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ABSTRACT

The Hilbert geometry of properly convex domains is a generalization of real hy-
perbolic geometry using the real projective space. In this dissertation, we study
the Hilbert geometry of properly convex domains by developing analogies with vari-
ous notions of non-positive curvature in geometry and geometric group theory. We
use the resulting geometric tools to study convex co-compact groups, which are a
generalization of convex co-compact Kleinian groups.

In the first part, we introduce a notion of rank one properly convex domains
and prove that rank one groups are either acylindrically hyperbolic or contain a
finite index cyclic subgroup. This is analogous to rank one non-positively curved
Riemannian manifolds. In the second part, we develop the notion of “properly convex
domains with strongly isolated simplices” which is a ‘finer’ notion than rank one. We
prove that this notion completely characterizes convex co-compact groups that are
relatively hyperbolic with respect to Abelian subgroups of rank at least two. This
answers a question of Danciger-Guéritaud-Kassel and provides a plausible direction
for generalizing Anosov representations beyond Gromov hyperbolic groups. We also
establish an analogue of the Flat Torus Theorem from CAT(0) geometry for studying

Abelian subgroups of convex co-compact groups.
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CHAPTER I

Introduction

The Beltrami-Klein model of the real hyperbolic space H? is an open disk in an
affine chart in P(R?) where the distance between points is determined by projective
cross-ratios. This is a motivating example in convex projective geometry. Convex
projective geometry is a generalization of real hyperbolic geometry where we replace
the open disk with properly convex domains in the real projective space P(RY).

A properly convex domain € is an open subset of P(R?) that can be realized as a
Euclidean bounded convex domain in some affine chart. The projective cross-ratio
distance function on the Beltrami-Klein model also generalizes to such domains - it
is called the Hilbert metric on {2 and denoted by dg. The symmetries of a properly
convex domain €2 consist of all projective linear transformations that preserve (2.
This is the automorphism group Aut(2) of the domain and it acts properly and
isometrically on (£2,dg). Then, convex projective geometry can be defined as the
study of manifolds (more generally, orbifolds) diffeomorphic to /A where Q is a
properly convex domain and A < Aut(2) is a discrete subgroup of Aut(2). In this
sense, it generalizes real hyperbolic geometry.

A different much-studied generalization of real hyperbolic geometry is the geom-

etry of Riemannian manifolds of variable negative curvature, and more generally,



non-positive curvature. This dissertation begins with the following question:

Question 1. Is there a similarity between the geometry of properly convex domains
(induced by the Hilbert metric) and the Riemannian geometry of non-positively curved

manifolds?

An old theorem of Kelly-Strauss [KS58] says that a naive answer to this question
is “no”, since the geometry induced by the Hilbert metric lacks global non-positive
curvature. In particular they prove that: (€2, dq) is a CAT(0) space (a much-studied
generalization of non-positively curved Riemannian manifolds in metric geometry) if
and only if (Q, dg) is isometric to the real hyperbolic space H¢™! (in which case € is
an open ball in an affine chart in P(RY)).

The goal of this thesis is to overcome this obstacle and develop analogies be-
tween the geometry of properly convex domains and geometry of CAT(0) spaces.
Our approach will be to develop tools motivated by geometric group theory to study
properly convex domains. Informed by the analogy with CAT(0) geometry, we will
then use these tools to develop a good understanding of properly convex domains and
groups that act on such domains. This work draws inspiration from earlier results of
Y. Benoist on strictly convex domains (i.e. properly convex domains {2 whose topo-
logical boundary 0f2 does not contain non-trivial projective line segments). Benoist
showed that if €2 is a strictly convex domain and A < Aut(2) is a torsion-free discrete
subgroup that acts co-compactly on €2, then the compact manifold /A has some

properties reminiscent of compact manifolds of negative curvature.

Theorem 1.1 ([Ben04]). Suppose Q@ C P(RY) is a properly convex domain that is

strictly conver and A < Aut(Q) acts co-compactly on Q). Then:

(1) A is a Gromov hyperbolic group,



(2) the projective geodesic flow is Anosov,

(3) 02 is a C'-submanifold.

This analogy between strictly convex domains and Riemannian negative curvature
has been generalized further to finite volume and geometrically finite actions by
several authors, see for instance [CLT15, CM14]. But until recently, not much was
known about the geometry of more general properly convex domains (i.e. properly
convex domains €2 that contain non-trivial projective line segments in 02). The
results of this dissertation aim to fill this gap by studying general properly convex

domains from the perspective of CAT(0) geometry using geometric group theory.

1.0.1 Rank One Hilbert Geometries

Hyperbolicity of the geodesic flow has played a key role in the study of the ge-
ometry and dynamics of non-positively curved Riemannian manifolds. Although
properly convex domains have a projective geodesic flow, they are not even C* for a
generic properly convex domain. Thus the dynamical notion of hyperbolicity is not
as useful in convex projective geometry. Hence, our starting point is to identify a
notion of weak hyperbolicity that is well-suited in this setting.

In Riemannian non-positive curvature, the rank rigidity theorem establishes a
remarkable dichotomy between the presence of weak hyperbolicity and a complete
lack thereof. We need some terminology to state the rank rank rigidity theorem. A
compact manifold M is said to have rank one if its unit tangent bundle has a vector
v such that the space of parallel Jacobi fields along the geodesic v, determined by v

is one dimensional. The Riemannian rank rigidity theorem then says:

Theorem 1.2 ([Bal85, BS87]). Suppose M is a compact non-positively curved Rie-

mannian manifold. Then,



(1) either M has rank one,
(2) or M splits as a Riemannian product,

(8) or the universal cover M of M is a higher rank symmetric space.

In the case of irreducible Riemanninan manifolds, the non-hyperbolicity then cor-
responds to the higher rank Riemannian symmetric spaces. Their analogues in con-
vex projective geometry are higher rank symmetric convex domains [Ben08, Zim20].
Taking a cue from Riemannian non-positive curvature, one can then ask the following

natural questions.

Question 2. Is there a notion of rank one properly convex domains? Does a rank

rigidity theorem hold for properly convexr domains?

TA, (z) A, TA, (y)

Figure 1.1: Tllustration of a contracting element (see Definition ITI.20)

We answer the first question by characterizing a notion of weak hyperbolicity (the
so called, rank one phenomena) in properly convex domains using ideas from geomet-
ric theory. The required notion from geometric group theory is that of contracting
elements that we now informally state (see I11.20 for a more precise definition). Sup-
pose a group G acts properly and isometrically on a proper metric space (X, d) and
PSX is a path system on X that G preserves. Informally, an element g € G is

called (X, PS¥)-contracting if for some (hence any) (g)-orbit A, := (g) - p in X, the



following holds: for any two points z,y € X, either the path in PS¥ joining them
travels close to the (g)-orbit for a long time, or the closest-point projection 7y, of
x and y on the (g)-orbit is within a uniformly bounded distance (see Figure 1.1).
Prominent examples of contracting elements are pseudo-Anosov homeomorphisms in
most mapping class groups, rank one isometries in rank one CAT(0) groups, etc.

We introduce the notion of rank one automorphisms of a properly convex domain
and prove that they are precisely the contracting elements. Before stating this theo-
rem, we will briefly discuss the notion of rank one automorphisms. An automorphism
g € Aut(92) of a properly convex domain is called a rank one automorphism if ¢ has
positive translation length in 2, has an axis in €2, and none of its axes are contained
in a half triangle in €2 (see Definition IV.12). This definition is motivated by a prop-
erty in CAT(0) geometry - the axis of CAT(0) rank one isometry is not contained in
a half flat, i.e. an isometrically embedded copy of R x [0, 00). Although the definition
of rank one automorphisms do not require any compactness assumption, the rank
one automorphisms admit a simpler characterization when the action is co-compact.
If a discrete group A < Aut(Q2) acts co-compactly on €2, then g € A is a rank one
automorphism if and only if ¢ is biproximal (as a matrix in PGL4(R)) and ¢ has an
axis in 2 (see Lemma IV.16).

We now state the theorem connecting rank one automorphisms and contracting

elements.

Theorem 1.3 ([Isl19, Theorem 1.4], Chapter V). Suppose Q C P(R?) is a properly
convex domain and PS? = {[z,y] : 7,y € Q}. An element g € Aut(Q) is contracting

for (Q,PSY) if and only if g is a rank one automorphism.

Remark 1.4. An element g € Aut(Q) is contracting for (0, PS®?) if and only if it

is contracting in the sense of BF, as PS is a geodesic path system (cf. II1.24 and



111.26).

We say that a discrete group A is a rank one group provided A preserves a prop-
erly convex domain 2 and some element of A is a rank one automorphism in Aut(€2).
Using the above correspondence between contracting elements and rank one automor-
phisms, we prove in Chapter V that rank one groups are examples of acylindrically
hyperbolic groups. Acylindrically hyperbolic groups embody a notion of generalized
“non-positive curvature” in geometric group theory and includes many important
classes of groups like mapping class groups of non-exceptional surfaces, the outer
automorphism groups of free group on at least two generators, rank-one CAT(0)
groups, etc. Before stating our theorem, we recall that a group is called “virtually

cyclic” if it contains a finite index cyclic subgroup.

Theorem 1.5 ([Isl19, Theorem 1.5], Chapter V). Suppose A is a rank one group.

Then either A is virtually cyclic or A is an acylindrically hyperbolic group.

This is analogous to a theorem characterizing rank one CAT(0) groups [Sis18].
This theorem allows us to use the rich theory of acylindrically hyperbolic groups to
derive several results about rank one groups. But before discussing those applica-
tions, we mention some recent results which complement our above discussion. While
our results on rank one properly convex domains work without any compactness as-
sumption on the action, the complementary results that we are going to discuss now
will require the action to be co-compact. To state the precise result, we will need to
make some definitions. A properly convex domain is irreducible if it does not split
as a non-trivial direct sum of two properly convex domains (cf. I11.9). A prototypical

k-dimensional projective simplex in P(RY) is

S =P{[z1:@e: ... ixp1:0:...:0] 2 >0,..., 2841 > 0}).



Definition I.6. Suppose 2 C P(RY) is a properly convex domain. We will say that
S C Qis aproperly embedded k-dimesional simplex if S = ¢Sy for some g € PGL4(R)

and S < (2 is a proper map.

Now we state the complementary results proven by A. Zimmer in [Zim20]. Zimmer
introduces a notion of “higher rank” properly convex domains: a properly convex
domain €2 has higher rank if for any two points z,y € €2, there exists a properly
embedded simplex S such that [z,y] C S. Zimmer proves that, under some as-
sumptions, his notion of higher rank is ‘special’ and exactly complementary to our

definition of rank one.

Theorem 1.7 ([Zim20]). Suppose 2 is an irreducible properly conver domain and

A < Aut(Q2) is a discrete group that acts co-compactly on Q. Then:
(1) either A is a rank one group

(2) or Q is a higher rank symmetric domain.

The higher rank symmetric domains are classified, see [Ben08, Zim20]. They
are projective analogues of the higher rank Riemannian symmetric spaces. Thus
Theorem 1.7 is the convex projective analogue of the rank rigidity theorem (in the
co-compact case) for Riemannian non-positive curvature. This also shows that our
proposed definition of rank one does indeed capture a good notion of hyperbolicity
for properly convex domains. We also remark that recently Blayac has studied a
notion of rank one that is closely related to ours [Bla20]. He studies the projective
geodesic flow on rank one domains and proves hyperbolicity results reminiscent of
rank one manifolds of non-positive curvature.

We now end our detour and discuss applications of Theorem 1.5 in studying rank

one properly convex domains.



The first application of Theorem 1.5 deals with ‘non-trivial’ quasi-morphisms. If

(G is a group, a quasi-morphism of G is a function f : G — R such that

sup |f(gh) — f(g) — f(h)]

g,heG

is finite. The ‘trivial’ quasi-morphisms are bounded functions and group homomor-
phisms (of G into R). We say that two quasi-morphisms of G are equivalent if they
differ by a ‘trivial’ quasi-morphism. The equivalence classes of quasi-morphisms
constitute the space of ‘non-trivial’ quasi-morphisms Cfﬁ/{ (G) of G. This classical ob-
ject (or its dimension as a R-vector space to be precise) has connections with weak

hyperbolicity and has played an important role in various rigidity theorems.

Theorem 1.8 ([Isl19, Theorem 1.6], Section 5.5.1). Suppose A is a torsion-free rank

one group that is not virtually cyclic. Then dim(QH (A)) = co.

The vector space @7{ (A) can also be interpreted as the kernel of the comparison
map between the second bounded cohomology and the second (ordinary) cohomology
groups of A, modulo the subspace generated by bounded functions and homomor-
phisms. By virtue of this interpretation, there are more general analogues of @\f/] (A)
arising from cohomology with more general coefficients. See Section 5.5.1 for more
general versions of this theorem in that setting.

In the co-compact case, the higher rank rigidity theorem 1.7 and Theorem I.8
provide a rigidity result. This is analogous to a rigidity theorem of Bestvina-Fujiwara

for Riemannian non-positive curvature [BF09].

Corollary 1.9 ([Isl19, Corollary 1.7], Section 5.5.1). Suppose Q is an irreducible
properly convexr domain and A < Aut(Q2) is a discrete torsion-free group that acts

co-compactly on Q. Then A is a rank one group if and only if dim @\P/I(A) = 00.



Otherwise, dim C/Q\ﬁ(/\) =0 (and A is isomorphic to a uniform lattice in a Lie group

G where G is locally isomorphic to a simple Lie group of real rank at least two).

The second application of Theorem [.5 is in counting of conjugacy classes. Let

Ta(g) be the translation length of ¢ in Q (cf. 11.32).

Theorem 1.10 ([Isl19, Theorem 1.8], Section 5.5.2). Suppose 2 is a properly convex
domain, A < Aut(QQ) is a rank one group that is not virtually cyclic, and A acts
co-compactly on Q. Let C(t) == {[[g]] € A : Ta([[g]]) < t} where [[g]] denotes the

conjugacy class of g in A. Then there exist D' > 1 such that for allt > 1,

1 exp (twa)

exp (twy)
D’ t t

<Ct) <D
where

1
wy = limsup —log (#{g € A : da(z, gz) < n}).

n—oo N

The third application of Theorem 1.5 is to random walks. Let A be a finitely
generated rank one group that is not virtually cyclic. Consider a simple random walk
on A, i.e. a random walk generated by a measure supported on a finite symmetric
generating set of A (see Definition V.17). Then the probability that such a random
walk does not encounter a rank one automorphism after n steps decays exponentially

fast as n goes to infinity.

Theorem 1.11 ([Isl19, Proposition 1.9], Section 5.5.3). Suppose A is a finitely gen-
erated rank one group that is not virtually cyclic. If {X,} is a simple random walk

on A, then there exists a constant C > 1 such that for alln > 1,

P[X,, is not a rank one automorphism | < Ce ™.



1.0.2 Convex Co-compact Groups and Relative Hyperbolicity

In the first part of the thesis, our goal was a broad classification of properly
convex domains into rank one and higher rank domains in the spirit of Riemannian
non-positive curvature. Here we did not have any other assumptions on the action
like compactness. The second part of the thesis aims for a finer classification and a
more detailed analysis of the structure of properly convex domains. The trade-off
is that we will work with a more restricted class of properly convex domains, i.e.
domains that are associated to the so-called convex co-compact groups. The notion
of convex co-compact subgroups of PGL4(R) generalize convex co-compact Kleinian
groups from the rank one Lie group SO(d, 1) (d > 2) to higher rank Lie groups like

PGL4(R) for d > 3. We now define convex co-compact groups.

Definition I.12 ([DGK17]). A discrete subgroup A < PGL4(R) is called convex

co-compact if:
(1) there exists a properly convex domain € C P(RY) such that A < Aut(Q), and

(2) the set Cqo(A) C Q is non-empty and A acts co-compactly on Co(A), where Co(A)

is the convex hull in Q of the full orbital limit set £&P(A) := U, (Az \ Az).

Since the €2 in the definition of convex co-compact groups is not canonical, we will
remove this ambiguity by explicitly mentioning the properly convex domain wherever
necessary, i.e. we will say that “A < Aut(f) is a convex co-compact group” instead
of “A is a convex co-compact group”.

A recent result of Danciger-Guéritaud-Kassel, independently Zimmer, establishes
a connection between the Hilbert geometry of the properly convex domain (Co(A), dg)

and Anosov representations. More precisely, they prove the following.

10



Theorem 1.13 ([DGK17, Ziml17]). Suppose Q is a properly convex domain and

A < Aut(Q) is a convex co-compact group. Then the following are equivalent:
(1) (Ca(A),dq) is a Gromov hyperbolic space,
(2) A is a Gromov hyperbolic group, and

(3) the inclusion A — PGL4(R) is a projective Anosov representation.

Anosov representations are a class of representations of Gromov hyperbolic groups
into real semi-simple Lie groups that generalizes classical Teichmiiller theory, i.e. the
study of discrete faithful representations of hyperbolic surface groups into PSLy(R).
They are discrete faithful representations that have good dynamical and geomet-
ric properties. Introduced by Labourie [Lab06] and studied subsequently by many
authors, this area has received much attention lately, see for instance [GGKW17,
KLP17, BIW14, Poz19].

The above Theorem .13 can be interpreted as a way associating convex projective
structures to projective Anosov representations. This opens up a more geometric way
of thinking about Anosov representations. In their paper, Danciger-Guéritaud-Kassel

asked the following natural question [DGK17, Appendix A, Question A.2].

Question 3. What geometric conditions on Cqo(A) will correspond to A relatively

hyperbolic with respect to virtually Abelian subgroups of rank at least two?

By virtue of Theorem 1.13, this question can be interpreted as seeking a gener-
alization of projective Anosov representations to relatively hyperbolic groups. Note
that the current definition of Anosov representations work only for Gromov hyper-
bolic groups and generalizing it beyond Gromov hyperbolicity is an area of active
research, see for instance [Kasl8, Guil9]. The notion of relative Anosov represen-

tations due to [KL18] and [Zhul9] provide an approach. But we note that those

11



approaches do not provide an answer to the above question. Indeed, the peripheral
subgroups in the work of [KL18, Zhul9] consist of unipotent elements while it is easy
to verify that convex co-compact subgroups cannot contain unipotent elements other
than the identity.

There are many interesting examples of convex co-compact groups coming from
Coxeter groups and 3-manifold theory that satisfy the conditions in Question 3, see

for instance Figure 1.2 or the papers [Ben06, BDL18, DGK17].

|

Figure 1.2: Examples of three-dimensional properly convex domains €2 that admit co-compact ac-
tion by A where the groups A are relatively hyperbolic with respect to subgroups vir-
tually isomorphic to Z? [RSS*19)

We answer Question 3 in joint work with A. Zimmer in [IZ19] by introducing
the notion of properly convex domains with strongly isolated simplices. We will
now introduce the definition here. We will say that a properly embedded simplex
is maximal if it is not properly contained in any other properly embedded simplex.
Note that this notion of maximality does not mean that we are looking only at

simplices of the maximal possible dimension.

Definition I.14 ([IZ19, Definition 1.15], Chapter VI). Suppose A < Aut(f?) is a
convex co-compact group and S, is the collection of all maximal properly embedded

simplices in C of dimension at least two. We will say that (Cqo(A), dg) has strongly

12



isolated simplices provided: for any r > 0, there exists D(r) > 0 such that if S;, 53 €

S are distinct, then

diamq (No(S1;7) N No(Ss; 7)) < D(r).

We answer Question 3 by proving a theorem connecting relative hyperbolicity
(with respect to virtually Abelian subgroups of rank at least two) of a convex co-
compact group and properly convex domains with strongly isolated simplices. The

precise statement is as follows.

Theorem 1.15 ([1Z19, Theorem 1.7], Chapter VII). Suppose Q C P(R?) is a properly
convex domain, A < Aut(Q)) is a convex co-compact group, and Sy is the family of
all mazimal properly embedded simplices in Co(A) of dimension at least two. Then

the following are equivalent:
(1) (Ca(A),dq) has strongly isolated simplices,
(2) (Ca(A),dq) is a relatively hyperbolic space with respect to Sa,

(3) A is a relatively hyperbolic group with respect to a collection of virtually Abelian

subgroups of rank at least two.

Theorem .15 can be viewed as a real projective analogue of a CAT(0) result. In
[HKO05], Hruska-Kleiner study CAT(0) spaces with isolated flats and proves an anal-
ogoues result in that setting. In this analogy, maximal properly embedded simplices
correspond to maximal totally geodesic flats in CAT(0) spaces (see [IZ21, Ben04)).

We also establish some finer geometric properties of Co(A) when A < Aut(92) is
a convex co-compact group and (Cq(A),dq) has strongly isolated simplices. We will

need some terminology to state the theorem precisely. The ideal boundary of Cq(A)

is defined as 0, Cq(A) := Co(A) N0, i.e. it is the part of the boundary of Co(A) that

13



is at “infinity” in (Cq(A),dq). If C C Q is a convex subset and x € C, then
Fo(r) = {2} U{y € C : 3 an open line segment in C' containing both z and y}.

Theorem 1.16 ([IZ19, Theorem 1.8], Chapter VI). Suppose A < Aut(Q2) is a convex
co-compact group and (Co(A),dq) has strongly isolated simplices. Then
(1) A has finitely many orbits in Sy.
(2) If S € Sa, then Staby(S) acts co-compactly on S and contains a finite index
subgroup isomorphic to ZF where k = dim S.
(3) If A < A is an infinite Abelian subgroup of rank at least two, then there exists
a unique S € Sy with A < Stab, (5).
(4) If S € Sp and x € 0S, then Fo(x) = Feoa)(v) = Fs(z).
(5) If S1,S2 € Sp are distinct, then #(S1 N Sy) < 1 and 95, N ISy = ().
(6) If £ C 0;Cq(A) is a non-trivial line segment, then there exists S € Sp with
¢ CoS.
(7) If x,y,z € 0;Cq(A) form a half triangle in Co(A) (ie. [z,y] Uy, z] C 3;Ca(A)
and (x,z) C Cq(A)), then there exists S € Sy such that x,y,z € 0S.

(8) If v € 8;Cq(N) is not a C*-smooth point of OQ (i.e. Q does not have a unique

supporting hyperplane at x), then there exists S € Sy with x € 0S.

At this point, it is natural to ask how the notion of strongly isolated simplices
connects with the notion of rank one introduced in the first part of the dissertation.
To answer this, we need to adapt the notion of rank one to the convex co-compact
setting (because the dynamics of a convex co-compact group can only “see” the limit
set LAP(A) instead of the entire boundary 9). We can show that if (Co(A),dq)

has strongly isolated simplices, then A is a convex co-compact rank one group (see
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Section 6.3). Thus “strongly isolated simplices” identifies a very special class of rank
one properly convex domains, in the case of convex co-compact actions.

It is worthwhile to note at this point that, to the best of our knowledge, all
known examples of “indecomposable” convex co-compact groups correspond to prop-
erly convex domains (Co(A),dq) with strongly isolated simplices. We are using the
word “indecomposable” here as an informal term that excludes many of the obvi-
ous counterexamples. For example, one could consider the convex co-compact group
m(3,) X Z where ¥, is a closed hyperbolic surface. This is clearly not a relatively
hyperbolic group with respect to the Z2?-subgroups. But one can rule out these ex-
amples by requiring that € is irreducible. For a more sophisticated example, one
could take a free product of two uniform lattices in PGL4(R) where d > 3. By a
result of [DGK17], it is a convex co-compact group but it is not relatively hyperbolic
with respect to virtually Abelian subgroups (see [Wei20, Section 2.6.3]). But such
examples can also be ruled out by requiring that the convex co-compact group A is
freely indecomposable. It is not clear to us whether these two conditions are enough

to provide a good definition of “indecomposable convex co-compact groups”.

1.0.3 Convex Projective Flat Torus Theorem

In joint work with A. Zimmer, we prove a key technical result concerning the
Abelian subgroups of a convex co-compact group [IZ21]. It is a convex projective

analog of the well-known Flat Torus theorem in CAT(0) geometry [BH99].

Theorem 1.17 ([IZ21, Theorem 1.6], Chapter VIII). Suppose that A < Aut(Q2) is a
convex co-compact group. If A < A is a mazimal Abelian subgroup of A, then there

exists a properly embedded simplex S C Co(A) such that

(1) S is A-invariant,
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(2) A acts co-compactly on S, and
(3) A fizes each vertez of S.

Moreover, A has a finite index subgroup isomorphic to Z4™S)

A key step in the proof of Theorem 1.17 is studying the centralizer C'\(A) of an

Abelian subgroup A of a convex co-compact group A. Recall that

:ﬂ{geA:ga:ag}.

a€A

We will denote the minimal translation set of g € A by

Ming(g) := {z € 2+ da(, g7) = 7a(9) = inf da(y, gy)}-

Theorem 1.18 ([IZ21, Theorem 1.10], Chapter VIII). Suppose A < Aut(Q?) is a

convex co-compact group and A < A is an Abelian subgroup. Then
Ming,a)(A) = Ca(A ﬂ Min(a

is non-empty and Cy(A) acts co-compactly on ConvHullg (Ming,(x)(4)).
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CHAPTER II

Preliminaries

2.1 Properly Convex Domains and Hilbert Geometry

2.1.1 Basics of Projective Geometry

Suppose V' is a vector space over R. Consider the equivalence relation ~ on V
defined by: v ~ w if and only if there exists 7 € R\ {0} such that v =7 - w. Then

the real projective space of V' is defined as

P(V) = (VA{0})/ ~.

Since we can always identify V with R4™() by choosing a basis of V', we will mostly
work with P (RE™(V)) . If v € V' \ {0}, we will denote by [v] or 7(v) its image in
P(V). Conversely, if u € P(V), u will denote a lift of v in V.

If W C V is a non-zero linear subspace, we will call P(WW) the projective subspace
W. Let Span(X) denote the linear span of a non-empty subset X of V. Taking

linear span is well-defined operation in P(V'): if Y C P(V') is non-empty, let
Span(Y) :==Span ({y € V: [y € Y}).

An affine chart in P(RY) is an open subset of P(RY) obtained by removing a
projective linear subspace of co-dimension one. For instance, if we remove P(Hy) :=

P({(z1,...,24) € R? : 24 = 0}) from P(RY), then we obtain an affine chart A :=
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P(RY) \IP(H,). The affine chart A is diffeomorphic to R?"! and the diffeomorphism

T

is given by (ml,...,xd)H(x—;,..., ). If sq,...,84-1 € R, then sy :...: 841 : 1]

d—1
Zq

are the homogeneous coordinates on A.

The group of projective linear transformations is defined as
PGLd(R) = GLd(R)/ ~G

where ~¢ is an equivalence relation on GL4(R) given by: A ~¢ B if and only if
A = ¢B for some ¢ € R\ {0}. If A € GL4(R), [A] denotes its image in PGL4(R).
If B € PGLy(R), B will denote a lift of B in GL4(R). The group PGLy(R) acts
transitively on P(RY). Let SLT(RR) be the subgroup of GL4(R) consisting of matrices
of determinant 4-1. Then the homomorphism SL3 (R) — PGL4(R) taking A to [A]
descends to an isomorphism between SL(R)/{41d} and PGL4(R).

The set of all linear transformations on R%, denoted by End(R?), forms a R-vector
space. Hence we can define P(End(R?)) which is a compact set. We will often think
of the non-compact group PGL4(R) as a subset of this compact set.

Suppose A, B,C,D € P(RY) lie in a projective subspace P(L) where L is two
dimensional subspace L := Span{A, B,C,D} C RY. We can find homogeneous

coordinates such that

P(L):={[z:0:...:0:1]:z€R}U{[1:0:...:0:0]}
and {A,B,C,D}N{[1:0:...:0:0]} =0. Then there exist a,b,c,d € R such
that A:=fa:0:...:0:1,B:=0b:0:...:0:1,C:=c:0:...:0:1]
and D :=[d:0:...:0:1]. Assume that A, B,C, D are ordered in such a way

that a < b < ¢ < d. Then the projective cross-ratio determined by the four points

A, B,C, D is given by:
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The definition of cross-ratio is independent of the choice of homogeneous coordi-

nates [Fau06, Chapter II, 10]. We now recall two classical facts about cross-ratios.

Proposition I1.1 ([Fau06, Chapter II, 11]). The projective cross-ratio is invariant

under the action of PGL4(R) on P(RY).

Proposition I1.2 ([Fau06, Chapter I, 11]). Suppose L1, Lo, L3, Ly are four lines in
R? concurrent at p (the lines L; are ordered clockwise around p by their indices). Let

¢ (resp. ') be a line in R? that does not pass through p and intersects Ly, Ly, Ls,

Ly at A,B,C,D (resp. A, B',C", D), in this order. Then

[A,B,C,D] = [A,B,C", D).
2.1.2 Convex Subsets

A set C' C P(RY) is convex if it is a convex set in some affine chart A C P(RY). Note
that this notion of convexity is independent of the affine chart since the corresponding
affine charts are related by an element of PGL4(R). A convex set set C' C P(RY) is
properly convex if there exists an affine chart A such that C is a bounded convex

subset of A.

Definition I1.3. A properly convex set Q C P(RY) which is also open in P(RY) is

called a properly convex domain.

A properly convex domain (2 inherits the subspace topology from P(RY). The
closure (resp. the boundary) of  is its closure (resp. boundary) in P(RY) and is

denoted by Q (resp. 99).

Definition II.4. Suppose Q C P(R?) is a properly convex domain and X C €
is non-empty. Then the convex hull of X in Q, denoted by ConvHullg(X), is the

smallest convex subset in © that contains X. We define the convex hull of X in Q

19



as:
ConvHullg(X) := ConvHullg(X) N €.

For any two points z,y € P(RY), Yg} := P(Span{z,y}) is the projective line

through = and y. Any connected proper subset of Tg} is a projective line segment.
We observe that given two points x,y € P(R?), there is no canonical way to associate
a projective line segment to them. However, when a properly convex domain is
present, we can make the following canonical choice.
Convention: If ) is a properly convex domain and z,y € Q, then we define [z, ]
to be the unique closed projective line segment in Tg} N that joins # and y. We
will refer to [z,y] as the projective line segment between = and y.

We also set (z,y) := [z,y] \ {z, ¥}, [z,y) == [z,y] \ {y} and (z,y] := [z,y] \ {z}.

2.1.3 Hilbert Metric and Hilbert Geometry

Figure 2.1: Definition of the Hilbert metric

Suppose (2 is a properly convex domain. We now introduce the Hilbert metric on {2
(see Figure 2.1). Let us fix some system of homogeneous coordinates on €2, i.e. an
affine chart A. If ,y € Q, then there exist a,b € 99 such that Ty NQ = [a, b] where
the points are in the order a,z,y,b. The distance between x and y in the Hilbert

metric is defined by

1
dQ(‘Tay) = §1Og[a7xay7b]’
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We now collect some basic facts about the metric space (€2, dg).

Proposition I1.5. Suppose Q C P(RY) is a properly convex domain.

(1) Projective line segments in 2 are geodesics in (2,dq).

(2) The metric balls Bo(p,r) := {z € Q : do(p,z) < r} are convexr and relatively

compact for all p € Q and r > 0.
(3) The metric space (2, dq) is proper, complete, and geodesic.
Although (€2, dg) is a geodesic metric space, the geodesics in €2 are not necessarily

unique. Consider the example of the two dimensional simplex Sy := P(RTe; ®R*ey @
R*e3) in Figure 2.2. It shows that there are uncountably many geodesics between z

and y. The non-uniqueness of geodesics can be traced back to line segments in 0f2

(see [dIH93] for details).

Figure 2.2: Non-uniqueness of geodesics in (S2,dg,): [z,2] U [z,y] and [z,y] are both geodesics
between x and y

Convexity is preserved under taking r-neighbourhoods in the Hilbert metric of

closed convex sets.

Proposition I1.6 ([CLT15, Corollary 1.10]). If C' C  is a closed convez set and

r > 0 then

Na(Cir) :={z € Q:dg(x,C) < r}
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is a convex set. The corresponding closed neighbourhood of C, i.e. No(C;r), is also

conver.

The group of automorphisms of a properly convex domain (2 is
Aut(Q2) := {g € PGLy(R) : g2 = Q}.
Proposition I1.7. The group Aut(Q2) acts on (2,dq) properly and by isometries.

Definition II.8. If Q is a properly convex domain, then the triple (€2, dg, Aut(€2))

is called a Hilbert geometry.

We will often shorten the notation and say that € is a Hilbert geometry. A
primary example of a Hilbert geometry is the projective model of the real hyperbolic
space H?. Another example is the projective triangle (see Figure 2.2).

A cone in R? is a set D C R? such that: if dy,dy € R? and 7,75 > 0, then

Tldl +7”2d2 e D.

Definition I1.9. A properly convex domain  C P(R9Y) is reducible if there exist
convex cones () C R and Cy C R% with dy,d, > 1 and d = d; + dy such that

Q' =P(C,®Cy). A properly convex domain that is not reducible is called irreducible.

Projective triangle is a reducible domain while the projective model of H? is

irreducible.

2.1.4 Topological Preliminaries

Suppose A C P(RY) is a non-empty convex set. Then the relative interior of A is,

denoted by rel-int(A), is defined as

rel-int(A) := int(A) N P(Span(A)).
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The A is relatively open (or open in its span) if rel-int(A) = A. Since rel-int(A) is an
open subset of the projective space P(Span(A)), its dimension is well defined. The

dimension of A can then be defined as
dim(A) := dim(rel-int(A)).

Note that rel-int(A) is homeomorphic to R4m™(4),

Recall that the boundary of a properly convex set A C P(RY) is 0A := A\ int(A).
The ideal boundary of A is & A := 0A \ A while the non-ideal boundary is 0, A :=
0A N A. The ideal and non-ideal boundaries decompose 0A into two disjoint sets.

If AC B C P(RY), then A is said to be properly embedded in B provided the

inclusion map A < B is proper.
Proposition I1.10. Suppose A C B C P(RY). Then A is properly embedded in B if
and only if 0, A C 0; B.
2.1.5 Structure of the Boundary
For this subsection, fix a properly convex domain  C P(RY). Consider the

equivalence relation ~q on Q is given by: x ~q y if and only if there exists an open
projective line segment in Q containing = and y. The equivalence class of z € Q is
denoted by Fq(z) [CM14, Section 3.3]. The following results are simple consequences
of convexity, see for instance [1Z21, Isl19].
Proposition II.11.

(1) Fo(x) is open in its span.

(2) Fo(x) = Q whenever x € Q and Fo(x) C 02 whenever x € 0S2.

(3) y € Fo(x) if and only if x € Fo(y) if and only if Fo(z) = Fo(y).
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(4) Suppose x,y € Q, p € Fo(x), q € Foly), and z € (z,y). Then

In particular, (p,q) C Q if and only if (x,y) C Q.

(5) If y € OFq(x), then Fo(y) C 0Fqg(x),

Proposition I1.11 shows that F(z) is a relatively open convex subset of 02 for all
x € 0. Thus Fo(x) can be equipped with a Hilbert metric dg,(,) for any = € 0.
We will now state some estimates that relate the Hilbert metric in the interior of
with the Hilbert metric on the faces Foo(x). These results are elementary and can be

found in many places, for instance [1Z21].

Proposition I1.12. Suppose {x,} is a sequence in Q and x, — v € Q. If {y,} is

another sequence in ), y, — vy € Q, and

lim inf dg (2, yn) < 400,

n—oo

then y € Fo(zx) and

dpy(2)(z,y) < liminf do(x,, y,).
n—oo

Corollary I1.13. Suppose A, B C Q be non-empty subsets such that A C No(B;r)
for some v > 0. If a € A, then there exists b € B such that a € Fo(b) and

dFQ(b)(a, b) <r.

Proof of Corollary. If a € Q, then any b € B works since Fq(b) = €. So suppose
a € 05). Choose a sequence {a,} in € such that a, — a. Then there exists a sequence

{b,} in B such that dg(a,,b,) < r. Up to passing to a subsequence, we can assume

that b, — b € Q. Then, by Proposition 11.12, a € Fy(b) and dpymy(a,b) <. O

24



Corollary I1.14 ([DGK17, Corollary 3.5]). Suppose Q C P(RY) is a properly convex
domain, y € 90, and {yn} and {z,} are two sequences in Q. If y,, — y and

da(Ym, 2m) — 0, then z, — y.

Proof. Up to passing to a subsequence, we can assume that z := lim,,, . 2,, exists.

Then Proposition I1.12 implies that dg,«)(y,2) = 0. Thus z = y. O

Lemma II.15 ([Cra09, Lemma 8.3]). Suppose that 01,05 : [0,T] — Q are two unit

speed projective line geodesics, then for 0 <t < T,

da(01(t), 02(t)) < da(01(0), 02(0)) + da(o1(T), 02(T)).

Let do"™* denote the Hausdorff distance on subsets of € induced by dq, that is:

for subsets A, B C () define

dQHauss(A, B) = max {sup inf dQ(a, b), sup inf dQ(% b)} .

acA bEB beB a€A

Proposition I1.16. Assume p1,p2,q1,q2 € 2, Fao(p1) = Fa(p2), and Fo(q) =

Fo(q). If (p1,q1) NQ# D, then (p2,q2) C Q and

dg‘m ((p17Q1)7 (]927(12)) < max{ng(p1)(p17p2)7dFQ(ql)(q17q2>}~

The local Hausdorff topology is a natural topology on the set of all closed subsets of
Q induced by the Hausdorff distance do™"*. For a closed subset Cy C Q, 7,0 > 0,
and xy € ), define U(Cy,rg,€0,20) to be the set of all closed subsets C of Q such

that
dQHauss(BQ(Im 7”0) Nnc, BQ(:EO, 7“0) N Co) < &p.

The local Hausdorff topology is the topology generated by U(-,-, -, ) on the set of

closed subsets of 2.
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2.2 Projective Simplices

For 0 < k < d, consider the following subsets of P(RY):
Sy = {[xl Do i Tpyr 001 0] € P(RY) :x1>0,...,xk+1>0}.

Definition I1.17. A subset S C P(R?) is a k—dimensional simplez if there exists

g € PGL4(R) such that S = gSk. In this case, the k points
gll:0:---:0[,g[0:1:0:---:0],...,9[0:---:0:1:0:---:0] €0
are the vertices of 5.

We now discuss some basic properties of projective simplices. All these properties
are fairly elementary, see for instance [1Z19, Section 5]. Choosing suitable projective

coordinates, we write a (d — 1) dimensional projective simplex as
S={lz1: 2q EPRY) 127 >0,...,24 > 0}.

The Hilbert metric on S can be explicitly computed as:

log Libi
YiZj

1
dg ([$1$d],[y1yd]> :123}S{d§

For details, see [Nus88, Proposition 1.7], [dIH93], or [Ver14]. Let G < GL4(R) denote
the group generated by the group of diagonal matrices with positive entries and the

group of permutation matrices. Then
Aut(S) = {[g] € PGL4(R) : g € G}.

Proposition I1.18. If S C P(RY) is a simplex, then (S, Hg) is quasi-isometric to

real FEuclidean space of dimension dim S.

We will frequently use the following observation about the faces of properly em-

bedded simplices.
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Observation I1.19. Suppose Q C P(R?) is a properly convex domain and S C Q is

a properly embedded simplex. If x € OS, then
(1) Fs(x) is properly embedded in Fq(x).
(2) Fs(z) = SN Fo(z).

The following lemma allows us to “wiggle” the vertices of a properly embedded

simplex S and obtain a new properly embedded simplex “parallel” to S.

Proposition I1.20 ([IZ19, Lemma 3.18]). Suppose that @ C P(RY) is a properly
convex domain and S C Q is a properly embedded simplex with vertices vy, ..., v,. If

wj € Fo(v;) for 1 < j <p, then
S = QN P(Span{w, ..., w,})
is a properly embedded simplex with vertices wy, ..., w,. Moreover,

dgauss (S, S’) < 11’I<1]a<Xp dFQ(Uj)(Uj7 wj)'

Proof. The first part follows from Proposition II1.11 part (4) by an induction argu-
ment. The moreover part follows from a similar induction argument and Proposi-

tion I1.16. See [IZ19, Section 3.6] for details. O

Proposition I1.21. Suppose that Q@ C P(R?) is a properly convex domain. The set
of all properly embedded simplices in Q of dimension at least two is a closed set in

the local Hausdorff topology.

2.3 Linear Projection on Simplices

In this section we construct certain linear projection maps associated to a properly
embedded simplex in a properly convex domain. This notion was introduced in [1Z19]

and all results in this section appear in [I1Z19].
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Definition I1.22. Suppose that Q C P(R?) is a properly convex domain and S C
is a properly embedded simplex with dimS = (¢ — 1) > 1. A set of co-dimension

one linear subspaces ‘H := {H, ..., H,} is S-supporting when:
(1) Each P(H;) is a supporting hyperplane of (2,
(2) If Fy,...,F, C 0S are the boundary faces of maximal dimension, then (up to

relabelling) F; C P(H;) forall 1 <j <gq.

Proposition I1.23. Suppose that Q C P(R?) is a properly convex domain, S C ) is

a properly embedded simplex, and H 1is a set of S-supporting hyperplanes. Then
Span S ® (NgenH) =R and QNP (NgenH) = 0.

Proof. Suppose H :={Hy,...,H,}, Fi,...,F, C 0S are the boundary faces of max-
imal dimension, and vy, ..., v, are the vertices of S labelled so that F; C P(H;) and
v; ¢ Fy. Let vy,...,7, € R\ {0} be lifts of vy, ..., v, respectively.

First notice that
QNP (NgenH) =10

since P(H;) N Q = ( for every j.

Since S C P(v; + H;) and SNP(H;) = 0, we must have v; ¢ P(H;) and hence
(2.1) v; ® H; = R
for every j. Further,
(2.2) Vi, V1,041, - -,V € Fy CP(H;)

for each j.

Define W := Ngeyy H. We claim that

Span S & W = R%.
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Since
dim W + dim Span S > (d — q) + ¢ = d,
it suffices to show that
Span S NW = {0}.
If not, we can find a4, ..., o, € R such that

q
0 3& Z ;U € W.
j=1
By relabelling we can assume that a; # 0. Then by Equation (2.2)
vy C Span{vy, ..., v,} + W C H;
which contradicts Equation (2.1). So
SpanS @ W = R% O

Using Proposition 11.23, we define the following linear projection.

Definition I1.24. Suppose Q C P(R?) is a properly convex domain, S C € is a
properly embedded simplex, and H is a set of S-supporting hyperplanes. Define

Ls, € End(R?) to be the linear projection
Span S @ (NgeyH) — Span S

We call Lgy the linear projection of {2 onto S relative to H.

We now derive some basic properties of these projection maps. We use the nota-

tion
Fo(X) = Ugex Fa(z)
where Q € P(R?) and X C Q.
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Proposition I1.25. Suppose Q@ C P(R?) is a properly convexr domain, S C Q is a

properly embedded simplex, and H is a set of S-supporting hyperplanes. Then
(1) Lsu(2) = S.
(2) If t € QNP (NyepH) and y € OS, then [x,y] C ON.
(3) P(NpenH) N Fo(0S) = 0.
Proof. (1) By Proposition 11.23, P(ker Lg3) N Q2 = ), so Lgy is well-defined on 2.
The set Lg3 () C P(Span S) is connected and contains S = Lg#/(.S). Further
L5 (08) = UL, Lk (T} ) € UL B(H;)

and so QN Lg},(9S) = 0. Thus Lgy(Q) = S.

(2) Suppose z € IXNP(NyexH) and y € 0S. Then there exists a boundary face
F C 0S of maximal dimension such that y € F. Then there exists some H € H such
that FF C P(H). Then [z,y] C P(H) and so [z,y] N Q = 0. Thus [z, y] C ON.

(3) Next, suppose for a contradiction that
S P(HHE"HH) N FQ((?S)

Then there exists y € 0S5 with = € F(y). Pick 3 € 9S such that (y,y") C S. Then
by Proposition II.11 part (4) we also have (x,y’) C . But this contradicts part

(1). O

For a general properly embedded simplex, there could be many different sets of
supporting hyperplanes, but the next result shows that the corresponding linear

projections form a compact set.

Definition I1.26. Suppose that Q C P(R?) is a properly convex domain and S C

is a properly embedded simplex. Define

Ls:={Lgy: H is a set of S-supporting hyperplanes} C End(R%).

30



Proposition I1.27. Suppose that Q C P(R?) is a properly convex domain and S C Q

is a properly embedded simplex. Then Lg is a compact subset of End(R?).

Proof. Suppose that Fi, ..., F, C 05 are the boundary faces of S of maximal dimen-

sion. Fix a sequence Lgy,, of projections. Then
Hn - {Hn,h N 7Hn,q}
where F; C P(H, ;). Since Grg_1(R?) is compact we can find nj, — oo such that

H; = lim H,

k—o0 kod

exists in Gry_;(R?) for every 1 < j < ¢. Then F; C P(H;) and P(H;) N Q = 0
for every 1 < j < ¢q. SoH = {H;,...,H,} is a set of S-supporting hyperplanes.

Further, by definition,
LS,H = hm LS7H”k

in End(R?). Since Lg3, was an arbitrary sequence, Lg is compact. H

2.4 Closest-point Projection

Definition I1.28. Suppose © C P(RY) is a properly convex domain and A C Q is a

non-empty closed convex set. If p € €, the closest-point projection of p on A is

wa(p) := AN Ba(p,da(p, A)).

Lemma I1.29. Ifp € Q, wa(p) is a compact convezx set.

Proof. By Proposition 11.5, Bq(p,da(p, A)) is a compact convex set. Moreover, the

intersection of two closed convex sets is a closed convex set. Hence the result. O

Lemma II.30. If g € Aut(Q2), then gomg =mga0g.

31



2.5 Center of Mass

There is a notion of “center of mass” for compact subsets of a properly convex
domain. Let K4 denote the set of all pairs (Q, K) where Q C P(R?) is a properly

convex domain and K C €2 is a compact subset.

Proposition 11.31 ([1Z21]). There ezists a function
(Q, K) € Kg — CoMg(K) € P(RY)

such that:

(1) CoMgq(K) € ConvHullg(K),

(2) CoMgq(K) = CoMgq(ConvHullg(K)), and

(3) if g € PGL4(R), then gCoMq(K) = CoMyq(gK),
for every (Q, K) € K.

There are several ways of proving the existence of such a “center of mass”. Propo-

sition I1.31 appears in [IZ21] and their argument is inspired by Frankel [Fra89]. An

alternative approach to this construction appears in [Marl4, Lemma 4.2].
2.6 Dynamics of Automorphisms in Hilbert Geometry

If g € GL4(R), let A1(g), A2(g), ..., Aa(g) denote the absolute values of eigen-

values of g (over C), indexed such that

A(g) = Xa(g) = ... = Aalg)-

In particular, we will use the notation Apax(g) := A (g) and Auin(g9) := Aa(g).

If h € PGL4(R), we define

where i € GLy(R) is some (hence any) lift of A.
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Proposition I1.32 ([CLT15]). Suppose Q is a properly conver domain and g €

Aut(QQ). Then the translation length of g, defined as

Ta(g) == inf da(z, gz),

18 given by

2.6.1 Geometry of w-limit Sets of Automorphisms

For the rest of this section, fix a properly convex domain @ C P(RY). Let v €
Aut(2) with 7q(y) > 0. We will describe the set of all accumulation points of
{y"x 12 € Q,n € N} in Q. It is called the w-limit set of v and denoted by w(y, Q).
Let ¥ be any lift of v in GL4(R) and let & be its set of eigenvalues (over C). If

A€ &, let

e W, be the subspace of R? such that (W))c is the generalized eigenspace of ¥

for A, and
e E) be the subspace of R? such that (E))c is the eigenspace of 5 for .

Define the subspace E5, Ly and K5 such that

(Eq)(c = @ E)\ s (Lﬁ)(c = @ W)\ and (Kg)(c = @ WA.

)\qu /\qu )\qu
|)\|:>\max (a) |>\‘:/\max (ﬁ) |>“ <Amax (ﬁ)

An elementary computation using Jordan blocks shows that if w € P(R?)\ P(K5),
then the accumulation points of {7"w : n > 0} lie in P(E5) (see for instance [Mar91,
II.1] or [CLT15, Lemma 2.5]).

Further observe that, after scaling by Amax(7), the action of ¥ on E5 can be
conjugated into O(E3), the group of orthogonal linear transformations on E5. This

implies that Q NP(E5) = (). Otherwise, Q NIP(E5) is a properly convex open set in
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P(F5) and < y|pg) >C O(E5) is a compact subgroup of Aut(Q2 NP(E5)). Then by
[Mar14, Lemma 2.1], v has a fixed point in © implying 7o(y) = 0, a contradiction.

We also note that Q NP(K5) = 0. Otherwise,

Torp(k-) () = log (%) < log ( i\\nr::((%) ) = 70(7)

which is impossible.

Thus Q C P(R?)\P(K5), which implies that w(y, ) C P(E5). Moreover w(v, ) C
Q. Thus w(y,Q) C (ANP(E5)) = (02N P(E5)) where last equality holds because
QNP(E5) = 0.

Finally also note that the subspaces E5, Ly and K5 defined above are independent

of the lift 7 chosen. Thus we introduce:

Ef =P(B;)NQ and K :=P(K3)NQ

ES :=P(E5-1)NQ and K :=P(K5-1)NQ

~

We can sum up the above discussion in the following proposition. Note that the

same proposition is true if we replace v by 7~ and Ej by E.
Proposition I1.33 ([Isl19]). If Q is a properly convexr domain, v € Aut(2) and
To(7y) > 0, then:

(1) w(v,) C EF.

(2) the action of v on E is conjugated into the projective orthogonal group PO(E5).

(3) there exists an unbounded sequence of positive integers {my} such that

mg
) —1d
E+

~

it (
e \ 7

I
Ey

We prove the following proposition about faces Fq(z) for z € E.
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Proposition I1.34 ([Is119]). Suppose Q C P(RY) is a properly convex domain and

v € Aut(QY) with tq(y) > 0.

(1) If y € E, then Fo(y) N EF = 0.

(2) If y € E, 2 € Fa(y) and {ix} is a sequnece in Z such that zy := limg_ o0 Az

exists, then
. — + —
either 2o € B/, o1, 2s € 00\ (Ev U E] )

Proof. (1) Suppose there exists © € Fo(y) N EY. Since EX N E; =0, v # y. Then
there exists a maximal line segment Z = [a, b] C 0f) containing x and y as its interior
points (order: a, z, y, b). Since y € E7, by Proposition 11.33 part (3), there exists
an unbounded sequence {d} }ren of positive integers such that limy_,o 7%y = 5. Up

to passing to a subsequence, the following limits exist in :

Too = lim Y%z, ao := lim y"a and be := lim y%b.
k—o00 k—o0 k—o0

Since x € ZN EF and E is a closed y-invariant set, z., € EF. Hence, 7o # y.
The sequence v%*Z converges to the projective line segment Zo, = [aoo, boo] C I in
the same affine chart. Since x,, # ¥, Z, is a non-degenerate projective line segment
in 02 containing both of them. We claim that z., and y are interior points of the
line segment Z,. Observe that since 7 is a projective transformation and preserves

cross-ratios, limy .o [Y%*a, Y%z, vy, v*b] = [a, z,y,b]. Thus

m [y*a, y%x, v %y, v b]

= 1
(oo s Toos Y, boo) Jim

exists and is finite. However

|y — ey |yt — 4%y
[y a, vz, vy, v = 1+ ————— | [ 1+ —— 1 |.
|ylka — vk x| |ytky — D
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Since oo # ¥y, limg oo [Y%*2 — Y% y| # 0. Then [, Too, Y, boo] < 00 implies
lim |[y%a —y%2| #£0 and lim |y%y — y%b| # 0.
k—o0 k—o0

Thus ao, # To and y # b, which shows that both z., and y are interior points of
To.
Recall that = € Ej and y € E7. Since dy > 0, up to passing to a subsequence,

limy,_y00 Y w = 14 for any w € (z,y). Thus

lim [’ydka, By, gy b = [Goos Toos Y, boo)-

k_, 00

By projective invariance of cross-ratios,

lim ['ydka,vd’“w,vd’“y,vd’“b] = |a,w,y,b].

k—oo

Then [a,w,y,b] is the constant number [ao, Too, Y, bso] for all w € (x,y). This is
impossible since x and y are distinct interior points of the line segment Z = [a, b].

Hence we have a contradiction and this finishes the proof of (1).

(2) Since 02 is a closed set, 2o, € I If 2, € E, there is nothing to prove. So, let
20 € B

Up to passing to a subsequence, we can assume that 1. = limy_,. Yy exists.
As E7 is a closed y-invariant set, Yo, € E7. Thus, 2o 7# Yoo-

We claim that 2o, € Fo(yso). Since z € Fy(y), there exists a maximal projective
line segment J := [a/, 1] C OS2 that contains both z and y as its interior points (order:
a', z,y, V). Up to passing to a subsequence, we can assume that a’_ := limy_,,, v*a’
and b/ := limy_,oo 7*b exist in Q. Then Jy := limy_,oc 7*J = [a’,b..]. By projec-

. . . . . > / y > ) / / ,
tive invariance of cross-ratios, limy_,o[y*a’, v 2, y"*y, V| = [/, z,y,V']. Thus
!/

[ 20 Yoo U] = lim [y*a’, 72,9y, 7]
k—o0
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exists and is finite. Since z,, # Yoo, then arguing as in part (1) of this proposition
(using cross-ratios) we can show that a., # 2o and ys, # 0. Thus 2z, and y. are
interior points of Joo = [eo, boo] C 0. Thus 2o € Fo(Yoo)-

Since Yoo € B and 2o € Fo(Yoo), part (1) of this proposition implies 2o, & E7.
Moreover z,, ¢ £ by assumption. Hence we have completed the proof. O

2.6.2 Limits of Automorphisms and Boundary Faces

The results of this section are in [IZ21]. The next two results relate the faces of

a convex domain with the behavior of automorphisms.

Proposition I1.35 ([1Z21]). Suppose Q C P(R?) is a properly convex domain, py €
Q, and g, € Aut(QY) is a sequence such that

(1) gn(po) — = € 09,

(2) g, (po) =y € 09, and

(3) gn converges to T in P(End(R%)).

Then image(T) C Span Fq(x), P(ker T)NQ =0, and y € P(ker T').

Proof. For v € R? let ||v]| be the standard Euclidean norm of v and for S € End(R?)
let ||.S|| denote the associated operator norm. Also let ey, ..., e4 denote the standard

basis of R,

Notice that

T(p) = lim g,(p)

n—oo

for all p ¢ P(ker T').
We can pick a lift g, € GLg(R) of each g, with ||g,|| = 1 such that g, — T in

End(R?) and T is a lift of 7.

Claim 1: P(kerT) N Q = (.
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Proof of Claim 1: Using the singular value decomposition, we can find k, 1, k,2 €

O(d) and 1 =01, > -+ > 04, > 0 such that

O1n

gn :kn,l kn?-

Odn

By passing to a subsequence we can suppose that k, 1 — ki, kp2 — kg, and

Xj = lim o, € [0,1]

n—oo
exists for every 1 < j < d. Then
1
— X2
T = ]{71 k2
Xd
Let
(2.3) m :=max{j: x; > 0}.

Then ker T' = ky ' Span{e.1, ..., eq}.

Suppose for a contradiction that there exists [v] € P(ker T') N 2. Let
vy = k;ékgv € k:;é Span{em1,---,€a}

Since 2 is open and v, — v, by passing to a tail we can assume that there exists

some € > 0 such that
{ [Un + sk ze1] 1 [s| < e} cQ
for all n > 0. By passing to a subsequence we can suppose that

1
w:= lim _—gn'l}n S Rd
n=voe || g, vn
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exists. Now fix ¢ € R and let ¢, := ||g,v.|| . Since [|7,vn|| < Omi1n ||vn] and

lim Om+1n = 0,
n—o0

for n sufficiently large we have |t,| < e. Then

[w + tklel] = lim |:_— (gn'l}n + tnkn,lel)}
=0 | [|g, vl

= lim |—— (§,Vn + tag,k; 5¢ }
tin | )

= lim g, [vn + tnkgéel} e .

n—o00 ’

Since t is arbitrary, we see that

{[w+thkie)] : t € R} C Q
which contradicts the fact that Q is properly convex. So P(ker T') N Q2 = 0).
Claim 2: T(Q2) C Fo(z). In particular,

image(7") C Span Fo(x).

Proof of Claim 2: Since P(ker T) N Q2 = (),

T(p) = lim g,(p)

n—oo

for all p € Q. Since g,(po) — = and

do(9n(p); gn(po)) = da(p; po),
Proposition I1.12 implies that T'(Q) C Fo(x).
Claim 3: y € P(ker 7).

Proof of Claim 3: Notice that
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is a lift of g, . Since 1 = Oip > -+ > 0qn > 0, we can pass to a subsequence and
assume that o4,h, converges in End(R?) to some non-zero S € End(R?). Then g;*
converges in P(End(R%)) to [S] € P(End(R%)). Claim 1 applied to g,' implies that

P(ker S)NQ = . So
S(po) = lim g (po) = y.
Further, Equation (2.3) implies that
image(S) C k; ' Span{emi1,...,eq} = ker T.
So y € P(kerT). O
Given a group G < PGL,4(R) define G™™ to be the closure of the set
{9 € GL4(R) : [g] € G}
in End(R?).

Proposition I1.36 ([1Z21]). Suppose Q C P(R?) is a properly convexr domain, C C
is a non-empty closed convex subset, and G < Stabqg(C) acts co-compactly on C. If

x € 0;C, then there exists T € ™ such that
(1) PkerT)NQ =0,
(2) T(Q) = Fo(x), and

(3) T(C) = Fa(z) N d,C.

Proof. Fix some py € C and a sequence p, € [po,z) with p, — z. Since G acts

co-compactly on C, there exists R > 0 and a sequence g,, € G such that
dQ(gnp07pn) < R
for all n > 0.

40



As before, for S € End(R?) let ||S|| be the operator norm associated to the
standard Euclidean norm. Let g, € GL4(R) be a lift of g, with ||g,| = 1. By

passing to a subsequence we can suppose that g, — T in End(R?). Proposition 11.35

implies that P(ker T) N 2 = () and T'(Q) C Fu(x). Then

T(p) = lim g,(p)

n—so0
for all p € ().

Claim 1: T(Q) = Fq(x).

Proof of Claim 1: We only need to show that Fq(z) C T(2). So fix y € Fg(x). Then

we can pick y, € [po,y) such that

sup dQ(yn7pn) < 0.
n>0

Thus

sup da(g;, 'yn, po) < 00.

So there exists n; — 0o so that the limit
q = lim g, 'yn,
Jj—o0
exists in €2. Then

T(g) = lim g,(q) = lim g, g, Yo, = lim y,, = y.
n—00 j—o0 j—oo

Hence Fo(x) C T(2).

Claim 2: T(C) = Fo(x) N o, C.

Proof of Claim 2: This is almost identical to the proof of Claim 1. m

41



2.7 Convex Co-compact Groups

Definition I1.37. A discrete subgroup A < PGL,4(R) is called convex co-compact
if:
(1) there exists a properly convex domain  C P(R?) such that A < Aut(€2), and
(2) the set Cq(A) C € is non-empty and A acts co-compactly on Co(A), where Cq(A)

is the convex hull in € of the full orbital limit set £IP(A) := {J,cq (Az \ Az).

Remark I1.38. If A acts co-compactly on a properly convex domain S, then Co(A) =

Q and A is a convex co-compact group.

If A is convex co-compact, the boundary of Cq(A) splits into the ideal boundary

0:Ca(A) := 0Q NCq(A) and the non-ideal boundary 0, Cqo(A) :==Q N Cq(A). We

recall some results from [DGK17] regarding properties of convex co-compact groups.

Theorem 11.39 ([DGK17]). Suppose A < Aut(QQ) is a convex co-compact group.

Then:
(1) Cq(A) is the minimal non-empty A-invariant closed convez subset of €2,
(2) LGP (A) = 9; Ca(N),

(3) if v € o CQ(A), then FCQ(A)(ZL') = FQ(J})
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CHAPTER III

Weak Hyperbolicity in Geometric Group Theory

3.1 Introduction

The key idea of geometric group theory is to study infinite groups using geometry.
We can view a group as a geometric object via its Cayley graph that we now explain.
If G is a group with a finite generating set S, we will use the notation: (G,S) is
a finitely generated group. If (G,S) is a finitely generated group, its Cayley graph
Cay(G, S) is an unordered graph whose vertex set is G with an edge between g and
gs for any g € G and s € S. Assigning length 1 to each edge, this graph can be
given the structure of a proper metric space that we denote by (G,dg). Note that
this metric structure depends on the generating set S. To show that this notion is

“coarsely” well-defined (up to quasi-isometries), we need some definitions.

Definition ITI.1. Consider two metric spaces (X,dx) and (Y,dy). If K > 1 and

C>0,amap F : X — Y is called:
(1) a (K, C)-quasi-isometric embedding if for any z,z2’ € X

%dx(x,x’) —C < dy(F(z), F(2") < Kdx(z,2") + C

(2) a (K, C)-quasi-isometry if F' is a (K, C)-quasi-isometric embedding and there
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exists D > 0 such that:

sup dy(y, F(X)) < D.

yey

The two metric spaces (X, dx) and (Y, dy) are quasi-isometric if there exists a (K, C)-

quasi-isometry between them for some K > 1 and C' > 0.
Proposition I11.2. If S and S’ are two finite generating sets of G, then (G,ds) and
(G,ds/) are quasi-isometric.

The fundamental lemma of geometric group theory establishes a coarse equiva-
lence between the geometry of the Cay(G,S) and the geometry of a space X on

which G acts.

Theorem II1.3 ([BH99, Part I, Proposition 8.19]). Suppose (X,dx) is a proper
geodesic metric space and G is a group that acts on X properly and co-compactly by
isometries. Then G is finitely generated and if S is a finite generating set of G, then
F:(G,ds) — (X,dyx) defined by F(g) = g - xo is a quasi-isometry for any choice of

base-point rg € X.

We now introduce some standard notations that we will be used frequently. If
(X,d) is a metric space and r > 0, we denote the metric r-tubular neighborhood of

AC X as
Nx(A;r) ={x e X :d(z,A) <r}
and the metric r-ball around x € X as
Bx(z,r):={y € X :d(x,y) <r}.
We also introduce the notion of paths and path systems.

Definition II1.4 ([Sis18]). Suppose (X,d) is a proper geodesic metric space and a

group G acts on X properly and by isometries.
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(1) A path in X is the image of f : R — X where f is a (K, C)-quasi-geodesic
embedding for some K > 1 and C > 0. If Z C R is an interval, then f(Z) is a

subpath.

(2) A path system PS on X is a collection of paths in X for some fixed constants
K > 1 and C > 0 such that:
(a) any subpath of a path in PS is also in PS, and
(b) any pair of distinct points in X can be connected by a path in PS.

(3) A path system PS is called a geodesic path system if all paths in PS are
geodesics in (X, d).

(4) If G preserves PS, then (X, PS) is called a path system for the group G.

3.2 Gromov Hyperbolic Groups

Gromov hyperbolicity is a formulation of hyperbolicity or ‘negative curvature-like’
behavior in coarse geometry. For introducing this class of groups, we will require the
notion of slim triangles. If x and 2’ are two points in a metric space X, let o, .

denote a geodesic joining x and z'.

Definition II1.5 ([BH99, Part III, Definition 1.1]). Suppose (X, d) is a metric space
and x1, 29,3 € X. A geodesic triangle 0, 4, U0yy 25 U0y, 2, 1s called d-slim for some
0>0if

(3.1) Orrire © Nx (Taroiss UGariin i 0)

for i € {1,2,3} with the indices of z; counted modulo 3 in (3.1).

Definition III.6 ([BH99, Part III, Definition 2.1]).

(1) A geodesic metric space (X, d) is a Gromov hyperbolic space if there exists § > 0

such that all geodesic triangles in X are J-slim.
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(2) A finitely generated group (G, S) is a Gromov hyperbolic (or word hyperbolic)

group if (G, dg) is a Gromov hyperbolic space.
This notion is well-behaved under quasi-isometries.

Proposition IIL.7. If (X,dx) and (Y,dy) are quasi-isometric, then (X,dx) is a

Gromov hyperbolic space if and only if (Y,dy) is a Gromov hyperbolic space.

Some examples of Gromov hyperbolic spaces are a regular tree of finite valence
and the real hyperbolic space H? (equipped with the Riemannian metric of constant
curvature —1). Some examples of Gromov hyperbolic groups are Z, free groups on
finitely many generators, and fundamental groups of compact manifolds of negative
curvature. A non-example of Gromov hyperbolic groups is any group that contains
a subgroup isomorphic to Z" for r > 2.

While the motivating examples of Gromov hyperbolic groups are discrete sub-
group of Isom(H?), not all such groups are Gromov hyperbolic. For instance, the
fundamental group of a finite volume non-compact hyperbolic manifold of dimension
d > 3 is not Gromov hyperbolic. It contains subgroups isomorphic to Z¢~! that cor-
respond to the cusp stabilizers. It is thus natural to seek generalizations of Gromov
hyperbolic groups. We will discuss two such generalizations: relatively hyperbolic

groups in Section 3.3 and acylindrically hyperbolic groups in Section 3.4.

3.3 Relatively Hyperbolic Groups

Relatively hyperbolic groups generalize fundamental groups of finite volume non-
compact hyperbolic manifolds. There are several equivalent definitions due to Bowditch,
Farb, and Drutu-Sapir to name a few. In this section, we will follow the approach
taken by Drutu-Sapir in [DS05]. For this, we recall the notion of asymptotic cones

and asymptotically tree-graded metric spaces.
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Definition ITI.8. Suppose w is a non-principal ultrafilter, (X, d) is a metric space,
(x,) is a sequence of points in X, and (\,) is a sequence of positive numbers with
lim, A, = oco. The asymptotic cone of X with respect to (x,) and (A,), denoted by

Co(X, Tn, A\n), is the ultralimit lim,, (X, A\ 1 d, z,).
For more background on asymptotic cones, see [Dru02].
Definition III.9 ([DS05, Definition 2.1]). Let (X,d) be a complete geodesic metric

space and let S be a collection of closed geodesic subsets (called pieces).

(1) We say that (X,d) is tree-graded with respect to S if:

(a) every two different pieces have at most one common point.

(b) every simple geodesic triangle (a simple loop composed of three geodesics)

in X is contained in one piece.

(2) We say that (X, d) is asymptotically tree-graded with respect to S if all its asymp-
totic cones, with respect to a fixed non-principal ultrafilter, are tree-graded with

respect to the collection of ultralimits of the elements of S.

Using asymptotically tree-graded metric spaces, we now introduce the definition

of relatively hyperbolic spaces and groups respectively.

Definition II1.10 ([DS05]).

(1) A complete geodesic metric space (X, d) is relatively hyperbolic with respect to
a collection of subsets S if (X, d) is asymptotically tree-graded with respect to

S.

(2) A finitely generated group (G, S) is relatively hyperbolic with respect to a family
of subgroups {Hy, ..., Hy} if (G, dg) is relatively hyperbolic with respect to the

collection of left cosets {gH; : g € G,i=1,...,k}.
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Relative hyperbolicity is well-behaved under quasi-isometries.
Proposition III.11. Suppose (X,dx) is a relatively hyperbolic space with respect
to Sx and f : (X,dx) — (Y,dy) is a quasi-isometry. Then, (Y,dy) is a relatively

hyperbolic space with respect to Sy := f(Sx).
We will require the following results about relatively hyperbolic spaces.

Theorem II1.12. Suppose (X, d) is a relatively hyperbolic space with respect to S.

(1) [DS05, Theorem 4.1] For any r > 0 there exists Q(r) > 0 such that: if S1, Sy € S

are distinct, then
diamx (NX(Sl; 7“) N NX(SQ; T)) < Q<T)

(2) [DS05, Corollary 5.8] If A > 1, B >0, and f : R* — X is an (A, B)-quasi-
isometric embedding, then there exists M = M (A, B) such that: if k > 2, then

there exists some S € S such that
f(R¥) € Nx(S; M).

(3) [DS05, Theorem 5.1] If (Y, dy) are complete geodesic metric spaces and f : X —
Y is a quasi-isometry, then (X,dx) is relatively hyperbolic with respect to S if

and only if (Y,dy) is relatively hyperbolic with respect to f(S).

We end this section by stating a characterization of relative hyperbolicity due
to Sisto [Sis13]. In order to state his characterization, we introduce two notions:
“almost-projection system” and “asymptotically transverse-free with respect to a

geodesic path system”.

Definition III.13 ([Sis13]). Let (X,d) be a complete geodesic metric space and
S a collection of subsets of X. A family of maps IIs = {mg : X — S}ges is an

almost-projection system for S if there exists C' > 0 such that for all S € &:
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(1) if x € X and p € S, then d(z,p) > d(z,7s(x)) + d(7ws(x),p) — C,
(2) diamy mg(S") < C for all S, 5" € S distinct, and
(3) if z € X and d(z,S) = R, then diamx mg(Bx(z, R)) < C.
Recall the notion of geodesic path systems from Definition I11.4.
Definition IT1.14 ([Sis13]). Let (X, d) be a complete geodesic metric space and S
a collection of subsets of X.

(1) A geodesic triangle 7 in X is S-almost-transverse with constants k and A if

diamy (Nx(S; k) N7y) <A

for every S € S and edge v of T.

(2) The collection S is asymptotically transverse-free relative to a geodesic path
system G if there exists A, o such that for each A > 1,k > o the following
holds: if T is a geodesic triangle in X whose sides are in G and is S-almost-

transverse with constants x and A, then 7 is (AA)-thin.
We finally state Sisto’s characterization of relative hyperbolicity.

Theorem II1.15 ([Sis13, Theorem 2.14]). Let (X,d) be a complete geodesic metric
space and S a collection of subsets of X. Then the following are equivalent:

(1) X is relatively hyperbolic with respect to S,

(2) S is asymptotically transverse-free relative to a geodesic path system and there

exists an almost-projection system for S,

In [Sis13], the theorem is stated for path systems instead of geodesic path systems.

But his methods also imply this result, see [IZ19, Appendix] for details.
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3.4 Acylindrically Hyperbolic Groups

3.4.1 Definition and examples

Osin introduced the notion of acylindrically hyperbolic groups in [Osil6] as a

generalization of Gromov hyperbolic groups.

Definition II1.16. Suppose that a group G acts isometrically on a metric space
(X,dx). The action is called acylindrical provided: for every ¢ > 0, there exist

R., N. > 0 such that if z,y € X with dx(z,y) > R., then
#{g € G:dy(x,g92) <eand dy(y,gy) <e} < N..

Suppose G acts properly and isometrically on a proper Gromov hyperbolic space
(X,d). There is a notion of bordification (or compactification) of (X,d) by adding
the Gromov boundary 0, X to X (see [BH99] for details). We will denote this
compactification by X := X U d,,X. The limit set of the action Ax(G) is the set
of accumulation points of some (hence any) orbit of G in X. It is a well-known
fact in the classification of group actions on Gromov hyperbolic spaces that either
0 < #Ax(G) < 2 or Ax(G) is an infinite set [Osil6, Section 3]. The group action
is called elementary in the first case and non-elementary in the second case. The
case of elementary actions is particularly simple (G is finite or virtually cyclic, see

[BH99]). We will be interested in non-elementary actions.

Definition IT1.17 ([Osil6]). A group G is called acylindrically hyperbolic if it admits
an isometric non-elementary acylindrical action on a Gromov hyperbolic metric space

(X,dx).

Examples: Mapping class group of closed surfaces of genus at least 2 are acylin-

drically hyperbolic because they act non-elementarily and acylindrically on the curve
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complex [PS15]. This is a particularly interesting example as these groups are nei-
ther Gromov hyperbolic nor relatively hyperbolic [AAS05]. Some other prominent
examples are outer automorphism groups of finitely generated free group on at least
two generators and rank one CAT(0) groups that are not virtually cyclic.

We now introduce the notion of hyperbolically embedded subgroups which was
used in [Osil6] to characterize acylindrically hyperbolic groups. Let H be a subgroup
of G and a (possibly infinite) subset S of G such that SU(H\{1}) generates G. Then
S is called the relative generating set and let d3, : H x H — [0, +o0] be the relative
metric, where d2,(g, h) is the length of the shortest path in Cay(G,S U (H \ {1}))

rel

connecting ¢g and h that has no edges in Cay(H, H \ {1}).

Definition III.18 ([Sis18, Definition 4.6]). A subgroup H of G is hyperbolically

embedded if there exists a relative generating set .S such that Cay(G,SU (H \ {1}))

S

~1) is a locally finite metric space.

is Gromov hyperbolic and (H,d

Example: The subgroup Zx*{e} is a hyperbolically embedded subgroup of Z*Z.
On the other hand, Z x {e} is not hyperbolically embedded in Z x Z. See [Sis18].
Osin characterizes acylindrically hyperbolic groups based on the existence of hy-

perbolically embedded subgroups.

Proposition IT1.19 ([Osil6, Definition 1.3]). A group G is acylindrically hyperbolic

if and only if G contains a proper infinite hyperbolically embedded subgroup.

In the next section, we will see another characterization of acylindrically hyper-
bolic groups (using contracting elements) that will be particularly useful in Chapter

V.

3.4.2 Contracting Elements I: Characterizing Acylindrical Hyperbolicity

Recall the definition of path and path system in Definition I11.4.
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Definition II1.20 ([Sis18]). Suppose (X, d) is a geodesic metric space, PS is a path

system on X, and G acts on X properly and by isometries.
(1) A set A C X is called PS-contracting (with constant C') if there exists a map
w4 : X — A such that:
(a) if z € A, then d (2, ma(z)) < C

(b) if z,y € X with d (m4(z),74(y)) > C and o € PS is a path joining z and
y, then
d(o,ma(z)) <C and d(o,ma(y)) <C.
(2) If (X,PS) is a path system for G, then g € G is a contracting element for
(X, PS) provided for some (hence any) zp € X:
(a) g is an infinite order element,
(b) < g > zg is a quasi-geodesic embedding of Z in X,
(c) there exists A C X containing z, that is < g >-invariant, PS-contracting

and has co-bounded < g > action.

The following proposition will illustrate the geometric intuition behind the defi-

nition of contracting elements.

Proposition II1.21. Suppose (X, PS) is a path system for G and g € G is a con-
tracting element for (X, PS). Then:
(1) 7x(g) := inf ex d(z, gz) > 0.
(2) for any o € X, Amin(x0) :=< g > xo is the minimal PS-contracting, < g >-
wvariant subset of X containing xg with a co-bounded < g > action.

Proof. (1) Recall the definition of stable translation length:

r5iable(g) .= lim M

n— 00 n
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Then triangle inequlaity shows that

stable(

x(9) > 7X*(9)

and it suffices to show 73¢*Pe(¢) > 0. Fix any zp € X. Since g is contracting,

< g > 1 is a quasi-geodesic, that is, there exists K’ > 1 and C’ > 0 such that for

every n € 7,
n 1 !
d(zo, 9" o) > —K/|n\ —C'.

Then, 7P(g) > 1/K' > 0.
(2) Let A be PS-contracting with constant C'4 and the map 74 : X — A. Fix any
o € X and set R4 := diam (.A/ <g> ), Co = C4+2R 4 and Apin(z0) :=< g > xo.

Since Apin(z0) C A, if z € X, then there exists m € Z such that
d(ma(x),9™x0) < Ra.

Define My @ X — Amin(zo) by setting mmin(z) = ¢™x¢. Then, if x € Anin(zo),

Tmin() = z. If 2,y € X and d(mpin (), Tmin(y)) > Co, then
d(ma(z), ma(y)) = Ca.
Thus, if 0 € PS is any path from z to y,
d(ma(z),0) < Cx and d(ma(y),o) < Ca.

Hence,
d(Tmin(2),0) < Cy and  d(mTmin(y),0) < Cp.
O
We now prove a characterization of acylindrically hyperbolic groups using con-

tracting elements. We will say that a group is virtually cyclic if it contains a finite

index cyclic subgroup.
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Theorem II1.22 ([Osil6, Sis18]). Suppose G has a proper isometric action on a
geodesic metric space (X,dx), (X,PS) is a path system for G and g € G is a
contracting element for (X, PS). Then, either G is virtually Z or G is acylindrically

hyperbolic.

We will spend the rest of this section discussing a proof of this theorem. The
key result comes from a result connecting the subgroup generated by a contracting
element with the notion of hyperbolically embedded subgroups [REF]. Fix a path
system (X, PS) for G where G acts properly and isometrically on the metric space
(X,dx). Suppose g € G is contracting. Then, there exist a < g >-invariant set .4
with a co-bounded < g >-action equipped with a projection = : G — A. Further,
assume that G is not virtually cyclic. Then we will prove that G is acylindrically
hyperbolic.

Consider

E(g) = {h € G : ¥ (r(hA), A) < o0}

= {h eG: max{sup dx (b, A),supdy(a, hA)} < oo} .
behA acA
Sisto proves:

Proposition III1.23 ([Sis18, Theorem 4.7]). If g is a contracting element in G for
the path system (X, PS), then E(g) is a hyperbolically embedded subgroup which is

virtually cyclic.

Since E(g) is virtually cyclic while G is not, E(g) is a proper subgroup. Moreover,
E(g) is a hyperbolically embedded subgroup. Then Proposition II1.19 implies that

G is an acylindrically hyperbolic group.
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3.4.3 Contracting Elements II: Other Notions of Contraction

In this section, we will discuss another notion of contraction that is due to
Bestvina-Fujiwara [BF09]; we will use the symbol BF to denote this. Fix a geodesic
metric space (X,d) and a group G that acts properly and isometrically on X. If

A C X and z € X, let the closest-point projection on A be defined by:

palz) ={y e X :d(z,y) = d(z, A)}.
The following definition comes from [BF09] and [GY18].

Definition II1.24. A set A C X is a contracting subset in the sense of BF if there

exists a constant C' such that: if x € X, R > 0 and B(z, R) N A = (), then
diam (p(B(z, R))) < C.

An element g € G is a contracting element in the sense of BF if for any zy € X:
(1) g has infinite order,
(2) < g > ¢ is a quasi-geodesic embedding of Z in X, and
(3) < g > xp is a contracting subset in the sense of BF.

We will now connect the two notions of contraction. The proof is fairly elementary

and this argument is given in [Isl19, Appendix]|. For that, we first prove the following

lemma.

Lemma II1.25. If A C X is PS-contracting (with constant C') for the projection

map w4 X — A, then d(ma(z), ps(x)) < 2C for all x € X.

Proof. It z,y € X, let 0., € PS denote a path joining x and y.

Suppose there exists x € X such that

(3.2) d(ma(), p4(x)) > 2C.
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Since A is PS-contracting and p4(z) € A,

d(malpa()), pa(r)) < C.

Then

d(ma(@), malpa(x))) = d(ma(@), pa(2)) = A(Ta(Pa (7)), pa()) > C.

Since A is PS-contracting, there exists 2z € 04,5, (») such that d(z,m4(z)) < C. Then

d(pa(r), 2) = d(pa(e),2) — d(z,2) < d(ma(z), ) - d(2,2)

< d(ma(z),2) +d(z,2) —d(z,2) < C.
Hence

d(pa(e), ma(2)) < d(pal@), 2) +d(z, 7a(2)) < 2C.
This contradicts (3.2). O

We now prove the equivalence of the two notions of contraction for geodesic path
systems.
Proposition I11.26. If (X, PS) is a geodesic path system for G, then:
(1) A C X is PS-contracting if and only if A is contracting in the sense of BF.
(2) g € G is a contracting element for (X, PS) if and only if g € G is a contracting

element in the sense of BF.

Proof. (1) Suppose A is contracting in the sense of BF. If x € X, d(x,p,(z)) =
d(x,A). Then, by [Sis18, Lemma 2.3], A is (X,PS) contracting.
Conversely, suppose A in PS-contracting (with constant C' and the map 74 : X —

A). Suppose x € X and 0 < R < d(z,py(x)). If y € B(z,R), let 6 := 0,, € PS
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be a geodesic joining = and y. Let z; € ¢ be a point closest to m4(x), that is,
x1 € ps(ma(x)). There are two cases to consider.

Case 1: If d(xy,ma(z)) > C, then d(d, ma(x)) > C. Since A is PS-contracting (in
the sense of Sisto), this implies that d(m4(z),74(y)) < C.

Case 2: If d(xy,m4(z)) < C, then by Lemma I11.25, d(xy, p4(z)) < 3C. Thus

d(z, pu(z)) < d(z,21) + d(z1, py()) < d(z,21) + 3C.

Since y € B(z, R) and R < d(z, p4(z)),

d(y, z1) = d(y, 2) = d(z, 21) < d(z, pa(e)) — d(z,21) < 3C.

Then,

d(y, pa(y)) < d(y, ma(x)) < d(y, z1) + d(z1, mal2)) < 4C.

Then

d(pa(®); pa()) < dpa(y),y) + d(y, 21) + d(z1, pa(x)) < 10C

Thus, if z € X and 0 < R < d(z, p4(x)), diam(p4(B(x, R)) < 20C.

(2) Follows from definitions and part (1). O

o7



CHAPTER IV

Rank One Hilbert Geometries

This chapter is based on results that appear in [IsI19].
4.1 Axis of Automorphisms
Definition IV.1. Suppose 2 C P(RY) is a properly convex domain and g € Aut(().

An azis of ¢ is a non-trivial projective line segment ¢, := P(V,) N Q where V, < R?

is a two-dimensional g-invariant linear subspace.

If ¢, is an axis of g, then @ N 0f) consists of two points both of which are fixed
points of g. Let E NI ={gy,9_}. Assume that 7q(g) > 0 and recall the notation

Ef E; C P(R?Y) from Section 2.6.1.

Lemma IV.2. Suppose Q) is a properly convex domain and g € Aut(Q2) such that
Ta(g) > 0 and g has an axis {; = (g4, 9-). Assume that g, g+, and g— are lifts of g,

gy, and g_ respectively such that
9 9y =XMgy and g-g-=A_g-
where A\, A\_ € R and |A_| < |A\;|. Then

(1) Pl = D@ -] = i@ 7als) = o (|32

(2) g+ € Ef, and g_ € E.
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Proof. Let W = Span{gy,g_}. Then g‘ can be conjugated to in
w
0 A

PGLy(R). Then 7a(g) < Tonpw)(9]qqpy,) Which implies that

max ;~

(9) <log

log

At
|

But [A| < Amax(@) while [A_| > Amin(§). Thus

>\max ~
- Amin (g)

Then |Ay| < Apax(9) and [A_| > Apin(g) implies that A | = Apax(9) and [A_| =

Amin(g). This finishes the proof. O

An isometry g € Aut(€)) may or may not have any axis. Hence we introduce the

notion of a pseudo-axis.

Definition IV.3. Suppose 2 C P(RY) is a properly convex domain and g € Aut(€2).
A pseudo-azxis of g is a non-trivial projective line segment o, := P(WW,) N Q where

W, < R?is a two-dimensional linear subspace and P(W,) N Q = (.
Observation IV.4. If 1q(g) > 0, then either g has an axis or a pseudo-axis.

This observation essentially comes from the following result of Benoist (also see
[Mar14, Proposition 2.2]). For stating the result, we will require some notation. If
Q) is a properly convex domain, then a cone above () is a connected component of
7 1Q) = {v € RY: 7(v) € Q}. We will denote a cone above by €. In other
words, 771(Q) = QU —Q where Q and —Q are the connected components of 771(€2).
Note that if g € Aut(€2), then we can choose a lift g of ¢g such that g- Q = Q. Indeed,

if a lift g does not preserve Q, then qg- Q) = —Q which implies that —g preserves ).

Now we state Benoist’s result.
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Proposition IV.5 ([Ben05, Lemma 3.2]). Suppose Q) is a properly convex domain,
g € Aut(Q2), and tq(g) > 0. Assume that g is a lift of g such that g - Q = Q where Q

is a cone above Q). Then Amax(9) is an eigenvalue of g and

P(ker (G — Amax(9) -Id)) N0

The same remains true if we replace Amax(g) bY Amin(9)

We will now discuss a few examples to illustrate the notions introduced. An
isometry may have a unique axis, infinitely many axes, or no axes at all. An isometry
can have pseudo-axes without having an axis and vice versa.

Example A. (Unique axis, no pseudo-axes) Consider the properly convex do-
main € in P(R?) which is an open ball in an affine chart. It is the projective model
of H? and Aut(Q) = PO(2,1). If g € SO(2,1) has 7o([g]) > 0 (i.e. is a hyperbolic
isometry in Isom(H?)), then [g] has a unique axis. This is essentially because (2 is a
strictly convex domain.

Example B. Consider the two-dimensional simplex .S5.

Uncountably many axes, several pseudo-axes: Let go = [diag(\1, A2, \2)] where
A > X >0and MA2 =1. For 0 <t <1, let Q := (er,tes + (1 — t)es). Then,
{Q:}ic(0,1) is an uncountable family of axes of go. There are three pseudo-axes:
le1, 2], [e2, €3], and [eq, e3).

Several pseudo-axes, no axis: Let g; := [diag(\1, A2, A3)] where A\ > Ag > A3 > 0
and A\;A2A3 = 1. The pseudo-axes of g; are [eq, es], [es, €3] and [e1, e3]. But g; does
not have an axis.

We conclude this section by establishing three lemmas that will be used in the
next section. Recall the notation E;, E, from Section 2.6.1.

The first lemma is a simple consequence of Lemma IV.2.
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Lemma IV.6 ([Isl19, Lemma 5.8]). Suppose Q is a properly conver domain, g €
Aut(Q) with o(g) > 0, and a,b, c are three fived points of g. Ifa € E, b€ E; and

cg EXf UES, then [a,c]U[b, c] C 0Q.

Proof. 1f (a,c) C €, then (a, ¢) is an axis of g by definition. Then Lemma IV.2 implies

that ¢ € E which is a contradiction. Thus [a, c] C 9§2. Similarly, [b, ] C 9. O

The next lemma shows that if g € Aut(Q2) (with 7q(g) > 0) has an axis (a,b) and

#(£F) > 1, then Fq(a) conatins a non-trivial projective line segment in 9S2.

Lemma IV.7 ([Isl19, Lemma 5.6]). Suppose Q is a properly conver domain, g €
Aut(Q) with 7o(g) > 0, and g has an azis {4 = (g4, 9-) with g, € Ef and g_ € E .

Ifue Ef \{g4}, then

diamp, (g, ) (Fa(g+) NP(Span{g., u})) > 0.

Remark IV.8.

(1) The conclusion of this lemma is that Fo(gy) N P(Span{gy,u}) is a non-trivial
projective line segment in OS) containing g. .

1

(2) The same result is true if we replace g by g~ and g4 by g_.

Proof. Let € be a cone over (2. Fix the lifts §, 4, ¢+, g— of g, u, g+, g_ such that
g- Q=Qand, Ji,9- € Q. Since u € B, there exist a sequence of positive integers

{my }ren such that

I N
i () T

9+ +9-

Let p; := + tu. Then 7(py) € (g4, 9-) C €. Since € is open, there exists
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e > 0 such that p; ;= 7m(p;) € Q for all t € (—¢,¢). Then, if t € (—¢,¢)

P = Jim g™
i) (6 )
= w(ﬁl - 2ta).

Note that pyg . = g+. By Proposition II.12,

drg(g4) (945 Do) < liggg)lf da(9™* po, 9" pt) = da(po, p:) < 0.

Thus for all ¢t € (—¢,¢) \ {0}, proo € Falgy) and proo # g+. This finishes the

proof. O]

The next lemma shows that if v € Aut(Q) has an axis and #(E;) = 1, then v~

A
is a proximal element in PGL4(R) (i.e. )\—1(7_1) > 1).
2

Lemma IV.9. Suppose Q C P(RY) is a Hilbert geometry and v € Aut(Q) where

Ta(v) >0, and 7y has an azvis. If #(E7) =1, then

A
Remark IV.10. Replacing v by v~', we see that #(EF) = 1 implies )\—l(fy) > 1.
2

Proof. Suppose the axis of v is (a,b) with a € E;L and b € E. Let us fix ﬁ, a cone
over €. Fix lifts 74, @ and b where 5,5 c Q and 5 - Q = Q. Set A\pux = Amax(7) and

Amin = Amin (7). Since 7 - Q= (NZ, be E; and be (NZ, we have

Similarly, 7 - @ = Apax - @-

Since #(E]) = 1, there is a one-dimensional eigenspace of 5 (namely Rb) and

a single Jordan block Jy;, corresponding to eigenvalues of modulus Ayj,. Thus in
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( ) > 1, it is enough to show that the Jordan block Jy,, has size

d—
Ad
1. Suppose this is false. Then there exists w € R4 such that if k € Z, then

(4.1) B = kAT 4 AR @
Setting w := 7(w), limy_,o Y*w = b. Since v¥a = a for all k, limy,_,o. v*[a, w] = [a, b].

Fix p € (a,b) C 2. Then there exists yx € (a,w) such that
(4.2) lim Y*y, = p.
k—o0

Since p € Q and Q is open, Y*y, € Q for k large enough. Thus, up to truncating

finitely many terms of the sequence {y;}, we can assume that for k > 1,
yr € (a,w) NKQ.

Let us fix lifts 7, of yx in €. Then gj}c = cj,a + djw where ¢, d;, > 0 and ¢, + dj, > 0.

Setting yx == v}./(c). + d},), we get ¢k, di € [0, 1] such that
(4.3) Ui = cra + dpw.
Thus, upto passing to a subsequence, we can assume that c,, := limg_ ., ¢ and
doo := limy,_, oo dj, exist. Then yo, := limy_,., 43 exists and set
Yoo =T (Yoo) = T(Coo + doo).

We now claim that y,, = w. If this is not true, then c¢,, # 0. Then, there exists
ko € N such that ¢, > 0 for all & > ko and limy_,o(dg/cx) = do/Cso exists in R.

Then using equations (4.2) and (4.3),

P kll_)m ’Y e i (Ck/\ﬁlax)

k—o00
- Jim = (a+ s Ge) i (')
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This is a contradiction since p € €2 while a € 9€). Thus Yo = w.

Since yi, € Q for k > 1, w = yo, implies that w € Q. Then for all k € Z,
(4.4) [w,¥*w] C Q.
For t > 0, let
H; = {W(@—H’E) :—tgrgt}.
Let H := U;~oH; and note that
H = P(Span{b, w}).
Observe that if k£ € Z, then equation (4.1) implies that

For every t > 0, set k; := [Amint|. Then

H, C [’y*(k”l)w,w] U [w,’yktw].
Then

P(Span{w,b}) =H C UE CQ,
>0
where the last containment comes from equation (4.4). Thus  contains the projec-

tive line H, which is impossible as €2 is a properly convex domain. Hence we have a

contradiction. O

4.2 Definition of Rank One

In this section, we introduce the notion of rank one automorphisms for Hilbert

geometries following Ballmann-Brin’s definition for CAT(0) spaces [Bal82, BB95].
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Some of the dynamical properties of rank one automorphisms for Hilbert geometries
are reminiscent of Ballmann’s early results in rank-one Riemannian non-positive
curvature [Bal82, Bal95].

We first introduce the notion of half triangles which are analogues of half flats

used in the CAT(0) setting.

Definition IV.11. If © is a properly convex domain, then three points z,y, z € 0f2

form a half triangle if
[z,y] Uy, z] C 0 and (x,z) C Q.

A projective line segment (x,y) C € is said to be contained in a half triangle in  if
there exists a point z € 00 \ {z, y} such that x,y, z form a half triangle.

We now introduce the notion of rank one automorphisms for Hilbert geometries.
Definition IV.12. Suppose (2 is a properly convex domain. Then 7y € Aut(fQ) is
called rank one automorphism if:

A1 .
(1) Ta(y) =log )\—(7) > 0 and 7 has an axis
d
(2) none of the axes ¢, of y are contained in a half triangle in €.
A projective line segment ¢ C €2 is a rank one axis if ¢ is the axis of a rank one

automorphism v € Aut((Q2).

Using the definition of rank one automorphisms, we now introduce rank one

Hilbert geometries and rank one groups.

Definition IV.13.

(1) A pair (2, A) is called a rank one Hilbert geometry if € is a properly convex
domain, A < Aut(2) is a discrete subgroup, and A contains a rank one auto-

morphism.
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(2) A discrete group A < PGL4(R) is called a rank one group if there exists a

Hilbert geometry Q4 such that (25, A) is a rank one Hilbert geometry.

A prime example of a rank one Hilbert geometry is the projective model €2y C
P(R?) of the real hyperbolic space H2. Consider a discrete subgroup A; < Aut(Qg) =
PO(2,1) that contains a hyperbolic isometry (i.e. it has a positive translation
distance in H?). Then (£,A;) is a rank one Hilbert geometry. A prime non-
example of rank one is the two-dimensional projective simplex Sy. Suppose Ag :=
{[diag(2™, 2", 2=(m+")] © m n € Z} < PGL3(R). Then (Sy,Ay) is non-rank one

Hilbert geometry.

4.3 Properties of Rank One Automorphisms

In this section, we will establish some key geometric and dynamical properties of

rank one automorphisms. We will use the following terminology: g € PGL4(R) is

A Ad—
called biproximal if =~ (g) > 1 and Z¢=2(g) > 1.
A2 Ad

Proposition IV.14 ([Isl19, Proposition 6.3]). Suppose v is a rank one automor-

phism with a rank-one azis {, = (a,b) where a € EX and b € E7. Then:
(1) v is biprozimal,
(2) L, is the unique axis of v in €,
(3) the only fized points of v in Q are a and b,
(4) if 2 € 0Q\ {a,b}, then (a,z') U (b,2") C Q,
(5) if z € 00\ {a, b}, then neither (a,z) nor (b, z) is contained in a half triangle in

Q.

Proof. Let Q) be cone above Q. For the rest of this proof, fix lifts 7, a and b where

Zi,,l; € Q and v - Q=Q. Set Amax ‘= Amax(7) and Apin = Amin(7). Note that @ is an

66



eigenvector of 7 corresponding to the eigenvalue A, Or — Aax. But since - Q= Q,

Thus @ € EF and #(£7) > 1. Similarly, 5 - b= Apin - b, b € E and #(E7) > 1.
(1) In order to prove that 7 is biproximal, we first prove the following.

Claim IV.15. #(ES) = #(E;) = 1.

gl
Proof of Claim. 1t suffices to prove the claim for Ej since the same arguments
with v replaced by y~! implies the result for E-. Now suppose the claim is false and
there exists u € E \ {a}. Then Lemma IV.7 implies that there exist 2™, 2" € 9Q

such that a € (27, 27) and
Fola) N B(Span{a, u})) = (=, =),

Then, Z, := [z,, z+} is the maximal projective line segment in 02 containing both
z_ and z,.

Since 7 is a rank-one isometry, its axis (a, b) cannot be contained in a half triangle
in Q. But [a, z;| C 09 which implies that (z1,b) C €. Similarly, (z_,b) C . Choose
Ty € (24,0)NQand x_ € (2-,b) N Q. By Proposition I1.33 part (3), there exists an

unbounded sequence {my} of positive integers such that

lim (7‘E+>mk St

k—o0

Since z; € P(Span{a,u}), z, € Ef. Fix alift z} € Q of z;. Then

~ my
lim | — =

+ = 2t
k—oo )\max

On the other hand, < il )mkg = b. Then, since 2 € (2, b),

>\min

] mp —
lim vy 2, = 2.
k—o00

67



Similarly

lim v x_ = 2_.
k—o0

Since limy_,oo do(7™ x4,y x_) = dgo(xy,2_) < 00, Proposition 11.12 implies that
24 € Fo(z_). Thus there is an open projective line segment in 9 containing both
z, and z_. This contradicts the maximality of Z, and finishes the proof of Claim

IV.15.

By the above claim #(E) = #(E]) = 1 where mo(y) > 0 and 7 has an axis
(a,b). Then Lemma IV.9 implies that v is biproximal.

(2) This follows from biproximality of .

(3) Suppose c is a fixed point of v in 92 that is distinct from both a and b. By part
(1) of this Proposition, v is biproximal. Thus ¢ ¢ £ U E7. Then, by Lemma V.6,
la,c] € 02 and [b,c] C OS2 Thus, the axis ¢, = (a,b) of v is contained in a half
triangle, contradicting that ~ is a rank one automorphism.

(4) Let v € 02\ {a,b}. Suppose [a,v] C 0. Since v is biproximal, there exists a

invariant decomposition of R? given by:
RI=Ri®dRbS E.
Choose any lift v of v. Then v decomposes as
U= c1d + cob + Ty

where ¢1, ¢y > 0 and vy # 0 (since v € 9N\ {a, b}). If ¢; # 0, then lim,, o v "v = b,
that is, lim, 7 "[a,v] = [a,b]. Since [a,v] C 90 (by assumption) and 0 is
Aut(Q) invariant, [a,b] C 0€2. This is a contradiction since (a,b) C €. Thus, ¢, = 0.

Set Az = Amax (7?}5) Since 7 is biproximal, Az < Apax. Then, for every n > 0,
(%) T-a() o (38)
—_ vV =cC a+ (— Ug-
Af Af AB
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Then, up to passing to a subsequence, we can assume that v, := lim,,_.,, 77 "v exists
and vo € Eq, where Eg = Q N IP’(E) Then Eq is a non-empty convex compact
subset of R and Brouwer’s fixed point theorem implies that + has a fixed point in
Eq. But Eq C Q\ {a,b}. This contradicts part (3). Hence, (a,v) C . Similarly we
can show that (b, v) C Q.

(5) This is a consequence of part (4). O

We can prove a simpler characterization of rank one automorphisms for co-compact

actions.

Lemma IV.16 ([Isl19, Proposition 6.4]). Suppose € is a properly convexr domain,
A < Aut(Q) is a discrete group that acts co-compactly on ), and v € A with To(y) >

0. If v has an axis, then the following are equivalent:

(1) v is biprozimal.

(2) none of the axes of v are contained in half triangles in .

(3) 7 is a rank one automorphism.

Proof. Note that (2) <= (3) is by definition (cf. IV.12) and (3) = (1) is
Proposition 1V.14 part (1). We will prove (1) = (2), under the assumption that
/A is compact.
Let (a,b) be the axis of v with @ € EF and b € E. We first show that v has no

other fixed points in 9€) except a and b. If this is not true, let v be such a fixed point

of 7. Since 7 is biproximal, v ¢ EF U E7. Then Lemma IV.6 implies that
(4.5) [a,v] U [v,b] C 0.

Let A, := (7). Recall the notation Ming(A,) = Nyea {z € Q: da(x,h-x) = To(h)}.

Claim: ConvHullg{a,v,b} C Ming(A4,).
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Proof of Claim. 1f x € ConvHullg{a, v, b}, there exists y € (a, b) such that x € [y, v).
Since yv = v, v € [yy,v). Let L, ,» denote the Euclidean line in the affine chart
through 2" and 2”. Then L, 4, Ly, L~y and L, are four distinct lines concurrent
at v. Both L, ., and L, , intersect these four lines and do not pass through v. Then,
by Proposition I1.2, do(z,vx) = do(y,vy). But since y € (a,b), do(y,vy) = 1a(7)

which implies that z € Ming(A,). This finishes the proof of this claim.

The group A acts co-compactly on €. Then, Theorem 1.18 implies that Cx(A,)
acts co-compactly on ConvHullg(Ming(A,)). Fix p € (a,b) and choose v, € [p,v)
such that lim,_,. v, = v. By the above claim, v, € Ming(A,). Then there exists
hn, € Ca(A,) such that ¢ := lim, 00 hyv, exists in Q. Thus lim, o do(h, g, v,) = 0.

Then Proposition I1.12 implies that, up to passing to a subsequence,

. -1 .
lim A, ¢ = lim v, =v.
n—oo n—o0

Pick a point ¢’ € (a,b). Up to passing to a subsequence, v’ := lim,, . h, ¢ exists
in Q. Since lim, o do(h'q, h7¢") = da(q, ¢'), Proposition I1.12 implies that v €
Fo(v'). Now we show that v € {a,b}. Since h,, € Cr(A,), hy(a,b) is an axis of
7. As 7 is biproximal, Lemma IV.2 implies that h,(a,b) = (a,b). Thus v' € {a,b}.
Hence

NS FQ(CL) U FQ(b)

By equation 4.5, [a, v]U[v, b] C 092. Now, by Proposition I1.11 part (4), v € F(a)
and [v,b] C 0 implies that [a,b] C JQ. This is a contradiction as (a,b) C §2. Thus,
v & Fo(a). By a similar reasoning, v & Fq(b). Thus we have a contradiction.

So we have shown that if v has an axis (a,b) and is biproximal, then 7 has no
fixed points in 02 other than a and b. Then the proof of Proposition V.14 part (4)

goes through verbatim. Thus (a,z) U (z,b) C 2 for all z € 9Q \ {a, b}, that is, the
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axis (a,b) cannot be contained in a half triangle in Q. This finishes the proof. [

4.4 Rank One Axis and Slim Triangles

A projective geodesic triangle in a properly convex domain €2 is defined as follows:
if v1,v9,v3 € Q, let A(vy,v9,v3) := [v1, V2] U [vg,v3] U [v3,v1]. Recall the notion of
slim triangles in a geodesic metric space from III.5. In this section, we will prove
that any projective geodesic triangle in ) with one of its edges on a rank one axis ¢

is Dy-slim for some constant D,.

Theorem IV.17 ([Isl19, Theorem 8.1]). If ¢ is a rank one axis in a properly convex
domain Q, then there exists a constant Dy > 0 such that: if A(x,y, z) is a projective

geodesic triangle in  with [y, z] C €, then A(z,y, z) is De-slim.

Remark IV.18. The constant D, depends only on the azxis ¢ (and not on a rank one

automorphism whose axis is ().

In order to simplify the proof, we first establish a simple criteria for determining

when a geodesic triangle in 2 is D-slim.

Lemma IV.19 ([IZ19, Lemma 13.8]). If R > 0 and A(x,y, z) is projective geodesic

triangle in  with [y, z] C NR([JJ,y] U [x,z]), then A(z,y, z) is (2R)-slim.

Proof of Lemma. Since [y, z] C NR([:B,y] U [:U,z]), there exists m,. € [y, 2], my, €
[z,y] and m,, € [z,z] such that do(my., msy,) < R, and do(my., m,,) < R. By
Proposition 11.16, o™ ([y, my.], [y, may) < R, Ao ([z, my.], [z, m..]) < R, and
Ao ([, My, ], [£,me]) < 2R. Hence, A(z,y,z) is (2R)-slim. This finishes the

proof of Lemma IV.19.

Now we begin the proof of the theorem. Fix a properly convex domain €2 and a

rank one axis ¢ in 2. The remark following the theorem will follow as a consequence
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of the arguments we give during the course of the proof - we only use the fact that
there is some rank one automorphism v that translates along ¢; we do not require
any other property of .

Note that Lemma IV.19 implies that is enough to prove the following proposition.

Proposition 1V.20. If ( is a rank one axis, then there exists a constant By with the
following property: if A(x,y, z) is any projective geodesic triangle in Q with [y, z] C £,
then [y, z] C N, ([z,y] Uz, 2]). Moreover, this constant B, depends only on the rank

one axis ¥.

We spend the rest of this section proving this result. The moreover statement will
follow from the proof since the proof works independent of the choice of the rank
one automorphism which has /¢ as its axis.

Suppose the proposition is false. Then for every n > 0, there exists a sequence
of geodesic triangles A(ay,, by, ¢,) C Q with [a,,b,] C ¥, ¢, € Q\ £ and e, € (ay,by)
such that

da(en, [cn,an]) > n and dg(en, [cn, by]) > n.

Since / is a rank one axis, there exists a rank one automorphism " whose axis is £.
Thus, translating A(ay, by, ¢,) by <4’ >, we can assume that e := lim,,_,, €,, exists
and e € /. Up to passing to a subsequence, we can assume that a := lim, o Gy,

b :=lim,_, b, and ¢ := lim,,_, -, ¢,, exist. Observe that:

da(e, [a,c] U e, b)) = lim dg(en, [an, ¢n] U [cn, b)) > lim n = oo.

n—c0 n—00
Thus [a, c] U [¢,b] € 92. But (a,b) C Q since e € (a,b) N 2. Thus a,b, ¢ form a half
triangle in €.

But since a,,b, € ¢, £ = (a,b). Thus the rank one axis ¢ is contained in a half

triangle, which is a contradiction. This concludes the proof the proposition.
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CHAPTER V

Acylindrical Hyperbolicity of Rank One Groups

This chapter is based on results that appear in [IsI19].

5.1 Outline

In this chapter, we will prove Theorem [.5 which we now restate.
Theorem 1.5. If A is a rank one group, then either A is virtually cyclic or A is an

acylindrically hyperbolic group.

The proof of this theorem involves two steps. The first (and the key) step is

proving the following result.

Theorem 1.3. Suppose Q2 C P(RY) is a properly convex domain and PS®? = {[x,y] :
z,y € Q}. An element g € Aut(Q) is contracting for (Q, PSY) if and only g is a

rank one automorphism.
Remark V.1. An element g € Aut(Q) is contracting for (Q, PSY) if and only if it

is contracting in the sense of BF, as PS® is a geodesic path system (cf. I11.26).

In the second step, we observe that Theorem 1.3 implies that a rank one group A
necessarily contains at least one contracting element. Then Theorem II1.22 implies

Theorem 1.5.
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The chapter will be structured as follows. In Section 5.2, we prove that rank one
automorphisms are contracting. We prove the converse in Section 5.3. These two
sections taken together proves Theorem 1.3 - this is done in Section 5.4. Then, we

discuss several applications of Theorem 1.5 in Section 5.5:

(1) Cohomological characterization of rank one groups and infinite dimensionality

of group of quasi-morphisms (Section 5.5.1)
(2) Asymptotic counting results for conjugacy classes (Section 5.5.2)

(3) Genericity of rank one automorphisms from the viewpoint of random walks

(Section 5.5.3)

5.2 Rank one automorphisms are contracting

Theorem V.2 ([Isl19, Theorem 10.1)). If v € Aut(2) is a rank one automorphism,

then 7y is a contracting element for (€2, PS®).

We devote the rest of this section for the proof of this theorem. The key step will
be part (2) of Lemma V.3 which shows that a rank one axis is PS“-contracting.

First, we construct a suitable projection map onto the rank one axis. Suppose ¢
is a rank one axis parametrized by ¢ : R — € to have unit speed. Let m, be the
closest-point projection onto the closed convex set ¢ (see Definition I1.28). If p € Q,
there exist 7,7, 7,7 € R with T < T.F such that m(p) = [0(T,"),o(T,")]. Define the

map 7 : 2 — £ via

e (Y,

Lemma V.3. If ¢ C Q is a rank one axis, then there exists C, > 0 such that

(1) if x € Q and z € {, then there exists p,, € [z, z] such that
dQ (77-(x)apa:z) S 3C€ .
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(2) € is PS®-contracting with constant C; (and the map ).

Proof. (1) Let z € Q and z € {. Set Cy > Dy, where Dy is the constant from Theorem
IV.17. By Theorem IV.17, A(x,w(x), z) is D,-thin. Then there exists p € [z, 7(z)],

q € [r(x),z] and r € [z, x] such that

da(q,p) <D, and dg(q,r) < Dy.

Then
dg (W(x),p) =dg (7T<.T>,$) —dg (p, :U)
<dg (q,x) —dg (p, x),
<dq (p,q) <Dy
Thus

da (7(2),q) <dg (7(z),p) +da (¢,p) < 2Dy
Set p,. := r. Then
do (7(), ps-) < da (7(2),q) +da (¢,7) < 3Dy < 3C,.

(2) Let us label the endpoints of ¢ such that ¢ := (a,b). Observe that it suffices
to verify part (1b) in Definition II1.20. Suppose that it is not satisfied. Then, for

n > 1, there exists x,,y, € (1 such that
do (7(2n), 7(yn)) = n

and
do ([xn,yn],ﬂ(:vn)) > n.
Since £ is a rank one axis, fix a rank one automorphism v whose axis is £. Then

vom = mo. Hence, up to translating x,, and y, using elements in < v >, we can
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assume that a := lim, ., m(x,) exists in £ C . Up to passing to a subsequence,

we can further assume that the following limits exist in Q: z := lim,_ o0 Tn, ¥ =
limy, 00 Yn, 5 := lim, 00 (yp). Then lim, o |2y, yn] = [z, y]. We will now show that
(5.1) [z,y] C 0.

This follows from the following estimate:

n—o0 n—o0

do(a, [z,y]) = lim do(a, [z, ys]) > lim <dg <7T(.Clﬁn), [xn,yn]) —dq (W(xn),a))

We also observe that:

n—0o0 n—o0

do(a, B) = lim dg (a,ﬁ(yn)) > lim (dg (W(xn),w(yn)) —dg (W(xn),a)>

n—o0

> lim (n —dq (W(xn),a)> = 00.

Thus 3 € 9. However, since 8 € £ = [a,b], 3 € {a, b}. Thus, up to switching labels

of endpoints of £, we can assume that

(5.2) B =b.
Claim V4. x =y =10.

Proof of Claim We first show that y = b. Since y,, € Q and « € ¢, part (1) of Lemma

V.3 implies that there exists p, € [y, @] such that

dQ (pn77r(yn)) S 3C€ .

Up to passing to a subsequence, we can assume p := lim,_,. p, exists in Q. Then,
by Proposition I1.12, p € Fqo(5). By equation (5.2), = b which implies p € Fq(b).

Since b is an endpoint of the rank one axis ¢, part (4) of Proposition IV.14 implies
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that Fq(b) = b. Thus p = b. On the other hand, since p,, € [y, a], we have p € [y, a].

Since p = b, p € 0f2. Thus,

p € o,y NI = {y}.

Hence,
y=p=0>o.

We now show that x = b. By (5.1), [z, y] C 092. But since y = b, this contradicts
part (4) of Proposition IV.14 unless z = y. Hence z = y = b. This concludes the
proof of Claim V .4.

Consider points z,, € Q and 7(y,) € ¢. By part (2) of Lemma V.3, there exists
Gn € [mn,w(yn)} such that dg (ﬂ(xn),qn) < 3Cy. Up to passing to a subsequence,
we can assume that ¢ := lim,_,. ¢, exists in Q. Then by Proposition 11.12, ¢ €
Fo(a) = Q. Thus lim, o [2,, 7(y,)] is a projective line segment containing ¢ and
hence intersects Q . However, lim, o [7,, 7(y,)] = [z, 8] = {b} C 9Q which is a

contradiction. This shows that the rank one axis ¢ is PS%-contracting. n

We will now use Lemma V.3 to prove Theorem V.2. Suppose 7 € Aut(f) is a rank
one automorphism. Then 7o(7) > 0 which implies that  has infinite order. Since
7 is a rank one automorphism, part (2) of Proposition IV.14 implies that v has a
unique axis £,. Fix xy € £,. Then < v > x( is a quasi-geodesic embedding of Z
in Q. Part (3) of Lemma V.3 implies that £, is a PS?-contracting set. Then ¢, is
< 7y >-invariant, contains xy, and has a co-bounded 7y action. Thus 7 is a contracting

element for (€2, PS?) (see Definition I11.20).
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5.3 Contracting automorphisms are rank one

Theorem V.5 ([Isl19, Theorem 11.1]). If v € Aut(Q2) is a contracting element for

(2, PSY), then « is a rank one automorphism.

The rest of this section is devoted to the proof of this theorem. We begin by
recalling a result of Sisto which says that contracting elements are ‘Morse’ in the

following sense.

Proposition V.6 ([Sis18, Lemma 2.8]). If PS is a path system on (X,d) and A C X
is PS-contracting with constant C, then there ezists a constant M(C') such that: if
0 is a (C,C)-quasi-geodesic with endpoints in A, then § C Nycy(A) == {z € X :
d(z,A) < M(C)}

We use this Morse property to show that a contracting element has at least one

axis and none of the axes are contained in half triangles in 0. The first step is the

next lemma.

Lemma V.7. Suppose v € Aut(Q) is a contracting element. If there exist xy € €

and two sequences of positive integers {ny}ren and {my}ren such that

p:= lim v"*zy belongs to E;r
k—o0

and
q = lim vy belongs to £,
k—o00
then
(1) (p,q) C Q,

(2) (p,q) is not contained in any half triangle in OS).

Proof. Since 7 is contracting, by Proposition I11.21, 7o(y) > 0. Thus results of Section

2.6.1 apply.
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(1) Suppose this is false. Then [p,q] C 9. Choose any r € (p,q). Set Lj =
h*m’vxg,”y”’“xo]. Then Lo, := limy_,o L. = [q,p]. Thus we can choose 11, € Ly such
that limy_ oo 7 = 7.

Since + is contracting, (2) of Proposition I11.21 implies that Ay (xg) :=< v > xq
is PS“-contracting. Since the L; are geodesics with endpoints in Ay, (79), Propo-
sition V.6 implies that there exists a constant M such that for all k& > 1, Ly C

N (Awmin(o)). Thus for every k > 1, there exists y"*zg € Amin(7o) such that
(5.3) da(ry, Y* o) < M.
Up to passing to a subsequence, we can assume that

ti= i

exists in Q. Since 7y, leaves every compact subset of 2, {¢} is an unbounded sequence.
Then by Proposition I1.33 part (1), t € (EjI_IE;) On the other hand, by Proposition
I1.12 and (5.3), t € Fq(r) C 052. We now analyze the two possibilities:

Possibility 1: Suppose t € (E; N 89).

Consider the sequence {y™7r}%2;. Up to passing to a subsequence, we can assume
that ro 1= limg_,o ¥™7 exists in JQ. Since r € (p,q) with n, > 0, p € EF and

q € £, we observe that

(5.4) Too = lim 4™r = lim y™p € EZ.
k—o0

k—o00

Recall however that r € Fo(t). Since t € EJ and ro = limg 00 y™7, part (2) of
Proposition I1.34 implies that either ro, € EJ or 7o, € 00\ (EF U E). Both of
these contradict equation (5.4).

Possibility 2: Suppose t € (E;r N o).

We can repeat the same argument as in Possibility 1 by considering the sequence
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{y~™r}2, and arrive at a contradiction (we need a version of Proposition I1.34
with ~ replaced by y~1; see the comments preceding the proposition).

The contradiction to both of these possibilities finishes the proof of (1).

(2) By part (1), (p,q) C Q. Suppose there exists z € 0f) such that the points p,
q and z form a half triangle. Choose any sequence of points z; € [yzo, 2] N 2 such
that limy_,o 2 = 2. Since « is contracting, part (2) of Proposition II1.21 implies
that Amin(z0) =< 7 > 10 is PS%-contracting (with constant, say C). Thus there
exists a projection 7 : Q — Apin(zo) that satisfies Definition I11.20. We will analyze
the sequence m(z). Since m(zx) € Amin(zo) =< 7 > x0, there exists a sequence of
integers {i;,} such that m(2;) = v%* 0. Up to passing to a subsequence, we can assume

that the following limit exists in €,

(5.5) w = lim 7(2) = lim 7% x.
k—oo k—o0

Claim V.8. w € (ES U E) N0Q.

Proof of Claim. Suppose w € Q. Then, by (5.5), limy_ do(w,m(2x)) = 0. Since
Y% xg € Amin(o), (1a) of Definition II1.20 implies that dg(y™xq, 7(7™x)) < C.

This implies that

lim dg(7(zg), (7™ x0) > kh_)rrolo <dg(w,’y”’“:r0) —do(w, 7(21)) — dQ('y"’“xg,w('y"’“a:o))>

k—ro0
> lim do(w,y™z) — C = o0

T k—oo

Thus, for k large enough, dg (m(zy), 7(y"z9)) > C. Since 7 is a projection into a

PS-contracting set, (1b) of Definition II1.20 implies that

do (7(zk), [2k, Y™ 20]) < C.
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Thus
do(w, [z, p]) = lim do(m(2x), [zk, 7" w0]) < C.
Then [z,p] N Q # (). But since p, ¢ and z form a half triangle, [z, p] C 9. This is a
contradiction, hence w € 9.
Since w € 9N and w = limy_,o Yz With zg € €, Proposition 11.33 part (1)

implies that w € Ej U E>. This concludes the proof of this claim.

Claim V.9. w € Fy(z).

Proof of Claim: Since w = limy_,o, 7(2x) € 0 and w(yxg) € Q, limy_o0 da(m(2x), m(y20)) =
00. Thus, for k large enough, dg (’/T(Zk>,7T(’}/$0)) > (C. Again, as 7 is a projection

into a PS-contracting set, we have

da(m(2x), [y2o, 1)) < C.

Choose ng € [yxo, zx] such that do(m(zx),nx) < C. Up to passing to a subsequence,
we can assume that 7 := limg_,., 7 exists. By Proposition 11.12, n € Fo(w). By
Proposition I1.11(1), n € 9Q0. But n € [yxo, 2], which intersects I at exactly one
point, namely z. Thus, n = z implying z € Fo(w), or equivalently, w € F(z). This

concludes the proof of Claim V.9.
Since p, ¢, z form a half triangle, [q, z] U [p, z] C 09Q. By Claim V.9, w € Fu(z).
Then part (4) of Proposition I1.11 implies that

(5.6) [p, w] U [q, w] C 0.

By Claim V.8, w € Ef U E7. We will now show that (5.6) contradicts this.
Suppose w € Ej Since limy_,o Y% 29 = w € E;’ and limy 0o 7™ 20 = q € E7,
then part (1) of Lemma V.7 implies that (w,q) C Q. This contradicts (5.6). On the

other hand, if we suppose w € E, then similar arguments show that (p,w) C €
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which again contradicts (5.6). These contradictions show that p, ¢ and z cannot

form a half triangle. O

We now prove Theorem V.5 using the above lemma. Let v € Aut(f2) be a con-
tracting element for (Q, PS%). Then the following will imply that v is a rank one

automorphism:
Translation distance 7q(y) > 0: This is part (1) of Proposition III.21.

v has an axis: By Proposition IV.5, there exists (a,b) C Q where a,b are fixed
points of v, a € EX, and b € E7. We will show that (a,b) C €2, hence it is an axis
of .

Fix zy € §2. Proposition I1.33 part (1) implies {7"x( : n € N} has an accumulation
point p in B and {y "2 : n € N} has accumulation point ¢ in 7. By part (1)
of Lemma V.7, (p,q) C Q. Moreover, since a,p € Ef and EF C 9Q (cf. 11.33),
la, p] € 9. Similarly, [b,q] C 09.

By Part (2) of Lemma V.7, (p,q) C €2 is not contained in any half triangle. Since
b, q] C 0N, this implies that (p,b) C Q. Let yo € (p, b). By Proposition I1.33 part (3),
there exists a sequence of positive integers {n;} such that limy_, (7] Ei)nk =1Id B
Then limy_,o v p = p which implies limy_ o Y yo = p € Ej On the other hand,

limy ooy Fyo = b € E7. Then, by Part (2) of Lemma V.7, (p,b) C Q cannot be

contained in a half triangle. But we know that [a, p] C 9Q. Thus, (a,b) C .

None of the axes of v are contained in a half triangles in 9Q: Let (a/,0') C Q
be any axis of v with @’ € EX and b € E7. If 25 € (a',V), then lim_, Yz = d

and limy,_,o, 7 %29 = V/. Then, by Part (2) of Lemma V.7, (a’,') cannot be contained
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in a half triangle in €.

5.4 Proof of Theorem 1.5

Since A is a rank one group, A contains a rank one automorphism. Then Theorem
1.3 implies that A contains a contracting element for (Q, PS®). The result follows

from Theorem I11.22.

5.5 Applications of Theorem 1.5

5.5.1 Cohomological Characterization of Rank One and Quasi-morphisms

The goal of this section is to prove Theorem 1.8 and its generalizations. In order
to state our theorem, we first introduce some definitions from group cohomology.
See [BBF16, Section 1] or [Fril7] for details.

Suppose G is a group, (E,||-||) is a complete normed R-vector space, and p :

G — U(FE) is a unitary representation. If F': G — E, let

A(F) := sup ||F(g9) — F(g) — p(9)F(g)l-

9.9'€G
F is called a cocycle if A(F) =0 and a quasi-cocycle if A(F') is finite. We say that
two quasi-cocyles are equivalent if they differ by a bounded function (on G, taking
values in F) or a cocycle. The set of equivalence classes of quasi-cocycles is denoted
by @\5’ (G; p). Group cohomology of G affords a different interpretation of @\5’ (G p):
it is the kernel of the comparison map H?*(G, p) — H?*(G;p) modulo the subspace
generated by bounded functions and cocycles.

We now mention two important special cases of @\G(G; ).

B Suppose puiv : G — R is the trivial representation. Then cocycles are homo-

morphisms of GG into R and quasi-cocycles are quasi-morphisms of G. Then
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é\C/'(G; p) recovers a classical object @/I (G), the space of ‘non-trivial’ quasi-

morphisms of G (see the definitions preceding Theorem 1.8).

B Suppose G is a discrete group and pf,, : G — U ((P(G)) is the left regular
representation of G on (G). When 1 < p < oo, ?(G) is a uniformly convex

Banach space and QC (G; phg) Will be of interest to us.

This group cohomology data often carries important geometric information. For

non-positively curved Riemannian manifolds, Bestvina-Fujiwara proves:

Theorem V.10 ([BF09, Theorem 1.1]). Suppose M is a complete finite volume
Riemannian manifold of non-positive curvature such that I' := m (M) is neither
virtually cyclic nor is a product of two infinite groups. Then, either dim(@\l/{(F)) =

00 or M is a higher rank symmetric space.
A more general result is proven in [BBF16].

Theorem V.11. ([BBF16, Corollary 1.2]) If G is an acylindrically hyperbolic group,
E # 0 is a uniformly convexr Banach space, p : G — U(E) is a unitary representa-

tion and any mazimal finite normal subgroup of G has a non-zero fixed vector, then

dim (@\C/’(G; p)) = oo.

On the other hand, higher rank lattices have no ‘non-trivial’ quasi-morphisms.
Theorem V.12 ( [BM02, Theorem 21]). Suppose I' < G is an irreducible lattice in
a semi-simple Lie group G with finite center. Then C/Q\I/{(F) =0.

Proof of Theorem 1.8 and Generalizations

In the same spirit as Riemannian non-positive curvature, we now prove a coho-

mological characterization of rank one for properly convex domains.

84



Theorem V.13 ([Isl19, Theorem 13.1]). Suppose A is torsion-free rank one group
and p is any unitary representation of A on a uniformly convex Banach space E # 0.

Then either A is virtually cyclic or dim (@\6’(/\; p)) = 0.

Proof. If A is not virtually cyclic, then Theorem 1.5 implies that A is an acylindrically
hyperbolic group. Since A is torsion-free, there are no finite normal subgroups. The

claim then follows from Theorem V.11. ]

This theorem implies some straightforward corollaries.

Corollary V.14 ([Isl19, Theorem 1.6]). Suppose A is a torsion-free rank one group

and A\ is not virtually cyclic. Then

—_—

(1) dim (QH(A)) = oo, and

(2) dim (QC(A; p2,,)) = 00 if 1 < p < oo,
Note that part (1) of this Corollary is Theorem 1.8. Theorem 1.8, along with

Theorem V.12 and the higher rank rigidity theorem 1.7, proves Corollary 1.9 which

we restate here.

Corollary 1.9. Suppose Q is an irreducible properly convex domain and A < Aut(2)
is a discrete torsion-free group that acts co-compactly on Q. Then A is a rank one

group if and only if dim @\[/{(A) = 00. Otherwise, dim @T[(A) =0.

5.5.2 Counting of Conjugacy Classes

We will prove Theorem 1.10 in this section. If € is a Hilbert geometry and

g € Aut(Q2), define the translation length (cf. 2.6)

Ta(g) := inf do(z, gz)

and the stable translation length

stable(

76 ¢(g) := lim



Note that 75/2P¢(g) is independent of the base point x € Q. Now suppose (2, A) is
a rank one Hilbert geometry. Let [[g]] denote the conjugacy class of ¢ € A. Both

7o and 782 are well-defined on the set of conjugacy classes in A. Then for ¢ > 0,

define

C(t) = #{llgll : g € A, ma(lg]) <t} and

coele(t) == #{[lg]] : g € A, 75*"([g]) < t}.

Here C(t) (resp. C**2P(¢)) counts the number of conjugacy classes in A whose trans-
lation length (resp. stable translation length) is at most ¢. We also introduce the
notion of pointed length for a conjugacy class [[g]] of g € A. Fix a base point p € Q.

The pointed length of [[g]] is

L,y([[g]]) := inf da(p,g'p).

g'€llgll
Let C*r(t) == #{[[g]] : g € A, L,([[9]]) < t}-
For co-compact rank one Hilbert geometries, we prove an asymptotic growth for-

mula for C(t) and C*%2P'°(¢). To state our result, we will require the critical exponent

of A which is defined as

1 A <
o = limsup 2879 € A 1 da(w, g2) <1}

n—00 n

for some (and hence any) base point z € Q.

Theorem V.15 ([Isl19, Theorem 1.8]). Suppose 2 is a properly convexr domain and
A < Aut(Q) is a rank one group that acts co-compactly on Q. Assume that A is not

virtually cyclic. Then there exists a constant D’ such that if t > 1,

1 exp(twy)

,exp(twy)
_ < < D'—
D’ t - C(t)

(5.7) < y

The function C*#"(t) and C*»(t) also satisfy a similar growth formula as above.
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Remark V.16. Counting of conjugacy classes in A is usually connected to counting
of closed geodesics in Q2/A. However this connection is subtle for Hilbert geome-
tries since there could be isometries in A that do not act by a translation along any

projective line in Q (i.e. do not have an axis, see Section 4.1).

We will devote the rest of this section to the proof of this theorem. Fix a rank

one Hilbert geometry (€2, A). We first show that

ra(llgll) = " ([lg]]).

Indeed, triangle inequality implies 78§2"°(g) < 7o(g). On the other hand, using

Proposition I1.32,

TQ(Q”) _ l lOg A (’g’n) —1lo )\max(g)

> max = g -
n—00 n n )\mm(g") >\rnin (g)

= T1a(9)-

Next, we show that if /A is compact and R := diam(§2/A), then

Ta([lgl]) < Lo({lg]]) < 7a(llgl]) + 2R.

Clearly 1o([[g]]) < L£,([[g]])- On the other hand, if x € Q then there exists h, € A

such that dgo(z, h,p) < R. Then
L,y([l9]]) < da(p, hy ' ghep) < 2da(hep, z) + do(z, gz) < 2R + do(z, gz).

Thus £,([[g]]) < 7a((lg]]) + 2R

Based on the above discussion,
C(t) = Ctable(t).
If Q/A is compact and R = diam(£2/A), then
Co(t) < C(t) < C**(t+2R).
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Thus, it is enough to prove the asymptotic growth formula for C*»(¢). This is a
direct consequence of the Main Theorem in [GY18]. The Main Theorem part (1) in
[GY18] implies that if A is a non-elementary group with a co-compact action (more
generally, statistically convex co-compact action) on a geodesic metric space and A
contains a contracting element (in the sense of BF; cf. 3.4.3), then C*#(t) satisfies the
growth formula in (5.7). If (2, A) is as above, then it satisfies all of these conditions

(cf. 1.3 and I11.26). Then C*#(t) satisfies equation (5.7) and it finishes our proof.

5.5.3 Genericity from the Viewpoint of Random Walks
Suppose A is a finitely generated rank one group that is not virtually cyclic. If S

is a finite symmetric generating set of A, let W,,(.S) be the set of words of length n

in the elements of S.

Definition V.17. A simple random walk on A (with support S) is a sequence of

A-valued random variables { X, }nen with laws p, defined by: if n > 1 and g € A

_ #{w € W,(S) : w represents g}
tn({g}) = V(5 :

We now prove Theorem 1.11. Note that under the hypotheses of Theorem 1.11, A
is an acylindrically hyperbolic group. The result then follows from [Sis18, Theorem

1.6].
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CHAPTER VI

Properly Convex Domains with Strongly Isolated Simplices

This chapter is based on results that appear in [IZ19] which is a joint work with
A. Zimmer. In [1Z19], we prove all our results for naive convex co-compact groups,
a class that strictly contains all convex co-compact groups. In this chapter (and the
ones that follow), we work only with convex co-compact groups (see Section 2.7).
This makes for a cleaner exposition, simplifies many of the proofs, and we hope that

it will make the proof ideas clearer.

6.1 Definitions

In this chapter, we will introduce a special class of properly convex domains
called “properly convex domains with strongly isolated simplices”. This definition
is motivated by Hruska-Kleiner’s work on CAT(0) spaces with isolated flats [HKO05].
We will work with convex co-compact groups; recall the definition from Section 2.7.

If € is a properly convex domain and S C € is a properly embedded simplex
of dimension at least two, then S is called maximal provided S is not properly
contained in any other properly embedded simplex in . If X C Q, let diamg(X) :=

Supxl,QTQEX dQ (l']_, .TQ).

Definition VI.1 ([IZ19, Definition 1.15]). Suppose A < Aut(Q2) is a convex co-

compact group and Sy is the collection of all maximal properly embedded simplices
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in Cq(A) of dimension at least two.

(1) We will say that S C Sy is strongly isolated provided: for any r > 0, there

exists D(r) > 0 such that if S;, Sy € S are distinct, then

diamg (Nqo(S1;7) N No(S9; 7)) < D(r).

(2) We will say that (Co(A),dq) has strongly isolated simplices if Sy is strongly

isolated.

Observation VI.2. If S C Sy is strongly isolated, then S is closed and discrete in

the local Hausdorff topology induced by dg.
Proof. See the proof of Proposition VI.3 part (1). n

In the next chapter, we will discuss our key result, Theorem [.15, on properly
convex domains with strognly isolated simplices. In this result proven jointly with
A. Zimmer [IZ19], we show that for a convex co-compact group A, the properly
convex domain Cq(A) having strongly isolated simplices is equivalent to the property
that A is a relatively hyperbolic group with respect to virtually Abelian subgroups
of rank at least two. In order to prove Theorem 1.15, we need to understand the
geometric consequences of the property - “strongly isolated simplices”. This will be
our focus in this chapter. In particular, we will prove Theorem 1.16 in Section 6.2.
We will prove in Section 6.3 that if (Cq(A), dg) has strongly isolated simplices, then

A is a convex co-compact rank one group.

6.2 Geometric Properties: Proof of Theorem 1.16

In this section, we will prove the Theorem [.16. It establishes some key geometric

properties of (Co(A), dg) with strongly isolated simplices where A < Aut(€) is convex
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co-compact. We will use this theorem in the next chapter for proving Theorem I.15.

We restate Theorem 1.16 before beginning the proof.
Theorem 1.16 ([IZ19, Theorem 1.8]) Suppose A < Aut(2) is a convex co-compact
group and (Cqo(A),dq) has strongly isolated simplices. Then

(1) A has finitely many orbits in Sy.

(2) If S € Sa, then Staby(S) acts co-compactly on S and contains a finite index

subgroup isomorphic to Z* where k = dim S.

(3) If A < A is an infinite Abelian subgroup of rank at least two, then there exists

a unique S € Sy with A < Stab, (5).
(4) If S € Sy and x € 0S, then Fo(x) = Feoa)(x) = Fs(x).
(5) If S1, Sy € Sp are distinct, then #(S1 N Sy) < 1 and 95, N ISy = ().

(6) If ¢ C 0;Cq(A) is a non-trivial line segment, then there exists S € Sx with

¢ Cos.
(7) If z,y,z € 0,Cq(A) form a half triangle in Co(A) (i.e. [z,y] Uy, 2] C 0iCa(A)

and (z,z) C Cq(A)), then there exists S € Sy such that x,y,z € 0S.

(8) If x € 8;Cq(A) is not a C*-smooth point of OS), then there exists S € Sy with

x € 0S.

For the rest of this chapter, fix a properly convex domain 2 C P(R?) and a convex
co-compact subgroup A < Aut(Q2). Let Sy denote the family of all maximal properly

embedded simplices in Co(A) of dimension at least two. For ease of notation, we set

The proof of Theorem 1.16 is split into the next few sections in the following order:

O parts (1) — (3) of is proven in Section 6.2.1,
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O part (5) is proven in Section 6.2.2,
O part (4) is proven in Section 6.2.3
O parts (6) and (7) are proven in Section 6.2.4, and
O part (8) is proven in Section 6.2.5.
6.2.1 Maximal Simplices are Periodic

In this section we show that if (Cq(A),dq) has strongly isolated simplices, then

each simplex S € Sy is periodic, i.e. Staby(S) acts co-compactly on S.

Proposition VI.3 ([IZ19, Proposition 8.1]). Suppose (C,dq) has strongly isolated

simplices. Then the collection Sy satisfies the following properties:
(1) Sy is closed and discrete in the local Hausdorff topology.

(2) Sp is a locally finite collection, that is, for any compact set K C Q the set
{S € 8\:SNK #0} is finite.

(3) A has finitely many orbits in S.

(4) If S € Sp, then Staby(S) acts co-compactly on S and contains a finite index
subgroup isomorphic to ZF where k = dim S.

(5) If A < A is an infinite Abelian subgroup of rank at least two, then there exists

a unique S € Sy with A < Stab, (5).

We spend the rest of this section proving this proposition. The proofs are almost
analogous to results in the CAT(0) setting, see Wise [Wis96, Proposition 4.0.4],
Hruksa [Hru05, Theorem 3.7], or Hruska-Kleiner [HK05, Section 3.1].

(1) Suppose S, is a sequence in Sy that converges to S in the local Hausdorff topology.
By Proposition 11.21, S is a properly embedded simplex in ) of dimension at least

two. It is enough to show that S,, = S for n large enough.
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Fix ¢ > 0. Since Sy is strongly isolated, there exists D(g) > 0 such that: if

S1, Sy € S) are distinct, then
diamg (Nqo(S1;€) N Na(Ss;€)) < D(e).
Let r. := D(e) + 1 and fix x € S. Since S,, — 5, there exists Ny € N for all n > Ny,
do™™= (S, N Bo(x,r.), SN Bo(x,r.)) < €.

Observe that there exists x1, xo € S such that (x1, z5) C SNBq(x,r.) and dg(z1, x2) =

r.. Thus, for any m # n > Nj,
(1, 22) C Na(Sn;e) N Na(Sm;e).
Thus
diamg (Nq(Sn;€) N Na(Sm;€)) > re > D(e)

implying that S, = S5, for all m,n > Ny. Thus S,, = S for all n large enough.
(2) Follows from part (1).
(3) Follows from part (2).

(4) Fix S € Sp and a compact set K C . Let
X:={geA:SngK #0}.

Then S = UyexSNgK. Since (¢7'S) N K # ) when g € X, Part (2) implies that

the set
{g7'S:ge X}

is finite. Since g~1S = h~1S if and only if gh ' € Stab, (S) if and only if Stab, (S)g =

Staby (S)h, there exists g1, ..., gn € X such that

U Staba (S)g = U Staba (S)g;.

geX j=1
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Then the set K := UL, 5N g; K is compact and
Staba(S) - K = Uyex SN gK = S.

So Staba (S) acts co-compactly on S.

It is now easy to show that Stab,(S) contains a finite index subgroup isomorphic
to Zdm(S),
(5) This is a straightforward application of the convex projective Flat Torus Theorem.
Suppose A > A is a maximal abelian subgroup containing A. By Theorem 1.17,
there exists S € Sy such that A acts co-compactly on S. Thus A < Stab,(S). If A
preserves another simplex, then it violates the strong isolation property because A

is infinite. Thus S is the unique properly embedded simplex preserved by A.

6.2.2 Intersections of Simplices
This result follows easily from the strong isolation property.

Proposition VI.4 ([IZ19, Section 12]). Suppose (C,dq) has strongly isolated sim-

plices. If S1,S2 € Sp are distinct, then #(S1 N S3) < 1 and 951 N ISy = ().

Suppose z # y € S1NSy. Let (z1,y1) C S1 be the maximal projective line segment
in S; containing [z, y|. By convexity, (z1,y1) C S1NSa. However diamg((xy,y1)) = oo
which implies S; = S5 since S, is a strongly isolated. This is a contradiction.

For the second part, suppose y € 951 N 0Y5. Let p; € Sy and py € S5. By

Proposition I1.16

o™ ([p1,y). [p2,9)) < R = da(p1, p2).

Then,

[p1,y) C S1NNa(S2; R).
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As S, is strongly isolated, if S; and Sy are distinct, then there exists D(R) > 0 such

that

diamgq (N (S1; R) N Na(S2; R)) < D(R) < oc.
But diamg(p1,y) = oco. Thus S; = Sy, a contradiction.
6.2.3 Boundary Faces of Simplices

In this subsection, we will prove the following result about boundary faces of

simplices.

Proposition V1.5 ([IZ19]). Suppose (C,dq) has strongly isolated simplices. If S €

Sp and x € 05, then Fo(x) = Fe(x) = Fs(x).

Fix S € Sy and z € 0S. By Theorem I1.39 part (3), Fo(x) = Fe(x). So it is
enough to show that Fg(x) = Fe(z). Also observe that if dim(F¢(x)) = 0, then
Fe(z) = Fs(x) = {z} and the result is immediate. So, without loss of generality, we
can assume that dim(Fe(z)) > 1.

In order to prove this theorem, it is enough to show that dFg(z) C 0Fs(x).

Indeed,

Fe(z) = rel-int(ConvHullg (0F¢(x)))

and

Fs(x) = rel-int(ConvHullg (0Fs(2))).

So, OF¢(x) C OFs(x) implies that Fe(z) C Fs(x). On the other hand, Fs(z) C Fe(x)
since S C C. This shows that proving dFc(x) C 0Fs(z) is enough to prove the

theorem.
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In order to prove 0F¢(x) C 0Fg(x), we will require the following general result
about convex co-compact groups. Note that the following lemma does not require

the assumption that Sy is strongly isolated.

Lemma VI.6. Suppose w € 0;C with dim(Fe(w)) > 1 and w' € O, Fe(w). For any
r,e >0 andp € C, there exists N > 0 such that: if y € (w,w") with dp,w)(w,y) > N,

then there exists p, € [p,y) such that whenever q € [py,y),
P(Span{w,w’, p}) N Ba(q,r) C Na(Sy;€).

for some S, € Sy.

Proof of Lemma VI.6. Suppose this fails. Then there exist r,e > 0 and p € C such
that: if n > 1, there exist y,, € (w, w’) with dg, ) (W, yn) > n and ¢, ., € [p, y,) with

lim,;, 00 @n,m = Yn such that
(6.1) P (Span{w, w', p}) N Ba(qnm, ) € Na(S;¢)
for any properly embedded simplex S € Sy. By Proposition 11.12,

lim inf dg(gnm, [p, w] U [p, w']) > gy ) (Y, w) > 7.

m—00

Then for each n, we choose m,, large enough such that

Set ¢}, = Gn.m, -
Since A acts co-compactly on C, we can pass to a subsequence and choose v, € A
such that v,q¢, — ¢, € C. Up to passing to another subsequence, we can assume

that

,-anly W, YnDs YnYn — U)E), Wo, Poy Yoo € E

96



By construction and by Equation (6.2),
[P0, wp] U [wg, wo] U [wo, po] C 8;C.
But (po, ¥so) C C since ¢, € (po, Yoo) N C. Thus,
S := rel-int (ConvHull{wy, wg, po})
is a properly embedded two dimensional simplex in C. Note that
Sy, := rel-int (ConvHull{~,,w, y,w’, v,p})
converges to S in the local Hausdorff topology. Thus, for n large enough,
do™™ (Ba(ql,,7) N S, Balg,,7) N S,) < /2.
Since v,q,, = ¢.,
do"™*(Ba(dke, 1), Ba(ndn. 1)) < €/2
when n is large enough. Thus, for large enough n,
do™* (Ba(qly, ) NS, Ba(nd,, ) N Sy) < €.
Since ¢/, € S, this implies that
Ba(qd,, ) N~ S, € Na(v,'S;¢).
Now observe that
Ba(d,,r) N 1S, = Ba(d,,r) NP (Span{w,w’,p}).
Thus, for n large enough,

Bao(q,, ) NP (Span{w,w’, p}) C Nao(v,'S;¢€).

n
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Let §n € Sj be a maximal properly embedded simplex such that ;15 C §n Thus,
Bao(q,,,r) NP (Span{w,w’, p}) C Ng(gn, £)

This contradicts Equation (6.1) and concludes the proof of this lemma. O]

Now we finish the proof of Proposition VI.5. We want to prove 0F¢(z) C 0Fg(x).
Recall that dim(F¢(x)) > 1 which implies that dF¢(x) # 0. Let o’ € dFc(x). We
will show that o’ € 0Fg(x).

Fix € > 0. Since (C,dg) has strongly isolated simplices, there exists D(g) > 0

such that: if S, S5 € Sy are distinct, then
(6.3) diamg (Nqo(S1;€) N Na(Ss;€)) < D(e).

Fix R. := D(e) + 1. Fix p € S. Applying the above Lemma VI.6 with R.,e and p,
we get N > 0 which satisfies the conclusions of the lemma. Choose y € (x,z’) such
that dp, () (2,y) > N. Then there exists p, € [p,y) such that whenever ¢ € [p,,y),

there exists S; € Sy such that
P(Span{z, ', p}) N Balg,r) C Na(Sy;e).

Pick a sequence ¢, € [py,y) with ¢, — y such that do(gn, ¢nt+1) = R- for all n > 1.

There exist properly embedded simplices S,, such that
P(Span{z,z', p}) N Bo(qn, R:) C No(Sn;€)
for all n > 1. Then, for n > 1,

(Gn, Gni1) C Bal(gn, R:) N Bo(¢ni1, Re) NP (Span{z, z’, p})

C NQ(Sn; 6) N NQ(Sn+1; 6).
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Thus

diamg (No(Sn; €) N Na(Sni15€)) > dal(gn, gusr) = Re > D-.
Then Equation (6.3) implies that S,, = S,,1 = 5’ for all n > 1. Thus,
(6.4) [Py y) C Na(S'5€).

Let p, € S be such that do(p,,py) = da(py,S). Then Proposition 11.16 implies

that
o™ ([pe, ), [y, y)) < Ro := max{da(pz, py), drya) (7, 9)}-
Then equation (6.4) implies that
[Pz, ) C SNNa(S; Ro + ),

that is, diamg (SN Nq(S’; Ro+¢)) = oo. This violates equation (6.3) unless S = 5"

Thus, by equation (6.4),
[py: y) C Na(S;e).
Then, by Corollary I1.13, there exists a, € dS such that y € Fy(a,) and

Ay (¥, ay) = drg@) (Y, ay) < e.

Note that this is true for any y € (z,2') with dg,@)(2,y) > N (here N depends on &,
see Lemma VI.6). Thus, for m > 1, we can find a sequence y,, € (z,2’) and a,, € 9S
/

with ym — 2’ and dg,(2)(Ym, am) < 1/m. Then, by Corollary I1.14, lim,, e am = @'

Thus, 2’ € 0S N OFg(x) = 0Fs(x). This finishes the proof.
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6.2.4 Lines and Half Triangles in the Boundary

Proposition V1.7 ([1Z19]). Suppose (C,dq) has strongly isolated simplices. If { C

0;C 1s a non-trivial line segment, then there exists S € Sy with £ C 0S.

Proof. We can assume that ¢ is an open line segment with x’ as one of its endpoints.
Fix some x € ¢, that is £ C Fg(x). Then 2’ € 0, Fe(x). Now fix e > 0 and p € C.
Since (C,dq) has strongly isolated simplices, there exists D(e) > 0 such that: if

S1, Sy € Sy are distinct, then
(6.5) diamg (Nqo(S1;€) N Na(Ss;¢)) < D(e).

Fix r. = D(e) + 1. Applying Lemma VI.6 with r., ¢, and p, let N > 0 be such that
it satisfies the conclusions of the lemma. Choose y € ¢ with dp, ) (x,y) > N. Then

there exists p, € [p,y) such that: if ¢ € [p,,y), there exists S, € Sp such that
P(Span{x> *I/ap}) N BQ(Qa TE) - NQ(SQ; 5)‘

Pick a sequence g, € [py,y) with ¢, — y such that do(¢,, gny1) = re. Let S, € Sa

be such that
P(Span{z, z', p}) N Ba(gn,m:) T Na(Sp;e).
Then

(Qna Qn-i-l) C BQ(qna TE) N BQ(QTH-lv TE) np (Span{x, -Tlap})

C NQ(Sn, 8) N NQ(Sn+1; 8).
Thus,

diamg (No(Sn; €) N No(Spi1;€)) > 1. = D(e) + 1 > D(e)
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Then equation (6.5) implies that S,, = S,41 = S for all n > 1. Then {g, : n >
1} € Na(S;¢e). Then Corollary 11.13 implies that y € Fq(c) for some ¢ € 9S. As
¢ € 98, Proposition VI.5 implies that F(c) = Fg(c) C 0S. Since y € Fo(x), this
implies that

Finally, since ¢ C Fq(x),

¢ CoS. O

Proposition VI.8 ([IZ19]). Suppose (C,dq) has strongly isolated simplices. If x,y,z €

0;C form a half triangle in C, then there exists S € Sy such that x,y,z € 0S.

Proof. By Proposition VI.7, there exist Si, Sy € S such that [z,y] C 95, and
[y, z] € 0S,. Thus y € 951 N AS,. Then Proposition VI.4 implies that S; = Sy = S.

Hence x,y,z € 0S. H

6.2.5 Corners in the Boundary

A supporting hyperplane of Q at z € 0f is a co-dimension one projective subspace
P(H) such that P(H)NQ = 0 and z € P(H) N Q. We will say that a point z € 9;C is
not C''-smooth if £ does not have a unique supporting hyperplane at z. We will show
that such a point is necessarily contained in the boundary of a properly embedded

simplex.

Proposition V1.9 ([I1Z19]). Suppose (C,dq) has strongly isolated simplices. If z €

0,C is not a C'-smooth point of O), then there exists S € Sy with z € 0S.

In order to prove this, we first establish the following lemma about general convex
co-compact subgroups. Note that this lemma does not require that Sy is strongly

isolated.
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Lemma VI.10 ([IZ19]). Suppose that z € 8;C is not a C'-smooth point of O and
q € C. Foranyr > 0 and € > 0 there exists N > 0 such that: if p € [q,z) with
da(g,p) > N, then there exists a properly embedded simplex S, C C of dimension at

least two such that
(6.6) Ba(p;7) N (2,q] C Na(Sp;€).

Proof. Fix r > 0 and € > 0. Suppose for a contradiction that such a N does not

exist. Then we can find p, € (z,¢] such that lim,,_,. p, = z and

Ba(p,7) N (239 £ Na(S;e)

for any properly embedded simplex S in C of dimension at least two.
We can find a 3-dimensional linear subspace V' such that (z,¢] C P(V) and z € 0;C
is not a C''-smooth boundary point of P(V) N Q. By changing coordinates we can

suppose that

PV)={[w:z:y:0:---:0]:w,z,y € R},
PV)NQC{[l:x:y:0:---:0: xR, y>|z|}
z=[1:0:0:---:0], and

g=[1:0:1:0---:0].

We may also assume that P(V) N Q is bounded in the affine chart

{l:z:y:0:---:0]: 2,y € R}.

Then

pn=[1:0:9,:0:---:0]

102



where 0 < y, < 1 and ¥, converges to 0. Let
L,={1:2:y,:0:---:0]: 2 € R} NQ.

By passing to a subsequence we can suppose that (y,),>1 is a decreasing sequence

and
(6.7) lim dg(pn, Ln—1) = 0.
n—oo
Then
. Yn—1
lim = 00.
n—oo y?’L

Let ay,, b, € 09 be the endpoints of L,, = (a,,b,). We claim that

(6.8) lim dg (pn, (z,an,1)> =00 = lim dg (pn, (z,bn,l)).

n—oo n—o0

Consider g, € PGL(V) defined by

llosa iy 0:s0) = [ sy o)

Since (yn)n>1 is a decreasing sequence converging to zero, D,, := ¢,(P(V) N Q) is an

increasing sequence of properly convex domains in P(V') and
D:=Up1D, C{[l:z:y:0:---:0:x R, y>|z|}

is also a properly convex domain. Notice that dp, converges to dp uniformly on

compact subsets of D. Also, by construction, there exist £ < —1 and 1 < s such that
D={[l:z:y:0:---:0]: 2z €R, y>max{sz,txr}}.

Then a, = [1: ¢, 'yp : yn : 0:...: 0] where t,, — t.

Now pick v, € (z,a,-1) such that

do (pn, (z, an,l)) = do(pn, Un)-
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Since

lim g,a, 1 = lim 1:t5i1yn_1:yn_1 :0:...:0| =[0:¢t71:1:0:---:0]
any limit point of g,v, is in
{[O:t_l:1:0:---:0]}U{[1:7"t_1:r:O:--~:O]:TZO}C8D.

Then

lim dQ (pm (Z7an—1)> = lim dQ(men) = lim an (gnpmgnvn> = o0
n—00 n—00

n—oo
since g,pp, — [1:0:1:0:---:0] € D.

For the same reasons,

lim dg <pn, (z,bn,1)> = 00.

n—o0

This establishes Equation (6.8).

Next we can pass to a subsequence and find 7, € A such that v,p, — ps € C.
Passing to a further subsequence we can suppose that v,a,_1 — Goo, Ynbn-1 — boo,
VnZ = Zoo, a0Nd Vg — Goo-

Equation (6.7) implies that [as, boo] C 02 and Equation (6.8) implies that
[Zo0s too] U [200s boo] C OS2

Thus s, boo, 200 are the vertices of a properly embedded simplex S C ) which

contains ps.. Further, for n sufficiently large we have

Bo(ynpn, ) N (2, q) € Na(S;e)
and so

Ba(pn, ) N (2,4] € Na(v, " Sie).
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To obtain a contradiction we have to show that 4, 1S C C for every n or equiv-
alently that S C C. By construction, ¢, € 0;C N (deo,bso). Then Theorem I11.39
implies that

(Ao, boo) C Fo(goo) = Fe(go) C 0 C.

Thus [aeo, boo] C 0;C. Since zo, € 0;C and S has vertices aquo, boo, 200 We then see that

S ccC. O

We now finish the proof of Proposition VI.9. The strategy is similar to the proof of
Proposition VI.7. Fix e > 0 and ¢ € C. Since (C, dg) has strongly isolated simplices,

there exists D, > 0 such that: if S, 55 € S) are distinct, then
(6.9) diamgq (No(S1;6) NN(Sa;¢€)) < D(e).

Fix r. := D(e) + 1. Applying the above Lemma VI.6 with r., ¢ and ¢, we get N > 0
which satisfies the conclusions of the lemma. Pick a sequence z, € [q, z) with z, — z,
da(zn, 2nt1) = 7e, and dg(q, 2,) > N for n > 1. Then, for each n > 1, there exist

S,, € S such that:
[q,2) N Ba(zn,re) C Na(Sh;e).
Then, if n > 1,
(Zn, 2nt1) C Bal(zn,re) N Ba(zne1,7:) N g, 2)
C Na(Sn;e) N No(Sni1;€).
Thus
diamg (Na(Sp;e) N Na(Sni1;€)) > da(zn, 2ne1) =12 > D..

Then Equation (6.9) implies that S,, = S, 11 = S for all n > 1. Thus {2, : n € N} C
Na(S;e). Corollary I1.13 then implies that there exists ¢ € 95 such that z € Fy(c).

As ¢ € 0S, Proposition V1.5 implies that Fq(c) = Fs(c) C 0S. Thus, z € 0S.
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6.3 Relationship with Convex Co-compact Rank One

This section is based on the Apppendix of [Isl19].

6.3.1 Definition of Convex Co-compact Rank One

If A is a convex co-compact group, then the ideal boundary 0;Cq(A) is the only
part of 0f) that is accessible by the dynamics of A on €. Thus it is necessary to
modify the notion of rank one automrophisms for convex co-compact actions. For
this, we consider half triangles in 0;Cq(A) instead of 0Q2. We will say that x,y, z
form a half triangle in Co(A) provided [z, y] U [y, z] C 0;Cq(A) and (z,2) C Cq(A).
Definition VI.11 ([Isl19]). Suppose A < Aut(f2) is a convex co-compact group.

(1) An element g € A is called a convex co-compact rank one automorphism if:
(a) Teq)(g) = log i—;(g) > 0 and ¢ has an axis,
(b) if ¢, is an axis of g, then ¢, is not contained in any half triangle in Cq(A).
(2) A is called a convex co-compact rank one group if A contains a convex co-
compact rank one automorphism.
Remark VI.12.

(1) The notion of a convex co-compact rank-one automorphism that we just defined
differs from the notion of a rank-one automorphism only in the half triangle
condition: for the latter, we consider half triangles in Co(A) instead of Q.

(2) Suppose A < Aut(QQ) acts co-compactly on Q. Then Cqo(A) = Q which implies
that A is a rank one group if and only if A is a convex co-compact rank one
group.

We now have analogues of Proposition V.14 and Lemma IV.16. The same proofs

go through after replacing 2 by Co(A) and 0S2 by 0, Co(A). This is essentially because
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ETNoQ = EFN0iCo(A) (same for E7).

Proposition VI.13. Suppose A < Aut(Q) is a convezr co-compact rank one group
and g € A is a convex co-compact rank one automorphism with axis £, = (a,b) where
a€ B andbe E,;. Then:

(1) g is biproximal,

(2) £, is the unique axis of g in €,

(3) the only fized points of g in Co(A) are a and b,

(4) if 2" € 0;Cq(A) \{a, b}, then (a,z') U (2/,b) C Cq(A), and

(5) if z € 0:Cq(A) \{a, b}, then neither (a, z) nor (z,b) is contained in a half triangle

in Co(A).

Lemma VI1.14. Suppose A < Aut(Q)) is a convex co-compact rank one group and
g € A has an axis. Then the following are equivalent:

(1) g is biproximal.

(2) none of the axes of g is contained in a half triangle in Co(A).

(3) g is a convex co-compact rank one automorphism.

6.3.2 Strongly Isolated Simplices imply Convex Co-compact Rank One

Proposition VI.15 ([Isl19]). Suppose A < Aut(Q2) is a conver co-compact group
and (Co(A),dq) has strongly isolated simplices. Then either A is a virtually Abelian

group or A is a convex co-compact rank one group.
By virtue of Theorem 1.15, this proposition is equivalent to the following:

Proposition VI.16 ([Isl19]). Suppose A < Aut(S) is a convex co-compact group that

is relatively hyperbolic with respect to { Ay, As, ..., A} where each A; is a virtually
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Abelian group of rank at least two. Then either A is a virtually Abelian group or A

1S a convex co-compact rank one group.

We will spend the rest of this section proving Proposition VI.16. Note that we
will rely heavily on Theorem [.15 and Theorem [.16 in this proof.

For the rest of this section, fix a convex co-compact group A < Aut(€2). Set C :=
Ca(A) and let Sy be the collection of all maximal properly embedded simplices in C of
dimension at least two . We assume that (C, dg) has strongly isolated simplices and
that A is relatively hyperbolic with respect to {A;, Ay, ..., A }. By [1219, Theorem
1.18], we can assume that A; = Stab,(5;) for 1 <1i <m where Sy = U, AS;.

Since A is relatively hyperbolic with respect to {A;, As, ..., A}, [DG18, Lemma
2.3] implies that either A is virtually contained in a conjugate of some A; or A
contains an infinite order element that is not contained in any conjugate of any A;
for 1 < ¢ < m. In the first case, A is a virtually Abelian group. So we can now
assume that we are in the second case. Then there exists an infinite order element

~v € A such that

vé JUgAig™ = | Staba(9).

geNi=1 SeSp

We will show that v is a convex co-compact rank one automorphism. As the action
is convex co-compact 7¢(y) > 0. We first show that v has an axis in Cq(A). Let
Ct .= W and C~ := W As C* and C~ are non-empty, compact, convex,
y-invariant subsets of RY, the Brouwer fixed point theorem implies the existence of
two fixed points v* and v~ of v in C* and C~ respectively. If [y*, 77| C 0;C, then
Theorem 1.16 part (6) implies that there exists S € Sy such that [y*,77] C 9S.
Then 9(yS) N IS D [y",7y7]. Theorem 1.16 part (5) implies that 7S = S. Thus,

v € Staba(S), a contradiction. Thus (y*,77) C C and is an axis of 7.

+

Suppose A7

, 2, A7 is contained in a half triangle in C where [AY, A7] is an axis of
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7. By Theorem 1.16 part (7), there exists S € Sy such that A¥,z, A7 € 9S. Then
the axis of v is contained in S. Arguing as above, 7 € Staby(.S). This finishes the
proof that ~ is a rank one automorphism.

Hence A is a convex co-compact rank one group.
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CHAPTER VII

Relative Hyperbolicity, Convex Co-compactness, and
Strongly Isolated Simplices

This chapter is based on results that are contained in [IZ19] which is a joint work
with A. Zimmer. In [IZ19], we prove all these results for naive convex co-compact
groups, a class which is strictly larger than convex co-compact groups. Restricting
to the case of convex co-compact groups makes many of the arguments much easier

and hence affords a clearer exposition.

7.1 Outline

This chapter is devoted to the proof of Theorem 1.15 which we now restate.

Theorem 1.15.([1Z19, Theorem 1.7]) Suppose Q C P(R?) is a properly convex do-
main, A < Aut($2) is a convex co-compact group, and Sy is the family of all maximal
properly embedded simplices in Co(A) of dimension at least two. Then the following

are equivalent:
(1) (Ca(A),dq) has strongly isolated simplices,
(2) (Ca(N),dq) is a relatively hyperbolic space with respect to Sy,

(3) A is a relatively hyperbolic group with respect to a collection of virtually Abelian

subgroups of rank at least two.
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The most difficult part of the proof is (1) implies (2). This is done in Section 7.3.
For this proof, we rely on Sisto’s characterization of relative hyperbolicity (cf. The-
orem II1.15). A key ingredient of this proof is the notion of closest-point projection
onto properly embedded simplices in Co(A) (cf. Definition 11.28) and its comparison
with linear projections on simplices (cf. Definition I1.24). Results proven in Section
7.2 play a key role in Section 7.3.

The proof of (3) implies (1) is also quite involved since we have to prove that
Ca(A) is relatively hyperbolic with respect to the collection of all simplices in Sy.
This is done in Section 7.4. The rest of the parts of the proof of Theorem I.15 is also

in this section.

7.2 Closest-point Projections on Simplices

For the rest of this section fix a convex co-compact group A < Aut(2). Set
C := Cq(A) and S := Sp. We will assume that (Co(A),dq) has strongly isolated
simplices for rest of this section.

Suppose S is a properly embedded simplex in C. Since S'is a closed convex subset,
we can follow Definition I1.28 and define the closest-point projection onto S. We will
denote it by mg. On the other hand, if H is a set of S-supporting hyperplanes,
then we have a notion of linear projection onto S which we will denote by Lg 4, see
Definition 11.24.

We will establish a coarse equivalence between the two projections. But first we

need a continuity lemma for linear projections.

Lemma VII.1 ([IZ19, Lemma 13.4]). If S € Sy, then the map
(L,z) € LsxC — L(x) € S

18 continuous.

111



Proof. We first show that P(ker L)NC = ) for all L € Lg. Suppose for a contradiction

that L € Lg and

x € Pker L)NC.

Proposition 11.23 implies that € 9;C. Then Proposition I1.25 implies that [y, 2] C
0,C for every y € 0S. Next fix y1,ys € 95 such that (yi,y2) C S. Then y;,x, 9o
form a half triangle. By Theorem 1.16, yi,z,y2 € 05 for some S € Sj. Since
x € 0S C Span(S), = & ker L, a contradiction.

Thus P(ker L) NC = ) for all L € L.

Now suppose that lim, soo(Ln,7,) = (L,7) in Lg x C. Let Z,,7 denote lifts of

Zn, T respectively such that lim,, ,. x, = . Then

L(Z) = lim L,(Z,) € R%.

n—oo

Since P(ker L) N C = ), we have L(¥) # 0. So

L(z) = [L@)] = lim [Ly(F,)] = lim Ly(z). O

n—oo n—oo

Now the proof of equivalence.

Proposition VII.2 ([IZ19, Proposition 13.7]). There exists 81 > 0 such that: if

S eS8, H is aset of S-supporting hyperplanes, and x € C, then

max do(Lsx(z),p) < d;.
pEms(x)

Proof. Since S has finitely many A orbits (see Proposition VI.3), it is enough to
prove the result for some fixed S € S.
Suppose the proposition is false. Then, for every n > 0, there exist x,, € C, a set

of S-supporting hyperplanes H,,, and p,, € ms(x,,) such that

do(pn, Lsp, (zn)) = n.
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Let m,, be the midpoint of the projective line segment [p,,, Lgy, ()] in the Hilbert
distance. Since Staby(.S) acts co-compactly on S (see Proposition VI.3), translating
by elements of Stab,(S) and passing to a subsequence, we can assume that m :=
lim,, ,o, m, exists in S. Passing to a further subsequence and using Proposition I1.27,
we can assume that there exists x,p, 2’ € 0,C and Lgy € Lg where z 1= lim,,_,o 2y,

/

p = lim, oo pn, @ = lim, oo Loy, (zn), and Lgy = lim, ,o Lgy,. By Lemma

VIILI,

L&H(l’) = hm LS}[”(In) = l’/.
n—00

We first show that [z/,z] C 0;C. Observe that Lg(v) = 2’ for all v € [z, z] since
L4 is linear and Lgy(2') = 2’ = Lgy(x). But Lg3(Q) = S, implying [/, 2]NQ = (.
Hence,

2", x] C 0;C.

Next we show that [p,z] C 0;C. Suppose not, then (p,z) C C. Choose any
v € (p,z) NC and a sequence v, € [py,x,] such that v = lim,_,, v,. Since p € 9,C

and v € C,

lim dg(vy,, pn) = 0.
n—oo

Fix any vg € S. Then, choosing n large enough so that dg(v,,pn) > 2 + da(v, vs)

and dg(v,v,) <1,

dQ('xna US) S dQ(xna 'Un) + dQ(Un, U) + dQ(U, US)
— dQ(In7pn) - dQ(pTM UTL) + dQ(Una U) + dQ(UJ US)

S dQ<:CTL7pn) - 17

which is a contradiction since p, € mwg(x,). Hence, [p,z] C 0;C.
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Thus, [p,z] U [z,2] C 8;C and by construction, m € (p,z) C C. Thus the three
points p,x, 2z’ form half triangle in C. Then Theorem 1.16 part (7) implies that
p,x, " € 05 for some S € Sy. Then 2’ = Lgy(x) = x which implies [p, z] = [p, 2] C

0;C. This is a contradiction since (p,x) C C by construction. O

The next result proves d-slimness of some special triangles built using linear pro-

jections.

Proposition VII.3 ([IZ19, Proposition 13.9]). There ezists éo > 0 such that: if
relC,SeS8,z€ S8, and H is a set of S-supporting hyperplanes, then the geodesic
triangle

[2,2] U [z, Lsp(z)| U [Lgn(z), z]

18 Oo-thin.

Proof. Since S has finitely many A orbits (see Proposition VI.3), it is enough to
prove the result for some fixed S € §. By Lemma V.19, it is enough to show that

there exists d, > 0 such that
[Ls#(z),2] C No,ya(lz, 2] U [z, Lsn(x)])

forall z € C, z € S, and H a set of S-supporting hyperplanes.
Suppose such a 9, does not exist. Then, for every n > 0, there exist z, € S, a set

of S-supporting hyperplanes H,,, p, := Lgx, (%), and u,, € [z,, p,] such that

da (tn, [2n, n] U [T0, pi]) 2 .

Since Staby (S) acts co-compactly on S, translating by elements of Staby(.S) and
passing to a subsequence, we can assume that u := lim, ., u, exists and u € S.

Passing to a further subsequence and using Proposition 11.27, we can assume there
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exist x,z,p € C and Lgy € Lg where x = lim, oo @y, 2 = liMy 00 2, P 1=

lim,, o0 P, and Lgy 1= lim,,_,o Lg 3, . Since

lim dQ(u, [Z'n, Zn] U [xnvpn])

n—oo

> lim (dQ(Un, [T, 20] U [20, pn]) — da(u, un)> = 00,

n—oo

we have

[z, 2] U [z, p] C 0;C.

By construction, u € (p, z) C C. Thus, p,z, z form a half triangle in C.
By Theorem 1.16 part (7), p,z,z € 9S for some S € Sy. Lemma VIL.1 then

implies that
p= lim p, = lim Lgy, (z,) = Lsn(z) = 2.
n—oo n—oo

Thus [p, z] = [p, ] C 0;C which is a contradiction since (p, z) C C by construction.

O
Let 07 and 65 be the constants as in Propositions VII.2 and VII.3.

Proposition VIIL.4 ([IZ19, Proposition 13.10]). Set d3 := §; +302. Ifz €C, S € S,

H is a set of S-supporting hyperplanes, and z € S, then dq (LS’H(I), [z, z]) < bs.
Proof. By Proposition VII.3, the geodesic triangle
[z, 2] U [z, Lgw(2)] U [Lsn(z), ]

is dp-thin. Thus, there exist y € [Lsy(x), 2], y1 € [z, Ly (x)], and yo € [z, 2] such
that dQ(y7yl) < 52 and dﬂ(yvyZ) < 52'
We claim that do(Lg (), y1) < d1+02. Choose any p € mg(x). Since [Lgy(x), 2] C

S,

da(z,p) = da(zx,S) < da(zx,y).
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Then, using Proposition VII.2,

dao(z, Lsn(x)) < do(z,p) + da(p, Lsu(z)) < da(z,y) + 01

Then,
do(Lsx(z), 1) = da(Lsu(x),z) — da(y1, x)
S dQ(x7y) + 51 - dQ(ybx)
<da(y,y1) + 1 < 2 + 0.
Hence,

do(Lsx(x), [r,2]) < da(Lsyu(z),12)
< do(Lsn(x),y1) + da(y,y) + da(y, v2)

§(51+352:53. D

Our next goal is to prove if the distance between the linear projections of two
points onto a simplex S € § is large, then the geodesic between the two points spends
a significant amount of time in a tubular neighborhood of S. This is accomplished

in Corollary VIIL.6 using the next result.

Proposition VIL.5 ([IZ19, Proposition 13.11]). There exists a constant §4 > 0 such
that: if S € S, H is a set of S-supporting hyperplanes, x,y € C, and dg(Lsy(x), Lsx(y)) >

04, then

do(Lsu(x), [z,y]) <64 and do(Lsu(y), [x,y]) < 4.

Proof. Observe that the linear projections are A-equivariant, that is,

LgS,gH cg=4go LS,H
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for any ¢ € A, S € §, and H a set of S-supporting hyperplanes. Moreover, by
Proposition VI.3 there are only finitely many A-orbits in §. Thus, it is enough to
prove this proposition for a fixed S € S.

Suppose the proposition is false. Then, for every n > 0, there exist x,,y, € C

and a set of S-supporting hyperplanes H,, with

do(Ls, (2n), Lsa, (yn)) > n

and

do(Ls, (Tn), [Tn, yn]) = n.

Let a,, := Lgy, (x,) and b, := Lgy, (y5). Then pick ¢, € [an, b,] such that

(7.1) dalcn, an) = n/2.

Then,

(7.2) da(cn, bn) > dolan, by) — da(cn, an) > n/2

and

(7.3 do (enswn 9]} = do (a0, 9]) = dolens an) > /2.

Since Stab, (S) acts co-compactly on S (see Proposition VI.3), translating by ele-
ments of Stab, (S) and passing to a subsequence, we may assume that ¢ := lim,,_, ¢,
exists and ¢ € S. After taking a further subsequence, we can assume that the fol-
lowing limits exist in C: a := liMy_yoo Gn, b := liMy_yoo by, = = lim, o0 =, and
y = limy, o0 Yn-

We now observe that a,b,z,y € 0;C. Equation (7.1) and (7.2) imply that a,b €

0, C. Equation (7.3) implies that [z,y] C 0;C.
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We claim that = € F(a) and y € Fo(b). Since ¢, € S, by Proposition VII.4, there
exists al, € [z, cy,] such that dg(a,,al) < d3. Up to passing to a subsequence, we

can assume that a’ := lim,,_,, a/, exists in C. Observe that a’ € 9;C since

lim dg(al,c) > lim (dg(an,cn) —dg(ep, c) — dg(an,a;)) = 0.

: !/
Since al, € [z, ¢,

adeoaclnlix,d={x}.

Thus, lim, o a, = x. Since lim, ,,, a, = a and dg(a,,a,) < d3, Proposition I1.12
implies that © € F(a). Similar reasoning shows that y € Fq(b).
Since [z,y] C 0;C, Proposition II.11 part (4) implies that [a,b] C 0;C. This is a

contradiction since ¢ € (a,b) NC # 0. O

Corollary VIL.6 ([IZ19, Corollary 13.12]). If S € S, H is a set of S-supporting

hyperplanes, R > 0, z,y € C, and do(Ls(x), Lsx(y)) > R+ 204, then:
(1) there exists [xo,yo| C [x,y] such that [zo, yo] C Na(S;d4),

(2) [LS7H($),LS7H(y)] CNQ([x,y];54), and,

(%) diamg (/\/Q(s;54) N [x,y]) > R.

Proof. Since do(Lgw(x), Ls3(y)) > 64, Proposition VIL5 implies that there exists

T, Yo € [x,y] such that

do(Lsn(x),x0) <04 and do(Lsu(v),yo) < da.

By Proposition 11.16,

dg " ([3307 o), [Lswu(z), LS,H(Z/)D < 04
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and, by convexity, [Ls(z), Lsx(y)] C S. This proves parts (1) and (2). To prove

part (3), observe that

da (o, y0) > da (Lsa(x), Lsu(y)) — da(Lsx(x), 20) — da(Lsxu(y), yo)
> R.
Then, diamq (Na(S;0:) 1 [2,]) > da(zo, o) > R =

7.3 Strongly Isolated Simplices implies Relative Hyperbolicity

For the rest of this section fix a convex co-compact group A < Aut(2) for which
(Ca(A), dq) has strongly isolated simplices. Set C := Cq(A) and S := Sy .

We will prove that (1) = (2) in Theorem 1.15, that is, (C,dgq) is a relatively
hyperbolic space with respect to Sy. Since (C, dg) has strongly isolated simplices, the
results of Section 7.2 hold. For each S € §, fix a set Hg of S-supporting hyperplanes.

Consider the family of projection maps
IIs := {LS,’H SeS H= HS}
and the geodesic path system

G:=A{[z,yl 12,y eC}

on C. By Theorem III.15, it is enough to verify that Ils is an almost projection
system and that S is asymptotically transverse-free relative to G. We complete this

in the next two subsections (cf. 7.3.1 and 7.3.2).

7.3.1 IlIs is an Almost Projection System

Let 03 be the constant in Proposition VII.4.
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Lemma VIL.7 ([IZ19, Lemma 13.13]). If S € S, H a set of S-supporting hyper-

planes, x € C, and z € S, then
da(z,2) = da(z, Lsu(x)) + da(Lsy(x), 2) — 205.

Proof. By Proposition VIL.4, there exists ¢ € [z, 2] such that do(Lsu(z),q) < 5.

Then,
do(z, 2) = da(z,q) + da(q, 2) > da(x, Lsu(x)) + do(Lsu(x), 2) — 243. O

Lemma VIL.8 ([IZ19, Lemma 13.14]). There exists a constant d5 > 0 such that: if

S#£S5 €S8 and H is a set of S-supporting hyperplanes, then

diamg(Lg#/(S")) < d5.
Proof. Since S is strongly isolated, for every r > 0 there exists D(r) > 0 such that
(7.4) diamg <NQ (Si;m) NNy (32,7’)> < D(r)

for all S, S, € S distinct.
Let 64 be the constant in Proposition VIL.5. Set d5 := D(54) + 204 + 1. Fix

x,y € S" and suppose for a contradiction that do(Lsu (), Ls(y)) > 5. Then, by

Corollary VII.6,
diamg ( (S:60) N s’) > diamg, (NQ(S; 5,) N [z, y]> > D(5y) + 1.
which contradicts Equation (7.4). O

Let ; and d4 be the constants in Proposition VII.2 and VIL.5 respectively.

Lemma VIIL.9 ([IZ19, Lemma 13.15]). Ifz € C, S € S, H is a set of S-supporting

hyperplanes, and R = dg(x,S), then

diama (LS,H (BQ(:L', R)N c)) < 8(6, +0y).
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Proof. Fix y € Bo(z, R) NC. We claim that

da(Ls(r), Lsp(y)) < 4(04 +61).

It is enough to consider the case when do(Lgsx(x), Ls(y)) > d4. Then by Propo-

sition VIL5, there exists 2’ € [z, y] such that do(Lg(z),2") < 4. By Proposition

VII.2,
do(z,y) < R =dg(x,ms(x)) < da(z, Lsn(z)) + d1.
Then,
dQ(IIJ y) = dQ(I,’IJ) - dQ(l’, .CL’/> < dQ(Iv LS,H(I)) - dQ('ru JJ/) + 51
< da(Lsn(z),2") + 6
< 4 + 01.
Thus,

do(Lsu(x),y) < da(Lsn(x),2') + dal2’,y) < 20, + 61

Since Lgy(x) € S, using Proposition VII.2 again,

da(y, Lsu(y)) < da(y, 7ms(y)) + 61 < da(y, Lsn(x)) + 01

< 2(d4 + 01).
Finally

do(Lsa(r), Lsn(y)) < da(Lsx(z),2") + da(z’,y) + da(y, Ls#(y))
< 4(54 + 51). Il

7.3.2 S is Asymptotically Transverse-free relative to G

This section is essentially the proof of [IZ19, Theorem 13.16]. Let d4 be the

constant in Proposition VII.5. We will show that exists A > 0 such that for each
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A > 1 and k > 20, the following holds: if 7 C C is a geodesic triangle whose sides
are in G and is S-almost-transverse with constants x and A, then 7 is (AA)-thin.
Suppose such a A > 0 does not exist. Then, for every n > 1, there exist x,, > 244,
A, > 1, and a S-almost-transverse triangle 7, C C with constants k,, and A,, such
that 7, is not (nA,)-thin. Let a,, b,, and ¢, be the vertices of 7, labeled in a such

a way that there exists u, € [an,b,| C T, with
(7.5) dg (un, (@, cn] U ey, bn]) > nA, > n.

Then the geodesic triangles 7, are also S-almost-transverse with constants 24, and
A, since K, > 20,.

Since A acts co-compactly on C, translating by elements of A and passing to a
subsequence, we can assume that u := lim,,_,,, u, exists and u € C. By passing to
a further subsequence, we can assume that a := lim,_,. a,, b := lim,,_,, b,, and

¢ :=lim,_, ¢, exist in C. By Equation (7.5),
la,c] U [e,b] C 0,C

whereas, by construction, u € (a,b) C C. Thus, the points a, b, ¢ form a half triangle.
Then, by Theorem 1.16 part (7), there exists S € Sy such that a,b,c € 9S.

Fix a set of S-supporting hyperplanes H. Let a], := Lgy(an), b, := Lgu(bn),
and ¢, := Lg(cn). Up to passing to a subsequence, we can assume that the limits

a =1lm, o al, V= lim, oo b, and ¢ := lim,_, ¢, exist. By Lemma VII.1,

a' = lim Lgy(a,) = Lsu(a) = a.

n—o0

Similarly, ¥ =b and ¢ =c.

Since a, b, ¢ form a half triangle, the faces Fq(a'), Fo(V'), and Fo(c'), are pairwise
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disjoint. Then, by Proposition I1.12,

lim dg(al,, b)) = oco.
n—oo

Thus, for n large enough, Corollary VIL.6 part (2) and part (3) implies

(7.6) [, 6] © No([an, bal; 61)
and
(7.7) diamg (NQ(S; 84) N [an, bn]> > do(d., .) — 20,.

Since 7, is S-almost-transverse with constants 26, and A,,, by Equation (7.7),

(7.8) da(d,, b)) < A, + 26,

n-n

Similarly, for n large enough,

(7.9) 0], ] C Na([bn, cnl;04) and  dq(b),, c,) < A, + 204
(7.10) [, ar] € Na([en, an);04) and  do(c),,al,) < A, + 204.

Let ma, mbe

n n

and m& be the Hilbert distance midpoints of [a/,, b ], [b,,c], and

n*-’n n)n

be

n

[, a] respectively. By Equations (7.6), (7.9), and (7.10), there exists w®, w’, and

n)»-n

wE in [an, by, [bn, ¢u), and [c,, a,] respectively such that:

da(ws’, my’) < b4, do(w)’, my’) < 6, and  dg(wy',ms) < 6y.

n

Then,

dﬂ(wgbu wfzc) <dgq (wzba m?l,b) + dﬂ(mgzb7 mff) + dﬂ(m?zc? wfzc)

< 8y 4 do(m®, b)) 4 do(bl,, mb®) + 6,

Y o
_ 254 + dﬂ(aw bn) _2|_ dﬂ(bm Cn)

<46, + A, (by Equations (7.8) and (7.9))
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Similarly,

(7.11) do(wle, we) < A, +46, and do(we, w®) < A, + 46,.

n?

Then, for n large enough, the triangles 7, are (A, + 49,)-thin, since

dQHauss <[ana wgb]a [ana w;a]) S An + 4647

dQHa“SS<[bn, W, (b, w:;b]> < A, +45,, and

dgauss ([cn, wet, [en, wff]) < A, + 404.

n

Since A,, > 1, we have A, + 40, < (1 + 404)A,,. Thus, for n large enough, 7, is
(AA,,)-thin for A := 1+ 444, which contradicts the assumption that 7, is not (n4,,)-

thin.

7.4 Proof of Theorem 1.15

For the rest of the section suppose that A < Aut(2) is a convex co-compact group.
Set C := Cq(A) and let Sy be the family of all maximal properly embedded simplices
in C of dimension at least two.

(1) implies (2). See Section 7.3.

(2) implies (1). This follows from Theorem II1.12 part (1).

(1) and (2) implies (3). Suppose (C,dq) is relatively hyperbolic with respect to
Sx. Equivalence of (1) and (2) implies that (C,dg) has strongly isolated simplices.

Then, by Theorem [.16 part (1), there exists m € N such that
(7.12) Sy =U" A S

Theorem .16 part (2) implies that for each i € {1,...,m}, there exists an Abelian

subgroup A; < A of rank at least two such that A; acts co-compactly on S;. We
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will show that A is a relatively hyperbolic group with respect to the subgroups
{Aq,..., AL}

Fix p € C. Since A acts co-compactly on C, Theorem III.3 implies that the orbit
map F : (A,ds) — (C,dq) defined by F'(g) = g - p is a quasi-isometry . Here dg is a
word metric on A obtained by fixing a finite generating set S of A.

Since A; acts co-compactly on S; for 1 <7 < m, there exists R > 0 such that

sup sup dQHauss(gAi p,95;) < R.
geN 1<i<m

Then equation (7.12) implies that up to modifying the map F' by a bounded quantity

determined by R, we can assume that
F{gAi:ge A1 <i<m})=3S8,.

Then by Proposition II1.11, (A,dg) is a relatively hyperbolic space with respect to

the collection of left cosets {gA; : g € A,1 < < m}. This completes the proof.

(3) implies (2). Suppose that A is a relatively hyperbolic group with respect to
a collection of subgroups {Hj, ..., Hy} each of which is a virtually Abelian group
of rank at least two. For each 1 < j < k, let A; < H; be a finite index Abelian
subgroup with rank at least two. Then, by definition, A is a relatively hyperbolic
group with respect to {Ay,..., Ax}.

Fix some zy € 2 and consider the orbit map F' : (A,dy) — (C,dq) defined by
F(g) = g - xo. By Proposition I11.3, F' is a quasi-isometry. Let G : C — A be a
quasi-inverse. Fix a word metric dy on A. We will use the following notation: if

UcCAandr >0, let

MU;r):={g e A:dx(g,U) <r}
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and

diamy (U) = sup{da(g1,92) : 91,92 € U}.

For each 1 < 5 < k, let A\j be a maximal Abelian subgroup of A that contains
A;. By Theorem 1.17, there exists a properly embedded simplex S; C C such that
fAlj < Staby (S), gj acts co-compactly on S, and Ej has a finite index subgroup
isomorphic to Z4™(5i)  Since A; (and hence A\]) has rank at least two, this implies

that dim S; > 2.
Claim VII.10. (C,dg) is a relatively hyperbolic space with respect to
So={9S;:9ge N1 <5<k}

Proof of Claim. We claim that A; < ,Zj has finite index and hence A; also acts co-
compactly on Sj. By Observation I1.18, the metric space (5}, dq) is quasi-isometric
to RY™ 5 So, by the fundamental lemma of geometric group theory [BH99, Chapter
I, Proposition 8.19], (gj,d,\) is also quasi-isometric to R4™% . Since dim S; > 2,
Theorem II1.12 part (2) implies that there exists r; > 0, g; € A, and 1 <4; < k such

that
A\j C Na(g;Ai; ).
Then
diamy (Na(gjA4s,;m1) NNA(Aj;71)) > diamy (A;) = occ.
So Theorem III.12 part (1) implies that g;A;; = A;. Then,
A\j C Na(Aj;m)

and hence A; < A\j has finite index.
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Then, using the fact that A; acts co-compactly on S}, there exists ro > 0 such

that

F(gA;) € Na(gS;j;r2)
and

G(95;) C Na(g4;;72)

for all g € A and 1 < j < k. Then, by Theorem III.12 part (3), (C,dgq) is relatively

hyperbolic with respect to Sy. O

In order to finish the proof, we will now show that Sy = Sj.

We first show that Sy C Sp. Suppose S € Sy is properly contained in a maximal
properly embedded simplex S’. Then, by Theorem I11.12 part (2), there exists S” €
Sy such that

S ST NS, M).
This implies that diamg(Nq(S™; M) N Nq(S; M)) = co. Then Theorem I11.12 part
(1) implies that S” = S, i.e. S" C Nq(S; M). Hence, dim(S’) < dim(S) which is a
contradiction since S’ properly contains S.

For proving Sy C 8y, we first need the following claim.
Claim VIIL.11. If S € §y and = € 99, then Fo(z) = Fe(z) = Fs(x).

Proof of Claim. Fix S € §y. Recall that since A is a convex co-compact subgroup,
Fo(2') = Fe(a') for any ' € 0,C. Then, as in the proof of Proposition VL5, if

x € 05, then the claim fails only when
We will prove that 0Fs(x) = 0F¢(x) by induction on dim(Fs(z)).
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Base case: dim(Fg(x)) = 0.
Then x is a vertex of S. Suppose the claim fails, i.e. 9Fs(z) & 9F¢(x). Let wy €

OF¢(x)\ Fs(z). Then (wg,x) NS = 0. Otherwise, if there was 2” € (wq, z) NS, then

Observation 11.19 would imply that
Fs(2") = SN Fo(2") = SN Fo(z) = Fs(x) = {z},

that is 2”7 = x, a contradiction.

Then, we fix w € (wo,x) C Fo(z) such that M + 1 < dp,@)(w, ). Set R, =
dpy(2)(w, x). Let us label the vertices of S as vy,. .., v, where m = dim(S) 4+ 1 and
v; = z. By Proposition 11.20, S” := ConvHullg(w, ve, . .., v,,) is a properly embedded

simplex in C such that do™"5(S’, S) < R,,. Observe that
S" ¢ No(S; M).

Indeed, if S" C No(S; M), then applying Corollary 11.13 to w € 95’, we get s € S
such that w € Fo(s) and dp,s)(w,s) < M. Since w € Fyo(x), this implies that
x € Fo(s). Since z,s € 05 and z is a vertex of S, s = x. Thus dg, ) (w,z) < M, a
contradiction.

Then, by Theorem II1.12 part (2), there exists S; # S € Sy such that S' C

Na(S1; M). Then we have
S"C No(S; Ry) NN (Sy; M)

which implies that diamg(Nq(S; Ry) NN (S1;2M)) = oo for distinct S,S; € Sp.
This contradicts Theorem II1.12 part (1), as C is a relatively hyperbolic space with
respect to Sp. This completes the proof in the base case.

Induction step: Suppose the proposition is true when dim(Fgs(z)) = k for some

k> 0.
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Now suppose dim(Fs(z)) = k+ 1. Let y € 0F¢(x). We will show that y € 0Fs(z).
For n > 1, choose y,, € (y,x) such that dg, () (yn, ) = n.

Let us label the vertices of S as vy, ..., v, where m = dim(S) +1 and v; = z. By
Proposition 11.20,

Sy, := ConvHullg (yn, va, . . ., V)
is a properly embedded simplex in C of dimension at least two and do™*5(S, S,,) < n.
Then, by Theorem II1.12 part (2), there exist T,, € Sy such that
Sn - NQ (Tm M)
for each n > 1. Then
S C NQ(Tn; M + n)

Since diamq (No/(Tn; M +n) N No(S; M +n)) = oo, Theorem II1.12 part (1) implies
that S = T, for all n > 1. Since S, C No(S; M) and y, € 95, Corollary 11.13
implies that for each n > 1, there exists z, € 95N Fq(yy) such that dg,(y,) (Yn, 2n) <
M. Since y, € Fo(x), 2z, € 05 N Fo(z) and dp, @) (Yn, 2n) < M. Up to passing to a

subsequence, we can assume that z, — z € S. By Proposition 11.12,

Y € Fro@)(2) = Fa(2).

Observe that z € 0Fs(z) = S N JFqg(x) since

dpy (@) (2, 2) = Im dp, @) (2, 20) > 1m dp,@)(2, Yn) — deg@) (Yns 20)

n—oo n—oo

> lim (n — M) = 0.
n—oo

Since z € Fg(x), Fs(z) C OFs(x). Then

dim(Fs(z)) < dim(0Fs(x)) = dim(Fs(x)) — 1 = k.
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The induction hypothesis then implies that Fo(z) = Fs(z). Thus,

y € Fs(z) C OFs(x).

Hence 0F¢(x) C 0Fs(x) which finishes the proof of this claim. O

Now fix any S € Sy. By Theorem II1.12 part (2), there exists M such that
S C No(Sp; M) for some Sy € Sy. If ¢ € 35, then Corollary I1.13 implies that there
exists gy € 05y such that ¢ € F(qp). Since Sy € Sy, the above claim implies that
Fa(q) = Fs,(q0) C 0Sp. Thus ¢ € 0Sy. This implies that 9S C 95y, that is, S C Sp.
Since S is a maximal properly embedded simplex, S = Sy and S € Sy. This finishes
the proof that Sy = Sjy. Then, by Claim VII.10, C is a relatively hyperbolic space

with respect to Sy.
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CHAPTER VIII

A Convex Projective Flat Torus Theorem

This chapter is based on results that appear in [IZ21] which is a joint work with

A. Zimmer.

8.1 Outline

In this chapter, we will prove Theorem [.17 which we now restate.

Theorem 1.17. ([IZ21, Theorem 1.6]) Suppose that A < Aut(QQ) is a convex co-
compact group. If A < A is a mazimal Abelian subgroup of A, then there exists a

properly embedded simplex S C Cq(A) such that
(1) S is A-invariant,
(2) A acts co-compactly on S, and
(3) A fizes each vertex of S.

Moreover, A has a finite index subgroup isomorphic to Z4™S).

In Section 8.2, we show convex co-compact actions of Abelian groups. In Section
8.3, we prove Theorem 1.18. It is a result about the centralizer of an Abelian subgroup
in a convex co-compact group. Theorem .17 is proven in 8.4 as a consequence of the

aforementioned theorems.
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8.2 Abelian Convex Co-compact Actions

In this section we show that every convex co-compact action of an Abelian group
comes from “fattening” a properly embedded simplex. We will use the following

notation to state our result: if X C €, then Stabg(X) := {g € Aut(Q) : X = X}

Theorem VIII.1 ([IZ21, Theorem 6.1]). Suppose Q@ C P(R?) is a properly convex
domain, C C Q is a non-empty closed convex subset, and G < Stabo(C). If G is
Abelian and acts co-compactly on C, then there exists a properly embedded simplex

S C C where
(1) G < Stabg(S),
(2) G acts co-compactly on S, and

(3) G fizes each vertex of S.

Remark VIII.2. Notice that we do not assume that G is a discrete subgroup of

Aut(9).
The rest of the section is devoted to the proof of the theorem. We will induct on

dim Q) + dimC.

The base case, when dim {2 = 1 and dimC = 0, is trivial.
Suppose that €2, C, G satisfy the hypothesis of the theorem. From Proposition I1.31

we immediately obtain the following.
Observation VIIL.3. If C is compact, then G fixes the point CoMq(C).

Since a point is a O-dimensional simplex, the above observation completes the
proof in the case when C is compact. So for the rest of the argument we assume that

C is non-compact and hence 9;C # (). Our first goal will be to find a finite number
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of fixed points x1, ...,z of G in J;C such that
ConvHullg{zy, ..., 2} NQ

is non-empty.

Lemma VIII.4 ([IZ21, Lemma 6.4]). If z € 0;C and F := Fqo(x), then
(1) G < Stabg(F),
(2) G < Stabo(FNoC), and

(3) G acts co-compactly on F N O;C.

Proof. By Proposition I1.36 there exists some 1" € G™™ such that PkerT)NQ =0,
T(Q) =F,and T(C) = FN O, C. Since G is Abelian, T'o g = go T for every g € G.

Then for g € G we have
gF =gT(Q)=T(¢Q) =T(Q) = F.

Since g € G was arbitrary, G < Stabq(F'). Then G < Stabo(F N 0;C) since G <
StabQ(C)
Since G acts co-compactly on C, there exists a compact set K C C such that

G- K =C. Since P(ker T) N 2 = (), the map
peQ — T(p) € Fo(r)
is continuous. So Kp := T'(K) is a compact subset of F'N d;C. Then
G- Kp=G -T(K)=T(G K)=T(C)=FNacC.

So G acts co-compactly on F'No;C. ]

Lemma VIIL.5. There exists a properly embedded 1-dimensional simplex ¢ C C.
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Proof. Fix some xy € C. Since C is non-compact, there exists some x € 0;C. Then
pick z, € [zg,x) converging to x. Since [xg,2) C C and G acts co-compactly on C,

there exist » > 0 and a sequence g,, € GG such that

Ho(gnxn, xo) <7

for all n > 0. By passing to a subsequence we can suppose that g,x, — q € C.
By passing to another subsequence we can assume that g, - (zo, ) converges to a

properly embedded 1-dimensionial simplex ¢ C C. m

Lemma VIII.6. There exists a finite number of fized points x1,...,x,, of G in 0;C

such that

ConvHullg{z1,...,z,} N Q

18 non-empty.

Proof. By the previous lemma there exists a properly embedded 1-dimensional sim-
plex ¢ C C. Let y;,y» be the endpoints of ¢ and let F; := Fo(y;).
First, we will find a finite number of fixed points a, ..., a; of G in F; Nd;C such

that

ConvHullg {ay,...,ax} N Fy

is non-empty. By Lemma VIII.4 and induction there exists a properly embedded
simplex S; C F; where GG fixes each vertex of S;. Let aq,...,a; be the vertices of

Sy. Then

Sy = ConvHullg {ay,...,ax} N Fy

is non-empty.
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Applying the same argument to F, yields a finite number of fixed points by, ..., b,

of G in Fy N d:C such that

ConvHullg {b1,...,b,} N F;

is non-empty.

Finally, we claim that

ConvHullg {a1, ..., ax,b1,...,b,} N #(.

is non-empty. By construction, this convex hull contains some a’ € F; and b’ € F.
Since y; € F1, yo € Fy, and ¢ = (y;,y2) C €2, Proposition I1.11 part (4) implies that

(a',b") C Q. Then

(a',b") € ConvHullg {ay, ..., ak, by,..., b} NQ

and we are done. O
By the previous lemma, there exist fixed points x1,...,z,, of G in 9;C such that

S := ConvHullp{z1, ..., 2, } N Q

is non-empty. We can also assume that m is minimal in the following sense: if

Y1, - - -, Y are fixed points of G in 9;C with k < m, then

ConvHullo{y1, ...,y N Q = 0.

Also, notice that m > 2 since xq,...,x,, € 8;C and S # 0. We complete the proof

of Theorem VIII.1 by proving the following.

Lemma VIIL.7. S is a properly embedded simplex in Q, G < Stabq(S), G acts

co-compactly on S, and G fizes each vertex of S.
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Proof. Let dy := dim S. We claim that dy = m — 1. By definition,
dy = dim P(Span{xy,...,zy,}) <m — 1.

For the reverse inequality, fix p € S. Then by Carathéodory’s convex hull theorem

there exists z;,,...,x; with k <dy+ 1 such that

i
p € ConvHullg{z;,,...,z; }.

Hence

0 # ConvHullg{z;,,...,z;, } N Q.

So by our minimality assumption we must have £ = m and so m < dy + 1. So
m =dy+ 1. Thus z1,...,x,, are linearly independent and hence S is a simplex with
vertices {x1,...,Zn}.

By the minimality property, for any proper subset {z;,,...,z; } C {z1,..., 2}

we have
() = ConvHullo{z;,,...,z; } N Q.

So S'is a properly embedded simplex of 2.
By construction G < Stabg(.S) and G fixes each vertex of S. Finally, since S C C
is a closed subset and G acts co-compactly on C, we see that GG acts co-compactly

on S. O

8.3 Centralizers and Minimal Translation Sets: Proof of Theorem 1.18

In this section we prove Theorem I.18 which we restate here.
Theorem 1.18. Suppose A < Aut(QQ) is a convex co-compact group and A < A is

an Abelian subgroup. Then

Ming,a)(A) = Ca(A ﬂ Min(a
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is non-empty and Cy(A) acts co-compactly on ConvHullg (Mian(A)(A)).
For the rest of the section fix a co-compact group A < Aut(Q2) and an Abelian
subgroup A < A. Set C := Cq(A).

We will need the following elementary observations [[Z21, Section 7].

Observation VIIL.8. Suppose that Q@ C P(R?) is a properly convex domain and
g € Aut(Q). If V. .C R? is a linear subspace where dimV > 1, QNP(V) # 0, and V
s g-invariant, then

Tone(v)(9) = Ta(9)-

Observation VIIL.9. Suppose that Q@ C P(R?) is a properly conver domain and
S C Q is a properly embedded simplex. If g € Aut(2) fizes every vertex of S, then

S C Min(g).
We will need the following fact about subgroups of solvable Lie groups.

Lemma VIIL.10 ([Rag72, Proposition 3.8]). Let G be a solvable Lie group with
finitely many components and H < G a closed subgroup. Let Hy be the connected

component of the identity in H. Then H/H, is finitely generated.

Now we begin the proof of Theorem 1.18. Let A be the Zariski closure in
PGL4(R). Then A™ is Abelian and has finitely many components. Since A < A

is discrete, Lemma VIII.10 implies that
A= {ay,...,an)
for some aq,...,a,, € A. In particular,
Ca(A) = NJL,Cx(ay).
Next for r > 0 define

M, :={x €C: Ho(x,a;x) <rforall 1 <j<m}.
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Lemma VIII.11. Cy(A) < Staby(M,).
Proof. If v € Cx(A) and x € M, then
Ho(yx, a;yx) = Ho(ye,va;w) = Ho(w, ajz) <r

Hence yx € M,. So yM, C M,. Applying the same argument to v~! shows that

M, C vM,. O
Lemma VIII.12. For every r > 0, Cy(A) acts co-compactly on M,..
The following argument comes from the proof of Theorem 3.2 in [Rua01].

Proof. If M, = (), then there is nothing to prove. So we may assume that M, # ().
Suppose for a contradiction that Cy(A) does not act co-compactly on M,. Fix

some xg € M,. Then for each n there exists some x,, € M, such that
Hq (25, CA(A) - 29) > n.
Since A acts co-compactly on C, there exist M > 0 and a sequence (3, € A such that
Ho(Bnzo, x,) < M.
for all n > 0. Then for 1 <7 <m

Hq (B8, ajBax0, 70) = Ha(a;Ba%0, BuTo)
< Hgq(a;Bnwo, ajz,) + Holajxn,, x,) + Ho(Tn, Buo)

<M+r+M=r+2M.
Since A acts properly on 2, for every 1 < j < m the set

{B"aiBn :n > 0}
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must be finite. So by passing to a subsequence we can assume that
By la;B, = By a; By

forall 1 < j < m and n > 0. Then 8,8, € NJL,Cala;) = Cp(A) for all n > 0.

Then

n < Ho (2, Ca(A) - 20) < Ho (2, 851 ' 20)
S HQ (xn; anO) + HQ (571,1'0, ﬁnﬁ;le)

< M + Hq (0, B ')
for all n > 0, which is a contradiction. Hence C(A) acts co-compactly on M,. [
Lemma VIIIL.13. For any r > 0,
ConvHullg (M,) C Mya-1,.

Remark VIII.14. A similar estimate is established in [CLT15, Lemma 8.4].

Proof. Forn > 0, let C,, C ConvHullg (M,) denote the elements which can be written
as a convex combination of n elements in M,. Then C; = M, and by Carathéodory’s

convex hull theorem, Cy = ConvHullg (M,.). We claim by induction that
C’I'L - MZ(nfl)T.

for every 1 < n < d.

By definition C; = M, so the base case is true. Now suppose that
CTL - MQ(nfl)r

and p € Cy,41. Then there exists py, pa € C,, such that p € [p1,po]. Let 0 :[0,T] — C

be the unit speed projective line geodesic with ¢(0) = p; and o(T) = p,. Then
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p = o(ty) for some ty € [0,T]. Next for 1 < j <mlet 0; = ajoo. Then Lemma II.15

implies that
Ha(p, ajp) = Ha(o(to), 05(t)) < Ha(0(0),0;(0)) + Ha(o(T), 05(T))
= Ha(p1,a;p1) + Ha(p2, ajps) < 2Dy 9=y — 9y
Since p € C,+1 was arbitrary, we have
Cr1 C Man,
and the proof is complete. ]

Combining Lemma VIII.12 and Lemma VIII.13 we have the following.
Lemma VIII.15. For any r > 0, Cy(A) acts co-compactly on ConvHullg (M,.).

Now we can complete the final step of the proof.
Lemma VIIL.16. Min¢(A) # 0 and Cy(A) acts co-compactly on ConvHullg(Ming(A)).
Proof. If r > maxj<j<47(a;), then

Ming(A) = Naea Ming(a) C N7L; Ming(a;) C M,.

So ConvHullg(Ming(A)) is a closed Cy (A)-invariant subset of ConvHullg, (M,.). Fur-
ther, Lemma VIII.15 implies that Cy(A) acts co-compactly on ConvHullg (M,). So
C(A) also acts co-compactly on ConvHullg(Ming(A)).

Next we show that Ming(A) # (. Pick A’ > A a maximal Abelian subgroup in A.

Then A" = Cy(A’). By Lemma VIII.10 and the discussion following the lemma
A= (d},...,a])

for some a},...,al, € A’. Notice that

Ming(A") = Ngear Ming(a) C Nyea Mine(a) = Ming(A)
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and so it is enough to show that Ming(A’) # 0.

For r > 0 define
M) :={z€C: Ho(z,djz) <rforall1<j<n}.

Then for r sufficiently large, M/ # (). Further, by applying Lemma VIIL.15 to A, we

see that A’ acts co-compactly on the convex set
C' := ConvHullg(M]) C C.

Then by Theorem VIII.1 there exists a properly embedded simplex S C C' C C
where A’ < Stabg(S), A" acts co-compactly on S, and A’ fixes each vertex of S.

Then Proposition VIIL.9 implies that
S C Ming(A")
and hence Ming(A’) is non-empty. ]
8.4 Proof of Theorem 1.17
Theorem 1.17 is a straightforward consequence of Theorems VIII.1 and 1.18. Sup-
pose that A < Aut(2) is a convex co-compact group and A < A is a maximal Abelian

subgroup. Since A is a maximal Abelian subgroup, A = Cy(A). Then Theorem 1.18

implies that A acts co-compactly on the non-empty convex subset
ConvHullg (Ming,,(a)(A4)) C Ca(A).
Then by Theorem VIII.1 there exists a properly embedded simplex
S € ConvHullg (Ming,(4)(A4)) C Ca(A)

where A < Stabg(S), A acts co-compactly on S, and A fixes each vertex of S. Now
it is straightforward to argue that A contains a finite index subgroup isomorphic of

Z9m(5) " see for instance [1Z21].
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