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Abstract
Purpese:=Signal models based on sparse representations have received considerable
attention in recent years. On the other hand, deep models consisting of a cascade of
functional layers, commonly known as deep neural networks, have been highly suc-
cessful for the task of object classification and have been recently introduced to image
reconstruetion. In this work, we develop a new image reconstruction approach based
on asnevel.multi-layer model learned in an unsupervised manner by combining both
sparse Tepresentations and deep models. The proposed framework extends the classical
sparsifying transform model for images to a Multi-lAyer Residual Sparsifying trans-
form (MARS) model, wherein the transform domain data are jointly sparsified over
layers. We investigate the application of MARS models learned from limited regular-
dose images for low-dose CT reconstruction using Penalized Weighted Least Squares
(PWLS) optimization.
Methods:"We propose new formulations for multi-layer transform learning and image
reconstruction. We derive an efficient block coordinate descent algorithm to learn the
transforms across layers, in an unsupervised manner from limited regular-dose images.
The learned model is then incorporated into the low-dose image reconstruction phase.
Results:"liow-dose CT experimental results with both the XCAT phantom and Mayo
Clinie data’show that the MARS model outperforms conventional methods such as
FBP and PWLS methods based on the edge-preserving (EP) regularizer in terms of
two numerical metrics (RMSE and SSIM) and noise suppression. Compared with the
single-layer learned transform (ST) model, the MARS model performs better in main-
taining.some subtle details.
Conelusions: This work presents a novel data-driven regularization framework for
CT image Teconstruction that exploits learned multi-layer or cascaded residual sparsi-
fying transforms. The image model is learned in an unsupervised manner from limited
images. Our experimental results demonstrate the promising performance of the pro-
posed multi-layer scheme over single-layer learned sparsifying transforms. Learned
MARS models also offer better image quality than typical nonadaptive PWLS meth-
ods.
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. Introduction

Signal models exploiting sparsity have been shown to be useful in a variety of of imag-
ing and image processing applications such as compression, restoration, denoising, recon-

1,234 Natural signals can be modeled as sparse in a synthesis dictionary (i.e.,

struction, etc.
represented_as_a linear combinations of a few dictionary atoms or columns) or in a spar-
sifying transform domain. Transforms such as wavelets® and the discrete cosine transform
(DCT) are well’known to sparsify images. Synthesis dictionary learning® and analysis dictio-
nary learning“methods adapt such models to data and involve algorithms such as K-SVD”,
the Chasing Butterflies approach®, and some others. The underlying dictionary learning
problems are_typically NP-hard and the corresponding algorithms often involve computa-
tionally expensive updates that limit their applicability to large-scale data. In contrast, the
recently propesed sparsifying transform learning approaches? involve exact and highly effi-
cient updatessinsthe algorithms. In particular, the transform model suggests that the signal
is approximately, sparse in a transformed domain. Furthermore, Ravishankar et al!01%:!2

demonstrated the applicability of adaptive sparsifying transforms for several applications

such as image.denoising and medical image reconstruction.

On therother hand, deep models with nested network structure popularly known as deep
neural networks provide remarkable results for classification and regression across various
fields'®. QGivenwa task-based loss function for network parameter estimation, algorithms
based on gradient back-propagation sequentially reduce the error between a known target
(ground truth) and the network prediction. Another approach from a few research groups
combines deep network architectures with probabilistic models during learning, and this
generative Bayesian model'* attains a superior performance during the inference process.
Morever, theseonnections between sparse modeling and deep neural networks has also been
exploited. Fersexample, the multi-layer convolutional (synthesis) sparse coding model >
provides a_new interpretation of convolutional neural networks (CNNs), where the pursuit
of sparse representation from a given input signal complies with the forward pass in a CNN.
In the meantime, multi-layer sparsifying transforms make the most direct connection with
CNNs in the model and enable sparsifying an input image successively over layers!?, creating
a rich and more complete sparsity model, whose learning in an unsupervised manner and

from limited data also forms the core of this work.

Last edlteis BxticleNapize2ted by copyright. All rights reserved



74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

page 2 Xikai Yang

One of the most important applications of such image models is for medical image re-
construction. In particular, an important problem in X-ray computed tomography (CT) is
reducing the X-ray exposure to patients while maintaining good image reconstruction qual-
ity. A conwentional method for CT reconstruction is the analytical filtered back-projection
(FBP)'®. Héwever, image quality degrades severely for FBP when the radiation dose is re-
duced. In contrast, model-based image reconstruction (MBIR) exploits CT forward models

and statistical models together with image priors to achieve often better image quality®.

A typical MBIR method for low-dose CT (LDCT) is the penalized weighted least squares
(PWLS) appréach. The cost function for PWLS includes a weighted quadratic data-fidelity
term and a penalty term or regularizer capturing prior information or model of the ob-
ject 202122 Regent works have shown promising LDCT reconstruction quality by incorpo-
rating data-driven models into the regularizer, where the models are learned from datasets
of images orfimage patches. In particular, PWLS reconstruction with adaptive sparsifying
transform-baseédFegularization has shown promise for tomographic reconstruction 232425:26.27,
Recent work has‘also shown that they may generalize better to unseen new data than su-
pervised deep learning schemes?®. The adaptive transform-based image reconstruction algo-
rithms can expleit a variety of image models?326% learned in an unsupervised manner from

limited training images, and involve efficient closed-form solutions for sparse coding.

In this work, we propose a new formulation and algorithm for learning a multi-layer

17 where the transform domain residuals (the difference between trans-

transform mode
formed data and gheir sparse approximations) are successively sparsified over several layers.
We refer to the model as the Multi-lAyer Residual Sparsifying transform (MARS) model.
The transforms are learned over several layers from images to jointly minimize the transform
domain residualsacross layers, while enforcing sparsity conditions in each layer. Importantly,
the filters beyend the first layer can help better exploit finer features (e.g., edges and cor-
relations) insthe‘residual maps. We investigate the performance of unsupervised learning
of MARS models from limited data for LDCT reconstruction using PWLS. We propose
efficient block*eeordinate descent algorithms for both learning and reconstruction. Exper-
imental results with the XCAT phantom and Mayo Clinic data illustrate that the learned
MARS model outperforms conventional methods such as FBP and PWLS methods based on

the non-adaptive edge-preserving (EP) regularizer in terms of two numerical metrics (RMSE

and SSIM) and noise suppression. Compared with the recent learned single-layer transform

[. NiRaBdeTd@rotected by copyright. All rights reserved
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model, the MARS model performs better in maintaining some subtle details.

In the following sections, we will first study how to train our proposed model in detail
in Section II, where we will discuss the corresponding problem formulations in Section II-A,
followed by our algorithms in Section II-B. The experimental results with both the XCAT
phantom and Mayo Clinic data are presented in Section III. Section IV presents a discussion

of the proposed.methods and results and concludes.

[I. Methods

lI.LA.  Formulations for MARS Training and LDCT reconstruction

Here, werintroduce the proposed general multi-layer transform learning framework and
the formulation for LDCT image reconstruction. Fig. 1 illustrates the structure of our
multi-layer residual sparsifying transform model, where €2; denotes the transform in the /th
layer. These transforms capture higher order image information by sparsifying the transform
domain residualanaps layer by layer. The MARS learning cost and constraints are shown in

Problem (P0),Swhich is an extension of simple single-layer transform learning®'".

L

min H{n Ri— Zil2 4+ | zuo},

s.t. Rl = Ql—lRl—l — Zl_1,2 S [ S L, QlTQl = I,\VIZ

(PO)

Here, {2, € R?*?P} and {Z; € RP*N} denote the sets of learned transforms and sparse
coefficient maps, respectively, for the 1 <[ < L layers and “F” denotes the Frobenius norm.
The total number of training patches is denoted by N. Parameter ; controls the maximum
allowed sparsityslevel (computed using the ¢y “norm” penalty) for Z;. The residual maps
{R; € RPN} ane defined in recursive form over layers, with Ry denoting the input training
data. We assime R; to be a matrix, whose columns are (vectorized) patches drawn from
image data Sets. The unitary constraint for each €2; enables closed-form solutions for the
sparse coefficient and transform update steps in our algorithms. The MARS model learned
via (P0) can then be used to construct a data-driven regularizer in PWLS as shown in
Problem (P1).

min - ly — Axfy + 55(x), (P1)

Last edtais BrticleNsmprgented by copyright. All rights reserved
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L

60 2 g IR - 2117+ 71l |
Y=

st. Ry = Ry —Z1,2<1<L,R|=Pix, Vj
In particular;weé reconstruct the image x € R™ from noisy sinogram data y € RY¢ by
solving (P1); where N, denotes the number of pixels. A € RY¢*™e is the system matrix of
the CT scan and W = diag{w;} € RY@*N¢ is the diagonal weighting matrix with elements
being the e§timated inverse variance of 1;. Operator P/ € RP*M extracts and vectorizes
the jth patclnofx as P/x. Overlapping image patches are extracted with appropriate patch
stride (1 pixelstride in our experiments). The jth columns of R, and Z,; are denoted Z{ and
R{, respectively. | The non-negative parameters {v;} control the sparsity of the coefficient
maps in different layers, and 5 > 0 captures the relative trade-off between the data-fidelity

term and regularizer.

lI.B. Algerithms for Learning and Reconstruction

Fig. 2 provides an overview of the proposed method. The whole algorithm is divided
into two Stages: training and reconstruction. In the training stage, we solve (P0) using a
block coordinaté descent (BCD) method to learn a multi-layer sparsifying transform model in
an unsupervised manner from (unpaired) regular-dose images. For the reconstruction stage,
the prior infermation incorporated into learned transform would be designed into regularizer
term, and iterative algorithm accomplishes the reconstruction for the CT image as we will

show in the'later/section.

[I.B.1. MARS-Learning Algorithm

We propeseran exact block coordinate descent (BCD) algorithm for the nonconvex
Problem (P@)sthat cycles over updating Z; (sparse coding step) followed by updating the
corresponding’ €2, (transform update step) for 1 <1 < L. The algorithmic details are shown
in Algorithmul, In each step, the remainder of the variables (that are not optimized)
are kept fixed. The BCD algorithm provides a very efficient way to minimize the cost
function and is shown to empirically work well with appropriate initialization. Recent works
involving transform learning?®3" have shown that such efficient alternating minimization or

BCD algorithms can provably converge to the critical points of the underlying problems. In

1. ThEsTHOEES is protected by copyright) AB righsora$enyedr Learning and Reconstruction
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particular, we show that under the unitarity condition on the transforms, every subproblem
in the block coordinate descent minimization approach can be solved exactly. We initialize
the algorithm with the 2D DCT for €, and the identity matrices for {€}%,, respectively.

The initial-{Zgfare all-zero matrices.

Since the residuals are defined recursively in (P0), for the sake of simplicity of the
algorithmic,description, we first define matrices Bf(p < ¢), which can be regarded as back-

propagation.matrices from the gth to pth layers.

B) = Q1 Zpn + Q1R 0Zpo + o+ Q0 Qs

s ( 0 o ). )

k=p+1 *s=p+1

QlZ,

(a) Sparse Coding Step for Z,

Here, we solve (P0) for Z; with all other variables fixed. The corresponding nonconvex

subproblem is as_follows:
L
a3 {0 -z} + 12 2)
i=l

Using therdefinitions of the residual matrices and the backpropagation matrices Bf (p < ¢)

along with the unitary property of the transforms allows us to rewrite (2) as:

L
min [|Z; — R|[7 + > 11Z+ B — QR[5 + 7711 Zillo. (3)

: i=l+1
We can now rewrite subproblem (3) as ming, (L —1+1) x || Z; — (R — =71 S Bh 2+
n?||Zi||o. This problem has a similar form as the single-transform sparse coding problem?,
and the optimal solution Z; is obtained as in (4), where H,(-) denotes the hard-thresholding

operator that sets elements with magnitude less than the threshold n to zero.

L i
7, = v <QlRl - L+l+1 D st Bz>, 1<I<L-1,
H77L<QLRL)a = L.

(4)

(b) Transform Update Step for €2

Here, we fix {Z;} and all €, (except the target €, in (P0)) and solve the following

subproblem:

Last edltats ArticleNsaprstezted by copyrightBAll piglaksthesereed earning and Reconstruction
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L
i QR; — Zi|3 b QI =1 5
roN{ b} s ofe 5)

Similar to (3), we rewrite (5) using the backpropagation matrices Bf (p < ¢q) as follows:

L
min  [|QQR; — Z|)5 + Z IR, — Z, — Bj||%,
QT =1 =1
L (6)
1 .
~ min (L—Il+1)x||QR -2 ———F B)||l .
Qz:QlTQz=I( ) o : L—1 +1 izzl-i;l l F

where the last¥elation (equality) holds up to an additive term that is independent of €2;. We

can obtain a solution to (6) by exploiting the unitarity of €2;. First, denoting the full singular

value decompesition (SVD) of the matrix G; below by U; X, V]| the optimal solution to (6)

is as (8). T

G - Rl<zl+L+Hzle+lBg) , 1<1<L—1, "
R.Z7, l=1L.

Q =Vvu/ (8)
Algorithme.l MARS Learning Algorithm
Input:_training data R4, all-zero initial {Z;O)}, initial ng) = 2D DCT, identity matrices
for initial {Ql(o)}lez, thresholds {;}, number of iterations 7.

Output:learned transforms {ﬁl(T)}.
fort=1,2---,T do
for(=1,2,---,L do
1) Sparse Coding for Zl(t) via (4).
2) (Updating ﬁl(t) via (8).
end.for
end for

[1.B.2. Image Reconstruction Algorithm

The proposed PWLS-MARS algorithm for low-dose CT image reconstruction exploits
the learned model. We reconstruct the image by solving the PWLS problem (P1). We
propose a block coordinate descent (BCD) algorithm for (P1) that cycles over updating the

image x and each of the sparse coefficient maps Z; for 1 <[ < L.

(a) Image Update Step for x

1. ThEsTHOEES is protected by copyright) AB righsora$enyedr Learning and Reconstruction
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First, with the sparse coefficient maps {Z;} fixed, we optimize for x in (P1) by optimizing

the following subproblem: !
min >y — Axy + 8:(%), 9)

where SQ(X) B EZL:I ||QZRZ - Zl”%“}, with Rl = Qlfllel — Zlfl, 2 S l S L, and
R} = Pix. We use the efficient relaxed
LALM) te ebtaim the solution to (9). The algorithmic details are shown in Algorithm 2. In

inearized augmented Lagrangian method?®! (relaxed

each iteratiomofithe relaxed LALM, we update the image 7; times (corresponding to 7T; inner
loops in Algorithm 2). We let matrix D denote a diagonal majorizing matrix of ATWA
and precompute the Hessian matrix of So(x) as Ds, in (11) to accelerate the algorithm, and
the gradient_of S»(x) is shown in (10), where (B})? denotes the jth column of matrix BE.
We decreasé™théiparameter p in Algorithm 2 according to (12)3!, where r denotes the index

of inner iterations and the relaxation parameter a € [1,2) in (12).

VS, (x) = 28 Z(Pj)T{Lij =) (BfY } (10)
Ds, £ V2S,(x) = 23S (PI)TPY, (1)

Jj=1

17 r = 07
pr(e) =9 & _ ' 12)
{a(r—i—l) 1 - (m)z, otherwise,

(b) Sparse Coding Step for Each Z,

Similaf to the sparse coding step during transform learning, the solution of (P1) with

respect to cach sparse coefficient map Z; is shown in (14), and is the solution of (13).

L
n 3 {0~ 2213} + 712l
=l

(13)

st. Ri=Q R —Ziy, 1<i<lL,

. 1 Lo
7, = me{ﬂlm I > Bg}. (14)

i=l+1

Last edltats ArticleNsaprstezted by copyrightBAll piglaksthesereed earning and Reconstruction
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Algorithm 2 Image Reconstruction Algorithm

Input: initial image X, all-zero initial {Zl(o)}, pre-learned {€2;}, thresholds {7},
a =1.999, D, Ds,, number of outer iterations T, number of inner iterations 7;.
Output: reconstructed image x(70).
fort =0,1,2,--- ,To — 1 do

1) Image Update: With {Zl(t)} fixed,

Initialization: p = 1, x© = x® g® = ¢O = ATW(Ax® —y) and h® =

D ax® — 0.

forr=0,1,2,--- .7, — 1, do

() = pDAx® — 1) + (1 = p)g

X"+ = [x0) — (uD + Ds,) 57+ + TS,(x)],
C(r+1) Y ATW(AX(T—H) . Y)

(+1) — P (e (] — a)e®) 4 g
g ijl( ¢ (1—a)g™) pEmL

h(r+1) _ a(DAX(rJrl) . C(r+1)) + (1 . a)h(r)

decreasing p using (12).
end for
%(t+1) = % (T
2) Sparse Coding: with x**1) fixed, for each 1 <1 < L, update Zl(tﬂ) sequentially
by (14).
end for

[ll. Experiments

In this 'section, we evaluate the image reconstruction quality for the proposed PWLS-

MARS algorithm and compare it with several conventional or related methods:
e FBP: conventional FBP method with a Hanning window.

e PWLS-EP??._ PWLS reconstruction combined with the edge-preserving regularizer
R(x) = Zjlipl ZkeNj KjkkP(X; — Xx), where N; denotes the set of neighborhood pixel

32

indices, and_r; /and kj are the parameters that encourage uniform noise We use

o(t) = 6%(\/141t/]]> — 1) as the potential function. The relaxed OS-LALM?! is the

chosen optimizing approach for this PWLS cost function.

To compare the image quality quantitatively, we compute the root mean square error
(RMSE) and the structural similarity index measure (SSIM)%33. The RMSE in Hounsfield

units (HU) is computed between the ground truth image and reconstructed image as RMSE

= /Sicro1(Z; — )2/ Nror, where &; and x} denote the pixel intensities of the reconstructed

[11. ThsrERNeEN potected by copyright. All rights reserved
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and ground truth images, respectively, and Ngror is the number of pixels in the region of
interest (ROI). The ROI here was a circular (around center of image) region containing all
the phantom tissues. We simulate the low-dose C'T measurements using the “Poisson +
Gaussianishoisy'model*, i.e., y; = Poisson{lpe A%} 4 N'{0, 0%}, where I; is the incident
X-ray inten§ity ihcorporating X-ray source illumination and the detector gain, and o? = 52

is the variance of electronic noise>?.

We conduct_experiments with the XCAT phantom®® and Mayo Clinic data?®, respec-
tively. Our first experiment uses the XCAT phantom data with a clean ground truth (refer-
ence) to demonstrate the performance of the MARS model over other schemes and illustrates
the learned multi-layer filters. In our second experiment, we investigate the performance of
various methods-on the Mayo Clinic data and provide a more detailed comparison between
MARS and,ether methods. Lastly, we analyze the residual maps in the proposed model in
different layersto better understand the MARS model.

[11.A. Parameter Selection

For each MARS model, multiple parameters are tuned for the learning ({n;,1 <[ < L})
and reconstruction (5,{v,1 <1 < L}) stages. Even though the number of parameters here
increases the difficulty of adjusting the model for optimal image quality, we can choose the
values of the"parameters with an empirical approach. The parameters {r;} during learning
are to achiewesarlow sparsity of the sparse coefficient maps. Normally, we set {r;} to achieve
5 — 10% sparsity for Z;. One clever method for selecting good sparsity penalty parameters
is to set them"in,decreasing order over layers. This strategy is expected to work because the
residual maps in subsequent layers always contain less (or finer) image information than the
early layers. A similar approach works for adjusting parameters in the reconstruction stage.
In the reconstruction algorithm, we tune the parameters over ranges of values (decreasing

over layers for ;) to achieve the best reconstruction quality (i.e., RMSE and SSIM).

Last edlfats BrticleNmapragiezted by copyright. All rights reserved |1l A. Parameter Selection
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[11.B. Results with the XCAT Phantom

[11.B.1. Behavior of the Learned MARS Models

We pre-learn MARS models with different numbers of layers (depths) with 64 x 64
transforms. ', The models are learned from 8 x 8 overlapping patches extracted from five
420 x 420 XCAT phantom slices. The number of pixels N, and the number of overall
training patehess=N are about 1.7 x 10% and 8.5 x 10°, respectively. The training slices are
displayed in'the supplement (Fig. S-1). The patch stride is 1 x 1. We choose 1, 2, 3, 5, and
7 layers, respectively, during training, which corresponds to ST, MARS2, MARS3, MARS?5,
and MARST models. We initialize the MARS learning algorithm with the 2D DCT matrix
for the transfermin the first layer and identity matrices for transforms in deeper layers. For
each model,weran 1000 to 1500 iterations of the block coordinate descent training algorithm
to ensure convergence. We choose n = 75 for ST, (11, n2) = (80, 60) for MARS2, (11, 12,
n3) = (90, 80, 60) for MARS3, (1, 12, n3, M1, 15) = (120, 120, 120, 110, 110) for MARSS5,
(M1, M2, M3, M, W5, M6, M7) = (120, 120, 120, 110, 110, 80, 60) for MARS7. Fig. 3 shows some
of the learned transforms, with each transform matrix row displayed as a square patch for
simplicity. The'fizst layer transform in the models typically displays edge-like and gradient
filters that sparsify the image. However, with more layers, finer level features are learned to
sparsify transform-domain residuals in deeper layers. Nonetheless, the transforms in quite
deep layers couldupotentially be more easily contaminated with noise in the training data,

since the main image features are successively filtered out over layers.

[11.B.2. 'Simulation Framework and Visual Results

We sinalaterlow-dose CT measurements using 840 x 840 XCAT phantom slices with
A, = A, =04883 mm. The generated sinograms are of size 888 x 984, obtained with GE 2D
LightSpeed.fafi-beam geometry corresponding to a monoenergetic source with Iy = 1 x 10*
incident photons,per ray and no scatter. For PWLS-EP, we ran 1000 iterations of the relaxed
LALM algorithm with the FBP reconstruction as initialization and regularization parameter
B = 2% For the MARS model, we used the relaxed LALM algorithm for the image update
step with 2 inner iterations. We initialized PWLS-MARS schemes with the PWLS-EP

reconstruction and used Tp = 1500 outer iterations for ST and all MARS schemes.

[1l. ThisRERNEEN Potected by copyright. All rightd feBervRésults with the XCAT Phantom
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We firstly hand-tuned the reconstruction parameters (3, {7y;,1 <1 < L}) for one test
slice and treated this set of parameters as the baseline. Similar to the PWLS-EP algorithm,
we could determine the optimal (in terms of optimal RMSE) parameters for other testing
slices by tuningsthe base parameters in a small range. However, we found that the change in
reconstruction quality by picking a common set of parameters instead of slice-wise optimized
parameters'is‘quite small (only 0.2 HU in RMSE and without the loss of details). Therefore,
the same set of parameters (baseline parameters) were used across testing cases and shown
to be effective over the cases. In particular, we selected slice 48 of the XCAT phantom as the
case for parameter tuning and set the regularization parameters (after tuning over ranges
of values) a§ (8,%)) = (2 x 105, 20) for ST, (3, V1, 72) = (9 x 10%, 30, 10) for MARS2, (5,
Y, Y2, ¥3) = (97 101, 25, 15, 10) for MARS3, (8, 71, Yo, V3, V4, ¥5) = (9 x 10%, 25, 15, 10,
5, 1) for MARS5, and (83, 71, Y2, 73, Y4, Vs, V6, 77) = (6 x 101, 30, 25, 20, 15, 10, 5, 1) for
MARST7, respectively. In Fig. S-2 in the supplement, we give the reconstructions for slice 48
of the XCAT phantom with various methods. Figs. 4 and 5 here show the reconstructions
for two independent test cases (slice 20 and 60 of the XCAT phantom). Both of them
used the same'set of parameters obtained for slice 48. The zoom-in regions give an explicit
comparisom.between the multi-layer sparsifying transform models and other methods such as
FBP, PWLS=EP, and PWLS-ST. PWLS-MARS achieves better noise reduction and higher

contrast.

I11.C. Lew-dose Experiments with Mayo Clinic Data

1.C.1. Study=of Model Training

Firsty We. stiidy transform training based on Mayo Clinic data. As shown in Fig. 6,
seven 512 »*512slices obtained at regular dose from three patients are used for transform
learning. Thesm@mber of pixels N, & 2.6 x 10°. Similar to the phantom experiments, 8 x 8
overlappingspatches are extracted with a 1 x 1 patch stride. The number of overall training
patches N is“about 1.8 x 10%. We set n = 100 for ST, (1, 72) = (80, 60) for MARS2, (1,
n2, n3) = (60, 60, 40) for MARS3, (91, 12, 13, N4, m5) = (100, 100, 80, 80, 60) for MARSS5,
(M1, M2, M3, N4y 15, Me, M7) = (150, 140, 130, 120, 110, 100, 90) for MARS7. The iteration
number 7' = 1000 in Algorithm 1. Fig. 7 illustrates the learned transforms obtained with
Mayo Clinic data. Different from the XCAT phantom case, these transforms up to MARSH
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display more complex features and structures. The rich features of the MARS models better

sparsify the training images over layers compared to the single-layer model (ST).

[1.C.2. Simulation Framework, Reconstruction Results, and Comparisons

The synthesized low-dose clinical measurements are simulated from regular-dose images
at a resolution of A, = A, = 0.9766 mm with a fan-beam CT geometry corresponding to a
monoenergetic source at incident photon intensity Iy = 1 x 10%. The sinograms are of size
736 x 1152. Theawidth of each detector column is 1.2858 mm, the source to detector distance
is 1085.6 mmi, and the source to rotation center distance is 595 mm. We reconstruct images

of size 512 x 512 with the pixel size being 0.69 mm x 0.69 mm.

We condueted experiments on one test slice used for parameter tuning (L067-slice 120)
and four indépendent test slices (L.109-slice 90, L192-slice90, L333-slice140, L506-slice 100)
of the Mayo Clinic data. For PWLS-EP, we ran 1000 iterations using relaxed OS-LALM
and set regtlarization parameter 8 = 2!°%. We used the same Ty = 1500 as the phantom
experiments for Algorithm 2. The process of selecting a general set of reconstruction
parameters (Bp{q, 1 < | < L}) for the Mayo Clinic test slices is identical to that for
the XCA¥ phantom in Section IlI.B.2. The selected regularization parameter 5 and the
parameters 7; that control the sparsity of the coefficient maps are (3,7) = (2.5 x 10%, 30) for
ST, (B, 71, Ya)u=u(1.8 x 10%, 30, 10) for MARS2, (8, 71, Yo, v3) = (1.8 x 104, 30, 12, 10) for
MARSS, (8471, 42, 73, 71, 75) = (1.6 x 10%, 30, 20, 10, 7, 5) for MARS5, and (8, 71, V2, 73,
Ya, V5 Ve, Yr=(3.5 x 104, 20, 17, 14, 11, 7, 4, 1) for MARS?7, respectively.

Figs. 8,9, 10, and 11 show the reconstructions of the four independent slices using the
FBP, PWLS.EP,/PWLS-ST, PWLS-MARS2, PWLS-MARS3, PWLS-MARS5, and PWLS-
MARST schemesyrespectively. Additional Mayo Clinic experimental results of the parameter
tuning case®(Fig S-3) are shown in the supplementary document. Table 1 lists the RMSE
and SSIM valtes of reconstructions of the four independent test slices, with the best values
bolded. Generally, the five and seven layer models provided the best RMSE and SSIM
values. They outperform the single-layer model by 1.9 HU in RMSE on average. However,
the MARSH and MARS7 models perform similarly. In order to strengthen the benefits of
the multi-layer model, Table 2 lists the RMSE of the reconstructions in four different ROIs
(shown in the reference of Fig. 11) with seven methods for slice 100 of patient L506. By

1. ThkrERMNEHN PStected by copyrighitAll tightssesdwsetiments with Mayo Clinic Data
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observing the reconstructed images, we see that although the ST model achieves a cleaner
reconstruction result than FBP and PWLS-EP; it still sacrifices some sharpness of the central
region and suffers from loss of details. The deeper models have a somewhat more positive
effect in termswof maintaining subtle features, which is clearly more essential to clinical
diagnosis. Furthermore, as we will discuss later, after considerable parameter tuning, we
found that the'information contained in residual maps is gradually decreased with the number
of layers, ewentually vanishing at some layer, which suggests that very deep unsupervised

models might net offer significantly better image quality.

11.C.3. Amalysis of Residual Maps

Here, we investigate the residual images over the layers of the MARS7 model. Fig. 12
displays the image reconstructed with MARS7 along with the residual images in different
layers. The residual images are generated by applying the restoring operation (P7)” to the
corresponding.columns of each residual matrix R;,1 <[ < L, forming images Zj(Pj )TR{ .
Essentially,‘all the columns of R; are transformed into 8 X 8 patches and accumulated back in
the imagé toform the residual image in the [th layer. We can observe that the residual images
in the first three layers contain explicit structural information and we still find some delicate
details in the fourth and fifth layers. However, we hardly see any valuable features in the
residual images for the following layers, which is consistent with the fact that the transform
is overwhelmed by noise in quite deep layers. Therefore, the ceiling for the potential of
multi-layer sparsifying transform model may be 5 or 7 layers. The quantitive result also

implies the same.conclusion.

[11.D. Runtimes for MARS

We also discuss the runtimes for the proposed MARS model. Table 3 shows the average
runtimes per iteration (MARS schemes were run for the same overall number of iterations) for
various MARS models for both the XCAT phantom and Mayo Clinic data experiments. We
ran the Matlab code on a machine with two 2.4GHz 14-core Intel Xeon E5-2680 v4 processors.
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We find that although training the deep models (which would be done once offline) takes
several times as long as the shallow (single layer) model, the cost of the reconstruction/testing

step is much more similar between deep and shallow models.

V. Diseuassion and Conclusion

In this works, we presented a strategy for unsupervised learning of deep transform models
from limited'data and with nested network structure, where the input of each layer comprises
of the sparsifiable residual map from the preceding layer. The learned Multi-lAyer Residual
Sparsifying transform (MARS) model is used to form a data-driven regularizer in model-
based image reconstruction and proves effective for low-dose C'T image reconstruction. The
proposed algorithms for learning MARS models and for image reconstruction use highly

efficient updates and are scalable.

We trained models from patches of (regular-dose) slices of the XCAT phantom and Mayo
Clinic data and tested the models for reconstructing other slices. The learned multi-layer
models contaimmcomplex features and structures, which help enhance image reconstruction
quality oftMARS models over single layer models. Experiments with both simulated data
from the XCAT phantom and with the synthesized clinical data reveal that PWLS-MARS
provides better. reconstruction metrics and image details compared to other methods such as
FBP, PWLS?EPJand PWLS-ST. In Figs. 8,9, 10, and 11, we observed that the reconstruction
incorporatingsdeep transform model prior presented more subtle details, especially for the

central region, which normally suffers from severe artifacts in low-dose CT reconstruction.

We also investigated the potential limitation in terms of the model depth. By observing
Tables 1 and*2ywe found deep models such as MARS7 only offer little additional benefit
of RMSE and=SSIM. Such a phenomenon also appears in other related work3” in which the
author believes that limited training dataset leads to the deterioration of the performance
of deep modelsaln order to seek the underlying reason, we increased the training dataset
from 7 slices to 14 slices while the approximate number of patches to be fed into network
has been risen to 3 million. Table 4 lists the reconstruction results of slice 100 of patient
L506 with respect to training dataset of 7 slices and 14 slices. The tiny improvement leads

us to conjecture that the limitation of the deep model may not be due to the small set of

V. Thisaitg$edNpadtEcted g icopyoight. All rights reserved
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training images. Section. |[I.C.3. provides an alternative explanation. We found that very
deep residual layers may not contain much structures, thus resulting in somewhat noisy

transforms there, which may offer little additional benefit.

As shown in)Section II.B., the block coordinate descent (BCD) method was applied to
train a MARS model. Since the problem we address in this work is nonconvex, there might
not be a unique minimizer in general. Despite that we use the BCD algorithm to ensure the
monotone decrease over iterations of the nonnegative objective like (P0) with a reasonable
initializationy(ie!, with PWLS-EP). A more thorough analysis of convergence for our scheme

is left for future work.

To coneludeswe proposed a general framework for multi-layer residual sparsifying trans-
form (MARS)slearning, where the transform domain residual maps over several layers are
jointly spargified.” Our work then applied learned MARS models to low-dose CT (LDCT) im-
age reconstruction by using a PWLS approach with a learned MARS regularizer. Experimen-
tal results illustrate the promising performance of the multi-layer scheme over single-layer
learned sparsifying transforms. Learned MARS models also offer image quality improve-
ments over typical nonadaptive methods. Future work will consider other strategies for
learning deep.sparsifying models by exploiting pooling and other operations. In addition,

more studies are required to validate the proposed method’s clinical applicability.
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= Appendixd: Solution of the Sparse Coding Problem (2)

434 First, we can split this objective function and rewrite (2) as follows,
L
- min |~ QR [%+ 3 12— QR + 0|z (15)
! i=l+1
436 Underthe condition that 7€, = I,VI, the following steps are based on
a1 1R — Zi||7 = |97 2R — @ Zi[7: = R — Q] Zi[| 7. (16)
438 We uselt(16) within (15) repetitively, which leads to the equivalent problem shown in
o (17),
L
40 min || Z; — QR[[; + > NZi+ B — QR + 17| Zuo- (17)
! i=1+1
aa1 Combining“all the quadratic terms involving Z; leads to the following optimization

a2 problem:

L 2
: 1 i 2
443 H%lln(L — 1+ 1) X Zl — (QlRl — L——l—|—1 ‘Zl—;l Bl) . +n; HZlHO (18)
444 The solution, to (18) is similar to £, transform sparse coding® and is given as follows
445 WhenlglgL—l
1 L
4“ @Z%wmﬂ@mﬁz::a§30 (19)
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and when [ = L, it is given as

Zp, = H,, (QRy.) (20)

Appendix II: Solution of the Transform Update Problem

(5)

Equation=(16) also works well for simplifying (5) as follows,

L 2
1 .
i L-Il+1)x||QR,—Z,— — B; 21
R R e DI 21)
Problem (2¥)"éan be equivalently written as
. L T
in tr(RR])—2tr( QR(Z;+ ——— ) Bj) ). 22
i) (a7 oy S B) ) @
Ignoring the constant first term, we get
1 L T
tr| QR Z;+ —— B! . 23
Ql:gllTaéIT( ! l(l+L_l_|_1Z l)) (23)

i=l+1

Subproblem (23) is identical to the corresponding subproblem in single-layer sparsifying
transform leasning’. We denote the full singular value decomposition of the matrix G; as

U, 3, VI, TDhe optimal solution to (23) is then given as V, U (cf.3%).
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Back Propagation Flow

Sparse
Coding

Coding

Figure 1: MARSanodel with L layers or modules. €2; denotes the transform in the [th layer,
which enablesssparsifying the residual map arising from the (I — 1)th module.

Learned Multl-layer

transforms
Transform {ﬂ1,92, Qk} Image
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Input => Reconstructed
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Figure 2: Qverview of algorithm scheme. Our approach involves a training stage and a
reconstruction stage with block coordinate descent (BCD) algorithms being used in both
stages.
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Figure 3: Transforms learned from the XCAT phantom. Transform rows are shown as 8 x 8
patches. "Beyond the first layer, the rows of the transforms sparsify across the residual

channels (1D filters).
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Figure 4: Comparison of reconstructions of slice 20 of the XCAT phantom with FBP, PWLS-
EP, PWLS-ST, PWLS-MARS2, PWLS-MARS3, PWLS-MARS5, and PWLS-MARS?7, re-
spectively, at incident photon intensity Iy = 1 x 10*. The display window is [800, 1200]
HU.
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RMSE:0.00 RMSE:67.7 RMSE:33.0 RMSE:29.7
SSIM:1.000 SSIM:0.539 SSIM:0.894 SSIM:0.965

RMSE:28.5 RMSE:28.3 RMSE:28.3 RMSE:28.4
SSIM:0.969 SSIM:0.971 SSIM:0.972 SSIM:0.972

Figure 5: Comparison of reconstructions of slice 60 of the XCAT phantom with FBP, PWLS-
EP, PWLS-ST, PWLS-MARS2, PWLS-MARS3, PWLS-MARS5, and PWLS-MARS7, re-

spectively, at incident photon intensity Iy = 1 x 10*. The display window is [800, 1200]
HU.

"L096-slice251 L096-slice291 "L096-slice330

L096-slice170

L—Slice L—SliceO L3—Slice
Figure 6: Sevenwégular-dose slices for training the MARS model. The first row displays four
slices of patient L096 and the second row shows three training slices from patients L067 and

143, respectively.
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Figure 7:_Transforms learned from Mayo Clinic data. Beyond the first layer, the rows of the
transforms*aze shown as (square) 2D patches and sparsify transform-domain residuals.

Figure 8: Reconstructions of slice 90 of patient L109 at incident photon intensity Iy = 1 x 10%.
The first row shows the reference image and reconstructions with FBP, PWLS-EP, and
PWLS-ST, respectively, and the second row shows the results with MARS models with 2,
3, 5, and 7 layers, respectively. The display window is [800, 1200] HU.
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Figure 9: Reconstructions of slice 90 of patient L192 at incident photon intensity Iy = 1 x 10%.
The first row shows the reference image and reconstructions with FBP, PWLS-EP, and
PWLS-ST, respectively, and the second row shows the results with MARS models with 2,
3, 5, and 7 layers;] respectively. The display window is [800, 1200] HU.

Figure 10: Reconstructions of slice 140 of patient L.333 at incident photon intensity I, =
1 x 10*. The first.row shows the reference image and reconstructions with FBP, PWLS-EP,
and PWLS-ST, respectively, and the second row shows the results with MARS models with
2, 3, 5, and"alayers, respectively. The display window is [800, 1200] HU.
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Figure 11: Recoistructions of slice 100 of patient L506 at incident photon intensity I, =
1 x 10%. The first row shows the reference image and reconstructions with FBP, PWLS-EP,
and PWLSEST, respectively, and the second row shows the results with MARS models with
2, 3,5, and rs, respectively. The display window is [800, 1200] HU.
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Figure 12: m\struction and transform-domain residual images for slice 100 of patient
s

L506. The t image on the first row is the reconstruction with PWLS-MARS7, while
the other imagesiare the residual maps in different layers. The display windows are [800,
1200] H [-100, 100] HU, respectively, for the reconstruction and the residual image,
respectively.
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Table 1: RMSE in HU (first row) and SSIM (second row) of reconstructions with
FBP, PWLS-EP, PWLS-ST, PWLS-MARS2, PWLS-MARS3, PWLS-MARS5, and PWLS-
MARS?7, for four slices of the Mayo Clinic data at incident photon intensity I, = 1 x 10%.

‘FBP EP PWLS-ST PWLS-MARS2 PWLS-MARS3 PWLS-MARS5 PWLS-MARS7

L1090 | 1071 335 29.0 28.1 27.8 27.6 28.1
slice90 | 0.343_0.734  0.716 0.727 0.731 0.744 0.753
L192 | 937 315 26.3 25.3 24.9 24.6 24.9
slice90 | 0.350 #0.747  0.737 0.744 0.750 0.765 0.781
333 | 1181 363 29.7 28.5 28.3 28.1 28.4
slicel40 | 0.358470.758  0.739 0.744 0.750 0.766 0.786
Ls0g | 698 343 27.5 26.2 25.6 25.3 25.7
slice 100 | 0.4610.778  0.760 0.766 0.773 0.790 0.809

Table 2: RMSE (HU) in four ROIs of reconstructions with FBP, PWLS-EP, PWLS-ST,
PWLS-MARS2, PWLS-MARS3, PWLS-MARS5, and PWLS-MARS?7, for slice 100 of patient
L506 of the Mayo Clinic data at incident photon intensity I, = 1 x 10%.

‘FBP EP PWLS-ST PWLS-MARS2 PWLS-MARS3 PWLS-MARS5 PWLS-MARS7

ROI-1 ‘ 1.05 07l 0.68 0.62 0.60 0.59 0.59
ROI-2 ‘ 090 __0.78 0.69 0.63 0.62 0.61 0.63
ROI-3 ‘ 2.17 1.88 1.75 1.57 1.53 1.51 1.55
ROI-4 ‘ 1.91 0.96 1.03 0.91 0.90 0.89 0.91

Table 3: Average runtime per iteration of various MARS models with both XCAT phantom
and Mayo Clinie¢ data experiments. Each number displayed in this table is in seconds.

| ‘PWLS—ST PWLS-MARS2 PWLS-MARS3 PWLS-MARS5 PWLS-MARS7?

oA wleEaifing [ 0.8 1.4 3.5 4.7 7.8
phantom juTesting | 2.9 3.2 3.6 4.4 5.1
Mayo Clinic x Training ‘ 1.5 2.8 7.4 9.3 15.2
data | Testing | 3.1 3.4 4.1 5.0 5.8
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Table 4: Comparison of reconstruction of slice 100 of patient L506 between training dataset
of 7 slices and 14 slices respectively.

| | PWLS-ST PWLS-MARS2 PWLS-MARS3 PWLS-MARS5 PWLS-MARS?

BPRMSE | 275 26.2 25.6 25.3 25.7
dataset of

7slices | SSIM | 0760 0.766 0.773 0.790 0.809
dataset of RRMSE | 274 26.2 25.6 25.4 25.6
14 slices, [SSIM; |  0.759 0.766 0.773 0.790 0.810
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List of Figures:

Figure 1: MARS model with L layers or modules. €2; denotes the trans-
form in the [th layer, which enables sparsifying the residual map arising
from the (I — 1)th module.

Figure=2:¢=@verview of algorithm scheme. Our approach involves a
training stage and a reconstruction stage with block coordinate descent
(BCD)ralgorithms being used in both stages.

Figure, 3: Transforms learned from the XCAT phantom. Transform
rows @rg shown as 8 X 8 patches. Beyond the first layer, the rows of the
transferms sparsify across the residual channels (1D filters).

Figure 4..Comparison of reconstructions of slice 20 of the XCAT phan-
tom with«F'BP, PWLS-EP, PWLS-ST, PWLS-MARS2, PWLS-MARSS3,
PWLS-MARS5, and PWLS-MARS7, respectively, at incident photon
intensitysdy = 1 x 10%. The display window is [800, 1200] HU,

Figure 5: Comparison of reconstructions of slice 60 of the XCAT phan-
tom with FBP, PWLS-EP, PWLS-ST, PWLS-MARS2, PWLS-MARSS3,
PWLS*MARSSH, and PWLS-MARS7, respectively, at incident photon
intensity Iy = 1 x 10%. The display window is [800, 1200] HU.

Figure.6:mSeven regular-dose slices for training the MARS model. The
first row displays four slices of patient L096 and the second row shows
three'training slices from patients LO67 and L143, respectively.

Figure 7: Transforms learned from Mayo Clinic data. Beyond the first
layery thegrows of the transforms are shown as (square) 2D patches and
sparsify transform-domain residuals.

Figure 8" Reconstructions of slice 90 of patient LL109 at incident photon
intensity [y = 1 x 10*. The first row shows the reference image and
reconstructions with FBP, PWLS-EP, and PWLS-ST, respectively, and
the second row shows the results with MARS models with 2, 3, 5, and
7 layers, respectively. The display window is [800, 1200] HU.

Figure 9: Reconstructions of slice 90 of patient LL192 at incident photon
intensity Iy = 1 x 10*. The first row shows the reference image and
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568 reconstructions with FBP, PWLS-EP, and PWLS-ST, respectively, and
59 the second row shows the results with MARS models with 2, 3, 5, and
590 7 layers, respectively. The display window is [800, 1200] HU.

s o FigureT0: Reconstructions of slice 140 of patient 333 at incident pho-
502 ton ifitensity Iy = 1 x 10*. The first row shows the reference image and
503 reconstructions with FBP, PWLS-EP, and PWLS-ST, respectively, and
504 the second row shows the results with MARS models with 2, 3, 5, and
505 7 layers, Tespectively. The display window is [800, 1200] HU.

s o Figuresll: Reconstructions of slice 100 of patient L506 at incident pho-
s07 ton ifiténsity Iy = 1 x 10%. The first row shows the reference image and
508 reconstriictions with FBP, PWLS-EP, and PWLS-ST, respectively, and
590 the second row shows the results with MARS models with 2, 3, 5, and
600 7 layers, respectively. The display window is [800, 1200] HU.

o o Figure=12: Reconstruction and transform-domain residual images for
602 slice 100 of patient L506. The leftmost image on the first row is the re-
603 construetion with PWLS-MARS7, while the other images are the resid-
604 ual‘maps in different layers. The display windows are [800, 1200] HU
605 and [-100, 100] HU, respectively, for the reconstruction and the residual
606 image, respectively.

or o Figute S-1: Five reference slices for training the MARS model. The slice
608 numbers, correspond to the location in the volume.

o o Figure"S-2: Comparison of reconstructions of slice 48 of the XCAT phan-
610 tom with FBP, PWLS-EP, PWLS-ST, PWLS-MARS2, PWLS-MARSS3,

611 PWLS-MARS5, and PWLS-MARS7, respectively, at incident photon
612 intensity Io = 1 x 10%. The display window is [800, 1200] HU,

as o Figuresd=3: Reconstructions of slice 120 of patient L067 at incident
614 photonsinitensity Iy = 1 x 10*. The first row shows the reference image
615 and*reconstructions with FBP, PWLS-EP, and PWLS-ST, respectively,
616 and the second row shows the results with MARS models with 2, 3, 5,
617 and 7 layers, respectively. The display window is [800, 1200] HU.
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Table 1: RMSE in HU (first row) and SSIM (second row) of reconstructions with FBP,

PWLS-EP, PWLS-ST, PWLS-MARSZ, PWLS-MARS3, PWLS-MARSS,

and PWLS-MARS7, for four

slices of the Mayo Clinic data at incident photon intensity I, =1 X 10%.

FBP EP PWLS-S | PWLS-MARS | PWLS-MARS | PWLS-MARS | PWLS-MARS
T 2 3 5 7
L109 107 33.5 29.0 28.1 27.8 27.6 28.1
Slice90 1
0934 | 0.73 | 0.716 0.727 0.731 0. 744 0. 753
3 4
L192 93.7 | 31.5 26.3 25.3 24.9 24.6 24.9
Slice90170.85 | 0.74 | 0.737 0. 744 0. 750 0. 765 0. 781
0 7
1333 113. | 36.3 29.7 28.5 28.3 28.1 28. 4
Slicel4 1
0 0m35 | 0.75 | 0.739 0. 744 0. 750 0. 766 0. 786
8 8
L506 65.3 | 34.3 27.5 26. 2 25.6 25.3 25.7
Slicel0 | 0.46 | 0.77 | 0.760 0. 766 0.773 0. 790 0. 809
0 1 8

Tablew2: WRMSE, (HU) in four ROIs of reconstructions with FBP, PWLS-EP, PWLS-ST,

PWLS-MARS2, PWLS-MARS3, PWLS-MARS5, and PWLS-MARS7, for slice 100 of patient L506

of the Mayo Clinic data at incident photon intensity I, = 1 x 10%.

FBP#f" EP | PWLS-ST | PWLS-MARS2 | PWLS-MARS3 | PWLS-MARS5 | PWLS-MARS7
ROI-1"1%1s,05 | 0. 71 0. 68 0. 62 0. 60 0. 59 0.59
ROI-2 1 0.90|0.78 | 0.69 0. 63 0. 62 0.61 0.63
ROI-3 | 2.17 | 1.88 1.75 1. 57 1.53 1.51 1.55
ROI-4 | 1.91 | 0. 96 1. 03 0.91 0.90 0.89 0.91
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Table 3: Average runtime per iteration of various MARS models with both XCAT phantom

and MayosClinie data experiments. Each number displayed in this table is in seconds.

PWLS=ST | PWLS-MARS2 | PWLS-MARS3 | PWLS-MARS5 | PWLS-MARS7
XCAT Training 0.8 1.4 3.5 4.7 7.8
phantom Testing 2.9 3.2 3.6 4.4 5.1
Mayo Training 1.5 2.8 7.4 9.3 15.2
Clinic Testing 3.1 3.4 4.1 5.0 5.8
data

Table 4: Comparison of reconstruction of slice 100 of patient L506 between training

dataset jofn7wslices and 14 slices respectively

PWLS-ST | PWLS-MARS2 | PWLS-MARS3 | PWLS-MARS5 | PWLS-MARS7
dataset RMSE 27.5 26. 2 25.6 25.3 25.7
of o7 SSIM 0. 760 0. 766 0.773 0. 790 0. 809
slices
dataset RMSE 27.4 26. 2 25.6 25.4 25.6
of 14
slice2
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