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In Gu, Taylor, Cheng & Mukherjee (2019), four notations used in Appendices Al, A2 and
A3, namely Q, w?, 6> and 52, should have been replaced by some of the existing notations. The
correct notations that they correspond to are listed as follows:

e Q= 6)2<, the variance of X;

2

e ®»” = 07, as introduced in equation (5) in the main paper;

2
e
oo’ = af, as introduced in equation (6) in the main paper;

oy’ = crg, as introduced in equation (7) in the main paper.

Note that all the results in Appendices A1, A2 and A3 were correct and were not affected by the
notation correction. The corrected Appendices Al, A2 and A3 are attached below.
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APPENDIX

Derivation of asymptotic variances for the special case 1

Appendix A1. Approach 1: Synthetic Data Method

If the synthetic data approach is applied, and under the assumption that the true value of g
and o, are used to generate the synthetic data, then the combined data will have the same
distribution as a dataset of size n+m in which m values of B have been removed. For this
particular data structure, it is possible to obtain formulas for the asymptotic variance of the
maximum likelihood estimate (MLE) of y. In particular, Gourieroux & Monfort (1981) gave
the exact expression of the MLE and the corresponding asymptotic covariance in such case.
The likelihood for the combined data is [T}, AY;, B;IX;) x [[-11, AY;IX;), which can be

i=n+
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rewritten as H"+m JOYGX) % Hl (f(B;1X;, Y;). Based on this likelihood, they introduced a set
of transformed parameters, and re-parameterized the distributions (5)—(7). They then identified
the 1-to-1 relationship among the original parameters and the new set of parameters, which we
will explain in the subsequent paragraph.

We obtain the estimators of the original parameters by the re-parameterization method,
and then apply the delta method to get the asymptotic variance of 7z and 7x. According to
Gourieroux & Monfort (1981), we introduce a set of transformed parameters a, b, c,d and e,
and re-parameterize the distributions (5)—(7) as YIX ~ N(bX, a?), and BIY, X ~ N(dY + eX, ¢?).
Then we identify the 1-to-1 relationship among the original parameters and the new set of
parameters:

2_ 2 2.2
a —0'7+yB0'9
b=yx+0yg
5262
2 _ 7 %y
"= 2
2
d_yBo-g
__az
e=0—db. (1)

The MLE of a, b and their asymptotic variances are easy to obtain from the linear model
Y, = bX; + u;, Var(y;) = a?, where i = 1,..., n+m. Similarly, the MLE of ¢, d and e and their
asymptotic variances are easy to obtain from the linear model B, = dY; + eX; + v;, Var(v,) = ¢?
where i = 1,...,n. The estimators of the original parameters are obtained through the relationship
derived from Equation (1), where

0=bd+e

62 =dd* + &

y a*d
B 2
%
yx =b—yg0
2 a262
% ="3
%

and the asymptotic variance of 5 and 75 can be derived using the delta method:
Var(j) = -[ +2(A— 1)7B ']
o2 ,1
Vati) = PVartiy) + 1 Lo
x %

Therefore, we find the relative efficiency gain of Var(§) = Var(jy, 75)" by adding m synthetic
data observations compared to the original dataset of size n is

20'2yé g 6; 03(203—02)
) 292 )
ARE[Var()] =1-(1 - 2| 7 ;J R
8%

=

B
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2_.2
where 0 = 22X and 0'5 = £, When m gets very large such that 1 ~ 0, ARE[Var(yx)] =
B
2 2 262— 2 252
"9 . "r gyzoﬂ i 7‘3 " and ARE[Var(y3)] =1 — 2] YB i . This demonstrates some
+0' 202 +}’B 0 O'p o aﬂ

B
gain in efflclency for both yx and yg.

Appendix A2. Approach 2: Constrained MLE

Depending on the information available from the external model Y|X, two possible situations
correspond to two different constraints:

e Approach 2.1: Only the estimated coefficient f is known from model (5)
From model (5)—(7), it is easy to see that the constraint is § = borx

, describing the relationship

B
between the unknown variable 6, the known variable f and the target variable y. The
log-likelihood is given by

l=1y,¥, 0' 0'9)

n n
= 2 10gf(Y;, Bi|X;) = Y loghY;IX;, Bisv,02) + Y 10gfiBi|X;; 0, 07)
i=1 i=1 i=1

n

n 2 1 2 n 2
-5108@)—2731:1 (Yi =X~ 75B;)” = 5log(0)) = 5 22 B, - 0Xi)". ()

The goal is to maximize the log-likelihood (2) over y, o, and o, subject to the constraint

¥
0=0"= . P X By replacing 6 with 0*, taking the second derivative over y, and taking the
B

inverse of the information matrix, we obtain the asymptotic variance of ¥:

o2 4y2
*2 %8 —2 _p*
Var(§) =T = 1—2<9 * 222 Y ) 3)
o) Lo+ 1

Thus, the ARE of Var(#) from the constrained MLE compared to the standard MLE is

2 2
% %
ARE[Va_r()?)] = 1 0'§+0')2(9*2 6$+yé6§ s
1

where we notice that there is some gain in efficiency for yx but no gain in efficiency for yg.
We can see that the largest gain in efficiency is when yg, 6 and oy are small.

e Approach 2.2: Both of the estimated coefficient f and the standard deviation oz are known
from model (5)
In this situation, knowing the true o5 gives us more information which is incorporated through

an additional constraint. In addition to the constraint § = 0* = ﬂ;% derived in approach 2.1,

B
o*2_g2

—0

we add another constraint Var(Y|X) = a =50, + o- . where o) = 63> = % Then we
B

maximize log-likelihood (2) with respect to y and o7 at fixed values o5 =0,%,0 = 6*. Note

that different from approach 2.1, af and y are not independent anymore. Thus, we need to
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consider 65 in the information matrix, and take the inverse of a 3X3 matrix to get the correct

asymptotic variance. Let ¢p = (y,02)7,
< > )
- XB T
opd
(Lz"' 21»2 ‘7)2( (12+ 21*2>029* 0
%  7B% Oy %
1 1 2 1 1 #2 2 2 1 1
=n =+ >0' 0 (— + 55— |0, + 050
(Frap)ior (gp)t A
1 1(1 1
0 (1
5+

By taking the inverse of I, we can get the asymptotic variance of :

( 2
4 2 2
Var( )_ lg_f 0'4+}/é¢7;4 — l y]% 3 0—7+(o-; _07)
/B ) 7= o2 2 ]
o (o24r202) § O 5
2
sy 1% 1 %2 =2 %2 4 54 2 2 %2\, 2 2 -2
1 Var(x) = {3 T 2[(% +0°) (0} + 150, ) - (‘Ty ~ 1% )‘Ty% "X]
0 (o‘ +15 o’* )
2 %2
_ (%2 =2 %2 '\_14—2}'7/B0
= (69 oy +0 )Var(yB) 50,0x —;4

Thus, we can obtain the identical ARE to the synthetic data method (approach 1). This
demonstrates the asymptotic equivalence of the synthetic data approach with large m compared
to the constrained ML approach that uses knowledge of all the parameters in the Y|X
distribution.

Appendix A3. Approach 3: Constrained Semiparametric MLE

This approach assumes that § is known, but does not assume that o is known. To calculate
the asymptotic variance of ¥ in this approach, we need three matrices I, C and L. After some

. % T nyﬁ";"x
algebra, it can be shown that C = 2(1,6%)",L = —£5=. Thus,
o (o2

s B
o2 *2 agyé -2 _p=*
Cov(#) =@+ CL™'CT)™! = 1—2 0 oTrolr OX ).
o, -0 1

which is identical to approach 2.1.
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