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1 | INTRODUCTION

The convergence of cloud computing and machine learning is
transforming society in unprecedented ways, and leading to
innovations in autonomous systems, healthcare, bioinformat-
ics, social networks, online and in-store retail industry, and
education. Data centers nowadays continuously process com-
plex queries and machine learning tasks in large server farms,
with tens of thousands of networked servers. Many of these
queries/tasks are time sensitive such as queries for products
on online retail platforms, real-time machine learning tasks
such as language translation and virtual reality applications.
In fact, the latency cost of a data center can be very high. In
2017, Akamai reported that 100-ms delay led to 7% drop in
sales (Akamai, 2017). Therefore, it is critical for a data cen-
ter to process these jobs/queries in a timely fashion, ideally
without any delay. This paper focuses on the following criti-
cal question: can we achieve almost zero-delay in large-scale
data centers? A critical step for achieving zero-delay is a
good load-balancing algorithm that can balance the load
across servers and assign an incoming job to an idle server
immediately. Assuming exponential service times, sufficient

This paper studies load balancing for many-server (N servers) systems. Each server
has a buffer of size b — 1, and can have at most one job in service and b — 1 jobs
in the buffer. The service time of a job follows the Coxian-2 distribution. We focus
on steady-state performance of load balancing policies in the heavy traffic regime
such that the normalized load of system is A = 1 — N~* for 0 < a < 0.5. We identify
a set of policies that achieve asymptotic zero waiting. The set of policies include
several classical policies such as join-the-shortest-queue (JSQ), join-the-idle-queue
(JIQ), idle-one-first (I1F) and power-of-d-choices (Po d) with d = O(N* log N). The
proof of the main result is based on Stein’s method and state space collapse. A key
technical contribution of this paper is the iterative state space collapse approach that
leads to a simple generator approximation when applying Stein’s method.

Coxian-2 service, heavy traffic regime, load balancing, state space collapse,
steady-state analysis, Stein’s method

conditions under which a load balancing algorithm achieves
asymptotic zero-delay have been obtain in Xin and Lei (2020)
for 0 <« < 0.5 and in Xin and Lei (2019) for 0.5 <a < 1. The
results have also been extended to parallel-jobs (Wentao &
Wang, 2020), multi-server jobs (Weina et al., 2021) and jobs
with data locality (Wentao et al., 2020). This paper considers
jobs with Coxian-2 service times and identifies a set of load
balancing algorithms that achieve zero waiting at steady-state.
While Coxian-2 distribution is still a restricted service-time
distribution, it has been widely used in computer systems
(see, e.g., Tayfur, 1985; Mikl6s & Armin, 2003; Takayuki &
Mor, 2003). In particular, Tayfur (1985) showed the Coxian-2
distribution can well approximate a general distribution by fit-
ting its first three moments when the moments of the general
distribution satisfies m3 /m; > %(c + 1)? and ¢ > 1, where m;,
m3, and c are the first-order moment, third-order moment and
the squared coefficient of variation, respectively (Takayuki &
Mor, 2003). also showed that the Coxian-2 distribution can
represent a large class of bounded Pareto distributions, which
model many real-world job service times in computing and
communication systems, including UNIX I/O time and the
duration of HTTP and FTP transfers.
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1.1 | Related work

Performance analysis of systems with distributed queues is
one of the most fundamental and widely studied problems
in queueing theory. Assuming exponential service time, the
steady-state performance of various load balancing policies
has been analyzed using the mean-field analysis (fluid-limit
analysis) or diffusion-limit analysis. Among the most popular
policies are: (1) join-the-shortest-queue (JSQ) (Anton, 2020;
Patrick & David, 2018), which routes an incoming job to
the least loaded server; (2) join-the-idle-queue (JIQ) (Alexan-
der, 2015; Yi et al., 2011), which routes an incoming job
to an idle server if possible and otherwise to a server cho-
sen uniformly at random; (3) idle-one-first (I1F) (Varun &
Neil, 2019), which routes an incoming job to an idle server
if available and otherwise to a server with one job if avail-
able. If all servers have at least two jobs, the job is routed to a
randomly selected server; and (4) power-of-d-choices (Po d)
(Mitzenmacher, 1996; Vvedenskaya et al., 1996), which sam-
ples d servers uniformly at random and dispatches the job
to the least loaded server among the d servers. With general
service time distributions, performance analysis of load bal-
ancing policies with distributed queues is a much more chal-
lenging problem, and remains to be an active research area
in queueing theory (Mor, 2013) (Mitzenmacher, 1996). pro-
posed a mean-field model of the Po d policy under gamma ser-
vice time distributions without proving the convergence of the
stochastic system to the mean-field model (Reza et al., 2017;
Thirupathaiah et al., 2019; Tim & Benny, 2018). proposed
a set of PDE models to approximate load balancing polices
under general service times and numerically analyzed key per-
formance metrics (e.g., mean response time). They proved the
convergence of the stochastic systems to the corresponding
ODEs or PDEs at process-level (over a finite time interval
instead of at steady state).

To go beyond the process-level and establish steady-state
performance with general service times, a key challenge is
to prove that the mean-field system (fluid-system) is stable,
that is, the system converges to a unique equilibrium starting
from any initial condition. Under nonexponential service time
distributions, the proof of stability often relies on a so-called
“monotonicity property,” which requires a partial order of
two mean-field systems starting from two initial conditions to
be maintained over time. In particular, letting x(¢, y) denote
the system state at time ¢ with initial state y, given two ini-
tial conditions y; >y,, where “>" is a certain partial order,
“monotonicity” states that the partial order x(¢, y;) > x(¢, y2)
holds for any ¢ > 0.

Monotonicity does hold under several load balancing poli-
cies with nonexponential service time distributions that have
a decreasing hazard rate (DHR) (Alexander, 2015; Bram-

son et al., 2012; Foss & Stolyar, 2017). The hazard rate is
defined to be lf g()x), where f(x) is the density function of

the service time and F(x) is the corresponding cumulative

distribution function. With DHR (Bramson et al., 2012),
proved the asymptotic independence of queues in the
mean-field limit under the Pod load balancing policy, and
(Alexander, 2015) proved that JIQ achieves asymptotic delay
optimality (Benny, 2019). proved the global stability of the
mean-filed model of load balancing policies (e.g., Po d) under
hyper-exponential distributions with DHR. The key step in
Benny (2019) is to represent hyper-exponential distribution
by a constrained Coxian distribution, where wu;(1—p;) is
decreasing in phase i (u; is the service rate in phase i and
p; is the probability that a job finishing service in phase i
and entering phase i + 1). With the alternative representation,
monotonicity holds in a certain partial order and the global
stability is established.

When service time distributions do not satisfy DHR, only
few works established the stability of mean-field systems for
very limited light-traffic regimes. For example, Foss and Stol-
yar (2017) relaxed DHR assumption in Alexander (2015) to
any general service distribution but the asymptotic optimality
of JIQ only holds when the normalized load 4 < 0.5. The sta-
bility of Po d with any general service time distributions with
finite second moment has also been established in Bramson
et al. (2012) when the load per server the normalized load
A< 1/4.

The Coxian-2 distribution considered in this paper does not
necessarily satisfy DHR. Under the Coxian-2 service time
distribution, each job has two phases (phase 1 and phase 2).
When in service, a job finishes phase 1 with rate u;; and after
finishing phase 1, the job leaves the system with probability
1 —p or enters phase 2 with probability p. If the job enters
phase 2, it finishes phase 2 with rate u,, and leaves the sys-
tem. Consider a simple system with two servers. Assume the
Coxian-2 service time distribution and JSQ is used for load
balancing. Consider two different initial conditions for this
system as shown in Figure 1, where jobs in phase 1 are in
red color, jobs in phase 2 are in green color and jobs before
processed by the server are in black color. The state of each
server can be represented by its queue length and the expected
remaining service time of the job in service. Let Q% D(¢) and
Q®2(t) denote the queue length of server i at time ¢ with
initial condition 1 and 2, respectively, and T¢D(¢), T¢2(r) €
{ ﬂll + fz, ﬂiz, 0} denote the expected remaining service time
of the job in service at server i with initial condition 1 and
2, respectively. At time 0, we have Q% V(0)> Q% ?(0) and
T¢ D) > TE2(0) for all i = 1, 2. During the time period
(0, #1], two jobs arrived and were routed to servers according
to JSQ, which resulted in the state shown in Figure 1. Sup-
pose that (1 —p)u; < ,uz, then at time #;, we have T®D(z)) =
”iz < TC() = ”— + Lz

mononticity. Note the hazard rate of Coxian-2 distribution

1— + e(1+p);«“
1f g)x = ! ”;’:e(]‘:;w , which is an increasing func-

tion for (1 P)U1 < U, therefore, it does not satisfy the DHR
property.

~ S0 the system does not have
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1.2 | Main contributions | | | |
In this paper, we analyze the steady-state performance of |_|-
many server systems assuming Coxian service time distribu-
. . oeo -
tions and heavy traffic regimes (A =1—-N"* for 0 < a <0.5).
From the best of our knowledge, this is the first paper that Server 1 Server 2 Server N
establishes the steady-state performance of general Coxian FIGURE 3 Load balancing in many-server systems

distributions without DHR in heavy-traffic regimes. In this
paper, we develop an iterative state space collapse (SSC) to
show the steady-state “lives” in a restricted region (with a
high probability), in which the original system is coupled with
a simple system by Stein’s method. With iterative SSC and
Stein’s method, we are able to establish several key perfor-
mance metrics at steady state, including the expected queue
length, the probability that a job is allocated to a busy server
(waiting probability) and the waiting time. The main results
include:

e For any load balancing policy in a policy set II
(the detailed definition is given in (2)), which includes
join-the-shortest-queue (JSQ), join-the-idle-queue (JIQ),
idle-one-first (I1F) and power-of-d-choices (Pod) with
d = O(N*log N), the mean queue length is 4 + O (l(jzivv )

e For JSQ and Pod with d = O(N*logN), the waiting
probability and the expected waiting time per job are both

logN
0(&)
e For JIQ and I1F, the waiting probability is O (m )

2 | MODEL AND MAIN RESULTS

We consider a many-server system with N homogeneous
servers, where job arrival follows a Poisson process with rate
AN with A = 1-N"% 0<a<0.5 and service times follow
Coxian-2 distribution (¢, >, p) as shown in Figure 2, where
U, > 0 is the rate a job finishes phase m when in service and
0<p<1is the probability that a job enters phase 2 after fin-
ishing phase 1. We assume A =1 — N~“ for ease of exposition.
Our results hold for 4 = 1 — fN~* with any constant § >0,
and the extension is straightforward.

Without loss of generality, we assume the mean service
time to be one, that is

1,2y

H1 H2
Under this assumption, 4 is also the load of the system.

As shown in Figure 3, an arrival job is colored with black
before processed by the server, and colored with red and green
when it is in phase 1 and phase 2 in service, respectively. Each
server has a buffer of size b — 1, so can hold at most b jobs
(b — 1 in the buffer and one in service).

Let Q;, () (m = 1, 2) denote the fraction of servers which
have j jobs at time ¢ and the one in service is in phase m. For
convenience, we define Qp_ (¢) to be the fraction of servers
that are idle at time ¢ and Qo »(¢) = 0. Furthermore, define
QO(t) to be a b x?2 matrix such that the (j, m)th entry of the
matrix is Qj (¢). Define S; ,,(t) = Y;>:0) w(¢) and S;(t) =
anzl Sim(#). In other words, §; ,,(?) is the fraction of servers
which have at least i jobs and the job in service is in phase m
at time ¢ and S;(?) is the fraction of servers with at least 7 jobs
at time ¢. Furthermore define S(¢) to be a b X 2 matrix such
that the (j, m)th entry of the matrix is S; ,,(¢). Note O(¢) and
S(#) have an one-to-one mapping. We consider load balanc-
ing policies which dispatch jobs to servers based on Q(¢) (or
S(#)) and under which the finite-state CTMC {Q(z),# >0} (or
{S(#),t>0}) is irreducible, and so it has a unique stationary
distribution. The load balancing policies include JSQ, JIQ,
I1F and Pod.

Let Q) ,, denote Q; ,,(?) at steady state. We further define
Sim=Y>i0jmand S; = Y,,S; . In other words, S; ,, is the
fraction of servers which have at least i jobs and the job in ser-
vice is in phase m and S; is the fraction of servers with at least
i jobs at steady state. We illustrate the state representation S; ,,
in Figure 4 and Table D1.
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FIGURE 4  Illustrations of states S; ,,

Define S to be a b X 2 random matrix such that the (i, m)th
entry is S; ,, and let s € R?*? denote a realization of S. Define
S™ to be a set of s such that

gm={s

2
> Zsl,m;NSi,m € N7Vl’m} . (1)
m=1

Let A, (s) denote the probability that an incoming job is routed
to a busy server conditioned on that the system is in state s €
SM™: that is

1251,m2"‘25h,m20,

A, (s) = P(an incomingjobis routed to a busy server|S(z) = s).

Among the load balancing policies considered in this paper,
define a subset

n:{ﬂ

such that s; < A+

Under policy 7, A;(s) < L for any s € SW
N

14+ py + log N @
min{(1 = p)ur. w2} /N |~

Our main result of this paper is the following theorem.

Theorem 1  Define w, = max{(1 —p)uy, u2},
w; = min{(1 —p)ul,ﬂz} Mmax = max{uy, u2},

and k = <1 + = 1+”‘+”2 +2u; ). Under
any load balanczng pollcy m I1, the following
bound holds

E lmax{ZS _ - KlogN o}] < Hma 5
i=1 \/_ \/_logN

when N satisfies

0.5—a
N S logN > 33 )
14+ + o

: Hy M HiM
min
( 160" 12000 40 )

Note that the condition A;(s) < L for s such that s1 <

VN

14+ +u, logN . . . .
—ATH 987 means that an incoming job is routed to an

wi

A+

idle server with probability at least 1 — L when at least

VN

| lpg -+, logN . )
— _TATH OLN fraction of servers are idle. There are several

N@ w,
well-known policies that satisfy this condition.

e Join-the-Shortest-Queue (JSQ): JSQ routes an incom-
ing job to the least loaded server in the system. Therefore,
A1(s) =0 when s; < 1.

e [dle-One-First (I1F) (Varun & Neil, 2019): 11F routes
an incoming job to an idle server if available; and otherwise
to a server with one job if available. If all servers have at
least two jobs, the job is routed to a randomly selected server.
Therefore, A1(s) = 0 when s; < 1.

e Join-the-Idle-Queue (JIQ) (Yi et al., 2011): JIQ routes
an incoming job to an idle server if possible and otherwise,
routes to a server chosen uniformly at random. Therefore,
Aq(s) =0 when s; < 1.

e Power-of-d-Choices (Pod) (Mitzenmacher, 1996; Vve-
denskaya et al., /996): Pod samples d servers uniformly at
random and dispatches the job to the least loaded server
among the d servers. Ties are broken uniformly at ran-
dom. When d> pjN*log N, Ai(s) < ﬁ when s; < A+

144, +u, logN

Wi \/ﬁ

A direct consequence of Theorem 1 is asymptotic zero
waiting at steady state. Let W denote the event that an
incoming job is routed to a busy server in a system with
N servers, and P(W) denote the probability of this event at
steady-state. Let B denote the event that an incoming job is
blocked (discarded) and IP(/3) denote the probability of this
event at steady-state. Note that the occurrence of event B
implies the occurrence of event W because a job is blocked
when being routed to a server with b jobs. Furthermore, let
W denote the waiting time of a job (when the job is not
dropped). We have the following results based on the main
theorem.

Corollary 1  The following results hold when
N satisfies condition (4).
e Under JSQ and Pod with d > uN* logN

8klogN | 8bN* @
such that \/N > s + o , we have
16/4
2klogN 14 ptmax + =152
E[W] < —2 = : 5)
\/_ VN logN
M.mx
1 Mmax klOgN 7 pimax +
POW) < — . 6
(w) < v (6)

VN VNlogN
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e Under JIQ and IIF such that
N%3~=@>2klogN,
14 ptmax
POW) < ——— . 7
) < NO5-a]og N 0

The proof of this corollary is an application of Little’s law
and Markov’s inequality, and can be found in Appendix D. We
remark that according to (5) and (6), asymptotic zero-waiting

is achieved under JSQ and Pod when k = 0(135\1);
and according to (7), asymptotic zero-waiting is achieved

under JIQ and I1F when k = O (];]05;) . Since Theorem 1

assumes k = O(b), the buffer size has to be O (N;N) as
well, which results in the finite-buffer assumption in this
paper. This finite-buffer assumption, however, is a sufficient
condition. It remains open whether such a condition is neces-

sary.

3 | PROOF OF THEOREM 1

In this section, we present the proof of our main theorem,
which is organized along the three key ingredients: genera-
tor approximation, gradient bounds, and iterative state space
collapse.

3.1 | Generator approximation

Define ¢; ,, € R”*? to be a b x 2-dimensional matrix such that
the (i, m)th entry is 1/N and all other entries are zero. Further-
more, define A; ,,(s) to be the probability that an incoming job
is routed to a server with at least i jobs and the job in service
in phase m, when the system is in state s, that is

Aim(s)
with at least i jobsand the job in

= Pr(an incoming job is routed to a server

service in phase m | S(¢) = s).

Given the state s of the CTMC and the corresponding ¢, the
following events trigger a transition from state s.

e Event 1: A job arrives and is routed to a server that it
has i — 1 jobs and the job in service is in phase 1. When this
occurs, ¢g;, 1 increases by 1/N, and g;_,; decreases by 1/N, so
the CTMC has the following transition:

q—qteir—eiy,

s> s+e.
This transition occurs with rate
AN(Ai—1,1(5) — Ai1(5)),

where A;_ 1, 1(s) —A; 1(s)) is the probability that an incoming

job is routing to a server with i — 1 jobs and the job in ser-

vice in phase 1. For example, under JSQ, we have A;_; ;(s) —
A1) = ; =y 1<) where 911 i the probability that

the server Wthh receives the job i 1s servmg a job in phase 1

WILEY——*

conditioned on the job is routed to a server with i — 1 jobs,
and {s;_; = 1,s; <1} implies that the shortest queue in the
system has length i — 1.

e Event 2: A job arrives and is routed to a server such that
ithas i — 1 jobs and the job in service is in phase 2. When this
occurs, g;, 2 increases by 1/N, and g;_ |, » decreases by 1/N, so
the CTMC has the following transition:

q—>qter—ei12,
s = s+en.
This transition occurs with rate

AN(Ai—12(5) — Aia(s)),

where A;_ 1 2(s) —A; 2(s)) is the probability that an incoming
job is routing to a server with i — 1 jobs and the job in ser-
vice in phase 2. For example, under JSQ, we have A;_j »(s) —

Aia(s)) = qq llzl[{sl \=1,5,<1}» Where 9212 s the probability that

the server which receives the job i is servmg a job in phase 2
conditioned on the job is routed to a server with i — 1 jobs,
and {s;—; = 1,s; <1} implies that the shortest queue in the
system has length i — 1.

e Event 3: A server, which has 7 jobs, finishes phase 1 of the
job in service. The job leaves the system without entering into
phase 2. When this occurs, g; ; decreases by 1/N and g;_,
increases by 1/N, so the CTMC has the following transition:

q—>q—e¢ei1t+e-11,

s> s—e.
This transition occurs with rate

#qui,l(l _p)5

where (1 — p) is the probability that a job finishes phase 1 and
departures without entering phase 2.

e Event 4: A server, which has i jobs, finishes phase 1 of
the job in service. The job enters phase 2. When this occurs,
a server in state (i, 1) transits to state (i, 2), so g; | decreases
by 1/N and g; » increases by 1/N. Therefore, the CTMC has
the following transition:

q—>q—ei1te,

1 1
§—=8-= Ze.f,l + Zej,z,
j=1 =1

where the transition of s can be verified based on the
definition s; ,, = Y.;>iqj, m 50 sj,1 decreases by 1/N for any
J<iands; , increases by 1/N for any j <i. This event occurs
with rate

Hi1Ng; 1P,
where p is the probability that a job enters phase 2 after
finishing phase 1.

e Event 5: A server, which has i jobs, finishes phase 2 of the
job in service. The job leaves the system. When this occurs,
gi.» decreases by 1/N and g;_,; increases by 1/N (because
the server starts a new job in phase 1 and the event when
i = 1 means the fraction of idle server increase by 1/N), so the
CTMC has the following transition:
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q—>qg—exte11,

i i—1
§s—> 85— Zej’z + Ze]y].
J=1 J=1

This transition occurs with rate

H2NG; 5.

We illustrate local state transitions related to state s under JSQ
in Figure 5.

Let G be the generator of CTMC (S(¢) : £ > 0). Given func-
tionf : S™ — R, we have

b

Gfis) = Z[/TN(AL‘—I,I () —Aii())(f(s+ei)—f(s) (8)
i=1

FAN(Ai—12(5) = Aip())(f (s + €i2) — f(5)) )

+(1 = PyuiNg;, (F(s — e11) — £(5)) (10)
+puiNg;, (f (s ~ Y+ Ze,-,2> —f(s)> (1)
j=1 =1

i i-1
+HaNG; > (f <s —Dlen+ Ze;,l) - f(s))] . (12)
=1 =1
For any bounded function f : S™ — R,

E[Gft$)] =0, 13)

which can be easily verified by using the global balance
equations and the fact that S represents the steady-state of the
CTMC.

To understand the steady-state performance of a load bal-
ancing policy, we will establish an upper bound on the
distance function in (3):

b
ax{ZS,-—n,O},
i=1

klogN

VN
The upper bound measures the quantity that the total number
of jobs in the system (N ZL S;) exceeds NA + k\/ﬁlogN at
steady state, and can be used to bound the probability that an
incoming job is routed to an idle server in Corollary 1.

We consider a simple fluid system with arrival rate A and
departure rate A + 2~ that is

\/_

with

n=»Ai+ (14)

log N

VN

and function g(x) which is the solution of the following Stein’s
equation (Lei, 2016):

¢ <—1°gN> = max{x — 5,0}, Vx (15)

b}

where g'(x) = %% The left-hand side of (15) can be
viewed as applying the generator of the simple fluid system

to function g(x), that is
log N
VN

dg(x)
It is easy to verify that the solution to (15) is

I =g(X)5C=g(X)<—

N
8() = =37 N(X—”I)z]lxzm (16)

and

g = “TogN YT M. a7

We note that the simple fluid system is a one-dimensional sys-
tem and the stochastic system is b X 2-dimensional. In order
to couple these two systems, we define

f(s) = <22s,m>, (18)
i=lm=

and invoke f(s) in Stein’s method.
Since Yo 32 sim = Yo, s < bfors € S™, and f(s)
is bounded for s € S™, we have

b 2
E[GAS)] = E ng (225,,,)] =0. (19

i=1m=1
Now define
h(x) = max{x — n,0}.
Based on (15) and (19), we obtain

E lh (zbz‘%szm>]
wle(3) () (85

(20)

Note that according to the definition of f(s) in (18), ¢; | and
ej, 2, we have

fls+e) = (Z,Zslm —>,

i=lm=
b
f(s+612) <ZZS”" >
i=1m=1
and
b 2 1
( — = _
fGs—e1) = (;mzzls N)
b 2 1
fls—en) = =
s—eo <§ =ls N>

for any 1 <j <b. Therefore,

Gg <Z Zslm) = N1 = Ay(S))

i=lm=
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FIGURE 5 Illustrations of state transitions under JSQ for any i with 1 <i<b

2

b
2 X sin

i=l m=1

b 2
i=1m=1

(22 w)

+N((1 = p)uisi,1 + p2s12)

({35 1)(25)

i=lm=1
where the first term represents the transitions when a job
arrives and the second term represents the transitions when
a job departures from the system. Note (1 —p)u;s;; and
s are the rates at which jobs leave the system when
in phase 1 and phase 2, respectively in the state s. There-
fore, (1 —p)p1s1,1 + pHas12 is the total departure rate. Define
d;y = (1 —p)pu1s1,1 + p2s12 and its stochastic correspondence
Dy = (1 —=p)u;S1.1 + 1251, for simple notations.
Substituting the equation above to (20), we have

2

b
2 X sin

i=lm=1

log N

— NA(1 — A(S))
VN > ’

)

2

From the closed-forms of g and g’ in (16) and (17), note that
for any x <,

g =g'(x) =0.

Also note that when x > n + %,

N
g = —i(x —-n),

22
log N 22)

soforx>n+%,

VN

logN’

g'(x) =~ (23)

By using mean-value theorem in the region T

{x | n— % <x<n+ %} and Taylor theorem in the region

Tz={x|x>r/+1\l]},wehave

g (X+ %) —gx) = <g (X+ %) - g(X)) (Ler; + Ler)
= @erT + ( + g”(C)) ]IxeT

N 2N?
g(v-5) -0 =(g(r-5) ~80) e, +Liery)

46 gw+y@)hn

_]Ix +| -
N < ( N " 2A2

where &, € <x,x+ #) and E,E € (x - %,x) . Substitute
(24) and (25) into the generator difference in (21), we have

g (x)
N

(24)

(25)

b
E lh(ZS)] =Ji 4]+ (26)
i=1
with
b log N
J,=E g'(ZS,-) </1Ab(S)—/1— i+D])H , SGTZ] ,
i=1 \/ﬁ =
27
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lterative State-Space Collapse (Sssc)
Lemma 6 Lemma 7
Gradient Bounds
Lemma 10
Lemma 1| |Lemma 2 Lemma § Temma 9
y \ \
Lemma 3 Lemma 4 Lemma 5
(J2 +Js) Jyin Sgse Jy outside Syq.
Theorem 1
(i + o+ J3)
FIGURE 6 The roadmap of proving Theorem 1
lo N
I = ZS 284
\/N
A=A O +Dg®): | @)
€74

i=1

1 ~
Js = =B [ 55G( =AD" (© + Dig" Oy g7, |-
(29
Note that in (28) and (29), we have that

b b b b
&Ce (Zsi, S+ %) and &,¢ € (Zsi - % ZS,)
=1 =1 i=1 i=1

are random variables whose values depend on Zle Si. We do
not include 25;1 S; in the notation for simplicity.

To establish the main result in Theorem 1, we need to pro-
vide the upper bounds on (27), (28) and (29). In the following
Section 3.2, we study g’ and g”’ to bound the terms in (28) and
(29); In Section 3.3, we study SSC to bound the term in (27).
We summarize the proof in a roadmap in Figure 6. Lemmas 1
and 2 establish gradient bounds, which are used to bound
Jo+J5 in Lemma 3. Lemmas 6, 7, 8 and 9 are iterative SSC
to show the system is in S, with a high probability, which
rely on Lemma 10 and are used to bound J; in Lemmas 4 and
5. We finally prove Theorem 1 by combining Lemmas 3, 4
and 5.

3.2 | Gradient bounds

To bound J, in (28) and J3 in (29), we summarize bounds on
g’ and g” in the following two lemmas.

Lemma 1 Given x € [;7— %,;1+ %], we
have
g’ < ———

B \/_logN

Lemma 2 Forx>#, we have

\/_

18" ()] < N

Based on the bounds on g’ in Lemma 1 and g”’" in Lemma 2,
we provide the upper bound on J, +J3 in the following
lemma.

Lemma3 For g(-) defined in (16), we have

6
Jr+J3 < ﬂ
\/ﬁlogN

The proofs of the lemmas above are presented in
Appendix A.

3.3 | State space collapse

In this subsection, we analyze J; in (27):

b
E lg' <2Sl—) (AAb(S) - + D1> Iso s;>n+;]
logN
LogN (Zs > <—/1A;,(S) + 14 7 - D])

logN

I[Zi’:l Si>'7+/1,‘|
<g| WV, Zb‘ls A+ 02N p o\
- logh \ & ! \/ﬁ VoS sonts |

(30)

where the equality is due to Stein’s Equation (15), and the
inequality holds because

<2S> S>17+l 2 0.
We first focus on

logN
</1 + W —(I=puisi1 — H2S1,2> HZL Py (3D

klogN
andd; =(1 - S1.1+ Has
Wi 1= =puisii+ p2s12
is the total departure rate when the system is in the state s.

We consider two cases: s € S, and s & S, where

Sse = SVSC[ U Ssxczs

log N

where we recall 7 = A+

and
1 logN
Sy =1 s s12/1+< +H1+M2_Ml> og
Wy 1/]\]
log N A log N
11 Zi— o ,andsl,zzp———”l o8 ,
M /N K2 /N

Ssscz = {S
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FIGURE 7  State space collapse in Sy, .

e Case 1: S, is shown as the gray region in Figure 7. Any
5 € Sy, satisfies
logN
(I =p)uisi + pasip 2 A+ \/g— ,
N

SO (,1 + 1‘3}_{}" - (1 =pmsig — y2s1,2> HZL st < 0 for

any s € Sy,. The details are presented in Lemma 4. When
s € Sssczy

i=1"1

th s~>r/+1%/ =0,

SO (ﬂ + l(\)/g%\/ - (I =puisi1 — [42.&‘1’2) ]IZL]S?’H'%, = 0 for
any s € S,.
o Case 2: We will show that
3
P(S & Sise) < el
in Lemma 5 using an iterative state space collapse approach.

Lemmad4 Foranys € Sy,

logN
(l + N — (I =pisiy — /42S1,2> I[Zf-’=1si>/1+kk’7g'v+,% <0.

N
The proof of Lemma 4 can be found in Appendix B.

Lemma 5 For a large N such that logN >
35 ) , we have

: [ K _mm
min 2 Sl
( 16pmax * 12#max * 40imax

3
]P)(S ¢ Sssc) S m

Proof The proof of Lemma 5 is based
on an “iterative” procedure to establish state
space collapse, which is achieved by proving
a sequence of lemmas (Lemmas 6-9). The
detailed proof of four lemmas can be found in
Appendix C.

Define sets §1 and §2 such that

WILEY——%

b
~ + logN
5 - { mm{n_sl,zsi} L ot mlogN }
i=2 VN
33

According to the union bound and Lemmas 7-9,
we have

PS & S NSy)

< 3 VN min( st Jiow'n
~ p1logN
+ 16 N - min gl 2 2 JlogN
HiH2 1og’N
34N - e_mi“( s T o )logzN
Hip2 log’N
3
N2
where the second inequality holds for a suffi-
ciently large N such that

B

<

’

3.5

Hy Hy HiHy >
164x ’ 12,0 ’ A0y

logN >

min (

‘We note that §1 N §2 is a subset of S;;.. This is
because for any s which satisfies

b
min _ oL (c1 + p1)logN
7] 1 Z 1 —_ 9
i=2 VN

we either have
< (c1 + m1)logN

”_s— k)
1 VN

> logN
Hi >

VN

which implies

l+um+p
wi

S12/1+<

or

which implies

Note that

o~ 1 log N
Slﬂ{s S12/1+( +ﬂ1+”2_#1> £ }:Sssc1

wy \/N
and
§1 N { N

b
si < 71} c Ssscz'
i=1

We, therefore, have

§1 n §2 - Sssz



LIUET AL.

% | WiLEY

and

PS¢ Su) <P 2508 < =

so Lemma 5 holds. n

s

We present “iterative” state space collapse procedure in
Lemmas 6-9.

Lemma 6 (An upper bound on S| ).

loe N _uwlogzN
P S12<—+0g >1—-e 4°f‘max .
M2 2N

Lemma 7

P Sll >i——10gN
T m \/ﬁ
5 \/_ —mm( L1 )logzN

(A lower bound on S ;).

1 [ —— 164tmax ” 40tmax
u1 logN
Lemma8 (A lower bound on Si,).
A logN
P(s,> pA  Hilog
M2 \/ﬁ
>1-— 16 N e mi"( s Tonm T )IOgZN.
HiH2 log’N
Lemma9 (A lowerbound on S, via Zf:z S)).

b
klog N log N
P( mind 1+ X2°8 _SI’ZSI. SM
VN pc VN

1.5 . Hy M2 H1H2 2
4 N e_ mm( 16max * 12Hmax * 40Hmax )10g N
2 3
HiH2 log"N

>1-

1
min{py,p,}

<1+W—“h><l+”'+”2+2m> and ¢
Wi

L ('*"‘”2 + 2;41> +2p1.

w, w,

, where k

for logN >

Remark: An important contribution of this paper is the iter-
ative state collapse method we use to prove Lemma 5. The
method continues refining the state space in which the system
stays with a high probability at steady-state. Figure 8 illus-
trates the iterative state-space collapse in Lemmas 6-8. We
first show in Lemma 6 that with a high probability, S1, <
Loy Lol g steady-state. Then in the reduced state space

H \/ITJ
<S1 ) < : + 10\%) we further show in Lemma 7 that Sy ; >

4 _ 1¢N with a high probability at steady state. We then fur-

mo YN

ther establish in Lemma 6 that S| » Z pd

— 418N o ith a high

probability at steady state in the reduced state space.

3.4 | Proof of Theorem 1

Based on Lemmas 4 and 5, we can establish the following
bound on (30), which is a upper bound on J; in (27),

[ (52 ) (-2
- [ (B (o4

HSGSW Z 1 Si >n+—]

el (2 (0

HS%SYY(‘]IZ S: >ﬂ+—]

logN
- D1> HZ, IS,>'1+-]

log N
og —D1>

S L&
N15log N

where the last inequality holds because we have used the facts

that the average total number of jobs per server is at most b

logN
and (4+ ! =Dy ) Isgs, Ty gopet <1

Based on Lemma 3, we are ready to establish Theorem 1
under JSQ.

E lmax{gSi—n,O}l

3b 6.umax
N'2logN \/NlogN

(34

=Ji+Hh+J3<

which implies

B lm{ZSno}]

4 | CONCLUSIONS

7ﬂmax

\/—logN

In this paper, we considered load balancing under the
Coxian-2 service time distribution in heavy traffic regimes.
The Coxian-2 service time distribution does not have DHR
and the system considered in this paper lacks monotonicity.
We developed an iterative SSC and identified a policy set I,
in which any policy can achieve asymptotic zero delay. The

set IT includes JSQ, JIQ, I1F and Pod with d = O <l°gN> .

1-2
The proposed Stein’s method with iterative SCC is a gen-

eral method that can be used for steady-state analysis of other
queueing systems. The key idea of this method is to use an
iterative SSC to reduce the state space to a much smaller sub-
space, in which the system can be well approximated with
a simple fluid model, and the approximation error can be
quantified using Stein’s method. The iterative SSC approach
iteratively reduces the state space by focusing on one direction
at each iteration based on the system dynamics. This provides
an intuitive way to establish SSC results that may be diffi-
cult to obtain at once. For example, it remains open whether
the SSC result in this paper can be proved using a single Lya-
punov function. This method has already inspired and been
used in recent work (Wentao et al., 2020), which developed
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FIGURE 8 Iterative state-space collapse to show that S, ; and S, , are in a smaller state-space (the gray region) at steady-state

zero-delay load balancing algorithms for networked servers
assuming exponential service times.

We also would like to remark it is nontrivial to extend
the results in this paper beyond Coxian-2. The analysis in
this paper utilized some simple yet critical properties of the
Coxian-2 distribution: a job in phase-1 either departs or enters
phase-2 immediately, and a job always starts its service from
phase-1. In a Coxian-M distribution or a general phase-type
distribution, the dependence between jobs in different phases
becomes more involved. In particular, it becomes more chal-
lenging to establish a result similar to Lemma 6. Recall that
for a Coxian-2 distribution, s, decreases when its value
is large because a large s;, implies s;; is small (because
51,1 +512<1) so the rate at which jobs move from phase-1
to phase-2 is small. However, for a Coxian-M distribution, a
large s, ) is not sufficient to guarantee that sy p/—; is small
enough so that s, 5 will decrease. For a general phase-type
distribution, jobs in the queues can be in any phase, not nec-
essarily in phase-1, which makes it difficult to show that
S1.» will be close to its “equilibrium”. However, we believe
if a proper Lyapunov function could be found to establish a
“good” upper bound on S, 5, then we may apply the itera-
tive approach in this paper to establish SSC and to extend the
results in this paper to more general service distributions.
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APPENDIX A: GRADIENT BOUNDS

A.1 | Proof of Lemma 1

Proof From the definition of g function in
(15), we have

_ max{x—n,0}
- _logN '

VN

g

Hence, for any x € [n - %, n+ 1%] , we have

2
lx — 7] N 2
g’ < Sy ——
_log/_NN —log%lv \/N logN

A.2 | Proofof Lemma 2

Proof From the definition of g function in
(15), we have

/ — max{x—ﬂ’O}
g )= BT
VN
For x > 7, we have
/ X
g (x) - _lOgN’
VN

which implies

s | 1 | VN
l8" 0l = | 5w | = .

VN [

A.3 | ProofofLemma3

PVOOf Note (1 —P)ﬂlsl,l + H2812 < HmaxS1 < Hmax>,
then we have

log N

\/N

b
L+l <E((g| D) -
i=1

218 Ol + g ® ) Ig2 | AD
1
+E ]T](Mg”(ﬂﬂ + pmax|g” ()L (A2)
XS:€T,
i=1
N
< 4 pmax + A+ Pmax \/— (A3)
\/NlogN N logN
< ﬂ (A4)
\/ﬁlogN u

APPENDIX B: PROOF OF LEMMA 4

We consider the following problem

min (1 —p)uisi + U212,

(51,151 2)€S,

ssc|

which is a linear programming in terms of variables s, ; and
s12. Therefore, we only need to consider the extreme points
of set Sy, . In fact, from Figure 7, it is clear that we only need
to consider the following two extreme points.

) log N
e Case 1: s;; = <+ — 22 and s;, = 4 +
M W ’
1+, + log N ) T+p,+ log N
<M_m>&_m =P_+<M_m+1) 0N
wy \/ITJ Ho w \/IT/
1 .
where we use the fact — + £ = 1. In this case,
Hy Hy

(I =pluisi,i + u2s12
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14+ + log N
=/1+<—(1—19)M|+/42<M—m+1>> 5

wy W
(BS)
log N
> A+ (=(1 = pyur + (1 + 1 — o + 21)—— (B6)
log N
= A+ 1+ m) (B7)
N
loe N
> A+ —22 (BS)

VN
where (B6) holds because w; = min{(1 —p)u, u»} and (B7)

1
holds because — + £ = 1.
Hy Ha
T+p,+ log N
o Case 2: 51| = A+<M—y1> o8
’ wi W
1+, +4, log N y! log N . .
T 088 and sy, = 22 — B9 At this extreme point, we
w N ’ H VN

have

A
I i
Hy

(I =puisi + masi12
14+ pu + log N
=1+ ((1 —P)H1 <#> - mm) £ (B9)

VN

log N

VN

2 A+ + p+ 2 — pip2) (B10)

I
> 14+ 0N

(B11)

=z

where (B10) holds because w; = min{(l — p)u;, 4o} and
(B11) holds because py + o > pu1 + s = 1o

APPENDIX C: PROOF OF ITERATIVE STATE SPACE
COLLAPSE

We present the iterative SSC approach for proving Lem-
mas 6-9. The first three lemmas are on the upper and lower
bounds on S| and S, illustrated in Figure C1, which shows
that both S} ; and S, are close to its equilibrium values, in
particular, with a high probability, S; ; > uil - % and Sy, >
’;—A _ leN However, these two low bounds do not guaran-
teze the total departure rate, which is (1 —p)u1S11 + #2512, is
larger than the arrival rate A. Therefore, we need Lemma 9
to guarantee sufficient fraction of busy servers S; such that
the total departure rate is “larger than” the arrival rate 1. We
therefore need Lemma 9 to further establish a lower bound on

S| unless the total normalized queue length Zle S; is small.

C.1 | A tail bound from Wang et al. (2018)

To prove the space collapse results, we first introduce
Lemma 10, which will be repeatedly used to obtain
probability tail bounds. Lemma 10 allows us to apply
Lyapunov-drift-based heavy (Eryilmaz
Atilla, 2012) to reduced state spaces instead of to the entire

traffic analysis

WILEY——*

state space. The lemma is an extension of the tail bound
in Bertsimas et al. (2001). This Lyapunov drift analy-
sis on reduced state space enables us to iteratively refine
the state space at steady state. The lemma was proven in
Wang et al. (2018). We include the proof to make the paper
self-contained.

Lemma 10 Ler (S@):t>0) be a
continuous-time Markov chain over a finite
state space S and is irreducible, so it has a
unique stationary distribution n. Consider a
Lyapunov function V : S — R* and define the
driftof V at a state s € S as

Ve = Y g (Vis) = Vis),
s'E€S s #s
where qsy is the transition rate from s to s'.
Assume

max |V(s') = V(s)| < oo and
5,8'€S:q,9>0

5,8

Vmax =
g = max(—q;;) < o
SES

and define

Gmax = MaXses Z‘y/es;v(xkv(s/)qs,s’-
If there exists a set £ with B>0, y>0,6>0

such that the following conditions satisfy:

(i) VV(s) < —y when V(s)>Band s € £.
(ii) VV(s)<é when V(s)>B and s¢&E&.
Then

P(V(S) > B + 2Vmaxj) < & + pP(S ¢ €),Vj €N,

with
Gmax Vmax
a=

= maVmn g p=C 4
GgmaxVmax T 7 4

Proof Let C>B—vp, and consider Lya-
punov function.

V(s) = max{C, V(s)}.
At steady state, we have

0= Z TF(S)ZCIs,s’(/‘}(S,) - /‘}(S))

V($)SC—Vyax s'#s

+ 2 ﬂ(S)qu,s/(‘A/(s’) —V(s))

C <V($)SCHvpax s'#s

- Vmax

+ D w9 Y e (Vis) = V(s)).

V($)>C+Vpax s'#s

(C12)

Note VV(s) = ¥,..qs.y(V(s) = V(s)). We
consider three terms in (C12) as follows:

e The first term is O because V(s) < C — Viax
and V(s") < C imply /V(s) = /\}(s’ )=_C.

e The second term is bounded

Y 29 4 (V) = Vi)

C <V($)LCH+vp, s'#s

- Vmax
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< Y A maxVma
C—Vax <V($)SCHVax

< Qmaxvmax(P(V(S) > C = Vimax) — P(V(S) > C + vinax))

o The third term is divided into two regions
seEfand s& &

Y ) Y (V) = Vi)
V($)>C+Vax s'#s

= D 7)) V() = V(s)
V($)>C+vyax s'#s
se&

+ Y ) Y (Vi) = Vs)
V($)>C+vpax s'#s
SEE

< —yPV(S) > C + Vmax, s € E)
+ 6P(V(S) > C+ vinax, s € &)
= —yP(V(S) > C + Vimax)
+ (6 +7)PV(S) > C+ vimax, s € &)

where the inequality holds because of two con-
ditions (i) and (ii).
Combining three terms above, we have

(gmax Vmax + PPV(S) > C + Vinax)
< QmaxvmaxP(V(S) > C — Vmax)
+ (6 +)PWV(S) > C+ Viax, S € E)

which implies.

PV(S) > C + Vimax)

< MP(V(S) > C = Vimax)
GmaxVmax T 7V
o+
L P(V(S) > C+ V. S £ €)
GgmaxVmax T 7
< Amex¥max peyig) s € v
GgmaxVmax T Y
6+
+—7 _Ppsge
Gmax Vmax

= aP(V(S) > C = vinayx) + KP(S & ),

where

o+y
Gmax Vmax + 14 '

('Imax Vmax
o= and k =

B GmaxVmax T 7

Let C = B+ (2j — 1)viax, Vj € N and we have

P(V(S) > B + 2Vimax))

< aP(V(S) > B+2(G — Dvmax) + kKPS & &) (C13)

By recursively using the inequality (C13), we
have

J
P(V(S) > B + 2Vmayj) < o + kP(S & e)zai
i=0

<d+-E PS¢
l—«a
=o + pP(S ¢ &)

As mentioned above, Lemma 10 is an extension of Theorem
1 in Bertsimas et al. (2001), where & = S®™ is the entire
state space and P(S¢ &) = 0. As suggested in Lemma 10,
constructing proper Lyapunov functions are critical to estab-
lish the tail bounds. In the following lemmas, we construct
a sequence of Lyapunov functions and apply Lemma 10 to
establish SSC results.

C.2 | Proof of Lemma 6: An upper bound on S; »

To prove Lemma 6, we first establish a Lyaponuv drift anal-
ysis for & = S®™ (the entire state space) in Lemma 11.

Lemma 11  Consider Lyapunov function
V(s) =s120— L

”—2.
When V(s) > —=£ N

1
WA

VV(s) < —

, we have
Uiz log N

VN

Proof WhenV(s) =s1,— L2 > logN

W = AN

, we have

VV(s) = puisi,1 — 12512 (C14)
<pu1 — (pu1 + u2)si2 (C15)

log N
= 11(p — posr) < L2 082 (C16)

4 \/N
(C14) and (C15) holds because s;; = s1—
512 <1 —1s12 (note this structure is simple yet
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critical in proving Lemma 11 and driving iter-
ative SSC in Figure 6); (C15) and (C16) holds

because ”i + ”ﬁ = 1 implies pu;+pu, =
1 2
H1H2- [ ]
From Lemma 11, we know B = ¥ and y = A leV
’ 4y/N 4 N

According to the definition of gm,x and vp.x, we have
Gmax = HmaxN and v = % Since & = SW is the entire
space, then P(S ¢ &) = 0, we use Lemma 10 (or Theorem 1
in Bertsimas et al. (2001)) to obtain the following tail bound

withj = —‘/N;"gN,.

log N
P(V(S) > B + 2vpa) = P 51, - £ > 2% (C17)
H2 28N

\/NlogN
3
1
< 1+ M4y logN (C18)
e VN
\/NlogN
8
<(1- Hip logN (C19)
5
Hmax W
_;«wzlogzN
<e (C20)

ituti — logN = 1
e (C17) holds by substituting B = W Vimax and
j — WlogN.
8 9
e (C17) and (C18) holds based on Lemma 12;
¢ (C18) and (C19) holds because £ < IV for a large N

max _ 1 N
satisfying (4).

C.3 | Proof of Lemma 7: A lower bound on Sy
To prove Lemma 7, we first establish a Lyaponuv drift anal-
ysis in Lemma 12.

Lemma 12  Consider Lyapunov function

V(s) = A KIRE (c21
Hi
We have
< - l41 logN
o VV(s) \/ﬁ when
log N log N
Vi) > 2L and 51, < £ 4 282

2N

24/N H2
e VV(s) <1, when

log N log N
V(s) > g and s1,22£+ £ .
24/N H2  24/N
. < P logN A
Proof Assuming s;; < + W and m
log N
> 088
S11 > 2\/ﬁ,we have
S1=S11+S12S£+i
H2 M1
1 log N
SRR NP e S S PR
uIN® wy \/]T]

WILEY——2

Therefore, the drift of V(s) is.

VV(s) = =A(1=A1 () + 151,10 — (L =p)u1sa,1 — ppsao (C22)
1
S——A+umsiy— (1L —pluisay — uas22 (€23)
VN
< s, (C24)
VN

log N
< L _mleg (C25)

VN 2 N

log N

< _% g (C26)

VN
where

e (C22) and (C23) holds because A (s) < ﬁ
under any policy in IT;
e (C24) and (C25) holds because s < ”i -~
1

log N
2N’
Assumin > LyploeN ands, < A loel
uming si2 /42+2\/JT/ SIS 24N
we have
VV(s) = =A(1 = A1(8)) + p1s1,1 — (1 = puisa1 — p2s22
<msiy < 1

— < ya logN} A
Let £ {s | s " + Wi we have V(s) = m S11

satisfying two conditions:

< _#ilogN > logN
o VV(s) < 3 VN when V(s) > Wi and s;p €E.
e VV(s) <1 when V(s) > ‘z\g/% and 51, ¢ €.
- _ logN _ My logN — ..
Define B = ik vy = 3 ok and 6 1. Combining
Gmax < MmaxN and Vmax < 1%/, we have
1 1
< - =
a < TR and g i Tog + 1.
3fmx VN 3 VN
Based on Lemma 10 with j = M, we have
log N
P(V(S) 2 B+ 2vima) = P 2 =511 = 222 ) (c27)
Hi \/]T]
V/NlogN
4
1
< m + fP(S12 € &) (C28)
3Umx VN
\/710£N
1 1y Halog2N
(o logN p AN et
4 ptmax \/ﬁ ﬂl IOgN
_ pylog?N _ mmlog?N
< e 113;4,““ + i \/— l40f‘m.lx (C30)
i logN
<2 VN o~ min{ s s Jlog™N. (C31)
u1 logN

where
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log N

. _ logN _ 1
e (C27) holds by substituting B = W Vmax = 3

— VNlogh.
4 ’

e (C27) and (C28) holds based on Lemma 7.3;
e (C28) and (C29) holds because (i) in the first term in
(C28), £ <

ax

second term in (C28) can be bounded by applying Lemma 6.

ij;/v for a large N satisfying (4), and (ii) the

C.4 | Proof of Lemma 8: A lower bound on S,
Lemma 13 Consider Lyapunov function
V(s) = u_ —S12-
We have
< - ﬂz logN
o VV(s) RV when
logN log N
V( ) > <pﬂl + l) 8 and $1,1 > i - e 5
o 2) \/N M /N

e VV(s)<1, when

logN log N
V()><p'u1 l) 08 andsl,1<i—0g .

M2 2

Proof Assuming V(s) =

1\ logN i logN
(%.,.5) 2% and sy > & — 222, we have

Ho \/N ’ Hy \/ﬁ
VV(s) = —(pu1s1,1 — H2512) (C32)
ui log N
—(pa-PEET s (€33)
VN
log N
<2 (C34)
2 \/_
where
e (C32) and (C33) holds because s;,; > A
logN , H
\/IT] ’

e (C33) and (C34) holds because s, , < ‘;—i -

2
PHy 1) logN
( Ho + 2) \/N ’

. A 1\ logh
Next, assuming 2= — 51, > (’ﬂ + E) logN
Ha

- My \/IT/
A logN
and sy < m N we have
VV(s) = =(puisi,1 — H2s12) < mosip SpA <1, (C35)
|

Defini ={ >i_logN}’ h _ DA _
efining £ s|s> m W we have V(s) -
512 satisfying two conditions:
e VV(s) < _%I"LN when V(s) > ('%+ %) loeN" and
2

VN VN
s1,1 € E.

PHy 1) logN
o VV(s)<1 when V(s) > ( 4 2) 2 and s1, €.

5 — (pmo L) logN — HalogN
Define B = <u2+2> \/N,y i and 6 = 1.

1
= UmaxN and Vi = 5o we have

1 2 \/_

Combining gmax

aL—— and f =
T4 o leN 1 1o N
1+ Y VN 2 log
Based on Lemma 10 with j = _\/NLOgN . we have
“ log N
P(V(S) = B+2vimaxj) = P P4 _ Sia > (Pﬂl + 1) og
H2 7 W
(C36)
NlogN
4
: — + 2 \/_P(Suﬁé') (C37)
2”1’]]6){ W
VNlogN

3 YN

log N + 2 VTR, 2 6) ()

<(1= H2
- 3 tmax \/ﬁ u2 lo g

ey 45 N

—min( al K12 >log2N
e

< e Ddma + —— 16ptmax ” 40max (C39)
H1H2 1og’N
< 16 N - min(for— 5t L Jlog?N i (C40)
H1H2 log’N
where

e (C36) holds by substituting B, v, and j;

e (C36) and (C37) holds due to Lemma 13;
e (C37) and (C38) holds because M”z < % for N

satisfying (4) in the first term of (C38);

e (C38) and (C39) holds by Lemma 7 to obtain the tail
bound in the second term of (C39).

Recall ’% + 1 = y; and the proof is completed.

C.5 | Proof of Lemma 9: SSC on S; and Zf.’zz Si
Define L;;, = + — 12N and L, = 2 - mleN pecall
M N Hy N

wy = max((1=p)u1, p2), wi = min((1=p)py, o), k =
(122 ) (£ 2y ) and g = 22 (Lt 10y ) 4+
wi

wy Wi Wi
2[11 .
Lemma 14 Consider Lyapunov function
klog N >
Vi) =min{ 4+ —sp, it (C41)
VN i=
We have
e VV(s) < —w, when
cilogN

V(s) > with ) > Ly and 515 > Ly ;

N
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e VV(s)<w,, when
1 logN
N

Vis) > &

with s1y <Ljjors;p <Ljs.

Proof When V(s) > C‘I%N, the following two
inequalities hold.

k— log N 1 log N
s < iy Koe)loeN o T+mtmloeN

VA wVN

b
log N
Z > {08 (C43)

\/_

We have two observations based on (C42) and
(C43):

o (C42) implies A (s) < ﬁ under any policy
in IT;

e (C43) implies s, >
§32>832>--

¢ logN

b VN

because
- >sp, and we have

log N
(I =p)uisa1 + Has22 > wisy > WITCIL, (C4a4)

N
where a finite buffer size is required such that

logN - .
the lower bound w;s, > W’ L OgN is meaningful.

We study the Lyapunov drlft and consider two
cases:

° Suppose A+ klog N c;logN

b
\/— -5 2 Zi:Z S 2 \/N .
>’ s, and

VV(s) < MA1(s) = Ap($)) — (1 = p)pisa1 — paszp  (C45)

In this case, V(s) =

1
< — = =pu1s21 — U522 (C46)
VN
I
<L _welogh (c47)
VT
2w, u1 log N
< L 2Wup log N (C48)
VN VN
loe N
<- M’ (C49)

/N
where

— (C45) and (C46) holds because A;(s) <

under any policy in IT;.
— (C46) and (C47) holds because (C44);
— (C47) and (C48) holds because c¢; >

T

Mzﬂl
¢ logN
o Suppose Y, 5; > A+ LN _ ) > alel
klogN\/_ \/N
In this case, V(s) = 1 + W — 51, and
VV(s) (C50)
<=-A0-A(s)+ A =puisi (C51)
+ uas12 — (1 = puisa — p2s22 (C51)

1
< — — 24+ wys

VN

—(Wy — p2)s12 — (1 = p)puisay — pas2o

— Wy — (I =pusi

IA

4

— A+ wyu(s1 — Ly —Lip)

+ (1 =p)urLiy + p2Lly2)
= =pu1sa1 — p2sap (C53)

1 logN
=—+Wwuk—ci+1+pu)—0-pur — puiu2)

VN VN

— (1 =p)uisa1 — uas22 (C54)

<L nk—e 14 m)
N

logN  wjcy logN
— (1= pyuy — pypn)—2= i1 08 (C55)

WP VN

log N
=wu<k—<1+v:}lb>cl+y1> j_
u N

1 log N
+— (A =p + p1pi2 —wy) £

VN VN

log N
§wu<k—<l+ wzb>cl+m> ‘j_ (C57)
wy N
< _ Wup logN
VN
where

— (C51) and (C52) holds by adding and sub-
structing w,s1 = wy(s1,1 +512);

— (C52) and (C53) holds because s;,; and s 2
taking the lower bounds at L; ; and L; , gives an

(C56)

) (C58)

upper bound;
— (C53) and (C54) holds by substituting
_ A _ logN — pA _ HylogN
Liw = + W,LI,Z w N and
51 < A+ % We have s —L1‘1 —L]’z =

log N
YN
A= ((1 = pouy + pi ) >

— (C54) and (C55) holds by substituting the
lower bound of (1 —p)u152, 1+ p2s2,2 in (C44);

— (C55) and (C56) holds by combining the
terms with cy;.

— (C56) and (C57) holds because
(L =p)p1 + prp2 —wy) log N = (1 + pa —wy) logN > 1
when N satisfies (4);

— (C57) and (C58) holds because k —

R —
(1 + W“b>01 < =2u.

(k—ci1+1+u1) and (1-p)ui L1 +u2L1 2
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Next, we show VV(s) <w, based on the upper
bounds (C45) and (C51).
o Consider the upper bound in (C45). We have

VV(s) < AA1(s) = Ap(s)) = (1 = p)pisay — paszp < 1 < wy,
where 1 <w, holds because ”i] + l% =1
o Consider the upper bound in (C51). We have
VV(s) < =A(1 = Ai(s)) + (1 = p)pisii + pasi2
= (I =p)pis2y — p2s22
S =p)uisiy + masi2 < wy,

where the last inequality holds because
Si1+sip=s5<1. [ ]

Let &€ = {s | S112>Li1,812 ZLLQ}. We have V(s)

. klogN b
mln{/1+ \j% —sl,zizzs,-}

conditions based on Lemma 14:
< Wty log N > a log N
e VV(s) < Y when V(s) > v andseé.

satisfying the following two

e VV(s) <w, when V(s) > 222V and s £.
N

. - log N log N -
Define B = <2~y = "1 28~ and § = w,. Combining

VN VN

1
gmax = HmaxV and Vg = N’ we have

1 " VN

< — = + 1.
| + Wty log N 1 logN
fnax VN
Based on Lemma 10 with j = @, we have

P(V(S) >B+ 2Vmaxj) (C59)

logN  u logN
:P(V(S)zcl o8 [ mi08 > (C60)

VNN

1 VNlogN
2
N
<Lt + VN +1 )P ¢ &)
1+ w, iy logN " IOgN
Hmax VN
(c61)
# VN logN
utr logN '\ N
< 1- Lur 08X + VN +1 P g &)
2;umalx \/N H1 IOgN
(C62)

wynZlog? N
_ ukylog N
et (N Y2 N
w1 logN H1H2 1og’N

. My M2 MK ) 2
—min( ——,——,——= |log"N
e (lﬁumax’numax r—

(C63)

34 N3 e—min( i EE . R LA )logzN

16pmax " 12¢tmax * 40Hmax

< 3 , (C64)
uim2 log’N
where
e (C60) holds by substituting B, v« and J;
e (C60) and (C61) holds based on Lemma 14,

e (C61) and (C62) holds ';i < % for a large N for the
first term in (C62); "
e (C62) and (C63) holds by applying the union bound on
P(S & &) such that
P(s & &) <P(s1,1 < L) +Pls12 < Ly2)
32 N e min<”—1 £2 M)logzN.

< — 164max ” 124tmax * 40max

= Hik2 1og’N

APPENDIX D: PROOF OF THE COROLLARY

Under JSQ, ajob is discarded or blocked only if all buffers are
full, that is, when N Zf=1 S; = Nb. From Theorem 1, we have

b
S; = Nb> =P <ZS,» > b) (D65)
1 i=1

b

P(B) = P (N

i=

b
< P<max {ZS,-— A— klogN,o} >bh—A— klogN)
P VN VN

(D66)
E [max {25;1 Si—A— kl\(;%N,O}]
< A D67)
b— i — ek
VN
< 8 max 1 (D68)
b-24 \/NlogN

where (D66) to (D67) holds due to the Markov inequality;

and (D67) to (D68) holds because of Theorem 1 and b — A >
8klog N

VN
For jobs that are not discarded, the average queueing delay

according to Little’s law is.

E [Z?:l Si]
W -P(B)

Therefore, the average waiting time is.

E [Zf:l Si]
R

klog N 7 Hiax
N + Vi logh + AP(B)

<
- A1 = P(B))

164max
< 2klog N 14 ptmax + i

+
\/ﬁ \/ﬁlogN

where the last inequality holds because A(1—P(/3))>0.5
under b — A > 8klogN,

VN

Next, we study the waiting probability P(W). Define W to
be the event that a job entered into the system (not blocked)
and waited in the buffer and P(W) is the steady-state proba-
bility of w. Applying Little’s law to the jobs waiting in the
buffer,

E[W]

b
AP(W)E[T] = E lZS,»] :
i=2
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where T is the waiting time for the jobs waiting in the buffer.
Since E[Ty] is lower bounded by TQ = min {”1 ”l }, we
1 2
have
_ E [Z?:z Si]
PW) < — .

ATo

We now provide a bound on E [Z?:z Si]. From the

work-conserving law, we have

8
EBJ=M1—MBDZA< Stmax 1 )

b—4 \/_ NlogN
Therefore, we have

8Mmax 1

b_/l\/l_ngN'

E[Si]1> 41—
From Theorem 1, one has.
klog N 7 Mimax

[zs] TN ey

The above two inequalities give the following bound on

E [Z?:z Si] :
7//lmax 4 ZHmax ﬂmax

b
klogN
’ lzs“] W
i=2 NlogN

Finally, a job not routed to an idle server is either blocked
or waited in the buffer.

E [Zz =2 S]
POW) = P(B) + POW) < P(B) + ———
/ITQ
< 1 klOgN 1 7;4de 4 Hmax Mmax
ATy N AT \/ﬁlogN

The analysis for Pod is similar, except that.

(o)
HIN® HIN®
(D69)

S, <1-—

P(B) =P <B

1 u;N*log N b b
<l|1- +P S;>b-— D72
_< mN“> (; > mN">( )
E[max{ZleSi—/l—kl\j%N,O}]

1
]v + bh—j— klogN b ’ (D73)
VN i N®

8 Hmax 1

(D74)

Table D1~ Values of Q; ,, and S; ,, in Figure 4

Q11 02,1 03,1 012 02,2 03,2 Q4,2 ()

0.2 0.2 0.1 0.1 0.1 0.1 0 0.2
St $2.1 83,1 Si2 822 S3,2 84,2 Ss.2
0.5 0.3 0.1 0.5 0.4 0.3 0.2 0.2

(D71) and (D72) holds because it denotes the probabil-
ity of the event all sampled d servers have b jobs; (D72) to

(D73) holds because (1 — )_1( < i for x > 1 and the Markov

inequality; (D73) to (D74) holds because of Theorem 1 and
bh— 2> 8klog N

N 1
Finally, for JIQ and I1F, we have not been able to bound
P(3). However,

b
POV)=PS; =1) <P <25f > 1)

i=1

b
S]P’(max{z&—/l— klogN’O} > 1 klo_gN)
VN NN

(D75)

(D76)
E [max {Zle Si—A— kl\(;f_vN,O}]
= 1 klogN (D77)
N« VN
E [max {ZLI Si—A— kb\/;va,O}]
< N (D78)
2N«
14
< THmax (D79)
NO3-]log N

(D76) and (D77) holds because of the Markov inequality;

(D77) and (D78) holds because 2k < % (D78)~(D79)

holds because of Theorem 1. Given the choice of k =

<1 + 22 b ) <M + 24y ) in Theorem 1, we need the buffer
wi Wi

size b to be at the same order, which leads to the finite-buffer

assumption.



