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ABSTRACT

Business operations often need long-term contracts to manage incentives over time. In this pro-
posal, we discuss three projects in designing long-term contracts in different incentive management
settings. In the first chapter, we study an optimal contract design problem, where a principal hires
an agent to repair a machine when it is down and maintain it when it is up. If the agent exerts effort,
the downtime is shortened, and uptime is prolonged. Effort, however, is costly to the agent and
unobservable to the principal. The principal, therefore, devises a mechanism to always induce the
agent to exert effort while maximizing the principal’s profits. In the second chapter, we consider a
service management setting, where the principal hires an agent to provide services to customers.
Customers request service in one of two ways: either via an online or a traditional, walk-in, channel.
The principal does not observe the walk-ins, nor does she observe whether the agent exerts (costly)
effort that can increase the arrival rate of customers. This leads to a novel so far unexplored double
moral hazard problem. We also present dynamic contracts that maximize the principal’s profit. In
the third chapter, we study the optimal incentive scheme for a long-term Poisson project with both
moral hazard and adverse selection. The project has a flow cost that must be reimbursed by the
principal, but the agent privately observes the cost that he incurs. The principal’s optimal contract is
a menu that contains several items, each of which is prepared for a specific group of agents. The
agents reveal their costs immediately after they pick their preferred contract. We fully characterize
the optimal contracts in the case of two types of agents. When the number of agent types is infinite
and the cost distribution is continuous, we formulate an easy-to-compute upper bound optimization
problem to the original problem. This optimization problem further provides a way for us to design
a menu of contracts. Our numerical study illustrates that the proposed menu of contracts is indeed

optimal with commonly used distributions.
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CHAPTER 1

Introduction

Business operations often need long-term contracts to manage incentives over time. For example,
a firm needs to continuously motivate its sales force or R&D team to work hard. Further, firms
usually outsource maintenance activities to specialized companies in the airline, aerospace, defense,
and mining industries, that often rely on complex, heavy, and critical equipment. However, it may
be hard for firms to observe whether maintenance companies put sufficient resources into providing
the best service, which gives rise to incentive issues. In service management settings, many service
organizations have individual locations that are managed by agents on behalf of the owners. In such
organizations, the owners do not have full visibility into agents’ operations. Thus, the organizations
need to provide incentives for the agent to behave in their best interest. Furthermore, in such
incentive management settings, the firm not only cannot see the agents’ actions but also does not
know their capabilities. In this dissertation, we study three different inventive management problems.
In each of the problems, we help firms design long-term incentive schemes to incentivize the agents
to behave in their best interests. Specifically, we formulate constrained, continuous-time, stochastic
optimal control problems, and derive optimal contracts with simple, intuitive structures.

In Chapter 2, we study an optimal contract design problem in a machine repair and maintenance
setting. Specifically, a principal hires an agent to repair a machine when it is down and maintain
it when it is up and earns a flow revenue when the machine is up. Both the up and down times
follow exponential distributions. If the agent exerts effort, the downtime is shortened, and up-time
is prolonged. The effort, however, is costly to the agent and unobservable to the principal. We
study optimal dynamic contracts that always induce the agent to exert effort while maximizing
the principal’s profits. We formulate the contract design problem as a stochastic optimal control
model with incentive constraints in continuous time over an infinite horizon. Although we consider
the contract space that allows payments and potential contract termination time to take general
forms, the optimal contracts demonstrate simple and intuitive structures, making them easy to
describe and implement in practice. Most of the previous literature on maintenance and repair has
largely ignored the agency issues. The few papers studying maintenance outsourcing contracts only

consider static or repeated single-period settings. We contribute to the literature by considering



a dynamic principal-agent framework where the agent’s actions are time-dependent. Further, the
agent is responsible for both repair and maintenance in our setting which makes the problem more
complex, and the optimal solution more intricate. We find two intricate and interesting features in
the optimal contract: First, it is possible that the principal rewards the agent with an amount more
than the minimum necessary to incentivize the effort, i.e. the incentive compatibility constraints
are not always binding. Second, to incentivize the agent, the principal may randomly terminate the
agent.

In Chapter 3, we consider a stylized incentive management problem over an infinite time horizon,
where the principal hires an agent to provide services to customers. Customers request service
in one of two ways: either via an online or a traditional walk-in channel. The principal does not
observe the walk-ins, nor does she observe whether the agent exerts (costly) effort that can increase
the arrival rate of customers. This creates an opportunity for the agent (i) to divert cash (that is, to
under-report the number of walk-in customers and pocket respective revenues) and also (ii) to shirk
(that is, not to exert effort), thus, leading to a novel and so-far-unexplored double moral hazard
problem. To address this problem, we formulate a constrained, continuous-time, stochastic optimal
control problem and derive an optimal contract with a simple, intuitive structure that includes a
payment scheme and a potential termination time of the agent. We extend the model to allow the
principal to either (i) monitor the agent or (i1) manipulate the relative attractiveness of the online-
against the walk-in- channel (by allowing the use of dynamic price discounting). Both such tools
help the principal to alleviate the double moral hazard problem. We derive respective optimal
strategies for using those tools that guarantee the highest profits. We show that the worse the agent’s
past performance is, the more the principal should monitor the agent and the more aggressive online
channel price discounting should be. Finally, we demonstrate that sole monitoring of the walk-in
arrivals or the usage of the channel manipulation tool can, sometimes, make the agent better off, as
opposed to the situation when the principal monitors both the walk-in arrivals and effort, which
always makes the agent worse off.

Most of the literature in dynamic moral hazard assumes that both the principal and the agent
know the agent’s capability, while the only asymmetric information is the hidden action that the
agent is taking over time. In practice, however, the principal often does not know the agent’s
capabilities. For example, an employer (principal) may not know whether it is easy or hard for a
sales representative (agent) to increase customers’ arrival rate. In all these settings, the principal
needs to motivate the agent’s effort while not knowing the exact operating cost. In Chapter 4, we
study the optimal incentive scheme for a long-term Poisson project with both moral hazard and
adverse selection. Following standard results in mechanism design, the principal should provide a
menu of contracts, such that an agent with a specific cost chooses a particular contract (including

payments and termination) from this menu. In our setting, the contracts depend on the agent’s past



performance, and one type of agent should not have an incentive to choose a dynamic contract
for another type. Consequently, the contract design problem is very complicated, and it can no
longer be formulated as a classic dynamic program. We provide a novel solution approach based on
deterministic continuous-time optimal control for this problem. If there are two possible types of
agents with high or low cost, when the high-cost agent is too costly, he is asked to leave the system
to avoid inefficiency. For him to tell the truth, an immediate payment that is equal to what he can
get from mimicking the low-cost agent, namely the information rent, has to be rewarded to him.
When the high-cost agent is less costly, he can possibly be hired. Yet it could be that even being
hired; he would prefer mimicking the low-cost agent. Hence, an immediate payment that makes
up the difference to induce him to tell the truth is still required. If there is a continuum of possible
cost levels, we formulate an easy-to-compute upper bound optimization problem to the original
problem thanks to the deterministic optimal control formulation. This optimization problem further
provides a way for us to design a menu of contracts. Furthermore, we show that if the solution in
the upper bound calculation satisfies a simple condition, then the upper and lower bounds match,
which implies that our contract design is in fact optimal. Our numerical study illustrates that the
condition is often satisfied with commonly used distributions. In this case, the principal designs a
menu with a continuum of different items.

In summary, my research studies dynamic incentive design problems in different complex
settings in operations management. Although we consider general contract spaces, the optimal
contracts demonstrate simple and intuitive structures, making them easy to describe and implement

in practice.



CHAPTER 2

Optimal Contract for Machine Repair and Maintenance

2.1 Introduction

In this paper, we study a dynamic contract design problem over an infinite horizon, in which a
principal hires an agent to more efficiently operate a production process (‘“machine’”), which changes
between two states: up and down.! The state of the machine is public information. The “up” state
yields a constant flow of revenue to the principal. The machine is subject to random shocks which
causes it to go “down.” When it is “down,” the machine can be repaired to be “up” again. Without
the agent, the machine stays in the up and down states for exponentially distributed random time
periods with certain baseline rates. The agent has the expertise to improve maintenance and repair
procedures by reducing the instantaneous rate for breaking down, and increasing the instantaneous
rate to recover from the down state, if the agent exerts effort. Exerting effort is costly to the agent,
and the effort cost may be different for repairing or maintaining the machine. Whether and when
the agent puts in effort is the agent’s private information. The principal would like to induce the
agent’s effort, and is able to commit to a long term contract, which involves payments and potential
termination contingent on public information. We allow general forms of payments, including both
instantaneous and flow payments. The principal is allowed to terminate the contract at any time,
including terminating the contract with a probability less than one when the machine changes state.
We also assume that the agent has limited liability. That is, the agent can decide to quit and never
owes money to the principal.> Both players are risk neutral.

Although there is a wide literature on maintenance and repair, the majority of this literature is
focused on optimal maintenance and repair conducted by a central decision maker, and has largely
ignored the issues caused by agency. In many practical settings, however, maintenance and repair is

conducted by an agent. Maintenance outsourcing is quite common in airline, aerospace, defense

! The material presented in this chapter is based on the paper [TSD21] co-authored with Peng Sun and Izak Duenyas.

?Limited liability is commonly assumed in contract theory, especially dynamic contract theory. Without it, the
model and analysis becomes easy, or even trivial. For example, the principal could simply sell the entire enterprise to
the agent up front, at a price that equals the efficient social surplus. This allows the principal to exact the entire surplus
and leaves the agent with zero surplus. It is worth noting that in our optimal contract, the IC constraint may not be
binding, which is also driven by limited liability.



and mining industries, that often rely on complex, heavy and critical equipment [TTMPO06]. Instead
of investing in the latest maintenance tools and facilities, and training in-house maintenance teams,
firms outsource maintenance activities to specialized companies [MW12]. It may be hard for firms to
observe whether maintenance companies put sufficient resources into providing best service, which
gives rise to agency issues. Therefore, our paper makes a contribution to the maintenance/repair
literature by tackling agency issues. In particular, we study a dynamic principal-agent framework, in
which we obtain optimal contracts among history dependent ones. Despite the complexity of history
dependent contracts, we demonstrate that the optimal contracts possess very simple structures that
are easy to compute and implement. Further distinguished from the existing service/maintenance
contract literature, we allow the agent to have limited liability and the ability to walk away at any
point in time. Therefore, our contracts need to satisfy participation constraints, which guarantee
that the agent stays before contract termination.

The paper also contributes to the dynamic contract design literature by considering an environ-
ment with two (machine) states. It is standard to formulate dynamic contract design problems as
continuous time stochastic optimal control problems with incentive compatibility constraints, in
which the agent’s “promised utility” (see, for example, [SS87]) constitutes the state space. Our state
space, however, also needs to include the machine state, which yields dynamics that do not appear
to arise in traditional settings without such a multi-state environment. The paper studies all of the
following three possible cases, although the main body of the paper is focused on the third one: (1)
the principal only needs the agent when the machine is down; (2) the principal only needs the agent
when the machine is up; and (3) the principal needs the agent for both types of work.

The classical maintenance literature is focused on optimal scheduling in a centralized context
(see, for example, [PV76], [PL94], [McC65], [BP65], [GGSO1]). Several papers consider mainte-
nance outsourcing contracts involving a maintenance agent and a customer. In particular, [MA98]
study a game-theoretic model in which an agent offers several options of contracts to a customer,
including charging a fee for each repair during a given duration of time, or charging a lump sum fee
for repairing the machine whenever it breaks down. The customer decides whether to hire the agent
depending on the proposed contract. [MA99] extends the model to include multiple customers.
[AMOO] further allows the agent to choose the number of customers and the number of service chan-
nels besides a pricing strategy. Following this line of work, [TTMPO06] develop incentive contracts
to achieve channel coordination. [KCSS10] consider performance-based contracts for recovery
services where the disruptions occur infrequently when the agent is risk-averse. They compare two
types of widely used contracts, one based on sample-average downtime and the other based on
cumulative downtime according to the supplier’s ability to influence the frequency of disruptions.
A clear distinction of our paper is that we consider time-dependent dynamic contracts while the

aforementioned papers either consider static settings or repeated single-period settings. Other papers



with static or repeated single-period settings include [TTT09], [Wan10], [PI15], [Bak06], [Coh87],
[TPK14]. A common assumption in this literature is that the agent decides on the effort level (or,
equivalently, capacity level) only once, then sticks to this level regardless of further outcomes. In
many settings, an agent is often able to adjust effort choices over time. If a contract ignores such
possibilities, the agent may lose the incentive to stick to the effort level as intended by the designer.
Our model avoids this incentive issue because it is dynamic.

[PZ00] is the first paper to consider a dynamic principal-agent model of maintenance contract
design in a discrete-time setting with a finite time horizon. In each period, if the machine is down,
a risk-averse manager (agent) could choose between high and low effort levels, which further
determine the probabilities that the machine comes back up in the following period. There is no
moral hazard issue when the machine is up. More fundamentally, the agent in their model has
access to borrowing and lending at the same rate, which means that they do not assume limited
liability. Limited liability is a key assumption widely adopted in the dynamic contract literature
(see, for example, [BMRV10], [GT16], [ST18]). Without it, the principal can essentially sell the
entire enterprise to the agent, and therefore align incentives in a rather trivial fashion. The long-term
optimal contract in [PZ00] is history-independent and renegotiation-proof. These nice properties
rely critically on the borrowing and lending interest rates being exactly the same, and the agent’s
utility is additively separable and exponential. Following their optimal contract, in case the machine
performance is bad for a period of time, the agent may have to borrow large amounts against future
income, resulting in a negative total future utility. We, on the other hand, assume limited liability,
which allows the agent to simply walk away (contract termination) instead of bearing a large debt.

The origin of the continuous time dynamic contract literature is often credited to the seminal
paper [San08], which considers a principal hiring an agent to control the drift of a Brownian motion.
Several papers have applied similar techniques in different settings with applications mostly in
corporate finance (see, for example, to name a few [DS06b],[BMPRO7],[Ful5]).

Instead of controlling the drift of a Brownian motion, in our model, the agent exerts effort to
change the arrival rates of Poisson processes. Previous literature has studied one-sided problems,
1.e., either decreasing or increasing the arrival rate of a Poisson process. [BMRV10], for example,
considers a firm (principal) hiring a manager (agent) to exert private effort to decrease the arrival
rate of large losses, modeled as a Poisson process, when the two players have different time discount
rates. [Myel5] studies essentially the same model as in [BMRV10], except that the two players
share the same time discount rate. In contrast, [ST18] consider the case of increasing the arrival
rate of a Poisson process by the agent’s private effort. [Varl7], [Shal7a], and [GT16] study similar
models with a finite number of arrivals and additional features, such as adverse selection issues or
multiple players.

Because of limited liability, the optimal contract structures are different for decreasing versus



increasing arrival rates. The common theme between the one-sided cases is that the optimal dynamic
contracts often involve letting the promised utility to take a constant jump upon an arrival, which is
upward for the case of increasing the arrival rate, and downward for decreasing the arrival rate. Our
paper generalizes the previous literature by studying contracts that induce the agent to alternatively
increase and decrease two different arrival rates over time (increase the rate of repair, and decrease
the rate of failure). The combined control problem is more complex, and the optimal solution more
intricate. In particular, the dynamics of the promised utility following our optimal control policy is
not a mere combination of one-sided control policies.

Specifically, whenever the machine is repaired from a down state, the agent needs to be at
least rewarded with an amount (denoted as 34q). This amount /34 is set to exactly compensate the
agent’s effort to repair when the machine is down, so that the agent is (barely) willing to exert
effort. The reward could take the form of either an increase in promised utility or a direct payment.
Similarly, whenever the machine breaks down from an upstate, the agent needs to be penalized
with an amount (denoted as 3,), set to be exactly enough to induce the agent’s effort to maintain
when the machine is up. However, due to limited liability, the principal cannot charge the agent
money. Therefore the penalty [3, takes the form of a reduction of promised utility. When the agent’s
promised utility is already lower than (3,, we cannot reduce the promised utility by 3, anymore
since the agent is protected by limited liability. Instead, in the optimal contract, the principal applies
random termination to incentivize the agent to exert effort when the promised utility is low. The
exact optimal contract structure differ between the cases of B4 > 3, and B4 < (4. In both cases,
the optimal contracts possess interesting structures only if the revenue rate the principal accrues
when the machine is up is high enough.

If Bq > Pu, the structure of the optimal contract is not quite surprising. The aforementioned
reward and penalties are always set at the minimum levels 34 and j3, respectively, and random
termination never happens. If 54 < [y, however, the optimal contract has a much more complex
and delicate structure, and it has the following two intricate features.

First, it is possible that the principal rewards the agent with an amount more than the minimum
necessary to incentivize the effort, i.e, the incentive compatibility constraints are not always binding.
This is in contrast to previous papers (see, for example [San08], [BMRV10], [ST18]), where the
incentive compatibility constraints are always binding in the optimal contract.

Second, because of limited liability and incentive compatibility, the agent’s continuation utility
cannot be attained below a threshold when the machine is up. To mitigate this possibility, we need to
introduce random termination, where we randomly decide whether to terminate the agent or let the
continuation utility increase back up to the threshold for free. This random termination also appears
in [Myel5], in which the threshold is fixed at 5, (using our paper’s notation). In our paper, however,

the threshold is endogenously determined and may be higher than 3,,. We use a “smooth-pasting”



technique to derive this threshold. This technique is classical in optimal stopping problem [DP94]
and has been used in optimal contract literature (see, for example, [Zhul3], [CSX20]).

Overall, we consider the aforementioned two features as the most interesting and intricate
results of this paper. In particular, the first one appears new in the literature, while the second one
constitutes a major technical challenge in the analysis. Therefore, Section 2.4.2 contains the most
interesting results, while earlier sections allow readers to gradually ease into them.

Specifically, we introduce the model and derive the incentive compatibility constraints in Section
2.2. In Section 2.3, we derive simple incentive compatible contracts without termination. In Section
2.4.1 and 2.4.2, we characterize the optimal incentive compatible contract under the condition
Ba > Bu and Bq < By, respectively. Section 2.4.3 summarizes all the results thus far. In certain
settings, it may be better for the principal not to always induce effort from the agent. Therefore,
in Section 2.5, we numerically compare the optimal incentive compatible contracts and two other
alternative contracts that only induce effort for one of the machine states. Formal derivation and

analysis of these alternative contracts are in the e-companion.

2.2 Model

Consider a principal operating a process (e.g. a “machine”) in a continuous time setting. At
any time ¢, the state of the machine, 6,, is either up or down, denoted as u or d, respectively.
The principal receives a revenue at a positive rate R per unit of time when the machine is up.

When the machine is down, the revenue is zero.>

The machine remains in the up state for an
exponentially distributed random time with rate ji,, > 0 before breaking down. Once down, it
takes an exponentially distributed random time with rate 1 > 0 to repair the machine back to state
u. There are many settings in which the above described situation arises. For example, factories
produce products to be sold for revenue when their equipment are working. Similarly, airlines only
generate revenue when their planes are functioning. (Obviously, most airlines have more than one
plane, and factories more than one machine. Our model can be considered as a building block for
multi-machine settings.)

The principal hires an agent to improve the process. Whenever the agent exerts effort (for
example, assigning sufficient personnel to this job), the instantaneous rate of breaking down
from state u is reduced to p,, € (0, ﬂu).4 Similarly, at state d, the agent’s effort increases the
instantaneous rate of recovering to pq > p,. Effort is costly to the agent, and not observable to the

principal. Specifically, denote ¢, and cq to be the effort costs in states u and d, respectively. The

31t is without loss of generality to assume zero revenue rate when the machine is down. In fact, our results hold as
long as the revenue rate is lower when the machine is down.

4We assume two levels of effort for simplicity. The results do not change if the effort level is from an interval, and
the effort cost is linear in effort level.



corresponding effort cost rate at time ¢ is
C(et) = Cuﬂet:u + Cd]let:d- (21)

At any point in time ¢, the public information includes all the time epochs the machines changes
state by time ¢. Formally, we denote a right-continuous counting process /N, to represent the total
number of public events, i.e., change of machine states, up to time ¢. Let F N be the filtration
generated by the initial state , and the counting process N = {N,}. Further denote an F%-
predictable v = {1} to represent the agent’s effort process, such that v, € {0, 1} for any time ¢.
Specifically, v, = 1 and 1, = 0 represent that the agent exerts effort and shirks at time ¢, respectively.
Therefore, at any point in time ¢ with the state of the machine ; and the effort level v, the arrival

rate of process N is

(O, vy) = [,uul/t + (1 — yt)} To,—u + [Mth + Hd(l — yt)] Tg,—a- (2.2)

We assume that the agent has limited liability, and we mainly focus our attention on contracts
that always induce effort from the agent. (In Section 2.5 and the e-companion, we also consider
contracts that induce effort only in one of the machine states.) Therefore, the principal needs to
reimburse the aforementioned effort costs in real time as flow payments whenever effort is expected.
As a result, the effort cost ¢(6;) becomes shirking benefit if the agent shirks at time ¢. This is a
standard treatment in the dynamic contracting literature (see, for example, [BMRV10]).

We further assume that the principal has the commitment power to a long-term contract based
on public information. Overall, a dynamic contract I' = (L, 7, ¢) includes a payment process L, a
contract termination time 7, and a stochastic termination process q.

Specifically, denote an F -adapted process L = {L;};>¢ to represent the cumulative payment
from the principal to the agent up to time ¢. The payment includes an instantaneous one, I,
and a flow with rate ¢, beyond the background payment c(0,) that reimburses effort, such that
dL; = I + (,dt. Limited liability implies /; > 0 and ¢, > 0.

The contract not only includes payments, but also the possibility of terminating the agent at a
random time 7. We consider two ways of contract termination. First, at any point in time ¢ when the
machine changes state (i.e., d/V; = 1), we allow the principal to terminate the contract randomly,
with probability ¢, € [0, 1], where the probability ¢; depends on all of the information on machine
state changes until time ¢, i.e., ]-'tN -measurable. Therefore, the contract contains an F¥ -adapted
process ¢ = {q;}:+>o for random contract termination. Second, we also allow the principal to
terminate the agent depending (deterministically) on history ¥ without randomization. As will be
clear later in the paper, allowing random termination is crucial to construct optimal contracts for

certain model parameter settings. The principal and the agent are both risk-neutral and discount



future cash flows at rate r.>
The principal’s expected total discounted profit under a contract I' and effort process v is defined

as®

Ul v,6p) =E {/ e "(Rlg,—udt — dL; — c(6;)dt) + e v
0

90} ; (2.3)

where v_ is the principal’s total discounted future profit after terminating the agent. This value
clearly depends on the state of machine 6, at the termination time 7. It is easy to verify (see Lemma

A.1 in the Appendix) that v takes the following values for 6, = u and 6, = d, respectively,
(2.4)

Given contract [' that always reimburses effort cost before termination, and an effort process
v, the agent’s expected total discounted utility is the cumulative payments minus the effort cost,

expressed as the following

u(T, v, 00) = E { /0 et AL+ (1 — mc(et)dﬂ‘ 90} | 2.5)

Therefore, given either initial state §, = u or 6y = d, we can define a game between the two
players, in which the principal designs an optimal contract I that maximizes utility U (T, v, 6),
anticipating the agent’s effort process v that maximizes u(T", v, fy). Throughout the paper, we focus
on studying contracts that induce the agent to always exert effort (so called “incentive compatible”
contracts).” In the e-companion Section A.2.1 we provide a sufficient condition on model parameters

such that it is indeed optimal for the principal to only focus on incentive compatible contracts.

Incentive Compatibility

A contract I is incentive compatible (1C) if in equilibrium, the agent has the incentive to always
exert effort (to better maintain the machine so that the failure rate from state u drops to p,, and to

faster repair the machine so that it comes back up at rate ;14 from state d), i.e. v* := {1, = 1}\%[0’7].

SWe assume equal discount rate between the two players, similar to [Mye15]. This is mostly for simplicity, although
one may also argue that having access to a complete financial market allows the two agents to hedge all risks and
use the risk-free interest rate and risk-neutral probabilities. Interestingly, one of the main findings of [Myel5], the
infinite back-loading issue when the two players share equal time discount, does not arise in our setting. We explain
this phenomenon and the underlying reasons in more detail in Section 2.4. If the two players have different discount
rates, the optimal contract structure appears to be much more intricate. We leave that for future research.

®Note that the expectation here, as well as in (2.5), is taken with respective to the stochastic process generated
from the effort process v. This explains that in (2.3) we need to specify v as an argument of the function. For ease of
exposition, we omit the explicit dependence between the expectation and v in the main text of the paper.

7 Allowing shirking complicates the analysis for dynamic contracts substantially. See, for example, [Zhu13] for a
reference of optimal contract design allowing shirking in a Brownian motion framework.
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That is, the contract is incentive compatible if®
u(D,v*,00) > u(l,v,0,) , VFN-predictable effort process v, 6, € {r, [}. (IC)

In this paper we focus on the class of incentive compatible contracts that always induce effort.
The contract design problem may be formulated as a stochastic optimal control problem, in

which the state is the agent’s promised utility at time ¢, defined as,

W,(T,v)=E { /t " el [dL + (1 — v)c(0y)ds]

ft} 1{t <7} (2.6)

It is clear that Wy (T, v) = u(T, v, 6,) for , consistent with F,. It is worth noting that the F-
adapted process W, is right-continuous, representing the agent’s continuation utility after observing
a potential arrival at time ¢ and after a potential instantaneous payment /;. In comparison, the
principal’s control processes, L; and ¢;, are F” -predictable and left-continuous. The principal
schedules payments and stopping time through controlling the agent’s promised utility. Therefore
it is important to introduce process W;_ = limyy W, the left-hand limit of W,, which is left-
continuous and F -predictable (assuming W,_ = ;). At any time ¢, W,_ captures the agent’s
continuation utility before knowing about the potential arrival and instantaneous payment at time ¢.
Similarly, for the right-continuous state process 0;, we define left-continuous process ¢, = limgy; 0;
to represent the state of the machine right before time ¢ for any ¢ > 0.

The contract also needs to ensure the agent’s participation at any point in time. That is, the agent’s
promised utility needs to be non-negative (also called the individual rationality (IR) condition),
ie.’

Wy >0, Vt > 0. (IR)

The following lemma provides the evolution of the agent’s promised utility 1/, under any
contract I', which is often called the promise keeping (PK) condition in the dynamic contract

literature. It also provides an equivalent condition for (IC) in terms of the promised utility IV;.

Lemma 2.1 For any contract T, there exists an F -predictable process H; such that for t € [0, 7],

th = {TWt_ — (1 — Vt)C(Qt)— [(1 — qt)Ht — tht—] ,[L(Qt, l/t) — gt}dt
+[(1 = Xo)Hy — XeWi_|dN; — I, (PK)

in which Bernoulli random variable X, takes value 1 with probability q;.

8 All the inequalities in this paper are to be understood as almost surely.
°If one only considers (IR) for time 0, the contract design is trivial. The principal can extract the entire surplus of
the first best outcome by offering zero utility to the agent.
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Furthermore, contract I satisfies (IC) if and only if

(1 - C]t)Ht — Wi < —B4, for 0, =nu, and
(1—q)H — Wi > Ba, for 6, =d, (2.7)

forallt € [0, 7], where

(2.8)

Finally, we need —H, < W,_ for all t > (0 in order to satisfy (IR).

The (PK) condition is a standard result for the dynamics of the agent’s promised utilities over
time. To facilitate understanding, it is helpful to consider a heuristic derivation based on discrete
time approximation. Consider a small time interval [, ¢ + §). Assume that the agent’s promised
utility W,_ evolves continuously to I, over this interval, unless there is a change of machine
state, with probability (6, v;)6. With a change of state, the agent’s total future utility takes a jump
to either W;_ + H; with probability 1 — ¢, or to 0 with probability ¢; (termination). Also taking
into consideration the shirking benefit (1 — v;)c(6;)d, flow payment ¢,d, and time discount rate r
(for simplicity, ignore the instantaneous payment [;), the above description of the discrete time

approximation of the promised utility implies the following,
Wi =(1 = v)e(60)6 + €0 + pu(0r,v4)0 [qe - 0+ (1 — q) (Wi + Hy)] + [1 = (u(0r, 1) +7)0] Wiy

As ¢ approaches 0, replace it with dt, and rearrange terms, we observe that the smooth change
Wiy — W, _ equals

{TWt— = (1 =w)e(br) — b — [(1 — @) Hy — W] (6, Vt)}dt,

which recovers the terms involving dt in (PK). The change of machine state (d/V; = 1) results in the
agent’s total future utility changing by either H; or —W,_ (termination), depending on the outcome
of the random variable X;. Therefore, the change is [(1 — X;) H; — X;W;_] dN;. Finally, this total
change can be delivered by a direct instantaneous payment /; in addition to the change in the
promised utility dW;. That is, dW; + I, = [(1 — X;)H; — X, W,_] dN; when d N, = 1. Therefore,
we can consider the process H; as the total change of the agent’s total future utility if the state
changes at time ¢, which consists of the change in the agent’s continuation utility dW; and the
instantaneous payment /; that the agent receives. Rigorously, in the continuous time setting, the
FN _predictable process H, is left-continuous.

The values B4 and [, defined in equation (2.8) reflect the ratios between effort cost and

12



improvement in the repair or failure rates, which reveal the intuition behind the (IC) condition. For
an intuitive interpretation of these two important quantities, consider, for example, the up state.
If the principal could charge the agent an amount 3,, upon the machine breaking down, the agent
is then indifferent between exerting effort or not. This is because over a small time period ¢, the
shirking benefit, c,,0, exactly compensates the additional expected charge, Sy (fiu — ftu)0. Condition
(2.7) states that instead of directly charging the agent, an incentive compatible contract needs to
reduce the agent’s promised utility by at least 5,,. The term (34 has a similar interpretation for the
down state. Following standard IC conditions in [San08] and [BMRV 10], one would only obtain
the result that the magnitude of H, is larger than 4 or smaller than —f3,. Our (IC) condition in
Lemma 2.1, however, generalizes the standard form due to the consideration of contract termination.
In Section 2.4.2, we show that the probability of random termination, ¢;, could indeed be positive in
the the optimal contract.

Later in the paper we show that the structure of the optimal contract, including whether and
when the incentive compatibility constraints (2.7) are binding, depends on whether 54 > [, or
Ba < Bu. The intuitive interpretation of these conditions follows the definition of 3, and 4. For
example, if the costs of effort are the same in the two machine states (i.e., cq = ¢y), then 8q > Sy
means that the agent is able to decrease the break down rate more than increase the recovery rate
(foa = Hra 2= fta = y)-

Finally, (IR) requires that the agent’s promised utility must be non-negative at all times, including
right after a downward jump of the promised utility. As explained above, (IC) requires that in the up
state a downward jump has to be at least [3,. Therefore, when the state §; = u, we can only satisfy
constraint (2.7) when W;_ > S,. When the machine is up and W;_ becomes too low (say, lower
than /3,), however, the principal needs to randomize the promised utility to either O (termination), or
back to a threshold. This is why we need the randomized termination process g; for the optimal
contract. Interestingly, as we will show in Section 2.4, random termination only occurs if Sq < (.
In fact randomization may even occur when W, > (. If B4 > (4, on the other hand, the optimal
contract always guarantees W;_ > /3, when the machine is up.

In the next section, we first introduce two simple and stationary incentive compatible contracts,

which help us lay the foundation of the optimal incentive compatible contracts.

2.3 Benchmark contracts

Before introducing the optimal contract, it is worth studying simple incentive compatible
contracts in this section. These contracts are stationary in nature — the contract terms only depend
on the state of the machine and its transitions, and not on time otherwise. This implies that they

never terminate the agent. In fact, if we do not allow contract termination, they are indeed optimal
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incentive compatible contracts. In the next section, however, we show that optimal contracts that
allow termination are based upon, but outperform these simple ones. In particular, it is important to
distinguish between the two cases 84 > [y and Sq < 4, which are studied separately in the two

subsections, respectively.

2.3.1 fa = Pu

The contract is indeed very simple: the principal pays an instantaneous bonus 34 — /3, when the

machine recovers from state d, followed by a flow payment with rate

07 = paBa + (r + pu)Bu (2.9)

when the machine remains in state u. We denote I to represent this contract.

In order to prove that I is incentive compatible, it is important to derive the agent’s promised
utility following this contract. In fact, we claim that the promised utility remains a constant for each
machine state. Define w,, and wq as these two promised utilities when the machine’s state is d and

u, respectively,
Wy = “dfd, and 1w, = g + Bu. (2.10)

It is easy to verify that contract I is incentive compatible. In fact, whenever the machine breaks
down, the promised utility changes from w,, to wq, with a downward jump of exactly H; = —f3,,.
Upon recovery from state d, the promised utility first takes an upward jump of /3, and then the
agent is given a direct payment of Sq — [, resulting in H; = 4. Therefore, incentive compatibility
constraints (2.7) are always binding, with aforementioned H; and ¢; = 0. This further ensures that
the agent always exerts effort. Regarding the promise keeping constraint, for state ; = u, if we set
W, = w, and dL; = (;dt, then (PK) becomes dW; = —3,dN;. Similarly, for state 0; = d, setting
W, = wgq, and dL; = (B4 — Bu)dN,, (PK) becomes dW; = [,dN,. Therefore, contract I" and our
claimed promised utilities (2.10) indeed satisfy both (PK) and (IC) constraints.

Besides the mathematical arguments above, it is in fact intuitive that contract I provides the
incentive for the agent to exert effort. When the machine is down, the prospect of an instantaneous
bonus followed by a flow payment provides the incentive for the agent to repair the machine faster.
When the machine is up, the flow payment incentivizes the agent to better maintain and prolong the
period of payment. In particular, the flow payment ¢ has two components. The first component is
the interest payment 0, so that the agent’s promised utility is kept at w,,. The second component
is the rent 1,3, whenever there is no arrival (machine breaking down).

Furthermore, because contract I never terminates the agent, we have the following expressions

for the total discounted societal values (summation of the principal and the agent’s utilities) at states
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u and d, respectively (see Lemma A.1 in the Appendix for the derivations).

pa(R — cu) = (1 + pu)ca (r + pa) (R — cu) — FraCd

Ug = and v, = (2.11)
d r(r 4 pa + ta) r(r + pd + fa)
Consequently, the principal’s utilities under contract I for state u and d are, respectively,
U, v*,u) = Uy := 0y — Wy and U(T,v*,d) = Uq := tq — Wq. (2.12)

Although this simple contract I is incentive compatible, it is actually not optimal, because it
only uses the “carrot” of payments without the “stick” of termination. At the end of this section,
Proposition 2.7 shows that this simple contract is actually the optimal incentive compatible contract
if the principal is not allowed to terminate the agent. Besides introducing this simple contract to
build intuition, we would like to clarify the simple contract’s connection with the optimal contract.
According to the optimal contract, it is possible that the promised utilities eventually become w,,
and w4 for states u and d, respectively. From that point on, the optimal contract becomes identical
to the simple contract ', and the agent is never terminated. However, following the optimal contract,
it is also possible that the promised utilities never reach w, and wq before the agent is terminated.

Finally, it is clear that the society is better off with contract I" compared with not hiring the
agent at all if v, and 74 are at least as high as v,, and v4 defined in (2.4). In fact, when 3q > S,
one can verify that vq4 > v readily implies v,, > v,,. Furthermore,

Ua 2 Vq (2.13)

is equivalent to

fdCu + (7 + flu) Ca

) 2.14
pal iy + (7 + pu) Apta 219

R > hq = <T+Hd+ﬂu>

Intuitively, hiring the agent is beneficial only if the revenue rate R is high enough. In Section
2.4.1, we demonstrate that the structure of the the optimal contracts depends critically on whether
condition (2.13) holds.

232 By < fu

The simple contract in this case, denoted as I, can be described in one sentence: it pays the

agent a flow payment with rate
Oy = (r+ pu + 11a) Bu (2.15)

at state u.
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The promised utilities are the following two constants for the two machine states, respectively,

L S (2.16)
T

similar to wq and 10, defined in (2.10). Similar to the analysis for I, we can verify that contract r
together with wg and w, satisfy (PK) and (IC). The expressions for the societal utility still follow

(2.11). The principal’s utilities under contract I are, therefore,

A A

UT, v u) = Uy = 0y — 0y and U(T, v*,d) = Ug := 04 — W, (2.17)

for machine states u and d, respectively.

The overall feature of I" for the case of Ba < Py is very similar to I for the case of Sq > fu.
Later in Section 2.4.2.1, we show that the agent’s promised utility has a chance to eventually become
wq and w, following the optimal contract. After reaching that point, the optimal contract becomes
identical to T, and the agent is never terminated. At the end of Section 2.4.2, we present Proposition
2.7, which shows that this simple contract is actually the optimal incentive compatible contract if
terminating the agent is not allowed. Similar to /7, the flow payment ¢; can also be decomposed
into two components, the interest payment ., and the rent z,,3,. Finally, parallel to the previous

case, when 34 < (3., we have
(2.18)

is equivalent to

fuCa + (7 + )y
fulpa + (7 + pa) Dt

R> hy = (r+ g+ i) (2.19)
and readily implies vq > v4.

Despite these similarities between I and I, it is worth noting an important difference between
them. Under contract I of the current case, the incentive compatibility constraint (2.7) is not binding.
In fact, both the downward jump upon breaking down and the upward jump upon recovery are both
bu (.e.,H; = By (ﬂgt_:d — ﬂgt_:u)). In particular, when the machine recovers, the upward jump
is higher than what is required in constraint (2.7). Given our claim in the last paragraph, it means
that the incentive compatibility constraint may not be binding in the optimal contract. This may
appear surprising, given that we are not aware of other optimal dynamic contract with non-binding
incentive compatibility constraint in the literature. We will explain why this phenomenon arises in

our setting after introducing the optimal contract in Section 2.4.2.
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2.4 Optimal Contract

In this section, we study and characterize in detail the optimal contracts that induce the agent
to always exert effort before termination. Similar to the previous section, here we first study the
case B4 > [y before 54 < [y, in Sections 2.4.1 and 2.4.2, respectively. In the end we summarize
main results for different cases in Section 2.4.3. It is worth noting that the more interesting and
intricate results of this paper, including non-binding incentive compatible constraint, are presented
in Section 2.4.2.

2.4.1 The Case 34 > (u

The structure of the optimal contract in this case, although new, may not appear surprising
to readers already familiar with the continuous time contracting literature ((BMRV10], [ST18]).
However, this section provides a gentle preparation to the more complex and delicate structure in
the optimal contract for the case fq < [3, next.

In Section 2.4.1.1, we first introduce the optimal contract under condition (2.13), which is
equivalent to (2.14). Section 2.4.1.2 further provides the principal’s value functions under the
optimal contract and the proof of optimality. Finally, Section 2.4.1.3 studies what happens when the
condition (2.13) does not hold.

2.4.1.1 Optimal IC contract when 74 > v4

In this subsection, we develop a contract '], and leave the proof of optimality to the next
subsection. The contract keeps track of the agent’s promised utility. Figure 2.1 depicts two sample
trajectories of the agent’s promised utility in the proposed contract where the machine starts at state
6y = d.

In Figure 2.1, we have wq = 0.74, w, = 1.01 and S, = 0.27 < 84 = 0.33. The policy starts
from Wy = wj = 0.4685. The two dashed horizontal lines represent the level of w, and wq,
respectively. The upward jump level when the machine is repaired is 4 and the downward drop
level when the machine breaks down is [3,,.

The promised utility starts from an initial promised utility Wy = w} € (0, wq). While repairing
the machine, this utility keeps decreasing (the exact form to be specified later) until either the
machine is repaired or the utility reaches 0. If the machine has not recovered before the utility W,
reaches 0, the principal terminates the agent. The dotted curve in Figure 2.1 represents this situation,
where the promised utility decreases to zero at time 7.

On the other hand, if the machine recovers at time ¢ with W;_ > 0, the utility W, takes an upward
jump of level min{ Sy, w, — W;_} and the agent is paid (W;_ + 34 — w,)™" instantaneously. See

the solid curve in Figure 2.1, which represents another sample trajectory. In the time interval [0, ¢;),
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Figure 2.1: Two sample trajectories of promised utility with 1, = 6, Apy, = 3, tg = 5, Apg = 2,
cu=08cq=1,r=09 R="7.5.

the promised utility is decreasing over time. At ¢, it jumps up by (34 because Wy, ~ < wy, — 4. The
corresponding instantaneous payment is 0. Then the contract continues with the agent maintaining
the machine in the up state, while the promised utility keeps increasing until either it reaches wy,,
or the machine breaks down. During (¢, t2), the promised utility is increasing over time. At time
to, the machine breaks down and the promised utility drops by 3,. Again, in (¢», t3), the agent is
repairing the machine with the promised utility decreasing over time. After ¢, the machine does not
break down before the promised utility reaches 1, at time Z3, at which point the flow payment £*
(defined in (2.9)) starts. After time 3, the agent’s promised utility jumps back and forth between w,,
and wy. The contract becomes exactly the same as the simple contract I introduced in the previous

subsection. In the following, we provide a formal definition of the proposed optimal contract.

Definition 2.1 For a machine starting from state 0 € {u,d}, define contract I';(w) = (L*,q*, ")

as the following, where w € [y, Wy| if the initial state is u, and w € [0, Wq) if the initial state is d.

* The dynamics of the agent’s promised utility W; follows

AW, =[r(W,— — wq)dt + min{w, — W,_, Ba}dN| 1g,_—a
+ [(rWie + puBu) Lw,_ <, dt — BudN;] g, —y, (DW1)

from the initial promised utility W, = w.
o The payment to the agent follows AL} = i1y, —z, 1o, —udt+ (Wi_+ Bq — Wy) T 1p,_—adN;.

18



* The random termination probability is q; = 0, (i.e. there is no random termination) and the

termination time is 7* = min{t : W, = 0}.

One can verify that the dynamics of W, in the proposed optimal contract follows (PK), with
H; = Bale, —a — Buly, —u, dLy = dL; and ¢; = g;. Also, in the proposed optimal contract, the
incentive compatible constraints (2.7) are binding, and the principal never randomly terminates
the agent. It is only possible to terminate the agent when the machine is down (note that we do
not terminate the agent exactly at the point when the machine goes down but when the promised
utility reaches zero, e.g., after a long enough down period). On the other hand, when the machine is
up, the agent’s promised utility is always greater than 3. This is because if the initial state of the
machine is up, the initial promised utility would be at least 3,, and keeps going up until the first
break down; after the agent has finished repair once, the promised utility would always jump to a
level above 34 > [, to start the up state.

It is worth noting that payment in Definition 2.1 involves both instantaneous payment and flow
payment. And payment only occur when the promised utility is high enough such that the optimal
contract becomes the benchmark I" defined in Section 2.3.1.

Remark 2.1 We want to emphasize that the principal has three options to provide incentives:
(1) a flow payment (; only in the up state motivates the agent to prolong the up state; (2) an
instantaneous payment I; when the state changes from down to up motivates the agent to speed up
the machine recovery; and (3) when the machine has been down for too long, the agent is threatened
with contract termination. In the next subsection, when we study the case of 5, > [q, contract
termination may also occur when the machine changes state. In the optimal contract, we usually
do not initiate payments immediately. Instead, the agent’s continuation utility keeps increasing
in the up state, implying that the start of the flow payment is approaching. In the down state, the
continuation utility keeps decreasing, as the threat of termination looms larger. The upward and
downward jumps upon state changes also bring the continuation utility closer to either payment or
termination. Therefore, the continuation utility W; can be perceived as a proxy to the timing of the

payment and contract termination.

Remark 2.2 The contract I';(w) is optimal but not unique. When the principal and the agent share
the same discount rate, the principal can delay a payment to a later time with the corresponding
interests. In particular, the principal can spread the instantaneous payment as additional flow
payment when the machine is up. Correspondingly, the principal can increase the upper bound
of the agent’s continuation utility at state U to W, := wWq + [Pq > Wy, While increasing the flow
payment from the original {* = rwy + 1ufq to 0y + [uBa When the continuation utility reaches
this upper bound. When the continuation utility is below Wy, the dynamics of the continuation

utility is the same as it in contract I';(w). When the continuation utility W;_ € (w0, W, at state
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u, machine breaking down still brings the continuation utility to wq. In this case, the increase
rate of the continuation utility is rW,_ + p, (W, — wgq), which is higher than the original rate
rWi_ + puBa. This alternative contract does not involve instantaneous payment, but has the same
performance as I} (w) starting from the same continuation utility w."

Remark 2.3 (Implementation) In practice, a principal can implement contract I'} by stationing a
meter that shows changing W, (promised utility to the agent) over time. At time t, if the machine is
up, the meter keeps increasing at an ever-increasing speed (1, [3y + 7W;_ per period of time (where
LuBu 1S the rent for keeping the machine running, and rW,_ is the interest to the agent), and stops
at Wy. When the machine is down, the meter keeps decreasing with a speed —rW;_ + riwq (where
rwq is a constant punishment for not having finished repairing, and rW,;_ is again the interest to
the agent). The agent is terminated when the meter reaches 0. When the machine breaks down, the
meter jumps down 3. When the machine recovers, the meter jumps up by [Bq, unless the jump is
clipped by w,. The agent receives incentive payments of 7y + (1w Bu per unit of time only when the
meter reaches wy. In addition, the agent is continuously reimbursed at rate cy for his effort cost
when the machine’s state is 0 € {d, u}. This form of payment can be interpreted as a “base rate”

of pay in addition to the aforementioned incentive pay, which is easy to explain in practice.

2.4.1.2 Value functions and proof of optimality when v4 > vy

In this section, we first heuristically derive the dynamics of the principal’s utility, as a function of
the agent’s promised utility under the proposed optimal contract I'] defined in Definition 2.1. Later,
in Proposition 2.2, we prove that our derived value function is the actual optimal value function of
the principal.

Specifically, let Jq(w) and J,(w) represent the principal’s utility at time ¢ when the agent’s
promised utility is w if the machine’s state is d and u, respectively. Following a standard heuristic
derivation (see Appendix A.1.4.1), we obtain the following system of differential equations. In

particular, for state d and w € [0, wq], the differential equation is

(ta +7)Ja(w) = —cq + r(w — wa) Jg(w) + praJu(min{w + Ba, Wu}) — pa(w + fa — 0u) .
2.21)

19Here we present the complete mathematical formulation of the alternative optimal contract. The dynamic of the
continuation utility is

dWy = [T(Wt— - wd)dt + deNt] ]]-9t—:d + { [(rWt— + ﬂuﬂu)dt - ﬁudNt] I]-Wt_gu’)u
+HWie + pa(Wie — @04a)) 1w, <a dt — (Wi — @d)dNt] Iw,_ e(wa,du] }let_:uv (2.20)

and payment dL; = (riy + puBa)lw,_ —w, Lo, —udt.
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For state u, the differential equation for w € [y, Wy) is
(pa + 1) Ju(w) = R — ¢y + (rw + prufu) Jy(w) + pruda(w — Bu) (2.22)
with at w = Wy,
(pu + 1) Ju(W04) = R — ¢y + puda(n — Bu) — 7. (2.23)
The boundary conditions are

Ju(0) =v, and Jq(0) = vy, (2.24)

u

reflecting that the principal receives baseline revenues vy and v,, (defined in (2.4)), upon terminating
the agent in states d and u, respectively.

For the interval [0, 3,], we simply extend the function .J,(w) to be linear, that is,

+ Ju(/Bu) _ Ju(o)

Ju(w) = Jy(0) 5.

w, forw € [0, By (2.25)

As we have demonstrated, the agent’s promised utility never falls into the interior of this interval if
we follow the optimal contract according to Definition 2.1. However, having an extended definition
of Ju(w) for that interval is crucial for the the proof of optimality of the contract in Definition 2.1.
This 1s because the optimality proof needs to argue that contract I'] outperforms any other contract,

and a generic contract may bring the promised utility to this interval at state u.

Proposition 2.1 The system of differential equations (2.21)-(2.23) with boundary conditions (2.24)
and (2.25) has a unique solution: the pair of functions Jy(w) on [0, wy] and Ja(w) on [0, wa), both
of which are strictly concave with J,(w) > —1 and Jj(w) > —1.

Following proposition 2.1, we can define w}; and w}, as unique maximizers of J4(w) and J,(w)
on [0, wq) and [0, wy], respectively. Next, we show that functions J4(w) and J,(w) are indeed the
value functions of the principal under contract I'j(w), starting from a promised utility w at time 0

with the initial states 6y = d and 6, = u, respectively.

Proposition 2.2 Forany state 0 € {u, d} and promised utility w € [0, wy], we have U (I'; (w), v*,0) =
Jo(w). That is, functions Ju(w) and Jq(w) are equal to the principal’s total discounted utilities of

following contract I'} when the initial state of the machine is u and d, respectively.

Figure 2.2 provides a numerical example of the principal’s value functions J4 and J,,. To

implement the contract, the principal needs to designate the initial promised utility W,. The initial
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promised utility should be w} if the machine starts at state ¢y = d and should be w;, if the machine
starts at state y = u. Note that due to concavity, if J,(3y,) > Ju(0), then w} > 5,. Otherwise, the
optimal initial promised utility w}, = 0, and, in this case, it is better not to hire the agent if the initial
state of the machine is u.

Furthermore, it is worth noting that Jq(iq) = Uq and J,(0y) = Uy, where Uq and Uy, defined
in (2.12), are the principal’s utilities under the simple contract I introduced in Section 2.3.1. This
implies that I'} always (weakly) outperforms I". The suboptimality of the benchmark contract I' is

the difference between the peak of the value function .Jy and Uy if the system starts from state 6.

Julwy)

Figure 2.2: Principal’s Value functions with ji, = 6, Apy = 3, tta = 5, Apg = 3, ¢4 = 0.8, ¢cq = 1,
r=0.9,and R = 7.5.

In Figure 2.2, we have wq = 0.74, w, = 1.01 and 5, = 0.27 < g = 0.33. Ju(w}) = 2.388,
v, = 2.031 and J,(10,) = Uy = 1.012. Jg(w};) = 1.746, vg = 1.4 and Jq(w0q) = Uq = 0.632.

Finally, to show that the contract I'] is indeed optimal, in the next proposition, we first demon-
strate that functions J,, and J4 are upper bounds for the principal’s utility under any incentive

compatible contract I', if the machine starts at states u and d, respectively.

Proposition 2.3 For any incentive compatible contract I' and any initial state 0 € {u,d}, we have
Jo(u(D,v*,0)) > U(L,v*,0), in which we extend the function Ja(w) = Jy(wg) — (w — wy) for

w > We.

Therefore, we know that for any incentive compatible contract I" and initial state 6,
U, v*,0) < Jp (u(l', v, 0)) < Jo(wy) = U (I'f(wp), ", 0),

where the first inequality follows from Proposition 2.3, the second inequality follows from the fact
that wj is the maximizer of .Jy, and the third equality follows from Proposition 2.2. This implies the

following main result of this section.
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Theorem 2.1 The optimal incentive contract is I'; (w}) if Ba > Pu, condition (2.14) is satisfied and
the machine starts from state § € {u,d}. That is, U(Lj(w}),v*,60) > U(T,v*,0) for any incentive

compatible contract I" and state 0.

2413 v,<u,

In this section, we consider the case if (2.13), or equivalently, (2.14), is violated. That is, the
revenue rate R when the machine is up is not very high. Consider the following contract structure.
If the machine starts at state d, the principal does not hire the agent. If the machine starts at state u,
on the other hand, the principal hires the agent only to maintain the machine until it breaks down for
the first time. During the maintenance period, the principal pays a constant flow payment with rate

(r + ptu) Pu. Furthermore, the agent’s corresponding promised utility is maintained at 3,,, because

*

H%A e (r + ) Budt| = B,

where 7., the time in state u, follows an exponential distribution with rate fi,,.

Here is a formal definition of the proposed contract.
Definition 2.2 Define contract I'}, when the machine starts in state u as the following:

i. In state u, the agent’s promised utility W, is maintained at 3, which drops to 0 as soon as

the state switches to d. In state d, W, remains to be Q.
ii. The payment to the agent follows dL; = (r + ) fudt at state u.
iii. Termination occurs when the state switches to d, that is, ¢* = 1 and 7 = min{t : 6, = d}.

It can be verified that the corresponding expected societal value starting from state u is

T‘j * R - u u
va = E [ / e (R — co)dt 4 e "oy | = o Cu Hulla (2.26)
0 o

Intuitively, the aforementioned contract structure is desirable only if it out performs not hiring the

agent at all starting from state u. That is,
Uy > Uy, or, equivalently, R > gy, (2.27)

in which we define
- (r o+ ﬂu> Ba. (2.28)

For 3q > [, it is easy to verify that hq > gy. (In particular, hg = gy if g = Bu.)
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The next result formally states that such a contract is indeed optimal when condition (2.14) is
violated while (2.27) holds, that is,
gu < R < hg. (2.29)

Theorem 2.2 1. Contract I}, is incentive compatible.

2. The principal’s utilities following Contract I';, are
Uy, v,d) =vq and U (T}, v" 1) = vy — Bu.

3. Assume that condition (2.29) holds.

(i) For any incentive compatible contract I', we have
Qd 2 U(F7 V*7d)7

or, it is better not to hire the agent starting from state d.

(ii) Furthermore, if vy — By > v,,, we have
Uy, vu) > U, v ),

That is, 1'}, is the optimal incentive compatible contract.

(iii) Finally, if vy — PBu < vy, for any incentive compatible contract I', we have
Qu Z U(F7 V*’ u)’

or, it is better not to hire the agent starting from state u as well.

Contract I';, suggests that the principal hire the agent only if the machine starts in the up state,
and terminate the agent as soon as it breaks down. This is driven by the fact that we do not allow
the agent to shirk so far in the paper.!! If we allow shirking instead, the principal may benefit from
hiring the agent to exert effort only when the machine is up, while allowing the agent to shirk when
the machine is down. In Section A.2.2 of the e-companion, we provide the optimal contracts that
motivate the agent to exert effort only when the machine is up (resp. down), and call it “maintenance
contract” (resp, “repair contract”). It is clear that contract I'}, is a particular “maintenance contract.”
Therefore, under condition (2.29), the optimal “maintenance contract” always outperforms the
contract I'},. Generally speaking, the principal may prefer the maintenance contract over a contract
that always induces effort when, for example, when the agent’s cost of effort to repair (cq) is so

expensive that the principal is better off just hiring the agent to conduct maintenance and not repair.

1«Shirk” usually refers to the situation that the agent does not make the required effort. Here, we follow the
convention of [Zhul3] to refer to the situation where the contract instructs the agent not to exert effort.
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The next result further states that if condition (2.27) is violated, it is also better for the principal

to not hire the agent than motivating effort.

Theorem 2.3 If
R < gy, (2.30)

we have v, > U(I",v*,0) for any incentive compatible contract I and state 6 € {u,d}, where g,
is defined in (2.28).

Theorem 2.3 is intuitive in the sense that when revenue rate R is not large enough compared to the

cost, it is not worthwhile for the principal to pay the cost and payment to induce the agent to work.

2.4.2 The case 34 < (4

If B4 < PBu, the contract I'] in Definition 2.1 is no longer incentive compatible. To see this,
consider the situation where the promised utility W;_ < 3, — 4 before the machine recovers. If
the promised utility still jumps up by Bq upon the machine recovery at time ¢, then W, < 3. At that
point constraint (2.7) cannot be satisfied. That is, the principal cannot incentivize the agent to exert
effort in maintaining the machine. As we will show in the following, the optimal contract needs
to involve random termination when the agent’s promised utility is low. Furthermore, when the
promised utility is high, the optimal contract involves a region where one of the incentive compatible
constraints in (2.7) is not binding. As we have alluded to in Section 2.3.2, this is quite peculiar,
because, as far as we know, IC constraints are always binding in optimal contracts studied in the
continuous time moral hazard literature (see, for example, [San08], [BMRV10], [Shal7a], [ST18]).

The structure of this section mirrors Section 2.4.1. In Sections 2.4.2.1 and 2.4.2.2, we first study
incentive compatible optimal contracts under condition (2.18). Finally, Section 2.4.2.3 studies what

happens when condition (2.18) is violated.

2.4.2.1 Optimal IC contract when v,, > v,

We first illustrate the structure of the optimal contract using Figure 2.3 before formally defining
the optimal contract. Once again, the contract keeps track of the agent’s promised utility I¥; over
time. The dynamics of WW;, however, are more complicated than the optimal contract in Section
2.4.1.1. In particular, if W;_ € (0,wq) in state d, the promised utility keeps decreasing until
either the machine is repaired, or the promised utility reaches 0 and the agent is terminated. If
W;_ € [wq,q] in state d, on the other hand, the promised utility remains a constant until the
machine is repaired. If, upon recovery to state u, the promised utility is below [3,, however, the

incentive compatibility constraint (2.7) implies that the machine cannot stay in state u at the current
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promised utility level. Instead, the principal randomly terminates the contract or resets the promised
utility to be at or above [,,.

Figure 2.3 depicts two sample trajectories following the proposed contract starting at state
6y = d from an initial promised utility W, = w}; € (0,wgq). First, focus on the solid curve. The
promised utility decreases over time while the agent exerts effort to repair the machine, until time ¢;,
when the machine recovers. At this point, the promised utility jumps up by 4 and the agent starts
maintaining the machine at state u. The promised utility keeps increasing until time ¢5, when the
machine breaks down. In the time interval (¢5, t4), the promised utility behaves the same way as it
does in (0, t5), with the machine recovering at 3. When the machine breaks down again at time %4,
however, the promised utility is already so high that it will still be above w4 after a downward jump
of B,. Because W;_ > wjq at state d, the promised utility is kept at this level as a constant, until
the machine recovers at time t;. At this point in time the promised utility takes an upward jump
rWi,—/pa > Ba, or, the IC constraint (2.7) at state d is not binding. After time ¢5, the machine stays
in state u while the promised utility increases to reach 10, at time 5, at which point the contract
follows I as defined in Section 2.3.2. Note that following this sample trajectory, the structure of the
optimal contract after time ¢, behaves differently from the optimal contract I'] defined in Section
2.4.1 (because the promised utility remains constant even though the machine is down).

Now we focus on the other sample trajectory in Figure 2.3'2, the dotted curve. The machine is
in state d during time intervals [0,7,) and [£5, 3), and in state u during [£,, ;). The promised utility
decreases in state d and increases in state u. Right before the machine recovers for the second time,
at £3, the promised utility is below 3, — (4. Therefore, even an upward jump of 34 cannot raise the
promised utility above [3,. In light of the discussion in the beginning of this section, the agent is
terminated with probability ¢; = (Bu — W4,)/Bu. On the other hand, with probability 1 — q;, . the
agent’s promised utility is reset to [3,,.

The policy starts from w} = 1.194. The solid curve represents a sample trajectories which
brings the agent to the point of never terminated. The dotted curve represents another sample
trajectory in which the agent is terminated due to a random draw at a point when the machine
recovers.

It is clear that randomization needs to occur at state u if the promised utility is below the
threshold /3. In fact, the threshold below which the random termination occurs does not have to be
exactly (3. It can be at a more general level of B > [u. In the contract depicted in Figure 2.3, we
have 3 = f34, but this equality does not necessarily always hold, and we may have B > Bu. That
is, as long as the promised utility IV; is below 3 in state u, the agent is randomly terminated with
probability ¢ = ( B - W/ B . If termination does not happen at the random draw, the promised

utility is reset to B .

2we have wq = 3, Wq = 6, Wy = 7and By = 1 > Bq = 0.6.
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Figure 2.3: Two sample trajectories of promised utility with model parameters p,, = 2, Ay, =
Lpa =6,Aug =2,c4 =1,cq = 12,7 = 0.8, R = 20.

Formally, we define the following contract, FE, and later show that the optimal contract follows

this definition with an appropriately chosen value of B > Ba-

Definition 2.3 For any 3 € [y, Wy), define contract Fg(w) = (L*, ¢*, 7*) for w € [0,wy] if the
initial state of the machine is 6 € {u, d}.

i. The dynamics of the agent’s promised utility W, follows

_ rW;_
th :{T(Wt_ - 'LUd)]].Wt7<u_]ddt + {:H_Wte(wdywd]u—(: + :H_Wtfe(B_BdﬂDd]/Bd

+ Ly, <p-pq [(1 — X)) (B~ W) — XtWt—] }dNt}Hth
+ [(TI/Vt— + ﬂuﬁu)dﬂLWt,«Du - 5udNt]19t7:u7 (DWZ)

from an initial promised utility Wy = w.
ii. The payment to the agent follows dL; = 31y, _wLlw, —u,dL.

iii. The random termination probability is q; = (W;-) 1y, . 5. 3le, —adNy, in which

~

5_(Ui+ﬁd)

q(w) = 3

) (2.31)
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and the termination time is 7" = min{t : W, = 0}.

It is worth noting that in contract FE (w), constraint (2.7) is not always binding. Specifically,
if W,_ > wgq, following the definition we have ¢; = 0 and H; = rW;_/uq > Sa. Before we
rigorously prove the optimality of the contract, let us explain the intuition why constraint (2.7) is
not always binding in the optimal contract, in two steps. First, we explain that social efficiency can
be achieved in the optimal contract. Then we explain why achieving efficiency introduces slacks in
the incentive compatible constraint (2.7) when 34 < 4.

The principal and agent having the same time discount rate implies that they have the same
total discounted valuation for any payments. Therefore, the societal value function is simply the
principal’s value function plus the agent’s promised utility. Consequently, a contract that maximizes
the principal’s value function must also maximize the societal value function. Under condition
(2.18), contract [ introduced in Section 2.3.2 achieves social efficiency (maximizes the societal
value functions at promised utility levels w, or w,). Therefore, social efficiency must also be
achievable at the same promised utility levels under the optimal contract.

If we had to force incentive compatible constraints to be always binding, the upward jump in
the promised utility would be 34, smaller than the downward jump f3,,. Therefore, no matter where
the promised utility starts from, a downward jump of 3,, cannot be fully compensated by an upward
jump of 34. As a result, starting from any finite promised utility value, a sample trajectory (however
unlikely) with a sequence of very frequent state switches eventually drives the promised utility
down to 0. The existence of such sample trajectories implies that the agent would be terminated
with positive probability, and, hence, social efficiency would not be achievable. This contradicts the
arguments in the last paragraph that the optimal contract should be able to achieve social efficiency.

Therefore, in the optimal contract we cannot enforce IC constraints to be binding all the time.

2.4.2.2 Value functions and proof of optimality when v, > v,

There are some important distinctions in the approach to determine the principal’s value func-
tions, in the case of $4 < [y, compared with the one in Section 2.4.1.2. This is because here we
need to specify the threshold B that defines when/if the agent will be randomly terminated.

First, let Jq(w) and J,(w) represent the principal’s value functions for states u and d, respec-
tively. Following Definition 2.3 and similar heuristic derivation steps as in Appendix A.1.4.1, we
obtain the following system of differential equations. In particular, for state d, equation (2.21) in

Section 2.4.1.2 becomes the following three equations

T+ [a

(,ud + T)Jd(U)) = Ndju ( U}) —Cq, W E [U_}d,’UAJd], (2.32)
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—cq +r(w —@q) Jh(w) = (pa + 1) Ja(w) — praJu(w + Ba), w € |3 — Ba,@a], and  (2.33)

—ca+ r{(w = @a) Jy(w) = (ta + 1) Ja(w) = pa |§(w)Ja(0) + (1 = 4(w)) Ju(B)] , w € [0, ~ Ba].
(2.34)

For state u, the differential equation is similar to (2.22) for w € [B, Wy]. That is,

—Cu _'_ (TU) + Muﬁu)1w<ﬁ}u ;(U]) = (:u/u + 7,')Ju(u]) - R - ,Uut]d<w - 51.1) _'_ g*]lw:ﬁ)ua w e [Ba wu]
(2.35)

~

Due to randomization, we may further extend function .J,,(w) to the interval [0, 5] as a linear

function with a slope a, that is,

~

Ju(w) = Ju(0) + aw, w €0, ). (2.36)

The principal receives baseline revenues vy and v,,, as defined in (2.4), upon termination in states d

and u, respectively, which implies the following boundary conditions

Ju(0) =v, and J4q(0) = vy. (2.37)

u

As we described in Section 2.4.2.1, we have B > [u. Before specifying how to obtain the
threshold 3 next, here we provide some intuition on why the optimal threshold may be higher
than f3,. Intuitively, in optimal control problems with a finite number of actions, randomization
between actions allows us to obtain a concave upper envelope of the value function. In our setting,
randomization between contract termination (setting the promised utility w to 0) and resetting the
promised utility to 3, allows us to achieve a value function that is linear between 0 and f3,,. If the
resulting value function is concave, then we can show that the control policy is indeed optimal.
However, if the aforementioned randomization yields a value function such that the left derivative
at (3, is smaller than the right derivative at this point, then the resulting value function is not
concave. Whenever a value function is non-concave, it must be sub-optimal. This is because using
randomization we should at least achieve its concave upper envelope. In our setting, this implies
that we can increase the point where we reset the promised utility, from [, to somewhere above
it, until the value function becomes concave. Smooth pasting captures the intuition that the value
function becomes “barely concave.” In this later case, randomization between 0 and ; (instead
of f,) yields a value function that is smooth at j; for state u. In the following, we present the
technical details to find B .
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We first present the following result regarding general solutions to the aforementioned differen-

tial equations.

Lemma 2.2 For any a > —1, there exists a unique pair of functions J:;B and JﬁB, in place of Jq4
and Jy, respectively, that satisfy (2.32)-(2.37), in which slope “a” appears in (2.36).
Furthermore, functions Jgﬂ (w) and J°(w) are twice continuously differentiable, except for

N

Jﬁfé(w) atw = .

It is straightforward to show that it is sufficient to focus only on the case a > —1. Intuitively, this is
because the slope a represents how much the the principal’s utility changes as the agent’s promised
utility increases. It can never be less than —1 because otherwise, decreasing the agent’s promised
utility by a direct monetary payment would generate a profit to the principal, which is impossible.

Next, we determine the threshold B for a given slope a. The idea is to set B such that function
JgB (w) is differentiable at 3 if possible, so that we achieve “smooth pasting”'® between (2.35) and

(2.36). For this purpose we define the following function for § € [y, Wy),
~ QB, ~ aB/ ~ ~
folB) 1= (a7 (B) = ' (B)) (rB + puBBu): (2.38)

Function f, is a technical construction, and has good properties for us to study when the function
J25°s left and right derivatives are the same at B . Clearly, we can achieve “smooth pasting” if there

exists a B such that fa(B ) = 0. The following result guarantees that there exists at most one such B .

Lemma 2.3 Foranya > —1, function f,(3) is increasing in (3 on [y, 0y), and limgtg, f(B) >o.
Therefore, the following quantity 3, is well defined,

oo B RGO 039

f10),  fa(Ba) <0,

in which f; ! is the invervse function of f,.

Furthermore, as soon as the promised utility reaches w,, in state u, the contract FE, becomes
identical to I', and the agent will no longer be terminated. This implies the following boundary

conditions
J3P (lhg) = Bq — wa and  J(iby) = By — by (2.40)

in which v4 and v,, are the societal value function when the agent is never terminated, as defined in
(2.11).

3The “smooth pasting” condition requires that the value function is differentiable at B . This condition often arises in
optimal stopping problems [DP94] and optimal contract design [Zhu13, CSX20].
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Now we are ready to uniquely determine the value a in equation (2.36) for the value function.

Proposition 2.4 There exists a unique a > 0 such that

lim JiPa(w) = J&P (by) = Dy — Wy and lim J3% (w) = J§ (g) = va — g,  (2.41)
Wl wlibg
where threshold f3; is defined according to (2.39). Furthermore, functions J3'* (w) and J% (w)

are both strictly concave, and,

d _d
i, ) = i, T4 ) = 1

Similar to Proposition 2.2, the following result shows that .57 (w) and J%% (w) specified in
Proposition 2.4 are indeed the principal’s total discounted utility under contract I's, (w), as stated in

the next result.

Proposition 2.5 For any state 0 € {u, d} and promised utility w € [0, wy], we have U(I';_(w), v*,0) =
J2P% (w). That is, values J3™ (w) and J%% (w) are equal to the principal’s total discounted utilities
of following contract ', from the initial promised utility w when the initial state of the machine is
u and d, respectively.

Figures 2.4 and 2.5 depict the principal’s value functions J5° (w) and J%% (w), similar to Figure
2.2 of Section 2.4.1. In particular, Figure 2.4'* depicts a case where the threshold 3; = [, while
Figure 2.5'5 depicts a case with 3; > (3, with smooth pasting in play.

Now we are ready to show that the contract I';_ is indeed optimal. The following main result is

parallel to a combination of Proposition 2.3 and Theorem 2.1 of the previous subsection.

Theorem 2.4 For any incentive compatible contract I and initial state § € {u,d}, we have
Jghe (u(T,v*,0)) > U(L,v*,0), in which we extend the function J3P (w) = J§P (wg) — (w — p)
for w > wy.

Therefore, denoting wy to represent a maximizer of function Jg Pa e have U (Fga (wy), V", 6’) >
U(T,v*,0) for any incentive compatible contract I" and state 0. That is, the optimal incentive
compatible contract is Fga (wp), if Bu > Ba, condition (2.19) holds, and the machine starts from
state § € {u,d}.

“In this case, wq = 1.5, q = 1.75 and @y, = 2.45 and 3, = 0.7 > 4 = 0.6. J,(w},) = 8.195, v,, = 5.602 and
Ja(th) = Uy = 7.147. Ja(w?) = 5.414, vy = 2.546 and Jq(tq) = Ug = 4.819.

I5n this case, g = 3.33, g = 4.33 and fy = 1.2 > fq = 0.6. @ = —0.499 and f = 1.259, w = 0.222.
Ja(w?) = 2.066, v, = 2.066 and Jy(ig) = Uy = —4.095. Ja(wy) = 0.964, vy = 0.939 and Jq(a) = Ug =
—3.829.
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Figure 2.5: Principal’s Value functions with smooth-pasting, where p, = 8, Apy = 4, g =
6, Apg =5,cq4 =4.8,ca =3,r=12 R = 16.
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It is worth noting that Jf}ﬁa(wd) = Uy and JPa (1) = Uy, where Uyg and Uy, defined in (2.17),
are the principal’s utility under the simple contract I of Section 2.3.2. This also implies that contract
FE always (weakly) outperforms [. The difference between the peak of the value function Jg’g ¢
and Uy demonstrates the suboptimality of the benchmark contract I' if the machine starts from
state 6. For example, in Figure 2.4, the difference between the optimal contract and the benchmark
contract is captured in the difference between J,(w}) = 8.195 and J,(w,) = U, = 7.147,
or Jg(wj) = 5.414 and Jq(q) = Uq = 4.819, when the machine starts from state u and d,
respectively. In Figure 2.5, we have J, (w},) = 2.066 and J,, () = Uy = —4.095; Ja(w};) = 0.964
and Jg(wq) = Ugq = —3.829. Therefore, in the case of Figure 2.5, the optimal contract is profitable,
while the benchmark contract is not.

Furthermore, as we can see from Figure 2.5, where the threshold 3; > [, the function JS/BE (w)
is monotonically decreasing, or, the maximizer w}, = 0. That is, if the initial state of the machine is
u, it is better for the principal not to hire the agent than to motivate the agent’s full effort. This is

generally true, as confirmed in the following result.
Proposition 2.6 If 5; > (., then we have the slope a < 0.

In other words, if it is optimal to hire the agent at the initial state u, then the threshold [; in contract
[, must be equal to 5,. On the other hand, in Figure 2.5, we have wg > 0. Therefore, when
smooth pasting is at work (5; > [(,), it is better not to hire the agent if the initial state is u. However,
it may still be beneficial to hire the agent if the initial state is d, although this benefit tends to be

small.

2423 v, <y,

Now we consider the case that (2.18), or, equivalently, (2.19), is violated. First, similar to (2.26)
in Section 2.4.1.3, we define the following societal value for the case where the agent starts in state

d, exerts effort to repair the machine and is terminated once the machine is repaired,

_ Hd¥y — Cd

242
T+ Ua ( )

T3 .
vq = E [—/ e Meqdt + e Uy
0

Here 7 represents the time that the machine is in state d, which follows an exponential distribution
with rate g when the agent exerts effort.
Similar to condition (2.27) in Section 2.4.1.3, we first consider the optimal contract under the

following condition,

V4 > U4, Or, equivalently, R > gq, (2.43)
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in which we define
gqa = (r g T ﬂu> Ba. (2.44)

And we have gq < (=)hy, for fq < (=)Su-

If the machine starts at state u, the principal does not hire the agent. On the other hand, if the
machine starts at state d, then the promised utility starts from an initial value W, < wq and keeps
decreasing according to dW; = r(W,;_ — wq)dt until termination, when either W, reaches 0 or the
machine recovers. If the machine recovers at a positive IW;_, then the agent is paid this promised
utility W;_ plus 34, which provides the incentive for the agent to exert effort to repair the machine.

Formally, we have the following definition of a contract.

Definition 2.4 Define contract I'j(w) for w € [0,wq] if the machine starts in state d as the

following.

i. In state d, the agent’s promised utility W follows
th - T’(Wt, - U_)d)dt - Wt,dNt y (DWd)

starting from Wy = w. In state u, W; remains 0.
ii. The payment to the agent follows dL; = (W;_ + Bq)dN;.

iii. The random termination probability is q; = 1{9,—u}, and the termination time is 7* = {t :
Wt = O}

According to Definition 2.4, termination may occur when the machine is down for a long enough
period, or at the time it recovers.

The next result formally establishes the optimality of the contract.

Theorem 2.5 [. Contract I';j(w) is incentive compatible.

2. The principal’s value functions under contract I'5(w) are

U (F:;<w)7 V*7u) =V, — W,

1+4d
U (3w, d) =(e — o) (1= 1) = vt
d

3. Assume that condition (2.19) is violated while (2.43) holds, that is

ga < R < hy. (2.45)
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For any incentive compatible contract I, we have
U([Ti(w),v*,d) > U, v*,d) and v, > U(T, ", u),

where w* is a maximizer of U (I'(w), v*, d) as a function of w.

Contract I suggests that the principal hires the agent only if the machine starts in the down
state, and terminates the agent as soon as the machine recovers. This is intuitive because 8q < [y
implies that it is cheaper to motivate effort to repair than to maintain. The fact that the agent is
terminated as soon as the machine is up is, again, due to the fact Theorem 2.5 is focused on incentive
compatible contracts. If we allow shirking instead, the principal may benefit from hiring the agent
to exert effort only when the machine is down, while allowing the agent to shirk when the machine
is up. As mentioned in Section 2.4.1.3, we call this class of contract “repair contract,” which also
includes I'}j. Therefore, under condition (2.45), the optimal repair contract outperforms the contract
I'}j (the repair contract is analyzed in the e-companion).

Despite similarities, Theorem 2.5 is not quite the same as Theorem 2.2 for the previous case.
Most prominently, the value function in (A.85) is non-linear, while in (A.50) it is piece-wise linear.

If the maximizer w* = 0, Theorem 2.5 indicates that the principal should not hire the agent at
all. Similar to Theorem 2.3 in Section 2.4.1.3, the following result indicates that the principal is

also better off not hiring the agent if condition (2.43) is violated.

Theorem 2.6 If
R < ga, (2.46)

we have vy, > U (L', v*,0) for any incentive compatible contract I" and state 6 € {u,d}, where gq
is defined in (2.44).
24.3 A summary

It is helpful to summarize the main results that we obtained throughout this section. For the
case of Bq > (4, we have characterized model parameters into three regions that can be easily

characterized by focusing on the revenue rate R, fixing other model parameters.

* R > hg: The incentive compatible constraints in equation (2.7) are always binding, and the

dynamic contract '] demonstrates rich structures.

* R € [gu, ha]: The principal may hire the agent and motivate effort only to maintain the

machine.
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* R < gy4: No incentive compatible contract (including hiring an agent only to maintain or
repair—analyzed in the e-companion) performs better for the principal than not hiring the
agent at all. Furthermore, as we will demonstrate in the e-companion Section A.2.1, for these
model parameters, not hiring the agent is the best strategy for the principal, even among

contracts that allow shirking.
Similarly, when 34 < B, we also characterize model parameters into three regions of revenue R.

* R > hy: The optimal contract follows Fz(w), where the incentive compatible constraints in

equation (2.7) may not be always binding and the agent may need to be terminated randomly.
* R € [gq, hu): The principal may hire the agent and motivate effort only to repair the machine.
* R < gq: Not hiring the agent is the best strategy for the principal.

Finally, if we do not allow contract termination, the following Proposition shows that the simple

contracts I and I introduced in Section 2.3 are optimal.

Proposition 2.7 For any state 0 € {u,d} and incentive compatible contracts T" such that T = oo,

we have
® U<Fa V*,Q) Z U(Fa V*,H) lfﬁd Z Bu;

« UT,v*,0) > U, v*,0) if Ba < Pu

2.5 Numerical Comparison

So far, we have focused on analyzing optimal contracts that induce full effort from the agent
before termination. However, these contracts are not necessarily optimal if the principal does
not need to always induce full effort from the agent. In the e-companion, we provide sufficient
conditions based on principal’s value functions. One can use these conditions to verify if the optimal
incentive compatible contracts that induce full effort are, in fact, optimal, even if we allow shirking.
When the sufficient conditions are not satisfied, it may be preferable for the principal to hire the
agent just to maintain or just to repair, and to allow the agent to shirk (‘““maintenance contract” and
“repair contract” formally studied in the e-companion Section A.2.2).

In the following, we numerically compare the performance of the full effort incentive compatible
contracts versus the repair only contract and maintenance only contract. In Figures 2.6, 2.7 and
2.8, 2.9, we vary revenue rate 1R, while keeping all other parameters the same. For each choice of
model parameters, we calculate the principal’s value for the three contracts and the value without
any agents when the machine starts from state d and u, respectively. As R increases, the principal’s

value under all the three contracts increase.
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Figure 2.6: Principal’s value start at d, under three contracts

Figures 2.6 and 2.7'¢ depict the case of 3, > 3. When R < g4, according to Theorem 2.6,
it is not worthwhile to hire the agent when we only consider the full effort incentive compatible
contracts. In the e-companion, Propositions A.4 and A.7 show that even under the maintenance
only contract and repair only contract, the principal should not hire the agent when R < g4 (note
that gq < gy 1n this case). This is consistent with what we see in Figures 2.6 and 2.7, where the
four curves coincide when R < gq. In fact, the region that they are all the same extends to R > gq,
indicating that the optimal initial promised utility w}j or wy, is 0 in the optimal contracts, which is
equivalent to not hiring the agent at all. Increasing R further, hiring the agent starts making sense.
First, the repair only contract outperforms the other two. In the e-companion, Theorem A.2 implies
that when R € [ga, hy), the repair only contract always outperforms the full effort contract I'}.
Intuitively, the repair only contract outperforms the maintenance only contract because 3, > (4
implies that motivating effort to maintain is more costly than motivating effort to repair. When R
becomes large enough, on the other hand, full effort contract outperforms the other two one-sided
contracts.

Similarly, Figures 2.8 and 2.9'7 depicts the case 3, < (3. The observations and underlying
reasons are parallel to Figures 2.6 and 2.7 and we do not repeat.

It is clear that a very interesting extension of our paper would be one that studies optimal
dynamic contracts that allow the agent to shirk. Unfortunately, this case seems to be very difficult
to analyze, and the optimal contracts may involve complex structures that renders them impractical
even for simple settings. [Zhul3], for example, considers the optimal contract with shirking under

Brownian motion. The evolution of the promised utility involves a sticky Brownian motion that is a

e =2,fiu =4, tqg = 3,y =1,cu=2,ca=12,7r=1,R€[0,20] and By = 1 > Bq = 0.6. Here gq and hy
are defined in (2.44) and (2.19), respectively.

7y = 1.5, iy = 3.5, jtq = 3.5,y = 1.5,cu = 0.6,cq = 2,7 = 1, R € [0,20] and By = 0.3 < q = 1. Here gy
and hq are defined in (2.28) and (2.14), respectively.
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mathematical construct with very little practical relevance. Therefore, we consider the pursuit of

optimal contracts that allow shirking outside the scope of this paper, and leave it for future research.

2.6 Conclusion

We study an incentive design problem in continuous time over an infinite horizon. Specifically,
a principal hires an agent to exert effort in order to repair a machine when the machine is down,
and maintain the machine when it is up. The agent can adjust the effort level at any time, which
is not observable to the principal. Our paper contributes to the service/maintenance literature by
studying the optimal dynamic contract. Although we allow a general form of payment and random
termination in the contract design, the structure of the optimal contract is overall simple and intuitive.
In particular, payment over time and potential termination decisions are all based on the evolution
of the agent’s promised utility. Payment only occurs when the promised utility is high enough.
Intuitively, the principal pays the agent a flow when the machine is up, which can be decomposed
into an interest payment to maintain the promised utility, and a rent. In the case that g4 > [,
the principal also needs to use an instantaneous payment upon machine recovery to provide an
appropriate incentive for the agent to repair the machine fast enough.

Our paper also contributes to the dynamic contract literature where an agent exerts effort to
either increase or decrease the arrival rates of Poisson processes. We instead combine both directions
(increase and decrease), which turns out to be a non-trivial generalization. In particular, we find
two new features in the optimal contract, which are new in the dynamic contract literature: (1) The
incentive compatibility constraints are not always binding. (2) When the agent’s promised utility
is low, the optimal contract needs to involve a random termination, if the agent is not terminated
from the random draw, the promised utility is brought back up to a certain threshold. Different
from [Myel5], which also involves random termination, our threshold is not fixed at one level, but
endogenously determined depending on model parameters.

Our general approach applies to other operational settings beyond maintenance/repair. For
example, consider a queuing control system where an agent needs to exert effort in order to increase
either the service rate or the arrival rate (e.g., by marketing efforts). In this case and the number of
customers in the queue could be considered as the state of the system, which is more than the two
states studied in our model. We believe that the techniques and results derived in our paper serve as

a necessary step for solving these more general problems.
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CHAPTER 3

Dynamic Contract Design in the Presence of Double Moral Hazard

3.1 Introduction

We consider a stylized incentive management problem over an infinite time horizon, in which
a principal hires an agent to provide services to customers.! Customers arrive according to a
Poisson process and request service in one of two ways: either via an online channel, or via a
traditional, walk-in, channel. An online customer makes a reservation for the service through the
firm’s online reservation system and prepays for the service, while a walk-in customer simply shows
up to receive the service and pays the agent upon the service completion. The agent is tasked
with providing the requested service to both types of customers as well as collecting the payments
from the walk-in customers. In addition, the agent can exert costly effort to increase the combined
(across-two-channels) arrival rate of customers. The principal is not able to observe the arrivals
of the walk-in customers, nor does she observe whether the agent exerts effort.” This creates an
opportunity for the agent (i) to divert cash (that is, to under-report the number of walk-in customers
and pocket respective revenues) and also (ii) to shirk (that is, not to exert costly effort), thus, leading
to a novel and so-far-unexplored double moral hazard problem. We are interested in how, in the
presence of such a double moral hazard problem, a principal can design a dynamic contract that
maximizes her profits.

The situation we have described is ubiquitous in a variety of service and franchise settings. For
instance, many service organizations have individual locations that are managed by agents on behalf
of the owners. In such organizations, the owners do not have full visibility into agents’ operations.
Thus, the agents have the potential ability to deliver services but to not report that the services were
delivered (practically, diverting some of the revenues from the owners to themselves). [KLS18],

[NRSTO2], and [PSM15] provide an empirical confirmation of the existence of such revenue

! The material presented in this chapter is based on the paper [TAD20] co-authored with Ekaterina Astashkina and
Izak Duenyas.

’The inability of the principal to observe the arrivals of the walk-in customers, for instance, can be motivated by (i)
the principal being located far away from the agent, or (ii) the principal being busy with managing multiple business
units.

40



under-reporting/diversion problem across various service settings. In addition, approximately 15%-
20% of franchise locations are estimated to under-report “sales” by 15% or more (http://www.
audigence.com/franchise.html). A number of forensic accounting firms (Audience,
MDD Forensic Accountants, Tacit, etc.) advertise services that claim to discover and document
how agents have diverted cash. They specifically advertise services that deter under-reporting,
identify fraud schemes, gain visibility into franchise owner practices, develop monitoring tools, thus
confirming the existence of moral hazard problems associated with under-reporting. However, the
cost of hiring an accounting firm and then litigating can be very high.

Make-to-order manufacturing environments are also known to have been exposed to similar
moral hazard issues. As such, according to a classical law case “General Automotive Manufacturing
Co. v. Singer”, a general manager of the shop diverted substantial amount of arriving-at-the-shop
orders to subcontractors of his choice and pocketed respective profits. (General Automotive sued
the manager for breach of contract, — the case was finally decided by the Wisconsin Supreme Court.)
Most organizations, however, do not have the resources to litigate and may prefer to tackle the moral
hazard problems differently, for instance, by setting up appropriate contracts with the agents and/or
adopting mechanisms of monitoring the agents. Despite the fact that this problem is common place,
there is a lack of literature focusing on how, in such situations, a principal can (i) provide incentives
to the agent and (ii) use monitoring mechanisms to address the moral hazard issues and capture the
highest possible profits. This is what we are addressing in this paper.

To induce the desired behavior from the agent, we let the principal employ a carrot-and-stick
approach. The “carrot” is a general form compensation transferred from the principal to the agent:
it is allowed to be anything from an instantaneous one-time payment to a flow payment with a
time-varying rate. The “stick” is the threat of the contract termination that the principal holds over
the agent. Both the compensation and the termination are, at any point in time, contingent on the
information available to the principal: (observable to the principal) past arrival times of the online
customers and (unobservable to the principal and only reported by the agent) past arrival times of the
walk-in customers. To induce the desired agent’s behavior, the principal, thus, designs and commits
to a contract that combines a payment scheme and a potential termination time.? In the extended
versions of the model, in addition to using payments and termination, we allow the principal to
also (i) monitor the agent or (ii) manipulate the relative attractiveness of the online channel against
the walk-in channel. Such channel manipulation can be done via the dynamic adjustment of the
prices charged for the services reserved online. In the remainder of this section, we describe our
findings, discuss the contributions relative to the existing academic literature, and, finally, conclude

by outlining the structure of the remaining sections of the paper.

30ur model can be easily extended to allow the principal to find a replacement at a fixed cost when terminating the
current agent. The nature of our results remains unchanged.
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Select Findings

We focus on the contracts that induce the agent (i) to truthfully report the arrivals of and the
revenues from the walk-in customers (i.e., to not divert cash) and (ii) to exert effort to increase
the customer arrival rate (i.e., to not shirk). We show that focusing on these types of contracts is
without loss of optimality for the principal. We formulate the dynamic contract design problem as a
continuous-time, stochastic optimal control problem with two incentive compatibility constraints.
The incentive compatibility constraints of the moral hazard problems are not separable, which
makes the combined control problem complex and leads to a rich optimal contract structure. In
particular, depending on the relative severity of the moral hazard problems (that is, depending on
which of the incentive compatibility constraints ends up being binding — the one related to effort or
the one related to truthful reporting), the optimal contract has one of three possible structures.

All three contract structures have the following elements in common: (i) a probationary period
during which the agent works for the principal while being offered a so-called (i1) promised future
utility (see [SS87]), that the principal keeps track of during this period; (iii) a tenure period during
which the agent keeps all the revenues collected from the walk-in customers to himself; and (iv) a
termination threshold on the promised future utility. The agent’s promised future utility serves as
an indicator of the agent’s past performance; during the probationary period, it takes instantaneous
upward jumps on certain customer arrivals but otherwise decreases. In each of the three contracts,
the probationary period is over when the promised future utility reaches either the termination
threshold (which marks an immediate contract termination) or the tenure threshold (which marks
the start of the tenure period, that lasts indefinitely).

The variation in the three contract structures, in turn, is captured by the differences in (i) tenure
thresholds, and (i1) the rules for the evolution of the promised future utility (the rate of its decrease,
and the when-and-how for the upward jumps). As such: (1) under the first of the three optimal
contracts, the principal “rewards” the agent with an upward jump of the promised future utility only
for arrivals that are originally unobservable by the principal (but are reported by the agent under
this contract); (2) under the second contract, the principal “rewards” the agent for any arrival type
but the jumps associated with the arrivals from the observable channel are smaller in magnitude; (3)
finally, under the third contract, the principal “rewards” the agent for both arrival types equally.

In the extended version of the model, in addition to controlling payments and termination, the
principal can also monitor the agent (see Section 3.3.1). We, first, consider the full monitoring setting
where the principal could pay a flow cost to monitor two types of (agent’s) private information:
walk-in customer arrivals and whether the agent exerts effort. We find that the principal will conduct
full monitoring only when the agent’s promised future utility reaches a monitoring threshold. Once
full monitoring is initiated, it continues indefinitely and the agent is never terminated.

We also consider the partial monitoring setting, where the principal could pay a flow cost to
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monitor only one type of private information: the walk-in customer arrivals (see Section 3.3.2). In
contrast to full monitoring, the partial one is rather natural and can be realistically implemented
in service management environments. When devising an optimal contract with partial monitoring
schedule, the principal is trading off the partial monitoring costs against the rents that she has
to pay to the agent to address the incentive compatibility constraint for truthful reporting. The
principal also needs to incentivize the agent to exert effort. We find that the principal will conduct
partial monitoring whenever the agent’s promised future utility drops below a partial monitoring
threshold, which does not necessarily last indefinitely. Under partial monitoring, with poor enough
performance, the agent will get terminated, while, with good enough performance, monitoring stops,
and the agent can possibly achieve tenure. Intuitively, partial monitoring ensures that the agent
will not divert any cash, hence, reducing the likelihood of agent’s termination. Since the agent’s
promised future utility serves as an indicator of the agent’s past performance, our results indicate
that it is optimal for the principal to monitor agents with worse past performance more, while there
is less of a need to monitor the agents with a high enough performance record.

In another extension, the principal is allowed to manipulate the relative attractiveness of the
online channel against the walk-in channel, instigating customers to place orders through the
channels observable to the principle. In our setting, lowering the price for the services reserved
online would lure more customers from the walk-in to the online channel. In Section 3.4, we,
therefore, consider the case where the principal can adjust pricing (by providing a discount) to
induce customers to place orders online. We endogenize the customer’s channel choice, by adding
the customer’s utility into the baseline model. When deciding on the optimal dynamic discounting
strategy, the principal is trading off the revenue loss from the provided discount versus the incentive
payments to the agent. We show that the principal will adjust prices less aggressively when the
agent’s promised future utility is high (that is, when the agent’s past performance has been good). It
is worth noting that applying the dynamic discounting tool to address a moral hazard problem is
unique to our model and novel in the literature.

Finally, in Section 3.5, we study how the agent’s utility changes when the principal uses one of
the additional tools: full monitoring, partial monitoring, and dynamic discounting. Unsurprisingly,
under full monitoring (which, when activated, reveals all the agent’s private information), the agent
is always worse off. However, under partial monitoring, (which, when activated, reveals only one
type of private information) or under dynamic discounting, — this is no longer the case. In fact, under
certain conditions (discussed in the respective section of the paper), imposing partial monitoring or
dynamic discounting can sometimes increase the expected duration of the agent’s employment or,

equivalently, reduces the likelihood of agent’s termination, thus, making the agent better off.
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Literature Review

Our paper contributes to the contract theory literature with moral hazard, where the principal
hires an agent who could take a hidden action that affects the principal’s outcome. In the moral
hazard literature, a common focus area has been situations where the agent may shirk (see, e.g.,
[Mir76], [Ho179], [CL13]) and situations where the agent may divert cash (see, e.g., [Tow79],
[Dia84], [BS90]). One clear difference between our paper and most of the previous literature on
contract theory is that our contract design problem is subject to both moral hazard issues (shirking
and diverting cash).

Among the few papers that do allow for multiple dimensions of moral hazard, [HM91] develop a
multi-task model of moral hazard in which the agent has multiple effort choices that affect multiple
outputs. Following [HM91], [GP00] analyze optimal contracts with joint moral hazard in effort
and risk, and [GK14] analyze optimal contracts where the agent chooses management effort and
effective labor effort. However, these papers only consider static contracts, while we are solving
for optimal long-term contracts where the principal can dynamically change the agent’s incentives
based on the agent’s performance to-date. In our setting, it is easy to show that being able to adjust
incentives dynamically makes a significant difference on the principal’s overall profit level.

Our paper is also related to the theoretical literature on franchising, where a franchising chain
hires store managers to manage stores and potentially faces a moral hazard problem. Most of
these papers focus on the level of private effort exerted by the franchisee, that is, on shirking (see
[Sti74] and [BL95]). The problem of cash diversion is much less explored in this literature stream,
except for a few empirical papers such as [AT00] and [MY12], and a theoretical paper by [PRS11].
[PRS11] build a static model in which a franchising chain has franchised and company-owned units.
The franchised unit manager may misreport the sales and steal the rest of the profit (i.e., divert cash)
but not shirk, while the company-owned unit manager may shirk but cannot divert cash. In contrast
to [PRS11], the “manager” in our model can do both of these simultaneously: shirk and divert cash.
In addition, our paper focuses on dynamic rather than static contracts.

Our paper is also related to the dynamic moral hazard literature which adopts the “promised
utility ” framework. In this literature, there are two streams closely related to our paper. The
first stream considers the contract design problem in which the principal hires an agent to exert
private effort to change the arrival rate of a Poisson process: the agent either increases the arrival
rate of good arrivals (see [GT16], [Shal7b], [ST18]), decreases the arrival rate of bad arrivals
(see [BMRV10], [Myel5], [LSTZ20]), or does both (see [TSD21]). All these papers deal with a
single moral hazard problem, while we address double moral hazard. A distinct feature of our
problem setting is that, whereas, in problems with a single moral hazard, the incentive compatibility
constraint is always binding, in our setting, one of the incentive compatibility constraints might not

be binding, hence, leading to a more complex problem and a richer contract structure.
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The second stream considers the dynamic moral hazard problem caused by “diverting cash”
originating from [DS06b] and [CHO6]. [DS06b] consider a firm that hires a manager to run a project,
in which the project generates cash flow with Brownian motion uncertainty, and the manager could
privately divert funds from the project for his own benefit. [CHO6] consider a similar problem
in discrete time. Following [DS06b], several papers had used similar solution techniques but
applied their models mostly to the area of corporate finance (see, e.g., [BMPRO7], [Ful7], [Mal19]).
Another difference between this literature and our work is that, in our setting, the agent can divert
some of the cash coming from customers who arrive according to a Poisson process, whereas the
finance literature typically assumes that the agent is managing the principal’s cash which is subject
to Brownian motion uncertainty. This results in a contract, that is very different from the contracts
considered in those papers. Finally, our paper considers the agent’s private effort to increase sales,
which is missing from this literature stream.

Our extended model with monitoring is related to the literature that addresses dynamic moral
hazard problems using monitoring tools. [PW16] embed a costly monitoring technology into the
setting introduced by [DS06b]. This costly monitoring technology allows the principal to check
whether the agent diverts cash. [CSX20] design a monitoring schedule when the principal hires an
agent who privately exerts effort to decrease the rate of adverse events; whenever the principal is
monitoring, the agent’s effort is guaranteed. In our model, the agent may exert effort to increase the
arrival rate of customers (generating benefits to the principal) but may also divert cash. Hence, our
paper clearly differs from these papers as we focus on double moral hazard problem (that includes
both effort and cash diversion). In addition, we also consider two types of monitoring tools: the full
monitoring, which deals with both moral hazard problems, and the partial monitoring, which only
deals with the cash diversion problem.

Further, some recent empirical studies have demonstrated that monitoring tools are commonly
used in service management environments and have empirically shown that monitoring tools can
mitigate moral hazard and enable firms to design more efficient contracts. For example, [NRSTO02],
[PSM15], and [KLS18] consider settings (agents soliciting donations, agents serving customers
at a restaurant, and agents driving minibuses), where the principal monitors agents’ effort and/or
agents’ sales. Specifically, [KLS18] consider the setting, where a firm in Kenya hires mini-bus
drivers who can shirk and also divert cash, which is similar to ours. However, customers in their
setting arrive from only one channel, which is unobservable by the principal. In contrast, we allow
for two customer channels, one observable and one unobservable by the principal. Also, our focus
is on the analytical derivation of optimal dynamic contracts, while these papers are empirical.

The approach of “promised utility” is not the only framework to address the dynamic contract
problem. In operations management field, [PZ00], [ZZ08], and [ZTHI19] develop a dynamic

principal-agent framework to delegate operational control of a system that can be modeled as a
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Markov decision process. They assume that the agent is risk-averse and can access efficient banking
with the same rate of borrowing and lending. Therefore, they do not assume limited liability.
Limited liability is a common assumption in the contract literature (see, e.g., [BMRV10], [CL13],
[GT16], [GAKR20]). Without it, the principal can simply sell the business to the agent to resolve
the incentive issues if both the principal and the agent are risk-neutral. Furthermore, none of these
papers consider the double moral hazard problem. The assumption of limited liability for the agent
and the existence of two dimensions of moral hazard result in significant complexity and very
different control structures in the problem that we address.

Finally, our paper is related to recent operations management literature which studies the off-
platform transactions in online marketplaces (see [GZ20] and [HSGT20]). Specifically, they explore
the phenomenon where, after initially connecting on the platform, the customer can transact with
the service provider directly “off-platform”. If we see the platform as a principal and the service
provider as an agent, our model can be applied to deal with the off-platform transaction problem.
Neither of these papers considers a dynamic principal-agent framework. In particular, [GZ20]
conduct an empirical study while [HSGT20] adopt a queueing game-theoretic framework but have
no contract structure. Our paper’s framework, therefore, can also be applied to design contracts in
online marketplaces.

The rest of this paper is organized as follows. We present the baseline model and the corre-
sponding optimal contracts in Section 3.2. In Section 3.3, we extend the baseline model to allow
monitoring. Section 3.4 generalizes the baseline model to allow the principal to manipulate the
relative attractiveness of the two channels. Finally, in Section 3.5, we look at how agent’s utility

changes when the principal adds either the monitoring tool or the dynamic discounting tool.

3.2 Baseline Model

This section is organized as follows. In Section 3.2.1, we introduce the baseline model. In
Section 3.2.2, we present the structure of the optimal contracts and the corresponding value functions.
In Section 3.2.3, we show the optimality of the contracts in the space of contracts with full-effort
and truth-telling (i.e., the contracts that induce the agent to always exert effort and truthfully report
arrivals). In Section 3.2.4, we show that these contracts are also optimal in the expanded contract

space. Finally, we conclude with the numerical examples and comparative statics in Section 3.2.5.

3.2.1 Baseline Model Setup

A principal hires an agent to run her store. Customers arrive at the store from two different
channels. Customers arriving from one of the channels are unobservable by the principal (we call it

an “unobservable channel”). We can think of the unobservable channel as the walk-in channel and
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the observable channel as the online reservation channel. With probability p, a customer arrives to
the unobservable channel and, with probability 1 — p, a customer arrives to the observable channel.
We assume that customers from the unobservable channel are charged a fixed fee, R,, for the
service, while customers from the observable channel are charged R, (in Section 3.4, we extend the
model to the case, where the fees are decision variables and p is a function of the fees). The agent
pays an effort flow cost c (i.e., cost of exerting effort) to achieve a customer arrival rate of y (i.e., by
marketing/advertising the services).*

Formally, we denote the agent’s effort process by v, € {0,u}.° Let N* and N7 denote,
respectively, the counting processes of customers from unobservable and observable channels,
arriving to the store prior to time ¢t. With the agent always exerting effort (i.e, v, = p), N/ is a
Poisson random variable with rate put, and N/ is a Poisson random variable with rate (1 — p)ut.
Arrival process IV is observable to both principal and agent, while only the agent observes the
process IV;*. The agent reports arrivals {N;“;t > 0} to the principal. The principal and the agent
have the same discount rate denoted by 7.5 We assume that the principal has the power to commit
to a long-term contract, which is a function of the reported arrivals and the public information.
The principal designs the contract v = (L, 7) which includes payment L and termination time 7.
Formally, the payment could be an instantaneous payment /;, or a flow payment with rate ¢;, such
that dL; = I; + (;dt.” We assume the agent has limited liability. That is, the agent can decide to
quit and never owes money to the principal.® To guarantee the limited liability constraint, we need
to have I; > 0 and ¢; > 0. We define I" as the contract space that includes all the contracts (v € I')
that satisfy the limited liability constraint.

By the revelation principle, it is without loss of generality that we can focus on the contract that
induces the agent to truthfully report the arrivals, i.e., ]\Aft“ = Nt“.9 Further, in the current section,
we also just focus our analysis on finding the optimal contract when the agent is necessarily forced
to always exert effort. We denote the space of the contracts that induce the agent to truthfully
report and exert effort as I'/“. Therefore, with the limited liability constraint, the principal needs to

reimburse the agent’s effort cost cdt. Section 3.2.4 confirms that the optimal contract in the space

“Without loss of generality, we assume that the cost of serving a customer that has arrived to the store is zero.
Generalizing it to the case where the agent incurs a positive cost for every customer served does not change our results.

SWe can easily generalize it to the case where the agent’s effort process is given by v; € {u, 11}, where u € [0, i),
which does not change the nature of our results.

®It is common to assume that the principal and the agent share the same discount rate (e.g., see [Myel5], [TSD21]).

7Formally, v is F-predictable, where F = {F;, ¢t > 0} is the filtration generated by (N*, N°); L is adapted to
F= {]—'t,t > 0}, which is the filtration generated by (N v N°); and 7 is an F—measurable stopping time.

8Limited liability is commonly assumed in contract theory, especially dynamic contract theory. Without it, the
model and analysis become easy, or even trivial. For example, the principal could simply sell the entire enterprise to the
agent upfront, at a price, that equals the efficient social surplus. This allows the principal to exact the entire surplus and
leaves the agent with zero surplus.

By the revelation principle in [Mye86], any outcome that can be achieved by a general mechanism can also be
achieved by a truth-telling direct mechanism.
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I'’¢ is also optimal in a larger contract space I

Agent’s Utility

FIC

Given a contract 7y € , an effort process v, and a reported arrival process Nt“, the agent’s

expected total discounted utility is'”
u(y, v, N*) = E {/ e "t [Ru(dNt“ — dNP) 4+ dL; + ¢(1 — [, = u])dtH : 3.1
0

where the first term represents the income from diverting cash (if the agent fails to report the
customer arrivals from the unobservable channel), second term is the payment that the agent
receives from the principal, and the third term is the monetary benefit from shirking (if the agent
exerts zero effort).'!

Principal’s Utility

We assume that the principal is very busy owning multiple stores and needs an agent to run
the store. Therefore, the principal only earns revenues while the agent is employed. Hence, the
principal’s expected total discounted profit under a contract v € I'’“, effort process v, and reported

arrival process N* is defined as'2
lKquNﬂ::E{/meTtP%dN?+J%de—st—aﬁH. (3.2)
0

If the agent is never terminated and always exerts effort, then the sum of principal’s and agent’s

utilities corresponds to the total utility (as if the principal could operate the store by herself):

7. PR+ (A —p)Ry) —c

V: (3.3)
r
We define the adjusted effort cost as
c
B=—. (3.4)
L

19For the current setting, we do not allow the agent to save. The agent needs to immediately consume cash if he
misreports the arrival and steals the money. Furthermore, following [DS06b], as long as the saving rate is smaller or
equal to the discount rate, it is without loss of generality to assume that saving is not allowed.

'The expectation is taken given the agent’s reporting strategy and effort choices S = {N{*, v, : t € [0, 7]}.

12For ease of presentation, in our setting, we assume that once the agent is fired, the principal has no one to run the
business. We can easily generalize the model to the case where the principal can fire the agent at any time and incur a
fixed cost to hire a new agent; such generalization does not change our main results.
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The contract design problem is only meaningful when, at least from the societal perspective (when
the objective is the sum of the agent’s and the principal’s utility), inducing effort from the agent is

worthwhile, which formally translates into the below condition:
V>0<=pR,+(1-p)R, > B.

Let us now formally define the contract space I'/“. A contract + is incentive compatible (y € I'/¢)
if, in equilibrium, the agent has the incentive to always exert effort and truthfully report the arrivals,

ie., v* = {1y, = u}and N = N, for t € [0, 7]. That is, the contract is incentive compatible if
u(y, v, N*) > u(v,v, N ), for any effort process v and any reported arrival process N. (IC)

The contract design problem of the principal is to find a contract v = (L, 7) € I'!“ that maximizes
her utility U(~y, v, N “) under the incentive compatibility constraint (IC).

In what follows, we characterize the incentive compatible contracts in a recursive manner, SO
that the contract design problem can be formulated as a stochastic optimal control problem. Hence,
we introduce the agent’s promised future utility (for brevity, henceforth referred to as a promised
utility) Wi (v, v, N “) at time ¢, following contract y € I'¢, effort process v, and after a history of
reports N »(0 < s <), to be the total expected payoff the agent receives if he tells the truth after

time ¢: i
Wi(y,v,N*) = E { / e " [dLg + ¢(1 — vy = p))ds]
t

It is clear that Wy (7, v, N*) = u(y, v, N*). It is convenient to introduce the notation W,_ (v, v, N*) =
limgy Wi(7, v, N “) to denote the left-hand limit of the process W (~, v, N “)att > 0. In the sequel,
we omit W; and W;_’s dependence on 7, v/, and N when there is no confusion. We assume that the
agent can decide to quit if future payments do not compensate for effort costs. That is, the promised

utility can never be negative (we refer to it as the individual rationality (IR) condition):
W, > 0,Vt > 0. (IR)

In what follows, we characterize the evolution of the agent’s promised utility W; under a contract
v € TI'Y, which is also known as the promise keeping (PK) condition in the dynamic contract
literature (see [DS06b], [ST18]).

Lemma 3.1 For any contract vy € T'IC, there exists a pair of predictable processes, H" and H?,
such that if the agent follows a truth-telling strategy Ng‘ = N} and effort choice v, for t € [0, 1],
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his promised utility follows:
dW, = rW_dt — ¢(1 = I[vy = p))dt — dL; + Ht“(dNt“ — ypdt) + H] (dAN? — v(1 — p)dt).
(PK)

H}" and H} capture the instantaneous change of the promised utility 1/, upon arrival before a
potential instantaneous payment /; at time ¢. Later, we will show that the processes H;* and H; are
the key tools to incentivize the agent to exert effort and report the truth. Therefore, the key of the
contract design problem is to choose H;' and H; optimally.

The next lemma shows that, to guarantee truth-telling, we need H;* to be greater or equal to the

revenue I?,, generated by the unobservable arrival.

Lemma 3.2 Truth-telling is incentive compatible if and only if

H"* > R, (IC-truthful)

forallt < 7, where H" is defined in Lemma 3.1.

Similarly, Lemma 3.3 shows that, to guarantee that the agent exerts effort, we also need the expected
jump associated with the customer arrivals, pH;* + (1 — p) H?, to be greater than or equal to the
adjusted effort cost 5.

Lemma 3.3 For the agent, full-effort is incentive compatible if and only if
pH + (1 —p)H} > B, (IC-effort)

forallt < 7, where H}' and H} are defined in Lemma 3.1.

The above two lemmas imply that to provide incentives to the agent, we only need to reward him
at the times when new customers arrive. Further, it follows that the (IC-truthful) and (IC-effort)

conditions are equivalent to the (IC) condition.

3.2.2 Structure of the Optimal Contract & the Corresponding Value Function

Let F'(w) denote the principal’s value function. Then the Hamiltonian-Jacobi-Bellman (HIB)
equation is

rEW,_) =W, F'(W,_) — ¢+ u[pR. + (1 — p)R,] + max y {p[F(W,_ + H') — F(W,_)]

+(1 = p)F(Wie + Hy) = F(W,2)] = (pH} + (1 = p) H)F'(We) |,
3.5)
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subject to
H > Ry, pH{' + (1 = p)H} > J.

We need to appropriately pick H;* and H, so that they satisfy the optimality condition of the above
optimization problem, where F is a concave function in w.'? Hence, the optimization problem can
be easily solved by invoking the Karush-Kuhn-Tucker (KKT) conditions.

As we move further with the analysis, we will show that the optimal contract structure depends
on the relative values of R, and c. In fact, the parameters of the model give rise to three possibilities:
(D) e < upRy, 2) upR, < ¢ < pR,, and (3) ¢ > pR,. Each of these scenarios leads to a distinct

optimal contract structure which we describe next.

Scenario 1.

If c < upR,, then H}' = R,, and H} = 0.

In this case, if (IC-truthful) holds, then ¢ < ppR,, implies pH}* + (1 — p)H? > pR, > [, which
means that the (IC-effort) also holds. The condition ¢ < ppR, means that the walk-in customers
are very valuable to the principal (that is, either there is a high proportion of walk-in customers,
captured by large p, or the walk-in-customer revenue Rz, is large).

In such a setting, the principal will not waste money rewarding the agent for the customers from
the observable channel (i.e., customers who reserved and paid online), and the agent’s promised
utility will only jump up when a walk-in customer arrival is reported. Note, that there exists an
upper bound on the agent’s promised utility, and, once the agent achieves this upper bound, he is

never terminated. We denote this upper bound as
wy := upRy /T, (3.6)
and refer to it as a “tenure threshold”. The evolution of the promised utility follows the below:
dW, = {r(W,_ — w)dt + min{ R, w; — W;_}dN/} I[[W;_ > 0]. (DW1)

Denote the outlined above contract as v;. We present the formal definition of ~; next.

Definition 3.1 Contract v{(w) = (L}, 7y) is generated from a process {W;}>¢ following (DW1)
with a given Wy_ = w € [0, w], such that dL;, = (W;_ 4+ R, —w1)TdN} and 77 = min{t : W, =
0}, in which the reported arrival process N* = N* and dL3, are generated from the agent’s effort

process V*.

13We will verify the concavity in Lemma 3.4.
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Following (3.5), the corresponding principal’s value function should satisfy
rF(w) =1V + up[F(w + R,) — F(w)] +r(w — w,) F'(w), (3.7)

with the boundary condition F'(0) = 0, where V is defined in (3.3). In Section 3.2.3, we will prove
that the solution of the differential equation is the principal’s expected total utility under contract
Vs ie, Fw) = Uy (w), v, N*).

Scenario 2.

If upR,, < ¢ < pR,, then H* = R,, and H} = (1, where 3, := ’Bﬁfj“ = C;:(lfzi};; € [0, Ry).

In this case, H* = R, is not enough to satisfy the constraint (IC-effort), which guarantees that
the agent is motivated to exert effort. To induce effort, the principal needs to reward the agent for
both types of arrivals. Therefore, the promised utility jumps up when arrivals from the unobservable
channel are reported as well as when customers from the observable channel reserve online (with the
jump for arrivals from the unobservable channel being larger than for arrivals from the observable
channel).'* Again, it is possible for the agent to achieve tenure when his promised utility reaches

the tenure threshold denoted by
Wy = c/T. (3.8)
The evolution of the promised utility follows

dW, = {r(W,_ — wy)dt + min{ R,,, we — W;_}dN;* + min { Sy, wy — Wi_ } dN? } I[W,_ > 0].
(DW2)

Denote the outlined above contract as v5. The formal definition of 77 is given next.

Definition 3.2 Contract v;(w) = (L5, 73) is generated from a process {W, }1>o following (DW2)
with a given Wy = w € [0, 5], suchthat dL, = (W, + R — wy) TdN + (W, + By — wq) " dNY
and T5 = min{t : W; = 0}, in which the counting processes N* = N*and N° as well as dL3, are

generated from the agent’s effort process v*.

Following (3.5), the corresponding principal’s value function satisfies the following differential

14This follows from the fact that both incentive constraints are binding in this setting, and 3 < R, immediately
implies HY < R,,.
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equation

rF(w) =1V + pp[F(w + Ry) — F(w)] + p(1 = p) [F (w + B1) — F(w)]
—rF(w) + r(w — wy) F'(w), (3.9)

with the boundary condition F(0) = 0, where V is defined in (3.3). Similar to contract 7}, we will
prove in Section 3.2.3 that the solution of the differential equation is the principal’s expected total

utility under contract 5, i.e, F'(w) = U(v;(w), v, N*).

Scenario 3.

Ifc > puR,, then H}' = 8 and HY = 3.

In this case, condition (IC-truthful) always holds whenever condition (IC-effort) is satisfied,
therefore, the constraint (IC-truthful) can be ignored. The principal lets the promised utility jump
up by the same amount every time an arrival occurs (regardless of the channel of the arrival). The

tenure threshold in this case is given by w3 := wy = ¢/r, and the promised utility follows

dWy = {r(W,_ — w3)dt + min{ 5, w3 — W;_ }dN;* + min {5, w3 — W,_} AN/} I[[W;— > 0].
(DW3)

Denote the outlined above contract as ;. The formal definition of 3 is given next.

Definition 3.3 Contract v;(w) = (L%, 735) is generated from a process {W, }1>o following (DW3)
with a given Wy_ = w € [0, W3], suchthat dL}, = (W,_ + 8 — w3)TdN;* + (W, + B — w3) TdNy
and 75 = min{t : W, = 0}, in which the counting processes N* = N*and N° as well as dL3, are

generated from the agent’s effort process v*.

The corresponding principal’s value function £’ is a solution to the following differential equation
0=7rV+u[F(w+B) — F(w)] —rF(w) +r(w—ws)F'(w), (3.10)

with the boundary condition F'(0) = 0, where V' is defined in (3.3). Similar to ~; and 73, we will
prove in Section 3.2.3 that the solution of the differential equation is indeed the principal’s expected
total utility under contract 3, i.e, F'(w) = U(v;(w), v, N*).15

All three contract structures from above have the following elements in common: (i) a proba-

tionary period during which the agent works for the principal while being offered a (i1) promised

31t is worth noting here that the optimal contract 73 has the same structure as I'* in [ST18]. The same discount
rate case of [ST18] can be thought of a special case of one of our baseline model sub-cases, where the contract design
problem only induces the agent to exert effort to increase the arrival rate of the customers with no truth-telling constraint
and where the arriving customers are homogeneous.

53



utility; (ii1) a tenure period during which the agent keeps all the revenues collected from the walk-in
customers to himself; and (iv) a termination threshold on the promised utility. During the proba-
tionary period, the agent’s promised future utility takes instantaneous upward jumps on certain
customer arrivals but otherwise decreases. In each of the three contracts, the probationary period
is over when the promised utility reaches either the termination threshold or the tenure threshold.
The variation in the three contract structures, in turn, is captured by the differences in (i) tenure
thresholds, and (ii) the rules for the evolution of the promised utility (the rate of its decrease, and
the when-and-how for the upward jumps).

The contract structures that we have outlined above indicate the important role that the revenue
from the unobservable (walk-in) channel and flow effort cost play in the optimal contract structure,
and which of the incentive constraints end up being binding. When the effort cost is smaller than the
expected revenue from the unobservable channel (¢ < upR,), the principal only rewards the agent
for arrivals from the unobservable channel in the optimal contract +;, and the truth-telling constraint
is the only binding constraint (scenario 1). When the effort cost is moderate (upR, < ¢ < uR,),
the principal rewards both types of arrivals, and both incentive constraints end up being binding in
the optimal contract 5 (scenario 2). Finally, when the effort cost c is large enough (¢ > puRR,), the
principal just rewards every arrival with the amount of adjusted cost 3, and only the effort constraint
is binding (scenario 3).

Furthermore, to implement the contracts, we need to let the starting point of the promised utility
be Wy_ = w*, which is the maximizer of the corresponding principal’s value function. Later, we

will verify that the value functions are concave, which implies that the maximizer is unique.

3.2.2.1 [Illustrative Examples of Sample Trajectories under Optimal Contract

Figure 3.1 provides an illustration of the sample trajectories of the agent’s promised utility under
the optimal contract for two distinct scenarios.

Panel (a) is an example under the contract ;. The promised utility starts from an initial point
wy at time ¢ = 0. As time passes, customers arrive at the store. On the blue trajectory, unobservable
channel arrivals occur at ¢;, 3, t5, and tg, while observable channel arrivals occur at ¢, and %4.
During the probationary period (i.e., for ¢ € [0, t3]), the promised utility keeps decreasing between
the arrivals and jumps up by R, every time a customer arrival from the unobservable channel is
reported by the agent (the promised utility jumps are depicted by vertical dashed lines at ¢; and
t3).'® The promised utility keeps this dynamic until it reaches the tenure threshold ;. Once the

agent’s promised utility reaches wy, it is kept at this level, and the agent is paid (W;_ + R, — w;)*

161n this example, 3 marks the end of the probationary period and the start of the tenure period for the blue trajectory
scenario. At this moment, the agent’s utility jumps up by the dashed vertical line segment (which is smaller than R,,)
so0 as to hit exactly the tenure threshold w,, while the remaining part of R,, is received by the agent as the first actual
payment (the dotted vertical line segment). The dashed and dotted line segments at ¢35 together comprise exactly R,,.
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Figure 3.1: Blue and red colored lines illustrate different sample trajectories of the agent’s promised future

utility. For (a) and (b): R, =2, R, =2,¢=0.8, u =2, Au=2,r =0.5.

for every arrival from the unobservable channel (the payments are depicted by vertical dotted lines
at t3, t5, and ¢¢). Note that, under ~;, the agent is never rewarded for any customer arrival from the
observable channel. Contrary to the blue trajectory scenario, on the red trajectory, the agent fails to
get any arrivals from the unobservable channel before the promised utility reaches zero (captured
by time 7), and, thus, the agent is terminated.

Panel (b) is an example under the contract ;. The promised utility starts from an initial point
wy. On the blue trajectory, unobservable channel arrivals occur at ¢, and 3, while an observable
channel arrival occurs at 4. On the red trajectory, there are no other arrivals except for a customer
arrival from the observable channel at ¢,. Similarly to contract ;, during the probationary period in
contract 5, the agent’s promised utility (i) keeps decreasing between the arrivals, and (i1) jumps
up by Rz, for every customer arrival from the unobservable channel which is reported by the agent
(such promised utility jump is depicted by the vertical dashed line at ¢1). In contrast to 77, under
the contract ~y;, the arrivals from the observable channel are also rewarded. In particular, during
the probationary period, the promised utility jumps up by [3; for every arrival from the observable
channel (see the vertical dashed line at ¢; on the red trajectory). Once the promised utility reaches
the tenure threshold w- (as it is the case for the blue trajectory at ¢,), the agent’s promised utility is
kept at this level, and the agent is paid (W;_ + R, — wy)" for every arrival from the unobservable
channel and (W,_ 4 f3; — ;)" for every arrival from the observable channel (the payments are
depicted by vertical dotted lines at ¢1, t3, and ¢4). Note that, on the red trajectory, despite the fact
that the agent receives an arrival, his promised utility still eventually reaches zero at time 7, thus,

the agent is terminated.
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3.2.3 Proof of Contract Optimality

To prove the optimality of the contract presented in Section 3.2.2, we, first, prove the concavity

of the value functions in Lemma 3.4.

Lemma 3.4 If ¢ < upR,, then equation (3.7) with boundary condition F(0) = 0 has a unique
solution Fy(w), which is concave in w, and F|(w) > —1. If uypR, < ¢ < pR,, then equation
(3.9) with boundary condition F(0) = 0 has a unique solution F»(w), which is concave in w, and
Fi(w) > —1. If ¢ > pR,, then equation (3.10) with boundary condition F'(0) = 0 has a unique

solution F3(w), which is concave in w, and Fj(w) > —1.

In what follows, Proposition 3.1 shows that the function F;(w) is indeed the principal’s utility under
the contract 7/, fori = 1, 2, 3.

Proposition 3.1 For any promised utility w € [0,w;], we have U(v{(w),v*, N*) = Fi(w),
U(ys(w), v, N*) = Fy(w), U(vi(w),v*, N*) = F3(w). That is, when agent’s total discounted
utility is equal to w, a function F;(w), i € {1, 2, 3} is equal to the principal’s total discounted utility

under the contract ;.

Next, we show that the value functions F;, i € {1, 2,3} are upper bounds on the principal’s utility

under any other incentive compatible contract.

Proposition 3.2 For any contract v € T''¢ and promised utility w € [0, w;), if u(y,v*, N*) = w
then

Fy(u(y,v*, N")) > U(%V N")if e < pupR,,
Ey(u(y, v, N*)) > U(y, v, N*) if ppRy, < ¢ < pRy,
Ey(u(y,v*, N")) (%v N“) ifc> pR,,

Y]

U
U

v

where Fy(w) = Fy(wy) — (w — wy) for w > wy, Fy(w) = Fy(we) — (w — ws) for w > wq and
Fg(w) = F3(U_)3> — (w — U_}g)fOVU) > Ws.

Since functions F;(w), i = 1,2, 3 are concave in w and F(w) > —1, the maximizer of the function

F;(w) is unique and can be denoted as
w; = argm%(ﬂ(w). (3.11)

Therefore, we know that for any contract v € ' c.

Uy, v", N*) < Fy(u(y,v", N*)) = Fi(w) = Uy} (w), v, N*) < U(y; (w]), 0", N*) = F(u}),

(2

(3.12)
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which implies that «; is the optimal incentive contract with full-effort and truth-telling. We

summarize this result in the following Theorem.

Theorem 3.1 ~;(w?}) in definition 3.1 is the optimal contract in the contract space I''C if ¢ < upR,,.
74 (w3) in definition 3.2 is the optimal contract in the contract space T'C if upR, < ¢ < uR,.

74 (w3) in definition 3.3 is the optimal contract in the contract space I''° if ¢ > uR,.

So far, we have assumed that the agent has to be incentivized to provide effort to generate arrivals
at all times. In the next section, we consider a broader contract space where the agent could be
allowed to shirk (i.e., not to exert effort), and show that Theorem 3.1 still holds in such expanded

contract space.

3.2.4 Optimality of the Contract in the Expanded Contract Space

In the previous sections, we derived the optimal contract under the assumption that the agent has
to exert effort and truthfully report arrivals at all times. In this section, we show that the contracts
that we derived are still optimal even if we drop the requirement for the contract space to necessarily

include only those contracts that induce full-effort and truth-telling.

Theorem 3.2 ~;(w?) in definition 3.1 is the optimal contract in the contract space I if ¢ < upR,,.
v (w3) in definition 3.2 is the optimal contract in the contract space I if upR,, < ¢ < uR,. ~vi(w3)

in definition 3.3 is the optimal contract in the contract space I' if c > uR,,.

The intuition behind the result of Theorem 3.2 is as follows. First, as we mentioned in the beginning
of Section 3.2.1, due to the revelation principle, without loss of generality, we can focus on contracts
that induce the agent to truthfully report the arrivals. Second, it turns out that the principal also
does not lose anything if we only focus on contracts that induce full-effort from the agent. The
reason that always inducing effort is optimal for the principal is that instead of allowing the agent to
shirk, the principal can offer the agent another contract that uses direct payments for every arrival to
induce full-effort, which is Pareto improving. Hence, shirking is inefficient to the system, and direct
payments to the agent (that ensure he does not shirk) can make both principal and agent better off.

For more details, please refer to the proof of Theorem 3.2 in Appendix B.1.2.7.

3.2.5 Numerical Examples & Comparative Statics

In this section, we provide some additional insights into how the principal’s and the agent’s
utilities change with system parameters, such as R,,, R,, and p, and how the portion of the total
system profit, that is captured by the principal, changes as a function of these parameters.

When p is large, the agent captures most of the revenues generated by the business after he

gets tenure, so hiring an agent may not seem too appealing to the principal at first sight. However,
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the principal chooses W = w™ in such a way that it takes the agent a while to get to the tenure
threshold, and, in the meantime, the principal generates significant revenues. This is because the
actual payments to the agent start only when the agent’s promised utility reaches the tenure threshold
w, so the principal still gets to capture all the revenues from the unobservable (walk-in) arrivals
during the probationary period plus all the revenues from the observable arrivals collected over the
entire time horizon. The next lemma shows that both principal and agent’s utilities are increasing in
R,.

Lemma 3.5 The agent’s utility w* and principal’s utility F(w*) are strictly increasing in R,,.

F(w*)
w* + F(w*)
Figure 3.2 shows that f* increases as R, increases. This is an intuitive observation since the increase

Let f* := be the fraction of the principal’s utility out of the total system’s utility.
of R, alleviates the moral hazard issue. Similarly, figure 3.3 shows that, when p increases, then f*
decreases, while figure 3.4 shows that, when R,, increases, then f* decreases. This is because the

increase of p or R, only exacerbates the moral hazard issue.

0.66
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Figure 3.2: F(w*)/ (w* + F(w*)) as a function of R,. p = 0.7, R, = 3, p = Ap = 2,r = 0.5.

3.3 Monitoring

In the previous section, we characterized the contracts that the principal will have to offer to the
agent to ensure that the agent does not divert cash and also exerts effort to attract more customers to
the business. These contracts require the principal to pay rent to the agent, and we characterized
situations where this rent could be fairly significant. One way that the principal could avoid paying
this much rent is by monitoring the agent whenever necessary. Although monitoring in moral hazard
problems has been addressed in other papers (see, e.g., [PW16], [CSX20]), our setting is unique in
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Figure 3.3: F(w*)/ (w* + F(w*)) as a functionof p. R, =3, R, =3, u = Ap=2,r =0.5.
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Figure 3.4: F(w*)/ (w* + F(w*)) as a function of R,. p = 0.7, R, = 3, p = Ap = 2,7 = 0.5.
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that the principal could potentially decide either to monitor the agent as a protection against both
moral hazard issues, or potentially just monitor partially to see if the agent is diverting cash.

In particular, in this section, we consider the setting where the principal could pay a flow cost
m to monitor the agent. In our baseline model, the principal is facing two moral hazard problems:
“diverting cash” and “shirking”. Section 3.3.1 considers the case of full monitoring, that is, when
monitoring can reveal both types of private information, which means the principal can monitor
both unobservable arrivals and effort. This type of monitoring could be fairly expensive, requiring
the principal (or someone the principal hires) to be at the place of business and observe the agent, to
guarantee that the agent always exerts effort and reports arrivals truthfully. However, we will show
that the principal does not need to conduct this expensive monitoring all the time and only needs to
conduct it when the agent’s promised utility becomes very low. In fact, when deciding whether to
monitor or not, the principal is trading off the monitoring cost against the payment to incentivize
the agent.

Additionally, Section 3.3.2 considers the case of partial monitoring, where the principal can
only monitor (otherwise unobservable) arrivals. For example, if the agent delivers the services at
the principal’s business unit, the principal could install video monitoring equipment to continuously
observe all arrivals and services delivered to customers, or the principal could install a GPS tracker
on all company-owned equipment required to deliver the service. In fact, recent empirical papers
([KLS18], [NRSTO02], and [PSM15]) considered settings (agents driving minibuses, agents soliciting
donations, and agents serving customers at a restaurant), where the principal monitors agents’ effort
and/or agents’ sales, and showed that such monitoring can significantly improve productivity and
reduce theft.

3.3.1 Full Monitoring

Throughout this section we focus on the derivation of an optimal contract, when a new costly
option of full monitoring is, now, made available to the principal. In particular, during the time
interval [¢,t + §], the principal could pay a monitoring cost md to observe all the arrivals and
agent’s effort choices during this time interval. Let a process { M, }+>( represent the full monitoring
schedule under the contract, where M; € {0, m} captures the monitoring cost at time ¢. We expand
the definition of a contract to include the monitoring schedule as follows: v = (L, 7, M) € T',,,."

The expression for the agent’s utility is not affected by the presence of monitoring, and so is

still captured by the equation (3.1). In contrast, the monitoring option does alter the expression of

"Formally, L and M are adapted to F= {]:'t,t > 0}, the filtration generated by N“ N°.
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the principal’s utility (which now has an additional term capturing the cost paid for monitoring):
Up(T, v, N) = E { / et <RudN§‘ 4 R,dN? — dL; — cdt — Mtdt)} . (3.13)
0

Note that the promise keeping constraint does not undergo any change when full monitoring
is introduced, so the (PK) constraint stays the same. In contrast, the incentive compatibility
constraint that induces truthful reporting and the agent’s effort does require updating to adjust for

the occurrence of full monitoring, and, thus, is described next.

Lemma 3.6 Truth-telling and full-effort are incentive compatible if and only if
H{ > Ry, pH! + (1 —p)H} > B if M, =0, (3.14)

fort < 7, where H{' and H} are defined in Lemma 3.1.

Lemma 3.6 is directly adapted from Lemma 3.2. We define the contract space that only includes the
contracts where the agent always exerts effort and reports truthfully as I'.C. We, first, focus on the
contracts in ['!¢. We, then, prove that the optimal contract in T'.¢ is still optimal in a larger contract
space 1',.

We find that, in the optimal contract, the principal only monitors the agent when the agent’s
promised utility reaches the full monitoring threshold equal to 0. While the principal conducts full
monitoring, the agent’s promised utility is kept at zero. In fact, under the optimal contract, once full
monitoring is initiated, it continues indefinitely. Based on definitions 3.1-3.3, we now define such

optimal contract by adding the monitoring schedule m;.

Definition 3.4 For i = 1 (2,3), contract ~,;(w) = (L}, 7, m}) is generated from a process
{Wi}is0 following (DW1) (DW2), (DW3)) with a given w € [0, w;], such that L} has the same
expression in v} (w), 7 = 0o, and M}, = ml[W,_ = 0], where the counting process N and dL,

are generated from the agent’s effort process v*.

According to the above definitions, the principal monitors the agent only when the agent’s promised
utility is 0. If monitoring were not available, the principal would have to terminate the agent and
would make zero profits thereafter. Hence, monitoring enables the principal’s utility to become
(p[pR, + (1 — p)R,] — ¢ — m)/r instead of zero as soon as the agent’s promised utility hits 0.
So, monitoring is profitable to the principal only if (u[pR,+ (1 —p)R,] —c—m) /r > 0, or
equivalently:

m < p[pR, + (1 - p)R,] — c. (3.15)
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The next proposition shows that the contracts v, ,, 7,2, and 7, 5 are optimal under condition
(3.15). Denote the principal’s value function under contract I} .(w) by F,,;(w). Then, F,;
(Fon2, Fin3) 1s the solution of equation (3.7) (eq. (3.9), eq. (3.10)) with the boundary condition
F(0) = (u[pR. + (1 — p)R,] — ¢ — m) /r. We further define w;;,; as the maximizer of F},,;(w).

Proposition 3.3 If condition (3.15) holds, then:
o v (wk,) in definition 3.4 is the optimal contract in 'y, if ¢ < pupR,;
o ) o(wrk ) in definition 3.4 is the optimal contract in Ty, if upR,, < ¢ < uRy;
o via(wrs) in definition 3.4 is the optimal contract in Ty, if ¢ > pR,.
Conversely, if condition (3.15) does not hold, then:
* vi(wy) in definition 3.1 is the optimal contract in Ty, if ¢ < upRy;
* v3(w3) in definition 3.2 is the optimal contract in Ty, if upR, < ¢ < uRy;
* vi(w3) in definition 3.3 is the optimal contract in Ty, if ¢ > pR,,.

In the optimal contract with full monitoring, the principal conducts monitoring to avoid inefficient
termination. When monitoring, the principal can guarantee that the agent will exert effort and report
arrivals truthfully. Hence, the agent’s promised utility does not need to decrease, and termination
never happens in these contracts. Further, the principal monitors the agent if and only if the agent’s
promised utility hits zero. Once the principal initiates full monitoring, she will continue to monitor
the agent and will never terminate the contract.

To show the robustness of our results, we consider two generalizations. First, in Appendix
B.1.3.2, we are able to extend the model to the case where the agent has an outside option, which
guarantees the agent a future utility w > 0. Second, in Appendix B.1.3.3, we generalize the current
setting to the case where the principal could pay a fixed cost k£ > 0 to fire the current agent and find

a new one.

3.3.2 Partial Monitoring

In this section, we consider the situation where the principal can only monitor the (otherwise
unobservable) customer arrivals but is unable to monitor the agent’s effort. We refer to this setup
as partial monitoring. In particular, during the time interval [¢, ¢ + ¢], the principal could pay a
monitoring cost md to observe all the arrivals during this time interval. Similar to the setting in
Section 3.3.1, the contract is denoted as v = (L, 7, M) € I',,, with the partial monitoring schedule
M = {M;}>0, where M; € {0, m}.
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The agent’s utility still follows equation (3.1) and the principal’s utility follows equation (3.13).
The promise keeping and full-effort incentive constraints follow (PK) and (IC-effort), respectively.
In contrast, the incentive compatibility constraint that induces truthful reporting does require

updating to adjust for the occurrence of partial monitoring, and is described next.

Lemma 3.7 Truth-telling is incentive compatible if and only if
H! > R, if My =0, (IC-truthfulm)

forallt < 7, where H}' is defined in Lemma 3.1.

Lemma 3.7 is directly adapted from Lemma 3.2. We define the contract space that only includes
contracts where the agent always exerts effort and reports truthfully as I'/C. That is, for any

v € T'I¢ "the constraints (IC-effort) and (IC-truthfulm) have to be satisfied. In the current section,

ma’
iC.
ma?

we again focus on the optimal contract in I'/C ; and then show that the optimal contract in T'/€ is
still optimal in a larger contract space I',,,,. In what follows, we derive the optimal contracts which
allow partial monitoring. As before, the parameter space of the problem naturally gives rise to
three distinct scenarios (¢ < upR,, upR, < ¢ < pR,, and pR, < c) with their respective distinct

contract structures, that we characterize next.

3321 c < upR,

In this Section, we first present the Hamilton-Jacobi-Bellman (HJB) equation and the optimal
contract that allows partial monitoring. Next, we prove the optimality of the contract and provide an
illustrative example. Finally, we provide the intuition behind this optimal contract.

Let F'(w) denote the principal’s value function. When the principal does not monitor the
agent, then, based on Section 3.2.2, the agent’s promised utility should follow (DW1) and the
principal’s value function follows (3.7). When the principal conducts monitoring, it is optimal to
set H' = HY = [5. Hence, the dynamics of the agent’s promised utility becomes (DW3). Then the
principal’s value function satisfies another differential equation:

rF(w) =1V —m+ plF(w+ B) — F(w)] 4+ r(w — we) F'(w). (3.16)

Given that the principal is freely deciding whether to monitor the agent, the principal’s value
function follows the Hamilton-Jacobi-Bellman (HJB) equation:

rF(w) =rV + max { up[F(w + Ry,) — F(w)] 4+ r(w — w01) F'(w),
—m+ p[F(w+ B) — F(w)] + r(w — w2) F'(w) }, (3.17)
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with boundary condition F'(0) = 0. The HIB equation implies that the principal would monitor
the agent if and only if the first term of (3.17) is less than or equal to the second term, which is

equivalent to
M(w) = p[F(w + 8) — F(w)] — pplF(w + Ry) — F(w)] + (@ — @) F'(w) > m.  (3.18)

We can show that if w > w;, not monitoring is better than monitoring, i.e, m > M(w). As w
decreases, monitoring potentially becomes more profitable, there are optimal switching points w7,
such that m = M (w} ). For simplicity, we assume a unique switching point.'® We formally define

the optimal contract in definition 3.5.

Definition 3.5 For any w € [0, w,], define the contract ~},(w) = (L%, 7.5, m*) as follows:
1. Set W(), = w and La = (WO, — 11_)1)+.
2. Fort > 0, let the payment be

dL} = (Wy_ + Ry — wy) T dNM[W,_>wi]
+ [(Wie + B — 1) TN} + (Wie + B — 1) TdN?] I[W,— < wj),

and the dynamics of the promised utility follow

th = {T(Wt_ - wl)dt + min{Ru, wy — Wt_}dNtu} ]I[Wt_ Z ’LUZ] (DWm)
+ {r(W= — wq)dt + min{ 3, w; — W,_ }dN{* + min{ 3, wy — W;_}dN;}I[[W,— < wi],

3. The partial monitoring schedule is M, = mI[W;_ < w}].

4. The termination time is 7, = min{t : W, = 0}.

We further define w;, as the maximizer of F'(w), and the principal starts the agent’s promised
utility at w?,. Next, we show that v (w,) is the optimal contract among the class of contracts that
allow the agent to shirk or not truthfully report (in the space I',,,).

Proposition 3.4 If the switching point w} is unique and upR,, > c, then the value function F
defined in (3.17) is concave in w and differentiable and ~;,(w},) in definition 3.5 is the optimal

contract in the contract space I',,,.

Ilustrative Example

Figure 3.5 depicts the sample trajectories of the agent’s promised utility in the optimal contract v,

8We ran extensive numerical simulations, and in all instances we observed the single switching of the value function.
Further, there is a recently published paper by [Won19], which makes a similar assumption of the unique switching
point of the value function. In this paper, the authors also compare two terms in a HIB equation, however, their setting
is very different from ours.

64



%ﬁ ——— Instantaneous Jump in the Agent’s Promised Future Utility

I R Instantaneous Cash Payment to the Agent ) R
E} . u
'E - . . Tenure
— Threshold
)
=
=
+~
=
o -
- Monitoring
2 Threshold
g

2 Time, ¢
z N s ime,

0 tl t2 T b3 t4 t5 t6t7 t8 tg

i«~—Monitoring Region—

Figure 3.5: Blue and red colored lines illustrate two distinct sample trajectories of the agent’s promised
future utility under partial monitoring. Parameters: p = 0.8, R, = R, =2,¢ =08, p = Ap = 12,7 = 0.5,
8= 2/3 < pRy, w1 = 3.2, wg = 2.4, wy, = 1.42.

with partial monitoring (see Definition 3.5). This is the result of a numerical simulation. The initial
value of the agent’s promised utility (at t = 0) is wy. As time passes, customers arrive at the store.
The times t1, 14, ts5, tg, and to mark arrivals unobservable to the principal, and the times ¢, t3, t7,
and tg mark arrivals observable to the principal. In contrast to the baseline contracts considered
in Section 3.2, the contract with partial monitoring, ;" , has two regimes which result in different
dynamics of the evolution of the promised utility. In particular, when the agent’s promised utility is
equal to or above the monitoring threshold, w > w7} (regime 1), the principal will not monitor the
agent and the dynamics is exactly the same as in 7;.!” However, when the agent’s promised utility
is below the monitoring threshold, w < w7 (regime 2), the principal will monitor the agent and let
the promised utility decrease at a lower rate, compared to the regime 1. In regime 2, the principal
will also reward both types of arrivals no matter the type, increasing the promised utility by 3 with
every arrival. Note that each such jump of the promised utility in regime 2 is strictly smaller than
the jump made under the regime 1 (because ¢ < upR, < pR,). On the blue trajectory, the agent
manages to get out of the monitoring region and eventually gets tenure. On the red trajectory, once
the agent reaches the monitoring region, he fails to receive any arrivals and is terminated at time 7.

Note that in the case of such partial monitoring, (unlike, in the case of full monitoring, where
the principal can monitor both the arrivals and the effort), the agent is still possibly terminated if he
does not receive sufficient number of customer arrivals once trapped in the monitoring region. This
is because partial monitoring addresses only one of the moral hazard problems — the one caused by
unobservable arrivals. Hence, when the principal conducts partial monitoring, she does not have

to pay the agent to induce truth-telling. As a result, to decide when to monitor, the principal is

19We revert back to the structure of the contract y; because the parameters satisfy ¢ < upR,,, thus, placing us into
the scenario 1 in Section 3.2.2 .
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trading off the cost of partial monitoring versus the payment to incentivize the agent to tell the truth
about the number of arrivals. However, this payment does not incentivize the agent to exert effort,
and, therefore, the principal still needs to use the threat of termination to incentivize the agent to
exert effort, unlike in the case of full monitoring. Another key difference between partial and full
monitoring is that, under partial monitoring, the agent can potentially get out of the monitoring
region if the promised utility bounces back to a high enough level, whereas under full monitoring,

when both arrivals and effort are monitored, once monitoring starts, it continues indefinitely.

3322 upR, <c<puR,

The analysis and main results in this case are similar to the case in Section 3.3.2.1, thus, we
only discuss the structure of the optimal contract and we leave the formal definition of the optimal
contract and the statement of the optimality result to the Appendix. When the principal does
not conduct partial monitoring, the dynamics of the agent’s promised utility is given by (DW2),
and when the principal monitors the agent, the dynamics of the agent’s promised utility follows
(DW3). Hence, similar to the previous section, the optimal contract has two regimes. There exists a
monitoring threshold w?*, such that: when w < w?*, the principal monitors the agent and rewards
him with 3 for every arrival; while, when w > w?*, the principal does not monitor the agent and
provides different rewards for different types of arrivals.

Similar to the case discussed in Section 3.3.2.1, the principal still needs to induce agent’s effort
when she conducts partial monitoring. The difference is: in this section, the incentive constraint
to induce effort is always binding regardless of whether the agent is being monitored. As a result,
unlike in the case, where ¢ < upRR,, in this case the agent’s promised utility does not decrease
slower when partial monitoring is utilized, so monitoring does not directly lead to a decrease in
probability of firing the agent. However, the principal can still benefit from partial monitoring in the
following way. In the case without monitoring, the principal has to reward the agent with a bigger
jump in his promised utility for every arrival from the unobservable channel to ensure that the agent
is incentivized to tell the truth about arrivals; however, partial monitoring automatically reveals
arrivals from the unobservable channel, therefore, the principal no longer has to provide an extra
reward for arrivals from the unobservable channel, which can lead to higher profits to the principal.

We have finished deriving the optimal contracts with partial monitoring when pR,, > c. If
wR, < ¢, as we have described in Section 3.2.2, if the principal incentivizes the agent to exert effort,
then this automatically guarantees truth-telling. Thus, the principal can provide the reward of 3
for both types of arrivals, and this way the agent will be incentivized to report the truth. Hence,
the optimal contract is still described by +; (Definition 3.3) even when we allow the principal to

monitor the unobservable arrivals.
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3.4 Dynamic Discounting as an Incentive Mechanism

In the previous section, we considered how the principal could use dynamic monitoring along
with payments to the agent and the threat of termination to incentivize the agent to tell the truth
about the number of arrivals and to exert effort. In this section, we consider how the principal could
achieve the same aims by dynamically adjusting the prices charged to customers arriving from the
observable channel (i.e., the customers who reserve online and, therefore, are directly observable by
the principal).

We consider a situation where the price for the service is fixed at R, = R but the principal could
decide to provide a discount to customers reserving and paying for the service online by dynamically
adjusting the online channel price to R, = (1 — d;)R, d; € [0, 1]. The “dynamic discount” is a
unique tool in our setting because customers arrive at the store through two different channels, and
customers arriving through one of the channels are unobservable by the principal. If the principal
provides a discount to customers who choose to arrive via the observable channel, customers will
be more willing to order their service through this channel, which will partially address the moral
hazard problem caused by the cash diversion. Hence, when deciding on the dynamic discounting,
the principal is trading off the revenue loss from the discount against the incentive payments to the
agent to induce truthful reporting.

Recall that, up until this point, we assumed that a customer chooses the unobservable channel
(walk-in) with probability p and chooses the observable channel (online) with probability 1 — p.
Since the principal is dynamically adjusting the price of service through the observable channel,
the probability that a customer chooses the unobservable channel or the observable channel will be
influenced by the prices. Hence, we endogenize the customer channel choice, by adding a separate,
micro-founded, stylized, customer utility consideration to the baseline model. The rest of this
section is organized as follows. We first introduce the customer utility model in Section 3.4.1. Then,
we present the main properties of the optimal contract in Section 3.4.2. Finally, we present the

formal definition of the optimal contract in Section 3.4.3.

3.4.1 Customer Utility

Let U}, and U}, denote a customer i’s utility, that she obtains when choosing to receive the

service via the unobservable channel or the observable channel, respectively:
Ul,=U-RU, =U-(1-d)R+¢€.

Here, U denotes the reservation utility of the service and ¢! is the relative utility difference that

the customer 7 experiences when receiving service via the observable channel compared to the
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unobservable channel. The cumulative distribution function and probability distribution function
of ¢! are assumed to be F and f.. Further, we assume that the utility that the customer gets if she
leaves without ordering is zero. In this Section, we focus on the case U > R, otherwise no customer
will choose the unobservable channel. Therefore, the probability p,, that a customer chooses the
walk-in, unobservable channel is a function of d;:

pu(de) = P(U;, > Uj

107

U, >0)=P(e! < (1—d,)R— R,U—R>0) = F.(—dR).

The probability p, that an arriving customer chooses the online, observable channel is also a function
of dt:

Poldy) = P(Uj, > U;

)

Uw>0)=P(e > (1—d)R—U,e >(1—d)R—R)=1— F.(—d,R).

We need to expand the definition of contracts to include the dynamic discounts, i.e., v = (L, 7, D) €
I'p.?° The overall expression for the agent’s utility remains the same as equation (3.1), while the
payment L could be affected by the choice of discounts. Similarly, the expression of the principal’s
utility still follows equation (3.2), while R, = R, R, = (1 — d;)R and the payment L could be
affected by the choice of discounts.

With the new definition of the probability functions, we update the promise keeping constraint:

AW, = rW,dt — (1 — Ty, = p))dt — dLy + HH(AN? — ppo(di)dt) + H(ANG — upy(dy)dt).
(PKd)

Note that the incentive compatibility constraint that induces truthful reporting of arrivals from the
unobservable channel does not change when the discount d; is applied. This is because it requires
that /7' > R and the discount only influences the price of purchasing the service through the
observable channel. In contrast, the incentive compatibility constraint that induces full-effort does
require updating to adjust for the new probability functions. Therefore, we provide an updated

version of the incentive compatibility constraint for full-effort which is adapted from Lemma 3.3.

Lemma 3.8 Full-effort is incentive compatible if and only if, for all t < T,
pulde) Hy' + po(di) HY > B. (ICeffortd)

We define the contract space, I'lY’, to include the contracts where the agent reports truthfully and
always exert effort. (Constraints (ICeffortd) and (IC-truthful) need to be always satisfied.) In the

current section, we focus on the contracts in FEC. However, in Section (3.4.3), we also show that

20Formally, L and D = {d;};>¢ are adapted to F = {F;,t > 0}, the filtration generated by N*, N°.
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the optimal contract in contract space I'l{’ is also optimal in the larger contract space I'p.
For analytical simplicity, we make the following standard assumption: €; ~ U([—a, b]) where

a > 0,b> 0.2! We, now, can derive the following claim on the choice of the discount.
Claim 3.1 d; € [0, cﬂ, where d = min <}%, 1).

The above claim shows that the optimal discount to the observable channel lies within the following
interval [O, cﬂ . This is because, the upper bound of the interval is the minimal value of the discount
(d; = ) that could place all customers to the observable (online) channel, and, thus, an even bigger
discount would only lead to revenue loss and no appreciable benefit to the principal. As a result of

Claim 3.1, we have
—dtR +a

a-+b

_b—|—dtR
 a+b

Pu(ds) = , Po(d) (3.19)

3.4.2 Properties of the Optimal Contract

In this section, we first present the main properties (Properties 1-5) of the optimal contracts based
on the Hamiltonian-Jacobi-Bellman (HJB) equation. Then we prove that the contracts following
these properties are indeed optimal.

We define the system’s value function as the sum of the principal’s utility and the agent’s

promised utility: V' (w) := F(w) + w. Then, V(w) should satisfy the following HIB equation:
rV(w) = —c+rwV'(w) + #max {pu(d)[R+V (w+ H,) — V(w) — H, V' (w)] (3.20)
+po(d) [(1 = )R+ V (w+ Hy) = V(w) = HV'(w)] },
subject to
Hy > Rypu(d)Hy + po(d)Ho = B,

where p,(d) and p,(d) are defined in (3.19). Hence, given the choice of the discount d and following
the results of Section 3.2, we obtain the optimal values of H, and H, in the HJB equation next.
Property 1.

0 it pu(d)R > c.

Hy =R, Ho(d) =4 ¢ — pp,(d)R B —pu(dR . 3.21)
_ f upu(d)R < ¢ < uR.
1100 (d) Po(d) i ppldE<e<yp

2'We numerically test that the main results in this section do not change when €’ follows other distributions (for
example, Normal, Logistic, U-quadratic, and Triangular).
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Next, we derive the upper bound of the agent’s promised utility in the optimal contract. We first
define the upper bound of the system’s value by choosing the value of a discount d:
plpu(d) R+ po(d)(1 — d)R] — ¢

V, = max , (3.22)
de(0,d) T

where p,(d) and p,(d) are defined in (3.19). Since the objective function is quadratic in d and,

hence, concave in d, the optimization problem is easy to solve, and the solution is d* = (. Therefore,

_ R—
V= a C. We further define

r

w::max('u—R- ¢ ,%>, (3.23)
r a-+b r

which will be shown to be the upper bound of the agent’s promised utility in the optimal contract.
The above confirms that, once the agent reaches the upper bound of the promised utility, discounting
is no longer needed (d* = 0). Later, with Property 5, we will further emphasize that the optimal
discount is decreasing in the agent’s promised utility w.

Property 2. V(w) = V, for w > w, where w follows (3.23).

Property 2 shows that when the agent’s promised utility reaches a certain threshold w, the
system’s value function achieves the upper bound V. This implies that the agent gets tenure once
his promised future utility is equal to or above the “tenure threshold” (w > w), and discount is zero.

We have determined the values for H,, H,, and the upper bound of the agent’s utility in the

optimal contract. The only decision variable left is the discount d. Next, we define

G(d,w) :=p,(d) [R+V (w+ R) — V(w) — RV'(w)],

(3.24)
+po(d) [(1 = )R+ V (w + Ho(d)) — V(w) — Ho(d)V'(w)]

Lemma 3.9 G(d,w) is concave in d for any w > 0.

Lemma 3.9 implies that we can choose d using Karush-Kuhn-Tucker (KKT) conditions.

Property 3. The optimal discount d*(w) follows the optimality condition:

0G(d,w)
od
2d" =0,z > 0; y(d*—d) =0,y > 0.

li=a — 2 +y =0;

When d increases, the net price charged to customer ordering through the observable channel
decreases, and more customers choose the observable channel, which further makes the cash
diversion moral hazard problem less significant. Therefore, the greater the discount d is, the less the

70



principal has to pay to the agent to incentivize him to report customer arrivals truthfully. Hence, by
adjusting the dynamic discounts in an optimal manner (d*), and, hence, changing the distribution of
customers across the two channels, the principal optimally trades-off the revenues collected for the
services against the payments made to the agent.

Furthermore, following Property 2, we learn that d* = 0, for w > w. Before we look into
the characterization of d*(w), we first prove a technical result that the system’s value function is
strictly concave in the agent’s promised utility w, which implies that, under the optimal contract,
the principal would not randomize over the agent’s promised utility.??

Property 4. 1/ defined in (3.20) is strictly concave in w on [0, w).

Finally, we prove that the optimal discount d*(w) is decreasing in w (Property 5), that is, as
the agent’s promised utility increases, the principal sets a higher price for ordering through the
observable channel. This means that when the agent’s promised utility increases, principal sees less
of a need to divert customers from the unobservable channel to the observable channel. This echoes
our findings of Section 3.3.2, where the principal can monitor the agent: she will only do so when
the agent’s promised utility is sufficiently low.

Property 5. d*(w) is decreasing in w.

Based on the Properties 1-5 established above, the system’s value function can be obtained by

solving the following differential equation:

rV(w) = —c+rwV'(w) + pu{p.(d*(w)) [R+V (w+ R) — V(w) — RV'(w)]

(3.25)
+po(d) [(1 = d )R+ V (w+ Ho(d"(w))) — V(w) — Ho(d")V"(w)] }

with the boundary condition V' (0) = 0 since the termination threshold equals 0 when the contract is
terminated. The principal’s value function can be expressed as F'(w) := V (w) — w. Further, define
w} as the maximizer of F'(w). We, now, can formally define the optimal contract that the principal
adopts when the channel manipulation (via the observed channel’s price discounting) is allowed.
3.4.3 Optimal Contract under Channel Manipulation

Definition 3.6 For any w € [0, w|, define a contract v;(w) = (L*, 7*, D*) as follows:

1. Set Wo_ =wand L = (Wy_ —w)™.

2. Fort > 0, set df = d*(W,_), where function d*(w) is defined by Property 3. dL; =

22If the optimal value function is linear in the promised utility w, the principal implements the optimal contract
by randomizing between two levels of the promised utility. Hence, when the value function is strictly concave,
randomization is not needed.
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(Wi + R — ) dN} + (Wi + H,(d;) — w)TdNY, such that
AW, = 1 Wyt — L+ RN} — apa(d)dt) + Ho(d2) (AN} — upo(ds) ),

where H, is defined in (3.21), and functions p, and p, are defined in (3.19).
3. The termination time is 7* = min{t : W, = 0}.

Similar to the previous sections, to implement the contract, the principal keeps track of the agent’s
promised utility while the payment and the termination at time ¢ are contingent on the agent’s
promised utility at time ¢_. What is new here is that the dynamic discount at time ¢ is also a function
of the agent’s promised utility at time ¢_ (i.e., d*(W;_)), and it further affects the dynamics of the
promised utility through dW,.

Finally, in the next theorem, we prove that (w}) is not only the optimal contract in the class
of contracts which induce full-effort and truth-telling I'(C, but also the optimal contract in the class

of contracts that allow the agent to shirk or not truthfully report I'p.

Theorem 3.3 ~;(w}) in definition 3.6 is the optimal contract in the contract space I p.

3.5 Welfare Analysis

It is clear that the principal is better off when she uses the monitoring or dynamic discounting
tools along with the dynamic contracts levers (payments and termination) to incentivize the agent,
however, how the agent’s utility changes as these tools are used is not as obvious. In this section, we
are interested in how the agent’s utility (w*) changes when the principal adds the monitoring tool or
the dynamic discounting tool. Recall that the agent’s utility represents the agent’s total utility under
the optimal contract which is chosen by the principal at the beginning of the contract, while the
principal’s utility is a function of the agent’s utility. Further, the system’s utility is the sum of the
agent’s utility and the principal’s utility. First, we look at the case in which the principal uses the

monitoring tool to reveal both types of information (unobservable arrivals and agent’s effort).
Lemma 3.10 w;,, < w; fori=1,2,3.

Lemma 3.10 shows that, unsurprisingly, the agent is always worse off when the principal conducts
full monitoring (that is, when the monitoring can reveal both types of private information). In
the baseline model (i.e., absent of monitoring), the positive utility, w;, that the agent receives can
be understood as the information rent since the agent has two types of private information. The
monitoring tool has two effects on the system and the agent: first, it increases the system’s total

utility (i.e. the system’s value function with monitoring is larger than the system’s value function
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without monitoring) by reducing the probability of termination. Furthermore, in the case when
monitoring reveals both types of private information, the contract is never terminated. Recall that
termination hurts the agent as well as the principal, therefore, in the baseline model, the principal
is motivated to start the agent with a baseline utility that is high enough that the agent will not
be terminated with a high enough probability. However, once monitoring is used, the principal
can monitor both truth-telling and effort and can avoid termination, therefore, the second effect of
monitoring is that the principal starts the agent at a lower promised utility. Thus, while monitoring
eliminates the chance that the agent will be terminated, it also causes the agent’s expected utility to
decrease. In fact, in the extreme, trivial case where monitoring cost is zero, the principal would
monitor at all times and the agent’s expected utility would, therefore, go down to zero.

The situation is different, however, if the principal can only conduct partial monitoring (by,
monitoring arrivals). Once again, the monitoring tool increases the system’s total utility (i.e.
the system’s value function with monitoring is larger than the system’s value function without
monitoring) by reducing the probability of termination. Since monitoring makes the contract
more profitable, the principal may have the incentive to increase the agent’s expected duration of
employment in the contract compared with the baseline contract. However, it is still possible that the
agent will be terminated in the contract with monitoring. Hence, the principal may have motivation
to further increase the agent’s starting promised utility to increase the agent’s expected duration of
employment (i.e., to reduce the probability of termination). In the following numerical example, we
show a situation where the agent’s utility increases when the principal conducts partial monitoring

which only reveals unobservable arrivals.

Example3.1 ¢c = 16,0 =1,p=09, R, = R, = R =2,r =0.1,m = 0.05 w}, = 1.2, and
wij = 0.96.

In Example 1, when partial monitoring is added, the agent’s utility increases from 0.96 to 1.2. In this
example, the probability of termination in the baseline contract is 0.82 which is quite large. Hence,
the principal has the motivation to decrease this probability by increasing the agent’s utility. As a
result, the agent’s utility increases and the probability of termination in the contract with monitoring
goes down to 0.75.

However, if we fix other parameters and only change the service fee as follows: R, = R, =
R =5, the agent becomes worse off (w;, = 5.4 < w] = 9.12) with monitoring compared to the
baseline case. In this case, R is large, and the probability of termination in the baseline contract
decreases to (.26 which is already small. Hence, the principal does not have the motivation to
further decrease this probability by increasing the agent’s utility. In addition, in the contract with
monitoring, although we reduce the agent’s utility, the termination probability is still only 0.1. The
next lemma confirms our numerical findings: if the service fee R is large enough, the agent will be

worse off when the principal conducts partial monitoring.
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Lemma 3.11 If m = 0, there exists R such that if R, = R, > R, then wy, < wy.

Our previous analysis indicates that the partial monitoring tool is more likely to hurt the agent
as R increases. We tested this conjecture by conducting a numerical study. In the study, we
took the model parameters as follows: r» € {0.5,1,1.5,2}, R, = R, = R € {1,2.5,4,5.5,7},
m € {0.2,0.4,0.6,0.8}, u € {0.5,1,1.5,2}, ¢ € {0.8,1.2,1.6,2,2.4}. In the numerical study,
when we fixed other parameters and let 2 increase, we found that there exists a threshold where the
monitoring tool hurts the agent if and only if R is above that threshold.

Finally, we analyzed the case when the principal uses the dynamic discounting tool. We first
discuss how the dynamic discounting tool may affect the agent’s utility. Similar to the case with
monitoring, the dynamic discounting tool increases the system’s utility by decreasing the probability
of termination. The dynamic discounting tool alleviates the moral hazard problem by guiding
customers from the unobservable channel to the observable channel which makes the promised
utility of the agent decrease slower. Since the dynamic discounting makes the contract more
profitable, the principal may have the incentive to decrease the probability of termination in such
contract compared with the baseline contract. However, it is still possible for the agent to be
terminated in the contract with dynamic discounting. Hence, the principal may have motivation to
further increase the agent’s utility to increase the agent’s expected duration of employment (i.e., to
reduce the probability of termination). In the following numerical example, we show a situation

where the agent’s utility increases when the principal uses the dynamic discounting tool.

Example3.2 ¢c =09, 0 =1,a =08,0=02,p =08 R, = R, = R=16,r =0.7,U = 2,
wy = 0.35, and w} = 0.25.

In Example 2, when the dynamic discounting tool is used, the agent’s utility increases to 0.22 from
0, the latter is the utility when no dynamic discounting is undertaken. In this example, the principal
has the motivation to reduce the probability of termination by increasing the agent’s utility while
also employing dynamic discounting. However, if we fix other parameters in Example 2 and only
change the revenue such that R, = R, = R = 3, then dynamic discounting makes the agent worse
off, i.e. w) = 1, wi = 1.46. In this case, R is large, the probability of termination in the baseline
contract decreases to 0.54 which is already relatively small. Hence, the principal does not have the
motivation to further decrease this probability by increasing the agent’s utility while using dynamic
discounting.

We conduct a numerical study with the same set of the parameters as we did in the case of
partial monitoring. We find that, as R increases, the dynamic discounting tool is more likely to
hurt the agent. The explanation is similar to the case of partial monitoring: as R increases, the

probability of termination in the baseline contract becomes small, and the principal’s motivation to
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further reduce the probability of termination is weakened, hence, she chooses to reduce the agent’s

utility by discounting more.
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CHAPTER 4

Dynamic Moral Hazard with Adverse Selection

4.1 Introduction

Many business environments involve situations where an agent is supposed to exert effort and
obtain results over time for a principle. For example, a firm’s R&D department (principal) funds
researchers (agent) for extended durations of time, hoping to generate “breakthrough results.”!
Similarly, many companies expect their employees in charge of business development activities
to acquire new target customers. In politics, many firms hire lobbying agencies in the hope of
influencing politicians to pass legislation benefiting the firm. In all these situations, the agent’s
activities are hard to observe, leading to a dynamic moral hazard problem. Furthermore, the agent’s
capabilities to achieve results, reflected in its operating cost, may be only known by the agent,
and not observable to the principal. For example, firms may have a hard time estimating how
much expenditure it will take the researcher team to achieve breakthroughs, or how much lobbying
expenditure it will take a lobbyist to achieve legislative results. An agent may either claim a higher
expenditure than necessary, or, if under-funded, may choose not to exert effort. This therefore gives
rise to a principal-agent problem with both dynamic hazard and adverse selection.

In particular, we consider a risk-neutral setting in which a principal hires an agent to create
positive results (new businesses, research breakthroughs, favorable legislation, etc.). When the
agent exerts effort, positive results arrive according to a Poisson process with a given rate. This
instantaneous arrival rate is a positive constant if and only if the agent exerts costly effort. If the
agent shirks, the arrival rate drops to zero. A distinct feature of our model, compared to previous
literature, is that the agent’s cost rate (of exerting effort) is private information, which represents
heterogeneity in the cost/outcome ratio of agents. Thus, an agent with a lower cost structure is
able to obtain more positive results for the same effort than an agent with a higher cost structure.
However, the principal does not have a priori knowledge of an agent’s cost structure and could be
stuck with either a high cost/incapable agent or an agent that is capable but does not exert the right

effort if the principal does not provide the right incentives.

! The material presented in this chapter is based on the paper [TZSD21] co-authored with Feifan Zhang, Peng Sun
and Izak Duenyas.

76



We formulate the problem as a continuous-time dynamic moral hazard problem with adverse
selection. The continuous-time dynamic moral hazard literature originates from [San08], which
considers a principal hiring an agent to affect the cash flow of a project by controlling the drift of a
Brownian motion. [San08] develops a continuation utility formulation (similar to the “promised
utility” framework in [SS87]) to transform the contract design problem into a dynamic programming
problem in which the agent’s continuation utility is the state variable. This formulation has been
further applied to the Poisson model by [BMRV10]. However, their Poisson arrival is “bad news”
that causes losses to the principal, rather than “good news” that is beneficial to the principal in
our model. Some recent papers also consider “good” Poisson arrivals ([ST18],[GT16],[Shal7a]).
However, the operating cost of the agent in these papers is known by the principal.

Following standard results in mechanism design in [LMO09], the principal should provide a menu
of contracts, such that an agent with a specific cost chooses a particular contract from this menu.
Following the revelation principle [Mye81], it is without loss of generality for us to consider direct
mechanisms. In traditional adverse selection models, such mechanisms only involve allocation and
payment decisions that depend on the agent’s type. In our setting, however, after the agent reports
the operating cost, the two players still face a dynamic moral hazard game. That is, payments
and allocation (and contract termination) should also depend on the agent’s dynamic performance,
which is stochastic in nature. Therefore, the principal needs to optimize over menus of dynamic
incentive compatible contracts that motivate agents with different operating costs to continuously
exert effort before contract termination. Furthermore, one type of agent should not have an incentive
to choose a dynamic contract for another type. Consequently, the optimal design problem can no
longer be formulated as a classic dynamic program. In this paper, we contribute by providing a
solution approach based on deterministic continuous time optimal control.

There have been previous attempts on the problem with both dynamic moral hazard and adverse
selection. [Ma91] focuses on renegotiation and actions with long-term effects, whereas we give
the principal full commitment power on contracting, and hence the issue of renegotiation does not
exist. [May20] and [RCW21] both consider dynamic moral hazard problems with adverse selection
where an agent is hired to exert effort to reach a single breakthrough. Hence, their model only
considers a single arrival while we consider an infinite horizon Poisson process. Furthermore, the
adverse selection in their model comes from the information about the arrival (timing of the arrival
or the status of the arrival) but not a characteristic of the agent (capability of the agent in our model).
Similarly, [CCW™ 18] considers an infinite horizon Poisson model where the adverse selection
also comes from the feature of the arrivals. [CWY13] and [SPZ20] study continuous-time moral
hazard problems in infinite horizon with adverse selection under Brownian and Poisson stochasticity,
respectively. To solve the adverse selection problem, they adopt the methodology of a credible set

regarding the agents’ continuation and temptation values. Rather than resorting to their method,
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which involves stochastic differential equations with variational inequalities, we formulate our
optimization problem with a deterministic optimal control approach. Our formulation enables us to
provide closed-form solutions of optimal menu of contracts with intuitive implementations, such as
probation contract and sign-on-bonus contract. Another distinct feature of our paper from previous
papers is that we can tackle the continuous type problem by taking advantage of our deterministic
optimal control approach, while they only consider the two type problem.

There are recent papers in OR/OM considering both moral hazard and adverse selection.
[CGDJ20] consider a principal who periodically provide a non-monetary reward to agents who have
private information to incentivize the agents to invest effort over the long-run. Our paper differs
from theirs in two aspects. First, the principal’s objective in their model is a long-run average payoff
while the principal maximizes the expected discounted revenue in our model. Second, they focus on
finding near-optimal policies while we focus on characterizing the structure of the optimal contracts.
[ZTH19] considers a delegated search model where the agent’s search effort and the result of the
search process are private information. Hence, the adverse selection in their model comes from
the search result but not the agent’s capability/cost in our paper, and they consider a finite-horizon
setting. Furthermore, none of these papers adopt the continuation utility formulation.

Another related strand of literature combines dynamic moral hazard with learning. Unlike our
private information setting where the principal can elicit truthful information, under their setting
with learning, the uncertainty is unobservable to either party, and hence the contract has to update
the belief of the state and adjust contracts accordingly, such as [Bhal2], and [Kwol1]. [HKL16]
considers long-term contracting that involves adverse selection, moral hazard, and learning. Our
model differs from theirs in three aspects. First, our agents are protected by limited liability, which
greatly impacts the contract structure; second, there is no experimentation in our model; third, our
paper is built in the continuous-time setting instead of their discrete-time setting, which facilitates
our deterministic optimal control approach.

In our model, the principal offers the agent a menu of contracts, with each item in the menu
designed specifically for an agent with a particular operating cost. In each contract, the principal
keeps track of the agent’s performance score, which is the continuation utility as in [SanO8]. The
performance score takes an upward jump once a Poisson arrival occurs and keeps decreasing
between arrivals. There are two absorbing states, a lower threshold of zero at which the contract
terminates, and an upper threshold at which the agent will never be terminated, is rewarded with
a monetary payment for each future arrival. If the agent is of two possible types, with the cost
being high or low, when the high-cost agent is too costly, he is asked to leave the system to avoid
inefficiency. In order to induce truthful revelation of high cost, we should adopt a pay-to-leave
contract: an immediate payment that is equal to what the agent can get from mimicking the low-cost

agent. This immediate payment is the information rent rewarded to the agent. If the high-cost
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agent is less costly, he can possibly be hired. Yet it could be that even though he is hired, the agent
would still prefer to mimic the low-cost agent. Hence, the principal should use a sign-on-bonus
contract which provides the agent an immediate payment to induce truth telling. The contract to the
low-cost agent only reimburses the low operating cost. This implies that the high-cost agent cannot
afford to exert effort, and therefore is unable to generate any arrival by mimicking the low-cost
one. Consequently, the first arrival is the particular evidence that differentiates the low-cost agent
from the high-cost one who attempts to mimic without working. Therefore, the principal gives the
low-cost agent a probation contract, which starts with a probation period for the low-cost agent
to prove his type. We believe our model is especially appropriate in settings like new business
generation, R&D or legislative lobbying where ’arrivals’ are likely to be rare but significant.

If an arrival occurs during the probation period, the identity of the low-cost agent has been
confirmed. Hence, to design the menu of contracts, we can focus on designing the length of the
probation period and the magnitude of the sign-on bonus. This enables us to transform the original
contract design problem into a deterministic optimal control problem. If there is a continuum of
possible cost levels, we formulate an easy-to-compute upper bound optimization problem to the
original problem thanks to the deterministic optimal control formulation. This optimization problem
further provides a way for us to design a menu of contracts. Furthermore, we show that if the
solution in the upper bound calculation satisfies a simple condition, then the upper and lower bounds
match, which implies that our contract design is in fact optimal. Our numerical study illustrates that
the condition is often satisfied with commonly used distributions. In this case, the principal designs
a menu with a continuum of different items, each of which has the form of sign-on-bonus contract
or probation contract.

Our paper is one of the first papers that combine the continuous-time moral hazard problem
and the adverse selection problem. Luckily, we can solve the two-type problem and show that the
optimal contracts take a simple and intuitive structure. Furthermore, ours is the first paper that
can tackle the continuous-type problem. Although the space of dynamic contracts is enormous,
the optimal contracts only take two intuitive and easy-to-implement forms both in two-type and
continuous-type problems.

The rest of the paper is organized as follows. We introduce the model at the beginning of Section
2.2. In Section 4.3, we present three contracts that are candidates for optimal contracts when the
agent type is unknown by the principal. In Section 4.4, we solve the optimal contracts for the

two-type case. In Section 4.5, we consider the contract design problem for the continuous-type case.
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4.2 Model

A principal contracts an agent to increase the arrival rate of a Poisson process over an infinite
time horizon. At any point of time ¢, the agent can privately choose to either work or shirk.
Whenever working, the agent incurs a constant flow of cost, and generates Poisson arrivals with
an instantaneous rate p. Shirking costs the agent nothing, and also generates no arrivals. Each
arrival yields a revenue R to the principal, and is observable to both the principal and the agent.
Therefore, we denote v, € {0, u} to represent the agent’s effort level at time ¢, such that v, = 0
represents shirking and v; = p working. Further denote a right-continuous counting process
N = {N,}4+>0 to represent the total number of arrivals up to time ¢, which generates a filtration
FN = {FN}iso. Therefore, the instantaneous arrival rate of the counting process at time ¢ is vy,
and the left-continuous effort process v = {1, };>0 is F*V-predictable.

The agent’s capability, reflected by his operating cost per unit of time, is uncertain to the
principal a priori. That is, a more capable agent can generate arrivals with a lower operating cost. In
this paper, we use “capability” and “cost” interchangably. We assume that the operating cost is the
agent’s private information, and stays the same throughout the time horizon. The common prior
distribution of the operating cost has a support C. In this paper we consider C to be either a binary
set {g, b}, or a continuous interval. We also refer to the operating cost ¢ € C as the agent’s type. We
assume that the principal needs to cover the operating cost because the agent has limited liability
and is cash constrained, a standard assumption in the dynamic contracting literature. In particular,
at any point in time, in order for the agent to exert effort, the principal needs to reimburse for the
agent’s reported operating cost c. (This situation is pretty common in the contexts such as R&D
and lobbying where the principals have to provide a continuous flow of payments to the agents to
let them operate. It may take the form of retainers in the case of lobbyists or a fixed amount of
repetitive payments in the case of contract R&D.)?

Therefore, if the agent’s type is ¢ but pretends to be of a better (lower-cost) type ¢’ < ¢, and
the principal only pays operating cost ¢, then this agent is not able to generate any arrivals. If the
agent shirks, a fraction p € (0, 1] of the operating cost payment by the principal can be diverted
as a shirking benefit to the agent. For ease of exposition, we assume that p = 1, such that all the

operating cost can be converted to the agent’s shirking benefit. Following [GT16], we assume

2 The charging of retainers by lobbyists is common, see for example, https://lobbyit.com/pricing/,
https://arnoldpublicaffairs.com/faq/ and https://lobbying101.wordpress.com/about-lobbyists/how-much-do-they-charge/.
Furthermore, it is common that R&D projects are funded for long durations of time and may not bring any results
at the end. For example, 50% of registered clinical trials are never published in full and at least 50% of published
reports are not sufficiently clear, complete, or accurate for others to interpret, use, or replicate the research correctly, see
https://blogs.bmj.com/bmj/2016/01/14/paul-glasziou-and-iain-chalmers-is-85-of-health-research-really-wasted/ and
https://www.fiercebiotech.com/special-report/2019-s-top-15-clinical-trial-flops-and-a-dishonorable-mention. Other fa-
mous failure examples include VCF developed by FBI ([Wik21]) and South Carolina’s nuclear power plant construction
project. ([Wik21]).
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whenever the agent’s operating cost is ¢, the principal has to pay the agent at least a flow of c at
any point in time in order for the enterprise to continue operating. That is, whenever the payment
flow from the principal drops below ¢, the operations stop completely and there will be no more
future arrivals. This further implies that a high-cost agent who mimicks a low cost agent can enjoy
the low operating cost as a shirking benefit until contract termination.? Because the agent knows
the operating cost in the beginning of the time horizon, following the Revelation Principle, it is
without loss of generality to consider direct mechanisms (see, for example, [Mye86],[PST14]).
In our context, the principal designs a menu of contracts I'c = {7“}.cc, such that type ¢ agent
chooses contract v¢. Any contract ¢ = (L¢, 7¢) includes an F-predictable payment process L, and
a F-random time 7° representing contract termination. When stressing the operating cost c is not
necessary, we also use notation v = (L, 7) without superscripts to represent a generic contract. As
for the contract termination time 7, if 7 = oo, the contract continues throughout the infinite time
horizon.

Specifically, for the payment process L = {L;};>¢, at each time epoch ¢t > 0, L; represents
the cumulative payment from the principal to the agent up to time ¢. For simplicity of expressions,
in the rest of the paper we consider dL; = ¢;dt + I, in which /¢; represents the flow, and I; the
instantaneous payment at time ¢. Limited liability of the agent and the assumption that the agent is
cash constrained imply that payment is from the principal to the agent but not the other way around,
or,

Ly, > Ly, YVt < ts.

Furthermore, before contract termination, the payment needs to cover the operating cost, or,
L; — L;:H_ Z C(tg — tl), Vit € (thtg], t2 S T,

where we use notation X, := lim,|; X; to represent the right limit of any left-continuous process
{Xi}i>0 at time ¢. Similarly, we define notation X, := lim,; X;. For simplicity of expressions,
in the rest of the paper we consider dL; = ¢;dt + I;, in which ¢; represents the flow, and [; the
instantaneous payment at time ¢. Therefore, the aforementioned constraints on payments can be

summarized in the following limited liability (LL) constraint for all contract v¢ = (L¢, 7¢) € T¢,

I; >0, t;>c, Vte|0,7]and c € C. (LL)

3Shirking and misuse of research funds are surprisingly common in R&D settings, see for example,
https://www.chron.com/news/houston-texas/article/Prof-accused-of-spending-NAS A-grants-on-cars-1722521.php,
https://www.nbcnews.com/news/us-news/philadelphia-professor-accused-spending- 185-000-grant-funds-strip-clubs-
nl1118571, https://www.newsweek.com/fund-meant-vaccine-research-misused-least-145m-unrelated-expenses-almost-
decade-1564954, and https://www.theguardian.com/higher-education-network/2015/mar/27/research-grant-money-
spent.
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Both the principal and the agent discount future costs, and payments with a discount rate 7.

Without loss of generality, and for simplicity of expressions, we normalize time unit such that
pw+r=1 4.1

In order to formally define direct mechanisms, we need to start with expressing the agent’s

utility.

Agent utility

Given a dynamic contract y = (L, 7) and an effort process v, the expected discounted utility of

the agent with an operating cost c is

u(y,v;c) =K [/ e "(dL; — cl,,—,dt) |, 4.2)
0

in which the expectation E” is taken with respect to probabilities generated from the effort process
v.

Next, we describe the agent’s cash constraint. The agent’s resource to conduct the project is
provided solely by the principal, and insufficient resources would render the agent unable to exert

effort. Formally, any effort process of a type ¢ agent facing a contract v = (L, 7) needs to satisfy,
vy =, onlyif £y > ¢, Vs < t. 4.3)

Use N (7, ¢) to denote the set of all FN _predictable effort processes v that satisfy condition (4.3)
for a type ¢ agent facing a contract . Further use 9%(~y, ¢) C N to denote the set of best-response

effort processes, that is,
u(vy,vie) > u(vy,vs¢), Y € N(y,¢) and V' € N. (4.4)

We denote F}Y-predictable effort process 1° = {10},5 to be the always shirking process such
that v = 0 almost surely for all ¢ before contract termination. Similarly, we denote F -predictable
effort process 7 = {1 }+>¢ to be the always exerting effort process such that ; = 11 almost surely
for all ¢ before contract termination. Define quantities

B, = 2 and 0, = “fc. (4.5)

A simple contract that induces the agent to always exert effort is to pay the agent a constant 3,

for each arrival besides reimbursing the operating cost rate c. That is, we can expression such a
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simple contract as 7° = (L, 7¢) with dL§ = $°dN; + cdt and 7¢ = oo. One can verify that the
corresponding agent’s utility is

—c —

u(y4, v, c) = w,.

Although this simple contract is not optimal, the quantities /3. and w, are useful for describing the
optimal contracts.

Furthermore, the revelation principal implies that we can focus on direct mechanisms. Therefore,
we need the following Truth-Telling (TT) contraint on the menu ['¢, which ensures that an agent

with operating cost ¢ indeed chooses contract v¢ from the menu.
u(y,v%¢) > u (70/, y;c) Ve, d €C, v° e N(vee),v e N(v9e). (TT)

It is standard to consider the agent’s continuation utility (also called promised utility) at time ¢,
defined as (see, for example,[BMRV10]),

Wi(v,v;c) =R {/ e CTI(dLy — el —yds)
t

EN] Licr. (4.6)

In this literature it is standard to assume that the principal has the commitment power to a long
term contract, while the agent does not need to commit to staying in the contract. That is, we
need the following Individual Rationality (IR) constraint to guarantee participation before contract

termination,
Wi(v,v;¢) >0, Vt€[0,7], c€C. (IR)

The following result depicts the dynamics of the process IW;, and provides an equivalent

condition to the best response effort process.

Lemma 4.1 For any contract v, effort process v, and operating cost ¢, there exists an FV -adaptive

process H; such that
AWy (v, v;¢) = {[TWi— (v, v;¢) — nH, + cly,—,|dt + HidN, — d L} Lo<i<r- (PK)

Furthermore, the following defined effort process is a best response to contract vy, or, {Vi }ic(0.] €
MN(~, ¢), in which

v, = { K, lth Z Bca (IC)

0, ow

Lemma 4.1 implies that the principal can motivate a type c agent to exert effort if and only if
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each arrival yields an upward jump of at least (3. in the agent’s promised utility. Later in the paper
we show that in the optimal contract, the incentive compatibility (IC) constraint may not always be
binding. That is, for certain operating cost ¢ and time ¢, we need H, > (3., greater than the minimum

amount necessary to induce effort.

Principal utility.

Denote U (7, v) to represent the principal’s total expected discounted utility from a contract -y

while the agent’s type is ¢ and uses an effort process v € N (7, ¢). That is,
U(y,v) =FE {/ e " (RAN; — dLy)| . 4.7)
0

Now we define U(I'¢) := E [U(7¢, v°)] to represents the principal’s total expected discounted
utility from the menu of contracts I'c when the agent’s effort process ¢ € DN(v, ¢) satisfies (IC).

The principal’s contract design problem is

Z(C) :=sup U(T¢) (4.8)

Te
s.t. (LL), (PK), (IC), (IR), and (TT).

Note that the expectation in the objective function is taken with respect to the operating cost ¢, while
constraints (LL), (PK), (IC) and (IR) are for all ¢ € C. In contrast, the constraint (TT) is for all pairs
of operating costs ¢ and ¢/, which implies that the maximization problem (4.8) cannot decouple in c.

Finally, the objective function value Z(C) is the principal’s optimal expected utility.

4.3 Implementable Contracts

In this section, we present all possible contract forms that will appear in an optimal menu of
contracts before rigorously deriving them in the next section. Note that the space of the dynamic
contracts could be enormous. Here we greatly narrow down the possibilities to two structures:
sign-on-bonus contract (including pay-to-leave contract as a special case) and probation contract, all
of which are mathematically tractable and possess managerial interpretations. In later sections, we
will formally show how to derive the optimal contracts and verify that these three contract structures

suffice.
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4.3.1 Sign-on-bonus contract

First, we introduce the so-called sign-on-bonus contract. In particular, we allow the principal to

pay a sign-on-bonus in the beginning.

Definition 4.1 For any initial promised utility w > 0 and sign-on-bonus B > 0, define a sign-on-
bonus contract v§(w, B) = (L¢, 75), which pays the agent dLy = B + max{w — w,, 0} at time 0,

and then generates a promised utility process W according to
AWy = [r(Wf. — w.)dt + min {@. — W7, B.} AN,] Tw,_>o (4.9)
following W§ = min{w, w.}. Furthermore, the payment process L follows
dL; = [edt + (W + B — @) TdN,] Tw,_>0 (4.10)
and the termination time Ty is according to
75 = min{t : W = 0}. 4.11)

According to contract v5(w, B), the principal pays the agent a sign-on-bonus B at the beginning if
the initial promosed utility w is below the upper bound w.. A special case v5(0, B) gives the agent
a bonus B without asking the agent to work. Such a pay-to-leave contract may be useful if the
agent’s operating cost c is so high that it is not worth hiring the agent. The initial payment induces
the agent to truthly reveal his type, as will be evident later in the paper.

As long as w < w,, the promised utility W starts from Wj = w, and its dynamics (4.9) is
consistent with (PK) with H; = .. That is, the promised utility takes an upward jump of (3. upon
each arrival, and gradually decreases at rate r(w. — W) as long as W < .. An instantaneous
payment occurs when the promised utility W, jumps above w.. After that, the promised utility stays
at w, and the principal pays the agent (. for each future arrival, in addition to the flow payment
cdt, which reimburses the operating cost. In this case the termination time 7¢ is infinity. If W does
not reach w, but decreases to 0 instead, the contract is terminated. Therefore, contract 5 (w, B)
motivates the agent to always exert effort before contract termination by setting H; = 3. at all times
in the (IC) constraint.

The sign-on-bonus generalizes the optimal contract structure for the case without adverse
selection ([ST18]), by adding a sign-on-bonus B and allowing the initial promised utility w to be
higher than .. That is, the optimal contract for the known cost case is another special case of the
sign-on-bonus contract. We call this special case, 75(w, 0) for some initial value w, a standard

contract. In the next section we show exactly when a sign-on bonus contract structure is optimal,
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and the corresponding optimal w and B values.

4.3.2 Probation contract

The next contract structure is more intricate, and it is important to understand why it may arise.
First, recall that it is necessary for the principal to pay a flow rate of at least c in order to induce
effort from a type c agent. Consider, for simplicity of illustration, an agent whose true operating
cost is ¢’ can only cheat by mis-reporting type ¢ < ¢’. Assume that the principal then pays the
agent a flow cost of ¢ with the intention of reimbursing the operating cost. In reality, the agent
cannot afford to exert effort, but rather pretends to work while collecting the payment ¢ over time.
When there is no effort, there is no arrival. In order to mitigate cheating, the principal should not
allow such a no-arrival state to last forever, but rather allow a finite probation period. If there is no
arrival during this probation period, the agent will be terminated at the end of probation. On the
other hand, an arrival during this period would reveal that the agent’s true type is indeed c. In this
case, uncertainty of the agent’s type is resolved, and the principal can follow the contract structure
75(w, 0) of Definition 4.1 after the first arrival. In order to ensure effort during probation for an
agent who has truthfully reported his type, the promised utility needs to take an upward jump of at
least (3., and possibly higher, at the first arrival.

We now specify and derive the dynamics of the probation contract. The agent is only paid
dL,; = cdt to cover the operating cost during the probation period. A key element of this probation
contract is a threshold z > 0. If the first arrival occurs at time ¢ with W > z, the promised utility
jumps up by exactly S.. If W} < z, on the other hand, the promised utility jumps to z + 3. upon an
arrival at time ¢, which means the magnitude of the jump is higher than (.. Therefore, when the
promised utility W is below the threshold z, it evolves according to (PK) with H; = z + 3. — W,
that is,

dWy
TV Wi — e+ B = W) = We — (e + ). 4.12)
Consider a probation period with length 7, that is, W< = 0. With this boundary condition, we have

a closed-form solution to (4.12), which is
We=puz+ ) (1—€"7). (4.13)

Consequently, if z < w, the time it takes for Wy to decrease from the threshold z to 0 is

u(z + Be)
r(w, — z)

(4.14)

T, :=In

If 7 < 7,, then (4.13) fully specifies the dynamics of the promised utility before the first arrival or
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end of probation, and
Ws(r,2) =p(z+6:) (1—e ), forT <. (4.15)

If 7 > 7., on the other hand, then (4.13) only captures the dynamics from ¢t = 7, to t = 7, when
W¢ < z. For the initial period of time from ¢t = 0 to ¢t = 7 — 7., the promised utility W > z, and
evolves according to (PK) with H, = ., that is,

dwe

i rW§¢ — ufe = r(Wy — w,).

With boundary condition W¢__ = z, we once again have a closed form solution for ¢ € [0, 7 — 7],
W¢ =1, — (@, — z)e" =7, (4.16)

Overall, if 7 > 7,, at time 0, we have
We(r, 2) = @, — (W, — 2)e” ") for T < 7. (4.17)

and, if 7 < 7,

If z > w,, on the other hand, W} evolves according to (4.13) from the very beginning. In this
case the initial promised utility is still (4.15).

The probation period ends if either the first arrival occurs or W becomes zero, whichever

happens first. Therefore, we further define the first arrival time as
¥ = min{t | AN, = 1}.

With the above set up we present the following definition.

Definition 4.2 For any probation time period T > 0 and threshold =z > 0, we define a probation
contract v§(7, z) = (L¢, 7¢), which pays dL{ = cdt and generates a promised utility process W

that evolves according to the following rules fort € [0,7) if ¥ > 7.

» If 2 < w,, then W follows (4.16) fort € [0, max{T — 7,,0}), and (4.13) for t € [max{T —
7., 0}, 7], starting from (4.17) if T > 7, and (4.15) if T < T,.

o If z > w,, then W{ follows (4.13) for t € |0, 7|, starting from (4.15).

If 7V < 7, then the aforementioned dynamics lasts until 7¢ = 7. After that point, and the contract

continues with g (max {WTClN, z} + Be, O) by resetting time i\ to 0.
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In the next section we demonstrate when this contract structure may be optimal, as well as how
to specify the corresponding 7 and z values. Here, we use a figure to better illustrate this contract

structure and the associated dynamic.

z+ ﬁ“ bttt e s rs s saaaaaaaanaaaRaaanRaanaaaaarana e ran
-------- min{W¢ + 3¢, z + 3}
- = IC binding

He oy = Hy =2+ — Wy

Figure 4.1: Sample trajectories of agent’s promised utility before the first arrival.

Figure 4.1 gives an illustrative example of contract 5 (7, z) for the case that 7 > 7,. The agent’s
promised utility trajectory W starts from ;. Over time, if no arrival has occurred, the agent’s
promised utility drifts down, following the solid curve. If the first arrival occurs before 7, the
promised utility jumps up to the dotted curve min{Wy + f., z + (. }. Conceptually, the difference
Hf = min{p., z + . — W} represents the scale of upward jump in the agent’s promised utility
upon the first arrival. It is fixed and equal to 3. before time 7 — 7,. After 7 — 7., however, the
jump Hf = z+ . — W > ., and the (IC) constraint is not binding. After this first arrival, the
contract (7, z) sets Hf to (.. Finally, the dashed curve, which overlaps with the solid curve when
t < 7 — 7., characterizes the movement of the promised utility following the dynamic (4.9) of the
regular contract when H; is kept at .. The figure implies that allowing the upward jump H; to be
higher than f. effectively shrinks the probation period.

4.3.3 Principal and agent utilities

To conclude this section, we present results on the agent’s and principal’s utilities under the
aforementioned contract structures. First, we formally establish the agent’s utility under the sign-on-

bonus contract and the probation contract.
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Proposition 4.1 (i) For any w > 0and B > 0, we have v € N(y§(w, B), ¢), and
u(’yg(w, B), v; c) =w+ B.
(ii) Forany T > 0and z > 0, we have v € N(v5(T, 2), ¢), and

u(95(r,2), 7 ¢) = Wi(, 2),
in which W§(t, z) follows (4.17) and (4.15).

We will formally show in the next section that after the type ¢ becomes known, it is optimal
for the principal to follow the standard contract v5(w, 0). In this case, Proposition 4.1 verifies that
the agent’s utility under the standard contract 75(w, 0) is indeed w; the principal’s value function,

F.(w), as a function of the promised utility w, is defined by the following differential equation,*

r(w —w.)Fl(w) = (¢ — puR) + F.(w) — puF, (w+ B.), Yw € [0,w,], (4.18)
with boundary conditions F.(0) =0 and F.(w) = 'URT_ € wforw > 1. (4.19)

The following proposition adopts some results from [ST18] into our setting.

Proposition 4.2 If R > (3, the differential equation (4.18) with boundary condition (4.19) has a
unique solution, F,.(w), which is strictly concave on [0, w,.) and F.(w) > —1; furthermore, we have
F.(w) = U(%(w,0),v). If R < [, on the other hand, define F.(w) = —w. Overall, we have
Z({c}) = maxy>o Fe(w).

Proposition 4.2 implies that the function F.(w) is indeed the principal’s value under contract
75(w,0), which is the optimal contract if the cost is known to be c¢. Furthermore, the maximizer
of function F,.(w) is the agent’s utility under the optimal contract when the cost ¢ is known to the
principal.

In the next section, we conisder the simple case when there are only two types of agents. We
will prove that it is sufficient to only consider the sign-on-bonus and probation contract structures to
construct an optimal menu of contracts, and we will show how to determine the parameters in these

optimal contracts.

4This differential equation is similar to Equation (12) in [ST18]. The main difference is due to differences in model
set-ups. In [ST18] the principal can pay reimburse the effort cost at a later time, while in our setting the principal needs
to reimburse the effort cost immediately.
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4.4 Two-Type Case

It is natural to first consider the simple case when there are only two types C = {g, b} with
g < b. We can completely solve this two-type case, and the insights and results we derived in this
section will also be useful in Section 4.5 when we consider the continuous-type case. The prior
probabilities of types g and b are p and 1 — p, respectively. We refer to the agent with the lower cost

g as the good agent, and b as the bad agent. In this section we require the following assumption.

Assumption 4.1
By < R, or, equivalently, nR > g.

This assumption guarantees that the good agent is efficient, which means that this agent generates
a positive societal value whenever exerting effort. With this assumption, we exclude the trivial case
where both agents are inefficient, because it is obviously dominant for the principal to offer a null
contract with no payment and immediate termination in that trivial case. Note that we have not
made any assumption on the bad agent’s cost b yet. Indeed the bad agent can either be efficient
(By < R) or inefficient (3, > R), which leads to somewhat different optimal contract structures, as
will be discussed later in this section.

Following the problem set up in the last section, the menu ' offered by the principal contains

two items, (79,~°). The objective function of the principal’s contract design problem (4.8) becomes
U Tyn) =pU0 1) + (1= pUG" V). (4.20)

In the remainder of this section, we demonstrate the construction of the optimal menu of
contracts in steps. First, we construct an optimization problem, which provides an upper bound
for the optimization (4.8), in Subsection 4.4.1. Then, in Subsection 4.4.2, we construct a menu of
contracts based on the optimal solution to the upper bound optimization problem, and show that
this menu of contracts achieves the upper bound, and therefore is indeed the optimal menu. The
first two subsections are focused on technical results constructing the optimal menu of contracts.

Finally, in Subsection 4.4.3 we discuss additional economic insights of our optimal solution.

4.4.1 Upper bound optimization

In this subsection we present a new optimization problem, which provides an upper bound to
the original contract design problem (4.8). In the following result, we use functions F, and F}, as
defined in (4.18)-(4.19) for ¢ € {g, b}.
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Proposition 4.3 The following optimization problem yields an upper bound to the optimal value of
the contract design problem (4.8). That is, ) > Z({g,b}), where

V= max p-Gluwg,7)+(1-p), (4.21)

s.towg > wy > g(l—e™ ")/, (4.22)

>0, (4.23)

§ < Fy(wy), (4.24)

P S w29

in which we define operator ()™ = max{z,0}, and function G(w, 1) through the following

optimal control problem, if T < oo,

Glu,r) = s [ e [R+ Fy(Wi+ Hldt — g(1 = ), (4.26)
ty 41t 0
aw,
s.t. Tt = rWi_ — pHy, fort € [0,7]; Wo = w, W, =0,

H, > B, Vt € [0,7];

if T = oo, with a slight abuse of notation, we define

G(w,T) = Imax / pe [R+ Fy(W; + Hy)]dt — g, (4.27)
ty41¢ 0
s.1. % =rW,. — uHy, fort > 0; Wy = w,

WtZOJHtZ/Bga VtZO

It is instructive to explain the terms in the optimization problem (4.21)-(4.25). First, the decision
variables w, and wy, represent the utilities of type g and b agent under their respective contracts. The
decision variable 7 is the duration of the probation period for the type g agent. And the variable ¢
represents the principal’s expected utility facing a type b agent. The constraint (4.22) states that
the good agent’s utility, w,, needs to be as good as or better than the bad agent’s wy. Furthermore,
the last inequality in (4.22) states that w;, needs to be no less than the total discounted expected

operating cost that the agent would receive by pretending to be a good agent. This is because
receiving the operating cost g without working yields a utility [ ge "'dt = g(1 — e ") /r.

0
Next, the term G(w,, T) represents the principal’s expected utility if the agent is the good type

(with a low operating cost g). We explain what G(w,, 7) means in the following remark.
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Remark 4.1 First, G(w,, 7) calculates the principal’s expected utility where the agent always
exerts effort. The reason we can focus on full-effort contract is that any contract in which the agent
shirks can be improved by a direct payment and no shirking. According to the optimal control
problems (4.26) and (4.27), the principal designs a contract with an initial promised utility w and
a (probation) time period 1. The decision variables include the promised utility process Wy, and
the upward jump H; associated with a potential arrival if t < 1. During this period of time, if an
arrival occurs, with rate i, then the principal receives a revenue R, and the promised utility jumps
to Wy + Hy, at which point the principal follows the contract that keeps the IC constraint binding,
i.e., v5 (Wi + Hy,0) and earns a future utility Fy(W, + H;), following Lemma 4.2. Recall pu+r = 1,
which explains the term e=* = e~ W+t The constraints further captures the (PK), (IC) and (IR)
constraints. Finally, the second term of the objective function in (4.26), g(1 — e "), captures the
total discounted operating cost that the principal needs to pay before the first arrival or the end of

the period, whichever comes first. Here, again, we use |1 + r = 1 as the effective discount rate.

Finally, we focus on constraints (4.24) and (4.25). First, constraint (4.24) states that the
principal’s utility £ is upper bounded by Fj(w;) when offering the type b agent a promised utility
wy, consistent Proposition 4.2. Finally, constraint (4.25) ensures a type g agent does not pretend to

be of type b, which is elaborated in the following remark.

Remark 4.2 Should the type g agent receive the type b contract, the agent is able to exert effort,
and receive the same trajectory of payments as a type b agent. In addition to receiving the wj,
reward, the type g agent also collects the extra operating cost b — g for the duration of the contract.
This (discounted) duration can be calculated as the (discounted) societal utility, & + wy, divided by
the societal utility rate, uR — b, if uR > b. This implies the following inequality,

§+ wy

wgzwb—i_(b_g)/uLR—b?

or, equivalently, £ + wy, < W(MR —b). (4.28)
-9

If pR < b, on the other hand, the societal value of hiring the agent is negative, and, therefore,

& 4+ wy < 0. Constraint (4.25) captures both cases of pR > b and pR < b.

So far we have provided intuitive interpretations of various components of the optimization
problem (4.21)-(4.25). This optimization plays a central role in our contract design problem. In the
next subsection we convert the non-convex optimization problem (4.21)-(4.25) into an equivalent
convex optimization problem, and obtain a menu of contracts based on its optimal solution. We
further show that the performance of such a menu of contracts indeed achieves the upper bound )
of Z({g, b}). Therefore, this menu of contracts is optimal. In our construction, each contract in the

menu is either a probation contract or a sign-on-bonus contract defined in the previous section.
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In order to solve the optimization (4.21)-(4.25), we first solve the deterministic optimal control
problem (4.26). The solution approach is based on the Pontryagin minimum principle, as illustrated

in the proof of the following Lemmas, presented in the Appendix.
Lemma 4.2 Forany T € [0, 00), define thresholds

1—e™" 1—e™
L = d & = —.
w(T) 9, and &(7) = - et

(i) If w € [W(7),w(T)), then there exists a unique value z(w, ) € [0,&(T)) (also call it z for

simplicity) such that
w =, — (0, —z)e" ), (4.29)

where w, and T, are defined in (4.5) and (4.14), respectively, with ¢ = g and z = z.
Furthermore, the following Wy and H, solves the optimization G(w, ) in (4.26),

o Wy — (W, — 2)e™ 7 fort € (0,7 — 7], 430)
(2 + By) (1 —e'77), fort € [t —7,,7],
and
Ht:{ By, fort € [0,7 — 1, @31)
z+ By — Wi, forte [T —1,7|
(ii) If w > @(T), then define
w
Z(U),T) = m — Bg' (432)

For anyt € [0, 7], the following H; and W, solves the optimization G(w, 7) in (4.26),
W, =u(z+ B,)(1 — € 7), and H, =7+ B, — W,. (4.33)

(iii) If w < &(7), the optimization problem is infeasible, or, by convention, G(w,T) = —o0.

Similarly, we solve optimization problem (4.27) in the following Lemma.

Lemma 4.3 If 7 = oo, then define

z(w, T) = W By, (4.34)



(i) If w> g, then the following W, and H; solves the optimization (4.27),
r

W, = w, and H, = & — w. (4.35)
L
(ii) If w < Q’ the optimization problem (4.27) is infeasible, or, by convention, G(w, T) = —o0.
r

We define the discounted length of the probation period to be

1 . —rT
T = . . (4.36)
’
Further define function
log(1l — r7T 1
J(w,7) =G <w7 _M) , for 7 € [o, —1 , W > gT. 4.37)
r r

Based on Lemma 4.2, we have the following result.

Proposition 4.4 Function J(w,T) is jointly concave in w and 7, and increasing in 7. Furthermore,

we have
Y= max p-J(w,7)+ (1 - p)min {Fb(ww, R - wb} (4.38)
SLwg > wy>g-T (4.39)
0<7< % (4.40)

Because the minimum of two concave functions is concave, the objective function in (4.38) is
concave. Therefore, Proposition 4.4 implies that we can convert the non-convex optimization
problem (4.21)-(4.25) into a convex optimization problem with linear constraints, which can be

solved efficiently.

4.4.2 Optimal menu of contracts

Now we define a menu of contracts based on the upper bound optimization problem (4.38)-
(4.40). Let (w;, wy, T%) represent an optimal solution of the convex optimization (4.38)-(4.40).
Define

™= —% log(1 —r7%), and 2" := z(w}, 7°), (4.41)
in which the function z(w, 7) is defined according to Lemma 4.2 and 4.3. We can then construct a
probation contract v5 (7%, z*) of Definition 4.2 for the good agent.

To construct the contract for the bad agent, we first present the following lemma.
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Lemma 4.4 We have w; < w,. Furthermore, if uR > b, there exists a quantity w € [0, w;] such

that . .
Fy (w) < (15— u;”z <g“ B=Y (4.42)

Lemma 4.4 implies that the following threshold is well-defined if uR > b,

wp ‘= max {w € [0, w] ‘ Fy (w) < (15— U;Zz;“R —9 _ w} , (4.43)

and the principal should give the bad agent a sign-on-bonus contract 74 (wg, w; — wp) of Definition
4.1.

To summarize, we define the following menu of contracts and show that it is optimal.

Definition 4.3 Given the optimal solution (w;, wy, T*) to the convex optimization (4.38)-(4.40),
define a menu of contracts I' ,\ = {8, 2), ¥(wp, w; —wg)}, in which 7* and z* are
defined in (4.41), and wg in (4.43) if uR > b, and wp = 0 otherwise.

Lemma 4.5 There exists b € [g, uR), such that wg = 0 for b > b and wg > 0 for b < b.

Lemma 4.5 shows that it is still possible that wp = 0 even for b < uR.

Therefore, the good agent is always given a probation contract. The bad agent’s contract depends
on how high his operating cost is. If b > b, or, the operating cost of the bad agent is too high to
be worth hiring, then wp = 0, and v§(0, w;) is a pay-to-leave contract. That is, the bad agent is
paid w; upfront payment and is asked to leave. If b < b, on the other hand, the bad agent is still
socially efficient, and would be hired by contract 5(wg, wi — wp) which allows the bad agent to
work from an initial promised utility wg. Before proving optimality, we first discuss the following
properties of the menu of contracts I'y ;.

Property 1:
¢ =g, and /* = b.

The optimal contracts never over compensate operating costs. That is, before contract termination,
the good agent receives a flow payment g, and the bad agent receives a flow payment b.

Property 2:
ZS m<7g(w37w; _wB’0)7 g)a andN(fyg(T*u'Z*)’ b) - {V0}7

where 10 := {1}~ is the always shirking effort process.
The first part of the property states that a good agent who pretends to be bad would exert full

effort in response to the contact for the bad agent. It is rigorously proved in Lemma C.4 in the
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Table 4.1: Optimal menu of contracts

b>b b<b
Good agent | Probation contract vy (7%, 2*) Probation contract g (7%, 2*)
Bad agent | Pay-to-leave contract v5(0, w;) | Sign-on-bonus contract v5(wg, w; — wp)

appendix. The second part of the property states that a bad agent who pretends to be good has

to shirk until the end. This is because according to Property 1, the contract for good agent only

compensates the operating cost at rate g, which is too low to cover the bad agent’s effort. As a result,

under the probation contract vy (7%, z*) for the good agent, the first arrival would confirm that the

agent’s type is indeed good, resolving the adverse selection issue. This property plays an important
x

role in showing that I {oh) is feasible to the (TT) constraint.
Property 3:

H{ = B,, if N; > 1and H? = B, Vt.

This property indicates that under the menu F? ab} the (IC) constraint is binding in the good agent’s
contract after the first arrival, and in the bad agent’s contract the entire time. As mentioned earlier,
the first arrival under the good agent’s contract resolves adverse selection. Therefore the principal
follows the most efficient contract, by setting the (IC) constraint binding. For the bad agent, on the
other hand, arrivals do not resolve adverse selection because the good agent is able to mimick bad
agent and generate arrivals. Therefore the principal always uses a dynamically efficient contract
(binding (IC)) for the bad agent’s contract, and adjust other paramters in the menu to achieve
optimality.

We present in table 4.1 a summary of the menu of optimal contracts in the two-type case.
Although the good agent’s contract is always probation contract regardless of b, 7* and z* are still
functions of b.

Now we are ready to present the main result of this section.

Theorem 4.1 The menu of contracts F? b} satisfies (LL), (PK), (IC), (IR), and (TT) with C =
{g,b}. Furthermore, we have Z/I(F’fg’b}) = Y, in which Y is defined in (4.21)-(4.25). Therefore,

we have UL}, 1) = Z({g,b}), or, the menu of contract I'y ,, solves the optimal contract design
problem (4.8) with two types.

*

It is worth reflecting incentives around the optimal menu of contracts Iy .. In the case of b > b,
the initial bonus wy to the bad agent equals the discounted total operating cost g that the agent can
collect by pretending to be the good agent and shirk until the end of the probation period so that the
bad agent has no incentive to lie about the bad type. It is also worth noting that the (TT) constraint
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for the good agent is not binding. That is, the good agent’s promised utility wy under the probation
contract is strictly higher than the bonus wy.

If b < b, however, the principal may allow the bad agent to work following contract 72 (wg, w; —
wg), and provides sufficient information rent, w;, for the bad agent to tell the truth. In order
to discourage the good agent from pretending to be bad and exerting effort while collecting a
higher operating cost reimbursement, b, the principal needs to lower the bad agent’s contract’s
initial promised utility wg. If this initial promised utility wp is lower than the information rent wy;,

however, the principal needs to pay the difference as an initial sign-on-bonus to the bad agent.

4.4.3 Welfare implications of unknown capability

In this section, we present how unknown capability affects the welfare of the principal and the
agent, compared to the situations with known capability. We show that unknown capability always
hurts the principal, but may hurt or benefit the agent, depending on whether or not the bad agent is
efficient.

Denote ) to represent the principal’s expected payoff when cost is observable, and either takes

value g with probability p, or b with probability 1 — p. That is,

Y :=pZ({g}) + (1—p) Z({b}), (4.44)

in which Z({g}) and Z({b}) are the principal’s optimal utility earned from the good agent and the
bad agent, respectively, following (4.8).% It is clear that the principal is always better off knowing
the cost of the agent before issuing the contract, or, Y < ). Intuitively, this conclusion follows
from the basic idea of value of information. In particular, with known cost, the principal does not
need to pay the information rent associated with unknown cost.

Now we consider the agent’s utility in the following two different cases. Define w? and w? to be
the maximizers of functions Fj,(w) and F},(w), respectively. Following Proposition 4.2, we know
that they are the good and bad agents’ utilities when the cost is observable.. First, consider the
situation that the bad agent is not efficient, or, 5, > R. In this case, the good agent is worse off and
the bad agent is better off in the unknown cost situation, compared with the known cost one, as

stated in the following result.

Proposition 4.5 If 5, > R, we have
w; <w!, and w, > wi =0, (4.45)

where w; and wy, are from the optimal solution of (4.38)-(4.40).

3In appendix C.3.2, we formally present the result when the agent’s cost is known by the principal.
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Apparently, the bad agent can earn the information rent if capability is unknown. Such an information
rent does not exist if capability is known. Therefore the bad agent is better off with unknown
capability. The good agent is worse off because with unknown capability, the bad agent could mimic
the good agent, triggering the principal to curtail the good agent’s payoff to save the bad agent’s
information rent.

If the bad agent is efficient, or, 3, < R, then either agents can be better or worse off with
unknown capability. We illustrate this with the following two examples.
Example 1. p =04, n =08, r=1—pu = 0.2, R = 20, g = 0.3 and b = 0.5. In this case, we
have

w) =276 > w? = 1.16 and w; = 1.76 < w) = 1.86.

Furthermore, in this example, 7* = 1/r, which means that the probation period of the good agent’s
contract is infinite. That is, the principal is willing to wait arbitrarily long for the first arrival of the
good agent, i.e. the good agent is never terminated.

Example 2. p =09, 1 =08, r=1—p=0.2, R=3,9 = 0.3 and b = 3.7. In this case, we have

w); =093 <w! =0.941 and w; =0.93 > w) =0 (4.46)

Furthermore, in this example, the bad agent is paid an amount w; = 0.93 at time 0 to leave.

The reason that either agent can be better or worse off is because two competing forces influence
agents’ welfare when capability is unknown. First, as explained earlier, the bad agent benefits from
mimicking the good agent, while this behavior hurts the good agent. This force is present no matter
whether the bad agent is efficient. The second force is unique to the efficient bad agent case, where
the good agent can potentially mimic the bad agent. This possibility can benefit the good agent
while hurting the bad agent. Therefore, whether or not an agent is better off depends on which
of the two forces dominates. In fact, in Example 1, the second force dominates the first, while in

Example 2, the first dominates the second.

4.5 Continuous-type case

In this section we generalize the two-type case to a situation where the agent’s operating cost
may take value from an interval C := [¢, ¢| with ¢ < ¢, following a commonly known cumulative
distribution function P(c) with probability density function p(c). In this section we require the

following assumption.
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Assumption 4.2

/MR p(c)de > 0.

[

This assumption is similar to the condition 1R > ¢ in Assumption 4.1 for the two-type case,
which guarantees that the agent is efficient with a positive probability, which excludes the trivial
case where the agent is inefficient with probability 1. (If the agent is known to be inefficient,
it is obviously a dominant strategy for the principal to immediately terminate the agent with no
payment.) Note that we make no assumption on the worst cost ¢. If ¢ > pR, an agent with cost
¢ > pR is not efficient, that is, not worth hiring.

In the contract design optimization (4.8) defined in Section 4.2, the objective function becomes

U(Te) = / U ) de (4.47)

[

in which the menu I'¢ offered by the principal contains a continuum of contracts ¢ for ¢ € [c, ¢].
Unlike for the two-type case, it appears hard to characterize the optimal solution for this infinite-
dimensional optimization problem. Therefore, in this section, we focus on good approximations.
In Section 4.5.1, we first construct an optimization formulation similar to Section 4.4.1. However,
this upper bound is hard to solve. Therefore, in Section 4.5.2, we provide a further relaxation
that is easy to compute, using a dynamic programming approach. This upper bound calculation
not only yields an upper bound for the optimal contract design, but also a way for us to design a
menu of contracts. Therefore, in Section 4.5.3, we specify this menu of contracts, and compare its
performance (a lower bound) with the upper bound. Furthermore, we show that if the solution in the
upper bound calculation satisfies a simple condition, then the upper and lower bounds match, which
implies that our contract design is in fact optimal. Numerical test illustrates that the condition is

often satisfied with commonly used distributions.

4.5.1 Upper bound optimization

Similar to Section 4.4.1, we present a new optimization problem, which provides an upper
bound to the contract design problem (4.47). First, we expand the definition of function .J in (4.37)

to include the cost variable as the following

log(1 —r7T 1
J(w,7,¢) =G <w, —M,C> , for 7 € [O, —1 , ¢ € [c,min{¢, pR}], and w > cT,

T T

(4.48)
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in which function function G is defined similar to function G in (4.26) and (4.27) as

G(w,T,c) = max / pe '[R+ F.(W, + Hy)]dt —c(1 —e™7), (4.49)
t, 1t J(
d
s.t. % =rW,_ — uH,, fort € [0,7]; Wy =w, W, =0,

Ht Z ﬁc; Vt S [077—]'

Therefore, function J (w, T, ¢) represents the principal’s optimal utility when offering a type c agent
a probation period with discounted length 7 and an initial promised utility level w. The relationship
between the discounted length 7 and the real length 7 of the probation period is defined in (4.36).
Note that function 7 is well-defined only for 7 € [0,1/7], ¢ € [¢, min{¢, uR}], and w > ¢7, when

the corresponding optimal control problem (4.49) is admissible.
1
Lemma 4.6 For T € [0, —], ¢ € [c,min{¢, uR}], and w > cT, we have the following properties
r
for function J (w, T, c),
(i) J(w,T,c) is jointly concave in w and T;
(ii) J(w,T,c) is increasing in T and J (w, 0, ¢) = —w;
(iii) J(w,T,c) + w is non-decreasing in w;
uR—c

(iv) 0 < J(w,7,¢) +w < p—

Based on the definition of the value function [J we are ready to present the following upper

bound optimization problem,

min{c,uR} c
V¢ =sup / &(e;w(+))p(e)de — / w(c)p(c)de (4.50)
w() Je min{c,uR}
s.t. w(c) is non-increasing in ¢ € [c, ¢, (4.51)

in which for any ¢ € [c, ¢] we define,

=3
@)
SN—
S| =

) [0 o)
(4.52)

Theorem 4.2 For any feasible menu of contracts I'¢ that satisfies (LL), (PK), (IC), (IR), and (TT),
we have Y° > U(T¢), where U(T'¢) is defined in (4.47).
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The optimization problem (4.50)-(4.51) is a generalization of one defined in Proposition 4.4
for the two type case. First, the decision variables w(c) in the maximization problem (4.50)-(4.51)
represent the initial promised utility assigned to the type c agent. If the agent is efficient (¢ < puR),
the function &(c, w(+)) represents the principal’s utility facing a type ¢ agent when initial promised
utility function is w, similar to the variable £ in Proposition 4.3. If the agent is inefficient (¢ > pR),
on the other hand, the objective function (4.50) implies that the principal’s utility is —w(c), that is,
the agent should be paid off and terminated immediately.

The constraint (4.51) states that the principal needs to offer a higher promised utility to the agent
with a better type (lower cost) than to a worse type (higher cost). This monotonicity constraint partly
mitigates the agent’s incentive to mimic a worse type. The first term of the £ function in (4.52)
represents that the principal’s utility from type c agent is upper bounded by the function 7, the
reason of which follows Remark 4.1. The second term in £ also helps mitigating such a incentive.
The intuition follows Remark 4.2, with type c and a better type ¢ replacing b and g, respectively.

To understand how to mitigate the agent’s incentive to mimic a better type, we need to look at
the term 7 inside (4.52). If an agent with a higher cost ¢ mimics the lower cost ¢ and shirks through
the probation period, the total discounted utility would be c7, in which T represents the discounted
probation period offered to type c. A constraint c7 < w(¢), or, equivalently, 7 < w(¢)/c, would
mitigate such an incentive. Monotonicity of w following (4.51) implies that we only need to require
7 < w(¢)/c. Following Lemma 4.6(ii), the function J (w, 7, ¢) is increasing in 7. Therefore, in
order to maximize 7, it helps to to set 7 to the upper bound w(¢)/c. However, by definition, the
discounted probation period 7 cannot be longer than 1/r. This explains the second argument in
function J.

Finally, given constraint (4.51), if R < ¢, it is clear that the optimal w(c) value for any ¢ > uR

should be a constant, w(c).

4.5.2 Computing an upper bound of )*

The optimization problem (4.50)-(4.51) is infinite-dimensional, which is hard to solve. There-
fore, we provide an efficient algorithm to compute an upper bound of )¢ based on a finite-
dimensional approximation of. In the next subsection, we provide conditions to verify if the
bound is tight.

Towards this goal, we divide the interval [c, min{¢, uR}] into a finite number of pieces.
In particular, for a positive integer N, define § := (min{¢, uR} — ¢)/N and ¢; := ¢ + id for
i €{0,...,N},suchthat cg = cand ¢y = min{¢, uR}.

101



Proposition 4.6 Define

g(N) = Jnax é[}’(cl) — P(¢;—1)] min {j (wi, min {’U;iv’ %} : ci> :
W(MR —¢) — wi} —wyN /méin{#R ; p(c)dc (4.53)
s.tw; > wipy, Vi€ {0,...,N—1}.
We have
VY < liminf §(N). (4.54)

N—oo

Therefore, we use w; to approximate w(¢;) to obtain a finite-dimensional optimization (4.53).

It is worth noting that the key difference between this upper bound optimization and the original
problem. For a type ¢ = ¢; and the corresponding w(c) = wj, the term i?f : M
c€lc,c cC—C

original formulation is replaced with a higher value (w;_; — w;)/d, which yields the upper bound.

in the

(In fact, if the optimal w function is concave, then this upper bound is tight. In the next subsection,
we explore this further in the context of contract design.) The benefit of this change is computational
efficiency. In fact, the optimization problem (4.53) can be solved using a dynamic programming
approach.

Given a value wy > 0, define the following deterministic dynamic programming recursion for

any i = {1,..., N}, starting from the boundary condition Jo(w|wy) = 0 for all w > wy,

Wi—1 — W;

5 (WR — c;) — wi,

Ji(wilwy) = max  [P(¢;) — P(ci—1)] min{

w;—1€[w;,00)

1
j (wi,min {wN’ _} 701-) } + 31',1(101',1’11)]\7), sz Z Wy, (455)

c T

It is clear that

;Q(N) = max JN(wN]wN) — U)N(P(é) — P(CN)), (456)

wy €[0,00)

which implies that we can obtain the upper bound approximation ¢(/V) by solving a sequence of
the dynamic programming formulation (4.55) together with a one-dimensional search for the wy
value. Furthermore, we have the following result, which provides the closed-form solution to the

maximization problem in (4.55).

Proposition 4.7 For any giveni =1,..., N and wy > 0, function J;(w|wy) is concave in w. Use
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Ji_1(w|wy) to represent the its left-derivative at w. Further fix a value w; > wy, and define

W =sup{w | w>w; and J;_j(wlwy) >0},

Plc;) — P(c;_
W = inf {w ’ w > w; and J;_(wlwy) < —(uR — ¢;) (ci) - (ci-1) } , and
0= PR —c;
0, if pR —c; = 0.

We have w < w, and the following defined w;_, solves the right-hand-side optimization problem in
(4.55),

w? lfwz S w— a(sa
. w; + ud, ifw; € (W —ud, w— udl,
w._ —
ot W, ifw; € (W — @6, W0,

Concavity of J;(w|wy) follows from an induction proof showing that the objective of the maxi-
mization in (4.55) is jointly concave in w; and w;_;. This concavity property is crucial for us to
obtain the closed-form optimal solution u*.

Finally, we have the following result, which provides an upper bound for the optimal wy.

Proposition 4.8 Define w := min{uR — ¢,¢}/r. For any wy > w, we have Jy(wy|wy) <
In(w|w).

Proposition 4.8 implies that we can focus the search for the optimal wy that solves (4.56) in the
interval [0, w].
In the following subsection, we construct a menu of contracts based on the optimal sequence of

promised utilities obtained in Proposition 4.7 using the optimal wy value that solves (4.56).

4.5.3 Contract design

Note that the upper bound computation from the last subsection generates a non-increasing
sequence w; of initial promised utilities. Now we construct a menu of contracts based on this
sequence.

From a generic non-negative and non-increasing sequence w := {w;};—o__n, We propose a
menu of contracts. In particular, if the cost c is higher than R, then the agent is paid wy and
terminated immediately, which corresponds to contract v5(0, wy, 0) following Definition 4.1. If
¢ € (¢i—1,¢;], on the other hand, the agent is given a probation contract 7' (7, z), where we need to

specify a probation time 7 and a threshold z according to Definition 4.2. The following discounted
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probation period length is well-defined for: = 1, ..., N, according to Lemma 4.6,

Tio= max{ {O mm{w,lH 'J(wi,T,Ci) < min o _,wi(,uR—ci) —wi}.

c T

(4.57)

That is, the discounted probation period 7, allows the corresponding principal’s utility to mimic
&(cs;w;) defined in (4.52).

Based on the definition of the discounted probation period, we can define the actual probation
period length and the threshold as, respectively,

w;

L — 4.58
p(l —em) P (3:59)

mii=——log(l —r7), and 2! :=
r
in which the calculation of the threshold z/, is consistent with the function z defined in (4.32), with

¢; replacing g and w; replacing w.

Lemma 4.7 For any non-negative and non-increasing sequence w := {w; },—o_._ n, define a menu

.....

of contracts T := {7 }ecc, in which

c ’-)/P(W’ w) l:fCE(CZ'_l,CZ'], Vizl,...,N7
Tw = i =
15(0,wn,0), ifce (uR,dl,

and 7 = v5° (12, 20). The menu of contracts FW satisfies (LL), (PK), (IC), (IR), and (TT).

w? Yw

In particular, following (4.56) and Proposition 4.7, we have a sequence of initial promised

utilities wy, := {w; };=1.. n that are optimal solutions to the upper bound problem 3 (/N). Lemma

-----

4.7 and Proposition 4.2 imply that
Y zu (Teh). (4.59)
The following result provides a condition that one can use to verify when the inequality (4.59)
holds as an equality.

Theorem 4.3 If the sequence wy, is “convex,” in the sense that 2w; < w;_1 + w1 for all
1=1,...,N — 1, we have

G(N) =U (fg”*N) .
If w; 1s always convex when N is large enough, then Theorem 1, together with (4.54), implies that

as IV approaches infinity, (4.59) holds as an equality, or, the menu of contracts fé”jv is optimal in
the limit.
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We conduct a numerical study to see the performance of féuN In the numerical study, we keep
the support of the cost as [¢, ¢| where ¢ = 1 and ¢ = 5. Further, we let the density function of the
cost be uniform distribution, symmetric triangular distribution, truncated exponential distribution
(A = 1), truncated normal distribution (4 = 3,0 = 1) and U-quadratic distribution, respectively.
We take = {0.1,0.2,...,0.9}, R = {2,4,...,20}, 7 = 1 — pand N = 200. For each distribution,
there are 80 cases that 1R > c. In each of the cases, we calculate the optimal solution to the upper
bound problem g(N), i.e., w},. Numerical result shows that in all of these cases, w, is “convex”.
Therefore, the menu of contracts féuN is a good approximation of the optimal solution to the original

contract design problem when N is large.

4.6 Conclusion

We study an optimal incentive design problem in continuous time over an infinite horizon with
both moral hazard and adverse selection. Specifically, the principal hires an agent to exert effort
to increase the arrival rate of a Poisson process where the agent’s efforts are unobservable by the
principal and the agent’s capabilities are unknown by the principal. This type of problem is common
in many businesses, R&D, and political environments.

Although combining dynamic moral hazard and adverse selection is generally hard, we can
completely solve the problem when there are two types of agents. We show that the optimal contracts
take simple and intuitive forms: the low-cost agent always takes the form of a probation contract,
and the high-cost agent takes the form of a sign-on-bonus contract or the form of a pay-to-leave
contract which depend on how high his cost is. All of these forms of contracts are easy to compute
and implement. Furthermore, based on the solution of the two-type problem, we can tackle the
continuous-type problem. In the continuous-type problem, the principal designs a menu of contracts,
each of which has a form of pay-to-leave, sign-on-bonus, or probation contract.

Our model serves as a foundation for dynamic contract design problems with both moral hazard
and adverse selection. First, in our model, the agent’s effort cost is unknown by the principal. It is
also worthwhile to think about the model when the arrival rate is the agent’s private information.
Second, in our model, the agent exerts effort to increase the arrival rate of "good’ events. We
have learned from the literature that the optimal contract shares a very different structure when the
arrivals are bad to the principal. (See [BMRV10]) Hence, it is worth considering when the agent is
hired to decrease the arrival rate of adverse events, and the agent’s capabilities/costs are unknown
by the principal. Another possible extension is to consider the replacement of agents. Each time the
principal terminates an agent, she can find another agent as the replacement from the agent pool

with uncertain capabilities. We leave these extensions to future studies.
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APPENDIX A

Appendix to Chapter 2

A.1 Proofs of Statements

A.1.1 Summary of Notations
Model parameters

* R: flow revenue rate to the principal when the machine is up.

* [y and py: base case and low break down rates of the machine, respectively.

* g and p: base case and high recovery rates of the machine, respectively.

* ¢y and cq: cost of effort in maintaining and in repairing the machine, respectively, per unit of time.

 r: principal and agent’s discount rates.

Contracts and utilities

* v and v*: generic and full effort process under the contracts.

L]

I and /: instantaneous and flow payments, respectively.

e L: payment process dL; = I + {;dt.

* ¢: a stochastic firing probability at time ¢.

e T: termination time.

o I': generic contract, I' = (L, 7, q).

e TandI: simple contract introduced in Section 2.3.1 and 2.3.2, respectively.

e I'] and F;@: optimal contracts for the case in Section 2.4.1.1 and 2.4.2.1, respectively.
» y and U: agent’s and principal’s utilities, respectively.

* W;: agent’s promised utility.

106



Derived quantities
¢ [Bu and (4 : defined in Lemma 2.1.

* V4,0, defined in (2.4).

¥Ud, Uy: defined in (2.11).

* Wy and wq: defined in (2.10).

Wy and wq: defined in (2.16).

wp, 6 € {u,d}: maximizers of function Jg(w).

Value functions
* J4, Ju: the principal’s value function of the optimal contract under state d and u, respectively.

* V4, Viu: the societal value function of the optimal contract under state d and u, respectively.

A.1.2 Proofs in Section 2.2
A.1.2.1 Proof of Lemma 2.1

Since the proof would not depend on 6y, we omit the 6y of the equations (2.3) and (2.5) throughout
the proof. We first define a 2-variate counting process { N/, Ntf }tE[O,T]’ in which dNtf = XidN, and
N{* = N; — Ntf . If 7 < oo, the principal terminates the collaboration with the agent, while the collaboration
continues throughout the infinite time horizon if 7 = co. Also, dNy = dNtf +dN}* = X¢dNy+ (1 — Xy¢)dNy.

For a generic contract I' and effort process v, we introduce the agent’s total expected utility conditional
on the information available at time ¢ as the following ;" -adapted random variable,

w(T,v) =E [/OT e " (dLs + (1 — vs)c(fs)ds)

FN ] (A1)

tAT™
_ / e " (dLs + (1 — vs)c(0s)ds) + e Wi(T, ).
0

Therefore, uy(T, v) = u(T, v).
Process {u¢ }+>0 is an F N -martingale. Define processes

t
M = NP — / u(0s,vs)(1 — qs)ds, and (A.2)
0

t
M = N/ —/0 11(0s, vs)qsds, (A.3)

which are 7V -martingales. Following the Martingale Representation Theorem, see [Bré81], there exists a
FN _predictable processes H(T',v) = { H;(T',v) };>0 such that

tAT
w (T, v) = uo(T,v) + / e S Hy(T, v)dM™ — Wo_dMI"], Vt>0. (A4)
0
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Differentiating (A.1) and (A.4) with respect to ¢ yields

dug = e " [Hy (T, v)dM™ — W,_dM]™
= e "(dLi + (1 — vy)e(By)dt) — re "Wy (T, v)dt + e " dWy (T, v),
which implies (PK).

Denote i;(I',/,v) to be a F;¥-measurable random variable, representing the agent’s total payoff
following an effort process v/ before time ¢ and v after ¢, that is,

tAT
(T, v) = / e " (dLs + (1 — v5)c(0s))ds) 4+ e "Wy (T, v).
0

Therefore,
ao(T, V', v) = ug(T,v) = u(T,v), (A.5)
E [a-(T,v,v)| F] = u(T,v), and (A.6)
E [T, v,v)| F] =ul,v), Vt>0. (A7)

For any given sample trajectory { Vs }o<s<; and effort processes v and v*.

tAT
(T, v, v") =u (T, ) +/ e (1 —vg)e(fs)ds
0
tAT . . tAT
=ug(T,v") —|—/ e " [H (T, v*)dM™ — W,_dM{"] +/ e (1 —vs)e(bs)ds
0 0
tAT tAT
=ug(T, v") —1—/ e " [H (T, v*)dM™ — W,_dMI) +/ e (1 —vs)e(bs)ds
0 0
tAT
n /0 e (1 — o) Ha(T, ") — qaWa_)(1(8a, v) — (6 1)) ds,

where the first equality follows from (A.1), the second equality follows (A.4) and the third equality follows
from (A.2) and (A.3). Consider any two times ' < t,

E [ (T, v,v*)| FiY]
t'AT
=uo(T, %) + / e " [H,(T, v )dM™ — W,_dMIY)
0
t'AT
+/0 e {1 = vs)e(0s) + [(1 — qs) Hs (T, ") — qsWis—](1u(0s, vs) — (05, 1)) }ds

+E [ / L - v elbe) + [(1 - g BT — W (B ) — (B, 1))}‘ ftjy]

AT
tAT
=uy (T, v,v*) + E [/ e " (fra — pa) (Vs — D)[=Pu — (1 — qs)Hs (T, ™) + qsWs_]1p,—uds ftj,\]]
t'AT
tAT
48| [T a = g = D[Ba (1= @) HAT) - 0V, Laads] 7 AS)
t'AT

where the second equality follows from equation (2.8).
If condition (2.7) holds for all s > 0, then (A.8) implies that E [@(T, v, v*)| F)Y| < ay (T, v,v%).
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Therefore, {1 }+>0 is a super-martingale. Take ¢ = 0, we have
u(l,v*) = ao(T,v,v*) 2 E [ar (T, v, %) Fo' ] = w(T,v),

in which the first equality follows from (A.5) and the last equality from (A.6), while the inequality follows
from Doob’s Optional Stopping Theorem. Therefore, the agent prefers the effort process v* to any other
effort process v, which implies that I" satisfies (IC) if condition (2.7) holds for all s > 0.

If, on the other hand, (1 — ¢5) Hs(T', v*) — ¢sWs— > =y for s € Qy C [0, t] with §,_ = u, where 0y,
is a positive measure set, define effort process v to be such that

1, (1-gs)Hs(T,v") —qsWs— < —Bu
Vs = ’ T for s € |0, t] where 65_ = u,
: {o,u—%wmmw—%wg>—m (0.1] where 6,
and vg = 1 for s > t where s = uand v;, = 1 for 0, = d Vs. Therefore, @, (T, v, v*) = u,(T", v, v), and

r tAT .
E / eim(/j’u - Mu)(Vs - 1)[_ﬁu - (1 - qS)HS(P7 V*) + qSWS—]:ﬂ-QS:udS ]:t]/V > 0,

t'NT

while

I rtAT |
E / e " (pa — Hd)(’/s — D[=Ba+ (1 —qs)Hs(T,v") — s Ws-]1g,—uds ]'—t]/V = 0.

LJ AT
Equation (A.8) then implies that E [ﬁt(F, v, V") fé\] ] > 1uo(T", v,v"), and, therefore,
u(T,v*) = to(T, v, v*) < E [@(T, v, V*)|.7:(J)V] =E [w(T,v,v)| ]:év] =u(l,v),

in which the last equality follows from (A.7). The same logic applies if we can consider the situation when
(1—qs)Hs(T,v*)—qsWs— < fq fors € Qq C [0,t] with §s_ = d and a positive measure set {2gq. Therefore,
the agent prefers effort process v/ over v*, which implies that I" does not satisfy (IC) if condition (2.7) does
not hold.

A.1.2.2 Lemma A.1 and its proof

Lemma A.1 Define v := {v; = O}w. For 6y € {u,d}, we have

E [ / e "' Rlg,—udt
0

E [ /O e (Rl gy — c(60)dt

where vy, and vy, are defined in equation (2.4) and (2.11), respectively.

90,1/} = vy, - (A.9)

90,1/*} = Tp, - (A.10)

Proof. We first calculate (A.10) with 6y = d which is the societal value when the machine starts with state
d and the agent always exerts effort. We define ¢, as the time of occurrence of the kth transition of the states,
and t9 = 0. Further define 7, := t;, — tx—1. Therefore 551 follows an exponential distribution with rate
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thu, and T4 o follows an exponential distribution with rate ©g where & € N. Then

[e.o]

E [ /O e (Rlgy— — (61, u;‘))dt' d y*] -y {E { / P g cu)dt]

k=0 b2k
lokt2
/ e "t — cddt] }
lok+1
©° lok+1
=y EU e’"tdt] (R—cy) +E
Lok

E

_l’_

lok42
/ e "tdt| - (—cq) 7, (A.11)
top+1

k=0
where
tog+1 E [e~"t2k] (1 — E [e"T2k+1
E {/ e_rtdt} = [ ] ( [ )
tag r
E [6*7“ Z?L 7'21@} (1 —E [6*7”7'2k+1])
N r
_afpr(1-a)
= . ,
tok42
where a = E[e™] = Hd  ind B = E[e7?] = P In the same way, E / e "tdt
T+ pd T+ pu tok+1
kHigk(1 — 1— 1 1- 1
w. Furthermore, the expression of « and ( yields @ _ and b = .
T r T+ ld r T+ fu

Following equation (A.11),

E [ /O e (Rlgy ey — c(Ht))dt’ d u*}

0 kHgk ok gk
Z{ B R gy + 2P (—cd)}
r—i—Vu T+ vq
k=0
« 1 1 1
= R—cy _
1—a5r+vu( C)+1—a5r+1/d( ca)

:Nd(R - CU) - (T + /Lu)cd
r(r =+ pa + f1d)

The same logical steps yields (A.10) for the case of §y = d, and also (A.9) and (A.10) for the case of 6y = u.

A.1.3 Optimality Condition

The following lemma states conditions for functions J4q and Jy, such that they are upper bounds of the
principal’s utility U (I") under any contract I'. This verification result serves as an optimality condition for
later sections.

Lemma A.2 Suppose Jq(w) : [0,00) — R and Jy(w) : [Bu, 00) — R are differentiable, concave, upper-
bounded functions, with Jj(w) > —1, J(w) > —1, and J4(0) = vq. Consider any incentive compatible
contract T, which yields the agent’s expected utility u(T, v*) = W, followed by the promised utility process
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{Wi}i>0 according to (PK) and satisfy (IC). Define a stochastic process {®; }1>0 as

Oy :=Rlg,—u + Jo, W) (" Wie — [=q:Wie + (1 — q) Hilpu(01, 1)) — 7J5, (W)
+ 10, ve)ae[J5,(0) — Jo, (Wi )] + (0, 1) (1 — q0) [T, Wi— + Hy) — Jo,(Wi—)] — c(6r) -
(A.12)

where 0; € {u,d} and 0; = 19,—q - u + Lg,—u - d, and Jy is extended such that J,(0) = v,,. If the process
{®}+>0 is non-positive almost surely, then we have Jg(u(T',v*,0)) > U(T,v*,0).

Proof. We define the following function to represent the value function as a function of time ¢,

J(t) = JaW,) if 6, =d, A13)
Ju(Wi) if 0, =nu. '

Following the It6’s Formula for jump processes (see, for example, Theorem 17.5 in [Bas11]) and (PK), we
obtain

e " J(1) :e_TOJ(O)-f—/ [e " dJ(t) — re "' J (t)dt] = J(0)+/ e " (= Rlg,—udt + c(0;)dt + dLy)
0 0
+ / e Ay, (A.14)
0

where

Ay =dJ(t) — rJ(t)dt + Rlg,—udt — c(0y)dt — dL;
=J () [rWi— — (0, ) (=W + (1 — q) Hy) — £)dt — rJ(t)dt
+J(t+) — J(t) + Rlg,—udt — c(b;)dt — dLy
=J () [rWi— — (0, 1) (—@Wi— + (1 — qi)Hy) — by]dt — rJ(t)dt + Rlg,—ndt — c(6;)dt — dLy
+H[Jo,(Wee = L) = Jo,(We)J(1 = dNy) + [T (Wi + [(1 = Xy) Hy — X Wi ] L) — Jg,(W,_)]dN,
=J () [rWi— — p(0, 1) (=W + (1 — qi) Hy) — by]dt — rJ(t)dt + Rlg,—udt — c(6;)dt — dL;
+[Jo, Wi = L) = Jo,(We)J(1 = dNy) + [J5, Wi + [(1 = Xo) Hy — Xy W] — )
—Jp (Wi + [(1 = Xo)Hy — Xy Wi )| dN; + [Jy (Wi + [(1 = Xo)Hy — Xe Wi ]) — Jo, (W) |dN:.

Further define

By := [J5, (Wi + Hyi) — Jo, (Wi )J(dN]" — (0, 1) (1 — g1)dt)
+ 15, 0) = Jo, (Wi ) J(dN] — (01, vi)qut).
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Because function Jq(w) and Jyu(w) are concave, J;(w) > —1 and J;,(w) > —1, we have

A = dJ( ) — rJ(t)dt + Rlg,_ndt — dL;
T (O)[rWi— — p(0r, vi) (=@ Wi— + (1 — q) Hy)ldt — rJ (t)dt + Rlg,—udt — dLy — J'(t)ledt

—Jgt( D(1 = dNy) = T} (Wee + [(1 = Xo) Hy — X Wi ] LA N,

+ [Ty, Wie +[(1 = Xo) Hy — Xy Wy ]) — Jp, (W) [ ANy — c(6;)dt
< J'(O)[rWie — (0, i) (=@ Wi + (1 — q¢) Hy)]dt — rJ (t)dt + Rlp,—ydt
+ [J5, Wi + [(1 = Xo)Hy — XiWi]) = Jo, (Wi )| dN; — ¢(0;)dt
= Rlg,—udt + Jy, () [rWi— — (0, ) (=@ Wi— + (1 — qo) Hy)dt — rJp, (t)dt
+ [J,(Wee + Hy) = Jo, (Wi )| AN+ [Jj,(0) = Jo, (Wi )| AN — e(6;)dt
=B; + ®;dt .

Therefore, if ®; < 0, we must have A; < B; almost surely. Taking the expectation on both sides of (A.14),
we immediately have

Jo, (u(T',v,600)) = J(0) > E [e”J(T) + /OT e " (Rlg,—udt — c(0;)dt — dLy)

90] = 'LL(F, v, 90),

where we use the fact that fOT e~ "' Bydt is a martingale and J (1) = Jp_(0) = v,.
To prove that a contract is optimal among all incentive compatible contracts, we only need to verify if @,
defined in (A.12) is non-positive.

A.1.4 Proofs and derivations in Section 2.4.1
A.1.4.1 Heuristic derivation of equations (2.21)-(2.23)

If the machine’s current state is d, consider a small time interval [¢, ¢ + 0], during which the principal
reimburses the agent’s effort cost cqd. With probability pq9, the machine recovers after this interval and
changes to state u, the principal pays the agent (w + 3q — wy) ", and, correspondingly, the promised utility
jumps up to min{w + B4, wy }. With probability 1 — pqd, on the other hand, the machine stays in d, and the
promised utility evolves to w + r(w — wq)d. Therefore, we have

Ja(w) = —cqd + e_”;{,udﬂ — (w4 g — W) + Ju(min{w + fBq, ﬂ)u})]

+ (1 — pad)Ja(w + r(w — u‘;d)é)} + 0(9).

Subtracting J4q(w) and dividing ¢ on both sides, then letting § approach 0, we obtain equation (2.21).

Similarly, consider the machine’s current state at u. and a small time interval [¢, ¢ + 0], when the principal
collects revenue R¢ and the agent’s promised utility w > (. With probability 1,0, the machine breaks
down and changes to state d, and the promised utility drops to w — S3y. With probability 1 — p,0, on the
other hand, the machine stays in u, the promised utility evolves to w + (rw + gy /fu)d if w < Wy, and the
principal pays the agent £*¢ if w = wy while the promised utility stays at w,,. Therefore,

Ju(w) =(R — ca)d + e~ {uuéJd(w — Bu) + (1 = 1) [Ju(w + (rw + pruBu)dTuwemy) — £ L] }
+o(6).
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Following similar steps as before, we obtain equations (2.22) and (2.23).

A.1.5 Proof of Proposition 2.1

It is helpful to consider the societal value functions, defined below as the summation of the principal and
the agent’s utilities,

Va(w) = Jg(w) +w and Vy(w) = Ju(w) + w. (A.15)
Following (2.21)-(2.25), we obtain the following system of differential equations for Vg and V4,

(tta + 7)Va(w) = paVa(min{w + Ba, wu}) — ca — r(wa — w)Vy(w) , w € [0, wa), (A.16)

)=
(tu + 7)Va(w) = —cy + R+ puVa(w — Bu) + (rw + pufu) lu<o, Va(w) , w € [Bu, Wu], (A.17)
) = Va(0) + “(B“)B_ (), (A.18)

)=wv, and V4(0) = . (A.19)

Va(w

Va(0

u

Furthermore, as soon as the promised utility reaches w,, at state u, contract I'] becomes identical to the
simple contract studied in Section 2.3.1. This implies the following boundary conditions

Va(wgq) =vq and Vy(wy) = Uy, (A.20)

in which 74 and vy are defined in (2.11). Equivalently, we prove that the system of differential equations
(A.16) and (A.17) with boundary conditions (A.18), (A.19) and (A.20) has a unique solution: the pair of
functions V(w) on [0, wy,| and Vg (w) on [0, wq], both of which are increasing and strictly concave.

First, we prove that (A.16) and (A.17) with boundary conditions (A.19) and (A.20) has a unique solution:
the pair of functions Vi, (w) on [By, wy] and Vg(w) on [0, wq]. Next we write the proof for the two cases

Ba > Bu and Bq = Py separately.

Bd > Bu
Recall that function V4 and V,, satisfies the system of differential equations (A.16) and (A.17).
Case 1. wy < (q. Since for w € [0, wq], Vu(min{w + B4, Wy }) = Vu(Wy) = 0y, we could rearrange

equation (A.16) as
(ta +1r)Va(w) = patu — ca — 7(wa — w)Vg(w).

The above equation in [0, wgq) is a linear differential equation with boundary condition. The solution is

T+p

Va(w) = g + by(wq —w) 7+ forw € [0, @g], (A.21)

with by = (vg — D)@ /" < 0. (Followed by the condition (2.13). )
Then, (A.21) 1mphes that Vj(w) = —b1(r + pa)(wa — w)a/" /r > 0, Vi (w) = by (r + pa)pa(wa —
w)Ha="/" [r2 < ( for w € [0, wq]. Hence, Vy is increasing and strictly concave in [0, wq]. Furthermore, it

can be verified that V}(wq—) = 0. Next, we show that V}, is also increasing and strictly concave in [By, Wy].
Rearranging equation (A.17) in [y, Wy] as

(,uu + ’I")Vu(w) =—cu+ R+ Hu (Vd + bl(wd —w+ ﬁu)%) + (Tw + Nuﬁu) W< Wy u( ) (A.22)

The above equation in [3y, Wy ) is a linear differential equation with boundary condition. It is easy to verify
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that lim,_,p,— Vi (w) = 0 with Vi (wy) = . Equation (A.22) implies that

_ pu (Vg (w) — Vé(w — Bu))

V//
a0 P+ fiufha

forw € By, Wy), (A.23)

and

pa (Vi (w) = Vg (w = Bu)) = rVi (w)

V() = rw ot fi

forw € [By, Wy). (A.24)

Since Vj(wq) = 0, then equation (A.23) implies that lim,,_,— V;/ (w) = 0. Furthermore, with Vj(w —
Bu) < 0 for w € [By, Wy), we can show that there exists € > 0 such that V) (w) < 0 and V,,(w) > 0 for
w € [Wy — €,Wy). Hence, Vi, (w) is increasing and strictly concave in [y — €, Wy ). Assume there exists
W € [Bu, Wy — €) such that V}/(w) > 0. There must be w0 = max{w € [By, Wy — €)|V(w) = 0}, and
_ —Mqu(uA) — Bu)
W + fiufu
equation (A.24). Therefore, we must have V;, to be increasing and strictly concave in [3y, Wy ). Furthermore,
it can be verified that V3, (w) = vy for w € [y, 00) and Vg(w) = t4q for w € [wg, 00) solves (A.16) and
(A.17).
Case 2. wy > (4. Rearranging (A.16) as

VI (w) < 0, Vw > . However, this contradicts V) ()

> ( which is implied by

(ta + r)Va(w) = pau — cq — r(g — w)Vi(w), forw € [y — fa, o) ,and (A.25)
(pa + r)Va(w) = paVa(w + Bq) — cq — r(wg — w)Vi(w), forw € [0, 0y — B4)- (A.26)

We then show the result according to the following steps.
1. Demonstrate the solution of (A.25) as a parametric function V(f, with parameter b.

2. Show that the solution of (A.26) and (A.17) are a pair of unique and twice continuously differentiable
equations for any b, called as ch and V2.

3. Show that for b < 0, Vé’ and V? are concave and increasing.

4. Show that V2(0) is increasing in b, which implies that the boundary condition V4 (0) = vq4 uniquely
determines b, and therefore the solution of the original system of differential equations.

Step 1. The solution to the linear ordinary differential equation (A.25) on [wy — (4, wq] must have the
following form, for any scalar b.

r+ig

Vé’(w) =104 + b(wg —w) 7  forw € [wy — Ba, W4, (A.27)

Also define V3 (w) = vq for w € [, 00], which satisfies (A.25), so that V¥ is continuously differentiable
on [wy — B4, ).

Step 2. Using (A.27) as the boundary condition, we show that the system of differential equations
(A.26) and (A.17) has a unique pair of solutions (called V(i’ and V%, on (0,wq), (Bu,Wu)), which are
continuously differentiable. In fact, the system of differential equations (A.26) and (A.17) are equivalent to a
sequence of initial value problems over the intervals [wq — (k + 1)(8da — Bu), Wa — k(Ba — Bu)] for V4 and
[Wa — k(Bd — Pu), W — (K — 1)(Ba — Bu)) for Vu, k = 1,2, .... This sequence of initial value problems
satisfy the Cauchy-Lipschitz Theorem and, therefore, bear unique solutions. Also define V,?(w) = oy for
w € [y, 00), which satisfies (A.17), so that V2 is continuously differentiable on [y, 00). Also, computing
Vb’ (4 — Ba) from (A.27), and comparing it with (A.26), we see that Vcll’ is continuously differentiable
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at Wy — B4, and therefore V2 and V¥ are continuously differentiable [0, c0) and [By, 00), respectively.
Furthermore, we could derive the expressions for Vé’" and Vlll’” following (A.26) and (A.17), respectively,

(Vi (w) = V§' (w — Bu))

VLII)” (w) _ — + ,u /B ’and (AZS)
v pa(VE (w4 Ba) — V()
VE (w) = +(wq — ) . (A.29)

Step 3. Next, we argue that for b < 0, Vé’ and V2 are concave and increasing. Equation (A.27) implies
that V? is increasing and strictly concave on [y — B4, Wal, and therefore Vi (w) < 0 in this interval. We
could firstly prove that V? is strictly concave and increasing in [ty + By — B4, Wy ) in the same way in Case
1. Next, we want to show that Vcli’ is strictly concave in [y, + By — 284, Wa — L4a)-

In the following, we prove two lemmas to establish the result.

Lemma A.3 For any w < Wy, if Vlll’ is strictly concave in [w + By — Bq, Wy) and Vé’ is strictly concave in
[w — Ba, Wa), then V3 is strictly concave in [w + By — 2fBa, Wa)-

Proof. Vé’ is strictly concave in [w — (q, Wq) implies that Vé’”(w) < 0 in this interval. Assume that there
exists Wy € [w + Pu — 284, w — Bq) such that V(li’”(zbb) > 0, then following step 2, V(;) twice continuously
differentiable implies that there must exist @, = max{w € [w + Bu — 284, w — Ba)|VY" (w) = 0}, and
VY (w) < 0, Yw > 1. Equation (A.29) implies that

VY (@p + Ba) = Vi () - (A.30)

Furthermore, since V2 is strictly concave in [w + By — fq,Wy) and Wy, + fq > w + Pu, We have
VY (iy + Ba) < 0. Then equation (A.28) implies that V' (iiy, + 8q) — V¥ (1, + Ba — Bu) < 0. With
equation (A.30), we have Vé’, (wp) < Vg (1p + Bq — Pu) Which contradicts with Vé’"(w) < 0, Vw > .

Lemma A4 Forw < Wy + Bu — Ba, if Vé’ is strictly concave in [w — Bq,wq| and Vlll’ is strictly concave in
[w, W], then V2 is strictly concave in [w + By — Bq, W)

The proof of Lemma A.4 follows the same steps as the proof of Lemma A.3.

With Lemmas A.3 and A.4, we prove that if V? is strictly concave in [w + By — B4, Wy) and V! is strictly
concave in [w — f3q,wq), then V2 is strictly concave in [w + 28y — 2/3q, Wy ) and Vé’ is strictly concave in
[w + Bu — 284, W4 ). Hence, by induction, we can prove that Vé’ is strictly concave and increasing in [0, wq)
and V! is strictly concave and increasing in [By, Wy ).

Step 4. Finally, we show that VCI{(O) is strictly increasing in b for b < 0, which allows us to uniquely
determine b that satisfies V3(0) = vq. For given by < by < 0, define Xq(w) := VI (w) — V&% (w) and
Xu(w) := V2 (w) — VP2 (w). Equations (A.16) and (A.17) imply that

(pa + ) Xq(w) = pgXu(w + Ba) — r(wq — w) X, (w) , and

(rw + prafu) Lu<o, Xu (W) = —paXd(w — Bu) + (ta +7) Xu(w).
Equation (A.27) implies that Xq(w) = (b1 — be)(wgq — w) = for [y + Bu — Bd, Wy ), Which is strictly

concave and increasing. Following the same logic as in step 3, we can prove that Xy is strictly concave and
increasing on [0, wq] and Xy, is strictly concave and increasing on [y, wy]. Hence,

VIL(0) — VI2(0) = Xq(0) < Xq(wg) = 0.
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Because V(0) = 0g > vq, and lim,, o, V2(0) < V3(y — Ba) = —oo0, there must exist a unique b* < 0
such that V3*(0) = g, and V*(w) and V2*(w) are strictly concave and increasing on [0, wq] and [By, Wy,
respectively.

5d = 5u
Let 84 = Bu = B, then equations (A.16) and (A.17) become

(pa +1r)Va(w) = paVu(w + B) — cq — (g — w)Vi(w), forw € [0,wq), and (A31)
(ppu +7)Va(w) = —cu + R+ puaVa(w — B) + (1w + puf) Ly, Va(w), forw € [B,1wy), (A.32)

since w + f < wy for w € [0,wq). Let w = w — [ in equation (A.32), we have
(pu +7)Vu(@ + B) = —cu + R+ puVa (@) + (rw + (r + pta) B) Vg (@0 + B), for w € [0,wq). (A.33)

Differentiate (A.33) with respect to w on both sides, we obtain

"

pa Ve (o + B) = pua V() + (rw + (r + pu) B8)Vy (w0 + B), forw € [0, 10q)- (A.34)
Equations (A.31), (A.33) and (A.34) together imply that

(o + 7)[r (g — w)Vg(w) + ca + (pa + 7)Va(w)] (A.35)
=pd(—cu + R) + papuVa(w) + (rw + (r + pa) B)[r(wa — w)V{ (w) + paVa(w))], forw € [0,wq) ,

Differentiate (A.35) with respect to w on both sides, we obtain

[par (g — w) — (rw + (r + ) B) (pa — )]V (w) (A.36)
=(rw + (r + py)Bu)r(wg — w) VY (w), forw € [0,wq).

Further, we define:

[pur(Wa — w) — (rw + (r + pu)B)(tta — )]
(rw + (r + pu)Pu + cu)r(Wg — w)

z(w) = , forw € [0,wq) .

Then equation (A.36) is equivalent to

vy (w)
vy w)

= z(w),

Solving the differential equation, we obtain V' (w) = Coel 2(®)  With the boundary condition V4(0) =
vq < 7q, we could calculate Cyy with Cy < 0. Hence, Vy is strictly concave and increasing in [0, wq). In the
same way we used in the step 4 of the case $q > [y, we could establish that V, is also strictly concave and
increasing in [3y, Wy).

Second, combining with boundary condition (A.18), we further prove that V;, is increasing and concave
in [0, wy]. Following condition (2.13), (2.18) and 84 > (4, we have

R > (r+ fia + p1)Bu- (A.37)
Following (A.17), we have

(fu + T)VU(ﬁU) +cu — R — puvg >0,

C 7By + puBu
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which implies that

R — ¢y + puvg Apy R
|74 > = _ — > Uy A38
u(Bu) > P (T+MU)QU+T+gd+ﬂu cu| /(r+ ) > vy (A.38)
where the second inequality follows from (A.37). Also, this implies that V| (y—) = % > 0 and,

(T + IZU)/BU(VJ(Bu—) - Vti(ﬂu-&-)) = (T + ﬂu)(vu(ﬁu) - Qu) - (/~Lu + T)Vu(ﬁu) —cut+ R+ Hulq
> Apg¥y — (7 + flu)Vy — Cu + R+ puvg
> R+ pavgq — (7 + flu)Vy — Cu
[upg — (7 + pu) (7 + pg) IR

=R+ — —c
r(r+ fu + ) “

—ca >0, (A.39)

where the first inequality follows from (A.38) and the last inequality follows from (A.37). Finally, (A.39)
implies that V;,(Bu—) > Vi (Bu+t)-
Furthermore, equations (A.16) and (A.17) imply that

_ fru (Vg (w) — Vé(w — Bu))

V! (w) R , for w € [By, Wy),
Vci/(w) — Md(vl;(:}(zdﬂi)uj) Vé(w))’ fOI' w E [07 wu o Bd)7 and
Vi(w) = —Va(w) , forw € [wy — B4, Wy).

r(wg — w)
Then the concavity of Vg and V,, implies that

Vi(w) < Vi(w — By), forw € By, wy), and (A.40)
Vi(w + Ba) < Vi(w), forw € [0,wq). (A41)

A.1.5.1 Proof of Proposition 2.2

Following (A.13) and (A.14), we obtain that under contract I'] in Definition 2.1,
T T
e ""J(r) = J(0)+ / e "(—Rlg,—udt + c(0)dt + dL;) + / e TTAS, (A42)
0 0

where
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Af =dJ(t) — rJ(t)dt + Rlg,—ydt — dL; — c(0;)dt
=J' (t)[rWi— — u(0y, V) Hy — €f]dt — rJ(t)dt + J(t+) — J(t) + Rlg,—udt — c(0y)dt — dL}
= {Ja(®)(rWi— + puBu) 1w, <wy — 7Ju(Wiz) — cu} dtlg,—y
+{Ja(Wi)r(Wi— — wa)dt — rJa(Wi—) — ca} dtlg,—a
+[Ju(min{W;_ + Ba, Wy}) — Ja(Wi—)]|dN1p,—a
+H[Ja(Wi— — Bu) — Ju(Wi)]dNilg,—y + Rlg,—udt — dL}
={R — cu + JL(Wil) (' Wi + paBu) w,_ <y — rJa(We)dt + pa(Ja(Wie — Bu) — Ju(Wi_))
+ (rwu + ftuPu) 1w, =, Lo,=udt
HIaWi)r (Wi — wa) — rda(We-)dt + pa(Jo(min{W;— + Ba, wa}) — Ja(Wi-))
—pa(Wi— + Bq — wu)" — ca}lg,—qdt + B = B;,

in which the last equality follows from (2.21) and (2.22), and

Bf = [Ju(min{Wi- + fa, @u}) — Ja(Wi-) — (Wi + fa — @u) ](dN; — padt)Lo,—a
+ [Jd(Wt— - Bu) - Ju(Wt—)](dNt - Nudt)]lﬁt:u'

Taking the expectation on both sides of (A.42), we immediately have

Jo,(w) = J(0) =E [e_TTJ(T) + /OT e " (R1g,—udt — c(6y)dt — dL})

60| = ulTi ()" ).
where u(I'}, v*, 6y) = w and we apply the fact that [ e~""15;d¢t is a martingale and J(7) = Jy, (0) = v;.

A.1.5.2 Proof of Proposition 2.3

From Proposition 2.1, we know that Jq(w) and Jy,(w) are concave, J;(w) > —1, and J},(w) > —1.
Recall Lemma A.2, to show that Jg(w) and Jy(w) are upper bounds of principal’s utility under any incentive
compatible contract, we only need to show that &, < 0 holds almost surely if 7, = 1. From (A.12), we have

Dy = Dy, —y + DIg,—q,
where

O =R+ JL (Wi )rWie + @t [Wi— JL(Wi) + Jq(0) — Ju(Wi2)]
+ ,uu(l — Qt)[_HtJ:l(Wt—) + Jd(Wt_ + Ht) — Ju(Wt_)] — T‘Ju(Wt_) — Cq,

and

Of :=Jy(We)rWie + pagi[We- Jg(Wi-) + Ju(0) = Ja(W;-))]
+Md(1 — qt)[—HtJ(/i(Wt_) + Ju(Wt_ + Ht) — Jd(Wt_)] — TJd(Wt_) — Cq.

We have ®; < 0 if ®¢ < 0 and ¥ < 0. First, we prove that ®? < 0 by considering the following
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optimization problem,
max G [Wi- Ju(Wi—) + Ja(0) = Ju(Wi)] + (1 = go) [ Hi Sy (W) + Ja(Wi— + Hy) — Ju(Wi-)],

s.t. 0<q <1, —gWi—+ (1 —q)H; < —Ph.
In the following, we verify that the optimal solution is

g =0 and Hf = —fu. (A.43)
by the KKT conditions. Define the following dual variables for the binding constraints
Ty = —(Ju(Wi-) = Ja(Wie = Bu)) = 0,

in which the inequality follows from (A.40), and

Ja(Wi— — Bu) — Ja(0)
Wt— - /Bu

o= (We- ) - T4 = ) 20,

where the inequality follows from the concavity of J4 and the fact that W;_ > 3, for any incentive compatible
contract. One can verify that

(Wi Ju(Wie) + Ja(0) — Ju(Weo)] — [=H] Ju(Wie) + Ja(Wi— + Hy) — Ju(Wi-)] (A.44)
= —Yu — (H: + Wt—)xlh
(1= g)(Ju(Wio) = Jg(Wee + Hy)) = (¢ — . (A.45)

Therefore, (A.43) implies that
(I);L S R + Jlll(Wt_)TWt_ + Nu[BuJ{l(Wt—) + Jd(Wt_ - ﬁu) - Ju(Wt_)] — TJu(Wt_) — Cy — 0,

where the equality follows from (2.22).
Following similar logic, we prove that ®{ < 0 by considering the following optimization problem,

max @[Wi— Jq(Wi) + Ju(0) — Ja(We)] + (1 — qi) [ HeJg(Wi—) + Ju(Wee + Hy) — Ja(Weo)],
st. 0<q <1, —gWi + (1 —q)H; > Ba, Wi + Hy > Bu,
and verify that the optimal solution is
¢ =0 and H; = fq4. (A.46)
by the KKT conditions. Again define the following dual variables for the binding constraints
g = Ji(Wo) — J (Wi + Bq) > 0, and

— Ju(Wi— + Ba)) > 0.

119



We can verify that

(Wi JG(Wi-) + Ju(0) = Ja(Wi-)] = [=Hy Jg(Wi-) + Ju(Wi— + Hf) — Ja(Wi-)] (A47)
= —ya + (H; + Wi_)zq,
(1 - q)(Ja(Wi-) = Jo(Wi— + Hy)) = (1 — g; )za. (A.48)

Therefore, (A.46) implies that
O} < Jg(Wi)rWie + pal—BaJd(Wi-) + Ju(Wi— + Ba) — Ja(Wi-)] — rJa(Wi-) — ca = 0,

where the equality follows from (2.21).

A.1.5.3 Proof of Theorem 2.2

First, it is easy to verify that contract I'}, is incentive compatible. Next, we define two functions Jg(w)
and Jy, (w) as

Ja(w) = vq — w. (A.49)
and

Ju(w) = { Vg — W, for w € [By, 00), (A.50)

Uyt ('Uu — Uy — ﬁu)w//ﬁuy forw € [0, ﬂu)

Under condition (2.29), Jq and J,, are concave, Jé(w) > —1,and J|, > —1. Hence, following Lemma
A.2, we have Jg(w) and Jy, (w) are upper bounds of the principal’s utility under state d and u, respectively if
®; < 0, where @, is defined by (A.12). Furthermore,

By = O lg,—y + B 1p,—q,
where

Q' = R —rWi— + pu[—q¢Wi— + (1 — o) Hy] — r(va — Wi) + puqivg + pa(l — qi)(vg — Wi— — Hy)
- ,Ufu('Uu - Wt—) —cu=R—cy—104+ Hulq — PuVu = 0,

where the first equality follows from J},(W;_) = —1 for W;_ > f,,and the third equality follows from
(2.26). Therefore,
O = —rWi— + pal-aWi— + (1 — @) Hy] — r(vqg — Wie) + paqvy + pa(l — q) Ju(Wi— + Hy)
— pa(vg — Wio) = ca = —ca — (r + pa)va + pagevy + pa(l — ) Va(Wi— + Hy)
< —ca — (1 + pa)vq + Havu <0,

where the first inequality follows by taking ¢; = 0 and H; = (4, and the second inequality follows from
(2.29).
Next, we can easily verify that the performance of I}, is

Uy, ve,d) = Jq(0) = vgq
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and

U(Ivlkn’/*au) = Ju(ﬁu) = vy — Bu

Starting from state d, it is optimal to let W = 0, hence v; > U(T',v*,d). Starting from state u, if
Uy — Pu > Uy, it is optimal to let Wy = [y and if vy — By < v,,, it is optimal to let Wy = 0. Hence,
UT*(Bu).v*,u) > U, v*,u) if vy — fu > vy and v, > U(T,v*,u) if vy — Bu < vy,

A.1.5.4 Proof of Theorem 2.3

It suffices to show that if (2.30) is satisfied, then the principal’s value functions Jyu(w) = v,, — w and
Ja(w) = vq — w satisfy the optimality condition ®; < 0 where @, is defined by (A.12). In fact,

Dy = OMg—y + D p,—g,
where

Q' = R —rWie + pu|—¢Wie + (1 — qi)Hy] — r(vy — Wis) + pugevg + pu(1 — @) (vg — Wi — Hy)
- ,U/u(Qu - Wt—) —Cu

(r+p )R . R
=R —cy =710y + fulyq — puly =R —cu— (r+ — =4y ——9
u Yu Hulq Huly u ( Mu)r(r"i'ﬁd_‘_ﬁu) Mur(r+ﬂd+ﬂu)
A/'LUR A/~Lu _
=% y=—" (R—(r+p, + <0,
Tt g T P Yot Hq T ﬂu< ( La fia) )

and

‘p? = —rWie + pal—gWi— + (1 — qo)Hy] — r(vq — Wie) + paqevy + pa(l — q¢) (v, — Wi — Hy)
— pa(vg —Wis) —cqa
bt (r+py)R
— + id —
T+ pg T+ ) r(r+ pg + fiu)

= —Cq — rUq + HdUy — HdVq = —Cd — (T + ,ud)r(

ApgR Apq

Y - — W= =
Tt pg T Hu T+ pygt

(R— (V“—i-ﬁd-i-ﬁu)ﬂd) <0,
where the inequalities follow from (2.30).

A.1.6 Results and Proofs in Section 2.4.2
A.1.6.1 Proof of Lemma 2.2

Using (2.36) and (2.37) as boundary conditions, (2.34) is a linear differential equation with boundary
condition. The solution is
HdVy — ring

4y 0y (g —w) 7, forw € [0, min{B — Ba, @a)], (A.51)

Ja'éw = aw +
a () Bd + T
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with

_rted

Apall -
Tyt Cd| Wy

= -
T+ [d

<0, (A.52)

in which the inequality follows from (2.18). Therefore, we can solve J% for [B, min{J3 — B4, wq} + ﬁu]
using (2.35), (2.36) and (A.51). By induction, we can solve Jg’é in [0, wq] and Jﬁﬁ in [0, wy]. These are a
sequence of initial value problems satisfying the Cauchy-Lipschitz Theorem, and, therefore, bear unique
solutions. Furthermore, J&” is C2 ([O, W) '\ {B}) and J3” is C3 ([0, wa] \ {3 — Bd}). For w € [y, Wy
(2.32) and (2.35) together imply that

u T+ uC "
(rw + pruBu) Lw<iay Ju(w) = (pa + 7)Ju(w) — R — ,lZl idr Ju < ,udlud (w— ,Bu)> + ﬁ + 0 Ly, -
(A.53)

If we define wy := wy and wy, := (pqwn—1)/(r + pa) + Bu for n = 1,2,3..., then Wy = limy,_00 Wy
Furthermore, (A.53) is equivalent to a sequence of initial value problems over the intervals [wy,, wy11], n =
1,2,.... This sequence of initial value problem again satisfy the Cauchy-Lipschitz Theorem and bear unique

solutions. Furthermore, if § < @4 + B, then J§ is C2 ([0, 1) \ {B}), J37 is C3 ([0,04) \ {B — Ba, @a})

and if > g + fa. then J&7 is C2([0,iu) \ {8, (11aB)/(r + pa) + Bu})s J2 is C3((0,10a) \ {B —

Ba, Wa, B+ (naBa)/(r + a)}). Then, we could derive the expressions for J&*, J gﬁ !

(2.32), (2.34) and (2.35), respectively,

and JSB " following

pa (H () = T (w = B))

JG'B” _
w () rw + frufPu

, forw € (3, 1y), (A.54)

pa (7 (w) = 7 (22 (0 - ) ))

5" () — T , for w € [y, i), (A.55)
(8w Ba) = I ) A
I8 (w) =  Eo— , forw € [0,wa) \ {8 — Bal, (A.56)
T3 (w) = 2" (w + 7:”) , for w € (@q,bq), and (A.57)
d
ot (B w0+ Ba) = I§ () + " w) A
J37 (w) = — , forw € [0,wq) \ {# — Ba}- (A.58)

r(wg — w)
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A.1.6.2 Proof of Lemma 2.3

Following (2.35), we can calculate for B € [Bu, Wy):

(r+ Mu>JU(B) - Mqu(B —Bu) — R+ cu

R B = B + tuPu
(r + p) (Ly + aB) — piu [a(B — Bu) + Mt 4 Oy (g — f + Bu)”f‘"] “Ritca
- B + pubu
(7 + )y — fu [“‘jﬁ;;fd + Cy(wg — B+ 5u)""+r“d} —R+cy
—a+t Y : (A.59)

where C follows (A.52). Furthermore, following equation (2.38) and (A.59), we have for B € [Bu, W),

A~

FolB) = =0 + i + o | P g = 4 )

] +R-— (A.60)
and fa(B) is increasing in [y, Wy because C; < 0. Therefore,

A V,, — C
llm fa(ﬁ) = —(’]" =+ /’Lu)yu + Hu |:lM:| + R — Cu
/BTwu— ,U/d + r
Ry L N
(Ha +7)(r + prg + fiu) pa + 7

where the last inequality follows from the condition (2.19).

A.1.6.3 Proof of Proposition 2.4

We show the result following three steps.

1. Show that Jgﬁ @ is strictly concave in [0, tq), and J27* is concave in [0, @y ) and strictly concave in

[Bas W)

2. Show that for any w > 0, derivatives 7~ d_ jaf *(w) and %J 3’8 “(w) are increasing in a.

3. There exists unique a > —1 such that (2.41) is satisfied, and the corresponding functions Jf;”ﬁ “(w) and
J3ba (w) are both concave with derivatives greater than or equal to —1.

Step 1. Forany a > —1, if 8, = By, then Ja™ is C2([0, wy) \ {Bu}) and J37* is C3([0, wa) \ {Bu — Ba})-
Otherwise, if B, > Bu, then J57* is C2(]0, i) and J4P is C3([0,wq) \ {wa}). Following (A.51) and
(A.52), we have J3 ap “(w) is strictly concave with J ( ) > ain the interval [0, 5, — S4). We claim that
JS’B ((Ba — Ba)+) < 0. If By > Bu, then this result directly follows by smooth pasting. Otherwise, if

Ba = Bu, equation (A.56) implies that
pa (S (Buy) = I3 (B — a))

r(wg — w)

T (B — Ba)4) =

<0,
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where the inequality follows from a — Jﬂﬁ a (Buy) > 0 which is implied by the definition of 3, and

JS'B’/I (Ba — B4) > a. Next, we prove that J2% (w) is strictly concave in [B,, min{8q + Bu — Bd, Wu }]. First,
following (A.54), we have

Hu (Jﬁﬁfl (Ba-l,-) - Jgﬁfl (Ba - Bu))
rBa + ,uu/Bu

Jl(iﬁa (Ba-l-) = < 07

where the inequality follows from Jﬁﬁ a (Bay) < aand Jgﬁ a (Ba — Bu) > a. Assume that there exists
w € (Bg, min{ S, + Bu — Sd, Wy }] such that Jf{ﬁ a (w) > 0, then JSB “ being twice continuously differentiable
implies that there must exist w = min{w € (B,, min{Bs + fu — Bd, Wu}]| JaPd (w) = 0}, such that
J&P4 (w) < 0 for w < 1. Equation (A.54) implies that

W) = T3~ ).
Since Jgﬁ “ is concave in the interval [0, min{ 5, — 34, Wq }], equation (A.56) implies that J3P a (W+Ba—Pu) <
JgB a (1 — Bu), which further implies that
afy (.- _ afy (o
Ju (0 + Ba = Bu) < Ju (D),

which contradicts with Jﬂﬂ @ (w) < 0 for w < w. Hence, J&Pa

/8d7wu}]-

Next we prove two lemmas.

is strictly concave in [(,, min{S, + By —

Lemma A.5 For any w > 0, if ng’ “ is strictly concave in [0,w + B, — Ba) and J§* is concave in
[Basw + Ba + Bu — Ba] for any w > 0, then Jgﬂa is also strictly concave in [0,w + B4 + Pfu — 284

Proof. Assume that there exists w € [w + B4 — Ba,w + Ba + fu — 284] such that Jgﬂg (w) > 0,
then the fact that Jgﬁ “ is twice continuously differentiable implies that there must exist w = min{w €
(w+ Ba — Ba, w + Ba + Pu — 2ﬁd]|J36‘/LI (w) = 0}, such that JS’B‘I‘/ (w) < 0 for w < w. Equation (A.58)
implies that
9% (w + Ba)
r(wgq — W)

pada

Jast!

d (’lb) < 07

where the inequality follows from J2Pa being concave in [0, w + B4 + Bu — S4]- This contradicts with
Jaﬁ( )—OandJ ( ) < 0forw < .

Lemma A.6 For any w > 0, if J&* is strictly concave in [0, w] and Jgﬂ “ is concave in [0, w — [Bq] for any
w > 0, then Jﬁﬂ “ is also strictly concave in [w,w + By — B4

The proof for Lemma A.6 follows the same logic as Lemma A.5, and is omitted here. Equipped with Lemmas
A.5 and A.6, we prove that if Jﬁﬁ “ is strictly concave in [B4, w + B4 + Su — B4a] and Jgﬂ “ is strictly concave

in [0, w + B, — Bal, then J3ba i strictly concave in [5,, w + B4 + 2fu — 254] and Jgﬁ “ is strictly concave
in [0,w + B4 + fu — 2B4]. Hence, by induction, J3Pa g strictly concave in [, wy) and Jgﬁ “ is strictly
concave in [0, ﬁ)d)

We have Jd *(wg—) > Ju (wu) from (A.54) and J (wd—l-) Ju (wu) from (2.32). Hence,
Jdﬂa (wg—) > Jdﬁa (wq+). Finally, we prove that Ju ( +) < 0 for w € [Wy,Wy). If there exists
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w € [Wy,Wy) such that Jabd (w+) > 0, then there must exist w = min{w € [Wy, wu)\Jﬁﬁg(w—F) = 0},
such that J&% (w+) < 0 for w < w. Finally, (A.55) implies that

5 o) = a3 (" - ) ) <o
fd
which contradicts with
7o (i) = Jo¥ (”““(w - ﬂu)+> + Jo () d < 0 (”““(w - ﬁu)> ,
Hd TE (@ Ba) Hd

/1!

where the inequality follows from w > %(w — Bu) and JoPd (wy) < 0 for w < w. Following (A.57),

JS’B @ is also strictly concave in [wgq, Wq).
Step 2. We show that for any w > 0, dJie /dw and ngﬂ * /dw are increasing in a. To do so, we define

_dJy .

ga(w) :== . (wi) and gu(w) := Ia (w4).

d
It suffices to prove that gq(w) and gy (w) are well-defined and strictly increasing in w.

* For w € [0,5,), we have gy(w) = w, which is strictly increasing in w. For w € [0, 8, — 4],
ga(w) = w which is also strictly increasing in w.

¢ For w = (,, we have

JEtPe(8,) = T8 (B) | TSP (B) = JA(Ba) dBa

gu(Bat) = lim +

€l0 € € da
2" (Ba) = Ji™ ()
— 1 u a u a — " = Gu o
i - Ba = gu(Ba-);

where the second equality follows from Jﬁﬁ T (B,) = Jﬂﬁ “(8,) because [y > [, for any € > 0.

* For J&% (w) on [B,, Wy and J 36 “(w) on [B, — Ba,wal, taking derivatives with respect to a on both
sides of (2.33) and (2.35), we know that gq(w) and gy (w) satisfies the following system of equations:

(pa +7)ga(w) = pagu(w + Ba) — r(wg — w)gy(w), w € [0,wq], and (A.61)
(:uu + T)gu(w) = Hugd(w - Bu) + (T’LU + ﬂuﬁu)g;(w)' w e [Baa wu] (A.62)

In the following, we prove that g4(w) and g, (w) are also strictly increasing on [3, — 54, W4] and
[Ba, Wu), respectively. Following equation (A.62), we have

(fu +1)gu(Ba) — pugd (B — Bu)
TW + puSBu
(:uu + T)ﬂa — Hu [Ba - /Bu]
TW + puSBu
(foa +7)Bu

> ——— >0,
W + fiufu

gil(ﬁa—i-) =

where the second inequality follows from 5, > /3. Then we claim that gy, (w) is strictly increasing in
[Ba, Ba + Bu — Bdl- If not, then there exists w € (B4, Ba + fu — Ba] such that g/, (w) > 0. Therefore,
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we must have @ = min{w € (B4, Ba + fu — Bal|gu(w) = 0} and g,(w) > 0 for w < w. Equation
(A.62) implies that

(r + pu) gu(®) = puga (W — Bu)-

The fact that gq(w) is increasing in [0, 8, — 34] implies that (11q+7)ga(w—Fu) < pagu(W—LLu+L4),
which further implies that

Hd
Ud + 1

(7' + Nu)gu(w) = ,U«ugd(w - /Bu) < Uy gu(ﬁ) — Bu+ 5d)7

which contradicts g/, (w) > 0 for w < . We establish the final results by proving the next two claims.

Lemma A.7 If gq is strictly increasing in [0, w + S, — Ba] and gy is strictly increasing in [0, w +
Ba + Bu — Bal for any w > 0, then gq is also increasing in [w + B, — Ba, w + Ba + Pu — 24l

Proof. If there exists w € (w + B4 — Bd, w + Ba + Bu — 234 such that g/;(w) < 0, then we must
have W = min{w € (w+ B — Bd, w + Ba + Pu — 254|943 (w) = 0} such that g;(w) > 0 for w < .
Differentiating (A.61), we obtain that

td(gu(® + Ba) — ga())

ga(w) =  C—

>0,

where the inequality holds because gy, is increasing on [0, w + 3, + Bu — Ba]. However, this contradicts
gq(w) = 0 and gj;(w) > 0 forw < w.

Lemma A.8 [f gy, is strictly concave in [0, w] and gq is concave in [0,w — Bq] for any w > 0, then
Gu Is also strictly concave in [w,w + By — Bl

The logic of the proof of Lemma A.8 is similar to that of Lemma A.7, and is therefore omitted here.
Following Lemmas A.7 and A.8, we can prove by induction that g, is strictly concave in [(,, Wy ) and
gd is strictly concave in [0, wgq ).

For J&% (w) on [y, Wy ) and Jgﬁ “(w) on [wq, Wq], taking derivatives with respect to a on both sides
of (2.32) and (A.53), we know that gq(w) and gy, (w) satisfies the following system of equations,

(g + 7)ga(w) = pagu <w + 7;::) for w € [wg, wq], and (A.63)

T+ [d
Ha

(o + 7)gu(w) = Hu/d Gu (

S (w— m)) T (40 -+ fruBu) L g (1) for w € [, doul.

(A.64)

Since (A.63) implies that g4 (w) = gy, (w + %) for w € [wWq,Wq], we just need to show that
gin(w) > 0 for w € [wy,wy). We have proved that g/, (w) > 0 for w € [0,wy]. If there exists
w € (Wy, Wy, such that g, (w) < 0, then there must be ¥ = min{w € (Wy, Wy )|g,(w) = 0}, such
that g, (w) > 0 for w > w. Then, (A.64) implies that

(i Pgali) = 220 g, (T )
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However, this contradicts with

) =g (L0 p) ¢ [1 o> o (T 5)).

pd A (i Bu) K

d d
Step 3. Since for any w > 0, derivatives d—Jﬁﬁ“ (w) and d—Jg’B “(w) are increasing in a, with
w w

boundary condition (2.37), J&% (w) and J(‘;B “(w) are also increasing in a. For a approaching —1, we have

ljrrp JPa(w) < v, — Wy < Ty — Wy. For a approaching oo, we have liTIp J%a (w) — oo. Hence, there
WTWu WWu

exists a unique a > 0, denoted as a, such that lim 4, 3’8 “(w) = vy — Wy. Following (2.32), we have

lim Jgﬂa (w) = vq — Wq-

wlgq
Then, (2.32) and (A.53) imply that J3% (tbg) = g — ta, J&* (thy) = Ty — th, lim J&% (w) = —1,
Wy
and liTm Jg’g a (w) = —1. Hence, (2.41) is satisfied and the corresponding functions J&P on [0, 1y] and
wTig

J gﬁ “ on [0, wq) are strictly concave. Further, the derivatives of Jﬁ’B “and J gﬂ “ are greater than or equal to
-1
Finally, following (A.54), (A.56), (A.57) and the concavity of .J gﬁ ¢ and Jﬂﬁ ¢, we have

T80 (w) < J§7 (w — Ba), forw € (B, 1), (A.65)

Jﬁﬁfz(w + 8q) < Jgﬁ‘;(w), for w € [0,wq) \ {8z — Ba},
& (Bay) P (Bas) < I3 (Ba — Ba), and (4.66)
T (1) = Jabh <w N 7:;’) for w € (i, tha). (A.67)

A.1.6.4 Proof of Proposition 2.5

Following definition (A.13) and equation (A.14), we obtain that under contract an in Definition 2.3,

e " J(r) = J(0) + / e " (= Rlg,—udt + c(6;)dt + dL;) + / e AL, (A.68)
0 0
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where

Af =dJ(t) — rJ(t)dt + Rlg,—udt — c(6;)dt — dL;
= J'()[rWi— — u(0y, 1) H; — €;]dt — rJ(t)dt + J(t+) — J(t) + Rlg,—udt — dL; — c(0;)dt
= {Jlll(t)(TWt_ + ,U«u/Bu)ILWtf<wu —rJu(Wi-) — Cu} dtlg,—u
+ {JGWim)r(Wi— — wa)Lw,_<@qdt — rJa(Wi—) — ca} dtlg,—qa

rWi_
+ { |:Ju <Wt + H«j ) - Jd(Wt)] Lw, >wq + [Ju(Wi- + Ba) — JaWi)|Lw,_e[8.—Ba,ma)

H(Ju(Ba) = Ja(Wi-))(1 = X)) + (Ju(0) = Ja(We)) Xl Tw, - <p.—pa }dNtﬂeFd

+ [Ja(Wi— = Bu) = Ju(Wi-)]dNilg,—u + Rlg,—udt — dL{

:{R + Jllx(Wt—>(TWt +cu+ NUBU)HWt7<u’1u - TJU(Wt—)dt + Nu(Jd(Wt— - BU) - Ju<Wt—))
+(rwy + pufu + cu)lw, —a, }Lo,=u — Cudt

+{JAW_)r (Wi — @a) 1w, <wy — rdJa(Wie) — ca + [pags (Ju(0) — Ja(Wio))

+pa(l — ;) (Ju(Ba) — JaWe-)lw, <go—pa + Ha [Ju Wi— + Ba) — Ja(Wi-)] Lw,_c[8,—B4,@a)

rW;_
; ) - Jd(Wt—)] }]let—ddt + Bf

+Md |:Ju <Wt_ +
= By,
in which the last equality follows from (2.33), (2.34), (2.35) and

rWi_
=) < a2 | 1,y 4~ padt)

B; (| 7 (W +

+ [Ju(Wi + Ba) — JaWi-) 1w, (g, pawq) (ANt — padt)

+ [(Ju(0) = Ja(Wi-))(XedN; — pagy dt)

+ (Ju(Ba) = Ja(Wi)) (1 = X¢)dN; — pa(1 — g7 )dt)| L, <, —pq }16,—a
+ [Jd(Wtf — Bu) — Ju(Wtf)](dNt - ,Uudt)]let:u-

Taking the expectation on both sides of (A.68), we obtain
Jo,(w) = J(0) =E [e_TTJ(T) + / e " (Rlg,—udt — c(6y)dt — dL})| = u(T5, (w), V™, 0p),
0
where u(I'; , v*, 0p) = w, and we apply the fact that / e "' Bjdt is a martingale and J(7) = Jy_(0) = v,.
0

A.1.6.5 Proof of Theorem 2.4

From Proposition 2.4, we know that Jq(w) and Jy(w) are concave, J;(w) > —1 and J(w) > —1.
Given Lemma A.2, we only need to show ®; < 0 holds almost surely if 4 = 1. From (A.12), we have

Dy = Dllg,—y + PIg,—q,
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where

Oy i = R+ J,(Wi_ ) rWie + pa@[Wi— J,(Wi—) + Ja(0) — Ju(W;—)]
+ Nu(l - qt)[*HtJ{l(Wtf) + Jd(Wtf + Ht) - Ju(Wtf)] - rJu(Wtf) — Cu,

and

O = JLW)rWie + prag Wi Jy(Wi) + Ju(0) — Ja(W; )]
+ pa(l — q0) [Hi Jg(Wio) + Ja(Wi— + Hy) — Ja(Wi—)] — rJa(Wi—) — cq.

We have &; < 0 if <I>ff < 0 and &} < 0. First, we prove that &} < 0 by considering the following
optimization problem,

max @[Wi— Jy(Wio) + Ja(0) — Ju(Wi )] + (1 — q) [ Hi Sy (Wi ) + Ja(Wie + Hy) — Ju(Wi-)]
s.t. 0<q <1, —¢gWi- + (1 —q)H; < —Pu.
In the following, we verify that the optimal solution is
g; =0 and H} = —By. (A.69)
using the KKT conditions. Define the following dual variables for the binding constraints
Ty = —(Ju(Wi-) = J4(Wie = Bu)) = 0,

in which the inequality follows from (A.71), and

Yu = (Wi = Bu) (Ja(Wi-) = Jq(Wie — Bu)) = Wi JG(Win) = Ja(0) + Bu (W) + Ja(Wi— — Bu)

Ja(Wi— — — Ja(0
= i = ) (A=A =IO ) 20,
Wt— - /Bu
where the inequality follows from the concavity of J,,. One can verify
(Wi Ja(Wim) + Ja(0) = Ju(Weo)] — [—H{ Ty (Wee) + Ja(Wi— + Hy) — Ju(Wi-)] (A.70)
= ~"Yu — (H: + Wt—)xw
(1 —q))(Jo(We) = Ja(Wim — H)) = (¢f — 1)u. (A.71)

Therefore, (A.69) implies that
(I)}f S R + Jlll(Wt_)TWt_ + Nu[/BuJ{l(Wt—) + Jd(Wt_ — ﬁu) — Ju(Wt_)] — TJu(Wt_) — Cy = 0,

where the equality follows from (2.35).
Following similar logic, we prove that ® < 0 by considering the following optimization problem,

(rznf}{x Wi JEWi) + Ju(0) — Ja(Wio)] + (1 — q) [-Hi Jg(Wi) + Ju(Wi— + Hy) — Ja(W2)],
t, L1t
s.t. 0<q¢ <1, —gW,—+ (1 —q)H; > Ba, Wy + Hy > .
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In the following, we verify that the optimal solution is

Wi _
¢ = 0and H = rﬂt it W, > g, (A72)
d
gf =0and H = 3q if W,_ € [Bs — B4, w4, and (A.73)
a - W— .
q;: = —B Bd ¢ and H;k = —Wt_ + Ba if Wt— < Ba - Bd? (A74)

Ba
using the KKT conditions.

o If W;_ > wgq, define the following dual variable for the binding constraint
Ya = Ju(Wie + H) — Ju(0) — (Wi— + H{)Jg(W;-)

W [J () =0 ((sraic

J/
Hd (r+pa)We— u ud

Hda

>0

— )

where the inequality follows from the concavity of .J,,. One can verify
(Wi Jg(Wee) + Ju(0) = Ja(Wi)] = [=Hy Jg(Wi) + Ju(Wi + HY) = Ja(Wi-)] = —ya,
(A.75)

(1= )W) = Ju Wi+ 7)) = Ty(io) - gy (RN ) (A76)

where (A.76) follows from (A.67).
o If Wy_ € [B4 — B4, wa], define the following dual variables for the binding constraints,
g = JG(Weo) — JL,(Wi— + B4) > 0,
in which the inequality follows from (A.66), and
ya = (Wi— + Ba)(Ja(Wi-) — Ju(Wie + Ba)) = Wi— Jg(Wi—) — Ju(0) — BaJy(We-)

+ Ju(Wi— + Ba) = (Wi + Ba) <Ju(WtI_/V:F_ﬁJ‘:)B; fal0) _ Ju(Wi— + 5d)> >0,

where the inequality follows from the concavity of J,,. One can verify

(Wi Jg(Wi) + Ju(0) — Ja(Wio)] — [ H Jg(Wie) + Ju(Wi— + Hy) — Ja(We)] (A7)
= —Ud + (Wt_ + H;)l’d,
(1= ¢)(JaWi) = Ju(Wee + Hy)) = (1 — g/ )za.- (A78)

o If Wi_ < B4 — Bq and B, = By, define the following dual variables for the binding constraints

Ju(Bu) = Ju(0)
Bu

in which the inequality follows from (A.51), and

rq = Jé(Wtf) — = Jcli(Wtf) —a>0

a=(1-g¢f)(a—Jy(Bu)) =0,
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in which the inequality follows from the definition of 3,. One can verify

(Wi Jg(Wi—) + Ju(0) = Ja(Wi-)] = [=H Jg(Wi—) + Ju(Wi— + HY) = Ja(Wi)] - (A79)
= (Wi— + H{ )zq,
(1= g)(JGWio) = Jy(Wee + Hy)) = (1 = ¢f )za + a. (A.80)

o If Wi < By — Bq and B, > [y, define the following dual variable for the binding constraint
rq=JiWi-)—a>0
in which the inequality follows from (A.51). One can verify

(Wi Jg(Wio) + Ju(0) = Ja(Wio)] = [Hf J§(Wio) + Ju(Wee + HY) — Ja(Wi-)] (A81)
= (Wi— + H] )zq,
(1= g)(JGWio) = Ju(Wie + HY)) = (1 = ¢f)za. (A.82)

where (A.82) follows from J},(8,) = a.
Therefore, (A.72), (A.73) and (A.74) together imply that

rWi_
! > - Ju(Wt—)} Lw, >uwq
Hda

+ [JTaWe )rWi— + pa[—BaJg(Wi—) + Ja(Wi— + Ba) — Ja(We )| 1w, _c[8,—Ba,ia]
+ [JTaWe ) rWie + pagi (Wi Jg(Wi—) + Ju(0) — Ja(Wi-)]
+ pd(1 = ¢)[(Ba = Wi ) Jg(Wi—) + Ju(Ba) — Ja(We ) lw,_<p,—84 = 0,

where the equality follows from (2.32), (2.33) and (2.34).

¢ < —rJg(Wi) — cq + pa |:Ju <Wt— -

A.1.6.6 Proof of Proposition 2.6

For any a > 0, (A.60) implies that f,(5y) > 0. Therefore, the definition of 3, implies that 5; = fy,.
Hence, if 83 > By, thena < 0.

A.1.6.7 Proof of Theorem 2.5

First, it is easy to verify that I'}j(w) is incentive compatible. Following definition 2.4, we obtain the
following equation for the principal’s value function at state d,

(na +7)Ja(w) = r(w — wa) J§(w) + pav, — pa(w + Ba) — ca, w € [0,0q] , (A.83)

with boundary condition J4(0) = vy4. By solving this differential equation, we obtain that under state d,

w \ R
Ja(w) = (vq — va) (1 - _> —w+vg . (A.84)
Wq
For state u, the societal value function is a constant,
Ju(w) = v, —w, (A.85)
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Following similar logic to the one we use in the proof of proposition 2.2, we can show that the principal’s
utilities following contract I'}j (w) are Jq(w) and Ju(w) in states d and u, respectively. Under condition
(2.45), Jq and Jy, are concave, J(’j (w) > —1, and J;, > —1. Hence, it suffices to prove that ®; < 0 where P,
is defined in (A.12). To this end, we let

Dy = O g—y + P 1g,—q,
where

O = R—rWie + pu[=a:Wi + (1 = @) Hy] = r(vy = Wi ) + prugivg + pa(l — q) Ja(Wi— + Hy)
— pu(Vy = Wi) —cu = R — cu — (7 + pu)Vy + pu@g + pu(l — ) Va(Wi- + Hy)
< R—cy— (r+ pu)vy + puvg <0,

where the first equality follows from taking ¢, = 0 and vq < Vg(W;— + H;) < vgq, and the second inequality
from the opposition of (2.18). Therefore,

o = (W) (rWie — pal—aWi— + (1 — @) Hy]) — rJa(Wis) + pagqivy + pa(l — @) (v, — Wi — Hy)
—ptaJa(Wi—) — ca.

We prove that ¢ < 0 by considering the following optimization problem,

max JaWe)[@aWie — (1 — @) Hi] 4 qroy + (1 — q1) (v — Wi — Hy),

st. 0<q <1, ¢gWi— + (1 —q)Hy > Bg,
and verify that its optimal solution is
g; =0 and H =4, (A.86)
following the KKT conditions. Define the following dual variable for the binding constraint
a=Jg(Wi)+1>0,

in which the inequality follows from J;(W;—) > —1. One can verify

JaWio ) Wi— + Hf) + Wi + H = (Wi— + H{ ), and (A.87)
(1= a)(Jag(We) +1) = (1 = g)a. (A.88)

Therefore, (A.86) implies that

O < J{Win)(rWie — paBa) — rJa(Wis) + pd(vy — Wie — Ba) — paJa(Wim) — ca
= JaWi)r(Wi— — wa) — (r + pa) Ja(Wi-) + pa(vy — Wi — Ba) —ca = 0,

where the second equality follows from (A.83). In summary, we have U(I'}j(w),v*,d) > U(I', v*,d) and
v, > U, v u).

A.1.6.8 Proof of Theorem 2.6

The proof of this theorem follows the same logic as the proof of Theorem 2.3, and is omitted here.
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A.1.7 Proofs in Section 2.4.3
A.1.7.1 Proof of Proposition 2.7

Case 54 > PBu: According to Lemma 2.1, under any incentive compatible contract without termination,
the agent’s promised utility satisfies equation (PK) with ¢ = 0, H; > q if ; = d and H; < —(, if 6; = u.
Rearranging equation (PK) and replacing v with v*, ¢; = 0 and X; = 0, we obtain that

dW; = {(’I“Wtf — }LdHt)dt =+ thNt}]let:d + {(T‘Wtf — Mth)dt + thNt}]lét:u —dL;.

For any contract that starts at state d and agent’s utility W;_ < wq, we have rWy_ —ugHy < rWi_ —puqfa =
r(Wi— —wq) < 0. This implies that before the machine recovers, the utility W; keeps decreasing. Therefore,
starting from any promised utility below wq when the machine’s state is d, there is a positive probability
that the promised utility decreases to 0 before the machine is repaired, which contradicts the requirement of
T = 00.

Similarly, for any contract that starts at state u and agent’s utility W;_ < vy, there is a positive probability
that the agent is terminated. This is because at state u, in order to incentivize the agent, the utility needs to
drop by at least 3, when the machine breaks down, which implies that it is possible that the utility at state d
is smaller than wy — By = Wq.

Furthermore, Propositions 2.2 and 2.3 imply that Jq(w) is decreasing for w > wq and Jy(w) is
decreasing for w > wy,, and are optimal value functions starting from the agent’s initial utility w and with
initial state d and u, respectively. Therefore, the initial w for the required optimal contract should be wq and
Wy, with the initial state d and u, respectively. The corresponding optimal contract is the simple contract I

Case g < PBu: At state d, the machine should start the promised utility with W;_ > g4, and, at state
u, the machine should start the promised utility with W;_ > w,,.

Furthermore, at state d, the promised utility starts with W;_ € [wq, wq). If the upward jump —H; >
rWi—/ua, then (PK) implies that rW;_ — uqH; < 0, and the agent is terminated with positive probability.
On the other hand, if H; > —rW;_/ugq, since W; < wq, we have rW;_ /uq < . If the machine recovers
and then breaks down soon afterwards, then the upward jump of the promised utility is 7W;_ /114, while the
downward jump is at least 5,,. Hence, in a cycle of up and down, the continuation utility can decrease by at
least Sy — 7W;_/uq. Therefore, after a finite number of such cycles, the promised utility at state d will drop
below wq. Again, the agent is then terminated, with a positive probability.

Hence, in order to ensure 7 = oo, the starting promised utility at state d needs to be greater than wg,
and at state u greater than w,. Furthermore, Propositions 2.4 and 2.5 imply that J4(w) is decreasing for
w > wq and Jy(w) is decreasing for w > wy,. Therefore, the initial promised utility w for the required
optimal contract should be wq and @, for initial states d and u, respectively. The corresponding optimal
contract is the simple contract I.

A.2 E-companion: Optimal One Sided Contracts

The main body of the paper studies the optimal contract when the agent is responsible for both maintaining
and repairing the machine (call it “combined contract”) and these contracts induce full effort from the agent
before termination. Results in Section 2.4 indicate that for a set of given model parameters, it is fairly easy to
obtain optimal incentive compatible contracts and the corresponding value functions. In this e-companion,
we first provide sufficient conditions based on computed corresponding value functions, which can be used to
verify if the optimal incentive compatible contracts that obtain full effort from the agent are, in fact, optimal,
even if we allow shirking.

When the sufficient conditions are not satisfied, it may be preferable for the principal to hire the agent just
to maintain or just to repair, and to allow the agent to shirk. In Section A.2.2 and A.2.3 of this e-companion,
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we consider two one sided contracts where the agent is only responsible for one of the two duties. A
“maintenance contract” only induces the agent to exert effort when the machine is up in order to decrease the
arrival rate of failures. Similarly, a “repair contract” only induces the agent to exert effort when the machine
is down to increase the rate of recovery. Studying these two types of contracts is relevant because as we
showed in Section 2.5, one of these two contracts may outperform the optimal combined contract.

As it turns out, these two contract design problems are not special cases of the model studied in the main
body of the paper. To see this, consider the example of maintenance contracts. In this setting, the machine
recovers with a rate of pu ; without the agent’s effort. In the optimal combined contract, the agent’s promised

utility is increased by at least 54 when the state changes from down to up, in which 84 = cq/ (,ud — i d).

B4 would not be well defined. In fact, the principal does not need to reward the agent when the state changes
from down to up. Consequently, how the promised utility should change in this case is not immediately clear.

In the maintenance contract setting, we cannot simply set cq = 0 and y1q = 1, because the corresponding

A.2.1 Incentive Compatibility where agents are responsible for both maintenance and repair

Following the optimality condition presented in Lemma A.12, we first obtain the following sufficient
condition for optimality of maintaining incentive compatibility in the problem where agents are responsible
for both maintenance and repair. Since the sufficient condition is based on the principal’s value functions, it
is convenient to summarize the definition of value functions under different parameter regions:

* B4 > Pu, R > hg: Principal’s value function Jg(w) and Jy(w) are defined by (2.21)-(2.25) in Section
2.4.1.2. (hq is defined in (2.14))

* B4 > Pus R € [gu, hq): Principal’s value function J4(w) and Ju(w) are defined by (A.49)-(A.50) in
the proof of theorem 2.2. (gy is defined in (2.28))

* Ba > Pu, R < gu: Principal’s value function Jq(w) = vq — w and Jy(w) = v, — w.

* B4 < Pu, R > hy: Principal’s value function Jg(w) and Jy, (w) are defined by (2.32)-(2.37) in Section
2.4.2.2 with a defined in proposition 2.4. (hy, is defined in (2.19))

* B4 < Bu, R € [g4, hy): Principal’s value function J4(w) and Jy, (w) are defined by (A.84)-(A.85) in
the proof of theorem 2.5. (gq is defined in (2.44))

* Ba < Bu, R < gq: Principal’s value function Jq(w) = vq — w and Jy(w) = v, — w.

Proposition A.1 It is optimal to always induce full effort from the agent before contract termination if
function Jg(w) and Jy(w) summarized above satisfy the following two conditions,

pd(w) == rJa(w) + p Ja(w) — rwJy(w) — fiq max {=hJ§(w) + Ju(w +h)} >0, forw >0,
. (A.89)

and

ou(w) = rdy(w) + fuJu(w) — R — rwJ(w) — iy max {=hJ\(w) + Ja(w + h)} >0, forw > 0.
- (A.90)

It is worth noting that Proposition A.1 is a parallel result to condition (54) in [BMRV10], Proposition 8 in
[DS06b] and Proposition 6 in [Varl7]. However, our conditions are more complex than the corresponding
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conditions in the literature, involving solving a single dimensional maximization problem in both (A.89) and
(A.90). This complexity is due to the key difference between our paper and the aforementioned continuous
time dynamic contracting papers: in all the other papers, the agent is only responsible for one task whereas in
ours, the agent is responsible for two tasks. This induces complexity because the principal’s value function
will further depend on the machine’s states u and d.

Specifically, imagine, for the moment, that we replace the term Jyu(w — h) in (A.89) by Jgq(w — h), so
that there would be only one state. (the down state) It is easy to verify that in this case, concavity of the value
function Jq(w — h) implies that the optimal A in this maximization problem should be 0. (The intuitive
interpretation is that there is no change in the agent’s promised utility associated with arrivals during the
period when the agent is allowed to shirk.) Consequently, the expression pq(w) would be greatly simplified
to be a monotone function, which yields a sufficient condition only involving evaluating the value function
at its boundaries. In our case, however, concavity of functions Jq(w) and Ju(w) do not guarantee that the
optimal h takes value 0. (That is, in general contracts allowing shirking, the agent’s promised utility still
needs to include jumps as the machine changes states when the agent shirks.) This exactly explains the reason
why our verification conditions are more complex than those in the aforementioned literature, and highlights
the distinct feature of our set-up with two machine states.

Fortunately, the principal’s value functions Jq(w) and Jy, (w) defined in the previous sections are, in fact,
quite easy to compute. Therefore, conditions (A.89) and (A.90) can be easily verified numerically for any
model parameter settings. From Sections 2.4.1 and 2.4.2, we learn that the optimal incentive compatible
contracts take three forms depending on model parameters. Specifically, the three regions can be characterized
by dividing the value of revenue rate I into three intervals, fixing all other model parameters. The following
result indicates that if the value of R belongs to the lowest interval, sufficient conditions (A.89) and (A.90)
are guaranteed to hold. If R is moderate, on the other hand, sufficient conditions (A.89) and (A.90) do not
hold. Therefore, we only need to check conditions (A.89) and (A.90) if revenue R is high enough.

Corollary A.1 (i) If B4 > B, and condition (2.30) holds, oy, if Bq < By and condition (2.46) holds, then
conditions (A.89) and (A.90) hold.

(ii) If Bq > By and condition (2.29) holds, or, if Bq < By and condition (2.45) holds, then conditions
(A.89) and (A.90) do not hold.

Corollary A.1(i) implies that if R is in the lowest interval, then not hiring the agent is not only the optimal
incentive compatible contract, but also the best strategy among all contracts. In this case the principal’s value
function is a linear function with slope —1, which allows us to easily verify conditions (A.89) and (A.90).
In comparison, Corollary A.1(ii) implies that if R takes moderate values (in the middle interval defined in
(2.29) or (2.45)), the principal may be better off allowing shirking at some point in time before terminating
the contract.

Note that the intervals defined in (2.29) and (2.45) are empty when 3, = 4. That is, the middle interval
only occurs if the ratios between effort cost and repair rate and maintenance rate improvement are not
balanced, or, between the two types of efforts (repairing and maintaining) one of them is more favored than
the other. In this case, the optimal incentive compatible contract dictates the principal to hire the agent only if
the machine starts in the favored state, and to terminate the agent as soon as the state changes. If we allow
shirking instead, the principal may benefit from hiring the agent to exert effort when the machine is in the
favored state, while allowing the agent to shirk when the machine is in the other state and wait for the favored
state to come back. This, again, provides us the motivation to study the optimal one-sided contracts.

A.2.2 Optimal Maintenance Contract

In this section, we consider the contract design problem where the agent only has the expertise of
maintenance work which means when the machine is up, he could decrease the rate that machine breaks
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down from jiy, to py and when the machine is down, agent does not work and the machine recovers with rate
Hy- Correspondingly, we need to change the arrival rate of process N in (2.2) as

i (0, vt) = [pale + fra(1 — v¢)] Lg,—u + Haqlo,=a;

and the effort cost rate (2.1) at ¢ as
em(0:) = culg,—u.

With these new definitions, we need to change the agent’s expected total utility (2.5) by substituting ¢(6;)
with ¢, (6;). Without the agent, the principal’s total discounted future profit for states u and d are v,, and v,
respectively where v,, and v4 are defined in equation (2.4). The principal’s expected total discounted profit
under a contract I';,, and effort process v = {Vt}VtE[O,T] such that v, = 0 when 6; = d is still defined as (2.3).
Denote the full effort process as vy, := {(¥m)t = Lg,—u}vie(o,]- A maintenance contract I';, is incentive
compatible if u(Ty, vin, 00) > u(L'm, v, 6p) for any effort process v = {14 }yie(o,7) such that v, = 0 when
0; = d. Furthermore, the following result is parallel to Lemma 2.1.

Lemma A.9 In the maintenance setting, for any contract Iy, there exists F;-predictable processes Hy such
that for t € [0, 1),

AWy ={rWi— — (1 — vi)em(6r) — [(1 — @) Hy — Wi pm (v, 0¢) }dt — d Ly + [(1 — Xy) Hy — Xy Wi ]d Ny,
(PKm)

in which Bernoulli random variable Xy takes value 1 with probability q;. Furthermore, contract Iy, is
incentive compatible if and only if

— Wi+ (1 —q)H; < =By forb,— =u, Vt € [0,7]. (A9])
Finally, we need —H; < Wy_ for allt > 0 in order to satisfy (IR).

Similar to the combined contract, constraint (A.91) implies that any incentive compatible maintenance
contract must satisfy the condition W;_ > (3, when 6;_ = u.

Next, we propose a maintenance contract and prove its optimality following similar approaches in
Sections 2.4.1 and 2.4.2. The general idea is that the promised utility increases at rate rW;_ + /Sy in state
u, and drops 3, whenever the machine breaks down. In state d, the promised utility stays at a constant,
and takes an upward jump of rW;_/u q When the machine recovers, which collects the expected interest
accrued during state d. At the end of an up state, if a downward jump brings the promised utility to below the
following threshold,

the upward jump at the end of the down state cannot bring it back to (3, anymore. Because the promised
utility has to be higher than 3, in state u in order to induce full effort, if the promised utility jumps down to
below w,,,, then the principal should randomly terminate the agent, or reset it back to w,,,. Similar to before,
payment starts when the promised utility reaches the upper threshold

Bt
o T

Ba-

Wy -

The exact dynamics is represented in the following definition.

Definition A.1 The contract T}, (w) = (L*, ¢*, 7%) is defined as the following.
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i. The dynamics of the agent’s promised utility Wy follows

(rWi— + pufu)dt — Bud Ny, 0y =u, fu < Wi_ <y
th = - XiWy + (1 - Xt) (Mm - Wt*) ) et = da Wi < Wy, , (DWm)
(rWi-/iy) an, b =d, W >u,

Jfrom an initial promised utility Wy = w.
ii. The payment process follow dL; = <2ﬁd + 7“) Bulw, —w,, Lo,—udt.

iit. The random termination probability process for Wy_ < w,,, is ¢ = ¢(W,_), in which

Q(w) =1- w/wma

and the termination time is T* = min{t : W; = 0}.

Furthermore, the following set of differential equations define the principal’s value functions Jj* and Jy".

patr
(g +7)Jq" (w) = py J7 (dﬂ w) . W > w,, (A.92)
—d

Ji(w) = q(w)JZ(0) + (1 — §(w))JY (w,,), w<uw,,, and (A.93)

— cu+ (1w + ) L, T2 () = (a + )R W) + (2, +7) Bulu—s,,
- R- ,U«chT(w - /BU)v w e [/Buawm] . (A94)

with boundary conditions
m o frg(R — cu) _
Jq (0) = Vg, Ja (wm - ﬁu) =——4 - (wm - Bu)v (A.95)
T <r + fu + Hd>

(r+py) (R — cu)

Jlrln(o) = Uy Ju' (U_]m) -
T (7’ + Mu + Hd)

u

— Wy, (A.96)

Similar to Proposition 2.1, the next proposition establishes the concavity of the principal’s value functions.

Proposition A.2 The system of differential equations (A.92)-(A.94) with boundary conditions (A.95) and
(A.96) has a unique solution: the pair of functions, J\J'(w) on [0, Wy,], and JJ'(w) on [0, Wy, — Bul, both of
which are strictly concave and J (w) > —1, J§" (w) > —1.

The next result shows that J§* and Jii* are indeed the principal’s value function if the initial promised utility
is w starting from states d and u, respectively.

Proposition A.3 For promised utility w € [0, Wy, — Bul, we have U(T'},(w),vm,d) = J'(w). For
promised utility w € [0, Wy,], we have U (I}, (w), vm, u) = J7'(w).

Furthermore, we can find w3 and w'* as the maximizers of J;;* and J}* respectively, and start the promised
utility from them.

Similar to Section 2.4.1 and 2.4.2, we define the societal value functions as the summation of the principal
and the agent’s utilities, V" (w) = JJ'(w) + w and V" (w) = J7(w) + w. Figures A.1 and A.2" provide a
numerical example of societal value functions Vj* and V,;"* and the principal’s value functions Jj* and J;".

Y =5, Apg =1, g = 2, Apg = 1,¢4 = 0.1,¢q = 1.3,7 = 0.5, R = 10.
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From Section A.2.1, we know that for the combined contract, the sufficient conditions that guarantee the
optimality of the full effort contract are relatively complicated. For the maintenance contract setting, we can
show that, the following simple condition is necessary and sufficient for the principal to want to hire and
induce full effort from the agent,

R> (7“ g+ nu) Ba = gu. (A.97)

The next theorem shows that under condition (A.97), functions Jg* and J;* are upper bounds for the
principal’s utility under any maintenance contract I';,,.

Theorem A.1 Under condition (A.97), for any contract Ty, and any initial state 0 € {u,d} that satisfies
(A.91), we have Jo(u(Th,,v,0)) > U(Tp, v, 0), in which we extend the function J§(w) = J5* (W, — Bu) —
(W — Wy, + Bu) for w > Wy, — Py and JJ'(w) = JT* (W) — (W — W) for w > Wy,

We have U (Th,(w§™),vm,0) > U(Ly,v,0) for any contract 'y, and state 0. That is, the optimal
contract is I'}, (wy**) and the machine starts from state 6 € {u,d}.

It is worth noting that Theorem A.1 shows that contract I'},, defined in Definition A.1 is optimal among
any maintenance contract I',,. This result is stronger than Theorem 2.1 and 2.4, which only show that
contracts I'7 and I'; in Sections 2.4.1.1 and 2.4.2.1 are optimal among incentive compatible contracts.

The next proposition shows that if condition (A.97) is violated, then the principal is better off not hiring
the agent, even if we take contracts that allow shirking into consideration.

Proposition A.4 Assuming condition (A.97) does not hold, that is,
R< (r+py+fin) Bu= gu (A.98)

We have vy > U(I'yy, Um, 0) for any maintenance contract Iy, and state 0 € {d, u}.

Figure A.3 depicts two sample trajectories of the agent’s promised utility according to I'} (w*) where
the machine starts at state 6y = u. In state u, the promised utility increases over time until the machine breaks
down or the promised utility reaches w,,. According to the solid curve in Figure A.3, the machine changes
states at times ¢1, to, t3, t4, and t5. Between [0, ¢1], the promised utility increases over time while the agent is
maintaining the machine. At time ¢;, the machine breaks down and the promised utility drops by 3,. Once
the machine is in state d, the agent does not need to work, and the promised utility remains a constant, until

the machine recovers at time t2. Whenever the machine recovers at time ¢, the utility W;_ takes an upward

. ’I"Wt_
jump of

L This upward jump happens at time ¢2 following the solid curve. After ¢, the promised utility
Zd
increases again while the agent maintains the machine, until time 3 when the promised utility reaches .
At this point, the flow payment starts. After time ¢3, the agent’s promised utility is jumping back and forth
between w,,, when the machine is up and w,, — Sy when the machine is down.

Now we focus on the other sample trajectory in Figure A.3, the dotted curve. The machine is in state
u during time intervals [0, 1], [f2, 7] and in state d during [f1, Zo]. The promised utility increases in state u

and stays at a constant in state d. Right after the machine breaks down at time 7, the promised utility jumps
TWt_

to below w,,,. Consequently, even an upward jump of cannot raise the promised utility to above 3.
Hq
Therefore, at time ¢3 the agent is terminated with probability G(Wg,_). On the other hand, with probability

1-— Q(Wgsf), the agent’s promised utility is reset to 3y, (the “*” in the figure) and continues increasing.
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Figure A.3: Two sample trajectories of promised utility with model parameters (1, = 5, Ay =
g = 2,Apug = 1,4 = 0.1,¢cq = 1.3,7 = 0.5, R = 10. The policy starts from w* = 0.146.
The solid curve represents a sample trajectory which brings the agent to the point of never to be
terminated. The dotted curve represents another sample trajectory in which the agent is terminated
due to a random draw at a point when the machine breaks down.

A.2.3 Optimal Repair Contract

In this section, we consider the contract design problem where the agent only has the expertise to repair.
That is, when the machine is down, the agent is able to decrease the recovery rate from p q to Hd with effort.
When the machine is up, on the other hand, the agent does not work and the machine breaks down with rate
[iu. Correspondingly, we need to change the the arrival rate of process N in (2.2) as

Ur(ety Vt) = /ju]let:u + [,U'th + Hd(l - Vt)]]let:dv

and the effort cost rate (2.1) at ¢ as

Cr(et) = Cd]]-etZd‘

With these new definitions, we need to change the agent’s expected total utility (2.5) by substituting c(6;)
with ¢, (6;). Without the agent, the principal’s total discounted future profit for states u and d are v,, and
v4, respectively, where v,, and vy are defined in (2.4). The principal’s expected total discounted profit under
a contract I, and effort process v = {I/t}VtE[(),T] such that v; = 0 when 6; = u is still defined as (2.3).
Denote the full effort process as v, := {(v)¢ = Lg,=d }wefo,r]- A contract I, is incentive compatible if
u(Ly, v, 00) > (T, v, 0) for any effort process v = {vt }ysc(o,-] such that 4 = 0 when 6; = u. Again, the
following result is parallel to Lemma 2.1.

Lemma A.10 In a repair setting, for any contract Iy, there exists Fi-predictable processes H; such that

AW ={rWi— — (1 = w)er(6r) — [(1 — ) He — Wi pe (v, 01) bt — dLy
+[(1 = X0 Hy — X, W, ]dN;, ¢ € [0,7) (PKD)
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in which Bernoulli random variable Xy takes value 1 with probability q;. Furthermore, contract I, is
incentive compatible if and only if

— Wi+ (1 —q)Hy > Bg  for0, =d, Vt € [0,7]. (A.99)
Finally, we need —Hy < Wy_ for all t > 0 in order to satisfy (IR).

In the following, we directly propose a repair contract and prove the optimality following the similar
approach in Section 2.4.1 and 2.4.2.

Definition A.2 The contract I (w) = (L*, q*, %) is defined as

i. The dynamics of the agent’s promised utility Wy, follows

u Wi
th = T(Wt_ - ?I)d)dt + Hlln{ M+ de - Wt_, ,Bd} dNt:| :H-G't:d + s

dN;1g,—y (DWr)

u u

from an initial promised utility Wy = w.
ii. The payment to the agent follows dL; = (W;_ + Bq — fiu/(fiu + 7)0a) T dNi1g,—q.

iii. The random termination probability qf = 0 and the termination time 7* = min{t : W, = 0}.

Furthermore, the principal’s value functions are determined by the following set of differential equations

(g +7r)Ji(w) = —ca + r(w — wd)ng(w) + pady (min {w + Ba, ftuwd }) — (w + Bq — Hud

Hu + 7 Hu + 7
(A.100)
(fa +7) T4 (w) = R+ fiuJg <T+”“w), (A.101)
with boundary conditions
_ palR — (7’ + /ju)cd _
Ja0) =uvq,  Jg = — wWd, A.102
a(0) =g 4 (wa) "+ fiu + 1) wWq ( )
JL0) = v, T < Hu ‘d> _ rtpa)R = fuca  futa (A.103)
fou + 7 (7 + fiu + fa) fig + 7

Similar to Proposition 2.1, the next Proposition establishes the concavity of the principal’s value functions.

Proposition A.5 The system of differential equations (A.100) and (A.101) with boundary conditions (A.102)
Huttd } and Ji(w) on [0, wq], both
r

u

and (A.103) has a unique solution: the pair of functions, J},(w) on |0,

of which are strictly concave and J, (w) > —1, J§ (w) > —1.

The next result shows that Jj(w) and Jj;(w) are indeed the principal’s value function if the initial
promised utility is w starting from states d and u, respectively.

Proposition A.6 For promised utility w € [0,wq), we have U(I'},v,.,0) = Jj(w). For promised utility
w e [0, fiuwd } we have U (I} (w), v, 0) = J) (w).
r

Hu
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Figure A.4: Societal’s Value functions

Furthermore, we can find wj* and wy;" as the maximizers of Jj(w) and J;;(w) respectively, and start the
promised utility from them.

Similar to Section 2.4.1 and 2.4.2, we define the societal value functions as the summation of the principal
and the agent’s utilities, V] (w) = Jj(w) + w and V{(w) = Ji;(w) + w. Figures A.5 and A.4? provide a
numerical example of societal value functions Vj and V}; and the principal’s value functions J and Jj,.

From Section A.2.1, we know that for the combined contract, the sufficient conditions that guarantee the
optimality of the full effort contract are relatively complicated. For the repair contract setting, we can show
that, the following simple condition is necessary and sufficient for the principal to want to hire and induce
full effort from the agent,

R>(r+py+ fiu)Ba = ga (A.104)

The next theorem shows that under condition (A.104), functions Jj and Jj; are upper bounds for the
principal’s utility under any (not necessarily incentive compatible) contract I';.

Theorem A.2 Under condition (A.104), for any repair contract ', and any initial state 0 € {u,d} that
satisfies (A.99), we have Jy (u(Fﬁ, v, 9)) > U(Ty, v, 0), in which we extend the function Jg(w) = Jq(wq) —
_ _ ﬂuwd ﬂuwd ﬂuwd
w — wq) for w > wq and Jy(w) = J, —|lw———— | forw > ——.
( a) f d u(w) u(our?“ ( uu+7’>f —
We have U (T (wp*), vy, 0) > U (T, v,0) for any repair contract T, and state 0. That is, the optimal
contract is I';.(wp*) when the machine starts from state 6 € {u,d}.

Therefore, I'; is, in fact, the optimal contract among any repair contract I',. Similar to Proposition A.4,
the next proposition shows that if condition (A.104) is violated, then the principal is better off not hiring the
agent.

Proposition A.7 Assuming condition (A.104) does not hold, that is,
R < (r+ py + fiu)Ba = ga. (A.105)

We have vy > U(I'y, vy, 0) for any repair contract I, and state 6 € {d, u}.

e =5, Apy =1, pta = 2,Apg = 1,c4 = 1.3,¢q4 = 0.9,7 = 0.8, R = 16.
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Figure A.5: Principal’s Value functions

Figure A.6 depicts two sample trajectories of the agent’s promised utility according to contract I' (w*),
where the machine starts at state y = u. In state u, the agent does not need to work, and the promised
utility always remains a constant, until the machine breaks down, at time ¢; on the solid curve and at ¢,
on the dotted curve. Whenever the machine breaks down, the utility W;_ takes an upward jump of level

r . L. . .
— W,;_, after which the machine is in state d and the agent starts to exert effort. In this state, the promised

Hu

utility keeps decreasing until either the machine recovers, as depicted by the solid curve between time ¢;
and t9, or the promised utility decreases to zero and the contract terminates, as depicted by time 7 on the
dotted curve. If the machine recovers at time ¢ with Wy_ > 0, the utility takes an upward jump of level

u

= - +
min { H wq — Wi—, Ba ¢, and the agent is paid | Wi_ 4+ Bq — MHU)d)> instantaneously, as what

fu + T (fioa + 7
happens at time ¢4 or tg following the solid curve. After the first payment, the promised utility remains

constant fiywq/(fiy + 7) at state u and wq at state d.

A.2.4 Proofs

This section collects all the proofs in this e-companion.

A.2.4.1 Proofsin Section A.2.1

To discuss the optimality of the full effort incentive compatible contract under any contracts that even
allow shirking, we need to consider a larger contract space in which the principal does not need to induce full
effort from the agent. First, the principal’s utility is revised to be

UT,v,0) =E [/ e " (Rlg,—udt — dL;) +e ",
0

00} ) (A.106)
and the agent’s utility is changed to be

uw(,v,0) =E UOT e " [dLy — vec(0y)dt]

00] . (A.107)

A more general version of Lemma 2.1 is presented in the following:
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Figure A.6: Two sample trajectories of promised utility with model parameters 1, = 5, Ay =
1pwga = 2,Apa = 1,¢4 = 1.3,cq = 0.9,7 = 0.8, R = 16. The policy starts from w;,” = 0.4525.
The solid curve represents a sample trajectory which brings the agent to the point of never terminated.
The dotted curve represents another sample trajectory in which the agent is terminated.

Lemma A.11 For any contract T, there exists an F -predictable process Hy such that for t € [0, 7],

dWy = {rWi— +vc(0r) — [(1 — o) Hy — Wi |p(0r, 1) — eyt + [(1 — Xy) Hy — Xe Wy |dNy — I,
(A.108)

in which Bernoulli random variable X, takes value 1 with probability q;. Furthermore, the necessary and
sufficient condition for the effort process v to maximize agent’s utility (A.107) given I is that

vy = 1ifand only if — qW— + (1 — ¢)H,
— Wi + (1 — @) Hy

_Buaft Z Cu, fol" 91‘, == U,and

<
> B4, > cq, for 0, =d (A.109)

forallt €0, 7).

Correspondingly, a more general optimality condition (compared to Lemma A.2) is presented in the following,

Lemma A.12 Suppose Jq(w) : [0,00) = R and Ju(w) : [0,00) — R are differentiable, concave, upper-
bounded functions, with Jj(w) > —1, J}(w) > —1, and J4(0) = vq. Consider any contract I, which yields
the agent’s expected utility u(I', v) = Wy, followed by the continuation utility process {W;}+>0 according to
(PK). Define a stochastic process {®; }1>0 as

P, ::R]lgt:u + Jé,t<Wt_)(TWt— — [—QtWt— + (1 - Qt)Ht]:UJ(etv Vt)) - TJgt (Wt—)
+ 101, ) g1y, (0) = Jo (Wi )] + p(0r, 1) (1 = g)[Jg, (Wi + Hp) — Jo,(Wi)] = vic(6r) -
(A.110)

where 6, € {u,d} and ét = lg,=q - 4+ Lp,=q - d. Also, vy = 0 if constraints (A.109) are not satisfied at
time t and vy = 1 if constraints (A.109) are satisfied at time t. If the process {® }+>¢ is non-positive almost
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surely, then we have Jy(u(I',v,0)) > U(T, v, 6).

Proof of Proposition A.1 We have shown that Jq(w) and Jy,(w) summarized at the beginning of Section
A.2.1 are upper bounds of the societal utility of any incentive compatible contracts starting from states d and
u, respectively, under different conditions. Or, equivalently, they satisfy that J)(w) > —1, J;;(w) > —1, and
boundary conditions J4(0) = vq and Jyu(0) = v,,, and that &, defined in (A.12) (or equivalently (A.110)
with vy = 1) is non-positive almost surely. Hence, to prove that they are upper bounds of any contracts,
we need to further verify that if ®; defined in (A.110) is non-positive almost surely when 1, = 0. Hence,
following (A.110), the following conditions

rJa(Wi-) > —pJa(Wis) + Wi J§(Wi) + pylaWie- — (1 — q) Hy) Jg (W)
+ pg(@du(0) + (1 — @) Ju(Wi— + Hy)), Wi > 0,
and

rdu(Wiz) > —paJu(Wis) + rWim JL(Wis) + fa|@Wie + (1 — g ) Hy] Jy (We—)
+ fu(qeJa(0) + (1 — q) Ja(Wi— — Hy)), Wy > 0,

for any —H; < W,_ and ¢; € [0, 1] imply that it is optimal to induce effort from the agent before contract
termination. They are further equivalent to

rda(w) > —p Ja(w) + rwJj(w) (A.111)

Ba o Shew {lgw — (1 = @)h]Jg(w) + (¢Ju(0) + (1 = @) Ju(w + 1)) } ,w > 0,

and
i max  {lgw = (1= )hJy(w) + (ga(0) + (1= @) Ja(w + )}, w >0,

respectively. In the following, we first consider the optimization problem in (A.111),

max _ {[qw — (1= q)h]Jj(w) + (¢Ju(0) + (1 — q) Ju(w + h)) }

q€[0,1],—h<w
_ ! o o !
= o {awdgw) + Au(0)] + (1= @) -hTa(w) + Ju(w + )]}

= s {aluTy(w) + Ju(0)] + (1 - @) yax [Ty () + -+ )] .

Because max [—hJh(w) + Ju(w + h)] > [wJi(w) + Ju(0)], we know that the optimal solution to the
—h<w

above optimization problem should be ¢* = 0. Similarly, the optimal solution in the optimization problem
in (A.112) should also be ¢* = 0. Plugging ¢* = 0 into (A.111) and (A.112) yields (A.89) and (A.90),
respectively.
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Proof of Corollary A.1 If 334 > (3, and condition (2.30) holds, or, if 34 < [y and condition (2.46)
holds, then J4(w) = vq4 — w and Jy(w) = v,, — w. In these cases, we have

<pd(w):(7’+gd)(vd—w)—i—rw—ﬁd[h—i-yu—w—h]
(r+ pg)(vg —w) +rw — p (—w +vy)
= (r+ py)va — Lty =0,

and

u(w) = (7 + fiu)(vy —w) = R+rw — fiu[h +vq —w — h]
= (r+ fiu)(vy — ) = R+ 1w — jiy(vg — w)
= (r+ flu)vy — R — fluvg = 0.

Hence, conditions (A.89) and (A.90) hold in these situations.
If 54 > Py and condition (2.29) holds, then J4(w) and Jy, (w) follow (A.49) and (A.50). Then we have

Pa(w) = (1 + 1q) (g = w) +rw = py max {~hJg(w) + Ju(w+h)}

(r—i—,ud)(vd )+Tw_ﬁd(ﬁu_w+vu_6u)
= (r+ pg)va — pytu

= py(vy —vu) <0,

where the second equality follows from A* = 3, — w and the inequality follows from (2.29).
If B4 < Bu and condition (2.45) holds, then Jq(w) and Jyu(w) follow (A.84) and (A.85). Then we have

ou(w) = r+uu)(vu—w)—R—l—rw—ﬁur%a;({—ht]{l(w)+Jd(w—|—h)}

(

= (r+ fiu)(vy —w) — R+ 1w — fiy(0q — w + vqg — Wq)
( +/~Lu)7u - R— HuVd

:ﬂu(yd _Ud) < 07

where the second equality follows from h* = wq — w and the inequality follows from (2.45). Hence, in the
above two scenarios, the sufficient conditions (A.89) and (A.90) do not hold.

A.2.4.2 Proofs in Section A.2.2

Proof of Proposition A.2 First, we could rearrange (A.92)-(A.94) as the following

(g + 1) (W) = pgJa’ (Md; rﬂ)) ;o wE [0, W — Bul - (A.113)
=d
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and

—cu+ (1w + puBu) Luca, Ji () = (u +7) T (@) = R = jaJ§ (w = Bo) + [ (212 +7) B Lumz

(A.114)
w E [/BU)wm] 9
Jq —J7(0
7w = 7o) + PO IO, e g0 ).
Bu
Then, the corresponding differential equations for V" (w) and V" (w) are
m m ’u'd +r -
(g + 1)V (w) = p Vy *M w |, w € [0, Wy, — Bul, (A.115)
—d
(rw + Muﬁu)]lw<u7mvlin, (w) = (pu + 1)V (W) + cu = R — pu V" (w = Bu),  w € [Bu, Wni] ,
(A.116)
Vit (w) = aw + vy, w € [0, Bul. (A.117)
. / ’ 'ud + r
From equation (A.115), we observe that V" (w) = V7" | = w | and
Hq
1 /’Ld —"_ r " Md —"_ r . . . . . . .
Vit (w) = = W | =S——w |. Hence, V" is increasing and strictly concave if and only if so is

7
2a 2a
V. Combining (A.115) and (A.116), we obtain

/ Hupt Byt T
(rw + prufu + cu) lwco, Vo' (0) = (pu + 1)V (w) — ;dvl:n L(w —Bu) | —(R—cu) ,
HqTT Hq

(A.118)

W € [Bu, W) -
We then show the result according to the following steps.

1. Show that the solution to (A.118) is unique and twice continuously differentiable except at w = S for
any a > 0. Call it V.

2. Argue that V)" is left-continuous at w,,, which is lim,_,g,,— Va(w) = Vi (0r,).
3. For any a > 0, show that V; is concave.

4. Show that lim,,_, g, — V,(w) is increasing in a for a > 0, which implies that the boundary condition
(r Jrﬁd)(R — Cu)
r(r 4 pa + py)
differential equation. Furthermore, lim,_g,, — Va(w) = V4 (0y,) implies that lim,,—,g,, - Vi (w) =

0. Hence, the solution V/, is increasing and concave.

Va(Wy,) =

uniquely determines a, and therefore the solution to the original

Step 1. Define wy := 0 and w,, := j_ Wnp—1 + By for n = 1,2, 3.... Then, we can verify that
HqTT

limy, 00 Wy, = Wy,. Applying (A.117) as the boundary condition, we show that differential equation (A.118)
has a unique solution (call it V,,(w), on the interval (8y, w.y,)), which is continuously differentiable. In
fact, differential equation (A.118) is equivalent to a sequence of initial value problems over the intervals
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[wn, wnt1),n = 1,2, .... This sequence of initial value problems satisfy the Cauchy-Lipschitz Theorem and,
therefore, bear unique solutions.
Furthermore, we could derive the expression of V' (w) following (A.118), as

pa | Vi(w) = Vi (S5 w = Bu)) |

" .
Va (w) - rw +,Utuﬁu

, forw € (Bu, W) - (A.119)

Step 2. The sequence of initial value problems in step 1 do not attain w,,, so we first argue that V;, is
left-continuous at w,. According to the contract I'},, if the contract starts with Wy = w,, — € with sufficiently
small € > 0, the probability that I¥; eventually reaches w,,, approaches 1 as € approaches 0. Therefore, we
have lim_,o4 Vg (w0, — €) = V().

Step 3. Next, we show that if a > 0, V, is increasing and concave on [0, w,,). Equation (A.118) implies
that

- ApuR
U rdp g
Vo (Bu) = a+ W < a,

where the inequality follows from (A.97). Also, equation (A.119) implies that V,, (8y) < 0. Then, we
claim that V' (w) < 0 for w € (By, Wy, ). We proceed the proof by contradiction. Assuming that there exists
W € (Bu, W) such that V' (w) > 0, because Vj, is twice continuously differentiable on (8y, Wy, ), there
must exist w = max{w € (By, Wy)| V) (w) =0}, and V(w) < 0,Yw < w. Equation (A.119) implies

Tty
that V! () = V! | —=3 (i — By) |. However, this contradicts
Hq
. T+ & r+p
V(w) =V, =4 (% — By) /TJ” V' (z)dz < V] | —=2 (0 — Ba) |,
Kq Ed (- Bu) Ha
o . ) Ty
in which the inequality follows from the fact that for any w € (54, w,, ), we must have w > (w— Bu).
Eq

Hence, V,, should be concave on the interval [0, @, ).
Step 4. Finally, we show that lTirp Va(w) is strictly increasing in a for a > 0, which allows us to
WlWm
(r+ pq) (R — cu)

r(r+ pu + py)
that Vo, (w) < Vg, (w), Vi, (w) < V, (w), for w € [0, By) from (A.117). We claim that V] < V|
for w € (Bu, wy,). Otherwise, because V,, — V,, is continuously differentiable, there must exist w’ =
max {w |V, (w) = Vi (w),w € (Bu, W) } and V,, (w) <V, (w) for w < w’. Equation (A.118) implies

that
Val <Md + T(’U), o ﬁu)> - Va2 (/’Ld + T(w/ _ ﬁu))] .
Hq Hq

uniquely determine « that satisfies V, (w,,) = . For any 0 < a; < a2, it can be seen

HqHu

(r + pu) (Va, (') = Vap () = T
=d
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However, this contradicts

0> Vo, (w') — Vo, (w') —

/

w
_ / o
= /#dJrT(w’—Bu) Vo, (@) =V, (x)dx .

£a
Therefore, we must have V| (w) — V,,(w) < 0 for w € (By, W), which implies that V3, (w) — Vg, (w) <

0 for w € (0,w;,). This implies that lTirp Va(w) is strictly increasing in a for a > 0. Because
WWm

lim lim V,(w) <wv,and lim lim V,(w) > lim V,(By) = oo, there must exist a unique a > 0 such that
al0 wiwm, aToo Wi, aToo

lim Vz(w) = V4. Further, with equation (A.118), we are able to verify that lim V,,(w) = 0. Hence, the

W W, WTWm
solution V; is concave and increasing on [0, w0y, ] and strictly concave on (Sy, W, ).

A.2.4.3 Proof of Proposition A.3

Following It6’s Formula for jump processes (see, for example, Theorem 17.5 in [Bas11]) and (DWm),
we obtain

e "TJ(1) = T0J(0) + /OT[e_”dJ(t) —re " J(t)dt] = J(0) + /OT e " (—Rlg,—udt + ¢ (01)dt + dLy)

(A.120)
+ / 67”./4,5.
0
Following definition (A.3) and equation (A.120), we obtain, under contract Iy,
T I(F) = J(0) + / (= Rlgy_udt + o (01)dt + dLy) + / AL, (A.121)
0 0

where

Af =dJ(t) — rJ(t)dt + Rlg,—udt — dL; — c;n(6y)dt
={Ja(Wim) (Wi + puBu) bw,_ <y, — TJa(Wis) — cu} dtlg,—y — rJa(Wi—)dt1g,—a
u,+r
+ [Ju <dﬂ Wt) — Jd(Wt)] ]th—ZwmdNtﬂet:d
=d
+[Ja(Wi— = Bu) = Ju(Wis)| 1w, —guasw, dNilg,—u + Rlg,—udt — dL}
+[(Ja(0) = Ju(Wi-))(1 = X¢) + (Ja(wy,) — Ju(Wi=)) Xe] Lw,_—gu<uw,,
={R—cu+ Ju(Wi2) (' Wi— + pafu) lw,_ <, — 7Ja(Wis) + pru(Ja(Wi— — Bu) — Ju(Wi))

_ [(2&1 + r) ﬁu] ]th—:wm}ﬂet:udt

+ {—Tjd(wt_)dt + ﬁd

Hy +7r .
Ju — “ Wt_ — Jd(Wt_) ]th_ZQmEGt=ddt + Bt
=d

*
:Bt7
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in which the last equality follows from (A.113) and (A.114), and

B =

B+
Ju <dlu Wt> — Jd(Wt)] Lw,_>w,, (AN — pydt)1g,—a
=d

+{[(Ja(0) = Ju(Wi ) (Xed N — e (W = Bu)e)
+ (Jalwy,) = Ja(Wi)((1 = X)AN: = a1 = A(Wi- = Bu)dt)| Iwi— puca,,

+ [Ja(Wie = Bu) — Ju(Wi)] (dN; — Mudt)nwt_,guﬁm}ngt:u.

Taking the expectation on both sides of (A.121), we obtain

Ja(w) = J(0) = EF @)+ |:6TTJ(T) + / e " (Rllg,—udt — ¢y (0;)dt — dL;*)] ,
0

T

where we apply the fact that [ e~ "B dt is a martingale.

A.2.4.4 Proof of Theorem A.1

First, we provide a parallel result of Lemma A.11,
Lemma A.13 For any contract Ty, there exists an F -predictable process Hy such that for t € [0, 7],

dW; = {TWtf + VtCm(Ot) — [(1 — qt)Ht — tht,]u(Ht, I/t) — gt}dt + [(1 — Xt)Ht — XtWt,]dNt — It,
(A.122)

in which Bernoulli random variable X, takes value 1 with probability q;. Furthermore, the necessary and
sufficient condition for the effort process v to maximize agent’s utility given I, is that

ve = Lifandonly if —qWi— + (1 — qt)Hy < —Pu,lt > cu, for 6 =u (A.123)
forallt €0, 7).
Correspondingly, a general optimality condition (parallel to Lemma A.12) is presented in the following,

Lemma A.14 Suppose Jq(w) : [0,00) = R and Jy(w) : [0,00) — R are differentiable, concave, upper-
bounded functions, with Jj(w) > —1, J},(w) > —1, and J4(0) = vq. Consider any contract I, which yields
the agent’s expected utility u(I', v) = Wy, followed by the continuation utility process {W;}+>0 according to
(A.122). Define a stochastic process {®}1>0 as

O, :=Rlg,—y + Jo, Wi ) (rWie — [—qeWie + (1 — q) H)pu(0y, 1)) — 1o, (W)
+ 10, v)qe[J5, (0) = Jo, Wi )] + (02, ve) (1 = qi) [J5, Wi + Hy) — Jo,(Wi-)] — viem (0:) -
(A.124)

where 0, € {u,d} and ét = lp,=a - v+ Llg,—y - d. Also, vy = 0 if constraints (A.123) are not satisfied at
time t and vy = 1 if constraints (A.123) are satisfied at time t. If the process {® }+>¢ is non-positive almost
surely, then we have Jy(u(I',v,0)) > U(T', v, 6).

From Proposition A.2, we know that J§(w) and Ji7*(w) are concave and J§ (w) > —1, J7¥' (w) > —1.
Then to prove Theorem A.1, we only need to show that ®; < 0 holds almost surely. First, if §; = d, then
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vy = 0. Following (A.124), we have

Oy :=J4(Win) (P Wie + [@Wie — (1 — q) Hy]) — rJa(Wi—)
+ p14@e[Ju(0) = Ja(Wi)] + pg (1 = g) [Ju(Wie + Hy) — Ja(Wi)] -

(A.125)
We need to consider the following optimization problem,

max
qt,Ht

@[Wi— Jq(Wie) 4+ Ju(0) — Ja(Wi)] + (1 — q) [ H Jy(Wim) + Ju(Wie + Hy) — Ja(Wi-)),
s.t.

0 < g < 1(ya,2d), Wi + Hy > Bu, —Hy < Wi
In the following, we verify that its optimal solution is

* % T’Wt_
q =0, H =

it Wi >w,,, and (A.126)
Hq
f Wi_ (Hd + T‘)

q = S H =By —Wi if Wio <w,,. (A.127)
ﬁuﬁd
by the KKT conditions.
Hdﬁu . . . . .
s If W > PR define the following dual variable for the binding constraint
Zd
ya = Wi Jg(Wie) + Ju(0) + Hy Jg(Wi-) — Ju(Wi— + HY)
Lyt
_ BTy g (Ba Ty ) =R >0,
Hyq Hq tq W,_
=2
where the inequality follows from concavity. One can verify that
(Wi Ja(Wiee) + Ju(0) = Ja(Wi)] = [=Hf Jg(Wi-) + Ju(Wi— + Hf) — Ja(Wi-)] = —a,
(A.128)
(1= a)(JaWi) = Jo (Wi + HY)) = 0, (A.129)
!/ !/ Hd + r
where (A.129) follows from Jg(W;_) — J, Wi— | =0.
Hq
s If W < Hdﬂu , one can verify that
Eq

(Wi Ja(Wie) + Ju(0) = Ja(Wi)] = [Hf Jg(Wi-) + Ju(Wie — Hf) — Ja(Wi-)] = 0,
(A.130)

(1= ¢)(Ja(Wi) = Ju (Wi — HY)) = 0, (A.131)

where (A.130) follows from

Ja(0) = Ju(Ba) + Budt(Wi_) = fu | T4 (W) — "“(ﬁ“g T _
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and (A.131) follows from J;(W;—) — J},(Bu) = 0.

Therefore, (A.126) and (A.127) implies that in (A.125),

W T p
P < —rda(Wi-) + {Jé(Wt)TWt + 1y —%JA(WF) + Ju ( Mid Wt) - Jd(Wt)] }
Hq Hq

Az, + { TGV )W + @i We Jo(We) + Ju(0) = Ja(Wio)]

+ 1y (1= @) (Wi = Bu) Ta(Wis) + Ju(Bu) = Ja(We )] }Lwi_c, = 0.

m

where the last equality follows from equation (A.113),(A.114) and J},(W;-) = —1 for W;_ > w@,, and
JL(W—) = =1 for Wi— > Wy, — Pu.
If ; = u and v; = 1, then following (A.124), we have

q)t =R+ Jl/l(Wt_)(TWt_ -+ [QtWt_ — (1 — qt)Ht]uu) — TJu<Wt_)
+ ,uu%[*]d(o) - Ju(Wt—)] + Mu(l - Qt)[Jd(Wt— + Ht) - Ju(Wt—>] . (A-132)

We need to consider the following optimization problem,
max @t [Wi— Jy(Wi—) + Ja(0) = Ju(Wi)] + (1 = q0) [~ Hi Sy (W) + Ja(Wi— + Hy) — Ju(We-)],
s.t. 0<¢ <1, —gWi-+(1—q)H; < —Pu.
In the following, we verify that the optimal solution is
gf =0 and H; = —[f4 (A.133)

by the KKT conditions. Define the following dual variables for the binding constraints

ru = —(J4(Wi=) = J4(Wi— — Bu))

I Hth_ o _
= (']d (Md—i‘?") Ja(Wi— 5u)) >0,

where the inequality follows from the concavity of Jg, and

Yu = (Wi = Bu) (Ja(Wi-) = Jg(Wie = Bu)) = Wi Ju(Wi—) — Ja(0) + BuJy(We-) + Ja(Wi— — Bu)

PV = Bu) = Ja0)

— — J4(Wie = Ba)) > 0.

where the inequality follows from the concavity of J;,. One can verify

(Wi Ju(Wee) 4 Ja(0) = Ju(Wi)] = [—Hf Ju(Weo) + Ja(Wie + HY) — Ju(Wio)] (A.134)
= —Yu — (H; + Wtf)xua
(1= ¢)(JuWi) = J§(Wee + Hy)) = (¢f — D (A.135)

Therefore, (A.133) implies that in (A.132),

(I)t § R + J&(Wtf)T‘Wtf + /Lu[ﬁuJ{l(Wtf) + Jd(Wtf - Bu) - Ju(Wtf)] — TJu(Wtf) — Cy = 0.
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where the equality follows from (A.94).
If ; = u and v; = 0, then following (A.124), we have

O =R+ J, (W) (rWi— + jfiulgeWi— — (1 — qo) Hy]) — rJu(Wio)
+ fuge[Ja(0) — Ju(Wi)] + fin(1 — qe) [Ja(Wi— + Hy) — Ju(We-)] (A.136)
We need to consider the following optimization problem,
max @ [Wi- Ju(Wim) + Ja(0) = Ju(Wi)] + (1 = gi) [ Hi Sy (Wi ) + Ja(Wie + Hy) — Ju(Wi )],
s.t. 0<q<1(y,z2), —H¢ < Wi_(z).
In the following, we verify that the optimal solution is

¢; =0 and H =— rWe (A.137)

Hd+r

following the KKT conditions. Define the following dual variable for the binding constraint

y=—HJ,(Wi_) + Ja(Wi— + H}) = W J,(Wi—) — Ja(0)

Wi W,_ W,
= Ja(BaTy - gy(0) - e g (Ba T
Hd+7" Hd+'r Hd—i-r

) =0,
where the inequality follows from the concavity of Jgq. One can verify

Wo Jy(Wi) + Ja(0) = Ju(Wi)] — [—Hy J(Wis) + Ja(We_ + HF) — Ju(Wi )] = —y,  (A138)
(1= ) (TL(Wis) — Ja(Wee + H)) = 0, (A139)

Therefore, (A.137) implies that in (A.136),

Wy w Wi
Oy <R+ J (W) [ 1 + 255 ) — v Ju(Wis) + fin | Ja(FE—2) — Ju(Wil)
ﬁd r Hd+7’
R [+ ) W (W) = (r + e — 2y 7 )
gd—kr Hd+7’

Tﬂu Ju(Wt—) - Ju(o) -
<R+ <7” + ot 7“) <Wt— W, Ju(Wt—)>

=R-— <7“+ [Hu )Uu_07
gd—i—r

where the second inequality follows from the concavity of .J, and the last equality follows from (2.4).

A.2.4.5 Proof of Proposition A.4
It suffices to show that if (A.97) is not satisfied, then the following principal’s value functions

Ju(w) = v, —w, and Jg(w) = vq — w.
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satisfies the optimality condition ®; < 0, where ®; is defined in (A.124). If §; = d, then 1, = 0 and
D = —rWie — pylaWie — (1 —q)) H] = (r + pg)(va — Wie) + pryqivy

+ pg(L = a) (Vg — Wi — Hy) = —(r + pg)va + pyvy =0,

and when 0; = u and v; = 1, then
S =R—rWie —cy — Mu[QtWt— - (1 - Qt)Ht] - r(yu - Wt—) + UuGtVq

+ pa(l = qt)(vg = Wi — Hy) — pu(vy — Wi)
(r+p )R

'I"(T + Ed + ,au)

=R — cy — "0y + fulq — Huly = R — ca — (7 + ftu)

ApyR Aty _
=P =——"  (R—(r+p, + <0,
Pyt e T+Hd+ﬂu( (st + )iu)

where the inequalities follow from the fact that (A.97) is not satisfied. If §; = u and v, = 0, then

Q=R —rWi — fiu[gWi— — (1 — q) He] — (7 + fiu) (g — Wi ) + fluqivg
+ ﬂu(l - Qt)(ﬂd - Wi — Ht) =R- (T + ﬂu)ﬂu + fluvg = 0.

A.2.5 Proofs in Section A.2.3
A.2.5.1 Proof of Proposition A.5

First, based on (A.100) and (A.101), we write the differential equations for Vj and V| as the following,

(pa +1r)Va(w) = —cq — r(g — w)Vi(w) + paVa <min {w + B4, Futld }) , forw € [0, wq] ,

T+ [
(A.140)
(fiw + 1) Va(w) = R + finVa <T + ““w) , forw € [0, Hutld ] : (A.141)
Hu T+ [u
Combining equations (A.140) and (A.141) yields
) , R+ jigVa (min { 57 (w + Ba), wa } )
r(wg — w)Vg(w) + (r + pa)Va(w) = —cq + 14 . (A.142)

T+ [y

Rearrange equation (A.142) as

R _Ll _u_
(r + pa)Va(w) — rVg(w)(w — wg) + cq — pA _ Py 5g), forw € [M d —ﬁd,00>,

T+ fu T+ T+ fu
(A.143)
_ palR pd fu fig + 1
Va(w) — rVj4 - - = v
(r+ pa)Va(w) —rVi(w)(w — wq) + cq r e Tt i d( T (w+ﬂd)>
 forw € (0, Hutld ﬁd> . (A.144)
T+ Uu

We then show the result according to the following steps.
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1. Demonstrate the solution of (A.143) as a parametric function V3, with parameter b.

2. Show that the solution of (A.144) (which we call V},) is unique and twice continuously differentiable
for any b.

3. Show that Vj, is convex and decreasing for b > 0 and concave and increasing for b < 0.

4. Show that V,(0) is increasing in b for b < 0, which implies that the boundary condition V;(0) = vgq
uniquely determines b, and therefore the solution of the original differential equation.
Hud

7+ fiu

Step 1. The solution to the linear ordinary differential equation (A.143) on [ ,wd> must have the

following form, for any scalar b,

paR — (r + fu)ca rig

_ HuWd
= +b(wg —w) forwe[
7 (r + fiu + 1a) (a = w)

T+ [

Vo(w) = - Bd,wd> (A.145)

pdR — (r + fiu)cq

Also define Vj,(w) = forw € [wq, 00), which satisfies (A.143), so that V}, is continuously

 r(r A+ pa)
differentiable on | -~ uwfi — Bq, <
T+ fu
Step 2. Using (A.145) as the boundary condition, we show that differential equation (A.144) has a

unique solution, (which we call V,(w)) on (O, :_wd
T+ fiu

— ﬁd), which is continuously differentiable. In

fact, differential equation (A.144) is equivalent to a sequence of initial value problems. This sequence of
initial value problems satisfy the Cauchy-Lipschitz Theorem and, therefore, bear unique solutions. Also,
HuWd

o ﬁd> from (A.145), and comparing it with (A.144), we see that V}, is continuously
,Ufu
HuWd

7+ flu 0,00
Furthermore, deriving expressions for V}’(w) following (A.144) and (A.145), respectively, confirms that
V4 is twice continuously differentiable on [0 00). In particular, (A.144) implies that

)
pa [Vy (B (w 4 Ba)) = Vi (w)

(g — w)

computing V;/

differentiable at

— B4, and therefore on

Viy'(

(A.146)

Step 3. Next, we argue that in order to satisfy the boundary condition V;(0) = v4, we must have b < 0.
Equivalently, we show that if b > 0, 1}, must be convex and decreasing, which violates V;,(0) = vq < V(w0q).
fruld
T+ [
Vy'(w) > 0 in this interval. Then, we show that V" (w) > 0 for w € [0, wq). We prove this by contradiction.
If there exists w € [0, w — fq), such that V' () < 0, then V}, being twice continuously differentiable implies

d> V) (w) = 0} such that V' (w) > 0 for all w > .

In fact, if b > 0, (A.145) implies that V} is decreasing and convex on — Bd,wq ), and therefore

HaWq
T‘f’ﬂu B
fu + 7

that there must exist w = max § w € |0,

Equation (A.146) implies that V}/ ( (w+ ﬁd)> = V(). However, we this contradicts with

u

““+ (w+Bq)
%Cﬁ”<+&0=ww+/ VY (@)de > V().

u w

155



Therefore, we must have V;’(w) > 0 and V is decreasing on [0, wq) if b > 0. If b = 0, Vj(w) is a constant
following (A.144) and (A.145), which also contradicts the boundary condition. Therefore we must have
b<0.

The same logic implies that for b < 0, V4, must best be increasing and strictly concave on [0, wq).

Step 4. Finally, we show that V},(0) is strictly increasing in b for b < 0, which allows us to uniquely
determine b that satisfies V4(0) = vq. For any by < ba < 0, it can be verified that V;, (w) < V4, (w),
Vy (w) >V (w), forw € [ff;i — Bd,wd> from (A.145). We claim that V| > Vj for w € [0, w].
Otherwise, because V3, — V}, is continuously differentiable, there must exist

Huq
V() = Vi (w) e o, 220 gy ) L

’U)/ — Imax {w

such that V; (w) >V (w) for w > w’. Equation (A.144) implies that

2al [y (B0 4 ) ) = (P20 60 )| = 4 ) O () = Vi)

However, this contradicts

0> Vh, <MUM+T(w' +5d)> TV, (

Hu+T

u u

'+ 5a))

- %1 (w/) - V;Jz (w,) +

ﬁgi‘-fr(wurﬁd)iw/ / / / /
/ Vy, (W' +2) =V (v + x)dx .

0

Therefore, we must have V| (w)—V} (w) > 0 forw € [0,wq), which further implies that V4, (w) — V4, (w) <
0 for w € [0,%wq). As a result, V;,(0) is strictly increasing in b for b < 0. Because lbiTHOl Vp(0) < vq and

biim Vp(0) > Vi(wy — Bq) = —oo , there must exist a unique b* < 0 such that V4« (0) = vq. Hence, the
—0o
solution V- is strictly concave and increasing in [0, 'uuuid ] .

T+ fu

A.2.5.2 Proof of Proposition A.6

Following definition (A.2) and equation (A.120), we obtain, under contract I,

e J(r) = J(0) + / e " (= Rlg,—udt + ¢, (0;)dt + dL;) + / e A, (A.147)
0 0
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where

A —dJ( ) — rJ(t)dt + Rlg,—udt — c.(0;)dt — dL,
— 1 Ju(Weo)dtlg,—u + { Jq(Wim)r(Wi— — wa)dt — rJo(Wy—)dt} L1g,—a + R1g,—udt — dL}

) (
+ |:Ju (min{:u+ 'I“’Wt_ +Bd}> Jd :| dNt]lat
u

+ |:Jd <MHM+T> - Ju(Wt):| dNt]lt%:u

u

Hu + T

= {R —rJu(Wt) + fiu <Jd < Wt_> - Ju(Wt_)> } Lg,—udt

u

+ {Jé(Wt_)T'(Wt_ — ’U_)d> — TJd(Wt_)dt + Hud (Ju (min {Wt_ + ,Bd, ;u:U_dT }) — Jd(Wt_>>
u
HuWd * *
—pia | Wi + Ba — Gipy) Lg,—adt + B;
:Bj,

in which the last equality follows from (A.100), (A.101) and

— =\t +
B = Ju<wt+ﬁd—<wt+ﬁd—_“““’d) >—Jd(wt ) — (wtw —““’d>

Pu + T g + 7
fg + 1

~(dNt — Mddt)ﬂgt:d + l:Jd < Wt_> — Ju(Wt_)] (dNt — ﬂudt>ﬂ9t:u.

Hu

Taking the expectation on both sides of (A.147), we immediately have

Ja(w) = J(0) = EFw)»” [e—”J(T) + / e " (Rlg,—udt — c.(6;)dt — dL;‘)] ,
0
where we apply the fact that / e~ "' B¥dt is a martingale.
0

A.2.5.3 Proof of Theorem A.2

Again, we provide a parallel result of Lemma A.11,
Lemma A.15 For any contract T, there exists an FY -predictable process H; such that for t € [0, 7],

dW; = {’I“Wt_ =+ Vtcr(ﬁt) — [(1 — qt)Ht — tht_]u(Ht, Vt) — ft}dt + [(1 — Xt)Ht — XtWt_]dNt — It,
(A.148)

in which Bernoulli random variable X, takes value 1 with probability q;. Furthermore, the necessary and
sufficient condition for the effort process v to maximize agent’s utility given Iy, is that

v =1ifand only if — Wi + (1 —q)Hy > Ba,lr > ca, for 0y =d (A.149)
forallt €0, 7).

Correspondingly, a more general optimality condition (parallel to Lemma A.12) is presented in the following,
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Lemma A.16 Suppose Jq(w) : [0,00) = R and Ju(w) : [0,00) — R are differentiable, concave, upper-
bounded functions, with Jj(w) > —1, J}(w) > —1, and J4(0) = vq. Consider any contract I, which yields
the agent’s expected utility u(I', v) = Wy, followed by the continuation utility process {W; }+>0 according to
(A.148). Define a stochastic process {®}1>0 as

Py :=Rlg,—y + Jo, (Wi ) (Wi — [—q:Wi— + (1 — q¢) Hi]p(0r, v1)) — 7o, (W)

+ 10, vi) 4 Jp, (0) = Jo, (Wi )] + p(0r, ve) (1 — o) [Ty, (Wi + Hi) = Jo,(Win)] = veer (0:) -
(A.150)

where 6, € {u,d} and ét = lg,=q - 4+ Lp,=q - d. Also, vy = 0 if constraints (A.149) are not satisfied at
time t and v, = 1 if constraints (A.149) are satisfied at time t. If the process {®}¢>0 is non-positive almost
surely, then we have Jy(u(T',v,0)) > U(T,v,6).

From Proposition A.5, we know that .J’;(w) and J/,(w) are concave and J; (w) > —1, Ji (w) > —1. In
order to show Theorem A.2, we only need to show that ®; < 0 holds almost surely. First, if 6, = u, then
v = 0 and following (A.150), we have

& =R+ JL(We ) (Wi + piu[a:Wee — (1= q) Hy)) — rJu(Wi-)
+ BudelJa(0) = Ja(Wio)] + (L = a0)[Ja(Wee + Hy) = Ju(W2)] - (A.151)

We need to consider the following optimization problem,

max @[WiTy(Wi—) + Ja(0) = Ju(Wi)] + (1 — q0) [ Hi Sy (W) + Ja(Wi— + Hy) — Ju(Wi- )],

s.t. 0 S qt S ]., —Ht S Wt,.

In the following, we verify that the optimal solution is

W
gt =0 and Hy =17 (A.152)
i

using the KKT conditions. Define the following dual variable for the binding constraint

y = —HJy(Wi-) + Ja(Wi— + H}) = Wi J (W) — Ja(0)

= () - () 20

where the inequality follows from the concavity of Jgq. One can verify

W JL(Wis) + Ja(0) — Ju(Wi)] — [—HETL(Wil) + Ja(Wie + HF) — Ju(Wi)] = —y, (A.153)
(1— ¢))(Ja(Wis) — J4(Wie + HY)) = 0. (A.154)
Therefore, (A.152) implies that in (A.151),

5%
&y =R —rJu(W}) + [iu |:Jd (Wt + T_t> - Ju(Wt)} =0.

u

where the equality follows from (A.101).
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If 6, = d and v; = 1, then following (A.150), we have

O :=Jy(Wio) (r Wi + palasWe— — (1 — q) Hy)) — rJa(Wi-)
+ 1ag:[a(0) = Ja(Wio)] + pa(1 = g0)[Tu(Wiee + Hy) = Ja(Wi-)] (A-155)

We need to consider the following optimization problem,

max @[Wi— Jqg(Wi—) + Ju(0) = Ja(Wi)] + (1 = q0) [~ Hi Jg(Wi-) + Ju(Wi— + Hy) — Ja(Wi-)],
s.t. 0<q <1,—qWi + (1 —q)H; > Ba.
In the following, we verify that the optimal solution is
g; =0 and H; = (4. (A.156)

using the KKT conditions. Define the following dual variables for the binding constraints,

(Mth—

Irq = J(/i(Wt_) — Jlll(Wt_ + 5(1) = J/ .
u

u

> I (Wi + Ba) > 0.
where the inequality follows from the concavity of Jy,, and

Ya = (Wi + Ba)(JG(Wi—) — Jo(Wi— + Ba)) — Wim J§(Wi—) — Ju(0) — Ba Ty (Wi—) + Ju(Wi— + fa)

Ju(Wie + — Ju(0
= (Wi- + Ba) < We_ t Pa) ©_ Ju(Wi— +/8d)) >0,
Wi — Ba
where the inequality follows from the concavity of J;,. One can verify
[Wt_Jé(Wt_) + JH(O) — Jd(Wt_)] — [—HtJé(Wt_) + Ju(Wt_ + H;) — Jd(Wt_)} (A.157)
= —Yd — (Ht* + Wt7>xd7
(1 —q)(Jg(Wee) = Ju(Wim + H)) = (1 — gf )zq. (A.158)

Therefore, (A.156) implies that in (A.151),
Dy < JYWin)rWie + pa—BaJy(Wi—) + Ju(Wi— + Ba) — Ja(Wi—)] — rJa(Wi—) — ca = 0,

where the equality follows from (A.100).
If 6, = d and v; = 0, then following (A.151), we have

P, ::Jé(Wt,)(TWtf +Hd[QtWt7 - (1 - qt)Ht]) - TJd(Wt*)
+ 114 q[Ta(0) — Ja(Wi)] + py (1 — o) [Ju (Wi + Hy) — Ja(Wio)] - (A.159)

We need to consider the following optimization problem,

max @[Wi— Jq(Wio) + Ju(0) — Ja(We)] + (1 — @) [- HeJg(Wi—) + Ju(Wee + Hy) — Ja(We)],

s.t. 0 S qt S 1, —Ht S Wt_.
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In the following, we verify that the optimal solution is

W,
=0 and Hf = 1= (A.160)
Hu + T

using the KKT conditions. Define the following dual variable for the binding constraint
Ya = Wi Jg(Weo) + Ju(0) + Hf Jq(Wi—) — Ju(We— + HY)
paWi—\
ot [ (s ) 00

T u\ o fuWi_
r r Hu Wi
Hu + Hu + Tt r

>0

where the inequality follows from the concavity of .J,,. One can verify

(Wi JaWio) 4 Ju(0) — Ja(Wi)] — [wHF J4G(Wio) + Ju(Wie + Hf) — Ja(Wi-)] = —ya, (A.161)

(1 =) (Ja(We-) = Jo(We- + H[)) = 0, (A.162)
where (A.162) follows from J3(W;_) — Ji, </; Z‘T;) = (. Therefore, (A.160) implies that in (A.159),
Oy =Ty (W;) <7~Wt + %) —rJa(Wio) + gy [ T (ﬁ::ﬁ;) - Jd(Wt)]
=4y (Wi B ) i+ [ - )]
Sﬂ‘:dfr + T(Mdp‘: i“: r) <Wt_ Jd(WI/tVt)_ Ua _ Jd(Wt_)>
=0.

where the inequality follows from the concavity of Jq(w) and the last equality follows from equation (2.4).

A.2.5.4 Proof of Proposition A.7

It suffices to show that if (A.97) is not satisfied, then the following principal’s value functions,
Ju(w) =Vy — W, and Jd(w) =9 W,
satisfy the optimality condition ®; < 0, where ®; is defined by (A.150). If §; = u, then 4 = 0 and

O = R—rWi_ — fn|@eWi— — (1 — @) Hy] — (7 + fin) (g — Wi—) + fugivg
+ fu(l = qt)(vqg — Wie — Hy) = R — (v + fiu)vy + fluq = 0.

When 6; = d and v; = 0, then

Oy = —rWie — pylaWie + (1 — @) Hi] — (r + pg)(vg — Wie) + p vy
+pg(L—a)(vy — Wim — Hy) = — <r +gd) Vg + 10y = 0.
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When 6; = d and v; = 1, then

Q= —rWi— — ca — palagWi— — (1 — @) Hy] — (7 + pa) (vq — We—) + 1aqivy
+ pa(l — q)(vy — Wie — Hy)

. R (r+p )R
= —ca — (r + pa)vq + paty = —ca — ( +Md)m +Mdm
ApgR Apg _
= g =—"  (R—(r+p, + <0,
’I“+Hd+/1u d T+Ed+/ju( ( Hd Nu)ﬁd)

where the inequalities follow from the fact that (A.104) is not satisfied.
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APPENDIX B

Appendix to Chapter 3

B.1 Proofs of Statements

B.1.1 Summary Of Notations
Summary of Model Primitives

* R, and R,: revenue per each arrival from the unobservable and observable channels, respectively.

* u: combined arrival rate of customers if the agent works.

c: cost of effort per unit of time.
* v and v*: generic and full-effort process.
* r: principal and agent’s discount rates.

* m:cost of monitoring per unit of time.

L]

U':customer’s reservation utility.

a, b: random shock €’ on customer’s utility in the unobservable channel is distributed uniformly on
[—a,b].

p:fraction of customers from the unobservable channel before Section 3.4.

pu(.) and p,(.): probability functions that customer goes to the unobservable and observable channels,

respectively.

Contracts and Utilities

e [ and /: nstantaneous and flow payments, respectively.
e L: payment process dL; = I + (. dt.

e T: stopping time.
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e M': monitoring schedule.
e D: discount to the observable channel.

* ~y: generic contract, ¥ = (L, 7) in Section 3.2, v = (L, 7, M) in Section 3.3, v = (L, 7, D) in Section
3.4.

* 7,75, 73: optimal contracts in Section 3.2.

o % andy2’: optimal contracts in Section 3.3.2.

I'’;: optimal contracts in Section 3.4.

u and U: agent’s and principal’s utilities, respectively.

* Up,: principal’s utility when monitoring is allowed.

Wy: agent’s promised utility.

Summary of Derived Parameters of the Model

¢ [3: adjusted cost, defined in (3.4).

e V: defined in and (3.3).

* w; and wo: defined in (3.6) and (3.8), respectively.

wgq and Vy: defined in (3.23) and (3.22), respectively.

w7 : the switching point defined in Section (3.3.2.1).

Value functions
* F": generic principal’s value function.
* V: generic system’s value function.
* I, Fy, F3: optimal principal’s value function in Section 3.2.

* Fiui1, Fiug, Fing: optimal principal’s value function in Section 3.3.1.

163



B.1.2 Proofs in Section 3.2
B.1.2.1 Proof of Lemma 3.1

For N* = N, we define the agent’s expected lifetime utility evaluated at time ¢ conditional on past

3

information by:

w(y, v, N*) :=E [/ e "dLs +/ e " (1 —1yvs = ul)ds
0 0

t (B.1)
= / e " (dLg 4 c(1 —[vs = p])ds) + e "W,
0

which by construction is a martingale and, by the martingale representation theorem, there is a pair of
processes H* and H°, such that duy = e~ " (H{ (AN} — updt)+ H (dN? — 1(1—p)dt)), where NP — ppdt
and dN? — pu(1 — p)dt are also martingales. Differentiating (B.1) with respect to ¢, we have du; =
e " (HP (AN — ppdt) +HE (AN? —pu(1—p)dt)) = e " (dLi+c(1=1[vy = p))dt) —re”""Widt+e " dWs,
and, thus, we have (PK).

B.1.2.2 Proof of Lemma 3.2

The proof of this lemma is adapted from the proof of Lemma 3 in [DS06a]. If the agent diverts
R, (AN} — dNtU) at time ¢ when arrival from the unobservable channel comes, he gains immediate income
R, but loses H}* in his future expected payoff. Therefore, the payoff from reporting strategy N gives the
agent the payoff of

Wo_ +E |e "R, (dN! — dN}P) — / e " HY(ANE — dNP) | (B.2)
0

where Wy_ denotes the agent’s payoff under truth-telling. We see that if H}* > R, for all ¢, then (B.2)
is maximized when the agent chooses dN}* = dNt“ because the agent cannot over-report cash flows. If
H{ < R, on a set of positive measure, then the agent is better off under-reporting the sales (and diverting
cash) on this set instead of always telling the truth. Therefore, truth-telling is incentive compatible if and only
if the constraint (IC-truthful) holds.

B.1.2.3 Proof of Lemma 3.3

Similar to Lemma 3.2, if the agent does not exert effort at time ¢, he saves the effort cost, ¢, but loses
w(pH{ + (1 — p)HY) on average because the agent loses the opportunity to get an arrival. Hence, the agent
would exert effort if u(pH{* + (1 — p)H{) > ¢, which is equivalent to pH{* + (1 — p)Hf > 8 = ¢/p. If
pH} + (1 — p)HY < [ on a set of positive measure, then the agent is better off shirking on this set instead
of always exerting effort. Therefore, exerting effort is incentive compatible if and only if the constraint
(IC-effort) holds.
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B.1.2.4 Proof of Lemma 3.4

First, if upR, > ¢ (pRy > B), the principal’s value function follows the differential equation (3.7),
which implies that the system’s value function, V (w) = F(w) + w, follows

rV(w) =1V + up[V(w + Ry) — V(w)] + r(w — 1) V' (w). (B.3)

We show the result according to the following steps. 1.Demonstrate the solution of (B.3) over [max{0, w; —
R, },w;] as a parametric function Vj,, with parameter b; ,and show that the solution of (B.3) over [0, w1 ]
is unique and twice continuously differentiable for any by, also called V},. 2. Show that V}, is convex and
decreasing for b; > 0 and concave (in w) and increasing for b; < 0. 3. Show that V}, (0) is increasing in b;
for by < 0, which implies that the boundary condition V}, (0) = 0 uniquely determines b;, and, therefore the
solution of the original differential equation.

Step 1. For w € [max{0,w; — R,},w1], the differential equation becomes an ordinary differential

equation (ODE) and the solution is

Vo (w) =V + by (w1 — w) (B.4)
Using (B.4) as the boundary condition, we show that the differential equation (B.3) has a unique solution
(also called V3, (w), on [0, max{0, w; — R, }), which is continuously differentiable. In fact, the differential
equation (B.3) on [0, max{0,w; — R,}) is equivalent to a sequence of initial value problems over the
intervals [w; — (k + 1)R,,w; — kR,,), k = 1,2, .... This sequence of initial value problems satisfies the
Cauchy-Lipschitz Theorem and, therefore, bears unique solutions. Further, computing Vb’1 (w1 — R,,) from
(B.4), and comparing it with (B.3), we see that 1}, is continuously differentiable at w — I?,,, and therefore on
[0, w1).

Next, deriving the expressions for Vb’{ (w) by following (B.4) and (B.3), confirms that V; is twice
continuously differentiable on [0, w;].

Step 2. It is obvious that equation (B.4) is strictly concave in w if and only if b; < 0. Next, we prove
by contradiction that if b < 0, then V}, (w) is strictly concave in w on [0, max{0,w; — R, }|. If there
exists, 0, such that V(1) > 0, then, by continuity, we can define w = sup{w € [0, max{0,w; — Ry)} :
V" (w) = 0}. Hence, followmg (B.3), we have V} () = i (;v(zzuzu)v' (@)
Vy (0 + Ry) = )+ L Ml V! (0 + x)dx < V'(w), where the inequality follows from V' (w) < 0 for

w € [w,wy). Hence, Vbl is strlctly concave in w on [0,w;) if by < 0. In case by = 0, V}, is a constant in

= 0, which contradicts

[0, ;) following (B.4) and (B.3). Applying the same logic, we can prove that V4, is strictly convex in w on
[0,w7) if by > 0. Hence, to satisfy the boundary condition V3, (0) = 0, we need to let b; < 0.

Step 3. Finally, we can show that V3, is monotonically increasing in b;. First, for any b; < b/, it can be
verified that Vj, (w) < Vi, (w), Vy (w) > V;)’,l (w) for w € [max{w; — Ry, 0}, w1 ) following (B.3). Next, we
can claim that V| > V})’, , Vw € [0,1]. Otherwise, there must exist w’ = max{w|V}, (w)—V})’,1 (w) =0,w €
[0, max{0,w; — R, })} and V) (w) > b’,l(w)Vw > w' because Vi, — Vi is continuously differentiable.
Equation (3.7) implies that pp(Vy, (0" + Ry) — Vi (0" + Ry)) = (7 + pp)(Ve, (w) — Vi, (w)). However, it
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contradicts with 0 > Vp, (w'+ Ry,) — Vi (W' + Ry) = Vi, (w) — Vi, (w) + fOR" Vo, (W' +2) = Vi (w' +x)d.
Hence, we must have V;| > Vb’,l, Vw € [0, w1), and it implies that V3, >V, Vw € [0, w1). This implies
that V4, (0) is strictly increasing in b for b < 0. Because V((0) = [u(pRy + (1 — p)R,) — ¢]/r > 0 and
limp, o0 V4, (0) — —o00, there must exist a unique b7 such that Vj: (0) = v. Further, Vj: is strictly concave
and increasing in w on [0, w1 ]. Therefore, there exists b7, such that Vj: (0) = 0. This completes the proof.
The proof of the cases upR, < ¢ < uR, (pR, < B < Ry) and ¢ > uR, (R, < ) are similar to the

case when pR,, > (3, and, hence are omitted here.

B.1.2.5 Proof of Proposition 3.1

If upRy, > ¢ (pRy, > ), we need to prove that U (75 (w), v*, N*) = F}(w). Following (DW1), we have
ETTR(W,) = e OR (Wo_ ) + / e~ B (W) — re~"™ F(Wi_)dt]
0

=F(Woo) + / e — (RydN{ 4+ RodN{ — cdt — dL3,) + / e Ay, (B.5)
0 0

where

Ap = dFy (W) — rFy(W;_)dt + (RudN* + RydN? — cdt — dL,)

= F{(W ) (rWi_ — upRy)dt — r Fy (W, _)dt + Fy(Wy) — Fy (W)

+ (RudN?! + R,dN? — cdt — dL},)

= F'(W,_)(rWi_ — ppRy)dt — rE(W,_)dt + F(Wy_ + Ry — (Wi_ + R, — @) F)dN®  (B.6)

F(Wi_)dN{ + (RydN{ + RodNY — cdt — (Wi— + R, — 1) TdN}")

= F'(W—)(rWi— — ppRy)dt — rF(Wi_)dt + (F(Wi + Ry) — F(W;—))dNy'

+ (RydN?! + R,dN? — cdt) = By,
where the fourth equality follows from F(W;_ + R, — (Wi + Ry — w1)") — (Wi + Ry — wy)T =
F(W;_ 4+ R,,), and the last equality follows from (3.7) and B; := (R, + F(W;_ + H}*) — F(W;_))(dN}* —

updt) + (Ry + F(Wy— + HP) — F(W;-))(dNy — u(1 — p)dt). Taking the expectation on both sides of
(B.5), and following (B.6), we immediately obtain

Fu(+f(w),v*,N*)) = F(w) = E [e_TTF(WT) —|—/ e " (RydN + RodN{ — cdt — dLy)
0
= U (w),v*, N")

where we use the fact that fOT e~ "B, is a martingale and that F'(W,) = F(0) = v. For the cases when
upR, < ¢ < uR, and uR, < c, the proof can be directly adapted from the case when upR,, > c and hence is
omitted here. To conclude, we have U (7f(w), v*, N*) = Fy(w) if upRy, > ¢, U(v3(w),v*, N*) = Fy(w)
if upRy, < ¢ < pRy, and U (v4(w), v*, N*) = F3(w) if uR,, < c.
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B.1.2.6 Proof of Proposition 3.2

To prove Proposition 3.2, we first present a verification result in Lemma B.1.

Lemma B.1 Ler F(w) : [0,00) — R be differentiable, concave, upper-bounded function, with F'(w) >
—1, and F(0) > 0. Consider any contract v € T1C, such that it (i) yields the agent’s expected utility
u(y,v*, N*) = Wy = w, followed by the promised utility process {W;}¢>0 (according to (PK)), and (ii)
satisfies (IC-truthful) and (IC-effort). Define a stochastic process {®+}+>0 as

Oy = upRy + (1 = p)Ro + F' (Wi ) [rWi— — ppHy* — pu(1 — p) HY| — rF(Wy-)
+ (F(Wi— + Hy') = F(Wi-)pp + (F(Wi— + HY) = F(We_))u(1 — p) —c. (B.7)

If the process {®+}+>0 is non-positive almost surely, then we have F'(w) > U(y,v*, N*).

Proof of Lemma B.1: Following Ito’s Formula for a jump process (see, for example, Theorem 17.5 in
[Bas11]), and considering (PK), we obtain

e TTR(W,) = e TR (Wo_) + / e dF (Wi ) — re~™ F(Wi_)dt]
0
= F(WO,) + / G_Tt - (RudN;L + RodNto — cdt — st) + / B_TtAt, (BS)
0 0

where

Ay = dF (W) — rF(W;_)dt + (RudN{ + RodN? — cdt — dLy)
= F'(Wi)(r Wi — ppH;' — p(1 — p)HY — Ly)dt — rF(W,-)dt + F(Wy) — F(W;-)
+ (RudNY + RydN? — cdt — dLy)
= F'(Wi) (r Wi — ppHy' — p(1 — p)HY — by)dt — rF(Wy-)dt + F(Wi— — I,(1 — dNy* — dNY))
— FWio) + (F(Wi— + Hy — LidN}') — F(W,_))dN{* + (F(Wi— + Hf — LidNy) — F(W,-))dNy

+ (RydN{ + RodNy — cdt — dLy).
(B.9)
Then, the concavity of F' and F’ > —1 implies that —¢, F'(W;_) < by, F(Wy— — I;(1 — dN}* — dNyY)) —
FW;_) < I;(1 — dN{* — dNY?),

F(W_ + H* — LdN}*) — F(W,_) = F(W,_ + H" — LdN}*) — F(W,_ + H")
+ F(Wi_ + HY) — F(W,_) < LdN{* + F(W,_ + HY) — F(W,_),
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and F(W,— + H — I,dNy) — F(W,_) = [,dN? + F(W,— + H?) — F(W;_). Hence, we have

A < F/(Wtf)(TWt, — ,upHZ‘ — ,u(l — p)Hf)dt + {idt — TF(Wtf)dt + It(l — dNtu — dNtO) + Ithtu
+ L,dN? + (F(Wy— + HY) — F(W,_))dN{ + (F(W,— + H?) — F(W,_))dN?

+ (RydNY + RodN? — cdt — dL;) = By + ®ydt,
(B.10)

where the equality follows from dL; = I; + ¢;dt and B, := (R, + F(Wi— + H}*) — F(W;_))(dN}* —
updt) + (Ro + F(Wy— + HY) — F(W;_))(dNy? — u(1 — p)dt). Therefore, if &, < 0, we must have

A < By (B.11)

almost surely. Taking the expectation on both sides of (B.8), we immediately obtain

F(u(y,v*,N*) = F(Wo_) > E [e‘”F(WT) + / e " (RudN} + RodNY — cdt — dLy)
0
>U(y,v*,N"),

where we use the fact that [ e”"'53; is a martingale and F(W,) = F(0) > 0. Therefore, if the process
{®¢}+>0 is non-positive almost surely, then we have F'(u(y,v*, N*)) > U(y,v*, N*).

With the extended definition of F; for w > w;, it is clear that F/(w) = —1 for w > w;, i = 1,2, 3.
Following Lemma B.1, to prove that the principal’s value function is the upper bound of the principal’s utility
under any other contract, we only need to check if ®; (defined in equation (B.7)) is non-positive at F' = F}
(Fy, F3) under the condition upR, > c (upR, < ¢ < uRy, pRy < c¢). Here, Fy (Fy, F3) is defined in
equation (3.7) ((3.9), (3.10)). To prove this, first, we consider the following optimization problem with a
generic concave function F'(w) (with dual variables, zand y denoted after the constraints),

é??}ioﬂp(F(Wt— + H') = F(Wi—)) + p(1 = p)(F(Wi— + HY) — F(W;-))
— (upH + p(1 = p) HY)F' (W), (.12
st Hy' > Ry; o, pH' + (1= p)HY > B;y.

If upR,, > c, then in the following, we verify by Karush-Kuhn-Tucker (KKT) conditions that the optimal
solution is

HM = Ry, H* = 0. (B.13)

We plug in the following values for the dual variables x and y: © = p(F'(W;_) — F/(W,— + Ry)),y = 0.
Then, we can easily verify that —pF'(W;_) + pF'(Wi— + H*) + = 0, —(1 — p)F'(W;-) + (1 —
p)F'(Wi— + H{*) = 0, and = > 0, where the inequality follows from the concavity of F. Hence, if
upR, > c, then the optimal solution of the problem (B.12) is (B.13). Similarly, we can prove that, if
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upR, < c < uR, ,then the optimal solution of (B.12) is
H{" = Ry, H" = (8 — pRu)/(1 = p) = fu, (B.14)
and, if uR,, < ¢, then the optimal solution of (B.12) is
H™ =, H" = 5. (B.15)

With these optimal solutions and equations, (3.7), (3.9) and (3.10), we could verify that ®; < 0, where ®; is
defined in (B.7). If upR,, > c, then, by plugging F' = F7 into (B.7), we get

O < upRy + p(1 — p)Ro + F{ (W) [rWi— — pupRy] — rFy(Wi—)
+ (Fl(Wtf + Ru) - Fl(Wt,)),up —C= 0,

(B.16)

where the inequality follows from (B.13), and the last equality follows from equation (3.7). If upR,, < ¢ <
uRRy,, then, by plugging F' = F5 into (B.7), we obtain

®; < upRy + p(1 = p)Ro + F(Wy ) [rWie — upRy] — rF(Wyo) + (F(Wi + Ry) — F(Wi—))up
+ (F(Wi— + p1) = F(We-))u(1 = p) —c =0,

where the inequality follows from (B.14), and the last equality follows from equation (3.9). If uR,, < c, then
plugging F' = F3 into (B.7), we obtain

Oy < ppRy + (L = p)Ro + F'(Wer ) rWie — pf] = rF(Wio) + (F(Wie + 8) = F(Wi—))pp — ¢ =0,

where the inequality follows from (B.15) and the last equality follows from equation (3.10). Hence, by
applying Lemma B.1, we have Fy(u(v,v*,N*)) > U(y,v*,N") if upR,, > ¢, Fa(u(y,v*,N*)) >
U(y,v*, N*) if upR,, < ¢ < uRy, and Fa(u(vy,v*, N*)) > U(y,v*, N*) if uR, < c.

B.1.2.7 Proof of Theorem 3.2

As shown by the revelation principle, it is without loss of generality that we can focus on the contract,
where the agent truthfully reports the arrivals. Hence, in the following, we prove that the contract, that we
derived in Section 3.2.2, is still optimal, even where we include contracts that allow the agent to shirk. First,
we shall update the promise keeping, and incentive compatibility constraints, which allow the principal to let
the agent not exert effort. At any time ¢, if the principal induces the agent to work and truthfully report the
arrivals, then W; follows (PK) with v, = p and incentive constraints (IC-truthful) and (IC-effort) should be
satisfied. If the principal only induces the agent to truthfully report and lets the agent not to work, then the

principal does not need to pay cdt, so W; follows

th = T‘Wt,dt - st, (B17)
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and the incentive constraint only includes constraint (IC-truthful), since there are no arrivals when the agent
does not work, constraint (IC-truthful) is directly satisfied. Next, we present the following lemma which is

helpful for proving the optimality of the contract in the contract space I'.

Lemma B.2 Let F'(w) : [0,00) — R be differentiable, concave, upper-bounded function, with F'(w) > —1,
and F(0) > 0. Consider any contract vy € T, such that it yields the agent’s expected utility u(y,v, N*) =
Wo— = w. Define a stochastic process {®}1>0, such that: (1) if the principal induces the agent to exert
effort and report arrivals truthfully (i.e., constraints (IC-truthful) and (IC-effort) are satisfied) where W,
follows (PK), then ®, follows equation (B.7); (2) if the principal only induces agent’s truth-telling (i.e.,
constraint (IC-truthful) is satisfied) where Wy follows (B.17), then

O, = F'(Wi_ ) rWie — rF(Wy_). (B.18)

Furthermore, if the process {®; }+>0 is non-positive almost surely, then F(w) > U(y,v, N*).

Proof of Lemma B.2: By applying Ito’s Formula for a jump process (see, for example, Theorem 17.5 of
[Bas11]) and considering (PK) and equation (B.17), we have

e "TEF(W,) = e P F(Wo_) + /0 T[e”"tdF(Wt_) —re” "UE(W,_)dt]
=F(Wyo) + /OT e " — (RydN}Y + RodNY — cdt)l[vy = p] + dLy (B.19)
+ /OT e " Al = p] + Awl[yy = 0],
where A; follows equation (B.9) and

Ay = dF(Wy_) — rF(W;_)dt — dL,

= F'(Wi_)(rWi— — 4)dt — rF(Wy_)dt + F(Wy) — F(W;—) — dLy

= F(Wi ) (rWi_ — by)dt —rF(Wy_)dt + F(Wy_ — L) — F(Wi_) — dLy

< [F' (W )yrWie — rF(W_)]dt = ®,dt, (B.20)

where the inequality follows from the concavity of F' and F’ > —1, and ®; follows equation (B.18).
Therefore, if ®; < 0, then A, < 0. Taking the expectation on both sides of (B.19), we immediately obtain

F(w) = F(u(y,v,N*)) > E [e_TTF(WT) + /0 e_rt([RudNt“ + Ro,dNY — cdt|l[vy = p] — dLy)
Z U(r)/’ V’ Nu)?

where the inequality follows from equation (B.11), Ay, < 0, fOT e~"'B, is a martingale, and F(W,) =
F(0) > 0.
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Next, we will apply Lemma B.2 to prove the optimality of the contracts in the contract space I'. We,
first, prove that the principal’s value function Fj is an upper bound of the principal’s utility under any other
contract in I".

Case 1. Under the condition upR,, > c, the agent is always willing to exert effort since (IC-truthful)
directly implies (IC-effort). Furthermore, we have verified in the proof of Proposition 3.2 that equation (B.7)
is non-positive. Hence, we have for any v € T', U (v, v, N*) < Fy(w) if u(vy,v, N*) = w and upR,, > c.

Case 2. Under the condition upR, < ¢ < uR,, first, if the principal induces the agent to exert effort
and report arrivals truthfully (constraints (IC-truthful) and (IC-effort) should be satisfied), then &, follows
equation (B.7) (at F' = F3), and we have verified in the proof of Proposition 3.2 that ®; is non-positive.
Second, if the principal does not induce the agent to exert effort, then &, follows equation (B.18) (at F' = F5),

and we get

‘I>t S FQI(Wtf)’I“Wtf — TFQ(Wtf) = VvQI(Wtf)TWtf - T‘/vQ(Wtf)
= Wi [V3(Wio) — (Va(Wi—) — V2(0)) /W] <0, (B.21)

where the first equality follows from Va(w) = Fa(w) 4+ w and the last inequality follows from the concavity
of V5 and V52(0) = 0. Hence, we have verified that, for any v € T, U (~y, v, N*) < Fy(w) if u(y,v, N*) = w,
and upR, < ¢ < puR,.

Case 3. Under the condition uR,, < c, first, if the principal induces the agent to exert effort and report
arrivals truthfully (constraints (IC-truthful) and (IC-effort) should be satisfied), then ®; follows equation
(B.7) (with F' = F3) and we have verified in the proof of Proposition 3.2 that ®; is non-positive. Second, if
the principal does not induce the agent to exert effort, then ®; follows equation (B.18) (with F' = F3), we
can verify that @, is also non-positive as we have shown in the inequality (B.21). Hence, we have verified
that, forany v € I, U(y, v, N*) < F3(w) if u(vy,v, N*) = w and pR,, < c.

Finally, similar to inequality (3.12), we have for any contracty € I', s = 1 (2, 3),

Uy, N") < Fi(u(y, v, N*)) = Fiw) = Uy} (w),v", N*) = F(w}) < U~} (w)), ", N"),

(2

under the condition upR,, > ¢ (upR, < ¢ < uR,, uR, < c), where the last inequality follows from the fact
that w} (w3, w3) is the maximizer of Fy (Fy, F3). Therefore, 77 in definition 3.1 is the optimal contract in
the contract space I" under the condition upR,, > c; 5 in definition 3.2 is the optimal contract in the contract
space I" under the condition upR,, < ¢ < pR,; 3 in definition 3.3 is the optimal contract in the contract

space I" under the condition p R, < c.

B.1.2.8 Proof of Lemma 3.5

_ OFy(w)

First, we consider the case when upR,, > c. We define fo(w) : . Following equation (3.7),

(9

we have f5(0) =0, fao(w) = p(1 —p)/r for w > w1, and 7 f2(w) = p(l = p) + plfo(w + Ru) — fo(w)] +
r(w — 1) fy(w). Hence, for w € [y — Ry,w;], we have fo(w) = u(l — p)/r + b(w; — w)+w/7,
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Following Step 2 of the proof of the Case 1 in equation (3.4), we have if b > 0, then f(w) is decreasing
and convex, which leads to a contradiction with f»(0) = 0. Hence, we have b < 0 and fa(w) is increasing
and concave in w. Therefore, fo(w) > 0,Vw and fi(w) > 0 for w € [0,w;]. Next, fo(w) > 0 implies

that F'(w*) is increasing in R,. Furthermore, by the Implicit Function Theorem, F”(w*) = 0 implies that
ow* _ f(w”)
OR,  F!'(w*)
for the case when upR, < ¢ < puR, and the case when R, < cis similar to the proof for the case when

> 0, where the inequality follows from the concavity of F, and f}(w) > 0. The proof

upR, > ¢, and hence, is omitted here. Therefore, we have shown that the agent’s total utility w* and the

principal’s total utility are strictly increasing in I2,.

B.1.3 Proofs For Section 3.3
B.1.3.1 Proof of Proposition 3.3

In this setting, when the principal conducts full monitoring, the agent will exert effort and report arrivals
truthfully. By applying Ito’s Formula, (PK) and equation (B.17) (adapted from the proof of Lemma B.2), we
have the following lemma. It is worth noting that if the principal does not induce the agent’s effort, there are

no arrivals, hence, the agent cannot misreport anything and the principal will not monitor.

Lemma B.3 Suppose F(w) : [0,00) — R is differentiable, concave, upper-bounded function, with F'(w) >
—1, and F(0) > 0. Consider any contract v € I'y,,, which yields the agent’s expected utility u(~y,v, N*) =
Wo— = w. Define a stochastic process {®; }+>0, such that: (1) if the principal induces the agent to report
arrivals truthfully and exert effort (i.e., incentive constraint (3.14) is satisfied) where Wy follows (PK), then

By = ppRo + p(1 — p) Ry + F' (W) Wi — upHY' — (1 — p) HY] — rF(W;)
+ (F(Woe + HY) = F(Wi))pup + (F(Wie + Hf) — F(Wi2)u(1 - p) — ¢ — my;

(B.22)

(2) if the principal does not induce agent to exert effort where Wy follows (B.17), then ®, follows equation
(B.18). Furthermore, if the process {®}+>¢ is non-positive almost surely, then F(w) > U(v,v, N*).

By applying Lemma B.3, we first show that the principal’s value function (F},,;, ¢ = 1,2, 3) is an upper
bound of the principal’s utility under any other contract in I';,,. Next, we conduct the proof for the case when
upR, > c by considering two cases.

Case 1. If condition (3.15) holds, then, following definition 3.4, the principal’s value function is Fj,,1

R 1—-p)R,| —c—
which is the solution of (3.7) with the boundary condition F},1(0) = PRy + (1= p)Ro] —c—m > 0.

r
Following case 1 of the proof of Lemma 3.4, we can verify that F,,1, is concave in w and F] ; (w) > —1. If
the principal induces the agent to exert effort and report arrivals truthfully with m; = 0 (does not conduct

monitoring), then, by plugging F' = F,,,; into equation (B.22), we get

Oy < ppRy + p(1 — p)Ro + Fppy (Wi ) [rWie — ppRy] — 1 Fp1 (W)
+ [Frt(Wie + Ry) — Fopt (Wi )lpup — ¢ = 0,

(B.23)
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where the inequality follows from equation (B.13), and the equality follows from equation (3.7). Before
we proceed, we present an inequality which will be useful in proving ®; < 0: if F' is concave in w and
W+ H{* > 0, we have

F(Wy + H{") — H{'F'(W;) < F(Wy). (B.24)

Next, if the principal induces the agent to exert effort with m; = m (the principal conducts monitoring), then,

by plugging ' = F},;; into (B.22), we get

Oy = pupRy + (1 —p)Ry —c—m+ E (Wi )r Wi — rEpy (Wis) — uFp (W)
+ up[Fot (Wi + Hy') = Hi' Fppy(Wio)] + (1 = p) [Fot (Wi + HY) — HY Fry (Wi-))]
< ppRy +p(l—p)Ry —c—m+ E (Wi )rWy— — rEp (W)
= Vit Wi )r Wi — 1V (W) < oWy [V (Wee) = (Vit (We) = Vi1 (0)) /W] <0,

where the first inequality follows from the inequality (B.24), the second equality follows from V;,; :=
Fp1(w) 4+ w, and the last inequality follows from the concavity of V;,,;. Finally, if the principal does not
induce the agent to exert effort, then, by plugging F' = F},;; into (B.18), (similar to (B.21)), we can obtain
®, < 0. Hence, following Lemma B.3, we have F,;(w) > U(v, v, N*). Next, similar to Proposition 3.1,
we can verify that U (7}, (w), v*, N*) = Fy;1(w). Hence, we have for any v € I'y,,

U1 (Win1), V", NY) = Fot (w1) 2 Uy (w), v, N¥) = Fa(w) > U(y,v, N*),

where the first inequality follows from the fact that w}, ; is the maximizer of F},;. To conclude, we have
shown that if condition (3.15) and ¢ < ppR,, hold, then ", ; (w7, ) in definition 3.4 is the optimal contract in
I

Case 2. If condition (3.15) does not hold, then (u[pR,, + (1 —p)Ro] —m —¢)/r <0 < F(0) = V(0)
and we will show that the optimal contract is still 77 (following definition 3.1). Hence, the principal’s value
function is F defined in Lemma 3.4. If the principal induces the agent to report arrivals truthfully and exert
effort with m; = 0 (the principal does not conduct monitoring), then ®; < 0 since (B.16) is still valid. Next,
if the principal induces the agent to report arrivals truthfully and exert effort with m; = m (the principal

conducts monitoring), then, by plugging F' = F into (B.22), we get

Oy < upRy + (1 — p)Ro + F{ (Wi )r Wi —r By (W) —c—m
< TVl(O) + V{(Wt,)rWt, — ’l“Vl(Wtf) =rW;_ [V{(Wt,) — (Vl(Wtf) — %(O))/Wtf] <0,

where the first inequality follows from the inequality (B.24), the second inequality follows from F}(0) =
V1(0) > 0, and the last inequality follows from the concavity of V;. Finally, if the principal does not
induce the agent to exert effort, then, by plugging F' = F} into (B.18), (similar to (B.21)), we can obtain
®; < 0. Next, following Proposition 3.1, we have U (7] (w),v*, N*) = Fj(w). Therefore, we have
Uy (wy), v, N*) = Fi(wy) > U(yf(w),v*, N*) = Fi(w) > U(y,v, N*), where the first inequality

follows from the fact that w7 is the maximizer of F}. To conclude, we have shown that if condition (3.15)
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does not hold but ¢ < ppR,, holds, then v (w7) (in definition3.1) is the optimal contract in the contract space
I"y,. For the cases upR, < ¢ < puR, and pR, < c, the proofs are very similar to the proof for the case

upR, > c, and, hence, are omitted here.

B.1.3.2 Model with Non-zero Outside Option

Baseline Model with Outside Option Assume that the agent has an outside option which delivers him
a future utility w > 0. Then, the contract design problem will include an additional constraint imposed on
the agent’s promised utility W; > w, for any ¢t < 7. Further, if the agent’s promised utility reaches the level
w, the principal can freely terminate the agent without paying anything since the agent is willing to leave
the contract and earns his future utility outside. Therefore, the principal has two options: 1. Not to hire the
agent, and both principal and agent have the total utility equal to zero. 2. Hire the agent and set his starting
promised utility as Wy_ > w. For the second case, we can prove that the structure of the optimal contract
before termination will not change (as defined in ~{, 75 and ~3). The proof relies on two changes made to
the optimal contract and the corresponding principal’s value function: (1) The contract is terminated when
the agent’s promised utility reaches w. (2) The boundary condition of the system’s value function has to be
changed from V' (0) = 0 to V(w) = w. (The societal value at the time of termination equals to w where the
principal’s future utility is 0 and the agent earns w afterwards. ) With the new definition of the societal value
function V/, the parallel results of Lemma 3.4, Proposition 3.1, and Proposition 3.2 are easy to establish and,

hence, are, omitted here.

Monitoring with Outside Option Again, we assume that the agent has an outside option which delivers
him a future utility w. Then, the contract design problem will include an additional constraint imposed on
the agent’s promised utility W; > w for any ¢ < 7. We have established the optimal contract for the model
where we add the non-zero outside option to the baseline model. Now, in the model with monitoring, the
principal has another action which is to conduct monitoring.

We can show that the principal only monitors the agent when his promised utility reaches w, and the
structure of the optimal policy does not change when w > w. We have shown in the main body of the paper
that, if w = 0, then the principal conducts monitoring only when the agent’s promised utility reaches 0.
Furthermore, the principal will never stop monitoring once she starts and the agent’s promised utility is kept
at 0. However, when w > 0 and when the principal conducts monitoring, the agent’s promised utility follows
dW,_ = rW,_dt > 0. Hence, the agent’s promised utility will increase, which is different from the case
when w = 0. When the principal conducts monitoring, the agent’s promised utility will be greater than w in
the next second, then the principal stops monitoring and the agent’s promised utility starts to decrease again.
In fact, the trajectory of the agent’s promised utility is such that the agent’s promised utility is trembling near
the threshold w until an arrival occurs, which jumps up his promised utility. Furthermore, the agent is never
terminated in this contract.

To prove the optimality of this contract, we need to, first, redefine the boundary condition of the

system’s value function. At W;_ = w, the agent’s promised utility follows dW; = rW;_dt. Hence,
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V(W) = [u(pRy + (1 = p)R,) — ¢ — m]d + e~ "V (W,_ + rW;_5) where the first term of the right-hand
side of the equation represents the societal value in the current period, and the second term represents the
discounted future value. By letting 6 — 0, we have [u(pRy,+ (1 —p)R,) —c—m]|+rwV'(w) —rV(w) = 0,

which is equivalent to
V'(w) = {V(w) — [u(pRu + (1 = p)Ro) — c —m]/r}/w. (B.25)

For w > w, the system’s value equation follows the original differential equations (equation (3.7) under
the condition upR,, > c, equation (3.9) under the condition upR, < ¢ < uR,, and equation (3.10) under
the condition uR,, < c). As long as m > 0, similar to Lemma 3.4, we can prove that there exists (1) a
unique concave function that satisfies equation (3.7) and the boundary condition (B.25) under the condition
upR, > c; (2) a unique concave function that satisfies equation (3.9) and the boundary condition (B.25)
under the condition upR,, < ¢ < pR,,; and (3) a unique concave function that satisfies equation (3.10) and
the boundary condition (B.25) under the condition uR,, < c.

Proof: Under the condition upR,, > c, for any Vg € [[u(pRy + (1 — p)R,) — ¢ — m]/r, V], following
the proof of Lemma 3.4, we can show that there exists a unique concave function that satisfies equation
(3.7) and the boundary condition V (w) = Vy. First, if Vo = V, then we have V'(w,) = 0 < {V —
PRy + (1 —p)R,) — ¢ —m]/r}/w. Second, if Vo = [u(pRy + (1 — p)R,) — ¢ —m]/r, then V' (w, ) >
{Vo—[u(pRy+(1—p)R,)—c—m]/r}/w = 0. Hence, there exists V* € ([u(pRy+(1—p)Ry)—c—m]/r, V),
such that the boundary condition (B.25) is satisfied. For upR,, < ¢ < uR,, and uR, < c, the proofs are very
similar to this case, and, hence, are omitted here.

We have defined the principal’s value function with monitoring (denoted as V;,,(w)). The principal would
conduct monitoring if it brings her a future value greater than or equal to the value without any agent, i.e.
Vin(w) > w. With the definition of V,,,, a parallel result to Proposition 3.3 is easy to establish, and, hence,
is omitted here. To conclude, the principal has the following three options: 1. Not to hire the agent, and
both the principal and the agent have total utility of zero. 2. Hire the agent and set his starting promised
utility as Wy_ > w. The principal will terminate the agent when the agent’s promised utility reaches w.
3. Hire the agent and set his starting promised utility as Wy_ > w. The principal will monitor the agent
whenever the agent’s promised utility reaches w (For w > w, the optimal contract has the same structure
as vy if upR,, > ¢, v5 if upR, < ¢ < uR,, and ~3 if pR, < c¢). The principal will choose the one which
brings her the highest profit.
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B.1.3.3 Monitoring with Replacement of the Agent

In this subsection, we generalize the current setting to the case where the principal could pay a fixed cost

k > 0 to fire the current agent and find a new agent. Formally, the principal’s utility changes from (3.13) to
Un(T,v,N)=E { / e "t (Rudz\?t“ + RodN{ — dLy — cdt — Mtdt>
0

+ €7 max(0, U, (T, v, N) — k)] , (B.26)

where the first term in the expectation remains unchanged and the second term represents the principal’s utility
after terminating the contract with the current agent. To solve this problem, we need to slightly change the
principal’s value function. For the value functions F;j(w),i = 1,2, 3 defined in Lemma 3.4 and w defined in
(3.11), we let Fj(w) = Fy(w) if Fj(w})—k < 0. Alternatively, if F(w}) —k > 0, then we need to change the
boundary condition of the principal’s value function from F;(0) = 0 to F}(0) = max(max,, F;(w) — k,0).

The uniqueness of the value function Fz(w) is proved in the following lemma.

Lemma B.4 Ifc < upR,, then differential equation (3.7) with boundary condition F'(0) = max(max,, F(w)—
k,0) has a unique solution Fy(w), which is strictly concave in w, and F|(w) > —1. If upR, < ¢ < pR,,
then differential equation (3.9) with boundary condition F(0) = max(max,, F'(w) — k,0) has a unique
solution Fy(w), which is strictly concave in w, and Fy(w) > —1. If ¢ > pR., then equation (3.10) with
boundary condition F(0) = max(max,, F(w) — k,0) has a unique solution F3(w), which is strictly concave
inw, and Fj(w) > —1.

Proof of Lemma B.4: The proof of this lemma is similar to the proof of Lemma 3.4. Under the
condition upR, > c, if the solution to (3.7) satisfies 0 > Fj(w}) — k, then the result is established and
F1(w) = Fi(w). The rest of the proof focuses on the case 0 < F; (w?) — k, in which the boundary condition
is F1(0) = max,, F)(w) — k. In the proof of Lemma 3.4, we have established that, for by < b, < 0,
vV, > VZ& for w € [0,w,]. Then Fy > Fé,l, for w € [0, w;]. Hence,

w;‘, w;‘,
Fyui) = Fy0) = [ By w)dw < [ B () = By () = Fiy 0),
where w; = arg max,, Fy(w) for any b. Further, we have w;, < wy and Fy (w) > 0, for w € [wy};, , wy ].
1 1
Therefore, Fiy (w;,l) — Fy (0) < Fp, (wp,) — F'4, (0). Hence, Fy, (wy, ) — F'b, (0) decreases in b. Finally, if we
let by — —oo0, Fy, (wy ) — F'y, (0) — oo; further, as by — 0, Fy, (wy ) — F'p,(0) — 0. Therefore, there must
be a unique by, such that Fy, (w; ) — F'y, (0) = k, and we can let Fi(w) = Fy, (w). To conclude, we have
shown that the differential equation (3.7) with boundary condition F'(0) = max(max,, F'(w) — k,0) has a
unique solution F (w), which is strictly concave in w, and F/(w) > —1. For the cases upR, < ¢ < juR,
and uR, < c, the proofs are very similar to the case upR,, > ¢, and, hence, are omitted here.
Suppose that full monitoring, termination, or replacement only happens when the agent’s promised

utility reaches 0, then we only need to focus on the principal’s value when the agent’s promised utility is 0.
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Therefore, full monitoring is profitable to the principal only if
{nlpRu + (1 = p)Ro] — ¢ = m}/r > F;(0). (B.27)

Hence, when the agent’s promised utility decreases to 0, the principal would start to monitor the agent if
condition (B.27) holds; the principal would terminate the contract and find a new agent if condition (B.27)
does not hold but Fj(w}) — k > 0 holds; the principal would terminate the contract if (B.27) does not hold
but F;(w}) — k < 0 holds. Therefore, even with the opportunity to replace the agent, the structure of the
optimal contracts with full monitoring remains the same before the agent’s promised utility reaches zero. The

proof of this statement is easily adapted from Proposition 3.3 and is omitted here.

B.1.3.4 Proof of Proposition 3.4

In fact, it is more informative to consider the societal value function V' (w) := F'(w) + w, which, together
with (3.17), leads to:

rV(w) = max {rV + pp[V(w + R,) — V(w)] + r(w — ©1) V' (w),
rV —m+p[V(w+ B) = V(w)] +r(w — @) V' (w) }. (B.28)

If w = w; and the agent is paid R,, for every reported arrival from the unobservable channel, then the
incentive compatibility constraints are satisfied. Therefore, the agent reports the truth, always exerts effort and
is never terminated, and in this case the societal value is V which equals the upper bound. Hence, V (w) > V
if w > wy. Obviously, the principal achieves this by not monitoring. Therefore, we have w} < ;. In the
following, we show the desired result according in three steps: 1. We, first, show that the system’s value
function defined in (B.28) is concave and differentiable in w (which implies that F’ is also concave and
differentiable). 2. We, then, present a lemma which will be useful to prove that the principal’s value function
is an upper bound on the principal’s utility under any other contract. 3. Finally, we complete the proof of the
optimality of 7, by combining steps 1 and 2.

Step 1. We assumed that the solution of (B.28) has a unique switching point at w7 . Hence, we have
M(w) > m if and only if w < wj . Further, the system’s value function V" follows the differential equation

(B.3) for w > wj and for w € [0, w}], V follows the differential equation
rV(w) =1V —m+ p[V(w+ B) — V(w)] + r(w — w2) V' (w). (B.29)

On the one hand, if w} = 0, then V' follows the differential equation (B.3) for the entire region of w. Hence,
the proof of concavity directly follows from Case 1 in the proof of Lemma 3.4. On the other hand, if w} > 0,
we prove that V' is also concave and differentiable in w. The structure of (B.28) requires that the solution
V' is smoothly pasted at the optimal switching point w} . Formally, at w = w7}, we have M(w} ) = m, and
V'(wj—) =V (wj+).

Since the value function follows the differential equation (B.3) for w € [w] , 1], following Lemma 3.4,
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V' is concave and differentiable in w on [w} ,w] and V'(w;) = 0. Further, since V'(w} —) = V'(w}+),
we only need to verify that V' is also concave and differentiable in w on [0,w}). First, at w = wj,
following (B.29), we have V" (w} —) = “(V,(w}(;f)_ :U‘)/’(WZ)) < 0, where the inequality follows from the
concavity of V in (wj,w;]. Next, we can prove the concavity of V' in [0, w} ) by contradiction. Suppose

that there exists @ € [0,w} ), such that V(@) < 0. By continuity, we can define @ = sup{w € [0,w]) :
V”(w) = 0}. Furthermore, we have V"(w) < 0 for w > w. Atw = w, following (B.29), we have
V(i) = LV wEAZVIW) _ o which contradicts V(d+5) = [i V(@ +x)dz+ V(@) < V' (), where

r(wa—w)

the inequality follows from the fact that V" < 0 on (@, w:]. Hence, we have V" < 0 for w € [0, w7).
The differentiability of V' follows from the fact that V' (w} —) = V'(w} +) and that V' is well-defined by
the differential equation (B.29) on [0, w7} ). Furthermore, V' (w;) = 0 and the concavity of V implies that
V'’ > 0. Hence, the principal’s value function F' is concave, differentiable in w, and F’(w) > —1.

Step 2. By applying the Ito’s formula and (PK) (adapted from the proof of Lemma B.1), we have the
following Lemma B.5. It is worth noting here that if the principal does not induce agent’s effort, then there is

no arrivals, hence, the agent cannot misreport anything, and, the principal will never monitor.

Lemma B.5 Suppose F(w) : [0,00) — R is differentiable, concave, upper-bounded function, with F'(w) >
—1, and F(0) > 0. Consider any ~y € T'y,,, which yields the agent’s expected utility u(y,v, N*) = Wy_ = w.
Define a stochastic process {®: }+>0, such that: (1) if the principal induces the agent to exert effort and report
arrivals truthfully (i.e., constraints (IC-truthfulm) and (IC-effort) are satisfied) where {W;}+>¢ follows (PK),
then

@y = ppRy + p(1 — p)Ro + F'(Wi ) [rWi— — pupHy* — p(1 — p)HY] — rF(W; )
+ (F(Wi— + Hy') — F(We-))pp + (F (Wi + HY) — F(Wy-))u(1 — p) — ¢ — mu;

(B.30)

(2) if the principal does not induce the agent to exert effort where Wy follows (B.17), then ®; follows equation
(B.18). Furthermore, if the process {®}+>0 is non-positive almost surely, then F(w) > U(T', v, N*).

Next, we show that the principal’s value function F' is an upper bound on the principal’s utility under
any other contract in I';,,,. Following Lemma B.5, we only need to verify that ®;, defined in (B.30) is
non-positive (with F' as the principal’s value function defined in (3.16)). Before we proceed, we present an

inequality which will be useful in proving ®; < 0: if F'is concave in w and pH}* + (1 — p)HY > 3, we have
F'(Wy)[—pH{* — (1 —p)Hf) +pF (W + Hy') + (1 = p) F(Wy + HY) < —F'(Wy) 3+ F(W; + ). (B.31)

Hence, first, if the principal induces the agent to report arrivals truthfully and exert effort with m; = m (the
principal conducts monitoring and, hence constraint (IC-effort) has to be satisfied), therefore, ®; follows

from equation (B.30), and we obtain

Dy < ppRy + p(1 — p)Ro + F' (W) [rWy— — pf] — rF(Wy )
—l—(F(Wt_+B)—F(Wt_))u—c—m§0,
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where the first inequality follows from the inequality (B.31) and the last inequality follows from the HIB
equation (3.17). Second, if the principal induces the agent to report arrivals truthfully and exert effort with
my = 0 (the principal does not conduct monitoring, and, hence, constraints (IC-truthfulm) and (IC-effort)

have to be satisfied), then ®; follows from equation (B.30), and we get

O, < upRy + (1 — p)Ry + F' (W) [rWi— — upR,] — rF(Wy_)
+ (F(Wi- + Ry) — F(Wy_))up — ¢ <0,

where the first inequality follows from the optimization problem (B.12) (with the optimal solution (B.13)
under the condition upR, > c), and the last inequality follows from the HJB equation (3.17). Third, if the
principal does not induce the agent to exert effort, then ®, follows (B.18), and (similar to (B.21)) we obtain
&, < 0. Hence, we have shown that F'(w) > U(y, v, N*) for any vy € T}, if upRy > c.

Step 3. Finally, similar to Proposition 3.1, we can easily verify that U (v, (w),v*, N*) = F(w). There-
fore, we obtain, under the condition upR,, > ¢, for any v € Ty, Uy (w),), v, N%) = F(w},) >
Uy (w),v*, N*) = F(w) > U(y, v, N*),where the first inequality follows from the fact that w, is the
maximizer of F. To conclude, we have shown that ;" (w?,) is the optimal contract in the contract space I';,q

under the condition ¢ < uR,,.

B.1.3.5 Partial Monitoring under the Condition upR, < c < uR,

When the principal conducts partial monitoring, the dynamics of the agent’s promised utility is given
by (DW2) and when the principal monitors the agent, the dynamics of the agent’s promised utility follows
(DW3). Hence, the societal value function should satisfy the HIB equation:

rV(w) = max {rV + pp[V(w + R,) — V(w)] + p(1 — p) [V (w + B1) — V(w)] + r(w — w2) V' (w),
PV —m+ p[V(w+ 8) — V(w)] +r(w — wg)v'(w)}. (B.32)

with boundary condition V' (0) = 0. Hence, the principal would monitor the agent if and only if the second
term of (B.32) greater or equal to the first term which is also equivalent to My (w) = [V (w+ 5) —pV (w +
R.) = pV(w)] = m.

If w = w9 and the agent is paid R, for every arrival from the unobservable channel that he reports, and
is paid /3 for every arrival from the observable channel, then the incentive constraints are binding. Hence,
the agent always exerts effort, reports the truth and is never terminated, which results in the societal value
achieving the upper bound V. Therefore, for w > w9, we have V(w) > V. In contrast, if the principal
monitors the agent, the highest societal value that can be achieved is V— m. Hence, for w > w9, not
monitoring is better than monitoring, i.e., m > My (w). As w decreases, monito@ing becomes more profitable,
and there may be optimal switching points w%*, such that m = Mg(w%*). For simplicity, we assume a
unique switching point. Similar to the case in Section (3.3.2.1), in all the numerical examples, we see the

single switching of the value function. Next, we formally define the contract in the following.
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Definition B.1 For any w € [0, w3, define contract v2*(w) = (L%, 72, m3) as follows:

m>s 'm
1. Set Wo_ = w and L = (Wo— — w2) ™.

2. Fort >0, let payment be

mt —

+ (Wi + 8 — wo) T dNI[Wi_ < w¥],

L%, = {(Wie + Ry — o) "N + (Wie + B1 — w2) dN?}I[Wie > wi]

and the dynamics of promised utility follows

dW; = {r(Wi_ — w)dt + min{ Ry, Wy — W;_YdN# 4 min {8y, Wy — W;_} ANFYI[W;_ > w¥]

+ {r(Wi_ — wo)dt + min{B, w1 — W;_YdN }I[W;_ < w?*].
(B.33)

3. The partial monitoring schedule is M} = mI[W;_ < w3*].

4. The termination time is 72 = min{t : W; = 0}.

The following Proposition shows that ¥ is the optimal contract in the class of contracts that allow the

agent to shirk or not truthfully report (in the space I',,,). We further define w2’ as the maximizer of F'(w)
2%

m*

and the principal starts the agent’s promised utility at Wy_ = w

Proposition B.1 Suppose that the switching point w%* is unique and upR, < c < uRy, the value function
V defined in (B.32) is concave in w and differentiable and 2 (w?2¥) in definition B.1 is the optimal contract

in the contract space I y,.

The proof of Proposition B.1 is very similar to the proof of Proposition 3.4, and hence is omitted here.

B.1.4 Proofs in Section 3.4

Throughout this section, we assume that the solution to the HIB equation (3.20) exists. Given the
existence, we characterize the optimal incentive compatible contract. A recent contract theory paper, [Mal19],
has the same assumption, they study the optimal contract design of a dynamic capital allocation process
in a firm. Following the main body of the paper, we denoted by F', the principal’s value function, and by
V, the system’s value function, under the optimal contract. Hence, both F' and V' must be weakly concave,
otherwise, public randomization over two levels of promised utility can improve both the system’s and the
principal’s value. Later, in Section B.1.4.3, we will prove that F' and V are strictly concave. Hence, the

principal does not need to use public randomization in the optimal contract.
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B.1.4.1 Proof of Property 2

When w = w, we are able to find a contract such that the system’s value function achieves the upper
bound V;, which implies that V' (w) > V; for w > . In that contract, the principal makes direct payments to
the agent: the payment R for every customer from the unobservable channel and max ((a + b)3 — aR/b,0)
for every customer from the observable channel. Further, since V; is the highest value that the system can

achieve, we have V (w) < V; for w > w. Hence, V (w) = Vy for w > w.
B.1.4.2 Proof of Lemma 3.9
For a given w > 0, we denote g(d) := G(d,w). If p,(d)R > j3, then H,(d) = 0 and

9(d) =pu(d) [R+V (w + R) = V(w) — RV'(w)] + po(d)(1 — d)R

(B.34)
=pu(d) [V (w + R) = V(w) = RV'(w)] + R — po(d)dR,

where the first term is linear in d and the last term is quadratic in d. Hence, g(d) is concave in d if p,(d)R > (5.

If p,(d)R < j3, before we calculate ¢”(d), we, first, calculate Mgod(d) and QQg;d(d) as follows:
OHo(d) _ —pi,(d)Rpo(d) — po(d)(B — pu(d)R) _ [=p,(d)po(d) + po(d)pu(d)| R — p),(d) 8
ad po(d)? po(d)?
Po(d)(R = B)
_ 7 (B.35)
Po(d)?

where the last equality follows from p!,(d) 4+ p.,(d) = 0 and p,(d) + po(d) = 1, 8252";@ = =2 i’éf()c);éR_ﬂ ),

Hence, we immediately obtain

OH,(d) 0*H,(d)

2p),(d) ad po(d)w

o

=0 (B.36)
Then, the expressions of ¢'(d) and ¢”(d) are

g'(d) = pl,(d) [R +V(w+R)-V(w)— RV’(w)] +p(d)[(1=d)R+V (w+ Hy(d)) — V(w)]

~ H @)V (w) + pold) [—R PV - Hy(ay) D) Ol V’(w)] , (B.37)
and
2
o) = 2@ 25 )| w4 o) V() - 200

OH,(d)
ad

8H0<d>>2 <0,

2
> :_Qp;(d)R+po(d)V”(w+Ho(“‘))< ad

+mwwww+mw»(

where the last equality follows from equation (B.36), and the last inequality follows from p/ (d) > 0 and the
concavity of V. Finally, (B.34) and (B.37) imply that ¢’(d) is continuous at d if p, (d) R = (. To conclude,
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we have shown that g(d) defined in (3.24) is concave in d. Further, Property 3 is a direct result of the

concavity of g(d). Hence, Lemma 3.9 directly implies Property 3 and we have

O] _ )[R+ V (w+ R) ~ Vw) — RV ()] + ph(d) [4R 4+ V (w -+ Ho(d)) — V(w)
OH,(d)  OH,(d)

= Ho()V'(w)] +po(d) | R+ V' (w+ Ho(d)) —57 ad

V'(w)] . (B.38)

B.1.4.3 Proof of Property 4

First, we show that there exists 6 > 0, such that, for w € [w — 0, w], d*(w) = 0. Property 2 implies
that d*(w) = 0 if w > w. Hence, at w = w, we have V'(w) = 0 and V(w + R) = V(w + H,(d*(w))) =
V(w) = V. Furthermore, at w = w, g’(0) = p’,(0)R + p’,(0)R + p,(0) R > 0. Due to the continuity of V,

there exists 0 > 0, such that for w € [w — J, w|, we have %ldzo > 0. Hence, for w € [w — 0, w], we

lety =0and z = %\dzo > 0 which implies that d*(w) = 0 for w € [w — d, w]. Next, we prove that

V' (w) is strictly concave in w on [0, w).

First, if p,(0)R > f, then H,(0) = 0. For w € [max{w — §,w — R, },w], since d*(w) = 0, the
equation (3.20) becomes an ordinary differential equation. We can solve it in closed-form, and it immediately
implies that V'(w) is strictly concave in w on [max{w — d, w — R, }, w]. We rewrite the equation (3.20) as
follows:

rV(w) = —c+ rwV'(w) + p {pu(d*(w)) [R+V (w+ R) — V(w) — RV'(w)]
+po(d"(w)) [(1 — d"(w)) R+ V (w + Ho(d"(w))) — V(w) — Ho(d" (w))V(w)] }

By taking derivative with respect to w on both sides and putting the term with V' (w) on the left-hand side of

the equation, we get

[1pu (@ (w)) Ry + ppo(d*(w)) Ho(d* (w)) — rw] V" (w) = {p;(d*(w))d*’ (w)
+[R+V (w+ R) = V(w) = RV'(w)] + pu(d*(w)) [V’ (w + R) = V'(w)]
+pp(d* (w))d” (w) - [(1 = d*(w)) R+ V (w + Ho(d*(w))) = V(w) — Hy(d*(w))V'(w)]  (B.39)
+po(d*(w)) - [—d*/ ()R + V' (w + Ho(d*(w))) (1 + Hy(d" (w))d" (w)) = V' (w)

—Hy(d" (w))d" (w)V'(w)| },

where the right-hand side of the equation can be simplified as

p {puld” (w)) [V! (w+ R) = V()] + pold* () [V (w + Ho(d"(w)) = V' (w)] } + pug/(d* () (w)

= p{pu(d*(w)) [V' (w + R) = V'(w)] + po(d”(w)) [V' (w + Ho(d" (w)) — V'(w)] },
(B.40)

where the last equality follows from the optimality condition in Property 3. Next, we prove that V' (w) is
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strictly concave in w on [0, w — ¢) by contradiction. If there exists w, such that V(@) > 0, then we can
define w = max{w : V" (w) > 0}. Therefore, V"(w) = 0 and V" (w) < 0 for w > w. V"(w) = 0 implies
that the right-hand side of (B.39) equals to zero. However, V" (w) < 0 for w > @ implies that at w = 0,
we have V(0 + R,) < V'(w), V'(w + Ho(d*(w))) < V'(w), and, hence, the right-hand side of (B.39) is
smaller than zero. This leads to a contradiction. Hence, V' (w) is strictly concave in w on [0, w).

Then, if p,, (0) R < $3, the proof is very similar to the case when p,,(0) R > (3, and, hence, is omitted here.
To conclude, we have shown that V' (w) is strictly concave in w on [0, w). Further, since F'(w) = V(w) — w,
F(w) is also strictly concave in w on [0, w). In the following, we present an inequality which is useful for the
proof of Property 5. Since V' (w) is strictly concave in w on [0, w), we have V" (w) < 0 and the right-hand
side of equation (B.39) is smaller than 0 which implies that for w € [0, @),

pipu(d* (W) By + ppo (& (w)) Ho(d" (w)) — 7w = 0. (B.41)

B.1.5 Proof of Property 5

- 0G(d,
Property 3 implies that, for the region of w, such that d*(w) # 0 and d*(w) # d, we have ((%w) |a=a*(w) =
0. By the Implicit Function Theorem, we have ad;quw) = - aQGQ(d’w) 628Gd(adq;}w). Hence, our goal is to show

w
that MTS“") < 0. Further, following Lemma 3.9, we have PG(dw) _ g"(d) <0, and

82d
2 w
% = pL(@V'(w+ R) = V'(w) = RV" ()] + pl()[V'(w + Ho(d)) = V" (w) — Ho(d) V" (w)]
+ po(d) V" (w + Ho(d)) — V" (w)] 8@‘150“ .

(B.42)
H od* (w) . . 02G(d,w) .
ence, we can prove that === < 0 if and only if =" 52= < 0. If p,(d) R, > $, then H,(d) = 0. Hence,

following (B.42), we have

0?G(d,w V'(w+ R) —V'(w
SLL) @V + R) ~ VI(w) ~ BV (w)] = pl ()R | IV |
(B.43)
Following (B.39) and (B.40), we have
u(d*(w)) [V (w+ R) — V'(w)]
V() = HPul , (B.44)
) ppu(d* (W) R — ru
Following (B.43), (B.44), we have &-CUw) — 4/ (d) [V/(w + R) — V' (w)] B A < 0, where

the inequality follows from the concavity of V, p!,(d) < 0, and equation (B.41). If p,(d)R, < (3, then
H,(d) = (8 — pu(d)R)/po(d). Following (B.39) and (B.40), we have

_ mpu(d*(w)) V! (w + R) = VI(w)] + ppo(d*(w)) [V" (w + Ho(d)) — V'(w)]

V”(w) - g

(B.45)
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Next, following (B.42), we have

92G(d, w)

TS @)V (w+ R) = V() — RV (w)] + sV (w + Ho(d)) = V'(w) = Ho(d)V" ()

+ pold)[V"(w + Ho(d)) = V"' (w)}p)(d) (R = B)(pold)) 2

= () {[V/(w+ R) = V'(w) = RV"(w)] = [V'(w + Ho(d)) = V(1) = Hy(d)V" (w)]
— [V"(w + Ho(d)) = V" (w)](R = B)(po(d)) ™"}

() {[V,(w +R) - V'(w) [1 _ tpu(d)Bu | ppu(Ho(d) | (R =) ppu(d) }

pb—rw s —rw  poe) whrw
F V(w4 Hofd) V' (w)]| -1 - D 1ol DD () il

— V" (w+ Ho(d)) (Ru = B)(pold)) '}
= () {1V (w+ Ry) = V/(w)] = V' (w + Ho(d)) = V'(w)]}
— PV (w + Ho(d)) (R = B)(po()) " <0,

where the first equality follows from equation (B.35), the second equality follows from p/,(d) = —p/(d),

the third equality follows from equation (B.45), and the last inequality follows from the concavity of V' and

p!(d) < 0. For the region of w, where d*(w) = 0 or d*(w) = d, 8d;£)w) = 0. To conclude, we have shown

that d*(w) is decreasing in w.

B.1.5.1 Proof of Theorem 3.3

To prove the optimality of the contract, adapted from Lemma B.2, we first present Lemma B.6 below. It
is worth noting here that if the principal does not induce the agent’s effort, there are no arrivals, hence, the

agent cannot misreport anything and the principal will never monitor.

Lemma B.6 Suppose F(w) : [0,00) — R is differentiable, concave, upper-bounded function, with F'(w) >
—1, and F(0) > 0. Consider any contract v € T'p, which yields the agent’s expected utility u(T', v, N*) =
Wo— = w. Define a stochastic process {® }+>o, such that: (1) if the principal incentivizes the agent to report
arrivals truthfully and to exert effort (i.e., incentive constraints (ICeffortd) and (IC-truthful) are satisfied)
where Wy follows (PKd), then

Dy = ppu(de) R + ppo(de) (1 — de) R+ F' (Wi ) [rWi— — ppu(de) Hi' — ppo(de) HY) — rF (W)

+ [F(Wie + Hy) = F(Wi-)]ppu(di) + [F(Wi— + HY) = F(Wi)pupo(dy) — ¢;
(B.46)
(2) if the principal does not induce effort where Wy follows (B.17), then ®, follows equation (B.18).

Furthermore, if the process {®+}+>0 is non-positive almost surely, then F'(w) > U(y,v, N*).

Following the system’s value function V' (w) defined in (3.25), define F'(w) := V (w) —w. Next, Property

2 implies that V' (w) = 0 for w > w. Furthermore, following Property 4, we have that V' (w) is increasing
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and concave in w, hence, we have F’(w) > —1, and F'(w) is concave in w. Hence, applying Lemma B.6, to
show that F'(w) > U(T', v, N*) for any v € I'p, we only need to verify that ®; is non-positive. Before we
proceed, we present an inequality which will be helpful in proving ®; < 0: under the constraints (ICeffortd)
and (IC-truthful), if F"is concave in w and p,(d;) + po(d;) = 1, then the optimization problem (B.12) (with
the optimal solution (B.13) and (B.14)) implies that

FI(Wio) [=pulde) Hy' — po(de) HY) + F(Wi— + Hy")pu(dy) + F(We— + HY)po(dy) BAT)
SF,(Wt—)[_pU(dt)Ru - p0<dt)H0(dt)] + F(Wt— + Ru)Pu(dt> + F(Wt— + ltfo(dt))po(dt)7 ‘

where H,(d;) is defined in Property 1 of Section 3.4.2. Hence, first, if the principal induces the agent to
report arrivals truthfully and exert effort (i.e., incentive constraints (ICeffortd) and (IC-truthful) should be
satisfied), then ®, follows (B.46) and we get

Dy < ppu(de) R+ ppo(de) (1 — de) R+ F' (Wi ) [rWie — pupu(de) Ry — pipo(de) Ho(dy)] — mF (W)

+ [F(Wi + Ry) — F(Wi-)lppu(de) + [F(Wi— + Ho(dr)) — F(Wi—)]upo(de) — ¢

< upuldy) R + ppo(dy ) (1 — di) R+ F' (Wi ) [rWie — pupu(dy) Ry — ppo(dy ) Ho(dy)] — 7F (W)

+ [FWie + Ry) = FWi)ppu(di) + [F(Wi— + Ho(df)) — F(Wio)| ppo(di) —

= upu(dy) R + ppo(dy ) (1 — df )R+ V' (Wi ) [rWy— — ppu(di) Ry — ppo(di) Ho(df)] — rV (Wi—)
V( ) —

+ [V(Wt— + Ru) Wt )]Npu(dt) [V(Wt— + Ho(dt) ( )]Npo(dt) = 07

where the first inequality follows from the inequality (B.47), the second inequality follows from dj =
d*(W;_) and Property 3 of Section 3.4.2 (d*(W;_) maximizes G(d, W;_)), the first equality follows from
V(w) = F(w) + w, and the last equality follows from the HIB equation (3.25). Second, if the principal
does not induce the agent to exert effort, then ®; follows (B.18), and (similar to (B.21)) we obtain ®; < 0.
Hence, we have shown that F'(w) > U(~, v, N*) for any v € I'p. Similar to Proposition 3.1, we can easily
verify that F'(w) = U(~},v*, N"). Finally, we have for any v € I'p, U(vyj(w}),v*, N") = F(w}) >
U(vj(w),v*,N*) = F(w) > U(y,v,N*), where the first inequality follows from the fact that w; the

maximizer of F'. To conclude, we have shown that +(w}) is the optimal contract in the contract space I'p.

B.1.6 Proofs in Section 3.5
B.1.6.1 Proof of Lemma 3.10

We take the case upR, > c as an example. The optimal contract in the baseline model is 7] while
(1) the optimal contract with monitoring is -y, ; if condition (3.15) holds, and (2) the optimal contract with
monitoring is still 77 if condition (3.15) does not hold. Hence, we only need to consider the case when
condition (3.15) holds. Note that the principal’s value function under ~j is F1, following (3.7), with boundary

condition F}(0) = 0, and the principal’s value function under v, is F},1, following (3.7), with boundary
plpRy 4+ (1 = p)Ro] —c—m

condition F,,1(0) =
r

> (. Therefore, the only difference is in the boundary

condition.
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Following the proof of Lemma 3.4 (Step 1 and Step 2 of Case 1): if we let V,,1(w) = Fp1(w) +w
and Vi (w) = Fy(w) + w, we have V,,1(w) > Vi(w) and V! ;(w) < V{(w) for any w € [0,w1). Since

wk, = argmaxy, Fin1(w), we have w’; = w, such that V!, (w) = 1if V! ,(0) > 1, and w},; = 0 if
7 1(0) < 1. Similarly, wj = w, such that V{(w) = 1if V{(0) > 1, and w} = 0if V/(0) < 1. Hence,

"1 (w) < V{(w) for any w € [0,w;), and V, ; (w) = V{(w) = 0 for w > w; implies that w}, < wj. The
proofs for cases upR, < ¢ < uR, and uR, < c are similar to the case when upR,, > c, and, hence, are
omitted here. To conclude, we have shown that if the principal conducts full monitoring (i.e., monitoring

both effort and arrivals), then the agent is always worse off, i.e., w} . < w} fori =1,2,3.

B.1.6.2 Proof of Lemma 3.11

In this lemma, we consider the case when the principal conducts partial monitoring (i.e., by only
monitoring arrivals). First, we consider a special case where p = 0, when all arrivals are observable to the
principal. Hence, the principal never monitors. Hence, w};, = w7. In what follows, we prove the result for the
case whenp > 0. If R, = R, = R > [3/p (upR,, > c), then the optimal contract in the baseline model is v
and the optimal contract with monitoring is ;.. If m = 0, then the principal always monitors the agent and
w7}, = wy in the contract ,,. Hence, the principal’s value function follows the differential equation (3.16),
and V (w) = V for w > we = pfB/r < wy. Therefore, V' (ws) = 0. Since w, = arg max,, F'(w), we have
wy, = w such that V'(w) = 1if V/(0) > 1, and w}, = 0if V/(0) < 1. Following the concavity of V, we
have w}, < pfS/r=c/r.

Next, we show that when R is sufficiently large, then w} > ¢/r. The principal’s value function F}
follows (3.7) with boundary condition F'(0) = 0. Hence, the societal value function V;(w) = Fi(w) + w

solves the following:
rVi(w) = rV + up[Vi(w + R) — Vi(w)] + r(w — 1) V{ (w). (B.48)

For any R > R > (/p, let Vi(w) and Vi (w) denote the solutions of the system’s value function for the

3 . 5 R—c. (wR
cases when R = R and R = R, respectively. Following (B.48), we have V(w) = 'uR CV1 (wf% )
uR —c

5 p—c/R~, (wR Srr N s N < . o

Hence, V/(w) = 7/]%‘/1 7 ) and V] (w) increases in R, given w and R fixed. Since V] is strictly
pw—c
; Vi(w)) =Vi(0) V-0  puR-
concave in w on [0, w;), we have V/(0) > l(w_l) 1(0) = = PR C, where the inequality
w; — 0 w1 upR R

: ~ - 5 : p—c/R_, (wR

follows from the concavity of V. Hence, we obtain limp_, _ V{(c/r) = limp_, 7/}?‘/1 )
w—c

by po pR—c N .

——=V/(0) > - — = 1/p > 1. Therefore, there exist R, such that, for any R > R, we
,u—c/AR p—c/R ppR

have V] (¢/r) > 1. Since wj = w, where Vi(w) = 1if 1}1’(0) > 1, and wj = 0 if ‘}1’(0) < 1, we have
wi > ¢/r. Finally, we obtain w} > ¢/r > wj,. To conclude, we have shown that if m = 0, there exists f?,
such that, if R, = R, > R, then w;, < wy.
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APPENDIX C

Appendix to Chapter 4

C.1 Proofs of Statements

C.2 Proof in Section 2

C.2.1 Proof of Lemma 4.1

To characterize how the agent’s continuation utility evolves over time, it is useful to consider her lifetime
expected utility, evaluated conditionally upon the information available at time ¢

ug(y,v;¢) = EY [/ e " (dLg — cl,,—,ds)
0

7N }
tAT—
= / e "*(dLs — cl,,—,ds) + e "Wy (v, v;c) (C.1)
0

Since u¢ (7, v; ¢) is the expectation of a given random variable conditional on 7/, the process u(7y, v; ¢) =
{ut(7,v;¢)}y>q is an martingale under the probability measure P. Relying on this martingale property, we
now offer an alternative representation of u(+y, v; ¢). Consider the process M = { M} };—>( defined by

¢
Mt”:Nt—/ veds (C.2)
0

for all ¢ > 0. The martingale representation theorem for point processes implies that the martingale u(~y, v; ¢)
satisfies

AT
wely, v5.¢) = oy, ¥:6) + / T H oy, vs €)M ©3)
0

for all £ > 0, PV-almost surely, for some F*¥-predictable process H (7, v;c) = {Hy(v, v; ¢) }+>0. Then, (C.1)
and (C.3) imply (PK). Next, we show that {Vt}te[oﬂ_] defined in (IC) is a best response to contract -y.

Let u; denote the agent’s lifetime expected payoff, given the information available at date ¢, when he acts
according to v/ = {1} }+>0 until date ¢ and then reverts to v = {1 };>0:

tAT™
TAES / e "® (dLs —Lly—y- cds) + e "Wy, v;c) (C.4)
0
Following [San08] (Proposition 2), the proof now proceeds as follows. First, we show that if v’ = {u}};>0
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is an FV-submartingale under P that is not a martingale, then v is suboptimal for the agent. Indeed, in that
case there exists some ¢ > 0 such that

ug_ (v, v;¢) = uh_ < B [u}] (C.5)

where uo_ (7, v; ¢) and u,_ correspond to unconditional expected payoffs at date 0. By (C.4), the agent is
then strictly better off acting according to v/ until date t and then reverting to . The claim follows. Next, we
show that if v’ is a FV-supermartingale under PV, then v is at least as good as v/ for the agent. From (C.1)
and (C.4),

tAT
uy = ug(7y, v;e) +/ e "*(1y—0 — 1y,=0)cds (C.6)
0

for all t > 0. Hence, since u (7, v; ¢) is right-continuous with left-hand limits, so is u’. Moreover, since v’ is
non-negative, it has a last element. Hence, by the optional sampling theorem ([DM11], Chapter VI, Theorem
10)),

ulhy > B [ul] = uo(y, V5 ¢) (C.7)

where again uo_(y,v’) is an unconditional expected payoff at date 0. Since uf, = ug(7y,v) by (C.4), the
claim follows. Now, for each ¢t > 0,

tAT
uy = ug(7y, v5e) + / e " (1y—0 — 1y,—0)cds
0
tAT tAT
= up(7,v;¢) +/ e "Hy(y,v;c)dM +/ e "¥(1y=o — ly=o)cds
0 0
tAT , tAT
= ug(7,v;¢) + / e " Hy(vy,v;c)dM +/ e " Hy(v,v;c) (v, — vs)ds
0 0

tAT
—I—/ e "*(1y—0 — 1y,=0)cds
0
tAT , tAT c
=ugp(y,v;c) + / e "Hg(y,v;c)dM? —I—/ e u(ly—o — 1y.—0) [ — Hs(v,v; C):| ds
0 0 ) iz

(C.8)

Since H (v, v;c) is FN-predictable and M v is an FN -martingale under PV, the drift of « has the same
sign as

C
(1u;:0 — 1y,=0) [M - Hs<77 v; C)]

forall ¢t € [0, 7). If (IC) holds, then this drift remains non-positive for all ¢ € [0, 7) and all choices of v/'.
This implies that for any effort process v/, v’ is an F" -supermartingale under P"" and, thus, that v is at least
as good as 1/ for the agent. If (IC) does not hold for the effort process v, then choose v’ such that for each
te[0,7), v, = pif H > B.and v; = 0if H; < .. The drift of «’ is then everywhere non-negative and
strictly positive over a set of P’/—strictly positive measure. As a result of this, «/ is an F” -submartingale
under P”’ that is not a martingale and, thus, v is suboptimal for the agent. This concludes the proof.
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C.3 Proofs in Section 4.3

C.3.1 Proof of Proposition 4.1

(i) Following contract v§(w, B, 0), since the promised utility process Wy follows (4.9) and the payment
process follows (4.10), then Hf = (.. Hence, v € M(~§(w, B), ¢). Meanwhile,

U(’Yg(wa B)7 v C) = ]ED |:/ e_Ts(dLs - C]].DS:MdS) fgv:|
=B+ E [/ e "(dLs — clp,—,ds) Ffv] =B+w (C.9)
o+

where the third equality follows from the definition of v§(w, B, 0).

(ii) By definition 4.2, we have that the promised utility of 7§ (7, z) follows (PK), where Hf = max{/,, z +
Be = Wi Liapn + Belyo oy, dL§ = edt + (Wf + Hf — wo)*dN,, and 7¢ = min{t : W¢ = 0}.
Hence, following (IC), we have v € M(~5(T, 2), ¢). Further, by definition of 1, we have

u(wg(T, 2),U; c) =Wy.

in which W follows (4.17) if 2 < w. and 7 > 7., and (4.15) otherwise.

C.3.2 Proof of Proposition 4.2

The goal of this proposition is to solve the case Z({c}). This benchmark case differs from (4.8) with
the omission of the (TT) constraint, and contributes to an important building block to our general adverse
selection problem. This benchmark setting is very similar, although not identical, to the model in [ST18].
In their setting the principal does not have to reimburse the operating cost rate c in real time. That is, the
constrain (LL) reduces to L{ monotonically non-decreasing in time ¢. In the following, we show the claims.

If R > pf., the differential equation (4.18) with boundary condition (4.19) has a unique solution,
F.(w), which is strictly concave on [0, w.) and F/(w) > —1. The proof of this technical result can be
directly adapted from the proof of Lemma 3 in [ST18], hence, is omitted here. Furthermore, the proof of
Fo(w) = U(y§(w,0),7) can be directly adapted from the proof of Proposition 1 in [ST18] and, hence, is
omitted here.

Next, we show that it is optimal for the principal to always induce effort from the agent before contract
termination.

Lemma C.1 For any contract ¢, define a probation period
70(y) := inf{t : Wi(7%,1°%¢) = 0}. (C.10)

Then, for any effort process v € M(~°, ¢) that satisfies (IC), there exists a contract 4¢ such that v € N(7¢, ¢),
u(ve,v%¢) = u(¥4,v;c), 70(v°) = 7°(5°) and

Us,v) 2 U0 v°),
as long as R > f..

Proof. Consider the contract v¢ = {L, 7¢} and the best response effort process v¢ € 9(+¢, ¢) such that
H; < Be.fort € T C [1,7)]. Define 4¢ = {L°, 7¢} such that Hf = H¢, {$ = (¢ and If = I} except
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HE = B., I¢ = B.dN, for t € T Following (PK), we know that W;(+¢, v; ¢) = W;(5¢, ; ¢) for t € [0, 7¢].
Hence, 7(5¢) = 7(7¢). Furthermore,

U v)—U@R v =R {/ e_rt(R — Be)dN| >0,
teT

in which the inequality follows from R > f,.

The quantity 7°(~¢) represents the time when contract ¢ terminates if there is no arrival. Proposition
C.1 implies that it is without loss of generality to focus on the contracts that induce full effort from the agent.
It is worth noting here that [ST18] claimed optimality of full effort contracts in their equal time discount case
without providing a proof. Next, we show that Z({c}) = max,,>0 Fe(w).

Following Proposition C.1, we know that it is without loss of generality to focus on contracts that induce
full effort from the agent. If R > f3., then the rest of proof can be easily adapted from the proof of Proposition
2in [ST18].

If R < [, then for any ~¢ that satisfies (LL), (PK), and (IR), and v¢ € (1, ¢),

U(Vc’ Vc) +w = U(’Yc, VC) + U(’ch VC; C) — Eyc |:/ e—Tt(RdNt — cﬂytczudt):|
0

=E” [/ eirt(R,U]lytczudt — c]lytcﬂdt)} = (R — B)E”" [/ eTtﬂthMdt] <o,
’ 0

which verifies Z({c}) = 0. This completes the proof.
Finally, Proposition 4.2 implies that for any contract ~¢ that satisfies (LL), (PK), and (IR), v© € 9(7¢, ¢),
and u(v¢, v ¢) = w, we have

Uy, %) < Fo(w) (C.11)

C.4 Proofs in Section 4.2

C.4.1 Proof of Proposition 4.1

(i) Following contract ~§5(w, B), since the promised utility process Wy follows (4.9) and the payment
process follows (4.10), then Hf = f3.. Hence, v € M(7§(w, B), ¢). Meanwhile,

u('yg(w, B),v; c) =F” [/ e "(dLs — clp,—pds) f,fv]
=B+ E" [/ e "(dLs — clp,—pds) }"tN] =B+ w (C.12)
0+

where the third equality follows from the definition of v§(w, B, 0).

(ii) By definition 4.2, we have that the promised utility of v§(7, z) follows (PK), where Hf = max{f,., z+
Be — Wtc}]ltgﬁw + ﬁcltw{\” dL§ = edt + (W§ + Hf — w,)tdNy, and 7¢ = min{t : W = 0}.
Hence, following (IC), we have v € M(~5(7, z), ¢). Further, by definition of W, we have

u(wﬁ(T, 2),U; c) =W§.

in which W follows (4.17) if z < W, and 7 > 7., and (4.15) otherwise.
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C.5 Proof in Section 4

C.5.1 Useful Definitions and Results

Working Duration:

T(y,v) :=E" [ /O e—”ﬂytzﬂdt] : (C.13)

which measures the agent’s expected working time under contract v when the agent chooses the effort process
V.
Societal Value:

S(y,v;e) =E [/ e " (RAN; — cﬂyt_udt)} ) (C.14)
0
which measures the expected total value net of cost produced with effort » when the agent’s cost is c.

Lemma C.2 The societal value produced is fractional to the working duration, i.e., S(y,v;c) = (uR —

)T (vy,v).

Proof:

S(v,v;c) =E [/ e " (RAN; — clll,t:/ldt)} =E" [/ e "(Ruly,—,dt — cl,,—,dt)
0 0

= (R — )T (v, v).

Hence, for each moment the agent exerts effort, he produces an expected revenue of R with a cost c.

C.5.2 Proof of Proposition 4.3

For any contract pair (79,4"), denote wy := u(v9,v9; ), wy := u(7®,v°;b) and 7 := 7°(9) where
7(.) is defined in (C.10). In the following, we establish the proof in two steps.

Step 1: Constraint is more relaxed: We prove that the constraint of Z({g, b}) implies the constraint of
V. First, (TT) implies that

wy > maxu(y’,v;9) > u(v%, 07 9) = wy + (b - 9)T (1", ") > w, (C.15)
where v* € 9M(~%,b) and T is defined in (C.13).
wy, > maxu(y?, v;b) > u(y9, 10 b) = g/ et =g/r-(1—e"7). (C.16)
v 0

Hence, constraint (TT) implies constraint (4.22).
Step 2: Objective is higher We prove that the objective of ) is greater or equal to the objective of

Z({g,0}).
Step 2.1: If R > (3, then following (C.15), we have
~ (b—g)S(y", "5 b) (b—9)(U(R", V") + wy)
wy > wy+ (b— )T (", v°) = wy + Rop T wt R (C.17)
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where the first equality follows from Lemma C.2 and the last equality follows from S(°, % b) = U(7*, 1°) +
u(~?, v%; b). Rearrange (C.17), we have

(wg — wp) (LR —b)

Uy, vt < b g —wy, if R > [, (C.18)
Further, following C.11, we have
U(°, %) < Fy(wy). (C.19)
On the other hand, if R < (3, then
U(r°,1°) < Fy(wp) = —wp, if R < By (C.20)
Hence, following (C.18) - (C.20), we have
U(y?, 1) < min {(wz_—guu)) max{uR — b,0} — wy, Fb(wb)} , (C.21)

which corresponds to constraints (4.24) and (4.25).

Step 2.2: Next, following Proposition C.1, there exists 49 = (L, 7) such that 7 € (39, g), u(39, 7; g) =
wgy and 7(47) = 7. Denote W, as the agent’s continuation utility under contract 49 and 7{ as the time of the
first arrival. Then, following Lemma 4.1, we have

dW, = [rWt — uf[t + gldt — dLg, Hy > By, for t < min{r{, 7} (C.22)

Furthermore, denote - the payment upon the first arrival. Thus,

U#9,v) =K {/OT e " (RAN; — dﬁt)}

IN
=
Ha
l—l
\
3
.
/N
bd
'\4
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_|_
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=
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@
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3
£
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=
3
B
L
o
3
Q
o
~
| ES—

“HR— I+ Uy(39,0))dt — / Tge_tdt} (C.23)
0

where the first inequality follows from that dL; > 0 and 0 > g for t < 7 and the inequality is binding if and
only if dL; = gdt. Finally, following Proposition 4.2 (since W, is the state variable of the optimal control
problem, we can easily generalize (C.11) to it at time ), we have

—L + Up(39,0) < —Ii + F,(Wy_ + Hy, — 1) < F,(Wy— + Hy), (C.24)

where the first inequality follows from that the agent’s continuation utility Wt Wt_ + H; — I and the

192



second inequality follows from Fg’ > —1. Therefore, (C.22) - (C.24) imply that
U(A?,7) < G(wg, T) (C.25)
which further implies that
U709 < U39, ) < Gluwy,7). (€26)
To conclude, compared with the optimization problem Z({g, b}), ) has more relaxed constraint and higher
objective. Hence, Z({g,b}) < V.

C.5.3 Proof of Lemma 4.2

First, we verify (iii). If H; = 34, Vt € [0, 7], then Wy = w(7). Further since H; > 3,4, Vt € [0, 7], we
have Wy > w(7). Hence, if w < w(7), then the optimization problem (4.26) is infeasible, or, by convention,
G(w,T) = —00.

Next we verify (i) and (ii) by solving the optimiation problem (4.26). Since g(1 — e~ ") is fixed when 7
is given, we only need to maximize the integral [ pe (R + Fy(W; + Hy)]dt. To solve the optimization
problem, we can write down the Hamiltonian:

H = e HulR + F,(Wy + Hy)J} + A0 (W, — pHy) +n(t) (H, - B,). (C.27)

The optimality conditions are

)
8% = pe” 'Fy(Wy + Hy) — A(t)pu +n(t) =0, (C.28)
n(t)(He — Bg) =03 n(t) =0, (C.29)
9

R = e F Wi H) A = —N(1), (C.30)

Since the objective of the optimal control problem is jointly concave in (W3, Hy), it is sufficient to verify
the above optimality conditions.

Next, we verify (ii). If Wy = w > @(7), then Wy + H; = z + (4,Vt € [0,7], where z + 3, =
w/(u(1 —e~7)). We can easily verify the optimality conditions (C.28) - (C.30) by letting

A(t) = Fy(z + Bye ' and n(t) =0.
Furthermore, we can verify that
Wi = u(z+ By) — u(z+ ﬁg)et_-ra

1
H;, = - W > — Wy > —— 1) >3,
t Z+Bg t_Z+5g 0_w<,u(1—e_7) >_/Bg

where the last inequality follows from w = Wy > (7).
Finally, we verify (). If w = Wy € [w(7),w(7)), we firstly prove that there exists a unique z €
[0,9(1 —e™7)/(r + pe~7)) such that

Wy — (g — 2)e" =77 = .
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Define

then we can easily obtain that
h(0) =wg —wg-e """ =g/r-(1—e "),
where the first equality follows from 79 = 0 and

lim h(z) =w, — (g —2)=g(1—e ) /(r+pe™7),
Ll hG) =, (- ) = gl - e e )

where the first equality follows from that lim,,_, ;(1_¢—7)/(r4-pe-7) 7= = 7. Furthermore, we have

—TT TT, 7 ot
h(z)=e e <1+(z—wg)r-821)

_ eT(Tz—T) 2 — D T‘(ﬂ)g + Bg)
<1+( g)(z1+ﬁg)(u79—zl)>

— eT(Tz—T) <1 _ 7/‘(71)9 +'Bg)> — eT(Tz_T)L > 0.
Z‘f’ﬂg Z"‘Bg

Since w € [h(0),lim,_,g1_c—r)/(r4pue—7))P(2)) and h is continuous, we have that there exists a unique
z € [0,9(1 —e™7)/(r + pe~7)) such that w = h(z), denoted by z. It is easy to verify that 7, < 7 since
z<g(l—e7)/(r+ pe 7). Hence, if we let H; follows (4.31), then W follows (4.30).

We can easily verify the optimality conditions (C.28) - (C.30) by letting

AE) = 777 e B (We + B)dg + Fy(z+ By)e #0)] e, te 0,7 — 7)) (©31)
Fé(z—kb’g)e_t, te|r—m,T],
e (D), te 0T
_ M67T7t7 teO;T_Tz;
w0 ={ " R T (€3
where

Y(t) == [/t o pe M F) (We + By)dé + Fj(z + Bg)e ™ — e M F) (Wi + By) | >0,

and 7(t) follows from that y(¢) is decreasing in ¢ and (7 — 7,) = 0. Furthermore, we have
H,=pB,t€[0,7 — 1],
Hi=248,—Wy>z2+ g —Wr_p, =p,t €1 —71y7]

C.5.4 Proof of Lemma 4.3

Similar to the proof of Lemma 4.2, since the objective of the optimal control problem is jointly concave
in (W4, Hy), it is sufficient to verify the optimality conditions (C.28) - (C.30). We can verify (C.28) - (C.30)
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by simply letting

and

Wt:w>0,Ht:

C.5.5 Proof of Proposition 4.4

First, we look at the function when 7 € [0,1/r). If w > w(7), according to the optimal solution in
(4.33), we have

Glw,7) = /0 " ety ()t + /0 "R — e tar, (©33)

where y* =z + f, = . Hence,

p(l—e7)

0G(w, 1)
or

T ou*
= pe T Ey () + | pe T Fy(yt) Sdt + (uR — g)eT
0 g or

—T T
— TR * R — —T F/ * —'LU@/ _tdt
pe” TFy(y*) + (R — g)e™" + Fyly )u(l — ), e
= pe " (Fy(y") =y Fy(y™)) + (uR — c)e™"
F,(y*) — F,(0
= e Ty* (g(y)y*g) - Fg'(y*)> + (LR —c)e” ™ > 0. (C.34)

where the inequality follows from the concavity of F'. As a result, we have

oJ(w,7) 01 0G(w,7)

C.35

or o7 or 0 (.39
where the inequality follows from (C.34) and g—; > (0, and
OJ(w, T) ,

————= =F.(y"). C.36

S0 2" (C.36)

Hence, J is increasing in 7 when w > w(7). Next, we verify the concavity of J. Following (C.35) and
(C.36), we have that the Hessian matrix of .J is

?J(w,7)  9*J(w,T)

0%w _ OwoT_
2w, T) T (w.T) | (€37)
OwoT 02T
where
2 — FI/ *
PIw.T) _ W) 4 (C.38)

02w p(l—e7)
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where the inequality follows from the concavity of F,

2J(w,7) Oy, .. Oyror_, .
&U((%) = 5= 1) = 55 (W) >0, (C.39)

where the inequality follows from % <0, % > 0, and the concavity of F;, and
82J w, T K ay* _ u=T
% = —p(l—r7)r - y* - Fl(y") = — (A —r7) 7 [F(y") — v Fy(y)]
0?7 orT
— (uR — g)u(1 —r7)F <0, (C.40)

where the inequality follows from % < 0and Fy(y*) —y* Fy(y*) = y*[(Fy(y*) — F4(0))/y* — Fo(y*)] = 0
(implied by the concavity of F}).

Further, with (C.38) - (C.40), we can show that the Hessian matrix of J is negative definite which implies
that J is jointly concave when w > (7).

Second, we look at the function if w € [w(7),w(7)). According to (4.30) and (4.31), we have

Wiy = 2= pla+ By) (1 — €)= 0, + (w — w,)e"™,
by denoting 71 (w, 7) := 7 — 7, and simplifying 71 (w, 7) with 7. Further, we denote y; = z + 3,. Hence,

g

U ey

and 71 (w, 7) is the solution of

=T =yt - we, can

where we again simplify 7 (w, 7) with 7;. Therefore,

T

1(w,T) T
G(w,7) = /0 pe” Fy (g + (w — wg)e"™ + By) dt + / pe tEy(yy)dt + /0 (R — g)e tdt.

71 (w,T)
(C.42)
Then,
G (w, T —T — — \TT —T * aTl(wv T
(07) _ e B, (3, + (= 0y )em + ;) — e~ Fy )] 2L
T 6 *
+ / pe ™ F! (y)) 2L dt + pe " Fy(yf)
1 (w,) or
T _ 71 (w,7)—T | (M —1)
— e_tdt . F/ * gue or + e TF * + R— 6—77
/Tl(w) I a(v1) T e )2 pe” T Fy(yr) + (uR — g)
(C.43)
Since (C.41) implies that
TL—T
onfw,m) | _ ropetT (C.44)
or pu(l —em—)
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we have

IG(w, 1)
or

where the inequality follows from Fy(y7) — yi Fy(yi) = yil(Fy(yi) — Fy(0))/yi — F4(yi)] > 0. Asa
result, we have

= pe T (Fy(yy) — yiFy(yi)) + (R — g)e™™ > 0, (C.45)

oJ(w,7) 877'8G(w,7')

o7 o7 or O (C46)
where the inequality follows from (C.45) and % > 0, and
oJ(w, T (O - B o
oo — | e By (0= wp)e + Bt + Ey) e (C47)
0

Hence, J is increasing in 7 when w € [w(7), w(7)). Next, we verify the concavity of J. Following (C.46)
and (C.47), we have that the Hessian matrix of J is

?J(w, T) 9*J(w,T)
. _

0w _ OwoT_
2 J(w, T) *J(w,T) |° (C.48)
owoT 02T
where
62J = T1 *
6(27“;’ D _, / e ME (g + (w —Dg)e"" + By)e"dt + P (y}) - e - S (C.49)
0
and
PJ(w, T NI o~ OUT _\b=r N X X
0T - pa—rm)E oyt ) - 22— 07 T R ) — i ()]
—(uR—g) p-1-r7)" <0, (C.50)

where the inequality follows from % < 0and Fy(y*) —y* F,(y*) = y*[(Fy(y*) — F4(0)) /y* — Fy(y*)] > 0
(implied by the concavity of F}), and

0% J(w, 7) or , oy}
2N ) 2 ey B () - 22 C51
Er Pogme Ty Py 5 (C.5D)
Further, the concavity of F; and

O _ 0 On _ e (rne TP o

ow Om Ow ge= T p(1 — e~ (T=m)) O '
implies that

2 = 2 =
OIw.7) o T (C.52)

02w T OwoT

Furthermore, following (C.49)-(C.51) we can show that the Hessian matrix of J is negative definite which
implies that .J is jointly concave when w € [w(7),w(7)). And following (C.33) and (C.42), we can show
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that G(w, 7) is continuously differentiable when w = w (7).
Finally, we show that lim-_,, /, J(w,7) = J(w, 1/7).

log(1 —r7
lim J(w,7) = lim G <w,—°g(”)> (C.53)
F1/r T—00 r

Since lim; o0 w(7) = g/r, if w < g/r, we have lim:_,, . J(w,T) = —o0 = J(w, 7). If w > g/r, then
since

lim 2(w,7) = lim ———— — fy = — — 3

oo AN T) = I w(l—e™T) g 1 g
and

lim Wy = lim p(z+ Bg)(1—€'™7) = w; lim Hy = lim 2+ fy — Wi = w/p—w

T—00 T—00

Hence, following (4.35), we have lims_, J(w,7) = J(w, 1/r) if w > g/r. This concludes the proof.

C.5.6 Proof of Lemma 4.4

First, it is clear that at optimality, either (4.24) or (4.25) holds as equality. Otherwise we can increase £*
to improve the objective value without violating any constraint, which contradicts optimality.

If (4.24) is binding at optimality, (4.42) holds with w = wy, following (4.25). If (4.25) is binding, on
the other hand, (4.24) implies Fy, (w;) + wy > £* > 0. Furthermore, (4.19) implies F3(0) 4+ 0 = 0. Finally,
Fy(w) + w is increasing following Lemma 4.2. Therefore, there exists a w € [0, w;] such that (4.42) holds
as an equality.

C.5.7 Proof of Lemma 4.5
Define

Vp(w) := Fp(w) + w. (C54)
First, we present a technical lemma.

Lemma C.3 Forany k > 0, we have

Vo (k-b1) _ Vi, (K - b2)
pulR — by pulR — by

, Vb, b < uR, (C.55)
where Vy, is defined in (C.54).

Proof. Following Proposition 4.2, we have

Vp(w) = Fy(w) +w = U(’yé’(w, 0),7) +w
= S(’Vlg(wa 0),7;0) = (LR — b)T(/ylg(w? 0),v)

= (uR —b)E [ / v e‘”dt] : (C.56)
0
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where the fourth equality follows from Lemma 9, and the fifth equality follows from (C.13). Following (4.9)
and (4.11), we have for any b,

AW} = [r(W,_ —b) + min{b/r — W{_, b//,b}dNt]]thIl >0 78 = min{t : W2 =0}.
Define process w; := W} /b, then we have
dw; = [r(wy — 1) + min{1/r — wy_, 1/p}dNy] L, >0, T4 = min{t : w;_ = 0},

Hence, for any b1, bo, 7'%1 and Tg? follows the same distribution if W(I]’ Y/by = WgQ /ba. Therefore,

bo

Tbl T .
Vor(k-b1) _ g / Yemtdt| =E / ? ertgy| = Yeulkob2) 62),
puR — by 0 0 PR — by
which verifies (C.55).
Lemma C.3 implies that for any w > 0 and b; < by, we have
b2 /LR — bl HR - bl
= —= C.57
Vin() =V, (w2 ) A > Vi () A5 > Wiy ©s)

Next, we prove the desired results. For any given b, we denote the solution of optimization problem
(4.38)-(4.40) as (wy(b), wy (b), 7*(b)) and wp defined in (4.43) as wp(b). If there exists b € [b, uR)] such
that wg(b) = 0, then we prove by contradcition that for any b > b, we have wp(b) = 0. It implies that there
exists b € [g, uR] such that wg = 0 if and only if wg > 0.

If wp(b) > 0, following (4.43), we have R > band w}(b) > wj(b). Following (4.39) and (4.40),
(w;(l;), wg‘(?)), 7*(b)) and (w;(i)), w; (b), 7*(b)) are feasible for both b = band b = b. Therefore,

. . ~wi(b) —wi(b . . .
» ﬂwam,*w»+wl—pwmn{%u@w», (B_gb()—wﬂw}>w>J@@®%TW®)
+u—mwaaZP-Aw;wm%®»+u—pwmn{&mﬂ®x%WQ:Z““—wﬂw}

which implies that
mm{%wﬂwm“%Q_w“m—wﬁw}>mm{&wm@xw“A_“w—wﬂ&}
which is equivalent to
mm{%wﬂwxwmb_wm%}zmm{%wﬂw»wﬂi_wﬂm}

which contradicts with

Viwi ) < Vi), ang, 20 =00 M0 =50

where the first inequality follows from (C.57).
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C.5.8 Proof of Theorem 4.1
Following proposition 4.1, (v (7*, 2*), W (wg, wy —wp)) satisfy constraints (LL), (PK), (IC), and (IR).
In the following, we verify (TT).

u(vg(wp, wy —wg,0),7;0) = wy > g/r- (1—e™ ) = u(xf(r*,2%),1%b) = max u(7p (7", 2°), v;b),
Ve

where the first equality follows from Proposition 4.1, the first inequality follows from constraint (4.22), and
the last inequality follows from {19} = N(1J (7%, 2*),b). If uR < b,

U(Vg(T*7Z*)7 979) = w; > w?; = Igle%\)/,(U(’Yg(O,w;,O),l/,g),

where the first equality follows from proposition 4.1 and the first inequality follows from constraint (4.22).
On the other hand, if uR > b,

&
(nR —b)
= w; + (b — 9)T(v5(wp, wy — wp), V)

= u(a(wp, wj — wg),v;g) = Ijle%iu(’Yg(wB,wZ —wR), v g),

=w, +(b—9)

* 2 v * s Vi (w
u(yp (T, "), :9) = wy 2 wi + (b~ g) @}55’}3

)

where the first equality follows from proposition 4.1, the first inequality follows from constraint (4.25), the
last equality follows from the following lemma.

Lemma C.4 For any ~° that v € N(1°,b), we have 7 € N(7?, g).
Define bad agent’s lifetime expected utility, evaluated conditionally upon the information available at time ¢

under contract +? and effort process 7 as ult’ , then

b

u? = E” /O e " (dL’ — bds)

t
.7-“tN] :ug+/ HbdMY,
0

where M7 = N; — ut and H? > B, for any s. Define good agent’s lifetime expected utility, evaluated
conditionally upon the information available at time ¢ under contract +* and effort process 7 as u{, then

b

/ ' e (ALY + (b — g)ds)
0

b

/ e "(b—g)ds
0

uf =E”

.7:,5]\[] :ui’—i-IEf’

FN ]
b

/ e " (b—g)ds| FY
0

t
= uf +/ H°dM? +E”
0
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/
Next, we denote u as good agent’s lifetime expected payoff, given the information available at time ¢, when
he acts according to v/ = {v]};>¢ until time ¢ and then reverts to 7, then

, tAT—
uf =uf —|—/0 e (1 =1y —u)gds

b

/ e "(b— g)ds
0

b

/ e "(b— g)ds| F,
0

tAT—
FN / e (1 —1,—y)gds

tATY—
/ e "u 1 - ]lv = )(ﬁg - Hsb)dsv

F ]

tAT— B B
:u8+/ HdM? + E”
0

tNATY — , B
:u8+/ HbdMY + E”
0

Then, for any ¢’ > t,

b

/ e "(b—g)ds
0

7 ]

b

/ e "(b—g)ds ]:tN]
0

FN ]
FN ]

where the second equality follows from law of iterated expectation and the first inequality follows from that
(1 —1y=p)(Bg — H %) <0, Vt. Hence, uf is F N _supermartingale under P '. Therefore, by the optional
sampling theorem ([DM11], Chapter VI, Theorem 10),

, , t'ATO— , B
E [uf | FN) = B |uf + /0 HdMY + E”

t'AT? —
4 /0 e (1 = Lyymy) (B, — HY)ds

tAT? —
= ul + / HdMY' + E”
0

AT —
+ B / e u(1 = Ly—,)(By — HY)ds
0

b

/ e "(b— g)ds
0

tAT? — ,
[ e = (8, — s =
0

tAT? —
<ud+ / HdMY' + E”
0

!

u(y’, 7y 9) =uf >E" W] =u(r",v;g).

which implies that v is at least as good as v/’ for the agent.

C.5.9 Proof of Proposition 4.5

Following Proposition 4.2, we have if 3, > R, then U (7", v*) < —w which implies that w? = 0. As a
result, wy > wi =0.
If By > R, then in the optimization problem (4.4), ¢ < 0. Hence, the optimization problem (4.4) becomes

max_ p-J(wg, T) — (1 —plwy

Wy yWh, T

> b>g-T

>0,7 < 1/r.

\1 |
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Since the objective function is decreasing in wy, we can let w, = g - 7. Hence, optimization problem (4.4)
becomes

max p-J(wg,7)— (1—p)g-T
'LUg,T
wg 297_—7
T>0,7<1/r

We firstly consider the following optimization problem (corresponding dual variable defined after each
constraint):

max p-J(wy,T) = (1—p)g-T (C.58)
’UJg,T

T Z Oa n,

wg 2 g 77—’ n2,

wg < Wy = g/r;13.

The Lagrangian of the above optimization problem is given as

L =pJ(wg,7) — (1 —p)gT + m7 + ma(wy — g7) + n3(wg — wy)

Optimality condition requires

m = 0,m7 =0,

12 2 0,m2(wy — g7) =0,
N3 = 0,773(@9 - wg) =0,
oL
wr

oL
szJr(l—p)ngm—nzg:O-
-

=pJi+m2—n3=0,

If 73 > 0, then wy, = w,. Hence, J; = Fé(y*) = —1 (following (C.36)). Hence, 3 = —1n2 — pJ1 < 0
which leads to a contradiction. Hence, 3 = 0. We further consider the following two cases:

1. If ne > 0, then w = g7. Hence, 2 = —pJ1(w,w/g) > 0and ny = —pJi(w,w/g)g—pJa(w,w/g)+
(1 -p)g = —pgF,(w) + (1 —p)g > 0. Hence, in this case, the optimal solution will be either
wh =7 = 0orw; = w** and 7* = w** /g where F,(w**) = (1 — p)/p. In both cases, w}; < w{

2. If o = 0, then we need to find wy, 7" such that

T2 = —le(’lU;,T'*) =0,

m = (1-p)g—pa,

mTt = 0.
Since Ji(wy,7*) = 0, we have 7 > 0 and 1 = 0. (If 71 > 0 and 7* = 0, then J1(wy,0) = —1)
Hence, we require Ji (wy, 7°) = 0 and Ja(wy, 7) = (1 — p)g/p.

Finally, we show that w; < wl. If w{ > 0, then w{ = {w : Fj(w) = 0}. Forany w > w]

k9

Fp(w) = Ji(w,w/g) +1/g - J2(w,w/g) < 0. Further, since Jo(w,w/g) > 0 (following (C.46)),
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we have Jj(w,w/g) < 0. Furthermore, since Ji2 > 0 (following (C.52)), we have J;(w,T) <
Ji(w,w/g) < 0 forany w > w} and 7 < w/g. In this case, w}; < wy.

On the other hand, if w{ = 0, then F};(0) < 0 which further implies that F};(w) = Ji(w,w/g) +
1/g - Jo(w,w/g) < 0 for any w > 0. Again, since Jo(w,w/g) > O(following (C.46)), we have
Ji(w,w/g) < 0. Furthermore, since J12 > 0 (following (C.52)), we have J; (w,7) < Ji(w,w/g) <
0 for any w > 0 and 7 < w/g. In this case, (wy, 7*) does not exist.

Hence, w; < wy.

Since w < wd < Wy in the optimization problem (C.58), the constraint w < wy is redundant. Hence, in the

optimization problem (4.4), we have if 5, > R, wy < wf. This concludes the proof.

C.6 Proofs in Section 5

C.6.1 Proof of Lemma 4.6

(i) Following Proposition 4.4, J (w, 7, c¢) is jointly concave in (w, 7).
(ii) Following Proposition 4.4, j(w ,¢) is is increasing in 7. If 7 = 0, then 7 = — log(1 — r7)/r = 0.
Hence, w(0) = 0. Hence, for any w > 0, following (C.33), we have

L T [pR—c w
j(w,O,c)—llin < 1—e >dt_11£% 0 pe [ r u(l —e=7) dt
= =

(iii) It is equivalent to show that 7| (w, 7, ¢) = Jj(w,T) > —1. First, J is concave in w. Hence, we only

log(1 —r7
need to show Ji(w,7) > —1 when w is large enough. Denote 7 := M. Following (C.36), we

haVe, for w Z W (T), J{(w,i_) = FC/ (/16(11067_)> 2 —1.
(iv) Following (ii) and (iii), we have

J(w,7,¢)+w > J(w,0,c) +w=0.

Again, following (ii) and definition of 7, we have

T(w,7e) +w < J (w, %c) tw=URWr,0),7) = UG 5) +w = Fa(w) +w = Vi(w)

log(1 —r7)

where 7 := and T = E’ the last inequality follows from 4.2.
c

r

C.6.2 Proof of Theorem 4.2

For any contract menu I'¢, C = [c, €], denote w(c) := u(y¢, v¢; ¢), and 7(c) := 7°(¥¢) for any ¢ € [c, ]
where 79(.) is defined in (C.10).

Step 1: Constraint is more relaxed: We prove that the constraint of Z(C) implies the constraint of J*.
First, (TT) implies that for any ¢; < ¢o € C,

w(cr) > maxu(Y2, v;er) > u(y2,v2e1) = wlea) + (e2 — )T (72, v%) > w(ca), (C.59)
v
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where %2 € M(y°2, ¢2) and T is defined in (C.13). Hence, (TT) implies that w(c) should be non-increasing.
Furthermore, for any ¢ < ¢, we have

w(e) > maxu(y%,v;€) > u(v%, %) = c/ e Mtdt =c/r-(1—e"7). (C.60)
v 0

Step 2: Objective is higher We prove that the objective of )€ is greater or equal to the objective of
Z(C).
If R > S, then for any ¢ < ¢, following (C.59), we have
(c—)S( v5¢)

w(é) > w(e) + (c — )T (5, v°) = w(e) + VR —c =w(c) +

(c—o)UN" V) + we)
uR—c

)

(C.61)

where the first equality follows from Lemma C.2 and the last equality follows from S(v¢,v¢; ¢) = U (v, v°) +
u(y¢,v% c). Rearrange (C.61), we have, for any ¢ < c,

U, 00y < WO = "Z(f);(“R ~9) _w(e), i B> fe. (C.62)
Hence, for any ¢ < R, we have
U(v%,v°) < inf [M} (uR — ¢) — w(e). (C.63)
c<c c—¢C
On the other hand, if R < . (¢ > uR), then
U4, v°) < Fe(w(e)) = —w(c), if R < .. (C.64)

Finally, following Step 2.2 of the proof of Proposition 4.3 and definition of 7, we have for any ¢ < uR,

U) < Tu(0).7(0).€) < 7 (wie)min { ", 2 ) c65)

r

where the second inequality follows from that the function 7 (w, 7, ¢) is increasing in 7 (Lemma 4.6(ii)) and
(C.61). Therefore, (C.63) and (C.65) imply that for any ¢ < uR,

U(Y,v%) <&(cw()). (C.66)

With (C.64), we established that the objective of J° is higher than the objective of Z(C). To conclude,
compared with the optimization problem Z(C), )¢ has more relaxed constraint and higher objective. Hence,
Z(C) < )F.
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C.6.3 Proof of Proposition 4.6

Define
y(N,w(.)) = ﬁ;[P(Ci) — P(ci—1)] min {J <w(ci),min{wc(f), i} 7 Ci> (C.67)
’ Clilf {W(é);W(CZ)} (WR—ci) — W(Ci)} —w(en) /mcin{uR’E} p(c)de, (C.68)

Following (4.50), we have

Y¢=sup lim y(N,w(.)),

w(.) N—o0

s.t w(c) is non-increasing in c. (C.69)
As a result, we have for any € > 0, there exists non-increasing w(c) such that

Ye< lim y(NV,w(.)) +e,

T N—oo

Since for any N,
y(N,w(.)) <g(N),
we have
lim y(N,w(.)) = liminf y(NV,w(.)) < liminf 5(N).

N—oo N—oo N—o0

Hence, for any ¢ > 0, we have
V¢ <liminf §(N) + e,
N—o00
which finally implies (4.54).

C.6.4 Proof of Proposition 4.7

First, we show that J;(w|wy) is concave in w by induction. Jo(w|wy) = 0 is clearly concave in w.
Next, if J;—1(w|wy) is concave in w, we verify that J;(w|wy) is also concave in w.
Denote

Fwi_1,w;) := [P(ci) — P(¢;_1)] min {““‘15_““(#3 ) —wi, I <w min { “;{V : i} c> }
+ Jic1(wi—1|wn).

’LUNl

. Wi—1 — Wj o . . . .
Since f(,uR — ¢;) — w is linear in (w;—1,w;) and J | w;, min ,— ¢,C; | is concave in wy
c; T

(follows Lemma 4.6), then G(w;_1, w;) is jointly concave in (w;_1,w;). Hence, J;(w;|wy) is concave in
ws.

Since J;—1(w;—1|wy) is concave in w;_1, w and W are well-defined and w < w. Next, we verify the
optiaml solution in the following 3 cases. Further, following Lemma 4.6 (iii) and ¢; < puRR, we have

Case 1. If w; < w — @d, then we verify that w) | = w. If w;—1 > W, then w;—1 > W > w; + ud.
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Hence

and
fi(wi—1,ws) = Fi_y (wi—1wy) <0,

for w;_1 > w, where the last inequality follows from the definition of w. If w;_; < 0, then

Ple)=Plelwhc) 450 (w;rfwy) >0, ifwi1 < w; + @b,

! . . —
f1 (’U)z—lywl) { in_l(wi_ll’wN> >0, if w; € (wi + ud, ’lD],
where the second inequality follows from the definition of w. Hence, f(w;_1,w;) is increasing in w;_1 if
wi—1 < w and decreasing in w;_1 if w;_1 > wwhich imply that w;_; = w.
Case 2. If w; € (W — ud, w — ud], then we verify that w) | = w; + ud. For w;—1 < w; + ad,
[P(ci) = Pleim)|(WR — i) |

f1(wi—y, wi) = 5 + Jim1(wi—1|wn) >0,

where the inequality follows from w;_1 < w; + ud < w. Further, for w;_1 > w + ud,
filwiz1,wi) = Ji_y (wia|wy) <0,

where the inequality follows from w;_1 > w; + 4d > w.
Case 3. If w; € (w0 — ud, W], then we verify that w} ; = w. For w;—1 < @ < w; + ud, we have

J1(wi—,w;) = [Plei) = P(Cid_l)](uR — ) + Ji_ 1 (wi—1|wn) > 0,

where the inequality follows from w;_; < w. And for w;_; > w, then

[Plei))=Plei—)|(uR—ci) | ~1 , e Ao =
Pl (wi,w;) = { » ; + 3y (wistwn) 0, ifwiy € (i, w; + adl,

‘Ji_l(wi_1|wN) <0, if w;—1 > w; + ud,

(C.70)

where the first inequality follows from w;_; > w. Hence, f(w;_1,w;) is increasing in w;_; if w;—1 < W
and decreasing in w;_1 if w;_1 > w which imply that w} | = w.

Case 4. If w; > w, we verify that w ; = w;. Folloing (C.70), we have f(w;_;,w;) is decreasing in
W;—1 for Wi—1 > w;. Hence, w;(_l = W;.
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C.6.5 Proof of Proposition 4.8

pR—c

First, if wy > , then

In(wyloy) = imci) ~ P(ci—1)] min {“”—15‘“”'% ) —wi, T <w min { u, 1} ) }

=1
< ﬁ;[P(q) ~ P(ei)|T (w min { o, i} c>
N
<Y [P(er) — Pleiy)] [”RT_ 5 ] <0< 3n(0/0),
i=1
MR—Q

where the last inequality follows from w; > wy >
r
On the other hand, for any wy > ¢/r, then denote the corresponding optimal solution as {w;k }i:07,,,7 N.
Since wy > ¢/r, we have w; > ¢/r > ¢;/r fori = 0,...,N. Hence, min{wy/c;,1/r} = 1/r for
i=1,...,N.
Following (C.36), we have

oJw.ljre) _ (C.71)
ow
if w > w(c0) = ¢/r and w > pc/r. Hence,
J(w,1/r.¢;) < J(¢/r,1/r,c), (C.72)

forany i € {0,..., N} and w > ¢/r. Define {w; }i—o,.. N as
w; = w; — (wy — ¢/r).

Hence, if wy > ¢/r,

Q

N ot
I (anln) = 3o(P(e) ~ Pley)]min { L R - )

(
1
[P(ci) — P(ci—1)] min {W(MR— i) — i, J (},min {wN’ 1} ,Ci)}

<.
Il

M=

1

<.
Il

pR — ¢
r

-

I
—

[P(er) — Pleiy)] [ - wi] <0< In(0]0) < 3w (e/rle/r),

(2

where the first inequality follows from (C.72). Therefore,

In(wy|wy) < In(W|w).
C.6.6 Proof of Lemma 4.7

Since ¢ < ¢;, V5! (T8, 2%,) satisfies (LL) for ¢ € (¢;_1, ¢;]. Then, following the defition of v (7, 2%,) and

Wi YW

v, the menu of contracts f‘g satisfies (LL), (PK), (IC) and (IR). Hence, what is left is to verify (TT).
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First, we present a technical lemma to show that for any ¢ < ¢;, U is type c agent’s best response if he
takes contract v (7, 2%, ).

wi ~w

Lemma C.5 For any ¢ < ¢;, we have v € N(ypi (78, 2%,), ¢).

The proof of this lemma is the same as the proof of Lemma C.4, which is omitted here. Next, we verify (TT)
for type cj, @ = 0, ..., N. Given any c¢; such that ¢ < ¢; < ¢; < cy. We have
max u (%' (75, 20,) vi i) = u (' (7 24,), 7y i) = u (W (7 2), 73 ¢5) + (¢ — e)T (' (7, 24,), D)
=u (v (7], 2,), U5¢;) + (¢ — i) Ty < Wi +w; —wj = u (V5 (1o 24), T3 i) (C.73)

where the first equality follows from Lemma C.5, the second equality follows from (C.13), the third equality
follows from Lemma C.2, and the first inequality follows from the definition of 7, in (4.57). On the other
hand, given any type c; such that ¢ < ¢; < ¢; < cp,

mliixu (’Vgﬂ (1, 20),v; Ci) = (’ylfﬂ (1,20), VO;CZ‘) = ¢;7J, < ¢jmin {c-’ r} <wy < w;
j
=u (Vi (ri, 2h), 7y i) (C.74)

where the first inequality follows from the definition of 71, in (4.57), and the third inequality follows from
that w is non-increasing. Furthermore,
max u (v5(0,wn, 0),v;¢) = wy < w; =u (75’ (T 24): T3 ¢i) (C.75)
v
where the inequality follows from that w is non-increasing. Hence, (C.73)-(C.75) imply that type c; would

not mimic any other type.
Before we consider a general type ¢ € (¢;_1, ¢;], we present a technical lemma.

Lemma C.6 Forany ko > T > 0,

V( 001,7,61) _ V( 00277,02); Ver, o < pR. (C.76)
uR — ¢y HR — c2

Proof: Let T := —log(1 — r7)/r. First, kgc1 > 1, (7) is equivalent to kgca > e, (7). Further,

2, (koc1,7) a1
Zey(Koc2,T)  co

Similarly, koci € [We, (), We, (7)) is equivalent to kgcg € [ty (T), We, (T)). Further, 7,(c1) = 7,(c2) and

Zey (kocly T) o ﬂ
Zey(Koc2, ) c2
Hence, for any agent ¢ with w = kqc, 7, and let 77 (w, 7; ¢) be the stochastic stopping time that an agent

with cost ¢ and initial promised utility kqc and probation length 7 is terminated, when exerting full effort in a
probation contract. This implies that 7’ (w, 7; ¢) are identically distributed for any c. Therefore,

k =
4 007770); Ve < iR,
uR —c

18 a constant.
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Now consider an agent with type ¢ € (¢;—1.¢;], given ¢; > ¢;, then

maxu (v’ (7, 24), vi€) = u (W' (7, 20), 7i.¢) = u (%' (7, 4,), 7 ¢5) + (¢ — OF,

= wj + (¢; — )T, < wj +wi —wj + (ci — )T,

—Wz-—i—(cz-—c)min{V(Wj’min{WN/cj’1/r}’cj), nf [Wk—Wj]}
uR —cj crik<jk€L:N | ¢j — Ck
=w; + (¢; — ¢) min { VAw; - ci/¢j, minfww /cj, 1/T}’ci), inf [Wk_wl] }
UR —¢; cpik<ik€l:N | ¢; — C
< wi + (¢ — ¢) min V(w;, min{wy/c;, 1/r}, cl), inf |:Wk WZ:| }
wR —c; cpk<i,k€l:N | ¢; — ¢
=w; + (¢ — c)ﬁi, =u (’ygi(T\f;,, 23,), v, c) < maxu (’)/gi(T\Z’;,, z\f\,), v, c) , (C.77)
v

where the first equality follows from Lemma C.5, the second equality follows from (C.13), the third equality
follows from Lemma C.2, the first inequality and the forth equality follows from the definition of 7, in (4.57),
the fifth equality follows from Lemma C.6, the second inequality follows from that V is increasing in w and
7, and the sixth equality follows from (C.13). Meanwhile, given ¢; < ¢;,

max u (’ygj (1,20),v; c) =u (71? (T\{,,Z\J,\,),I/O;c) = ¢;7), < ¢;jmin {WN, }

C]' T
<wy <w <wi (6 — )7, =u (’yf;’i (12, 2L), 7; c) , (C.78)

where the first inequality follows from the definition of 71, in (4.57), and the third inequality follows from
that w is non-increasing. Furthermore,

Wi ~w

max u (15(0, wn,0),v;¢) =wy <w; =u (fyf,i(Ti 21, c) , (C.79)
14

where inequality follows from that w is non-increasing. Hence, (C.77)-(C.79) imply that ¢ € [¢, cx] would
not mimic any other type. Finally, for any type ¢ € [min{uR,¢},¢|and j € {1,...,N},

max u (v (7, 2), vie) = u (v (7, 2,), 10 ¢) = ¢;7, (C.80)
1
< comin {12 < g =0 (0500, w, 00 050).
TG

which implies that type ¢ € [min{uR, ¢}, ¢| does not mimic any other type. This concludes the proof.

C.6.7 Proof of Theorem 4.3

* * * * * * * N -
If 2w; < wj_ |+ wyq, thenw; —w;,; < w; ; —w;. Hence, for any j < 1,

wi —wi 2= Wiy — wi) S =iy —wi) _

i—j i—j - i—j

(C.81)
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Therefore,

]:[ c; c
-y / U (1S (7, 24, ) ple)de + / U05(0,08,0), 7 )ple)e
i=1 Y Ci—1 1
N ci ) ) C
-y / U (7, ), 7)ple)de — wyy / ple)de
i—1 Ci—1 ,LLR

- i(P(ci) — P(ci-1)) min {j (wf’min {U::N :’} c) ’

wj—wi

je(0mmi—1} (i — )6
=) (P(g) —P(cil))min{j <w;‘,min{w}f\[,i} ,ci>

(nR —ci) — wz} — wy(P(€) — Plen))

where the third equality follows from Lemma C.5, the fifth equality follows from the definition of 7, in 4.57)
and sixth equality follows from (C.81).
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