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1. INTRODUCTION
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Abstract: Two-dimensional (2D) beryllium polynitrides or beryllonitrene is a newly synthesized layered material displaying anisotropic
Dirac cones and van HooveHove singularity (VHS) located only ∼0.5 eV above the Fermi level. Using Boltzmann transport equation
(BTE) with many-body effects and first-principles calculations, we uncover that beryllonitrene has an in-plane anisotropic room-
temperature phonon thermal conductivity (κph) of 78.6 W/mK and 98.8 W/mK, and an electron thermal conductivity (κe) of 23.0 W/mK
and 60.7 W/mK, along the in-plane cartesian directions. κph is dominated by the large heat capacity flexural acoustic (ZA) modes,
which are susceptible to three-phonon and four-phonon scatterings but rather immune to scattering onto electrons. Filling the Dirac
cones till VHS and above gradually enhances the phonon-electron coupling and monotonically decreases κph by up to 55%. Instead,
κe displays unusual non-monotonic variations with the increase in the carrier density and follows the electron density of states at
corresponding Fermi levels. Our results shed light on the thermal and electrical transport properties in beryllonitrene and reveal a
thermal conductivity modulation mechanism that includes a 60% increase of κe upon filling of the Dirac cones to VHS.

1 Introduction

Determining the properties of 2D matter in the one-atom-thin limit is a current frontier of science [1–18].
One such emergent quantum phenomenon is the electronic transport through Dirac cones, which were
first identified in graphene [1–3]. Close to the charge neutrality point, the graphene dispersion relation
is linear and well described by the relativistic Dirac equation [4] with charge carriers as massless Dirac
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1. INTRODUCTION

fermions. The Dirac fermions in graphene display a large spectrum of phenomena, such as ultrahigh car-
rier mobility [1–3], quantum Hall effects [5], quantum transport [6] and Klein tunneling [7]. At ∼ 2 eV above
the Dirac point [4], graphene displays a VHS, which is essentially a non-smooth point in the electronic
density of states (el-DOS). Doping graphene to VHS and beyond is a challenging task and accessing the
large number of available VHS states is actively pursued [9,10] in order to access a strong many-body in-
teractions regime.

Although thermal properties of 2D materials are intensely investigated [11–13,16–27], less is known about
thermal conductivity of 2D Dirac materials [28] especially the impact of VHS on the energy carrier (elec-
tron and phonon) transport properties. High-pressure technologies demonstrated great potential [29] for
enriching the variety of 2D Dirac materials, which are rare compared with the numerous 2D materials [30].
Bykov et al. [29] recently demonstrated high-pressure synthesis of one-atom-thick BeN4 layers, called beryl-
lonitrene, consisting of metal atoms connecting zigzag nitrogen chains. Notably, ab initio calculations [29,31,32]

provided compelling evidence for Dirac cones of the Fermi level. Bafekry et al. [31] found Dirac cones con-
figuration in monolayer and bilayer BeN4, while structures thicker than three-layers were shown to de-
velop metallic character. Mortazavi et al. [32] predicted the anisotropic Dirac cone electronic structure.
Notably, these studies revealed VHS located closer to the Fermi level, making it more accessible through
n doping than in graphene. While these recent investigations studied the electronic, mechanical, optical
properties, the thermal properties of the new Dirac semimetal material remained unexplored.

In this work, we determine the total thermal conductivity (κtotal = κph + κe) in beryllonitrene with
a theoretical framework that combines the first-principles calculations and the solution of the Boltzmann
transport equation (BTE) [27,33–35]. The model includes a spectrum of many body interactions: intrinsic
three-phonon (3ph) and four-phonon (4ph) scatterings [27,33] as well as the extrinsic phonon-limited [34,35]

scattering including phonon-electron (ph-el) and phonon-isotope (ph-iso). It provides both κph and κe
thermal conductivities. n-doped beryllonitrene was also considered in order to investigate the potential
impact of the Dirac states on κtotal. The BTE calculations for doped beryllonitrene reveal distinct roles
for the electron-phonon coupling and electronic density of states on κph and electric κe and the ability of
the Dirac fermions to modulate the intra-layer heat transfer.

Figure 1: (a) Top and side view of beryllonitrene. The primitive unit cell consists of 1 Be atom and 4 N atoms. (b) Elec-
tronic band structure with the corresponding total and projected electron density-of-states. The zero of energy is set to the
Fermi level. (c) Contour plot of the electronic energy dispersion in the Brillouin zone of beryllonitrene, with Σ labeling the
Dirac point. (d) Phonon dispersion with the corresponding total and projected phonon density-of-states. The TA, LA, ZA
and one transverse optical (TO) phonon modes are labeled. (e) Vibrational pattern of TA, LA, ZA phonon modes near Γ
point.
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2. METHODS

2 Methods

Utilizing BTE and the Fourier’s law of heat conduction, the elements of the phononic thermal con-
ductivity tensor can be written as [36]

καβph =
1

NqV

∑

λ

h̄ωλ
∂n0

λ

∂T
vλ,αvλ,βτ

ph
λ . (1)

Here, Nq is the total number of q-points sampled in the first Brillouin zone, V is the volume of the unit
cell, h̄ is the reduced Planck constant, ωλ is the frequency of phonon mode λ = (q, ν) with polariza-
tion ν and wave vector q, n0

λ is the Bose-Einstein distribution function, T is temperature, vλ,α is the α

component of the phonon group velocity, and τphλ is the phonon relaxation time. With the Matthiessen’s
rule [36]

1

τphλ
=

1

τ 3phλ

+
1

τ 4phλ

+
1

τph-isoλ

+
1

τph-elλ

, (2)

in the phonon scattering rate (1/τphλ ) we account for the intrinsic 3ph (1/τ 3phλ ) and 4ph (1/τ 4phλ ) scat-

terings as well as for extrinsic ph-el (1/τph-elλ ) and ph-iso (1/τph-isoλ ) scatterings, which are all ab initio
computed. More details of the derivations of the scattering rates are provided in Sec. S1.1 in the Supple-
mental Material (SM).

The electronic thermal conductivity καβe is derived instead by combining BTE and the Onsager rela-
tions [36] and takes a form that is similar with Eq. 1, see Sec. S1.2 of the SM. καβe accounts for the electron-

phonon (el-ph) 1/τ el-phik scattering rate, which is also computed here in ab initio manner. Here k is the
electronic wave vector and i the band index.

Density functional theory (DFT) and density functional perturbation theory (DFPT) calculations
carried out with the VASP [37] package are used to compute the ph-ph scattering rates. We employ the
Perdew-Burke-Ernzerhof (PBE) exchange and correlation functionals [38] with the projector-augmented

wave method. The 1/τ 3phλ and 1/τph-isoλ are calculated using ShengBTE [33], and the 1/τ 4phλ are computed
using an in-house code [27,39,40]. With QUANTUM ESPRESSO [41], the electron-phonon coupling matrix
elements are calculated using DFPT with norm-conserving pseudopotentials [42] and Generalized Gra-
dient Approximation (GGA) exchange and correlation functional [38]). Our calculations initially carried
out on a coarser 18×18×1 k-points (electron) and 6×6×1 q-points (phonon) for the wave vector grids,
were followed by calculations on finer 200×200×1 k-points and 50×50×1 q-points grids. To compute
the 1/τph-elλ , we used the maximally localized Wannier functions basis, as implemented in the electron-

phonon Wannier (EPW) package [43,44]. To calculate the electron-phonon scattering rates 1/τ el-phik , we em-
ployed fine 500×500×1 k-points and 200×200×1 q-points grids. An in-house modified EPW code [35,45,46]

is used to predict the electron-phonon coupling scattering rates in order to efficiently compute the fine k-
and q-point grids. Additional simulation details and convergence tests are provided in Secs. S2 and S3
of SM, respectively.

3 Results and Discussion

Electronic and Phononic Band Structures. Figure 1(a) shows the optimized lattice structure of beryl-
lonitrene, in which the BeN4 “molecule” is repeated in a parallelogram lattice crystal (a p2 two-dimensional
space group). The computed electronic band structure, total and projected electron density-of-states (el-
DOS) are shown in Fig. 1(b). As it can be seen in the projected el-DOS, the electronic states around
the Fermi level originate in the pz orbitals of nitrogen. As recognized by Bykov et al. [29], the linear dis-
persion in the vicinity of the Fermi energy indicates the Dirac semimetal character of beryllonitrene,
While graphene presents Dirac points at the high symmetry point of the Brillouin zone (BZ), berylloni-
trene’s cones are centered at the Σ-points, between Γ and A1 points. Their location inside the BZ is shown
in Fig. 1(c). The off-symmetry position of Dirac points is a signature of the lower lattice symmetry of
the one-atom-thick BeN4

[29,32].
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3. RESULTS AND DISCUSSION

The distinct slopes of the Dirac cone along Σ-Γ and Σ-A1 are indicating the anisotropic character of
the carrier velocities. Note that the anisotropy is also visible in the Fermi contours (white lines) shown
in Fig. 1(c). Using v(k) = 1/h̄[∂E(k)/∂(k)], we obtained the Fermi velocity vx = 2.75 × 105 m/s along
Σ-A1 and vy = 7.34×105 m/s along Σ-Γ. Our values agree well with literature data such as vx = 3.0×105

m/s (vy = 8.0× 105 m/s) in Ref. [29] and vx = 2.92× 105 m/s (vy = 7.46× 105 m/s) in Ref. [32]. The large
Fermi velocities originated from the Dirac cone are expected to drive high carrier mobilities, as it was
observed in graphene [5], where the Fermi velocity measures 1.1× 106 m/s [5].

Although the Dirac cone spans a ∼ 2 eV energy range, a first VHS arrises at about 0.5 eV above
the Fermi level due to the the flat conduction band at Y. This is notably different from graphene, where
the VHS–Fermi level separation is ∼2 eV. We conjuncture that through doping, reaching the first VHS
in beryllonitrene should be less challenging than in graphene. Indeed, the shifting of the Fermi energy
by 0.5 eV in graphene is possible through chemical doping [47], and by 2 eV and above by gadolinium
intercalation [9], and by ytterbium intercalation combined with potassium adsorption methods [10]. While
the low el-DOS in vicinity of the Fermi level in intrinsic beryllonitrene are indications for a weak el-ph
coupling, the strong Fermi surface nesting features in doped beryllonitrene are expected to strengthen
the el-ph coupling and thus to impact thermal transport.

Figure 1(d) presents the calculated phononic band structure. The lack of any imaginary frequency
confirms the stability of beryllonitrene. As in graphene, we obtain that the out-of-plane acoustic (ZA)
phonon modes displays a quadratic dependence on q near the zone center of BZ (Γ point), while the
acoustic in-plane transverse (TA) and longitudinal (LA) modes are both linear in q.

Figure 2: (a) κph, κe, and κtotal of intrinsic beryllonitrene vs. T . Superscripts denote inclusion of 3ph, 3ph+4ph, and
3ph+4ph+ph-el scattering events. The left inset is the variation of κph with T of the different scattering terms. The right
inset summarizes literature data (theoretical) for the T=300 K thermal conductivity of other 2D materials: graphene [19,25],
h-BN [22], 2D WS2 and MoS2

[20], 2D MoSe2 and WSe2
[20], silicene [21], phosphorene [23], SnSe [24], tellurene [26], and 2D

MoO3
[27]. (b) Phonon group velocity of ZA, TA, LA, and TO modes. The inset is the corresponding volumetric heat ca-

pacity at T=300 K. (c) Phonon relaxation time of ZA, TA, LA, and TO modes at T=300 K. The inset is their normalized
contributions to κph. (d) The 3ph, 4ph, and ph-el scattering rates at T=300 K. (e) The contour plot of 3ph, 4ph, and ph-el
scattering rates of ZA modes at T=300 K. (f) Grüneisen parameters. The inset is the weighted phonon phase space for
3ph and 4ph scattering processes at T=300 K. The weighted phonon phase space (unit in ps4/rad4 for 3ph and ps5/rad5

for 4ph) [33,48] is shown with a variable-width band on the phonon dispersion branch.
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3. RESULTS AND DISCUSSION

κtotal in Intrinsic Beryllonitrene. The results of our κph and κe calculations (Cartesian averaged)
are shown in Fig. 2(a). While at 300 K, thermal transport is mainly phononic with κph of 78.6 W/mK
(along x) and 98.8 W/mK (along y), the electronic contribution with κe of 23.0 W/mK (along x) and
60.7 W/mK 41.88 W/mK (along y) is non-negligible as it brings a ∼ 30% to the total thermal conduc-
tivity κtotal. The temperature-dependent κph and κe along x and y directions are shown in Fig. S5. With
the increase in temperature (T ), κph follows a T−1 dependence while κe remains practically constant.
The latter behavior is consistent with the low el-DOS available for thermal electrons in vicinity of the
Fermi energy. Above the crossover T = 700 K, κtotal is dominated by the electronic carriers. The right
inset of Fig. 2(a) places our result in the context of other important 2D materials. The T=300 K pre-
dicted κtotal places beryllonitrene in the intermediate range, in between MoS2 and MoSe2, indicating a
robust capability of spreading heat in potential quantum devices.

As in graphene [19,25] and 2D MoO3
[27], here we find that the ZA modes are important for phononic

transport. Figure 2(b) plots for ZA, TA, LA, and TO modes their phonon group velocity and heat ca-
pacity in the corresponding inset. The ZA modes bring an important contribution due to their large heat
capacity originating in the low phonon frequency range. This can be seen from Fig. 2(c), where the com-

puted τ 3ph+4ph+ph-el
ph for ZA is larger than that of TA, LA, and TO modes. The inset in Fig. 2(c) shows

ZA modes contribute ∼ 40% to κph at T=300 K.
For more insights, the left inset of Fig. 2(a) presents separately the different contributions to κph.

Accounting only for the 3ph scatterings in κ3phph leads to a significant overpredictions at all T . The usu-
ally neglected 4ph term brings an important contribution, suggesting that the narrow range of phonon
frequency shown in Fig. 1(d) provides enough phonons to satisfy the energy and momentum conversion

for 4ph interactions. The ph-el component turns out to be negligible as the κ3ph+4ph
ph and κ3ph+4ph+ph-el

ph

curves practically overlap, which is due to the much smaller ph-el scattering rates compared to 3ph+4ph
scattering as shown in Fig. 2(c).

The relative importance of the 3ph, 4ph, and ph-el, scattering events emerges by quantitatively com-
paring the different scattering rates of ZA, TA, LA, and TO modes, in Fig. 2(c)-(d). On one hand, we
find that for ZA the 3ph scatterings are comparable to the 4ph ones, a behavior that doesn’t hold for
other modes (TA, LA, and TO). Given the importance of the ZA modes for heat transport, this find-

ing is consistent with the reduction of ∼ 50% reduction from κ3phph to κ3ph+4ph
ph at T=300 K, see the in-

set in Fig. 2(c). One the other hand, the ph-el scattering rates are quite small compared to the 3ph and
4ph scattering rates, especially for those modes in vicinity of zone center shown in Fig. 2(e). Thus, the
electron-phonon coupling is weak in intrinsic beryllonitrene, a result that is consistent with the low con-
tribution to κph of the ph-el component.

The strength of the ph-ph scattering is reflected in the anharmonic interaction matrix elements and
the inverse of phonon phase space [33,48]. Anharmonicity can be generally measured by the Grüneisen
parameter γ [33], which quantifies the volume change with T . Figure 2(f) shows our calculated γ for all
acoustic and TO modes. The large γ of ZA implies stronger anharmonicity compared to other modes,
thus predominately limiting the finite κph. The phonon phase space reflects all available phonon scat-
tering processes for simultaneously satisfying the energy and momentum conservation. The inset in Fig.
2(f) shows the weighted phonon phase space [33,48] of ZA, TA, LA, and TO, confirming abundant scatter-
ing channels for the ZA modes.

κtotal in n-Doped Beryllonitrene. We next considered thermal transport in n-type beryllonitrene with
carrier concentration (n) ranging from 0.6 × 1013 cm−2 to 138 × 1013 cm−2, reaching beyond the VHS.
Prior to the production calculations we have verified our implementation in n-doped graphene, see Sec.
S4 of the SM. As shown in Fig. S6(e), our results agree well with the available experimental and theoret-
ical data, demonstrating the reliability of our approach.

Figure 3(a) shows that the κtotal vs. n of beryllonitrene at T=300 K exhibits an unusual non-monotonic
dependence on n. This behavior does not originate in the κph, which was shown to dominate thermal
transport in intrinsic beryllonitrene, but in the variations of κe with n. We discuss next these two com-
ponents.

κph presents a monotonous decrease, which becomes more pronounced only when doping beyond
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3. RESULTS AND DISCUSSION

Figure 3: (a) κph, κe, and κtotal at room temperature vary with carrier concentration of n-type beryllonitrene. The green
shaded area is the el-DOS. The inset is the variation of carrier density n with shifted Fermi energy Ef -Ef0 (Ef0 is the
Fermi energy of intrinsic beryllonitrene), in which an inset shows the enlargement of the Dirac cones in n-type berylloni-
trene and the conduction band is partly filled by electrons shown as green shading. (b) Calculated phonon scattering rates
of intrinsic ph-ph scattering (3ph+4ph) as well as ph-el scattering for intrinsic and n-doped with different concentration
in beryllonitrene at T=300 K. (c) Calculated electron scattering rates and group velocity of n-type beryllonitrene. The
averaged electron lifetime 〈τ el-phe 〉 and group velocity 〈ve〉 are presented in the plots.
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3. RESULTS AND DISCUSSION

Figure 4: (a) Calculated electrical resistivity of n-type beryllonitrene varies with T , which are compared with the data
calculated by Allen’s model [53,54]. The available data of electrical resistivity of graphene [47,55] are also plotted for compar-
ison. The inset is electron mobility of some typical single-layer 2D materials and bulk silicon [56] at T=300 K. The data
are sorted by descending mobility values. Literature data for graphene [3], α-Phosphorene [57], 2D MoO3

[58], 2D WS2 and
MoS2

[59], and borocarbophosphide (BCP) and borocarbonitride (BCN) [60,61]. (b) Accumulation to thermal conductivity of
phonon (κph) and electron (κe) in intrinsic beryllonitrene vary with Λ at T = 300 K.

VHS. The reduction reaches ∼ 55% at n=138 × 1013 cm−2, similar to the behavior observed earlier in
doped silicon [49] and 2D Dirac silicene [50]. The decreasing trend is the outcome of the increased scat-
tering of phonons onto electrons. As confirmed in Fig. 3(b), the ph-el scattering rate increased with n:
While for the intrinsic case, 1/τph-el is much smaller than 1/τ 3ph+4ph, they become comparable at n=138×
1013 cm−2. Further supporting this conclusion, we find that the transport electron-phonon coupling strength
λtr=0.06 (see definition in Sec. S5) for intrinsic beryllonitrene is much smaller than λtr=0.54 of n-type
beryllonitrene with n=138× 1013 cm−2 (Fig. S7).

κe of beryllonitrene imparts the non-monotonic dependence with n seen in κtotal and remarkably,
follows the shape of el-DOS, shown by a green shade in Fig. 3(a). With respect to the κe of intrinsic
beryllonitrene, κe increases by up to 60% at n=16.71 × 1013 cm−2 (at the VHS), while the maximum
reduction reaches 70% at n=55.02× 1013 cm−2. Such strong correlation between κe and el-DOS in beryl-
lonitrene obtained with BTE is approximately captured by Drude’s free electron model [51],
κDrude
e =π2/3k2BTNFv

2
F τ , where kB is the Boltzmann constant, NF is the Fermi DOS per spin and per

unit cell, vF is the Fermi velocity, and τ=12 fs the electron lifetime (See Fig. S8), which was taken to
be on the order of magnitude of electron lifetimes in metals [52].

It is interesting to relate the obtained κe variations to the el-ph rate and electron group velocity
changes with n. Figure 3(c) displays the computed 1/τ el-phik and electron group velocity (vik) variations
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4. CONCLUSION

with energy at 3 representative n values. When n changes from 1.06 × 1013 cm−2 to 16.71 × 1013 cm−2,
vik increases with n while 1/τ el-phik practically remains unchanged. This is also reflected by the averaged
electron lifetime 〈τ el-phe 〉 and group velocity 〈ve〉 (see the definitions in Sec. S6) shown in Fig. 3(c). Thus,
the increase of κe when doping up to the VHS can be related to the group velocity changes. When n
changes from 16.71 × 1013 cm−2 to 55.02 × 1013 cm−2, both τ el-phik and vik are decreasing, thus leading
to the decrease of κe with n, Fig. 3(a). Thus, the subsequent lowering of κe is related to both of the low-
ering of the group velocity and the increase in electron-phonon scatterings.

To our knowledge, the modulation of κe through a n-doping of the Dirac cone mechanism until VHS
and beyond has not been reported before. It is well known that the carrier doping leading to the Fermi
energy shift will tune the electron-phonon [18,49,62] coupling effects on the energy carrier (electron and
phonon) thermal transport. While that the effect of carrier doping on the electrical transport properties
of graphene has been investigated earlier [47,55,59,63,64], in these previous works the magnitude of the Fermi
energy shift did not reach the elevated VHS. As shown in Fig. S6(d), with our mode-by-mode ab initio
analysis that calculates κe based on BTE (see Eq. S17), we were able to obtain el-DOS shaped variation
of κe vs. n in graphene as well. The considered shift in the Fermi energy was up to 2.2 eV (larger than
the separation energy of the VHS in graphene of 2 eV).

Electrical mobility and mean free paths. Electric resistivity is an important property for the poten-
tial applications in electronics. In this respect, we have calculated the phonon-limited electrical resis-
tivity ρ=1/σ and mobility µ=σ/ne (where σ is the electrical conductivity, e is the elementary charge,
and n is the charge carrier density) at different n. The results are shown in Fig. 4(a). Our predictions
in general agree with the calculations carried out with the Allen’s model (see Eq. S23 in Sec. S8), which
obviously validates our implementation. We find that ρ of beryllonitrene is larger than that of graphene
at comparable n, indicating a weaker electrical transport ability. The calculated 543.59 cm2/Vs and 1565.54
cm2/Vs along the in-plane cartesian directions at n=2.34× 1013 cm−2 (T=300 K) are much smaller than
that of graphene (5000 cm2/Vs at 300 K [3]). Compared with some other 2D materials illustrated in the
inset of Fig. 4(a), beryllonitrene is classified as a 2D materials with µe ∼ 1, 000 cm2/Vs, indicating the
excellent potential applications in quantum devices.

Our κtotal calculations may motivate experimental measurements [65,66]. The mean free paths (Λ) of
the energy carriers are of importance for practical device design considerations and thus we have com-
puted them. A computed accumulation function (see the definition in Sec. S9), which generally describes
the energy carrier contributions to thermal transport, is shown in Fig. 4(b) for both electron and phonon
at T=300 K. We can see that the dominant contributions to κtotal is brought by phonons with Λ be-
tween 10 − 1, 000 nm and electrons contribute to the κe with Λ ranging in 100−1,000 nm. Thus, beryl-
lonitrene samples with sizes larger than 100 nm must be considered in order to capture the nanoscale
heat transport via both electrons and phonon carriers.

4 Conclusion

Using a theoretical framework that combines BTE with first-principles calculations, we conducted
a comprehensive study predicting κtotal = κph + κe of beryllonitrene, a 2D Dirac semi-metal with VHS
close to the Fermi level. At room temperature, thermal transport is dominated by κph through the ZA
modes, which are susceptible to 3ph and 4ph scatterings but rather immune to scattering onto electrons.
Upon the filing filling of the Dirac cones to VHS and above, the phonon-electron coupling is gradually
enhanced, a behavior that impacts differently κph and κe: κph undergoes a monotonic decrease, which
becomes more significant only at doping above VHS. With a still weak electron-phonon coupling, κe un-
dergoes a ∼ 60% increase around VHS (at n ∼ 16 × 1013 cm−2) followed by a decrease by up to 70%,
above VHS (at n ∼ 55 × 1013 cm−2). These non-monotonic variations follow the complex shape of the
el-DOS in the vicinity of the Fermi level. Our work sheds light on understanding the thermal conduc-
tivity in intrinsic and doped beryllonitrene and reveals a mechanism for manipulating electronic thermal
transport specific to 2D semimetals with VHS located closely to the Fermi level.

Supporting Information
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