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A Derivations

A.1 Dynamic prediction under copula formulation

Here, we present the derivation for the dynamic prediction for surviving the prediction
window s given in Eq.(1) in our copula model notation (omitting the subscript for individual
k and the covariate vector X for brevity). We use the notation Z, = Z(7)|T" > 7 and
T, = T|T > 7 to represent the cross-section marker data and conditional survival time
distributions at prediction time 7. Then, the dynamic prediction in the copula formulation

is given by

p(r,s|Z(1)=2)=P(T >717+s|T>1,Z(1) = z2)
PT>71+s,7(t)=2T>T)
P(T >r1,7Z(1) ==z)
P(T>71+s,Z(1)=2T >71)P(T > 1)
P(Z(t)==zT >1)P(T > )
PT>71+s,Z(1)=2T >7)
P(Z(1t)=2zT > 1)
PT,>71+s,Z;, =2)
P(Z, =z)




A.2 Dynamic prediction under latent variable formulation

Here, we present the derivation for Egs.(2) and (3). We use the notation Fr (z) = P(T <

tT > 1), Fz:(y) = P(Z*(7) < y|T > 7) and Fr, z:(x,y) = P(T < ¢, 2*(1) < y|T > 7).
Based on the latent variable formulation, Z(7) = 0 corresponds to Z*(7) < 0, and Z(7) =1

corresponds to Z*(7) > 0. Thus,

PT>7+sT>7,Z(1)=0)=P(T>7+s|T >7,72"(1) <0)
P(T>1+s,2%(1) <0|T > 1)
P(Z*(t) <0|T > )
P(Z*(1)< 0T >71)—P(T <71+s,2*(1) <0|T > 1)
P(Z*(t) < 0|T > 1)
_ Fz:(0) = Fr, z:(7 +5,0)
B F7:(0)

and the dynamic prediction for surviving the prediction window s conditional on Z(7) = 1

is given by

PT>1+sT>1,Z(r)=1)=PT>1+s|T >71,Z2"(1) > 0)
P(T>71+s2Z(1)>0|T >1)
P(Z*(1) > 0|T > 1)
PZ*(1)>0T>7)+P(T<7+s2*1)<0|T >7)—P(T <7+ s|T>1)
1—P(Z*(t) <0|T > 1)
1 — Fz:(0)] = Fr, (1 + 5) + Fr, z:(7 + 5,0)
1—FZ;«(0)

A.3 Binary marker distribution under illness-death model

We write out the distribution of the marker value at 7 under the true illness-death model

using the notation \;;(¢|X) to represent the hazard of transitioning from i to j (0: Healthy,



1:111, 2: Dead) as

Pr(Z(r) =0,T > 7|X)
Pr(T > 7|X)
e~ fOT )\Ql(u‘X)-‘r}\oz(u‘X) du

Pr(Z(1t)=0|T > 7,X) =

— o foT o1 (] X)+Xo2 (u|X) du + fOT o fov o1 (u|X)+Aoz2 (u]|X) du)\Ol (U‘X)ei f'uT A12(u]X) du do

Pr(Z(7) = 1T > r,X) = 1 — Pr(Z(r) = O|T > 7,X)

In the first equation, the numerator represents the probability that an individual remains in
the healthy state from time 0 to time 7 and does not transition to illness (0 — 1) or death
(0 — 2) during this time. The denominator represents the probability that the individual
does not transition to the death state by time 7, which is the sum of the first term, the
probability that they don’t transition to the death state from the health state during that
period (0 — 2), and the second term, the probability that they remain in the healthy state
and at some time 0 < v < 7 they transition from the healthy state to the illness state (0 — 1)
and then remain there for time v to 7, i.e., don’t transition to the death state (1 — 2) during

that time.

B Simulation Settings

B.1 Scenario 1: Markov, Single baseline covariate

B.1.1 Data Summary

Table B1: Proportion of patients (n = 1000) with particular number of inspection times within
15 years for binary marker Markov simulation setting with one baseline covariate.

No. insp times ‘ 1 2 3 4 5 6 7 8 9 10 11 12 13 >14
Insp rate 0.5 | 26% 21% 15% 11% 10% 6% 4% 3% 2% 1% 1% 0% 0.1% 0.1%
Insprate 1 | 14% 14% 11% 9% 9% 9% 5% ™% 5% 4% 3% 2% 2% 6%
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Figure B1: Overall survival (left) and Freedom from illness (right) curves by baseline covariate
for binary marker Markov simulation setting with one baseline covariate.

B.1.2 Modeling Failure Time data

Testing proportional hazards assumption: We test the proportional hazards assump-

tion using the Schoenfeld residuals and find that there is no significant evidence against the

assumption (p=0.78) (Figure B2).

Checking influential observations: We check for outliers by examining the deviance

residuals (normalized transform of martingale residuals) and find that they are symmetrically

distributed about 0 (Figure B2).
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Figure B2: Cox model diagnostics for the binary marker Markov simulation setting with one

baseline covariate.



B.1.3 Modeling Binary marker data

We examine the Pearson residuals from the probit model (BC1) fit to the marker data. We

see that there is deviation from zero at later times (Figure B3).
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Figure B3: Pearson residuals for probit model (BC1) by measurement time (LM), baseline covari-
ate X, and the linear predictor for the binary marker Markov simulation setting with one baseline
covariate.

B.1.4 Evaluating predictions

We compare the predicted vs. actual probabilities for the joint, landmark, and copula models.
The predictions for the MM, LMInt3, and BC1 models are similar. However, the predicted
probabilities of the LM3 model (landmark model without the interaction) does not have a

high enough prediction for those with X =1 and Z = 1 (Figure B4).

B.2 Scenario 2: Semi-Markov, Single baseline covariate

B.2.1 Data summary

Table B2: Proportion of patients (n = 1000) with particular number of inspection times within
15 years for the binary marker semi-Markov simulation setting with one baseline covariate.

No. insp times ‘ 1 2 3 4 5 6 7 8 9 10 11 12 13 >14
Insp rate 0.5 | 27% 20% 14% 13% 10% 6% 4% 2% 1% 1% 1% 1% 0.3% 0.4%
Insp rate 1 | 14% 14% 12% 10% 9% 6% 7% 6% 5% 4% 3% 3% 2% ™%
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Figure B4: Predicted vs. actual probabilities by prediction time for the binary marker Markov
simulation setting with one baseline covariate.
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Figure B5: Overall survival (left) and Freedom from illness (right) curves by baseline covariate
for the binary marker semi-Markov simulation setting with one baseline covariate.



B.2.2 Modeling Failure Time data

Testing proportional hazards assumption: We test the proportional hazards assump-
tion and find that there is possible evidence against the assumption for the baseline covariate
X; (p=0.07). However, looking at the log(-log(Survival)) vs. log(time) we see that the curves
are parallel and thus no evidence against the proportional hazards assumption (Figure B6).

Checking influential observations: We check for outliers and find that they are

symmetrically distributed about zero (Figure B6).
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Figure B6: Cox model diagnostics for the binary marker semi-Markov simulation setting with

one baseline covariate.
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B.2.3 Modeling Binary marker data

We examine the Pearson residuals from the probit model (BC1) and find that there is

deviation from zero at later measurement times (Figure B7).
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Figure BT7: Pearson residuals for probit model (BC1) by measurement time (LM), baseline co-
variates X1, X9, and the linear predictor for the binary marker semi-Markov simulation setting
with one baseline covariate.

B.2.4 Evaluating predictions

We compare the predicted vs. actual probabilities for the joint, landmark, and copula models.
The predictions for the landmark model without an interaction (LM3) deviate from the true

probabilities for those with X; =1 and Z =1 (Figure B8).
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Figure B8: Predicted vs. actual probabilities by measurement time for the binary marker semi-
Markov simulation setting with one baseline covariate.



B.3 Scenario 3: Markov, Two baseline covariates
B.3.1 Data summary

Table B3: Proportion of patients (n = 1000) with particular number of inspection times within
15 years for the binary marker Markov simulation setting with two baseline covariates.

No. insp times ‘ 1 2 3 4 5 6 7 8 9 10 11 12 13 >14
Insp rate 0.5 |27% 21% 17% 11% 8% 6% 4% 2% 1% 1% 0.5% 0.6% 0.1% 0%
Insp rate 1 15% 12% 12% 11% 11% 8% 6% 6% 4% 4% 3% 2% 1% 5%
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Figure B9: Overall survival (left) and Freedom from illness (right) curves by baseline covariates
for the binary marker Markov simulation setting with two baseline covariates.

B.3.2 Modeling Failure Time data

Testing proportional hazards assumption: We test the proportional hazards assump-
tion and find that there is no significant evidence against the assumption for the baseline

covariates X; (p=0.33) and X, (p=0.15) (Figure B10).
Checking influential observations: We check for outliers and find that they are sym-

metrically distributed about zero (Figure B11).

B.3.3 Modeling Binary marker data

We examine the Pearson residuals from the probit model (BC1) and find that there is

deviation from zero at later measurement times (Figure B12).
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Figure B10: Cox model Schoenfeld residuals for the binary marker Markov simulation setting
with two baseline covariates.
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Figure B11: Cox model deviance residuals for the binary marker Markov simulation setting with
two baseline covariates.
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Figure B12: Pearson residuals for probit model (BC1) by measurement time (LM), baseline
covariates X1, X9, and the linear predictor for the binary marker Markov simulation setting with
two baseline covariates.
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B.3.4 Evaluating predictions

We compare the predicted vs. actual probabilities for the joint, landmark, and copula models.

The predictions for the landmark model without an interaction (LM3) deviate from the true

probabilities for those with X; = 1 and the intermediate event (Z = 1) (Figure BS8).
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12



C Simulation Results

Table C1: Average computation time (seconds) for model estimation in the simulation study.

Model Scenario la Scenario 2a  Scenario 3a

MM 10.41 10.37 11.32
MMCox 0.017 0.016 0.011
MSM - 975.1 -

MSMCox - 0.017 -
SMM - 527.7 -
LM3 1.620 1.550 1.139
LSM3 - 1.653 -

LMInt3 1.747 - 1.292
LM4 1.831 1.772 1.279
LSM4 - 1.829 -

LMInt4 1.928 - 1.404
BC1 0.916 0.911 1.260
BW1 0.916 0.911 1.268
BC2 0.918 0.912 1.261
BW2 0.918 0.912 1.266
BC3 1.868 1.849 3.236
BW3 1.926 1.897 3.245

13



(g10°0) 661°0 (510°0) 002°0 (910°0) 661°0 (S10°0) 661°0 (S10°0) 661°0 (S10°0) 002°0 (L10°0) T0Z'0 (L10°0) €02°0 (2T0°0) T0Z'0 (210°0) ¥0z'0 (910°0) 66T°0 (910°0) 66T°0 &
(€10°0) 00z°0 (£10°0) T02°0 (€10°0) 002°0 (€10°0) 002°0 (€10°0) 002°0 (€10°0) 102°0 (ST0°0) €02°0 (ST0°0) ¥02'0 (ST0°0) €02°0 (9T0°0) €020 (¥10°0) 0020 (¥10°0) 0020 ¥
(z10°0) 10Z2°0 (210°0) 20Z°0 (210°0) 102°0 (210°0) 102°0 (210°0) 102°0 (210°0) ¢0Z'0 (€10°0) €02'0 (€10°0) ¥02'0 (€10°0) €02°'0 (£10°0) €020 (210°0) T02°'0 (£10°0) TOT'0 €
(010°0) €£0z°0 (010°0) €02°0 (010°0) €02°0 (010°0) €02°0 (010°0) €02°0 (010°0) €02°0 (110°0) $02°0 (T10°0) S02°0 (T10°0) $02°0 (T110°0) ¥0z'0 (010°0) €020 (0T0°0) €020 &
(010°0) €£0z°0 (010°0) €02°0 (010°0) €02°0 (010°0) €02°0 (010°0) €02°0 (010°0) €02°0 (010°0) ¥0z'0 (010°0) ¥02'0 (010°0) ¥0z'0 (010°0) ¥0z'0 (010°0) €020 (0T10°0) €020 1T
(600°0) 9610 (600°0) G61°0 (600°0) S61°0 (600°0) S61°0 (600°0) S61°0 (600°0) S61°0 (600°0) $61°0 (600°0) S61°0 (600°0) S61°0 (600°0) S61°0 (600°0) S61°0 (600°0) S61°0 0
emd €0d TMd [4eY:1 meg 104 PIULINT PIN'T SIUTIN'T SIN'T XODININ NIN +
*e] OLIRUQDG IOy Iewl Areurq I0] suorjernuuIs ())G Ul 9100G I211g 973 JO Acoﬂdgow prepue)s @:@.v ueoN on
(g70°0) 989°0 (g70°0) 989°0 (S¥0°0) 989°0 (S¥0°0) 989°0 (9%0°0) 989°0 (9%0°0) L89°0 (S¥0°0) $89°0 (L¥0°0) $89°0 (S¥0°0) L89°0 (2L¥0°0) $89°'0 (9%0°0) 2890 (S¥0°0) 889°0 &
(8€0°0) 169°0  (8€0°0) 069°0 (8€0°0) 1690 (8€0°0) T169°0 (8€0°0) 169°0 (8€0°0) 069°0 (8€0°0) 689°0 (0%0°0) 889°0 (8€0°0) 069°0 (6€0°0) 069°0 (8€0°0) 0690 (8€0°0) 169°0 ¥
(9€0°0) 689°0 (9€0°0) 689°0 (5€0°0) 069°0 (9€0°0) 069°0 (g€0°0) 689°0 (S€0°0) 689°0 (9€0°0) 689°0 (9€0°0) L89°0 (G€0°0) 069°0 (¢€0°0) 689°0 (5€0°0) 689°0 (G€0°0) 069°0 €
(620°0) 289°0 (620°0) 289°0 (620°0) 289°0 (620°0) 289°0 (680°0) 289°0 (6T0°0) T89'0 (6T0°0) T89'0 (6T0°0) 0890 (6T0°0) T89'0 (6T0°0) T80 (620°0) T80 (620°0) T8I0 T
(£20°0) 999°0 (£20°0) 999°0 (L20°0) 99°0 (.20°0) 99°0 (L20°0) €99°0 (L20°0) $99°0 (2z0°0) $99°0 (2T0°0) ¥99°0 (220°0) §99°0 (220°0) $99°'0 (2T0°0) €990 (T0°0) S99°0 T
(¥20°0) 8€9°0  (¥20°0) 869°0 (¥20°0) 869°0 (¥20°0) 869°0 (¥20°0) 869°0 (¥20°0) 8€9°0 (¥20°0) 8€9°0 (¥20°0) 8€9°0 (¥20'0) 8€9°0 (¥20'0) 8€9°0 (¥T0'0) 8690 (¥20°0) 8€9°0 0O
emd £0d Tmd zod md 10d PIUTINT PIN'T CIUTIN'T EIN'T XODININ WIN +
"R OLIRUOOG IoyIew AIeUl(] IOJ SUOIJR[NUWIS ()G UL DNV 242 Jo Azoﬁﬁ\/@v prepue)s ﬁcﬁ.v e Aﬂv
(120°0) 6800 (££0°0) ¥$0'0 (020°0) 8600 (2€0°0) ¥50°0 (020°0) 860°0 (2€0°0) ¥S0°0 (¥¥0°0) ¥90°0 (2¥0°0) 280°0 (€¥0°0) 190°'0 (1¥0°0) 9,00 (0¥0°0) €900 (IT0°0) €80°0 &
(610°0) ¥£0°0  (620°0) S¥0°0 (610°0) €€0°0 (620°0) ¥¥0°0 (610°0) ¥€0°0 (620°0) S¥0°0 (S€0°0) S50°0 (S€0°0) 6900 (¥€0°0) €50°0 (¥€0°0) 8900 (5€0°0) 0900 (0T0°0) 000 ¥
(810°0) T€0°0  (920°0) TFO'0 (810°0) T€0°0 (920°0) TF0°0 (810°0) T€0°0 (920°0) TF¥0'0 (€€0°0) L¥0'0 (€€0°0) 9500 (2€0°0) 9%¥0°0 (T€0°0) 190°0 (0€0°0) ¥S0°'0 (8T0°0) LZOO € T =X
(L10°0) 820°0 (€20°0) 980°0 (810°0) 820°0 (€20°0) 9€0°0 (L10°0) 8200 (€20°0) 9€0°0 (820°0) €70°0 (620°0) 8700 (820°0) TFO'0 (8T0°0) ¥S0'0 (5T0°0) 9%0°0 (9T0°0) ¥20'0 T
(¢10°0) ¥20'0  (020°0) 0£0°0 (910°0) ¥20'0 (120°0) 0£0°0 (510°0) €20°0 (120°0) 0€0°0 (¥20°0) L£0°0 (S20°0) 6€0°0 (¥20°0) $€0°0 (¥20°0) €70°0 (2T0'0) 9¢0°0 (STO°0) 1200 T
(910°0) 020°0  (810°0) $20°0  (910°0) 1200 (610°0) ¥20'0 (910°0) 020°0 (610°0) ¥20°0 (610°0) 920°0 (120°0) £20°0  (020°0) 920°0 (T20°0) 820°0 (8T0°0) €20°0 (LT0°0) T20°0 0
(610°0) 9800 (¥20°0) TF0'0 (610°0) ¥£0'0 (¥20°0) 1¥0°0 (610°0) ¥£0°0 (¥20°0) 1¥0°0 (920°0) L¥0'0 (820°0) €90°0 (920°0) ¥¥0'0 (S20°0) 9900 (€20°0) 0V0'0 (ST0°0) 920°0 &
(,10°0) 0£0°0 (220°0) 880°0 (L10°0) 0£0°0 (220°0) 880°0 (L10°0) 0£0°0 (220°0) 8€0°0 (€20°0) T¥0'0 (€20°0) 6500 (2T0°0) 6€0°0 (2T0°0) LS00 (0T0°0) G600 (¥10°0) ¥2O'0 ¥
(¢10°0) 920°0  (020°0) €€0°0  (ST10°0) 920°0 (020°0) €€0°0 (S10°0) 920°0 (020°0) €€0°0 (T20°0) $€0°0 (610°0) TG00 (0T0°0) ¥€0'0 (610°0) L¥O'0 (610°0) 0600 (TT0°0) TTOO € 0= X
(210°0) 220'0  (910°0) L20°0 (210°0) T20°0 (910°0) 920°0 (210°0) T20°0 (910°0) 9200 (8T10°0) 0€0°0 (2T0°0) €70°0 (2T0°0) 8200 (9T0°0) LE00 (ST0°0) G200 (ITO0) 6100 T
(010°0) 210°0  (€10°0) 1200 (010°0) L10°0 (€10°0) 020'0 (0T0°0) 100 (€10°0) 020°0 (910°0) ¢20°0 (910°0) €€0'0 (€10°0) ¥€0'0 (S10°0) L20°0 (€10°0) 020°0 (0T0°0) 9100 T
(¢10°0) 6100 (€10°0) 0200 (€£10°0) 610°0 (£10°0) 020°0 (£10°0) 610°0 (€10°0) 020°0 (¥10°0) 610°0 (910°0) €20°0 (¥10°0) 610°0 (910°0) €20°0  (210°0) L10°0  (IT0°0) STO0 0O
emd €09 Tmd zod md 1049 PIUTIN'T FIN'T CIUTIN'T EIN'T XODININ WIN +

‘@] OLIRUOOG IoyIewl ATeUlq JOJ SUOIR[NWIIS ())G Ul 10110 UoIdIpald palenbs uesur 1001 o1} JO (UOIJRIASD pIepuUeR)s pue) Uraly (e)

"R] OLIRUSOG IoYIew AIRUI( IOJ S)NSOI UOIjeNWI§ g S[qe],

X 9JRLIRAOD SUI[ase( S[3UIG (G ()=9)RI) SO} UOIDedSUT WOPURI J@ POAIISCO IoYIR]\ [9POUL AONIR]\ ©

s}[Msey] B OlrRUSdS '

14



0.00- - -

_—
-45
-0.05- §_5.0
%) (]
Ked 355 e
= 1 > S w“
0.10 2
/‘/‘—_‘—N =-6.0
-0.15- ‘ | | | | | 65{ ‘ ‘ ‘ ‘
0 1 2 3 4 5 0 1 2 3 4 5
Prediction time Prediction time
Model ~®= BCl == LM3 == MM Model ~®= BCL =A= LM3 == MM
== BW1 == LMInt3 === MMCox =l= BW1 == |LMInt3 === MMCox
0.004
0.015
0.003
[6)
~0.010
2 2
éo.ooz g
0.001 0.005
0.000{ M ! | i i i 0.0001 ‘ ' ‘ i i
0 1 2 3 4 5 0 1 2 3 4 5
Prediction time Prediction time
Model ~®= BCL =A= LM3 == MM Model ~®= BCL =A= LM3 == MM
== BW1 == LMInt3 === MMCox == BW1 =#= LMInt3 === MMCox
0.06
?0_05 ’I‘-ITO.OG
z z
w0.04 w
2 20.04
¥ 0.03 x
0.02
; ' | | | | 0.021 B ! i i i i
0 1 2 3 4 5 0 1 2 3 4 5
Prediction time Prediction time
Model ~®= BCL =A= LM3 == MM Model ~®= BCL =A= LM3 == MM
== BW1 == LMInt3 === MMCox == BW1 == LMInt3 === MMCox

Figure C1: Simulation estimates for binary marker Scenario la for bias (upper-left) and variance
(upper-right) for Z(7) = 1,X = 1, AAUC (middle-left), and AR? (middle-right), and RMSPE
for X = 0 (bottom-left) and X = 1 (bottom-right) for predicted probability P(T" < 7 + 3|T" >
7, Z(7), X) from copula models (BC1), (BW1), joint models (MM), (MMCox), and landmark mod-

els (LM3), (LMInt3).
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Figure C2: Simulation estimates for binary marker Scenario 1b for bias (upper-left) and variance
(upper-right) for Z(7) = 1,X = 1, AAUC (middle-left), and AR? (middle-right), and RMSPE
for X = 0 (bottom-left) and X = 1 (bottom-right) for predicted probability P(T" < 7 + 3|T" >
7, Z(7), X) from copula models (BC1), (BW1), joint models (MM), (MMCox), and landmark mod-
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Figure C3: Simulation estimates for binary marker Scenario 1lc for bias (upper-left) and variance
(upper-right) for Z(7) = 1,X = 1, AAUC (middle-left), and AR? (middle-right), and RMSPE
for X = 0 (bottom-left) and X = 1 (bottom-right) for predicted probability P(T" < 7 + 3|T" >
7, Z(7), X) from copula models (BC1), (BW1), joint models (MM), (MMCox), and landmark mod-
els (LM3), (LMInt3).
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Figure C4: Simulation estimates for binary marker Scenario 2a for bias (upper-left) and variance
(upper-right) for Z(7) = 1,X = 1, AAUC (middle-left), and AR? (middle-right), and RMSPE
for X = 0 (bottom-left) and X = 1 (bottom-right) for predicted probability P(T" < 7 + 3|T" >
7,Z(7), X) from copula models (BC1), (BW1), joint models (MSM), (MSMCox), (SMM), and
landmark models (LSM3), (LSM4).
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Figure C5: Simulation estimates for binary marker Scenario 2b for bias (upper-left) and variance
(upper-right) for Z(7) = 1,X = 1, AAUC (middle-left), and AR? (middle-right), and RMSPE
for X = 0 (bottom-left) and X = 1 (bottom-right) for predicted probability P(T" < 7 + 3|T" >
7,Z(7), X) from copula models (BC1), (BW1), joint models (MSM), (MSMCox), (SMM), and
landmark models (LSM3), (LSM4).
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Figure C6: Simulation estimates for binary marker Scenario 2c for bias (upper-left) and variance
(upper-right) for Z(7) = 1,X = 1, AAUC (middle-left), and AR? (middle-right), and RMSPE
for X = 0 (bottom-left) and X = 1 (bottom-right) for predicted probability P(T" < 7 + 3|T" >
models (MSM), (MSMCox), (SMM), and

7,7Z(7),X) from copula models (BC1), (BW1), joint
landmark models (LSM3), (LSM4).
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Figure C7: Simulation estimates for binary marker Scenario 3a for bias and variance for Z(7) =
1,X; = 1,Xy = 1, AAUC, and AR?, and RMSPE for predicted probability P(T' < 7 + 3|T >
7, Z(7), X) from copula models (BC1), (BW1), joint models (MM), (MMCox) and landmark models

(LM3), (LMInt3).

27



(910°0) ¥61°0  (L10°0) $61°0 (910°0) ¥61°0 (910°0) ¥61°0 (910°0) ¥61°0 (910°0) ¢61°0 (L10°0) S6T°0 (L10°0) L6T°0 (L10°0) G6T°0 (L10°0) L6T°0 (L10°0) ¥6T°0 (L10°0) T6T'0 ¢
(e10°0) €61°0  (£10°0) €61°0 (£10°0) €61°0 (£10°0) €61°0 (£10°0) €61°0 (€10°0) €61°0 (¥10°0) €61°0 (¥10°0) $6T°0 (¥10°0) €6T°0 (¥10°0) S6T°0 (¥10°0) T6T°0 (¥10°0) TI6T0 ¥
(210°0) 261°0  (210°0) 26T'0 (£10°0) T6T'0 (£10°0) T6T°0 (210°0) T6T°0 (210°0) T6T'0 (€10°0) €6T°0 (€10°0) ¥6T°0 (€10°0) T6T°0 (€10°0) €6T°0 (€10°0) T6T°0 (€T0°0) T6T0 €
(110°0) €¢61°0  (110°0) €61°0 (110°0) €61°0 (110°0) €6T°0 (110°0) €6T°0 (110°0) €61°0 (TT0°0) ¥61°0 (1T0°0) ¥61°0 (T10°0) ¥61°0 (T10°0) ¥61°0 (1T0°0) €6T°0 (210°0) T6T°0 T
(o10°0) €6T°0 (010°0) ¥61°0 (010°0) €61°0 (010°0) €61°0 (010°0) €61°0 (010°0) €61°0 (010°0) ¥61°0 (0T0°0) ¥61°0 (0T0°0) ¥61°0 (0T0°0) ¥6T°0 (0T0°0) T6T°'0 (0T0°0) T6T'O0 T
(010°0) 98T°0  (010°0) 981°0 (070°0) 987T°0 (0T0°0) 98T°0 (010°0) 981°0 (070°0) 987°0 (0T0°0) 98T°0 (010°0) 981°0 (070°0) 987°0 (010°0) 28T°0 (010°0) 981°0 (0T0°0) G8T°0 0O
emd €0d Tmd zod mdg 10d PIUTINT PIN'T SIUTIN'T EIN'T XODININ NN +
‘(¢ OLIRULDG JIOYIRW AIRUI( IO SUOIJRINUIIS ())G Ul 9I00§ ISLIF o) JO (UOIJRIASD PIepUR)S pur) URSIN (9)
(870°0) ©99°0 (870°0) 299°0 (L¥0°0) €99°0 (L¥0°0) 299°0 (L¥0°0) 299°0 (L¥0°0) €99°0 (8%0°0) €99°0 (8%0°0) 999°0 (8%0°0) €990 (8%0°0) 9990 (2¥0°0) ©99°'0 (6¥0°0) ¥99°0 &
(2v0°0) 829°0 (£v0°0) 629°0 (2v0°0) 829°0 (2v0°0) 8.9°0 (€¥0°0) 8.9°0 (g¥0°0) 82,90 (€¥0°0) 6,90 (€¥0°0) z89'0 (TF0'0) 6,90 (€¥0°0) T89'0 (2¥0°0) 089°'0 (2¥0°0) 189°0 ¥
(,£0°0) 169°0 (L£0°0) 169°0 (L£0°0) 169°0 (L£0°0) 169°0 (L€0°0) 169°0 (L£0°0) 069°0 (L£0°0) T69°0 (8€0°0) T69°0 (L£0°0) 1690 (2£0°0) €690 (2£0°0) T69°'0 (8€0°0) T69'0 €
(££0°0) 269°0 (£€0°0) ©69°0 (2€0°0) €69°0 (2€0°0) €69°0 (€€0°0) 269°0 (€€0°0) ¢69°0 (€€0°0) T69'0 (€€0°0) 1690 (€£0°0) T69'0 (€€£0°0) T69'0 (€£0°0) ¥69'0 (¥£0°0) ¥69°0 T
(620°0) 089°0 (620°0) 089°0 (0€0°0) 189°0 (0€0°0) 189°0 (620°0) 089°0 (6T0°0) 089°0 (0£0°0) 089°0 (0£0°0) L,9°0 (0£0°0) 089°0 (0£0°0) 8290 (0£0°0) ©89'0 (0£0°0) 189°0 T
(0£0°0) ¥¢9°0  (0£0°0) ¥99°0  (0€0°0) 999°0 (0€0°0) 999°0 (0€0°0) ¥S9°0 (0€0°0) ¥S9°0 (1€0°0) ¥$9'0 (1€0°0) 169°0  (T€0°0) ¥$9°0 (1€0°0) 169°0  (0£0°0) 999'0  (0£0°0) §€9°0 0O
emd €0d [N [4eY:1 meg 104 PIUTINT PIN'T SIUTIN'T SIN'T XODININ WIN +
‘¢ OLIRUQDG IOMIRUX Areurq J0J suorje[nuIIs )0Gg ur DOV 92 Jo Aqoﬁmg@@ pIepue)s @qu ueoN An_v
(910°0) ¥60°0 (620°0) 901°0 (8%0°0) 001°0 (190°0) T11°0 (1%0°0) ¥80°0 (650°0) ¢0T'0 (1S0°0) ¥80°0 (950°0) ¥01'0 (050°0) 180°0 (950°0) 8600 (6£0°0) ©90'0 (0£0°0) 9¥0°0 &
(0v0°0) 620°0 (870°0) 180°0 (0¥0°0) 180°0 (6¥0°0) €80°0 (S¥0°0) 8.0°0 (8%0°0) 080°0 (S¥0°0) 8.0°0 (9%0°0) 880°0 (€¥0°0) 9L0°0 (¥¥0°0) 9800 (¥€0°0) $50°0 (820°0) ¥¥#0'0 ¥
(9€0°0) 890°0 (170°0) 990°0 (g€0°0) £90°0 (0¥0°0) $90°0 (€¥0°0) €.0°0 (0¥0°0) 990°0 (€¥0°0) €00 (T¥0°0) SL0°0 (€¥0°0) TL0'0 (0¥0°0) 6,00 (1€0°0) T1$0°0 (420°0) T#O'0O € 1 =7CX
(€€0°0) 190°0  (9€0°0) 8¢0°0 (2€0°0) L50°0 (2€0°0) ¥50°0  (I¥0°0) 020°0 (9€0°0) 8¢0°0 (1¥0°0) 0L0°0 (L£0°0) ¥90°0 (I¥0°0) 690°0 (9€0°0) T20°0 (820°0) S¥0°0 (920°0) 8800 & I =TX
(z€0°0) 8¢0°0  (¥€0°0) 850°0 (1€0°0) €50°0 (2€0°0) €50°0 (L€0°0) 990°0 (¥€0°0) 850°0 (L£0°0) 990°0 (€€0°0) 950°0 (8€0°0) $90°0 (T1€0°0) 6500 (220°0) TFO'0 (920°0) 9€0°0 T
(9€0°0) 860°0  (6€0°0) 290°0 (€€0°0) 250°0 (L€0°0) 950°0 (8€0°0) 50°0 (6€0°0) €90°0 (8€0°0) §50°0 (€€0°0) L¥0°0 (8€0°0) §50°0 (€€0°0) 9%0°0 (620°0) €700  (920°0) S€0°0 0O
(820°0) 50'0 (¥£0°0) 190°0 (L20°'0) ¢50°0 (€€0°0) 820°0 (L20°0) ¢0°0 (€£0°0) 630°0 (1€0°0) $50°0 (2£0°0) €200 (0£0°0) €500 (¥€0°0) 9200 (280°0) 6%0°0 (610°0) ¥€0'0 &
(920°0) 120°'0  (0€0°0) 250°0  (g20°0) 050°0 (0€0°0) 950°0 (220°0) 1S0°0 (0€0°0) 960°0 (620°0) 8%0°0 (1€0°0) TL0°0 (820°0) L¥0°0 (620°0) 890°0 (¥20°0) ¥¥#0°0 (L10°0) TEO0 ¥
(€20°0) ¢¥0'0  (820°0) 250°0 (£20°0) S¥0°0 (820°0) 2S0°0 (£20°0) ¢¥0°0 (820°0) ©S0°0 (920°0) €70°0 (¥20°0) L90°0 (920°0) €70°0 (¥20°0) 850°0 (220°0) 6€0°0 (910°0) 6200 € I =°CX
(120°0) 6£0°0  (920°0) S¥0°0 (120°0) 6£0°0 (920°0) S¥0°0 (120°0) 880°0 (920°0) ¢¥0°0 (¥20°0) 6£0°0 (120°0) L50°0 (¥20°0) 860°0 (020°0) 9%¥0°0 (T120°0) $€0°0 (910°0) 9200 & 0= TXx
(810°0) 0£0°0  (120°0) ¥€0°0 (810°0) 620°0 (220°0) ¥€0'0 (810°0) 620°0 (220°0) €€0°0 (¥20°0) $€0°0 (8T0°0) 0O¥0'0 (¥20'0) €600 (910°0) T€0'0 (020°0) 6200 (ST0°0) €200 T
(¢10°0) 610°0  (410°0) 020°0  (¥10°0) 610°0 (910°0) 020°0 (¥10°0) 610°0 (910°0) 020°0 (220°0) 820°0 (970°0) T20°0 (220°0) 820°0 (910°0) T20°0 (L10°0) T20°0  (910°0) 0200 0O
(820°0) 870°0 (2£0°0) 960°0 (L20°'0) L¥0'0 (¥€0°0) G20°0 (L20°0) 8%0°0 (¥€0°0) LS0°0 (8€0°0) 850°0 (0%0°0) L60°0 (2£0°0) 9500 (9€0°0) 1600 (8€0°0) 8500 (£20°0) 980°0 &
(820°0) L¥0'0  (¥€0°0) 50°0  (L20°0) 9¥0°0 (£€0°0) ¥S0°0  (820°0) L¥0°0  (¥€0°0) ¢S0°0 (€€0°0) €¢0°0 (9€0°0) 880°0 (€€0°0) 1S0°0 (¥€0°0) 680°0 (S€0°0) L50°0 (2TO'0) ¥€O'0O ¥
(820°0) 970°0  (¥€0°0) 50°0  (L20'0) ¥#0°0  (¥€0°0) €50°0 (820°0) 9¥0°0 (¥€0°0) ¢¢0°0 (620°0) 8%0°0 (2€0°0) LL0°0 (620°0) LF0'0 (2€0°0) $80°0 (€€0°0) €50°0 (I20°0) TEO'O € 0= °FCX
(L20°0) ¥70°0  (€€0°0) ¥S0°0  (920°0) T#0°0  (2€0°0) 1S0°0 (L20°0) €70°0 (£€0°0) ¥S0°0 (620°0) S¥0°0 (1€0°0) 890°0 (620°0) ¥%0°0 (2€0°0) 080°0 (0£0°0) 6¥0°0 (020°0) 000 & I ="TX
(¢z0°0) 8800 (1€0°0) 9700 (¥20°0) $¢0°0 (0€0°0) €700 (920°0) L£0°0 (T€0°0) ¢¥0'0 (820°0) 0¥0°0 (€€0°0) 8500 (820°0) 6€0°0 (€€0°0) 890°0 (620°0) 1¥0°0 (020°0) 8200 T
(220°0) 820°0  (¥20°0) 1€0°0 (120°0) £20°0 (€20°0) 0€0°0 (220°0) L20°0  (¥20°0) 1€0°0 (220°0) $€0°0 (€€0°0) 6¥0°0 (220°0) $€0°0 (¥€0°0) TS0°0 (€20°0) 0£0°0  (020°0) 9200 0
(L10°0) 1€0°'0  (020°0) 880°0 (L10°0) 1€0°0 (020°0) 2£0°0 (910°0) 1€0°0 (610°0) L£0°0 (220°0) €70°0 (220°0) L¥0'0 (220°0) T¥0°0 (020°0) 6%0°0 (610°0) L£0'0 (¥10°0) 8200 €
(g10°0) 820°0  (810°0) €€0°0  (S10°0) 820°0  (810°0) €€0°0  (210°0) 820°0 (810°0) €€0°0  (020°0) L£0°0 (610°0) S¥0°0 (610°0) 9€0°0 (810°0) ¥¥0°0 (210°0) €€0°0 (€10°0) 920°0 ¥
(¥10°0) .20°0  (L10°0) 2€0°0  (¥10°0) 920°0  (L10°0) 1€0°0 (¥10°0) 920°0 (L10°0) T€0°0 (810°0) ¥£0°0 (L10°0) ¥%0°0 (L10°0) €€0°0 (L10°0) 0O¥0°0 (910°0) 0€0°0 (2T10°0) €20°0 € 0= %X
(€10°0) 920°0  (S10°0) 620°0  (£10°0) $20°0 (S10°0) 820°0 (£10°0) ¢20°0 (S10°0) 820°0  (L10°0) 0£0°0  (910°0) 0¥0°0 (910°0) 620°0 (910°0) ¥£0°0 (S10°0) 920°0 (2T10°0) 18200 & 0= TXx
(¥10°0) 920°0 (810°0) 920°0 (¥10°0) ¥20°0 (S10°0) 20°0 (¥10°0) ¥20°0 (¥10°0) S20°0 (910°0) $20°0 (9T0°0) €600  (ST0°0) ¥20'0 (910°0) 6200 (¥10°0) T20'0 (Z10°0) 8TO0 T
(910°0) 620°0  (L10°0) 620°0 (910°0) 620°0 (L10°0) 620°0 (910°0) 620°0 (L10°0) 620°0 (¥10°0) T20°0 (LT0°0) L20°0  (¥T0°0) T20°0 (L10°0) L8200 (€10°0) 0200 (£10°0) L10°0 0O
emd €0d Tmd zod md 10d PIUTINT FIN'T CIUTINT SIN'T XODININ NN +

‘¢ OLIRUSDG JIoYIeW AIRUI( I0J SUOIJR[NUIIS ()G Ul JOLI® uoljoipard perenbs weeur 4001 o) JO (UOIIRIAGD pIepur)s pue) ues]y ()

‘(¢ OLIRULOG IoyIew AIeulq I0j S)MSol Uolje[nuils :60D 9[qel,

¢y ‘T 9JRLIRAOD SUI[asR( OM T, :(T=9)RlI) Sowl} UOII0edSUl WOPURI J@ POAISIS(O IoIR]\ [9POUL AONIR]\

S}MseY (g OLIRULdS  §'D

28



0.00-
-5.0
-0.05- 8
@ g
© =
[ 8 55
-0.10- 2
A A A -
/ A 60
-0.15-
0 1 2 3 4 5 0 1 2 3 4 5
Prediction time Prediction time
Model —% BC1 e M3 == MM Model —# BCL e M3 == MM
== BW1 =h= LMInt3 === MMCox == BW1 =h= LMInt3 === MMCox
0.008
0.006 0.015
g ~
0.004 o
g <90.010 ./.\.—././'
0.002
0.005
— /
0.000 —
0 1 2 3 4 5 0 1 2 3 4 5
Prediction time Prediction time
Model ~®= BCl =he= M3 == MM Model —® BCL whe M3 == MM
== BW1 =h= LMInt3 === MMCox =@= BW1 =h= LMInt3 === MMCox
0.05
5 Tol\o.os
QIO.04 Q‘
=) o
o 110.06
Y Y
0.03 o
) )
2 20.04
0.02
0 1 2 3 4 5 0 1 2 3 4 5
Prediction time Prediction time
Model —# BCL whe M3 == MM Model ~®= BCl =he= M3 == MM
== BW1 =h= LMInt3 === MMCox == BW1 =h= LMInt3 === MMCox
far 50.09
d0.06 &
X X
=) =
o 110.07
Y Y
w0.04 w
2 2
x £0.05
0.02 —_//'/

0 1 2 3 4 5 0 1 2 3 4 5
Prediction time Prediction time
Model ~®= BCl =he= M3 == MM Model ~®= BCl whe M3 == MM
== BW1 =h= LMInt3 === MMCox == BW1 =h= LMInt3 === MMCox

Figure C8: Simulation estimates for binary marker Scenario 3b for bias and variance for Z(7) =
1,X; = 1,Xy = 1, AAUC, and AR?, and RMSPE for predicted probability P(T' < 7 + 3|T >
7, Z(7), X) from copula models (BC1), (BW1), joint models (MM), (MMCox) and landmark models
(LM3), (LMInt3).
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Figure C9: Simulation estimates for binary marker Scenario 3c for bias and variance for Z(r) =
1,X; = 1,Xy = 1, AAUC, and AR?, and RMSPE for predicted probability P(T' < 7 + 3|T >
7,7Z(7),X) from copula models (BC1), (BW1), joint models (MM), (MMCox) and landmark models

(LM3), (LMInt3).

=l= BW1 == |LMInt3 === MMCox
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D Prostate Cancer Study

D.1 Copula Model

For the proposed copula model, in Figures D1 and D2 we evaluate the fit of the Cox model
to the failure time data. From the Schoenfeld residuals we find that there is no violation of
the proportional hazards assumption for any of the baseline covariates. Since the deviance
residuals are symmetrically distributed about zero there do not appear to be any influential
observations in the data. To check the fit of the probit model to the binary marker data,
we assess whether covariate transformation is required by examining the Pearson residuals
in Figure D3 and find that there is no apparent deviation from zero. The model for the
association parameter function was chosen to be a flexible function of landmark time (i.e.,

using splines) and baseline covariates.
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Figure D1: Schoenfeld residuals by baseline covariates for Cox model fit to prostate cancer failure
time data. Dashed blue line is a smooth line of the local average for the residuals.
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Figure D2: Deviance residuals for Cox model fit to prostate cancer failure time data. Dashed
blue line is a smooth line of the local average for the residuals.
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Figure D3: Pearson residuals for the probit model fit to the binary marker process by prediction
time (left) and fitted values (right). Blue line is a lowess smoother for the Pearson residuals.
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D.2 Joint Models

Table D1: Coeflicient estimates for joint models applied to prostate cancer data.

MM MM Cox
Transition Covariate Coef. SE Coef. SE
0—1 Age 0.013 0.019 0.014 0.019
log(PSA + 1) 0.424 0.173 0.431 0.172
Gleason score 0.740 0.156 0.753 0.159
Stage T2-T3 0.798 0.349 0.767 0.349

Comorbidities 1-2  0.053 0.302 0.061 0.302
Comorbidities >3  0.263 0.497 0.271 0.497

0—2 Age 0.077 0.013 0.080 0.013
log(PSA 4+ 1) 0.204 0.126 0.193 0.127
Gleason score 0.135 0.093 0.174 0.095
Stage T2-T3 0.051 0.169 -0.03 0.172

Comorbidities 1-2  0.678 0.181 0.700 0.182
Comorbidities >3  1.426 0.236 1.491 0.238

1—2 Age 0.049 0.024 0.043 0.025
log(PSA 4+ 1) -0.238  0.26 -0.183 0.319
Gleason score 0.574 0.206 0.612 0.229
Stage T2-T3 0.059 0.475 0.207 0.508

Comorbidities 1-2 -0.927 0.421 -1.005 0.451
Comorbidities >3 -0.507 0.646 -0.555 0.708
Log-likelihood -966.4 -1182
AIC 1969 2399
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D.3 Landmark Models

Table D2: Coeflicient estimates for landmark models applied to prostate cancer data.

LM4 LMInt4
Covariate Coef. SE Coef. SE
[3(7’) CF 3.921 1.21 3.406 2.972
CFEFx7 -0.46 0.409 -0.22 0.374
CFx72 0.021 0.033 0.006 0.031
w(r) CFx(t—7) 0562 0.175  -0.341 0.188
CFx(t — 7)? 0.093 0.045 0.062 0.049
0(r) T -0.069 0.023 -0.073 0.022
72 0.004 0.002 0.004 0.002
¢ Age 0.08 0.012 0.082 0.013
log(PSA + 1) 0.227 0.111 0.246 0.112
Gleason score 0.289 0.091 0.269 0.094
Stage T2-T3 0.042 0.167 0.057 0.171
Comorbidities 1-2 042 0.17 0.474 0.174
Comorbidities >3 1.214 0.247 1.23 0.252
CZ(r) CF*Age 0.015 0.024
CF*log(PSA + 1) 0577 0.366
CF*Gleason score 0.336  0.252
CF*Stage T2-T3 0.372 0.655
CF*Comorbidities 1-2 -1.116  0.457
CF*Comorbidities >3 -0.148 0.708
Log-likelihood -11132 -11118
AIC 22289 22273
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