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Abstract

Let K be a nonarchimedian local field with a ring of integers R and prime ideal p.
Let G be the group of K-points of a connected reductive algebraic group defined over
K with Lie algebra g. In one of DeBacker’s papers, he established a range of validity
for the Harish-Chandra—Howe local expansion for characters of admissible irreducible
representations of G under some conditions, and he established an analogous homo-
geneity result on the Lie algebra of G, again with some restrictions. These restrictions
are, essentially, restrictions on the characteristic of the residue field k of K. While
the hope of removing the characteristic restriction for G in general is not bright, in
the case where G = GL,, we can be more positive. Our primary goal here is to move
towards a proof of a special type of case for a certain key step which plays a promi-
nent role for the homogeneity result of GL,, without restrictions on the characteristic.

Finally, in the end, we provide a full written proof of the homogeneity result for G Ls.
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CHAPTER I

Introduction

1.1 Introduction

1.1.1 Basic Notation

Suppose K is a nonarchimedian local field with ring of integers R and prime ideal
p = @R, where @ is a uniformizer. We will also let F, ~ R/p be the residue field. Let K
denote a separable closure of K and let K" denote the maximal unramified extension
of K in K. We let v denote a valuation on K normalized so that vg (K) = Z. We

fix an additive character, A, on K that is trivial on p and nontrivial on R.

Let G be a connected reductive group defined over K with Lie algebra Lie(G). Let
G = G(K) be the group of K rational points of G, and denote the Lie Algebra of G by
g. Since our main focus will be GL,,, we will often abuse notation and not distinguish

between G and G.

The main focus of this paper is the general linear group GL,. For a commutative
ring S, we will denote by GL,(S) the set of n x n invertible matrices with entries in
S, and by M, (S) the set of n x n matrices with entries in S. We will also denote by
Z the center of GL,(K), and by 3 the center of M, (K) = gl(K).



We will also use the floor function |-| and the ceiling function [-]; when they are
applied to a number z, the floor function outputs the largest integer less than or
equal to x, and the ceiling function outputs the smallest integer that is greater than

or equal to z.

Let Ad be the Adjoint representation of G on g, and ad be the adjoint representation
of g on g inherited from Ad. For g € G, X € g, we will write 9X for Ad(g)X. For
geG, Scg, wewill set 95 = {9X|X € S}.

Suppose X € g, we will denote the centralizer of X in G by Cg(X), and the centralizer
of X in g by Cy(X).

Let X, (G) denote the set of cocharacters or, to say, the set of 1-parameter subgroups
of G defined over K, and let X*(G) denote the set of characters defined over K, so
X,(G) = Hom(GLy,G)GUE/K) and X*(G) = Hom(G,GL,)SE/K) An element
X € g is said to be nilpotent if there exists A € X, (G), such that lim; o X =0, and
we will denote the set of nilpotent elements in g by N. Note that in the case of GL,,,
N can be also defined as the set of all the elements in g for which the Zariski closure

of their G-orbits contains zero (see | ).

Let dg denote a fixed Haar measure on (G, and let C'2° denote the space of complex-
valued, locally constant, compactly supported functions on G. Suppose (7, V) is an
admissible representation of G. That is, V' is a complex vector space and for all
compact open subgroups K of G we have that V&, the space of K-fixed vectors in V,
is finite dimensional. We let ©, denote the distribution character of 7, that is, the

map C — C given by O,(f) :=tr(7(f)), where 7w(f) is the operator on V given by

w(Nv= [ f(g)n(g)vdg



forveV.

When G is of rank r, we say an element g € GG is regular semisimple provided that
the coefficient of ¢" in (det(t — 1+ Ad(g))) is non zero, and we denote the regular
semisimple elements of G by G", similarly, we denote the set of regular semisimple

elements of g by g".

Note that in this paper, we will make no assumption on the (prime) residual charac-

teristic of K.

1.1.2 Apartments, Bruhat-Tits building, and related notations

Let T be a maximal K-split torus in G and recall that there is a perfect pairing
<, > X*(T) x X,(T) - Z. Fix a minimal parabolic subgroup subgroup Py of G so
that T ¢ Py. Let T =T(K) and Py = Py(K).

The choice of T, Py, and G gives us:
e An irreducible reduced root system ® = ®(T,G) c X*(T) ® R. The parabolic
P, determines a basis A and a set of positive roots to be denoted .

e A family of morphisms (U, )ace such that for each ordering o = ()iz12,...ns

the natural map:

Tx ] G P,

1=1,...,n

is an isomorphism.

e For each a € ®(T,G), n € Z, we can define an affine root o, : X,(T) ® R - R

by the affine functional given by

Ap VT =1 <a,v>+n



and we will denote the set of affine roots by ® = (G, T, v).

With the above definition, we can define the standard apartment A as X,(T) ®z R,
and the hyperplane Hy := {v € AJ)(v) = 0} for 1) € . These hyperplanes partition
the apartment into facets, which are poly-simplicial. For any facet F' c A, we will
denote by G the parahoric attached to the facet F, and its pro-unipotent radical
will be denoted by G7F.. For x € A, we will denote the parahoric subgroup as G5, and
it pro-unipotent radical as G. The quotient @,0 := G,/G% is the group of F,-points

of a connected reductive F -group G,.

One has the following theorem:

Theorem 1.1.1 (Goldman-Iwahori] 1,
Iwahori-Matsumoto| |, Bruhat-Tits]
One can associate a polysimplicial complex B(G) = B(G, K) to G, called the Bruhat-

Tits building of G, with the following properties:

1. There exists a proper continuous action of G on B(G) and Vg € G, the action

of g on B(G) is a polysimplicial isomorphism.
2. B(G) is contractable and finite dimensional.

3. B(G) is locally finite(i.e. each simplex is adjacent to finitely many neighbor

simplices).

When there is no possibility for confusion, let B denote the Bruhat-Tits building of G,
and we will refer readers to [BT1], [BT2] for further details. One of the more concrete
definitions is to define B as the set B(G, K') = G x. A/ ~, where the equivalence relation

is given by (g,z) ~ (h,y) if there exists n € Ng(T') such that nz =y and g'hn € G,.



1.1.3 Moy-Prasad Filtration

Following | ], [ |, for each point x € B(G, K),
we can associate a parahoric group G, that is a subgroup of the stablizer of this point,

we also denote the Lie algebra of G, by g, = g4.0-

Moy and Prasad then introduced filtrations of these parahoric groups denoted G,

and g, , for r >0. Note G, 4Gy =G, and g, < ga0-

Moreover, since G, 5 € G, for s >r, we can define

GQS,T+ = U Gx,sa and Oz r+ = U Yz,s,

s>T s>T

and G, ,+ is a normal subgroup of G, . So it makes sense for us to consider quotient

groups. Specifically, recall that for » = 0, we have that

m = G_x = CJw,O/Gac,O+

is the group of F, points of a a reductive [F,-group G, that is defined over the residue

field. For r > 0, we have the quotient groups given by

Gm,r/Gm,N = gz,r/ﬂz,r* = QT,T

Let (7, V') denote an irreducible admissible representation of GG, and we denote the

depth of the representation (7, V") by

p(7) = inf{r € Ryg|V >+ £ 0 for some x € B(G)}.



For r > 0, we define:

9r = U Ozr and Gr = U Gm,r
zeB(Q) zeB(Q)

These objects have been well studied, and they are G-domains, which means that
they are G-invariant, open and closed subset of g (or G, respectively). Futhermore, if
we denote the set of nilpotent elements in g as A and the set of unipotent elements

in G as U, we have

0= ) gor+Nand G, = () G, -U.
2eB(G) zeB(G)

Similarly, we also define

g+= U goprand Go = |J Gppe
zeB(G) zeB(G)

1.2 History and Introduction

In Howe’s paper | ], he proposed two finiteness conjectures which are now
what people call Howe’s conjectures. One of them, which is Howe’s conjecture for the

Lie Algebra, states the following:

dimg resc, (g/z) J(w) < oo.

Here w is any compactly generated, invariant and closed subset of g, J(w) is the
space of invariant distributions on g supported on w, and resc,(y/z) J(w) denotes the
restriction of J(w) to the subspace of C2° consisting of locally constant functions that
are translation invariant by the lattice £ in g. Howe proved the conjecture for GL,

in the 1970s.



On the other hand, Harish-Chandra proved that for an admissible representation
(7, V) of G, the distribution character ©, can be represented by a locally constant

function F; on the set of regular elements G"*9, which is to say,

0:() = [ F(9)Fulg)g. vf e C=(G0).

Note that throughout this paper, we will abuse notation and denote both the distri-

bution character and the function representing it by ©,.

Suppose now we have G = GL,(K) or K has characteristic zero and we have a nice
map e from g to G in a neighborhood of zero (we can take the exponential map in
the later case). Generalizing Howe’s work for GL,, (in | ]), Harish-Chandra
showed (Theorem 16.3 in |

that ©, is a linear combination of Fourier transforms of nilpotent orbits in a suffi-
ciently small neighborhood of zero in g, i.e. there exist constants co(7) for each

nilpotent orbit O in g respectively, such that

O (e(X)) = o%:(o) co(m)io(X).

This asymptotic expansion is valid for all regular semisimple element X in the Lie
algebra of g that are sufficiently close enough to 0. Moreover, the sum here is taken
over the set of nilpotent orbits O in g, jip is the locally constant integrable function
associated to the Fourier Transform of the orbital integral pp and the functions fip
are independent of the representation. For GL,,, the Fourier transform of f e C¢ is

defined by
lﬂX)=Lf00A®dXY»dY

where dY is a fixed G-invariant measure on g.



This asymptotic expansion is referred to as the Harish-Chandra-Howe local expan-
sion. Much information about the representation 7 can be obtained from the Harish-
Chandra-Howe local character expansion, both qualitatively and quantatively. For
example, when 7 is a discrete series representation, denoting the Steinberg Represen-
tation by St, we have the formal degree of 7 is given by (—1)"co(7), where co(7) =

%?g%(”) is the zero orbit coefficient in the local character expansion and r is the split

rank of G over K(| ]
and | ).

At this point, a natural question arises. The expansion gives a qualitive result, and
does not mention the size of the neighborhood in g on which the local character

expansion is valid.

Since many questions in harmonic analysis in G will need a quantitive result, it
would be good to have more information about where the expansion is valid. A
conjecture of Thomas Hales, Allen Moy, and Gopal Prasad (at the end of §1 in
[ |) states that the Harish-Chandra-Howe local character ex-
pansion should be valid on a region that depends on the depth, p(7), of the repre-
sentation 7. For example, in the case where (7, V") is of depth zero, it means that
there exists a parahoric subgroup H ¢ G, such that V" # {0}, where H* is the

pro-unipotent radical of H.
Conjecture 1.2.1. (Hales-Moy-Prasad)

Given an irreducible admissible representation (w,V') of G, the Harish-Chandra-Howe

local character expansion is valid on G NG y(x)+

Under some hypothesis on the group and the base field, J.-L. Walspurger (|
[ ]) proved this conjecture for integral depth representations of

“classical unramified groups.” Stephen DeBacker (] |) verified the



conjecture for general G under some hypotheses.

1.2.1 Notation and the analogous conjectures

We let R be the ring of integers of K and w a uniformizer so that p = wR where p is

the prime ideal.

We realize GL,(K) as the group of n x n invertible matrices with entries in K.

Moreover, we define A to be the diagonal subgroup of GL,(K).

We denote by g the Lie algebra of G L, (K'), which is the vector space of nxn matrices
with the normal bracket operation, and we denote the nilpotent matrices in g by V.
Then we have that GL,,(K) acts on N and we let O(0) denote the corresponding set

of nilpotent orbits.

Recall that B is the reduced Bruhat-Tits building of GL, (K ), and let A ¢ B be the
apartment associated to the torus A. Also, we associate to every x €e Band r € R a
lattice g,,, and for r > 0, we associated a compact open subgroup G, which, in the
case of GL(n,K), can be realized as G, = 050 When r =0 and G, = 1+ g, for

r > 0. Note that wg, , = gzr+1 and gy s € g for s >r.

Conjecture 1.2.2. Recall that

9r = U Oz = m (gy7T+N)'

zeB(G) yeB(G)

Consider D, = ¥ cp(c) Ce(8/8:,), we conjecture that

resp,J(g,) =resp, J(N),

for GL,(K) in all characteristic and for r = 0,1/n,...,(n-1)/n. Here J(w), for



w =N org,, is defined to be the invariant distributions with support in the closed

G-invariant subset w c (.

Conjecture 1.2.3. The stronger statement
resp, Jy+ = resp, J(N)
holds. Here, we denote

jx,s,r* = {T € J(g)|Vf € O(gz,s/gx,r*)vgf N Supp(f) = Q B T(f) = 0}7

and

Jr*’ = m Jw,s,r+~
zeB s

<r

Note that J(N') € J,+.

10



CHAPTER II

Moy-Prasad Filtrations

2.1 Generalized r-facets

Recall that in subsection 1.1.3, we introduced the Moy-Prasad filtration subgroups

and lattices attached to a point x € B(G) and r € Ryg. We denoted them as
Gz,r < GI,O = G:): and Yz,r c 92,0,

and we also defined

Gx,r* = U Gw,sa and Gz = U 9z.s-

s>T s>T

In this subsection we will partition the points in B into r-facets that are defined
in | ] using the information above, and we will give some of their

properties that will be used later.

Definition 2.1.1. For z € B(G) and r € R, we define a generalized r-facet by

F*(2) = {y € B(G)[gar = 8y, and gop = Gy}

={y € B(G)|Go ) = Gy and Gy s = Gy s }-

11



and we denote

F(r)={F"(z)lz e B(G)},
this is the set of generalized r-facets.

Moreover, since g,.,, @zr+, Gor|, Gor+ depend only on the facet I* that contains ,

if x € F* € F(r) we can define

. +
g+ = gac,rv gF* T ga},r*

. +
Gpe = Goply, G = Gappr

9F* —r = Bz,-r, Vs = gx,r/ﬂx,r*

Remark 2.1.2. Following | ], the generalized r-facets satisfy the fol-
lowing properties:

Given F}, Fy e F(r):

NG(GF{*) n Ng(G}f) = Stabg(Ff).
Ng(gpl*) N NG(Q}f) = Stabg(Ff).

2. If F} nFy # @, then

FI*CF_;

3. If F} c F} # @, then

+ +
Bpr © 8py ©8ry CBry

and

+ +
GFf c GF; c GFQ* c Gpl*

12



2.2 Chain orders and fundamental strata

2.2.1 Lattices

Let V be a K-vector space of finite dimension n. An R-lattice in V is a finitely

generated R-submodule L of V' such that the K-linear span KL of Lis V.

In particular, we can find a K-basis {x1,2,...,2,} of V such that

L= iRl’l

i=1

And, moreover, an R-lattice L is a compact open subgroup of V' and the set of all

such lattices give a fundamental system of open neighbourhoods of 0 in V.

More generally, we can define a lattice in V' to be a compact open subgroup of V,

and for any lattice L, we can always find R-lattices L; and Lo such that Ly € L € Ls.

Note that in the case that this note is going to be dealing with, we have that GL,,(R) ¢
GL,(K) is the unique, up to GL,(K)-conjugacy, maximal compact open subgroup
of G.

2.2.2 Lattice Chain

We now can define R-lattice chains. Take V' = K™, then we have that G = GL,,(K) =
Autg (V') and that g = Endg (V) =gl (V).

Now define an R-lattice chain to be a non-empty set £ consisting of R-lattices in

V' that is linearly ordered under inclusion and is stable under multiplication by K*.

13



Moreover, we can enumerate the elements of £ such that

L={L;:ieZ},L; 2 L,

and, furthermore, the stability condition implies that there exist an integer e, such

that ¥L; = Live vy (2) for all i € Z and x € K*.

Moreover, lattice chains are relatively easy to completely describe, as we can exhaust

all the cases through direct computation.

We have the following proposition.

Proposition 2.2.1. (See [ ]) Let £ = {L;}iez be an R—-lattice
chain in V = K™. Defining e, to be the integer such that L., = L; for any L, € L,
then we have that ey can be taken from 1,2,...n, and, moreover, we can categorize
all the lattice chains up to a left action of g € G for some g, so that the equivalence

classes bijectively correspond to the partitions of n.

Example 2.2.2. In the case of GLs, there are only three partitions up to left actions.

Therefore, there are only three types of lattice chains of interest.

1. [1,1,1].

A lattice chain that corresponds to this partition is

L=1...

N
| —
ToTT
| S
N
| —
==yl
—
N
| —
T IT

| S— )
N
| p—
Jsvjaviay)
—
N
—

2. [2,1].

A lattice chain that corresponds to this partition is

L={...

h=2=Ray]
al=sley

N
—
=3
o TT
| S
N
| —

14



3. [3].

A lattice chain that corresponds to this partition is

L={...

Il
—
soT
[

N
—
I=vjavlay)

[E—
N
——

Definition 2.2.3. By inclusion, we can form a partially ordered set with all chains

of lattices in V', which we will denote as A.

Moreover, we will denote a frame of V' to be a collection of < v; >, the 1-dimensional
K-subspaces spanning V', where i € {1,2,...,n}. Moreover, we denote the subcomplex

S(v1,...,v,) to be the set of all chains with (v1,...,v,) as basis.

Note that it is well known that A is an affine building of GL,(K), with the system of
apartments given by f](vl, ..., Uy) that runs through all frames of V', and one can asso-

ciate the facets of the affine building with the lattices| Il

Moreover, the stablizer group of a lattice chain £ contains a maximal (in the stabilizer)

parahoric subgroup, and we denote this parahoric by g..

Up to conjugacy there are only three conjugacy classes of g:

R R R
L. g =|R R R|nGL3(K).
R R R

R R R
2. gp11=|R R R|nGL3(K).

p p R

15



R R R
3. 9[1’171]: p R R ﬂGLg(K)

pp R

One can furthermore associate the barycenters of these facets of the affine building
with the lattices and we can write down the Moy-Prasad filtration subgroups of these

points, we denote these subgroups by g, , and g ,+.

[3] [2,1] [1,1,1]
RRR "R R R RRR
0 [RRR] RRR] p RR
RRR Lp p R ppR
ppp ppR pRR
0+ [ppp] pp R pp R
ppp ppp ppop
ppR
1/3+ p b
p2pp
P PP
1/2+ Pobo
p? p% p
P P P
2/3+ P2 op
p? p% p

Table 2.1: (gl3).., « in the standard alcove.

We exhibit the Moy-Prasad filtration lattices g, , for GLs, up to translation by w and
conjugation, in the following figure. The figure illustrate how the lattices g, , vary as

x and r vary for z near 0.

Since the apartment to which x belongs to can be interpreted as a copy of R2, we
can thus present the figure as a picture in R3. Here the dotted hyperplanes are the
graphs of r = a(z) for an affine root « € ¥. We only present five cross sections here

corresponding to r =0, %, 1 %

The hyperplanes here divide R3 into polyhedrons, and we color the polyhedrons that

corresponds to different lattices with different colors.

16



Figure 2.1: (gl3)..r,  in the standard alcove.
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2.2.3 Waldspurger type result

Recall that D+ == ¥ () Ce(9/9s,+). We define D!, ¢ D, by DI, := 2 2eB(G) Ce(@zr/Bzr+)-

The main result of this thesis is, either (1) under a specific conjecture or (2) in the

case of GLs:
Theorem 2.2.4. For GL,(F), resp , J.- =tesp , J(N).

More specifically, this result follows from the statements below:

1. resp,, J,« is completely determined by respr Ty

2. dime(resp,, ) J- < |O(0)].

Proof. We assume that (1) and (2) hold to show the main statement holds.

Since (1) and (2) are true, we have
|0(0)| = dimg(res D, J(N)) < dimcresp , Jo+ < dime respr, Jp+ <]0(0)).

where the first equality is true thanks to Howe | ]. The second equality
follows from the fact that J(N) c J.+ and the other two inequalities follow from (1)

and (2) respectively.

Since J(N) c J,+, this forces the inequalities to be equalities and we have our desired

result: resp . J.+ =res p,. J(N). O

18



CHAPTER III

Homogeneity result

3.1 Descent and recovery

3.1.1 Nice Elements

To prove Theorem 2.2.4, we first state and prove several results that we will use in

the proof of the theorem.
Recall that our choice of G is GL,, and thus g = gl,, = M,,(K).

Given z € B(G) and s € R, we define g, s, = gzs \ gzs+- Moreover, for r > 0, and
X € gyrr, NN, there is a maximal K-split torus 7" and A € X, (T") such that z € A(T)
and "X - 0, where X is the image of X in 02/ 8z+ and ) is the image of X in
X (To/T§) € X.(Grp). Let ®(T) denote the affine roots of G with respect to T and

the valuation v. Recall that ®(7) denotes the roots of G with respect to T'.

We define the set of affine roots of level r with respect of z, by ®(T,r,z) = {¢ €
®(T) | () = r}. Moreover, since G = GL,,, we can, without lost of generality, fix

the torus 7" to be the group of diagonal elements in GL,,(K). We then have that the

19



set of simple roots is given by

a;

A ={ay,q,...,0,-1} where a;(Diag(ay,...,a,)) = )
Qjy1

Let o be the vertex in A such that G, = GL,(R). With this notation, a basis for

®(T) is given by {a; +0,a5+0,...,0,_1 +0,~h + 1}, where h = ¥7' o, is the highest

root. We denote the elements of this basis by 1,1, ..., 1, where

a;+0 0O<i<n
1/12': )

-h+1 i=n
and 1;(zg) =0 for 0 <i <n and 9, (zg) = 1.

We denote by €' the open hull of the fundamental alcove in GL(n) defined by this
choice of simple basis. That is, C' is, as a set, {x|i(x) >0, Vie{l,2,...,n}}. Note
that zg is in the closure of C.

Definition 3.1.1. For W € g, ,, denote by W the image of W in g, /8 +, which we
identify in the natural way with a vector subspace of Mn(F,). We can then define
r*(W) := rank(W) = ranks,(W). Let also n*(W) denote the number of non-zero

entries in the matrix representation of .

Remark 3.1.2. Note that if X € g, NN, then 0 < 7*(X) < n. Now we define an
element M € g,, to be nice provided that r*(X) = n*(X). For a nice matrix M,

there is at most one nontrivial entry in each column or row of M.

Proposition 3.1.3. Suppose X € N'ng,,, where x is in C. Then X is nice. In other

words, X does not have more than one non-zero entry in any row or column.

We need some preliminary work before proving Proposition 3.1.3.

Proposition 3.1.4. If z € C, then |®(T,z,7)| < n.
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Proof. Suppose there are n+ 1 elements in ®(7,x,r), which we denote by ¢; where i

runs from 1 to n+ 1. Without loss of generality, we may assume 0 <r < 1.

goue

for some o ; € {0,1}.

Moreover, since ¢; has ¢; € ®(T), we have that ko, kb € Z such that 1 < k,; <n

and kq; <kp; <2n,and o, 7 — =« =o,7— =1, and «; ; = 0 otherwise. Here

i,k‘a’i+1 T lakb,i -

ke {1,2,3,...,n} is congruent to k mod n.

For example, consider the case ¢; = 11 + 13 for GL3. Then k;; = 3 and k,; = 4 in this

case.

To complete the proof, it will be enough to show that if there exist ¢;,,¢;, € {¢ €
@(T) | ¢(£L’) = 7’} with k’am = ka,ig, then (bil = ¢i2'

If ¢;, = ¢;,, there is nothing to prove. So suppose ¢;, # ¢, .

We know that for for some ¢ € Z n[1,n], ¢5, = ¥jy u, ;05 and ¢y, = Y0 oy 5105,
with «;, 4 # a4, . Since we are assuming ky;, # kp4,, without loss of generality, we can

assume kp;, < kp4,, and then
=000 = Lt
with 3; >0 for all j € {1,2,...} and
o(w) = (¢, = 9) () = 61y (2) = i, () = =1 = 0.

Since z is in C, we have Y;(x) >0 for all j e {1,...,n} and therefore, 5; = 0 for all
je{l,....,n}. O

Corollary 3.1.5. If ¢1,¢9,...,0m € ®(T,r,x) are distinct, then m < n.
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We actually know more than the above. Using the same idea as above, we prove:

Proposition 3.1.6. Recall the definition of ky; in the proof of Proposition 3.1.4. If
Jiy,i9 € Z, such that for ¢, ¢i, € {¢ € O(T) | ¢p(x) = r} we have ky;, = kyiy, then
¢i1 = ¢22

Proof. It ¢;, = ¢;,, there is nothing to prove. So suppose ¢;, # ¢;,, we know that
Qi ¢ * Q¢ for some t € Z n[1,n], and thus since ky;, = kpsy, we conclude that

ka,h * kaﬂ'Q.

Without lost of generality, we can assume k,;, >k, ;,, and then
QE = ¢i2 - ¢i1 = Zﬂj¢j’
j=1
with 3; >0 for all j € {1,2,...} and

&(x) = (¢, — b3y ) () = b3y () = ¢y, (w) =1 =7 = 0.

Since z € C, we have () > 0 for all j € {1,...,n} and therefore, 3; = 0 for all
jed{l,...,n}. O

Corollary 3.1.7. Suppose x is in C'. Recall from the proof of Proposition 3.1.4 that
for ¢ = X7 it € O(T,r,x), there exists ko, ky; € Z such that 1 < k,; < n and
kai < kpi <2n, and Oy = i = = Qs = 1, and «; j = 0 otherwise. Suppose
O(T,r,x) ={¢1,P2,...,0m} and to each ¢ € ®(T,r,x) we denote the associated root
group by Ry, . Then for all X € gy, ,+, we can write X = ¥;°; Xy, mod g+, where

X¢k € R¢k N Ozr-

The set { Xy, } defines a set of pair of integers by (i, ji) := (Kag, kpr mod n). Given
k,k'e{1,2,...,n}, we have
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® iy =iy = k=i
® Jp=Ji = Qp=0¢p. U

Example 3.1.8. Let us consider an example of the case where x € Cisina sufficiently

RR
small € neighborhood of the origin of A(T). We have g, = guc, = [’S P R] and
PP P

pRR
Oue; * E E 1;5 , for some small €5 > 0.

Since zx € CD', there are only three possibilities for what Oz CaN be. Ooct = [g g ]g]
R bR 0Rwp 0
O Gg.es = [gg g] Or Gzt = [gg}p%], thus Yae0,e5 = [8 8 R(;p] + Goct O Geepet =
0 Rp O 00 0 .
[8 9 8] T 8aeg OF Buieaey = [8 9 R(;v] + gu,¢; Tespectively.

Since X € N' n Oz.0.c5, We see that X will have to satisfies the conclusion of Corol-

lary 3.1.7.
We can now prove Proposition 3.1.3:

Proof. By Corollary 3.1.7 we have that for X € N'ng,,,+, where z is in é’, X is a

nice matrix, and we can thus assume our X is nice. O

3.1.2 Descent and Recovery

Now that we have the above results, we may proceed dealing with only the nice

elements X.

Proposition 3.1.9. Suppose z is in C and X is a nice nilpotent element X =3, Xy
i Gor/Burr, With each X4 ¢ @upv for ¢ € ®(T,r,x) and X, € Ry, the root group

corresponding to ¢.

There’s a way to define a one parameter subgroup \ of a torus T such that:
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(a) we have that < \,¢ >=2 for the ¢ occurring in the sum,

(b) Suppose iy € ®(T), the set of affine roots of G with respect toT and v. If(x) >,
Yy € gy N gy+ and < A\, >> 0, then there exists C € g, 0+ such that [C,X] =Y,
mod Gyt -

Note that this is equivalent to the statement that if < i, A >> 0, Oy N Gy C

[X7 gm,O*] N\ gaz,w* c gx,r+ .

Before starting the proof, I want to define a more general version of Jordan block

notation that will be used in the proof of the main proposition.

Definition 3.1.10. Given X a nice nilpotent matrix in M,(K), we can define a
Jordan chain as follows:

Consider the space K™, where K is the base field. For t € N, we define

ker'(X) = {v e K"|X'(v) =0}

and we let d; denote the dimension of ker’(X). We know that ker®(X) ¢ ker®(X) if
a < b and we have a chain V of vector space maps of length L < n, where L is the

minimum integer k such that X* = 0:

0 = ker'(X) = ker*(X) = ... = ker" (X)) < ker™(X) = K™

Note that for A € ker®(X) \ ker® '(X), we have X(A) € ker® '(X) \ ker ?(X).
We look at sub-filtrations U of V' of the form {0} = Uy & Uy & ... & Us such that
for 1 <t < s we have U; ¢ ker'(X), U;/U;.; ~ K, and X(Uy1) = U;. We also
require that each U; be spanned by a ¢ element subset of the standard basis of K",
denoted by U; = span < ey, , ..., ey, >. We call such a sub-filtration ¢/ a Jordan chain

provided that the only sub-filtration of V' that contains &/ and has these properties
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is the chain U itself. We can associate to the sub-filtration 4 the ordered datum

[U] = [wy,ws, ..., ws], note that the w; are positive integers.

Remark 3.1.11. There will be at most finitely many Jordan chains associated to X,

and thus we can enumerate them as U*, U2, U3, ... UMX),

With this definition, we can associate to any integer N € {1,2...,n} a unique Jordan
Chain U’ indexed by ¢ € I = {1,2,...,M(X)} c N, with length s;, and a unique
ce{l,2,...,s;}, such that N = w;, . € [U7].

Note that if X happens to be in Jordan block form, then the set of Jordan chains is

giving us exactly the same information that the Jordan blocks of X carry.

Moreover, we can associate a Young tableau to a Jordan Chain of the matrix X.
A Young tableau is a Young diagram of size n filled with integers in the range
{1,2,...,n}. We fill the i-th row of the Young Tableau with datum [¢?] in order, as

illustrated in the following example.

Example 3.1.12. Suppose

Il
) o ) ) (e} ) o

o o o o o o
o
o
—
(@]
(e

Notice that, in this case, there are only two Jordan chains, namely [U'] = [1,2,3,4,5, 6]
and [U?] = [7], which correspond to the two Jordan Blocks. We also have w;; = 1,

wip =2, wi3=3, wiy=4, w5=5 we=6and wy; ="7.
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Recall that every Jordan block can be denoted J) 4 where d is its dimension, and A is

the correspondin

Z/{l by JO,G = [

eigenvalue. We can denote the Jordan block that corresponds to

g

0000

1000

030 8] and the one that corresponds to U? by Jy1 =[0].
0001

0000

[e]elelalale]

1
0
0
0
0
0

In this case, the corresponding Young Tableau is:

1{2(3|14|5]|6
7
Example 3.1.13. Suppose
00 100
00 010
X=10 0 0 0 1}-
00 000
0w 000

Notice that there is only one Jordan chain here, namely the chain attached to the

datum [1,3,5,2,4].

In this case, the corresponding Young Tableau is:
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Example 3.1.14. Suppose

0O 01 00O

0O 0 01 0O

0O 0 OO0 1O
X =

0O 0 00 0O

0O 0 00 0O

0O =w 00 0 O

Notice that, there are two Jordan chains here, namely [U'] = [1,3,5] and [U?] =
[6,2,4]. Note that we also have [4?] is not [4,2,6] as order matters in the definition,

and ker' (X) = span < ey, e >. We also have:

wip =1, wip =3, w3=95,and wyy =6, wap =2, w3 =4.

In this case, the corresponding Young Tableau is:

Definition 3.1.15. Fix X that is nice. From X we have Jordan chains [U?] =
[wi1, ..., wi] for i e I ={1,2,...M(X)} with ¥¥ s, = n. Recall that for each
N e{l,...,n}, we can associate a unique ¢ € I and a unique c € {1,2,...,s;} such that

N = Wi c-

We use this to define A = (Aq,...,\,) : GLy - Diag, - GL, by

Aj(t) = A, (2) = 772
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for 0 <j<n.

Example 3.1.16. Suppose

)
@)
)
o o O
o

The )\ that is associated to this element is

t“ 0 0 0 0
0 2 0 0 0
Ait=]10 0 ¢ 0 0]

There is only one Jordan chain here, namely the one with associated datum [1, 3,5, 2, 4],

and thus A(t) = Diag[t*,¢t72,¢2,t74,0], ,]C‘QX) Sp=8=n=05.

Example 3.1.17. Suppose

(@]
o o o o O
(e
(e
—

o
o
o o O
o o o o o O
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The )\ that is associated to this element is

200 0 0 0

010 O 0 O

0O 01 O 0 0
At

0 00¢t2 0 0

0 00 0 t2 0

0O 0 0 O 0 ¢

Note that here there are two chains, namely [1,3,5] and [6,2,4], and we have that

n=06=8+8,=3+3.

We now prove Proposition 3.1.9.

Proof. Since X is a nice nilpotent element, we can define A using Definition 3.1.15.

By the definition of A\, we have < A, ¢ >= 2. This proves (a).
Fix ¢ € ®(T') such that < X\,¢) >>r.
Since X is a nice nilpotent element, we can denote X = [ X ;], where

wuww¥@zrii) e R* and ¢ = wf’caj =W 041

Xi;= for some 1 € [ = {1,2,... M(X)} and w; . # W; c41,

0 else.

Here v(gy,;) == min({v(X;;) | X € gzr}).
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We will now prove (b): Take C' = A, ; = [ax], where

wlw(z)*ﬂ Z = k"j = l
Qg =

0 else

and we are going to prove that, fixing Yy, € gy \ gy+, we can find C such that [C, X] =
Yy

Without loss of generality, this is equivalent to the following claim: For any @ €
{1,2,...,n}, let Ag =ord;(A(t)g.¢) € Z, the order of the Q-th diagonal entry of A\(t).
Now, for any O, P € {1,2,...,n}, if A\o—Ap >0, then there exists a matrix C' that is in
the form A, ; such that [C, X ], # 0 if and only if £ = O and m = P. Moreover, if the

gradient of ¢ corresponds to the root space indexed by (O, P), then [C, X] € gy~ gy
To prove this claim, we first prove two lemmas.

L f=9
Lemma 3.1.18. If C' = A, ;, then using the notation dy 4 = , we have that

0 else

(C, X]o,p =Y @7(5,0X;p - X0:p;)
for 1<O,P<n.
Proof. Since C' = A, ; from the definition of X we have,

[07 X]O,P = Z(CO,me,P - XO,mCm,P)

=Co,jXjp—Xo0,Cip.

The result follows. O
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Recall that for any N € {1,2,...,n} we can find appropriate i, ¢, so that N = w; .. Now
we denote 7 by ¢y and ¢ by ¢y so we can denote Ap = s;, —2co+1 and Ap = s;, —2cp+1,
but then since Ap > Ap, we have that s;, —2co+1> s;, —2cp+1 = s;, — 5ip >

2(co — cp). Notice that here we have 1 <cp <s;, and 1 <cp < s;,.

Lemma 3.1.19. Suppose 1 < O,P < n and Ao > Ap. We have O # w;, s, or

SZ‘O

P+ Wip,1-

Proof. Suppose we have O = wj, s,  for some ip € [ and P = w;, 1.

Recall that for each N € {1,...,n}, we can associate i € I, c€ {1,2,...,s;}, such that

N =wj., and Ay = Ay, =5 —2c+1.

Therefore, we have Ap = s;, =25, +1=1-5;, and Ap=s;, -2+1=35;, -1, and so
we have 1-s;, <0< s;, -1 since s; >0 for all 7 € I, and thus a contradiction of the

assumption Ap > Ap. O

We complete the proof of Proposition 3.1.9:

Note that since X is nice, to show that [C, X ], # 0 if and only if £ = O and m = P,
it is enough to show that [C, X]o p #0. As a result of Lemma 3.1.19, either X; p # 0
or Xo; # 0 for some ¢ and j. So we can take C' = Ay, ., p in the first case and
C = AO,wip,cPfl in the second case. Since X ; # 0 in the first case and X p # 0 in the
second case, we conclude that [C, X ]o p # 0. The element C has been chosen so that

[C, X]o p lies in the proper lattice. ]

31



Example 3.1.20. Let’s go back to one of the examples above:

—_
e}

(@]
o o o o O
(@]
o O
o =
o o o o o o

Recall that we can define the A that is associated to this element by

200 0 0 O

010 0 0 O

0O 01 0 0 O
At~ .

000 ¢t2 0 O

000 0 t2 0

000 0 0 ¢

And we will have the weight spaces:
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Recall that here are two chains, namely [1,3,5] and [6,2,4]. Note that if

d a b 0 0 ewl

0 00 0 O
000 0 0 O
C= )

0 00 dye ¢ O

0 00 d ds O
then we have i i

0 e di a b 0

0 0 0 -dy -c¢ O

0 0 0 -d -ds O

[C,X] =

o 0 0 0 0 O
o 0 0 0 0 O

0 dew f g h O

Thus, by choosing the entries of C' in the appropriate lattices in K, we can recover

gy for all ¢ € ® for which ¢ (z) > r and (1, A) > 0.

Now that we proved Proposition 3.1.9, we may now prove a version of descent and

recovery and then prove the theorem.
We begin by unraveling the definitions.

Let us consider f € D, with f =Y, f; where f; € Cc(g/9x, ,+). Using the linearity of T,
without loss of generality, we can assume f € Cc(g/g.,+) for some x € B(G). We can
then write f = Y7 0 cz[Z + 92,0+ ], where we have [Z + g, 0+] is the characteristic
function on the corresponding cosets and all but finitely many c; = 0. Since T is

linear, we can assume, without loss of generality, that f:=[Z + g, ,+].
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Now that Z + g, ,+ C gz.5 \ gz.5+, for some s <r. Since we have T € resps Jo+, we have

T(f)=0if supp(f) N (ges +N) =@, and thus T(f) =0 unless (Z + g, +) NN # @.

Therefore, without loss of generality, we may assume Z = X +Y with X e N'n (g~

Oos+) and Y € g, o+

Theorem 3.1.21. (Descent and Recovery) Given G = GL,. Recall that we have
x € B(G), and x is in the interior of the standard alcove. Suppose s < r. Suppose
X e N0 (gus N o5t ). In the case where X is nice, there exists X € XF(S) such that
for all sufficiently small € >0 we have:

1. X € gyrenst for sufficiently small € > 0.

2. VY  €gpsr, X+Y +gpirs CGors(X +Y +g,,+).
Remark 3.1.22. Notice that we know that X is nice from Proposition 3.1.3, thus we

know that the result holds for the interior of the fundamental alcove C.

Proof. From the definition of the Moy-Prasad lattices, for sufficiently small € > 0, we
have g, ¢+ C @zrer st Choose A as in Proposition 3.1.9. Note that X = 3, X, and

<\, ¢ >=2 for all such ¢, and we have
d(zx+e-N)=d(x)+e <P NA>=5+2€>s.

Therefore, we have X € gy, s+ for € > 0.

For the second statement, we know by definition that “»¢-Y’ c Y’ + g, ,+. We now
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take C' € gy -5, 1 +C € G55, and compute

X =(1+C)X(1-C+C?*-C3+..))
=1+[C, X]+(X,C?) +...

=1+[C,X] mod g, .~

Thus it suffices to show X + gurenst € X + [ X, Guros] + Gu -

By Proposition 3.1.9, we have that if ¢ € ®(z,r), and p(z+e-N) =r+2e>r <<
¢, A >>0, then X + g4 ¢ X +[X, gars]. Since ¢(x +e)) > 7 if and only if (¢, \) > 0,
we conclude

X+ gx+e-/\,r+ c X+ [Xa gx,rfs] + gx,r+
as needed. O
Conjecture 3.1.23. Theorem 3.1.19 holds not only for x such that x is in the open

hull of the standard alcove é, but also for x on the boundary of C'.

If Conjecture 3.1.23 holds, then we can replace Lemma 2.3.1 in | ] with
this conjecture, and, with the same proof developed in section 2.4 in | 1,
one can show that resp , jT+ is completely determined by respr, jr+. Thus one can

complete the proof of Theorem 2.2.4, which is the desired homogeneity result.

3.2 Homogeneity Results for GL3

We will prove the complete homogeneity result in the case of GLs.

The study of homogeneity for GLj3 was initiated by Stephen DeBacker in his Ph.D.

thesis [ |. However, few details were provided. I will fill in the details
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that are not in his thesis.

3.2.1 Conventions and notation for Section 3.2

We adopt the following notation and conventions.
We will consistently use u,v to denote elements that are from R*.

Let T, denote the subgroup of T" where each diagonal entry lies in 1 + p™. For
1<i#j<3and meZ we let U;j(p™) denote the subgroup of GL3 consisting of
matrices with entries from p™ in the 75 entry, ones on the diagonal, and zeros in all

other entries. For example, Us; (™) is the group consisting of matrices of the form
[1
z
0

We use the following computation frequently during the process, and we record it

oo
oo

] with z € p™.

here to reduce the length of the exposition.

Forae R, be R, and m € Z.y we have

1+w™a

———— mod @' = (1+@™a)(l -=w™b) mod ™"
1+ w™b

=1+ (a-b)@™ mod ™.

3.2.2 Two results

There are two propositions that we need to prove before discussing the calculation

phase of our proof.

Proposition 3.2.1. For G = GL,, resp,J,+ =resp,, Jrser andrespr, Jo+ =respree Jy o+
T r+e

unless r = %, where k,m,n € Z and 0 < k <m <n, where in the case of GL3, these r

values are from {0, %, %,% )
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Proof. We want to first simplify the problem, so that the only points we have to

consider are the barycenters of the facets.

Proposition 3.2.2. Without loss of generality, respr_J+ can be determined by look-

g at functions supported at barycenters.

Proof. Let us first recall the definition of optimal points. To our fixed alcove C' c

A(T), we can associate a basis ¢ of our affine roots ® by

Yo={Yed|VreC,0<9(x) <1}

Given any nonempty subset = c Y, we define the function f=:C — R, by f=(z) =

min{t(z)[) € Z}. Then the set of optimal points in C' are the set of points

{rzeC|@+ZcYe and fz attains its maximum value at zz }.

Recall that by Moy and Prasad | |, the set

O = {x € C'|z is the barycenter of a facet}

is the set of optimal points in the case of type A,. Moreover, for z € C and 7 € R
there exists x,y € O, such that g,, c 9., ¢ gy and gy ,+ 2 g.,+ 2 gy,+, Which means

0r = Uzeo(%82r) and g+ = Upeo(9ga+). It also means

D+ = Z OC(g/gz,r*)

2eG-O

and

C(gz,r/gz,r* ) c C(Qy,r/ﬂy,r* ) :
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Since for GL,, we have that the set O is in bijective correspondence with the set of
optimal points, we have that respr, J.+ and res D, J,+ can be determined by looking

at functions supported at the barycenters of the facets of C. O

Since g, , # g+ for  that are barycenters of facets only if r = %, where k,m,n € Z

and 0 < k <m < n, Proposition 3.2.1 follows. O

3.2.3 On depth r=0*

We will begin our discussion with the case where r = 0.

Proposition 3.2.3.

resp,, Jo+ = respo, Jo+.
0

Proof. Fix f € Do+ with f = ¥, f; such that f; € Cc(9/gs,0+). Since T is linear,
without loss of generality we can assume f € Co(g/g.0+) for some = € B. Therefore,

we can write

= Z C?[Z"'gm,o‘f]a

Zeg/ga:,0+
where we have [Z + g, 0+] is the characteristic function on the corresponding coset
and all but finitely many ¢, = 0. Since T is linear, we can assume, without loss of

generality, that f:=[Z + g, 0+].

Choose s so that Z + g, 0+ C g5 \ Gz s+. Since T € Jo+, we have T(f) =0 if supp(f)n
(gz.s+ +N) =@, and thus T'(f) =0 unless

(Z+ges )N N %2

Therefore, without loss of generality, we may assume Z = X +Y with X e N'n (g~

38



Oos) and Y € g, o+

Up to conjugacy, we need only those three cases where f is invariant with respect to

pPRR ppR ppp
9[1,1,1],00 = b 1;.1 , 9[2,1],0+ = ggg , OT g[3],0+ = [g : E] These three cases correspond

to the three conjugacy classes of barycenters of facets.

We will examine these three cases here.

1. £, = [3]. In this case, we are looking at the coset X +Y + g, 0+, where z is

the corner of C' corresponding to [3] as on page 17, X e N N (gas \ ga5+) With

<0, and Y € g, 5. Note that we have N N (g, s \ gz.s+) = @ unless s = —m, for

me Z>0.

Since T' is G-invariant, after conjugating by stabgr,(z) we can assume that X

. 0Ouo0 00u
1S w*m[OOv] or w*m[ooo].
000 000

(a) Suppose X = w‘m[§ § g]. We have

0a0 pp
aﬁ;%/pT<X+[38€]+Y>+[*;g

p R
T[UX +Y + [p p
€U (p™) [Ur2 (p+1) pe

R R
T[X+Y+[§p3]].
ppp

'Qoal = yQc»ol =

Note that X +Y + [g

pp
e
evaluated at [X +Y + [§ g ] in terms of T evaluated at [ X +Y + [

TTT

pRR
m[p p R] 9[1,1,1],s+- Thus, we expressed T

which has support closer to the origin with respect to the [1, 1, 1]-filtration

than [X +Y + [p b g]] had with respect to the [3]-filtration.
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(b) Suppose X = w‘m[ §§]. We have

[elerlen)

R IS S B |

q ’U,EUQl(pm)/U21 (@m+1)

:éa;:/pT[X+Y+ E
I

[elelw)
op o

J+[3

TTT

3

|
=T[X Y+ [p
q p

TT T
h=2evk-1

Therefore, we have

R
Note that X +Y + [g ] c wm[g g g] = g[2,1],s+- Thus, we expressed T’
p
p
p

P
P
P
ppp . pp R
evaluated at [X +Y + [g E]] in terms of T evaluated at [X +Y + [p p R]],

ppop
which has support closer to the origin with respect to the [2,1]-filtration

than [X +Y + [g E g]] had with respect to the [3]-filtration.

2. L, =[2,1]. In this case, we are looking at the coset X +Y +g, o+, where z is the
barycenter of an edge of C'and X e N N (g s\ gos+) With s <0 and Y € g, o+.
Note that we have N N (gzs \ gz5+) = & unless s = —-m + 1/2 or s = —m, for

me Z>0.

(a) Suppose s = —m. Since T' is G-invariant, after conjugating by stabgr,(x)
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. Ouo0
we can assume that X is w‘m[g 8 8]. We have

R
Z T[tX+Y+[§§R]]
PP P

pp R pRR
Note that X +Y + [p R] m[p p R] = g[1,1,1],s+- Thus, we expressed T'
ppp ppop

P
P
P
p pRER
evaluated at [ X+Y+[p p R] in terms of 1" evaluated at [X+Y+[p p R]],
PP op

which has support closer to the origin with respect to the [1, 1, 1]-filtration

than [X +Y + [ b R]] had with respect to the [2,1]-filtration.
PP P

Suppose s = —m+1/2. Since T is G-invariant, after conjugating by stabgr, ()

R
T[X+Y+[E§R]]=— D T[UX+Y+[§§
PR 9 aeUsa (p™) [Usa (p7+1) Pe

1 RR
:—T[X+Y+[E ) R]].
ppp

R ppR
Note that X+Y+[§ R] c w‘m[ popp ] = 9[1,1,1],s+- Lhus, we expressed
PP P pp

P2

R
T evaluated at [X +Y + [p E R]] in terms of T evaluated at [X +Y +
PP P

TT T

pPRR . .. .
[p p R]], which has support closer to the origin with respect to the
ppop

R
[1,1,1]-filtration than [ X +Y + [§ b Jp%]] had with respect to the [2,1]-
PP

filtration.

41



ii. Assume that X is w‘m[

[e]evlen)

0 u
0 8]. We have

vw

R 1 R
T[X+Y+|:§ER:|]=— > T[UX+Y+|::;ER:|]
peer 9 aeUsz (p™) [Usa2 (™) PRy
1 RR
—~T[X +Y + [E b R]].
q ppop
ppR ppR
Note that X+Y+[§ p Ip%:l c wm[ PP ] = g[1,1,1],s+- Lhus, we expressed
p pPpp
R
T evaluated at [X +Y + [E E R]] in terms of T evaluated at [X +Y +
ppop
RR
[E p R]], which has support closer to the origin with respect to the
PP op

R
[1,1,1]-filtration than [ X +Y + [§ b Jp%]] had with respect to the [2,1]-
PP

filtration.

3. L, =[1,1,1]. In this case we are looking at the coset X +Y + g, o+, where x is
the barycenter of C' and X € N N (gzs \ gaz5+) With s <0 and Y € g, +. Note

that N N (ges N\ gzs+) =D unless s = 1/3—m or s = 2/3 —m, for m € Zs,.

(a) Suppose s =1/3—m. Since T'is G-invariant, after conjugating by stabgr,(x)

. Ouo0 Ouo0
we can assume that X is w‘m[g 8 8] or w‘m[g 8 8]‘ In both cases we have

pRR 000 p RR
T X+Y R||= T X+Y pop R
ey [ppafi- 3 rpeey e [B]- 2 0]

b RE ppR 010 000
R = -1 =
Note that [;2 p ] g[ggg]g where g [gg(l)]. Note that [288] €
R Ryp! . ppR p RR
[pR R] while Y € [n PP] and X € w‘m[p p R]. Therefore, X +Y +
pp R ppp P> op
000 bRE
[0 0 8] c w‘m[ p b R =9gp94).+. Thus, we expressed T' evaluated at [X +
a P pop
pRRI], . 000 pRR .
Y + [p p R]] in terms of T" evaluated at [X +Y + [0 0 o] + [ pop R]], which
ppop S PPpop
has support closer to the origin with respect to the g-[2,1]-filtration than
pRR . .
[X+Y + [p p Jp%]] had with respect to the [1,1, 1]-filtration.
PP

(b) Suppose s = 2/3-m. Since T is G-invariant, after conjugating by stabgr, ()
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: 00 0w
we can assume that X is w‘m[uw 8 8] or w_m[vw 8 8]. In both cases we

have

pRR 1 0 0 ppR
T[X+Y+[ppR]]=— T[X+[0 %0]+Y+[ppR]}
PP P @ o552/ pw yw 0 p2 p2 p
pp R pPRY 010 0 o0
Note that | » » R :g[PPP]g_ whereg:[om]. Moreover[o 0 O]E
p% p% p Ppp @00 Bw ya 0
RRp™ ) PPy p p R p p R
[RRp-l],wh1leYew—m[p2 p p]gw‘m[p p R] andXew—m[p p R]
pp R P p7p p? p% p p? p% p
0 « p PR
Therefore, X +Y+[ 0 0 w ™ » p R|=9g13 +. Thus, we expressed
’ foo vy p2 p2 p ’ ’

0

0

0

T evaluated at [X+Y+[
0 a0 P PR

[0 0 o]+[p pR]],whic

Bw yw 0 p2 p2 p
p RR

to the g - [3]-filtration than [X +Y + [p p R]] had with respect to the

=

as support closer to the origin with respect
ppop

[1,1,1]-filtration. O

3.2.4 On depth r=1/3*
Proposition 3.2.4. For GLs, TESD, . j1/3+ = resD1/3+J(J\/').

Proof. Fix f € Dy3+ with f =Y, f; such that f; € Co(g/ga,,1/3+). Since T' is linear,

without loss of generality we can assume f € Co(g/gs,1/3+) for some x € B.

Therefore, we can write

= Z CZ[Z+g:v,l/3+]a

?Eg/ng/ng
where [Z + g,.1/3+] is the characteristic function on the corresponding cosets and all

but finitely many ¢, = 0. Since T is linear, we can assume, without loss of generality,

that f = [Z + gz,l/?)*]-

Choose s so that Z + g, 1/3+ C @as \ Ga,s+- Since T'€ resDI/sjl/gﬁ, T(f)=0if supp(f)n
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(ges+ +N) =@, and thus T(f) = 0 unless

(Z+ges )N N %02

Therefore, without loss of generality we may assume Z = X +Y with X e N'n (g~

gz ) and Y e g, .-

In addition to the three cases that correspond to the conjugacy classes of barycenters
of facets, we need to take up a fourth case (indexed by z which is introduced in (3(a)i)

on page 46 below).

We now examine the four cases.

1. £, =[3]. In this case, we are looking at the coset X +Y + g, 13+, where z is at
a vertex of C'and X € N N (gys \ o s+ ) With s < % and Y € g, .+. Note that we

have N N (gzs \ gus+) = @ unless s = —m, for m € Zy.

Since T' is G-invariant, after conjugating by stabgr,(z) we can assume that X

. Owuo0 00 wu
1S w‘m[oo ]or w‘m[ooo].
00 000

0
_m Ou0
(a) X=w [888]' We have
pppy, 1 " ppp
USSR HH RN PR HH
Em/Tm+l
1 0a0 ppp
7. o T3+ [0
1 R
- T[X+Y + Ep%]]
q PP P
1 R
- T[UX+Y+[§,JE]]
acU2(p™) [Usa (o) PRy
1 RR
:-3T[X+Y+[§pR]].
q PP P

44



2.

ppp pRR
Note that X +Y + [P p p] c w‘m[p p R] = g[1,1,1],s+- Lhus, we expressed T'
ppp pp p bt K
PP, . RR
evaluated at [X+Y+[g b E]] in terms of T evaluated at [X+Y+[p p R]]
ppop

which has support closer to the origin with respect to the [1, 1, 1]-filtration
than [X +Y + [g g g]] had with respect to the [3]-filtration.

(b) X=w‘m[§§§]. We have

T([X+Y+[§§§]])=—3 D T([tX+Y+[§§

q EETm /Tm+1

1 o
== Y Tlx+y+[88]+[22]D)
9 o 000 PPP
pp R
=-T(X+Y
AACSEaI B
R
2 Y (X v+ [388]4 [E?p]]).
BOOL Lp?pp
Bep/p?
000 pRR
Note that X +Y + [0 00] Cw_m[p p R] = g[1,1,1],s+- Lhus, we expressed T’
pOO ppop T
p R
evaluated at [X+Y+[§ g g]] in terms of T" evaluated at [X+Y+[ P b ]]
PP op

which has support closer to the origin with respect to the [1, 1, 1]-filtration

than [X +Y + [ ]] had with respect to the [3]-filtration.

ppp
ppp
L. =[2,1].

In this case, we are looking at the coset X +Y +g, 1/3+, where x is the barycenter

of an edge of C, X e NN (gus N gu s+ ) With s< %7 and Y € gy o+

Note that we have N N (gzs \ gz5+) = & unless s = -m + 1/2 or s = —m, for

(a) Suppose s = —m. Since T is G-invariant, thus after conjugating by stabgy, ()

. Ou0
we can assume that X is w‘m[g 8 8]. Then:

ppR 1 0 00 ppR
recre[jE)- g 3 e[ [1EED,
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pp R pRR pRR
Note that Y e w™|ppR| C w™|ppR| and X € w™|pp R| as well.
ppp ppop ppop
000 pRR
Thus X+Y+[BO 834 [ppR = g[1,1,1],s+- Thus, we expressed T'
ppop

RR
evaluated at [X+Y+[p p R]] n terms of 7" evaluated at [X+Y+[E P R]],
PP PP

which has support closer to the origin with respect to the [1, 1, 1]-filtration

than [X +Y + [’E § R]] had with respect to the [2,1]-filtration.
PP P

(b) Suppose s = —m+1/2. Since T is G-invariant, after conjugating by stabgr,(z)

. 00w 0 0 u
we can assume that X is w‘m[g 8 8] or w‘m[g 0 8]. We have

v

ppR 1 000
T(X+Y+[EE§] "7 2 TX””[BS;%]*[

popp ppR ppR
Note that Y ew™| P b cow™ ppr|and X € w™| p pr | as well.
P> % p p2pp p2p p |
o 00 ppR
Thus X +Y+[ Oa] C P PP | =g, Thus, we expressed T'
Bw 0 pp R k]
[ p p R
evaluated at [ X +Y + [p p R] terms of T evaluated at [X +Y + bbb ]],
ppop [ p2pp

which has support closer to the origin with respect to the [1, 1, 1]-filtration

than [X +Y + [p b R]] had with respect to the [2,1]-filtration.
ppp

3. L, =[1,1,1]. In this case, we are looking at the coset X +Y +g, 13+, where x is
the barycenter of C'; X e N N (gzs \ gz5+) With s <1 5, and Y € g, o+ Note that

we have N N (gys \ gzs+) =@ unless s = 1/3-m or s =2/3—m, for m € Zy.

(a) Suppose s = 1/3-m. Since T is G-invariant, after conjugating by stabgr, ()

. 0 00 000
we can assume that X is w‘m[ 0 00] or w‘m[ 0 0u ]
uw 00 wOO

) 000
1. X:w*m[ 0 88]. We have

uw
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There is a unique point, call it z, on the geodesic between the barycen-

ter of C' and the vertex corresponding to [3] such that

922/3 = 0z1/2+ ¥ 92172 = 92,1/3+

and
popp
9:.1/2+ = ppz,‘;';
while
[534]
92,1/2 hEE
pp pp R
Note that Y e ™| » » ¥ ] C w" [gsg], and we also have X
p2pop
_ 000 _[pPPR [P
w m[u?ﬂgg] €Ew m[pp g] Thus X +Y ew m['; =026 = 021/2-m-

]] in terms of T’
evaluated at [X +Y +g.1/3+], which has support closer to the origin

ppR
with respect to the z-filtration than [X+Y+[ PP ]] had with respect

PP op
to the [1, 1, 1]-filtration.
ii. X:w‘m[ 0 82]. We have
vw 0 0
R 1 R
T[X+Y+[ggp]]=— > T[tX+Y+[§§p]]
el @ e P2p p

te
1

T[X+Y+[§E§]].
q PP P

R
Thus X+Y c w—m[ﬂ g 1’;2] = g[2,1],s+- Lhus, we expressed T' evaluated at
p
R
[X+Y + [ b by ]] in terms of T evaluated at [X +Y + [p p R]], which
pPpp ppop

has support closer to the origin with respect to the [2,1]-filtration

p
than [X +Y + [ popop ]] had with respect to the [1,1, 1]-filtration.
PP e

(b) Suppose s = 2/3—-m. Since T is G-invariant, after conjugating by stabgr, ()
we can assume that X = w_m[vgw § §] or X = w_ml:u(z]v 0 8]

0 vw 0
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. 0
1. X = w‘m[vwg

ococo
I._I
5
3
<
@

R 1 v
rx+ye[Bir]p-2 > rexeve[Biv])
prpop 9 aeUsa (™) [Usa (9™+1) PR
1 ppR
:-T([X+Y+[ggg]])
00« Ppp
RS HHEEH))
aeR/p
p2

. PP ppp ppop
In this, we have that Y € ™| » hop Ew‘m[ggg]andXew‘m[ggg].

Thus X +Y + [8 (é 0] c w‘m[g b g] = g[3],s+- Lhus, we expressed T' eval-

ppp
p
uated at [X+Y+[ Ppop ]] in terms of T evaluated at [ X +Y + [E g g]],
PP p
which has support closer to the origin with respect to the [3]-filtration
p R
than [X +Y + [ popop ]] had with respect to the [1,1, 1]-filtration.
PP p
ii. X :w‘m[u?xf 0 8]. We have
0 vwO
R R
T([X+Y+[§§p]]): > T([tX+Y+[§§p]])
ppop ppp

q
1 00a ppp
R CRR s IR HH
) A o [ppp rPpp
In this, we have that Y e co™™[ »* p » Ewm[ppp]andXewm[ppp].
P2 p®p Ppp pop
0a BN EEER ]
Thus X+Y+[ 80]cw [ggg]—g[g]’s+. Thus, we expressed 1" eval
uated at [X+Y+[ PP P]] in terms of T evaluated at [X+Y+[P§§]]
Ppop

which has support closer to the origin with respect to the [3]-filtration

R
than [X +Y + [ E b ]] had with respect to the [1,1, 1]-filtration.
P2 p

4. The point z. In this case, we are looking at the coset X +Y +g. 1/3+, where z is
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as in (3(a)i) on page 46 above, X € NN (gus  gus+) With s < 1

5, and Y € gg o+

From (3(a)i) we know we are only interested in the case when s = —-m + 1/2 for
m € Zsg. So, we assume we are in this situation. Since T is G-invariant, after

conjugating by stabgr, () we can assume that X is w‘m[§ § §] or w‘m[ 0 § §].
v

“m 00w
(a) X == [} 1] We have
o R 000 ppR
T(X+Y+[gslp%])— > T([X+Y+[£a88]+[pp2§§])'

acR/[p

popp R
Note that X +Y ¢ X+w‘m[ hop P] c w‘m[ E g p ] =911, Thus X+Y +

PP P2 pp
R
[agw § §] C gp1,1,1],s+- Thus, we expressed T" evaluated at [ X +Y + [g g b ]] in

terms of T evaluated at [X +Y + [agw § §] +0[1,1,1],1/3+ ), Which has support

closer to the origin with respect to the [1,1,1]-filtration than [X +Y +

[g g g]] had with respect to the z-filtration.
b) X =w ™| 0 00| We have
vw 00
ppR 00a ppp
T(X+Y+[ggg])—ag%:/pT[X+Y+[888]+[Egg]].
ppp ppp
ote that X +Y € X + w~ Cw ™ ppp| =g+ Thus X +Y +
Note that X +Y e X m[ppz';f,] m[88] = o Thus X +v
o R

[§§8]C9[3J,s*- Thus, we expressed T evaluated at [X+Y+[§§E]] in

terms of T evaluated at [ X +Y + [§ § §]+g[3],1/3+], which has support closer

ppR

to the origin with respect to the [3]-filtration than [X +Y + [ b ]] had

=Ja=1

with respect to the z-filtration. O

3.2.5 On depth r=1/2*

Proposition 3.2.5. For GL3, resp,,. j1/2+ =T€SD, . J(N).
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Proof. Fix f € Dyjo+ with f =Y, f; such that f; € Co(g/ga,,1/2+). Since T is linear,
without loss of generality we can assume f € Co(g/gs,1/2+) for some x € B. Therefore,

we can write

f = Z CZ[Z +gx,1/2+]7

769/91,1/2+
where we have [Z + g,1/2+] is the characteristic function of the corresponding coset
and all but finitely many c; = 0. Since T is linear, we can assume, without loss of

generality, that f:=[Z + g,1/2+].

Now, we can choose Z + g, 1/2+ C @a,s \ Gos+. Since T € j1/2+, we have T'(f) = 0 if

supp(f) N (gzs+ +N) = @, and thus T'(f) = 0 unless

(Z+ges )N N =@

Therefore, without loss of generality we may assume Z = X +Y with X e N n(ga.s \

gus+) and Y egg ..

Up to conjugacy, we need to consider four cases. These include the usual three cases

ppR ppp
where f is invariant with respect to gpi 113,12+ = [p2 pp ], O[21],1/2+ = [P2 A p], or
P’ pop p? p?p
ppop . : . .
g[3),1/2+ = [E : E] and an additional case for the-filtration associated to z (introduced

in (3(a)i) on page 46).

We now consider these three cases.

1. £, = [3]. In this case, we are looking at the coset X +Y + g, 12+, where x

is a vertex of C, X € NN (gos \ gust) with s < %, and Y € g, .+. Note that

NN (gos ™ o) = D unless s = —m, for m € Zy.

Since T' is G-invariant, after conjugating by stabgr,(z) we can assume that X
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ThusX+Y+[8
«a ppp

PP, . popop
Eg]] in terms of 7" evaluated at [X +Y + [ pp p]],

ppR
] c w‘m[p p R] = g[2,1],s+- Lhus, we expressed T' eval-
b
p P P2

uated at [X +Y

which has support closer to the origin with respect to the [2,1]-filtration

than [X +Y + [E E g]] had with respect to the [3]-filtration.

(b) X:w‘m[gﬁg]. We have

ppp 000 bpp
T[X+Y+[Egg]]=a§p2T[X+Y+[288]+[pp2zg]]

= s Texaey[3E8]+]

q p
000 _|pPRR
Note that X +Y + [0 0 8] cw m[p p R] = g[1,1,1],s+- LThus, we expressed T’
o PP P
ppR
evaluated at [X+Y+[§ g g]] in terms of 7" evaluated at [X+Y+[ PP ]],
P pp

which has support closer to the origin with respect to the [1, 1, 1]-filtration

than [X +Y + [E E g]] had with respect to the [3]-filtration.

2. L, =[2,1]. In this case, we are looking at the coset X +Y + g, 12+, where z is
the barycenter of an edge in C, X e N N (gzs ™ gust), and Y € g, +. Note that

we have N N (g5 N\ gz.s+) = @ unless s = —m+1/2 or s = —m, for m € Zyo.

(a) Suppose s = —m. Since T' is G-invariant, after conjugating by stabgr,(x)

. 0Ou0
we can assume that X is w‘m[g 8 8]. We have
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T(["X +Y + [

L, TT
=]

© oo

[E—
—

k=3
k=3

2
g ae U23<pm>/Uzs<pm+1>anm(pm)/Usl(pm“)

pRR RRT
Cw™lppRr|and X € w™|pp R|. Thus
ppop pop

TT T

Note that Y € w~ [

TET YT I

X+Y + [% § §] cw" = g[1,1,1],s+- Lhus, we expressed T' evaluated

=+

[E—

, which

p p R popRT
at [X +Y + [ pobon ]] in terms of T evaluated at [X +Y + [ PP

p? e p PP pop |
has support closer to the origin with respect to the [1,1, 1]-filtration than

ppR
(X +Y + [ Pobop ]] had with respect to the [2,1]-filtration.
P2 e’ p

(b) Suppose s = —m+1/2. Since T is G-invariant, after conjugating by stabgr, ()

. 00w 0 0 u
we can assume that X is w*m[ooo] or w*m[o 0 0].
000 0vw 0

0 u
0 0]. We have
w 0

R
:lT([X+Y+[gzgp]])
q pPpp
pop ppR pop
NotethautYew‘m[P2 P ]E[P PP],andXew‘m[P PP] Thus X +
p?p P pop p>pp

p
p
p
Y + [a § §] cw™ ] = g[1,1,1],s+- Lhus, we expressed 1" evaluated

popop ppR

at [X+Y+[ pob P]] in terms of T evaluated at [X+Y+[ PP ]], which
p? p2p p2p p

has support closer to the origin with respect to the [1,1,1]-filtration

popp
than [X +Y + [ PP P]] had with respect to the [2,1]-filtration.
P> 9% p

. X = w*m[g § §]. Recall the point z of C' that was introduced in (3(a)i
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on page 46). We have

popp 1 popp
T(IX+Y+|[r pop =— TtX+Y+[p pp]
(0 [przp]]) 3;€Tm;pm+1 (1 p? p%p )
1 R
:—2T([X+Y+[ggp]]).
q p? p? p
R R
LetH:[g(l)?]. NotethatX+Y€w‘m[E b P]:gnzs+and b b p]:
@ 00 p2 p? p ’ p? p? p

popp
112,12+ Thus, we expressed 1" evaluated at [ X +Y+[ hob R ]] in terms
p% P2 p
of T evaluated at [X +Y + gHZ’1/2+], which has support closer to the
popp
origin with respect to the Ilz-filtration than [X +Y + [ hop P]] had

P> pp
with respect to the [2,1]-filtration.

3. Ly =[1,1,1]. In this case, we are looking at the coset X +Y + g, 1/o+, where x
is the barycenter of C, X e N N (g5 \ gz s+), and Y € g, + with s < 1/2. Note
that we have N N (gz5 \ gus+) = @ unless s = 1/3—m for m € Zyq or s =2/3-m,

for m € Zg.

(a) Suppose s = 1/3-m. Since T is G-invariant, after conjugating by stabgr, ()

) 000 000
we can assume that X is w‘m[ 0 88] or w‘m[ 0 83]' In both cases we

have
ppR a popop
T([X+Y+[ppp]]): > T([X+Y+[880]+[p2 pr]]),
P acR/p,Bep/p? Cood Lt
pp R
Note X +Y c w‘m[p p R] = g[2,1],s+- Thus, we expressed T" evaluated at
ppop
ppRY, . popop i
[X +Y + [ PP ]] in terms of T" evaluated at [X +Y + [ hop P]], which
p2pop P> p?p
has support closer to the origin with respect to the [2,1]-filtration than
ppR
[X+Y + [ PP ]] had with respect to the [1,1, 1]-filtration.
Ppop
(b) Suppose s =2/3-m. In this case, since T is G-invariant, after conjugating
by stabgr,(x) we can assume that X is w_m[ugz (8) §] or w_m[vgz 0 (8)]
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<
Il
E]I
3
| —
I
g
coo
coo
I‘_l
5
g
<
@

1 Pop P
=— Y T(['X+Y+ [p2 P p]])

9 FeTpm [ Tons1 p> p*p

1 popp
=—T([X+Y +|® bop

r(x -y [EEE )

p
Note that X +Y c w™ P = g1~ Thus, we expressed T
p p
pp
evaluated at [X +Y + [pz P p]] in terms of T evaluated at [X +Y +
P2 p%p

popop
[ PP P]], which has support closer to the origin with respect to the

P2 p?p
P pp
[2, 1]-filtration than [ X +Y + [ P2 pp ]] had with respect to the [1,1,1]-
P> 9% p
filtration.
ii. X:w_m[v(z]u 0 8]. We have
0 uw 0

]]):l > T([tX+Y+[pp2E§]])

pop
T([X+Y+[ 2 S 2p
q EETm/Tm-#l pepTp

p
p? p?

- T O

1 popp
=—T(|X+Y Ppp
STy [ BEE ]

1 ppp
== T([“X+Y+[P2pp]])
T aeUr (o)) Uz (p+1) e
1

ppp
:_Sa;:/pT([X+Y+ [Egg]])

Note that X +Y cam[bbb| = gr31.s+- LThus, we expressed T' evaluated

popop

at [X+Y+[w2 P p]] in terms of T" evaluated at [X+Y+[g b g]], which
p? p? p pPpp

has support closer to the origin with respect to the [3]-filtration than

popop
[X+Y + [nj P n]] had with respect to the [1,1, 1]-filtration.
P2 P’ p

(¢) The point z. From (2(b)ii) we need only handle the case where s is chosen

such that

9[1,1,1],2/3* = Oz,st & 92,5 = 92,172+

o4



Since T is G-invariant, after conjugating by stabgr,(z) we can assume that

X is w_ml:ugwgg] or w‘m[vgw 8 §]. In either case we have
ppp 1 ppp
T([X+Y+[p2pp]]):— > T(“X+Y+[p2pp]])
p2pp p2pp

4 aeUsa (pm) [Us2 (pm+1)

TTT

:éT(X+Y+ [g ’E]])-

Note that X +Y c w*m[g g g] = g[3],s+- Thus, we expressed 1" evaluated
at [X +Y ++g.1/2+] in terms of T evaluated at [X +Y + [§ lE E]], which
has support closer to the origin with respect to the [3]-filtration than

[X +Y ++g.1/2-] had with respect to the z-filtration. O

3.2.6 On depth r=2/3*
Proposition 3.2.6. For GLs, resp,,. j2/3+ =T€SD, . J(N).

Proof. Fix f € Dy3+ with f =Y, f; such that f; € Co(g/ga,2/3+). Since T' is linear,
without loss of generality we can assume f € Co(g/gs,2/3+) for some z € B. Therefore,

we can write

= Z 67[2+9x,2/3+],

?Elg/g,77,2/34r
where we have [Z + g, 9/3+] is the characteristic function of the corresponding coset
and all but finitely many ¢, = 0. Since T is linear, we can assume, without loss of

generality, that f:=[Z + gx,2/3+]-

Now, we can choose Z + g;9/3+ C @a,s \ Ga,s+. Oince T’ € j2/3+, we have T'(f) = 0 if

supp(f) N (gzs+ +N) = @, and thus T'(f) = 0 unless

(Z+ges )N N %2
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Therefore, without loss of generality we may assume Z = X +Y with X e N'n (g~

g.s+) and Y e g, .-

Up to conjugacy, we need only those three cases where f is invariant with respect

popop popp ppp
to gr1,1,1),2/3+ = [p2 p p], O[2,1],2/3* = [g P P], Or g[3]2/3+ = [p p p]. These three cases
p% p%p P> P2 ppp

correspond to the three conjugacy classes of barycenters of facets.

We now consider these three cases.

1. £, = [3]. In this case, we are looking at the coset X +Y + g, 0/3+, where x
is a vertex of C, X €e N n (gus \ gus+) With s < %, and Y € g, .+. Note that

NN (gos ™ o) = D unless s = —m, for m € Zy.

Since T' is G-invariant, after conjugating by stabgr,(z) we can assume that X

R
Thus X +Y + [§ ] c wm[§ E Jp%] = g[2,1],s+- Lhus, we expressed 1’ eval-
p
p
P

PP popp
uated at [X +Y Eg]] in terms of T evaluated at [X +Y + [ pop P]],

p* P2 p
which has support closer to the origin with respect to the [2,1]-filtration

than [X +Y + [g E g]] had with respect to the [3]-filtration.

(b) X=w‘m[§§§]. We have

T[X+Y+[

TToT
TTT
TTT
| S

PP
1= > T[X+Y+[288]+[p2pp]].
a,Bvep/p? o« s s

Qo
™ oo
o oo

RR
Thus X +Y + [ ] c w‘m[g E R] = g[1,1,1],s+- Lhus, we expressed T
p

o6



ppop
E]] in terms of T evaluated at [X+Y+[p p p]]
p? p?p

which has support closer to the origin with respect to the [1, 1, 1]-filtration

evaluated at [ X +Y + [g

TTT

ppp

than [X +Y + [g b g]] had with respect to the [3]-filtration.

2. L, =[2,1]. In this case, we are looking at the coset X +Y + g, 0/3+, where x is
the barycenter of an edge in C, X e NN (gzs ™ gust), and Y € g, +. Note that

we have N N (gus N\ gz.s+) = @ unless s = —m+1/2 or s = —m, for m € Zso.

(a) Suppose s = —m. Since T' is G-invariant, after conjugating by stabgr,(x)

[e]ele)

. 0u
we can assume that X is w‘m[g 8 ] We have

[i= = raxey[388]+ [ 2]

aep/p?

py R pRR pRR
Note that Y ¢ w‘m[ppR] c w‘m[p p R], and X ¢ w‘m[p p R]. Thus
ppp ppp pPrP oy
000 pRR
+Y +|a00|cw™|pp R|=g 111 Thus, we expresse evaluate
X+Y @ 00 m g[1,1,1], Th dT luated
PP P
p p R p PP
[X+Y +]|*» »»p|]in terms of T evaluated at [X +Y + [ > » » [], which
02 p2 p P2 p2 p ?

has support closer to the origin with respect to the [1,1, 1]-filtration than

R
[X+Y + [ p E P ]] had with respect to the [2,1]-filtration.
P2 P’ p

(b) Suppose s = —m+1/2. Since T is G-invariant, after conjugating by stabgr,(z)
0
0

v

Qoo

. 00w 0 u
we can assume that X is w‘m[g 8 ] or w‘m[g 8 ] In both cases we have

oo
ocoo
ocoo

bop
T(X+Y+ [pg 5

=R ==

]]): > T(X+Y ]

aep/p?

popp ppR ppR
Note that Y e o™ p b b ppr |, and X ew™| ppp|. Thus X +
P p°p P pp [ P2 pp
000 ppR
Y+[a00] P PP | =g1)s+- Thus, we expressed T' evaluated at
000 prp
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3. L, =

ppp P pyp

[X+Y + [ Py P]] in terms of 7" evaluated at [X +Y + [pz 4 p]], which
pepTp pepep

has support closer to the origin with respect to the [1,1, 1]-filtration than

popp
[X+Y + [ hp P]] had with respect to the [2,1]-filtration.
P2 P’ p

[1,1,1]. In this case, we are looking at the coset X +Y + g, 2/3+, where x

is the barycenter of C; X € N'n (gzs \ gos+), and Y € g, + with s < 2/3. Note

that we have N N (g5~ gus+) = @ unless s = 1/3—m for m e Zyg or s =2/3-m

for m e Z.g.

()

Suppose s = 1/3 —m. Since T is G-invariant, thus after conjugating by
stabgr,(x) we can assume that X is w‘m[ 0 § §] or w‘m[ 0 § 12]. In both
cases we have

T([X+Y+[p% §2§]]):- > T([“X+Y+[pp§ " '5]])

q weUs3 (™) /U3 (p™*1)

1 popp
- popop ).
ql([X +Y+[p2p2p]])

R
Note X +Y c w—m[§ S R] = g[2,1],s+- Thus, we expressed 1" evaluated at
ppop
PP popop
(X +Y + [pz P P]] in terms of T evaluated at [X +Y + [ hop P]], which
p?p%p P’ p%p
has support closer to the origin with respect to the [2,1]-filtration than
popop
(X +Y + [pz P p]] had with respect to the [1,1, 1]-filtration.
P2 p°p
Suppose s = 2/3—m. In this case, since T is G-invariant, after conjugating
. T000 [0 00
by stabgr,(x) we can assume that X is w [u(z)v 0 8] or w I:v(‘z)v o 8]
i X = w_m[u?ﬂ 0 8]. We have
000

T(X+Y + [gz EQ E]])

o8



pp
Note that X +Y c w™ non

P

p
\ '; = g[2,1],s+- Thus, we expressed T'
PP
evaluated at [X +Y + [Pz P P]] in terms of T evaluated at [X +Y +
P2 9% p

2

k=3

ppp
[ bop P]], which has support closer to the origin with respect to the

p? p? p
PP P
[2, 1]-filtration than [X+Y+[p2 P p]] had with respect to the [1,1,1]-
P2 p2 p
filtration.
ii. X=w_m|:119zr 0 8]. We have
0 uw 0
Pop P 1 PP P
T([X+Y+[p2 ; p]]):—3 > T([tX+Y+[p2 b p]])
P2 p?p T feTp [ Tss P2 p?p
1
=—=T((X+Y +|pPp
ST(x v+ [ BEE D
1 popp
== T([“X+Y+[p2pp]])
T etz (om)/Un1 (o) ey
1
= Y T(X+Y+[rr]D)
e PPp

Note that X+Y c w*m[g g g] = g[3],s+- Lhus, we expressed 1" evaluated

Pop P
at [X+Y+[p2 p p]] in terms of T" evaluated at [X+Y+[§ ,E E]], which

p* 02 p
has support closer to the origin with respect to the [3]-filtration than

popop
(X +Y + |:P2 P p]] had with respect to the [1,1,1]-filtration. O
P2 p?p

3.2.7 Counting

To complete the proof of the homogeneity result for GL3, we need to show that

statement 2 of Theorem 2.2.4 holds for GLs. By the definition of J,+, it is enough to

show that an element T € J,- is determined by its values on at most three functions

of the form [X + g, ,+] where X e N'ng,,. It is enough to show that this is true for

ze{[1,1,1],[2,1],[3]} and r € {0,1/3,1/2,2/3}.

1. The case when r = 1/3 or r = 2/3. Here the only point we need to consider is

29



[1,1,1] and, as we have seen above, up to conjugacy there are two nontrivial

functions of the form [X + g1 1,17,+] and one trivial one.

. The case when r = 0. Since

0(9[1,1,1],0/9[1,1,1],0+) c C(G[3],o/9[3],o+)
and
C(912,11,0/812.1100) € C(g[31.0/9(310+)

it is enough to consider functions in C'(g(s},0/g[3],0+). Since GL3(F,) has exactly

three nilpotent orbits in its Lie algebra, the result follows.

. The case when r = 1/2. Here the only point we need to consider is [2,1] and, as
we have seen above, up to conjugacy there are two nontrivial functions of the

form [X + g[1,1,17,+] and one trivial one.
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