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ABSTRACT

Applications of decentralized multi-agent systems are ubiquitous in the present

day, including autonomous driving, gaming AI, sensor networks, etc. Depending on

the setting of an application problem, the theoretical framework behind the problem

commonly used is either distributed optimization, decentralized control, or multi-

agent reinforcement learning (MARL). However, existing methods may not be scal-

able, may require strong but limiting assumptions, or may need solutions to open

problems that remain unresolved when put into practice. In this thesis, we aim

to develop more general and efficient computational algorithms for optimizing such

systems that better fit with the applications, where the efficiency we are concerned

with is in terms of memory storage, communication overhead, convergence speed, and

low regret. On the distributed optimization side, we propose a localization scheme

that exploits partial dependency structure in the objective functions to save memory

and communication required, along with a convergence rate analysis of the proposed

scheme. We also study an approximation framework that allows us to relax the Lips-

chitz gradient assumption commonly made in the literature, and investigate nonlinear

consensus schemes from a stochastic approximation point of view. To overcome the

non-stationarity issue and the curse of dimensionality in MARL problems, we devise

algorithms that achieve near-optimal regret for a class of problems with a hierarchical

information structure; for even more general settings, we extend the notion of an ap-

proximate information state to certain multi-agent cases that can be used to design

scalable and low regret learning algorithms without the knowledge of the models.

xii



CHAPTER I

Introduction

1.1 Motivation

Application of decentralized multi-agent systems (MASs) are ubiquitous in the

present day, including autonomous driving [99], Internet of Things (IoT) [75], resource

scheduling and allocation in telecommunication [45], wireless sensor networks [36], and

designing artificial intelligence (AI) algorithms for strategic games [26], just to name

a few. Consisting of autonomous entities known as agents, decentralized MASs are

capable of achieving complex tasks with great flexibility, as the agents interact with

neighbors and environments and make decisions [38]. Such a concept is made possible

not only due to the explosive growth of the number of computational devices [106]

led by the breakthroughs in embedded electronics, but also the recent huge success

in the field of statistical and computational learning theory, including distributed

optimization, machine learning (ML), reinforcement learning (RL), and deep learning

(DL).

Depending on the setting of an application problem, the theoretical framework be-

hind the problem commonly falls into one of distributed optimization, decentralized

stochastic control, multi-agent reinforcement learning (MARL), or federated learning;

some of the problems also belong to the game-theoretic framework, especially prob-

lems in decentralized control and MARL [48]. In distributed optimization framework,

the agents knowing only their own objective functions collectively optimize the sum

of the objective functions of all the agents. The theory of decentralized stochastic

control concerns finding the optimal policies of a multi-stage optimization problem

1



when the model, which is usually Markovian, is known [82]; on the other hand, in an

MARL setting, the agents try to find the same optimal policies without the knowledge

of the model, by learning and interacting with the environment which the model char-

acterizes. Federated learning can be thought of as a decentralized ML scheme that

minimizes an appropriate loss function without sharing private data; in the scheme,

the agents try to find a centralized model that best fits the training data which is

stored at the individual agents’ sides. In a game-theoretic framework, the agents may

have different objectives and may move strategically against each other to maximize

their welfare; however, this framework will not be considered in this thesis as we focus

on cooperating agents that work towards a common goal.

All of these frameworks share many similarities. First, all of them involve decision

making to reach an appropriate optimual value for a common objective (when the fo-

cus in on the fully-cooperative cases as in this thesis): in distributed optimization, the

agents choose the decision variable to minimize the sum of their objective functions;

in decentralized stochastic control, the agents decide a joint policy that maximizes

the long-term reward; in MARL, the planner designs an algorithm whose output con-

verges to an optimal joint policy asymptotically while minimizing the regret; and

in federated learning, the agents search for a model parameter that minimizes the

loss function whilst adhering to privacy requirements. Second, most computations

are carried out on the agents’ side, with the agents coordinating or cooperating, and

with certain information sharing schemes. Third, in these frameworks, each agent

holds a dynamic state, and updates the state in each time step with the incoming

information received from the neighbors or interactions with the environment [131].

Federated learning is conceptually a distributed optimization problem if the local loss

function defined by the local training data (sometimes along with a loss of privacy

penalty) is viewed as the objective function, and the model parameter is viewed as the

decision variable [124]. If the policies are parametrized, which is a popular approach

in RL [115], then finding an optimal policy is equivalent to deciding the parame-

ter that maximizes the (long-term) reward [44]; thus, distributed optimization and

decentralized stochastic control are also related in this sense.

Although these frameworks are widely studied in the literature, gaps still exist

when they are put into practice. There are two fundamental distinct features in

2



decentralized MASs that make the setting much more complicated than their central-

ized counterparts: one is information asymmetry [88], and another is the prevalence

of signaling [127, 41]. The former refers to the fact that agents possess private in-

formation unseen by other agents; this creates a non-classical information structure

where information no longer builds on itself over time, and hinders the agents from

using existing centralized sequential decomposition methods [127] such as dynamic

programming. On the other hand, signaling refers to agents using observable informa-

tion from other agents, usually communications or actions, to infer their unobserved

information; agents may reason either through complex multi-level beliefs and ratio-

nality driven concerns [127, 6] or the theory of mind when observing others’ actions

[42], both of which are hard for analysis and also computation. These fundamental

aspects lead to several challenges for decentralized MASs. One of the crucial chal-

lenges is the scalability issue, both in the dimensions of time and number of agents;

this issue manifests via its impact on memory storage, communication overhead,

computational complexity, etc. A notable example of an infeasible requirement of

computational complexity is the doubly exponential growth complexity in time for

MARL problems, which basically forbids practical implementations of most of the

existing results in decentralized stochastic control or its MARL counterpart; this is

an important open problem in the field. Moreover, some of the existing methods may

require strong but limiting assumptions that do not exactly hold in practice. For

example, in real-world applications, the communications between the agents or the

timing of their actions may be subject to delay and inaccuracies, which gives rise to

the synchronization issue and the quantization issue [138, 90, 105]; further, transmis-

sion errors can also result in information asymmetry between the agents. Some good

properties such as Markovian structure or smoothness assumptions also may not hold

in applications. Consensus formation is yet another core topic in decentralized MASs.

The agents may have difficulties reaching a consensus due to information asymmetry,

which leads to the non-stationarity issue in the MARL setting when they try to learn

concurrently (which will be explained in detail in Section 4.2.2); even in frameworks

of distributed optimization and federated learning, the means to reach consensus ef-

ficiently and methods to alternate consensus with the optimization step at the right

frequency are active research topics [13, 14, 125].
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In this thesis, our goal is to develop more general and efficient computational algo-

rithms for optimizing decentralized MASs that better fit with the applications, where

the efficiency we are concerned with is in terms of memory storage, communication

overhead, convergence speed, and low regret. Intuitively, the theoretical frameworks

are concerned with algorithms that solve certain optimization problems for the origi-

nal objectives, and we are then optimizing these optimization and control algorithms

for another set of metrics so that they address more concerns of practitioners.

1.2 Background and Scope of the Thesis

This thesis is organized into two parts. The first part, constituting Chapter II

and Chapter III, considers the distributed optimization framework; the second part,

containing Chapter IV and Chapter V, considers the decentralized stochastic control

and the MARL frameworks.

1.2.1 Distributed Optimization

In a distributed optimization problem, N agents work collaboratively to solve

the optimization problem F (x) ,
∑N

i=1 fi(x) subject to certain constraint set; the

variable x is called the decision variable, and agent i’s objective function fi is only

known to itself but not other agents. This setup dates back to the seminal work of

[122] and has received extensive attention since then.

Although there are innumerable variants of distributed optimization algorithms

that have been proposed, most of them can be categorized as either primal-based

methods or dual-based methods [94, 80]. In primal-based methods, each agent usually

keeps a local copy of the decision variable and performs a local optimization or descent

step followed by a consensus step iteratively. In the local optimization step, the agent

only uses the local objective function fi plus information gathered from the neighbors

to update its local copy of the decision variable; some examples of this step include

gradient-based or sub-gradient-based schemes as local gradient descent [91, 55, 17],

second-order-based schemes [76, 83], and successive convex approximation (SCA) [80].

Then in the consensus step, the agents exchange their local copies of the decision

variable to reach a consensus through a gossip-type averaging scheme. On the other

4



hand, dual-based methods including the renowned Alternating Direction Method of

Multipliers (ADMM) [24], first introduce the (augmented) Lagrangian of the original

optimization problem, and update the local copies of the decision variables as well as

the Lagrangian multipliers. The original constraint and the consensus constraint are

taken care of through the updates of the multipliers, and under suitable regularity

assumptions, the optimal value of the dual problem will be the same as that of

the original optimization problem [94]. In some algorithms, mostly primal-based,

each agent maintains another variable copy y that tracks the current value of the

total gradient
∑N

i=1∇fi(·) [80, 94], which can be used to construct a more accurate

surrogate function of F and reportedly enhance the convergence rate [114]. In this

thesis, for concreteness and tractability, we only focus on two primal-based algorithms,

which is the Distributed Gradient Descent (DGD) algorithm [91], and the in-Network

succEssive conveX approximaTion (NEXT) algorithm [80].

A bulk of literature in distributed optimization focuses on convergence analysis,

such as studying various acceleration methods [34, 134] and regularity conditions,

whereas addressing the scalability issue and the practicability issue mentioned in Sec-

tion 1.1 is equally crucial for applying these algorithms in real systems. These issues

include topics on synchronization [138], communication efficiency [74], memory effi-

ciency, coordination scheme, variance reduction [74], explicit or implicit assumptions

made for the algorithms, etc., and some of them are overlooked in the literature. Take

memory efficiency as an example, existing algorithms require every agent to keep a

copy of the entire decision variable; although memory requirement is less constrained

nowadays, this scheme is still not scalable: e.g., the frequent exchange of many vari-

ables can congest communication links. In this thesis, we improve the communication

and memory efficiency with a “localization” technique (Chapter II). We also relax

the smoothness assumptions on objective functions commonly made in the literature,

namely that they have Lipschitz gradients, so that the algorithms can be used more

broadly (Chapter II). In addition, we look at the coordination scheme by studying a

wide range of consensus methods and their convergence implications (Chapter III).

Last but not least, while the communication graph is usually assumed to be given,

we are the first to propose it can be a design parameter as well, and to investigate its

relations to memory requirement, communication requirement, and convergence rate
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(Section 2.5).

1.2.2 Decentralized Stochastic Control and MARL

In a decentralized stochastic control problem, N agents also known as the con-

trollers in this context, choose control policies g , (g1, . . . , gN) that generate a con-

trol process from an observation process, while the underlying state of the dynamical

system evolves [82]. Certain Markovian structure is often assumed in the model;

in particular, the decentralized partially observable Markov decision process (Dec-

POMDP) is mostly used in decentralized stochastic control and MARL problems.

The goal, then, is to find a policy g that maximizes the expected long-term (dis-

counted) reward; such a g is called an optimal policy and is denoted as g∗, and the

optimal long-term reward g∗ achieves is denoted as V ∗.

In centralized stochastic control, in particular with the POMDP model, it is well

known that with the belief state, the posterior distribution of the underlying state

given the history information, an optimal policy can be found using dynamic pro-

gramming (DP) [82]. The problem becomes significantly more complex in decentral-

ized cases, due to the lack of a centralized controller and the coupled dynamics of

different controllers. The person-by-person (PBP) [104, 50, 16] approach tries to solve

the problem in the following manner. At any given time, we fix all the control poli-

cies g−n , (g1, . . . , gn−1, gn+1, . . . , gN) except that of agent n; then, the underlying

dynamics along with the given g−n forms an effective POMDP for agent n, and it can

find its optimal policy that best responds to g−n, which is denoted as gn∗(g−n). We

iterate this through the agents in a round-robin manner, each time fixing all except

one agent. Then at some point of time, we may find that no agent can further increase

the long-term reward by unilaterally deviating from its current policy; then we call

the current policy profile g a PBP optimal policy, which results in a Nash Equilib-

rium (NE) [82]. A PBP optimal policy is only locally optimal, and by no means is it

guaranteed to be globally optimal; whereas it is true that the team optimal policy is

also PBP optimal, in fact, it is easy to see that the values of other PBP optimal poli-

cies can be arbitrarily worse than the global optimal value. The designer’s approach

[128], on the other hand, solves the open-loop centralized stochastic problem from

the designer’s perspective who knows the state transition and observation kernels (or
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equivalently the distribution of the primitive random variables). This approach does

yield optimal control policies; however, the solution space grows rapidly with the

number of time steps, as the history information or the number of primitive random

variables the policy may depend on grows. The common information (CI) approach

[88] divides all history information into common information and private information,

and incorporates policies’ dependence on the private information as a new function

called the “prescription function;” using the approach, one can construct an equiv-

alent POMDP and obtain a sequential decomposition that gives the optimal policy.

A detailed summary of the CI approach is given in Section 4.2.4.1. At this point,

the problem of decentralized stochastic control can be considered solved from a the-

oretical/conceptual perspective. However, there continues to be significant effort in

the research community in solving Dec-POMDPs and even solving POMDPs, as [88]

is a structural result and does not really provide an algorithmic framework to solve

general practical problems; in particular, how to form the belief state (or equivalent

information state), and how to deal with the explosive growth of the prescriptions

space remain open problems that are not entirely overcome yet.

The MARL setting is basically the decentralized stochastic control setting without

the knowledge of the model; here, the model can be understood as the state transi-

tion and observation kernels in the environment. The problem goal is also different

– in an MARL setting, the agents are put into the environment commonly modeled

by Dec-POMDP, to interact with and earn reward from it; hence, there is an intrin-

sic urgency in finding a policy g that achieves V ∗, or near V ∗. Formally, within a

time horizon T or a finite number of “episodes” (each containing time steps equal

to the time horizon), the goal of MARL is to find an algorithm that minimizes the

“regret,” which is the difference between the actual earned long-term reward and the

highest reward that could possibly be earned in hindsight, i.e. the long-term reward

obtained by g∗. It is common that the agents cannot achieve optimality at the end

of the learning period. Agents have to strike a balance between exploration and ex-

ploitation for regret minimization [115]. Decentralization further introduces several

challenges to the problem, and among them are the non-stationarity issue and the

curse of dimensionality. The non-stationarity issue refers to the phenomenon that the

“effective environment” each agent is facing is varying over time due to concurrent
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learning of the policies in the RL setting. Using the concept of the CI approach,

the main solution proposed in the literature is that of “centralized learning and dis-

tributed execution” [37]. However, how to implement this scheme in practice remains

open because of the high complexity involved, which goes to the next challenge: the

complexity of the histories grows exponentially in N and T , and the complexity of

the prescriptions grows exponentially in N and doubly exponentially in T . Algorithms

proposed in the literature usually involves heuristic/approximation methods without

knowing the potential loss from the approximation [35, 42, 73, 111], or some ML

schemes without theoretical background [133]; some of them even assume the knowl-

edge of the model, and are more similar to the control setting. In summary, the topic

is still largely open, and general frameworks that provide theoretically sound practical

design guidance are needed.

Besides the non-stationarity issue, which is still an open problem, there is a lack

of a unifying analytical framework for decentralized control/MARL problems. The

CI approach is a conceptual breakthrough for constructing such a framework, as

decentralization is removed from the coordinator’s view. However, the private history

is left uncompressed in the original CI approach, so that the curse of dimensionality

is not solved fundamentally; moreover, the belief state used in the approach cannot

be constructed in the RL context. The idea of approximate information state (AIS)

[112] provides a way for the agents to construct the state without model knowledge,

but cannot be directly applied here due to the growing private histories. On the other

hand, in the sufficient private information (SPI) framework [117], private histories are

compressed into private states sufficient for optimal decision making; nevertheless, its

construction remains unclear. While there is some progress on the deep-MARL front

[35, 42, 73, 111], they are lack of a theoretical ground as mentioned above. Also not

well understood is the role of information structure. Different settings are considered

for the MARL problem but they may not be easily compared; the differences are

typically around: which unit designs or learns which part of the policy, which unit

can access the common history, and which unit can access the private histories, etc.

In this thesis, we combine the ideas of the CI approach and AIS to propose a

general state representation framework for decentralized control/MARL problems

(Chapter IV). In essence, we will posit a simpler MARL problem that approximately

8



matches the original problem such that low regret control algorithms can be devel-

oped. In the framework, the common history and the private histories are compressed

into the common state and the private states in time-invariant spaces for decision mak-

ing, which alleviates the dimensionality issue. Besides the coordinator’s viewpoint,

we propose another “supervisor’s perspective,” which is very useful in both the con-

ceptualization of the simplified MARL problem and also the analysis. The agents can

learn the representations from the supervisor’s view, then learn the optimal policies

from the coordinator’s view, so that the non-stationary behavior will not appear.

Another approach to deal with the non-stationarity issue is to take advantage of the

hierarchical information structure, which is studied in Chapter V, where we propose

algorithms that achieve near-optimal regret in multi-agent bandit and MDP settings.

1.2.3 Scope of the Thesis

We define the scope of the thesis from many aspects in an MAS.

Agents relation. Throughout the thesis, we assume there is a unique utility/objective

common for but usually only partially known to all agents. Most literature on dis-

tributed optimization and federated learning assume this, with some of them also

taking the fairness issue [49] into account (by adding that to the global objective).

The literature on decentralized control and MARL, on the other hand, considers a

variety of agents relations, ranging from fully competitive, e.g. zero-sum games [78],

to fully cooperative. We consider the fully cooperative cases in this thesis, which is

also known as the “team problem” in the setting.

Interaction among the agents. The interaction among the agents is commonly

modeled by graphs. There are two widely used interaction graphs (directed or undi-

rected): one is the communication graph, and the other is the influence graph [64].

An agent is only allowed to communicate with another agent if there is an edge be-

tween the two agents in the communication graph. In an influence graph, an agent’s

state or decision will influence neighboring agents. Notable special cases of the graph

topology include the complete (fully-connected) graph and the star graph. In the

distributed optimization setting, we consider undirected communication graphs given

by the model, while the concept of influence graph is unclear in our setting and will
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mostly not be used. In the special case where each agent is associated with a part

of decision variable, the influence graph will coincide with what we call the “local

network,” see Example 2.7. In the decentralized control/MARL setting, we consider

no additional communication among the agents unless specified through “communi-

cation actions” in the information structure of the model, and we consider potentially

fully-connected influence graph given by the model.

Decision making structure. We mostly consider synchronous simultaneous deci-

sion making in this thesis; in each time step, this includes deciding the local copies of

the decision variable in the distributed optimization setting, deciding the actions in

the decentralized control setting, and deciding the actions plus updating the policies

in the MARL setting. The only exception is in Chapter V, we consider a tree-like

decision making structure, where the upper layer agent decides first, and then the

lower layer agent decides based on the decision of the upper layer agent.

1.3 Organization and Contributions of the Thesis

1.3.1 Overview of Chapter II

The first topic we study in this chapter is localization. In real applications, indi-

vidual objective functions (fi’s) usually do not depend on the whole decision variable

x, so that a partial dependency structure exists; for example, in a base station (BS)

network with the throughput of a BS being its objective function and power transmit-

ted or scheduling being the decision variable, it is usually the case that the throughput

only depends on power or scheduling variables from the nearby BSs, which is only part

of the entire decision variable tuple. We achieve memory storage and communication

efficiency by proposing a localization framework. In the framework, an agent only

maintains the variable part its objective depends on, and only communicates with a

neighbor the variable part that both of the agents depend on. This framework can

work with most of the primal-based algorithms, and we demonstrate its convergence

when combined with the NEXT algorithm [80] and the DGD algorithm [91].

With the localization framework, we also demonstrate that the choice of a local

network, that is, a subgraph in the network that dictates the decision of a certain

variable part, can be a decision variable. The corresponding optimization target
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would be a combination of memory storage cost, communication cost, and convergence

rate. Evidently, including more agents in a local network increases the memory and

communication required, but also implies more nodes are helping with relaying the

information and faster consensus, which may or may not lead to a faster convergence

rate. The choice of local networks affects the convergence rate through the spectral

radius of the topology of the graphs, which possesses some interesting properties that

we observe.

The second topic develops methods to expand the applicability of some distributed

optimization algorithms by relaxing the assumption that ∇fi’s are Lipschitz contin-

uous. Such assumption limits the usage of the algorithms, as there are common

objective functions in practice that have non-Lipschitz gradients, e.g. the throughput

function (often characterized by Shannon entropy) in telecommunication networks,

or the cross-entropy function in ML. The relaxation is carried out by using a series

of functions that have Lipschitz gradients to slowly approach the original function,

and is demonstrated with the NEXT algorithm (as a version of the DGD algorithm

actually does not require the Lipschitz gradient assumption). We provide examples

of such approximation functions and show in simulations that such approximations

scheme leads to numerically more stable schemes.

At the end, we also have a case study on the application to the resource alloca-

tion problem in BS networks, where we give different schemes to apply the NEXT

algorithm and our proposed frameworks and simulate their performances.

1.3.2 Overview of Chapter III

In this chapter, we study the nonlinear consensus scheme for distributed optimiza-

tion algorithms. As mentioned in Section 1.2.1, most primal-based methods contain

a local optimization step and a consensus step. From a stochastic approximation

perspective, these methods interleave the two steps by running the consensus step at

the fast time-scale and local optimization at the slow time-scale. The consensus step

can be thought of as a projection onto the consensus plane, not unlike the projection

onto the constraint set in constrained optimization. We explain this point of view by

providing an alternative proof of the convergence of the NEXT algorithm.

We generalize the linear consensus scheme commonly seen in many primal-based
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algorithms and in particular the NEXT algorithm and the DGD algorithm in two

directions. First, one may relax the column stochasticity constraint for NEXT so

that the agents may select any point within the shrunk convex hull spanned by the

new iterates from all the neighboring agents. Second, when taking the consensus, one

may first take a monotonic Lipschitz transformation and transform back after the

averaging; the result further enlarges the candidate choices to the cube hull in the

consensus step. We then propose an algorithm that aligns the consensus step with

the gradient descent direction in combination with the gradient tracking scheme we

described in Section 1.2.1. We observe convergence speed-ups in the simulation for

certain cases.

1.3.3 Overview of Chapter IV

This chapter combines the idea of an approximate information state (AIS) [112]

and sufficient private information (SPI) [117], and develops a general framework of

approximate sufficient common state (ASCS) and approximate sufficient private state

(ASPS) that can be used in solving decentralized stochastic control problems as well as

designing practical algorithms in the MARL setting. In brief, in a POMDP setting,

[112] gives a set of conditions an information state, a compression of the history,

should satisfy for decision purposes without losing optimality, and a corresponding

set of conditions an AIS should satisfy based on which the decisions are made, leading

to a regret bound depending on the approximate error parameters and the number

of time steps remained. In the Dec-POMDP setting, [117] provide another set of

conditions an SPI (which we call the sufficient private state (SPS) to distinguish), a

compression of the private history, should satisfy so that one can restrict attention

to SPI-based prescriptions without losing optimality. Note that the compression in

[112] is state compression, while the compression in [117] is action compression, as

the space of prescriptions, the action space in the CI approach, being shrunk to the

space of SPI-based prescriptions.

We begin by reproving the result in [117] using a dynamic programming (DP)

induction approach. In the Dec-POMDP setting, we also provide the conditions for

a general compression of the public state, which we call the sufficient common state

(SCS). With SCSs as states and SPS-based prescriptions as actions, we show that the
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DP is equivalent to the DP without the compressions. Then, paralleling the results of

[112], we provide conditions of an ASCS and an ASPS, and derive an optimality gap

for the resulting DP that still depends on the error parameters and the number of

time steps remained. Due to the involvement of action compression, the dependence

on the number is quadratic, in contrast to the linear dependence found in [112].

At the end, we propose a change detection (CD) framework that can adapt to new

environments in a time-varying MARL setting, and discuss possible combinations

with the aforementioned ASCS and ASPS framework.

1.3.4 Overview of Chapter V

We explore the MARL problem in a special case, i.e. multi-agent problems with a

particular hierarchical information structure; in the structure, the decisions are made

sequentially, and any decision maker has all the decision information from all decision

makers prior to itself in the sequence but not the decision makers that act after it.

We first consider the two-player bandit setting, which is the simplest setting where

things are time-invariant. By adding a bonus term related to the regret bound of

the lower layer (more informed) agent, we propose a hierarchical algorithm based on

Upper Confidence Bound (UCB) that achieves near-optimal regret; in the algorithm,

with the greater bonus, the upper layer (less informed) agent explores the arms slower,

giving the lower layer agent enough time to find out the optimal arm in the lower layer

for any given upper layer arm first. Although one can achieve nearly the same near-

optimal regret when applying the CI approach to this bandit problem, this requires

the upper layer agent to recover all the computations done in the lower layer including

possible randomization, which may be infeasible in practice because the upper layer

agent does not have the computation power, or it does not know the random seed,

etc. Our algorithm on the other hand exempts the upper layer agent from these

additional complications by exploiting the hierarchical information structure.

We extend the algorithm to bandit settings with multiple layers and multiple

agents in the same layer, and to Markov decision process (MDP) settings, with the

hierarchical information structure. Finally, we provide the case study of solving the

“matching problem,” which is a Dec-POMDP example first proposed and discussed

in [86]. We demonstrate the following solution paradigm in this case study. Suppose
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in an MARL problem, we know certain structures about its Dec-POMDP model.

Then, we can first solve the partially known model using the CI approach to obtain

structural results, and use RL methods based on the structural results to achieve good

regrets when it comes to the execution phase. In this particular matching problem,

we show that with the structural results we obtain from it, the problem is equivalent

to a bandit problem with the hierarchical information structure, and can be solved by

the algorithm we mentioned in the last paragraph. The crucial characteristic of the

problem is the agents can always resolve the state after one step. In general, if the

state is resolvable by all agents within a finite number of time steps, then the MARL

problem can be solved by bandit-type algorithms.

1.3.5 Summary of Contributions

In summary, the major contributions of this thesis are as follows:

• By exploiting the partial dependency structure, we propose a localization scheme

that achieves memory storage and communication efficiency. We also show that

the localization scheme affects the convergence rate through the spectral radii

of the local networks, which turns out to be another degree of freedom one may

optimize.

• We enhance the applicability of the NEXT algorithm by relaxing the gradient

Lipschitz assumption commonly made in the literature by using a series of

approximation functions. We provide many examples of how to construct such

function series, including using the Lasry-Lions envelope function [69]. Our

proposed scheme exhibits increased numerical stability in simulations.

• We generalize the linear consensus scheme to a nonlinear consensus scheme from

a stochastic approximation point of view, so that the agents may choose any

point in the cube hull spanned from the results of the local optimization step

in the neighbors for possible convergence speed-up.

• We propose a general SCS and SPS framework for Dec-POMDP settings. This

framework compresses the common history and private history to time-invariant
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spaces, so as to escape the curse of dimensionality in Dec-POMDP/MARL prob-

lems. We show that the DP based on our framework is equivalent to the original

DP using the CI approach without any compression. For its approximate coun-

terpart, we derive a bound on the regret incurred from using the approximate

compression framework in DP.

• We design algorithms for MARL problems with hierarchical information struc-

ture in bandit settings and in an MDP setting. We show that our proposed

algorithms for all the settings achieve near-optimal regret in terms of A, B, and

T , where A and B are number of actions of the two agents, and T is the number

of episodes. We also investigate their application to a decentralized matching

problem with two agents.

1.4 Notation

Notation in each chapter is self-contained. Appendices use the same notation as

their corresponding chapter, e.g. Appendix A uses the same notation as Chapter

2. There are some common notations and conventions that are used throughout the

thesis, which are listed in the following.

• I{·} denotes the indicator function, which is 1 when the proposition inside is

true and 0 otherwise.

• E[X] denotes the expectation over the random variable X.

• Ω(X) denotes the domain space a (random) variable X takes value in.

• For a ≤ b and c ≤ d, Xc:d
a:b is the short hand notation for the tuple

Xc:d
a:b , (Xc

a, X
c+1
a , . . . , Xd

a , . . . , X
c
b , . . . , X

d
b );

in the most common usage, the subscript is used as the time index, and the

superscript is used as the agent index. Similar notation also works for functions

f c:da:b (·) ,
(
f ca(·), . . . , fda (·), . . . , f cb (·), . . . , fdb (·)

)
.
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• When the context is clear that there are N agents and superscript is used as

agent index, then

X−n , (X1, . . . , Xn−1, Xn+1, . . . , XN);

similar notation works for functions.

• In a context that involves randomness, random variables are denoted by upper

case letters, e.g. X ∈ Ω(X), and their realizations are denoted by corresponding

lower case letter x ∈ Ω(X).

• ∆(X ) denotes the set of all possible distributions on the space X .

• For random variables X with a realization x, we use the shorthand notations

P(·|x) , P(·|X = x) and E[·|x] , E[·|X = x].

• If a random variable appears alone without realization in a place other than the

operand of E, then it means the related equation should hold for any Borel mea-

surable subset in its domain. For example, P(X, a|b) = P(c|X, d) = E[Y |X, f ]

means for any Borel measurable subset B ∈ Ω(X), we have

P(X ∈ B, a|b) = P(c|X ∈ B, d) = E[Y |X ∈ B, f ].
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CHAPTER II

Localization and Approximations for Distributed

Optimization

2.1 Introduction

In this chapter, we study a localization scheme and a objective function approxi-

mations scheme for distributed optimization. These two schemes are used to alleviate

two issues we find in the NEXT algorithm [80], and also in the distributed opti-

mization literature in general. Among the first provably convergent algorithms for

non-convex objectives using a fully distributed scheme over a network with arbitrary

graphical structure, the NEXT algorithm performs local optimization by finding sur-

rogate convex functions based on the current iterate and utilizing successive convex

approximations of the non-convex objective, and then enforces consensus among the

agents in the network so that a global objective can be solved in a distributed manner.

The first issue of NEXT is that the algorithm requires each node to store and

update the entire vector of decision variables, irrespective of the underlying dimen-

sion or structure; this is also an issue more broadly for most distributed optimization

algorithms, e.g. the DGD algorithm [91]. In certain applications, the decision vari-

ables might be the ensemble of sets of control parameters at each node, which could

be of a significant dimension: e.g., multiple platoons of automated cars with a local

controller for each team, or cellular base stations (BSs) each with many connected

devices. Directly using NEXT would necessitate greatly increased storage at each

node and also high-rate and low-latency communication between all nodes, which is

impractical for a large network. In the illustrative examples above, the decision vari-
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ables typically can be decomposed into blocks with a sparse interconnection between

different blocks through the objective functions, which we call a partial dependency

structure. Such a structure could be used in reducing the storage and communica-

tion requirements. This, however, has not received much attention in the distributed

optimization literature. The block coordinate descent method for centralized opti-

mization is studied in [12], wherein gradient descent is effectively carried out one

block at a time. When the objective is the sum of separable functions, convergence

is shown for extensions of ADMM when the number of blocks is two [12], but this

no longer holds when there are three blocks [32]. A distributed optimization scheme

for variables with block structure is proposed in [40], but only the convex part of the

objective is decomposable.

A second issue with the approach in [80] is that the objective in many applications

may not have the required smoothness. For example, the common assumption is of

Lipschitz and bounded gradients as in [80], but this may not hold; as mentioned in

Section 1.3.1, both the throughput function in telecommunication networks and the

cross entropy function in ML, which commonly serve as objective functions in the

applications, have non-Lipschitz gradients. In centralized convex optimization, apart

from sub-gradient methods, proximal methods are used for non-smooth functions

[100]: e.g., a substitute is the Moreau envelope that is strongly convex and maintains

the minimizer.

For the first issue, we exploit the separability of the decision variables and the ob-

jectives’ partial dependencies to reduce the storage and communication needs when

the objective is the sum of separable functions. Although all components of the deci-

sion variable are entangled via each node’s objective, we show that each component

can be maintained and optimized within a local network. Our idea of localization

is similar to [130], which exploits the sparsity of the constraints in convex feasibility

problems (CFPs) to reduce the memory and communication needed. As we will ex-

plain in Section 2.4.3, not only is our framework more general, but it also works for

non-convex problems when combined with NEXT. We demonstrate the localization

scheme in combined with NEXT and DGD. For the latter case, we further assume

convexity to analyze how the introduction of the localization scheme affects the con-

vergence rate, and find it alters the “effective dimension” and “effective spectral
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radius.” This leads to our study of the choice of the local networks, which represents

a trade-off between the memory storage and communication required, and the speed

of convergence. In the second direction, inspired by the proximal method, we use

a series of functions with Lipschitz gradients to approximate the original objective,

and significantly relax the smoothness assumptions made in [80]. We show that using

the approximations scheme, convergence to stationary points is still guaranteed for

any sequence of approximation functions that approaches the original function slowly

enough when there are no unbounded gradients on the boundary. While following

the same steps as NEXT when the gradients are Lipschitz, our algorithm appears to

have increased numerical stability over NEXT with non-Lipschitz gradients. Finally,

we apply the results and algorithms to the multi-cell resource allocation problem in

many different ways, which gives numerous algorithms with provable convergence to

locally optimal solutions.

The rest of the chapter is organized as follows. We first describe the setup for

distributed optimization problem, as well as the localization and function approxi-

mations frameworks in Section 2.2, then we present our proposed algorithms with

the convergence theorems in Section 2.3. We discuss implementation details of our

algorithms in Section 2.4, including examples of localization, choosing sequence of

approximation functions, and the aforementioned numerical stability issue. In Sec-

tion 2.5, we illustrate the choice of local networks works as a degree-of-freedom to

“optimize the optimization algorithms,” and discuss the effect of graph topology on

its optimal spectral radius. We describe the application to the multi-cell resource

allocation problem with the simulation results in Section 2.6, and conclude in Sec-

tion 2.7.

2.2 Models and Assumptions

In this section, we describe the standard distributed optimization setup in Sec-

tion 2.2.1, and the assumptions regarding the surrogate function used for NEXT

in Section 2.2.2; further specifications of the model for our localization scheme and

approximation scheme are given in Section 2.2.3 and in Section 2.2.4, respectively.
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2.2.1 Distributed Optimization Setup

In this subsection, we give the system model of distributed non-convex optimiza-

tion and assumptions. The bulk of the setup mainly follows from [80]. Consider a

network N = {1, . . . , n} that consists of n nodes. We aim to solve an optimization

problem of the form

min
x∈K

U(x) = F (x) +G(x) =
n∑
i=1

fi(x) +G(x), (2.1)

where all fi’s are C1 smooth but can be non-convex, and G is convex but may be

non-smooth. The goal is to let these nodes cooperatively solve the problem in a

distributed fashion. Therefore, each j ∈ N maintains a copy of the entire decision

variable x, referred to as xj. Then (2.1) is equivalent to solving the optimization

problem

min
xj∈K

n∑
i=1

fi(xj) +G(xj) (2.2)

at each j ∈ N subject to the constraint that all nodes agree on their optimal choices,

i.e., we enforce

x1 = x2 = · · · = xn. (2.3)

In the context of distributed optimization, node i only has the information of fi. It

would require communication between the nodes to solve the problem in (2.2)-(2.3).

Below are the standard assumptions on the objective functions and the constraint

set.

Assumption A

(A1) The set K ∈ Rd is closed and convex;

(A2) G is convex with bounded subgradient LG for all x ∈ K;

(A3) U is coercive, that is, limx∈K,|x|→∞ U(x) =∞; based on this we can effectively

assume that K is compact;

(A4) fi’s have bounded gradients, i.e. ∃ B s.t. ‖∇fi(x)‖ ≤ B for all x ∈ K;

(A5) fi’s have Lipschitz gradients, i.e. ∃ Li s.t. ‖∇fi(x)−∇fi(y)‖ ≤ Li‖x− y‖ for

all x,y ∈ K.

The set of nodes N along with a set of undirected edges E form a graph G =
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(N , E). This graph captures how communications take place – node i and j can only

communicate if (i, j) ∈ E . The communication graph G is assumed to be connected

and simple to foster communication between the nodes; otherwise, the problem is

generally unsolvable1. Moreover, the graph G is associated with a symmetric doubly

stochastic matrix W ∈ Rn×n such that ‖W − 1
n
11>‖2 < 1, and that Wij > 0 only if

(i, j) ∈ E with the exception that Wii > 0 is allowed even if we assume there is no

self-loop.

2.2.2 Surrogate Functions

In the NEXT algorithm, families of convex surrogate functions of the original

objective functions are used instead in each iterate for faster convergence. We assume

f̃i(•; x), the surrogate function of fi at iterate x, satisfies the following assumptions:

Assumption F

(F1) f̃i(•; x) is convex;

(F2) ∇f̃i(x; x) = ∇fi(x) for all x ∈ K;

(F3) Either f̃i(•; x)’s are coercive for all x ∈ K and i ∈ N or G(•) is coercive.

2.2.3 Localization Setting and Assumptions

Consider the setup where there are M local dependency sets N1, . . . ,NM , and

the local objective function of node i, i.e. fi, only depends on a common variable

xc and the local variables xm whenever i ∈ Nm. To be more specific, the decision

variables can be split into M + 1 parts x , (x1, . . . ,xM ,xc) where M is an arbitrary

positive integer. For all m ∈ [M ] (which stands for 1, . . . ,M), define the local depen-

dency set Nm , {i : fi is a function of xm} ⊆ N . Denote the sizes of N1, . . . ,NM as

n1, . . . , nM . We can think N itself as the (M + 1)-th local dependency set NM+1 and

every fi may depend on xc , xM+1. We adopt the convention that whenever M + 1

appears in either superscript or subscript, it means c or anything associated with the

original network G; this includes nM+1 , |N | = n. In the other direction, define the

dependent part Si , {m : fi is a function of xm,m ∈ [M + 1]}. Note that for all i, Si
contains M+1. Also, when Si appears in the superscript of a variable, for example x,

1All results can be trivially extended to directed time-varying graphs: see [80] for NEXT and the
Appendix for our algorithm. For easy of presentation we adopt the above settings.
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it means the vector concatenated from all xk’s such that k ∈ Si, i.e. xSi , (xk)k∈Si .

Concrete examples of local dependency sets are provided in 2.4.1. Furthermore, we

have the following assumptions:

Assumption L

(L1) Besides the fact that fi depends on xm only if i ∈ Nm for m ∈ [M + 1], G also

only depends on xc;

(L2) The set K is separable, i.e. it is the direct product of (M + 1) convex sets in

proper subspaces K = K1 × · · · × KM+1 ⊂ Rd such that xm ∈ Km ⊂ Rdm for all

m ∈ [M + 1] if and only if x , (x1, . . . ,xM+1) ∈ K;

(L3) The local network Gm = (Nm, Em = {(i, j) ∈ E : i ∈ Nm and j ∈ Nm} is

connected for all m ∈ [M ]2, we already assume the connectedness of GM+1 in Sec-

tion 2.2.1;

(L4) For all m ∈ [M + 1], there is a matrix Wm ∈ Rnm×nm associated with the local

network Nm – each entry is non-zero if and only if there is a corresponding edge in Em
with the exception that Wm

ii > 0 for i ∈ Em is allowed just as before. Equivalently, for

all rows i 6∈ Nm and all columns j 6∈ Nm, we have (Wm)i,: = 0 and (Wm):,j = 0. In

addition, denote W′m ∈ Rnm×nm as the matrix obtained from deleting the zero rows

and columns of Wm; then W′m is doubly-stochastic and ‖W′m − 1
nm

1nm1>nm‖2 < 1

where nm , |Nm|3. WM+1 does not contain zero row or column, and corresponds to

the W defined in Section 2.2.1.

Note that Nm’s do not have to be disjoint and form a partition of N . Having

Nm ∩ Nl 6= ∅ for some m 6= l is allowed. Without loss of generality we can as-

sume they form a covering of N ; i.e.,
⋃M+1
m=1 Nm = N . When there exists a part

xc on which all fi’s and G depend, then NM+1 is N itself; otherwise, nodes outside

the union do not have any cross-dependence with all the rest and can be optimized

themselves.

2.2.4 Proximal Approximations Setting and Assumptions

In contrast to the common setting in the optimization literature, we consider a

scenario where ∇fi is not Lipschitz continuous for some i. Our idea to relax this

2We add nodes to get connectedness if it does not hold. More on this in 2.4.2
3Consider n = 4 with a local network G1 = ({3, 4}, {(3, 4)}). Then W′1

eq:A.14 should be understood

as the weight for the edge (3, 4) in G1, even if W′1 ∈ R2×2.
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Lipschitz assumption is to use a sequence of functions whose gradients are Lipschitz

continuous to approximate fi. This is commonly known as the proximal approxima-

tion method in the literature of convex optimization, except that our objective might

be non-convex.

To be more specific, we want to find a series of functions {f ∗i,t}t≥1 such that ∇f ∗i,t is

globally Lipschitz continuous with constant Li,t and that as t→∞ we have f ∗i,t → fi

pointwise, or even better – uniformly. Then at iteration t we can use the well-behaved

f ∗i,t instead of fi. We will see that as long as the schedule of {Li,t}t≥1 satisfies certain

conditions, we can still have convergence to optimality.

The following assumptions are the key features of f ∗i,t that our algorithm needs for

convergence to optimality.

Assumption N:

(N1) ∇f ∗i,t is globally Lipschitz continuous with constant Li,t;

(N2) limt→∞ f
∗
i,t → fi uniformly, and limt→∞∇f ∗i,t → ∇fi pointwise.

We will also need a surrogate function of f ∗i,t, denoted as f̃ ∗i,t. These surrogate

functions should satisfy Assumption F′ similar to Assumption F given as follows.

Assumption F′

(F1′) f̃ ∗i,t(•; x) is uniformly strongly convex with constant τi,t > 0;

(F2′) ∇f̃ ∗i,t(x; x) = ∇f ∗i,t(x) for all x ∈ K;

(F4′) ∇f̃ ∗i,t(x; •) is uniformly Lipschitz continuous with constant Li,t.

As [80] does not have approximation functions, they assume Assumption F′ for the

surrogate function of fi, i.e. f̃i, with fixed τi > 0 and Li <∞. Here our assumptions

are more general than NEXT in that we do not require the strong convexity of f̃i(•; x)

and the Lipschitz continuity of ∇f̃i(x; •). In particular, we can have limt→∞ τi,t = 0

and limt→∞ Li,t = ∞ as long as the schedules of {τi,t}t and {Li,t}t satisfies certain

conditions. We do have an additional Assumption F3. However, that assumption is

implicitly implied if f̃i(•; x)’s are strongly convex; thus, we do not lose any generality

from [80]. Also for simplicity, we assume Li,t is a non-decreasing sequence. We denote

F ∗t =
∑n

i=1 f
∗
i,t.
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2.3 Algorithms

We are now in a position to present our proposed algorithms that alleviate the

communication overhead issue and non-Lipschitz gradient issue we described. The

first algorithm, Localized Proximal Inexact NEXT given in Section 2.3.1, is based

on NEXT [80] and allows non-convex objective functions. In Section 2.3.2 where we

present the Localized Distributed Gradient Descent which is based on Distributed

Gradient Descent (DGD) [91], however, convexity of objective functions is assumed;

along with the smooth assumption, the gradients of the objective functions are effec-

tively Lipschitz, so that the proposed Localized DGD algorithm only deals with the

communication overhead issue.

2.3.1 Localized proximal Inexact NEXT

We start with introducing the NEXT algorithm for completeness. In the NEXT

algorithm, each node performs a local convex optimization, and then some information

will be exchanged in the network. At a high level, just as many primal distributed

optimization algorithms, the first step is the “descent step” and the second is the

“consensus step;” the two steps are iteratively applied to obtain the solution [80]. In

the first step of time n, the node i solves a convex approximation of the whole objective

function by convexizing its own objective function fi parametrized by the current

iterate xi[t] to be a strongly convex surrogate function f̃i(•; xi[t]), while linearizing

the sum of other nodes’ objective functions
∑

j 6=i fj. In particular, node i solves the

following local convex optimization problem at time n

x̃i(xi[t], π̃i[t]) = arg min
xi∈K

f̃i(xi; xi[t]) + π̃i[t]
>(xi − xi[t]) +G(xi) (2.4)

where π̃i[t] is a variable maintained at node i to approximate πi[t] ,
∑

j 6=i∇fj(xi[t])
for the linearization of others’ objectives. Since node i does not have this information,

it uses another variable yi[t] to track the average of gradients 1
n

∑n
j=1∇fj(xi[t]) with

the gossip of similar variables maintained in all the nodes in the network, and approx-

imates πi[t] with π̃i[t] , n · yi[t] − ∇fi[t] where we denote ∇fi[t] , ∇fi(xi[t]). The

Inexact NEXT algorithm is given in Algorithm 1. All operations containing index i
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are performed for all i ∈ N , i.e., Line 1, 5, 6, 7, 9, 10, and 11.

Algorithm 2.1 Inexact NEXT

1 Initialization: xi[0] ∈ K, yi[0] = ∇fi[0], π̃i[0] = nyi[0]−∇fi[0], t = 0.
2 while x[t] does not satisfy the termination criterion do
3 t← t+ 1
4 Local SCA optimization: for all i ∈ N
5 x̃i[t] = x̃i(xi[t], π̃i[t])
6 Find a xinxi [t] s.t. ‖x̃i[t]− xinxi [t]‖ ≤ εi[t]
7 zi[t] = xi[t] + α[t](xinxi [t]− xi[t])
8 Consensus update: for all i ∈ N
9 xi[t+ 1] =

∑n
j=1 Wijzj[t]

10 yi[t+ 1] =
∑n

j=1 Wijyj[t] + (∇fi[t+ 1]−∇fi[t])
11 π̃i[t+ 1] = n · yi[t+ 1]−∇fi[t+ 1]

Output: x[t]

With Assumption A and Assumption F, the result established in [80] is conver-

gence to the stationary points (see Theorem 4 of [80]), whose definition is given as

follows.

Definition 2.1: A point x∗ is a stationary point of Problem (2.1) if a subgradient
g ∈ ∂G(x∗) exists such that (∇F (x∗) + g)>(y − x∗) ≥ 0 for all y ∈ K.

Now consider the setting with Assumption A without (A5), Assumption F, As-

sumption F′, Assumption L, and Assumption N. Our localized proximal inexact ver-

sion of NEXT, which requires less storage and communication, and allows unbounded

non-Lipschitz objective gradients, is presented in Algorithm 2.2. All operations that

contain index i, i.e. Line 1, 5, 6, 7, 9, 10, and 11, are performed for all i ∈ N . Also,

except Line 5, the operations have a superscript k, and are performed for all k ∈ Si.
In Line 5,

x̃∗i (xi[t], π̃i[t]) = arg min
xi∈

∏
k∈Si

Kk

[
f̃ ∗i,t(xi; xi[t]) +

∑
k∈Si

π̃ki [t]>(xki − xki [t]) +G(xci)

]
, (2.5)

with xi = (xki )k∈Si = xSii and π̃i = (π̃ki )k∈Si = π̃Sii . Note that Line 6 along with Line

5 means that one solves the optimization problem in (2.5) with accuracy εi[t]. Also

denote ∇f ∗i,t[t] = ∇f ∗i,t(xi[t]). The output of the algorithm is the concatenation of

[x̄m]m∈[M+1], where x̄m , 1
nm

∑
i∈Nm xmi .

25



Algorithm 2.2 Localized Proximal Inexact NEXT

1 Initialization: xki [0] ∈ Kk, yki [0] = ∇xkf
∗
i,0[0], π̃ki [0] = (nk − 1)yki [0], t = 0

2 while x[t] does not satisfy the termination criterion do
3 t← t+ 1
4 Local SCA optimization: for all i ∈ N and for all k ∈ Si
5 x̃i[t] = x̃∗i (xi[t], π̃i[t])

6 Find a xk,inxi [t] s.t. ‖x̃ki [t]− xk,inxi [t]‖ ≤ εki [t]

7 zki [t] = xki [t] + α[t](xk,inxi [t]− xki [t])
8 Consensus update: for all i ∈ N and for all k ∈ Si
9 xki [t+ 1] =

∑
j∈NkW

k
ijz

k
j [t]

10 yki [t+ 1] =
∑

j∈NkW
k
ijy

k
j [t] + (∇xkf

∗
i,n+1[t+ 1]−∇xkf

∗
i,t[t])

11 π̃ki [t+ 1] = nk · yki [t+ 1]−∇xkf
∗
i,n+1[t+ 1]

Output: x[t] , (x̄1[t], . . . , x̄M [t], x̄c[t])

NEXT is a special case of Algorithm 2.2. First, NEXT would either be the case

where nm = n for all m ∈ [M ], or the equivalent case where x consists of one part xc

only. In the NEXT algorithm, node i keeps the whole x, and communicates the whole

x as well with all of its neighbors; the same also applies to the variables y and π̃. On

the contrary, under our localization setting, node i turns out only has to maintain

xSi (also ySi and π̃Si) in Algorithm 2.2; moreover, it only communicates xSi∩Sj (also

ySi∩Sj) with its neighbor j. This could mean substantial savings for memory and

communication, especially when the dependency structure is sparse. Example 2.8

provides an example that explicitly specifies the storage and communication needed

before and after localization. Secondly, NEXT would be when f ∗i,t = fi, Li,t = Li <∞,

and τi,t = τi > 0 for all i and n. Algorithm 2.2 also accommodates a bigger class of

objective functions and supports a more flexible choice of the schedules of {Li,t} and

{τi,t}.

Remark 2.2: Note that Algorithm 2.2 is not the result of the direct application of
NEXT in the localization setting given in Section 2.2.3. Suppose m′ is such that
i 6∈ Nm′ and under the connectedness assumption. Different from NEXT, node i

no longer keeps the gradient trace π̃m′i in Algorithm 2.2, nor does the variable xm
′

i

appear in the objective of the local optimization. The fact that convergence can still
be obtained with Algorithm 2.2 is not obvious from [80].

The following theorem generalizes the convergence to stationary points result of
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NEXT when gradients are bounded, specifying restrictions on the schedules of {Li,t},
{τi,t}. When gradients are unbounded, stricter constraints are needed.

Theorem 2.3: For all m ∈ [M + 1], let {xm[t]}t , {(xmi [t])i∈Nm}t be the se-
quences generated by Algorithm 2.2, {x̄m[t]}t ,

{
1
nm

∑
i∈Nm xmi [t]

}
t

be their av-
erages, and {x̄[t]}t = {(x̄1[t], . . . , x̄M [t], x̄c[t])}t be the ensemble of averages. Let
Lmax
t = maxi Li,t, τmin

t = mini τi,t, ε[t] = mini,k ε
k
i [t], ζt = maxx∈K ‖F ∗t (x) − F ∗n−1(x)|,

ηi,t = maxx∈K ‖∇f ∗i,t(x)−∇f ∗i,n−1(x)‖, and ηmax
t = maxi ηi,t.

(a) Suppose Assumptions A excluding (A5), F, L, N, and F’ hold4. Also, α[t] ∈ (0, 1]

is such that
∑∞

t=0(Lmax
t )3

(
α[t]

τmin
t

)2

<∞,
∑∞

t=0 τ
min
t α[t] =∞,

∑∞
t=0 α[t]Lmax

t ε[t] <

∞. Then (1) all sequences {xmi [t]}t ∀ m ∈ [M + 1] asymptotically agree, i.e.,
limt→∞ ‖xmi [t] − x̄m[t]‖ = 0 ∀ i ∈ Nm; (2) {x̄[t]}t is bounded, and its limit
points are stationary points of the original problem.

(b) If we do not assume Assumption A4, but we have limt→∞ α[t]
(Lmax
t )5

(τmin
t )3 = 0, as well

as limt→∞
ηmax
t

τmin
t

= 0,
∑∞

t=0
α[t]Lmax

t ηmax
t

τmin
t

< ∞,
∑∞

t=0 ζt < ∞, and limt→∞∇F ∗t →
∇F . Then we still have results (1) and first part of (2). When the limit points
lie in the interior of K, or ∇F is bounded on those limit points, they will be
stationary points.

(c) Continuing (b), if a limit point x̄∞ lies on the boundary of K and ‖∇F (x̄∞)‖ =

∞, then the definition of stationary point does not apply, and x̄∞ could be a
local minimum, or a point that is not a local minimum.

Proof: See Appendix A.2. �

Remark 2.4: Note that the conditions in (a) imply limt→∞ α[t]
(Lmax
t )3

(τmin
t )3 = 0. In (b)

we apply the stricter limt→∞ α[t]
(Lmax
t )5

(τmin
t )3 = 0 as well as other constraints.

We can see that although all parts of the variable x are coupled through all the

objectives fi’s, the decision on xm is actually dictated by the nodes in Nm. We give

a class of approximation functions that satisfies Assumption N, namely the Lasry-

Lions envelope or double envelope [69], in Section 2.4.4. Note that the convergence

4Note that Assumption N1 requires limt→∞ Lmin
t =∞ where Lmin

t = mini Li,t with f∗i,t given as
(5.22). For any other choices of f∗i,t other than the double Moreau envelope function [69], Assumption
N1 requires limt→∞ Li,t =∞ for any i such that ∇fi is non-Lipschitz continuous.
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of Theorem 2.3 only requires the Lipschitz constants of {∇f ∗i,t}n≥1 follow certain

schedules, but {f ∗i,t}n≥1 can be any sequence of functions that approaches fi in the

limit, and does not need to be double envelope. We will give many examples of

such sequences in Section 2.4.6 and Section 2.6.4. Also, an example of the schedules

of the the parameters {Lmax
t }t, {τmin

t }t, {α[t]}t, and {ε[t]}t that satisfies the related

conditions in Theorem 2.3 (a) and (b) using p-series is given in Section 2.4.5. We will

discuss the unbounded gradient issue in full detail in Section 2.4.6, study different

examples there, and show the numerical stability of our algorithm for these examples.

2.3.2 Localized DGD

We will again start with describing the DGD algorithm first proposed in [91]; how-

ever, we will consider the convex objective function setup with simpler convergence

analysis given in [55]. Specifically, we consider the setup given in Section 2.2.1 with

a few more constraints: we let K = Rd to save the hassle of projections and G = 0;

also, we assume fi’s are convex and denote L , Lmax = maxi Li for simplicity. Just

as many primal distributed optimization algorithms, in DGD node i maintains a local

copy of the decision variable, and updates the copy by taking the convex combina-

tion of the copies in its neighbor set and subtracting its current gradient. The DGD

algorithm is presented in Algorithm 2.3.

Algorithm 2.3 DGD

1 Initialization: xi[0] ∈ Rd, t = 0.
2 while x[t] does not satisfy the termination criterion do
3 t← t+ 1
4 xi[t+ 1] =

∑
jWijxj[t]− α[t]∇fi(xi[t]) (2.6)

Output: x[t]

Line 4 is performed for all i ∈ N , and α[t] is the learning rate at time t. The

initial copy value xi[0] can be chosen arbitrarily from Rd. Note that the matrix W

already characterizes the communication constraint, as node i will not directly obtain

any copy from the node other than its neighbors in (2.6).

Let x∗ be one optimal solution of (2.1) and F ∗ = F (x∗) be the optimal value.

Define the weighted running average to be xi,ra[t] = (
∑t−1

k=0 αkxi[k])/(
∑t−1

k=0 αk). Then

[55] establishes that with the choice of α[t] = 1
2L(t+1)1/3 , one can achieve the conver-
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gence rate of F (xi,ra[t])− F ∗ = O(1/t2/3) for all i.

Theorem 2.5: Let ϑ(µ) , 2
1−µ + supt≥1 tµ

t/2 where µ , ‖W − 1
n
11>‖2 ∈ [0, 1),

which is the spectral radius of W − 1
n
11> since we consider symmetric W. Assume

Assumption A with K = Rd, G = 0, L = maxi Li, α[t] = 1
2L(t+1)1/3 and fi’s being

convex. Then the iterates of Algorithm 2.3 converge with the rate

F (xi,ra[t])− F ∗ ≤ C(µ, n,B, L, d)
1

t2/3
(2.7)

where

C(µ, n,B, L, d)

,

[
n2dB2ϑ2(µ)‖x∗‖2 +

n2d2B4ϑ4(µ)

2L

]1/2

+
n2dB2ϑ2(µ)

8L
+ nL‖x∗‖2 + ndB2ϑ2(µ).

(2.8)

Proof: The result follows by working through the details of [55], which only considers

the simpler case when d = 1. �

Note that as C(µ, n,B, L, d) is an increasing function of ϑ(µ) which is in turn an

increasing function of µ, C(µ, n,B, L, d) is an increasing function of µ; hence we want

µ as small as possible.

Now consider the case where a partial dependency structure exists in the objective

function, that is, assume Assumption L with M parts (instead of M + 1 parts where

the last part has universal dependency). Then the DGD algorithm can be modified to

the Localized DGD algorithm given in Algorithm 2.4 to reduce the memory storage

and communication involved.

Algorithm 2.4 Localized DGD

1 Initialization: xi[0] ∈ Rd, t = 0.
2 while x[t] does not satisfy the termination criterion do
3 t← t+ 1

4 xmi [t+ 1] =
∑

j∈NmW
m
ij xmj [t]− α[t]∇xmfi(x

Si
i [t]) (2.9)

Output: x[t]

In Line 4, the operation is performed for all i ∈ N and m ∈ Si. To see why after

localization the algorithm still converges intuitively, we define the average vector

29



x̄m,l[t] = 1
nm

∑
i∈Nm xmi [t], and then apply the operator 1

nm

∑
i∈Nm(•) on (2.9) to get

x̄m,l[t+ 1] = x̄m,l[t]− α[t]

nm

∑
i∈Nm

∇xmfi(x
Si
i [t]). (2.10)

We can see that each variable part xm still descends in the correct direction. In

contrast, if without localization the algorithm will iterate as

x̄m[t+ 1] = x̄m[t]− α[t]

n

∑
i

∇xmfi(x
Si
i [t]), (2.11)

where x̄m[t] = 1
n

∑
i∈Nm xmi [t], which only differs from (2.10) by a constant factor.

Also, the part xmi [t] approaches x̄m,l[t] via Wm with localization, while it approaches

x̄m[t] via W without localization.

In sum, the localization scheme essentially differs in the way of taking averages

from its counterpart. It changes the “effective W” used for averaging and in turn

ϑ(µ) in the constant C(µ, n,B, L, d). Thus, it is intuitive that adopting localization

affects the convergence rate by a constant factor, which is given in the next theorem.

Theorem 2.6: Let µm , ‖W′m − 1
nm

1nm1>nm‖2 ∈ [0, 1) be the spectral radius of
W′m − 1

nm
1nm1>nm for all m ∈ [M ], µ′ , max{µ1, . . . , µM}, and d′ =

∑M
m=1 nmdm

n
. In

addition to the assumptions made in Theorem 2.5, we further assume Assumption L
(with M parts). Then the iterates of Algorithm 2.4 converge with the rate

F (xi,ra[t])− F ∗ ≤ C(µ′, n, B, L, d′)
1

t2/3
. (2.12)

Proof: See Appendix A.4. �

2.4 Discussions

In this section, we discuss some details of our proposed algorithms. Two local-

ization examples that compare the effect of localization are given in Section 2.4.1.

We comment on how to exploit localization when Assumption L3 is violated in Sec-

tion 2.4.2. Comparison to the localization algorithm proposed by Hu et al. in [130]

is given in Section 2.4.3. Section 2.4.4 and Section 2.4.5 summarize the property of
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(a) The communication
graph.

(b) Local dependency sets for
Example 2.7.

(c) Local dependency sets for
Example 2.8

Figure 2.1: Graphical illustrations of the local dependency set examples.

double envelope that we will use and provide the p-series example for the parameters

(L, τ, α, ε), respectively. We explain how our approximation scheme can deal with ob-

jective functions with unbounded gradients in Section 2.4.6 through examples, where

we provide concrete series of approximation functions {f ∗i,t}t≥1 that satisfy the con-

ditions in Theorem 2.3 and demonstrate better numerical stability in the simulations

for the examples.

2.4.1 Examples of Localization

In this subsection we give a few examples to illustrate the concept and effectiveness

of localization.

Example 2.7: Consider the communication graph given in Figure 2.1 (a). In this
example we consider the most common situation, where the dependency is directly
given by the communication graph. Specifically, every node i has a corresponding
variable part xi in the whole variable tuple x. Moreover, the objective at node i only
depends on its own variable xi and its neighbors’ variables {xj : j ∈ N(i)}, where
N(i) is the set of neighboring nodes of node i. In other words, the local dependency
set Ni corresponding to xi is equal to Nb(i) := N(i)∪{i}. G is assumed to be 0. This
situation also arises in the resource allocation application we discuss in Section 2.6.

For this communication graph, this situation will be the following. The variable
x = (x1,x2,x3,x4,x5) can be split into five parts, and we have f1 = f1(x1,x2,x4)

(f1 only depends on x1, x2, and x4), f2 = f2(x1,x2,x3), f3 = f3(x2,x3,x4), f4 =
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f4(x1,x3,x4,x5), and f5 = f5(x4,x5). The local dependency sets for this example are
given in Figure 2.1 (b). Before localization, node 1 needs to store all of x1 to x5 and
communicates this information to its neighbors {2, 4}. In contrast, after localization
node 1 only keeps x1, x2, and x4, and exchanges some of this information with {2, 4}.
In addition, node 1 does not maintain the information of y3, y5, or π̃3, π̃5, either.
Before localization, NEXT performs

arg min
x5∈K

f̃5(x5; x5[t]) + π̃5[t]>(x5 − x5[t])

in the local optimization step at node 5, while after localization Algorithm 2.2 per-
forms the following

arg min
(x4

5,x
5
5)∈K4×K5

f̃5(x4
5,x

5
5; x4

5[t],x5
5[t]) + π̃4

5[t]>(x4
5 − x4

5[t]) + π̃5
5[t]>(x5

5 − x5
5[t]).

The first terms of the two operations are actually the same. Indeed, since f5 only de-
pends on x4 and x5, we can definitely choose a surrogate function that only depends on
the local storage of x4 and x5. The difference is node 5 does not have to store, say π̃1

5,
and optimize x1

5 based on π̃1
5. The variable π̃1

5 is asymptotically tracking
∑

j 6=5∇x1fj.
Our localization result says that since node 5 does not have any preference on x1, it
only follows others’ decision of x1 through π̃1

5. As for DGD, the local optimization
and consensus step are performed in a single equation. The local optimization step
for DGD can be seen as the gradient descent operation −α[t]∇x4,x5f5(x4

5[t],x5
5[t]) is

exactly the same with and without localization. Before localization, node 5 still main-
tains x1, x2, and x4; however, it only updates the variable parts through gossip since
f5 does not depend on the parts. Hence, it is unnecessary for node 5 to maintain x1

5

and π̃1
5 (in the case of NEXT) – it can just take other nodes’ decision at the end, even

though x1 and x5 are coupled through, say f4. This saves nodes from unnecessary
memory storage and communication in the presence of sparse dependency structure,
which is crucial when the network is large.

Example 2.8: We consider the same communication network but a different depen-
dency structure: f1 = f1(x1,x2), f2 = f2(x2,x3), f3 = f3(x3), f4 = f4(x1), and
f5 = f5(x1). There are three local dependency sets in this example as shown in Fig-
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ure 2.1 (c). The variable parts that are stored at each node and the communication
required to other node for each part are given in Table 2.15. Naturally, before local-
ization every node keeps all parts and communicates them with all of its neighbors.
On the contrary, the storage and communication required are greatly reduced after
localization. Notice that even though node 3 is directly linked with node 4, they do
not communicate as there is no common part they both depend on.

Table 2.1: Storage and communication required in Example 2.8.

Node Before localization After localization

1 x1, y1, π̃1, x2, y2, π̃2, x3, y3, π̃3 to 2, 4 x1, y1, π̃1 to 4, x2, y2, π̃2 to 2

2 x1, y1, π̃1, x2, y2, π̃2, x3, y3, π̃3 to 1, 3 x2, y2, π̃2 to 1, x3, y3, π̃3 to 3

3 x1, y1, π̃1, x2, y2, π̃2, x3, y3, π̃3 to 2, 4 x3, y3, π̃3 to 2

4 x1, y1, π̃1, x2, y2, π̃2, x3, y3, π̃3 to 1, 3, 5 x1, y1, π̃1 to 1, 5

5 x1, y1, π̃1, x2, y2, π̃2, x3, y3, π̃3 to 4 x1, y1, π̃1 to 4

2.4.2 Relaxing Assumption L3

Our requirement of connectedness of Gm is not a strong assumption. If any Gm is

not connected, we can always “add” nodes as “relays” into the local dependency set.

For example, consider Example 2.8 with f3 revised to be a constant and f4 revised as

f4 = f4(x1,x3). Then G3 = ({2, 4}, φ) is not connected. We can add node 3 into G3 by

making f3 = f3(x3) where the dependency is actually trivial. Node 3 can thus relay

the information of x3 for node 2 and 4. Alternatively, node 1 can also do the relay

job. Hence, we assume without loss of generality that the nodes have been added

by some algorithm that might depends on network structure and communication re-

quirements so that every Gm is connected. As we will see in Section 2.5, the flexibility

of choosing local networks allows us for further optimization of the algorithms in the

sense of reducing memory storage and communication required or accelerating the

convergence.

5The table is for NEXT algorithms; for DGD algorithms, the result is similar but excluding any
y and π̃ variables.
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2.4.3 Comparison to Hu et al. [130]

In [130], a similar idea of localization for convex feasibility problems (CFPs) is

proposed, where they also exploit the sparsity of the constraints to reduce the storage

and communication required. Our framework is different from theirs in two aspects.

First, in their framework each node i owns a part of the variable tuple xi, whose

corresponding “dependency network graph” (Ni, {(i, j) : j ∈ Ni}) must be a sub-

graph of i’s local graph (N(i), {(j, k) ∈ E : j ∈ N(i) and k ∈ N(i)}) where N(i) is i’s

neighbors in the communication graph G. On the other hand, in our framework each

part of the variable tuple xm does not have specific relation with the nodes and the

local dependency set Nm is only required to be a connected component in G, which

is more general in the sense that their framework is a sub-case of ours. Second, their

dependency is built in the constraint sets, while ours is based on objective function’s

dependency. This difference arises from the nature of CFPs and optimization prob-

lems. Namely, we focus on solving the optimal solution for optimization problems

while they aim to find the solution lying in the intersection of a batch of sets. Al-

though one would be able to solve convex optimization with CFP algorithms [22], it is

still unclear whether this could be generalized to the case of non-convex optimization.

2.4.4 An Example of Approximation Functions Satisfying Assumption N

The Lasry-Lions envelope or double envelope [69][107] is a class of approxima-

tion functions that serves this purpose. We use this to illustrate the feasibility of

our approach but also point out that any such sequence of functions satisfying the

assumptions and conditions can be used instead.

Definition 2.9: The double envelope, or Lasry-Lions envelope [69][107], of a function
f is defined by

ft,s(x) = sup
z

inf
y

{
f(y) +

1

2t
‖z− y‖2 − 1

2s
‖x− z‖2

}
, (2.13)

where 0 < s < t <∞.

Fact 2.10: If f is lower bounded, then ∇ft,s(·) is Lipschitz continuous with constant
max

{
1
s
, 1
t−s

}
.
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Fact 2.11: ft,s → f pointwise as s, t → 0. If further we have f being uniformly
continuous, then ft,s → f uniformly as s, t→ 0. Furthermore, ∇ft,s → ∇f pointwise
as s, t→ 0.

Proof: See [4]. �

Now it is clear that if we define

f ∗i,t(x) = sup
z

inf
y

{
fi(y) +

Li,t
4
‖z− y‖2 − Li,t

2
‖x− z‖2

}
, (2.14)

then we have ∇f ∗i,t being globally Lipschitz continuous with constant Li,t. Since U is

coercive (Assumption A3), we can restrict our attention to some compact set in K,

where fi is uniformly continuous. Then over this set, we will have limt→∞ f
∗
i,t → fi

uniformly as well.

2.4.5 An Example of Sequences Satisfying the Conditions Using p-series

Examples of the tuples (α[t], ε[t], Lmax
t , Lmin

t , τmin
t ) satisfying the conditions of The-

orem 2.3 exist with all schedules in p-series form. Assume α[t] = α0t
−β, ε[t] = ε0t

−γ,

Lmax
t = Lmin

t = L0t
λ, and τmin

t = τ0t
−δ for some positive constants α0, ε0, L0, and τ0.

Then the constraints on the parameters are

limt→∞ α[t]
(Lmax
t )5

(τmin
t )3 = 0 ⇒ β − 5λ− 3δ > 0,∑∞

t=0(Lmax
t )3

(
α[t]

τmin
t

)2

<∞ ⇒ 2β − 3λ− 2δ > 1,∑∞
t=0 τ

min
t α[t] =∞ ⇒ β + δ ≤ 1,

limt→∞ L
min
t =∞ ⇒ λ > 0,∑∞

t=0 α[t]Lmax
t ε[t] <∞ ⇒ β + γ − λ > 1.

(2.15)

A possible tuple (β, γ, λ, δ) satisfying the above equations is (0.9, 0.2, 0.05, 0.1). If the

∇fi’s are Lipschitz continuous and then constant τi > 0 for all i, then λ = δ = 0 and

the above requirements degenerate to 0.5 < β ≤ 1 and γ > 1− β as in [80].
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2.4.6 Examples of Objectives with Unbounded Gradients

When it comes to non-Lipschitz gradients, a first example might be functions

with unbounded gradients, but this need not be the only case; for example, x
√
x

on [0, 1]. Its derivative is 3
√
x

2
, which is obviously bounded on [0, 1] but actually not

Lipschitz continuous on [0, 1]. Though convergence is not established for this case in

[80], NEXT still works well numerically in these kind of simple examples. We first

turn to more challenging examples with unbounded gradients, and give the numerical

results of the examples.

Example 2.12 (Interior local optimum): Consider N = {1, 2, 3} in a triangle net-
work, with f1(x) = x2 − (ln 2)x, f2(x) = x ln

(
8
x2

)
, and f3(x) = −x ln

(
4
x2

)
, where

x ∈ K = [−1, 2]. There is no G. The unique stationary point is x∗ = 0 as F (x) = x2.
The derivatives for the node objectives are f ′1(x) = 2x − (ln 2), f ′2(x) = ln

(
8
x2

)
− 2,

and f ′3(x) = − ln
(

4
x2

)
+ 2. Obviously the derivatives are unbounded at x = 0 for

f ′2(x) and f ′3(x), and this example is thus not covered in the theory developed in [80].
On the other hand, we can simply choose the following approximation func-

tions: f ∗2,t(x) = x ln
(

8
x2+1/p(t)

)
and f ∗3,t(x) = −x ln

(
4

x2+1/p(t)

)
with derivatives being

f ∗2,t
′(x) = ln

(
8

x2+1/p(t)

)
− 2x2

x2+1/p(t)
and f ∗3,t

′(x) = − ln
(

4
x2+1/p(t)

)
+ 2x2

x2+1/p(t)
. We

can choose f ∗1,n(x) = f1(x) throughout. One may check that L1,t = O(1) and
L2,t = L3,t = O(p(t)1/2). The conditions in Theorem 2.3 (b) are checked in the
following.

• (α[t], Lmax
t , τmin

t ) series conditions: suppose we choose α[t] = α0t
−0.7 and τmin

t =

τ > 0, since Lmax
t = O(p(t)1/2), if we further choose p(t) = t0.2 then it is evident

that all conditions are satisfied.

•
∑∞

t=0 ζt <∞: we actually have F ∗t (x) = F (x) for all x and hence ζt = 0 ∀ n.

• limt→∞
ηmax
t

τmin
t

= 0: the maximum differences of derivatives for node 2 and 3 always
occur at x = 0, and ∇f ∗2,t(0) = ∇f ∗3,t(0) = O(log p(t)) = O(log t) for the choice
p(t) = t0.2. The condition holds because log t− log(t− 1) = O(1/t)→ 0.

•
∑∞

t=0
α[t]Lmax

t ηmax
t

τmin
t

< ∞: notice that for our choices of α[t] = α0t
−0.7 and p(t) = t0.2

the summed term equals O(t−0.7+0.2/2−1) and thus is summable.
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• limt→∞∇F ∗t → ∇F : notice ∇F ∗t (x) = ∇F (x) for all x.

As we have ∇F finite in K, by Theorem 2.3 it is guaranteed that our algorithm
converges to the unique stationary point x = 0, which is also a global minimum in
this example. Note that this minimum lies in the interior of K.

Example 2.13 (Boundary local optimum): Consider a one node network, and the
objective function is f(x, y) =

√
1− (x2 + y2) + x

2
on the region inside the unit circle

K = {(x, y) : x2 + y2 ≤ 1}, so that the graph of f(x, y), namely (x, y, f(x, y)), is the
upper half of the unit sphere lifted in the direction of positive x-axis. For the upper
half of the unit sphere, the set of global minima is the unit circle; now that we tilt
the sphere, the unique global minimum is (−1, 0). There is no stationary point inside
the unit circle. Since the gradient

∇f(x, y) =

1
2
− x√

1−(x2+y2)

− y√
1−(x2+y2)


is unbounded on the unit circle, the definition of stationary point fails there. This
example again clearly lies outside the theory of [80].

We consider the approximation function F ∗t (x, y) =
√

1− (x2 + y2) + 1/p(t) + x
2
.

Its gradient can also be obtained by changing the 1’s in the denominators of the
original gradient to 1 + 1/p(t). We have Lt = O(t3/2).

• (α[t], Lmax
t , τmin

t ) series conditions: choose α[t] = α0t
−0.8 and τmin

t = τ > 0, and
p(t) = t0.1.

•
∑∞

t=0 ζt < ∞: notice that F ∗t ↓ F monotonically. Since the largest decreasing of
F ∗t −F ∗t−1 always happen on the unit circle,

∑∞
t=0 ζt <∞ is simply F ∗1 −F evaluated

on the unit circle, which is
√

2.

• limt→∞
ηmax
t

τmin
t

= 0: roughly ‖∇F ∗t ‖ = O(
√
p(t)) = O(t0.05) for the choice of p(t) =

t0.1. The condition is true because t0.05 − (t− 1)0.05 = O(t−0.95)→ 0.

•
∑∞

t=0
α[t]Lmax

t ηmax
t

τmin
t

<∞: the term is decaying in the rate of O(t−0.8+0.15−0.95), which
is summable.
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• limt→∞∇F ∗t → ∇F : this one is obvious as we only have one node.

Our method will not converge to any point in int(K); otherwise, by part (b) of Theo-
rem 2.3 we know it must be a stationary point, but there is no stationary point inside
the unit circle. Thus, our method will converge to some point in bd(K); since ∇F is
infinite on the unit circle, this falls into the case of Theorem 2.3 (c), and the point
is not guaranteed to be a local minimum. Even so, we find in the simulation results
shown below that for a wide range of initialization of x, our algorithm can converge
to (−1, 0) while NEXT does not. Unfortunately, since the objective is symmetric
with respect to x-axis and the unique global maximum is ( 1√

5
, 0), if we start with any

point to the right of the maximum on the x-axis, the process will inevitably approach
(1, 0) in the limit.

Now we compare the performance of our proposed Algorithm 2.2 with NEXT

for the above two examples. We will see that NEXT fails numerically in the above

examples while our method works much better.

Figure 2.2 depicts how the local decision variables in Example 2.12 change for

NEXT and Algorithm 2.2 within 500 iterations. We start with initial value of

(x1[0], x2[0], x3[0]) = (−1,−0.5,−0.25). We choose the following parameters: τ = 0.1

(independent of i and t), α[t] = 0.98t−0.7, p(t) = 10t0.2,

W =


1/2 1/4 1/4

1/4 1/2 1/4

1/4 1/4 1/2

 ,

and the surrogate functions are chosen to be direct linearization plus the quadratic

regularization term (see (2.27) for an example of such kind of choices). In Figure 2.2

(a) we can see that NEXT oscillates and is not numerically stable for this example.

Whenever the iterates go near the global minimum at x = 0, they jump to values

far away. This is because the gradients ∇f2 and ∇f3 are infinite at the point, even

though ∇F is zero there. The trackings of (x1, x2, x3) to x̄ and (y1, y2, y3) to ȳ are

in the fast time-scale (see ??) and actually happen quite fast, as can be seen in the

figure. However, a slight mismatch between (x1, x2, x3) and (y1, y2, y3) is sufficient to

cause very large {π̃i[t] + ∇fi[t]}i, which is supposed to be very small when x̄ ≈ 0,
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(a) NEXT (b) Algorithm 2.2 (c) Algorithm 2.2 with wrong
f∗2,t

Figure 2.2: Comparison between NEXT and Algorithm 2.2 for the local variables
versus iterations in Example 2.12.

driving xi’s to the boundary. If two of them jump to 2 and one of them to −1, then

in the next few iterations they jump up; if two jump to −1 and one to 2, they jump

down.

We cannot ensure that NEXT is not converging when t → ∞ theoretically, but

we observe it is still oscillating when t is as large as 104. In contrast, Algorithm 2.2

essentially converges to the global minimum x = 0 within 150 iterations in Figure 2.2

(b). In Figure 2.2 (c), we show the case when f ∗2,t(x) = x ln
(

8
x2+1.1/p(t)

)
, where we

have everything satisfied except limt→∞∇F ∗t → ∇F – one can check there will be an

additional ln(1/1.1) term. From the figure we see that not only it exhibits oscillating

behavior, but it seems to converge to a wrong point other than x = 0.

The converging behaviors of NEXT and Algorithm 2.2 for Example 2.13 are

shown in Figure 2.3 for two different initializations. The parameters are τ = 0.05,

α[t] = 0.98t−0.85, and p(t) = 10t0.1. The surrogate function is again direct lineariza-

tion plus quadratic regularizer. The 2-D iterates for both algorithms are plotted

from red to blue, with NEXT being circle dots and Algorithm 2.2 being square dots.

In Figure 2.3 (a), we start with (0.5, 0.5), and both algorithms are executed for

5000 iterations (the dots are down sampled though). We see that while our algo-

rithm is converging to the global minimum at x = (−1, 0), NEXT is “converging”

to some point (−0.2499, 0.9683) near the boundary. Due to the unbounded gradi-

ent near the boundary, the 1
2

term in ∂xf(x, y) is completely dominated by the rest

(−x,−y)/
√

1− (x2 + y2), which directs the iterate only to descend in the radial di-

rection. Again we cannot ensure NEXT does not converge to (−1, 0) if we run it

forever; however, it does not visit the region x < −0.25 after 105 iterations. By
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(a) x[0] = (0.5, 0.5) (b) x[0] = (0.6, 0)

Figure 2.3: Comparison between NEXT and Algorithm 2.2 for the evolution of the
local variable in Example 2.13.

slowly changing the objective, we are able to escape this dominance and obtain the

correct solution.

In (b) we start from x = (0.6, 0), which is to the right of the global maximum

( 1√
5
, 0), for 100 iterations, and both algorithms are converging to (1, 0). Since we start

on the x-axis and the gradients always direct to (1, 0), without any perturbation there

is no way to escape x-axis for all gradient-descent-like methods. Example 2.13 falls

into the case (c) in Theorem 2.3, where the algorithm is converging to some point in

the boundary and ∇F is not bounded. The definition of stationary point does not

apply, and NEXT fails to converge to global minimum for both x[0] = (0.5, 0.5) and

x[0] = (0.6, 0), while Algorithm 2.2 succeeds for x[0] = (0.5, 0.5) but also fails for

x[0] = (0.6, 0).

2.5 Choice of Local Networks

As we mentioned in Section 2.4.2, choosing local networks is flexible to some extent

as independent nodes can be freely added to a network to relay information due to

trivial dependence. The choice of local networks affects not only memory storage and

communication required, but also the convergence rate through the consensus mixing

time mainly decided by the spectral radius of the chosen network. In Section 2.5.1 we

introduce the notion of optimizing such choice with the specification of the constraints

the local networks need to satisfy. We discuss how the spectral radius of a network

might depend on its graph topology in Section 2.5.2. Then we perform numerical

simulation to demonstrate the benefit of localization scheme in a convex objectives
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setting with DGD algorithm in Section 2.5.3.

2.5.1 Optimizing Local Networks

In our localized algorithms (Algorithm 2.2 and Algorithm 2.4), one of the condi-

tions required for convergence is (L3), stating the local networks Gm = (Nm, Em =

{(i, j) ∈ E : i ∈ Nm and j ∈ Nm} for all m ∈ [M ] must be connected, where Nm’s

are directly defined by the objective dependency. Obviously, without localization,

one uses G as the local networks for all the parts, which also leads to convergent

algorithms. Suppose we associate the local networks G ′m = (N ′m, E ′m), m ∈ [M ],

each corresponds to the variable part xm, with the doubly stochastic matrices Wm′,

m ∈ [M ], and then perform the localized algorithms with Wm′. It is straightforward

that only the following constraints need to be satisfied to make the algorithms adhere

to the communication constraints and converge to the correct optimal value:

(a) Nm ⊂ N ′m so that the whole local dependency set is covered in the new local

network;

(b) E ′m ⊂ {(i, j) ∈ E : i ∈ N ′m and j ∈ N ′m} := E(N ′m) so that the algorithm only

utilizes nodes inside the local network and existing edges;

(c) the local network G ′m = (N ′m, E ′m) is connected.

The above constraints should hold for all m ∈ [M ].

Throughout this subsection we will adopt the notation that G ′m = (N ′m, E ′m)’s

are the local networks used in the algorithm while Nm’s are the local dependency

sets defined from objectives’ dependencies. The choice of local networks affects the

convergence rate, the memory storage, and the communication involved in the algo-

rithms. For the memory cost, let us assume one node storing one dimension of the

variable costs one unit. Then, since only the nodes in N ′m, a total number of n′m

nodes, need to store the part xm, this leads to a memory cost of
∑M

m=1 n
′
mdm. For

the communication cost, we assume it takes one unit cost for one node to transmit

one dimension of the variable to one of its neighbors. Thus, the amount of commu-

nication required in each iteration is
∑M

m=1 2e′mdm, where e′m , |E ′m| and the 2 factor

comes from the bidirectional communication in an edge. Finally, one could consider
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the negative convergence rate constant −
√∑M

m=1 n
′
mdmϑ(max{µ∗[M ]

′}) or the number

of iterations required to reach ε, i.e.,

tmin(n′[M ], µ
∗
[M ]
′, ε) , min

t

{
t :

C(max{µ∗[M ]
′}, n, B, L,

∑M
m=1 n

′
mdm/n)

t2/3
< ε

}
(2.16)

where n′[M ] = {n′1, . . . , n′M}, µ∗[M ]
′ = {µ∗1′, . . . , µ∗M ′}, and the C function is defined in

(2.8), as the cost for convergence. For the local network G ′m, we mentioned that the

matrix Wm′ is associated to it for the averaging, and µ′m is defined by Wm′. Actually,

given G ′m, there is an optimal way to choose Wm′ entailing the smallest µ′m, which

is referred to as µ∗m
′ here. The details will be given in Section 2.5.2. Multiplying

the memory or communication consumed per round by tmin, one could alternatively

consider the total memory or communication required through the process as the cost.

Assume the cost coefficients for convergence rate, communication, and memory are

cr, cc, and cm, respectively. Then an example of local network optimization problem

can be formulated as

min
N ′

[M ]
,E ′

[M ]

crtmin + cctmin

M∑
m=1

2e′mdm + cm

M∑
m=1

2n′mdm

s.t. Nm ⊂ N ′m, E ′m ⊂ E(N ′m), (N ′m, E ′m) connected ∀m ∈ [M ].

(2.17)

It is understood thatN ′[M ] = {N ′1, . . . ,N ′M}, E ′[M ] = {E ′1, . . . , E ′M}, and tmin = tmin(n′[M ], µ
′
[M ], ε)

in (2.17). Problem (2.17) is hard, and we do not have any method other than simple

enumeration that can guarantee an optimal solution. Moreover, in [55] ϑ(µ) is given

as an upper bound, and we find that directly using it would overemphasize the im-

portance of µ. It is of interest to study a more precise expression of the cost from µ

and efficient ways to solve (2.17) in future work.

2.5.2 Optimal Spectral Radius and Graph Topology

In this subsection, we study the relation between the optimal spectral radius of

W− 1
n
11> and the graph topology G = (N , E), where W conforms to G in the sense

that is described in Section 2.2.1. The optimal spectral radius of a graph is solved

by the fastest mixing Markov chain (FMMC) problem, whose detail is given below;
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most of them come from [77, 23].

2.5.2.1 Fatest Mixing Markov Chain Problem Setup

Consider a Markov chain on an undirected graph G = (N , E) with transition

probability matrix W. Let λi(W) and λ−j(W) denote the i-th largest and j-th

smallest eigenvalues of matrix W, respectively.

Definition 2.14: The FMMC problem for the Markov chain conforming to the undi-
rected graph G = (N , E) is defined as follows:

min
W∈R|N|×|N|

µG(W) = max{λ2(W),−λ−1(W)}

s.t. W ≥ 0,W1 = 1,W = W>,Wij = 0 if (i, j) 6∈ E .
(2.18)

Denote the optimal value of this problem to be ρ(G), which is only a function of G.

Fact 2.15: The FMMC problem for G can be alternatively expressed as follows:

min
W∈R|N|×|N|

µG(W) =

∥∥∥∥W − 1

|N |
11>

∥∥∥∥
2

s.t. W ≥ 0,W1 = 1,W = W>,Wij = 0 if (i, j) 6∈ E .
(2.19)

Indeed, the fact follows from λ1

(
W − 1

|N |11>
)

= max{λ2(W),−λ−1(W)}. Note

that λ1(W) = 1, and by subtracting 1
|N |11> from W this eigenvalue is effectively

shifted to 0.

Fact 2.16: The FMMC problem has yet another formulation:

min
c∈R|E|

µ′G(c) =

∥∥∥∥I−A diag(c)A> − 1

|N |
11>

∥∥∥∥
2

s.t. 1−
∑

u∈N(v)

cuv ≥ 0 ∀ v ∈ N , c ≥ 0,
(2.20)

where the matrix A ∈ R|N |×|E| is the incidence matrix with L = AA> being the
Laplacian matrix.

This latter formulation just comes from the fact that W can be expressed as

I−A diag(c)A>, where ce is the “weight” of the edge e ∈ E , A is actually AE , and I

43



is the identity matrix of proper dimension (|N |×|N |). With some abuse of notations

write WG(c) = I − AE diag(c)A>E . Then the objective functions of the last two

formulations are the same and are related by µ′G(c) = µG(WG(c)). This formulation

has the advantage that it already incorporated the double stochasticity constraint,

the symmetry constraint, and the edge constraint. The constraint 1−
∑

u∈N(v) cuv ≥ 0

where N(v) means the neighboring nodes of v, states that the weight for the self-loop

edge of v should be non-negative.

2.5.2.2 Structures in Graph Relation Formed by Optimal Spectral Radius

We are now ready to discuss the dependence of ρ(G) on G. When two graphs

possess the same number of nodes, Proposition 2.17 tells us the one with more edges

has a smaller optimal spectral radius. We then compare the optimal spectral radii of

two graphs whose numbers of nodes differ by one. In particular, let us consider the

case where the graph with fewer nodes is referred to as the old graph G, and the new

graph G ′ is obtained from the old graph by adding one node and a few edges between

this new node and the old graph. We compared the spectral radii of many real graph

examples via simulation, and found the following. If the new node is linked to the old

graph by only one edge, then the spectral radius necessarily (weakly) goes up, which

is stated and proved in Proposition 2.20. If the new node is linked to all the nodes in

the old graph, then the spectral radius necessarily (weakly) goes down, which is left

as a conjecture in Conjecture 2.21. Other than these two extreme cases, the spectral

radius could either go up or down.

Proposition 2.17: Consider two graphs G = (N , E) and G ′ = (N , E ′) of the same
size. Then E ⊃ E ′ implies that ρ(G) ≤ ρ(G ′).

Proof: Let E ′′ = E \ E ′, and let c = (c′, c′′) ∈ R|E|, where c′ ∈ R|E ′| and c′′ ∈ R|E ′′|.

Let

CG = {c ∈ R|E| : 1−
∑

u∈N(v)

cuv ≥ 0 ∀ v ∈ N , c ≥ 0},

C ′G = {c ∈ R|E| : 1−
∑

u∈N(v)

cuv ≥ 0 ∀ v ∈ N , c′ ≥ 0, c′′ = 0},

CG′ = {c′ ∈ R|E ′| : 1−
∑

u∈N(v)

c′uv ≥ 0 ∀ v ∈ N , c′ ≥ 0}.

(2.21)
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It is clear that CG ⊃ C ′G. Note that the set of edges of the graph E (or E ′) implicitly

appears in the definition in the form of neighboring function N(•). Then

ρ(G) = min
c∈CG

µ′(c) ≤ min
c∈C′G

µ′(c) = min
c′∈CG′

µ′(c′) = ρ(G ′).

�

Remark 2.18: We allow arbitrary permutations of the node label before checking
the condition E ⊃ E ′. For example, consider G = ({v1, v2, v3}, {v1v2, v2v3}) and
G ′ = ({v1, v2, v3}, {v1v3}). Then E ⊃ E ′ still holds if we permute v1 and v2 in the
label of G ′.

Lemma 2.19 (Weyl’s inequality): Let M = H + R, where H and R are symmetric
n × n real matrices. Suppose the eigenvalues of M, H, and R, are µ1 ≥ · · · ≥ µn,
ν1 ≥ · · · ≥ νn, and ρ1 ≥ · · · ≥ ρn, respectively. If j + k − n ≥ i ≥ r + s − 1, then
νj + ρk ≤ µi ≤ νr + ρs, where (i, j, k, r, s) are all in [n] = {1, . . . , n}.

Proposition 2.20: Consider an (n−1)-node graph G = (N = {v1, . . . , vn−1}, E) and
an n-node graph G ′ = ({v1, . . . , vn−1, vn}, E ∪ {vn−1vn}). The later graph G ′ is built
on G plus one additional node vn which has only one connection to the original set of
nodes N , through vn−1 in the description. Then ρ(G) ≤ ρ(G ′).

Proof: See Appendix A.5. �

Conjecture 2.21: Consider an (n− 1)-node graph G = (N = {v1, . . . , vn−1}, E) and
an n-node graph G ′ = ({v1, . . . , vn−1, vn}, E ∪ {v1vn, . . . , vn−1vn}). The later graph
G ′ is built on G plus one additional node vn which is linked to all the nodes in the
original set of nodes N . Then ρ(G) ≥ ρ(G ′).

These results establish structures in graph relation. Specifically, consider an (n−
1)-node graph G = (N = {v1, . . . , vn−1}, E) and the set of n-node graphs that include

G as their induced subgraph, i.e. Ξ(G) , {G ′ : G ′ = (N ′ = {v1, . . . , vn−1, vn}, E ′) s.t. E ⊂
E ′}. Obviously, (Ξ(G),⊂) is a poset, where G ′1 = (N ′, E ′1) ⊂ G ′2 = (N ′, E ′2) means

there exists a permutation of the node label such that E ′1 ⊂ E ′2. Proposition 2.17

implies ρ(G ′1) ≤ ρ(G ′2) if G ′1 ⊂ G ′2. Moreover, the original graph G will be able to

form a cut in the Hasse diagram of (Ξ(G),⊂); on one side of the cut are the graphs
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Figure 2.4: An example of graph relation established by the optimal spectral radius.

G ′’s whose ρ(G ′)’s are larger than ρ(G), and on the other side are the ones less than

ρ(G) (assuming there is no equal case). Conjecture 2.21 says that the greatest ele-

ment of the Hasse diagram is necessarily on the smaller side, while Proposition 2.20

means the direct parents of the least element (which is an unconnected graph (N ′, E)

with ρ = 1) are necessarily on the larger side. Figure 2.4 gives an example of such

structures. On the top-left corner lies the original graph G, which has four nodes.

The remaining graphs are five nodes graphs that contains G as an induced subgraph,

and form a Hasse diagram where the rightest graph is the greatest element and the

leftest graph is the least element. The numbers written below the graphs are their

corresponding optimal spectral radii. As mentioned, the value of ρ(G) forms a cut in

the Hasse diagram, which is shown as the dashed line in Figure 2.4.

2.5.3 Simulation Result

We consider a two-wheel communication network structure where the two wheels

have ten nodes each and are joined by sharing one of them, as shown in Fig. 2.5. This

example is chosen to manifest the benefit of optimizing the choice of local network

in contrast to directly following the objective dependency. We consider the decision

variable can be split into three parts x = (x1,x2,x3), with the left ring being the

first local dependency set N1 = {i : i = 2, . . . , 11}, the right ring being the third

local dependency set N3 = {i : i = 11, . . . , 20}, and N2 = {1, 11, 21}. We assume

each xm ∈ R2, m = 1, 2, 3. Intuitively, since each part depends on less than half of

the nodes, the full localization scheme would represent at least a
√

2 saving from the
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Figure 2.5: The two-wheel graph.
√
nm term for the convergence rate. If we include node 1 into N ′1 and node 21 into

N ′3, though this slows down the convergence for adding additional nodes, the two

additional nodes may work as communication facilitators and reduce µ∗1
′ and µ∗3

′ so

that overall the iterations converge faster. From our experiment, this is indeed the

case.

From the description, it is clear that the nodes in {2, . . . , 10} depend only on x1,

the nodes in {12, . . . , 20} depend only on x3, node 1 and 21 depend only on x2, and

node 11 depends on all three parts. These define the dependent part Si for each node

i. We consider the simplest quadratic case. Specifically, for all i, fi is given as

fi(x
Si) =

1

2
xSi
>
M>

i Mix
Si + b>i xSi , (2.22)

where Mi is a matrix of proper dimension with i.i.d. elements from Unif[−1, 1], and

bi is a column vector of proper dimension with i.i.d. elements from Unif[−150,−50].

The negative choices of bi is to make the optimal solution for each coordinate mostly

falls in R+, and the mean is around 135. The initial choice of xSii [0] for every node

is drawn i.i.d. for all coordinates from χ2(50). Our choice of the learning parameter

schedule is α[t] = 0.8
(t+1)0.8 , instead of the optimal power of 1

3
described in [55], since

we find the later unstable in the first few iterations.

Fig. 2.6 shows how the relative objective error (F (x̄[t])−F (x∗))/F (x∗) decreases

with iterations for three different schemes, where x̄[t] is the ensemble of {x̄1,l, x̄2,l, x̄3,l}
and x̄m,l[t] = 1

nm

∑
i∈Nm xmi [t] is as defined before. Denote G ′1, G ′2, and G ′3 the local

network actually used in the schemes for the parts x1, x2, and x3, respectively. We

assume that any edge is exploited whenever its both nodes are in the network, so

that E ′m = {(i, j) ∈ E : i ∈ N ′m and j ∈ N ′m} and we only have to specify N ′m’s. The

first two schemes are straightforward: the no localization scheme requires all nodes

to maintain all three parts N ′1 = N ′2 = N ′3 = N , while the full localization scheme
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Figure 2.6: Objective errors for three different schemes.

directly follows the objective dependency N ′1 = N1, N ′2 = N2, and N ′3 = N3. For the

optimized localization scheme, we consider adding the facilitator node 1 to N ′1 and

facilitator node 21 to N ′3 at the cost of larger communication overhead and memory

storage and observe if this fasten the convergence; for the second part N ′2 = N2

remains the same, since there is no further way to decrease µ2. The scheme is optimal

in the sense of convergence speed, that is, we set cc and cm to 0 and only consider

tmin in (2.17). We do not have to enumerate all possible choices though, since only

adding 1 to N ′1 and 21 to N ′3 are helpful in reducing µ∗′ and have the potential to

beat the full localization scheme.

From the figure, we observe that the no localization scheme converges much slower

than its localization counterparts, as the both rings consisting of the nodes sets N1

and N3 keep sending their decision of x1 and x3 to each other through a single

node 11, while only the objectives in N1 depend on x1 so that those nodes can

completely dictate the decision as the nodes not in N1 are merely updating x1 from

the information sent from N1, and same for N3 and x3. The middle line consisting of

the nodes set N2 also tries to spam the whole network with their new decisions of x2.

The optimized localization scheme performs slightly better than the full localization

scheme. Adding the two facilitator nodes hurts the convergence rate by increasing√
n′1 and

√
n′3, but benefits from reduced µ∗1

′ and µ∗3
′. It turns out that in this case

the reduced µ outweighs, since n1 = n3 = 10 is already large enough and adding one

more node does not hurt too much, while the decrease in µ∗1
′ and µ∗3

′ is substantial.
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Table 2.2: Communication cost and memory storage required for three different
schemes.

Scheme Communication cost Memory storage

No localization 603840 126

Full localization 16016 46

Optimized localization 25200 50

Suppose we require the algorithms to achieve a relative objective error smaller

than 0.02 before termination. Then the three schemes require 1258, 182, and 150

iterations, respectively (see tmin defined in (2.16)). Table 2.2 summarizes the commu-

nication cost and memory storage required for the three schemes. Not surprisingly,

the no localization scheme needs the largest amount of communication and memory.

The optimized localization scheme necessarily requires more memory than full local-

ization. The communication cost is the cost per iteration times the total number of

iterations needed to meet the termination criteria. We can see that in this case, the

communication cost per round approximately doubles when the ring structure turns

to wheel structure, but the number of iterations required is only reduced by around

5
6
, so that overall the cost for optimized localization is higher.

In summary, generally speaking no localization has the worst convergence as well

as communication and memory performance. Optimized localization converges the

fastest (since it is optimal in terms of having the smallest tmin), while full localiza-

tion requires the least memory storage. Depending on different objectives, graph

structures, and termination criteria, the scheme that requires least amount of total

communication varies. Recall that total communication is the product of tmin and

communication per round. On one side, optimized localization has the smallest tmin;

on the other side, full localization requires the least amount of communication per

round. This exhibits a tradeoff between tmin and communication per round, and

where the minimum product lies depends.

2.6 Application to Resource Allocation

In this section, we present how to apply the Localized Proximal Inexact NEXT

(Algorithm 2.2) to wireless resource allocation, and along way also describe how the

two issues that motivated our generalizations arise.
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2.6.1 Problem Formulation

We consider an OFDMA wireless cellular network, where a set of base stations

(BSs) B transmit downlink data to users through the set of channels or resource blocks

(RBs) K. For a BS b ∈ B, Ib denotes the set of users associated with it, which is an

input that’s fixed. The transmitted power of BS b in channel k is denoted by pbk, and

the maximum total sum power transmitted by BS b is limited to Pb. The allocation

variable of BS b to user i in channel k is denoted by xbik, with gain gbik: xbik = 1 means

b transmits to i in the RB k, and xbik = 0 otherwise. For all users, we also introduce

a scheduling weight, wi for user i. Finally, σ2 is the variance of the independent zero

mean additive white Gaussian noise (AWGN) for all BSs. We assume that BS b only

possesses the information of {gb′ik : b′ ∈ B, i ∈ Ib, k ∈ K}. In other words, BS b

can only compute the weighted-sum rate of the users associated with itself (knowing

the powers of the other base-sites). This is a reasonable assumption, as each user

equipment (UE) reports its measured channel gains to the BS it is associated with,

whereas all the channel gains of UEs served by other BSs is unknown.

When the BS b transmits a non-zero power in channel k, it interferes with all

the other transmissions in channel k. However, owing to propagation-based loss,

the powers of nearby BSs will dominate the whole interference term. Hence, with the

definition that N(b) is the neighboring BSs of BS b, we can neglect all the interference

from b′ 6∈ N(b) to b. This is a modeling assumption that is reasonably accurate in

practice, and will be in force henceforth. For ease of exposition we assume that

neighbor relation is mutual, i.e. b′ ∈ N(b) if and only if b ∈ N(b′). In terms of

the interference graph, where nodes are BSs and edges only exist between BSs that

interfere with each other, we reduce a complete graph to an undirected and connected

one. Our work can be trivially extended to the directed case assuming that strong

connectivity holds.

We consider a one-shot weighted sum-rate maximization problem, subject to the

allocation limit constraint, the power limit constraint, non-negative power constraint,

and the fact that xbik is either 0 or 1; we will justify the weighted sum-rate maximiza-

tion problem in Section 2.6.6. To make the overall constraint set convex, we relax

the integer constraints on xbik as in [51, 52]. In future work we will study appropriate

integer rounding schemes.
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The joint power control and scheduling problem (P1) is then formalized as:

(P1) max
pBK ,xBI(B)K

∑
b∈B

∑
i∈Ib

wi
∑
k∈K

xbik log

(
1 +

Γbik
σ2 + Γ̄bik

)
subject to

∑
i∈Ib

xbik ≤ 1 ∀ b ∈ B, k ∈ K

∑
k∈K

pbk ≤ Pb ∀ b ∈ B

0 ≤ xbik ≤ 1 ∀ b ∈ B, k ∈ K, i ∈ Ib

0 ≤ pbk ∀ b ∈ B, k ∈ K,

(2.23)

where Γbik = pbkgbik and Γ̄bik =
∑

b′∈N(b) pb′kgb′ik are the signal and interference for

user i in channel k. We use pBK to refer to the collection of the variables pbk ∀ b ∈
B, k ∈ K; also, xBI(B)K can be viewed in a similar way, where I(B) ,

⋃
b∈B Ib. This

is a shorthand for easy referencing.

As we will solve the problem in a distributed manner, we let each BS maintain the

decision variables pBK . Denote the copy of pb′k at BS b by pbb′k for all b′ ∈ B, k ∈ K.

The idea is to perform the optimization at each BS, and then enforce consensuses

of the decision variables among all BSs, transforming (P1) into (P2) given in the

following:

(P2) max
pBBK ,xBI(B)K

∑
b∈B

∑
i∈Ib

wi
∑
k∈K

xbik log
(
1 +

Γbbik
σ2 + Γ̄bbik

)
(2.24)

where Γbbik = pbbkgbik and Γ̄bbik =
∑

b′∈N(b) p
b
b′kgb′ik. The set of constraints includes all

the constraints in (2.23) now with pbb′k and the second and fourth constraints hold

for all copies at b ∈ B, and an additional constraint that the consensus is reached

pb1b′k = pb2b′k ∀ b1, b2, b
′ ∈ B, k ∈ K.

We can split the log(·) term in the objective to two parts xbik log(σ2 + Γbbik + Γ̄bbik)

and −xbik log(σ2 + Γ̄bbik), and then modify the former to be xbik log(σ2 +
Γbbik+Γ̄bbik

xbik
) as

in [51, 52], which is jointly strictly concave in xbik and pbBk. We define the modified

function to be 0 when xbik = 0 so that it is continuous. Then (P2) becomes the
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following:

(P3) max
pBBK ,xBI(B)K

∑
b∈B

∑
i∈Ib

wi
∑
k∈K

[
xbik log

(
σ2 +

Γbbik + Γ̄bbik
xbik

)
− xbik log

(
σ2 + Γ̄bbik

)]
,

(2.25)

subject to the same set of constraints as in (2.24). Note that (P2) and (P3) are the

same if xbik’s are restricted to be integers, that is, xbik ∈ {0, 1}.
We will now reiterate the two issues we identified earlier with existing distributed

optimization approaches but in the specific context of (2.25). If we take the approach

in [80], then every BS would need to keep a copy of all the decision variables, both pBK

and xBI(B)K , and perform consensus on them and also any relevant gradient terms.

This is simply impractical and forces the localization idea. We also note that (2.25)

contains functions of the form x log
(
a + (p + p′)/x

)
− x log(a + p′) that are smooth

but where the gradients are not Lipschitz; in particular x log(a+ (p+p′)/x) has some

terms of its gradient becoming infinite when x ↓ 0. These functions clearly fall outside

the framework of [80], and force approaches like our proximal approximations scheme.

In the following, we apply the developed distributed optimization framework to the

problem in (2.23)-(2.25). In the problem, the set of BSs in the cellular network B

corresponds to N in the framework, a BS b corresponds to a node i, and the set of

edges E in the framework is the one-tier interference graph here. There are many

different ways to apply our framework to the resource allocation, which we discuss in

detail next.

2.6.2 Direct Method

In this method, we directly let fb be the weighted sum-rate of BS b: fb =

−
∑

i,k wixbik log
(

1 + Γbik
σ2+Γ̄bik

)
, and G = 0. In the first version of this method, every

BS b keeps the powers of all BSs as decision variables, that is, we have pbb′k for all

b, b′ ∈ B. But instead of keeping xbb′ik’s as decision variables at BS b for all b′ ∈ B
if we exactly follow NEXT, we allow every BS b only keeps its own xbbik, which we

denote as xbik for short. As we see from Section 2.3.1 and Section 2.4.1, this suffices

because BS b dictates the decision of xbik.

If we reconsider the problem from the perspective of our localization framework

Section 2.2.3, there are 2|B| local dependency sets. There are |B| local dependency
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sets {b} for all b ∈ B which correspond to the variables xbIbK , and |B| local de-

pendency sets Nb(b) , N(b) ∪ {b} for all b ∈ B which correspond to the variables

pbK . In the first version of the direct method, referred to as the Localized X Global-

ized P-diRect Method (LXGP-RM) algorithm, only xBI(B)K follows the localization

framework, pBK is still globalized in the sense that every BS keeps a copy of the whole

variable.

We only describe the algorithm in words here, for the pseudo code see Appendix B.

The algorithm basically proceeds as Algorithm 2.2 with the common variable pBK and

|B| local variables xbIbK ∀ b (and without approximation functions since objectives

have Lipschitz gradients). At BS b we use rbb′k to track 1
|B|
∑

b′′∈B
∂fb′′
∂pb′k

and π∼bb′k to

track
∑

b′′ 6=b∈B
∂fb′′
∂pb′k

, which correspond to y and π in Algorithm 2.2. In each iteration,

we let α[t] = α0

(t+1)β
, and BS b performs the minimization of

f̃b(p
b
BK , xbI(b)K ; p̄bBK , x̄bI(b)K) + π∼bBK · (pbBK − p̄bBK) (2.26)

with respect to the variables pbBK and xbI(b)K , and p̄bBK , x̄bI(b)K , and π∼bBK being the

current iterate of the variables. The surrogate function f̃b(p
b,xb; p̄

b, x̄b) is chosen as

fb +
τb
2

[∑
i,k

(xbik − x̄bik)2 +
∑
b′∈B,k

(pbb′k − p̄bb′k)2
]

+
∑
i,k

∂fb
∂xbik

· (xbik − x̄bik) +
∑

b′∈Nb(b),k

∂fb
∂pbb′k

· (pbb′k − p̄bb′k),
(2.27)

where fb and ∂fb
∂pb
b′k

are functions of (p̄b, x̄b), but ∂fb
∂xbik

is just a function of p̄b. The

quadratic term in (2.27) is to maintain the strict convexity of the surrogate. Finally,

we have a universal doubly stochastic matrix W to average pBK and rBK for them

to reach consensus. We remark that with the objective in (2.26) only having up to

quadratic terms and our constraints being linear, the minimization can be solved effi-

ciently using quadratic programming (QP) with coefficient matrices of the quadratic

term being positive-semidefinite [65].

The second version of the direct method, termed as the Localized X Localized

P-diRect Method (LXLP-RM) algorithm, makes better use of our localization idea

as opposed LXGP-RM so that for all b ∈ B we now only maintain the variables pbb′k
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for b′ ∈ Nb(b) in BS b, as the BSs in Nb(b′) dictate the decision of pb′k; the variables

xBI(B)K still follow the localization framework just as before in LXGP-RM.

The main change from LXGP-RM is that the index set of the variable tuple B

is now replaced by Nb(b), as BS b does not keep the variable pbb′k for b′ 6∈ Nb(b) any

more. As a result, the steps regarding the weighted sum for reaching consensus need

to be modified. We introduced the matrix W (b) for each BS b. The matrix W (b)

concerns with the weighting of the local dependency set Nb(b) regarding the variable

pbK , that is, G(b) = (Nb(b), E(b)) where E(b) = {(i, j) ∈ E : i, j ∈ Nb(b)} if the whole

network is G = (B, E). Its i-th row Wi:(b) and j-th column W:j(b) should be zero if

and only if i 6∈ Nb(b) or j 6∈ Nb(b). After deleting all these zero rows and columns, it

would become a doubly-stochastic matrix, as described in Assumption L4.

The second version of the direct method still follows the framework of Algo-

rithm 2.2, with 2|B| local variables pbK , xbIbK ∀ b and no common variable. Now

at BS b we use rbb′k to track 1
|Nb(b′)|

∑
b′′∈Nb(b′)

∂fb′′
∂pb′k

, and π∼bb′k to track
∑

b′′ 6=b∈Nb(b′)
∂fb′′
∂pb′k

,

where b′ ∈ Nb(b). Also, the surrogate f̃b is minorly changed so that now the quadratic

term of pbb′k only sums over b′ ∈ Nb(b) instead of b′ ∈ B.

We finally remark that one can also consider a GXGP-RM algorithm (basically

NEXT from [80]) where copies of both the power and allocation variables are main-

tained at each node, or even a GXLP-RM algorithm where localization is performed

only for the power variables. Note that only the fully localized scheme, i.e. LXLP-

RM, will be scalable in practice. However, we will evaluate its performance relative

to the other schemes.

2.6.3 Decomposed Method

In (P3), there is a part of the objective that is concave (or convex after taking

minus sign), and the optimization of this part should be easy. The algorithm might

run faster if we properly exploit this fact. To achieve this goal, let us assume that

the channel gains gbik’s are known to all BSs. Then we could apply the framework in

Section III by letting fb =
∑

i,k wixbik log(σ2 + Γ̄bik) and G = −
∑

b,i,k wixbik log
(
σ2 +

Γbik+Γ̄bik
xbik

)
.

As G is in general a function of not only pbk but also xbik for all b ∈ B and we

need to optimize G at every BS, this method does not allow any localization. In

54



other words, the tuple consisting of all decision variables is the common variable xc

in Algorithm 2.2 itself, and there is no local dependency set besides N itself. At BS

b we need to maintain pbb′k as well as xbb′ik ∀ b′ ∈ B. Note that with the derivatives of

fb being Lipschitz continuous and no localization, this method is a direct application

of [80].

The algorithm, which we call the Globalized X Globalized P-deComposed Method

(GXGP-CM), is also largely the same as LXGP-RM, except that now we have to

optimize G as well, and we need to maintain and update xbb′ik. The algorithm and

the surrogate function also need minor revisions (see Appendix A.6).

2.6.4 Partially Linearized Method

While the decomposed method enjoys the benefit of using the intrinsic convex part

in the objective, it is impractical since it requires every BS knows all channel gains. We

could instead put the convex part in fb as well, and take advantage of it by not lineariz-

ing it when forming the surrogate function. Specifically, we let fb = fb∪ + fb∩ where

fb∪ = −
∑

i,k wixbik log
(
σ2 + Γbik+Γ̄bik

xbik

)
and fb∩ =

∑
i,k wixbik log

(
σ2 + Γ̄bik

)
. Then

we can choose the surrogate function f̃b(p
b,xb; p̄

b, x̄b) as fb∪(p
b,xb)+f̃b∩(p

b,xb; p̄
b, x̄b),

where f̃b∩ has exactly the same form as in (2.27) (for LXGP case), i.e., linearized with

the current iterate (p̄b, x̄b) plus the quadratic terms.

With ∇fb not being Lipschitz continuous, we apply the approximation functions

detailed in Section 2.2.4 for better convergence and numerical stability. We may

choose f ∗b,t = f ∗b∪,t + fb∩ where

f ∗b∪,t = −
∑
i,k

wi(xbik + e[t]) log
(
σ2 +

Γbik + Γ̄bik
xbik + e[n]

)
. (2.28)

One can easily show that∇f ∗b,t is Lipschitz continuous with constant Lb,t the reciprocal

of e[t]. We can then choose a schedule of e[t] → 0 according to Theorem 2.3 and

Section 2.4.5. We refer to this method as the Partially Linearized method (PL)

algorithm, which could be LXLP or any of the other combinations. Note that we do

not have the guarantee of convergence to stationary point in this case because the

objective function has unbounded gradient on the boundary.
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2.6.5 Consensus Scheme

Let G = (B, E) be the BS network we are considering, and let di be the degree of

BS i. The choice of W must meet the following two criteria to conform to Assumption

L4: (1) it must be doubly-stochastic; (2) Wij ≥ 0 is non-zero if and only if (i, j) ∈ E .

We denote the set of W’s that satisfy these criteria as Ω(W), which is a subset in

R|B|×|B|+ . We choose W as follows

Wij =


0 if j 6∈ N(i)

1
d̄

if j ∈ N(i) and i 6= j

d̄−di
d̄

if j ∈ N(i) and i = j

, (2.29)

where d̄ = maxi di + 1. It is easy to verify that this choice of W is row-stochastic.

Since W is symmetric, it is then also column-stochastic. By definition of d̄, we will

have Wii > 0. By construction, Wij > 0 if (i, j) ∈ E , i 6= j.

In LXLP-RM algorithm we need a W(b) for every BS b. Let E(b) = {(i, j) ∈
E : i, j ∈ Nb(b)}. Then we choose W(b) as described above but treat G as G(b) =

(Nb(b), E(b)).

As we discussed in Section 2.5.2, with symmetric weights W = W>, [77] suggests

that the best convergence speed is obtained with the solution of (see also Fact 2.15)

min
W∈R|B|×|B|+

∥∥∥∥W − 1

|B|
1|B|1

>
|B|

∥∥∥∥
2

s.t. W ∈ Ω(W). (2.30)

For symmetric graphs, the optimized result is Wij = 1
di

when (i, j) ∈ E and Wij = 0

otherwise, which is exactly our choice.

2.6.6 Simulation Results

We adopt the framework of the network utility maximization problem as in [51, 52]

where we maximize

U(RT ) =
∑
i∈I(B)

Ui(Ri,T ), (2.31)
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where Ui(·) is given by

Ui(Ri,t) =


ci
ξ

(Ri,t)
ξ, ξ ≤ 1, ξ 6= 0,

ci log(Ri,t), ξ = 0,
(2.32)

Ri,t is the average throughput of user i up to time t, ξ ≤ 1 is the fairness parameter,

and ci is a QoS weight. The gradient-based scheduling approach [92] leads to solving

the optimization problem given below at each time instance

max
rt∈R(et)

∑
i

ci(Ri,t)
ξ−1ri,t. (2.33)

This is exactly the one-shot optimization problem we consider in (2.23), where wi =

ci(Ri,t)
ξ−1 is the weight of user i, ri,t is the rate of user i given by the Shannon

capacity, and R(et) is the capacity region dependent on current channel state et and

constrains the choice of ri,t as the constraints set in (2.23).

Now consider problem (2.23). A naive solution would be disregarding the inter-

ference and solving the resource allocation and scheduling for each cell separately.

The optimization for a single-cell is well solved in literature, e.g. in [51]. Specifically,

neglecting the interference, for a BS b we can solve

max
pbK ,xbIbK

∑
i∈Ib

wi
∑
k∈K

xbik log

(
1 +

pbkgbik
σ2xbik

)
, (2.34)

subject to the constraints. This is a convex problem, and can be solved with existing

methods in convex optimization. We call this method the Single-Cell No-Iteration

(SC-NI) algorithm.

A refinement of the SC-NI algorithm is to update the interference terms after first

optimization for each cell. We then optimize for each cell again while treating the

powers of neighboring BSs as constants, and then repeat until convergence. We call

this the Single-Cell (SC) algorithm.

We adopt the 19 cell wrap-around model from [53] as the network scenario used in

our simulations. Furthermore, each UE associates with exactly one BS and each BS

has five UEs associated with it. Suppose a UE is served by a BS. Then there is a signal
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Figure 2.7: Empirical CDFs of users’ throughputs for ξ = 1 and ξ = 0.5.
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Figure 2.8: Distributions of transmission power and SINR for ξ = 1.

link between the UE and the BS, while all the neighbors of the BS cause interferences

to the UE. The time horizon T is chosen to be 20. The channel gains are directly

generated by Rayleigh distribution, with parameter 1 for associated BS-UE pair, and

0.5 for interference, instead of choosing random locations for the UEs and calculating

the path loss. The channel gains are assumed to be independent among all links in

a scheduling instance and also across all scheduling instances. We use identical QoS

weights (ci = 1). Other parameters include: |K| = 3, σ2 = 0.01, α0 = 0.99, β = 0.53,

and Pb = 10 ∀ b. For simplicity we treat all scheduling terms xbik as real numbers

and use the local optimal results to compute utilities. In future work we will include

integer rounding procedures in the simulations. The entire process is simulated only

one time, as multiple time slots already brought in the averaging effect.

Figure 2.7 depicts the CDFs of user throughput of algorithms LXGP-RM, LXLP-

RM, LXLP-PL, and SC for ξ = 1 (maximum total throughput) and ξ = 0.5, respec-

58



Table 2.3: Fraction of utilized channels and scheduled users per BS.

Channels/Users 0 1 2 3 4 5

LXLP-RM Channels 0.3447 0.6316 0.0237 0 - -

LXLP-RM Users 0.3447 0.5395 0.1158 0 0 0

LXLP-PL Channels 0.3763 0.6105 0.0132 0 - -

LXLP-PL Users 0.3763 0 0 0 0.0079 0.6158

SC Channels 0 0 0 1 - -

SC Users 0 0 0 0 0 1

tively. When ξ = 0.5, we can observe that the RM and PL methods stochastically

dominate the SC algorithm, and this is also nearly the case when ξ = 1. In fact, the

RM and PL methods yield a roughly 4-fold average throughput gain over SC method.

This is not surprising, as we simulate a rich interference environment, and the new

methods can coordinate the scheduled UEs and transmission powers of nearby BSs,

while the SC method does not. The RM methods show similar performance as we

use the same termination criteria. They are a little bit different from the PL method

possibly due to optimizing different objective functions (only equivalent before integer

relaxation).

Figure 2.8 illustrates the power and SINR distributions of the same four algorithms

for ξ = 1. The proposed three new methods choose one of three values for the power:

the maximum, half of the maximum or zero. This corresponds to assigning either

one, two or no blocks; the two blocks can be assigned to one UE or two. On the

contrary, the SC methods schedule all three blocks and UEs with the power to each

block around 10
3

. At each time instance the three new methods give up serving some

subcarriers and users in exchange of boosting the SINR of the scheduled UEs on the

chosen blocks. On the other hand, the SC method tries to serve everyone, and ends up

with lower power and increased interference. The details of the scheduling decisions

are in Table 2.3.

Table 2.4 compares the performance of the four algorithms with ξ = 0.5 and ξ = 1.

The three coordination-based methods outperform the SC method significantly in this

problem instance. The LXGP method always requires more iterations to converge

than the fully-localized methods like the LXLP family. When ξ = 0.5, LXLP-PL

converges much faster than RM methods.
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Table 2.4: Total utilities and average numbers of iterations required of different algo-
rithms and choices of ξ.

Algorithm LXGP-RM LXLP-RM LXLP-PL SC

Utilities

ξ = 1 89.61 89.73 86.98 19.62

ξ = 0.5 182.7 182.5 182.1 86.10

Iterations required

ξ = 1 280.3 176.9 176.2 2

ξ = 0.5 273.6 216.9 142.9 2

2.7 Conclusion and Future Directions

In this chapter, we generalized existing distributed optimization methods in two

directions. First, we reduced the algorithm storage and communication complexity

by exploiting a decomposable structure of the problem, and obtained a localization

scheme that works for primal-consensus type algorithms, which we demonstrated

through NEXT and DGD. We analyzed the effect of introducing localization to the

convergence rate, and found the later’s dependence on the local network size and the

spectral radius of the local averaging matrix corresponding to the local network, which

raises the problem of optimizing local networks and our study of the dependency of

the optimal spectral radius to the network topology. We also performed numerical

simulations that shows the benefits of adopting our localization scheme, including

lower memory and communication consumption as well as faster convergence. Sec-

ond, we relaxed the requirement of Lipschitz continuous gradients with a series of

slowly-changing approximations (for NEXT). We found in simulations that our ap-

proximation scheme endows much better numerical stability. Finally, we applied the

developed algorithmic framework in different ways to generate distributed algorithms

for the multi-cell resource allocation problem. We compared these algorithms with

the single-cell algorithm via simulation and showed the potential gains of using the

distributed optimization methods.

For the localization part, an interesting direction would be looking for heuristic

methods that can quickly decide the dependency of optimal spectral radius to the

network topology (e.g. adding one node and a few edges will increase or decrease the

optimal spectral radius), and find good sub-optimal solutions of the local network
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optimization problem, especially from the theory of conductance in graph theory. For

the approximations part, extending our framework to dual distributed optimization

methods is worth investigating.
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CHAPTER III

Nonlinear Consensus for Distributed Optimization

3.1 Introduction

The network consensus problem, which concerns the convergence behavior of a

multi-agent network reaching consensus, is widely studied [11, 77, 96, 28]. In the

problem, each node in the underlying directed or undirected network is given an

arbitrary initial value, and the nodes exchange their values through the network links

to reach a consensus. The bulk of the literature on the network consensus problem

has focussed on the following: choosing the consensus weight matrix to maximize the

convergence speed [77, 28], analysis of the dependence of the convergence rate on the

number of nodes and spectral radius of the weight matrix [96], and the conditions for

convergence of different concensus schemes using stability analysis [11].

Whereas consensus schemes have broad applications, they are critical to dis-

tributed optimization. Nearly all distributed optimization algorithms are composed

of two core steps: the “descent step” and the “consensus step.” The bulk of the lit-

erature on distributed optimization studies various schemes of the descent process,

but just takes simple linear consensus, so that the role of the consensus scheme in

the context of distributed optimization has received less attention. Nonlinear gos-

sip or consensus schemes are studied in [85] from the perspective of two time-scale

stochastic approximation, with distributed optimization discussed as a special case.

In the perspective, the fast process is repeated (possibly nonlinear) subprojections

onto the consensus plane satisfying certain regulatory conditions, while the slow pro-

cess tracks the trajectory of some ordinary differential equation (ODE). Commonly,
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the goal of the ODE is either to find the minima of the objective function, or to find

the fixed points of some function, or to find the zeros of some function [21]. There has

been follow-up work that uses the two time-scale stochastic approximation perspec-

tive but with the focus on problems different from convergence analysis. For example,

the goal of [109] is to investigate projections onto the intersection of the constraint

sets of the nodes, whereas in [29] concentration bounds for stochastic approxima-

tion algorithms with contractive maps are derived with application to convergence

behavior of the value functions in reinforcement learning. While most distributed

optimization algorithms simply alternate between the descent step and the consensus

step each by once, another line of work studies the optimal frequency between them

and analyzes the convergence rate specifically for the distributed optimization setting

[13, 14]. In particular, unlike in the literature where a local optimization step (e.g.

a local gradient descent step) is performed immediately followed by taking average

once intermittently, [13, 14] suggest multiple applications of the “descent operator”

followed by multiple applications of the “consensus operator” with certain schedules

for convergence speed up.

In this chapter, we aim to answer the following questions: if one wants to adopt

consensus schemes other than linear ones in distributed optimization algorithms, what

a general class of schemes would be appropriate? Also, can we establish convergence

to the optimum for the schemes, and contrast their convergence behavior with linear

consensus schemes? Using the NEXT algorithm introduced in Chapter II as an exam-

ple, we start by introducing the roles of the descent steps and the consensus steps and

the relation between them from the perspective of stochastic approximation theory;

this we accomplish by reproving the convergence of the NEXT algorithm. We study

a class of nonlinear consensus schemes that exploit nonlinear transformations, where

linear averages are taken after the transformations; convergence guarantees are estab-

lished for modified versions of two distributed optimization algorithms – NEXT and

DGD. Here, we generalize the result of [85] in the sense that we allow time-varying

subprojections in the distributed optimization setting, which are characterized by the

transformations in our schemes that are not necessarily fixed and can be varied at

every step on the fly (using past information). For the NEXT algorithm, we also

relax the column stochasticity requirement commonly assumed with the necessary
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row stochasticity in the literature, which leads to more flexible provably convergent

algorithms; a similar counterpart algorithm for DGD with gradient tracking variables

is also provided, with its convergence only conjectured. Finally, we combine the two

ideas to obtain an even more general algorithm class and provide convergence guar-

antees for all of them. This more general algorithm class along with the family of

p-means transformations allows us to choose any point in the “shrunk cube hull”

(defined in Section 3.5.1) that ranges from element-wise minimum to element-wise

maximum in the consensus step. Our analysis of the convergence of these algorithms

along with some numerical examples demonstrates that the convergence rate critically

depends on the relation between the consensus scheme and the gradient direction. We

then use this as motivation to propose algorithms that align consensus steps with neg-

ative gradient directions.

The rest of the chapter is organized as follows. In Section 3.1.1 we briefly describe

the setting as well as some terminologies for later usage. We provide an alternative

proof of NEXT from the perspective of stochastic approximation in Section 3.2. In

Section 3.3.1, we study the convergence behavior of nonlinear consensus schemes that

use nonlinear transformations in a pure consensus problem setting (without coupling

with optimization); then we show the convergence of NEXT and DGD when these

nonlinear transformations are used in the consensus step. We then show the conver-

gence of NEXT without column stochasticity in Section 3.4.1, while the convergence

of the DGD algorithm counterpart with gradient tracked by another variable is left as

a conjecture in Section 3.4.2. Combining the nonlinear transformation with column

stochasticity relaxation, we further enlarge the possible choices for the next iterate

in nonlinear consensus schemes from a “shrunk convex hull” described in Section 3.4

to a “shrunk cube hull” in Section 3.5.1, and propose algorithms that align the con-

sensus step direction to the negative total gradient in Section 3.5.2. Simulations

for the numerical examples and conclusion are given in Section 3.6 and Section 3.7,

respectively.

3.1.1 Setup and Key Definitions

In this chapter, we consider a distributed optimization setup similar to that de-

scribed in Section 2.2.1, except that we set the possibly non-smooth regularizer
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G = 0 here, so that the overall objective is F (x) =
∑n

i=1 fi(x). There are n

nodes (agents), and each node i ∈ [n] maintain a copy of the decision variable

xi , [xi,1 · · · xi,d]> ∈ Rd. We denote the ensemble vector consisting of the copies

from all the nodes as X , [x>1 · · · x>n ]> ∈ Rnd, and the dimension l part of the

ensemble as Xl = [x1,l · · · xn,l]> ∈ Rn.

Definition 3.1: The consensus plane C contains all the ensemble vectors such that
the variables in all the nodes agree, i.e.

C , {X = [x>1 · · · x>n ]> ∈ Rdn : x1 = · · · = xn}.

Definition 3.2 (from [85]): A projection P onto a set C is a function such that
P(P(x)) = P(x) and P(x) ∈ {x : P(x) = x} for all x. A function F is called a pro-
jection subroutine of P if the following holds: (1) F is continuous; (2) limn→∞Fn = P
uniformly; (3) P(F(x)) = F(P(x)) = P(x). We will also call this F a subprojection
onto C.

3.2 A Stochastic Approximation Viewpoint

In this section, we review NEXT from the viewpoint of stochastic approximation.

The main objective is to exemplify the way the “descent part” and the “consen-

sus part” of consensus-based primal distributed optimization algorithms are woven

together. We provide an alternative proof of the convergence of the Ineact NEXT

algorithm given in Algorithm 2.1 using results from stochastic approximation. The

notation for this section is exactly the same as in Chapter II. As we will demon-

strate, NEXT can be seen as a two time-scale process, where y tracks the total

gradient in the fast time-scale, and x tracks the fixed point iteration of x̂(•) (where

x̂i(x) = x̃i(x,
1
n

∑n
j=1∇fj(x)), also see (A.25)) with a subprojection onto the consen-

sus plane in the slow time-scale.

Substituting the definitions of z and π̃ into Algorithm 2.1, we can rewrite each
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iteration of the algorithm in the following two steps:

yi[t] =
n∑
j=1

Wijyj[t− 1] +
[
∇fi(xi[t]−∇fi(xi[t− 1]))

]
, (3.1)

xi[n+ 1] =
n∑
j=1

Wij

[
xj[t] + α[t] (x̃j(xj[t],yj[t])− xj[t] + ej[t])

]
, (3.2)

where ‖ei[t]‖ ≤ εi[t] ∀ i, and x̃i(xi[t],yi[t]) is given by (2.4) with π̃i substituted by

yi using Line 11 of Algorithm 2.1. By letting ui[t] = yi[t] −∇fi(xi[t]), (3.1) can be

rewritten as

ui[t] =
n∑
j=1

Wij

[
uj[t− 1] +∇fj(xj[t− 1])

]
−∇fi(xi[t− 1])

= ui[t− 1] + β[t]

{
n∑
j=1

Wij

[
uj[t− 1] +∇fj(xj[t− 1])

]
−
[
ui[t− 1] +∇fi(xi[t− 1])

]}
,

(3.3)

where β[t] = 1. It is evident that α[t] = o(β[t]). As a result, (3.2) and (3.3) together

form a two time-scale stochastic approximation algorithm [20], where ui or yi is on

a faster, natural time-scale with constant step sizes, and xi is updated on a slower,

logarithmic time-scale with shrinking step sizes.

To analyze this process, we first begin with the fact that the fast variable u or

y views the slow variable x as quasi-static, i.e. we can see x as constant in (3.3).

Denote u as the ensemble of ui’s, i.e. u =

[
u>1 · · · u>I

]>
, ∇f as the ensemble of

∇fi’s, and similarly for x, y, etc. Then the iterate of u will asymptotically track the

following ODE

u̇(t) = [W ⊗ Id − Idn][u(t) +∇f(x)], u(0) = 0, (3.4)

where I is the identity matrix, d denotes the dimension of xi’s, and ⊗ means the

Kronecker product. Using the y variable, (3.4) can be written as

ẏ(t) = (W ⊗ Id − Idn)y(t), y(0) = ∇f(x). (3.5)
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Lemma 3.3: We have limt→∞ y(t) = ∇f(x)⊗ 1n, where 1 is the all one vector and
∇f = 1

n

∑n
i=1∇fi is the averaged gradient function.

Proof: We have

lim
t→∞

y(t) = lim
t→∞

et(W⊗Id−Idn)y(0)

= lim
t→∞

etW⊗Ide−tIdn∇f(x)

= lim
t→∞

(etW ⊗ Id) ·
1

et
Idn∇f(x)

= lim
t→∞

(
et

n
1n1

>
n

)
⊗ Id ·

1

et
∇f(x)

=

[
1

n
(1n1

>
n )⊗ Id

]
· ∇f(x) = ∇f(x)⊗ 1n,

(3.6)

where the second equality follows from the two matrices being multiplication com-

mutative, third from eAI+IB = eA ⊗ eB, and fourth from the fact that limt→∞Wt =

1
n
(1n1

>
n ). �

We see that y(t) indeed converges to the unique global asymptotically stable equi-

librium, where all component of y, i.e. yi’s, equal to the average of the gradients as

desired.

Next, from the perspective of the slow variable x, the fast variable y already

reaches its equilibrium ȳ(x). That is to say, in (3.2) x̃j(xj[t],yj[t]) can be seen as

x̃j(xj[t],∇f(xj[t])), which is exactly x̂j(xj[t]), so that (3.2) become

xi[t+ 1] =
n∑
j=1

Wij

[
xj[t] + α[t]

(
x̂j(xj[t])− xj[t] + ej[t]

)]
. (3.7)

As stated in [85], this recursive relation is again a two time-scale stochastic ap-

proximation in disguise, with a fast averaging process and a slow learning process.

In fact, the averaging process is also on the natural time-scale as is y. From [85] we

know that the iterates of x will reach consensus x[t] =

[
xc[t]

> · · · xc[t]
>

]>
, where
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each component xc[t] ∈ Rd tracks the ODE

ẋc(t) =
1

n
(1n ⊗ Id)

>
[
· · · x̂i(xc(t))

> − xc(t)
> · · ·

]>
=

1

n

n∑
i=1

x̂i(xc(t))− xc(t),

(3.8)

as 1n/n is the unique stationary distribution resulted from the doubly stochastic

transition matrix W.

Note that with x̂i’s being Lipschitz continuous ([80], Proposition 5(a)), this ODE

is well-posed. We assume the differentiability of G for now to avoid dealing with

trickier non-differentiable Lyapunov functions here. We consider the whole objective

itself as the Lyapunov function V (xc) = U(xc) = F (xc) +G(xc). Then

V̇ (xc(t)) = [∇U(xc(t))]
> ·

[
1

n

n∑
i=1

x̂i(xc(t))− xc(t)

]

≤ −cτ
1

n

n∑
i=1

‖x̂i(xc(t))− xc(t)‖2 ≤ 0,

(3.9)

for some positive constant cτ . The first inequality is established similarly as [80],

Proposition 5(b). By Lasalle’s invariance principle, the iterates converge to the set

of equilibria {xc : 1
n

∑n
i=1 x̂i(xc) = xc} ([21], p. 57 and p. 118), which is the set of

stationary points of the original optimization problem ([80], Proposition 2).

Remark that the conditions of applying [20] and [85] are either established in

[80] or implied by the assumptions in the convergence of NEXT. Specifically, the

boundedness of x follows from the recursive relation (3.2) and Proposition 9(a) in

[80],
∑

t α[t] =
∑

t β[t] = ∞,
∑

t α[t]2 < ∞, and sup
∑

t α[t]ei[t] < ∞ are just as

assumed in NEXT convergence. Note that we do not need
∑

t β[t]2 < ∞ as there is

no noise in the recursion of y. Also, we have deterministic convergence rather than

almost sure convergence, since instead of being martingale differences, our noise term

ei[t] is actually deterministically bounded.
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3.3 Nonlinear Consensus Schemes

As we seen from the previous section, from the perspective of stochastic approx-

imation, the linear consensus update is just a special type of subprojection onto the

consensus plane whereas the “consensus variable” xc descends to the optimum. En-

lightened from the result of [85], which broadens the types of subprojection that

can be used, in this section we study nonlinear subprojection methods which trans-

form variables into another domain where linear averages are taken, in particular the

family of (p, w)-means. We first study the convergence behavior of nonlinear subpro-

jections to the consensus plane in Section 3.3.1, then in Section 3.3.2 we describe the

combinations of the nonlinear subprojections with NEXT and DGD.

3.3.1 Nonlinear Subprojection by Transformation

The Line 9 in Algorithm 2.1 can be seen as a type of subprojection to the consensus

plane C := {X = [x>1 · · · x>n ]> ∈ Rdn : x1 = · · · = xn}. From the viewpoint of [85],

a subprojection F(·) is a function such that under infinitely many applications, the

iterate will end up in C for any starting point X[0] (see Definition 3.2). In the

distributed optimization setting, in each iteration, a node i takes account of the

information from its neighborhood {xj : j ∈ Nb(i)} where Nb(i) := N(i) ∪ {i} and

N(i) := {j : (i, j) ∈ E} and projects that to a “sub-consensus plane” Ci := {X =

[x>1 · · · x>n ]> ∈ Rdn : xj = xk ∀ j, k ∈ Nb(i)}. The connectedness assumption of

the communication graph G guarantees that the intersection of these sub-consensus

planes
⋂
i Ci is C. In Algorithm 2.1, for node i this is done by taking a convex

combination of all its neighbors’ information Xi = [xj]j∈Nb(i), which can be thought

of as the weighted least square solution, i.e. finding the point on Ci that minimizes

the weighted sum of squares of `2 distances from the point to each of the element in

Xi. Formally, the next iterate of node i after the projection subroutine is

xi[t] =
∑

j∈Nb(i)

Wijxj[t] = argmin
X∈Ci

∑
j∈Nb(i)

Wij‖xj−xj[t]‖2 = argmin
x∈Rd

∑
j∈Nb(i)

Wij‖x−xj[t]‖2.

We refer to this as the linear consensus scheme.

Here, we study nonlinear consensus schemes and their convergence behavior. For
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simplicity, in this subsection let us consider the one-dimension case (d = 1) and

focus on repeated projection subroutines onto the consensus plane (instead of the

distributed optimization context where the descent steps and consensus steps are

interlaced together) first. In [121], it is proved that under certain “axioms of mean,”

the mean of x1, · · · , xn should take the form of M(x1, · · · , xn) = ϕ−1
(
ϕ(x1)+···+ϕ(xn)

n

)
where ϕ is a continuous increasing function. Since we do not require the symmetry

property (i.e., M(x1, · · · , xn) does not have to be a symmetric function), and want

to include the weights Wij in the average expression, we consider

xi[t+ 1] = ϕ−1

(∑
j

Wijϕ(xj[t])

)
, (3.10)

with ϕ being a strictly monotonic bijective function1 on R. Note that node i can

only use the information from its neighbors due to the communication constraint

imposed by the network. If we start with x[0] = [x1[0] · · · xn[0]]> and repeatedly

apply (3.10), then this consensus scheme will converge to

x∗ = χ(x[0]) = ϕ−1

(
1

n

n∑
i=1

ϕ(xi[0])

)
. (3.11)

We can rewrite each iteration in (3.10) as zi[t + 1] , ϕ(xi[t + 1]) =
∑

jWijϕ(xj[t]),

which simply means taking convex combinations of zj , ϕ(xj)’s. That is to say,

this is a linear consensus scheme in the transformed domain of ϕ. Since the infinite

product of W converges to 1
n
1n1

>
n , i.e. limt→∞Wt = 1

n
1n1

>
n , the iterations converge

to z∗ = 1
n

∑n
i=1 zi[0] where zi[0] = ϕ(xi[0]) and from the invertibility of ϕ we can find

an x∗ such that z∗ = ϕ(x∗).

If we limit the domain of consideration to R+, a common choice of ϕ is ϕ(x) = xp:

xi[t+ 1] =

(∑
j

Wijx
p
j [t]

)1/p

, (3.12)

which is called the (p, w)-mean in [71], or mean of order p when W is uniform in [11].

The common arithmetic, geometric, and harmonic means fall into this category, corre-

1We do not require ϕ to be increasing; otherwise, sometimes a minus sign is needed.
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sponding to p = 1, p→ 0, and p = −1 when W is uniform, respectively. When p→∞
and p→ −∞, (3.12) also corresponds to the max operation xi[t+1] = maxj∈Nb(i) xj[t]

and the min operation xi[t+ 1] = minj∈Nb(i) xj[t] in the support, respectively [71]. It

is natural to ask whether this consensus scheme leads to faster projection onto C, and

whether it could increase the convergence speed of Algorithm 2.1. As we shall see,

the answers to both are affirmative under certain situations.

The result of [90] implies that the “sample variance” in the transformed domain∑n
i=1(zi[t] − z∗)2 =

∑n
i=1[ϕ(xi[t]) − ϕ(z∗)]2 works as a Lyapunov function that de-

creases over time. Due to the monotonicity of ϕ, we know that V [t] =
∑n

i=1(xi[t]−x∗)2

also monotonically decreases over time. A reasonable evaluation of a consensus scheme

is how many iterations it takes for this V [t] to decrease from its initial value to a frac-

tion of ε, i.e. Tε taken from the infimum of the set satisfying the condition

Tε , inf

{
t :

V [t]

V [0]
=

∑
i(xi[t]− x∗)2∑
i(xi[0]− x∗)2

≤ ε

}
. (3.13)

Notice that the max operation only need d(G) iterations to project any point onto

C, where d(G) is the diameter of G; indeed, the max consensus scheme is equivalent

to the node with the maximum value broadcasting its information, and within d(G)

number of iterations it will reach any node in the network, and decrease V to 0. On

the contrary, for linear consensus scheme V [t]
V [0]

is proportional to ‖Wt− 1
n
1n1

>
n ‖2

F which

decreases geometrically, and it takes infinitely many iterations for V to go down to

0. Thus we have the following.

Fact 3.4: Denote Tε,p as the minimal number of iterations required for the sample
variance to reduce to a fraction of ε using the p-mean consensus scheme in (3.12).
Then given any x[0], there exists small enough ε > 0 and large enough p > 1 such
that Tε,1 > Tε,p.

Given any consensus scheme, achieving a smaller tolerance ε requires a larger Tε.

For a fixed tolerance ε, a faster consensus scheme takes smaller T ; and given T , a

faster consensus scheme achieves smaller ε. The above fact states that for smaller

tolerance requirement or larger number of iterations running, there exists a p-mean

scheme converging faster than linear consensus. This is, however, not necessarily true

when T is not large enough, as given in the following counterexample.
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Example 3.5: Consider a ring of five nodes V = {1, 2, 3, 4, 5} and

E = {(1, 2), (2, 3), (3, 4), (4, 5), (5, 1)} with initial values x[0] =

[
7 2 12 2 7

]>
and a doubly stochastic matrix

W =
1

5



3 1 0 0 1

1 3 1 0 0

0 1 3 1 0

0 0 1 3 1

1 0 0 1 3


.

Then after one iteration, linear consensus applies W on x[0] and gives
[
6 5 8 5 6

]>
,

while the max operation yields
[
7 12 12 12 7

]>
. The ratio of sample variances

of linear scheme 6
70

is smaller than that of max operation, which is 50
250

.

However, we find from simulations that the ratio of sample variances given any

T monotonically decreases with p (p ≥ 1) when x[0] is uniformly distributed. This

along with Fact 3.4 suggests that although there are counterexamples, p-mean with

a larger p usually leads to faster projection onto C.

3.3.2 Distributed Optimization with Nonlinear Transformation

As we saw earlier, many primal distributed optimization algorithms, such as

NEXT and DGD, interleave the “consensus steps” at a faster time-scale with the

”descent steps” at a slower time-scale, where the consensus steps are subprojections

onto the consensus plane C. From Section 3.3.1, we know that the nonlinear subpro-

jection by transformation is also a subprojection onto C. Thus, it is of interest to

study the convergence behavior of algorithms that combine the nonlinear subprojec-

tion with the original “descent part” of a primal distributed optimization algorithm.

3.3.2.1 NEXT with Nonlinear Transformation

We consider taking element-wise transformations, where in each element the trans-

formation function is strictly monotonic and bi-Lipschitz (and hence bi-continuous).
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The strict monotone property is to ensure the inverse transformation always exists.

Definition 3.6: Denote ϕi,t : K → K such that ϕi,t(x) =

[
ϕi,t,1(x1) · · · ϕi,t,d(xd)

]>
where x =

[
x1 · · · xd

]>
and {ϕi,t,l}dl=1 are all one-dimensional functions. Note the

three indices in the subscript of ϕi,t,l are the agent index, the time index, and the
dimension index, respectively. Also, for any transformation ϕ : K → K, define
ϕ(S) := {ϕ(x) : x ∈ S}.

In the following revised version of NEXT algorithm, in each time step and for each

agent we take an element-wise transformation of the intermediate result from local

optimization, apply the doubly-stochastic matrix, and take the inverse element-wise

transformation. It is easy to see that the combination is a subprojection onto the

consensus plane. Note that for different time steps and for different agents we could

take different transformations, so that they could be chosen in an online manner

depending on all the past information, giving us more flexibility.

Algorithm 3.1 Inexact NEXT with Nonlinear Transformation

In Line 9 of Algorithm 2.1: xi[t+ 1] = ϕ−1
i,t

(∑n
j=1Wijϕi,t(zj[t])

)

Theorem 3.7: Let {x[t]}t , {(xi[t])ni=1}t be the sequence generated by Algorithm 3.1.
Assume ϕi,t,l and ϕ−1

i,t,l are strictly monotonic Lipschitz continuous functions with con-
stants L+ and L−, respectively, for all i ∈ [n], t ∈ {0}∪N and l ∈ [d]. Under the same
assumptions as the convergence of Algorithm 2.1 (Assumption A and Assumption F
in Chapter II), all sequences {xi[t]}t asymptotically agree, and their limit points are
stationary points of the original problem.

Proof: See Appendix B. �

Note that in Algorithm 3.1, node j still sends zj[t] to node i; the transformation

from zj[t] to ϕi,t(zj[t]) is taken at node i.

3.3.2.2 DGD with Nonlinear Transformation

The nonlinear transformation idea can work with many primal algorithms, and

here we combine it with DGD (Algorithm 2.3) as another example. Here we also

provide a convergence rate analysis.
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Algorithm 3.2 DGD with Nonlinear Transformation

In Line 4 of Algorithm 2.3: xi[t+ 1] = ϕ−1
i,t

(∑n
j=1Wijϕi,t(xj[t]− α[t]∇fj(xj[t])

)
Theorem 3.8: Assume ϕi,t,l and ϕ−1

i,t,l are strictly monotonic Lipschitz continuous
functions and have uniformly bounded first derivatives and second derivatives2, all
with constants L+ and L−, respectively, for all i ∈ [n], t ∈ {0} ∪ N and l ∈ [d]. Also
for all i ∈ [n], assume the objective functions fi is strongly convex with constant ν,
has gradient uniformly bounded by B (Assumption (A4) from Section 2.2.1), and has
Lipschitz continuous gradient with constant Lf (Assumption (A5) from Section 2.2.1
with Lf = maxi Li), which implies the existence of a unique optimal solution x∗.
Suppose we choose a constant learning rate satisfying α[t] = α < 1

Lf
. Then the

sequence generated by Algorithm 3.2 {x[t]}t , {(xi[t])ni=1}t satisfies

nν

2
‖x̄[t]− x∗‖2 ≤ F (x̄[t])− F (x∗) ≤ ρ̄t−1

[
F (x̄[0])− F (x∗)

]
+O(α2), (3.14)

where the factor ρ̄ , 1 − αν is in [0, 1). In other words, x̄[t] converges to an O(α)

neighborhood of x∗ exponentially fast, while the optimality gap in the mean F (x̄[t])−
F (x∗) also decreases exponentially until it settles to a value that is O(α2). For the
agreement from the nodes, for all i ∈ [n], the deviation from the mean ‖xi[t]− x̄[t]‖
yet again decreases exponentially until reaching O(α) (see Lemma B.3 for the detailed
description).

Proof: See Appendix B. �

In Theorem 3.8 and its proof, we see that the convergence rate is in line with

the results in the literature [132, 13]; taking nonlinear transformations do not affect

the factor ρ̄ in the geometric convergence, but only cause larger constants in the

expressions of the O(α) and O(α2) neighborhoods. So to speak, the nonlinear con-

sensus scheme does not improve the theoretical guarantee of the convergence rate.

However, we do see improvements from using various nonlinear consensus schemes in

Section 3.6. Some of them arise from the detailed relative relations for the variables

exemplified in Section 3.5.2 that are hard to be captured by analysis.

2We actually only need the existence of the second derivatives of ϕi,t,l and ϕ−1
i,t,l; the boundedness

of xi[t] will then ensure the boundedness of the derivatives in the region of interest. We would
however like to use the same constants for simplicity of notation.
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3.4 Relaxation of Column Stochasticity for Consensus

Many primal distributed optimization algorithms require double stochastic ma-

trices for averaging. In contrast, in this subsection we study relaxing this need of

column stochasticity. Recall from Section 3.2 that the NEXT algorithm (as well

as many primal algorithms that use the averaging consensus scheme) is essentially

performing a two time-scale stochastic approximation [85], where the algorithm inter-

laces the descent steps and the consensus steps. In the fast process consisting of the

consensus steps, the decision variables maintained in the nodes asymptotically agree

as the ensemble vector X = [x>1 · · · x>n ]> converges to the consensus plane C, which

is referred to as “consensus convergence.” On the other hand, in the slow process

consisting of the descent steps, the consensus vector xc (which is suitably taken as

the average vector x̄ = 1
n

∑n
i=1 xi) converges to one of the local minima, which we call

“aggregate convergence.” Row stochasticity is required for both these convergences,

as it ensures the new iterate stays inside the convex hull spanned by the old iterates

during averaging; otherwise, the new iterate could fall outside the feasible region, let

alone guaranteeing convergence. On the other hand, column stochasticity is to ensure

that the objectives of the nodes are weighed in equally, since the overall objective is

the sum of them (and hence an equivalent overall objective is the uniformly weighted

average of them); hence, it is necessary for aggregate convergence but not consensus

convergence. Here, we split out the two convergences, and relax the column stochas-

ticity requirement for the consensus convergence which leads to more general and

flexible consensus schemes.

3.4.1 NEXT with Column Stochasticity of Consensus Relaxed

We start with the definition of a “shrunk convex hull.”

Definition 3.9: Denote co(T ) to be the convex hull of a finite set T . Further denote
mS to be the centroid of a convex set S, and δ ◦ S := {(1− δ)mS + δx : x ∈ S}, i.e.
the set obtained by shrinking S to its centroid by a factor of δ ∈ [0, 1]. The shrunk
convex hull of T with the factor δ is then defined as δ ◦ co(T ).

The inexact NEXT algorithm can be revised by choosing any point inside the

shrunk convex hull spanned by the neighboring local optimization results with a
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factor δ smaller than 1, as given in the following algorithm.

Algorithm 3.3 Inexact NEXT with Consensus in Convex Hull

In Line 9 of Algorithm 2.1: pick any xi[n+ 1] ∈ δ ◦ co({zj[t] : j ∈ Nb(i)})

Theorem 3.10: Let {x[t]}t , {(xi[t])ni=1}t be the sequence generated by Algo-
rithm 3.3. Assume δ ∈ (0, 1). Under Assumption A and Assumption F, all sequences
{xi[t]}t asymptotically agree, and their limit points are stationary points of the orig-
inal problem.

Proof: See Appendix B. �

In short, the above theorem says that the NEXT algorithm can work well with

x and y using different consensus matrices, and the consensus matrices for x do not

have to be column stochastic. The column stochasticity is, however, crucial for the

consensus matrices for y, since it ensures y tracking the uniformly weighted average

of ∇fi’s, and hence x converging to the correct optima of
∑

i fi instead of a non-

uniformly weighted version.

3.4.2 DGD with Gradient Tracking and Column Stochasticity of Consen-

sus Relaxed

In the DGD algorithm, on the other hand, the gradient information is gossiped

through the averaging of x. Therefore, the relaxation of column stochasticity of

the averaging matrices could lead to convergence to the optima of a non-uniformly

weighted version of the objective functions fi’s. One approach that allows DGD to

enjoy the flexibility of column stochasticity relaxation is through tracking the gradient

information with another variable y [94] given in Algorithm 3.4, which is still averaged

by doubly stochastic matrices, while x is averaged by possibly non-column stochastic

matrices.

To ensure convergence to correct optima of
∑

i fi, the matrix Wy has to be dou-

bly stochastic while the matrix Wx only has to be row stochastic. The detailed

convergence analysis of this algorithm is left as future work.
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Algorithm 3.4 DGD with Gradient Tracking

1 Initialization: xi[0] ∈ Rd, yi[0] = ∇fi(xi[0]), t = 0.
2 while x[t] does not satisfy the termination criterion do
3 t← t+ 1
4 xi[t+ 1] =

∑
jW

x
ijxj[t]− α[t]yi[t]

5 yi[t+ 1] =
∑

jW
y
ijyj[t] +∇fi(xi[t+ 1])−∇fi(xi[t])

Output: x[t]

3.5 Combining Nonlinear Transformation and Column Stochatic-

ity Relaxation

Recall that in Section 3.3.1 we argued that the max and min operations are gen-

erally faster than linear consensus schemes – it only takes the number of steps equal

to the diameter of the communication graph for the operations to reach exact consen-

sus. A natural question then is how will primal distributed optimization algorithms

perform when the consensus is reached through the same operations, and can we

establish convergence guarantees for such schemes. For the formal question, in some

numerical examples depending on the initial value of x[0] given in Section 3.6, we do

find that algorithms with max and min operations used for consensus converge faster

than those with linear consensus schemes. We are hence motivated to study the latter

question by investigating the nonlinear transformations of the shrunk convex hull, a

combination of the ideas from Section 3.3.2 and Section 3.4, with NEXT algorithm

as the example.

Algorithm 3.5 Inexact NEXT with Nonlinear Transformation and Column
Stochaticity Relaxation

In Line 9 of Algorithm 2.1: pick any xi[t+ 1] ∈ ϕ−1
i,t (δ ◦ co({ϕi,t(zj[t]) : j ∈ Nb(i)}))

Theorem 3.11: Let {x[t]}t , {(xi[t])ni=1}t be the sequence generated by Algo-
rithm 3.5. Assume ϕi,t,l and ϕ−1

i,t,l are strictly monotonic Lipschitz continuous func-
tions with constants L+ and L−, respectively, for all i ∈ [n], t ∈ {0} ∪ N and l ∈ [d].
Also assume δ ∈ (0, 1), Assumption A, and Assumption F. Then all sequences {xi[t]}t
asymptotically agree, and their limit points are stationary points of the original prob-
lem.

Proof: The result follows by combining the proofs of Theorem 3.7 and Theorem 3.11.

In fact, the proof of Theorem 3.7 essentially applies here too since we do not require
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the W matrices to be column stochastic nor time-invariant in the proof. The only

requirements regarding W are the assumptions in Section 2.2.1 (Wij > ϑ for (i, j) ∈ E
for some ϑ > 0 or i = j, and Wij = 0 otherwise), which is ensured by the positive

shrinking factor δ. �

3.5.1 Enlarging to Cube Hull with p-means Transformations

One reason that the max operation sometimes outperforms linear consensus is it

has larger “step size” in the consensus step than the linear consensus schemes. Indeed,

it is common that the outcome of the max operation falls outside the convex hull in

Section 3.4 spanned by the neighboring iterates. In general, the convex hull is the best

one could hope for, since performing the max operation can lead to local variables

falling outside K; however, with additional constraint on K, e.g. K = Rd
+, we can

further expand the “hull of consensus choices” to the cube hull defined below using the

family of p-means transformations to include the max and min operations. The main

idea is to take the union of all the convex hulls transformed by any transformation

inside the family. The theory developed here serves as an application and hence a

special case of Theorem 3.11.

Definition 3.12: The cube hull of a finite set T ⊂ Rd, denoted by cb(T ), is defined
as the smallest d-dimensional cube that contains T with all edges parallel with the
Cartesian axes. That is, if we write T = {x1, . . . ,xn}, then cb(T ) := {y : mini xi,l ≤
yl ≤ maxi xi,l ∀ i = 1, · · · , n and l = 1, · · · , d}.

Note that the ϕi,t, the transformation at time t for node i, can be an arbitrary

transformation that satisfies the assumptions of our theorems, so it can actually be

chosen at time t dependent on all the past information. Suppose we have a family

of transformations Φ. Algorithm 3.5 then implies that we can choose xi[t + 1] from

an even bigger set
⋃
ϕ∈Φ ϕ

−1(δ ◦ co({ϕ(zj[t]) : j ∈ Nb(i)})). Let us take Φ to be the

family of power of p functions {ϕ̂p : p ∈ R \ {0}} where ϕ̂p(x) = xp with set K = Rd
+.

Fact 3.13: Given any finite set T ∈ Rd
+ and δ′ ∈ (0, 1), there exist a p̄ < ∞ and

δ ∈ (0, 1) such that δ′ ◦ cb(T ) ⊆
⋃
ϕ∈Φp̄

ϕ−1(δ ◦ co({ϕ(T )})), where Φp̄ is defined as
the family of power functions {ϕ̂p : p ∈ [−p̄, p̄] \ {0}}.
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(a) p1 = 10, p2 = 10 (b) p1 = 10, p2 = −10 (c) p1 = −10, p2 = 10 (d) p1 = −10, p2 = −10

Figure 3.1: An example of transformed convex hull with two-dimensional element-
wise p-power functions ϕp1,p2(x) = [ϕ̂p1(x1) ϕ̂p2(x2)]>.

Figure 3.2: The four regions in Figure 3.1 plotted in different colors in one graph.

Figure 3.1 gives an example of “transformed convex hull” ϕ−1(co({ϕ(T )})) using

the family of power of p functions in a two-dimensional setting. In the example, we let

T = {[2 1]>, [3 5]>, [4 3]>}, and ϕp1,p2(x) = [ϕ̂p1(x1) ϕ̂p2(x2)]>. The four sub-figures

depict the region of the transformed hull with four different values of (p1, p2). To get

a better sense of their union, we plot them together in Figure 3.2. From the figure,

we can indeed see that 0.8 ◦ cb(T ) is contained in the union of the transformed hulls

with ϕ coming from {ϕp1,p2 : p1, p2 ∈ [−10, 10] \ {0}}. Note that the blank region

in the bottom left corner in Figure 3.2 can be filled by slowly changing (p1, p2) from

(1, 1) to (10,−10).

By Fact 3.13, the convergence of Algorithm 3.5, and the fact that all functions in

Φp̄ as well as their inverses are Lipschitz continuous, we can choose any xi[t+ 1] from

the “shrunk cube hull” supported by neighbors’ variables, given in Algorithm 3.6. Its

convergence guarantee is then ensured by Theorem 3.11.

Algorithm 3.6 Inexact NEXT with Consensus in Cube Hull

In Line 9 of Algorithm 2.1: pick any xi[n+ 1] ∈ δ ◦ cb({zj[t] : j ∈ Nb(i)})
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3.5.2 Application: Gradient-Oriented Consensus Schemes

In the numerical simulations presented in Section 3.6, max and min operations can

converge either faster or slower than the linear consensus scheme depending on the

initial value of x0. When the initial value is generally component-wise smaller (resp.

larger) than the optimal value, max (resp. min) works better and min (resp. max)

works poorly. When the initial value is around the same range as the optimal value,

with some coordinates larger and some smaller, then usually linear consensus is better

than max and min versions of nonlinear consensus. Since max and min consensus

schemes are generally faster subprojections onto the consensus plane, the described

phenomena are better explained by the aggregate convergence part. Specifically,

the aggregate convergence basically involves descending in directions similar to the

negative gradient. When the initial value is smaller (resp. larger) than the optimal

value, the direction of change of taking max (resp. min) operation is more similar to

the negative gradient, and thus it further reduces the objective function while linear

scheme is only taking average. This gives rise to the idea of the “gradient-oriented

consensus scheme,” where we try to align the consensus steps with the negative

gradients within the hull of consensus choices.

We start by considering the hull of consensus choices being the convex hull spanned

by the neighboring iterates as in Algorithm 3.3. Note that we would like to choose

a point such that the direction of change is similar to the negative total gradient in

order to get faster aggregate convergence. In the distributed setting, a node does

not have the information of objectives of other nodes and hence does not know total

gradient. Fortunately, NEXT uses the y variable to track the average gradient, which

we take advantage of in Algorithm 3.7.

Algorithm 3.7 Inexact NEXT with Gradient-oriented Consensus in Convex Hull

In Line 9 of Algorithm 2.1: xi[t+ 1] ∈ argmaxx∈δ◦co({zj [t]:j∈Nb(i)})
yi[t]

>(x−zi[t])
‖x−zi[t]‖

Basically, Algorithm 3.7 is doing angle minimization within the convex hull supported

by the variables from the neighbors. It is a special case of Algorithm 3.3 and uses

the gradient information. The idea of gradient angle minimization was proposed

for gradient descent methods in constrained settings [139]. One could also consider

projecting the gradient or optimizing any other objective function using gradient
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information within the constraint set δ ◦ co({zj[t] : j ∈ Nb(i)}).
As we combine the convergence results of nonlinear transformation and convex

hull in Section 3.5 and enlarge the hull of consensus choices to the shrunk cube hull,

we can adopt the same gradient-oriented idea but with the new iterate lying in the

constraint set δ ◦ cb({zj[t] : j ∈ Nb(i)}) as in Algorithm 3.8.

Algorithm 3.8 Inexact NEXT with Gradient-oriented Consensus in Cube Hull

In Line 9 of Algorithm 2.1: xi[t+ 1] ∈ argmaxx∈δ◦cb({zj [t]:j∈Nb(i)})
yi[t]

>(x−zi[t])
‖x−zi[t]‖

Just as Algorithm 3.7 is a special case of Algorithm 3.3, Algorithm 3.8 is a special

case of Algorithm 3.6 (which is in turn a special case of Algorithm 3.5). One could

optimize any other objective, and choose any other family of transformations, and the

convergence of the algorithms will be gauranteed by Theorem 3.10 and Theorem 3.11.

We remark that cube hull is the largest possible set one could get, as the notion of

mean often requires that the average lies between min and max [11]. Numerical

simulations of these methods will be given in Section 3.6. Finally, our conjecture is

the gradient-oriented idea within shrunk cube hull or shrunk convex hull also works for

DGD with gradient tracking as explained in Section 3.4.2; the convergence guarantee

and performance evaluation for this algorithm are left as future work.

3.6 Simulation Results

We assume the underlying graph is the 19 cell wrap-around implementation [53],

which is a classic example widely used in simulations for cellular networks. Specif-

ically, each BS in the implementation is a node in our graph, and an edge exists

between a pair of nodes if and only if the corresponding to BSs are neighbors. The

graph contains 19 nodes, and is symmetric and regular of degree 6. An illustration

figure from [53] is provided in Figure 3.4.

We consider the objective functions having a partial dependency structure. This

is one scenario when the ordinary linear consensus might not work well. We assume

that there are 19 local networks, and for any i we have Ni = Nb(i), i.e. the neighbors

of i and i itself. This can be thought of as each node i having a local variable xi, and

fi only depending on its neighbors’ as well as its own local variables.
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Figure 3.3: Network setting.

We assume for all i, the local variable xi ∈ Rd′
+ where d′ = 2. The whole tuple

variable x lies in R38
+ . We use the convention that xNb(i) denotes the ensemble vector

with elements in {xj : j ∈ Nb(i)}. For all i, fi is then given as

fi(x
Nb(i)) =

1

2
xNb(i)

>
M>MxNb(i) + b>xNb(i), (3.15)

where M is a 14× 14 matrix with i.i.d. elements from Unif[−1, 1], and b is a 14× 1

vector with i.i.d. elements from Unif[−150,−50]. We consider a convex quadratic

objective, since less can be said for the convergence rate for non-convex objectives,

and this is the simplest convex objective one can consider. The negative choices of b

is to make the optimal solution on Rd typically lie in Rd
+. The mean of the optimal

solution for each coordinate is around 25. The initial choice of x[0] for every node is

drawn i.i.d. for all coordinates from χ2(k) (chi-squared distribution with parameter

k), where we choose k = 5, k = 25, and k = 100 for our three cases, corresponding

to low, median, and high initial values relative to the optimal value. The surrogate

function of fi is formed by direct linearization plus a quadratic regularization term

with coefficient τi to be specified later on. We let the regularization function G be 0.

The value of other parameters are: α0 = 0.8, β = 0.53, τi = 100 for all i, and δ = 0.9.

Recall that δ is the “shrinking factor” given in Definition 3.9 and Theorem 3.11.

Denote xij to be the variable part of xi stored at node j, and xa := [· · · xii
> · · · ]>.

Note that the unique optimal value F ∗ = F (x∗) achieved at x∗ can be easily solved

by QP. Figure 3.4 illustrates how |F (xa)−F ∗|
|F ∗| decreases as a function of number of iter-

ations, and Figure 3.5 shows the variation of
∑n

i=1 ‖xii−x∗‖2. The plotted consensus
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(a) k = 5

(b) k = 25

(c) k = 100

Figure 3.4: The convergence rates of the objective value with respect to number of
iterations for different consensus methods for randomly generated quadratic objective
functions.
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(a) k = 5

(b) k = 25

(c) k = 100

Figure 3.5: The convergence rates of the total deviation from the optimum with re-
spect to number of iterations for different consensus methods for randomly generated
quadratic objective functions.
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schemes include the following: (1) the component-wise (p, w)-mean scheme, which is

essentially Algorithm 3.1 with ϕi,t,l = ϕ̂p for all i, t, l and taking linear average with

weights W given by

Wij =


0 if j 6∈ Nb(i)
1
d̄

if j ∈ Nb(i) and i 6= j

d̄−di
d̄

if j ∈ Nb(i) and i = j

,

where d̄ = maxi di + 1, (2) component-wise max and min operations, which are just

(p, w)-mean and taking p→∞ and p→ −∞3, (3) angle minimization within shrunk

convex hull given in Algorithm 3.7, and (4) angle minimization within shrunk cube

hull given in Algorithm 3.8.

Generally, when the initial value is component-wise lower than optimal value (k =

5), the optimal p for fastest convergence is large; when the initial value is component-

wise higher than optimal value (k = 100), the optimal p is small; when the initial

value is around optimal value (k = 25), the optimal p is around 1. Let us focus

on the (p, w)-mean first. Figure 3.4 shows that when k = 5, choosing p = 5 makes

the convergence to the optimum fastest while max operation is the second best and

min is the worst; when k = 25, p = 5 is still the fastest but p = 1 is the second

best, whereas max and min are the worst; when k = 100, p = −3, min, and max

are the best, second best, and worst. The gradient-oriented consensus in convex hull

method decreases slower at first, but later catches up and lies somewhere between the

group of (p, w)-mean schemes in all cases. In contrast, the gradient-oriented consensus

within cube hull method is the poorest, having a big gap from the group. Note that

the convergence curves of the gradient-oriented methods can be adjusted by δ – the

smaller δ is, the closer the curves are to the linear method (p = 1). The reason that

min does not work well in Figure 3.4 (a) is as follows. At each iteration, at node

i the component xji for j 6∈ Nb(i) is dragged upward by its neighbors towards the

optimum, and the min operation somehow drags the value back. Therefore, even if

min is the fastest subprojection similar to max, it does not work well in this scenario.

3Note that our theory developed in Section 3.5 does not guarantee the convergences of max and
min operations but a shrunk version of them.
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For the same reason max does not work well in Figure 3.4 (c).

In Figure 3.5 and for the (p, w)-mean family, max is the best and min is the worst

for low initial value; p = 5 is the best and max and min are the worst for median

initial value; p = −3 is the best followed by min while max is the worst for high

initial value. The angle minimization within convex hull algorithm outperforms the

linear scheme slightly in all cases, but does not surpass the best method of (p, w)-

mean family in each case. As we have mentioned, this is not a fair comparison as the

result of (p, w)-mean can fall outside convex hull and hence have larger “consensus

step size.” We find the cube hull angle minimization method descends faster than all

the others in all cases. This is not surprising, as it tries to descend in the gradient

direction as much as possible within the largest possible choice set, leading to the

fastest decrease in objective value.

The main contribution of proposing these different consensus scheme is providing

the flexibility for the algorithm so that the best choice is available for the given

requirements. For example, when running distributed optimization algorithms we

usually need two termination criteria: one regarding the convergence of xi to x∗ for

all i, and another concerning the convergence of U(x̄) to U(x∗). If one cares about

the latter much more than the former, say one only wants to find the optimal value

U(x∗) within a tolerance of 10−3, then gradient-oriented within cube hull is clearly the

best choice. If one has some tolerance requirement of the former, i.e., convergence to

optima, we can also use the cube hull method with smaller δ. Even if one only cares

about the former, from Figure 3.4 we know that usually there is a better scheme

in the (p, w)-mean family than the linear consensus. If the application focus on a

part of the objective function rather than the whole, we can also revise the objective

function in Algorithm 3.8 by tracking a gradient of that part. For set K lying outside

Rd
+ where (p, w)-mean family is no longer feasible, Algorithm 3.5 endows us to choose

any other valid family of transformations on the set to construct a “consensus choice

hull.”

86



3.7 Conclusion and Future Directions

In this chapter, we studied various nonlinear consensus schemes for distributed

optimization. As illustrated in our alternative proof of the convergence of the NEXT

algorithm, the consensus step is a subprojection onto the consensus plane which is

the fast process, while the consensus variable descends to the optimum on the plane

which is the slow process. From this perspective, many subprojections outside the

paradigm of linear consensus can be considered for distributed optimization. We con-

sidered taking monotonic nonlinear transformations before taking linear averages; we

established convergence when such consensus schemes are combined with NEXT, and

analyzed the convergence rate when it is combined with DGD. We further reestab-

lished the convergence result for NEXT when the averaging matrices are no longer

column stochastic. Combining this relaxation with the nonlinear transformation idea

allows us to choose any point in the “shrunk cube hull” as the next iterate during the

consensus step, which is a very general consensus scheme. Numerical results show

that depending on the relation between initial variables and the optimum, various

proposed schemes can outperform traditional linear consensus schemes.

However, the underlying reasons for nonlinear consensus sometimes surpassing

linear consensus are not entirely clear. The alignment with the gradient is one of

the reasons, but it does not seem to be the complete story as the proposed gradient-

oriented algorithms do not always perform the best in the comparisons. The nonlinear

transformation scheme does not show any theoretical advantage in our convergence

rate analysis either, which is not too surprising as it is a worst case analysis and

the bound could be loose. To better understand how consensus schemes may affect

the speed of convergence, closer investigation of the local properties of the iterates

and objective functions as well as the consensus schemes themselves is needed as the

results seem to be data dependent.
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CHAPTER IV

Multi-Agent Multi-Armed Bandit with

Hierarchical Information Structure

4.1 Introduction

Most reinforcement learning (RL) literature assumes that the underlying model

is Markovian. In the single-agent case, these include Markov Decision Processes

(MDPs), and when the agent only has noisy observations on the states, the Partially

Observable MDP (POMDP). Parallel to the two models in the multi-agent case are

the decentralized MDP (Dec-MDP) (similar to a stochastic game (SG)) and the de-

centralized POMDP (Dec-POMDP) (similar to a Partially Observable SG (POSG)

[48]) have been proposed; among them, Dec-POMDP is the most general model [15].

Depending on the agents’ objectives, the models range from fully cooperative, where

the agents share a common goal, to fully competitive, where the agents’ objectives

either sum up to zero, such as the game of Go [58], or can be more complex [97]. In

keeping with the theme of this thesis, including in this chapter and the next chapter,

we focus on the fully cooperative case.

Due to information asymmetry, which refers to the mismatch in the set of in-

formation each agent has in a multi-agent environment, finding optimal policies for

Dec-POMDPs is particularly hard. In fact, a finite-horizon Dec-POMDP with more

than one agent is NEXP-complete [15], implying a doubly exponential complexity

growth in the horizon length. Even finding an “ε-approximate solution” is NEXP-

complete [102, 95]. In decentralized control theory, theoretical solutions have been

proposed to find the optimal control laws for Dec-POMDPs. Notably among them is
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the common information (CI) approach [88], a framework that decomposes the deci-

sion of a full policy into the decision of a “prescription policy” from the CI known

by all the agents, and the “prescription” itself which is a full characterization of how

the agents should act based on any realization of their own private information (PI).

This approach effectively transforms the decentralized model back to a centralized

one from the view of a fictitious “coordinator” who only observes the CI, and permits

a coordinator level sequential decomposition using a belief state in a manner similar

to POMDPs [66].

The challenge increases greatly in the multi-agent reinforcement learning (MARL)

setting where the model – transition probabilities, observation kernel, and reward

function – is unknown. When the agents learn concurrently, information asymmetry

causes another issue called the “non-stationarity issue,” since the effective environ-

ment observed by each agent is time-varying as the other agents learn and update

their policies. The issue can be alleviated in principle by the “centralized learning and

distributed execution” scheme [37] as the learning is from the coordinator’s viewpoint;

indeed, if agents only update their policies using CI, they can perfectly track others’

policies. However, there is still a big gap in applying the CI approach to the MARL

setting. First, the Bayesian updates of the belief state in the CI approach require the

knowledge of the model, which is not available in the MARL setting. Moreover, the

linear growth of length of private histories leads to the doubly exponential growth of

the space of prescriptions in time, which is explosively large even for toy-size environ-

ments and forbids any practical explorations in such space. One natural question is

whether we can restrict attention to some policies (and prescriptions) that take some

state variable as inputs without losing much performance, where the state variables

encapsulate the crucial information relevant to future decisions in a time-invariant do-

main, and where the representations (ways of encapsulation) can be learned without

the knowledge of the model.

In this chapter, we formulate good approximate common and private state rep-

resentations for learning close-to-optimal policies in unknown finite-horizon Dec-

POMDPs, where each agent receives its own private information plus a common

observation. The agents also share the same commonly observed rewards; however,

they may not know each others’ actions. We propose conditions for an approximate
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sufficient private state (ASPS), which compresses an agent’s private information, i.e.,

its action observation history (AOH), and conditions for an approximate sufficient

common state (ASCS), which compresses the fictitious coordinator’s AOH, with the

actions being ASPS-based prescriptions and the observations being common obser-

vations. Critically, we derive the optimality gap in terms of the error parameters of

our compression and the remaining time steps, between the value functions of two

dynamic programmings (DPs): one in Algorithm 4.1 for the optimal policy using

the CI approach without compression, with states being the complete coordinator’s

AOHs and actions being the prescriptions from [88]; and the other in Algorithm 4.6

using our framework with the states being any valid1 ASCSs and the actions being

ASPS-based prescriptions for valid ASPS. Our framework generalizes a number of

results in the literature: first, it extends the approximate information state (AIS)

framework [112, 113] to the multi-agent setting; second, it extends the CI approach

[88] and the follow-up sufficient private information (SPI) framework that compresses

the private states [119], to their general approximate state representation counter-

part; third, it generalizes the work by [84] to include non-injective compressions and

a general approximate common state representation. Our results can provide guid-

ance on designing Deep Learning (DL) structures to learn the (compressed) state

representations and the optimal policies (using learned representations) under the

centralized learning distributed execution scheme, which applies to practical offline

or online MARL settings.

The rest of the chapter is organized as follows. In the rest of this section, we review

the literature and give two motivating examples. We summarize the Dec-POMDP

model, the AIS framework, and a few existing DP approaches for decentralized con-

trol in Section 4.2. In Section 4.3, we introduce our conditions for general common

and private state compressions, and provide a DP-equivalence proof. We extend the

results to the approximate cases and derive the optimality gap for value functions

in Section 4.4. In Section 4.5, we compare our results to existing schemes, and dis-

cuss the practical implications of our results. We discuss a change detection (CD)

scheme for piece-wise continuous time-varying environments in Section 4.6, and draw

conclusion in Section 4.7.

1Satisfying the approximation criteria.
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4.1.1 Related Work

The problem of state representation is well studied in the single-agent POMDP

case. Stochastic control theory details the conditions an information state (IS) needs

to satisfy so that it acts as the Markov state in an equivalent MDP so one may only

consider IS-based policies without loss of generality [82]; the belief state is an example

of such IS [66]. The paper [113] extends the idea to an approximate information state

(AIS), where the IS conditions hold approximately; importantly, the optimality gap of

running DP with any valid AIS is quantified. Based on their AIS scheme, they propose

a DL framework that learns the AIS representation without knowing the model.

Recent work on Deep Bisimulation for Control (DBC) [133] in the DL literature

uses similar ideas: they train an encoder to predict well the instantaneous rewards

and transitions, and use the encoder output to train the policies. The encoder is an

encapsulation or a compression. The optimality gap established is similar to the result

of the infinite horizon case in [112]. There are more representation learning schemes

not requiring model knowledge in the DL or RL literature, e.g. [47], with the bulk

without theoretical guidance or guarantees. Other work that addresses learning the

optimal policies of POMDPs includes [63, 54]. The authors of [63] consider a special

type of AIS – the N -memory, which contains the information from the last N steps.

Here, the compression function is fixed but in contrast to [113], the approximation

error given each history need not be uniform. When the model is known, they provide

conditions that bound the regret of N -memory policies (policies that depend on N -

memory), and an algorithm that finds optimal policies within this class. The first

algorithm to learn the optimal policies of POMDPs with sub-linear regret in an online

setting is proposed in [54]. Using a posterior sampling-based scheme, the algorithm

maintains the posterior distribution on the unknown parameters of the considered

POMDP, and adopts the optimal policy with respect to a set of parameters sampled

from the distribution in each episode. The posterior update in the algorithm, however,

heavily relies on the knowledge of the observation kernel, which is usually unknown

in RL settings.

In the multi-agent context, [88] proposes a belief IS for the coordinator using

the CI approach, without compressing agents’ private information. The authors of

[117] further compress private histories to sufficient private information (SPI) so that
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the corresponding spaces of the belief IS and prescriptions are time-invariant. They

identify conditions such that restricting attention to SPI-based policies is without

loss of optimality. However, not only do they consider a control setting where the

model is required, but also only present compression of the common history to a belief

state, which is a narrow class of compression schemes. Nevertheless, this work will

be a starting point of our work. The authors of [84] consider an information state

embedding that injectively maps agents’ histories to representations in a fixed domain,

and quantify the effect of the embedding on the value function like [112]. However,

their requirement that the mapping is injective is impractical for two reasons: one,

an injective mapping does not reduce the policy complexity; and two, real world

applications often demand non-injective encapsulations - e.g., tiger [59] where one IS

is the number of right observations minus the number of left observations, which is

a non-injective compression of the AOH. Moreover, they also compress the common

state to a belief state, but it is unclear how this can be done in practice without

model information.

Another line of work in deep-MARL literature also applies the notion of CI (also

known as the common knowledge) to solving MARL problems [35, 42, 73, 111]. They

search for optimal policies for a Dec-POMDP when the model is known, while we

consider designing sample efficient and lower regret learning algorithms in an offline

or online MARL setting for an unknown model. Moreover, many of them involve

heuristic or approximation methods without knowing the potential loss from the

approximations or apply a variety of machine learning schemes without a theoretical

basis or understanding.

4.1.2 Motivating Examples

In this subsection, we introduce two motivating examples that call for the modeling

of the multi-agent system by Dec-POMDPs. The common feature is the asymmetric

information structure among the agents that makes finding optimal policies without

model knowledge difficult.
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4.1.2.1 Multiple Access Communication with Collision Channel

One example of multi-agent team problems widely used in communication system

applications is the multiple access problem where the users share a common commu-

nication channel [98]. Fixed assignment protocols such as the Time-Division Multiple

Access (TDMA) protocol divide the channel resource into transmission units and pre-

allocate to users to avoid collision [98]. Here, we focus on contention based protocols,

where collisions could occur and users obtain partial observations from the system

and make transmission decisions on the fly without pre-coordination, much like the

MARL setting we are considering. Among them, with channel sensing, Carrier Sense

Multiple Access (CSMA) type protocols have been proposed, and employed in the

renowned IEEE 802.11 wireless local area network (WLAN) protocols [98].

Here, we describe the system model described in [98], and then explain how it fits

in the Dec-POMDP model later in Section 4.2.1. There are N users with generic index

n; each user n is equipped with an infinite size buffer, and we let Qn
t denote the queue

length at time t, which can only be observed by n. At the beginning of time t, each user

n observes an i.i.d. (independent across time steps and across users as well) Bernoulli

packet arrival with parameter pn; that is, user n will receive a packet W n
t−1 = 1 with

probability pn and W n
t−1 = 0 otherwise2. Each user n then decides whether to make

a transmission, denoted by Un
t = 1, or not, denoted by Un

t = 0. If there is a single

transmission, the packet will reach the access point successfully and be removed from

the associated queue; on the other hand, multiple transmissions will collide. All

the users will be notified either there was no transmission, there was a successful

transmission, or there were multiple transmissions such that a collision occurred; i.e.,

the users will get a feedback Ft ∈ {0, 1, e} corresponding to the described three cases.

It is easy to see that the queue of user n evolves as follows

Qn
t+1 = T n(Qn

t ,W
n
t , U

1:N
t ) , W n

t + max

(
Qn
t − Un

t

∏
m 6=n

(1− Um
t ), 0

)
. (4.1)

In the MARL setting, the parameters {pn}Nn=1 are unknown to the users. A

communication protocol is called stable if for every ε > 0, there exists a finite number

2Note that Wn
t−1 is already added into the queue Qnt .

93



Figure 4.1: Time-line of states, observations, actions, and rewards in the matching
problem.

K (possibly depends on ε) such that P(Qn
t > K) < ε for all time t and user n.

Obviously, when p1:N = (p1, · · · , pN) is such that
∑N

n=1 p
n > 1, there is no way any

protocol can stablize the queues. The goal is thus set to find a decentralized policy

that stablizes the communication system for any p1:N such that
∑N

n=1 p
n < 1.

4.1.2.2 Matching Problem

In another example called the “matching problem,” two agents have imperfect

measurements of the state, and are rewarded if both agents use their actions to

“match” the state. The problem was first proposed and studied in [86]. Although

simple, the problem captures the information asymmetry aspect in multi-agent prob-

lems, as well as communication as a costly action by which agents may actively exploit

to increase the CI between agents.

In the matching problem, A1 is the informed agent, and A2 is the uninformed

agent. The state space, the observation spaces, and the action spaces are all the same

S = A1 = A2 = O1 = O2 = {+1,−1}, and both agents try to match their actions to

the state to get rewards. At time 0 nature draws the initial value of the state variable

S1 with prior P(S1 = +1) = 1 − ε and P(S1 = −1) = ε, which is known to both

agents. As illustrated in Figure 4.1, each time step is split into two sub-steps. In the

first sub-step, the following events occur sequentially:

• The state St evolves according to the kernel P(St = St−1|Yt−1 = 1) = P(St =

−St−1|Yt−1 = 0) = 1 − ε and P(St = St−1|Yt−1 = 0) = P(St = −St−1|Yt−1 =

1) = ε.

• A1 perfectly observes St, i.e., O1
t = St, while A2 partially observes O2

t , where

P(O2
t = St) = β and P(O2

t = −St) = 1 − β. We will treat O1
t directly as St so
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that we can drop the superscript in O2
t and write Ot instead.

• A1 decides Ut ∈ {0, 1}, where 1 means to communicate and 0 means not.

• Both agents observe the communication result Zt = UtSt. A1 knows what it

communicated and so our assumption is that A2 gets the message without any

errors if it was sent.

• They receive reward −cUt where c ∈ [0, 1) reflects the communication cost.

In the second sub-step, the following events occur sequentially:

• The state makes a dummy change, i.e. remains in St.

• A1 decides its action A1
t and A2 decides its action A2

t . This is done simultane-

ously and neither agent observes the action of the other agent.

• Both agents observe the coordinating result Yt ∈ {0, 1}, where Yt(St, At) =

I{St = A1
t = A2

t} and At = (A1
t , A

2
t ).

• They receive reward Yt.

Our model differs from that of [86] in the following aspects. First, in their model

the state transits deterministically, in which case agents may just apply the trivial

policy of playing +1 at all times for both agents to achieve optimality; this corresponds

to the case of ε = 0 in our model. Second, in our model communication is costly but

in [86] there is no such penalty. Since A1 has perfect observations, if at a given time-

step it sends its observation to A2, then A2 can directly follow, and both will achieve

the reward of 1 at that time-step. Therefore, if the communication costs nothing,

then A1 could just send its observation in every time-step and the agents will get the

maximum possible long-term reward; note that this is one simple means to achieve

optimal performance with communication in [86].

The problem will be revisited in Section 5.6, where we derive its optimal pol-

icy using the CI approach, based on which a near-optimal regret achieving bandit

algorithm is constructed when the model is unknown.
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4.2 Preliminaries

We introduce the Dec-POMDP model in Section 4.2.1, and the non-stationarity

issue of the model that arises in the RL context in Section 4.2.2. In Section 4.2.3

we introduce the approximate information state (AIS) framework [112, 113] that

learns the state representation in the (single-agent) POMDP setting when the model

is unknown. Then in Section 4.2.4 we explain the CI approach as the solution to

the non-stationarity issue in the decentralized control context, and give three DPs

that solve the decentralized control problem in the Dec-POMDP setting using the CI

approach: the DP with no compression for any state in Section 4.2.4.2, the DP with

the common state compressed to a belief state proposed in [88] in Section 4.2.4.3,

and the DP with the common state compressed to a belief state proposed and the

private state compressed to sufficient private information (SPI) proposed in [117, 119]

in Section 4.2.4.4.

4.2.1 Dec-POMDP Model

The model of Dec-POMDP is commonly used in the fields of decentralized control

and MARL. Suppose there are N agents in the system. A Dec-POMDP model is a tu-

ple (S,A,PT ,R,O,PO, T, κ,PI) for the finite horizon case or (S,A,PT ,R,O,PO, λ, κ,PI)
for the infinite horizon case, where the quantities are explained in the following:

• S is the state space.

• A = A1 × · × AN is the joint action space whose elements are joint actions

A = (A1, . . . , AN) where agent n’s action An ∈ An comes from the action space

of agent n.

• PT : S × A → ∆(S) is the transition kernel mapping a current state and a

joint action to a distribution of new states. Recall the notation ∆(·) denotes a

distribution on the space.

• R : S × A → ∆(R) is the reward function mapping a current state and a joint

action to a probability distribution on the real values.
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• O = O1× ·×ON is the joint observation space whose elements are joint obser-

vations O = (O1, . . . , ON) where agent n’s observation On ∈ On comes from the

observation space of agent n and is only observed by agent n. In this chapter,

we consider an enlarged joint observation space O = O0 ×O1 × · × ON where

O = (O1, O1:N) and O0 ∈ O0 is commonly observed. Details will be explained

later.

• PO : S → ∆(O) is the observation kernel mapping a current state to a distri-

bution of joint observations. In some literature, PO is a function of the current

joint actions, and even the new state as well, i.e., PO : S ×A× S → ∆(O); we

will however consider the more concise former model here.

• T is the time horizon when finite horizon problems are considered, while λ is

the discount factor when infinite horizon problems are considered.

• κ is a function specifying what will be shared in agents’ histories to become

common information to all agents. In this chapter, we assume the common

information revealed at time t only contains the common observation O0
t and

generated reward Rt (which will be included as part of O0
t ). The justification

of such choice will be explained later.

• PI ∈ ∆(S) is the initial state distribution.

In comparison to the standard Dec-POMDP model [95], we have an additional com-

mon observation (including the reward), and our observations depend only on the

current state.

In this thesis, we assume the agents have perfect recall. At time t, agent n observes

(O0
t , O

n
t ) generated from PO(St), then uses the policy Ant = gnt (O0

1:t, g1:t−1, H
n
t ) to

select its action, where gs = g1:N
s and Hn

t = (An1:t−1, O
n
1:t) is agent n’s private history

and known as its AOH. The agents receive a reward Rt , R(St, At) sampled from

R(St, At), and the next state St+1 is generated from PT (St, At). We also assume S,

A, O, and T (or λ for the infinite horizon setup) are finite and known in advance. On

the other hand, PT , R, PO, and PI , which are collectively referred to as the “model,”

may be known or unknown depending on the problem context.
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In the context of control problems where the model is known, the objective is to

find a policy g = {gt}Tt=1 (finite horizon) or g = {gt}∞t=1 (infinite horizon), such that

the common cumulative reward

E

[
T∑
t=1

R(St, At)

]
(finite horizon) or E

[
∞∑
t=1

λtR(St, At)

]
(infinite horizon) (4.2)

is maximized, where the expectation is taken over the measure generated by policy

g applied to the model (PT ,R,PO,PI). Such a policy is called an optimal policy

and denoted as g∗. On the other hand, in the context of RL problems, the model is

assumed to be unknown, and the objective is to minimize “regret,” which is the actual

realized cumulative reward deducted from the best cumulative reward in hindsight (or

simply the reward under optimal policy) in expectation; in other words, the objective

of RL can be thought of as finding the procedure (learning algorithm) that figures out

g∗ as fast as possible. In some situations, the agents might know certain structures

of (PT ,R,PO,PI) but do not have the information of some values, which we call

“parameters” in the structures; such situations still fall into the category of RL, but

are easier than the cases where the model is completely unknown.

The information Hn
t is presumed to be private and only known to agent n. The

common information (CI) specification function κ = {κt}Tt=1 or κ = {κt}∞t=1 is a func-

tion such that at time t, κt specifies what information among H1:N
t = (H1

t , . . . , H
N
t )

should be shared to become common information at time t, which is denoted as Ct and

is a subset of H1:N
t . The specification κt is a function as what is shared may potentially

depends on all the things that happen in the system so far, i.e. Ct = κt(H
1:N
t , S1:t).

This is the model used in [88]. Since the agents have perfect recall, once an infor-

mation is shared, it cannot be taken back. That is to say, if we let the common

informations from different time steps form a sequence of sets {Ct}t, then {Ct}t is an

increasing sequence of sets, i.e. Ct ⊆ Ct+1 for all t.

In the standard Dec-POMDP setting [95, 101], however, nothing is shared through-

out so that Ct = ∅ for all t. The two models can be bridged if the spaces and kernels

are allowed to be time-varying. Then the state can first transit to a ‘dummy prepa-

ration state” and the agents can observe the shared common information through

their private observations. In the control context, the two are equivalent; however, in
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the RL context, the two models are different, since it is not common knowledge that

the private observations from the dummy state are the common information coming

from a subset of H1:N
t and are the same for all agents. Moreover, the time-varying

model and the CI specification model have a major drawback – their complexities

grow exponentially with time, as they try to specify the dependency of what should

be shared on history. Therefore, in this chapter we consider a third model, which

is used in [117, 119, 84] as well; in this model, the observation space is enlarged

to O = O0 × O1 × · · · × ON , where at time t a common (or public) observation

O0
t ∈ O0 is observed by all agents in addition to their private observations. This

way the agents can make decisions based on common information, while keeping the

model time-invariant so that the complexity does not grow with time. Note that this

model corresponds to the standard Dec-POMDP model and the CI model in the sense

that at time t, agent n observes (O0
t , O

n
t ), and O0

t is immediately shared as common

information, so that Ct = O0
1:t.

As mentioned earlier, throughout the thesis, we only consider the “team problem,”

i.e., the reward or utility function R is same for all agents3. In this setting, the global

optimal policy (or policies) that achieves the maximal long-term reward exists. When

the reward function can potentially be different for different agents, more complex

solution concepts such as Nash Equilibrium or Perfect Bayesian Equilibrium have to

be introduced; the readers are referred to [117, 118, 97, 116] for more details on this

topic.

4.2.1.1 Linkage to the Motivating Examples

The multiple access problem introduced in Section 4.1.2.1 can be modeled as a

Dec-POMDP. Specifically, at time t, the state is the tuple of queue lengths, new

packet arrivals, and the transmission decisions from t − 1 St = (Q1:N
t ,W 1:N

t−1 , U
1:N
t−1 ),

the action of agent n is the transmission decision Ant = Un
t , the transition probability

3We further assume the sampled reward Rt is also the same for all agents; this is actually not
required for team problems, but will save us an additional layer of concentration bounds.
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can be completely characterized by the parameters of the Bernoulli random variables

PT ((Q1:N
t+1,W

1:N
t , U1:N

t )|(Q1:N
t ,W 1:N

t−1 , U
1:N
t−1 ))

= I{Q1:N
t+1 = T 1:N(Q1:N

t ,W 1:N
t , U1:N

t )} ·
N∏
n=1

pW
n
t

n (1− pn)(1−Wn
t )

where T n is given in (4.1), the common observation is the feedback O0
t = Ft−1 gener-

ated by

Ft−1(Q1:N
t ,W 1:N

t−1 , U
1:N
t−1 ) = Ft−1(U1:N

t−1 ) =


0, if

∏N
n=1(1− Un

t−1) = 1,

1, if
∏N

n=1

(
1− Un

t−1

∏
m 6=n(1− Um

t−1)
)

= 0,

e, otherwise,

the private observation of agent n contains its own queue length and packet arrival

status On
t = (Qn

t ,W
n
t−1). The reward function is not clearly defined in the problem.

However, we can easily identify an instantaneous reward as the indicator function of a

successful transmission Rt(St, At) = Rt(Ft) = I{Ft = 1}, so that the overall objective

is throughput maximization.

For the matching problem introduced in Section 4.1.2.2, it is nearly already in the

form of Dec-POMDP, except the inclusion of the two sub-steps makes it time-varying.

If one insists a time-invariant model, we can simply adopt a “superstate” consisting

of a mode Mt and the original state St, where the mode deterministically transits be-

tween Mt = 1 (first sub-step) and Mt = 2 (second sub-step). The total reward for the

entire time step is Rt = Rt(St, At, Ut) = I{St = A1
t = A2

t}−cUt = Yt−cUt. Just before

A1 takes action in the first sub-step at time t, the agents’ information structure is as

follows: the common information is (Z1:t−1, Y1:t−1)4, A1’s private information includes

(S1:t, A
1
1:t−1), and A2’s private information includes (O1:t, A

2
1:t−1). Just before both

agents take actions in the second sub-step at time t, the agents’ information struc-

ture is as follows: the common information is (Z1:t, Y1:t−1), A1’s private information

includes (S1:t, A
1
1:t−1), and A2’s private information includes (O1:t, A

2
1:t−1).

4Notice that Ut can be recovered from Zt losslessly: Ut = |Zt|; hence, U1:t−1 is also common
information. We do not put it in the common information tuple specifically since all the information
it carries is a subset of that carried by Z.

100



4.2.2 Non-stationarity Issue in MARL

Having understood the Dec-POMDP model, we can reiterate the non-stationarity

issue that arises in the MARL setting. Note that agent n’s private AOH Hn
t is not

shared as CI and is kept private to agent n itself; as agent n uses this private in-

formation to update its policy gn in MARL context, this “asymmetric information

structure” causes an issue. In multi-agent systems, the “effective environment” agent

n experiences not only depends on the true underlying environment but also the poli-

cies of other agents g−n = (g1, . . . , gn−1, gn+1, . . . , gN). As other agents update their

policies based on their private information unknown to agent n, these policies are

changing in an intractable way to agent n and the effective environment to agent n is

non-stationary. It is known that if all agents just perform single-agent RL algorithms,

their joint policy may not converge to an optimum [33]. In an alternative method

called the peron-by-person (PBP) approach [104, 50, 16], one agent (say agent n)

updates its policy gn to best respond to other agents’ joint policy g−n and the un-

derlying environment, and this is performed iteratively for all agents one at a time.

However, with the PBP approach, one may only end in a locally optimal joint policy

instead of a globally optimal one. To overcome this issue, the “centralized learning

and decentralized execution” scheme [37] is proposed. Such scheme is supported in

control theory by the CI approach, which will be the main theme of this chapter and

formally introduced in Section 4.2.4.

4.2.3 AIS Framework

We start with the single-agent POMDP, which is a tuple of (S,A,PT , R,O,PO, T,PI)
as in Section 4.2.1 where the action space and observation space are no longer product

spaces, and there is no common observation or information sharing as there is only

one agent. At time t, the agent’s policy is of the form gt : Ω(Ht) → Ω(At), where

Ht = (A1:t−1, O1:t) is the agent’s AOH. Note the policy space grows exponentially in

t as the length of Ht grows linearly in t.

It is well-established in stochastic control theory that when the model is known,

the POMDP can be converted into an MDP with a “belief state,” and solved by

DP theoretically with the belief state [66]. In the setting of POMDP, the belief
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state is a conditional distribution on the true state given the entire history, i.e., it

is of the form P(St|Ht), and can evolve recursively based on Bayesian updates. The

mapping from an AOH to its belief state P(St|·) : Ω(Ht) → ∆(S) can be seen as a

lossless compression for decision purposes. With the belief state, the policy now only

depends on an input from a time-invariant space ∆(S) as we get away from the curse

of dimensionality.

When the model is unknown, however, the belief state cannot be formed. The

belief state is initialized by the initial distribution PI , and then updated from the

previous belief state by the Bayesian update

P(st|ht−1, at−1, ot) =

∑
st−1

P(st, st−1, ot|ht−1, at−1)∑
s′t,st−1

P(s′t, st−1, ot|ht−1, at−1)

=

∑
st−1

P(st−1|ht−1)PT (st−1, at−1, st)PO(st, ot)∑
s′t,st−1

P(st−1|ht−1)PT (st−1, at−1, s′t)PO(s′t, ot)
.

(4.3)

Without the knowledge of PT and PO, the equation cannot be computed. The AIS

framework proposed in [112] provides us the conditions for a compression mapping

to be sufficient for DP purposes, and a way to learn an approximately sufficient

compression mapping in practice without knowing the model.

From stochastic control theory, an information state (IS) which encapsulate the

AOH Ht, is a state that evolves in a state-like manner, suffices for performance

evaluation, and suffices for transition prediction.

Definition 4.1: An information state Zt is the output of a function Zt = ϑt(Ht) that
satisfies the following properties:

(IS1) It evolves recursively Zt+1 = φt(Zt, At, Ot+1)5.

(IS2) It suffices for performance evaluation E[Rt|ht, at] = E[Rt|zt, at] ∀ ht, at.

(IS3) It suffices for self-prediction P(Zt+1|ht, at) = P(Zt+1|zt, at) ∀ ht, at.

Alternatively, it is equally good if the state can predict the new observation.

Definition 4.2: An information state Zt is the output of a function Zt = ϑt(Ht) that
satisfies (IS1) and (IS2) in Definition 4.1 and the following property:

5In [112], this condition is not required for their main results when Definition 4.1 is used. However,
it is required when Definition 4.2 is used, as (IS1) and (IS3’) imply (IS3).
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(IS3’) It suffices for predicting the observation P(Ot+1|ht, at) = P(Ot+1|zt, at) ∀ ht, at.

Examples of IS include: the AOH Ht itself which trivially satisfies all properties;

the belief state as we learn from stochastic control theory for partially observed sys-

tems; the number of left observations subtracted by right observations in the tiger

environment [59]. None of them work in the general unknown model RL setting – us-

ing Ht itself has the complexity issue, the map from Ht to the belief state is unknown

as we mentioned, and that of tiger is just a special case. Hence, we need the notion

of AIS that satisfies IS properties to some extent, but is easier to be found and im-

plemented in practice. An AIS is a state that satisfies Definition 4.1 or Definition 4.2

approximately. In particular, [112] suggests that AIS is a representation encapsu-

lating the information in Ht that is approximately sufficient for decision purposes

into a time-invariant space. We have the following two definitions that correspond to

Definition 4.1 and Definition 4.2, respectively.

Definition 4.3: An (ε, δ)-approximate information state Ẑtis the output of a function
Ẑt = ϑ̂t(Ht) that satisfies the following properties:

(AIS1) It evolves recursively Ẑt+1 = φ̂t(Ẑt, At, Ot+1).

(AIS2) It suffices for approximate performance evaluation |E[Rt|ht, at]−E[Rt|ẑt, at]| ≤
ε ∀ ht, at.

(AIS3) It suffices for approximate self-prediction K(P(Ẑt+1|ht, at),P(Ẑt+1|ẑt, at)) ≤
δ ∀ ht, at, where K(·, ·) is a distance between two distributions6.

We also have the alternative option for the state to predict observations.

Definition 4.4: An (ε, δ)-approximate information state Ẑt is the output of a func-
tion Ẑt = ϑ̂t(Ht) that satisfies (AIS1) and (AIS2) in Definition 4.3 and the following
property:

(AIS3’) It suffices for approximately predicting the observation
K(P(Ot+1|ht, at),P(Ot+1|ẑt, at)) ≤ δ ∀ ht, at.

The value function at t obtained from Bellman equations with Ẑ’s as states falls

behind the optimal value function at the most by an expression linear in T − t, ε, and

δ [112]. When ε = δ = 0, the expression is 0, and the AIS Ẑ degenerates to an IS Z.

6For example, Wasserstein and total variation distance [46].
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When the discounted infinite horizon setting is considered, the value will converge to

the true optimal value as the horizon of the computed Bellman equations approaches

infinity (due to discounting).

In [112], a DL framework is provided to find an “approximate mapping” ϑ̂t(·)
for any given POMDP model. The idea is to interpret the quantities in the LHS of

(AIS2) and (AIS3) as driving the learning loss in DL, and let existing DL optimization

algorithms find good mappings. The resulting AIS can then be used as the state in

common policy approximation methods to find a near-optimal policy.

4.2.4 DPs Using CI Approach

4.2.4.1 Common Information Approach

We now introduce the common information (CI) approach proposed in [88] that

effectively transforms a Dec-POMDP back to POMDP from the “coordinator’s view.”

Note the policy can be decomposed into two parts: the part depending on CI, and

the part depending on private information (PI). The approach incorporates the latter

part into a new action called “prescription,” and designs an equivalent decision rule

that solely depends on the former part.

We learn from Section 4.2.1 that at time t, the CI specification κt divides the union

set of information available to all agents into the CI Ct that is known to all agents,

and agent n’s PI P n
t , Hn

t \Ct that is known only to agent n for all n ∈ [N ]. We only

consider decentralized policies to be applicable in decentralized systems, which are of

the form gt = g1:N
t where Ant = gnt (Hn

t ) = gnt (Ct, P
n
t ) for all n ∈ [N ]. The decision of

Ant can be split into two steps. In the first step, given any common information Ct,

the agent decides gnt and forms

dnt (Ct)(·) , gnt (Ct, ·) , Γnt (·) ∀ n ∈ [N ] (4.4)

based on some decision rule7 dnt ; then in the second step, it simply applied Γnt to Hn
t

to obtain the action Ant = Γnt (Hn
t ). For a fixed CI Ct, g

n
t (Ct, ·) , Γnt (·) is a function

7One may consider deciding gnt based on the past policies g1:t−1 as well. However, with the past
policy also further depends on Ct−1 and g1:t−2, iterative expansion implies that this is equivalent to
considering policies that only depend on Ct.
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(a) The decision flow before decomposition. (b) The decision flow after decomposition.

Figure 4.2: Illustration of the common information approach.

that maps agent n’s PI P n
t to its new action Ant :

Γnt , dnt (Ct) : Ω(P n
t )→ Ω(Ant ) ∀ n ∈ [N ]. (4.5)

Such function is called the “prescription,” since it prescribes what agent n should

do based on any possible realization of its PI. The policy or decision rule dnt maps

any CI Ct from Ω(Ct) to the space of prescriptions Ω(Γnt ) = Ω(Ω(P n
t ) → Ω(Ant )) for

agent n (where Ω(A→ B) is the functional space of all functions with domain A and

codomain B). Notice that the aggregated policy

dt = (d1
t , . . . , d

N
t ) : Ω(Ct)→ Ω(Γ1

t )× · · · × Ω(ΓNt ) (4.6)

only depends on the CI, and will be referred to as the “coordinator’s policy” or “co-

ordinator’s decision rule.” The decomposition technique transforms the decision flow

from individual agents deciding g1:N
t to the coordinator deciding dt, and is called the

CI approach, which is shown to be without loss of generality in the clss of decen-

tralized policies (so without loss of optimality too) [88]. The transformation of the

decision flows by the CI approach is illustrated in Figure 4.2.

Note that the actual decision is carried out in the the coordinator’s policy from

the first step and solely upon CI. We can thus eliminate the information asymmetry

by transforming what is decentralized in the model back to being centralized.

One may imagine there is a fictitious coordinator who only has access to the

CI, and can tell the agents how they should act based on their local PIs, that is,

the coordinator decides the prescriptions. From the coordinator’s perspective, the
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problem is now a centralized POMDP at time t:

• The state is the Dec-POMDP state combined with agents’ PIs (St, P
1:N
t ) unseen

by the coordinator.

• The observation is the incoming CI δCt := Ct−Ct−1, that is, the new informa-

tion shared by the agents, where Ct−1 ⊆ Ct is guaranteed.

• The action is the tuple of prescriptions (d1
t (Ct), . . . , d

N
t (Ct)) that specify what

the agents should do based on their PIs.

In practice, the coordinator is virtual and the computation of the coordinator is

carried out in all agents – this is viable since the coordinator’s computation only

requires CI, which every agent has access to. Basically, they use only the CI to decide

the prescriptions to take for all the agents in the system, and come up with their final

actions based on their own prescriptions and PIs.

In stochastic control theory, a POMDP is solvable using dynamic programming

(DP) with the belief state. Now that we transform the Dec-POMDP considered into a

POMDP, we can then use DP to solve the problem with the state being a distribution

on (St, P
1:N
t ). Notice that the transformed POMDP is no longer time-invariant, but

this does not forbid the usage of DP. Hence, the problem of Dec-POMDP is considered

solvable in the stochastic control context. The details of the DP formulations will be

given next.

4.2.4.2 DP with No Compression

Throughout the rest of the chapter, we will concentrate on the Dec-POMDP

setting with horizon T and common observations, that is, agent n observes (O0
t , O

n
t )

at time t where O0
t ∈ O0 is the common observation and On

t ∈ On is agent n’s private

observation8. We will keep the notation that Hn
t = (An1:t−1, O

n
1:t) stands for agent n’s

PI, which does not include O0
1:t. Using the CI approach, the following is what happens

at time t. The coordinator observes common observation O0
t , selects a prescription

function Γt = Γ1:N
t based on CI Ct = O0

1:t, and sends to the agents. Agent n observes

8Note that in the MARL setting we consider, the common reward is observed by all agents at
the end of the time step, so that we treat Rt−1 as part of O0

t .
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private observation On
t , forms its AOH Hn

t = (On
1 , A

n
1 , . . . , O

n
t ), and applies Γnt to the

AOH to obtain its action Ant = Γnt (Hn
t ) when PI is not compressed.

We label the coordinator as agent 0. Denote the tuple of all observations of

agent n until time t as Cn
t for all n = 0 : N , i.e. Cn

t = On
1:t. For agent n we con-

sider policies of the form Ant = gnt (C0
t , H

n
t ), or equivalently the policies of the form

Ant = gnt (C0
t , C

n
t , g1:t−1) = gnt (C0

t , H
n
t , g1:t−1) where gs = g1:N

s for s ∈ [t − 1] (via it-

erative expansion)9. Then from the perspective of the coordinator, the coordinator’s

policy is equivalently of the form dt : Ω(H0
t )→ Ω(Γt), where H0

t , (O0
1,Γ

0
1, . . . , O

0
t ) is

equivalent to (O0
1:t, g1:t−1). Since this H0

t contains all the past common observations

(coordinator’s observations) up to t and all the past prescriptions (coordinator’s ac-

tions) up to t− 1, it can be seen as the coordinator’s AOH. We will refer to this H0
t

term as the full common state (FCS), because it contains all the common information

without any compression, and is the IS (Section 4.2.3) of the transformed-POMDP10.

Similarly, for agent n ∈ [N ], the term Hn
t contains all the PI agent n has without any

compression, and we will refer to it as the full private state (FPS).

From the perspective of the coordinator, the problem is now a centralized POMDP,

and the goal is to find a policy d = d1:T that maximizes the expected cumulative

reward. This permits a sequential decomposition with FCS as the state and FPS-

based prescription (meaning the prescription takes FPS as its input) as the action,

which is presented in Algorithm 4.1.

Algorithm 4.1 Dynamic Programming with FCSs and FPS-based Prescriptions

VT+1(h0
T+1) , 0

for t = T, . . . , 1 do
Qt(h

0
t , γt) = E

[
R(St,Γt(H

1:N
t )) + Vt+1((H0

t ,Γt, O
0
t+1))|H0

t = h0
t ,Γt = γt

]
Vt(h

0
t ) = maxγt∈Ω(Γt) Qt(h

0
t , γt)

In each time step of the algorithm, the computations are done for all h0
t and γt

whenever applicable, and same for all the remaining DPs in the rest of this chapter.

In this case, updating the old FCS to the new one is done by direct concatenation of

9From the perspective of the designer’s approach [128], the policy g1:T is decided even before the
process starts, so adding the iterative dependence makes no difference. The reader may refer to [88]
Proposition 3 for the details of the iterative expansion.

10It is the complete history or AOH of the transformed-POMDP (from the Dec-POMDP), which
is in turn the state of the transformed-MDP (from the transformed-POMDP).
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the incoming FPS-based prescription Γt and common observation O0
t+1 to the back

of H0
t .

4.2.4.3 DP with BCS

In [88], the FCS is further compressed to the belief common state (BCS) Πt =

P(St, H
1:N
t |H0

t ), which is the conditional distribution on the state and the FPSs given

the FCS. It is shown that restricting attention to coordinator’s policy of the form
.
dt : Ω(Πt) → Ω(Γt) is without loss of optimality. The DP presented thus uses this

BCS as the state and an FPS-based prescription as the action, which is presented in

Algorithm 4.2.

Algorithm 4.2 Dynamic Programming with BCSs and FPS-based Prescriptions
.
VT+1(πT+1) , 0
for t = T, . . . , 1 do

.
Qt(πt, γt) = E

[
R(St,Γt(H

1:N
t )) +

.
Vt+1(ηt(Π

0
t ,Γt, O

0
t+1))|Πt = πt,Γt = γt

]
.
Vt(πt) = maxγt∈Ω(Γt)

.
Qt(πt, γt)

Note the BCS is updated through Bayesian update with the function ηt [88].

There are two problems with this approach when applied to the MARL setting.

First, the BCS is updated via a Bayesian update using PT and PO, which requires

model knowledge. Second, the growing length of H1:N
t makes the spaces of Πt and Γt

explosively large and impossible to explore. Specifically, the space Ω(Πt) = ∆(S ×
Ω(H1:N

t )) grows linearly in time, and the space Ω(Γt) =
∏N

n=1 Ω(Ω(Hn
t ) → Ω(Ant ))

grows doubly exponentially in time. At a conceptual level we can apply the AIS

framework to the centralized POMDP of the coordinator11; however, the underly-

ing decentralized information structure coupled with increasing domain of private

information makes practical implementations of this scheme challenging.

4.2.4.4 DP with BCS and SPI

To alleviate the aforementioned dimensionality issue, [117] further compresses the

FPS to a representation called the sufficient private information (SPI) lying in a time-

11Strictly speaking, this requires a straightforward extension to time-varying action spaces for
different time steps – see [113] Section 5 for details.
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invariant domain. They identify a set of conditions for the compression so that the SPI

is sufficient for decision making purposes, just like conditions of Zt in Definition 4.1

and Definition 4.2.

Definition 4.5: A sufficient private information (SPI) Z1:N
t is a tuple of outputs of

a set of functions Zn
t = ϑnt (H0

t , H
n
t ) for all n ∈ [N ] satisfying the following properties:

(SPI1) It evolves recursively Zn
t = φnt (Zn

t−1,Γt−1, O
0
t , A

n
t−1, O

n
t , g1:t−1) ∀ n.

(SPI2) It suffices for performance evaluation for SPI-based policies
E[R(St, At)|h0

t , h
n
t , at] = E[R(St, At)|h0

t , z
n
t , at] ∀ n, h0

t , h
n
t , at.

(SPI3) It suffices for predicting itself and the common observation
P(Z1:N

t+1 , O
0
t+1|h0

t , h
1:N
t , γt, at) = P(Z1:N

t+1 , O
0
t+1|h0

t , z
1:N
t , γt, at) ∀ h0:N

t , γt, at.
(SPI4) It suffices for predicting other agents’ SPI for SPI-based policies

P(Z−nt |h0
t , h

n
t ) = P(Z−nt |h0

t , z
n
t ) ∀ n, h0

t , h
n
t .

In the conditions, (SPI2) and (SPI4) hold for SPI-based policies; this means the

equalities only need to hold when “SPI-based prescriptions,” which are explained in

the following, are executed throughout. The coordinator now considers SPI-based

prescriptions Λt = Λ1:N
t where Ant = Λn

t (Zn
t ), and the BCS is changed to Π

∼

t =

Pg
∼

1:t−1(St, Z
1:N
t |C0

t ) = P(St, Z
1:N
t |H

∼ 0

t ), where agent n’s policy is now of the form

Ant = g∼nt (Π
∼

t, Z
n
t ) and coordinator’s AOH is H

∼ 0

t = (O0
1,Λ1, . . . , O

0
t ). It is shown in

[117] that restricting attention to coordinator’s policy of the form d
∼

t : Ω(Π
∼

t)→ Ω(Λt)

is without loss of optimality. The resulting DP uses BCS (now a belief on true state

and SPI) as the state and SPI-based prescription as the action given in Algorithm 4.3.

Note that the compression actually leads to an action compression for the coordinator

– from FPS-based prescriptions to SPI-based prescriptions – which has no loss in

performance.

Algorithm 4.3 Dynamic Programming with BCSs and SPI-based Prescriptions

V
∼

T+1(π∼T+1) , 0
for t = T, . . . , 1 do

Q
∼

t(π
∼
t, λt) = E

[
R(St,Λt(Z

1:N
t )) + V

∼

t+1(η∼t(Π
∼

t,Λt, O
0
t+1))|Π

∼

t = π∼t,Λt = λt

]
V
∼

t(π
∼
t) = maxλt∈Ω(Λt) Q

∼

t(π
∼
t, λt)

With Π
∼

t, Z
1:N
t , and Λt all lying in time-invariant spaces, the complexity no longer

grows with time. However, it is unclear how to find mappings satisfying Definition 4.5
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and update the BCSs in an MARL setting. Further, the solution focuses on a decen-

tralized setting wherein the (lossless) compression functions are common knowledge,

and the performance assessments and predictions are based only on the information of

any particular agent (in (SPI2) and (SPI4)). Ensuring these properties in the MARL

context would require significant communication, particularly during searching the

compression functions.

4.3 General Common and Private State Representations

We seek to extend the idea of identifying representations sufficient for approxi-

mately optimal decision making from Section 4.2.3 to the multi-agent setting, and

develop a general compression framework for common states and private states (hence

also prescriptions) whose mappings can be learned from samples obtained by inter-

acting with the environment alone.

The results in [117] imply that the BCS along with SPI is sufficient for DP pur-

poses; in other words, one may obtain the same optimal value function if one runs the

DP with BCSs and SPI-based prescriptions. The proof provided in [117], however,

is by showing that Zn
t with the BCS is an IS for agent n so that one can restrict

attention to SPI-based strategies, and is not helpful for extending the concept to the

approximate cases. Moreover, the BCS is also impossible to compute when the model

is unknown. In this section, we present a DP-based proof of the same result – we

show that the DP in Algorithm 4.1 is equivalent to the DP in Algorithm 4.3, with our

own definition of the private state representation, which we call the sufficient private

state (SPS). The relations of our definition with SPI proposed in [117] are discussed

in Section ??. Following the idea of the IS in Definition 4.1 and Definition 4.2, we

propose a more general common state representation called the sufficient common

state (SCS), which includes BCS as one of its special case.

We will first introduce the supervisor’s perspective in Section 4.3.1, which is a

key tool in the analysis of the rest of the chapter. We show that the compression

from FPS to our proposed SPS, which induces an action compression from FPS-based

prescriptions to SPS-based prescriptions, is without loss of optimality in Section 4.3.2.

Then based on SPS-based prescriptions, we further compress FCS to SCS and show
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that doing so is without loss of optimality as well in Section 4.3.3.

4.3.1 Supervisor’s Functions

For better exposition, we introduce another set of Q/V functions from an om-

niscient supervisor ’s perspective, for the original decision problem. The supervisor

can access the union of the information of all agents: at time t the supervisor knows

H0:N
t . In contrast, coordinator’s information is the intersection of the information of

all agents: H0
t . The supervisor, however, only observes what is happening, lets the co-

ordinator decide all the policies and prescriptions, and implements the coordinator’s

policies. Let d∗1:T be a coordinator’s optimal policy solved using Algorithm 4.1, i.e.

d∗t (h
0
t ) ∈ argmaxγt∈Ω(Γt) Qt(h

0
t , γt). Then the Q/V functions defined in Algorithm 4.1

can be rewritten as

Qt(h
0
t , γt) = E

[
T∑
τ=t

Rτ

∣∣∣∣h0
t , γt, d

∗
t+1:T

]
, (4.7)

Vt(h
0
t ) = E

[
T∑
τ=t

Rτ

∣∣∣∣h0
t , d
∗
t:T

]
. (4.8)

In other words, given h0
t , the coordinator’s V function is the cumulative reward of

executing the optimal policy from t on, and its Q function given the prescription γt is

the cumulative reward of performing γt first then executing the optimal policy from

t+ 1 on. The supervisor’s Q/V functions use similar concepts, but with supervisor’s

states and coordinator’s optimal policies.

Definition 4.6: For any h0:N
t ∈ Ω(H0:N

t ), γt ∈ Ω(Γt), define the supervisor’s Q
function as

QS
t (h0

t , h
1:N
t , γt) , E

[
T∑
τ=t

Rτ

∣∣∣∣h0
t , h

1:N
t , γt, d

∗
t+1:T

]
= E

[
Rt(St,Γt(H

1:N
t )) + V S

t+1((H0
t ,Γt, O

0
t+1), H1:N

t+1 )|h0
t , h

1:N
t , γt

]
,

(4.9)
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and the supervisor’s V function as

V S
t (h0

t , h
1:N
t ) , E

[
T∑
τ=t

Rτ

∣∣∣∣h0
t , h

1:N
t , d∗t:T

]
= QS

t (h0
t , h

1:N
t , γ∗t ), (4.10)

where γ∗t ∈ argmaxγt∈Ω(Γt)Qt(h
0
t , γt). The supervisor’s Q function and V function

are only defined when the FPS h1:N
t is admissible under h0

t , i.e. P(h1:N
t |h0

t ) > 0. We
denote the space of admissible FPSs in Ω(H1:N

t ) under h0
t as Ht(h

0
t ).

Then the coordinator’s Q/V functions can be expressed as the expectation of

supervisor’s Q/V functions taken over the conditional distribution on FPSs given the

FCS:

Qt(h
0
t , γt) =

∑
h1:N
t ∈Ht(h0

t )

P(h1:N
t |h0

t )E

[
T∑
τ=t

Rτ

∣∣∣∣h0
t , h

1:N
t , γt, d

∗
t+1:T

]

=
∑

h1:N
t ∈Ht(h0

t )

P(h1:N
t |h0

t )Q
S
t (h0

t , h
1:N
t , γt),

(4.11)

and

Vt(h
0
t ) =

∑
h1:N
t ∈Ht(h0

t )

P(h1:N
t |h0

t )E

[
T∑
τ=t

Rτ

∣∣∣∣h0
t , h

1:N
t , d∗t:T

]

=
∑

h1:N
t ∈Ht(h0

t )

P(h1:N
t |h0

t )V
S
t (h0

t , h
1:N
t ).

(4.12)

Throughout the rest of the chapter, we assume that only admissible FPSs are con-

sidered, so that we use the convention that “for any h ∈ Ω(H1:N
t )” means “for any

h ∈ Ht(h
0
t ) when h0

t is clear in the context.”

4.3.2 Compressing Private States

In this subsection, we give an alternative proof of the DP equivalence between

Algorithm 4.1, the no compression scheme, and a revised Algorithm 4.3 with BCSs

and SPS-prescriptions, where the SPS is the compressed private state defined in

Definition 4.7 in the following. This implies that the compression to SPS is without

loss of optimality.
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Definition 4.7: A sufficient private state (SPS) Z1:N
t is a tuple of outputs of a set

of functions Zn
t = ϑnt (H0

t , H
n
t ) for all n ∈ [N ] that satisfies the following properties:

(SPS1) It evolves recursively Zn
t = φnt (Zn

t−1,Γt−1, O
0
t , O

n
t ) ∀ n.

(SPS2) It is sufficient for performance evaluation
E[R(St, At)|h0

t , h
1:N
t , at] = E[R(St, At)|h0

t , z
1:N
t , at] ∀ h0:N

t , at.
(SPS3) It is sufficient for predicting observations

P(O0:N
t+1 |h0

t , h
1:N
t , at) = P(O0:N

t+1 |h0
t , z

1:N
t , at) ∀ h0:N

t , at.

Remark 4.8: For (SPS1), in our DP equivalence proof we only require Z1:N
t =

φ1:N
t (Z1:N

t−1 ,Γt−1, O
0:N
t ), that is, jointly the SPS evolves recursively; but for fully de-

centralized execution, it has to be updated component-wise recursively. Note that
Zn
t = φnt (Zn

t−1,Γt−1, O
0
t , O

n
t ) implies Z1:N

t = φ1:N
t (Z1:N

t−1 ,Γt−1, O
0:N
t ) as we define

φ1:N
t (Z1:N

t−1 ,Γt−1, O
0:N
t ) , (φ1

t (Z
1
t−1,Γt−1, O

0
t , O

1
t ), . . . , φ

N
t (ZN

t−1,Γt−1, O
0
t , O

N
t )).

The compression is characterized by functions ϑ1:N
t . These functions also relate

Ω(Γt) and Ω(Λt) as SPS-based prescriptions are a strict subset of FPS-based pres-

critions, which will be explained next. Note that here the conditions we set for the

action compression from Ω(Γt) to Ω(Λt) are on the private states instead of defining

an encapsulation directly on the actions (i.e., prescriptions); moreover, the compres-

sion may depend on the common state h0
t as well. Hence, this falls outside of the

action compression scheme studied in [113].

We now determine the relationship between the space of FPS-based prescriptions

Ω(Γt) and the space of SPS-based prescriptions Ω(Λt). Consider a fixed h0
t . Since the

compression mappings Z1:N
t = ϑ1:N

t (H0
t , H

1:N
t ) are functions, there could be multiple

h1:N
t ’s that are mapped to the same z1:N

t . A λt ∈ Ω(Λt) can thus be thought of as a

special element of Ω(Γt) that prescribes the same action for all the FPSs h1:N
t ’s mapped

to the same SPS z1:N
t . Hence, we can construct an injective extension mapping from

Ω(Λt) to Ω(Γt) in this sense.

Definition 4.9: For any h0
t ∈ Ω(H0

t ), define the extension mapping ψt : Ω(Λt) ×
Ω(H0

t ) → Ω(Γt) as follows: for any h1:N
t and λt, γt = ψt(λt, h

0
t ) will first compress

h1:N
t to z1:N

t = ϑ1:N
t (h0

t , h
1:N
t ) (hence ψt implicitly depends on ϑt), then choose the

action according to λt(z1:N
t ). That is,

γt(h
1:N
t ) = ψt(λt, h

0
t )(h

1:N
t ) , λt(ϑ

1:N
t (h0

t , h
1:N
t )).
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Given the compression ϑ1:N
t , ψt is well-defined. Under this circumstance and with

an abuse of notation, γt = ψt(λt, h
0
t ) will be written as γλt,h0

t
when the considered

compression is clear from the context and will be referred to as the γt extended from
λt under h0

t .

The following proposition says for any FCS one can find an SPS-based prescrip-

tion whose extension achieves the same Q-value as an optimal prescription. This

implies that it suffices to consider the class of prescriptions extended from SPS-based

prescriptions for DP purposes.

Proposition 4.10: For any h0
t ∈ Ω(H0

t ), assume γ∗ ∈ argmaxγ Qt(h
0
t , γ) is an opti-

mal prescription. Then there exists a λ ∈ Ω(Λt) such that

Qt(h
0
t , γ
∗) = Qt(h

0
t , γλ,h0

t
), (4.13)

which leads to

Vt(h
0
t ) = max

γ∈Ω(Γt)
Qt(h

0
t , γ) = max

λ∈Ω(Λt)
Qt(h

0
t , γλ,h0

t
). (4.14)

Before proving the proposition we need a few intermediate results. The first key

lemma says that with the same supervisor’s state, the supervisor’s Q-values for two

different prescriptions will be the same as long as they prescribe the same action for

the given PI.

Lemma 4.11: For any h0
t ∈ Ω(H0

t ) and h ∈ Ω(H1:N
t ), let γ1, γ2 ∈ Ω(Γt) be two

prescriptions that choose the same action on the FPS h, i.e. γ1(h) = γ2(h) = a. Then

QS
t (h0

t , h, γ1) = QS
t (h0

t , h, γ2). (4.15)

Proof: See Appendix C.1. �

Next we show that the supervisor’s Q-values are also the same for two different

FPSs that map to the same SPS and a prescription that prescribes the same action

on these two FPSs.

Lemma 4.12: For any h0
t ∈ Ω(H0

t ), let h1, h2 ∈ Ω(H1:N
t ) be two FPSs under h0

t

that map to the same SPS z ∈ Ω(Z1:N
t ), i.e. z = ϑ1:N

t (h0
t , h1) = ϑ1:N

t (h0
t , h2), and
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let γ ∈ Ω(Γt) be a prescription that chooses the same action on these two FPSs
γ(h1) = γ(h2) = a. Then

QS
t (h0

t , h1, γ) = QS
t (h0

t , h2, γ). (4.16)

Proof: See Appendix C.1. �

Using the above two lemmas, we show that the supervisor’s V function will be

the same for two supervisor’s states with the same compression of private states.

Corollary 4.13: For any h0
t ∈ Ω(H0

t ), let h1, h2 ∈ Ω(H1:N
t ) be two FPSs under h0

t

that map to the same SPS z ∈ Ω(Z1:N
t ), i.e. z = ϑ1:N

t (h0
t , h1) = ϑ1:N

t (h0
t , h2), and let

γ∗ ∈ argmaxγ Qt(h
0
t , γ) be an optimal prescription. Then we have

V S
t (h0

t , h1)− V S
t (h0

t , h2) , QS
t (h0

t , h1, γ
∗)−QS

t (h0
t , h2, γ

∗) = 0. (4.17)

Proof: See Appendix C.1. �

We are now ready to prove Proposition 4.10.

Proof of Proposition 4.10: Given an optimal prescription γ∗ ∈ argmaxγ Qt(h
0
t , γ),

we will specifically construct a λ ∈ Ω(Λt) such that Qt(h
0
t , γ
∗) = Qt(h

0
t , γλ,h0

t
). For

each z ∈ Ω(Z1:N
t ), define

Hz =
{
h ∈ Ω(H1:N

t ) : ϑ1:N
t (h0

t , h) = z
}

(4.18)

to be the class of h’s in Ω(H1:N
t ) that are compressed to z under the considered

compression ϑ1:N
t . By the Axiom of Choice, for each z ∈ Ω(Z1:N

t ) there exists a

representative of the class Hz coming from arbitrary choice function, which we denote

as h̄z (or we do not really have to use the Axiom of Choice since all the classes

Hz considered here are finite). We then construct the λ by λ(z) = γ∗(h̄z); the

corresponding extension in Ω(Γt) will be

γλ,h0
t
(h) = γ∗

(
h̄ϑ1:N

t (h0
t ,h)

)
∀ h ∈ Ω(H1:N

t ), (4.19)
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that is, the prescription first compresses the input FPS and finds the representative

of the corresponding compression class, then it mimics what the optimal prescription

would have done with the representative. For any h ∈ Ω(H1:N
t ), we have

∣∣QS
t (h0

t , h, γ
∗)−QS

t (h0
t , h, γλ,h0

t
)
∣∣

≤
∣∣∣QS

t (h0
t , h, γ

∗)−QS
t (h0

t , h̄ϑ1:N
t (h0

t ,h), γ
∗)
∣∣∣

+
∣∣∣QS

t (h0
t , h̄ϑ1:N

t (h0
t ,h), γ

∗)−QS
t (h0

t , h̄ϑ1:N
t (h0

t ,h), γλ,h0
t
)
∣∣∣

+
∣∣∣QS

t (h0
t , h̄ϑ1:N

t (h0
t ,h), γλ,h0

t
)−QS

t (h0
t , h, γλ,h0

t
)
∣∣∣

= 0,

as the first term is 0 due to Corollary 4.13, the second term is 0 due to Lemma 4.11,

and the third term is also 0 due to Lemma 4.12. Taking the conditional expectation

on h (only over admissible h’s) given h0
t , we obtain

∣∣Qt(h
0
t , γ
∗)−Qt(h

0
t , γλ,h0

t
)
∣∣

=

∣∣∣∣∣∑
h

P(h|h0
t )Q

S
t (h0

t , h, γ
∗)−

∑
h

P(h|h0
t )Q

S
t (h0

t , h, γλ,h0
t
)

∣∣∣∣∣
≤
∑
h

P(h|h0
t )
∣∣QS

t (h0
t , h, γ

∗)−QS
t (h0

t , h, γλ,h0
t
)
∣∣ = 0.

�

Proposition 4.10 effectively restricts one’s attention to SPS-based prescriptions

from the bigger class of FPS-based prescriptions without loss of optimality. Now based

on that, we further compress FCSs to BCSs while maintaining the DP outcomes.

Proposition 4.14: Let h0
1, h

0
2 ∈ Ω(H0

t ) be two FCSs. If Π
∼

t(h
0
1) = Π

∼

t(h
0
2), i.e.

P(St, Z
1:N
t |h0

1) = P(St, Z
1:N
t |h0

2), then for any λ ∈ Ω(Λt),

Qt(h
0
1, γλ,h0

1
) = Qt(h

0
2, γλ,h0

2
). (4.20)

Proof: See Appendix C.1. �

Combining Proposition 4.10 and Proposition 4.14, we can now conclude the Al-

gorithm 4.1 and Algorithm 4.3 are equivalent in terms of the DP quantities.
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Theorem 4.15: For any h0
t ∈ Ω(H0

t ) and λ ∈ Ω(Λt), we have

Qt(h
0
t , γλ,h0

t
) = Q

∼

t(Π
∼

t(h
0
t ), λ) (4.21)

and
Vt(h

0
t ) = V

∼

t(Π
∼

t(h
0
t )). (4.22)

Proof: The result follows directly from Proposition 4.10 and Proposition 4.14. The

result in Proposition 4.10 establishes the implication from (4.21) to (4.22) in the

claim, as

Vt(h
0
t ) = max

λ∈Ω(Λt)
Qt(h

0
t , γλ,h0

t
) = max

λ∈Ω(Λt)
Q
∼

t(Π
∼

t(h
0
t ), λ) = V

∼

t(Π
∼

t(h
0
t )).

The proof of Proposition 4.14 establishes that

E
[
Rt(St, At)|Π

∼

t(h
0
t ), γλ,Π

∼
t(h0

t )

]
=

∑
ĥ0
t :Π
∼
t(ĥ0

t )=Π
∼
t(h0

t )

P(ĥ0
t |Π
∼

t(h
0
t ))E[Rt(St, At)|ĥ0

t , γλ,ĥ0
t
]

=
∑

ĥ0
t :Π
∼
t(ĥ0

t )=Π
∼
t(h0

t )

P(ĥ0
t |Π
∼

t(h
0
t ))E[Rt(St, At)|h0

t , γλ,h0
t
]

= E[Rt(St, At)|h0
t , γλ,h0

t
],

and that

E[V
∼

t+1(Π
∼

t+1(H0
t+1))|Π

∼

t(h
0
t ), λ] = E

[
Vt+1(H0

t+1)|Π
∼

t(h
0
t ), γλ,Π

∼
t(h0

t )

]
=

∑
ĥ0
t :Π
∼
t(ĥ0

t )=Π
∼
t(h0

t )

P(ĥ0
t |Π
∼

t(h
0
t ))E[Vt+1(H0

t+1)|ĥ0
t , γλ,ĥ0

t
]

=
∑

ĥ0
t :Π
∼
t(ĥ0

t )=Π
∼
t(h0

t )

P(ĥ0
t |Π
∼

t(h
0
t ))E[Vt+1(H0

t+1)|h0
t , γλ,h0

t
]

= E[Vt+1(H0
t+1)|h0

t , γλ,h0
t
].

Using a mathematical induction argument with the two equalities validates (4.21). �

The same DP equivalence proof presented in Theorem 4.15 will hold between the
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DP in Algorithm 4.1 and the DP with FCS as the state and SPS-based prescription

as the action, with Π
∼

t(h
0
t ) replaced by h0

t (so that the probability P(ĥ0
t |h0

t ) = I{ĥ0
t =

h0
t}) is simply an indicator function). We will see that both DP equivalences are

special cases of Theorem 4.18, where we propose a general lossless compression for

the common states.

4.3.3 Compressing Common States

Adopting BCSs also requires the model information when performing the Bayesian

updates. We hence look for a more general representation of the common state. Under

the scheme of SPS-based prescriptions, which form the action space in this context,

the generalization is an extension of the result in [112].

Definition 4.16: A sufficient common state (SCS) Z0
t is the output of a function

Z0
t = ϑ0

t (H
0
t ) that satisfies the following properties:

(SCS1) It evolves recursively Z0
t = φ0

t (Z
0
t−1,Λt−1, O

0
t ).

(SCS2) It suffices for performance evaluation
E[Rt(St, At)|h0

t , λt] = E[Rt(St, At)|ϑ0
t (h

0
t ), λt] ∀ h0

t , λt.

(SCS3) It suffices for predicting the common observation
P(O0

t+1|h0
t , λt) = P(O0

t+1|ϑ0
t (h

0
t ), λt) ∀ h0

t , λt.

In Algorithm 4.4, SCS serves as the common state and SPS serves as the private

state. In the DP, the states are SCSs and the actions are SPS-based prescriptions.

Algorithm 4.4 Dynamic Programming with SCSs and SPS-based Prescriptions

V̆T+1(z0
T+1) , 0

for t = T, . . . , 1 do

Q̆t(z
0
t , λt) = E

[
R(St,Λt(Z

1:N
t )) + V̆t+1(φ0

t (Z
0
t ,Λt, O

0
t+1))|Z0

t = z0
t ,Λt = λt

]
V̆t(z

0
t ) = maxλt∈Ω(Λt) Q̆t(z

0
t , λt)

With these general representations, the DP is still equivalent to the original DP

without any compression in Algorithm 4.1.

Proposition 4.17: Let h0
1, h

0
2 ∈ Ω(H0

t ) be two FCSs. If ϑ0
t (h

0
1) = ϑ0

t (h
0
2), then for

any λ ∈ Ω(Λt),
Qt(h

0
1, γλ,h0

1
) = Qt(h

0
2, γλ,h0

2
).

118



Proof: See Appendix C.2. �

Theorem 4.18: For any h0
t ∈ Ω(H0

t ) and λ ∈ Ω(Λt), we have

Qt(h
0
t , γλ,h0

t
) = Q̆t(ϑ

0
t (h

0
t ), λ) (4.23)

and
Vt(h

0
t ) = V̆t(ϑ

0
t (h

0
t )). (4.24)

Proof: The result follows directly from Proposition 4.10 and Proposition 4.17. The

exact proof is the same as that of Theorem 4.15. �

Note that BCS is actually a special case of SCS, so that Proposition 4.17 and

Theorem 4.18 imply Proposition 4.14 and Theorem 4.15, respectively. We proved

Proposition 4.14 and Theorem 4.15 directly to provide more intuition. For more

details see Section 4.5.1.

4.4 General Common and Private Approximate State Rep-

resentations

The theory developed in Section 4.3 does not guarantee the existences of such SCS

and SPS compression mappings, nor does it provide a way to find such mappings if

they exist12. Following the concept of the AIS framework in [112], we extend the

theory in Section 4.3 to its approximate correspondence, so that it is more applicable

to designing MARL algorithms without the model knowledge.

In this section, we propose our general states representation framework for ap-

proximate planning and control in partially observable MARL problems. We start

by compressing private histories to ASPS in Section 4.4.1; for the coordinator, this

induces an action compression from FPS-based prescriptions to ASPS-based prescrip-

tions. Then based on this compression, the common history is further compressed to

ASCS in Section 4.4.2. The results in Section 4.3 are nearly in parallel with and are

special cases of the results developed in this section with error parameters being 0

12In the literature, e.g. [117, 116, 87], various examples of SCS and SPS are provided, but usually
for some particular information structures.
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(see Definition 4.19 and Definition 4.25), just as the relation between IS and AIS in

Section 4.2.3.

The framework we develop will be consistent with the “centralized training with

distributed execution” philosophy of recent empirical MARL work wherein there is

a centralized agent called the supervisor (Section 4.3.1). The supervisor observes all

the quantities and develops good compression of PI and CI that the coordinator can

use to produce close-to-optimal prescriptions (using the compressed CI), which can

be implemented by the agents using just their own compressed PI.

4.4.1 Compressing Private States

We start with the notion of an approximate sufficient private state (ASPS), which

is a private representation that satisfies the conditions of a SPS approximately. We

then provide a DP with the FCS as the state and the ASPS-based prescription as the

action in Algorithm 4.5, and construct “approximate DP equivalence” by bounding

the optimality gap of such a DP as in [112].

Definition 4.19: An (εp, δp)-approximate sufficient private state (ASPS) Ẑ1:N
t is a

tuple of outputs of a set of functions Ẑn
t = ϑ̂nt (H0

t , H
n
t ) for all n ∈ [N ] satisfying:

(ASPS1) It evolves recursively Ẑn
t = φ̂nt (Ẑn

t−1,Γt−1, O
0
t , O

n
t ) ∀ n.

(ASPS2) It suffices for approximate performance evaluation∣∣E[R(St, At)|h0
t , h

1:N
t , at]− E[R(St, At)|h0

t , ẑ
1:N
t , at]

∣∣ ≤ εp/4 ∀ h0:N
t , at.

(ASPS3) It suffices for approximately predicting observations
K
(
P(O0:N

t+1 |h0
t , h

1:N
t , at),P(O0:N

t+1 |h0
t , ẑ

1:N
t , at)

)
≤ δp/8 ∀ h0:N

t , at.

Remark 4.20: Again, for (ASPS1), in our approximate DP equivalence proof we
only require Ẑ1:N

t = φ̂1:N
t (Ẑ1:N

t−1 ,Γt−1, O
0:N
t ), that is, jointly the SPS evolves recursively;

but for fully decentralized execution it has to be updated component-wise recursively.
Note that Ẑn

t = φ̂nt (Ẑn
t−1,Γt−1, O

0
t , O

n
t ) implies Ẑ1:N

t = φ̂1:N
t (Ẑ1:N

t−1 ,Γt−1, O
0:N
t ) as we

define φ̂1:N
t (Ẑ1:N

t−1 ,Γt−1, O
0:N
t ) , (φ̂1

t (Ẑ
1
t−1,Γt−1, O

0
t , O

1
t ), . . . , φ̂

N
t (ẐN

t−1,Γt−1, O
0
t , O

N
t )).

With this definition, an ASPS-based prescription is a mapping λ̂t : Ω(Ẑ1:N
t ) →

Ω(At) that prescribes the joint actions for all ASPSs At = λ̂t(Ẑ
1:N
t ), of course, in a

component-wise manner λ̂t(Ẑ
1:N
t ) , (λ̂1

t (Ẑ
1
t ), . . . , λ̂Nt (ẐN

t )).
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Algorithm 4.5 Dynamic Programming with FCSs and ASPS-based Prescriptions

V̂T+1(h0
T+1) , 0

for t = T, . . . , 1 do

Q̂t(h
0
t , λ̂t) = E

[
Rt(St, λ̂t(Ẑ

1:N
t )) + V̂t+1((H0

t , Λ̂t, O
0
t+1))|H0

t = h0
t , Λ̂t = λ̂t

]
V̂t(h

0
t ) = maxλ̂t∈Ω(Λ̂t)

Q̂t(h
0
t , λ̂t)

Proposition 4.21 (Extension of Proposition 4.10): Assume the reward functionR is
uniformly bounded almost surely by R̄. For any h0

t ∈ Ω(H0
t ) and γ∗ ∈ argmaxγ Qt(h

0
t , γ),

there exists a λ̂ ∈ Ω(Λ̂t) with

∣∣∣Qt(h
0
t , γ
∗)−Qt(h

0
t , γλ̂,h0

t
)
∣∣∣ ≤ (T − t)(εp + TR̄δp) + εp, (4.25)

which leads to∣∣∣∣∣Vt(h0
t )− max

λ̂∈Ω(Λ̂t)
Qt(h

0
t , γλ̂,h0

t
)

∣∣∣∣∣ ≤ (T − t)(εp + TR̄δp) + εp. (4.26)

We will again leave the proof until later, and instead present the intermediate

results that are needed for the proof. Lemma 4.22 and Corollary 4.23 are extended

versions of Lemma 4.12 and Corollary 4.13 to the approximate cases. Now the su-

pervisor’s Q/V functions on different supervisor’s states with the same private com-

pression no longer align exactly, as we see the error grows linearly in the number of

the remaining time steps t̄ , (T − t).

Lemma 4.22 (Extension of Lemma 4.12): Assume R is uniformly bounded almost
surely by R̄. For any h0

t ∈ Ω(H0
t ), let h1, h2 ∈ Ω(H1:N

t ) be two FPSs under h0
t

that map to the same ASPS ẑ ∈ Ω(Ẑ1:N
t ), i.e. ẑ = ϑ̂1:N

t (h0
t , h1) = ϑ̂1:N

t (h0
t , h2), and

let γ ∈ Ω(Γt) be a prescription that chooses the same action on these two FPSs
γ(h1) = γ(h2) = a. Let t̄ = T − t. Then we have

∣∣QS
t (h0

t , h1, γ)−QS
t (h0

t , h2, γ)
∣∣ ≤ t̄(εp + TR̄δp)/2 + εp/2. (4.27)

Proof: See Appendix C.3. �

Note that Lemma 4.11 is irrelevant to the compression schemes, and thus con-

tinues to hold in the current approximate state representations context. Using it
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and Lemma 4.22, we show that the supervisor’s V function will differ little for two

supervisor’s states with the same compression of private states.

Corollary 4.23 (Extension of Corollary 4.13): Assume R is uniformly bounded al-
most surely by R̄. For any h0

t ∈ Ω(H0
t ), let h1, h2 ∈ Ω(H1:N

t ) be two FPSs under h0
t

that map to the same ASPS ẑ ∈ Ω(Ẑ1:N
t ), i.e. ẑ = ϑ̂t(h

0
t , h1) = ϑ̂t(h

0
t , h2), and let

γ∗ ∈ argmaxγ Qt(h
0
t , γ) be an optimal prescription. Let t̄ = T − t. Then we have

∣∣V S
t (h0

t , h1)− V S
t (h0

t , h2)
∣∣ , ∣∣QS

t (h0
t , h1, γ

∗)−QS
t (h0

t , h2, γ
∗)
∣∣ ≤ t̄(εp+TR̄δp)/2+εp/2.

(4.28)

Proof: See Appendix C.3. �

Proof of Proposition 4.21: Given an optimal prescription γ∗ ∈ argmaxγ Qt(h
0
t , γ),

we will specifically construct a λ̂ ∈ Ω(Λ̂t) that serves for the claim. For each ẑ ∈
Ω(Ẑ1:N

t ), define

Hẑ =
{
h ∈ Ω(H1:N

t ) : ϑ̂1:N
t (h0

t , h) = ẑ
}

(4.29)

to be the class of h’s in Ω(H1:N
t ) that are compressed to ẑ under the considered

compression ϑ̂1:N
t . By the Axiom of Choice, for each ẑ ∈ Ω(Ẑ1:N

t ) there exists a

representative of the class Hẑ coming from arbitrary choice function, which we denote

as h̄ẑ. We then construct the λ̂ by λ̂(ẑ) = γ∗(h̄ẑ); the corresponding extension in Ω(Γt)

will be

γλ̂,h0
t
(h) = γ∗

(
h̄ϑ̂1:N

t (h0
t ,h)

)
∀ h ∈ Ω(H1:N

t ), (4.30)

that is, the prescription first compresses the input FPS and finds the representative

of the corresponding compression class, then it mimics what the optimal prescription

would have done with the representative. For any h ∈ Ω(H1:N
t ), we have

∣∣∣QS
t (h0

t , h, γ
∗)−QS

t (h0
t , h, γλ̂,h0

t
)
∣∣∣

≤
∣∣∣QS

t (h0
t , h, γ

∗)−QS
t (h0

t , h̄ϑ̂1:N
t (h0

t ,h), γ
∗)
∣∣∣

+
∣∣∣QS

t (h0
t , h̄ϑ̂1:N

t (h0
t ,h), γ

∗)−QS
t (h0

t , h̄ϑ̂1:N
t (h0

t ,h), γλ̂,h0
t
)
∣∣∣

+
∣∣∣QS

t (h0
t , h̄ϑ̂1:N

t (h0
t ,h), γλ̂,h0

t
)−QS

t (h0
t , h, γλ̂,h0

t
)
∣∣∣

≤ (T − t)(εp + TR̄δp) + εp,
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as the first term is bounded by (T − t)(εp +TR̄δp)/2 + εp/2 due to Corollary 4.23, the

second term is 0 due to Lemma 4.11, and the third term is bounded by (T − t)(εp +

TR̄δp)/2 + εp/2 due to Lemma 4.22. If it happens to be the case that h = h̄ϑ̂1:N
t (h0

t ,h),

i.e. h is the representative, then the original term |QS
t (h0

t , h, γ
∗)−QS

t (h0
t , h, γλ̂,h0

t
)| is

0. Taking the conditional expectation on h given h0
t yields

∣∣∣Qt(h
0
t , γ
∗)−Qt(h

0
t , γλ̂,h0

t
)
∣∣∣

=

∣∣∣∣∣∑
ht

P(h|h0
t )Q

S
t (h0

t , h, γ
∗)−

∑
ht

P(h|h0
t )Q

S
t (h0

t , h, γλ̂,h0
t
)

∣∣∣∣∣
≤
∑
ht

P(h|h0
t )
∣∣∣QS

t (h0
t , h, γ

∗)−QS
t (h0

t , h, γλ̂,h0
t
)
∣∣∣

≤
∑
ht

P(h|h0
t ) ·
[
(T − t)(εp + TR̄δp) + εp

]
= (T − t)(εp + TR̄δp) + εp.

�

The following main theorem characterizes the cost incurred by adopting ASPS-

based prescriptions, that is, it characterizes the gap of the DP in Algorithm 4.5 in

contrast to the optimal DP in Algorithm 4.1. The optimality gap scales quadratically

with t̄ = (T − t).

Theorem 4.24: Assume R is uniformly bounded almost surely by R̄. For any h0
t ∈

Ω(H0
t ) and γ∗ ∈ argmaxγ Qt(h

0
t , γ), there exists a λ̂ ∈ Ω(Λ̂t) such that

Qt(h
0
t , γ
∗)− Q̂t(h

0
t , λ̂) ≤ t̄(t̄+ 1)

2
(εp + TR̄δp) + (t̄+ 1)εp (4.31)

and
Vt(h

0
t )− V̂t(h0

t ) ≤
t̄(t̄+ 1)

2
(εp + TR̄δp) + (t̄+ 1)εp. (4.32)

Proof: See Appendix C.3. �

4.4.2 Compressing Common States

While restricting attention to ASPS-based prescriptions, we further compress the

common history to an approximate representation by applying the state compres-

sion result of [112], in order to construct a general framework suitable for designing
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practical MARL algorithms.

Definition 4.25: An (εc, δc)-approximate sufficient common state (ASCS) Ẑ0
t is the

output of a function Ẑ0
t = ϑ̂0

t (H
0
t ) satisfying the properties:

(ASCS1) It evolves recursively Ẑ0
t = φ̂0

t (Ẑ
0
t−1, Λ̂t−1, O

0
t ).

(ASCS2) It suffices for approximate performance evaluation∣∣∣E[Rt(St, At)|h0
t , λ̂t]− E[Rt(St, At)|ϑ̂0

t (h
0
t ), λ̂t]

∣∣∣ ≤ εc ∀ h0
t , λ̂t.

(ASCS3) It suffices for approximately predicting common observation
K
(
P(O0

t+1|h0
t , λ̂t),P(O0

t+1|ϑ̂0
t (h

0
t ), λ̂t)

)
≤ δc/2 ∀ h0

t , λ̂t.

Algorithm 4.6 Dynamic Programming with ASCSs and ASPS-based Prescriptions

V

∧

T+1(ẑ0
T+1) , 0

for t = T, . . . , 1 do

Q

∧

t(ẑ
0
t , λ̂t) = E

[
R(St, Λ̂t(Ẑ

1:N
t )) + V

∧

t+1(φ̂0
t (Ẑ

0
t , Λ̂t, O

0
t+1))|Ẑ0

t = ẑ0
t , Λ̂t = λ̂t

]
V

∧

t(ẑ
0
t ) = maxλ̂t∈Ω(Λ̂t)

Q

∧

t(ẑ
0
t , λ̂t)

Proposition 4.26: AssumeR is uniformly bounded almost surely by R̄. Let h0
1, h

0
2 ∈

Ω(H0
t ) be two FCSs. If ẑ0 = ϑ̂0

t (h
0
1) = ϑ̂0

t (h
0
2), then for any λ̂ ∈ Ω(Λ̂t), with t̄ = T − t,

∣∣∣Q̂t(h
0
1, λ̂)− Q̂t(h

0
2, λ̂)

∣∣∣ ≤ 2t̄(εc + TR̄δc) + 2εc. (4.33)

Proof: See Appendix C.4. �

The following result is nearly a direct application of [112] to this context, with

Algorithm 4.5 as the original DP, Algorithm 4.6 as the new DP, the set of ASPS-based

prescriptions as the action space, and ϑ̂0
t as the compression of the state. We still

provide the proof for completeness.

Theorem 4.27: Assume R is uniformly bounded almost surely by R̄. For any h0
t ∈

Ω(H0
t ) and λ̂ ∈ Ω(Λ̂t), with t̄ = T − t, we have

Q̂t(h
0
t , λ̂)−Q

∧

t(ϑ̂
0
t (h

0
t ), λ̂) ≤ t̄(εc + TR̄δc) + εc (4.34)

and
V̂t(h

0
t )− V

∧

t(ϑ̂
0
t (h

0
t )) ≤ t̄(εc + TR̄δc) + εc. (4.35)
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Proof: See Appendix C.4. �

From Algorithm 4.1 to Algorithm 4.5, the FPSs are compressed to the ASPSs,

which introduces a quadratic gap in t̄ as characterized by Theorem 4.24. Then under

ASPSs, from Algorithm 4.5 to Algorithm 4.6, the FCSs are further compressed to

the ASCSs, which introduces a linear gap in t̄ as characterized by Theorem 4.27.

These two theorems bridge the relation between the original non-compressed (Q, V )-

system and the approximately compressed (Q

∧

, V

∧

)-system with ASCSs and ASPSs. In

particular, in the following theorem which is the main result of this chapter, we bound

the optimality gap of value functions obtained from performing DP with the general

common and private representations satisfying the conditions in Definition 4.19 and

Definition 4.25 as in Algorithm 4.6, in comparison to the optimal value functions

computed from Algorithm 4.1.

Theorem 4.28: Assume R is uniformly bounded almost surely by R̄. For any h0
t ∈

Ω(H0
t ) and γ∗ ∈ argmaxγ Qt(h

0
t , γ), there exists a λ̂ ∈ Ω(Λ̂t) such that

Qt(h
0
t , γ
∗)−Q

∧

t(ϑ̂
0
t (h

0
t ), λ̂) ≤ t̄(t̄+ 1)

2
(εp + TR̄δp) + (t̄+ 1)(εc + εp) + t̄T R̄δc, (4.36)

Vt(h
0
t )− V

∧

t(ϑ̂
0
t (h

0
t )) ≤

t̄(t̄+ 1)

2
(εp + TR̄δp) + (t̄+ 1)(εc + εp) + t̄T R̄δc, (4.37)

where t̄ = T − t.

Proof: Combine Theorem 4.24 and Theorem 4.27. �

Notice that Theorem 4.27 actually implies Proposition 4.26:∣∣∣Q̂t(h
0
1, λ̂)− Q̂t(h

0
2, λ̂)

∣∣∣ ≤ ∣∣∣Q̂t(h
0
1, λ̂)−Q

∧

t(ϑ̂
0
t (h

0
1), λ̂)

∣∣∣+
∣∣∣Q∧t(ϑ̂0

t (h
0
2), λ̂)− Q̂t(h

0
2, λ̂)

∣∣∣
≤ 2(T − t)(εc + TR̄δc) + 2εc.

We can see that mixing up two common states with approximately the same compres-

sion incurs a linear cost instead of a constant one (Proposition 4.26), just as switching

to the DP using the approximate state (Theorem 4.27). The two common states are

different states, and they will still transit to different future states, but again with

approximately the same compression; as each transition incurs a constant cost, overall
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the gap grows linearly. If we switch to use the approximate (compressed) states, the

two states will then be the same (compressed state), but the switching itself incurs a

linear gap (Theorem 4.27). The results are in line with those of [112].

We saw earlier, that the compression of private states incurs a quadratic cost

(Theorem 4.24). This is because when we compress FPSs to ASPSs, we are com-

pressing the action space not the state space, as the set of prescriptions considered

shrinks from FPS-based to ASPS-based. Each time an ASPS-based prescription is

chosen, different supervisor’s states still transit to different future supervisor’s states

(see the proof of Lemma 4.22), whose difference grows linearly. Since in the DP of

Algorithm 4.5, each time an ASPS-based prescription is adopted potentially incurs

a linear cost, the total gap will then be quadratic, in contrast to the case of state

compression.

Note that in the above discussion, the optimality gap complexity is in terms of the

number of remaining time steps until the episode ends, i.e. (T − t). If one considers

the complexity in terms of the time horizon T for the value of the whole episode

E[V1], then the complexity rises to cubic in T . One may wonder how is it possible

that the optimality gap be larger than 2TR̄, which is only linear in T? Indeed, when

the parameters (εc, δc) and (εp, δp) are too large, the results in Theorem 4.28 can say

nothing more than the trival bound of 2TR̄; the cubic dependence only appears when

the approximate parameters are small enough. The results in Theorem 4.28 still does

not reflect actual regret in practical implementation though, it is only the optimality

gap given the approximate parameters in one episode. In practical implementation,

one uses ML algorithms (e.g. function approximation methods) to learn effective

representations of ASCSs and ASPSs and minimize the approximation errors, while

using common policy gradient methods [115] to learn the optimal policy (instead of

solving DP directly). The true regret in practical implementation will then depend on

both the convergence rate of the state representation learning and the policy gradient

method used.
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4.5 Discussions

In this section, we compare the differences between existing schemes and our

methods in Section 4.5.1, discuss the practical implications of our approximate state

representation framework in Section 4.5.2, and propose an algorithmic framework in

Section 4.5.3.

4.5.1 Comparisons to Existing Schemes

We compare our methods to the results proposed in [88], [117], and [84].

Relation to [88]. The private history is not compressed in [88], so it is clearly a

special case of SPS. The BCS proposed in [88] is a special case of SCS as well.

Proposition 4.29: The BCS Πt = P(St, H
1:N
t |H0

t ) satisfies the conditions of an SCS
in Definition 4.16.

Proof: See Appendix C.5. �

Relation to [117]. Our conditions of SPS and [117]’s conditions of SPI both lead

to performance sufficiency of the space of SPI-based (or SPS-based) prescriptions.

The two sets of conditions are similar but not exactly the same. Condition (SPI1)

corresponds to (SPS1); however, (SPS1) is stricter since we require policy-independent

compression, while [117] allow policy-dependent compression. Condition (SPI3) en-

sures future sufficiency as does (SPS3). Conditions (SPI2) and (SPI4) together ensure

present sufficiency as does (SPS3). In [117], hnt is used instead of h1:N
t here because

the paper considers potentially more general cases where utilities can be different

for different agents, while we only focus on team problems. The relations of these

conditions are described below.

Proposition 4.30: (SPS1) and (SPS3) imply (SPI3).

Proof: See Appendix C.5. �

Proposition 4.31: (SPS2) and (SPI4) imply (SPI2).

Proof: See Appendix C.5. �
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Table 4.1: Dynamic programming comparison.

Work
Algorithm

/Definition
Agent

Common

State

Private

State
Action

Compression

Common/Private

Incurred DP Gap

Common/Private

Single AOH - Action None 0

Belief State (4.3) Single BS - Action Lossy 0

[112] 4.1 Single IS - Action Lossy 0

[112] 4.3 Single AIS - Action Lossy Linear

CI Approach

(No Compression)
4.1 Multi FCS FPS FPS-pres. None/None 0/0

[88] 4.2 Multi BCS FPS FPS-pres. Lossy/None 0/0

[117] 4.3 Multi BCS SPI SPI-pres. Lossy/Lossy 0/0

[113] - Multi ASCS FPS FPS-pres. Lossy/None Linear/0

[84] - Multi BCS ASPS ASPS-pres. Lossy/Lossless 0/Linear

This work 4.4 Multi SCS SPS SPS-pres. Lossy/Lossy 0/0

This work 4.5 Multi FCS ASPS ASPS-pres. None/Lossy 0/Quadratic

This work 4.6 Multi ASCS ASPS ASPS-pres. Lossy/Lossy Linear/Quadratic

Restricting to SPS, their BCS Π
∼

t = P(St, Z
1:N
t |H0

t ) is a special case of SCS as

well.

Proposition 4.32: The BCS Π
∼

t = P(St, Z
1:N
t |H0

t ) satisfies the conditions of an SCS
in Definition 4.16.

Proof: The proof is the same as the proof of Proposition 4.29, with Πt replaced by

Π
∼

t, H
1:N
t replaced by Z1:N

t , and γt replaced by λt. �

Relation to [84]. Their private state embedding does not require a recursive update

(ASPS1), but demands injective functions ϑ̂1:N
t . With this additional assumption they

show linearity of the optimality gap in remaining time. For the common state, the

BCS they consider is a special case of our SCS, just as the BCS of [117].

A thorough comparison of the DPs proposed in this chapter and in the literature

is summarized in Table 4.1.

4.5.2 Practical Implications

The theory developed in Section 4.4 provides a nice theoretical support of de-

signing practical low-regret deep-MARL algorithms, just as the way the DL schemes

solves POMDP RL proposed in [112, 113]. Algorithms using this approximate state

representation framework will consists of two steps when learning the optimal poli-

cies. In the first step, the agents use DL models (or other function approximation

methods) to learn good representations of the common states and the private states.
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Our contribution is to identify measures for “good representations” – they should

satisfy the conditions of ASCS and ASPS with low error parameters (εc, δc, εp, δp).

In particular, the DL models will try to predict the instantaneous reward and new

observations while quantities in the LHS of the conditions are good candidates of

the loss functions. In the second step, assuming the agents have learned good state

representations, they will use policy approximation theory in RL [115] to learn good

policies from the coordinator’s view, thus alleviating the non-stationarity issue. The

agents, from the perspective of the coordinator, will first feed the common state rep-

resentation to the policy function approximator, which can be suitably implemented

by a DL model as well, and generate an ASPS-based prescription; they choose their

actions prescribed by the prescription based on their ASPSs, and get the feedback

reward from the environment. The parameters of the function policy approximator,

now usually a DL model, can then be updated by policy gradient theorem [115] with

an approximation of the long-term reward. In [112, 113], the two steps are performed

concurrently using the concept of two time-scale algorithm [20], with the first step

being the fast time-scale and the second step being the slow time-scale. Indeed, the

policy function approximator learns an optimal policy based on the learned state rep-

resentations in the first step. A more concrete algorithmic framework is given in

Section 4.5.3.

It should be noted that in the learning of the first step, the agents need to have

all the information, including the private states of other agents. This is because

in (ASPS2) and (ASPS3), the full tuple of ASPS ẑ1:N
t is needed to predict the in-

stantaneous reward and new observations. This necessitates “centralized learning

decentralized execution” scheme, where the difference between being centralized or

decentralized is judged from the information sharing scheme – a centralized scheme

requires full information sharing. For the first step we mentioned above, i.e. the repre-

sentation learning step, we need a centralized learning scheme. The centralized learn-

ing decentralized execution scheme was first proposed to tackle the non-stationarity

issue, as when the learning or exploration is centralized, there is no information

asymmetry and agents are able to keep good track of others’ policies; and when it

comes to execution or exploitation stage, the issue no longer exists as the agents have

stopped updating their policies. In our case, however, the second step we mentioned
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above, i.e. the policy learning step, does not require centralized learning thanks to

the application of the CI approach in our theory.

The centralized learning decentralized execution scheme is good enough for many

applications, such as gaming AI or autonomous vehicle, where an “environment sim-

ulator” that is identical (or nearly) to the real environment is accessible, so that the

agents can learn through the simulator with full information sharing offline. There

are some applications that demand decentralized learning though; for example, a sen-

sor network may only starts to learn the environment when deployed, a time when

information sharing may be hard or even impossible. What could be done in this

case then? From the theory perspective, we need conditions like (SPI2) where only

znt instead of the whole z1:N
t is required for the representation learning for agent n.

But as Definition 4.5 and Proposition 4.31 suggest, in that case further “consistency

condition(s)” such as (SPI4) will be required. Such condition does not solve the prob-

lem, as it requires agent n to predict z−nt and compare the prediction with the ground

truth, which agent n does not have access to (otherwise agent n just knows z1:N
t );

in other words, the condition is impossible to be implemented in the decentralized

learning setup too. The networked MARL schemes [136, 135] provide another possi-

ble direction. The MARL problem is much like a distributed optimization one in the

sense that the agents try to optimize long-term reward by choosing the optimal policy

parameters. However, sharing the parameters also requires communication, and the

amount of information may not be smaller that of z−nt ; then why do not the agents

just share z−nt ? In conclusion, whether it is possible to find general fully decentral-

ized MARL algorithms that is guaranteed to learn (near) optimal policies without

any communication, and if not, how to design communication efficient general de-

centralized MARL algorithms with guaranteed convergence to optimality, remain to

be open problems, and we leave them as future directions.

4.5.3 Algorithmic Framework

In this subsection we propose an MARL algorithmic framework using the theory

developed in Section 4.4; the designing detail is left as future work. The framework

adopts the “centralized learning distributed execution” scheme, i.e., the agents assume

the omniscient supervisor’s view when they learn the compressions and policies.
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Algorithm 4.7 Deep-MARL Framework

6 Common part: coordinator computes (done in each agent in execution phase) Ẑ0
t =

ρ0(O0
t , Λ̂t−1), Λ̂t = ϕ0(Ẑ0

t ).

7 Private part: agent n computes Ẑn
t = ρn(On

t , A
n
t−1), Ant = ϕn(Ẑn

t , Λ̂
n
t ).

8 if in learning phase then

9 Coordinator computes (R̂t, Ô
0
t+1) = ψC(Ẑ0

t , Λ̂t).

10 (R̂t, Ô
0
t+1) is compared with ground truth (Rt, O

0
t+1) and loss is back-propagated

to (ρ0, ψC).

11 Supervisor computes (R̂t, Ô
0:N
t+1) = ψS(Ẑ0:N

t , A1:N
t ).

12 (R̂t, Ô
0:N
t+1) is compared with ground truth (Rt, O

0:N
t+1) and loss is back-propagated

to (ρ0:N , ψS).
13 Coordinator computes

∑t
τ=t−W Rτ and performs policy gradient on ϕ0:N .

There are three types of functions within: the state networks ρ0:N modeled by

recurrent neural networks (RNNs), the policy networks ϕ0:N modeled by deep neural

networks (DNNs), and the prediction networks ψC and ψS also modeled by DNNs.

The state networks ρ0:N serve the purpose of the compression mappings φ̂0:N
t in Def-

inition 4.19 and Definition 4.25, and their recursive evolution structures suggest an

RNN modeling. The common policy network ϕ0 takes Ẑ0
t as input and gives the

prescription Λ̂t as suggested by Section 4.4.2; the private policy network ϕn takes Ẑn
t

and Λ̂n
t and outputs Ant . Here, we have to use a variable to represent the prescription

function; hence, it cannot be directly applied to Ẑn
t . Effective design of represent-

ing prescription function is left as future work, even though Lemma 4.11 provides a

nice decomposition. Finally, the policy networks ψC and ψS are used to produce the

predicted reward and new observations. In the learning phase, the predictions are

compared with the ground truth and errors are back-propagated through the state

and prediction networks. This requires full knowledge of Ẑ1:N
t and O1:N

t ; consequently,

the learning has to be centralized. A windowed (with length W ) cumulative reward

is summed for the computation of the loss in policy gradient methods [115], which is

back-propagated through the policy networks; actor-critic methods can also be em-

ployed here. In the execution phase, only state and policy networks are required, and

everything can be performed in a decentralized fashion. Note that in our proof of

Theorem 4.24 only the fact that Ẑ1:N
t can be updated from Ẑ1:N

t−1 is needed.
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4.6 Change Detection in Time-Varying Environments

In this section, we consider MARL problems where the environment is non-

stationary. In particular, we consider the easier case of a piece-wise stationary en-

vironment instead of a constantly-changing one, and investigate how the agents can

adapt to discrete changes in the environment. In Section 4.6.1, we consider the cases

where the model structure is partially known, and propose a change detection (CD)

framework for MARL. In Section 4.6.2, we apply the framework we propose to the

matching problem introduced in Section 4.1.2.2 for changing environment. We discuss

possible ways to go beyond partially known structure in the model by combining the

approximate state representations framework with the CD framework in Section 4.6.3.

4.6.1 Partially Known Structure

We consider changing environments setting where the models of the environments

are partially known, so that we can decompose the problem into an estimation prob-

lem and a control problem; the agents estimate the parameters in the first part, and

then adopt the optimal policy corresponding to the estimated parameters based on

the solution of the control problem. In particular, we assume all underlying environ-

ments conform to certain structure E = E(ξ), and when the environment changes, it

is the parameter ξ that changes. We first consider a simpler setting where the envi-

ronment changes from E1 = E(ξ1) to E2 = E(ξ2), where the two parameters ξ1 and

ξ2 are completely unknown. We propose a change detection (CD) framework, which

is an extension to the CD-RL framework of the single-agent case studied in [79], for

the agents to adapt to the change and minimize regret. Our framework conceptually

consists of three parts: (1) first it estimates the parameter ξ1 and adopts the corre-

sponding optimal policy, (2) it monitors the transition behavior and announces an

alert when an environment change is believed to have occurred, (3) it adapts to the

new environment by re-estimating the new parameter ξ2 and adopts the correspond-

ing optimal policy. To use the framework, there are three key assumptions that need

to be satisfied.

Assumption 4.33:

(a) Once entering a mode (characterized by an environmental parameter), the en-
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vironment will stay in the mode for at least W time steps. Since now we only
consider E1 changes to E2, this implies the environment will stay in E1 for at
least W steps.

(b) The gap between the two different parameters is larger than a fixed positive
number ∆ = ‖ξ1 − ξ2|/3 > 0.

(c) An unbiased estimate of the environmental parameter is available from the AOH
of the coordinator’s view H0

t at any time t, i.e. there exists ξ̂(H0
t ) such that

E[ξ̂(H0
t )] = ξt, where ξt is the true environmental parameter at time t (here ξt is

either ξ1 or ξ2).

Denote ξ̄(t) , 1
t

∑t
τ=1 ξ̂τ as the average of first t samples of ξ̂. Note that from

Assumption 4.33 (a) and (c), ξ̄(W ) is an unbiased estimate of ξ1. Moreover, denote

ξ̄(t1, t2) , 1
t2−t1

∑t2
τ=t1+1 ξ̂τ as the average of the samples of ξ̂ from t1 + 1 to t2. Now

we formally introduce the CD-MARL framework in Algorithm 4.8.

Algorithm 4.8 CD-MARL Framework

input: horizon T , window length W , threshold θ, optimal policy g∗(·)
for t = 1, . . . ,W do

Collect ξ̂t, then compute ξ̄(t) and adopt g∗(ξ̄(t))

for t = W + 1, . . . , T do

Collect ξ̂t, then compute ξ̄(t) and adopt g∗(ξ̄(t))
if ‖ξ̄(t)− ξ̄(W )‖ > θ then

Assign switching time τ → t
break

for t = τ + 1, . . . , T do

Collect ξ̂t, then compute ξ̄(τ, t) and adopt g∗(ξ̄(τ, t))

The algorithm can be trivially extended to the case of multiple environment

changes (instead of only two). Intuitively, the average ξ̄(t) will perform a random

walk around ξ1 until the switch, when it will start to have mean drifts toward ξ2.

Hence, when ξ̄(t) falls outside the θ-ball centered at ξ̄(W ) where θ is the given thresh-

old, the framework alerts a change, and the agents have to re-estimate the parameter

of the new environment.
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4.6.2 Application to the Matching Problem

The matching problem (Section 4.1.2.2) is in line with the setting of having a

known model structure while a few parameters within may be unknown. In particular,

it is characterized by the transition parameter ε and the observation parameter β,

which the agents may not know in advance13. Here, we can treat the optimal policy

under ε and β as a black box g∗(ε, β); the detailed analysis is deferred to Section 5.6.

We consider the simple case that only the parameter ε changes. Now that it is un-

derstood that we consider the environment changes from E1 = (ε1, β) to E2 = (ε2, β),

we examine how Assumption 4.33 is satisfied in our setting. For Assumption 4.33

(a), we simply assume it is the case that the environment will stay in E1 for W steps.

Assumption 4.33 (b) is not a big issue either since it only requires ε1 6= ε2; the gap

parameter ∆ is related to how the threshold θ should be selected, which will not be

discussed here. The crucial assumption is Assumption 4.33 (c). Indeed, as analyzed in

Section 5.6, St becomes common information at time t+1, while S̄t becomes common

information at time t (since it is computed from St−1 and Yt). Define

ε̄t(St, S̄t) =

 1, if St = −S̄t,

0, if St = S̄t.
(4.38)

From Section 5.6, we know that ε̄t(St, S̄t) is an unbiased estimate of εt. Technically,

this unbiased estimate requires H0
t+1. However, we can view this as a one-step delay

from the framework, and the framework can still be applied completely in the problem.

Note that the reason we assume β is fixed is because an unbiased estimate of βt is

unavailable from the AOH H0
t , so the framework does not apply.

We propose four methods and simulate them for performance comparison. Based

on whether β is known in advance, we divide them into two groups. In the case that

β is known, the Estimate and Adopt (EA) method computes the long-term average

ε̄(t) and directly adopts the optimal policy g∗(ε̄(t), β) based on this estimation; on

the other hand, the Change Detection Estimate and Adopt (CD-EA) method uses

13The agents may not know the cost parameter c at first as well, but they can learn its value
by letting A1 have a one-time try on the communication option then observing the reward value.
Hence, we will assume it is known.
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Figure 4.3: An illustration of the tracked ε average of the CD-EA algorithm being
used in the matching problem.

g∗(ε̄(t), β) at first, but alerts a change when ε̄(t) drifts far away enough from ε̄(W )

|ε̄(t)− ε̄(W )| > θ (4.39)

at t = τ (τ depending on the actual process), and uses g∗(ε̄(τ, t), β) thereafter. Note

that CD-EA is exactly Algorithm 4.8.

An illustration of how CD-EA works is given in Fig. 4.3 (resulted from real

simulation experiment described below). The blue circles are unbiased samples of ε,

which are either 1 or 0. In the first W = 50 time steps, the agents gather the sampled

ε’s, take their average ε̄(W ), set a θ range around the average, and keep track of the

average as new samples come in. The environment switch occurs at t = 200, and

the sampled ε’s begin to have a negative mean shift until around t = 260 when the

change is detected. The agents then discard all old samples and take the average of

only the samples that comes after t = 260, and adopt optimal policy based on new

averages.

In the case that β is unknown too, we consider the direct Two-stage Hierarchical

Bandit (2HB) method proposed in Section 5.3 without change detection, and change

detection working with Two-stage Hierarchical Bandit (CD-2HB) method. Specifi-

cally, in CD-2HB, the bandit algorithm is used to search the optimal policy while

the agents keep monitoring ε̄(t); once a change is detected, i.e. (4.39) is satisfied, the

CD-2HB will reset recorded rewards and counters for the bandits and start over.

Figure 4.4 shows how the four change detection algorithms perform in the match-

ing problem. The simulation setting is quite similar to the previous one. We have
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(a) A geometrically distributed switch
of environments.

(b) A switch of environments occurring
at t = 1000.

Figure 4.4: Instantaneous rewards of four advanced adaptive algorithms in the match-
ing problem with unknown ε’s.

E1 = (ε1, β) = (0.3, 0.7) and E2 = (ε2, β) = (0.8, 0.7), c = 0.7, and γ = 0.999. The

estimation window length is W = 50, and the allowed fluctuating range is θ = 0.1. In

Figure 4.4 (a), the underlying environment starts with E1, but in each time step there

is a chance of p = 0.001 that it will switch to E2; in Figure 4.4 (b), the environment

starts with E1 and switch to E2 exactly at t = 1000. The final results are averaged

through 1000 Monte-Carlo trials. The optimal value of E1 is 0.86, and that of E2 is

0.79.

In Figure 4.4 (a), the EA methods outperform the 2HB methods, since they exploit

the structure of the model and optimal policy so the only task is to estimate the

parameter ε, while the 2HB methods assume no prior knowledge. The CD-EA method

further outperforms the EA method, because it discards ε samples from E1 after the

change which allows it to quickly adapt to E2 while EA does not. The CD-2HB

method is hardly better than the 2HB method, since bandit methods are intrinsically

soft, which means they keep exploring. Whether or not a change is detected and the

algorithm is reset to start over, they spend a portion of steps exploring. On one hand,

they are adaptive even without change detection mechanism; on the other hand, they

only converge to optimal policy as time goes to infinity.

In order to gain more insight, we let the switch occur at exactly t = 1000 and

simulate their instantaneous rewards, which is plotted in Figure 4.4 (b). Before the

switch, the EA methods, knowing the structure, are operating the optimal policy as

expected, while the 2HB methods quickly pick up. The CD-EA method detects the

switch around t = 1100∼1400, and approaches optimum around t = 1500. The EA
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method does not discard old samples, so while the averages are shifting negatively

towards the true ε2, they correspond to a suboptimal policy until around t = 2500

when the averages are finally close enough to ε2 so that agent adopt the optimal policy

of E2.

Right after the switch, the 2HB methods are actually better than the EA methods

due to the “softness” of bandit algorithms. They are surpassed by both EA methods

near the end as EA methods exploit the additional knowledge; however, they will

converge to optimum too as time grows. Around t = 1100∼1400, CD-2HB detects

the switch and completely re-explores, causing lower instantaneous rewards than 2HB

in the period; but the re-exploration starts to pay off around t = 2000 when CD-2HB

marginally outperforms 2HB.

4.6.3 Completely Unknown Structure

Going beyond partially known model structure to completely unknown models,

our proposed approximate state representation framework for MARL can come into

play. The framework provides a natural way to monitor the environment, as the

conditions define “how well the representations encapsulate the histories” by their

abilities to predict instantaneous reward and future observations. If at some time, the

agents find their predictions have become worse than usual, it is a good indication

that the environment might have changed. Specifically, the differences between the

predicted instantaneous reward R̂t (by the state representation DL models) and the

corresponding ground truth Rt, and the predicted future observations Ô0:N
t+1 and the

corresponding ground truth O0:N
t+1 , provide good estimations of the error parameters

(εc, δc, εp, δp) we want to minimize. As the representation models capture the environ-

ment, the parameters (or at least their averages within a window) should stay steady

and low. Once they change by more than some threshold, the agents may alert an

environmental change and start to re-learn the state representations and policies, just

as in Algorithm 4.8.

In our approximate state conditions (Definition 4.25 and Definition 4.19), however,

full ASPS tuple ẑ1:N
t is required to predict instantaneous reward and future observa-

tions. In the decentralized execution stage, this is not possible, while we do wish the

agents to be able to detect environmental change at this stage. This goes back to the
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open question discussions in Section 4.5.2. The agents either need to communicate

their information, or one has to find similar conditions that only require ẑnt for agent

n’s predictions. In the latter case, the agents may declare an environmental change

only when a majority of the agents believe that is the case – the change alert signals

would require least amount of communication in comparison to other schemes.

4.7 Conclusion and Future Directions

In this chapter, we developed a general approximate state representation frame-

work for MARL problems and characterized the episodic optimality gap in terms of

the approximation errors. We first re-established the result of [117] that confines

to SPS-based prescriptions from a DP perspective, and proposed the notion of SCS

that incorporates the existing results in decentralized control that based on the CI

approach, including [88], [117], and the no compression scheme. Inspired by the AIS

framework proposed in [112], we extended the state representation framework for

the Dec-POMDP setting to its approximate correspondent, where we bounded the

episodic optimality gap by a linear growth for common state error, and a quadratic

growth for private state error, in terms of number of remaining steps. Such result can

be seen as a generalization of the result in [112] to the multi-agent cases. Finally, we

proposed a CD framework for MARL problems and discussed possible ways to com-

bine it with the approximate state representation framework when the environment

is non-stationary.

The approximate state representation framework opens up innumerable future

directions. The most direct one that is not carried out in this thesis is to design

practical DL algorithms whose structures are based on the framework. This is by no

means trivial, as even with ASPS now being in a fixed space, the space of its prescrip-

tions is still huge and grows exponentially in N . Another notable direction is to go

beyond the centralized learning scheme, which may involve investigating new private

state representation conditions that only require individual private information, or de-

signing efficient communication scheme between the agents to maintain consistency.

Yet another direction is to combine the ASCS with individual agent’s ASPS to only

one state for the agent and characterize the optimality gap; such an idea is already
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proposed in [117], but without any approximations with performance guarantee that

could guide practical implementations. Other directions which include DL implemen-

tation details, simplifications that cater to specific information structures, concise and

possibly lossy representation of prescriptions, generalizations beyond team problems

to game scenarios, etc. necessitate more research in this promising field.
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CHAPTER V

General Common and Private Approximate State

Representations in Multi-Agent Reinforcement

Learning

5.1 Introduction

Multi-agent reinforcement learning (MARL) has received great attention due to

its wide variety of applications and the tremendous advances in single-agent RL tech-

niques [58]. In a multi-agent environment, each agent has different observations and

may have different sets of information. This is referred to as the information asym-

metry property [30]. One straightforward method used with information asymmetry

is to let every agent concurrently learn based on its own information using single-

agent algorithms. However, this creates the non-stationarity issue since the effec-

tive environment observed by each agent is time-varying, which sometimes causes

non-convergence of the learning algorithms. Another line of solutions is to enforce

coordination among agents, essentially transforming a multi-agent system back to (or

making it more similar to) a single-agent one. One way to achieve this is through

communication [110, 135], which introduces extra costs that may be intolerable in

some cases. A more broadly applicable scheme is through the common information

(CI) approach [88, 30, 37]. The CI approach relies on a set of CI shared by all agents,

and all agents need to agree on a protocol that specifies the joint policy updates of all

agents upon receiving a certain piece of CI. With this protocol, an agent may be able

to infer the actions taken by other agents without observing them. However, while
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this approach conceptually solves the problem, it has several shortcomings that make

it hard to apply in practice: it has high computational complexity (since every agent

has to perform policy updates for all the other agents); and it requires all agents to

have very tight coordination (e.g., sharing randomization seeds in each round and

knowing all details in the algorithms of other agents), which may be infeasible if

synchronization among agents or agent privacy is an issue.

In this chapter, we address the aforementioned issues in a special but widely

applicable MARL setting. We consider MARL team problems with a particular

hierarchical information structure between agents under the settings of multi-agent

multi-armed bandits (MAMABs) and multi-agent Markov decision processes (MDPs).

In this structure, decisions are made sequentially, and a decision maker has all the

decisions from decision makers that act before it in the sequence. In the two-agent

case, one of the agents (the “leader”) chooses her action first, while the other agent

(the “follower”) chooses his action after observing the leader’s action. This setting

is similar to the Stackelberg game but with the players cooperating to achieve the

same objective. Such hierarchical information structure arises in many applications.

For example, in a cognitive radio (CR) wireless network, the primary user (PU)

first decides its resource allocation scheme; then based on this scheme the secondary

user (SU) chooses its own resource allocation scheme that minimally interferes with

the PU’s transmission [93]. While this problem can also be solved using the CI

approach or other MAMAB algorithms [61, 30], as discussed earlier, they are intensive

either in computation or in communication. In this work, we exploit the hierarchical

information structure, and propose simpler and more efficient MARL algorithms that

require neither communication nor explicit coordination, while achieving near-optimal

regret bounds. Such algorithms could be much easier to deploy in practice.

In more detail, we first consider the two-agent bandit setting, where both agents

observe the same reward determined by their joint action, but only the follower ob-

serves the leader’s action but not vice versa. For this setting, we propose a de-

centralized algorithm that achieves a near-optimal gap-independent regret bound of

Õ(
√
ABT )1 and a gap-dependent bound of O(log(T )), where A and B are the num-

bers of actions of the leader and the follower, respectively, and T is the number of

1We use Õ(·) to hide poly-logarithmic factors.
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time-steps. In our method, both agents perform Upper Confidence Bound (UCB)-

based algorithms [5], with a modified bonus term in the leader’s algorithm that is

related to the follower’s regret bound. Without explicit coordination, the agents per-

form joint exploration over the action space and learn with low regret. We further

extend our idea to two more complicated settings. The first is the case of multiple

agents simultaneously deciding their actions in each of the two stages. The other is

the case with a deep hierarchy, where more than two agents make decisions sequen-

tially based on the decisions made by prior agents, and all agents observe the same

reward. In both extensions, our algorithms also achieve near-optimal regret bounds.

Next, we generalize the above idea to the two-agent MDP setting. In this setting,

the state evolution and reward observable by both agents are sampled from distribu-

tions depending on the current state and the joint action of the agents; as before, the

follower observes the leader’s action but not vice versa. Similar to the bandit case,

we propose a decentralized learning method that enables the agents to perform joint

exploration without communication or explicit coordination. Our algorithm is based

on an intriguing combination of two exploration strategies developed for single-agent

reinforcement learning: UCB-H [57] and UCBVI [7]. By letting the leader execute a

UCB-H-styled algorithm and the follower use a UCBVI-styled one, the agents jointly

achieve a regret upper bound of Õ(
√
H7S2ABT ) (H is the horizon length, and T is

the number of episodes), while the regret lower bound is Ω(
√
H2SABT ), inherited

from the single-agent MDP setting [7]. Tightening our bound without sacrificing the

benefit of decentralized learning is left as an open question.

The rest of the chapter is organized as follows. The related work is reviewed in

Section 5.1.1. We describe the hierarchical bandit and the hierarchical MDP settings

in Section 5.2. The two-stage UCB algorithm for the hierarchical bandit is presented

in Section 5.3 where we show its regret is near-optimal, with two extensions given

in Section 5.4. Then we develop an algorithm based on UCB-H and UCBVI for

the hierarchical MDP with near-optimal regret in Section 5.5. In Section 5.6, we

derive an optimal policy for the matching problem (introduced in Section 4.1.2.2),

and demonstrate the application of the two-stage UCB algorithm to the problem in

the MARL context, i.e. when the model is unknown. The conclusion is drawn in

Section 5.7.
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5.1.1 Related Work

Algorithms for various MAMAB settings have gained increasing interest recently,

but there is only a limited literature that investigates the effects and challenges caused

by information asymmetry in the setting where agents jointly interact with the envi-

ronment as is common in MARL applications, with the corresponding MDP setting

receiving even less attention. The authors of [30] study the MAMAB setting where

the reward is determined by the joint action with three types of information asym-

metry: unobserved actions and common rewards, observed actions and independent

rewards, and unobserved actions and independent rewards; the first two settings can

be solved by the notion of the CI approach2, while in the last setting they propose an

“explore then commit” type algorithm that achieves an O (log(T )) regret. The paper

[9] considers sample-efficient learning in bandit games and bandit-RL games. Their

bandit game corresponds to our hierarchical bandits, but under a general reward

setup (i.e., in their setting, the rewards of the two agents have different means, unlike

the common-reward setting we consider here). They consider centralized and offline

learning assuming access to a sample generator, while we consider decentralized and

online learning through interactions with the environment. While their results imply

a worst case information-theoretic gap to the Stackelberg game value that cannot be

closed, it is not the case in our team problem. On the other hand, our hierarchical

MDP has a more general transition structure than their bandit-RL game (in their

setting, only the follower is involved in an MDP). The authors in [3] study meta-

learning over bandit algorithms, which exhibits a similar mathematical structure to

our hierarchical bandit problem, though from a very different perspective. With the

follower using any algorithm that achieves sub-linear regret, our hierarchical bandit

algorithm can be used as an algorithm for their setting [62], and our gap-dependent

bound improves their O(log2(T )) bound by a factor of log(T ), resolving their question

on the tightness of their result.

Most papers on MAMAB consider a set of agents pulling the same set of arms

simultaneously, and in most of them the agents coordinate through real-time commu-

nications to collaboratively find the optimal policy, with a few exceptions [19, 18, 27].

2Their mUCB algorithm for the first setting is equivalently the CI approach in combination with
the UCB1 algorithm.
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In the former, the communication resource is either costly [81], limited by budget

[67, 123, 108, 31], or constrained through communication networks [68, 110], so the

main focus is on designing communication efficient schemes that achieve the same

performance as if there were no information asymmetry. In another related thread,

referred to as the matching bandits problem, agents choosing the same arm collide

and obtain zero rewards [61, 19, 18]; here and in a few other works [110], different

agents get different distribution of rewards from the same arm, while in other refer-

enced work they get independent and identically distributed samples from the same

arm.

Regret minimization in MARL is in general challenging due to the fact that every

agent faces a non-stationary environment. It has been shown in [1, 103, 120] that for

single-agent non-stationary MDP problems, to have a sub-linear-in-T regret bound

against the best policy is both computationally and statistically hard. Therefore,

to establish meaningful guarantees in MARL while keeping the algorithm efficient,

special properties of the problem have to be considered. The paper [103] considers the

same two-agent collaborative setting as ours, but requires that the agents exchange

their policies after each episode. The authors of [120] study another two-agent setting

where each agent is agnostic about the actions of the other; however, their algorithm

is conservative (with the goal of guarding against an adversarial opponent) and does

not exploit the cooperative setting of our problem. The authors of [72] study multi-

agent Markov potential games (more general than the team problem) and establishes

finite convergence bounds; however, their algorithm does not handle the state-space

exploration issue (which is a key element in our work) so their regret bound has an

extra problem-dependent factor; besides, only convergence to local Nash Equilibria

is shown, and there is no guarantee about attaining global optima (social welfare

maximization in the game setting).

5.2 Preliminaries

In this section, we describe the settings of two-agent hierarchical bandit and hierar-

chical MDP, with the corresponding optimal regret benchmarks that can be attained

by the CI approach. For an integer n, we define n+ = max{n, 1}.
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5.2.1 Two-agent Hierarchical Bandits

Consider a two-agent MAB where the rewards are decided by the joint action

of the two agents U1 (leader) and U2 (follower). Let K and L be the numbers of

actions (which are arms in the context) of U1 and U2, respectively, and T be the

number of time steps. Without loss of generality, we assume that K,L ≤ T . Under

the hierarchical information structure, in round t ∈ [T ], U1 first chooses an action

kt ∈ [K]; after observing U1’s action kt, U2 then chooses another action lt ∈ [L].

However, U1 cannot observe U2’s action lt. These two actions jointly generate a

noisy reward Rt(kt, lt) ∈ [0, 1] with expectation µkt,lt , and both agents observe3 Rt.

The detailed problem setting is given in Protocol 5.1, which we call the “two-stage

hierarchical bandit” (2HB) problem.

Protocol 5.1 Two-stage Hierarchical Bandit

input: K (#actions of U1), L (#actions of U2), {µk,l}k∈[K],l∈[L] (unknown to the
agents).
for t = 1, . . . , T do

U1 chooses kt ∈ [K].
After receiving kt, U2 chooses lt ∈ [L].
U1 and U2 receive the reward Rt(kt, lt) sampled from a distribution with mean
µkt,lt .

In particular, U2 knows U1’s choice of kt, but U1 does not know U2’s choice of lt. If

U1 knew lt as well, this would be equivalent to the usual stochastic MAB problem

with KL arms where the decision-making is centralized as we described above.

For ease of presentation, we assume without loss of generality that the best action

of U2 given any choice of U1 is indexed by 1, i.e., µk,1 ≥ µk,l for all k, l; similarly, the

best action of U1 is indexed by 1, i.e., µ1,1 ≥ µk,1 for all k. Then the (common) goal

of the agents is to minimize the pseudo-regret defined as follows:

Reg(T ) =
T∑
t=1

(µ1,1 − µkt,lt).

3Our analysis can straightforwardly handle a more general case where U1 and U2 receive different
(independent) noisy copies of the reward with the same mean. For simplicity, we assume that they
receive the same copy.
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5.2.2 Two-agent Hierarchical MDPs

Consider a two-agent H-step finite-horizon MDP where the rewards and state

transitions depend on the joint action of the two agents U1 and U2, with the process

run over T episodes. This generalizes the previous two-agent bandit setting. The state

space is S, with a number of S = |S| states. In each state, U1 and U2 choose actions

from [A] and [B], respectively. We assume that S,A,B,H are all upper bounded

by T . Every episode t starts with an initial state st,1 ∈ S. In the h-th step of the

t-th episode, the agents first observe st,h ∈ S. Under the hierarchical information

structure, U1 chooses an action at,h ∈ [A], followed by U2 choosing another action

bt,h ∈ [B] upon seeing at,h. After the actions are chosen, both agents receive a reward

rt,h ∈ [0, 1] with E[rt,h] = R(st,h, at,h, bt,h), and then the state transitions to the next

state st,h+1 ∼ P (·|st,h, at,h, bt,h). The episode ends right after the state transitions

to st,H+1. In the RL setting we consider, rewards are commonly observed by both

agents, but they do not know the reward function R or the transition probability P .

The detailed problem setting is given in Protocol 5.2.

Protocol 5.2 Two-stage Hierarchical MDP

input: (S,A× B, P, R,H) (episodic MDP, A× B is the joint action space).
for t = 1, . . . , T do

Initial state st,1 is arbitrarily given.
for h = 1, . . . , H do

Both agents observes the state st,h.
U1 chooses at,h; after receiving at,h, U2 chooses bt,h.
Both agents receive the reward rt,h = R(st,h, at,h, bt,h).
The state transits based on st,h+1 ∼ P (·|st,h, at,h, bt,h).

Note that the transition kernel and reward function are assumed to be time-invariant.

An H-step policy for U1 can be represented as π1 = {π1
1, . . . , π

1
H}, where π1

h : S →
[A] specifies the choice of her action on each state when she is at step h; a policy for

U2 can be represented as π2 = {π2
1, . . . , π

2
H}, where π2

h : S × [A] → [B] specifies the

choice of his action on each state and under each possible choice of U1, when he is at

step h. We define the state value function at step h under a policy pair (π1, π2) as

V π1,π2

h (s) = E

[
H∑
k=h

R(sk, ak, bk)

∣∣∣∣ sh = s, ak = π1
k(sk), bk = π2

k(sk, ak), sk+1 ∼ P (·|sk, ak, bk),∀k ≥ h

]
.
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with V π1,π2

H+1 (·) , 0. Also, we define the state-action value function as

Qπ1,π2

h (s, a, b) = R(s, a, b) + E

[
V π1,π2

h+1 (sh+1)

∣∣∣∣sh+1 ∼ P (·|s, a, b)

]
.

The optimal value functions are then given by V∗,h(s) = maxπ1,π2 V π1,π2

h (s) and

Q∗,h(s, a, b) = maxπ1,π2 Qπ1,π2

h (s, a, b). By dynamic programming, we have the fol-

lowing for all h, s, a, b:

V∗,h(s) = max
a,b

Q∗,h(s, a, b) and Q∗,h(s, a, b) = R(s, a, b) + Es′∼P (·|s,a,b) [V∗,h+1(s′)] ,

with V∗,H+1(·) , 0. We further define Q∗,h(s, a) = maxbQ∗,h(s, a, b). With this

notation, we can write the regret of the agents as

Reg(T ) =
T∑
t=1

(
V∗,1(st,1)− V π1

t ,π
2
t

1 (st,1)
)
.

5.2.3 Regret Benchmarks

In two-agent cases, there are three obvious types of information structure in terms

of action information asymmetry : the complete information setting, the no informa-

tion setting, and the hierarchical setting considered in this paper.

• Sequential decision making: U1 first chooses at ∈ [A] (or kt ∈ [K] for the bandit

setting); after observing at, U2 then chooses bt ∈ [B] (or lt ∈ [L] for the bandit

setting, same for the rest of this subsection). This is the hierarchical information

structure considered in this paper.

• Simultaneous decision making: U1 and U2 choose at ∈ [A] and bt ∈ [B] simul-

taneously, respectively. Depending on their respective feedback afterwards, the

setting can be further divided as follows:

– Complete information sharing: both agents observe (at, bt) directly after

they make their choices.

– No information sharing: both agents do not observe (at, bt). This setting

is considered in [30].
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Note that in the setting of sequential decision making, U1 also does not observe bt.

Otherwise, it will be identical to the setting of complete information sharing in the

learning context since after the time-step ends both agents will know (at, bt). Using

the CI approach, one may achieve the lower regret bounds of Õ(
√
KLT ) for the

bandit setting and Õ(
√
H2SABT ) for the MDP setting, with higher complexity and

stronger assumptions, which we now explain.

In the complete information sharing setting, it is evident that the agents may treat

the joint action space [A]× [B] as the new action space and learns as if a single agent

(the fictitious coordinator) is learning the policy of choosing the joint actions. The

learning is centralized as there is no information asymmetry and the non-stationarity

issue will not happen. Interestingly, the same approach can be carried through in

the other two information structures as well. Suppose U1 learns with algorithm ALG1

(which should also include any possible tie-breaking rule) and randomization seed R1,

and U2 learns with ALG2 and randomization seed R2. Suppose both agents have the

information of (ALG1,R1,ALG2,R2). In step 1, U2 can generate a1 from (ALG1,R1),

and U1 can generate b1, so that (a1, b1) becomes CI. Going forward, in step t, since

It−1 = (a1:t−1, b1:t−1, r1:t−1) (where a1:t−1 = (a1, . . . , at−1), etc.) is CI, U2 can repro-

duce at from ALG1(It−1,R
1), and U1 can reproduce bt from ALG2(It−1,R

2), so that

(at, bt) is again CI. We can see that with this approach there will be no information

asymmetry. Clearly, if U1 and U2 treat [A]× [B] from the coordinator’s perspective

and adopt the same single-agent algorithm ALG1 = ALG2 with near-optimal regret

guarantee and the same randomization device R1 = R2, the problem is equivalent to

learning in the standard single-agent AB-armed bandit or standard single-agent MDP

with action space being [A] × [B]. Using the state of the art algorithms, i.e., UCB1

[5] for the bandit setting, and UCBVI algorithm (with a Bernstein bonus design) [7]

(model-based) or the UCB-Advantage algorithm [137] (model-free), one may achieve

the lower regret bounds of Õ(
√
KLT ) for the bandit setting and Õ(

√
H2SABT ) for

the MDP setting.

Both agents knowing (ALG1,R1,ALG2,R2) and being able to reproduce each other’s

computation is a strong assumption. In the case of hierarchical information structure,

simpler and more efficient alternatives presented in this chapter are possible.
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5.3 Learning Hierarchical Bandits

Since U1 does not observe U2’s actions, it is unclear how U1 can utilize or interpret

the samples she receives. For example, if U1 receives a low reward, one possibility is

that U1 has chosen a bad action, so whatever action U2 chooses, the reward is going

to be low; but it is also possible that the action chosen by U1 is actually good (i.e.,

the reward would be high if U2 chose a good subsequent action), but U2 has chosen

a bad subsequent action. If the identity of U2’s action is not revealed, in general, U1

cannot distinguish between these two cases.

In Algorithm 5.3 below, we propose a modified UCB algorithm [2, 5] for the 2HB

problem, and show that it achieves near-optimal regret bounds similar to those of

UCB for both gap-independent and gap-dependent cases. At time t, define

µ̂1
t (k) ,

1

n1
t (k)

t−1∑
s=1

Rs(ks, ls)I{ks = k} (5.1)

to be the empirical mean of the k-th arm in the first level based on it being played

n1
t (k) ,

∑t−1
s=1 I{ks = k} times until t− 1, and define

µ̂2
t (k, l) ,

1

n2
t (k, s)

t−1∑
s=1

Rs(ks, ls)I{ks = k, ls = l} (5.2)

to be the empirical mean of the (k, l)-th arm based on it being played n2
t (k, l) ,∑t−1

s=1 I{ks = k, ls = l} times up until t− 1.

Algorithm 5.3 Two-stage UCB

input: K (#actions of U1), L (#actions of U2).
for t = 1, . . . , KL do

U1 and U2 play each combination of arms (k, l) once, where k ∈ [K] and l ∈ [L].

for t = KL+ 1, . . . , T do

U1 chooses kt = arg max
k∈[K]

µ̂1
t (k) + 11

√
L log(LT/δ)

n1
t (k)

.

U2 chooses lt = arg max
l∈[L]

µ̂2
t (kt, l) + 2

√
log(LT/δ)

n2
t (kt,l)

after receiving kt.

The algorithm ensures that the agents converge to playing optimal actions while

keeping U1 agnostic to U2’s actions during the whole process. The key observation is
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that when U2 is a no-regret learning agent (i.e., it learns with sub-linear-in-T regret),

his choices of action under a given action of U1 will converge to the best one, hence

avoiding the second possibility mentioned above in the long run.

Despite both agents learning simultaneously in Algorithm 5.3, U1 explores arms

more via a higher UCB so that U2 can discover the best arm conditioned on U1’s

arm being fixed. This allows us to achieve close-to-optimal regret as summarized in

the theorems below. Before presenting one of the main results – the gap-independent

regret bound for Algorithm 5.3 – we first state a lemma that is key to the proof and

gives intuition of the design of the algorithm in the beginning.

Lemma 5.1: For any t ∈ [T ] \ [KL], k ∈ [K], with probability at least 1− 2δ,

t∑
s=1

I{ks = k} (µk,1 −Rs(k, ls)) ≤ 11
√
Ln1

t (k) log(Ln1
t (k)/δ) ≤ 11

√
Ln1

t (k) log(LT/δ).

(5.3)

Proof: By the standard K-armed UCB regret bound given in Appendix D.1 for the

second layer when the k-th arm is selected in the first layer. �

Lemma 5.1 can be thought of as the “regret of lower (second) layer” given the up-

per (first) layer chooses certain arm k. Note that dividing both sides of the inequality

in (5.3) by n1
t (k) gives the following inequality

µk,1 ≤
∑t−1

s=1 Rs(ks, ls)I{ks = k}
n1
t (k)

+ 11

√
L log(LT/δ)

n1
t (k)

= µ̂1
t (k) + 11

√
L log(LT/δ)

n1
t (k)

(5.4)

holds with probability at least 1 − 2δ. This inequality says for any upper layer arm

k, the actual (mean) value even if the lower layer is playing optimally, will still be

not larger than U1’s optimistic value (which is the sum of empirical value and the

bonus term) of the arm with high probability. The actual value of the best arm,

µ1,1, will then be not larger than U1’s optimistic value of the arm it actually selects

with high probability, since it always chooses the arm with the maximal optimistic

value. Having bounded µ1,1 by what U1 actually chooses in the execution of the

algorithm, the remaining terms can be bounded by concentration inequalities. The

inequality (5.4) is the reason why we use the 11
√

L log(LT/δ)

n1
t (k)

bonus term for U1 in
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Algorithm 5.3; the bonus term for U2 directly follows from standard UCB. We now

give the gap-independent regret bound in the following theorem.

Theorem 5.2: For the 2HB problem given in Protocol 5.1, with probability of at
least 1− δ, Algorithm 5.3 achieves the regret bound of

Reg(T ) ≤ O
(√

KLT log(LT/δ)
)
. (5.5)

Proof: See Appendix D.2. �

We remark that the bound in (5.5) is slightly smaller than coordinator’s KL-

armed UCB previously described by a factor of
√

log(K); this reduction follows from

the feature of sequential decision making in the hierarchical information structure.

However, the constant term when we remove the big-O notation (which is 74 in this

case, see Lemma 5.5) is larger than that of standard UCB (which is 11). This is what

the information asymmetry introduces, as without the knowledge of U2’s actions, U1

only tries to learn slower in the slow time-scale and gives U2 more time to explore

and find the optimal arms for the lower layer first by using a larger bonus term.

Note that the difference is trivial since we consider the setting of T � K,L, so that

log(KLT )/ log(LT ) ≈ 1. Hence, with this fact, all the log(KL) terms can be removed

under the big-O notation.

Another benefit of performing hierarchical UCB is that now U1 still performs

the K-armed UCB (only with a different bonus term), in contrast to the scenario of

coordinator’s KL-armed UCB where both agents have to perform KL-armed UCB.

The memory storage and computational complexity requirements for U1 are then

reduced. This benefit becomes prominent when U1 resource-limited node in the

system, and when the depth of the hierarchical becomes larger (see Section 5.4).

In the following, we present the result of gap-dependent regret bound; we again

start by giving a key lemma characterizing the lower layer regret similar to Lemma 5.1.

Lemma 5.3: Let k 6= 1 be a sub-optimal arm of U1. Then with probability at least
1− 2δ,

T∑
t=1

I{kt = k} ≤ O

(
L log(LT/δ)

(µ1,1 − µk,1)2

)
.

Proof: See Appendix D.2. �
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Theorem 5.4: For the 2HB problem given in Protocol 5.1, with probability of at
least 1− δ, Algorithm 5.3 achieves the regret bound of

Reg(T ) ≤ L
∑

k∈[K]\{1}

O

(
log(LT/δ)

µ1,1 − µk,1

)
+
∑
k∈[K]

∑
l∈[L]\{1}

O

(
log(LT/δ)

µk,1 − µk,l

)
. (5.6)

Proof: See Appendix D.2. �

5.4 Wider and Deeper Hierarchical Bandits

In this section, we generalize the hierarchical bandit problem to be wider and

larger. Specifically, in Section 5.4.1, we consider there are multiple agents in the

same layer so that the width of the bandit problem is increased; in Section 5.4.2, we

consider there are multiple layers instead of only two in the problem so that the depth

of the bandit problem is increased.

5.4.1 Wider Hierarchical Bandits

We extend the 2HB problem to the scenario where there are multiple agents

simultaneously decide their actions in each of the two stages. For notation simplicity

we assume the numbers of agents in the two stages are the same W , the width of the

problem. The agents indexed by w ∈ [W ] in the upper layer choose their actions kwt

simultaneously; and after receiving the action tuple from the upper layer, the agents

in the lower layer again indexed by w ∈ [W ] choose their actions lwt simultaneously.

The problem setting is given below.

Protocol 5.4 Two-stage Wide Hierarchical Bandit

input: K = K1 × · · · ×KW (#actions of Group 1), L = L1 × · · · ×LW (#actions of
Group 2), {µk,l}k∈[K],l∈[L] (unknown to the agents).
for t = 1, . . . , T do

All agents w ∈ [W ] in group 1 choose kwt ∈ [Kw] simultaneously.
All agents w ∈ [W ] in group 2 receive kt = (k1

t , . . . , k
W
t ) and choose lwt ∈ [Lw]

simultaneously.
Action tuple formed by group 2 lt = (l1t , . . . , l

W
t ) is not seen by group 1.

All agents receive the reward Rt(kt, lt), which is sampled from Ber(µkt,lt).

In the problem, there are two smaller groups, i.e. group 1 consisting of the agents
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in the upper layer, and group 2 consisting of the agents in the lower layer. There is

no information asymmetry within each group. Hence, this corresponds to the first

special case we discussed in Section 5.3, where the equivalent virtual coordinator

has the complete information and chooses tuples of actions as its equivalent actions.

Treating the coordinator of group 1 as U1 with kt = (k1
t , . . . , k

W
t ) ∈ [K] as its form

of actions, and the coordinator of group 2 as U2 with lt = (l1t , . . . , l
W
t ) ∈ [L] as its

form of actions in the 2HB problem, we can again solve it with the two-stage UCB

in Algorithm 5.3, leading to a (gap-independent) regret of

O
(√

KLT log(LT/δ)
)

= O
(√

K1 × · · · ×KWL1 × · · · × LWT log(L1 × · · · × LWT/δ)
)
.

Consider a simple case where K1 = · · · = KW = K̄ and L1 = · · · = LW = L̄, that

is, assuming the number of actions are the same for all agents within each group.

Then the regret bound can be simplified to O
(√

K̄W L̄WT log(L̄WT/δ)
)

. We can see

that the regret grows exponentially in the width W . While the exponential growth

is definitely unfavorable, it is also inevitable due to the complex setting – an “arm”

is one complete action tuple in this setting, and without any further assumption or

constraint made for {µk,l}k∈[K],l∈[L], the number of arms just grows exponentially in

W , and the agents have to explore all of them to find the optimal one.

5.4.2 Deeper Hierarchical Bandits

In this subsection, we generalize the 2HB problem in another direction. We con-

sider there are D layers of the problem with the hierarchical information structure,

that is, upper layers will decide first, and their choices will be seen by lower layers.

For notation simplicity we assume the number of actions K is the same for each layer,

and each layer only contains one agent. The problem setup is given in Protocol 5.5.

An algorithm similar to the idea of Algorithm 5.3 can be designed to solve the

multi-stage hierarchical bandit problem near-optimally. At time t and layer d, agent

d maintains the number of times it has visited an arm k1:d = (k1, . . . , kd) ∈ [K]d

ndt (k
1:d) =

t−1∑
s=1

I{k1:d
s = k1:d} (5.7)
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Protocol 5.5 Multi-stage Hierarchical Bandit

input: K (#actions of each agent), D (#layers), {µk}k∈[K]D (unknown to the agents).
for t = 1, . . . , T do

Agent 1 chooses k1
t ∈ [K].

for d = 2, . . . , D do
After receiving (k1

t , . . . , k
d−1
t ), agent d chooses kdt ∈ [K].

Based on the joint action kt := (k1
t , . . . , k

D
t ), all agents receive the reward Rt(kt),

which is sampled from Ber(µkt).

and the empirical mean of the same arm

µ̂dt (k
1:d) =

1

ndt (k
1:d)

t−1∑
s=1

Rs(k
1:D
s )I{k1:d

s = k1:d}. (5.8)

The bonus term of agent d for the arm k1:d is
√

KD−d log(KDT/δ)

ndt (k1:d)
, which is again the

regret from its direct subordinate layer d+ 1 divided by ndt (k
1:d). Just as Section 5.3,

such a design is to ensure that agent d’s optimistic value is not smaller than the

value of the optimal arm (with high probability). The multi-stage UCB algorithm we

propose to solve the multi-stage hierarchical bandit problem is given in Algorithm 5.6.

Algorithm 5.6 Multi-stage UCB

input: K (#actions of each agent), D (#layers).
for t = 1, . . . , KD do

Agents play each combination of arms k = (k1, . . . , kD) once, where kd ∈ [K] for
all d ∈ [D].

for t = KD, . . . , T do
for d = 1, . . . , D do

Agent d chooses kdt = arg max
k∈[K]

µ̂dt (k
1
t , . . . , k

d−1
t , k)+Cd

√
KD−d log(KDT/δ)

ndt (k1
t ,...,k

d−1
t ,k)

, where

CD ≥ 2 and Cd ≥ 6Cd+1 + 8.

In the following, we present the near-optimal regret bounds the multi-stage UCB

algorithm achieves. Lemma 5.5 and Theorem 5.6 are the gap-independent results,

where Lemma 5.5 is a generalization (to cases of multiple stages) of Lemma 5.1 and

Theorem 5.6 is a generalization of Theorem 5.2. Lemma 5.7 and Theorem 5.8 are

the gap-dependent results, where Lemma 5.7 is a generalization of Lemma 5.3 and

Theorem 5.8 is a generalization of Theorem 5.4. In the bounds, the regret again grows

exponentially in the depth D; just as Section 5.4.1, this comes from the high model
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complexity and is unavoidable.

Lemma 5.5: For any t ∈ [T ] \ [KD], d ∈ [D − 1] ∪ {0}, k1:d = (k1, . . . , kd) ∈ [K]d,

t∑
s=KD+1

I{k1:d
s = k1:d}

[
µ(k1:d,1D−d) −Rs(ks)

]

≤

 Cd
√
KD−dndt (k

1:d) log(KDndt (k
1:d)/δ), when d > 0,

(6C1 + 8)
√
KDt log(KDt/δ), when d = 0,

≤

 Cd
√
KD−dndt (k

1:d) log(KDT/δ), when d > 0,

(6C1 + 8)
√
KDt log(KDT/δ), when d = 0.

(5.9)

Proof: See Appendix D.3. �

Theorem 5.6: For the multi-stage hierarchical bandit problem given in Protocol 5.5,
with probability of at least 1− δ, Algorithm 5.6 achieves the regret bound of

T∑
t=1

[µ1D −Rt(k
1
t , . . . , k

D
t )] ≤ O

(√
KDDT log(KT/δ)

)
. (5.10)

Proof: It is a special case of Lemma 5.5 with d = 0 and t = T . �

Lemma 5.7: For any d ∈ [D], let kd ∈ [K] be a sub-optimal arm of agent d given
that k1:d−1 is chosen by the first d− 1 agents, then with probability at least 1− 2δ,

T∑
t=1

I{k1:d
t = k1:d} ≤ 4(Cd + 2)2KD−d log(KDT/δ)[

µ(k1:d−1,1D−d+1) − µ(k1:d,1D−d)

]2 . (5.11)

Proof: See Appendix D.3. �

Theorem 5.8: For the multi-stage hierarchical bandit problem given in Protocol 5.5,
with probability of at least 1− δ, Algorithm 5.6 achieves the regret bound of

T∑
t=1

[µ1D −Rt(k
1
t , . . . , k

D
t )] ≤

D∑
d=1

∑
k1:d 6=1d

O

(
KD−dD log(KDT/δ)

µ(k1:d−1,1D−d+1) − µ(k1:d,1D−d)

)
. (5.12)

Proof: See Appendix D.3. �
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5.5 Hierarchical MDP

This setting is much more challenging than the hierarchical bandit setting. First,

notice that in this setting, both agents are facing non-stationary transition and reward

because of the dependence of these quantities on the policy of the other agent, which

varies with time. Obtaining regret bounds in such time-varying MDPs is in general

hard [1, 103, 120], except for problems with special structures or extra assumptions

[103, 120, 72] like our case here. Second, notice that in the bandit case, given any

choice of U1, U2 is essentially facing a stationary MAB problem, and thus we can

directly apply existing theorems for standard MAB; however, in the MDP case, the

world that U2 sees on a certain step is still affected by the non-stationarity of U1’s

policies in future steps. In this case, standard analysis for stationary MDPs cannot

be directly applied.

An initial idea to deal with this setting is to let both agents run existing UCB-

based algorithms (e.g., UCBVI [7], UCB-H [57]) with an increased bonus term for

U1 to compensate for the regret of U2, imitating our hierarchical bandit solution.

However, as we point out above, U2’s world is also affected by the policies of U1 in

future steps. Therefore, a natural solution is to do the following: besides letting U1

add extra bonus to compensate the regret of U2, we also let U2 add extra bonus

to compensate the regret of U1 in future steps. Unfortunately, for this hypothetical

algorithm, it is unclear to us how to obtain a regret bound that is polynomial in

the number of steps H. This is because by recursively adding extra bonus in each

layer, we end up with a factor of (AB)H/2 in the regret bound, similar to the “Deep

Hierarchy Case” discussed in Section 5.4.2 and Appendix D.3.

To address this issue, instead of trying to let U2 best respond to the non-stationary

world created by U1, we exploit the fact that U2 has full knowledge about the joint

action space, and let U2 find the best joint policy of U1 and U2. Then U2 will execute

his part of this joint policy even though U1 may not follow it. Although this brings

other issues (discussed later), it avoids the need of U2 to compensate for the regret

of U1 in later steps, and prevents the exponential blowup in the regret bound.

Our algorithm for hierarchical MDPs is presented in Algorithm 5.7. To avoid

cluttered notation, we drop the episode index t when presenting the algorithm.
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Algorithm 5.7 UCB-H/UCBVI for Hierarchical MDP

1 define: ατ = H+1
H+τ

, bns1
τ = c′

√
H3SB log(T/δ)

τ+ , bns2
τ = c

√
H2S log(T/δ)

τ+ where c, c′ ≥ 1 are

universal constants.

2 initialize: Q1
h(s, a), Q2

h(s, a, b)← H ∀h, s, a, b,
3 nh(s, a), nh(s, a, b), nh(s, a, b, s

′), θh(s, a, b)← 0 ∀h, s, a, b, s′.
4 for t = 1, . . . , T do

5 U1 and U2 observes s1.

6 for h = 1, . . . , H do

7 U1 chooses ah ∈ argmaxaQ
1
h(sh, a).

8 U2 observes ah.

9 U2 chooses bh ∈ argmaxbQ
2
h(sh, ah, b).

10 U1 and U2 observe rh and sh+1.

11 U1 updates counts of visits: nh(sh, ah)
+← 1. (“

+← 1” means to increase the

number by 1.)

12 U2 updates counts of visits: nh(sh, ah, bh)
+← 1, nh(sh, ah, bh, sh+1)

+← 1.

13 U2 updates cumulative reward: θh(sh, ah, bh)
+← rh.

14 U1 updates Q/V functions (≈ UCB-H update rule):

15 V 1
H+1(·)← 0.

16 for h = 1, . . . , H do

17 Q1
h(sh, ah)← (1− ατ )Q1

h(sh, ah) + ατ
(
rh + V 1

h+1(sh+1) + bns1
τ

)
18 V 1

h (sh)← min{maxaQ
1
h(sh, a), H}

19 where τ = nh(sh, ah).

20 U2 updates Q/V functions (≈ UCBVI update rule):

21 Let P̂h(s
′|s, a, b) = nh(s,a,b,s′)

nh(s,a,b)
and R̂h(s, a, b) = θh(s,a,b)

nh(s,a,b)
∀h, s, a, b, s′.

22 (if nh(s, a, b) = 0, set P̂h(s
′|s, a, b) = 1

|S| and R̂h(s, a, b) = 0).

23 V 2
H+1(·)← 0.

24 for h = H, . . . , 1 do

25 for all s, a, b do

26 Q2
h(s, a, b)← min

{
R̂h(s, a, b)+Es′∼P̂h(·|s,a,b)

[
V 2
h+1(s′)

]
+bns2

τ , Q2
h(s, a, b)

}
27 V 2

h (s)← maxa,bQ
2
h(s, a, b)

28 where τ = nh(s, a, b).
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In Algorithm 5.7, U1 maintains optimistic value function estimators V 1
h (s), Q1

h(s, a),

and U2 maintains V 2
h (s), Q2

h(s, a, b) for every h = 1, . . . , H. Their constructions are

based on two standard UCB-based algorithms. Specifically, the constructions of V 1
h (s)

and Q1
h(s, a) (17-18) are similar to those of UCB Q-learning [57], with the bonus term

bns1
τ enlarged by a factor of

√
SB. Like in the bandit setting from Section 5.3, U1

faces a non-stationary environment, and the extra
√
B factor is used to compensate

for the regret of U2 in future steps4. On the other hand, the constructions of V 2
h (s)

and Q2
h(s, a, b) (26-27) are similar to those of UCBVI [7]. In particular, V 2

h (s) is ob-

tained by jointly optimizing over the actions of U1 and U2 (27), conforming to our

previous discussions.

Perhaps the most intriguing facet is why we use UCB-H for U1 but UCBVI for U2.

From a high level, this is because UCB-H shrinks its confidence set of value functions

at a slower rate, while UCBVI is faster, which fulfills our need that U1 has to explore

more in the early stages, for U2 to have enough time to find his optimal policy.

Recall that the value iteration performed by U2 is through V 2
h (s)← maxa,bQ

2
h(s, a, b)

(27). By the optimism principle, ideally we would like the agents to take actions

(ah, bh) = argmaxa,bQ
2
h(sh, a, b) to facilitate exploration. However, since U2 cannot

control the actions taken by U1, and there is no communication between U1 and U2,

it is unclear whether the optimism principle on Q2
h can be successfully carried out (the

best U2 can do is to take bh = argmaxbQ
2
h(sh, ah, b) for some ah taken by U1, as done

in 9). Our key finding is that if Q1
h(s, a) always upper bounds maxbQ

2
h(s, a, b), then

the agents can still perform adequate joint exploration without explicit coordination.

This key property can be shown straightforwardly if we use UCB-H for U1 and UCBVI

for U2 (see the proof of Lemma 5.11).

Below, we establish some lemmas to be used in the regret bound analysis. The

detailed proofs are deferred to Appendix D.4. We first define new notation with the

episode indices.

Definition 5.9: Let Q1
t,h(·, ·), Q2

t,h(·, ·, ·) be the Q1
h(·, ·), Q2

h(·, ·, ·) at the beginning of
episode t in Algorithm 5.7. Let st,h, at,h, bt,h, rt,h be the sh, ah, bh, rh within episode t
in Algorithm 5.7.

4The extra
√
S factor arises from a technical difficulty, and we are unsure whether it is necessary.
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Lemma 5.10 below shows the optimism of U2’s Q-function estimator, and relates

the cumulative sum of Q2
t,h(st,h, at,h, bt,h)−Q∗,h(st,h, at,h, bt,h) to that of V 2

t,h+1(st,h+1)−
V∗,h+1(st,h+1). The proof is standard and we provide it in Appendix D.4 for complete-

ness.

Lemma 5.10: With probability at least 1 −O(δ), Q2
t,h(s, a, b) ≥ Q∗,h(s, a, b) for all

t, h, s, a, b, and

T∑
t=1

(
Q2
t,h(st,h, at,h, bt,h)−Q∗,h(st,h, at,h, bt,h)

)
≤

T∑
t=1

(
V 2
t,h+1(st,h+1)− V∗,h+1(st,h+1)

)
+ Õ

(√
H2S2ABT

)
, ∀h.

Proof: See Appendix D.4. �

We remark that it is possible to improve the bound in Lemma 5.10 by a factor of
√
S

by using the more refined analysis in [7] and defining bns2
τ to be a

√
S-factor smaller.

However, as we will see below, this improvement will not lead to a better final regret

bound, so in Lemma 5.10 we opt to use a simpler analysis with a looser bound.

Next, we establish our key lemma, Lemma 5.11, which states that U1 has more

optimism than U2. In this lemma we have to make bns1
τ a
√
SB-factor larger than

that in [57]. While the
√
B factor is necessary for the same reasons as in the bandit

case, it is unclear whether the
√
S factor is necessary. We leave the improvement of

this factor as a future direction to explore.

Lemma 5.11: With probability at least 1 −O(δ), Q1
t,h(s, a) ≥ maxbQ

2
t,h(s, a, b) for

all t, h, s, a, b.

Proof: See Appendix D.4. �

Finally, in Lemma 5.12, we relate the cumulative sum ofQ1
t,h(st,h, at,h)−Q1

∗,h(st,h, at,h)

to that of V 1
t,h+1(st,h+1) − V 1

∗,h+1(st,h+1). The proof is similar to that of [57], but the

bound is a
√
SB-factor larger than theirs due to the use of a larger bonus bns1

τ .

159



Lemma 5.12: With probability at least 1−O(δ),

T∑
t=1

(
Q1
t,h(st,h, at,h)−Q∗,h(st,h, at,h)

)
≤
(

1 +
1

H

) T∑
t=1

(
V 1
t,h+1(st,h+1)− V∗,h+1(st,h+1)

)
+ Õ

(√
H3S2ABT +HSA

)
, ∀h.

Proof: See Appendix D.4. �

Thanks to the fact that V 1
t,h(st,h) = Q1

t,h(st,h, at,h), Lemma 5.12 leads to the fol-

lowing simple corollary. Note that we do not have a similar corollary for Lemma 5.10

because V 2
t,h(st,h) 6= Q2

t,h(st,h, at,h, bt,h) (as discussed earlier, (at,h, bt,h) is not necessarily

equal to argmaxa,bQ
2
t,h(st,h, a, b)). The proof of the corollary is also in Appendix D.4.

Corollary 5.13:
∑T

t=1

(
Q1
t,h(st,h, at,h)−Q∗,h(st,h, at,h)

)
= Õ

(√
H5S2ABT +H2SA

)
.

Proof: See Appendix D.4. �

Finally, we are able to show our main theorem:

Theorem 5.14: With probability 1−O(δ), Algorithm 5.7 guarantees

Reg(T ) = Õ
(
H3.5S

√
ABT +H3SA

)
.

Proof: We perform regret decomposition as follows:

Reg(T ) =
T∑
t=1

(
V∗,1(st,1)− V π1

t ,π
2
t

1 (st,1)
)

=
T∑
t=1

H∑
h=1

∑
s,a,b

P
[
(st,h, at,h, bt,h) = (s, a, b)

∣∣ st,1, π1
t , π

2
t

]
(V∗,h(s)−Q∗,h(s, a, b))

(by the performance difference lemma [60])

=
T∑
t=1

H∑
h=1

(V∗,h(st,h)−Q∗,h(st,h, at,h, bt,h)) + Õ
(
H
√
HT

)
(by Lemma D.7)

=
T∑
t=1

H∑
h=1

(V∗,h(st,h)−Q∗,h(st,h, at,h))

+
T∑
t=1

H∑
h=1

(Q∗,h(st,h, at,h)−Q∗,h(st,h, at,h, bt,h)) + Õ
(√

H3T
)
. (5.13)
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Note that

Reg1
h ,

T∑
t=1

(V∗,h(st,h)−Q∗,h(st,h, at,h)) ≤
T∑
t=1

(
Q1
t,h(st,h, at,h)−Q∗,h(st,h, at,h)

)
≤ Õ

(√
H5S2ABT +H2SA

)
, (by Corollary 5.13)

where the first inequality is because Lemma 5.10, Lemma 5.11, and the way U1

chooses at,h yield

V∗,h(st,h) = max
a,b

Q∗,h(st,h, a, b) ≤ max
a,b

Q2
t,h(st,h, a, b) ≤ max

a
Q1
t,h(st,h, a) = Q1

t,h(st,h, at,h).

On the other hand,

Reg2
h ,

T∑
t=1

(Q∗,h(st,h, at,h)−Q∗,h(st,h, at,h, bt,h))

≤
T∑
t=1

(
Q2
t,h(st,h, at,h, bt,h)−Q∗,h(st,h, at,h, bt,h)

)
≤

T∑
t=1

(
V 2
t,h+1(st,h+1)− V∗,h+1(st,h+1)

)
+ Õ

(√
H2S2ABT +H2SA

)
(by Lemma 5.10)

≤
T∑
t=1

(
V 1
t,h+1(st,h+1)− V∗,h+1(st,h+1)

)
+ Õ

(√
H5S2ABT +H2SA

)
(by Lemma 5.11 and the definitions of V 1

t,h(s) and V 2
t,h(s))

≤
T∑
t=1

(
Q1
t,h+1(st,h+1, at,h+1)−Q∗,h+1(st,h+1, at,h+1)

)
+ Õ

(√
H5S2ABT +H2SA

)
(by the way U1 chooses at,h+1)

≤ Õ
(√

H5S2ABT +H2SA
)
, (by Corollary 5.13)

where the first inequality follows from Lemma 5.10 and the way U2 chooses ac-

tions, resulting in Q∗,h(st,h, at,h) = maxbQ∗,h(st,h, at,h, b) ≤ maxbQ
2
t,h(st,h, at,h, b) =

Q2
t,h(st,h, at,h, bt,h).

Combining the bounds on Reg1
h and Reg2

h with (5.13) proves the theorem. �
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5.6 Example: Matching Problem

In this section, we study in detail the “matching problem,” an example of a Dec-

POMDP environment that was first introduced in Section 4.1.2.2. We present its

structural results analyzed by decentralized stochastic control theory, and MARL

solutions based on the structural results and the hierarchical UCB algorithm we

developed in Algorithm 5.3. In the problem, two agents have imperfect measurements

of the state, and are rewarded if both agents use their actions to “match” the state.

In Section 5.6.1, we derive an optimal policy when the model is known using the

CI approach proposed by [88, 89]. We obtain a series of structural results using the

certain features of the information structure of the matching problem, and finally

conclude that there exists a time-invariant optimal policy for the problem. We give

a full characterization of the optimal policy in Theorem 5.19 and Theorem 5.22. We

then use this knowledge to develop a MARL methodology in Section 5.6.2 when the

parameters of the model is unknown. We also discuss three generalizations of the

model in Section 5.6.3; we give the optimal policy for one of them, with its MARL

counterpart when the model is unknown, which involves Q-learning.

5.6.1 Decentralized Stochastic Control Solution: Structural Results and

an Optimal Policy

We start by introducing the notation in Section 5.6.1.1. Then in Section 5.6.1.2,

we apply the CI approach proposed by [88, 89] to the matching problem, determine

the information state and the DP equations of the problem. The structural results

rely on two important properties in our model: (i) whenever the two agents obtain

the reward of 1, they know they correctly match the state in that time-step, and (ii)

whenever U1 communicates the state to U2, then too both agents know the state

before taking their action; in other words, there are times when the current state

becomes CI. In Section 5.6.1.3, we exploit these two features to show that both the

information states and the DP equations can be simplified. Finally, using the results

and other properties of the matching problem, we characterize the optimal policy of

the problem based on the parameters in Section 5.6.1.4.
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5.6.1.1 Notation

We treat the two sub-steps as two separate time steps when writing the DP equa-

tion. We denote everything regarding the first and second sub-steps with superscripts

i and ii, respectively, but both with the same subscript t for the time-step index. When

a sub-step index and agent index are used together, e.g. the second sub-step for U1,

we write ii,1, that is, the sub-step index comes first. Denote the tuple of private in-

formation at time t as Mt = (St, Ot, At−1) = (M1
t ,M

2
t ), where M1

t = (St, A
1
t−1) and

M2
t = (Ot, A

2
t−1) are the private information of U1 and U2, respectively; the M1’s do

not contain the A components.

5.6.1.2 The Common Information Approach

In the CI approach, the agents (or effectively the virtual coordinator) maintain

the conditional probability of the private information and the state given the CI

as the information state of the centralized POMDP, and solve the DP equation to

find an optimal prescription function, which is an optimal strategy given the current

information state. Based on this the first information state (in the first sub-step) is

given by

Πi
t(m

t) = Pg1:t−1(M1:t = mt|Z1:t−1, Y1:t−1), (5.14)

a distribution over Ω(M1:t) given Z1:t−1, Y1:t−1, and the strategies g1:t−1. Similarly,

the second information state (in the second sub-step) is

Πii
t (m

t) = Pg1:t−1,g1
t (M1:t = mt|Z1:t, Y1:t−1), (5.15)

a distribution over Ω(M1:t) given Z1:t, Y1:t−1, g1:t−1, and the strategy gi
t. The strategy

in the first sub-step maps U1’s private information plus the information state to the

communication decision

Ut = gi
t(M

1
1:t,Π

i
t) := γi

t(M
1
1:t), (5.16)

where the prescription γi
t is the strategy given the information state Πi

t. The strategies

in the second sub-step map U1 and U2’s private information plus the information state
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to their actions

A1
t = gii,1

t (M1
1:t,Π

ii
t ) := γii,1

t (M1
1:t),

A2
t = gii,2

t (M2
1:t,Π

ii
t ) := γii,2

t (M2
1:t),

(5.17)

where the prescriptions for U1 and U2, γii,1
t and γii,2

t , are again their strategies

given the information state Πii
t . The prescriptions belong to the function spaces

γi
t ∈ Ω(Ω(S1:t) × Ω(A1

1:t−1) → Ω(Ut)), γ
ii,1
t ∈ Ω(Ω(S1:t) × Ω(A1

1:t−1) → Ω(A1
t )), and

γii,2
t ∈ Ω(Ω(O1:t)×Ω(A2

1:t−1)→ Ω(A2
t )). We write gt := (gi

t, g
ii
t ) := (gi

t, g
ii,1
t , gii,2

t ) where

gii
t := (gii,1

t , gii,2
t ) and also the corresponding γ’s.

The DP equations can then be written as

V i
t (πi

t) = sup
γi
t

E
[
−cγi

t(M1:t) + V ii
t (ηi

t(Π
i
t, γ

i
t, Zt))

∣∣Πi
t = πi

t

]
,

V ii
t (πii

t ) = sup
γii
t

E
[
Yt(St, γ

ii
t (M1:t)) + λV i

t+1(ηii
t (Πii

t , γ
ii
t , Yt))

∣∣Πii
t = πii

t

]
,

(5.18)

where V i
t (πi

t) and V ii
t (πii

t ) are the value functions under an optimal policy for the infor-

mation states in the first and the second sub-steps, and ηi
t(Π

i
t, γ

i
t, Zt) and ηii

t (Πii
t , γ

ii
t , Yt)

are the update rules for information states using Bayes rule namely,

Πii
t (m

t) = ηi
t(Π

i
t, γ

i
t, Zt)(m

t) = P(M1:t = mt|Πi
t, γ

i
t, Z1:t, Y1:t−1)

=
P(M1:t = mt|Πi

t, γ
i
t, Z1:t−1, Y1:t−1)P(Zt|M1:t = mt,Πi

t, γ
i
t, Z1:t−1, Y1:t−1)∑

mt′ P(M1:t = mt′|Πi
t, γ

i
t, Z1:t−1, Y1:t−1)P(Zt|M1:t = mt′,Πi

t, γ
i
t, Z1:t−1, Y1:t−1)

=
Πi
t(m

t)P(Zt|M1:t = mt, γi
t)∑

mt′ Π
i
t(m

t′)P(Zt|M1:t = mt′, γi
t)
,

(5.19)

and

Πi
t+1(mt+1) = ηii

t (Πii
t , γ

ii
t , Yt)(m

t+1) = P(M1:t+1 = mt+1|Πii
t , γ

ii
t , Z1:t, Y1:t)

=
P(M1:t = mt|Πii

t , γ
ii
t , Z1:t, Y1:t−1)P(Mt+1 = mt+1, Yt|M1:t = mt,Πii

t , γ
ii
t , Z1:t, Y1:t−1)∑

mt+1′ P(M1:t = mt′|Πii
t , γ

ii
t , Z1:t, Y1:t−1)P(Mt+1 = mt+1

′, Yt|M1:t = mt′,Πii
t , γ

ii
t , Z1:t, Y1:t−1)

=
Πii
t (m

t)P(Mt+1 = mt+1, Yt|M1:t = mt, γii
t )∑

mt+1′ Πii
t (m

t′)P(Mt+1 = mt+1
′, Yt|M1:t = mt′, γii

t )
.

(5.20)
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5.6.1.3 Structural Results When the Information State Collapses

Notice that once some non-zero Z or Y appears, knowing the current value of S

in the CI collapses the beliefs at the time-step (i.e. becomes a deterministic value);

it is critical to use only the CI to coordinate the actions of the agents. The following

lemma then says that to find an optimal strategy, it is sufficient to ignore all the

history of private information prior to the time-step.

Lemma 5.15: At time step t, define

t̄i(Z1:t−1, Y1:t−1) = max{t′ : Zt′ 6= 0 for 1 ≤ t′ < t, or Yt′ 6= 0 for 1 ≤ t′ < t},

t̄ii(Z1:t, Y1:t−1) = max{t′ : Zt′ 6= 0 for 1 ≤ t′ ≤ t, or Yt′ 6= 0 for 1 ≤ t′ < t}.
(5.21)

Suppose the sets over which the maxima are take are not empty, so that t̄i and
t̄ii are well-defined. Then there exist γi∗

t ∈ Ω(Ω(St̄i+1:t) × Ω(A1
t̄i:t−1) → Ω(Ut)) and

γii∗
t ∈ Ω(Ω(Mt̄ii+1:t) → Ω(At)) that achieve the optimality of V i

t−1(πi
t) and V ii

t (πii
t ),

respectively. In other words, it is without loss of generality to restrict our attention
to the above two function spaces instead of Ω(Ω(S1:t) × Ω(A1

1:t−1) → Ω(Ut)) and
Ω(Ω(M1:t)→ Ω(At)) for the decisions of γi

t and γii
t , respectively.

Proof: We only prove the case for the first sub-step. The proof of the second sub-step

is the same. Notice that whenever Zt 6= 0 or Yt 6= 0, St is in the CI – if Zt = UtSt 6= 0,

it means Ut = 1 and Zt = St, and since Zt is CI, so is St; on the other hand, if

Yt = 1{St = A1
t = A2

t} = 1 6= 0, then both agents can deduce St from their private

information, namely past actions A1
t and A2

t .

Since we consider a Markovian model, given a strategy over time, St̄i will be the

sufficient statistic of all variables prior to t̄i. Consider an optimal prescription γi∗
t in

the original space and two admissible histories m1,m2 ∈ Ω(S1:t̄i−1) × Ω(A1
1:t̄i−1) and

m3 ∈ Ω(St̄i:t) × Ω(A1
t̄i:t−1) so that both (m1,m3) and (m2,m3) are consistent with

the CI. We use proof by contradiction that under γi∗
t , the two histories (m1,m3) and

(m2,m3) must have the same value. One can then construct an optimal strategy that

disregards the first part of the tuple.

For more details see Appendix D.5.1. �
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Remark 5.16: At time step t, t̄i is at most t− 1; since the agents have observed Yt̄i ,
they can deduce each others’ actions as St̄i has become CI, so that At̄i also becomes
CI. This is also the case for the second sub-step when t̄ii ≤ t − 1. When t̄ii = t, U1
just sent St to U2, and At is yet to be decided.

After Lemma 5.15 is established, whenever some non-zero Z or Y appears, we

will restrict the spaces of the prescriptions according to Lemma 5.15. Then the

information states can be further split. Define two new information states for the two

sub-steps as

Πi
t̄i+1:t(m) = Pgt̄i:t−1(Mt̄i+1:t = m|St̄i , Zt̄i:t−1, Yt̄i:t−1),

Πii
t̄ii+1:t(m) = Pgt̄ii:t−1

,gi
t(Mt̄ii+1:t = m|St̄ii , Zt̄ii:t, Yt̄ii:t−1).

(5.22)

Lemma 5.17: Consider time step t. Suppose we use the prescription space re-
duction of Lemma 5.15 throughout and that t̄i is well-defined. Then given the CI
(Z1:t−1, Y1:t−1), Πi

t can be split as

Πi
t(m,m

′) = Πi
t̄i(m) · Πi

t̄i+1:t(m
′), (5.23)

where m ∈ Ω(M1:t̄i) and m′ ∈ Ω(Mt̄i+1:t). Similarly, given the CI (Z1:t, Y1:t−1) and the
assumption that t̄ii is well-defined, Πii

t can be split as

Πii
t (m,m

′) = Πii
t̄ii(m) · Πii

t̄ii+1:t(m
′), (5.24)

where m ∈ Ω(M1:t̄ii) and m′ ∈ Ω(Mt̄ii+1:t).

Proof: The proof follows from the definition of conditional probability, the fact that

St̄i is the sufficient statistics for the previous variables given the strategies, and Lemma

5.15 so that the strategies do not depend on the first part of the history tuple. See

Appendix D.5.2. �

An intermediate proposition given in Appendix D.5.3, Proposition D.6, use the

strategy space reduction in Lemma 5.15 and the split of information state in Lemma

5.17 to rewrite the DP equations and the information state updating rules in (5.19)

and (5.20). The following proposition then follows from the stationarity of the model

166



and the fact that the dynamics in Proposition D.6 do not depend on the values of t̄i

and t̄ii but only on the differences between t and them.

Proposition 5.18: Consider time step t. Given the CI (Z1:t−1, Y1:t−1), define τ i =

t− t̄i. The DP equation for the first sub-step can be written as

V i
t (πi

τ i) = sup
γi
τ i

E
[
−cγi

τ i(Mt̄i+1:t) + V ii
t (ηi

τ i(Πi
τ i , γi

τ i , Zt))
∣∣Πi

τ i = πi
τ i

]
, (5.25)

where πi
τ i and γi

τ i now only depend on the gap between t̄i and t. Similarly, given the
CI (Z1:t, Y1:t−1), define τ ii = t− t̄ii. The DP equation for the second sub-step can be
written as

V ii
t (πii

τ ii) = sup
γii
τ ii

E
[
Yt(St, γ

ii
τ ii(Mt̄ii+1:t)) + λV i

t+1(ηii
τ ii(Πii

τ ii , γii
τ ii , Yt))

∣∣Πii
τ ii = πii

τ ii

]
, (5.26)

where πii
τ ii and γii

τ ii now only depend on the gap between t̄ii and t. The terms ηi
τ i and

ηii
τ ii are the update rules5.

Proof: This follows from the stationarity of the model and the fact that the dynamics

in Proposition D.6 do not depend on the values of t̄i and t̄ii but only on the differences

between t and them. See Appendix D.5.4. �

5.6.1.4 Characterization of the Optimal Policy

Note that Proposition 5.18 follows directly by the fact that St̄ is deterministic in

CI and the time-invariance of the model. In this Subsection, we use the details of

the model to derive the optimal policy. Note that since the DP equations are time-

invariant, equations (5.25) and (5.26) do not directly depend on t; in particular, Vt is

actually just V , and (Zt, Yt) as well as Mt̄+1:t can be viewed as “the current (Z, Y )”

and “the most recent τ M ’s.” Moreover, now that we have Proposition 5.18, we can

review (5.22) again. First, from the definition of t̄i and t̄ii, the CIs Zt̄i+1:t−1, Yt̄i+1:t−1

and Zt̄ii+1:t, Yt̄ii+1:t−1 are all 0’s, so that it is unnecessary to put them in the condition.

Second, from the time-invariance of Proposition 5.18, the value of t does not matter.

5The update rules ηi
τ i and ηii

τ ii are omitted for brevity. They follow from (D.16) and (D.18),
except that now they do not depend on the values of t̄i and t̄ii, but only on the differences between
t̄i and t and between t̄ii and t, and hence, we index the differences by τ i and τ ii, respectively.
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We can adopt another index system, where 0 is the current time step, and −t is the

t-th most recent time step. Using this indexing and Proposition 5.18, (5.22) can be

rewritten as

Πi
τ i(m) = Pg−τ i:−1(M−τ i+1:0 = m|S−τ i , Z−τ i , Y−τ i),

Πii
τ ii(m) = Pg−τ ii:−1

,gi
0(M−τ ii+1:0 = m|S−τ ii , Z−τ ii , Y−τ ii).

(5.27)

If τ ii = 0, then Y0 is yet to be observed and should not be present in Πii
0(m). The

distribution Πii
τ ii is a random distribution whose realization only depends on the ran-

dom variables (S−τ ii , Z−τ ii , Y−τ ii). We denote πii
τ ii,s,v as a realization of Πii

τ ii , where

s ∈ {+1,−1} is the realization of S−τ ii , and v = y if Y−τ ii = 1 and v = z otherwise

(in this case it must be that Z−τ ii 6= 0). As stated previously, when τ ii = 0, it must

be that v = z.

Theorem 5.19: All optimal strategies, g∗1:∞, always assign A1
t = gii,1

t (M1
1:t,Π

ii
t ) = St

for all time steps t given the reward structure of Rii
t = Yt(St, At) = 1{St = A1

t = A2
t}.

Proof: A complete policy is of the form g1:∞ = (gi
1:∞, g

ii,1
1:∞, g

ii,2
1:∞). Denote the policy

that U1 always matches the state for all t as gii,1]
1:∞. Under this policy, we have Corollary

5.20, that is, the previous state is always CI; moreover, for the remaining parts of the

complete policy, we can find an optimal one, denoted as (gi]
1:∞, g

ii,2]
1:∞). We show that

U1 will not deviate from g]1:∞ = (gi]
1:∞, g

ii,1]
1:∞, g

ii,2]
1:∞) by not matching the state. Hence,

by the Policy Improvement Theorem [115], g]1:∞ is an optimal policy. See Appendix

D.6.1. �

Since in our model the state is binary, Theorem 5.19 has important implications

discussed below.

Corollary 5.20: In the case where there are only two elements in the state space,
under an optimal strategy over time, for any time step t, St−1 is CI, so that in the first
sub-step we always have the information state being Πi

1, and in the second sub-step
we always have the information state being either Πii

1 when U1 did not communicate
or Πii

0 when it did.

Proof: U2 can deduce St−1 by St−1 = A2
t−1 · (−1)Yt−1+1. Proposition 5.18 follows

with t̄i = t− 1, and t̄ii = t− 1 if Ut = 0 and t̄ii = t if Ut = 1. See Appendix D.6.2. �

168



Remark 5.21: Using Lemma 5.15, Corollary 5.20 implies the optimal strategy (or
strategies) is stationary.

Theorem 5.22: There is an optimal strategy over time such that for all time step
t, U1 follows the communication protocol (breaking ties arbitrarily if equality holds
in all the inequalities)

Ut = gi(St−1, Yt−1, St) =



1, if U ′t = 1, St = St−1 · (−1)Yt−1+1, and ε < 0.5,

1, if U ′t = 1, St = St−1 · (−1)Yt−1 , and ε > 0.5,

0, if U ′t = 1, St = St−1 · (−1)Yt−1 , and ε < 0.5,

0, if U ′t = 1, St = St−1 · (−1)Yt−1+1, and ε > 0.5,

0, if U ′t = 0,

(5.28)

where ε̄ = 1 − ε and β̄ = 1 − β, and U ′t is determined by the model parameters
(breaking ties arbitrarily)

U ′t =



1, if ε < β, ε+ β > 1, and β̄ > min{ε, ε̄}c,

0, if ε < β, ε+ β > 1, and β̄ < min{ε, ε̄}c,

1, if ε < β, ε+ β < 1, and ε > min{ε, ε̄}c,

0, if ε < β, ε+ β < 1, and ε < min{ε, ε̄}c,

1, if ε > β, ε+ β > 1, and ε̄ > min{ε, ε̄}c,

0, if ε > β, ε+ β > 1, and ε̄ < min{ε, ε̄}c,

1, if ε > β, ε+ β < 1, and β > min{ε, ε̄}c,

0, if ε > β, ε+ β < 1, and β < min{ε, ε̄}c.

(5.29)

In addition, if U ′t = 1, U2 decodes the received communication result Ut by (breaking
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ties arbitrarily but should follow U1’s choice)

A2
t = gii,2(St−1, Yt−1, Ot, Ut) =



St−1 · (−1)Yt−1+1, if Ut = 1 and ε < 0.5,

St−1 · (−1)Yt−1 , if Ut = 1 and ε > 0.5,

St−1 · (−1)Yt−1 , if Ut = 0 and ε < 0.5,

St−1 · (−1)Yt−1+1, if Ut = 0 and ε > 0.5;

(5.30)

otherwise, if U ′t = 0, then U2 chooses the best posterior guess according to (breaking
ties arbitrarily)

A2
t = gii,2(St−1, Yt−1, Ot, Ut) =



Ot, if Ot = St−1 · (−1)Yt−1+1 and ε < β,

−Ot, if Ot = St−1 · (−1)Yt−1+1 and ε > β,

Ot, if Ot = St−1 · (−1)Yt−1 and ε+ β > 1,

−Ot, if Ot = St−1 · (−1)Yt−1 and ε+ β < 1.

(5.31)

Proof: Now that we have Corollary 5.20 and Remark 5.21 as well as the symmetries

of transition and observation, all we have to do is to find a policy of a time step that

maximizes the expected instantaneous reward. Performing the policy in every time

step will maximize the expected long term reward.

Depending on the cost of communication c, U1 decides whether to communicate

or not. If it does (U ′t = 1), it uses the 1-bit information of Ut to convey whether

St = S̄t = St−1 · (−1)Yt−1+1 or St = −S̄t = St−1 · (−1)Yt−1 . Naturally, it chooses

the convention (a bijection from 0/1 to S̄t/−S̄t) so that 1 is sent less frequently,

since sending 1 is costly. In particular, U1 is choosing between three policies: gi[0, 0],

gi[0, 1], and gi[1, 0], where gi[j, k] is defined to be the policy that U1 plays Ut = j

deterministically when St = S̄t and Ut = k deterministically when St = −S̄t, where

j, k ∈ {0, 1}. The decision U ′t = 1 corresponds to the case where U1 chooses one of

gi[0, 1] and gi[1, 0], and the decision U ′t = 0 corresponds to the case where U1 chooses

gi[0, 0].

When U1 decides not to communicate at all (U ′t = 0), the expected instantaneous

reward is P(Yt = 1). There will be two cases Ot = St−1 · (−1)Yt−1+1 or Ot = St−1 ·
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(−1)Yt−1 ; U2 maximizes P(Yt = 1) by calculating the posterior probability of P(Yt =

1|A2
t = Ot) and P(Yt = 1|A2

t = −Ot) to decide whether to follow or flip its observation

for each case. See Appendix D.6.3. �

5.6.2 Multi-Agent Reinforcement Learning Solution with Hierarchical

Bandit

In this section we propose a reinforcement learning algorithm that achieves opti-

mality asymptotically for the model of the matching problem when the parameters are

unknown (however, c is known since it can be directly observed). An initial thought

would be for the agents to collect the histories and to estimate the parameters, while

in each time step they just act based on Theorem 5.19 and Theorem 5.22 with the

estimated parameters. However, the matching problem is one of the examples such

that this “kernel-based method” will not work. In particular, Ot is the private infor-

mation of U2, and although U1 can deduce A2
t in the next time step by Yt, it has

no means to tell Ot since it does not know whether U2 was following or flipping the

observation. Without the knowledge of O1:∞, U1 cannot estimate β and enact the

optimal communication decision in Theorem 5.22.

Notice that Theorem 5.19 does not depend on any parameter; hence, even if the

parameters are unknown, U1 still always follows the state, so that St−1 is still CI

as in Corollary 5.20. Given St−1, the statistics of (St, Ot) the agents are facing is

time-invariant. Since they are encountering a set of choices with fixed but unknown

statistics, this belongs to the class of multi-agent stochastic MAB problems. In par-

ticular, beside U1’s following the state, in every time-step, U1 first faces the decision

of communicating or not and if so the decision of the communication protocol as in

Theorem 5.22, then conditioning on U1 deciding not to communicate, U2 faces the

decision of following or flipping its observation as in Theorem 5.22. U2 is actually

facing two sets of decisions, depending on whether Ot = S̄t or Ot = −S̄t, where

S̄t = St−1 · (−1)Yt−1+1. In addition, since U1 does not have the information of Ot, it

does not know which set of decisions U2 faced and U2’s decision of follow/flip at the

end of the time step.

In the matching problem, we can argue that we have two 2HB problems described

in Protocol 5.1, one for Ot = S̄t and one for Ot = −S̄t, selected by nature. Within

171



each problem, U1 decides gi ∈ {gi[0, 0], gi[0, 1], gi[1, 0]} followed by U2 deciding A2
t ∈

{Ot,−Ot}. Therefore, K = 3 and L = 2 in our matching problem6. In the case of

Ot = S̄t, there are four possible combinations of (St−1, Yt−1, Ot); however, Theorem

5.22 implies that given the model parameters, the optimal policy will be either follow

or flip the observations for all four combinations. Same in the case of Ot = −S̄t.
These hold due to the symmetries of the state transition model and the observation

model7.

5.6.3 More Generalizations

5.6.3.1 Generalization to the Time-Varying Case

Two key properties are necessary to ensure Algorithm 5.3’s convergence to opti-

mality. First, the underlying statistics must be time-invariant to allow a stochastic

MAB solution. Second, U2 must receive U1’s choice of kt (or exactly reproduce

U1’s computation); otherwise, one can still use UCB-like methods on the problem,

but convergence to optimality is not guaranteed. Consider a generalization of the

matching problem, where U1 observes imperfectly as well with P(O1
t = St) = α and

P(O1
t = −St) = 1 − α. Then when U1 does not receive the reward, i.e. Yt = 0, it

does not know whether the mistake was made by itself, or U2, or both of them; same

for U2. In this case they cannot deduce St. For ease of presentation, we assume the

environment will announce the current state at the end of a time step if they have

failed to match two times in a row, so that at any time step t either St−1 or St−2 is

CI, and we enforce Ut = 0 (by assigning c > 1
1−λ for example), i.e., no communication

is allowed. Let ᾱ = 1− α, β̄ = 1− β, and ε̄ = 1− ε.
Now consider when the model is known at time step t. Suppose St−1 is CI, so

that P(St = S̄t) = ε̄; the information state is Π0 (we can omit the state subscript

6When gi ∈ {gi[0, 1], gi[1, 0]}, we can equivalently model the situation as the agents receiving
1 −min{ε, ε̄}c regardless of the value of A2

t . Note that in our original description U2 has no other
option but to align A2

t with the state indicated by U1’s communication signal Ut.
7It might be confusing why in the matching problem U2 receives U1’s choice at first. In fact, it

does not really receive the choice – if U1 chooses gi[0, 1] but transmits a 0 following the communi-
cation protocol, then U2 only observes 0; even if U2 observes 1, it could not differentiate between
gi[0, 1] and gi[1, 0]. However, the fact that U2 receives kt is not crucial, since U1’s perspective is the
same as that of the coordinator. Every computation needed in the following Algorithm 5.3 for U1
to obtain kt can be done at U2 as well, so U2 knows the gi U1 will be choosing in advance, but not
the state St which only U1 can see.
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due to symmetry). Also denote the optimal policy in (5.31) as gii∗
ε,β(S̄t, Ot) (note

that (5.31) does not use the information of (St−1, Yt−1 apart from S̄t). From the

argument of Appendix D.6.3, they always want to maximize P(Yt = 1), so that the

optimal policies in this time step should be gii∗
ε,α(S̄t, O

1
t ) and gii∗

ε,β(S̄t, O
2
t ) for U1 and

U2, respectively, as P(Yt = 1) will be maximized if both P(St = A1
t ) and P(St = A2

t )

are maximized. Depending on the regime (α, β, ε) lies in, there are 16 possibilities;

we assume the case of ε < α, β and ε̄ < α, β so that both agents always follow their

observations, for ease of presentation. Now if they fail to match, the information state

will grow to Π1 at t+ 1, where U1 (and U2 symmetrically) can calculate the prior of

the state using Bayes rule according to its private observation:

P(St+1 = S̄t|O1
t = S̄t, Yt = 0) =

ε̄αβ̄ε+ εᾱε̄

ε̄αβ̄ + εᾱ
:= 1− ε′1(O1

t = S̄t),

P(St+1 = S̄t|O1
t = −S̄t, Yt = 0) =

εαβ̄ε̄+ ε̄ᾱε

εαβ̄ + ε̄ᾱ
:= 1− ε′1(O1

t = −S̄t).
(5.32)

Define ε′2(O2
t ) similarly (by switching α and β in (5.32)). Then in Π1 (at t+ 1) their

optimal policies will become gii∗
ε′1(O1

t ),α
(S̄t, O

1
t+1) and gii∗

ε′2(O2
t ),β

(S̄t, O
2
t+1).

U1’s prescription functions are as follows. In Π0, U1’s optimal prescription,

gii∗
ε,α(S̄t, O

1
t ), specify whether it should follow or flip the observation for both cases

of O1
t = S̄t and O1

t = −S̄t. To shorten the notations, set Ō = 1{O = S̄} and

Ā = 1{A = O} to manifest the effective dimension of interest. Then U1’s optimal

prescription in state Π0 should be a function γi
0 ∈ Γi

0 := Ω(Ω(Ō1
t ) → Ω(Ā1

t )). Sim-

ilarly, U1’s optimal prescription in state Π1, gii∗
ε′1(O1

t ),α
(S̄t, O

1
t+1), should be a function

γi
1 ∈ Γi

1 := Ω(Ω(Ō1
t ) × Ω(Ō1

t+1) → Ω(Ā1
t+1)). Note that the two Γ’s do not have

subscript t due to Proposition 5.18.

Consider this generalization when the model (parameters) is unknown. A naive

application of bandit methods is to treat U1’s policy in Π0 as two MAB problems,

each has two arms (just as U2’s situation in the second layer of Algorithm 5.3), and

U1’s policy in Π0 as four MAB problems, each has two arms; same for U2. Both key

properties for Algorithm 5.3 to work are violated. There are two states Π0 and Π1,

hence the environment is time-varying; one cannot treat the problem as six MABs

with two arms either, since the choice of γi
0 affects the probability of entering Π1, and

maximizing the reward in Π0 may not aligned with maximizing P(enter Π1)V (Π1).
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In addition, when they fail to match, they do not receive each other’s actions, so that

the information structure in Protocol 5.1 does not hold. However, the CI approach

illuminates a path using Q-learning so that convergence to optimality is guaranteed.

In particular, as the DP equation in Proposition 5.18 suggests, we treat {Π0,Π1} as

the state space, Γi
0 × Γii

0 as the action space of Π0, and Γi
1 × Γii

1 as the action space

of Π1, then the problem can be solved with Q-learning when the model is unknown.

Since the learning is done by the coordinator using only CI, the non-stationarity issue

in MARL problem is alleviated. Essentially, this scheme establishes a common ground

between the two agents, so that any learning done in one agent can be computationally

reproduced by the other.

5.6.3.2 Generalization to the Asymmetric Case

When the transition and observation probabilities do not have the symmetric

structure as described in the start of Section 5.6, U1 does not necessarily match the

state in the optimal policy. The following is one such example. For the transition

probabilities, we have

• P(St = +1|St−1 = +1, Yt−1 = 1) = P(St = +1|St−1 = −1, Yt−1 = 0) = 0.99,

• P(St = −1|St−1 = +1, Yt−1 = 1) = P(St = −1|St−1 = −1, Yt−1 = 0) = 0.01,

• P(St = +1|St−1 = −1, Yt−1 = 1) = P(St = +1|St−1 = +1, Yt−1 = 0) = 0.49, and

• P(St = −1|St−1 = −1, Yt−1 = 1) = P(St = −1|St−1 = +1, Yt−1 = 0) = 0.51.

For the observation probabilities, we have P(Ot = +1|St = +1) = P(Ot = +1|St =

−1) = β and P(Ot = −1|St = +1) = P(Ot = −1|St = −1) = 1− β, where β ∈ (0, 1);

the observation is basically useless for U2, and U2 will guess the state solely from the

prior. We again forbid communication by assigning c > 1
1−λ , where λ = 0.9.

Now suppose U1 always matches the state. Then U2 disregards observations,

and always guesses St = +1 if (Yt−1, St−1) is equal to (1,+1) or (0,−1), and always

guesses St = −1 if (Yt−1, St−1) is equal to (1,−1) or (0,+1). This means the two sets of

information states (where the tuples are in the form of (Yt−1, St−1)) {(1,+1), (0,−1)}
and {(1,−1), (0,+1)} are not commutative under the policy. For U1, at each time

step there are eight possible inputs of (Yt−1, St−1, St). For the four inputs that have
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(Yt−1, St−1) equal to (1,+1) or (0,−1), the values are close to 1/(1− 0.9) = 10, while

the four inputs that have (Yt−1, St−1) equal to (1,−1) or (0,+1) have values close to

0.5/(1−0.9) = 5. Then when (Yt−1, St−1, St) = (1,−1,−1), instead of getting 5 (more

precisely 5.59), U1 could gain by not matching the state so that in the next time step

they have (Yt−1, St−1) = (0,−1), obtaining roughly λ · 10 = 9 (more precisely 8.91).

This implies always matching is not optimal, which destroys the good properties of

Corollary 5.20 and Remark 5.21. Characterizing the optimal policy in this case with

the corresponding reinforcement learning method are left as future work.

5.6.3.3 Generalization to More Than Two States

From Section 5.6.3.2, it is easy to imagine that with more than two states and

no particular structure enforced on the probabilities, one could also find examples

such that U1 always matching is not optimal. Here is a concise one with three

states. Suppose S = {I, J,K} and O = {i, j, k}. If Yt−1 = 1, then P(St = I|St−1 =

I) = P(St = J |St−1 = I) = P(St = I|St−1 = J) = P(St = J |St−1 = J) = 0.5,

P(St = I|St−1 = K) = P(St = J |St−1 = K) = 0.1, and P(St = K|St−1 = K) = 0.8; if

Yt−1 = 0, then all states transit to St = K. For the observation probabilities, we have

P(Ot = i|St = I) = P(Ot = j|St = I) = P(Ot = i|St = J) = P(Ot = j|St = J) = 0.5

and P(Ot = k|St = K) = 1. Let λ = 0.9. The two states I and J are the “bad

states” where U2 has unclear observation and does no better than randomly guessing

between them, while in state K U2 observes perfectly. In I or J , instead of getting a

0.5 instantaneous reward, U1 would rather not matching the state and bringing them

back to state K, so that they will earn 0.9 in the next step even with discounting.

Again, without Corollary 5.20 and Remark 5.21 it is unclear how to characterize

the optimal policy when the model is known, let alone when it is unknown. Our

Q-learning method works in Section 5.6.3.1 because we assume that the system will

announce the state if they fail to match two times. As we learn from Proposition 5.18,

this limits the length of AOH and CI required for optimal decision to two, so that

the state space and the action space in the Q-learning method are finite. For general

MARL problem, the length could go to infinity, and one needs to approximate the

information state by discarding part of the history to construct an algorithm with

reasonable complexity. This will also be left as future work.
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5.7 Conclusion and Future Directions

In this chapter, we exploited the hierarchical information structure in hierarchical

bandits, and proposed efficient and near-optimal algorithms that require no coordi-

nation or communication between the agents. A key feature of our algorithms is that

the leader, i.e., the less-informed upper level agent, performs single-agent-like near-

optimal subroutines with specially designed bonuses without the need of knowing or

tracking the learning procedure of the lower level agent(s). We extended the analysis

to the settings of multiple agents in each layer, multiple layers, and MDP. In detail

we analyzed the structure of the optimal policies in the matching problem, and apply

the two-stage hierarchical bandit algorithm to the problem in the RL setting. This

demonstrates that if we know a certain structure about the problem model, we can

first analyzed the problem to obtain structural results using control theory, then ap-

proach the problem in the RL context using much simpler algorithms based on the

structural results.

One future direction is to explore other information structures that may allow

simplification when more than two agents and reward information asymmetry come in.

In particular, special cases of Dec-POMDP that come up frequently in applications,

such as the rich observation environment [8], are worth to explore. Extending the

results to bandit problems with structural relationships between the payoffs of the

arms and to general-sum games are also interesting directions.
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CHAPTER VI

Conclusion

In this chapter, we discuss holistic takeaways from various aspects of multi-agent

systems (MASs) in Section 6.1 and general future directions for previous chapters in

Section 6.2.

6.1 High-level Takeways

6.1.1 Local Memory

Agents maintain local memories to facilitate decentralization in MASs. In the dis-

tributed optimization setting studied in Chapter II and Chapter III, agents maintain

copies of the decision variable and in some algorithms copies of the gradient mean.

In the multi-agent reinforcement learning (MARL) setting studied in Chapter IV

and Chapter V, agents maintain their private action-observation histories (AOHs)

(mainly Chapter IV), and their updated local policies as well as local copies of the

Q/V functions (mainly Chapter V).

In this thesis, we achieved memory efficiency by exploiting the problem structures.

In Chapter II, we used the partial dependency structure that often arises in application

problems to reduce the local memory usage, so that the agents only have to store the

variable parts their objective functions depend on. In Chapter IV, agents can keep

only the compressed public and private states with the encapsulations satisfying our

proposed conditions during execution without losing optimality, in contrast to keeping

the entire histories.

The amount of local memory kept usually reflects a balancing of factors with
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other system performance factors, including the “value” (objective value or cumula-

tive reward) attained, the amount of communication, the convergence rate, etc. In

particular, in Section 2.5 we saw that there is a tradeoff between the convergence rate

and the amount of local memory and communication required – we can judiciously

add high-degree nodes that originally do not depend on a variable part into the asso-

ciated local network to facilitate its gossip. In Chapter IV, the class of approximate

encapsulations (Section 4.4) includes the class of exact encapsulations (Section 4.3).

Hence, it is easy to see that with an optimality gap allowed, the approximate repre-

sentations can meet the required range of value function with more lossy compressions

and less local memory requirement. The same feature was observed in distributed

averaging and federated learning as well [90, 105]: the quantization level is related

to the size of the solution neighborhood one can converge to; therefore, the finer the

quantization is, the closer one can get to the optimal solution, but the larger the local

memory it requires.

6.1.2 Communication

As we mentioned, information asymmetry is the key challenge that decentral-

ization brings in, and communication is one of the main ways to reduce information

asymmetry and facilitate coordination among the agents. In the distributed optimiza-

tion setting, agents communicate the local variables they keep. In the decentralized

control setting, such as in the matching problem (introduced in Section 4.1.2.2 and

solved in Section 5.6), communication is a type of action agents can actively take

advantage of to produce common information (CI). In the networked MARL set-

ting [135], the agents exchange policy parameters, while in the centralized learning

distributed execution MARL setting, the agents can literally communicate anything

during the learning phase.

Just as the case of local memory, in this thesis, we achieved communication effi-

ciency by using the problem structures. While saving the need to memorize irrelevant

variable parts in Chapter II due to the partial dependency structure, the agents also

do not communicate irrelevant variable parts, as the decision of every part will be

eventually dictated by the agents whose objectives truly depend on it. In Chapter V,

we completely exempt the agents from communicating by exploiting the hierarchi-
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cal information structure, as the more informed agents do more computations in the

lower layers while the less informed agents in the upper layers assume optimality from

lower layers.

Again, just like the case of local memory, tradeoffs exist between the amount

of communication and other factors. In Section 2.5, we saw that the amount of

communication per round is inversely related to the minimum iterations required for

the objective function to reach ε-optimal for some ε. We also saw that judiciously

adding highly connected nodes in the local networks can reduce the spectral radii and

speed up convergence at the cost of increased communication. In the decentralized

control setting such as the matching problem, communication is a type of action

agents can use to achieve a higher reward. However, since communication itself is

also costly, there will be an optimal communication scheme in any optimal policy,

which may not be to always communicate.

6.1.3 Approximation

In this thesis, we used approximations to solve more general problems. In Chap-

ter II, to accommodate cases where the gradient of the objective function is not

Lipschitz continuous, we used a series of smooth functions to approximate the origi-

nal objective function. In Chapter IV, we studied approximate state representations

that are more scalable to general complex MARL settings. The scalability comes

from the fact that the encapsulations for the representations compress the histories

into quantities in time-invariant spaces, and are more practical as they are easier

to determine. The approximation was done at the cost of a bounded loss from the

optimality.

The multi-time-scale technique is another mathematical theme that appears through-

out this thesis and also in optimization or learning context generally. In the technique,

multiple processes are interlaced in every step so that eventually all the limiting con-

ditions of the processes will be satisfied. The two distributed optimization algorithms

we introduced in Chapter II, i.e., NEXT and DGD, are two time-scale stochastic ap-

proximation algorithms, where the consensus step (and the gradient update if there

is any) is in the fast process, and the descent step is in the slow process. This was

later identified in Chapter III, where we found the limiting condition of the consen-
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sus process is a projection onto the consensus plane, and thus studied a variety of

subprojections that satisfy the condition for convergence speed-up. The function ap-

proximation scheme mentioned earlier also belongs to this technique, as we interleave

the process of a chosen series of smooth functions converging to the original objective

function into the steps. In the practical MARL framework proposed in Section 4.5.3,

although not given in detail, the process of representation learning and the process of

policy learning may also form a two time-scale stochastic approximation algorithm,

where the representation learning will happen in the fast time-scale, and the policy

learning in the slow time-scale, which is proposed in [112, 113]. In Chapter V, the

hierarchical bandit algorithm and the hierarchical MDP algorithm are yet another set

of multi-time-scale examples. In the algorithms, the upper layer agent explores slowly

and hence is in the slow time-scale, and it assumes optimal reaction from the lower

layer, which is the limiting condition of the fast learning process in the lower layer.

In contrast to all the previously mentioned algorithms which use step-size (or learn-

ing rate) to control the time-scale, in these two algorithms, the multi-time-scale is

achieved through an enlarged bonus term in the upper layer, which leads to increased

exploration.

6.1.4 Coordination

The agents may coordinate to tackle the challenges posed by information asym-

metry in MASs. An obvious coordination method is through communication as men-

tioned earlier. The goal of communication in a coordination scheme could be syn-

chronizing the decentralization and bringing about consensus among the agents or

could be giving more information for better decision making. Communicating the

variables in distributed optimization settings and exchanging policy parameters in

MARL settings belong to the former category, whereas the communication action

in decentralized control settings is about giving information. Note that there is a

major difference between the two categories: if the purpose of communication is syn-

chronization, then when an agent sends new information, the old information it sent

held by other agents is regarded as outdated and can simply be discarded. This is

in general not the case when the goal of communication is to give more information

about the system state, since this kind of information accumulates and is useful for
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future decision making.

Coordination among the agents does not necessarily require communication. The

agents may pre-coordinate by setting a protocol that the agents follow in the process.

The CI approach discussed in Chapter IV is an example of pre-coordination, where

the agents maintain their consistency by using a sequential decomposition solely based

on CI. The hierarchical RL methods proposed in Chapter V are also pre-coordination

schemes that do not require communication. Instead of learning as if there were only

one agent in the no coordination scheme, the lower layer agent does all the computa-

tions in the joint action space and the upper layer agent uses enlarged bonuses, which

are planned before the learning process.

There are multiple perspectives one can view an MAS with an asymmetric in-

formation structure. In decentralized control/MARL settings, the intersection of

the information held by all agents is accessible from the coordinator’s perspective,

based on which the sequential decomposition in the CI approach is carried out. In

Chapter IV, we proposed the supervisor’s perspective, from which the union of the

information held by all agents is accessible. The supervisor’s perspective proved to

be extremely useful in analysis in Chapter IV. Note that depending on the consid-

ered information structure, there may be more insightful perspectives between these

two extremes. For example, in [116], there are “team coordinators” who access the

intersection of the information held by members of specific teams so that the scenario

considered transforms into a game of the team coordinators.

6.2 Future Directions and Open Problems

This thesis studied cooperative operation of a set of agents. Hence, an obvious

future direction would be to study the relevance and applicability of the results and

methodologies to a competitive operation of a set of agents, namely a game [48], or

even more complex settings such as games of teams [116]. Next we discuss other

directions that are specific to each chapter.
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6.2.1 General Analysis Framework for Distributed Optimization Algo-

rithms

In Chapter II and Chapter III, some of the main ideas are: exploiting partial

dependency structures to reduce the memory and communication overhead, using

different consensus schemes for faster convergence, and using function approxima-

tions to relax the Lipschitz gradient assumption. However, all of them only apply to

a small number of distributed optimization algorithms in our analysis. Specifically,

for the former two ideas, although we mentioned we believe they can apply to most

primal algorithms, we only showed the convergence when they are used in NEXT and

DGD; for the function approximation, we only showed it applies to the NEXT algo-

rithm. In reality, these ideas should have much wider applicability as similar notions

appear ubiquitously. For example, the NEXT algorithm itself uses successive convex

approximation which is a type of function approximation, and consensus step can be

seen even in dual distributed optimization algorithms as well [39]. This necessitates a

general analysis framework for distributed optimization algorithms, where any prop-

erties proved in the framework will apply to a large class of algorithms. Then under

the framework, we can ask the following three questions: (1) How do we define partial

dependency structures in this framework, and how do we manipulate the structures

and characterize the tradeoffs between memory, communication, and convergence rate

that probably associate with the manipulation? (2) What is the class of consensus

schemes that lead to convergence to the optima, and which schemes are faster? Also,

does the answer depend on objective functions or initial values, and if so, how? (3)

What is the class of function approximation schemes we can interlace in one of the

time-scales without losing the convergence guarantee?

6.2.2 Approximate Partial Dependency Structures

In Chapter II, we consider exact partial dependency, namely, we assume an ob-

jective function fi completely does not depend on some variable part xm. This is

aligned with our numerical examples in Section 2.6, where the throughput of a BS

does not depend on the resource allocation schemes of BSs farther than one-hop away.

In reality, this is not true: the interference of a BS does not completely vanish be-
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yond one-hop, it just becomes very weak. An ideal model for this is the Dobrushin

condition for weak dependence [43], where the extent of coupling between two agents

diminishes as a certain “measure” between the two agents gets large; in the above BS

network example, the measure is simply spatial distance.

With the Dobrushin condition model, enforcing localization with an exact partial

dependency structure as if there were no weak dependencies will result in an “local-

ization error” in the objective value the iterates converge to. It is then of interest to

study whether we can bound this error term, and how it depends on the localization

scheme we use and the parameters in the Dobrushin model.

6.2.3 Differential Geometry for Consensus Schemes

In Chapter III, we take element-wise nonlinear transformations and average the

iterates. These transformations are just special examples of Riemannian manifolds

[70] which are invertible and preserve local geometric relations. In Chapter III, we

saw that convergence was obtained by the Lipschitz continuity of the transformations.

An open problem would be extending to transformations where the coordinates are

transformed altogether instead of individually, and identifying the conditions of the

transformations that preserve convergence.

6.2.4 Role of Information Structures in Decentralized Control and MARL

While we mentioned that in decentralized control, communication is a type of

action that increases CI, such treatment only leads to an optimal policy with speci-

fications of the communication scheme with very little intuition. In contrast, we can

see many signaling strategies in the game of Hanabi [10], including finessing, bluff-

ing, reverse finessing, etc. A natural question to investigate is whether there exists

a communication framework specific enough so that we can obtain structural results

characterizing various communication strategies, but also broad enough to include a

variety of problems. Moreover, the role of communication in decentralized control

only reveals information regarding the supervisor’s state, whereas in the MARL set-

ting communication can additionally reveal agents’ learning status. Communicating

through certain signal spaces to synchronize agents’ learning statuses requires less

than sending the whole policy parameters and has not been studied. This might be
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a key to fully decentralized learning schemes.

For the general decentralized control/MARL representation framework developed

in Chapter IV, it is also of interest to study if the method will simplify for specific

information structures. On the other hand, the methods proposed in Chapter V

rely on the hierarchical information structure. We are curious about whether similar

near-optimal single-agent-like methods can be found for other information structures.
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APPENDIX A

Proofs and Supplementary Material for Chapter II

A.1 Generalizations to time-varying graphs

In this appendix we provide the less strict assumptions to accommodate the case

where the underlying graph is time-varying and directed. The proof of our result is

based on this more general setting. But the purpose of these assumptions remains

the same – a distribution on the set of nodes will go to the uniform distribution

exponentially fast with repeated application of the W matrix, which is captured in

Lemma A.2.

At each time slot t, the set of nodes N along with a set of time-variant directed

edges E [t], form an directed graph G[t] = (N , E [t]). Node j can only send message to

node i in time slot t if j → i ∈ E [t].

Assumption L′

(L3′) Gm[t] is Bm-strongly connected for all m ∈ [M+1], where Gm[t] = (Nm, Em[t] =

{i→ j ∈ E [t] : i ∈ Nm or j ∈ Nm}), i.e. (Nm,
⋃(k+1)Bm−1
t=kBm

Em[t]) is strongly connected

for all k ≥ 0;

(L4′) For all m ∈ [M + 1] there is a matrix Wm[t] associated with Nm – each entry

is non-zero if and only if there is a corresponding edge in Em[t], and all positive

entries must be greater than or equal to some fixed ϑ > 0. As before, Wm[t] is

doubly-stochastic after deleting the zero rows and columns whose indices are not in

Em[t].
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A.2 Proof of Theorem 2.3

In this appendix we prove Theorem 2.3. We start with an intuitive description of

the roadmap of the entire proof in the following. Our proof follows the main structure

of [80]. The convergence of NEXT basically consists of two parts – at the faster time-

scale the “consensus convergence” of local variable iterates xi and local gradient

iterates yi to the average iterate x̄ and ∇f(x̄) ,
∑

i∈N ∇fi(x̄) (the average gradient

evaluated at the average iterate), respectively, and on the slower time-scale the fixed

point iterations of x̂i(•) (defined in (A.25)) which we call “path convergence” – for

details of this viewpoint and connection to two time-scale stochastic approximation

see Section 3.2. It is shown in [80] that the fixed points of x̂i(•) coincide with the

stationary points. The goal is thus to prove the iterates converge to the fixed points

of x̂i(•) and the iterates of all nodes asymptotically agree. Our contributions are

introducing partial dependency structure with a localization scheme and in addition

successively approximating the possibly not-sipschitz gradient objective functions.

The latter significantly increases the proof hardness as the gradients of the objective

functions may now be unbounded.

The core idea of NEXT as in most primal algorithms, is in performing the following

steps iteratively.

• The local optimization step for each node i is to find the value of x̂i at its iterate

xi. This x̂i maps the iterate to the optimum of an approximated strongly convex

version of the overall objective function U , which involves using a strongly

convex surrogate for i’s own objective function, and a linearized approximation

of others objective functions. This step is similar to doing gradient descent in a

much more efficient way by taking advantage of the surrogates, and corresponds

to the “path convergence” mentioned above.

• The consensus step is where every node communicates its iterate to its neigh-

bors and also takes an average of its neighbors’ iterates. We refer to the xi’s

asymptotically agreeing on their average x̄ as the “x-consensus convergence.”

To make the algorithm more practical and fully decentralized, the original Inexact

NEXT [80] and our Localized Proximal Inexact NEXT add multiple layers of approx-

imations.
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(1) We mentioned that the node i linearize other nodes’ gradients with the slope

πi ,
∑

j∈N\{i}∇fj(xi). However, node i only has the information of ∇fi(xi). It

hence keeps a variable yi that tracks the average gradient 1
n

∑
j∈N ∇fj so that

node i can approximate πi by π̃i with the knowledge of ∇fi(xi) and yi as in

Algorithm 2.2. The convergence of yi to the average gradient is then the “y-

consensus convergence.” The convergence is also achieved through a gossip-type

consensus scheme similar to that used for x.

(2) With the approximation scheme using the y variable, the fixed point iteration we

actually use in Algorithm 2.2 for the local optimization step is x̃i defined in (2.5),

which is similar to x̂i but using π̃i as the linearization constant. This makes

the algorithm viable in practice in a fully decentralized scenario. To compare

the behaviors of x̂i(x̄) and x̃i = x̃∗i (xi, π̃i), we construct a new “averaging

system” assuming that the xi’s already converge to x̄; this includes yavi , the

average gradient evaluated at x̄, and x̃avi = x̃∗(x̄, π̃avi ), the local optimization

map where π̃avi computed from yavi is used as the linearization constant. Note

that this “averaging system” is constructed purely for analysis purposes.

(3) We use a series of functions {f̃ ∗i,t} to approximate fi so that the local optimiza-

tion map with ideal linearization is x̂i,t, and x̃∗i with the y-approximation in

contrast to just x̃i in NEXT. This is the approximation we add in addition to

what was done in Inexact NEXT [80].

(4) The inexactness of the algorithm chooses xinxi within εi range of x̃i, which leads

to another source of approximation. Because of the function approximation

we use with the relaxed constraints on the schedules of {Li,t} and {τi,t}, the

difference between xinxi and xi can potentially become increasingly larger if the

error propagates, which also increases the proof hardness in contrast to the case

of inexact NEXT where the difference ‖xinxi − x̃i‖ is bounded.

The proof of Theorem 2.3 consists of six parts. The theorem basically makes two

claims: the nodes’ iterates asymptotically agree, and they converge to one of the

optima. The former will be the side product as we aim to prove the latter. In the

first part of the proof, we first summarize the list of notations that will be used in
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the proof in Appendix A.2.1, and then describe a few results and one key proposition

in Appendix A.2.2. Proposition A.1 as the variant of Proposition 5 in [80] shows

Lipschitz properties of x̂i,t. Lemma A.2 and Fact A.4 describe the main machinery

we use to show the “x-consensus convergence” and “y-consensus convergence,” that

is, the geometric convergence of the product of doubly stochastic matrices to the

all one matrix. The results Lemma A.5, Lemma A.6, Lemma A.7, and Technical

Assumption T are technical lemmas regarding series or summations that arise in

the analysis. The key proposition is Proposition A.3, which constitutes the core

components of the proof.

We prove Proposition A.3 (a) in the second part Appendix A.2.3, which says

the difference between xinxi and xi cannot grow beyond a certain rate, and the tools

used are the definition of minimization (2.5), the strong convexity of f̃ ∗i,t, and the y-

consensus convergence. The difference is decomposed into ‖xinxi − x̃i‖ and ‖x̃i− xi‖,
where the former is bounded by εi[t] by definition, and the latter is bounded by

O
(
Li,t
τi,t

)
using a mathematical induction argument.

Part (b) of Proposition A.3 establishes asymptotic consensus on x among nodes as

the third part of the proof Appendix A.2.4. This part involves exploiting Lemma A.2,

Lemma A.5, Fact A.4, Part (a) of Proposition A.3, and series convergence. The

generalization to multiple local dependency sets is also taken care of in Part (a) and

(b) of Proposition A.3 using simple inequalities regarding multi-dimensional spaces.

In the fourth part contained in Appendix A.2.5, Part (c) of Proposition A.3 is

proved, which shows that the locally-optimized result using the “y approximation”

x̃avi converges to the locally-optimized result with ideal linearization x̂i,t(x̄) evaluated

at x̄. In addition to applying the definitions of the maps, it is intuitive that the

“y-consensus convergence” in the “averaging system” and hence Lemma A.2 play a

crucial role in the proof; Part (a) of Proposition A.3 and Technical Assumption T

which comes from Lemma A.7 and the conditions of Theorem 2.3 are also used.

We prove Part (d) of Proposition A.3 in the fifth part Appendix A.2.6. Part

(d) claims the actual locally-optimized result in the algorithm x̃i converges to the

locally-optimized result using the “y approximation” x̃avi . The underlying reason of

the convergence is the “x-consensus convergence.” Several previous results are all used

in this proof, including all of Parts (a), (b), and (c), Lemma A.5, Lemma A.7, and
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Technical Assumption T.

Appendix A.2.7 then combines Parts (a), (c), and (d), convexity of G, and

Lemma A.6 to show that x̄ converges to x̂i,∞(x̄). With τt going to 0, x̂i,∞ is no longer

a function but a correspondence; variational analysis is thus introduced to deal with

the minimizers of correspondences in the first case of Appendix A.2.7. Finally, we deal

with unbounded gradient interior point in the second case of Appendix A.2.7, using

convexity and series convergence. Generalization to study the case of an unbounded

gradient boundary point is left as an open question.

Comparing to the proof of NEXT, the generalization to multiple local dependency

set is not a technically hard one; it requires some simple inequalities as shown in part

(a) and (b) of Proposition A.3. For the second generalization, we replace what was

Lipschitz constant L and strongly convex constant τ by series {Lt} and {τt}, which

now could grow to infinity and decrease to zero, respectively. This does significantly

increase the hardness of the proof. The conditions in Theorem 2.3, the Technical

Assumption T stated below, and Lemma A.7 are made such that all the series now

with {Lt} and {τt} still converge. The unbounded gradient issue and the correspon-

dence nature of x̂i,∞ also make our scheme much trickier to analyze in comparison to

NEXT.

A.2.1 Notations

We define a set of notations to proceed with the proof. All notation is defined for

all i, m, and t, whenever applicable.

Original variables

• xm[t] = (I{i ∈ Nm}xmi [t])i∈N = [I{1 ∈ Nm}xm1 [t]> · · · I{I ∈ Nm}xmI [t]>]>:

the concatenation of part m decision variables from all nodes inNm with padded

zero for nodes not in Nm; we also use xm[t] to refer to non-padded zero version

(xmi [t])i∈Nm , i.e. the vector containing only xmi [t] when i is in Nm, when the

context is clear; the notation (vi)i∈S , which denotes the vector concatenated

from all the vectors of the form vi where the index i is in the set S, will be used

throughout this Appendix

• ym[t] = (I{i ∈ Nm}ymi [t])i∈N : the concatenation of part m of y, which tracks

190



the average (among nodes) gradients of ∇xmfi from the nodes in Nm in the

algorithm

• rm[t] = (∇xmf
∗
i,t[t])i∈N : the concatenation of ground truth gradient, with el-

ement ∇xmf
∗
i,t[t] = ∇xmf

∗
i,t(xi[t]); adding I{i ∈ Nm} is unnecessary as the

gradient would be zero for those nodes not depending on xm

• ∆rm[s, t] = (∆rmi [s, t])i∈N : the gradient difference, with ∆rmi [s, t] = ∇xmf
∗
i,s[s]−

∇xmf
∗
i,t[t] (s ≤ t)

• π̃i[t]: see Line 11 of Algorithm 2.2

• x̃i[t] = x̃∗i (xi[t], π̃i[t]): see Line 5 of Algorithm 2.2 and (2.5)

Average variables

• x̄m[t] = 1
nm

∑
i∈Nm xmi [t]: average of decision variable

• ȳm[t] = 1
nm

∑
i∈Nm y1

i [t]: average of gradient tracking variable

• r̄m[t] = 1
nm

∑
i∈Nm ∇xmf

∗
i,t[t]: average of ground truth gradient

• ∆r̄m[s, t] = 1
nm

∑
i∈Nm ∆rmi [s, t]: average of gradient difference

Tracking system using average variables

• ∇f ∗,avi,t [t] = ∇f ∗i,t(x̄[t])

• rm,av[t] = (∇xmf
∗,av
i,t [t])i∈N : the concatenation of ground truth gradient evalu-

ated at average decision variable

• ∆rm,av[s, t] = (∆rm,avi [s, t])i∈N : the gradient difference evaluated at average

decision variable, with ∆rm,avi [s, t] = ∇xmf
∗,av
i,t [s]−∇xmf

∗,av
i,t [t]

• ym,avi [t + 1] =
∑

j w
m
ij [t]y

m,av
j [t] + ∆rm,avi [t + 1, n]: tracking of average gradient

evaluated at average decision variable, with ym,avi [0] = ∇xmf
∗,av
i,t [0]; concatenat-

ing ym,avi [t+ 1] for i ∈ N makes ym,av[t] = (I{i ∈ Nm}ym,avi [t])i∈N

• π̃m,avi [t] = nmym,avi [t]−∇xmf
∗,av
i,t [t]
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• x̃avi [t] = x̃∗i (x̄i[t], π̃
av
i [t]): optimized result evaluated at average decision variable

and average tracking system

• r̄m,av[t] = 1
nm

∑
i∈Nm ∇xmf

∗,av
i,t [t]: average of ground truth gradient evaluated at

average decision variable

Doubly stochastic matrices

• Pm[t, s] = Wm[t]Wm[t− 1] · · ·Wm[s] t ≥ s

• Ŵm[t] = Wm[t]⊗ Idm

• P̂m[t, s] = Ŵm[t]Ŵm[t− 1] · · ·Ŵm[s] = Pm[t, s]⊗ Idm t ≥ s

• Jm = 1
nm

1Nm1>Nm ⊗ Idm , where 1Nm = {I{i ∈ Nm} : i ∈ N}, and I is the

identity matrix

• Jm⊥ = Idmnm − Jm, where Idmnm is the identity matrix with dimension dm × nm

A.2.2 Key Propositions

The next proposition is a variant of Proposition 5 in [80].

Proposition A.1: Let πSii (x̃) =
∑

j 6=i∇xSif
∗
j,t(x̃) =

(∑
j∈Nm,j 6=i∇xmf

∗
j,t(x̃

Nm)
)
m∈Si

be the concatenation of
∑

j∈Nm,j 6=i∇xmf
∗
j,t(x̃

Nm) for all m in Si. Define the mapping
x̂Sii,t(·) : K → KSi = Πm∈SiKm by

x̂Sii,t(x̃) = arg min
xSi

f̃ ∗i,t(x
Si ; x̃Si) + πSii (x̃)>(xSi − x̃Si) +G(xc) ∀ i ∈ N , (A.1)

and the mapping x̂i,t(·) : K → K by x̂i,t(x̃) =
(
x̂Sii,t(x̃), x̃N\Si

)
, that is, preserving

everything in the KN\Si subspace unchanged while mapping with x̂Sii,t(·) in the Si
subspace. Then, under Assumptions A, F, and N, the mapping x̂i,t(·) has the following
properties:

(a) ∀ z ∈ K and i ∈ N ,

(x̂i,t(z)− z)>∇F (z) +G(x̂i,t(z))−G(z) ≤ −τmin
t ‖x̂i,t(z)− z‖2,
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where F (x) =
∑n

i=1 fi(x). Here we use G(x) and G(xc) interchangeably as they
are the same thing.

(b) x̂i,t(·) is Lipschitz continuous, i.e. ‖x̂i,t(w)−x̂i,t(z)‖ ≤ Li,t‖w−z‖ ∀ w, z ∈ K
for i ∈ N 1.

The only thing we do is to substitute f̃i in [80] as f̃ ∗i,t. Although the equations are

written in localization form, it does not really change anything here.

Lemma A.2: Define P[t, s] , W[t]W[t − 1] · · ·W[s]. Then under Assumption
L′(doubly stochasticity and lower bounded entries for edges),∥∥∥∥P[t, s]− 1

n
11>

∥∥∥∥ ≤ c0ρ
t−1+1, ∀ t ≥ s

for some c0 > 0 and ρ ∈ (0, 1).

Strictly speaking the above is for the Wc = WM+1, which is the matrix used for

the averaging of the entire network, in Assumption L′. For Wm where m ∈ [M ], the

Lemma also holds after we delete the zero rows/columns. In this case the product

converges to 1
nm

11> where the 1 is of the proper dimension. From now on we will

take ρ as the largest geometric convergence factor among all Wm, m ∈ [M + 1].

Before proving Theorem 2.3, we will first prove the following proposition.

Proposition A.3: Let {xm[t]}n , {(xmi [t])i∈Nm} and {x̄m[t]}n ,
{

1
nm

∑
i∈Nm xmi [t]

}
n
,

m ∈ [M + 1] be the sequences generated by Algorithm 2.2, in the settings of the The-
orem 2.3. Then the following holds:

(a) For all n, ‖xm,inxi [t]− xmi [t]‖ ≤ cmLi,t
τi,t

∀ i ∈ Nm,m ∈ [M + 1].

(b) limt→∞ ‖xmi [t] − x̄m[t]‖ = 0,
∑∞

t=1 α[t]‖xmi [t] − x̄m[t]‖ < ∞,
∑∞

t=1 ‖xmi [t] −
x̄m[t]‖2 <∞ ∀ i ∈ Nm,m ∈ [M + 1].

(c) limt→∞ ‖x̃avi [t] − x̂Sii,t(x̄[t])‖ = 0,
∑∞

t=1 α[t]Lmax
t ‖x̃avi [t] − x̂Sii,t(x̄[t])‖ < ∞ ∀ i ∈

N .
1Note that this holds for x̂Sii,t as well because the elements in the KN\Si subspace just cancel each

other out.
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(d) limt→∞ ‖x̃mi [t] − x̃m,avi [t]‖ = 0,
∑∞

t=1 α[t]Lmax
t ‖x̃mi [t] − x̃m,avi [t]‖ < ∞ ∀ i ∈

Nm,m ∈ [M + 1].

We will use the following assumption frequently when proving Proposition A.3.

These are the exact technical inequalities we use in the proof, while all of them are

implicitly implied by the conditions of Theorem 2.3 as we will show below.

Technical Assumption T

(T1) limt→∞ ρ
t L

max
t

τmin
t

= 0;

(T2) limt→∞
Lmax
t

τmin
t

∑t−1
s=0 ρ

t−s α[s](Lmax
s )2

τmin
s

= 0;

(T3) limt→∞
1

τmin
t

∑t−1
s=0 ρ

t−s‖∇f ∗i,s(x)−∇f ∗i,s−1(x)‖ = 0 for all x and i;

(T4)
∑∞

t=1 ρ
t L

max
t

τmin
t

<∞;

(T5)
∑∞

t=1
α[t]Lmax

t

τmin
t

∑t−1
s=0 ρ

t−s α[s](Lmax
s )2

τmin
s

<∞;

(T6)
∑∞

t=1
α[t]Lmax

t

τmin
t

∑t−1
s=0 ρ

t−s‖∇f ∗i,s(x)−∇f ∗i,s−1(x)‖ <∞ for all x and i.

Proof:

(T1): it should be evident from the conditions of Theorem 2.3 that none of the pa-

rameters could be growing or decaying at an exponential rate. We are considering the

setting where α[t] and τmin
t are going to zero while Lmax

t is going to infinity. The con-

dition
∑∞

t=0(Lmax
t )3

(
α[t]

τmin
t

)2

<∞ implies that if either Lmax
t is growing exponentially

or τmin
t is decaying exponentially, then α[t] must also be decaying exponentially. But

then
∑∞

t=0 τ
min
t α[t] =∞ would never be possible.

(T2): recall the conditions of Theorem 2.3 imply limt→∞ α[t]
(Lmax
t )3

(τmin
t )3 = 0, then apply

the first part of Lemma A.7.

(T3): from limt→∞
ηmax
n

τmin
t

= 0 and the first part of Lemma A.7.

(T4): again the parameters are not growing at an exponential rate.

(T5): from
∑∞

t=0(Lmax
t )3

(
α[t]

τmin
t

)2

<∞ and the second part of Lemma A.7.

(T6): from
∑∞

t=0
α[t]Lmax

t ηmax
n

τmin
t

<∞ and the second part of Lemma A.7. �
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A.2.3 Proof of Proposition A.3 (a)

Consider a local dependency set Nm and any node i ∈ Nm. By the definition of

xSii defined in the minimization of (2.5), we have

∑
m∈Si

(xmi [t]− x̃mi [t])>
[
∇xmi

f̃ ∗i,t(x̃
Si
i [t]; xSii [t]) + π̃mi [t]

]
+ (xci [t]− x̃ci [t])

>∂G(x̃ci [t]) ≥ 0.

(A.2)

From the Line 11 of Algorithm 2.2 and (F2′), we have

π̃mi [t] = nm · ymi [t]−∇xmi
f̃ ∗i,t(x

Si
i [t]; xSii [t]).

Substitute this result into A.2 and rearrange the terms to get

τi,t‖xSii − x̃Sii ‖2 = τi,t
∑
m∈Si

‖xmi − x̃mi ‖2

≤ (xSii − x̃Sii )> · [∇
x
Si
i
f̃ ∗i,t(x

Si
i ; xSii )− (∇

x
Si
i
f̃ ∗i,t(x̃

Si
i ; xSii )] (strong convexity of f̃ ∗i,t)

≤
∑
m∈Si

(xmi − x̃mi )>(nmymi ) + (xci − x̃ci)
>∂G(x̃ci)] (from A.2)

≤
∑
m∈Si

(nm‖ymi ‖) · ‖xmi − x̃mi ‖+ LG‖xci − x̃ci‖ (C-S inequality+(A2)).

(A.3)

We have omitted all the time indices in A.3 since all the variables have the same time

index [t].

Suppose that ‖ymi ‖ is bounded by lmLi,t for all m ∈ Si. Then A.3 is of the form

τi,t
∑
m∈Si

‖xmi − x̃mi ‖2 ≤
∑
m∈Si

lmLi,t‖xmi − x̃mi ‖, (A.4)

which implies that all ‖xmi − x̃mi ‖’s are bounded by
∑
m∈Si

lmLi,t

τi,t
2. This is due to

the following argument: if {xi}, {li} are non-negative and
∑

i x
2
i ≤

∑
i lixi, then

max{xi} ≤
∑

i li; otherwise, W.O.L.G. we can assume x1 = max{xi} and hence

2Note that xc refers to xM+1 and M + 1 is in Si as well if the part exists. Therefore, the second
term LG‖xci − x̃ci‖ can be put into the summation in the first term.
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∑
i li < x1, then the following holds

∑
i

x2
i > x2

1 > x1

∑
i

li >
∑
i

lixi,

which is a contradiction. Thus, with A.4, we get

‖xm,inxi [t]− xmi [t]‖ ≤ ‖xm,inxi [t]− x̃mi [t]‖+ ‖x̃mi [t]− xmi [t]‖

≤ εmi [t] +

∑
m∈Si lmLi,t

τi,t
≤ cmLi,t

τi,t
,

where cm is some constant independent of n and i. This proves the claim. It only

remains to show that ‖ymi ‖ is actually bounded by lmLi,t.

We use mathematical induction to finish the proof. The statement is that

‖∆xm,inxi [t]‖ = ‖xm,inxi [t]− xmi [t]‖ ≤ cmLi,t
τi,t

, ‖ymi [t]‖ ≤ lmLi,t

holds for all n. We have already shown that the latter implies the former. The base

case is obvious as we initialize ymi [0] to be∇xmf
∗
i,0[0], which is assumed to be Lipschitz

continuous. For the induction step, we assume the statement is true for t − 1 and

proved the latter part ‖ymi [t]‖ ≤ lmLi,t holds for n.

By the definition of y, we have

ymi [t] = Ŵm[t− 1]ymi [t− 1] + ∆rmi [t, t− 1]

where

‖∆rmi [t, t− 1]‖

= ‖∇xmf
∗
i,t[t]−∇xmf

∗
i,t−1[t− 1]‖ = ‖∇f ∗i,t(xi[t])−∇xmf

∗
i,t−1(xi[t− 1])‖

≤ ‖∇xmf
∗
i,t(xi[t])−∇xmf

∗
i,t(xi[t− 1]) +∇xmf

∗
i,t(xi[t− 1])−∇xmf

∗
i,t−1(xi[t− 1])‖

≤ Li,t‖xi[t]− xi[t− 1]‖+ ‖∇xmf
∗
i,t(xi[t− 1])−∇xmf

∗
i,t−1(xi[t− 1])‖.

(A.5)

To reach the last line we utilize the triangle inequality and the Lipschitz continuity
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of ∇f ∗i,t. For the first term,

‖xmi [t]− xmi [t− 1]‖ ≤ ‖xm[t]− xm[t− 1]‖ ≤
∥∥∥∥1>Nm ⊗ Idm

nm
(xm[t]− xm[t− 1])

∥∥∥∥
= ‖x̄m[t]− x̄m[t− 1]‖ (Fact A.4 (c))

= α[t− 1]

∥∥∥∥1>Nm ⊗ Idm
nm

∆xm,inx[t− 1]

∥∥∥∥ (Fact A.4 (e))

≤ c1α[t− 1]‖∆xm,inx[t− 1]‖.
(A.6)

Using the induction hypothesis of ∆x, we obtain

‖∆rmi [t, t− 1]‖ ≤ Li,t‖xi[t]− xi[t− 1]‖+ c2ηi,t

≤ c1α[t− 1]Li,t‖∆xm,inx[t− 1]‖+ c2ηi,t ≤
c3α[t− 1]Li,tLi,t−1

τi,t−1

+ c2ηi,t.

Therefore, we finally obtain

‖ymi [t]‖ ≤
∥∥∥Ŵm[t− 1]ymi [t− 1]

∥∥∥+ ‖∆rmi [t, t− 1]‖

≤ c4lmLi,t−1 +
c3α[t− 1]Li,tLi,t−1

τi,t−1

+ c2ηi,t

≤ Li,t

(
c4lm +

c3α[t− 1]Li,t−1

τi,t−1

+
c2ηi,t
Li,t

)
≤ c5Li,t

using the induction hypothesis of ∆y and the fact that
α[t−1]Li,t−1

τi,t−1
also goes to zero

when n→∞ implied by the condition of Theorem 2.3.

A.2.4 Proof of Proposition A.3 (b)

We only prove the case for xc = xM+1 to save the ubiquitous subscript of m. The

proof of the claims for general xm is exactly the same with appropriate substitutions

of xc,Ŵ,P, rc, J, J⊥,1n, I by xm,Ŵm,Pm, rm, Jm, Jm⊥ ,1Nm , nm.

(i)

xc[t]− 1n ⊗ x̄c[t] = xc[t]− Jxc[t] = J⊥xc[t] , xc⊥[t].

Notice that with Fact A.4 (d) and (e), the difference of xc[t] and 1n ⊗ x̄c[t] which is

xc⊥[t] can be expressed as a linear combination of xc⊥[t− 1] and ∆xc,inx[t− 1]. We can
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thus expand xc⊥[t− 1] iteratively as follows:

xc⊥[t]

= J⊥Ŵ[t− 1]xc⊥[t− 1] + α[t− 1]J⊥Ŵ[t− 1]∆xc,inx[t− 1]

= J⊥Ŵ[t− 1](J⊥Ŵ[t− 2]xc⊥[t− 2] + α[t− 2]J⊥Ŵ[t− 2]∆xc,inx[t− 2])

+ α[t− 1]J⊥Ŵ[t− 1]∆xc,inx[t− 1]
...

= J⊥Ŵ[t− 1]J⊥Ŵ[t− 2] · · · J⊥Ŵ[0]xc⊥[0] +
t−1∑
s=0

J⊥Ŵ[t− 1] · · · J⊥Ŵ[s]α[s]∆xc,inx[s]

=

[(
P[t− 1, 0]− 1

n
1n1

>
n

)
⊗ nm

]
xc⊥[0]

+
t−1∑
s=0

[(
P[t− 1, s]− 1

n
1n1

>
n

)
⊗ nm

]
α[s]∆xc,inx[s]

(A.7)

where the last equation resulted from Fact A.4 (b). From Proposition A.3 (a) we

know

‖∆xc,inx[t]‖ ≤ ‖∆xinx[t]‖ =

√√√√ n∑
i=1

‖∆xinxi [t]‖2 ≤ c1 max
n
‖∆xinxi [t]‖ ≤ c2L

max
t

τmin
t

(A.8)

for some constants c1 and c2. Consequently, we get

‖xc⊥[t]‖ ≤ c3ρ
t + c4

t−1∑
s=0

ρt−s
α[s]Lmax

s

τmin
s

n→∞−−−→ 0 (A.9)

by first utilizing triangle inequality, and then using (A.8), Lemma A.2, and finally

Lemma A.5 (a). Remark that limt→∞ α[t]
(
Lmax
t

τmin
t

)3

= 0 implies limt→∞
α[t]Lmax

t

τmin
t

= 0,

which we use in (A.9) as the condition of Lemma A.5 (a).
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(ii)

lim
t→∞

t∑
k=1

α[k]‖xci [k]− x̄c[k]‖ ≤ lim
t→∞

t∑
k=1

α[k]‖xc⊥[k]‖

≤ lim
t→∞

t∑
k=1

α[k]

(
c3ρ

k + c4

k−1∑
s=0

ρk−s
α[s]Lmax

s

τmin
s

)
(from (A.9))

≤ lim
t→∞

(
c3

t∑
k=1

ρkα[k] + c4ρ

t∑
k=1

k∑
s=1

ρk−sα[k]
α[s− 1]Lmax

s−1

τmin
s−1

)
<∞.

The bound for the last term comes from Lemma A.5 (b).

(iii)

lim
t→∞

t∑
k=1

‖xc⊥[k]‖2 ≤ lim
t→∞

(
c2

3

t∑
k=1

ρ2k + 2c3c4ρ
t∑

k=1

k∑
s=1

ρ2k−lα[s− 1]Lmax
s−1

τmin
s−1

+c2
4ρ

2

t∑
k=1

k∑
s=1

k∑
t=1

ρ2k−l−tα[s− 1]Lmax
s−1

τmin
s−1

α[t− 1]Lmax
t−1

τmin
t−1

)
<∞.

The bound for the first term is natural. The double summation is bounded due to the

second equality Lemma A.5 (b) with (λ, β[k], ν[s]) being (ρ, ρk,
α[s−1]Lmax

s−1

τmin
s−1

). The condi-

tion of Theorem 2.3
∑∞

t=1(Lmax
t )3

(
α[t]

τmin
t

)2

<∞ guarantees that
∑∞

t=1

(
α[t]Lmax

t

τmin
t

)2

<∞.

The inequality of the triple summation follows from

lim
t→∞

t∑
k=1

k∑
s=1

k∑
t=1

ρ2k−l−tα[s− 1]Lmax
s−1

τmin
s−1

α[t− 1]Lmax
t−1

τmin
t−1

≤ lim
t→∞

t∑
k=1

k∑
s=1

k∑
t=1

ρk−s · ρk−t ·

(
α[s−1]Lmax

s−1

τmin
s−1

)2

+
(
α[t−1]Lmax

t−1

τmin
t−1

)2

2

≤ lim
t→∞

1

1− ρ

t∑
k=1

k∑
s=1

ρk−s
(
α[s− 1]Lmax

s−1

τmin
s−1

)2

<∞,

where the last inequality is due to the first equality of Lemma A.5 (b). Again, the

convergence of
∑∞

t=1

(
α[t]Lmax

t

τmin
t

)2

is implied by the convergence of
∑∞

t=1(Lmax
t )3

(
α[t]

τmin
t

)2

.
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A.2.5 Proof of Proposition A.3 (c)

We exploit the optimality of x̃avi and (F1′) and (A2) to get

[
x̂Sii,t(x̄)− x̃avi

]> [∇xSi f̃
∗
i,t(x̃

av
i ; x̄Si) + π̃avi + (0Si\{c}, ∂G(x̃c,avi ))

]
≥ 0; (A.10)

and the optimality of x̄ (for the mapping of x̂Sii,t(x̄)) leads to

[
x̃avi − x̂Sii,t(x̄)

]> [∇xSi f̃
∗
i,t(x̂

Si
i,t(x̄); x̄Si) + πSii (x̄) + (0Si\{c}, ∂G(x̂ci,t(x̄))

]
≥ 0. (A.11)

0Si\{c} is an all zero vector in the subspace KSi\{c}. It should be clear that x̂ci,t(x̄)

refers to the component of x̂i,t(x̄) in the subspace Kc. Then

τi,t
∥∥x̂Sii,t(x̄)− x̃avi

∥∥2

≤
[
x̂Sii,t(x̄)− x̃avi

]> · [∇xSi f̃
∗
i,t(x̃

av
i ; x̄Si)−∇xSi f̃

∗
i,t(x̂

Si
i,t(x̄); x̄Si)

+
(
0Si\{c}, ∂G(x̂ci,t(x̄))− ∂G(x̃c,avi ))

) ]
((F1′) and (A2))

≤
[
x̂Sii,t(x̄)− x̃avi

]> · [π̃avi − πSii (x̄)
]

((A.10) and (A.11))

≤
∥∥x̂Sii,t(x̄)− x̃avi

∥∥ · ∥∥π̃avi − πSii (x̄)
∥∥ . (C-S inequality)

(A.12)

From (A.12),

∥∥x̂Sii,t(x̄)− x̃avi
∥∥ ≤ 1

τi,t

∥∥π̃avi − πSii (x̄)
∥∥

=
1

τi,t

∥∥∥∥∥(nmym,avi )m∈Si −∇xSif
∗
i,t(x̄)−

∑
j 6=i

∇xSif
∗
j,t(x̄)

∥∥∥∥∥
≤ 1

τi,t

∑
m∈Si

‖nmym,avi − nmr̄m,av‖

≤ 1

τi,t

∑
m∈Si

nm‖ym,av − 1Nm ⊗ r̄m,av‖.

Up until now, the context is clear enough to allow us to drop all [t] time index. Again,

we only focus on the case of m = M + 1; that is, proving 1
τi,t
‖yc,av − 1n ⊗ r̄c,av‖ goes
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to zero. We calculate

yc,av[t] = Ŵ[t− 1]yc,av[t− 1] + ∆rc,av[t, t− 1]

= Ŵ[t− 1](Ŵ[t− 2]yc,av[t− 2] + ∆rc,av[t− 1, t− 2]) + ∆rc,av[t, t− 1]

= P̂[t− 1, t− 2](Ŵ[t− 3]yc,av[t− 3] + ∆rc,av[t− 2, t− 3])

+ P̂[t− 1, t− 1]∆rc,av[t− 1, t− 2] + ∆rc,av[t, t− 1]
...

= P̂[t− 1, 0]rc,av[0] +
t−1∑
s=1

P̂[t− 1, s]∆rc,av[s, s− 1] + ∆rc,av[t, t− 1],

(A.13)

and

1n ⊗ r̄c,av[t] = 1n ⊗

(
r̄c,av[0] +

n∑
s=1

∆r̄c,av[s, s− 1]

)

= 1n ·
1>n ⊗ Id

n

(
rc,av[0] +

n∑
s=1

∆rc,av[s, s− 1]

)

= Jrc,av[0] +
t−1∑
s=1

J∆rc,av[s, s− 1] + J∆rc,av[t, t− 1].

(A.14)

Similar to (A.5) we have

‖∆rc,av[s, s− 1]‖

=
∑
i∈N

‖∇xcf
∗
i,s(x̄[s])−∇xcf

∗
i,s−1(x̄[s− 1])‖

=
∑
i∈N

‖∇xcf
∗
i,s(x̄[s])−∇xcf

∗
i,s−1(x̄[s]) +∇xcf

∗
i,s−1(x̄[s])−∇xcf

∗
i,s−1(x̄[s− 1])‖

≤ nLmax
s−1‖x̄[s]− x̄[s− 1]‖+

∑
i∈N

‖∇xcf
∗
i,s(x̄[s])−∇xcf

∗
i,s−1(x̄[s])‖.

(A.15)

Similar to the technique as in (A.7) to (A.9), by combining (A.13), (A.14), plus

Lemma A.2, and then (A.15), we have
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1

τi,t
‖yc,av[t]− 1n ⊗ r̄c,av[t]‖

≤ c1
ρt

τmin
t

+ c2

t−1∑
s=1

ρt−s

τmin
t

‖∆rc,av[s, s− 1]‖+ c3
1

τmin
t

‖∆rc,av[t, t− 1]‖

≤ c1
ρt

τmin
t

+ c2

t−1∑
s=1

ρt−s

τmin
t

(
nLmax

s−1 ‖x̄[s]− x̄[s− 1]‖+
∑
i

‖∇xcf
∗
i,s(x̄[s])−∇xcf

∗
i,s−1(x̄[s])‖

)

+ c3
1

τmin
t

(
nLmax

t−1 ‖x̄[t]− x̄[t− 1]‖+
∑
i

‖∇xcf
∗
i,t(x̄[t])−∇xcf

∗
i,t−1(x̄[t])‖

)

= c1
ρt

τmin
t

+ c2

t−1∑
s=1

ρt−sα[s− 1]Lmax
s−1

τmin
t

∥∥∥∥∥
(

1

nm
1>nm ⊗ Idm∆xm,inx[s− 1]

)
m∈[M+1]

∥∥∥∥∥
+ c3

α[t− 1]Lmax
t−1

τmin
t

∥∥∥∥∥
(

1

nm
1>nm ⊗ Idm∆xm,inx[t− 1]

)
m∈[M+1]

∥∥∥∥∥
+ c2

t−1∑
s=1

ρt−s

τmin
t

∑
i

‖∇xcf
∗
i,s(x̄[s])−∇xcf

∗
i,s−1(x̄[s])‖

+ c3
1

τmin
t

∑
i

‖∇xcf
∗
i,t(x̄[t])−∇xcf

∗
i,t−1(x̄[t])‖

≤ c1
ρt

τmin
t

+ c4

t−1∑
s=1

ρt−s
α[s− 1](Lmax

s−1 )2

τmin
t τmin

s−1

+ c5

α[t− 1](Lmax
t−1 )2

τmin
t τmin

t−1

+ c2

t−1∑
s=1

ρt−s

τmin
t

∑
i

‖∇xcf
∗
i,s(x̄[s])−∇xcf

∗
i,s−1(x̄[s])‖

+ c3
1

τmin
t

∑
i

‖∇xcf
∗
i,t(x̄[t])−∇xcf

∗
i,t−1(x̄[t])‖ (Proposition A.3 (a))

n→∞−−−→ 0. ((T1), (T2), and (T3))

(A.16)

In the last equation, we also have limt→∞
α[t](Lmax

t )2

(τmin
t )2 = 0 and limt→∞

1
τmin
t
‖∇f ∗i,t(x̄[t])−

∇f ∗i,t−1(x̄[t])‖ = 0 implied by the conditions of Theorem 2.3. For the second part of

the claim, we can equivalently prove

∞∑
t=1

α[t]Lmax
t

τmin
t

‖yc,av[t]− 1n ⊗ r̄c,av[t]‖ <∞.
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This is true because

∞∑
t=1

α[t]Lmax
t

τmin
t

‖yc,av[t]− 1n ⊗ r̄c,av[t]‖

≤ c1

∞∑
t=1

ρt
α[t]Lmax

t

τmin
t

+ c4

∞∑
t=1

α[t]Lmax
t

t−1∑
s=1

ρt−s
α[s− 1](Lmax

s−1 )2

τmin
t τmin

s−1

+ c5

∞∑
t=1

α[t]α[t− 1]Lmax
t (Lmax

t−1 )2

τmin
t τmin

t−1

+ c2

∞∑
t=1

α[t]Lmax
t

t−1∑
s=1

ρt−s

τmin
t

∑
i

‖∇xcf
∗
i,s(x̄[s])−∇xcf

∗
i,s−1(x̄[s])‖

+ c3

∞∑
t=1

α[t]Lmax
t

τmin
t

∑
i

‖∇xcf
∗
i,t(x̄[t])−∇xcf

∗
i,t−1(x̄[t])‖ <∞.

All the terms are finite because of the following. The first term is due to (T4) – after

multiplying a going-to-zero α[t], the term remains to be bounded. The second term

is due to (T5). The third term is in the condition of Theorem 2.3. The fourth term

is due to (T6). The last term is also in the condition of Theorem 2.3.

A.2.6 Proof of Proposition A.3 (d)

Recall we have

x̃i[t] = arg min
xi∈KSi

Ũi,t(xi; xi[t], π̃i[t])

and

x̃avi [t] = arg min
xi∈KSi

Ũi,t(xi; x̄i[t], π̃
av
i [t]),

where

Ũi,t(xi; xi[t], π̃i[t]) = f̃ ∗i,t(xi; xi[t]) +
∑
k∈Si

π̃ki [t]>(xki − xki [t]) +G(xc).

These along with (F1′) and (A2) lead to the following:

(x̃avi − x̃i)
> ·
[
∇xSi f̃

∗
i,t(x̃i; xi) + π̃i + (0Si\{c}, ∂G(x̃ci))

]
≥ 0 (A.17)
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and

(x̃i − x̃avi )> ·
[
∇xSi f̃

∗
i,t(x̃

av
i ; x̄i) + π̃avi + (0Si\{c}, ∂G(x̃c,avi ))

]
≥ 0. (A.18)

As we did in (A.12),

τi,t‖x̃i − x̃avi ‖2

≤ (x̃i − x̃avi )> ·
[
∇xSi f̃

∗
i,t(x̃i; xi)−∇xSi f̃

∗
i,t(x̃

av
i ; xi) + (0Si\{c}, ∂G(x̃ci)− ∂G(x̃c,avi )

]
((A2) and (F1′))

≤ (x̃i − x̃avi )> ·
[
∇xSi f̃

∗
i,t(x̃

av
i ; x̄i)−∇xSi f̃

∗
i,t(x̃

av
i ; xi) + π̃avi − π̃i

]
((A.17) and (A.18))

≤ ‖x̃i − x̃avi ‖ ·
[
Li,t‖x̄i − xi‖+

∥∥(nm(ym,avi − ymi ))m∈Si −∇xSif
∗
i,t(x̄i)−∇xSif

∗
i,t(xi)

∥∥]
((N1))

≤ ‖x̃i − x̃avi ‖ ·

[
2Li,t‖x̄i − xi‖+

∑
m∈Si

‖nm(ymi − ym,avi )‖

]
.

Hence,

[∑
m∈Si

‖x̃mi − x̃m,avi ‖2

]1/2

≤ 2Li,t
τi,t

(∑
m∈Si

‖x̄m − xmi ‖

)
+
∑
m∈Si

nm
τi,t
‖ym − ym,av‖

≤ 2Li,t
τi,t

(∑
m∈Si

‖x̄m − xmi ‖

)
+
∑
m∈Si

nm
τi,t

(
‖1Nm ⊗ (r̄m − r̄m,av)‖

+ ‖ym − ym,av − 1Nm ⊗ (r̄m − r̄m,av)‖
)
.

(A.19)

Since ‖x̃mi − x̃m,avi ‖ is not larger than
[∑

m∈Si ‖x̃
m
i − x̃m,avi ‖2

]1/2

, (A.19) implies

the former goes to zero as n goes to infinity if we can show all terms in the RHS do so.

The first term does go to zero as we showed in part (b) (combining (A.9), Lemma A.5

(a), and the fact that limt→∞ α[t]
(
Lmax
t

τmin
t

)2

). The following shows this property holds

for the remaining two terms as well. As always we omit all time index [t] from above

as the context is clear enough.

We have
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1

τi,t
‖1Nm ⊗ (r̄m[t]− r̄m,av[t])‖

≤ 1

τi,t

∑
i∈Nm

∥∥∇xmf
∗
i,t(xi[t])−∇xmf

∗
i,t(x̄

Si [t])
∥∥

≤
∑
i∈Nm

Li,t
τi,t
‖xi[t]− x̄Si [t]‖ ((N1))

n→∞−−−→ 0, (Proposition A.3 (b))

and

1

τi,t
‖ym − ym,av − 1Nm ⊗ (r̄m − r̄m,av)‖

≤ c1
ρt

τmin
t

+ c2

t−1∑
s=1

ρt−s

τmin
t

‖∆rm[s, s− 1]−∆rm,av[s, s− 1]‖

+ c3
1

τmin
t

‖∆rm[t, t− 1]−∆rm,av[t, t− 1]‖ ((A.13), (A.14), and (A.16))

≤ c1
ρt

τmin
t

+ c4

t−1∑
s=1

ρt−s

τmin
t

∑
i∈Nm

(
Lmax
s ‖xmi [s]− x̄m[s]‖+ Lmax

s−1‖xmi [s− 1]− x̄m[s− 1]‖

+ ‖∇xmf
∗
i,s(xi[s− 1])−∇xmf

∗
i,s−1(xi[s− 1])‖

+ ‖∇xmf
∗
i,s(x̄[s− 1])−∇xmf

∗
i,s−1(x̄[s− 1])‖

)
+ c5

1

τmin
t

∑
i∈Nm

(
Lmax
t ‖xmi [t]− x̄m[t]‖+ Lmax

t−1 ‖xmi [t− 1]− x̄m[t− 1]‖

+ ‖∇xmf
∗
i,s(xi[t− 1])−∇xmf

∗
i,s−1(xi[t− 1])‖

+ ‖∇xmf
∗
i,s(x̄[t− 1])−∇xmf

∗
i,s−1(x̄[t− 1])‖

)
((N1))

n→∞−−−→ 0. ((T1), (T2), Proposition A.3 (b), Lemma A.5 (a), and (T3))

For the terms of the form Lt
τt
‖x⊥[t]‖ to converge to zero, refer to (A.9) and Assumption

T1 and T2. In the second line, from (A.13), (A.14), and (A.16) we know that ‖ym,av−
1Nm⊗ r̄m,av‖ can be represented as a sum of ∆rm,av[s, s−1]’s; using the same method

‖ym − 1Nm ⊗ r̄m‖ can also be represented as a sum of ∆rm[s, s− 1]’s, which we omit

here. In the last inequality one can alternatively use (A.6) to bound ∆rm[s, s − 1]

and ∆rm,av[s, s− 1], which is simpler and sufficient for our purposes.

For the second part of the claim,
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∞∑
t=1

α[t]Lmax
t ‖x̃mi [t]− x̃m,avi [t]‖

≤ c6

∞∑
t=1

α[t](Lmax
t )2

τmin
t

‖xSi⊥ [t]‖+ c1

∞∑
t=1

ρtα[t]Lmax
t

τmin
t

+ c4

∞∑
t=1

t−1∑
s=1

ρt−sα[t]Lmax
t

τmin
t

∑
i∈Nm

(
Lmax
s ‖xmi [s]− x̄m[s]‖+ Lmax

s−1‖xmi [s− 1]− x̄m[s− 1]‖

+ ‖∇xmf
∗
i,s(xi[s− 1])−∇xmf

∗
i,s−1(xi[s− 1])‖

+ ‖∇xmf
∗
i,s(x̄[s− 1])−∇xmf

∗
i,s−1(x̄[s− 1])‖

)
+ c5

∞∑
t=1

α[t]Lmax
t

τmin
t

∑
i∈Nm

(
Lmax
t ‖xmi [t]− x̄m[t]‖+ Lmax

t−1 ‖xmi [t− 1]− x̄m[t− 1]‖

+ ‖∇xmf
∗
i,s(xi[t− 1])−∇xmf

∗
i,s−1(xi[t− 1])‖

+ ‖∇xmf
∗
i,s(x̄[t− 1])−∇xmf

∗
i,s−1(x̄[t− 1])‖

)
<∞.

For the first term, use (A.9), (T4), and (T5). Second term is finite due to (T4) with

additional α[t]. The terms in the forth line are just like the first term. The terms in

the fifth line converge by the condition of Theorem 2.3. The terms in the second line

are of the type
∑

t
α[t]Lt
τt

∑
s ρ

t−sLs‖x⊥[s]‖, from (A.9) and (T4) one can show that∑
t
α[t]L2

t

τt
‖x⊥[t]‖ converges, hence the convergence of the terms by applying second

part of Lemma A.7. The terms in the third line converge because of (T6).
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A.2.7 Proof of Theorem 2.3

Denote F ∗t =
∑

i∈N f
∗
i,t. By descent Lemma,

F ∗t (x̄[t+ 1])

≤ F ∗t (x̄[t]) +∇F ∗t (x̄[t])>(x̄[t+ 1]− x̄[t]) +
Lmax
t

2
‖x̄[t+ 1]− x̄[t]‖2

= F ∗t (x̄[t]) +
∑
m

[
∇xmF

∗
t (x̄[t])>(x̄m[t+ 1]− x̄m[t]) +

Lmax
t

2
‖x̄m[t+ 1]− x̄m[t]‖2

]

= F ∗t (x̄[t]) +
∑
m

[
α[t]

nm
∇xmF

∗
t (x̄[t])>

∑
i∈Nm

(xm,inxi [t]− x̄mi [t]) +
Lmax
t

2
‖x̄m[t+ 1]− x̄m[t]‖2

]

≤ F ∗t (x̄[t]) +
∑
m

[
α[t]

nm
∇xmF

∗
t (x̄[t])>

∑
i∈Nm

[ (
x̂mi,t(x̄[t])− x̄mi [t]

)
+
(
x̃m,avi [t]− x̂mi,t(x̄[t])

)
+ (x̃mi [t]− x̃m,avi [t]) +

(
xm,inxi [t]− x̃mi [t]

) ]
+
Lmax
t

2
‖x̄m[t+ 1]− x̄m[t]‖2

]
.(A.20)

By the convexity of G (A2),

G(x̄c[t+ 1]) ≤ (1− α[t])G(x̄c[t]) + α[t]G

(
1

n

n∑
i=1

xc,inxi [t]

)

≤ (1− α[t])G(x̄c[t]) +
α[t]

n

n∑
i=1

G(xc,inxi [t]).

(A.21)

Then using Proposition A.1 (a) and the fact that G has bounded subgradients,

∑
m

α[t]

nm
∇xmF

∗
t (x̄[t])>

∑
i∈Nm

(
x̂mi,t(x̄[t])− x̄mi [t]

)
≤ −τmin

t α[t]♦[t] + α[t]

[
G(x̄c[t])− 1

n

n∑
i=1

G
(
x̂ci,t(x̄[t])

)]
(Proposition A.1 (a))

≤ −τmin
t α[t]♦[t] +G(x̄c[t])−G(x̄c[t+ 1]) +

α[t]

n

n∑
i=1

∥∥G(xc,inxi [t])−G
(
x̂ci,t(x̄[t])

)∥∥
(by (A.21))

≤ −τmin
t α[t]♦[t] +G(x̄c[t])−G(x̄c[t+ 1]) +

LGα[t]

n

n∑
i=1

∥∥xc,inxi [t]− x̂ci,t(x̄[t])
∥∥
((A2))

(A.22)
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where ♦[t] stands for the expression
∑

m

∑
i∈Nm ‖x̂

m
i (x̄[t])− x̄mi [t]‖2. Combining

(A.20), (A.22) and (N1) with Cauchy-Schwarz inequality as well as triangle inequality,

we get

F ∗t (x̄[t+ 1])

≤ F ∗t (x̄[t]) +G(x̄c[t])−G(x̄c[t+ 1]) +
α[t]LG
n

n∑
i=1

∥∥xc,inxi [t]− x̂ci,t(x̄
c[t])

∥∥
+
∑
m

[
α[t]Lmax

t

nm

∑
i∈Nm

(∥∥x̃m,avi [t]− x̂mi,t(x̄[t])
∥∥+ ‖x̃mi [t]− x̃m,avi [t]‖+ εmi [t]

)]

+
∑
m

Lmax
t

2
‖x̄m[t+ 1]− x̄m[t]‖2 − τmin

t α[t]♦[t].

(A.23)

From the triangle inequality, Proposition A.3 (a) and Fact A.4 (e),

∥∥xc,inxi [t]− x̂ci,t(x̄
c[t])

∥∥ ≤ ∥∥xc,inxi [t]− x̃ci [t]
∥∥+ ‖x̃ci [t]− x̃c,avi [t]‖

+
∥∥x̃c,avi [t]− x̂ci,t(x̄

c[t])
∥∥ ,

‖x̄m[t+ 1]− x̄m[t]‖2 ≤
(
cmα[t]Lmax

t

nmτmin
t

)2

∀ m.

Substitute these expression back into (A.23) and rearrange the terms to get

U∗n+1(x̄[t+ 1]) ≤ U∗n(x̄[t])− τmin
t α[t]♦[t] + c1(Lmax

t )3

(
α[t]

τmin
t

)2

+ F ∗n+1(x̄[t+ 1])− F ∗t (x̄[t+ 1])

+ c2

∑
m

[
α[t]Lmax

t

∑
i∈Nm

(∥∥x̃m,avi [t]− x̂mi,t(x̄[t])
∥∥+ ‖x̃mi [t]− x̃m,avi [t]‖+ εmi [t]

)]
.

(A.24)

We now exploit Lemma A.6 with Y [t] = U∗n(x̄[t]), X[t] = τmin
t α[t]♦[t] and

Z[t] = c1(Lmax
t )3

(
α[t]

τmin
t

)2

+ F ∗n+1(x̄[t+ 1])− F ∗t (x̄[t+ 1])

+ c2

∑
m

[
α[t]Lmax

t

∑
i∈Nm

(∥∥x̃m,avi [t]− x̂mi,t(x̄[t])
∥∥+ ‖x̃mi [t]− x̃m,avi [t]‖+ εmi [t]

)]
.

Since U(x̄[t]) is coercive ((A3)), Y [t] 6→ −∞; on the other hand, from Proposition A.3

208



(c), (d), and the assumption of the Theorem,
∑∞

t=1 Z[t] < ∞. Thus, by Lemma A.6

{U∗n(x̄[t])} converges to a finite value and
∑∞

t=1 τ
min
t α[t]♦[t] converges as well, which

means ∞∑
t=1

τmin
t α[t]

∥∥x̂mi,t(x̄[t])− x̄m[t]
∥∥2
<∞ ∀ i ∈ Nm, ∀ m.

This in turn implies

lim
t→∞

∥∥x̂mi,t(x̄[t])− x̄m[t]
∥∥ = 0 ∀ i ∈ Nm, ∀ m.

At this point the localization is no longer an issue, and we will use the generalized

definition of x̂i,t(x̄[t]) ∈ K so that we have limt→∞ ‖x̂i,t(x̄[t])− x̄[t]‖ = 0 for all i ∈ N .

Since {x̄[t]} is bounded following from the convergence of {U∗n(x̄[t])}, there exists a

limit point x̄∞ ∈ K of the set. We assume x̄[t]→ x̄∞. If this is not the case, then one

can find a subsequence x̄[tk] indexed by k such that x̄[tk]→ x̄∞ as k →∞. We con-

sider a partition of three cases: (1) bounded gradient (∃ B s.t. ‖∇fi(x)‖ < B ∀ i,x),

(2) unbounded gradient and interior point (x̄∞ ∈ int(K)), and (3) unbounded gradi-

ent and boundary point (x̄∞ ∈ bd(K)).

(1) bounded gradient: Recall the map defined in Proposition A.1

x̂i,t(x̃) = arg min
x

f̃ ∗i,t(x; x̃) + πi(x̃)>(x− x̃) +G(x) , arg min
x

Ũi,t(x; x̃).

This map is converging to the following map

x̂t(x̃) = arg min
x

f̃i(x; x̃) + πi(x̃)>(x− x̃) +G(x) , arg min
x

Ũt(x; x̃), (A.25)

which might be multi-valued since we do not require f̃i to be strongly convex. The

latter map is well-defined everywhere only with bounded gradient. Otherwise πi could

be infinite; moreover, when ∇fi(x) =∞ and x ∈ int(K), it is not possible to achieve

∇f̃i(x; x) = ∇fi(x), f̃i being defined everywhere and being convex simultaneously.

Thus, the analysis for this case does not work for the other two cases.

Now consider the two maps evaluated at x̄[t] and x̄∞ respectively, x̂i,t(x̄[t]), the

minimizer of Ũi,t(•; x̄[t]) , ψt, and x̂t(x̄
∞), the set of minimizers of Ũt(•; x̄∞) , ψ.

We have the following two properties.
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• {ψt} is eventually level-bounded, i.e. ∀ α ∈ R,
⋃
t∈N,N∈N∞ lev≤αψt is bounded.

Refer to [107], p. 8, p. 109, and p. 123 for the definitions of the notations.

This is ensured by Assumption F3, i.e. either f̃i(•; x) is coercive ∀ x, i or G(•)
is coercive.

• ψt
e→ ψ, i.e. ψt epi-converges to ψ. See [107], p. 241 for the definition. This

is due to {Ũi,t} and Ũi being continuous and limt→∞ Ũi,t = Ũi, then by [107]

Theorem 7.2, p. 241 we have ψt
e→ ψ.

By [107] Theorem 7.33, p. 266, with these two properties, we then have

x̄∞ = lim
t→∞

x̂i,t(x̄[t]) = lim sup
t→∞

(arg minψt) ⊂ arg minψ = x̂t(x̄
∞).

In [80] Proposition 5(b) says that the fixed point of x̂t is also the stationary point of

the original optimization problem, which is proved in [40] Proposition 8(b). Things

change slightly here as the minimizer of x̂t may not be unique. However, in the proof

they did not exploit any strong convexity property. Hence, we still have x̄∞ being a

stationary point.

(2) unbounded gradient and interior point: Effectively we want to show

∇F (x̄∞)>(z− x̄∞) +G(z)−G(x̄∞) ≥ 0 ∀ z ∈ K, (A.26)

but we can no longer argue anything with x̂i. Only for the following we will write x̄t

instead of x̄[t] for simplicity. From the optimality condition of x̂i,t(x̄t), we have that

for all z ∈ K,

0 ≤

[
∇f̃ ∗i,t(x̂i,t(x̄t); x̄t) +

∑
j 6=i

∇f ∗i,t(x̄t)

]>
(z− x̂i,t(x̄t)) +G(z)−G (x̂i,t(x̄t))

=

[
∇f̃ ∗i,t(x̄t; x̄t) +

∑
j 6=i

∇f ∗i,t(x̄t)

]>
(z− x̂i,t(x̄t)) +G(z)−G (x̂i,t(x̄t))

+
[
∇f̃ ∗i,t(x̂i,t(x̄t); x̄t)−∇f̃ ∗i,t(x̄t; x̄t)

]>
(z− x̂i,t(x̄t)) ,

(A.27)

where ∇f̃ ∗i,t(x̄t; x̄t) +
∑

j 6=i∇f ∗i,t(x̄t) is just ∇F ∗t (x̄t). The terms in the second bracket
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are bounded as follows∥∥∥∇f̃ ∗i,t(x̂i,t(x̄t); x̄t)−∇f̃ ∗i,t(x̄t; x̄t)∥∥∥
≤
∥∥∥∇f̃ ∗i,t(x̂i,t(x̄t); x̄t)−∇f̃ ∗i,t(x̂i,t(x̄t); x̂i,t(x̄t))∥∥∥

+
∥∥∥∇f̃ ∗i,t(x̂i,t(x̄t); x̂i,t(x̄t))−∇f̃ ∗i,t(x̄t; x̄t)∥∥∥

=
∥∥∥∇f̃ ∗i,t(x̂i,t(x̄t); x̄t)−∇f̃ ∗i,t(x̂i,t(x̄t); x̂i,t(x̄t))∥∥∥+

∥∥∇f ∗i,t(x̂i,t(x̄t))−∇f ∗i,t(x̄t)∥∥
≤Li,t ‖x̂i,t(x̄t)− x̄t‖+ Li,t ‖x̂i,t(x̄t)− x̄t‖ ≤ 2Lmax

t ‖x̂i,t(x̄t)− x̄t‖ ,

where the second inequality is due to the Lipschitz continuities of ∇f̃ ∗i,t(x; •) and

∇f ∗i,t(•). Since we assume
∑

n(Lmax
t )3

(
α[t]

τmin
t

)2

<∞ in the condition and get∑
n α[t]τmin

t ‖x̂i,t(x̄t) − x̄t‖2 < ∞, it must be that ‖x̂i,t(x̄t) − x̄t‖2 = O
(
α[t]

(Lmax
t )3

(τmin
t )3

)
.

Hence, with the conditions of limt→∞ α[t]
(Lmax
t )5

(τmin
t )3 = 0 and limt→∞∇F ∗t = ∇F , taking

n → ∞ in (A.27) yields exactly (A.26). It is evident that x̄∞ must be a point such

that ∇F (x̄∞) < ∞, because if not so x̄∞ is an interior point and there must exist

one descent direction.

(3) unbounded gradient and boundary point: We can consider two subcases.

• ∇F (x̄∞) < ∞: we can use the same argument in case (2) to show that x̄∞ is

a stationary point. If we have ‖∇fi(x̄∞)‖ < B ∀ i, we can also use the same

argument in case (1) confined to a small neighborhood of x̄∞.

• ∇F (x̄∞) =∞: the definition of stationary point fails here and we can only turn

to the definition of local minimum. However, both NEXT and our algorithm

can numerically converge to a point which is not a local minimum.

A.3 Technical Lemmas

We put some technical lemmas used in the proof in this appendix. Some of them

are from [80].

Fact A.4: For all m we have the following.
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(a) Jm⊥ Ŵm[t] = Jm⊥ Ŵm[t]Jm⊥ = Ŵm[t]− 1m
n

1Nm1>Nm ⊗ Idm , where we also have

Jm⊥ Ŵm[t] = Ŵm[t]−
(

Ŵm[t] · 1

nm
1Nm1>Nm

)
⊗ Idm

=
(
Idmnm − 1Nm1>Nm ⊗ Idm

)
Ŵm[t]

(
Idmnm − 1Nm1>Nm ⊗ Idm

)
= Jm⊥ Ŵm[t]Jm⊥ .

We use the equality (A⊗B) · (C ⊗D) = (A ·C)⊗ (B ·D) in showing the above
equation.

(b) Jm⊥ Ŵm[t]Jm⊥ Ŵm[t−1] · · · Jm⊥ Ŵm[s] = Jm⊥ P̂m[t, s] =
(
Pm[t, s]− 1

nm
1Nm1>Nm

)
⊗

Idm .

(c) q̄m , 1
nm

∑
i∈Nm qi =

1>Nm⊗Idm
nm

q where q = [q>1 · · · q>I ]> and q1, . . . , qI are all
arbitrary in Rdm .

(d) xm[t] = Ŵm[t−1]xm[t−1]+α[t−1]Ŵm[t−1]∆xm,inx[t−1] where ∆xm,inx[t] =(
I{i ∈ Nm}(xm,inxi [t]− xmi [t])

)
i∈N . This simply follows from Lines 7 and 9 of

Algorithm 2.2.

(e) x̄m[t] = x̄m[t−1]+ α[t−1]
nm

(
1>Nm ⊗ Idm

)
∆xm,inx[t−1]. This follows from applying

(c) to (d).

Lemma A.5: Let 0 < λ < 1, and let {β[t]} and {ν[t]} be two positive scalar
sequences. Then

(a) If limt→∞ β[t] = 0, then limt→∞
∑n

s=1 λ
t−sβ[s] = 0.

(b) If further we have
∑∞

t=1 β
2[t] <∞ and

∑∞
t=1 ν

2[t] <∞, then
limt→∞

∑t
k=1

∑k
s=1 λ

k−sβ2[s] <∞ and limt→∞
∑t

k=1

∑k
s=1 λ

k−sβ[k]ν[s] <∞.

Lemma A.6: Let {Y [t]}, {X[t]}, and {Z[t]} be three sequences of numbers such
that X[t] ≥ 0 for all n. If Y [t+ 1] ≤ Y [t]−X[t] + Z[t] for all n and

∑∞
t=1 Z[t] <∞,

then either Y [t]→ −∞ or {Y [t]} converges to a finite value and
∑∞

t=1X[t] <∞.

Lemma A.7: Let 0 < λ < 1, and let {β[t]} and {ν[t]} be two positive scalar
sequences such that β[t] → 0, ν[t] → ∞, and β[t]ν[t] → 0. If further there exist 1 >

λ̃ > λ and N such that β[t]
β[s]
≥ λ̃t−s for all n ≥ l ≥ N , then limt→∞ ν[t]

∑n
s=1 λ

t−sβ[s] =

0. Moreover, if β[t]ν[t] is summable, then so is ν[t]
∑n

s=1 λ
t−sβ[s].
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Proof: The proof of the first part of the claim is straightforward.

ν[t]
n∑
s=1

λt−sβ[s] = ν[t]
t−1∑
s=1

λt−sβ[s] + β[t]ν[t]
n∑

l=N

λt−s
β[s]

β[t]

≤ ν[t]
t−1∑
s=1

λt−sβ[s] + β[t]ν[t]
n∑

l=N

λt−s

λ̃t−s

≤ ν[t]
t−1∑
s=1

λt−sβ[s] + β[t]ν[t] · 1

1− λ/λ̃
.

(A.28)

The second term goes to zero by the condition. Note that the meaning of β[t]
β[s]
≥ λ̃t−s

basically says β[t] cannot decay to zero faster than at an exponential rate. Thus,

β[t]ν[t] → 0 would imply that λnν[t] → 0 as well. For the second part of the claim,

just sum (A.28) over n. �

A.4 Proof of Theorem 2.6

From [55], with the notation of X =

[
x>1 . . . x>n

]>
, (2.6) can be written in

matrix form as

X[t+ 1] = (W ⊗ Id)X[t]− α[t]∇F (X[t]).

Multiplying both sides by (In − 1
n
11>)⊗ Id := En ⊗ Id yields

X̃[t+ 1] = (W̃ ⊗ Id)X̃[t]− α[t]En ⊗ Id∇F (X[t]), (A.29)

where X̃ = En ⊗ IdX and W̃ = W − 1
n
11>. It is established that with the optimal

choice of α[t], we have

‖X̃[t]‖ ≤
√
ndGB(µ)

2Lt1/3
. (A.30)

Note that µ := ‖W̃ ⊗ Id‖2 does not depend on the dimension d. This inequality is

the basis of where the terms in (2.7) come from.

Now, after localization, with the similar concatenating vector notation, for all m

Xm[t+ 1] = (Wm ⊗ Id)X
m[t]− α[t]∇xmfi(x

Si
i [t]).

Similar to (A.29), we multiply both sides of (A.30) by Enm ⊗ Idm where dm is the
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dimension of xm, getting

X̃m[t+ 1] = (W̃m ⊗ Idm)X̃m[t]− α[t]Enm ⊗ Idm∇xmF (X[t]). (A.31)

Then collect all the parts to make an ensemble vector X̃ =

[
X̃1> . . . X̃n>

]>
so

that (A.31) becomes

X̃[t+ 1] = W̃X̃[t]− terms(∇F ),

where

W̃ =


W̃1 ⊗ Id1 0

. . .

0 W̃M ⊗ IdM

 .
Note that

‖W̃‖2 = max{‖W̃1 ⊗ Id1‖2, . . . , ‖W̃M ⊗ IdM‖2} = max{µ1, . . . , µM} , µ′.

These lead to

‖X̃[t]‖ ≤

√∑M
m=1 nmdmGB(µ′)

2Lt1/3
.

A.5 Proof of Proposition 2.20

We will prove a stronger result. Given any weights c ∈ R|E| for the original set

of edges E . Let ε be the weight for the additional edge vvn, with the constraint that

0 ≤ ε ≤ cn where cn = 1 −
∑

j∈N(vn) cvjvn is the weight for the self-loop edge of vn

and N(vn) denote the set of neighboring nodes of vn. Then

WG′((c, ε)) =

[
WG(c) 0

0 1

]
+

 0 0
−ε ε

0 ε −ε

 . (A.32)

Viewing (A.32) in the form of M = H + R (note that they are all n×n matrices)

and invoking Weyl’s inequality with i = 2, j = 3, and k = t− 1, so that j + k − n =
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3 + (t− 1)− n ≥ 2 = i is satisfied, we get µ2 ≥ ν3 + ρt−1. This means

λ2 (WG′((c, ε)))

≥ λ3

([
WG(c) 0

0 1

])
+ λ−2

 0 0
−ε ε

0 ε −ε


= λ2 (WG(c)) + 0 = λ2 (WG(c)) .

(A.33)

This equality is due to the following argument. For the first matrix, the value 1

is one of its largest eigenvalue; thus, its third largest eigenvalue will be the second

largest eigenvalue of its submatrix WG(c). The eigenvalues of the second matrix are

{0, . . . , 0,−2ε}; hence, the second smallest eigenvalue of this matrix is 0.

Similarly, invoking Weyl’s inequality again with i = n, r = n, and s = 1, so that

i = n ≥ n+ t− 1 = r + s− 1 is satisfied, we get µn ≤ νn + ρ1. This means

λ−1 (WG′((c, ε)))

≤ λ−1

([
WG(c) 0

0 1

])
+ λ1

 0 0
−ε ε

0 ε −ε


= λ−1 (WG(c)) + 0 = λ−1 (WG(c)) ,

(A.34)

or equivalently −λ−1 (WG′((c, ε))) ≥ −λ−1 (WG(c)). Combining (A.33) and (A.34),

given any c ∈ CG defined in (2.21) and any 0 ≤ ε ≤ cn, we have the stronger relation

µ′G(c) = µG(WG(c)) = max{λ2(WG(c)),−λ−1(WG(c))}

≤ max{λ2(WG′((c, ε))),−λ−1(WG′((c, ε)))}

= µG(WG′((c, ε))) = µ′G′((c, ε)).

From this we obtain

ρ(G) = min
c∈CG

µ′G(c) ≤ min
c∈CG ,0≤ε≤cn

µ′G′((c, ε)) = ρ(G ′).
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A.6 Pseudo Code of the Algorithms in Section 2.6

In this appendix we give the complete pseudo code of algorithms in Section 2.6

for reader’s reference. All t̄’s represent t+ 1 for compression.

A.6.1 LXGP-RM

The LXGP-RM algorithm is given as follows:

Algorithm A.1 LXGP-RM

1 Initialization: ∀ b, pbBK [0] = ε, xbI(b)K [0] = 0, rbBK [0] = 0, π∼bBK [0] = 0, t = 0

2 while pbBK [t] and xbI(b)K [t] do not satisfy the termination criterion do

3 t← t+ 1

4 α[t] = α0

(t+1)β

5 (p̃bBK [t], x̃bI(b)K [t]) = arg min
pbBK ,xbI(b)K

f̃b(p
b
BK , xbI(b)K ; pbBK [t], xbI(b)K [t])

+π∼bBK [t] · (pbBK − pbBK [t])

6 qbBK [t] = pbBK [t] + α[t](p̃bBK [t]− pbBK [t])

7 xbI(b)K [t̄] = xbI(b)K [t] + α[t](x̃bI(b)K [t]− xbI(b)K [t])

8 pbBK [t̄] =
∑

b′∈Nb(b)Wbb′q
b′

BK [t]

9 rbBK [t̄] =
∑

b′∈Nb(b)Wbb′r
b′

BK [t]

+
[
∇pbBKfb(p

b
BK [t̄], xbI(b)K [t̄])−∇pbBKfb(p

b
BK [t], xbI(b)K [t])

]
10 π∼bBK [t̄] = |B|1BK ◦ rbBK [t̄]−∇pbBKfb(p

b
BK [t̄], xbI(b)K [t̄])

Output: pbbK [t] and xbI(b)K [t]

In the algorithm, pbBK is the collection of the variables pbb′k ∀ b′ ∈ B, k ∈ K, and

so are the other quantities xbI(b)K , qbBK , etc. The collection of variables pbBK can be

viewed as a B ×K matrix, or a vector of BK dimensions. 1BK is a B ×K matrix

(or vector) consisting of all 1’s. ◦ denotes the element-wise product, also known as

Hadamard product or Schur product.

A.6.2 LXLP-RM

Using the same notations as in LXGP-RM, the LXLP-RM algorithm is given as

follows:
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Algorithm A.2 LXLP-RM

1 Initialization: ∀ b, pbNb(b)K [0] = ε, xbI(b)K [0] = 0, rbNb(b)K [0] = 0, π∼bNb(b)K [0] = 0, t = 0

2 while pbNb(b)K [t] and xbI(b)K [t] do not satisfy the termination criterion do

3 t← t+ 1

4 α[t] = α0

(t+1)β

5 (p̃bNb(b)K [t], x̃bI(b)K [t]) = arg min
pbNb(b)K ,xbI(b)K

f̃b(p
b
Nb(b)K , xbI(b)K ; pbNb(b)K [t], xbI(b)K [t])

+π∼bNb(b)K [t] · (pbNb(b)K − p
b
Nb(b)K [t])

6 qbNb(b)K [t] = pbNb(b)K [t] + α[t](p̃bNb(b)K [t]− pbNb(b)K [t])

7 xbI(b)K [t̄] = xbI(b)K [t] + α[t](x̃bI(b)K [t]− xbI(b)K [t])

8 pbNb(b)K [t̄] =
∑

b′∈Nb(b)Wbb′(Nb(b))q
b′

Nb(b)K [t]

9 rbNb(b)K [t̄] =
∑

b′∈Nb(b)Wbb′(Nb(b))r
b′

Nb(b)K [t]

+
[
∇pbNb(b)Kfb(p

b
Nb(b)K [t̄], xbI(b)K [t̄])−∇pbNb(b)Kfb(p

b
Nb(b)K [t], xbI(b)K [t])

]
10 π∼bNb(b)K [t̄] = [(dNb(b) + 1Nb(b))1

>
K ] ◦ rbNb(b)K [t̄]−∇pbNb(b)Kfb(p

b
Nb(b)K [t̄], xbI(b)K [t̄])

Output: pbbK [t] and xbI(b)K [t]

In line 10, for all b′′ ∈ Nb(b), the notation stands for pbb′′K [t+ 1] being updated as∑
b′∈Nb(b)Wbb′(b

′′)qb
′

b′′K [t], and so do line 11 and 12. In line 12, db′′ means the degree

of b′′, i.e. db′′ = |N(b′′)|. If considering π∼bNb(b)K to be a Nb(b) × K matrix, then

(dNb(b) + 1Nb(b))1
>
K consists of Nb(b) rows; each row has |K| elements, and every

element in the b′′-th row is db′′ + 1 = |Nb(b′′)|.

A.6.3 GXGP-CM

the GXGP-CM algorithm is given as follows:
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Algorithm A.3 GXGP-CM

1 Initialization: ∀ b, pbBK [0] = ε, xbBI(B)K [0] = 0, rbBK [0] = 0, π∼bBK [0] = 0, ybBI(B)K [0] = 0,

τ̃ bBI(B)K [0] = 0, t = 0

2 while pbBK [t] and xbBI(B)K [t] do not satisfy the termination criterion do

3 t← t+ 1

4 α[t] = α0

(t+1)β

5 (p̃bBK [t], x̃bBI(B)K [t]) = arg min
pbBK ,x

b
BI(B)K

f̃b(p
b
BK , x

b
BI(B)K ; pbBK [t], xbBI(B)K [t])

+π∼bBK [t] · (pbBK −pbBK [t]) + τ̃ bBI(B)K [t] · (xbBI(B)K −x
b
BI(B)K [t]) +G(pbBK , x

b
BI(B)K)

6 qbBK [t] = pbBK [t] + α[t](p̃bBK [t]− pbBK [t])

7 zbBI(B)K [t̄] = xbBI(B)K [t] + α[t](x̃bBI(B)K [t]− xbBI(B)K [t])

8 pbBK [t̄] =
∑

b′∈Nb(b)Wbb′q
b′

BK [t]

9 xbBI(B)K [t̄] =
∑

b′∈Nb(b)Wbb′z
b′

BI(B)K [t]

10 rbBK [t̄] =
∑

b′∈Nb(b)Wbb′r
b′

BK [t]

+
[
∇pbBKfb(p

b
BK [t+ 1], xbBI(B)K [t̄])∇pbBKfb(p

b
BK [t], xbBI(B)K [t])

]
11 ybBI(B)K [t̄] =

∑
b′∈Nb(b)Wbb′y

b′

BI(B)K [t]

+
[
∇xbBI(B)K

fb(p
b
BK [t̄], xbBI(B)K [t̄])−∇xbBI(B)K

fb(p
b
BK [t], xbBI(B)K [t])

]
12 π∼bBK [t̄] = |B|1BK ◦ rbBK [t̄]−∇pbBKfb(p

b
BK [t̄], xbI(b)K [t̄])

13 τ̃ bBI(B)K [t̄] = |B|1BI(B)K ◦ ybBI(B)K [t̄]−∇xbBI(B)K
fb(p

b
BK [t̄], xbBI(B)K [t̄])

Output: pbbK [t] and xbbI(b)K [t]
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APPENDIX B

Proofs for Chapter III

Definition B.1: For an ensemble vector X , [x>1 · · · x>n ]> where xi = [xi,1 · · · xi,d]> ∈
Rd for i ∈ [n], we define its range sp(X) to be

sp(X) , d ·max
l∈[d]

(
max
i
xi,l −min

i
xi,l

)
.

Note that if we let Xl , [x1,l · · · xn,l]> to be the dimension l ∈ [d] of the ensemble,
then the range can be expressed by sp(X) = d ·maxl∈[d] sp(Xl). In the context of this
chapter, the i ∈ [n] is the agent index while the l ∈ [d] is the dimension index of the
decision variable.

Lemma B.2: Let W ∈ Rn×n be a row stochastic matrix with all elements wij ∈
[ϑ, 1−ϑ] for some ϑ ∈ (0, 0.5), and v ∈ Rn be a vector. Then sp(Wv) ≤ (1−2ϑ)sp(v).

Proof: Let a ∈ argmaxi vi, b ∈ argmini vi, a
′ ∈ argmaxi(Wv)i, and b′ ∈ argmini(Wv)i.

Then sp(v) = va − vb, and

sp(Wv) =

(
n∑
j=1

Wa′jvj

)
−

(
n∑
j=1

Wb′jvj

)

= Wa′bvb +

(∑
j 6=b

Wa′jvj

)
−Wb′ava −

(∑
j 6=a

Wb′jvj

)

≤ Wa′bvb +

(∑
j 6=b

Wa′j

)
va −Wb′ava −

(∑
j 6=a

Wb′j

)
vb
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= Wa′bvb + (1−Wa′b) va −Wb′ava − (1−Wb′a) vb

= (1−Wa′b −Wb′a) · (va − vb) ≤ (1− 2ϑ)sp(v).

�

Proof of Theorem 3.7: The main intuition behind the proof is that even with time-

varying and agent-dependent transformations, the consensus scheme is still a subpro-

jection converging exponentially fast onto the consensus plane C. Lemma B.2 is the

prototype of the convergence, which shows that the range of a vector shrinks geomet-

rically when being multiplied by a doubly stochastic matrix with positive elements.

With a fixed transformation, it is easy to see that the convergence property remains

– performing a change of variable z = ϕ(x), the nonlinear consensus scheme is a

linear consensus scheme in the z-domain, so the range of z decreases exponentially,

which also implies the range of x decreases exponentially because of the Lipschitz

assumption. However, when the communication graph is not fully connected, the

transformation is time-varying and agent-dependent, and the process is coupled with

the distributed descent process, more careful treatment is required.

We start by showing that the nonlinear consensus scheme with time-varying and

agent-dependent transformations and a fixed (possibly not fully-) connected commu-

nication graph G = (N , E) is a subprojection onto C. Let D = diam(G) be the

diameter of the graph G, then it is easy to show that for any doubly stochastic matrix

W satisfying the constraint given in Section 2.2.1 (that is, Wij > 0 if and only if

(i, j) ∈ E for i 6= j and Wii > 0), the matrix WD is a doubly stochastic matrix with

positive elements. Let ϑ > 0 be the smallest entry of W. Without the transforma-

tions, the range of the vector will shrink by (1−2ϑD) from Lemma B.2 every D steps

as the smallest entry in WD will be ϑD. We show that this is still the case with the

transformations. We consider the averaging process

xi[t+ 1] = ϕ−1
i,t

(
n∑
j=1

Wijϕi,t(xj[t])

)
;

note that without the descent process, different dimensions do not couple together,

so we only focus on dimension l ∈ [d]: xi,l[t + 1] = ϕ−1
i,t,l

(∑n
j=1 Wijϕi,t,l(xj,l[t])

)
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and from now on we will omit the dimension index l. Consider at time t, we have

xmax , maxi xi[t] and xmin , mini xi[t], so that sp(X[t]) = xmax − xmin where X =

[x1 · · · xn]> is the ensemble vector of the variables from all agents (only for the

considered dimension l). Let i∗ ∈ argmaxi xi[t] be one of the nodes with the maximum

value at t; the value will spread through the network within D steps. For any node

j that is a direct neighbor of i∗, assuming without loss of generality that ϕj,t is

increasing instead of decreasing, we have

ϕj,t(xj[t+ 1]) =
∑
k

Wjkϕj,t(xk[t]) = Wji∗ϕj,t(xi∗ [t]) +
∑
k 6=i∗

Wjkϕj,t(xk[t])

≥ Wji∗ϕj,t(xmax) +
∑
k 6=i∗

Wjkϕj,t(xmin) (*)

≥ ϑϕj,t(xmax) + (1− ϑ)ϕj,t(xmin).

Hence, after one step, xj can be lower bounded by

xj[t+ 1] ≥ xmin +
1

L+

[ϕj,t(xj[t+ 1])− ϕj,t(xmin)] (Lipschitz continuity of ϕj,t)

≥ xmin +
1

L+

· ϑ [ϕj,t(xmax)− ϕj,t(xmin)] (by (*))

≥ xmin +
ϑ

L+L−
(xmax − xmin). (Lipschitz continuity of ϕ−1

j,t )

Similarly, after two steps, for any node j′ whose shortest path to i∗ is within two

hops, we have

xj′ [t+ 2]− xmin ≥
ϑ

L+L−
(xj[t+ 1]− xmin) ≥

(
ϑ

L+L−

)2

(xmax − xmin)

as it will be averaged with one of j which is i∗’s direct neighbor. We can conclude

that after D steps, for any node j in the network, we will have

xj[t+D] ≥ xmin +

(
ϑ

L+L−

)D
(xmax − xmin)
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and by a symmetric argument

xj[t+D] ≤ xmax −
(

ϑ

L+L−

)D
(xmax − xmin);

thus, the range of X[t + D] also shrinks with a factor smaller than 1 in comparison

to the range of X[t]:

sp(X[t+D]) ≤

[
1− 2

(
ϑ

L+L−

)D]
(xmax − xmin) =

[
1− 2

(
ϑ

L+L−

)D]
sp(X[t]).

Note that the factor ρ ,

[
1− 2

(
ϑ

L+L−

)D]
will be between 0 and 1, i.e. ρ ∈ [0, 1).

This is because of the following two reasons. First, ϑ is defined as the smallest non-

zero entry in W; we cannot have 1 in W since that will imply the graph is not

connected, so ϑ will be the largest when all rows in W have support equal to 2 and

all entries are either 0 or 1
2
; hence, 0 < ϑ ≤ 1

2
. On the other hand, we have L+L− ≥ 1,

where the equality only attains when all the transformations are linear. The factor ρ

only equals to 0 in the trivial case of ϑ = 1
2
, D = 1, and L+L− = 1; otherwise, it is

positive but strictly less than 1. The consensus scheme is thus a subprojection as the

range of X converges to 0 as its components asymptotically agree.

Now we take the descent process into account. Note that the proof of Proposition

9 Part (a) in [80] still follows as it only involves the consensus scheme of the y

variable, which remains unchanged in our algorithm; the descent vector ‖∆xinxi [t]‖ =

‖xindxi [t]− xi[t]‖ ≤ c1 is thus bounded by some constant. To prove Theorem 3.7, we

only have to show Proposition 9 Part (b) in [80], i.e. the asymptotic agreement of

xi’s, with the nonlinear consensus scheme of x. Recall that in Algorithm 3.1, we have

zi[t] = xi[t] + α[t]∆xinxi [t] and xi[t + 1] = ϕ−1
i,t

(∑n
j=1Wijϕi,t(zj[t])

)
; expanding the

result gives∣∣∣∣∣ϕ−1
i,t,l

(
n∑
j=1

Wijϕi,t,l(xj,l[t])

)
− xi,l[t+ 1]

∣∣∣∣∣
≤ L−

∣∣∣∣∣
n∑
j=1

Wijϕi,t,l(xj,l[t])− ϕi,t,l(xi,l[t+ 1])

∣∣∣∣∣ (Lipschitz continuity of ϕ−1
i,t,l)
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= L−

∣∣∣∣∣
n∑
j=1

Wijϕi,t,l(zj,l[t]− α[t]∆xinxj,l [t])− ϕi,t,l(xi,l[t+ 1])

∣∣∣∣∣
≤ L−

∣∣∣∣∣
n∑
j=1

Wijϕi,t,l(zj,l[t])− ϕi,t,l(xi,l[t+ 1])

∣∣∣∣∣+ L+L−

n∑
j=1

Wijα[t]
∣∣∆xinxj,l [t]

∣∣
(Lipschitz continuity of ϕi,t,l)

= 0 + L+L−

n∑
j=1

Wijα[t]
∣∣∆xinxj,l [t]

∣∣ ≤ c2α[t]

for some fixed constant c2 for dimension l. In the worst scenario, the added α’s always

go against the consensus direction, so that in the previous projection argument we

have

xj[t+ 1] ≥ xmin +
ϑ

L+L−
(xmax − xmin)− c2α[t]

for i∗’s direct neighbors and

xj′ [t+ 2] ≥ xmin +

(
ϑ

L+L−

)2

(xmax − xmin)− c2ϑ

L+L−
α[t]− c2α[t+ 1]

for i∗’s 2-hop neighbors, etc. After D steps, we have the range of X shrunk by

sp(X[t+D]) ≤ ρ · sp(X[t]) + 2c2

D−1∑
s=0

ρ̂D−1−sα[t+ s]

where ρ̂ = ϑ
L+L−

∈ (0, 1
2
). Further inducting t backwards to t = 0 gives

sp(X[t]) ≤ ρbt/Dc · sp(X[0]) + c3

t∑
s=1

ρ̂t−sα[s− 1]
t→∞−→ 0. (B.1)

With the range converging to 0, the variables from all the nodes asymptotically agree.

Note that (B.1) holds for any dimension l ∈ [d] and Xl[t] = [x1,l[t] · · · xn,l[t]]>;

therefore, it holds for the entire ensemble X[t] , [x>1 [t] · · · x>n [t]]>, with sp(X[t]) =

d ·maxl∈[d] sp(Xl[t]) defined in Definition B.1. Moreover, since the deviation from the

mean ‖x⊥[t]‖ = ‖X[t] − 1n ⊗ x̄[t]‖ ≤ ‖sp(X[t])‖ will be bounded by the range, we

established Eq. (62) in [80]. Also, since the form of (B.1) nearly coincides with that

of Eq. (77) from [80], Eq. (63) and Eq. (64) can be obtained in exactly the same

ways as in [80], and we have reestablished Part (b) of Proposition 9 from [80]. �
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Proof of Theorem 3.8: We follow similar framework as [132] and [13], and classic

analysis of gradient descent [25]. We begin with one lemma and its corollary to show

that the gradients are bounded from the gradient of mean.

Lemma B.3 (Bounded deviation from mean): For any i ∈ [n] and t, with a constant
learning rate α[t] = α, we have

‖xi[t]− x̄[t]‖ ≤ sp(X[t]) ≤ ρbt/Dc · sp(X[0]) +
2αBL+L−

1− ρ̂
, (B.2)

where ρ̂ = ϑ
L+L−

∈ (0, 1
2
), ρ =

[
1− 2

(
ϑ

L+L−

)D]
∈ [0, 1), and D = diam(G).

Proof: To show this, notice that the process of DGD with nonlinear transformation

(Algorithm 3.2) is actually very similar to the process of inexact NEXT with non-

linear transformation (Algorithm 3.1); the derivation of Theorem 3.7, particularly

Lemma B.2, can therefore be reused here. Recall that in Algorithm 3.1 at time t for

node i, the variable update is

xi[t+ 1] = ϕ−1
i,t

(
n∑
j=1

Wijϕi,t
(
xj[t] + α[t]∆xinxj [t]

))
,

while in Algorithm 3.2 the variable update is

xi[t+ 1] = ϕ−1
i,t

(
n∑
j=1

Wijϕi,t
(
xj[t]− α[t]∇fj(xj[t])

))
.

In Algorithm 3.1, the boundedness of ∆xinxi [t] is already established in Proposition

9 Part (a) in [80] with any divergent but square summable schedule of α[t]. Simi-

larly, for DGD, for a fixed learning constant α[t] = α, it is shown that with strongly

convex smooth objective functions of the nodes, the gradients ∇fi(xi[t])’s will re-

main bounded. This result has to be reestablished now after adding transformations;

however, for simplicity, we will just apply the assumption that the gradient ∇fi is

uniformly bounded for all i ∈ [n], i.e. ‖∇fi‖ ≤ B.

In the proof of Theorem 3.7, we show that every local average will move variables

to each other at least by ρ̂ = ϑ
L+L−

∈ (0, 1
2
) while being dragged apart by c2α[t] in the

worst case; the net effect is in everyD = diam(G) steps, sp(X[t]) will be shrunk by ρ =
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[
1− 2

(
ϑ

L+L−

)D]
∈ [0, 1) and will have an additional term 2c2

∑D−1
s=0 ρ̂

D−1−sα[t+ s].

Here, the boundedness of ∆xinxj [t] is replaced by the boundedness of ∇fi, so that

similar to (B.1) we have

sp(X[t]) ≤ ρbt/Dc · sp(X[0]) + 2BL+L−

t∑
s=1

ρ̂t−sα[s− 1]. (B.3)

With α[t] = α being constant and individual node’s deviation from the mean bounded

by the range

‖xi[t]− x̄[t]‖ ≤ ‖x⊥[t]‖ = ‖X[t]− 1n ⊗ x̄[t]‖ ≤ sp(X[t]),

we have (B.2) for all t and i. �

Corollary B.4 (Bounded gradient deviation from gradient of mean): For any i ∈ [n]

and t, with a constant learning rate α[t] = α and all objective functions fi’s being
smooth, i.e. ‖∇fi(x1)−∇fi(x2)‖ ≤ Lf‖x1 − x2‖ for any i ∈ [n] and x1,x2 ∈ Rd and
some constant Lf > 0, we have

‖g[t]− ḡ[t]‖ ≤ Lf

[
ρbt/Dc · sp(X[0]) +

2αBL+L−
1− ρ̂

]
, (B.4)

where ρ̂ = ϑ
L+L−

∈ (0, 1
2
), ρ =

[
1− 2

(
ϑ

L+L−

)D]
∈ [0, 1), D = diam(G), g[t] ,

1
n

∑n
i=1∇fi(xi[t]) and ḡ[t] , 1

n

∑n
i=1∇fi(x̄[t]).

Proof: The result simply follows from the Lipschitz continuity of∇fi’s and Lemma B.3,

as

‖g[t]− ḡ[t]‖ ≤ 1

n

n∑
i=1

‖∇fi(xi[t])−∇fi(x̄[t])‖ ≤ Lf
n

n∑
i=1

‖xi[t]− x̄[t]‖ .

�

Since all objective functions fi’s have Lipschitz continuous gradient with constant

Lf , their sum F =
∑

i fi has Lipschitz continuous gradient with constant nLf . Denote
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∆x̄[t] , 1
n

∑n
i=1(xi[t+ 1]− xi[t]). Applying the descent lemma we get

F (x̄[t+ 1])

≤ F (x̄[t]) +∇F (x̄[t])>(x̄[t+ 1]− x̄[t]) +
nLf

2
‖x̄[t+ 1]− x̄[t]‖2

= F (x̄[t]) + nḡ[t]>∆x̄[t] +
nLf

2
‖∆x̄[t]‖2

= F (x̄[t])− nα‖ḡ[t]‖2 + nḡ[t]>(∆x̄[t] + αḡ[t]) +
nLf

2
‖∆x̄[t] + αḡ[t]− αḡ[t]‖2

= F (x̄[t])− nα
(

1− αLf
2

)
‖ḡ[t]‖2

+ n(1− αLf )ḡ[t]>(∆x̄[t] + αḡ[t]) +
nLf

2
‖∆x̄[t] + αḡ[t]‖2

≤ F (x̄[t])− n
(
α− α2Lf

2
− c4(1− αLf )

2

)
‖ḡ[t]‖2

+
n

2

(
Lf +

(1− αLf )
c4

)
‖∆x̄[t] + αḡ[t]‖2

(B.5)

for any constant c4 > 0, where the last inequality follows from the perfect square

formula

n(1−αLf )ḡ[t]>(∆x̄[t] +αḡ[t]) ≤ c4n(1− αLf )
2

‖ḡ[t]‖2 +
n(1− αLf )

2c4

‖∆x̄[t] +αḡ[t]‖2.

Taking c4 = α, (B.5) reduces to

F (x̄[t+ 1]) ≤ F (x̄[t])− nα

2
‖ḡ[t]‖2 +

n

2α
‖∆x̄[t] + αḡ[t]‖2. (B.6)

In DGD (with nonlinear transformation averaging) we let zi[t] = xi[t]+α∇fi(xi[t])
be the result of local optimization at node i, so that the new iterate is xi[t + 1] =

ϕ−1
i,t

(∑n
j=1Wijϕi,t(zj[t])

)
. The term ‖∆x̄[t] + αḡ[t]‖ in (B.6) can then be bounded

by

‖∆x̄[t] + αḡ[t]‖

≤ ‖αḡ[t]− αg[t]‖+ ‖∆x̄[t] + αg[t]‖

= α‖g[t]− ḡ[t]‖+

∥∥∥∥∥ 1

n

n∑
i=1

xi[t+ 1]− 1

n

n∑
i=1

xi[t] +
α

n

n∑
i=1

∇fi(xi[t])

∥∥∥∥∥
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= α‖g[t]− ḡ[t]‖+
1

n

∥∥∥∥∥
n∑
i=1

[
ϕ−1
i,t

(
n∑
j=1

Wijϕi,t(zj[t])

)
− zi[t]

]∥∥∥∥∥
≤ α‖g[t]− ḡ[t]‖+

1

n

d∑
l=1

∣∣∣∣∣
n∑
i=1

[
ϕ−1
i,t,l

(
n∑
j=1

Wijϕi,t,l(zj,l[t])

)
− zi,l[t]

]∣∣∣∣∣ .
(since ‖ · ‖2 ≤ ‖ · ‖1)

(B.7)

We now use Taylor’s theorem to expand ϕ and ϕ−1 with linear approximation

(first order Taylor polynomial) and a quadratic remainder. For shorthand of notation,

we will omit the dimension index l and the time index t; it is understood that the

derivation works for all l and t. We first expand ϕi(zj) centered at z̄Wi ,
∑n

k=1Wikzk:

ϕi(zj) = ϕi(z̄
W
i ) + ϕ′i(z̄

W
i )(zj − z̄Wi ) +

ϕ′′i (ξ
W
ij )

2
(zj − z̄Wi )2

for some number ξWij between z̄Wi and zj. After being weighted-summed over Wij, the

linear term cleverly cancels out

n∑
j=1

Wijϕi(zj)

= ϕi(z̄
W
i ) ·

n∑
j=1

Wij + ϕ′i(z̄
W
i )

(
n∑
j=1

Wijzj − z̄Wi ·
n∑
j=1

Wij

)
+

n∑
j=1

Wij

ϕ′′i (ξ
W
ij )

2
(zj − z̄Wi )2

= ϕi(z̄
W
i ) · 1 + ϕ′i(z̄

W
i )

(
n∑
j=1

Wijzj −
n∑
k=1

Wikzk · 1

)
+

n∑
j=1

Wij

ϕ′′i (ξ
W
ij )

2
(zj − z̄Wi )2

= ϕi(z̄
W
i ) +

n∑
j=1

Wij

ϕ′′i (ξ
W
ij )

2
(zj − z̄Wi )2,

where
∑n

j=1Wij = 1 as W is row stochastic. Let QW
ij ,

∑n
j=1Wij

ϕ′′i (ξWij )

2
(zj− z̄Wi )2 de-

note the quadratic remainder term. Next, we expand ϕ−1
i

(∑n
j=1Wijϕi(zj)

)
centered

at ϕi(z̄
W
i ):

ϕ−1
i

(
n∑
j=1

Wijϕi(zj)

)
= ϕ−1

i

(
ϕi(z̄

W
i )
)

+ ϕ−1
i

′(
ϕi(z̄

W
i )
)
QW
ij +

ϕ−1
i

′′
(ςWij )

2
QW
ij

2
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= z̄Wi + ϕ−1
i

′(
ϕi(z̄

W
i )
)
QW
ij +

ϕ−1
i

′′
(ςWij )

2
QW
ij

2

for some number ςWij between ϕi(z̄
W
i ) and

∑n
j=1Wijϕi(zj). With the expansions, the

term inside the absolute value sign in (B.7) then becomes

n∑
i=1

[
ϕ−1
i,t,l

(
n∑
j=1

Wijϕi,t,l(zj,l[t])

)
− zi,l[t]

]

=
n∑
i=1

[
n∑
k=1

Wikzk,l[t] + ϕ−1
i,t,l

′(
ϕi,t,l(z̄

W
i,l [t])

)
QW
ij,l[t] +

ϕ−1
i,t,l

′′
(ςWij,l[t])

2
QW
ij,l[t]

2 − zi,l[t]

]

=
n∑
i=1

[
ϕ−1
i,t,l

′(
ϕi,t,l(z̄

W
i,l [t])

)
QW
ij,l[t] +

ϕ−1
i,t,l

′′
(ςWij,l[t])

2
QW
ij,l[t]

2

]

+
n∑
k=1

zk,l[t] ·
n∑
i=1

Wik −
n∑
i=1

zi,l[t]

=
n∑
i=1

[
ϕ−1
i,t,l

′(
ϕi,t,l(z̄

W
i,l [t])

)
QW
ij,l[t] +

ϕ−1
i,t,l

′′
(ςWij,l[t])

2
QW
ij,l[t]

2

]
. (B.8)

Recall that the magnitudes of the first and second derivatives of ϕ−1 (resp. ϕ) are

assumed to be uniformly bounded by L− (resp. L+). In addition, the quadratic

remainder term QW
ij,l[t] can be bounded by

∣∣QW
ij,l[t]

∣∣ , ∣∣∣∣∣
n∑
j=1

Wij

ϕ′′i,l(ξ
W
ij,l[t])

2
(zj,l[t]− z̄Wi,l [t])2

∣∣∣∣∣ ≤ L+

2
sp(Zl[t])

2. (B.9)

Substituting (B.8) and (B.9) back into (B.7), we get

‖∆x̄[t] + αḡ[t]‖

≤ α‖g[t]− ḡ[t]‖+
1

n

d∑
l=1

[
nL+L−

2
sp(Zl[t])

2 +
nL2

+L−
8

sp(Zl[t])
4

]
≤ α‖g[t]− ḡ[t]‖+

L+L−
2

sp(Z[t])2 +
L2

+L−
8

sp(Z[t])4

≤ α‖g[t]− ḡ[t]‖+
L+L−

2

[
sp(Z[t]) + αB

]2
+
L2

+L−
8

[
sp(Z[t]) + αB

]4
≤ αLf

[
ρbt/Dc · sp(X[0]) +

2αBL+L−
1− ρ̂

]
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+
L+L−

2

[
sp(Z[t]) + αB

]2
+
L2

+L−
8

[
sp(Z[t]) + αB

]4
(by (B.4))

≤ αLf

[
ρbt/Dc · sp(X[0]) +

2αBL+L−
1− ρ̂

]
+
L+L−

2

[
ρbt/Dc · sp(X[0]) +

2αBL+L−
1− ρ̂

+ αB

]2

+
L2

+L−
8

[
ρbt/Dc · sp(X[0]) +

2αBL+L−
1− ρ̂

+ αB

]4

(by (B.2))

= O(α2)

(B.10)

when t is large and α is small. This is because ρbt/Dc · sp(X[0]) −→ 0 when t → ∞,

and all the variables other than α are just fixed constants; after removing the terms

containing ρbt/Dc · sp(X[0]), the remaining terms are either O(α2) or O(α4), and the

former dominates.

Meanwhile, as fi’s are strongly convex with constant ν, it follows that F is strongly

convex with constant nν, so that

F (x∗) ≥ F (x̄[t])− 1

2nν
‖∇F (x̄[t])‖2 = F (x̄[t])− n

2ν
‖ḡ[t]‖2,

which gives

− nα

2
‖ḡ[t]‖2 ≤ −αν

[
F (x̄[t])− F (x∗)

]
. (B.11)

Substituting (B.10) and (B.11) into (B.6) gives

F (x̄[t+ 1])− F (x∗) ≤ (1− αν)
[
F (x̄[t])− F (x∗)

]
+

n

2α

[
O(α2)

]2
= ρ̄
[
F (x̄[t])− F (x∗)

]
+O(α3)

≤ ρ̄t
[
F (x̄[0])− F (x∗)

]
+

t∑
s=1

ρ̄t−sO(α3)

≤ ρ̄t
[
F (x̄[0])− F (x∗)

]
+

1

1− ρ̄
O(α3)

= ρ̄t
[
F (x̄[0])− F (x∗)

]
+

n

αν
O(α3)

= ρ̄t
[
F (x̄[0])− F (x∗)

]
+O(α2),

(B.12)
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where the factor ρ̄ , 1−αν is in [0, 1) by taking any α < 1
Lf

so that αν < ν
Lf
∈ (0, 1].

The second inequality follows from repeatedly applying the inequality backwards from

t to 0. In addition, the strong convexity of F implies

nν

2
‖x̄[t+ 1]− x∗‖2 ≤ F (x̄[t+ 1])− F (x∗). (B.13)

�

Proof of Theorem 3.10: Notice that any point in δ ◦ co({zj[t] : j ∈ Nb(i)}) can

be written as the convex combination of {zj[t] : j ∈ Nb(i)} with positive weights.

Hence, given any choice of xi[n + 1] we can find a distribution {W x
ij[t]}nj=1 such that

xi[t + 1] =
∑n

j=1W
x
ij[t]zj[t], where W x

ij[t] ≥ 1−δ
|N(i)| ≥

1−δ
n

> 0 for j ∈ Nb(i) and

W x
ij[t] = 0 for j 6∈ Nb(i). Simply speaking, if we group these weights to form a

matrix Wx[t], it satisfies the constraints described in Section 2.2.1 except it may not

be column stochastic.

It is a standard result [129] that there exists a distribution {z̃i}ni=1 such that

lim
t→∞

Wx[t]Wx[t− 1] · · ·Wx[1] = 1nz̃
>.

From Lemma B.2, we know that applying Wx[t] to any column vector v, the range of

the vector sp(v) will decrease at least by a factor of 1− 2(1−δ)
n

if Wx[t] is row stochastic.

Since all the matrices Wx[2],Wx[3], . . . are row stochastic, each column of Wx[1] will

align with 1n when multiplied by Π∞s=2W
x[s] as the range of the column converges

to 0 while the entries in the column asymptotically agree. The overall product is

hence in the form of 1nz̃
>. Note that when all Wx[t]’s are doubly stochastic, the

distribution z̃ is uniform.

The original proof presented in [80] can be directly used here with the following

revisions: x̄[t] replaced by xc[t] =
∑n

i=1 z̃ixi[t], and all 1
n
11> related to x including in

the definition of J should be replaced by 1z̃>. �
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APPENDIX C

Proofs for Chapter IV

C.1 Missing Proofs in Section 4.3.2

The following lemma shows that given the FPS, what actions the chosen prescrip-

tion maps to for other FPSs does not affect the next step statistics.

Lemma C.1: Let h0
t ∈ Ω(H0

t ), h ∈ Ω(H1:N
t ), γ ∈ Ω(Γt), and a = γ(h) ∈ Ω(At).

Then

P(St+1, H
1:N
t+1 |H0

t = h0
t , H

1:N
t = h,Γt = γ) = P(St+1, H

1:N
t+1 |H0

t = h0
t , H

1:N
t = h,At = a).

Proof: We will omit specifying the original random variables when their realizations

are given in the proof.

P(St+1, H
1:N
t+1 |h0

t , h, γ) = P(St+1, H
1:N
t+1 |h0

t , h, γ, a)

=
∑
st

P(st|h0
t , h, γ, a) · P(St+1, H

1:N
t+1 |h0

t , h, γ, a, st)

=
∑
st

P(st|h0
t , h, a) · P(St+1|h0

t , h, γ, a, st) · P(H1:N
t+1 |h0

t , h, γ, a, st, St+1) (γ is after st)

=
∑
st

P(st|h0
t , h, a) · P(St+1|a, st) · P(H1:N

t+1 |h0
t , h, γ, a, st, St+1)

(PT specifies St+1 given St and At)
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=
∑
st

P(st|h0
t , h, a) · P(St+1|a, st) · P(O1:N

t+1 |h0
t , h, γ, a, st, St+1)

(H1:N
t+1 = (H1:N

t , At, O
1:N
t+1))

=
∑
st

P(st|h0
t , h, a) · P(St+1|a, st) · P(O1:N

t+1 |St+1) (PO specifies O1:N
t+1 given St+1)

=
∑
st

P(st|h0
t , h, a) · P(St+1, H

1:N
t+1 |h0

t , h, a, st)

= P(St+1, H
1:N
t+1 |h0

t , h, a).

(C.1)

�

Proof of Lemma 4.11: The proof for the instantaneous part is straightforward as

St is irrelevant to the choice of Γt

E
[
Rt(St,Γt(H

1:N
t ))|h0

t , h, γ1

]
=
∑
st

P(st|h0
t , h, γ1)Rt(st, γ1(h))

=
∑
st

P(st|h0
t , h, γ1(h))Rt(st, a)

=
∑
st

P(st|h0
t , h)Rt(st, a) (γ1 and γ2 are exogenously given)

= E
[
Rt(St,Γt(H

1:N
t ))|h0

t , h, γ2

]
. (by symmetry)

To show equality for the continuation part, we first define the following policy for all

τ = t+ 1, . . . , T :

d′τ (h
0
τ ) =

 d∗τ (h
0
t , γ1, h

0
t+1:τ ) if h0

τ = (h0
t , γ2, h

0
t+1:τ ) ∀ h0

t+1:τ ,

d∗τ (h
0
τ ) otherwise,

where d∗τ is an optimal policy at time step τ . Also, we have h0
t+1:τ = o0

t+1 when τ =

t+1, and h0
t+1:τ = (o0

t+1, γt+1, . . . , o
0
τ ) when τ > t+1, so that the entire (h0

t , γ1, h
0
t+1:τ ) ∈

Ω(H0
τ ). This policy performs the optimal policy at all times, except when γ2 is chosen

at time t it will mimic what the optimal policy would have done if γ1 was chosen
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instead; owing to perfect recall, future prescriptions can depend on past ones. Then

E
[
V S
t+1(H0

t+1, H
1:N
t+1 )|h0

t , h, γ1

]
= E

[
T∑

τ=t+1

Rτ (Sτ , Aτ )

∣∣∣∣h0
t , h, γ1, d

∗
t+1:T

]

= E

[
T∑

τ=t+1

Rτ (Sτ , Aτ )

∣∣∣∣h0
t , h, γ1, d

′
t+1:T

]
(∗)
= E

[
T∑

τ=t+1

Rτ (Sτ , Aτ )

∣∣∣∣h0
t , h, γ2, d

′
t+1:T

]

≤ E

[
T∑

τ=t+1

Rτ (Sτ , Aτ )

∣∣∣∣h0
t , h, γ2, d

∗
t+1:T

]
= E

[
V S
t+1(H0

t+1, H
1:N
t+1 )|h0

t , h, γ2

]
,

where the inequality holds as d′t+1:T is not an optimal choice from the current history.

By symmetry, the inequality implies that

E
[
V S
t+1(H0

t+1, H
1:N
t+1 )|h0

t , h, γ1

]
= E

[
V S
t+1(H0

t+1, H
1:N
t+1 )|h0

t , h, γ2

]
.

The equality labeled by (∗) follows from the fact that under the policy d′t+1:T , choosing

γ1 and γ2 will generate the exact future statistics. We will show this in the following.

We first prove the following claim using mathematical induction.

Claim: for all τ = t+ 1, . . . , T , we have

P(St+1:τ , O
0:N
t+1:τ , At+1:τ |h0

t , h, γ1, a, d
′
t+1:T ) = P(St+1:τ , O

0:N
t+1:τ , At+1:τ |h0

t , h, γ2, a, d
′
t+1:T ).

Base case: the claim holds for τ = t+ 1.

P(St+1, O
0:N
t+1 , At+1|h0

t , h, γ1, a, d
′
t+1:T )

=
∑
st

P(st|h0
t , h, γ1, a, d

′
t+1:T ) · P(St+1, O

0:N
t+1 , At+1|h0

t , h, γ1, a, st, d
′
t+1:T )

=
∑
st

P(st|h0
t , h) · P(St+1, O

0:N
t+1 , At+1|h0

t , h, γ1, a, st, d
′
t+1)

(st is independent of a given Γt)

=
∑
st

P(st|h0
t , h) · P(St+1|h0

t , h, γ1, a, st, d
′
t+1) · P(O0:N

t+1 , At+1|h0
t , h, γ1, a, st, d

′
t+1, St+1)

=
∑
st

P(st|h0
t , h) · P(St+1|st, a) · P(O0:N

t+1 , At+1|h0
t , h, γ1, a, st, d

′
t+1, St+1)

(PT specifies St+1 given St and At)
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=
∑
st

P(st|h0
t , h) · P(St+1|st, a) · P(O0:N

t+1 |h0
t , h, γ1, a, st, d

′
t+1, St+1)

· P(At+1|h0
t , h, γ1, a, st, d

′
t+1, St+1, O

0:N
t+1)

=
∑
st

P(st|h0
t , h) · P(St+1|st, a) · P(O0:N

t+1 |St+1) · P(At+1|h0
t , h, γ1, a, st, d

′
t+1, St+1, O

0:N
t+1)

(PO specifies O0:N
t+1 given St+1)

=
∑
st

P(st|h0
t , h) · P(St+1|st, a) · P(O0:N

t+1 |St+1)

· I
{
At+1 = d′t+1(h0, γ1, O

0
t+1)(h, a,O1:N

t+1)
}

=
∑
st

P(st|h0
t , h) · P(St+1|st, a) · P(O0:N

t+1 |St+1)

· I
{
At+1 = d′t+1(h0, γ2, O

0
t+1)(h, a,O1:N

t+1)
}

(definition of d′t+1)

= P(St+1, O
0:N
t+1 , At+1|h0

t , h, γ2, a, d
′
t+1:T ). (symmetric argument)

Induction step: assuming the claim holds for τ , we show it holds for τ + 1 as well.

P(St+1:τ+1, O
0:N
t+1:τ+1, At+1:τ+1|h0

t , h, γ1, a, d
′
t+1:T )

= P(St+1:τ , O
0:N
t+1:τ , At+1:τ |h0

t , h, γ1, a, d
′
t+1:T )

· P(Sτ+1, O
0:N
τ+1, Aτ+1|h0

t , h, γ1, a, d
′
t+1:T , St+1:τ , O

0:N
t+1:τ , At+1:τ )

= P(St+1:τ , O
0:N
t+1:τ , At+1:τ |h0

t , h, γ2, a, d
′
t+1:T )

· P(Sτ+1, O
0:N
τ+1, Aτ+1|h0

t , h, γ1, a, d
′
t+1:T , St+1:τ , O

0:N
t+1:τ , At+1:τ )

(induction hypothesis)

= P(St+1:τ , O
0:N
t+1:τ , At+1:τ |h0

t , h, γ2, a, d
′
t+1:T ) · P(Sτ+1|Sτ , Aτ ) · P(O0:N

τ+1|Sτ+1)

· I
{
Aτ+1 = d′τ+1

(
h0
t , γ1, O

0
t+1, d

′
t+1(h0

t , γ1, O
0
t+1), O0

t+2, . . . , O
0
τ+1

)
(h, a,O1:N

t+1 , At+1, . . . , O
1:N
τ+1)

}
(†)
= P(St+1:τ , O

0:N
t+1:τ , At+1:τ |h0

t , h, γ2, a, d
′
t+1:T ) · P(Sτ+1|Sτ , Aτ ) · P(O0:N

τ+1|Sτ+1)

· I
{
Aτ+1 = d′τ+1

(
h0
t , γ2, O

0
t+1, d

′
t+1(h0

t , γ2, O
0
t+1), O0

t+2, . . . , O
0
τ+1

)
(h, a,O1:N

t+1 , At+1, . . . , O
1:N
τ+1)

}
= P(St+1:τ , O

0:N
t+1:τ , At+1:τ |h0

t , h, γ2, a, d
′
t+1:T )

· P(Sτ+1, O
0:N
τ+1, Aτ+1|h0

t , h, γ2, a, d
′
t+1:T , St+1:τ , O

0:N
t+1:τ , At+1:τ )

= P(St+1:τ+1, O
0:N
t+1:τ+1, At+1:τ+1|h0

t , h, γ2, a, d
′
t+1:T ),

where the equality in (†) holds due to the definition of policy d′. Note that with the CI-

based approach, a generic policy dt first maps an FCS H0
t to a prescription Γt, which

in term maps an FPS H1:N
t to an action At; therefore, dt(H

0
t )(H1:N

t ) = Γt(H
1:N
t ) = At

234



refers to the final action At under the policy dt and the supervisor’s state (H0
t , H

1:N
t ).

The claim implies that P(Sτ , Aτ |h0
t , h, γ1, d

′
t+1:T ) = P(Sτ , Aτ |h0

t , h, γ2, d
′
t+1:T ) for all

τ = t + 1, . . . , T , i.e. conditioning on h0
t , h, d

′
t+1:T , the distribution of (Sτ , Aτ ) is

exactly the same given γ1 or γ2; and (Sτ , Aτ ) where τ = t + 1, . . . , T is what the

expectations on both sides of (∗) are taken on. �

Proof of Lemma 4.12: We proceed the proof by mathematical induction. The ex-

pectation in the Q-function expression consists of two parts – the instantaneous part

(Rt) and the continuation part (Vt+1). For the instantaneous part as well as the base

case t = T , we have

E
[
Rt(St,Γt(H

1:N
t ))|h0

t , h1, γ
]

=
∑
st

P(st|h0
t , h1, γ)Rt(st, γ(h1))

=
∑
st

P(st|h0
t , h1, γ, a)Rt(st, a) (a = γ(h))

=
∑
st

P(st|h0
t , h1, a)Rt(st, a) (st is before γ)

= E
[
Rt(St,Γt(H

1:N
t ))|h0

t , h1, a
]

= E
[
Rt(St,Γt(H

1:N
t ))|h0

t , z, a
]

((SPS2) with z = ϑt(h
0
t , h1))

= E
[
Rt(St,Γt(H

1:N
t ))|h0

t , h2, a
]

((SPS2) with z = ϑt(h
0
t , h2))

= E
[
Rt(St,Γt(H

1:N
t ))|h0

t , h2, γ
]
.

For the continuation part, we have

E
[
V S
t+1((H0

t ,Γt, O
0
t+1), H1:N

t+1 )|h0
t , h1, γ

]
=
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h1, γ)V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))

=
∑
o0:N
t+1

∑
st+1

P(o0:N
t+1, st+1|h0

t , h1, γ)V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))

=
∑
o0:N
t+1

∑
st+1

P(o0:N
t+1|h0

t , h1, γ, st+1) · P(st+1|h0
t , h1, γ) · V S

t+1((h0
t , γ, o

0
t+1), (h1, a, o

1:N
t+1))

=
∑
o0:N
t+1

∑
st+1

P(o0:N
t+1|st+1) · P(st+1|h0

t , h1, γ) · V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))

(PO specifies O0:N
t+1 given St+1)
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=
∑
o0:N
t+1

∑
st+1

P(o0:N
t+1|st+1) · P(st+1|h0

t , h1, a) · V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))

(Lemma C.1)

=
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h1, a)V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))

=
∑
o0:N
t+1

P(o0:N
t+1|h0

t , z, a)V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1)) ((SPS3) with z = ϑt(h

0
t , h1))

=
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h2, a)V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1)) ((SPS3) with z = ϑt(h

0
t , h2))

=
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h2, a)V S
t+1((h0

t , γ, o
0
t+1), (h2, a, o

1:N
t+1)) ((SPS1) and Corollary 4.13)

=
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h2, γ)V S
t+1((h0

t , γ, o
0
t+1), (h2, a, o

1:N
t+1))) (symmetric arguement)

= E
[
V S
t+1((H0

t ,Γt, O
0
t+1), H1:N

t+1 )|h0
t , h2, γ

]
.

Note that since z could be updated recursively by (SPS1), the two SPSs (h1, a, o
1:N
t+1)

and (h2, a, o
1:N
t+1) in Ω(H1:N

t+1 ) should be mapped to the same z1:N
t+1 ∈ Ω(Z1:N

t+1 ) under

the same FCS (h0
t , γ, o

0
t+1) as they are updated from the same z = ϑt(h

0
t , h1) =

ϑt(h
0
t , h2) ∈ Ω(Z1:N

t ). Thus, from Corollary 4.13 we have

V S
t+1((h0

t , γ, o
0
t+1), (h1, a, ot+1)) = V S

t+1((h0
t , γ, o

0
t+1), (h2, a, ot+1)),

so that the third last equality follows.

In the proof we use the result of Corollary 4.13, which in turn derives from

Lemma 4.12 which we are proving. However, this is not a tautology. The logic

flow is the mathematical induction of Lemma 4.12. The base case t = T only con-

tains the instantaneous part (since Vt+1 , 0) and can be established directly. Then

in the induction step, the induction hypothesis of Lemma 4.12 holding true for t+ 1

implies that Corollary 4.13 is also true for t + 1, which is then used to show the

continuation part of Lemma 4.12’s claim for t. �

Proof of Corollary 4.13: Assume the optimal prescription γ∗ prescribes different

actions on the two FPSs h1, h2 ∈ Ω(H1:N
t ), so that γ∗(h1) = a1 and γ∗(h2) = a2

where a1 6= a2; otherwise, the claim directly follows by Lemma 4.12. Also, define
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γ′, γ′′ ∈ Ω(Γt) by

γ′(h) =

 a1 if h = h2,

γ∗(h) otherwise,
γ′′(h) =

 a2 if h = h1,

γ∗(h) otherwise.

Let υ1 = QS
t (h0

t , h1, γ
∗) and υ2 = QS

t (h0
t , h2, γ

∗). Using (4.11), we can expand

Qt(h
0
t , γ
∗) to (throughout the proof only admissible FPSs are considered – we omit

specifications of the constraint for cleaner notations)

Qt(h
0
t , γ
∗) =

∑
h

P(h|h0
t )Q

S
t (h0

t , h, γ
∗)

=
∑

h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )Q
S
t (h0

t , h1, γ
∗) + P(h2|h0

t )Q
S
t (h0

t , h2, γ
∗)

=
∑

h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )υ1 + P(h2|h0
t )υ2.

Using the same definition, we can also expand Qt(ht, γ
′) to

Qt(h
0
t , γ
′) =

∑
h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
′) + P(h1|h0

t )Q
S
t (h0

t , h1, γ
′) + P(h2|h0

t )Q
S
t (h0

t , h2, γ
′)

=
∑

h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
′) + P(h1|h0

t )Q
S
t (h0

t , h1, γ
′) + P(h2|h0

t )Q
S
t (h0

t , h1, γ
′)

(Lemma 4.12)

=
∑

h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )Q
S
t (h0

t , h1, γ
∗) + P(h2|h0

t )Q
S
t (h0

t , h1, γ
∗)

(Lemma 4.11)

=
∑

h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )υ1 + P(h2|h0
t )υ1;

similarly, we have the following by symmetry

Qt(h
0
t , γ
′′) =

∑
h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )υ2 + P(h2|h0
t )υ2.

It is evident that Qt(h
0
t , γ
∗) is a convex combination of Qt(h

0
t , γ
′) and Qt(h

0
t , γ
′′).

Hence, at least one of Qt(h
0
t , γ
′) and Qt(h

0
t , γ
′′) is larger than or equal to Qt(h

0
t , γ
∗).

Suppose Qt(h
0
t , γ
′) ≥ Qt(h

0
t , γ
∗); but γ∗ ∈ argmaxγ Qt(h

0
t , γ), so they must be equal,
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which implies υ1 = υ2. Notice that all three quantities Qt(h
0
t , γ
∗), Qt(h

0
t , γ
′), and

Qt(h
0
t , γ
′′) will be equal. �

Proof of Proposition 4.14: We first show the proof for the instantaneous part

E
[
Rt(St, At)|h0

1, γλ,h0
1

]
=
∑
st,z1:N

t

P(st, z
1:N
t |h0

1, γλ,h0
1
)Rt(st, λ(z1:N

t ))

=
∑
st,z1:N

t

P(st, z
1:N
t |h0

1)Rt(st, λ(z1:N
t )) (λ is given exogenously)

=
∑
st,z1:N

t

P(st, z
1:N
t |h0

2)Rt(st, λ(z1:N
t )) (assumption)

= E
[
Rt(St, At)|h0

2, γλ,h0
2

]
.

We finish the rest of the proof by mathematical induction. Note that the base case

t = T is already proved above as the values at t = T are solely instantaneous. Now

we only have to show the induction step, assuming the statement for t + 1 is true

and proving it holds for t as well, for the continuation part. Note that the two FCSs

h0
1 and h0

2 observe the same distribution of (St, Z
1:N
t , O0

t+1) when the same SPS-based

prescription λ is picked

P(St, Z
1:N
t , O0

t+1|h0
1, γλ,h0

1
)

=
∑
st+1

P(St, Z
1:N
t |h0

1, γλ,h0
1
) · P(st+1|h0

1, γλ,h0
1
, St, Z

1:N
t ) · P(O0

t+1|h0
1, γλ,h0

1
, St, Z

1:N
t , st+1)

=
∑
st+1

P(St, Z
1:N
t |h0

1) · P(st+1|h0
1, γλ,h0

1
, St, Z

1:N
t ) · P(O0

t+1|h0
1, γλ,h0

1
, St, Z

1:N
t , st+1)

(λ is given exogenously)

=
∑
st+1

P(St, Z
1:N
t |h0

1) · P(st+1|St, λ(Z1:N
t )) · P(O0

t+1|st+1) (specified by PT and PO)

=
∑
st+1

P(St, Z
1:N
t |h0

2) · P(st+1|St, λ(Z1:N
t )) · P(O0

t+1|st+1) (assumption)

= P(St, Z
1:N
t , O0

t+1|h0
2, γλ,h0

2
).

Moreover, for any fixed o0
t+1 ∈ Ω(O0

t+1), (h0
1, γλ,h0

1
, o0
t+1) and (h0

2, γλ,h0
2
, o0
t+1) will be
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two FCSs corresponding to the same BCS, since

P(St+1, Z
1:N
t+1 |h0

1, γλ,h0
1
, o0
t+1) =

P(St+1, Z
1:N
t+1 , o

0
t+1|h0

1, γλ,h0
1
)

P(o0
t+1|h0

1, γλ,h0
1
)

=
1

P(o0
t+1|h0

1, γλ,h0
1
)

∑
st,z1:N

t

P(st, z
1:N
t |h0

1, γλ,h0
1
) · P(St+1, Z

1:N
t+1 , o

0
t+1|h0

1, γλ,h0
1
, st, z

1:N
t )

=
1

P(o0
t+1|h0

1, γλ,h0
1
)

∑
st,z1:N

t

P(st, z
1:N
t |h0

1, γλ,h0
1
) · P(St+1|h0

1, γλ,h0
1
, st, z

1:N
t )

· P(Z1:N
t+1 , o

0
t+1|h0

1, γλ,h0
1
, st, z

1:N
t , St+1)

=
1

P(o0
t+1|h0

1, γλ,h0
1
)

∑
st,z1:N

t

P(st, z
1:N
t |h0

1, γλ,h0
1
) · P(St+1|st, λ(z1:N

t ))

· P(Z1:N
t+1 , o

0
t+1|h0

1, γλ,h0
1
, st, zt, St+1) (specified by PT )

=
1

P(o0
t+1|h0

1, γλ,h0
1
)

∑
st,z1:N

t

P(st, z
1:N
t |h0

1, γλ,h0
1
) · P(St+1|st, λ(z1:N

t ))

·
∑
ot+1

P(o0:N
t+1|St+1) · I{Z1:N

t+1 = φt+1(z1:N
t , λ(zt), o

0:N
t+1)}

(specified by PO and (SPS1))

=
1

P(o0
t+1|h0

2, γλ,h0
2
)

∑
st,z1:N

t

P(st, z
1:N
t |h0

2, γλ,h0
2
) · P(St+1|st, λ(z1:N

t ))

·
∑
ot+1

P(o0:N
t+1|St+1) · I{Z1:N

t+1 = φt+1(z1:N
t , λ(zt), o

0:N
t+1)} (induction hypothesis)

= P(St+1, Z
1:N
t+1 |h0

2, γλ,h0
2
, o0
t+1). (symmetric argument)

Therefore, for the continuation part we have

E
[
Vt+1((H0

t ,Γt, O
0
t+1))|h0

1, γλ,h0
1

]
=
∑
o0
t+1

P(o0
t+1|h0

1, γλ,h0
1
)Vt+1((h0

1, γλ,h0
1
, o0
t+1))

=
∑
o0
t+1

P(o0
t+1|h0

1, γλ,h0
1
) · max

λ′∈Ω(Λt+1)
Qt+1

(
(h0

1, γλ,h0
1
, o0
t+1), γλ′,(h0

1,γλ,h0
1
,o0
t+1))

)
=
∑
o0
t+1

P(o0
t+1|h0

2, γλ,h0
2
) · max

λ′∈Ω(Λt+1)
Qt+1

(
(h0

2, γλ,h0
2
, o0
t+1), γλ′,(h0

2,γλ,h0
2
,o0
t+1))

)
(induction hypothesis and Π

∼

t+1((h0
1, γλ,h0

1
, o0
t+1)) = Π

∼

t+1((h0
2, γλ,h0

2
, o0
t+1)))

=
∑
o0
t+1

P(o0
t+1|h0

2, γλ,h0
2
)Vt+1((h0

2, γλ,h0
2
, o0
t+1)) = E

[
Vt+1((H0

t ,Γt, O
0
t+1))|h0

2, γλ,h0
2

]
.
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�

C.2 Missing Proofs in Section 4.3.3

Proof of Proposition 4.17: We proceed the proof again by mathematical induc-

tion. The instantaneous part as well as the base case t = T trivially follow by (SCS2)

E
[
Rt(St, At)|h0

1, γλ,h0
1

]
= E

[
Rt(St, At)|h0

1, λ
]

= E
[
Rt(St, At)|ϑ0

t (h
0
1), λ

]
((SCS2))

= E
[
Rt(St, At)|ϑ0

t (h
0
2), λ

]
(assumption)

= E
[
Rt(St, At)|h0

2, λ
]

((SCS2))

= E
[
Rt(St, At)|h0

2, γλ,h0
2

]
.

For the continuation part in the induction step, we have

E
[
Vt+1((H0

t ,Γt, O
0
t+1))|h0

1, γλ,h0
1

]
=
∑
o0
t+1

P(o0
t+1|h0

1, γλ,h0
1
)Vt+1((h0

1, γλ,h0
1
, o0
t+1))

=
∑
o0
t+1

P(o0
t+1|h0

1, λ) · max
λ′∈Ω(Λt+1)

Qt+1

(
(h0

1, γλ,h0
1
, o0
t+1), γλ′,(h0

1,γλ,h0
1
,o0
t+1))

)
(])
=
∑
o0
t+1

P(o0
t+1|h0

1, λ) · max
λ′∈Ω(Λt+1)

Qt+1

(
(h0

2, γλ,h0
2
, o0
t+1), γλ′,(h0

2,γλ,h0
2
,o0
t+1))

)
(induction hypothesis and (SCS1))

=
∑
o0
t+1

P(o0
t+1|h0

2, λ) · max
λ′∈Ω(Λt+1)

Qt+1

(
(h0

2, γλ,h0
2
, o0
t+1), γλ′,(h0

2,γλ,h0
2
,o0
t+1))

)
((SCS3))

=
∑
o0
t+1

P(o0
t+1|h0

2, γλ,h0
2
)Vt+1((h0

2, γλ,h0
2
, o0
t+1)) = E

[
Vt+1((H0

t ,Γt, O
0
t+1))|h0

2, γλ,h0
2

]
.

The exploitation of (SCS1) in the equality labeled by (]) is due to

ϑ0
t+1((h0

1, γλ,h0
1
, o0
t+1)) = φ0

t+1(ϑ0
t (h

0
1), λ, o0

t+1) = φ0
t+1(ϑ0

t (h
0
2), λ, o0

t+1) = ϑ0
t+1((h0

2, γλ,h0
2
, o0
t+1)).

�
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C.3 Missing Proofs in Section 4.4.1

Proof of Lemma 4.22: We preceed the proof by mathematical induction. The in-

stantaneous part and the base case t = T follow trivially from (ASPS2)

∣∣E [Rt(St, At)|h0
t , h1, γ

]
− E

[
Rt(St, At)|h0

t , h2, γ
]∣∣

≤
∣∣E [Rt(St, At)|h0

t , h1, γ
]
− E

[
Rt(St, At)|h0

t , ẑ, γ
]∣∣

+
∣∣E [Rt(St, At)|h0

t , ẑ, γ
]
− E

[
Rt(St, At)|h0

t , h2, γ
]∣∣

≤ εp/4 + εp/4 ((ASPS2))

= εp/2.

For the continuation part, we have

∣∣E [V S
t+1((H0

t ,Γt, O
0
t+1), H1:N

t+1 )|h0
t , h1, γ

]
− E

[
V S
t+1((H0

t ,Γt, O
0
t+1), H1:N

t+1 )|h0
t , h2, γ

]∣∣
=

∣∣∣∣∣∣
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h1, a)V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))

−
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h2, a)V S
t+1((h0

t , γ, o
0
t+1), (h2, a, o

1:N
t+1))

∣∣∣∣∣∣ (proof of Lemma 4.12)

≤

∣∣∣∣∣∣
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h1, a)V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))

−
∑
o0:N
t+1

P(o0:N
t+1|h0

t , ẑ, a)V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∑
o0:N
t+1

P(o0:N
t+1|h0

t , ẑ, a)V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))

−
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h2, a)V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h2, a)V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))
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−
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h2, a)V S
t+1((h0

t , γ, o
0
t+1), (h2, a, o

1:N
t+1))

∣∣∣∣∣∣
:= 1©+ 2©+ 3©.

For the first two terms, we have

1©, 2© ≤ 2‖Vt+1‖∞ · δp/8 ≤ TR̄δp/4

by (ASPS3). Note that the above equation follows if K(·, ·) is the total variation

distance. If it is instead the Wasserstein metric, then the total variation distance will

still be bounded by δp
/

minx,y∈Ω(O0:N
t+1),x 6=y ‖x− y‖; we can redefine this value as δp so

that the total variation distance is still bounded by δp.

Now consider a fixed realization of o0:N
t+1. We have

ϑ̂1:N
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))

= φ̂1:N
t+1(ϑ̂1:N

t (h1), h0
t , γ, o

0:N
t+1) ((ASPS1))

= φ̂1:N
t+1(ϑ̂1:N

t (h2), h0
t , γ, o

0:N
t+1) (assumption)

= ϑ̂1:N
t+1((h0

t , γ, o
0
t+1), (h2, a, o

1:N
t+1)), ((ASPS1))

so that under the public FCS (h0
t , γ, o

0
t+1), the two FPSs (h1, a, o

1:N
t+1) and (h2, a, o

1:N
t+1)

will be mapped to the same ASPS as well. Hence, by the induction hypothesis of

Lemma 4.22 which leads to Corollary 4.23 at the t+ 1 step, we obtain

∣∣V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))− V S

t+1((h0
t , γ, o

0
t+1), (h2, a, o

1:N
t+1))

∣∣
≤ (T − t− 1)(εp + TR̄δp)/2 + εp/2.

The last term can thus be bounded by

3©

≤
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h2, a)
∣∣V S
t+1((h0

t , γ, o
0
t+1), (h1, a, o

1:N
t+1))− V S

t+1((h0
t , γ, o

0
t+1), (h2, a, o

1:N
t+1))

∣∣
≤
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h2, a)[(T − t− 1)(εp + TR̄δp)/2 + εp/2]
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= (T − t− 1)(εp + TR̄δp)/2 + εp/2.

Combining the three terms plus the instantaneous part, it follows that

∣∣QS
t (h0

t , h1, γ)−QS
t (h0

t , h2, γ)
∣∣

≤ εp/2 + 2 · TR̄δp/4 + (T − t− 1)(εp + TR̄δp)/2 + εp/2

= (T − t)(εp + TR̄δp)/2 + εp/2.

�

Proof of Corollary 4.23: Assume the optimal prescription γ∗ prescribes different

actions on the two FPSs h1, h2 ∈ Ω(H1:N
t ), so that γ∗(h1) = a1 and γ∗(h2) = a2

where a1 6= a2; otherwise, the claim directly follows by Lemma 4.22. Also, define

γ′, γ′′ ∈ Ω(Γt) by

γ′(h) =

 a1 if h = h2,

γ∗(h) otherwise,
γ′′(h) =

 a2 if h = h1,

γ∗(h) otherwise.

Again let υ1 = QS
t (h0

t , h1, γ
∗) and υ2 = QS

t (h0
t , h2, γ

∗). Denote Bt , (T − t)(εp +

TR̄δp)/2 + εp/2 for simplicity. Similar to the proof of Corollary 4.13, Qt(ht, γ
∗) is

expanded as (throughout the proof only admissible FPSs are considered – we omit

specifications of the constraint for cleaner notations)

Qt(h
0
t , γ
∗) =

∑
h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )υ1 + P(h2|h0
t )υ2.
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Likewise, we can also expand Qt(ht, γ
′) to

Qt(h
0
t , γ
′)

=
∑

h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
′) + P(h1|h0

t )Q
S
t (h0

t , h1, γ
′) + P(h2|h0

t )Q
S
t (h0

t , h2, γ
′)

≥
∑

h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
′) + P(h1|h0

t )Q
S
t (h0

t , h1, γ
′) + P(h2|h0

t )
[
QS
t (h0

t , h1, γ
′)−Bt

]
(Lemma 4.22)

=
∑

h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )Q
S
t (h0

t , h1, γ
∗) + P(h2|h0

t )
[
QS
t (h0

t , h1, γ
∗)−Bt

]
(Lemma 4.11)

=
∑

h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )υ1 + P(h2|h0
t )(υ1 −Bt);

by symmetry

Qt(h
0
t , γ
′′) ≥

∑
h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )(υ2 −Bt) + P(h2|h0
t )υ2.

We have

[4]
∑

h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )υ1 + P(h2|h0
t )(υ1 −Bt) ≤ Qt(h

0
t , γ
′)

≤ Qt(h
0
t , γ
∗) =

∑
h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )υ1 + P(h2|h0
t )υ2

and

∑
h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )(υ2 −Bt) + P(h2|h0
t )υ2 ≤ Qt(h

0
t , γ
′′)

≤ Qt(h
0
t , γ
∗) =

∑
h6=h1,h2

P(h|h0
t )Q

S
t (h0

t , h, γ
∗) + P(h1|h0

t )υ1 + P(h2|h0
t )υ2.

Canceling and rearranging the terms yield

−Bt ≤ υ1 − υ2 ≤ Bt.

�
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Proof of Theorem 4.24: We prove the result by induction. The base case trivially

follows from Proposition 4.21. Note that the continuation values at T + 1 are defined

to be 0, i.e. VT+1(h0
T+1) , 0 and V̂T+1(h0

T+1) , 0 for any h0
T+1 ∈ Ω(H0

T+1). Hence,

for any h0
T ∈ Ω(H0

T ) and γ∗ ∈ Ω(Γt), we have

QT (h0
T , γ

∗)− εp = VT (h0
T )− εp ≤ max

λ̂∈Ω(Λ̂T )
QT (h0

T , γλ̂,h0
T
) = max

λ̂∈Ω(Λ̂T )
Q̂T (h0

T , λ̂) = V̂T (h0
T ).

In the equation, QT (h0
T , γλ̂,h0

T
) = Q̂T (h0

T , λ̂) because there is no continuation value for

T . Now for the induction step, we assume the induction hypothesis, i.e. the claim

holds for some t+ 1 ≤ T so that we have for any h0
t+1 ∈ Ω(H0

t+1),

Vt+1(h0
t+1)− V̂t+1(h0

t+1) ≤ (T − t− 1)(T − t)
2

(εp + TR̄δp) + (T − t)εp.

Proposition 4.21 states that for any h0
t ∈ Ω(H0

t ) and optimal prescription γ∗ ∈
argmaxγ Qt(h

0
t , γ), there exists a λ̂ ∈ Ω(Λ̂t) such that

Qt(h
0
t , γ
∗)−Qt(h

0
t , γλ̂,h0

t
) ≤ (T − t)(εp + TR̄δp) + εp.

Write Ct , (T − t)(εp + TR̄δp) + εp for shorthand of notation. Then for this λ̂, we

have

Qt(h
0
t , γ
∗)− Q̂t(h

0
t , λ̂) = Qt(h

0
t , γ
∗)−Qt(h

0
t , γλ̂,h0

t
) +Qt(h

0
t , γλ̂,h0

t
)− Q̂t(h

0
t , λ̂)

≤ Ct + E[Rt + Vt+1(H0
t+1)|h0

t , γλ̂,h0
t
]− E[Rt + V̂t+1(H0

t+1)|h0
t , γλ̂,h0

t
]

= Ct +
∑
h0
t+1

P(h0
t+1|h0

t , γλ̂,h0
t
)
[
Vt+1(h0

t+1)− V̂t+1(h0
t+1)
]

≤ Ct +
∑
h0
t+1

P(h0
t+1|h0

t , γλ̂,h0
t
)

[
(T − t− 1)(T − t)

2
(εp + TR̄δp) + (T − t)εp

]

= (T − t)(εp + TR̄δp) + εp +
(T − t− 1)(T − t)

2
(εp + TR̄δp) + (T − t)εp

=
(T − t)(T − t+ 1)

2
(εp + TR̄δp) + (T − t+ 1)εp.

�
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C.4 Missing Proofs in Section 4.4.2

Proof of Proposition 4.26: We proceed the proof again by mathematical induc-

tion. The instantaneous part as well as the base case t = T trivially follow from

(ASCS2)

∣∣∣E [Rt(St, At)|h0
1, λ̂
]
− E

[
Rt(St, At)|h0

2, λ̂
]∣∣∣

≤
∣∣∣E [Rt(St, At)|h0

1, λ̂
]
− E

[
Rt(St, At)|ẑ0, λ̂

]∣∣∣
+
∣∣∣E [Rt(St, At)|ẑ0, λ̂

]
− E

[
Rt(St, At)|h0

2, λ̂
]∣∣∣

≤ εc + εc = 2εc. ((ASCS2))

For the continuation part in the induction step, we have

∣∣∣E [V̂t+1((H0
t , Λ̂t, O

0
t+1))|h0

1, λ̂
]
− E

[
V̂t+1((H0

t , Λ̂t, O
0
t+1))|h0

2, λ̂
]∣∣∣

=

∣∣∣∣∣∣
∑
o0
t+1

P(o0
t+1|h0

1, λ̂)V̂t+1((h0
1, λ̂, o

0
t+1))−

∑
o0
t+1

P(o0
t+1|h0

2, λ̂)V̂t+1((h0
2, λ̂, o

0
t+1))

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∑
o0
t+1

P(o0
t+1|h0

1, λ̂)V̂t+1((h0
1, λ̂, o

0
t+1))−

∑
o0
t+1

P(o0
t+1|ẑ0, λ̂)V̂t+1((h0

1, λ̂, o
0
t+1))

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∑
o0
t+1

P(o0
t+1|ẑ0, λ̂)V̂t+1((h0

1, λ̂, o
0
t+1))−

∑
o0
t+1

P(o0
t+1|h0

2, λ̂)V̂t+1((h0
1, λ̂, o

0
t+1))

∣∣∣∣∣∣
+

∣∣∣∣∣∣
∑
o0
t+1

P(o0
t+1|h0

2, λ̂)V̂t+1((h0
1, λ̂, o

0
t+1))−

∑
o0
t+1

P(o0
t+1|h0

2, λ̂)V̂t+1((h0
2, λ̂, o

0
t+1))

∣∣∣∣∣∣
:= 1©+ 2©+ 3©.

For the first two terms, we have

1©, 2© ≤ 2‖V̂t+1‖∞ · δc/2 ≤ TR̄δc

by (ASCS3).
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Now consider a fixed realization of o0
t+1. We have

ϑ̂0
t+1((h0

1, λ̂, o
0
t+1))

= φ̂0
t+1(ϑ̂0

t (h1), λ̂, o0
t+1) ((ASCS1))

= φ̂0
t+1(ϑ̂0

t (h2), λ̂, o0
t+1) (assumption)

= ϑ̂0
t+1((h0

2, λ̂, o
0
t+1)), ((ASCS1))

so that the two FCSs (with ASPS-based prescription) (h0
1, λ̂, o

0
t+1) and (h0

2, λ̂, o
0
t+1)

will be mapped to the same ASCS as well. Hence, by the induction hypothesis, we

obtain

∣∣∣V̂t+1((h0
1, λ̂, o

0
t+1))− V̂t+1((h0

2, λ̂, o
0
t+1))

∣∣∣ ≤ 2(T − t− 1)(εc + TR̄δc) + 2εc.

The last term can thus be bounded by

3© ≤
∑
o0
t+1

P(o0
t+1|h0

2, λ̂)
∣∣∣V̂t+1((h0

1, λ̂, o
0
t+1))− V̂t+1((h0

2, λ̂, o
0
t+1))

∣∣∣
≤
∑
o0
t+1

P(o0
t+1|h0

2, λ̂)[2(T − t− 1)(εc + TR̄δc) + 2εc] = 2(T − t− 1)(εc + TR̄δc) + 2εc.

Combining the three terms plus the instantaneous part, it follows that

∣∣∣Q̂t(h
0
1, λ̂)− Q̂t(h

0
2, λ̂)

∣∣∣ ≤ 2εc + 2 · TR̄δc + 2(T − t− 1)(εc + TR̄δc) + 2εc

= 2(T − t)(εc + TR̄δc) + 2εc.

�

Proof of Theorem 4.27: We proceed the proof again by mathematical induction.
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The base case t = T trivially follows from (ASCS2). For the induction step, we have

Q̂t(h
0
t , λ̂)−Q

∧

t(ϑ̂
0
t (h

0
t ), λ̂)

= E
[
Rt(St, At)|h0

t , λ̂
]
− E

[
Rt(St, At)|ϑ̂0

t (h
0
t ), λ̂

]
+ E

[
V̂t+1(H0

t+1)|h0
t , λ̂
]
− E

[
V

∧

t+1(ϑ̂0
t+1(H0

t+1))|ϑ̂0
t (h

0
t ), λ̂

]
≤ εc + E

[
V̂t+1(H0

t+1)|h0
t , λ̂
]
− E

[
V

∧

t+1(ϑ̂0
t+1(H0

t+1))|ϑ̂0
t (h

0
t ), λ̂

]
((ASCS2))

= εc + E
[
V̂t+1(H0

t+1)|h0
t , λ̂
]
− E

[
V̂t+1(H0

t+1)|ϑ̂0
t (h

0
t ), λ̂

]
+ E

[
V̂t+1(H0

t+1)|ϑ̂0
t (h

0
t ), λ̂

]
− E

[
V

∧

t+1(ϑ̂0
t+1(H0

t+1))|ϑ̂0
t (h

0
t ), λ̂

]
= εc +

∑
h0
t+1

[
P(h0

t+1|h0
t , λ̂)− P(h0

t+1|ϑ̂0
t (h

0
t ), λ̂)

]
V̂t+1(h0

t+1)

+
∑
h0
t+1

P(h0
t+1|ϑ̂0

t (h
0
t ), λ̂)

[
V̂t+1(h0

t+1)− V

∧

t+1(ϑ̂0
t+1(h0

t+1))
]

:= εc + 1©+ 2©.

The first term is bounded by (ASCS3)

1© =
∑
o0
t+1

[
P(o0

t+1|h0
t , λ̂)− P(o0

t+1|ϑ̂0
t (h

0
t ), λ̂)

]
V̂t+1((h0

t , λ̂, o
0
t+1))

≤ 2‖V̂t+1‖∞ · δc/2 ≤ TR̄δc,

while the second term can be bounded by the induction hypothesis

2© ≤
∑
h0
t+1

P(h0
t+1|ϑ̂0

t (h
0
t ), λ̂)

[
(T − t− 1)(εc + TR̄δc) + εc

]
= (T − t− 1)(εc + TR̄δc) + εc.

Combining the terms, it follows that

Q̂t(h
0
t , λ̂)−Q

∧

t(ϑ̂
0
t (h

0
t ), λ̂) ≤ εc + TR̄δc + (T − t− 1)(εc + TR̄δc) + εc

= (T − t)(εc + TR̄δc) + εc.

The V part of the claim can be obtained by considering an optimal prescription
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λ̂∗ ∈ argmaxλ̂∈Ω(Λ̂t)
Q̂t(h

0
t , λ̂) in the Q part. �

C.5 Missing Proofs in Section 4.5.1

Proof of Proposition 4.29: For (SCS1), BCSs can be updated recursively through

Bayesian updates [88]. For (SCS2), notice that

E[Rt(St, At)|h0
t , λt] =

∑
st,h1:N

t

P(st, h
1:N
t |h0

t )R(st, γt(h
1:N
t )),

and the ensemble of P(st, h
1:N
t |h0

t ) through their spaces is exactly Πt(h
0
t ) = P(St, H

1:N
t |h0

t ).

Similarly, it satisfies (SCS3) as well, since

P(O0
t+1|h0

t , γt) =
∑
st,h1:N

t

P(st, h
1:N
t |h0

t ) ·
∑
st+1

P(st+1|st, γt(h1:N
t )) · P(O0

t+1|st+1).

The quantity Πt(h
0
t ) = P(St, H

1:N
t |h0

t ) again exactly encapsulates what is needed to

compute P(O0
t+1|h0

t , γt). �

Proof of Proposition 4.30:

P(z1:N
t+1 , o

0
t+1|h0

t , h
1:N
t , γt, at) =

∑
o0:N
t+1

∑
st+1

P(z1:N
t+1 , o

0:N
t+1, st+1|h0

t , h
1:N
t , γt, at)

=
∑
o0:N
t+1

∑
st+1

P(st+1|h0
t , h

1:N
t , γt, at) · P(o0:N

t+1|h0
t , h

1:N
t , γt, at, st+1) · P(z1:N

t+1 |h0
t , h

1:N
t , γt, at, st+1, o

0:N
t+1)

=
∑
o0:N
t+1

∑
st+1

P(st+1|h0
t , h

1:N
t , γt) · P(o0:N

t+1|st+1) · P(z1:N
t+1 |h0

t , h
1:N
t , γt, st+1, o

0:N
t+1)

(redundancy of at and PO specifies Ot+1 given St+1)

=
∑
o0:N
t+1

∑
st+1

P(st+1|h0
t , h

1:N
t , at) · P(o0:N

t+1|st+1) · P(z1:N
t+1 |h0

t , h
1:N
t , γt, st+1, o

0:N
t+1)

(Lemma C.1)

=
∑
o0:N
t+1

∑
st+1

P(st+1, o
0:N
t+1|h0

t , h
1:N
t , at) · I{z1:N

t+1 = φ1:N
t+1(ϑt(h

0
t , h

1:N
t ), γt, o

0:N
t+1)} ((SPS1))

=
∑
o0:N
t+1

P(o0:N
t+1|h0

t , h
1:N
t , at) · I{z1:N

t+1 = φ1:N
t+1(z1:N

t , γt, o
0:N
t+1)}
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=
∑
o0:N
t+1

P(o0:N
t+1|h0

t , z
1:N
t , at) · I{z1:N

t+1 = φ1:N
t+1(z1:N

t , γt, o
0:N
t+1)} ((SPS3))

= P(z1:N
t+1 , o

0
t+1|h0

t , z
1:N
t , γt, at).

Note the last equality follows as in (SPS3) it is implicitly assumed that z1:N
t =

ϑt(h
0
t , h

1:N
t ). �

Proof of Proposition 4.31:

E[R(St, At)|h0
t , h

n
t , at] =

∑
st

R(st, at)P(st|h0
t , h

n
t ) =

∑
st

R(st, at)
∑
z−nt

P(st, z
−n
t |h0

t , h
n
t )

=
∑
st

R(st, at)
∑
z−nt

P(z−nt |h0
t , h

n
t ) · P(st|h0

t , h
n
t , z
−n
t )

=
∑
st

R(st, at)
∑
z−nt

P(z−nt |h0
t , h

n
t )
∑
h−nt

P(st, h
−n
t |h0

t , h
n
t , z
−n
t )

=
∑
st

R(st, at)
∑
z−nt

P(z−nt |h0
t , h

n
t )
∑
h−nt

P(h−nt |h0
t , h

n
t , z
−n
t ) · P(st|h0

t , h
n
t , z
−n
t , h−nt )

=
∑
st

R(st, at)
∑
z−nt

P(z−nt |h0
t , h

n
t )
∑
h−nt

P(h−nt |h0
t , h

n
t , z
−n
t ) · P(st|h0

t , h
n
t , h

−n
t )

(z−nt = ϑ−nt (h0
t , h
−n
t ))

=
∑
z−nt

P(z−nt |h0
t , h

n
t )
∑
h−nt

P(h−nt |h0
t , h

n
t , z
−n
t )

∑
st

R(st, at)P(st|h0
t , h

n
t , h

−n
t )

=
∑
z−nt

P(z−nt |h0
t , h

n
t )
∑
h−nt

P(h−nt |h0
t , h

n
t , z
−n
t )E[R(St, At)|h0

t , h
1:N
t , at]

=
∑
z−nt

P(z−nt |h0
t , h

n
t )
∑
h−nt

P(h−nt |h0
t , h

n
t , z
−n
t )E[R(St, At)|h0

t , z
1:N
t , at] ((SPS2)))

=
∑
z−nt

P(z−nt |h0
t , h

n
t )
∑
h−nt

P(h−nt |h0
t , h

n
t , z
−n
t )

∑
st

R(st, at)P(st|h0
t , z

n
t , z

−n
t )

=
∑
st

R(st, at)
∑
z−nt

P(z−nt |h0
t , h

n
t ) · P(st|h0

t , z
n
t , z

−n
t )

∑
h−nt

P(h−nt |h0
t , h

n
t , z
−n
t )

=
∑
st

R(st, at)
∑
z−nt

P(z−nt |h0
t , z

n
t ) · P(st|h0

t , z
n
t , z

−n
t ) · 1 ((SPI4))

=
∑
st

R(st, at)
∑
z−nt

P(st, z
−n
t |h0

t , z
n
t ) =

∑
st

R(st, at)P(st|h0
t , z

n
t ) = E[R(St, At)|h0

t , z
n
t , at].
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Note that the superscript −n only contains [N ] \ {n} and does not contain 0. �
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APPENDIX D

Proofs for Chapter V

D.1 The K-arm UCB

In this subsection, we prove one regret bound of the UCB1 algorithm [5] that

will be used later. At time t, define µ̂t(k) = 1
nt(k)

∑t−1
s=1Rs(ks)1{ks = k} to be the

empirical mean of the k-th arm based on it being played nt(k) =
∑t−1

s=1 1{ks = k}
times up until t− 1. As in the two-stage setting, we assume the best arm is the first.

Algorithm D.1 K-arm UCB

input: K (#actions)
for t = 1, . . . , K do

Play each arm k once, where k ∈ [K].

for t = K + 1, . . . , T do

Chooses kt = arg max
k∈[K]

µ̂t(k) + 2
√

log(KT/δ)
nt(k)

.

In the following, all the t’s and T ’s within any bound is assumed to be sufficiently

large (in particular > K), so that we do not have the initialization issue.

Lemma D.1: For any t ∈ [T ] \ [K] and k ∈ [K], with probability at least 1− δ, we
have

|µk − µ̂t(k)| ≤ 2

√
log(1/δ)

nt(k)
.

Proof: This is Hoeffding’s inequality. �
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Corollary D.2: With probability at least 1− δ, the inequality

|µk − µ̂t(k)| ≤ 2

√
log(KT/δ)

nt(k)
.

holds for all t ∈ [T ] \ [K] and k ∈ [K] simultaneously.

Proof: From Lemma D.1, the inequality holds for any t ∈ [T ] \ [K] and k ∈ [K]

with probability at least 1− δ/KT . Hence, it holds for all t ∈ [T ] \ [K] and k ∈ [K]

simultaneously with probability at least 1− δ by the union bound. �

Lemma D.3: With probability at least 1− 2δ, the regret is bounded by

T∑
t=1

[µ1 −Rt(kt)] ≤ 11
√
KT log(KT/δ).

Proof: With probability at least 1− δ, for all t ∈ [T ] \ [K] simultaneously,

µ1 ≤ µ̂t(1) + 2

√
log(KT/δ)

nt(1)
(Corollary D.2)

≤ µ̂t(kt) + 2

√
log(KT/δ)

nt(kt)
(by the way kt is selected)

≤ µkt + 4

√
log(KT/δ)

nt(kt)
. (Corollary D.2)

Therefore, with probability at least 1− δ,

T∑
t=1

(µ1 − µkt) ≤ K + 4
T∑

t=K+1

√
log(KT/δ)

nt(kt)

= K + 4
∑
k∈[K]

T∑
t=K+1

1{kt = k}

√
log(KT/δ)

nt(kt)

= K + 4
∑
k∈[K]

(√
1

1
+

√
1

2
+ · · ·+

√
1

nT (k)

)√
log(KT/δ)

≤ K + 8
∑
k∈[K]

√
nT (k) ·

√
log(KT/δ) (Integral test for series)
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≤ K + 8

√
K ·

∑
k∈[K]

nT (k) ·
√

log(KT/δ)

(Cauchy-Schwartz inequality)

= 8
√
KT log(KT/δ) +K.

Notice that {
∑t

s=1[µks − Rs(ks)]} forms a martingale, and |µkt − Rt(kt)| ≤ 1. Thus,

by Azuma’s inequality, with probability at least 1− δ,

T∑
t=1

[µkt −Rt(kt)] ≤ 2
√
T log(1/δ).

Using the union bound, we have with probability at least 1− 2δ,

T∑
t=1

[µ1 −Rt(kt)] ≤ 8
√
KT log(KT/δ) + 2

√
T log(1/δ) +K

≤ 11
√
KT log(KT/δ).

�

D.2 Missing Proofs in Section 5.3

Proof of Theorem 5.2:

T∑
t=1

[µ1,1 −Rt(kt, lt)]

≤ KL+
T∑

t=KL+1

{
max
k

[
µ̂1
t (k) + 11

√
L log(LT/δ)

n1
t (k)

]
− µkt,1 + µkt,1 −Rt(kt, lt)

}
((5.4) and taking max)

= KL+
T∑

t=KL+1

{
µ̂1
t (kt) + 11

√
L log(LT/δ)

n1
t (kt)

− µkt,1 + µkt,1 −Rt(kt, lt)

}
.

(by the way kt is selected)
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Notice that for any t ∈ [T ] and k ∈ [K],

µ̂1
t (k)− µk,1 =

1

n1
t (k)

t−1∑
s=1

1{ks = k}[Rs(ks, ls)− µk,1]

≤ 1

n1
t (k)

t−1∑
s=1

1{ks = k}[Rs(ks, ls)− µk,ls ].

The term 1{ks = k}[Rs(ks, ls)−µk,ls ] has zero mean, and its absolute value is bounded

by 1{ks = k}. Hence, by Azuma’s inequality, with high probability at least 1− δ,

t−1∑
s=1

1{ks = k}[Rs(ks, ls)− µk,ls ] ≤ 2

√√√√ t−1∑
s=1

1{ks = k} log(1/δ) = 2
√
n1
t (k) log(1/δ).

Combining the two inequalities gives

µ̂1
t (kt)− µkt,1 ≤ 2

√
log(1/δ)

n1
t (kt)

,

so that with probability at least 1− δ,

µ̂1
t (kt)− µkt,1 ≤ 2

√
log(T/δ)

n1
t (kt)

,

holds for all t ∈ [T ] simultaneously by union bound. So the sum of the first three

terms is bounded by

T∑
t=KL+1

13

√
L log(LT/δ)

n1
t (kt)

≤ 26
√
KT ·

√
L log(LT/δ) ≤ O(

√
KLT log(LT/δ)).

For how to bound
∑T

t=KL+1

√
1

n1
t (kt)

by 2
√
KT , see the proof of Lemma D.3. The last
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two terms sum up to

T∑
t=KL+1

µkt,1 −Rt(kt, lt) =
∑
k∈[K]

T∑
t=1

1{kt = k} [µk,1 −Rt(k, lt)] (Lemma 5.1)

≤
∑
k∈[K]

O

(√
Ln1

T (k) log(LT/δ)

)
(Cauchy-Schwartz inequality)

= O
(√

KLT log(LT/δ)
)
.

Combining all parts, with probability at least 1− 5δ, or simply 1− δ as the constant

term can be absorbed into the big-O notation,

T∑
t=1

[µ1,1 −Rt(kt, lt)] ≤ O
(√

KLT log(LT/δ)
)
.

�

Proof of Lemma 5.3: Suppose k has been drawn for 262L log(LT/δ)
(µ1,1−µk,1)2 times before time

t. That is, n1
t (k) ≥ 262L log(LT/δ)

(µ1,1−µk,1)2 . Then with probability at least 1− δ,

µ̂1
t (k) + 11

√
L log(LT/δ)

n1
t (k)

≤ µk,lt + 2

√
log(LT/δ)

n1
t (k)

+ 11

√
L log(LT/δ)

n1
t (k)

(Corollary D.2)

≤ µk,1 + 13

√
L log(LT/δ)

n1
t (k)

(First arm is optimal)

≤ µk,1 + (µ1,1 − µk,1)/2 < µ1,1.

But by (5.4), with probability at least 1− δ,

µ1,1 ≤ µ̂1
t (1) + 11

√
L log(LT/δ)

n1
t (1)

.

By the algorithm’s way of choosing kt, U1 will not choose arm k for all t ∈ [T ] with

probability at least 1− 2δ, as long as the condition of n1
t (k) is satisfied. �
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Lemma D.4: Let l 6= 1 be a sub-optimal arm of U2 given U1 chooses k. Then with
probability at least 1− 2δ,

T∑
t=1

1{kt = k, lt = l} ≤ O

(
log(LT/δ)

(µk,1 − µk,l)2

)
.

Proof: Suppose at time t, n2
t (k, l) ≥

64 log(LT/δ)
(µk,1−µk,l)2 . Then with probability at least 1− δ,

µ̂2
t (k, l) + 2

√
log(LT/δ)

n2
t (k, l)

≤ µk,l + 4

√
log(LT/δ)

n2
t (k, l)

(Corollary D.2)

≤ µk,l +
(µk,1 − µk,l)

2
< µk,1.

But by Corollary D.2, with probability at least 1− δ,

µk,1 ≤ µ̂2
t (k, 1) + 2

√
log(LT/δ)

n2
t (k, 1)

.

So for all the round t ∈ [T ], even if U1 chooses k, with probability at least 1− 2δ, U2

will not choose l given the condition of n2
t (k, l) is satisfied. �

Proof of Theorem 5.4: We show that the regret is upper bounded by

∑
(k,l)6=(1,1)

(µ1,1 − µk,l) · n2
T+1(k, l) ≤ L

∑
k 6=1

O

(
log(LT )

µ1,1 − µk,1

)
+
∑
k

∑
l 6=1

O

(
log(LT )

µk,1 − µk,l

)
.

Lemma 5.3 gives with probability at least 1− 2δ,

∑
l

n2
T+1(k, l) ≤ O

(
L log(LT/δ)

(µ1,1 − µk,1)2

)
∀k.

Lemma D.4 gives with probability at least 1− 2δ,

n2
T+1(k, l) ≤ O

(
log(LT/δ)

(µk,1 − µk,l)2

)
.

Thus, with probability at least 1− 4δ, we can bound the regret by
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∑
(k,l)∈[K]×[L]\(1,1)

(µ1,1 − µk,l) · n2
T+1(k, l)

=
∑

(k,l)∈[K]×[L]\(1,1)

(µ1,1 − µk,1 + µk,1 − µk,l) · n2
T+1(k, l)

=
∑

k∈[K]\{1}

(µ1,1 − µk,1) ·
∑
l∈[L]

n2
T+1(k, l) +

∑
k∈[K]

∑
l∈[L]\{1}

(µk,1 − µk,l) · n2
T+1(k, l)

≤
∑

k∈[K]\{1}

(µ1,1 − µk,1) ·O
(
L log(LT/δ)

(µ1,1 − µk,1)2

)
+
∑
k∈[K]

∑
l∈[L]\{1}

(µk,1 − µk,l) ·O
(

log(LT/δ)

(µk,1 − µk,l)2

)

= L
∑

k∈[K]\{1}

O

(
log(LT/δ)

µ1,1 − µk,1

)
+
∑
k∈[K]

∑
l∈[L]\{1}

O

(
log(LT/δ)

µk,1 − µk,l

)
.

The constant term of 4 can be easily absorbed into the big-O notation. �

D.3 Missing Proofs in Section 5.4

Proof of Lemma 5.5:

Base d = D − 1:

t∑
s=KD+1

I{k1:D−1
s = k1:D−1}

[
µ(k1:D−1,1) −Rs(ks)

]
≤ CD−1

√
KnD−1

t (k1:D−1) log(KnD−1
t (k1:D−1)/δ) ≤ CD−1

√
KnD−1

t (k1:D−1) log(KT/δ)

by common UCB bound (Lemma D.3) and the fact that CD−1 ≥ 11 and CD ≥ 2.

Induction step: assume the statement is true for d + 1, we show that it holds for d

as well when d > 0. Dividing both sides of the inequality in the induction hypothesis

by nd+1
t (k1:d+1) to get

µ(k1:d+1,1D−d−1) ≤ µ̂d+1
t (k1:d+1) + Cd+1

√
KD−d−1 log(KDT/δ)

nd+1
t (k1:d+1)

. (D.1)

Now for the left hand side of the inequality for d, we have

t∑
s=KD+1

I{k1:d
s = k1:d}

[
µ(k1:d,1D−d) −Rs(ks)

]
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≤
t∑

s=KD+1

I{k1:d
s = k1:d}

{
max
kd+1

[
µ̂d+1
t (k1:d

s ,kd+1)

+ Cd+1

√
KD−d−1 log(KDT/δ)

nd+1
t (k1:d

s , kd+1)

]
−Rs(ks)

}

≤
t∑

s=KD+1

I{k1:d
s = k1:d}

[
µ̂d+1
t (k1:d+1

s ) + Cd+1

√
KD−d−1 log(KDT/δ)

nd+1
t (k1:d+1

s )
− µ(k1:d+1

s ,1D−d−1)

+ µ(k1:d+1
s ,1D−d−1) −Rs(ks)

]
,

(D.2)

where the first inequality follows from (D.1) and taking max, and the second inequality

follows from the way kd+1
s is selected.

For any s ∈ [T ], k1:d+1 ∈ [K]d+1, we have

µ̂d+1
s (k1:d+1)− µ(k1:d+1,1D−d−1)

=
1

nd+1
s (k1:d+1)

s−1∑
u=1

I{k1:d+1
r = k1:d+1}

[
Ru(ku)− µ(k1:d+1,1D−d−1)

]
≤ 1

nd+1
s (k1:d+1)

s−1∑
u=1

I{k1:d+1
r = k1:d+1} [Ru(ku)− µku ]

≤ 2

nd+1
s (k1:d+1)

√√√√ s−1∑
u=1

I{k1:d+1
r = k1:d+1} log(1/δ) = 2

√
log(1/δ)

nd+1
s (k1:d+1)

with probability 1− δ. Then, the inequality

µ̂d+1
s (k1:d+1)− µ(k1:d+1,1D−d−1) ≤ 2

√
log(Kd+1T/δ)

nd+1
s (k1:d+1)

(D.3)

holds for all s ∈ [T ] and all k1:d+1 ∈ [K]d+1 simultaneously by the union bound.

Hence, the sum of the first three terms of (D.2) can be bounded by
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t∑
s=KD+1

I{k1:d
s = k1:d}

[
µ̂d+1
t (k1:d+1

s ) + Cd+1

√
KD−d−1 log(KDT/δ)

nd+1
t (k1:d+1

s )
− µ(k1:d+1

s ,1D−d−1)

]

≤
t∑

s=KD+1

I{k1:d
s = k1:d}

[
2

√
log(Kd+1T/δ)

nd+1
t (k1:d+1

s )
+ Cd+1

√
KD−d−1 log(KDT/δ)

nd+1
t (k1:d+1

s )

]

≤ (Cd+1 + 2)
√
KD−d−1 log(KDT/δ) ·

t∑
s=KD+1

I{k1:d
s = k1:d}

√
1

nd+1
s (k1:d+1

s )

≤ 2(Cd+1 + 2)
√
KD−dndt (k

1:d) log(KDT/δ).

On the other hand, the last two terms sum up to

t∑
s=KD+1

I{k1:d
s = k1:d}

[
µ(k1:d+1

s ,1D−d−1) −Rs(ks)
]

=
∑

kd+1∈[K]

t∑
s=KD+1

I{k1:d+1
s = k1:d+1}

[
µ(k1:d+1

s ,1D−d−1) −Rs(ks)
]

≤
∑

kd+1∈[K]

Cd+1

√
KD−d−1nd+1

t (k1:d) log(KDT/δ)

≤ Cd+1

√√√√√KD−d−1 ·

 ∑
kd+1∈[K]

nd+1
t (k1:d)

 log(KDT/δ)

≤ Cd+1

√
KD−dndt (k

1:d) log(KDT/δ).

Combining both parts, with probability 1− 3δ := 1− δ′, we have

t∑
s=1

I{k1:d
s = k1:d}

[
µ(k1:d,1D−d) −Rs(ks)

]
≤ [2(Cd+1 + 2) + Cd+1]

√
KD−dndt (k

1:d) log(KDT/δ)

≤
√

3(3Cd+1 + 4)
√
KD−dndt (k

1:d) log(KDT/δ′)

≤ (6Cd+1 + 8)
√
KD−dndt (k

1:d) log(KDT/δ′)

≤ Cd

√
KD−dndt (k

1:d) log(KDT/δ′)

whenever Cd ≥ 6Cd+1 + 8.

When d = 0, the same arguments follow except that I{k1:d
s = k1:d} will degenerate
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to just 1, ndt (k
1:d) will degenerate to t, and the inequality will end with (6C1 +

8)
√
KDt log(KDT/δ′) as there is no C0. �

Proof of Lemma 5.7: Suppose at time t,

ndt (k
1:d) ≥ 4(Cd + 2)2KD−d log(KDT/δ)[

µ(k1:d−1,1D−d+1) − µ(k1:d,1D−d)

]2 . (D.4)

Then with probability at least 1− δ,

µ̂dt (k
1:d) + Cd

√
KD−d log(KDT/δ)

ndt (k
1:d)

≤ µ(k1:d,1D−d) + 2

√
log(KdT/δ)

ndt (k
1:d)

+ Cd

√
KD−d log(KDT/δ)

ndt (k
1:d)

(by (D.3))

≤ µ(k1:d,1D−d) + (Cd + 2)

√
KD−d log(KDT/δ)

ndt (k
1:d)

≤ µ(k1:d,1D−d) +
µ(k1:d−1,1D−d+1) − µ(k1:d,1D−d)

2
< µ(k1:d−1,1D−d+1)

On the other hand, by Lemma 5.5 with (t, d, (k1:d−1, 1)), with probability at least

1− δ,

µ(k1:d−1,1D−d+1) ≤ µ̂dt (k
1:d−1, 1) + Cd

√
KD−d log(KDT/δ)

ndt (k
1:d−1, 1)

.

Hence, by the design of Algorithm 5.6, given that the first d− 1 agents choose k1:d−1,

agent d will not choose the sub-optimal arm kd 6= 1 over the first arm before time T

when the condition (D.4) is satisfied. �

Proof of Theorem 5.8: From Lemma 5.7 and the union bound, the inequality

(5.12) will hold simultaneously for all d ∈ [D] and k1:d ∈ [K]d with probability

at least 1− 2KDDδ. Hence, with probability at least 1− 2KDDδ,

T∑
t=1

[µ1D −Rt(k
1
t , . . . , k

D
t )] =

∑
k 6=1D

(µ1D − µk) · nDT+1(k)

=
∑
k 6=1D

D∑
d=1

{[
µ(k1:d−1,1D−d+1) − µ(k1:d,1D−d)

]
· nDT+1(k)

}
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=
D∑
d=1

∑
k1:d 6=1d

{[
µ(k1:d−1,1D−d+1) − µ(k1:d,1D−d)

]
·

[ ∑
kd+1:D

nDT+1(k)

]}

=
D∑
d=1

∑
k1:d 6=1d

{[
µ(k1:d−1,1D−d+1) − µ(k1:d,1D−d)

]
·

[ ∑
kd+1:D

nDT+1(k)

]}

=
D∑
d=1

∑
k1:d 6=1d

{[
µ(k1:d−1,1D−d+1) − µ(k1:d,1D−d)

]
·

[
T∑
t=1

I{k1:d
t = k1:d}

]}

≤
D∑
d=1

∑
k1:d 6=1d

{[
µ(k1:d−1,1D−d+1) − µ(k1:d,1D−d)

]
· 4(Cd + 2)2KD−d log(KDT/δ)[
µ(k1:d−1,1D−d+1) − µ(k1:d,1D−d)

]2
}

=
D∑
d=1

∑
k1:d 6=1d

4(Cd + 2)2KD−d log(KDT/δ)

µ(k1:d−1,1D−d+1) − µ(k1:d,1D−d)

.

Letting δ′ = 2KDDδ gives the claim. �

D.4 Missing Proofs in Section 5.5

Proof of Lemma 5.10: First, we use induction to prove the following inequalities:

0 ≤ Q2
t,h(s, a, b)−Q∗,h(s, a, b) ≤ Es′∼P (·|s,a,b)

[
V 2
t,h+1(s′)− V∗,h+1(s′)

]
+ 2bns2

τ , (D.5)

where τ = nt,h(s, a, b), for all s, a, b. The order of induction is from t = 1 to t = T ,

and (within each t) from h = H to h = 1.

For t = 1, we have Q2
1,h(s, a, b) − Q∗,h(s, a, b) = H − Q∗,h(s, a, b) ≥ 0 and that

Q2
1,h(s, a, b) − Q∗,h(s, a, b) ≤ H ≤ 2bns2

0. Suppose that the inequality holds for all

(t′, h′) with either t′ < t, or t′ = t and h′ > h. Fix a (s, a, b) and let τ = nt,h(s, a, b). By

the update rule of Q2
t,h(s, a, b), we have Q2

t,h(s, a, b) = min
{
Q̂2
t,h(s, a, b), Q

2
t−1,h(s, a, b)

}
where

Q̂2
t,h(s, a, b) = R̂t,h(s, a, b) + Es′∼P̂t,h(·|s,a,b)

[
V 2
t,h+1(s′)

]
+ bns2

τ . (τ = nt,h(s, a, b))

Besides,

Q∗,h(s, a, b) = R(s, a, b) + Es′∼P (·|s,a,b) [V∗,h(s
′)] .
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Taking their difference, we get

Q̂2
t,h(s, a, b)−Q∗,h(s, a, b)

=
(
R̂t,h(s, a, b)−R(s, a, b)

)
+ Es′∼P (·|s,a,b)

[
V 2
t,h+1(s′)− V∗,h+1(s′)

]︸ ︷︷ ︸
term1

+
(
Es′∼P̂t,h(·|s,a,b)

[
V 2
t,h+1(s′)

]
− Es′∼P (·|s,a,b)

[
V 2
t,h+1(s′)

])
︸ ︷︷ ︸

term2

+bns2
τ . (D.6)

By Lemma D.7 and Lemma D.8, for some universal constant c > 0,

∣∣∣R̂t,h(s, a, b)−R(s, a, b)
∣∣∣ ≤ 1

2
c

√
log(T/δ)

τ+
, (D.7)

|term2| ≤
∥∥∥P̂t,h(·|s, a, b)− P (·|s, a, b)

∥∥∥
1
‖V 2

t,h+1‖∞ ≤
1

2
cH

√
S log(T/δ)

τ+
, (D.8)

and therefore
∣∣∣R̂t,h(s, a, b)−R(s, a, b)

∣∣∣+ |term2| ≤ bns2
τ . Combining this with (D.6),

we get

term1 ≤ Q̂2
t,h(s, a, b)−Q∗,h(s, a, b) ≤ term1 + 2bns2

τ . (D.9)

Using Q2
t,h(s, a, b) ≤ Q̂2

t,h(s, a, b), (D.9) implies the right inequality in (D.5).

To prove the left inequality in (D.5), notice that if h = H, then term1 = 0; if

h < H,

term1

≥ min
s′
V 2
t,h+1(s′)− V∗,h+1(s′)

= min
s′

(
min

{
max
a′,b′

Q2
t,h+1(s′, a′, b′), H

}
−max

a′,b′
Q∗,h+1(s′, a′, b′)

)
= min

s′

(
min

{
max
a′,b′

Q2
t,h+1(s′, a′, b′)−max

a′,b′
Q∗,h+1(s′, a′, b′), H −max

a′,b′
Q∗,h+1(s′, a′, b′)

})
≥ 0.

where the last inequality is by the induction hypothesis.

Thus, term1 ≥ 0. Together with (D.9), we get Q̂2
t,h(s, a, b) − Q∗,h(s, a, b) ≥ 0.

By the induction hypothesis, we also have Q2
t−1,h(s, a, b) ≥ Q∗,h(s, a, b). Therefore,
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Q2
t,h(s, a, b) = min

{
Q̂2
t,h(s, a, b), Q

2
t−1,h(s, a, b)

}
≥ Q∗,h(s, a, b), proving the left in-

equality in (D.5).

Based on (D.5), we can write

T∑
t=1

(
Q2
t,h(st,h, at,h, bt,h)−Q∗,h(st,h, at,h, bt,h)

)
≤

T∑
t=1

Es′∼P (·|st,h,at,h,bt,h)

[
V 2
t,h+1(s′)− V∗,h+1(s′)

]
+

T∑
t=1

2bns2
τt,h

(define τt,h = nt,h(st,h, at,h, bt,h))

,
T∑
t=1

(
V 2
t,h+1(st,h+1)− V∗,h+1(st,h+1) + εt,h

)
+

T∑
t=1

2bns2
τt,h

(define εt,h to be the difference)

Since εt,h is zero-mean, by Lemma D.7,

T∑
t=1

εt,h = O
(
H
√
T log(T/δ)

)
.

Besides,

T∑
t=1

bns2
τt,h

= O

(
T∑
t=1

H

√
S log(T/δ)

nt,h(st,h, at,h, bt,h)+

)
= O

(
HS
√
ABT log(T/δ)

)
.

Combining the three bounds above proves the second conclusion in the lemma. �

Proof of Lemma 5.11: We use induction to show the desired inequality. Again,

the order of induction is from t = 1 to t = T , and (within each t) from h = H to

h = 1. When t = 1, Q1
1,h(s, a) = H = maxbQ

2
1,h(s, a, b).

Suppose that the inequality holds for all (t′, h′) with t′ < t, or t′ = t and h′ > h.

Let τ = nt,h(s, a), and let 1 ≤ t1 < t2 < · · · < tτ < t be the episodes in which (s, a)

is visited at step h. By the update rule of Q1
t,h(·, ·), we have

Q1
t,h(s, a)
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= α0
τH +

τ∑
i=1

αiτ
(
rti,h + V 1

ti,h+1(sti,h+1) + bns1
i

)
(define αiτ = αiΠ

τ
j=i+1(1− αj) for 1 ≤ i ≤ τ and α0

τ = Πτ
j=1(1− αj))

≥ α0
τH +

τ∑
i=1

αiτ

(
R(s, a, bti,h) +

∑
s′

P (·|s, a, bti,h)V 1
ti,h+1(s′)

)
+

1

2
bns1

τ

(see the explanation below indexed ?)

≥ α0
τH +

τ∑
i=1

αiτ

(
R(s, a, bti,h) +

∑
s′

P (·|s, a, bti,h)V 2
ti,h+1(s′)

)
+

1

2
bns1

τ

(by the induction hypothesis)

≥ α0
τH +

τ∑
i=1

αiτ

(
R̂ti,h(s, a, bti,h) +

∑
s′

P̂ti,h(·|s, a, bti,h)V 2
ti,h+1(s′)− bns2

ξi

)
+

1

2
bns1

τ

(define ξi = nti,h(s, a, bti,h) and use (D.7) and (D.8))

≥ α0
τH +

τ∑
i=1

αiτQ
2
ti,h

(s, a, bti,h)− 2
τ∑
i=1

αiτbns
2
ξi

+
1

2
bns1

τ

(by the definition of Q2
t,h(s, a, b))

≥ α0
τH +

τ∑
i=1

αiτ max
b
Q2
ti,h

(s, a, b) (see the explanation below indexed ??)

≥ max
b
Q2
t,h(s, a, b) (because Q2

t,h is non-increasing in t and
∑τ

i=0 α
i
τ = 1)

In the first inequality (?), we use the fact that
∑τ

i=1 α
i
τbns

1
i ≥ bns1

τ by the first item

in Lemma D.9, and that∣∣∣∣∣
τ∑
i=1

αiτ

(
R(s, a, bti,h) +

∑
s′

P (s′|s, a, bti,h)V 1
ti,h+1(s′)− rti,h − V 1

ti,h+1(sti,h+1)

)∣∣∣∣∣
≤ 1

2
c′H

√
HS log(T/δ)

τ+
≤ 1

2
bns1

τ (D.10)

for some universal constant c′ > 0 by Lemma D.10. In the penultimate inequality

(??), we first use the selection rule of bt,h = argmaxbQ
2
t,h(st,h, at,h, b), and then use

the following Lemma D.5 to bound

2
τ∑
i=1

αiτbns
2
ξi

= 2cH
√
S log(T/δ)

τ∑
i=1

αiτ
1√

nti,h(s, a, bti,h)
+
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≤ 2cH
√
S log(T/δ)× 4

√
BH

nt,h(s, a)+

≤ 1

2
c′H

√
HSB log(T/δ)

nt,h(s, a)+
=

1

2
bns1

τ .

�

Lemma D.5: Let {τ1, . . . , τB} be non-negative integers such that
∑B

b=1 τb = τ . De-
fine for all b = 1, . . . , B:

Ybi =
1√

(i− 1)+
, for i = 1, 2, . . . , τb.

Let {Z1, Z2, . . . , Zτ} be any permutation of

{Y11, Y12, . . . , Y1τ1 , Y21, Y22, . . . , Y2τ2 , . . . . . . YB1, YB2, . . . , YBτB}

Then

τ∑
i=1

αiτZi ≤ 4

√
BH

τ+
.

Proof: We write i = φ(b, j) if Ybj is mapped to Zi. Also, define Φ(b) = {φ(b, j) : j ∈
[τb]} as the set of indices in {Zi} that are mapped from {Yb1, . . . , Ybτb}.

We first show the following claim: for all b,

∑
i∈Φ(b)

αiτZi ≤ 2

√
2ατ

∑
i∈Φ(b)

αiτ . (D.11)

To show (D.11), observe that the left-hand side is equal to

∑
i∈Φ(b)

αiτZi =

τb∑
j=1

αφ(b,j)
τ Ybj =

τb∑
j=1

αφ(b,j)
τ

1√
(j − 1)+

≤
τb∑
j=1

αφ(b,j)
τ

√
2

j
. (D.12)

By the definition of αiτ , we have αiτ ≤ ατ for any i. We see that the last expression
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in (D.12) is upper bounded by the optimal solution of the following programming:

max
βj

τb∑
j=1

βj

√
2

j

s.t.

τb∑
j=1

βj ≤
∑
i∈Φ(b)

αiτ

0 ≤ βj ≤ ατ ∀j

This programming exhibits a greedy solution that sets βj = ατ for j ≤ j? ,⌊
1
ατ

∑
i∈Φ(b) α

i
τ

⌋
, βj =

∑
i∈Φ(b) α

i
τ − ατj? for j = j? + 1, and βj = 0 otherwise. The

optimal value of this solution is upper bounded by

ατ

j?∑
j=1

√
2

j
+

∑
i∈Φ(b)

αiτ − ατj?
√ 2

j? + 1
≤ ατ

1
ατ

∑
i∈Φ(b) α

i
τ∫

0

√
2

x
dx = 2

√
2ατ

∑
i∈Φ(b)

αiτ ,

showing (D.11). To get the final bound, we sum this bound over b and use the

definition of ατ :

τ∑
i=1

αiτZi =
B∑
b=1

∑
i∈Φ(b)

αiτZi ≤
B∑
b=1

2

√
2ατ

∑
i∈Φ(b)

αiτ

≤ 2

√√√√2Bατ

τ∑
i=1

αiτ = 2

√
2B(H + 1)

H + τ
≤ 4

√
BH

τ+
,

where in the second inequality we use the AM-GM inequality and in the last equality

we use
∑τ

i=1 α
i
τ = 1 for τ ≥ 1. �

Proof of Lemma 5.12: Fix t, h, s, a. Let τ = nt,h(s, a), and let 1 ≤ t1 < t2 < · · · <
tτ < t be the episodes in which (s, a) is visited at layer h. By the update rule of

Q1
t,h(·, ·), we have

Q1
t,h(s, a)

= α0
τH +

τ∑
i=1

αiτ
(
rti,h + V 1

ti,h+1(sti,h+1) + bns1
i

)
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≤ α0
τH +

τ∑
i=1

αiτ

(
R(s, a, bti,h) + Es′∼P (·|s,a,bti,h)

[
V 1
ti,h+1(s′)

])
+O(bns1

τ )

(by Lemma D.10 and that
∑τ

i=1 α
i
τbns

1
i ≤ 2bns1

τ by the first item in Lemma D.9)

= α0
τH +

τ∑
i=1

αiτ

(
R(s, a, bti,h) + Es′∼P (·|s,a,bti,h) [V∗,h+1(s′)]

)
+

τ∑
i=1

αiτ

(
Es′∼P (·|s,a,bti,h)

[
V 1
ti,h+1(s′)− V∗,h+1(s′)

])
+O(bns1

τ )

= α0
τH +

τ∑
i=1

αiτQ∗,h(s, a, bti,h) +
τ∑
i=1

αiτ

(
Es′∼P (·|s,a,bti,h)

[
V 1
ti,h+1(s′)− V∗,h+1(s′)

])
+O(bns1

τ )

≤ α0
τH +

τ∑
i=1

αiτQ∗,h(s, a, bti,h) +
τ∑
i=1

αiτ
(
V 1
ti,h+1(sti,h+1)− V∗,h+1(sti,h+1)

)
+O(bns1

τ )

(by Lemma D.10)

Therefore,

Q1
t,h(s, a)−Q∗,h(s, a)

= α0
τ (H −Q∗,h(s, a)) +

τ∑
i=1

αiτ (Q∗,h(s, a, bti,h)−Q∗,h(s, a))

+
τ∑
i=1

αiτ
(
V 1
ti,h+1(sti,h+1)− V∗,h+1(sti,h+1)

)
+O(bns1

τ )

≤ α0
τH +

τ∑
i=1

αiτ
(
V 1
ti,h+1(sti,h+1)− V∗,h+1(sti,h+1)

)
+O(bns1

τ ) (D.13)

Now consider the cumulative sum, and define ti(s, a) to be the index of the episode

when it is the i-th time (s, a) is visited at layer h.

T∑
t=1

(
Q1
t,h(st,h, at,h)−Q∗,h(st,h, at,h)

)
=
∑
s,a

nT+1(s,a)∑
i=1

(
Q1
ti(s,a),h(sti(s,a),h, ati(s,a),h)−Q∗,h(sti(s,a),h, ati(s,a),h)

)
≤
∑
s,a

nT+1(s,a)∑
i=1

(
α0
iH +

i−1∑
j=1

αji

(
V 1
tj(s,a),h+1(stj(s,a),h+1)− V∗,h+1(stj(s,a),h+1)

)
+ bns1

i−1

)
(by (D.13))
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=
∑
s,a

nT+1(s,a)∑
i=1

α0
iH +

∑
s,a

nT+1(s,a)−1∑
j=1

nT+1(s,a)∑
i=j+1

αji

(
V 1
tj(s,a),h+1(stj(s,a),h+1)− V∗,h+1(stj(s,a),h+1)

)

+
∑
s,a

nT+1(s,a)∑
i=1

O

(√
H3SB log(T/δ)

max{i− 1, 1}

)

≤ HSA+
∑
s,a

nT+1(s,a)−1∑
j=1

(
1 +

1

H

)(
V 1
tj(s,a),h+1(stj(s,a),h+1)− V∗,h+1(stj(s,a),h+1)

)
+O

(√
H3S2ABT

)
(by the third item of Lemma D.9)

≤
(

1 +
1

H

) T∑
t=1

(
V 1
t,h+1(st,h+1)− V 1

∗,h+1(st,h+1)
)

+O
(√

H3S2ABT +HSA
)
.

�

Proof of Corollary 5.13: By Lemma 5.12 and the fact that V 1
t,h(st,h) = Q1

t,h(st,h, at,h),

we have

T∑
t=1

(
Q1
t,h(st,h, at,h)−Q∗,h(st,h, at,h)

)
≤
(

1 +
1

H

) T∑
t=1

(
Q1
t,h+1(st,h+1, at,h+1)−Q∗,h+1(st,h+1, at,h+1)

)
+O

(√
H3S2ABT +HSA

)
,

which gives

T∑
t=1

(
Q1
t,h(st,h, at,h)−Q∗,h(st,h, at,h)

)
≤ H ×

(
1 +

1

H

)H
×O

(√
H3S2ABT +HSA

)
= O

(√
H5S2ABT +H2SA

)
by expanding the recursion. �
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D.5 Proofs of the Structural Results of the Matching Prob-

lem

D.5.1 Proof of Lemma 5.15

We only prove the case for the first sub-step. The proof of the second sub-step is

the same. Notice that whenever Zt 6= 0 or Yt 6= 0, St is in the CI – if Zt = UtSt 6= 0,

it means Ut = 1 and Zt = St, and since Zt is CI, so is St; on the other hand, if

Yt = 1{St = A1
t = A2

t} = 1 6= 0, then both agents can deduce St from their private

information, namely past actions A1
t and A2

t .

Now the CI is (Z1:t−1, Y1:t−1, St̄i). Note that since we are considering an MDP,

given a strategy over time (that is a g1:∞), St̄i will be the sufficient statistics of all

variables prior to t̄i when it comes to the statistics of any variables after t̄i. Consider

an optimal prescription γi∗
t ∈ Ω(Ω(S1:t) × Ω(A1

1:t−1) → Ω(Ut)) and two admissible

histories m1,m2 ∈ Ω(S1:t̄i−1) × Ω(A1
1:t̄i−1) and m3 ∈ Ω(St̄i:t) × Ω(A1

t̄i:t−1) so that

both (m1,m3) and (m2,m3) are consistent with (Z1:t−1, Y1:t−1, St̄i) (which means the

probabilities of the two histories are positive given the CI). Denote the value of the

first equation of (5.18) before taking the supremum as V i
t (πi

t, γ
i
t). Then we claim it

must be that

V i
t (πi

t, γ
i∗
t (m1,m3),M1:t = (m1,m3)) = V i

t (πi
t, γ

i∗
t (m2,m3),M1:t = (m2,m3)). (D.14)

We use proof by contradiction. Suppose the left hand side is larger. Then we can

construct a new prescription γi∗∗
t such that it is the same as γi∗

t for all histories except

that γi∗∗
t (m2,m3) = γi∗

t (m1,m3). Then when (m2,m3) happens, the future dynamics

of adopting γi∗∗
t will be exactly the same as when (m1,m3) happens and γi∗

t is adopted

since St̄i is known; and since (m2,m3) happens with a positive probability, we have

V i
t (πi

t, γ
i∗∗
t ) > V i

t (πi
t, γ

i∗
t ), a contradiction. We can then construct an optimal strategy

γi∗∗∗
t ∈ Ω(Ω(St̄i+1:t)×Ω(A1

t̄i:t−1)→ Ω(Ut)) from γi∗
t such that for any m′ ∈ Ω(St̄i+1:t)×

Ω(A1
t̄i:t−1) → Ω(Ut), we choose arbitrary consistent m ∈ Ω(S1:t̄i−1) × Ω(A1

1:t̄i−1) such

that γi∗∗∗
t (m′) = γi∗

t (m,m′), and from (D.14) we have V i
t (πi

t, γ
i∗
t ) = V i

t (πi
t, γ

i∗∗∗
t ), which

implies γi∗∗∗
t is also an optimal prescription.
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D.5.2 Proof of Lemma 5.17

Again we only prove the case for the first sub-step. Note that given (Z1:t−1, Y1:t−1)

and the fact that t̄i is well-defined, St̄i is also in the CI, so that

Πi
t(m,m

′)

= Pg1:t−1(M1:t = (m,m′)|Z1:t−1, Y1:t−1)

= Pg1:t−1(M1:t = (m,m′)|St̄i , Z1:t−1, Y1:t−1)

= Pg1:t̄i−1(M1:t̄i = m|St̄i , Z1:t−1, Y1:t−1) · Pgt̄i:t−1(Mt̄i+1:t = m′|M1:t̄i = m,St̄i , Z1:t−1, Y1:t−1)

= Pg1:t̄i−1(M1:t̄i = m|Z1:t̄i−1, Y1:t̄i−1) · Pgt̄i:t−1(Mt̄i+1:t = m′|St̄i , Zt̄i:t−1, Yt̄i:t−1)

= Πi
t̄i(m) · Πi

t̄i+1:t(m
′).

The penultimate equality follows from two crucial facts. First, St̄i is the sufficient

statistics for the previous variables given the strategies. Second, using the strategy

space reduction from Lemma 5.15, the strategies also do not depend on M1:t̄i = m;

hence, it can be removed from the conditioning.

D.5.3 An Intermediate Proposition D.6 and Its Proof

Proposition D.6: Consider time step t. Given the CI (Z1:t−1, Y1:t−1), the DP equa-
tion for the first sub-step can be written as

V i
t (πi

t̄i+1:t) = sup
γi
t

E
[
−cγi

t(Mt̄i+1:t) + V ii
t (ηi

t̄i,t(Π
i
t̄i+1:t, γ

i
t, Zt))

∣∣Πi
t̄i+1:t = πi

t̄i+1:t

]
,

(D.15)

where γi
t ∈ Ω(Ω(St̄i+1:t)× Ω(A1

t̄i:t−1)→ Ω(Ut)) and

Πii
t̄i+1:t(m) = ηi

t̄i,t(Π
i
t̄i+1:t, γ

i
t, Zt)(m) =

Πi
t̄i+1:t(m)P(Zt|Mt̄i+1:t = m, γi

t)∑
m′ Π

i
t̄i+1:t(m

′)P(Zt|Mt̄i+1:t = m′, γi
t)
, (D.16)

where m,m′ ∈ Ω(Mt̄i+1:t). Similarly, the DP equation for the second sub-step can be
written as

V ii
t (πii

t̄ii+1:t) = sup
γii
t

E
[
Yt(St, γ

ii
t (Mt̄ii+1:t)) + λV i

t+1(ηii
t̄ii,t(Π

ii
t̄ii+1:t, γ

ii
t , Yt))

∣∣Πii
t̄ii+1:t = πii

t̄ii+1:t

]
,

(D.17)
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where γii
t ∈ Ω(Ω(Mt̄ii+1:t)→ Ω(At)) and

Πi
t̄ii+1:t+1(m,m′) = ηii

t̄ii,t(Π
ii
t̄ii+1:t, γ

ii
t , Yt)(m,m

′)

=
Πii
t̄ii+1:t(m)P(Mt+1 = m′, Yt|Mt̄ii+1:t = m, γii

t )∑
m̄,m̄′ Π

ii
t̄ii+1:t(m̄)P(Mt+1 = m̄′, Yt|Mt̄ii+1:t = m̄, γii

t )
,

(D.18)

where m, m̄ ∈ Ω(Mt̄ii+1:t) and m′, m̄′ ∈ Ω(Mt+1). If Zt = 0, then t̄ii = t̄i ≤ t − 1 and
Πii
t̄ii+1:t(m) = Πii

t̄i+1:t(m); otherwise, t̄ii = t > t − 1 ≥ t̄i, then we let Πii
t̄ii+1:t(m) to be

the null information state Πii
0, which is a distribution on nothing1. Similarly, if Yt = 0,

then t+ 1
i

= t̄ii ≤ t and Πi
t+1

i
+1:t+1

(m) = Πi
t̄ii+1:t+1(m); otherwise, t+ 1

i
= t ≥ t̄ii

and we split Πi
t̄ii+1:t+1(m,m′) = Πi

t̄ii+1:t+1
i(m) ·Πi

t+1
i
+1:t+1

(m′) and let the second half
be the new Πi

t+1
i
+1:t+1

(m′), throwing away the first half2.

Proof: First, from Lemma 5.15 we can restrict attention to γi
t ∈ Ω(Ω(St̄i+1:t) ×

Ω(A1
t̄i:t−1)→ Ω(Ut)). Notice that

Πi
t(m,m

′)

= Pg1:t̄i−1
,gi
t̄(M1:t̄i = m|Z1:t̄i−1, Y1:t̄i−1) · Pgt̄i:t−1(Mt̄i+1:t = m′|St̄i , Zt̄i:t, Yt̄i:t−1)

= Πii
t̄i(m) · Πi

t̄i+1:t(m
′),

as t̄i ≤ t− 1. This can be seen as a variant of (5.23) from Lemma 5.17. We can use

this and (5.24) from Lemma 5.17 and split all future information states Πi
t′(m,m

′) =

Πii
t̄i(m) ·Πi

t̄i+1:t′(m
′) and Πii

t′(m,m
′) = Πii

t̄i(m) ·Πii
t̄i+1:t′(m

′). The first part of the states

Πii
t̄i(m) is henceforth irrelevant and can be thrown away. The key is the update rule in

(5.19) for the information state can be done without Πii
t̄i(m). Consider the right hand

side of (5.19). The term P(Zt|M1:t = (m,m′), γi
t) is actually P(Zt|Mt̄+1:t = m′, γi

t)

1Intuitively, we just split Πii
t̄i+1:t(m,m

′) = Πii
t̄i+1:t̄ii(m) ·Πii

t̄ii+1:t(m
′) and throw away the first half

and let the second half be Πii
t̄ii+1:t(m

′). Note that Πii
t̄ii+1:t(m

′) = Πii
t+1:t(m

′), so we actually throw

away the whole Πii
t̄i+1:t(m).

2The first half is null (which means there is no first half) if t+ 1
i
= t = t̄ii.
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since γi
t ∈ Ω(Ω(St̄i+1:t)× Ω(A1

t̄i:t−1)→ Ω(Ut)). Hence, it can be rewritten as

Πii
t (m,m

′) = Πii
t̄i(m) · Πii

t̄i+1:t(m
′)

=
Πi
t(m,m

′)P(Zt|M1:t = (m,m′), γi
t)∑

m̄,m̄′ Π
i
t(m̄, m̄

′)P(Zt|M1:t = (m̄, m̄′), γi
t)

=
Πii
t̄i(m) · Πi

t̄i+1:t(m
′) · P(Zt|Mt̄+1:t = m′, γi

t)∑
m̄,m̄′ Π

ii
t̄i
(m̄) · Πi

t̄i+1:t
(m̄′) · P(Zt|Mt̄+1:t = m̄′, γi

t)

= Πii
t̄i(m) ·

Πi
t̄i+1:t(m

′)P(Zt|Mt̄+1:t = m′, γi
t)∑

m̄′ Π
i
t̄i+1:t

(m̄′) · P(Zt|Mt̄+1:t = m̄′, γi
t)
,

which simplifies to (D.16). �

D.5.4 Proof of Proposition 5.18

We need the stationarity of the model here – in every time step, the transition ker-

nel, observation binary symmetric channel (BSC), as well as the reward/cost function

are exactly the same. Hence, the dynamic equations (D.15) and (D.17) in Proposition

D.6 do not depend on the values of t̄i and t̄ii. Consider V i
t (πi

t̄i+1:t) in Proposition D.6

and an optimal prescription γi∗
t that achieves it. If we have some t′ 6= t, the CI so

that t′ − t̄′ = t − t̄, and the same belief state πi
t̄′1+1:t′ = πi

t̄i+1:t. Then γi∗
t will work

as the optimal prescription here, since it will lead to the same dynamics as the old t

problem, and one could not do any better because any improvement in the t′ problem

works as an improvement in the old t problem. We can see that the DP problems are

time-invariant, and the DP equations only depend on the difference between t̄i and t

and between t̄ii and t.

D.6 Proofs of Characterizing the Optimal Policy of the Match-

ing Problem

D.6.1 Proof of Theorem 5.19

A complete policy is of the form g1:∞ = (gi
1:∞, g

ii,1
1:∞, g

ii,2
1:∞). Denote the policy

that U1 always matches the state for all t as gii,1]
1:∞. For the remaining parts of the

complete policy, we can find an optimal one, denoted as (gi]
1:∞, g

ii,2]
1:∞). Note that

with g]1:∞ = (gi]
1:∞, g

ii,1]
1:∞, g

ii,2]
1:∞), we have Corollary 5.20 and Remark 5.21, that is, the
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previous state St−1 is CI and that the policy is stationary, which means there is a

g]1:∞ consisting of playing the same policy g] = (gi], gii,1], gii,2]) at each time instant 3.

The following proof will adopt the indexing of 0 as the current time step. We merge

the second sub-step into the first sub-step so that we consider V i and πi but drop their

superscripts. We consider two policies. The first one is gopt = (gi], gii,1], gii,2], g]1:∞),

i.e., it plays g] at the current time step and all the time steps afterwards (so it is just

a shifted version of g]1:∞). The second one is gdev = (gi
0, g

ii,1[, gii,2
0 , gi

1, g
ii,1], gii,2

1 , g]1:∞)

for arbitrary gi
0, gii,2

0 , gi
1, and gii,2

1 , where gii,1[ is the policy that U1 does not match

the state at the current time step. Denote the value function for an information state

π under a complete policy g as V (π, g), so that V (π) = supg V (π, g). We show that

for arbitrary π in the first sub-step, V (π, gopt) > V (π, gdev).

Recall that by Proposition 5.18, the information state in the first sub-step is of

the form πτ,s,v where τ ≥ 0, s ∈ {+1,−1}, and v ∈ {y, z} (we drop the i superscript).

Then by Corollary 5.20, whenever g] is adopted in the previous time step, we have

τ = 1 and v = y, which means there are only two possible information states, namely,

π1,+1,y and π1,−1,y (actually four, if one further splits the cases of y = 0 and y =

1). By symmetries of the transition and observation probabilities, we must have

V (π1,+1,y, g
]
1:∞) = V (π1,−1,y, g

]
1:∞). Moreover, if we denote the instantaneous reward

for an information state π under a stage policy g as R(π, g) 4, then

R(π1,+1,y, g
]) = R(π1,−1,y, g

]) = ξ ≥ 0.5 > 0, (D.19)

and

V (π1,+1,y, g
]
1:∞) = R(π1,+1,y, g

]) +
∞∑
t=1

λt
[
(1− ε)R(π1

t , g
]) + εR(π2

t , g
])
]

= ξ +
λ

1− λ
ξ =

1

1− λ
ξ,

(D.20)

where one of π1
t and π2

t is π1,+1,y and the other is π1,−1,y.

It now becomes clear that V (π, gopt) = 1
1−λξ for arbitrary π (we can assume g] was

adopted before the current time step as well). On the other hand, for arbitrary π,

3This does not mean the policy is myopic – the policy could still take later stages into account,
it just does not change over time.

4A complete policy is that for the entire process, and a stage policy is only for a time step.
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gdev receives 0 in the current time step, not more than λξ in the next time step, and

then λ2

1−λξ afterwards (since U1 starts to match again in the next time step). In the

next time step, they could not perform better than ξ, since whatever they do could

have been done by g] as well. The fact that U1 does not match in the current step

will change the dynamics; however, U2’s a priory knowledge of S1 is at best ε and

1− ε (on +1 and −1, one way or the other) due to symmetry, and it might be worse

if U1 does not communicate in both time steps. Therefore,

V (π, gdev) ≤ 0 + λξ +
λ2

1− λ
ξ =

λ

1− λ
ξ < V (π, gopt). (D.21)

We conclude that they cannot gain more by U1’s deviation of not matching in one

step, but we already assume that the other parts of the policy g]1:∞ are optimal under

gii,1]
1:∞. Hence, by the Policy Improvement Theorem [115], g]1:∞ is an optimal policy.

D.6.2 Proof of Corollary 5.20

We know from Theorem 5.19 that under an optimal strategy U1 always plays

A1
t = St. At time step t, U2 already observed Yt−1 = 1{St−1 = A1

t−1 = A2
t−1} =

1{St−1 = A2
t−1}, and can thus deduce St−1 by St−1 = A2

t−1 · (−1)Yt−1+1 from its

private information A2
t−1. Now that both agents know St−1, it is CI.

Recall the simplification results from Lemma 5.15 to Proposition 5.18 using t̄ are

basically done by exploiting the crucial fact of St̄ being in the CI. Now that we have

St−1 being in the CI, Proposition 5.18 directly follows with t̄i = t− 1, and t̄ii = t− 1

if Ut = 0 and t̄ii = t if Ut = 1. These lead to the information state Πi
1 in the first

sub-step, and information state Πii
1 if Ut = 0 and Πii

0 if Ut = 1.

D.6.3 Proof of Theorem 5.22

We will again adopt the 0 indexing and merge the second sub-step into the first

sub-step while omitting the i superscript. As illustrated in Corollary 5.20, S−1 is part

of the CI, so that any history before t = −1 can be dropped. Furthermore, since

S−1 and Y−1 alone characterize the statistics of S0, Z−1 which is also in the CI can

be dropped as well. We hence write πs,y to denote the realization of the information

state Π (Πi
1 to be precise), where s ∈ {+1,−1} is the realization of S−1 and y ∈ {0, 1}
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is the realization of Y−1. As stated in (D.19), due to symmetries, all four states have

the same instantaneous reward and long term value under an optimal policy, and

this reward can be achieved by the same structure of policy again because of the

symmetric transition structure. Specifically, for all four realizations of S−1 and Y−1,

U2’s prior (or the coordinator’s prior, or the prior obtained from CI) of S0 is always

ε on one of the state and 1− ε on the other:

S0 =

 S−1 · (−1)Y−1+1, with probability 1− ε,

S−1 · (−1)Y−1 , with probability ε.
(D.22)

Let us consider U1’s policy U0 = gi(S−1, Y−1, S0) first. Let S̄0 = S−1 · (−1)Y−1+1.

Then U2’s prior of S0 is 1− ε on S̄0, and ε on −S̄0. This means the case of S−1 = +1

and Y−1 = 1 will lead to the same prior as the case of S−1 = −1 and Y−1 = 0 and

can share the same optimal policy. Moreover, the case of S−1 = +1 and Y−1 = 0 also

shares the same prior as the case of S−1 = +1 and Y−1 = 1 if one reverses the states

S0 = +1 and S0 = −1; hence, one could just adopt the previous policy with the two

states reversed. In sum, we need only one optimal policy structure, which in general

is of the form

U0 = gi
a,b(S0, S̄0) =



1, if S0 = S̄0,with probability a,

0, if S0 = S̄0,with probability 1− a,

1, if S0 = −S̄0,with probability b,

0, if S0 = −S̄0,with probability 1− b.

(D.23)

Define gi[j, k] to be the policy that U1 plays U0 = j deterministically when S0 = S̄0

and U0 = k deterministically when S0 = −S̄0, where j, k ∈ {0, 1}. Then the policy

in (D.23) can be seen as a “mixed policy” of the four “pure policy” gi[0, 0], gi[0, 1],

gi[1, 0], and gi[1, 1]; we know from stochastic control that the value of gi
a,b will be

a linear combination of those of gi[0, 0], gi[0, 1], gi[1, 0], and gi[1, 1]. It is clear that

one of the ‘pure policy” must be optimal. Note that gi[1, 1] will never be the unique

optimal policy. This is because both policies gi[0, 1] and gi[1, 0] can transmit one bit

of information so that U2 can completely decode S0 from U0 and thus S0 becomes CI.
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Adopting the policy gi[1, 1] could potentially increase the communication cost if c > 0

and ε > 0, but cannot increase the expected reward, since with gi[0, 1] and gi[1, 0]

they will already be able to getting the matching reward 1 for sure. Although when

U1 does communicate (U0 = 1), U2 directly know the state from Z0 = U0S0 = S0, this

feature is not necessary – U2 can simply infer S0 from U0 and the model parameters.

It is clear that when gi[0, 1] or gi[1, 0] is adopted, S0 also becomes CI, and U2

simply matches it – not matching S0 will only lead to a zero instantaneous reward,

and this does not increase the “continuation reward” (expected future discounted

reward) either, since it is fixed as mentioned previously. On the other hand, when

gi[0, 0] is adopted, U2 can only make a maximum likelihood estimation based on the

knowledge of the realizations of S̄0 and O0; that is, it compares P(S0 = S̄0|S̄0, O0) and

P(S0 = −S̄0|S̄0, O0), and matches the S0 with the higher probability. The expected

instantaneous reward of adopting gi[0, 0] is thus P(Y0 = 1), which falls into the fol-

lowing cases. If U2 observes O0 = S̄0 = S−1 · (−1)Y−1+1 (the 1− ε branch), there is a

chance of (1− ε)β where its observation is actually correct, and a chance of ε(1− β)

where it is wrong. Hence, to maximize P(Y0 = 1), U2 only follows the observation if

(1 − ε)β > ε(1 − β), or ε < β. Similarly, if U2 observes O0 = −S̄0 = S−1 · (−1)Y−1

(the ε branch), there is a chance of εβ where its observation is actually correct, and

a chance of (1− ε)(1− β) where it is wrong. Hence, to maximize P(Y0 = 1), U2 only

follows the observation if εβ > (1 − ε)(1 − β), or ε + β > 1. Depending on whether

U2 follows the observation when Ot = S̄0 = St−1 · (−1)Yt−1+1 and whether U2 follows

the observation when Ot = −S̄0 = St−1 · (−1)Yt−1 , a given model falls into one of the

following four cases:

• ε < β and ε+β > 1: U2 always follows the observations, P(Y0 = 0) = ε̄β̄+εβ̄ =

β̄;

• ε < β and ε + β < 1: U2 always assumes the ε̄ = 1 − ε branch (St = St−1 ·
(−1)Yt−1+1), P(Y0 = 0) = εβ̄ + εβ = ε;

• ε > β and ε + β > 1: U2 always assumes the ε branch (St = St−1 · (−1)Yt−1),

P(Y0 = 0) = ε̄β + ε̄β̄ = ε̄;

• ε > β and ε+β < 1: U2 always flips the observations, P(Y0 = 0) = ε̄β+εβ = β.
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Back to the decision of U0, U1 compares the instantaneous rewards of the three

policies gi[0, 0], gi[0, 1], and gi[1, 0], and chooses the highest. The instantaneous re-

ward of gi[0, 1] is 1−εc (it communicates ε of the time), and the instantaneous reward

of gi[0, 1] is 1− (1− ε)c. Also recall the instantaneous reward of gi[0, 0] is P(Y0 = 1)

under the policy. Let U ′0 be the indicator that one of gi[0, 1] and gi[1, 0] is optimal;

that is, U ′0 = 1 if U1 should convey the information of S0 through a protocol, and

U ′0 = 0 if U1 should just leave U2 to guess S0 with maximum likelihood estimation.

Then the optimal choice of U ′0 is

U ′0 =

 1, if P(Y0 = 1) < 1− εc or P(Y0 = 1) < 1− (1− ε)c,

0, if P(Y0 = 1) > 1− εc and P(Y0 = 1) > 1− (1− ε)c.

=

 1, if P(Y0 = 0) < min{ε, 1− ε}c,

0, if P(Y0 = 0) > min{ε, 1− ε}c.

(D.24)

Now we change the indexing back to t. Combining (D.24) with the four cases listed

above gives (5.29), and combining (5.29) with the definition of gi[j, k] gives (5.28).

D.7 Auxiliary Lemmas

Lemma D.7 (Hoeffding-Azuma inequality): Let F0 ⊂ F1 ⊂ · · · ⊂ Fn be a filtration,
and X1, . . . , Xn be real random variables such that Xi is Fi-measurable, E[Xi|Fi−1] =

0, |Xi| ≤ b for some fixed b ≥ 0. Furthermore, let {yi}ni=1 be a fixed sequence. Then
with probability at least 1− δ,

n∑
i=1

yiXi ≤ b

√√√√2

(
n∑
i=1

y2
i

)
log(1/δ).

Lemma D.8 ([126, 56]): Let p̂(·) ∈ Rd
+ be the empirical over d distinct events from

n samples, and let p(·) be the true underlying distribution. Then with probability at
least 1− δ,

‖p̂(·)− p(·)‖1 ≤
√

2d log(T/δ)

n
.
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Lemma D.9 (Lemma 4.1 of [57]): For a positive integer τ , define αiτ = αiΠ
τ
j=i+1(1−

αj) for 1 ≤ i ≤ τ and α0
τ = Πτ

j=1(1− αj) where ατ = H+1
H+τ

. Then the following hold:

1. 1√
τ
≤
∑τ

i=1
αiτ√
i
≤ 2√

τ
for all τ ≥ 1.

2. maxi∈[τ ] α
i
τ ≤ 2H

τ
and

∑τ
i=1(αiτ )

2 ≤ 2H
τ

for all τ ≥ 1.

3.
∑∞

τ=i α
i
τ = 1 + 1

H
for all i ≥ 1.

Lemma D.10: Let αin be defined as in Lemma D.9. Let F0 ⊂ F1 ⊂ · · · ⊂ Fn be a
filtration, and p1, . . . , pn be distribution over S where pi is deterministic given Fi−1.
Suppose that si ∈ S is drawn from pi. Then with probability at least 1 − δ, for all
V : S → [0, 1],∣∣∣∣∣

n∑
i=1

αinV (si)−
n∑
i=1

αin
∑
s

pi(s)V (s)

∣∣∣∣∣ ≤ 3

√
SH

n
log(4n/δ).

Proof: Consider the following ε-cover for the space of V : V = {V : S → {0, ε, 2ε, . . . , 1}}
For every fixed V ∈ V , we have with probability at least 1− δ′,

∣∣∣∣∣
n∑
i=1

αinV (si)−
n∑
i=1

αin
∑
s

pi(s)V (s)

∣∣∣∣∣ ≤
√√√√2

(
n∑
i=1

(αin)2

)
log(2/δ′) ≤ 2

√
H

n
log(2/δ′).

By an union bound, the above holds for all V ∈ V with probability at least 1− |V|δ′.
For any V : S → [0, 1], there is a Ṽ ∈ V such that |V (s) − Ṽ (s)| ≤ ε

2
for all s.

Thus, with probability 1− |V|δ′, we have∣∣∣∣∣
n∑
i=1

αinV (si)−
n∑
i=1

αin
∑
s

pi(s)V (s)

∣∣∣∣∣ ≤ 2

√
H

n
log(2/δ′) + ε.

Picking ε = 1
n

(which implies |V| =
(

1
ε

+ 1
)S ≤ (2

ε

)S
= (2n)S), and δ′ = δ

|V| , the

right-hand side above can be upper bounded by

2

√
H

n
log(2(2n)S/δ) +

1

n
≤ 3

√
SH

n
log(4n/δ).

�
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[4] H. Attouch and D. Azé, “Approximation and regularization of arbitrary func-
tions in Hilbert spaces by the Lasry-Lions method,” Annales de l’IHP Analyse
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[55] D. Jakovetić, J. Xavier, and J. M. F. Moura, “Convergence rate analysis of dis-
tributed gradient methods for smooth optimization,” in 20th Telecomm Forum,
2012.

[56] T. Jaksch, R. Ortner, and P. Auer, “Near-optimal regret bounds for reinforce-
ment learning.” Journal of Machine Learning Research, vol. 11, no. 4, 2010.

[57] C. Jin, Z. Allen-Zhu, S. Bubeck, and M. I. Jordan, “Is Q-learning provably
efficient,” arXiv preprint arXiv:1807.03765, 2018.

[58] T. B. K. Zhang, Z. Yang, “Multi-agent reinforcement learning: A selective
overview of theories and algorithms,” arXiv preprint arXiv:1911.10635, 2019.

[59] L. P. Kaelbling, M. L. Littman, and A. R. Cassandra, “Planning and acting in
partially observable stochastic domains,” Artificial Intelligence, vol. 101, no. 1,
pp. 99–134, 1998.

[60] S. Kakade and J. Langford, “Approximately optimal approximate reinforce-
ment learning,” in In Proc. 19th International Conference on Machine Learning.
Citeseer, 2002.

[61] D. Kalathil, N. Nayyar, and R. Jain, “Decentralized learning for multiplayer
multiarmed bandits,” IEEE Transactions on Information Theory, vol. 60, no. 4,
pp. 2331–2345, 2014.

[62] H. Kao, C.-Y. Wei, and V. Subramanian, “Decentralized cooperative rein-
forcement learning with hierarchical information structure,” arXiv preprint
arXiv:2111.00781, 2021.

[63] A. D. Kara and S. Yuksel, “Near optimality of finite memory feedback policies in
partially observed Markov decision processes,” arXiv preprint arXiv:2010.07452,
2020.

[64] D. Koller and B. Milch, “Multi-agent influence diagrams for representing and
solving games,” Games and Economic Behavior, vol. 45, no. 1, pp. 181–221,
2003.

285



[65] M. Kozlov, S. Tarasov, and L. Khachiyan, “The polynomial solvability of convex
quadratic programming,” USSR Computational Mathematics and Mathematical
Physics, vol. 20, no. 5, pp. 223–228, 1980.

[66] P. R. Kumar and P. Varaiya, Stochastic Systems: Estimation, Identification,
and Adaptive Control. SIAM, 2015.

[67] A. Lalitha and A. Goldsmith, “Bayesian algorithms for decentralized stochastic
bandits,” IEEE Journal on Selected Areas in Information Theory, vol. 2, no. 2,
pp. 564–583, 2021.

[68] P. Landgren, V. Srivastava, and N. E. Leonard, “Distributed coopera-
tive decision making in multi-agent multi-armed bandits,” arXiv preprint
arXiv:2003.01312, 2020.

[69] J.-M. Lasry and P.-L. Lions, “A remark on regularization in Hilbert spaces,”
Israel J. Math., vol. 55, no. 3, pp. 257–266, 1986.

[70] J. M. Lee, Introduction to Riemannian manifolds. Springer, Cham, 2018.

[71] B. Lemmens and R. Nussbaum, Nonlinear Perron–Frobenius theory. Cam-
bridge, UK: Cambridge University Press, 2012.

[72] S. Leonardos, W. Overman, I. Panageas, and G. Piliouras, “Global conver-
gence of multi-agent policy gradient in Markov potential games,” arXiv preprint
arXiv:2106.01969, 2021.

[73] A. Lerer, H. Hu, J. Foerster, and N. Brown, “Improving policies via search
in cooperative partially observable games,” arXiv preprint arXiv:1912.02318,
2019.

[74] B. Li, S. Cen, Y. Chen, and Y. Chi, “Communication-efficient distributed opti-
mization in networks with gradient tracking and variance reduction,” in Inter-
national Conference on Artificial Intelligence and Statistics, 2020.

[75] S. Li, L. Da Xu, and S. Zhao, “The internet of things: a survey,” Information
Systems Frontiers, vol. 17, no. 2, pp. 243–259, 2015.

[76] X. Li and A. Scaglione, “Convergence and applications of a gossip based gauss
Newton algorithm,” IEEE Transactions on Signal Processing, vol. 61, no. 21,
pp. 5231–5246, 2013.

[77] X. Lin and S. Boyd, “Fast linear iterations for distributed averaging,” Systems
and Control Letters, vol. 53, no. 1, pp. 65–78, 2004.

[78] M. L. Littman, “Markov games as a framework for multi-agent reinforcement
learning,” in Proc. 11th International Conference on Machine Learning (ICML
1994), 1994.

286



[79] F. Liu, J. Lee, and N. Shroff, “A change-detection based framework for
piecewise-stationary multi-armed bandit problem,” in Proceedings of the AAAI
Conference on Artificial Intelligence, 2018.

[80] P. D. Lorenzo and G. Scutari, “Next: In-network nonconvex optimization,”
IEEE Transactions on Signal and Information Processing over Networks, vol. 2,
no. 2, pp. 120–136, 2016.

[81] U. Madhushani and N. E. Leonard, “A dynamic observation strategy for multi-
agent multi-armed bandit problem,” in 2020 European Control Conference
(ECC), 2020.

[82] A. Mahajan and M. Mannan, “Decentralized stochastic control,” Annals of
Operations Research, vol. 241, no. 1, pp. 109–126, 2016.

[83] F. Mansoori and E. Wei, “Superlinearly convergent asynchronous distributed
network Newton method,” in 2017 IEEE 56th Annual Conference on Decision
and Control (CDC), 2017.

[84] W. Mao, K. Zhang, E. Miehling, and T. Başar, “Information state embedding
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