability to serve all segments of the market, increasing expected profits. In particular,
the seller’s optimal menu offers perfect information to the buyer with highest will-
ingness to pay (the high type) and partial or no information to the other type (the
low type). Partial information is offered to the low type whenever the mentioned
interaction increases demand for information. That is, i) if they play a coordina-
tion game and their private information is negatively correlated; or ii) if they play

anti-coordination game and their private information is positively correlated.

In Chapter IV, “Product reviews - Information Source or Persuasion Device?” , which
is joint work with Anne-Katrin Roesler, we study the optimal design of review sys-
tems by a platform that has the best interest of consumers in mind. We consider
a setting in which a seller offers a good of ex-ante unknown quality through a plat-
form with a review system to sequentially arriving short-lived heterogeneous buyers.
Reviews from previous buyers provide consumers with information about the good’s
quality. Based on the review system, the seller chooses an optimal pricing scheme.
Buyers make their purchasing decision based on the information available through
reviews, their type, and the price. When buyers have homogeneous preferences, we
fully characterize the buyer-optimal review system. We also show that the presence of
heterogeneous buyers meaningfully affects the characterization of the buyer-optimal
distribution over posterior quality estimates. In a two period model, we characterize
the buyer-optimal distribution over posterior quality estimates within the class of

K-piecewise linear distributions with K < 2.



CHAPTER 11

Optimal Disclosure of Private Information to

Competitors

2.1 Introduction

Some firms can gather more information than their competitors about market fea-
tures like demand, given their size or incumbency status. For instance, online plat-
forms like Amazon engage in massive data collection and analysis by gathering and
processing information generated through trade and consumer searches that other
sellers on the platform can’t replicate. As a seller themselves, they can use this in-
formation to guide their own pricing and control the information observed by other
sellers. In settings of information asymmetry, information disclosure between firms
affects firm behavior and therefore also impacts consumers and welfare. The use of
private information as a competitive advantage by online platforms has attracted the

1 'When there is an uneven

attention of regulatory entities in the US and Europe.
distribution of consumer data between firms, regulatory interventions to control infor-
mation disclosure can potentially redistribute surplus between firms and consumers

or increase welfare.

In this paper, I study the role of information disclosure as a pricing persuasion de-
vice, through which a firm with an information advantage or a regulator can influence
the pricing of a competing firm. I examine the informed firm’s incentives to com-
mit to share its private information with its competitor and the role of a regulator

who commits to control information disclosure between firms to benefit consumers.

1See for example media coverage in Fung (2020), Green (2018), Lardieri (2019).



Specifically, I analyze a stylized duopoly model with information asymmetry about
demand and a binary state. I consider an informed firm which privately learns the
level of the demand and an uninformed firm that has no private information. De-
mand is linear and firms face uncertainty about its level, which can be either low or
high. Firms offer differentiated goods, such that consumer willingness to pay for a
good depends on its substitutability with the competitor’s. Firms compete by simul-
taneously and non-cooperatively setting prices to maximize their expected profits. In
this context, I address the following questions: What is the informed firm’s optimal
disclosure policy as a competitor in the market? How can a regulator constrain or

enforce information disclosure to benefit consumers?

I characterize the optimal disclosure for firms and consumers. I show that the wel-
fare implications of disclosure are determined by the degree of differentiation between
goods, because it determines the extent to which disclosure affects firm pricing and
relative demand across markets. Regarding optimal disclosure for firms, with sub-
stitutes, firm choices are strategic complements and the informed firm thus benefits
from sharing its private information with the uninformed firm, because it increases
price correlation. As a result, full disclosure is optimal for the informed firm. Full dis-
closure also maximizes producer surplus, because the uninformed firm also benefits
from price correlation as well as from learning about the state. This result highlights
that an informed firm may have incentives to share information even when it has no
information to gain in return, because it can influence the pricing of its competitor.
Furthermore, I generalize this result by showing that the informed firm’s optimal dis-
closure doesn’t rely on the linearity of demand: when the informed firm’s expected
equilibrium profit is supermodular in the state and the choice of the uninformed
firm, firms’ choices are strategic complements and, accordingly, full disclosure is op-
timal. I also show that no disclosure is optimal when the informed firm’s expected

equilibrium profit is submodular.?

Regarding optimal disclosure for consumers, I find that a regulator should restrict

information disclosure, at least partially.? However, some information disclosure is

2When the informed firm’s profits are supermodular in the state and the choice of the uninformed
firm, an increase in the uninformed firm’s price has a increasing effect on the informed firm’s profits
as the state increases. Focusing instead on decision problems, Kolotilin and Wolitzky (2020) shows
that supermodularity of a sender’s objective function with respect to the state and the receiver’s
action is a sufficient condition for the optimality of full disclosure.

3Luco (2019) presents empirical evidence that full disclosure can be detrimental for consumers



not necessarily detrimental to consumers. First, I show that the optimal disclosure
is private, such that the informed firm doesn’t observe the signal realization of the
uninformed firm. Second, I show that optimal disclosure is determined by the degree
of differentiation between goods. In particular, partial disclosure is optimal if firms
offer sufficiently close substitutes and no disclosure is optimal otherwise. Information
disclosure creates a trade-off for consumers. On the one hand, disclosure reduces the
uninformed firm’s uncertainty about the state, improving the ability of firms to
extract surplus from consumers by increasing price correlation. On the other hand,
private partial disclosure introduces uncertainty about the information observed by
a firm’s competitor. This expands the range of prices in each state, since firms
price according to the expected price of its competitor and its expected level of
demand. Namely, the uninformed firm may observe a signal which conflicts with
the realized state, but the informed firm doesn’t observe the signal and therefore
cannot adjust, creating a coordination failure. Consumers can benefit from this price
heterogeneity by choosing from which firm to buy after observing prices. Overall, the
regulator trades-off the opportunity to create this coordination failure in prices with
allowing firms to better extract surplus from consumers. The net effect depends on
the differentiation between goods, because it determines consumers’ willingness to
substitute between goods and therefore the extent to which disclosure affects relative

demand across firms.

Combining results for firms and consumers, to maximize expected welfare, the reg-
ulator trades off the effect of disclosure on consumers and firms. When firms offer
sufficiently differentiated goods, no disclosure maximizes expected welfare, since the
expected loss of some disclosure for consumers exceeds the expected gain for firms.
Conversely, when firms offer sufficiently close substitutes, full disclosure maximizes
welfare. For intermediate levels of differentiation, partial disclosure maximizes wel-

fare.

When partial disclosure is optimal, I also fully characterize the consumer and welfare
optimal disclosure policies, which share the same qualitative properties. Signals act
as equilibrium price recommendations, recommending a price to each firm condi-
tional on the state subject to obedience constraints. First, I show that the regulator

recommends at most two prices. Second, I show that one of the prices is only rec-

in the gasoline market in Chile.



ommended when the state is low, revealing the state to the uninformed firm. The
other price is recommended in both states, obfuscating the level of demand. The
optimality of partial disclosure contrasts with work in the literature focusing on firm
incentives, highlighting that optimal disclosure can be more nuanced when consider-

ing implications for consumers and welfare.

My analysis emphasizes the wide scope for intervention by a regulator, based on
product differentiation and their objective function. My results are of particular
interest given current policy debates on the use of private information by firms who
act as both a trading platform and a competitor in the market. As I show, it can be
optimal for a regulator to intervene by completely preventing or forcing information
disclosure, or by designing disclosure policies to partially inform the uninformed
firm. Therefore, it is crucial to consider the strategic environment to understand the
consequences of information sharing between firms, and whether it is beneficial for

both firms and consumers.

Related literature. This paper contributes to the literature on strategic informa-
tion sharing in oligopolies with commitment and the literature on information design
in games.* Incentives for information sharing about demand among competing firms
with symmetric private information and normally distributed linear demand were
first studied in Novshek and Sonnenschein (1982), Clarke (1983) as well as Vives
(1984), and later generalized in Raith (1996).° In these papers, firms commit to
share their private information with an intermediary, which then discloses a com-
mon signal to all firms to maximize industry-wide profits. These papers focus on
the producer surplus optimal public disclosure and on the regulation of industry-
wide information sharing by trading organizations. They show the optimality of full
disclosure for firms when they compete by choosing prices and offer imperfect sub-
stitutes. Instead, I study the incentives of an individual firm to share information to
influence its competitor’s behavior in a setting of informational advantage, in which

signals are privately observed and the distribution of the uninformed firm’s signal

4Papers like Benoit and Dubra (2006) show that agents’ ex-ante and ex-post incentives for
information sharing can be disaligned, such that commitment is key.

5Other papers in this literature include Gal-Or (1985), Li (1985), Kirby (1988) and Vives (1990).
Information sharing about costs are studied in papers like Fried (1984), Gal-Or (1986), Sakai (1986)
and Shapiro (1986), in which incentives to share information are reversed.



is unrestricted.® My results show that it can be optimal for a firm to unilaterally
disclose information about demand to a competitor even without receiving any in-
formation in return, because disclosure can influence the behavior of competitors
and act as a pricing persuasion device.” Further, full disclosure is not only optimal
for the informed firm, but also for producer surplus. The intuition for this result
relates to Angeletos and Pavan (2007), who study the social value of information
with normally distributed signals and find that producer surplus increases with the

precision of both public and private signals.

In contrast with this literature, I also analyze the effects of information disclosure
on consumers. Vives (1984) and Calzolari and Pavan (2006) show that information
disclosure is not necessarily harmful to consumers. Vives (1984) illustrates this by
comparing the utility of a representative consumer across full and no disclosure when
firms share symmetric normally distributed private information. Calzolari and Pavan
(2006) study a sequential setting in which the Stackelberg leader must provide incen-
tives to consumers to reveal their private information to be able to share it with its
follower. They focus on the leader’s optimal disclosure policy, whereas I focus on the
optimal disclosure for consumers. Regarding welfare, Vives (1984) also shows that
full disclosure dominates no disclosure if and only if firms offer sufficiently close sub-
stitutes, yet I show that restricting to full and no disclosure is with loss of generality
since partial disclosure can be consumer and welfare optimal. My results regarding
welfare relate to Ui and Yoshizawa (2015), who study the social value of information
restricted to symmetric normally distributed signals and symmetric equilibria. They
show that welfare decreases in the precision of private information and increases in
the precision of public information if goods are close substitutes, intuitively related
to the optimality of either full or private partial disclosure as I fully characterize in

this paper.

More broadly, the paper contributes to the literature on information design in games

6Bergemann and Morris (2013), Bergemann, Heumann, and Morris (2015) and Eliaz and Forges
(2015) analyze producer optimal disclosure in Cournot settings with perfect substitutes and infor-
mation symmetry. They show that it is with loss of generality to restrict attention to a common
and, hence, perfectly correlated disclosure.

"In sequential settings, the role of current choices as a costly persuasion device to influence
the precision of future information has been studied in Mailath (1989), Mirman, Samuelson, and
Urbano (1993), Mirman, Samuelson, and Schlee (1994), Harrington (1995), Keller and Rady (2003),
Taylor (2004), Bernhardt and Taub (2015), Bonatti, Cisternas, and Toikka (2017).



as studied in papers like Taneva (2019) and Mathevet, Perego, and Taneva (2020).
I characterize the optimal recommendation mechanism in a Bertrand setting with
product differentiation and information asymmetry. It is most closely related to
the literature on consumer optimal information design, which analyzes the effect of
information about buyers’ valuation on pricing and welfare allocation. This litera-
ture has focused on buyer optimal learning, consumer optimal market segmentation
and on the incentives of consumers to disclose their preferences directly to firms.
Within the buyer optimal learning literature, Roesler and Szentes (2017) analyzes
the effect of a buyer’s information on monopoly pricing and characterizes optimal
buyer learning. In a duopoly setting, Armstrong and Zhou (2019) studies competi-
tion between firms when consumers observe a private signal about their valuation and
characterizes consumer optimal learning. Within the consumer optimal segmentation
literature, Bergemann, Brooks, and Morris (2015) analyzes the welfare consequences
of a monopolist having access to additional information about consumer preferences
and characterize the feasible welfare outcomes achieved by segmentation. Li (2020)
extends the insights from Bergemann, Brooks, and Morris (2015) to an oligopoly
setting and characterizes the consumer-optimal market segmentation in competitive
markets. Elliott, Galeotti, and Koh (2020) studies how information about consumer
preferences should be distributed across firms which compete by offering personalized
discounts to consumers and provides necessary and sufficient conditions under which
perfect segmentation can be achieved. Lastly, Ichihashi (2020) studies the welfare
effects of consumers disclosing information about their valuation with a monopolist,
whereas Ali, Lewis, and Vasserman (2020) analyzes the consumer optimal disclosure
of information about their preferences in monopolistic and competitive markets. In
contrast, I focus on the welfare consequences of an unequal distribution of consumer
data across firms and the effect of information disclosure between firms. In particu-
lar, I characterize the optimal disclosure policy between firms for consumers, which

affects consumers indirectly by affecting prices.

The remainder of the paper is organized as follows: Section 1 presents an example,
Section 2 outlines the model and preliminary results, Section 3 derives the informed
firm optimal disclosure, Section 4 derives the consumer optimal disclosure, Section 5
derives the producer and welfare optimal disclosures, Section 6 discusses extensions,

and Section 7 concludes.



2.2 Motivating example

Two firms compete by simultaneously setting prices and offer differentiated sub-
stitutes. Firm profits depend on the realization of a binary state, § € O, which
represents the level of demand. For this example, assume that © = {1,2.8}, where
the low state occurs with probability u; = % and the high state with probability

pg = 5. Firm ¢’s demand is given by

¢i((pi, p—i); 0) = max{0,0 — 2.1p; + 2p_; }.

The effect of i’s pricing decision on its quantity demanded exceeds the effect of j’s
pricing decision, representing the differentiation between goods. Firms’ costs are

Zero.

Firm 1 (the informed firm) observes the state, whereas firm 2 (the uninformed firm)
initially has no information beyond the prior. Before the realization of the state, the
informed firm commits to an information structure which discloses none, some, or all
of its private information to the uninformed firm. For simplicity, in this example, I
restrict attention to information structures with binary support: conditional on the
state, the uninformed firm privately observes either a low signal sy or a high signal
sy. In the low state §;, = 1, the low signal is observed with probability =, € [0, 1],
whereas the high signal is observed with the complementary probability 1 — z;. In
the high state g = 2.8, the high signal is observed with probability gy € [0, 1]
and the low signal with probability 1 — zy. Signal sy is more likely to occur than
sy when the state is low than when state is high, implying that x;, + xyg > 1.
Denote the information structure by (xp,zy), where full (no) disclosure is captured

by 2y =ap =1 (zp =2y =1).

Given the information structure, firms choose a pricing strategy, which consists of a
price conditional on their private information to maximize expected profits. Denote
by pi(0; (xr,zy)) the informed firm’s equilibrium price when the state is 6 and by

p5(s; (1, zg)) the uninformed firm’s equilibrium price after observing signal s.

The informed firm’s expected equilibrium profits are strictly increasing in the pre-

cision of the information structure.® Hence, it is optimal for it to commit to share

8The informed firm’s expected equilibrium profits, E[II} (zr, zg)] = 2.1E [p;(0; (z1,2H))?] , are

10
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Figure 2.1: Informed firm’s expected demand and profits in each state with full
disclosure (blue line and blue shaded region) vs no disclosure (red line and red shaded
region).

all of its private information with the uninformed firm. In Figure 2.1, I illustrate
the optimality of full disclosure, showing its effect on prices, demand and profits in
the informed firm’s market. Changes in the information observed by the uninformed
firm impact equilibrium pricing and, as a result, the expected demand faced by the
informed firm. From the informed firm’s perspective, a more precise signal increases
the uninformed firm’s expected equilibrium price in the high state and lowers it in
the low state.® As a result, with substitutes, a more precise information disclosure
increases (decreases) the informed firm’s expected demand in the high (low) state,
shifting the demand outward (inward) in Figure 2.1. In the high state, the informed
firm increases its profits by raising the price on inframarginal consumers who were
already buying its product and gaining marginal consumers from the uninformed
firm’s market. In the low state, the informed firm’s profits are lower since it charges

a lower price and faces a lower level of demand. Nevertheless, the bigger size of the

strictly increasing in both xy and xp, because

O[T} (zL, xm))
Brk

op3(0; (xp,x op3(0; (x,x opy(0; (xp, =
=21 nepi(6; (zr,zm)) i em) - 010 G en) |, Opi G e ) 8(1: )

>0
0co 8mk 8:Ek

and the informed firm sets a higher price in the high state.

9The uninformed firm’s optimal price is linear in its expectation of the state. Then, changes in
its pricing across states due to disclosure depends on its prior. After observing the low signal sy, it
lowers its price by a relatively small amount if it already believed that the low state was more likely.
In contrast, after observing the high signal sy, its price increase is bigger, reflecting its change in
beliefs about the state.

11



market implies that the stakes are higher in the high state, such that the gains from
a price bonus there outweigh the losses from a price penalty in the low state. As a

result, it is optimal for the informed firm to disclose its private information.

However, full disclosure is detrimental for consumers. Consumers are better off
with no disclosure between firms, as illustrated in Table 2.1. Still, while completely
restricting disclosure may seem optimal, private partial disclosure can benefit con-
sumers. For instance, private partial disclosure characterized by (zp,xy) = (%, 1)
yields a higher expected consumer surplus than no disclosure, as also illustrated in
Table 2.1.19

No: (zp,zn) = (3,3) | Partial: (zp,xg) = (3,1) | Full: (wp,2m) = (1,1)
Om) (0.55,0.08) (0.54, 1) (0.45, 1.27)
5(SH) (0.66,0.66) (0.49,0.76) (0.4,1.27)

cSs 1.26 1.27 1.18

Table 2.1: Prices and Consumer surplus comparison with no, partial and full disclo-
sure.

Intuitively, private partial disclosure impacts consumer surplus in two ways. First, it
gives the uninformed firm information about the state, improving the ability of firms
to extract surplus from consumers. Second, it introduces uncertainty in the pricing of
firms, because each firm is uncertain about the information observed by its competi-
tor. This increases the range of prices in each state, such that consumers can benefit
from price arbitrage by choosing from which firm to buy after observing prices. In
fact, it creates a pricing coordination failure between firms with positive probability,

given that they choose prices without observing its competitor’s information.

Figure 2.2 illustrates ex-post consumer surplus with no disclosure and partial disclo-
sure (zr,ry) = (%, 1) in each market. Each panel illustrates consumer surplus when
the realized state is # and the uninformed firm observes signal s,. With this partial
disclosure, the uninformed firm observes signal sy with probability 1 when the state

is high, so only three panels per market are displayed.

In the uninformed firm’s market, expected consumer surplus decreases with partial

disclosure due to changes in its pricing. There is little change in its demand, since

10Consumers benefit from partial disclosure when it is private, in which case the informed firm
doesn’t observe the signal realization of the uninformed firm. If disclosure is public, no disclosure
is optimal.
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(d) Market of firm 2: (6, sr) (e) Market of firm 2: (01, sg) (f) Market of firm 2: (0, sm)

Figure 2.2: Ex-post consumer surplus with no disclosure (shaded red area) vs partial
disclosure (zr,zy) = (1,1) (shaded green area).

the informed firm knows the state and therefore does not substantially change its
pricing based on the disclosure policy. As shown in panel (d) (panels (e) and (f)),
when the uninformed firm observes the low (high) signal, it decreases (increases) its
price, increasing (decreasing) quantity sold and consumer surplus. The net effect on
expected consumer surplus is negative due to the larger size of the market in the

high state, as illustrated in panel (b) of Figure 2.3.

In the informed firm’s market, expected consumer surplus increases with partial dis-
closure. In contrast to market 2, the pricing of the informed firm changes little across
disclosure policies, such that changes in consumer surplus are driven by changes in
the level of demand from the uninformed firm’s pricing. In particular, the informed
firm’s demand shifts inward when the uninformed firm observes the low signal (panel
(a)) and outward when it observes the high signal (panels (b) and (c)). Accordingly,
most of the gain in consumer surplus occurs when the uninformed firm observes the
high signal, especially when the state is low. In that case, there is a mismatch be-
tween the signal realization and the state, implying that the uninformed firm charges
a high price. However, since the informed firm doesn’t observe the uninformed firm’s
signal, it can’t take advantage of the uninformed firm’s high price. Through price

arbitrage, consumers avoid the high price in the uninformed firm’s market by buying
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(a) Market of firm 1 (b) Market of firm 2

Figure 2.3: Weighted change in consumer surplus from partial disclosure vs. no
disclosure

from the informed firm at the lower price. Overall, as shown in panel (a) of Fig-
ure 2.3, the expected change in consumer surplus for market 1 is positive and exceeds

the loss in market 2, showing that partial disclosure is optimal for consumers.

2.3 The model

Two symmetric firms offer horizontally differentiated substitutes and compete by
simultaneously setting prices. Firm profits depend on the realization of a binary
payoff-relevant state, § € © = {0.,0g} with 8y > 6, > 0. Firms share a common
prior about the state where the probability of # € © is denoted by ug € (0,1). Firm
i’s demand, ¢;((p;, p—:);0), is given by

¢ ((piyp—i); 0) = max{0,6 — ap; + bp_;} (2.1)

where a and b are known parameters with a > b > 0.1 As can be seen from (2.1),
the state represents the level of demand and, since firms offer substitutes, both the
state and the price of the competitor are positive demand shifters which increase
quantity demanded at every price. Define ¢ as the ratio of b and a, which measures

the degree of differentiation. As § converges to 0, goods are more differentiated and

"' The relationship between a and b implies that demand is more sensitive to a firm’s own price
than the price of its competitor, ensuring that equilibrium prices are finite.
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as ¢ converges to 1, goods are closer substitutes. Also, assume that

4a? — b?

g < ———
H™ 9q2 _p2

9L7

ensuring that equilibrium prices and quantities are non-negative. Firms’ costs are

zero.'? Hence, firm i’s ex-post profits, II; : RT x © — R, correspond to

L ((ps, p-i); 0) = pi - @:((pi, p—i); 0).

Given the state and prices (p;, p—;), ex-post consumer surplus in the market of firm
i is the difference between consumers’ ex-post willingness to pay for the good and
the equilibrium price. The ex-post willingness to pay of consumers in the market of

firm 4 is characterized by the ex-post inverse demand, p;(g;; p—;, 6), given by

a

0+bp_i —q;
pi(Qi;p—iag) = Inax {O,M}

where demand is generated by a continuum of heterogeneous consumers making
discrete choices (Armstrong and Vickers, 2015).1% Then, ex-post consumer surplus

2Including linear or quadratic costs has no impact on the results.
13 Assume a continuum of consumers with heterogeneous preferences. Consumer ¢ has valuation
vg,; for one unit of the good offered by firm 4, where v = (vg,1, vg,2) is drawn from a joint cumulative
distribution G(v). Consumer ¢ attaches no value to more than one unit of either good and wishes
to buy either a single unit of one good or to not buy any of them. Then, consumer ¢ buys from firm
i if ve; — p; > max;£;{0,ve; — p;}, where the outside option is normalized to zero. The demand
for product i, ¢;(p), is then the measure of consumers ¢ who satisfy v, ; —p; > max;-;{0,v,; —p;}.
Armstrong and Vickers (2015) shows that the linear demand model defined by (2.1) can be micro-
founded by this discrete choice model, since
0ai((pirp-i):0) _ Oa-i((pip—i)i0) o O Dieqr o) GlPip-i):0)

<0.
Op—; Op; Op;Op—; -

In this context, consumer £ who buys from firm ¢ receives surplus v, ; — p; and the consumer surplus
in market ¢ is simple the sum of the surpluses of consumers ¢ who purchase good i. Given that
there is a continuum of consumers, this coincides with (2.2). Furthermore, since consumers buy at
most one product, total ex-post consumer surplus is simply the sum across markets. See Choné
and Linnemer (2020) for a survey of micro-foundations of a linear demand system.
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in market of firm ¢, C'S; : R x © — R, corresponds to

1 [0+bpi  O+bpi —qi((pip-i);b)

CSi((pisp-i);0) = 5 P . qi((pisp—i); 0)
= i%((pi,pfi);ma (2.2)

where the term in square brackets corresponds to the difference between the demand

intercept and the equilibrium price.

Information environment. Firm 1 (the informed firm) knows the state, whereas
firm 2 (the uninformed firm) initially has no information beyond the common prior.
Assume that a designer can restrict (or require) information sharing between firms by
choosing the information observed by the uninformed firm. The designer selects and
commits to an information structure before the realization of the state, which dis-
closes none, some, or all of the informed firm’s private information to the uninformed
firm. Let S5 be the set of signal realizations observed by firm 2. Signal realizations
are private.!* An information structure consists of a set of signal realizations Sy and

a family of conditional distributions 15 : © — A(S,).

Pricing game. Given the information structure (S, ¢2), firms play a pricing game
in which they condition their pricing choices on their information by selecting map-
pings

Br:O = A(Ry) and By : Sy — A(RS)

to maximize their expected profits. Specifically, the timing is as follows: (i) the
designer selects and commits to an information structure (Ss,12); (ii) the state 6 is
realized; (iii) the signal is realized and privately observed by the uninformed firm
according to (Ss,15); (iv) firms update their beliefs according to Bayes’ rule and

simultaneously choose prices; (v) payoffs are realized.

The solution concept is Bayes Nash equilibrium (BNE). A strategy profile (,él, 52) is

1 Allowing for public signals has no effect on the optimal disclosure for firms. However, consumers
are better off when signals are private for any disclosure policy. Then, a designer concerned about
consumers would optimally commit to private disclosure. See Lemma II.8.
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a BNE if, for all p; € R, selected with positive probability,

/ / L, ((p1, p2): 6)d B (pa) s2)dupn (s2]6) > / / L (9, p2): 0)d B (2] 52) dup(52]6)
So JR4 Sa JRy
(2.3)

for all p; € Ry and 6 € © and

ZM&/ M ((p2, p1); 0)dB1 (p1]6) > ZM@/ o((ph, p1); 0)dBr(p1l0)  (24)
bco bco

for all pf, € Ry and sy € Sy. Denote by 3(52,1/12) the set of BNE in the pricing

game.

For any information structure (Ss, 1), the existence and uniqueness of the BNE is
guaranteed by Ui (2016), which provides sufficient conditions for the existence and
uniqueness of the BNE in Bayesian games with concave and continuously differen-
tiable payoff functions. This result is formalized in Lemma II.1. The proofs of this

result and all subsequent others are in Appendix A.2.
Lemma I1.1 For all information structures (So,19), the set of BNE in the pricing

game E(Sa, 1) is a singleton.

Information disclosure. The choice of information structure (S, 1) determines
the equilibrium in the pricing game. The designer chooses an information structure
to maximize its ex-ante expected payoff such that (57 (p1]6), B3 (pa|s2)) is the BNE of

the pricing game. I consider four objective functions for the designer:

1. Informed firm expected profits:

E [ (o1, p2); ) = 3 o / | np2)i 00335 el se)a5i 1)l

0cO

2. Expected Consumer surplus:

EIOS(prp2)if)] =5 > po /S / /q Pir p—i);0)2A37 (p1]0)A53 (pal s2)diba (52]0)

ie{l, 2} 0co

17



3. Expected Producer surplus:

S EM(pLp)i0)= S /5 /R /R (b, p—1); )55 (p1|0) A5 (pls2) s (516)

i=1,2 i=1,2,0€0
4. Expected Welfare:

E[W((p1,p2);0)] := B[CS((p1, p2); )] + D E[Li((p1,p2); 0)].

i=1,2

The interpretation of the role of the designer varies depending on their objective
function. If the designer’s objective is to maximize the informed firm’s expected
profits, then it is as if the informed firm is choosing how much information to dis-
close to its competitor. If the designer’s objective is to maximize expected producer
surplus, it is as if there is a collusive agreement between firms to determine optimal
disclosure of information among them. Lastly, if the designer’s objective is to max-
imize expected consumer surplus or welfare, the interpretation of the designer is as

a regulator.

The main effects of information disclosure on welfare are captured by the trade offs
arising from the informed firm and the consumer optimal disclosures. The insights
obtained by analyzing them extend to the producer surplus and welfare optimal

disclosures.

2.3.1 Preliminary results

2.3.1.1 Equivalence to recommendation mechanisms

This section simplifies the information design problem by constraining the set of
information structures. Taneva (2019) shows that it is without loss of generality
to restrict attention to information structures where signals are equilibrium rec-
ommendations conditional on the state. I present an extension to compact action
spaces and bounded, continuous real-valued payoff functions, restricting attention to

pi € [0, 2] for all i € {1,2}." In a recommendation mechanism, the pricing rule

c:0 = A ([O, %]2> recommends a price for each firm such that the obedience

15This restriction is without loss of generality, since any price above % induces no trade and
profits of zero for firm 3.
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constraints are satisfied, ensuring that firms are willing to follow the price recom-
mendation. Any pricing rule which satisfies the obedience constraints is a Bayes
Correlated Equilibrium (BCE), as introduced by Bergemann and Morris (2013). A

pricing rule 0 : © — A ([O, %]2> is a BCE if

S [ L, ((pi, p—s), O)do (s, p—:)16)

9co p_ie[o,%]
Zzﬂe/_ . 1 Ll (P i), 0)da(pi, i) 6) (2.5)
EC) P—ZG[O’H]

for all p; € supp o, p} € [0, %}7 and ¢ € {1,2}.

Consider an analogous information environment in which both firms observe a private
signal about the state such that the informed firm’s signal is perfectly informative.
In what follows, I show that it is without loss of generality to interpret signals (s1, s2)
as equilibrium recommendations in which each signal recommends a price to each
firm. Define the information structure as the joint distribution of signals. Let S; be
the set of private signal realizations for firm 7. An information structure consists of
a set of signal realizations and a family of conditional distributions ¢ : © — A(S5),
where S = 51 X Sy = {sp, sy} x Sa. Let ¢; : © — A(S;) be the marginal distribution
of signal s; € S; given the information structure (S, 7). The marginal distribution 1),
is fully informative about the state, which implies that the probability of observing

signal s, conditional on state 6, is 1.

Given the information structure (S,1), firms play a pricing game in which they
condition their pricing choices on their signal realization by selecting a mapping
Bi S — A( [O }) to maximize their expected profits. A strategy profile (31, 52)
is a BNE if, for all p; € [O, fTH} with B;(pi|s;) > 0 for all i, we have

ZM@ ((pi, p—i); 0)dB—i(p—ils—i)dip((si, s-i)|0)

0cO

>Zu9 (P} p—i); 0)AB_i(p—i|s—i)dw((si, s-:)|0) (2:6)
0cO

for all p; € [0, 2], s € S and i € {1,2}. Denote by £(S,1) the set of BNE in the

a

pricing game.
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First, Lemma II.2 is an equivalence result stating that every possible BCE distribu-
tion can be replicated as a BNE by appropriately choosing the information structure.
Intuitively, any correlation between obedient pricing choices can be generated as a
BCE. In a BNE, all the correlation between pricing choices is generated through the

information structure (.S, ¢).
Lemma IL.2 The set of BCE coincides with Ug4)E(S, ).

Second, Lemma II.3 implies that it is without loss of generality to restrict attention
to recommendation mechanisms. Formally, an information structure (S,) is a rec-
ommendation mechanism if S = [O, %]2. In a recommendation mechanism, signals
act as pricing recommendations which firms are willing to follow as long as their

competitor does as well.

Lemma IL.3 For every o € Ug,)E(S,%), there exists a recommendation mecha-

nism <[O, %}2,0> such that o € € ([0, %}2,(7).

2.3.1.2 Existence of optimal recommendation mechanism

The existence of the optimal recommendation mechanism stated in Lemma II.4 is
guaranteed by the Weierstrass extreme value theorem. First, the existence of corre-
lated equilibria for games in which players receive private signals and simultaneously
choose actions from compact sets is established in Stinchcombe (2011). Second, the
set of BCE is compact in the weak™ topology, since it is the set of all probability mea-
sures on a compact set.'® Then, the designer’s problem is to maximize a continuous

function of o over a non-empty compact set.

Lemma 11.4 The optimal recommendation mechanism exists.

6With full disclosure, equilibrium prices are

0

F —

It follows that firms have no incentives to set prices above p! (8) or below pf (01), because such
prices would never be part of a BNE of the pricing game. Hence, the support of any obedient
recommendation mechanism must be a subset of [pf'(0;,), p¥'(0x)]?. See Appendix A.2 for a formal
argument.
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2.4 Informed firm optimal disclosure

In this section, I consider the case in which the informed firm directly determines its
optimal information disclosure. That is, assume that the designer’s objective is to

maximize the informed firm’s expected profits,

E 0y 1 ((p1, p2); Zua/ﬂl p1,p2); 0)do((p1,p2)|0).
9o

The informed firm chooses a feasible obedient recommendation mechanism o to max-
imize its expected equilibrium profits in the pricing game. Proposition II.1 states

that it is optimal for the informed firm to share its information.

Proposition I1.1 (Informed firm optimal disclosure) [t is optimal for the in-

formed firm to fully reveal its private information to the uninformed firm.

The optimal disclosure policy is determined by the fact that pricing choices are
strategic complements, which determines the effect of changes in the precision of the
uninformed firm’s signal on the informed firm’s expected profits. In particular, the

informed firm’s expected equilibrium profits, E, ) [I1{((p1,p2); #)], can be expressed

<9+b1§2[p2|9]>2] |

Then, maximizing the informed firm’s expected equilibrium profits is equivalent to

as

E (o) [T} ((p1,p2); 0)] = aE,,

maximizing the distance between the expected equilibrium prices set by the unin-
formed firm across states, E,[p2|0r] and E,[ps|0y], because of the convexity of the
informed firm’s expected equilibrium profits with respect to the conditional expec-
tation of the uninformed firm’s price. With no disclosure, the uninformed firm sets
one price in both states. Increasing the precision of the signal observed by the unin-
formed firm increases the correlation between its expected price and the state and,
therefore, variation in its expected price. As a result, full disclosure maximizes the

informed firm’s expected profits.

Intuitively, increasing the precision of the signal observed by the uninformed firm

increases its certainty about the state, increasing (decreasing) expected demand when
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its posterior beliefs suggest that the high (low) state is more likely. Accordingly,
the uninformed firm increases its expected equilibrium price in the high state and
decreases it in the low state. The higher competitor price translates to a higher
demand for the informed firm, allowing it to increase its own price in the high state,
since firms offer substitutes. The informed firm then sells a higher quantity at a
higher price, increasing profits. The opposite is true in the low state since it charges
a lower price and faces lower demand, but the expected profit gain in the high state
exceeds the expected loss in the low state given the larger size of the market in the
high state. Hence, the informed firm benefits from price correlation and its expected
equilibrium profits increase in the precision of the uninformed firm’s signal. Since
this precision is maximized by full disclosure, it is optimal for the informed firm to

fully disclose its private information.

The optimality of full disclosure doesn’t rely on the linearity of demand. As formal-
ized in Proposition A.1 in Appendix A.4, full disclosure is optimal if the informed
firm’s expected equilibrium profits are supermodular in the state and the uninformed
firm’s price. I also show that no disclosure is optimal if the informed firm’s expected
equilibrium profits are submodular in the state and the uninformed firm’s price.
This implies that it is optimal for the informed firm to reveal no information to its
competitor when they compete by setting prices and offer differentiated complement
goods. Kolotilin and Wolitzky (2020) obtain a related result in a setting in which
the sender and the receiver do no interact. They show that supermodularity of the
sender’s objective function with respect to the state and the receiver’s action is a
sufficient condition for the optimality of full disclosure in decision problems. My re-
sults strengthen findings from previous work (Vives (1984), Vives (1990) and Raith
(1996)), showing the optimality of either full or no information disclosure in a setting
of information asymmetry where the distribution of the uninformed firm’s signal and
the correlation with the informed firm’s signal are unrestricted.!” One takeaway from
my results is that it can be optimal for a firm to disclose information to a competitor
even when it has no information to gain in return, because the firm can use disclosure

to influence competitor prices.

1" They also strengthen results from Novshek and Sonnenschein (1982), Clarke (1983) and Gal-Or
(1985), given that Cournot with substitutes (complements) is equivalent to Bertrand with comple-
ments (substitutes) from the point of view of firms, as discussed in Raith (1996).
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2.5 Consumer optimal disclosure

In this section, I interpret the designer as a regulator whose objective is to determine
the consumer optimal disclosure. In particular, assume that the designer’s objective
is to choose an obedient price recommendation mechanism o that maximizes expected

consumer surplus, given by

B (OS2 0] = 5 S S s [ ail(pip-2)s6)2do((pisp-i)l).

i€{1,2} 6€©

The optimal disclosure is formalized in Proposition I1.2. Partial disclosure is optimal
for consumers when firms offer sufficiently close substitutes. Otherwise, no disclosure
is optimal. Disclosure allows the uninformed firm to better tailor its price to the
state, which in turns increases the ability of firms to extract surplus from consumers.
But, private disclosure allows consumers to arbitrage prices by creating a potential

coordination failure in firm pricing.

Proposition I1.2 (Consumer optimal disclosure) If the designer’s objective is
to mazimize expected consumer surplus, there ezists an & € (0,¢] such that partial
disclosure is optimal if § € (&, 1) and no disclosure is optimal otherwise, where ¢ is

the cutoff for binary information structures.

Intuitively, the impact of disclosure on consumer surplus is determined through two
channels. On the one hand, disclosure provides the uninformed firm with information
about the state, which increases the correlation between its pricing and the state.
Indirectly, this also increases pricing correlation across firms, since the informed firm
knows the state. Accordingly, in expectation, firms more accurately tailor their prices
to the demand they face, allowing firms to better extract surplus from consumers. On
the other hand, it creates uncertainty in firms’ pricing decisions, because both firms
now have private information. Even if disclosure increases expected price correlation
between firms, uncertainty about the signal realization observed by their competitor
generates a pricing coordination failure with positive probability. That is, the unin-
formed firm may observe a signal realization that mismatches with the state, setting
a price tailored to the incorrect state. In contrast, the informed firm sets a price tai-

lored to the realized state. When the mismatch occurs and firms set different prices,
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consumers benefit from arbitraging prices by selecting from which firm to purchase

after observing prices. Private disclosure can thus benefit consumers.

The relative impact of these effects on consumer surplus is determined by the degree
of differentiation between goods. When goods are close substitutes, a price differ-
ential between firms caused by partial private disclosure induces a large segment of
the market to buy from the firm with a comparatively low price, creating large gains
in consumer surplus with positive probability. In contrast, when goods are not close
substitutes, the pricing coordination failure has little impact on the demand that
firms face, yielding negligible benefits from price arbitrage. Accordingly, when goods
are sufficiently close substitutes, private partial disclosure creates a large enough ex-
pected benefit from a potential price coordination failure to provide incentives for

the regulator to impose partial disclosure. Otherwise, no disclosure is optimal.

The sketch of the proof is as follows. First, I verify that no disclosure yields a
higher expected consumer surplus than full disclosure for all demand parameters
and prior distributions of the state. Second, I show that the difference between the
expected consumer surplus with partial disclosure o and no disclosure oV, denoted
by AE[CS](0), is a continuous and strictly increasing function of ¢ for all o. Third,
I show that the optimal disclosure is determined by the degree of substitution §.
As a first step, I restrict attention to binary information structures and show that
there exists a cutoff ¢ in the degree of differentiation above which partial disclosure
is optimal.'® As a second step, I show that no disclosure o yields a higher expected
consumer surplus than any recommendation mechanism o when 6 — 0. Hence,
the intermediate value theorem implies that there exists a cutoff in the degree of
differentiation, & € (0, ¢], above which partial disclosure is optimal and in particular

better than no disclosure.

More specifically, in the unique BNE of the pricing game, the informed firm’s optimal
pricing strategy is determined by the price recommendation made to the uninformed
firm. Define o(py|0) as the price recommendation to the uninformed firm given the

equilibrium price recommendations o((p1, p2);#). The informed firm’s recommended

18Proposition I1.3 shows that the consumer optimal disclosure in fact has binary support.
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prices satisfy

" 0+ b | podo(ps|0
(o) = L0 P eal0)

This implies that, for any obedient recommendation mechanism o((p1, p2);0), it is
sufficient to pin down o(py|f) since it determines both firms’ equilibrium pricing
decisions. Then, relying on properties of expectations and variances, the difference
between expected consumer surplus with partial disclosure E(, »)[C'S((p1,p2); 0)] and
no disclosure E, ,~[CS((p1,p2);0)] is a linear combination of three moments of

o(p2|0) that can be expressed as
AE[CS](0) = C1(0,a)V .0\ [p2] — C2(6)Cov(y0)(8, p2) — C5(0,0)V ,[Eq[p2|6]],

where Cj(-) is strictly positive for all & € {1,2,3}, V(,.+)[p2] represents the variance
of the uninformed firm’s price, Cov(, (0, p2) represents the covariance between the
uninformed firm’s price and the state and V,[E,[p2|0]] denotes the variance of the

conditional expectation of the uninformed firm’s price conditional on the state.

These three moments determine the impact of information disclosure on consumer
surplus through relative changes in the level of demand and pricing in each mar-
ket.

1. The expected gain in consumer surplus increases in the variance of the un-
informed firm’s price, V, , [p2], because it increases the opportunity for con-
sumers to arbitrage price differences between firms and substitute between
them.

2. The expected gain decreases in the covariance between the uninformed firm’s
price and the state, Cov, »)[p2, 0], since it captures surplus extraction from

consumers through the uninformed firm’s better pricing decision.

3. The expected gain decreases in the variance of the expectation of ps conditional
on the state, V,[E,[p2|0]], because it captures the effect of disclosure on the
informed firm’s pricing. In particular, an increase of V,[E,[p2|6]], reduces the
informed firm’s uncertainty about the uninformed firm’s pricing and increases

price correlation between firms.
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Therefore, Cov, q)[p2,0] and V,[E,[p,|0]] measure the loss in expected consumer
surplus from disclosure due to the increased ability of firms to extract surplus from
consumers. Increasing information disclosure increases all three moments, but their
relative magnitude is determined by the degree of differentiation which pins down
firms’ optimal pricing and how willing consumers are to substitute between goods.
In particular, the benefit for consumers increases as firms offer closer substitutes,
whereas the ability of firms to extract surplus from consumers decreases since this
decreases their market power. As a result, partial disclosure is optimal for consumers

when firms offer sufficiently close substitutes.

Next, when partial disclosure is optimal, I characterize the optimal partially informa-
tive recommendation mechanism in Proposition I1.3. The optimal price recommen-
dation mechanism recommends at most two prices: a low price only recommended
in the low state and a high price recommended in both states. The recommended
prices maximize the uninformed firm’s expected profits given its beliefs about the
state. Then, the optimal price recommendation mechanism is characterized by the
probability of recommending the low price in the low state, denoted by A*, where \*
determines the recommended prices p;, and py and is chosen to maximize expected

consumer surplus subject to firm optimal pricing.!®

Proposition I1.3 (Consumer optimal recommendation mechanism) Any con-
sumer optimal recommendation mechanism recommends at most two prices. If an
optimal mechanism discloses information, then there exists an optimal mechanisms
that recommends one price pr, only when the state is low and another price py in

both states where

N 4(12[1 —/LL/\*]9L+b2MH[(1—)\*)9H —QL]
PL= (2a — 1) [4a2(1 — ppA*) — b2ug A
N 4a? [MHHH—F,UL(l—)\*)eL} —bZ,UJH)\*QH
b (20 — b) [4a2(1 — pL ) — B2

and \* = o(prl0r) € (0,1) is

4[6(1—36%) +6(1 —6%)]

N = '
prd® + 2updt — (12 — pp)d® — 6(4 — pp)d? +4(1 — pp)d + 24(1 — pm)

9Tn this context, the price coordination failure occurs when the low state is realized and the
uninformed firm is recommended to price high.
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Intuitively, consumers gain from disclosure when there are differences in firms’ pric-
ing. In particular, when the state is high and the informed firm sets a corresponding
high price, it would be good for consumers for the uninformed firm to observe a
low price recommendation, because this allows a segment of consumers to substitute
goods and purchase from the uninformed firm at a low price. Similarly, it would be
best for consumers for the uninformed firm to observe a high price recommendation

in the low state, since the informed firm is already setting a low price.

Moreover, in the high state, recommending an intermediate price to the uninformed
firm rather than a low price would provide less benefit to consumers, implying that
it is optimal for consumers to recommend at most two prices in the that state. Given
that no intermediate price would be recommended in the high state, an intermediate
price recommendation would reveal to the uninformed firm that the state is low, but
the uninformed firm would only be willing to set the low price in that case. Hence,

an optimal price recommendation mechanism recommends at most two prices.

Lastly, with linear demand, recommending a unique price in the low state or the high
state is equivalent, since both options yield the same expected consumer surplus given
that consumers benefit from price differentials induced by uncertainty among firms.
This implies that there exists an optimal price recommendation mechanism, charac-
terized in Proposition I1.3, which recommends at most two prices with a unique price
recommended in the high state. This price recommendation mechanism minimizes

the level of prices set by firms.

The sketch of the proof of Proposition I1.3 is as follows. First, fixing an arbitraty
0, 1 show that, for any partially informative obedient recommendation mechanism
o, at most two prices are recommended in state € if only one price is recommended
when the state is 8’ # 0. If a unique price p is recommended when the state is ¢,
observing any other recommendation ps # p reveals to the uninformed firm that the
state is # # 6’. When the uninformed firm knows that the level of demand is 6, the
obedience constraint implies that there is a unique price that it is willing to set. As
a result, it is not possible to recommend more than two obedient prices across states.
Second, I show that it is optimal for the regulator to recommend a unique price when

the state is 6’. These results imply that the optimal information structure sends at
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most two price recommendations. Further, it is fully characterized by the probability
of recommending one of the optimal prices when the state is #. Since the benefit
from partial disclosure is a consequence of the induced uncertainty between firms,
the choice of the state # in which two prices are recommended is inconsequential for
consumers because of the linearity of demand. Without loss of generality, I focus on

the case in which two prices are recommended in the low state.?”

Proposition I1.3 also implies that the cutoff for the optimality of partial disclosure co-
incides with the cutoff for binary structures (& = ¢). Then, Figure 2.4 illustrates the
optimal disclosure policy. Partial disclosure maximizes expected consumer surplus if
the degree of differentiation d belongs to the blue shaded region, while no disclosure
is optimal for consumers if § belongs to the red shaded region. Depending on the
demand parameters and distribution of the state, the optimal partial disclosure can
increase expected consumer surplus by up to 2% with respect to no disclosure and

10% with respect to full disclosure.?!

20With linear demand and binary price recommendations, characterized by z, = P(py = p¢|6 =
0¢) with ¢ € {L, H}, the first order conditions of the regulator’s maximization problem are collinear.
As a result, it is possible to set either x; or xy to 1 since the optimality conditions define a
relationship between them. In contrast, preliminary results suggest that with a quadratic demand
given by ¢;(pi,p—i;0) = max{0,0 + bp_; — ap; — cp?} where c is positive and sufficiently small, it is
optimal to recommend two prices in the low state and one price in the high state. Similarly, when
c is negative and sufficiently small, it is optimal to recommend two prices in the high state and one
price in the low state.

21Given demand parameters, a and b and the distribution of the state, determined by 67, 85 and
wm, define n(a,b, 01,0y, pg) as the maximum expected consumer surplus given by

n(aab7 eLaeHHU/H) = Inax E[CS((p17p2)a9)]
A€0,1]

Then, the maximum increases in consumer surplus compared to no and full disclosure are obtained
by maximizing the following functions

n(au b7 aLa 9H7 /J'H) - ]E(H,O'N) [CS((p17p2>7 9)]

max or
(a,b,0r,0m,p5r) ]E(;L,UN)[CS((pMPZ);g”
max n(a7b7 gLveHaﬂH) 7E(u,aF)[OS((plap2)a9)]
(a;b,0L,0m 051 ) ]E(/L,O'F)[OS((plaPQ)?e)] 7

with respect to feasible demand parameters and parameters governing the distribution of the state.
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Figure 2.4: Consumer optimal disclosure

2.6 Producer surplus and Welfare optimal disclo-

sure

Information disclosure impacts surplus allocation between firms and between firms
and consumers, with potential implications for total welfare. In this section, I first
characterize the disclosure policy that maximizes expected producer surplus and,
combining this result with the consumer optimal disclosure, I derive the expected

welfare maximizing disclosure policy.

2.6.1 Producer Surplus optimal disclosure

In this section, I interpret the designer as a collusive agreement between firms whose

objective is to choose a disclosure policy to maximize expected producer surplus

given by
3 B M (pep-i0) = 3 Yo [ 10 p-0: ) () ).
i=1,2 i€{1,2} 6O

First, it is optimal for the uninformed firm to learn the state, as stated in Lemma I1.5,

because it increases the correlation between its pricing decisions and the state.

Lemma I1.5 The expected profits of the uninformed firm are mazimized by full dis-

closure.

Proposition II.1 and Lemma I1.5 indicate that full disclosure is optimal for both firms,
because it maximizes both the informed and uninformed firm’s expected profits.

Thus, full disclosure maximizes expected producer surplus.
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2.6.2 Welfare optimal disclosure

Assume that the designer, interpreted as a regulator, wants to maximize expected
welfare, defined as the sum of expected consumer and producer surplus. To maximize
expected welfare, the regulator trades off the effect of information disclosure on
firms and consumers, given their conflicting preferences over disclosure policies. In
particular, firms’ expected profits are maximized by full disclosure, whereas expected
consumer surplus is maximized by no or partial disclosure. However, the benefits
from disclosure for both firms and consumers increase as firms offer closer substitutes.
As a result, the optimal disclosure is again determined by the degree of differentiation,

as stated in Proposition I1.4.

Proposition 11.4 (Welfare optimal disclosure) If the designer’s objective is to
mazximize expected welfare, there exists &y € (0,1) and &s € (0,1) such that &y < Gy

and
1. no disclosure is optimal when § € (0, aq].
2. partial disclosure is optimal when § € (ay, ag).
3. full disclosure is optimal when 6 € [ag,1).

When firms offer sufficiently close substitutes, full disclosure is optimal since it is op-
timal for firms and their expected gains exceed expected losses for consumers. When
firms offer sufficiently differentiated substitutes, no disclosure maximizes expected
welfare since it is optimal for consumers and the expected profit gains for firms from
disclosure are small. For intermediate levels of differentiation, partial disclosure is

optimal.??

Ui and Yoshizawa (2015) reach a similar conclusion, restricting attention to sym-
metric normally distributed private and public signals. When firms offer substitutes,
they show that welfare decreases in the precision of private information and increases
in the precision of public information, related to the optimality of either partial or

full disclosure.

22GQuppose instead that the regulator maximizes the weighted sum of producer and consumer
surplus, where w € [0, 1] represents the weight assigned to consumers. The cutoffs @; and as
increase with w: for sufficiently high w, only no or partial disclosure can be optimal; for sufficiently
low values of w, full disclosure is always optimal.
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Proposition I1.5 characterizes the welfare optimal partially informative disclosure
policy. Incentives for partial disclosure are driven by the effect of disclosure on
consumer surplus. Hence, the qualitative features of the disclosure policy are shared
with the consumer optimal one stated in Proposition I1.3. That is, any optimal
partially informative recommendation mechanism has binary support, recommends

one price only when the state is low, and another price in both states.

Proposition I1.5 (Welfare optimal recommendation mechanism) Any welfare
optimal recommendation mechanism recommends at most two prices. If the optimal
mechanism discloses information, then it recommends one price pr, only when the

state is low and another price pgy in both states where

o 4a2[1 — ML)\]HL + bQ/LH[(l — )\)HH — HL]
PL= "0 —b) [4a2(1 — L)) — B2pg ]
. 40? [ppOn + pr(1 — N)0r] — b ugNg
P (2a — b) [4a2(1 — ) — 2\

and X\ :=o(prl0L) € (0,1) mazimizes expected welfare.

The welfare optimal disclosure is illustrated in Figure 2.4. Full disclosure is optimal
if 9 is in the yellow shaded region, partial disclosure in the blue shaded region, while
no disclosure is optimal in the red shaded region. The optimal partial disclosure can
increase welfare by up to 1% with respect no and full disclosure. These results suggest
that a regulator whose objective is to maximize welfare faces a trade off between
consumer and producer surplus, and must take into account the relationship between
markets. It highlights that the task of a regulator can be more nuanced than simply

banning or releasing information: the exact design of information matters.

No disclosure Full disclosure
5K — J
0 1

Partial disclosure

Figure 2.5: Welfare optimal disclosure

2.7 Extensions

Firm optimal disclosure with complements. Assume b € (—a,0) and define

the degree of complementary between goods as § = \§| When goods are comple-
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ments, disclosure increases the uninformed firm’s profits, as stated in Lemma II.5,
but reduces the informed firm’s profits, as formalized in Proposition A.1 in Appendix
A.4. The optimal disclosure policy is determined by comparing the gains of the un-
informed firm to the losses of the informed firm, which are determined by the degree
of complementarity between goods. In particular, if goods are sufficiently comple-
mentary (§ > %), competitor prices have a significant impact on demand. Then, the
negative effect of increased pricing correlation on the informed firm’s profits exceeds
the positive effect of learning about the state on the uninformed firm’s profits. As
a result, no disclosure is optimal. Otherwise, the informed firm’s expected loss from
information disclosure is smaller than the uninformed firm’s expected gain, implying

that full disclosure is optimal. These results are stated in Lemma I1.6.

Lemma I1.6 (Producer surplus optimal disclosure) If the designer’s objective

is to maximize expected producer surplus, full disclosure is optimal if 6 € (0,7%).

Otherwise, no disclosure is optimal.

Eliaz and Forges (2015) study the producer surplus optimal disclosure policy in a
Cournot duopoly with no private information and unknown demand. They show
that it is optimal to fully inform one of the duopolists and disclose no information to
the other when firms offer perfect substitutes. They also show that the producer sur-
plus optimal disclosure consists of fully informing both firms when they offer perfect
complements. Given the correspondence between Cournot and Bertrand discussed
in Raith (1996), my results for complements and substitutes nest theirs, while allow-
ing for more general patterns of complementarity and substitution between goods.
Relatedly, Angeletos and Pavan (2007) show that producer surplus increases with
the precision of public and private normally distributed signals when firms offer sub-
stitutes, related to the optimality of full disclosure. When firms offer complements,
they show that producer surplus increases in the precision of private information,
but can decrease in the precision of public information. In my context, this is ex-
emplified by the designer who may have incentives to force information disclosure
between firms when they offer complementary goods, decreasing the informational

advantage of the informed firm at the benefit of its competitor.

Public signals. Assume that the designer commits to an information structure

(S5, m2) with public signal realizations. Given the information structure, firms play a
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pricing game in which they condition their choices on their information by selecting
a mapping
p1:O xSy — A(Ry) and py 1 Se — A(R,)

to maximize their expected profits.

Lemma I1.7 For any disclosure policy o, the informed firm’s profits are higher with

public disclosure than private disclosure.

Public signals reinforce the informed firm’s incentives to disclose information when
firms offer substitutes, implying that full disclosure is optimal for the informed firm.
When firms offer complements, it is optimal for the informed firm to disclose no in-
formation, by the same reasoning as with private signals. In contrast, consumers are
better off with private disclosure, since they can benefit from information asymmetry

as stated in Lemma II.8.

Lemma 11.8 For any disclosure policy o, expected consumer surplus is higher with

private disclosure than public disclosure.

When signals are public, the gain from partial disclosure disappears and, as a result,

no disclosure is optimal for consumers as stated in Lemma I1.9.

Lemma I1.9 With public disclosure, no disclosure is optimal for consumers.

Informed firm as the owner of an online platform. Consider the case in
which trade occurs on an online platform run by the informed firm. The informed
firm charges the uninformed firm a percentage of its sales for the use of the platform.

Given the disclosure policy o, the informed firm’s expected equilibrium payoff is

E(.o) (11 ((p1, p2); 0)] = aE, + all3 (o),

2a

(9+bEU[p2|9]>2

where « € [0, 1] is the percentage of sales charged to the uninformed firm.

The informed firm’s incentives for information sharing are minimized by setting a =
0, since the uninformed firm always benefits from observing information. When firms
offer substitutes, the informed firm optimal disclosure doesn’t change with o > 0. In

this case, the informed firm discloses all of its private information for any « € [0, 1].
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When firms offer complements, the informed firm optimal disclosure shares the same
qualitative properties as the producer surplus maximizing disclosure with a = 0.
Full disclosure is optimal if the degree of complementarity is below a certain cutoff,
no disclosure is optimal above the cutoff, and the cutoff is an increasing function of
a. Furthermore, the producer surplus optimal disclosure remains unchanged, since
« represents a transfer between firms. Lastly, the consumer and welfare optimal
disclosure also remain unchanged, since they are not affected by transfers between

firms.

N symmetric firms with constrained disclosure policies. Consider a setting
with NV > 3 firms who compete by choosing prices. The level of demand depends on
the state 6 € {0,0y} with 0y > 6, > 0 such that firms are active in the market in
both states. Firms share a common prior about the state, where the probability of

0 is denoted by py € (0,1). Firm i’s demand is given by

b
4(p) :e—aerm;pj
Ve

where a and b are known parameters with a > b > 0. Firms’ costs are zero.

The designer commits to an information structure with private signals, denoted by
Lﬁk, to share all of the informed firm’s private information with k£ firms and no
information with N — 1 — k firms, where k£ € {0,1,2,..., N — 1}. Firms who observe
a perfectly informative signal condition their pricing choices on the state and select
a mapping p¥ : © — R, to maximize their expected profits, whereas firms who
observe no information select a price p € R, to maximize their expected profits.

The optimal information disclosure is stated in Lemma I1.10

Lemma I1.10 If the designer’s objective is to mazimize the informed firm’s expected

equilibrium profits or to maximize expected producer surplus, it is optimal to share

the informed firm’s private information with all other firms. In contrast, if the

designer’s objective is to maximize expected consumer surplus, it is optimal to share
ke (

the informed firm’s private information with k*(N,¢) firms where %‘S) < %

First, the informed firm’s expected equilibrium profits are maximized by sharing its

private information with all other firms because it benefits from price correlation.
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Similarly, when the designer’s objective is to maximize expected producer surplus,
it is optimal to share information with all firms, eliminating information asymmetry

between firms, allowing them to better extract surplus from consumers.

Second, if the designer’s objective is to maximize expected consumer surplus, infor-
mation disclosure between firms is at least partially restricted. The optimal informa-
tion structure, characterized by k*(N,d), is determined by the degree of substitution
and the number of firms in the market. In particular, it is optimal to not disclose

information to any other firm when 6 < %. When § > 2, optimal disclosure is de-

1
termined by the number of firms in the market and ¢, as illustrated in Figure 2.6.
In particular, the optimal £*(N,d) increases in both § and N, and w < % This
means that it is optimal to share information with more firms as the number of firms
increase in the market and as firms offer closer substitutes, but that it is optimal to

leave at least a third of firms uninformed.

K

T
—

\| | I | L6

0.80 0.85 0.90 0.95 1.00

— N=4 — N=6 N=8 — N=10

Figure 2.6: Consumer-optimal k as a function of ¢ for different market sizes.

2.8 Conclusion

This paper studies information disclosure in a setting where two competing firms face
ex-ante information asymmetry about the level of demand. I examine the incentives
of an informed firm to share its private information with a competitor in a market
with product differentiation and price competition. I show that the informed firm
can have incentives to fully disclose its private information even without receiving
information in return, because it allows them to influence competitor pricing. When

firms offer substitutes, they benefit from price correlation, which implies that it is
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optimal for the informed firm to fully reveal its private information to the unin-
formed firm. When firms offer complements, it is optimal for the informed firm to
not share any private information, which reduces the expected profits of its competi-
tor. Accordingly, it can be optimal for a designer with the objective of maximizing
producer surplus or maintaining competition to intervene and force information dis-

closure.

Further, information disclosure also impacts consumers. Even though complete in-
formation disclosure can help firms, it hurts consumers. I find that a regulator with
the objective of protecting consumers would either completely restrict information
disclosure between firms or only allow private partial disclosure, determined by the
degree of differentiation between products. If goods are sufficiently close substitutes,
partial disclosure is optimal, because it increases arbitrage opportunities for con-
sumers. The consumer optimal partial disclosure reveals low levels of demand and

obfuscates high levels to the uninformed firm.

Moreover, the preferences for information disclosure between firms and consumers
are not aligned. When firms offer substitutes, the optimal disclosure depends on the
degree of substitution, which determines the effect of disclosure on consumers and
firms. If firms offer sufficiently differentiated goods, no disclosure maximizes expected
welfare. If firms offer sufficiently close substitutes, full disclosure is optimal. For
intermediate levels of differentiation, partial disclosure is optimal. Since incentives for
partial disclosure derive from consumers, the optimal partial disclosure also reveals
low levels and obfuscates high levels to the uninformed firm. My results highlight
the wide scope for potential intervention by regulators, depending on their objective

function and product differentiation.

An important aspect not considered in this paper is the effect of information disclo-
sure on firm entry and exit decisions. In particular, the informed firm may reduce its
information disclosure, reducing its current profits, to increase its market share and
profits in the future by inducing uninformed firms to exit the market. In this con-
text, a regulator may have incentives to force information disclosure between firms
in order to maintain the level of competition in the market, which indirectly may

also benefit consumers.
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CHAPTER III

Strategic Incentives and the Optimal Sale of

Information

3.1 Introduction

Agents often make decisions under uncertainty. The presence of firms who collect,
aggregate and sell information allows agents to potentially supplement their private
information and improve their decision making. Often, agents who buy information,
data-buyers, interact with others in markets. For instance, retailers acquire infor-
mation about demand conditions to improve their pricing decisions and compete
more effectively. Similarly, investors purchase information about the profitability of
their investment choices and may have incentives to coordinate with others. Since
individual information decisions can affect equilibrium outcomes, demand for infor-
mation and the optimal information offering of a data-seller depend on the strategic

incentives between data-buyers.

In this paper, I analyze the direct sale of supplemental information in a stylized
game of incomplete information. A data-seller owns a database containing informa-
tion about a binary payoff-relevant state. The data-seller offers information to two
privately informed data-buyers who play a two-stage game of incomplete informa-
tion. In the information stage, data-buyers can simultaneously acquire supplemental
information to reduce their uncertainty about the state. Data-buyers’ information
acquisition decisions are unobservable to other data-buyers and signal realizations
are private as well as conditionally independent. In the action stage, each data-

buyer simultaneously selects an action from a binary set to maximize her expected
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payoffs. The existence of private information implies that the data-seller is uncer-
tain about demand for information and that data-buyers make inferences about the
private information observed by others. In this context, I answer the following ques-
tions. What is the data-seller’s optimal menu of information offerings with multiple
privately informed data-buyers? How does it depend on the strategic incentives of

data-buyers and the correlation between their private information?

Data-buyers’ willingness to purchase supplemental information from the data-seller
is determined by the precision and correlation of their private information, as well
as strategic incentives in the action stage. The precision of their private informa-
tion determines their overall demand for supplemental information. In particular,
less informed data-buyers attach a higher value to supplemental information. The
correlation between their private information impacts their beliefs regarding the in-
formation observed by others, which can affect willingness to pay for information
based on strategic incentives in the action stage. Data-buyers have coordination
incentives (anti-coordination incentives) if the expected gain of choosing an action
increases (decreases) in the probability that the other data-buyer chooses the same
action. Accordingly, with coordination incentives (anti-coordination incentives), the
willingness to pay of a data-buyer for information increases (decreases) in the preci-

sion of the information observed by others.

Data-buyers’ private information induces two possible interim beliefs, interpreted as
their type. When the state is also binary, types are one-dimensional and characterized
by the probability that they assign to a given state. The “high type” is defined as
the one that attaches a higher value to the fully informative experiment. The data-
seller designs a menu of Blackwell experiments and prices to screen data-buyer types,
distorting the information provided to the low type in order to charge higher prices
to the high type. The interaction between strategic incentives and correlated private
information of data-buyers expands the opportunity of the data-seller to serve both

segments of the market, increasing profits.

4

The optimal menu satisfies two standard properties of the screening literature: “no
distortion at the top” and “no rent at the bottom”. However, the data-seller can also
extract all the surplus from the high type.The full surplus extraction result arises

from the nature of data-buyers’ preferences for information. Since information is
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valuable to a data-buyer if and only if it affects their choice, data-buyer preferences
for information depend on its precision (quality) and what the information is about
(position). In fact, different types value experiments differently and may disagree
on the ranking of partially informative experiments. As a result, willingness to
pay for information cannot be ordered across types, which is a common feature
of multidimensional screening models (Rochet and Stole, 2003). The data-seller
captures all the surplus by distorting the information provided to the low type and
selecting the position of information such that the high type is indifferent between

both experiments.

The main features of the optimal menu are as follows. The optimal menu contains
the perfectly informative experiment offered to the high type and a concentrated
experiment designed for the low type. The complete characterization of the informa-
tion offered to the low type is determined by the distribution of data-buyer types and
strategic incentives in the action stage. Consistent with previous work (Bergemann,
Bonatti, and Smolin, 2018), if all data-buyer types would take different actions with-
out supplemental information (non-congruent beliefs), their preferences over partially
informative experiments are not aligned. This disagreement implies that there are
partially informative experiments which are valuable to the low type but not to the
high type, because they improve the low type’s decision making without impacting
the choices of the high type. Accordingly, the data-seller offers partial information
to the low type without attracting the high type. In contrast with previous work,
if data-buyer types would choose the same action without supplemental information
(congruent beliefs), I show that the data-seller still offers partial information to the
low type when: (i) data-buyers have coordination incentives in the action stage and
their private information is negatively correlated, or (ii) data-buyers have anti-coor-
dination incentives and their private information is positively correlated. Further, for
both congruent and non-congruent beliefs, I show that the quantitative properties of
the optimal menu are determined by the strategic incentives and the correlation of

private information.

In the special case in which private information is conditionally independent, the
qualitative features of the optimal menu are independent of the strategic incentives.
If instead private information is conditionally dependent, the data-seller offers partial

information to the low type when beliefs are congruent whenever the interaction be-
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tween strategic incentives and the correlation of private information increases the de-
mand for information. Intuitively, when private information is negatively correlated,
data-buyers assign a higher probability to observing different private information.
Hence, demand for supplemental information increases when data-buyers have co-
ordination incentives, since it increases the correlation between their action choices.
Similarly, when their private information is positively correlated and they have anti-
coordination incentives, acquiring conditionally independent information is valuable,

because it allows them to reduce the correlation between their actions.

These results highlight that the interaction between strategic incentives and the cor-
relation of private information determines the features of the optimal menu. This
interaction can relax the incentive compatibility constraints, allowing the data-seller
to increase profits by not excluding the low type from the market. This emphasizes
the importance of considering strategic interactions between data-buyers when de-
signing information offerings, given that data-buyers generally interact with others
in a market. The results also extend to a setting with N data-buyers in which payoffs

depend on whether they match the state and the choice of the majority.

This paper contributes the the literature on information design in games with pri-
vately informed players. In contrast to papers in which players have common priors
(Taneva (2019) and Mathevet, Perego, and Taneva (2020)), I consider the role of pri-
vate information and its correlation in determining the seller’s optimal information
offering. Data-buyers can have heterogeneous previous experiences which provide
private information about the state, affecting their demand for information and in-
centives for the data-seller to provide information. The paper also contributes to the
literature on selling information to imperfectly informed decision makers. Within
the mechanism design approach to selling information, it is most closely related to
Bergemann, Bonatti, and Smolin (2018), which studies the design and ex-ante pric-
ing of Blackwell experiments for a single privately informed receiver. I extend their
analysis to a setting with multiple data-buyers and explicitly consider how the op-
timal information offering depends on strategic interactions among data-buyers and
the correlation of private information. Esé and Szentes (2007) and Li and Shi (2017)
also consider multi-player settings, but in which the data-seller engages in ex-post
pricing and data-buyers’ actions are contractible. In contrast, I restrict prices to be

contingent only on the information itself. In recent work, Kriahmer (2020) studies
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a mechanism design problem with quasi-linear utility where the principal designs a
selling mechanism and can also design and disclose supplemental information that
affects agents’ valuations. The main difference is that the seller in their setting not
only offers information, but also sells a good whereas I consider a model in which only
transfers are contractible and the agent takes a non-contractible action after informa-
tion is revealed. Previous work (Admati and Pfleiderer (1986), Admati and Pfleiderer
(1990) and Kastl, Pagnozzi, and Piccolo (2018)) also studies the monopolistic sale
of information to multiple receivers with strategic interactions but no private infor-
mation. In contrast, I consider a setting in which data-buyers are privately informed
and study the the interaction between correlated private information and strategic
incentives in determining the optimal information offering. Lastly, the non-exclusion
result is consistent with the multidimensional screening literature (Rochet and Stole,
2003), in which the data-seller offers distorted partial information to the low type to

ensure that the high type is indifferent between the information offerings.*

The remainder of the paper is organized as follows: Section 1 outlines the model,
Section 2 derives preliminary results, Section 3 characterizes the optimal menu and

Section 4 extends results to N data-buyers, and Section 5 concludes.

3.2 Model

Consider a setting with two data-buyers and one data-seller. Data-buyers play a
game of incomplete information, where ¢ indexes a generic data-buyer and j denotes
the other. The payoff-relevant state w is drawn from a binary set Q = {w,ws}.
Each data-buyers is privately informed about the state and attaches probability
0 € {01,0n} to state wy, where the correlation between the data-buyers’ private
information is characterized by p and v. Formally, the joint distribution of data-
1-p

buyers’ private information is defined in Table 3.1, where p € (0,1) and v € (0, T) 2

!More specifically, I consider a screening problem in which the data-seller’s chooses the quality
and position of information. Preferences over these dimensions are determined by their single-
dimensional type.

2This can be interpreted as data-buyers sharing a common prior and privately observing either
good or bad news about the likelihood of state wy. Let pg = P(w = wy) be their common prior and
assume they observe a conditionally independent signal sq € {s, s2} where P(s = s}|w = wi) =
with k& € {1,2}. Then,

p=po(1 = p1)* + (1 = o) (1 = p2)? and v = po(1 — pur ) + (1 = pao) (1 = pa2) 2.
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Data-buyer j’s type

0L, O
Data-buyer ¢’s type | 6, | 1 —=2v—p | v
O v p

Table 3.1: Joint distribution of private information.

The game has two stages: the information stage and the action stage. In the in-
formation stage, the data-seller offers a menu of Blackwell experiments and prices
to the privately informed data-buyers. Data-buyers simultaneously decide whether
or not to purchase information from the menu. If a data-buyer purchases informa-
tion, she observes a private signal realization and updates her beliefs accordingly.
Data-buyers don’t observe each others’ choices from the menu. In the action stage,
each data-buyer simultaneously selects her action from the binary set A = {ay,as}
to maximize her expected payoffs conditional on her signal realization. The payoffs

u: AxQ — R, defined in Table 3.2, are symmetric and characterized by ¢ > 0.3

w = W1 aq a9 W = Wy aq a9
ay 1,1 ¢0 ay 0,0 | 0,c
as 0,c¢ | 0,0 as c,0 1,1

Table 3.2: Action stage payoffs.

Under these assumptions, it is an ex-post dominant strategy for each data-buyer to
match the state w. Data-buyers are said to have coordination (anti-coordination)
incentives if the expected gain of choosing an action increases (decreases) in the
probability that the other data-buyer chooses the same action. That is, data-buyers
have coordination incentives if ¢ < 1 and have anti-coordination incentives when

c>14

3Any 2 x 2 symmetric game in which players prefer to match the state can be normalized in this
manner.

4Let I; be data-buyer i’s information set. Define o, as the probability that i assigns to j selecting
ap conditional on state wy and I;. Data-buyer i’s expected gain of choosing action a; instead of as

42



Experiments. An individual experiment E™ = (S, {7n™(-|w)}weq) consists of a
finite set of signal realizations sj* € S™ and a family of conditional distributions 7™

where
m .__ m m 2 m
7T£7k. . P(S( ‘(JJ]C), ﬂ-&k Z O and szk — 1

with L™ = |S™|. Denote by £ the set of feasible experiments. The seller’s cost of

providing information is zero.

An experiment E™ can represented by a stochastic matrix in which each column

represents a state and each row a signal realization, as in Table 3.3.

w1 )

m m
S1 1 T2
m m
52 o1 o9

Spm | Tpmy | Tpmo

Table 3.3: Matrix representation of experiment E™.

Assume that the realizations of data-buyers’ private information and the realization
of the signal s € S™ from any experiment E™ are independent conditional on the
state w. Moreover, assume that signal realizations between data-buyers are condi-
tionally independent. The first assumption implies that the value of an experiment
is determined by a data-buyer’s private information, its correlation with the private
information observed by others, and the nature of the strategic incentives. It also
implies that the value of an experiment can be derived independently of its price.
The second assumption rules out that signals can be used as a coordination device,
except through their correlation with the state. As such, data-buyers attach no value

to the uninformative experiment.

conditional on her information set I;, AU, is given by
AUZ ::IP’(w = CU1|IZ')[01 + (]. - 0'1)0} - (1 - ]P’(w = W1|Il)) [UQC + (]. - 0'2)]

where %Z" > 0 if and only if ¢ < 1 for all k. That is, i’s expected gain from selecting action a;
instead of as increases in the probability of j choosing action a; if and only if ¢ < 1. Analogously,
1’s gain of choosing as instead of a; increases in the probability that j chooses as if and only if

c<1.
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Data-seller’s strategy space. The data-seller offers a symmetric menu of indi-
vidual Blackwell experiments and prices with arbitrarily informative signals. Let
M= (E™, tm)n]\le denote the menu of experiments offered by the data-seller, where
experiment E™ is offered at price t™ and M is the number of experiments included
in the menu with m € {1,2.., M}. Assume that only the experiment itself is con-
tractible, not its realization, the realized state, or the data-buyers’ actions. For-
mally, a strategy for the data-seller is a menu M = (E™, #™)M_, where t™ € R and
Emef.

Data-buyer’s strategy space. FEach data-buyer i of type 6 decides whether to
supplement its private information. Let 1 € {0,1,..., M} denote data-buyer i’s
information acquisition decision, where ;9 = 0 represents the case in which ¢ doesn’t
acquire supplemental information and ¢;y = m denotes the case in which 7 acquires
experiment £™. Conditional on all their information, data-buyer ¢ chooses an action

from the set {a;,as}. Formally, a pure strategy for data-buyer i of type 6 consists of

M

a pair (L, aig) where 1ig € {0,1,..., M} and aip = (i, : S" — {a1,a2}),,=o-

Timing. Before the state w is realized, the data-seller offers a menu of experiments
and prices. After the state w is realized, each data-buyer observes her private infor-
mation, simultaneously decides whether or not to purchase a Blackwell experiment,
and if so which one to acquire. If a data-buyer acquires an experiment, she observes
a private signal realization and updates her belief accordingly. Data-buyers don’t ob-
serve each others’ choices from the menu.® Lastly, data-buyers simultaneously choose
actions from the binary set {a;,as} to maximize their expected payoff conditional

on their information choices and signal realizations.

Solution concept. The solution concept is the data-seller’s preferred perfect ex-
tended Bayesian equilibrium.® An equilibrium is an extended assessment satisfying

consistency of beliefs, Bayesian updating, and sequential rationality in each infor-

5Data-buyer i’s deviations in information choices are unobservable, so that there are no strategic
effect on the choices of others. That is, action and information choices are strategically simultaneous.

6This definition is equivalent to weak Perfect Bayesian Equilibrium with the additional assump-
tion that data-buyers do not update their beliefs about the state after observing a deviant menu.
This holds since the strategic independence assumption only requires this additional constraint
given that the data-seller chooses a menu before the state is realized. See Battigalli (1996) or
Watson (2016) for details.
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mation set. That is, conditional on the offered menu and information choices, each
data-buyer ¢’s action choice maximizes her expected payoff. Given the optimal menu,
data-buyer 7’s information choice maximizes the difference between her expected pay-
off in the action state and the price of information. Lastly, the optimal menu for the
data-seller is the one that maximizes their expected profits, anticipating data-buyers’

equilibrium choices.

Definition II1.1 A strategy profile (t*,a*), a menu M* and a belief system u form

an equilibrium if:
1. (¢*,a%) and M* satisfy sequential rationality. That is:

(a) Given M*,
E[Uis(c", 7)) = E[Uig(«", (0, a7;))] (3.1)
for all o conditional on i}y, for alli € {1,2} and

1y € argmax E[Uj((1ig, ("), )] — " (3.2)
tip€{0,...,M }

where the expectations are taken over the state w, the private information

of the other data-buyer, and her choices.
(b) A menu M* is optimal if

M
M* € argmax PO; = 0)P(1;y = m) - t"™.
siax Y D B0 = 0)F( = m)

e m=1

2. u satisfies extended Bayesian updating.

3. satisfies strategic independence: data-buyers don’t infer anything about the

state if the data-seller offers a deviant menu.

The value of information. The expected value of experiment E™ is defined as the
marginal value of information, which corresponds to the difference in expected equi-
librium payoffs with and without observing experiment E™. Denote by Vi (E™;0)

data-buyer i’s expected value of experiment E™ when her interim belief is § and the
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data-seller offers menu M. Formally,
VM(Em7 9) = max{O, E[Uw((m, Lti)ﬂ a*)] - E[Ul9((07 Lii)? a*)]}

The value of experiment E™ for an individual data-buyer depends on her private
information, her belief about the private information of others, the strategic incen-
tives in the action stage, and the menu offered. It is determined by the probability
of matching the state, the probability of matching the actions of other data-buyers,
and the payoff structure. The chance of matching the state depends on ¢’s private
information, but is independent of the information acquisition decision of other data-
buyers. In contrast, the likelihood of matching data-buyer j’s action depends on j’s
private information. Lastly, the strategic environment in the action stage determines

the preferences of data-buyers over equilibrium outcomes.

Let E denote the perfectly informative experiment. The high type 0y is defined
as the type that assigns higher value to E. That is, Va(FE,05) > V(E,0). For
example, if ¢ = 1, data-buyers prefer action a; if they assign a higher probability
to state wy, for k € {1,2} and they are indifferent between actions a; and ay if they
assign equal probability to each state. In this case, the high type is the type closest
to the cutoff 6 = %, as illustrated in Figure 3.1.

0 O oL

[ 1 o o 1
L T v v 1

(a) Distribution in which both types choose action a;

0r 6 Ou

e 1 b.
v T v

(b) Distribution in which types choose different actions

Figure 3.1: Example of definition of high (red) and low (blue) types
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3.3 Preliminary results

3.3.1 Simplifications

The data-seller’s problem can be simplified along two dimensions. First, the reve-
lation principle of mechanism design implies that it is without loss of generality to
focus on direct mechanisms in which the data-seller assigns one experiment to each
data-buyer type 6. Second, the revelation principle of games of communication im-
plies that it is without loss of generality to focus on experiments in which signals act
as action recommendations. These two results imply that I can restrict attention to
menus with at most two elements (M < 2) and experiments with two possible signal

realizations (S™ = {s1, so} for all m.).

It is not trivial that the revelation principle for mechanism design holds in this
setting. Unlike in standard mechanism design, where the information environment
S = ((S;)?_,, ) is fixed and the designer chooses G = (({a1, a2}, u;)?_;, to) to induce
a desirable outcome, the data-seller takes the game G as given and controls S. As
such, each menu of experiments induces a different game of incomplete information.
Lemma III.1 shows that the outcome of every menu can be attained by a direct

menu, which includes at most two elements.

Lemma I11.1 The data-seller offers a menu which includes at most two experi-

ments.

Given any direct menu M, an experiment E™ with private signals is responsive if
every signal s € S leads to a different action choice for data-buyer i of type 6. A
direct menu M is responsive if every experiment £ € M is responsive. Lemma I11.2
shows that it is without loss of generality to focus on menus in which the cardinality
of the signal space equals to the cardinality of the action space. I refer to these

menus as responsive .

Lemma II1.2 The outcome of every direct menu can be attained by a responsive

menu.

Lemma II1.2 generalizes Proposition 1 from Bergemann, Bonatti, and Smolin (2018)
to a setting with multiple data-buyers. This result relies on two main assumptions:

signals are private and information acquisition decisions are unobservable. This
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ensures that a change in the set of signals observed by one data-buyer has no effect
on the other data-buyer’s action choices. Hence, it is without loss of generality to
consider S™ = {sy,s9} and 7™ : Q — [0,1]% for all m € {1,..,M}. Then, an

experiment E™ can be represented by the following stochastic matrix:

s/w Wy Wa
51 " 1 —my
So | 1—m" Ty

where (77", 75") € [0,1)* for all m € {1,...,M}. Given that signals act as action
recommendations, after observing signal s, data-buyer ¢ must be willing to choose
action a; when j follows her action recommendation if she chooses to acquire supple-
mental information. Similarly, after observing signal s, data-buyer ¢ must be willing
to choose action a, when j follows her action recommendation if she chooses to ac-
quire supplemental information. That is, if ¢ acquires experiment n and j acquires

experiment m, then

Ont [ + (1 — 7)) > (1 = 0)(1 — 73)[(1 — 73")c + 73] and
(1 =0)m3[(1 — m3")c +73'] > O(1 — 7)) [m" + (1 — 71")c]

Also, assume that the likelihood of observing signal s; is higher conditional on state

w; than on wy compared to s,.” That is:

m

P(s = s1|w1) _ P(s = sa|wy) e S 1—af

P(s = s1|ws)

> St +myt > 1.

P(s = sylws) 1 —alr — 7

3.3.2 The data-seller’s problem

Assume that the data-seller designs experiment E” for data-buyer type 6, and E
for Oy. The presence of private information implies that the data-seller is uncertain
about the demand for experiments and must screen data-buyer types. The data-
seller’s problem is then to design a menu of experiments to maximize expected trans-

fers subject to data-buyers’ incentive-compatibility and participation constraints.®

"This condition is equivalent to the monotone likelihood ratio property.

8Payments are conditional only on the information product itself and not on the types of other
data-buyers. This assumption rules out the use of the Cremer-McLean condition (Crémer and
McLean, 1988).
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That is:

max (1 —2v — p)2t" + 2w(th + 1) + p2t?

(E™ ™) mefL,H}

subject to the participation constraints
IRy : Vp(E",00) —t* >0, IRy : Vi(E",0g) —t7 >0
and the incentive-compatibility constraints

ICy : Vi(EY,01) — 8 > V(B 0;) — 1
ICy - Vm(EY 0y) — t" > Vi (E", 0) — t*~.

Optimality of a menu with two distinct experiments. The data-seller can
either offer a menu with two distinct items or offer only the perfectly informative
experiment at a fixed price, p, equal to the low type’s willingness to pay. It is optimal
for the seller to offer a menu with two distinct items if and only if:

p—th

where v + p is the probability that a data-buyer is the high-type.

3.3.3 The value of experiments

In this section, I derive a closed form expression for the value of experiments. Assume
that data-buyer j type 0; follows her equilibrium strategy, and denote by m her
experiment choice. Since signals act as action recommendations, data-buyer j type
; conditions her action choice on the realized signal and selects action a; after
observing signal s;.? Define vy, (E™, 6;; m) as data-buyer 4’s expected gain of acquiring
experiment E" if, without information, she would choose action a; while j plays her

equilibrium strategy. Data-buyer i’s expected gain of acquiring information when

9Hence, consistency of beliefs implies that

P(1; =ml|6;) =1 and P(a; = ag|0;,1; = m,s’ = s;) =1 for all k € {1,2}.
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choosing action as and a; without supplemental information followed by action ay

after observing signal si, respectively, are given by:

P(w=w2)P(s'=51 |w=w2)[P(s7 =51 |w=w2)c+P(sI =52 |w=w2)]

0a(E", 0 m) = Byt [nf" + (1= 7)o = (1= 0) (1= 7) [(1L = 73") e + '] amd
IP’(w:wl)IP(si:sl|w:w1)[IP’(s;:rsl|w:w1)+IP(sj:sz\w:w1)c]

vr(E", 0;;m) = (1= 0;)my [(1 —m3") e+ m5'] = 0 (1 — ) [77" + (1 = my") ]

That is, vi(E"™, 60;;m) is the difference between the data-buyer’s expected gain in
state w;, and her expected loss in state wy after observing signal s;. Then, data-
buyer i’s value of experiment E™ when the data-seller offers the menu M is given
by:

Vm(E™, 0;) = max {0, Z P(0; = 0,,]0;)vp(E", 0;;m) s.t. k solves o ,,,—0 = ak}.

me{L,H}

Assume that the value of experiment E™ is weakly increasing in its precision, i.e.
ce(3,2).1°

3.4 Optimal menu of experiments

3.4.1 General properties

The optimal menu shares some of the structural properties of the one data-buyer
setting established in Bergemann, Bonatti, and Smolin (2018). Proposition III.1
generalizes these results to a two data-buyer setting and identifies which constraints
are binding as well as the information provided to the high type in any optimal

ment.
Proposition 111.1 In an optimal menu:
1. Both participation constraints bind.

2. The incentive-compatibility constraint of the high type binds.

1%Lemma B.1 in Appendix B.1 shows that ¢ € (3,2) is a sufficient condition for Vi, (E™, ) to be
increasing in the precision of experiment E™.
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3. Ef s perfectly informative. That is, mif = il = 1.

4. El is concentrated, i.e, 7F = Ppr(s = splw = wy) = 1 for some k € {1,2}.

The optimal menu satisfies two standard properties of the screening literature: "no

distortion at the top” and "no rent at the bottom”. However, the data-seller can
also extract all the surplus from the high type, because information is valuable only
when it affects data-buyers’ decision making. As such, information has two relevant
dimensions: its precision and its position.!! All data-buyer types prefer experiments
with higher precision. However, different data-buyer types may disagree on their
preferences for the position of information, given that they may select different ac-
tions if they don’t supplement their private information. Hence, different types value
experiments differently and disagree on the ranking of partially informative exper-
iments, a common feature in multidimensional screening models. The data-seller
captures all the surplus by selecting the position of information such that the high

type is indifferent between the experiments offered.

Additionally, the perfectly informative experiment is part of any optimal menu. It
is the most valued by any buyer type, since it allows them to perfectly match the
state. Hence, if this experiment is not part of a menu, the data-seller can replace
the currently most informative experiment by the perfectly informative one, weakly
increasing profits by charging a higher price for this experiment while ensuring that
the incentive-compatibility constraints are satisfied. Furthermore, it is optimal for
the data-seller to offer this experiment to the high type, since their willingness to

pay is higher.

The low type is offered a concentrated experiment in which the distribution of signals
conditional on one state wy is degenerated, eliminating uncertainty for one state.
Given that data-buyers have incentives to match the state, the data-seller can shift
the probability mass from 1 — 7" to 7" with & € {1,2} until one of them reaches
1. In particular, if the low type would choose action a; (as) without supplemental
information, it is optimal to set 7 = 1 (7L = 1). Intuitively, the data-seller offers
the low type an experiment that reveals without noise the state that matches the

action that they would have selected without supplemental information.

HFor example, define 7" + w5 as the precision of experiment E™ and 7] — 75" as its position.

o1



3.4.2 Complete characterization.

The complete characterization of the information provided to the low type depends

on the:

1. Payoff environment: The payoff environment determines the presence of coor-
dination or anti-coordination incentives, which pins down the effect of infor-

mation observed by others on their willingness to pay for an experiment.

2. Correlation between data-buyers’ private information: The correlation between
data-buyers’ private information affects their beliefs about the information ob-

served by others. In particular, data-buyers’ private information is positively
(negatively) correlated if v < \/p—p (v > \/p — p)."?

3. Support of the distribution of data-buyer types: The support of the distribution
of data-buyer types determines whether or not they choose the same action if
they don’t supplement their information, which impacts a data-buyer’ ranking

of partially informative experiments.

Data-buyers’ interim beliefs are strictly congruent (non-congruent) if both types
choose the same action (different actions) without supplemental information, for any
menu M. Assume that the high type 6y chooses action a; without supplemental

information. In this case, beliefs are strictly congruent if

) 0, > 0y > ! h € ! 1 d

— n = n

7 L H = 9% whnen ¢ 2, a.

ii) 0, > O > g when ¢ € (1,2)
and strictly non-congruent if

1

and 0; < 1— 60y when ¢ € <§, 1>

5 and 0, < 1 — 6y when c € (1,2).
c

12The Pearson’s correlation coefficient is positive if and only if v < VP — P
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3.4.2.1 Optimal menu with non-congruent beliefs

When beliefs are strictly non-congruent, the optimal experiment offered to the low
type is partially informative, as stated in Proposition I11.2. Proposition I11.2 implies
that qualitative results from Bergemann, Bonatti, and Smolin (2018) for one data-
buyer setting extend to multiple data-buyers. That is, the high type is offered the
perfectly informative experiment and the low type is offered a partially informative

experiment.

Proposition II1.2 Suppose that beliefs are strictly non-congruent. In an optimal
menu, the data-seller offers perfect information to the high type and partial informa-

tion to the low type.

With strictly non-congruent beliefs, different data-buyer types may disagree on the
ranking of partially informative experiments, as illustrated in Figure 3.2. For in-
stance, if (01,0y) = (0.2,0.6), the low type prefers experiment (1/2,1) to experi-
ment (1,1/2), whereas the high type prefers experiment (1,1/2) to (1/2,1). As a
result, the data-seller can offer the low type information that has no value to the high
type, by making it sufficiently imprecise (7f sufficiently low). In an optimal menu,
the data-seller selects 7l such that the high type is indifferent between acquiring

experiment E¥ or E#. That is,

P
v+pl|’

4l — (1 — by | L (rl + (1 —
i ( ) V+p(7rl + ( m')e) +

The right-hand side is the product of the probability of state wy, the additional
precision, and the gain of choosing action a; over action as when the state is w;. The
left-hand side is the price differential. Hence, the information offered to the low type

is such that the price differential equals the expected gain in state wy.

Even though the qualitative properties of the optimal menu are independent of the
strategic incentives and the correlation of private information, its quantitative prop-

erties are determined by their interaction, as stated in Lemma III.3.

Lemma II1.3 The precision of the optimal EL decreases as coordination incentives
increase. Moreover, the effect of increasing the correlation of private information

depends on coordination incentives:
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Figure 3.2: Value of EX when private information is conditionally independent

((v,p) = (3,1)), data-buyers have coordination incentives (¢ = 2) and E¥ is fully
informative.

1. If data-buyers have coordination incentives, the precision of E' decreases in

the correlation of private information.

2. If data-buyers have anti-coordination incentives, the precision of E* increases

in the correlation of private information.

The precision of the optimal experiment E¥ decreases as coordination incentives in-
crease, because the value of E* increases for the high type and decreases for the
low type. Then, an increase in coordination incentives implies that the high type
has higher incentives to deviate, reducing the data-seller’s scope to provide infor-
mation to the low type. As a result, the precision of the optimal E*, character-
ized by Vi (EL,0y) = Vam(EL,0;1), decreases. Moreover, with coordination (anti-
coordination) incentives, the precision of E¥ decreases (increases) in the correlation of
private information. When data-buyers have coordination (anti-coordination) incen-
tives, an increase in the correlation of their private information decreases (increases)
the willingness to pay of both types and decreases (increases) the precision of the

optimal EL.

3.4.2.2 Optimal menu with congruent beliefs

When data-buyers’ beliefs are strictly congruent, the information offered to the low
type is determined by the interaction between strategic incentives in the action stage

and the correlation of private information, as stated in Proposition III.3.
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Proposition I11.3 Assume data-buyers’ beliefs are strictly congruent. In an optimal

menu, the data-seller offers perfect information to the high type and offers the low
type:

1. partial information, if data-buyers’ private information is negatively correlated

and 0y, < 0 if they have coordination incentives.

2. partial information, if data-buyers’ private information is positively correlated

and 0y, < 0 if they have anti-coordination incentives.
3. no information, otherwise.

Coordination incentives play no role in determining the features of an optimal menu
if and only if private information is conditionally independent (v = ,/p — p) or data-
buyers’ payoffs are independent of each others’ choices (¢ = 1). In both cases, the
qualitative properties of a one data-buyer menu generalize to a two data-buyer set-
ting. That is, in any optimal menu, the high type learns the state and the low type is
offered no information. Otherwise, the optimal menu is determined by the interaction

between strategic interactions and the correlation of private information.

When there are coordination incentives (¢ < 1), data-buyers face no trade-off between
matching the state and each others’ actions. Hence, the value of an experiment in-
creases in the precision of the experiment observed by others, because it increases
the correlation between the state and their action choices, allowing data-buyer 7 to
better predict j’s action choice. Information acts a coordination device and is valu-
able for two reasons: it reduces uncertainty about the state and about the choices
of other data-buyers. When predicting the action choice of other data-buyers, each
data-buyer makes inferences about what information has been gathered by others,
which depends on the correlation between their private information. If their private
information is positively (negatively) correlated, data-buyers assign a higher (lower)
probability to observing the same private information and acquiring the same experi-
ment. Thus, demand for information is higher when private information is negatively
correlated, since it reduces further the probability of mis-coordination. The increase
in demand creates a scope for the data-seller to offer partial information to the low
type, as long as the low type is sufficiently unsure about the state. When private in-

formation is positively correlated, demand for information is reduced in comparison
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to the conditionally independent case in which the low type is offered no information.

As such, the low type is also offered no information.

When data-buyers have anti-coordination incentives (¢ > 1), the trade-off between
matching the state and each others” actions implies that the value of experiment E™
decreases in the precision of the information observed by others, since it increases the
correlation between their action and the state. Data-buyers want to be as informed
as possible about the state, but their choices to be as uncorrelated with each other as
possible. Information is still valuable because it allows data-buyers to learn about the
state, but they value information more when their private information is positively
correlated, because it reduces the correlation between their action choices. If the
low type is sufficiently uncertain about the state, this increase allows the data-seller
to offer partial information to the low type even when beliefs are strictly congruent
without incurring any cost in terms of surplus extraction from the high type. In
contrast, acquiring supplemental information when private information is negatively
correlated increases the correlation between action choices through increasing the
correlation with the state, decreasing data-buyers’ willingness to pay for supplemen-
tal information with respect to the conditionally independent case. As such, the

data-seller also offers no information to the low type.

In both cases, the partially informative experiment offered to the low type is such

that the price differential equals the expected gain in state wo. That is:

th — 5 = (1—0p)(1 — k) {1+7r§ (VL—FP) (1 —c)} .

The left-hand side is the price differential. The right-hand side is the product of
the probability of state ws, the probability of observing signal s; in state wo, and
the expected payoff gain. The expected payoff gain depends on the probability of
observing different private information, the presence of coordination incentives and

the precision of experiment E' in state ws.

The quantitative properties of the optimal menu also depend on strategic incentives
and the correlation of private information, as stated in Lemma III.4. This result and

its intuition are analogous to Lemma IIL.3.
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Lemma II1.4 Assume that the optimal E* is partially informative. The precision

of the optimal E* decreases as coordination incentives increase and:

1. decreases in the correlation of private information if data-buyers have coordi-

nate incentives.

2. increases in the correlation of private information if data-buyers have anti-

coordination incentives.

3.4.2.3 Example

This example derives the optimal menu for two data-buyer type distributions, one
with strictly congruent beliefs and one with strictly non-congruent beliefs, assuming
the same strategic environment and correlation of private information. It illustrates
how the interaction between strategic incentives and correlated private information
creates scope for the data-seller to offer partial information to the low type, even

when data-buyers have strictly congruent types.

Let ¢ = 2 and (v,p) = (0.4,0.2) so data-buyers have coordination incentives and

negatively correlated private information and consider two type distributions:

(0,01) € { (gg) | (%Z) }

If (0L,0n) = (%, %), data-buyers have strictly congruent beliefs, whereas if (0, 0y) =
(%, %), data-buyers have strictly non-congruent beliefs. In the first case, the optimal
menu offers the perfectly informative experiment to the high type at a price of ¥ =
0.2 and partial information to the low type, characterized by ¥ = 1 and 7 = 0.1,
at a price of t* = 0.05. In the second case, the high type is offered the perfectly
informative experiment at a price of t = 0.25 and partial information to the low

type, characterized by 7f = 0.9 and 7 = 1, at a price of t* = 0.18.

Figure 3.3 illustrates the optimal menus for these two type distributions. It depicts
the value of two experiments, £* and E¥, net of their prices, as a function of data-
buyer type 6. A first feature of the optimal menu is full surplus extraction by the
data-seller. This is shown by the intersection of Vy((E¥, 01)—t* and Vi (E®, 05 ) —t7
with the x-axis (net value of zero) at their type. Second, the net value of EL for

the high type (Vi (EL,0y) — tf) is also zero at 6, implying that the high type is
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Figure 3.3: Optimal menu with coordination incentives (¢ = %) and negatively cor-
related private information (p = 0.2 and v = 0.4).

indifferent between acquiring experiments E* and E#. Compared to previous work
in the literature, Vy(EL,0y) and Vy(E*,01) differ due to the correlation between

data-buyers’ private information.

3.5 N data-buyers

In this section, I extend my results to a setting with N > 2 data-buyers. Data-
buyers are privately informed about the state and attach probability 6 € {0;,60y}
to state w;. Data-buyers’ private information is correlated. In particular, assume
that data-buyers’ types 601, ...0 are exchangeable random variables with correlation

given by
nL = P(QJ = 6L|01 = GL) € (0, 1] and Ng = IP’(HJ = GHIQZ = HH) < (O, 1]

for all 5.1 Let k € {0,1,..., N} be the number of high types among the N data-
buyers. Denote by pr the probability of observing k high type data-buyers and N —k
low types, where p; > 0 and Z]kvzo ok = 1.

In the action stage, ex-post payoffs depend on whether or not data-buyer ¢ matches

I3Exchangeability is a property of the joint distribution of random variables. Exchangeable
random variables, though correlated, have equal distributions, i.e., the probability of 8; = 0y is
constant across i.
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the state and on whether or not the majority of data-buyers choose the same action

as 7. In particular, ex-post payoffs are given by:

.
1 ifa=ay ", +1>

[
c ifai=ap k' ;+1<[
ui(a,w) =
0 ifa=ap k" ;+1<T

[

\O if a; = ay, Iie_i—|—1>

where k%, is the number of data-buyers —i who choose action a; € {ay, as} and ¢ > 0.

As in the two data-buyer case, it is an ex-post dominant strategy to select the action
that matches the state. Data-buyers are said to have coordination incentives if they
prefer to match the majority and anti-coordination incentives otherwise. That is,

data-buyers have coordination (anti-coordination) incentives if ¢ < 1 (¢ > 1).

The data-seller’s problem is to select the optimal menu of experiments to maxi-
mize her expected profits subject to the data-buyers’ participation and incentive-

compatibility constraints. That is:

N

max N -kt k-2
(Emvtm)mzle{L,H} %pk (( ) )

subject to

Value of information. Suppose that all buyers but ¢ purchase the experiment
designed for their corresponding type. The number of data-buyers —i who choose
action a; conditional on the state w and on the type of data-buyer i, x*,|(w, 6;), is

distributed according to a Conway-Maxwell-Binomial distribution,'* with parameters

14The Conway-Maxwell-Binomial distribution generalizes the binomial distribution and allows
both positive and negative correlation among the exchangeable Bernoulli trials. See Kadane et al.
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N —1, v and
pwﬁz‘ = IP’(QJ = 9H|91)P(Sj = 51|w, 6]) + ]P)(QJ = HL‘0,L>P(8J = 81’(&), QJ)

The parameter v characterizes the underlying correlation among Bernoulli trials,
which captures the correlation among data-buyers’ private information. In particular,
if v > 1, the Bernoulli random variables are negatively correlated. Conversely, when
v < 1, the Bernoulli random variables are positively correlated. Lastly, if v = 1,
the Conway-Maxwell-Binomial distribution simplifies to a Binomial distribution in

which Bernoulli trials are independent.

Define AY as the expected gain of choosing the action that matches state wj, with
k € {1,2} conditional on data-buyer ¢ being type 6. That is:'®

2flo=e)
lw = wy
A%:P(mlizN— WML(;:W)CHP(&KN— {]ﬂ\w:wg).

Data-buyer ¢’s expected gain of acquiring information when she would choose as

|

and

and a; without observing supplemental information are respectively given by:

Va(E™, 0kL,) = 077A% — (1 — 0)(1 — 7)A? and
VI(E"™, 0]r1;) = (1 = 0)m5 A5 — 6(1 — mp)AS.

Then, data-buyer ¢’s willingness to pay for experiment E™ is

maX{07 %(En’ 9”‘{‘172)} Zf Qi 19=0 = A2

Vm(E™, 0) =
max{0, Vi(E™, 0|2} if ai,—0 = ai.

(2016) and Daly and Gaunt (2015) for details. Note that the probability of a data-buyer j choosing
action a; conditional on the state and 6; is constant across j.
>Note that ! ; + k2, = N — 1. Then, x2, + 1 < [4] is equivalent to s, > [§].
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Assume that the value of experiment E™ is increasing in its precision.'® That is:

¢c<1andc (1 + gD > gw (3.3)
o> van (14 [5]) =< 5] (3.0

Optimal menu. Proposition II1.1 extends to the case with N data-buyers if will-

or

ingness to pay for an experiment goes up as its precision increases. Hence, it is
optimal for the data-seller to offer the perfectly informative experiment to the high
type, whereas the information provided to the low type depends on the coordina-
tion incentives and the distribution of data-buyers types. Specifically, it depends on

whether or not interim beliefs are strictly congruent.

The information provided to the low type is stated in Proposition II1.4 and Propo-
sition II1.5, which extend the previous results to the N data-buyer case. The inter-

pretation is analogous as for the two data-buyer case.

Proposition I11.4 Assume that data-buyers’ beliefs are strictly non-congruent. In
an optimal menu, the high type observes perfect information and the low type observes

partial information.

Proposition II1.5 Assume that data-buyers’ beliefs are strictly congruent. In an

optimal menu, the high type observes perfect information and the low type observes

1. partial information when data-buyers’ private information is negatively corre-

lated and 0, < 0 if data-buyers have coordination incentives.

2. partial information when data-buyers’ private information is positively corre-

lated and 0, < 0 if data-buyers have anti-coordination incentives.

3. no information otherwise.

6These restrictions on the payoff structure are sufficient but not necessary conditions for the
value of experiment E™ to be increasing in its precision. See appendix B.2 for details.
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3.6 Conclusion

This paper considers a setting in which a monopolist data-seller offers supplemen-
tal information to privately informed data-buyers. Consistent with previous work,
data-buyers’ demand for information depends on the precision of their private in-
formation. However, it also depends on the correlation of the data-buyers’ private
information and their strategic interactions. The correlation between private in-
formation and coordination incentives interact in a meaningful way. In particular,
positive correlation increases (decreases) data-buyer’s demand for information with
respect to the conditionally independent case if they have anti-coordination (coordi-
nation) incentives. Similarly, negative correlation increases (decreases) data-buyers
demand for information with respect to the conditionally independent case if they

have coordination (anti-coordination) incentives.

The data-seller offers a menu of experiments to screen the data-buyers’ types. The
interaction between coordination incentives and the correlation of private informa-
tion is the main determinant of the features of the optimal menu. Whenever this
interaction increases demand for information, the data-seller is able to offer partial
information to the low type even when beliefs are strictly congruent. In any opti-
mal menu, the data-seller reveals the state to the data-buyer type with the highest
willingness to pay for such information. If private information leads data-buyers to
choose different actions in the absence of supplemental information, the data-seller
can exploit the position of information to provide partial information to the data-
buyer with the lowest willingness to pay, without conceding rents to the high type.
Indeed, the data-seller can provide partial information to the low type if data-buyers
have coordination incentives and their private information is negatively correlated
or if data-buyers have anti-coordination incentives and their private information is

positively correlated.

These results highlight that the interaction of strategic incentives and correlated
private information can relax the incentive compatibility constraints, allowing the
data-seller to increase profits by not excluding the low type segment from the mar-
ket. Considering strategic interactions between data-buyers when designing informa-
tion offerings is of central importance, both qualitatively and quantitatively, given

that data-buyers often interact with others in markets. This non-exclusion result is
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consistent with results from the multidimensional screening, in which the data-seller
offers distorted partial information to the low type designed to ensure that the high

type is indifferent between the information offerings.
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CHAPTER 1V

Product Reviews - Information Source or

Persuasion Device?

joint work with Anne-Katrin Roesler

4.1 Introduction

Online platforms with reviews are widely used by consumers. Reviews allow con-
sumers to share information about a good’s quality, influencing others’ purchasing
decisions and their willingness to pay for a good. When buyers have heterogeneous
preferences, the seller’s pricing choices can influence the set of consumers who trade
and, therefore, the information shared with future consumers through reviews. As
such, reviews are not only an information source for consumers, but can also act as
a persuasion device if the seller appropriately chooses prices to persuade consumers

to trade in the future.

We analyze a setting in which a seller offers a good of ex-ante unknown quality
through a platform with a review system to sequentially arriving short-lived hetero-
geneous buyers. Reviews by previous buyers provide consumers with information
about the quality of the good. Based on the review system, the seller chooses an
optimal pricing scheme. Buyers make their purchasing decision based on the infor-
mation available through reviews, their type, and the price. In this context, we plan
to address the following questions: How should a platform design the optimal review

system, having the best interest of consumers in mind? What pricing scheme will a
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seller adopt on such a platform? Is the review system only an information transmis-

sion source or can it be used as an indirect persuasion device by the seller?

When buyers have homogeneous preferences, we fully characterize the buyer-optimal
review system. We show that when there is only one buyer-type and two periods,
the designer’s problem is equivalent to Roesler and Szentes (2017), who characterize
buyer-optimal learning in a bilateral-trade model in which the buyer only observes
a (noisy) signal about her valuation prior to facing a take-it-or-leave-it offer by the
seller. This is because in the first period, the buyer has no information about the
quality of the good prior to making her purchasing decision and, therefore, she cannot
base her decision on any information about the quality of the good except her prior.
Accordingly, from an ex-ante point of view, the distribution of reports is equal to
the prior distribution of quality. It follows that the set of feasible distributions over
reviews is given by the set of all distributions G for which the prior distribution of the
quality is a mean-preserving spread. The optimal review system implements buyer-
optimal learning as defined in Theorem 1 from Roesler and Szentes (2017). Given
the review system, it is straightforward to identify the optimal pricing strategy for
the seller and the optimal purchasing decision for the buyer. We also use this insight
to solve the T-period model with homogeneous buyers. Since the distribution of
reports is equal to the prior distribution of quality in every period and there is no
inter-temporal effect of prices on the distribution of reports, maximizing expected

buyer-surplus is equivalent to maximizing per-period buyer-surplus.

We then show that the presence of heterogeneous buyers meaningfully affects the
characterization of the buyer-optimal distribution over posterior quality estimates.
In a two period model, we show that the buyer-optimal distribution with homo-
geneous buyers is no longer optimal. For the special case of K-piecewise linear
distributions with K < 2, we characterize the buyer-optimal distribution over pos-
terior quality estimates, which approximates the buyer-optimal distribution. Given
the distribution of types, we show that the buyer-optimal distribution induces the
seller to set the lowest price in the set of undominated prices, benefiting both the
low and high type buyers. Trade occurs with a probability strictly less than 1 and is
typically inefficient since a subset of buyers with strictly positive expected valuation

don’t purchase the good.
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Related Literature. This paper contributes to the large literature on information
design surveyed in Kamenica (2019) and Bergemann and Morris (2019). Specifically,
it contributes to the literature on information design in monopoly pricing models,
focusing on buyer-optimal learning. Roesler and Szentes (2017) considers a one-
period bilateral-trade model in which a single buyer observes a signal about her
willigness to pay and the seller makes a take-it-or-leave-it offer. We show that their
setting provides a benchmark for the simplest version of our model with two periods
and homogeneous consumers, and we extend this benchmark to consider a dynamic
bilateral trade model with heterogenous buyer preferences. In a related paper, Ravid,
Roesler, and Szentes (2019) consider a static bilateral trade model in which buyer-
learning is unobservable but costly. They argue that there is a qualitative difference
between information being extremely cheap and truly free, by showing that even an

infinitesimal cost to the buyer can lead to discontinuously worse outcomes.

In dynamic settings, this paper relates to Acemoglu, Makhdoumi, Malekian, and
Ozdaglar (2019) and Che and Hoérner (2018), which study buyer-learning in review
systems. Acemoglu, Makhdoumi, Malekian, and Ozdaglar (2019) analyze learning
dynamics and characterizes the conditions for asymptotic learning of two classes of
review systems: one in which buyers observe all previous reviews and on in which
buyers observe only summary statistics. In their setting, the set of buyers who
trade in a given period also influences the set of buyers who trade in future periods
through the information transmitted by reviews. In our model, the seller has the
ability to influence the set of buyers who purchase the good by selecting a pricing
scheme and, therefore, can persuade future consumers to purchase by determining
the information transmitted through reviews. Che and Horner (2018) analyzes how
a recommendation system provides incentives to users to learn about a product in a

bandit setting.

The project also ties into the dynamic pricing literature. Related papers include Lib-
gober and Mu (2018), Bergemann and Ozmen (2006) and Bergemann and Valiméaki
(2006). The first paper considers a setting with short-lived buyers, while the others
focus on heterogeneous long-lived buyers. Libgober and Mu (2018) studies a dynamic
pricing model where buyers learn about their value for a good over time. The authors
characterize the optimal pricing scheme robust to information arrival. In contrast,

we characterize the optimal review system, conditional on a seller’s optimal pricing.
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Bergemann and Ozmen (2006) and Bergemann and Valiméki (2006) study optimal
pricing by a seller who offers a good of unknown quality. Over time, buyers can
learn their valuation by purchasing the good. In contrast with our setting, these
papers take the information transmission process as given and assume that buyers

learn from their own experiences, rather than the experiences of others.

The remainder of the paper is organized as follows: Section 1 presents the model,
Section 2 derives results in a two period setting, Section 3 discusses future plans,

and Section 4 concludes.

4.2 The model

Consider a long-lived seller who offers a good through a platform operated by a third
party, the designer. Time is discrete and finite, with ¢ € {0,1,...,T}. In each period,

one short-lived buyer arrives.

Let q denote the good’s quality, distributed according to the continuous CDF H on
[q,q] where p = fj qdH (q). The good’s quality is constant over time. Initially, the
prior H is common knowledge, but the realization ¢ is unknown to both players. A
buyer’s private type is either high or low, ay € {ay, ap,} with oy < «y, and P(oy =
a;) = fi, and E[oy] = 0 for all £ € {0, 1,...,T}. Buyer types are independent across
periods. A buyer’s valuation, v;, depends on the good’s quality and her private type,
vy := q + ay. If trade occurs in period t at price p;, the seller’s in-period payoff is
p; and the buyer’s payoff is v; — p;. Otherwise, both get a payoff of zero. The seller
and the designer discount future payoffs at rate 6 € (0,1). The seller, the designer,

and buyers are risk neutral.

The timing is as follows. At time ¢t = 0, prior to observing the value of the good
and buyer types, the designer chooses and implements a review system to maximize
expected consumer surplus. A review system m = (S, {G(-|r) }»cr) is a set of signals
S C R and conditional distributions {G(|r) },er that determines how feasible reports
r € R C R are mapped into signal realizations (reviews) s € S observed by future
consumers. Based on the implemented review system, but prior to observing the

quality of the good, the seller commits to a pricing scheme.! A buyer arrives each

IFrom a technical perspective, we abstract away from the signaling component of prices - we do
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period, observes her private type, the price, and information about the good’s quality
provided through previous reviews. Based on this information, the buyer chooses
whether or not to buy the good. If the buyer purchases the good, she learns her
valuation and reports the quality of the good to the review system, turning it into
a signal realization for future buyers. That is, only buyers who purchase the good
write reviews. Since buyers have no stakes in the decisions of future consumers, we

assume that buyers report truthfully.

Each buyer’s objective is to maximize her expected payoff given the price, her type,
and the information provided by the review system. The seller chooses a pricing
scheme in order to maximize her expected profits given the implemented review
system. The designer chooses and implements the review system that maximizes

expected consumer surplus.

Benchmark: Two-periods with homogeneous consumers. As a benchmark,
consider the case in which there is only one buyer-type and two periods, T" = 1.
For simplicity, assume a = 0. The designer’s problem reduces to selecting what
information about the good’s quality is revealed to future customers through the
review system, in order to maximize expected buyer-surplus. As it turns out, from
the designer’s perspective, the two period benchmark essentially reduces to a static
setting. Accordingly, the results from Roesler and Szentes (2017), who characterize
buyer-optimal learning in a bilateral-trade model in which the buyer only observes
a (noisy) signal about her valuation prior to facing a take-it-or-leave-it offer by the

seller, naturally generalize to this setting.

To see the connection to the Roesler-Szentes setting, note that in the first period,
the buyer has no information about the quality of the good prior to making her
purchasing decision. Hence, the buyer cannot base her decision on any information
about the quality of the good except her prior. The price in the first period is such
that the buyer either always or never buys. In the former case, the buyer reports
the good’s quality. Since reports in the first period are not pre-selected, from an
ex-ante point of view, the distribution of reports is equal to the prior distribution of
quality. It follows that the set of feasible distributions over reviews is given by the

set of all distributions G for which the prior distribution of ¢ is a mean-preserving

not allow the seller to use prices as signals about quality.
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spread. The optimal review system implements buyer-optimal learning as defined in
Theorem 1 from Roesler and Szentes (2017). In period ¢ = 1, this review system
generates a unit-elastic demand, the seller sets the lowest price on its support, and
trade occurs with probability 1. In period ¢ = 0, demand only depends on the price
and the expectation of the quality u, implying that it is optimal for the seller to set
a price py = p which induces trade with probability 1.

This insight can be used to solve the T-period model with homogeneous buyers.
With homogeneous buyers, the distribution of reports is equal to the prior distribu-
tion of quality in every period. Since there is no inter-temporal effect of prices on the
distribution of reports, maximizing expected buyer-surplus is equivalent to maximiz-
ing per-period buyer-surplus. Hence, the static solution from Roesler and Szentes
(2017) is optimal. In period ¢ = 0, the seller sets a price py = p and trade occurs
with certainty, whereas for all £ > 1, the seller sets the lowest price on the support

of the buyer-optimal distribution and trade also occurs with probability 1.

Our model builds on the analysis of Roesler and Szentes (2017) by introducing two
features: buyers with heterogeneous preferences and a dynamic model in which se-

quentially arriving buyers learn from and post reviews.

4.3 Heterogeneous buyers with two-periods

We now consider the case with heterogeneous buyers and two periods ¢t € {0,1}.
We assume that each buyer’s type «; is either high, ay, or low, a,. As previously
discussed, the two-period case essentially reduces to a static setting from the point
of view of the designer. In this section, we show that the presence of heterogeneous
buyers meaningfully affects the characterization of the buyer-optimal distribution
over posterior quality estimates. In fact, we show that the buyer-optimal distribution

with homogeneous buyers is no longer optimal.

Set of feasible information structures. Recall that the review system is an in-
formation structure which determines how reports are translated into reviews. Since
buyers and the seller are risk-neutral, only the posterior quality estimate after ob-
serving a signal matters for the buyer’s purchasing decision (besides her type), and

we can thus restrict attention to unbiased signals s = E[g|s] without loss of gen-
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erality. It is by now well-known in the literature that the set of feasible CDFs of

posterior estimates is the set of mean-preserving contractions of the prior:

Gr =1{G € A([g,q)) : /m H(q)dg > /w G(s)ds for all z € [¢,q] and /qsdG(s) = u}.

The designer’s problem. In period ¢ = 1, the buyer’s trading decision depends
on E[g|s] and her type. A buyer type «; purchases the good if a; + E[g|s] > py. If
the CDF induced by the review system is GG, then the buyer’s payoff is
q
Ular,Gop) = [ (an-+ s = p)dG(s)
p1—a1
The buyer’s type is unknown to the seller. From the seller’s perspective, expected

demand at price p; is given by the mixture distribution
G=fi-Gi+ fn- G,

where G;(s) := G(s — o) with i € {¢,h}. The seller’s optimal price in period ¢ = 1,

p1, is thus given as a solution to? max, s[1 — G(s—)].

Similarly, from the designer’s perspective, the buyer’s expected payoff in period t = 1
is
q

[ a6 [ s an-macio - " 6 p)dTs).

1—Qyg pP1—ap P

Putting this together, the designer’s problem is

max / T pdG(s)

GeGy 1

s.t. p; € argmax s[1 — G(s—)]

s

where G(s) = fiG(s — ay) + fLG(s — ap).

2Here G(s—) denotes the left limit.
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Benchmarks: Full and no information. Consider first as a benchmark the case
in which the implemented review system reveals no information about the good’s
quality. Then, the induced distribution over posterior value estimates, denoted by

G N, is given by

0 ifs<p+a

Gno(s) = 3 fo if s€pu+app+a)-
1 ifs>pu+ay

Facing this distribution of posterior value estimates, the seller’s optimal price is

P =+ ayif fy, < LT
M+ g

and p] = p + oy, otherwise.

Hence, trade occurs with probability one when the probability of the high type «ay,
is sufficiently low, yielding profits of p + a4 for the seller and an expected buyer
surplus of fj,(ay, — ay). Otherwise, only the high type purchases the good and pays
her willingness to pay for it, implying that the seller’s profits are fi,(u + ;) and the

expected buyer surplus is 0.

As a second benchmark, if the implemented review system reveals all information
about the good’s quality, the induced distribution over posterior value estimates,

G ruy corresponds to

H(q) = foeH(q— ar) + fuH (g — o).

The seller’s optimal price p; maximizes his expected profits,

p1 € argmax s[1 — H(s—)],

and the expected buyer surplus is qufah(s —p1)dH (s).

Another natural benchmark to consider is the buyer-optimal signal distribution with
homogeneous buyers, to investigate whether buyers are better off under this dis-
tribution than under no or full information. The following example illustrates and
compares these three benchmarks for the case in which the good’s quality is uniformly
distributed on [0, 1]. It shows that buyers can be better off when the distribution of
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posterior quality estimates is given by the buyer-optimal distribution with homoge-

neous types than than when they learn the good’s quality.

Example 1 Assume that the good’s quality is distributed uniformly on [0, 1] and that
the distribution of buyer types is given by o) = —ay = }1 and fo = fn = % When
the implemented review system reveals no information, the induced distribution over
posterior value estimates and the seller’s problem are illustrated in Figure 4.1(a).
The solid blue line represents the seller’s expected demand and the dashed black line,
the highest attainable iso-profit curve. It is optimal for the seller to set a price of

*

p* = %, yielding expected profits of% and a buyer expected surplus of 0.

1-G
—_—

081 N,
0.6 N

0.4 S~

0.2 — Iso-profit curve

-02 00 02 04 06 08 1.0 12 -02 00 02 04 06 038 1.0 12

(a) No information (b) Full information

Figure 4.1: Seller’s optimal price

In contrast, if the implemented review system reveals all information, the induced
distribution over posterior value estimates is Gpuy(s) = H(s). With full information
revelation, the seller’s problem is illustrated in Figure 4.1(b). It is optimal for the
seller to set a price of p* = %, yielding expected profits of%l and a buyer expected

payoff of 5.

As mentioned before, it is natural to analyze how the buyer-optimal signal with ho-
mogeneous consumers performs in comparison to these two benchmarks. Accordingly,
suppose now that the implemented review system is the buyer-optimal signal for the
case in which buyers have homogeneous preferences. That is, the induced distribution

over posterior quality estimates is

0 if s < 0.2
GoST(s) = Q1 -2 ifse0.2,087)
1 if s > 0.87.
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Then, the induced mixture distribution, which corresponds to the distribution of pos-
terior value estimates, is G(s) = fiGO5 (s—ay)+ fLGYS (s—ay,). Figure 4.2(a) illus-
trates the construction of this mixture distribution, which characterizes the expected
demand faced by the seller in the presence of buyer heterogeneity. The solid orange
line represents the distribution of posterior quality estimates. The dashed lines rep-
resent the distribution of posterior value estimates for the high and low types. Lastly,

the solid blue line represents the expected demand faced by the seller.

/
J R . . R

. ‘ — —_—
02 0.2 0.4 0.6 0.8 10 12 -02 0.0 0.2 0.4 0.6 0.8 1.0 1.2
(a) Construction of the induced demand. (b) Seller’s optimal price.

Figure 4.2: The seller’s problem.

The seller’s problem is illustrated in Figure 4.2(b). As before, the solid blue line rep-
resents the seller’s expected demand and the dashed black line, the highest attainable
1so-profit curve. It is optimal for the seller to set a price of p* = 0.45, yielding ex-
pected profits of 0.29 and a buyer expected surplus of 0.17. Hence, the seller is better
off when the review system reveals no information about the good’s quality, whereas
the buyer is better off when the distribution over posterior quality estimates is given

by the buyer-optimal distribution for the case of homogeneous preferences.

Figure 4.3(a) compares the buyer’s expected surplus for the truncated Pareto and
fully disclosing distributions, illustrating that the buyer is better off under the trun-
cated Pareto distribution than fully learning the quality of the good. In fact, both
buyer-types are better off when the distribution over posterior quality is given by the
buyer-optimal signal for the case in which buyers have homogeneous preferences, as
illustrated in Figure 4.3(b) and (c). In particular, the low type’s expected surplus

under the truncated Pareto distribution is 0.04 whereas it is % with full disclosure.

32
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Stmilarly, the high type’s expected surplus under the truncated Pareto distribution is

0.29 whereas it is % with full disclosure.

I

02 [ = ~—
o 02f 02
-02 00 02 04 06 08 10 12 0 02 L 02 04 08 1.0 12 -02 02 04 06 08 10 12

(a) Expected demand (b) Low type (c) High type

Figure 4.3: Buyer-surplus comparison under G (Blue) and H (Orange).

However, as shown in Figure 4.2(a), buyer heterogeneity implies that the distribu-
tions of their valuations are given by shifts of the quality distribution. As a result, the
demand curve that the seller faces is a mixture distribution. Therefore, the presence
of heterogeneous preferences creates a kink (and a jump) in the demand-curve faced
by the seller when applying the results from the homogeneous buyer case, because
it yields a truncated Pareto distribution over the posterior quality. This suggests
that one can improve buyer surplus by smoothing out the demand curve in a way
that reduces the seller’s profit while not decreasing the gains from trade. This is
illustrated in Figure 4.4, which compares the expected buyer surplus when the dis-
tribution of posterior quality estimates is given by a truncated Pareto distribution,
represented as the blue line, and the one resulting from a distribution of posterior

quality estimates given by

0 ifs<0.13
G(s) =140.26 if se[0.13,0.26)
s if s€[0.26,1]

represented as the blue line. As shown in this figure, when buyers have heteroge-
neous preferences, the buyer-optimal solution is no longer a truncated Pareto distri-

bution.

More generally, any review system that yields a truncated Pareto distribution as the
CDF of posterior quality estimates has a kink and a jump in the resulting mixture

distribution G over posterior value estimates. Hence, a similar construction to the
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Figure 4.4: The result from the homogeneous buyer case does not directly apply.

one just illustrated can be used to obtain a signal structure that makes the buyer
better off.

Remark: Initially, one may consider taking the distribution of buyer-valuations as

the prior, i.e. the mixture distribution

H(q) = foH(q— ar) + fuH (g — o),

and then apply the construction from Roesler and Szentes (2017) to this. However,
with heterogeneous buyers and a review system that uses qualities as inputs, the
resulting demand faced by the seller is given by 1 — G, where G is the mixture dis-
tribution over posterior value estimates induced by the signal. That is, any CDF
in the set of feasible posterior value estimate CDF's induced by signals is a mix-
ture distribution. However, a truncated Pareto distribution, and hence the solution
from Roesler and Szentes (2017) applied to H, cannot be represented as a mixture

distribution.?

3To see this, notice that a truncated Pareto distribution has an atom at the top, but is smooth
everywhere else. Such a CDF cannot be represented as a mixture distribution.
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4.3.1 Simple review systems

As a first step to characterize the buyer optimal review system when buyers have
heterogeneous preferences, we restrict attention to a simple class of review systems
which induce piecewise linear distributions over posterior quality estimates. A K-

piecewise linear distribution is defined as

;

0 if s < ag

mis+mny if s € [ag,a;)

mis+ng ifs€lag_1,1)

1 ifts>1

\

where ¢ < ag < ... <axg <G, my >0 forall k € {1,..., K}, mpay + np = mp1ax +
ngyr for all & € {1,..., K — 1} and mg + ng = 1. Note that it is possible to
approximate the buyer optimal review system as we increase K. In the future, we
plan to use the insights and intuition gained from these simple distributions to derive
a general result, yet the simplicity of these review systems makes them particularly

interesting from an application perspective.

In what follows, we assume that the good’s quality is distributed uniformly on [0, 1]
and that the distribution of buyer types is characterized by aj, = —ay = a0 € (O, %),
where each buyer type is equally likely.

4.3.1.1 K=1

We start by considering K = 1 and characterize the optimal 1-piecewise linear dis-

tribution, given by

0 if s<a
Gi(s)=qm-s+n ifsé€la,l)
1 its>1

76



where 0 <m-a+n<m+n=1and m > 0. Gy(s) is a feasible distribution if and
only if

1 1 a®
a < {0,5},m:maﬂdn:—m.

Hence, the distribution over posterior quality estimates is characterized by a €
1

[0, 3]

Lemma IV.1 characterizes the seller’s optimal pricing strategy as a function of the

distribution of buyer types and the one over posterior quality estimates, which de-

termine the seller’s expected demand.

Lemma IV.1 Given the distribution over posterior quality estimates G1(s) charac-
terized by a € [O, %] and the distribution of buyer types characterized by o € (0, %),

the seller’s optimal price, p*(«, a), satisfies

{a —a,a+ «a,1/2} if (a,a) € (0,4] x [0, 4]
p'(a,a) € P, a) == {a+a,1/2,(1+@)/2} if (a,a) € (3,1] x[0,1-2a) .
{a+a,(1+a)/2} if (a,a) € (§,3] x [1—2a,1]

The following example illustrates the seller’s optimal pricing strategy and the char-
acterization of the buyer optimal distribution over posterior quality estimates within

this class of 1-piecewise linear distributions.

Example 2 Assume o = i as i Example 1. The seller’s optimal pricing strategy

*<1 ) i if a<0.11
p -, a == .
a+3 if a>0.11

18

Figure 4.5(a) illustrates the buyer’s expected surplus as a function of a. It shows
that the buyer’s expected surplus is maximized by choosing the smallest a such that
the seller is willing to set a price of a + }L. That is, a* = 0.11. Figure 4.5(b) shows
the demand induced by the buyer-optimal distribution G7. Under this distribution,
the seller charges a price p* = 0.11 + %, obtaining expected profits of 0.253 and the
buyer, an expected surplus of 0.236.
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Figure 4.5: Buyer-optimal distribution within this class and induced demand

Seller’s profit | E,|[U(«, G,p*)] | U(ay, G,p*) | U(ap, G, p*)
Gno 2 0 0 0
Grun i = - =
GOsT 0.29 0.17 0.04 0.29
1 0.253 0.236 0.075 0.3975

Table 4.1: Seller’s profits and Buyer surplus

Table 1 compares the buyer’s expected surplus for each type for the benchmarks of
full and no information, the buyer optimal distribution G7 and the buyer optimal
distribution with homogeneous types. Under the buyer optimal distribution G7, both

types achieve higher expected surplus.

In the previous example, the main intuition behind the characterization of the buyer

1
'3
feasible price given the distribution of buyer types. Formally, define

optimal Gy is to choose a € [0 } such that the seller is willing to set the lowest

p*(ala) :=min{p : p € P*(a, a) for a fixed a}
as the minimum optimal price given the distribution of buyer types characterized by
a. Proposition IV.1 formalizes the buyer-optimal distribution G7.

Proposition IV.1 Given the distribution of buyer types characterized by o € (0, %),
the buyer-optimal distribution G7 is characterized by the smallest a such that the

seller is willing to set a price equal to p*(ala).

Remark IV.1 For all a > 0.003, the buyer is better off when the distribution of

posterior quality estimates is given by G7 instead of the buyer-optimal distribution
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for homogeneous types. Moreover, the buyer is always better off when the distribution

over posterior estimates is G than full information.

4.3.1.2 K=2

Consider now the class of 2-piecewise linear distributions under the assumption that
Go(s) is continuous at ag, given by

.
0 if s < ag

mis — mido if s € [ag, a1)
GQ(S) =

M9S — MoGq + ml(al — CLQ) if s € [al, 1)

1 ifs>1

\

where my; > my > 0,0 < ap < a; <1 and ma(1 — ay) + my(a; —ag) < 1. This

distribution is feasible if and only if

ay 1—ap—ay
(1 —ao)(a1 — ao) (1 —ag)(1 —a1)

1 1
it) a; € {O, 5] and ag € [0,a1] ora; € (5, 1) and ap € [0,1 — a4].

i) mi(ag,a1) = , my(ag,ar) = and

The following example illustrates the construction of the buyer optimal 2-piecewise

linear distribution, which follows the same intuition as in the K = 1 case.

Example 3 Assume again o = }L. Consider the case in which a, € [0, %] and
ag € [0, a1].* It is easy to verify that any price p < ag "Ul; yields strictly lower profits

for the seller than p = ag + %, implying that the seller would never find it optimal

to set such prices. Similarly, any price p > % s also never optimal for the seller

since p = ag + i yields also strictly higher profits. In fact, the seller’s optimal price

satisfies

p*(ag,a1) € {ao +

1 (1—ap)ap(day —7)+8(1 —ay)ay 1
47 82ai(1—a1) —ao(l —ag)) 5}’

as illustrated in Figure 4.6.

4The procedure to construct the buyer optimal G5 when a; € (%, 1) and ap € [0,1—ayq] is
analogous, but yields a strictly lower buyer surplus.
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Figure 4.6: Seller’s optimal pricing.

The buyer’s expected surplus is mazimized by choosing the smallest ay such that the
seller 1s willing to charge a price p = ag + i. In fact, the optimal (ag,a}) are such

that the seller is indifferent between the three possible optimal prices. That is, the

optimal distribution over posterior quality estimates is characterized by

(af,a?) = (0.102,0.163).

Under this distribution, the seller charges a price p* = af + %, the seller’s profits are

0.244 and the buyer’s expected surplus is 0.238, as illustrated in Figure 4.7.
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(b) Comparison to induced demand by G3

Figure 4.7: Induced demand by distribution G3 (Blue) and G (Orange).
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Seller’s profit | E,|[U(«, G, p*)] | Ulay, G,p*) | U(ap, G, p*)
Gno S 0 0 0
G rull i = = =
GOST 0.29 0.17 0.04 0.29
1 0.253 0.236 0.075 0.3975
5 0.244 0.238 0.0775 0.398

Table 4.2: Seller’s profits and Buyer surplus

Table 2 compares the buyer’s expected surplus for each type for the benchmarks of full
and no information, the buyer optimal distributions G, G5 and the buyer optimal
distribution with homogeneous types. Under the buyer optimal distribution G35, both

types achieve higher expected surplus.

Formally, given the distribution over buyer-types characterized by a € (0, %), define
P((ag,a1)|a) as the set of undominated prices for the seller. That is, a price p €
P((ag, a1)|a) if and only if p € argmax, s[1 — G5(s—)] for some feasible (ag, a;) given
a. Define

p"((ag,a1)|a) :=min{p : p € P((ap, a1)|a) for a fixed o}

as the minimum optimal price given the distribution of buyer types characterized by

a. Proposition IV.2 formalizes the buyer-optimal distribution G7.

Proposition IV.2 Given the distribution of buyer types characterized by o € (O, %),
the buyer-optimal distribution G% is characterized by the smallest (ag,a1) such that

the seller is willing to set a price equal to p*((ao, a1)|c).

4.4 Discussion and conclusion

We use an approximation approach to characterize the buyer-optimal distribution
over posterior quality estimates within a simple class of K-piecewise linear distri-
butions. We show that these distributions yield higher buyer surplus in comparison
to the buyer-optimal distribution with homogeneous buyers. The simplicity of these
review systems is attractive from an application perspective and helps to understand
the trade-off between the simplicity of a review system and its effects on the expected

buyer surplus. In the future, we plan to use the insights and intuition gained from
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the K-piecewise linear distributions to derive a general result for the two period

setting.

We also plan to extend the analysis to a dynamic setting. When consumers have
heterogeneous preferences, the seller’s pricing influences the set of consumers who
trade and the information shared with future consumers through reviews. Accord-
ingly, we conjecture that reviews are not only an information source for consumers,
but can also act as a persuasion device, through which the seller induces selection

bias in the set of reviews, persuading consumers to trade in the future.
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CHAPTER V

Conclusion

This dissertation focuses on information economics in games. In Chapter II, I ana-
lyze the welfare effects of information disclosure in a duopoly model with differen-
tiated substitutes, price competition, and uncertain demand, in which one firm has
an information advantage over a competitor. My main result shows that a regu-
lator can increase expected consumer surplus and welfare by restricting disclosure
between firms, but that, surprisingly, consumers can benefit from the regulator pri-
vately disclosing some information to the competitor. Disclosure increases the ability
of firms to extract surplus from consumers by pricing to better match the level of
demand. But, private disclosure can create a pricing coordination failure between
firms by introducing uncertainty in their choices, which increases price volatility and
opportunities for consumers to arbitrage prices. The benefit from private disclo-
sure depends on the differentiation between goods, because it determines consumers’
willingness to substitute between goods and therefore the extent to which disclosure
affects relative demand across firms. Thus, I show that private partial disclosure is
optimal for consumers when firms offer sufficiently close substitutes and, otherwise,

no disclosure is optimal.

In Chapter III, I study the optimal sale of information by a monopolist data-seller
to multiple privately informed data-buyers who play a two-stage game of incomplete
information. In the information stage, buyers can simultaneously acquire supple-
mental information to reduce their uncertainty about the state. In the action stage,
buyers simultaneously select an action between two options to maximize their ex-
pected payoffs. The seller’s optimal menu screens between the two types of buyers.

The interaction between coordination incentives and the correlation of private infor-
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mation is the main determinant of the features of the optimal menu. In particular,
the seller offers perfect information to the buyer with highest willingness to pay (the
high type) and partial or no information to the other type (the low type). Partial
information is offered to the low type whenever the mentioned interaction increases
demand for information. That is, i) if they play a coordination game and their pri-
vate information is negatively correlated; or ii) if they play anti-coordination game

and their private information is positively correlated.

In Chapter IV, which is joint work with Anne-Katrin Roesler, we study the opti-
mal design of review systems by a platform that has the best interest of consumers
in mind. We analyze a setting in which a seller offers a good of ex-ante unknown
quality through a platform with a review system to sequentially arriving short-lived
heterogeneous buyers. Reviews by previous buyers provide consumers with informa-
tion about the quality of the good. Based on the review system, the seller chooses
an optimal pricing scheme. Buyers make their purchasing decision based on the in-
formation available through reviews, their type, and the price. We focus on how a
platform should design the optimal review system, having the best interest of con-
sumers in mind. When buyers have homogeneous preferences, we fully characterize
the buyer-optimal review system. We also show that the presence of heterogeneous
buyers meaningfully affects the characterization of the buyer-optimal distribution
over posterior quality estimates. In a two period model, we characterize the buyer-
optimal distribution over posterior quality estimates within the class of K-piecewise
linear distributions with K < 2.
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APPENDIX A

Appendix for Chapter 11

A.1 Useful results for the binary signal bench-

mark

In this section, I derive the optimal information structures for the benchmark case in
which signals are restricted to be binary. Assume that the set of signals is binary and
given by S = {s1, sy }? The information structure (S, x) with conditional distribu-
tions x : © — A(S) can be represented in matrix form where rows represent firm 1’s

signal realization and columns firm 2’s signal realization. Define 7 as follows:

GZQL ST, SH 9:6]{ ST, SH
SL xp | 1—xp S, 0 0
SH 0 0 SH 1_3;H TH

The set of feasible information structure, denoted by D, is

D = {(zp,z) €[0,1]* : xp + x5 > 1}.

A.1.1 Optimal pricing and equilibrium outcomes

Given the information structure (S, x) and conditional on the realization of signal
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si, firm ¢ chooses p;(s;) > 0 to maximize her expected profits,

max 11;(pi(s:), p-i(s-:)) = pi(si) [E[0]si] + bE [p—; (s-3) [s:] — api(si)] -

pi(s:)>0

Equilibrium prices (pi(s1), p3(s2)) are the unique solution to:
E[6]si] + bE [p;(s;)]si] = 2api(si) = 0
for all s; € S;, i € {1,2} and j # i where

E[0|s; = s)| =P(0 = 0L|s; = s¢)01 +P(0 = Ogls; = s¢)0n and
E[p_i(s—i)|si = s¢] = P(s_; = sp|si = se)p—i(s1) + P(5—; = su|s; = s¢)p—i(sm).

A.1.2 Consumer and welfare optimal disclosure

Consumer optimal disclosure. Assume that the designer’s objective is to max-
imize expected consumer surplus, given by

(64 bp} (s1) — aps(sn))”
2a

E[(CS(p1,p2); 0)] = > po |P(s; = s Ns; = 5,0)
i€{1,2},0€0,(k,n)e{L,H}?

The optimal disclosure is determined by the relationship between goods, as stated

in Lemma A.l.

Lemma A.1 If the designer’s objective is to mazximize expected consumer surplus,

partial disclosure is optimal if § € (¢,1) and no disclosure is CS-optimal, otherwise.

Proof. Lemma A.1l. First, full disclosure is never CS-optimal since expected
consumer surplus is higher with no information disclosure than with full disclosure

since

poper (@ +0Y) (0 —01)° >0

_ — >
CS (2,1 —ar) =CS(1,1) 2 8a3(2a — b)? o

implying that either no or partial disclosure maximizes consumer surplus.
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Second, I show that there exists ¢ € (0,1) such that partial disclosure is optimal if

d > ¢ and no disclosure is optimal otherwise. Define AE[CS](z) as the difference

between the expected consumer surplus with no disclosure 7% = (z7,1 — 21) and

the expected consumer surplus with disclosure (zr,zy). The sign of AE[CS](x) is
determined by

®(a,b,x) = fi(a,0)V[sa] + fala,b)prpn(xr +xm — 1)* = f3(a, b)E[V[sa|0]
where

fi(a,b) = a* (4a*(6a + b) — b*(18a + 7b))
fa(a,b) = b*(2a + b)
f3(a,b) = a®b*(6a + 5b)

and fx(a,b) > 0 for all k € {1,2,3}, min{fi(a,b), f3(a,b)} > fa(a,b) for all a > b >
0, fi(a,b) > f3(a,b) if and only if 6 < ¢ ~ 0.9. This implies that

fi1(a,b)V[sy] > fs(a, b)E[V[sy]0]] if § < &

since fi(a,b) > f3(a,b) and V[ss] > E[V[s9]0]]. Thus, no disclosure maximizes the
expected consumer surplus if 6 < ¢. Otherwise, partial disclosure is CS-optimal since
for all & > ¢, there exists x € D such that ®(a,b,2) < 0. =

Welfare optimal disclosure. Assume that the designer’s objective is to maximize
expected welfare, defined as the sum of expected consumer surplus and expected firm

profits.

Lemma A.2 Assume that the designer’s objective is to mazximize expected welfare.

If
1. 6 € (0,¢4], no disclosure is optimal
2. § € (&1,¢2), partial disclosure is optimal.
3. § € [¢2,1), full disclosure is optimal.

Proof. Lemma A.2. First, define AE[T'S;](x) as the difference in expected welfare

with full disclosure zf" and a partial disclosure characterized by x. The sign of this
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difference is determined by

pr(a, b, ) = fala,b)V[sa] + f5(a, b)E[V[s2|0]] + urps fola,b)(xr + x5 — 1)
where

fa(a,b) = 16a°(3b — a), f5(a,b) = 4a’b> (5a2 - b2) and
fo(a,b) = b?(16a"* — 12a3b + ab* — b*)

Note that pi(a,b,pu,x) > 0 for all x € D if § > & =~ 0.31 and there exists x € D
such that pi(a,b,p,x) < 0if § < é&. Thus, full disclosure is optimal if § > é and

either partial or no disclosure is optimal otherwise.

Second, define AE[T'Ss](z) as the difference of expected welfare with no disclosure
xY and with partial disclosure z. The sign of AE[T'S,](x) is determined by the sign
of

pala,b, i, ) = fr(a,b)V[ss] — fs(a,b)E[V[s2|0]] — fola,b)prpm(zr + g — 1)
where
fr(a,b) = 4a*(2a — 5b), fs(a,b) = 12a°b*(2a +b) and fo(a,b) = b* (22a” + 5a%b — b*(2a + b))

and fr(a,b) > 0 for all k € {7,8,9} since a > b > 0. Note that py(a,b, u,z) > 0
for all x € Dif § < ¢; ~ 0.29 and for 0 > ¢;, there exists x € D such that
p2(a, b, p, ) < 0. Thus, no disclosure is optimal if § < ¢ and either full or partial
disclosure is optimal otherwise. In summary, no disclosure is optimal if § < &,
partial disclosure is optimal if 6 € (&, ] and full disclosure is optimal if § > é.

A.2 Proofs

A.2.1 Preliminary results: proofs

Proof. Lemma I1.1. The pricing game is a smooth concave game since I1;((+, p_;); 8) :

R, — R is concave and continuously differentiable for each p_; € R, since the de-
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mand is linear in p_;. Define the payoff gradient as

ONL((pi, p—i); 9))
v 1€{1,2}

VII(p,0) := ( o,

where firm i’s ex-post payoff function is given by I1;((ps, p—i); 0) = pi(0 — ap; + bp_;).
Then, the payoff gradient, given by

VII(p,0) = (6 + bp—i — 2api)ie{1,2} )

is continuously differentible. The Jacobian matrix of the payoff gradient, given

by
O ((p1,p2);0)  9*Hi1((p1,p2);0)
Fon(p,6) == op2 Op10p2 _ —2a b
VIR V)= 02l ((pop)) 02 Ma(apn)0) | =\ g, )

Op10p2 ap3

is negative definite because —2a < 0 and 4a* — b* > 0 since a > |b|. This implies
that the payoff gradient VII(p, 0) is strictly monotone by Lemma 4 from Ui (2016).

Furthermore, since for all p, there exists ¢ > 0 such that

p' Fon(p,0)p < —cp’p,

the payoff gradient is also strongly monotone by the same lemma. Then, the unique-
ness of the Bayesian Nash equilibrium of the pricing game follows from Proposition
1 from Ui (2016), which states that if the payoff gradient is strictly monotone, the
Bayesian game as at most one Bayesian Nash equilibrium. The existence of a unique

Bayesian Nash equilibrium follows from Proposition 2 from Ui (2016). m

Proof. Lemma II.2. First, I show that the set of BCE is a subset of Ug,)E(S,v).
Assume o € BCE. Then, o satisfies

> o | I3, O)do (i, p-16) = 3 an [

1L ((p}, p—i), 0)do ((pi; p—:)10)
ico  Jr-icfo. %] bco  r-if0. 7] B "

(A1)

for all p; € supp o, p; € [0, OTHb} and 7 € {1, 2}.

a

Consider an information structure ([0, %] ? ,¢*> where [O, %}2 is the set of signal
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realizations and ¢* : © — A( [O, %]2) coincides with o, i.e. o = 1*. Let

L if pi = p;

0 otherwise

B (pilp;) =

be the obedient strategy. Then, the right-hand side of (A.1) can be written as

ZM&/

beo  Ir-ic)0, ]

ZZMG/

0e® p—ie{ov ffb]

=300 [t g -0 0K -0 (5010

OH
9o 5-i€ [Ovm 07a—b]

I ((ps p—i), 0)do ((ps, p-i)10)

I ((pf, p—i), 0)d™ ((pi, p-i)16)

The first equality holds by definition of )*. The second equality holds by definition
of the obedient strategy and Fubini’s theorem since, fixing 0, I1;((p;, p—:);0) is o-
integrable because 11,6 : [ ,%] — R, is a bounded and continuous real-valued
function on a compact set.! Hence, the BNE incentive-compatibility constraints are
implied by the BCE obedience constraints. This, in turn, implies that if 0 € BCFE,
then o is also a BNE of the game. Thus, the set of BCE is a subset of the set of

BNE of the game.

Second, I show that Ug ) E(S, 1) is a subset of BCE. Consider a BNE composed by an
information structure (S,1) with ¢/ : © — A(S) and measurable behavioral strate-
gies (ﬁl, B ;).2 Given the behavioral strategies (Bl, B_ i), define B:8—= A ([0, %}3

as the joint measure. Let 6 : © — A <[O, a—fb} ) be the composition of z@ and B,

defined as & = 3 04). Then, by definition & € Us,)E(S,¥). The definition of BNE
implies that (5’ , "@) and [ satisfy:

S [ / (pisp-0): O)dB—:(p—ils—) A (51, 5-0)10)

0cO

>3 / / (Bl p—); O)AB—s(p—ils—)db((s1,5-0)|0)  (A.2)

0€O ze

!See theorem 11.27 from Aliprantis and Border (2013) where the condition of theorem are

satisfied by Proposition 3.3 and Theorem 4.4 from from Royden (1968)
2Behavioral strategies 3; : S; — A ({0, %D for alli € {1,2} are defined as a regular conditional

probabilities as defined in Appendix C from Bass (2011).
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for all p; € [0,22], s € S and i € {1,2}. Integrating both sides of the BNE

incentive-compatibility constraint, we have

ZM//L/ ITi((pr. p—1): 0)Bi (pils0)dB—i(p—i] s—3) i (510)

0cO

>ZM///’ (s p-0); O)ABi(pil )45 i(p-ils ) A4 (5/0)

0cO

Then, (A.2) implies that

Zwéﬂ)lwmzwwwuﬂm

0cO
L ((p), p_s), 8)do ((pi, p—i)|6
zngﬂﬁJ«m _),0)do(pi, p—1)16)

Proof. Lemma IL.3. Consider a distribution 0 € U(g4)&(S,v). Lemma II1.2

implies that ¢ € BCE. Consider the recommendation mechanism ([ ,H—H] ,Us)

where v, = o for all (pi,ps) € [0, fTH]Q and # € © and the obedient behavioral
strategy
L if pi=p;

Bi (pilp}) = o
0 otherwise

The interim expected payoff of firm ¢ when firm —: follows £, is

1 p—i); 0)dB~; (p—ilp’;)ds ((pi, p_;)16)
9;9#9/ / (7 i pi
= Zue

0cO

= ZM@/ ((p5s p—i); 0)do ((pi, p-i)10) (A.3)

0cO

(P}, p—4); 0)dvo (s, p—i)10)

for all . Hence, the definition of BCE and (A.3) imply

j{jy@j/ ((pis p1): 0)A%s ((pi, j{jpwn/‘ (B, p—1): )t ((p1 p—)19)

0cO 0cO
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for all p, € [0, %} and ¢. The distribution of prices conditional on the state # under

ﬁ*and([O,%]Z, 0) is ¥, = 0. Thus, JEE([,a b} ,0). [ ]

Lemma A.3 The support of the distribution o(p|) is a subset of [p* (1), p" (0m)]?
for all § € ©, where p" (0) is the equilibrium price with full disclosure when the state

0 is realized.

Proof. Lemma A.3. The minimum and maximum price in any equilibrium is
charged when both firms know that the state is low and that the state is high, respec-
tively. That is, the highest and lowest equilibrium prices occur with full disclosure.
Under full disclosure o', both firms learn the state. Let p’' () be the equilibrium

price under full disclosure when the state is 6, where

On

and p" (0) = 2a—1)

F 0,) = L
P (02) (2a —b)
Hence, any obedient recommendation mechanism must recommend prices in the set

of feasible equilibrium prices denoted by [p* (01),p" (0x)]>. =

Proof. Lemma II.4. The set of BCE is the collection of distributions ¢ : @ —
A([p*(0r), p™ (0)]?) such that

i) o((p1,p2)]|0) > 0 for all (p1,p2) € [QDF(HL),pF(é’H)]2 and 0 € O,

1) /da((pl,pg)\ﬂ) =1forall § € © and
i) > o [ (s p-2). 000 (pip-16) = Yoo [ T i), 00,9010
) P €R+ 9cO p—i€ER4

for all p; € supp o, p;, € Ry and i € {1,2}.

First, Theorem A from Stinchcombe (2011) establishes the existence of Correlated
equilibrium in games in which players receive private signals and then simultaneously
choose actions from compact sets. Formally, consider a game in which the set of play-
ers [ is finite and for each 4, the type w; belongs to the measure space (€;, F;). Each
player i simultaneously chooses an action from a compact set A; and denote by A;
the set of countably additive Borel probabilities in A;, with the weak™ topology. Let
B, (F:) be the set of i’s behavioral strategies, defined as the F;-measurable functions

from €; to A;. Given a vector b € B := x;B;(F;), player i’s expected utility if b is
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played is defined by

uP(b) = / (3(w), %4bi(w)) P(d)

where (f,v) = [, f A v(da) for f : A — R and Borel probabilities v, and X;b; is

the product probablhty on A having b; as the marginal. (B;(F;), ul)ic;) denotes the

normal form game. Then, Theorem A shows that all games (B;(F;),ul)scr) have

R

correlated equilibria.

In the pricing game, two firms simultaneously choose a price to maximize their

expected equilibrium profits,

Swo [ ((pp-.00do((i-)0)

cO P—i€Ry

Note that p; € [0, %} for all i € {1,2}. Hence, firms simultaneously choose prices
from compact sets. Thus, this result implies that the set of BCE is non-empty.

Second, the set of BCE is the collection of distributions
0:0— A([pF(gL)7pF(0H)]2)7

which corresponds to the set of all probability measures on [p*(6y.), p* (6)]? for each
0 € © where © is finite. Then, the set of BCE is compact since [p*(6.), p" (0x)]?
is compact in the weak* topology, by Theorem 15.11 from Aliprantis and Border
(2013).

The designer’s objectives are

i) Informed firm optimal : Zug/ﬂl((pl,pg), 0)do((p1,p2)|0)
0co

i1) PS optimal : Z Zug/ (pi, p—i), 0)do((pi, p—i)|0)

ie{l 2} 6O

i) CS-optimal ¢ 5= 3~ 3"t [ al(pip-0: 0/ do((pi -0

ze{l 2} 6€O
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and

iv) Welfare-optimal : Z ZMQ/ (piy p—i), 0)do((ps, p—i)|0)

1e{1, 2} 0cO
e 3 Somn [ - 0Pda((pp-)l0)
ze{l 2} €O

Third, the continuity of all objective functions in the weak™® topology follows from
Corollary 15.7 from Aliprantis and Border since because both IL;((p;, p—:),#) and

qi((pi, p—i),0) are continuous and bounded functions. Hence, the integral

/ Mdo((pi, p-)|6) and / 2do((pip-0)|6)

is continuous in o. Thus, the designer’s problem is to maximize a continuous ob-
jective function in a compact set. The existence of a solution is guaranteed by the

Weierstrass extreme value theorem. m

A.2.2 Informed firm optimal disclosure: proofs

Proof. Proposition II.1. The fully disclosing information structure recommends
prices (p”' (), p" (#)) with probability 1 for all § € ©.

Full disclosure is optimal for the informed firm if her expected equilibrium payoffs
with full disclosure exceed her expected equilibrium payoffs induced by any other

obedient recommendation mechanism. That is,

> el (0 6). 5" 0)36) = 3" oo [ Tal(pr.pa)s)do((prpl6)  (A)

0cO 0cO

for all o : © — A([p¥'(0),p" (0)]?) that satisfy the obedience constraints and p;. The
obedience constraints requires that given ps, p; must be a best response for firm 1.
Then, for all recommendation mechanism o that satisfy the obedience constraints,
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the RHS of (A.4) is given by

0 + bE; [p2 |0 0 + bE, [p2|0
ZMe/Hl((pl,p2)§Q)da((p17p2)|9) = Zua/% {9+bp2 - % do(p1,p2|0)
0€O 0o

= aE, - ~ aE, [p{(6)°]

(9+bEg[p29}>2

The first equality holds since IT; ((p1,p2);6) = p1(0 + bps — ap;) and since firm 1’s
best response, denoted by p{(), is

_ 0+ BE,[pa]0]

p(0) = T

When firms offer substitutes, firm 1’s expected equilibrium profit is an increasing
and convex function of the expected equilibrium price ps. Then, Jensen’s inequality
implies that maximizing expected equilibrium profits is equivalent to maximizing the
distance between the expected equilibrium prices set by firm 2, E,[ps|0] (or, equiv-
antly, by maximizing the distance between p{(#)). When firms offer substitutes,
Lemma A.3 shows that supo((p1,p2)|0) € [p*(01), p" (0x)]? for all € ©. Hence,
recommending (pf(6;),p" (01))) in the low state and (p” (0x), p" (0x))) in the high
state maximizes expected equilibrium profit which implies that full disclosure is op-

timal for the informed firm.> m

A.2.3 Consumer optimal disclosure: proofs

Proof. Proposition II1.2. Lemma A.1 shows that full disclosure is never optimal
for consumers. Consider instead any partial disclosure policy o and define o(s3|0)
the distribution of price recommendation p, conditional on the state 6. Expected
consumer surplus, denoted by E, - [CS((p1,p2);0)], is

B CS (1 p2):0)] = 53 3 o | [0+ — apn o (.0
0O

F LS [ (= ap2>2da<<p1,p2>|e>] (A5)

0€O

3That is, to maximize the expectation of a quadratic function in an interval, it is necessary to
put all mass on the extremes of such interval.
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where, in the unique BNE, p; satisfies

1
p1 = 2% [0+b/p2da(p2|9)] .

Substituting this expression in (A.5), expected consumer surplus can be written

as
E(.0)[CS((p1,p2); 0)] = %Eu Eq (g +b (pz - ;Ea[p2|9]))2 9H
+5-E, [Eg {9 (1 + 2ba) 4 ;Eg[pg\ﬁ} - ap2:|2 eH

Define AE[C'S](0) as the difference in expected consumer surplus with partial and
no disclosure. This difference is given by

AE[CS](0) = g (62 +1) V(o Ip2] — {(1 - ‘j) (g + 1> - j] Cov(p.) (0, p2)
(7 ) VBl

where the equality holds by the law of iterated expectations, the definition of vari-
ance, conditional variance and covariance and the law of total variance. Hence, the
difference in expected consumer surplus, AE[C'S](¢), is a continuous function of 4.
This difference is also a strictly increasing function of 4. In particular, Lemma A.1
shows that AE[C'S](¢) converges to a positive number as 6 — 1 which, in turn,
implies that

2Cforu(,u,a') [07 p2]
4V .0y [p2] = 3V L[Eq[p2|0])

b >

and this condition ensures that AE[C'S](0) is a strictly increasing function of 6.

First, if § — 0, the expected consumer surplus with partial and no disclosure converge

to

a a
AE[CS](o) 6:)() 5‘/(%0) [p2] — Cov(0) [0, E[p2|6]] = —Covy,e [9 — §p2,pg] )

The equality holds by properties of covariance and since the covariance between 6

and E,[p2|0] equals the covariance between 6 and ps. The price p, is an increasing
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function of # since the state is a positive demand shifter and

since @ > b > 0. Then, the covariance between 6 — 9p, and p, is the covariance
between two increasing functions of . Hence, this covariance is positive, which

implies that AE[C'S](0) converges to a negative number when § — 0.

Second, Lemma A.1 shows that partial disclosure yields higher expected consumer
surplus than no disclosure if 6 € (¢,1). That is, AE[CS](c) > 0 for all § € (¢,1).
Hence, the Intermediate Value theorem implies that there exists & € (0, ¢] such that
AE[CS](c) = 0 when § = &. Moreover, since AE[C'S](0) is strictly increasing in 0,
partial disclosure is optimal for all § € (&, 1) where & € (0,¢] and no disclosure is

optimal otherwise. m

Lemma A.4 Assume that o is partially informative and o(ps|0) is degenerated,
placing all mass on p € [pt,pk5]. For any obedient o, supp o(ps|0') = {p,p'} for
all 0 £ 6.

Proof. Lemma A.4. The recommendation mechanism ¢ is not fully informa-
tive. First, I show that p € supp o(ps]@’). Suppose not. Then, supp o|f N
supp 0|0 = ( which implies that price recommendations fully reveal the state.

However, this contradicts the assumption that o is partially informative. Hence,

p € supp o (ps|0).

Second, I show that the support of o(ps|€’) is binary. Firm i’s obedience constraint

18

Sho [ -0 0o (ip-)l0) 2 S g [ l(php-0, 0o ((pisp-i)l)

peo  /P-i€Ry pco  P-i€R+

for all 4, p; € supp o and p; € [pf', pl;]. The left-hand side of the uninformed firm

obedience constraint can be simplified as follows:
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> | P2 (6 + bpy — aps) do((p1,p2)10)

0O p1€[pT i)
0 + bE, [p2|0
= ZM@/ D2 {94-5(2[])2”) —apz} do((p1,p2)]0)
9co p1€lpL iy a
0 + bE, [p2|0
=S [0 0 (FE D) | [ (i)
9eo a pr€lpf p]
0 + bE, [p2|0
=5 sape [0+ (P52 ] (i)
9eo @

The first equality holds by the best response function of firm 1. The last equality
holds since |,

constraint is

et ) do((p1,p2)|0) = o(p2]@). Hence, the uninformed firm obedience

> nop: [9 +b (MEM) - apz] o(p2l6) = > novhy {9 +b CMEM) - ap'z} o (p216)

2a 2a
EC) )

for all py € supp o(p2|0) and p, € [pf,pk]. The obedience constraint for p, = p

18

PR 0" + bE, [p2 |0’ . . 0+ bp .
pe o (pl0)p {0' +b (%L[pﬂ]) — ap} + pop [9+b< 2ap> — ap}

. 0" + bE, [p2|6’ 0+ bp

for all p,, € [pf, pk]. Similarly, the obedience constraint of o for py # p is

0" + bE, [p2 |0’ 0" + bE, [p2 |0

for all p, € [p¥, pl;]. The uninformed firm’s profits are strictly concave in py which
implies there exists a unique §' € [pf, pl;] that satisfies (A.6) and p’ # p. Hence, the
support of 4|6 is binary and given by {p,p'}. =

Lemma A.5 Assume that o is partially informative and o(p2|0g) is degenerated,
placing all mass on py € [pt,ph]. For any obedient o, supp o(p2|01) = {Pr,Du}
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where X = o(pr|0r),

N 4&2[1 — /iL)\]aL + bzmuH[(l - )\)9[-[ — QL]
PL= 7700 Z0) [4a2(1 — o)) — B2ug N
L 4a? [,uHﬁH + ,UL(I — )\)9[,] - bQ,LLH)\oH
b= (2a — b) [4a?(1 — pupA) — B2up )

and

Proof. Lemma A.5. Lemma A.4 implies that the support of o(py|f.) is binary
and given by {pr,pnr} if the support of o(ps|0y) is degenerated and given by pp.
Define o(pp|0.) =1 — o(pulfL) :== X € (0,1). By definition,

Eo[p2|0r] = Apr + (1 — N)pr and Eq[p|0n] = pu-
Then, taking E,[p2|01] and E, [p2|0] as given, pr, and py are characterized by

0 bE~ 0
pr, = arg max pa |:9L +b (Hi[p?l’:]) _ ap?}
D2 2a

R 0, + bE 0 Oy + bE 0
pr = argmax pr, (1 — A)p2 |:6.L +b (%MLU - am} + pEDP2 |:9H +b <H+[W|H]> - apg}
P2

The first order conditions of the previous maximization problems are

o b
b= |:0L + % (0L + b]Eg[P2|9LD}

pr(1 =) [0 + 2 (01 + bEo[p210L))] + pr [0n + 2 (0 + bEq[p2|0n])]
2a (po(L = A) + pm)

PH =

Using the definition of E,[p2|6] and E, [p2|0x], we have that p;, and py are given
by

N 4CL2[1 — ML)\]GL + b2,LLH[(1 — )\)GH — QL]
PL= " 00 — ) [4a2(1 — pr\) — B2ug )]
N 4q? [/,LHQH + ML(l — /\)QL] — bQ/JJH/\QH
PH = 00 —b) [4a®(1 — pp ) — Bug )

and

where A fully characterizes o. =

Proof. Proposition I1.3. This proof applies to a more general result which states
that is optimal for the designer to select o(p2|f) to be degenerated for any 6. Here I

present the proof for o(py|0y) but the proof for the other case is analogous.

Suppose not. Assume that the optimal recommendation mechanism o* = {o*(p2|6) }oco
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is partially informative where both o*(ps|6) are not degenerated. Consider an al-
ternative partially informative recommendation mechanism & in which 6(ps|0y) is
degenerated and places all its mass on one point py € [pf'(6L),p" (0n)] = [pt, pk]
where py € supp 6(ps|0r). By Lemma A.5, for any obedient &, the support of 7|0}, is
{pr,Pr} where p; and py are defined in Lemma A.4 and A = 6(p|6;) fully character-
izes 6. Next, I show that there exists A € (0, 1) such that AE[CS](6) > AE[CS](c*).
Given that E,[ps] = E,[po] for all feasible o,0’,* the difference between AE[CS](5)
and AE[CS](c*), denoted as AE[C'S]s_,+, is

AECSla—or = & (1+8) Ealpd) ~ B 1) - [ (1-5) (1+3) = 5| @olo - pa) =102
bé

- §(7 — 6%) (Es [E[p216]*] — Eo- [E[p2|6]])
For any feasible o*, the expectation E,«[ps|0;] satisfies

O, E,[0] ) |

2a —b 2a —b

B paltl € (
Moreover, by definition, Es[p2|0] = Apr, + (1 — A\)py, and

it A=0.

0 E[0
L_if A =1 and Es[ps|0.] = 1]

E; =
o P26 20 — b 2a — b

The intermediate value theorem implies that there exists A € (0, 1) such that Es[ps|6,]
equals E,«[pa]0L] since E;[p2|0] is a continuous function of A. Since E,[ps] = E,[po]
for all feasible o and o’, X also satisfies Ej[p2|0n] = Eq-[p2|0x]. Then, the difference
between AE[CS](6) and AE[CS](c*) for & characterized by X is

“Note that E,[p2] = E.[ps] for all feasible 7,7’ since

Er[p2] = % {IE[@] <1 + ;;) + ZE”[pQ]] & Eylpy] = 2Ea,{9]b.

The equality holds by the uninformed firm’s and informed firm’s best response functions and by
the law of iterated expectations. Then, E,[pa] doesn’t depend on 7. Given the equivalence between
7o and o, it also follows that E, [ps] = E,/[p2] for all feasible o, 0”.
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AR[CS)s_ v = = (1 4 62) [Es[p2] — Eo-[p3]]

(1+6%) [uL (Z\ﬁ% + (1= N)ph — B [p§!9L]) +pm (B — Ea*[png])}

N2

Hence, E;[p3] > E,«[p3] by Jensen’s inequality. Then, for all demand parameters and
o* such that § < ¢, there exists A € (0, 1) such that AE[C'S]s_,« > 0. This contra-
dicts the optimality of ¢*. Thus, the optimal partially informative recommendation

mechanism is such that supp 0|0y = {pr} and supp o|0;, = {pr, pu}

Lastly, the optimal recommendation mechanism is characterized by

A" € arg max AE[CS](N)
A€[0,1]

where
AE[CS]()) = g (0% + 1) u A [ (1 = N) + pr] (brr — pr)’

0-5) G+) 1)

_ b
8

7 5 N 0+ prbn)?
prOr (Mo + (1= Npu| + pabupr — (nrbr + pubm) ]

2a — b

(7= 8%) [e Dbr + (U= Npul® + pudly — e + (1= pe))pul’|

and pr, and py are functions of A defined in Lemma A.4. The optimal \* € (0,1) is
characterized by the first order condition of AE[C'S](\) and it is given by

B 4[6(1—36%) +6(1 — 62)]
a8 + 2um6t — (12 — pg)0® — 6(4 — pp )% + 41— pg)d +24(1 — pp)’

*

A.2.4 Producer surplus optimal disclosure: proofs

Proof. Lemma II.5. For the informed firm, the difference in expected profits with
full disclosure of and any disclosure o is

2
tha(o") - Ta(o) = a5 | (5. ) —2m’gEg[pz|e1+Eo[p%|e]]

2a — b

b2

0 2
+ %Eu [MEo[pQ‘H] — E;[p20] ]
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Then, this difference is positive since

)

(%ﬂb—Emmmf]zo

The first inequality holds by Jensen’s inequality. The second since a > |b| > 0,

B
2a — b

Ma(o") — Tho(0) > aE, +Zzwhmm(5;mm®}

0co

> alE,

01
2a — b

On
< < <
<_Ea@ﬂ&J_E;@ﬂ&ﬂ__%k_bmxl%%uﬁ%mﬂﬂ

for all feasible 0. Hence, IIy(c*") > TI3(0) which implies that full disclosure is optimal

for the uninformed firm. =

A.2.5 Welfare optimal disclosure: proofs

Proof. Proposition I1.4. First, I show that full disclosure yields a higher expected
welfare than no disclosure if § > &. First, full disclosure o yields a higher expected
welfare than no disclosure o if and only if 6 > &. Hence, if § > @&, either full
or partial disclosure is optimal whereas if § < @, either no or partial disclosure is

optimal.

Second, consider 6 < &. The difference between the total expected surplus with
partial disclosure o and no disclosure oV is given by

E(p,,a) [W((p17p2); 9)] - IE(,u,o'N) [W((plap2); 9)]

) ) 3 b
= 5 |:(5 <2 -+ 1) + 2:| CO’U(H’U) [9,])2] — g (1 — (52) V(,u,o) [pg] — gé (1 — (52) VM[EJ[])QWH

This difference is a continuous and strictly increasing function of 4. Moreover, as ¢
converges to 0, the difference in expected consumer surplus converges to

E(u,a) [W((l)lap2)§ 9)] - E(,u,a'N) [W((plap2); 0)] — 7%V(,u,o) [pQ] <0

6—0

and Lemma A.2 shows that E¢, o) [W((p1,p2);0)] > Eony [W((p1,p2);0)] for all

0 > ¢1. Then, the intermediate value theorem implies that there exists a &; € (0, ¢]
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such that

E(u,0) W ((p1,p2);0)] = E(,u,aN) (W ((p1,p2);0)] -

Also, since this difference is strictly increasing in 9, this also implies that
]E(Mg) [W((pl,pg), 6)] > ]E(u’o.N) [W((pl,p2)7 6)] for all § > O~él and

E o) [W((p1,p2);0)] < E 0N (W ((p1,p2);0)] for all 6 < a;.

That is, partial disclosure is welfare if 6 € [@;, &) and no disclosure is welfare optimal
if § < Q.

Now, consider & > &. The difference between expected welfare with full disclo-
sure E, .y [W((p1, p2); 0)] and with partial disclosure E, ) [W((p1,p2);0)] is given
by

]E(WTF) W ((p1,p2); 0)] — B0 (W ((p1,p2);0)]

_ % (52 _ g) E, [(2(19_ b)2 — Eg[p2|9]2] - gEu [Eq [p316] — Eq [pa]0]?]

+4 G + g + %2> E, {0 (% _Ea[p2|9]):| - %Eu (%)2 —Ea[?’gw]] ’

which is a continuous function of 4.

First, as 6 — 1, this difference converges to

Equory [W((p1:02);: 0)] — Equo) [W((p1,p2); 0)] 5:>1 %Ey [(g - Eo[pz\e]) ] >0

Second, Lemma A.2 shows that partial disclosure yields higher expected welfare than
full disclosure if 6 < ¢é. Then, the intermediate value theorem implies that there

exists g € [¢2, 1) such that

E(uory W((p1,02);0)] = Equo) [W((p1,p2); 6)] -

Analogously as before, E(,, ,7) [W((p1,12):0)] — Equo) [W((p1,p2);0)] > 0 for § >
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and negative for 0 € [a,a2). Hence, full disclosure is welfare optimal if § > as
and partial disclosure is optimal if § € [a, &3). In summary, full disclosure is welfare
optimal if & > @&», partial disclosure is welfare optimal if § € (&4, &) and no disclosure

is welfare optimal if § € (0,a;]. =

Proof. Proposition 11.5. The proof is analogous to the proof of Proposition II.3.
Suppose not. Assume that the optimal recommendation mechanism o* = {o*(p2|0) }oco
is partially informative where both o*(ps|6) are not degenerated. Consider an al-
ternative partially informative recommendation mechanism ¢ in which &(ps|0g) is
degenerated and places all its mass on one point py € [pf'(01), p¥'(0x)] = [pt, ph]
where py € supp d(p2|0r). By Lemma A.5, for any obedient &, the support of
6|0, is {pr,pr} where pr, and py are defined in Lemma A.4 and A\ = 6(p.|0y) fully

characterizes o.

Consider first the case in which § < a. Next, I show that there exists A € (0,1) such
that E[W](6) — E[W](c™) > E[W](c*) — E[W](c") where

BOVIi0) ~EOV)0™) = 5 |8 (54 1) + 5| Conumlt.pa] = § (1) Vsl

2 2
- 08 (1= ) V, Erlpalo)
The difference between E[W](5) — E[W](c") and E[W](c*) — E[W](cV) is

Wy g[ ( )+ }( 50 - p2] — Eq+[6 - p2])

( )152)( (93] — Eoe [Elpa|6]7))

where the inequality holds since E,[ps] = E,/[ps] for all feasible o,0’ and E,[p3] >
E,[E[p2|6]?] for all 0. Note that E;[p3] is a continuous function of A and for any

o,

B, [Elp2 7] € ((215[9}1))2@0*@5]) c ((;f[a]bf,m (525) o (52 b))
Es[pd] = (;j[e]bf if A =0 and Es[p2] =y <2a9L b>2 + pm (25"’02 i A =1

Hence, the intermediate value theorem implies that there exists A € (0,1) such
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that Es[p3] = E,-[E[p2]0)?]. Then, the difference between E[W](5) — E[W](c") and
E[W](0*) — E[W](oN) for X satisfies

5T (0 3
AW oo 2 5 |6 (5 +1) + 5| Ealp ol — Bl 2]
AN 3
25005+ 1) 5| OrlEpaio=E,  alo) + 011 210 <E,- p210)) [Bo[P2] — o [p2]

where E; [pa] = E,«[ps], contradicting the optimality of o*. Thus, the optimal dis-
closure has binary support and it is characterized by A\* € argmax;,( y AE[W]N(N)

()

(1= 06%) peA [pr(l = X) + pul (b — pr)?

where

AE[W]N (N

prOr [Apr + (1 = N)pu] + peOupa —

IR oI

(nrbr + pefu)?
2a — b

5 (1—0%) [ML o+ (1= Npu)® + pupy — [pribr + (1 — NLA)ﬁHﬂ
The optimal \* € (0, 1) is characterized by the first order condition of AE[W]V ()).

Consider now the case in which 0 > a. Next, I show that

E[W](6) - E[W](") = E[W](0") — E[W](c").

The difference between E[W](6) — E[W](c") and E[W](c*) — E[W](c¥), denoted by
AEWI]E ., is

[(g + 1) 5+ z} (B [0 - pa] — Eqge [0 - pa]) — g (1-6%) (Es[p3) — Eo- [p3])

(5 - 52) (Es [Elpal6]2] — E, - [Elpo|6])

Analogously as before, there exists A € (0, 1) such that Es[p2] = E,«[E[ps]6]?] and the
difference between E[W](6)—E[W](cF) and E[W](0*)—E[W](cF) for ) satisfies

[(g T 1) 5+ ﬂ (Es[0 - p2] — Eq+[6 - p2])
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and since Es[0 - po] > E,+[0 - po], this contradicts the optimality of o*. Thus, the

optimal partially informative recommendation mechanism is such that supp o|0y =
{pu} and supp o|0;, = {pr,pu}. The optimal disclosure is characterized by A\* &
arg maxg(o ] AE[W]"(\) where

AN 3 i i i 01 + pbi)’
AEW]T(A) = 3 [5 (2 + 1) + 2] pOr [(Apr + (1 — N)pu| + pabupu — G L2a _MZ i) ]
a A A~
=5 (1=0") peA [p (1= X) + ] (b —pr)’
b_(5 R . . R )
— 39 (2 - 52) {HL oL + (1= Npul® + puph — pipr + (1 — ML)\)pHﬂ

The optimal A\* € (0,1) is characterized by the first order condition of AE[W]¥()).

A.3 Non-linear demand

Consider the same environment as before but assume firm i’s demand, ¢(p;, p_s;0),

is continuous and differentiable and satisfies the following properties:

q(pi, p—i;0)
apz’

9q(pi, p—i; 0)
00

i) q(pi, p—i; 0)

dq(pi, p—i; 0)
o, | > | |

<0, ii) -~

> 0, and i) |
The first condition ensures that quantity demanded decreases as price increases, the
second condition implies that the state is a positive demand shifter and, lastly, the
third condition implies that goods are differentiated and that a change of its own
price has a bigger effect on the demand than a change of the price of a competitor.®

Assume that firm’s ex-post profits are strictly concave in p;. That is,

2 . . . .
pO q(pi;p-i;9) _ _,94(pi, p-i30)

Furthermore, assume that

O*1L;(pi, p—i; 0) O*I1_i(p—;, i3 0)
op? o,

v

(aQHz‘(pmp—z’;Q))Q

OpiOp_;

5This ensures that equilibrium prices are finite.
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Firms offer substitutes (complements) if

9q(pi, p—i; 0)

o > 0(< 0).

When firms offer substitutes, assume that the elasticity of demand of firm ¢ is a non-
increasing function of the other firm’ price and that the demand is supermodular in

the state € and the price of the other firm p_;, i.e.,

*q(pi, p—i;0)
000p_;

*q(pi,p—i; 0)

00, > 0 for all (p;, p—;) and

> 0.
Similarly, when firms offer complements, assume that the elasticity of demand of
firm ¢ is a non-decreasing function of the other firm’ price and that the demand is

submodular in the state 6 and the price of the other firm. That is,

2*q(pi, p—i;0)

*q(pi, p—i;0) <0
Op;Op—; '

<0 for all (p;, p—;) and 000p_; -

Note that these assumptions imply that firms choices are strategic complements

(substitutes) when they offer substitutes (complements).

Pricing game equilibrium. For all information structures (S, 7s), the existence
and uniqueness of the BNE is guaranteed by Ui (2016), which provides sufficient con-
ditions for the existence and uniqueness of BNE in Bayesian games with concave and

continuously differentiable payoff functions. This is formalized in Lemma A.6.

Lemma A.6 For all information structures (Ss,m3), the set of Bayesian Nash equi-

libria in the pricing game E(Sy, ) is a singleton.

Simplifications. The strict concavity of firm’s ex-post profits in p; imply that
firms’ profits are bounded and continuous functions and that there exists p such that
it is without loss of generality to restrict attention to the compact action space
pi € [0,p].
Lemma II.2 and Lemma II.3. The existence and uniqueness of BNE imply that

The equivalence to recommendation mechanism o is established in
it is sufficient to restrict attention to the distribution o(py|) since for any obedient

recommendation mechanism there exists a function p;(6, o(p2|6)) which represents

firm 1’s best response when the state is # and the price recommendations are given
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by o where

p1(0,0(p2]0)) = arg max / v1(p1, po; 0)do (pe|).
p1 p2
By Leibniz rule, p; (6, 0(p2|6)) is implicitly characterized by
0q(p1, p2; 0
[ atorps0)ioteuio)+ i [ S D go(g)0) < 0
D2 P2 8]71

Then, firm 1’s expected equilibrium profits given information structure o are

Ep, o) [ (p1, p2; 0 ZME 1(p1,p2;0)|0]
USS]
= 1 / (91 (8. 0 (9216)), s O)do (pa]0)
0co

Furthermore, for any information structure o, the set of recommended equilibrium
prices for firm 2 in the pricing game is a subset of the interval between the equilibrium

prices with full disclosure. This is formalized in Lemma A.7.

Lemma A.7 The support of any obedient distribution o(ps|0) is a subset of
" (01), " (Om)] for all 6 € ©
where p*'(0) is the equilibrium price with full disclosure when the state 0 is realized.

Informed firm optimal disclosure. Assume the designer wants to maximize
the informed firm’s expected equilibrium payoffs. First, I show that when firms
offer substitutes, the informed firm’s expected equilibrium payoff conditional on the
state is supermodular in the state and the price of the other firm. Similarly, I also
show that the informed firm’s expected equilibrium payoff conditional on the state is
submodular in the state and the price of the other firm when firms offer complements.

This is formalized in Lemma A.8.

Lemma A.8 When firms offer substitutes (complements), E,[115(p1, p2; 6)]0] is su-

permodular (submodular) in 6 and ps.
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Second, I show that it is optimal for the informed firm to share all its private in-
formation with the uninformed firm when the informed firm expected equilibrium
profits are supermodular in the state and the uninformed firm’s price. I also show
that it is optimal for the informed firm to share none of its private information
with the uninformed firm when the informed firm expected equilibrium profits are
submodular in the state and the uninformed firm’s price. This is formalized in

Proposition A.1.

Proposition A.1 If E,[II;(p1, p2; 6)|0] is supermodular in py and 0, full disclosure
is optimal for the informed firm. Similarly, if E,[115(p1, pe; 0)|0] is submodular in po

and 0, no disclosure is optimal for the informed firm.

These two results imply that full disclosure is optimal for the informed firm when
firms offer substitutes and no disclosure is optimal when firms offer complements.
These results also extend to Cournot competition using same equivalence arguments

as before.

A.3.1 Proofs

Proof. Lemma A.6. The pricing game is a smooth concave game since I1;(-, p_;;0) :

R, — R is concave and continuously differentiable for each p_; € R, since

0?11, (pi, p—i; 0)
op?

<Oforall p_; € R;.

Define the payoff gradient as

VII(p,0) = (aﬂi((pijpme))ie{w}'

Op;

The payoff gradient is continuously differentible. The Jacobian matrix of the payoff
gradient, given by

32H1((P12,p2);9) 92101 ((p1,p2):0)
._ Op Op10p2
Fvn(p,e) T (321—12((?21,?1);9) 321—12((1’2,171)%9)) ’
Op19p2 op3
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is negative definite because

aQHi(pi,p—i;e) <0 and 321—[1’(]91’,194;9) 821—[—1(]947191';9) > aQHi(pup—iSQ) ?
op; op; op%; OpiOp—; '

This implies that the payoff gradient VII(p, ) is strictly monotone by Lemma 4 from
Ui (2016). Furthermore, since for all p := (p;, p—;), there exists ¢ > 0 such that

p' Fon(p,0)p < —cp’p,

the payoff gradient is also strongly monotone by the same lemma. Then, the unique-
ness of the Bayesian Nash equilibrium of the pricing game follows from Proposition
1 from Ui (2016), which states that if the payoff gradient is strictly monotone, the
Bayesian game as at most one Bayesian Nash equilibrium. The existence of a unique

Bayesian Nash equilibrium follows from Proposition 2 from Ui (2016). m

Proof. Lemma A.7. With full disclosure, there is no uncertainty about the state.
Each firm chooses p; : © — R, to maximize I1;(p;, p_;;0). That is, firm i’s best
response to p_; is implicitly defined by

aCJ(pz',p—i;Q)
q(pi,p—i;0) + pi———= =0
( ) o,

In equilibrium, both firms choose the same price, denoted by p'(6). Since q(ps, p1;0z) <
q(p2, p1,05), the highest (lowest) equilibrium price the uninformed firm is willing to
price is when both firms are certain that the state is high (low). Hence, the support

of any obedient recommendation o(ps|6) is a subset of [pf'(01), p" (0x)]. =

Proof. Lemma A.8. By definition, E,[II}(p1, p2; 0)|0] is given by
o1 (p1,p2:0)/6) = | T(00(6,0(pa1): i 6)dr(pel)
P2

When firms offer substitutes, for any obedient o(p2|f) we have that

/ q(p1,p2; 0)do(p2|0m) 2/ q(p1,p2;0)do(pe2|0r) and

D2 p2

/ 9a(p1,2230) 40 0ol01) > / 0a(pL-P2:9) 45 1,10, for all py and 0 (A7)
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since q(pi1, pa; 0) is strictly increasing in po, [ do(p2|0) > 5 do(pe|@x) for all x

9%q(p1,p2;9)

and 0p10p2

> 0. Then, since p1(0, o(p2|6)) is implicitly defined by

0 ,p2; 0
/q(p1,p2;9)d0(pzl9)+p1/ Mda(m@):&
D2 D2 op1

(A.7) implies that p (8, o(p2|0x)) > p1(6, 0(p2|61)) for all € ©. Then, % >

0 also implies that
[ a0n(6,0(0216m)),p236)Ao 02161) = | a(pr(6.r(pal61)) 00 ).
p2 p2
Then, when firms offer substitutes,

/ I (91 (6, 0 (2] 1)), p2: 6) Ao (palr) — / Iy (1 (0,0 (2161)), p2: O)do (pal6r) >0 (A8)

for all € ©. By Leibnitz rule,

3f I (p1(0,0(p2|0r)), p2; 0)do (p2|0r)

00
Op1(t, o (p2]6 941, P23t
= [ et [q<p1(9,a<p2|eH>>,p2;e>+p1<e,o<pz0H>>Q(p”’” do (pe6i)
P2 ot t=60 apl
9] 0, 0r)),p2;t
+ [ p0.0tpalo) HPELEACOLLED] ()
po t=60
a 0, 0r)),p2;t
/ (0,0(p2|0n)) 4P U(gi‘ 1)), P2i ) do(p2|0m)
P2 t=0

where the last inequality holds by the first order condition of the informed firm’s
pricing decision. Similarly,

0 Hl 10,0’ 29 5 2;9(‘10 29 o .
Jpe T (p2(60, 0 (p g;))p )do (pa|0r) :/pr1<97U(p20L))8q(p1(9, (giwL)),pg,t) o

Then, the left-hand side of (A.8) is non-decreasing in 6 since

0q(p1(0,0(p2|0rr)), pas t)
ot

2/ p1<9ao-<p2|eL>>8"@1(9’“(2'90)@2;&

because p1 (0, 0(p2|0m)) > p1(0,0(p2|0r)) and %ﬁw > (0. Thus, when firms offer

do(p2|0m)
t=60

do(p2 \9L)
t=0

/ p1(6,0(p2161r))

P2
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substitutes,

/ M (1 (011, 0(021611)), P 011 )dor (2 611) — / Iy (91 (811 0 (92102)) po: O30 )dor (2] 1)

p2 p2

Z/ Hl(p1(9L,0(p2|9H))>p2;QL)dU(pz\eH)—/ Hl(pl(QL,U(pQWL))>p2;QL)dU(pQWL)

p2 p2

which implies that E, [IT;(p1, p2; 0)]6] is supermodular in 6 and p,. The proof for the

complement case is analogous. =
Proof. Proposition A.1. Consider first the case in which E,[II}(p1,p20)|0] is
supermodular in p; and 6. Next, I show that for all ¢ and p, € [pf'(61), p¥ (0x)],

E, (I (p1,p2; 01)|01] < Eo[I1](p1, p2; 00)|0L] < Eo[I15(p1,p2; O)|0u] < Eyr 115 (p1, p2; 01)|0H].

That is,

L (p1 (8, 0F (pal61)), ¥ (61): 61) < / L (p1 (01 0 (po)01)) pa: 01,)dor (]

D2

S/ H1<p1(6H70<p2|9H))7p2;GH)dU<p2|0H) < Hl(pl(eHaO-F<p2‘6H))7pF<9H);GH)
P2
First,

/H1(p1(9L,U(p2\9L)),p2;QL)dU(p2|9L)Z/ L (p1 (01, 07 (p2101)), p2; 01.)do" (pa|61)

D2 p2

=0 (p1 (8, 0" (p2l6)), " (61); 61) (A.9)

since o (pa|6;) recommends p* () with probability 1, the informed firm’s demand
is increasing in py and py (01, o(p2|0r)) > p1(0r, o' (p2|0r)).6 Similarly,

/ 0 (p1 (Bs1, 0 (p2]011)), p2: 11 )dor(palBr) < / L (p1 (657, 0" (p21611)), pos O2) o™ (] 0

b2 p2

=1 (p1 (0, 0" (p210r)), 0" (0); 01)  (A.10)

because ¥ (py|0) recommends p’(f) with probability 1, the informed firm’s de-

mand is increasing in py and py (0, 0(p2|0r)) < 10w, oF (p2|0r)).

6The proof of pi(0r,0(p2l0r)) > p1(0rn,0" (p2|0r)) follows an analogous argument as in
Lemma A.8.
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Second, supermodularity implies that

/ Iy (1 (01, 0/(p2]62)), ps: 01)dr (o] ) < / L (91 (Bst, 0 (p2l00)) o O30 )dor (0 610
(A.11)

since p1(0r,0(p2|0L)) < p1(0y,o(p2|01)), 82‘18({2;8’5;@ > 0 and the state is a positive

demand shifter, implying that o(ps2|0y) recommends on average higher prices than
0(p2|fr). Thus, (A.9), (A.10) and (A.11) imply that

I (91 (81, 07 (92102)), 97 (81): 61) < / L (p1 (B, 0 (p162)), po: B )dor (61
< / Ly (91 (B30, 0 (pa]00) s o 632 ) A (0 B3r) < Ty (p1 (B, 0 (pol610)), pF (8t ): B

Then,

Eor (I (pr 023 0)] = > ol (pa (8, 0" (p216)), " (6); 6)

0co
> Zua/ I (p1(0, 0(p2(0)), pa; 0)do (p2|0)
fcO p2

= E, ,[I17(p1, p2: 0)]

where the inequality holds by Jensen’s inequality.

Consider now the case in which E,[II}(py, pa; 0)|6] is submodular in 6 and o(p2|0).

Analogously as in the supermodular case, it is possible to show that

L (91 (B0, 0™ (92]02)), 93 01) < / L (91 (8, 0 (p161)), po: 01 )dor (pa 61

p2

< / L, (p1 (611, 0 (02)010)), 23 020)do (p]0r) < TL (01 (s, ™ (pal6ir)), 9™ 011)
P2
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which in turn implies that

EJN,u[HT(plap% 9)] = Z ,UGHl(pl (eapN)apN; 0)

0cO

>3 s [ (01 (0. 0palf). ool

0cO b2
= ]EJ,,u [HI (pla D2; 6)]

where the inequality holds by Jensen’s inequality. m

A.4 Extensions proofs

Proof. Lemma II.6. Proposition II.1 and Lemma II.5 imply that full disclosure is
optimal if firms offer imperfect substitutes. If firms offer complements, the informed
firm prefers to not disclose her private information whereas the uninformed firm

prefers to learn the state. First, full disclosure yields higher producer surplus than

no disclosure if and only if § < f show that full disclosure is optimal when

firms offer complements if § < n ﬁ and no disclosure is optimal otherwise.

Consider first the case in which § < 1+2 7 The difference in expected producer

surplus of full disclosure o' and disclosure policy o is

PS(c") - PS(0) > (a +b— Zi) E, [(Qf_b - Eg[p2|9]>2] >0

The first inequality holds by Jensen’s inequality, a > [b| and b < 0, Whereas the

second one holds for all § < o f Hence, full disclosure is optimal if § <

1+\f

Consider now the case in which 6 > 1+2 75 The difference in expected producer

surplus of no disclosure ¢V and disclosure policy o is

PS(cN) - PS(0) = aVue)[p2] — (1 =6) Cov, o [p2, 0] + Szb -0V, [Eq [p2]6]]

Note that this difference is a strictly increasing function of § because

OPS(a™) — PS(o 3b
D=L _ oy, 6] + SV, lpald),

CoVu,0)[P2, 0] > 24V (00 [p2], 6 < 1 and V) [pa] > V. [Eq[pa]f]] > 0
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This implies that

2 3b 2
PS(UN) — PS(0) > aV(#’J) [p2] — (1 — 1—}—\/5) CO’U(HJ) [p2, 0] + e WVM[EU[ZQQ‘QH >0
forall o > 1+2\/§ since Cov,q)[p2, 0] € [2aV (0 [pa], (20 — )V (0 [p2]] and Vi, » [pa] >

2

1+v2° u

V,.[Eo[p2|0]]." Hence, no disclosure is optimal if § >

Proof. Lemma II.7. With public signals, the informed firm’s expected equilibrium

(5 ]

are higher than its expected equilibrium profits with private signals. This holds

6+ bpo i E_pub 9+bp29 i
2a ot 2a

0 + bE  pus [p2|6] 2 — uE 0 + bE,priv [p2]0)] ?
s 2a

profits, given by

Eqyoruy 115 ((p1,p2);0)] = aEyy |Egrus

because

0

E (0w [ ((p1,p2); 0)] = aE,,

> alE,

EO.Pub

=aE, g

= E(M,O’P'Mv) [HT((plvPQ); 0)]

where the inequality holds by Jensen’s inequality. m

Proof. Lemma I1.8. The expected consumer surplus with public disclosure is given

by
whereas expected consumer surplus with private disclosure is

0 + bE, rriv [pa]0 2 0+ bE,rriv[pal0] \°
Egpriv [Ch( priv [po| ],P2;9> + q2 (pz, 2] ];0)

5 1 0+b 2 0+b 2
CS(a") = 2g Bn ¢ ( 2ap2,p2;9> + ¢ (pz, 2ap2;9>

]Eo.Pub

TV 1
CS(aPrivy = 5B

2a 2a

9H

"The highest covariance between prices and the state occurs with full disclosure. In this case,
p2(0) = ﬁ. Hence,

Cov(y,q)[p2,0] < Covy 0)[p2, (2a — b)p2] = (2a — b)V(,, o) [P2]
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The difference between expected consumer surplus with private and public disclosure
is

CS(O_Priv) o 05«(0_Pub) _ g_& (7 — %) (E(Nvﬂ)[pg] - ]EM [Ea[p2|9]2])

Then, CS(af) > CS(aP*) because a > |b| and
E(..0)[13) — Ep [Eo[p2|0)’] = Eu[Eq[p3]0]] — E, [Eo[p2|6]*] > 0

where the equality holds by the law of iterated expectations and the inequality by

Jensen’s inequality. m

Proof. Lemma II.9. First, no disclosure is optimal when firms offer complements
since CS(af*) < CS(aP). Similarly, no disclosure is optimal when firms offer
substitutes and firms offer sufficiently far substitutes (6 < ¢). Consider then the case
in which firms offer substitutes (b > 0) and 6 > ¢. The expected gain of consumer
surplus with public disclosure with respect to no disclosure is given by:

” 1 /a
CS(O’P b) - CS(O’N) < % (QV(MUPub)[pQ] - COU(MUPub)(Q,pz))

<0

where the first inequality holds by definition of variance, covariance and §. The
second inequality holds because C'S(c?"?) < CS(oN) for 6 =0. m

Proof. Lemma II.10. The designer commits to an information structure with
private signals, denoted by qﬁk, to share all the informed firm’s private information
with & firms and share no information with N —1—k firms, where k € {0,1,2,..., N—
1}. Firms who observe a perfectly informative signal condition their pricing choices
on the state and select a mapping p’ : © — R, to maximize their expected profits,

whereas firms who observe no information select a price p"v € R, to maximize their
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expected profits. Equilibrium prices are

pb) = 20— )@a(N 1)~ ) ’
Fp _ Ou(2a(N —1) = bk) —bur(N —k — 1) (0n — 6r)
v (0m) = (20— b)(2a(N — 1) — bk) , and
o~ = urlr + ,UHQH.

20— b

Consider first the case in which the designer’s objective is to maximize the informed

firm’s expected equilibrium profits, given by
E[IT ()] = a ) pep” (6)
6cO

The informed firm’s expected equilibrium profits are maximized by sharing its private
information with all other firms (k* = N—1). Similarly, when the designer’s objective

is to maximize expected producer surplus, given by
PS(y) = (N =k = 1)a(p™)* + (k+ L)a ) _ uap” (6)°
0cO

it is optimal to share information with all firms (k* = N — 1), eliminating all infor-

mation asymmetry between firms.

In contrast, if the designer’s objective is to maximize expected consumer surplus, in-
formation disclosure between firms is at least partially restricted. Expected consumer
surplus, given by,

CS () = (k;;D %ue [e+bpr - ( — bk) pF(H)r

T Y| U (R P

0cOe

The optimal information structure, characterized by k*(N,d), is determined by the
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degree of substitution and the number of firms in the market, where

0 if § <2 forall N >3

[\G][S9)

k*(N,5) =40 if 5 € (2,0.76) and N € [3,1+§ -

|

f(N,d) otherwise

and
N6y = 2N =D (8 + PN —5) +6UN — (N 1) —3(N ~1)?),
T §(04 (N —1))(0+3(N —1))
if
cs |7 2(N=1)(834+82(AN=5)+5(AN-T)(N—1)=3(N —1)?) ] =5 [fr 2(N—1)(53452(AN=5)+5(4N—-T)(N—1)—3(N—1)2)
[ SEH(N-1)(+F3(N-1)) 1 L SEH(N-1)(3+F3(N—1)) ]
and
F.6) = 2= (63 + 62(4N — 5) + (4N — T)(N — 1) — 3(N — 1>2)J
T 564+ (N—=1))(0+3(N—1)) 7
otherwise.
(]
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APPENDIX B

Appendix for Chapter 111

B.1 Proofs with two data-buyers

Proof. Lemma III.1. I show that for any menu M and BNE 6, there exists a direct
menu MP and o such that (i) every data-buyer i of type 6 € {1,0y} purchases
the experiment designed for her type; (ii) for every type vector, the distribution over
outcomes under M if & is played is the same as the distribution over outcomes that

results under MP and oP.

Suppose instead that M > 3. First, suppose that i;y € {0,1,..., M} for all i type 6.
Hence, only two elements of the menu are traded in equilibrium. Then, it is possible
to eliminate the redundant elements of the menu and offer menu MP? which only
includes the ones that are purchased in equilibrium. In this case, it is trivial that
the distribution over outcomes remains unchanged. Second, assume that there exist
i type 0 such that ; € A({0,1,.., M}). Construct an alternative menu MP? in which
the experiments that are chosen by 7 type 6 with positive probability are replace by
one experiment that randomizes over those experiments such that induces the same

distribution over outcomes. That is, define

M
T ((si,s5)|w, (,15)) = > Pl = m|w)i (s, 55)[w, (m, 17)).
m=0

Note that the overall distribution over outcomes remains unchanged. Thus, M?P
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implements the same outcome as M and, since & is a Bayes Nash equilibrium, o”

is also an equilibrium. Therefore, it is without loss of generality to consider menus

with at most two elements. m

Proof. Lemma III.2. Consider i type # and an experiment E™ € M where the
menu M is a incentive-compatible and individually rational. Let ¢ type 6 choose
a single action after each signal. Given the equilibrium strategies, let S;" denote
the subset of signals in experiment E™ that induces buyer ¢ type € to choose action

ay € {ay,as} where Uz_ S = S™.

Construct E™ = (5™, 7™) where S™ = {s1, 55} and, for all s, € {s1,s2} and w €

{w17w2}7

%m(3g|w):/ " (s|lw)ds.
s

E™ and E™ are constructed such that both experiments induce the same outcome
for buyer ¢ type 6. Thus, ¢ attaches the same value to both experiments, i.e.,
Vm(E™, 0) = VM(Em,G). Furthermore, E™ is a weakly less informative than E™
and Blackwell’s theorem implies that Vy(E™,0) < VM(Em, 0') for all #'. This re-
laxes the incentive constraints of types 6’ # 6. Therefore, for any M, it is possible
to construct M that replaces ™ with E™ that is also incentive compatible and

individually rational and yields weakly larger profits. m

Lemma B.1 The value of experiment E™ is weakly increasing in its precision if
cE (%, 2).

Proof. Lemma B.1. Data-buyer ¢ type #’s willingness to pay for an experiment
is determined by v (E™,0;m) and ve(E™, 0 m). First, if ¢ purchases experiment E"

with n # m, both expressions are increasing in 77 and 74 since

Ova(E™,0;m)  Ovi(E",0;m)

=077 + (1 — 77")c] and

ony on}
Ova(E™,0;m)  Ovp(E™,0,m) " m
oy = oy = (1-0)[(1 — 73" )+ my']
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Second, if i acquires the same experiment as j (n = m), we have that

Ovi(E™, 0;m) Olr(2—c)+ (1 —n")| if k=2

ony’ Olr + (1 —7")(2c—1)] if k=1
and

Ov(E™, 6;m) 1-0)[(1—=7)2c—1)+75] if k=2

or3' 1-0)[(1—m)c+m(2—c)] ifk=1
Hence, ¢ € (%, 2) ensures that Vi (E",0) increases in 7} and 73 for all experiments
E". m
Proof. Proposition III.1.

1. First, I show that I Ry, binds. Suppose not. Then, I Ry must bind.! Since the high
type observes E, t? = Vi (E,0y) > Vi (E,0r) and t* < Vi (EL,0.). Moreover, the

incentive compatibility constraints imply
[CL : VM<EL,9L) - tL > VM(E, HL) — tH and [CH 0> VM(EL,QH) — tL.

Since Vi(E*,0;) — t* > 0 and V(E,0;) — t < 0, it is possible to increase t* by
a small e > 0 without violating any compatibility constraint, yielding a contradic-

tion.

Second, I show that the participation constraint of the high type also binds. Since

the IR, and ICy bind, the data-seller’s maximization can be written as:

max (1 —v—p)Vm(EL,00) + (v + p) (VMm(E?,01) — [V(E*,01) — Va(E*,01)])

(B™ ™) me(L,H}

subject to

IRy : V(E* 0y) — Vi (E*,0) > 0 and
ICL : Vi(E™,0y) — V(B ,01) > Vi (EY, 05)] — V(E*,0L).

Hence, I Ry implies IC. As a result, we can further simplify the data-seller’s max-

L At least one participation constraint binds. Otherwise, the seller can increase prices and profits.
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imization problem to

max Vm(EL,00) + (v + p) (Vm(ET, 0y) — V(E*, 01))
(Em7tm)me{L,H}

such that V(EL, 0y) > Vi (E",01). Note that

since Va(EL, 0y) > Va(EL,0;1). Thus, it is optimal for the data-seller to choose E*
such that Vi (E%, 0g) = Va(E®, 01) which implies that IRy binds.

2. Suppose ICy does not bind. Since IRy binds, it is possible to increase both
the precision of EX and tX since payoffs are continuous in 7%, yielding a contradic-

tion.

3. First, I show that if F is part of the optimal menu, it is offered to the high type.
Suppose instead that only the low type purchases this experiment, implying that its
price cannot exceed Vi (E, 01). If the high type does not purchase this experiment,
incentive-compatibility implies that ¢t < Vi, (E,6L). Thus, only offering E at price
Vi (E, 0L) improves the seller’s profits. This yields a contradiction.

Second, I show that E is part of the optimal menu. Assume without loss of generality
that 6y chooses action a; in the absence of supplemental information. Consider first
the case in which 67, also chooses action a; under the same circumstances. Proposition
1.4 implies that 7/ = 7f = 1. The data-seller’s expected profits from a menu M

are

HM:@_QML(I_V_M{(1—2u—p)<c<1—w§>+w§> u(c(l—w%wf)]

l—-v—p + l—-v—p

vie(l—nf) +n) | ple(l — i) +w§>]
vV+p v+p

+<u+p)<1—eH>w§[

First, if ¢ < 1, it is trivial that the data-seller’s profits are strictly increasing in 7,
implying that it is optimal to set 72 = 1. Second, if ¢ > 1, the same result is true

since

O pq
orl!

> (1= 0p) [v(1 = m3) + p(1 — 7)),
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c € (1,2) and 0, > 0. Consider now the case in which the low type chooses ay in
the absence of supplemental information. Proposition 1.4 implies that 7 = 7 =1
and the expected profits from a menu M are

Iy = 9L7T1L [1/+ (1—2v—p)(e(l 77r1L) +7r1L)] +7T§H (1-06g) [Ver [(c(l fwf) +7T§I)]] .

Analogously as before, it is possible to verify that the data-seller’s profits are strictly

increasing in 74’ when ¢ € (3,2).

4. Assume without loss of generality that g chooses action a; in the absence of
supplemental information. Consider first the case in which 8 also chooses action

a; under the same circumstances. Suppose that in an optimal menu M, 7f < 1.

Consider an alternative menu M that replaces EL characterized by 7 < 1 and
7L with E” which replaces 7% with 1. Since E# = E, the difference between the

data-seller expected profits with M, I, and with M , 5, s

Ty — 11

M T M
1-v-p)
riofe - [ o] 1 [0t ]}

This contradicts the optimality of M.

Consider now the case in which 67 chooses action ay in the absence of supplemental
information. Suppose that in an optimal menu, M , m& < 1. Consider an alternative
menu M that replaces 7 with 1. The difference between the profits resulting from

these two menus is

g — g = (1= 0m)[1 = p—v((1 = 75)c + 73]
+anin {wF02[(1— 20 = (et = 7+ 1) + 41,1 = ) (1= 00) [(1 = 20 = et = ) 4 75) +1 .
Note that Tl —1IT; > (1—60x)(1—2v—p) > 0 since both terms inside the minimum

are positive and ¢ < 2. =

Proof. Proposition ITI.2. Proposition III.1 implies that 72 = 1 if beliefs are
strictly non-congruent and that 7% is such that ICy binds. When 6, attaches a
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positive value to B,

Vi (BL,00) = 0k [(1_2”_”> wh 4 (1 — b)) + <”p>] and

1—-v—p

Vam(EL, 0y) = max {o, (1—0y) — (1 — L)y (V v p(7r{‘ 4 (1—7b)e) + V'O> }

Define f(nl) as follows:

Frbys = ()~ (L= e (2 b+ (- b+ ).

v+ p

Note that f(7F) is a continuous function of ©#f € [0,1], f(1) = (1 — 0y) > 0
and f(0) < 0 since Oy > 5- when ¢ € (3,1) and 6y > £ if ¢ € (1,2). Then, the
intermediate value theorem implies that there exists 7¥ € (0,1) such that f(7F) = 0.
Furthermore, since the graph of f(7F) is a convex pargola, f(rf) > 0 for all 7r_1L >l
and negative otherwise. Hence, Vo((E",0p) = f(n{) if 77 > 7{ and V(E", 0p) —0
otherwise. Define S¥(7F) as the high type surplus from acquiring experiment EZ.
That is:

SN (kY = V(B 0) — Vi(E*, 61).

Note that S¥(rf = 7T_1L) <0, S¥(rF =1) > 0 because 0, < 1 — 0y and SN (rf) is
continuous on the closed interval [7?_{“, 1]. Then, by the Intermediate value theorem,

there exists " € (7], 1) such that S¥(7{) = 0. This implies that the low type

observes partial information whenever beliefs are strictly non-congruent. m

Proof. Lemma IT1.3. The high type surplus from acquiring EL, S¥(7l), is an
increasing function of ¥ for all 7f since

05N () [
v+p vV+p

ol [rf 4+ (1 -7y (2c - 1)) + p ]

m[ﬂ'f(Q—C) +(1 —7r1L)c] + V] >0

o]

l—-v—p

where the first inequality holds since 6, < 1 — 0y by definition of the high type and
the second holds for all non-congruent distribution of types, ¢ € (%, 2) and distribu-
tion of private information. The optimal 7%, defined as 7 such that SV (7l) = 0,
increases in ¢ since SV (7f) is a decreasing function of ¢. This implies that the

precision of ET decreases as the coordination incentives increase.
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The effect of v on S¥(nl) is determined by the coordination incentives since

0S™(7y)

L—p P
5 = (= m)(e—1) | e tsbni — b (1 - )

(I—v—0p) (p+v)?

First, if data-buyers have coordination incentives, S™ (7F) is an decreasing function

of vif

p 1=p
(p+v) (Q-v-—p)

O (1 —7t) s0pm < 0. (B.1)

Note that (B.1) holds for all

L 0[{,0(].71/7,0)2 an N eHP(lfyip)Z
P Rl s e A (er<1—v—p)2+eL<1—p)<v+p>2> <
(B.2)

Since the optimal 7f satisfies (B.2), SV (7f) is decreasing function of v for all 7t
that satisfies (B.2) with coordination incentives. This also implies that the precision

of EX increases in v with anti-coordination incentives. m

1
29

timal menu, the data-seller offers no information to 0r if v < \/p — p and partial

Lemma B.2 Assume ¢ € ( 1) and that beliefs are strictly congruent. In an op-

information otherwise.

Proof. Lemma B.2. Proposition III.1 implies that in an optimal menu E¥ = E,
7t = 1 and that 7t is determined such that ICy binds. Given that both partic-
ipation constraints bind, ICy simplifies to Vi (E*,0.) = Va(E®, 0y) where both
expressions are computed by assuming that j does not deviate form her equilibrium

choices. The value of experiment E* for the §; and 0y are given by

V(B 01) = (1 — 0,)rk K%) (1= 7b)e + 7H] + (1_;)1 and

VM(EL,GH):u—eH)@LK v )[(1—W2L)0+W2L}+(L)]

v+p vV+p

It is trivial that ICy binds if 74 = 0. Suppose now that 7l € (0,1]. Assume first
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that v < /p — p. Then:

1—2v—p)

Ve BY 01) — V(B 0) > (1 — 6,) (( k4 (1= wb)d + —)

l—v—p

(1—2v—p)
l—v—p

~ ot

=0

4 (=il + )

where the inequality holds since 0, > 0y, ¢ < 1 and v < /p — p. Thus, it is
not possible for the data-seller to offer partial information to the low type without
inducing a deviation from the high type. Assume now that v > |/p— p. In this case,
there exists 72 € (0, 1] such that Vi (E*,0;) = Vm(EL, 0g) if and only if

(1 —v—p)le-v+plu+[(v+p)?*—pl(1-0c)

o= (L= 2w —p) 4 (0 + )

where

o (=v=p)lvetplbn+[(v+p)? = p] (1 =)~ [e(l =20 = p) +v] (v +p)6s
? (1=)[(w+p)?—p—v(l—v—p)u+ v +p)(1—2v—p)y]

(B.3)

Thus, if the low type is sufficiently uncertain about the state, the data-seller is able
to provide supplemental information to the low type without attracting the high

type. Otherwise, the low type observes no supplemental information. =

Lemma B.3 Assume ¢ € (1,2) and that beliefs are strictly congruent. In an op-
timal menu, the data-seller offers no information to 0y, if v > \/p — p and partial

information otherwise.
Proof. Lemma B.3. The proof is analogous to the proof of Lemma B.2 m

Proof. Proposition ITI.3 This proof is contained in Lemma B.2 and Lemma B.3.

Proof. Lemma III.4. In an optimal menu in which the low type observes partial
information, (B.3) defines the optimal E?. First, if data-buyers’ private information

11)and1/>

is negatively correlated and they have coordination incentives, ¢ € (5,

/P — p- In this case, the sign of % depends on the sign of

(v +p) = p—v(l—v—p)u+(1—2v—p)(v+p)r
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which is positive for all 0, > 6y and v > /p — p. Hence, the precision of EL
increases in c¢. As c increases, data-buyers incentives to coordinate decrease. Thus,
the precision of E” increases as the incentives to coordinate decrease. Similarly, the

sign of 8;—5 depends on the sign of

v+ p)Oup(2—v—p)=0.(1=p)(v+p)+v—p)+(1—0u)p

which is positive for all 8, > 0y, v > \/p — p and ¢ < 1. Hence, the precision
of E¥ increases in v. An increase in v decreases the correlation between their pri-
vate information. Thus, the precision of E¥ decreases in the correlation of private

information.

Second, if data-buyers’ private information is positively correlation and they have

anti-coordination incentives, ¢ € (1,2) and v < /p — p. Analogously, it is straight-
L L

forward to show that BSLCQ > 0 and BBLVQ <0. m

B.2 Proofs with N data-buyers

Lemma B.4 The value of experiment E™ is increasing in its precision if
N N N N
c<landc|1l+ 5 > > orc>1and |1+ > 205.

Proof. Lemma B.4. Consider the case in which data-buyer ¢ acquires experiment
EL. V(E%,0) is increasing in w¥ if

L, OA]

A?>max{—7r1 C—
= L7
ony

(1— wf)gTAl;}. (B.4)

A sufficient but not necessary condition for (B.4) is

A > max{ Y aAﬁ} _ ON
0> _

ks G I Qe B.
orl’ ont ok | (B.5)

since € [0,1]. AY depends on the distribution of the Conway-Maxwell-Binomial

random variable, x!,. The distribution function of a Conway-Maxwell-Binomial
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(n,p,v) random variable is given by

L =)’
F(k;n,p,v) = Sp.v)

where S(p,v) = Z pF(1 —p)n k(k) is a normalizing constant. Given that wf only

affects p., o, usmg the chain rule, we have:

8F(k5;n7pwl,e>%1,9) . aF(k;n7pw1,0an1,9) apun,@

87‘({/ 8pw1,0 87T1L
apwl,ﬁ - o

where Pl P(6; = 6.]6) and
OF (k;n,p,v)

apwl 0

Zz L) =) (= np) = [ ()P =) (0= np)] F(ksn,p,v)

S(p,v) '
Note that
'k v g q 1— n—~0—1 n_ n\Y_ ¢—1 1— n—~{—1

a (k7n7pay) S(k‘—np) ZZ 1( ) ( p) _|_an€_1 (E) p ( p)

apo.n,@ S<p7 V) S(pa V)

< (k—np)+np=Ek.
Then, gﬁiz is given by:
1

Af OF([5]1—1;-
o =P(0; = 0r]0) oF(31-1)
6pw1,9

_ | = 1 _

< (1_@@1‘

where the inequality holds since P(6; = 6.]0) € [0,1]. Moreover, A¢ > min{1, c}.
Then, (B.5) holds for all 7i € [0,1] (or p, ) if

sreorfimeed(u 5 7

12(0—1)%1 o1 o (1+ gb Zc[g—‘.
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Analogously, T can show that Vi, (E¥ ) increases in 7 under the same sufficient

conditions and that Vy,(E™, 0) increases in 7. m
Proposition B.1 Assume that payoffs satisfy (3.3). The high type observes E and

1. If v < 1, the low type observes mo information if beliefs are strictly congruent

and partial information if beliefs are strictly non-congruent.

2. If v > 1, the low type observes partial information if beliefs are strictly congru-

ent and 01, < 0 and no information otherwise.

Proof. Proposition B.1. When beliefs are congruent, 7f = 1 and 7 such that
Vum(EL,01) = Va(EL, 0y). First, the value that the low type attaches to experiment
EF is given by:

Vi(E",01) = (1 — 0,) 7 A

where k!;|(w, 0r) is distributed according to a CMB distribution with parameters
N — 1, puye, = nr(l — %) and v. Second, the value that the high type attaches to

experiment E' is given by:

V(B 0x) = (1 — Oy)my A5"

1

N—1, pu, 0, = (1—ng)(1—7k) and v. Denote by F(k; N—1,p,,, V) the distribution

function of a CMB distribution with these parameters. Given that the distribution

where k., |(w2, 0p) is distributed according to a CMB distribution with parameters

of k! ,|(ws, 0r) and k' ;|(ws, O ) share two of those parameters, I simplify the notation
to F(k;pue,)-

It is trivial the incentive compatibility constraint of the high type binds if 7 = 0.
Assume now that 7% € (0, 1] and consider first the case in which data-buyers’ private
information is positively correlated or v < 1. In this case, ny > 1 —ng which implies
that pu,.0, > Dusey and

V(B 00) < (1= 0wt [ (1= OF (N = T3] = L1 = nn)(1 = nh)) | = V(& 00

where the inequality holds since 0y < 0, n, > 1 — ng and ¢ < 1. Then,
Vm(EE,01) < Vpm(EE, 0g) which implies that the incentive-compatibility constraint

130



of the high type is violated. Thus, it is not possible for the seller to offer information

to the low type. Analogously, we reach the same conclusion for v = 1.
In contrast, if data-buyer types are negatively correlated (v > 1) or n;, < 1 —ny, we

have that (1 —601) < (1 —0y) but

e+ (1= 9F (N =151 - Lm(l=nh)) > e+ (= 9F (V=[] - 10 - m)(1 = b)),

Define

L . L
2

Note that AV),(1) < 0 by the definition of high type and

. . (1=0g) (c+ (1 —c)F (N =[5]-1(1—ng)))
wIQLlr—IiOAVM(ﬂg) = 0O < 1= c+(1—c)F (N - [%i —1;mz)

. (B.6)

Then, the Intermediate value theorem implies that there exists at least one 7t €
(0,1) such that Vi (EL,01) = Va(EL, 0). Thus, the seller is able to offer partial
information to the low type if and only if (B.6) holds.

Consider now the case in which beliefs are non-congruent. In this case, 7% = 1
and 7l is such that V(EL,01) = Vy(EL, 0y). First, the value that the low type

attaches to experiment ET is given by:
Vi (E", 0r) = Opaf AL

where k!;|(w,0r) is distributed according to a CMB distribution with parameters
N =1, pug, = nmi + (1 —nz) and v. Second, the high type attaches a value to

experiment E” given by
Vm(EY, 0y) = max{0, (1 — 0)AS" — 0 (1 — nE)AIY

where k!;|(wy,0y) is distributed according to a CMB distribution with parame-
ters N — 1, poe, = nu + (1 — ng)mF and v and k',|(wq,fp) is distributed ac-
cording to a CMB distribution with parameters N — 1, p,, 4, = 0 and v.> Note

2Then, P(k!,; < klws) = 1 for all k > 0.
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that Vi (E*,0y) is a continuous and increasing function of 7, Vy(EL, 0y) < 0
if 7 = 0 and V) (E*,0g) > 0. Then, the intermediate value theorem implies
that there exists 7% € (0,1) such that Vi (EL,0y) > 0 for all 7- > 7L, Define
AV (rE) = Vm(EE,00) — Vi (EY,0y). Note that AV (mF) is also a continuous
function of 7, AV (7f) > 0 and AVy(1) = (0, — (1 — 05)) < 0 by the defini-
tion of high type. Thus, the intermediate value theorem implies that there exists
ml e (7F)1) such that AVy(7L) =0. =

Proposition B.2 Assume that payoffs satisfy (3.4). The high type observes E and

1. If v > 1, the low type observes no information if beliefs are strictly congruent

and partial information if beliefs are strictly non-congruent.

2. If v < 1, the low type observes partial information if beliefs are strictly congru-

ent and 07, < 0 and no information otherwise.

Proof. Proposition B.2. The proof is analogous to the proof of Proposition B.1.
[ |

Proof. Proposition II1.4 This proof is contained in Proposition B.1 and Proposi-
tion B.2. =m

Proof. Proposition II1.5 This proof is contained in Proposition B.1 and Proposi-
tion B.2. m
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APPENDIX C

Appendix for Chapter IV

C.1 Proofs

Proof. Lemma IV.1. Consider first the case in which o € [O, ﬂ The distribution
over posterior value estimates induced by the distribution over buyer types and the

distribution over posterior quality estimates is given by

0 ifs<a—a
%stf;‘ﬁ if sla—a,a+ «)
Gi(s) = { =2 if sla+a,1-a)

1
T3t ifs(l-a,l+ )
1 if s>1+a«

Next, I show that the seller’s optimal price p*(e,a) € {a — @, a + a, 5}. Define by
I1;(s) the seller’s expected profits of setting a price of s given the distribution over
posterior value estimates characterized by G, I1;(s) := s(1 — G(s—)). First, note
that [Ty (a —a) > II;(s) for all s < a — o, Il (a+ ) > 111 (s) for all s € [a —a,a+ )
and Il (a + «) > IIi(s) for all s > 1 — a. Second, for all s € [a+a,1— ),
max{Il; (3),Ili(a + @)} > II;(s). Hence, all prices except a — o, a + a and 3
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are dominated for the seller and

a—a if and only if II; (a — a) > max{I;(a + «),1I; (1)}
p*(a,a) = § a+a if and only if I1;(a + a) > max{Il;(a — a) and II;(a + o) > II; (%)
if and only if ITy (3) > max{I;(a — @), II;(a + @)}

1
2

Analogously, it is possible to show that p*(«,a) € {a + «, %, 17"‘} when o € (%, %)
and a € [0,1 — 2a) and p*(«,a) € {a + a, HTO“ when a € (%, %) and a € [1 — 2a, %]

Proof. Proposition IV.1. From the designer’s perspective, the buyer’s expected
payoff is depends on the distribution of types and the distribution of posterior value

estimates characterized by a € [0, %] and it is given by

U(a,a) = %/ (S—a—p*<&,a>>dG1<S)+%/ (s +a—p*(a,a))dGy(s).

*(a,a)+o *(aua)—o

where G4(s) = l[a,l](s)% + 11,50)(5). Note that U (o, a) is a decreasing function of
the price p*(a, a) and that p*(«, a) is weakly increasing in a. Moreover, the effect of
a on U(a, a) is driven by the effect on the price p*(«, a), implying that it is optimal

for consumers to choose a which induces the seller to choose the smallest price.

Consider the lowest price the seller is willing to set, p*(ala) := min{p : p €
P*(a,a) for a fixed a} given the information structure characterized by a and the
distribution of types characterized by a. Define a(c, p) as the minimum a € [0, 3]
such that it is optimal for the seller to set a price of p given a.. The optimal a*(«) is

given by a(a, p) such that p = p(ala). =

Proof. Proposition IV.2. The proof of this result is analogous to the proof of
Proposition IV.1. =
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