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ABSTRACT

As aerospace design programs rely more on computational fluid dynamics (CFD) in all phases
of the engineering design process, there is a growing interest in obtaining high-fidelity solutions
using high-order finite-element methods. Such aspirations require considerable research on error
estimation and mesh adaptation techniques to obtain high-quality results with lower computation
costs. Adaptive mesh refinement approaches generally rely on an error indicator to drive the adap-
tation. Feature-based error indicators are based on directly computable solution characteristics and
provide a relatively inexpensive way to target areas of the mesh for refinement. However, these
indicators are not robust as they assume local error depends solely on the local resolution of the
mesh. Particularly for hyperbolic problems, such as convection-dominated flows, these methods
may inadequately refine areas essential for the accurate prediction of integrated forces and mo-
ments.

Alternatively, goal-oriented error indicators specifically target areas of the computational do-
main that are critical to the prediction of a specific output. These methods are particularly effective
at accounting for propagation effects through the use of adjoint solutions that provide the sensitiv-
ity of the output to local residuals. This dissertation presents a strategy for mesh adaptation driven
by a new error indicator that combines two previously-investigated adjoint-based indicators: one
based on a user-specified engineering output such as drag or lift coefficient, and the other based
on entropy variables. The novelty of this approach lies not only in its construction but also in its
implementation with multiple types of high-order, finite-element discretizations.

Using the entropy-variable indicator to adapt a mesh is computationally advantageous since it
does not require the solution of an auxiliary adjoint equation, which is costly for unsteady prob-
lems. However, the entropy-variable indicator targets any region of the domain where spurious
entropy is generated, regardless of whether or not this region affects an engineering output of in-
terest. Conversely, an indicator computed from an engineering output generally targets only those
regions important for the chosen output, though it is more computationally taxing because of the
required adjoint solution. Approximations in the adjoint calculation reduce this cost, at the expense
of indicator accuracy. In combining these indicators, the objective is to maintain the low cost of
approximate adjoint solutions while achieving improved indicator accuracy from the entropy vari-
ables. To further reduce the computational cost, various modifications to the combined approach

xiii



are also analyzed. In this dissertation, we demonstrate the benefits of the combined approach for
not only steady-state simulations, where only spatial error is considered, but also unsteady simu-
lations where both spatial and temporal errors must be considered. Various applications of fluid
governing equations with multiple types of mesh adaptation strategies are considered to show how
robust this novel combined approach currently is.

Much of the work presented in this dissertation is in the context of the Discontinuous Galk-
erin (DG) finite-element discretization. To not only further demonstrate the robustness of the
novel combined approach, but to also investigate a different finite-element discretization, a code
was written as part of this dissertation that incorporates the Streamline-Upwind Petrov-Galerkin
(SUPG) method. Specifically for moderate orders of accuracy, SUPG requires fewer degrees of
freedom than DG for comparable accuracy. Comparisons of output error estimates using the com-
bined approach for both SUPG and DG methods are included in this work to further demonstrate
the potential of this new error estimation approach.
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CHAPTER 1

Introduction

1.1 Motivation

Over the last several decades, the rapid advance of computational fluid dynamics (CFD) technology
has completely changed the aerospace design process. Thanks to the advancement in computing
power and the growing availability of high-performance computing (HPC) clusters and fast-paced
graphical units (GPUs), CFD has become an integral part of the engineering design process in
a variety of fields and disciplines. In the context of aerospace engineering, CFD has become a
critical piece of the design process and has significantly reduced the need for wind tunnel tests [1–
5]. Due to the lack of wind tunnel availability and model complexity, relying primarily on wind
tunnel tests can be incredibly expensive for novel aircraft programs. CFD, on the other hand, is
comparatively inexpensive and turnaround time is much shorter. CFD is also advantageous since
it allows for extensive flow visualization. The ability to visualize the entire computational domain,
from surface contours to flowfield cuts, is particularly useful in all aspects of the aerospace design
process. As a result, CFD is now an invaluable tool to lower programmatic costs and enable novel
designs in the aerospace industry and beyond. However, as computational resources become more
vast and available, the reliance on efficient and accurate CFD in the design process becomes ever
greater. This section will focus on the current state of CFD and where potential bottlenecks in the
CFD workflow exist.

1.1.1 Use of CFD in Aerospace Development

The origins of CFD can be traced back to World War II, when scientists at Los Alamos National
Laboratory first used numerical tools to model the violent flow created from the atomic bomb [6].
Generally, fluids can be treated as a continuum whose dynamics are described by conservation
laws that can be discretized in the form of partial differential equations (PDEs). When these
equations are formulated to a small, finite volume, they can be discretized as integral equations. In
CFD, these equations are discretized on a computation domain/grid, which leads to finite solution
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approximations. These integrated formulations can be categorized as finite-volume and finite-
element. With the ability to solve complex flow equations and analyze physical phenomena that
may be too costly or difficult in real-life experiments, CFD methods are particularly useful in
aerospace development and design.

During the 1960s, the underlying principles of fluid dynamics and the formulation of the gov-
erning equations were established. Major aerospace companies such as Boeing, NASA, McDon-
nell, Lockheed, and Douglas developed panel method codes to determine optimal wing shapes [6].
However, it was not until the 1970s-1990s that significant advancements in CFD methods and
computing resources allowed for significant growth in the use of CFD for aerospace development
programs [7].

One significant example was the use CFD played in the unlocking of nacelle/wing interference
drag for the 737-300 program during the 1970s-1980s [8–10]. From 1955 until 1975, wind tunnel
experiments indicated that nacelles could not be placed too close to the wing without causing
excessive drag. These tests limited where the nacelle could be positioned relative to the wing.
Thanks to studies using CFD, Boeing was able to unlock the secret of nacelle/wing interference
drag. For the 737-300 program in the early 1980s, Boeing modified the installation of the CFM56-
3 engine by removing the pylon and moving the accessory gearbox from the bottom to the side of
the engine. This gave the nacelle its distinct, flat-bottom shape. All of these changes were thanks
to advancements in CFD. Without these advancements, there would not have been a successful
737-300 program.

As CFD capabilities increased and computational resources became more prevalent in the 1990s
and 2000s, CFD’s role in aerospace development further increased, especially in the field of multi-
disciplinary analysis and optimization (MDAO). MDAO leverages CFD technology to optimally
design solutions to complex flow problems quickly and accurately. MDAO using CFD was used
extensively in the Boeing 787 Dreamliner development program [11]. Almost all aspects of the
aerodynamic design of the 787, especially in the design of the nacelles, wing, and forebody, relied
on an unprecedented level of CFD. As the timeline of aerospace programs development programs
shrinks and the applications get more complex, the need to have reliable and cost-efficient CFD
will only increase.

1.1.2 Current Research Areas of CFD Methods

The NASA CFD Vision 2030 study [12] outlined several research areas of CFD that are critical
for the tool’s future use in the aerospace design process. These areas include HPC computing,
the development of more accurate numerical algorithms and physical models, mesh adaptation,
and multi-disciplinary analysis and optimization (MDAO). Along with these findings, the study
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identified several roadblocks that limit the use of CFD in the design process.
One of the most significant roadblocks is adaptive grid techniques and error estimation for

complex flows and geometries. The study admits that past research efforts have shown that cur-
rent error estimation techniques, in conjunction with mesh adaptation, offer tremendous potential
in terms of reducing the computational cost and providing high-fidelity CFD solutions. However,
these techniques are not widely used in industry due to software and computational complexity,
complex geometries, and insufficient error estimation capabilities. These conclusions and obser-
vations were further expanded upon in the context of unstructured grid adaptation [13]. This work
includes an exhaustive list of the various error estimation techniques and ideas that have been in-
vestigated using unstructured mesh adaptation over the last few decades. The study categorizes
these error indicators into three categories: feature-based, goal-oriented, and norm-oriented. Each
family of error indicators has its strengths and weaknesses, which will be further elaborated on in
Subsection 1.3.2. No one type of error indicator has been universally identified as possessing the
advantages of all three types of error indicator families. A major focus of this work is finding an
indicator that leverages the advantages present in multiple error indicator types.

Another roadblock identified in NASA CFD Vision 2030 study is the lack of algorithmic im-
provements to enable future advancements in computing resources, mesh adaptation, and MDAO.
According to the study, CFD algorithm development has slowed down in recent years due to a
lack of investment in these areas. Future algorithmic advancements are necessary for enabling the
growing HPC and GPU landscape, as well as for enabling breakthroughs in error estimation and
mesh adaptation. In particular, the study notes that discretizations must be robust, scalable, and
able to solve highly complex simulations. Based on current industry-standard methods obtained
from the most recent AIAA drag prediction workshop (DPW) and high-lift prediction workshop
(HLPW), current CFD methods still produce inconsistent convergence behavior and scalar output
predictions for complex problems [14, 15].

1.2 Dissertation Objectives

The primary goal of this dissertation is to present a novel approach for error estimation and mesh
adaptation that can produce reliable predictions of outputs such as lift and drag coefficient for vari-
ous applications. This new approach combines two previously studied error estimation approaches,
one goal-oriented and one norm-oriented, so that the advantages of each approach can be fully ex-
ploited while limiting their respective disadvantages. Since this new approach involves combining
two existing approaches, the approach, and its subsequent variations explored in this work, are
often referred to as the combined approach. In the context of this new combined approach, the
objectives of this dissertation are listed in the following subsections.
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1.2.1 Demonstrate Effectiveness of the Combined Approach

As mentioned in Section 1.1, the need for robust and cost-effective error estimation techniques
is essential for the continued use of CFD for aerospace development programs. Existing error
estimation techniques have inherent characteristics that limit their general use in the aerospace
industry. The construction of a suitable error indicator represents one of the weakest points of most
mesh adaptation strategies [13, 16]. By demonstrating the performance of this error indicator for
various applications in this work, we can show the potential benefits in accuracy and computational
expense it offers.

We accomplish this by testing the combined approach with various mesh adaptation strategies
for numerous governing equations in both steady-state and unsteady contexts. Unsteady simula-
tions are of particular interest, as they increase the complexity and computation expense of any
error estimation and mesh adaptation approach. Outputs such as lift and drag coefficient are ex-
tracted from these adaptive simulations and directly compared to identical outputs obtained using
the existing error estimation and mesh adaptation strategies. Sample meshes are also highlighted
to show where the combined approach error indicators focus the mesh refinement compared to the
existing approaches. A major goal of this dissertation will be to show that the novel combined
approach developed in this work has strong potential as an error estimation technique for mesh
adaptation in CFD moving forward.

1.2.2 Compare Combined Approach Across Multiple High-Order Methods

Another major focus of this dissertation is the evaluation of the combined approach in the context
of high-order discretizations. Currently, second-order accurate methods are the industry standard.
However, with the already acknowledged advancements in computing resources, MDAO, and mesh
adaptation, aerospace design programs will rely even heavily on CFD to reduce costs associated
with physical testing. This will require higher-fidelity CFD simulations. One way of achieving
this is through the use of high-order methods. Though high-order methods have been studied
extensively in recent decades [17], these methods are still a work in progress and no universally
preferred high-order discretization has been identified.

The novel combined approach developed for this work was initially limited to one type of high-
order discretization. To demonstrate the strength of this approach, an entirely new code was written
that incorporates a different high-order discretization. Besides the obvious benefit of being able to
compare the performance of the combined approach between these two high-order discretizations,
this also allowed for the added benefit of comparisons among existing error estimation and mesh
adaptation approaches. Multiple applications are analyzed by both high-order discretizations in
this work to make valuable comparisons regarding output-error convergence. By demonstrating the
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effectiveness of this novel combined approach with a new code written especially for this work,
we demonstrate that the conclusions drawn based on the first objective outlined in the previous
subsection are not limited to one type of algorithm.

1.3 Background

In Section 1.2, we introduced the concept of the new combined approach for error estimation and
mesh adaptation that combines two existing error estimation approaches that have previously been
developed. We also mentioned how this combined approach was tested in multiple high-order
discretizations, including one that formed the foundation for a code written specifically for this
research. In this section, we review three key ideas pertinent to the combined approach in the
context of this work. We begin with a review of high-order CFD methods, specifically focusing on
those used in this research. Special attention is also paid to why the additional high-order method
was chosen to be included in this dissertation. Next is a thorough review of the two distinct error
estimation approaches that make up the combined approach. The section ends with a brief review
of the topic of mesh adaptation and which methods were chosen to be used in conjunction with
the combined approach for this work. This section is only meant to provide a brief review of the
aforementioned concepts, as subsequent chapters in this dissertation will provide more extensive
details.

1.3.1 High-Order CFD Methods

As has been the case over the last few decades, high-order discretizations of aerodynamics continue
to generate significant interest due to the potential to achieve higher accuracy at a reduced cost [18–
23]. The order of accuracy of a discretization is measured based on the solution error convergence
rate, r, at which the error of the solution, E , decreases as the characteristic mesh size, h, is refined.
This means that for a particular mesh size, the order of the discretization is O (hr). High-order
CFD methods possess an order of accuracy greater than two, r > 2 [17]. Any consistent CFD
method will converge towards the exact solution as h→ 0, but high-order methods do so at higher
rates. Low-order methods must use a highly refined mesh to achieve the same numerical accuracy
as high-order methods, whereas high-order methods can achieve the same accuracy with a much
coarser mesh.

It is important to note that there is a trade-off between the order of accuracy and mesh resolution.
For a given mesh, low-order methods will be comparatively less expensive. A difficult question
to answer is whether those low-order methods produce acceptable results for the particular appli-
cation. Generally, high-order methods are more efficient for CFD applications with high-fidelity
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calculations. Assuming a convergence rate, r = p + 1, so that the error E ≈ O (hp+1), where p is
the solution approximation order, the time to solution Tf can be expressed as [24]

log Tf = d

(
− 1

p+ 1
log E + a log (p+ 1)

)
− logF + constant. (1.1)

In Equation 1.1, d is the spatial dimension, F is the computational speed, and a is the algorithm
complexity. For high-fidelity calculations E << 1, which means the computational time T depends
exponentially on the ratio d/(p+ 1). For high-order methods where p > 1, this conclusion means
the computational time will be much less compared to low-order methods.

Currently, second-order finite-volume methods are the dominant methodologies in CFD ap-
plications. This is primarily due to their robustness, high flexibility, and ease of implementation,
thanks to considerable research done during the 1970s to the 1990s [7, 17]. However, the emerging
need for high-fidelity requirements in some applications has emphasized the importance of high-
order methods. For example, high-order methods resolve small features for much greater distances
without considerable dissipation than second-order methods [25]. Another example is the tracking
of vortices emanating from wing tips or helicopter blades. In these cases, second-order finite-
volume methods require very refined meshes to resolve these features over a large distance [21].
Extending finite-volume schemes to high-order is difficult due to the required extended stencils
where degrees of freedom now must be coupled to non-neighboring elements. This leads to a wide
range of challenges, from increased memory requirements for implicit methods and parallelization
to the lack of stable iterative algorithms [24].

Finite-element discretizations, on the other hand, use compact discretization stencils that only
require immediately adjacent elements. This means that the introduction of high-order degrees
of freedom can occur locally, which allows for high-order discretizations in both space and time
to have an established path [21]. This also makes them very adaptable for use in parallelization.
Many of the distinct advantages finite-element methods have over finite-volume methods are sum-
marized in [17]. For smooth problems, high-order finite-element methods produce lower errors at
a given computational cost than second-order finite-volume schemes. However, for non-smooth
problems, such as flows involving shocks, high-order finite element schemes do not always opti-
mally converge. However, when coupled with solution-based mesh adaptation, high-order methods
can outperform low-order methods by focusing mesh refinement on these non-smooth regions.

In finite-element discretizations, a set of basis functions, usually polynomials, is defined locally
for each element. This leads to a functional representation of the solution that has local support,
resulting in the aforementioned compact stencil. The basis functions can be set up so that ele-
ment interface continuity is maintained throughout the computational domain. This is called the
continuous Galerkin (CG) method. The CG method works very well for diffusion-dominated prob-
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lems. For convection-dominated problems, however, such as compressible fluid flow problems, it
is unstable.

Alternatively, the basis functions can be arranged so that the continuity is not maintained at the
element interfaces. This is called the discontinuous Galerkin (DG) method. First introduced in
1973 in the context of the transport of neutrons [26], the DG method has been the subject of exten-
sive research for use in CFD [18–20, 27–34]. Since the solution in a DG discretization is discon-
tinuous at the element interfaces, coupling is done through fluxes on the element boundaries. The
discontinuous approximation leads to extra degrees of freedom on the element interfaces, which
leads to an increase in computational cost. However, the discontinuous nature of DG simplifies
certain aspects of error estimation, mesh adaptation, and preconditioning. Unlike CG, DG is stable
for solving convection-dominated problems [35, 36] because the numerical fluxes across element
interfaces are computed via a traditional finite-volume (approximate) Riemann solver. Note that
for convection-diffusion problems, a stabilization term must be added to diffusive operators when
using DG [37–39].

Due to the extensive amount of research and familiarity we have with DG, a significant focus
of this work will utilize the DG discretization, the complete details of which are found in Sec-
tion 2.2. However, because of the additional computation cost associated with DG due to the large
memory footprint, recent focus in the high-order CFD community has been placed on reducing the
computational cost of high-order finite-element discretizations such as DG. One such approach is
using the hybridized discontinuous Galerkin (HDG) method [40–45], where the total number of
globally-coupled degrees of freedom is reduced by decoupling element solution approximations
and stitching them back together using weak flux continuity enforcement. This is accomplished
by adding face unknowns that become the only globally-coupled degrees of freedom in the en-
tire system. In DG, the number of globally-coupled degrees of freedom scales as pd, where p is
the solution approximation order and d is the number of spatial dimensions. In HDG, the expo-
nent reduces by one to pd−1 since the unknowns are defined on a space of one lower dimension
(faces instead of elements). This means that HDG methods can be cheaper and require less mem-
ory compared to DG. Another similar approach to HDG is the embedded discontinuous Galerkin
(EDG) method [45, 46], where the approximation space of the face unknowns is continuous. This
approach further reduces the number of globally-coupled degrees of freedom.

Another set of approaches that reduce the number of globally-coupled degrees of freedom com-
pared to DG are stabilized continuous Galerkin (CG) finite-element methods. In continuous finite
element schemes, nodes on edges, vertices, and faces are shared between adjacent elements, which
leads to a continuous solution over the domain. This means that for moderate formal orders of
accuracy, stabilized finite element methods require far fewer degrees of freedom than DG methods

7



on the same mesh [47, 48]1. However, as previously mentioned, CG methods are unstable for
convection-dominated problems. To overcome the inherent stability issues, stabilization terms can
be formulated for convection operators. One such approach that been studied over the last four
decades is the Streamline-Upwind Petrov-Galerkin (SUPG) method [21, 49–59]. In particular, re-
cent focus on the SUPG method has produced promising results. For example, SUPG results using
linear (p = 1) basis functions (which have the same nominal order of accuracy as second-order
finite volume methods) have produced far more accurate velocity profiles for turbulent flow over
the NACA 0012 airfoil using the same computational mesh compared to both finite volume and
DG methods [25, 48]. The ability to produce high-fidelity solutions using far less computational
expense is why additional focus on the SUPG method was included in this work, the details of
which are located in Section 2.4 of Chapter 2.

1.3.2 Error Estimation

Error estimation increases the robustness of the CFD by quantifying the error in the solution. Ac-
curate error estimates are critical for all high-fidelity CFD applications. Without an accompanying
error estimate, it is difficult to quantify the accuracy of a CFD simulation. This is an essential
piece of information that is necessary to assess the reliability of the prediction. In the context of
mesh adaptation, error estimates help identify where adaptation can be productively applied. Since
there are many sources of error in CFD simulations, it is important to quantify which types of error
estimates are helpful, so we can learn from those estimates to improve the accuracy of the CFD.

Discretization error is the difference between the exact solution of the governing equations
and the discrete solution that comes from the discretized form of the equations. Since the exact
solutions of not known for flow governing equations, the discretization error must be estimated.
Error estimation approaches for finite element discretizations generally fall into two categories: a

priori, where the error is measured using the exact solution, and a posteriori, where the error is
measured using the computed solution. Development of numerical methods and information such
as a method’s convergence rate and stability often rely on a priori error estimates, since they can
be used to assess the asymptotic behavior of the method [60]. Unfortunately, these methods rely
on parameters not always known a priori. This means a priori error estimates cannot be used to
quantify actual errors for a given computation domain. In contrast, a posteriori error estimates
rely on the difference between the discrete numerical solution and a finer representation of the
solution, usually through a reconstruction process. We can define the residual error as how well
the approximate solution satisfies the exact equations, which can be approximated by evaluating

1This does not mean that continuous methods are universally more accurate for a given number of degrees of
freedom, as the error magnitudes could be different at the same order.
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the residual on the finer space [61]. Since a posteriori error estimates are based on the discrete
solution, which is known, they are very attractive in the context of mesh adaptation.

Solution-based error estimates have long been used for mesh adaptation in Computational Fluid
Dynamics (CFD) to obtain accurate solutions for problems that exhibit a wide range of spatial
length scales [19, 62–67]. These methods generally rely on an error indicator to drive the adapta-
tion. Numerous examples in the literature detail extensive analysis of various indicators and their
relative performance, robustness, and accuracy.

An error indicator can be classified as heuristic if there is no link between the indicator and the
numerical error. One class of heuristic error indicators relies on solution features to drive the mesh
adaptation [46, 68–70]. Using these indicators for error estimation is commonly referred to as
feature-based error estimation. These features can be gradients, curvatures, or any other character-
istics of the solution that be computed directly. While these indicators are often cheap to evaluate,
they are not always robust since they assume local error only depends on the local resolution. For
elliptic or nearly elliptic problems, such as low-speed flows, feature-based error indicators work
well. However, for hyperbolic problems, such as high-speed, convection-dominated flows, errors
can propagate by the convection-dominated nature of the system. In problems with desired scalar
outputs of interest (such as lift and drag), these methods can overrefine areas of the domain that do
not affect the output and not refine areas that are important [64, 71, 72].

To remedy the inherent issues with feature-based error estimation, error estimation methods
have been developed that use an error indicator based on a user-specified engineering scalar out-
put [64, 73, 74]. These types of error indicators are referred to as goal-oriented indicators [13].
These methods are particularly effective since the indicator specifically targets areas of the compu-
tational domain that are critical to the prediction of the desired output [19, 64, 75, 76]. They also
are effective in accounting for propagation effects intrinsic to hyperbolic problems [77], through
the use of output-specific adjoint solutions, which provide the sensitivity of the output to local
residuals. The downside is that they can be computationally expensive since they require the im-
plementation of a transpose linear solver and they involve quantities that must be computed in a
refined-space computational domain. Another downside is that they are not always effective due to
a suboptimal approximation of the adjoint, especially in the presence of adjoint singularities such
as on a leading-edge stagnation streamline and near an airfoil trailing edge [78]. These singulari-
ties contribute to noise in the error estimate, which leads to areas of unnecessary over-refinement
of the computational mesh.

Unsteady simulations pose significantly higher computational costs for output-based adjoint
approaches, due to the unsteady adjoint equation. Current research has increasingly focused on ex-
tending output-based adaption to unsteady problems, using a variety of adaptation mechanics [79–
85]. The issue with output-based approaches is that the solution of the unsteady adjoint equation
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is expensive, as it must be marched backward in time. This leads to significantly higher computa-
tional costs when compared to steady-state simulations. It also requires saving the primal state at
each time step or checkpoint, further adding to the computational cost.

A different error estimation approach leverages entropy variables instead of a separate adjoint
computation [86, 87]. This type of error indicator is commonly referred to as a norm-oriented er-
ror indicator [13]. Using entropy variables is less computationally expensive, since these variables
can be computed from a direct variable transformation of the conservative state. Entropy-variable
indicators are equivalent to an adjoint solution corresponding to an output that measures the net en-
tropy production in the computational domain. Consequently, they can be used in the output-based
adjoint error estimation framework. The drawback of this approach is similar to that of feature-
based error indicators, in that entropy-variable indicators target all regions of the domain where
spurious entropy is produced, e.g. shocks or 3D vortices. It is important to note that the entropy-
based indicator does not target all regions of the domain with large entropy production. It differs
from feature-based methods in that it only targets regions of the domain where there is spurious

entropy production. Regardless of that subtlety, this approach is not as globally discriminating as
the output-based approach.

Both the output-based adjoint error estimation approach and the entropy-variable approach
have unique advantages and disadvantages. However, the entropy-variable approach shows great
promise due to the relative computational savings compared to the output-based adjoint approach.
Unfortunately, it is not as robust, as it targets all regions of the domain where spurious entropy is
generated. As stated in Section 1.2, a major objective of this research is to more robustly extend
the entropy-variable adaptive approach for these cases by combining it with indicators obtained
from output-based adjoints. The goal is the calculation of a combined approach that encompasses
the strengths of both the output-based adjoint and the entropy-variable approach, while limiting
the disadvantages of each.

1.3.3 Mesh Adaptation

The previous subsection outlined multiple ways of obtaining error estimates. Regardless of which
approach is used, the error estimates can be used in conjunction with mesh adaptation to modify
the solution space to equidistribute, and ultimately decrease, the error. As shown in Figure 1.1, the
mesh adaptation framework [88] is a feedback loop where first, the discretized governing equations
are solved in a space defined by a current mesh and solution approximation order. After estimating
the numerical error, the computational space is either modified or enriched based on that estimate.
A new solution is obtained in this new space. This process repeats until an error or cost tolerance
is met.
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Figure 1.1: Diagram of the mesh adaptation process.

For high-order finite-element methods, the solution space depends on the local mesh resolution,
h, and the solution approximation order, p. In this context, we can define three commonly used ap-
proaches for mesh adaptation: p-adaptation, h-adaptation, and hp-adaptation. In h-adaptation, the
local refinement is accomplished by subdividing the elements into smaller elements, while keeping
the solution approximation order p constant. In p-adaptation, the local solution approximation or-
der of the elements’ shape functions is modified while the mesh is held constant. The combination
of both p-adaptation and h-adaptation is referred to as hp-adaptation.

Comparing h-adaptation and p-adaptation directly, p-adaptation is more effective for error re-
duction for equal degrees of freedom in smooth problems. Since the solution approximation can
easily be increased, p-adaptation is also much easier to implement. However, this approach re-
quires a reasonable starting mesh and has difficulties in regions with sharp gradients in either
the solution or geometry, particularly areas with high anisotropy. Resolving these areas with
h-adaptation is comparatively more effective, at the expense of needing to implement a poten-
tially complex mesh adaptation algorithm. The most effective approach is hp-refinement where
p-refinement is used in areas where the solution is smooth, while h-refinement is used near sin-
gularities and anisotropic areas [21, 89]. If used properly, hp-refinement can yield exponential
convergence with respect to degrees of freedom [24]. The challenge in hp-refinement is develop-
ing an algorithm that determines where to use the appropriate type of refinement.

The focus of this work is h-adaptation only, where the solution approximation order, p, is always
held constant. This does not take advantage of the cost savings available using hp-adaptation, but
it significantly reduces the overall complexity of the mesh adaptation process. As mesh adaptation
by itself is not the primary focus of this dissertation, this decision is sound. What is a primary focus
is how the various error estimates outlined in Subsection 1.3.2 perform using h-adaptation. One
h-adaptation approach utilized in this work is a fixed-fraction hanging-node strategy where a fixed
fraction of elements that have the largest error indicators is marked for uniform refinement using a
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series of hanging nodes. Assuming no mesh coarsening is involved, this approach is very simple
to implement and useful for analyzing different error estimates. This isotropic mesh adaptation
strategy has demonstrated success in the past [90], but is not very effective for flow problems
with strong directional features like wakes, shocks, and boundary layers. In cases such as these,
the optimal mesh resolution can vary by multiple orders of magnitude in the orthogonal directions.
Isotropic mesh adaptation approaches can only resolve these areas by adding more elements, which
is not very efficient.

To resolve the inherent issues in the aforementioned hanging node adaptation strategy where
refinement occurs locally, mesh strategies that incorporate global re-meshing are a popular alter-
native. In these methods, a new mesh, typically unstructured, is generated for the entire com-
putational domain. Two different global re-meshing strategies that allow for mesh refinement and
coarsening, as well as redistribution of the mesh degrees of freedom to allow for better productivity,
are used in this work. The two methods differ regarding how they detect anisotropy. Unfortunately,
no anisotropic information can be directly obtained from the local error indicators. That informa-
tion must come from another source. In the first approach, anisotropic information is determined
by sizing the elements using a priori rate estimates and using the Hessian of a scalar computed
from the state to determine the anisotropic information of each element. In the second approach,
the mesh is optimized to minimize the error using a prescribed cost. This is a variation of mesh
optimization via error sampling and synthesis (MOESS) [91, 92] and is built upon the continu-
ous mesh framework. Further details regarding all of the mesh adaptation strategies used in this
dissertation are found in Chapter 5.

1.4 Overview of Dissertation

The main objective of this dissertation is to demonstrate the effectiveness of a novel combined
approach for error estimation and mesh adaptation in a variety of fluid governing equations. This
approach has the potential to improve upon existing error estimation techniques by reducing the
computational cost to obtain even more accurate, high-fidelity solutions for many fluid flow appli-
cations. In addition, the approach is robust as it has been implemented and tested using multiple
high-order finite element discretizations.

1.4.1 Major Contributions

The main contributions of this dissertation are as follows:

• Developed a novel approach for error estimation and mesh adaptation that combines error
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indicators obtained using output-based adjoints with indicators obtained using entropy vari-
ables.

• Formulated variations of the combined approach that reduce computational expense and
improve output error estimates.

• Implemented the combined approach, and its various derivatives, into an existing high-order,
discontinuous Galerkin (DG) finite element code to quantify the performance of the approach
for both steady-state and unsteady simulations with multiple sets of governing fluid flow
equations.

• Wrote a high-order, continuous finite-element code in ANSI C to implement the Streamline-
Upwind Petrov-Galerkin (SUPG) discretization.

• Implemented the combined approach, as well the output-based adjoint and entropy-variable
error estimation approaches, into the SUPG code to directly compare output error predictions
between SUPG and DG for all error estimation techniques.

• Implemented multiple global re-meshing strategies that incorporate anisotropic elements and
high-order elements into the SUPG code to test the effectiveness of the combined approach
and compared directly to results generated with similar capabilities using the existing DG
framework.

1.4.2 Dissertation Outline

The remaining chapters in this dissertation provide more extensive details and findings on the
aforementioned topics. The outline of this work is as follows:

• Chapter 2 begins with a review of the governing equations of interest. Next is a thorough
review of both the DG and SUPG methods. For each method we review the solution approxi-
mation methodology, the weak form discretization, and solution techniques implemented for
this dissertation. This chapter also includes a section on the extension of DG for unsteady
problems.

• Chapter 3 introduces the concept of an adjoint and how it can be used for output error estima-
tion. This leads to a thorough review of the output-based adjoint error estimation approach
for steady-state problems, as well as an overview of how entropy variables can be used in-
stead of an output-based adjoint for error estimation. The chapter closes with a review of
the various combined output-based adjoint and entropy-variable approaches created for this
dissertation.
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• Chapter 4 details how the error estimation approaches outlined in Chapter 3 change when
implemented for unsteady problems. The chapter begins with an overview of the unsteady
output-based adjoint, followed by a discussion of how error estimation changes for unsteady
problems when both spatial and temporal errors are considered, in the context of the output-
based adjoint approach. Subsequent discussions regarding the use of the entropy-variable
error estimation approach and the various combined approaches for unsteady problems con-
clude the chapter.

• Chapter 5 is an overview of the three mesh adaptation approaches used in this work. In addi-
tion to providing a detailed overview of how each method is implemented, special attention
is given to the benefits of each approach and which applications each approach is best suited
for.

• Chapter 6 presents the various findings from this research, which are separated into three
distinct sections. The first section explores the benefits of the combined approaches for
a large variety of steady-state problems, using the DG discretization. The second section
compares results from the SUPG code written for this work to similar results obtained using
DG, in the context of inviscid, steady-state simulations. Particular attention is given to how
the novel combined approach performs in SUPG relative to DG. The last section explores
the performance of the combined approach for an unsteady problem when using DG.

• Chapter 7 provides an overview of the findings from the present work, as well as a discussion
on future work directions.
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CHAPTER 2

Discretization and Equations

The primary focus of this chapter is a thorough explanation of two finite element discretizations
adopted for solving the fluid flow governing equations in this work. We begin with a review of the
governing equations used for both the Discontinuous Galerkin (DG) finite-element discretization
and the Streamline-Upwind Petrov-Galerkin (SUPG) continuous finite element discretization. The
next section is a comprehensive overview of the DG method and how it is applied to a general
conservation law. Special attention is also paid to the solution techniques used to solve problems
using DG. This chapter also includes a brief review of how the DG discretization is applied to
unsteady problems. The chapter closes with a thorough review of the SUPG method applied to the
Euler equations and how the implementation and solution techniques differ from those of the DG
discretization.

2.1 Governing Equations

In this section, three different sets of governing equations are discussed in detail. These equations
represent the target applications for the discretizations and mesh adaptation strategies discussed in
this work. First, we present an overview of the compressible Navier-Stokes (NS) equations. Next,
there is a brief review of the Euler equations for the flow of a perfectly inviscid gas. While the
Euler equations are a simplified form of the NS equations (in which viscous terms are ignored) a
more detailed review of the Euler equations is included in this work since the SUPG discretization
in Section 2.4 is based only on the Euler equations. Finally, there is a description of the Reynolds-
averaged Navier-Stokes (RANS) equations, the time-averaged form of the NS equations.

2.1.1 Compressible Navier-Stokes Equations

When using the Discontinuous Galerkin discretization, this work considers solutions of the com-
pressible Navier-Stokes (NS) equations of gas dynamics that govern the flow of a viscous, New-
tonian fluid. The NS equations come directly from Newton’s second law of motion, conservation
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of momentum, and include both convective and diffusive effects. Combined with the conservation
of mass and energy, the NS equations represent conservation laws with d + 2 conserved states.
Written in terms of the conservation of mass, momentum, and energy, the NS equations are

∂tρ+ ∂i(ρui) = 0,

∂t(ρui) + ∂i(ρuiuj + pδij)− ∂iτij = 0,

∂t(ρE) + ∂i(ρuiH)− ∂i(τijuj − qi) = 0,

(2.1)

where the variables are defined as

ρ : density

p : pressure

ui : i
thcomponent of the velocity ~v

E : specific (per unit mass) total energy

H : specific (per unit mass) total enthalpy

qi : i
thcomponent of the heat flux ~q

τij : viscous stress tensor

δij : Kronecker delta function : δij =

1 i = j

0 i 6= j
.

The specific total energy E can be defined as the internal energy of the fluid, e, combined with the
fluid’s kinetic energy:

E = e+
1

2
|~v|2. (2.2)

Similarly, the specific total enthalpy is the internal enthalpy of the fluid, h, combined with the
kinetic energy of the fluid:

H = h+
1

2
|~v|2. (2.3)
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The internal energy and enthalpy equations come from the definition of a calorically perfect gas,
which states that

e = cvT,

h = cpT = e+
p

ρ
,

γ =
cp
cv
, (2.4)

where T is the temperature of the fluid and cp and cv are the specific heat capacity at a constant
pressure and constant volume, respectively. They are related by the constant specific heat ratio γ.
The heat flux qi is defined using Fourier’s law:

qi = −κT∂iT, (2.5)

where κT is the thermal conductivity. The viscous stress tensor is defined as

τij = 2µεij + λδijδkuk, (2.6)

where µ is the dynamic viscosity, λ is the bulk viscosity, and εij is the strain rate tensor. The strain
rate tensor describes the deformation of the fluid in all dimensions, which can be written as

εij =
1

2
(∂iuj + ∂jui) . (2.7)

The following expressions are derived from the ideal gas law:

p = ρRT,

p = (γ − 1)(ρe),

ρe = ρE − 1

2
ρ|~v|2,

H =
p

ρ
+ E.

(2.8)

where R is the specific gas constant.
Equation 2.1 can be written in a compact form as

∂u
∂t

+
∂Fi
∂xi

+
∂Gi

∂xi
= 0, (2.9)
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where i indexes the spatial dimension, and the state and flux vectors are

u =

 ρ

ρui

ρE

 , ~F =

 ρui

ρuiuj + pδij

ρuiH

 , ~G =

 0

τij

τijuj − qi

 . (2.10)

Relevant properties for air with temperature-dependent dynamics viscosity are defined as follows:

specific heat ratio : γ = 1.4,

specific heat : cv =
R

γ − 1
, cp = γcv =

γR

γ − 1
,

specific gas constant : R = 287 J/(kg · K),

Prandtl number : Pr =
µcp
κT

= 0.71,

thermal conductivity : κT =
γR

(γ − 1)
· µ
Pr

,

bulk viscosity : λ = −2

3
µ,

kinematic viscosity : ν =
µ

ρ
.

The compressible Navier-Stokes equations are primarily used to simulate laminar flows of vis-
cous fluids, but can also be used to simulate low Reynolds number turbulent viscous flows. The
Reynolds number is a non-dimensional quantity used to measure the effect of viscosity and is
useful in gauging if a flow will be laminar or turbulent. The Reynolds number can be expressed
mathematically as

Re =
ρ|~v|L
µ

, (2.11)

where L is the reference length scale (e.g. airfoil chord). Another useful non-dimensional param-
eter is the Mach number, M . The Mach number is the ratio between the fluid speed and the speed
of sound, which mathematically can be expressed as

M =
|~v|
a
, (2.12)

where the speed of sound is related to the static temperature via a =
√
γRT .
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2.1.2 Euler Equations

When using the Streamline-Upwind Petrov-Galerkin discretization in this work (see Section 2.4),
we only consider solutions of the compressible Euler equations of gas dynamics that govern the
flow of a perfect inviscid gas. These equations are obtained from the negligible-viscosity assump-
tion at the high Reynolds number limit of the compressible Navier-Stokes equations. Any viscous-
related terms in the Navier-Stokes equations from Subsection 2.1.1 are ignored in this approach.
Written in terms of the conservation of mass, momentum, and energy as in Equation 2.1, the Euler
equations are

∂tρ+ ∂j(ρui) = 0,

∂t(ρui) + ∂i(ρuiuj + pδij) = 0,

∂t(ρE) + ∂i(ρuiH) = 0,

(2.13)

where all of the variables match those found in Subsection 2.1.1. The Euler equations can be
written in a compact form as

∂u
∂t

+
∂Fi
∂xi

= 0, (2.14)

where i indexes the spatial dimension. In vector form, the state and flux vectors become

u =

 ρ

ρui

ρE

 , ~F =

 ρui

ρuiuj + pδij

ρuiH

 . (2.15)

The divergence of the inviscid flux vector, ∂Fi

∂xi
, can be rewritten in terms of the unknown state

values as

∂Fi
∂xi

=
∂Fi
∂u

∂u
∂xi

= Ai
∂u
∂xi

, (2.16)

where Ai is the inviscid flux Jacobian. Rewriting the inviscid flux vector divergence in terms of
the inviscid flux Jacobian is helpful, as it is directly related to the stabilization term used in SUPG.
This will be further elaborated on in Subsection 2.4.3.

2.1.3 Reynolds-Averaged Compressible Navier-Stokes Equations

For flows at a high Reynolds number, turbulence is often present. As the Reynolds number in-
creases, the viscosity often decreases, which means that viscous effects on the fluid are compar-
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atively smaller compared to inertial effects. When this happens, small perturbations cannot be
damped out easily and may be amplified. This directly contributes to unstable flow and the tran-
sition from laminar to turbulent fluid flow. In turbulent flow, unsteady vortices of varying length
scales are present in the domain. To obtain an accurate computational solution, these length scales
must be sufficiently captured. Since the length scales have such extreme variation throughout the
domain, it is often not practical to resolve them using a mesh. Instead, turbulence modeling is used
to account for the effect of the unresolved scales on the resolved variables.

Reynolds-averaged Navier-Stokes (RANS) equations model turbulence by breaking up primi-
tive flow variables into mean values and their fluctuating parts. All flow quantities in the Navier-
Stokes equations shown in Equation 2.1 can be broken up into time-averaged values and time-
fluctuating parts. For example, a decomposition of a flow variable U(~x, t) into the time-averaged
value and fluctuating components is expressed mathematically as

U(~x, t) = Ū(~x) + U ′(~x, t),

Ū(~x) = lim
∆t→∞

1

∆t

∫ t0+∆t

t0

U(~x, t)dt,
(2.17)

where t0 is the initial time and t0 + ∆t is the final time. For compressible flows, we use a density-
weighted time average of the flow quantities, which for U(~x, t) is defined as

Ũ(~x) =
1

ρ
lim

∆t→∞

1

∆t

∫ t0+∆t

t0

ρ (~x, t)U(~x, t)dt =
ρQ

ρ
. (2.18)

The RANS equations are derived by substituting this decomposition into the Navier-Stokes equa-
tions from Equation 2.1. After applying various approximations based on turbulence properties,
the only term that remains that cannot be closed is the Reynolds stress term, ρuiuj . This term
comes directly from the momentum conservation equations, but it is unique in that it resembles a
stress term. The only way to completely solve the RANS equations is to model this term with a
turbulence model. There are many turbulence models to choose from, but this work focuses on the
Spalart-Allmaras (SA) turbulence model with a negative viscosity modification [93]. Under these
assumptions, the governing equations in Equation 2.1 can be written in terms of time-averaged
states as follows1:

∂tρ+ ∂i(ρui) = 0,

∂t(ρui) + ∂i(ρuiuj + pδij)− ∂iτRANS
ij = 0,

∂t(ρE) + ∂i(ρuiH)− ∂i(τRANS
ij uj − qRANS

i ) = 0, (2.19)

1The conserved states are all time-averaged. For the sake of simplicity, the notation ·̄ is removed.
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where τRANS
ij is the effective viscous stress tensor that accounts for both viscous and Reynolds

stresses and qRANS
i is the effective heat flux that includes the turbulent transport effects. These two

terms can be written as

τRANS
ij = 2(µ+ µt)εij, εij =

1

2
(∂iuj + ∂jui)−

1

3
∂kukδij. (2.20)

qRANS
i = −

(
κRANS
T

)
∂jT = −cp

(
µ

Pr
µt
Prt

)
∂jT, (2.21)

where Prt is the turbulent Prandtl number and µt is the eddy viscosity by analogy to molecular
diffusion. Using the Boussinesq approximation, the Reynolds stress tensor can be rewritten as [94]

ρuiuj = −2µt

(
1

2
(∂iuj + ∂jui)−

2

3
∂kukδij

)
+

2

3
ρkδij, (2.22)

where ρk = (1/2)ρuiuj is the turbulent kinetic energy per unit volume. In the negative SA model,
the eddy viscosity is defined as

µt =

ρν̃fv1(χ) ν̃ ≥ 0

0 ν̃ < 0,
, fv1 =

χ3

χ3 + c3
v1

, χ ≡ ν̃

ν
, (2.23)

where ν = µ/ρ is the kinematic viscosity. The above expression ensures non-negative viscosity,
which can occur in the original SA model if the mesh is under-resolved. The above equation
introduces the turbulent kinetic viscosity, ν̃. This new parameter requires an additional equation
added to the governing equations to close the system:

∂t(ρν̃) + ∂i(ρuiν̃) =
ρ

σ
∂i((ν + ν ′)∂iν̃) +

cb2ρ

σ
∂iν̃∂iν̃ + P −D, (2.24)

where P and D are the production and destruction terms for ν̃. The production term controls how
much additional turbulent kinetic viscosity is added to the simulation:

P =

cb1S̃ρṽ χ ≥ 0

cb1Sρṽ χ < 0,
, S̃ =

S + S̄ S̄ ≥ −cv2S

S +
S(c2v2S+cv3S̄)
(cv3−2cv2)S−S̄ S̄ < −cv2S,

, (2.25)

where S =
√

2ΩijΩij is the vorticity tensor magnitude. The parameter S̄ is the modified vorticity
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magnitude and is defined as

S̄ =
ṽfv2

κ2d2
w

, fv2 = 1− χ

1 + χfv1

, (2.26)

where dw is the distance to the closest wall. The destruction term, D, counteracts the production
term by limiting the increase of turbulent kinetic viscosity and is defined as

D =

cw1fw
ρṽ2

d2w
χ ≥ 0

−cw1
ρṽ2

d2w
χ < 0,

(2.27)

where

fw = g

(
1 + c6

w3

g6 + c6
w3

)1/6

, g = r + cw2(r6 − r), r =
ṽ

S̃κ2d2
w

. (2.28)

The additional viscosity term ν ′, unique to the negative SA model, is defined as

ν ′ =

νχ χ ≥ 0

νfn(χ) χ < 0,
, fn(χ) =

cn1 + χ3

cn1 − χ3
. (2.29)

The SA model constants are defined as

cb1 = 0.1355 cw2 = 0.3

σ =
2

3
cw3 = 2.0

cb2 = 0.622 cv1 = 7.1

κ = 0.41 cv2 = 0.7

cw1 =
cb1
κ2

+
1 + cb2
σ

cv3 = 0.9

Prt = 0.9 cn1 = 16.0.

The SA working variable, ν̃, is often many orders of magnitude smaller than most other compo-
nents of the conservation equations. To prevent convergence issues for nonlinear solvers, this term
is often scaled to resemble the order of other states in the following fashion,

ν̃s =
ν̃

cs
, (2.30)

where cs is the scaling factor on the order of
√
Re. The additional conservation equation is also
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divided by cs,

∂t(ρν̃s) + ∂i(ρuiν̃s) =
ρ

σ
∂i((ν + ν ′)∂iν̃s) + cs

cb2ρ

σ
∂iν̃s∂iν̃s +

P −D
cs

. (2.31)

By scaling this equation, the residual of the SA equation becomes closer to that of other equations.

2.2 Discontinuous Galerkin Discretization

The primary focus of this section is a thorough description of the Discontinuous Galerkin dis-
cretization of the governing equations. We begin with a review of general conservation laws that
are used for the derivation of the general DG discretization. What follows is a detailed review of
the DG discretization as applied to the general set of conservation laws. A review of the solution
technique used to solve the discrete system for steady-state simulations is also included. All of the
material presented in this section is based on previous and ongoing work from the computational
fluid dynamics research group at the University of Michigan [24, 95–101].

2.2.1 General Conservation Equations

A general unsteady conservation law, made up of convective, diffusive, and source terms, can be
written in conservation form as a partial differential equation (PDE),

∂tu +∇ · ~H (u,∇u) + S (u,∇u) = 0, (2.32)

where u(~x, t) ∈ Rs is the state vector, ~H ∈ Rd×s is the total flux, and S ∈ Rs is the source term.
The variable s refers to the rank of the state vector, while d refers to the total number of spatial
dimensions. For steady problems, ∂tu = 0. The total flux can be broken up between convective
and diffusive terms,

~H (u,∇u) = ~F(u) + ~G(u,∇u), (2.33)

where ~F ∈ Rd×s is the convective flux and ~G ∈ Rd×s is the diffusive flux. The diffusive, or viscous,
flux depends linearly on the gradient of the state vector,

~G(u,∇u) = −K(u)∇u, (2.34)

where K ∈ Rd2×s is the viscous diffusivity tensor.
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2.2.2 Solution Approximation

One of the hallmarks of the DG method is approximating the state u in a functional form using
linear combinations of basis functions on each element. In this work, the basis functions are all
polynomial expressions, where continuity among elements is not mandated. Mathematically, this
can be expressed by denoting Th as the set of Ne elements in a non-overlapping tessellation of the
domain Ω, as illustrated in Figure 2.1. The state on element Ωe is approximated as

Ωe

element edomain Ω

Figure 2.1: Partition of domain into various triangular elements.

uh(~x)
∣∣
Ωe

=

Np∑
n=1

Uenφen(~x), (2.35)

where

Np = number of basis functions required for an order p approximation of the element

p = spatial order of basis functions for each element

φen(~x) = nthorder p basis function on element e (zero on every other element)

Uen = vector of s coefficients on nth basis function on element e

Formally, the solution uh exists in the approximation space Vh, uh ∈ Vh = [Vh]s, where

Vh = {u ∈ L2(Ω) : u
∣∣
Ωe
∈ Pp ∀Ωe ∈ Th}, (2.36)

and Pp denotes polynomials of order p. Discontinuous finite element methods differ from contin-
uous finite-element methods in that the solution is not continuous across the entire domain. The
approximation space Vh is only continuous inside each element, which means the solution is gen-
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erally discontinuous across all elements. This leads to more degrees of freedom for a given mesh
compared to continuous finite-element methods that ultimately need to be accounted for, adding to
the overall computational expense. However, DG provides convective stability due to the Riemann
solvers used to compute convective fluxes across element interfaces and significantly simplifies
hanging node refinement and local order enrichment. A direct comparison between the approxi-
mation space in DG versus its continuous counterpart (CG) for a state component u is shown in
Figure 2.2. While the order p is not consistent among the elements in the aforementioned figure,
the order is uniform across all elements in this work.

u(x,y)
p = 0 p > 1

y

x

TH

p = 1

(a) Continuous Galerkin (CG)

u(x,y)
p = 0

y

x

TH

p = 1

p > 1

(b) Discontinuous Galerkin (DG)

Figure 2.2: Solution approximations using continuous and discontinuous basis functions. Despite
the discontinuous solution in DG, the inter-element flux is single valued as in the finite-volume
method.

2.2.3 Weak Form

Now that the approximation space has been properly defined via Equation 2.35, the DG method
searches to find a solution, uh, that satisfies the weak form of the governing equations. The weak
form ensures that the strong form residual of the PDEs is orthogonal with respect to the test func-
tions, vh ∈ Vh. This weak form of Equation 2.32 is found by multiplying the PDE by the tests
functions, integrating by parts, and coupling elements with numerical fluxes. The semilinear weak
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form can be expressed mathematically as

Ne∑
e=1

∫
Ωe

vTh∂tuhdΩ +Rh(uh, vh) = 0, ∀ vh ∈ Vh, (2.37)

where Rh(uh, vh) is the semilinear form of the spatial component of the residual. Contributions
from the inviscid flux, the viscous flux, and the source terms all factor into this term, so that we
can write

Rh(uh, vh) =
Ne∑
e=1

[Rh,I(uh, vh|Ωe) +Rh,V (uh, vh|Ωe) +Rh,S(uh, vh|Ωe)] , (2.38)

where the subscripts I , V , and S denote the inviscid flux, viscous flux, and source term, respec-
tively.

To further delve into the details of the discretization of each of the three aforementioned residual
terms, elemental notation for the DG discretization of one element must be established. Figure 2.3
shows a schematic of the DG elemental notation that is used in the rest of this section. For the
element boundary, ∂Ωe, the state from the element interior is denoted by (·)+, while the state on
the neighboring element is denoted by (·)−. The normal vector points away from the element, from
+ to −. If the element borders a boundary, then the boundary state is noted as (·)b. The boundary
state ub is a projection of the interior state and the boundary condition data, ubh = ubh(u+

h ,BC).

Ωe

uh
+

uh
-

n
uh

b

∂Ωe ∪ ∂Ω ∂Ωe \ ∂Ω

Figure 2.3: Elemental notation for a DG discretization on a triangle.

Focusing exclusively on the inviscid flux term, applying integration by parts produces an invis-
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cid residual which can be written as,

Rh,I(uh, vh|Ωe) = −
∫

Ωe

∂ivThFidΩ +

∫
∂Ωe\∂Ω

v+T
h F̂dl +

∫
∂Ωe∪∂Ω

v+T
h F̂

b
dl, (2.39)

where F̂ is the numerical inviscid flux on the interior face σf and F̂
b

is the boundary flux on the
boundary face σb. Mathematically, these two fluxes can be expressed as

F̂ = F̂
(
u+
h ,u

−
h , ~n

)
F̂
b

= F̂
b (

ubh,BC, ~n
)
.

The computation of the numerical inviscid flux F̂ requires solving the local Riemann problem on
the element interface. It is worth emphasizing that the solution can be approximate. In this work,
we use the Roe approximate Riemann solver [102] with an entropy fix, which takes the form

F̂
(
u+
h ,u

−
h

)
· ~n =

1

2

[
F(u+

h ) + F(u−h )
]
− 1

2

∣∣∣∣∣∂F
∂u

(u∗)

∣∣∣∣∣ (u+
h − u−h

)
, (2.40)

where F = ~F · ~n and
∣∣∂F
∂u (u∗)

∣∣ is a term that represents performing an eigenvalue decomposition
on the normal flux Jacobian matrix ∂F/∂u. Note that the inclusion of the absolute value in that
expression means taking absolute values of eigenvalues. The boundary flux F̂

b
is computed analyt-

ically based on the boundary state. One noteworthy exception is the convective flux for a boundary
condition where an entire exterior state is specified. In this case, the Roe approximate Riemann
solver is used to compute the boundary convective flux. More details on the boundary flux for the
various boundary conditions used in this work are found in Appendix A.

In DG, the discretization of the viscous terms is far more complicated compared to CG and
requires stabilization. This is because the diffusion terms have no preference whether a solution is
differentiable everywhere, which is not realistic for DG solutions. This means, in this work, the
viscous terms are discretized using the second form of Bassi and Rebay (BR2) [39]. Integrating by
parts and applying the BR2 diffusion treatment, the elemental viscous discretization for DG can be
written as

Rh,V (uh, vh|Ωe) =−
∫

Ωe

∂ivThGidΩ +

∫
∂Ωe\∂Ω

vTh Ĝdl +

∫
∂Ωe∪∂Ω

v+T
h Ĝ

b
dl

−
∫
∂Ωe\∂Ω

∂iv+T
h K+

ij

(
u+
h − ûh

)
njdl

−
∫
∂Ωe∪∂Ω

∂iv+T
h Kb

ij

(
u+
h − ubh

)
njdl,

(2.41)
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where ûh = (u+
h + u−h )/2 is the unique state on the interior face, Ĝ is the stabilized viscous flux on

the interior face σf , and Ĝ
b

is boundary flux on the boundary face σb. Expressions for these two
fluxes are

Ĝ = Ĝ
(
u+
h ,u

−
h ,∇u+

h ,∇u−h , ~n
)

Ĝ
b

= Ĝ
b (

ubh,∇u+
h ,BC, ~n

)
.

The last two terms in Equation 2.41 symmetrize the weak form to maintain adjoint consistency.
The BR2-stabilized viscous flux is given by

Ĝ =
1

2

(
G+
i + G−i

)
n+
i + η

1

2

(
δ+
i + δ−i

)
n+
i , (2.42)

where η is the stabilization parameter that should be at least the number of faces for each element.
In this work, η is set to double the maximum number of faces on adjacent elements. The auxiliary
variables δ+

i , δ
−
i ∈ [Vh]

d have support on elements that are directly adjacent to the interior face
σf . The auxiliary variables can be obtained by solving ∀τ hi ∈ Vh∫

Ω+
e

τ Thiδ
+
i dΩ +

∫
Ω−e

τ Thiδ
−
i dΩ =

∫
σb

1

2

(
τ+T
hi K+

ij + τ−Thi K−ij
) (

u+
h − u−h

)
n+
j dl. (2.43)

The BR2-stabilized boundary viscous flux is given by

Ĝ
b

= ΠBC
G

[
Gi

(
ubh,∇u+

h

)
ni + ηδini

]
. (2.44)

The auxiliary variable δi ∈ [Vh]
d includes support on the element that is adjacent to the boundary

face σb and is found by solving ∀τ hi ∈ Vh∫
Ωe

τ ThiδidΩ =

∫
σb

τ+T

hi Kb
ij

(
u+
h − ubh

)
n+
j dl. (2.45)

The projection ΠBC
G in Equation 2.44 incorporates viscous flux boundary conditions. It is important

to highlight that the choice of viscous fluxes is not unique. However, only certain options will lead
to consistent, dual-consistent, and compact discretizations [103]. The set of fluxes incorporated
into this work is shown in Table 2.1.

The source term is discretized through multiplication with the test functions, and then integra-
tion over the entire computational domain. For each element, the source is given by

Rh,S (uh, vh|Ωe) =

∫
Ωe

vThS (uh,∇uh) . (2.46)
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Boundary Condition Ĝ
b

Kb
ijubh

Dirichlet Boundary −Kb
ij∂ju

+
h ni + ηδini Kb

ijubh

Neumann Boundary −Kb
ij∂jubhni K+

iju
+
h

Table 2.1: Sample boundary viscous fluxes for different boundary conditions.

It is important to note that no boundary information is required to compute the source term dis-
cretization in Equation 2.46.

2.2.4 Discrete Form

By choosing the trial basis functions φen from Equation 2.35 as the general test functions in Equa-
tion 2.37, we obtain a discrete set of residuals over all elements in the computational domain. Given
that span{φen} = Vh, the solution over all elements in the domain is expressed mathematically as

uh(~x) =
Ne∑
e=1

Np∑
n=1

Ue,jφe,j(~x), (2.47)

where Ue,j contains s expansion coefficients for basis function j on element e. The basis functions
are actually defined in a reference space as order p polynomials, φ(~ξ). The advantage of doing this
is that they are identical for each element, no matter where they are located in the approximation
space. Geometric mapping is used for each element to properly define the approximation space,
given that the basis functions are always in reference space. This means that basis functions take the
mathematical form of φ(~x(~ξ)). More information on the geometric mapping is found in Section B.1
of Appendix B.

Even though the local approximations of the state have unique expansion coefficients, the num-
ber of basis functions per element is identical. This means that for each element, the number of
unknowns is equal to Np. These unknowns are referred to as the number of degrees of freedom per
element. For two dimensional triangles, a full-order basis typically has Np = (p + 1)(p + 2)/2,
while a tensor product basis used on quadrilaterals has Np = (p + 1)2. In practice, the state (and
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residual) vectors are stored as unrolled coefficients in a vector for all elements,

U =



Uelem1

Uelem2

Uelem3

...
UelemNe


, UelemNe

=


U0

U1

...
UNp

 , UNp =


U1

...
Us

 (2.48)

For each element, there is a smaller vector that contains the number of states at each basis node.
It is important to emphasize that the number of basis functions per element depends on the order
p. For each basis node, there is another vector equal to the state rank s. The total rank of the state
vector is N = Ne×Np× s, which is also equal to the number of equations that must be solved for
and thus, the total number of residuals.

The steady component of the residuals can be assembled in a discrete spatial residual vector
R ∈ RN , that can be expressed as

R(U) = Rh (uh, φi) . (2.49)

The unsteady term from Equation 2.37 can be written in terms of a discrete mass matrix, M ∈
RN×N , where

Mij = Is
∫

Ω

φiφjdΩ. (2.50)

In the mass matrix equation, Is ∈ Rs×s is the identity matrix and 1 ≤ i, j ≤ N cover all degrees
of freedom. Since the basis functions φi have support over only one element at a time, M is
element-wise block diagonal. Using these definitions, the semi-discrete form of Equation 2.32 can
be written as

M
dU
dt

+ R (U) = 0. (2.51)

where U ∈ RN is the unrolled state vector that consists of the total number of degrees of freedom.
For steady-state problems, the unsteady term drops out, so that Equation 2.51 simplifies to

R (U) = 0. (2.52)

For steady problems, we use an implicit pseudo time-stepping method to solve Equation 2.51. To
maintain stability regardless of the time step size, an implicit time discretization, backwards Euler,
is used to temporally evolve the system. Given Un ∈ RNDOF , where the time step is n and the
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number of degrees of freedom is NDOF, backwards Euler finds Un+1 ∈ RNDOF such that

M
∆t

(
Un+1 − Un

)
+ R

(
Un+1

)
= 0, (2.53)

where time step, ∆t, is computed using the Courant-Friedrichs-Lew (CFL) number. For each
element, the CFL number is related to the artificial time step via

CFL =
∆tece
he

, ∆t = min
Ωe∈Th

∆te, (2.54)

where he represents the element length and ce is the maximum convective wave speed over the
element. In two dimensions, the element length is the hydraulic radius,

he =
2Ae
Pe

, (2.55)

where Ae is the element area and Pe is the element perimeter. The edge-weighted average of wave
speeds is used to compute ce. For a triangle, this is defined as

ce =
3∑
e=1

ce,i
∆le,i
Pe

, (2.56)

where ce,i is the wave speed on edge i of element e and ∆le,i is the length of edge i.

2.2.5 Non-Linear Solver

To solve the discrete, non-linear system in Equation 2.53, the Newton-Raphson method is used.
This method aims to iteratively find a solution using a succession of linearizations of the governing
PDE. For a given Newton-Raphson iteration k, the unsteady residual can be written as

R̃ (Uk) =
M
∆t

(Uk − Un) + R (Uk) , (2.57)

where Uk is an estimate for Un+1. The goal of this method is to find the true Un+1. If R̃ (Uk) = 0,
then Uk = Un+1 and the algorithm is complete. To accomplish this, we define Uk+1 = Uk + ∆Uk

as the solution that will yield the actual solution Un+1. We seek to update ∆Uk so that

R̃ (Uk+1) ≈ 0. (2.58)
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Linearizing Equation 2.58 produces

M
∆t

(Uk − Un) +
M
∆t

∆Uk + R (Uk) +
∂R
∂U

∣∣∣∣
Uk

∆Uk = 0,

→

(
M
∆t

+
∂R
∂U

∣∣∣∣
Uk

)
∆Uk +

M
∆t

(Uk − Un) + R (Uk) = 0. (2.59)

For a steady-state solution, the second term in Equation 2.59 is ignored, since the evolution details
are unnecessary. Consequently, ∆Uk is found to be

∆Uk = −

(
M
∆t

+
∂R
∂U

∣∣∣∣
Uk

)−1

R (Uk) . (2.60)

The solution is marched forward in time by the given time step ∆t until a desired error tolerance
on the residual norm is satisfied. The linearized system in Equation 2.59 can be simplified to the
general form of

Ax + b = 0, (2.61)

where

A =
M
∆t

+
∂R
∂U

∣∣∣∣
Uk

x = ∆Uk

b = R (Uk) .

Solving Equation 2.61 requires a method that can handle solving a large linear system iteratively.
In this work, we use an element-line preconditioned generalized minimal residual method (GM-
RES) [104, 105]. A preconditioner, P, is a pseudo-inverse to the matrix A. It improves the perfor-
mance of GMRES since the resulting search space of vectors hones in on the true solution faster.
The preconditioned form of Equation 2.61 is

P−1 (Ax + b) = 0. (2.62)

Obtaining the preconditioner can add additional computational time. However, this additional
computational time is offset by the improvement in GMRES convergence.
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2.3 Extension of DG to Usteady Problems

This section presents a brief analysis of the unsteady discontinuous Galerkin method. Specifically,
we describe the solution approximation and discretization process. The work presented in this
section is primarily based on reference [106].

2.3.1 Solution Approximation

For unsteady simulations, when the unsteady term in Equation 2.51 is not zero, we can define a
strong-form unsteady residual, R̄, as

R̄ ≡M
dU
dt

+ R (U) = 0. (2.63)

General time marching schemes are used for advancing the system of ODEs in time from the initial
time at t = 0 to the final time at t = Tf . This requires computing the primal state at each time step
∆t from time node n to n+1. Both multi-step and multi-stage methods can be used to advance the
solution in time. Appendix C presents details of various backwards-difference multi-step methods
(BDF) and implicit Runge-Kutta multi-stage methods.

2.3.2 Temporal Reconstruction

Temporal reconstruction of the primal solution at various time nodes is necessary for nonlinear
problems because the unsteady residual in Equation 2.63 depends on the primal state U. In multi-
stage time integration, as well as error estimation, the primal state is not known for many of the
intermediate time nodes. This makes it difficult, without significantly more storage or computation,
to obtain an accurate representation of the unsteady residual. To alleviate this issue, during error
estimation we solve for the primal at the intermediate time nodes using a temporal reconstruction
with a prescribed order of accuracy.

By rearranging the semi-discrete form in Equation 2.63, we can evaluate the slope of the state,

dU
dt

= −M−1R (U) . (2.64)

Consequently, the temporal slope depends on a spatial residual calculation at a known state. If
we know the states at the endpoints of a time interval from t = tn to tn+1, a linear reconstruction
between them only produces second-order accuracy. The accuracy can be improved by solving for
the temporal slope and each endpoint using Equation 2.64. Figure 2.4 shows how using two slopes
at the endpoints can lead to a cubic solution in time.
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Figure 2.4: Graphical representation of solution reconstruction over the time interval of tn to tn+1

(Figure reproduced from [106]).

Greater accuracy can be gained by solving for additional slopes between the two endpoints.
Quadrature points are used in this work as the location of these additional temporal slope com-
putations as they allow for recycling of residual evaluations when integrating. Using these two
additional slopes produces a quintic solution in time. This process can be repeated indefinitely by
using the current approximation to re-evaluate the slopes at the interior points. Each time this pro-
cess is done, the temporal order of accuracy increases by one order. Further details of this process,
including a numerical test of the reconstruction for a scalar governed by a simple ODE, can be
found in [106].

2.4 The Streamline-Upwind Petrov-Galerkin Discretization

The primary focus of this section is to review the SUPG discretization of the Euler equations. We
begin with a review of how the representation of the solution differs from DG when using SUPG
since it is a continuous finite-element discretization. A full review of the SUPG weak form for the
Euler equations follows. Extra attention is devoted to the stabilization term that is necessary for
convection-dominated flows. Additional information regarding the linear solvers and other aspects
of the numerical implementation is also discussed. The analysis presented in this section is an
expansion of what was presented in [107].
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2.4.1 Solution Approximation

Recall from the previous section that in DG the state u is approximated using a linear combination
of basis functions on each element, as described in Subsection 2.2.2. This leads to a discontin-
uous solution approximation space instead of the continuous approximation space typical of CG
discretizations. Since SUPG is a continuous finite-element discretization, the state will be approx-
imated using a continuous space of the form

u(~x) =
N∑
j=1

Ujφj(~x), (2.65)

where N is the total number of degrees of freedom in the mesh, φj are the continuous trial basis
functions over the entire domain, and Uj are the expansion coefficients. This approximation of
the solution differs from the form in Equation 2.47 in that the solution is now continuous over
the entire domain. Instead of approximating each elemental solution individually (as was done in
DG), the solution is represented over the entire domain. Note that the same types of basis functions
outlined in Subsection 2.2.2 are used in SUPG for this work. The main difference is how they are
applied to the solution. However, just as in DG, the basis functions still have elemental compact
support.

A disadvantage of using a continuous approximation space and a Galerkin formulation is that
there is far less convective stability compared to a discontinuous space. However, while order
enrichment is also more difficult in CG, there are far fewer total degrees of freedom. Figure 2.5
presents an example of the degree of freedom placement for p = 2 solution approximation on a
triangular mesh with ten elements. In the SUPG mesh, there are a total of 29 degrees of freedom,
while in the DG mesh there are 60 degrees of freedom. That is a significant difference in the
number of degrees of freedom, which means there is a far greater computational cost associated
with DG for a given mesh.

Table 2.2 shows the average degree of freedom counts per vertex of DG and SUPG for simple
triangular meshes [23]. These results normalize the total degrees of freedom by the number of
nodes in the mesh, assuming mesh regularity and ignoring boundaries. The cost savings of SUPG
compared to DG is greatest at the lowest order. As the order increases, the relative difference in
computational cost between the two methods decreases.

For a mesh made up of triangular elements, the total number of degrees of freedom is, again
ignoring boundaries,

N = Nvertices + (p− 1)Nfaces +

[
(p+ 1)(p+ 2)

2
− 3p

]
Nelem, (2.66)
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(a) SUPG (b) DG

Figure 2.5: Degrees of freedom in a ten-element triangular mesh for p = 2 using various dis-
cretizations.

Method p = 1 p = 2 p = 3

SUPG 1 4 9

DG 6 12 20

Table 2.2: Degree of freedom counts per vertex for a regular triangular mesh.

where Nvertices is the total number of vertices in the mesh, Nfaces is the total number of faces, and
Nelem is the total number of elements. Since the degrees of freedom are not unique to a particular
element, the state and residual vectors cannot be stored as they were in Equation 2.48. Instead, we
assign a global number to each degree of freedom, based on where it is located in the mesh. The
order of degrees of freedom is based on the following progression:

1. Vertex nodes

2. Interior face nodes

3. Boundary face nodes

4. Interior element nodes

An example degrees of freedom map for an eight-element, triangular mesh with a solution
approximation order of p = 3 is shown in Figure 2.6. In this mesh, we assume all exterior edges
are boundary edges that will have a boundary condition associated with them. Using Equation 2.66,

36



there should be 49 degrees of freedom associated with the solution for this mesh when using p = 3.
In this mesh, there are a total of nine vertex nodes numbered 1 to 9 in Figure 2.6. Since the solution
approximation order is p = 3, there are two nodes associated with each edge. This means nodes
10 to 25 are located on the eight interior edges and nodes 26 to 41 are located on the boundary
edges. Finally, for p = 3 there is one node associated with each element interior. Consequently,
nodes 42 to 49 are associated with each of the eight element interiors. This ordering accounts for
all 49 degrees of freedom associated with this mesh.

A

B D

E

C

F

G

H

1 226 27 28 29 5

40 1242 10 44 14 30

41 1311 43 15 45 31

3 416 17 22 23 6

38 2046 18 48 24 32

39 2119 47 25 49 33

7 836 37 34 35 9

Elements

A:
B:
C:
D:
E:
F:
G:
H:

1 26 27 2 40 42 10 41 11 3
4 17 16 3 13 43 11 12 10 2
2 28 29 5 12 44 14 13 15 4
6 23 22 4 31 45 15 30 14 5
3 16 17 4 38 46 18 39 19 7
8 37 36 7 21 47 19 20 18 4
4 22 23 6 20 48 24 21 25 8
9 35 34 8 33 49 25 32 24 6

Figure 2.6: Elemental degrees of freedom for at ten-element triangular mesh for p = 3 using
SUPG.
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Figure 2.6 also shows how the degrees of freedom are ordered and stored for each element.
This ordering is based on the unit right-triangle ordering used for the polynomial basis functions.
A sample order of degrees of freedom for a triangle at p = 3 is shown in Figure 2.7.

1 42 3

5 6 7

8 9

10

η

ξ
Figure 2.7: Ordering of degrees of freedom for a triangular element at p = 3.

2.4.2 Weak Form

The starting part of the SUPG discretization of the Euler equations is multiplying Equation 2.14
by a general test vector over the states, φ, to create the following weak form:∫

Ω

φT
[
∂u
∂t

+
∂Fi
∂xi

]
dΩ = 0. (2.67)

After integrating Equation 2.67 by parts, the weak form can be written as∫
Ω

[
φT

∂u
∂t
− ∂φT

∂xi
Fi
]
dΩ +

∫
Γ

φT
(

F̂
b

ini

)
dΓ = 0, (2.68)

where F̂
b

ini is the normal component of the flux on the domain boundary, Γ. For the far-field
boundaries, the boundary flux is constructed using the Roe scheme [102], where the interior and
freestream state values are used in the Riemann solver. For the inviscid wall boundaries, the
boundary flux at the wall is computed using the boundary pressure and velocity. More details on
constructing the boundary flux are given in Appendix A.

The Galerkin continuous finite element discretization (as shown in Equation 2.68) will be unsta-
ble for advection-dominated flows. The standard Galerkin formulation produces odd-even decou-
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pling between adjacent nodes in the solution which leads to oscillatory behavior. These spurious
oscillations will eventually lead to instability in the time integration. Several stabilization methods
in the past have been studied to correct this instability. One such approach, the Streamline-Upwind
Petrov-Galerkin (SUPG) method [50, 51, 57, 108], was chosen for this discretization. In this ap-
proach, a stabilization term is added to the weak form to compensate for the lack of dissipation in
the streamwise direction [49].

To better understand the stability notation, it is useful to rewrite Equation 2.14 using a differen-
tial operator L [54],

L(u) = 0, L =
∂

∂t
+ Ai

∂

∂xi
, (2.69)

where Ai is the inviscid flux Jacobian. The added stability necessary to obtain converged solutions
can be achieved by adding an upwind bias to the test functions φ. In this case, the convective
portion of the aforementioned operator, Lc, acting on the basis functions is added to the existing
test functions to produce [56, 109]

φ̂ = φ+ τLc(φ) = φ+ τAi
∂φ

∂xi
, (2.70)

where τ is the stabilization matrix. The purpose of this matrix is to limit the amount of numerical
dissipation added to the scheme to as low of an amount as possible while preserving stability.

Using this augmented test function, the weak form in Equation 2.68 can be rewritten as [21, 59]

∫
Ω

φT
∂u
∂t
− ∂φ

∂xi
FidΩ +

∫
Γ

φT
(

F̂
b

ini

)
dΓ +

Ne∑
e=1

∫
Ω

Pe
(
∂u
∂t

+
∂Fi
∂xi

)
dΩ︸ ︷︷ ︸

Stabilization term

= 0. (2.71)

In the above equation, it is important to note that the stabilization term is calculated over all of
the elements in the domain Ω. The stabilization term only affects the element interior and does
not have an impact on the boundary terms. The elemental perturbation term, Pe, can be expanded
as [57, 59, 110] (summation implied on i)

Pe = Ai
∂φ

∂xi
τ e. (2.72)

A detailed discussion of the elemental stabilization matrix, τ e, is included in the next subsection.
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2.4.3 Stabilization Matrix

The elemental stabilization matrix is obtained using the eigensystem decomposition of the projec-
tion of the flux Jacobian matrices onto the spatial gradients of the basis functions [21, 52]. For
element e,

τ−1
e =

Np∑
j=1

∣∣∣∣∂φe,j∂xi
Ai

∣∣∣∣ (2.73)

where φe,j are the basis functions and Np is the number of nodes within element e. In Equa-
tion 2.73, ∣∣∣∣∂φe,j∂xi

Ai

∣∣∣∣ = T |Λ|T−1, (2.74)

where T denotes the matrix of right eigenvectors and |Λ| denotes the diagonal matrix of absolute
values of the eigenvalues. The quantity i indexes the spatial dimension, whereas j indexes the basis
functions for the specific element e. It is important to note that the inverse of the stability matrix is
evaluated at each Gauss quadrature point for volume integration, which means that there is a unique
elemental stability matrix for each quadrature point. Note that even for a high-order discretization,
p ≥ 2, only the linear shape functions are used for the computation of the stabilization matrix. It
has been previously shown that including the higher-order basis functions will reduce the amount
of dissipation added to the scheme [111]. Since the stabilization term was initially developed for
linear basis functions [108] and there is no formal derivation of the stability matrix for high-order
discretization, the choice was made to use linear basis functions in Equations 2.72 and 2.73.

An eigensystem decomposition of the flux Jacobian matrix is necessary for the implementation
of the Roe scheme [102]. To make the calculation easier, for two dimensions we assume a coordi-
nate system so that u = ~v · ~n. This means that the second component of the inviscid flux Jacobian
is zero. For the compressible Euler equations, the inviscid flux Jacobian matrix can be written as

A =


0 1 0 0

−u2 + γ−1
2
V 2 (3− γ)u −(γ − 1)v γ − 1

−uv v u 0
γ−2

2
uV 2 − uc2

γ−1
H − (γ − 1)u2 −(γ − 1)uv γu

 , (2.75)

where V 2 = u2 + v2 is the square of the velocity magnitude.
Using the flux Jacobian matrix expression from Equation 2.75, the right (R = [r1, r2, r3, r4])
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and left
(
L = R−1 = [l1, l2, l3, l4]

)
eigenvectors can be expanded as

R =


1 1 0 1

u+ a u− a 0 u

v v v v

H + ua H − ua v2 1
2
V 2

,

L =
γ − 1

2a2


V 2

2
− ua

γ−1
−u+ a

γ−1
−v 1

V 2

2
+ ua

γ−1
−u− a

γ−1
−v 1

− 2a2

γ−1
0 2a2

(γ−1)v
0

−V 2 + 2a2

γ−1
2u 2v −2


(2.76)

and the corresponding eigenvalues are

Λ = diag ([λ1, λ2, λ3, λ4]) = diag ([u+ a, u− a, u, u]) . (2.77)

The above equations not only assume the use of the Euler equations, but also a particular coor-
dinate system. Since the elemental stabilization matrix, τ e, depends on the projection of the flux
Jacobian matrices onto the spatial gradients of the basis functions, a coordinate system rotation
must be performed on the subset of the state vector in Equation 2.65 that corresponds to the ele-
ment e at Gaussian quadrature point q before using Equations 2.76 and 2.77. The state vector is
represented at Gaussian quadrature points since we use Gaussian quadrature rules to solve numer-
ical integration. We will refer to the state vector term as ue,q. In two dimensions, we can define the
rotation matrix as

Qj =
1∣∣∣∂φe,j∂xi

∣∣∣


∣∣∣∂φe,j∂xi

∣∣∣ 0 0 0

0
∂φe,j
∂x

∂φe,j
∂y

0

0 −∂φe,j
∂y

∂φe,j
∂x

0

0 0 0
∣∣∣∂φe,j∂xi

∣∣∣

 (2.78)

where ∂φe,j
∂x

is the gradient of the basis functions in the x direction and ∂φe,j
∂y

is the gradient of the

basis functions in the y direction, and
∣∣∣∂φe,j∂xi

∣∣∣ is the magnitude of the gradient of the basis function.
It is worth noting that the rotation matrix is unique for each node j in element e.

Once the rotation matrix is applied to the elemental state vector, the eigenvectors and eigen-
values can be calculated using Equations 2.76 and 2.77, respectively. However, before computing
the expression in Equation 2.74, we must use the rotation matrix to rotate the result back to the
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original coordinate system. This can be done using the following expression,

∣∣∣∣∂φe,j∂xi
Ai

∣∣∣∣ =

Np∑
j=1

QT
j

(
T |Λ|T−1

)
Qj. (2.79)

where T = R(ue,q), T−1 = L(ue,q), and |Λ| = |Λ(ue,q)|. We can then compute the inverse of
stability matrix using Equation 2.73.

2.4.4 General Numerics and Solver

The SUPG code written for this work also uses an open-source suite of various data structures
and routines, PETSc [112–114], for solving large linear systems of equations that were already
expanded upon for DG in Subsection 2.2.5. In this work, we use PETSc routines that solve sys-
tems using preconditioned Krylov subspace methods. Incomplete LU factorization (ILU) with two
levels of fill was chosen as the preconditioner [115–117]. It is worth noting that when using DG,
no levels of fill in the preconditioner were necessary. However, the two levels of fill were required
to achieve convergence for most applications of the SUPG code in this work. The generalized
minimal residual method (GMRES) [118] with Gram-Schmidt orthogonalization was used for the
Krylov subspace method.
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CHAPTER 3

Adjoints and Error Estimation Approaches

This chapter reviews the three main types of error estimation approaches used in this work in the
context of steady-state problems. We first review the basic concepts of the discrete adjoint and
how adjoints can be used for error estimation, which leads to a detailed description of the adjoint-
weighted residual method and the implementation of error estimation using output-based adjoints.
Next, we introduce the concept of the entropy variables and how they can act as adjoints, which
leads to a different error estimation technique. With both the output-based adjoint and entropy
variables approaches defined, we then detail the various novel combined approaches implemented
for steady-state problems. The chapter closes with a summary of the general adaptation strategy
implemented in this work.

3.1 Discrete Adjoint

Accurate prediction of an output (e.g. drag or lift) relies on an appropriate amount of resolution
in areas of the computational domain that may not always be obvious upon visual inspection. In
hyperbolic problems, it is common for disturbances to propagate and affect areas of the solution
far downstream of their origin. Adjoints provide a way to quantify the effects of input parameters
on a particular output of interest. These inputs could be anything from flow field conditions to
geometry specifications. By computing an adjoint to measure these sensitivities, there is no need
to repeatedly solve the complete system of equations for various sets of inputs.

Consider a discretized PDE,

R(U) = 0, (3.1)

where U ∈ RN is a discrete state vector, R is the residual vector, and N is the number of dis-
crete equations. The discrete adjoint, Ψ ∈ RN , is a Green’s function that relates residual source
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perturbations to a scalar output of interest, J(U). Mathematically, this can be expressed as

ΨT =
∂J(U)

∂R(U)
. (3.2)

In other words, Ψ is a vector of sensitivities of a scalar output J(U) to the residual vector R.
A common source of residual perturbations is a change in inputs parameters, µ. Using a local
sensitivity analysis, a chain of dependence linking these inputs to the scalar output can be written
as

µ︸︷︷︸
inputs

→ R(U,µ)︸ ︷︷ ︸
residuals

→ U︸︷︷︸
state

→ J(U)︸ ︷︷ ︸
output

. (3.3)

In the context of output-based error estimation, the effects of the inputs µ on the output J(U)

are of particular interest. A straightforward way of computing these sensitivities is a forward
linearization, in which the sequence in Equation 3.3 is linearized. However, when the number of
inputs is large, resolving the forward problem for each input is computationally expensive and not
feasible for typical application purposes.

An alternate approach uses the discrete adjoint to relate the sensitivity of the inputs to the scalar
output. Using the definition of the adjoint from Equation 3.2, the sensitivity chain can be expressed
as

∂J

∂µ
=

(
∂J

∂U

)(
∂U
∂R

)(
∂R
∂µ

)
= ΨT

(
∂R
∂µ

)
. (3.4)

The adjoint approach significantly reduces the computational cost because the effects of R on J
only have to be computed once, regardless of how many times the inputs change. The effect of the
inputs on R must be computed for each perturbation, but fortunately, this is not as computationally
expensive. By separating the effects of µ on R and R on J , the computationally expensive forward
problem can be bypassed, as shown in Figure 3.1.

To derive the adjoint equation, the following chain of operations is considered when small
perturbations are assumed.

1. A small perturbation is applied to the input parameters:
µ→ µ+ δµ

2. The residual is linearized about the perturbed inputs:
R (U,µ+ δµ) = δR 6= 0 → R (U,µ) + ∂R

∂µ

∣∣
U,µδµ = δR

3. The residual is linearized about the perturbed state and inputs:
R (U + δU,µ+ δµ) = 0 → R (U,µ) + ∂R

∂µ

∣∣
U,µδµ+ ∂R

∂U

∣∣
U,µδU = 0
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Figure 3.1: Adjoint method for sensitivity analysis.

4. The output is linearized about the perturbed states:
J(U + δU) = J(U) + δJ → δJ = ∂J

∂UδU
5. Subtract step 2 from step 3 to obtain the perturbated state δU:

∂R
∂U

∣∣
U,µδU = −δR⇒ δU = −

[
∂R
∂U

]−1
δR

6. Combine results from step 5 with the output linearization in step 4 to produce the output
perturbation in terms of the residual perturbation:

δJ = ∂J
∂UδU = −∂J

∂U

[
∂R
∂U

]−1

︸ ︷︷ ︸
ΨT∈RN

δR

7. Taking the transpose of the equation for ΨT and rearranging the equation in step 6 produces
the adjoint equation: (

∂R
∂U

)T
Ψ +

(
∂J

∂U

)T
= 0. (3.5)

The nth component of Ψ directly relates how changes in the nth residual affect the output J . Given
than R(U,µ) = 0, the expression from Step 2 can be simplified to ∂R

∂µ

∣∣
U,µδµ = δR. With this new

expression, the result from Step 6 can be written as

δJ = ΨT δR→ δJ = ΨT ∂R
∂µ

∣∣∣∣
U,µ
δµ→ ∂J

∂µ
= ΨT ∂R

∂µ

∣∣∣∣
U,µ
. (3.6)

The key conclusion from the above expression is that Ψ only has to be computed once for the same
output, regardless of how many input sensitivities exist. The term ∂R

∂µ
must be computed for each
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input. However, it is far cheaper to solve for this quantity than that obtained from the expensive
forward problem, ∂R

∂U .

3.1.1 Adjoint Consistency

The discrete adjoint from Equation 3.4, Ψ, has a continuous counterpart called ψ (~x). We can
think of the N values in Ψ as expansion coefficients in an approximation of ψ using identical
basis functions used for the primal problem. The accuracy of this approximation is important for
error estimation and mesh adaptation.

Suppose the primal problem has an exact solution, uh ∈ Vh, such that

Rh(uh, vh) = 0, ∀ vh ∈ Vh, (3.7)

where Vh is the trial and test function space andRh(·, ·) : Vh ×Vh → R is the semilinear operator
that represents the weak form of the differential equation. The subscript h indicates a discretization
of the computational domain, such as a finite-element method. Consider a residual perturbation,
δRh(vh), added to the governing PDE in Equation 3.7. The adjoint ψh ∈ Vh is the sensitivity of a
scalar output J to the residual perturbation in the following relationship:

δJh ≡ Jh(uh + δuh)− Jh(uh) = δRh(ψh). (3.8)

The state and residual perturbations can be related via the following statement [73]:

R′h[uh](δuh, vh) + δRh(vh) = 0, ∀ vh ∈ Vh, (3.9)

where the prime denotes Fréchét linearization about u. Linearizing the output in Equation 3.8
and combing the result with Equation 3.9 produces the following statement that the adjoint must
satisfy: determine ψh ∈ Vh such that

R′h[uh](vh,ψh) + J ′[uh](vh) = 0, ∀ vh ∈ Vh, (3.10)

The solution of Equation 3.10 is an adjoint, ψh, which can be represented by N numbers in a
finite-dimensional space. Given the exact primal solution, u ∈ V , satisfies

R(u, v) = 0, ∀ v ∈ V (3.11)
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for an appropriately defined space V , the exact adjoint ψ ∈ V satisfies

R′[u](v,ψ) + J ′[u](v) = 0, ∀ v ∈ V . (3.12)

It is important to note thatR and J are continuous versions of semilinear form and output, respec-
tively.

The exact adjoint can be regarded as a Green’s function that relates residual source perturbations
in the original PDE to perturbations in the output, as shown in Figure 3.2. A sample adjoint solution

  

Figure 3.2: Diagram of the adjoint acting as the sensitivity of a scalar output to residual source
perturbations (Figure reproduced from [95]).

is shown in Figure 3.3 for subsonic flow over a NACA 0004 airfoil using the RANS equations. The
freestream Mach number is 0.5, the Reynolds number is 10000 and the airfoil angle of attack is
3°. The output of interest, J , is the total drag on the airfoil. The plots on the left show the
x-momentum component of the primal state, while the plots on the right show the conservation
of x-momentum component for the drag adjoint. The primal solution shows the presence of the
boundary layer near the surface of the airfoil and the wake emanating from the trailing edge. The
adjoint solution shows similar features as well, though, there are a few major differences. The most
pronounced difference is the “wake reversal” emanating from the leading edge of the airfoil and
traveling in the opposite direction of the left-to-right flow. This indicates the drag output is more
sensitive to residual perturbations upstream of the airfoil and around the stagnation streamline than
perturbations in other regions of the domain. The adjoint boundary layer and “reverse wake” are
inherent to primal-adjoint symmetry and not just unique to this problem. The propensity of the
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output-based adjoint to focus refinement on the “reverse wake” region can lead to over-refinement
of regions of the computational domain far from the airfoil. This point will be further discussed in
future chapters when entropy variables and combined approaches for error estimation are analyzed.

(a) x-momentum (zoom in) (b) x-momentum adjoint (zoom in)

(c) x-momentum (zoom out) (d) x-momentum adjoint (zoom out)

Figure 3.3: Samples of the primal solution (x-momentum component) and adjoint solution (con-
servation of x-momentum equation component) for drag output in RANS flow over a NACA 0004
airfoil. The color scales are clipped to show interesting features. In the adjoint plots, red and blue
regions highlight regions where the drag output is most sensitive to.

The discrete adjoint solution presented in Figure 3.1 can be regarded as a faithful representation
of the continuous (exact) adjoint if the discretization is consistent with the exact adjoint problem.
Primal consistency in the variational problem mandates that the exact solution of the primal state,
u satisfies the variational form of the PDE,

Rh(u, v) = 0, ∀ v ∈ Wh, (3.13)

where Wh = Vh + V = {h = f + g : f ∈ Vh, g ∈ V}. The combination of the discrete
semi-linear formRh and functional Jh is adjoint consistent if [31, 103, 119]

R′h[u](v,ψ) + J ′h[u](v) = 0, ∀ v ∈ Wh. (3.14)

Even if a discretization is not adjoint consistent, it may be asymptotically adjoint consistent if
Equation 3.14 is valid in the limit h→ 0, by which we mean the limit of uniformly increasing res-
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olution over suitably normalized v ∈ Wh. Achieving adjoint consistency is not only important for
convergence of the adjoint approximation, but also the convergence of the primal approximation.
With the continuous adjoint consistency defined, it can now be used as an important tool for output
error estimation.

3.2 Error Estimation Using Output-Based Adjoints

Given a desired engineering output, output-based error estimation methods refine areas of the mesh
important for an accurate prediction of the output. They account for error propagation effects in-
herent to convection-dominated flow simulations by targeting residuals to which the output is most
sensitive. The resulting error estimates provide confidence levels to the output calculations and can
be localized to elements to drive adaptation. These error estimations rely on the solution of the ad-
joint problem explored in the previous section, which yields (in continuous form) the adjointψ(~x).
In this section, computing output error estimates using an adjointed-weighted residual method will
be thoroughly reviewed. The approach is this section is based on [19, 24, 73, 87, 95, 100, 120].

3.2.1 Output-Based Error Estimation Definition

Since estimating the true numerical output is challenging for general nonlinear problems, error
in the output is estimated between two finite-dimensional spaces. The first space is the coarse
approximation space (VH), where the state and output are calculated. The second space is a finer
space (Vh) where the error is estimated. The output-based adjoint error estimation process relies
on two observations.

The first observation is that an approximate solution of uH will not satisfy the fine-space residual
Rh(uH , vh) 6= 0. However, if the perturbation δu ≡ uH − u is small, we can write

Rh(uH , vh) = Rh (u + δu, vh) ≈ R′h [u] (δu, vh) . (3.15)

The second observation is that the fine-space adjoint ψh translates the residual perturbation to an
output perturbation. Using Equation 3.12, we can express this mathematically as

δJ = J ′[u](δu) = −R′h[u](δu,ψh) = −Rh(uH ,ψh). (3.16)

The above expression quantifies the numerical error in the output via a weighted residual of an
approximation of the solution. We use an approximation sign in Equation 3.16 to indicate that the
equation is not exact for noninfinitesimal perturbations and is just an estimate of the numerical
error. The fine-space adjoint ψh is an approximation of ψ on the enriched finite-element space,
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Vh. To minimize the computational cost, the finer space Vh is constructed from VH by increasing
the order to p + 1 and keeping the mesh the same. The fine-space adjoint, ψh, is solved for either
exactly or approximately using an iterative smoother.

We can rewrite Equation 3.16 as

δJ ≈ −Rh (uH ,ψh −ψH) = −
∑
e∈TH

Rh (uH , (ψh −ψH)|e) . (3.17)

In the above expressions, |e denotes the restriction of an interpolated function to element e of
the triangulation TH . Note that in Equation 3.17 we use the difference between the fine-space
and coarse-space adjoints, ψh − ψH , to minimize the error due to possible p-dependence of the
residual. When Galerkin orthogonality holds, the subtraction of ψH does not impact the error
estimate or the error indicator. However, DG discretizations often exhibit p-dependence, which
refers to the presence of terms (e.g. in the BR2 stabilization) that explicitly depend on the solution
approximation order, p. In these cases, a coarse-space solution prolonged into the fine-space does
not necessarily yield zero residuals when tested with coarse-space functions, and these residuals
can pollute the error estimates. By subtracting the coarse-space adjoint fromψh, the effect of these
residuals on the error estimates is minimized [91].

A common approach for obtaining the error indicator is obtained by taking the absolute value
of the elemental contributions in Equation 3.17 via

Ee = |Rh (uH , δψh|e)| , (3.18)

where δψh = ψh − ψH . This indicator is computed separately, with absolute values, for each
equation in a system of equations and then summed together, possibly yielding a magnitude greater
than the actual output error estimate. However, such an indicator is still not an estimate for the
actual error due to the previously made approximations.

In DG, localizing the error estimate to each element to compute the elemental error indicator
from Equation 3.18 is straightforward, since each degree of freedom is associated with only one
element (see Figure 2.5b). However, in SUPG, degrees of freedom on edges and nodes are often
associated with multiple elements (see Figure 2.5a). Therefore, the adjoint-weighted residual con-
tributions to the elemental error indicator from edges and nodes need to be restricted based on how
many elements they come in contact with. This is done by equally distributing these contributions,
as shown in Figure 3.4. This distribution is based on the edge-based averaging approach for error
localization outlined in [23]. The weight for the division is equal to the inverse of the number of
elements adjacent to the structure.

50



Figure 3.4: Weights for distributing residuals and adjoint-weighted residuals from globally-
coupled SUPG degrees of freedom to elements, shown for triangles. The node weights are the
inverse of the node cardinality while the face weights are simply 1

2
.

3.2.2 Output-based Error Estimation Implementation

In this section, we will formally define the process for computing the error estimate in Equa-
tion 3.18. Recalling from Subsection 3.2.1, we estimate the error between two finite-dimensional
spaces. The first space is the coarse approximation space (VH) where the state and output are
calculated. The second space is a finer space (Vh) where the error is estimated. The equation and
output representations on these spaces are

coarse space :→ RH(UH) = 0︸ ︷︷ ︸
NH equations

→ UH︸︷︷︸
state ∈ RNH

→ JH(UH)︸ ︷︷ ︸
scalar output

fine space :→ Rh(Uh) = 0︸ ︷︷ ︸
Nh equations

→ Uh︸︷︷︸
state ∈ RNh

→ Jh(Uh)︸ ︷︷ ︸
scalar output

The output error estimate of the coarse-space solution relative to the fine-space one is

output error: δJ ≡ Jh(Uh)− JH(UH). (3.19)

One method of obtaining the fine-space solution is solving for Uh such that Rh(Uh) = 0. De-
pending on the problem, this can be an expensive and therefore impractical option. An alternative
approach is prolonging the coarse-space solution into the fine-space by increasing the solution
approximation order. This prolonged state, UH

h , can be defined as

UH
h ≡ IHh UH , (3.20)
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where IHh is the coarse-to-fine prolongation operator. Note that the state from the coarse-space
prolonged to the fine-space does not yield zero fine-space residuals,

Rh

(
UH
h

)
6= 0. (3.21)

Therefore, we solve for the prolonged coarse-space solution by computing the following perturbed
fine-space problem for U′h:

Rh (U′h)− Rh

(
UH
h

)︸ ︷︷ ︸
δRh

= 0 ⇒ U′h = UH
h . (3.22)

Using Equation 3.5, the fine-space adjoint Ψh indicates there will be a perturbation in the output,
given the inner product between the adjoint and residual perturbation,

δJ ≈ Jh (Uh)− Jh
(
UH
h

)
= ΨT

h

(
Rh (Uh)− Rh

(
UH
h

))
= −ΨT

hRh

(
UH
h

)
. (3.23)

Note that Equation 3.23 is only valid for small perturbations in U and R.
The fine-space adjoint, Ψh, in Equation 3.23 cannot be computed using a prolongation into the

fine-space as was done for the solution. Suppose we have a coarse-space adjoint, ΨH , prolonged
into the fine-space by

ΨH
h ≡ IHh ΨH . (3.24)

We define the adjoint perturbation as

δΨh ≡ Ψh −ΨH
h . (3.25)

We then rewrite Equation 3.23 as

δJ ≈ −
(
ΨH
h

)
Rh

(
UH
h

)
− (δΨh)

T Rh

(
UH
h

)
. (3.26)

The first term in Equation 3.26 is the computable correction and can be used as the sole error
estimate. However, it performs poorly, since it uses no new information from the fine-space and
is equal to zero for finite-element discretizations with Galerkin orthogonality. We can then rewrite
Equation 3.26 as

δJ ≈ − (δΨh)
T Rh

(
UH
h

)
, (3.27)

which is equivalent to Equation 3.17. Note that now we have to solve for the fine-space adjoint Ψh
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on the fine-space, which can be computationally expensive. We can solve for Ψh using a cheap
iterative smoother at the cost of accuracy, so we try to avoid that if we are only computing the error
estimate from Ψh.

Localizing the error estimate to each element e, we can compute an elemental error indicator
equal to

Ee ≈
∣∣∣(δΨh)

T Rh

(
UH
h

)∣∣∣ , (3.28)

where the total error estimate E is given by

E =
Ne∑
e=1

Ee. (3.29)

We use the absolute value elemental error contributions to avoid possible cancellations between
elements. Note that Equation 3.28 is equivalent to Equation 3.18.

3.3 Entropy Variables as an Adjoint

The previous sections presented error estimation using output-based adjoints, in which a user pre-
scribes an engineering scalar output to create an adjoint that drives mesh adaptation. This section
describes the entropy-based adjoint indicator, which instead uses entropy variables to drive the
adaptation. The areas of the mesh targeted by the entropy indicator are those regions that ex-
hibit high net production of spurious entropy. The subsequent review of the formulation of the
entropy-variable approach is based on the following references [86, 87, 121].

3.3.1 Inviscid Conservation Laws

Consider a steady-state set of inviscid conservation laws in quasi-linear form combined with a
scalar entropy conservation law,

r(u) = Ai∂iu = 0, ∂iFi = 0, (3.30)

where i is the spatial index, Ai is the inviscid flux Jacobian, u is the state vector, and Fi(u) is
the entropy flux associated with an entropy function U(u). Both the entropy function and flux
satisfy the compatibility relation UuAi = (Fi)u, where the subscripts denote differentiation. For
the convex entropy function U , the entropy variables corresponding to that function can be defined
as v = UT

u . An important characteristic of the entropy variables is that they symmetrize the
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conservation laws in the sense that [69, 109]:

• The matrix Aiuv is symmetric.

• The transformation Jacobian matrix, uv, is not only symmetric, but also positive definite.

With these properties established, the conservation law established in Equation 3.30 can be ex-
pressed as:

0 = Ai∂iu = Aiuv∂iv = uvAT
i ∂iv ⇒ AT

i ∂iv = 0. (3.31)

The reason for manipulating the conservation law to the above expression is to create the ap-
pearance of the transpose of the inviscid flux Jacobian. This indicates that the expression is a
continuous adjoint equation for an output that has no domain boundary integral contribution. In
other words, this means that the entropy variables act as adjoint solutions in the above expression.
From Subsection 3.1.1, continuous adjoints are Green’s functions that indicate how much residual
perturbations affect the scalar output J . This can be expressed in a quasi-linear form, similar to
how the conservation laws were presented in Equation 3.30, as follows:

δr = Ai∂iδu. (3.32)

Using an inner product of the adjoint with the residual perturbations, the output perturbation can
be found via the following analysis that relies on integration by parts to directly relate the output
to the transport of entropy:

δJ =

∫
Ω

vT δrdΩ

=

∫
Ω

vT Ai∂iδu︸ ︷︷ ︸
δr

dΩ. (3.33)

Using integration by parts on Equation 3.33 produces

δJ = −
∫

Ω

∂ivTAiδudΩ︸ ︷︷ ︸
=0 by Eqn.3.31

+

∫
∂Ω

vTAi︸︷︷︸
(Fi)u

δunids

= 0 +

∫
∂Ω

(Fi)uδunids

= δ

∫
∂Ω

Finids︸ ︷︷ ︸
J

 . (3.34)
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This derivation indicates that the output associated with this adjoint equation is a measure of the
net entropy transport through the domain boundary. This indicates that the entropy variables serve
as the adjoint solution to an output corresponding to the total entropy flow out of the domain. This
adjoint can be used in Equation 3.18 to produce an error indicator driven by areas of the mesh
with spurious entropy generation, i.e. those that are important for the prediction of the net entropy
outflow.

3.3.2 Viscous Conservation Laws

Now we consider a set of viscous conservation laws in quasi-linear form combined with a scalar
entropy conservation law,

r(u) = Ai∂iu− ∂i (Kij∂ju) = 0, (3.35)

where i is the spatial index, Ai∂iu is the inviscid flux and−Ki,j∂ju is the viscous flux. The entropy
variables are still defined as v = UT

u and the two assumptions regarding how they symmetrize the
conservation laws defined in Subsection 3.3.1 still hold. In addition, the entropy variables v also
symmetrize Kij , in the sense that K̃ij = K̃

T
ji, where K̃ij = Kijuv [109]. Substituting ∂iu = uv∂iv

into Equation 3.35, along with taking the transpose, yields the following equation for the entropy
variables,

∂ivTAiuv − ∂i
(
∂jvT K̃ji

)
= 0. (3.36)

Due to the sign of the second term being negative, this is no longer a strict mathematical adjoint to
the primal equation. The entropy variables still represent the sensitivity between the scalar output
and residual perturbations, although the output is not solely the net transport of entropy through the
domain boundary as it was in Equation 3.34. It now includes terms related to viscous dissipation.

From the viscous conservation law in Equation 3.35, changes in the state and the residual are
related via

δr = Ai∂iδu− ∂i (Kij∂jδu) . (3.37)

Just as in the previous subsection, the output perturbation can be found by starting with an inner
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product of the adjoint with the residual perturbations expressed in Equation 3.37 as follows:

δJ =

∫
Ω

vT δrdΩ

= −
∫

Ω

∂ivTAiδudΩ +

∫
∂Ω

vTAiδunids+

∫
Ω

∂ivTKij∂jδudΩ−
∫
∂Ω

vTKij∂jδunids.

(3.38)

The second term in the above equation can be directly related to results from Equation 3.34 to
produce

δJ = −
∫

Ω

∂ivTAiδudΩ + δ

[∫
∂Ω

Finids

]
+

∫
Ω

∂ivTKij∂jδudΩ−
∫
∂Ω

vTKij∂jδunids. (3.39)

Using the relation ∂iu = uv∂iv and Equation 3.36, the above expression can be further modified to
produce

δJ = −
∫

Ω

∂i(∂jvT K̃ji)δvdΩ + δ

[∫
∂Ω

Finids

]
+

∫
Ω

∂ivTKij∂jδvdΩ−
∫
∂Ω

vTKij∂jδvnids. (3.40)

Integrating the first term in the above equation by parts and performing further grouping and sim-
plifications yields

δJ = δ

[∫
∂Ω

Finids

]
+

∫
Ω

(
∂ivT K̃ij∂jδv + ∂iδvK̃ij∂jv

)
dΩ

−
∫
∂Ω

(
vT K̃ij∂jδv + δvT K̃ij∂jv

)
nids

= δ

[∫
∂Ω

Finids+

∫
Ω

∂ivT K̃ij∂jvdΩ−
∫
∂Ω

vT K̃ij∂jvnids
]
. (3.41)

Consequently, the entropy variables act as an adjoint for the output

J =

∫
∂Ω

Finids+

∫
Ω

∂ivT K̃ij∂jvdΩ−
∫
∂Ω

vT K̃ij∂jvnids. (3.42)

Each of the terms in the above equation has its own physical meaning, as shown in Figure 3.5. The
first term is simply the convective outflow of entropy across the domain boundary. The second
term is the generation of entropy due to viscous dissipation within shear layers, vortices, or across
shocks, while the third term is the entropy diffusion across the boundary.
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Spurious entropy 
generation

Entropy 
convecting out

Entropy 
convecting in

Figure 3.5: Output associated with the adjoint equation when using entropy variables.

3.3.3 Entropy Function

The entropy function that yields entropy variables that symmetrize both the inviscid and viscous
terms in the compressible Navier-Stokes equations (with heat-conduction included) is unique up
to additive and multiplicative constants [109],

U = −ρS/ (γ − 1) , S = ln p− γ ln ρ, (3.43)

where p is the pressure, ρ is the density, γ is the ratio of specific heats, and S is the physical
entropy. Differentiating U with respect to the conservative state u yields the entropy variables,

v = UT
u =

[
γ − S
γ − 1

− 1

2

ρV 2

p
,
ρui
p
, −ρ

p

]T
, (3.44)

where V 2 = uiui is the square of the velocity magnitude, p = (γ − 1)(ρE − ρV 2/2) is the
pressure, andE is the total energy per unit mass. The entropy variables are obtained via a nonlinear
transformation of the conservative variables. The corresponding entropy flux function is Fi = uiU .

Adapting on J using the entropy variables as adjoints constitutes output-based adaptation. Since
entropy variables can be computed on the fine-space directly from the state, adapting using entropy
variables instead of the output-based adjoint is far less computationally expensive. However, this
indicator does not disregard areas of spurious entropy generation that do not affect a particular en-
gineering output. This may lead to over-refinement, particularly for cases with flow discontinuities
or unresolved features that propagate downstream (e.g. vortices).
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3.3.4 Error Estimation Using Entropy Variables

With the entropy variables v known, an entropy transport equation can be derived from the Navier-
Stokes equations [51, 87, 122]:

∂iFi + ∂ivTKij∂ju− ∂i
(
vTKij∂ju

)︸ ︷︷ ︸
vT r(u)

= 0. (3.45)

The residual of this equation indicates how well the entropy transport equation is satisfied. Taking
the inner product of the residual in Equation 3.35 with the entropy variables yields the entropy
transport equation. This means that the entropy-variable weighted primal residual used for the
output error estimate in Section 3.2 is the entropy residual. The adaptive error indicator based on
entropy variables can be obtained by substituting the fine-space output-based adjoint, ψ, with the
entropy variables computed on the fine-space, vh in Equation 3.18 as follows

Ee = |Rh (uH , δvh|e)| . (3.46)

To compute the entropy variables on the fine-space, in this work, the state uH is computed on
a finer approximation space, uh ∈ Vh using a least-squares projection. From there, the entropy
variables are computed from that state on the fine-space using Equation 3.44.

3.4 Combined Approach in Steady Simulations

In this section, the combined approach is explored for steady-state simulations. There are three
different methodologies used to combine the indicators. In the first approach, one error indicator
is obtained from the fine-space output-based adjoint using Equation 3.18 and another is obtained
with entropy variables on the fine-space using Equation 3.46. Those indicators are obtained for
each element and multiplied together to yield a new error indicator. In the second approach, the
error indicator based on the output-based adjoint is computed using the adjoint calculated on the
coarse-space. No fine-space adjoint is computed. The last approach involves implementing a mask
on the indicator obtained using entropy variables. The mask is obtained using the aforementioned
error indicator obtained on the coarse-space. The details in this section borrow from the discussion
included in the following reference [121].

3.4.1 Combined Approach Using a Fine Output-based Adjoint

In this version of the combined approach, indicators are obtained seperately using the fine-space
adjoint, ψh, and the fine-space entropy variables, vh, and then combined through direct, elemental
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multiplication. For an element e, we can express that mathematically using the elemental indicators
obtained from Equation 3.18 and Equation 3.46 via

Ee,combined = Ee,output · Ee,entropy, (3.47)

where Ee,output is the elemental indicator obtained using the output-based adjoint and Ee,entropy is the
elemental indicator obtained using the entropy variables.

The decision to combine the indicators through multiplication is not the only choice, as a certain
amount of heuristics is involved. There are many possible options beyond simple multiplication.
The two indicators could have simply been combined using addition. However, elemental multi-
plication was chosen instead of addition in order to only target adaptation regions of the domain
important to both indicators. Both the indicators based on the output-based adjoint and the indi-
cators based on entropy variables overreact and are susceptible to spurious refinement. However,
these regions are not always shared between the two approaches. By multiplying the indicators
together, purely spurious regions of one indicator do not dominate. Mathematical addition of the
indicators would not do this well: e.g. in the limit of one indicator going to zero, an element could
still be refined if the other indicator was high. Another drawback of addition is the mixing of units.

While multiplication was always performed to generate the final combined indicator, various
modifications for obtaining the two indicators were tested. These modifications were made in the
interest of improving adaptive efficiency and reducing the overall computational cost.

3.4.2 Combined Approach Using a Coarse Output-Based Adjoint

The computation of the error indicator in Equation 3.18 requires computing a fine-space output-
based adjoint ψh on a finer finite-dimensional space, Vh. The details of why this is necessary to
compute an accurate output-based error estimate were discussed in Subsection 3.2.2. Unfortu-
nately, this computation of the fine-space adjoint is expensive and makes the combined approach
discussed in Subsection 3.4.1 even more expensive than the typical output-based adjoint approach.

To minimize the cost of this step, a new approach to combining the indicators is implemented in
which no fine-space output-based adjoint is computed. Instead, the output-based adjoint at the cur-
rent approximation order is projected down one order from VH to VH̃ and then prolonged back up
one order to VH before obtaining the output-based indicator. This can be expressed mathematically
as

ΨH̃
H ≡ IH̃HIH

H̃
ΨH , (3.48)

where ΨH̃
H is the projected adjoint at the approximation space VH̃ . Therefore, no new fine-space
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adjoint needs to be obtained since the fine-space is now at the original approximation order, i.e.
in VH . We still subtract the output-based adjoint at the coarser space, VH̃ , from the output-based
adjoint at the current approximation space, VH , to eliminate pollution from p-dependence of the
weak form and non-converged residuals. This leads to the following modified output-based adjoint

δΨH ≡ ΨH −ΨH̃
H . (3.49)

We then use this modified output-based adjoint to solve for the elemental error indicator in Equa-
tion 3.28,

Ee,output ≈
∣∣∣(δΨH)T RH

(
UH̃
H

)∣∣∣ , (3.50)

where UH̃
H is the projection of the primal from the space H at order p, to space H̃ at order p − 1,

and then back up to space H at order p. This step is necessary since the residual RH of the current-
space solution UH is equal to zero. By projecting the state down to order p − 1 and then back up
to order p, we obtain an approximation for the error in the state that allows us to find the elemental
error indicator in Equation 3.50.

The entropy variables on the fine-space, vh, are still used to obtain the entropy-based indicator.
These two indicators can be combined as in Equation 3.47 despite the fact they are not computed
using adjoints at the same approximation space. This is possible because Equation 3.18 includes
the restriction of the adjoints to the elements in the current approximation space, VH . Since the
output-based indicator should still target similar general regions of the domain where more refine-
ment is necessary, this less-expensive approach should ideally not lead to significant deterioration
of the adaptive performance.

3.4.3 Combined Approach Using a Mask

Since the error indicator based on the output-based adjoint in the combined approach from the
previous subsection was not obtained on a finer computational space, pollution of the indicator is
possible. To mitigate this issue, an additional approach is detailed in this subsection that relies
on the addition of a mask on the entropy-based adjoint. The purpose of the mask is to limit the
weight of the entropy indicator on the mesh adaptation so that the output-based indicator carries
more weight. This is accomplished by creating an element-based refinement indicator, i.e. a mask,
based on the output-based adjoint error indicator. This mask, µe, is a vector that is the same size
as the output-based indicator Ee,output. The mask is created by examining the relative magnitude
of the indicator for each element. Using a user-specified percentage, a subset of the output-based
indicator is created. For example, if the user wishes to apply a 25% mask on the entropy-based
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indicator, µe is created from the output indicator: it consists of 1 for the 25% elements with the
largest Ee,output, and 0 for all other elements. The subset of Ee,output whose relative magnitude falls
in the top 25% will be assigned to the mask set, as Emask. The mask is then created by looping over
all of the elements and setting the magnitude of the indicator to 1 if the elemental indicator falls
within the subset Emask and 0 if it does not. This can be expressed mathematically as

µe =

1 if Ee,output ⊂ Emask

0 if Ee,output 6⊂ Emask.
(3.51)

The mask is then multiplied by the entropy-based indicator in an element-wise fashion to obtain
the final indicator that ultimately governs the mesh adaptation,

Ee,combined = µe · Ee,entropy. (3.52)

The reason for using a masking approach is that the mask should eliminate elements targeted by the
entropy-based indicator which have little influence on the desired engineering output, regardless
of the magnitude of the entropy-based indicator on these elements. This will lead to a different set
of elements chosen for refinement compared to the standard approach in Equation 3.47.

3.5 Adaptation Strategy

The previous three sections outline the different processes used in this work to generate localized
error estimates on each element of the mesh. A meshing algorithm then uses these error estimates
to iteratively modify the mesh to equidistribute (and ultimately decrease) the total error. The fol-
lowing is a sequential breakdown of the various steps implemented for each adaptive iteration for
steady-state simulations:

1. Solve the primal problem RH (UH) = 0 on the initial mesh at order p to obtain the coarse-
space solution UH . Use the solution process outlined in Subsections 2.2.4 and 2.2.5.

2. If the adaptation depends on an engineering output, first solve for the output JH(U). Then,
solve the coarse-space adjoint problem:(

∂RH

∂UH

)T
ΨH +

(
∂JH
∂UH

)T
= 0.

3. Prolong the coarse-space solution to the fine-space:

UH
h ≡ IHh UH .
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4. Prolong the coarse-space adjoint to the fine-space:

ΨH
h ≡ IHh ΨH .

5. Solve for the fine-space residuals using the prolonged solution, Rh

(
UH
h

)
.

6. If the adaptation depends on an engineering output, solve or iterate the fine-space adjoint
problem to obtain Ψh: (

∂Rh

∂Uh

)T ∣∣∣∣
UH
h

Ψh +

(
∂Jh
∂Uh

)T ∣∣∣∣
UH
h

= 0.

If the adaptation depends on entropy variables, compute vh (Uh) using Equation 3.44 by
either solving the fine-space problem exactly or iteratively smoothing νfine times to obtain
Uh.

7. On each element calculate the adaptive indicator, Ee, using Equation 3.28 with Ψh if the
adaptation depends on an engineering output, or vh if the adaptation depends on entropy
variables. For the combined approach, compute indicators based on both the output adjoint
and the entropy variables, and then combine them (e.g. via an element-wise multiplication)
to obtain a new indicator.

8. Refine the mesh on the elements with the largest indicator using one of the strategies outlined
in Chapter 5.

9. Initialize the solution on the adapted mesh with the solution from the previous mesh and
return to the first step in this process.

A graphical representation of the aforementioned process for computing the error indicator is
outlined in Figure 3.6 for subsonic flow over a NACA 0012 airfoil using the RANS equations. The
freestream Mach number is 0.5, the Reynolds number is 5000, and the airfoil angle of attack is
1°. The output of interest, J , is the total drag on the airfoil. In this example, the output-based
adjoint approach is used to compute the error indicator. Since the solution UH is converged, the
residuals in Figure 3.6b are zero. By prolonging the state into the fine space, we uncover fine-space
residuals that can be used to compute the elemental error indicators. In Figure 3.6d, the fine-space
residuals are particularly high near the top and bottom surface of the airfoil. Since the adjoint is
sensitive there as well (as visible in Figure 3.6e), the elements within these regions are marked
for refinement. Consequently, the magnitude of the error indicator for these elements is high, as
shown in Figure 3.6f.
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(a) Coarse-space state, UH (b) Coarse-space residual, RH (UH)

(c) Prolonged state, UH
h (d) Fine-space residual, Rh

(
UH
h

)

(e) Fine-space adjoint, Ψh (f) Error Indicator, Ee

Figure 3.6: Summary of the error estimation process using the output-based adjoint approach for
M∞ = 0.5, α = 1°, Re = 5000 flow over a NACA 0012 airfoil.
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CHAPTER 4

Unsteady Adjoint and Error Estimation

This chapter is analogous to Chapter 3 in that the chapter’s primary focus is to review the three
error estimation approaches previously outlined. However, the context of this chapter is unsteady
problems. We begin with an overview of the unsteady discrete adjoint and how its computation
contributes to significant computation cost. This leads to a discussion of the continuous-in-time
output-based adjoint and how it can be used to compute both spatial and temporal errors. A detailed
discussion of a cost model that determines how to distribute those errors for the mesh adaptation
follows. Next is a detailed description of how entropy variables can act as an adjoint, this time
in the context of unsteady conservation laws. The chapter concludes with a review of the various
novel combined approaches for unsteady simulations and how they incorporate the spatial and
temporal errors indicators into the respective combination logic for each approach.

4.1 Unsteady Output-based Adjoint

In Section 3.1, the steady-state discrete adjoint was derived starting from the general residual
equation R(U) = 0, see Equation 3.1. To derive the unsteady discrete adjoint, we start from a
semi-discrete form of the equation where the PDE has already been discretized in space:

M
dU
dt

+ R(U) = 0, (4.1)

where M ∈ RN×N is the mass matrix,

Mij = Is
∫

Ω

φiφjdΩ. (4.2)

In the above equation, Is ∈ Rs×s is the identity matrix and 1 ≤ i, j ≤ N encompass all global
degrees of freedom. To discretize the unsteady term in Equation 4.1, we assume (for simplicity) a
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backward Euler method, which can be written as

dU
dt
≈ Um − Um−1

∆t
, (4.3)

where δt is the time step. Using this approximation, the fully-discrete form representing the un-
steady residual associated with the mth temporal degree of freedom can be expressed as

M
Um − Um−1

∆t
+ R (Um)︸ ︷︷ ︸

R̄m
(U)

= 0, (4.4)

where R̄m is the unsteady residual at tm. Starting from an initial time of t = t0, several tempo-
ral iterations are required before the unsteady residual, R̄(U), drops below a given tolerance, in
magnitude. These Nt unsteady residual vectors must be driven to zero sequentially, requiring a
computation of the Newton-Raphson method, outlined in Subsection 2.2.5, at each step.

Using a local sensitivity analysis similar to that in Equation 3.3, a chain of dependence between
inputs and the scalar output can be written as

µ︸︷︷︸
inputs

→ R̄m
(U,µ)︸ ︷︷ ︸

residuals

= 0→ U︸︷︷︸
state

→ J(U)︸ ︷︷ ︸
output

. (4.5)

The process used to derive the discrete steady adjoint in Section 3.1 can also be used for the
unsteady adjoint derivation. The only difference is that the state vectors are much larger since they
include the temporal components (U ∈ RN×Nt). The unsteady adjoint equation can be written
as [95]

Nt∑
m=1

(
∂R̄m

∂U

)T
Ψm +

(
∂J

∂U

)T
= 0. (4.6)

Due to the transpose on the unsteady Jacobian matrix in Equation 4.6, the ideal approach is solving
the adjoint system by marching backwards in time. Given a backwards Euler temporal discretiza-
tion, the unsteady Jacobian, ∂R̄m

/∂U, and its transpose will look like (∗ = N ×N block),
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∂R̄m

∂U
=

Primal Unsteady Jacobian

∗
∗ ∗
∗ ∗
∗ ∗
∗ ∗
∗ ∗
∗ ∗


(
∂R̄m

∂U

)T
=

Adjoint Unsteady Jacobian

∗ ∗
∗ ∗
∗ ∗
∗ ∗
∗ ∗
∗ ∗
∗


Since the adjoint Jacobian is zero below the main diagonal, backward substitution is the neces-
sary strategy for solving the temporal discretization. Note that the primal state is required for
the computation of both primal and adjoint unsteady Jacobians. Therefore, the adjoint cannot be
computed until an approximation of the primal state U is known. For this reason, the state must
either be stored to the disk or recomputed for every backward time step in the approximation of the
unsteady adjoint. Once the unsteady adjoint solution is known, the sensitivities can be calculated
as

∂J

∂µ
=

Nt∑
m=1

(Ψm)T
(
∂R̄m

∂µ

)
. (4.7)

It is obvious from the analysis in this section that unsteady problems create significant imple-
mentation challenges and computational costs for output-based methods since the solution of the
unsteady adjoint in Equation 4.6 must be marched backward in time. Since the adjoint requires the
linearization of the state at each time step, there is a significant increase in the computational cost
for both storage and computational time.

4.2 Error Estimation Using Unsteady Output-Based Adjoints

In this section, we describe an unsteady output-based error estimation approach using a continuous-
in-time adjoint and mesh optimization technique that relies on the separation of the error between
spatial and temporal discretizations. Many previous works [79, 83–85, 96] use a variational dis-
cretization, namely the finite element method in space and time, where the discrete adjoint from
Equation 4.6 is obtained systematically from the primal system by transposing the operator. How-
ever, these methods are expensive and not as common as multi-step and multi-stage integrators.
Recall from Section 3.2, that computing the continuous adjoint for steady-state simulations was
essential for computing output-error estimates. Without a clear connection between the discrete
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and continuous adjoint for unsteady problems, it can be difficult to compute the adjoint-weighted
residual error estimate.

Instead of using variational time-marching methods, this work relies on multi-step and multi-
stage methods (see Appendix C) for solving time integration of unsteady problems. These methods
are beneficial due to their relatively lower computational cost and overall ease of implementation.
They are particularly advantageous in the context of unsteady error estimation because they accom-
modate continuous-in-time adjoints. The focus of this section is the derivation of the continuous,
unsteady output-based adjoint how it can be used for error estimation. A detailed description of
how the error contributions are separated between temporal and spatial components and how they
can be used to optimize the spatial mesh is also included. The details in this section are primarily
based on [106, 123].

4.2.1 Continuous, Unsteady Outut-Based Adjoint

The backward-in-time propagation of the unsteady adjoint information can also be revealed by
analysis of the continuous unsteady adjoint. Recalling from Subsection 3.3.1, a continuous ad-
joint is a Green’s function that relates residual source perturbations in the original equation to an
associated output of interest. Consider an unsteady output of the form

J̄ ≡
∫ Tf

0

J(U(t), t)dt+ JTf (U(Tf )), (4.8)

where J and JT are functionals of the spatial distribution of the state via the discrete coefficients
U. It is important to note that JTf is the function of only the final-time state, U(Tf ). To derive the
unsteady adjoint equation, a Lagrangian is defined as

L ≡ J̄ +

∫ Tf

0

ΨT R̄dt = J̄ +

∫ Tf

0

ΨT

(
M
dU
dt

+ R(U)

)
dt. (4.9)

Integrating the first term in the integral by parts, substituting the unsteady form of the output from
Equation 4.8, and forcing stationarity of the Lagrangian with respect to allowable state variations,
δU, yields

dJTf
dU

δU
∣∣∣∣
t=Tf

+ ΨTMδU
∣∣∣∣
t=Tf

−ΨTMδU
∣∣∣∣
t=Tf

+

∫ Tf

0

[
∂J

∂U
− dΨT

dt
M + ΨT ∂R

∂U

]
δUdt = 0.

(4.10)

Since the initial condition on the primal state fully constrains the state, meaning δU = 0 at t = 0,
the middle term falls out. After taking the transpose of the time integrand term, we are left with
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the unsteady adjoint equation,

−M
dΨ

dt
+
∂R
∂U

T

Ψ +
∂JT

∂U
= 0, (4.11)

subject to the terminal condition

Ψ(Tf ) = −M−1
d
(
JTf
)T

dU
. (4.12)

The terminal condition makes it necessary to solve for the adjoint backward in time using any
time-integration scheme. We can define a reverse time variable, τ = Tf − t, in order to rewrite
Equation 4.11 as

M
dΨ

dτ
+
∂R
∂U

Ψ +
∂JT

∂U
= M

dΨ

dτ
+ RΨ(U,Ψ) = 0, (4.13)

where RΨ is the adjoint residual. We can solve Equation 4.13 backward in time for the adjoint
using the same techniques we used to solve for the primal state, which are documented in Ap-
pendix C.

4.2.2 Output Error Estimation

Given a particular engineering output, J̄ , the adjoint solution can be used to estimate numeri-
cal errors and drive the mesh adaption using the adjoint-weighted residual method from Subsec-
tion 3.2.2. For unsteady simulations, both the temporal and spatial errors must be quantified. De-
noting by UH(t) the approximate primal solution obtained from a given time integration method
and time step size, we can use the unsteady adjoint solution Ψ(t) to estimate the error in J̄ ,

δJ̄ = J̄ (UH)− J̄ (U) ≈ ∂J̄

∂U
δU ≈ −

∫ Tf

0

ΨT R̄(UH)dt, (4.14)

where δU ≡ UH − U is the error in the state and R̄(UH) ≈ ∂R̄
∂U(δU) is the generally nonzero

unsteady residual obtained from the approximate primal. The fine-space adjoint Ψh is calculated
using a high-order time integration method, denoted by the subscript h. In this work, we use
DIRK3 or DIRK4. Numerical error due to the spatial discretization is measured by refining the
spatial discretization. This is done by increasing the spatial approximation order of the discretiza-
tion by one.

Denoting UH
h (t) as the prolongation of the primal from space H to space h, the unsteady output
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error can be estimated through an adjoint-weighted residual,

δJ̄ ≈ −
∫ Tf

0

ΨT
h R̄h(UH

h )dt. (4.15)

In the spatial domain, the prolongation from spaceH to space h is done by a prolongation to higher-
order: p → p + 1. Note that just as was done for the steady-state problem, the fine-space adjoint
Ψh has the coarse-space adjoint prolonged to the fine-space, ΨH

h , removed from it. It is worth
mentioning that the form of the unsteady output error estimate in Equation 4.15 is almost identical
to the steady output error estimate in Equation 3.27, the only difference being the temporal integral.
The integral in Equation 4.15 is a summation of integrals over time intervals, each evaluated using
quadrature. Temporal reconstruction, which was already discussed in Subsection 2.3.2, of the
fine-space adjoint produces the adjoint at the quadrature points.

4.2.3 Error Localization

The error estimate in Equation 4.15 is a time integral of an inner product between vectors contain-
ing spatially-local data specific to each element. The output error can be written as

δJ̄ ≈ −
∫ Tf

0

ΨT
h R̄h(UH

h )dt =
Nt∑
n=1

Ne∑
e=1

∫ tn

tn−1

−ΨT
h,eR̄h,e

(
UH
h

)
dt︸ ︷︷ ︸

Ene

, (4.16)

where Nt is the number of time steps, Ne is the number of elements, and the subscript e on the
adjoint and residual denotes restriction to the element e. The contribution to the overall error
estimate at time step n, Ene , is available for each element. The temporal error contribution can be
calculated using a spatially down-projected adjoint [36],

En,time
e = −

∫ tn

tn−1

(
IhHΨh,e

)T R̄H,e(UH)dt, (4.17)

where IhH is a least-squares spatial projection operator from order pe + 1 to order pe on element
e. Note that the residual in Equation 4.17 is still computed using the fine time-integration method.
The temporal error is then used to calculate the elemental spatial error at each time step via

En,space
e ≡ Ene − En,time

e . (4.18)
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The aggregated temporal and spatial errors are then given by the sum over all of the elements and
time slabs:

δJ̄ time =
Nt∑
n=1

Ne∑
e=1

En,time
e , δJ̄ space =

Nt∑
n=1

Ne∑
e=1

En,space
e = δJ̄ − δJ̄ time. (4.19)

Often in adaptation conservative error estimates of the localized errors are used in order to avoid
noise caused by coincidental cancellation of errors. These expressions are almost identical to those
in Equation 4.19, the only difference being the inclusion of absolute values:

εtime ≡
Nt∑
n=1

∣∣∣∣∣
Ne∑
e=1

En,time
e

∣∣∣∣∣ , εspace ≡
Ne∑
e=1

εspace
e , εspace

e =

∣∣∣∣∣
Nt∑
n=1

En,space
e

∣∣∣∣∣ . (4.20)

4.2.4 Mesh Optimization

With the spatial and temporal error estimates known for a given mesh, the subsequent step is de-
termining how to best allocate the degrees of freedom based on those error estimates. The method
used in this work is based on the unsteady mesh optimization procedure introduced in [106], which
relies on the aggregated output-based error estimates from Subsection 4.2.3 and a cost model based
on the total number of spatial and temporal degrees of freedom. This simplistic cost model uses
a measure based only on the total number of space-time degrees of freedom. It equally treats the
options of increasing temporal degrees of freedom by adding more time steps or increasing the
spatial degrees of freedom by increasing the resolution of the mesh, in as much as these affect the
total number of degrees of freedom. For a given mesh, the total number of space-time degrees of
freedom, C, is given by the product of both the temporal, C time, and spatial, Cspatial, degrees of
freedom:

C ≡ CspaceC time, Cspace ≡
Ne∑
e=1

n(pe), C time ≡ Ntnr, (4.21)

where n(pe) is the total number of spatial degrees of freedom per element, and nr is the number
of system solutions for non-variational time integrators. For example, nr = nstages for the DIRK
schemes.

The total error is found using a simple additive model of spatial and temporal errors,

|δJ̄ | = |δJ̄ space|+ |δJ̄ time|. (4.22)
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We assume an a priori relationship between both sets of errors and their degrees of freedom,

|δJ̄ space| ∝ (Cspace)−(p+1)/d, |δJ̄ time| ∝ (C time)−r−1, (4.23)

where p is the average spatial order of the mesh, r is the order of accuracy of the time integration
scheme, and d is the number of dimensions.

Growth factors f space and f time in the spatial and temporal degrees of freedom, respectively, are
used for each adaptive iteration to govern the relative change in cost:

Cspace = Cspace
0 f space, C time = C time

0 f time, (4.24)

where the subscript 0 implies the degrees of freedom of the current mesh. The growth factors
are chosen so that the marginal error to cost ratio in both space and time is relatively the same.
This means that for each adaptive iteration, either the spatial or temporal degrees of freedom will
increase. In addition, the number of degrees of freedom can decrease, leading to a coarsening of
the mesh.

Using Equation 4.23, the corresponding changes in the errors can be written as

|δJ̄ space| = |δJ̄ space
0 |(f space)−(p+1)/d, |δJ̄ time| = |δJ̄ time

0 |(f time)−r−1. (4.25)

Using equal marginal error cost ratios, λspace = λtime, we can relate f time and f space:

λspace ≡ ∂(δJ̄)

∂f space

[
∂C

∂f space

]−1

, λtime ≡ ∂(δJ̄)

∂f time

[
∂C

∂f time

]−1

. (4.26)

To enable a solution for both f space and f time, a constraint is imposed on the growth of the total
degrees of freedom: f spacef time = f tot. In [106], f tot was a user-prescribed growth rate. This
leads to an increase in total degrees of freedom allocation for each adaptive iteration. This make
a comparison of methods at the same degrees of freedom difficult if the number of degrees of
freedom drifts during adaptation.

In this work, we use a user-prescribed degrees of freedom target, rather than a user-prescribed
rate. For each adaptive iteration, we calculate f tot by taking the degrees of freedom target divided
by the current number of degrees of freedom. This allows us to use one expression for both f space

and f time in terms of f tot to determine the cost allocation for each iteration. Whereas this leads to a
relative increase in degrees of freedom for each adaptive iteration in the aforementioned reference,
the total degrees of freedom always move closer to the user-prescribed target in this approach. The
aforementioned expression is calculated by substituting the aforementioned error and cost models

71



into Equation 4.26 to produce

f space = f time =

[
d(r + 1)

p+ 1

|δJ̄ time|
|δJ̄ space|

(f tot)1+(p+1)/d

] 1
r+3+(p+1)/d

. (4.27)

4.3 Entropy Variables as Unsteady Adjoints

In Section 3.3, a detailed analysis of inviscid and viscous conservation laws demonstrated that
entropy variables could be used instead of an output-based adjoint for error estimation in the con-
text of steady-state simulations. Using entropy variables is advantageous since the computation
of the entropy variables in Equation 3.44 requires no expensive fine-space adjoint problem. This
same logic holds for unsteady simulations. The potential computational benefit of using entropy
variables is even more significant for unsteady simulations, given that the fine-space output-based
adjoint computed using Equation 4.6 must be computed at each time step.

In this section, we derive the entropy adjoint expression for both inviscid and viscous unsteady
conservation laws, as was accomplished in Section 3.3 for steady-state conservation laws. The
section concludes with a brief review of how entropy variables replace the output-based adjoints
in the error estimation process from Section 4.2. The review of the entropy-variable approach for
unsteady simulations originates from the following references [123, 124].

4.3.1 Unsteady Inviscid Conservation Laws

In the context of unsteady simulations, the scalar entropy conservation law from Equation 3.30
now has an unsteady component, as shown in the following expression,

Ut + ∂iFi = 0, (4.28)

where Fi(u) is the entropy flux associated with the entropy function U(u). The quasi-linear, invis-
cid conservation law in Equation 3.30 can be written in an unsteady form as

r̄(u) = ∂tu + Ai∂iu = 0. (4.29)

For the entropy function U(u), we can continue to define the entropy variables as v = UT
u . Using

the same symmetry properties and compatibility relations from Subsection 3.3.1, the unsteady,
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inviscid conservation law can be manipulated in the following fashion:

0 = ∂tu + Ai∂iu

= uv∂tv + Aiuv∂iv

= uv∂tv + (Aiuv)
T∂iv

= uv∂tv + uTv AT
i ∂iv

= uv∂tv + uvAT
i ∂iv. (4.30)

Using the property that uv is symmetric and positive definite, the above equation can be multiplied
by u−1

v to yield

∂tv + AT
i ∂iv = 0. (4.31)

The output associated with the above equation can be derived by regarding the adjoint as a Green’s
function sensitivity to residual source perturbations, just as was done in Subsection 3.3.1. From
the inviscid conservation law in Equation 4.29, changes in the state and the unsteady residual are
related via

δr̄ = ∂tδu + Ai∂iδu. (4.32)

The output perturbation can be found using an inner product of the adjoint with the unsteady
residual perturbations, which is shown in the following analysis:

δJ =

∫ Tf
∫

Ω

vT δr̄dΩdt

=

∫
Ω

vT (∂tδu + Ai∂iδu)︸ ︷︷ ︸
δr̄

dΩ. (4.33)

Using integration by parts on Equation 4.33 and the results from Equation 4.30 produces

δJ =

∫ Tf
∫
dΩ

vTAiδunidSdt+

[∫
Ω

vT δudΩ

]Tf
0

. (4.34)

Using the relations vTAiδu = (Fi)uδu = δFi and vT δu = Uuδu = δU , we get an expression for
the output

J =

∫ Tf
∫
∂Ω

Fini +

[∫
Ω

U

]Tf
0

+ constant. (4.35)
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The integral
∫ ∂T reduces to an evaluation at t = Tf up to an arbitrary constant since the initial

conditions prescribe u at t = 0. The first term is the net outflow of the entropy function U from
Equation 3.43 through the domain boundary integrated over the entire temporal domain. The
second term is the net increase of the entropy function integrated over the spatial domain Ω from
t = 0 to t = Tf .

4.3.2 Unsteady Viscous Conservation Laws

The unsteady second-order viscous conservation laws can be written in the following quasi-linear
form:

r̄(u) = ∂tu + Ai∂iu− ∂i (Kij∂ju) = 0, (4.36)

where Ai∂iu is the inviscid flux and −Kij∂ju is the viscous flux, just as in Equation 3.35 in
Subsection 3.3.2.

All of the assumptions in Subsection 3.3.2 regarding how the entropy variables symmetrize
the steady conservation laws and the viscous flux Jacobian matrix Kij are still valid for unsteady
viscous conservation laws. Substituting ∂iu = uv∂iv into Equation 4.36 and taking the transpose
yields the following equation for the entropy variables,

∂tvTuv + ∂ivTAiuv − ∂i
(
∂jvT K̃ji

)
= 0. (4.37)

As before, this is no longer a strict mathematical adjoint due to the sign of the third term being
negative. However, the entropy variables still act as an adjoint since they represent the sensitivity
of a particular output to residual perturbations.

From unsteady viscous conservation law in Equation 4.36, we can relate the changes in the state
and the unsteady residual via

δr̄ = ∂tδu + Ai∂iδu− ∂i (Kij∂jδu) . (4.38)

As in Subsection 4.3.1 for the inviscid conservation laws, the output perturbation can be found by
starting with an inner product of the adjoint with the unsteady residual perturbations expressed in
Equation 4.38 as follows:

δJ =

∫ Tf
∫

Ω

vT δr̄dΩdt

=

∫
Ω

vT (∂tδu + Ai∂iδu− ∂i (Kij∂jδu))︸ ︷︷ ︸
δr̄

dΩ. (4.39)
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Using the aforementioned properties of the entropy variables and the results from Subsec-
tions 3.3.2 and 4.3.1, the entropy variables serve as an adjoint solution for an output that takes
the form of

J =

∫ Tf
∫
∂Ω

FinidSdt+

∫ Tf
∫

Ω

∂ivT K̃ij∂jv dΩ dt

−
∫ Tf

∫
∂Ω

vT K̃ij∂jvni dS dt+

[∫
Ω

UdS

]Tf
0

. (4.40)

The first term in Equation 4.40 is the net outflow of entropy (U ) through the spatial domain bound-
ary, integrated over time. The second term is the generation of entropy due to viscous dissipation
within shear layers, vortices, and shocks, integrated over time. The third term is the entropy dif-
fusion across the spatial boundary integrated over time. Finally, the last term is the net outflow of
entropy from the space-time domain through the initial and final time points. The output J is zero
for an exact solution to the differential equation, but it is not typically zero in a numerical simu-
lation on a discretized space-time mesh. This is because most stable numerical schemes (though
conservative) introduce spurious entropy. Adapting on J using the entropy variables as adjoints
drives for the entropy-based approach for spatial and temporal refinement. Since the calculation of
v is far cheaper than that of ψ, this approach is computationally advantageous. However, it is not
as reliable, as it targets all regions of the spatial domain that exhibit spurious entropy generation.

4.3.3 Error Estimation Using Entropy Variables

The unsteady output error based on entropy variables can be obtained by substituting the fine-space
output-based adjoint, Ψh, with the entropy variables computed on the fine-space, vh in Equa-
tion 4.15 as follows

δJ̄ ≈ −
∫ Tf

0

vTh R̄h(UH
h )dt. (4.41)

The process outlined in Subsection 4.2.3 can be used as before. The only difference is that the
temporal error contribution uses the entropy variables instead of the output-based adjoint. This
means that Equation 4.17 becomes

En,time
e = −

∫ tn

tn−1

(
IhHvh,e

)T R̄H,e(UH)dt. (4.42)
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4.4 Combined Approach in Unsteady Simulations

In this section, the novel combined approach is explored for unsteady simulations. Recalling
from Section 3.4, the general idea behind the combined approach is to combine the error indicator
obtained using an output-based adjoint with the error indicator obtained using entropy variables.
However, unlike in Section 3.4 where the total error only has a spatial component, for unsteady
simulations there are both spatial and temporal components of the total error. This means that
each component of the error must be combined. Just as for the steady-state simulations, there are
three different methodologies used to combine the indicators. The basic logic behind these three
approaches is similar to the three approaches outlined in Section 3.4. However, the implementation
and the location in the algorithm where the error indicators are combined is unique for unsteady
problems. The details from this section are taken primarily from [123].

4.4.1 Combined Approach Using a Fine, Unsteady Output-based Adjoint

In this approach, two sets of non-conservative, aggregated spatial and temporal error indicators are
calculated via Equation 4.19. The first set is calculated using the output-based adjoint Ψ, while the
second set is obtained using the entropy variables v. The aggregated temporal error indicator based
on the output-based adjoint, δJ̄ time

Ψ , is obtained by a summation of En,time
e,Ψ over all of elements and

time steps via Equation 4.17. This equation is dependent on the fine-space output-based adjoint
Ψh. The aggregated temporal error indicator based on the entropy variables, δJ̄ time

v , is found in an
almost identical process. The only difference is that the fine-space entropy variables vh are used
instead of the fine-space output-based adjoint, which leads to two unique aggregated temporal error
indicators.

Next, the output error based on the the output-based adjoint, δJ̄Ψ, is computed by a summation
of error contributions of each element for each time step, Ene,Ψ, using Equation 4.16. The compu-
tation of Ene,Ψ again relies on the fine-space output-based adjoint. The output error based on the
entropy variables can be computed using a similar approach, the only difference being the use of
the fine-space entropy variables instead of the output-based adjoint in Equation 4.16. This in turn
leads to the computation of the elemental error contribution at each time step based on fine-space
entropy variables, Ene,v.

The aggregated spatial error indicator based on the output-based adjoint, δJ̄ space
Ψ , can be found

by taking the difference between δJ̄Ψ and δJ̄ time
Ψ . The spatial error based on entropy variables,

δJ̄ space
v , can be computed in a similar fashion. At this point, we can compute our multiplicative
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combined version of the non-conservative temporal and spatial error indicators via:

δJ̄ space
comb = δJ̄ space

Ψ · δJ̄ space
v ,

δJ̄ time
comb = δJ̄ time

Ψ · δJ̄ time
v . (4.43)

If we are interested in a conservative error estimate, two separate sets of conservative, aggre-
gated spatial and temporal error estimates are computed via

εtime
Ψ ≡

Nt∑
n=1

∣∣∣∣∣
Ne∑
e=1

En,time
e,Ψ

∣∣∣∣∣ , εspace
Ψ ≡

Ne∑
e=1

εspace
e,Ψ , εspace

e,Ψ =

∣∣∣∣∣
Nt∑
n=1

En,space
e,Ψ

∣∣∣∣∣
εtime

v ≡
Nt∑
n=1

∣∣∣∣∣
Ne∑
e=1

En,time
e,v

∣∣∣∣∣ , εspace
v ≡

Ne∑
e=1

εspace
e,v , εspace

e,v =

∣∣∣∣∣
Nt∑
n=1

En,space
e,v

∣∣∣∣∣ . (4.44)

Combined versions are again obtained by simply multiplying the two sets together:

εtime
comb = εtime

Ψ · εtime
v ,

εspace
comb = εspace

Ψ · εspace
v . (4.45)

In addition to combining the aggregated spatial and temporal (conservative and non-conservative)
error, the elemental spatial error indicator vectors for both the output-based and entropy-based
approaches are combined via elemental multiplication. This can be expressed mathematically as

εspace
e,comb = εspace

e,Ψ · ε
space
e,v . (4.46)

This combination is completed after the aggregated errors are combined. The combined elemen-
tal spatial error indicator, εspace

e,comb is not used in obtaining the aggregated total error contributions.
It is only used to determine the error sampling of each element that the mesh adaptation strat-
egy MOESS relies upon to determine the relative sizing and anisotropy. The complete details of
MOESS and this local sampling approach will be discussed in Section 5.4 of Chapter 5.

4.4.2 Combined Approach Using a Coarse, Unsteady Output-Based Adjoint

In Subsection 4.2.1, Equation 4.16 requires the computation of the fine-space output-based adjoint,
of spatial order p + 1, at every time step. Given that the solution of the fine-space output-based
adjoint, Ψh, is quite expensive, unsteady simulations only magnify this problem. To minimize the
cost of this step, an additional combined approach is implemented in which no fine-space output-
based adjoint is computed. Instead, an output-based adjoint at the current approximation space,
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ΨH , is computed at each time step using a similar process to the one outlined in Subsection 3.4.2.
Computing an output-based adjoint at a lower spatial approximation space is much less computa-
tionally expensive, but it leads to much more inaccurate error estimations as shown in Section 3.2.

To mitigate the inaccuracies brought on by not using the fine-space output-based adjoint, we
combine the spatial and temporal error indicators with those obtained using fine-space entropy
variables, vh, since fine-space entropy variables are far less computationally expensive to obtain.
By combining the less accurate error estimates obtained using the coarser output-based adjoint with
those obtained using fine-space entropy variables, we should get results that compare favorably to
the standard combined approach, but are far less expensive to compute.

Using a coarser output-based adjoint does not change the error estimation approach outlined
in Subsection 4.2.2 significantly. The main change is that Equation 4.15 is now computed at the
current approximation space and uses the output-based adjoint at the current-space, ΨH . Just as
in Subsection 3.4.2, the current-space adjoint is projected down one order and prolonged back up
to the original order using Equation 3.48 and subtracted from ΨH to eliminate p-dependence of
the weak form. Defining UH̃

H as the projection of the primal from the space H at order p, to space
H̃ at order p − 1, and then back up to space H at order p, the output error based on the coarser
output-based adjoint can now be written as

δJ̄ ≈ −
∫ Tf

0

ΨT
HR̄H(UH̃

H)dt =
Nt∑
n=1

Ne∑
e=1

∫ tn

tn−1

−ΨT
H,eR̄H,e

(
UH̃
H

)
dt︸ ︷︷ ︸

Ene,Ψ

. (4.47)

As was the case for steady-state simulations, this step is necessary since the unsteady residual R̄H

of the current-space solution UH is equal to zero. Since the output error using entropy variables is
still evaluated at the fine-space, it is necessary to make another copy of the primal state that is pro-
longed into the finer-space h and evaluate a subsequent residual. We can write this mathematically
as

δJ̄v ≈ −
∫ Tf

0

vTh R̄h(UH
h )dt =

Nt∑
n=1

Ne∑
e=1

∫ tn

tn−1

−vTh,eR̄h,e

(
UH
h

)
dt︸ ︷︷ ︸

Ene,v

. (4.48)

Unlike the spatial error contribution which changes due to the use of the coarser output-based ad-
joint, the temporal error contribution, Equation 4.17, is obtained the same way. The only difference
is that no spatial projection of the fine-space output-based adjoint is necessary since the adjoint is
already at the current-space order p. The combination of the errors outlined in Subsection 4.4.1
does not change, since they are not dependent on the order of the output-based adjoint or entropy
variables when the errors were accumulated.
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4.4.3 Combined Approach Using a Coarse, Unsteady Adjoint and Mask

As was done in Subsection 3.4.3, the last combined approach considered for unsteady simulations
incorporates a mask on the elemental spatial error indicator vector based on the entropy variables,
εspace
e,v . This mask is applied to the indicator before obtaining the aggregated errors obtained in

Equation. 4.44. The predominant reason is that the aggregated spatial errors can be properly com-
puted with the effect of the mask, which leads to a connection between the allocation of spatial and
temporal degrees of freedom to the effect of the mask.

The basic principles and implementation logic for the mask are very similar to the mask de-
scribed in Subsection 3.4.3. The purpose of the mask is to limit the weight of the entropy indicator
during mesh adaptation so that the output-based indicator carries more weight in spatial optimiza-
tion. This is done by creating an elemental mask based on the spatial adaptation indicator obtained
using the coarser output-based adjoint. This mask, µe, is a vector that is the same size as the
output-based, elemental, spatial error indicator εspace

e,Ψ . The mask is created by examining the rela-
tive magnitude of the indicator for each element. Note that this requires taking an absolute value of
the indicator. Using a user-specified percentage, a subset of the output-based indicators is created.

The mask is then multiplied by the entropy-based spatial error indicator in an element-wise
fashion to obtain the final indicator that ultimately governs the mesh adaptation,

εspace
e,comb = µe · εspace

e,v . (4.49)

By applying a mask on the spatial error indicator obtained using entropy variables, the mesh adap-
tation will focus less on refining the computational domain in locations that have little impact on
the desired engineering output. It is worth emphasizing that no masking is done for the tempo-
ral error indicator. The temporal error contribution is still obtained using the combined approach
outlined in Subsection 4.4.2.
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CHAPTER 5

Mesh Adaptation Mechanics

The two previous chapters described different ways of obtaining a local, elemental error estimate.
The ultimate purpose of that error estimate is to modify the computational mesh to decrease the
total error. In this work, this is done through mesh adaptation. In high-order finite element meth-
ods, there are multiple types of adaptation. In p-adaptation, the solution approximation order is
modified, whereas in h-adaptation the computational mesh is changed. These approaches can be
combined to form hp-adaptation. In this work, we focus only on h-adaptation at a constant p.

There are three different strategies used for mesh adaptation in this work. The first mesh adap-
tation approach is a fixed-fraction hanging-node strategy, where a fixed fraction of elements with
the largest error indicators is marked for uniform refinement using a series of hanging nodes. The
main advantage of this approach is that it is a very simple approach to implement. However, this
assumes that no mesh coarsening is involved in the implementation. Without mesh coarsening, this
method has limitations.

Another approach to adapting the mesh is global re-meshing. Unlike in hanging node adapta-
tion where the refinement occurs locally, in this approach a new mesh is generated for the entire
computational domain. Unstructured meshes work well with this approach since resolution can
be placed only where necessary. This allows for more flexibility compared to structured meshes.
In this work, we consider two different global re-meshing strategies where we allow mesh refine-
ment and coarsening, as well as redistribution of the mesh degrees of freedom to allow for better
productivity. The two approaches are distinguishable based on how they determine anisotropy.

Often flow solutions in CFD require highly anisotropic elements to capture flow features such
as shocks and boundary layers. Unfortunately, the error indicators obtained in the previous
chapters do not provide any information that supports anisotropic mesh adaptation. The first
global re-meshing strategy accounts for anisotropy by sizing the elements using a priori rate
estimates and using Hessians of scalars computed from the state to determine each element’s
anisotropy. The other approach is a variation of mesh optimization via error sampling and syn-
thesis (MOESS) [91, 92] where the mesh is optimized to minimize the output error using a pre-
scribed cost. The distinguishing feature of the present implementation of MOESS is an elemental
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error sampling approach for determining the convergence rate tensor of the elemental error. This
chapter reviews the algorithms and details for all three aforementioned mesh adaptation strategies.

5.1 Fixed-Fraction Hanging-Node

The first mesh adaptation strategy used in this work is a fixed-fraction hanging-node adaptation
strategy [125]. The driver of this approach is the elemental error indicator, Ee. The term fixed-
fraction means a certain fraction, f adapt, of the elements with the largest adaptive indicators is
marked for refinement. This strategy is advantageous because of the simplicity and predictability
of its algorithm. The primary loop of the algorithm is over the elements targeted by the adaptive
indicator. As the algorithm loops over each element, it must decide whether or not to refine the
element uniformly by creating a series of hanging nodes. If two neighboring elements vary by
more than one level of refinement, additional elements are flagged for refinement. Note that due to
the complexity, there is no element coarsening performed while using hanging-node adaptation in
this work.

Figure 5.1 shows the discrete options for refining quadrilaterals using the fixed-fraction
hanging-node adaptation strategy in two dimensions. The options are x-refinement, y-refinement,
and xy-refinement. The reference-space coordinate system of x and y is arbitrary and is curved in
physical space. In three dimensions, hexahedrons are refined in seven ways: isotropic refinement,
three double-plane cuts, and three single-plane cuts.

The actual refinement of each element is performed in an element’s reference space by using the
original element’s reference-to-global mapping when calculating the refined element’s geometry
node coordinates. When an element is refined, each subelement retains the solution approximation
order, p, and quadrature rules from the original element. This ensures no loss in element quality
even when the elements are curved. However, this means that the initial mesh must capture the
geometry curvature well. This means that for complex curved geometry, there needs to be a suffi-
cient amount of curved elements present in the initial mesh. As the mesh is refined, no additional
geometry information will be used. Consequently, the refinement of elements on the geometry
boundary does not change the geometry. For simplicity, curved elements are used throughout the
domain for highly anisotropic meshes. Further details on geometry mapping from reference to
global space and curved meshing can be found in Appendix B.

Elements created using hanging-node refinement can be refined again in future adaptive itera-
tions. When this happens, the neighboring elements will be cut to keep one level of refinement
difference between any two adjacent cells, as shown in Figure 5.2. In this image, the colored el-
ement on the left is marked for refinement. The dashed lines on the right show how the elements
will be cut so that there is only one level of refinement difference between any two elements.
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(a) Initial element (no refinement)

e2e1

(b) x-refinement

e2

e1

(c) y-refinement

e1 e2

e3 e4

(d) xy-refinement

Figure 5.1: Refinement options for a quadrilateral element (dashed lines indicate neighbor ele-
ments).

targeted 
element

refinement

hanging 
node

Figure 5.2: Hanging-node adaptation for a quadrilateral mesh with one level of refinement differ-
ence between any two elements.
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Some applications of the hanging node mesh adaptation strategy used in this work use an ad-
ditional parameter called the adaptation fixed error fraction, f error. This quantity indicates the
fraction of total error (sum of indicators) that will be targeted for refinement during adaptation.
Specifically, the fraction of elements targeted for adaptation, f̃ , is not constant in this approach,
but instead chosen as the value that makes the sum of the error indicators in the targeted elements
(starting with those possessing the highest errors) a fixed fraction of the total error indicator sum.
However, the actual fraction of elements adapted will still be limited by f adapt, so that

fraction of elements adapted = f = min(f̃ , f adapt). (5.1)

5.2 Riemannian Metric Field

Before detailing the more complex mesh adaptation strategies used in this work that take into ac-
count anisotropy, an introduction of the Riemannian metric field is necessary. In global re-meshing
adaptation approaches, the original mesh, or background mesh, is used to store certain mesh char-
acteristics during the global re-meshing step. Specifically, elemental sizing and anisotropic infor-
mation are mesh characteristics that must be available during the creation of the new mesh so that
the new mesh matches these desired characteristics. One way of storing this information is with a
Riemannian metric field [24, 62, 91, 100, 126–129].

A Riemannian metric field is a field of symmetric positive definite (SPD) tensors that is used
to store anisotropic information of the computational mesh, specifically mesh sizes and stretching
directions. Mathematically, we denote the metric field by M(~x) ∈ Rd×d. The metric tensor,
M(~x), provides a convenient way of computing the distance between any two points under the
metric. For two arbitrary points a and b, the length of the vector

−→
ab under the metric lM(

−→
ab) is

defined as

lM(
−→
ab) =

∫ b

a

dl =

∫ b

a

√
−→
abTM

−→
ab, ~ab = ~xa − ~xb, ∀~xa, ~xb ∈ Rd, (5.2)

where ~xa and ~xb are the coordinates of points a and b. In two dimensions, any set of points
at a unit metric distance away from a point forms an ellipse as shown in Figure 5.3. For three
dimensions, the points would form an ellipsoid. The eigenvectors of M are the principal stretching
directions and the eigenvalues are the length (stretching) of each axis. The inverse square root of
the eigenvalue is equal to the magnitude of the total stretching. In Figure 5.3, ~e1 and ~e2 represent the
directions of the eigenvectors of M, while the distances h1 and h2 are defined by the corresponding
eigenvalues. The angle θ represents the rotation of the eigenvectors relative to the global coordinate
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system. For a unit circle centered at the point O, the metric can be expressed mathematically as

M =

[
cos(θ) − sin(θ)

sin(θ) cos(θ)

][
1/h2

1 0

0 1/h2
2

][
cos(θ) sin(θ)

− sin(θ) cos(θ)

]
. (5.3)

h1
h2

B

A

O
y

x

θ

𝑒ଵ

𝑒ଶ

Figure 5.3: Riemannian metric field, M, in two dimensions.

The metric field can be modified by applying affine-invariant changes [130] using a symmetric
step matrix S ∈ Rd×d via

M = M
1
2
0 exp(S)M

1
2
0 , (5.4)

where M0 is the original metric and M is the modified metric. A logarithmic map from the
current map to the modified one can now be defined as

S = log
(
M−1/2

0 MM−1/2
0

)
. (5.5)

Note that S = 0 leaves the metric unchanged, while diagonal values in S of ±2 log 2 either halve
or double the stretching sizes of the metric. The ability to change the metric using S is how
metric-based optimization algorithms, such as MOESS, determine the optimal local changes for a
particular element.

A mesh where each edge of the elements has approximately the same metric length, as de-
fined by Equation 5.2, is a metric-conforming mesh. However, there are many possible metric-
conforming meshes [91]. In metric-based meshing, the Riemannian metric field is used to store
the mesh characteristics (such as the size and shape of each element) and to develop a continuous
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model of the discrete mesh [130]. The mesh-implied metric can be obtained using the reference-
to-global mapping Jacobian on each element. Specifically, we solve a linear system for d(d+ 1)/2

entries for each element, which determines the Riemannian metric, M. Using both the metric-
conforming mesh and the mesh-implied metric allows for the conversion between the Riemannian
metric field and an anisotropic mesh.

Several mesh generators exist that have metric-conforming mesh generation capabilities. For
adaptive meshing in two dimensions for this work, the Bi-dimensional Anisotropic Mesh Generator
(BAMG) [131] is used to perform global re-meshing for each adaptive iteration. During each
adaptive iteration, BAMG uses the desired metric field and background mesh to create a mesh that
conforms to the desired metric. In Figure 5.4, a desired metric field and isotropic element is used
to create a new anisotropic element that conforms to the desired metric field.

current mesh implied metric

desired metric

remesh

e'e

metric-conforming mesh

Figure 5.4: Illustration of metric-based global re-meshing in adaptation (figure based off image
in [129]). The image on the left shows the background isotropic mesh element with the correspond-
ing mesh-implied metric field. The image on the right shows the metric-confirming anisotropic
mesh element.

5.3 A Priori Mesh Adaptation

In the a priori mesh adaptation approach adopted for this work, the anisotropy information for each
element is found by estimating the direct interpolation error of the solution [62, 64, 127, 128, 132].
The mesh is then adapted to control a norm of the interpolation error so that areas of the computa-

85



tional domain that exhibit discontinuities or singularities (such as shocks) will not be excessively
refined. However, this method is not aware of output sensitivities to the solution errors. To remedy
this, the elemental error indicator from Chapter 3 can be included in the methodology [64, 65, 72].
This will lead to better control of the elemental sizing. The approach outlined in this section is
primarily based on [101, 129].

5.3.1 Anisotropic Detection Using Hessians

For linear approximations, we define the interpolation error of a scalar solution u over an edge E
in the mesh as

δu,E =
∣∣~sTH~s

∣∣h2, (5.6)

where ~s is the edge’s unit tangent vector, h is the length, and H ∈ Rd×d is the Hessian matrix of a
chosen scalar,

Hi,j =
∂2u

∂xi∂xj
, i, j ∈ [1, ..., d] . (5.7)

Quadratic reconstruction of the linear solution is used to estimate second-order derivatives. The
scalar solution chosen for this work, which is suitable for many types of flows [24, 64, 101], is the
Mach number.

We can interpret Equation 5.6 geometrically by defining the interpolation error over an edge as
a quantity that depends directly on the squared edge length under the measure of an SPD matrix
defined by taking the absolute value of the Hessian. We define this mathematically as |H|. Assum-
ing the mesh conforms to the Riemannian metric field M, assumed constant along the edge E, the
edge is length is equal to unity. This can be expressed mathematically, using Equation 5.2, as

lM =
√
~sTM~sh2 = 1. (5.8)

Using Equation 5.6, the metric field can be related to the interpolation error,

δu,E ∝
∣∣~sTH~s

∣∣
~sTM~s

. (5.9)

Equal distribution of the errors gives

~sTM~s

~sTH~s
= k, (5.10)
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where k is a constant. A suitable choice for the metric M is one so that Equation 5.10 holds in
any direction,

MH = k |H| = kQ |ΛH|QT = QΛMQT , (5.11)

where Q are the orthonormal eigenvectors of H and ΛH and ΛM are the diagonal matrices of the
eigenvalues for both H and M, respectively. Note that the eigenvectors Q are the same for both H
and M. From Equation 5.11 we can infer the metric field shape and the metric-conforming mesh,

λM,j

λM,i

=

∣∣∣∣λH,j

λH,i

∣∣∣∣⇒ hi
hj

=

√
λM,j

λM,i

=

√∣∣∣∣λH,j

λH,i

∣∣∣∣, (5.12)

where λM and λH are the eigenvalues of M and H, respectively. The terms hi and hj represent
the desired sizes of the elements in the ~ei and ~ej principal directions.

For high-order approximations, the interpolation error is characterized by p+ 1 derivatives and
the first d largest directional derivatives are used to determine the principal directions of Q and the
corresponding stretching of ΛH [65]. However, in this work, we only consider using the Hessian
matrix of second-order derivatives, regardless of the solution approximation order. The principle
of equal distribution of the error dictates the optimal mesh is found by equally distributing the
squared edge length under |H|. For two principal directions ~ei and ~ej , equal error distribution
yields the mesh stretching as [129]

hi
hj

=

∣∣∣∣u~eju~ei
∣∣∣∣1/(p+1)

=

∣∣∣∣λH,j

λH,i

∣∣∣∣1/(p+1)

=

√
λM,j

λM,i

, (5.13)

where u~ei is the p+1st derivate along the direction ~ei whose magnitude is found by the ith eigenvalue
λi. The expression in Equation 5.13 can then be used to control how elements stretch relative to
their initial size, while the error indicator controls the absolute mesh sizes.

5.3.2 Element Sizing Based on A Priori Rates

In the previous subsection, we outlined the process for obtaining a scalar-based Hessian, H, that
can be used to control the stretching information for each element in the mesh. However, the
Hessian cannot be used to determine how many elements, N f , will be in the new adaptive mesh.
Instead, we will rely on a priori estimates of the error rates using the elemental error indicators
obtained in the previous chapters. To do so, we must estimate the number of adapted elements,
ne, in element e of the original mesh. By defining the current element size as hci and the desired
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element size as hfi , the number of adapted elements can be defined as

ne =
d∏
i=1

(
hci/h

f
i

)
, (5.14)

where i denotes the principal directions. We then relate the increase in the number of elements to
an error reduction factor through an a priori estimate

ne
Ef

N f︸ ︷︷ ︸
allowable error

= Ece

(
hfref

hcref

)p̄e+1

︸ ︷︷ ︸
a priori estimate

= Ece

[
d∏
i=1

(
hfi
hci

)](p̄e+1)/d

, (5.15)

where Ece is the elemental error indicator, p̄e = min(pe, γe), and γe is the lowest order of any
singularity in the element. The error reduction factor, Ef/N f , is the ratio of the output error
tolerance to the number of elements in the adapted mesh. In this work, the output error tolerance
is not known. Instead, it is controlled by a target number of elements, Nf , and computed via [129]

Ef = N f

(
1

N f

Ne∑
e=1

(Ece)
r′

)1/r′

, (5.16)

where r′ = d/(p+ 1 + d). With Ef and N f known, the scaling factor in element size, hfi /h
c
i , must

be computed because anisotropic information comes from the Hessian, which cannot be used to
obtain element size. The mesh sizing is found through the smallest principle stretching and the
corresponding aspect ratios, along other principal directions [129].

Substituting Equation 5.14 into Equation 5.15 produces a helpful relationship between ne and
N f that form the starting point for determining the element sizing. We can write this relationship
as

ne
Ef

N f
= Ece

[
d∏
i=1

(
hfi
hci

)](p̄e+1)/d

= Ecen−(p̄e+1)/d
e ⇒ n1+(p̄e+1)/d

e =
Ece
Ef/N f

. (5.17)

Defining the aspect ratio along the ith principal direction with respect to the smallest stretching
direction, h1, as ARi = hi/h1, we can rewrite Equation 5.17 as

n1+(p+1)/d
e =

[
d∏
i=1

(
hci

hfi

)]1+(p+1)/d

=

[(
hc1

hf1

)d d∏
i=1

(
ARc

i

ARf
i

)]1+(p+1)/d

=
Ece
Ef/N f

. (5.18)
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By rearranging Equation 5.18, the desired element size can be found using

hf1
hc1

=

[
Ef

N f

1

Ece

]1+(p+1)/d
[

d∏
i=1

(
ARc

i

ARf
i

)]1/d

,
hfi
hf1

= ARf
i . (5.19)

A new metric can now be constructed by combining the stretching information and principle di-
rections for the desired metric with the scaling in element size found using Equation 5.19.

5.4 Mesh Adaptation Using MOESS

The a priori mesh adaptation approach outlined Section 5.3 has demonstrated an ability to detect
solution anisotropy in many applications [24, 64]. The drawback with this approach is that it relies
on a scalar-based Hessian (the Mach number in this work) to drive adaptation. Depending on the
desired output, the chosen scalar may not be an adequate choice. This makes the approach some-
what arbitrary in its implementation. In addition, when the Hessian is near-zero or the identity,
the consequent stretching may be insufficient. For problems that require highly anisotropic ele-
ments, the a priori mesh adaptation approach may not be as robust compared to other h-adaptation
methods.

A more rigorous approach is mesh optimization via error sampling and synthesis
(MOESS) [91]. The basic goal of MOESS is to optimize the computational mesh to minimize
the output error at a prescribed computational cost. For MOESS to properly optimize the existing
computational mesh, we need a model to relate how the error changes as the metric changes for a
particular element Ωe. During the optimization, the original metric, M0 (~x), is modified iteratively
until the optimal metric is found. This is done by searching for optimal changes of the step matrix,
from Equation 5.5, that minimize the total error given a prescribed cost:

min
S
E =

Ne∑
e=1

Ee (S)

s.t. C =
Ne∑
e=1

Ce (S) = constant,

(5.20)

where C and E are the total cost and total error associated with the original mesh. The elemental
error convergence model Ee(S) and the elemental cost model Ce(S) are the main inputs to an
algorithm that will optimize the mesh.

A distinguishing feature of this version of MOESS is the local, elemental error sampling ap-
proach for determining the convergence rate tensor of the elemental error [92, 129]. This feature
is advantageous since it does not require refinement of the element or any additional residual eval-
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uations that add computational cost. A complete review of the MOESS algorithm in the context
of a Discontinuous Galerkin discretization for steady-state simulations is the focus of this section,
followed by a review of changes in MOESS for unsteady problems. The section closes with a brief
review of the changes in MOESS that were made to comply with the SUPG code developed for
this work.

5.4.1 Error Convergence Model

One of the benefits to MOESS compared to the a priori mesh adaptation strategy described in Sec-
tion 5.3 is that MOESS does not assume a constant a priori and isotropic rate of error convergence.
This is because anisotropy comes from interpolation error, while the element sizes come from the
error indicators obtained from Chapter 3. The isotropic error convergence from Equation 5.15
states that

Ee
Ee,0

=

(
h

h0

)r
= exp

[
r log

(
h

h0

)]
, (5.21)

where h/h0 is a measure of element size change and r is the a priori isotropic error convergence
rate. MOESS uses a more generalized error convergence model, where the error converges differ-
ently depending on which direction changes exist. In this new model, we replace log(h/h0) with
an elemental step matrix Se, and r with a symmetric rate tensor Re so that

Ee = Ee,0 exp [tr (ReSe)]⇒
∂Ee
∂Se

= EeRe. (5.22)

Note the linearization of the error with respect to Se is included for use in Subsection 5.4.4. The
total error over the mesh is the sum of each elemental error:

E =
Ne∑
e=1

Ee. (5.23)

During the optimization, the error E is kept small while we change the step matrices at the mesh
vertices, Sv. The rate tensor Re is determined using a sampling process for each element. This
means the anisotropy is determined a priori through sampling.
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5.4.2 Element-Local Error Sampling

The anisotropic error model in Equation 5.22 requires computing the error convergence rate tensor
Re for each element e. An estimation of the rate tensor is performed a posteriori by sampling a
series of different refinement options for each element. For each sample, the metric is changed from
the original metric M to a modified metric M0. Figure 5.5 shows the four refinement options for
a triangular element, as well as how the metric changes for each option. The corresponding step
matrix can then be computed using Equation 5.5. Using this step matrix, we can approximate the
rate tensor by calculating how much the error changes for each step matrix. This is identical to
finding how much the error changes for each refinement option, which will eventually allow us to
determine which is the optimal choice.

Original Option 1 Option 2 Option 3 Option 4

Element

Metric
Tensor

Figure 5.5: Mesh refinement options with corresponding changes in the metric for triangular
elements.

Instead of computing new error estimates for each sample by refining the element with the
proposed cut and solving the primal and adjoint problems each time, Yano [91] proposed solving
them on just a subset of the mesh to limit the overall cost. In this work, the process is further
simplified by using an element-local projection method to approximate the fine-space adjoint in
semi-refined spaces associated with each element [92]. There is no solving of primal and adjoint
problems in this approach.

Consider one element, Ωe. The fine-space adjoint ψp+1
h |Ωe provides an estimate of the output

error in the current order p solution. This error, Ee,0 is measured relative to a truth solution of order
p + 1. Refining an element with option i in Figure 5.5 creates a solution space that is finer than
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the original space. However, this semi-refined space is not as fine as the p + 1 space, so we will
still assume the truth solution is at p+ 1. For an order p adjoint on the semi-refined space, ψp

hi|Ωe ,
we can compute an error indicator ∆Eei. This estimates the error between the coarse solution
and refinement option i. The remaining error associated with refinement option i is given by the
difference

Eei ≡ Ee0 −∆Eei. (5.24)

The calculation of ∆Eei requires projecting the fine-space adjoint ψp+1
hi |Ωe down to the space of

refinement option i and order p, and then back up to order p + 1 on the original element. From
there, adjoint-weighted residuals can be calculated on the original element. For the output-based
adjoint from Chapter 3, mathematically this can be expressed as

∆Eei ≡
∣∣∣Rp+1

h

(
uph, δψ̃

p

hi|Ωe

)∣∣∣ , (5.25)

where ψ̃
p

hi is the fine-space adjointψp+1
hi projected from order p+1 to order p on refinement option

i, and then back up to order p + 1 on the original element. The quantity δψ̃
p

hi is then defined as
δψ̃

p

hi ≡ ψ̃
p

hi −ψ
p
h. Note that all projections are done in a least-squares sense in element-reference

space. The form of Equation 5.25 that corresponds to the entropy variables is identical except that
v replaces ψ.

To summarize, the error found using refinement option i, ∆Eei, is calculated using the adjoint-
weighted residual in Equation 5.25 with all calculations occurring at order p + 1 on the original
element e. The breakdown of ψ̃

p

hi into the individual projections can be viewed pictorially in
Figure 5.6. Using least-square projections in reference space, the combination of projections can

p+1

p+1

p+1

p

p
p+1

Figure 5.6: Projection of the fine-space adjoint, ψp+1
h , down to the space created by refinement

option i, and then back up to an order p+ 1 element.
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be combined into one transfer matrix that converts ψp+1
h into ψ̃

p

hi, both represented in the order
p+ 1 space on the original element:

ψ̃
p

hi = Tiψ
p+1
h , (5.26)

Ti =
[
M0

(
φp+1

0 , φp+1
0

)]−1
ni∑
k=1

Tik, (5.27)

Tik = Mk

(
φp+1

0 , φpk
)

[Mk (φpk, φ
p
k)]
−1 Mk

(
φpk, φ

p+1
k

) [
Mk

(
φp+1
k , φp+1

k

)]−1 Mk

(
φp+1
k , φp+1

0

)
.

(5.28)

In the above equations, ni is the number of sub-elements within refinement option i, k is an index
over the sub-elements, φpk, φ

p+1
k are order p and p + 1 basis functions on sub-element k, φp0, φ

p+1
0

are order p and p + 1 basis functions on the original element, and components of the mass-like
matrices are defined as

Mk (φl, φm) =

∫
Ωk

φlφmdΩ, M0 (φl, φm) =

∫
Ω0

φlφmdΩ, (5.29)

where Ω0 is the original element and Ωk is the sub-element k. To reduce the computational cost,
we calculate the transfer matrix, Ti, in reference space just one time for each refinement option.
It is then used for all elements to calculate ∆Ee,i so that no solutions or residual evaluations are
required for that element.

At this point in the process, the remaining error after each refinement option i, Ee,i, can be used
to estimate the rate tensor, Re. This can be accomplished using a least-squares regression with
the original error indicator Ee,0. Using Equation 5.22, we can derive a regression to minimize the
following error,

∑
i

[
log
Ee,i
Ee,0
− tr (ReSe,i)

]2

, (5.30)

where the summation is over all of the refinement options. In Equation 5.30, Se,i is the step matrix
that is associated with the refinement option i, given by (from Equation 5.5),

Se,i = log
(
M−1/2

0 MiM−1/2
0

)
. (5.31)

where Mi is the affine-invariant metric average of the mesh-implied metrics of all sub-elements
within refinement option i. Differentiating Equation 5.30 with respect to components of the rate
tensor Re produce a linear system for each component. These can also be viewed as the normal
equations for the least-square problem.
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5.4.3 Cost Model

Elemental degrees of freedom, dof, are used to measure the cost of refinement. Using Equation 5.4
and properties of the metric tensor, assuming the step matrix Se is applied to the metric of element
e, the area of the element decreases by exp

[
1
2
tr (Se)

]
. This means that the number of new elements

that occupied the original area Ωe increases by that factor. Under these assumptions, the element
cost model can be defined as

Ce = Ce,0 exp

[
1

2
tr (Se)

]
⇒ ∂Ce

∂Se

= Ce
1

2
I, (5.32)

where Ce is the expected cost over the element area after applying Se to the elemental metric and
I is the identity matrix. Just as with the total error, the total cost over the entire computational
domain is the sum of each elemental cost, which we define as

C =
Ne∑
e=1

Ce. (5.33)

5.4.4 Algorithm for Mesh Optimization

The goal of the metric optimization algorithm is to determine the step matrix S that minimizes the
error given a fixed cost. Given the original mesh with its mesh-implied metric (M(~x)) and the
elemental error indicators Ee,0, once we have determined Ee, Ce, and Re we can proceed with this
algorithm.

The step matrix field is approximated at mesh vertices of Sv, which are arithmetically-averaged
to adjacent elements:1

Se =
1

|Ve|
∑
v∈Ve

Sv, (5.34)

where Ve is the set of vertices that are adjacent to the element e (|Ve| is the total number of them).
The optimization problem is to determine Sv so that the error E is at a minimum for a given cost
C. The first-order optimality condition requires derivatives of the error and cost with respect to Sv,
which can be expressed mathematically as

∂E
∂Sv

+ λv
∂C
∂Sv

= 0, (5.35)

where λv is a Lagrange multiplier that is associated with the fixed-cost constraint. The error and
1Affine-invariant averages are not necessary because the entries of S are coordinate-system independent.
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cost derivatives in Equation 5.35 can be found using the chain rule on Equation 5.22 and Equa-
tion 5.32 with Equation 5.34 to produce

∂E
∂Sv

=
∑
e∈Ev

∂Ee
∂Se︸︷︷︸

Eqn.5.22

∂Se

∂Sv︸︷︷︸
1/|Ve|

,
∂C
∂Sv

=
∑
e∈Ev

∂Ce
∂Se︸︷︷︸

Eqn.5.22

∂Se

∂Sv︸︷︷︸
1/|Ve|

, (5.36)

where Ev is the set of elements adjacent to vertex v. We note that the total cost only depends on
the trace of the step matrix, which means that the trace-free part of Se does not alter the area of the
element: it just allows for stretching. We can then divide the step matrix into trace and trace-free
parts as

Sv = svI︸︷︷︸
trace

+ S̃v︸︷︷︸
trace-free

, (5.37)

where sv = tr(Sv)/d. Derivatives of the error with respect to sv and S̃v are

∂E
∂sv

= tr
(
∂E
∂Sv

)
,

∂E
∂S̃v

=
∂E
∂Sv

− ∂E
∂sv

I
d
. (5.38)

The optimization algorithm presented by Yano [91] is as follows:

1. Given a mesh, solution, and adjoint, calculate Ee, Ce, and Re for every element e.

2. Set δs = δsmax/nstep, Sv = 0.

3. Start loop: i = 1 . . . nstep

(a) Calculate Se from Equation 5.34, ∂Ee/∂Se from Equation 5.22, and ∂Ce/∂Se from
Equation 5.32.

(b) Calculate derivatives of E and C with respect to sv and S̃v using Equation 5.38.

(c) At each vertex create the ratio λv = ∂E/∂sv
∂C/∂sv and

• Refine the metric for 30% of the vertices with the largest |λv| : Sv = Sv + δsI
• Coarsen the metric for 30% of the vertices with the smallest |λv| : Sv = Sv−δsI

(d) Update the trace-free part of Sv to enforce stationarity with respect to shape changes
at fixed area: Sv = Sv + δs(∂E/∂S̃v)/(|∂E/∂sv|).

(e) Rescale Sv → Sv + βI , where β is a global constant calculated using Equation 5.32
to constrain the total cost to the desired dof value: β = 2

d
log

Ctarget

C , where Ctarget is the
target cost.
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Constant values in the above algorithm that work well in most instances are nstep = 20 and δsmax =

2 log 2. In other words, λv is a ratio of the marginal error to the marginal cost of a step matrix
increase (i.e. mesh refinement). In practice, the mesh optimization and flow/adjoint solution are
performed multiple times for a given target cost Ctarget until the error stops changing or settles about
a mean. From there, the target cost is increased until the error reaches a desirable level.

5.4.5 MOESS with Unsteady Problems

For this work, all unsteady adaptive simulations relied on MOESS for adaptation of the spatial
problem. In this section, we briefly review the changes to the process outlined in the previous
subsections, when using MOESS in the context of unsteady problems.

Given the cost allocations defined in Subsection 4.2.4, we can adapt both the temporal and
spatial problems individually. Time is one dimension, so we simply use uniform refinement where
the factor f time changes Nt and all of the time steps are of equal size, ∆t = T/Nt. It is unnecessary
to use MOESS (or any other adaptive approach outlined in this chapter) to refine the temporal
problem.

In this work, we use MOESS to adapt the spatial domain given that we can focus on the spatial
problem individually. In the context of unsteady problems, the general MOESS process is mostly
the same as outlined in the previous subsections. The main difference is that the error indicator
used to sample the various refinement options is now based on unsteady adjoint-weighted residual.
This means that we rewrite Equation 5.25 as

∆εspace
ei ≡

∫ T

0

∣∣∣R̄p+1
h

(
uph, δψ̃

p

hi|Ωe

)∣∣∣ dt, (5.39)

where ∆εspace
ei is the spatial error found by refining spatially with refinement option i. Outside of

this change, the rest of the MOESS process is identical to the steady case.

5.4.6 MOESS with SUPG

There are a few changes that need to be made to MOESS when using a continuous finite ele-
ment method such as SUPG. In DG, the approximation is discontinuous across elements, so it is
straightforward to apply a global subtraction over all of the elements of the coarse-space adjoint
from the fine-space adjoint. However, for SUPG, information among elements is shared at the
element boundaries. Therefore, before calculating ∆Eei in Equation 5.25, the coarse-space adjoint
must again be subtracted from the fine-space adjoint for each element. This is not a global subtrac-
tion over all elements. Note that to obtain the coarse-space adjoint, the projection of the fine-space
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adjoint from p + 1 to p and then back up to p + 1 on refinement option i is done for each element
individually. This eliminates any issues caused by the sharing of information across elements.

When using the SUPG discretization, elemental error indicators computed using Equation 3.18
need to be restricted based on how many elements each degree of freedom is in contact with. This
is because the fine-space residuals and adjoints are not tied to each element individually. Instead,
they are shared across all elements. Consequently, the contributions to the error indicators used to
govern the local sampling approach, ∆Eei, also must be equally distributed across elements using
the approach shown in Figure 3.4.
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CHAPTER 6

Results

The overarching message of the results presented in this chapter is how the various combined
approaches for error estimation and mesh adaptation perform for various flow simulations relying
on the sets of governing equations outlined in Section 2.1. This is done by directly comparing
the numerical output error obtained using the combined approaches to the output-based adjoint
approach and the entropy-variable approach. Sample meshes are shown for all cases, in order to
show where the various adaptive error indicator approaches refine the computational domain.

Besides varying what types of governing equations are used, the different types of mesh adap-
tation strategies reviewed in Chapter 5 also vary across the cases. Results using both types of
discretizations outlined in Chapter 2 are also directly compared against one another. Steady-state
and unsteady simulations are considered in this chapter as well.

The results are broken up into three sections, with each one having a distinct theme. The first
section shows five different cases using a variety of governing equations, the number of spatial di-
mensions, and types of combined approaches. All cases in this section are steady-state simulations
only. The Discontinuous Galerkin (DG) discretization is used for all cases in this section as the
focus is more on how does the combined approach perform for various applications.

The second section focuses on how the combined approaches using the Streamline-Upwind
Petrov-Galerkin (SUPG) discretization compare to using DG. Two types of applications are shown
in this section as the SUPG code developed for this work is limited to Euler equations reviewed in
Subsection 2.1.2. However, each case is analyzed in great detail using both types of discretizations,
different solution approximation orders, and different mesh adaptation strategies.

The purpose of the last section is to analyze how the combined approach performs for an un-
steady simulation. In this case, a vertical gust is imposed on a NACA 0012 airfoil. The various
adaptive error indicators approaches are tested with this case using both conservative and non-
conservative error estimates.
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6.1 Steady-State Simulations Using DG

The goal of this section is to compare adaptation using output-based adjoints, the entropy vari-
ables, and various applications of the combined approach for both two-dimensional and three-
dimensional cases using various geometries. All cases are steady-state simulations and use the DG
discretization. Some of the geometries, initial meshes, and solution parameters are similar to those
used in previous works[86, 87, 92], while other cases were designed especially for this research. In
total there are five different cases, each using multiple error indicator approaches, shown in Table
6.1. The results in this section were previously published in the following works [121, 133].

NACA 0012
Airfoil
(Inviscid)

NACA 0012
Wing
(Inviscid)

Diamond
Airfoil
(Inviscid)

NACA 0012
Airfoil
(Viscous)

NACA 0004
Airfoil
(RANS)

Uniform X
Output X X X X X

Entropy X X X X X
Combined X X X X X

Coarse Comb. X
Comb. w/ Mask X

Table 6.1: Error indicators used for each steady-state case using DG.

6.1.1 NACA 0012 Airfoil in Inviscid Flow: M∞ = 0.95, α = 0°

The first case of a steady-state simulation shown in this section is two-dimensional, inviscid flow
over the NACA 0012 airfoil with a closed trailing edge and a farfield approximately 40 chord
lengths away. The flow is transonic with a freestream Mach number of M∞ = 0.95 and angle
of attack of α = 0°. The flow produces a fishtail shock at the trailing edge, as shown in Figure
6.1. This shock makes it necessary to add artificial viscosity to stabilize the flow in the shock’s
immediate vicinity. The presence of the shock makes this case an instructive example of where
the entropy-variable approach will overly target regions of the domain consumed by the shock.
Since shocks are prevalent in many flow simulations in an engineering setting, the tendency of the
entropy-based approach to overly target these regions for refinement is a serious issue. However,
this issue can be mitigated by combining the indicator obtained from the output-based adjoint with
that obtained from the entropy variables.

The starting mesh of 572 elements is shown in Figure 6.2. It is an unstructured (initially struc-
tured but not after adaptation), quadrilateral mesh with quartic, q = 4, curved elements repre-
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Figure 6.1: NACA 0012 M∞ = 0.95, α = 0°: Mach number contours (range: 0.4-1.6).

senting the airfoil geometry. The mesh adaptation strategy used in this case is the hanging node
approach outlined in Section 5.1. The solution interpolation order for all of the cases is p = 2 and
the adaptation fraction is set to f adapt = 0.1 for each of the seven adaptation iterations. This means
that for each adaptive iteration, only 10% of the elements are refined. To illustrate the effect this
term has on the error convergence for the various methods, an additional set of runs were done
with f adapt = 0.075.

Figure 6.2: Initial NACA 0012 airfoil mesh.

For this case, only one engineering output, the drag coefficient, was analyzed. Integrals of the
inviscid momentum flux, i.e. the pressure on the airfoil surface, were used to obtain drag. Adap-
tation was driven using adjoints associated with the drag coefficient, lift coefficient, and entropy
variables. In addition, combined output-based and entropy-variable adaptive solutions were gen-
erated. The combined approach considered for this case is the most straightforward approach,
outlined in Subsection 3.4.1, where the error indicators using the fine-space output-based adjoint
are multiplied by those obtained using entropy variables for each element.

The presence of shocks in inviscid flows leads to the creation of entropy in the regions where
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shocks are present. This creates a problem for the entropy-variable indicator since it will target
regions of the mesh where spurious entropy is generated. The shocks may cause the entropy
indicator to continue to refine regions of the mesh to which an engineering output function J(u)

may be insensitive. This not only leads to unnecessary mesh refinement in these regions, but also
prevents regions of the mesh near the geometry to which J(u) is sensitive from being refined, since
only a certain percentage of cells are refined in each adaptive iteration. By combining the output-
based adjoint indicator with the entropy-variable indicator through direct, elemental multiplication,
this issue can be alleviated, since the output-based adjoint does not unnecessarily target regions of
spurious entropy generation that do not affect J(u).

Figure 6.3 shows the convergence of the drag coefficient for various error indicator approaches
and uniform refinement using both f adapt = 0.1 and f adapt = 0.075. One truth drag coefficient was
obtained by averaging cases obtained using a solution approximation order of p = 5 on a mesh
obtained by uniformly refining the finest drag coefficient adapted mesh twice. A second truth
solution was obtained using the same uniformly refined mesh with p = 4. The difference in the
drag coefficient between these two solutions is 6× 10−9.

The creation of entropy due to the fishtail shocks prevents the entropy-variable approach from
properly refining the mesh to produce a more accurate drag coefficient. However, the combined
approaches converge as the mesh is refined, since they are not as susceptible to unnecessary re-
finement in regions that do not affect the drag coefficient. When f adapt = 0.1, the combined
approach that incorporates the lift-based adjoint produces a better drag coefficient, while the com-
bined approach that used the drag-based adjoint does not perform as well as the drag-based adjoint
approach. However, this is not a universal result for this case, since the errors are sensitive to solver
parameters, including coefficients in the artificial-viscosity-based shock-capturing strategy [134].
That is, adjustments to the shock-capturing smoothness indicator parameters can make the com-
bined approach perform better. Despite changes to the shock capturing methods, however, the
drag coefficient error convergence using the entropy-based indicator never improves. In addition,
when f adapt = 0.075, the combined lift-entropy case does not perform nearly as well. This is the
only method that changes significantly when f adapt is changed. It is reasonable to expect the error
convergence to change since f adapt will effectively change the relative meshes at each adaptive it-
eration. Thus, the significant change in the error convergence for the combined lift-entropy case is
noteworthy, but not entirely surprising.

Figure 6.4 compares the meshes after seven adaptation iterations for the error indicator strate-
gies in Figure 6.3 that use f adapt = 0.1. The output-based adjoint methods do not target the fishtail
shock, outside of the region directly near the trailing edge, whereas the entropy-variable approach
focuses solely on the fishtail shock and does not refine the mesh anywhere else. This explains why
in Figure 6.3, there is no change in drag coefficient error with each adapted mesh for the entropy-
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(a) f adapt = 0.1 (b) f adapt = 0.075

Figure 6.3: NACA 0012 M∞ = 0.95, α = 0°: Comparison of drag coefficient convergence
histories for various error indicators using DG.

based indicator case. Since the mesh is barely refined near the airfoil surface (particularly the
leading edge) the drag coefficient error never improves. The combined drag and entropy-variable
approach yields a much-improved mesh compared to just using the entropy variables alone. How-
ever, there is still some unnecessary refinement due to the fishtail shock, because of how strong
the entropy-based indicator is in that region. This is likely the reason why this combined approach
does not perform as well as the drag-based alone approach. The combined lift and entropy-variable
approach does not have as much refinement in the fishtail shock, which might explain why it per-
forms much better than the combined approach that uses the drag-based adjoint. One option to
remedy the issue with the drag-based combined approach is to use a mask on the entropy indi-
cator so that its effect is not as pronounced. This option, outlined in Subsection 3.4.3, will be
investigated for the results in Subsection 6.1.3.

6.1.2 NACA 0012 Wing in Inviscid Flow: M∞ = 0.4, α = 3°

To demonstrate whether the combined approach is effective at higher dimensions, the next case is
a NACA 0012, untapered, untwisted wing with a closed trailing edge and a rounded wing tip. The
freestream Mach number is M∞ = 0.4 and the angle of attack is α = 3°. The wing has an aspect
ratio of 10 and is inside a computational domain that has a farfield 40 chord lengths away. The
unstructured mesh is composed of cubic, q = 3, hexahedral elements that curve to match the wing
geometry. Quadratic solution interpolation, p = 2, was used in the discretization, but for these runs
the adaptation fixed fraction was lowered to f adapt = 0.05. Artificial viscosity stabilization [134]
was added to the solution to provide stability in the vicinity of the trailing-edge vortices. The
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(a) Drag Adaptation (b) Lift Adaptation

(c) Drag-Entropy Adaptation (d) Lift-Entropy Adaptation

(e) Entropy Adaptation

Figure 6.4: NACA 0012M∞ = 0.95, α = 0°: Meshes after seven adaptation iterations for various
error indicators that use f adapt = 0.1 and DG.
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cores of the trailing vortices experience very low pressures and become singularities in the inviscid
limit, which is more closely approximated as the mesh is adapted in these regions. Without the
addition of artificial viscosity stabilization, these regions then cause convergence problems for the
high-order solver [87].

The two engineering outputs that are considered for this case are drag and lift coefficients.
Adjoint solutions associated with these two outputs were used to drive separate adaptation runs.
Additionally, the entropy-variable indicator, as well as the standard combined entropy and fine-
space output-based adjoint indicator approach were tested. Figure 6.5 shows the results of these
adaptation runs, along with a uniform refinement run for comparison. Note that one iteration
of uniform refinement produced a mesh larger than any of the finest adapted meshes. This is
why the uniform refinement convergence history in Figure 6.5 is linear between the two mesh
sizes. Therefore, the difference in drag between using uniform refinement and any of the adaptive
approaches for the intermediate mesh sizes may not be as large as it appears. No truth solutions
were obtained due to the computational expense of such runs. Consequently, what is shown in
these figures is not the output error, but the actual lift and drag coefficients.

(a) Drag Output (b) Lift Output

Figure 6.5: NACA 0012 Wing M∞ = 0.4, α = 3°: Comparison of output convergence histories
for various error indicators using DG.

For the drag coefficient, the drag-based adjoint approach and combined drag and entropy-
variable approach behave comparably and converge to a very similar value, assuming this value is
close to the exact solution. It is possible that the combined approach might be slightly outperform-
ing the output-based approach. However, as previously discussed, output-based adaptation is not
always optimal because of adjoint singularities at the leading and trailing edges that can distract the
adaptation. The entropy-variable approach does not converge to the same degree and particularly
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underperforms for the coarser meshes. Similar to what was observed for the drag coefficient, the
lift-based adjoint approach and combined lift and entropy-variable approach perform comparably
regarding their ability to predict the lift coefficient output. The entropy-variable indicator by itself
is much more erratic and does not perform nearly as well. Not unexpectedly is that the lift-based
adjoint approach does not produce as accurate of a drag coefficient as the drag-based adjoint and
vice versa. Since the drag-based adjoint specifically refines the mesh to produce the most accurate
drag coefficient, it is reasonable to assume that the lift-based adjoint approach, while producing
the better lift coefficient, does not produce as accurate a drag coefficient. This same logic is the
reason the combined approach that uses the drag-based adjoint does not produce as accurate of a
lift coefficient compared to the combined approach that uses the lift-based adjoint.

An explanation for why the entropy-variable indicator does not perform as well is its propen-
sity to refine the mesh in areas consumed by the wing-tip vortex. From theory and experimental
work [135], it is known that wakes form behind wings. This occurs due to the natural extension of
the boundary layer from the wing surface, as well as streamwise vorticity that is shed due to lift
distribution variation. This case is inviscid so there is no boundary layer. However, there still is
shedding of streamwise vorticity, particularly at the wing tip. The numerical results presented in
this paper show a very concentrated vortex emanating from the wing tip. Since the under-resolved
wing-tip vortex leads to spurious entropy generation, the entropy-variable indicator targets areas
of the mesh through which the vortex travels.

Figure 6.6 shows the initial mesh, as well as the final meshes, after five adaptive iterations for the
various adaptive strategies. The cut plane in these images is not far behind the wing trailing edge.
The output-based indicators refine the mesh near the wing surface and do not significantly refine
the mesh downstream of the wing trailing edge. However, the entropy-variable indicator refines the
regions of the mesh engulfed by the wake, especially where the wing-tip vortex is. While areas of
the mesh, particularly those near the leading edge, are also refined, the entropy-variable indicator
sacrifices refinement on the upper surface of the wing due to the excessive refinement in regions
of the mesh where the wing-tip vortex is. The combined output-based and entropy-based adjoint
indicators have some refinement due to the wing-tip vortex as to be expected, but it is not excessive
enough to lead to poor adaptation performance, as illustrated by the results in Figure 6.5.

The impact of the wing-tip vortex can be further examined via the results in Figure 6.7, which
shows cuts of the mesh at the wing tip. Again, the output-based adjoint indicators focus all of
the refinement near the wing-tip surface, while the entropy-variable indicator focuses refinement
downstream of the wing trailing edge due to the wing-tip vortex. The combined drag and entropy-
variable indicator refines the region of the mesh consumed by the wing-tip vortex near the wing-tip
surface, but does not excessively refine the mesh further downstream. It is reasonable to assume
that some refinement due to the wing-tip vortex is necessary to accurately predict the drag coef-
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(a) Initial Mesh (b) Drag Adaptation

(c) Lift Adaptation (d) Entropy Adaptation

(e) Drag-Entropy Adaptation (f) Lift-Entropy Adaptation

Figure 6.6: NACA 0012 Wing M∞ = 0.4, α = 3°: Initial mesh and meshes after five adaptation
iterations for various error indicator strategies using DG.
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(a) Initial Mesh

(b) Drag Adaptation

Diamond Airfoil in Inviscid Flow

(c) Lift Adaptation

(d) Entropy Adaptation

(e) Drag-Entropy Adaptation

(f) Lift-Entropy Adaptation

Figure 6.7: NACA 0012 Wing M∞ = 0.4, α = 3°: Cut-plane at wing tip from initial mesh and
meshes after five adaptation iterations for various error indicator strategies using DG.
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ficient, but not nearly to the extent the entropy-variable approach indicates. The combined drag
and entropy-variable indicator does a much better job balancing refinement between regions in the
wake and near the airfoil surface. This is even more evident for the combined lift and entropy-
variable indicator case, where the refinement due to the wing-tip vortex is even less pronounced
since the wing-tip vortex under-resolution does not contribute to the lift coefficient error to the
same degree as to the drag coefficient error.

6.1.3 Diamond Airfoil in Inviscid Flow: M∞ = 1.5, α = 2°

The next case is two-dimensional, inviscid flow over a thin diamond airfoil with a thickness ratio
of 0.05. The freestream Mach number is M∞ = 1.5 and the angle of attack is α = 2°. The purpose
of this simulation is to test the various modifications to the combined approach outlined in Subsec-
tions 3.4.2 and 3.4.3, particularly the masking on the entropy-based indicator. This case is also a
relatively challenging case for the adaptive indicator since there are numerous flow discontinuities
present. The grid is a square with a side length of 10 chord lengths. The supersonic freestream
flow produces shocks emanating from both the top and bottom surfaces of the airfoil, as visible
in Figure 6.8. However, because the airfoil is thin enough to produce weak shocks, no artificial
viscosity was added to the solution. This is ideal since it is desirable to not have artificial viscosity
present in the simulation, as it might adversely affect the entropy-based indicator.

Figure 6.8: Diamond M∞ = 1.5, α = 2°: Mach number contours (range: 1.3-1.7).

The airfoil is situated slightly off from the center of the domain so that the shocks emanating
from the airfoil do not directly impact the corners of the mesh domain. Figure 6.9 shows the
initial, unstructured, quadrilateral mesh made up of linear, q = 1, elements. As evident from the
figure, the initial mesh is quite coarse. Just as with the inviscid NACA 0012 case, the solution
approximation order for all of the cases is p = 2. All of the cases ran for exactly fourteen adaptive
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Figure 6.9: Initial diamond airfoil mesh made up of quadrilateral elements.

iterations, with the last iteration resulting in a mesh made up of approximately 70,000 degrees of
freedom. This was done by using the hanging node adaptation approach and varying f adapt for each
case. In addition, for these runs the fixed-error fraction was set to f error = 0.95.

For this case, the drag coefficient and the lift coefficient were again used as outputs to govern the
mesh adaptation. Adaptation runs using adjoints based on these two outputs, as well as runs using
both the entropy-based adjoint and the combined entropy and output-based adjoint were generated.
In addition, three modified forms of the combined approach were considered for this case. The first
modified combined approach, described in Subsection 3.4.2, does not entail solving for the fine-
space output-based adjoint. Instead, the adjoint and the state are projected down one order, to
p = 1 for this case, so that the output-based indicator can be obtained at the p = 2 space. The
second and third modified combined approaches build off of the first modified approach by adding
a mask on the entropy-based indicator (see Subsection 3.4.3) using different masking percentages,
in this case 10% and 25%.

Figure 6.10 shows the drag and lift coefficient convergence results for all of the various error
indicator strategies. As previously discussed, by varying f adapt for each case, we were able to run
each case with fourteen adaptive iterations that produced similar mesh sizes. The truth outputs
for both lift and drag coefficient were obtained from a case at p = 3 on a mesh obtained by
uniformly refining the finest output-adapted mesh. Another set of truth solutions was obtained
by uniformly refining the initial truth solution and running a new case at p = 3. The difference
in lift and drag coefficient between these two truth solutions was on the order of 2 × 10−9. The
modified combined approach, in which no fine-space output-based adjoints were solved for and the
fine-space primal problem was approximated with an iterative solver, shows slightly downgraded
performance, especially in terms of predicting the lift coefficient. However, the performance of
this modified approach improves significantly with the addition of the mask on the entropy-based
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indicator. Unfortunately, no one particular masking percentage yields superior results for both
lift and drag error estimation. The 10% mask is generally superior in terms of measuring drag
coefficient. However, for lift coefficient error estimation, the 25% mask appears to perform better.
This approach crosses the truth solution, which explains the sudden drop in error magnitude.

(a) Drag Output (b) Lift Output

Figure 6.10: Diamond M∞ = 1.5, α = 2°: Comparison of output convergence histories for
various error indicator strategies using DG.

Figure 6.11 shows the meshes after the final adaptation iteration for the various error indicator
strategies that, outside of the entropy-variable approach, all include indicators based on the drag-
based adjoint. The entropy-variable indicator mostly focuses on the discontinuities emanating
from the leading edge and trailing edge of the diamond. This refinement extends unnecessarily
to the farfield boundaries, which accounts for why the error convergence of the entropy-based
approach produces the least desirable error convergence. However, the entropy-variable approach
still produces a better error estimate compared to the example in Subsection 6.1.1 where the error
never improved as the mesh was refined. In that case, the shocks were nowhere near the leading
edge, leading to no refinement there. For this supersonic case, there are shocks/expansions close
to the airfoil that are refined. Thus, the error estimate predicted by the entropy-based approach
is much better for this case. The drag-based adjoint indicator does not suffer from this issue,
instead producing regions of refinement that (when examined as a whole) resemble the shape of a
diamond. The regions of refinement that originate near the airfoil and then travel downstream are
necessary for good error estimation. However, based on the four meshes obtained using a variation
of the combined approach, the regions of refinement that travel upstream may not be necessary for
accurate error estimation. These regions are refined because of the singularities in the output-based
adjoint in the vicinity of the leading-edge stagnation streamline. The four combined approaches
produce fairly similar drag coefficient error estimates, despite their meshes looking quite a bit
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different. The two masking cases, in particular, show a significant difference in refinement on the
top of the airfoil. The refinement from the shocks above the airfoil is necessary since only at the last
adaptive iteration does the 25% mask case outperform the 10% case. Of course, the discontinuity
emanating from the nose that is below the airfoil is far more important since this region of the mesh
is refined regardless of the method. Overall, a lower masking percentage appears to produce much
more reliable meshes.

Cell-wise adaptive indicator plots on meshes after seven adaptive iterations are shown in Figure
6.12. The cases shown in this figure are identical to those shown in Figure 6.11, the main difference
being that these meshes are after seven adaptive iterations, not fourteen. For all cases, the area of
the mesh that gets refined first is the shock emanating from the nose that is below the airfoil. After
seven iterations, this region is not nearly as refined in the entropy-variable case, compared to the
drag-based adjoint case. This is because the mesh is refined in regions where the discontinuity is
far from the airfoil. This region appears to be the most refined for the masking cases, which might
explain their slight performance improvement. However, most of the cases produce similar drag
coefficient error levels overall, despite the visible differences in these cell-wise adaptive indicator
plots.

Figure 6.13 shows meshes after the final adaptation iteration for the various error indicator
strategies that rely on the lift-based adjoint. For lift coefficient estimation, the modified combined
approach does not perform nearly as well without the mask. The issue with this case is that many
of the elements (particularly those in the region above the airfoil) have high aspect ratios. Since
hanging node adaptation requires certain ratios between cell refinements, the very small grid cells
near the top point and leading tip of the diamond airfoil lead to the propagation of large aspect
ratio cells above the airfoil. These cells do a poor job of capturing the very thin discontinuity. The
combined case with the 25% mask has many poor aspect ratio cells too, which is likely why the
lift coefficient estimation is so erratic with each adaptive iteration. The high aspect ratio cells are
not as prevalent in the output-based case and the combined case with the 10% mask, hence the
improvement in the estimation of the lift coefficient.

It is important to note that many masking percentages, as well as various values for f adapt and
f error, were studied using this case. Additionally, masking was attempted on the output-based in-
dicator as opposed to the entropy-based indicator. We have chosen to include combinations of
inputs that yielded the best results for this particular case. However, no one particular combination
of inputs always yields the best error convergence. Part of the issue in determining the optimal
approach is the inherent limitations of the hanging-node adaptation discussed in the previous para-
graph. To eliminate these limitations, the subsequent results in this section will focus on mesh
adaptation using MOESS.
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(a) Drag Adaptation (b) Entropy Adaptation

(c) Drag-Entropy Adaptation (d) Mod. Drag-Entropy Adaptation

(e) Mod. Drag-Entropy Adaptation 10% Mask (f) Mod. Drag-Entropy Adaptation 25% Mask

Figure 6.11: Diamond M∞ = 1.5, α = 2°: Final mesh after adaptation iterations for various error
indicator strategies using DG, most of which require the drag coefficient adjoint.
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(a) Drag Adaptation (b) Entropy Adaptation

(c) Drag-Entropy Adaptation (d) Mod. Drag-Entropy Adaptation

(e) Mod. Drag-Entropy Adaptation 10% Mask (f) Mod. Drag-Entropy Adaptation 25% Mask

Figure 6.12: Diamond M∞ = 1.5, α = 2°: Adaptive indicator at seven adaptation iterations for
various error indicator strategies using DG, most of which require the drag coefficient adjoint.
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(a) Drag Adaptation (b) Entropy Adaptation

(c) Drag-Entropy Adaptation (d) Mod. Drag-Entropy Adaptation

(e) Mod. Drag-Entropy Adaptation 10% Mask (f) Mod. Drag-Entropy Adaptation 25% Mask

Figure 6.13: Diamond M∞ = 1.5, α = 2°: Final mesh after adaptation iterations for various error
indicator strategies using DG, most of which require the lift coefficient adjoint.
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6.1.4 NACA 0012 Airfoil in Viscous Flow: M∞ = 0.5, α = 5°, Re = 5000

To illustrate how using MOESS, outlined in Section 5.4, compares to hanging node adaptation,
we consider two-dimensional, viscous flow over the NACA 0012 airfoil with a closed trailing
edge. This case differs from the previous examples in that it is a viscous simulation. This allows
us to demonstrate the effectiveness of the combined approach for a flow simulation with much
more challenging governing flow equations. The initial meshes are shown in Figure 6.14. The
freestream Mach number is M∞ = 0.5, the angle of attack is α = 5°, and the Reynolds number is
set to Re = 5000.

The initial mesh used with hanging node adaptation is a quadrilateral mesh with quartic, q = 4,
curved elements representing the geometry. The mesh is made up of 818 elements and the farfield
is approximately 40 chord lengths away. The extra refinement near the surface is necessary to
enable a solution on the coarsest mesh. The adaptation fraction was set to f adapt = 0.1 and the
adaptation fixed error fraction was set to f error = 1 for each of the nine adaptation iterations.
Finally, the solution was set to p = 2 for all cases.

The initial mesh used with MOESS consists of 356 unstructured triangles. The farfield is over
2000 chord-lengths away, and curved elements of geometry order q = 4 are used to represent
the airfoil. The cases are run with a solution interpolation order of p = 2 with the following six
degrees of freedom targets: 2000, 4000, 8000, 16000, 32000, and 64000. At each dof target,
fifteen solution iterations are performed before moving to the next dof target.

(a) Hanging Node (818 elements) (b) MOESS (356 elements)

Figure 6.14: Initial viscous NACA 0012 airfoil meshes.

For both sets of adaptation strategies, the drag coefficient and lift coefficients were used as
outputs to drive the mesh adaptation. Adaptation runs using adjoints based on these outputs, the
entropy-variable approach, and the standard combined entropy and fine-space output-based adjoint
were considered. None of the previously aforementioned modifications were made to the combined
approach in this case. Figure 6.15 shows the convergence results for all of the error indicators using
both sets of mesh adaptation strategies. The solid lines represent solutions using MOESS, while
the dashed lines represent solutions using hanging node adaptation. The output and dof values
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reported from the cases incorporating MOESS are averages over the last 5 solution iterations at
each target dof. For the viscous case, the truth outputs for both the lift and drag coefficients were
obtained by refining the final output-adapted mesh and running cases at orders p = 4 and p = 5.
The difference in drag coefficient between these two sets of cases was of the order 4× 10−8, while
the difference in lift coefficient was of the order 8 × 10−8. For the MOESS case, truth solutions
were run at p = 3 and p = 4. The difference in outputs between these two sets of cases was of the
order 1× 10−8.

(a) Drag Output (b) Lift Output

Figure 6.15: NACA 0012 M∞ = 0.5, α = 5°, Re = 5000: Comparison of output convergence
histories for various error indicators using both hanging node and MOESS adaptation with DG.

Unsurprisingly, the MOESS adapted cases mostly perform much better than the hanging node
adapted cases, since MOESS can coarsen regions of the mesh that do not affect the output er-
ror estimation. MOESS also considers elemental anisotropic information, which leads to greater
accuracy. When implementing hanging node refinement, the error indicator strategies’ drag co-
efficient error convergence does not vary significantly, outside of the lift-based adjoint approach
whose relative error estimation is far inferior. However, for MOESS a clear distinction is present.
The entropy variable-based adaptation solution is quite poor, comparable to the lift-based adjoint
approach, while the combined approach that incorporates the drag-based adjoint yields better per-
formance than the drag coefficient-based adaptation solution. In addition, the combined approach
that uses the lift-based adjoint compares very well to the drag-based approach. For the lift co-
efficient error convergence, the combined approach using hanging node adaptation is superior to
output-based hanging node adaptation. However, for MOESS there is little difference between the
combined approach and the output-based approach.

Figure 6.16 presents the meshes at 64000 dof for the cases that used MOESS adaptation. The
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(a) Drag Adaptation

(b) Lift Adaptation

(c) Entropy Adaptation

(d) Drag-Entropy Adaptation

(e) Lift-Entropy Adaptation

Figure 6.16: NACA 0012 M∞ = 0.5, α = 5°, Re = 5000: Meshes after final adaptation iteration
(approximately 64000 dof) for various error indicator strategies using DG.
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individual output-based approaches target regions of the domain near the airfoil, as well as the
portions of the wake near the airfoil and areas near the stagnation streamline. In fact, there is
substantial refinement ahead of the stagnation streamline that is multiple chord lengths long. The
entropy-based adjoint approach does not target regions of the mesh well ahead of the stagnation
point. Instead, it targets the entire wake (all the way to the farfield boundary) since there is sub-
stantial spurious entropy generation in an under-resolved wake. The entropy indicator also leaves
the aft portion of the upper surface of the airfoil relatively unrefined. The combined approach
achieves a balance between refining ahead of the airfoil and in the wake. The meshes obtained
from these approaches are refined in the wake, but not to the excessive extent present in the mesh
produced from the entropy-based approach. In addition, these meshes have refinement ahead of
the stagnation streamline, but the refinement does not extend well ahead of the airfoil as it does for
the output-based approaches. This balance in refinement for this particular case clearly shows the
benefit of using a combined approach to govern the mesh adaptation.

6.1.5 NACA 0004 Airfoil in RANS Flow: M∞ = 0.5, α = 3°, Re = 1× 104

To test the combined approach’s effectiveness for even more challenging numerics, the final case
is the NACA 0004 airfoil in RANS flow with the version of the Spalart-Allmaras turbulence model
outlined in Subsection 2.1.3. The angle of attack, in this case, is α = 3° and the Reynolds number
is set to Re = 1 × 104. A relatively low freestream Mach number of M∞ = 0.5 is used so that
the Mach number in the domain never approaches sonic conditions. The rationale for this is the
concern that the present shock-capturing techniques, through artificial viscosity stabilization, can
adversely affect the entropy variables. Additionally, the wall distance function interpolation order,
which is the order of polynomials used to approximate the wall distance within each element [136],
was set to 2. For curved geometries, this order needs to be sufficiently high to not introduce low-
order errors in the wall distance calculation, which is required for the source terms of the turbulence
model. Experiments with linear wall distance function approximation (in an element’s reference
space) showed degradation of the output convergence, whereas higher wall distance function orders
did not appreciably affect the results for the solution orders used in this example.

Figure 6.17 shows the initial coarse mesh for this case, which consists of 660 triangular ele-
ments. Curved elements of order q = 4 represent the airfoil geometry, and the farfield boundary is
2000 chord lengths away. The cases were run with a solution approximation order of p = 2 with
the following five degrees of freedom targets: 5000, 10000, 20000, 40000, and 80000. Just as with
the previous MOESS simulations, for each dof target, fifteen solution iterations were performed
before moving to the next dof target.

As before, the drag coefficient and lift coefficients were used as outputs to govern the mesh
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Figure 6.17: Initial NACA 0004 airfoil mesh.

adaptation. Adaptation runs using adjoints based on these outputs, the entropy-variable approach,
and the standard combined entropy and output-based adjoint solution were generated. Two modi-
fied versions of the combined approach were also investigated for this case. The first is a modifi-
cation to the combined approach in which only the output-based indicator is used to target which
elements get refined while using MOESS. Therefore the output-based indicator alone governs the
local sampling approach outlined in Subsection 5.4.2. The second modification involves using a
modified residual made up of only the convective terms to obtain the entropy-based adjoint when
using the combined approach.

The following reference [137] indicates that for RANS cases, the optimal drag coefficient error
estimate using entropy variables requires two inviscid residual evaluations, one with the approx-
imate solution and one with the exact solution. This is motivated by relating the output J from
Equation 3.42 directly to one output of interest, the drag coefficient, through Oswatitsch’s for-
mula [138] via

δcd,osw ≈ KδJ inv = K
(
J inv (uH)− J inv (u)

)
= K

∫
Ω

vT
(
rinv (uH)− rinv (u)

)
dΩ, (6.1)

where the superscript “inv” denotes inviscid residuals and fluxes. For RANS cases, the term rinv (u)

needs to be approximated. The discrete analogue of Equation 6.1 is

δcd,osw ≈ KVT
h

[
Rinv
h

(
UH
h

)
− Rinv

h (Uh)
]
, (6.2)

where UH
h is the discrete coarse-space state vector prolonged into the fine space, and Uh is the

discrete fine-space state. The residual operators in Equation 6.2 include only the convective terms
of the RANS equations.

Figure 6.18 shows the convergence results for all of the error indicator strategies. In this figure,
we also present how the drag-based indicators perform in predicting lift coefficient (and vice versa),
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which yields a total of four output error convergence plots. Again, the output and dof values
reported from these results are averages over the last 5 solution iterations at each target dof. The
truth outputs for both the drag and lift coefficients were obtained by uniformly refining the final
output-adapted mesh and running at p = 3. An identical set of truth solutions was obtained for
both truth solutions using p = 4. The difference in the outputs between these two solutions is of
the order 1 × 10−9. The dashed red line corresponds to the case where the output-based adjoint
alone controls the local sampling. The dotted red line corresponds to the combined approach that
incorporates the modified residual approach to obtain the entropy-based indicator.

(a) Drag Output Using Drag-based Adjoints (b) Lift Output Using Drag-based Adjoints

(c) Drag Output Using Lift-based Adjoints (d) Lift Output Using Lift-based Adjoints

Figure 6.18: NACA 0004 M∞ = 0.5, α = 3°, Re = 1× 104: Comparison of output convergence
histories for various error indicator strategies using DG.

When it comes to predicting the drag coefficient, none of the combined approaches yield sig-
nificantly different results compared to the drag-based approach. In fact, several other RANS
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simulations were analyzed with multiple geometries and flow conditions. It was found that the
drag-based adjoint indicator performs similarly, or sometimes a little better than the combined
approach indicators. However, this is not overly discouraging, since these are steady-state simu-
lations. For unsteady simulations, the cost of fine output adjoint calculations will be dramatically
larger, and we expect more benefit from using the much cheaper entropy variables.

With regards to predicting lift coefficient, there is much more variety among the different adap-
tive indicator approaches. The lift-based indicator predicts a much more accurate lift coefficient
compared to the combined approach. This is not surprising, given that we have observed the relia-
bility of the entropy-based indicator with regards to its prediction of drag coefficient, since regions
of the flow field that produce spurious entropy generation are those that subsequently produce
more drag. On the other hand, the combined approach using the drag-based indicator obtains more
accurate lift coefficients than the drag-based indicator for the final degrees of freedom target. Un-
fortunately, since the combined approaches do not produce as accurate lift coefficient errors at the
lower degrees of freedom targets, it is difficult to definitively state that the combined approaches
are better.

Figure 6.19 presents the meshes at 80000 dof for the output-based adjoint approaches, the
entropy-based approach, and the combined approaches with no modifications. Although the drag
coefficient errors at this dof are not that different among all of the adaptation indicator strate-
gies, the meshes do show visible differences consistent with those in Figure 6.16. Clearly, the
output-based adjoint approaches focus refinement ahead of the airfoil and less in the wake, while
the entropy-based approach focuses significant refinement in the wake. Interestingly, the drag co-
efficient error levels specifically do not vary significantly among the different strategies, which
suggests that either the set of meshes that yield nearly optimal drag predictions is large, or that an
optimal mesh has not yet been identified by the adaptive approaches considered. The resolution of
this question is an area of ongoing research.

6.2 Steady-State Inviscid Cases Comparing SUPG to DG

The results in this section showcase how the combined approach performs for the SUPG discretiza-
tion relative to DG discretization used for all results in Section 6.1. All cases in this section are
again steady-state simulations. In addition, since the SUPG code written for this work is based on
a discretization of the Euler equations reviewed in Subsection 2.1.2, the cases in this section are
limited to those equations. In total there are two different cases presented in this work, each using
various error indicators approaches, shown in Table 6.2. Many of the results in this section were
previously published in the following work [107].
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(a) Drag Adaptation

(b) Lift Adaptation

(c) Entropy Adaptation

(d) Drag-Entropy Adaptation

(e) Lift-Entropy Adaptation

Figure 6.19: NACA 0004 M∞ = 0.5, α = 3°, Re = 1 × 104: Meshes after final adaptation
iteration (approximately 80000 DOF) for various error indicator strategies using DG.
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NACA 0012 Airfoil (Inviscid) Diamond Airfoil (Inviscid)
Output X X

Entropy X X
Combined X X

Comb. w/ Mask X

Table 6.2: Error indicators used for each steady-state case comparing SUPG to DG.

6.2.1 NACA 0012 Airfoil: M∞ = 0.3, α = 5°

The first case in this section is a two-dimensional, inviscid flow over the NACA 0012 airfoil with a
closed trailing edge. The initial mesh, shown in Figure 6.20, is made up of 533 triangular elements
with a far-field located 100 chord lengths away from the airfoil. Curved elements, q = 3, were
used to represent the geometry and solution approximation orders of p = 1 and p = 2 were used.
The following degrees of freedom targets were run with p = 1: 750, 1500, 3000, and 6000. In
addition, the following degrees of freedom targets were run with p = 2: 1500, 3000, 6000, and
12000. At each dof target, multiple solution iterations were performed so that an average of five
solutions could be obtained.

(a) Initial Mesh (b) Initial Mesh (Zoom)

Figure 6.20: Initial NACA 0012 airfoil mesh.

The freestream Mach number is M∞ = 0.3 and the angle of attack is α = 5°. The flow is
subsonic everywhere in the computational domain. Mach number contours are shown in Figure
6.21. The drag coefficient and lift coefficient were chosen as the engineering outputs. Adaptation
was governed by adjoints using either the output-based adjoint or the entropy variables. In addition,
the standard combined approach that uses the fine-space output-based adjoint and entropy-variable
approach was considered.

Figure 6.22 shows the convergence of the drag coefficient for the various adaptation strategies
using both SUPG and DG. The mesh adaptation strategy used for these cases was MOESS. One
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Figure 6.21: NACA 0012 M∞ = 0.3, α = 5°: Mach number contours (range: 0-0.5).

convergence plot compares the drag coefficient error versus degrees of freedom, while the other
shows the error versus the number of elements. The drag truth solution was obtained by taking the
finest mesh obtained using the drag-based adjoint with the DG discretization at p = 2, uniformly
refining it twice, and solving it with a solution approximation order of p = 3. A second truth
solution was obtained by taking the finest mesh obtained using the drag-based adjoint with the
SUPG discretization and running with a solution approximation order of p = 3. The difference
between these two drag coefficients was 3 × 10−8. The observed convergence rate for both DG
and SUPG at p = 1 is approximately 2, while at p = 2 the rate is 3. This indicates we are seeing a
convergence rate of p+1 for these cases, and not the expected super-convergent rate of 2p+1 [95].
When isolated singularities are present in the solution, adaptive refinement can focus refinement to
such a degree in these regions that refinement of the smooth regions is not resolved at the optimal
rate. For this case, a significant focus of the refinement is singularities at the stagnation point and
trailing edge.

For the same number of degrees of freedom, cases using a solution approximation order of p = 2

produced smaller errors compared to cases that used p = 1. This conclusion holds regardless of
whether SUPG or DG was used. At p = 1, there is a much greater difference in error levels
between SUPG and DG than at p = 2. At each degrees of freedom target, SUPG produces drag
coefficient error levels that are about one-third an order of magnitude less than DG. For p = 2,
the relative difference in error between SUPG and DG is much less, especially for the higher
degrees of freedom. Since each element run with DG has its own unique set of degrees of freedom,
there are far fewer overall elements in DG compared to simulations using SUPG. At p = 1, there
are three unique degrees of freedom for each element in DG. This leads to inferior performance
relative to SUPG where the approximations are continuous and there are more elements in the
mesh. For p = 2, the number of degrees of freedom in DG increases to six, which is enough to
better compensate for the fact that the solution is discontinuous across elements. For the same

124



(a) Drag Error Versus Degrees of Freedom (b) Drag Error Versus Number of Elements

Figure 6.22: NACA 0012 M∞ = 0.3, α = 5°: Comparison of drag coefficient convergence
histories for various error indicator strategies using SUPG and DG.

number of elements, DG performs much better than SUPG. However, that is not a fair comparison
as the number of degrees of freedom per element is much less using SUPG, and it is the number of
degrees of freedom and the consequent structure of the matrices (not the number of elements) that
adds to the computational expense.

This case is a benign simulation with no major flow discontinuities. Consequently, there is not
too much difference between the three different error estimation approaches, especially for DG.
For SUPG, there is a small benefit in accuracy using just the entropy-adjoint compared to using
just the drag-based adjoint for p = 2. This is a particular case that shows no loss in accuracy
using entropy variables to drive adaptation compared to the typical output-based adjoint approach.
However, as was demonstrated numerous times for the cases in Section 6.1, this is only because
there are no regions in the domain that generate spurious entropy that are far from the airfoil.
Since there is not a major difference in performance between using the drag-based adjoint versus
entropy variables, the combined approach does not provide much of an impact. However, it does
not negatively impact the performance.

Sample meshes generated using SUPG with the various error indicator approaches for both
p = 2 and p = 1 are shown in Figure 6.23. All of these meshes have approximately 6000 el-
ements, but the meshes generated using p = 2 have far more degrees of freedom. Both meshes
obtained using the drag-based adjoint allocate a large number of elements to the stagnation stream-
line region well in front of the airfoil, where the adjoint has a weak singularity [78]. However, at
p = 2, significantly more elements are allocated to this region. This feature was present in meshes
generated using the output-based adjoints for the NACA 0012 airfoil in viscous flow from the pre-
vious section, as shown in Figure 6.16. The meshes generated using the entropy variables or the
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combined approach do not demonstrate this propensity to allocate elements to this region. This
explains why these approaches produce slightly lower error levels at p = 2. For meshes generated
using p = 2, there is also more refinement near the surface of the airfoil in the middle region,
except for meshes that use the entropy-variable approach. When using entropy variables, all re-
finement is focused on the nose and tip of the airfoil where it is more critical to accurately predict
drag.

(a) Drag Adaptation (p = 2, Elem≈6000) (b) Drag Adaptation (p = 1, Elem≈6000)

(c) Entropy Adaptation (p = 2, Elem≈6000) (d) Entropy Adaptation (p = 1, Elem≈6000)

(e) Drag-Entropy Adaptation (p = 2, Elem≈6000) (f) Drag-Entropy Adaptation (p = 1, Elem≈6000)

Figure 6.23: NACA 0012 M∞ = 0.3, α = 5°: Meshes generated using SUPG for various error
indicators.
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A comparison of meshes generated using SUPG and DG with the various error indicator ap-
proaches for p = 2 is shown in Figure 6.24. For SUPG, there are approximately 1500 elements in
each mesh, while there are approximately 2000 elements in the DG meshes. Despite the scarcity
in the number of elements in each mesh compared to the previous figure, these are the finest DG
meshes shown in Figure 6.22, since the number of degrees of freedom per element is much higher
compared to SUPG. Overall, the meshes are pretty comparable between DG and SUPG for a given
error strategy. Since the meshes are much coarser from an element perspective, all of the extra
refinement in the stagnation streamline region is not present for the drag-based adjoint cases. This
explains where there was minimal difference between the entropy variables and output-based ap-
proach for DG. These meshes are not fine enough to warrant the unnecessary stagnation streamline
refinement. A reasonable conclusion is that for this case the benefit of the entropy-variable ap-
proach is much stronger in SUPG compared to DG, since SUPG requires far more elements at the
same degrees of freedom level. When there are more elements in a given mesh, they are more
likely to be placed in unnecessary regions for the drag-based adjoint approach.

Figure 6.25 shows the convergence of the lift coefficient for the various adaptation strategies
using both SUPG and DG. Instead of using the drag-based adjoint for the output-based adjoint
and combined approaches, the lift-based adjoint is used instead. Finding the lift truth solution
was done in the same manner as was done for the drag truth solution. The difference in truth
solutions between SUPG and DG is 3 × 10−7. The observed convergence rate for both DG and
SUPG at p = 1 is slightly less than 2, while at p = 2 the rate is slightly less than 3. Unlike for
the drag coefficient convergence plots in Figure 6.22, for lift coefficient we are not observing a
convergence rate of p + 1. This is because the focus of the stagnation point is even greater for
estimating the lift coefficient. This increased focus on refining the stagnation streamline region
reduces the convergence rate for the remaining smooth regions in the domain.

When it comes to predicting lift coefficient, the relative difference in error between p = 2

and p = 1 is still significant for both SUPG and DG. However, there is much more variability in
predicting lift coefficient among the different error indicator approaches compared to predicting
the drag coefficient, where all of the different approaches were pretty similar. For p = 1, all of
the approaches produce lower lift coefficient error levels when using SUPG compared to DG. The
entropy-variable approach, in particular, outperforms all of the other approaches. However, for
p = 2, the results obtained using DG are much more comparable, if not slightly better, compared
to SUPG. For the higher order of p = 2, the entropy-variable approach suffers (especially for
DG), while the combined approach generally produces lower error levels for both SUPG and DG.
Since there is more variability between the output-based and entropy-variable approaches when
calculating lift coefficient, the combined approach makes much more of a positive impact.

The benefits of the combined approach are much more obvious upon closer examination of the
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(a) Drag Adaptation (SUPG, Elem≈1500) (b) Drag Adaptation (DG, Elem≈2000)

(c) Entropy Adaptation (SUPG, Elem≈1500) (d) Entropy Adaptation (DG, Elem≈2000)

(e) Drag-Entropy Adaptation (SUPG, Elem≈1500) (f) Drag-Entropy Adaptation (DG, Elem≈2000)

Figure 6.24: NACA 0012 M∞ = 0.3, α = 5°: Meshes generated using SUPG and DG for various
error indicators at p = 2.
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(a) Lift Error Versus Degrees of Freedom (b) Lift Error Versus Number of Elements

Figure 6.25: NACA 0012M∞ = 0.3, α = 5°: Comparison of lift coefficient convergence histories
for various error indicator strategies using SUPG and DG.

meshes. A comparison of meshes for both p = 2 and p = 1 generated using SUPG is shown in
Figure 6.26. The meshes generated using the lift-based adjoints refine the stagnation streamline
area to an even greater degree compared to the meshes generated using the drag-based adjoints.
The entropy-variable approach does not refine this region, nor does it refine near the surface of the
airfoil to the same degree as the output-based adjoint approaches do. This was not an issue for
calculating the drag coefficient, but this may be more of an issue for calculating the lift coefficient.
The entropy-variable approach in particular lacks refinement near the surface close to the tip and
nose. The combined approach may strike a better balance between refining near the surface of the
airfoil, near the nose and trailing edge especially, while not refining the stagnation streamline as
much as the output-based approach. The combined approach at p = 2 does not refine the stagnation
streamline region far from the airfoil as much as p = 1, which explains why it performs better for
p = 2.

Meshes at p = 2 generated using DG and SUPG are directly compared in Figure 6.27. Just
as in Figure 6.24, for SUPG there are approximately 1500 elements in each mesh, while there are
approximately 2000 elements in the DG meshes. As before, the meshes between DG and SUPG
are pretty comparable for the same error indicator approach. Unlike in Figure 6.24, there are much
more noticeable differences in the meshes among the different error indicator approaches despite
the meshes being coarser than in Figure 6.26. The stagnation streamline region and regions near
the surface of the airfoil are significantly more refined in the output-based approach compared to
the entropy-variable approach. While the extra refinement in the stagnation streamline region may
not be necessary, the entropy-variable approach is not refining the regions near the surface of the
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(a) Lift Adaptation (p = 2, Elem≈6000) (b) Lift Adaptation (p = 1, Elem≈6000)

(c) Entropy Adaptation (p = 2, Elem≈6000) (d) Entropy Adaptation (p = 1, Elem≈6000)

(e) Lift-Entropy Adaptation (p = 2, Elem≈6000) (f) Lift-Entropy Adaptation (p = 1, Elem≈6000)

Figure 6.26: NACA 0012 M∞ = 0.3, α = 5°: Meshes generated using SUPG for various error
indicators.
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airfoil enough. This is why the combined approach works so well for calculating lift coefficient,
as both the output-based approach and entropy-variable approach have limitations in refining the
appropriate regions for calculating lift.

(a) Lift Adaptation (SUPG, Elem≈1500) (b) Lift Adaptation (DG, Elem≈2000)

(c) Entropy Adaptation (SUPG, Elem≈1500) (d) Entropy Adaptation (DG, Elem≈2000)

(e) Lift-Entropy Adaptation (SUPG, Elem≈1500) (f) Lift-Entropy Adaptation (DG, Elem≈2000)

Figure 6.27: NACA 0012 M∞ = 0.3, α = 5°: Meshes generated using SUPG and DG for various
error indicators at p = 2.

All of the results documented up to this point use MOESS for the mesh adaptation strategy.
In Figure 6.28, the SUPG results at p = 2 from the previous figures are compared to similar
simulations that use the a priori mesh adaptation approach from Section 5.3 instead of MOESS.
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Overall, the a priori approach yields lower drag coefficient error levels compared to MOESS,
regardless of the error indicator approach. However, the lift coefficient error performance between
MOESS and a priori is dependent on chosen error indicator approach. The combined approach and
the entropy-variable approach yield similar performance between MOESS and a priori, whereas
the lift-based adjoint approach performs much better when using MOESS for mesh adaptation.

(a) Drag Error Versus Degrees of Freedom (b) Lift Error Versus Degrees of Freedom

Figure 6.28: NACA 0012M∞ = 0.3, α = 5°: Comparison of drag and lift coefficient convergence
histories for various mesh adaptation strategies using SUPG at p = 2.

Figure 6.29 presents sample meshes from the various approaches shown in Figure 6.28. For
both the drag-based and lift-based adjoint approaches, MOESS focuses more refinement in the
stagnation streamline region and near the surface of the airfoil. This is because MOESS detects
anisotropic refinement much better than a priori, as previously discussed in Chapter 5. Having
refinement near the surface of the airfoil in the middle section of the airfoil is not as essential
for accurately predicting the drag coefficient, which is why the a priori approach outperforms
MOESS. Conversely, the extra refinement in the mid-board section of the airfoil leads to a better
estimation of the lift, since having a good estimation of the pressure on both the bottom and top
surface of the airfoil is critical for calculating the lift coefficient. It is obvious (based on the
sample mesh generated with the lift-based adjoint approach) that the a priori approach is unable
to produce ideal anisotropic elements on the boundary of the airfoil. This leads to suboptimal
performance compared to MOESS. A reasonable conclusion is that if the desired output requires
highly anisotropic elements, using MOESS is a more desirable approach compared to the a priori

approach.
The same conclusions regarding the relative performance between MOESS and a priori for the

output-based adjoint approach also apply to the combined approaches. However, the contributions
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(a) Drag Adaptation (MOESS, Elem≈6000) (b) Drag Adaptation (A Priori, Elem≈6000)

(c) Lift Adaptation (MOESS, Elem≈6000) (d) Lift Adaptation (A Priori, Elem≈6000)

(e) Entropy Adaptation (MOESS, Elem≈6000) (f) Entropy Adaptation (A Priori, Elem≈6000)

(g) Drag-Entropy Adaptation (MOESS, Elem≈6000) (h) Drag-Entropy Adaptation (A Priori, Elem≈6000)

(i) Lift-Entropy Adaptation (MOESS, Elem≈6000) (j) Lift-Entropy Adaptation (A Priori, Elem≈6000)

Figure 6.29: NACA 0012 M∞ = 0.3, α = 5°: Comparing mesh adaptation strategies using SUPG
at p = 2.
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from the entropy variable indicator in the combined approach limit the dramatic differences present
using the output-based approach. While the stagnation streamline region is still targeted for refine-
ment in both combined approaches using MOESS, the refinement is not as fine as it was for the
output-based approaches. This is why for estimating lift coefficient in particular, the combined
approaches outperform the output-based approaches in both MOESS and a priori. The entropy-
variable approach using a priori produces lower drag and lift errors compared to MOESS because
the mesh is much coarser near the surface of the airfoil. While the output-based approaches in
MOESS produced too much refinement in this region, the entropy-variable approach does not re-
fine this region enough. Since the entropy variables and output-based adjoint approaches target
different regions of the domain for both MOESS and a priori, there can be a clear benefit of us-
ing the combined approach so that all regions of the domain required to accurately calculate a
particular output are adequately refined.

6.2.2 Diamond Airfoil: M∞ = 1.5, α = 2°

The next case was chosen specifically because there are multiple flow discontinuities present in
the computational domain. In this case, a thin diamond airfoil, with a thickness-to-chord ratio
of 0.05, is subjected to a supersonic flow of M∞ = 1.5 at an angle of attack of α = 2°. The
initial conditions and airfoil geometry are identical to the case described in Subsection 6.1.3. Even
though the flow is supersonic, the simulation can be solved without stability viscosity because the
shocks are weak. The weak shocks are due to the small thickness of the diamond airfoil.

Just as in Subsection 6.1.3, the grid is a square with a side length of ten chords. The diamond is
placed slightly off from the center of the domain so that the shocks emanating from the airfoil do
not directly impact the corners of the domain. For this case, the initial linear, q = 1, mesh is made
up of unstructured, triangular elements, as shown in Figure 6.30. This differs from the initial mesh
in Figure 6.9 where the elements were made up of quadrilaterals.

Cases run with a solution interpolation order of p = 1 used the following three degrees of
freedom targets: 375, 750, and 1500. Cases that had a solution interpolation order of p = 2

used the following degrees of freedom targets: 750, 1500, and 3000. As for the previous case in
Subsection 6.2.1, multiple solution iterations were performed at each target so that an average could
be done over five separate iterations. The drag coefficient was chosen as the analyzed engineering
output for this case. Consequently, the drag-based adjoint approach was analyzed along with the
entropy-variable approach and the standard combined approach that uses the fine-space drag-based
adjoint.

Figure 6.31 presents the drag coefficient error convergence for the adaptation strategies using
both DG and SUPG. The mesh adaptation strategy used for these cases was MOESS. The truth
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Figure 6.30: Initial diamond airfoil mesh made up of triangular elements.

solution was obtained by generating an adaptive mesh with approximately 3000 degrees of freedom
using the drag-based adjoint with a DG formulation, uniformly refining that mesh, and generating
a solution at p = 3. A similar truth solution was obtained using SUPG. The difference in the lift
coefficient truth solutions between SUPG and DG was 2× 10−7.

(a) Drag Error Versus Degrees of Freedom (b) Drag Error Versus Number of Elements

Figure 6.31: Diamond M∞ = 1.5, α = 2°: Comparison of drag coefficient convergence histories
for various error indicator strategies using SUPG and DG.

A noteworthy observation from Figure 6.31 is that generally there is not much of a benefit run-
ning this simulation at p = 2. Unlike in subsonic airfoil case in Subsection 6.2.1 where simulations
at p = 2 always produced lower output errors at the same degree of freedom level, regardless of the
discretization and adaptation approach used, for this case it is more advantageous to allocate de-
grees of freedom to the number of elements and not to higher elemental orders. Capturing the flow
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discontinuities with more elements produces better drag error estimates than using fewer higher-
order elements. For the same number of elements, using p = 2 does provide a benefit for SUPG.
However, that benefit is not as significant as it was for the previous cases.

Another observation, consistent with the results from Subsection 6.1.3, is that for this case the
entropy-variable approach is inferior to the output-based adjoint approach, regardless of whether
SUPG or DG is used. This is because the entropy-variable approach targets only the shocks where
a large amount of entropy is generated. Since the entropy-variable approach performs poorly, it
negatively impacts the combined approach. This is a situation where a more sophisticated way of
combining the indicators, weighted more towards those generated from the output-based adjoint,
would likely improve the error estimation. In terms of comparing SUPG versus DG, using the
combined approach and the drag-based adjoint approach, respectively, in SUPG produces lower
drag error estimates compared to DG. Unlike in the previous airfoil case at subsonic flow, there
is much more variation in drag error levels between SUPG and DG. If we consider our previous
observation that for this case the number of elements is more essential than the number of degrees
of freedom for estimating drag coefficient because outside of the shocks the domain is pretty uni-
form, it is reasonable to surmise that SUPG performs better than DG for this case. This is because
for the same number of degrees of freedom, SUPG uses far more elements.

Sample meshes of around 1500 elements generated using SUPG at p = 2 and p = 1 are shown
in Figure 6.32. For the entropy-variable approach, the refinement is targeted in the regions con-
sumed by the discontinuities emanating from the nose and tip of the airfoil. This refinement extends
unnecessarily to the far-field boundary because this approach has no way of discriminating regions
of the domain that do not have much of an effect on the output of interest. This accounts for why
the entropy-variable approach produces inferior results relative to the output-based approach. The
output-based approach restricts the refinement to regions near the airfoil in the shape of a diamond.
Whether all of the refinement that travels upstream from the airfoil is necessary to produce a good
drag estimate is a worthwhile question, since the meshes generated from the combined approach
do not show this feature. However, since the combined approach views refinement considerations
from the output-based and entropy-variable approach equally, there is still a lot of unnecessary re-
finement far from the airfoil present in the combined approach. This leads to inferior performance
compared to the output-based approach. This further suggests that an alternative way of combining
the indicators to favor the output-based approach is likely necessary to improve performance.

The effect the mesh adaptation strategy has on the various adaptive indicator approaches is
shown in Figure 6.33. In this figure, drag coefficient error comparisons between cases that use
MOESS versus cases that use the a priori mesh adaptation approach are shown. All of the cases
have a solution approximation order of p = 2. The most important takeaway from this compar-
ison is how much better the output-based approach performs with MOESS compared to a priori
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(a) Drag Adaptation (p = 1, Elem≈1500) (b) Drag Adaptation (p = 1, Elem≈1500)

(c) Entropy Adaptation (p = 2, Elem≈1500) (d) Entropy Adaptation (p = 1, Elem≈1500)

(e) Drag-Entropy Adaptation (p = 2, Elem≈1500) (f) Drag-Entropy Adaptation (p = 1, Elem≈1500)

Figure 6.32: Diamond M∞ = 1.5, α = 2°: Meshes generated using SUPG for various error
indicators.
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Figure 6.33: Diamond M∞ = 1.5, α = 2°: Comparison of drag coefficient convergence histories
for various mesh adaptation strategies using SUPG at p = 2.

adaptation. In the subsonic airfoil case, highly anisotropic refinement was not necessary to predict
an accurate drag coefficient. In this case, because of the flow discontinuities in the domain that
must be captured, anisotropic refinement is much more beneficial and leads to a better drag error
estimate for a given cost. The combined approach and entropy-variable approach do not show
as significant of a difference between MOESS and a priori since both are degraded by all of the
unnecessary refinement of the discontinuous regions of the flow domain far from the airfoil.

An examination of sample meshes made up of approximately 1500 elements in Figure 6.34
better illustrates the benefit of MOESS over a priori for this case. While the differences between
the meshes for the entropy variables and the combined approaches are subtle, there is a significant
difference between the meshes for the output-based adjoint approach. Using the a priori approach
no longer produces the diamond pattern of mesh refinement shown with MOESS. Instead, the a

priori approach focuses most of its refinement on the discontinuity emanating from the nose. With-
out the ability to capture the discontinuity with highly anisotropic elements, the a priori approach
has to refine this region with far more elements. This consequently leads to less refinement in
other regions of the domain, which negatively impacts the ability to produce an accurate drag error
estimate.

For all of the results shown thus far for this case, the output-based adjoint approach has gen-
erally produced lower drag coefficient errors compared to the entropy-variable approach and stan-
dard combined approach that uses the fine-space adjoint, regardless of the mesh adaptation strat-
egy used. Error indicators generated from the entropy variables focus far too much on the shocks
present in the domain, regardless of how far from the airfoil they are. This negatively impacts
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(a) Drag Adaptation (MOESS, Elem≈1500) (b) Drag Adaptation (A Priori, Elem≈1500)

(c) Entropy Adaptation (MOESS, Elem≈1500) (d) Entropy Adaptation (A Priori, Elem≈1500)

(e) Drag-Entropy Adaptation (MOESS, Elem≈1500) (f) Drag-Entropy Adaptation (A Priori, Elem≈1500)

Figure 6.34: Diamond M∞ = 1.5, α = 2°: Comparing mesh adaptation strategies using SUPG at
p = 2.
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the combined approach when the indicators obtained using the fine-space output-based adjoint are
equally weighted with those from the entropy variables. To potentially remedy this problem, a
version of the combined approach with a mask, outlined in Subsection 3.4.3, was implemented for
this case.

The version of the combined approach implemented for this case is very similar to the version
shown in Subsection 6.2.2. However, there are a few differences. In this version, the error indicator
obtained from the output-based adjoint that is used to create the mask is from the fine space.
Another difference is the mesh adaptation strategy used in Subsection 6.2.2 was the hanging node
approach, while for this case we are using MOESS. The masked error indicator is used everywhere
in the MOESS algorithm, except for the element-local error sampling portion used to determine
the optimal local refinement of each element (see Subsection 5.4.2). For the sampling, we use the
standard combined error indicator. This is done since after the mask is applied to create a new
error indicator array over all of the elements, many of the values in that array are now zero. To
prevent pollution of the local samples by using the masked error indicator, the error indicator using
the combined approach is used for this portion of the algorithm.

Figure 6.35 shows the effect of the masking on the combined approach for the drag coefficient
errors. We consider combined approaches that use the same masking percentages as before, 10%

and 25%. All of the cases are at p = 2 and use MOESS for the mesh adaptation approach.
Regardless of the discretization used, there is a noticeable benefit to using the mask compared

(a) Drag Error Versus Degrees of Freedom (b) Drag Error Versus Number of Elements

Figure 6.35: Diamond M∞ = 1.5, α = 2°: Effect of the combined approach using a mask on drag
coefficient convergence histories using SUPG and DG at p = 2.

to just the standard combined approach. This is not surprising given how much higher the drag
coefficient error was in Figure 6.31 when using entropy variables alone. What is also promising is
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the combined approach with the 10% mask performs better than the output-based adjoint case for
both SUPG and DG. For the 10% mask case with SUPG, we even observe a convergence rate of 5,
which is equal to the super-convergent rate of 2p + 1. This shows that while the entropy variables
alone are not a good error indicator for this case, they do provide useful information for error
estimation that can be exploited to yield better results compared to just using the error indicators
obtained from the fine-space output-based adjoint.

Sample meshes of the cases that use the combined approach that incorporates the mask, as
well as the output-based adjoint approach and the standard combined approach, are shown in Fig-
ure 6.36. All of the meshes shown in this figure were generated using the SUPG discretization.
When using the 25% mask, there is far less refinement in the area where the shock emanating from

(a) Drag Adaptation (Elem≈1500) (b) Drag-Entropy Adaptation (Elem≈1500)

(c) Drag Adaptation with 25% Mask (Elem≈1500) (d) Drag Adaptation with 10% Mask (Elem≈1500)

Figure 6.36: Diamond M∞ = 1.5, α = 2°: Effect of the combined approach using a mask on
meshes generated using SUPG at p = 2.
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the trailing edge is, especially far away from the airfoil. This leads to some improvement compared
to the standard combined approach, but not nearly as much compared to using the 10% mask. For
that case, most of the refinement is concentrated near the airfoil. There is still a lot of refinement
far away from the airfoil in the region consumed by the leading edge shock. However, there is far
less refinement in the “reverse wake” region emanating backward from the leading edge compared
to the output-based adjoint approach. This explains why there is a benefit to using the combined
approach with the 10% mask. Much of the refinement in this region, especially when it is far from
the airfoil, is unnecessary to obtain an accurate drag coefficient.

Based on the results from this case, it is evident that the output-based adjoint approach and
the entropy-variable approach refine regions of the domain may not lead to lower output error
estimates. For the entropy-variable case, it was the shocks far away from the airfoil, while for
the output-based adjoint it was the “reverse wake” region. By using a version of the combined
approach that appropriately weights one approach over the other, it is possible to achieve lower
error estimates.

6.3 NACA 0012 Airfoil With Unsteady Gust

A case that consists of an encounter between a NACA 0012 airfoil and a vertical gust is used
in this work to test the combined output-based and entropy-based adjoint approach for unsteady
simulations. All cases in this section use the DG discretization. The results in this section were
previously published in [123].

6.3.1 Initial Conditions

The initial mesh, shown in Figure 6.37, is made up of 664 triangular elements with a farfield
situated 100 chord lengths away from the airfoil. Curved elements are used to represent the airfoil
geometry.

The initial condition is a converged steady-state solution at Re = 1000, M∞ = 0.4, α =

2°, with adiabatic boundary conditions. The Prandtl number is set to Pr = 0.72 and viscosity
is held constant. After the steady-state solution is obtained on the initial mesh, a vertical gust
is superimposed on the solution by perturbing the vertical velocity ahead of the airfoil with a
Gaussian function of amplitude 0.3U∞, standard deviation of one chord length, centered five chords
upstream of the leading edge, and offset to reach zero perturbation one chord length upstream of
the leading edge. The location of the gust at t = 0 is shown in Figure 6.38a. The airfoil chord
length is also set to c = 1. The simulation runs from t = 0 to t = 15, where one time unit is simply
the unit chord divided by the freestream velocity. The initial number of time steps is Nt = 15.
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(a) Initial Mesh (b) Initial Mesh (Zoom)

Figure 6.37: Initial mesh for unsteady gust simulation.

DIRK3 is used to advance the primal solution in time, while DIRK4 is used to march the adjoint
backward in time. Mach number contours showing the gust-inducing flow separation and vortex
shedding are shown in Figure 6.38b.

(a) Y-Momentum at t = 0 (b) Mach Number at t = 7.5 (0 to 0.6)

Figure 6.38: NACA 0012 M∞ = 0.4, α = 2°: Primal solution.

The mesh adaptation strategy used for this case was MOESS for unsteady problems, which was
reviewed in Subsection 5.4.5. It is worth noting that all combined approaches used for this case
rely on just the entropy variables for the sampling approach outlined in Subsection 5.4.2 and not
the combined error indicators. This decision was made because of the complexity in the allocation
of degrees of freedom for unsteady simulations (see Subsection 4.2.4).
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As previously mentioned in Subsection 4.2.4, it is desirable, for comparison purposes, that the
degrees of freedom are kept relatively consistent among the various adaptation approach used.
Thus, fixed degrees of freedom targets were used to drive the mesh optimization instead of a
fixed growth rate. For this case five different targets were considered, starting with 240,000, and
increasing by a factor of 2 until 3,840,000 degrees of freedom. At each degrees of freedom target,
15 adaptive iterations were considered for the cases to settle on the specified target. Averages
of the desired output were taken over the last seven iterations, with the maximum and minimum
values discarded to reduce noise. The computational time to run the 15 adaptive iterations was also
recorded for each case to compare relative computation times. All cases were run in parallel with
four cores on the high-performance computing cluster, Flux, at the University of Michigan. The
core hardware is 2.5 to 2.8 GHz Intel Xeon processors all connected with Infiniband networking.
Each core was assigned 4GB of RAM per job. The computational times shown in this paper are
not exact, as portions of the solver have not been fully optimized. The computational times are
included in this work to show the relative performance of the various approaches. They are not
meant to be taken as definitive.

The output of interest in this simulation is the weighted time-integral of the lift force,

J̄ =

∫ T

0

w(t)L(t)dt, (6.3)

where the temporal weighting function, w(t) = exp(−0.5(t − 7.5)2), is used to smooth the in-
stantaneous lift force on the airfoil, L(t), over time. The weighted time-integral of the lift force
is the output of choice that guides the various adaptation strategies. The truth solution for this
output is obtained by using an output-based refined mesh made up of 4,299 elements and running
a simulation at p = 3 with 500 times steps of DIRK4.

6.3.2 Results Using Non-Conservative Error Estimates

Figure 6.39a presents the convergence of the output error versus total degrees of freedom for var-
ious strategies using non-conservative error estimates. As previously mentioned, the outputs were
averaged over the last seven iterations, with the maximum and minimum output values over that
range excluded from the averaging. The corresponding degrees of freedom were averaged as well.
The four strategies considered in this convergence study are the fine-space output-based adjoint ap-
proach, the entropy-variable approach, the standard combined approach with the fine-space output-
based adjoint, and the combined approach that uses the coarser output-based adjoint. At the same
degrees of freedom target, the output-based adjoint approach significantly outperforms the others.
The lift coefficient error at the last degrees of freedom target is almost an entire magnitude lower.
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The entropy-variable approach yields the highest magnitude, hence the rationale for exploring the
combined approach. As expected, the combined approach that uses the fine-space output-based
adjoint performs slightly better than the combined approach with the coarser-space output-based
adjoint.
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(b) Convergence versus CPU time

Figure 6.39: NACA 0012 M∞ = 0.4, α = 2°: Output error convergence using non-conservative
error estimates.

However, the benefit of the coarser combined approach is evident in Figure 6.39b, where the
same errors are plotted against the CPU time required to run the 15 iterations at each degrees
of freedom target. The coarser combined approach is significantly cheaper than the fine-space
combined approach. The reason is due to how much cheaper it is to solve for entropy variables on
the fine-space. From these results, we observe that it takes more than double the amount of time to
run the output-based adjoint approach, compared to the entropy-variable approach. Despite the fact
the coarser combined approach is cheaper, it does not gain much lower error magnitudes relative
to the fine-space combined approach. The issue is that the entropy variables do not provide nearly
as accurate non-conservative error estimates.

One of the reasons the entropy-variable approach does not yield comparable output error results
to the output-based approach is the emphasis on targeting spatial degrees of freedom over temporal.
Figure 6.40 compares the number of spatial versus temporal degrees of freedom for the five targeted
totals. For the highest degrees of freedom targets, the output-based adjoint approach has a much
greater emphasis on temporal degrees of freedom compared to the other approaches. While the
entropy-based approach initially targets more temporal refinement, by the final two adaptive targets
it levels off and refines in space only. Based on comparing the relative performance in estimating
the output, it is evident the entropy-variable approach does not yield an accurate temporal error
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estimate. This negatively impacts the two combined approaches where the preference of spatial
over temporal refinement is even more drastic.
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Figure 6.40: NACA 0012 M∞ = 0.4, α = 2°: Degrees of freedom using non-conservative error
estimates.

The final adapted mesh for the output-based, entropy-based, and coarse-space adjoint combined
approaches are shown in Figure 6.41. From the previous figure, it was known that the output-based
adjoint approach should have far fewer elements in the mesh. This conclusion can be observed in
the zoomed-out view of the output-based mesh. There are fewer elements away from the airfoil
compared to the other two approaches. The reason is that entropy is generated due to the gust in re-
gions not near the airfoil. This is the common issue with the entropy-based approach for adaptation
we observed for steady flow problems in Sections 6.1 and 6.2. The combined approach slightly
mitigates this issue, as the mesh near the airfoil is more resolved than the mesh generated from the
entropy-based approach. However, the combined approach still has far too much refinement above
and below the airfoil, that extends unnecessarily to the outer boundaries of the mesh. In addition,
the significant lack of temporal degrees of freedom for this approach negates the benefit of better
spatial refinement near the mesh. These results show that using the output-based adjoint yields
far superior conservative error estimates compared to using entropy variables and subsequently the
combined approach.

6.3.3 Results Using Conservative Error Estimates

In this section, we will analyze the same case, with similar approaches, the only difference being
the use of conservative error estimates, Equation 4.20, to govern the allocation of temporal and
spatial degrees of freedom. The reason for using conservative error estimates is to eliminate the
excess noise caused by the cancellation of errors.
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(a) Lift (Zoom Out) (b) Lift (Zoom In)

(c) Entropy (Zoom Out) (d) Entropy (Zoom In)

(e) Lift-Entropy (Coarse) (Zoom Out) (f) Lift-Entropy (Coarse) (Zoom In)

Figure 6.41: NACA 0012 M∞ = 0.4, α = 2°: Final adapted meshes using non-conservative error
estimates.
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Figure 6.42a shows the integrated lift error convergence versus degrees of freedom at the same
five degrees of freedom targets as before. The first major observation is how poor the output-based
approach performs relative to when non-conservative error estimates were used. The entropy-
based approach performs slightly better compared to before, but still worse than the output-based
approach. Since the output-based approach output error magnitudes are higher than before, the
combined approach suffers as well. Its relative performance to the combined approach using non-
conservative error estimates is far less severe compared to the output-based approach. This is
because the entropy-based approach remains relatively unchanged. However, the most interest-
ing finding from this result is that not only does the coarser combined approach improve with
conservative error estimates, but it also yields comparatively better performance than all of the
other approaches, including the output-based approach. The effect of the improved performance in
the coarse combined approach is even more apparent in Figure 6.42b, since the coarse combined
approach is so much less computationally expensive to run.
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Figure 6.42: NACA 0012 M∞ = 0.4, α = 2°: Output error convergence using conservative error
estimates.

The reason the coarser combined approach outperforms the output-based approach is evident
in Figure 6.43. Unlike when using the non-conservative error estimates, where the output-based
approach preferred allocating more degrees of freedom to the temporal domain compared to the
entropy-based approach, the opposite is true here. The average number of temporal degrees of
freedom at the last degrees of freedom target for output-based cases decreased by almost half, while
the spatial degrees of freedom subsequently doubled. This leads to the combined approach that
uses the fine-space output-based adjoint also allocating a substantial decrease in the total amount
of temporal degrees of freedom. For the entropy-based approach, the number of temporal degrees
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Figure 6.43: NACA 0012 M∞ = 0.4, α = 2°: Degrees of freedom using conservative error
estimates.

continues to increase with each target, as opposed to before where it leveled off. This leads to the
coarser combined approach yielding far more temporal degrees of freedom than before. The reason
the coarser combined approach sees an increase in temporal degrees of freedom while the fine-
space combined approach does not is that the effect of the errors due to the output-based adjoint is
far less significant. It is quite apparent that the output-based adjoint approach is significantly more
inaccurate using conservative variables, while the entropy-variable approach is more accurate. This
negatively impacts the fine-space combined approach, but positively impacts the coarser combined
approach since the more accurate errors due to the entropy variables are now more dominant.

The final adapted mesh for the output-based approach in Figure 6.44 shows that the extra spa-
tial degrees of freedom that were allocated to the temporal domain when using non-conservative
variables are now used to refine the mesh downstream of the airfoil. Based on the poorer output
error convergence, it is evident that the extra refinement there does not affect the integrated lift co-
efficient as much as more temporal degrees of freedom do. The entropy-based approach that yields
more temporal degrees of freedom, which in theory should lead to more accuracy, produces a much
coarser mesh near the airfoil. Ideally, the mesh would have been coarsened far away from the air-
foil. This explains why the accuracy did not improve despite the necessary increase in temporal
degrees of freedom. However, the coarse combined approach produced a relatively similar mesh
near the airfoil compared to what was shown in Figure 6.41. The increase in temporal degrees of
freedom and a similar mesh near the airfoil leads to a much more accurate output prediction.
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(a) Lift (Zoom Out) (b) Lift (Zoom In)

(c) Entropy (Zoom Out) (d) Entropy (Zoom In)

(e) Lift-Entropy (Coarse) (Zoom Out) (f) Lift-Entropy (Coarse) (Zoom In)

Figure 6.44: NACA 0012 M∞ = 0.4, α = 2°: Final adapted meshes using conservative error
estimates.
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6.3.4 Effect of the Mask on the Combined Approach

In the previous subsection, we saw the potential of using the coarser combined approach with
conservative error estimates. In this subsection, that method will be further analyzed with the
incorporation of the mask outlined in Subsection 4.4.3. The purpose of the mask, generated from
the elemental output-based spatial error indicator, is to improve the same indicator obtained using
entropy variables by eliminating areas of the mesh far away from the airfoil that do not affect the
desired output. For this study, we will use the following masking percentages: 25%, 40%, 75%,
and 90%. All results shown in this section use conservative error estimates.

Figure 6.45 shows the output error convergence for the coarser combined approach, as well as
the same approach with the four different masking values. For the finer degrees of freedom targets,
the 90% masking case generates a significantly more accurate output than any of the other cases.
The 75% masking case is almost directly comparable to not using a mask, while the 25% and 40%
masks yield comparatively worse error estimates. Based on these results it appears that the lower
the masking percentage, i.e. the more values in the output-based spatial error indicator that are set
to zero, the less accurate the output is. Figure 6.45b shows an increase in CPU time due to the
mask, which is to be expected since the masking algorithm is not free given the large size of the
error indicators. However, the penalty is not sufficient enough to render this approach impractical.
The benefit of using the 90% mask is still significant.
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Figure 6.45: NACA 0012 M∞ = 0.4, α = 2°: Effect of masking the coarser combined approach
on output error convergence.

Figure 6.46 illustrates that the higher masking percentages yield more temporal degrees of
freedom compared to not using a mask. This might explain why there was a benefit in using the
90% mask. As the masking percentages decrease, there generally is an increase in the allocation
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Figure 6.46: NACA 0012 M∞ = 0.4, α = 2°: Degrees of freedom using conservative error
estimates for the combined approach using a mask.

of spatial degrees of freedom, to the point where the 25% mask allocates more spatial degrees of
freedom than it does without the mask.

In Subsection 4.4.3, we stated that the mask was applied before obtaining the aggregated spatial
error estimates. Otherwise, there would be a disconnect between the spatial errors used to govern
the allocation of degrees of freedom between the spatial and temporal domain, and the errors used
to govern the relative mesh optimization with MOESS. The rationale for the mask is logical, as
it effectively removes the influence of the spatial entropy-based error indicator in regions of the
domain that do not have as strong of an influence on the output error estimate. This is apparent in
Figure 6.47 where the lower the masking percentage, the less refinement far away from the airfoil.
Unfortunately, these images might lead to the incorrect conclusion that the lower masking percent-
ages should lead to more accurate output error estimates. Based on the output error convergence
results, the opposite is true.

One possible reason why the lower percentage mask values lead to less accurate outputs is that
the lower masking cases are not allocating enough degrees of freedom in the temporal domain.
Perhaps using low masking percentages, which leads to a much strong effect in the spatial domain,
leads to issues since no comparable mask is applied in the temporal domain. Another reason might
be the lack of proper refinement near the nose of the airfoil for the lower masking percentage
meshes, as evident in Figure 6.48. For the cases that use the 25% and 40% mask, the mesh ahead
of the airfoil is quite coarse, with very anisotropic cells. This issue appears to be magnified as
the masking percentage goes down. This might contribute to the fact that despite the mesh being
less refined far away from the airfoil for these cases, the mesh near the airfoil does not improve.
Overall, these results show that there can be a potential benefit to applying a mask on the entropy-
based indicator. However, more work needs to be done regarding when the mask should be applied
in the overall process, and should an additional mask in the temporal domain be considered as well.

152



(a) 25% Mask (b) 40% Mask

(c) 75% Mask (d) 90% Mask

Figure 6.47: NACA 0012 M∞ = 0.4, α = 2°: Full view of adapted meshes for the combined
approach using a mask.
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(a) 25% Mask (b) 40% Mask

(c) 75% Mask (d) 90% Mask

Figure 6.48: NACA 0012 M∞ = 0.4, α = 2°: Zoomed in view of final adapted meshes for the
combined approach using a mask.
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Figure 6.49 compares the output error convergence for the output-based adjoint approach using
non-conservative error estimates to several coarser output adjoint combined approaches using con-
servative error estimates. The outputs obtained from these selected combined approaches compare
favorably to the output from the fine-space output-based adjoint approach when the overall CPU
time is taken into account. Since the combined approaches compute results faster than the output-
based approach at the same degrees of freedom target, it can be argued that, especially for the
combined approach with the 90% mask, the combined approaches produce more accurate results
than the output-based approach. These results show the potential this new combined approach has
for unsteady simulations in particular, due to its cheaper computational cost and sometimes more
accurate error estimates.
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Figure 6.49: NACA 0012 M∞ = 0.4, α = 2°: Output error convergence comparison for unsteady
gust case.
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CHAPTER 7

Conclusions and Future Work

7.1 Summary and Conclusions

The findings showcased in this dissertation were motivated by two major objectives. The first was
to demonstrate that the combined approach for error estimation and mesh adaptation has strong po-
tential for the high-fidelity CFD tools that will be necessary for future aerospace development pro-
grams. The second objective was to directly compare error estimates using the combined approach
for multiple high-order discretizations. The purpose of this objective was not only to demonstrate
robustness in the combined approach but also to provide useful findings that aid in the search for
optimal high-order methods.

By combining the output-based adjoint indicator with the entropy-variable indicator, an appre-
ciable benefit over the entropy-variable approach was found in several steady-state examples of
aerodynamic interest. The entropy-variable approach targets areas of the mesh where spurious
entropy is generated, even though those areas may not significantly affect the engineering out-
put of interest. This sometimes prevents refinement in more critical regions of the mesh. By
combining the entropy-variable indicator with the output-based adjoint indicator, this problem is
marginalized, since output-based adjoint methods do not target these unnecessary areas of the mesh
for refinement. In addition, the combined indicator approach sometimes yields improved perfor-
mance compared to the standard output-based indicator approach due to the previously-discussed
inefficiencies of the output-based approach. Since the output-based indicator is derived from ap-
proximate adjoint solutions, which may be under-resolved and noisy, these methods may end up
targeting areas of the domain where additional refinement is not necessary. This is particularly the
case with the flow ahead of the body of interest, near the stagnation streamline. Combining the
indicators limits excessive refinement both upstream of and downstream from the body.

A significant effort of this work was the creation of a code that implements the SUPG discretiza-
tion. Findings in this work demonstrated that the potential benefits in accuracy and computational
cost that the combined approach offers are not exclusive to one type of finite-element discretiza-
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tion. The combined approach refined and coarsened the computational mesh in similar locations
when using SUPG and DG. At similar mesh sizes, cases that utilized DG produced lower errors.
This is not surprising given that DG uses more degrees of freedom per element compared to SUPG.
When comparing SUPG directly to DG for cases that used similar degrees of freedom, SUPG gen-
erally produced lower output errors compared to DG for linear, p = 1, solution approximations.
When the solution approximation order was increased to p = 2, the difference between SUPG and
DG was not nearly as noticeable.

The benefits of using the combined indicator approach are not exclusive to one type of mesh
adaptation approach, as benefits were demonstrated for cases using multiple types of mesh adapta-
tion strategies. For cases that required highly anisotropic elements, using the combined approach
with MOESS reduced the output error significantly compared to the other mesh adaptation strate-
gies. While the combined approach shows an appreciable benefit for inviscid and viscous cases,
the benefit is not as significant for RANS cases. The combined approaches produce comparable
drag coefficient errors compared to the drag-coefficient-based approach. However, the combined
approaches fail to produce reliable lift coefficient errors. Expanding the application scope of using
the combined approach with masks to RANS cases is a potential topic for future research.

For the unsteady simulations investigated in this work, we observed that the combined ap-
proach often yields better integrated output error convergence than the entropy-based approach.
In some cases, variations of the combined approach even produced better error convergence than
the output-based approach. Using non-conservative error estimates, it was clear that the output-
based approach yielded superior output error estimates compared to both the entropy-based and
combined approaches. Non-conservative error estimates obtained using entropy variables focus
the allocation of degrees of freedom excessively in the spatial domain and not nearly enough in the
temporal domain. This negatively impacts the coarser combined approach since the error estimates
from the entropy variables dominate. However, the exact opposite is true when conservative error
estimates are used. In this case, the output-based approach excessively refines the mesh while
sacrificing too much accuracy in the temporal domain. Conversely, the entropy-based approach
produces a much better balance between the allocation of spatial and temporal degrees of free-
dom. This leads to the coarser combined approach yielding a much more accurate output since
the entropy-based error estimates are far more accurate. The addition of the mask to the coarser
combined approach shows potential for some of the cases. If the masking percentage is high,
which means only a small portion of the entropy-based spatial error indicator is affected, the er-
ror estimates show substantial improvement. However, the mask can lead to comparatively worse
performance if too much of the entropy-based spatial error indicator is affected. When directly
comparing output error convergence generated using the output-based adjoint approach using non-
conservative error estimates to several cheaper output-based adjoint combined approaches using
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conservative error estimates, we observe comparable results when the overall CPU time is taken
into consideration. This demonstrates that the greatest potential benefits of the combined approach
exist for unsteady simulations when the CPU time to complete the simulations is significant.

7.2 Future Work Directions

In this work, we have shown the potential of the combined approach for error estimation and mesh
adaptation for two finite-element discretizations in a variety of CFD applications. However, there
is more work that must be done to prove this as a realistic capability for the future. Ideas for
directions in future work are summarized below:

• Further Evaluate Cost-Effective Versions of the Combined Approach
This work provided examples where the combined approach that used indicators obtained
from the coarse-space adjoint produced comparable, if not better, output error estimates
compared to the fine-space output-based adjoint approach. However, those examples were
limited to just one unsteady simulation. In addition, this approach was not tested using the
SUPG discretization. While the combined approach that uses the fine-space adjoint is a good
way to test the method, it is not a feasible option moving forward as it is more expensive
than the fine-space output-based adjoint approach. To reduce the computational expense, the
cheaper, coarse-space adjoint must be used in the combined approach; acting only as a guide
for the entropy variable indicator approach to limit the unnecessary refinement inherent to
the entropy variables approach for many non-smooth simulations.

• More Unsteady Simulations
The benefit of leveraging the combined approach that uses a cheaper output-based adjoint
error indicator is most apparent for unsteady simulations where the costs associated with
the calculation of the fine-space output-based adjoint can be high. In this work, only one
unsteady simulation was examined. While the results for this case showed promise, sig-
nificantly more unsteady simulations over a large variety of aerospace applications must be
studied to show the combined approach is robust. Testing the combined approach for un-
steady simulations with SUPG or other high-order finite-element discretizations would also
be worthwhile and give further confidence in the results presented in this work. In particu-
lar, unsteady RANS cases should be the focus of additional unsteady cases to vet the com-
bined approach. When factoring in the cost difference of calculating the entropy-variable
and output-based adjoints, we expect an improvement in the performance of the combined
approach relative to steady-state RANS simulations.
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• Further Investigate the Use of Masks
For multiple applications presented in this work, a combined approach that utilized masking
showed tremendous benefit compared to just the standard combined approach. By masking a
portion of the entropy-variable error indicator using a mask obtained from the output-based
adjoint error indicator, we saw a sizable reduction in output error estimates for both steady
and unsteady simulations. The main problem with the masking technique is determining
what the ideal masking percentage should be. Vetting the masking approach over a larger
array of relevant aerospace applications would help identify if the masking approach is robust
and what the ideal masking percentage should be.

• More Industry-Relevant Applications
To further demonstrate the potential of the combined approach, more industry-relevant ap-
plications must be tested with this approach. In this dissertation, only one three-dimensional
case and only one case that used RANS were thoroughly presented. In addition, we only
considered one turbulence model for the RANS equations. The combined approach needs
to be vetted with more complex applications that not only further validate the approach, but
also demonstrate its potential to possibly replace the more common fine-space output-based
adjoint approach for error estimation used in many CFD solvers capable of mesh adaptation.
The combined approach should also be tested for problems that use different physics, e.g.
icing. As long as it is possible to formulate an adjoint based on a scalar output and one based
on entropy variables for a particular set of physics or governing equations, the combined
approach can be used for that application. For more complex problems where the computa-
tional costs of the fine-space adjoint problem are even greater, the combined approach that
uses a cheaper output-based adjoint should demonstrate even more potential.

• Implement the Combined Approach in Commercial Codes
In this dissertation, the combined approach was implemented into an existing DG code used
by the computational fluid dynamics research group at the University of Michigan and a
SUPG code written specifically for this research. To further analyze the combined approach
for more industry-relevant applications, it would be worthwhile to implement the combined
approach in commercial CFD software that has adjoint-based error estimation and mesh
adaptation capabilities. Even if the software did not have entropy-variable adjoint capabil-
ities, it is not difficult to add this capability as long as the adjoint-based error estimation
framework exists in the mesh adaptation process. From there, it is not challenging to im-
plement a version of the combined approach. Adding the combined approach capability to
commercial CFD software would provide excellent opportunities for validating the accuracy
and robustness of the approach for more industry-relevant problems.
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• Extend the Combined Approach to Large Eddy Simulations
While RANS remains the dominant approach to approximating fluid flow in industry-
relevant applications, large eddy simulation (LES) is gaining traction as computational re-
sources become more powerful and plentiful. Unlike in direct numerical simulation (DNS)
where all spatial and temporal scales of the turbulence are resolved, in LES the smallest
length scales are spatially filtered out and only the scales that contain the most energy are re-
solved. This leads to a higher fidelity solution compared to RANS, at the expense of a large
increase in computation cost. This makes the calculation of the fine-space output-based
adjoint incredibly expensive for complex problems. However, the benefits of the entropy-
variable adjoint approach have already been extended for adaptation with LES [139]. While
a fine-space output-based adjoint approach would not be practical for LES due to the exces-
sive computational cost, an approach that uses a cheaper, coarse-space output-based adjoint
could be more practical. Combining this entropy-variable approach for LES with a coarse-
space output-based adjoint would be a valuable direction for expanding the scope of the
combined approach.
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APPENDIX A

Boundary Conditions

This appendix details the implementation of boundary conditions for the compressible Navier-
Stokes equations and RANS equations. The details are based on [24, 140]. Figure A.1 following
key quantities to describe the boundary conditions are used in this appendix:

u+ = state just inside the computational domain

ub = state on the boundary, just outside computational domain

ni = normal vector pointing out of domain

F̂
b

= numerical boundary flux in the direction of ni on the boundary

u+

n

ub

y

x

inside
outside

F෡
b

Figure A.1: Boundary flux and state.

A.1 Full-State

For the full-state boundary condition, the entire boundary state, ub, is known. This does not mean
that the entire state is necessary for the boundary condition. In the case of a subsonic inflow,
only one characteristic (acoustic wave) will physically leave the domain even though the entire
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boundary state may be specified. To account for the fact that the full-state will typically be an
over-specification of the boundary condition, a numerical flux is used to compute the boundary
condition. The inviscid flux is calculated using the Roe approximate Riemann solver:

F̂
b

= F̂
(
u+,ub, ni

)
. (A.1)

The viscous fluxes at the boundary are computed based on the Dirichlet boundary flux indicated in
Table 2.1:

Ĝ
b

= −Kb
ij∇u+

h ni + ηδini. (A.2)

A.2 Inviscid Wall

The inviscid wall boundary condition represents a solid object that flow cannot pass through. This
boundary condition is suitable for the Euler equations. It is different from a no-slip boundary
condition as that requirement is only necessary for viscous flows. The inviscid boundary flux is
given by

F̂
b

=

 0

pbni

0

 , (A.3)

where

pb = (γ − 1)

[
ρ+E+ − 1

2
ρ+|vbi |2

]
. (A.4)

The boundary velocity, vbi , is tangential. This means that it is equal to the interior velocity with the
wall-normal component taken out,

vbi = v+
i −

(
v+
i · ni

)
ni. (A.5)

The other quantities in the boundary pressure equation, ρ+, andE+, are calculated based on interior
density and energy, respectively.
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A.3 Adiabatic, No-Slip Wall

For the viscous Navier-Stokes equations and RANS, a no-slip wall boundary condition is required.
For an adiabatic, no-slip wall, velocity, eddy viscosity, and heat flux are all set to zero. The interior
boundary state, ubh, is created using density and energy from the interior state with the velocity
component terms all set to zero. For the three-dimensional RANS equations, this can be expressed
mathematically as

ubh =



ρ+

0

0

0

ρ+E+

0


(A.6)

The numerical inviscid flux is computed using the analytical flux based on ubh:

F̂
b

= F
(
ubh
)
. (A.7)

There is no need to calculate the Roe-averaged flux for this case. The viscous fluxes are evaluated
based on the Dirichlet flux in Table 2.1. The exception is the viscous energy flux is set to zero to
satisfy the adiabatic wall condition, as long as the wall is stationary. For the RANS equations, this
can be expressed as

Ĝ
b

=

−Kb
ij∇u+

h ni + ηδini i 6= d+ 2

0 i = d+ 2.
(A.8)
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APPENDIX B

Curved Elements

For finite-element methods such as DG and SUPG, the geometry of an object is represented by the
shape of the neighboring elements. If the elements are linear, straight lines represent the geometry.
However, for objects such as airfoils that are not piecewise linear and instead curved, using “panel”
representation of the geometry may lead to computational errors when a high-order solution ap-
proximation is used. For these situations, the elements near the geometry must be curved, as shown
in Figure B.1. Linear geometry especially causes problems for high-order discretizations since the

  

Figure B.1: Linear versus curved representation of geometry (Figure reproduced from [141]).

fidelity of the geometry is inferior compared to the solution approximation. When trying to rep-
resent a highly curved airfoil with linear elements, flow over a smooth surface will be replaced
instead by flow over a surface with a series of sharp corners. Unless the mesh is incredibly fine,
those sharp corners will have an impact on the solution and negate the benefits of the high-order
solution approximation. By using curved elements to represent the geometry, the benefits of a
high-order solution approximation are not only more attainable, but the solution is more accurate.
The details found in the appendix are based on [141].

B.1 Geometry Mapping

In this work, we generate curved elements using a nonlinear map from a reference triangle. Specif-
ically, a high-order polynomial mapping is used to represent the element in physical space to take
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advantage of the existing infrastructure in codes that incorporate high-order solvers. The polyno-
mial mapping is shown in Figure B.2, where q is the order of the polynomial, ~ξ = [ξ, η]T are the
reference space coordinates, and ~x = [x, y]T are the coordinates in global space. The total number
of degrees of freedom in the mapping is Nq = (q + 1)(q + 2)/2.

  

Figure B.2: Elemental notation for a DG discretization on a two-dimensional triangle (Figure
reproduced from [141]).

In this work Lagrange basis functions, denoted as φi(~ξ) in Figure B.2, are used for the poly-
nomials, just as they are for the solution approximation. They are also advantageous since they
provide a convenient way to represent the geometry since Lagrange interpolation inherently inter-
polates the geometry between points.

B.2 Normal Calculation

The calculation of the normal vector for a curved edge is more challenging than calculating a
normal on a linear edge, since the normal does not remain constant along the entire edge. For a
curved edge, the normal direction may not be consistent. To begin the computation of the normal
vector, ~n, along a curved edge, we note the geometric order, q of an element adjacent to the edge.
In the case where q is different between two elements, the lower q is chosen since the normal will
be the same between the two elements. As a one-dimensional structure, we represent the edge with
q + 1 nodes and define the edge interpolant as

~xedge (σ) =

q+1∑
j=1

~xedge,jφ
1d
j (σ) , (B.1)
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where

σ = reference position along the edge, σ ∈ (0, 1)

~xedge,j = q + 1 global nodes on edge, 1 ≤ j ≤ (q + 1)

φ1d
j (σ) = 1D Lagrange basis on q + 1 equally-spaced nodes in [0, 1]

Along the edge, the tangent vector is written as

~t
ds

dσ
=
d~xedge

dσ
=

q+1∑
j=1

~xedge,j
dσ1d

dσ
(σ) , (B.2)

where s is the arc-length position along the edge. The normal associated with the edge is

~n = ~t× ~k = [ty,−tx] . (B.3)

In order to get the tangent vector, ~t, we can normalize the direction vector d~xedge

dσ
since

ds

dσ
=

∣∣∣∣d~xedge

dσ

∣∣∣∣. (B.4)

B.3 Curved Edge Integration

What makes integrating on a curved edge different compared to a linear edge is that the arc length
and normal are not constant along the edge. Integration of a scalar becomes∫

edge
f(~x)ds =

∫ 1

0

f (~x (σ))
ds

dσ
dσ, (B.5)

where ds/dσ is key for providing information about the length of the edge in global-space. Inte-
gration of a vector dotted with a normal becomes∫

edge

~f · ~nds =

∫ 1

0

~f · ~n ds
dσ
dσ. (B.6)

Note the product ~n(σq)
ds
dσ

(σq) directly as d~xedge

dσ
× k̂.
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APPENDIX C

Time Schemes

This appendix presents details of various multi-step and multi-stage methods for advancing the
following system of ordinary differential equations:

R̄(U) ≡M
dU
dt

+ R(U) = 0, (C.1)

where U ∈ RN is state vector of basis function coefficients, R is the discrete spatial residual
vector, M is the mass matrix, and R̄ is the unsteady residual. Specifically, we focus on the general
backward-difference multi-step method and implicit Runge-Kutta methods. The details found in
the appendix can be found in [106].

C.1 Backwards Difference Formula

The general backward difference formula (BDF) takes the form of

M
∆t

nstep∑
i=0

aiUn+1−i + R
(
Un+1, tn+1

)
= 0, (C.2)

where nstep is the number of steps in the method and ai are coefficients presented in Table C.1.
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Name a0 a1 a2 a3

BDF1 1 -1 0 0

BDF2 3
2

-2 1
2

0

BDF3 -1
3

3
2

-3 11
6

Table C.1: Coefficients of various BDF methods.

C.2 Diagonally-Implicit Runge-Kutta

A diagonally-implicit Runge-Kutta (DIRK) method for advancing the state U over a time step of
size ∆t takes the form of

for i = 1 : nstage

Si = −M
∆t

W0 +
i−1∑
j=1

aijR
(
Wj, tj

)
solve:

M
∆t

Wi + aijR
(
Wi, ti

)
+ Si = 0

end

(C.3)

where W0 = Un is that initial state at t = 0, Un+1 = Wnstage is the state at the final time, and
ti = tn + bi∆t are the stage times. The coefficients aij and bi define the method and can be found
in the aforementioned reference [106].
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