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ABSTRACT

There are two separate parts of this theis, discussing two separate problems of
different strongly correlated random systems coming from mathematical physics.

The first part of this thesis is about multi-point space-time joint distributions of
the totally symmetric simple exclusion process (TASEP) and some of its variants,
both on the infinite lattice Z and on spatially-periodic domains. We obtained exact
formulas involving contour integrals of Fredholm determinants for the joint distri-
butions of arbitrarily many space-time points for the discrete time TASEP, both on
the periodic domain and on Z. The large time asymptotics for height fluctuations
were considered, for both the relaxation time scale and the sub-relaxation time scale.
These formulas are multi-time generalizations of the Tracy-Widom distributions and
their periodic analogues. These results were generalized to inhomogeneous situations
where there are two sets of parameters describing different waiting times for different
particles or empty sites. In particular we obtained a description of the Baik-Ben
Arous-Péché phase transition describing the effect of having finitely many slow par-
ticles for the joint height fluctuations at the multi-time level. A multi-time analogue
of the Baik-Ben Arous-Péché distribution was obtained describing the height fluctu-
ations with critically-tuned jumping rates.

The second part of this thesis is about spectrum of random Schrodinger opera-
tors. More specifically we studied the conservation properties for the point processes

formed by eigenvalues of random Schrodinger operators under spatial conditioning.

x1



We established number rigidity property for a large class of random Schrodinger
operators, first for one-dimensional operators acting on continuous spaces, later for
higher-dimensional (possibly non-selfadjoint) operators acting on discrete spaces. The
number rigidity property for a point process roughly states the total number of points
of a point process inside any compact set is a deterministic function of the point con-
figurations outside of the compact set. The crucial techniques are exact integral
formulas for the exponential linear spectral statistics obtained through a Feymann-

Kac representation of the semigroup associated to the random Schrédinger operators.
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CHAPTER 1

An Overview of this Thesis

This thesis focuses on the study of large random systems with strong spatial
correlations. The thesis consists of two parts, each can be read independently.

The first part, consisting of Chapter 2 to Chapter 4, discusses a specific interacting
particle system model, known as the totally asymmetric simple exclusion processes
(TASEP). TASEP is the default model describing traffic transportation in one di-
mension and serves as a prototypical example among a large class of random growth
models in (1 4 1) (space + time) dimensions. The techniques used in Part I are
heavily algebraic and combinatorial. Exact formulas for certain observables of the
systems are obtained using the exact solvability (integrability) of the model and the
long-time, large-scale behaviors of the sytems are then understood using these exact
formulas. Studying probabilistic systems with rich algebraic structure that allows
exact evaluations of certain observables has been an active research area over the last
two decades, known as integrable probability.

The second part, consisting of Chapter 5 to Chapter 7, studies random Schiodinger
operators and their spectrum. Random Schiodinger operators are Schrodinger oper-
ators with random potentials. They naturally arise from quantum physics and model
solids and other materials with disorder. In Part II we will focus on the spectrum

of certain classes of random Schrodinger operators and the main techniques used are



probabilistic or analytic (spectral theoretic).
Below we provide a brief overview of the organization of each part and their
connections, more detailed background material will be discussed in Chapter 2 for

Part I and Chapter 5 for Part II.

1.1 An overview of the first part

The first part, including Chapter 2 to 4, focuses on understanding the space-
time joint distributions in the 1+ 1 (space 4 time) dimensional Kardar-Parisi-Zhang
(KPZ) universality class, conjectured to be the class of models describing generic
random interface growth with strong local spatial correlations, through the lens of
one particular model (and some variants of it) in the universality class, the totally
asymmetric simple exclusion processes (TASEP).

Chapter 2 introduces the necessary background on the KPZ universality class.
We will mainly focus on the totally asymmetric simple exclusion processes (TASEP)
and its variants, on both the infinite lattice Z and spatially-periodic domains (i.e., on
the circle or ring). We give an overview of the main procedures of solving periodic
TASEP exactly and discuss in particular how to obtain the transition probability
using ideas known as the Coordinate Bethe Ansatz which comes from quantum inte-
grable systems.

Chapter 3 is mainly drawn from my work [79]. It focuses on an inhomogeneous
version of the TASEP depending on two sets of parameters. The finite-time multi-
point distributions are obtained first for the model on periodic domains and then for
the model on Z. For the large time asymptotics we focus on the full-space model 7Z
with finitely many particles and empty sites having non-uniform rates. Under proper
scaling, a multi-time analogue of the famous Baik-Ben Arous-Péché phase transition
first discovered in the study of spiked random matrix models [6] is obtained.

Chapter 4 is mainly drawn from my work [78]. We study a discrete time analogue



of the TASEP, mainly on spatially periodic domains. The general strategy to get
a finite-time joint distribution formula is similar to Chapter 3 but there are some
extra difficulties for the algebraic part. For the large time asymptotics we focus on
the relaxation time scale which is the scale when the periodicity affects the height
fluctuations critically and thus has richer structure. We obtain the same limiting
distribution as the one first discovered in [10] for the relaxation time limit of con-
tinuous time periodic TASEP. These results provide evidence of the universality of
height fluctuations for models in the KPZ universality class with periodic boundary

conditions.

1.2 An overview of the second part

The second part, including Chapter 5 to 7, studies random Schédinger operators
(RSOs) and their spectrum, focuses on how the eigenvalue point processes behave un-
der spatial conditioning, through a particular property known as the number rigidity.
The main technical achievement is a novel method of establishing number rigidity
using a Feynman-Kac type formula for the exponential linear spectral statistics.

Chapter 6 contains materials from my paper [52] jointly with Pierre Yves Gau-
dreau Lamarre and Promit Ghosal. We considered a large class of one-dimensional
random Schrodinger operators acting on continuous spaces. Using the fact that the
associated semigroups of the RSOs admit Feynman-Kac type integral formulas, we
are able to obtain tractable formulas for the exponential linear spectral statistics of
the form Y77 e~ where {\,}5°, are eigenvalues of the RSO. Through analyzing
the formula we obtain useful information on the eigenvalue point processes.

Chapter 7 comes from the work [53] jointly with Pierre Yves Gaudreau Lamarre
and Promit Ghosal. It is a continuation of the previous work where we study the
same type of problems for random Schrodinger operators acting on higher dimensional

discrete spaces. The highlight here is due to the discreteness of the underlying spaces,



we can treat much more general classes of noises (possibly correlated) and Markov

generators (possibly non self-adjoint).

1.3 Connections between the two parts

There are nevertheless fruitful connections between the two parts of the thesis.
Some common motivations for both parts come from random matrix theory and (de-
terminantal) point processes. More specifically both parts are more or less related to
the largest eigenvalues of certain classes of random matrices, or their liming fluctua-
tions.

It is well-known that the one-point marginals of the height fluctuations of TASEP
and the largest eigenvalues of a large class of random matrices are both described in
the large scale limit by the Tracy-Widom law and its relatives. Even better at finite-
time level it is known that the single-time (or multi-point equal time) distributions
of the inhomogeneous TASEP model discussed in Chapter 3 agrees exactly with the
laws of largest eigenvalues of a generalized Wishart random matrix model, where
the entries of the random sample matrices are gaussian with covariance matrices
depending on two sets of parameters (see [20]). The main achievement of Part I
is the computation of multi-time generalizations of the single-time results on the
interacting particle system side. Currently one can only see the spatial marginals of
the KPZ fixed point (i.e., at the Airy processes level) from random matrix models
while the time direction is missing. It remains an open and interesting question if
one can find a natural random matrix model with the same multi-time distributions.

The central objects studied in Part IT are random Schrédinger operators and their
spectra. They can be viewed as continuum analoguess of random matrices and their
eigenvalues. A very special random Schrodinger operator introduced in [95], usually
called the stochastic Airy operator, naturally appears as the scaling limit of the

Dumitriu-Edelman tri-diagonal random matrix models introduced in [42]. A natural



motivation for the work in Part II is to understand the spectrum of the stochastic
Airy operator, known as the Airy-f processes, from a stochastic analysis point of

view. The framework extends nicely to more general random Schrédinger operators.
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Multi-time Distribution in the

KPZ Universality Class



CHAPTER 2

Introduction to the KPZ Universality Class

2.1 The KPZ universality class and KPZ fixed point

2.1.1 The KPZ equation and KPZ universality class

In 1986, three physicists Kardar, Parisi and Zhang [72] proposed the following
stochastic partial differential equation as a natural continuum model describing ran-

dom interface growth in 1+ 1 (space+time) dimensions:
Ouh(x,t) = O;h(x, 1) + (Ouh(w,1))* + &(x, 1), (2.1)

where h(z,t) : I xRy — Rfor I C R and £(z,t) is a Gaussian space-time white noise
(i.e., arandom Schwartz distribution with mean zero and § covariance E[£(t, z)E(t, 2')] =
d(t —t")o(x — 2’)). Through a dynamical renormalization group analysis, in [72] the
authors predicted the dynamical scaling exponents for the random function h(z,t)
and argued that the same dynamic scaling exponents should be satisfied by a much
larger class of random systems sharing similar strong spatial correlations regardless
of the detailed microscopic mechanisms.

Following the seminal work of Kardar-Parisi-Zhang, a large class of random sys-
tems coming from interacting particle systems, random interface growths, directed

polymers in random environments, random matrices and so on has been shown or



conjectured to share the same dynamical scaling exponents and have the same long-
time, large-scale behaviors. These models form the so-called Kardar-Parisi-Zhang
(KPZ) universality class.

Though it remains an open and challenging question to describe the precise re-
quirements for a random system to belong to the KPZ universality class, the following

three vague mechanisms are believed to be shared among the class:

(i) (Locality) The interactions between height function at different locations are

localized (long-range interactions are negligible).

(ii) (Nonlinear slope dependence) Vertical growth rate at each spatial point depends

nonlinearly on the local slope of the height function.

(iii) (Space-time independent noise) The interface growth is driven by noise that

decorrelates quickly in space and time and does not have heavy tails.

2.1.2 1:2:3 KPZ scaling and the KPZ fixed point

Models in the (1 + 1)-dimensional KPZ universality class are typically described
by a random height function h(x,t) (or some analogs of it) with (z,t) € I x R, for
I C R. Here we take I = R be the full space. One can also consider half-space R, or
finite-volume spaces I = [a, b] with certain boundary conditions at the end points. We
will discuss the similarities and differences with different underlying spaces (mainly
finite interval with periodic boundary conditions) in Section 2.3.

Despite rather different descriptions of the height functions for different models,
it is believed that with the same type of dynamic scaling exponents, namely 7/3 :
T?/3 . T3/3 for height fluctuations, spatial correlation and temporal correlations, the

large T limits for the height functions are universal. Mathematically we have

. h(cuT?3,corT) — 3T
Ilggo C4T1/3 - H(U, T))




for a unique (in distribution) random function H(u,7) known as the KPZ fixed point.
Here the constants ¢y, -+, ¢y are model-dependent and the distribution of H (u,7)
depends on the initial data H(u,0).

The one-point marginal of H(u,7) (i.e., the distribution of the random variable
H(u,7) for fixed u and 7) is known to be the Tracy-Widom distribution and its
variants. Such limit laws for the one-time marginal has been obtained for a large
class of models, mainly with very special algebraic or combinatorial structure so that
one can obtain explicit formulas for certain observables related to the height functions,
see [7, 65, 19, 105, 3, 15, 16, 17]. The spatial process H (-, T) for fixed 7 is known as the
Airy process (and some of its variants). Convergence at multi-point equal time level
was mainly obtained for determinantal models (i.e., models related to the so-called
determinantal point processes), see [92, 19, 83]. A complete description of H(u,T) as
a Markov process on the space of upper semicontinuous functions with a transition
kernel described by certain Fredholm determinants was obtained recently in [83], by
solving exactly the TASEP (will be introduced in Section 2.2) with general initial
conditions and performing large time asymptotics. A different (and slightly more
general) description of the full scaling limit was later obtained in [38]. By taking
the scaling limit of a Brownian last passage percolation model (related to TASEP
and is described briefly in Section 2.2), the authors in [38] obtained a four-parameter
random field £(z,s;y,t), known as the direct landscape (or space-time Airy sheet
conjecture in [36]) with (z,s;y,t) € R* and s < t. The KPZ fixed point H(u, ) can

be embedded in L(x, s;y,t) by defining

H(u,7):=sup (H(v,0) + L(v,0;u, 7)) .

veER

More recently there is important progress of extending the previous results to non-

determinantal (even without any solvability) models, see [93, 108].



The main goal of the first part of this thesis is an explicit description of the joint
laws of (H(uy,7m1),-* , H(tm,Tm)) with arbitrary m points and possibly different
7;’s. Surprisingly the first rigorous result on the general multi-point space-time joint
distributions was obtained for TASEP on the ring in [9] instead of on Z. The results
were extended to more general initial conditions in [10] for the periodic model. We will
explain in Chapter 3 how the periodicity of the model makes the algebraic calculation
simpler. For the full space models, in [67] the authors obtained a formula for the multi-
time joint distributions of a geometric last passage percolation model (equivalent to a
discrete time version of TASEP), following the idea of [66] where the special two-time
distribution was obtained. Around the same time, in [81] a different formula for the
multi-time distribution of TASEP on Z was obtained, by relating it to the periodic
models. The contributions of part I are mostly extensions of [9, 10, 81, 67, 68]. We
mainly follow the strategy in [81] by always solving the problem on periodic domains
first which is easier due to nicer algebraic properties. Then the corresponding problem
on 7Z will be obtained by taking the period large enough. See Chapter 3 and 4 for

more details.

2.2 TASEP and some variants

2.2.1 TASEP and its height function

The totally asymmetric simple exclusion process (TASEP) is a prototypical stochas-
tic model decribing transport. It was first introduced in [82] by biologists as a model
for mRNA translation and independently in [102] by probabilists as a typical inter-
acting particle system. Formally, the (continuous time, homogeneous) TASEP (on Z)
is a continuous time Markov process n(t) = {1, (t)}sez with state space S = {0, 1}%
(meaning that n,(t) € {0,1} for all t € R, and such 7,(¢) are usually called occupa-

tion variables, they represent whether the site x € Z is occupied with a particle or

10



ETASEP

not at time t) and infinitesimal generator acting on cylinder functions (those

that are nonzero only for finitely many coordinates) f : S — R given by

(ETASEPJC Z 7796 779:+1 f(77$71+1) - f(ﬁ)% (2'2>

TEZ

x,x+1

where the configuration n is obtained from 7 by exchanging values at x and x+1,

namely
.

Net1s if y =z,

r,x+1 <

y’ Nis ify=ao+1,

Ny otherwise.

In plain words the dynamics is simply several particles perform independent nearest
neighbor Poisson random walk on Z where each particle tries to jump to their right
neighboring site after an independent rate 1 exponential waiting time, however the
jump is only allowed when the target site is empty. Note that the TASEP dynamics
preserves the number and ordering of particles. Usually we are only interested in the
locations of finitely many tagged particles and their dynamics will not be affected by
the particles to their left. Hence it is sometimes more convenient to view TASEP as
dynamics on Z(t) = (z1(t), -+ ,xn(t)), encoding the locations of the first N particles

(from right to left), which lives on the state space

Qnv ={T= (1, ,on) €ZY 121 > 39 > -+ > an ]

Note that here and throughout all the chapter we assume there is a right-most particle
x1(t). From this dual point of view the infinitesimal generator LTASEP acting on

bounded functions ¢ : Qy — R takes the form

(2.3)

M =
|

|

QQ

&

N—
'—l
l

m

2

Z

( [ TASEP )

=1
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Here JZZ_ - (xlv"' s Li—1, Ty — 1axi+17"' 7'TN)-

Definition 2.2.1 (Height function associated to TASEP). We associate the follow-
ing height function h(z,t) : R x Ry — R to the TASEP with occupation variables

{n:(t) Yrez: For x € Z, we define

(

20o(t) + 37— (1 = 2n.(t)),  forx>1,

h(z,t) == ¢ 2J5(¢), for z =0, (2.4)

\QJO(t) — Z(y):x+1(1 —2n,(t)), forx < —1.

The value of h(x,t) for general x € R is defined by linear interpolation. Here the
function Jo(t) counts the total number of particles that have passed the origin before

time t.

Graphically we simply associate each particle with a line segment of slope —1
and each empty site with a line segment of slope 1. Any movement of the particles
corresponds to switching a V into a A for the height function. See Figure 2.1 for an
illustration. By definition of h(x,t) we then have the equality between the events
{a:%(T) > X} ={h(X,T) > H}, where z4(t) is the location of the k-th particle

at time t.

S

Figure 2.1: TASEP and the associated height function. The solid and dashed line
represent the height function before and after a jump.

12



2.2.2 Exponential last passage percolation

The following statistical physics model, known as exponential last passage perco-
lation (ExpLPP), is closely related to TASEP and will provide useful insights for our
study on TASEP oftentimes. We associate each site (4,7) € Z2 with an independent
exponential clock w;;. Then for any (M,N) € Z2, we define a random variable,
known as the (point-to-point) last passage time from (1,1) to (M, N) by maximizing
the total waiting times over all possible up-right paths:

G(M,N) := max Z Wi, (2.5)

well 4
(i,)€m

where the set IT consists of all up-right paths from (1,1) to (M, N). The following
Proposition summarizes the relationship between exponential last passage percolation

and TASEP.

Proposition 2.2.2 (Coupling between TASEP and ExpLPP). Let x4 (t) be the lo-
cation of the k-th particle under the TASEP dynamics with step initial condition
2;(0) = —i for all © > 1. And let (G(M,N))m,nez, be the last passage times at
different sites for the same exponential last passage percolation model. Then for any

mteger m > 1,

Prasep <ﬁ{xk¢ (te) > ae}) = Pryprprp (ﬁ{G(/% ag+ k¢) < t£}>

l=1 £=1 (26)

= PexpLrp (ﬁ{G(ae + ko, ko) < tz}) -

(=1

Proof. Clearly the last passage times G(M, N) satisfy a random recurrence relation
G(M,N) =max{G(M —1,N),G(M,N — 1)} + wu v,

for all (M,N) € Z3 where G(0,N) = G(M,0) := 0 and wy,y is an exponential

13



random variable with rate 1 independent of G(M — 1, N) and G(M,N — 1). Now
define another set of random variables T'(M, N) to be first time when the M-th
particle x; under a TASEP dynamics starting from the step initial condition reaches
the site N — M. Then T(M, N) satisfy the same recurrence relation as G(M, N),
namely

T(M,N) = max{T(M — 1,N),T(M,N — 1)} + dpr,

for independent rate 1 exponential random variables w. Thus T'(M, N) and G(M, N)

are equal in distribution and hence

Prasep(za(t) > N — M) = Pragpp(T(M, N) < t) = Prapree(G(M, N) < t).

The second equality in equation (2.6) follows from row/column symmetry. The cou-

pling extends easily to multi-point joint distributions. O]

This type of coupling between TASEP and LPP extends to general initial con-
ditions for TASEP which correspond to point-to-curve last passage percolation (as
opposed to point-to-point LPP). We will not explain this in detail here since it is not

needed in this thesis.

2.2.3 Some variants

The models we will consider in Chapter 3 and Chapter 4 are both slightly different
from (and more general than) the TASEP model introduced in Section 2.2.

In Chapter 3 we consider an inhomogeneous version of the exponential last passage
percolation (or equivalently TASEP) introduced in [20]. Instead of taking the waiting
time w;; to be of rate 1 for all 7, j, we take w;; to be an exponential random variable
with rate m; +7;, for two sets of parameters {m;} and {7;} with m; +7; > 0 for all ¢, .
From the TASEP point of view this means different particles (and different empty

sites) have different jumping rates (or speeds).
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In Chapter 4 we consider a discrete time version of the TASEP. Instead of letting
each particle run independent continuous time Poisson random walk, we let them
run independent discrete time Bernoulli random walk where each particle tosses an
independent coin with success probability p and tries to move to their right neigh-
boring site after each discrete time step upon success, subject to the same exclusion
rule. We will focus on the parallel update version which means the updates for all
particles happen simultaneously at the end of each time step (so a particle will not
move during a time step if its target site was occupied at the beginning of the time
step). From the last passage percolation point of view this is equivalent to replacing
the exponential waiting time at each site (4, j) with a geometric random variable with
success probability p (meaning that P(w;; = k) = (1 — p)*~1p).

The continuous time TASEP can be obtained as a limit of the discrete time one
by taking p = €, rescaling the time 7" = t/e and sending ¢ — 0. There are other
interesting degenerations of the discrete time TASEP (or geometric last passage per-
colation). For example it is also interesting to consider the Poissonian limit when
we fix A > 0 and take p =1 — % The distribution of limy_,o G,(N, N) is known
as the Poissonized Plancherel measure and is related to the longest increasing subse-
quence problem, see [7, 92]. Another interesting limit is to rescale the columns in the
geometric last passage percolation, send M — oo and keep N fixed. The discrete ran-
dom environment (wy g, - ,wy ) Now becomes a continuous random environment
(essentially a Brownian motion) and one is optimizing paths among N independent
Brownian motions. The model is known as the Brownian last passage percolation and
is closely related to Dyson’s nonintersecting Brownian motions and Gaussian Unitary

Ensembles from random matrix theory. See [11, 86].
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2.3 Spatially periodic domain and other underlying spaces

So far we have been considering TASEP on Z or last passage percolation inside
the first quadrant. The main spirit this thesis would like to convey is that it is also
worth to consider other underlying spaces. Spatially periodic domains will serve as
our main example to illustrate this philosophy. There are three reasons to consider

TASEP on periodic domains:

(1) The periodic models are interesting on their own because they naturally interpo-

late equilibrium dynamics and KPZ dynamics on the infinite-volume spaces.

(2) The multi-time distribution of periodic TASEP is easier to compute comparing

to TASEP on Z due to nicer algebraic properties.

(3) The multi-time distributions of TASEP on Z can be derived from the correspond-

ing results for periodic TASEP by taking the period L large.

We will try to illustrate these philosophies briefly in this section. For more details

see Chapter 3 and Chapter 4.

2.3.1 Periodic TASEP

For a fixed integer L € Z,, we define the periodic TASEP with period L as the
following minor modifications of the TASEP model on Z introduced in Section 2.2.
Instead of considering the full state space S = {0,1}%, we restrict ourselves to the

subspace

St = {(Me)zez € {0,1}* - niyj =m; for all i, j € Z}.

The infinitesimal generator for the Markov process remains the same and the only
difference is for the periodic model, we impose the extra assumption that particles
with coordinates differ by a multiple of L are identical copies of each other and will

all move simultaneously. If we identify all these particles that move together, we
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essentially get TASEP on a ring of size L. However we prefer to distinguish them and
keep track of the winding number of each particle around the ring.

Now fixing L consecutive sites (say {—L,---,—1}) and assume there are initially
N particles in these sites (meaning that 7; = 1 for exactly N sites among —L < i <
—1). Then the total number of particles in any L consecutive sites at any time will be
N. Hence the cardinality of the state space Sy, v for the occupation variable (7;).ez
will be |Sp x| = ( ﬁ,) Taking the dual point of view, the state space for the particle

locations will then be
Quy={T= (21, ,an) €EZ" tan + L > 21 > 25> -+ > 1N} (2.7)

See Figure 2.2 for an illustration of periodic TASEP dynamics.

Figure 2.2: Periodic TASEP with L. = 8 and N = 5. Particles within each dashed
rectangle form a period and particles in different periods are identical copies of
each other. The corresponding height functions inside each period are also identical
copies of each other up to a global shift.

The variants introduced in Section 2.2.3 also have their analogues on the periodic
domain and can be defined in a similar manner. We leave the formal introduction of

these models to later chapters.

2.3.2 Periodic versus Infinite

For both the periodic and infinite models, we are mainly interested in the long

time, large scale behaviors of the height functions. The periodic model contains an
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extra parameter L and by tuning the parameter L one can see phenomena that are
not seen in the infinite-volume models. Depending on the relationship between the
period L and the time parameter ¢ (will be sent to infinity), there are three different

regimes where the height fluctuations have completely different behaviors.

(i) The super-relaxation time scale t > L*?2. This in particular includes the case
when L remains bounded and ¢t — oo. In this regime all the particles are
strongly correlated and the height fluctuations at all the spatial locations are

more or less the same (described by gaussian after a diffusive scaling).

(ii) The sub-relaxation time scale t < L3/2. In this regime the period is extremely
large and the time is not long enough so that the particles do not feel the effect
of the boundary at time ¢t. Thus the height fluctuations are expected to be the

same as the infinite-volume models.

(iii) The relaxation time scale t ~ L3/2. This is the scale when the height fluctuations
are critically affected by the finite geometry. Thus the height fluctuations are
expected to be a crossover between equilibrium dynamics and the KPZ dynamics

on the full space.

The relaxation time scale ¢ ~ L3/2 was first indicated in [63], as the scaling exponent
for the reciprocal of the spectral gap for the infinitesimal generator of periodic TASEP
with period L (the latter is O(L~3/2) according to their computation). Note that this
is consistent with the definition of relaxation times for general Markov chains, see
Chapter 12 of [77]. One can also understand the relaxation time scale from the
1:2: 3 KPZ scaling, from which we know the critical length for spatial correlations
is O(tQ/ 3) for models in the KPZ universality class, namely particles of distance ~ t2/3
are critically correlated. The relaxation time scale t = O(L*/?) then can be identified
with the scale when all particles in the same period are critically correlated, since

L~t23 ot~ [32
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The discussion above indicates an alternative indirect way to study models in
the KPZ universality class on the full space, namely first study the corresponding
models in the periodic domain with period L (if it turns out to be easier) and then let
L — oo. Even better, if we are only interested in the joint distribution of finitely many
particles of TASEP at fixed finite-time, then we have exact equally in distribution
between infinite model and periodic model with sufficiently large period L (but still

finite).

Proposition 2.3.1 (Theorem 3.1 of [81]). Consider periodic TASEP with period L
and N particles in each period and TASEP on 7 with N particles starting from the
same initial condition ¥ = (y1,--- ,yn) € Qpn. Here Qp n is defined in equation

2.7). We denote the particle locations by 2B #) and #°(t) for the two models.
k k

Given any integer m > 1, for any m indices {ki,--- ,kyn} C {1,--- N} and m
integers ay,- -+, am, if the period L satisfies
LZmaX{y1+17a1+k1,"‘ 7am+km}_yl\f’ (28)

then we have

P (ﬁ{x,&f)(te) > ae}) =Py (ﬁ{%(gjo)(te) > ae}) : (2.9)
=1 £=1

Here (L) and (00) stand for periodic model and infinite model, respectively.

The proposition basically quantifies the intuition that when the period is large,
particles will not feel the boundary effect if they have not gone far enough. We point
out that a priori it is somehow surprising since the left hand side of equation (2.9)
involves an extra parameter L and the Proposition states that it is independent of L
when L is large. How to obtain a formula for the left hand side of (2.9) free of the

parameter L is a separate important question.
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A better way to understand the Proposition is through the related exponential last
passage percolation model. The first observation is that introducing periodicity to
TASEP corresponds to considering exponential last passage percolation on a cylinder
under the coupling described in Section 2.2.2.

More precisely, we consider the following variant of the exponential last passage
percolation model introduced in Section 2.2.2. Fixing positive integers N < L, we

introduce the following equivalence relation among points in Z?:

(p1,q1) ~ (p2,q2) if (p1 —p2, 1 — q2) = k(L — N,—N) for some k € Z.

Then we associate the same rate 1 exponential random variable w;; to all the sites
in the same equivalence class as (7,7) € Z?, while waiting times at sites in different
equivalence classes are independent. The cylindrical last passage time G“N)(a, b) for
(a,b) € Z? is then defined as the supremum over all usual last passage time G(c, d)

with (¢, d) ~ (a,b), namely

GEMN (g, b) ;= max max E Wy .
(a.0) (cd)~(ab) w:(11)—(cd) “=
7 up-right (43)€™

Here up-right is in the usual sense in Z?, so if ¢ < 1 or d < 1 then there is no up-right
path from (1,1) to (¢,d). See Figure 2.3 for an illustration. It is straightforward to
check that with this definition we have similar coupling between Exponential LPP on
cylinder and periodic TASEP (with step initial condition) as in equation (2.6).

Now for L — N > max{a, + ki, -+ ,am+kn} > 1and N > max{ky, - -, kn} > 1,
the m points {(ag+ ke, k¢) }72, all lie inside the rectangle {1,--- ,L—N} x{1,--- | N}.
Then the only possible up-right paths from (1,1) to (¢,d) ~ (ay + ke, k¢) are those

from (1,1) to (ag+ k¢, ke), for all 1 < ¢ < m. This is because for any j # 0, we either
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have ag + k¢ + j(L — N) < 1 or k;, — jN < 1. This then implies that

GEN (ap + kg, ko) = Glag + ko, ky), forall 1 <2< m.

This essentially proves equation (2.9). See Figure 2.3 for an illustration.

(4.3)

(1,1) (1,1) (1.2)

Figure 2.3: An illustration for cylindric ExpLPP with L =7 and N = 3. On the left
the solid rectangles with the same indexing (1,2 or 3) are identical copies of each
other and waiting times for sites inside each solid rectangles are independent. On the
right the cylindric last passage time G*V)(4, 3) equals the usual last passage time
G(4,3). However the cylindric last passage time G(*")(3,8) by definition equals
max(G(3,8),G(7,5),G(11,2)).

2.3.3 Other underlying spaces

We mention briefly here some similar models with other interesting state spaces
though we will not discuss them in details. There are at least two other interesting

variants of TASEP with different underlying spaces:

(i) The half-space Z, . The state space is {0, 1}*+ and usually there is a reservoir at
the origin 0 where particles are created and they enter the system at a certain
rate 7. This variant of TASEP is related to certain last passage percolation
models in the half-quadrant, see [5, 106] for more precise descriptions and some

generalizations.

(ii) The finite interval {1,--- , L} with open boundaries. The state space is {0, 1}{t->1}
while there are reservoirs at sites 1 and L. For TASEP particles are created with

rate « at site 1 and are absorbed with rate § at site L. Height fluctuations are
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crucially affected by the boundary parameters @ and # and hence are splitted
into different phases. There is no rigorous descriptions yet of the height fluctu-
ations in the so-called maximal current phase which should be the KPZ regime.

See [60] and references therein for some physical computations.

One of the significant differences between the above two variants of TASEP with
those discussed before (TASEP on Z and periodic TASEP) is that the total number
of particles is no longer preserved. This is crucial in the computation using coordinate

Bethe Ansatz as will be shown in the next section.

2.4 Solving periodic TASEP exactly

In this section we briefly summarize the whole procedure of solving the periodic
TASEP exactly and obtaining formulas for the multi-point joint distribution. Such
procedures will be described with much more details and greater generalities in the

next two chapters. It roughly follows the following four steps:

Step 1(P): Derive an integral formula for the Markov transition probability P,(y —
Z). For TASEP this typically involves certain determinants and such

approach was pioneered by Schiitz [99].

Step 2(P): Perform a (multiple) summation over the transition probabilities in order
to get finite-time joint distributions. This step typically involves nontrivial

combinatorics.

Step 3(P): Rewrite the joint distributions obtained in Step 2 through certain orthog-
onalization procedures to get alternative formulas that are more suitable
for taking large time asymptotics (such formulas are typically related to

Fredholm determinants).

22



Step 4(P): Perform large time asymptotics under suitable scaling (typically a steepest-

descent analysis).

The procedure above is described for periodic TASEP but one can go through
the full procedure for TASEP on Z as well (of course with a different transition
probability formula to start with). Historically for one-time (possibly multi spatial
locations) marginals the Z formulas are obtained earlier (and they are simpler), due
to the connection to determinantal point processes, see [65, 99, 18]. For the multi-
time distributions there are significant extra difficulties in Step 2 and 3 and the
calculation for TASEP on Z (or rather the discrete time analogue) was only carried
through recently in [67], after the parallel and lighter computation was done in [9] for
the periodic analogue.

Owing to the observation in Proposition 2.3.1, in [81] an alternative approach was
proposed for studying multi-time distributions for TASEP on Z. Instead of going
through the parallel four-step procedure for the Z model (which we will denote by
Step 1(Z)-4(Z) as opposed to Step 1(P)-4(P) for the periodic model), one starts with

the result obtained in Step 3(P), then going through the following two steps:

Step 3.5 (P — Z): Fix the parameters {k, as, to}}2, as in Proposition 2.3.1, taking
the period L large so that the multi-time joint distributions for periodic TASEP
agree with the one for TASEP on 7Z at fixed finite time by Proposition 2.3.1.
Rewrite the periodic formula so that it is free of the extra parameter L (This is

the hard part and relies heavily on the algebraic properties).

Step 4’(Z) Take the formula obtained from Step 3.5 and perform large time asymp-

totics under proper scaling.

See Figure 2.4 below for a summary of the procedures described above. Chapter
3 and Chapter 4 mainly follow the above strategy, proper modifications and general-

izations are needed for the slightly more general models studied there.
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P (57— @)

Contour integral of

N xX N determinants)

multiple summation

L

P (O {n, (te) > ac})

m-fold contour integrals of

N x N determinants

L large

P)(§ = )
N x N determinant

multiple summation

!

L large

P (O {zk, (te) > ae})

2| (m — 1)-fold contour integrals

of N x N determinants

” ﬁéoo)(“/?il{% (te) > ar}) ”

orthogonalization (m — 1)-fold contour integrals of orthogonalization
‘U’ 1 = Fredholm determinants o ‘U’
arge 7
L
Pé >(02”=1{ka (te) > ae}) F | P?§°°>(r72”=1{xké (te) > ae})
m-fold contour integrals of 1:2: 3 scaling limit (m — 1)-fold contour integrals
Fredholm determinants i of Fredholm determinants
| KPZ scaling limit formula 2 |
t=0(L3?) - (m — 1)-fold contour integrals 1:2: 3 scaling limit
¢ of Fredholm determinants i

Relaxation time limit
m-fold contour integrals of

Fredholm determinants

KPZ scaling limit formula 1
(m — 1)-fold contour integrals

of Fredholm determinants

Figure 2.4: A diagram describing the procedure of computing the multi-time distri-
butions of TASEP (periodic or on Z). The approach used in this thesis, following
[9, 9, 81], is going through the left-most column, solving the periodic models first,
and derive multi-time formulas for the full-space model by taking L large (going
through the mid column above). These lead to different formulas comparing to those
obtained in [67, 68] which essentially go through the right-most column above.

Chapter 3 contains some discussions on the relationship between the two different
approaches. What is shown there is that the two approaches give exactly the same
formulas up to Step 2, for the finite-time joint distribution before the orthogonaliza-
tion. However the two orthogonalization procedures are sufficiently different so that
they lead to two different Fredholm determinants which should be equal since they
are equal to the same N x N determinant. Nonetheless a direct verification of the
equality is still missing at this moment (partly due to the fact that the kernels for
the two Fredholm determinants do not seem to be simple conjugations of each other,

for m > 2).
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2.5 Transition probability and Coordinate Bethe Ansatz

In this concluding section we briefly explain how to obtain an exact integral for-
mula for the transition probability of (homogeneous) periodic TASEP, such a formula
was first obtained in [8] and is a special case of the more general inhomogeneous
transition probability formula obtained in Proposition 3.3.1 in Chapter 3. The pre-
sentation there is self-contained but not so illuminating since the formula is directly
given and we checked it satisfies the desired Kolmogorov forward equation with proper
initial condition. Here we will try to illustrate how such formulas are constructed,
using ideas motivated by Coordinate Behte Ansatz coming from quantum integrable

systems.

Proposition 2.5.1 (Proposition 5.1 of [8]). Given two particle configurations ¥ =
(X1, y2n), Y= (y1, -+ ,yn) € Qrn. Let P(§ — T) be the transition probability of
observing configuration T at time t under the periodic TASEP dynamics with initial

configuration ij. Then

N

tw z 7 yj—Ti+j—i—1
]{ 51 det [ > (w+1) J(w) . (2.10)
r WeSe

ij=1

Here I' is any simple closed contour with 0 inside and S, consists of all the roots of

the degree L polynomial q(w) — z, namely

S, ={w e C:qw) =z}, (2.11)

where q(w) == w™ (w + 1)EN and J(w) = j,(&”u)) = iwj:]lv) Here

QL’N:{f:(Il,"',$N)€ZNZ$N+L>I1>"'>$N}.
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2.5.1 Reduction of the Kolmogorov forward equation

By our choice of state space, the transition semigroup P, is the semigroup with an
infinitesimal genrator of a similar form as in equation (2.3), with a slightly different
underlying space. It is the unique solution of the following Kolmogorov forward

equation that for any 7,y € Q2 n, one should have

N
OP(f— T) = LP™ P, =Y (P — %) — R — ©)) 1

=1

e (212)
satisfying the initial condition Py = 1;—5. Here & = (21, -+ , 21, 2= 1, 241, -+, TN)
and Qpn ={7€Z" : xaxy + L > 1 > --- > xx}. The indicators on the right hand
side of (2.12) encode the exclusion rule and make the whole differential difference
equation not of constant coefficients. A standard starting point to find a solution
of (2.12) is to get rid of the delta-interaction and replace them with extra two-body

boundary conditions. Namely if we can find functions u;(7;¢) : Z¥ — R satisfying

(i) (Free evolution equation) For functions f : Z¥ — R we introduce the discrete
difference operators V; f(Z) := f(Z) — f(Z;). Then the free evolution equation

can be written as

N

Opu(T) = — vaut(f) =Y (w(#) — w(F)) (2.13)

i=1

(ii) (Boundary conditions) In equation (2.12) even if we assume ¥ € € n, the

Z; ’s may not be in € y. And precisely when & € Qp ny but ¥, ¢ Qp y will

the indicators make contribution to the equation and nullify the entry P(y —

#7) — P(y — ©) in the sum. Thus if we get rid of the indicator, we need to

1

impose the following extra boundary conditions on u; to formally match the two
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evolution equations for P, and uy:

ut("'7$i+1>$iaxi+17"'):ut("'axiyxi7xi+1a”')7 2227aN (214)

Ut($N+L,ZE2,"' axN) :Ut($N+L— 17m27"' axN) (215)

(iii) (Initial condition) We impose the same initial condition of u; and F;,

w(@ ) = Ly, (2.16)

A priori it is not obvious at all that there exist functions Z¥ — R satisfying
(i),(ii) and (iii), but if we can find such function wu;, then restricting on Qy v
we have w(%; i) = P(y — &) since they have identical evolution equations and
initial conditions. The remaining parts of this section will provide a construction

of such function wu;.

2.5.2 Solving the free evolution equation

The free evolution equation (2.13) is solvable by Fourier methods with solutions

typically of the form (sometimes called plane waves in physics literature)

-1
517 : 7£N é 1)t

||ﬂ2

for some undermined complex variables &, - - - , £y € C and the coefficients A(&;, -+, zn)
are independent of ¥ (they may depend on the initial condition ). We will search
for solutions that are linear combinations (superpositions) of the plane waves above

and satisfy the initial and boundary conditions.
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2.5.3 Satisfying the boundary conditions (2.14)

Owing to the fact that plane waves remain solutions of the free evolution equa-
tion under Sy-action and we are considering indistinguishable particles, we will take
solutions of the following form as natural candidates for wu,:

N 1
D Aol e [T &

g€SN j=1
Boundary conditions (2.14) impose the following constraints on A,: for 2 <k < N,
N -1
D A e [T T €0 €&t Gy — D) =0,

oSN j=1 Ak k—1

Owing to the two-body nature, we impose the following stronger constraints on A,
which directly implies the above cosntraints. For any ¢ € Sy and transposition

Tk = (k — 1,k) for 2 < k < N we would like the coefficients to satisfy

AU(€7 e aé.N)(SU(k,U - 1) +AU7’I€(§7 e 7§N)<§U(k) - 1) = 0.

A natural candidate for A, (&, -+ ,&n) takes the form
N .
Aa(ga e 7£N) - SgH(O') H(]' - 50’(]'))] ’ D(&h e 7§N)a
j=1
for some function D(&y, -+ ,&x) independent of o.

2.5.4 Satisfying the initial condition (2.16)

To find suitable candidates of u, that satisfy the initial condition (2.16), we need

further superpositions for the wave functions. This is achieved by taking multiple
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contour integrals, namely we consider wave functions V;(Z; ) of the following form:

d d . ey
Sgn % 51 SN 617 L EN )Hfafj)(l - ga(j))]e(gj Ve, (2'17)

27T1 o .
geSN 7=1

We would like Vi(Z;y) = 1z—y. For N = 1 this is clearly achieved by taking
D(&) = &V (1 — &)/ and the integral contour be any circle |&;| = » < 1. For
general N we make the naive guess by taking D(&, -+ ,&n) = vazl §j_yj_1(1 —&)7

By residue theorem the contribution comes from ¢ = id gives the desired indicator,

fﬁ—fg%iﬁf}]ﬁ B T

One then hopes the contributions coming from ¢ # id sum to 0. Even better, it
turns out that every single term with o # id in the sum (2.17) vanishes. To see this,
for each o # id we set m = o~! and write the term in (2.17) corresponding to o as

follows:
N
dgj Yj —
5 Tr(N"Yi (1 _ & () —J
jl_[1 ]{ 2mig; ! (1-&)

We will show at least one of the term in the product vanishes for © # id. Recall an
inversion of a permutation 7 is a pair of indices a < b with m(a) > 7(b). We take the
inversion of 7 with largest such b, namely b € {1,--- N} be the largest index with
m(b) # b. Then 7(b) < b and there exist index a with a < b and 7(a) = b. We claim
that at least one of the integral above with j = a or j = b is zero. Since 7(b) < b, a

direct residue calculation shows

d&, (b) "Yb — -
%‘ 27Tl£b gb ( fb) j;o Cjly, (b)=J"
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for some constants ¢;. Similarly since 7(a) > a, we have

dé'b Lr(a) " Ya ﬂa) a a
%2% éafa (1- - Z Ajly, o =j-

Now if y, < 2r(), then the integral with respect to § vanishes. On the other hand if
Yp = Tr(v), then since y, > yp +b—a and Trq) = 1 < x4 +a — b= 2,4 +a — b, we
have

Yo — Tra) > Yo +b—a— 2y —a+b>2(b—a),

which implies the integral with respect to &, vanishes. Thus the contributions from

any o # id vanish.

2.5.5 Cyclic invariance and boundary condition (2.15)

If we are working with TASEP on the full-space Z, then the calculations in previous

sections already give a solution

27?1 27
oESN =

d R B
— det {]{2—515%—%—1(1—5)]—@6@ —1>t] : (2.18)

ij=1

— = d d 5= Yo (5 j—o(j P
Vil — &) = Z Sgn(o)j{ 51 . 7{ En Hf Yo(i) 1 (1= &) (1) & =1t

which is the famous TASEP transition probability formula of Schiitz [99]. For periodic
model there is yet another boundary condition (2.15) which is not satisfied by the
above formula and one needs further superpositions. Owing to the periodic nature,
the desired transition probability for periodic TASEP should have the following ad-
ditional cyclic symmetry : If we replace ¥ = (y1,--+ ,yn) by ¥ = (y2,- -+ ,yn,y1 — L)
and ¥ = (x1,---,zn) by @ = (x9,--+ ,xy, 27 — L), then the transition probabil-
ity should remain the same. A function u; with this cyclic symmetry satisfying the

boundary conditions (2.14) will automatically satisfy the extra boundary condition
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(2.15). Inserting ' and 2’ into the right hand side of (2.18) we obtain

‘/%(_’/.y_") — Sgn H\% 27r1 0‘(]) y (1 . S)U(j)_je(gil_l)tl’

geSN

where @ = (2, -+ ,2%) = (29, -+ ,xy, 21 — L) and similar for ¢. Take 7 =

(12--- N) € Sy be a cyclic permutation, then clearly
x;:xT(j)—Llj:N, j=7(j) —1+N1l;_y, forl1<j<N.
Hence

Vi@ ) = sgn H% £@ro() = ELo()=N) = (Wr() ~LLj=n)—1
27?1

ocESN

(1 = &)TPO) 1N (o)~ ()TN L) (6111

Replacing o with 707! we can rewrite Vi(7; /) as

Vi@ ) = ) sen(w H]ézflé(x @~ Elr=1) =0~ Ll=)=1

TESN

(1— g)W(J’)Jerw(j):ﬂ*(j+N1j:1)e(5_l*1)t'

This in general does not agree with V;(§ — ). Note however that the contribution
coming from 7 = id remains the same. To get the cyclic symmetry we further taking
the sum over all possible wavefunctions {V;(C*(Z,¥))}iez where {C(Z, %) }iez is the
orbit of (&, 7) under the cyclic shift (Z,y) — C(Z,y) = (&,7) for the same &’ and ¢/

above. Such averaging clearly leads to cyclic invariant solution and thus we arrive at
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solution u;(7; ¢) of the form

>, D sen(r H f S el (1 g (2 19)

mezN TESN
mi1+--+my=0

We check that the above infinite sum converges. First note that since ;) — y; +

m(j) —j <@ —yn + N — 1, we have for large £

gxﬂ(ﬁ_yj‘*'mjl'—l(l_g) (j)—j— m;iN (&~ 1)t (|€|m] N)+z1—yn+N— 2)

Hence if we take K large enough such that —K(L — N)+x; —yny + N < 0. Then for

any m € Z" with min(m;) < —K, at least one of the integrands is O(£2) and hence

H]{ gram kTl (1 - TN <,
27r1

This reduces equation (2.19) to a smaller sum

2. 2 seulr Hj{ 56 grm) vt ML=l _ gymli) =i mmsN (€711

mezN TESN
mi+-4+my=0
min(m;)>—K

We recognize the above sum over m as taking the constant term in some Laurent

series vazl (302 ¢jez"). Hence by residue theorem the above sum equals

L X ((1L£)N>K

z o N\ TE 1

E % £8(G) Y 11 — gy J— (E=t=1t
Sgn(ﬂ-) 27TIZ 27T1 ’ ( f) ng Y

TESN Jj=1 (1 E)
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where the integral contour for z is any small circle such that |%| < 1. Simplifying

the sum over Sy as a determinant we have

K N
d d (=)
SRR <z T — i—i §hz —-1_
ut(x,y) = f o det %2_§ Y 1(1 —é-) ]Te(g ' 1t
TiZ 1 1 — W
i,j=1

Finally introducing the change of variable w = £~ — 1, the w contours will then be

large circle |w| = R and we have

[ N
d d o o (wN(w+ DN K
ut(f, 37) = % Z det %_’(U(w + 1)yj*33i+]*2*1w7,7] ( 1( ) _ ) etw
ome - 2l — wN(wt )N ij=1
i N

—% dz det Z (w+1)yj*x¢+j*i71wifj (w) etw

27iz ¢ (w)

_w:q(w):z ij=1

Here g(w) = w™ (1 4+ w)X™ and the last equality is a simple consequence of residue

theorem. This is precisely the desired formula (2.18).
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CHAPTER 3

Multi-time Distribution of Inhomogeneous TASEP

In this chapter we study an inhomogeneous generalization of the totally asymmet-
ric simple exclusion processes, depending on two sets of parameters. The finite-time
multi-point distributions are obtained, first for the model on a periodic domain and
then for the model on the full-space Z. For the full-space model we then obtain large
time asymptotics for the multi-time distributions, these can be seen as a multi-time

analogue of the Baik-Ben Arous-Péché phase transition.

3.1 The Models and main results

3.1.1 Inhomogeneous TASEP on Z

Given two sets of real parameters {m;}icz and {7;};cz satistying @ + 71; > 0
for all 4, 7. We consider an inhomogeneous variant of the totally asymmetric simple
exclusion process (TASEP) on Z depending on the two sets of parameters {m;} and
{7;}. There are two types of particles, black or white, located on the integer lattice

Z such that each integer point is occupied by exactly one particle. For j € Z, we
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define the occupation function 7;(t) as follows:

1 if there is a black particle at site j at time ¢,
n;(t) =
0 if there is a white particle at site j at time ¢.

For i,j € Z, we denote the location of the i-th black particle at time ¢ by x;(t) and
the location of the j-th white particle at time ¢ by ,(¢), where the index ordering for
black particles is from right to left and the ordering for white particles is from left to

right. In particular we have

s> ap(t) > ay(t) > () > -

and

A

c < Zo(t) < T(t) < Zot) < -+

The particle configurations evolve according to the following dynamics: every pair of
consecutive particles consisting of the ¢-th black particle on the left and j-th white
particle on the right will exchange their locations after an independent exponential
waiting time with rate m; + ;. Particles with the same color will not exchange
locations. Such model was first introduced in [20] in the equivalent form as a directed

last passage percolation model with two sets of parameters.

3.1.2 Multi-point distribution

The first main theorem of this chapter is a formula for the finite-time multi-
point joint distributions of arbitrary many tagged particles under inhomogeneous
TASEP dynamics. It is a generalization of the corresponding result in [81] for the

homogeneous degeneration when m; = 0 and 7; = 1.

Theorem 3.1.1. Consider inhomogeneous TASEP on 7 with parameters {m;} and
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{m;}. Let § = (y1,---) be the initial condition with y, = —1. Let m be a positive
integer and (ki,t1),- -+, (km,tm) be m distinct points in {1,--- , N} x [0,00). Assume

that 0 < t; <---<t,,. Then for any integers ay,--- , G,

~ =
]P)Zj (Q{xkz(tﬁ) > af}) = [};[1 f 27'['16@ TGJ Dﬂ(elv R 70m—1)- (31)

where the integral is over circles centered at the origin with radius less than 1 and
the function Dy(bh,-- - ,0,—1) is defined using a Fredholm determinant in Definition

9.1.4

Remark 3.1.2. For m = 1, there is no outer contour integral and our formula reduces
to a single Fredholm determinant which can be shown to be equivalent to the one

obtained in [20].

Remark 3.1.3. Dieker and Warren [40] showed the following remarkable equality
in distribution between the equal time multi-point distribution of inhomogeneous
exponential last passage percolation and the joint distribution of largest eigenvalues

of corners of a generalized Wishart random matrix ensemble, namely
(GN, 1), GV, M)) £ (N, 1)+ A (N, M),

where the left hand side is the joint distribution of last passage time of locations
at the same row (see Section 2.2.2 for details) and the right hand side above is the
joint distribution of largest eigenvalues of M random matrices Wy, -- -, Wy, where

Wi = A A; for Ay the top N x k corner of a two-dimensional array of independent

complex gaussian random variables with the (i, j)-th entry having variance T}rﬁ, A
T

Monte Carlo simulation indicates that this does not extend to multi-time joint laws,

namely

(GIN M), G(Nes My)) % O (V1 M1, -+ A (N M),
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for the same two-dimensional arrays (G(n,m))mnez-, and (Amax(n, m))nmez., de-
scribed above. It remains an interesting open question whether the two-dimensional

random field (G(n,m))m nez., Will appear in certain random matrix model.

3.1.3 Fredholm determinant formula for D;(6;,- - ,6,,-1)

We will define the Fredholm determinant Dy(6;,--- ,0,—1) = det( — KiKy),
with the two operators K; and Ky acting on two specific spaces of nested contours
with complex measures depending on complex parameters § = (61, ,0,_1) for

1<i<m-—1.

3.1.3.1 Space of the operators

First we introduce the contours where the operators act on. Let €, and Qg be
two simply connected regions on the complex plane such that (1) Qp, contains {—7;},

(2) Qg contains {m;}, (3) 1, and Qgr do not intersect.

Let E:;’L, e ,Z;L, Y1, Yo,y 2y, be 2m — 1 nested simple closed contours,
from outside to inside in Qy, enclosing {—7;}. Let ¥ p,--- , X35, Y1 r, Yo, » Sk

be 2m — 1 nested simple closed contours, from outside to inside in {2y enclosing {;}.

For 2 <0 < m, set
Yep, = ZZL U EZL’ YeR = EZR U EZR’ (=2 ---,m.
Finally we define the two sets §; and S, where the operators Ky and Iy act on:

Ymi, 1ifmisodd,
Sl = 217LU22,RU"'U

Ymr, if mis even,
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and

Ymr, if misodd,

82 12217RU227LU"'U

Ym1, if miseven.

See Figure 3.1 for an illustration. We associate complex measures to each of these

contours as follows:

if weX Ul ford=2--- m,
ifweX, USy forl=2- m, (32)

if w € EI,L U ZLR.

(
1 dw
1—95_1 2mi?
dp(w) = dpg(w) = § —L—du
1—6,_4 27i?
dw
L 27i?
+
3L
R
E;L
—7t;

Figure 3.1: An illustration of the contours S; and S, for m = 3. S; consists of union
of the red contours and S, consists of union of the blue contours.
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3.1.3.2 The operators K; and Ky

Now we are ready to introduce the operators Ky and Kz and define Dy(6y, - - -, 0,,—1).
Given complex vector 0 = (01, ,0pm_1) with 6, # 1 for 1 <0 <m — 1. Let
(
1-0;, if j < m is odd,
() =4q1- 9,1 , if 7 is even,
j—1
1, if 7 =m is odd,
; (33)
1—-0;, if 7 < m is even,
Q2(j) ==q1-,%,  ifjisoddandj>1,
I
1, if j =m is even, or j = 1.
\

Definition 3.1.4. We define

Dg(Zl, s ,mel) = det([ - ICJCg), (34)

where the two operators

K1 i L3Sy, du) — L*(Sy,dp),  Ky: L*(Si,dp) — L*(Ss, dp)

are given by the kernels

Kalw.wf) = (3G) + 8,6+ (~1) 1L 0,5, (35
and
Kotw' ) = Al ') - (5500 + 3,6~ )2 0,0, (ag)
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foranyw € (L, UE;r) NSy and w' € (X;, UX,;r) NSy for 1 <i,5 <m. Here

. , Chg(’w/’ UJ), ZfZ = 17
A, w,w') = (3.7)

1, ifi > 2.

Here the function chg(w',w) is an analytic function on (Qr\{m;}) x (Q\{-7;})
defined in Definition 3.1.6. Note that it is the only term in the kernel that depends
on the initial condition and it only appears in the top-left corner of the matrix kernel
ICy. The functions f;(w) are given by

F;(w ~
A w e o\ -7},

—1(w)”’

filw) == (3.8)
Fi—l w
=) w e Qp\{m},
for 1 <i < m with
e [Ty (w =) - [T (w+ 7)Y, i=1,-,m,
Fi(w) =
1, 1=0

3.1.3.3 The function chy(v, u)

In our finite-time multi-point distribution formula (3.1), the quantities encoding

information in the initial condition are related to the following symmetric function:

Definition 3.1.5. Given {m;} and {#;}. For A= (A1, ,Ay) € ZN with \; > -+ >

Ay, we define

. 1N
N i i+
det [[Tpsy, (wj —me) - TT52, 1;7;: ]Z

,j=1
: . 3.9
det [wjv N (3:9)

1,j=1

Falwy, -+ oy {mi ), {7e}) =

Since \;’s may be negative, in general Fy is a symmetric rational function. For later
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purposes we shift it to get a symmetric polynomial.

N Ay ~
R wj + Ty .
f)\<w17' te 7wN;{7Tj}7{7T€}) = HH ’ﬂ'j—{—’frj 'f)\(wla e ,UJN;{TF]‘},{W[}),
j=1¢=1 "7

where Fx(wy, - wn; {m;}, {#e}) is defined as

_ 1N
N i w47
det [He:i+1(wj — ) Hz:/\N—f—l Trjj:n; -
A = (3.10)

de [wj.v_’]f-yj:l

Falwi, - wys {m} {7e}) =

Here to introduce chy(v,u) it is convenient to introduce the shifted power sum

symmetric functions as a basis for the ring of symmetric functions and expand

Fag(wi, -+ ,wn; {m;}, {7,}) in terms of this basis. More precisely for j € Z-, we
set
N . .
pi(wi, - swn) = pj(wy, - ywn {m;}) = Z(wf — ).
i=1

And for partition p = (uy, -+, pe) we set

A

l
pu(wla"' ,U)N) = Hﬁj(wla 7wN)-
j=1

For p = 0 we simply set p, := 1. Clearly {p,(@W)},ev, spans the ring of symmet-
ric polynomials in N variables since the usual power sums are clearly spanned by

the shifted ones. Here Yy is the set of all partitions with at most N parts. Note

that p,(m, -+ ,7n) = 0 for any u # 0. Now we expand the symmetric polyno-
mial F)(wy, -, wy; {m;},{#/}) defined in Definition 3.1.5 in terms of the p,’s. For
A= (A1, 5 Ay) € ZN we write
FA(wla s, WNG {Trj}7 {ﬁf}) =1+ Z C>\7ﬂﬁu(w1> T ’wN)7 (3‘11)
pD

where the summation is over all nonempty partitions p and the coefficient ¢, may
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depend on the parameters {r;} and {#,;}. Note that for [u| > S, (A — Ay) we have
cau = 0 so the sum is finite. The constant 1 comes from evaluating Fy at w; = m; for

1<j<N.

Definition 3.1.6. For u € Q \{—7;} and v € Qr\{m;}, we define

yN+Nu+7AT £(p)
chy(v, u) := ( I1 Hﬁj) AT e [ T =0y | ] (3.12)

=1 A0 k=1

Where A = (y1+1,- -+ ,yn+N) and the coefficients cy ,, is the same as in the expansion

of F\ in the Dy ’s.

Remark 3.1.7. For step initial condition § = (=1, —2,--+), it is straightforward to

check that F) = 1 and hence chgep, = 1.

3.2 Large time asymptotics

We consider the large time asymtotics of the multi-time joint distribution of the
inhomogeneous TASEP. For simplicity we will only study the step initial condition
y; = —i for all ¢ > 1. We are mainly interested in the case when 7; = 0 and 71, = 1 for
all but finitely many j’s and ¢’s. Such asymptotics for the one-time distribution with
one set of parameters (m; = 0 for all j) was first studied in [6]. In [20] the authors
obtained the multi-point equal-time distribution with two sets of parameters in the

critical regime.

3.2.1 A multi-time anologue of the Baik-Ben Arous-Péché transition

The following theorem is a multi-time analogue of Theorem 1.1 of [6]. For nota-

atk

. — 1 as T" — oo, which

tional convenience we will only consider the case when

corresponds to the case when v = 1 in Theorem 1.1 of [6]. The critical value for the
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strength of spike where the phase transition occurs will be (14+~71)7! = % under our

assumptions.

Theorem 3.2.1. Consider inhomogeneous TASEP on 7Z with step initial condition
Z(0) = —i. Fix two integers r,s > 0. Assume that mp =0 for all ¢ > r+1 and 7, = 1

for all £ > s+ 1. Depending on the relationship between {m;}1<i<, with the critical

value —% and the relationship between {#;}1<j<s with

5 5, one has the following three

different behaviours of the joint height fluctuations:

(i) (The critical regime) Assume that 7, = —% + 1N, - T7V3 for 1 < ¢ < r and
Ty = % — %W T3 for 1 < € < s where \; > w; for all i,5. Then under the
scaling

1 1
ag = 2x,T%3,  ky = 57T = Y T?? — §WT1/3, te = 27,T. (3.13)
Where 71 < +++ < Ty and Y1, -+, Ym, U1, - - Uy € R. We have
lim ]P)step (ﬂ{l‘kg(tf) > (lg})
T—o0
=1 (3.14)
= Fopp.s (s s tmi (71, 71)5 5 (Y Ton))s
where
FBBP;X,ﬁ(ulv cr sy Umg (/717 7-1)7 Ty (fymv Tm))
m—1 (315)
fr— f .. .% 1 DBBP,X”LI(QI L 0 _1> del . dem—l .
1=, T omie, 2mif,,

Here DBBP;X”I(Hl7 «++  0m_1) is a Fredholm derminant defined in Definition 3.2.5.

(it) (The sub-critical regime) Assume that m, stays in a compact subset of (—3,0)

for 1 <€ <r and 7, stays in a compact subset of (—1, —%) for1 <t <s. Then
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under the same scaling as in equation (3.13) we have

Jim Py (Q{xke(tg) > az}) = Futep(us, -+ s thm; (71, 71), -+ 5 (Y ),
(3.16)
where Fep (1, -+, Ui (71,71), -, (Ym, Tm)) @5 the same as the limiting distri-
bution obtained in Thereom 2.20 in [81] as the limiting height fluctuation of
homogeneous TASEP. It can be regarded as taking r = s = 0 in the critical

limiting distribution defined above.

(i1i) (The super-critical regime) Assume r = 1 and s = 0 for simplicity. If m €

(=1,—1), then under the scaling

1 ntl)
b =T, ap =0, ty——— NI e (397
=l ) a7

where 7y < -+ < T, and uq, - -+ , Uy, € R, we have

jlggo IP]step (m{xk1g<tl) Z CLg}) - Gl(xh Ty Ty ,Tm)~ (318)

(=1

Where
Gl(l'l, Ty Ty 7Tm) = ]P <m{B<T€) S ue}) . (319>
(=1

Where B(t) is a standard one-dimensional Brownian motion.

Remark 3.2.2. Part (i) of Theorem 3.2.1 is our main contribution. Part (iii) was
obtained in [35] using probabilistic arguments without knowing the finite-time multi-
point distribution. We conjecture that for general rank k, the joint height fluctuations
are described by the joint law of the largest eigenvlalues of a £ x &k Hermitian matrix

Brownian motion at time 7, - -+ , 7,.
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3.2.2 Spaces of the operators

Given integer m > 1. We first fix two sets of real numbers {a;, a3, - ,at} and

{by,bF,--- ,bE} satisfying
miaxui<b;<---<b1 < <b, <a, <o <a1<---<a;2<miin)\i.
Then we define the contours in the complex plane by
I'g:= {wzal—i-re%i :r20}U{w=a1+re%ﬂ:r20},
And for2<j<m

—mi

FfR::{w:a;t—i—re%i:rZO}U{w:aji_|_r€3 >0}

The contours are oriented from e~ 3 0o to e3 co. Similarly

—2mi

FLL::{w:bl—l—re?:TZO}U{w:bl—l—re 511 >0},

And for2<j<m

—27i

FiL::{w:b;t‘i‘T@%ITZO}U{wa;t—FTe s 11 >0}

. _2mi 27
The contours are oriented from e~ 3 0o to e 3 0o. Now set
T+ - Tt — =T . ) — e
Fj,L = Fj,L U Ff,L’ FJ’R = Fj,R U Fj,R’ F] = F],L U F],Ra ] = ]_, ,m,

and

Iy, if misodd,

I'yr, if mis even,
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and

I'ygr, if misodd,
SQ = FLRUFQ’LU"'U

Iy, if mois even.

We associate complex measures to the contours depending on the parameters g in the

same way as the finite-time distribution:

p

—0,_ d .
—1_92_11 o, ifw e FZL U I‘ZR for ¢ =2,---,m,
dv(w) = dyg(w) := 1791271 %’ if we FZL U FZR for ¢ =2,--- . m, (3.20)
\ g_::)i’ if we Fl,L U Fl,R-

Figure 3.2: An illustration of the limiting contours S; and S, for m = 3. S; consists
of union of the red contours and Ss consists of union of the blue contours.

3.2.3 Operators K§”7 and Kig)

Now we introduce the operators Ki\’ﬂ and Ki‘tgp to define DBBPA7 i Theorem 3.2.1.

Definition 3.2.3. We define

DBBP;X,ﬁ(91 < 0pm_q) = det <I — KfﬁKigp> )

,
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where the two operators

KM 2 L2(S,, dv) — L2(Sy, dv), K7 L*(Sy, dv) — L*(Sz, dv)

step :

are defined by the kernels

K6, ¢) o= (80) + 80 + (-1)) Cf’fcé,@m')’ (3:21)
and
KA () o= (6,00) + 85 — (—1)) gf{(f )C@gu) (3.22)

where 1 <i,7 <m and ¢ € I, NSy, (' € I';NSy,. Here the functions £;,(¢) are given

by
L s for (€T,
£(¢) =£5(¢ A f) = (3.23)
ot for (e Tk,
where

— szl()‘ﬁ - C)
. H;:1(C - /W)

for 1 <i<m and Fo(() := 1. The functions Q;’s are the same as in equation (3.3).

Fi(¢) - exp <—%ng3 + 2;C% + hig) , (3.24)

3.2.4 Proof strategy and organizations

We derive the main theorems following the strategy described in Section 2.4 by
first estalishing a joint distribution formula for the related inhomogeneous TASEP
model on a periodic domain (will be described in Section 3.2.5 below) and then taking
the period L large, see Figure 3.3 below for an illustration.

Section 3.3 establishes a novel transition probability formula for the inhomoge-
neous TASEP on periodic domains. In Section 3.4 we obtain a multi-point joint
distribution by taking a multiple sum over the transition probabilities. The necessary

combinatorial identity is discussed in Section 3.5. The proof of a key identity, Propo-
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sition 3.5.1, is shown by Zhipeng Liu to the author and we sincerely appreciate for
the help. The proof is recorded as an appendix in Appendix A. Then in Section 3.6
we rewrite the multi-point distribution formula obtained in Section 3.4 for better
asymptotic behaviors. Then in Section 3.7 we derive the multi-point distribution for-
mula for inhomogeneous TASEP on Z by relating it to the periodic model. Finally

in Section 3.8 we prove the limit theorem Theorem 3.2.1.

L) > e L L
P (7 — 7) P (O {n, (1) > ac}) I (O {wk, (te) > ag})
Contour integral of summation —>| m-fold contour integrals of rewrite m- fold contour integrals of
N X N determinants N X N determinants Fredholm determinants
L large

p(w)(mm Azn, (te) > ag}) KPZ scaling limit formula 2
(m — 1)-fold contour integrals of T — o0 — 1)-fold contour integrals
Fredholm determinants of Fredholm determinants

Figure 3.3: A diagram describing the procedure of computing the multi-time distri-
butions of inhomogeneous TASEP on Z

3.2.5 Inhomogeneous TASEP on periodic domain

Given positive integers N < L. We first consider the analogue of the inhomoge-
neous TASEP defined in Section 3.1 on a periodic domain of size L. Our periodicity
assumption forces the occupation functions to satisfy n; .z (t) = n;(t) for all j,k € Z
and t > 0. Fix a single period consisting of L consecutive sites in Z, we assume there
are N black particles and L — N white particles in this period (by periodicity this
holds for any L consecutive sites in Z). For i,j € Z, we denote the location of the
i-th black particle at time t by x;(f) and the location of the j-th white particle at
time ¢ by Z;(t), where the indexing order for black particle is from right to left and

the order for white particle is from left to right. In particular we have

- > $0<t> > xl(t) > I‘Q(t) > e
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and

- < I()(t) < xl(t> < IQ(t) < - -e

Due to periodicity we have x; 1,y (t) = x;(t) —kL and & 5—n)(t) = 2;(t) + kL for all
J.k € Z and similarly the parameters need to satisfy 7,y = m; and T p—n) = T

for all j,k € Z.

3.3 The periodic transition probability

—

Proposition 3.3.1. Let & = (z1, - ,2n), ¥ = (y1,--- ,yn) be two given parti-

cle configurations in XZS,L)

. Let P,(§ — &) be the transition probability of observing
configuration T at time t under the inhomogeneous TASEP dynamics with initial con-

figuration 1. Let jo € Z be the index such that

Zi‘jo 1(0) < $1<O) < i’jo(O). (325)
Then N
P,(§ — T jo) %QmZ det Z F, j(w; Z, 9,1, jo)J (w) . (3.26)
T WES, ij=1

Here T is any simple closed contour with 0 inside and S, consists of all the roots of

the degree L polynomial q,(w), namely

S, ={weC:q,(w) =0}, (3.27)

where

—.

L—N
w—m) - [ (w+ ) . (3.28)
/=1

~
Il
—
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F, j(w;t, %, v, ko) and J(w) are given by

N —y14j+jo— .
. sty =g (0 = m) [T (w + 7
E,j (U}, x,Y, ta ko) =€ N ) zi—y1+i+jo—1 ~
Hf:i—&-l(w - ﬂ-f) H@:l (UJ + WZ) (3 29)
z;;yﬁrwrm*?(ﬂ_i + ﬁ'g)
zi—l?h-l—ﬁ-]o—?(ﬂ_j + ﬁ_e)’
for1<4,7 <N and
q: (w) + 2" 1
J(w) = = = —x v . (3.30)
q0q-(w) > w+w + 2 #m
Note that for p > q, we define the product HZ:p ap as follows:
‘ 1 ifqg=p—1,
t=p 12’;; i a,'  otherwise.

Remark 3.3.2. The index j, represents the index of the first white particle to the
right of the first black particle. We will always assume j, = 1 at time ¢t = 0. But in
order to compute the multi-time joint distribution we need to keep track of the index
of the first white particle to the right of the first black particle at several different
times at which these indices change depending on how many jumps the first black
particle has already made. For this purpose we add this extra parameter to the

transition probability formula.

Proof of Proposition 3.3.1. The transition probability P,(y — ;7jo) is the unique
solution of the following Kolmogorov forward equation
q N
Ept(g — T jo) = Z 1@(2‘7)6‘)(](\][/)'
i=1 (3.32)

(70 + Fo—yrivjo—2) P (T — 0 G0) — (mig1 + Favpr—yi+itio) (T = T Jo)]
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satisfying the initial condition Py(y — 7 jo) = 1z—5. Here 707 = (zy, - @y, 1 —

1, zitq1, -+ ,xy) for & = (21, -+ ,xy). Note that for i = N we have

TN+1 T Ty —y1+N+jo = T1 + Moy —L—yi+N+jo = T1 1 Moy —y1+jo-

Following the usual coordinate Bethe ansatz method, we replace the Kolmogorov
forward equation by a free evolution equation with extra boundary conditions. For

Z,5 € ZV, consider the free evolution equation for G¢(%) = G4(Z; 7))

G, <& ) i ) o
d—tt = Z (7 4 Rraymyy 4itio—2) Ge(ZV ) = (Tist + Ty —gnrindo) Ge (8 9)] 5 (3.33)
=1

together with the boundary conditions

(i + Foar g titio—2) Gr(@ ) = (Tia + fayyyrpinio)Gi(E), i = mia + 1,

(3.34)

for1<i< N —1and
(TN + Ty gy titjo2) Ge(@N ) = (71 + 7oy —ysjo ) Gi(E), if 21 =2y + L —1. (3.35)

And the initial condition

Go(f; ].7) = 1f:g. (336)

It is straightforward to check that P,(y — #) = Gi(Z;7) for ¢, % € X]E,L). Hence it

suffices to show that for all Z, 7 € Z", we have

N
> Fij(wi @41, o) J (w) : (3.37)

wESz

oo dz
G(7;Y) = 7{ iz det
r

1,7=1

To see this we check that the right-hand side of (3.37) satisfies the free evolution equa-
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tion (3.33), the boundary conditions (3.34), (3.35) and the initial condition (3.36).

For the free evolution equation note that

d

EFz',j(w; T) = (w — m) Fij(w; T)

—

= (W o, —ys+ijo—1) Fij (03 &) — (75 + Taymyyvijo—1) Fiyj (w3 )

= (m + 7ATJL‘Z-—y1+i-&-jo—2)Fi,j(w§ f(i_)) — (mi + 7Arﬂci—yﬁ-i-lrjo—l)Fi,j (w; 7).

Hence (3.33) follows from linearity of the determinants and integrals. Here and
throughout the proof we suppress the dependence of F;; on ¢,t and ky to make

the notation light whenever there is no confusion.

Next we check the boundary conditions are satisfied. For 1 <i¢ < N — 1, suppose

that & = (21, -+ ,zn) € ZN satisfies x; = x;11 + 1. Then it is straightforward to
check that
) B B P T —y1+i+jo—2 T+ 7y
(i1 + Ty —yrtivjo—1) Fij (w3 &) + Fig j(w; @) - 770 el_[1 m
= (i + Farmyrtiio—2) B (wi 207). (3.38)

Hence by multiplying the ¢ 4+ 1-th row of the determinant inside the contour integral

on the right-hand side of (3.37) with e/(Te+1—m) J[7i 1 H+/0—2 mtde L

Tit1 7 Tit1+Tw; —yy +itjo—1

and adding to the i-th row we see that for ¥ € Z" with x; = z;,; + 1 we have

det

Z Fw(w;f)J(w)] _ T & Taj—yy +itjo—2 det Z Fkyj(w;f(i_))J(w) :
k,j

T Moy it —
WES; H_1+ ri—yr1titjo—1 WES, k.j

which implies (3.34) by linearity of the contour integral. To see (3.35) recall that

since w € S, we know

N+£1-1 L—N+/43—1
2L = H (w — ) - H (w + ), (3.39)
=t =ty
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for any ¢y, ¢y € Z. Hence similar as (3.38) we have

(m1 + Vs E) - Py @) - 2t temem T oy )
1 Ten—y1+N+jo—1)L'Nj (W, T 1,7\W; T z (& N —v1+Ltjo—2

(=1 (7T1 + 7%5)

= (TN + Fay g+ N-+jo—2) Fiv (w; V).

A similar row operation between the first and last row as in the 1 <7 < N — 1 cases
then implies (3.35).

Finally we verify the initial condition (3.36). We write ¢(w) = Hj.vzl(w — ;) -

H]L:_IN (w + 7;). Then since J(w) = ;((Z))’ by residue theorem we have for any |z| > 0

Z Fz,]<w7 f7 g; t?]O)J<w)

wWES;
dw o = q(w) = dw o q(w)
= _E y &, 7t7 N .1 _E 3 L, 7t7 —
j{ 27 w2y Jo)q(w> _ L ZZ f ori gw; 7,7 ‘]O)q(w) — L
[wl=F = jwtitg|=e
dw oL o B o N
= % %E,J(wyxvyuu.?O) + (ZLE1<Z,j) + z LE2<Z7J)) . C(Z,]), (34())
|lw|=R

where R = R(z) > 0 is large enough and € = ¢(z) > 0 is small enough so that

L-N
S.C{weC:|w<R}IN ﬂ{wE(C:|w—|—frg|>e}.

(=1

L wi*y1+i+j0*2(
The constant C'(i,j) := f;iyﬁjﬂo_g(
=1

i +17p)

. Here we used the fact that forall 1 < /¢ <

7Tj+frg)

N, the functions F; ;(w;Z,y,t, jo) <%> are analytic at 7y. so the only possible

poles of F, ;(w;Z,y,t, jo) (%) are S, U {—#,};—". The functions F,(4,7) and

Es(i, j) are given by

. B i o LN )
(i i) — dw szl(w — )7t Zleylﬂﬂo S (w + 7y) 1
1(6,5) = o TTV . @i—y1+it+jo—1 - "1 _ L -1’
T (w — ) =1 (w + ) zg(w)

(3.41)

|lw|=R

93



Z ]f dw [Ty (w =) [N ) 1
(1 . — : ,
g 2l (w—m)t L wrd) L2 ha(w)

= o ig|=e

(3.42)
for 1 <14,57 < N. Now we split into two cases depending on the relationship between
1 and y; and argue that in both cases at least one of E; and E5 vanishes.

Case 1: z; < y;. Note first that for 7,y € XJS,L) we have

for all 1 <14,7 < N. Hence if 1 < y; we further have
yj+j—1—y1+L—N20, ri—wn+i<xri+1—y <0.

In this case the integrand in (3.42) is analytic at 7, for all 1 < ¢ < L — N which

implies that Es(i,j) = 0 for all 1 <1i,5 < N. Therefore by letting z — 0 we have

% det
2Tz

T

N
Z wafa g707]0>J(w)]

wEeS,

ij=1

dw
det —F; E
%27_(_12 € % i z]( ya0]0)+z 1(2 .])
r

[wi=R ij=1
N
dw
= det —F; (w; Z,7,0, j
[wi=R ij=1

Case 2: 71 > y;. Again by (3.43), for any Z, ¢ € XZQ,L) with z7 > 1; we have
Yyi—ypn+j—1-L+N<—-L+N, z—yp+i>e+1-K+N—-y; >1—-L+N.

This implies that the integrand in (3.41) is O(R™?) and by sending R — oo and
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using the fact that Fi(i,j) should be independent of R we see Fi(i,j) = 0 for all

1 <1i,57 < N. Therefore by sending z — oo we see

dz
det
%27&2 ¢

N
Z E,j (w7 f? gv 07 jO)J(w>]

r weS, -
N
dz dw
f ol | § 2 s+ B
F pol=# ij=1
N
dw
— det _Fl ) w7 f) —»’ O7 .
% 2 L0 (W5 37,0, o)
o=F ij=1

Thus we have reduced checking the initial condition (3.36) to checking the following:

N

dw I
det j{ %Fm(w;x, 7,0, jo) =1y, (3.44)

[wI=F ij=1

for any 7,y € X](\,L). This can be done in exactly the same way as in [99] which
corresponds to the special case when my = 0 and 7, = 1 for all ¢. See also [94] for the

special case when one allows one set of parameters {m,} and set 7, = 1. [

Remark 3.3.3. Equation (3.40) is very important in this chapter since it connects
two different ways of understanding the discrete nature of periodic TASEP. On the
one side the entries of the determinant are sums over roots of certain polynomial
equation depending on the parameter z. On the other side it can also be recognized
as a analytic function in z on {|z| > 0} defined through the contour integrals on the
right hand side of (3.40) with a possible singularity at z = 0. However when L is
large enough, using (3.43) one can check the integrand F; ;(w; Z, ., jo) (%) is

at w = —7, for all 1 < ¢ < m so we can deform the contours |w + 7| = €’s all to 0 on

the right hand side of (3.40). But then for fixed R > 0 large enough, the remaining
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integral over |w| = R on the right hand side of (3.40) is well-defined and analytic at

z = 0. So is the whole determinant. Deforming the z contour to 0 then gives

N

d
Pt(:lj_> f? ]0) = det f 2_wFl,j<w> f? gja t?jO) ) (345>
1

wi=R ij=1

whenver L > (z1+1) — (yn + N). This agrees with the transition probability of inho-
mogeneous TASEP on Z and generalizes the transition probability formulas of Schiitz
[99] and [94]. We are not able to find such a transition probability formula with two
sets of parameters even for TASEP on Z in the literature. However see [68] Corollary
3.1 for a related transition probability formula for inhomogeneous exponential last

passage percolations.

3.4 Multi-point distribution of periodic inhomogeneous TASEP

Theorem 3.4.1 (Multi-point joint distribution for inhomogeneous TASEP in X J(VL)).
Let iy € X]S,L) and T(t) = (x1(t), -+ ,xn(t)) € X]S,L) be particle configurations evolv-
ing according to the inhomogeneous TASEP in X]S,L) at time t with initial configuration
Z(0) = i where we assume y; = —1. Fiz a positive integerm. Let (ky,t1), -, (km,tm) €

{1,--+ , N} xRxg be distinct with0 <ty <--- <t,. Leta; € Z for 1 <i <m. Then

2 (ﬁ{xkxti)zai}) —f i BehEpPE, pa)

2miz,, 2mizy
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where the contours for the integrals are nested circles 0 < |z,| < -+ < |z1|. Here

Z= (21, 2m). The functions C'¥)(Z) and DZ(YL)(Z) are defined by

N tim T
CL) () = (—1)km(N-1) (N—k1)L szle ’
(2) = (=)0 i
| Y § P € )

. S (347
T | ((i) - 1) :
I—2 Z0—1
and
N
piw)g(wn) r 1
DY) () = det AN VA A Go(wy) . (3.48)
v WEZS [T (we — we—y) gl_[lwl — Ty el_[1
=1, i j=1

where for 1 <i,j5 < N

(w) ﬂ( ) H“’” () = L™ (o ) (3.49)
pi\w) = w—Ty) - Y, q;\w) = . .
’ I, (w — 7ok,

And for1 </ <m

w k ap+ky A\
el [Ty (w —m5) - TIE ™ (w + 7) 7

et L w =) TLS T w+ 7)

Go(w) = J(w) - (3.50)

Here kg =ty = ag := 0 and we suppress the dependence on a;, k; and t;’s in C(L)(Z)

and DS (). Recall that J(w) = 2 = 1o

K (w) ijl w—T; +2j:1 WA

Proof. We start with the case m = 1. By Cauchy-Binet formula the transition prob-

ability (3.26) equals

BT — 7 jo=1) 7{%2 Z (w) Q(w; t),

T €(Sz)
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where

N zj+7 ~
p() =det | ][ : xf;}f] i : (3.51)
o Wi e TLLT (wi 4 7o) i =1
TN A s N
0y — i L
= = d t Z — 9 3.52
vs() = det | T i) TT 22 (352
Ll=j+1 (=1 ij=1
and
et(wj_ﬂj)
. ’LU] 7T] w
1) = 5 H )= H
N N Ef 1 ’u]]—ﬂ'e Ef 1 w]+7re
Note that the transition probability formula simplifies due to our assumption y; = —1

and jo = 1. Now to get the one-point distribution P;L)(xk(t) > a) we perform a
summation over all configurations # € X J(VL) with x > a of the transition probability

and interchange the order of integration and summation:

L L
PP () 2a)= Y R{G— D)
feX](\,L)ﬂ{kaa}
(3.53)
dz . . .
= j{% Z (@) Q(; t) Z Pz ()
r we(S:)N gex (M n{z,>a}
By Lemma 3.4.2 below we have > rex P nfera) YrL(W) equals
N L- N N 1
S ! H 1111
oo TR S Wi T T
N e (3.54)
- det H : H L
oy Wi = Thte 5 Wi+ T it

Inserting (3.54) back to (3.53) and using Cauchy-Binet formula backwards we con-
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clude that

N L-N
(L) B (—1)k(N_1) . 1 . dz
]P)g (2k(t) = a) = 27 H H T+ T 21-(N—k)L
j=k+1 (=1 T

[Tomiy (w — 70) M+ fe T om R !
det Z etw=mi) Siax : H . H —J(w)

N A
WES Hfzj+k—N(w — T¢) vy T +

Here we need to ensure that the summation over ¥ € X]g,L) N {zx > a} converges

absolutely in order to interchange the order of summation and integration as in (3.53).

Tty
w—‘—frg

This is allowed if we assume <lforallweS,and1 < /¢ < L—N (see Lemma
3.4.2). This can then be achieved by choosing the contour I' to be circle with large
radius R since for |z| = R large we have |w| = O(]z]) > 1 for all w satisfying
T, (w—mo) - TI.5Y (w+7,) = 2*. Finally it is not hard to check that the right-hand
side of equation (3.55) does not depend on the choice of I' (as long as it encloses
the origin) so we can deform I' to be any simple closed contour containing 0, not

necessarily large circle.

Now assume m > 2. Then

P (O {n () > a:})

= Z P (ﬂ’—> f(l)Qjo) P S (f(mfl) — f(m)éjmfl),

O ex{Pn{al) >ar)
(=1, m

where ¢y := 0 and jj;, is the index of the first white particle (or hole) to the right of
the first black particle at time ¢t = t;, for 0 < k < m — 1. Here we note that if we
know at time t = ¢, the first black particle is at location :cﬁ’“), then the index j, is
given by

Jk = Jo+ xgk) — x§°) = :r;gk) + 2,

by our assumption that j, = 1 and xgo) = y; = —1. Plugging into the formula (3.26)
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for the transition probability with parameter jo replaced by ji we see P, ., .| (z®) —

F+HD; 51) equals

N (k)-i-j x(k+1)+i A N
% d det E etw=mi) [l (w = m0) Hz , (w+7) v (m; + 7te)
i N 2R (k+1) .
J 2miz = [T (w— ) Hz 1+J( S I, +z+1<w + )

Now we rewrite the transition probability using Cauchy-Binet formula as in the m =1
case and interchange the order of summation and integration so that Py(N/", {xy, (t;) >

a;}) equals

dzy dz,, » m
% 27z N f 2miz,, Z P<w H Q(uw té —ti1).

w(f)e(gze)N (=1
0=1,-m
Here w® = (wl”,- -+ w)) and

m—1
P@WY, - ™) = Z/}?(f)(w(l))‘ [H ’]_lkbaz(w‘(f);w‘(€+l)> ) Z YL@ ™) |, (3.56)
=1

feX(L)
kazl\gm
where
MHpa(Wy) = Y QL)L) (3.57)

a_c’EX](VL)F‘I{kaa}
Evaluating the sums in (3.56) and (3.57) using Lemma 3.4.2 and Lemma 3.4.3 below

and applying Cauchy-Binet formula we conclude that

~ dz dz
U () > a ]{ f m o wyp s
7 (Q{xk o ) s 5 C O ED ),

for CH)(2) and DéL)(z_') defined in (3.47) and (3.48). Similar as the discussion for

m = 1 case, in order to interchange summation and integration we need the absolute
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convergence of all the infinite sums which holds if forall 1 </ < L — N

N

N N N
11 i + 7| > 11 W 4 7y > > 11 wi™ + 7| > [T 17+ #l. (3.58)

j=1 j=1 j=1 j=1

By the same reasoning as in m = 1 case this can be achieved assuming the integral
contours for z;’s are large nested contours |zy| = r, with 7, — ryy; also large enough
for all 1 < ¢ < m. Finally we can deform the integral contours in (3.46) into arbi-
trary nested contours with 0 inside, not necessarily with large radius thanks to the

analyticity of C¥)(Z) and D;L)(Z) in 7 for any z;’s nonzero and distinct. O

3.4.1 Summation identities over eigenfunctions

The following two summation identities are needed in our computation of the
multi-point joint distribution formula. The first identity of summation over a single
eigenfunction is relatively easy and we prove it in this section. The second iden-
tity is closely related to a Cauchy identity for some inhomogeneous variant of the
Grothendieck polynomial and its dual which might be of independent interest so the

proof is given in a separate section, together with some further discussions.

Lemma 3.4.2 (Summation over single eigenfunction). Let z € C be nonzero. Let
YL(W) be as in (3.51) where W = (wy,- -+ ,wy) € (S.) such that vazl |w; + 7| > 1

forall1 <0< L—N. Then

S ) = () e (H .- ) - [H—wi fw]

fEX](VL)ﬁ{.Z’kZa}

forall1 <k <N anda € Z.
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Lemma 3.4.3 (Summation over left and right eigenfunctions). Let z,2’ € C be
nonzero with z* # (2/)E. Let ¢%(w) be as in (3.51) and Yi(') be as in (3.52) where

W= (wy,  ,wy) € ()N and w' = (W), ,wy) € (S)N. Assume further that

<1, foralll</¢{<L-—N.

Then

EEX](VL) N{zr>a}

/

N N k ~
H[H wom e
y4

w; —
j=1 Le=k+1 J ¢

forall1 <k <N anda € Z.

We start with the proof of Lemma 3.4.2. Using periodicity we first reduce the
extra constraint z; > a to the last particle 2y by choosing a different representative
of the same configuration (due to periodicity any N consecutive particles can be a

representative). The same trick will also be used in the proof of Lemma 3.4.3.

Proof of Lemma 3.4.2. First setting

=/

=, ,2y)= (g1 +L—N+k,--- jay+L—N+k,x1—N+k, -, xp—N+k).

. — L . .
Then a summation over T & XJ(V) N {zr > a} is the same as a summation over

7 e X](VL) N{xy > a— N+ k}. Also it is straightforward to check that

‘ i gyn+J—k+N, for 1 < j <k,
[Ej‘i‘jz

iy +j—k+N-L, for k+1<j5<N.
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We shift the indexing of the parameters {r;} accordingly, namely we define

(7T/17"' 771—‘/7\7) = (Trk—l—h”' y TN, Ty, o aﬂ-k)-

Then for N —k+1 < 57 < N we have

N k N N N
H : H : H : H : H :
, w — Ty A w — Ty w; — Ty Low - w; — T
t=j—N+k+1 (=j—N+k+1 I=k+1 =j+1 I=k+1

Similarly for 1 < j < N —k

N N N N
1 1 1
[] =] 11 Jlw =),
; w — Ty ; w— T, W; — Ty
{=j+k+1 l=j+1 l=k+1 /=1

Note that we have used the fact that 7,y = 7; for all j € Z. Now we can re-express
the function ¢%(w) using the shifted variable @’ as follows: First move the first k
columns of the determinant to the last & columns. Then we factor out a common
factor Hé\[:k 41 w%ﬁ from each row. Finally note that for the first N — k& columns

(which was the last N — k columns originally), there are extra common factors of the

form
L—N 1 L—N
H 7+ 7, ’ H(wl - ﬂ—f) H (wz + Wf)?
/=1 J /=1 /=1

which equals Hf;lN —~_ . 2l by the assumption that w; € S, for all 1 < i < N.

T
7Tj+7'('g

Factoring these common factors out from the first N — k columns we conclude that

U () = (~1)F D R T (H LTI ,1AZ>-w;/<w;{w;}>.

Wy — T;
jekal \e=1 TN =

(3.61)

This reduces the general 1 < k < N case to the special case kK = N. Now it suffices
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to show that

N 1 A T4 T "
"(w) = det : L . 3.62
> gh(w) =de Hwi_m Hwﬁﬁg (3.62)
gex{Pn{zn>A} t=j =1 ij=1

To see this we first fix xy = B, perform the sum in the order B < zy_1 < Ty_2 <

- < w1 < B+ L, then summing over B from A to co. Note that the first step
is a finite sum so it converges for arbitrary w;’s and the extra assumption on w;’s
guarantees the convergence of the sum in the second step. The following summation
identity is easy to check and will be used several times in the whole chapter: for any
distinct complex numbers w and z and a set of parameters {«; } ez such that z # —q;

for all 7, we have

élz—l—ag :12+ae

[T- (w4 ap) 1 Bwta, T wta
Z = S —HHQ . (3.63)
¢ =1 ¢
To see the identity one simply notes that

I 1(w+ag): O, —(w+ta H? (W + o)
1 (2 + o) (F ) = (ws aw)) i (24 ar)

T x+1
H v H .
= - )
z (8% V4 (8%
o AT g 2

(z —w)-

and the sum telescopes. Now by linearity we move the sum over xxy_; to the second
last column of the determinant and applying the above summation identity, the (i, N —

1)-th entry of the determinant becomes

N B+N ~ TN_2+N—-1 N
I=N-1 w; — Ty =1 w; + Ty 71 w; + i

By multiplying the N — 2-th column with T[S (rn_y +70) / T P (e +

7y) and adding to the N —1-th column we get rid of the second term above. We repeat
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this procedure for 1 < 5 < N—1. For the first column after the summation one should

obtain

N B+L-1 +1 N N B+N A B+L+1 N
S I e ) Eees iy | (e
R ’ xr1+2 ] ~ - o : ] ~ ' N .
o Wi T v Tk (wi + 7) Wi =T\ oy Wi T = Wit

To get rid of the second term in the above equation we need to use the assumption

that w; € S, namely

N B+L+1
H(wi_ﬂ'Z)‘ H (wi—i-ﬁ'g):ZL, for 1 <i<N.
=1 (=B+N+2

Here #j,7-n = #; for all j € Z. Now multiplying the N-th column with 2% -

fjf“(m + 7y)/ Hf;lN (my + 7¢) and adding to the first column we conclude that

N
N B+N ~
wr(w) = det 1 . (=1 (Trj + 71'5)
B+L>z1>>zNy=B (=j+on () " =1 (wi + 7e) =1

Here dn(j) equals 1 for j = N and 0 otherwise. We rewrite (i, V)-th entry in the
above determinant as
B+N . B+N .
RSNy ECERN | R
w; — TN o wi o Wi T '
Then using linearity and after some elementary column operations for the second

determinant (multiplying the last column with some proper constant and adding to

the second last row and repeating) we conclude that > p ;o o o, _p Yi(w) equals

al 1 B+N7T'+7c('g
det . J -
[gwi—m gwiJﬂu

N B+N+1 ~
1 T + e
o det H ’ H + -
w; — T w; T
fz‘j 1 J4 =1 ) /

Finally summing over B which is a telescoping summation we conclude the proof

7Tj-|-7?g
wj+7rg

of (3.62). In this step we need to use the assumption that vazl < 1 for all
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1 < ¢ < L— N to make sure the summation converges. Combining with (3.61) we

see that > . e PN aa} Yi(w; {m;}) equals

RN (N-R)L T
- I (15 1)

ki1 \pmy YT T
N atk LN
1 T+,
o [ T
Wi — Thyp w; + 7y
= =1 ii=1
This completes the proof of Lemma 3.4.2. O]

The proof of Lemma 3.4.3 works in a similar way where we first reduce the con-
straint xp > a on the k-th particle for some 1 < k < N to a constraint on the last
particle z’y,. The corresponding summation identity is a Cauchy-like identity for some
inhomogeneous variant of Grothendieck polynomial which is of independent interest,

see Section 3.5 for more details.

Proof of Lemma 3.4.3. Similar as in equation (3.61) we have

N N 1 L—N 1
UL {y}) = (~1)D e T (Hw — Il ) R {)),
N

UH () = (=)0 () ] (H@uz—mﬁwm))-wg(m,{ﬂ.

where ' = (27, -+ ,2%y) = (g1 +L—N+k, - jay+L—N+k,x1—N+k, - 15—

N+ k) and (7}, ,7y) = (Tgy1, -+ , TN, 71, -+, 7). Hence

S U D () = ()(N_m-ﬂﬂﬁiiﬁ

> o (5 { ) (0 {) ).

#ex (P n{ey>a—N+k}

Evaluating the above sum over 7’ using Corollary 3.5.4 in Section 3.5 with \; = 2, +j
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we conclude the proof of Lemma 3.4.3. [

3.5 A generalized Cauchy identity for some Grothendieck-
like polynomials
The goal of this section is to state the following (generalized) Cauchy-type identity

for the Grothendieck-like polynomial (and its dual) which depend on two sets of

parameters {m;};cz and {7; };cz. For notational convenience we set

N
N 1 Aj+1 1
W% (@) = det
l=7+1 /=1 i =1
N Aj N
W (') =det | ] (wj—me) [J(w]+ #0)
1=j+1 =1

1,j=1

Proposition 3.5.1. Given two sets of complex numbers {m; }icz and {7;}icz. Let n
be a positive integer and {w;}’, and {w}}, be distinct complex numbers. Then for

any integers A and B with A > B we have

/+7"£ H w/ T HA+1 w. /+7TZ
— -, Z 1 w;+7 =2 w;— =1 “w;+7,
E W (@) WS () = det e = e
wl - w~/
A>M 22> 2B v

Remark 3.5.2. Proposition 3.5.1 and Corollary 3.5.4 are conjectured by the author
and the proofs are provided by Zhipeng Liu (he observed Proposition 3.5.1 indepen-
dently), the proofs will be recorded in Appendix A. It is worth to point out that if
we set the parameters such that m; = 0 and 7; = 1 for all i € Z, then (3.64) reduces
to the generalized Cauchy identity for the (homogeneous) Grothendieck polynomial
obtained in Theorem 5.3 of [85] after a simple change of variable. It would be in-

teresting to see whether the approach in [85] (which is different from ours) using
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algebraic Bethe ansatz and Izergin-Korepin analysis for some five vertex models can

be generalized to the inhomogeneous case.

As a simple consequence, by setting B = 0 and letting A — oo we obtain the

usual Cauchy identity:

Corollary 3.5.3. Given two sets of complex numbers {m;}icz and {7;}icz. Let n be

a positive integer and {w;}I, and {w;}?_, be distinct complex numbers. Then
7“ 1 —»/ 1 "
Z‘lf 0V () = det | —— : (3.65)
Wi — Wy 1 51
where the summation is over all partitions A = (A, -+, A\p).

For our analysis on the inhomogeneous periodic TASEP, we will need the following
less obvious corollary of Proposition 3.5.1 where the summation is over cylindrical
partitions A = (A, -+, Ay) which satisfy Ay + L — N > A\;--- > Ay > 0 and the
generalized Cauchy determinant on the right hand side of (3.64) further reduces to
a genuine Cauchy determinant if we impose certain algebraic constraints (the Bethe

equations) on the spectral parameters {w;}¥; and {w/}Y,.

Corollary 3.5.4. Let N < L be two positive integers. Let {m;}icz and {7; }icz be two
sets of complex numbers such that . ny = m; and 7, N = T; for all i € Z. Suppose

the spectral parameters {w;}~., and {w]}Y., are distinct complex numbers satisfying

1=

N —
H(wi—m H ’U)Z—f—ﬂ'g
/=1

(w] — ) H w! + 7)) = ()", (3.66)
/=1 (=1

(=1

for all 1 <i < N, where z, 2" are complex numbers with z* # (2')E. Assume further

that

<1, foralll<{<L-—N.
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Then

> W (@) WA (@)

ANFL=N>X12>-->An>A

N-1
Z\F wj + e 1 N
= (1— (—) ) - (m) - (367
10=1 J 14 7 i i,j=1

Jj=

3.6 Fredholm determinant representation

The multi-point distribution formula (3.46) for inhomogeneous periodic TASEP
has the form of a multiple contour integral of a N x N determinant. It is not suitable
for taking large N and large time limit so we would like to re-express the formula
as a multiple contour integral of a Fredholm determinant with an underlying space
independent of N. We will see that another advantage of working on the periodic
domain instead of infinite lattice is that due to quantization of the eigenvalues, the
kernels naturally act on ¢? spaces with measures supported on certain finite sets
with cardinality N (related to the Bethe roots or eigenvalues), thus one can freely
rearranging the terms appearing in the series expansion of the determinant without
worrying about the convergence issue since everything is finite. The particle-hole
duality also plays an important role in such orthogonalization procedure. The precise

statement is as follows:

Theorem 3.6.1 (Joint distribution of inhomogeneous TASEP in Xy (L) for general
initial condition). Consider the inhomogeneous TASEP in Xy (L) with initial condi-
tion x;(0) = y; for 1 <i < N. Fiz a positive integer m. Let (ky,t1), -+, (km,tm) be

m distinct pints in {1,--- N} x [0,00). Assume that 0 <t; < --- <t,,. Let a; € Z
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for1 <i<m. Then

Py (ﬂ{mki(ti) > ai}> = ]{ o ]{ Cy(2)T5(2) Qj:f;m - Qi‘;, (3.68)

where Z = (z1,- -+, zm) and the contours are nested circles oriented counterclockwise
satisfying

0 < |zm| < - |z1] < ro, (3.69)

with ro > 0 sufficiently small so that the left and right Bethe roots associated to z;’s
are well-defined for all 1 < i < m, see the discussion in Section 3.6.1 below. The
functions €3(2) and Dz(Z) (the latter of which is a Fredholm determinant) are defined

in (3.78) and (3.84), respectively.

3.6.1 Notations and Definitions

Recall for given parameter z € C we have defined the polynomial ¢,(w) =

[T, (w — m) - TI7Y (w + 7)) — 2% and the set of its roots
S, ={weC:q(w)=0} (3.70)

We call the polynomial ¢,(w) the Bethe polynomial associated to z and its roots
Bethe roots. For ry > 0 small enough and 0 < |z| < 1o, the level set | [T, (w — ) -
15 (w + #7)| = |2|* consists of L contours, with N of them enclosing {m;}Y, and
the other L — N of them enclosing {—#;}~5. Here we are counting multiplicities so
if some 7;’s or 7,’s coincide we will count the contours enclosing them multiple times.
By our assumption that 7; + 7, >0 forall 1 <j < Nand 1<k <L — N we have

maXlSiSL,N(—fT» < minlSiSN e Hence if we set

Mo max{—fri};- min{m}. (3.71)
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Then for |z|] > 0 sufficiently small we have S,N{Re(w) > M} = N and S.N{Re(w) <
M} = L — N. More concretely we fix any two simple closed contours ¥g C {Re(w) >

M} and ¥, C {Re(w) < M} enclosing the sets {m;}%"; and {—7;}/2", respectively.

i=1
Let
N L-N
ms :—min{H\w—m\- H |w+ 7| - w € ERUZL} > 0.
=1 =1
Then for any z with |z| < mlz/ L= 1y, by Rouche’s theorem there are exactly the

same amount of zeros inside Y, for ¢.(w) and go(w) (same for ¥g). Thus we can

define the left and right parts of Bethe roots:

Definition 3.6.2 (Left and right Bethe roots). For |z| > 0 sufficiently small, we
define
L.:=8, N{Re(w) < M}, R,:=8,N{Re(w)> M}. (3.72)

We define the left and right Bethe polynomials as the monic polynomials with

zeros at the left and right Bethe roots.

Definition 3.6.3. Given z € C with |z| < ro. Let S, = L, N'R, be the roots of the

polynomial q.(w). We set

o) = [[(w=u), gr@w) =[] w-u). (3.73)

uEﬁz UERZ

In this section, we assume the contours of z; to be nested circles satisfying 0 <
|zm| < -+ ]z1| < ro with ry > 0 sufficiently small, so that £, and R, are well-defined
and the level sets {w € C : |[[L,(w — m) - [T/ (w + 70)| = |2|F}'s are (disjoint
unions of) nested simple closed contours. See Figure 3.4 for a plot of the roots of a
sufficiently generic Bethe equation and the corresponding level sets.

The following simple lemma whose proof is elementary summarizes the nesting
behaviors of the level sets of the polynomial equation ¢,(w) = 0 for different z as can

been easily seen from Figure 3.4.
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Figure 3.4: Roots of the polynomial equation (w+1.2)(w+1)3(w+0.5)(w+0.2)w? =
28 with 2 = 0.31 +0.1i, 0.34 4+ 0.1i, 0.37 4 0.1i from inside to outside. The left roots
are colored in red while the right roots are colored in green. Here L =8 and N = 3
with {—7;} = {-1.2,-1,—-1,—-1,—-0.5} and {r;} = {—0.2,0,0}. The dashed lines
represent the corresponding level sets for different choices of 2’s and are displayed
here merely for better visualization.

Lemma 3.6.4 (Winding numbers of the level sets of g.(w)). Let {m;}}L, and {7rj}

be given real parameters satisfying w; + 71, > 0 for all j, 0. Let q(w) = qo(w) =
Hévzl(w — ;) H]L;N(w + 7j). Then there exist rma > 0 such that for any z,2" € C
with |z| # |2'], |2| < Tmax and |2'| < Tmax, the level sets T’ := {w € C : |q(w)| = |z|}

and I'" :== {w € C : |g(w)| = ||} are both disjoint unions of simple closed curves.

Moreover for any w' € TV we have

1 L if [z > |2,
Indp = 2—
T 0 if |z] < ||

In particular if we take 2’ = 0, we have Indp(w;) and Indr(—7;) =1 for all |z| > 0.

Now we define the two functions €j(2) and Z3(%) of 2 = (21, -+ , z,) appearing
in the integrand of the contour integral formula for the multi-point distribution of
inhomogeneous periodic TASEP under general initial condition. Here we suppress

the dependence of €;(7) and Z;(%) on the parameters k;, t;, a;, {m; }, {7;}.
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The following two quantities related to the symmetric function F) defined in

Definition 3.1.5 encode the initial condition:

Definition 3.6.5 (Global energy and characteristic function). For § € X ]S,L), let
A7) =+ 1,92 +2,--+ ,yn + N). (3.74)
For |z| < ry, we define the global energy Ez(z) by
E7(2) = Fa Rz {m;}, {7e}). (3.75)

When E5(2) # 0, we define the characteristic function xz(v,wu; z) for a left Bethe root

v and a right Bethe root v by

Faa (R U {ud\{v}; {m;}, {7e})
Fapy (R {7}, {7e}) ’

forue L, andv e R,. (3.76)

xi(v,u; 2) =

Note that we can extend the definition of xgz(v,u;2) to any v € Q\{—7;} by
plugging in such u into right hand side of (3.76). For later purpose we need a further

extension of xz(v, u; z) as an analytic function on (Qr\{m;}) x (Q\{—7;}) X D("max)-

Lemma 3.6.6 (Analytic continuation of xz(v, u; 2)). There ezists a function analytic

in (Qr\{m;}) x (U\{—7,}) X D(rmax), which we still denote by x5(v,u; z), such that

Fa (R U {ui\{v}; {m;}, {7e})
Faigy (R {m} {7e}) ’

xi(v,u; 2) = forue L, andv € R.,.

Moreover there exists a function hg(v,u;z) analytic in (Qr\{m;}) x (Q\{—7,}) X
D(rmax) such that
X7(v,u; 2) = chy(v,w) + hy(v, u; 2), (3.77)

with lim,_,o hg(v, u; z) = 0 for all (v,u) € (Qr\{m;}) < (QU\{—7;}). Here the function
chy(v, u) is defined in Definition 3.1.6.
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Proof. See [81] Lemma 5.5. O

3.6.2 Definition of ¢j;(?) and Z;(?)

Definition 3.6.7 (Definition of €j(2)). With the global energy function E;(z) defined
n (3.75), we define

ng(gj = gﬂ(zl)cgstep(g)a (378)
where
. m m Zgl_l
Cstep(Z) 1= C({m;}, {7e}) H HL—_L
71 ( 1—g Fl—1 T A
[ ueLlsz, Hz 1(775 u) - Hvenzé eLz_lN(U + 7)
: 3.79
/=1 A<RZZ;EZIZ) ( )
ﬁ ARz Lo, ,)
| (=2 Hueﬁze_l Hé\le(ﬂ‘g - U) ’ HUERZZ ﬁglN(U + 7ATK)
Here .
N am~+km ~
+
C({mi}, (i) = [ et - Lo L ™ 7). (3.80)
j=1 Hj:km+1 Hé:l (Wj + Wf)
And
ki a;+k;
=TI IIme—w- I] T] (w+2e)-e ', (3.81)
uel, (=1 VER, (=1

for 1 <i < m where Ey(z) := 1.

P;(%) is a Fredholm determinant with kernel acting on certain ¢ space over dis-
crete sets related to the Bethe roots. More precisely for m distinct complex numbers

z; satisfying |z;| < ro, we define the discrete sets

L., if misodd,
F =L, UR, UL, U U (3.82)

R.,., if mis even,
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and

R.,, if misodd,
Sy =Ry UL, UR,, U---U (3.83)

L, , if miseven.

Definition 3.6.8 (Definition of Z;(%)). Let 0 < |z,| < --+ < |z1] < rg. Assume

Ei(z1) # 0 so that x3(v,u; z1) is well defined. Define
D3(7) = det(I — #7)  with #7 = 7%7, (3.84)

where K7« (2(F) — (2(A) and A C(FA) — (2(F) have kernels given by
L%/lg _ %/lstep and

B xg(w, w's 21) 5" (w, w') forw eR,, andw' € L,,,
Ay (w,w') = (3.85)

t .
7P (w,w') otherwise.

Here the kernels " (w,w') and " (w',w) are given by

Sy DO F AU 1) TR @)

w = He W )Hmw(w/)
and
s oy 05(0) + 80— (=1)7) J(W)fi(w)(H, ()
A= W= HZH(—l)J’ (w,)Hzm—ni (w)QQ(Z) 350
for

€E(LLUR.)NSA and w' € (L, UR,)N S
with 1 < 4,5 < m. The functions J(w), fi(w), H,(w) and Q;(j) are defined as follows:

1
J(w) = — (3.88)
Zf 1 u) T + Zé 1 ’w+7'('g
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and

Qu(j) =1~ (ﬁ) Qaj) =1~ <L> (3.89)

<j
forj=1,--- ,m. Here we set z,,.1 = 0 for convenience.
To define H,(w) and fi(w) we recall the definition of left and right Bethe polyno-

mials and Bethe roots discussed in Section 3.6.1. With the notation there we set

qz,R.(w)
H,(w) = { T for Relw) < M, (3.90)
2=t o Re(w) > M.

[T (wie)

Finally the functions f;(w) encodes the information of the parameters a;, k;, t;’s:

Fyo(w
Féf(l(;) for Re(w) < M,

fo(w) == (3.91)
FE(IS)U) for Re(w) > M,
where
ko ap+kye
Fy(w) := H(w — ;) - H (w+ 7;) 7" e, (3.92)
=1 i=1

for 1 < ¢ <m and Fy(w) := 1.

To prove Theorem 3.6.1, one starts with re-writing the determinant in equation
(3.48) using Cauchy-Binet formula, which leads to a multiple summation over Bethe

roots for a product of several determinants (most of them are Cauchy determinants

1

———— on the denominator of the entries in (3.48)).
L~ We—1

due to the Cauchy interaction
Reorganizing the multiple sum over sets of Bethe roots according to the number of
right roots used in each term will lead to a new summation which can be recognized
as the series expansion for a Fredholm determinant. Using this idea, in [10] the
authors obtained the following remarkable general identity between a Toeplitz-like

determinant of the form of (3.48) and a Fredholm determinant acting on ¢* spaces

supported on finite sets.
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Proposition 3.6.9 (Proposition 4.1 of [10]). Define N x N matrices T = (T;

A

ij=1

and M = (M;;)N._, with entries

i,j=
m m
T — Z pzwlqum H Z szIQJUm) Hh(v>
ij 0\Vr)-
w w v -
w1651 HZ 2( ¢ W= 1 /=1 w1€R1 Hé 2\ V¢ — 1) —1
meSm meRm

Assume that
det [ Z(v](l))}N det [ql(vj(m))] - #£0,

i,j=1 t,j=1

where Ry = {v!" - v} and R, = {0, oY, Then
det[T] = det[M] det(I — K1 K>). (3.93)

Here Sy, -+, S, are finite subsets of C with at least N elements such that S;NS; 1 = 0
for1 <i<m—1 and R; is an N element subset of S; for 1 <i <m. The h;’s are
nonzero complex-valued functions on S;. py,--- ,pn are complex-valued functions on
St and qq,--- ,qn are complez-valued functions on S,,. The finite matrices Ki and
K5 act on direct sums of some of the R;’s and L; := S;\R;’s for 1 < i < m (which are
still finite sets) and are of similar block structure as the kernels A and A7 defined

in Definition 3.6.8, for the precise form we refer to [10]. The determinant of M takes

the form
(1) (m)
] 1y vona O Ao
A( (R (U)A( (m) . (m)>
U1 Un vr yUN
[, A M

: he(Ry) 3.94
HZ:2 RhRf 1 H ¢ e ( )
Here A(vy, - -+ ,vn) is the Vandermonde determinant [, ;< (v; —v;) and for finite
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sets S and T

AS? = [ (wi-w) AS:T):= ][ (w-v).

{wi,w2}CS ueSweT
w1 AW

Finally for a complex-valued function h defined on a finite set S, h(S) is defined as

[Les h(w).

We have stated Theorem 3.4.1 in such a form that one can immediately recognize
the applicability of the above Proposition in re-writing the determinant part D;L) (2)

defined in equation (3.48).

Proof of Theorem 3.6.1. The goal is to prove CZ(TL)(Z)D;L)(Z) = 6;(2)Z5(%Z) with the
functions defined in Theorem 3.4.1 and Theorem 3.6.1. We view D?(IL)(Z) in Theorem
3.4.1 and Z3(Z) in Theorem 3.6.1 as det[T] and det[/ — K;K5] in Proposition 3.6.9
with S; := S., and R; := R, for 1 < i < m. The functions p;’s and ¢;’s take the

same form in Theorem 3.4.1 and Proposition 3.6.9, namely

N am~+km

yi+i N . A
pi(w) = H (w — ) - H v +7Te7 g;(w) = 22z (m; + e)'
=1

= N
(=i+1 i+ T He:j(w — Ttk )

The functions h, in Proposition 3.6.9 are set to be

Go(w) [T (w—7,)"Y,  for£=1,

Go(w), for 2 < ¢ < m.

Where the functions Gy(w)’s are defined in (3.50). Now by Proposition 3.6.9 we have

D;L)(Z) = det[M]2;(7). Hence it suffices to prove that

©3(2) = det[M] - CV(2), (3.95)
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where C@(TL)(E) is defined in (3.47), €;(%) is defined in (3.78) and det[M] is given in

(3.94). For this first note that for given z,2’ € C and v’ € S/, we have

I
=P

(V' —m;)- 1:[ (V' +7)— 2" =q.(v) = H(v'—u) H (v'—v). (3.96)

uEﬁz ’UGRZ

In particular if we take 2’ = 0 and v' = 7m; € Sy for some 1 < j < N, this then implies

d=EDN [ - [T 0=,
’U,E[:z ’UERZ
Taking the product over j from 1 to N we then have

= 1T 11 —w- I [ =) (3.97)

ueL, j=1 vER, j=1

On the other hand for w € S, we have 2l = H;V:l(w — ;) Hj.vzl(w + ;). Taking the

product over v € R, gives

ZNL:H<HU—7TJ 1:[114—7?]). (3.98)
vER. \j=1 j=1
Comparing (3.98) with (3.97) we see

I II - =11 1:[ (v + ;). (3.99)

uel, j=1 vER, j=1

Now (3.96), (3.97) and (3.99) combined together implies that for any 2 < ¢ < m,

21

(M)N — A(Rze;‘czé—l)A<Rze;Rzzf1)
2 Muer., 050 —7) Tler,  [IL(0—m)
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Taking the product over ¢ from 2 to m we have

() )

= ﬁ LR, (3.100)
(=2 Hu€£z£71 H;'Vzl(ﬁj —u) - Hvenzz HJL;N(U + 7)
. ﬁ A(R.;R.,_,) |
=2 HveRze,l H;'V:1(U — ) HUG’RZZ [0 (v + ;)71

Jj=1

Note that we have multiplied and divided by the same term [[,”, HveRzg H]L;N (v+
;). Similarly

m

(_1)km N-1), N k1) LHZke 1—ke)L
=2
=11 H (m—w)- ][] H (v =) (3.101)
uEEzl j=k1+1 ’UERzl Jj=k1+1

" 155 () — w) [ (0 — )
LI s —— 1] 55—

k
(=2 |ueL., Hj=1<7rj —u) vER., Hji1(v — ;)

Finally taking the derivative with respect to w of ¢,(w) = ¢. 1.(w)¢, r(w) and plugging

in v € R, we have

N L-N

! 71

qz7R(v)|| v —u) ||U—7T] II v+ 7;) - :
UGL‘,Z ]:1 ]:1

Taking the product over v € R, and using (3.99) then gives ¢, 3 (R.)J(R.) equals

HvERZ HJL;1N (U + 7%]) . Hueﬁz H;\Tzl(/ﬂj -
A(R,; L)

u) I, (v —m)
. J . 3.102
iy om

But since ¢. r(w) = [[,cr. (w —v), for any v € R, we have ¢_ g (v) = [[ver. (v —v').

v'#v
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Hence

¢cr(R)= [[ (w—0)=(D)YVIEAR,)
v,0' ER
v/ £v
Combining (3.100), (3.101) and (3.102), after some simplications we arrive at (3.95).

This completes the proof of Theorem 3.6.1. m

3.7 Multi-time distribution for inhomogeneous TASEP on Z

As already explained in the introduction through last passage percolation, for
fixed parameters @ = (ay,- - ,a,,) and k= (k1,- -+, ky), the finite-time multipoint
distribution of inhomogeneous TASEP on a periodic domain with sufficiently large
period L agrees with the same multipoint distribution of inhomogeneous TASEP on
the infinite lattice Z under the obvious coupling, because the particles will not feel
the boundary effect if they have not gone far enough. The following proposition is
nothing but a translation of the argument in the introduction to TASEP language

where we allow general initial conditions

Proposition 3.7.1 (Coupling between periodic TASEP and TASEP on Z). Consider
inhomogeneous periodic TASEP with period L and N particles in each period and
inhomogeneous TASEP on Z with N particles depending on the same set of parameters
starting from the same initial condition ¥ = (y1,--+ ,yn) € X]E,L). We denote the
particle locations by x,(f) (t) and a:](fo) (t) for the two models. Given any integer m > 1,
for any m indices {k1,- -+ ,kn} C {1,--+ , N} and m integers ay, - - - , an,, if the period
L satisfies

L>max{y; +1,a1 + ki, - ,am + kn} — yn, (3.103)
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then we have

Pq(;L) (ﬁ{xl(ci)(tf) > az}) = Pg(yoo) (ﬁ{%(;o)(te) > ae}) : (3.104)

/=1 /=1

Here (L) and (00) stand for periodic model and infinite model, respectively.

Proof. Similar as the homogeneous case, see [9] Theorem 3.1. See also Chapter 2 for

an illustration through last passage percolation. O]

Theorem 3.1.1 is proved by re-writing the periodic multi-point formula (3.68) with
sufficiently large period L so that we can get rid of the dependence on the discrete
roots and the extra parameter L. The essential idea was partly illustrated in Remark
3.3.3. We rewrite the summation over Bethe roots as contour integrals using residue
theorem. When L is large, the contour integrals as a function of the parameter z have
analytic continuations to z = 0 and by sending z — 0 we get rid of dependence on L.
For multi-point distribution the idea is similar. We would like to send z; — 0 for all
1 <i < m in equation (3.68) but keep the nesting of the contours so that we do not
introduce new singularities. Due to this consideration it is natural to introduce the

following change of variables

L

e
;= ]—J]Zl, for 0 <j<m—1, (3.105)

2

j

where 2o := 0. The nesting relations 0 < |z,,| < -+ < |2z1| < ro then translates to
0<|6o] <rhi=rmax, 0<|0j] <1, forl1<j<m-—1

We will see that for large period L, the integrand in (3.68) has an analytic continuation
to 0y = 0 and we will arrive at the desired formula (3.1) by deforming the 6, contour to
0. For multipoint distribution formula, the main extra difficulties (compared with the

simple argument in Remark 3.3.3) for this procedure come from the extra singularities
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1
Wy —We—1

resulting from the Cauchy-type interactions appearing in both equation (3.48)

and the kernels .# Y for the Fredholm determinant defined in Definition 3.6.8. For

z,2 € C with |z| # |2/|, the term —— is well-defined for any w € S, and w' € S..

However when z, 2" — 0, one needs to handle the singularities coming from w = w’'.

3.7.1 An illustration through two-time distribution

Before providing the full proof of Theorem 3.1.1, in this section we will start with
the simple but nontrivial case with m = 2 and the step initial condition y; = —1.
Moreover we will work with the Toeplitz-like determinant formula (3.48) to avoid
overwhelming technicalities in the very beginning. We point out that this special
case was obtained in [68] through a very different approach. Thus we proved that our

results are really generalizations of the one in [68].

Proposition 3.7.2. Let Z(t) = (z1(t), -+ ,zn(t)) € X]S,L) be particle configurations
evolving according to the inhomogeneous TASEP in X]S,L) at time t with initial configu-
ration ;(0) = —i. Let (k1,t1), (ka,t2) € {1,--- , N} xRsq be distinct with 0 < t; < t5.
Due to periodicity without loss of generality we assume ks = N. Let a; € Z for

1 <1 <2. Assume that L — N > max{a; + ky,as + ko}, then

A0 D)

p(b)
om0 1—6 7

step (xk’l (tl) > alaxk2<t2) > a2) = %

|0]=r

(3.106)

where r < 1. The function Psep(0) is an N x N determinant whose (i, j)-th entry is

given by

.@s(tzéjp)(e) = eliﬁkl % d—w — 071i>k1 % d—w % %etlz"‘(t?_tl)w_t?m

27 27 27 w—z
=R} w=Ry |#1=F1
i k R i1 +k A
LA G —m) T+ 7). TS (w —me)  TleZa e (5 + 7o) (3.107)
[Tz —m) T +7) TLbw—m) TI2 o (w+ )
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Here the contours are arranged so that Ry > Ry > Ry > maxy ;{m, 7;}.

Remark 3.7.3. Modulo the change of notations ({7}, {m;}) <> ({a;},{5;}), (k1, k2) <>
(n,N), (ay + k1,as + ko) <> (m, M), (t1,t2) +> (h,H) and the change of variable
6 — 071 it is easy to check that formula (3.106) agrees exactly with the two-time
distribution of inhomogeneous exponential last passage percolation obtained in [68]
Corollary 3.3. This is consistent with the well-known fact that under the standard
coupling between TASEP and exponential last passage percolation, one has the fol-

lowing equality in distribution:

Prasep (Tr, (t1) > a1, Tr, (t2) > a2) = Pesprep (Gar + ki, k1) < t1, G(ag + ko, ko) > 1a).

Proof of Proposition 3.7.2. We start with (3.46) in Theorem 3.4.1. First we introduce

the following change of variables: For 0 < |z3] < |21|, we set

L 2y
Op := 27, 0:= o (3.108)
1
Then it is straightforward to check that
N
CE) (2, 2) = H —tmi (g — 1)V (3.109)

On the other hand the determinant D5 (21, 2,), as a function of (6, #), has an analytic
continuation to D(0, rmax) X D(0,1) when L — N > max{a; + k1, as + k2 }. Moreover,
we can rewrite the entries of the determinant using residue theorem as follows: For

1<14,5 <N we set

2

pz w1 QJ w? FZ ’U)g)
Dyj(00,0) == > J(w , 3.110
.7( 0 wleszé U)Q ’U)l —1 FZ 1 U)e) ( )
(=1,2

where 21, 2, and 6, 0 are related by the equations 2 = 6, 2L = 0, - 0. Note that z
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and 2z are not uniquely determined by 6, and ¢ but the sets S,,’s are. We claim that
D;;(6p,0) has an analytic continuation to (6p,0) € D(rmax) X D(1) for some 7yax > 0

where D(r) is a disk centered at the origin with radius r. Moreover
lim D;; (6,0
i, Dis 6o, 6)

| ]{ dw 0 ]{ fﬂpi(z)Qj(w)FQ(w)Fl(z)‘ (3.111)

1—0 2 1—10 27i (w— 2)F(w)
fwl=Ry e

Here ‘

U a2tk (1 4 7y
pl(z) = 5 — ) qj(w) = f*]\} . :

=1 ¢ HK:j(w — )

And
ko ap+kye

Fy(w) = e H(w — 7j) - H (w+m)"", for1<e<2.

j=1 j=1

To see the claim we first note that J(w) = g,((qfu)) where g(w) := vazl (w—m;) H]L;N(UH—

7;). Hence by the residue theorem we have

> H(w)J(w)

UJESZ

- ]{ A )4 ]{ d—wH(w)q(—“’)z (3.112)

27 q(w) — 2L 27i
lg(w)|=|2|"+e lg(w)|=|2]"—e

for sufficiently small € > 0 and any H(w) analytic in a neighborhood of the region
{weC:|z|F —e<|q(w)] < |z|* +¢€}. Here we used the nesting relations of the level

sets discussed in Lemma 3.6.4. Hence

dz dz dw dw

D;;(0o,0) = 5 o Py Py

1(00,6) j{ 2mi ?{ 2mi ]{ 2mi f 2mi
la(2)|=I60|+e la(2)|=[60|—¢ lg(w)|=[606]+e lg(w)|=[606]|—e

pi(2)q;(w)  q(z) q(w) Fz(w)FlzZ)
w—2z q(2)—=0gq(w)—600 Fi(w) (3.113)
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for some 0 < [0p| < rmax, 0 < 0 < 1 and € > 0 sufficiently small. Here the products

of integral signs (§., — $,)($p, — $p,) H (2, w) dzdw should be understood as

2
Z(—l)”j]{]{H(z,w) dzdw.
=1 C; D;

Starting from equation (3.113), we can first deform the inner w contour {|q(w)| =
|00 — €} to a single point since the integrand is analytic inside this contour by our
assumption that L — N > max{a; + ki,as + k2} and N > max{ky, k2}. We then
deform the outer w contour {|g(w)| = |6p0| + €} to be the contour |g(w)| = rmax — €,
making it be outside of the two z-contours. Doing this we will pick up residues coming

from w = z on both the two z-contours. Hence

Dij(e(b 0) = Dy + D,

where
pm| f o fom| g
2m 2m 21
la(2)|=160]+¢ la(2)|=160]—¢ lg(w)|=rmax—¢
pi(z)g;(w)  q(2) q(w)  Fy(w)Fi(z)
w—2z q(2)—0oq(w) — 600  Fi(w)
and

D= |- v f S e S 1D n)

27i 27 z) — 0y q(z) — b
lq(2)|=100[+e€ lq(2)|=100]—€

Now for D; we further deform the inner z contour to a single point without picking
up any residue again by our assumption on L and N. Also we can deform the outer z
contour to be {|q(z)| = rmax— €'} with € > € also sufficiently small. For Dy we deform
the outer z contour to {|q(2)| = rmax — €'} and deform the inner z contour to a single

point but need to pick up extra residues at the roots of the equation ¢(z) — 6y0 = 0.
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Thus

- dz dw pi(2)gi(w)  q(2) q(w)  F(w)Fi(z)
Dy = j{ 27i ]{ 21 w—2z q(2) — Oy q(w) — 60  Fy(w)

lq(2)|=rmax—¢’ lg(w)[=rmax—e

And

B dz —q(z) q(2) 4
D= ) S g IR

lg(2)[=rmax—¢’

Here zI' = 640 and the ﬁ factor comes from evaluating q(zg—z—)ao at z = ( for some

¢ € S.,. Finally apply (3.112) again for the sum over S,, above we conclude that

B a: dwp(Dgw) qx)  qw) Fw)R()
Dy (60, 6) = ]{ o 7{ o w—z q(z)—Goqlw) — 68 Fi(w)

‘q(z)‘:,rmaxfel |q(w)|:7'max*€

B dz oy 1) q(2) B
PO g g

lg(2)[=rmax—¢’

_ﬁ }[ ;_;pi(z)qj(z)tlquFz(Z)- (3.114)

‘q(z)‘:'r'max_el

Now note that the right hand side of (3.114) is analytic in 6y at 6y = 0, moreover

R B A R

27l 21 w — 2 Fi(w)
|q(z)|:Tmax_5/ |q(w)\:rmax—e
11
: & (s Fa() e
1—-6 QWipzZq]Z 2(2).

|9(2)|=rmax—¢’

It is straightforward to check the right hand side of (3.115) agrees with the right hand
side of (3.111) after some contour deformations. This proves the claim. Combining
(3.109) with (3.111) we conclude the proof of (3.106) by deforming the 6y-contour to

a single point. O

Starting from (3.106), it is possible to carry through a (rather different) orthogo-
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nalization procedure directly and obtain a (different from the one in Theorem 3.1.1)
formula for the two-time distribution of inhomogeneous TASEP on Z as a contour
integral of Fredholm determinant. This is the approach in [68] where they studied the
related geometric last passage percolation model but with only one set of parameters
(essentially 7; = 0). We will present the slightly more general version with two sets
of parameters of this orthogonalization procedure in Section 3.7.5 for comparison.
With more effort this approach may also be extended to the general m-time joint

distribution, we will not try to go further in this direction.

3.7.2 Proof of Theorem 3.1.1: Strategy

With the warm-up illustrated in Section 3.7.1, we are now ready to prove Theorem

3.1.1. As before we make the change of variable

L

“j+1 .
Hj::;—z, for0<j<m-—1,
J
where zy := 0. Then we re-write equation (3.68) in Theorem 3.6.1 using the new

variable = (0o, -+ ,0m_1), which we denote by

= s L db a9,
(L) N> . — L. . = 0 . m—1
P (Z[:l]{xki (t:) > az}> 74 74 C5(0)75(0) 5~ R (3.116)

where the integral contours are now 0 < |6g| = ro < Tmax and 0 < [6;| = r; < 1 for

1 <i<m — 1. The functions in the integrand are defined by
€(20).  7(0) == 25(2(0)). (3.117)

where for given 6 € Dy(rmax) X Do(1)™L, the corresponding Z = Z(6) is defined by

the change of variables
j—1
Z]L:HQg, for 1 <j <m.
=0
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Here Dy(r) is the disk centered at 0 with radius r and 0 removed. Note that z;’s
are not uniquely determined by the 6;’s but the functions are. As before we will
show that the integrand has an analytic continuation to ¢y = 0 when the period L
is sufficiently large. Then Theorem 3.1.1 follows immediately once we establish the

following two lemmas by deforming the 6, contour to the origin.

Lemma 3.7.4 (analytic continuation of ‘fg(g)) Under the same assumption as in
Theorem 3.1.1, the function ‘fg(g) defined in (3.117) has an analytic continuation to

0o = 0. Moreover for fired 0 < |0;] <1,1<i<m—1,

l1m<€(90,--~ ml

904)0

(3.118)

Lemma 3.7.5 (analytic continuation of .@a(@ﬂ)) Under the same assumption as in
Theorem 8.1.1, the function Py (0 9) defined in (3.117) has an analytic continuation to

0o = 0. Moreover for fired 0 < |0;] < 1,1 <i<m—1,
lim D500, ,Om-1) = D5 (01, , b1, (3.119)
90*}0

where D (91, - 0m_1) is another Fredholm determinant defined in Definition 3.1.4.

3.7.3 Proof of Theorem 3.1.1: ‘fg(g) part

We start with the simpler %27(5) part. First we rewrite ‘55(5) = €;(7) defined in

Definition 3.6.7 as follows:

m N am~+km A
() = &5 g D | ) e R
g\v) = yzl)'HzL _ZL'He : N -
(— Hj:k:m+1 HZ:l (mj + )

: %(807 e 79m—1>£{2(007 e aem—l)%(em e 70m—1)7
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where 6,’s and z;’s are related by the change of variables (3.105). The global energy

function £;(z;) is defined in Definition 3.6.5. The functions <7 (6o, - - - ,6,,—1)’s are as

follows:
m ko1 ag_1+ke—1 A —tp_1v
(0 6 1) Huez:zé, Hj:l (771‘ —u)- HUE'RZZ Hj 1 (v+ 7T')€
1\Y0, " yUm—-1) = p -
=1 l_Iueﬁz(Z H?il(ﬂj —u)- HueRzZ H ke (v + 7j)etev
and
(6 O 1) = ua Hueﬁzé H;'V:1<7Tj —u)- HuERZZ HJL;N(U + ;)
2\Y0, sy Um—1 i A(Rz[, L:zZ) )
and
- AR, L., _
2300, -+, Om1 :H 5 (Reii L211) — —
=2 Hu€£z271 Hj:l (7rj o U) ) HUERZ[ szl (’U + 7Tj)

Now when 6y — 0, we have z; — 0 for all 1 < j <m. Thus the right roots R.,’s all

converge to {m;}_; and the left roots £.,’s all converge to {— 7TJ}L Nfor1<¢<m.

Hence
k k L—N a+k N a—l—k
iy T 1L =TT I o0t T Tl = T TTers 0
20 ( J jrite 250 ( J) J f
uel, j=1 j=1 ¢=1 vER, =1 j=1 4:1
In particular
N L-N
limHH ; —llmH Hv+7r] —hmARz,ﬁ HH mj + 7).
z—0 z—0 z—0
uel, j=1 vER, j=1 =1 (=1

For £5(z) we note that for |z| = e sufficiently small we have R, = {m; + O(e)}}_,.

But for w; = 7;, one has

N N
H (wj —m) = H (mj — )
=i+1 (=i+1
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which equals 0 if j > 4. Hence the matrix with (4, j)-th entry given by Hé\f:iﬂ(w]

i ”LU]'+7AFZ . . . . . N
;) - 1102, 757, is low triangular with diagonal entries J[,_;, (m; — m). Thus

N

>

1

N
det[H —7Tg H ﬁ'

l=i+1 /=1

>]>

I

i=1 j=i+1

i.j=1

This then implies that for 7;’s all distinct we have

N
N +
det [ngi“(wj ) - TToty ?Jr:;] -

Falm, s (), (i) = S
s i () R
The general case follows from the fact that Fy(ws, -, wy; {m;},{7¢}) is a rational

function in the parameters 7;’s. Thus we have

llg%gy”(z) - w%‘ig}rj ~FA(wlv Ty WA {ﬂ—j}’ {ﬁ-f}) =1

1<j<N

Combine all the arguments above, after a lot of cancellations we see

m— H@ 19 m—
Jim @5(0, -+, Om) = limy H P ];[ (3.120)

-1
= j:O

—

3.7.4 Proof of Theorem 3.1.1: Z;(f) part

We will show that the series expansions of the two Fredholm determinants match
term by term. For this first using the block diagonal structure of the operators %{g
and %7 defined in Definition 3.6.8 it is not hard to check (see also Proposition 2.10
of [81]) that
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—

Where 7 = (ng,- -+ ,ny) and Z5 4(0) equals

1) @ n1
Z (_1)n1(n1+1)/2 A(UD; VW) det X?J@z()»ug);»zl)
o 2 A(U(l)) (V(l)) MIONPACY
UO=(ui? - upy))E(L2y)™e J 4,j=1
V(@:(U%:l' 7.1_1.%2)6(73%)"@
[ A(UO2ZAVO)?2
H A(U@, V02

T AU VED)AVO; ) (1 — 2 /20" (= 2 7)™
A(UO; UE)AV @O, VD) ', (UOH,, (VOYH,, (UE)YH,, (VED)

Ze+1 2041

FelU) JoV O H, (U ., (VO JU9) T (V1)

T
~

S|

o~

=1

Here we remind again that the variables z;’s and 6,’s are related by the equations (77).
The functions J(w), H,(w) and f,(w)’s are the same as in Definition 3.6.8 and we
adopt the convention that for a finite set S, g(S) := [] .4 9(s) for any single variable
function ¢g. Note that since |£,,| = L — N and |R,,| = N for all 1 < ¢ < m, the
summand is nonzero only when n, < min{L— N, N} for all 1 < ¢ < m since otherwise
some of the Vandermonde determinants will vanish. Thus the series expansion is in
fact a finite sum.

A similar series expansion for the other Fredholm determinant D;(6;,- -, 6,,-1)
with the summations over discrete sets replaced by contour integrals leads to the

following

1
Dg(el, s 79m71> = det([ — IClng) = Z (n—Dﬁ’g‘(el, ce ,Gm,l).
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Where

Dﬁ,ﬂ(eb e aem—l)

— w o - 24 . 21
_EHQHI 1—6,, f{ omi 1 —0,4 7{ 2ri Hlf i
e <o =L R 3
o 1 dU-(e) 94 1 d'U-(Z) e dU-(l)
w o — 19 . 71
Hll 1—6,4 f{ o 1 —6,4 f{ omi 1__[17{ ori
=20= Sin S =l n (3.121)
1 (My\ ™
(2 AUDVD) byl v )
A(UD)A(VD) oD u§1> .
T AUO2AVOR
H A(UO; V©®)2 FUD) fo(V)
L{= !

ol (0). y/(e+1) (0). re+1)
A(U 7V )A(V 7U )(1 _ 9£)n5<1 _ ee—l)nzﬂ .
AUO; UGN AV O VErD)

Now Lemma 3.7.5 immediately follows from Lemma 3.7.6 below where we show the

equality term by term between the two series expansions.

Lemma 3.7.6. Under the same assumption as in Theorem 3.1.1, the functions
D;5i.5(00,01, -+ ,0m_1) have analytic continuations to 6y = 0 for any @ € (Zxo)™.

Moreover for fired 0 < |6;] <1, 1 <i<m—1,

lim P (00, Op1) = D (01, -, 0rs). (3.122)

0o—0

Proof. This is a generalization of equation (3.111) in Proposition 3.7.2 and can be
proved in a similar way. A related general statement which can be easily adapted to
our purpose was given in Proposition 4.3 of [81] so we omit most of the details. One

starts with replacing the summation over the Bethe roots as contour integrals using

93



residue theorem. For example

> g~ ¢ L )R f dw oy L)

o 2mi q(w) — 2t 27i q(w) — 2}
= lg(w)|=|z¢| " +e lg(w)|=]ze| - —e

for some function g(w) analytic inside the region {w € C : |z|*—¢ < |q(w)| < |z¢|F+€}
with e sufficiently small so that the contours for different ¢ do not intersect. Now
equation (3.122) follows from carefully deforming all the inner contours {w : |¢(w)| =
|ze|¥ — €} to a single point and the outer contours {w : |qg(w)] = |z + €} to be
sufficiently close to {w : |g(w)| = rmax}-

The key fact here is due to our assumptions on L the integrand will always be
analytic at m;’s and —7;’s because the possible poles at such points coming from the
functions f,(w) will always be cancelled out by the zeros at these points coming from
the g(w) being multiplied in the integrand. Thus the only type of poles one needs
to take care of comes from the Cauchy-type terms A(U; UHD) or A(VO; V(D)
when one deforms the contours. After the contour deformations we can send 6y — 0
(or z; = 0 for all 1 < j < m with zf, /2] = 6; fixed for 1 < j < m — 1) and the
Lemma follows by noting that

lelI_Il)Q H, (w) =1, le_lglom =1, L%Xg(v,w z) = chy(v, u).

3.7.5 An equivalent formula for the two-time distribution

Starting from equation (3.106), we can also obtain a different Fredholm determi-
nant representation (through a completely different orthogonalization procedure) of
the N x N determinant, following the idea of [68] (they only worked out the case for

geometric last passage percolation with one set of parameters). The precise statement
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is the following:

Theorem 3.7.7 (An equivalent Fredholm determinant representation of Zsep(9)).

Under the same assumption as in Theorem 3.7.2, we have

Daven(8) = det(I + FE2(0)) . - (3.123)
Here
F%(0) = 0710 (Jiy (i, )= T (i, )+ Jur (i, 5)) =04 (Ji (3, ) = T (i, )+ e i 7)),

where

>]>

Jir(2,7) = Li<k, -

f
Jrr(4, J) = Lisg, - ]{
f

%j{dzetl(z ;}z—m li[
mi 271 (2 — () Hel(

7{ dz e(t2 t)(z= ). ?2 i1 (2 W)_ aﬁ2 ¢+
7

ko &,
2mi E:j(c — ) lmarthi+1 7 L

i i

J:I: Z ] % \% f tl(z (tg tl)(w UJ)

re 27i i 27i 27i (2 — —w)(w — w)
az+ko

+ A
'HIZ;(ZV_W) Hz e (W H H w + Ty
w—l-ﬁ'g,

[T (¢ —m) Hz ](W — ) =1 ¢ rmaythi+1

2
2

>]>

where the contours are chosen such that ;g ’s only enclose {m;} but not {—7;}, ¥;1’s
only enclose {—7;} but not {m;} and they do not intersect. Moreover Y3 lies outside

of 1,1, while E;L lies inside ¥4 1,, similar for the right contours. Here we recall that

]{ZQZN.

Proof. We start with the N x N determinant given in (3.107). First we write

dZ 6t12+ to— tl)w tom;
i i —z

|w|=R5 [z|=R1
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. i +k .
[T —m) TS0+ ) oy (w —m) Tk (m + 7

; k A k k ~ .
[Tz —m) TIT(z+ 7)) TLiy(w—m) [Tt (w + 7o)

D* (i, 7) is defined similarly but with the ordering of the contours |w| = Ry > Ry =
|z|. Then
8D (9) = 07 1>m D (i, §) — 0Nk DT (i, ).

step

Now set

i—1 a1+k1 ~
M= L oien TSm0 o Cor

27 [T (C—m) o ™+
2o,R
j—1 az+k R
Blij) = ¢ Wttty Hm@—m) T @t
(27])_ 27{'16 5 7_‘_+ﬁ_ :
So.r [Tr—i(w =) t=aj+k1+1 7 ¢

where Xy is any simple closed contour enclosing merely the points {m;} (but not
{—7;}) and inside |w| = R;. Note that the matrices A and B are both lower tri-
angular with 1’s on their diagonals so the determinants are both 1. We will show
that

Detep(0) = det (071> AD™ B — 0Y=t ADT B) = det(I + F™P(0)).

For this we decompose the integral contours for w and z in (3.106) into disjoint left
and right parts, enclosing merely the left poles and right poles respectively, while

keeping the ordering of the contours:
{lz2l = Ri} » S1.US1R, {lw| =Ry} — X5 USgg.

Then we split the double contour integrals in the entries D*(i, j) accourding to this

decomposition:

D*(i,7) = Ii5.(4,§) + ITx (5, 5) + I (4, 5) + Lz (4, 5)-
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Here I1g means the double integral with z in left contour and w in right contour,

similar for other parts. Now direct matrix multipication implies

Al B dw etr G=O+(t2—t1)(w—w) a1+k1 C"‘ﬁ'e
re B, 7) %2%1%271%2m o —w . o

az+k2

11 wt i Tl (w—m) ﬁ 2T [f: [ (C—m) ST (w —m)

t=arthi+1 + 7 H2=1 (¢ —m) 1 W T

We evaluating the sums over p and ¢ using the identities (3.63). Note that among

the four terms resulting from expanding the products (1 — Hg 13- m)(He Lo — 1)

7r£

w—1y

——* contributes to the quadruple contour integrals since the
4

only the term Hz L

other terms are all 0 as they have no poles either in ¢ or w inside the contour >y r.

Hence
(z=C)+(t2—t1)(w—w)
Az B(i
rr B0, ) j{ 27i ]{ 27i j{ 2mi j{ 27 (z — Q) (2 — w)(w — w)
>o,R
aﬁl aﬁﬂz w+ﬁ€‘Hz;l(w—W5).ﬁZ—ﬂg.ﬁw—ﬂ'e
e + 7y s w + Ty szl(g — ) LW T T W T

Now first deforming the w contour to a single point with a residue at the pole w = w

we have Al B(i,j) equals

j{ j{ ]4 el1(z=0) aﬁ“ ¢+ H;;}(w ) ﬁ 2 —my
27i 2ri 27 (2 — z2+ T szl(g — ) W—1p

(=1

Next for j > k; we can deform the w contour to a single point since there is no pole in
w at the 7;’s and the integral will be 0. For j < k; we instead deform the w contour

to oo with a residue at the pole w = z but no residue at oo since the integrand is
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O(w™?). Hence

dz €10 i, TIi (2 — )
Al B =1 ) A= _
rrB (i) = 1<k, - 7{%7{ 11—

21z —( e z+my szl(g_m)

Finally we deform the z contour to a single point with a residue at the pole z = (
and conclude that
AT —m)

= Lizjj<k -

‘1I§RB (Z7]> 1j<k1 ’ % P
= 2 7 o
s s m H£:1<C W)

For I}z we repeat the same procedure except in the last step we can not deform the

z contour since it encloses the left poles instead of the right ones :

dz el1(>=0) “ﬁ“ (+fe T2 (z — )

Al B(i,j) =1 ' '
e C¥)) gk 7{271'1 2ri z—C z+m [To—i (¢ =)

Yo,r 1L

For Iy, we start with deforming the z contour instead of the w contour (with a residue

at z = ¢ now):

Al B( ]{ 7{ ]{ I ﬁk e
r. B0, J) 27i 27i 271 (¢ — w)(w — w) w + 7y

l=a1+k1+1

k
Hz 1 —7T£ H C—m _ﬁw—m
[T (¢ - T LW
Then for ¢ < k; we can deform the ¢ contour to a single point and the integral will
vanish since the integrand is analytic in ¢ inside the contour. For ¢ > k; we instead

deform the ¢ contour to oo with a residue at ( = w but no residue at oo since the

integrand is O(¢™?). Hence

dw elta=to=w) 2t gy IR (w =)
7,>]€1 27T1 ' H '

Al B )
RL (Z] 27T1 w—w U)‘i‘ﬁ'@ HZ (w—ﬂ'ﬁ)

l=a1+k1+1
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For AI;; B(i,j) we do not deform the contours. A similar manipulation with the +

contours now yields the desired results. O]

Remark 3.7.8. Here we have essentially showed that
det(I + F™®(0)) 212 Ny) = Dsrep(0) = det(I — K1Ky)12(s,)s (3.124)

by relating the two Fredholm determinants to the same N x N determinants where
N = ky. A natural question is whether one can direct show the equality between
the two Fredholm determinants and the subtlety here is the two kernels are not
simply related by some direct conjugation. In fact one can check that tr(FF<P(0)) #
tr(—/C1/Cy). We believe that the series expansions of the two Fredholm determinants

should agree but we are not able to match them term by term.

3.8 Proof of Theorem 3.2.1

3.8.1 Proof of Theorem 3.2.1 (i)

The proof is a standard steepest descent analysis so we only provide essential

calculations here. Note first that for any nonzero constants ¢y, - - - , ¢, the Fredholm

(o0)

step 18 Invariant if we replace the functions F; appearing in the

determinant part D,
kernels by F; := ¢;F;. This can be easily seen from equation (3.121) since the function
fo(UD) £,(V®) is invariant when we replace Fj by ¢;F;. Now we set

LS (w0 — ) - T (w0 + /) - et

F;
(w) (_1/2)]’6‘1‘7—'77‘/3(1/2)70,7;7]{7;178/367157;/2

Then for w = 24+1(T~'/3 a straightforward Taylor expansion shows that for |¢| < T/

FZ(UJ) _ szl ()‘f - O

= HZ:1<<' — 'ué) - exXp (_%Tiég + $i<2 + hzé) . (1 + O(Te—l/g)) 7
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where 0 < € < 1/3. To ensure the kernels have sufficiently fast decay on each variable

we make the conjugations by setting

. filw)y) fi(w’)

Ki(w,w') == (6:;(5) + 0:(j + (=1)")) — Q1(7),
Raepli:0) = (50 + 500+ (—1)) L2 (;Uz // ),

forw" € ¥;NS,, we ¥;NS;. Here ﬁ is obtained by replacing F; with F, in equation

(3.23). We also conjugate the limiting kernels in a similar way:

RI(C.¢) = () + o + (1)) LEVD g, ),
VAGNAGI

RAL(G¢) = (6500 + 6300+ (-1)7) Y228

for ("€ I'; NSy, ¢ € I''N'Sy. These conjugations do not change the Fredholm deter-
minants because they do not change the %5 ; and Dy 5 terms in the series expansions
of the Fredholm determinants (3.121). For the same reason the choice of square root
does not matter since such square roots appear an even number of times in each term
of the series expansion. After the conjugation it is straightforward to show that for

w=—1+1¢T71% and 0 < € < 1/3 we have

- EQOA+O0T?) it ¢ < T,
filw) = , (3.125)
O(e=T" ") if [¢] > Te/*.

Now we deform the contours X; to be sufficiently close to the critical points w, = —%
such that locally they look like the limiting contours I';. More precisely we deform

EIR such that

1 ]_ ]. i
YpN{weC: ’w—l— 5‘ < ETE/“’US} = {_5 +T’1/3(a;r +re3):0<r < TV}
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1 ust
U {—5 + T3 af +re75) 10 < r < T,

and similar for other contours. Then by (3.125) it is straightforward to show that

1. For each n € N and 0 < |6;| < 1 we have

lim Tr (K1Koep ) = Tr (RI7RYE)”

T00 step

2. There exists constant C' > 0 independent of T" and n such that for all n € N

j{...]{det [(Iﬁll@tep> (whwj)} Zj:1 (;_1:11 . (;j;? <o

S1 S

Now (1) and (2) immediately implies Dstep (01, ,0pm_1) converges to Dﬁﬁf’ A (01, Om)

locally uniformly for 0 < |6;| < 1 as T — oo, thus proving Theorem 3.2.1 part (i).

3.8.2 Proof of Theorem 3.2.1 (ii)

This part is almost identical to the previous part so we omit the details.

3.8.3 Proof of Theorem 3.2.1 (iii)

This part is proved in [35] Theorem 2.1 (b) using probabilistic arguments. Here we
briefly explain how it can be obtained through steepest descent analysis of our finite-
time formula. It follows immediately from the following two lemmas, each of which
is a straightforward consequence of a steepest descent analysis of the corresponding

contour integral representation. We omit most of the details.
Lemma 3.8.1. For i = (ny,ne- - ,nNy) € (Zso)™ with n; = 1<k, we have

c1+ioco cp+ioco
%Tz Ti— l)f "F(xz Tj— 1)5

k
d¢;
jll_{n Dy step(eb toe 76m—1) = / T / ]:[ 2_ §i+1 ) (3126)

c1—ioco cp—ico T
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where g1 =To =20 :=0 and ¢ < cp_q < -+ < ¢q with ¢ < 0.

Lemma 3.8.2. For any i € (Z>0)™ not of the form it = (1,---,1,0,--- ,0) we have
|Dﬁ,step(91, T ,Gm_1)| < e_CT . C|ﬁ|’

for some constants ¢,C' > 0.

Proof of Theorem 3.2.1 (iii). By Lemma 3.8.1 and 3.8.2 above we have

hm ]P)step (ﬂ{mk[ t€ > CL[}) % f H 271'10 1 _ <1 + ZUk) =1+ ZUk

Where
c1+ioo Ck-i-looﬁ 5 62(7-1 Ti—1)E2+(zi—zi—1)&
Uk = / / 9
| - 27 —&iv1
c1—100 Ck— ico

Here &1 =19 =29 := 0 and ¢ < ¢p_1 < -+ < ¢ with ¢ < 0. Deforming all the
contours to the right half-plane while preserving the orders of the vertical contours

we have for 2 < k <m

¢1+ioco ck-‘rloo

/ / H dé’ 62 Tz Ti—1 5 +($z Tj— 1)51
2mi — i1

é1—ico &g —ioo

é1-+ioo Cro— 1+100

Tz Ti—1 5 +(I7, Ti— 1)§

/ H 27 —&iv1 ’

¢1—ioco Cp—1—ioo

where 0 < ¢ < --- < ¢, and we set & = 0 for the second term on the right hand side

above. For k = 1 we simply have

cﬁ_loodgl e%ﬂ&f-ﬁ-zl&
U1 = / —— — 1.
2mi &
¢1—ioco
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Summing over 1 < k < m we see

¢1+ioco Cm Fico

m m dg;, e%(Tk_”'kfl)gz‘i'(wk_l'kfl)ék
ST AT |
kZ:; AT L[l m § — &k
where &,41 = 790 = 29 := 0 . Introducing the change of variables &; := in; for
1 <5 <m we have
“+oo—icy +00—iém

— 5 (Th—Th—1)MEHi(Th—TR—1)Mk

1+ZUk: / / ﬁ2i = Gylzr, o )

M — Mk+1

—o0—ié1 —00—iCm

(3.127)

Taking derivatives with respect to x,,, -+ ,x; we see

+oo—icy +00—iCm

8771@1(%1’.,' 7xm) e dnk 1 2 .
Oy -+ Oxy - / / IH o exp —2<Tk — Ty, +1(Tk — 1)k | -
—o0o0—ic1 —00—iCm
Here 0 < ¢, < --- < ¢; and we have exchanged the order of integration and dif-

ferentiation which follows directly from dominated convergence theorem.. A direct

Gaussian integral gives

“+oo-+i-c

1.2 2 82
e 2w HBu g — \/ —e 2o,
Q

for all & > 0 and 3, c € R. Hence

8”‘@1(1‘1, T ,l’m) _ 1 exp _1 - (33‘@ — .%'@,1)2
Oy -+ Oy, V)T, (e — 7e-1) 2 =T )

/=1

—oo+i-c

Now note that for any 1 < j < m, we have Re(i(n; — 1j+1)) = ¢; — ¢j41 > 0 for any
n; and ;41 with Im(n;) = —¢; and Im(n;41) = —¢;41. Hence for all 1 <k < m and

such n;’s we have

lim e me—m+1) — (.
Tp—>—00
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Thus by dominated convergence theorem we have for any 1 <7 < m

lim Gy(z1,--- ,2m) = 0.
ZT;—>—00

Similar arguments holds for all derivatives, namely

. ajé’l(ajla"' 7xm)
1 =0
zi- oo Oz Oy, ’

MG (u1,

for all 1 < 1,7 < m. Hence by integrating - Um) from —oo to a; for 1 < i < m

we conclude that

~

Gl(xh e 7$m)
1 i UK — Up—1
= exp | —= duq - - - duy,.
Vv (@2m)m Hngz—Tz1 / / < 221 T = Te1 )
This completes the proof of Theorem 3.2.1 (iii). O
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CHAPTER 4

Multi-point Distribution of Discrete Time Periodic

TASEP

4.1 Introduction

The goal of this chapter is to study another classical model in the KPZ universality
class, the discrete time totally asymmetric exclusion process with parallel updates,
mainly on periodic domains. On the infinite lattice Z, this model has been well
studied. The one-point marginal distribution for height function was obtained in [65]
for the equivalent geometric last passage percolation model and joint distributions of
several locations at equal time was obtained in [19]. Recently the joint distributions
along the time direction have also been studied, in [66] for two-time case and [67]
for general multi-time joint distributions. However on the periodic domain there are
fewer results concerning height fluctuations (see [91] for some results on transition
probability and stationary distributions), which are the main focuses of this chapter.

The main results of this chapter are summarized as follows:

1. For general initial conditions we obtain a finite-time multi-point (in both space
and time) joint distribution formula for discrete time parallel periodic TASEP.
The formula consists of an m-fold contour integral with integrand involving

a Fredholm determinant, where m is the number of space-time points we are
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considering and the Fredholm determinant has kernels acting on certain discrete

sets related to roots of some polynomials.

2. Under the relaxation time scale ¢ = O(L*?) and the 1 : 2 : 3 KPZ scaling,
we obtain large-time, large-period limits for the multi-point joint distributions
under certain assumptions on the initial condition, which are verified for step
and flat cases. These limiting formulas agree with those obtained in [9, 10],
thus providing an evidence that the height fluctuations for periodic models in

the KPZ class are in fact universal.

Comparing to the previous work [9, 10] and [81] on the multi-point distributions
of continuous time TASEP, on either periodic domain or Z, see also Chapter 3 for the
inhomogeneous generalization, our work consists of formulas with similar structures
but involves an extra parameter p describing the hopping probability, which makes
the algebraic properties a bit more complicated. In particular the polynomial whose
roots are related to the kernels in the periodic formulas now depends on the extra
parameter p. We point out that all the formulas for continuous time TASEP can be

obtained from our formulas by rescaling the time and taking p — 0.

Outline of the chapter

In Section 4.2 we describe the discrete time parallel TASEP models and state the
main results involving several multi-point joint distribution formulas, for both peri-
odic domain and infinite lattice Z, finite time and large time limit. From Sections 4.3
to Section 4.5 we derive the main finite-time algebraic formulas for multi-point dis-
tribution of discrete time parallel periodic TASEP and we regard them as the main
technical novelties in this chapter. In particular in Section 4.3 we prove a novel
transition probability formula for discrete time parallel TASEP on the periodic do-

main involving integral of determinants using coordinate Bethe ansatz. In Section 4.4
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we derive the finite-time multi-point distribution formula by performing a multiple
sum over the transition probabilities. The key ingredients are certain Cauchy-type
summation identities over the eigenfunctions of the generator, which might be of inde-
pendent interest so we discuss the proof in Section 4.5. In Section 4.6 and Section 4.7
we discuss the large time, large period asymptotics for the multi-point distribution

under relaxation time scale t = O(L%/?).

4.2 Models and main results

Let N < L be positive integers. We consider discrete time TASEP with parallel
updates with N particles on a spatially periodic domain of size L. It is convenient
to view the dynamics as particles moving to the right on the integer lattice Z while
periodicity forces particle configurations to be identical copies of each other every L
sites. More precisely this means that the occupation functions 7;(t) which equal 1 if

there is a particle at site j € Z at time t and equalts 0 otherwise should satisfy

nj(t) = nj+kr(t), forall j,k € Z and t € N. (4.1)

We fix a single period of size L and denote the locations of N total particles in this
period at time ¢ as

l’l(t) > ZL’Q(t) > > J}N(t)

Here x;(t) € Z for 1 < i < N and we index the particles from right to left. The
locations of all the particles then satisfy z; xn(t) = 2;(t) — kL for 1 < i < N and

k € 7Z so that we have

o> an(t)+ L =xo(t) > x1(t) > xo(t) > >an(t) >y (t) =a1(t) =L >---.
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Thus the natural configuration space for the particles should be
X](VL) ={F= (21, ,an) €EZ" oy +L>x1 > 29> - >N} (4.2)

The discrete time parallel periodic TASEP with N particles, period L and hopping
probability 0 < p < 1, which we denote by dpTASEP(L, N, p), is the following
Markovian dynamics on particle configurations Z(t) € X ]s,L): at each time step, each
particle in a single period hops to its right neighbor site independently with probabil-
ity p = 1 —q provided that the site is empty, otherwise it stays at its current position.
As a special case, the discrete time parallel TASEP on Z which we will denote by
dTASEP(p) corresponds to particles following the same evolution rules with the pe-
riod L — oo so that the configuration space for the first N particles (from right to

left, we always assume the existence of right-most particle) becomes
X]S,OO) ={T= (21, ,an) €EZYN 121 > 29 > -+ > TN} (4.3)

Notation 4.2.1. Throughout the chapter there will be several very similar formulas
and quantities corresponding to either discrete time parallel TASEP on a periodic
domain with size L with the continuous time inhomogeneous TASEP discussed in
Chapter 3. To emphasize the similarity we may use the same notation for two different

but very similar objects in the two chapters when there is no confusion.

4.2.1 Multi-point distribution of dpTASEP(L, N, p)

The first theorem is a finite-time multi-point joint distribution formula for discrete
time TASEP on a periodic domain, which is the starting point of all other results in
this paper. It has an almost identical form as Theorem 3.6.1, except that the Bethe

roots are deformed by the parameter p and the weight function F; changes slightly.

Theorem 4.2.2 (Finite-time multi-point joint distribution for dpTASEP(L, N, p,¥)).

108



Let N < L be integers. Consider discrete time periodic parallel TASEP with hopping
probability 0 < p < 1, N particles and L sites per period (ApTASEP(L, N, p,)) where

€ X]S,L) is the initial condition, i.e., £;(0) = y; for 1 <1 < N. We set o= N/L and

r, ;:< e )Q(1+w0)1—9, (4.4)

1+ pw,

where
_ 20 — 2 (4.5)
1+ /1—4p-o(1—yo)

A
Fiz a positive integer m and let (k;,t;), 1 < i < m be m distinct points in Z X Zxq

We =

satisfying 0 <ty < --- <t,,. Then for any integers ay,--- , A,

2mizy  2mizy,

P <ﬁ{xki(ti) > ai}> - 7{ f GP(HP (L ... Som (4.6)

Where we set Z = (z1,- -+, zm) and the contours are over nested circles centered at
the origin: 0 < |zpm| < -+ < |z1| < re. Here and in all the remaining results we
suppress the dependence of the integrand on the parameters a;, k;,t; as well as the
hopping probability 0 < p < 1. The function %;L)(Z) s defined in Section 4.2.4 and

@;L)(Z) s a Fredholm determinant
7 (2) = det(1 — 4P ), (4.7)

where the operators %(L) and %(L) are defined in Section 4.2.4.

Remark 4.2.3. Theorem 4.2.2 generalizes Theorem 3.1 of [10] (and also Theorem
3.6.1 in Chapter 3) on the finite-time multi-point distribution of continuous time
periodic TASEP. In fact their formulas can be obtained from our formula (4.6) by

taking p = ¢, t = et and letting € — 0.

Next we state the theorem on the large-time, large-period scaling limit of (4.6)
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under the relaxation time scale t = O(L*/?). To emphasize the initial condition in the
limit theorem, we add the subscript “ic” for the terms in the limit which depend on
the initial conditions. We make the following choice of the labeling for convenience:
we assume that z1(0) < 0 < x¢(0). This is equivalent to assuming that the initial

condition satisfies y; <0 < yy + L.

Theorem 4.2.4 (Relaxation time limit). Consider a sequence dpTASEP(L, N, y(L))
where 90 = o = N/L stays in a compact subset of (0,1) and y; < 0 < yy + L.
Suppose that the sequence of initial conditions (L) satisfies certain assumptions (see

Assumption 4.6.1). Fiz a positive integer m and let p; = (v, 7;) be m points in the

TEGLON,
satisfying
O<m<m< <7y
Then for every fived x1,--- , X, € R and parameters a;, k;, t;, 1 < i < m given by

ti = ClTiL3/2 + 0(1), a; = Cgti + ’)/ZL + 0(1), k)z = Cgti + C4’}/Z'L + C5XiL1/2, (48)

we have

L—oo Y

lim P& (ﬂ {xn,(t;) > ai}> =" (x1,- ,Xm; D1, Pm)- (4.9)
j=1

Here the constants ¢; depend explicitly on particle density 0 < o < 1 and hopping

probability 0 < p < 1 and are given by

1 Vo p(1 —20)
C1 = y = —TT—"7,
p(1—p) 0'/2(1 — 0)'/? v (4.10)
B 20° - p(1 —p) Ca=—p, 5= _01/2(1 - g)1/21/1/2

C3 = )
" v(1+ v - 2po)
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where we set v = \/1 —4p - o(1 — g) for convenience. We recall that in equation
(4.9) P denotes the probability associated to dpTASEP(L, N, ¢(L)). The function
FY agrees with the one defined in Section 6.4 of [10] as the relazation time limit of
distribution of continuous time periodic TASEP. We recall the definition of FL." in

Section 4.6.3 for completeness. The convergence is locally uniform in x;, 7;, and ;.

4.2.2 Bethe equations and Bethe roots

For our analysis on the discrete time periodic TASEP the following polynomial

and its roots play essential role:

Definition 4.2.5 (Bethe roots). Given z € C and 0 < p < 1. Define the degree L

polynomial q,(w) by

¢ (w) == w1 +w)" — 251+ pw)?. (4.11)

We call this polynomial the Bethe polynomial associated to z and its roots Bethe roots.

We denote the set of all roots of the Bethe polynomial q,(w) by S.:

S, ={weC:q(w)=0} (4.12)

The Bethe root set S, is contained in the level set {w € C : |w|?|1 + w|'7¢ =
|z - |1 4+ pw|?}, which is sometimes called a deformed Cassini oval. It is not hard to
check that for |z| < r,, the level set consists of two disjoint contours while for |z| > r,
the two contours merge to a single contour. For z = r, there is a self-intersection point
for the contour at w = w,. Here r. and w, are defined in (4.4) and (4.5). See figure
4.1. We remark that the Bethe polynomials (and their roots) we are considering here
are one-parameter generalizations of the one considered in [8, 9, 10] for continuous

time periodic TASEP which corresponds to p = 0 degeneration of (4.11),
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Figure 4.1: The solid dots are roots for ¢.(w) with L = 16, N = 4, p = 5/6 and

|z| = %rc, r. and 19—01'C from outside to inside. The dashed lines are the corresponding
level sets.

Definition 4.2.6 (Left and right Bethe roots). For |z| < r., we define the sets
L., ={weS,: Re(w) <w.}, R,:={wéeES,: Re(w) > w,.}, (4.13)

where w. and r. are defined in (4.5) and (4.4). Then it is straightforward to check
that |L,| = L — N and |R.| = N. Roots in L, and R, are called left and right Bethe
roots, respectively. We also define the left and right Bethe polynomials q.1(w) and

¢.r(w) as the monic polynomials with roots in L, and R :

¢.L(w) == H (w—u), ¢r(w):= H (w — ). (4.14)

uGEz ’UGRZ

Then by definition we have

Sz = 'Cz ) Rz> qz(w) = qz,L<w)QZ,R(w)-

4.2.3 A symmetric function related to initial conditions

In our finite-time multi-point distribution formula (4.6), the quantities encoding

information in the initial condition are all related to the following symmetric function:

Definition 4.2.7 (Symmetric function). Given p € C and A = (A1, ,Ay) € ZV
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with Ay > -+ > Ay. We define

N

det [w;v_l(]?w] + 1>i71(wj + 1))\211‘,]':1 (4 15)

det[w) ~N_,

.7-",\(w1,--- ,wN;p) =

Remark 4.2.8. The symmetric function F) defined here is a one-parameter general-
ization of the Grothendieck-like symmetric function defined in equation (3.6) of [10]

which corresponds to the p = 0 degeneration in our situation.
The following two quantities related to F) encode the initial condition:

Definition 4.2.9 (Global energy and characteristic function). For § € X ]S,L), we set
AY) =+ Lya+2,-- ,yn + N). (4.16)

For |z| < r., we define the global energy E;(2) by
Eg(2) == Fag(Rzip)- (4.17)

When E5(z) # 0, we define the characteristic function xz(v,w; z) for a left Bethe root

u and a right Bethe root v by

_ P (R: U{up\{v};p)

, Jorue L, andv €R,. (4.18)
IRz p)

Xg(v,u; 2)

Remark 4.2.10. A straightforward calculation shows that for step initial condition
y=(=1,---,=N), we have F5 = 1. Hence the global energy function and char-
acteristic function are both constant 1 for step initial condition. In general since the
roots of the Bethe polynomial ¢,(w) depend analytically on z, the function Ez(z)
is analytic for |z| < r.. Furthermore &;(z) can not vanish identically. In fact
E;(0) = 1 since when |z| — 0 all the right Bethe roots converge to 0. As a con-

sequence Fy g (R.;p) is nonzero for all but finitely many 2z in any compact subset of
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{lz| < r.}, which means x;(v,u; z) is a well-defined meromorphic function in z on

{lz| < r.} for fixed u,v.

o (L) = (L) =
4.2.4 Definition of ;" (7) and 7,7 (%)

The functions CK;L)(Z) and @yEL)(Z) are defined in an almost identical way as the

%;L)(z) and Z;(7) functions defined in Section 3.6.2 except that the Bethe equation

is now replaced by (4.11) and the weight functions are now

Ey(z) == [[(—w)™ ] v+ 1) (po+ 1),

ueﬁz ’UERZ

Fy(w) == w" (w + 1)7" 7 (1 + pw)tere,

4.3 'Transition probability

In this section we give an explicit integral formula for the transition probability
of discrete time parallel TASEP in the configuration space X ]S,L). This is the starting

point for deriving the finite-time joint distribution formulas.

Proposition 4.3.1. Given particle configurations & = (x1,- -+ ,xn), ¥ = (Y1, ,Yn)
mn X](VL). Let P(y — ¥) be the transition probability of observing configuration ¥ at
time t under the discrete time periodic TASEP dynamics with initial configuration .

With the convention xg := xn + L we have

N N
Lo dz -
P(y—17) = H(l —ply | —wi=1) j{ iz det E F j(w; 2,9y, t)J(w) . (4.19)
i=1 T wWES; i,j=1

Here T is any simple closed contour with 0 inside and S, consists of all the roots of
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the degree L polynomial q.(w) := w™ (w + 1)E=N — 2E(1 + pw)?, i.e.,
S, ={weC:w"(w+Y 211+ pw)™ =0}. (4.20)
The functions F; j(w;t) and J(w) are given by
F

i (w3 T, t) = wj_i(w_l_1)—$N7i+1+yN7j+1+i_]’_1(1+pw)t+i_j’ 1<4,5 <N, (4.21)

and
J(w) w(w + 1)(1 + pw)

= . 4.22
N + Lw + p(L — N)w? (422)

Remark 4.3.2. We remark that a different formula for the transition probability of
discrete time parallel TASEP on a ring was obtained in [91]. The key difference is
the formula in [91] is expressed as an infinite sum of determinants while our formula
is a single contour integral of determinants. The main reason for this is that in [91]
the authors do not distinguish particle configurations differing by a translation of an

integer multiple of the period, so in our language their transition probability really is

kEZ

We believe our formula is simpler and more suitable for deriving finite-time joint

distributions.

Remark 4.3.3. If we take the continuous time limit by setting p = ¢, t = T'/e and
send € — 0, the dynamics then becomes continuous time periodic TASEP consid-
ered in [8] and our formula (4.19) reduces to equation (5.4) in [8] for the transition

probability of continuous time periodic TASEP up to an index reversing.

We first list a few elementary properties of the transition probability formula

(4.19) before discussing the proof of Proposition 4.3.1.
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Proposition 4.3.4 (Properties of the transition probability formula). The right hand

side of (4.19) satisfies the following properties:

(i) The right hand side of (4.19) can also be written as:

N
dz dw G- (w) + 2*
1—pl, . _ " det | § LR (w: g )BT A (423
[0 -to i) f et | § pRatuss 000G (4.23)
. : TS ij=1

where §,(w) = ¢, (w)(1+pw)™ = w1 +pw) N (1 +w)*N — 2L has the same
roots as q.(w) for any |z| > 0 and s, is any simple closed contour with all the

roots in S, inside and —1 and —1/p outside.

(i) The outer integral with respect to z in (4.19) (and also (4.23)) does not depend

on the contour .

(111) Assume further that L > x1 — yn + 2. Then the right-hand side of (4.19) can

be further written as

N
d
[Tt - plo,—amr) det ]§ ey T AT | (4.24)

27
i=1

o1 ij=1

where 'y _1 s any simple closed contour enclosing 0 and —1 as the only possible
poles for the integrand. Note that (4.24) agrees with the transition probability

for discrete time parallel TASEP on Z, see for example equation (3.21) of [19].

(iv) The right-hand side of (4.19) is invariant under cyclic translation. Namely, for
any fized 1 <k < N, set ¥ := (zy, Tps1," - , TN, 1 — Lyxg — L, -+ ;251 — L)
and 37 = (ykayk+17 L YN YL — L7y2 - L7 s Yk-1 — L) Then the rzght-hand

side of (4.19) is invariant if we replace T and § by &' and i .

Proof. (i) It is easy to check that J(w) = %. Hence by the residue theorem
dw 92\W
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(i)

we have

wES;

d i L

[ R UER NS
2mi

I'r,

Note that F; ;(w, 7,7, t)% is analytic at w = 0 for any 1 <i,j7 < N and

the only possible poles besides S, are w = —1 and w = —1/p.

Choose R > 0 large enough and € > 0 small enough so that all the roots in S,

are inside the region {e < |w + 1] < R}\{|1 + pw| < €}. Then

> F(ws; 2,3, 4) (w)

wESz

- g_zmw;f,jt)%. (4.25)

|lw+1|=R |w+ll=e |pw+1|=e

Since R and € can be arbitrarily large or small, the right hand side of (4.25) as
a function in z is analytic for any |z| > 0. Hence the integral with respect to z
in (4.19) is independent of I" since the integrand has an analytic continuation

to {|z] > 0}.

For L > xy — yn + 2, we have —on_j11 +ynv_j1 +i—J+L —N—-12>0 for

gz (w)+ZL :

all 1 <4,7 < N. Hence for any |z| > 0, the integrand F; ;(w;Z, ¥, t) i) 0

(4.25) is analytic at w = —1, which implies

> rwiw = ¢ - f RIS

3 2mi
WSz lw+l|=R  |pw+1|=e

Now for fixed R large enough and € small enough, the right-hand side of (4.26)
is an analytic function in z for |z| sufficiently small such that all the roots of G,
are in the region {|w+1| < R}\{|pw+1| < €}. Now by the residue theorem the

outer contour integral with respect to z in (4.23) equals the integrand evaluated
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at z = 0, which equals

dw o
det % - f %E,j(w;x7y7t)

|lw+1|=R |pw+1|=e ij=1

(iv) We remark that this property can be easily understood if we use the proba-
bilistic interpretation since # and z’ (and also y and ¢') actually represent the
same particle configuration on Z (we just use particles in different period as
representatives), hence the transition probability between ¢ and ¥ and i and
2’ should be the same. Here however we can not directly use this since we have
not proven (4.19). In fact, we will need this fact in our proof of (4.19) hence
we give an independent algebraic proof here. It suffices to assume k£ = 2 and
hence @ = (z9, -+ ,xn,21 — L), ¥ = (Y2, -+ ,yn, 1 — L). Clearly we have

M, —ply o =1) =T (1 - ply o =1). So it suffices to show

N

> Fj(wi Z g, 1) (w) ,

wESz

N
det Z F, j(w; 2, v, t)J(w)] = det

wESz

1,j=1 1,j=1

where Fyj(w; @, 7,t) = w/ ™ (w + 1) "Nt PN FI 711 4 )= By multi-

linearity we have

N
det | Y Fij(w; 7,7, t)J(w)] = > det[Fy(wi @7, 1) (w)])_,
weSs ij=1 Wi, wNES:
N . .
= Z Z Sgn(J)Hw?(z)—z(wi+1)—:vaiH+nya(i)+1+i—a(i)—1(1+pwi)t+i_0(i)
w; €S, 0ESN =1
1<i<N
N
— Z Z Sgn(o->Hw;f(l)—Z(wi+1>—$/N_i+yﬁv_g(i)+i—a(i)—1(1_i_pwi)t—l-i—cr(i)‘
w;€S, c€SN =1
1<i<N

Here again 2, = 2y + L =21 — L+ L = 2. Now we fix 7 = (N---21) € Sy
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and set w; := wy;) for 1 <¢ < Nand o =7 ~lo7. Then the last line in the

above equation equals

> > sen(o)

71}1’ »/J}NGSZ &ESN

H ~ 76 (1) — 7'(7, ‘+1)_x/]\]_7-(i)+y;\/—7‘6(i)+T(i)_7—5-(i)_1(1 +pU~)i)t+T(i)_T&(i)- (427)

We claim that for any fixed ¢ € Sy,

N

Hw;&(i)f ()(wl + 1) Sy TN TO<1)+T(i)—T&(i)—1(1 +pu~)i)t+7(i)‘75(")
N ~ . . . - )

= Hw;’(z)ﬂ(wi i 1)7963\;_1'4-1+y§\,,(~,(i)+1+zfa(1)*l(1 + pwz)tﬂ (i)

This then implies

N
det | E,j(w;f,@t)c](w)]
weS, ij=1
N o . ~ .
= Z Z sgn(& H ;Tz) i~ +1)” TN _iy1 YN s (iy41Ti—0 (D)1 (1 ‘I’pwz)t—ﬂ &(4)
W; €S, GESN =1

1<i<N

> Fylw; @4, t)J(w)]

WES.,

= det

To see the claim note that for i # 1 we have 7(i) =i — 1 and for &(i) # 1 we

have 76 (i) = (i) — 1. Hence

' w; + 1)796/1\777(1')+y§\7776(i)+7’(i)770( i)— (1 + pwl)“r"'(l) 75 (i)

_ wf(i)*i(wi + 1)7xll\f—i+1+y;\7—6(i)+1+17&(i)71(1 + pwi)ﬂrifﬁ(i)

for i # 1 and &(i) # 1. For the other situations we split into two cases
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Case 1: (1) # 1. Then we have

wI&(l)—r(l)(wl + 1)—:c9v_7(1)+ygv_,5(1)+r(1)—75(1)_1(1 iy )@=

(1 +p@D1)N
(@) + )E-Ngl

:wf(l)_l(uh-f—l) ENHYN _5(1)41 0(1)<1 + pi )t+1 (1)

_ ﬁ]f(l)—l(wl I 1)—xgv+ygv_&<l)+1—&(1)(1 _I_pd]i)tﬂ_&(l) e
Similarly if we set 7'(1) = j, then the term involving w; in (4.27) equals

7szr(l)fr(j)(wj_i_1)—ac’]\_T(j)+y§\,77(1)+T(j)—f(1)—1(1ijwj)HT(j)—r(l)

g (@ + D NN

(1 + pwj)N

?(J)_j(wj +1> l'N J+1+yN a(3)+1 O’(.)‘Fj—l(l_i_p'v )t+] o

_ ~§7(J')—J' (; + 1)_x§vfj+1+y3v—&(j)+1_5(j)+j_1(1 + plz}j)t+j_&(j) - 2L
Hence
N ~ [ . . ~ .
T 6770 (@ + 1) et o roo #7090y (=730
i=1
N
H @D @y 4 1) TN TN TN (] g yeti=a()
N ~ ._ . ~ .
_ H w?(l)—l(wi + 1)7$§V—i+l+y;\]7&(i)+1+17‘7(l)71(1 + pwi)ﬂrif&(i)_
Case 2: 6(1) = 1. Then we have

/IIJTU(l) T(l)( + 1) N—T(l)+y§\]—7—&(1)+7(1)_7&(1)_1(1 + pwl)t+T(1)_T&(1)

= ’[I}f(l)*l(wl + 1)*Jf§v+yf\77&(1)+1*0(1)(1 + piy) ),

so the claim follows.
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Now we turn to the proof of formula (4.19). The proof basically follows the idea of
[19, 8] and is very similar as the proof of Proposition 3.3.1. The main extra difficulty
here is due to parallel update rule, the stationary distribution for the dynamics is

non-uniform. In fact one can check (%) o< [[,(1 — pla, , 2,—1) is the stationary

Pt(ﬂ—ﬂf)
Hil(l_pllifl_zizl)

simpler dynamics than P,(y — 7). In fact we have

distribution. As a result it turns out that satisfies a relatively

Lemma 4.3.5. Given Z,ij € Z. Let G(Z,t;¥,0) be the (unique) solution of the

following free evolution equation

N

b1, ,bn€{0,1} i=1

together with the boundary conditions: for 1 <i < N

(]'_p) [G( 7xi+17xiaxi+l7”' ,t,g,O)—G( y Ly Ly L1y - * " 7t7y70)]

(4.29)
:p[G( y Liy Xj — 17 7t7gja0) _G< 7$Z+17$Z - 17 ’ta?jvo)]a

and initial condition:

G(,0:7,0) liy (4.30)

x’ ;y7 = M M
Hi\il(l _plri—1—$1=1)
Then
Pl
G(Z,;7,0) = — Wy 7) , Jorall 7, e xP. (4.31)

Hi:l(l - p1$i71*x1:1>
Note that we used the convention xy = xy + L so when i = 1, (4.29) should be

interpreted as

(1 _p> [G<x17 y L1 _L+17t7g70) _G(xb'" y L1 _Lat7g70>]
(4.32)

:p[G(xl_la 7x1_L7tag70)_G(I1_17 7x1_L+]-at7y_"O>]
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Proof. Set
_ B-d
Hz]\il(l - plxi—l—l’iil)

It suffices to show that for Z, ¢ € XJQ,L), H(Z,t;4,0) and G(Z,t;y,0) satisfy the same

evolution equation to conclude that H(Z,t;7,0) = G(Z,t;4,0) for all Z, 4 € XJQ,L) since

(4.33)

they have the same initial condition. To better describe the evolution equation for

H(Z,t;4,0) it is convenient to introduce the notion of clusters of a particle config-

uration Z. Given ¥ = (21, - ,xyN) € XJ(VL), for 1 <i< Nand1l <k < N we say
[z, i1, -, Ti—k41] is a cluster of size k of 7 if
Qj’i+1—|—1<3§'Z':$i,1—1:"':l’i,k+1—k—|—1<$i,k—k,

namely particle ¢ through ¢ — k£ 4+ 1 are right next to each other while there are
at least one empty site to the left of x; and right of x; ;. Here we abuse no-
tation by allowing the index to exceed {1,---, N} and this should be understood
with the convention x; . xny = x; — kL for 1 < i < N and k € Z. For convenience
when [z;,z;_1, -+ , 1, %0, - x_j] is a cluster for some 0 < j < N, we will also say
[z, ,x1, 2N, -+ ,xN—;] forms a cluster so that all the indices appearing will be
between 1 and N.

Let N.(Z) be the number of clusters in configuration # and let z.,, 1 < j < N(Z)
be the locations of the left-most particles in each cluster. Then it is straightforward

to check that H(Z,t;¥,0) satisfies

H(Zt+ 15,00 = > H phe ) H bc]eq,t,y, , (4.34)
be; €{0,1}, J=1 J=1

1<G<N(@)

where écj € Z" has 1 in the c;-th coordinate and 0 in the other coordinates.

We claim that for 2,y € /'\?](VL), (4.34) and (4.28) takes the same form (with H
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replaced by G) provided G(7,t; ¥, 0) satisfies boundary conditions (4.29). Due to the

sum of products form of (4.34) and (4.28) it suffices to check

> P —p) NG(T - b, 1 §,0)

b;€{0,1}

— Z Hp ) b]G:E—Zb €;,t,7.,0), (4.35)

b;€{0,1} J
j:i—m+1,-~,i

for 7,4 € XJQ,L) and a single cluster [z;,z;—1,- -+, Ti—ms1] of size m. We will show
the stronger statement: (4.35) actually holds for any @ = (zy,--- ,zy) € Z" with
TiyTi_1, 5 Ti_me1 merely satisfying x;, =2, 1 —1=---=2;_p,.1 —m+ 1. Wedo

not require empty sites at the left and right ends so they may not form a cluster.
We prove this by induction on m. For m = 1 this is trivial. Assume the claim is

true for any clusters of size < m. Now let # € ZY withz; = 2,1 —1=--- =2;_,,—m

for some 1 < ¢ < N. Here without loss of generality we can assume 1 —m > 1,

otherwise replace j by 7 + N for indices 7 < 0. Then

Z Hp 1bJG:c—Zbej,

bje{0,1} J
j:z‘—m,m,z‘

=Y a0 T Pa-pheE- Y bE)

b;{0,1} - bje{0,1} 1j:i—m j=i—m
J=t—m, i—

= Y - (X P =) TG E = bl = b))

b;e{0,1} bi_1€{0,1}
= (1—p)’G(@.t) +p(1 — p)G(Z — &,1)

+p(1=p)G(T = € 1,t) + P*G(T — & — €1, 1), (4.36)

where we used induction hypothesis in the second equality of (4.36) for the sum inside

the brackets and we suppress the dependence on ¢ for G(Z,t; i, 0) to save space. Now
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by the boundary conditions (4.29)(possibly (4.32)) we have
(1=p)G(T 1) = G(T = €-1,1)] = plG(T — & — &1, 1) = G(T —&,1)].  (4.37)
Inserting (4.37) into (4.36) we see the last line of (4.36) simplifies to
(1—-p)G(Z,t) + pG(Z — €;,1), (4.38)

which is precisely the left hand side of equation (4.35) and this completes the proof
of Lemma 4.3.5. O

Proof of Proposition 4.3.1. By Lemma 4.3.5 it suffices to prove

N

S Fylwid g ) Iw)| (4.39)

ij=1

To see this, we check that the right-hand side of (4.39) satisfies free evolution equation
(4.28), boundary conditions (4.29) and initial condition (4.30).

For the free evolution equation (4.28) note first that it is straightforward to check

1
Yo PN (L= p) N E, (w7 b 3 )

by —i+1=0

= Fij(w; ¥ — b+ by 1@y ip, Tt + 1).
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Hence by multi-linearity of determinants we have

> Hpb’“ —p)' et | > Fyj(wi @ b4t >J<w>]

bkE{O 1} k=1 WER, ij=1
k=1, ’
N
1
= det E > p (L= p) TN E (w0 = b, 1) T (w)
| wESz by —it1=0 ij=1

r N
= det Z:EAwf—g+hWHﬁN%%@t+UJW4

LWwES i,j=1

- N
= det Z F, j(w; @, y,t+ 1)J(w)] :

LweS, i,j=1

Here & € Z" has 1 in the i-th entry and 0 for the other entries. In the last equality
we used the fact that F; j(w;Z, 7, t) only depends on the N —i+ 1-th entry of Z. Now

(4.28) follows from linearity of integration.

Next we check the boundary conditions (4.29). Given 1 < k < N, let & =
(21, ,xN) € ZN be satisfying z,_1 = o1, + 1. Note that when k = 1 this means

x1 =y + L — 1. Then the boundary conditions (4.29) can be expressed as
(1—p)[G(Z,t) — G(Z — €k_1,t)] = p|G(T — Ex—1 — €k, t) — G(Z — é€;,1)],  (4.40)
for 2 < k < N and
(1—p)[G(Z,t) — G(T — én,t)] = p|G(Z — ey — é1,t) — G(Z — é1,1)], (4.41)
for k = 1. We prove (4.40) first. Note that for 2 < k < N with x;_; = 2+ 1 we have

0, it N—k+2,
E,](w)fuyat) - E,j(w7f_ gk—lugy t) -
—w - F; ;(w; Z, 9, 1), ifi=N-—-k+2.

2y
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Hence by multi-linearity we have

N N
det Z F, j(w; 2, v, t)J(w)] — det Z F, j(w; & — €,_1,7, t)J(w)]
WES i,j=1 WES; i,j=1
N
=det | Y Fyj(w; @ §,t)J(w) - (1— (1 + w)li:NkH)] .
wES; i,j=1
Similarly
N N
det | Y Fyj(w; % — &, 7. t)J(w)] —det | Y Fyj(w; & — & — &1, 7, t)J(w)]
weS, ij=1 weS, i,j=1
N
=det | > Fij(wiZ— &, §,0)J(w) - (1= (1+w)limy_ps2)
wWES; 1,7=1

Now since F; j(w; & — €y, y,t) = F, j(w; Z,y,t) for i # N — k + 1 and

— —

(1 —p)FNn_ps1j(w; 2,7, t) + pFN_py1j(w;  — €k, Y, t) = w - Fn_gpo,;(w; T, 9, 1),

we have
N
(1—p)-det | Y Fij(w; @ g,t)J(w)- (1—(1+ w)1i:N,€+2)]
weS; i,j=1
N
S S S 4.42
+pedet | Y Fj(wid— &, g.t)J(w) - (1— (1+ w)li_N_k+2)] (4.42)
weS, i,j:l
N
— det [M;’y (Z,7, t)] —0,
’ i,j=1

where Ml(’;)(f, Uit) = D pes. Fig(w; @4, t)J(w) for i # N —k +1,N — k + 2 and
k - — k - — - —

M](\,lk+17j(a:,y,t) = —M](\,lkJrQ,j(x,y,t) = > wes, Fn-ryoj(w; 7,7, 1) J(w) - w. These

two rows are proportional so the determinant is 0. Now (4.40) follows from linearity

of the integral.

The proof of (4.41) is similar. The only thing changes is when k£ = 1, we have
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MI(Z,G,1) = X pes. Fij(w; &,7,t)J (w) for i # 1, N while

MO (&5, =Y A+pu)® (w0 7,7, 1) (w) - w = —= "M (F, 7, 1)
N\ Y, L) = U)N<w—|—1)L_N 1j\W; L, Y, - 1,5\, Y, 1)
wGSz

Hence det [Ml(?(f, y,t)] = 0 since row 1 and N are proportional. Note that in the last

equality above we used the fact that w € S.,.

Finally we check the initial condition (4.30). We need to show

dz
det
]{QWiz ¢

T

N

1 -
Fj(w; 7,9,0)J (w) = —
wGZSz Hi]\il(l - plwi—l—m:l)

(4.43)

ij=1

Thanks to the cyclic-shift invariance of both sides of (4.43) (see (iv) of Proposi-
tion 4.3.4) we can assume without loss of generality that ¥ = (z1,--- ,xy) € X]s,L)
satisfies 1 < xy+L —1. In fact since N < L there is at least one 1 < 3 < N such that
x; < x;_1—1 and we can replace ¥ and y' by &' := (z;, xi11, -+ ,an,v1—L, -+ ,2;_1—L)
and §' := (Yi Yir1, - YN, Y1 — L, -+ ,yi—1 — L) if necessary since the two sides of

(4.43) remain the same. By (4.25) we have

A~

dw G.(w) + -

F(w; @, 3,0 (w) = ]{ _ 7{ _ ]{ Qo gy £

Z i )J (w) o Fud L
P lw+l|=R |w+l|=e |pw+1]=e

= % _ % _ f d_wwj—i—i-N(w —+ 1)—xN—i+1+yN—j+1+i—j—1+L_N(1 1 pw)i_j

27i wV(w + 1)L=N — 2E(1 4 pw)N

lw+1|=R |w+l|=e |pw+1l|=e

= ]1(1,]) - IQ(%J) - ]3(i,j),

where I1(i, ), I(i, ), I5(i, j) are the integrals over the three contours, respectively.

Here we recall that R and e are large(small) enough so that S, is contained in the
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region {e < |w+ 1] < R}\{|1 + pw| < €}. For I3(i, j) note that

, d 7. dw Fj(w; 7, §,0)(1 + pw)™
I3(i,5) = 7{ —wFi,j(w;x,y,O)+zL ?{ dqw 4(w; 7,7, 0)(1 + pw)

27i 27i q.(w)
|[pw+1|=e |pw+1|=e
dw .
- % 2_7'1'1 7,,]( a$ay)0)7
[pw—+1|=¢
since Fjj(w;Z,7,0)(1 + pw)" is analytic at w = —1/p for all 1 < i,j < N and

¢(w) = w(w+ DN — 2E(1 + pw)N = (1 + pw)V§.(w) is nonzero at w = —1/p.

For the other parts we write

.. dw RN dwEw,f’_:O 1+wN
Li(i,j) = % —Fi,j(w;m,y,O)—l—zL % aw 4l ¥,0)(1 + pw)

omi 2mi q-(w)
|lw+1|=R lw+1|=R

dw o L .
=} SeRwiEg0) 4 )
lw+1|=R

and

I ( ) o % dw wj—i-i-N(w 4 1)—xN7i+1+yN7j+1+i—j—1+L—N(1 + p’w)i_j_N
2(2,]) = = o

27i 27 LwN(w + 1)L=N(1 + pw)—N -1
|w+1|=e

=27 (6, 7).

Depending on properties of integrands in ] and I} we split into two cases:

Case 1: x; < y;. First note that for any &,y € XZS,L) we have for all 1 <1i¢,j < N
I — L+ S TN—i+1 S T —N+Z, and U1 —L+j S YN—j+1 S (%51 —N+j (444)
Now if 1 <y, then for any 1 <14,57 < N we have

—IN—it1tYN—jr1ti—jJ—1+L—-N=>y—x1—12>0.
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Hence the integrand of I}(i, j) is analytic at w = —1 so I5(4, j) = 0. Therefore in this

case we have

7{ d,? det
2Tz

T

Z Fj(w; 2,7, O)J(w)]

wWES,

ij=1

dz dw . Lyr(:
= f det f Tmﬂ,j(wa z,Y, 0) +z 11<Z7]) (445)
r

2miz
T'o,—1 ij=1
N

ij=1

Here in the last equality of (4.45) we take the outer integral contour I' to be |z| = r
and let = — 0. I'g_; is any simple closed contour with 0 and —1 inside and —1/p
outside.

Case 2: x; > y;. Write

d Jj—i—N 1) ZN-it1 YN —j+1Ti—j—1=L+N (] i—j+N
Ii(i,j) = ]{ dw w7 (w 1) L+ pu)™7 4 46)
27 1 —zEw=N(w+ 1)~ LN (1 4+ pw)N
|lw+1|=R
Again by (4.44) we have
—TN—it1 +YN—jp1 +i—J—1—L+N
(4.47)

<-ay+L—i+y —N+j+i—j—1—L+N<-1.

We claim that the first inequality in (4.47) is strict and hence —zn_;41 + yn—_j+1 +
1—j—1—L+ N < —2. This is due to our original assumption that xy + L —1 > 2
and hence zy_;11 > 21 — L+ forall 1 <i < N. Owing to this fact, the integrand
in (4.46) is O(R™2) since w/ """ (1 + pw)**" remains bounded. Hence (i, j) — 0
as R — oo but since it is independent of large enough R , we have [{(7,j) = 0 for all

R large enough. Now a similar argument as in (4.45) with I" be large circle |z| = r
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with 7 — oo implies:

j{ d? det
2Tz

Z Fij(w; 7,7, O)J(w)]

wWES;

r ij=1
N

dz dw oo I

= 7{ o1z det }{ 2_7T1Fi,j(w’xa 4, 0) + 27 Iy(i, ) (4.48)
r o1 ij=1
N
dw - 5

- det % %E](w7l’7y,0)

o1 ij=1

In conclusion we have reduced checking (4.43) to checking the following:

N
dw i
det % —,E7 (’UJ, f, g, O) = =t 9 (449)
2mi ’ Hﬁil(l - plmi—1—$1=1)
20,1 =1

for any 7,y € XJ%L) with 1 < xy + L — 1. But this is precisely equation (3.30) of [19]
which appears in checking the determinantal formula for the transition probability
of discrete parallel TASEP on Z satisfies the proper initial condition. We will not
repeat the proof here but just point out that due to assumption z; < zy + L — 1 we

have 1 — pl,,_»,—1 = 1 so (4.49) is really identical to equation (3.30) of [19]. O

4.4 Finite-time Multi-point joint distribution under general
initial conditions
4.4.1 A Toeplitz-like determinant formula

In this section we derive a formula for the finite-time multi-point joint distribu-
tions for discrete time parallel periodic TASEP under arbitrary initial condition. The

proof basically follows the strategy of [9] by performing a multiple sum of transi-
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tion probabilities over suitable particle configurations. The main technical part is a
Cauchy-type identity for summation of left and right eigenfunctions (see Proposition

4.5.4) which generalizes Proposition 3.4 of [9] and some new difficulties appear.

Theorem 4.4.1 (Multi-point joint distribution for discrete time parallel TASEP in
XJ(VL)). Let i € X]S,L) and Z(t) = (z1(t), - ,zn(t)) € XJ(VL) be particle configurations

evolving according to the discrete time parallel TASEP in X]%L)

at time t with ini-
tial configuration Z(0) = . Fiz a positive integer m. Let (ky,t1), -, (km,tm) €

{1,--- N} x N be distinct with 0 <t; <---<t,,. Leta; € Z for 1 <i < m. Then

w [ ) > dom 421 oy zp) 2
P (ﬂ{mk a,) 7{ 7{ e i C (2)D57(2), (4.50)

i=1

where the contours for the integrals are nested circles 0 < |z,| < -+ < |z1|. Here

Z= (21, ,2m). The functions C'¥)(2) and D;L)(E) are defined by

=2 -

m I N-1
CD)(7) — (—1)N—km)(N=1) ,(N—k1)L (ke—1—ke)L 2R 1 451
(%) = (-1) IT | — - (451)

and

DY (2) (4.52)
N—it+1 N
(%) (1 + wl)yN—z‘+1+N—i+1 . w;j N

= det re Gg(’wg) s

wzezs [TZo(we — we—s) =1

(=1, ij=1

where for 1 < <m
w(w + 1)(1 + pw) whe(1 4+ w) %P (1 + pw)teke

Go(w) = (4.53)

N+ Lw+ p(L — N)w?  whe1 (1 + w)=a1—ke1 (1 4 puw)te1—Fhe1’

Here ko = to = ag := 0 and we suppress the dependence on a;, k; and t;’s in C'F)(Z)
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(L) >
and Dy " (Z).

Proof. The proof is almost identity to the Proof of Theorem 3.4.1 so we omit it. One
needs slightly different summation identities since the eigenfunctions are different.

See Section 4.5 below. O

4.4.2 Proof of Theorem 4.2.2

The finite time formula obtained in Theorem 4.4.1 contains a factor D?(IL)(Z) inside
the integrals which is a Toeplitz-like determinant and is hard to take large-time limits.
The procedure of re-expressing it as a Fredholm determinant as in Theorem 4.2.2 is
almost identical to the one in the proof of Theorem 3.4.1 so we omit the details. We

first apply the Proposition 3.6.9 with
pi(w) = wi—l<1 —{—pw)N_i(l + w)yN—i+1+N—i+l’ C]j(w) _ wN_Z-7

for 1 < 4,7 < N. Theorem 4.2.2 is proved after some simplifications using the

algebraic relations similar as in the proof of Theorem 3.4.1.

4.5 Summation identities of eigenfunctions

4.5.1 Summation over single eigenfunction

In this section we state and prove the summation identities used in computing
multi-time joint distribution in Section 4.4. For convenience we recall the left and

right eigenfunctions defined in (3.51) and (3.52).

Definition 4.5.1 (Left and right eigenfunctions). Given & = (x1,-+- ,zy) € X]E,OO)

and p € C, we define the functions WE(w) and V(W) for @ € CN as follows:

N

w; =1 -
( : ) (L) (4.54)

UL (w) = det

ij=1
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N

w; I ;
< - ) (1 + w;)*N—sertit . (4.55)

I+ pw;
ij=1

N

’%(w> - H(l - pll‘i_l—:l?iZI) : det

=1

We start with a summation identity of WZ(w):

Proposition 4.5.2 (Summation over a single eigenfunction). Let z € C be nonzero.
Let W2(0) be as in (3.52) where & = (wy, -+ ,wy) € (S.)V such that vazl |w; +1] >

1. Then
N

> wn) =[]+ wi) - detfw; 7)Y, (4.56)

gex(Mn{azn>0} =1

Proof. First we write

Y owm@=y ¥ @

Fex (P n{en>0} =0 zex (M n{zy=a}

=0j= #ex(Mn{aly,=0}

where the summation over a converges absolutely for H;VZI |1+ w;| > 1. Here 2 =
Z — (a,---,a). Now we start with computing the summation over ¥ € X]S,L) with
xy = 0 (this is a finite sum so there is no convergence issue). For this we split the
sum according the number of particles to the right of the N-th particle in the cluster

containing the N-th particle for a given configuration z:

-1 N-1
Do V@) =) > V@)=Y S
Fex ) n{zn=0} F=0 zex (" (k) k=0
Where
(L) (2 (L) . _ 1 =... = —k—
XN (k‘) = {I’GXN XN = TN-1 1= TN—_k k—O,xN_k_l k 1>0}
To compute Si we perform the sum in the order k +2 < oy 1 < Ty 2 < -+ <
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x1 < L—1. Note that configurations ¥ € ng,L)(k) takes the form (21, -+ ,xy_g_1,k, -

where z_;_1 >k + 1. Hence for 7 € X]%L)(k) we have

N—k—1
r — k,k+1 —
Wi(w) = (1—p)F J] (1= pla,y—eimr) det[RE"D (@)Y,
i=1
where
1—j i—1 ;
w; 7 (14 pw;)? 7, 1<ji<k+1,
Ekt1), — i
RV (@) = |

wy (14 pwg) 71 4 wy) TN T 42 < <N,

Note that

TN_g—2—1

k 1 —
Z (1 - p11N7k72*wN7k71:1)R( i} )(w)

i,k+2
TN_g—1=k+2
— wi—Q—k(l _’_pwi)l-&-k o wi_Q_k(l —I—pwi)”k(l + wi)—xN_k_g—i—k—i—Q

9 kk+1) -
= w; ? k<1 +pwi)1+k - Rg,lw-:; )(w).

Adding the k + 3-th column to the k + 2-th column we get

TN-—g—2—1

N—-k—2
T, k,k+2) -
o) =1 —p)* [ (- plersmamr) det[REF (@)Y
TN_k_1=k+2 =1
where
)
w; (1 + pw;) 7, 1<j<k+1,
kk+2) , - . ) .
Rz(,j i )(w) =y w; (14 pw;) 1, j=k+2,
w1+ pw;) (1 4 w;) "Nl 43 < < N.
\
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Now repeating this procedure and performing the sum over xy_j_o, -+, 2o we get

z1—1 TN-—g—2—1

> T W) = (1 p)F (L= plays,—1) det[REY TV @)V,

zo=N-—-1 TN_k_1=k+2

where
4
w, (1 + pw;)’ 1, 1<j<k+1,
EN—1), - . .
RGYV) = Qw1+ puy)i-t, k+2<j<N-1,
wy (14 pup (1 4 wy) T L = N

\

Finally note that

L—1
kEN—1), -
Z (1 - p1I0—$1:1)RE,N )(w)

r1=N
= w; V(14 pw) VT — w1+ pw) V(1 4 w;)TEN

= w; 2 (1 4+ pwy) T — 2T EREN D ().

Here we used the fact that w; € S,. Multiplying the first column by z~% and adding

to last column we get

where
1=j -1 < i<
T e R A
1,] ) ‘
w;? (1 + pw;)? 1, k+2<j<N\.
For the purpose of summing over S, we further rewrite RZ(Z’N)(w) slightly. Given

0 <k < N —3, we add the j-th column of R*N) (i) to its j + 1-th column, j =
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N,--- k4 2so that

det[RYM (@)Y, = det[R"™ ()Y

2y} 1,7=1»

where )

w; (1 + w1, 1<j<k+1,

> k‘,N — s .
Rz(,j )(w) = w; ? (14 pw;)’ 71, j=k+2,

w (1 +pw;) (1 +w;), k+3<j<N.

\
For k = N—2, N —1 we just set R*N) (1) = R®N)(15). Now we perform the sum over
Sk in the order Sy_1+ Sy_o+---+ 5. Note that for each 0 < k < N —1, ]%ij('LE) =

ﬁfle(@U) except for j = k+1. Hence by multi-linearity of the determinants we have

5J

Syt + Sy = (L= )72 (1 = p) detl 25 () + det R > (w)))

= (1 - p)" 2 det[7 2 (@)Y

t,j=1>
where
1=j -1 < i< _
PO LU L tsjs -1
1,7 ) '
w7 (14 pwi)’ (1 +w;), j=N.

Here to simplify the expression we have multiplied the (N —1)-th column by —p(1—p)
and added to the sum of the N-th column of RN~V () and RN-2N) (1), using the

simple fact that
(1 = p)wi + 1wy ¥ (Tpwi) ™ = w; ™ (Tpuwy) V2 (Lrws) +p(L—p)w ™ (Lpwi) ¥ 2.
Now repeating this procedure we get

Sp, = det[T ()]

1,7 3,j=1>
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where

1=y j—1 ;
w; (1 +pwi)] ) J = 17
T () =

Z,j ) )
w; T (1+ pw;)?2(1 +w;), 2<j<N.

Multiplying the j-th column by —p and adding to the j 4+ 1-th column, for j =

N—1,---,2, we get

N-1 N
0
Sk:det[jl(,g)(w)]z] 17H<1+wl) det[ W; ]l] 1_det[ w; ]Z] b
k=0 i=1
where
1—j .
~ w; ) J = 17
0) =y _
Tz‘,j () =

Thus we conclude that

o) N N
o wn@) = T+ w) = T+ wi) | detlw; 1Y,
sex P n{zy >0} a=0 |i=1 i=1

H(1+wz) detfw; /)N,

This completes the proof. n

The following corollary is a simple consequence of Proposition 4.5.2 and the peri-

odic nature of the form of V().

Corollary 4.5.3. Under the same assumption as in Proposition 4.5.2 we have

> V(@)

fEX<L)ﬂ{IN k>a}

_ kLH

(4.57)

1+ pw; \" -
( pw) (14 w) ] detfu Y _,.

forall0< k< N—1anda€Z.
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Proof. For given ¥ = (z1,--+ ,x )GX and 0 < k < N—1,set 7 : (:1:”1, Ty =

(N1 + L, ,xny+ L,xq1,- -+ ;xn_g). Then the condition ¥ € X N {zn_k > a}

is the same as ¥ € X N {z'y > a}. Now consider

1-j
( Ww; ) (1 _i_wi)sz—j-HJrjfl

14+ pw;

N

UZ(wW) = det

ij=1
We move the first & columns of the matrix to the end. The resulting determi-

nant equals (—1)*™=1 times the determinant of the matrix whose (4,7)-th entry

1-5—k , .
has the form <1+u;'wv> (]. + U}i)_xN—j-H"F]'i'k—l for 1 S j S N — k and the form

1—j—k+N , .
<1+u;¢wi) (1 + w;) N FIFRIHE=N o N~k +1 < j < N. But since

N
<1+u;7iwi> (1 + wi)LiN = ZL for all 1 <1< N’ we have

1 4 pw;

' 1—j—k
_ ZL i w; (1 + wi)—xg\,ijJrl"r]’-i-k—l.
1 4 pw;

1—j—k+N
w; o L _
( ) ) (1 + wz) xN7j+1+]+k 1+L—N

k
Factoring out the common factor (%) from each row and 2% from the last k

columns we conclude that

v = (0 ] ) (4w

(1 + pw;

Hence

Z‘—VEQL,NQ{QZINZG}

N k
_ 1 + w; —a _
= (—1)kN=D) kL H ( p ) (14 wy) +k+1] -detfw; 7]y
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This completes the proof O]

4.5.2 Cacuchy-type summation identity for left and right eigenfunctions

Proposition 4.5.4 (Cauchy-type summation identity over left and right eigenfunc-
tions). Let 2,2 € C be nonzero such that (z)F # 2=, For & = (z1, -+ ,an) € XL,
let Vo(w) and Vi(a') be as in (3.51) and (3.52) where @ = (wy,--- ,wy) € (S.)V

and W' = (w}, -+ ,why) € (S.)N satisfy H;VZI lw; + 1| > vazl [w) +1[. Then

> V()WL)

gex( n{zn>0}

o \ V"t N 1 N
—(1-(Z 1) -det | ——| .
( (Z) ) H(wj e [wi - wg']m"1

j=1

(4.58)

Similar as in Corollary 4.5.3, we can easily extend Proposition 4.5.4 using peri-
odicity to a summation over I € X]g,L) N{zy_ > a} forany 0 < k < N — 1 and

a € Z:

Corollary 4.5.5. Under the same assumption as in Proposition 4.5.4 we have

Y. V@) = (f)kL (1 - (%)L> e [ﬁ] N

=1
fEX;\,L)ﬂ{IN,kZG} ik

(4.59)

forall0 < k< N—1anda€Z.
Proof. Similar as the proof of Corollary 4.5.3. ]

Remark 4.5.6. It is interesting to note that the right-hand side of (4.58) does not
depend on p explicitly (of course the w;’ should satisfy certain algebraic equations
which depend on p). Taking p — 0, Proposition 4.5.4 degenerates to Proposition

3.4 of [9], which can be understood as a (periodic version) of Cauchy identity for
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the Grothendieck polynomial (and its dual), and can be derived from the deformed
Cauchy identity for Grothendieck polynomials obtained in Theorem 5.3 of [85]. For
0 < p < 1, to the best of our knowledge the corresponding Cauchy-type identity (4.58)
has not been discussed in the existing literature, at least for the periodic case. The key
point here is instead of summing over all configuration ¥ with 0 < zy < zy_1 < --- <
x1 as in the usual Cauchy identity, we are only summing over those configurations
satisfying the extra constraint x; < xy+ L. For general spectral parameters « and o’
this sum only gives a deformed or generalized Cauchy determinant. It further reduces
to a genuine Cauchy determinant when we impose the conditions as in Proposition

4.5.4 that the spectral parameters satisfy suitable Bethe equations.

The proof of Proposition 4.5.4 is rather lengthy so we divide it into three steps and
discuss them one by one in the next few subsections. The proof mainly follows the
strategy of Proposition 3.4 of [9] but there are several new technicalities. The non-
uniform term [, (1—pl,, | _.,—1) appearing in W’ () leads to extra difficulty and in
Step 1 we overcome this by introducing a different way (and slightly more convenient
way in our opinion) of expressing the sum in (4.58) comparing to the proof in [9], see
Lemma 4.5.7 for details. In Step 2 we establish a key summation identity (see Lemma
4.5.10) which generalizes Lemma 5.4 in [9] while the computation is more delicate.
Finally in step 3 we combine the formula obtained in Step 1 and the summation
identity obtained in Step 2 to conclude the final result. Throughout the proof several
rank-one perturbation formulas for Cauchy determinants are used frequently so we
collect all these elementary formulas in a separate section for convenience, see Section

4.5.6 for details.
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4.5.3 Proof of Proposition 4.5.4: Step 1

Similar as in the proof of Proposition 4.5.2 we first write

> @y ZHGH) > )

gex (P n{zn>0} gex (P n{zn=0}

so that it suffices to compute the sum over 7 € X Z(VL)

N{xy = 0}, which is a finite sum
so there is no convergence issue. The summation over a converges absolutely again
by our assumption that vazl lw; + 1] > vazl |w’; + 1]. Expanding the determinants

in WL(w) and WL(a@') we get

/

N w TN—j+1—J+1
HWN) (5, 7) = 1—ply, p) [ 29— . (4.60
) D R e ] e (4.60)

L=xo>x1>>xny=0 j=1

By Lemma 4.5.7 below we see HE,AQ, (w, ") equals

N k 1
ZH Pt ko Wit

k=1 1=2 1-— Hj:i W

N w(,f/(i) 41 L-N .
(o) (e
Woi) + 1 1-1T o)

i=k+1 j=ktl W, 3T
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Hence

= 1 (Wop (1 +Pwa< s AT
S e T (£ ) (e

k=1 o,0'€Sy j=1 o J) p ( ) i=k+1 o (i)

k N
1 1
II{-»+ ; o I (-»+ T | (4.61)
=2 — H] A i=k+1 J=k+l W,
Lemma 4.5.7. Let N > 1 be an integer and wy,--- ,wy and wi,--- ,wly be distinct

complex numbers not equal to —1. Then for any integer L > N we have

N N /+1 TN—i+1—1+1
Z H( p]-acl 1—z;=1 H (Zz‘i‘l)

L=xo>x1>->xNny=0i=1 i=1
N [k 1 N 1

o) (TS (PR
k=1 |i=2 1-T1I wir1) =kl | P w1

Here any empty product 1s set to be 1.

Proof. We use an induction on N. For N = 1 the identity is obvious. Assume now
N > 2 and the identity holds for all indices less than N. We split the sum into two

sums depending on whether z; = L — 1 or not:

Z = Z + Z =11+ Ts.

L=xo>x1>>xNn=0 L—1=x1>-->xN=0 L—1>xz1>->xn=0

For T} we first relabel the indices so that (z(, z}, - ,2y_y) := (21,22, -+ ,xx) and

L' := L — 1. Then by induction hypothesis we have

N-1

i 1 N wh+1 L=N (k)
3 =
1| -»+ |0 (wi+1) TW (@, @) | . (4.63)

k=1 |i=2 1-T1T;., wi1) ikl



Where
N-1 1
T(k)( 0,4 = (1 —p) H —p+ - o |

i=k+1 1— Hj:k+1 wi+1

for 1 <k <N —1 and we set Tl(N) (w, ") := 0 for convenience.
For Ty we calculate the sum directly in the order L —1 > z; > -+ > xny = 0 using

Lemma 4.5.8 below which gives:

L—N-1 L—2 N N / xN—i+17i+1
T2 = H 1 — plmz 1—z;=1 H ( U )
rn_1=1 r1=x2+1 i=2 i=1
(4.64)
N | & 1 N 1\ N "
St | T (2) 0w
k=1 | i=2 1-Tlmaag ) mwn N
Where
N—k
=1 k+1=s1<--<sy<N
/ sit1—1 1
H Sz+1 1wy T+1 1 ’ H <_p + 1 — H3i+1*1 w'/rn+1> ’
=1 ] S; wj+1 - Jj=si+1 m=j W +1
for 1 <k <N -1 and T (H w') := 1. Here we are summing over all possible

partitions of {k +1,---, N} and s;41 :== N + 1. Now comparing (4.63) and (4.64)

with (4.62) we see it suffices to prove

L k) > - 1
i w@d) + B @) = I (vt | (469)
i=k+1 - Hj=k+1 wi+1
for all 1 <k < N. Using the simple identity
1 1
. n w;+1 n w+1 )
T T,

143



(4.65) is further reduced to showing

@) = 1 1
Tk (w7 w/) - H P+t 1— Hz wj+1 ) N w+1 ) (467)
i=k—+1 J=k+1 wi+1 Hj:k+l wi+l 1

which follows from Lemma 4.5.9 below by taking z; =

indices. O

Lemma 4.5.8. For complex numbers f;, set

n

Fon=][1 fori<m<n (4.68)

j=m

Then
L—-N-1 L—2 N
H(l plﬂUN—j-H TN —j+2 1)<f.7)xN I A
rn_1=1 r1=x2+1 j=2
N-1 k 1
= [H (—p +1o Fk> (Frpan)" " (4.69)
k=1 Li=2 b

s M (i) )]

=1 k<si<--<sg<N i=1 \j=s;+1 I
Where we set sp1 = N + 1.

Proof. This lemma is a slightly modified version of Lemma 5.3 of [9]. The proof is

elementary and almost identical to the proof in [9] so we omit it. O

Lemma 4.5.9. Let n > 1 be an integer and z1,- - - , z, be complex numbers such that

Hfzzzjyélfar alll1 < ¢ <k<n. Then

si+171

Z 2 H (T 1Zj>_1' 11 <_p+1—HS}+1‘1zm)

(=1 1=51<---<5o<n i=1 j=s; Jj=s;+1 m=j

. (4.70)

1

1
=1 ( 1=[T= % (H;’lzl Zj) —1
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Proof. For a fixed integer M > n, consider the following sum:

Z ﬁ(l o pll’i—1—zi = ].) f[ Z;"*j+1*j+1.

M>x1>>xn>0 1=2 j=1

We calculate the sum in two different ways: from right to left or from left to right.

Namely we set

M—n M-1 n n

r—l . __ _ Tp—j+1 J+1
SM T E e (1 _plxiq—xi - H
z,=0 r1=x2+1 i=2 7j=1

and
Tn—1— 1 n

ST = Z Z H (1—pl,, 0, =1) ﬁzf””ljﬂ.

z1=n—1 Tn=0 =2 j=1

Then clearly S4*¢ = S{;" since they represent the same sum. Now the two sums
are calculated by calculating the (almost) geometric sums one by one either from left
to right or vice versa. There are 2" terms in total for both sums since every single
term produces two terms after performing the geometric sum once. Each of the terms

M=t for some 0 < k < n where k = 0

contains a factor of the form [T7_, .,z

corresponds to the terms containing no such factor. For each k£ we combine all the

M—n+1 :
terms with the same factor [[7_, ., 2; and write
n [ n ]
r—0 r—f M—n+1
Sy = E Cr 7 (21, s 2n) H 2; ,
k=0 L j=n—k+1 _
and
n [ n ]
r—0 O—sr M—n+1
Sy = E Cy (21, s 2n) H 2;
k=0 L j=n—k+1 _
Where CL (21, -+« ,2,)’s and C{7"(21, -+, 2,)’s are some very explicit functions in
21, , 2, independent of M which are analytic for all z;’s satisfying the assumption

that H?:e z; # 1forall 1 <k < /¢ <mn. In particular it is straightforward to check(see
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Lemma 4.5.8 for example) that
LHS of (4.70) = C*7%(21,- -+ , 2z,), RHS of (4.70) = C“7" (21, , 2,).

We claim that CI (2, ,2,) = Ci?"(21,++,2,) for all 0 < k < n. This in
particular implies (4.70). Due to analyticity it suffices to check this for the z;’s

satisfying |z;| < 1 for all 1 < j < n. In this case by letting M — oo in the equality

Srt =S4T we see Ch~f = C§77. Similarly

OI—% — lim 2 —M+n—1 (Sr—>€ C«r—>€) — lim zZ; —M+n—1 (Sﬁ?r _C«g—ﬂ") — C«f—)’r
M—o0 M— o0

Repeating this procedure we see C; ¢ = Ci=" for all 0 < k < n. O

4.5.4 Proof of Proposition 4.5.4: Step 2

In this section we simplify the sum (4.61). We rewrite the sum further by first
choosing two index sets J and J' with |.J| = |J'| = k and then expressing the sum in

terms of summation over index sets .J, J':

SIS (P IV 4T

k=1 J,J'c{1,
|J]= \J’I k

where #(J, J¢) := [{(m,n) € (J,J° : m > n}| and similar for #(J’, (J')¢). The
functions J4 (J, J') and J4(J¢, (J')¢) are defined as follows:

AT = Y sgn(o)sgn(o’)
ol k}—J
o' {1, k}—J'

i1
ﬁ (L +pwe) - 1
wU(z 1 + pw,, (i )) 1— Hk Wt |7

=2 J=t we)+1
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and

H]’IE(J/)C (@U;/ + 1>L_N

A% (J)) = sgn(m)sgn(’) -
7r:{k+1,-Z;N}—>JC [Tese(wj +1)FN
7' {k 1, Ny (J')° (4.72)
i—1

) ] / B i we(j)+1

i=k+1 wa(i) (1 + pwﬂ,(i)) L— Hj:k+1 W
By Lemma 4.5.10 below (which is of interest on its own) we have

1
jeJ et I 1jegger

To simplify J4(J¢, (J')¢) we use the assumption that @ € (S,)" and @' € (S..)V.

Namely for all 1 <i4,7 < N we have
w¥ (14 pw;) ™M1 +w) "N =25 (W) (1 +pwl) VA +w) N = (2)E. (4.74)
Inserting (4.74) into (4.72) we get

Hj’e(J’)C ()"
Hy(J%, (J')) = > Sgn(ﬂ)sgn(ﬂ')l—[—z
mi{kt1, N}—Je jese
' {k+1,- N}—(J")¢

N—i+1
ﬁ (ww(i) (1+ pw;ﬂ(i))) ' n 1
) / ] | TP i W1
ikt wﬂ_/(z)(l + pww(z)) 1 - Hj:k’-i—l #

Now in order to apply Lemma 4.5.10 we reflect the permutations by defining 7 :

{1,-- ,N—k} - Jas7(j) = n(N—j+1) for 1 < j < N and similarly for
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' {l,--- N =k} — (J)¢ Then

c e Hj’E(J’)C(Z/)L
AN Y s
{1, ,N—k}—J¢ JjeJe
#" {1, \N—k}—(J")¢

(4.75)
Pl (wm +pw’~(~))) N 1
1P N—k wag)+1
ir \ W1+ pwsa) L-T6 s
Now apply Lemma 4.5.10 again with the role of @ and @’ exchanged we have
H(J°, (J')°)
_ Hj’e(J/)c(Z/)L _ HjeJc w; /(1 + pw;) N 1
HjEJC ZL HjIE(JI)C ’UJ;//(l +pw;/) 1 — M
H]’G(J’)C(wj/+l)
I wj+1) = [T Cwi+ D) - det | ————5 (4.76)
j/G(Jl)C jeJje J J’ ]'EJC,]'IE(J/)C

Here the extra factor in equation (4.76) comes from the fact that in (4.75) the product

starts from ¢ = 1 instead of ¢ = 2 and the exponent is ¢ instead of ¢ — 1 comparing to

(4.77).

Lemma 4.5.10. Let n € N. Given any complex numbers w; and w;,, i = 1,--- ,n

such that w; # wy, for all 1 < i, <n. Then for any 0 < p < 1 we have

Jj=2 1 - H’:LZJ wa(i)+1 (477)

Remark 4.5.11. Equation (4.77) should be understood also as a Cauchy summation
identity (simpler version than Proposition 4.5.4, for summation over all partitions

A= (x1—n+1l,29—n+2, -+ x,) with at most n— 1 rows) of the symmetric funtions
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U (w0)/A(w) and Wi (") /A(@), where A(i) is the usual Vandermonde determinant.

In fact formally we have

> (@)W (') = LHS of (4.77), (4.78)

O=zn<Tn-1<-<21
assuming all the infinite geometric series converge absolutely.

Proof of Lemma 4.5.10. The proof is based on induction on n. The main tools are
several rank-one perturbation formulas for Cauchy determinants which we will use
several times so we collect them in a separate section, see section 4.5.6. For n = 1,
(4.77) is trivial. Let n > 2 and assume (4.77) is true for all indices < n — 1. Given
o,0' € S, we first fix two indices £ = o(1) and ¢ = ¢’(1) and shift the restriction of

o and ¢’ on {2,--- ,n} by 1 but still denote them by ¢ and ¢’. Then

n n

U 1 +pw//) w/ (1 ‘l— pwk>
LHS of (4.77) = S (=1 2l i i
( ) Z( ) wz/(l —l—pwf) Hwk(l —i—pw;g)

=1 Pty

L g /

P 1— wp+1 Hn wi 41 ) Sgn(U)SgD(J>
wy A1 Hk=1w,51 ) o:{ln—1}= {1 n}\{¢}

o’ {1, ,n—1}—={1,- n}\{¢'}

) i1,

[ ow L+ o) 1 L

H Weeiy (1 + pw’, ) ' H e n—1 Wor 1
=2 U(Z) o (7’) ]:2 1 - sz] wo‘(i)+1

By the induction hypothesis the sum over shifted permutations above

[ H (wj +1) — H (w +1) | det [w—w’ R
1<j<n, A 1<j<n, il R A 1
Hence
LHS of (4.77) = (1 — p) - (=1)"A(—1) igg’;ggjg; . D,
n B(0)A(-1/p)
0 (B p e De (4.79)



Here we set A(z) :=[[_,(¢# —w;) and B(z) :=[[,_,(z — w}) and Dy, D, are defined

=1 i

as follows:

n

Dy= 3 (-1 well £puwb) g { !
Pt Wy (1 + we) (1 + pwy) w; — W, 525%

n

/ 1 "
Dy = Z (— 1)+ we(1 + pwy) det

/ / / .. :
wy (1 +wy,) (1 + pw {wl—w. 1<i,i' <
Le=1 o o) (14 pwy) ‘ vz ge

Now by equation (4.95) and Lemma 4.5.15 we have

1 [AOB(-1/p) B(-1/p) _ B(-1) AO)B(-1) .
D=1 [B<0>A< ) A-1jp) PAC1) T BOACD T pl
det LU w,']. , (4.80)
and
L1 A0) B=UpAO) A=) | A(DB(=1/p)
D=y [B(O) ACipB0) TP YBC) T B A
- det LU — } . (4.81)

Inserting (4.80) and (4.81) into (4.79), after necessary cancellation we obtain

LHSof(4.77):[(—1)"A(—1)—(—1)”B(—1)]~det{ ! ]n

Wi — W ] 0
n n . n (4.82)
= H(1+wj) —H(l%—w;) det [ ,} :
L=1 j=1 Wi = Wy | =1
This completes the proof of Lemma 4.5.10. O]

Finally inserting (4.73) and (4.76) into (4.71) and apply Lemma 4.5.12 below we
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obtain

Sv= Y ()P (1 Ty, ()
JJ {1, N}
1=l
N ) N ) X N
— (1-p) -L[l(w; +1) (det [C(z’,i’)]ml:l — det [C(z’, i)+ o 1]”/2)
N ) v ) Y
+p- jl;[l(wj +1) [ det [C’(z', i/)L,m — det [C(z’,i/) - J ) (4.83)
where
~ 1 o Lw.<1 +pw{,) 1
AN [~ i i . 184

Note that in the first equality of (4.83) we add an extra term corresponding to |J| =

|.J'| = 0 comparing to (4.71) which is harmless since the summand is 0 in this case.

Lemma 4.5.12 (Lemma 5.9 of [9]). For two n x n matrices A and B,

Z (_1)#(J,JC)+#(J/’(J/)C) det[A(i, il)]ie],i’e]’ det[B(z', i,)]z‘eJc,i’e(J’)C

J,J' {1, n}
JI=17] (4.85)

= det[A + Bli<iir<n.

4.5.5 Proof of Proposition 4.5.4: Step 3

In this section we further simplify equation (4.83) to conclude the proof of Proposi-
tion 4.5.4. We compute det[C(4,7')] first. For notational convenience we set (2//z)% :=
1. Note that

N 1 w;(1+ pwl,) 1
Cw — W), w, (1 + pw;) w; — w),
1
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Hence by Lemma 4.5.14 and Lemma 4.5.15 we have

A 1 H 1
det[C(i, )Ny = (1 — )" det - -
€ [ (Z 5 )]z,z =1 ( N) ¢ Wy —'lU;, 1 :uwz/"(l wi) i,i'=1

p
B . - p (B(=1/p)A(0)
= (1 — )™ det[C(i, )]y - (1 1o, (A(_1/p)B(o) - 1))
1/p) A(
(

_ . B(—1/p)A(0)
= (1 —p)N"tdet[C(i, %,_-(1— : . (486
Here C(i,i") = wijw’., and A(0) is the evaluation at z = 0 of the polynomial A(z) :=

H;.V:l(z — w;). The other terms involving A(-) and B(-) are defined in a similar way

with B(z) =[], (z — w). Now by Lemma 4.5.13 we have

Jj=1

N

det [C’(z’,i')] — det [é(z’,z”) _ } =3 ) detfC) . L

w; + 1 Py wy + 1

(4.87)

where C%* is the matrix obtained by removing row £ and column % from C. Similarly

det [C’(z,z )] — det [C(Z,Z )+ e wj, + 1

wl, +1

Now since C“* has the same entries as C' only omitting row ¢ and column %, by (4.86)

we have

B(—1/p)A(0) wj(1 + pwy)
TR AU BO) wll+ pw@) - (489)

det[CO*] = (1 — )N =2 det[CPF] - (1

Where C%* is obtained from removing row ¢ and column k from the N x N Cauchy

matrix C' with C(i,7) = —— and A(z) := [[,(z —w;) and B(z) := [],(z —w").

wi—w], i=1 j=1 j
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Inserting (4.89) into (4.87) we see

det [C’(z’,i’)}—det {C’(z’,i’)— ! ]

al 1
_ 1 _ N—-2 _1 Z-HCd t 0,k X
(1= )" 30 () detlC] - (490
k=1
— (1= N2 i )k det[COF] - wi (1 4 pwy)
< /p B w1+ we) (1 + pu)
Similarly

]
N—-2 Y {+k 0,k 1
=—(1-p k;l( ) AetlCH - Ly (4.91)
ner, BOEDIAO) S~ ek gogroe . Wk pwe)
T B0 2 Y g )

M =

&
~
Il
—_

(—=1)"** det[C*] - ﬁ ~ el <1 . ié:g) |
)

WE

(1) det[C™4] - 1 = det[C]- (

Py wy, + B(-1)

= 1) Qet[C5H] - wy, (1 + pwy)

gzzl( 1)4+% det[C4) o+ w) (L + ) o)
_ _Latian. _A(=1/p)\ B(0) . ALp)\ B(-1)
=l Kl B<_1/p>> a0 © (p ” B<_1/p>> A1) p}’

i (_1)é+k det[Oe,k] . w;g(l —prg)

oy we(1 4 we) (1 + pwy)

o [(580) B -5 3]
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Inserting (4.92) into (4.90) and (4.91) and combine with (4.83), after some tedious

simplification we conclude that

r1ii=1

S*N:(l—u)N(HwJH Hw%—l)-det[w‘_lw{yv . (4.93)

This completes the proof of Proposition 4.5.4.

4.5.6 Perturbation formulas for Cauchy determinants

In this section we collect all the elementary linear algebra facts needed in the proof
of Proposition 4.5.4. Some of them have already been discussed in [9]. First we state

a general linear algebra lemma on rank-one perturbations:

Lemma 4.5.13. Let D = [Dij]n

ri=1 be an n x n matriz. Then for any function

f,g9:C — C and complex numbers x1,--- ,Tpn, Y1, ,Yn we have
det [Di; + f(z:)g(y;)]} ,_, = det[D Z 1) det[D*g(ye) f(ze),  (4.94)
k=1

where D% is obtained by removing row ¢ and column k from D.

Proof. For D invertible by rank-one property and Cramer’s rule we have

det [Dij + f(x:)9(y;)]; ;- = det[D (1 + Z g(yr) (D™ kef($4)>

k=1

— det[D Z 1) * det[D*) g (yi) f (20).

k=1

For general matrix D we pick {e;}72, such that ¢, — 0 as k — oo and D + ¢, are

invertible for all €¢,. Now apply the above argument for D + ¢, 1, and let k — oco. [

Next we specialize to the case of C' being a Cauchy matrix when the minors can

be explicitly calculated:
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Lemma 4.5.14. Assume further that the matriz C is a Cauchy matriz with (i, j)-th

,Tn and Y1, -, Yn. Then we further

have

" e _ N S Blxe) Alyr) g (yr)
det [Cyj + f(xi)g(y;)]; ;=1 = det[C] (1 ’;1 e — o) A, xe)B’( )>. (4.95)

Here A(z) = [[;_,(z — @) and B(z) := [[;_,(z — vi) are monic polynomials with

roots at x;’s and ;s

Proof. For Cauchy matrix C' we have

H1<z<g<n(x —x)(yi — yj)'

det|C
c1= H1§w§n(l’i — ;)

Note that C* is also a Cauchy matrix so we have

[Ti<icj<n(zi — 25) (v — ;)

det[CtF] — __#Li#k
T am )
£, 5#k
Hence
det[C**] (-1 thtl B(z¢)A(yk) ' (4.96)
det[C] (ze — yr)A'(z0) B' (yx)
Now (4.94) and (4.96) imply (4.95). O

For special choices of f and g, equation (4.95) can be further simplified using the

residue theorem. We list here all we need in the proof of Proposition 4.5.4.

Lemma 4.5.15. Given distinct complex numbers xy,--- ,x, and yy, -+ ,y,. Let C

(2) = T}y (= — @) and B(z) =

be the Cauchy matriz with (i,7)-

I (z — ;). Then
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1. For f(x) = s+—%— and g(y)

LA no f(@e) Bleo) Alyr)g(yr)
(+2)(1+pz) =2 we have SRy HEdBeg Al

o) A (we) B/ () CIU0LS

(a0 ) a0 aw) a ) e

2. For f(z) = % and g(y) = 12

n x¢)B(xp)A(yr k
T+pz pry we have 3oy, Jzif,)yk() jg(w% B)/g((;’k)) equals
: B<—1/p>) A(0) ( B<_1/p>> A(-1) ]
A et —pl. (498
p K A(=1/p)) B(0) A(—1/p) ) B(—1) (4.98)
8. For f(x >—— and g(y) = 1 we have

f(ze)B(ze) Alyr)g(yr) _ B(=1)
; e s = ACD 499)

Proof. We will only prove part (1), the arguments for the other parts are similar. For

f(z) = m and g(&) = 1+Tp5 consider the double contour integral

o i) ]

271 271

§)
(z = &AR)B(E)
Jol=F [€]=r

Where R > r are both large enough so that all the possible poles of the integrand are
inside the integral contours. Now since for fixed r the integrand is of order O(R~*?),

the double integral goes to 0 as R — oco. Thus for all R large enough the double
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contour integral equals 0. On the other hand by the residue theorem we have

o ]{ }’{ A dz o B(2)A(¢)

e 27i 2771 (z —&A(2)B(§)
[ EIEBRAO | f de B(:)Aln)
N Zi om = A(2)B(0) +’;| Zi o I T A B
: : (4.100)

1 Al (B(—l
1—p <= B'(y)

Where in the first equality the first contour integral is O(R™2) hence 0 for R large
enough. The single sum over 1 < k£ < n can be obtained as the residue terms for the

following single contour integral:

N
3

Alyr) 1+ pyr
B'(yr) ye(1 + yi)

§ & Lot 49 _ A0 A(-1
2mi€(1+€) BE)  B(O)

€j=r k=1

Here r is large enough so that |£| = r contains all possible poles of the integrand inside.

On the other hand by considering the residue at co we have §| el=r 2de£ &fﬁé) A% =p.

Hence
"L A 1+ A(0 A(-1
— B'(yr) ye(1 + yr) B(0) B(-1)
Similar residue analysis on the contour integral 39| el=r ;_m%% gives
"L A 1 A(0
3 (o) 1 _ ) AQ) (4.102)

— B'(yk) yn B(0)
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Inserting (4.101) and (4.102) into (4.100) we obtain

- T B(xe) A(yx)
IR AN B(=1) . (. A0)\ B(=1/p)
=5 () Aoy e (- 5@) )
This completes the proof of part (1). ]

4.6 Large-time asymptotics under relaxation time scale

In this section we discuss the large time limit of the multi-point distribution for
dpTASEP(L, N, #) under the relaxation time scale ¢ = O(L*?). In Theorem 4.2.4
we state the limit theorem for general initial condition satisfying certain conditions.
Below are the precise assumptions on the initial conditions we need:

4.6.1 Assumptions on the initial condition

We now state the assumptions on the sequence of the initial conditions (L) under
which we prove the limit theorem. The conditions are in terms of the global energy

function and the characteristic function defined in Definition 4.2.9.

Assumption 4.6.1. We assume that the sequence of the initial profiles § = (L)

satisfies the following three conditions as L — oo.

(A) (Convergence of global energy) There exist a constant r € (0,1) and a non-zero

function Fi.(z) such that for every 0 < e < 1/2,
E7(2) = Bie(z) (1 + O(L?))

uniformly for |z| < r as L — 0.
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(B) (Convergence of characteristic function) There exist constants 0 < 7 < ry < 1

and a function ch;.(n, §;z) such that for every 0 < € < 1/8,
X0, u; 2) = chie(n, & 2) + O(L*/?)
uniformly for ry < |z| < 7y, u € £ and v € RY as L — oo where
§=Mpier(u) €L, and 1= Mpm(v) €R,

are the images under the maps defined in Lemma 4.7.4.

(C) (Tail estimates of characteristic function) Let r and ry be same as in (B). There

are constants ¢, C" > 0 such that
xg(v,u;2)] < C'L (4.104)

for all (v,u) € R, x L, for all r; < |z| < rs.

4.6.2 Step and flat initial conditions

It turns out that Assumption 4.6.1 is not easy to check in general. Nevertheless
we are able to verify them for at least the classical step and flat initial conditions.
The following proposition combined with Theorem 4.2.4 gives the corresponding limit

theorems for dpTASEP started with step and flat initial conditions.

Proposition 4.6.2. (i) For step initial condition Ystep = (—1,—2,--- — N), As-

sumption 4.6.1 holds with

ESteP(Z) =1 and Chstep(nyg; Z) =1 (4105)
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(ii) For flat initial condition Yga, = (—d, - -+, —Nd), where we assumed = L/N € N,

Assumption 4.6.1 holds with

Eqa(z) = (1 —2)"Y1e 50,

chaat(n,&;2) = efh(é’z)fh(n’z)n(ﬂ — &) lemy,

(4.106)

for 0 < |z| < 1, where B(z) is defined in equation (4.116), h((,z) is defined in
equation (4.117) and (4.118).

The step case is trivial since by the discussion in Remark 4.2.10 we have Egep(2) =
Xstep(V, ©; 2) = 1. The calculation for flat case is a bit more involved and we postpone

the proof till Section 4.7.5.

4.6.3 Formula for the limiting distribution

The following formula for the relaxation-time limiting distribution was first ob-
tained in [9] for step initial condition and [10] for more general initial conditions.
The formula involves CP™(2) which are limits of (K;L)(Z) and operators K" and KP™

which is a limit of ¢ and Ji/g(L). The operators K7 and K" are defined on the

sets )
R, , if mis even,
Sy:=L, UR,UL,,U---U (4.107)
\Lzm, if m is odd,
and )
L,,, if miseven,
Se =R, UL, UR,U---U (4.108)
R, , if misodd,
\

where L, and R, are the sets defined in Definition 4.6.3. We express the limiting

distribution function F}," in terms of the above terms.

160



Definition 4.6.3. Given 0 < |z| < 1, we define the discrete sets S, := L, UR, where

L,:={cC:e ¢ =zn{Re(€) <0},
(4.109)
R, :={neC:e/? =2} n{Re(n) > 0}.

o & A b o ~ & o ®

Figure 4.2: The roots for the equation e ¢*/2 = z with z = 0.08, the dashed lines
are the corresponding level curve |e=¢*/2| = |z| for the same z.

Definition 4.6.4 (Limiting function). Let x = (X1, -+ ,Xm), ¥ = (Y1, ,Ym), and

T = (T1, -+ ,Tm) be points in R™ such that p; = (v;,7;) € [0,1] x Ryg. Assume that
O0<m <+ <7y

and that x; < X;41 when 7, = T;1q fori=1,--- ,m — 1. Define

dz,, dz;

271Zyy, 27izq

Fier(xla' * 5 Xmy P10 >pm . % fcper Dper ) (4.110)

where Z = (z1, -+ ,Zm) and the contours are nested circles satisfying 0 < |z,| < --- <
|z1] < 1 and also, 1 < |z1| < re with r1,7r9 being the constants in Assumption 4.6.1

(B). The first function in the integrand is given by

C(7) = Eie(21)Clep (7). (4.111)
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The second function is

DP(Z) = det(I — KPKP™), (4.112)

where KV : £2(Sy) — €%(S1) and KE™ : (2(S1) — (%(S2) are given by K = K&

step,1

and

chie(C, ¢ 21)Kiep2(C,¢), i CER, and ' € Ly,

KPS (¢, ¢, otherwise.

step,2

Kie' (¢, ¢') ==

The function C%,(Z) and kernels K5,

Sepa and KEO o are first obtained in [9] and

the definitions will be recalled in the next two sections for completeness.

4.6.4 The factor CL, (%)

step

Let Lis(z) be the polylogarithm function which is defined by

& x ts_l
Liy(z dt. 4113
St s

- 0

for |z <1 and s € C. Set

1 1
Li d A = —
Nor i3/2(z) an 2(2) Nors

Al(Z) = — Li5/2(Z). (4114)

Let logz denote the principal branch of the logarithm function with cut R<j. Set

0.1 // plog(~€+n)  de dy
e—&2 /2_Z (e 772/2—2)271'127T1
e (4.115)

:_Z k+k'\/ﬁ

kk’>1

for 0 < |z|,|7/| < 1 where the integral contours are the vertical lines Re(§) = a and

Re(n) = b with constants a and b satisfying —/—log|z| <a <0 <b < y/—log|7|
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oriented from bottom to top. We also set B(z) := B(z,z). One can check that

V4

B(z) = B(z,z) = % / Mdy. (4.116)

Definition 4.6.5. For Z = (z1,--- ,2,) satisfying 0 < |z;| < 1 and z; # z;41 for all

7, we define

- i xg A1 (z¢)+70A2(20)
Chon(Z) = H _ H e 2B(20) 2B (2 1,20)
step 71 Zy — Zngl 1 €X£A1(25+1)+TZA2(Z£+1) ,

where we set zy11 = 0.

Note that Cg;,(7), and hence C},"(Z), depend on x; and 7;, but not the spatial

parameters ;.

4.6.5 The operators K | and K{o

step, step,2
Set
oz wlog(w — ()
h(g,Z) = %/mdw fOI' RG(C) <0 and |Z’ <1 (4117)
iR
and define
h(¢,z) = h(—¢,z) for Re(¢) > 0 and |z| < 1. (4.118)

For each i, define

6_%(Ti_Ti—l)CSJ’_%(’Yi_'Yi—l)CQ""(Xi_Xi—l)C for RG(C> <0,

O =1 N 2 (4.119)
e3(Ti=Ti—1)C =3 (3i=7i-1)C = (xi=xi-1)¢ for Re(<> >0,

where we set 1) = 79 = X9 = 0. We also define

Zj—(=1)7

Zj

and  Qu(j) =1 20
Zj

Q1(j) =1-
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where we set zg = z,,.1 = 0.

Definition 4.6.6. Let Sy and Sy be the discrete sets defined in (4.107) and (4.108).
Let
K2 62(82) — 62(81) and KB €2<Sl) — 62(82)

step,1 step,2 *

denote the operators defined by their kernels

f. (C)€2h(<’Zi)7h(<’Zi*(fl)i)7h(</7zj_(_1)j)

KE&J(Q C/) = (61(]) + 51(] + (_1)1)) : C(C _ C/)

Q1(7)

and

fA(é‘/)€2h(<lrzj)7h(<lvzj+(_1)j )7h(<72i+<,1)7ﬁ)

Kiep2(C'5€) = (8;(8) + 0;(i — (1))~ () Qa(i)

for
¢e(L,UR,)NSy and ¢ € (L, UR,)NS,

with 1 <i,7 < m. Here L, and R,, are again defined in Definition 4.6.5.

4.7 Proof of Theorem 4.2.4

In this section we discuss the proof of Theorem 4.2.4. The ideas are similar to
the one in [9, 10] so we omit some technical details. Clearly the theorem follows
immediately from the following two lemmas, dealing with the asymptotics of %;L)(z)

and .@;L)(z) appearing in the finite-time formula (4.6), respectively.

Lemma 4.7.1 (Asymptotics of %;L)(Z)) Under the same assumption as in Theo-

rem 4.2.4, we have for fivzed 0 < € < 1/2
i (2) = Ch7(7) (1+O(L7?), as L — oco. (4.120)
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The functions ‘K;L)(z) and C'(z) are defined in (3.78) and (3.47) respectively, with

2= (=1)Nrlz;, for 1 <i<m.

Lemma 4.7.2 (Asymptotics of _@yﬂL)(g’)), Under the same assumption as in Theo-
rem 4.2.4, we have the convergence

lim 2" (2) = DL (2), (4.121)

L—oo

where the Fredholm determinants @;L)(Z) and DY (Z) are defined in Section 4.2.4 and
(4.112), respectively, and the convergence is locally uniform in Z. Here again z; and

z; are related by the equation zF = (—1)Nrlz,.

The rest of the section is devoted to proving Lemma 4.7.1 and 4.7.2. We start
with a discussion on the asymptotic behaviors of the roots of the Bethe polynomial
¢.(w) = wN (1 +w)™N — 2L(1 + pw)"™ under the critical re-scaling in Section 4.7.1.
Then in Section 4.7.2 we list a few lemmas discussing the asymptotics of several
products involving these roots under the critical re-scaling. With these preparations
we prove Lemma 4.7.1 and Lemma 4.7.2 in Section 4.7.3 and Section 4.7.4 respectively.
Finally in Section 4.7.5 we verify the Assumption 4.6.1 for the classical step and flat

initial conditions.

4.7.1 Asympotics of the Bethe roots

We assume that the particle density o := N/L stays within a compact subset of
(0,1) for all L. It turns out that in the asymptotic analysis for the finite-time formula
we have to re-scale the integral parameters z; so that |z;| — r. in a certain rate and
the main contributions come from Bethe roots within a distance of O(L/?) to w,.
More precisely for |z| < r. we introduced the re-scaled integral parameters z such

that:



where the assumption |z| < r. is equivalent to |z| < 1 and we recall that

2 —w, \?
We i = — 0 , T i= ( o > (14 w,) 2.
1++/1—4p-o(1— o) 1+ pw,

Under this re-scaling the nesting assumption on the integral parameters 0 < |z,,| <
-+ < |z1| < rcin the finite-time m-points formulas becomes 0 < |z,,| < -+ < |z1] < 1.
From the discussion in Section 4.2.2 we know the level set {w € C : |w" (1+w)El"N| =

|2 (1 + pw)™|} consists of two disjoint closed contours for |z| < r. so we can define:

Definition 4.7.3. Given |z| < r., we define two closed contours A, and Ar by

Api={we C: w1 +w) N = 251 + pw)™|} N {Re(w) < w.},
(4.122)
A :={w € C: w1 +w) ™ =21 4+ pw)V|} N {Re(w) > w,}.

A formal Taylor expansion at w = w, indicates that as L. — oo, the Bethe equation

wN (1 +w)"" = 25(1 + pw)™ converges to the equation
e 12 =y, (4.123)

where z' = (—=1)¥rlz and

l+v—-20 | o “1/2 ~1/2
= We L = W, L=/=, 4.124
w = w, + T (1_Q)VC We + ¢oC ( )

where v := /1 —4p- (1 — p) and ¢ := Hﬁjg (1fg)y. The solution of equation

(4.123) is a discrete set given by {£+v/—2logz + 4kmi : k € Z} for an arbitrary choice

of branches of logarithm and square root, see figure 4.2. Lemma 4.7.4 below precisely
quantifies the convergence of Bethe roots near w = w, to the corresponding roots for

the limiting equation.
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Lemma 4.7.4. For any 0 < e < 1/8 and |z| < r. fized, we define
ﬁgf) =L, ND(w,, coL_1/2+6),

where D(a, 1) is a disc centered at a with radius r and cy is defined in (4.124). Then for

the re-scaled parameter z = (—1)N 2zl 2 we have an injective map My, jop; - £ -1,

C

satisfying

‘ML,left(u) - meal(u - wc)} < L7230 L,

for all u € £ and L large enough. Furthermore, the map satisfies
L, D0, L — 1) C My (L) € L,nD(0, L+ 1).

Similar results hold if we replace L, and L, by R. and R,.

Proof. This lemma is a minor generalization of Lemma 8.1 of [8] by allowing one
extra parameter p in the Bethe equation. The proof is almost identical to the one in

[8] so we omit the details. O

4.7.2 Asymptotics of various products over Bethe roots

In this section we collect all the results involving limits of products of the Bethe
roots appearing in the finite-time formula that are independent of the parameters .
a;, t; and k;. The starting point is the following simple integral formula for the sums

of functions evaluated at the left or right Bethe roots.

Lemma 4.7.5. Let (w) be a function analytic in the interior and a neighborhood of

Agr. Then

= dw 25 (1 + pw)™ p(w)
; p(v) = Np(0) +Z]{ 2mi q.(w)  J(w)’ (4.125)

where we recall that J(w) = 2 tDdipw)

= NiLoin-NMe? Similarly if p(w) be a function analytic
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in the interior and a neighborhood of Ay, then

(L — Nl dw 22 (1 + pw)™ p(w)
3 ) = (L= Mol + ol )

3L

Here 31, and ¥ are simple closed contours lie in the half-plane {w : Re(w) < w.}
(respectively {w : Re(w) > w.}) with Ay, (respectively Ag ) inside. Taking the function

@ to be the constant function 1 implies in particular that

= 0.

fd_sz(l +pw)V 1 _j{d_sz(l +pw)V 1
2mi ¢ (w)  J(w) 2 q.(w)  J(w)

ZL ER,

Proof. A direct differentiation shows

N L—-N
— +
w w—+1

i) = .00 (

1
) + 25 (1 4 pw)™ - —.

J(w)

Hence by the residue theorem we know

3 ol = § S EW o) = Np(o) + f SuEC LR ).

= 27i . (w) o g(w)  J(w

Xr 2R

The proof for (4.126) is similar. O

As taking the logarithm transforms products into sums, the following lemma is a

direct consequence of Lemma 4.7.5 and the method of steepest descent.

Lemma 4.7.6. Given |z| < r. and z = (—1)Vzlr L. Suppose o = N/L stays in a

compact subset of (0,1), then for every 0 < e < 1/2 the following holds for all large

enough L.

(i) For w = w. + coCL™Y% with || < LY/*, where ¢y = Hl’:fg gy ond v =
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V1—dp-o(1-o),

2L 1+ pw N 7 B 6
<q (w) L — 2, (1+0(L712)). (4.127)

(i) On the other hand if |w — w.| > C - LY% for some C > 0, we have for some

c>0and a >0,
(1 + pw)N

< e o7, 4.128
() < ( )

(i1i) For w of O(1) distance away from 0,—1 and —1/p we have ‘ﬁ’ <C-L for
some constant C' > 0. Furthermore if w = w, + co(L™Y? with || < C - L¢ we
have

= L2 (1 O(LV)). (4.129)

(iv) For w = w, + coC L% with |¢| < L/*, we have

[T Vo—u=(Vw+ D+ et (14 0(L 1o L) Re(¢) >0,

ueL

(4.130)
H Vo —w = (V=w)Nez") (L1+O(L*1log L)) Re(¢) <0,

'UGRZ

where hW((,z) is the function defined in (4.117). When Re(¢) = 0, h((,z) is the
limit of h(n,z) as n — ¢ from Re(n) > 0 for the first case and from Re(n) < 0

for the second case.

(v) For w of a finite distance O(1) away from the trajectory Ay, U Ag,

H Vw—u=(Vw+1)"""(1+ O(LE’l/Q)) if Re(w) > w,,

ueﬁz

H Vu—w = (vV/=w)" (1+O0(L?)) if Re(w) < we.

UERZ

(4.131)
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(vi) There is a constant C' > 0 such that for every w satisfying |w — w,.| > L2,

6_CL75 < ‘ qz,L(w) < @Clﬁe Zf Re(w) > We,

S [y

and

e Ol <

Qz,R(w) —€ .
7‘ < ek if Re(w) < we.

(vii) We have

HveRz HuELZ/ VU — U
Moec, (V=) Ther. (Vo r D)7

= e PED (14 0(L7Y%),  (4.132)

where B(z,7) is the function defined in (4.115).

Proof. These estimates are again one-parameter generalizations of Lemma 8.2 and
Lemma 8.4 of [8]. The main difference is due to the extra parameter p in the Bethe

polynomial ¢, (w) = w™ (14+w)*=" — 2L (14pw)?, the proper critical point for steepest

20

—— =2 which comes from the larger root
1+4/1-4p-o(1-0)

descent analysis now is at w. =
of the quadratic equation p(L — N)w? + Lw + N = 0, as opposed to w = —p for
the p = 0 degeneration discussed in [8]. A standard steepest descent analysis using

integral representations obtained in Lemma 4.7.5 with critical point w, yields all the

estimates. We omit the details. O

4.7.3 Asymptotics of ‘K;L)(Z)

Now we are ready to prove Lemma 4.7.1. Recall that %;L)(z) = Sg(zl)%s(tﬁl))(z)
where E7(21) = Eic(21) (1 + O(L7Y/?)) as L — oo due to Assumption 4.6.1. Hence it

suffices to prove

G (2) = CPE (7) (1 + O(L?)) | as L — oo (4.133)

step step
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where C. (Z) is defined in Definition 4.6.5 and .

step Step(z*) is defined as follows:

step

s Eg Zg - Hueﬁzé(—U)N HUERZZ (U + 1)L_N
H By 1 (z) ] [H ARz L2,) ]

(=1

m KL A(R247 Ezefl)
[g Z -1 ZK ] Ll;! Hueﬁ (_U)N HUERZ[ (U + l)L_N] |

Z0—1

Here Ey(2) := [[uep. (—u) [T er. (v + 1) (pv 4 1) % with Ey(z) := 1. Under

the re-scaling 2/ = (—1)"rlz, we clearly have [, z;" _lzz He 9 Z:‘i - On the

other hand by Lemma 4.7.6 (iv)

Hueﬁze(_u)N HveRz (v+ 1>L_N _ B
A(R.,; L.,) N
(

ARI 2 1) —B(zp,20_1 e—1/2
Mor, C¥ [, Doy (L O
UChkzy vERz,

9 (14 O(LV2))

Hence (4.133) follows immediately once we establish the following lemma on the

asymptotics of Ey(z).

Lemma 4.7.7. Let E(z) = E(z;a,k,t) == [[,er. (=) [Tper. (0+ 1) F(po+1)*

where a,k € Z and t € N are given parameters. Then for zt' = (=1)"rlz with

0 < |z| <1 and the parameters satisfying
t=crL3?+0(1), a=cot+yL+0O(1), k= cst+coyL+esxLV?*+0(1), (4.134)
we have for L large enough and fized 0 < € < 1/2
E(z) = x40 (1 4 O(L1?)) . (4.135)

where A1(z) and Ay(z) are scaled polylogarithm functions as in (4.114). The constants

¢; are the same as in (4.10) and the re-scaled parameters are chosen such that T > 0,

€ [0,1] and x € R.
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Proof. Write

log E(z) = Z( ) log(— +Z —a—Fk+1)log(v+1)+ (t — k+1)log(1 + pv)].

ueL VER

Apply Lemma 4.7.5 to the two sums over left and right Bethe roots and deform both

contours X, and Yy to the vertical line with real part w. = —— 20 e have
14+4/1—4po(1—0)
YT dw (14 )Y 1
w 2 + pw
log F(z) = — G — G(w,)), 4.136
oxBle) = [ GRG0~ Gl). (4130

we—ioco

where G(w) = (—k)log(—w) + (a + k) log(w + 1) + (=t + k) log(1 + pw). Note that
n (4.136) we have used the fact discussed in Lemma 4.7.5 that
dw 2L (1 N dw 2L (1 N
%_wz (1+pw) G(wc):%_wz (1+pw) G(w,) = 0.

2m ge(w)  J(w) 2m ge(w)  J(w)

3L YR

Now a Taylor expansion at w = w, shows

Glw) — Glwe) = G (we)(w — w,) + Tt

+0 (GW(w.) - (w—we)").

Set w = w, + co(L~Y? where c; as in equation (4.124) and assume the parameters
are re-scaled as in (4.134). After a tedious but straightforward calculation we obtain

for [¢| < L¢/* with 0 < e < 1/2
cmm—amgz—x—%@+§@+0@&my (4.137)

Splitting the integral representation for log E(z) into two parts with |¢| < L¢/* and

|¢| > L/* and using the estimates for %@’)N and obtained in Lemma 4.7.6

L
J(w)
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we see

ico

. d¢ Z 2, V3 Ty e—1/2 —cL®
log E(z) = / %m'@( +5¢ —§C>'(1+O(L ) +0(e™),

(4.138)
for some constants ¢, > 0. Now (4.135) follows from integral representations of

polylogarithm (4.113). O

4.7.4 Asymptotics of @;L)(E)

Next we discuss the asymptotics of the Fredholm determinant part Z;(z). Note

first that by a standard series expansion of Fredholm determinants we have

L 1 L), >
G- Y G (190
. (nl. nm)
nE(ZZO)m
where 77 = (ny,- -+ ,n,,) and

752 = (=) 3" det[g " (wi, w7 det ot (w, wy)]]

J/i,g=1 t,j=1

(4.140)

U(Z)E(ﬁze)nl
V(Z)E(Rzg e
l=1,---,m

where UW = (ugé), - ugf;)) and V© = (vg), X 'Uffe)) and

uff) if k=ny+---+n,1+k forinteger k < n, with ¢ odd ,

v’ itk=ni+---+n1+k forinteger k < n, with ¢ even ,
and

v,(f) ifk=ny+---4+n,.1+k forinteger k < n, with ¢ odd ,
w, = (4.142)

u,(f) ifk=ny+---+ne1+k forinteger k < n, with £ even .
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A similar series expansion holds for the limiting Fredholm determinant D" (Z) with
L., and R, replaced by the limiting roots L,, and R,, and the kernels replaced by

the limiting kernels K7 and K} defined in Definition 4.6.6.

1
DPE(7) — ———DP% 4.143
1c (Z) B Z <n1|nm|) 1Cn( ) ( )

nG(Zzo)m
We will prove the convergence of each of these Z; ﬁ) (2) as well as some exponential

bounds.

Lemma 4.7.8. Under the same assumption in Theorem 4.2.4, for every fixed n €

(Z>o)™, we have

(i) 25:(2) = DE%(2) as L — oc.

1c,n

(i1) There exists constant C' > 0 such that |9ySLﬁ)(5)| < C1 for all L large enough.

It is clear that Lemma 4.7.2 follows immediately from Lemma 4.7.8 by dominated
convergence theorem. To prove Lemma 4.7.8 we will prove the convergence of the ker-
nels after proper conjugation for points inside the critical region as well as exponential
decay estimates for the kernel at points outside the critical region. The conjugation
is as follows: we replace Ji/l(L) and Ji/g(L) defined in Section 4.2.4 by Ji}l(L) and e}i}g(L)

where

— (6:(4) + 6:(j + (-1 iy K Q1(j),

Hl(nxw)Hm)g(w)(w w)

(3;(3) + ;i = (1) W)y A @(z’)A(z’,w,w'),

(w)(w’ - w)

(4.144)

H ons m< W Hz,
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forw e (£, UR;) NS and w' € (L, UR.,) N.%. Here

Fi(w)Fi—1(we)
; Fotony  for Re(w) <w,

Filw) = (4.145)

Fi(w)Fi—1(we)
Fi_l(w)Fli(wc) for Re(w) < we,.

We define the square root to be \/w = r'/2e¢?/? for w = re’ with —7 < § < 7. Note
that the product of determinants will always be continuous even though the square
root function is not since every (f;)"/2 is multiplied twice. We change the limiting
kernels in a similar way by replacing f; or f; in the kernels with v/ \/E and denote
them as K and K2, We have the following asymptotics for the conjugated kernels,

which easily implies Lemma 4.7.8.

Lemma 4.7.9. Fiz 0 <e <1/(1+2m). Let
Q=Qp = {w eC:lw—wl< cglL_1/2+E/4} (4.146)

be a disk centered at w.. Under the same assumption in Theorem 4.2.4 we have

(i) As L — oo, uniformly for w € /1 NQ and w' € S NS

15 (w, w')| = [KP(C, ¢+ O(L 2 log L),
i i (4.147)
| (w,w')| = [KE(¢, )|+ O(L 2 log L),

ic

where ( € S1,(" € Sy are the image of w,w' under either the map My, 1. or

M rignt 1 Lemma 4.7.4.

(i) As L — oo, for w; € 1 NQ and w; € S NQ,
|7

det [Ji;l(L) (wi,w;)} — det [Kﬁ’er(@, ;) '

| S
T
[

L

irj=1 P
(L), o (ENe
det [% (’UJZ, wj)} - — det |:K10 (C-Zv Cj)] ij=1 )
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for each 1l € (Zx)™, where ( € S1,(" € Sy are the image of w,w' under either

the map My, e 01 My yigny in Lemma 4.7.4.

(111) There are positive constants ¢ and « such that
A (w, ) = O, AP (! w)| = O™ (4.148)

as L — oo, uniformly for w € 1 NQ° and w' € %, and also for w' € S5 NO°

and w € 4.

Proof. Due to the structure of the kernel (4.144), the lemma is proved once we estab-
lish the corresponding asymptotics and tail estimates for the functions J(w), H,,(w)
and f;(w). For J(w) and H,(w) these have already been discussed in Lemma 4.7.6
(iii),(iv) and (vi). The needed estimates for f;(w) is summarized in the following

Lemma 4.7.10, the proof of which is similar to Lemma 4.7.7 so we omit the details. [
Lemma 4.7.10. Under the same assumption as in Theorem 4.2.4 for the parameters

ai, ki, ti, for w = w, + coCL™Y? with w € L, UR, we have for fizted 0 < € < 1/2

f; 1+ O(Le 12 ' < Le/4
7 (w) = (0 (1+0( ) i < (149)
O(e~<t™"") if |¢| > L/

for 1 < j <m, where £;(¢) is defined in (4.119).

4.7.5 Proof of Theorem 4.6.2

In this section we verify that the flat initial condition satisfies Assumption 4.6.1
with the limiting functions Ejg, and chg, given by (4.106). We start with a product

formula for the pre-limit functions Exa(z) and xaat (v, u; 2).
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Lemma 4.7.11. Recall the global energy function E;(2) and characteristic function
x7(v,u; 2) defined in Definition 4.2.9. For the flat initial condition j = (—d,--- , —Nd)
with d = L/N € N we have

(i) With the standard square root function \/w with branch cut R<,

H’UERZ ( VU + 1)27d

8ﬂat<z) =
[Ter. Vpld —1)v2 +dv+1 (4.150)
[loer, [luec, VO —u
N — LN
Huecz (V _u) H’UERZ ( v+ 1)
(i) Forve R, andu € L,
u—v (VD) NuN 14p0 if u(u4+1)3—1 _ v(v41)3—1
Xﬁat(U, u: Z) _ J(v) ¢z,L(v)qz,r(u) 1+pu 14+pu 1+pv (4151>
0 otherwise,
where the functions are given by J(w) = pgi%géi;’ﬁzw Gr(w) = [Tuep. (w—

u) and g, r(w) == HUGRZ (w —wv).

Proof. The proof is similar to the proof of Lemma 10.2 and Lemma 10.3 in [10]. The

key observation is the existence of a d — 1 to 1 map M from L, to R, satisfying that

if v =M(u) for u € L, then “("1125_1 = ”(vlfgz_l. Using this relation we can express
the global energy and characteristic functions in terms of products over the Bethe

roots. We omit the details. O

Combining Lemma 4.7.11 with the asymptotics obtained in Lemma 4.7.6 we can

now prove Theorem 4.6.2.

Proof of Theorem 4.6.2. For fixed 0 < € < 1/2 by Lemma 4.7.6 (viii) we have

HueRz Hue[,z/ VU—u
e, (V=0)" Tloer, (Vo D)7

_ e—B(z,Z/) (1 + O(LE—1/2)) . (4152)
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Similarly by Lemma 4.7.6 (v) we have

[T (vor1) " =10 (4159

VER

On the other hand we have p(d — 1)v? + dv + 1 = p(d — 1)(v — w.)(w — w}) where

B —2p . —20
1+ /1 —4po(1 — o) 1= /1T—4dpo(1—0)

We

Hence by Lemma 4.7.6 (iv) and (v) we have

H Vpld =12 4+ dv+1

= VU — w, - d—1)(w—w}
4 A1 vpa- D= (1.154)

_ (\/_—wc)Ne%h(OJ) . <\/p(d _ 1) . \/_w;k)N . (1 + O(L€—1/2))

=(1-2)"* (1+0(L"?),

where we used the fact that w, - w?* = Iﬁ and also e"%%) = (1 —z)'/2 which follows
from (4.117). Combining (4.152), (4.153) and (4.154) we conclude that Eg.i(z) =
FEgat(z)(1 4+ O(L7Y2)) as L — oo.

The argument for the characteristic function part is quite similar. To verify part
(B) of Assumption 4.6.1 we note that given 0 < e < 1/8, for u € £ and v € R as

defined in Lemma 4.7.4 we have

_4al) _ hn (1 4 oqpierryy, SR e (14 o(pie1/2)) | (4155
(1+v)EN ulN

where & = Mpen(u) and 1 = My igne(v) with the injective maps My e and

M ight defined in Lemma 4.7.4 satisfying |§ — 051L1/2(u — wc)‘ < L7128 log L,
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n— CalLl/Q(v — wc)| < L~1/243¢]og L. This then implies that
u—v=coL V(& —1n)- (1+ O(L* /2 1og L)). (4.156)

A straightforward Taylor expansion combined with the injectivity of My e and
M, right shows

1u(u+1)d_1iv(v+1)d_1 - 1{2:772 - ]_E:,T]. (4157)

1+pu 1+pv

Finally by Lemma 4.7.6 (iii) we have

1
J(v)

= —cg'nLY? - (14 O(LY?)). (4.158)

Combining (4.155), (4.156), (4.157) and (4.158) we conclude that

Xttt (U, 13 2) = chyae(n, & 2) + O(L* V) as L — oo. (4.159)

Finally part (C) in Assumption 4.6.1 is clearly true since by Lemma 4.7.6 every factor
in for xqat (v, u; z) is O(1) except ﬁ which is O(L). Thus |xgat(v, u;2)| < C- L and

part (C) of Assumption 4.6.1 is satisfied. O
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Part 11

Spectral Rigidity of Random

Schrodinger Operators
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CHAPTER 5

Introduction to Random Schrodinger Operators

and Spatial Conditioning of Point Processes

5.1 Random Schrodinger Operators

5.1.1 Schrodinger Operators and Schrodinger Semigroups

Let U C R? be some subset of the d-dimensional Euclidean space (typically some
open subset or discrete lattice). A Schrodinger operator on U, which we denote by

H, is of the form
H () = —5 00 (@) + V() f(0), (5.1)

where

(i) The domain of H is typically a dense subset of L*(U) (or ¢*(U) when U is

discrete)
(ii) V : U — R is a deterministic function called the potential
(iii) A is a certain Laplacian-type operator on U

Spectral theory of Schrodinger operators is of fundamental interest to mathematical
physcists due to their connections to Schrodinger equations in quantum mechanics

and also heat-like diffusions. For the latter it is natural to consider the semigroup
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associated to a Schrodinger operator H, which is formally the one-parameter family

~t),.o. Of crucial importance to our purposes (probabilistic) is the

of operators (e
Feynmann-Kac formula for a Schrodinger semigroup which expresses the operator
e~ through a functional of certain familiar stochastic processes (Brownian motion

or other Markov processes on the state space). A typical example (see e.g. [100]) can

be stated as follows:

Example 5.1.1. For U = R? and f € L*(R?), one has

t
e f(x) =FE" |exp —/V(B(s))ds f(B#)|, =eR% (5.2)
0
for a d-dimensional standard Brownian motion B and the expectation E” is taking

with respect to B conditioning on B(0) = .

5.1.2 Multiplicative noise and random Schrodinger operators

In this part of the thesis we are mostly interested in a random perturbation of the
operator H introduced in (5.1), namely we consider instead the random Schrédinger

operators (RSOs) of the form

Hf(z) = Hf(z)+&(x) f(), (5.3)

for a certain random functions ¢ : U — R which is usually called the noise. From
the physical perspective ¢ typically models the disorder of the underlying quantum
models. The spectral theory of RSOs arises naturally in multiple problems in mathe-
matical physics; we refer to [28] for a general introduction to the subject. When the

noise £ is smooth enough, one may expect a similar Feynman-Kac formula as in (5.2)
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for the perturbed operator (5.3):

¢
et — E® exp —/V(B(s)) +&(B(s))ds | f(B(t))|, =zeRY, (5.4)

0
for the U = R? example. In general however £ may be rather singular (only a Schwartz
distribution) and the pointwise product {(z) f(x) in (5.3) or the function composition
¢(B(s)) in (5.4) may not be well-defined. We leave the proper interpretation of the
Feynmann-Kac formula for irregular noises to later chapeters and stay at a formal

level in this introductory part.

5.1.3 Two main motivating examples

RSOs of the form (5.3) have found applications in the study of random matrices
and interacting particle systems, as well as stochastic partial differential equations
(SPDEs). The following two examples serve as the main motivating examples for our

study on RSOs and build the connection to the first part:

Example 5.1.2 (Stochastic Airy operators). Consider one-dimensional RSO acting
on the half-space U = (0, co) with Dirichlet boundary condition at 0 of the following
form:

~ 1 T
Hioo) 1= —5A+ 5 + &, (5.5)

where &5 is a white noise with variance 1/5 for some g > 0. (For more precise
definition see Example 6.2.6) Here the potential is a linear function V' (z) = /2. The
operator ’}:[(0700) naturally appears as the operator limit at the edge of the Dumitriu-
Edelman tri-diagonal matrix models for the $-Coulomb gases. Their spectra are
known as the Airy-f processes and describe the soft edge scaling limits of the (-

ensembles (see [14, 76, 95]).

Example 5.1.3 (Parabolic Anderson model and stochastic heat equation). In an-
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other direction, the study of the solutions of SPDEs of the form (known as the

parabolic Anderson model)
Ou=LAu—u=-Hu (5.6)

is intimately connected to the spectral theory of H;. More specifically, the localization
of Hy’s eigenfunctions is expected to shed light on the geometry of intermittent peaks
in (5.6) (e.g., [74, Sections 2.2.3-2.2.4] and references therein). We refer to [29, 32,
47, 48] for a few examples of papers where such ideas have been implemented when ¢
is a smooth, white, fractional, or otherwise singular noise (see Examples 6.2.6-6.2.9
for definitions of such noises). If in addition one considers a time-dependent space-
time white noise &(x,t), then (5.6) is known as the stochastic heat equation with
multiplicative space-time white noise, and appears naturally as the linearization of the

Kardar-Parisi-Zhang equation introduced in [72] through Cole-Hopf transformation.

5.2 Spatial Conditioning and Number Rigidity

Point processes are well-studied objects in probability [37, 69], due to their ap-
plications in many disciplines (e.g., [4]). One of the simplest point processes is the
Poisson process, which is such that the numbers of points in disjoint sets are indepen-
dent. In contrast, for point processes with strong correlations, the notion of spatial
conditioning (i.e., the distribution of points inside a bounded set conditional on the
point configuration outside the set) is of interest. Pioneering work on this subject
includes the Dobrushin-Lanford-Ruelle (DLR) formalism (e.g., [39, Sections 1.4-2.4]).

In this part, we are interested in a form of spatial conditioning known as number
rigidity [59]. A point process is said to be number rigid if for every bounded set A, the
configuration of points outside of A determines the number of points inside of A. We

refer to [2, 64] for examples of early work on this kind of property. In their seminal
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paper [59] (see also [54]), Ghosh and Peres introduced (among other things) the notion
of number rigidity, and studied its occurrence in two classical point processes. Since
then, number rigidity has been shown to have many interesting applications in the
theory of point processes (e.g., [21, 26, 27, 54, 55, 90]), and has developed into an
active field of research. We refer to [12, 13, 23, 24, 30, 46, 56, 59, 88] for other notions
related to number rigidity, such as higher order/linear rigidity, hyperuniformity, sub-

extensivity, quasi-invariance/symmetry, and tolerance.

5.2.1 Number Rigidity

Let A be a point process on R (i.e., a random locally finite counting measure on
R). Given a Borel set A C R, we let A(A) denote the number of points of A that are

inside of A, that is,

A(A) = Z 1{/\€A}-

AEA

More generally, for every function f: R — R, we use
A =D )
AeA

to denote the linear statistic associated with f. For any Borel set A C R, we let
Fr(A) = J{A(/_l) A C A} denote the o-algebra generated by the configuration of

points inside of A.

Definition 5.2.1 ([59]). We say that A is number rigid if A(A) is Fp(R\ A)-
measurable for every bounded Borel set A C R.
5.2.2 The Ghosh-Peres Criterion

We have the following simple sufficient condition for number rigidity:

Proposition 5.2.2 ([59]). Let A C R be a bounded Borel set. Let (fy)nen be a

sequence of functions satisfying the following conditions.
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1. Almost surely, |A(fn14)| < oo for everyn € N and A C R.
2. |fu— 1] = 0 as n — oo uniformly on A.
3. Var[A(f,)] = 0 as n — oc.

Then, A(A) is FA(R\ A)-measurable.

Though Proposition 5.2.2 is by now standard in the rigidity literature (e.g., [59,

Theorem 6.1]), we nevertheless provide its short proof for the reader’s convenience:

Proof of Proposition 5.2.2. For every n, we can write

A(A) - {X(fn) - E[A(fn)l_‘_:/\((l - fn)lAz_gA(fan\A) - E[A(fn)}) :

(n) (n) (n)
El E2 EB

Since the variance of A(f,) vanishes, we can choose a sparse enough subsequence

(nk)ren along which E{n’“) — 0 almost surely as k — oo. Next, we note that

B < AG) (supl () - 1)

which vanishes almost surely as k — oo because A is locally finite and A is bounded.
In particular, ES™ — A(A) as k — oo, which completes the proof since E{" is

ZA(R\ A)-measurable for every n. O

5.2.3 Exponential linear spectral statistics of RSOs

Owing to the Ghosh-Peres criterion, a now standard way of establishing number
rigidity is to control variance of certain linear statistics. Several techniques have been
used thus far to control the variance of linear statistics for the purpose of proving
number rigidity. Prominent examples include determinantal/Pfaffian or other inte-
grable structure [22, 25, 54, 58, 59|, translation invariance and hyperuniformity [57],

and finite-dimensional approximations [96]. By using such methods, number rigidity
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has been established for the zeroes of the planar Gaussian Analytic Function, the
Ginibre ensemble, the Sine-f3 process (for all § > 0), the Airy-2 process, some Bessel
and Gamma point processes, and more.

The main objects we are focusing on in this part of the thesis is the eigenvalue
point processes of random Schrodinger operators. Namely we are concerned with the

following main problem:

Problem 5.2.3. For a given random Schédinger operator H which almost surely has

compact resolvent, so it has pure point spectrum with eigenvalues

A A

What can we say about the point processes {/\Z(]:])}fiﬂ In particular, are they

number rigid?

While there are some integrable structures for certain special RSOs (e.g. the
stochastic Airy operator with 8 = 2), none of these results provide sufficient condi-
tions that can be applied to general RSOs. We propose to study number rigidity in
the spectrum of random Schrodinger operators using a new semigroup method: Given
that the exponential functions e, (z) := e~*/" converge uniformly to 1 on any bounded
set as n — oo, in order to prove number rigidity of any point process, it suffices to
prove that Var|[ e, dX] — 0 (though the requirement that [ e, dX is finite imposes
strong conditions on X’). If X happens to be the eigenvalue point process of a ran-
dom Schrodinger operator H, then f e, dX is the trace of the operator e /", Thus,
in order to prove the number rigidity of the spectrum of any random Schrodinger

operator H, it suffices to prove that

11_{% Var[Tr[e "]] = 0.
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The reason why this is a particularly attractive strategy to prove number rigidity of
general random Schrodinger operators is that, thanks to the Feynman-Kac formula,
there exists an explicit probabilistic representation of the semigroup (e "), in terms
of elementary stochastic processes, making the variance Var [Tr[e_tH ]] amenable to
computation.

Finally, as mentioned in Section 5.2, for many point processes the understanding
of conditional distributions in spatial conditioning is more sophisticated than number
rigidity, such as tolerance in [59] or explicit conditional distributions in [21, 26]. It

would be interesting to see if similar insights in the conditional configurations of

eigenvalues of general RSOs can be obtained. We leave this to future work.
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CHAPTER 6

Spectral Rigidity of Continuous Random

Schrodinger Operators via Feynman-Kac Formulas

6.1 Introduction

Let I C R be an open interval (possibly unbounded), and let V' : I — R be a
deterministic potential. Let £ : I — R be a centered stationary Gaussian process
with a covariance of the form E[¢{(2)é(y)] = v(z — y), where « is an even function
or Schwartz distribution. (We refer to Section 6.2.1 for a formal definition.) In
this chapter, we investigate the number rigidity of the eigenvalue point processes of

random Schrédinger operators (RSOs) of the form
Hi=—LA+V+¢, (6.1)

where H; acts on a subset of functions f : I — R that satisfy some fixed boundary

conditions (if / has a boundary).
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6.1.1 Outline of Results and Method of Proof

To the best of our knowledge, the only RSO whose spectrum is known to be

number rigid is the operator
Hooo) = 38 +5+&

with a Dirichlet boundary condition at zero, where &, is a white noise with variance
1/2. The proof of this [22] relies on the fact that the eigenvalues of this operator
generate the Airy-2 process, which is a determinantal point process (see (6.76)). In
this context, our main motivation in this chapter is to provide a unified framework
to study the number rigidity of the eigenvalues of general RSOs. As a first step in
this direction, we develop a new method of proving number rigidity for RSOs by
controlling the variance of exponential linear statistics using Feynman-Kac formulas.
Informally, our main result is as follows (we point to Theorems 6.2.21 and 6.2.23 for

precise statements).

Theorem 6.1.1 (Informal Statement). Suppose that H; acts on either the full space
I = R, the half-line I = (0,00), or the bounded interval I = (0,b), under some
general boundary conditions in the latter two cases (Assumption 6.2.10). Assume
that the noise & and the deterministic potential V' satisfy mild technical conditions
(Assumptions 6.2.3 and 6.2.11).

On the one hand, when I is unbounded, H;'s spectrum is number rigid if V' has
sufficient growth at infinity (i.e., (6.15) and (6.18)—(6.21)). On the other hand, if

I =(0,b), then 7:[(0’1,) s spectrum is always number rigid.

Thus, one of the main advantages of the method developed in this chapter is that
it applies under very general assumptions on the noise &, the domain I, the boundary
conditions on I, and the regularity of the deterministic potential V. However, in

cases where the domain [ is unbounded, our method comes at the cost of growth
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assumptions on V.

Remark 6.1.2. It is worth noting that our main result does not imply rigidity of the
Airy-f process for any # > 0, since our growth condition in the case of white noise
requires V' to be superlinear (see (6.18)). In fact, we prove that it is not possible to
establish the rigidity of the Airy-2 process by using exponential linear functionals (see
Proposition 6.2.25). This suggests (at least for white noise) that, while our growth
conditions are not necessary for rigidity, they are the optimal conditions that can be

obtained with our semigroup method; see Section 6.2.5 for more details.

The key steps in the proof of our main result are as follows.

(1) We state general conditions (see Assumptions 6.2.3, 6.2.10, and 6.2.11; and Propo-
sition 6.2.20) under which exponential functionals e (¢ > 0) of the spectrum of ;
admit a random Feynman-Kac representation. This follows from a combination of
classical semigroup theory and the work on Feynman-Kac formulas for RSOs with
irregular Gaussian noise [49, 51, 61] pioneered by Gorin and Shkolnikov.

(ii) The Feynman-Kac formulas in (i) give an explicit representation of #;’s semi-
group in terms of elementary stochastic processes. This allows to reformulate the
vanishing of the variance of exponential linear statistics in terms of a corresponding
limit for the self-intersection local time of Brownian bridges on R, or reflected Brow-
nian bridges on the half-line or bounded intervals (see (6.24) and Theorem 6.4.1).
(iii) The main tool we use to control the Brownian bridge self-intersection local time
consists of large deviations results for the self-intersection local time of unconditioned
Brownian motion on R. The latter has been studied extensively; we refer to [31,
Chapter 4] and references therein for details. To bridge the gap between the results on
the self-intersection local time of Brownian bridges and the unconditioned Brownian
motion, we make use of couplings between reflected Brownian motions on different
domains, and the absolute continuity of the midpoint of bridge processes with respect

to their unconditioned versions.
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(iv) By combining (i)—(iii), we obtain our main result (Theorem 6.2.21), which
consists of general sufficient conditions (see (6.14) and (6.15)) for the number rigidity
of H,’s spectrum in terms of Brownian self-intersection times and the growth rate of
V. Then, in Theorem 6.2.23 we apply this result to white, fractional, singular, and

smooth noises.

Organization of the Chapter

The rest of this chapter is organized as follows. In Section 6.2, we introduce
the setup of this chapter (including the Feynman-Kac formulas at the heart of our
method), state our main results, and discuss their optimality. Section 6.3 contains
estimates on the decay rate (for small time) of self-intersection local times that are
crucial in our method of proof. In Section 6.4, we combine the estimates in Section 6.3
with our Feynman-Kac formulas to control the variance of exponential linear statistics,
thus proving our main results, Theorems 6.2.21 and 6.2.23. Section 6.5 demonstrates
that the variance of exponential linear statistics cannot be used to prove rigidity of
the Airy-2 process. Finally, Section 6.6 provides an elementary estimate on stochastic

analysis.

6.2 Setup and Main Results

This section is organized as follows. In Section 5.2.1, we give reminders for basic
notions regarding number rigidity. In Section 6.2.1, we state our assumptions regard-
ing the random perturbation £ in (6.1), and we provide concrete examples of noises
that satisfy these assumptions. In Section 6.2.2, we discuss the rigorous definition
of the operator H; and its eigenvalue point process. In Section 6.2.3, we introduce
the Feynman-Kac formulas with which we study exponential linear statistics of Hy's
spectrum, including a statement that the linear statistics in question are finite and

well defined. In Section 6.2.4, we state our main results. Finally, we discuss the
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optimality of our results and related open problems in Section 6.2.5.

6.2.1 Noise

In this section, we describe the noise ¢ considered in this chapter. (Much of
the notation in this section and Sections 6.2.2 and 6.2.3 are directly inspired from
[49].) Let PC. denote the set of functions f : R — R that are cadlag and compactly
supported. We begin by introducing the covariance functions that characterize the

noise &.

Definition 6.2.1. Let v be an even function on R or an even Schwartz distribution

on PC,. (that is, (f,v) = <f, vy for every f € PC,, where f(a:) := f(—x)) such that

(f. g}, = / f@)(x —y)gly) dady, g € PC, (6.2)

1s a semi-inner-product on PC,., that is,
1. (6.2) is finite and well defined for every f,g € PC,;
2. (f,g) = (f,g)y is sesquilinear and symmetric; and
3. (f, f)y >0 for all f € PC..

We denote the seminorm induced by (-,-), as

”f“V =V <f7 f>fyv f S PCC

We say that v is compactly supported if there exists a compact set A C R such

that (f,~) = 0 whenever f(x) =0 for every xz € A.

Remark 6.2.2. In cases where 7 is not an almost-everywhere-defined function, the
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integral over «(x — y) in (6.2) may not be well defined. In such cases, we interpret

<f7.g>’Y = <f’g*r7> = <f*§a7> = <f*ga7> = <f*/y7g>a

where (-,-) denotes the L? inner product and * the convolution.
Throughout this chapter, we make the following assumption.

Assumption 6.2.3. We assume that there exists a v as in Definition 6.2.1 such that

A5 < ey (FIG, + -+ 1IF15,),  fePCe (6.3)

for some constant ¢, > 0and 1 < qi,...,q < 2, ¢ € N, where || f||; := (fg | f(2)]® dx)l/q

denotes the usual LY norm.

If Assumption 6.2.3 holds, then it can be shown that there exists a centered

Gaussian process = : R — R such that
1. almost surely, =Z(0) = 0 and = has continuous sample paths;
2. = has stationary increments; and

3. Z’s covariance is given by

§
(Loa) Log)y  ifz,y >0

<1[0,ac)> —1[y,0)>7 ifr>0>y

(—1ioy Loy, fy>0>zx

(1o 1po)y 0>y

Indeed, the existence of a Gaussian process with covariance (6.4) follows from stan-

dard existence theorems since (-,-). is a semi-inner-product; the stationarity of in-
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crements follows from the fact that (f,¢), remains unchanged if we replace f and
g by their translates z — f(z — 2) and x — g(z — 2) for some z € R; and a con-
tinuous version can be shown to exists thanks to Kolmorogov’s classical theorem for
path continuity. (We refer to [49, Remark 2.19 and Section 3.3] for the full details of
this argument.) We think of the noise £ as the formal derivative of the continuous

stochastic process =. More precisely:

Definition 6.2.4. For every f € PC., we define
) = [ #@) a=to), (6.5)
R

where d= denotes stochastic integration with respect to = interpreted in the pathwise
sense of Karandikar [71]; we refer to [49, Section 3.2.1] for the details of this con-

struction.

Remark 6.2.5. The properties of ¢ as defined above that we need in this paper are

that

1. for every realization of =, the map ¢ : PC. — R is measurable with respect to

the uniform topology; and

2. f—=&(f) is a centered Gaussian process on PC, with covariance
EE(N)E9)] = (f,9)+ (6.6)

A proof that (6.5) satisfies these properties is the subject of [49, Section 3.2.1].

We now present several examples of noises covered by Assumption 6.2.3. We refer

to Lemma 6.4.2 in this paper for a proof that the examples below satisfy (6.3).

Example 6.2.6 (White). Let 0 > 0 be fixed. We say that £ is a white noise with

variance o? if v = 0%d,, where § denotes the delta Dirac distribution. In this case,
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the covariance is simply the L? inner product

E[¢(f)E(9)] = o*(f, ),

and £ can be constructed as the pathwise stochastic integral

) =0 / f(x) AW (2)

R

with respect to a two-sided Brownian motion W.

Example 6.2.7 (Fractional). Let H € (3,1) and o > 0 be fixed. We say that £ is

a fractional noise with Hurst parameter H and variance o2 if
Y(x) = o*H(2H — 1)[z[*" 72,
in which case
J(x)g(y
Ble()s(0)] = ezt - 1) [ 00 oy
RQ
This noise can be constructed as the pathwise stochastic integral

E(f) =0 / f(x) AW (z),

where W is a two-sided fractional Brownian motion with Hurst parameter H.

Example 6.2.8 (LP-Singular). Let 1 < p < co. We say that £ is an LP-singular

noise if v can be decomposed as

Y=Y+ Y2,
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where 7y, € LP(R), and 75 is uniformly bounded. We can view LP-singular noise
as a generalization of fractional noise, as 7, may have point singularities, such as
m(z) ~ ||~ as x — 0 for some ¢ € (0,1), or y1(x) ~ (—log|z|)* as  — 0 for some

e > 0.

Example 6.2.9 (Bounded). We say that ¢ is a bounded noise if 7 is uniformly
bounded. In many such cases £ gives rise to a pointwise-defined Gaussian process on

R with covariance function E[¢(2)é(y)] = v(x — y), whence we can simply define

£(f) = / f(@)E() dz. (6.7)

R
6.2.2 Operator and Eigenvalue Point Process

We now discuss the definition of the operator H; and its spectrum. We make the
following two assumptions on the domain/boundary conditions of the operator, and

the deterministic potential V:

Assumption 6.2.10. We consider three types of domains I C R on which H; acts:
the full space I = R (Case 1), the half-line I = (0,00) (Case 2), and the bounded
interval I = (0,b) for some b > 0 (Case 3).

In Case 2, we consider Dirichlet and Robin boundary conditions at the origin:

f(0)=0 (Dirichlet)
(6.8)

f(0)+ af(0) =0 (Robin)

where o € R is fixed.

In Case 3, we consider the Dirichlet, Robin, and mixed boundary conditions at
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the endpoints 0 and b:

f(0)=f(b)=0 (Dirichlet)
f'(0) + af(0) = = f'(b) + 8f(b) =0 (Robin)
(6.9)
f(0) +af(0)=f(b)=0 (Mixed 1)
f0) = =f'(b) + Bf(b) =0 (Mixed 2)

\

where o, § € R are fixed.

Assumption 6.2.11. V : I — R is bounded below and locally integrable on I’s

closure. If I is unbounded (i.e., Cases 1 & 2), then we also assume that

V()
im =
2|00 log | 2|

We may now provide the following definition for the operator 7:[17 which is a
direct application of [49, Proposition 2.9], and allows for a rigorous interpretation of

the deterministic operator —%A + V plus noise £ through sesquilinear forms (see also

[14, 45, 84, 95)):

Proposition 6.2.12. Given a fixed choice of domain I, boundary conditions, and
potential V' all satisfying Assumptions 6.2.10 and 6.2.11, let £ denote the sesquilin-
ear form of the corresponding deterministic Schrodinger operator —%A +V, and let
D(E) C L*(I) be the associated form domain. (We refer to [19, Definition 2.6] for
a precise statement of these objects in all cases outlined in Assumption 6.2.10 and
6.2.11, and to [101, Section 7.5 and Example 7.5.3] for the standard operator theoretic
terminology used here.)

Suppose that Assumption 6.2.3 holds, and let & be as in Definition 6.2.4. With
probability one, there exists a unique self-adjoint operator H; with dense domain

D(H;) C L? such that
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1. D(H;) C D(&);

2. (f, 7:[]g> =E(f,9) +&(fg) for every f,g € D(?—L—); and

3. 7:11 has compact resolvent.

Remark 6.2.13. Implicit in the statement of Proposition 6.2.12 is the claim that the
noise ¢ can be suitably extended to products of functions in the form domain D(E).

As argued in [49, Remark 2.7], this is not a problem.

With this result in hand, we immediately obtain the following definition of ;s

spectrum by the variational principle (e.g., [97, Theorems XII1.2 and XIII.64]):

Corollary 6.2.14. Under the same hypotheses and notations as Proposition 6.2.12,
there exists a random orthonormal basis (Vy)ren of L2(I) and a point process A =

(Ak)ken on the real line R such that, almost surely,
1. —co< A <Ay <A<+ S +4o00; and

2. for every k € N,
A= inf  E(f. f)+E&(f7),

FeD(E), [Ifll2=1
fLU,. Uy

where Uy, achieves the above infimum.

6.2.3 Semigroup and Feynman-Kac Formula

We now discuss the semigroup theory of the operator defined in Proposition 6.2.12,
and argue that exponential statistics of its eigenvalue point process defined in Corol-
lary 6.2.14 can be studied with a Feynman-Kac formula. Before we can do this, we
must introduce some stochastic processes that form the basis of the Feynman-Kac

formulas that we use:

Definition 6.2.15. We use B to denote a standard Brownian motion taking values

in R, X to denote a reflected standard Brownian motion taking values in (0,00), and
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Y to denote a reflected standard Brownian motion taking values in (0,b). Throughout
this chapter, we use Z to denote one of these three processes, depending on which

case in Assumption 6.2.10 is being considered, that is

(

B (Casel)
Z=4X (Case2) (6.10)
Y (Case 3).

For everyt > 0 and z,y € I, we denote by
z* = (Z|Z(0) = x)
the process started at x, and we denote the bridge process from x to y in time t by
z5Y = (Z1Z(0) =z and Z(t) = y).

We sometimes use E* and E;"Y to denote the expected value with respect to the law of
Z*% and Z,Y, respectively.
We denote the Gaussian kernel by
efw2/2t

G, (x) = Norh t>0, xR (6.11)

We denote the transition kernel of Z by llz, that is, for everyt >0 and x,y € 1

(

Gi(r —y) (Case 1)

Hz(t2,y) = (G (x —y) +%(z+y) (Case 2)

\ZZEQbZ:I:y YG(z — z) (Case 3).
For any 0 < s <t, we let a — L&7t](Z) (a € I) denote the continuous version of
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the local time of Z (or its conditioned versions) collected on [s,t], i.e.,

¢
[ 1zw) au= [ 142)05(@) da = (L (2). 1 (6.12)
s T
for any measurable function f: 1 — R (see, e.g., [98, Chapter VI, Corollary 1.6 and
Theorem 1.7] for the ezistence and continuity of local times). We use the shorthand
Li(Z) = Lypy(2).
As a matter of convention, if Z = X orY, then we distinguish the boundary local

time from the above, which we denote as

t
1

sn(Z) = }:13(1)2_5 / L ccz(uy<erey du

S

force 0l (ie., c=01ifZ =X orce{0,b} if Z=Y), also with the shorthand

() = £

[O,t](Z)' We refer to [98, Chapter VI, Corollary 1.9] for the relation

between this quantity and the local time as defined in (6.12).
We are now finally in a position to state our Feynman-Kac formulas.

Definition 6.2.16. In Cases 2 & 3, let us define the quantities & and B as

;

(—o0,—00) (Case 3, Dirichlet)

—oco (Case 2, Dirichlet) _ (o, B) (Case 3, Robin)
Q= (@76) =
« (Case 2, Robin) (o, —00) (Case 3, Mized 1)

(—o0, B) (Case 3, Mized 2)

\

where a, f € R are as in (6.8) and (6.9). For everyt >0 and x,y € I, we define the
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random kernel

(

T (t; 2, y)EpY [e~ (Le(BhVI—€(La(B)] (Case 1)
R{t:2,1) = { Ty (10, ) B o G000 05a80] (Case 2)

Iy (t; 2, y)E]Y [e—<Lt(Y),V>—£(Lt(Y))+&£?(Y)+B£?(Y)] (Case 3)

\

where we assume that the noise & is independent of B, X, or Y ; hence the expected
value BXY is with respect to BXY, XY, or Y;"Y, conditional on €. We denote by K(t)

the random integral operator on L?(I) with the above kernel.

Remark 6.2.17. If £ can be realized as a pointwise-defined measurable map on R,

then it follows from (6.7) and (6.12) that

t
(Li(2), V) + &(Li(2)) = /V(Z(s)) +&(Z(s)) ds.
0
Thus, in this case K (t) corresponds to the Feynman-Kac representation of the semi-
group generated by the classically well-defined operator Hy = —%A +V + ¢ with the
appropriate boundary condition (see e.g., [34, 89, 100, 103], or [49, Theorem 5.4] and

references therein for a unified statement).

Remark 6.2.18. Since we use the continuous version of Brownian local time, for
every t > 0, L,(Z) is an element of PC, almost surely. Consequently, the term
£(Ly(2)) in K(t)’s definition is well defined in the sense of Definition 6.2.4. The facts
that the functions (z,y) — k(t;m,y) and z — k(t;x,x) are measurable on I x [
and T respectively and that K (t) € L*(I x I) are proved in [49, Theorem 2.23 and
Appendix A].

Remark 6.2.19. In cases where & or 3 are not finite, we use the conventions e=> := 0
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and

0 if£Z) =0
—o0 - L£(7) =

—o0o if £4(Z) > 0.
Thus, for any ¢ € 01, if we let 7.(Z) := inf{t > 0: Z(t) = ¢} denote the first hitting

time of ¢, then we can interpret e~ (%) .= L (2)>0-

The following result is a direct consequence of [49, Theorem 2.23] (see also [51, 61]).
Proposition 6.2.20. Suppose that the same hypotheses as Proposition 6.2.12 hold,
and let A = (Ag)ren denote ;s spectrum, as per Corollary 6.2.14. For every t > 0,

0< Tr[e_tﬁ’] = Ze_m’“ = Tr[K(t)] = /f((t;x,x) dr < o0 almost surely.

k=1 T

(6.13)

In particular, exponential linear statistics of the form x — e ' are well defined in
the point process A for allt > 0, and can be computed explicitly using the kernels in

Definition 6.2.16.

6.2.4 Main Result

Our main result is as follows.

Theorem 6.2.21. Suppose that Assumptions 6.2.3, 6.2.10, and 6.2.11 are satisfied,
and let H; be as in Proposition 6.2.12. In Case 3, 7:[(071)) s spectrum is always number

rigid. In Cases 1 & 2 (i.e., Hy or 7:[(0,00)), if 0 > 1 s such that

t—0

1/6
lim sup £~ (suII)Ew[HLt<Z)H3ﬂ ) < (6.14)
S

for every positive 0, then H,’s spectrum is number rigid if the following growth con-
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dition on 'V holds:

v
lim & =00 (if v is compactly supported)
|z|—o0 ’$|2/(2071)
o (6.15)
. Vi ,
‘Zlgnoo PR oo (otherwise).
Remark 6.2.22. If we assume (6.3), then (6.14) always holds with at least
0> 1+1/max{qy,...,q} (6.16)

(i.e., combine the bound (6.3) with (6.24); see (6.40) for the details). In particu-
lar, under our assumptions, Theorem 6.2.21 always provides a nontrivial sufficient
condition for number rigidity in Cases 1 & 2. We nevertheless state the general
condition (6.14) in Theorem 6.2.21 instead of (6.16), since it is sometimes possible to
find @ > 1+ 1/ max{q, ..., qe} such that (6.14) holds, and thus prove number rigidity

for a larger class of potentials (see, for example, the case of fractional noise in (6.41)).

From this theorem, we obtain the following corollary, which specializes (6.14) and

(6.15) to the four examples of noises considered earlier.

Theorem 6.2.23. Let £ be one of the four types of noises considered in Examples
6.2.6-6.2.9. Then, (6.14) holds with

.

3/2 (white noise)

1+ H (fractional noise with index H € (3,1))
0:= (6.17)

2—1/2p (LP-singular noise with p > 1)

2 (bounded noise).

\

In particular, under Assumptions 6.2.10 and 6.2.11, in Cases 1 & 2 H's spectrum

1s number rigid if the following sufficient conditions on 'V are satisfied.
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1. (White) If £ is a white noise, then

V() _

2|00 ||

2. (Fractional) If ¢ is a fractional noise with Hurst index H € (1, 1), then

. V(z)
|ml|1£>noo W -

3. (LP-Singular) If ¢ is an LP-singular noise, then

: V(x)
(alsso | ]2/ Gr=1)
Vi(x)

|z|— o0 ‘x|4p/(2p—1)

=00 (if v is compactly supported)

=00 (otherwise).

4. (Bounded) If ¢ is a bounded noise, then

v
lim (z) =00 (if v is compactly supported)
|z|—o00 ‘l’|2/3

V
lim (z) =00 (otherwise).

|z|—o00 |l’|2

(6.18)

(6.19)

(6.20)

(6.21)

Theorem 6.2.21 is proved in Section 6.4. The main technical ingredient in this

with ¢, — 0, by proving that

lim Var[A(f,)] = lim Var [Tr[f((tn)ﬂ =0

n—oo n—o0
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proof is Theorem 6.4.1, which provides quantitative upper bounds on the variance of
the linear statistic Y, e 7" as t — 0 using the identity (6.13). The result then follows

from an application of Proposition 5.2.2 with test functions of the form f,(z) = e~'n*

under the conditions stated in Theorem 6.2.21. Theorem 6.2.23 is proved in Section



6.4.2.

6.2.5 Questions of Optimality
6.2.5.1 Two Examples

The growth conditions (6.15) raise natural questions concerning the optimality of
Theorem 6.2.21. For instance, when ¢ is a white noise, it is known that the super-
linear condition V(x)/|x| — oo in Theorem 6.2.23 is not necessary for the number

rigidity of A.

Proposition 6.2.24 ([22]). Let & be a white noise with variance 1/2. Let us denote

the operator
HY = IA4z 6.22
(0,00) * 2 + 2 + 627 ( : )

with Dirichlet boundary condition at zero. 7—253)00) s spectrum 1s number rigid.

Indeed, one may recognize 7:[%?00) as the stochastic Airy operator with parameter
B =2 (up to a multiple of 1/2), whose spectrum forms a determinantal point process
(e.g., [95, 107]) known as the Airy-2 process. By using this integrable structure,
Bufetov showed in [22, Section 3.2] that 7:[2(2)7)00)78 spectrum is number rigid. In the
following proposition (proved in Section 6.5), we demonstrate how exponential linear
statistics fail to show the rigidity of the Airy-2 process, and thus (6.18) is the best
general sufficient condition for white noise one can obtain with the method of this

chapter:

Proposition 6.2.25. With H; _ as in (6.22), it holds that

7(2)
lim Var [Tr[e_mém)]} = (47) .

t—0
We also note the following simple example, which shows that our superquadratic

206



condition in (6.21) for bounded noise with general 7 is optimal, and provides an

example of a random Schrodinger operator whose spectrum is not number rigid.

Example 6.2.26. Let g be a standard Gaussian random variable, and suppose that
&(x) = g for all x € R. In our terminology, £ is a bounded noise with non-compactly-

supported covariance function y(z) = 1 for all x € R. Consider the operator

' f(w) == =5 " (x) + 2 f(2) + £() f (=), (6.23)

acting on the whole space R. It is known that the deterministic operator —%A + 22,
which is usually called the quantum harmonic oscillator, has a spectrum of the form
{c1k + co}ren for some constants cp,co > 0 (e.g., [104, Chapter 2, Proposition 2.2
(ii)]). In particular, the spectrum of (6.23) consists of the randomly shifted semilattice

{c1k + ¢2 + g}ren, which is clearly not number rigid.

6.3 Self-Intersection Local Time

As mentioned in the introduction (see Section 6.1.1) and as evidenced by (6.14),
controlling the small-t decay rate of self-intersection local times is a crucial ingredient
in the proof of our results. To this effect, in this section, our purpose is to provide one
of the main technical ingredient that we use to establish (6.14): Namely, for every
1 < g < 2, there exists a nonnegative random variable R, with finite exponential

moments in a neighborhood of zero such that

sup || Ly(Z7)||2 < t'""V9R,  for all t € (0,1), (6.24)

zel

where the inequality in (6.24) is understood in the sense of stochastic domination.
(Recall that for any two random variables X and Y, X is said to be stochastically
dominated by Y if E[f(X)] < E[f(Y)] for any nondecreasing function f. This is
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equivalent to saying that there exists a random variable Z with the same distribution
as Y such that X < Z almost surely; see, e.g., [70, Theorem 1]). We refer to the
proof of Theorem 6.2.23 in Section 6.4.2 for an explanation of how (6.24) is used to

prove (6.17).

Proposition 6.3.1. Define L5 := sup,cg L$(B°). Let us denote the mazimum and

minimum of the Brownian motion B* as

M*(t) .= sup B*(s) and — m*(t) := inf B*(s). (6.25)

se[0,1] s€[0,4]

For g =1, define R, =1, and for q € (1, 2], let

22(a=D/a|| L, (BO)||2 (Cases 1 € 2)
R, = e )\ 20-1/0)
C(Lsup) q +C(2(£sup>2 _|_2(MO(1) _ m0(1>) ) (Case 3),

(6.26)

where ¢ > 0 in Case 3 is a deterministic constant that only depends on the size of the

interval I = (0,b) and q. Then, (6.24) holds for all q € [1,2] with R, shown above.

Proof. Recall that, thanks to (6.12), ||L:(Z)|| = ¢. Thus, if ¢ = 1, then (6.24) holds
trivially with R, = 1.

We therefore only need to prove (6.24) for ¢ € (1,2]. We argue case by case. Let
us begin with Case 1 which corresponds to I = R. If we couple B* = x + B° for all
x € R, then straightforward changes of variables with a Brownian scaling imply that

2/q

1L (B2 = |L(BY) | < ¢ / LB da | =Y L(BY))2 (6.27)

R

for every ¢ > 1. According to [31, Theorem 4.2.1], for every g > 1 there exists some
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¢ > 0 such that
P[||L1(B°)|2 > u] = e Ve gy oo, (6.28)

This shows ||L1(B°)||? has exponential moments for 1 < ¢ < 2. Thus, in Case 1 we
have (6.24) with R, = 22=/9|| L, (B)||2 since 224~1/7 > 1 whenever ¢ > 1.
Consider now Case 2 where [ is taken to be (0,00) and X is a reflected Brownian
motion taking values in (0,00). By coupling X*(¢t) = |B*(t)| for all ¢ > 0, we note
that for every a > 0, one has LY(X®) = L¢(|B*|) = L¢(B*) + L, *(B”). Therefore,

o] 2/q

|Lo(X)) = / L2(X*)7 da

0
e8] 2/q

< 9a-/a / LB + Ly *(B")" da | = 220-D/9)| L,(B")| 2.

0

By (6.27), the right-hand side of above display is equal in distribution to
tiH1/ag2a=/a|| 1, (B®) ||3

Owing to (6.28), R, = 22(q*1)/‘1||L1(BO)||2 has finite exponential moments for 1 < ¢ <
2, thus the proof of (6.24) in Case 2 follows.

Finally, consider Case 3 where I is an interval (0,b) for some b > 0 and Y is a
reflected Brownian motion taking values in (0,b). We note that we can couple the
processes Y? and B” in such a way that Y is obtained by reflecting the path of B*

on the boundary of (0, b), namely,

Be(t) — 2kb  if B(1) € [2kb, 2k + 1)), k€ Z,
Y(t) = (6.29)

|Be(t) — 2kb| if B*(t) € [(2k — 1)b,2kb], k € Z.
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Under this coupling, we observe that for any z € (0,b), one has

Li(Y")= Y L{B". (6.30)
ac2bZ+tz
The argument that follows is inspired from the proof of [33, Lemma 2.1] (see also [49,

Lemma 5.10]): Under (6.30),

b

b
(/Lf(Yﬂﬁ)q dz)l/q _ (/( Z LF=(B) +Lf_z(Bx)>q dz)l/q

0 ke2bZ

b
< ola=D/a Z (/Lerz(Bx)q dz>1/q.
b

ke2vzZ Y

Recall that M*(t) and m*(t) are the maximum and minimum of B in the interval
0,¢]. In order for Lbb LF#(B*)? dz to be nonzero, it must be the case that M*(t) >
k —b and m*(t) < k + b, or, equivalently, M*(t) +b > k > m*(t) — b. Thus, for any
q>1,

b
Z (/Lf-&-z(Ba:)q dz>1/q
kewz 7,
’ 1
= Z (/LfJ“z(BI)q dz) /ql{MI(t)+b2k2ml(t)—b}
ke2vz 7,
b

1/q 1-1/q
( > /Lf+z(3$)q dZ) ( > 1{M”(t)+bzkzmx(t)fb}>

ke 7y ke2bZ,

1/q 1-1/q
= (/L?(ng)q da) < Z 1{M$(t)+b2k2mfc(t)fb}>

R ke2bZ

1-1/ _
< cltl/q<sup L?(Bx)) q(Mx(t) —m®(t) + 02)1 t/e

a€R

IN

< t' (c;_l/q(sup L?(Bx))lfl/q - (sup LY(B®) - (M*(t) — mx(t))>11/q> (6.31)

a€R a€R
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where ¢1,co > 0 only depend on b and ¢: Indeed, the inequality in the third line
follows by Holder’s inequality, the equality in the fourth line is obtained by noting
that >, oz fi’b L{(B*)? da is equal to [, L¢(B*)? da, we get the inequality in the
fifth line by noting that [, L¢(B*)? da is bounded by (sup,er L{(B*))? | Li(BY) |
where || L;,(B")||; = ¢, and the inequality in the last line follows by bounding (M*(t) —
me(t) + ) by (M=(t) —m= ()" 4 ey

Given that the distributions of the supremum of local time of B* and the range

M?*(t) —m?®(t) are independent of the starting point x, by Brownian scaling, we have

that
{41 (sup Ly (B7)) "7 L g1/ gy e (632
a€R
and
tl/Q(?elﬂg Ly(B) - (M*(t) — mﬂf(t))) “ L4 (ﬁsup S (MO(1) - m°(1))> %1. (6.33)

Combining (6.31) with (6.32) and (6.33) shows that ||L,(Y™*)||? is stochastically dom-

inated by the random variable
2(1-1/g) o\ 2-1/9)
it/ C(ES“p) Y (Q(ES“p)2 + 2(M0(1) — mo(l)) )

where the constant ¢ > 0 depends only on b and g. The right-hand side of the above
display is bounded by #'*1/¢R, in (6.26) for Case 3 for all t € (0,1). Note that there

exists 0y > 0 small enough so that

E {exp (90 sup L?(BO)Q)} JE [eeO(MO(l)_mo(l))Q] < 0 (6.34)

a€R

(e.g., the proof of [33, Lemma 2.1] and references therein). Given that 4(1—1/q) < 2,
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for ¢ € (1,2], R, in Case 3 has finite exponential moments in a neighborhood of
zero. This completes the proof of (6.24) in Case 3, and thus the proof of Proposition
6.3.1. 0

6.4 Asymptotic Variance Estimates

In this section, we provide the main technical contributions of this chapter, and
use the latter to prove our two main theorems. The chief result in this direction

consists of the following variance upper bounds for the trace of K (t) as t — 0.

Theorem 6.4.1. Suppose that Assumptions 6.2.3, 6.2.10, and 6.2.11 hold. Letd > 1

be as in (6.14). In Cases 1 & 2, assume that there exists k,v,a > 0 such that
V(z) > |kx|*—v  for every x € I. (6.35)

In Cases 1 & 2, there exists a finite constant Cy > 0 that only depends on a such

that

Var[Tr[K(t)]]  C,

llr?jélp =121/ < — (if v is compactly supported) 636)
Var [Tr[K (¢ c, '
lir?_:)s(}lp aza[_ﬂwf l < = (otherwise).
In Case 3, one has
Var |[Tr[K (
lim sup ar| r[l )l < 0. (6.37)
t—0 1o

The remainder of this section is organized as follows: In Sections 6.4.1 and 6.4.2,
we use Theorem 6.4.1 to prove our main results, namely, Theorems 6.2.21 and 6.2.23
respectively. Next, in Section 6.4.3, we prove Theorem 6.4.1. In order to not interrupt

the flow of the argument, most of the more technical results used to prove Theorems
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6.2.21, 6.2.23, and 6.4.1 are stated without proof in Sections 6.4.1-6.4.3; the technical

results in question are then proved Sections 6.4.4 to 6.4.9.

6.4.1 Proof of Theorem 6.2.21

Let (t,)nen be a sequence of positive numbers such that ¢, — 0 as n — 0. For
every n € N, let us define the test function f,(z) := e™™*. This sequence of functions

converges to 1 uniformly on compact sets. Moreover, by (6.13),

Alh) = 30 et = TR ()] < oo,
k=1
Hence, by Proposition 5.2.2; to prove that A is number rigid, it suffices to show that

lim Var|[Tr[K (t,)]] = 0. (6.38)

n—o0

We now prove that (6.38) holds under the conditions stated in Theorem 6.2.21.

In Case 3, (6.38) is an immediate consequence of (6.37) since 0 > 1 implies
that O(t°~') = o(1) as t — 0. Consider then Cases 1 & 2. If we know that
V(z)/|x|* — oo, then for every x > 0, we can choose v, > 0 large enough so that

V(z) > |kx|* — v, for every x € I. As per (6.15), we choose
a=2/(20—-1) <= 2—-1/2—1/a=0 (if v is compactly supported)
=2/0—-1) <= 2—-1-2/a=0 (otherwise),

and thus (6.36) yields

. Co/k  (if 7y is compactly supported)
lim sup Var [Tr[K (¢,)]] <

n—o0

C,/k? (otherwise).
Since k > 0 was arbitrary, we then obtain (6.38) in Cases 1 & 2 by taking k — oo,
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thus concluding the proof of Theorem 6.2.21.

6.4.2 Proof of Theorem 6.2.23

We want to prove that (6.14) holds with the choices of @ > 1 in (6.17). Our main

tool in proving this is the following lemma.

Lemma 6.4.2. There exists a constant ¢ > 0 (which only depends on ) such that

for every f € PC, and t > 0, one has

c|lf13 (white noise)

(V2 f1I3+ ¢ fN2)  (fractional noise with H € (1,1))
IFI12 < (6.39)

c(Hfo/(l_l/Qp) + 11 7113) (LP-singular noise with p > 1)

||l flI3 (bounded noise).
\

Lemma 6.4.2 is proved in Section 6.4.4, and is a relatively straightforward conse-
quence of applying Young’s convolution inequality to the semi-inner-product (f, ).
With (6.39) in hand, the result follows directly from a combination of (6.24) and dom-
inated convergence: On the one hand, if it holds that || f|2 < ¢, (|| f[I2, +--- + [ fIIZ,)
for some 1 < ¢; <2 and ¢ € N, then an application of (6.24) yields

i=1

l
supE [ L(2)[5]" = 0 (Z t””%‘E[RiJ”Q> = Ot/ mexlaaly - (6.40)

as t — 0. In the case of white, LP-singular, and bounded noise, this immediately
yields (6.17) thanks to (6.39). On the other hand, in the case of fractional noise, an

application of (6.24) and (6.39) yields the following asymptotic as ¢ — 0, concluding
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the proof of (6.17):

T 0 _ _
supIE [“Lt(Z)H?yG} 1/ -0 (tH(t 1/2+3/2E[Rg]1/9 4t 1+2E[R?]1/0)) — O(tH_H).

zel

(6.41)

6.4.3 Proof of Theorem 6.4.1

We divide the proof of Theorem 6.4.1 into three steps. In the first step (Sec-
tion 6.4.3.1), we derive an integral formula of Var[Tr[K (¢)]]. The second step (Sec-
tion 6.4.3.2) provides upper bounds on the different components of the integral for-
mula. Those upper bounds are summarized in few technical lemmas whose proofs are
relegated to Section 6.4.5-6.4.9. The third and final step (Section 6.4.3.3) completes
the proof of Theorem 6.4.1 by combining the ingredients of Section 6.4.3.2 with the

integral formula of Section 6.4.3.1.

6.4.3.1 Step 1. Variance Formula

We begin by introducing some notational shortcuts used throughout this section

to improve readability:

Notation 6.4.3. For the remainder of Section 6.4, we use C, ¢ > 0 to denote constants
independent of x, v, a and ¢t whose precise values may change from one equation to

the next, and we use C, > 0 to denote such constants that depend only on a.

Notation 6.4.4. Let Z be as in (6.10), and let Z be an independent copy of Z. For

every t > 0, we define the following random functions: For (z,y) € I?,

Ai(z,y) == —(L(Z7") + Li(Z277), V),
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0 (Case 1)

By(z,y) == ¢ aLl(X") + agd(XrY) (Case 2)

ag)(Y,"") + Ly (Y,") +aL)(YY) + BL)(Y,"Y) (Case 3),
\
1Le(ZE + 1L (ZE)115
2 J
Dy(w,y) == (Li(Zi""), Li(ZE))5,

Ci(z,y) =

Pi(w,y) =zt z, 2)z(ty,y).

Our variance formula is as follows:

Lemma 6.4.5. Following Notation 6.4.4, it holds that
Var [Tr[f((t)]] = /Pt(x,y)E [eAtBerClew) (oPrr) — )] dzdy. (6.42)
12

Lemma 6.4.5 is proved in Section 6.4.5 using the Feynman-Kac formula in Propo-

sition 6.2.20.

6.4.3.2 Step 2. Technical Results

By a combination of applying Holder’s inequality to (6.42) and bounding P;(z, y)
uniformly in z,y € I using the right-hand side of (6.79), we obtain the following

upper bound for ¢ € (0, 1]:

Var[Tr[K (t)]] < Ot / E [e4At(x,y>}1/4E [G4Bt(x,y)]1/4

]2

<« E [e4Ct(z,y)} 1/4E [(ept(x,y) — 1)4} v dxdy. (6.43)

At this point, the proof of Theorem 6.4.1 is reduced to controlling the ¢ — 0 asymp-

totics of the four terms involving A;, B;, C;, and D; on the right-hand side of (6.43).
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We now state the technical results we use for this purpose. Our first such result states

that the contributions of B; and C; to (6.43) are uniformly bounded for small ¢:

Lemma 6.4.6. For any 6 > 0,

limsup sup E[e%t(r’yq <C, (6.44)
t—=0  (zy)el?

limsup sup E [e(’ci(“"y)} <C. (6.45)
t—0 ($’y)€]2

Lemma 6.4.6 is proved in Section 6.4.6. One of the main technical ingredients
in the proof of this result is the estimate (6.24), together with a midpoint sampling
trick that allows to extend the latter (which concerns the unconditioned process Z7)
to the bridge processes Z;"* (see (6.55)—(6.58) for the details).

Our second and third technical results concern the decay rate of the expectation
involving D;. On the one hand, the following result explains the distinction between

general v and compactly supported v in Theorem 6.4.1 for Cases 1 & 2:

Lemma 6.4.7. Let 6 > 0 be arbitrary. Let K > 0 be such that v is supported on the
compact interval [— K, K] (that is, (f,v) = 0 for every f that vanishes in [—K, K]).
In Case 1,

(E[‘epz(m,y) _ 1|9]>1/9 < CG_W (E[‘eDt(x,y) _ 1|29D1/29

for all z,y € R. In Case 2, for every x,y > 0, one has

(Eﬂept(w) _ 1‘9D1/0 <C (e_(sztmz N e_(erglctK)Q) (E[‘ept(x’y) B 1|2GD1/20.

Lemma 6.4.7 is proved in Section 6.4.7, and its proof consists of a formalization of
the following simple heuristic: The farther apart x and y are from each other, the more

likely it is that the supports of L,(Z;"*) and L,(Z}"Y) are separated by a distance of
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at least K > 0, in which case the semi-inner-product D;(z,y) = (L(Z"), Li(Z{")).,
vanishes if «y is supported in [— K, K]. On the other hand, the following result provides
an estimate on the decay rate of eP#@¥) — 1 as t — 0, and explains the appearance of

the assumption (6.14) in the statement of Theorem 6.2.21:

Lemma 6.4.8. Let d > 1 be as in (6.14). For any 6 > 0,

5 a1\ 1/0
limsupt™° sup <]E[{e t(@y) 1} D < C.
t—0 (Jj,y)ef2

Lemma 6.4.8 is proved in Section 6.4.8. Our final technical result concerns the

t — 0 asymptotics of the term involving A; in (6.43):

Lemma 6.4.9. Let a,x > 0 be as in (6.35). One the one hand, it holds that

Ca
lim sup tQ/“/]E [64“‘“(“”)}1/4 dedy < — (6.46)
t—0 / K

I

in Cases 1 & 2. On the other hand, for every c, K > 0, one has

lim sup t_1/2+1/u/E [e4At(w,y)] 1/4 e_(lm—gL;Km dxdy < % (647)
t—0 2 K

i Case 1; and in Case 2, it holds that

lim sup ¢~ 1/#+1/a / E [e4At(r,y)}1/4 (e—(x_ZL?K)Q 4 e—(x+g|c;K)2> dedy < %
K

t—0
(0,00)2

(6.48)

Lemma 6.4.9 is proved in Section 6.4.9, and relies on a formalization of the heuris-
tic that, if we assume (6.35), then we expect that E [eA4(*)] Y O(e?vtetlnel*+lryl")

ast — 0.
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6.4.3.3 Step 3. Conclusion of Proof
We now use the technical lemmas stated in Section 6.4.3.2 to conclude the proof
of Theorem 6.4.1. Thanks to (6.43) and Lemma 6.4.6, we have that

1/

Var[Tr[k(t)]] —ol+? /]E [e4At(m,y)}l/4E [(eDt(x,y) - 1)4} ) dzdy (6.49)

12
as t — 0, where the constant in O is independent of all parameters. We now control
the right-hand-side of (6.49) on a case-by-case basis.
Let us begin with Case 1. In the case of general v (i.e., not necessarily compactly

supported), it follows from Lemma 6.4.8 and (6.46) that

1/4
hm sup t—0+2/a/E |:e4At($,y)] 1/4]E [(eDt(CE,y) o 1)4i| dxdy

t—0
R2
1/4 C
< lim sup t2/a/E [e4At(xvy)} 1/4 dxdy (t—b sup (E[lept(wy) _ 1“1) ) < e
t—0 (z,y)€R? K
R2
(6.50)

When combined with (6.49), this yields (6.36) in Case 1 for general . If v is
compactly supported in some interval [—K, K], then it follows from Lemma 6.4.7

that

/E [e4At(x’y)]1/4E [(eDt(I’y) — 1)4} v dxdy

R2
T—y|— 2 1/8
< / E [t oS audy | sup (B[[eP 1) )L (6.51)
A (z,y)ER?

At this point, by arguing as in (6.50) (except that we replace the estimate (6.46) with
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(6.47)), we obtain that

1/4 C
lim sup t_°_1/2+1/“/]E [e“t(m’y)}lME [(eDt(x’y) — 1)4} dedy < =2,

t—0 K
RQ

Combining this with (6.49) yields (6.36) in Case 1 for compactly supported -, con-
cluding the proof of Theorem 6.4.1 in Case 1.

The proof of Theorem 6.4.1 in Case 2 follows from the same steps used in Case
1, except that we replace (6.51) with the corresponding bound given by Lemma 6.4.7
in Case 2, and that we replace an application of (6.47) with (6.48).

We now conclude the proof of Theorem 6.4.1 with Case 3. By Assumption 6.2.11,
V' is bounded below, i.e., there exists some ¢ > 0 such that V(z) > —c for every z.

Thus,

sup E |:e4./4t(2?,y)i| 1/4 S eQCt S C (652)
x,y€(0,b)

for t € (0,1]. Since the integral in (6.49) is over the bounded domain I? = (0,)? in
Case 3, (6.37) then follows from a direct application of Lemma 6.4.8 and (6.52) to

(6.49), concluding the proof of Theorem 6.4.1.

6.4.4 Seminorm Bounds: Proof of Lemma 6.4.2

We provide a case-by-case argument. If £ is a white noise, then up to a constant
|- |ly = - ]2, so the result is immediate.

For fractional noise, up to a constant, we have that

1712 < [ 1rtarta =00 dots = [ O aaa

RQ

By applying the change of variables (a,b) — t'/2(a,b) to the right-hand side of this
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equation, we obtain

|f(t2a) f(t2b)| o [1f(tza)f(t2D)]
AnrErT= dadb =t a—gp e dadb
R2

Next, we write

m da db— / / |f (t2a)f(t20) dadb. (6.53)

la — b|>—2H |a—b|2 2H
R? (b—al<1}  {Jb—a|>1}

On the one hand, by Young’s convolution inequality (e.g., [109]), the first integral

(integral over {|b — a| < 1}) in the r.h.s. of (6.53) is bounded above by

1 1
1 1 1 _1
/W dz /f(t2a)2 da | = /W dz | t2[|f]3,
21 R 1

where the right-hand side comes from the change of variables a t~2a. On the other
hand, by the same change of variables, the second integral (integral over {|b—a| > 1})

is bounded by

2

/ e da | =72
R

Substituting these two bounds in the r.h.s. of (6.53) yields the desired bound on || f||?
in the case of fractional noise with Hurst parameter H € (1,1).
Let ¢ be an LP-singular noise with decomposition v = ~; 4+ v2. Then, the bound

on ||f ||3 follows from the following use Young’s inequality,
/ f(ah1(a = D)) dads = [ |f@yn(a~0)7(8) dodb+ [ |F(a)rala b)) dad
R? R?
< llpll11Z + lvelloo I F113
where % + % -+ % = 2, or equivalently, ¢ = 1/(1 — QLP)
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Finally, if v is bounded, then
/|f(a)7(a —b)f()] dadb < [[¥]lll F1,
RQ

concluding the proof of Lemma 6.4.2, and thus also of Theorem 6.2.23.

6.4.5 Variance Formula: Proof of Lemma 6.4.5

We only prove Lemma 6.4.5 in Case 1, since the other cases follow from exactly
the same argument. By (6.6), we know that E[e ()] = ezI/I% for all f € PC,. Thus,

it follows from Fubini’s theorem and (6.13) that

E[Te[K(1)]] = / p(t; 2, 2)EF® [om LBWVIE, [ ¢ ] dp

R

= /Hg(t;fli,iﬁ)Efvx |:e—<Lt(B)7V>+%HLt(B)||?Y dz,

R

where E¢ denotes the expectation with respect to £, conditional on B. Via another

application of Fubini, we get

~ 2 x,T DY,Y x,T RY,Y
(E[TY[K(UH) :/pt(x’y)E[e—m(Bt JHLe(BYY)V)+ S ILe(BY ) |12+ 1L e(BY )||3] dady

RQ

= / Pt(x,y)E[e(AtJ“B”Ct)(m’y) dzdy (6.54)

]RQ

where B} is a Brownian bridge independent of Bf**. A similar computation yields

E[(Tr[f((t)])z] _ / pt(x,y)]E[e—<Lt<Bf’“”>+Lt<B$’y>,v> K, [6—5<Lz(3f@>+Lt<B%“y>)}] ddy.

RQ
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Given that £(Li(B;") + Ly(B{*")) is Gaussian with mean zero and variance
ILe(B NG + ILe(BYE + 2(Le( B, Le(BYY)),
we may now write

E[(Tr[f((t)])z} = /Pt(x,y)E[e(A”B”C”Dt)(m’y)} dady.

RZ

Finally, the result follows by subtracting (6.54) from E[(Tr[.k (t)])Q] in the above

display.

6.4.6 Uniformly Bounded Terms: Proof of Lemma 6.4.6

We begin with (6.45). By Independence,
E [C@v)] = E7* [e%nLt(zmz] BV [e%IILt(Z)H%}

As it turns out, (6.45) follows from (6.24). The trick that we use to prove this
makes several other appearances in this chapter: Since the exponential function is
nonnegative, for every 6 > 0, it follows from the tower property and the Doob h-

transform that

Ee [e"”Lt(Z)”ﬂ _E [Ef,m [eellLt(Z)H%‘Ztm,r(t/Q)”

7 (t/2; 2, y)lz(t/2;y, 2)
_ Ez:c[ OIL(2)I3 | 7o (4 /9 — ] Z ;T YT ‘
T

If we condition on Z;"*(t/2) = y, then the paths (Z/"(s) : 0 < s < t/2)
and (Z"(s) : t < s < t/2) are independent and have respective distributions

Zf/g and Zty/g . Since IIz is a symmetric kernel, the time-reversed process s +—
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Zyy(t =) (0 < s < t) is equal in distribution to Z};. Since local time is additive,
o [eelwt(mnﬂ 75 (/2) = y] is equal to B> [ee||Lt/2<Z>+L[t/2,ﬂ(Z)H%‘ 755 (12) = 4.

Moreover,

v [eenLt/z(zm[t/z,t](Z)H% |25 (/2) = y]
< EP° [ew(nLt/z<z>||3+||L[t/2,t](zm%) |25 (/2) = y]

— Ez7y

t/2

[ezellLt/Q(z)H%} ? <E [649\@“2(2)”3] ’ (6.56)

where the inequality in the second line follows from a combination of the triangle
inequality (since || - ||, is a seminorm) and (z + 2)? < 2(2* + z2), the first equality in
(6.56) follows from the fact that local time is invariant with respect to time reversal,
and the second inequality in (6.56) follows from Jensen’s inequality.

At this point, if we let

s5(Z) = sup sup Hz(t/2;y, x)

, 6.57
e zwer z(t; @, ) (6.57)

which we know is finite thanks to (6.79), then, owing to the last inequality of (6.56),

we obtain

]Et |: 0| L ( Z)H,Y / y 49||Lt/2(Z)”%i| HZ(t/27 x, y) dy — 5(2) EZ [e49||Lt/2(Z)H-2y}
I
(6.58)

for every ¢t < 1. In conclusion, to prove (6.45), it is enough to show that

lim sup sup E* [eGHLt(Z)”%] <C.

t—0 zel

This follows directly from a combination of (6.3), (6.24), and dominated convergence.

We now prove (6.44). In Case 1 the result is trivial. In Case 2, by using
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essentially the same argument leading up to (6.58), we have that
Ey* [eesg(x)} < CE*” [62925/2()()} :

By coupling X*(s) = |B*(s)| for all s > 0, this yields

Y

D [eesg’(X)} < CE* [62933/2(3)}

where we define

t

1
W(a—c<B(s)<ate} ds = lim — /“‘{a—s<|B(s)|<a+a} ds.

e—0 25
0

1
L£(B) :=lim —

m
1
(e}
)
(@)
S — .

for any @ € R. Thus, by a straightforward application of Holder’s inequality, it suffices
to prove that

lim sup sup E* [GGEQ(B)} <C.

t—0 z€R
By Brownian scaling, £0(B%) < ¢1/280(B!""/*%). By repeating the proof of [49, Lemma

5.6] in its entirety, we have that

)

sup B [e25H(8)] = g0 [ 2210)] < ¢
z€R

and thus the result follows from dominated convergence.

Consider now Case 3. Once again arguing as in (6.58), it suffices to prove that

limsup sup E” [eegf(y)} <C, c € {0,b}. (6.59)

t—0  ze(0,b)
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Recall the coupling of Y and B in (6.29). Under this coupling, we observe that

> LB (c=0)
25(}/3@) — a€2bZ (660)
N (B (e=0).
)

aeb(2Z+1

Consider the case ¢ = 0. According to (6.60), we see that

QS(Y””) < sup £ (B”) - ny,

a€eR

where n; counts the number of intervals of the form [kb, (k + 1)b] (k € Z) such that

inf  £{(B*) > 0.
kb<a<(k+1)b

It is easy to see that there exists constants c;, co > 0 that only depend on b such that
for every t > 0, one has n; < ¢y (M?*(t) — m*(t) + ¢2) , where we denote M* and m?”

as in (6.25). By Brownian scaling,

sup £ (B”) < /2 sup £4(B°),

a€R a€R

and

(s £5(5)) (40) = () £ ¢ (sup £1(5) ) (4°(0) = 1),

a€eR a€R

By combining the fact that these terms are independent of z with (6.34), we obtain
(6.59) for ¢ = 0. The proof for ¢ = b is nearly identical, thus concluding the proof of
(6.44), and therefore the proof of Lemma 6.4.6.
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6.4.7 Compactly Supported v: Proof of Lemma 6.4.7

We begin with the claimed bound in Case 1. Since 7 is supported in [— K, K], in
order for the quantity Dy(z,y) = (L«(B;"), L«(B{")), to be nonzero, it must be the

case that

Yy :
e B () + K 2 iy, BEY(s) (it <)

max BYY(s) + K > min B/“(s) (if x > y).

0<s<t 0<s<t

Looking at the case where x < y, this means that

1/6
-]
1/6
—= E|:H4{max0<s<t3f ( )+K>m1no<s<t By y(S } ‘e IEy _ 1’ :|

1/20 21120
<P [maXB “(s) + K > min B"Y(s )} UeD‘”) 1| } (6.61)

0<s<t 0<s<t

If we apply a Brownian scaling and use the fact that the maxima of brownian bridges

have sub-Gaussian tails, then

0<s<t 0<s<t

1/20
P {math “(s) + K > min B}Y(s )}

1/20 R
:P[maxB (s) + max BY"(s) > (y — x — K)/t'/? < CeET

0<s<1 0<s<1

A similar bound is obtained when x > y, which, when combined with (6.61), concludes
the proof of Lemma 6.4.7 in Case 1.

We now provide the proof of Lemma 6.4.7 in Case 2. By Holder’s inequality,

Di(zy) 0 1/6 T,x Yy 1/29 +(2,y) 20 v
E| [P0 1" | <P[Lo(XP"), L(XPY)), # 0] E | [P @9 — 1 -

Note that we can couple X and B so that X*(t) = |B*(¢)| for all ¢ > 0. Then,
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conditioning on the endpoint corresponds to
X = (1B"]|B"(t) € {=,—x}).

Using this coupling, it follows from [49, (5.9)] that for any nonnegative path functional
F,

E[F(X7)] < 2E[F(1B7=))). (6.62)
Consequently, we get the further upper bound
1/26

P(Le(X7"), Li(XPY))., # 0] < 22 P[(Ly(| BP"|), Lo(| BYY))), # 0]

Given that L¢(|By"|) = LY(B;®) + L;y*(B;") for all a > 0 and similarly for B}, we

can expand (Li(|B;""|), Li(|BYY|))., as the sum

/ Ly (B )y(a = 0) Li(BY") dadb + / Ly (B )y(a = b) Ly (BY*) dadb

(0,00)2 (0,00)2
+ / Ly (B )y(a — b)LY(BYY) dadb + / LY(BY)y(a — b)L;7°(BYY) dadb.
(0,00)2 (0,00)2

Let us define the set S := (—o00,0)? U (0,00)?. Since v is assumed to be even, by a

simple change of variables, the first two terms in the above sum add up to

[ BB - LB dad, (6.63)
S

and the last two terms add up to

/ Lo(BP)y(a — B) L7 (BY) dadb. (6.64)
S
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Suppose that 0 < z < y. In order for (6.63) to be nonzero, it must be the case

that

B&* K > min BYY
max B, (s) + > min By (s),

and for (6.64) to be nonzero, it must be the case that

— min B{¥Y(s) + K > min B"(s).

0<s<t — 0<s<t

Thus, by a union bound, followed by Brownian scaling and the fact that Brownian

bridge maxima have sub-Gaussian tails, we see that

P[|(L(IB")), Le(| BYY)), | > 0]

<P | max B}’(s) + max B)’(s) > yor o v
- 0<s<1 0<s<1 1 - t1/2
1/20
0.0 =0.0 r+y— K
) ) >
+P [g%Bl (s) + max By (s) > —i

_ (z—y|-K)? _ (ztyl—K)?
<C (e 2ct +e 2ct ) .

The same bound holds for y < x, concluding the proof of Lemma 6.4.7 in Case 2.

6.4.8 Vanishing Term: Proof of Lemma 6.4.8

By combining the inequality |e* — 1| < el — 1 < |z|el?l (z € R) with |D,(z,y)| <

SUIL(ZI)2 + IILe(Z8)12), and applying the triangle inequality, we see that

(E“eDt(w) _ 1\9})1/6 < C(]E [HLt(zgfvw)H3%(9/2)(”&(2?””)uiﬂlLt(Zf*y)nz)} 1/8

— x,T 7Y 51 1/0
+E[HLt(Zg,y)nge(e/zxnmwt )H%HILt(ZZ”)II%)} )
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By using independence of Z and Z and applying Holder’s inequality, the right-hand

side of the above inequality is bounded by

1/26 1/6

1/26
8. (Ef,w [” Li(2) W} ES [eeuLt(Z)ni] BV [ew/mnu(zw%}

BV 1Lz ) [emend] Y g o] Y ) |

At this point, thanks to (6.45), the proof of Lemma 6.4.8 will be complete if we show

that

limsupt° Sup <Ex$[||Lt( )||39D1/9 <C. (6.65)

t—0

We claim that (6.65) is a consequence of (6.14). To see this, we once again
condition on the midpoint of Z;"*: With s(Z) < oo as in (6.57), we obtain that for

any t € (0, 1],

Eacx|:”Lt |29:|

/Exx HLt ’29

/ 2 [1Luya(2) + L (D12

1

< Cs(2) [ B2 [ILa(D)2 | alt/2i,2)
I

= CE[|[Lyx(2)|¥),

] ()2, 2, 2)4(t/2; 2z, x) &
[yt z, )

Z(t)2) =

Z7E(t)2) = 2| g(t)2; 2, 2) dz

where the equality in the second line follows from the Doob h-transform (see (6.55)),
the inequality in the fourth line follows from first applying Minkowski’s inequality to
bound || Lej2(Z) + Ligj2.(Z) |27 by C(| Lej2(2)112° + || Litj2,4(Z)]1??), and then using the

fact that, under the conditioning Z;“(t/2) = z, the local time processes L;»(Z;")
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and Li/24(Z"") are i.i.d. copies of Ly/2(Z;);). (We refer back to the passage following
(6.55) for details.)

6.4.9 Final Estimates: Proof of Lemma 6.4.9

6.4.9.1 Proof of (6.46)

We begin by proving (6.46) in Case 1. By coupling B}"* := z + B{"” and BYY :=
y + B, it follows from (6.35) that

t
Ay(z,y) < 2wt — /i“/ (’x + B?’O(s)’a + |y + B?’O(s)‘a) ds. (6.66)
0

By the change of variables s — st and a Brownian scaling, we then obtain

ax—i—tiBf’O(

1
r.h.s. of (6.66) = 2vt — K / a 7?’0(515)‘6‘) ds
0

:2yt—/-€/
0

Let us introduce the shorthands

(Ittz + 3B (s)["

B\ (s)‘a> ds.

a

By (s) = t%x+t%+%B?’0 $)|°, B, (s) =
b 7y

B, (s)

(6.67)

so that, by (6.66), one has

1

/E[ 4A4( xyj| dl’dy < CeQVt/]E[e_‘mﬂfol (%t (s )"‘vgt y(s) :| da:dy

R2 R2

) _ 1
_ Cevty2/a / E[e*‘*”“ I3 (=10, (92, 10, () ds} * dedy.

RZ

(6.68)
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where in the second line we applied the change of variables (x,%) +— t~'/%(z,y). To

alleviate notation, let us henceforth write

Fila,y) = o (Fuctia 043, maja, @) @ (6.69)

noting that the dependence of a and  are implicit in this notation. For every fixed

z,y € R,
lim Fy(x, y) = e~ Irel*—lwyl® (6.70)
t—0

almost surely. Moreover, for every z, z € R,

‘Z + 2|u > |Z + 5|min{a,1} —1> ‘Z|min{u,1} o |E’min{a,l} -1

)

and therefore

sup Fy(z,y)* < exp( — 4| |min{el} 4|/~@y|min{°’1}> (6.71)
te(0,1]

X exp <4/{min{“’1} (2+ sup |BY(s)™™*Y + sup |B?’O(s)|mi“{“’1})>.
s€[0,1] s€[0,1]
We recall that the process s — |By"(s)| is a Bessel bridge of dimension one (e.g.,
[98, Chapter XI]). Thanks to the tail asymptotic in [62, Remark 3.1] (the Bessel
bridge is denoted by g in that paper), we know that Bessel bridge maxima have finite
exponential moments of all orders. Therefore, since the function exp(—|rz|™mH st —
|ky|™n{e1}) s integrable on R2, it follows from the dominated convergence theorem

that

lim [ E[F(z,y)Y"* dedy = /e"’“'u_’“yu dzdy = <

t—0
R2 R2

2r(1+1/a))2 Co

K
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Combining (6.68)—(6.72) then yields (6.46) in Case 1.
We now conclude the proof of (6.46) by showing that the inequality holds also in

Case 2. Since V(z) > |kz|* — v,

a | a 1/4
E [e4At(x,y)]1/4 < e?yt]E |:e—4f-c“ fg( th’z(s)‘ +}X§”y(s)‘ ) ds:| ‘

An application of (6.62) then yields

1/4

E [t/ < 9o [e—‘*““ i (e +]Bree)|) ds]

hence the proof of (6.46) in Case 2 follows from the same argument used in Case 1.

6.4.9.2 Proof of (6.47)

We recall that (6.47) is in the setting of Case 1. By controlling A; in the same

way as (6.66), we obtain the bound

/ E [e4e0] o S dady

RQ
/4 (o—yl-K)?

< te/t/E[e4/@“fol(%t,z(s)Jr:@t,y(s)) ds] e s dl’dy, (673)

RZ

where we recall that %, , and @t,y are denoted as (6.67). By the change of variables

(z,y) — t~Y/%(x,y), the integral on the right-hand side of (6.73) is bounded above by

tZ/a/E[ft(x,y)4]l/4e(xy|tl/“K)2/2Ct1+2/“ dajdy

R2

v/ 1/2-1/a [ BIF 4 1/4e‘(‘x—y|—t1/“K)2/2ct1+2/a o 3
=\2mc- -t/ x, xdy, (6.

/ [ t( y) ] 27rct1+2/a Y ( )

RQ
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where we recall that F; is defined as in (6.69). Owing to the inequality

(| —y| = ¢"/°K)* > min{(z — y — 1" K)?, (x — y + 1K)},

we have

e—(la:—yl—tl/“K)2/2ct1+2/“ < e—(av—y—tl/u1r<)2/2c1t1+2/u + e—(x—y+t1/“K)2/2ct1+2/a

which yields

o~ (lo—y|—t"/2K)? f2ct1 42/

V2metit2/a

< gct“rw‘1 ('T — Y- tl/aK) + gctpr?/u (:E —y+ tl/aK>7

where we recall that ¢, denotes the Gaussian kernel (6.11). Combining this with

(6.71) and substituting into (6.74) then shows that

/ E[e*““” SH(Ba(5)+ By (5)) ds] VA _emyr? ay
R2
< Cat1/2—1/a</e—|m|mi“{“’l}—Iﬁylmi“{u’l}gctuz/a(x —y — tY/°K) dady
R2
- / oIl ey (@ — y + 1K) dxdy). (6.75)
R2
Owing to a change of variables and the fact that the Gaussian kernel is an approximate
identity, the integrals in the right-hand side of (6.75) have the following limits by

dominated convergence:

t—0
R R

_ /e_2|m|min{ﬂ71} L 91-1/min{a, 1} (1 + l/min{u, 1}) B %.

. _ 1/a min{a,1} _ min{a,1}
lim [ e k@t /P K)] /e Iy G pvo(x—y)dy | do

K K
R
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Combining this last result with (6.73) and (6.75) concludes the proof of (6.47).

6.4.9.3 Proof of (6.48)

We now conclude the proof of Lemma 6.4.9 by establishing the estimate (6.48),
which we recall is in the setting of Case 2. To prove this, we simply note that for

any function F' and x > 0, we have that

[P (e e ) dy = [Py S ay,
0 R

and thus (6.48) is an immediate consequence of (6.47). With Lemma 6.4.9 established,

along with Lemmas 6.4.5-6.4.8, the proof of Theorem 6.4.1 is now fully complete.

6.5 Airy-2 Process Counterexample

In this section, we prove Proposition 6.2.25. For every 3 > 0, let {g be a Gaussian

white noise with variance 1/, and define the operator
(8) . 1 T

with a Dirichlet boundary condition at zero. The RSO 27—253)00) is widely known in
the literature as the Stochastic Airy Operator (e.g., [43, 95]), and we recall that
for every 8 > 0, the Airy-8 point process, which we denote by 2ig, is defined as
the eigenvalue point process of —27%%3)00).

When g = 2, the Airy-f process has an alternative integrable interpretation,

namely, 2lis is the determinantal point process induced by the Airy kernel

Al()Al'(y) — Ai(y)Al'(z) . #y
o pr—" (6.76)
Ai/($)2 . Jj‘Al(x)Q if v = Y,
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where Ai denotes the Airy function

Let us denote f;(z) := e'* for every t > 0. By standard formulas for the variance

of linear statistics of determinantal point processes (see e.g., [54, Equation (8)]), we

have that!
Fc) 1
Var [Tr[e_2 e =] = Var[iy(f)] = 3 / (e — ety)2ﬁ(x,y)2 dzdy. (6.77)
R2
By expanding the square and using the identity K(x,x) fR2 )2 dy (since R is

a symmetric projection kernel [107, Lemma 2]), we can reformulate this to

Var[2liy(f;)] = /emﬁ x,x) dz _/ t(z+y) ﬁ(mjy)Q da.

R R2

The computation that follows is essentially taken from [87]. We provide the full

details for the reader’s convenience. Rewrite the Airy kernel as
/Al u+ z)Ai(u +y) du
0

Then, using Fubini’s theorem, we can write (6.77) as the difference Ey(t) — Es(t),

where
Ei(t) = /e%‘” /Ai(u + o) du| doz = / /e%IAi(u +2)? dr | du,
R 0 0 \R

'We note that the variance formula in question is typically only stated for compactly supported
functions. The result can easily be improved to (6.77) by using dominated convergence with standard
asymptotics for the Airy function such as [1, 10.4.59-10.4.62].
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and

[c.ole o]

Es(t) := /et(“y //Al u+ z)Ai(u + y)Ai(v + z)Ai(v + y) dudv | dady

0
2

// / e Ai(u+ 2)Ai(v+z) dz | dudw.

We note that the application of Fubini in F(¢) is justified since the integrand is

nonnegative, and in Fs(t) it suffices to check

2

// /  Ai(u + 2)Ai(v +2)| dr | dudv < oco.

For this, we recall the formula

1 t3 _ 2
/emAi(x +u)Ai(x +v) do = N exp <E v ;L - (u 4tv) ) (6.78)
R
from [87, Lemma 2.6], and note that by Cauchy-Schwarz, we have
1/2 1/2
/etz |Ai(u + z)Ai(v + z)| do < /emAi(u + x)*dx /emAi(v + x)*dx

R R R

2\/_ <t3 u—gvt>

as desired.

With E)(t) and Es(t) established, an application of (6.78) yields

7 exp (% — 2tu> o

2/ 2mt 4+/27t3/2

0
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and

Ey(t) = 7 e (§ - ) dudy = 2 et (1
2(l) = 1l U U_4\/ﬂt3/2 er 75))
0 0

where erf(z) := 2 [?e=** dw denotes the error function. Thus
vz Jo

lim E E I o T g (22 L
i Ba(t) = Bx() =l —m=snet 5 ) = 1

concluding the proof of Proposition 6.2.25.

6.6 Transition Density Bounds

Proposition 6.6.1. There ezist constants 0 < ¢ < C' such that for every t € (0,1],

™V < inf Il (t; o, ) and sup Myt z,y) < Ct~ Y2 (6.79)
zel (z,y)el?

Proof. In Case 1, the result follows directly from the fact that Ilg(¢; z,y) < 1/v/27t
and I (t;x,x) = 1/v/2xt for all x,y and ¢. A similar argument holds for Case 2.

Consider now Case 3. We recall that, by definition,

]_ 2 2
Hy(t;:c,y) — Z %&(x _ z) _ (Z o~ (@—20k+y)?/2t + o (z—2bk—y) /2t> ‘
2€274y V2rt \ e

On the one hand, note that ¢ — e~*/* is increasing in ¢t > 0 for every z > 0; hence for

every t € (0, 1], one has

sup Z e (B 2hty)?/2t | o= (2=2bh—y)?/2t
(z,y)€(0.0)* \ ez

s sup Z o~ (@=20k+y)?/2 | (—(a=20k—y)?/2 | -
(@y)€(0.b) \ 1oz,
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On the other hand, by isolating the k = 0 term in ), ., o= (20R)2/2t

inf (Z ef(2x72bk)2/2t +e(2bk)2/2t> > ( inf e(2x2bk)2/2t> +1>1,
z€(0,b) z€(0,b)

keZ keZ

concluding the proof.
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CHAPTER 7

On Spatial Conditioning of the Spectrum of

Discrete Random Schrodinger Operators

7.1 Introduction

Let 4 = (¥, &) be a countably infinite connected graph with uniformly bounded
degrees and a distinguished vertex 0 € 7', which we call the root. For example, ¢
could be the integer lattice Z?, any semiregular tessellation/honeycomb of R? that
includes the origin, or a much more general graph.

In this chapter, we are interested in the spectral theory of random Schrédinger-

type operators of the form
Hf(v):—HXf(v)—i—(V(v)+§(v))f(v), ve?, [V =R,

where we assume that

1. Hy is the infinitesimal generator of some continuous-time Markov process X

on ¢ (which need not be symmetric);
2. £: ¥ — Ris a random noise (which may have long-range dependence); and

3. V:¥ — RU{oc} is a deterministic potential with sufficient growth at infinity
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(as measured by the size of V'(v) as v grows farther away from the root), ensuring

that H has a purely discrete spectrum.

More specifically, we are interested in studying the spatial conditioning of the spec-
trum of H, i.e., understanding the random configuration of H’s eigenvalues in some
domain B C C conditional on the configuration of eigenvalues outside of B. As a
first step in this direction, we establish that under general assumptions on Hx, &, and
V', H’s spectrum is number rigid in the sense of Ghosh and Peres [59]; that is, the
number of eigenvalues of H in bounded domains B C C is a measurable function of
the configuration of H’s eigenvalues outside of B (we point to Definition 7.3.3 for a
precise definition). To the best of our knowledge, ours is the first work to study the
occurrence of such a phenomenon in the spectrum of random Schrodinger operators

acting on discrete spaces.

7.1.1 Organization

In the remainder of this introduction, we provide an outline of our main results
and proof strategy, we compare the results in this chapter to previous investigations
in a similar vein, and we discuss a few natural open questions raised by our work.

In Section 7.2, we provide a high-level outline of the proof of our main results.
We take this opportunity to explain how our technical assumptions arise from our
computations. In Section 7.3, we state our assumptions and main results in full
details, namely, Assumptions 7.3.8 and 7.3.12 and Theorems 7.3.16, 7.3.17, and 7.3.18.
Then, we prove Theorem 7.3.16 in Section 7.4, we prove Theorem 7.3.17 in Sections

7.5 and 7.6, and we prove Theorem 7.3.18 in Section 7.7.

7.1.2 Outline of Main Results

Let d denote the graph distance on ¢. For every v € ¥, we use ¢,(v), n > 0, to

denote v’s coordination sequence in ¢; that is, for every n € N| ¢, (v) is the number of
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vertices u € ¥ such that d(u,v) = n. Stated informally, our main result is as follows:

Theorem 7.1.1 (Informal Statement). Suppose that there exists d > 1 such that

sup c,(v) = O(n®™) as n — oo. (7.1)
vey

Under mild technical assumptions on the Markov process X and the noise &, there
exists a constant d/2 < o < d (which, apart from d, depends on the the range of the
covariance in &) such that if V(v) grows faster than d(0,v)* as d(0,v) — oo, then

H'’s eigenvalue point process is number rigid.

See Theorems 7.3.16 and 7.3.17 for a formal statement. Our technical assumptions
are stated in Assumptions 7.3.8 and 7.3.12; roughly speaking, our assumptions are

that
1. the jump rates of X (which may be site-dependent) are uniformly bounded; and
2. the tails of £ are not worse than exponential.

In particular, our assumptions allow for X to be non-symmetric (hence, the operator
H need not be self-adjoint) and for £ to have a variety of covariance structures,

including long-range dependence.

Remark 7.1.2. The constant d in (7.1), which quantifies the growth rate of the
number of vertices, can be thought of as the dimension of & (or, at least, an upper
bound of the dimension). To illustrate this, if ¢ is for example Z¢ or a semiregular
tessellation of R?, then it is easy to see that cnd™! < ¢, (v) < Cn?! for some C, ¢ > 0.
More generally, the constant d is closely related to the intrinsic dimension of ¢, which
is the minimal number k such that 4 can be embedded in Z*. We refer to, e.g., [75, 80]

for more details.
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Remark 7.1.3. In Theorem 7.3.18, we provide concrete examples showing that the
growth lower bound of d(0, v)* that we impose on V' to get rigidity is the best general

sufficient condition that can be obtained with our proof method.

7.1.3 Proof Strategy and Previous Results

Despite the fact that the general strategy of proof used in the present chapter
is the same as in Chapter 6, the differences between the two settings are such that
virtually none of the work carried out there can be directly extended to the present

setup. For example:

1. Since we consider operators acting on general graphs ¢, the treatment of the
geometry of the space on which our operators are defined requires a much more
careful analysis than that carried out in Chapter 6. In particular (as per Remark
7.1.2), in this chapter we uncover that the dimension of the space plays an

important role in the proof of rigidity using the semigroup method.

2. In Chapter 6, we only consider Schrodinger operators whose kinetic energy
operator is the standard Laplacian and whose noise is a Gaussian process. As
a result, the operators considered therein are all self-adjoint and upper bounds
of Var|Tr[e™#]] can mostly be reduced to the analysis of self-intersection local
times of standard Brownian motion. In contrast, in this chapter we allow for
much more general generators Hx and noises £. Most notably, the assumptions
of this chapter allow for non-self-adjoint operators, which increases the technical

difficulties involved (e.g., Sections 7.5 and 7.6).

7.2 Proof Outline

In this section, we present a sketch of the proof of our main theorem in two simple

special cases. We take this opportunity to explain how our technical assumptions
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arise in our computations. For simplicity of exposition, we assume in this outline
that ¢ is the integer lattice Z¢ (i.e., (u,v) € & if and only if ||u — v|| = 1, where
| - |l denotes the usual £*° norm), X is the simple symmetric random walk on Z¢,

and £ is a centered stationary Gaussian process with covariance function

1(v) = E[E(©)EO)],  veZ’

As alluded to in Section 6.1.1 in Chapter 6 (and proved in Section 7.6), to prove

that H’s eigenvalue point process is number rigid, it suffices to show that Trle™"]’s

variance vanishes as t — 0. According to the Feynman-Kac formula, we have that

Tr[eftH] — Z EX exp /V(X(S)) +€(X(S)) ds 1{X(t):X(O)} X(O) =v|,

where Ex means that we are only averaging with respect to the randomness in the
path of X, and we assume that X is independent of the noise £&. In order to ensure
that e ' is trace class (or even bounded) in the general case, we assume that ¢ has
uniformly bounded degrees; see Section 7.6.1 for more details.

Our first step in the analysis of Trle™*#] is to note that if ¢ is small, then the
probability that there exists some 0 < s < t such that X(s) # X (0) is close to zero
(i.e., 1 —e * ~t). Thus, by working only with the complement of this event, we have

that

Tr[e ] ~ Z etV (7.2)

veZd
A rigorous version of this heuristic is carried out in the proof of Lemma 7.4.6. The
latter relies on controlling how far X can travel from its initial value X (0) after a
small time (e.g., the tail bound (7.39)), which itself depends on the assumptions that

the jump rates of X are uniformly bounded.
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Our second step is to identify the leading order asymptotics in the variance of the
expression on the right-hand side of (7.2). In the special case where ¢ is a stationary

Gaussian process with covariance 7, an application of Tonelli’'s theorem yields

Var [Z e—tV(v)—tE(v)] _ Z e—tV(u)—tV(v)Cov[e_tg(u)7e_tg(v)]

veZd u,veZd

— Z o=tV () —tV (v) 4t*7(0) (et%(m) _1>

u,veZ4

~ t2 Z e—tV(u)—tV(v),Y(u _ U), (73)

u,vEZ4

where the last line follows from a Taylor expansion. A bound of this type can be
achieved in the general case thanks to our assumption that £’s tails are not worse
than exponential. We refer to Proposition 7.4.2 for the general form of the variance
formula. See Lemmas 7.4.3 and 7.4.4 for quantitative bounds on the vanishing of the
covariance of the exponential random field e= as t — 0 in terms of the strength of
&’s covariance.

Our third and final step is to identify conditions such that the quantity

Z e’tv(“)’tv(”)’y(u — ) (7.4)

IRY=y/A

does not blow up at a faster rate than =2 as t — 0. As advertised in our informal
statement, this depends on the growth rate of the potential V' and the decay rate (if
any) of the covariance v at infinity. To give an illustration of how this is carried out
in this chapter, we consider the two simplest (and most extreme) cases of covariance

structure:
1. (f(v))vezd are 1.i.d., i.e., y(v) = 0 whenever v # 0; and

2. (f(v))vezd are all equal to each other, i.e., y(v) = v(0) for all v € 7.
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The quantity (7.4) then becomes

p

~(0) Z e 2tVIY) i.i.d. case,
veZd

Z e—tV(u)—tV(v),}/(u - U) _ ,
u,EZ? —tV (v)
~(0) Z e all equal case.
\

veZd

If we assume that V(v) > d(0,v)® for some o > 0, then for any § > 0 we have that

Z e_gtv(@) < Z e—@td(O,y)a _ Z Cn<0)e_0tna7 (75)

veZl veZ4 neNU{0}

where we recall that c,(0) denotes for every n € N the number of vertices in ¢4 such
that d(0,v) = n. For the d-dimensional integer lattice Z%, it is easy to check that

there exists a constant C' > 0 such that c,(0) < Cn?! for every n € N, whence (7.5)

yields
Z e 0V () Z nd—la=0tn® ~ /Id_1e—0ma dr = O(t‘d/a). (7.6)
veZd neNU{0} 0

Summarizing our argument so far in (7.2)—(7.6), we are led to the ¢ — 0 asymptotic

t2=d/e jid. case,

Var[Trle "] <

2724/ 3]l equal case.

Thus, H'’s eigenvalue point process is proved to be number rigid if V (v) > d(0,v)%?

in the i.i.d case and V(v) > d(0,v)? in the all equal case. If v has a less extreme
decay rate (such as y(v) = O(d(0,v)~?) as d(0,v) — oo for some 3 > 0), then H’s
eigenvalue point process is number rigid if V' (v) > d(0,v)* for some d/2 < o < d,
where the exact value of a depends on ~’s decay rate. We refer to Theorems 7.3.16

and 7.3.17 for the details.
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7.3 Main Results

7.3.1 Basic Definitions and Notations

We begin by introducing basic/standard notations that will be used throughout

the chapter.

Notation 7.3.1 (Function Spaces). We use ?(7') to denote the space of real-valued
absolutely p-summable (or bounded if p = 0o) functions on ¥’; we denote the associ-

ated norm by || - ||,. We use (-,-) to denote the inner product on ¢2(¥).

Notation 7.3.2 (Operator Theory). Given a linear operator 7' on ¢*(#) (or a dense
domain D(T) C (3(7)), we use o(T) to denote its spectrum, and o,(T) C o(T) to

denote its point spectrum. If 7" is bounded, we denote its operator norm by

[Tlop := sup [[Tf]]2-

I fll2=1

We use R(z,T) := (T — z)~! to denote the resolvent of T for all z € C\ o(T). If X is

an isolated eigenvalue of T, then we let
) 1
ma(A\,T) :=dim | rg | — f%(z,T) dz
2mi
IDY

denote \’s algebraic multiplicity, where dim denotes the dimension of a linear space,
rg denotes the range of an operator, and I') denotes a Jordan curve that encloses A

and excludes the remainder of T”s spectrum.

Definition 7.3.3 (Rigidity). Let X = >,y 0x, be an infinite point process on C.
We say that X is real-bounded below by a random wvariable w € R if Re(A\x) > w
almost surely for every k € N. We say that such a point process is number rigid if for

every Borel set B C C such that B C (—o0, 8] +i[—0, 0] for some 8,6 > 0, the random
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variable X (B) is measurable with respect to the sigma algebra generated by the set
{X(A): AcCCis Borel and BN A = &}.

Remark 7.3.4. In previous works in the literature (and also in Chapter 6), it is most
common to define number rigidity as the requirement that X(B) is measurable with
respect to the configuration in C \ B for every bounded Borel set B. This is in part
due to the fact that most point processes that have been proved to be number rigid
thus far are such that X(B) = oo almost surely whenever B is unbounded.

That being said, the fact that we are considering the spectrum of Schrodinger
operators whose potentials have a strong growth at infinity means that we are con-
sidering eigenvalue point processes that are real-bounded below, in which case a more
general notion of number rigidity makes sense. We note that a similarly generalized
notion of rigidity appeared in the work of Bufetov on the stochastic Airy operator in

[22, Proposition 3.2].

7.3.2 Markov Process

Next, we introduce the Markov processes on the graph ¢ that generate our random
operators, as well as some of the notions we need to describe them. We recall that
¢ = (¥,&) is a countably infinite connected graph with uniformly bounded degrees

and a root 0 € 7.
Definition 7.3.5 (Markov Process). Let I1: ¥ x ¥ — [0, 1] be a matriz such that

1. 11 s stochastic, that is, for every u € V',

Z M(u,v) = 1;

veY
2. (v,v) =0 for allv e ¥; and

248



3. If (u,v) & &, then I(u,v) = (v, u) = 0.

Let g : ¥V — (0,00) be a positive vector. We use X : [0,00) — ¥ to denote the
continuous-time Markov process on ¥ defined as follows: If X is in state u € V¥,
it waits for a random time with an exponential distribution with rate q(u), and then
Jumps to another state v # w with probability I1(u,v), independently of the wait time.

Once at the new state, X repeats this procedure independently of all previous jumps.

Remark 7.3.6. We note that condition (3) in the above definition implies that X is
a Markov process on the graph ¢, in the sense that jumps can only occur between

vertices that are connected by edges.

Notation 7.3.7. For every v € 7, we use X" to denote the process X conditioned
on the starting point X (0) = v. We use P¥ to denote the law of X?, and E" to denote

expectation with respect to P".

We assume throughout that the Markov process X and the graph ¥ satisfy the

following.

Assumption 7.3.8 (Graph Geometry and Jump Rates). The following two condi-

tions hold:

1. There exists constants d > 1 and ¢ > 0 such that

sup ¢, (v) :=sup [{u € ¥ : d(u,v) = n}| < cn? for all n € NU {0},
veY veY

(7.7)

recalling that d is the graph distance in ¢, that is, d(u,v) is the length of the
shortest path (in terms of number of edges) connecting u and v, and with the

convention that d(v,v) = 0 for all v € 7.
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2. X has uniformly bounded jump rates, that is,

q:=supq(v) < oc.
veYV
Remark 7.3.9. We note that the assumption (7.7) simultaneously takes care of the
requirement that ¢ has uniformly bounded degrees (since ¢;(v) = deg(v)) and of the

asymptotic growth rate (7.1) stated in our informal theorem.

7.3.3 Feynman-Kac Kernel

We are now in a position to introduce the central objects of study of this chapter,
namely, the Feynman-Kac semigroups of the Schrodinger operators we are interested

n.

Notation 7.3.10 (Local Time). For every ¢t > 0, we let L, : ¥ — [0,t] denote X'’s

local time: .

Lt(v) = /1{X(s):v} ds, vev.
0

Definition 7.3.11 (Potential and Noise). Let V : ¥ — R U {oo} be a deterministic
function, and let £ : ¥ — R be a random function, where E[¢(v)] = 0. We denote the

set
Z ={ve? V() = oo}, (7.8)

Throughout, we make the following assumptions on the noise and potential.

Assumption 7.3.12 (Potential Growth and Noise Tails). There exists a > 0 such

that

e V()
1 f = 0. .
AL 0,07 ~ (79)
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Moreover, ¢ satisfies the following conditions:
1. E[¢(v)] =0 for every v € 7.

2. There exists m > 0 such that for every p € N,

Slel};EH& (v)[!] < plm?. (7.10)

In the sequel, it will be useful to characterize noises in terms of the decay rate of

their covariances. For this purpose, we make the following definition.

Definition 7.3.13 (covariance decay). We say that £ has covariance decay of order

(at least) B > 0 if there exists a constant € > 0 such that
-8
IE[¢(w)é(v)]] < € (d(u,v) + 1) (7.11)
for every u,v € ¥, and such that

E[E(w)é()E(w)]| <€ min  (d(a,b) +1) 7" (7.12)

a,be{u,v,w}
for every u,v,w € V.

Definition 7.3.14 (Feynman-Kac Kernel). Define the Feynman-Kac kernel
Kt(u, U) =E [e_<Lt’V+€>1{X(t):v}} , u,v €Y, (713)

where we assume that X is independent of &, and that EV denotes the expectation with

respect to the Markov process XV, conditional on &. We denote the trace of K; as

Tr[K)] ==Y Ki(v,v).

veY
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Remark 7.3.15. In the above definition, we use the convention that e™> := 0
whenever V' (v) = oo, in particular, K;(u,v) = 0 whenever u € % or v € Z.
7.3.4 Main Results: Variance Upper Bound and Rigidity

We now state our main results. First, we have the following sufficient condition

for the vanishing of the variance of the trace of K; as t — 0:

Theorem 7.3.16. Suppose that Assumptions 7.5.8 and 7.3.12 hold. In order to have
lim Var [ Tr[K,]] =0,

it is sufficient that the constant o in (7.9) satisfies the following:

1. if € has covariance decay of order B > 0, then

(

>d/2 when B > d,

aq>d/2 when = d, (7.14)

>d— (/2 when B < d;

2. otherwise, a > d.

As a consequence of the above theorem, we have the following result, which states

some properties of K;’s infinitesimal generator, including number rigidity.

Theorem 7.3.17. Suppose that Assumptions 7.3.8 and 7.53.12 hold, and that we take
the constant o in (7.9) as in Theorem 7.3.16. The following conditions hold almost

surely:

1. For every t > 0, K; is a trace class linear operator on (*(¥). There exists a

random variable w < 0 such that ||Ky|op < e for all t > 0.

2. The family of operators (K=o is a strongly continuous semigroup on £*(V).
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3. The infinitesimal generator

(7.15)

is closed on some dense domain D(H) C (*(V), and its action on functions is

given by the following matrix:

(

—q(u)(u, v) ifu#vanduv g Z,
H(u,v) = g(u) + V(u) + &) ifu=vandu g Z, (7.16)
| 00 ifue Z orveZ.

(In particular, if f € D(H), then f(v) =0 for everyv € Z.)

In particular, almost surely, H has a pure point spectrum without accumulation point,

and the eigenvalue point process (counting algebraic multiplicities)

Xy =Y ma(X H)6, (7.17)

A€o (H)

1s real-bounded below by w and number rigid in the sense of Definition 7.3.3.

7.3.5 Questions of Optimality

In this section, we study the optimality of the growth assumptions we make on V

in Theorem 7.3.16 by considering three counterexamples.

Theorem 7.3.18. Suppose that X is the nearest-neighbor symmetric random walk
on the integer lattice Z4, that V(v) := d(0,v)° for some 6 > 0, and that £ is a
centered stationary Gaussian process whose covariance function y(v) = E[£(v)£(0)]

1s nonnegative. If one of the following conditions hold:

1. 0 <d/2 and ¥(v) = lip—py;
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2.6 <d— /2 for some 0 < B < d, and there exists a constant £ > 0 such that

v(v) > £(d(0,v) + 1)_5 for every v € ¥'; or
3. 6 < d and inf,czay(v) > £ for some constant £ > 0;

then we have the variance lower bound

lim inf Var [Tr[K;]] > 0.

t—0

Thus, given that c,(v) < n??

as n — oo on Z%, if one is interested in providing
a general sufficient condition for number rigidity on graphs using semigroups, then

Theorem 7.3.16 is essentially the optimal result one could hope for.

Remark 7.3.19. An examination of the proof of Theorem 7.3.18 reveals that similar
lower bounds can be proved for more general examples with little effort; we restrict

our attention to this elementary setting for simplicity of exposition.

7.4 Proof of Theorem 7.3.16

Throughout this section, we assume that Assumptions 7.3.8 and 7.3.12 hold. This
section is organized as follows: In Section 7.4.1, we outline the main steps of the
proof of Theorem 7.3.16. That is, we state a number of technical propositions and
lemmas, which we then use to prove Theorem 7.3.16. Then, in Sections 7.4.2-7.4.6,
we prove the technical results stated Section 7.4.1, thus wrapping-up the proof of

Theorem 7.3.16.

7.4.1 Proof Outline
7.4.1.1 Step 1. Variance Formula and First Bound

We begin with some notation.
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Notation 7.4.1. Let us denote by (£2¢, P¢) the probability space on which & is defined.
Let Y be any random element that is independent of &, and let F' be any measurable

function. We denote the random variable
E¢ [F(&,Y)} = /F(.:):,Y) dP¢(x);
Qe

that is, E¢ is the conditional expectation with respect to &, given Y. Then, for

measurable functions F' and G, we denote the random variable
Cove [F(§,Y),G(E,Y)] = Ee[F(§,Y)G(E,Y)] — B¢ [F(£,Y)]Ee[G(&,Y)].

Our main tool in the proof of Theorem 7.3.16 is the following variance formula:

Proposition 7.4.2. For every u,v € ¥, we let X* and X be independent copies of
the Markov process X started from u and v respectively. We assume that X* and X

are independent of the noise &, and we denote their local times as

t t

Ly (w) :—/l{Xu(S)w} ds and — L’(w) = /I{XU(S):w} ds
0 0

for all w € ¥. It holds that

Var[Tr[K]| = > E [e—<Ly+L,’;,v>Covf [e—<Ly£>7e—<Z$,£> L (0 200 | -
u,vEY
The proof of this proposition, which we provide in Section 7.4.2 below, is essen-
tially a direct consequence of the definition of K in (7.13). In order to find sufficient
conditions for Var[Tr[K;]] — 0 as ¢ — 0 using this formula, it is convenient to con-
trol the contributions coming from V' and & separately. To this end, we use Holder’s

inequality, as well as the elementary fact that 1z < 1 for every event E, which yields
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E e~ <4V Cove e 9, e FOT1 1 oy

Ve [COV . [efw,@’ ef@?,@} 2} V2

<E [672<L7;+Z;;,v>]

for every fixed u,v € #. Then, by summing both sides of the above inequality over

u,v € ¥, we obtain our first upper bound for the variance:

1/2 1/2

. 72
Var [Tr[K,]] < Z E[e_2<qu+L75’V>] E[COV§ [e_@?’f),e_(w’@] } . (7.18)

u,vEY
7.4.1.2 Step 2. Controlling the Contributions from ¢ and V

We now state the technical results that we use to control the right-hand side of

(7.18). Our first such result is as follows:
Lemma 7.4.3. Recall the definition of the constant m > 0 in (7.10). There exists a
constant Cy > 0 (which only depends on m) such that for every t < 1/C4, one has

. . 1/2
sup E [COV§ [e_<Lt ’§>, e~ (L ’9} 2] < O3,

u,VEY

The proof of Lemma 7.4.3, which we provide in Section 7.4.4, follows from esti-
mating expectations of the form E[e 4] using our assumption that £’s tails are
not worse than exponential (i.e., (7.10)). Next, we have the following result, which

provides a tighter decay rate in the case where £ has covariance decay:

Lemma 7.4.4. Suppose that & has covariance decay of order B, as per Definition
7.8.13. Recall the definitions of the constants q, m, and € in Assumption 7.3.8 (3),
(7.10), (7.11), and (7.12). There exists a constant Cy > 0 (which only depends on q,

m, &, and B) such that for everyt < 1/Cy and u,v € ¥, one has

i 1/2
E [Cov§ [e_@?’@, e_<L§’§>r] < Cy <t2 (d(u,v) + 1)7ﬁ + t4> .
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Lemma 7.4.4 is proved in Section 7.4.5. The proof of this lemma is rather more
subtle than that of Lemma 7.4.3, and depends on a careful control of how much X"
and XV deviate from their respective starting points u and v. We note that the
uniform upper bound on X’s jump rates in Assumption 7.3.8 (3) is crucial for this

lemma.

Remark 7.4.5. The proofs of Lemmas 7.4.3 and 7.4.4 both rely on some elementary
formulas and estimates of the moment generating functions of the noises and their

covariances, which will be stated and proved in Section 7.4.3.

With Lemmas 7.4.3 and 7.4.4 in hand, it now only remains to control the contri-

bution of the potential V' in (7.18). For this, we have the following result:

Lemma 7.4.6. Recall the definition of d > 1 and ¢ > 0 in (7.7). Suppose that we

can find some constants k, > 0 such that
V(v) > (kd(0,0)" — 4, ver. (7.19)

Then, there exists a constant Cs3 > 0 (which only depends on «, B, d, and ¢) such

that
W e 11/2
lim sup ¢34/ Z E[e_2<Lt +Lt’v>} < Ok~ (7.20)
t=0 uVEY
u T 1/2 —
lir?_?&lp +(2d—p) /o Z E[e_2<Lf +Lt’V>] (d(u,v) + 1) < Oyt (7.21)
u,VEY

for every 0 < 8 < d; and

u_ | Tv 1/2 —
lim sup 4/« Z E[e’ﬂLt *Lt’vq (d(u,v) + 1) ¥ <y (7.22)

=0 u,vEY

for every 8 > d.
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Lemma 7.4.6, which is proved in Section 7.4.6, follows the strategy outlined in
(7.5) and (7.6): The first step of the proof of Lemma 7.4.6 relies on a rigorous imple-

mentation of the intuition that, for very small ¢ > 0, one expects that

E[e‘2<L?+Z?’V>} 12 o o tV(w)—tV(v) (7.23)

This once again relies on controlling how much X* and X deviate from their starting
points. Once a quantitative version of (7.23) is established, we can then use (7.19),
which allows to control E[e_Z@%E?’W] 2 in terms of quantities that only depend on
the geometry of & (more precisely, the graph distance). We then wrap up the proof
of the lemma by using the upper bound on the coordination sequences in (7.7), in

similar fashion to (7.6).

7.4.1.3 Step 3. Conclusion of Proof

We now combine the technical results stated above to conclude the proof of The-
orem 7.3.16. By applying Lemmas 7.4.3 and 7.4.4 to our upper bound (7.18), we get

that for every ¢ < 1/CY, one has

Var[Tr[K/]] < Ci* Y E[e—2<L?+iW>] v (7.24)

uVEY

and if ¢ has covariance decay of order 5 > 0, then for every ¢t < 1/Cs, one has

Var[Tr[K,]] < Cot? Z E[e”@%if’m} 2 (d(u,v) + 1)_5
uVEY

wl Fo 1/2
+ 0ottt Y E[e*“t*%”} . (7.25)

uveY

Thanks to our growth assumption in (7.9), for any choice of £ > 0, we know that there

exists a large enough p > 0 so that (7.19) holds. We may then complete the proof
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of Theorem 7.3.16 by an application of Lemma 7.4.6. We do this on a case-by-case
basis:

Suppose first that £ has covariance decay of order 0 < f < d and that a >
d— (/2 > d/2. Then, the fact that 2 — (2d — §)/a > 0 implies by (7.21) that

lim sup ¢2 Z E[e (LYY (d(u,v) + 1)_5

t—0

:| 1/2
uvEY

u ’U / —

t=0 uVEY

and the fact that 4 — 2d/a > 0 implies by (7.20) that

- 1/2
lim sup t* E E[e‘ﬂL%Lym}/
t—0
uvEY

e 11/2
= lim sup ¢4—24/@¢2d/« Z E[e (Ly+LE, Vq =0. (7.26)

=0 u,VEY

Combining this with (7.25) implies that

limsup Var [Tr[K;]] < CoC3r 247,

t—0

where we recall that Cy, C3 > 0 do not depend on & or p. Since (7.19) holds for any
choice of k > 0, we can take k — oo, which then yields Var|[Tr[K;]] — 0 as t — 0.

Next, suppose that ¢ has covariance decay of order 8 = d and that o > d/2. We
note that this implies that ¢ also has correlation decay of order § for any choice of
0< ﬁ~ < d. Since a > d/2 implies that 2d — 2a < d, we can choose B close enough
to d so that 2d — 2« < 3, which we can rearrange into 2 > (2d — () /a. Thus, (7.21)
implies that

v (d(u,v) +1) 7

lim sup ¢ Z [_2 (Ly+L, q

t—0
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— lim sup 2~ (24-P)/og(2d=F) o §7 E[e—2<Lg+Zg,v>]l/2 (d(u,v)+ 1) =0.

t=0 u,VEY

Combining this with (7.26), we directly prove that Var|[Tr[K,]] — 0 as ¢t — 0 in this
case.

Suppose now that £ has covariance decay of order 5 > d and that o > d/2. Then,

the fact that 2 — d/a > 0 implies by (7.22) that

Uy Tv 1/2 —
lim sup ¢ E E [e*2<Lt +Lt’v>} (d(u,v) + 1) 7
=0 u,vEY
u_ | Tu 1/2 —
= lim sup >~/ ¢/« E E[e_2<Lt +Li ’V>] (d(u, v) + 1) ? < Cyr™4:
t—0

u,veY

and the fact that 4 — 2d/a > 0 implies by (7.20) that

lim sup t Z E [e_%LyJ’M’V)

t—0

:| 1/2
uVEY

W re /2
— lim sup ¢424/@¢2d/« Z E[e_2<Lf +Lt’v>] < Csk™24. (7.27)

t=0 u,VEY

Combining this with (7.25) and taking £ — oo then implies that Var|[Tr[K,]] — 0 as
t— 0.

Finally, consider the general case where we simply assume that a« > d. Then,

2 —2d/a > 0, and thus (7.20) implies that

lim sup ¢2 Z E [efQ(L?JrM’W

t—0

:| 1/2
u,vEY

_ hmsuth—Qd/ath/a Z E[e—zuwiqum < Gy,

=0 uVEY

Since the constants Cy, C3 > 0 are independent of x and i, combining this with (7.24)

and taking k£ — oo then implies that Var|[Tr[K;]] — 0 as ¢ — 0 in this case. This
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then completes the proof of Theorem 7.3.16.

7.4.2 Proof of Proposition 7.4.2

Since the random walk X is assumed independent of &, by applying Fubini’s

theorem to the definition of K; in (7.13), we have that

E[Tr[K]] = > B [ VB [em 9] 1x(m0y] |

veY

where we recall the definition of E; in Notation 7.4.1. Taking the square of this

expression, we then get once again by Fubini’s theorem that

E[Te[i,]]" = Y ]E[e (IR [ 9] B [e—@:,@] Lixu@=ugo =0} |

u,vEY

Thanks to (7.13), it is easy to check that

MK = > Ee [e_ww’v%)1{Xu<t):u,i<v<t):v}] '

uWEY

Taking the expectation of this expression using Fubini’s theorem then leads to

TI‘ Kt Z ]E |:e L“ Lv E£ |:e7<L?+Ly7§>:| 1{X“(t):U7XU(t):’U}i| .

u,veY

The proof of Proposition 7.4.2 is then simply a matter of subtracting [Tr[KtH ? from
the above expression for E[Tr[K;]?], and using the definition of Cov¢ in Notation
7.4.1.

7.4.3 Auxiliary results on estimates of moment generating functions

Before discussing the proofs of Lemma 7.4.3 and Lemma 7.4.4 in the next two

subsections, we list here two simple propositions concerning the tail behaviors of the
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moment generating functions of the noises and their covariances. The first result is a
straightforward consequence of Taylor expansions and Assumption 7.3.12 on the tails

of the noises.

Proposition 7.4.7. Under Assumption 7.3.12, for every pair of finitely-supported
deterministic functions f,g: ¥ — R such that || f + g1, || fll1, [|gllx < 1/2m, it holds

that
B[] — 1| < 2m2) 3 (7.28)

and
\COV[e“’@,e@’@H < 2m*([|f + gllF + 1F1T + lglT) + 4m*| T gll3- (7.29)

Proof. For every deterministic function f : 7 — R, it follows from a straightforward

Taylor expansion of the exponential that

B[] =Y 5 3 Elew) Sl S) (730

V1., 0pEY

with the convention that the term with p = 0 above is equal to one. Firstly, since
E[¢(v)] = 0 for all v, the term corresponding to p = 1 in (7.30) is zero. Secondly,
thanks to our moment growth assumption E[|£(v)[?] < p!m?, for every p > 2 we have

that

D EL(v) €] f (1) - f(uy)
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Thus, if || f|l1 < 1/2m, then we have that

00 2
2 9] — 1] < 3 (ml ) = % < 2(m]lf]},)*

p=2

As for the claim regarding the covariance, for any two random variables Y and Z, we

have by the triangle inequality that

|Cov[Y, Z]| = |E[Y Z] — E[Y]E[Z]|

< [E[YZ] = 1| — [E[Y] = 1[[E[Z] — 1]+ [1 - E[Y]| + |1 — E[Z]|
Thus, whenever || f + g|1, || f]l1, [|glli < 1/2m, it follows from (7.28) that
[Cov [6/9,e49]| < 2m2(1f + gl + 1715 + gl12) + 4 £l

as desired. [

In cases where we need a more precise control on the covariance, we have the

following power series expansion:

Proposition 7.4.8. Suppose that Assumption 7.3.12 holds. For any two finitely

supported deterministic functions f,g: 7 — R, one has

Cov [e!€) el08)] = i Ap(J:" 9).
p=2 p:

where, for every p > 2, we denote

m

Ay(f,9) = Z (Z <p>Cov[§(v1)---g(vm),f(vmﬂ)---{(vp)]

J(1) - fom)g(Umga) - 'g(vp)> - (7.31)
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Proof. Using the same Taylor expansion as in (7.30), we get, on the one hand,

> 1
= Z_OW< 2 WE[ﬁ(vl)---€(vm1)]E[€(vm1+1)"'5(Um1+m2>]

(1) f(Vmg) 9 (Vg 1) - ‘Q(Um1+m2)>

5 ;< S Elelon) &l ElEmen) €]

m!(p —m)!

We then get the result by subtracting these two expressions. O

7.4.4 Proof of Lemma 7.4.3

By definition of local time, ||L¥||y = ||L¢||; = t, as well as ||L¥ 4 L!||; = 2t. Thus,

by (7.29) in Proposition 7.4.7, if t < 1/4m, then we have for any u,v € ¥ that
’Covg [e=(HH8) o=(11:9)] ‘ < 2m* (487 + 7 + ¢7) + 4m*tt = 12m* + dm*et,
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Since the right-hand side of this inequality is not random, the result then follows by

noting that ¢* < ¢? when ¢ > 1 and taking C} := max{1, 4m, 12m? 4m?}.

7.4.5 Proof of Lemma 7.4.4

For every u,v € ¥ and t > 0, let us denote by

DY = rrburyl/ d(a,b)
a,be
Lit(a),L} ()70

the distance between the ranges of X* and X up to time ¢. In Section 7.4.5.1 below
we prove the following crude version of Lemma 7.4.4: For every ¢ < min{1,1/4m}

and u,v € ¥,
)Covg [e_@y’@, e_@g’@} ‘ < 2€2(DPY +1)77 + 64m*t. (7.32)
With this in hand, by Minkowski’s inequality, we have that
u Tv 2 1/2 1/2
E [cov5 [e—@t € oL vﬂ } < 2¢E[(Dy7 + 1) + 64m*t! (7.33)

for every ¢t < min{1,1/4m} and u,v € ¥.
Next, we control ©;"" in terms of d(u,v). We do this in two cases. Suppose first

that d(u,v) < 16. In this case, we have the trivial bound
u,v —28 1/2 B -8
E[(® +1)7%] 7" <1< 177(d(u,0) +1) ",
which, when combined with (7.33), yields

e
E [Covg [e*@?’é),e*(w’@} } <2172 (d(u,v) + 1) 7 4 6am*t (7.34)
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for every ¢t < min{1,1/4m} and u,v € ¥ such that d(u,v) < 16.
Suppose then that d(u,v) > 16. For any u,v € ¥ and ¢t > 0, we introduce the

event

E"Y = { sup d(X*(s),u) < d(u,v) and  sup d(f(”(s),v) < d(u,v)}'

0<s<t 4 0<s<t 4
With this in hand, given that (D;""+1)7" <1land \/z +y < z+/yforall z,y > 0,

1/2 1/2

E[(®p" + 1)) <E[(@ + 1) %1 ee] " + P[(E)]

For any outcome in the event E,"’, we have by the triangle inequality that

d(u,v)
4

d(X“(s),X”(é)) > d(u,v) —d(X"(s),u) — d()z'”(é),v) >

for every 0 < s,5 < t. In particular, this means that ©;""1gu» > d(u,v)/4. In Section
7.4.5.2 below, we prove that if ¢ < min{4/q,1/4qe} and d(u,v) > 16, then

_ V2 q2e2t? |

]P)[(EZM})C] 1/2 < 16

(7.35)

Combining these bounds with (7.33), we are led to

) 1/2
E [COV e [etre, e-tii0)] 2]

V2 q2e2t?

§2.4ﬂ€t2(d(u,v)—l—1)_6+< S

+ 64m4> t* (7.36)

for all £ < min{1,1/4m,4/q,1/4qe} and u,v € ¥ such that d(u,v) > 16.
With (7.34) and (7.36) in hand, in order to prove Lemma 7.4.4, it only remains

to establish (7.32) and (7.35). We do this in the next two subsections.

266



7.4.5.1 Proof of (7.32)

Our main tool to prove (7.32) consists of the power series expansion proved in

Proposition 7.31:

Cov, [ef(Ly,@, ef@g,g)} _ Z Ay (=LY, —Lf)’ (7.37)

where the terms A, are defined in (7.31). Thanks to our moment growth assumptions

in (7.10), for every p > 4 and 1 < m < p — 1, we have that

|[Cov[E(vr) - E(vm), & (vmn) -+ E(vy)]]
< |B[E(vn) - £(vp)]] + |E[E(v) - - - E(vm)[BIE (Uma) - - - €(vy)]
< E[[¢(vn) PP - B[IE (v,) )7
+E[&(o0)|™™ - B[€(0m) ™ M EIE ) PO B (vp) [P 0T
< plm” + m!(p — m)lm”

< 2plm?”.

Therefore, by combining (7.31) with the fact that >°7 _/(?) = 27, one has

7 -1
|A (_LU’_LU>| \ p w||m|| Fv||p—m
Pt <o S (N ILHITIEE T < 22me

m=1

Next, if ¢ has covariance decay of order 3, then (7.11) implies that

[Ao(—Ly, =L)< ) [CoviE(wn), &(ws)]| L (wn) L (wo)

w1,w2EY

=@ + 1)L LY L < (D1 +1)77.
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and similarly (7.12) implies that
[As(— Ly, —Lj)| < €Dy +1)77.

At this point if we take ¢ < min{1,1/4m}, then ¢*> < ¢? and thus it follows from the

expansion (7.37) and the estimates above that

‘Cov5 [e_@g’g), e_mj’ﬂ ‘ < 282D+ 1) 42 Z(th)p
p=4
32m*td

=2e*(Dy +1)77 + T omi

< 2¢t3(DYY 4+ 1) + 64m*tt,

7.4.5.2 Proof of (7.35)

Let us denote by S;(X) the number of jumps that X makes in the time interval
[0,t]. For every « > 0 and v € ¥, it is easy to see that

P’ | max d(v, X(s)) > 2| <PY[S(X) > ). (7.38)

0<s<t

For every v € ¥ and ¢t > 0, the number of jumps S;(X) is stochastically dominated
by a poisson random variable with parameter tq. Therefore, applying the Chernoft

bound for the tails of Poisson random variables, we obtain that

sup P’ | max d(v, X(s)) > x| <supP’[§;(X) > z] <e ¥ (q_et) (7.39)

vEY 0<s<t vEY T

for every = > qt. In order to specialize this to (7.35), we use the parameter z :=
d(u,v)/4. If t < min{4/q,1/4qe} and d(u,v) > 16, then we have that 4get < 1 and

x > qt, and thus it follows by a union bound that

Plery] " < (P[00 = S50 4 [0 = 2 me
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as desired.

7.4.6 Proof of Lemma 7.4.6

Notation 7.4.9. Throughout this proof, we use C' > 0 to denote a constant whose
exact value may change from one display to the next. If C' > 0 depends on some

other parameters, this will be explicitly stated.

7.4.6.1 Step 1. General Upper Bound

Our first step in this proof is to provide a general upper bound for E[e2(L+Li:V)]1/2

that formalizes the intuition (7.23). To this effect, we claim that if (7.19) holds, then

min{a,1}
) — 1+ put

(L3, V) < = (st/2d(0,w)) ™ - max (kt/7d (u, X" (5))

0<s<t

(7.40)

for every u € ¥ and t > 0, and similarly for —(L?, V). To see this, we note that

t

(LY V) < —/ (md(O,X“(s)))a ds + ut

ds + put

— _/t‘m@(o,u) —d(0,u) +d(0, X*(s)))

" du + put, (7.41)

_ / /% (4(0, ) — d(0, u) +d (0, X*(ur)))
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where the first line follows directly from (7.19), and the last line follows from a change

of variables. For any z,y € R, the triangle inequality implies that
|I‘ . y|a > |I‘ . y|min{a,1} —1> |m‘min{a,1} . ‘y|min{a,1} —1.

Applying this to (7.41) yields

min{a min{a,1}
(LY VY < = (kt2d(0,w)) "™V 4 max lpt,

0<s<t

rtl/e (d (0, X"(s))—d(0, u))

We then obtain (7.40) by combining the fact that z +— 2™} is increasing for 2 > 0
with the reverse triangle inequality [d(0, X“(s)) — d(0,u)| < d(u, X"(s)).
With (7.40) in hand, we see that E[e 2L +LiV)]1/2 is bounded above by

e2(ut71)7(ntl/ad(0’u))min{a,1}7(nt1/ad(0’v))min{a,1}

min{a,1}

E [exp (max (stod(u, X*(5)) ) + max (msl/ad(v,XU(S)))mm{a’l}ﬂ "

0<s<t 0<s<t

(7.42)

On the one hand, e***~1Y — ¢72 as t — 0 for any choice of x> 0. On the other hand,

thanks to the tail bound (7.39), we know that for every 6, x > 0, one has

min{a,1}
: 1/a u _
lim sup sup E [exp <¢9 max (/ft d(u, X (3))) )] 1,

t—0 wue?

and similarly for X. Therefore, by a straightforward application of Holder’s inequality
on the second line of (7.42), in order to prove Lemma 7.4.6, it suffices to prove that

there exists a constant C' > 0 (which only depends on «, (3, d, and ¢) such that

llmsuptzd/a Z e_(Htl/ad(07u))mill{a,l}_(Htl/ad(oﬂ}))min{a,l} S CK/_2d’ (743)

t=0 uVEY
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e_(ﬁtl/ad(o’u))min{a,l}_(ﬁtl/ad((),v))min{a,l}
lim sup ¢(24=A)/« Z 7 < Cr—2HP (7.44)
-0 wocy (d(u,v) +1)

for every 0 < 8 < d; and

e_(ﬁtl/ad((]’u))min{a,l}_(Htl/ad(oyv))min{a,l}
lim sup t¥ Z 5 <Ok (7.45)
-0 woey (d(u,v) + 1)

for every 8 > d. We now prove these claims in two steps.

7.4.6.2 Step 2. Proof of (7.43)

Recalling the definition and upper bound of ¢’s coordination sequences ¢, (v) in

(7.7), we have that

2
§ e—(l{tl/ad(o,u))min{a,l} (l{tl/ad(o v mm{a 1} (Z Htl/ad 0 v) mm{a 1})

u,vEY
2 2
= Z Cn(O) e—(ml/an)min{a,l} S C2 Z d 1 _ m51/04 )min{a,u
neNU{0} NU
2
= e | S e (7.46)
nett/*Nu{0}
By a Riemann sum, we have that
2
]_' 2/0& d—1 _(K/n)min{a,l}
Jm e > nte
nctl/aNU{0}
¥ 2 —2d d 2
d—1 min{a,1} A ey
= x4 1e=(52) dz | = - . (7.47)
min{1, a?}
0

Combining this limit with (7.46) yields (7.43), where, as shown on the right-hand side

of (7.47), the constant C' > 0 only depends on the parameters «, d, and c.
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7.4.6.3 Step 3. Proof of (7.44) and (7.45)

We now conclude the proof of Lemma 7.4.6 by establishing (7.44) and (7.45). We
separate the analysis of the sum on the left-hand sides of (7.44) and (7.45) into two

parts, namely, the terms u,v € ¥ such that d(u,v) > x~'¢~/%, and those such that

d(u,v) < k=1t Ve,

We first consider the terms such that d(u,v) > s~/ For these, we have the

sequence of upper bounds

ei(ntl/ad(o’u))min{a,l}7(Htl/ad(0’v))min{a,1}

u,vZEV (d(u7 U) + 1)5

d(u,v)>k— 1t/

S

uVEY
d(uw)>k—1¢= 1/

e_(ntl/ad(O,u))min{a,l}_(Htl/ad(oﬂj))min{a,l}

d(u,v)?

8 B/oz Z —(:‘itl/ad(o,u))min{a’l}—(/{tl/ad(07’l]))min{a’l}
<K't e

u,veY
d(up)>k~ 11/

2
S Kﬁtﬁ/a <Z e_(ntl/ad(o’v))min{a,1}> '

veY

At this point, by replicating the arguments in Section 7.4.6.2, we get that there exists

a constant C' > 0 that only depends on «, d, and ¢, and such that

*(Iitl/ad(o,u))min{avl}7(Kt1/ad(07v))min{cx,1}

lim sup ¢24=8)/« Z ¢ 5 < Ok~2P
t=0 u,veY (d(u7 U) + 1)
d(u,v);n_lt_l/o‘
(7.48)
if 0 < g <d; and
_(Ktl/ad(o’u))min{a,l}_(Htl/ad(()’v))min{a,l}
lim ¢ > 0 (7.49)

u,VEY (d(U,U) + 1>/8

d(u,v)>k~ 1t 1/
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it 8> d.
We now consider the terms such that d(u,v) < k~'~1/%. For those terms, we can

reformulate the summands as follows:

e_(ﬁtl/ad(O,U))min{a,l}_(Htl/ad(oﬂj))min{a,l}

Z;V (d(u,v) +1)°

d(u,v)<k 1tV

(7.50)

_(Htl/ad(oﬂ)))min{a,l}

_ (rt1/od(0,u)ymin{e1} e
; ; (d(u,v) +1)°

d(uw)<k~ 1=

— (Kt (d(u,v)+d(0,0)—d(u,v)))min{e1}

_ (k1 (0,u))min{en1} e
; Z; (d(u,v) + 1)

d(uw) <k~ 1=

For every every u,v € ¥ such that d(u,v) < k=1t~ the fact that d(0,v) > 0 gives
the upper bound e~ (vt (@O0)~dww)™™ 1 ¢ " Putting this into the above equation,

we then obtain that

7(Ht1/ad(u7,u))min{a,1}

(7.50) (wt1/d(0,u)ymin {1} e
z;/ Uezy (d(u, v) + 1)6

d(u,v)<k 11/

7(ntl/an)min{a,1}

S e Z e_(ﬁtl/ad((]’u))min{a,l} Cn(u) (§] 6
uey n=0 (n + 1)

Thanks to the uniform bound in (7.7), we then have that

D

(7.50) < ec ( o~ (kt!/d(0,u))minten1}
Z n=0 (n+ 1)6

) k—1lt—1/e nd_le_(ntl/an)min{a,l}
ueyV

S el-}—(,{tl/a)min{a,l}c (Z e—(ﬁtl/ad(o,u))mi“{""l})

uey

Z <n+ ]_)d_l_ﬁe_(litl/a(n—l—l))"‘in{avl}
neNU{0}
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_ ool (Z e—(ml/ad<o,u))mm{avl}> (Z nd—l—ﬁe—(ntl/an)min{o"l}) . (7.51)

uey neN

We now analyze the two sums on the right-hand side of (7.51). Looking at the

first term, the same analysis carried out in Section 7.4.6.2 implies that

llm Sup td/a Z e_(ﬁ.’tl/ad(oﬂﬁ))min{a,1} S O/{/_d

=0 uey

for some C' that only depends on «, d, and ¢. Next, the second sum in (7.51) is
analyzed differently depending on whether 0 < § < d or # > d: On the one hand, if

£ < d, then by a Riemann sum we have that

lim t(d_ﬁ)/aZnd—l—ﬁe—(”tl/a")min{a’l} — lim ¢/ Z pd—1-Bg—(rn)min{es1}

t—0 t—0
neN netl/aN
(9] —d+p8 ( a—p )
K I' =
1 _ min{«a,1} mln{a,l}
= xd 1 66 (Hm) dx = -
min{a, 1}

0

On the other hand, if 8 > d, then we have by dominated convergence that

. i _ 1/a,,\min{a,1} 1
lim nd 1 Be (ktt/*n) ZE :nd 1 57

t—0
neN neN

we know that the sum on the right-hand side is convergent since § > d.
Putting these two limits back into (7.51), we then get that there exists a constant

C' > 0 (which only depends on «, d, , and ¢) such that

7(ntl/ad(0’u))min{a,1}7(Kt1/ad(0’v))min{a,l}
lim sup ¢24-A)/« Z ¢ 3 < Cg24tp8
t—0 woey (d(u,v) + 1)

d(uw) <k 1=
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when (§ < d, and such that

e_(ntl/ad(oyu))min{a,l}_(Htl/ad(o’v))min{a,l}
<Ok

li td/oc
mewpt®™ 3, @) 1)

d(uw) <k~ 1t 1/e

when 8 > d. Combining this with (7.48) and (7.49) concludes the proof of (7.44) and

(7.45). With this in hand, we have now completed the proof of Lemma 7.4.6.

7.5 Spectral Mapping and Multiplicity

A crucial aspect of the proof of Theorem 7.3.17 is the ability to relate exponential
linear statistics of the eigenvalue point process (7.17) to the trace of K via the

identities

Tl = Y maK)p= Y maXH)e ™ €(0,00). (7.52)
neo(Kt)\{0} A€o (H)

Though we expect that such a result is known (or at least folklore) in the operator
theory community, we were not able to locate any reference that contains all of the
precise statements that we need to prove (7.52). (This is especially so since the level of
generality in this chapter allows for non-self-adjoint operators.) As such, our purpose
in this section is to provide a general criterion for an identity of the form (7.52) to
hold (as well as a few more properties), which we then use in Section 7.6 to wrap up
the proof of Theorem 7.3.17.

We begin this section with a definition:

Definition 7.5.1. We say that a linear operator T on (*(V) is finite-dimensional if
there exists a finite set % C ¥ such that T'(u,v) = 0 whenever (u,v) € % X % . In

particular, if we enumerate the set % = {u1,...,uy|}, then T has the same spectrum
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as the || x |% | matriz Mr with entries

The result that we prove in this section is as follows:

Proposition 7.5.2. Let (T})~o be a strongly continuous semigroup of trace class op-
erators on (*(V') such that | Ti||op < €7 for some w < 0, and let G be its infinitesimal

generator. The following holds:
1. G is closed and densely defined on (*(V).
2. 0(G) = 0,(G), and Re(X) > w for all A € o(G).
3. For everyt >0, o(T;) \ {0} = {e7™ : X\ € 0(G)}.

Moreover, if there exists a sequence of finite-dimensional operators (G, )nen Such that

lim ||R(z,Gp) —R(z,G)|lp =0 (7.54)

n—o0

for at least one z € C\ o(G) and such that
lim |[e™“" — T}||op = O, (7.55)
n—oo

then for everyt >0 and u € o(1y) \ {0},

ma(T) = Y, ma\G). (7.56)

Ao (G): e trA=p

As a direct consequence of the above proposition, we have that

Tr[Ti] = Z ma(p, Ty) = Z mq(\, G)e ™ € C

neo(Ty)\{0} Ao (G)
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for all ¢ > 0, which is precisely the kind of statement that we are looking for. The
remainder of this section is now devoted to the proof of Proposition 7.5.2.
7.5.1 Step 1. Closed Generator and Spectral Mapping

We begin with the more straightforward aspects of the statement of Proposition

—wt

7.5.2, namely, items (1)—(3). Since (T}):~o is strongly continuous and ||T3]|op < e,
it follows from the Hille-Yosida theorem (e.g., [44, Chapter II, Corollary 3.6]) that G
is closed and densely defined on ¢2(¥). Moreover, Re(\) > w for every A € o(G).

Given that the T} are trace class, we know that o(7}) = 0,(7}) and that

T[T = ), map,T)peC
peo(T)\{0}

by Lidskii’s theorem (e.g., [101, Sections 3.6 and 3.12]). Next, by the spectral mapping

theorem (e.g., [44, Chapter IV, (3.7) and (3.16)]), we know that for every ¢ > 0,
{e™: X ea(G)} Col(ly) and {e™ X €0,(G)} =0,(Ty) \ {0}. (7.57)
In particular, o(G) = 0,(G), concluding the proof of Proposition 7.5.2 (1)—(3).

7.5.2 Step 2. Multiplicities in Finite Dimensions

It now remains to prove (7.56). Before we prove this result, we first prove the

corresponding statement in finite dimensions, namely:

Lemma 7.5.3. Let T be a finite-dimensional linear operator on (*(¥) and F : C — C

be an analytic function. For every p € o(F(T)) = F(o(T)), one has

ma(u FT) = Y mlAT).

A€o (T): F(A\)=pu

Applying this to the exponential map and the operators G,,, we are led to the fact
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that for every n € N, ¢t > 0, and p € 0(G,,) one has

mq(p, e %) = Z ma(\, Gp). (7.58)
A€o (Gy): e~ =p

Proof of Lemma 7.5.3. Tt suffices to prove the result with 7" replaced by My and F/(T)
replaced by F(Mr), where My is the matrix defined in (7.53). Let My = PJP™!
be M7r’s Jordan canonical form. That is, J is the direct sum of M7’s Jordan blocks,
and in particular the number of times any A € C appears on J's diagonal is equal
to my (A, Mr). By the standard analytic functional calculus for matrices, we know
that F'(My) = PF(J)P~!, where F(J) is the direct sum of Mp’s transformed Jordan

blocks, wherein any k x k Jordan block of the form

is transformed into the upper triangular matrix

[ FO) ') F'(N/2 - FEDO (k- 1)) |
FOY  F'(A) - FS2(0\)/(k —2)!
F'(N)
i F(X) ]

Given that the characteristic polynomial of F'(Mr) is the same as that of F'(.J), this

readily implies the result. [

278



7.5.3 Step 3. Passing to the Limit

We now complete the proof of Proposition 7.5.2 by arguing that the identity (7.58)
persists in the large n limit. Thanks to (7.54) and (7.55), we know that we have the
convergences G, — G and e~*“» — T, for every ¢ > 0 in the generalized sense of Kato
(see [73, Chapter IV, (2.9), (2.20) and p. 206] for a definition of convergence in the
generalized sense, and [73, Chapter IV, Theorems 2.23 a) and 2.25] for a proof that
norm-resolvent and norm convergence implies convergence in the generalized sense).
As shown in [73, Chapter IV, Theorem 3.16] (see also [73, Chapter IV, Section 5]
for a discussion specific to the context of isolated eigenvalues), convergence in the

generalized sense implies the following spectral continuity results:

Notation 7.5.4. In what follows, we use B(z,r) to denote the closed ball in the

complex plane centered at z € Z and with raduis r > 0.

Corollary 7.5.5. For every A\ € o(G), if € > 0 is such that o(G) N B(\,e) = {A},

then there exists N € N large enough so that

> ma(XGn) =ma()G) (7.59)

Ao (Gr)NB(Ae)

whenever n > N.
Conversely, for every t > 0 and pn € o(T;) \ {0}, if € > 0 is such that o(T3) N

B(p,e) = {u}, then there exists N € N large enough so that

Y. malfe™) = ma(u,T) (7.60)

fi€(e™ 9 )NB(p.e)
whenever n > N.
We are now ready to prove (7.53). We first show that for every ¢ > 0 and

p € o(Ty) \ {0}, the set {\ € 0(G) : e ™ = u} is finite. Suppose by contradiction
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that this is not the case. Then, for any integer M > 0, we can find at least M distinct
eigenvalues \j, ..., Ay € o(G) such that e~ = y. By taking a small enough & > 0

and large enough N € N, a combination of (7.58) and (7.60) yields

ma(p, T}) = > ma(fi, e 10N) = > ma(\, Gy).  (7.61)

f€a(e ' CN)NB(p.e) Xeo(GN): e tAeB(u,e)

t

Since z — e~ "* is continuous, we can take § > 0 small enough so that

1.if A € B(\;, ) for some 1 <1 < M, then = B(u,¢€); and
2. o(G)N B(\;,6) = {\} for every 1 < i < M.

Thus, up to increasing the value of N if necessary, an application of (7.59) to the

right-hand side of (7.61) then gives

M M
ma(p, Th) > > ma(X, Gx) =Y ma(Ni, G) > M. (7.62)
=1 Xeo(GN)NB(A,8) =1
Since M was arbitrary, this implies that m,(u, T;) = oco. Since T; is trace class this
cannot be the case, hence we conclude that {\ € o(G) : e~ = u} is finite.
By repeating the argument leading up to (7.62), but this time letting M be equal

to the number of eigenvalues in the set {\ € 0(G) : e ™ = pu}, we obtain that

ma(p, Ty) > Z ma(A, G).

A€o (G): e~ trA=p

We now proceed to prove the reverse inequality. Recall that {\ € o(G) : e = u}
contains finitely many elements. Denote them by Ay, ..., Ay for some M € N. Thanks

to (7.59), we can find a small enough ¢ > 0 and large enough N € N such that

Z ma(Ni, G) = > ma(\, Gy) = > ma(X, Gy ).

AeUM  o(GnINB(Mie) Xeo(Gn)N (ugng(,\i,a))
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Then, by (7.58), one has

Seo M , fico(etON)
Aea(@n)n (UM B(A.e)) I A
where we use e~*(B) to denote the image of a set B C C through the exponential map

2+ e %, Since the exponential map is open and e~**

i=ypforalll <i< M, we can
find a small enough & > 0 such that B(u,d) C e (UM, B(\;,¢€)) and o(T};) N B(u, ) =

{p}. As a result we get

M
> ma(Ai,G) > rhs. of (7.63) > > ma(f, e V). (7.64)
i=1 fi€a (e CN)NB(1,0)

At this point, up to increasing N if necessary an application of (7.60) then yields

M
> ma(Xi,G) > > Ma(fi, e ON) = mqa(p, Ty),
i=1

fico (e~ "GN )NB(1,0)

thus concluding the proof of (7.56) and Proposition 7.5.2.

7.6 Proof of Theorem 7.3.17

In this section, we prove Theorem 7.3.17. We assume throughout that Assump-

tions 7.3.8 and 7.3.12 hold. We begin with a notation:

Notation 7.6.1. Throughout this proof, we denote X’s transition semigroup by

Iy (u,v) = PY[X(t) = v], t>0, u,ve?.
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7.6.1 Step 1. Boundedness

Our first step in the proof is to show that, almost surely, K; is a bounded linear
operator on £%(¥) with ||K¢||op < e** for every ¢ > 0 for some w < 0. As is typical in
Schrodinger semigroup theory, this relies on controlling the minimum of the random

potential V' 4 £. To this end, we have the following result:

Lemma 7.6.2. Define the random variable
wp = 125/ (V(v) + £(v)). (7.65)

wo > —0o0 almost surely.

Proof. Thanks to (7.9), it suffices to prove that

lim inf ( inf @

) > —00 almost surely. (7.66)
n—00 veY: d(0,v)<n logn

By a union bound and Markov’s inequality, for every 6, A > 0,

P imf gy <-A)< Y e PE[e0).

veY: d(0,v)<n
veY: d(0,v)<n

On the one hand, thanks to (7.7), we have that

{ve? :d0,v) <n} Schd_l §c+c/xd_1 dz < Cnf
m=1

1

for some constant C' > 0. On the other hand, thanks to the moment bound (7.10),

there exists a 8 > 0 small enough so that

sup E [e’eé(”)] < 00.
veEY
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Combining these two observations, we conclude that there exists C,0 > 0 such that

IP’( inf £(v) < —/\> < Cnde A > 0.

veY: d(0,v)<n

If we take A = A(n) = clogn for large enough ¢ > 0, then } Cnde MM < oo;

hence (7.66) holds by the Borel-Cantelli lemma. O

As a direct application of Lemma 7.6.2, we have the inequality K;(u,v) < e “'TI,(u, v)
for every u,v € ¥, where we take wyg as in (7.65). In particular, || K|lop < €| I1;]|op-
Given that wy > —oo almost surely by Lemma 7.6.2, it suffices to prove that II; is
bounded with ||IL;||op < e™™* for some constant w; < 0. We now prove this.

Note that for every f € ¢*(¥), we have by Jensen’s inequality that

I f12 =SB [ A(X )] < S B [F(X0))] = 3 M(v,u)f(u)?,

veY veY u,veY

from which we conclude that

veY

Tl < \/su;;zntw,u»
ue

If we define the matrix

—q(u)I(u,v) ifu#wv
Hx(u,v) = , u,v €Y

q(u) if u=wv

(i.e., the Markov generator of X), then we can write

S ) = 305 EIEE 5 E S 0,

veY veY n=0 veY
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Noting that

sup |Hy (u, v)| < [[Hxllop < [[Hxl[5p,

uVEY

for every u,v € ¥, we have the bound

|H (v,u)] < ||HX||gp1{d(u,v)§n}-

By (7.7), for any u € ¥, the number of v € ¥ such that (u,v) is an edge is bounded

by ¢. Thus, the number of v € ¥ such that d(u,v) < n is crudely bounded by ¢".

Consequently,
oo
(te|]|H
T2, < sup )y T(v,u) < Z ” X”Op _ efllxlont,
uey —; =0

Thus, it now suffices to prove that ||Hx||o, < o0.

Recall that, by assumption, q := sup,c4q(u) < co. For every f € (*(¢),

2
IHx flI3 < a*) (Z 1{<u,v>e£}f(v)) <2 ) Lyuweatf(v)7,

ueY \vey u,VEY

where the last inequality comes from the fact that
(1 + -+ x)? <29t + -+ ad), x; € R,

and that, by (7.7), for every v € ¥ there are at most ¢ vertices u such that (u,v) € &.

Using once again this last observation, we have that

D Luweayf(0)* < | f]13,

uVEY

from which we conclude that ||Hx||2, < ¢°2°c, as desired.
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7.6.2 Step 2. Continuity of the Semigroup

We now prove the almost-sure strong continuity and semigroup property. Since
X is Markov and local time is additive, the semigroup property is trivial. We now
prove strong continuity. Let Cy(?") denote the set of functions f : ¥ — R that
are finitely supported. Since Cy(¥) is dense in ¢2(¥) and a semigroup of bounded
linear operators is strongly continuous if and only if it is weakly continuous (e.g., [44,
Chapter I, Theorem 5.8]), it suffices to prove that (f, K;g—g) — 0 as t — 0 for every
f,9 € Co(?¥). For every g € Co(¥'), we know that

lim g(X (#))e”FV T = g(X(0)) almost surely.

t—0

By the definition of wy, it follows that (L;,V + &) > wet which implies that
(X (1))eFV O < flgfleme"

Since the right-hand side of this inequality is independent of X, it follows from dom-

inated convergence that

lim K;g(v) = 11_% EY [g(X(t))e FVH] = g(v) almost surely

t—0

for every v € ¥. Finally, given that for every v € ¥, we have

[f(0) (Keg(v) = g(0)| < [Fllesllglles (70" + 1) 1500y 203,

which is summable in v whenever f € Cy(¥), we obtain (f, K;g —g) — 0ast — 0

by dominated convergence.
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7.6.3 Step 3. Trace Class

By the semigroup property, for every ¢ > 0, we can write K; as the product
KiK. Thus, given that the product of any two Hilbert-Schmidt operators is
trace class (e.g., [101, Theorem 3.7.4]), it suffices to prove that, almost surely, K, is

Hilbert-Schmidt for all ¢ > 0, that is,

By (7.66), there exists finite random variables , > 0 that only depend on & such
that
V() +€0) 2 (kd(0,0)" —p,  veV

almost surely. Therefore, it suffices to prove the result with K; replaced by the kernel

Kt(u, U) = eMEv [67<Lt’(nd(0"))a>1{X(t):v}} , u,v €Y.
By Jensen’s inequality,

Z Kt(u,v)2 < e2ut Z F¢ [ef2<Lt,(md(0,.))a>1{X(t):U}]

u,VEY u,VEY

— ot 3R [ 2Lt

ueYy

At this point, the same argument used in (7.39), (7.41), and (7.42) implies that there

exists some finite constant Cy; > 0 (which depends on « and t) such that

Z f(t(u’ U)2 < Cﬁ,te2ut Z e—2t(f~sd(0,u))°‘.

uVEY ueY
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Then, writing the above sum as

—2t(rd(0,u) —2t (kn)
> e =D _l0 7

uey neN

this is easily seen to be finite for all ¢ > 0 by (7.7).

7.6.4 Step 4. Infinitesimal Generator

We now prove the properties of the generator H, except for number rigidity of
its spectrum, which is relegated to the next (and final) step of the proof. That K;’s
generator is of the form (7.16) follows from the straightforward computation that for

every u,v € ¥V,

1u:v _K )
iy L=} +(u,v)

= H(u,v) almost surely
t—0 t

(indeed, recall that by definition of the process X, II;(u,v) = q(u)ll(u,v)t + o(t) as
t — 0 whenever u # v, and that K;(u,v) =0ifu € Z orv € Z).

Almost surely, (K;);>o is a strongly continuous semigroup of trace class operators
and ||Ki|lop < e . Therefore, by Proposition 7.5.2 (1)—(3), the following holds

almost surely:
1. H is closed and densely defined on £2(¥).
2. 0(H) =0,(H), and Re(\) > w for all A € o(H).
3. For every t > 0, o(K;) \ {0} = {e ™™ : N € o(H)}.

It now remains to establish the trace identity (7.52), which is crucial in our proof of

rigidity. The fact that Tr[K;] is a positive real number follows from the fact that

K=Y Ky(v,v)

veY
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and that K;(u,v) € [0,00) for all u,v € ¥. To prove the remainder of (7.52), as
per Proposition 7.5.2, we need to find a sequence of finite-dimensional operators that
converge to H and K; in the sense of (7.54) and (7.55).

To this end, for every n € N, let us denote the subset
Yy ={ve ¥ :d0,v) <n}CV.
Given that ¢ has uniformly bounded degrees, this must be finite. Thus, the operators
Hy(u,v) := H(u,v)L{uwv)es} u,v €YV

are finite-dimensional in the sense of Definition 7.5.1. More specifically, H,, is the
restriction of H to the set ¥, with Dirichlet boundary on ¥\ #,. In particular, if for

every n € N we denote the hitting time

To:=inf {t > 0: X(t) ¢ %},

t>0

Then e~ is the integral operator on £2(¥') with kernel
e tn (u, U) =E* [67<Lt’v+£>1{X(t):v}1{7-n>t}] . (7.67)

The proof of (7.52) is now a matter of establishing the following result:

Lemma 7.6.3. Almost surely, it holds that

lim [|9R(z, Hy,) — Rz, H)||op = 0 (7.68)

n—o0

for every z € C such that Re(z) < w and

lim |[e™“" — Ki|lop =0 (7.69)
n—oo
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for every t > 0.

Proof. Given that 0 < e (u,v) < Ki(u,v) for all u,v € ¥, it is easy to see that
e ||lop < [|Killop < e for all ¢ > 0 almost surely. In particular, any z € C such

that Re(z) < w is in the resolvent set of H,, and H for all n. Consequently, it follows

from [44, Chapter II, Theorem 1.10] that

|1R(z, Hy) — R(z, H)||op = /etz(e_tG” — K;) dt < /etz||e_tG” — Ki||op dt,
0 op 0

where the last inequality follows from [41, Chapter II, Theorem 4 (ii)]. Given that

[t = Kl de < [ (e oy + [ Eill) e <2 [ 50 at < o
0 0 0

whenever Re(z) < w, we get that (7.68) is a consequence of (7.69) by an application
of the dominated convergence theorem.
Let us then prove (7.69). Since the Hilbert-Schmidt norm dominates the operator

norm, it suffices to prove that

D (e wr) = Ky(w,v)’ = 30 B [ P 0 linen]” (7.70)

w,VEY u,vEY

vanishes as n — oo for all t > 0 almost surely. By Holder’s inequality, the right-hand

side of (7.70) is bounded above by

> B[V ey P < 1),

uVEY

By mimicking our proof that K; is trace class, we know that

D B [ ] < o0

uVEY
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for every ¢ > 0 almost surely. Thus, by dominated convergence, it suffices to prove
that

lim P*[r, <t] =0

n—oo

for every u € ¥ and ¢t > 0. Noting that

P* | max d(0, X(s)) > n] <P [max d(u, X(s)) >n—d(0,u)

0<s<t 0<s<t

for all n € N by the triangle inequality, this follows directly from the tail bound
(7.39). O

7.6.5 Step 5. Rigidity

It now only remains to prove that the point process (7.17) is number rigid in the
sense of Definition 7.3.3. The proof of this amounts to a minor modification of the
argument in [59, Theorem 6.1] (see also [50, Proposition 2.2]).

Let B C C be a Borel set such that B C (—00,d] + i[—4, 0] for some 8,0 > 0.

Thanks to the trace identity (7.52), almost surely, we can write

Xp(B)= Y me(\H)

A€o (H)NB

as the sum of the following three terms:

D oma(WH)e ™ —E | Y me(\ H)e ™| =Tr[K)] - E[TY[K,]], (7.71)

Ao (H) A€o (H)
> ma(AH)(1—e), (7.72)
Ao (H)NB

E| > maN\Hye ™| = > mg(\ H)e™. (7.73)

Aeo(H) Aeo(H)\B

Since we choose the exponent « in the same way as Theorem 7.3.16, (7.71) converges
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to zero as t — 0 almost surely along a subsequence. Next, we have that (7.72) is

bounded above in absolute value by

Xp(B) sup [1—e7",
CE[w,d]+ila,f]

where we recall that w is the random lower bound on the real part of the points
in Xpy. Since Xy is real-bounded below and B C (—o0,d] 4 i[—4,4], Xz(B) < oo
almost surely. Thus, (7.72) converges to zero almost surely as t — 0. Thus, Xy (B)
is the almost sure limit of (7.73) as ¢ — 0, along a subsequence. Given that (7.73)
is measurable with respect to the configuration of points outside of B for every t
and that the limit of measurable functions is measurable, we conclude that Xy (B) is
measurable with respect to the configuration outside of B. This then concludes the

proof of number rigidity, and thus of Theorem 7.3.17.

7.7 Proof of Theorem 7.3.18

7.7.1 Step 1. General Lower Bound

We begin by providing a lower bound for Var[Tr[K;]] in the general setting of
the statement of Theorem 7.3.18. This bound will then be shown to remain positive
as t — 0 in the cases labelled (1)—(3).

Recalling that ~ is the positive definite covariance function of &, if we denote the

semi-inner-product

(f9)y = Y fwnlu=2)g),  fg:2" =R,

u,veZd

then our assumption that v is nonnegative implies that (f, g), > 0 whenever f and
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g are nonnegative. In particular, we have that
Covele T8 o O] = ea (B LT3 (L) (emim — 1) > 0. (7.74)

For every u,v € Z? and t > 0, denote the event J,(u,v) := {L* = t1, and LV = t1,}.

Clearly, J;(u,v) C {X*“(t) = u, X*(t) = v}, and by independence of X* and X",

inf P[Jy(u,v)] = inf P'[X(s) = v for every s < t]* > e 2" (7.75)

u,vEZY vEZA

We now combine (7.74) and (7.75) to lower bound the variance of Tr[K;]: By

Proposition 7.4.2, we may write

Var [Tr[Kt > Z [ (LE+Ly,V) o3 (L L)y 5 (LY LY )y (e<Lt LYy _ 1) 1Jt(u,v)]

u,veZ4

_ Z e_tv(u)—tv(v)et2’y(0) (etQ'Y(”_”) — l) P[Jt(u7 U)]

u,vEZY

> e—2t+t2'y(0) Z e—tV(u)—tV(v) <et2"/(u—v) . 1)

u,vEZL

o2+ Z o—td(0.u)° —td(0,0)° (et2v(u—v) _ 1) 7 (7.76)

u,veZd

where the first line comes from (7.74) and the fact that E[Y] > E[Y1g] for any
nonnegative random variable Y and event E, the second line comes from the definition
of the event Ji(u,v), the third line comes from (7.75), and the last line comes from
the assumption on V stated in Theorem 7.3.18. As e 2+ 5 1 as ¢ — 0, we

obtain our general lower bound:

lirtri)i(}lf Var[Tr[K,]] > lirtILiOnf Z o td(0u) —1d(0,0)? (etzy(u—v) _ 1) _ (7.77)

IRN=y/A

We now prove that the right-hand side of (7.77) is positive in cases (1)—(3).
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7.7.2 Step 2. Three Examples

Suppose first that § < d/2 and 7(v) = 1,—p}. On the integer lattice Z¢, it is easy
to see that there exists a constant C' > 0 such that c,(0) > Cn?"!. Therefore, by
an application of (7.77), followed by the inequality e* — 1 > z for all x > 0 and a

Riemann sum, we have that

o S Tim s 2 ) —2td(0,0)° . i1 ipf 42 —2tnd
llglglfVaF[Tr[Kt}} _llgri%nf (e 1 Ze _lllgllglft Z cn(0)e

vEZY neNU{0}

> Clim inf t2~4/01/9 Z ntle™m > C’/xdle2m dz > 0.
0

t—0
netl/SNU{0}

Next, suppose that 6 < d— /2 and that y(v) > E(d((),v) - 1)76 for some 0 < B8 < d
and £ > 0. Then, (7.77), the triangle inequality, and the same arguments as in the

previous case yield

lngL 1§1f Var [Tr[K,]]

> lim inf o—td(0,u) —td(0,0)? (eatQ(d(u,v)H)—ﬂ _ 1)
- =0
u,vEZ4

> S 2 —td(0,u)? —td(0,v)? -B
_Cllrglglft Z e (d(0,u) +d(0,v) + 1)

u,veZ4
_ C 2 —tmS—tn? -6
= Lliminf? > cml(0)ca(0)e (m+n+1)

m,neNU{0}
> PRTINE 2-2(d—1)/6+8/6 d—1,—m%—nd HN\—8
> LC 11rtri)10nft Z (mn)* e (m+n+t°)

m,netl/SNU{0}

= LC? lim inf 2~ 2d=0/2)/3 / / %e’xtyé dxdy > 0.
=0 (z+y)°
00

Finally, suppose that § < d and inf,czs y(v) > £ > 0. In this case we obtain that

. > Tim'i 2 ) —td(0,u)® —td(0,v)°
hrtrlglfVar [Tr[K,]] > hrtilonf <e 1 Z e

u,vEZ4
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2 o)
> LC? lirtri)ionf 12 (Z ndlth”6> = LC? lirtn ionf {2—2d/9 /xdlezx de | >0,
%

neN 0

thus concluding the proof.
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APPENDIX A

Proof of a Cauchy-like Summation Identity by

Zhipeng Liu

The original motivation of thise section is to provide proof for one conjectured
identity, Corollary 3.5.4 by Yuchen Liao. Sometime later after the proof, we were
told that one lemma in our proof, Proposition 3.5.1 now, was also conjectured by
Yuchen earlier. So we restructured the proof to fit the main text. The proof of

Proposition 3.5.1 and Corollary 3.5.4 are given in Sections A.2 and A.3 respectively.

A.1 Lemmas on perturbations of Cauchy determinants

We will need the following linear algebraic lemmas.

Lemma A.1.1. Suppose {x; : 1 <i<n} and {y; : 1 <i < n} are two sets of distinct

complex numbers, and f is a polynomial of degree < n — 1. Then

_ 1 1 f(%))n _
det( :ci—yj+:ci—yjf(yj) 0

ij=1

Where we assume that f(y;) # 0 for all1 < j < n.
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Proof. The conclusion is equivalent to

det (M) 0.

Ti—Yj ij=1

Since f is a polynomial of degree at most n — 1, we could write

f@i) — f(2)

Ti—2z Cn2(2)2] 2+ ena(2)2] 7+ -+ o(2),

and

det (%ﬁjy])) = det Z Ce; (y])IfJ

,j=1 0<l;<n—2

— Y e () —o

=1
0<by, fn<n—2 j=1 ”

ij=1

where we used the fact that det(xfj)zjzl = 0 since at least two of ¢,’s are equal. [

Lemma A.1.2. Suppose {x; : 1 <i<n} and {y; : 1 <i < n} are two disjoint sets

of complex numbers. Let p,q € C be complex numbers such that x; # —q and y; # —p
forall1 <i,5 <n. Then

D (=1 det ( ) I Lo — P
1<a,b<n Ti = Yj Eé’;ﬁ (¥ — p)(Ta +q)

Li — i 1 !
= Pol1- Yitd -det( ) ,
i Yi — D P X +q € _yj i,j=1

and

1 P — "
det ( + i P )
v —y;  (y;—p)(x +q)

1,7=1

i — i 1 "
= 1+H$ b 1—Hy+q det( > .
i Y —Pp i Ti +q Ty —Yj ij=1

297




Proof. When p = 0 and ¢ = 1, these identities were proved in [9], see Lemma 5.5 and
equation (5.36). The general case follows from a re-scaling and translation for z; and

y; on the case with p =0 and ¢ = 1. u

Lemma A.1.3. Suppose {x; : 1 <i<n} and{y; : 1 <i < n} are two sets of distinct

complex numbers. Assume p,q,r € C. Then

det ( + - )"
vi—y; (Y —p)(@i+q) ij=1

I R R o f A IR AR 1 \"
= (1 s (1 H (y; — p) (2 +Q)>> det <l’z _yj)id:l, (A.1)

i

and

1 n
det < + ! )
Ty — Y Y; —Pp ij=1

:(1_r-(1—1:[Z:£>>det<xiiyj);1. (A.2)

Proof. Note that if we replace r by rq and let ¢ — oo in the first identity, we obtain

the second identity immediately. Thus it is sufficient to prove (A.1).

Note that both sides of (A.1) are linear functions of r. (To see this for the left
hand side of (A.1) one can use for example Lemma 4.5.13). Hence it is sufficient to
verify this identity for two different values of r. Obviously it is true when r = 0.

Thus we only need to prove the case when r = p + ¢, that is

1 " =) (y; 1 \"
det( L pta ) :H(w )y +Q),det( > .
vi—y W-p)(+a)/, .t wi—p)(Titaq) Ti—=Yi ) ij=1

Z (A.3)

Below we prove (A.3) by induction. It is obviously true when n = 1. Now we assume
that the identity holds for smaller n and want to show it for n.
We view (A.3) as an identity of z,,. Observe that both sides go to zero as =, — 0,

and only have simple poles at x, = yr,1 < k < n and x, = —g. We write the two
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sides as

= C% Cy n ~

LTy — 'rn—i_q — Yk

X T
”+q k=1 k=1

where C;, C} (0 < ¢ < n) are independent of z,,. We first check Cy, = C} for 1 < k < n.

By evaluating the residues at x,, = yx, we get

1
Cp = (—=1)F" det ( TR )
i —y; (Y, —p)(wi +q) 17? J;Z

and

/_ n+kH xl_ yz+q) det( 1 )
)z + q) x; —Y; ) 1<ij<n

i#n,j 2k
= (I yj+q~det( ! ) y
i Vi T4 Vi TP Ti —Yj 35;@?&2

where we used the fact that x, = y, in the last equation. By using induction we
obtain that Cj, = C}.
Finally, instead of showing Cy, = C directly, we want to verify (A.3) for one

specific value of x,: x, = p. If it holds, we have

C . Cy e
P e IR
pP+a =p—y pta =p—u
and hence Cy = CJ.
When z,, = p, the right hand side of (A.3) is zero. On the other hand, the entries
of the n-th row of the matrix on the left hand side of (A.3) are

1 P+q
+ =
p—y (yi—pp+q

Thus the left hand side is also zero. We conclude that (A.3) holds when z, = p.

Recall the argument above. We finish the induction of (A.3). O
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Lemma A.1.4 (Lemma 5.9 of [9]). For two n x n matrices P and @,

Z (_1)#(JC;J)+#((J')C;J') det[P(i, i/)]iej,i’ej’ det[Q(, i,)]ieJC,i’e(J’)c

JJ'C{1,+ n}
[J|=]J"]

= det[P + Qli<i,ir<n-

Here we recall that for 1,J disjoint subsets of {1,---,n}, the number of inversions

#(1;J) is defined as
#(I1;J) = {(i,5) e I x J:i>j}. (A.4)

A.2 Proof of Proposition 3.5.1

We denote the two sides of equation (3.64) L, and R,, respectively. Expanding

the determinants out we have

L, := LHS of (3.64)

n n / i A A
B / W) — T Wor ) T 1
= sgn(oa’) 7 T
0,0/€Sn ASA oA B jo1 \rmjp1 Lo@) T T Woi) T e Wo(j) T Thy+1

On the other hand applying Lemma A.1.4 with P = (P(4,7))i1<ii<n and Q =

(Q(4,7"))1<i,i<n Where

n

B N A+1 ~
1 /'/ 1 /" _ {/
P(i,i') = , ||“’%+”, Qi,i') = T W‘sz*m’

~
—W; w; w; — T (07 T
i il y_g i l —1 i + e

we have

R, := RHS of (3.64)
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B A
= —1)#SES)HH(S)55) | ; . Hi/eS/('LU;/ + 7TZ)
= > (=1 det (o ) oo 5

S|7§|,E\%;’7ll] ’ v ﬁég/ =1 ies\Wi [

s ve(sy: (Wi + 7e)

1 z re(Sh)e 5)
-det | ——— : ~
(—wi + wé) i H HZGSC w; — W) g [ Licse (wi + )

E(sf)c (=2

Here the inversion number #([; J) is defined in (A.4). Now we prove that L, = R,

by induction on n. For n = 1 we have

A A .
L : w/1—|—7Tz 1
1= E ” — -
wy+ T w7
NTB W1 T T Wt Ty
B L AfL .
1 Hw’1+7rg Hwi—i—m
:—/ — — N :Rl
wp — W) w1 + Ty e wy + Ty

(=1

Here we used the fact that there are only two terms in the sum in R; corresponding
to S =0or S ={1} and we used the identity (3.63). Now assume L,,_; = R,,_; holds
for some n > 2. We will first fix 1 < a,a’ < n such that o(n) = a and o'(n) = o,
sum over Aq,--- , A\,—1 and apply induction hypothesis, and finally sum over a and a'.

In this way we have

n / An ’ “
j: a+a,ij—7Tn'wa—7rn.Hwa,—i—w. 1
Z o ;o ~ N
=B 1<a,a’<n j=1 ’UJ] Tn wa’ Tn =1 Wq + Ty Wa, + T, +1
E sgn(o)sgn(c’) E
o:[I;n—1]—[1;n]\{a} A>A1 > > 12
o’:[l;n—1]—[1;n]\{a’'}
-1 -1 / Aj
IR ) (RS
=1 \ oS Woli) = ey Wol) e wU(j) T T+1

Applying the induction hypothesis to the last sum above we have

n / An / ~
a+a Wj —Tn  Wq — T wa,—i—m. 1
E E | | ; | | A -
w;—m, w,—m Wy + 7o Wq+ T
_Bl1<aad'<n j=1 n Vaf no oyl Wa T Wa ot T4
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An

/ A~
I (C1)FEUESIHEIMS) . ge < 1 ) 1 e (W) + 72)
w; — W, ) ies ey Hies(wi + 7p)

Sclin]\{a} v ires!
S'Clin]\{a’}
1S=19|
( 1 ) n Hile(sl)c\{a/}<w;/ - 7T£) Al Hi/e(sl)c\{a/}(wgl + ’ffg)
ddet (——) . . )
Wi+ w l/é?;)>£?i/} /=2 Hiesc\{a} (wz - 7T[) =1 HiGSC\{a} (wl + 7]—[)

Now we set T'= SU{a} and 7" = S"U{d’} and rewrite the sum above as summation

over T and T" :

n I A
o1 Wi T T T . —w; +wj, ) iere
J )\n B TC[l,n} i G(T )
T'C[1n]
\T|:|T'\n>1
1 A+1 An ~
.n HZE T/ w/ H ZE T/ w/ —'I_’ﬂ_[) . Hi/ET/<w;/ +7T,€)

=2 [Tier(wi —m) HzeTc w; + ) =1 [Ticr(wi + 70)

acT w; — W, iET\{a} (wa/ - Wn)(wa _I_ ﬂ-)\n"l‘]-)

NP
a'eT’ i'eT"\{a’}

By Lemma A.1.2 the sum in the last row above equals

Hz‘eT(wi — Tn) 1 Hi’eT’(wg’ +Aﬁ'/\n+1) - det 1 : ‘
) w; — W, ) €T

Hi’eT’ (wjy — HieT(wi + Ta,+1)

ieT’

Hence
-8 S (o) e ()
A\=B TC[Ln] Wit Wy VeI Wi = Wi /4T,
T'C[1;n)]
|T|=[T"]>1

Hi’E(T’)C(wg’ - 7TZ) atl Hi’E(T’)C(wé’ + ﬁ'g)

n
g [Liere(wi — ) P [T;eqe (wi + )
)\n / ~ )\n+1 , R
. H i €T’ (wi' + ﬂ-f) H’L"ET’ (U)i, + 'ﬂ—e))

=1 HieT(wi + ) =1 HieT(wi + 7te)
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Interchanging the order of summations and summing over A, first we see

e 1 1
L, = _)#TET)+H(TST) | Qet [ —— cdet [ ————
Z (=1) © —w; +w), ) iere ¢ w; — W, ) ier

TC[1n] ie(T)e ieT’
T'C[1;n]
|T\:\T'|
B A+1 .
H zET’ H zeT’)c Wiy + )
HlGTC w; — HZGTC (wz + 7@)

ver (Wi + T A+ ver (Wi + 7
(HH >_ [T >>

[Ler(wi+ ) 3 Tier(wi + @)

:Rn_Qn

Note that we have added the term corresponding to 7' = 7" = () to the sum which

does not harm since the term equals zero. Here

/\c ! 1 1
L= _FTED+#T)ST) L Qe | —————— cdet [ —————
Q Z (1) ¢ —w; +w, ) iere ¢ w; — W, ) er

T,C[[l;n]] Y ie(T)e ‘eT’
T'C[lin
|T|=[T"]
n n A+1 ~
Hz re(T")e z’ - H w + 77[
=2 ILicre (wz ) =1 (=1 (w; + )

n
pategiyaie (w; + ) w; — W, s Wi — . Lt

The last determinant is zero by Lemma A.1.1. Hence L,, = R,, and this finishes the

proof.

A.3 Proof of Corollary 3.5.4

For notational convenience we set

N
N 1 Aj+1 1
() =det [ [] 11 — :
w; — T w; T
—j1 t £ ,= i 14 et
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W (') =det | ] (wj—me) [J(w]+ 7o)
l=j+1 (=1 .
3,0=1
Then
> W4 (@) U () = ) > U (@) W ().
ANFL=N>A1 > >An>A B=A B+L—-N>\>-->\y=B

Hence the corollary follows immediately from the following identity after a telescoping

summation:
L\ N1 N
3 v ) = (1- (2 et [ —
BAL—N>\ >->Ay=B ’ ’ o w; — Wy ij=1
CNSA > S Ay— ;
N B , . N B+1 , . (A.5)
<HHwi+ﬂ-£ —HH wi—’—ﬂ'g)
Sl Wit e oy Wit T

To see (A.5) we write

> WA () W3 ()

B+L—N>\>-->\y=DB

_ 3 W () WY () — > W (@) W ()

B+L-N2>A2-->AN2>B B+L—N>A1>-->An>B+1

= J1 - <]2.

By Proposition 3.5.1 we have

N
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w; + Ty 1 Wy — Ty w; + Ty
h=1Il = det | —— -1l — 1l =

i1 gy Wi T e Wi — Wy W; — Ty w; + Ty

=2 (=B+1 i1

N
N B , . N L P
_HHwi—l—m det 1 ) (z> w; — T Wi 4 Ty
— i — 1 (= / _ :
Ty Wi + 7y w; — Wy z Wy, — T Wi + T4 o

),
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where in the second equality we used the periodicity of the parameters {;};cz and

the fact that w;’s satisfy the Bethe equations (3.66). Similarly

B+1

(2'/2)".

Set p =

1—p

<1 +
Similarly
N B+1

=111l 5=,

=1 (=1

w—i—m
wz—i-m

Hence

1 \N -
- N—-1
Jr—Jy=(1—p) - det (M)wd(nn

/

1
ot (s
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N

(11

i=1

wit®e gL
w; + Ty w; — W,

By Lemma A.1.3 above we have
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wi/_ﬂ-l

N

)

).
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1

N

N r A
w; + Ty
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i=1 (=1

This proves (A.5) and the corollary then follows.
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