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ABSTRACT

This dissertation considers the problem of estimation and inference in four high-dimensional
models: (i) high-dimensional linear models, (ii) high-dimensional linear mixed effects models,
(i11) high-dimensional varying coefficient models with functional random effects, and (iv) low-
rank trace regression models. In the context of linear models, we propose procedures to con-
struct asymptotic confidence intervals for low-dimensional parameters in the presence of high-
dimensional nuisance covariates without the compatibility condition. Then, for linear mixed effects
models, we consider a high-dimensional analogue of the Wald test for random effects, establish-
ing its asymptotic distribution and power. In addition, we show that empirical Bayes estimation
performs as well as the oracle asymptotically in estimating a part of the mean vector. Next, we
consider a high-dimensional varying coefficient model with functional random effects. Under sam-
pling times that are either fixed and common or random and independent, we propose a projection
procedure to estimate and construct confidence bands for the varying coefficients. Finally, in low-
rank trace regression, we establish an in-sample prediction error bound for the rank-constrained
least-squares estimator and consider a permutation test for the entire matrix of regression coeffi-

cients.
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CHAPTER 1

Introduction

In the modern era, we increasingly encounter high-dimensional datasets, where the number of
potential explanatory variables exceeds our number of subjects. For example, in the social sciences,
we may be interested in the effect of many socio-economic factors. Similarly, in large genetic
studies, we may be interested in how individual genomes affect the underlying disease status.
While these modern datasets have the potential to allow scientists to simultaneously control for
many sources of variability, it necessitates the development of new statistical techniques when the
tools of classical statistics are no longer applicable.

In this dissertation, we contribute to the growing literature on high-dimensional statistics in four

aspects:

1. Linear models: As the prototypical example of a high-dimensional model, consider a linear

model given by

yi = (X5, 8%)2 + &4, (1.0.1)

where s = 1,...,n and x; € RP is the vector of covariates. Here, y; is the response and ¢; is

independent and identically distributed noise.

In classical statistics, when p < n, the performance of the least-squares estimator is well un-
derstood; least-squares is the best linear unbiased estimator and semi-parametrically efficient
when the errors are Gaussian. However, when p > n, the coefficient vector 3* is no longer
identified and we need additional assumptions in order to conduct estimation and inference
for 3*. The most common assumption is coordinatewise sparsity, where s* 2 ||3*||o < n.
The seminal work of Tibshirani (1996) introduced the lasso estimator, a popular regularized
estimator that induces a sparse estimate of 3*. Ten years elapsed before Candes and Tao
(2007) provided the first statistical guarantees for the Dantzig selector, another regularized

estimator for 3%, which was then extended to the lasso estimator by Bickel et al. (2009).

Later, Javanmard and Montanari (2014), van de Geer et al. (2014), and Zhang and Zhang



(2014) provided the first guarantees to obtain an asymptotic distribution on a modified ver-
sion of the lasso estimator, enabling statistical inference for low-dimensional parameters in
the high-dimensional context. Despite the theoretical breakthrough, they required a techni-
cal condition known as the compatibility condition to ensure the validity of their estimator.
In Chapter 2, we consider the problem of inference for low-dimensional parameters in a
high-dimensional linear model without the technical compatibility condition. This chapter
is published as Law and Ritov (2021b).

. Linear mixed effects models: In many practical applications, our observations naturally
exhibit structured dependence. A canonical example arises in the design of experiments,
where each subject is randomly assigned to one of many treatment groups; in such a situa-
tion, we expect individuals who received the same treatment to be dependent. Similarly, it
is common practice in medical settings to perform longitudinal studies, where individuals
are observed over a fixed time period. Then, it is not surprising that measurements from the

same individual are highly correlated.

The linear mixed effects model is a natural extension of the linear model to account for this

type of dependence. Consider the linear mixed effects model given by
Yyi = (%3, 8%)2 + (2, V)2 + & (1.0.2)

where ¢ = 1,...,n, x; € RP, and z;, € R? Again, y; is the response and ¢; is inde-
pendent and identically distributed noise. Here, 3" is the vector of regression coefficients
corresponding to the fixed effects with covariates x; while v is the vector of regression coeffi-
cients corresponding to the random effects with covariates z;. In the context of a longitudinal
design, z; is a standard basis vector encoding the individual and v is a vector containing the
individual heterogeneity. Compared to the linear model given in equation (1.0.1), there is an

additional term (z;, V), to characterizes the dependence structure in our observations.

In Chapter 3, we consider the problem of inference and estimation of the vector ~ when
qg < n < p, where the fixed effects are high-dimensional but the random effects are low-

dimensional. This chapter is published as Law and Ritov (2022).

. Varying coefficient models with functional random effects: In the previous two models,
we have implicitly assumed either (i) the data is collected within a short time horizon or
(i1) the underlying data generating mechanism is static over time. Modeling average human
height data across generations is a natural example where we do not expect this assumption
to hold.

The varying coefficient model is a further refinement of the linear model to account for

2



temporal influence. Consider the varying coefficient model with functional random effects

given by

Yi(tig) = (Xi, B (tij))2 + (Ziltig), v (tij))2 + &i(tiy) +eiltiy) (1.0.3)

fori =1,...,n,t; € (0,1), x; € R, and z; : (0,1) — RY. Here, i corresponds to our
experimental units and ¢, ; are the sampling times for individual i. Again, y;(-) represents
our response while ¢;(+) is independent and identically distributed noise. The quantities x;
and z;(-) represent our time invariant and time varying covariates respectively while &;(+)
denotes the functional random effect. Similar to the linear mixed effects model, by incorpo-
rating functional random effects, we can encapsulate the induced heterogenity arising from
repeated measurements on the same experimental unit. Note that the covariate correspond-
ing to the random effect is simply an indicator for the subject. Thus, the model in equation

(1.0.3) is an extension of the model in equation (1.0.2) to allow for temporal dependence.

In Chapter 4, we consider the problem of estimation and inference for both 3*(-) and v*(-).
This chapter is published as Law and Ritov (2021a).

. Low-rank trace regression models: Finally, we consider the low-rank trace regression
model, an extension of the linear model to accommodate matrix valued covariates, which is

given by
yi = (Xi, @ )us + &

fori = 1,...,n, where (X;, ®)ys = tr(X]©*). Here, y; is the response, X; € Rd1xd,
®* is a matrix of regression coefficients, and ¢; is independent and identically distributed
noise. In the high-dimensional context, we have n < d;d;. Compared to the linear model
in equation (1.0.1), we do not assume that ®* is coordinatewise sparse, but rather ®* is

low-rank, which preserves the matrix structure of the data.

The existing literature focuses on the nuclear norm regularized estimator, the analogue of the
lasso estimator to the matrix setting. Like the lasso estimator, the nuclear norm regularized

estimator requires a technical condition on the design matrix to ensure consistent prediction.

In Chapter 5, we consider the problem of prediction under no assumptions on the design
matrix and inference for ®* with independent and identically distributed observations. This
chapter is published as Law et al. (2021).



CHAPTER 2

Inference Without Compatibility: Using Exponential
Weighting for Inference on a Parameter of a Linear
Model

2.1 Introduction

In the past decade, there has been much interest in high-dimensional linear models, particularly
following the work of Tibshirani (1996). However, it was not until the past few years that there
have been methods to construct confidence intervals and p-values for particular covariates in the

model. Consider a high-dimensional partially linear model
y=XB"+p—+e, (2.1.1)

with X € R™¥9 and y,u,e € R”. In addition, we also observe covariates Z € R™*? such
that p ~ Z~* for some sparse vector v* &€ RP (see Section 2.1.2 for details). The vector p
represents some underlying random nuisance parameters in the model that affect the response y;
the covariates Z allow us to control for these confounding factors. Regarding the size of each
matrix, we assume that ¢ < n is fixed but p > n is high-dimensional. Our goal is to construct a
confidence region for the entire vector 3* € RY.

In recent years, there have been mainly two approaches to constructing confidence intervals
in high-dimensional linear models. There have been approaches such as Lee et al. (2016), which
construct conditional confidence intervals for 3" given that 3* was selected by a procedure, such
as the lasso. Simultaneously, there has been work to construct unconditional confidence intervals
for 3%, where X is the a priori selected covariate of interest, such as Javanmard and Montanari
(2014), van de Geer et al. (2014), and Zhang and Zhang (2014); the latter is also our focus. To
avoid digressions, we do not elaborate on the former. A review of many of the current methods is

available in Dezeure et al. (2015). Much of the existing literature relies on using a version of the



de-sparsified lasso introduced simultaneously by Javanmard and Montanari (2014), van de Geer
et al. (2014), and Zhang and Zhang (2014). The idea behind the existing approaches is to invert
the KKT conditions of the lasso and perform nodewise lasso to approximate the inverse covariance
matrix of the design, which attempts to correct the bias introduced by the lasso.

Since the lasso forms the basis for the procedure, certain assumptions must be made in order to
ensure that the lasso enjoys the nice theoretical properties that have been developed over the past
two decades. The paper by van de Geer and Biihlmann (2009) provides an overview of various
assumptions that have been used to prove oracle inequalities for the lasso. These assumptions are
a consequence of the fact the lasso is used rather than being needed for the statistical problem. In
particular, for confidence intervals, van de Geer et al. (2014) assume that the compatibility condi-
tion holds for the Gram matrix, which is the weakest assumption from van de Geer and Biihlmann
(2009), and is essentially a necessary assumption for the lasso to enjoy the fast rate (cf. Bellec
(2018)). To quote the popular book by Biihlmann and van de Geer (2011), “In fact, a compatibility
condition is nothing else than simply an assumption that makes our proof go through.” However,
this raises an important question on necessity: Is the compatibility condition necessary for con-
structing confidence intervals in high-dimensions?

The main contribution of this paper is proving that the compatibility condition or any of its
variants is indeed not necessary for the statistical problem. To this end, we provide an estimator
which does not require the compatibility condition but still attains the semi-parametric efficiency
bound. Our assumption regarding sparsity is slightly stronger than the minimax rate required by
Javanmard and Montanari (2018) since we allow a broader class of designs. In particular, we show
that, in the absence of compatibility, the rate established by Javanmard and Montanari (2018) is
not attainable and a stronger sparsity assumption is required.

To help clarify the connection between our notion of partially linear model and the high-
dimensional linear models of the aforementioned works, we note that our model is many times
written as a linear model y = (x, 8%)2 + (z, )2 + ¢, reserving the notion of partially linear model
toy = (x,8")2 + u(t) + € for some unknown smooth function y(-). We use the PLM terminology
to emphasize that (i) (z,~*)» is only an approximation, and (ii) z is a high-dimensional nuisance
parameter, which plays the role of the nonparametric part of a semi-parametric model. For more
details, see Remark 1.1 below.

There is also the recent work of Chernozhukov et al. (2018a), who consider the general problem
of conducting inference on low-dimensional parameters with high-dimensional nuisance parame-
ters. One application of their general theory is for high-dimensional partially linear models, which
is also our problem of interest. A further discussion of their procedure is given in Remark 2.2.1
below.

As a consequence of our estimation procedure for 3, we are able to construct a y/n-consistent



estimator of the signal strength and the noise variance, which we denote by ai and o2 respectively,
also without the compatibility condition. The paper by Reid et al. (2016) provides a nice overview
of different proposals for estimation of o2 using the lasso. An early work in this direction is Fan
et al. (2012), who construct asymptotic confidence intervals for o2 under a sure screening property
of the covariates; in the setting of the lasso, this requires a 5-min condition. Dicker (2014) consider
a similar problem of variance estimation using moment estimators that do not require sparsity of
the underlying signal. However, they do not consider the ultra high-dimensional setting nor the
problem of inference. Later, Janson et al. (2017) considered inference on the signal-to-noise ratio
but the theory developed only applies to Gaussian designs. For the problem of inference for ai, the
work most similar with ours is Cai and Guo (2020), who consider a more general problem in the
semi-supervised setting, but their results for the supervised framework require minimal non-zero
eigenvalues on the covariance matrix. To this end, we construct estimators that attain asymptotic
variances equal to that of the efficient estimator in low-dimensions.

For both problems, our approach involves using exponential weighting to aggregate over all
models of a particular size. Prima facie, this is a computationally hard problem but can be well
approximated in practice. To this end, we propose an algorithm inspired by Rigollet and Tsybakov
(2011).

2.1.1 Organization of the Chapter

We end the current section with the notation that is used throughout the paper. In Section 2.2, we
discuss the problem of conducting inference for low-dimensional 3" in the presence of a high-
dimensional nuisance vector . The setting of univariate 5* is considered separately in Section
2.2.1 to motivate the general multivariate procedure of Section 2.2.3. We take a slight detour
in Section 2.2.2 to consider inference when the errors are correlated. The section ends with a
discussion on the necessity of the sparsity assumption in Section 2.2.4. Then, in Section 2.3.1
and Section 2.3.2, we consider the problems of inference for O’Z and o2 respectively. In Section
2.4, we provide an overview of the computation of the estimators, which we apply in Section 2.5
for numerical simulations. The proofs for Sections 2.2.1 and 2.2.4 are provided in Section 2.6.

Additional simulation tables and the proofs for the remaining results are available in Appendix 1.

2.1.2 General Notation and Definitions

Throughout, all of our variables (except 3*) have a dependence on n, but when it should not cause
confusion, this dependence is suppressed. For a general vector a and a matrix A, a; denotes the
jthentry of a, A; the jth column of A, and A" the jth row of A. Then, | al|, denotes the standard

Euclidean norm, with the dimension of the space being implicit from the vector, ||a||, the L;-norm,

6



and ||al|, the Lo-norm. Furthermore, ||A ||, will denote the operator norm and || A ||,; the Hilbert-
Schmidt norm. If A is square, A~! is to be interpreted in a generalized sense whenever the matrix
A is rank deficient.

Before defining weak sparsity, we need to introduce some notation. For u € N, M, will denote

the collection of all models of Z of size w. That is,
M, E{m C{l,....;p}: |m| =u}.

Then, for each m € M,, Z,, will denote the n X u sub-matrix of Z corresponding to the columns
indexed by m. Moreover, P,,, will denote the projection onto the column space of Z, and P, the

projection onto the orthogonal complement. We can now state the definition of weak sparsity.

Definition 2.1.1. A sequence of vectors p is said to satisfy the weak sparsity property relative to

Z with sparsity s at rate k if the set
Su 2 {me M1 |[Phul” = o(k)}

is non-empty. A set S € S, is said to be a weakly sparse set for the vector .
If the sequence of vectors u is random, then they satisfy the weak sparsity property relative to
Z in probability with sparsity s at rate k if the set

Su={me M, |[Prp|’ = on(k)}

is non-empty. A set S € S, is said to be a weakly sparse set in probability for the vector p.

Remark. There are two distinctions to be made, between strong and weak sparsity on one hand,
and between weak sparsity and weak sparsity in probability. The following examples may help to
clarify these notions.

First, suppose that p = Z~* for a sparse vector v* € R” with support S. We refer to this case
as strong sparsity and is the commonly assumed setting in high-dimensional linear models (for
example, van de Geer et al. (2014)). Since |P5u||> = 0, strong sparsity implies weak sparsity.

Second, consider a smooth function z(-) : R — R. This corresponds to a standard partially
linear model, where 1i(¢) might denote a dependence of the mean on time. Let Z be a dictionary of
basis functions, say, the harmonic or wavelet basis. Then, ;o may be well approximated by a linear
combination of a few basis functions, with the remainder converging to zero, and weak sparsity
holds.

Third, in random designs, it may be that with small probability p is not well approximated by
any members of M, but only holds with high probability. This case is referred to as weak sparsity
in probability.



In general, if S,, is non-empty, then we may let v* = (ZLZg) 'Zgp for any S € S,,. Depend-

ing on context, we either view v* as a vector in R? or R?.

Finally, similar to other works on de-biased inference, we will consider sub-Gaussian errors,

which is defined below.

Definition 2.1.2. A mean zero random vector £ € R" is said to be sub-Gaussian with parameter
K if

K2 A2
E exp ()\TS) < exp (%)

for all vectors A € R".

2.2 Inference for 3*

In this section, we consider the main problem of constructing confidence regions for 5*. The model

that we consider is given in equation (2.1.1), which we reproduce below for convenience,
y=XB8"+p+e. (2.2.1)

We write o2 £ Var(g,). For this section, we assume that p satisfies the weak sparsity property
relative to Z at rate y/n, but the results still hold if we assume the weak sparsity property in

probability.

2.2.1 The Special Case: ¢ = 1

In this sub-section, we assume throughout that ¢ = 1. In addition to the partially linear model

given in equation (2.2.1), we also assume that xsatisfies a partially linear model, denoted by
X=v+n, (2.2.2)

where v satisfies the weak sparsity property relative to Z at rate 1/n. We allow the weakly sparse set
for v to be different from that of p. We also assume that 7 is a sub-Gaussian vector with variance
af] £ Var(n;). The sub-Gaussianity assumption is needed to ensure that the empirical estimate of
the norm squared residuals approximates the expectation well enough. By direct substitution, it
follows that

y=vB8 +u+ns +e.



Since p and v both satisfy the weak sparsity property relative to Z at rate 1/n, the vector v3* +
also satisfies the weak sparsity property relative to Z at rate y/n. To motivate our procedure, we
assume temporarily that the models are in fact low-dimensional linear models. That is, suppose
there are sets S; and S, such that v = Zg 6" and p = Zg ~* for sparse vectors 6" and ~*.
Moreover, assume that the set S £ S5 U S, is known and € ~ N, (0, af]n). Thus, we are

temporarily assuming the low-dimensional linear models

y =XB"+Zs, Y +€="Zsoins e,
X = ZSg(S* + mn,

where 8° = 6"3* + ~+*. Then, by the Gauss-Markov Theorem, it is known that the efficient
estimator in this low-dimensional problem is given by least-squares, which may be framed as the

following three stage procedure:
1. Regress y on Zg using least-squares to obtain the fitted values y.
2. Regress x on Zg using least-squares to obtain the fitted values X.

3. Regress the residuals y — y on the the residuals x — X using least-squares to obtain the

least-squares estimator .

In the high-dimensional setting, the first two stages can no longer be achieved using the classical
least-squares approach. However, since we are only interested in the fitted values y and X, this sug-
gests using a high-dimensional prediction procedure to obtain the fitted values, and then applying
low-dimensional least-squares on the residuals in the third stage. The high-dimensional procedure
that we adopt is the exponential weights of Leung and Barron (2006), which has the salient feature
of prediction consistency under very mild assumptions on the design.

Before defining our estimators, we state all of our assumptions.

(2.1) The means p and v have squared norms that are Op(n).

(2.2) The entries of 17 and € are mutually independent and also independent of Z. Moreover, the
entries of 17 and ¢ are each identically distributed sub-Gaussians with parameters K, and K

respectively.

(2.3) The means p, v, and v3* + p are weakly sparse relative to Z with sparsities s, s5, and sy
respectively at rate y/n. Furthermore, it is assumed that the statistician knows sequences .,

us and up with uy, > 5., us > s5, and ug > sy for n sufficiently large and max (u, us, ug) =

o(v/n/log(p)).



|3 /no?

and ||v||3/no?, respectively, are bounded away from zero and infinity asymptotically. Now, we

Condition (2.1) ensures that the trivial situations in which the signal to noise ratios,

may define two sets of exponential weights, wy, , and wy, ., to estimate y and x respectively. Let

exp (~ 4 [Payl;)

Skean,, o0 (— 2 [PLy];)

Wm,y =

with o, > 4K2.

Remark. The exponential weights defined above do not subtract off the rank of the projection in
the exponent as in Leung and Barron (2006) since we only consider models of size uy; the rank

will cancel from the numerator and the denominator.

Now, let 9m £ (ZrTan)_1 ZrTny be the least-squares estimator for € using the covariates Z,,.
We identify 6, with a vector in RP, with the support of O being indexed by m. Then, we may
estimate 6 by

A« A o
GEW = 5 wm,yom;

mEMu9

with the prediction y given by y = ZOrw. Similarly, we define

exp (L [P ax]3)

Sents, @0 (— 2 [Pix]3)

A

wmx

)

with o, > 4K§ . Letting dm denote the least-squares estimator of 8" using the covariates Z,, and

identifying it with a vector in R”, we may define

Then, the fitted values of x are x = Z3EW. Finally, for the last stage, the regression of y — Z@Ew
on x — Zdgy is given by
o T o

Bew 2 ;
NN

Before stating our main result, we state a proposition regarding exponential weighting with

10



sub-Gaussian errors.

Proposition 2.1. Consider a high-dimensional linear model given by

y=p+E,

for & sub-Gaussian with parameter K¢. Assume that p is weakly sparse relative to Z with sparsity
s and that lim sup,,_, . || y,||§ = O(n). Assume further that the chosen sequence of sparsities u > s
satisfy uw = o(n” /log(p)) for 7 > 0 fixed. Letting ~,, denote the least-squares estimator for ~*

using the covariates 2y, define the exponential weights as

exp (=1 [PLyl3)

> ke, €XP (_é HPﬁYI\z) |

A

Wm

with o > 4K§. Then,

2

E =o(n").

Z W Zym —

mEMu

2

Remark. We would like to remark that the choice of « is consistent with Leung and Barron
(2006). In particular, when & ~ N, (0, 0¢1,), the sub-Gaussian parameter is K? = o, which
gives the requirement that o > 40?. In this setting, we emphasize that the required value of « is
not consistent with a simple Bayesian interpretation since the Bayes procedure requires a leading
constant of 2, as shown by Leung and Barron (2006). However, one of the referees pointed out
that Griinwald and van Ommen (2017) show a way of explaining this in a Bayesian way in some

extended models.

Remark. The assumption that lim sup,,_, . ||¢t/|> = O(n) can be relaxed to hold in probability by

weakening the conclusion to hold in probability rather than expectation (cf. Corollary 2.6.1).

For the remainder of the paper, we only consider the setting where 7 = 1/2. As an immediate

corollary, we have the following.

Corollary 2.1.1. Consider the models given in equations (2.2.1) and (2.2.2) with ¢ = 1. Under
assumptions (2.1) — (2.3),

N 2
HVﬁ* +p— ZOEsz = op(v/n),
2

)

11



Finally, we can state the main result for BEW.

Theorem 2.2. Consider the models given in equations (2.2.1) and (2.2.2) with ¢ = 1. Under
assumptions (2.1) — (2.3),

Vi (B —5) S8 (0.2).
n

We would like to note that BEW attains the information bound for estimating S* (cf. Exam-
ple 2.4.5 of Bickel et al. (1993) and Section 2.3.3 of van de Geer et al. (2014)). Moreover, the

convergence of BEW is actually uniform. Consider the following parameter space

B2 {(8,02,02, K, K.): B €R,0) > 0,02 > 0,K, >0,K. >0}

n Y fol)
This induces a set of probability measures (%2y)yep. Then, we have the following corollary.

Corollary 2.2.1. Let £ be a compact set of (Py)gep with respect to variational distance. Under
the setup of Theorem 2.2,

ﬁ(BEW_B*> =a+b,

where
2
a~N (0, 0—;) ,
5
b = op(1)

uniformly for v € & .

Corollary 2.2.1 asserts that BEW is uniformly Gaussian regular. Like Theorem 2.3 of van de
Geer et al. (2014), the estimator BEW is regular on one-dimensional parametric sub-models of (14)
of van de Geer et al. (2014) and attains asymptotic semi-parametric efficiency. The main difference

is replacing the assumption of compatibility of the design with the sparsity assumption (2.3).

Remark. The estimator, 5Ew, at first glance seems similar to the double/de-biased estimator of
Chernozhukov et al. (2018a) by considering exponential weighting as the estimation procedure for
the propensity function. However, the primary difference is that we do not rely on cross fitting
to estimate the conditional mean of x and y given the covariates Z. Therefore, BEW does not
fall within the general framework of Chernozhukov et al. (2018a) since we are using exponential

weighting to solve in the in-sample prediction problem.

12



2

To construct confidence intervals, we need to estimate both o

and o7, We defer explicitly
defining estimators for the variance until Section 2.3.2 but let 62 and &% be any of the three estima-

tors proposed by Theorem 2.10 for estimating variance. Then, an asymptotic (1 — «) confidence

52 52
. gz o
3 3
Bew — za/24 | =5 Pew + 2a/2y | 5 |
aan aan

where z,/, denotes the /2 upper quantile of the standard Gaussian distribution.

interval for 5* is given by

2.2.2 Correlated Gaussian Errors

In this sub-section, we take a slight detour away from classical high-dimensional partially linear
models and consider the setting where the errors, €, are Gaussian but not necessarily independent
and identically distributed. The goal is to conduct inference on 3*, but, for simplicity, we only
consider the setting where ¢ = 1. This model arises naturally if the model was a linear mixed

model given by
y =x"+p+W(+E,

where ¢ are Gaussian random effects and £ is independent Gaussian noise. Bradic et al. (2019)
and Li et al. (2019) consider more general problems of testing fixed effects in high-dimensional
linear mixed models, whereas we simply view the problem as a linear model with correlated noise.
Even when the errors are correlated, BEW still has a Gaussian limit under proper rescaling. Before

stating the theorem, we will slightly modify assumption (2.2) to the setting where € is correlated:

(2.2*) The entries of g ~ N, (0,021,) are independent of Z and e. The vector & ~ N, (0, X.) is
independent of Z with || .|| = O(1) and tr(X.)/n — d > 0.

Now, we may state the main result for BEW under correlation.

Theorem 2.3. Consider the models given in equations (2.2.1) and (2.2.2) with ¢ = 1. Under
Assumptions (2.1), (2.2%), and (2.3),

i (B = 57) S8 (0.5
n

Again, we defer defining an estimator for d and ag until Section 2.3.2, in particular Corollary
2.3.2. Similar to the previous section, we may now construct confidence intervals for §* under this

setting of correlation.

13



2.2.3 The General Case: ¢ > 1

In the general setting where ¢ > 1, we may still rely on the perspective of high-dimensional
prediction. Analogous to Section 2.2.1, we assume that each column of X satisfies a partially linear
model. That is, there exist matrices N, H € R"*? (read, capital N and capital H, respectively)
such that each column of X satisfies X; = N; +H;, where IN; satisfies the weak sparsity property
relative to Z at rate /n for each 1 < j < ¢. The weakly sparse set for each N; may be different

but the sparsity rate is uniformly /7. In matrix form, we have that
X=N+H. (2.2.3)

Since ¢ is fixed and p and each N; satisfy the weak sparsity property relative to Z at rate \/n,
the vector N3* + p also satisfies the weak sparsity property relative to Z at rate \/n. Moreover,
H is assumed to be sub-Gaussian with the covariance matrix of each row of H given by X5 £
Var(HW).

Then, for 1 < j < ¢, we may let 3Ew’j denote the analogue of drw for regressing X; on Z
and estimate X; by Z(ASEW,]-. Let AEW € RP*7 denote the matrix with columns given by SEWJ for

1 < j < q. Then, the multidimensional analogue of BEW from Section 2.2.1 is given by

v 2 (X~ 280)" (X~ 280)) (X~ 2Am)" (v~ 200

We would like to emphasize that the definition here is identical to that given in Section 2.2.1 when
qg=1.

Then, we will make the following assumptions.
(2.4) The mean vectors p and N; for 1 < j < ¢ have squared norms that are uniformly Op(n).

(2.5) The rows of H and the entries of € are independent and also independent of Z. Moreover,
the entries of the rows of H and the entries of € are each identically distributed sub-Gaussian

with parameters /K, ; and K. respectively. Furthermore, X is an invertible matrix.

(2.6) All the mean vectors p, N, for 1 < j < ¢, and N3" + p are weakly sparse relative to Z with
sparsities s, s5; for 1 < j < ¢, and sy respectively at rate v/n. Furthermore, it is assumed
that the statistician knows sequences u., us j, and ug with u, > s, us; > s5;forl1 < j <g

and ug > sy for n sufficiently large and max (u., maxi<;<, (us;) , up) = o(y/n/log(p)).

We can now state the asymptotic distribution for ,@EW.

14



Theorem 2.4. Consider the models given in equations (2.2.1) and (2.2.3). Under assumptions
(2.4)—(2.6),

p L 2v1—1
Vvn (/BEW - /3*> = N, (qu oy ) :
Similar to before, to construct confidence regions, we need to estimate 3. Therefore, we

consider

~ 1 ~ T N
S, L= (X _ ZAEW) (X _ ZAEW) .

n

This leads to the following proposition.

Proposition 2.5. Consider the models given in equations (2.2.1) and (2.2.3). Under assumptions
(2.4), (2.5), and (2.6),

EH — EH.

Then, an asymptotic (1 — «) confidence region for 5* is given by

n

A~ T . o
{[3 €R: = (Bew —B) T (Bew —8) < Xﬁ,a} 7
1>
where nga denotes the o upper quantile of a xﬁ random variable.

2.2.4 Necessity of Sparsity Assumption

In Section 2.2.1, it was assumed that both p and v are weakly sparse with sparsity s., and s; re-
spectively at rate y/n in order for BEW to have an asymptotic Gaussian distribution. For simplicity,
in the ensuing discussion, we will only consider the case where ¢ = 1, that there existsan S € S,
such that HP§ ,u,Hz = 0, and the design (X, Z) is fully Gaussian with population covariance matrix
3. Thatis, ¥ = Var(X;, Z(")). We write 3 ; to denote the p x p sub-block of 3 corresponding
to Z. Letting (2 = >~ it follows that

ss=H{1<j<p:Q; #0},

which is equivalent to sg from Javanmard and Montanari (2018). Compared to the de-biased
lasso, Javanmard and Montanari (2018) showed that, if s, = o(n/log®(p)) and min(s,, s5) =
o(v/n/ log(p)), then the de-biased lasso has an asymptotic Gaussian distribution. However, By is

a valid estimator on a larger class of designs, in particular incompatible designs, and Theorem 2.6
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formalizes this trade-off between sparsity and compatibility. Before stating the theorem, we will

need to introduce a bit of notation regarding our parameter space ©, which is defined as

O(sy,85) £{9 = (B",7". 0" 222,05, 02) [Vl < 57, 67l < 55,

n e

max ((7*)TEZ7Z'7*, (6*)T2, 46", 0727, 052) =0}

Theorem 2.6. For ¥ € ©(s,, s5), consider the following model

n) ii.d
ZW, . ZW N, (0,3 ,,),

e~N, (0,,021,),
n~N, (On, aiIn) ,
y =XB"+Zvy" +¢,
X =76 +n.

Assume that either s, = o(y/n/log(p)) or ss = o(v/n/log(p)). If there exists a \/n-consistent
estimator of 3" for all 9 € O(s., s5), then both s, = O(y/n/log(p)) and s; = O(\/n/log(p)).
In light of the results of Javanmard and Montanari (2018), to construct a y/n-consistent esti-
mator of 37, it must be the case that either s, = o(y/n/log(p)) or s; = o(y/n/log(p)). The
previous theorem implies that the other sparsity must satisfy O(y/n/log(p)). Assumption (2.3) is
only mildly stronger, requiring max (s, s5) = o(v/n/log(p)).
Corollary 2.6.1. For ¥ € ©O(s,, s;5), consider the model in Theorem 2.6. If there exists \/n-
consistent estimator of 3" for all 9 € (s, s5), then max(s.,, ss) = O(y/n/log(p)).

2.3 Inference for o7 and o

2
m

(2014), Janson et al. (2017), and Cai and Guo (2020) provide interesting applications of both

estimation and inference to which we refer the interested reader. The main model that we consider

In this section, we consider the problem of conducting inference for both o2 and o2. Dicker

is slightly different than that considered in the previous section. Since we are not interested in the
contribution of any particular covariate, we do not need to distinguish X from Z. Hence, we set

¢ = 0 and consider the following model,
y=Mn+E. (2.3.1)

Unlike Section 2.2, we view p as a random quantity, with ai £ Var(u, ). Thus, ai can be viewed as

the explained variation in the data using the covariates Z. Throughout this section, S, will denote
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the weakly sparse set for p with sparsity s.,. When constructing a \/n-consistent estimator for aﬁ,
the asymptotic distribution depends on the variance of p?, which we denote by r,, 2 Var (u?).

Similarly, we need to let . = Var (€?) when constructing confidence intervals for o2.

2.3.1 Inference for O'Z

To motivate our high-dimensional procedure, we start by considering the low-dimensional setting.
Letting S, denote a weakly sparse set for p relative to Z and identifying * with a vector in R*7,

we temporarily consider the linear model
y=12s7 +e. (2.3.2)

The natural estimator for ai is given by n~! HPSwa; The following proposition shows that this

natural estimator is in fact efficient for estimating JZ with Gaussian errors.

Proposition 2.7. Consider the model given in equation (2.3.2). Assume that the design Zs. has

. . 2, . o
full column rank and s, < n is fixed. Then, the estimator n™" HPSwaQ is efficient for estimating

2

JN'

From the Central Limit Theorem, it is immediate that
_ 2 L
Vi (n7t [Ps,yly = 02) 5 N (0.5, + d0202)

In the high-dimensional setting, there are three natural extensions of this low-dimensional effi-
cient estimator using exponential weighting. The first idea is to view Pg_y as the predicted values
of y and directly use take the squared norm of the predicted values given by exponential weighting.

Form € M,_, let¥,, denote the least-squares estimator for v* using the covariates Zy, and set

~ A j : A
/’l’ - wm,y’)/ma

mGMuW
where wy, ,, 1s defined in Section 2.2.1. Then, we may consider the estimator

1
22 A L oan2
A I

Alternatively, we may take the perspective that exponential weights concentrate well around the

models with high predictive capacity, which would suggest aggregating the squared norms,

. 1 2
UZ,H 2 " Z Wmy [[Pmyl -
l’l’leMuW
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The last estimator that we consider is inspired by the low-dimensional maximum likelihood esti-
mator for o? and the fact that Var(y,) = o, + o2:

~2 N

2 12
Ou 111 = (||Y||2 —ly — ,UHQ) :

S|

Before stating the main results for these estimators, we first provide all of our assumptions.

(2.8) The mean vector p has independent and identically distributed entries with finite fourth

moment.

(2.9) The entries of € are independent of Z. Moreover, the entries of € are independent and

identically distributed sub-Gaussians with parameter K.

(2.10) The vector p is weakly sparse relative to Z with sparsity s.,. Furthermore, the chosen sparsity

u satisfies u, = o(y/n/log(p)) and u, > s., for n sufficiently large.

Assumption (2.8) implies that ||| = Op(n). By Jensen’s inequality, it is immediate that

2
s

are asymptotically equivalent at the y/n-rate. Recall that x, £ Var(u?). The following theorem

o1 < 62 < c}i ;77- However, it turns out that, under the above assumptions, these estimators

provides the asymptotic distribution of the three estimators.

Theorem 2.8. Consider the model given in equation (2.3.1). Suppose that ai > (0. Under assump-
tions (2.8) —(2.10),

Vn (62 — O’Z) AN (0, Ky + 405203) .

2

where (Af#

.. A2 A2 52
is either 0up Oprp OV Oy 11

Since our interest is mainly asymptotic, we write [73 to denote generically one of the estimators
for O'Z. To construct confidence intervals for ai, we need to estimate x,, which may be accom-

plished by considering

The following proposition shows that &, is a consistent estimator for .

Proposition 2.9. Consider the model given in equation (2.3.1). Under assumptions (2.8) — (2.10),

~ P
am — Ky-
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Therefore, an asymptotic (1 — «) confidence interval for 03 is given by
Ry + 46262 Ry, + 46262
G}wm l—;i%ﬁ+%m—i7éi . (2.3.3)

2.3.2 Inference for o>

In this section, we are interested in constructing confidence intervals for . In the low-dimensional
setting with Gaussian errors, an estimator for o2 is given by maximum likelihood, which may be
written as

R 1
UE,ML o HY - PSJH? :

From classical parametric theory, &f}ML is an efficient estimator for o2 that achieves the information
bound. A natural extension in the high-dimensional setting is to view Pg_y as the predicted value
and consider the estimator
1
~2 A ~ (12
oer = lly = £[7
where f1 is defined in Section 2.3.1. Recalling that Var (y;) = O’i + o2, we may consider two more

estimators of o2 in light of the results of Section 2.3.1, which are

1.

. 1 2 .
U?,U £ n HyHg - Ji,ll'

~2 A 2

L2 .
Oc 111 = " lylls — Our-

Again, by Jensen’s inequality, it is immediate that 67 ; < 62;; < 62 ;. Similar to before, these
three estimators are asymptotically equivalent at the y/n-rate and the following theorem provides

the asymptotic distribution for all three.

Theorem 2.10. Consider the model given in (2.3.1) with ai > 0. Under assumptions (2.8) —

. L o . o . .
(2.10), \/n (62 — 0%) = N (0, k.) , where 62 is one ofaf,l, 0'82711, or 052,[[1.

This gives us an immediate corollary to estimating d from Section 2.2.2, which requires the

following assumption:

(2.2*) The vector € ~ N, (0, .) is independent of Z with | X.||, = O(1) and tr(X.)/n — d > 0.
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Consider the model given in equation (2.3.1). Under assumptions (2.8), (2.2%), and (2.10), &52, 7 i
d.

Remark. Currently, in this section, we have assumed that ¢ = 0 but the theory for all three
estimators of o2 are still valid when ¢ > 0. In this setting, X3" + p is weakly sparse relative
to (X, Z) with sparsity s, at rate y/n. Therefore, by using exponential weighting with the design

(X, Z), the above theorem implies that all three estimators are consistent for o2.

Remark. In practice, one may consider a version of the three estimators dividing by n —u., instead
of n, consistent with the low-dimensional unbiased mean squared error estimator. Asymptotically,
since u., = o(y/n), they have the same asymptotic distribution but seem to have better performance

empirically in finite sample.

Again, since 62 ;, 62 ;;, and 62 ;;; are asymptotically equivalent, we write G2 to denote a generi-
cally any of the three estimators. To construct confidence intervals for o2, we will need to estimate

ke. The estimator that we propose is similar to ,, namely we will defined &, as

LAl . 0\ 2
N (R I
j=1

Analogous to Proposition 2.9, the following provides the consistency of k..

Proposition 2.11. Consider the model given in equation (2.3.1). Under assumptions (2.8) —(2.10),

~ P
Re — Ke.

Therefore, an asymptotic (1 — «) confidence interval for o2 is given by

(63 — Za/2\/ E, o2 + Zaj2\/ E) . (2.3.4)
n n

2.4 Implementation

In this section, we describe a method to approximate all of the proposed estimators. Since all of our
estimators are based on exponential weighting, we will only detail the task of estimating Orw, with
the others being analogous. Then, the goal of approximating Orw can be split into the following

two tasks:

1. Determining the values of the tuning parameters v, and u,.

2. Aggregating over ( qfe) models.
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We start with the second task. Suppose temporarily that values of «, and ug have been selected.
To aggregate the models, we follow the Metropolis Hastings scheme of Rigollet and Tsybakov
(2011). Our approach slightly differs from theirs since we restrict our attention to ug-sparse models
whereas they consider models of varying sizes.

Conditional on the data, the values of éEw and 9m for each m € M, are fixed. We may view
M., as the vertices of the Johnson graph J(p, ug, ug — 1) (cf. Godsil and Royle (2013)). Then,
for each m € M,,, by assigning weight wy, ,, to vertex m, the target Orw may be viewed as the
expectation of the fixed estimators 6., over the graph J(p, ug, ug — 1), conditional on the observed
data. Hence, by taking a random walk over J(p, ug, ug — 1), we may approximate Orw.

Before describing the algorithm, we need to introduce a bit of notation. For any model m &
M., . we let K, denote the neighbors of m, which is given by

KmE{keM,, :knm|=u;—1}.

;, the residual sum of squares. Furthermore, recall that if

Moreover, we write RS Sy, = HPILny

Z! Z., is rank deficient, then (Z! Z.,)~! denotes any generalized inverse. Finally, let T denote
some burn-in time for the Markov chain and 7" denote the number of samples from the Markov

chain. This yields the following algorithm, which closely parallels Rigollet and Tsybakov (2011).
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Algorithm 1: Exponential weighting algorithm

Result: Approximates Orw

Initialize a random point my, € M, and compute RS Sp,;
fort=0,...,Tdo

Uniformly select k € ICyy,, and compute RS Sk;

Generate a random variable m;; by

m, with probability exp (—aLy(RSSk _ RSSmt)> :
k  with probability 1 — exp (—aiy(RSSk — RSSmt)> ;

m;; =

if ¢ > T}, then
Compute 0,1 < (ZT 7

1T in R?:
my 1 Lm, ) Z,,, ..y, embedded as a vector in R?;

end
end
return
1 To+T .
T Z 9t+1;
t=Tp+1

Then, analogous to Theorem 7.1 of Rigollet and Tsybakov (2011), it will follow that

1 To+T
lim — 0,.,=6 P almost surely.
e Z t+1 EW y
t=Top+1

Now, for the first task, we may construct a grid of parameter points and use cross-validation
to jointly tune the parameters using the above algorithm. Since both vy and uy do not need to be
known exactly, but need to be tuned to be larger than a threshold, the grid can be quite coarse to
ease the computational burden.

Computation in the ultrahigh-dimension is inherently difficult. In view of Zhang et al. (2014),
there is no polynomial time algorithm that achieves the minimax rate for prediction without the
restricted eigenvalue condition. However, we do not know any algorithm that verifies the restricted
eigenvalue condition in polynomial time (cf Raskutti et al. (2010)). In this paper, we completely
avoid assuming a condition like the restricted eigenvalue condition and therefore we cannot guar-
antee polynomial time convergence. Yet, the algorithm behaves well in practice, as can be seen

from the simulations in the following section.
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2.5 Simulations

We divide this section into two parts, corresponding to simulations for §* and simulations for

variance components cri and 2. Additional simulation tables are included in the Supplement.

2.5.1 Simulations for 3*

For ease of comparison, our simulations will be similar to those given in van de Geer et al. (2014).

For the linear models

y=XB"+pn+e,

we consider the setting where n = 100 and p = 500. There are a few parameters with which we
experiment: ¢, 3", the distribution of the design and errors, the sparsities, and the signal to noise
ratio. For each parameter pairing, we run 500 simulations. All confidence intervals are constructed
at the nominal 95% level.

Since the number of parameters of interest is fixed and low-dimensional, we consider the set-
tings where ¢ € {1,3}. To assess both the coverage and the power, we let 5* be a vector in R?
with values in {0, 1}. To experiment with the robustness to the sub-Gaussianity assumption, we use
Gaussian, double exponential, and ¢(3) distributions for the errors, all scaled to have mean zero and
unit variance. We denote these distributions by z, e, and t respectively. Therefore, 052 = 1 through-
out this section. The design have the same distribution as the error, but with an equi-correlation

covariance matrix. That is, we consider the covariance matrix, 3(7) to be

1 ifi=j
p ifi#j

3(2)i; =

for p € {0,0.8}. When ¢ = 3, the covariance matrix for H®, denoted by X(H), also is equi-

correlation,

o? if7 = 3.
X(H)=4q"
0.50; ifi# j,

where 03 is chosen so that Var(X;) = 1.
Similar to van de Geer et al. (2014), we let the sparsity s, € {3,15}, and, for simplicity, set

ss = s-. We set the signal to noise ratio of p to €, which is given by ai /o2, to be 2. Since large
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values of the signal to noise ratio (SN R) of N; to H; correspond to highly correlated designs, we
also consider SNRx = o7 /07 € {2,1000}.

For our simulations, we say p is weakly sparse relative to Z with sparsity s., at rate y/n if there
exists an s.-sparse set S and vector g such that Var(u, — (Zgs~v%),) < n~ /2. In particular, we

consider vectors v* of the form

N\ —K

v; o< () j=1...,p

for some value x > 0 and permutation 7 : {1,...,p} — {1,...,p}. A similar approach is applied
for A.

We will compare our estimators with a few other procedures:
1. (LS) Oracle least-squares that knows the true weakly sparse set .S.,.

2. (DLA) De-biased lasso from Dezeure et al. (2015) as implemented in the R package hdi.
We only apply this when ¢ = 1.

3. (SILM) Simultaneous inference for high-dimensional linear models of Zhang and Cheng
(2017) as implemented in the R package STLM.

4. (DML) Double/de-biased machine learning of Chernozhukov et al. (2018a) with 4 folds
using the scaled lasso of Sun and Zhang (2012) as the estimation procedure as implemented

in the R package scalreg. We only apply this when ¢ = 1.

5. (EWp), (EWy), (EW ;) Exponential weights using 672, 62 ;;, and 67 ;;; respectively. We
tune the parameters using cross-validation with 7 = 3000 and 7" = 7000.

To evaluate the procedures, we use the following two measures

1. (AvgCov) Average coverage: The percentage of time the true value of 5* falls inside the

confidence region.
2. (Avglen) Average length: The average length of the confidence interval (only when ¢ = 1).

The results are given in Table 1 and Tables A.2.1-A.2.11 from the Supplement. In the ¢ = 1
setting with SN Rx = 2, the coverage is comparable amongst all of the estimators. However, the
de-biased lasso and the SILM procedure are slightly preferable in this regime since the length of the
intervals are slightly shorter. When * = 0, SN Rx = 1000, and p = 0.8, the coverage of the de-
biased lasso is quite poor, with less than a 25% coverage against a nominal rate of 95%. The result
should not be surprising since this corresponds to a setting of high correlation in the design, which

weakens the compatibility condition. The double/de-biased machine learning approach has strong
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Table 2.1: Simulations for 5* with Gaussian design and errors when ¢ = 1 and 5* = 0

SNTx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S 3 15 3 15 3 15 3 15

LS 0946 0.880 0946 0.958 0942 0908 0.938 0.930
DLA | 0958 0.884 0976 0978 0.954 0.870 0.218 0.170
SILM | 0970 0.872 0.962 0970 0.958 0.812 0.900 0.902
AvgCov | DML | 0.966 0.850 0.956 0946 0982 0.844 1.000 1.000
EW; |0956 0.868 00956 00962 0960 0.828 0.954 0.968
EW;; |1 0978 0912 0976 0980 00972 0.898 0.966 0.984
EW;rr | 0984 0938 0984 0.994 0.980 0936 0.980 0.994
LS 0.427 0.462 0.589 0.684 0.430 0.467 0919 1.440
DLA |0493 0.532 0.689 0.700 0.530 0.547 0.544 0.501
SILM | 0.529 0.559 0.670 0.697 0.623 0.609 0.666 0.646
Avglen | DML | 0.650 0.634 0.694 0.692 1510 0.881 10.600 11.100
EW; ]0.623 0.636 0.700 0.716 1.060 0.774 1910 1.830
EW;r |1 0.690 0.710 0.768 0.797 1.170 0.868 2.100  2.040
EW;rr | 0749 0.776 0.830 0.871 1.280 0.951 2.270 2.240

nominal coverage in this regime (about 100%), but the length of the intervals are significantly
longer than the other procedures (about four to five times longer than exponential weighting).
When g* =1, SN Rx = 1000, and p = 0.8, we note that the SILM procedure no longer maintains
nominal coverage. At first glance, it may seem odd that the oracle procedure based on least-squares
does not always achieve the nominal coverage, but this is a consequence of weak sparsity. Since
there is non-negligible bias in the model approximation in finite sample, this affects the empirical
coverage of the oracle procedure. The results remain the same when we consider ¢ = 3 and
different distributions for the design and the errors. These results suggest that the compatibility
assumption is crucial to the success of the lasso based procedures, and in the absence of such an
assumption, the procedures based on exponential weighting maintain competitive coverage and

length.

2.5.2 Simulations for o, and o~

In this section, we set ¢ = 0 and only consider the setting of strong sparsity (ie. p = Z~* for some
vector v* € RP satisfying ||v*||, = s,). This reduces the linear model to y = Z~* + . We still
consider the setting where n = 100 and p = 500. The value of ai = 2 and 02 = 1 throughout
these simulations. The parameters with which we experiment are the distributions of the design
and errors and the sparsity.

Again, we consider Gaussian, double exponential, and #(3) distributions for the design and the
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errors. The design will have an equi-correlation structure with p € {0,0.8} and the sparsity will
satisfy s, € {3, 15}.

The vector of coefficients, v*, have s, components generated from uniform(-1,1) and p — s,
components that are zero. The values are then scaled such that ai = (v)TEy" = 2.

For estimation of O'Z, we will compare our results with an oracular estimator based on low-

dimensional least-squares and the recent proposal of CHIVE.

1. (LS) Oracle least-squares that knows the true strongly sparse set .S, using equation (2.3.3).

2. (CHIVE) The calibrated inference for high-dimensional variance explained of Cai and Guo
(2020). We follow Algorithm 1 of the paper with 7¢ € {0,2,4,6}.

3. (EW)), (EW;;), (EW, ) Exponential weighting using &7 ;, 7. ;;, and 67, ;;; respectively.

We tune the parameters using cross-validation with 7, = 3000 and 7" = 7000.

The results are presented in Table 2.2 and Table A.2.12 from the Supplement. We note that
the coverage of the least-squares procedure is close to the nominal 95% rate when s, = 3 and the
errors are either Gaussian or double exponential. The coverage is significantly worse for the #(3)
design, which should not be surprising since the fourth moment is not defined for this distribution.
However, when s, = 15, the coverage of least-squares falls, which establishes a reference for the
problem difficulty, since Proposition 2.7 establishes the efficiency of least-squares in this problem.

Amongst the exponential weighting estimators, when s, = 3 and the errors are Gaussian or
double exponential, the procedure based on &, ; has the best performance and 7, ;;; has the cover-
age when the errors are ¢ distributed. For higher sparsity, no one estimators dominates the others;
depending on our assumptions, any of the three estimators may be preferable. Compared with
CHIVE, the best exponential weighting procedure seems to be able to achieve comparable cover-

age with significantly shorter intervals, which can be seen across all of our simulation settings.
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Table 2.2: Simulations for o7 with s, = 3

Distribution z z e e t t
p 0 0.8 0 0.8 0 0.8
LS 0.922 0948 0.914 0934 0.808 0.802

CHIVE, 0.698 0.532 0.690 0.604 0.554 0.526
CHIVE, 0.818 0.668 0.792 0.702 0.712 0.634
AvgCov | CHIVE, 0.888 0.748 0.848 0.762 0.770 0.704
CHIVE¢ 0.890 0.772 0.898 0.790 0.860 0.746

EW; 0.852 0.850 0.854 0.862 0.780 0.778
EW;; 0.804 0.772 0.820 0.838 0.812 0.828
EW;rr 0.708 0.644 0.744 0.762 0.820 0.866
LS 1.520 1.510 1.800 1.950 2.430 2.950

CHIVE, 0.998 0.937 1.160 1.190 1.670 2.130
CHIVE, 1.520 1.560 1.650 1.740 2.150 2.640
Avglen | CHIVE, 1.890 1.970 2.010 2.120 2.500 2.980
CHIVE;¢ 2210 2300 2.310 2.440 2.780 3.270

EW; 1.470 1.440 1.750 1.850 2.390 2.840
EW;; 1.420 1.390 1.710 1.810 2.370 2.810
EW;rr 1.370 1.320 1.670 1.760 2.340 2.780

For the estimation of 052, we will consider the oracular least-squares, the scaled lasso estima-
tor, and the refitted cross-validation with Sure Independence Screening, along with our proposed

procedures based on exponential weighting.

1. (LS) Oracle least-squares that knows the true strongly sparse set .S, using equation (2.3.4).

2. (SL) Scaled lasso as implemented in the R package scalreg with a confidence interval

constructed using Theorem 2 of Sun and Zhang (2012).

3. (RCV-SIS) Refitted cross-validation of Fan et al. (2012) using the Sure Independence
Screening of Fan and Lv (2008) as implemented in the R package SIS in the first stage.
The confidence interval is constructed using Theorem 2 of Fan et al. (2012), with Ec* esti-

mated by Proposition 2.11 of the present paper.

4. (EWj), (EW ), (EW ) Exponential weighting using &i I &f, 77> and [7527 717 respectively. We

tune the parameters using cross-validation with 7 = 3000 and 7" = 7000.
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The results are given in Table 2.3 and Table A.2.13 from the Supplement. When the signal is
very sparse, s, = 3, and there is no correlation in the design, scaled lasso has better coverage than
exponential weighting. However, as the correlation increases to p = 0.8, the confidence intervals
constructed using [782’ ;7 outperforms scaled lasso both in terms of coverage and average length.
When the model is less sparse, 637 ; has comparable or better performance than scaled lasso. The
poor performance of refitted cross-validation with Sure Independence Screening in the s, = 15
case should not come as a surprise since the signal to noise ratio is kept constant. The task of sure
screening 15 active covariates out of 500 with low signal strength from 50 observations is very
difficult.

Table 2.3: Simulations for o2 with s, = 3

Distribution zZ zZ e e t t
p 0 0.8 0 0.8 0 0.8
LS 0.938 0912 0952 0940 0.918 00912
SL 1.000 0.730 0.998 0.730 0.994 0.756
AvgCov | RCV-SIS 0.684 0.646 0.688 0.644 0.638 0.606
EW; 0.616 0.608 0.678 0.674 0.650 0.690
EW,; 0.862 0.828 0.872 0.846 0.852 0.814
EW;;; 0.672 0.458 0.660 0.488 0.636 0.430
LS 0.532 0.529 0.545 0.528 0.534 0.534
SL 0.599 0.670 0.602 0.665 0.602 0.659
Avglen | RCV-SIS 0.485 0.509 0.508 0.514 0.554 0.539
EW; 0.430 0427 0.442 0438 0435 0.447
EW;, 0.441 0444 0453 0.453 0446 0.463
EW/ ;s 0.462 0475 0473 0.480 0.466 0.492

2.6 Proofs

2.6.1 Proofs for Section 2.2.1

Before proving our main results, we state a simplified version of Theorem 2.1 of Hsu et al. (2012)

will be useful in the subsequent proofs.

Lemma 2.12 (Theorem 2.1 of Hsu et al. (2012)). Let P € R"*" be a rank u projection matrix. Let
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& € R" be a mean zero sub-Gaussian vector with parameter K¢. Then, for all t > 0,
P (IPg|; > K2 (w+2Vul +2t) ) < exp(~1).

For ease of reference in later proofs, we prove Proposition 2.1 as two lemmata.

Lemma 2.13. Let {wp, : W >0, wm = 1,m € M, } be weights, possibly random, and
€ be a sub-Gaussian vector with parameter Ky, independent of Z. If u = o(n" /log(p)), then

E < Z Wm ||Pm§||§> =o(n").

meM,,

Proof. Fix t > 0 arbitrarily. Define the event .7; as

72 N {HPmﬁHg < K} (u+2\/W+2tnT>}.

mEMu,

For any fixed m € M,, it follows from Lemma 2.12 that
P <||Pm£||2 > K (u + 2V/utn™ + 2tn7>) <exp(—tn’).
Therefore,
P(7) < exp (—tn" +log (| M.])). (2.6.1)

We observe that the above tends to zero from the assumption that u log(p) = o(n") and the standard
bound on binomial coefficients |[M,,| = (¥) < (ep/u)*. Now, note that

E( D U HPm£H§> —E( > wmansn%ﬂ,z) +E< > wmansH%ﬂzc) :

meM,, meM,, meM,,

For the first term, by the definition of .7,

limsupn™"E ( Z Win [Pl l%) < 2KZ.

n—oo mEMu
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For the second term, by Cauchy-Schwarz and equation (2.6.1), it follows that

limsupn"E ( Z Win HPmEHg ]lgtc) <limsupn "E (||€||§ Ilytc)

n—00 n—00
meM,,

S hm Sup nfTE (Hé“;l) 1/2 ]P) (Zc)l/Q

n—oo
=0.
Therefore,
limsupn "E < Z W Hme\@) < 2tKZ.
Since ¢t > 0 was arbitrary, this finishes the proof. 0

Lemma 2.14. Under the assumptions and setup of Proposition 2.1, for any sub-Gaussian vector

¢ with parameter K independent of Z,

1.

£ 5 wnlPinl) =

meM,,

E( Z wmuTP$C> =o(n").

meM,,

Note that ¢ is not necessarily independent of &.

Proof. Form € M, let
2 |lpL,, |12
Tm = [P,
Fixing ¢t > 0 arbitrarily, define the set
A2 {me M, :ry <tn}.

Now,

E( > wmrm> :E(Z wm'r‘m> +E D wnrm

meMy meA; meAS§
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By the definition of Ay,

limsupn "E ( Z wmrm) < t.

n—oo mEAt

For Ag, fix a value of @ > 0, which will be determined later, and define the set .7, as

T, 2 ﬂ {HngHg§K§<u+2\/m+2an7)}.

mEMu

By the calculations from equation (2.6.1), it follows that
P(7°) <exp(—an” +log (|M,])) . (2.6.2)
Moreover, note that, by assumption,

limsup sup n 'ry < limsupn™'||pll; < C,
n—oo meM, n— o0

for some constant C' > 0. Then, for n sufficiently large,

n"E Z Wnrm | <2007 Z E (wm) < 2Cn'™" Z (E(wmlzg) +P(7))).

meA§ meAS§ meA§

(2.6.3)
Fix m € A§ temporarily and let S be any weakly sparse set for ;. Then, we have that
it < e (1 (P - [Payl) ) 1
< exp (—é (rm —rs +2u"PLE —2u"P5E — Kg (u + 2v/uan™ + 2an7>>) .

By Cauchy-Schwarz,

1
E (wmlg) <exp (—— (Tm —rsg— Kg <u + 2V uan™ + 2an7>>)
o

A 1/2 A 1/2
X (E exp (—auTP;E)) (]E exp (EHTP§§)> .
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Computing each of the Laplace transforms directly, it follows that

4 8K}
E exp (—EuTP;£> < exp (a—;rm) .

Here, we have used Definition 2.1.2. Similarly,
4 151 8K£2
Eexp (—u Psﬁ) < exp (—2r5> .
o o

Hence,

1 4K? 4K?
E (wmlg,) < exp <—— (( — —5) Tm — (1 + —5) rs — Kg (u + 2vuan™ + QanT>))
o « «
1 4K? 4K?
< exp (—— (( — —5) tn” — (1 + —é) rs — Kg (u—i— 2vuan™ + 2an7))) .
e Q

«

The second inequality follows from the fact that m € Af. Since u = o(n”/log(p)), setting

a< (1—4KZ/a)t/2 yields

E (wmlz,) < exp (-l ((1 - 4—K§2> t— 2a) n” + O(nT))

« «
Combining equations (2.6.2), (2.6.3), and (2.6.4), it follows that
limsupn "E Z WmTm | = 0.
n—00 meAS

Therefore,

lim sup n_TE< Z wmrm) <.

n—oo

Since ¢t > 0 was arbitrary, the first claim follows. For the second half, let the set .%; be

72 () (luTPhe| <t}

meA;

For a fixed m € A, it follows by a Chernoff bound that, for some constant ¢ > 0,

tZ 2T tn”
P (|uTPh| > ") < 2exp (_;(;; ) < 2exp <_7€> |

C‘ m
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Therefore, an upper bound for P (.%f) is given by

P (ZS) < 2exp <—CZ§ + log(\At])> . (2.6.5)
Now,
E ( > tm \uTPiCO =E ( 3" wm [TPAC| ]1%) +E ( 3" i |[1TPEC ]1%) :
meA; meA; meA;

By the definition of .7, it follows that

E ( Z Wpn ‘p,TPilC‘ ]L%) <itn’.

meA;

On .Zf, two applications of Cauchy-Schwarz and equation (2.6.5) yields

limsupn"E < Z W ’HTP;d ]lﬁf)

n—oo mEAt

< limsupn™" [[p]l, E (<], L)

n—0o0

_ - 1/2 c
< limsupn™" ||, (EHCH@ P (cgat))l/z

n—o0

=0.

Furthermore, on A¢, by another two applications of Cauchy-Schwarz,

limsupn "E Z W ‘,u,TPilC‘

n—00
meA§

< limﬁsupn_T el Z E (wm [[<][5)

mecA§

<timsupn "l Y- (Bud)”” Elc]3)"

mecA§

: _r 1/2
<limsupn™ [, (BICI3) " Y (Bww)'?
n—o0

meA§
. . 1/2 c
<timsupn ™l (E1C15)" D (B (wmlz) + (7))
n—oo meA§

=0,
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where the limit follows by equations (2.6.2) and (2.6.4). Since ¢t > 0 was arbitrary, this proves the

second claim and finishes the proof. [

Immediately, we have the following corollary for random designs when the mean vector is
assumed to be weakly sparse in probability. Consider the setup of Lemma 2.14. If p is weakly

sparse relative to Z in probability and ||p||5 = Op(n7), then

(5 i) =ortr)

meMu

( Z wmuTP$C> = op(n”).

meM,,

With these lemmata, we can now prove Proposition 2.1.

Proof of Proposition 2.1. Indeed, by convexity of the norm, it follows that

2
< N wa|Phal+ D wim [IPwéll

2 meM,, meM,,

Z WmZY g — M

meMu

Applying Lemmata 2.13 and 2.14 finishes the proof. [

Instead of directly proving Theorem 2.2, we decompose the estimator and prove each part

separately. Indeed, we note that

(V — Zdpw + U)T (H — ZOgw + np* + 5)

BEW = 2
= zen

Then,

\/EBEW = ( (V - ZCASEW)T (M — ZOgw + ns* + €> +n' (M — ZéEW)
no;

HX — Z(sz

1
T * T
g X X .
+nn5+n) Vo 3

We start by proving that the first line, which corresponds to the bias from inexact orthogonalization,

converges to zero.
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Lemma 2.15. Consider the models given in equations (2.2.1) and (2.2.2). Under assumptions
(2.1)—(2.3),

A T A A
(1/ _ z(sEW) (u — ZOsw + B+ e) 4T (u _ zeEW) — op(V/).
Proof. Without the loss of generality, we assume that u £ w1y = u;. Expanding, we have
A~ A\T . . T - .

We consider each of the three terms separately. By Cauchy-Schwarz and Corollary 2.1.1, it follows
that

M — ZéEW

(v 28n) " (1~ 260 | < v - 2

‘2 = or(Vn).

2

For the second term, we may further expand to obtain

(v 2Zbew) 05 +€) = Y s (P — Puum) (" +)

mEMu

* 1 2
= > wmaV P8 1)+ 5 Y Wi [Puel;

meMy, meMy,

1 2
) Z Wiz [|[Pm (14 €)ll5

mGMu

. 1

meM,,

In the model x = v + n, applying Lemma 2.13 with § = ¢, £ = 1 + ¢, and £ = 1 and Corollary
2.6.1 with ¢ = n8* + € implies that

(v~ z{sz)T (nB* + &) = op(v/7).

Finally,

"IT (ﬂ' - ZéEW) - Z wm,ynT (Piﬂ’ - Pm (775* + 5))

mEMu
1 *
= > @y P =5 Y Wy [P (8" + 1) + )3
meM,, meM,,
1 N 9 1 2
"‘5 Z Wmy [|[Pm (0 +5)H2+§ Z Wy [[Pmn -
meM,, meMy,
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To finish the proof, we similarly apply Lemma 2.13 and Corollary 2.6.1 in the model y = g +
n3* + e. It follows that

n' (M - ZéEW) = op(Vn).
[

Lemma 2.16. Consider the models given in (2.2.1) and (2.2.2). Under assumptions (2.1)— (2.3),

T *
| —1 17 "fg -5 | 5o

2

T 2
n”ﬂfiN@&>

2

2

—
2

Proof. Indeed, expanding the denominator, we see that

. 2 o 2 T 2 2
Hx — ZOgw , = HI/ — Zogw )2 +2n <V - Z5Ew> + [l -

By Corollary 2.1.1 and Lemma 2.15, it follows that

R 2
| = Zdew | = oe(v/i) + Il
N 2
Then, by the Law of Large Numbers, n ! Hx — Z(SEWH i o7. This proves the third claim. Now,
2

by direct substitution, we have that

([ 2o} + oxtvi )
2 -/ = - 2
e

Vi -
HX — Zopw

which proves the first claim. The second claim follows by the Central Limit Theorem, which

finishes the proof. O

Proof of Theorem 2.2. The proof follows by combining Lemmata 2.15 and 2.16. U
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Proof of Corollary 2.2.1. By possibly enlarging %", we note that J#" can be written as

H = {(670n7057K K) ‘5‘<5U70n6[nL7 72]U]U e[va EU]
Kn S [Kn,LyKT],U]yKE S [Ke,LaKs,U]}

for fixed positive constants 3y, o7 1, 07 7, 021, 02, Ky 1, Kyu, Kep, and K. . Observe that
the vectors 1, n3*, and € are uniformly sub-Gaussian with parameters K, iy 87K, v, and K.
for 9 € JZ respectively. Thus, applications of Lemmata 2.13 and 2.14 are uniform. Therefore,
Lemmata 2.15 and 2.16 also hold uniformly for 9 € %, which will prove the claim. O]

2.6.2 Proofs for Section 2.2.4

Proof of Theorem 2.6. Suppose that ss = o(y/n/log(p)). We consider a sequence of € (s, s5)
such that §, N S5 = @ and 6" > 0,, componentwise. We construct X, , implicitly. For j € S},
let

Z; " N, (0,,1,) .

Before defining Z; for j € S;, we need to define another Gaussian matrix = € R"*?. For j € S5,
set Z; = 0,,. Then, for j € S5,

=, " N, (0,.771,)

independent of Z, for all k£ € S§; the value 7'7% > 0 is determined later. Now, for j € S5, we let
Z; = Z~* + E;. Therefore, it follows that Z0™ = Z~* ||6”||, + Z26". By a direct calculation,

Cov((Zd%), , (Z7),) = Cov((Zy"), |1°7]], + (E&7), , (Zv"),) = Var((Zv"),) [|07]], -
Moreover,
Var((Z6"),) = Var((Zy*), |8°[|, + (807),) = Var((Zy"),) [6°[I7 + 722 16°]I5.-
Choosing 72 — 0 sufficiently fast, it follows that

Var((Z6"),) = Var((Z~"),) 6°[I} + o (n=1/?) .
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Hence, this implies that

Cov ((Z8°), . (Zy"),) = \/Var((Z8°), Var(Z),) + o(n~12)
Now, note that
Cov ((Z67),,(Z~"),) = Cov (x1,y1) — 8" Var (x1) .

Let B be any /n-consistent estimator for 3. Then, n~? (xTy — BXTX> is a y/n-consistent estima-
tor for Cov ((Z6"), , (Z~*),). Consider an oracle that has access to the set S5, knows SsNS., = @,
and knows the covariance structure of the design. Then, since ss = o(y/n/log(p)), a \/n-
consistent estimator for Var((Zd"),) is given by Theorem 2.8. This implies that there exists a
v/n-consistent estimator for Var((Z~*),). By the minimax lower bounds established by Cai and
Guo (2020), it follows that, in order to have a \/n-consistent estimator for Var((Z~*),), it must
be the case that s, = O(y/n/log(p)). This proves half of the claim. The other half follows by
symmetry, which finishes the proof. 0
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CHAPTER 3

Inference and Estimation for Random Effects in
High-Dimensional Linear Mixed Models

3.1 Introduction

In the past two decades, there has been a lot of progress in the theory for high-dimensional linear
models. However, its close cousin, the high-dimensional linear mixed model, has received signif-
icantly less attention; it was not until the past decade until there were procedures for estimation.

Consider a linear mixed model given by
y=p+2Zv+Wvy+e, (3.1.1)

with Z € R™%, W € R™9, and y, u,e € R"; the vector p and the pair v and ~ are the fixed
effects and the random effects respectively. In addition, we observe covariates X € R"*? such
that u ~ X 3" for some sparse vector 3* € R? (see Section 3.1.2 for a rigorous definition). Here,
X is the component of the design corresponding to the fixed effects and (Z, W) the component
corresponding to the random effects. We consider the setting where the random effects are low-
dimensional, ¢ + d < n, but the fixed effects are high-dimensional, p > n. We have separated
the random effects in two to emphasize that later we are interested in v and view ~ as nuisance
parameters. Various authors have considered different aspects of this problem.

The earliest work of Schelldorfer et al. (2011) proposed an estimator for both 3" and the vari-
ance components using a lasso-type approach. These types of approaches were later extended
by several authors who considered estimation with both convex penalties, such as Groll and Tutz
(2014), and non-convex penalties, such as Wang et al. (2012). There is also a growing literature on
model selection in high-dimensional linear mixed models (for example, see the review article by
Miiller et al. (2013)).

The problem of inference is slightly less well studied. To the best of our knowledge, hypothe-

ses testing problems were first considered by Chen et al. (2015) for random effects and Bradic
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et al. (2019) for fixed effects. However, the work of Chen et al. (2015) only consider the special
case of ANOVA designs for random effects. During the preparation of this manuscript, we be-
came aware of the independent work of Li et al. (2019), who consider the problem of inference in
high-dimensional linear mixed models. In particular, they discuss inference for fixed effects and
estimation of variance components. A more detailed comparison of our methodology with Li et al.
(2019) is deferred to Section 3.2.4. We also note that there is a parallel notion of high-dimensional
mixed models, where the number of fixed effects is low-dimensional while the random effects are
high-dimensional. Under this setting, Jiang et al. (2016) established asymptotic results for the
restricted maximum likelihood for variance components.

The goal of the present paper is to contribute to this growing literature on high-dimensional
linear mixed models where the fixed effects are high-dimensional, both in terms of estimation and

inference. In particular, we consider three related problems:

1. Testing whether a collection of random effects is zero.
2. Constructing confidence intervals for the variance of a single random effect.

3. Estimating using empirical Bayes in Gaussian ANOVA Type Models.

Our methodology is inspired by both low-dimensional linear mixed models as well as high-
dimensional linear models. Specifically, our approach to all three problems starts with considering
a procedure in the corresponding low-dimensional problem and retrofitting it with tools and tech-
niques from high-dimensional linear models to produce a procedure for high-dimensional linear
mixed models. Throughout the paper, while we consider the general linear mixed effects mod-
els, we use the balanced one-way ANOVA model to simplify the discussion of our estimators and

assumptions.

3.1.1 Organization of the Chapter

We end the current section with a description of the notation that we adopt throughout the pa-
per. Sections 3.2, 3.3, and 3.4 consider the three problems outlined in the Introduction in suc-
cession. Each one starts with a description of the problem setup, a brief motivation from the
low-dimensional problem, and a description of the estimator that is considered, and ends with
some theoretical results. In Sections 3.5 and 3.6, we provide the results of our simulations and a
real data application respectively. For the ease of presentation, we defer all proofs and additional

simulation results to Appendix 2.
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3.1.2 Notation

Throughout, all of our variables have a dependence on n, but we suppress this dependence when
it does not cause confusion. For a general vector a and matrix A, let ||al|, denote the standard
Euclidean norm with the dimension of the space being implicit from the vector, ||A||, the opera-
tor norm, and [|A ||, the Hilbert-Schmidt norm. Furthermore, if A is square, then Ay (A) and
Amin(A) denote the maximal and minimal eigenvalue of A respectively. For any & € N, we let
Amax k(A ) denote the kth largest eigenvalue of A if A is square. Moreover, we write 15 € R* and
I, € R*** to denote the k-dimensional vector of all ones and the k-dimensional identity matrix
respectively. For two matrices A and B, the notation A © B denotes the intersection of the column
space of A and the orthogonal complement of the column space of B. Then, for a matrix A, we
write P to denote the projection onto the column space of A and P the projection onto the
orthogonal complement. Moreover, we write 75 to denote the rank of A.

Consistent with other high-dimensional works, we assume that 3* is a sparse vector. There
are various notions of sparsity, but we assume the general setting of weak sparsity from Chapter
2. Foru € N, we let M, & {m C {1,...,p}: |m| = u} denote the collection of all models
with the dimension of the fixed effects design equal to u. For a model m € M,, X,, denotes
the n x u sub-matrix of X corresponding to the columns indexed by m. Then we write S, =
{m e M :||Px_pll3 =o(k)} andlet S € S, denote any weakly sparse set for 1. We note that
the usual high-dimensional setting of strong sparsity, where p = X g8 for |S| = s*, implies that
w is weakly sparse relative to X with sparsity s*.

Note that if & is sub-Gaussian with parameter K and A € R**" is any deterministic matrix,
then A¢ is also sub-Gaussian with parameter K A\, (AT A). Finally, the asymptotic distributions
of some of our estimators depend on the fourth moments of the underlying distributions. We write
ke = Var(e?), w. = E(e}), k, = Var(v?), and w, = E(v%) when v corresponds to a single

random effect.

3.2 Hypotheses Testing for Random Effects

In this section, we consider the problem of inference for a collection of random effects. Consider
the high-dimensional linear mixed model (3.1.1) and let ¥ = Var(v). We are interested in the

hypotheses testing problem
Hy : Apax (P) =0, Hy o Apax(P) > 0. (3.2.1)

We propose two procedures in this section depending on whether € is Gaussian.
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3.2.1 Model and Motivation

Suppose temporarily that we are in the low-dimensional Gaussian setting with s* = p, p+q+d < n,
p = XsB%s, € ~ N, (0,,02L,) for some positive constant 2 > 0, and v ~ N, (0,, ¥) for some
symmetric positive semi-definite matrix W. Then, in this problem, the standard procedure for
testing v is through the Wald F-test. Writing rzexgw) = rank(Pzexgw)) and 7x gz w): =
rank (P (Xg.z.w))» the Wald F-test is defined as

IPzexsw)YI3/7z0xs,wW)

Fy = (3.2.2)

”P (Xg,Z,W) YH%/T(XS,Z,W)J- '

Under the null hypothesis, the above statistic has an [, distribution. The
sW)l(xg,z,wW)t

main obstacle to directly using the Wald F'-test in the high-dimensional setting is removing the
contribution of the fixed effects. One possibility is to perform model selection and choose the rele-
vant covariates from X and then use the Wald F'-test. Chen et al. (2015) consider a similar problem
in the growing dimensional setting and they use a SCAD based approach for variable selection. As
a consequence, they require p = o(y/n). Instead, we leverage the fact that a projection onto a
particular space is a regression onto a design whose columns span the same space.

Expanding both the numerator and the denominator of the Wald F'-statistic, we have that

Pzexs,w)Y = Pzoxs,w)4v + Pzox4,wW)E,

P(LX,Z,W)Y = P(lxs,z,W)e-

In both matrices above, they project onto the orthogonal complement of W, which may still be
achieved in the high-dimensional problem since W is a low-dimensional matrix. Thus, we may

find two projection matrices, Pz-w and P(iZ W) such that

PZ@WY = Pzgwxﬁ* + PZ@WZV + PZ@W57
P(lz w)yyY = P, zZw) X0 + P(z w)€

If PzowX was low-dimensional, obtaining the projection of Pz~wYy onto the orthogonal comple-
ment of PzowX is equivalent to finding the residuals of PzowYy using the covariates PzowX;
this yields Pzowy — Pz@wXé*, where ,é* is the least-squares estimator for 3*. The same holds
for P(LZ’W)X and P(LZ,W)y. Then, we have that

Pzewy - PZ@WXﬁA* (PzewXﬁ - Pzew

) —+ Pz@wzl/ + PZ@wEI
P(LZ,W)y (zvv Xﬁ (Py ,W)X/B - P XpB") +

ZW)E
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Hence, this recasts the problem into one of high-dimensional prediction, for which there have
been many procedures suggested to estimate Pz-w X" and P(LZW)XB*, such as the lasso and ex-
ponential weighting (cf. Tibshirani (1996) and Leung and Barron (2006) respectively). Therefore,
we propose using a plug-in estimator for Pz-wX3" and P(lZ’W)XB* using exponential weight-
ing of all models of a particular size and then consider the resultant residuals. Since we view the
fixed effects as nuisance parameters, we consider exponential weighting instead of the lasso since
exponential weighting does not require any assumptions on the design matrix X. However, most
of the theory developed also applies to other plug-in estimators, albeit with simple modifications
and much stronger conditions. This idea, under some mild assumptions, provides an asymptotic
F-test.

However, there are two asymptotic regimes for the random effects: (i) the number of random
effects increases to infinity and (ii) the number of random effects stays bounded. These two settings
require slightly different analyses, so we consider separate exponential weighting estimators for the
two cases.

Besides providing an asymptotic /' distribution when € is Gaussian, the F'-ratio in equation
2

(3.2.2) simultaneously removes the scaling effect from oZ. When € is known only to be sub-
Gaussian, the ratio no longer follows an F'-distribution. However, after appropriate rescaling, we
may still achieve the ancillary property relative to o2 by looking at the difference instead of the
ratio. This approach, under slightly stronger sparsity assumptions, leads to an asymptotic z-test

with only the sub-Gaussian assumption on the error distribution.

3.2.2 Estimator

In the setting where the number of random effects increases to infinity, instead of estimating
Pz-wXB" and P(szw)XB* separately, we estimate Ps;, X /3" and then project the resultant vector
onto Pz-w and P(Lzﬁw) respectively. In addition to saving on computational time by only using
exponential weighting once, this also allows us to leverage a larger sample size when estimating
the mean vector. To apply exponential weighting, we fix a sequence of sparsities u = u,,. Let Bm
denote the least-squares estimator of 3* using the model m € M, with covariates Py, X,. Let

Kz, denote the sub-Gaussian parameter for Zv + €. We define the exponential weights by

exp (—iHPév(y - XBm)H%)

ke, oxb (P (v — XByI3)

AL

Wm
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where @ > 4Kz, .. Then, the estimator for 3" is given by

BEWé Z mem

meM,,
Note that the bound on « is to ensure P%VXBEW is a consistent estimator of Ps;,X3". In the case
where both v and € are Gaussian, the above bound on « becomes o > 4 (02 + Apyax (Z¥ZT)).

Then, we estimate Pz-wX3" and P Xﬁ by PZ@WXBEW and P Z W)X,BEW respectively.

The corresponding [F'-statistic is

IPzew (y — XBEW)H%/TZQW
IPzw (¥ — X Bew) 13/ z.w)

N
FEW:

Similar to the Wald F'-statistic, we reject the null hypothesis for large values of Fgw. In particular,
for a value § € (0,1), let F,; s denote the § upper quantile of the F, , distribution. Then, we

consider tests of the form

A
Prs = 1 <FEW > Frz@w,r(zwaﬁ) .

For the second setting where the number of random effects stay bounded, we estimate the nu-

nxr

merator differently. Let Uz wy. € R™ @W* be any orthogonal matrix such that P(Lzﬁw) =
Uz w)r U(Tz,W) 1 ; for example, the matrix Uz w). may be computed by taking the spectral de-

composition of PLZ wy- Define y = U/ y and let §V, §® € R"@w*/? be a partition of ¥.

(Z,W)+
We similarly define X® and X®. Then, letting B(l) (respectively [‘3(2)) denote the least-squares
estimator of 3" using the model m € M, with covariates X4 (respectlvely X2 ) the exponential

weights are defined as

exp (— Ly - X3, 1)
—
> ke, XP <_é”y(l) - Xi)ﬁk H%)

o) £

(2)

and similarly for wy,’, where & is delineated in Theorem 3.4 below. Now, define

(1) A ~(1) 72 ~(2) ~(2) /D)

meM,, mEMu

Then, the estimator of 3" is
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and the corresponding F'-statistic is

Fow 2 [Pzew(y — XBew)|l3/rzew
||P(LZ,W) (¥ — XBew) H%/T(zw)L

At first sight, computation of these estimators may seem prohibitive since we need to aggregate
over (7) models. However, they may be well approximated by Algorithm 1 from Chapter 2.

In the setting where the ¢ is not distributed Gaussian, we consider the following z-statistic

zew = [[Pzew(y — XBew)|l; — TZ@WT(_ZI,W)L ||P(LZ,W) (v = XBew) 2

Under proper scaling, the statistic zgw has an asymptotic Gaussian distribution under the null

hypothesis. Let

n

02, 2 kY (Prow — 12ewr Gwy Plaw))ii + 202 ) (Prew — rzewr g w): Plzw))i s

i=1 i
with 632 a consistent estimator of af’z. The quantity 03’2 is the scaling factor to ensure a central
limit for zgw. Then, letting z; denote the ¢ upper quantile of the standard Gaussian distribution,

we consider tests of the form

P25 £ 1 (ZEW > 256'92) .

A general discussion regarding &?}Z is deferred to Section 3.3.4. When ¢ is not Gaussian, we only
consider the setting where the number of random effects increases to infinity since the analysis of
zgw relies of a central limit theorem for quadratic forms.

As mentioned in Section 3.2.1, under appropriate conditions, we may also use the lasso instead

of exponential weighting. For a suitable choice of A > 0, define the lasso estimator of 5* as

Ba = arﬁggliﬂ P (y = XB)13 + AllBlh.
eRP

Then, the corresponding F'-statistic is

2 IPzow(y — XBia)l3/rzow
HP(LZ,W) (y - XﬁLA)H%/T(Z,W)L

Fia

3.2.3 Assumptions

In this section, we make the following assumptions.
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(3.1) The mean vector u = p,, has squared norm, ||,,||3/n, that is bounded.

(3.2) The vector € is sub-Gaussian with parameter /. and has independent components.
(3.2%) The vector € ~ N, (0,,,01,).

(3.3) The random effects v are sub-Gaussian with parameter K.
(3.3*) The random effects v satisfy Zv ~ N, (0, Z®ZT).

(3.4) The matrix Z satisfies Apay(ZZ ") being bounded and (Z, W) is independent of X.

(3.5) The mean vector & = p,, is weakly sparse relative to X with sparsity s, with weak sparsity
defined in Definition 2.1.1. Furthermore, the statistician chooses a sequence of sparsities u,,
such that u,, > s for n sufficiently large and u,, = o (n"/log(p)) for some 7 € [1/2,1].
Moreover, the number of observations in the reduced models, rzcw and 7z wy, satisfy

rzow X T(zw)L = N.

(3.6) The mean vector pp = p,, satisfies p = X3* with ||3"||¢ = si. Furthermore, the statis-
tician chooses a sequence of sparsities u,, such that u,, > s; for n sufficiently large and
un, = o(n”/log(p)) for some 7 € [1/2,1]. Moreover, the rows of X are independent and
identically distributed V,(0,,, ¥ x) with max(diag(Xx)) = O(1) and r(z w). < n.

(3.7) The vector € = g, satisfies

inf { (Arrllin Var(snji)) A (‘n;lin Var(efm))} >0,

mh_)rgo Slrllp { (virllaXnE (2, lens| > x)) V; (zgllaXnE (sfm L |enil > ac)) } —
Remark. Assumptions (3.1) and (3.2) are standard assumptions in high-dimensional linear mod-
els. Calling e the noise and Zv+e¢ the random component, assumption (3.1) is a scaling assumption
to ensure the ratio of the fixed components to the random components remains bounded asymptot-
ically and is analogous to the assumptions of Bradic et al. (2019), who assume that the population
covariance matrix of X has bounded maximal eigenvalue and ||3*||> = O(1). Next, (3.2) is used
for consistency of the prediction procedure under the null hypothesis and assumption (3.3) allows
for concentration of the prediction procedure under the alternative hypothesis. Both assumptions
are used by various authors, such as Bradic et al. (2019) and Cai and Guo (2017). We note that
(3.2) and (3.3) are implied by (3.2%) and (3.3") respectively, but the additional Gaussian distribution
assumption allows us to relate our methodology to the vast literature on low-dimensional Gaussian

mixed models.
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Next, the first part of assumption (3.4), like (3.1), ensures that the ratio of the fixed components
to the random components of the variance noise ratio remains bounded under the alternative hy-
pothesis. To elucidate this point, consider the Gaussian setting with € ~ N, (0,,,02I,,) and v ~
N,(0,,021,). Then, Zv + € ~ N, (0,,02ZZ7 + 02I,,). Since A\pux(ZZT) > max(diag(ZZ")),
assumption (3.4) bounds the variance of the noise. Moreover, (3.3) and (3.4) together imply that
Zv is sub-Gaussian with parameter K, A\nox(ZZ7). This requirement is similar to Condition 1 of
Bradic et al. (2019) and Condition 3.1 of Cai and Guo (2017). The assumption that (Z, W) is
independent of X is common in the literature (see the discussion before Condition 3.2 of Cai and
Guo (2017)).

The following two assumptions, (3.5) and (3.6), are about the sparsity of the fixed effects. The
two assumptions consider different asymptotic regimes regarding the random effects; (3.5) as-
sumes that the number of random effects increases to infinity while (3.6) allows for the number of
random effects to stay bounded. The first part of both (3.5) and (3.6) is a sparsity assumption com-
monly found in the high-dimensional linear models literature, which is discussed further in Remark
3.2.4 below. Note that since the selected sequence of sparsities u,, satisfies u,, = o(n”/log(p)),
then the true sequence of sparsities s also satisfies the same requirement.

The second half of (3.5) is an assumption on the component of the design for the random effects,
requiring the number of realizations of the random effects to increase to infinity. The requirement
that rzow X 7z w). X nis for convenience and can be weakened to only min(rzew, 7z w):) —
oo if the sparsity requirement is accordingly relaxed to u, = o (min(rzeow,7zw):)"/log(p)).
The second half of (3.6) is a technical requirement to ensure consistency of exponential aggregation
for out-of-sample predictions. Since the number of random effects remains bounded, the regression
of Pzewy on Pzow X does not necessarily yield a consistent estimator of Pz~ w p for arbitrary
designs. With the Gaussian assumption, we may estimate 3" by regressing P(LZW)y on P(lsz)X
and obtain a consistent estimator of Pzow . Again, the requirement that 77wy < n can be
weakened to 7(z wyL — 00 by adjusting the sparsity requirement to u,, = o(r(TZW) ./ log(p)).

Assumption (3.7) is a mild assumption on the distribution of € to ensure a central limit theorem.
For example, (3.7) is satisfied by the Gaussian distribution. Note that no assumption is necessary

on -y as the nuisance parameters are projected out in the first stage.

Example 1 (Balanced one-way ANOVA). As an example of a design satisfying the above assump-
tions on , consider a balanced one-way ANOVA design, with ¢ subjects, m observations per sub-
ject, and n = mgq total observations. In this setting, there are no nuisance random effects, so d = 0.
Assume further that the number of observations per subject remains bounded (ie., m = O(1)),
which is commonly satisfied in practice. Then, the matrix Z may be represented by Z = I, ® 1,,.
It is immediate that rzew = ¢ and 7z wyL = (m — 1)q, implying that the second half of (3.5) is

satisfied. Finally, assumption (3.4) is satisfied since Apay (ZZ7) = Apax(m1I,) = m.
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3.2.4 Main Results

Since Fgw is motivated by the classical F'-statistic Fjq, the following theorem shows that, up to a

small bias term depending on the sparsity, the two statistics are asymptotically equivalent.

Theorem 3.1. Consider the model given in equation (3.1.1) and the hypotheses testing problem
from equation (3.2.1). Assume (3.1), (3.2%), (3.3*), (3.4), and (3.5). If « > 4 (052 + Amax (Z\PZT)),
then

Few = Fig+op(n™™1).

As mentioned in Section 3.2.1, under the null hypothesis, the statistic Fjy ~
Frge (X W) (x g 2w L However, since the weakly sparse set S is unknown, the value of rz¢(x 4, w)
and (x4 z w). cannot be determined in practice. From assumption (3.5), as s* = o(n" /log(p)),
then FTZ@(XS,W)’T(XS,Z,W)l = FTZGW,T(va)L + op(1). Thus, the statistic Fgw can also be compared
to the reference distribution £, W gL

Despite being asymptotically equivalent to the Wald F'-test, Fgw has an additional bias term of
op(n™"1), which impacts the power of the testing procedure. This leads us to consider the following

hypotheses testing problem; for any 7 € [1/2, 1], we consider the contiguous hypotheses

Ho : Aax(PzewZWZ Pzow) =0, Hip: ) (PzewZVZ Pzow) = hn™ ', (3.2.3)

max,rzow

Example 2. Consider the setting of Example 1 with v corresponding to a single random effect and

v ~ N, (0,,021,). Then, with 7 = 1/2, the above hypotheses becomes
Hy: 02 =0, Hy :mo? = hn~ Y2

which is a standard hypotheses testing problem, such as in the balanced one-way random effects

model. In this model, in the low-dimensional setting, the rate of y/n is optimal.

Theorem 3.2. Consider the model given by equation (3.1.1) and the hypotheses testing problem
from equation (3.2.3). Assume further (3.1), (3.2*), (3.3*), (3.4), and (3.5) for any T € [1/2,1]. Fix
a value of 6 > 0. Under the alternative hypothesis with h > 0 sufficiently large (not depending on
n)and o > 4 (052 + Aax (Pz@WZ\IIZTPZ@W)), the sum of type I and type Il errors for the test

statistic @ is less than one.

Remark. The above theorem implies that Fgw can distinguish at the classical parametric \/n rate
if the model is in the ultra-sparse regime, s* = o(y/n/log(p)). This sparsity rate is common in

high-dimensional inference problems for low-dimensional parameters at the parametric rate; in
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particular, for high-dimensional linear models, a version of this rate is required (cf. Cai and Guo
(2017) and Javanmard and Montanari (2018)). When the value of 7 € (1/2, 1], we are limited by
the ability to remove the bias from the mean vector; in the setting where 7 = 1/2, we are limited
by the noise level. This seems to suggest a trade-off between the sparsity and the achievable rate
of separation.

This comparison with the linear models literature that the inferential procedure requires an
additional factor of \/n for sparsity assumption appears to be consistent with the recent results
by Li et al. (2019). In particular, their proposed estimator for the variance components requires a
consistent estimator of 3*. They show in Theorem 3.1 that the minimax rate for estimating 3" is
s*log(p/s?)/ tr(X, '), where 3, € R™ " is a proxy for the true covariance matrix of y. Thus, this
suggests that tr(X, ') < n, and they require s* log(p) /n — 0 to consistently estimate the variance

components.

Remark. Compared to the recent work of Li et al. (2019), who only suggest an asymptotic distri-
bution for their variance components estimators, Theorem 3.1 also demonstrates that Fgw enjoys
certain optimality properties. In addition to providing a distribution under the null hypothesis,
Theorem 3.1 also demonstrates under a sparsity assumption, Fgw is asymptotically equivalent to
the classical Wald F'-test, which is known to enjoy certain optimality properties, such as uniformly
most powerful unbiased and uniformly most powerful invariant unbiased in certain ANOVA mod-
els (cf. Mathew and Sinha (1988)). In addition, Lu and Zhang (2010) showed that the Wald F'-test
and likelihood ratio tests are equivalent for balanced one-way ANOVA models while Qeadan and
Christensen (2020) showed that the Wald F'-test renders the likelihood ratio test inadmissible in
generalized split plot designs. Moreover, unlike Li et al. (2019), who assume a compatibility con-

dition, our procedure imposes no such requirement on the design matrix X.

We now turn our attention to the setting of sub-Gaussian errors. When 7 > 1/2, zgw no longer
has an asymptotic Gaussian distribution at the /7 rate since the variance dominates the signal.
Therefore, in this setting, we only consider hypotheses testing problems as given in equation (3.2.3)
with 7 = 1/2.

Theorem 3.3. Consider the model given by equation (3.1.1) and the hypotheses testing problem
from equation (3.2.3). Assume further (3.1), (3.2), (3.3), (3.5) for T < 1/2, and (3.7). Under the
null hypothesis, if « > 4K, then

\/EZEW £> N (O, 0'372,) .

Remark. Compared to Theorem 3.1, Theorem 3.3 trades the Gaussian assumption for a sub-

Gaussian assumption under a slightly stronger sparsity assumption in order to obtain an asymptotic
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distribution. From Theorem 3.2, Fgyw exhibits a continuous tradeoff between sparsity and power,
which does not hold for zgw. This is a consequence of using a central limit theorem for zgy,
which requires scaling by /n. This implies that the bias should be o(+/n) and the signal from the

alternative should be Q(n~'/2).

Finally, we end this section by considering the setting where the number of random effects

remains bounded.

Theorem 3.4. Consider the model given in equation (3.1.1) and the hypotheses testing problem
from equation (3.2.1). Assume (3.1), (3.2%), (3.3*), (3.4), and (3.6). If o« > 4K z,,. and & >
16 max(diag(Xy), 02), then

Frw = Fy + OP(”T_l)'

3.3 Confidence Intervals for a Single Random Effect

3.3.1 Model and Motivation

In the previous section, we considered the problem of testing a collection of random effects. How-
ever, it is often of interest to construct confidence intervals for the variance of a particular random
effect. Suppose that ¥ = ¢21,. In the low-dimensional setting, there have been many procedures
suggested to construct confidence intervals, from likelihood based approaches to F'-test inversions
(for example, see Jiang (2007) for a non-exhaustive list). In this section, we deal with a confidence
interval for a single variance component, which can easily be extended using a Bonferroni correc-
tion or similar procedures for simultaneous confidence intervals. Alternatively, we may also invert
the F-statistic from Section 2 to obtain confidence intervals for parameters of the form o2 /o2, with
such ratios being first studied by Hartley and Rao (1967).

Our high-dimensional approach is inspired by F'-test inversion. However, instead of using the

ratio, we again use the difference. Define

Q2 PZ@W_TZ@WT(Z{WVP(LZW) PzowZ 7 = ).
Z'Pyow Z'PzowZ
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Then, expanding the statistic zgw from Section 3.2, we have that

zew = [Pzew(y — XBew) [l — rzew” 7w IPzw) (v — XBew) 3
= |Pzaw(Zv +¢)||; — TZeWr(zw P zwells + op(n)
= [Pzow(Zv +€) = rdiwr g Plzwiells + o=(n)
=£7Q€ + op(n7),
where the second equality follows from Lemma A3.1 in the supplement. A direct calculation
shows that €T Q& = o2 tr(Z"PzowZ). Then, with proper centering and scaling, we may apply

a central limit theorem for quadratic forms under a mild condition on the matrix Q.

3.3.2 Estimator

To estimate o2, we consider 62 defined by

62 2 [11(Z"Paow)] ™ (IPzew(y — XBew) I} — 12ew7 vy 1P (v — XBew) )

By a direct calculation, it can be shown that

n—+q
?é (S Q€ _R€ZQz1+K‘I/ Z Qiz
i=n-+1
+ 2 Z Q U 1]-1<z<n +o ]]-n+1<z<n+q>(a I]-1<]<n +o ]]-n+1<j<n+q)

i#]

From the above, we see that the asymptotic distribution of 62 depends on the second and fourth

moments of  and ¢. To estimate the second moment of ¢, we consider the estimator

52 = T(Z{W)L HP(LZ,W) (y — XBew) -

The problem of estimation of fourth moments requires some technical assumptions on the design,
even in the low-dimensional setting. For simplicity, we only consider the setting of Gaussian mixed
models and the balanced one-way ANOVA design, but we note that the arguments may be extended
under suitable regularity on the design matrices Z and W. In the setting Gaussian mixed models,

the fourth moment is entirely determined by the second moment. For the setting of the balanced
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one-way ANOVA design with m observations per subject, we consider the estimator

we 2 q_1m2||P(Lz,W)(y — XBew) i — 3(m — 1)57,

2y 2 () Paow(y — XBawIlt - 6m~16262 — m %, — 3m~(m — 1),
NP LA A a4

ke =W, — 0L, Ry, = w, — 0,

In both settings, we obtain a plug-in estimator 62 of o2. By setting 4, = 0 and 62 = 0, we obtain

an estimator 62, of o, for Section 3.2.

Remark. The statistic 62 is related to the classical analysis of variance method for estimating
random effects. Consider the setting of a balanced one-way ANOVA model from Example 1 with
p=0,. Let

MSTreatments = qilHPZyug = qil"PZ(ZV + 8)“%7
MSppror = (n — @) Pz 3 = (n — q) " [|Pzell3.

Then, the analysis of variance estimate is given by

~

A -1
UV,AOV =m (MSTreatments - MSETT‘OT‘)'

Now, note that rzow = ¢, r(z-w): = (m — 1)¢, n = mq, and tr(Z3Z) = tr(Z"Z) = mq. From

the calculations in Section 3.3.1, we have that

o, = (mq)~ (IPz(Zv + )l — (m — 1) |[Pzell3 + or(q"))

v

= 6E,on +op(1).

Thus, the two statistics are asymptotically equivalent in the balanced one-way ANOVA setting.

3.3.3 Assumptions

In addition to the assumptions from Section 3.2, we need additional assumptions on the matrix Q

and on the distribution of the random effects v.
(3.8) The matrix Q satisfies

Amax<Q2)

—F— — 0.

tr(Q?)
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(3.9) The vector v = v,, satisfies

inf { ( Ilnin Var(um)) A ( rlnin Var(l/ii))} >0,

n 1=1,..., qn 1=1,..., qn ’

lim sup { ( max E (V2 : |v,,] > x)) % ( max E (v, |Vni| > 1‘))} = 0.
=1 q ’ i=1 ’

T—00 n

Remark. Assumptions (3.8) and (3.9), along with (3.7), are used for a central limit theorem for
quadratic forms. For a thorough discussion on these assumptions, we refer the interested reader
to Section 5 of Jiang (1996). As a consequence of using a central limit theorem, we require that
the number of random effects increases to infinity. Thus, we only consider the sparsity assumption

(3.5) in this section.

Example 3 (Balanced one-way ANOVA (ctd.)). Continuing with Example 1, we note that ZZT =
mPzow. Also, recall that rzow = g and 7z wy. = (m — 1)q. Then,

Q2 _ <(m + 1)Pzew + (m — 1)_2P(lz,w) (m+1)Z ) .
(m + 1)ZT (m2 +m)1q

A direct calculation shows that Apy (Q?) = (m + 1) and tr(Q?) = (m+ 1)g+ (m — 1)"'q +
(m? 4 m)q, which satisfies assumption (3.8).

3.3.4 Main Results

We start by stating the asymptotic distribution of 2.

Theorem 3.5. Consider the model in equation (3.1.1). Assume (3.1), (3.2), (3.3) with ¥ = O'EIq,
(3.4), (3.5) with T = 1/2, (3.7), (3.8), and (3.9). If & > 4(K, M\ax(ZZ7) + K.), then

o [t1(ZTPewZ)] (62 — 02) 5 N (0, 1).

Next, we consider the following lemma, which shows that 4. and &, are consistent estimators

of k. and k,.

Proposition 3.6. Consider the balanced one-way ANOVA from Example 1. Under the assumptions
of Theorem 3.5,

. P
Re — K, Ry — K.

Thus, the preceding two results allow us to construct confidence intervals in the Gaussian mixed

model and the balanced one-way ANOVA setting. Let 62 be a consistent estimator for ¢2. Then,
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an asymptotic (1 — &) confidence interval for o2 may be given by
(67 — 250 [tr(Z"PaawZ)] ", &) + 256 [tr(ZTPzowZ)] )

where z; is the § upper quantile of a standard Gaussian distribution. Since the above interval may

be negative, we may truncate negative values to zero.

3.4 Empirical Bayes in ANOVA Type Models

The motivating example of this problem framework is in terms of the Rasch model, originally
proposed by Rasch (1960). The model that we consider is different than the classical Rasch model
in that we have Gaussian responses as opposed to binary responses. Our interest in this section is
not in testing whether the variance of the random effect is different from zero, but, assuming that
it is different from zero, in estimating the individual components of the random effect. We use
the term empirical Bayes, or compound decision, in the sense of Efron (2019) and the references
therein (specifically Greenshtein and Ritov (2019)).

As an example of this model, the data that we consider in Section 3.6 is from the Trends in
Mathematics and Sciences Study (TIMSS), an international study conducted every four years to
measure fourth and eighth grade student achievement in mathematics and science. We only con-
sider data from the year 2015. Polities randomly sample a collection of nationally representative
schools to take standardized examinations in both mathematics and science, with questions being
either multiple choice or constructed response. Then, each student within schools takes only a sub-
set of the questions on the exams but all questions are answered by some students in each school. In
addition to recording student responses, the data also contains background covariates for schools.
Martin et al. (2016) provides a more detailed description of the methods and procedures employed
by TIMSS and more general information about TIMSS is available in Mullis et al. (2016b).

For our analysis, we only consider multiple choice questions and analyze on the level of school
rather than students. To construct a response variable for school, we compute the proportion of
questions answered correctly by students in that school. Note that, unlike the classical Rasch
model, we assume a linear model and, for all schools, we have answers for all questions. Thus,
by a central limit theorem, our response y is approximately Gaussian. The fixed effects design X
include the background covariates for the school and the random effects design Z is an indicator
for the polity, with v corresponding to the unobserved variability of the polities. In this example,
since we have averaged over questions, we do not have any nuisance random effects. The problem
that we consider in this section is ranking the polities based on mathematical ability and trying to

estimate the average number of questions that any particular polity will answer correctly. That is,

54



we would like to estimate p + Zwv for all polities in our data set.

3.4.1 Model and Motivation

The general problem framework that we consider is for K -factor ANOVA models. However, we

derive the results in the setting when /K = 2. That is, we consider the model
y=p+2Zv+ W~y +e.

We do not assume that the design is fully crossed in the random effects. The goal in the problem
is to estimate a subset of the mean vector, n £ u + Zv, since we view the random effects W
as nuisance. However, as the sample size increases, the number of observations per group stays
bounded. In the context of the motivating data example, each school still only answers a finite
number of questions as we increase the sample size. A standard approach in the low-dimensional
setting would be to use an empirical Bayes estimator by placing a Gaussian prior on both v and
~ (for example, see Brown et al. (2018)), which transforms the problem into a standard high-
dimensional linear mixed model. Therefore, we use a N, (0,, 02L,) and A, (O,, 0?/17“) prior on v
and = respectively.

Since we need to estimate both o and o2 for the prior, our estimator for 2 is analogous to 57,

from Section 3.3. To this end, we need an additional matrix P~z such that

PW@ZY = PW@zXﬁ* + ngzw7 + PW@ZE'

3.4.2 Estimator

Since we are also interested in estimating PwozX3", we define BEW to be the exponentially
weighted estimator using the covariates X, as opposed to using the covariates Ps, X for BEW.
Then, analogous to Section 3.2.2 let Bm denote the least-squares estimator of 3* using the model
m € M, with covariates X,,, and Kz, w~-e be the sub-Gaussian parameter for Zv + W+ + €.

For & > 4Kz, w~+e, defining the exponential weights as

exp (— L1y — XBulB)
Skent, 5 (—2lly = XBu3)

~ A
w =

we have

mEMu
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. . ~ A o . . .
For convenience, we write ftpy = XBgw. Now, the estimators for the variance are given by

52 2 [r(Z PrewZ)] " (IPzew(y — few)lI3 = raewr i wy  [Plaw) (v = few)l3).

!

MmN N
[I>

[tr(W T Pwez W) (IIPwez(y — few)l} = rwezr i w IPlw) (= w3

L,

z W)L ||P Z W)(y IJ’EW)HQ

As we do not require an asymptotic distribution for 62 and & a , under weaker assumptions that
Theorem 3.5, we have that 62 and ¢ a7 are consistent estimators of o2 and cr7 respectively. This

suggests the the following empirical Bayes estimator for 7,
Mew 2 ey + G2ZZT (52227 + 2WWT +52L,) 7 (y — fiey) -

To compare our estimator, we consider an oracle that has access to pu, a a , and 0 . Then, this

oracle uses the Bayes estimator for 17 (see Lemma 3.8), given by

’floracle = 12 + USZZT (USZZT + Ugwa + O-?In)_l (y - IJ’) .

3.4.3 Assumptions

As previously mentioned, we do not need to establish the asymptotic distribution of 62, rather we
only need the estimator to be consistent. Accordingly, we may weaken our assumptions to the

following
(3.10) The designs Z and W satisfy tr(Z"PzowZ) < tr(W T TPwez W) < n.
(3.11) The matrix W satisfies Apox (WWT) being bounded.

Remark. Assumption (3.10) ensures that the component of the design for the random effects is
sufficiently well balanced. This assumption in the presence of (3.4) implies the second half of
(3.5). Note that tr(Z"PzewZ) < Anax(ZZ7) t1(Pzew) = Amax(ZZ7)rzow. Since rzow < n,
tr(Z"PzowZ) < n and Ao (ZZ7) being bounded imply that 7zow < n.

The other assumption (3.11) is analogous to (3.4).

3.4.4 Main Results

We start this section by noting that 62, 3 and 62 are all consistent estimators under a weaker
sparsity assumption than in Section 3.3. Since we no longer require an asymptotic distribution for
the variance estimates, we only need the prediction rate to ensure consistency, which is the content

of the ensuing proposition.
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Proposition 3.7. Consider the model given in equation (3.1.1). Assume (3.1), (3.2*), (3.3%) with
U =21, (3.4), (3.5)withT =1, (3.10), and (3.11). If & > 4(02 \per(ZZT) —i—az Amar(WWT) +

0?), then

2
c-

2

v

2

~2 P ~o P ~2 P
o, 0 0'7—>O',y, o, — O

The following is a standard lemma regarding the empirical Bayes estimators in this problem

setup, which we prove for the sake of completeness.

Lemma 3.8. For a fixed vector p € R" and fixed values o;, > 0, 02> > 0, and 0? > 0, the Bayes

estimator of 1 is given by
E(nly) = p+0?ZZ" (62ZZ" + c?WW ' +0%L,) " (y — ).

We conclude this section with the main result regarding 75y ; the empirical Bayes estimator

performs nearly as well as the oracle Bayes estimator 7], asymptotically.

Theorem 3.9. Consider the model given in equation (3.1.1). Under the assumptions of Proposition
3.7,

n_l (H'f'EW - "7||2 - ||'f’omcle - n||2) = O]P’(l)'

3.5 Simulations

3.5.1 Methods and Models

We consider the linear mixed model given by
y=XB"+Zv + W~ +¢,

with n = 1000, p = 2000, and ¢ = 200. The parameters that we vary throughout the experiment
are the sparsity s, the distribution of X, v, «, and €, the value of 03, and the number of nuisance
random effects d. For each parameter setting, the results are averaged over 100 replications.
For the sparsity, we set s* € {3, 15}. Each row of X is independent and identically distributed
N, (0,, X) with
S 1 ifi =y,
p ifi# ],
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for p € {0,0.8}. Then, 3" is chosen such that the signal strength, (3*)TX3", is four times the
noise level with 02 = 1. This is accomplished by first generating s uniform random variables in
[—1, 1] and then rescaling to the desired level.

For the random effects, we either generate them from a Gaussian distribution or a double ex-
ponential distribution, which we denote by “z” and “e” respectively. For the variances, we let
o, € {0,1} while 02 = 1.

Finally, for the component of the design corresponding to the random effects, we let d €
{0,200}. When d = 0, the design is a balanced one-way ANOVA design with m = 5. When
d = 200, we generate from a two-way crossed design and down sample to have n observations.
We only consider the sub-Gaussian procedures when d = 0.

All of our simulations are conducted in R. For each of our three problems, we compare the
exponential weighting estimator, denoted by “EW” with an oracle low-dimensional estimator as
well as a low-dimensional version of our proposed high-dimensional statistic.

For exponential weighting, we follow Algorithm 1 from Law and Ritov (2021b). Regarding
the tuning parameters, we perform four fold cross-validation over a grid of values for o and the
sparsity.

For the oracle estimators, in the setting of the F'-test, we directly apply the classical low-
dimensional F'-test that has access to the true sparse set S, as given in equation (2.3) of Jiang
(2007). For the confidence intervals, we fit the linear mixed models with the true sparse set S
using 1mer and applying the confint function. Finally, in the setting of estimation, we di-
rectly compute the oracle Bayes estimator 7., described in Section 3.4. Collectively, these
low-dimensional estimators are denoted by “LD”.

In addition to comparing with the low-dimensional estimators, we also construct low-
dimensional versions of our proposed high-dimensional statistics. To do so, we use the exact same
statistic as in the high-dimensional setting but replace exponential weighting with least-squares
using the sparse set S. We make this comparison since all of our proposed statistics rely on two

layers of asymptotics:
1. In the prediction of the mean vector via exponential weighting.
2. In the convergence once the residuals are obtained.

To differentiate between these two, we introduce an intermediate statistic that relies on least-
squares, which we think of as low-dimensional versions of our statistics. For example, letting

~

[* ¢ be the least-squares estimator of 3* using the covariates X g, we also consider the statistic

o |Pzew(y — XBs)l*/rzew
1P (Y — XBs) /72w

FLS TZEW T (7 w)L + O]p(].).
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These estimators are denoted by “LS”.

Finally, we also include a version of our statistics using scaled lasso, which we denote by “SL”.
Then, for “EW”, “SL”, and “LS”, we subscript them by either “G” or “SG” to distinguish between
the Gaussian and sub-Gaussian methods.

To compare the procedures, we consider the following metrics

1. Type I/IT Error: The percentage of time the procedure produces a type I or type Il error in
hypothesis testing.

2. Average Coverage: The percentage of time the correct hypothesis is selected for /'-tests or

the percentage of time the true value of o2 is in the confidence interval.

3. Average Length: The average length of the confidence interval, taken as the upper endpoint

minus the lower endpoint.

4. Average Loss: The average squared Euclidean distance between the estimated vector 7) and

the true vector 7) divided by n.

3.5.2 Results

The results are presented in Tables A.3.1 — A.3.3 from the Supplement. We notice that for hypoth-
esis testing, all the procedures control type I and type II error well throughout the settings. For
confidence intervals, when d = 0 and s = 3, we notice that all of the methods perform well in cov-
erage. However, the length of our procedures appears to be shorter when o2 = 0 and longer when
02 = 1, whereas the low-dimensional procedure is more uniform across the parameter space. This
is not surprising in view of our estimation procedure. From Section 3.3.2, the asymptotic variance
of 52 depends monotonically on the second and fourth moments of v and &, which is reflected in
the lengths of the resulting intervals.

When o2 = 0, the empirical coverage of our confidence intervals are close to the nominal
level, even when the distribution of the random effects and errors are double exponential. When
02 = 1, the empirical coverage drops to around 80% for the Gaussian procedure and 90% for the
sub-Gaussian procedure when the distribution is double exponential, against a nominal coverage
of 95%. We note that the double exponential distribution is not a sub-Gaussian distribution, which
seems to suggest that the confidence intervals are somewhat robust to slight departures from the
distributional assumptions.

Moreover, when increasing the sparsity from s* = 3 to s* = 15, the performance of our confi-
dence intervals decreases slightly since it is harder to remove the contribution of the fixed effects.

Finally, for empirical Bayes estimation, our methods are competitive with the oracle. However,

59



we notice that exponential weighting outperforms scaled lasso when s* = 15, particularly when
p = 0.8. Since larger values of p implies that the columns of X are more correlated, this highlights

a salient feature of exponential weighting.

3.6 Real Data Application

Following in the motivating example of Section 3.4, we consider the TIMSS dataset, which is
freely available at https://timssandpirls.bc.edu/. To simplify our analysis, we only consider the
mathematics questions. After filtering out for complete cases on background covariates, we are
left with 146 questions, ¢ = 43 unique polities, p = 106 covariates, and 6808 schools. There-
fore, we had a total of n = 6808 responses after averaging over the students and questions within
the schools. Here, there are no nuisance random effects so d = 0. Due to averaging over stu-
dents within schools, we expect the distributions to be approximately Gaussian by a central limit
theorem.

To demonstrate our methodology, we use both exponential weighting as well as scaled lasso as
our estimation procedure. When applying exponential weighting, we jointly tune the value of u
and « using four fold cross-validation. The high-dimensional F'-test rejected the null hypothesis
that 02 = 0 and a 95% confidence interval for o2 is (0.0021,0.0056), which suggests that, even
controlling for school background characteristics, the polity of the school impacts mathematical
ability. For the last part, we define a polity’s background characteristics X to be the arithmetic
average of all the schools’ background characteristics within that polity. Then, applying the empir-
ical Bayes procedure, we rank the polities based on the predicted number of questions they would
answer correctly. The top five polities in order from our analysis are South Korea, Singapore,
Hong Kong, Chinese Taipei, and Japan. Up to some reordering, our results are mostly consistent
with the report of Mullis et al. (2016a) based on individual student data, who had the same top five
polities. The results using scaled lasso produced the same ranking as exponential weighting and

similar conclusions regarding 2.
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CHAPTER 4

High-Dimensional Varying Coefficient Models with
Functional Random Effects

4.1 Introduction

Consider the following varying coefficients model with functional random effects given by
Yi(tiz) = (x5, B°(ti))2 + (Zi(tig), 7" (ig))2 + &iltiy) + €iltiy) (4.1.1)

fori =1,...,nand j = 1,...,m;. Here, x; € R? is a vector of time invariant covariates, z;(-) :
(0,1) — RR7 is a vector function representing the time varying covariates, and 8*(-) : (0,1) — R?
and v*(+) : (0,1) — R? are time varying coefficients. Moreover, &;(-) : (0,1) — R is a continuous
time mean zero stochastic process representing the individual random effect and £;(-) : (0,1) - R
is an independent error. Finally, the values ¢; ; € (0, 1) are the sampling times.

The model in (4.1.1) is useful for longitudinal data, where for the 7th individual, we record m;
observations over time. Traditionally, varying coefficients models for longitudinal data consider
errors that are mean zero stochastic process with unknown covariance structure, such as Hoover
et al. (1998), whereas we partition the error into continuous time individual random effects, ;(t; ;),
and independent errors, €;(¢; ;). Such a partitioning is reasonable whenever the mean function,
&i(+), for each individual is smooth. The model in equation (4.1.1) admits many special cases both
in the low-dimensional setting and the ultra high-dimensional setting; we list two such examples

below:
I. Letp=1,g=0,and x; = 1 foralli = 1, ..., n, yielding the model
Yiltiy) = B7(tiy) + &(tiy) + eiltiy). (4.1.2)

Then, the problem of estimating 3*(-) is equivalent to the mean function estimation problem
from Cai and Yuan (2011).
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2. Letp >n,q=0,and m; = 1forall: =1,...,n, yielding the model
Yi(ti) = (%3, B (t:))2 + €i(ts). (4.1.3)

Here, in the model, since we only have a single observation per individual, we slightly
abuse notation and write ¢;(¢;) to denote &;(;) + ¢;(¢;). If the function 8*(-) is sparse, then
this corresponds to the sparse varying coefficients model considered by Klopp and Pensky
(2015).

The goal of the present paper is estimation and inference for the varying coefficients 3(-)
and v*(-). Much of the extant literature on high-dimensional varying coefficient models focus on
estimation and variable selection, such as Wei et al. (2011), Lian (2012), Xue and Qu (2012), Klopp
and Pensky (2015), and Lee et al. (2016). The problem of inference is less well understood in the
high-dimensional setting. To the best of our knowledge, the only paper exploring this problem is
Chen and He (2018), who only consider local hypothesis testing. However, all of the current works
assume that the time varying covariates, z;(-), are independent of the functional random effects,
&i(+). In practice, this assumption is not necessarily satisfied. To motivate this, consider modeling
the average height of five year old boys in different countries over time. For each country, our
time varying covariates consist of variables, such as Human Development Index (HDI), health
expenditure, and urbanization rate, that are likely to be correlated with the functional random
effect of country, which encapsulates, among other things, environmental factors. This example
is revisited in Section 4.6. Moreover, most of the current works in high-dimensions assume either
independent errors (cf. Wei et al. (2011), Xue and Qu (2012), and Klopp and Pensky (2015)) or
a single individual, ie. n = 1 but m — oo (cf. Lee et al. (2016)). The work most similar to ours
is Bai et al. (2019), who assume m; observations for individual, z = 1, ..., n. However, they only
consider random and independent sampling times with correlated Gaussian errors in a Bayesian
paradigm.

Thus, our contribution to high-dimensional varying cofficient models is fourfold: (i) estimation
of B%(-) in the presence of &;(-), (ii) estimation of *(-) under dependence of z;(-) and &;(-), (iii)
estimation of both 3*(-) and 4*(-) under both random and independent or fixed and common
sampling times, and (iv) construction of confidence bands for single components of 3*(-) and
~*(+) with and without dependence.

To these ends, we propose a framework for estimation and inference in both the low-
dimensional and the high-dimensional setting. Our estimators utilize orthogonal series to leverage
recent developments in the high-dimensional linear models literature. We revisit the two examples

in equations (4.1.2) and (4.1.3) later when analyzing the convergence rate of our estimators.
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4.1.1 Organization of the Chapter

We end this section with a description of the notation that is used in the remainder of the chapter.
Since our estimator has two-stages, we consider each stage separately. In Section 4.2, we consider
the special case when there are no time invariant covariates (p = 0) while in Section 4.3, we
consider the setting where there are no time varying covariates (¢ = 0). Then, we combine these
results together into the two-stage estimator in Section 4.4. In Section 4.5, we consider the problem
of constructing confidence bands for a fixed varying coefficient. Finally, Section 4.6 provides the
simulations and Section 4.7 presents an analysis of the height data mentioned above. For ease
of presentation, we defer all of the proofs to Appendix 3. In addition, the appendix contains the
assumptions for Section 4.3, the additional results of the simulations, and an analysis of yeast cell

cycle data.

4.1.2 Notation and Definitions

Throughout, all of our variables have a dependence on n, but, when it does not cause confusion,
we suppress this dependence. Since our interest is mainly asymptotic, we adopt a random design
regression framework embedded in a triangular array. The vector of covariates x; is drawn from
a distribution that does not depend on time whilst the vector of covariates z;(¢; ;) is drawn from
a distribution conditioned on the sampling times. Furthermore, the &;(-)s are independent realiza-
tions of smooth mean zero stochastic processes and ¢;(-)s are random errors. Then, we write E to
denote the expectation with respect to the joint probability measure of (&;(-)), and (g;(-))";.
Regarding the sampling times, there are two commonly used paradigms: (i) independent ran-
dom sampling times and (ii)) common fixed sampling times. In the first setting, we assume that
the time points are all independently sampled from a distribution f on (0, 1), which is bounded
away from zero and infinity. In this setting, £ denotes the expectation with respect to the sam-

pling times ¢; ;. On the other hand, for the common sampling times, we assume that m; = m and

tij=7j/mforalli=1,... nand j =1,...,m, viewing the sampling times as deterministic. In
either case, for a fixed value of i = 1,...,n, we write (Z; (j))]~, to denote the order statistics for
(tij)its.

As mentioned in the Introduction, we consider an orthogonal series estimator. For technical
convenience, we use the trigonometric basis since the functions are uniformly bounded by /2.
There are many definitions of the trigonometric basis, but we use the following definition as in
Tsybakov (2008).

Definition 4.1.1. For ¢ € (0, 1), the trigonometric basis functions, denoted by (¢ (+))52,, are given
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L
or(t) £ < V2 cos(mkt), k=24,...
V2sin(r(k —1)t), k=3,5,....

Occasionally, it is useful to view these as functions on the complex plane; we write i to denote
the imaginary unit. Later, to simplify notation, we assume that both the varying coefficients and
random effects are in the same periodic Sobolev class with smoothness «, denoted by WP*'(«a, R)
(for example, see Definition 1.11 of Tsybakov (2008)). Then, the functions 3 (-), v*(-), and &;(-)
admit an expansion over the trigonometric basis. Let J; € R? (Hebrew letter Bet), I; € R?
(Hebrew letter Gimel), and o0;;, € R (Hebrew letter Samek) for £ = 1,2, ... denote the Fourier
coefficients of 3%(-), v*(+), and &;(-) fori = 1, ..., n. Then, we may write

k=1 k=1 k=1
Let 3(-), with expansion
B(t) = Zuen(t),
k=1

denote an arbitrary estimator for 3*(-). To evaluate B, we consider either integrated squared error
(ISE) defined by

is(B) = [ (B -5

or mean integrated squared error (MISE), where MISE(3) £ E;E(ISE(3)). We use MISE for the
low-dimensional estimators and bound ISE for high-dimensional estimators with high probability.

By Parseval’s Theorem, it follows that integrated squared error is equivalent to

2
g

(4.1.5)

ISEB) = 3 [|3 - 3
k=1
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It follows from Proposition 1.14 of Tsybakov (2008) that

o

> 3l = O(spK5>). (4.1.6)

k‘:K5+1

Therefore, it suffices to estimate the Fourier coefficients up to a truncation level Kz to balance
the bias-variance tradeoff. Similarly, for v*(-), we find a truncation level K. Thus, we may then

define the low and high frequency components of the varying coefficient functions 3*(-) and ~v*(-)

B ()& T, B()E Y Fel),
k=1 k=Kp+1
Y EDY Tenl). T E Y Tel).

Like other works in high-dimensional statistics, sparsity plays a crucial role. For simplicity, we

. . * * * *
assume the setting of strong sparsity, whereby both 37(-) and ~*(-) have s} and s} components
that are nonzero. When considering the inferential problem, we need another notion of sparsity

from van de Geer et al. (2014). Let X to denote the population covariance matrix of x;, ® the

.....

regressing a component of x; against the remaining z;’s.

4.2 Estimation with No Time Invariant Covariates
In this section, we assume that p = 0. That is, the model we consider is
Yi(tiy) = (zilti;), Y (tig))2 + &i(tiy) +eiltiy)- (4.2.1)

Since the processes z;(-) and &;(-) may have arbitrary dependence, to remove the effect of &;(-)
from the model, we difference the observations that are sufficiently close. As the function &;(-) is
assumed to be smooth, the value of &;(¢) is approximately constant in a small neighborhood of ¢.
Let h > 0 be a bandwidth tuning parameter. For simplicity, we temporarily assume that m; is even

foreach 7 = 1,...,n. Then, we may define the set <7}, as

oy E{(,5) 1<i<nje{l,3,...,mi — 1}, t; i1y — by < h}.
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Let N £ N}, = |,|. For (i, j) € <, define the differenced observations v; ; as

Vi £ yiltigan) = vilti )
= (zi(ti,g+1) Y (tig+n))2 — zi(ti), Y (i) )2 + &t Gan) — &iltigy)
+&i(ti ) — €ilti )
K"/
= > (enltigen)ziltien) = orlti)lti) T2 + €iltian) = €ilti)

k=1 ~~ ~~

wz 0,k Mi,j

+ Z er(tiG+1)Zi(ti 1)) — okt )zi(tig)) T2 + &iltig+n) — &itig)

k=K +1
AQ)
— T T ™)
= "7[’1‘7]‘3 + Mg+ Ai,j )
where b, ; = (1, )T and ¥ = (3;7,..., T 7). In matrix notation, we write this
model as
v=Ur+n+A0, (4.2.2)

This is a sparse high-dimensional partially linear model with uncorrelated errors, for which there
are many proposals for estimating I*. Commonly, in high-dimensional nonparametric models, a
version of group lasso (cf. Yuan and Lin (2006)) is used to select relevant functions after a basis
expansion, such as the SpAM estimator of Ravikumar et al. (2009) or the block lasso estimator
of Klopp and Pensky (2015). While such approaches lead to more interpretable estimators, we
estimate J* by the classical lasso of Tibshirani (1996) but note that our approach generalizes to
using the group lasso. We use the classical lasso to motivate the inferential procedure in Section
4.5, which is based on a version of the de-biased lasso estimator. Therefore, we estimate J* in the

low-dimensional case by
L (wTe) ey

and

£ argmin N v — w32 + A 1]

JeRrRaK~

]
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in the high-dimensional setting for a suitable tuning parameter A > 0. By identifying the vectors

3” and ™" as K., vectors in RY, the estimators for v*(-) are given by

. LD A <HD
YO 2 ) K3 eil), Y2 ) K3 o)
k=1 k=1

Remark. In the above formulation, we pair the observations in .7, to ensure that the resultant er-
rors 1) are independent. However, this reduces the number of observations that we have to estimate

J*. To circumvent this problem, we may alternatively consider the set
B, Z{(1,5): 1 <i<n, 1 <j<my— 1ty — tiy) < h}.

Using the set %), we may likewise form the model given in equation (4.2.2), where the resultant
partially linear model has, by construction, correlated errors with known correlation structure.

Hence we may find a matrix B such that
Bv = BUIT* + Bnp + BAY),

where B7) is uncorrelated. For simplicity, we consider only the set .7, but in practice, we recom-
mend adjusting using %, when the sampling times are random and independent but <7, when the

sampling times are fixed and common (see Table A.4.3 in Section A.4.6 of the Supplement).

4.2.1 Sample Size

In this subsection, we consider the expected number of observations after differencing under a few

asymptotic regimes for n, m, and h. This leads us to the following proposition.

Proposition 4.1. Suppose the sampling times t; i f for a density f on (0,1) bounded away
from zero and infinity and m; = m > 0 foralli =1,... n. Let N, = | By

1. If m = O(1) and n — oo, then By N}, < nh.
2. If m — oo and mh < 1, then EpNj, < nm?h and Ep (N, +1)~' < (nm?2h) .

3. If m — oo and mh > 1, then By Ny, =< nm. If, in addition, mh — log(mn) — oo, then
P(N), = mn) — 1.

Remark. It is easy to see that |.<7,| < |%;|.
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4.2.2 Assumptions
The following assumptions are used when p = 0.

(4.1 If s5 = g < N, then the matrix W satisfies tr[(PTW) ] = O(s;K,/N) and
1(2®) |2 = Op(N ).

(4.2) The columns of the matrix ¥ have squared norms that are uniformly Op (V).

(4.3) The design matrix W satisfies the compatibility condition with compatibility constant ¢.. ¢ >
0.

(4.4) The design matrix W satisfies the adaptive restricted eigenvalue condition with constant
¢adap,\I/ > 0.

(4.5) The errors ¢;(t; ;) are independent and identically distributed with mean zero and variance

o2. Moreover, the errors are independent of the sampling times.
(4.6) The errors ;(t; ;) s G(s2). Moreover, the errors are independent of the sampling times.
(4.7) The functional random effects (;(-))?_, are uniformly Lipschitz with constant L.

(4.8) Each coordinate of the coefficient v*(-) satisfies v;(t) € WP"(a, R) for some constant

a > 2and R > 0 with s, coordinates nonzero. Moreover,

2
oo

Er | D (@) Tewn(t) | = O(s5K%).

k=K, +1

Remark. Assumptions (4.1), (4.2), and (4.5) are standard scaling assumptions for the design in
the low-dimensional setting.

Assumptions (4.3) and (4.4) are both compatibility conditions on the design matrix, with (4.4)
implying (4.3). In Theorem 4.3 below, we use (4.3) to obtain slow rates on ISE while (4.4) yields
a fast rate on ISE. For a more detailed discussion on assumptions (4.3) and (4.4), including defi-
nitions, we refer the reader to Section 6.2 of Biihlmann and van de Geer (2011) and Section 4 of
Bickel et al. (2009) respectively.

Next, assumption (4.6) is standard in the high-dimensional linear models literature and (4.7) is
reasonable whenever the underlying mean function for each individual is smooth. Further, (4.7) is
implied whenever (&;(-))", C WP («, R).

The first half of assumption (4.8) is standard in the literature on nonparametric regression while
the second half ensures that the varying coefficients can be well approximated by a few basis

functions. In Example 4 below, we consider an instance where the second half is satisfied.
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Example 4 (Example for Assumption (4.8): Time random covariates). Suppose that the distribu-
tion of z;(t; ;) does not depend on ¢; ;. That is, assume that Z{z;(¢; ;)|t; ;} = L{zi(tix)|tix} for
every j,k =1,...,m; with j # k. Then,

2

B, Z (z:(t), 1) o0r(t) | = Z Er(zi(t), 3)5
= Y 5B ()]0 3
< B (@[5 > 1503

=0 (S;KV’QO‘) )

4.2.3 Main Results

We start by stating a result for the low-dimensional setting.

Proposition 4.2. Consider the model given in equation (4.2.2). Assume (4.1), (4.5), (4.7), and
(4.8). Then
R

2
* -1 * —2a 2712
, = @) (SWKWIETN + SWK7 + L*h ) )

EEr

Remark. As noted in Section 4.1.2, the MISE of 4" (-) can be bounded by
MISE(3*°) = O (st K,EpN~' 4 52 K> + L?h?) .
Choosing K., < (EpN 1)~/ e+1) yields
MISE(4'°) = O (s(EpN~")*/CGetl) 4 [2p?)

The choice of h is less straightforward as it depends on the asymptotic growth of m relative to n,

which can be seen from Proposition 4.1.
Now, turning our attention to the high-dimensional setting, we have the following result.

Theorem 4.3. Consider the model given in equation (4.2.2). Assume (4.2), (4.6), (4.7), and (4.8).
Fort > 0, let

t2 + 2log(qK
Mo £ 26 [N max ||\I:j||§\/ Ng(q 1), (4.2.3)
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Suppose A > 2.

1. If, in addition, (4.3) holds, then with probability at least 1 — 2 exp(—t?/2),

2 2
2N71 \IleD T — A(’Y) + A HjHD — T A(’Y) + 24(25;2\11/\25§K’7'
2 2 ’

< 6Nt
1

2. If, in addition to the above, (4.4) holds, then with probability at least 1 — 2 exp(—1t?/2),

9 SF K20 4 [2h2 2
_ 2 % Y -2
9 =0 <)\ S’YK'Y ( )\2S§Ky + ¢adap,‘ll) :

Example 5. As a special case, consider the setting where n = 1 and m = m; — oo. Note that

cHD

=T

this problem is a generalization of the model in equation (4.1.3) from the Introduction. Under
the additional assumption that &;(-) = 0, obtaining m observations from a single individual with
time varying covariates is equivalent to obtaining a single observation from m individuals. Set
A =2, K, =< (m/log(q))/®* ™ and h < s* (log(q) /m)?*/>**V)_ Since ¢ > K., it follows that
log(q) < log(¢K,) < 2log(q). Moreover, the choice of h implies that mh > 1; thus, N = m
with high probability for m sufficiently large by Proposition 4.1. Then, with probability at least
1 — 2exp(—t%/2), it follows from Theorem 4.3 that

( sam h®m sy Ky 10g(qK7)>
2

_|_
Kot log(gK,) st K, log(qK,) m

20/ (2a+1)
m

From equation (4.1.6), it follows that

* |12 * 17 —20
> Il =0 (s55%).
k=K, +1
Combining these facts yields the following bound on ISE with probability at least 1—2 exp(—t2/2).

9 0o ) . 10g<q> 20/(2a+1)
ey H:kHé:O(sv( . -

k=K +1

<HD
]

ISE(4™) = -

From Theorem 1 of Klopp and Pensky (2015), assuming that the functions have uniform smooth-

ness «, then, up to the logarithmic factor, ﬁ/HD(~) attains the minimax rate.
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4.3 Estimation with No Time Varying Covariates

In this section, we assume that ¢ = 0. That is, the model we consider is
Yi(ti;) = (xi, B7(tig))2 + &i(tiy) + eiltiy). (4.3.1)

Now, by directly substituting the expansions from equation (4.1.4), it follows that

vitig) = Y (%6, 35)2 + 0ik) kltiz) + &iltiy)-
k=1

[e.e]

The above factoring suggests that, to estimate the kth Fourier coefficient J;, we should look at the
observations in the frequency domain as opposed to the time domain. That is, we should form new

observations in the frequency domain as
m;
A -1
Wik 2mt Y it )ee(ti).
j=1

By projecting the observations onto a fixed frequency given by ¢, the above is an approximate
linear model. Depending on whether the sampling times are viewed as fixed and common or
random and independent, we partition the above model differently.

In the setting where the sampling times are random and independent for each individual, we
define

m;

G Z=my 'y (%4, 8% (tig))2 + &iltig) + eiltiy) erltiy) — (Xi, T,
j=1

yielding a linear model
wir = (X, 3p)2 + Gk 4.3.2)
In matrix notation, we write
Q. = X3J; + ¢
When the sampling times are fixed and common, we write

wik = (X3, 3 + Te)2 + Ciks (4.3.3)
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where

L2 m Z Z tii)ei(ti;), (Hebrew letter Dalet)
CTE

Cik = 05 +m™! Z er(tiy) | eiltiy) + Z 0i01(ti ;)
B

In matrix notation, this is expressed as
Q= X(3J; + k) + Cp-

The main difference between the perspectives in equations (4.3.2) and (4.3.3) is how we con-
sider the inexact orthogonalization. When the sampling times are random, the projection of
(x4, B*())2 over the k’th frequency is unbiased for (x;, 3; )2 with respect to the probability measure
on ¢; ;. Conversely, since the common sampling times are deterministic, this inexact orthogonaliza-
tion is viewed as bias; the vector T, is the sum of the Fourier coefficients of the aliased frequencies.

Regardless of the sampling times, in the low-dimensional setting, least-squares provides a con-
venient estimator for J;, while in the high-dimensional setting, one may directly apply the lasso.
That is,

(XTX) ™' X7, k=1,...,Kg
0 k > Kg,

>
.
v}
[1>

D)
~HD A argmin:*ERP n! ||Qk_X:*||§+)\k ||:*||17 k= 17"'>Kﬂ7
0 k > Kﬁ.

y 2

Like in Section 4.2, this provides the estimators for 5*(-) as
~LD ~HD
Z% ok (- Z3k or(-

4.3.1 Assumptions

We begin with the assumptions we use in this section.

(4.9) The sampling times satisfy ¢ ; Uy (0,1) and are independent of the errors ¢;(t; ;).

(4.10) The number of observations per individual is the same, m; = m forall: = 1, ..., n. More-

over, the sampling times satisfy ¢, ; = j/mforalli=1,...,nandj=1,...,m
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(4.11) The columns of X have squared norms that are uniformly O (n) and the entries of X satisfy

SUp,_1 ., ||Xillee = g(n) for some function g(n).

77777

(4.12) The design matrix X satisfies the compatibility condition with compatibility constant
¢CC,X > 0.

(4.13) The design matrix X satisfies the adaptive restricted eigenvalue condition with constant
¢adap,X > 0.

(4.14) Each coordinate of the coefficient 3*(-) satisfies B;(-) € WP"(a, R) for some constant
a > 2and R > 0 with s coordinates nonzero. Moreover, the product (x;, 3°(+))2 €
WP (e, O(g(n)) uniformly and

for some function g(n).

(4.15) The individual random effects (&;(-))"; € WP"(a, R) almost surely and are independent
and identically distributed. Furthermore, for eachi = 1,...,n and t € (0, 1), the function
&i(+) satisfies E¢;(t) = 0 and

1
E/O E(t)dt < .

(4.16) The individual random effects (&;(-))"; € WP"(a, R) almost surely and are independent
and identically distributed. Furthermore, for each © = 1,...,n, the Fourier coefficients
0ik ~ SG(szy) with 377 62y = O(K2%).

There are two assumptions regarding the sampling times, (4.9) and (4.10). As first pointed
out by Cai and Yuan (2011) in the context of mean function estimation, the rate of convergence
is different between random and independent or fixed and common sampling times. The first
assumption, (4.9), considers the independent sampling times, with an additional convenience that
the sampling times are uniform since the trigonometric basis is orthogonal with respect to this
measure on (0, 1). This assumption may be relaxed to allow for ¢; ; £ f from some density f
bounded from zero and infinity by taking an appropriate change of measure. The other assumption,
(4.10), considers the common sampling time setting. Again, we make a simplifying assumption
that the sampling times are on a uniformly spaced grid, though this assumption may similarly be
relaxed. These two settings are analyzed separately below.

Assumptions (4.11) — (4.13) are analogous (4.2) — (4.4).
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Next, assumption (4.14) assumes that the signal is uniformly bounded by some function g(n).
This assumption is the finite sample analogue of maintaining a bounded signal to noise ratio in a
varying coefficients model. We conflate the function g(n) in assumptions (4.11) and (4.14) since
g(n) may normally be taken to be a slowly varying function of n. For example, if the design is
sub-Gaussian, then g(n) = log(n) is sufficient. If the design is bounded, then g(n) may be a
constant. Further, we note that this assumption implies that

sup sup (x;, B7(1))3dt = O(g(n)).

i=1,...,n t€(0,1)

Assumption (4.15) is a slightly stronger version of (4.7). It automatically implies that Eo; ;, = 0
forall k = 1,2,..., and Z;O:Kﬁ ol = O(K,Em) where 0, = Var(o;;). Finally, (4.16) is
a technical requirement for the high-dimensional regime to ensure concentration of the resultant

high-dimensional linear models after projection.

4.3.2 Main Results: Independent Sampling Times

We start by considering the low-dimensional regime.

Proposition 4.4. Consider the model given in equation (4.3.1) with s; = p < n. Let M =
diag((myq, ..., my)). Under assumptions (4.9), (4.14), and (4.15), the MISE is given by

MISE(B™) = tr (XX) ™' X7 (O (1)1, + O(g(m)Ks)M ™) X (XTX) ™) + O(s5K,).

Then, K is chosen to minimize the right hand side. In general, the optimal value of K is de-
pendent on the specific sequence of designs. We consider a special case where we can characterize
the exact tradeoff between the number of unique individuals, n, and the number of samples per

observation m;.

Example 6 (Minimax Estimation of the Mean Function). Consider the model given in equation

(4.1.2) with independent uniform sampling times, which is reproduced below for convenience.
yilti;) = B"(tiy) + &(tiy) + eiltiy).

Here, s = p = 1 with z; = 1 fori = 1,...,n. In this case, we may set g(n) = 1. For now, we

. -1 .
writem = (37, m; ') to denote the harmonic mean of the (m;)?",. Then,

o (X™X) 7 XTLX (XTX) ) =0 (n 7).
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Next, by a direct calculation,
Kg
>t (XTX) T XTMIX (XTX) ) = 0 (K (mn) )
k=1

Thus, the risk from Proposition 4.4 can be simplified to

1

MISE(3") = IE/ 3 - ﬁ*(t)”2 dt = O (™" + Ky(mn) ™" + K;°) |

0

This yields the optimal choice of K =< (mn)'/(2*+1)_ Then, the risk is

E/Ol |80~ )"t = 0 (w7 4 Gmy 20,

which coincides with the minimax rate from Theorem 3.1 of Cai and Yuan (2011).
The next result is the analogue of Proposition 4.4 for the high-dimensional setting.

Theorem 4.5. Consider the model given in equation (4.3.1). Assume (4.6), (4.9), (4.11), (4.14),
and (4.16). For k < Kgandt > 0, let

- 2 + 2log(p)
Aok = | max n1Y 2. x? [/ ——F
0,k =Ty z_: ¢k i,g n

where ;. = O(2), + g(n)m; ). Suppose A > 2o 1.

1. Ifin addition (4.12) holds, then with probability at least 1 — 2 exp(—t?/2),

w7 X (3 - 30+

A

1 S 4)\28;/¢?C,X'
2. Ifin addition (4.13) holds, then with probability at least 1 — 2 exp(—t%/2),

; =0 (AZSEﬁbZJip,x) :

A

Example 7. As a special case, consider the setting where m; = m forall = 1,...,n. Then,

Ay =0 ((cfk +g(n)m™) @) :
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Thus, under assumptions (4.9), (4.11), (4.13), (4.14), and (4.16), we have for k = 1,..., Kp that

12 =3

n

=0 (@ + gty ) TEY,

Then, with probability at least 1 — 2 exp(—t2/2 + log(K3)),

s5log(p)

ISE(BHD) =0 ((1 + Kzm™'g(n)) + SEKbTQa) :

This yields an optimal choice of K3 < (nm/(g(n)log(p))*/ @) with risk

x 2a/(2a+1)
ISE(BHD) _o (sﬂ l(;g(p) s (g(nlt;g(p)) ) ‘

If we assume that m = 1, then this corresponds to the model in equation (4.1.3), which is a
simplification of the model of Klopp and Pensky (2015) under uniform smoothness. Then, with
probability at least 1 — 2 exp(—t*/2 + log(K3)),

* 2a/(2a+1)

which, up to the slowly varying functions g(n) and log(p), achieves the minimax rate from Theo-
rem 1 of Klopp and Pensky (2015).

4.3.3 Main Results: Common Sampling Times

Again, we start by considering the low-dimensional estimator.

Proposition 4.6. Consider the model given in equation (4.3.1) with sj; = p < n. Under assump-
tions (4.5), (4.10), (4.14), and (4.15), the MISE for Kg < m — 1 is given by

MISE(B") = O (s5m™2 + (1 + Ksm )tr[(XTX) 1] + s5K;%) .
Remark. In Proposition 4.6, if we make a scaling assumption analogous to (4.2) with
tr[(XTX)~'] = O(s}/n), then by choosing K3 < m — 1 and K3 =< m, we may further ob-

tain the bound

MISE(,@LD) =0 (shpn~ " +sym ).
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Example 8 (Minimax Estimation of the Mean Function). Consider again the model given in equa-

tion (4.1.2) with common sampling times, which is reproduced below for convenience.
Yiltiy) = B7(tig) + &(tiy) + eiltiy).
In this case, it is clear that g(n) = 1 satisfies assumption (4.14). Next, observe that
o (XTX) ' XTX(XTX) ) =0,
Thus, the MISE simplifies to
MISE = O (n™" + (nm) 'Kz + m™>* + Kﬁ??o‘) .
Choosing Kg < m — 1 and K3 < m, it follows that
MISE = O (n™' + m™*),

which coincides with the minimax rate from Theorem 2.1 of Cai and Yuan (2011).
The next result is the analogue of Theorem 4.5 for the common sampling times setting.

Theorem 4.7. Consider the model given in equation (4.3.3). Assume (4.6), (4.9), (4.11), (4.14),
and (4.16). For k < Kgandt > 0, let

2 o 2 _
go,k + \/527«:1 §0,2rm7 k= 17
A 2 oo 2 2 _
Ck = So.k + Zr:l So,2rm+k + So,2rm—k» k= 2, 47 coym— 1,
2 o8} 2 2 _
go,k + ZTZI §0,2rm+k + g0,27°m+27k7 k= 37 57 s, — 17

2+ 21
Nog & /o Tmoihy | L 2loaln)
n

Suppose A\, > 2 .
1. If, in addition (4.12) holds, then with probability at least 1 — 2 exp(—t*/2),

IXEE" =3 = T3+ Aell2 = 3% = Tl < 4NEs5/0% x-

2. If, in addition (4.13) holds, then with probability at least 1 — 2 exp(—t2/2),

~HD * *
130 — 35— TWll3 = O(s5A7).
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3. If, in addition (4.13) holds, Kg < m — 1, Kg <X m, and \;, = 2o 1, then with probability at
least 1 — 2 exp(—t*/2 + log(K3p)),

s log(p)

ISE(BHD) =0 ( + s,’gm_za) :

4.4 Two-Stage Estimation

So far, we have only considered the special cases where either p = 0 or ¢ = 0. In practice, it is
more common to have a mixture of both time varying and time invariant covariates. In this section,
we briefly describe how to extend the theory developed in the preceding two sections to consider

the general model from Section 5.1, which is reproduced below.
yi(tis) = (xi, B7(tig))2 + (2i(ti ), v (tig))2 + &i(tiy) + €itiy).

Since B7%(+) is smooth and x; is time invariant, the product (x;, 3"(-))2 is smooth. Thus, we may
similarly consider the differencing approach from Section 4.2 to simultaneously remove the effect
of (x;, 8*(+))2 and &(+). Again, for simplicity, we consider the differencing given by <7,. That is,

we may likewise form the differenced linear model from equation (4.2.2)
v=U0T+n+A0,

where

e}

AD = 3 (onltigen)zitiGen) — enlti)zi(tig) T
k=K, +1

+ &ilti ) — &iltig)) + (X0, B7 (L) — B (tii)))2-

Then, we may use the same estimators for v*(-) from Section 4.2. To estimate 37(+), we consider

the residuals after estimating *(-). That is, define
Uiltig) = yiltig) — (2altig), ¥ (tig))2:

Then, we may again convert these observations to the frequency domain and use the estimators for
p*(-) from Section 4.3. Depending on whether the sampling times are random and independent or

fixed and common, we let

wir = (%o T2 + Gp + AG),
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or
J— i | ) A@*)
wz,k <Xz7 k + k>2 + Cz,k + ik

where

AEfZ O > (@iltig), ¥ (tig) — A(tig))2on(ti)-
j=1
The arguments are nearly identical to the preceding sections, with the only change being the change

in the bias terms. Hence, we omit the results of this section.

4.5 Confidence Bands

In this section, we consider the problem of constructing a confidence band for a particular varying
coefficient. The problem of inference in high-dimensional varying coefficient models was first
considered by Chen and He (2018). However, they only considered the problem of conducting
inference at a prespecified time. To the best of our knowledge, there have been no proposals
for confidence bands in high-dimensions. Since the proof technique is similar between the time
invariant covariates and the time varying covariates, we only provide the details for 5;(-) with
independent sampling times, but describe the procedure for v;(-). For simplicity, we assume that
m; =mforalli=1,... ,n. LetoZ, £ Var(C).

Recall that 37 (-) admits a decomposition as

Bi() =8°()+840),

where 8° (-) and 3%, () are the low and high frequency components of 3(-) respectively. Under

some regularity conditions, we may bound the high frequency signal by

Y Taer(t)| = O (K5 log(Kp))

k=Kg+1

uniformly for all £ € (0, 1). Therefore, it suffices to construct a confidence band for 37 () and tune
K to balance with the above bias. By the definition of 8 (-), we have that

16_*1() = Z :1;;,19%(')-
k=1
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Foreach £ = 1,..., K, a confidence interval for J; ; may be constructed using the debiased
lasso. We write 3 £ XTX /n and define © € RP*P as the relaxed inverse of 3 using nodewise

lasso as in van de Geer et al. (2014). The debiased estimator for J; is given by
Rl S L IC) <Q - Xﬁ‘;D) /n.

oo AT A . . .
Writing 6 to denote the first row of ©, the debiased estimator for Jj ; is

. . T .
S eat+e X" <Q - X:Z‘D) /n.

By using a multiple comparisons correction procedure, we may construct simultaneous confidence

intervals for 3 ; for k =1,..., Kz. We may then use these simultaneous confidence intervals to

extend to a confidence band for 3"(-). Let a; and b, be the lower and upper bounds fora 1 — 7

simultaneous confidence interval of J; ;. Then, the 1 — 7 lower and upper confidence bands for

B", () will be given by

Kg Kpg

1)) & min Z crpr(t), u®)(t) £ max Z crr(t).

Harp<cip<b H{ar<ck<b
e {ar<ci<by} P cr{ap<cp<bp} 1

By slightly enlarging these values, we may account for the bias of F() asymptotically. That is,
for a value of & > 0, define

() 2 1(t) — o, u$’ (1) £ u(t) + 0.

For ~,(-), we may use a similar idea. First, consider the simpler problem of constructing con-
fidence intervals at an arbitrary point t* € (0,1). Let (t*) = (¢1(t*), ..., ¢k, (t*))" denote a
loading vector, which we identify (¢*) as a vector in RX~ as well as a vector in R9%. Since, as a
vector in R9%7, (t*) is a sparse loading vector, to construct a confidence interval interval for v*(-),
we may consider the approach of Cai and Guo (2017) for estimating linear functionals. This yields
a confidence interval for v*(t*).

Then, consider the time grid 1/(2K,),2/(2K,), ...,2K,/(2K,). By using a multiple compar-

isons adjustment, we may construct simultaneous 1 — 7 confidence intervals at the 2/, time points.
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To extend this to a confidence band for v*(-), consider the following lower and upper bounds:

K
< i 2Kt —
1D (t) & min ZC sin(m (2Kt — k)

cp{ap<cp<bp} 1 7T(2K,yt — k’) ’

Ky

u (1) = max & .
( ) ck:{akgckgbk} ; k ﬂ-(QKfyt - k)

At first glance, this definition may seem strange. However, our confidence band is leverag-
ing the Nyquist-Shannon Theorem (cf. Shannon (1949)). Since every low-frequency signal,
with maximal frequency K, can be recovered by interpolation of the signal at the grid points
1/(2K,),2/(2K,),...,2K,/(2K,) using the sinc function, the above band simultaneously cov-
ers all possible interpolations that can arise given the confidence intervals for the signal value.
Then, to incorporate the bias in v*(+), we may again enlarge these intervals by a value of § > 0.
We note that the idea of using a multiple comparisons correction to construct confidence bands
is not new in the literature. Earlier works such as Knafl et al. (1985) and Wu et al. (1998) use
a Bonferroni adjustment at various gridpoints and interpolate over the interval by bounding the
derivative. Conversely, for 3"(-), we construct simultaneous confidence intervals on the Fourier
coefficients, which induces simultaneous confidence intervals for all linear combinations. Like-
wise, for v*(-), instead of bounding the derivatives, we exploit the Nyquist-Shannon Theorem to

provide uniformity over the entire interval.

4.5.1 Assumptions
(4.17) The sparsity s} satisfies s; = o(y/n/ log(p)).
(4.18) The projected error term ¢ satisfies 02, = Var(Gix) < <.

(4.19) The estimator © satisfies \/n||T, — O%||oc = Op(1/log(p)).

Remark. The first assumption (4.17) is the standard sparsity requirement in high-dimensional
inference. Next, (4.18) is a technical requirement that is satisfied, for example, by the Gaussian

distribution. Sufficient conditions for (4.19) are given in van de Geer et al. (2014).

4.5.2 Main Results

Theorem 4.8. Consider the model given in equation (4.3.1). Assume (4.5), (4.9), (4.14), (4.16),
and (4.17) — (4.19). Moreover, let the tuning parameters for lasso satisfy A\, < Ao and A\, > 3o
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fork =1,..., Kg. Similarly, letting v; for j = 1, ..., p denote the tuning parameters for nodewise
lasso, assume that the parameters satisfy v; < Ko\/log(p)/n and v; > 3Ky+/log(p)/n.
Foreachk =1,..., Kg, write

/o <:1fj‘f - :;;71) = Wi + Ay,

~T
Wi = 0,0 X'¢/Vn,
_ A\ & ~HD *
Ay = \/noc? ((Ip . @2) (:k —:k>)1.
Let (‘/1, Ce VKﬁ)T ~ NKﬁ(OKﬁa Var((Wl, RN WKﬂ)T|X))

1. Letting A denote the class of all hyperrectangles in R¥5, then

i“ﬁ'P (Wh,...,Wi,)T € AIX) =P ((Vi,...,Vk,)" € AIX)| = 0.
S

2. Then,

Remark. In practice, one may use the scaled lasso of Sun and Zhang (2012) to estimate O'g’k,

denoted by 67

For concreteness, we consider simultaneous confidence intervals constructed by Bonferroni
correction. Let z. denote the 7 upper quantile of a standard Gaussian distribution. Then, the
confidence intervals for Jj ; are given by ifﬁ + 2:/2K4)0¢k/+/1- Then, we have the following

proposition regarding the coverage and asymptotic performance of the confidence band.

Proposition 4.9. Consider the setup of Theorem 4.8 with the simultaneous confidence in-

tervals constructed by Bonferroni correction.  Suppose that Kz = min((nlog(n))Y/ ),
(nmlog(n)/g(n))"/?*t2)) and 6 < K5 log(Kp).

1. For n sufficiently large,
P (w € (0,1): 1) < Bi(t) < ugﬁ*)(t)) >1-1.
2. Forallt € (0,1),
a7 0) = 17 (0] < max (n1og(m)) 72, (nmlog () Jg(n) = log(n))
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Remark. We note that the maximal width of the confidence band has two rates, depending on
the growth rate of m relative to n. If m is very large, then most of the error in the resultant
linear model comes from the random Fourier coefficients of &;(-). Since the variance for the high-
frequency components is relatively low, this encourages oversmoothing to reduce the bias. This
leads to a near parametric rate of \/W in the width. Conversely, when m is small, the
noise is dominated by the inexact orthogonalization. This variance accumulates as we increase
the number of frequencies to be estimated, resulting in less smoothing compared to the large m
setting.

This phenomenon is related to the two part rate for estimation, as seen in Example 7. After a
certain threshold of m, additional observations per subject do not improve the risk in estimation

since the bottleneck is in averaging the random effects.

4.6 Simulations

The general model that we consider is given by

Yiltiz) = (Xi, B7(tig))2 + (ziltig), v" (tij))2 + &i(tiy) + eiltiy),

Throughout, the covariates and the noise are independent and identically distributed standard Gaus-
sian variables; that is, x; =5 N, (0,.1,), z;(t; ;) £y N,(04,1,), and ¢; ; "% N7(0,1). When gen-
erating the varying coefficients and the random effects, we use either the trigonometric basis or
by the B-spline basis; the choice of the coefficients is described below. We consider both fixed
and common sampling times as well as random and independent sampling times. When the sam-
pling times are fixed and common (denoted “com”), we set ¢, ; = j/m foralli = 1,...,n and
j =1,...,m. On the other hand, when the sampling times are random and independent (denoted
“ind”), we let t;; "= 24(0, 1).

All of our tuning parameters, A, K, and K, are chosen via five-fold cross-validation. For each
combination of parameter values that we consider, we simulate the data 200 times and compute
the high-dimensional estimator. To evaluate the performance of our estimator, we consider three
metrics: average loss, average coverage, and average length. Average loss is integrated squared
error in estimating 3"(-) averaged over the trials. Average coverage is the proportion of times the
confidence band covers the true varying coefficient function 37(-) with a nominal coverage of 95%
and average length is max;e(o1)(u?”) (t) — 1°")(t)) averaged over the trials. We consider average
loss for both v*(-) and B%(-) while average coverage and average length are only considered for

B*(+). For our simulations, we consider the two special cases of Section 4.2 and 4.3.
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In the setting when ¢ = 0, we have
yiltiy) = (xi, B7(tig))2 + &iltiy) +eilti)-
When (3%(-) is generated from the trigonometric basis, the Fourier coefficients are given by

Cea((k+1)/2)21 k=1,3,...,29and [ =1,..., s}
Tt = Gra((k+2)/2)72" k=2/4,...,30andl =1,...,5}

0 else

where ;% U(—1,1). Then, we rescale I, such that fol(a:iTﬁ*(t))Zdt = 4 to keep the signal to

noise ratio constant. For the B-spline basis, we consider

_— Gy k=1,23andl=1,...,5}
k,l
0 else,

which is then rescaled to keep the signal to noise ratio constant. Similarly, for the random effects,
&i(+), we rescale the coefficients so the variance is constant at one.

In this setting, we let n € {200,500}, m € {25,50,75,150}, p € {500,1000}, and
s € {15,25}. The results are presented in Tables A.4.1 and A.4.2 in Section A.4.6 of the Sup-
plement for the trigonometric and B-spline basis respectively. For both bases, consistent with
Theorems 4.5 and 4.7, as sg increases, the average loss increases while the loss decreases as n or
m increase. Surprisingly, the loss for the fixed and common sampling times seems to be better
than for the random and independent sampling times for the same value of n and m despite the
rate of convergence for the random and independent sampling times being faster. Similarly, the
confidence bands exhibit higher coverage with shorter lengths in the fixed and common sampling
times as opposed to the random and independent sampling times. We note that the confidence
bands for the spline basis are significantly wider than for the trigonometric basis to account for the
fact that the trigonometric basis functions periodic. Since the spline functions are aperiodic, the
confidence bands are wider to be able to cover allow coverage at both endpoints. In Figure 4.1, the
plot on the left shows a confidence band with the B-spline basis and the plot on the right with the
trigonometric basis; note the difference in the widths of the two bands.

In the setting when p = 0, we have
Yi(ti;) = (Zi(tig), ¥ (tig)2 + &iltiy) + eiltiy).
Here, we set n = 200, m € {25,50,75}, ¢ = 500, and sl € {15,25}. The coefficients I, are
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95% Confidence Band for B(t) with B-Spline Basis 95% Confidence Band for B(t) with Trigonometric Basis

—— Estimate

— Trig. Approx. R
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—— Estimate
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Figure 4.1: 95% Confidence bands for 3}(t) when n = 500, m = 50, sj = 15, and p = 1000
with independent and random sampling times. On the left, the data is generated using the b-spline
basis. Then, “B-Splines” denotes the true signal, “Trig. Approx.” denotes the best approxima-
tion of 37(t) using 30 trigonometric basis function, and “Estimate” and “CB” are the estimate
and confidence band from Section 4.5 respectively. On the right, the data is generated using the
trigonometric basis. Then, “Trig.” denotes the true signal and “Estimate” and “CB” are the esti-
mate and confidence band from Section 4.5 respectively.

generated similar to 3; ;. The results are presented in Table A.4.3 in Section A.4.6 of the Sup-
plement. We see that o7, outperforms %, when the sampling times are independent and random
whereas %), outperforms <7, when the sampling times are common and fixed. As s’ increases, the
estimation error increases while the estimation error decreases as m increases, which is consistent
with our theoretical results. Moreover, similar to estimating 3(-), our estimation error is higher

for the B-spline basis as compared to the trigonometric basis.

4.7 Human Height Data

In this section, we are interested in analyzing the average height across countries.
The height data is freely available from the NCD Risk Factor collaboration at
https://ncdrisc.org/index.html, which includes the average height of birth cohorts aged five
through nineteen over many decades for both sexes. A detailed description of the data is provided
in Rodriguez-Martinez et al. (2020). Although the data contains 95% credible intervals for the
average height in a country of each age group at a particular time, our response comprises solely of
the point estimate. To supplement this data, we use a variety of United Nations data on countries,
including the World Health Organization (https://www.who.int/data/collections), the Human
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Development Reports (http://www.hdr.undp.org/en/data), and the United Nations International
Children’s Emergency Fund (https://data.unicef.org/). In addition, we also use information on
caloric, protein, and fat supply from Our World in Data (https://ourworldindata.org/food-supply).
For covariates that are time varying but not collected annually, we impute the values for interme-
diate years using an exponentially weighted moving average. We focus on the average height of
five year old boys, the youngest age in the dataset. The model that we consider is model (4.1.1),

which is reproduced below for convenience:
Yiltiy) = (%i, B (ti))2 + (2i(tiy), Y (tig))2 + &Gi(tiy) + €i(tiy)-

Since some covariates are only available for a subset of countries, we only consider the n = 98
countries that have some measurements for all covariates. We constrain our analysis to the years
1990 to 2019 to limit the imputation of our time-varying covariates. Therefore, we have common
sampling times, with m = 30. When normalizing our sampling times to the unit interval, ¢ = 0
and t = 29/30 correspond to 1990 and 2019 respectively. Our time invariant covariates are various
classifications of the countries according to the United Nations; in particular, we consider develop-
ment status and geographic regions and sub-regions, with sub-regions being nested within regions.
Expanding out these groupings, we have p = 25 time invariant covariates. Our time varying co-
variates consist of various socioeconomic factors, such as human development index, urbanization
rate, gross domestic product per capita, etc. When synthesizing the height data, Finucane et al.
(2014) considered the interaction between income and urbanization rate. Thus, we include all
possible two-way interactions of our time-varying covariates, leaving us with ¢ = 212 covariates.
Finally, the random effects represent the unobserved heterogeneity amongst countries, which, as
mentioned in the Introduction, encapsulates environmental factors. These environmental factors
are potentially correlated with our observed time-varying covariates.

The goal in our data analysis is to analyze the trend in the average height, controlling for other
covariates. That is, we are interested in estimating the intercept term. Since our time-invariant
covariates consist of many geographic regions, our reference region is North Africa. A plot of the

estimate is given in Figure 4.2.
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Estimated Intercept for Average Height of
Five-Year Old Boys in North Africa
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Figure 4.2: Estimated coefficient for the intercept, with North Africa as the reference region.

From the plot, we notice that the estimate of the average height in North Africa, controlling
for other covariates, is almost linearly increasing, which is not specified apriori. Note that the
precipitous drop near ¢ = 1 is an artifact of the estimation procedure using the trigonometric
basis. As we do not believe that the average height over the span of thirty years is periodic,
our estimator B (+) is estimating the best periodic approximation to the underlying non-periodic

intercept function. Thus, the interpretation of the plot is valid only away from the two endpoints.
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CHAPTER 5

Rank-Constrained Least-Squares: Prediction and

Inference

5.1 Introduction

In this work, we focus on the trace regression model:
y=(X,0")ys +¢. (5.1.1)

Here y is a real-valued response, X is a feature matrix valued in Raxd @* ¢ R4 jg the
parameter of our interest, and ¢ is a noise term that is independent of X. Throughout, objects with
a superscript * denote true model paramters and we define (-, -)gg as the trace inner product in the
sense that given any A, B € R“4*% (A B)ys £ tr(ATB). Throughout, we write d = dy and
assume without the loss of generality that d; < d5 by possibly transposing the data.

Suppose we have n independent observations (X, ¥;)ic[ generated from model (5.1.1). Under
a high-dimensional setup, n is much smaller than d;ds, and some structural assumptions on ©*
are necessary to reduce the degrees of freedom of ®* to achieve estimation consistency. Here,
we assume that ©* is low-rank; that is, r* £ rank(©®*) with r*d; < n. Given that one needs at
most (2r* + 1)d; parameters to determine ®* through a singular value decomposition, intuitively
a sample of size n should suffice to achieve estimation consistency. The high-dimensional low-
rank trace regression model was first introduced by Rohde and Tsybakov (2011) and admits many
special cases of wide interest. For instance, when ®* and X are diagonal, model (5.1.1) reduces

to a sparse linear regression model:

y = (x,8%)2 +¢, (5.1.2)

where 3 = diag(©*). Note that 3 is sparse because ||3*||o = r* < d;. When X is a singleton

in the sense that X = eie;-r, where e; and e; are the ¢th and jth canonical basis vectors respec-
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tively, model (5.1.1) reduces to a low-rank matrix completion problem (Candes and Recht (2009),
Koltchinskii et al. (2011), Recht (2011), Negahban and Wainwright (2012)).
Perhaps the most natural approach to incorporate the low-rank structure in estimating ®* is to

enforce a rank-constraint directly. Consider the following rank-constrained least-squares estimator:

n

O, (r)= arg min Z (i — (X, O)s)>. (5.1.3)

©cR1 %92 rank(®)<r ;,_;

Note that the rank constraint is non-convex, thereby imposing a fundamental challenge computa-
tionally in obtaining this estimator. To resolve this issue, one can resort to nuclear-norm regular-

ization to encourage low-rank structure of the estimator. Specifically, for some A > 0, consider

n

. 1
On(N) = argmin { -3 (3 = (X:, O)us)” + A[©]lx }. (5.14)

OcR41 xdz 2n

7=

where || - || denotes the nuclear norm. Problem (5.1.4) is convex and thus amenable to polynomial-
time algorithms. The past decade or so has witnessed a flurry of works on statistical guarantees
for @N; a partial list includes Negahban and Wainwright (2011), Rohde and Tsybakov (2011),
Candes and Plan (2011), and Fan et al. (2021), among others. For instance, with a restricted strong
convexity assumption on the loss function, Negahban and Wainwright (2011) showed that with an
appropriate choice of ), ||@y(\) — ©*||g is of the order \/rd;/(kn) up to a logarithmic factor,
where « is a lower bound of the minimum restricted eigenvalue (Bickel et al. (2009)) of the Hessian
matrix of the loss function.

To the best of our knowledge, it remains open whether & is inevitable for statistical guarantees
on learning ®*. At this point, it is instructive to recall related results for sparse high-dimensional
linear regression. Zhang et al. (2014) showed that under a standard conjecture in computational

complexity, the in-sample mean-squared prediction error of any estimator, Jé; that can be com-

poly>
puted within polynomial time has the following worst-case lower bound:

1 n R * 1—(51 d
E{_ Z(Xiyﬁpoly - B*>g} Z Ma (515)

n < nKk
=1

where 0 is an arbitrarily small positive scalar. This result demonstrates the indispensable depen-
dence on « for any polynomial-time estimator of 3%, which includes convex estimators like lasso.
On the other hand, Bunea et al. (2007) and Raskutti et al. (2011) showed that the Ly-constrained
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estimator B L, (also known as the best subset selection estimator), which is defined as

n

Br(r) & argmin > (yi — (x;,8)2)°, (5.1.6)
Ber™ | Blo<r

satisfies the following x-free prediction error bound:

n *
53 e B - £ T 5.17)
This demonstrates the robustness of ,3 1, against collinearity in the design. However, under the
general trace regression model, there are currently no r-free statistical guarantees for the rank-
constrained estimator © Lo-

The first contribution of our work is an in-sample prediction error bound for the rank-
constrained least-squares estimator © L, Without a restricted strong convexity requirement. We
emphasize that this result is much more challenging to achieve than the counterpart result (5.1.7)
for 3 1, and requires a completely different technical treatment. We shall see in the sequel that the
in-sample prediction error of both €) L, and B L, boils down to a supremum process of projections
of the noise vector (y,...,&,)' onto a family of low-dimensional subspaces. For B L,» the family
of subspaces is finite; for © Lo» however, the family of subspaces is a continuous subset of a Stiefel
manifold, which is infinite. The main technical challenge we face here is to characterize the com-
plexity of this infinite subspace family. In Theorem 5.2, we leverage a real algebraic geometry tool
due to Basu et al. (2007) to bound the Frobenius-norm-based covering number of this family of
subspaces.

We then investigate a permutation test for the presence of sparse and low-rank signals re-
spectively as applications of the previous results. In the context of hypotheses testing for high-
dimensional sparse linear models, Cai and Guo (2020) and Javanmard and Lee (2020) both con-
sider a debiasing-based test that controls the probability of type-1 error uniformly over the null
parameter space of sparse vectors. There, the sparsity s* of the regression coefficients needs to
satisfy s* = 0{n'/?/log(p)} for the asymptotic variance of the test statistic to dominate the bias.
By considering a permutation test, we circumvent the challenge of characterizing the asymptotic
distribution of a test statistic and accommodate denser alternative parameters. Moreover, under a
mild assumption on the design, we are able to leverage the super-efficiency of the origin, which
was rather seen as a challenge in high-dimensional group inference (Guo et al. (2021)), to test at a

—1/2

faster rate than n~"/“. To the best of our knowledge, this is the first proposal to conduct inference

for the presence of low-rank signals.
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5.1.1 Organization of the Chapter

In Section 5.2, we consider a discretization scheme of all possible models in low-rank trace re-
gression and derive the covering number of the corresponding Stiefel sub-manifold that is used to
analyze the performance of © L, for in-sample prediction. Next, in Section 5.3, we consider global
hypotheses testing in signal plus noise models. We start with a general power analysis for signal
plus noise models in Section 5.3.1, which we then apply to the sparse high-dimensional linear
model and low-rank trace regression model in Sections 5.3.2 and 5.3.3 respectively. By leveraging
the projection structure of the rank-constrained estimator, in Section 5.3.4, we demonstrate the
robustness of our power analysis to misspecification of the rank. Finally, we analyze the empirical
performance of our proposed methodologies in Section 5.4. For the ease of presentation, most of

the proofs for Section 5.2 and all of the proofs for Section 5.3 are deferred to Section A.4.6.

5.2 In-Sample Prediction Risk of the Rank-Constrained Esti-

mator

Given an estimator © of ©*, define its in-sample prediction risk as

n

A 1 ~
R(O) £ ~ § (X;,0 — ©")s. (5.2.1)
=1

This section focuses on characterizing the in-sample prediction risk of the rank-constrained esti-
mator © 1,- For any ©®* with rank r*, there exist two matrices U* € R¥*"™" and V* € R%*"
such that ©®* = U*V*T. The existence of U* and V* is guaranteed, for example, by a singular
value decomposition of ®@*. Note that this representation is not unique, since for any invertible
matrix A € R™", we have ®* = U*AA~-'V*". Now the trace regression model (5.1.1) can be

represented as
y = (X,0%)pys + e = (X, UV g + e = (XV*, U )ys + €. (5.2.2)

Throughout, for a matrix A € R¥>k2 we write vec(A) € R**2 o denote the vectorization of
A. Forany V € R%2*" let Xy € R™"% denote the matrix whose ith row is vec(X; V). Writing
yu = vec(U),y = (y1,...,yn) ,and e = (£1,...,&,) ", we then deduce from (5.2.2) that

y = Xv+yu t €.

Figure 5.1 illustrates the construction of Xy« when r* = 2. Suppose V* is known in ad-
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vec(X,V*)

Figure 5.1: Illustration of the construction of Xy/- with oracle V* when r* = 2.

vance. When n > rd;, yu can be consistently estimated by ordinary least-squares to yield
an estimator of ®*. Given that ordinary least-squares is projecting y onto the column space
of Xy, the rank-constrained least-squares problem (5.1.3) reduces to finding the optimal V so
that the resulting Xy captures the most variation of the response y. This motivates our initial
step to analyze the in-sample prediction risk. For any V' € R%*", define the projection matrix
Py := Xy (X{Xy) 'X{,. The following lemma shows that the in-sample prediction risk of © 1,
can be bounded by the supremum of projections of the noise vector € onto the column space of
Xy.

Lemma 5.1. Consider the model in equation (5.1.1). If r > r*, then, the rank-constrained least-

squares estimator satisfies
R(O.)< > sup [Pyel (523)
VERd2X2r"

Lemma 5.1 suggests that the complexity of the set P £ {Pvy }y cgasx2r determines the in-
sample prediction risk of €] Lo (7*). Note that the number of columns of V is 2r* instead of 7%,
which is due to the fact that the maximum rank of (O, (r*) — ©*) is 2r*. To quantify this com-
plexity, we consider the metric space (P, || - ||us). We say that N5 C P is an d-net of P if for any
P € P, there exists a P € N such that |P — P||ys < §. We define the covering number, Ns(P),
as the minimum cardinality of an d-net of P. The following theorem leverages a result from real
algebraic geometry to bound N;(P). To the best of our knowledge, this tool is new to statistical
analyses in high-dimensions. To highlight the power of the tool, we give the proof immediately

after the statement of the theorem.

Theorem 5.2. For any § < 1, we have that

12r*din? }r*dﬁl

Ny(P) < 277 { ‘
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Proof of Theorem 5.2. To simplify notation, we drop the superscript * in 7* for convenience within
this proof. For an integer k, let [k] £ {1,...,k}. Now, for S C [rd,], write Xy s to denote the
R™¥IS| submatrix of Xy with the columns indexed by S. Then, for any fixed S C [rd,], define the

collection of projection matrices Pgs as
Ps £ {Xv,s(Xy sXvs) ' Xys: VeERZ det(Xy s Xv,s) # 0}
Note that

P é {PV}VERdQXT g U PS

SClrdq]

To further simplify notation, throughout this proof, we identify the matrix V € R%*" with the
vector v € R™ by viewing v as the vectorization of V. Fix {X;};c, and i, j € [n] and consider

the map

Oyt R\ {v : det(Xy sXv,s) = 0} — [—1,1],
v (Pys)iy = {Xvs(Xy sXvs) Xy s}

We claim that ®;; is a rational function of polynomials of order at most 2|S|. To see this, for
any invertible matrix A € RP*? and u,t € [p], the (u,t) entry of the adjugate of A is given by
adj(A)y: = (=1)"** det(A _, ;). Then, by Cramer’s rule,

AZ-_J1 = (det(A)) " adj(A);;.

Given that each entry of X3, Xy € RISIXIS| is a quadratic function with respect to v, it follows
that (det(X3,Xy/))~! is a polynomial of order at most 2|S| and adj(A),; is a polynomial of order
at most 2|S| — 2. Hence, each entry of P is a rational function of polynomials of order at most
2|S|. Denote the (i, j) entry of Py by ®; ;(v), which has representation ®; ;(v) = F; ;(v)/v(v)
for polynomials F; ;(v) and (v) in the domain of @, ;.

Now for any 6 > 0, consider a monotonically increasing sequence —1 = 51 < ... < s, = 1
such that m = [2/6] + 1 and |s;41 — s¢| < & for any ¢ € [m — 1]. Consider the level sets:
Cijt = {v € R¥® : (F,;(v) — y(v)s;) = 0},t € [m]. Note that these level sets partition
the entire R"%2 into multiple connected components, within each of which any two points v, v,

satisfy |®;;(v1) — ®;;(v2)| < 0. Consider the union of all such level sets over i, j, t:

ce | au={verti J] (Rt =0}

i,j€[n],te[m] i,j€[n],te[m]
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For any two points v; and v, in a single connected component of the complement, C€, |®;;(v1) —
®;;(vo)| < 6 forall (i,j) € [n] x [n]. Therefore, |Py, s — Py, s|lr < nd. This implies that
N,s(Ps) is bounded by the number of connected components of C¢. Define

o RET 4 R, (UO,VT)T — {v(v) X H vo (£ (v) — V(V)St)} - L

i,j€[n],te[m]

We have that ®~1(0) shares the same number of connected components as C¢. By Theorem 7.23 of
Basu et al. (2007), the number of connected components of ®~!(0), which is the Oth Betti number
of ®71(0), is bounded by {(4|S| — 1)n?m} % +1, Therefore, for any § < 1,

Nps(P) < {(415; - 1)#%}%“.

Then we deduce that

3(4]S| — 1)n? }"12“

Ns(Ps) < { 5

Finally, since P C sciray) Ps» we have

3(4|S| — 1)p3 ) 2%+t 12rdyn3) "2t
Ns(P) < Z Ns(Ps) < Z {M} < o {—1} ’

SClrdi] SClrdq] 0 0
which concludes the proof. [

To bound the in-sample prediction risk with high-probability, we need the following mild as-
sumption, which is standard in high-dimensional models. In order to state our assumption, we first

define sub-Gaussian random variables.

Definition 5.2.1. For a random variable £ valued in R, define the ¢»-norm of £, denoted |||, as

€y, 2 inf {E exp(t72€%) < 2},

Then, define the family of sub-Gaussian random variables with parameter K as

SG(s) & {e: ||l < K.

More generally, for p-dimensional real-valued random vectors, we define the sub-Gaussian family
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with parameter K as

8G,) 2 {€:  sw (& V)allu, < K.

vERP? ||v]j2=1

Assumption 5.1. The noise ¢ € SG(K.) with mean zero and variance o2 and is independent of
X.

Now, we can state our main result for @ .

Theorem 5.3. Suppose we have n observations (X, y;)icjn) from model (5.1.1) with (&;);c[n) inde-
pendent. Under Assumption (5.1), if r > r*, then there exist c1,cy > 0 depending on o2 and K.
such that

R(O1) < ¢ rdlog(n)

n

with probability at least 1 — 4 exp(—cordlog(n)).
Theorem 5.3 should be compared with the results of Rohde and Tsybakov (2011) and Koltchin-

skii et al. (2011), who proved bounds on in-sample prediction for the estimator On. Up to loga-
rithmic factors, both ) L, and @N achieve the same in-sample prediction risk; however, the crucial
difference between our result and the existing results is the assumption, or lack thereof, on the
design matrices, X;. The estimator @N, much like the lasso estimator for linear models, requires a
restricted eigenvalue type assumption in order to enjoy near optimal rates of in-sample prediction
risk. By comparison, Theorem 5.3 imposes no such requirement.

In above theorem, we have assumed that the tuning parameter, r, exceeds the true rank, r*. The

following corollary extends the result to the risk bound to the setting where r < r*.

Corollary 5.3.1. Consider n observations from a signal-plus-noise model

y=[f+e.

Forr > 0, define

n

(':)LO(T') £ arg min Z@Z — (X, @}Hs)z.

©cR¥1 %92 rank(®)<r ;,—;

Assume that €; are independent and identically distributed sub-Gaussian random variables with

parameter K.. Then, there exist constants cy,cy > 0 depending on o2 and K. such that

RO <{[min re)] " [ )Y

OcR%1 %492 rank(®)<r n
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with probability at least 1 — 4 exp(—cordlog(n)).

Compared with Theorem 5.3, Corollary 5.3.1 has an additional term denoting the best attainable
risk using a rank r approximation; when » > r*, the best approximation error is zero and we

recover Theorem 5.3.

5.3 Testing in Signal Plus Noise Models

5.3.1 A General Power Analysis of a Permutation Test

Consider the following general signal-plus-noise model:
y=f(z)+e2Eylr) +e, (5.3.1)

where 7 is a random covariate vector valued in .2". For simplicity, write f(z) = E(y|z). Then, we

are interested in the hypotheses testing problem
Hy: f=0 H :feZ f#£0 (5.3.2)

for some prespecified function class .%. We discuss some examples of .% in Sections 5.3.2 —5.3.3.
To test these hypotheses, we consider a flexible permutation test. We note that the application
of permutation tests to signal plus noise models is not novel. For example, the seminal work of
Freedman and Lane (1983) proposed a permutation test for a collection of covariates in a low-
dimensional linear model. However, to the best of our knowledge, the theory of permutation tests
for high-dimensional models has not been explored, particularly the power of permutation tests.
Under mild assumptions, such as exchangability of (€i)ie[n] given (xi>ie[n} , 1t is easy to derive a test
statistic that controls type I error under the permutation null hypothesis. However, the sparsity rate
only enters in the power under the alternative. In Theorem 5.6 below, we characterize explicitly
this dependence of power on the sparsity.

Before presenting the test statistic, we need to establish some notation and facts from enumera-
tive combinatorics regarding permutations that are used throughout the section. Let IT = II,, denote
the set of all permutations over [n]. For a given m € II, we write ™ (z;) = E(yn(|;), noting
that if 7(7) # i, then £ (z;) = 0. We define 7, to be the identity permutation on [n]. Moreover,
a permutation 7 € II induces a partition of [n] into K () cycles, where a cycle is iy, . .., iy such
that 7(i;) = 9,41 for j € [k — 1] and 7 (ix) = 4;. Let

M210, ={recll: K(r) <log’(n)}.
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Suppose we have n independent and identically distributed observations (x;, ¥;)icn) of (z,y) that

follows model (5.3.1). We make the following assumptions.

Assumption 5.2. The mean f(z) satisfies that E[f(z)] = 0, E[f*(x)] = o7, and E[f*(z)] < ooc.

The error ¢ satisfies that E(s;) = 0 and E(¢?) = o2 and is independent of 1, . .. , z,,.
Assumption 5.2*. The mean f satisfies that Var(f*(x)) < 9Jo}* for some constant ¥ > 0.

Assumption 5.3. For a fixed § > 0, there exists an estimator f : 2" x (2 xR)" x Il — Randa
sequence ¢, (possibly depending on ¢) such that

(i) the estimator f is equivariant in the sense that for any 7 € II,

~

[ (5, yj)?:ﬁ m) = f(zi; (5, yﬂ'(j))?:l; o).

(i1) for n sufficiently large,

n

min  PLS (s (0, 95)jmim) = SO @) < L) =10

nellU{mo} i—1
Temporarily fix 7 € II. For convenience, let f™(-) £ f(:;(x;,y;)7_;;7). Now, given an
estimation procedure f : X x (X x R)" x II — R satisfying Assumption (5.3), we define A(™

as

Then, our p-value is given by

Sp(f) £ ﬁly Z Lyeo) (fy<atm(fy-
rell

Assumption (5.2) is a weak requirement, imposing an independence assumption and some mo-
ment conditions on the model. The requirement for the existence of the fourth moment of f; is to
ensure the concentration of || f||3 around nafc. The next assumption, (5.2%), is a technical condition
that allows for a faster concentration of || f||3; the faster concentration yields a sharper rate in the
contiguous alternative. For example, if the f; are Gaussian, then Assumption (5.2%) is satisfied
with ¥ = 3.

Assumption (5.3) is a very natural assumption, albeit technical. For the first part, the symmetry
in the estimation procedure, f’ (-), implies that A(™) is identically distributed under the null hypoth-

esis for all 7 € II. For the second half, we assume that f(™)(-) is a consistent estimator of f(™-)
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for any 7 € II at a rate slightly faster than /,,. In particular, for most 7 € II, the estimator f ™)
approximates the zero function. To see this, let C1, ..., Cx(r) denote a fixed representation of the
K () cycles, for example as expressed in standard representation (see Stanley (2012) for a formal
definition). For j € [K(7)] and i € C}, let m(i) denote the index of 7 in C;. Then, define the sets
AT A and A as follows:

Alm 2 U {i€Cj:mii)isoddand m(i) # |Cyl},

JE[K ()]
A & U {i € C; : m(i) is even},
Je[K(m)]

A 2 ] 0 (A U Ae

For example, for the permutation expressed by the cycles (4321)(765)(8), we have Agﬂ) =
{(2,4,7}, AT = {1,3,6}, and A = {5,8}. Intuitively, A™ and A" are two sets of observa-
tions such that, within each set, the covariates and responses are mutually independent. Therefore,
fori € AU A, we have that (™ (2;) = 0. The other set, A", are the remaining observations.
To bound the error in the remaining observations, we note that EX (7)/log(n) — 1 asn — oo (cf.
Stanley (2012)). Now, by Markov’s inequality, for large values of n,

|HC|_ 7 02n

This leads to the following lemma, which asserts that, for 7 € fI, the conditional mean function,

f (m) (+), is approximately zero.

Lemma 5.4. Under Assumption (5.2), for any 6 > 0, there exists a constant ¢; > 0 such that

mipIP’{ Z £ ()] < logQ(n)a? + ¢ log(n)} >1—0.

mell
ic AL

As an immediate consequence of Lemma 5.4, we have the following corollary, which yields an
alternative way to check the second half of Assumption (5.3).

Suppose that, for a fixed 6 > 0, there exists an estimator f XX (X xR)"xII - Randa
sequence £,, with log®(n) = o(¢,,) such that for n sufficiently large,

n

P{ Z[f(iﬁu (z5,y)i=1;m0) — f(m)(ifi)]z < gn} >1-9

=1
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and

n

mipP{Z (w5 (25, 5) g5 )] an} >1-4.

mell =1

Then, under Assumption (5.2), for n sufficiently large,

n

min P{Y (@ (@5, 930705 m) = SO @) < b p > 16

mellu{mo} i—1
We can now state our first result that ¢ controls the type-I error.

Theorem 5.5. Consider model (5.3.1) with the hypotheses testing problem in (5.3.2). Under As-
sumptions (5.2), (5.3) and the null hypothesis, we have that

lim sup Py, (9(f) < a) < o

n—oo

To analyze the power of the test, we consider two contiguous hypotheses testing problems,

depending on whether we impose Assumption (5.2%). First, consider

Ho:f=0 v lef;éo,feﬁ,aﬁzh(—jt—). (5.3.3)

Then, we have the following theorem that

Theorem 5.6. Consider model (5.3.1) with the hypotheses testing problem (5.3.3). Suppose As-
sumptions (5.2) and (5.3) hold with 6 < «(1 — «)/4. If h is sufficiently large (not depending on
n), then, under the alternative hypothesis in (5.3.3),

liminf Py, (¢(f) < a) > a.

n—o0

If we further assume (5.2%), we consider the following hypotheses

S

Hy: f=0 v. Hi:f#0,feZ 0f=h— (5.3.4)

S

We have the following corollary.

Corollary 5.6.1. Consider model (5.3.1) with the hypotheses testing problem in (5.3.4). Under
Assumptions (5.2), (5.2%), (5.3) with § < a(1 — «)/4 and the alternative hypothesis in (5.3.4), if h
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is sufficiently large (not depending on n), then we have that

liminf Py, ((f) < a) > a.

n—o0

Comparing the hypotheses in equations (5.3.3) and (5.3.4), one can see that Assumption (5.2%)
allows for testing at a rate faster than n~'/2. In view of Corollary 5.3.1, we emphasize that the bot-
tleneck of testing power under Assumption (5.2%) is the rate at which we can predict the conditional

mean given the permuted covariates.

5.3.2 Sparse High-Dimensional Linear Model

In this section, we focus on model (A.3.1.1) and consider # = {f : R* — R | f(x) =
(x,8%)2,8" € R, [|B7][o < 57}
Assumption 5.4. The covariate vector x € SG,(K,;) has mean zero and variance ¥, and the error

e € SG(K.) has mean zero and variance o2. Moreover, x is independent of ¢.

Assumption 5.4*. There exists ¥ > 0 such that
1, v)2ll7, < VE((x,v)3)

for all v € RP.

The first half of Assumption (5.4) is mild, assuming a random sub-Gaussian design framework
that is standard in the high-dimensional setting. In particular, it implies Assumption (5.2). As-
sumption (5.4%) is a technical assumption that is used in the literature for concentration of the
sample covariance matrix. For example, see Definition 2 of Koltchinskii and Lounici (2017) or
Theorem 4.7.1 of Vershynin (2018). In particular, it implies Assumption (5.2%), and, as an exam-
ple, the Gaussian distribution satisfies this assumption.

Then, the pairs of contiguous testing problems that we consider are

* * * * * ]' S* 10 Z
Hy:B =0, ~v. H:|Bo=s>0,(8)58 = h(% + g(p)> (5.3.5)
and, under Assumption (5.4%),
. i . . . s*lo
HyB =0, v H8o=s 089758 =nS 80 55

Now, for any 7 € II, we define the lasso estimator as

; n ()
fra(xi; (Xj,yj)j=1§7f) 2 (%, BLa )2
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where
n

NEN (1
B £ angmin {3y — (%0 8)2)° + MBI . 537

PeRp i=1

Then, we have the following result for the lasso estimator.

Theorem 5.7. Consider model (A.3.1.1). Suppose that Assumption (5.4) holds with 0 < X\, (32) <
Max(X) < 00. Then for a fixed value of § > 0, there exists sequence {,, = O(sn)\?) such that the
lasso estimator fLA satisfies (i) and (ii) of Assumption (5.3), provided that the tuning parameter \
in (5.3.7) satisfies A > 2)\g and X\ < Ny, where

log(6/4) + log(p)

)\0 Z Cl\/Kx(Kf + Kg)

for some universal constant c¢; > 0.

Given Theorem 5.7, applying Theorems 5.5, 5.6 and Corollary 5.6.1 yields the following corol-
lary on the asymptotic validity of the permutation test based on fLA.

Corollary 5.7.1. Under the assumptions of Theorem 5.7,

N

lim sup P, (9(f1) < 0) < a

n—oo

In addition, if h is sufficiently large (not depending on n), then

lim inf Py, ((fr4) < @) > o

n—o0

for the hypotheses testing problem in equation (5.3.5) and also for the hypotheses in equation
(5.3.6) if Assumption (5.4%) holds.

Similarly, we define the L estimator as
r . n . A > (ﬂ-)
Jro(xi; (Xjayj)j:177T> = (Xi,ﬁLo )25

where .
~(7) .
B, = argmin Z(y”(i) — (x;,8)2)". (5.3.8)

ﬁGR”,HBHSS i=1

Now, the following theorem is the analogue of Theorem 5.7 for the L estimator.

Theorem 5.8. Consider model (A.3.1.1). Suppose that s < s* with s > s* in (5.3.8). Then under
Assumption (5.4), for a fixed value of & > 0, the Lg estimator, fLO( \), satisfies Assumption (5.3)
with ¢,, = O(slog(p) + log(1/6)).
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It is worth emphasis that Theorem 5.8 does not require the minimum eigenvalue of 3 to be
well bounded from below as in Theroem 5.7. This demonstrates the robustness of the L, estimator
against collinearity of the covariates when it is compared with the lasso. In the following, we es-

tablish the asymptotic validity of the permutation test based on f Lo» again without any requirement
on Apin(X).

Corollary 5.8.1. Under the assumptions of Theorem 5.8, then

~

lim sup Py, (o(fr,) < a) < «

n—oo

In addition, if h is sufficiently large (not depending on n), then

liminf Py, (o(fr,) < @) > o

n—oo

for the hypotheses testing problem in equation (5.3.5) and also for the hypotheses in equation
(5.3.6) if Assumption (5.4%) holds.

Remark. If 3 = I, then we are interested in testing if ||3*||3 = 0. Our results should be compared
to the minimax lower bound of Guo et al. (2019), who show that the minimax lower bound of the
estimation error of ||3*(|2 is n~/24s*n "' log(p) over all s*-sparse vectors with bounded Euclidean
norms. However, under Assumption (5.4%), we are able to test at a faster rate since 3* = 0, is a

super-efficient point in the parameter space.

5.3.3 Low-Rank Trace Regression

Now we return to the main subject of this paper, the low-rank trace regression model (5.1.1). Here,
we let # £ {f : Ri*® 5 R | f(X) = (X, O)ys, rank(®) < 7*}. Similarly to the setting of
high-dimensional linear models, we require the following mild assumption on the covariates and

noise.

Assumption 5.5. The vectorized covariate matrix vec(X) € SGg,q4,(K,) with mean zero and
covariance matrix ¥ € R%492xd1d2 The error ¢ € SG(K.) and has mean zero and variance o2.

Moreover, X is independent of €.

Assumption 5.5*. There exists a 1 > 0 such that
[{vec(X), v)all}, < VE(vec(X),v)3

for all v € R4z,
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The corresponding two pairs of contiguous hypotheses we consider for the low-rank trace re-

gression model are

Hy: e = OdMUZ2 V. H: rank(@)*) =7r* > 0,
1 *d 1 (5.3.9)
T og(n))

vec(©*) Svec(©*) = h(% .

and
* * * *\T * T*dlog(n)
Hy: ©" =04, xa,, V. Hy :rank(®*) = r* > 0,vec(©") ' Xvec(O*) = h————=.
n
(5.3.10)
For any 7 € II, we define the rank-constrained estimator as
Fro(Xis (X, 9351 m) 2 (X, OF s,
where .
O £O)() =  agmin Y (yey — (Xi, Ohus)” (53.11)

OcR41 %92 rank(@)<r ,_;

Next, we show that f o () satisfies Assumption C without any requirement on X.

Theorem 5.9. Suppose that Assumption (5.5) holds and that v < r* with r > r* in (5.3.11). Then
for some § > 0, fLO satisfies (i) and (ii) of Assumption (5.3) with some (,, = O(r*log(didy) +
log(1/4)).

We can now establish the asymptotic validity of the low-rank test, again through applying The-
orems 5.5, 5.6 and Corollary 5.6.1.

Corollary 5.9.1. Under the assumptions of Theorem 5.9, we have that

~

lim sSup PHO(@(]CLO) < CM) < o

n—oo

In addition, if h is sufficiently large (not depending on n), then

N

liminf Py, (o(fr,) < @) > «

n—0o0

for the hypotheses testing problem in equation (5.3.9) and also for the hypotheses in equation
(5.3.10) if Assumption (5.5%) holds.
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5.3.4 Robustness of the Rank-Constrained Test

In the previous sections, we assume that our test statistics have been optimally tuned, either through
A for regularized estimation or through r for rank-constrained estimation. However, such oracles
are not available in practice. In this section, we consider the performance of the permutation test

with a possibly misspecified rank. Fix r and define

©20(r) = arg min E(X, 0" — O)7.

OcR¥ %92 rank(®)<r

In words, © is the best rank-r approximation to ®* in terms of prediction risk if 1 < r < r* and

© = ©*if r > r*. Then given h > 0, consider the hypotheses testing problems

~ ~ 1 dl
Hy: ©" =04, x4, V. H, : vec(®) Svec(©) = h(% + %g(n» (5.3.12)
and
~ ~ dlog(d
Ho: © = 0prs v Hy:vec(®) Svec(@) = p 1084 (5.3.13)
n

Note that the alternative hypotheses above are stated in terms of © and thus vary with respect to
7. Intuitively, underestimating the rank refrains one from capturing the complete signal. It is thus

hopeless to detect the presence of a nonzero ©* if the signal encapsulated by © is too weak.

Theorem 5.10. Consider model (5.1.1) and choose r = r in (5.3.11). Under Assumption (5.5), we
have that

~

lim sup Py, (o(fr,) < ) < .

n—oo

In addition, if h is sufficiently large (not depending on n), then

N

liminf Py, (o(fr,) < a) > «

n—oo

for the hypotheses testing problem in equation (5.3.12) and also for the hypotheses in equation
(5.3.13) if Assumption (5.5%) holds.

Theorem 5.10 should be compared with Corollary 5.9.1. In particular, by considering © rather
than ©*, we can still distinguish between the null and the alternative hypotheses as long as the
best rank-r approximation captures sufficient amount of signal; hence, this allows for the situation
where the rank of ®* is misspecified. In particular, by setting » = r*, the hypotheses in equations

(5.3.12) and (5.3.13) are equivalent to equations (5.3.9) and (5.3.10) respectively, and Corollary
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5.9.1 can be viewed as a special case of Theorem 5.10. As another special case, by setting r = 1,
we obtain a tuning-parameter free test that allows for testing the best rank-one approximation of
©®*. To the best of our knowledge, this is the first test in the high-dimensional literature that is
robust to misspecification of the tuning parameter.

Theorem 5.10 seems to imply that the test is more likely to detect the signal if 7 is large.
However, it should be noted that the required minimal power depends linearly on r while the
signal increases at most by a factor of 7. Thus, the rank-one test, being focused on the leading
eigenvalue, may have higher efficiency than a test that is more omnidirectional (for example, see
Bickel et al. (2006)).

The proof of Theorem 5.10 relies on the least-squares structure of the rank-constrained estima-
tor; in particular, the vector of fitted values can be written as Pyy for some V & R%*"_ Thus,
the result can immediately be extended to sparse high-dimensional linear models with best subset
selection.

By comparison, the choice of the tuning parameter A for the lasso and nuclear norm regularized
estimator is inherently challenging. For estimation, the value of A is usually chosen through cross-
validation. However, for inference, there are a few natural methods to perform cross-validation,

which we discuss in Section 5.4.3.

5.4 Simulations

5.4.1 Models and Methods

In this section, we demonstrate the empirical performance, both in terms of estimation and in-
ference, of the rank-constrained estimator on synthetic data. We assume the model in equation

(5.1.1), which is reproduced below
yi = (X4, O )us + &5

In our simulations, we set n = 200 and d; = dy = 20 and let r* € {1,2,3,4}. Regarding the
design, we consider two distinct settings, corresponding to two common examples of low-rank
trace regression: (i) compressed sensing and (ii) matrix completion. In the setting of compressed
sensing, we let vec(X;) have independent and identically distributed standard Gaussian entries.
For matrix completion, we let {X, ..., X} be a uniform random sample from {e;e] } je(a,] ke[ds]
without replacement, where e; denotes the jth standard basis vector.

In both scenarios, we generate ¢; as independent and identically distributed standard Gaus-

sian random variables. Finally, we define the signal to noise ratio, denoted by “SNR,” as the
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variance of (X;, ®*)ys; the value of SNR is a monotonic function of the power represented by
h in equations (5.3.3) and (5.3.4). For in-sample prediction, we consider a logarithmic scale
and let SNR € {1,1.43,2.04,2.92,4.18,5.98,8.55,12.23,17.48,25} and, for inference, we let
SNR € {0,0.125,0.25,0.375,0.5,0.75,1,2}. To achieve this, we first generate 7* values uni-
formly from (—1,1) to form a diagonal matrix A. Then, we draw U* and V* from the uni-
form Haar measure on the Stiefel manifold of dimension d; x r* and ds X r* respectively and set
©* = U*A(V*)'. Finally, we scale ®* such that vec(©®*)TXvec(0©*) = SNR.

5.4.2 In-Sample Prediction

For estimation, we compare the in-sample prediction risk of the rank-constrained estimator with
that of an oracle least-squares estimator (LS) and the nuclear norm regularized estimator (NN)
from equation (5.1.4). The oracle least-squares estimator has access to the right singular space
V*. Computationally, we use alternating minimization (AM) to approximate the rank-constrained
estimator (for example, see Hastie et al. (2015) and the references therein). We employ multi-
ple restarts to avoid local stationary points, using a coarse grid of nuclear norm estimators and a
spectral estimator to initialize the AM algorithm; this yields a total of six initializations. Then,
our final rank-constrained estimator is the one that minimizes equation (5.1.3) out of the six dif-
ferent initializations. To avoid misspecification of the tuning parameter for both estimators (r for
the rank-constrained estimator and A for the nuclear norm estimator), we consider oracle tuning
parameters. To accomplish this, we run both estimators over a grid of tuning parameters for each
setting over 1000 Monte Carlo experiments and choose the tuning parameter that yields the mini-
mum prediction risk, which is defined as in (5.2.1).

The results of our simulation are presented in Tables 5.1 and 5.2 and Figures 5.2 and 5.3. In
general, we see that the performance of the rank-constrained estimator relative to the nuclear norm
regularized estimator improves as SNR increases. This is consistent with the simulation results
of Hastie et al. (2020), who noticed that best subset selection outperforms the lasso for high SNR

regimes in high-dimensional linear models.

5.4.3 Inference

For inference, we evaluate the performance of our permutation approach from Section 5.3 and
consider the permutation test using both alternating minimization and nuclear norm regularization.
Throughout, we are testing at level & = 0.05, and our permutation tests randomly draw nineteen
permutations from IT\ {7, }. To provide a benchmark for the performance of our testing procedure,
we consider two oracles that have access to the right singular space V*: (i) an oracle that uses the

low-dimensional F'-test (FT) and (ii) an oracle that uses our permutation test using least-squares
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Figure 5.2: Plots of in-sample prediction error for Gaussian design
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Table 5.1: Simulations for In-Sample Prediction Risk for Gaussian Design

SNR | 1.00 143 2.04 292 4.18 598 855 1223 1748 25.00
LS 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10
r*=1|AM [0.24 022 0.22 021 021 020 020 020 020 0.20
NN [0.26 028 030 031 033 034 035 036 037 038
LS 020 020 0.20 0.20 0.20 0.20 0.20 020 0.20 0.20
r*=2|AM |[043 048 053 051 048 047 045 044 043 042
NN 032 035 039 042 045 048 050 053 055 0.57
LS 0.30 030 030 030 030 030 030 030 030 0.30
r*=3|AM | 056 064 063 064 0.67 0.73 0.71 0.69 0.67 0.65
NN 036 041 045 049 053 057 060 064 0.67 0.69
LS 040 040 040 040 040 040 040 040 040 040
r*=4|AM | 065 072 075 080 0.84 0.84 0.84 087 090 0.88
NN 039 044 049 054 059 0.63 0.67 071 075 0.78

estimation (LS).

For nuclear norm regularization, we consider four procedures to choose A. First, we consider
oracle tuning. Since we use 100 Monte Carlo experiments, when choosing the oracle value of
A for nuclear norm regularization, we only consider the values of A\ for which the number of
rejections under the null hypothesis (SNR = 0) is less than or equal to nine. The nine arises
from constructing a confidence interval for a based on 100 independent Bernoulli experiments
with success probability 0.05 as it is two standard errors above 0.05. The other three approaches
to choosing A are all variations on cross-validation. The first procedure, denoted DS for “data
splitting,” splits the data into two halves, estimating \ on the first half and using estimated value of
A for all 7 € II. In our simulations, we split the data in half since we need sufficient observations
in both halves to estimate rank three and rank four matrices. The second procedure, denoted IS
for “in-sample,” performs five-fold cross-validation for each m € II to obtain A After \(™ is
selected, the model is refit using all the observations to obtain in-sample predictions. Finally, the
third procedure, denoted OS for “out-of-sample,” also performs five-fold cross-validation for each
7 € II, obtaining five values of A™_ one for each of the five folds. Instead of refitting the model
as before, we use the out-of-sample predicted values for each of the folds.

For alternating minimization, we report all the results for r € {1,2,3,4}. Note that we are
using the oracle value of A for nuclear norm regularization. Thus, we view this as a theoretical
benchmark with which to compare the rank-constrained estimator for testing.

The results are presented in Tables 5.3 and 5.4 and Figures 5.4 and 5.5. We note that, as the
SNR increases for a fixed rank, the power of our testing procedure increases. In general, even under
misspecification of the tuning parameter for the rank-constrained estimator, we are able to maintain

nominal coverage. Moreover, even when 7* > 1, it seems that the rank-constrained estimator with
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Table 5.2: Simulations for In-Sample Prediction Risk for Matrix Completion

SNR | 1.00 143 2.04 292 4.18 598 855 1223 1748 25.00
LS 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10 0.10
r*=1|AM [0.23 022 021 021 020 020 020 020 020 0.20
NN | 038 044 050 056 062 0.67 073 077 082 0.86
LS 020 020 0.20 0.20 0.20 0.20 0.20 020 0.20 0.20
r*=2|AM |[044 050 052 049 047 046 044 043 043 042
NN 042 048 055 061 068 074 079 084 0.88 092
LS 0.30 030 030 030 030 030 030 030 030 0.30
r*=3|AM | 060 065 065 0.66 0.71 0.72 0.69 0.67 065 0.64
NN |044 051 058 065 071 077 083 087 091 094
LS 040 040 040 040 040 040 040 040 040 040
r*=4|AM | 0.69 074 0.78 083 0.83 0.84 0.86 089 087 0.86
NN | 045 053 060 067 074 080 0.85 089 093 0.95

r = 1 has comparable performance to the optimal nuclear norm regularized estimator as well as
permutation testing with larger values of r. Thus, even without any oracular knowledge of ®*, we
may obtain a valid and powerful test that is tuning parameter free by using the rank-constrained
estimator with r = 1, which is consistent with Theorem 5.10.

However, when ) is chosen via cross-validation, the performance of the nuclear-norm regular-
ized estimator degrades significantly relative to the oracle. For data-splitting, which has the best
empirical performance for non-oracle nuclear norm regularization, we lose half of our observa-
tions to selecting A and, compared to the cross-fitting of Chernozhukov et al. (2018b), we cannot
switch the roles of the two halves of the dataset. For the remaining two settings, where A depends

on 7 € II, we notice that \(™ < \(™) for & # . Thus, A compensates the poorer model fit

compared to A(™) by increasing the complexity of the model, thus enabling overfitting.
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Table 5.3: Simulations for Inference for Gaussian Design

SNR 0.000 0.125 0.250 0.375 0.500 0.625 0.750 0.875 1.000 2.000
FT 002 081 100 100 1.00 100 1.00 1.00 1.00 1.00
LS 006 074 099 100 1.00 100 1.00 1.00 1.00 1.00
NN-OR | 005 023 064 08 092 098 099 1.00 1.00 1.00
NN-DS | 008 009 0.13 0.17 026 027 037 048 043 0.55
NN-IS 0.04 004 006 011 014 008 0.08 014 0.09 0.02
r*=1|NN-OS | 006 009 0.03 010 006 0.04 007 007 0.01 0.05
AM-1 006 022 049 080 092 099 100 1.00 1.00 1.00
AM-2 003 0.18 041 066 084 092 098 1.00 1.00 1.00
AM-3 0.03 014 022 048 062 080 092 092 098 1.00
AM-4 007 010 0.15 028 045 060 072 075 083 1.00
FT 0.02 065 09 100 100 100 100 1.00 1.00 1.00
LS 001 054 092 100 100 100 1.00 1.00 1.00 1.00
NN-OR | 006 020 054 078 090 092 094 099 099 1.00
NN-DS | 000 0.05 0.16 025 024 033 041 040 042 0.52
NN-IS 0.07 0.07 015 005 0.13 008 0.12 0.13 0.09 0.01
r*=2|NN-OS | 007 005 0.04 0.02 0.04 0.06 0.08 0.08 0.02 0.04
AM-1 004 013 045 071 088 090 096 098 098 1.00
AM-2 007 015 033 056 079 089 096 097 099 1.00
AM-3 005 010 025 044 067 078 091 094 094 1.00
AM-4 0.07 0.10 0.18 025 041 054 064 078 077 1.00
FT 002 056 08 100 1.00 100 1.00 1.00 1.00 1.00
LS 003 048 084 096 1.00 100 1.00 1.00 1.00 1.00
NN-OR | 005 020 045 067 08 093 09 098 097 1.00
NN-DS | 005 0.08 0.12 024 031 033 037 040 043 0.59
NN-IS 001 008 016 009 017 0.11 0.10 0.09 0.16 0.00
r*=3 | NN-OS | 002 003 0.10 004 007 0.03 006 003 0.06 0.05
AM-1 008 012 025 061 071 080 0.8 09 094 1.00
AM-2 0.04 015 027 049 069 080 091 095 096 1.00
AM-3 008 009 022 038 053 070 083 088 096 1.00
AM-4 008 009 015 027 044 039 057 068 080 1.00
FT 002 043 084 098 1.00 100 1.00 1.00 1.00 1.00
LS 005 040 075 093 099 100 1.00 1.00 1.00 1.00
NN-OR | 003 021 039 071 082 08 095 098 098 1.00
NN-DS | 0.02 0.11 0.12 0.16 028 023 035 036 033 0.55
NN-IS 0.07 0.02 0.10 0.11 0.10 0.15 0.13 0.11 0.10 0.01
r*=4|NN-OS | 002 006 0.03 003 005 0.06 006 004 005 0.04
AM-1 007 012 028 049 063 064 078 088 090 0.96
AM-2 0.10 0.15 022 048 056 071 078 0.88 090 0.99
AM-3 006 013 021 041 055 064 074 081 082 0.99
AM-4 0.05 0.08 020 030 033 052 053 061 073 097
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Table 5.4: Simulations for Inference for Matrix Completion

SNR 0.000 0.125 0.250 0.375 0.500 0.625 0.750 0.875 1.000 2.000
FT 008 08 100 1.00 1.00 100 1.00 1.00 1.00 1.00
LS 006 08 098 100 1.00 100 1.00 1.00 1.00 1.00
NN-OR | 003 020 053 074 081 097 09 097 1.00 1.00
NN-DS | 0.00 0.00 000 000 000 000 000 000 0.00 0.00
NN-IS 0.00 0.00 000 000 0.00 000 0.00 0.00 000 0.00
r*=1|NN-OS | 0.00 000 0.00 000 000 0.00 000 000 0.00 0.00
AM-1 007 017 051 075 091 099 099 099 1.00 1.00
AM-2 009 012 039 062 077 090 093 097 1.00 1.00
AM-3 0.07 0.13 021 038 060 070 079 087 090 1.00
AM-4 006 005 015 021 030 041 055 0.69 066 0095
FT 0.08 065 098 100 100 100 100 1.00 1.00 1.00
LS 008 061 092 099 100 100 1.00 1.00 1.00 1.00
NN-OR | 005 0.16 036 054 0.68 081 084 087 093 1.00
NN-DS | 0.00 000 000 000 000 000 000 000 0.00 0.00
NN-IS 0.00 0.00 0.00 0.00 000 000 000 000 0.00 0.00
r*=2|NN-OS | 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
AM-1 009 016 029 056 073 079 084 092 093 0.99
AM-2 005 014 019 036 064 077 08 091 092 1.00
AM-3 008 005 0.18 031 046 062 073 0.77 088 098
AM-4 008 0.09 0.15 011 020 025 043 048 052 094
FT 008 052 093 100 1.00 100 1.00 1.00 1.00 1.00
LS 006 044 087 097 100 100 1.00 1.00 1.00 1.00
NN-OR | 007 0.11 023 037 051 064 075 08 090 098
NN-DS | 0.00 0.00 0.00 000 0.00 0.00 000 0.00 0.00 0.00
NN-IS 0.00 0.00 000 0.00 0.00 000 0.00 0.00 0.00 0.00
r*=3 | NN-OS | 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
AM-1 006 014 022 029 052 064 070 0.73 080 0.95
AM-2 0.04 0.08 0.18 029 047 055 073 074 081 1.00
AM-3 0.08 0.08 009 022 028 040 049 065 072 098
AM-4 0.09 006 009 012 014 024 025 036 042 0.86
FT 008 036 079 098 1.00 100 1.00 1.00 1.00 1.00
LS 006 031 067 097 09 100 1.00 1.00 1.00 1.00
NN-OR | 0.09 0.17 023 036 042 048 061 0.63 073 0.96
NN-DS | 0.00 000 000 000 000 000 000 000 0.00 0.00
NN-IS 0.00 0.00 0.00 0.00 000 000 000 000 0.00 0.00
r*=4|NN-OS | 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00
AM-1 005 010 0.18 025 035 048 054 060 065 0.82
AM-2 008 0.09 0.18 024 031 044 048 058 069 092
AM-3 0.07 0.07 009 019 022 029 039 048 060 0.86
AM-4 0.05 0.04 0.09 007 013 0.15 030 031 040 0.75
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APPENDIX 1
Appendix of Chapter 2

This is the Appendix to Chapter 2.

A.2.1 Additional Simulation Results

In this section, we include additional results for the simulations of Section 2.5.

Table A.2.1: Simulations for § with Gaussian design and errors when ¢ = 3 and 5 = 0

SNrx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S 3 15 3 15 3 15 3 15

LS 0924 0.886 0.922 0936 0910 0.872 0.942 0.946
SILM | 0936 0.894 0.960 0.964 0.940 0.788 0.896 0.874
AveCov | EW; 0944 0.886 0.956 0.950 0.952 0.800 0.976 0.978
EW;; [0978 0942 0978 0976 0.976 0908 0.992 0.994
EWrrr | 0992 0964 0988 0.990 0990 0.952 0.998 0.994
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Table A.2.2: Simulations for § with Gaussian design and errors when ¢ = 1 and 5 =1

SNTx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S~ 3 15 3 15 3 15 3 15

LS 0.946 0.878 0.938 0.946 0.934 0900 0948 0.944
DLA |0.928 0.880 0.934 0946 0.904 0.856 0.352 0.238
SILM | 0932 0.872 0936 0956 0918 0.858 0.130 0.034
AvgCov | DML | 1.000 0.996 0.998 0.994 0.990 0.982 1.000 1.000
EW; |0.830 0.768 0.922 0932 0.932 0.862 0.976 0.984
EW;; |0.866 0.810 0.952 0962 0.956 0900 0.984 0.992
EW;rr | 0904 0.852 0974 0976 0964 0922 0.990 0.998

LS 0.428 0.463 0.591 0.688 0.429 0466 0932 1.450
DLA | 0.502 0.539 0.693 0.699 0.539 0.555 0.548 0.506
SILM | 0.549 0.579 0.683 0.709 0.647 0.636 0.673  0.640
Avglen | DML | 1.190 1.180 1.180 1.160 2.800 1.670 17.300 17.200
EW; ]0.640 0.655 0.711 0.717 1.080 0.805 1910 1.870
EW;; 10.696 0.717 0.778 0.801 1.180 0.883 2.130 2.120
EW;;r | 0746 0.773 0.839 0.877 1.270 0953 2.320 2.350

Table A.2.3: Simulations for S with Gaussian design and errors when ¢ = 3 and 5 = 1

Snrx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S 3 15 3 15 3 15 3 15

LS 0914 0.882 0928 0.938 0.950 0.848 0.924 0.948
SILM | 0.862 0.684 0.886 0916 0.892 0.644 0.020 0.004
AveCov | EW; | 0522 0.636 0.766 0.838 0.832 0.736 0.858 0.928
EW;; | 0.568 0.696 0.828 0.886 0.876 0.790 0.908 0.968
EW;;r | 0.630 0.746 0.858 0.938 0.900 0.828 0.952 0.978
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Table A.2.4: Simulations for S with double exponential design and errors when ¢ = 1 and 5 = 0

SNTx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S~ 3 15 3 15 3 15 3 15

LS 0.942 0900 0966 0954 0950 0.892 0940 0.946
DLA | 0960 0.876 0974 0964 0.950 0.872 0.154 0.102
SILM | 0.954 0.876 0.968 0.960 0.954 0.838 0.892 0.868
AvgCov | DML | 0.960 0.878 0.930 0.914 0.980 0.848 1.000 1.000
EW; 0950 0.858 0962 00962 00956 0.866 0.960 0.954
EW;; 0972 0918 0978 0976 0.976 0914 0.970 0.976
EW;rr [ 0980 0.938 0.990 0.984 0.990 0.950 0.980 0.990
LS 0.456 0.492 0.683 0.829 0432 0466 0910 1.450
DLA |0.534 0.565 0.813 0.821 0.530 0.545 0.520 0.490
SILM | 0.574 0.596 0.785 0.825 0.619 0.603 0.611 0.592
Avglen | DML | 0.756 0.702 0.874 0.875 1.480 0.892 12.700 13.300
EW; |0.716 0.691 0.856 0.877 1.070 0.798 2.000 1.910
EW;; 10792 0.772 0932 0974 1.180 0.891 2.180 2.120
EW;;r | 0.860 0.844 1.000 1.060 1.280 0.973 2.330 2.300

Table A.2.5: Simulations for S with double exponential design and errors when ¢ = 3 and 5 = 0

SNrx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S 3 15 3 15 3 15 3 15

LS 0.928 0.834 0904 0.930 0.940 0.884 0.926 0.940
SILM | 0.954 0.856 0.956 0.966 0.950 0.782 0.874 0.858
AveCov | EW; | 0958 0.850 0.954 0.958 0946 0.794 0.966 0.976
EW;; [0984 0936 0990 0978 0.972 0.886 0.990 0.992
EW;rr [ 0992 0966 0992 0992 0.984 0.932 0.990 0.996
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Table A.2.6: Simulations for S with double exponential design and errors when ¢ = 1 and 5 =1

SNTx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S~ 3 15 3 15 3 15 3 15

LS 0934 0902 0946 0930 0940 0914 0934 0.954
DLA | 0940 0.884 0920 0918 0910 0.876 0.332 0.280
SILM | 0946 0.892 0910 0904 0.922 0.842 0.082 0.014
AvgCov | DML | 0998 1.000 0.994 0.994 0986 0.956 1.000 1.000
EW; ]0.894 0.818 0910 0942 00934 0.860 0.958 0.974
EW;; 10920 0.856 0.938 0.968 0.958 0.880 0.972 0.986
EW;r | 0942 0.886 0.956 0974 0.974 0902 0.988  0.990
LS 0.454 0.495 0.677 0.831 0.434 0468 0.899 1.470
DLA |0.541 0.573 0.803 0.829 0.545 0.550 0.519 0.491
SILM | 0.602 0.629 0.788 0.842 0.652 0.627 0.603  0.586
Avglen | DML | 1360 1.270 1.480 1.460 2.830 1.660 22.200 22.000
EW; ]0.726 0.715 0.854 0.892 1.100 0.806 2.020 1.910
EW;; [ 0.791 0.789 0941 1.000 1.190 0.884 2.250 2.170
EW;;r | 0.851 0.855 1.020 1.100 1.280 0.953 2460 2.390

Table A.2.7: Simulations for S with double exponential design and errors when ¢ = 3 and 5 =1

SNrx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S 3 15 3 15 3 15 3 15

LS 0.936 0.878 0.950 0.940 0.948 0.854 0.934 0.942
SILM | 0.864 0.682 0.876 0.906 0.878 0.624 0.010 0.002
AveCov | EW; | 0.582 0.692 0.818 0.844 0.828 0.714 0.868 0.950
EW;; [0.658 0.760 0.870 0.904 0.880 0.774 0.920 0.976
EW;r [ 0714 0.822 0914 0936 0912 0.820 0.960 0.986
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Table A.2.8: Simulations for § with scaled t design and errors when ¢ = 1 and 5 = 0

SNTx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S~ 3 15 3 15 3 15 3 15
LS 0958 0910 0942 0938 0956 0904 0.950 0.960
DLA | 0954 0.878 0962 0948 0.946 0.878 0.198 0.114
SILM | 0968 0.882 0.968 0.960 0.946 0.838 0.866 0.834
AvgCov | DML | 0980 0.868 0.920 0.880 0.976 0.822 0.998 0.998
EW; 0950 0.846 0956 00956 00966 0.816 0.968 0.974
EW;; [ 0972 0902 0984 0974 0.976 0.880 0.986 0.982
EW;rr | 0988 0.940 0984 0980 0.982 0904 0.990 0.994
LS 0.490 0.515 0.750 0.933 0453 0479 0951 1.600
DLA | 0.559 0.591 0.886 0.892 0.525 0.547 0.569 0.544
SILM | 0.611 0.620 0.884 0.928 0.618 0.607 0.687 0.672
Avglen | DML | 0.819 0.751 1.140 1.170 1.410 0.902 13.200 14.400
EW; |0.806 0.739 0967 00982 1.100 0.817 2.240 2.110
EW;; |0.882 0.828 1.060 1.090 1.210 0914 2450 2.330
EW;r [ 0952 0907 1.140 1.180 1.300 0.999 2.640 2.530

Table A.2.9: Simulations for 3 with scaled t design and errors when ¢ = 3 and 5 = 0

SNrx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S 3 15 3 15 3 15 3 15
LS 0.922 0.872 0940 0.944 0.936 0.856 0.926 0.936
SILM | 0.954 0.866 0964 0972 0954 0.822 0.846 0.796
AveCov | EW; | 0958 0.832 0.958 0.968 0.950 0.798 0.962 0.972
EW;; [0.980 0.924 0978 0990 0.986 0.886 0.986 0.994
EW;r [ 0990 0.958 0.988 0.994 0.990 0916 0.996 0.996
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Table A.2.10: Simulations for § with scaled t design and errors when ¢ = 1 and § = 1

SNTx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S~ 3 15 3 15 3 15 3 15

LS 0938 0.894 0926 0948 0946 0.894 0952 0.952
DLA |0.924 0.888 0.908 0.936 0.900 0.874 0.412 0.348
SILM | 0.886 0.934 0.900 0914 0.908 0.842 0.112 0.046
AvgCov | DML | 0.998 1.000 0.992 0.998 0.984 0.978 1.000 1.000
EW; ]0.882 0.790 0940 00954 00926 0.816 0976 0.978
EW;; 10920 0.836 0964 0978 0.956 0.868 0.982 0.990
EW;rr [ 0942 0.868 0972 0.990 0.968 0.890 0.988  0.994

LS 0.487 0.521 0.742 0938 0.458 0478 0956 1.610
DLA | 0.565 0.608 0.892 0910 0.549 0.558 0.573  0.548
SILM | 0.643 0.657 0.902 0.957 0.659 0.638 0.696 0.668
Avglen | DML | 1.540 1.370 1.850 1.750 2.870 1.730 22.800 23.200
EW; |0.814 0.753 0983 1.010 1.110 0.831 2.140 2.150
EW;; |0.886 0.830 1.090 1.140 1.210 0911 2.390 2420
EW;r [ 0952 0.898 1.190 1.250 1.300 0.983 2.610 2.670

Table A.2.11: Simulations for 3 with scaled t design and errors when ¢ = 3 and 8 = 1

SNrx 2 2 2 2 1000 1000 1000 1000
p 0 0 0.8 0.8 0 0 0.8 0.8
55, S 3 15 3 15 3 15 3 15

LS 0.950 0.906 0944 0918 0918 0.874 0.950 0.948
SILM | 0.894 0.704 0.890 0.874 0.874 0.746 0.052 0.008
AveCov | EW; | 0.638 0.644 0.820 0.832 0.840 0.694 0.926 0.940
EW;; [0.682 0.716 0904 0.906 0.890 0.746 0.962 0.984
EW;r [ 0724 0.766 0944 0952 0.908 0.792 0974 0.994
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Table A.2.12: Simulations for ai with s, = 15

Distribution z zZ e e t t
p 0 0.8 0 0.8 0 0.8
LS 0.762 0.734 0.768 0.816 0.892 0.906
CHIVE, 0.134 0.492 0.152 0.464 0.228 0.460
CHIVE, 0.380 0.584 0.392 0.560 0.408 0.554
AvgCov | CHIVE, 0.514 0.676 0.554 0.638 0.540 0.674
CHIVE,4 0.646 0.740 0.632 0.698 0.624 0.690
EW; 0.328 0.696 0.422 0.732 0.388 0.652
EW;, 0.628 0.756 0.630 0.784 0.588 0.786
EW/r 0.690 0.606 0.672 0.690 0.718 0.816
LS 1.450 1.440 1.500 1.850 1.990 3.080
CHIVE, 0.538 0.873 0.583 0.999 1.060 2.140
CHIVE, 1.410 1.550 1.420 1.670 1.810 2.700
Avglen | CHIVE, 1.910 1980 1.910 2.090 2.270 3.070
CHIVE; 2.310 2.320 2.300 2.440 2.630 3.380
EW; 1.200 1.370 1.260 1.640 1.720 2.830
EW;; 1.280 1.340 1.320 1.630 1.790 2.820
EW;; 1.230 1.250 1.270 1.560 1.770 2.780
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Table A.2.13: Simulations for o2 with s, = 15

Distribution zZ zZ e e t t
p 0 0.8 0 0.8 0 0.8
LS 0.874 0.864 0.870 0.848 0.876 0.864
SL 0.308 0.646 0.386 0.620 0.466 0.606
AvgCov | RCV-SIS 0.004 0.238 0.006 0.256 0.012 0.254
EW; 0.514 0.630 0.554 0.650 0.532 0.648
EW;, 0.026 0.362 0.042 0.358 0.058 0.376
EW/ ;s 0.000 0.110 0.006 0.092 0.002 0.126
LS 0.481 0462 0.467 0478 0479 0.483
SL 0.781 0.702 0.766 0.722 0.753 0.717
Avglen | RCV-SIS 1.030 0.711 1.030 0.746 1.210 0.724
EW; 0.613 0.498 0.600 0.515 0.589 0.507
EWy; 0.676 0.536 0.660 0.553 0.644 0.541
EW/ ;s 0.793 0.605 0.770 0.623 0.746 0.604

A.2.2 Proofs

A.2.2.1 Proofs for Section 2.2.2

Lemma A2.1. Consider the models given in equations (2.2.1) and (2.2.2). Under assumptions
(2.1), (2.27%), and (2.3),

n'e

L
(%) = N(0,1).

Proof. By the Spectral Theorem, there exists a unitary matrix I' and a diagonal matrix D such that
Y. = I'DI'". Since € and 7 are both Gaussian and independent, there exists Gaussian vectors
¢~ N, (0,1, and &€ ~ N, (0,,1,) such that

L
,’,IT8 £ anCTD1/2€-
Then, by the Lindeberg Central Limit Theorem, it follows that

.
(D¢ ¢ N(0,1).
tr(D)
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Noting that tr(D) = tr(X) finishes the proof. O

Proof of Theorem 2.3. The proof follows by combining Lemmata 2.15, 2.16, and A2.1. U

A.2.2.2 Proofs for Section 2.2.3

Similar to the setting where ¢ = 1, we will proceed in a few stages.

Lemma A2.2. Consider the models given in equations (2.2.1) and (2.2.2). Under assumptions
(2.4) - (2.6),

L H<N_ZAEW>T<N_zAEW)H — on(V).
2. H(N_zAEw>THH = op(V/n).
3.

-1

n ((N - ZAEW>T (X - ZAEW>) L >

" T "
Proof. Indeed, note that <N — ZAEW> (N — ZAEW> is a positive definite matrix. By ¢ appli-
cations of Lemma 2.15, each diagonal element is op(+/n), which proves the first claim. For the
second part, Lemma 2.15 again shows that each diagonal element is op(y/n). It is left to show that

each off diagonal element is also op(/n). By symmetry, it suffices to consider the (1,2) element
~ T A
of <N — ZAEW) H. For simplicity, we write v to denote the first column of IN, dgw to denote

the first column of AEW, Wy, to denote the exponential weights of 5Ew, 7 to denote the first column

of H, and £ to denote the second column of H. Then, the (1, 2) element can be expressed as

<V_Z8EW)T€ = Z meTPrJ;lg_ Z wmnTPm£

meMy, meM,,
1
= Y whPné—5 O wm[Pu €+l
meM,, mEMu
1 2 1 2
mG/\/lu meMu
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Applying Lemma 2.13 and Corollary 2.6.1 proves the second claim. Finally, note that

N T N
H (X _ ZAEW) (X _ ZAEW> Sy

2

< H (N _ ZAEW)T <N _ ZAEW) 42 H (N _ ZAEW)TH

2 2

+|[H™H — nXgl|,.

We have already shown that the first two terms are op(y/n). For the last term, by the Law of Large
Numbers, it follows that

HHTH — nEHHQ = op(n).

Therefore,

1 T o\ P
n

Since Xy is assumed to be invertible, applying the Continuous Mapping Theorem finishes the

proof. ]

Proof of Theorem 2.4. For convenience, define the following matrices

AL ((X _ ZAEW>T (X _ ZAEW>) ,
R T

B2 (N _ zAEw) H,

c2 (N - ZAEW>T (N - ZAEW> .

Applying Lemma 2.15 to each row separately, we see that

BEW =/nA™" <X — ZAEW>T <y - ZéEW)
—VnA~ (H'HB+H'e +R),

where ||R||; = op(y/n). But, from Lemma A2.2, we have that

nlla=, = =2,
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which is finite since 3 is invertible by assumption. Therefore,
[Vaa R < (o] A],) (2 IRIL) 5o
Now, note that
HH=A-B-B"-C.
Hence,
VRAT'H'HB = v/n8 — vnA™' (B+B" +C) 8.

Again, by Lemma A2.2,

[Vaa~ (B+BT+0) B, < (n[[A]},) (2 [B+ BT +C],) 8], 5 0.
Finally, by the Multivariate Central Limit Theorem,

n~?HTe 5 N, (0,,028y) .
Since nA~! 5 31,1, it follows by Slutsky’s Theorem that
VnA~T'H e 5 N, (0,075,

which finishes the proof. 0

Proof of Proposition 2.5. This follows from Lemma A2.2. [

A.2.2.3 Proofs for Section 2.3.1

Proof of Proposition 2.7. Letting < denote the least-squares estimator for -, it is known that 4 is
efficient for estimating ~ in the low-dimensional linear model. Since Z is assumed to be of full
rank, there exists a smooth re-parameterization of the problem given by (v, 0?) — (02,9,02),
where (ai, 19) is the polar representation of || Zs vy ‘ ‘; Taking the bowl-shaped loss to be quadratic

in the first component, the result follows from the arguments of Section 2.3 of Bickel et al. (1993)

since HPsvy”z = HZ’?H% O

The proof for Theorem 2.8 will rely on the proof of Theorem 2.10 from Section A.2.2.4.
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Proof of Theorem 2.8. Indeed, we may write
1 s 1 2 2 1 1 9
— = — —pn e+ —|e
n (N4l 0 [ells + n“ + n el

Note that, from equations (A.2.2.3), (A.2.2.4) and (A.2.2.5), it follows that

1 2
2 1 2, 4T —1/2
Gt =~ ully + > pTe + op (n777),
1 2
~2 —— 2 =, T —-1/2
O Il " [ pell + n# €+ op (n ) )
. 1 2 -
Grar = mly + ~pe +op (n71/%).

By the Multivariate Central Limit Theorem, it follows that

- o2\ e ((0) (50
\/ﬁ< 2n'uTe N 0/ °\0 40%202) |

Applying the Cramér-Wold device finishes the proof. [
Proof of Proposition 2.9. Indeed,
R . 2 R . 2
== (82 = 02) + (i, — 1)) +2 (i — ) = (52 = 02) )
7j=1
_ln 2_22171 ivo—u) Lo (n. — _A2_22
= > (=) + n 2 (O = )™ +2 (i — ) = (5 = )
j=1 J=1
2 A ) .
T > (i —op) ((”j =)+ 2 (1 — ) by — (67— 05)) :
j=1
Applying the Law of Large Numbers yields
(A.2.2.1)

IS (i -02)? B,
n (“J M =
j=1
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By the triangle inequality and Cauchy-Schwarz, it follows that

—Z( ) 2 () (0 ))

n

4 N 4 8 “ 2 ~ 2
< A= plli+ oY (= ) i+ 4 (67— o))
j=1
4o a8 A )
< Dl Sl 4 (52— o).

9 P . L .
From Theorem 2.8, we see that ai — ai. Therefore, combining this with Proposition 2.1 shows
that

L/, R . 2
o > <(“j — 1) 2 (i — )y — (62— UZ)) =0, (A22.2)

i=1

Now, by another application of Cauchy-Schwarz,

—Z! o) (= )"+ 2 (i, = )y = (52 = 2))|

n 1/2
2 . 2 . . 2
<5 (Z <(”j =)+ 2y — )y — (05 - Uﬁ)) )
j=1
n 1/2
<(S-ar)
j=1
From equations (A.2.2.1) and (A.2.2.2), it will follow that
—Z\ o) (it — )" +2 (it — )y — (62— 02) )| o
Combining the results finishes the proof. 0

A.2.2.4 Proofs for Section 2.3.2

Proof of Theorem 2.10. Indeed, note that

X 1 R 1 _
2=~ (ln—aly+e" (=) + lels) = — llelly +op (n71%), (A22.3)
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where the last equality follows from Proposition 2.1 and Lemma 2.15. Next, some algebra shows

that 63’ ;77 may be decomposed as

1
n

~2

1
o2 = lel3+ = > wmy (|[Prn]’+ 21 Phe)

meM,,,

. Z Z Wi,y Wm,y (NTPﬁPiU + ETPkPme) :
n keEMy, mEMy,

Applying Corollary 2.6.1 yields

LSty (PR + 207PEe) = on (17172,

n
mGMuW

For the other term, it follows from Cauchy-Schwarz, Lemma 2.13, and Corollary 2.6.1 that

% Yo Y wiytmy (0 PiPrp+ e PiPre) = 05 (n?).

kEMu,Y mGMu»Y

Thus, this implies that
1
~2 2 —1/2
6carr = llellz + or (n 2. (A2.2.4)
Now, by Jensen’s inequality,
2 ~2 2
0.1 <0211 <0211

Therefore, we may conclude that

. 1 _
62 = llelly +op (n712). (A2.2.5)
The asymptotic distribution for all three estimators follows by applying the Central Limit Theorem,

which finishes the proof. [
Proof of Corollary 2.3.2. Indeed,

R 1 _

720 = Ll + o (177
From the proof of Lemma A2.1, we may apply the Spectral Theorem to obtain the following
decomposition: ¥, = I'DT'. Then, for £ ~ N, (0,,1,), it follows that D1/2£ £ €. A direct

variance calculation for n~' ||D/ 2£H§ finishes the proof. O
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Proof of Proposition 2.11. The proof is similar to the proof of Proposition 2.9.
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APPENDIX 2

Appendix of Chapter 3

A.3.1 Proofs

A.3.1.1 Proofs for Section 5.3

We start with a simple lemma, which is a consequence of Lemma 6.3 of Law and Ritov (2021b).

Lemma A3.1. Consider the model given in equation (3.1.1). Assume (3.1), (3.2), (3.3), (3.4), and
(3.5). Then,

IPzow (y — XBew)ll3 = |Pzow (Zv + €)|[5 + op(n7),
IPiz.w)(y — XBew)l2 = [IPiz.w)ellz + oz(n").

Proof. Indeed, we may expand the left hand side to obtain

Pzew(y — XBEW) = |[|Pzew(p — XBEW)H% +2(p — XBEW)TPZ6W<ZV +€)
+ [|[Pzew (Zv +€)]]3.

By assumptions (3.2) and (3.3), it follows that Psx,(Zv + ¢) ~ SG(K, Anax(ZZ7) + K.). Thus,
applying both parts of Lemma 6.3 of Law and Ritov (2021b) yields

IPzew (1 — XBew)ll3 = op(n"),

2(p — XBew) Pzow (Zv + &) = 0p(n”).
This proves the first claim. The proof for the other claim is identical and is omitted. [
Proof of Theorem 3.1. Indeed, expanding the numerator of F}4, we have that

Tié(x&w)“PZ@(Xs,W)yng = 7Eé(xs,vv)HPZG(XS,W)(ZV +e)ll3.
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For Fgw, using Lemma A3.1, we may similarly expand the numerator to obtain

raowlPzew(y — XBew) 3 = rzbwlPzew (Zv + €)|3 + op(n™ ).

Since Z © (Xg, W) C Z © W, by Pythagoras, we have that

rzew Pzew (Zv + €) |5 = rzew IPzexew) (Zv + &)l + rzew | (Pzew — Pzoxs,w))(Zv + €)|l5.

Note that rank(Xg) = s, so rank(Pzew — Pzoxg,w)) = rzew — rzexg,w) < s, implying that

rzew X I'zo(Xg,w) Dy assumption (3.5). Therefore,

rzew|Pzow (Zv + €)[5 = 728 x s w) I Pzoxsw) (Zv + €)1 + op(n™ 7).

By a similar argument, it can be shown for the denominators that

-1

"' xg,2,W)L HP(LXS,Z,W)YHg = T(_ZI,W)L HP(LZ,W) (y - XBEW)”% + OP(nT_l)'

Dividing the last two displays finishes the proof. 0

Proof of Theorem 3.2. We start by recalling the definition of ¢,

PFEs = 1 (FEW > FTZ@W:T(Z}W)J_#;) .
Applying Lemma A3.1, we may lower bound Fgw by

Foy = Pzow (Zv + €)|13/rzew
P zw)Ell3/ 72w

Amax.r P YAYAN + 02
> ’ Z@W( ZoW Z@W) UaF B + O]P’(nT_l)

"ZOW:T(z,w)

+ O]p(’fLT_l)

2
O

h 7—1 2
oY% +os(n™ ),

— 2 TZ@W”’(Z’W)J_
0-5

We would like to show that, for n sufficiently large,
Prty (Fow > Fraonor gy ) Pt (Fow < Frpongrgyi) < 1
It suffices to show that

Pr, (Few > F, > 6.

Z@W:T(Zyw)J_ 76>
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We start by providing an upper bound on F:. . 5. From Lemma 1 of Laurent and Massart

ZOoW ’T‘(Z,W)

(2000), it follows that, for a X?z random variable,

P (X?z > d +2Vdx + 235) < exp(—1),
P (X?z <d- 2\/d_y) < exp(—y).

Therefore, it follows that, for any =,y > 0,

]P><F 14 2\/x/rzew + 2x/rzew

rzew,T (z w)Ll 1-2 y/T(z7W)l

> < exp(—x) + exp(—y).
By choosing =,y > 0 such that
exp(—) + exp(—y) <4,

then

142 2
+2Va/rzow + 20/rzew 1+ 0n72).

F.
1-2 y/r(z7w)L

Zewyr(Z,W)L,cS =
Let a, b > 0 be constants that will be chosen later. Define the event .7 as

T £ {szew > rzgew — 2\/Tzowa, Xz(z,w)l- <rew) +24/rzw)yLb+ 2b}.
Again, by Lemma 1 of Laurent and Massart (2000),
P(7°) <exp(—a)+exp(-b).
On .7, it follows that

F =1+0(n 7).

TZ@WJ‘(Z’VV)J_
Now,

Py, (FEW > Frzew,r(zyw>L,§) > Py, (FEW > Frz@w,rmw)bé, 9)

> PH1 <M (1 + O(n_l/Q)) + OP(nT—l) > (1 + O(n—l/Q)) : 9) '

2
O¢

Noting that 7 — 1 > —1/2 and letting h be sufficiently large, independent of n, finishes the
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proof. O

Proof of Theorem 3.3. The proof is an immediate consequence of Theorem 3.5 by setting v to

follow a degenerate distribution at zero. [

Before proving Theorem 3.4, we present an extension of Proposition 2.1 of Law and Ritov
(2021b) to the setting of out of sample prediction for exponential weighting with Gaussian designs.

Consider a high-dimensional linear model given by
y =XB+e, (A3.1.1)

with X € R™?,y. e € R", and || 3]l = 5, = 5. Let XV, X2 € RY2*P and y(I), y?) (1) £(2)
R™? be the data obtained by data splitting into two equal halves. For m € M, denote by BSI)
(X(l)TX(l))_X(l)Ty(l). Then, the exponential weights are given by

> m

(1)
exp (L y® - X0 B 1)

1) 7@ '
Sem, o5 (~L Iy - XPUB )

wly) £

Define Bi) and zbr(ﬁ) similarly. Then,

P a2 @) a0

meM

Lemma A3.2. Consider the model given in equation (A.3.1.1). Assume that the rows of X
are independent and identically distributed N,(0,, X x) with max(diag(Xx)) = O(1) and € ~
N, (0, afIn). Assume further that the chosen sequence of sparsities u,, = u > s for n suf-
ficiently large with u = o(n”/log(p)). If Xpew ~ N,(0,, Xx) is independent of X and & and
a > 16 max(diag(Xx), 02), then

. 2
T —
E (xp(B - 8)) = o(n™).
where the expectation is over the joint distribution of Xy, X, and €.

Proof. By properties of the Gaussian distribution, for any m € M, there exists vectors 8,,, € R"
and £,,, € R" such that

X8 = X0, + &,

Here, the vector 6., is a fixed vector of regression coefficients and &,, ~ N, (0, Ugvan) is inde-
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pendent of X,. Similarly, x.,8 = X[, 1n0m

+ &ew.m- Then, by convexity, it follows that
- 2
E <XnTew(/6EW - B))

2
< 2E { > i) [l (X2 TXE) XD (X200 + €2 + &) — 0 )~ Eupnn }

meM

2
+9E { > 0 el (X0 XD XD (X0 + € + 1) — O ) — Encum } -
meM

By symmetry, it suffices to only consider the first term. Note that

{5 e (XXX X0 542~ 0n) €]}

meM

2
- 2{ 3 ol s X)X € ) |

meM
2
<2y s { ( KX X € + )}
meM
+2 Z m new m) :
meM

Now, a direct calculation shows that

w0 T @y -x@Te@ o+ N\ _ (%
———

meM

By assumption, since u = o(n” /log(p)), it follows that

> { ) (e (X XE) X2 (€ + )" | = o).

meM

Hence, it is left to show that

meM

To this end, for an arbitrary fixed value of ¢ > 0, define
A E2{meM: o7, <tn"'}.
Since B = B¢ with ||B]|o = s and u > s for n sufficiently large, then S € A, for n sufficiently
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large. Now,

S RN wm) = Y E(0m) + > E (00 € m)

meM meA; meA,;

<t 4 ) E (0 € m) -

mGAt

Form € M, write PEER to denote the projection onto the column space of Xg). Then, form € A¢,

2,
5=
IN

D

)

o
/|\
Q|+

(182~ PER + D) Lz - PP)IE) )

)T

1
< exp (—5 (11T = PRIERIB + 2607 (L2 — PRIEL + [PY e} - HP&)e(”Hé))

)T

1
< exp (—5 (11 T2 = PLIEDIS + 26T (L2 — PLIED + ||PS>e<”H§)) .

Now, by the Cauchy-Schwarz inequality, it follows that
9 1/2
i) < {Boww | -2 (1,2 - PRIENIE + 1PYe ) |}
o

- {E‘”‘p {‘é&“”an/z - PEQ)sfif] }
(8]

1/2

A direct calculation yields,

) 4o\~ g2\ 2

Bowp |2 (I ~ PRIEWIE + IPPeVE) | < (14 5m) (%)
4 T 1602 o> —(n/2-u)/2

E exp {—55(1) (In/2 - Pg))ég)} < (1 - 22 ) :

Using the inequality
(1 —22)7"Y2 < exp(22? + )

for |x| < 1/4, it follows that

o2 (n—2u 4(o2  + o2 6402 o2 2 82

4o o 1%
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By the choice of a,

o o3
then
1 2 2 2 2 2 2
Eil) < exp in (n — 2u) - 4(0F p + 07) N 640¢ 1,02 _ouf, 802
4o o o3 2cy o
since m € A§. Therefore,
Z E (ﬁr(xll)é‘ﬁew,m) — 0.
meA;
Combining these calculations, it follows that
limsupn'™" Z E (w,&?sﬁew,m) <t.
n—oo mEM
Since ¢t > 0 is arbitrary, this implies that
Z E (wr(xll)giew,m) O(nT_1)7
meM
which finishes the proof. [

Proof of Theorem 3.4. Note that (Z © W) @ (Z, W)+ & C(W) = R", where C(W) denotes

nxr

the column space of W. Then, let Uzew € R""26W (respectively Uz w)r € R

(Z,wW)L)
be a matrix with orthonormal rows that spans Z © W (respectively (Z, W)1). Denote by U &
R™*("26WHTzw)L) the orthogonal matrix where U = (Uzew, U(zw)L). By properties of the
Gaussian distribution, UT X has rows that are independent and identically distributed NV,,(0,, X x)
and the entries of U e are independent. Thus, we partition UTX into two parts, Uy, X and
U(TZ’W) L X, with U(Tzw) . X being further decomposed into X and X®. Thus, UlowX, X,
and X® have independent and identically distributed rows. By Lemma A3.2, it follows that

E[UzewX(Bew — B3 = o(n™'rzew).
But, since Uzew Uy w = Pzow, we have that

EHPZ@WX(BEW - B)H% = O(HT_ITZ@W)‘

134



Next, since v and Pzowe are independent of BEW, standard arguments show that

(Zv + E)TPZ@WX(BEW —B) = OIP(”TATZ@W)-
Therefore,

IPzew (y — XBew) 3 = [PzewX(Bew — B)II3 + 2(Zv + €) "PzewX (Bew — 5) + |Pzew (Zv +¢)|3
= |Pzew (Zv +€)lz + op(n" 'rzow).

From Lemma A3.1, we have
1P zw) (v — XBew) I3 = [IPzw)ell3 + os(n7).

Now, the remainder of the proof is identical to that of Theorem 3.1 and is omitted, which finishes
the proof. 0

A.3.1.2 Proofs for Section ??

Lemma A3.3. Assume (3.4) and (3.5). Then, 02 =< n.

Proof. By a direct calculation, we have that

n-+q
o7 = Var (£7Q€) = HSZQHMV > QL
t=n-+1
+2 Z Q}; (02 1<icn + 0o lni1<i<nig)

ij

2 2
X (0 l1<jen + 0 lnt1<j<ntq)-

Therefore,

min(ke, £y, 207, 20,)||Q|lfs < Var (€7QE) < max(ke, #, 202, 20,)[| Qs
Expanding Q?, we see that

Q = Pzow + T%QWT(ZW) P(LZ w) T PzewZZ Pzow PzowZ + PzowZZ'ProwZ
Z'Pzew + Z"PzowZZ Pzow Z'ProwZ + Z'PzowZZ ' ProwZ
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Thus,
1Qllis = t1(Q°) = r2ew +12ewr Zw): + 2t1(PzewZZ Pzew) + tr(ZTPzewZZ ProwZ).
Now,

2 -1 2 2 -1 T T
I'zew + Tzew (z,w)L < 1Qllgs < rzew + Tzew" (z,w)L + 726w Amax (ZZ ") (2 4+ Anax (ZZ7)).

Invoking the two assumptions finishes the proof. 0

Proof of Theorem 3.5. Recall from the calculations in Section 3.3.1 that
= [tr(Z"PzowZ)] " (£7QE + 0p(n'/?)) .
Thus,
o tr(ZTPzowZ) (62 — 02) = 0. (€7 Q€ — 02 t1(ZTPzewZ)) + o top(n'/?).
For the first term, noting that

EE'Q¢ = 0, tr(Z"PzewZ),
Var(€'Q¢) = o2,

we may apply Theorem 5.1 of Jiang (1996) to conclude that
0. (£7Q€ — o2[tr(ZTPrewZ)]) 5 N(0,1).
For the other term, we may invoke Lemma A3.3 to obtain
ot op(n'/?) = op(1).

This finishes the proof. [
Lemma A3.4. Consider the model given in equation (3.1.1). Assume (3.1), (3.2), and (3.5). Then,
.o P
(T — 0
Proof of Lemma A3.4. Indeed, from Lemma A3.1,

62 =g wyeIPzwel: + op(1).
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Now, by the Hanson-Wright inequality (Theorem 1.1 of Rudelson and Vershynin (2013)), for any

constant a > 0,

a? a
P (||Pizwiells — o2rzwye| > a) < 2exp <—cmin (—,—)) (A3.1.2)
( (z,wW)=1l2 e (Z2,W) ) Kgr(sz)L K&?
where ¢ > 0 is a universal constant. Setting a = r?é4w) , , it follows that
3/4
P (1Pt wyell3 = o2ram:| > 1igw: ) = 0.

This implies that

P
(zvv LHP(ZW 5”% — 03,
which finishes the proof. 0

Proof of Proposition 3.6. Temporarily, let A = ||P zw) (B — X Bew ) |l4. Then,
HP(LZ,W)E”AL A< HP(ZW (v — XBEW)H4 < HP(LZ,W)€H4 + A. (A.3.1.3)

Now, applying Lemma 6.3 of Law and Ritov (2021b),

A < [P (1= XBew)llz < 1 — XBewllo = 02(n'"*).
Let t,, be a sequence depending on n that will be chosen later. Define the event .7 as

7 2 {|IPwells > tan}.
By norm equivalence, we have that
Pizwells > n [Pz wellz.

Setting a = O'ST(Z7W)L/2 in equation (A.3.1.2), it follows that

. 027"(2 W)L T(Z W)L
P (HPé_Z,W)E|’§ > Ugr(z’w)J_/2) < 2exp (—cmm ( e 4K’§ : 2K52 )) )
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Therefore, choosing t,, = /(027 (zw)+)/(2n), we have that

027’ LT 1

. e (Z,W) (Z,W)

P >1-2 — — 1.
(g) exp< cmm( 1 f} s B 3 ))

Note that lim inf,_,, ¢, > 0 by assumption (3.5). Thus, on .7 for n sufficiently large, it follows
that

||P(LZ,W)€||4 —A>0.
Now, raising all terms in equation (A.3.1.3) to the fourth power, we see that
(IPzwels = 2) 15 < [Pl w) ¥ - XBewllils < (IPiwelli +4)" L.

Expanding the left and right hand side and using the fact that A = op(n'/*), the above implies that

IPizw)(y — XBew)lliLls = [Pizwellils + os(n).
Recalling that n = mgq, Lemma A3.4 and the above calculations show that

@:lg = g 'm?|Pizwellils — 3(m — 1)otl 5 + op(1).
A direct calculation yields
¢ 'mE|| Pz wielli = 3(m — 1)o? + w..

Now, since Z = I, ® 1,,, P(LZ,W) is a block diagonal matrix, with ¢ blocks of m~'1,,17 . Hence,
we may partition P(iz’w)e into ¢ blocks of length m, whereby each block is independent and

identically distributed. Then, it follows by a law of large numbers that
_ P
q 1m2HP(LZW)@:Hf1 = 3(m —1)o? + w,.

Thus,

~

(We —we)l g = op(1).

Since P(.7) — 1, this proves the claim. O
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A.3.1.3 Proofs for Section ??
Proof of Proposition 3.7. Indeed, from the calculations in Section 3.3.1, we have that
52 = [tr(Z"PzowZ)] " (£7QE + op(n)) .
By a variance calculation, we have that
Var([tr(Z"PzowZ)] €7 QE) = o2[tr(Z PzowZ)| 2.

Applying Lemma A3.3 and assumption (3.10) shows that Var([tr(Z"PzowZ)] '¢7Q€) — 0.
Noting that [tr(ZTPzowZ)]'E£T€ = o2 proves the first claim. The proof for 52 is analogous.
Finally, the last claim that 52 5 o? is identical to the proof of Lemma A3.4, which finishes the
proof. [

Proof of Lemma 3.8. By independence, the joint distribution of (v, v, ) is given by

2
v Ov O-Z/I’U 0v><r 0v><n
2
~ ~ v+r+n Or ) 0r><v O-fyIr Orxn
2
€ 0, Onxo  Onxr O-gIn

Therefore, the joint distribution of Y and 7 is given by

AN I 0,227 + 0 WWT + 021, 02277
n A\ ) 2277 2277 ) |

By standard results on the conditional mean of 1) given y, it follows that
E(nly) = p+ 0?ZZ7 (62ZZ" + o'WW +0%L,) " (y — ).

which finishes the proof. [

Proof of Theorem 3.9. From Proposition 3.7, it follows that

~2 2 62 2 2 2 ~2 2 2
o,=0,+0, o, =05+ 0] 0. =o0.+0Z,

where 62, 62, and 6?2 are all op(1). We write 62 = max{62, 52, 62}. Define

vo Yo vy Yyr Ve

Y E£0,22" +0oWW' 4021,
A 2527 + W' + 521,
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Note that 3 is positive definite and A is invertible almost surely. Then, by the Matrix Inversion

Lemma,

1

E+A)'=x'- ' (Aat+3) B

Some algebra yields

New =Hew + 0,22 (6,227 + ZWW' + 5621“)_1 (y — ftgw)
=fey + (‘73 + 53) Z7' (2 + A)_l (Y — Bew)
= (Ppw — p) + (UZ + 55) 27" (2 + A)_l (1 — few)
+ 02227 (2 + A) ' (Zv + Wr +¢)
—0?ZZTE N (AT 2 T) T ST (Zr + Wy +6)
+pu+ 222" (Zv + WAy +e),

where we have added and subtracted © and applied the Matrix Inversion Lemma. From Lemma
3.8, recall that

Noracte = M+ 0 ZZT S (Zv + Wy +€).
Define € £ Mgy — Morace- Therefore,

— ~ 2 ~ 2 — 2 ~
n ! (HnEW - 77”2 - Hnoracle - 77”2) =n ! (”€H2 + 2£T (noracle - 77)) :

We will prove each of the two terms on the right hand side are op(1). Before doing so, we prove a

few useful facts to facilitate the remainder of the proof.
M 2[5 =0(1).
(D) [|Zv + W~ + €||2 = Op(n) and ||Zv |3 = Op(n).
(D) [|A[JZ = op(1) and [[(Z + A)7H3 = Op(1).

(D) is immediate since X by the triangle inequality and assumptions (3.4) and (3.11). The first part
of (II) follows from the fact that

1Zv + W + €13 = Anax (2) X5 = Op(n),

where < denotes stochastic ordering and A, (3) = O(1) by assumptions (3.4) and (3.11). The
second part of (IT) is similar. Finally, for (IIT), the first part follows from 62 = 0 and %], = O(1).
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For the second part, note that the minimal singular value of 3 is bounded away from zero. Since
52 5 0, it follows that for n sufficiently large, the minimal singular value of 3 + A is bounded
away from zero. This proves all three claims. We can now show that ||£||5 = op(n), which we

show in parts. To this end, note that

(T, = (07 + ) ZZT (S + A) ™) (fagw — w13
< Lo = (o) + 5)ZZ7 (3 + A) 73 A — 3
= op(n).

Similarly,

|62ZZ7 (2 4+ A) " (Zv + WA +¢)|3
< GINZZT(3) (2 + A) M3 Zry + Wy + €3
= Op(l).

For the last term, we apply the Matrix Inversion Lemma again to obtain
A+ Hl =A-AA+T) A,
Hence,

162ZZTEH (AT + T H IS Zy + WAy + ¢)||2
<o || ZZT =7 ALT, — (A + ) TA3]|Zr + WA + €3

= op(n).
Combining these three results with the triangle inequality, this proves that
€113 = or(n).
For the other quantity, we have that

1Toracle — M3 = 110222757 (Zv + W + €) — Zv |3
< 2||62ZZTE "N (Zv + WA +€) |3 + 2||Zv |2
<20,||1ZZ7 3|27 5| Zv + Wy + €3 + 2||Zv || 2%,
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Applying all three facts from above demonstrates that
Hlﬁoracle - 7’”% = OP(”)
Using the Cauchy-Schwarz inequality yields

2‘€T(/ﬁoracle - 7’)’ < 2H€H2H7~70racle - nH2 = OP(n)7

which finishes the proof.

A.3.2 Additional Simulation Results

In this section, we include all the simulation tables for Section 5.4.

Table A.3.1: Simulations withd =0 and s = 3

Simulations withd = 0 and s = 3

aﬁ 0 0 0 0 1 1 1 1
Distr z z e e z z e e
P 00 08 00 08 00 08 00 o038
EWs 10.04 003 005 004 0.00 0.00 0.00 0.00
SLg 0.04 0.03 0.04 0.04 0.00 0.00 0.00 0.00
LSg 0.03 0.03 0.05 0.05 0.00 0.00 0.00 0.00
Type /Il | LD 0.02 0.01 0.02 0.02 0.00 0.00 0.00 0.00
Error EWgs | 0.12 0.12 0.09 0.11 0.00 0.00 0.00 0.00
SLgg | 0.13 0.11 0.09 0.12 0.00 0.00 0.00 0.00
LSgs | 0.10 0.10 0.09 0.10 0.00 0.00 0.00 0.00
EWg [ 1.00 1.00 099 T1.00 093 093 0.8T 0.81
SLg 1.00 1.00 0.99 1.00 094 092 0.82 0.82
LSg 1.00 1.00 099 1.00 094 093 0.82 0.82
Average | LD 098 099 097 098 097 096 0.87 0.86
Coverage | EWgg | 0.95 096 095 096 0.89 091 0.89 0.90
SLsg | 095 095 095 094 090 0.90 0.89 0.89
LSsg 1094 095 095 095 092 091 090 0.91
EWs [10.04 004 004 004 043 043 043 042
SLg 0.04 004 0.04 0.05 043 043 043 043
LSg 0.04 004 004 0.04 043 043 043 043
Average | LD 022 022 022 022 024 024 024 0.24
Length EWgss | 0.04 0.04 004 004 042 042 0.60 0.60
SLsg | 0.04 0.04 0.04 0.04 042 042 0.61 0.60
LSggs | 0.04 0.04 004 004 042 042 0.61 0.61
EW 0.01 0.02 001 0.02 0.19 0.19 0.18 0.19
Average | SL 0.03 0.03 0.03 0.02 021 020 0.21 0.19
Loss LS 0.01 0.01 0.01 0.01 0.17 0.17 0.17 0.17
LD 0.00 0.00 0.00 0.00 0.17 0.17 0.17 0.17
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Table A.3.2:

Simulations with d = 200 and s = 3

Simulations with d = 200 and s = 3

o2 0 0 0 0 1 1 1 1
Distr z z € € z z e e
p 00 08 00 08 00 08 00 038
EWs [ 0.04 0.03 0.05 0.04 000 0.00 0.00 0.00
Type /Il | SLg | 0.04 0.03 0.04 0.04 0.00 0.00 0.00 0.00
Error LSg | 0.03 0.03 0.05 0.05 0.00 0.00 0.00 0.00
LD 0.02 0.01 0.02 0.02 0.00 0.00 0.00 0.00
EWg [ 1.00 T1.00 099 T1.00 093 093 0.81 0.81
Average | SLg | 1.00 1.00 0.99 1.00 0.94 0.92 0.82 0.82
Coverage | LSg | 1.00 1.00 0.99 1.00 094 0093 0.82 0.82
LD 098 099 097 098 097 096 0.87 0.86
EWs [ 0.04 0.04 0.04 0.04 043 043 043 042
Average | SLg | 0.04 0.04 0.04 0.05 043 043 043 043
Length LSg | 004 004 0.04 0.04 043 043 043 043
LD 022 022 022 022 024 024 024 0.24
EW 001 0.02 001 0.02 0.19 0.19 0.18 0.19
Average | SL 0.03 0.03 0.03 0.02 021 020 0.21 0.19
Loss LS 0.01 0.01 0.01 0.01 0.17 0.17 0.17 0.17
LD 0.00 0.00 0.00 0.00 0.17 0.17 0.17 0.17
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Table A.3.3: Simulations with Gaussian errors when s = 15
Simulations with Gaussian errors when s = 15
o2 0 0 0 0 1 1 1 1
d 0 0 200 200 0 0 200 200
p 0 038 0 038 0 038 0 038
EWs; [0.05 0.05 0.05 005 0.00 0.00 0.00 0.00
SLg 0.04 0.04 0.04 0.04 0.00 0.00 0.00 0.00
LSg 0.04 0.04 0.04 0.04 0.00 0.00 0.00 0.00
Type /Il | LD 0.03 0.03 0.03 0.03 0.00 0.00 0.00 0.00
Error EWss | 0.12 0.09 - - 0.00 0.00 - -
SLsg | 0.15 0.11 - - 0.00 0.00 - -
LSsg | 0.12 0.09 - - 0.00 0.00 - -
EWg 1099 099 099 099 085 084 0.85 0.84
SLg 098 099 098 0.99 0.86 0.88 0.86 0.88
LSg 099 099 099 0.99 0.89 090 0.89 0.90
Average | LD 097 097 097 097 095 095 095 0.95
Coverage | EWgg | 0.94 0.95 - - 0.84 0.82 - -
SLsg | 095 0.95 - - 0.86 0.89 - -
LSsg | 0.95 0.96 - - 090 091 - -
EWs [0.05 0.05 0.05 005 042 042 042 042
SLg 0.05 006 0.05 0.06 044 045 044 045
LS 0.05 005 005 0.05 043 043 043 043
Average | LD 022 022 022 022 024 024 024 0.24
Length EWss | 0.04 0.04 - - 042 041 - -
SLsg | 0.05 0.06 - - 043 045 - -
LSsg | 0.04 0.04 - - 042 042 - -
EW 0.04 006 0.04 0.06 022 025 022 0.25
Average | SL 0.17 045 0.17 045 043 0.61 043 0.61
Loss LS 0.02 0.02 0.02 0.02 0.19 0.19 0.19 0.19
LD 0.00 0.00 0.00 0.00 0.17 0.17 0.17 0.17
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APPENDIX 3
Appendix of Chapter 4

In Section 4.3, we use the following assumptions.

A.4.1 Some Technical Lemmata

In this section, we provide some technical lemmata regarding the trigonometric basis that are used
in the proofs. We start with a lemma regarding the fourth moments of the trigonometric basis

functions.

Lemma A4.1. Let a,b,k,l € N be fixed positive integers and ()52, denote the trigonometric
basis as defined in Definition 4.1.1. Then,

/0 cal)on(t)u(t)u(t)dt

Outb kel + Oatbtkd + Oatbrik T Oathtp + Oaptkri + Oatkprl + Oati btk
+ 611 (Oatb e + Oathep + Oaprk) + k1 (Oatos + Oatip + O ptr)
+ 05,1 (Oathet + Oatie + Oaprt) + a1 (Oorkt + Optik + Opti) -

Proof. We consider a few cases:
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1. a,b,k,l > 1anda,b, k,[ are even.

| eutraopiatar
= /1 cos(mat) cos(mbt) cos(mkt) cos(mlt)dt

/ cos(m(a + b)t) + cos(m(a — b)t))

X (cos(m(k +1)t) + cos(m(k — 1)t))dt

:;A%mqﬂa+b+k+wo+amwm+b—k—ﬂﬂﬁ
.+%A%qﬂﬂm+b+k—oﬂ+umwm+b—k+nﬂﬁ
+%A%mﬂﬂa—b+k+0ﬂ+wdﬂa—b—k—w»ﬁ
4 % /01 (cos(m(a —b+k —1)t) +cos(m(a —b—k +1)))dt
1

= 5(5a+b,k+z + Ot + Oatbrik

+ otk + Oabrktl T Oatkptl + Oatiprk)-

2. a,b,k,l >1,a,b,k are even, and [ is odd.

| eatratetaa
= /1 cos(mat) cos(mbt) cos(wkt) sin(w(l — 1)t)dt

/ cos(m(a + b)t) + cos(m(a — b)t))

X (sin(m(k 41— 1)t) —sin(n(k — [ + 1)t))dt

1@m@@+ﬁ+k+z—mw+$mﬁm+b—k—z+n»a

N | —

S—

—_

(sin(m(a+b+k—14+1)t) +sin(r(a+b—Fk+1—-1)))dt

+

(sin(m(a —b+k+1—1)t) +sin(r(a—b—k—14+1)))dt

—_

N = N~ DN =

NO\HN

(sin(m(@a —b+k =1+ 1)t) +sin(r(a —b—k+1—1)))dt

|
=
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3. a,b,k,l >1,a,bare even, and k, [ are odd.

JRCEIUPRORIOT
= 4/0 cos(mat) cos(mbt) sin(m(k — 1)t) sin(w(l — 1)t)dt

= /O (cos(m(a + b)t) + cos(m(a — b)t))

x (cos(m(k — 1)t) — cos(m(k + 1 — 2)t))dt
1 (cos(m(a+b+k—1)t)+cos(m(a+b—k+1)))dt

N | —

—_ [\Dln—c\

/1(cos(w(a+b+k+l—2)t)+cos(7r(a+b—k—l+2)))dt

+ /01 (cos(m(a —b+k —1)t) +cos(m(a —b—Fk+1)))dt

2
1

—5/01(cos(w(a—b—l—k:—irl—2)t)+cos(7r(a—b—k:—l—|—2)))dt

1
< 5(5a+b+k,l + Oatbtik + Oathpri + Oatibik)-

4. a,b,k,l > 1, aiseven, and b, k, [ are odd.

JRCEUERORIOT
= 4/0 cos(mat) sin(mw(b — 1)t) sin(w(k — 1)t) sin(w(l — 1)t)dt

= / (sin(m(a+b—1)t) —sin(w(a — b+ 1)t))

x (cos(m(k — 1)t) — cos(m(k + 1 — 2)t))dt

N | —

/l(sin(w(a+b+k—l—1)t)+sin(7r(a+b—k’+l—1)))dt

=]
—_

_%/ (sin(m(a+b+k+1—3)t) +sin(n(a+b—k—1+1)))dt

_%/01 (sin(m(a —b+k—1+1)t) +sin(r(a—b—k+1+1)))dt

+%/01(sm(7r(a—b+k+l—1)t)+sin(7r(a—b—k—l+3)))dt
—0.
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5. a,b,k,l >1anda,b,k,[ are odd.

/0 calt)on(t)u(t)u(t)dt
= 4/0 sin(m(a — 1)t) sin(7(b — 1)¢) sin(mw(k — 1)t) sin(w (I — 1)t)dt

= /O (cos(m(a — b)t) — cos(m(a+b—2)t))

x (cos(m(k — 1)t) — cos(m(k + 1 — 2)t))dt

1

(cos(m(a — b+ k —1)t) 4+ cos(m(a —b—k+1)))dt

I
N | —

»—c\

—5/01(cos(w(a—b—i—k—l—l—2)t)+Cos(7r(a—b—k—l—|—2)))dt

1 1
- 5/ (cos(m(a+b+k—1—2)t)+cos(m(a+b—k+1—2)))dt
0
1
+%/ (cos(m(a+b+k+1—4)t)+cos(m(la+b—k—1)))dt
0
1
< 5(5a+b,kz+l + Oathpri + Oatipth)-

6. a,b,k >1,a,b,k are even, and [ = 1.

JRCEIUERORIOT
= 2\/5/1 cos(mat) cos(mwbt) cos(mkt)dt
- \/5/0 (cos(m(a + b)t) + cos(m(a — b)t)) cos(mkt)dt
1
:ﬁ/o (cos(m(a+ b+ k)t) + cos(m(a + b — k))) dt

1 /!
+ E/o (cos(m(a — b+ k)t) 4+ cos(m(a —b—k)))dt

1
= E((Saﬂ),k + Oatip + Oaprk)-

7. a,b,k > 1, a,bareeven, kis odd, and [ = 1.
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/0 wa(t)es(t)pr(t)r(t)dt

= 2\/5/1 cos(mat) cos(mwbt) sin(m(k — 1)t)dt

= \/5/0 (cos(m(a + b)t) + cos(m(a — b)t)) sin(w(k — 1)t)dt
L[t .

:E /o (sin(m(a+b+k—1)t) —sin(r(a+b—k+1)))dt

I .

+ E/g (sin(m(a —b+k—1)t) —sin(n(a—b—k+1)))dt

—0.

8. a,b,k > 1,aiseven, b,k are odd, and [ = 1.

/0 Pa(t)en()pr(t)u(t)dt
_ V3 / " cos(mat) sin((b — 1)t) sin(r(k — 1)0)dt
= \/5/1 cos(mat)(cos(m(b — k)t) — cos(w(b+ k — 2)t))dt

1 1
:E /0 (cos(m(a+b—k)t) +cos(m(a—b+k)))dt
1 1
V2 o
1
< E(éa—kb,k + Oathp)-

(cos(m(a+b+k—2)t) +cos(m(a—b—k+2)))dt
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9. a,b,k >1,a,b,kare odd, and [ = 1.

1
| evatama
0
1
_ V3 / sin(r(a — 1)) sin(r(b — 1)) sin(r(k — 1)t)dt
0
1
= \/5/ sin(m(a — 1)t)(cos(m(b — k)t) — cos(m(b+ k — 2)t))dt
1 i
=— sin(m(a+b—k—1)t) +sin(m(a—b+k—1)))dt
7 | Gin( )t) + sin ")
1 1
—— [ (sin(m(a+b+k—3)t)+sin(m(a—b—k+1)))dt
V2 Jo
=0.
10. a,b>land k,1 = 1. [, @u(t)s(t)pr(t)or(t)dt = 84
1. a>Tland b k,l = 1. [ @u(t)os()pr(t)pr(t)dt = 64,
Combining these cases together and considering all permutations finishes the proof. [
Next, we have a lemma regarding the aliasing effect in Fourier transforms on the uniform grid.

Lemma A4.2. For k evenand m € N,

e 1, if k = c¢m for c even,
m~? Z exp (irkj/m) =

=1 0, else.

Proof of Lemma A4.2. Suppose that k = cm for ¢ € Z. Then, we have that exp(irkj/m) =
exp(ircj) = (=1)% forall j = 1,...,m. If cis even, then

m lzm:exp (irkj/m) = m_lilzl.
j=1

Jj=1

Now, if ¢ is odd, this implies that m is even since k is even. Thus,

m™ zm:exp (imkj/m) = zm:
=1 =1

Finally, suppose that & # cm for any ¢ € Z. In this setting, we have that exp(irk/m) # 1 while
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exp(irk) = 1. Therefore,

zm: . ) 1 — exp(irk) _o

p(irkj/m) = m™" exp(irk/m) T oxp(ink/m)

This finishes the proof. O

Finally, the following lemma is a refinement of Lemma 1.7 of Tsybakov (2008) regarding the

orthogonality of the trigonometric basis on the uniform grid.
Lemma A4.3. Letm e Nand £k <1,2,...m — 1.

1. Ifl=1,...,m — 1, then

Z k(G/m)ei(d/m) = by,

2. Ifl=m,m+1,...,then

m \/E]ll/mGZZv k= 17
Z ]/m ¥ j/m) I]-(l—k)/m622+ :H-(l—‘rk‘)/mEQZu k= 2747"'7m_ 17
- Ta—ry/me2z — Lash—2)/me2z, k=3,5,...,m—1

Proof of Lemma A4.3. The setting where [ = 1,...,m — 1 is exactly Lemma 1.7 of Tsybakov
(2008). For the other setting, we consider a few separate cases. Note that the last line in each of

the following cases is a consequence of Lemma A4.2.

1. £k =1and!is even.

m= Y enli/m)eiifm) = V2mTt Y cos(lj/m)

Jj=1
m

(exp (irlj/m) + exp (—inlj/m))
j=1

= \/éﬂl/mEQZ'
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2. k= 1and! is odd.

sin(w(l — 1)j/m)

Ms

m! Z‘Pk(]/m)%(j/m) =Vom™!

1
1
\/_ml

=0.

(exp (il — 1) /m) — exp (=il — 1)j/m))

M=+

1

J

3. k, [ are both even.
m~! Z er(i/m)ei(j/m)
j=1

=m IZ (cos(m k)j/m) + cos(m(l + k)j/m))

j=1

:%Z (exp (in(l — k)j/m) + exp (—in(l — k)j/m))

%Z (exp (im (I + k)j/m) + exp (—im(l + k)j/m))

7j=1
= Lg—k)/me2z + Ltr)/meoz-
4. k is even and [ is odd.

m™! Z@k(j/m)%(j/m)

-1

(sin(r(l =k —1)j/m) +sin(r(l + k — 1)j/m))

Ms

_ﬁ D (exp (im(1 — k= 1)j/m) — exp (=im(l — k — 1)j/m))
ZLle (exp (in(l+k—1)j/m) —exp (—ir(l + k —1)j/m))
_0.
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5. k> 11is odd and [ is even.
m~! Z er(i/m)ei(j/m)
j=1

=m™" ) (sin(n(l+ k — 1)j/m) — sin(x(l — k + 1)j/m))

:2%1 Z (exp (in(I + k — 1) /m) — exp (—in(I + k — 1)5/m))
_ i D (exp (im(l — k4 1)j/m) — exp (~in(l — k + 1)j/m))
= 0.

6. k,l > 1 are both odd.

m™! Z@k(i/m)@z(j/m)

=m 12 cos(m k)j/m) — cos(m(l+k —2)j/m))
Z%Z (exp (i (1 — k)j/m) + exp (—ix(l — k)j/m))
%Z (exp (im(l+k —2)j/m) +exp (—in(l + k — 2)j/m))

Jj=1

= La-ry/me2z — La4r—2)/me2z-

Combining these calculations together proves the claim. O

A.4.2 Proofs for Section 4.2

A.4.2.1 Proofs for Section 4.2.1

The proof of Proposition 4.1 relies on the following two lemmata, which we state for completeness.

Lemma A4.4 (Chao and Strawderman (1972)). Let X ~ Bin(n, p). Then,

= (X iu 1) -- —(7(11+—1])9;n+1-
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Lemma A4.5 (Boland et al. (2002)). Let Y ~ Bin(n,p) and X = ) " X;, where the
X; ~ Bin(l,p;) are independent. Then, Y is stochastically smaller than X if and only if

p < ([T p)""

Proof of Proposition 4.1. Let F' denote the distribution function corresponding to f. Then,

Er Ny, = Er Z Z IL{HJ’¢jiti,j/e(tivj’ti*frh]}

i=1 j=1

i=1 j=1

n m 1
- Z Z/o P (35" #j:tiy € (t,t+h]t;; =1) f(t)dt

i=1 j=1

Y / (L=P (V) #j:tiy & (tt+hlty = 1) f(2)dt

i=1 j=1
n m

- Z Z (1 — /01 (1—F(t+h)—F@t)"" f(t)dt)

i=1 j=1
n

= i (1 - /01 (1 —hf(t)+o(h)"" f(t)dt) .

i=1 j=1

Under the setting of the first claim, note that

/01 (1 —hf(t)+o(h)" " f(t)dt =1 — h+ o(h).

Substituting this into the previous display yields the first claim. For the third claim note that For

the third claim, observe that

/0 (1= hf(t) + o(B)™ f(£)dt = exp(—mh),

which implies that

n

P (N, #N) < ZZ/O (1= hf(t) + o())™ " F(£)dt — .

i=1 j=1

This proves the third claim.
For the remaining case, consider a non-homogeneous Poisson process with intensity function

mf(-) on (0, 1). It is well known that the unordered arrival times have the same distribution as the
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t; ;. Let M denote the corresponding point process. It is easy to see that
P35 #j: tij € (t,t+hllti; =1t) <P (M((t,t+h]) >1).

But, the right hand side of the above display satisfies P (M ((¢,t + h]) > 1) = mf(t)h + o(mh)

since M 1is a Poisson process. Since f is bounded from above and below, it follows that

1
/ PE) £ty € (6,6 + hlte; = ¢) f(6)dt = mh.
0

Finally, it is left to show that E(N;, + 1)~! < (nm?h)~!. Without the loss of generality, assume

that miseven. Fori =1,...,nand j = 1,...,m/2, define

Uiy £ b 2541) — ti2j—1)

with the convention that ¢; (5,,,41) = 1 for all © = 1,...,n. Define the following sets of random

variables:

a

Wi; = ﬂti,mj)e(ti,@j—l)vti,(2j71>+h]’
iid. . .

X;; ~ Bin(1,min(ch/u; ;, 1)),

Y; ~ Bin(m/2, cmh),

fori =1,...,nand j = 1,...,m/2. Then, it follows that

Since f(-) is bounded away from zero and infinity, there exists a constant ¢ > 0 such that for
al W ;, 1 =1,...,nand j = 1,...,m, we have P(W, ;|{u..}) > min(ch/u;;,1). Moreover,
conditioned on {wu. .}, itis easy to see that I¥; ; is independent of W, ; if (4, j) # (i’, j'). Therefore,
we have that X; ; < W, ;, where =< denotes stochastic ordering. Now, by construction, Z;”:/f u;; <

1, so it follows that

m/2 2/m

ch
hm < i 1
chm < Hmm(ui,j_,)

J=1
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Thus, Lemma A4.5 implies that Y; =< Z;n:/f X ;. Combining these calculations, we see that

1 1
o (1) =5 (s o)
Nip+1 >ie1 ZJ:/12 Wi +1

1
< ]ET n m/2
Zi:l Zj:l Xm‘ +1

1
- (Zi:m + 1)
o 1-(1- chm)rm/2+1

(nm/2 + 1)mh/2
< ! ,
~ nm2h/2+ hm/2

where the penultimate line follows from Lemma A4.4. By Jensen’s inequality, we have

. R N 1
"\Ny+1) T ErNy+1 nm?h/2+1°

Thus,

1 1 1
—<E < .
nm?h/2+1 -~ <Nh+1) ~ nm?h/2+ mh/2

Since mh — 0, this finishes the proof. L]

A.4.2.2 Proofs for Section 4.2.3

We start by bounding the squared bias of the resultant differenced linear model from equation
(4.2.2).

Lemma A4.6. Consider the model given in equation (4.2.1). Assume (4.7) and (4.8). The bias
term satisfies

2

Ep <N—1 A

):O@qu+L%%.

2

Proof of Lemma A4.6. Recall that each entry of A may be written as

o

AD) = D len(tigen)zilti ) — orti)zi(tio)] 3 + &(tigen) — &ltig))
k=K, +1
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for some (7, j) € f,. We consider the two parts separately. For the first term, it follows immedi-

ately from assumption (4.8) that

Er | Y loeltigen)ziltigen) — onltug)ziltao)] 5 | = O(s5K5%).
k=K,+1

By assumption (4.7), we may bound the second term by
2
(&iltigrny) = &Glti))” < LK%
Combining these two bounds finishes the proof. O

Next, we prove the result for the low-dimensional setting.

Proof of Proposition 4.2. Indeed, note that
jLD _ (‘I’T\Il)_l \IIT <\Il]* 4 77 4 A(’y))
— 74 (U)W (UTE) T wTAO)
Bounding each of the two terms separately, we have for the first term that

*
2 SWK7

S [(eTe) ] ag—o( ° )

which follows from assumption (4.1). For the second term, invoking Lemma A4.6 implies that

E[(wme) ey

Er||(o7w)”" mI:TAWHz <Er||/(e7w)”! \IITHz HAWHz — O (s K% + I°h?)

which finishes the proof. [

Proof of Theorem 4.3. The first claim follows immediately from Theorem 6.2 of Biihimann and
van de Geer (2011). Then, for the second claim, applying Corollary 6.5 of Biihlmann and van de
Geer (2011) yields

-7

+

2
2 e (BEX(NTADR) 16
2~ v A2s* K. 2 '
yErY adap, ¥V
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Now, Lemma A4.6 implies that

2 sSKT2 4+ L2h? ?
— 2 * T -2
= @ (/\ s K, ( /\2S§Kv + ¢adap,\1/> ,

which finishes the proof. 0

-7

A.4.3 Proofs for Section 4.3

A.4.3.1 Proofs for Section 4.3.2

Proof of Proposition 4.4. Throughout this proof, we consider the model given by equation (4.3.2).
Recall from equation (4.1.5) that

2 o0
FEEr D [

k=K5+1

Kp
MISE(3") = EE; 3 Hi],;D CH
k=1

We consider each of the two sums separately. Suppose temporarily that £ < K. Then, the risk in

estimating J;, by fll,;D is given by

~LD

2 _
EE; ||2.° — 3¢ zEETH(XTX) 'XT¢,
2

2
2

= tr (X™X) 7 X7 (BEr¢,¢T) X (XTX) 7).

We directly compute E¢ ¢, . Note that E(ir = 0forall: =1,...,n. Then, the covariance matrix

is diagonal since observations corresponding to different individuals are independent. Therefore,

it is left to compute the value of the diagonal entries. Fix ¢ = 1, ..., n arbitrarily. Then,
m; 2
E]ETCik: SgEOik + 3m:2EET <Z 5z(tz,j)(;0k:(tz,j))
j=1

m;

2
+ 3m; *EEy <Z (%] B(tiz) + &(tig)) pr(tiy) — %] 3 — Oi,kz)
j=1
We bound each of the three terms separately. By definition, we have that Eoi = 002’ - Next,

m; 2 mg
m; *EEr (Z 5i(ti,j)¢k(tz‘,j)) =m;* Y Bel (i) Brgi(ti;) = m; o2,

j=1 j=1
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For the last term, an expansion yields

m; 2
EEr (Z (% Btig) + &(tiy)) erltiy;) — % 3 — Ui,k)

J=1

= EEr <Z (%73, + 0ia) (Z a(ti;)er(tiz) — 5a,k>>
j=1

a=1
=EY ) (%3 +0ia) (X[ 35+ 0i)
a=1 b=1
X Er (ZS% ig)en(ti) ak) (ZSDb ig)er(tiz) — 6b,k>
Jj=1

Applying Lemma A4.1 shows that

Er (Z Paltij)pr(ti;) — ak) <Z ou(ti)en(ti;) —5bk>

j=1 7j=1

< Mi(Oatb2k + a2k b + Oapror + 200 + 204416 + 204641 + 6a,26061 + Op2k0a,1)-

By substitution, we have the following bound

m; 2
EEr (Z (x] B(ti;) + &i(tiy)) eultiy;) — %] 2% — 0i,k>

7=1
2k—1

SmZE Z ’X;r:l:: + 0i,a| |X;r:|§k7a + Oi,Qk_a‘
a=1

o0

+ 2m,;E Z ‘xiTJZ + Oi#l‘ ‘XZ»TJ;‘Ha + 0i,2k+a}
aO:ol

B (51 ¢ o)’
a=1

00
+ 4sz Z ‘X;rjz + Oi,a‘ ’X;’FJZ—I—I + Ui,a—i—l’
a=1

+ 2m;IE ‘XZTJ’{ + 0i71| |X;r:1§k + 0i,2k| .

From assumptions (4.14) and (4.15) in conjunction with Parseval’s Theorem, it follows that

2m;E Z (x; 3%+ Um)z = O(m;g(n)).

a=1
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Now, using the inequality 2uv < u? + v? and the above, we have that

oo
2mE > |xT 3+ 01| X Tsa + Os2iral

a=1

oo o0
<mEY (X2 +050)" +ME Y (X Ty + 0i2ira)

a=1 a=1
= O(myg(n)).
Similarly,
2k—1
sz Z ‘X;r:lz + Oi,a‘ ’X;r:;k_a + Ui,Zkfa} = O(m2g<n))>
a=1

AmE %30 4 050] [x] 350+ 01041] = O(mig(n)).

a=1
Thus, combining all the results yields

~LD

EE; |[35° — 3¢ z:tr<(XTX)1XT (a§7k1n+0(g(n))1vr1)x(XTx)*l),

where M € R™*" is a diagonal matrix whose 7’th entry is m,. Therefore,

~LD

Kg 9
S0 -

k=1

—tr (X™X) " X (O (1)1, + O(g(mKs)M ) X (XTX) ),

since 3% 07, = O(1). Recalling that
> IElE = O(s5K55)
k’:K@-‘rl

finishes the proof. O

Lemma A4.7. Consider the model from equation (4.3.2). Assume (4.6), (4.14), and (4.16). Then,
G ~ SG (§42Zk) with respect to the joint probability measure on ¢;(¢; ), &(+), and ¢; ;, where
<§m = O(%Q,k + g(n)ym; ).

Proof of Lemma A4.7. Consider first the model from equation (4.3.2). We partition ¢, ;, into four
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terms and show each term is sub-Gaussian.

Gk = 0k +mi Y eilti)on(tiy) +mit %7 (Bltig)en(tiy) — 34)
7j=1 j=1

VN S —= pe .
o0 (I11)
+m; Y (Eiltig)en(tiz) — 0ik) -
=1
(1V)

For the first term, by assumption (4.16), 0, 5, ~ Sg(gf,k). Next, we have, for any fixed A > 0,

EET exp ()\mzl Z gi,j(,pk(ti,j)) = HEET exp ()\mi*lgi,j@k(ti,j))

j=1 j=1
mg 212, .2
_II SN pi(tig)
- j=1 Frex (2—771?

In the second equality, we have used assumption (4.6). Thus, (1) ~ SG(2¢2m;"). Then, for the
third term, we see that for A > 0,

EEr exp (Amf ' Z x; (B(ti)en(tiy) — 32))

J=1

<E H Erexp (Am;'x] (B(ti;)en(ti;) —3p)

j=1

SEfiﬁp(owmgmﬁV>

Swp<0@m?%w£).

Hence, m; ' Y7 x[ (B(ti)er(ti;) — 35) ~ SG(O(g(n)m; ). Finally, from Lemma 1.8 of Tsy-
bakov (2008), assumption (4.16) implies that (§;(-));-_, are uniformly bounded by a constant, which
we temporarily denote by ¢ > 0. Then, by an analogous argument as above, it follows that

m;

mi 'Y (&t en(tig) — 0ik) ~ SG(PmiH).
j=1
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Combining these results finishes the proof. O

Proof of Theorem 4.5. We proceed by modifying the standard lasso arguments to account for the
different sub-Gaussian parameters of the noise term. From the Basic Inequality (Lemma 6.1 of
Biihlmann and van de Geer (2011)), it follows that

n~' X (3, — 35) |§ |3, <2071 GEX (30 = ) + e llZE -

To bound the first term on the right hand side, we similarly apply an ¢; — ¢, bound to obtain

2n~ " |G X (3 — 3p)

1"

.....

Define the set .7, as

% L {2n—1 .H%aX |C;€I—XJ} S )\OJc} .
J= p

-----

Then, for any value of > 0,

p
P(F)<2> P20 '¢iX; > Aox)

j=1
P T NN &
< 2;? (exp (TCka) > exp < 5 ))
<2 i exp <—Tn)\0’k) Eexp (TC;CI—X])
< — 5
& Ao k e~ 5 o
< QJZZ;GXP (— 5 ) exp (3 ;Cc,i,kxi,j)

Since the value of » > 0 was arbitrary, setting

-1
n
_ 2 2 nAo k
r= | D s 5
i=1

yields the bound
P(7°) < 2pexp (— (/2 4+ log(p))) < 2exp (—t*/2).

Thus, we may restrict our attention to the event .7;. The desired results follow by applying Theo-

rem 6.1 and Corollary 6.5 of Biihlmann and van de Geer (2011) respectively. [
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A.4.3.2 Proofs for Section 4.3.3

Lemma A4.8. Assume (4.10) and (4.14). Then,

-1

3

7Tkl = O(sfm ™).

1

T

Proof of Lemma A4.8. Indeed, by the second half of Lemma A4.3, it follows that

\/52:11337%; if k = 17
e =0 ikt Doy ifE =24 m— 1,

Z:il :;Tm—l-k - :;rm—l—Q—k? if k = 3, 5 ...,m—1.

Define the following sequence of constants (ay):° ; from Tsybakov (2008)

k<, for even k,
ap —

(k—1)~, forodd k.

Since a > 1/2, let ¢ > 0 be a constant such that Zfil r—2@ < ¢. Now, for k = 1, it follows that

TR <2 (Z asrmn:;mus) (z m) < 2~ (z a;mn:;mnz) |

r=1 r=1 r=1

Similarly, fork =2,...,m —1land k = 3,...,m — 1, we have

o

||_Ik||§ S QCm_Qa Z (agrm—l—knj;rm—f—kng + a’;’rm—kHj;rm—ng)
r=1

and

e}

H—Ing S 2cm*201 Z (agrm—&-kH:;rm—s—ng + agrm+2—kH:;rm+2—kH§)

r=1

respectively. Thus, combining the above calculations yields

m—1 00
ITkll3 < 2em™>* > " a?l|35)15 = O(s5m—>*),
k=1 r=m

which finishes the proof.
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Proof of Proposition 4.6. Note that MISE is given by

Kﬁ o0
~ LD LD * *
MISE(S )ZZEII% — 3l + Z 135113
k=1 k=Kg+1
Kﬂ ')
<23 (ITWIB +ENXTX) XTI + >0 53
k=1 k=Kg+1

For the variance term, we have that
E[(XTX) ™' XT¢, 5 = tr (XTX) ' XTE(¢¢)X(XTX) ™)
By independence, for 1 < i < j < n, it follows that

E(ngny )ij = 0.

Thus, E(n,n; ) is a diagonal matrix. Fori = 1,...,nand k = 1,
m oo 2
E(nyni )i = E (Ui,k +m™! Z pr(tijlei(tiy) + \/52 0i,2rm>
;:1 2 r=1
=E (W,k + \/52 0i,2rm> +oZm™!
r=1

o
-1
< 2c (az]Eoik + g agrmEof,Qrm) +o2m™t

r=1
By performing similar calculations when £ = 2,... ., m —land k = 3,...,m — 1, we have that
27 2 oo 9 2 2, -1 _
2c (akEoi,k + Zr:l GQTmEOi,Zrm) toomo, k= 17
T _
Emene)ii < 9 2¢3°07 1 (a3 1 B0k + 03 B025,) + 02m, k even

o0 2 2 2 2 2, ,—1 :
2c Zrzl (a2rm+kEoi,2rm+k + a27‘m+2—kE0i,2rm+2—k) + g:m -, otherwise.

Since &;(+) € WP (a, R) almost surely by assumption (4.15), it follows from Proposition 1.14 of
Tsybakov (2008) that

[e.9]

Y ajEo?, = O(1).

r=1
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Thus,

Kp
ZE(mm) =O(1+ Kym™)
k=1
Hence,
Kp
STE|(XTX) XT3 = O(1 + Kgm™)ur[(XTX) .
k=1

Invoking Lemma A4.8 and recalling that

Y 53 = O(s3K2)

k=K3+1

finishes the proof. [

2

Proof of Theorem 4.7. 'We start by showing that (; ;. is sub-Gaussian with parameter ¢, + m™'c2.

By the second half of Lemma A4.3, we have that

0ik +m= Y pn(tig)eiltiy) + V232 0iom, k=1,
Gie = § 0 +m " > iy wr(tig)eitiz) + 2200, 0igrmek + Oi2rm—k, k=24,...,m-1,
ik +m7 Y orltig)ei(tiy) + 3000 Oiemak — Oigrmi2k, kK =3,5,...,m—1

By the first half of Lemma A4.3, it is easy to see that

Z tij)ei(tiy) ~ SG(m™'¢2).
Then, by the triangle inequality and assumption (4.16), it follows that

Cir ~ SG(cr +m12).
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Next, the ISE can be bounded by

Kg o0
~HD ~HD % %
ISE(B ) = Z 13 — 35 + Z [=nilE:
k=1 k=Kg+1
Kpg Kp 00
~HD * *
<2) I3 -3 =Tl 2 I3+ D 133
k=1 k=1 k=Kg+1

Kp
<2) 3 = 3 — Wl + O(s5m ™ + 5K ™),
k=1

where we have used Lemma A4.8 in the last line. Now, by Corollary 6.5 of Biihlmann and van de
Geer (2011), it follows that, with probability at least 1 — 2 exp(—t2/2),

~HD * *
13, — 35 — Tl = O(s5X%)-

By assumption (4.16),
> a=0().
k=1

Assuming A\, = 2 x, we have that

s5log(p) N s5Kplog(p)
n mn

ISE3 ) =0 ( +sum 2 4 32K§2“> .

Choosing K =< (mn/ log(p))!/2a+D),

R * 1 2a/(2a+1)
s6(8™) - 0 (—Sﬁ B ()T 5m> |

n mn
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A.4.4 Proofs for Section 4.5

Proof of Theorem 4.8. Indeed, for each k = 1, ..., K3, we may rewrite iﬁB as

\/nocn (ﬁ‘,?B — :L,t) =\/no¢ i (ﬁk — 3 +exT (XJZ - X3P 4 Ck) /n)
noct (1, - 03) (3° - 3)

+ 4/ nog. 22X ¢, /n.

Now, since ﬁ],ﬁ is the first entry of ﬁ],SB, we set W, to be the first entry of 4/ naaz@XTC x/n and

Ay to be the first entry of no ( @E) ( — :1;) . The first claim follows by Proposition
2.1 of Chernozhukov et al. (2017). Then, an ¢; — /., bound yields
Sup_ |Ak @EH sup ||3° — 2
k=1,..., o k=1,...,Kg 1

For the other term, Theorem 4.5 implies, with probability at least 1 — 2exp(—log?(p)/2 +
log(K)) — 1, that

Sup H — I X < 482/¢2€’Xk ﬁupK A =0 (sg log(p)/n> .
""" =L p

Combining these bounds, we see that
SUPK |Ak| = OP(SE log(p)/\/ﬁ) = 011»(1),

which finishes the proof. 0

Proof of Proposition 4.9. Recall the decomposition for 3 (-) as

Note that the event

{vt € (0,1):1(t) < B,(t) <u(t)} N {vt € (0,1): [B,(t)] <3}
C {Vte(o 1):1ls(t) < B ()<u(5(t)}.

167



For the high-frequency signal, we have under assumption (4.14) that

[B(t)] = O (K log(K5))

from Chapter 1.21 of Jackson (1941) and Section 87 of Achieser (1992). Since § =< Kﬁ_a log(K3),
for n sufficiently large, the event {V¢ € (0,1) : |3,(t)] < &} occurs with probability one. More-
over, for n sufficiently large, Theorem 4.8 implies that

P (w € (0,1):1(t) < B, (1) < u(t)> >1-r

This proves the first claim. For the second claim, note that

Kg
sup [us(t) —1s(t) = sup > (b — ax +26) | (1)]
t€(0,1) te(0,1)
Kp
S \/5 Z(bk - ak) +2K5(5
k=1

Now, since z./x, = O(+/log(K3)), assumption (4.18) implies that

S (b = a0) = O (gt} + K fatn) () ) )

Moreover, note that log(K3) < log(n). Thus, we have that

sup.us(t) = 15(t)| = O (Viog(n)/n + Ks\/g(n) log(n) [(nm) + K" log(n))

te(0,1)

Substituting the choice of K finishes the proof. [

A.4.5 Yeast Cell Cycle Data

In this section, we apply our methodology to analyze transcription factors affecting the cell cycle of
yeast. Versions of this data was previously analyzed in the high-dimensional varying coefficients
framework by Wei et al. (2011) and Bai et al. (2019), to which we refer the interested reader for
a more detailed description of the data. For our analysis, we use the data from Bai et al. (2019),
which consists of n = 47 genes and p = 96 transcription factors. The response y is the mRNA
level, measured seven minutes apart for 119 minutes, yielding m = 18 time points for each gene.

Since the time points are evenly spaced, we set ¢; ; = j/m. There are no time varying covariates
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in this data. The model that we consider is
yi(tig) = %] Bltiz) + &i(tiy) + eiltiy).

This is analogous to the model fit by Bai et al. (2019), who instead combine the noise &;(t; ;) +
ei(t; ;) and assume an AR(1) covariance structure. In Figure A.4.1, we provide marginal confi-

dence bands for two selected transcription factors: ABF1 and MACI.

95% Confidence Band for ABF1 95% Confidence Band for MAC1

— Esimate | | — Nvo-ssL| LT — Estimate | | — NVC-SSL T
---- CB - B

-0.5
1

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

t t

Figure A.4.1: Marginal confidence bands for ABF1 and MAC1. “Estimate” and “CB” are the
estimate and confidence band from Section 4.5 respectively while “NVC-SSL” is the methodology
from Bai et al. (2019).

From the plot for ABF1, the estimated function seems to follow the general shape of the estimate
from Bai et al. (2019), with both estimates entirely contained within the confidence bands. For
MACI, we observe that the estimated curves differ for the two estimation procedures, but the
confidence band contains the majority of the estimated curve by NVC-SSL, with the discrepancies
at the two endpoints. We remark that the performance of our confidence bands may be anomalous
at the boundary points since the theory in Section 4.3 assumes that the varying coefficients are
periodic Sobolev functions. In the setting where coefficients are not periodic, convergence still

holds on the interior of the interval.

A.4.6 Additional Simulation Results

In this section, we provide the results of the simulations from Section 4.6.
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Simulations for 3(-) with Trigonometric

Table A.4.1: Simulations for 5(-) with Trigonometric Basis

s 15 25 15 25 15 25 15 25

n 200 200 500 500 200 200 500 500

tij ind ind ind ind com com com com

m =25 0395 0582 0.195 0.246 0.150 0.252 0.065 0.086

Average m =50 0242 0.368 0.118 0.149 0.091 0.153 0.038 0.051
Loss m="75 0.182 0276 0.089 0.114 0.068 0.114 0.028 0.038
m =150 0.116 0.180 0.054 0.068 0.042 0.071 0.017 0.023

Basis m =25 0.685 0.625 0.810 0.815 0965 0945 0.970 0.975
Average m =50 0.830 0.780 0.940 0.940 0.975 0.985 0.990 0.985
Coverage m =75 0.885 0.850 0.950 0945 0970 0.960 0.970 0.985
m =150 0.925 0.920 0.945 0.965 0.990 0.995 0.985 0.980

m =25 1368 1333 1.012 0.933 1.098 1.024 0.928 0.846

Average m =50 1266 1.124 0.963 0.844 1.042 0.969 0.831 0.795
Length m =75 1159 1.001 0968 0.873 0.986 0.887 0.770 0.694
m =150 1.019 0.869 0.841 0.734 0.868 0.789 0.681 0.644

Table A.4.2: Simulations for 5(-) with B-Spline Basis
Simulations for 5(-) with B-Spline

sk 15 25 15 25 15 25 15 25

n 200 200 500 500 200 200 500 500

ti ind ind ind ind com com com com

m =25 1492 2140 0.738 0940 1.031 1.645 0.443 0.570

Average m =50 1257 1.883 0.584 0.764 0.970 1.551 0.383 0.506
Loss m="75 1.158 1.755 0.522 0.682 0.930 1.490 0.372 0.489
m =150 1.031 1.625 0.432 0.580 0.889 1.451 0.337 0.452

Basis m =25 0.870 0.755 0.945 0.945 1.000 1.000 1.000 1.000
Average m =50 0930 0910 0.980 0.985 1.000 1.000 1.000 1.000
Coverage m =75 0990 0970 0.990 1.000 1.000 1.000 1.000 1.000
m =150 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

m =25 3.7755 3.296 3.449 3.050 3.751 3.809 2.870 2.868

Average m =050 3923 3.645 3.709 3.406 4.013 4.089 2915 2904
Length m="T75 4587 4208 3.583 3.447 4.407 4.554 3.130 3.038
m =150 5.155 4.863 4.096 4.015 4.709 4.871 3.309 3.296
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Table A.4.3: Simulations for 7(-)

Simulations for ~y(+)

s% 15 25 15 25 15 25 15 25
ti ind ind com com ind ind com com
diff type A A A A B B B B
Trigonometric m =25 14526 2.1085 0.3633 0.4806 0.7348 0.9096 1.3686 1.5289
Splines m =25 3.0488 4.0465 0.9057 1.1462 1.2152 1.4874 1.5288 1.7016
Trigonometric m =50 0.4231 0.5647 0.2007 0.2598 0.3992 0.4844 1.9385 1.9891
Splines m =150 1.0675 13570 0.5743 0.7048 0.6556 0.7819 2.0637 2.1226
Trigonometric m =75 0.2453 0.3167 0.1493 0.1899 0.3692 0.4238 2.0780 2.1017
Splines m =75 0.6807 0.8494 0.4437 05311 0.5615 0.6430 2.1772 2.2064
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APPENDIX 4

Appendix of Chapter 5

A.4.6 Proofs

Proof of Lemma 5.1. By definition of © Lo» We have that

1 ¢ - 1 ¢
- Zl(yz — (Xi,O1,)ns)* < - D (i — (X, 0%)ns)”,

i=1
which implies that

1 . - *\ 2 2 - . *

- ;Q{i,@m — 05 < - ;&'(Xi,@m — ©O")ps.

If n=' 32" (X;, 07, — ©)% = 0, then the result follows. Therefore, we only consider the
case where n ' 3" (X;, 0, — ©")2% > 0. Dividing both sides of the above display by
('3 (X4, O, — ©%)3) ! yields

- . 1/2 1/2 n (X . _ *
(EZ<X">@L0_@*>%S) = (é) (Zl:lgl< 2 O1 = O )us

L n Y (X, O, — ©%)E)1?
< (f)m sup > i1 €i{ X, M)ns
AN MeR%1 xd2 (> i (X, M>12{s)1/2 .

rank(M)<2r
Z?:I(X'UM>I2-IS>O
The second inequality follows from the fact that rank(@ Lo —©*) < 2r. Now, for any M satisfying
the above, there exist matrices U € R%*2" and V € R%*?" such that M = UV'. Note that
(X;, UVTgs = (X;V,U)ys. Let Xy € R™™% be the matrix whose ith row is vec(X;V) and
yu £ vec(U) € R™. Denote by Py € R™ ™ the projection operator onto the column space of
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Xvy. Therefore, we may further bound the above display by

1 X 12 A\ /2 " XV.U
(_ Z<X“ O, - ®*>%IS> < <_) sup Zfzﬂ ol 3 >Hls/z
= n verix (2221(XV, Ujg)
VeRdQXZT

Z?:l <X’iV7U>I2-[S >0

<4) 1/2 ETXv’}/U
g sup o
n

veri2r [ Xvull2
VERd2 xX2r
IXvyull2>0

AN 172
< <ﬁ) sup ||Pvell,

VeRd2 x2r

where the last line follows from the Cauchy-Schwarz inequality and the identity Pv Xy = Xy.

The conclusion follows immediately by squaring both sides. 0

Proof of Theorem 5.3. Now, for a fixed V € R%*?" there exists a matrix V € N(P) such that
HPV — PVHHS S 0. Then,

[Pvell; < 2[|(Pv — Py)ell; + 2[Pyell; < 26°|lel3 + 2| Pyel3.
Define 7 = 7, as

T2 ﬂ {IPsell; < agr max(dy, dy log(din®/8)) + 202rds} N {|lell3 < ain + no?}
VGN&('P)

for some constants a1, a; > max(1, K2) to be chosen later. By the Hanson-Wright inequality
(Theorem 1.1 of Rudelson and Vershynin (2013)), it follows that

[t
P(|le||3 >t + o?n) < 2exp [—ag min (n_Kf’ E)] ,

: t? t
P(||Pyell3 >t + 202rdy) < 2exp |:—CL3 min (m, 73)} ,

for some universal constant a3 > (0. Hence, a union bound implies
P(T°) < 2exp [—asaz K *r max(d, dz log(din®/8)) + Ns(P)] + 2 exp[—aias K. *n]
< 2exp [—asa3 K *r max(dy, dylog(din®/8)) + 2rdy log(2) + (2rds + 1) log(24rdin®/§)]

+ 2exp|—a1as K. *n]
< 2 exp[—ayr max(dy, dy log(din®/6))] + 2 exp|—asn).
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for some constant a, > 0 depending on K, ai, as, and a3. Now, on the event 7T, it follows that
|Pvell3 < 26%(ay + 02)n + 2asr max(dy, do log(din®/d)) + 4rdyo?.

Letting 6 = rn ! max(dy, dy), we have

IPvels < 2(a; + o2)r*n ' max(d3, d3) + 2asr max(dy, dy log(r~'n? min(1, dyd; 1)) + 4rdyo?.

Since this holds for an arbitrary V € R92*%" we conclude that

1 ¢ 5
— Z<X“ O, — O < 8(ay + o?)r? max(di, d3)n 2 + 1602 rdyn ™
n
i=1
+ 8ayr max(dy, dy log(r~'n* min(1, dydy *)))n .

Let ¢; = 8a; + 240? + 8ay and ¢ = a4. Using the fact that d; < dy = d and rd < n finishes the
proof. 0

Proof of Corollary 5.3.1. Let © be defined as

n

e 2 @)(r) = arg min Z(fz — (X;,O)us)”.

OcR41 %42 rank(@)<r ;,_;

Then, by the definition of e Lo» We have that

D (1= (Xi Or)us) < D (i — (X, Os)

i=1
Expanding the square and rearranging yields

Z(fi — (X, (':)L())HS)2 < Z(fz — (X, é>HS)2 +2 Z€i<Xz’> éLo — é)HS-
i—1

i=1 i=1

Iy (fi — (X, ) ro)us)? = 0, then the result immediately follows. Hence, for the remainder of
the proof, we assume that > (fi — (X, ©1,)us)? > 0. Now, dividing both sides, it follows that

- : 2112 > (fi = (X, ©)us)” Sy €i(Xi, O, — O)us
(fi = (X4, O, )ms) < : — +2 d
% / (om0 - % 0w} { S (% 00}

/2"
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By the construction of ©, we deduce that

Z(fi — (X, O)us) S — (X;,O,)ns)?
and
Z(XZ», O, —0) <2 Z — (X;, O, )us)? +2 Z — (X;,O)ps)?
< 42 — (X4, 0p,)ns)%.

Therefore, we have that

O (S o)

Moreover, note that rank(@ Lo — (:)) < 2r; hence, by the Cauchy-Schwarz inequality,

Y ei(Xi, 0L, —O)us < sup ||Pv||2{ > (Xi, 0, - é>12{s}1/2
=1

do X2
VeRd2x2r Py

n

<a_swp [Pylaf S0 (X Ou)u0?)

do X2
VeRa2x2r i=1

Combining these calculations, it follows that

n

{i(fz — (X, @L0>Hs)2}1/2 < {Z(fz — (X, é>HS)2}1/2 +8 sup [|Pvl.

i=1 i=1 VeRd2x2r

It is left to bound Supy cgasx2- || Pv ||3, which is provided in the proof of Theorem 5.3. [l

Proof of Lemma 5.4. Temporarily fix 7 € II. Since f()(z;) = 0 fori € AY” U Agﬁ) by construc-
tion, we have that

n

2@ = 3 UP@I S Y Plew) < 2log’(m)of + eilog(n)

=1 ieAl” icAl”)

for some constant ¢; > 0 by Chebyshev’s inequality when n is sufficiently large with probability

at least 1 — 6. Since 7 € II is arbitrary, this finishes the proof. [
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Proof of Theorem 5.5. The proof is standard. For example, see Section 15.2 of Lehmann and
Romano (2006). [

Proof of Theorem 5.6. Fix 0 < § < a(1 — «)/4. Then, by the triangle inequality, it follows that

n n

AR = SF ) > 27 D[ @) = SIF ) — £ )

i=1 =1

From Assumption (5.2), the Chebyshev’s inequality implies that there exists a constant ¢; > 0 (not

depending on n) such that, for n sufficiently large,

n

> [ @) > not —tn'/? (A4.6.1)

i=1
with probability at least 1 — §. Assumption (5.3) ensures that

D ) = fN @) <

=1

with probability at least 1 — §. Hence, it holds with probability at least 1 — 24 that
A0 > 27 (nos — tint?) — 0,.

Now, temporarily fix 7 € I1. Again, by the triangle inequality, it follows that
A <2y [P @) = SO @) +2) [f ()]
i=1 =1

Assumption (5.3) implies that

D @) = fP @) < 6,

=1

with probability at least 1 — 6. Moreover, we have from Lemma 5.4 that

Y [P @)] < log?(n)ag + tylog(n)
icAl™

with probability at least 1 — ¢ for some constant ¢, > 0. Hence, with probability at least 1 — 26,

A™ <20, +2 log2(n)aj2c + 2ty log(n).
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Combining the above calculations, for n sufficiently large,

AT — AT > 27 (ot — tyn!/?) — 3¢, — 2log?(n)o — 2t; log(n)
> 27 {h(n'? + £,) — tin'/?} = 30, — 2h(n™"? + £,n7") log® (n) — 2t log(n)

>0
with probability at least 1 — 46 if h > 0 is sufficiently large (not depending on n). Thus,
Py, (A™) > A™) > 1 — 46
for n sufficiently large. Since 7 is arbitrary, it follows that

lim inf min Py, (AT > AM) > 1 — 46,

n—0o0 eIl

Hence,
limsup By, ¢ = limsup [T Ba, » 1o cpim
n—o0 n—o0 rell
=1 —liminf [I1]~* ZPHl(AW > A™)
well
< 49.
Since § < a1 — ) /4, the result follows from Markov’s inequality. [l

Proof of Corollary 5.6.1. By Chebyshev’s inequality, there exists a constant ¢35 > 0 such that

D (@) = not — tan' o]

i=1
with probability at least 1 — §. The remainder of the proof is identical, replacing the bound in
equation (A.4.6.1) with the above bound. O

Proof of Theorem 5.7. Tt is immediate from the definition of fi(-) that fia(x;; (x;, Yi)iog;m) =
fra(xi; (X, Yx(j))j=1; ™) for any = € II. Now, if 7 = o, the compatibility condition for the
design is satisfied for some constant .. with probability at least 1 — §/2. Then, it follows from
Theorem 6.1 of Biihimann and van de Geer (2011) that

P{ Zn:<xi7BLA —B7); < C2>\25n/<ﬁ§c} >1-6/2

=1
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for some constant ¢, > 0. Now, let m € II be arbitrary and define the event

A
= 4 max T3, jYr(4)
{ J€lp) ’Z FYn(

;1/2n1/2L§ 10g1/2(6p/5)},

where z; ; denotes the jth entry of x;. Fix j € [p] and let&; ; = ; jyx(;). By the triangle inequality,

we have that

(Z&j

<\Z@]+)Z@]+)Z&J

icA™ ic A icAl™

Then, by the construction of A(”), we have that (£i7j)i 4 are independent and identically dis-
1

tributed sub-exponential random variables with parameter L < K,(K; + K.). By Bernstein’s

inequality, for any ¢; > 0, it follows that

P(| 3 &

7,6.»45”)

>t1> <2exp[—c5mm(|,4”)| WLt I )]

for some universal constant c3 > 0. Let
ty 2 ¢ M2 Le log! 2 (6p)0).

Noting that |A§7r)| < n, we have for n sufficiently large,

O

icA™

&5 P Lelog! 2 (6p/9) ) < 8/ (3p).

Taking a union bound shows that

P(max| 3 &) >

16A< ™)

1/2711/2L§ log1/2(6p/5)) <4/3.

A similar calculation for Ag“) yields

> &

Z€A2

P(max

J€[p]

> cq Pl 2L 10g1/2(6p/6)> <§/3.
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Now,

()
<
AT s s |

) Z &ij

ic A"

Again, by Bernstein’s inequality, for n sufficiently large,

IP’{ max max |€] > ;' L¢ log(6p| AT \/5)} < 5/3.
J€[p] 16.,4(7r

Combining the above calculations, we have that
P(T)>1-9¢
for n sufficiently large. On 7T, for any 3 € RP, it follows that

1
~ Z yr(i) = (%6, B)2)" + MBI = —{lly™Ilz - 2(y'™, XB)2 + X85} + AlIB]:

1 -
> A{lly™ 13 — 6¢;"*n'* L log"*(6p/0)||B]11 + |X B3} + A8l

1 ™
~{Iy™IE + 1XBI3} + (A = 220)[18]1-

v

Thus, the above is minimized when 3 = 0,,. Therefore,

Invoking Corollary 5.3.1 finishes the proof. ]

To facilitate the proof of Theorem 5.8, we define three auxiliary estimators. Let

A(A(ﬂ)
IBLO £ argmln Z yﬂ'(l - Xza >)2
BER?,||Bl=s A
k

AP
for k = 1,2,3. Thus, BL )| is the L estimator of 3 using only the data (X;, Yr(;)). ieA™ for k =

AP
1,2, 3. The following lemma relates the squared predicted values of ﬁ Lo w1th (ﬁ Lo )) w—1- The

result allows us to decouple the dependence between the covariates and the response by analyzing

the observations in A{™ and A" separately.
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Lemma 5.11. Consider the model given in equation (A.3.1.1). Then,

Z XmﬂLo < Z zaﬁ[jj(ﬂ)) Z ZHBLO(W) Z “IBLngT)

ieAl ieAL™ ie A"

Proof of Lemma 5.11. Indeed, for any 3 € RP, we have that

n

Z(yz — (x:,8)2)° = Z Z (yi — (xi,8)2)".

i=1 k=1 ZEAS:)

Minimizing both sides with respect to 3, it follows that

n

(M) (2 2
i — \Xi, min Xu
S e B = i ST Y (i (x

=1 k= 116.»4,(:)
> min i — (X, 2
ZB@RP 18llo=s Z;r)(y (i, 8)2)
ZE.A
3
A(‘"))
=3 % (= B )

k=1 jcAl™)

Applying the Pythagorean Theorem finishes the proof.

2.

]

Proof of Theorem 5.8. 1t is clear that fLO (%55 (%5, 9j) =13 ) = fLO (%43 (X5 Yn(5))j=1; ™o) for any
m € II. Moreover, from Theorem 2.6 of Rigollet and Hiitter (2017), there exists a constant ¢; > 0

such that

n

]P’{ Z<X“BL° ~ B < oK. (log (QZ’S) + 1og(1/5))} >1-4.

Now, fix 7 € II. Since (i), cam and (Yr(i)), 4 are mutually independent, Theorem 2.6 of
1 1

Rigollet and Hiitter (2017) implies there exists a constant co > 0 such that

P{ Y B8 < alty + (o () +lost3/o} = 1- 073

icA™
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Analogously, we see that

2(A57)
P{ Y i < ey + Ko

ic Al

QPS) +1og(3/5))} >1-6/3.

Next, by an argument identical to that of Lemma 5.4, it follows that
A(Aéw))2< 2 < loo? 2, 2 1
Z (xi,Br, )2 < Z Yr(i) = 108 (n)(oF + 07) + cslog(n)
icAl™ icA™
with probability at least 1 — §/3 for some constant c3 > 0. Hence, Lemma 5.11 implies that

> (B al? < 2y + Ko (3 ) + low(3/0) + log*(n) (0 + ) + ca o)

with probability at least 1 — ¢. The result now follows from Corollary 5.3.1. [

Proof of Theorem 5.9. The proof is identical to that of Theorem 5.8, replacing Theorem 2.6 of
Rigollet and Hiitter (2017) with Theorem 5.3 of the present paper. U

Proof of Theorem 5.10. Let ©® = UVT with U € R"*" and V € R2*", f; & (X, O)ys with

variance 012; 2 Var(f;) = vec(©)TZvec(®), and n; £ (X;, ©* — O)ys, yielding the decomposi-

tion
v = (X, (:)>HS +n;+e = <Xi\~/7 Ij>1—Is + 1 + €5
Since O satisfies

e = arg min E(X, 0" — O),

OcRU %92 rank(®)<r

it follows from the population first-order condition that
Evec(XV)(X, 0% — ©)ys = Evec(XV)n = 0,q,,

implying that Vec(XZ-V) is uncorrelated with n;. Now, consider an auxiliary oracle estimator (;)\7
given by

ﬂ\? 2 arg min Z(yZ — (Xi,UVT>HS)2 and (':)\7 £ va—r.

d
UeRe1*" 4
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Since © L, 1 the empirical risk minimizer, it follows from the Pythagorean Theorem that

AT = (X0, On)hs 2 ) (X6 Ov)iis = IPyyllz = IF13+2(F,n + €)2 + [Py (n + ).

i=1 i=1

Fix o > 0 arbitrarily. Now, proceeding as in the proof of Theorem 5.6 and Corollary 5.6.1, there
exists t; > 0, depending on 6, ||®||y and K, such that with probability at least 1 — §/2,

1713 = no? — tin*/2,
If in addition Assumption (5.5%) is satisfied, then
1713 > no? — tyn'/%*

with probability at least 1—4 /2, where | depends on & and ). For the second term, since vec(X; V)
is uncorrelated with 7;, it follows that E(}, n + €)2 = 0. Now, by Chebyshev’s inequality, there
exists to > 0 depending only on ¢ such that

2/(f,m+ €)a| < tan'05(0F + 0?)
with probability at least 1 — §/2. Therefore, with probability at least 1 — 4,
Al > na}% —tnt/? — tgnl/zaf(a]% + o2).

It remains to bound A™ for 7 € II. Define the auxiliary estimators

~ A("') .
G(Lok = arg min Z (?Jw(i) — (X, @>Hs)2-

®cR¥1 %42 rank(®)<r
(©)=< ieA(,f)

By an identical argument as in Lemma 5.11, it follows that

n 3
AP = 37X, 02 < 3 T (x, 08

i=1 k=1 ZGA(“)

By Theorem 5.3, there exists a constant 3, depending on 4, a]%, 02, K,, and K_, such that

S (X, 01 ) < tardlog(n)
z‘eA](f)
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for j = 1,2 with probability at least 1 — §/3. Similarly, following Lemma 5.4, we have that

N (m)
3 (X;, O )ag <log?(n)(02 + 02) + tylog(n)

ieAl™
with probability at least 1 — §/3 for a constant ¢, depending on 4, ||®*||g, K, and K.. Combining,
we have

A™ < 2tsrdlog(n) + logz(n)(ajzc + 02) + t4log(n)
with probability at least 1 — 9. Proceeding as in Theorem 5.6 finishes the proof. [
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