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ABSTRACT

In this thesis, we analyze the free energy and the overlaps in the 2-spin spherical Sherrington
Kirkpatrick (SSK) spin glass model with an external field for the purpose of understanding the
transition between this model and the one without an external field. We compute the limiting values
and fluctuations of the free energy as well as three types of overlaps in the setting where the strength
of the external field, h, approaches zero as the dimension, N, approaches infinity. In particular, we
consider overlaps with the external field, the ground state, and a replica. The methods involve a
contour integral representation of the partition function along with random matrix techniques. We
also provide computations for the matching between different scaling regimes and we discuss the
implications of the results for susceptibility and for the geometry of the Gibbs measure.

The analysis throughout this thesis focuses on the SSK model with external field strength
h ~ N~ for 0 < a < 1. We find that the free energy exhibits a transition at &« = 1/6 in the low
temperature case but at « = 1/4 at the high temperature case. Furthermore, the overlaps do not
exhibit any transition in the high temperature case, but exhibit two transitions in the low temperature
case, at « = 1/6 and o = 1/2. These scalings are referred to as the mesoscopic and microscopic
external field respectively. In the final chapter, we present a more detailed analysis of the overlaps

in the microscopic setting.



CHAPTER

Introduction

1.1 Overview of Spin Glasses and the Spherical Sherrington-Kirkpatrick Model

Since they were first developed in the 1970s, spin glass models have captured the attention of
mathematicians, physicists, computer scientists, statisticians, biologists, economists, and others
because of their intriguing probabilistic properties [42]. These models were initially developed
by physicists to study the magnetic behavior of alloys that exhibit unusual properties at low
temperatures (see, e.g. [18, 40]). The magnetic substances that are most familiar to us typically
move between two magnetic phases: ferromagnetic and paramagnetic. In the ferromagnetic (low
temperature) phase, the magnetic spins of the particles align with each other and remain fixed
over time. In the paramagnetic (high temperature) phase, the magnetic spins are in a disordered,
unaligned state and are constantly shifting over time. However, certain alloys can also exhibit a
“spin glass phase” where the magnetic spins are disordered but fixed over time (sometimes called
“frozen disorder”). In the alloys for which this phase exists, it occurs when the temperature is low

and there is no external magnetic field (or the external field is very weak).

Paramagnetic

Temperature

Spin glass Ferromagnetic

Magnetic field strength

Figure I.1: This spin glass phase diagram, adapted from [10], is for the Spherical Sherrington-
Kirkpatrick model with Curie-Weiss interaction. Although phase diagrams look different for each
model, this one is an illustrative example.



The ferromagnetic, paramagnetic, and spin glass phases have been described as a magnetic
analog of solids, liquids, and glasses respectively, and it is this analogy that gives rise to the name
“spin glass” [42].

Spin glass models use probability to describe the typical magnetic behavior of particles in large

systems. More specifically:
* Disorder variables encode the random interactions between particles.
* A spin vector o encodes the magnetic spins of all particles at a particular instance.

* A probability measure p(o), which depends on the disorder variables, defines the spin

distribution.

Because the disorder variables are random, p is a random measure. We will now look at some
examples of spin glass models. We beginning with two well-known models, Edwards-Anderson
and Sherrington-Kirkpatrick, before turning to the Spherical Sherrington-Kirkpatrick model, which
is the focus of this thesis.

1.1.1 Important spin glass models: Edwards-Anderson and Sherrington-Kirkpatrick
Edwards-Anderson(EA) model

One of the earliest and most well-known spin glass models was developed by Sam Edwards and
Philip Anderson in 1975 [18]. In the Edwards-Anderson (EA) model, we have N particles with
indices ¢ € {1,2, ..., N}, each of which has a spin ¢;. For simplicity, this model takes Ising spins,

meaning that o; € {£1}. We denote a spin configuration by
o= (01,09,...,0n5) € {1}V, (1.1.1)

In order to model a “typical” spin configuration, we need a way to represent the interactions between
particles. For this purpose, the EA model introduces a set of i.i.d. random variables {.J;;} where a
positive value for J;; represents a tendency of spins ¢ and j to align while a negative value represents

a tendency to anti-align. From these random variables, we get the Hamiltonian

HEA(U) — _Zjijo—io—jv (112)

i~vJ

where ¢ ~ j indicates that particles ¢ and j are adjacent (based on whatever lattice structure the model

imposes). This nearest-neighbor constraint is physically realistic since the magnetic interaction
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between particles weakens with distance. We note that the sum ), ; Jijoio; is maximized by
configurations o in which spin pairs ¢;, o; generally have the same sign for positive .J;; and opposite
signs for negative J;;. This corresponds to a low energy state for the system, hence the Hamiltonian
— > ; Jijoio; is minimized. Finally, the EA model describes the probability distribution of spins

in this system using the Gibbs measure

L Hea@) for o e {x1}V (1.1.3)

pEA(O') = Zx

where § = 1/T denotes the inverse temperature and Zy is a normalization factor (also called the

partition function) defined by
Zy= ) e el (1.1.4)

oe{+1}N

Since pg (o) is proportional to e ~#*#4(@) this probability measure reflects the fact that the system

prefers low energy states (i.e. spin configurations for which —H g4 (o) is large).

Sherrington-Kirkpatrick model

The Sherrington-Kirkpatrick (SK) model was developed in 1975 by David Sherrington and Scott
Kirkpatrick [40]. Unlike the EA model, which is based on nearest-neighbor interactions, the SK
model is an infinite-range or mean-field model, meaning that the interactions are between all pairs
rather than just neighbors. While this set-up is further from the reality of physical spin systems, it is
easier to analyze in certain respects and has interesting connections to other types of optimization
problems.

As with the EA model, the space of spin configurations is {1} but now the Hamiltonian is

Her (o) = — Jijoi0; (1.1.5)

1

\/N 1§i2<j:§N

where {Jij}fyjzl i1s a symmetric matrix whose entries are standard Gaussian random variables,
independent up to the symmetry constraint. This type of matrix is known as a Gaussian Orthogonal
Ensemble or GOE and its properties will be described in more detail in Chapter II (the diagonal
elements are customarily taken to have twice the variance of the off-diagonal elements, although
they are not included in this sum). The normalization factor 1/+/NN is needed to account for the fact
that we are now summing over all pairs rather than just nearest neighbors, so the number of terms in
the sum is O(N?) rather than O(N). We will see later that this normalization is the right one to
ensure the free energy is of order 1. As with the EA model, the SK Hamiltonian is associated with a



Gibbs measure .

- —BHsk(o)
2

L By= ) el (1.1.6)

oe{£1}V

pSK(G) =

The SK model is not physically realistic, since the interactions do not decay with distance.
However, the model has an alternative interpretation in terms of the following optimization problem
[46]: Given a set of N people, let J;; represent the mutual feeling of like (positive) or dislike
(negative) between individuals 7 and j. We would like to partition the people into two subsets
such that, in general, friends are together and enemies apart (we label the subsets as +1). While
we cannot do this perfectly, a good strategy is to choose labels o; € {41} that will maximize the
quantity \/LN > i<icj<n Jijoioj. Equivalently, we wish to find o that maximizes —Hsx (o). We
further note that, for sufficiently large 5 (low temperature), the Gibbs measure concentrates near the
maximizer(s) of —H gk and the concentration becomes more pronounced as [ increases. Indeed,
the infinite 3 (or zero temperature) limit of the Gibbs measure has a point mass at the maximizer(s)
of —H sk . For this reason, the optimization problem is sometimes referred to as a “zero temperature
problem,” while the SK model is the analogous problem “with temperature” [46].

This interpretation of the SK model as an optimization problem is illustrative of the important
connections between spin glasses and optimization problems, including promising applications in
areas such as machine learning (see e.g. [1]).

Lastly, we mention that the model described above is often referred to as a 2-spin SK model,

which is a special case of the p-spin model [37] with Hamiltonian

N
1
Hsrplo) = T NG-1/2 Z Gir.ipTiy * " Oy - (1.1.7)

i1yenyip=1

This can be further generalized to mixed p-spin models, the Hamiltonians for which consist of linear

combinations of H sk, for different p values.

1.1.2 The Spherical Sherrington-Kirkpatrick model

The Spherical Sherrington-Kirkpatrick (SSK) model, which was introduced in 1976 by Koster-
litz, Thouless, and Jones [28], is a continuous analog of the SK model. By this we mean that the

spin variable & = (01, -+ , 0y ), which was discrete in the SK model, is now located in Sy_1, the
sphere of radius v/N in RV:

Sy_1={c eR":|o| = VN}. (1.1.8)



The Hamiltonian for the 2-spin SSK model with no external field is defined in the same way as for

SK model, namely

1
H o)=——"— Jijoi0;j. 1.1.9
SSK( ) \/N 1<7;<N J ] ( )

In this thesis we consider a variation of this model: the SSK with an external field. The Hamiltonian

for this model is defined as

N N
1 1
H(o) = ~3 E Mijgz‘gj_hE gi 0 = —EU-MU—hg-U (1.1.10)
=1

,j=1

where g is a standard Gaussian random vector and M = \/Lﬁjij' More specifically, for i < j, the
variables M;; are independent centered Gaussian random variables with variance % forv < j and
% for ¢ = j. By the symmetry condition, M;; = Mj; for i > j, so we can sum over all pairs and
divide by 2 rather than restricting to ¢ < j (some versions of this model omit the diagonal elements

from the sum but we include them). The associated Gibbs measure is
L o)
plo) = —e foro € Sy_;. (1.1.11)
The partition function Zy is no longer a summation, but a surface integral defined by

ZN:/ e PR dwy (o) (1.1.12)
Sn-1

where wy is the normalized uniform measure on Sy _;. Since the disorder variables M and g are
random, the Gibbs measure is a random measure, which we also call a thermal measure.

Because the SSK model has continuous spins rather than Ising spins, we lose the direct connec-
tion to the physical setting in which o; represents the magnetic spin of the sth particle. However,
the SSK model has other benefits. The continuous nature of SSK makes certain types of analysis
easier, as we will see in the subsequent chapters. It also has applications in statistics, where the free
energy of the SSK model corresponds to a log-likelihood ratio used in hypothesis testing for spiked

random matrices [26, 25].

1.1.3 Quantities of interest: Free energy and overlaps

The free energy per spin component is

1
.FN:.FN(T,h) :N_ﬁIOgZN' (L.1.13)



Again, since the disorder variables M and g are random, the free energy F is a random variable.
We are interested in the fluctuations of the free energy when h — 0 as N — oo.
We also consider the behavior of the spin variables taken from the Gibbs measure. We focus on

the following three particular overlaps.

* (overlap with the external field) Define

m=°=" (1.1.14)

* (overlap with the ground state) Let u; be a unit eigenvector corresponding to the largest
eigenvalue of the disorder matrix M. The vectors +u; are the ground states in the absence of

an external field, and we simply call them the ground states. Define

u; - o

=N

and O = &2 (1.1.15)

« (overlap with a replica) Let ") and o(® be two independent spin variables from the Gibbs
measure for the same sample (i.e. disorder variables M;; and g;); oc@isa replica of o,
Define

Re — (1.1.16)

The factors N and v/N are included since ||u;|| = 1, ||o|| = v/N, and the expected value of
lgl|? = g3+ - - -+ g% is N (see below). Thus, this rescaling corresponds to normalizing the vectors.

The overlaps depend on the spin variable and also the disorder sample. Hence, there are two
different expectations to consider. We consider the thermal (Gibbs) fluctuations of the overlaps for
a given disorder sample. For some quantities, we also consider the sample-to-sample fluctuations
of the thermal average. We denote the thermal (Gibbs) average for a given disorder sample by the
bracket (-). On the other hand, the sample-to-sample average of an observable O is denoted by O or
E;[O]. For example, the thermal averages

M=) and X = —(M)

==

are called magnetization and susceptibility, respectively. Many of the results of this thesis are about
the thermal fluctuations of overlaps for a given disorder sample. Fixing the disorder sample in this

manner is also referred to as “quenched disorder.”



1.2 Summary of Existing Research

The purpose of this thesis is to study the case h — 0 systematically including up to the
fluctuation term for the free energy and the three overlaps. Below is a survey of some of the existing
research as it connects to the work in this thesis.

The free energy for the Hamiltonian (1.1.10) above when /& = 0 converges, both in expectation
and in distribution, to a deterministic value which was computed by Kosterlitz, Thouless and Jones
in [28]. The Hamiltonian (1.1.10) is the 2-spin case of the more general p-spherical spin glass
model which includes interactions between multiple spin coordinates. The limit of the free energy
for the general spherical spin glass models which also includes the external field is given by the
Crisanti-Sommers formula [15]. This formula is the spherical version of the Parisi formula [39] for
the spins in hypercubes. The Parisi formula and Crisanti-Sommers formula are proved rigorously
by Talagrand in [45, 44]. The result of Kosterlitz, Thouless and Jones shows that when i = 0, there
are two phases: the spin glass phase when 7" < 1 and the paramagnetic phase when 7" > 1. On the
other hand, they argued that when /4 > 0, assuming that the external field is uniform, there is no
phase transition.

The subleading (in N) term of the free energy depends on the disorder and hence it describes
the fluctuations of the free energy. For h = 0 and T > 1, the fluctuation term is of order N !
and has the Gaussian distribution. This is proved for both the hypercube case [3, 21, 14] and the
spherical case [7]. For h = 0 and T' < 1, for the Hamiltonian above, the fluctuation term is of order
N~2/3 and has the GOE Tracy-Widom distribution [7]. Chen, Dey, and Panchenko performed a
similar calculation for the case with Ising spins where & > 0 is of order 1 and g is the vector of
all 1s. In this case, they find [11] that the fluctuation term is of order N~'/2 and has the Gaussian
distribution for all temperature. They claim that similar results hold for the spherical case and our
results confirm this claim using a different method. We note that their result also holds for mixed
p-spin with even degree terms. Chen and Sen [12] computed the ground state energy for spherical
mixed p-spin models (of which SSK is a specific case) and found that the fluctuations of the ground
state energy are Gaussian in the presence of an external field.

In [22], the large deviations of the free energy distribution was obtained at 7" = 0 from a
non-rigorous saddle point calculation of the moments of Zy in the large /V limit (see also [17] for
a rigorous version). From this calculation a transitional regime h ~ N~'/6 for the fluctuations of
the free energy was conjectured. A proof of the existence of this regime was obtained in [27]. In
Chapter III, we obtain explicitly the fluctuations of the free energy in the regime i ~ N~/ for any
T < 1 and in the regime h ~ N~'/* for T > 1. As we show, our results match in the tail of the
distribution with those of [22]. Note also the recent physics work [23] where a different spherical



model of random optimization was considered, which exhibits a similar phenomenology.

The overlap with the external field has been studied in the context of magnetism and suscep-
tibility. Kosterlitz, Thouless, and Jones [28] computed the susceptibility as A tends to zero and
observed a transition at the temperature 7' = 1. Cugliandolo, Dean, and Yoshino [16] computed
two different versions of this limit of the susceptibility, in the first case taking limj_,o limy_,, and
in the second case taking limy_,., limj,_,o. In the first of these cases, they get the same result as
[28] with a transition at 7" = 1, but in the second case they do not observe a transition. Furthermore,
they find that the two types of limits agree for 7' > 1 but not for 7" < 1. They also extend these
results to a more general class of models (beyond Gaussian) and to non-linear susceptibility. In
Chapter IV, we focus on the linear susceptibility and differential susceptibility in the Gaussian case,
and obtain a more detailed picture. By considering the three regimes 4 > 0 constant, h ~ N /6,
and h ~ N~'/2 we see that the first limit considered by Cugliandolo et al agrees with our result for
the h — 0 limit of the case where h > 0 is a fixed constant. The second limit that they consider is
analogous to our result for the  — 0 limit of the h ~ N~'/2 case where we define H = hN'/2 (i.e.
we take N — oo for h = HN~1/2 with fixed H and then we let H — 0). However, we find in this
case that the susceptibility depends on the sample and is a function of g - u;, the inner product of
the external field and the ground state. This dependence was not apparent in [16], since their set-up
fixes g - u; = 1. When g - u; = 1 we find, as they do, that there is no transition in the susceptibility
between high and low temperature. However, a transition does exist for all other values of g - u;.
This is discussed in Section 4.1 (specifically subsection 4.1.7) and a rigorous proof is presented in
Chapter V.

The overlap with the ground state is relevant to understanding the geometry of the Gibbs
measure. Subag [43] examines the geometry of the Gibbs measure for general p-spin spherical
models and finds that the Gibbs measure concentrates in spherical bands around the critical points of
the Hamiltonian. These bands are of the form Band(o,¢,¢') = {0 € Sy_1: ¢ < R(o,0,) < ¢’}
where o is a critical point of H and R(o, o) is the overlap of o and o¢. In Section 4.2, we focus
specifically on the overlap with the ground state (a special case of R(o, o) where o is the critical
point corresponding to the largest eigenvalue). In the A = 0 regime, as expected, we see the Gibbs
measure concentrates in a band and we examine how this geometry changes for the case of positive

constant / as well as the cases of h ~ N~/6 and h ~ N—1/3,

The overlap with a replica has been studied extensively, both for the Ising spin models and the
spherical spin models with general p-spin interaction. For p = 2 the non-rigorous replica method
used in [28, 15, 22] obtains a replica-symmetric saddle point leading to a prediction for the overlap

q as a function of h. In particular, at & = 0, the predictionisthat¢q =1—Tfor7T < landq =0
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for T' > 1. These calculations were confirmed rigorously in [38]. Recently, Landon, Nguyen, and
Sosoe extended the results further to examine the fluctuations of the overlap at high temperature
[36] and low temperature [29]. They find, in particular, that the overlap has Gaussian fluctuations
in the high temperature regime, whereas, in the low temperature regime, the fluctuations are of
order N~'/3 and converge to a random variable that has an explicit formula in terms of the GOE
Airy point process (see subsection 2.1.4 for a description of this). In Section 4.3, we obtain similar
results for b ~ N~/ and h ~ N~1/2,

1.3 Highlights of the results

1.3.1 Results for the free energy

We examine the behavior of the free energy, including its leading order and the sample-to sample
fluctuation term, as N — oo when A = O(1) and when h — 0. Note that throughout this thesis, we

often use the notation & = O(1) to mean that A is a positive constant. We find that, in each case,
Fn(T, h) 2 F(T,h) + sample fluctuations (1.3.1)

where 2 denotes an asymptotic expansion in distribution with respect to the disorder variables. The
limiting free energy F'(T', h) includes all deterministic (depending only on h and 7") terms whose
order exceeds that of the sample fluctuations. The “sample fluctuations” refers to the largest order
term that depends on the disorder sample. Our findings in each case are summarized in Table 1.1.
Upon computing the leading term and sample fluctuations for Fy (7', h) with h = O(1), we made
two key observations. Firstly, the free energy for h = O(1) does not exhibit a transition as we see
in the h = 0 case; this observation is consistent with the result of [11] for Ising spins. Secondly,
while the limiting free energy is continuous in 7" and h, the sample fluctuations in the h = O(1)
case do not agree with those in the h = 0 case (neither for 7' > 1 nor for 7" < 1). This suggests
the existence of transitional regimes. We found that, for 7" > 1, the transition occurs at h ~ N —1/4
while, for T' < 1, the transition occurs at h ~ N~/ We computed the asymptotic expansion of

Fn (T, h) in these transitional regimes.



Case Limiting free energy F'(T', h) Sample fluctuations Result

h=0,T>1 = N~! Gaussian distribution 3.1.1

h=0,T<1 1— 3 4 ThoeT N~5 TWgop distribution 3.1.2

h=0(1) % _ Teol)  T-TloeT 4 h%lzm) N~2 Gaussian distribution 3.1.5

h~N-1, T>1 =+ % N~! Gaussian distribution 3.2.2

he N76, T <1 |13 TloeT | 2 N~3 function of the GOE Airy | 3.3.2
point process and Gaussian r.v.’s

Table 1.1: This table summarizes our findings for the leading term and fluctuations of Fy (7, h)
in the various cases we considered. By “limiting free energy” we actually mean an asymptotic
expansion of (T, h) including all terms of order greater than that of the fluctuations. The h = 0
cases were already known [7] but are included here for completeness. In the limiting free energy for
the h = O(1) case, the quantity 7, is deterministic and depends only on 7" and h. The functions s
and s; are defined in Chapter II. For more details on the notation, derivation, and precise formulas
for the fluctuation terms, see the corresponding result.

When comparing the fluctuations in each regime, we observe that the order of the fluctuations

1/2 and Gaussian distribution. This

are largest in the h = O(1) case, where they have order N~
holds for all temperatures. When 7' > 1 but h = 0 or h — 0, the fluctuations remain Gaussian, but
their order shrinks to N=!. When 7" < 1 and h = 0 or h — 0, the fluctuations have order N ~2/3.
In the case of h = 0 they have GOE Tracy-Widom distribution while, in the case of h ~ N~1/6,
their distribution is a function of the GOE Airy point process and of a sequence of i.i.d. standard

Gaussian random variables. See Table 1.1 for the equations corresponding to each of these results.

1.3.2 Results for the overlaps

In the next three tables we state our findings for the overlap with the external field, with
the ground state and with a replica. In each case the thermal average and thermal fluctuations
are presented in interesting regimes of h and 7". The thermal average and fluctuations in most
cases depend on the disorder sample. Our findings also have implications for magnetization and

susceptibility, which will be described in more detail in section 4.1.
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Case Thermal average (91) Thermal fluctuations of I Result

h=0(1)forall T | hsy(vo) + O(N2) N~2 Gaussian 4.1.2
(and h=0,T > 1) 4.1.3
h~N",T<1 |h+O(N"z) N~2 Gaussian 4.1.5
h ~ N_%, T <1 h + % ;;T tanh (Mh— ”TN(l_T)) N~3 [Gaussian + Bernoulli | | 4.1.7
(and h=0,T < 1) 4.1.3

Table 1.2: This table summarizes our finding for 90, the overlap with the external field. Here,
Yo = Yo(h, T') in the first row is deterministic and has the same value as in Table I.1. The variable
nq in the third row is n; = u; - g. For the top two rows, the leading term in (90t) and the thermal
fluctuations of 9t do not depend on the disorder sample. However, the O(N *%) subleading terms
in (1) for the top two cases and both the leading term in (90%) and the thermal fluctuations of 90t of
the last row do depend on the disorder sample.

Case Thermal average (®2) Thermal fluctuations of &2 Result

h=0(1)forall T % (% + %) N1 x-squared (non-centered) 4.2.2

(andh =0,T > 1) 4.2.7
_1 N  n2h?N1/3 _1 .

h~N7s, T<1 l_T_zz':zm N~% Gaussian 424

h~N"3T<1 |1-=T+O(N3) N~3 r.v. that depends on disorder | 4.2.6

(andh =0,T < 1) 4.2.7

Table 1.3: This table summarizes our finding for &2? = O, the squared overlap with the ground state.
Here n; = u; - g and a; = N%3()\; — 2). The quantity -, in the top row is the same term from
Tables 1.1 and 1.2. In the second row, the variable ¢ and the total sum, which is O(1), depends on
the disorder sample. All leading and subleadings terms of (&2), and the thermal fluctuations of &2,
except the leading term, 1 — T', of (&?) in the last row, depend on the disorder sample.
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Case Thermal average (R) Thermal fluctuations of R Result
h=0(1)forall T | h%sy(0) + O(N"2) N~2 Gaussian 433
(and h=0,T > 1) 4.3.8
h~N" T<1 |1=T+O(N"3) N~3 r.v. that depends on disorder | 4.3.5
heN"5,T<1 | (1-7)tanh?® (Z2VYEDY0(1) Bernoulli 43.7
(and h=0,T < 1) 4.3.8

Table 1.4: This table summarizes our finding for R, the overlap between two independent spins. The
quantity - is the same term from the preceding tables and n; = u; - g. The subleading terms of
(2R) in the top two rows and the leading term of (9R) in the third row depend on the disorder sample.
The thermal fluctuations of R also depend on the disorder sample for the bottom two rows.

1.3.3 Geometry of the Gibbs measure

The results for the overlaps give us information on the geometry of the spin configuration
under the Gibbs measure, some of which we summarize here. Recall that the spin configuration is
parameterized by the vector o = (o7, - - - , o) which belongs to the N — 1 dimensional sphere of
radius v/N and we consider the limit of large N. At high temperature, T > 1, the spin vector o is
nearly orthogonal to the ground state +u; when h = 0. For h = O(1), the spin vector concentrates
on the intersection of the sphere and the single cone around the vector g. The leading term of the
cosine of the angle between the spin and the external field g depends on the temperature and the
field but not on the disorder sample, and, as one can expect, is an increasing function of the field.
See Figure 1.2 (a). This implies that as the field becomes stronger, the cone becomes narrower.

There are no transitions between h = 0 and h = O(1).
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Figure 1.2: These are plots of the leading term of the angle between the spin and g. The formula is
given by 901° in Subsection 4.1.3.2. The function depends only on 7" and h. (a) T = 2, (b) T' = 0.5.

Now consider the low temperature regime 0 < 7" < 1. When A = 0, the spins are concentrated
on the intersection of the sphere with the double cone around the ground state =u; such that the
leading term of the cosine of the angle is v/1 — 7. This angle was found in [28, 15, 22] and in
particular, [38] showed that spins are distributed uniformly on the intersection of this double cone
with the sphere. Consider increasing the external field strength 4. When A = O(1), the spin vector
concentrates on the intersection of the sphere and the single cone around the vector g just like the
high temperature case. See Figure 1.2 (b), which is qualitatively same as Figure 1.2 (a). However
now between h = 0 and h = O(1), there are two interesting transitional regimes, h ~ N~/2, which
we call the microscopic regime, and h ~ N /6, the mesoscopic regime.

In the microscopic regime, h ~ N —1/2_ atlow temperature 0 < 7" < 1, the results of this thesis
lead us to the Conjecture 4.4.1, which implies that the double cone becomes polarized into a single

cone. The spin vector prefers the cone which is closer to g to the other cone by the

2~V N|ny |VI-T . .
e T to 1 probability ratio.

The spin vector is more or less uniformly distributed on the cones. In this regime, the response
of the spin to the field is the sum of (i) a linear response in the direction transverse to +u; (i.e.
along the cones) and, (ii) the response of an effective 2-level system, which may be modeled as
a single one-component effective Ising spin \/LN = +Su; of size S = %ﬁ with energy scale
E = NhS = /Nh|ni|v/1 = T (leading to a mean magnetization S tanh(E /T')). Note that both S
and E are sample dependent, but depend only on |n4|, the overlap of the ground state and the field.

For h ~ N~1/6_ all eigenvectors and eigenvalues become important. In this regime, the spins

are concentrated on the intersection of the sphere and a single cone around the ground state, but the
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cone depends on the disorder sample. The cosine of the angle between the spin and u; changes
from v/1 — T to a function which depends on all eigenvalues ); and the overlaps n;, = u, - g of the
eigenvectors and the external field. Furthermore, the spins are no longer uniformly distributed on the
cone. They are pulled into the direction of g. This regime can be called “mesoscopic” as sample to
sample fluctuations are strong and non trivial. Note that in the present model the magnetic response
to the field, although non-trivial and sample dependent, does not exhibit jumps (so-called static
avalanches or shocks) at very low temperature, as were observed and studied in other mean-field
models such as the SK model; see [50, 49, 31, 32, 33].

For more details on the geometry of the Gibbs measure see Section 4.4, in particular, Table IV.1

and the summary in Subsection 4.4.3.

1.3.4 Detailed analysis of the microscopic external field

Chapter V focuses on the case where h ~ N~'/2, also known as the microscopic regime. In
particular, we present a rigorous proof of Theorem 5.2.1 (stated below), which provides the moment
generating function for the overlap 9. This is essentially a rigorous version of Result 4.1.6 whose
corollary, Result 4.1.7, appears in the table above.

It is important to note that this overlap involves two types of randomness. First, we have
randomness from the choice of M and g, which we refer to jointly as the “disorder sample.” Second,
we have randomness from the choice of spin variable. For the proofs in Chapter V, we fix an
arbitrary disorder sample so that 91 is a random variable depending on a fixed disorder sample and
random spin variable. The moment generating function in Theorem 5.2.1 provides the distribution
of 91 as a function of the fixed disorder sample.

This result is valid for an arbitrary disorder sample, subject to certain constraints that hold with
high probability. In particular, for any sufficiently small ¢ > 0, the event £, (defined in Section
5.1.4) provides a set of conditions on M and g that are sufficient for Theorem 5.2.1 to hold. Section

5.1.4 provides a detailed description of the event £, along with a proof that
PE)>1—-N —/10 for all sufficently small € > 0 and all sufficiently large V. (1.3.2)

Theorem (5.2.1). Given T < 1 with h = HN /2 for some some fixed H > 0 and n, := u, - g, we
have the following asymptotic formula for the moment generating function of R, the overlap with
the external field. This formula holds on the event E. (which has probability at least 1 — N—5/10)
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for any sufficiently small € > 0 and £ = O(1).

e cosh ((H + Ty |4
27

(eSVN) —
cosh (H]nﬂ%)

_ HE+

><1+CKN'£+%>. (1.3.3)

Note that the leading term on the right-hand side is the product of two terms implying that it is
the moment generating function of a sum of two independent random variables. The exponential
term is the moment generating function of a Gaussian random variable. For the ratio of the cosh
functions, we note that the moment generating function of a shifted Bernoulli random variable that
takes values 1 and —1 with probabilities P and 1 — P respectively is Pe’ + (1 — P)e~". The ratio
of cosh functions in Theorem 5.2.1 is of this form with ¢ = £|n1|v/1 — T and

e%\nﬂ\/lfT

P= .
e lmVi=T + e~ lm|VI=T

(1.3.4)

Hence, for any large N, we can conclude that, on the event &, the scaled overlap v/ N1 behaves in
its leading order like the independent sum of a Gaussian random variable (with mean /1 and variance
T') and a shifted Bernoulli random variable (which takes values |n;|v/1 — T and —|n|v/1 — T with
probability P and 1 — P respectively for the value of P stated above).

In addition to the theorem above, whose proof is published in [13], we also provide the
unpublished proof of Theorem 5.3.1 for the overlap with a replica in the microscopic regime, using

a similar method.

1.3.5 Application to magnetization and susceptibility

One important application of Theorem 5.2.1 is that it confirms the conjectures of [6] regarding
magnetization and susceptibility. Magnetization is defined to be (90t), the Gibbs average of the
overlap with the external field. Susceptibility is the magnetization per unit external field strength,

given by

()
o

It follows from Theorem 5.2.1 that, on the event ., when T < 1 and h = HN /2 for H constant,

X = (1.3.5)

the susceptibility is

‘ =

X =1+

N

15). (1.3.6)

Vv1-=T V1-=T
%tamh (H|TL1| T ) +O(N_
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Of particular interest in the physics literature is the zero external field limit of the suscepti-
bility. Cugliandolo, Dean, and Yoshino [16] discuss two ways to taking this limit, namely
limy, o limy oo X and limpy_, o limy, o X (the first of these was also considered by [28]). Our
results for the microscopic external field give a different way of calculating the second of these

limits. In particular, since ny, ~ N (0,1) for all N, we can compute

D V2(1 — T)
Il{imo Nlim X = 1+—T forT < 1andu~N(O,1) (1.3.7)
— —00
h=HN—1/2

where 2 denotes equality in distribution. This confirms the conjecture of [6]. It is also consistent
with [16], which found that

1
lim lim X = T forT <1 when |n,| =1 [16]. (1.3.8)

N—o00 h—0

By removing this constraint on |n| and applying Theorem 5.2.1, we are able to show that the
limiting susceptibility is not constant, as the result from [16] might suggest, but rather it is a random
variable whose distribution is given explicitly in (1.3.7).

Figure 1.3 (b) illustrates the dependence of the limit of X on the disorder variable n?. This
result shows that the Curie law (inverse proportionality of susceptibility and temperature) holds
for the sample-to-sample average, but not for a given disorder sample. If we take a different limit,
namely if we let N — oo with A > 0 first and then let 2 — 0, then the limit of the susceptibility is
deterministic and given by min{7~!, 1}. See Figure 1.3 (a). This formula was previously obtained in
[28], and also in [16]. See Subsections 4.1.7 and 4.1.8 for details including some further conjectures
about the zero external field limit of differential susceptibility (the derivative of the magnetization

with respect to external field strength). These can also be verified using Theorem 5.2.1.
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Figure 1.3: Graph of the zero external field limit of the susceptibility as a function of 7'.

1.4 Method of analysis

Our computations are based on contour integral representations which we present in Section 2.3.
The free energy and the moment generating functions of two of the overlaps can be expressed in
terms of a single integral, whereas the moment generating function in the case of the overlap with a
replica can be written as a double integral. The integrand for each of these integral representations
contains disorder variables and hence we have random integral formulas. The single integral formula
for the free energy was first observed by Kosterlitz, Thouless and Jones [28] and the authors use
the method of the steepest descent to evaluate the limiting free energy. For the case of h = 0,
this calculation was extended in [7] to find the fluctuation terms using the recent advancements
in random matrix theory, in particular the rigidity results on the eigenvalues [19] and the linear
statistics [24, 5, 34]. Similar ideas were also used in [8, 9, 10], including the case for the overlap
with a replica in [29]. This thesis extends the integral formula approach to the case when 2 = O(1)
and A — 0 in the transitional regimes. When there is an external field, the analysis becomes more
involved. In this case, the dot products of the eigenvectors and the external field play an important
role in the analysis.

The steepest descent analysis in chapters III and IV can be made mathematically rigorous after
some efforts using probability theory and random matrix theory. However, those chapters focus on
computations and interpretations assuming that various estimates in the steepest descent analysis
can be obtained. In those chapters, we use the label “Result” for findings in which we do not provide
rigorous proofs and the label “Theorem” for findings that we cite from prior papers that include
rigorous proof. We use the label “Lemma” for short findings that we prove in full detail.

In a recent preprint [30], which was obtained independently and simultaneously with the work
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of chapters III and IV, Landon and Sosoe consider a similar SSK model in which the external field
is a fixed vector and the disorder matrix has zero diagonal entries. Their work is mathematically
rigorous and contains proofs of some of the results obtained in this thesis, namely for the free energy
and some aspects of the overlaps with the external field and with a replica in Subsections 3.1.2,
3.2.1,3.3.1,4.1.3,4.1.5, 4.3.1, and 4.3.2. 1 subsequently proved the results in Subsection 4.1.6
on the overlap with the microscopic external field rigorously in [13] and that proof is provided in
Chapter V.

1.5 Organization of this thesis

Chapters I and II introduce the model, background information, and preliminary lemmas.
Chapter III presents the analysis and results for free energy, while Chapter IV focuses on the
overlaps. These two chapters are based on joint work with Jinho Baik, Pierre le Doussal, and Hao
Wu. Chapter V presents a more detailed analysis of the overlaps for a microscopic external field
(h ~ N~1/2), which is work of the thesis writer only.

Much of the work in this thesis is already published. The contents of Chapters II, III, IV are
published in [6] along with some pieces of Chapter I. The contents in the first two sections of
Chapter V are published in [13], along with pieces of Chapter I. Section 5.3 contains a related,
unpublished proof.
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CHAPTER I

Preliminaries from Random Matrix Theory and Spin Glasses

2.1 Classical Random Matrix Results

Throughout this thesis we discuss the random matrix M (which we refer to as the interaction
matrix) and the random vector g. In this section we provide definitions notations and some well
known results from random matrix theory. The study of random matrices, and especially their
eigenvalues began in the 1950s with Eugene Wigner’s work in developing statistical models for
heavy-nuclei atoms [48]. Since then, interest in random matrices has grown, not only in physics, but
in many other fields including machine learning, statistics, finance, probability, and number theory
to name a few. For a broad introduction to random matrix theory the reader may refer to [4], [35] .
Here we focus on one simple and well-studied type of random matrix: the Gaussian Orthogonal

Ensemble.

Definition 2.1.1. A matrix from the Gaussian Orthogonal Ensemble (GOE) is a real-valued sym-
metric matrix
M = (M)N (2.1.1)

i,j=1

such that, for i < j, the variables M;; are independent centered Gaussian random variables with

variance %(1 + 6;;). By the symmetric matrix condition, M;; = Mj; for i > j.

An alternative way of defining GOE is to omit the 1/N factor in the variance such that the
diagonal and off-diagonal elements have variance 2 and 1 respectively. However, we choose to

rescale by 1/N so that the eigenvalues are of order 1. We denote by
A >---> Ay and uy,---,uy (2.1.2)

the eigenvalues of M and corresponding unit eigenvectors (based on Euclidean norm).
The definition above induces a probability measure on the space of N x /N symmetric matrices.

An important property of GOE matrices is that this probability measure is invariant under conjugation
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by an orthogonal matrix (hence the name Gaussian Orthogonal Ensemble). This implies that the
eigenvalues and eigenvectors are independent of each other. Furthermore, the eigenvectors are
uniformly distributed on the unit sphere. The eigenvalues are well studied in the literature and some

of their key properties are summarized below.

2.1.1 Probability notations

There are two types of randomness, one from the disorder sample M and g, and the other from
the Gibbs (thermal) measure. We often need to distinguish them. We add the subscript s to denote
sample probability or sample expectation such as PP, and E,. In addition, we use the following

notations.

Definition 2.1.2. When describing the limiting distributions in our results, we consider two classes
of random variables, which we refer to as sample random variables and thermal random variables.
To distinguish between these two classes, we denote them with the calligraphic font and the gothic
font respectively. For example a standard Gaussian sample random variable and a standard

Gaussian thermal variable will be denoted below by
N and N (2.1.3)

respectively.
Definition 2.1.3. Asymptotic notations:

o If {EN}X_, is a sequence of events, we say that Ey holds asymptotically almost surely (or
everywhere) if Ps(Eyn) — 1 as N — oo. This probability is with respect to the choice of

disorder sample.

» For two N-dependent random variables A := Ay and B := By, the notation
A=0(B) (2.1.4)

means that, for any € > 0, the inequality A < BN¢ holds asymptotically almost surely.

* The notation ~ means an asymptotic expansion up to the terms indicated on the right-hand
side and the notation A < B indicates that A and B are of the same order as N — oo (i.e.
¢ !B < A < ¢B for some constant c and sufficiently large N). When we say A < O(B) we
mean that, for any € > 0, the inequality BN~¢ < A < BN°¢ holds asymptotically almost

surely.

20



* For ease of notation, we write h = O(1) to denote the case where h is a positive constant. In

this case we do not mean to imply that h has any dependence on N.
Definition 2.1.4. Convergence notations:

» The convergence in distribution of a sequence of random variables X y to a random variable

X with respect to the disorder variables is denoted by Xy = X.

. D D . . T T
» We use the notations = and >~ to denote an equality and an asymptotic expansion in distribu-

tion with respect to the disorder sample, respectively.

.o . . . D o .
» We use similar notations with a different font, = and ~, to denote an equality and an

asymptotic expansion in distribution with respect to the Gibbs (thermal) measure, respectively.

It is worth noting that many of our results actually hold with high probability (i.e., there exist
some D > 0, Ny > 0 such that, for all N > Ny, P(Ey) > 1 — N~P). While high probability is
much stronger than asymptotically almost sure probability, it is much more delicate to prove and
we do not discuss those proofs in Chapters III and IV. In Chapter V we provide rigorous proofs
for two results from the preceding chapter, demonstrating that these results indeed hold with high

probability.

2.1.2 Semicircle law

The empirical distribution of eigenvalues of M converges to the semicircle law [35]: for every

continuous bounded function f(x),

N
1 V4 — x?
N Zf(/\z) — /f(x)dasd(x) where dogy(z) = Tﬂxg[_gyg]dl’ (2.1.5)
i=1
with probability 1 as N — oo.
Definition 2.1.5. We define the following functions for later use:
dosa ()
so(z) := [ log(z — z)dosy(z) and sg(z):= oo fork=1,2,---, (2.1.6)
z—x
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Properties: These functions can be evaluated explicitly as

So(2) :4112(2 —Vz2—4)+log(z + V22 —4) —log2 — %,
L z—V22 -4 z—/22 -4 B 1 B z
S R = e S N € A
(2.1.7)

for z not in the real interval [—2, 2]. As z — 2, we have

1 1 N 1 ~ !
W B ST P S T ) 2R
(2.1.8)

s1(2) 21—z —2,

2.1.3 Rigidity

Definition 2.1.6. Fori = 1,2,--- | N, let Xz be the classical location defined by the quantile

conditions ) '
7
\/)\\i da'scl(l') = N (219)

We set /)\\0 = 2. We also set a; = (XI —2)N?/3,
Rigidity property: The rigidity result [20, 19] states that
I\ — N < (min{i, N +1 —i}) "0 (N23) (2.1.10)

uniformly for¢ =1,2,--- | N.
The rigidity property allows us to apply the method of steepest descent to evaluate the integrals
involving the eigenvalues since the eigenvalues are close enough to the classical location, and the

fluctuations are small enough.

2.1.4 Edge behavior

Definition 2.1.7.

* Define the rescaled eigenvalues

a; == N3\ —2). (2.1.11)
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* Define {;}2, to be the GOE Airy point process process to which the rescaled eigenvalues
converge in distribution as N — oo [47, 41]:

{a;} = {a;}. (2.1.12)

Properties:

The rightmost point «; of the GOE Airy point process has the GOE Tracy-Widom distribution
@ = o 2 TWeop . (2.1.13)

The GOE Airy point process satisfies the asymptotic property that

3mi\ */*
o~ — <7> as i — 00. (2.1.14)

This asymptotic is due to the fact that the semicircle law is asymptotic to —Vzﬂﬂ”dx as x — 2. The

above formula and the rigidity imply that, with high probability,

a; < —i?® asi, N — oo satisfying i < N (2.1.15)

2.1.5 Central limit theorem of linear statistics

For a function f which is analytic in an open neighborhood of [—2, 2] in the complex plane,
consider the sum of f()\;). The semicircle law (2.1.5) gives its leading behavior. If we subtract the

leading term, the difference
N
> 100 = N [ fa)doao 2.1.16)
=1

converges to a Gaussian distribution with explicit mean and variance; see, for example, [24, 5, 34].
Note that unlike the classical central limit theorem, we do not divide by v/ N.

Definition 2.1.8. Define

N
Ly(z) =) log(z — \;) — Nso(2). (2.1.17)
=1

for z > 2 where sy(z) is given by (2.1.7).

Properties:
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The above-mentioned central limit theorem implies in this case that
Ly(z) = N(M(2),V(z)) (2.1.18)

where (see Lemma A.1 in [7])

1 2vz22 —4 V22 —4
M(z) = =log (Z—) : V(z) =2log (H—Z> : (2.1.19)
2 z2+Vz22—4 22 —4
For later uses, we record that for 0 < § < 1,
1
M(B+B71) = 5 log(1 — /%), V(B4 71 = —2log(1 — B%). (2.1.20)

2.2 More Specific Preliminaries for This Research (Special sums)

In this section we collect several important results about convergence of various types of sums
that we will use throughout. Before presenting those results, we recall that he external field is given
by the vector

g=1(91,92, " ,gN)T, (2.2.1)

which we assume to be a standard Gaussian vector (i.e. {g;} are independent standard Gaussians),

and the strength of the external field is denoted by a non-negative scalar h. We also define
n=u-g, (2.2.2)

the overlap of the eigenvector and the external field. The external field and eigenvectors appear in the
results and analysis of this thesis only as this combination. The variables \; and n; are collectively
called disorder variables. We call the joint realization of \; and n; a disorder sample throughout the
thesis. Note that (nq,--- ,ny) is a standard Gaussian vector due to the rotational invariance of the
Gaussian measure. Furthermore, its entries are independent of the eigenvalues Ay, --- , A\y. The
analysis of this thesis also applies, after some changes of formulas, to the case when the external
field is a deterministic vector of length N, for example g = (1,--- ,1)T. However, we restrict to
the Gaussian external field since the Gaussian assumption makes calculations simpler.

Many of the results in this section are motivated by the need to work with sums of the form

N

1 1
— — k=12, 223
NZ(AI—Az)k7 ) ) Y ( )

=2
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or its variations. The above quantity looks superficially close to the linear statistics (2.1.16) with
f(z) = m with one term removed but the function f(x) is singular at z = A;. We note that if
we replace f(x) by 5=+ and use the semicircle law, we obtain sk(2) which diverges for k > 2.
Hence, the result of the prev10us subsection does not apply. On the other hand, for £ = 1, s;(2) = 1.
This fact indicates that the above sum still converges when k = 1.

We present several definitions, followed by their related convergence results and some brief
explanation of why these results hold. Recall the definition a; = (\; — 2)N?? and n; = u; - g.

Definition 2.2.1. We define the following random sums, which depend on the disorder sample:

* Define

1. 1 Yoo
Ey =N = -1 = — N3, 2.24
N (N;)\l—)\i ) .22611—611‘ ( )

* Define, for w > 0,

N N
& = N3 | — i 1=y —F NV (225
N(w) NZ N2/3+)\1 )\ Z,le+a1—ai ( )

=1

* Define, for z > 2,

Sn(z; k) \/_ Z fork > 1. (2.2.6)

Definition 2.2.2. We define the following limits, which depend on the GOE Airy point process {c; }:

* Define

n 37rn)2/3

2

1 1 ( dx
=:=1 - — — . 2.2.7
s lz:; o —ao; 0T /0 N ( )

Landon and Sosoe showed that the limit exists almost surely [29].

* Define £(s) as follows, where v; are i.i.d. Gaussian random variables with mean 0 and

variance 1 independent of the GOE Airy point process o;:

n 2/3
) dx

£(s) = lim i’/—g—l/“ & (2.2.8)
T 5o ¢=18+a1_ai T Jo \/E . -

This limit exists almost surely by a similar argument as in [29] showing that = exists.
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Result 2.2.3. Using the notations above, we have the following convergence results.

* Landon and Sosoe proved in [29] that
=N = = (2.2.9)

They use this result to describe the fluctuations of the overlap with a replica when h = 0 and
T <1

* We also need another version of the result (2.2.9) where the constant numerators are replaced

2.
ni.

3mn \2

N n /3
1 n? . 1 377 4z
N3 — i 1= 1 U —/ — 2.2.10
<N;>\1_)\z > nggo ;al—ai ™ Jo \/E ( )

where v; are i.i.d standard Gaussians, independent of the GOE Airy point process «;. This
follows from (2.2.9) and the fact that

N o)
1 n?—1 v2—1
E : = E : 2.2.11
N2/3 2 )\1 — )\1 i—2 ] — O ( )

which is a convergent series due to Kolmogorov’s three series theorem and (2.1.14).

* By the same argument as for 2.2.10,

En(w) = E(w)  forw > 0. (2.2.12)

* By the Lyapunov central limit theorem and the definition of Xi, we have
Sn(z;k) = N(0, 2s9x(2)) (2.2.13)

as N — oo for z > 2. (Note that the variance of n? — 1 is 2.)

Result 2.2.4. In addition to the convergence results listed above, we also need estimates that hold

for asymptotically almost every disorder sample.

* A consequence of (2.2.9) is that

1L 1 AN »
NZAl—A.:NwZal_a,:lJFO(N ). (2.2.14)
i=2 ‘ =2 ‘
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for asymptotically almost every disorder sample.

e We have
N N n2
=0(1 d B ——— N k> 2 2.2.15
;al_az (1) an ;(al—am (1), k> (2.2.15)

for asymptotically almost every disorder sample. This follows from the fact that the a; =< —i*/?
and (a; — as) ™! is bounded of order 1 with high probability.

e We also need the result

lZN:”—?— (2)+ SER o (v >2, k>1  (22.16)
N2z TN e -

for asymptotically almost every disorder sample. To justify (2.2.16), we observe that
N N
1 n2
e etk ean
=1 =1 =1
We then use the central limit theorem (2.1.16) for linear statistics for the first sum and replace

A; by Xl in the second sum using the rigidity (2.1.10).

2.3 Contour integral representations

The partition function is an /N-fold integral over a sphere. Using the Laplace transform and

Gaussian integrations, Kosterlitz, Thouless and Jones showed in [28] that this integral can be

expressed as a single contour integral which involves the disorder sample. We state this result and

also include its derivation in Subsection 2.3.1. By the same method, the moment generating function

of each overlap can also be written as a ratio of single or double contour integrals. These results are

presented in section 2.3.2.

2.3.1 Free energy

The following result holds for any disorder sample.

Lemma 2.3.1 ([28]). Let M be an arbitrary N by N symmetric matrix and let g be an N dimen-

sional vector. Let \y > --- > Ay be the eigenvalues of the matrix M and let u; be a corresponding
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unit eigenvector. Then, the partition function Zy defined in (1.1.13) can be written as

T ['(N/2)
Zy = 296) h = 23.1
N CN/wioo ez?%¥dz  where Cy Omi(N B 2N (2.3.1)
and N
P2 2
=0z — — Z log(z Nﬁ Z . ﬁ’)\. with n; =u;-g. (2.3.2)
i=1 ¢

Here, the integration is over the vertical line v + iR where 7y is an arbitrary constant satisfying

’)/>)\1.

Proof. Let A = diag(Ay, Ag, -+, Ay). Let O = (uy,--- ,uy) be an orthogonal matrix so that
M = OAOT. Let SV~! be the sphere of radius 1 in R"V and let dQ2_; be the surface area element

1 Ty —
\/NOO' T,

1 N
Zy = o (6 h\/_) where I(t,s):/ e T dwttsVIZE mirigqQ) (7).
SN—1

on SN¥~L. Then, using the change of variables

where n; = (OTg); = u; - g. We take the Laplace transform of J(t) = t"/271[(¢, s). Making a

simple change of variables ¢ = r? and using Gaussian integrals, the Laplace transform is equal to

2 2

L(z) = ‘ZtJtdt:Q/ ~En e Ny = 2 [ ene i, [
@ = [ eamar=2 [ o y H —

for z satisfying z > \;. We obtain a single integral formula of the partition function by taking the

inverse Laplace transform. 0

Note that the sign ambiguity of u; does not affect the result since the formula depends only on

S

2.3.2 Overlaps

In this section, we give the moment generating function of each of the overlaps, expressed as a
ratio of contour integrals. The proofs are similar to the computations for the free energy case and

we sketch them at the end of this section.

Definition 2.3.2. . The following three functions are related to the function G and will be used to
compute the three overlaps respectively. We denote by n € R the parameter that will be used for the

moment generating function of each overlap.
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 For the overlap with the external field, we use the function

2

1 & h+ 228 X 2
Gon(2) :zﬁz—N;log(z—)\i)+( ]éVwZZ?Ai. (2.3.3)

=1

Note that this is G(z) with h replaced by h +nN~".

 For the (square of the) overlap with the ground state, we use the function

o == s (-~ (34 22)) - S

(2.3.4)
h2 2 h2 2
4 Nﬁ ny m—_— s Z n;
Z — ()\1 + ﬁ) z =
Note that this is G(z) with Ay replaced by A1 + gk
 For the overlap with a replica, we use the function
Gn(z,w;a) :=6(z + w) Zlog 2= N)(w—\) —a®)
(2.3.5)

+h25ini(2+w—2)\i+2(z)
N~ (z=X)(w—N)—a*

Lemma 2.3.3. For real parameter 1, the moment generation functions of the three overlaps are as

follows:
Ny z o z e 2,W; 5k
<ef3nfm> _ f€295m( )dz <e[3779> _ fngD( )dz <e77m> _ [[e> o ( ﬂN)dZdw.
| e39() 5 [ 39y i e 3G (20:0) 4 »dww
(2.3.6)

The contours are vertical lines going upward in the complex plane such that all singularities lie on

the left of the contour.
Proof. First,

1

ZN(h -+ 77N_1)
Zn(h) '

Zn(h)

<€ﬂn9ﬁ> — /5: ,BNga' B( O'Mo'-i—hga')dw ( ):
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Secondly, by definition,

(i) = L / PR 0)? Bl Mathga) 4, (o), (2.3.7)
SN-1
Since
1 7 1 & U
50" Mo + N(Ul o)’ = B Z&(Ui co)’ + N(ul o),

i=1
the integral in (2.3.7) is the same as that of Zy with A; — A\ + %’7 Finally, using the eigenvalue-
eigenvector decomposition M/ = OAOT and changing variables \/LNOTU = x and \/LNOTT =,

we find that
J(EN BN n_ B JBhy
<677m>_ 27 2NB V2’ V2 (238)
_J<5NﬁNofhfh>‘ e
272070 V27 V2

where we use the notation

J(u,v;a,b,c) =

2a/uv Z Ty +u Z ;2 +2bf Z nixTi+v Z i 1+20\f Z niYi
uv ];1// ! ! de%2 (z,y).

2

We evaluate the Laplace transform of J(u, v, a, b, ¢). Changing variable by u = r?, v = s* and

rr — x, sy — vy, the Laplace transform

Qz,w) = /000 /000 e *7 J(u, v)dudv

becomes a 2-dimensional Gaussian integral which evaluates to

n? ((w—A;)b% +2abe+(z—Xg)c?
e Gapw—r)—a?

Zw_4]:[\/z— (w—\;) — a?

The inverse Laplace transform gives a double integral formula for J(u, v). [l
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CHAPTER III

Free Energy of Spherical Sherrington-Kirkpatrick Model

In this chapter we analyze the free energy of the SSK model. We begin with a summary of the
known results for the limiting distribution of the fluctuations in the cases where h = 0,7" > 1 and
h = 0,7 < 1. We then contrast this with the result for & > 0 for A fixed. In Section 3.2, we analyze
the free energy transition between 2 = 0 and /h > 0 in the high temperature case. This transition

1/4

occurs when h ~ N~/%, Finally, in Section 3.3, we analyze the free energy transition between

h = 0and h > 0 in the low temperature case. This transition occurs when h ~ N /6,

3.1 Fluctuations of the free energy

From the integral formula (2.3.1), using

VNj

N = S (B

———=—(1+O(N), (3.1.1)

the free energy can be written as

1

fzv:—(g(v)—l—logﬁ)Jr ! log (\/_6 o

2iy/T

25 eév(g(zwmdz) +O(N?) (3.12)

where O(N~2) is a constant that does not depend on the disorder sample M and g. We evaluate
the integral asymptotically using the method of steepest descent. The formula for G(z) is given in
(2.3.2) and

N N
1 N n2
GO I~ FLon W LAy e mowes G1Y
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For real z, G'(z) is an increasing function taking values from —oo to /3 as z moves from \; to co.

Hence, there is a unique real critical point vy satisfying
g/(,}/) = Oa Y > /\1-

We set v for the contour of (3.1.2) to be this critical point.

In this section, we use the formula (3.1.2) to evaluate the fluctuations of the free energy when
the external field strength A is fixed. For the case h = 0, this computation was done in [28] for the
leading deterministic term and in [7] for the subleading term. For fixed h > 0, the fluctuations for
the SK model were computed in [11] using a method different from the one of this thesis. We first
review the computation of [7] for h = 0 and then give a new computation for fixed h > 0 using the

above integral formula.

The following formula will be used in one of the subsections: Since G'(y) = 0 implies that

G(2) =G(v) =6(2) = G(7) = §'(7)(z = 7), we can write

al z— z— al n?(z — )2
ACORLOIEEDS {log(l + 220y 22 z] O _z§i>(77_> o G
3.1.1 No external field: » =0
3.1.1.1 High temperature regime: 7" > 1
When h = 0, we write, using the notation (2.1.17),
1 & Ly(z)
G(z) =Pz — N izllog(z — i) =Pz —s0(2) — N So(z) = /log(z — z)dogy(z).

(3.1.5)
From (2.1.18), Ly(z) = O (1) for fixed z > 2. Thus, Gy(z) := Sz — s¢(z) is an approximation of
the function G(z) and we first find the critical point o of Gy(z) satisfying 7o > 2, where we recall
that the largest eigenvalue A\; — 2. Since G(j(z) > 0, we find that min,>» G{(2) = G((2) =3 — 1

from the formula (2.1.7) of s{(z) = s1(z). Thus, the critical point of Gy(z) exists only when

1_

3 T > 1. From the formula, we find that for 7" > 1, it is given by

Yo:=B+B"=T+T" (3.1.6)
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In this case, a simple perturbation argument (see Section 3.4) implies that v = v + O (N~!) and

G(v) =G(v) — %%) +O(N?) = %2 +1+1logfh — %%) +O(N3). @317

Even though the integral in (3.1.2) involves the disorder sample, the rigidity of the eigenvalues
from Section 2.1.3 implies that, with high probability, the eigenvalues are close to the non-random
classical locations (i.e. the quantiles of the semicircle law). Thus, we can still apply the method of
steepest descent when the disorder sample is in an event of the high probability. Using
BZ

G"(v) = Gy(n0) = s2(70) = -5

and G () = O (1) for all k > 2, the Gaussian approximation of the integral is valid and we find
that

= : (3.1.8)

—ioo ~ V/Nsa(7) Np?

Inserting everything into (3.1.2) and using the fact that £ (7o) converges to a Gaussian distri-

/%m Y@ -0 gy ~ VAT AT — 52)
:

bution with mean and variance given by (2.1.20), we obtain the following result. This result was
proved rigorously in [7].

Theorem 3.1.1 ([7]). Forh =0and T > 1,

1T
Fn(T,0) = 7t on [log(1 —T72) — Ly(y0)] + O (N*?) (3.1.9)

as N — oo with high probability, where vy = T + T~ and Lx(z) is defined in (2.1.17). As a

consequence,

1T 1
Fn(T,0) 2 7N (ada)  a=—Slog(1-T7?), (3.1.10)

where N (a,b) is a (sample) Gaussian distribution of mean a and variance b.

3.1.1.2 Low temperature regime: 7" < 1

In contrast to the previous section, the function Gy(z) = Bz — so(z) is no longer a good
approximation of G(z) for 0 < 7' < 1 when h = 0. Indeed, the function Gy(z) does not have a
critical point satisfying z > 2. Hence, we need to find the critical point v of G(z) directly. Since

the critical point of Gy(z) when 7" = 1 is given by ~, = 2, it is reasonable to assume that when
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0 < T < 1, v is close to the large eigenvalue \;. It turns out that v = \; + O (N~1). We set
v = A +sN~! with s = O (1) and determine s. Separating out the term with i = 1 in the equation
(3.1.3) and using (2.2.14),

N

1
A1) _NZ

(’7 =2 Z

L= 1rO(N) =00 G

Thus s = ﬁ + 0O (N -l 3), which is consistent with our assumption that s = O (1). To evaluate

57——Zlog7 Ai)

we use (2.1.17)-(2.1.19). We need to evaluate " log(z — \;) for z = 2 + O(N~%/3). Observe
that
M(z) = O(log(z —2)) and V(z)=0(log(z —2)) asz— 2.

Hence, a formal application of (2.1.18) to this case using so(2) = 1 + (2 — 2) + O((z — 2)%/?)
implies that for 2 — 2 such that |z — 2| > N~¢ for some d > 0,

Zlog z—N)=s(2)+O (N7 :%+(z—2)+(9(N_1)—1—0((2—2)3/2). (3.1.12)
This heuristic computation indicates that
N
G(r) =1 - D loa(r = AN) =26~ J + (5~ DA -2 +O(N). (G113
N £ i 2 1 . A

We now consider the integral in (3.1.2). For k£ > 2, we have, using the notation (2.1.11) for the
scaled eigenvalues a; = N*/3()\; — 2) and the estimate (2.2.15),

g(k B 1 N Nkfl
OG- N T

i=1 =2

CAJ\[\J
M =

k—1
(a1 + sN- 1/3—a) O(N )

(3.1.14)

with high probability. The estimate G”(v) = O (V) indicates that the main contribution to the
integral comes from a neighborhood of radius N ~! of the critical point. However, all terms of the
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Taylor series
N

N (G(y+uN"")=G(y) =) N'*

k=2

G ()
P

are of the same order O (1) for finite u. Hence, we cannot replace the integral with a Gaussian
integral. Instead, we proceed as follows. Using the formula (3.1.4), separating out the 7 = 1 term

from the sum, using a Taylor approximation for the remaining sum, and using (2.2.15),

u

" N u2N72/3
N(G(y+uN"") = G(v)) = —log <1 + g) TS 0 (Z (a; — sN—1/3 — a-)2> (3.1.15)
i=2 ‘ L

= —log <1+%) +g+(9(N_2/3)

with high probability for finite u. From this,

+i i
/W T Aoy, ~ L[ e
0 N —ioco 1 + %

u
s

du<O(N7"). (3.1.16)

—ioco

We do not need the exact value of the integral, but only the estimate that its log is O (log N).

We thus obtain the following result, which was proved rigorously in [7].

Theorem 3.1.2 ([7]). Forh=0and 0 < T < 1,

37 TlogT 1-T _
FN(T,0) =1 =+ — —|—2N2/3a1—|—(9(N B (3.1.17)

as N — oo with high probability. As a consequence,

b 3T TlogT 1-T
Full,0) 2120+ 2g + 5o TWaor (3.1.18)

Remark 3.1.3. The zero temperature case 7' = 0 of the theorem is the standard random matrix
theory result that the largest eigenvalue of a GOE matrix converges to the Tracy-Widom distribution.
We see that a formal 7" — 0 limit of the result implies this statement. Similarly, all results of this
thesis, other than those that have 7" > 1 restrictions, have a convergent formal limit if we take
T — 0. Hence, even though we need a separate argument since there is no integral representation,

we expect that all results are valid for the 7" = 0 case as well.
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3.1.2 Positive external field: » = O(1)

Fix h > 0. We use (2.1.18) and (2.2.16) to write

2 1 . —1
G(z) = Bz — so(z) + h*B |s1(2) + WSN(,Z, | +0 (N

for z > A;. The random variable Sy(z; k) is defined in (2.2.6) and it converges in distribution to
N(0,2s9;(2)); see (2.2.13). This time, G(z) is approximated by the function Go(2) = Sz — so(2) +
h%Bs1(z). Its derivative G)(z) = 8 — s1(z) — h?Bs(z) is an increasing function for z > 2 and
G'(z) - —ooas z | 2 while G'(z) — +o00 as z — +o0o. Hence, unlike in the case of h = 0, there
is a point vy > 2 satisfying G (o) = 0 for all 7" > 0. It satisfies the equation

Gi(v0) = B — s1(70) — h*Bsa(y0) = 0. (3.1.19)
A perturbation argument (see Section 3.4) implies that the critical point y of G(z) has the form
Y=y%+nN?+0O(NT"). (3.1.20)

We do not need a formula for ; in this section, but we record it here since we use it in later sections;

h2BSN (703 2)
= 3.1.21
n s2(70) + 2h%Bs3(0) ( )

where we used the fact that LSy (2;1) = —Sy(z; 2). The perturbation argument also implies that
> h*B 4
G(v) = By — so(0) + h*Bs1(70) + \/—NSN(%; +O(N). (3.1.22)

The integral term in (3.1.2) can be evaluated using the steepest descent method as in the case of
h=0and T > 1 since G*¥)(y) = O (1) for all k > 2. From the Gaussian integral approximation,

/ e X0y ~ VAT (N712). (3.1.23)
y—ioco \/ Ng”(’)/)

Remark 3.1.4. We do not focus in Chapters III and I'V on justifying the use of steepest descent in
this context, but instead provide the computations based on this method. One can rigorously check
that the steepest descent method works here, but it is also worth noting that all the contour integral

computations needed in these chapters can be achieved without the use of steepest descent. In fact,
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the contour integrals in sections 3.1.2,3.2.1,3.3.1,4.1.3,4.1.5,4.2.1,4.2.2,4.2.3,4.3.1, and 4.3.2
require no contour deformation at all. Using the straight line contour and crude bounds on the order
of the integrand, one can compute, up to leading order, the value of the integral in a neighborhood of
~ and then show that the tails are of smaller order. These computations are fairly lengthy and will be
omitted from this thesis. The integrals in sections 4.1.6 and 4.3.3 can be treated by a similar method,

but require a slight deformation of the original contour. These proofs are included in Chapter V.

Combining the preceding information in this section, we obtain the following result.

Result 3.1.5. For fixed h > 0 and T > 0,

h?Sn(v0;1)
2V N

as N — oo with high probability where Sy (z; k) is defined in (2.2.6) and

Fn(T,h)=F(T,h) + +O (N (3.1.24)

T T—TlogT K2
F(T,h) ;:%— 802(%) - 20g n 312(%) (3.1.25)

with 7y being the solution of the equation
1= Ts1(0) = h®sa(v) =0, 7 >2. (3.1.26)

Since Sy(70; 1) converges in distribution to N(0,2s2(9)) from (2.2.13), we conclude the
following result.

Result 3.1.6. For fixed h > 0 and'T' > 0, as N — oo,

4
Fn(T,h) 2 F(T, h) + \/LNN (0, hSQT(%)> . (3.1.27)

This result shows that the order of the fluctuations of the free energy is N~/ for all T > 0,
which is different from both N~ forh = 0,7 > land N 23 forh =0,0 < T < 1.
3.1.3 Comparison with the result of Chen, Dey, and Panchenko

Chen, Dey, and Penchenko computed the fluctuations of the free energy of the SK model with
h > 0in[l1] wheng = 1 := (1,1, ...,1)T. We compare our result with theirs. The adaptation
of the approach of [11] to the SSK model with g = 1 implies that v N (Fy (T, h) — E[F(T, h)])
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converges in distribution as N — oo to the centered Gaussian distribution with variance

Rt (1 — qo)*
U~ ) (3.1.28)
27T2(T? — (1 — qo))
where g is the unique real number between 0 and 1 satisfying
T?qq
Qo+ =—=z. (3.1.29)
’ (1—q)*

The quantity gy has the interpretation as the overlap of two independent spins from the Gibbs
measure involving the same disorder sample, i.e. the overlap of a spin with a replica. The formula
(3.1.29) was predicted using the replica saddle point method in [15] (equation (4.5)) and [22]
(equation (29) with n = 0).

Our result (3.1.27) above is for the SSK model when g is a Gaussian vector, but it extends to the
case g = 1. The only difference is that the variance of the limiting Gaussian distribution (3.1.27)
changes to

X!
5 (s2(%) = (s1(70))?)- (3.1.30)

s1(2)°
1—s1(2)

with ¢y and 7, related by the equation

Using the fact that s5(z) =

5 for z > 2, it is easy to check that (3.1.28) and (3.1.30) are same

qo =1—"T51()- (3.1.31)

3.1.4 Matching between /» > Oand h = 0

We have considered three different regimes: (a) h =0and 7' < 1, (b) h =0and T > 1, and (¢)

2/3 and

h = O(1). The order of the fluctuations of the free energy in these regimes are N !, N~
N~1/2 respectively. In these cases, the fluctuations are governed by the disorder variables given by
(a) all eigenvalues Ay, - - - , Ay, (b) the top eigenvalue )\, and (c) the combinations n; = u; - g of
the eigenvectors and the external field. These differences indicate that there should be transitional
regimes as h — 0. We now study the limit 4 — 0 of the result obtained for the case 4 > 0 and
determine the transitional scaling of h heuristically by matching the order of the fluctuations. We

need to consider the high temperature case and the low temperature case separately.
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3.1.4.1 Asymptotic property of

Throughout this thesis, we will make use of following property of the leading term ~, of the
critical point of G(z) when h = O(1).

Lemma 3.1.7. Let y > 2 be the solution of the equation (3.1.26), 1 — T's1(79) — h%sa(g) = 0.
Then, as h — 0,

h2
T+T+ = +0(0hY forT > 1,
T
Yo = pA 16 . (3.1.32)
9 _ T < 1.
+4(1—T)2 4(1—T)4+O(h) for0 < T <
On the other hand, as h — oo,
T 1
Yo =h+ 3 +O(h™) forall T > 0. (3.1.33)

Proof. Consider the limit of 7o as h — 0. For T" > 1, the equation for 7o becomes 1 — T's1(~) = 0
when h = 0, and its solution is 7"+ T"~!. A simple perturbation argument applied to the equation

for small & implies the result. For 0 < 7" < 1, we use the asymptotics

1

—ﬁ—i—O(l) and s1(2)=14+0(Vz—2) asz— 2,
Z_

which follow from the formulas in (2.1.7). Then, the equation for ~, becomes

h2
1-T7T— ———— h? —92) = 3.1.34

as h — 0 and 79 — 2. From this equation we find the result as ~ — 0. The limit as & — oo follows

from s;(2) = 27" + O(z7* 1) as 2 — 0. O

3.1.4.2 High temperature case, 7' > 1

From (3.1.32), we find that for T" > 1, as h — 0,

1 h2 1 h?
80(’}/0):ﬁ+10gT+ﬁ+0(h4)7 Sl(vo)zf_m—i_o(hél)’
1 2T2%h?

sa(70) = T2 1 (T2 1) +0 (h4) )
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Inserting the formulas into (3.1.25),

F(T,h) = I LU + O(h%). (3.1.35)
’ 2T ' 2T 4T(T?—1)

Therefore, we find that if we first take N — oo with fixed 2 > 0 and then let A — 0, then

D |1 h? h* h?

T h)~|—+— — 0,1 3.1.36
where the terms of orders h° and h* N~'/2 have been dropped. The fluctuations are of order \/h—%
On the other hand, when h = 0, the fluctuations are of order N ! (see (3.1.10)). These two terms
are of same order when h ~ N~1/4,
3.1.4.3 Low temperature case, ' < 1

Using the 7" < 1 case of (3.1.32), the leading term (3.1.25) becomes
3I' TlogT h? h*
F(Th)=1—- — — = ————— + O’ 3.1.37
(T.h) 4+ 2 +2 8(1—T)+<> ( )

and the variance of the Gaussian distribution in (3.1.27) becomes h45"’2(7°) = hQ(:g*l) + O(h*). Thus,

from (3.1.27), for T' < 1, we find that if we take N — oo first and then take h — 0, then

h2(1—T)
2

D 3 TlogT h? h* } 1
Fu(Tn) 21— 2 4 +
(T, ) VN

: T ST N(o, ) (3.1.38)

where the terms of orders h° and h® N~'/2 have been dropped. This implies that the fluctuations
of the free energy are of order \/LN On the other hand, when h = 0, the fluctuations are of order
N—2/3 (see (3.1.18)). These two terms are of same order when h ~ N~1/6.

3.1.4.4 Summary

In summary, a heuristic matching computation suggests that the transitional scaling is

(N7Y% for T > 1,
iy (3.1.39)

( %) forT < 1.

In next two sections, we compute the fluctuations of the free energy in the above transitional

=0
=0

regimes.
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3.2 Freeenergyfor T > 1and h ~ N~/

3.2.1 Analysis

Assume that 7' > 1 and set
h—= HN"4 (3.2.1)

for fixed H > 0. In this case, using the notations (2.1.17) and (2.2.6),

Ln(z)  H?p [ Sn(z; 1)] -3/2
G(z) =Bz —s0(2) — —— + s1(z) + +O (N 322
where we recall that Ly(z) and Sy(z;1) are O (1) for z > 2. We approximate the function by
Go(z) = Bz — so(z) and, as we discussed in sub-subsection 3.1.1.1, this function has the critical
point 7o = 3 + 37! for T > 1. Applying a perturbation argument (see Section 3.4) and using the

formulas of sq(z) and s;(2), the critical point of G(z) is given by

Y=7%+O0 (N  withy=p8+8" (3.2.3)
Furthermore,
BZ 262 H454 ) ar
=— +1+1 — |+ H*BSNn(v0;1) — L O (N7372).
G(y) =75 +1+log B+ NNt BSN(10:1) — Ln()| + O ( )
(3.24)
Since
y 1 — H25 2H2B
a Z1 N3/2 Z (y — /\ ~ s5(7) + WS:’)W) ~ s55(70) (3.2.5)
and G®)(y) = O(1) for all k > 2, the method of steepest descent implies that
/ T Ne@-en g, ~ L [ AT o (N-172) (32.6)
e 2 — | —— = . 2.
y—ioo N2\ s2(70)

Result 3.2.1. For h = HN~Y* with fixed H > 0 and T > 1,

H* H?
T —1) T

1 H?

Fn(T,h) = 2T\/_

Sn(70;1) — Ln(70)
(3.2.7)

[log(l T2 -
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plus O (N*3/2), as N — oo with high probability where L (z) and Sy (z; 1) are defined in (2.1.17)
and (2.2.6), respectively, and g = yo(h = 0) =T + T~ 1.

The sample random variables Sy (70; 1) and £y (7o) both converge to Gaussian distributions.
Since Sy (70; 1) depends only on n;’s and £ (o) depends only on \;’s, these two random variables

are independent. Therefore, we obtain the following result.

Result 3.2.2. Forh = HN Y*and T > 1, as N — oo,

1 H? T H*

4 — N(=a.4 .
4T+2T\/N +2NN( a, 4a), a

1
- T log(1-T7?).
rrrE—1) 2o )

(3.2.8)

3.2.2 Matching with 4 = 0 and 2 = O(1) cases

If we set H = 01in (3.2.7), we recover the result (3.1.10) for the case of h = 0. We now consider
the limit H — oo. If we formally set H = hN'/*in (3.2.7) with h small but fixed and N large,
then we have

1 h? h* h?

Th) ~ — + — —
I = 95+ 57 T =1 ayn

for asymptotically almost every disorder sample. This is the same as (3.1.24) when A — 0 since
F(T, h) satisfies (3.1.35) as h — 0. Therefore, (3.2.7) matches well with both regimes.

Sn (705 1) (3.2.9)

3.3 Freeenergyfor T < land h ~ N~/6

3.3.1 Analysis

Assume that 0 < T < 1 and we set
h=HN/6 (3.3.1)

for fixed H > 0. We find the critical point y > \;. Previously we had v = \; + O (N~!) when
h=0andy =\, + O (1) when h > 0. For h ~ N~'/6, we make the ansatz

y=M\ +sN%3 (3.3.2)

and find s > 0 assuming that s = O (1). From the equation G'(y) = 0, see (3.1.3), the equation of

s 1S

1 N 1 ) s N n2
— — h*BN —— =0 333
6 Nl/giZ:;S‘FCLl—CL,‘ ﬁ ;(S—Fal—aiﬁ ( )
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where we recall a; = N%/3()\; — 2). Here, we did not change h to HN~'/% since we will cite this
equation in several places. From (2.2.15), the second sum converges with high probability. The first
sumis 1 + O (N‘1/3) from (2.2.14). Thus, with h = HN /6 the equation becomes, under the
assumption that s = O (1),

N 2
_1_ H? W ~1/3) _
B—1—H 5; s o) +O (N3 =0. (3.3.4)

Let ¢ be the unique positive solution of the equation
2

N
—1— H? M t>0. 3.3.5
B B;(t+al_ai)g 0, >0 (3.3.5)

Using the rigidity, we can show that ¢ =< O (1) with high probability. From this, comparing the
equations for s and ¢, we find that

s=t+0 (N3, (3.3.6)

which is consistent with the ansatz. The last equation can also be verified by checking the inequali-
ties
G HINB1-=N) <0< G\ +tNP1+N*)

forany 0 < e < 1/3.

We now evaluate G/(y) which is given by

H2
G() = 57——Zlog7 ) N4/5327 " (3.3.7)

Insert v = A\ + sN=2/3 = 2 + (a; + s)N?/3. By (3.1.12), the sum involving the log function

becomes

—Zlogy Ai) +N2/3(a +35)+O(NT).
The other sum in (3.3.7) is equal to

ma & n?  H%

7

1/3
N2/3 < a1+ 5 — a; - N2/3 (N +5N(S))
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using the random variable £y (w) defined by (2.2.5), which is O (1) outside of a set whose probabil-

ity shrinks to zero. Thus,

L HB

G(vy) =26 — + N5+ N [(B=1)(ar +s) + H*BEN(s)] + O (N 7). (3.3.8)

To evaluate the integral in (3.1.2), we observe that for k£ > 2,

wln

&: N~ i;‘i‘ld\“k—]—ﬂﬁz n?2 :@(Ngk—)
(=1)k(k —1)! (s 4+ ay — a;)F (s + ay — a;)F+1 .

=1

For k = 2, the leading term is

o)=Y OV 339)

(s +a1 —a;)?

Since G” () ~ N?/3, the main contribution to the integral comes from a neighborhood of radius

N~5/6 near the critical point. By the Taylor series, for u = O(1),

®. N1-gk al 2
N (G(y+uN"5%) —G(v)) = Z Nk' G (y)uk = H2B <Z (s—i—c:—l—a)?’ w240 (N7°/%)
k=2 ’ i=1 3

(3.3.10)

where all terms but £ = 2 are O (N =5/ 6). Thus, from the Gaussian integral approximation,

yHeo 1 0 mrp(yN i -
[/ XG0 G(v))dngs/G/_ . (St g ) du=O (N6, (33.11)

—ico ico

Combining all together in (3.1.2) and replacing s by ¢, we obtain the following
Result 3.3.1. Forh=HN Y%and 0 <T < 1,

F(T, H) 37 TlogT h?

_ -1
Fn = Fo(Th) + =5 +O(NY), FR(Th):=1- Tt t3 G312
as N — oo for asymptotically almost every disorder sample. Here,
~ 1 1,
F(T,H) = 5(1 —T)(t+a1)~|—§H En(t) (3.3.13)
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where Ex(2) is defined in (2.2.5) and t is the unique solution of the equation (3.3.5),

N 9
n;

1—-T=H? E T — t > 0. 3.3.14

i1 (t—i—al —CLZ')2’ ( )

The function Fo(7', h) is equal to F(T', h) of (3.1.25) if we set 7y = 2. The order of fluctuations
is N=2/3 as in the h = 0 case. But the fluctuations depend on all eigenvalues and n;, - - - ,ny. In
contrast, when h = 0 they depend only on the largest eigenvalue. Using (2.2.12) for Ey(t), we
obtain the next distributional result.

Result 3.3.2. Forh = HN Y% and 0 < T < 1,

Fy 2 Ry ny + L= ;]\f;l/ﬁ HE(S) (3.3.15)
as N — oo, where
" 2 (352)"°
£(w) :JLTO<;M;—Z_% - %/0 : %) (3.3.16)
and < is the solution of the equation
00 2
1—T:H22(C+O:—i_ai)2, ¢ >0, (3.3.17)

=1

where «; is the GOE Airy point process and v; are independent standard normal sample random

variables.
3.3.2 Asymptotic behavior of the scaled limiting critical point ¢
The solution ¢ of the equation (3.3.5),
2 = n;
1-T—-H ;mzo t>0, (3.3.18)

is the scaled limiting critical point that is used in the result (3.3.12) above. We now describe the
behavior of t as H — 0 and H — oo. The following result is useful in the next two subsections and

in two later sections.
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Result 3.3.3. The solution t of the equation (3.3.18) satisfies:

[ 2
t= H+O0(H?)  asH—0 (3.3.19)
VI-T
and ( I )
e H2Sy (2 + HN20 00
Vi o [T+ —— = T>;§75/Tg as H — oo. (3.3.20)

The second term inside the bracket of the equation (3.3.20) is O (H ).

For the H — 0 limit, we see from the equation (3.3.18) thatt — O as H — 0. If we sett = yH,
then separating the term ¢ = 1, the equation becomes 1 — 1" = Z—; + O(H?). Solving it, we obtain
(3.3.19).

We now consider the large- [ behavior of ¢. We write the equation (3.3.18) as

1-T . n; R n? —-2/3
= (T ar —a) = N > Cohgp A=t Ure)NTA (A
=1 i=1

Note that t — oo as H — o0o. We evaluate the leading term of the right-hand side of the above
equation when z — 2 such that z — 2 > N~2/3, The equation (2.2.16) when k = 2 is

N
1 n? Sn(z;2)
— S A 2 L o0(NE

N2 i n) So(z) + /N + ( )

for z — 2 = O(1). We expect that this formula is still applicable to z = 2 + (t + a;) N ~%/3 since

t — oo. Since z — 2, we have sy(z) ~ 2\/7 from (2.1.8). The equation (3.3.21) becomes

1-T 1 Sn(z2)
H2 - 2N1/3 [ — 9D N5/6

(3.3.22)

The sample expectation of Sy(z;2) with respect to the n;’s is 0 and the variance is

N
1

2 |

from (2.1.8). Thus, we expect that Sy (2;2) = O ((z — 2)7%/*) as z — 0 and (3.3.22) becomes

1-T 1 Sn(2 +tN—2/3:2 1
~ + N Chs ’ ): +O (4.
H? 2/t N5/6 2Vt
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Solving it gives ¢ ~ the leading term of (3.3.20), as  — oo. Inserting it bask to the same

(1 T)Q’
equation, we obtain the next term and obtain (3.3.20). The last computation also shows that the

second term in the brackets of (3.3.20) is O (H*~5/%) = O (H3).

3.3.3 Matching with h =0

We show that a formal limit (3.3.12) as H — 0 agrees with (3.1.17) which is the result for
h = 0. The leading term satisfies

T TlogT
Fo(T,h) =1 — 2L Tloe

277—1/3
. 5 HOUNT), (3.3.23)

For the subleading term (3.3.13), we use (3.3.19) for ¢ and find that

2 N 2

n n; |ni|v1—=T
En(t) = =2 § S NV =l—— 10 3.3.24
N() t+i:2t+a1—ai H + <) ( )

where the O (1) term follows from (2.2.14). Therefore, if we set h = HN~'/6 and take the limits
N — oo first and H — 0 second, then

3T TlogT 1-T
Fu(T.h) = 1= =0 + —2— + a1+ 0 (H*N7/%) + O (HN?) (33.25)

for asymptotically almost every disorder sample. This agrees with result (3.1.17) obtained when
h =0.

We remark that the two subleading terms in (3.3.25) are comparable in size when H =
O(N~1/3), or equivalently when h = O(N~'/2). This regime is not important for the compu-
tation of the free energy, but it will become important when we discuss the overlap of the spin

variable with the external field in Subsection 4.1.6.

3.3.4 Matching with 2 > 0

We show that the formal limit of (3.3.12) as H — oo is consistent with the result (3.1.25) for
h > 0.

3.3.4.1 Large w limit of £y (w)

We first consider the behavior of £y (w), defined in (2.2.5), as w — oo and then we insert w = ¢

which tends to co from (3.3.20). This result is also used in other sections later.
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Result 3.3.4. As w — oo,

SN(W; 1)

En(w) =~ —yw + N1/

+O (w2, Wi=2+wN 3 (3.3.26)

where Sy (z; k) is defined in (2.2.6).
Let@; := N2/3(\; — 2) be the scaled classical location of the eigenvalues. Write
N

N1/3 —w) 3327
Zw—al +Z w+a1—az(w—ai) ( )

=1

Since a; =< —i%/3, we find that for any € > 0,

N

S 1 1
Z (W —a;)? S i Z (w — ;)32 O (w™'?)

i=1 i=1

as w — oo. Thus, considering in a similar way, the last sum in (3.3.27) is O (w_l/ 2) since
ay =0(1),a; —a; = O (1), and w — oo. Setting W = 2 +wN %3, (3.3.27) can be written as

N
1 1 Sy(W;1 _
SN(w)_Nl/:s[NE W_S;_l]_'—%_'_o(w 1/2).
i=1 1

From a formal application of the semicircle law,

N
1 Vw _

NZ si(W)=1—vVW =2+0(W — 2) =1 7 + O(wN 2/3).

Thus, we obtain (3.3.26).
The equations (3.3.20) and (3.3.26) imply the next result.
Result 3.3.5. Let t be the solution of (3.3.14). Then, as H — o0,
H? H*Syn(To;2)  Sn(To;1) HAN72/3
En(t) ~ — — . ’ ly=24—— 2
w(0) 21—T) 2(1—T)N5/6 N6 T (3.3.:28)
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3.3.4.2 Large H limit

From (3.3.28), we see that the N~2/3 term in (3.3.12) satisfies

F(I,H) (1-T)ay  H LS T l) b WS (Toih) g g5
N2/ 2N?38(1-T)N?3 " 2N56  — §(1-T) 2N o

writing in terms of h = HN~'/. Thus, we find that if we take h = HN /% and N — oo and then
take H — oo, then

3T TlogT h? R h2Sn(To; 1) HAN—2/3
~|1—— — = ’ Iy =2+———7- (3.3.30
Fu VR R TC B | W) 0 +4(1—T)2( )
for asymptotically almost every disorder sample. The point Iy is approximately equal to v,. The
terms in brackets are the same as the limit of F'(T, h) as h — 0 in (3.1.37). The O(N~'/?) term in
(3.1.37) agrees with the last term of (3.3.30) since vy ~ 2 + ﬁ = I'y from (3.1.32). Hence, we
find that the above formula is the same as the formal ~ — 0 limit of the result (3.1.25), which was
obtained by taking N — oo first with h = O(1) fixed. Hence, the result matches with the h = O(1)

regime.

The last term of (3.3.30) depends on the disorder sample. We consider its sample distribution

and show that the sample distributions of the h = HN~'/6 regime and h > 0 regime match for

0 < T < 1. Using (2.2.13), we replace Sy (T'p; 1) by N(0;2s5(T)). Using so(z) =~ 2\/% as
z — 2, we find that
h2Sy(To; 1 hv/1-=T
v(loi1) 2 N(0,1). (3.3.31)

2v'N V2N

The right-hand side is same as the fluctuation term in (3.1.38), which shows the matching. This
computation shows the matching of the h = H N /6 regime and the h > 0 regime for 0 < 7" < 1
in terms of the sample distribution as well.

3.3.5 Comparison with the large deviation result of [22]

We now compare our results with the large deviation result of [22]. To this aim we first extend
their calculation from 7" = 0 to any 0 < 7" < 1, which is straightforward. Denoting by [E; the

sample expectation, we find that

E,[27] = E,[ePNn7V] o SNnF N2HOG(Gs) (3.3.32)
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where IV is the same as the terms in brackets in (3.3.30), the sample-independent terms, and

—T)3 —
G(z) = %zf’) ;1 1 T2 (3.3.33)

This formula is valid for fixed 7' < 1, n, and h to the leading order as N — oo and in a second
stage as n, h — 0 so that ;5 is fixed. The full result for fixed n and % is in (94) and (95) of [22] and
the above formula follows from it after changing 7" — 27", 0 — 2h, and Jy = 2. Note that the term
NG () is O(1) when b = O(N~Y6) and n = O(h?) = O(N~1/3). We have

n >:N(1—T)3n3 Nh*(1—T)n? (3.3.34)

N26S (
G377 SEEEVE

We compare the above formula with the one obtained using the result (3.3.12). From (3.3.12),
we find that

1/3, ~

Ey[Z7] = By[e T 7N] o e FRIONE [ FTH)] (3.3.35)

Now we let H — oo. This term was computed in (3.3.29) in which we neglected the contribution
from a;. Including this term, using (3.3.31), and also noting that Sy (z; 1) and a, are independent,

we obtain

Byl 7 T ~ o7 w101y ¢ 512V [ |e” 27 (3.3.36)

N1/3, = N1/3ppt N2/3p2p4 [ N1/3n(1T)a1]

We can replace v/t ~ 57 1 A7) from (3.3.20) in the middle term. For the remaining expectation, we
use the right tail of the GOE Tracy-Widom distribution Fi(s) = P(a; < s) ~ exp(—32s*?) as
s — 400, and thus

1/3711— 1/3n1— 2 1 N1/3 1_T 3
Ele” 3 o] ~ /eNzT(T)“l—Zaf/ doy =~ exp <3 (%) ) : (3.3.37)

Combining the calculations together, we find that

N1/3nmgt N2/3:2H2(1-T) Ne3(1-T)3

E[Zn] ~ e M Fo(T, h) e~ 8T(1 T) ¢ 172 e 2413 | (3.3.38)

The exponents of the last two factors, upon writing H = hN'/%, agree with (3.3.34). Since
F° = Fy(T,h) — 1 T), we find that (3.3.38) is the same as (3.3.32). This shows that the tail of

the typical ﬂuctuatlons obtained here matches the large deviation tails at the exponential order.
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3.4 A perturbation argument

The following perturbation lemma is used to obtain (3.1.7), (3.1.22) and (3.2.4).

Lemma 3.4.1. Let I be a closed interval of R. Let G(z; N) be a sequence of random C*-functions
for z € I. Let e = ¢(N) := N~° for some § > 0 and assume that

G(z;N) = Go(2;N) 4+ Gi(z; N)e + Ga(z; N)e® + O (&%) (3.4.1)

and
G'(z;N) = Gy(2;N) + G'(z; N)e + Go(z; N)e + O (€%) (3.4.2)

for random C*-functions Gy(z; N). Suppose that
Gz N)=0(1) (3.4.3)
uniformly for z € I forall k = 0,1,2, 0 < ¢ < 4 and also assume that there is a vy € I satisfying
Go(w; N) =0, |Gglrs N)| =2 C >0 (3.4.4)

for a positive constant C. Then there is a critical point v = v(N) of G(z; N) admitting the

asymptotic expansion

7 =0+ M€+ 0 + O () (3.4.5)
where
- _gl/(%; N)’ - Gy N) + G’{(v?/; N)m + 5G4 (0; N (3.46)
0(70; V) Gi(v0; N)
Furthermore,

1
G(v; N) = Go(v0; N) + Gi1(v0; N)e + (ﬁGi(%; N)m + Ga(; N)) €+0(€). (347

Proof. This lemma is standard when G(z; N) is deterministic. The proof for the random G(z; N)

does not change. For simplicity, we suppress the dependence on /V in the notations; for example
we write Go(z) instead of Gp(z; N). In order to prove (3.4.5), it is enough to show that for any
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0<t<d,G(v)G (7)) < 0with v4 = v + 71€ + Y26* £+ €2 N*'. From the Taylor expansion,

G'(v+) = Go(0) + (GG(V) 7 + Gh(0))e
1
+ (GS(%)% + Gh() + G (o)1 + 5%"(%)7?) e £ Gy(10)e’N' + O (€) .
(3.4.8)

The definitions of g, 71, and 5 imply that
G'(12) = £G5 (1)’ N + O (€°) (3.4.9)

Thus, G’ (v+)G'(y-) < 0 for all large enough N and we obtain (3.4.5). The equation (3.4.7) follows

from

G(7) = Go(7) + Gi(7)e + G2(7)€® + O (%) = Go() + (Gh(70)71 + G1(70))e

| L 2 . (3.4.10)
+ ( Go(w)12 + 5G5(00)% + GLlv)mn + Ga() | € + O (€),

together with G{,(70) = 0 and (3.4.6). o

Remark 3.4.2. Here, we consider the asymptotic expansion of G(z) up to the third order term. One
can also consider the case where the expansion is up to the second order, then (3.4.7) is still valid

up to the second order.
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CHAPTER IV

Overlaps of the Spherical Sherrington-Kirkpatrick Model

This is the longest chapter of the thesis and contains our analysis of three types of overlaps: the
overlap with an external field, overlap with the ground state, and the overlap with a replica. These
are discussed in Sections 4.1, 4.2, and 4.3 respectively. For each type of overlap, we analyze its
limiting value as well as its fluctuations in several distinct regimes, namely & = 0, h > 0 fixed, and
the transitional regimes where h — 0 as N — oco. None of the three overlaps exhibits any transition
at high temperature. However, when 7' < 1, all three overlaps exhibit a transition at h ~ N —1/6 The
overlap with the external field and the overlap with a replica also exhibit a transition at h ~ N~%/2,
The overlap with the ground state exhibits a transition at h ~ N~!/3, We conclude the chapter with
Section 4.4, which describes the implications of our findings in terms of the geometry of the Gibbs

measure.

4.1 Overlap with the external field

The overlap of a spin with the external field is

_ 80
M = N

We study the thermal fluctuation of the overlap for a given disorder sample in several regimes:
h =0(1),h ~ N6 and h ~ N~'/2. We also consider the magnetization, susceptibility, and
differential susceptibility,

M dM
M=),  xX= X=

4.1.1 Thermal average from free energy

Before we discuss the thermal fluctuations of 91, we first derive the thermal average of 91, i.e.

the magnetization, from the results for the free energy in two regimes, h = O(1) and h ~ N/,
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using

dFn
= m _ . 4.1.1
M= () = =] @1
Case h = O(1):
For h > 0 and T" > 0, the result (3.1.24) for the free energy implies that
dF, dF(T,h 1 d
oy = L AR (12Sy(70: 1)) @.12)

ah T dh ToyNdh
for asymptotically almost every disorder sample where we recall from equation (3.1.26) that vy > 2

satisfies 1 — T's1(70) — h%sa2(70) = 0. Using s((2) = s1(z) and s} (z) = —sa(2),

dF (T, h)
dh

1 d
= hsi(30) + 5(1 = Tsa(30) = W*s2(70)) g2 (4.13)
However, the equation for v, (see equation (3.1.26)) implies that the second term is zero. On the
other hand, since Si(z;1) = —Sn(z;2),
d do

E(thN(’VOE 1)) = 2hSn (705 1) — h*Sn (Y0; 2)@- (4.1.4)

Using equation (3.1.26) again and s,(z) = —2s3(z), we find that

dy _ 2hs2(70) (4.1.5)
dh  Tsa(v0) + 2h2s3(70) o
Therefore, we conclude that, for fixed h > 0 and T" > 0,
1 h3 S ;2
(M) = sy (10) + — | hSw(n0; 1) — o2000)5N(70:2) (4.1.6)

VN ~ Tsy(70) + 2h?s3(70)

for asymptotically almost every disorder sample.

Case h ~ N Y0and T < 1:

If we use the result (3.3.12) for the free energy when h = HN /6 and 0 < T < 1, we find that

dFy I HEN() (1 =T+ H2EN(t)) dt

M) = N6 + —
) dH JN /N dH

4.1.7)
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for asymptotically almost every disorder sample. The formula for £y is given in (2.2.5) and

N
Z CETR— (4.1.8)

=1

Since ¢ satisfies the equation (3.3.14), we see that the term 1 — 7' + H2E)(t) = 0. Hence, for

h=HNYand0< T <1,
HEN(1)

(M) ~ h + N

(4.1.9)

for asymptotically almost every disorder sample.

In both of these regimes, it turns out that the thermal average is indeed the leading term. However,
this calculation does not give us the thermal fluctuation term. To obtain that, we use the integral
representation of the overlap in the following subsections. For the overlap and magnetization,
it turns out that there is another interesting regime, h ~ N2 for 0 < T < 1. This is the
regime that occurs when the two terms in (4.1.9) have the same order; it was shown in (3.3.24) that
HEN(t) ~ O (1) as H — 0. See the following subsections for the details.

4.1.2 Setup

We obtain the thermal probability of the overlap by considering the moment generating function
(eP™) with respect to the Gibbs measure (1.1.11). Here, 7 is the variable for the generating function
and we scaled by [ for convenience in subsequent formulas. It turns out that the thermal fluctuations
of 91 are of order N~'/2 in all regimes. Hence, we scale 7 = £v/N and use ¢ as the scaled variable
for the moment generating function. From Lemma 2.3.3, we have the following formula:

Yo +i00 B (Gon (2) ~Gom (hom)) ] »

BEVNIMY _  F (G (yon)—G (7)) L ym—ioo
(e )y =e2 f’Hm STEEE (4.1.10)

where

1 N (h—l—L)Q N 2
Gom(2) :BZ—NZbg(Z—)\i)—l— ]‘\/IN Zzi’)\. (4.1.11)

=1

Here, we take yon > A1 to be the critical point of Gyn(z) satisfying

Gon(m) =0 (4.1.12)

and we take v > \; to be the critical point of G(z). The only difference between Gyy and G, which

we studied extensively in the previous sections, is that A is changed to h + ¢ N ~1/2,
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We record two formulas that we use below. From the explicit formulas for Gy and G, the

equation G}, (yam) — G'(y) = 0 implies that
IR ! W8S~ 2+ — 20)
s =) [N 2 A5 tN 2 G AP AP
2%h €2
- (N3/2 ) 52 (yom — )\

The other formula that we will need is

(4.1.13)

N(Ga(yom) —G(7)) = i {bg (1 4oz 7) Ym — 7} 252 i(ym —7)?

i=1 _/\ %m >‘ '7 )‘1)2

)
2¢h 2 N n2
F(or ) Sy A A

(4.1.14)
which can be seen using Gox(Yon) — G(7) = Gom(ym) — G(v) — G'(7) (yam — 7).

4.1.3 Positive external field: » = O(1)
4.1.3.1 Analysis

Fix h > 0. The critical point v of G(z) is evaluated in subsection 3.1.2. It is shown in (3.1.20)
that

Y=r+nN?+0 (N

where 7, and ~; are deterministic functions of h and 7T'. From the formulas for G and Gy, we see
that Giy(z) = G'(2) + O (N1/2) for 2 > Ay + O(1) (cf. (2.2.16)). This implies that oy — v =
@ (N -V 2). We need to evaluate the difference precisely. From (4.1.13), we find, using the
semicircle law, that

(Y — ) (s2(7) + 2h°Bs3(y) + O (N1/?)) = 2%52(7) +O (N Y.
Thus,
Y =7+ ANV2, A= 2h5¢s5(%) +0O (N71?). (4.1.15)

s2(70) + 2h*Bs3(70)
We now evaluate N (Gon(yom) — G(7)) for (4.1.10) via the equation (4.1.14). Using the Taylor
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expansion of the logarithm function,

A* 3 —1 1 - 1 A282<7) 1
A 2N — (v —N\i)? +0 <N3/2izl(v_/\i)3> 5 +O(N ) 4.1.16)

Similarly,

h2ﬁA2 N n2
_ i N-U2) — p28A2 N-/2) . 4.1.17
WL G POV SR +O (V). @)

Ay

In these two equations, we replaced oy by v . For A3, using (4.1.15) and the notation (2.2.6), we

have

Az = 26hB(s1(yn) VN + Sn(qam; 1)) + €2Bs1(qam) + O (N71/2)

(4.1.18)
= 26hBs1 (VN + [26h(Sx(:1) = s2(1) D) + E51(1)] 5+ O (N777).
Combining the three terms and inserting the formulas of v and A,
N(Gom(yom) — G (7)) =2£hp3 [\/Nsl(%) — s2(70) 1 + Sn (0 1)]
(4.1.19)

2 B 2h*3%55(70)” ] ~1/2
+¢ [681(%) 53(70) + 2h2Bsa(70) +0O (N2,

Now we consider the integrals in (4.1.10). Since G*)(y) = O (1) for all & > 2, the method of

steepest descent applies. It is also straightforward to check that

() = G" () + O (N7H?) = G"(y) + O (N/3).

,;Yms);rzjzo e (Gm(2)=Gm(vm)) ] 5 N G" () o
J—Tﬁf e>@@-9Mqy | Ghlym)

Inserting the above computations into (4.1.10), moving the term involving /N to the left,

Hence,

replacing 3¢ by &, using § = 1/T, and inserting the formula (3.1.21) for 7, we obtain the

following.

Result 4.1.1. For h = O(1) and T > 0,

. 1359 (10) S (1032) &2 2Th% 59 (70)?
eh | Sviowit) - £ 200N |+ [Tos) - gt (4.1.20)

<€§\/ﬁ(fm*hsl(“fo))> ~ e
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as N — oo for asymptotically almost every disorder sample, where vy, > 2 is the solution of the
equation (3.1.19) and Sy (z; k) is defined in (2.2.6).

Since the right-hand side is an exponential of a quadratic function of £, we obtain the following

distributional result.

Result 4.1.2. Forh = O(1) and T > 0,

h?s2(70)Sn (705 2)
T's5(70) + 2h?s3(70)

1
M 2 hsy (o) + —— | ASy (Y0 1) — + oM (4.1.21)

VN

as N — oo for asymptotically almost every disorder sample. The thermal random variable N is a

standard normal random variable and the coefficient ooy > 0 is given by the formula

2Th282 (’}/0)2
T'sa(0) + 2h2s3(v0)

oo = Ts1(70) — (4.1.22)

The thermal average is given by the first three terms in (4.1.21) and they agree with the formula

(4.1.6) obtained from the free energy.

4.1.3.2 Discussion of the leading term

The leading term
M (h, T) := hsi(y0(h)) (4.1.23)

in (4.1.21) is deterministic. See Figure IV.1 (a) for a graph as a function of h. The function 9"

satisfies the following properties:

e Forevery T' > 0, MMY(h, T) is an increasing function of A.

e Ash — oo,
T
MO (h,T) =1~ ST O(h™?) forall T > 0. (4.1.24)
e Ash— 0,
h h3
AW forT >1,
MO(h, T) = ¢ 7 T (4.1.25)
h = 50 for0 < T < 1.

The first property is consistent with the intuition that the overlap of the spin with the external
field becomes larger as the external field becomes stronger. The proof follows from
d , Ts1(70)s2(70) + 2h2(s1(70)s3(70) — 52(70)?)

Ao o _ 4.1.26
dh s1(70) — hs2(70)70 T's2(0) + 2h?s3(70) ( :
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and from checking that s;(z)s3(2) — s2(2)? > 0 for all z > 2 using (2.1.7). The large-h and small-h

limits follow from Lemma 3.1.7.

= ﬂH]{".va]
a*(h)

MY
)

h h

(a) 0 (b) o

Figure IV.1: Graphs of 9" and o3, as functions of & for various values of T

4.1.3.3 Discussion of the variance

The variance of the overlap satisfies

2

2 2 9m
(M=) — (M)* ~ N (4.1.27)

The term o3y (h, T') = o3y, is given in (4.1.22) and does not depend on the disorder sample. See

Figure IV.1 for the graph. Here are some properties of 02,.

e For every T, 03;(h, T) is a decreasing function of h.

e Ash — oo,
o =—+O(h™?) forall T > 0. (4.1.28)

e Ash— 0,

) 1 forT > 1,
Om — (4.1.29)

T forO < T < 1.

The first property follows from

d o _ T?s5(70) [(T's2(70)* — 12h%s3(70)* + 12h*s2(70)54(70)) 10 (h) + 4hT's5(70)?]
dn ™ (T's2(70) + 2h?s3(70))?

(4.1.30)
by checking that sy(2)s4(z) — s3(2)? > 0 for all z > 2. The large- and small-/ limits follow from
Lemma 3.1.7.
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4.1.3.4 Limitash — co
Consider the formal limit of the result (4.1.21) as h — oo. Using (3.1.33), we have
N N

1 —1 1
hES (Yo; k WZ n; : WZ(TL;_U (4.1.31)

Jo
=1 h

and si(79) ~ h™" as h — oo. Therefore, using (4.1.24) and (4.1.28), we find that if we take
N — oo with A > 0 and then take h — oo, we get
T 1 Zf\il (nf—=1) VT

D
M1 — — + L + NI . 4.1.32
2h /N 2V N Vh ( )

The leading term 9T ~ 1 is trivial since the spin is likely to be pulled to the direction of the external
field if h is large.

4.1.3.5 Limitash — OwhenT > 1

Since g — T + T tas h — 0 for T > 1 from (3.1.32), the terms Sy(70; 1) and Sy (70; 2)
remain O(1). Hence the deterministic terms in the square brackets in (4.1.21) converge to zero as
h — 0. We thus find, using (4.1.25) and (4.1.29), that, if we take the limit N' — oo with h > 0 and
then take h — 0, the result for 7" > 1 becomes
h? 1

1
TR N+ hSy(T + :1)] - (4.1.33)

D

m

Nl =

4.13.6 Limitash — Owhen7T <1

The small-A limit (3.1.32) of v, and the limit of s;(z) as z — 2 obtained in (2.1.8) imply that,
ash — 0,

(1-T) T (1-T)3 2(1-T)°
S2(70) =~ 72 + SA=T) s3(70) =~ o s4(70) =~ ST (4.1.34)
when 0 < T < 1. From these, we see that
h382(70)3N(70' 2) h53N(70' 2)
hS 1) — d ~ hSn(7o; _— 4.1.35
N (70 1) Ts2(70) + 2h%s3(70) (03 1) - 21— T (4.1.35)
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Thus, by (4.1.25) and (4.1.29), if take the limit N — oo with h > 0 and then take h — 0, then

] [hé‘( 1) —

RSy (703 2)

m+ﬁm . Yo~ 24

Finally, we consider the terms hSx(70; 1) and h°Sy(70;2). The sample-to-sample variance of
S~ (703 k) is

N
2 1
N~ 2(0), (4.137)
N Z:: (70 — Ai)**

which is expected to hold for 7y —2 > N~2/3 ie., h > N~/ Thus the sample-to-sample variance
is O (h™2) for k = 1 and O (h™'9) for k = 2 from (4.1.34). Hence, we expect that hSy(70; 1) and
hoSy (70; 2) are O (1) for h > N~1/6,

4.1.4 No external field: h =0

When h = 0 and T" > 1, it is well-known in spin glass theory [38, 36] that two independently
chosen spins are asymptotically orthogonal, indicating that the spin variable becomes uniformly
distributed on the sphere ||| = v/N as N — oo. For h = 0 the Gibbs measure is independent of
g. Hence, the overlap 91 = % g - o of the spin with the random Gaussian vector g is the cosine of
the angle of two independent vectors which are chosen more or less uniformly at random from the
sphere. Thus, we expect that 901 is approximately \/LN times a standard normal distribution. The
formal limit of (4.1.33) as h — 0 coincides with this result. Indeed when 7" > 1, the analysis for
h > 0 with h = O(1) extends to h > 0 and (4.1.21) holds.

When h = 0 and T < 1, it was argued in [28] that % converges to V1 —=T. (In [28], the
authors claim that % — /1 — T, but this seems to be a typographical error since (u; - o) = 0
due to the symmetry of the Gibbs measure under the transformation o — —o.) It was also proven
in [38] that the absolute value of the overlap of two independently chosen spins converges to 1 — 7.
Hence, a spin variable may be written as -7 = ++/1 — Tu; + VT, where the unit vector v is
taken uniformly at random from the hyperplane perpendicular to u; and the signs =+ are each taken
with probability 1/2; see more discussion on such a decomposition of the spin variable in Section
4.4. Thus, using the notation n; = u; - g, we expect that 91 ~ EVITHVTR Recall that u; has

VN
sign ambiguity and hence n, is defined up to its sign. Thus, we find the following result for h = 0.
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Result 4.1.3. For h = (),

1
—MN orT > 1,
~ J

Iny VI —TB + VTN
VN

as N — oo, for asymptotically almost every disorder sample, where N is a standard normal random
variable, and B is independent of M and has the distribution P(B = 1) =P(B = —1) = 3.

M ~ (4.1.38)

for0<T <1

The right-hand side of (4.1.36) involves the thermal random variable 1 but does not involve
the other thermal random variable B in (4.1.38). Hence, the formal limit of (4.1.36) as h — 0 is
not equal to (4.1.38) when 7" < 1. This implies that there should be a transitional regime. It turns
out that there are two transitional regimes, i ~ N~/% and h ~ N~'/2. The first regime can be
expected, since 79 = 2 + O(h*) as h — 0, and the subleading term O(h*) is of same order as the
fluctuations of the top eigenvalue A\, when h ~ N~1/_ This is the same transitional regime that was
observed for the free energy. The second regime h ~ N~'/2 arises because the ratio of the integrals

in (4.1.10), which was approximately equal to 1 when h > 0 (and when h ~ N—1/6

as well), is no
longer close to 1 when h ~ N~1/2, This will be responsible for the appearance of 8. We discuss
these two transitional regimes in the next subsections. We will see in Subsection 4.1.6 that the result

for h = HN~'/? actually holds even when H = 0, implying that (4.1.38) indeed holds.

4.1.5 Mesoscopic external field: h ~ N~'/Sand T < 1
4.1.5.1 Analysis

We scale h as
h=HN/S

for fixed H > 0. This scale is the same as the one considered in Subsection 3.3.1. We showed in
that section that the critical point of G(2) is ¥ = A\; + sN~2/3 where s > 0 satisfies the equation
(3.3.4). To find the critical point of Gyy(2), we make the ansatz that gy ~ -, Then, the equation
(4.1.13) becomes

1/3 a 1 2 2 AT2/3 = 2n;
N ————— + H*BN _

i=1 i=1




implying that
Ym—7=0 (N1, (4.1.39)

which is consistent with the ansatz. We do not need to determine the O (N ~!) term in this subsection.

We now evaluate N (Gon(vyon) — G (7)) using (4.1.14). From the Taylor series of the log function,

N

= (m—7)? o (g — )N o3
Al_; (v = A)? _z; (s + a1 —a)? —o().

Inserting h = HN /5,

The third term in (4.1.14) is

N
£ n; -1
As 20H _ N3,
(é T P ;s+a1—az+0( )
Using the random variable €y (s) defined in (2.2.5), which is O (1), and combining all three terms,

N(Go(yom) — G(7)) = 26HBNY? + 2B¢ HEN () + BE* + O (N7H3) . (4.1.40)

Finally, consider the integrals in (4.1.10). The denominator is computed in Section 3.3.1. The
numerator can be computed in the same manner. Indeed, we can check, as with the denominator,
that gg? (ym) = O (N%k_%) forall £k > 2 and

Gon(yom )—2N2/3H252 +O (N2, (4.1.41)

(s + ay —al)?’

which is the same as the denominator. Hence, the Gaussian integral approximations of the integrals

lmply that
e s [0
. ~1 4.1.42
[T F @00 s Gn0m) oo

Combining the above computations into (4.1.10), replacing s by ¢ (the solution to (3.3.5)),
replacing S¢ by &, and using 1/ = T, we obtain the following result.
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Result4.1.4. Forh = HN VS and 0 < T < 1,

2
EVN(M—h)\ ~, £H8N(t)+T752 Ev(t) = W _ N3 4.1.43
(e )~ e : N(t) : ;Hal_ai : (4.1.43)

as N — oo for asymptotically almost every disorder sample, where t > 0 is the solution of the
equation (3.3.14).

Since the exponent of the right-hand side of (4.1.43) is a quadratic function of £, we obtain

Result 4.1.5. Forh = HN Y and 0 < T < 1,

1

VN

as N — oo for asymptotically almost every disorder sample, where the thermal random variable ‘)

m2h+ HEN(E) + \/Tm] (4.1.44)

has the standard Gaussian distribution.

The thermal average is obtained from the first two terms. The average is the same as (4.1.9) that

we obtained from the free energy.

4.1.5.2 Matching with » = O(1)

We take the formal limit H — oo of (4.1.44). The limit of Ex(t) as H — oo is obtained in
(3.3.28). From this, we find that, if we take h = HN /% and let N — oo first and then take
H — oo, then

h? 1

2 : h°Sn (103 2)
M2 h = gm— 7 |Sv (i) = Sy + VI (4.1.45)

as H — oo where 7y ~ 2 + Mlhfé})? This result agrees with (4.1.36), which is obtained by taking
h > 0 fixed and letting N — oo first and then taking h — 0.

4.1.5.3 Formallimitas H — 0

We take the formal limit H — 0 of (4.1.44). We obtained the limit of Ex(t) as H — 0 in
(3.3.24). Hence, we find that, if we take N — oo with h = HN /6 first and then take H — 0,
then

D 1
M~h+ —— |y |VI =T +VTNR| . 4.1.46
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This formula evaluated at H = 0 is different from (4.1.38). In particular, the Bernoulli random
variable 2B(1/2) is missing. In the next subsection, we consider a new regime h = O(N~%/2) in
which the two terms in (4.1.46) are of the same order. We will show that this new regime interpolates
between h = O(N /%) and h = 0.

4.1.6 Microscopic external field: » ~ N~'/?2and T < 1

4.1.6.1 Analysis

We set, for fixed H > 0,
h=HNY2 (4.1.47)

This is a new regime which did not appear in previous sections. The appearance of this scaling
regime was first noticed in [22] for the zero-temperature case.
Critical points

We first compute the critical point y of G(z). In previous sections, we had v = A\; + O (N -2/ 3)
forh ~ N='/6andy = \;+O (N~1) for h = 0. For h ~ N~/2, it turns out that 7 = \; +O (N~1).
We make the ansatz that

y=M+pN! (4.1.48)

with p = O (1). Then, the critical point equation becomes

N
| | HQB
_1 _o. 4149
(D D v s vl DS TN (3149

Separating out ¢ = 1 in both sums and using (2.2.14) and (2.2.15) for the remaining sums, the

equation becomes

B-—1--——"2L+0O(N#) =0 (4.1.50)

The solution is

14+ /1+4(8-1)H?Bn3
B 2(6-1)
Hence, p = O (1), which is consistent with the ansatz.
Now consider the critical point of Goy(2). Due to the scale h = HN~'/2, the function Gyy(z) is
the same as G(z) with H replaced by H + &. Thus, we find that

+O (N3, (4.1.51)

Yo = A1 + pm N (4.1.52)
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where poy > 0 solves the equation

1 (H+9pnt
Pon P?m

B—1-— O (N3 =o. (4.1.53)

Exponential terms
We evaluate N (Gon(yam) — G(77)) using (4.1.14). For Ay, the sum with ¢ > 2, using a Taylor
approximation, is O (N ~%/3). Hence,

Ay = —10g(%m) + %’” 1+ O (N,

The sum with 7 > 2 for Ay is O (N ') and we obtain

_ H?Bni(pom — p)?

As 5
PP

+O (N,

Finally, again separating the term with ¢ = 1 and using (2.2.10) for the rest of the sum,
n2
As = (26H + €2 (—1 + 1) +O (N3, (4.1.54)
Do

Therefore,

N (Gom(yom) — G(7))

)+ -1+

n2
+ (26H + &) (p—l + 1) +O (N3,
m
(4.1.55)
Using the equations (4.1.50) and (4.1.53) satisfied by p and pgy, the equation (4.1.55) can be written

H?Bn3 (pon — p)?
pop>

= —log

as

N(Gm(ym) = G(7)) = - 10g(%m) +2(8 = )(pm —p) + 2HE+ )5+ O (N1
(4.1.56)
Integrals

We now consider the integrals in the formula (4.1.10). The ratio of the integrals in this regime
turns out to give a non-trivial contribution. We first show that we cannot use a Taylor series

approximation. Consider the numerator; the denominator is the same as the numerator with £ = 0.
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For k& > 2, we use the formula for Goy(2) to get

Gy (m 1 Z kL | K(H +€)%5 i n2 N3+
(—1) 1 a1 +pgmN 1/3 — a; ) (Gl +pgmN71/3 — ai)’““

=1

2 3 274 %(k 1)
— N3k 1<N +0(1 )) +k(H +€)° BN 5 (%W(l)) = O (N*).
pgm Pop

i=1

Since Qéft) = O (), the main contribution to the integral comes from a neighborhood of radius

N1 around the critical point. If we use the new variable z = ~9; + uN ! and the Taylor series

N (Gon(yon +uN"") — Gam(yam)) = Z N;C!J“ Gay (o )u®

k=2

we find that all terms in the series are O (1) for finite u. Since all terms in the Taylor series contribute
to the integral, this method will not work and we instead proceed as follows. Using G{y,(ym) = 0,

we have

N(Gm(ym +w) — Gam(ym)) = N(Gam(ym + w) — Gom(yam) — gz/m(%ﬁ)w)

__izlllog<l+%m_/\i)_%ﬁ_/\i} (h+_) 62 (yon +w — A)(Vﬁm_/\i)Q.

Separating out 7 = 1, using a Taylor approximation of the log function, and using (2.2.15),

2 2,,2
N N—l . I 1 i) l (H + 5) ﬂnlu’ O QN—2/3 )
<ggm(%m T ) gzm(%m)) o8 ( * DPon * Pon * (psm + u)Pgn - (u )

We temporarily write the middle two terms with z := (H + £)?n? and get

2

U TU 1 T T
—+—2:u(—+—>——+ .
pom (P + w)pay Do pgm Pm  pPmtz

Using (4.1.53) twice, the above formula can be written as

N (Gon(yan +uN ™) = Gon(yon)) =~ log (1 T %) (8= 1)(u—pm)+1+ _%; fjif)ﬂ?
(4.1.57)
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Thus,

’7931—‘1-100 (ﬁ l)(u pgﬁ) (H+§> 5"741
/ %(gsm(z) G (o)) ] 5 ~— Pm 3+ 2 +v) du
om —ico “ico V Pt U
Lo = 1)<m+u>+<H+s>2ﬁn% (4.1.58)
/ 67('8 )psm+2 e 2(pon+u)
_ P du
N —ico VP +u

The last integral is an integral formula of a modified Bessel function which can be evaluated
explicitly (see e.g. [2]):

aw+2 b 1/4
/ ¢ dw = 2mi (—)
04+iR Vw a

Hence, we obtain

2ivm cosh(2vab). (4.1.59)

I_y(2vab) = NG

M\H

ym-tioo 21\/%6_(’3_1)125”14_% /
e 2 (Gm(2)=Gom(vm)) ] 5 ~ m cosh <(H +&)|ni|v/B(B — 1)) :
/Vsm—ioo NVB =1 1
v (4.1.60)

Note that the integral depends on &, unlike in the cases 2 > 0 and h ~ N~'/6. The denominator is
the case when £ = 0. Thus,

(4.1.61)

N (G (2)— h((H \/ —1 )
feg(isn() G (vm))  » N \/@e_(ﬁ_l)(m_p)cos <( + &)/ B(B ) .
[ e2(9(=)-9() 2 p cosh <H|n1| /BB — 1))
Combining all terms together, replacing 5¢ by & and using 7' = 1/3, we obtain the following.

Result 4.1.6. Forh = HN Y2 and 0 < T < 1,

» cosh ((H + Tﬁ)\nﬂ—ﬂ)
(EVNMY o HEHTE d (4.1.62)
cosh <H|n1|—vlTTT>

as N — oo for asymptotically almost every disorder sample.

The right-hand side is the product of two terms, implying that v/ N9t is a sum two independent
random variables. The exponential term on right-hand side is the moment generating function of a
Gaussian distribution, while the ratio of the cosh functions is the moment generating function of a
shifted Bernoulli distribution. Indeed, if P(X = 1) = pand P(X = —1) =1 — pwithp =

u+€ a >’
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then

_ h(a +€)
[e57] = pe* + (1 —pe “cosh(a)
Hence, we deduce the following result.
Result 4.1.7. Forh = HN Y2 and 0 < T < 1,
Iny V1= TB(a) + VTN

M2 D+ (4.1.63)

VN

as N — oo for asymptotically almost every disorder sample. Here, B(c) is a shifted Bernoulli
thermal random variable with the probability mass function P(58(c) = 1) = c and P(%8(c) =
—1)=1—cand a in (4.1.63) is given by

H|nq |VI=T
T

(&
O i= e (4.1.64)
e T +e T

The thermal random variable ‘)t has the standard Gaussian distribution and it is independent of
B().
4.1.6.2 Matching with h ~ N~/ and h = 0

As H — oo, the random variable 8 («) — 1. The formal limit of (4.1.63) as H — oo is

D 1
M~h+— | |VI=T+ VTN, (4.1.65)
\/N | 1|
which is the same as (4.1.46) from the h = H N /6 regime. On the other hand, if we take H — 0,
then B («) 2 B(1/2). Hence, the formal limit of (4.1.63) as H — 0 is the same as the h = 0 case
(4.1.38). Therefore, the result (4.1.63) matches with both the h ~ N~'/¢ and h = 0 results.

4.1.7 Susceptibility

In this subsection, we discuss properties of the susceptibility, defined as the magnetization per
external field strength. In the next subsection we discuss differential susceptibility
M (M) 1dFy

S A A T

(4.1.66)

We denote by X or [E,[X] the sample average of X'. We denote by Var, the sample variance. As

described in Chapter II, we use the font ~ to denote an asymptotic expansion in distribution with
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respect to the disorder sample.

4.1.7.1 Macroscopic field h = O(1)
From Subsection 4.1.6, for fixed h > 0 and 1" > 0,

Xl
X~ X0+ — (4.1.67)

VN

for asymptotically almost every disorder sample, where

h?s2(70)Sn (705 2)

X% =51(y) and X'=Sn(10;1) — Tsalo0) + 21253 (10) (4.1.68)
and 7y is the solution of the equation (3.1.19) and Sy (z; k) is defined in (2.2.13).
The leading term X is deterministic and satisfies:
» XY is a decreasing function of A,
* Ash — oo,
X°(h,T) = % — % +O(h™?) forall T >0 (4.1.69)
* Ash — 0,
XO(h,T) ~ 7 T for'>1 (4.1.70)
1— g for0 < T < 1.

See Figure IV.2a for the graph of X as a function of h.

The subleading term X' depends on the disorder sample. We consider its sample-to-sample
fluctuations. From (2.2.13), Sn(70; 1) and Sy (70; 2) converge to the centered bivariate Gaussian

distribution with

Vars[Sn(70; 1)] = 2s2(70), Vars[Sn(70; 2)] = 2s4(70), (4.1.71)

and

COVS (8N (707 ) SN <707 - Es

1 & )2
Nz 5 ] — 253(70)- (4.1.72)

=1
as N — oo. Hence, as N — oo,
X2 N(0,02) (4.1.73)

70



where the sample variance is

o2 = 252(70)* (T%55(70) + 2T h?s3(70) 2+ h434(70))' (4.1.74)
(T's2(v0) + 2h?s3(70))

See Figure 1V.2b for the graph of o2. The graph shows that o2 is a monotonically decreasing
function of h. It is easy to check that:

e Ash — oo,

o5~ Y] forall T > 0. (4.1.75)
e Ash — 0, )
forT > 1
2 D)
o2 1T_ Tl (4.1.76)
2 forT < 1.

The above formula suggests that there is an interesting transition as 7" approaches the critical

temperature 7' = 1 in the case where h — 0. The behavior near the point (7, ) = (1, 0) is worth
studying, but we leave this subject for the future.

h

(a) Graph of X°(h) (b) Graph of o2(h)

Figure IV.2: Graphs of X°(h) and o%(h) as functions of h for various values of T’

4.1.7.2 Mesoscopic external field: h ~ N~'/Sand T < 1

From Subsection 4.1.6, for h = HN /6 with fixed H > 0and 0 < T < 1,

En(t)
x4 S 4.1.77)

for asymptotically almost every disorder sample, where Ey (¢) is given in (4.1.43)
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T=08
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f s L n i ]

3 4 5

H H

(a) Xmicro as a function of H when [n1| =1  (b) Xjicro as a function of H when |n;| = /2

Figure IV.3: Graphs of Xycro( H,T') as functions of H for various values of 0 < 7" < 1.

The behavior of Ex(t) as H — oo and H — 0 is discussed in Subsubsections 4.1.5.2 and

4.1.5.3. The sample-to-sample fluctuation of Ex(t) is shown in Subsection 3.3.1 and we see that
En(t) 2 E(s) where

3mn )2/3
2

_ v? 1/ dw
E(g) = 1i = — 4.1.78
) novo0 ;Hal—ai 7T/0 Ve ( )

and¢ > Osolves1 —T = H*Y ”—22 Here, «; is the GOE Airy point process and v; are

i=1 (cron—a)
1.1.d standard normal random variables independent of «;.

4.1.7.3 Microscopic external field: h ~ N~'/2and T < 1

The thermal average of (4.1.63) implies that for h = H N~/ with fixed H > 0and 0 < T < 1,

|n1|\/ 1-— Ttanh (H|n1|\/1 — T)
H T

X ~1+ = Xhicro 4.1.79)

for asymptotically almost every disorder sample. The function X}, is a decreasing function in
both A and 7' (see Figures 1V.3 and IV.4). From the formula for X,.;,, we conclude that

|n1|vl - T
L

KXnicro >~ 1 as H — oo (4.1.80)

and
n3(1—-T) H?nj(1-T)>

Xmicro ~ 1
+ T 373

as H — 0. (4.1.81)
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T T

(@) Xmicro as a function of 7" when |ni| = 1 (b) Xmicro as a function of T when |n| = v/2

Figure IV.4: Graphs of Xyicro( H,T') as functions of 7" for various values of H.

4.1.7.4 The zero-external-field limit of the susceptibility

We consider two different limits of the susceptibility depending on how h — 0 and N — oo are
taken. The first limit is obtained from (4.1.70):

) ) % forT > 1
lim lim X = (4.1.82)
h=0 N30 1 forT < 1.

See Figure 1.3 (a). This result (4.1.82) was previously obtained in [28], and also in [16]. The limit
does not depend on the disorder sample.
The second limit is obtained from (4.1.81) for 0 < T < 1:

21T
b tm a—140 =D oo (4.1.83)
H—0 N—oo T
h=HN—1/2

See Figure 1.3 (b). This limit depends on the disorder sample, but only on one variable, n?. Observe
that this limit blows up at 7" = 0 while the limit (4.1.82) is finite at 7' = 0. The sample-to-sample
average of (4.1.83) satisfies

— 1
lim lim X =— forO0 < T < 1. (4.1.84)
H—0 N-—oo T
h=HN—1/2
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4.1.8 Differential susceptibility

We also consider the differential susceptibility given by

L igpy = TFv _ N (M) — (9m)?) . (4.1.85)

=M =g =7

The results (4.1.21), (4.1.44), and (4.1.63) imply the following formulas. All formulas hold for

asymptotically almost every disorder sample.

(a) Forfixedh > 0and T > 0,

Xy~ s1(70) — T52($$2;8|—2<2Vi$2);(%) — Y. (4.1.86)

(b) For h = HN~'/% with fixed H > 0and 0 < 7' < 1,
X, ~ 1. (4.1.87)

(c) For h = HN~Y2 with fixed H > 0and 0 < T < 1,
PP k) — Xy micro. (4.1.88)

- “Ld micro
2 (Hlm| V=T ’
T cosh < 7

The limits for the macroscopic and mescopic regimes do not depend on the disorder samples,
but the limit for the microscopic regime depends on the disorder variable n?. The macroscopic limit

satisfies the following property as h — 0:

1 3h?
— 4+ O(r* T>1
T Tme oy T !
X ~ 2 (4.1.89)
1——— +O(h* 0<T<1.
sa—ty T O
On the other hand the microscopic limit satisfies, for 0 < 7" < 1,
2H|nq |v/1=T
1+ 0(e ) as H — oo.
deicro = 2 2,4 2 (4190)
1+ 7 — T3 as H — 0.

The zero-external-field limit is the same as the susceptibility of the last section even though the
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subleading terms differ by a factor of 3. In both cases the limit is

ni(1-1T)

B (4.1.91)

Il[iglo X micro = }}Lﬂo KXiero = 1+
and this value depends on the disorder variable n?. Note that the sample-to-sample average of n? is
1. This result shows that both susceptibilities satisfy Curie’s law in the sample-to-sample average
sense, but not in the quenched disorder sense. In other words, the sample mean of the susceptibility
is inversely proportional to temperature, but not the susceptibility for an arbitrary fixed disorder
sample.

We note that if we take 7" — 0 with H > 0 fixed in (4.1.79) and (4.1.88), then

Xnicro >~ 1 + % and Xy micro > 1 atl = 0. (4.1.92)

This shows that Xy micro (1 = 0) does not diverge as H — 0 but Xyiero (7" = 0) does.

4.2 Overlap with the ground state

Recall that +-u; denote the unit eigenvectors corresponding to the largest eigenvalue of M. The

overlap of the spin with the ground state and the squared overlap are defined as

u; - o o _ 1
= 5 D:@ = -
VN N

respectively. The overlap & = 1 when T' = h = 0 since the Hamiltonian is maximized when o is

& (u; - o)?, 4.2.1)

parallel to £u;. The overlap measures how close the spin is to the ground state. Since it is more
convenient to analyze, we consider © in this section.

As with the overlap with the external field, there are no transitions when 7" > 1 as h — 0.

1/6

However, when 7' < 1, there are two interesting transitional regimes given by A ~ N~/° and

h ~ N~1/3. The second regime did not appear for the overlap with the external field. On the other

hand, the regime h ~ N~1/2

, which we studied for the free energy and the overlap with the external
field, does not reveal any new features of O. Instead, O has the same properties for o ~ N~1/2 as it
does for h = 0.

The moment generating function of © has the integral formula given in Lemma 2.3.3,

To+i00 L F(Go (2)~Go (19)) ] »
(P10 — o2 (Go(10)=G(7)) L —ico (4.2.2)
T X (G(=)-00)

y—ico
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where

N

1 1 N h2B8n? h2
gD(Z):ﬁz__log(z_Al_b)_ﬁglog('Z—)\i>+N( oy BZ;Z

Z—>\1—b> N

We take take 7o and v to be the critical points of Gy and G respectively, and we use the notation

2n
b= —.
N

The difference between Gy and G is that, in the case of Gy, A\; is changed to A + b.

The following two formulas will be used in the analysis below. First, we have

N(Go(10) —=G(7)) = N(Go(10) =G(7) =G (") (10 = 7)) = D1+ D2+ D3 + Dy

where ;
Yo — 7 — Yo —
Dy =—-1 1
1 og( + W >—|—7_)\1,
- o=\ _ Yo =7
Dyi=—3 |log(1+ 2 S
’ ;{Og< i —/\z') 7—/\z‘]7
1 1 Yo —
Dy = h? nQ{ — + ]
’ pm Yo—A—b =X (y—\)?
N 2

Second, we can show from the equation G (7o) — G'(7y) = 0 that

1 1 < 1
Yo — 7 +—
(10 )[N(% o R P Y ey ey
+h25n§ Y+ vo — 2\ — b +h25§: n2(y +v0 — 2\) }
N (vo =M =02 (v —\)? N i—2 (vo — Xi)2 (v — Ai)?

_b{ ! Lt vt ye =2\ b }
N(vo — M —b)(y—N\) N (v0 =M —b)2(y — M\)2|’
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4.2.1 Macroscopic external field: » = O(1)
4.2.1.1 Analysis

Fix h > 0. The fluctuations of  turn out to be of order N~!. Thus we set
n=&N sothat b= 2¢. (4.2.8)

The critical point of G(z) is obtained in Subsection 3.1.2 and is given by v = 7o + O (N~1/2)
where 7y, solves the equation (3.1.19). We do not need an explicit formula for the term O (N -1/ 2)
in this section. Since G5(2) = G'(z) + O (N71) for z > 2, a perturbation argument implies that the
critical point of Go(z) is given by

Yo=7+0(N"). (4.2.9)

We use (4.2.5) to compute N(Go(vo) — G(7)). From the semi-circle law, we have Dy =
O((yo —7v)?N) = O(N?) and Dy = O(N1'). On the other hand, D, and D3 are easy to

compute and we find that

B - 2% 2h2An3¢ I
N(Go(v0) —G(7)) = —log <1 %_2) + o= 2P0 - ) +O (N2 . (42.10)

Since ijk) (7o) = O (1) for all £ > 2, the ratio of the integrals (4.2.2) can be evaluated using
the method of steepest descent. For k& = 2,

Go(v0) 2 s2(70) + 1*Bss (),

which does not depend on &. Since G(7) is the special case of Go () when & = 0, we conclude that

Totise B (Go(2)~Go(10))

fg —ioo o o dZN g//< ) ~1
o LS (G(:) -Gy gg(’YD)
v ico

Inserting these results into (4.2.2), replacing £ with (v — 2)¢, and using § = 1/T', we obtain
the following.

Result 4.2.1. For h = O(1) and T > 0,

h2ne

) ~ (1 — 2¢)7 12 eTGo-B0—29 (4.2.11)

(e
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as N — oo for asymptotically almost every disorder, where o > 2 is the solution of the equation
(3.1.19).

Note that if X is a non-central Gaussian random variable p + 91, i.e. if X2 is a non-centered

chi-squared distribution with 1 degree of freedom, then
2
E[e¥*] = (1 — 26)7 12155 4.2.12)

Therefore, we obtain the next result from the one above.

Result 4.2.2. Forh = O(1) and T > 0,

T
Yo — 2

h|n,|
T(v —2)

o)
~ where 9° =

) + N (4.2.13)

=2

as N — oo for asymptotically almost every disorder, where the thermal random variable 1t has the

standard Gaussian distribution.

4.2.1.2 Limitsash —ococand h — 0

Consider the formal limit of (4.2.13) as h — oo. From (3.1.33), we find that if we take h > 0
and let N — oo first and then i — oo, we get

D
~

O

2 T
n% + —‘n1|\/—‘ﬁ

4.2.14
i ( )

1
N

for all 7" > 0. On the other hand, the equation (3.1.32) implies that if we take » > 0 and let N — oo
first and then h — 0, we obtain

D T2 2 2h|n1]
~— —_— forT > 1 4.2.1
9 N(T =17 {‘ﬁ +T_1’ﬁ or T > ( 5)
and
2 16 | (1 —-T)*n? VT —T)>*n
9~ ~ G + 5 N for0 < T < 1. (4.2.16)

For 0 < T < 1, the above result indicates that the overlap is of order 1 when h ~ N~/6. We study

this regime in the next subsection.
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4.2.2 Mesoscopic external field: h ~ N~/Sand T < 1
4.2.2.1 Analysis

We set
h=HN"YS (4.2.17)

for fixed H > 0. If we insert h = HN /6 in to the formula, the equation (4.2.16) indicates that

the fluctuations are of order N~%/6, Thus, we set
n=¢ENYS sothat b=26N"%/6 (4.2.18)

in (4.2.2) and (4.2.4).

The critical point y of G(z) is obtained in Subsection 3.3.1 and it is given by 7 = A\, + sN~2/3
where s > 0 is the solution of the equation (3.3.4). We now consider the critical point of Go(2).
From the formula, we see that G, (z) is an increasing function of z for z > A\; + b. Using b > 0
and the explicit formula of the functions, we can easily check that G5(y) < G'(y) = 0 and
G4 (7 +b) > G'(v) = 0. Hence, we find that v < 7o < v + b, and thus, 75 — v = O(N~%/6). We
now set

o = v + AN5/6 (4.2.19)

and determine A using (4.2.7). The right-hand side of the equation (4.2.7) is equal to

2 {N”?’ 2H2ﬁn?N2/3] Ay o (V).

N5/6 | g2 53 N1/643

For the left-hand side of the equation, the first two terms are of smaller order than the last two terms.
Using 7o =7+ O (N~°/%) and b = O (N~°/%) for the other two sums, the left-hand side is equal

to

A | 2H?Bn2N?/3 al n?
2H2 N2/3 ) O N1/3
Nb/6 3 2P ;(s—l—m—ai)?’ +O W
Therefore, ) s
9 _
A= Sns + O (N79) (4.2.20)

Ef\il ni(s+a; —a;) 73

We now evaluate N(Go (7o) — G(7)) using (4.2.5). It is easy to check that D; = O (N~/6)
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and D, = O (N~'/3). Evaluating the first two leading terms,

D5 = Hzﬁnf {25]\[1/6 M + 0 (N—1/6)

53
Finally, .
2
_ I72AA2 n; ~1/6
Dy = H7pA Z”m“?(fv ).

Putting these together and also using the explicit formula of A, we obtain

2H?Bn? . 4H?f3n? [fo\iz nZ(s+a; — ai)*3]

24+ 0O (N9,
s s° [Zivﬂl (s+ar—a;)” 3] ‘ ( )

N(Go(vo) —G(7)) =

(4.2.21)

1/6 is the same as the

It remains to consider the integrals in (4.2.2). The scale h = HN~
one in Subsection 3.3.1. Since yp = A + N2 + AN=5/6 = \; + N3 4+ O (N~°/%) and
b = O(N~%/%), the calculation from Subsection 3.3.1 applies with only small changes. We find
from the explicit formulas that Qgﬁ) (70) =0 <N %’“%) for all £ > 2 and

N 2
" n; _
G (o) = H*B2 D "k O (N9,
i=1 t

Thus, as in Subsection 3.3.1, the main contribution to the integral comes from a neighborhood
of radius N~°/% around the critical point, and the numerator can be evaluated using a Gaussian
integral. Since the leading term of G (7o) does not depend on £ and the denominator is the case of

the numerator with ¢ = 0, we find that

f’yD“OO 5 (Go(2)=Go(10)) 15

Yo —ioo ~ 1. 4222
[ F@E-9) g, ( )

y—ioco

From the above computations, we obtain an asymptotic formula for (e%¢V I/GD). Moving a term
of order N''/% to the left, changing 3¢ to &, replacing 3 by 1/T, and replacing s by ¢, which solves
the equation (3.3.14), we arrive at the following result.
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Result 4.2.3. Forh = HN VS and 0 < T < 1,

2H?*Tn? [ZZ Zni(t+ar —a;)” 3}
£ (4.2.23)
£ |, 2t + o — i) 7]

S H*n
<65N1/6( 7)) ~ exp

as N — oo for asymptotically almost every disorder sample, where t > ( is the solution of the
equation (3.3.14).

The right-hand side depends strongly on the disorder sample, as the formula involves all of the

a; and n;. The above result implies the following.

Result 4.2.4. Forh = HN Y% and 0 < T < 1,

N

2

ns

1—-T — H? U
Z(Hal—am

1=2

Ugm

o H’n}  ooM
- N1/6

+

O 2 N1/6

+ (4.2.24)

as N — oo for asymptotically almost every disorder sample, where the thermal random variable ‘)1

has the standard normal distribution and oo > 0 satisfies

AH?Tn? [Zf—i 2t + ar — ai)ﬂ
0[S e+ ar - )]

(4.2.25)

The equality of the leading terms in the two formulas of (4.2.24) follows from the equation (3.3.14)
that t satisfies.

4.2.2.2 Matching with » = O(1)

We consider the H — oo limit. From (3.3.20), we have t ~ 4( Hence, the term(4.2.24)

)
satisfies

_4HTR? _ 4Tn2(1—T)°
=T B3 = 10
Therefore, the first formula of (4.2.24) implies that if we take h = HN /% and let N — oo first

and then H — oo, we get

Q
ol

216 | (1- T)*n? N VT(1— T)3|n1|m

0 N h6 h?

(4.2.26)
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This formula matches the formal limit given in (4.2.16). Thus this regime matches with the h = O(1)

regime.

4.2.2.3 Formallimitas H — 0

Using (3.3.19) for ¢, the denominator of (4.2.25) becomes n3 + O (H?) as H — 0. Thus, if we
take h = HN~'/% and let N — oo first and then take H — 0, we get

OR1_7_ p?

i n? 2H VT

_ 1/6
2(a1 a;)? NY/

1=

N 2 1/2
Z ] Nn. (4.2.27)
(11 — az

The last two terms of (4.2.27) are of orders H?> = h?N'/? and HN /6 = h, respectively. These

two terms have the same order if & ~ N~'/3. We study this regime in the next subsection. Note

that, in this regime, the two terms are of order N /3,

4.2.3 Microscopic external field: h ~ N~'/3and T < 1
4.2.3.1 Analysis

Set
h=HNY3 (4.2.28)

for fixed H > 0. In the last part of the previous sub-subsection, a formal calculation indicated that

the order of fluctuation in this regime is N~'/3. We set
n=¢ENY3 sothat b=2eN"%3 (4.2.29)

The regime h ~ N~'/3 did not appear in previous sections. Hence, we first find the critical point
7 of G(z). Previously we saw thaty = A\; + O (N"?3) when h ~ N~"/Sand vy = A\; + O (N )
when h ~ N~1/2, We expect that, in this regime, v is between the above two cases, so we set
v = A1 + w for some w and we assume N~! < w < N~2/3, The equation for the critical point is,
using (2.2.14),

N N
1 H?*p n? 1 H?Bn?
— _ — T -1/3\ _ 1 _
g N; Ai N5/3 (’y Ai)? =5 Nw +O( ) N5/3q2 0
(4.2.30)

Under the assumption for w, we see that . < 3 /3 5, and hence w = O (N -5/ 6). Explicitly
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_ Hpni
N5/3,2

| 112 3n2
v=A+ rN~°/% where r= % + 0O (N—l/ﬁ) . 4.2.31)

For later use, we record that, upon inserting v = \; + rIV —5/6 into the equation (4.2.30), r satisfies

solving the equation § — 1 = (, we find that

the following more detailed equation, using the notation =y defined in (2.2.9):

N
1 EN _1/2 HQBn% H25 ng B
— _TNl/ﬁ - 1 - N1/3 + O (N ) - r2 - N1/3 22 (al _ ai)Q - O (4.2.32)

B

The critical point v of Go(2) is easy to obtain since b = N2T£/3 has the same order as the
fluctuations of the eigenvalues \;. The critical point equation is the same as in the case of G(z)

except that \; is changed to \; + b. Thus we have
Yo=M+b+roN"% where ro=r+0 (N, (4.2.33)

For our computation, it turns out that we need an improved estimate for ro — r. The equation

G5(v0) = 01is, in terms of 7o,

1 - H?pn?

- —1/3) —
roN1/6 2 +O(N )_O'

B

This equation is the same as the equation (4.2.32) up to order N~'/6. Therefore, we obtain an

improved estimate 7o = r + O (N -V 3). As a consequence,

Yo—v=b+O (N =2N"34 0 (NTT5). (4.2.34)
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We now evaluate N (Go (7o) — G(7)) using (4.2.5). We have

25]\[1/6

Dy==-—+0 (N713),

. 26 2

_ _ ~1/6

Dy = Z‘22{10g(1—|—&1_ai) al_aj—i-(’)(]\f ),

2 2
Dy — 2£H25n1 N3 Lo (N—l/ﬁ) 7

T

N 712
D, = 462 H? i O (N5,
1A Y e ag@ e O

Note that r appears only in D; and D3. Using the equation (4.2.32), the sum D; + D3 can be

expressed without using 7:

Ev H2B & 2
D; + Dy = 2(NY/3 [ﬂ ~1 N b N

—1/6
N T N 2 (e a ) +O (N7, (4.2.35)
i=2 t

On the other hand, using the notation = in (2.2.9) again, we can write

N
2
Dy = — § log [ 1+ ¢ — 2N
i=2 41— i

Adding Dy, Dy, Ds, and D, and combining two sums that are multiplied by H?3, we find that

2EN/3 — ilog (1 + 2 )
i=2 a1 — &

n2

N
i 2 : ~1/6
QfH5;(@—1—25-%)(@1—@1‘)—{—0(]\[ )

+26EN + O (N7V9) (4.2.36)

N(Go(vo) —G(7v)) = 2£(B — 1)N1/3 +

(4.2.37)

We note that the term in brackets is O (1) due to (2.2.9).

Finally, we consider the integrals in (4.2.2), beginning with the numerator. Using vy =
A1+ b+rN=%/%+ O (N7/5) and the explicit formula for Go(z), we find that

G5 (70) = O (Nir-E)

for k > 2. Since G4 (7o) = O <N %> , the main contribution to the integral comes from a neighbor-
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hood of radius N =12 about the critical point. For k = 2, we find explicitly that

Go(10) = NP+ O(NTY).

2H?fn?
3

Hence,

00 _ 1 k
Nl 12kgi(.))(’yo)wk . Hzﬁn%wQ

N(Go(yo +wN™1) = Go(10)) = X =03

+0(NH) 4238)
k=2
for finite w, and the integral can be evaluated as a Gaussian integral. Since the leading term of
(4.2.38) does not depend on &, we find that the ratio of the integrals in (4.2.2) is asymptotically
equal to 1.

Combining the computations above, we obtain an asymptotic formula for <655N 20 > Moving

a term and using § = 1/7’, we arrive at the following result.

Result 4.2.5. Forh = HN Y3 and 0 < T < 1,

N < ¢Hn? )

exp | — )

<6%N1/3(D—(17T))> ~ T P\ Tlor2ea) (=) (4.2.39)
i=2 VIt aza al

as N — oo for asymptotically almost every disorder sample.

We remark that the right-hand side is O (1) since

N
5N1/3—1§ og (1+ —% =0(1)
2 & a; — a; a ’

1=2

The formula (4.2.39) is a product of the moment generating functions of non-centered chi-

squared distributions (see (4.2.12)). Hence, we obtain the following.

Result 4.2.6. Forh = HN Y3 and 0 < T < 1,

_ Hng| ’2
T . 1/3 ‘ a1 al
o2 1-T+ 5%y, Wy =N Z Y pa— (4.2.40)

=2

as N — oo for asymptotically almost every disorder sample, where the thermal random variables

n; are independent standard normal random variables.
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Here, we emphasize that n; are sample random variables (given by the dot product of each

eigenvector of M with the external field) while n; are thermal random variables. Note that 20y =
O (1) since N'/3 — SN =0(1).

12a1a

4.2.3.2 Matching with the mesocopic field, h ~ N~1/6

We take the formal limit H — oo of (4.2.40) and compare with (4.2.27). Then, using N'/3 —

YN, L = 0(1) from (2.2.14),
H? & ~ |m|t1Z
Wy = —— (Cl1 "y § : o= a7 +O(1). (4.2.41)

The second sum is a sum of independent (thermal) Gaussian random variables, and hence it has a
Gaussian distribution. Therefore, if take h = HN /3 and let N — oo first and then take H — oo,

we get
1/2
o 2 LI 2HVT | &
O21-T- i M. (4.2.42)
N1/3iz;(a1—ai)2 N1/3 Zz; (a1 — a;)?
In order to compare this with the result (4.2.27), we use the notation h = H 0NV -3 =

HipesoN 7176, The equations (4.2.42) and (4.2.27) are same once we set H = Hyiero and H = Hpeco,

respectively.

4.2.4 No external field: h =0

For 0 < T < 1, the calculations of the previous subsection for h = HN /3

obtain the result by setting // = 0 in (4.2.40). For 7" > 1, the computations in Subsection 4.2.1 for
h = O(1) also apply to h = 0; see (4.2.15).

go through; we

Result 4.2.7. For h = (),

S ¢ T>1,
L | vT forT >
O~ - N (4.2.43)
_ 1/3 _ W
=T+ 57 (N ;al—m) for0 <T < 1.

where the thermal random variable Nt has the standard normal distribution, and n; are independent

standard normal thermal random variables.
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4.2.5 The thermal average

‘We use the notation
Q= (D)= <Q52> (4.2.44)

to denote the thermal average of the squared overlap of a spin with the ground state. Previous

subsections imply the following results.

(i) Forh >0and T > 1,orfor h = O(1) withh > 0and 0 < T < 1,

Q0 T h?n?
Q~—, Q0 .= { L _ 4 1} . (4.2.45)
N Yo —2 [T(v0—2)
From the asymptotic formulas (3.1.33) and (3.1.32) of ~,
T — (T — 4)n?
00~ n? 4 (h M ash o o forall T > 0 (4.2.46)
and
T? h*(n? —1)T7

ash —0forT > 1

2+ 4
0~ d T=1) (T—1)

S 16n2(1 = T4 4T(1 —T)2 + 32n2(1 — T)4
ni( )_|_ ( )~ + 32n4( ) ash - 0for0<T < 1.

h6 h*
(4.2.47)
See Figure V.5 for graphs of Q°.
(i) Forh = HN-Y/Swith0 < T < 1,
H*n? al n?
Q ~ L1 -T-H*Y — 4.2.48
t2 ZZQ (t + ap — ai)z ( )

(iii) For h = HN /3 with T' < 1 (including the case when H = 0),

N 1 N 2
T <N1/3 - Z ap — ai> B H2 Z (alﬁ—zai)zl ' (4249

=2 1=2

Q~1-T+

N1/3
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If we collect only the order 1 terms, then as N — co with 7" < 1,

0 forh >0
n? _
Q1 -T - H*Y 1, gty forh = HNU/° (4.2.50)
1-T for h = HN~'/3 (including H = 0).

The sample-to-sample standard deviation of the thermal average of squared overlap satisfies for
0<T <1,

O(N™h) for h = O(1)
Q- (Q)2=14001) for h ~ N~1/6 4.2.51)
O(N—1/3) for h ~ N~1/3 (including h = 0).
1/6.

The order is largest when A ~ N~

. L L L s
0 2 4 6 8 10
h

Figure IV.5: Graphs of Q° for h = O(1) as functions of & for different combinations of 7" and n;.

4.2.6 Order of thermal fluctuations

For 0 < T < 1, the standard deviation of the thermal fluctuations satisfies

O(N™) forh = O(1)
(D2) — (D)2 = O (N-V9) for h ~ N~-1/6 (4.2.52)
O (N1/3) for h ~ N~1/3 (including h = 0).

for asymptotically almost every disorder sample. The thermal fluctuations are largest when A ~
N6,
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4.3 Overlap with a replica

Let

R — RL2 4.3.1)

be the overlap of a spin o") and its replica o®), chosen independently from Sy_; using the Gibbs

measure with the same disorder sample. From Lemma 2.3.3, we have

ff€2 (G (zw;a) =G (Y1,79%30)) ] » oo

(f e2(9() dz>2

<€779Q> —e2 X (Gon (yorvom50) —2G (y

(4.3.2)

where

h2 — 2\ +2
(o) = e+ ) = 3 Yo (== Mot =) =) 4 52 S B
(4.3.3)

and we set

n

= 2 434
“T BN (4.3.4)

We take  to be the critical point of G(z) and we chose 7% > A1 + |a| such that (yx, Y, ) is a critical
point of Gy (z, w; a). We calculate oy below.

The partial derivative of Gy with respect to z is

N

Ggm_ 1 w— N\ h26 (w— N\ +a)?
0z B_Nz(z—)\i)( —N)—a> N Z (z = X)(w—XN;) — a?)? (4.3.5)

=1

OGm
0z

exists a critical point of the form (z,w) = (Y&, 7) Where g solves the equation

and %g_$ is similar. Since is an increasing function for real z (and similarly with %), there

N n2

5_iz = i hQBZ i =0, > \+lal. (4.3.6)
N~ (o — X —a)(ym — Ai +a) (= Ai—a)® T

There may be other critical points, but (79, ys) is the one that we use for our steepest descent
analysis. For simplicity, we refer to this critical point as g rather than (ye,v%). For a = 0,
Gn(z,w;0) = G(z) + G(w), and in this case, the critical point is (z,w) = (7, 7).
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We use the following two formulas in this section. The first formula is

N (G (v, ot 0) — 2G(7)) = N (G (o, 5 @) — 2G(7) — QQI(’Y)(’YSR —7)) = B1+ By

4.3.7)
where
N 2 2
Z{log( 20m =) (=) —a>_2(7m—7)}
— Y= A (v — )2 Sy
and
1 Tr — Y
= 2h? { + ] .
ﬁ; w—A YN YE
The second formula is
al Yr — Ag 2(y + 9 — 2M\; —a)
R — 2 R — i
—v—a +h
o [E (o — A — @) (3 — N + @) (3 — ) 52 Con— e — a)? (v—W]
al 1
= —Q s
; (o — A + a)(y = i)
(4.3.8)

which follows from subtracting the critical point equations for v, and .
We also make use of the following lemma.
Lemma 4.3.1. The point vy satisfies v < vy < 77 + a.

Proof. Let

N

1 2=\ hQﬁ n
g(z):B_NZ(Z_)\i—a)(z—)\ ta) Zz—k—a)

i=1

Since g(y%) = 0, it is enough to show that g(y) < 0 and g(y + a) > 0. Using a > 0, we see that

N N
1 1 h?3 n? ,
- -225 I ~0.
NZv-A N gb-x)? 70
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On the other hand,

gy +a) =5 -

O]
4.3.1 Macroscopic external field: » = O(1)
4.3.1.1 Analysis
Fix h > 0. It turns out that the fluctuations are of order N~'/2. Hence, we set
n=pB&/N sothat a=¢N"Y2 (4.3.9)

The critical point of G(z) is given in (3.1.20) by v = 7o + 71 N~Y/2 4+ O (N~!). Consider the
critical point 5. By Lemma 4.3.1, v = v + O(N~%/2). We now use the equation (4.3.8). Using

the semi-circle law approximation, we find that

a (s2(0) + OV )

(4.3.10)
52(70) + 2h%Bs3(v0) + O(N~

T —7—a=—

3

N[

Thus,

_ ﬂ -1 _ 2h? Bs3(70)
Yr =+ N +O(N™") where A= S20o0) + 2h2 B0

We evaluate N (Go (s, Yot; @) — 2G (7)) using (4.3.7). From a Taylor approximation,

(4.3.11)

N Y 2
Bi=), (%(7 _VL; CHONT2) = (9w — )2 + @) Nsa(y) + O (N72) . (43.12)
i=1 ¢

. . . 1 . 1 .
On the other hand, using the geometric series for oNTa T o e and using (2.2.16),

By = inf {(7 _a)\i)g . (7?7__7)\:):)2 40 ((ﬂyg?v—_—fy)\;??’ﬂ

= a(s2(7) + N728x(3:2) + (=7 — a)*ss(7) + O (N77?)

(4.3.13)
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where Sy(z; k) is defined in (2.2.6). The leading term is asy(y) which is O(N'/2) and the rest is
O (1). Inserting v = 7o + 1 N~V/2 + O (N~1) and using s)(z) = —2s3(z), we find that

N(Gox(m, Ym; @) — 2G(7)) = €(1 + A?)s2(70)

1 2h28 (52(A —1)253(70) + €SN (705 2) + EVNsa(0) — 2553(7())%) Lo (N7%> |
(4.3.14)

We now consider the integrals in (4.3.2). Since all partial derivatives of Gx(z,w) evaluated
at the critical point (z,w) = (ym, 7%) are O (1), the two dimensional method of steepest descent
applies. Since the second derivatives evaluated at the critical point do not depend on &, we find that
the ratio of the integrals in (4.3.2) is asymptotically equal to 1.

Combining the computations above, we find that

1
log(e®N™) 22 €3(1+ A%)sa(30)

+ h*B (52(A — 1)%s3(70) + ESn (703 2) + €V Nsa(o) — 2553(%)71)

(4.3.15)
where A is given by (4.3.11). Using the formula (3.1.21) of v, we obtain
Sn(70:2) — 253(70)m = Ts20) g (30:2). (4.3.16)
T's2(v0) + 2h*s3(70)
Hence, we conclude the following.
Result 4.3.2. For h > 0and T > 0,
log (e6/NE-A2s260)) h*T'sy(70)Sn (703 2) ¢ T%55(70)(T's2(70) + 4h*s3(70)) &2 (43.17)

T T'sy(0) + 2h2s3(0) 2(T's2(0) + 2h*s3(70))

as N — oo for asymptotically almost every disorder sample, where ~yy > 2 is the solution of the
equation 1 — T's1(79) — h?so(v0) = 0, and Sx(z; k) is defined in (2.2.6).

As a consequence, we obtain the following.
Result 4.3.3. For h > Oand'T > 0,

1 [ h*Ts3(70)Sn(70:2)
VN [ Ts2(v0) + 2h2s3(70)

R 2 h2sy(0) + + oM (4.3.18)
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as N — oo for asymptotically almost every disorder sample, where the thermal random variable ‘)1

has the standard normal distribution and oy > 0 satisfies

T?s3(70)(T's2(v0) + 4h*s3(70)) .

o2 = (4.3.19)
a T's3(70) + 2h*s3(70)
4.3.1.2 Discussion of the leading term
The leading term
R = RUT, h) = h?ss(70) =1 — Ts1(70) (4.3.20)

in (4.3.18) depends on neither the choice of spin configuration nor the disorder sample. See Figure
IV.6a for the graph of 2R° as a function of A.

The value (4.3.20) for SR reproduces the prediction ¢, for the overlap obtained in [15, 22] from
the replica saddle methods which predicts that ¢, is determined by (3.1.29), The equivalence is
checked using that so(z) = s1(2)?/(1 — s51(2)?) and go = 1 — T's1 (o).

It is easy to check the following properties using a computation similar to the one in Subsection
4.1.3:

e Forevery T' > 0, R is an increasing function of A > 0.

e Ash — oo, T
RO =1- ot O(h™?)  forall T > 0. (4.3.21)
e Ash — 0,
h? 2Th*
-1 (1P -1) + O(h®) forT' > 1,
RO — 52 (4.3.22)
1-T+ e h* fi T < 1.
+2(1—T)+O( ) or0 < T <

4.3.1.3 Discussion of the thermal variance

The thermal variance of ‘R satisfies

S5

(R?) — (R)? ~ (4.3.23)

93



—T-
—— T-o0s
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h h

(a) Graph of MO (solid line) and (9310)2 (dashed (b) Graph of 05{ as a function of h.
line) as a function of hfor T’ =0.3and T = 1.3

Figure IV.6: Graphs of R° and 03,.

for 0% given in (4.3.19) and it does not depend on the disorder sample. See Figure IV.6b for the

graph. It is a decreasing function of /, and satisfies

272 573 _
a;:?—%JrO(h Y ash — ocoforallT >0 (4.3.24)
and )
T2—+O(h4) ash — O0forT > 1,
o2 (h,T) = —1 (4.3.25)
n 272%(1 —T)
T—I—O(l) ash —0for0 <7 < 1.

4.3.1.4 Limitash — oo

As h — oo, using (3.1.33) and s3(2) = 27 + O(27%72) as 2z — oo, we find that

W*Tsy(30)Sn(10:2) _ TY L (2 —1)
Tsa(v0) + 2h2s3(70) ohv/N

(4.3.26)

Thus, we see that, for every 1" > 0, if we take N — oo with A > 0 and then take h — oo,

o T T [N (n2-1)
Re~l— o+ =10 | . 4.3.27
h /N 2/ N ( )
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4.3.1.5 Limitash — OwhenT > 1

Using (3.1.32), if we take N — oo with h > 0 and then take h — 0, we see that, for 7" > 1,

o h? 27T2h* 1 T ) 1
~ — T4+ —=:2)]|. 432
R 771 (T2—1)2+\/N mﬁwh&v( +T, ) (4.3.28)

4.3.1.6 Limitash — Owhen7T <1

Similarly, from (3.1.32), if we take N — oo with h > 0 and then take h — 0, we see that, for
0<T <1,

D Th? T hBSN ’)/0,
RE2(1-T)+ + +\/ 1-T)M (4.3.29)
=D 50— " w20 -

From the discussions around the equation (4.1.37), we expect that h°Sy(79;2) = O (1) ash — 0
if h > N~'/6. This indicates that there may be a transition when h ~ N~'/6. We study this
regime in the next subsection. On the other hand, the thermal fluctuation term becomes of order 1 if
h~'N~'/2 = O(1). This indicates a new regime h ~ N /2, which we study in a later section.
4.3.2 Mescoscopic external field: h ~ N~/ and T < 1

4.3.2.1 Analysis

Set
h=HN™Y6 (4.3.30)

for fixed H > 0. It turns out that the order of the fluctuations of 2R is N /3. Hence, we set
n=pBENY? sothat a=ENT25. (4.3.31)

The critical point of G(2) is given by v = \; + sN~2/3

Inserting h = H N ~'/%, the equation takes the form

where s > 0 solves the equation (3.3.3).

N

N
1 1 n2

— — H? — =0. 4.3.32

P N1/3;S+a1—ai Bz(s—kal—ai)z ( )

=1

The solution satisfies s = ¢ + O (N~'/3) where ¢ solves the equation (3.3.14).
For the critical point of Gy, Lemma 4.3.1) shows that v < v < v+ a. Hence, vy — 7 —a =
O(N~2/3). However, we can get a sharper bound on this difference. The right-hand side of (4.3.8)

95



is O (aN 4/ 3) and the bracket term of the left-hand side of the same equation is O (N 5/ 3), with the

leading contribution coming from the second sum. Hence, we find that
Ym =7+ a— e, e=0(N"). (4.3.33)

We now evaluate (4.3.7). The first sum B; is

_é {bg (1 . zsa_—Aj) ) 8@—_3;) ) 2/5@_—)\?} N _é {log (1 +— jf_ a@-) - — jf_ az}

and this sum is O (1). For the second sum, we get

= 2AN'PH?B Z +0O (N3,

(s + ay —az)2

Therefore, N (Gn(ym, ym; a) — 2G(7y)) is equal to

— f: log {1+ . S D + 26NY3H?3 Z o + O(N~Y3)
— s+ a; — a; s+ a; — a; (s +a; — a;)? )
(4.3.34)

Using the equation (4.3.32) for s, we can write

28

s+a — a;

N
N(Gox(m, Y35 @) — 2G(7)) = 26BN =) "log (1 + ) +O(N"3).  (4335)
=1

Finally, we compute the integrals in (4.3.2). A calculation similar to the one from Subsection
3.3.1 shows that the kth partial derivatives of Gy evaluated at (z,w) = (ym, y) are O (N 3 ").
Since the second derivatives are O <N %>, the main contribution to the integral comes from a
5/6

neighborhood of radius N~
find that

around the critical point. Moreover, from explicit computations, we

G 0*Gm 0*Gm
a 2 (79&‘, 79‘?) awg (79%7 79%) = $N2/3, azaw (79% 79‘3) = yN2/3
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where

N 2 N 9

n; (s +a; —a; +§) n2¢
r =203 : : =2H? d :
’ Zlstm—a)plsta—a+2) 7 5; (s + a1 — ai)3(s + a1 — a; +2€)

Using the method of steepest descent with the change of variables z = v + uN %% and w =

Yo + vIN5/6, the integral becomes

/ / e%(gm(Zv”»U%a)*gm(’Ym,’Ym%a))dZdw2 i/3/ / ei(m2+“2+2wv)dudv. (4.3.36)
o HR Sy R N°3 Jig Jir

Evaluating the Gaussian integral, inserting the formulas of = and y, and noting that the denominator

is the same as the numerator when £ = 0, the ratio of the integrals becomes

ffe%(g%(zvuﬁa)*gm(’Y%779%9‘1))dzdw N sz\il ﬁ

n

N (Gox(2)—G 2 B N i
( [e¥En)- (v))dz> DDA rewrremr vy

(4.3.37)

Combining the above calculations and replacing s by ¢, we obtain the following result after

moving a term of order N/,

Result 4.3.4. Forh = HN /% and 0 < T < 1,

N n?

k3

(HENP =0Ty o N3 Dl tog (1) 2ict ooy (4.3.38)

ol i
=1 (t+a1 7(12')2 (t+a1 70,14»25)

as N — oo for asymptotically almost every disorder sample, where t > 0 is the solution of the
equation (3.3.14).

The term in the exponent on the right-hand side is O (1).
Result4.3.5. For h = HN~"%and 0 < T < 1,

—=Tn(t) (4.3.39)

as N — oo for asymptotically almost every disorder sample, where t > 0 is the solution of the
equation (3.3.14) and Y n(t) is a random variable defined by the generating function given by the
right-hand side of (4.3.38).
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4.3.2.2 Matching with » = O(1)

We take the formal limit of the result (4.3.39) as H — oo. From (3.3.20), t — oco. The big
square root term of the generating function on the right-hand side of (4.3.38) is approximately 1.
On the other hand,

N N
2¢ 1
N3 — 1 14+ ——=— ) ~ ¢ NS = _—
¢ ;Og( +t—|— 1—az> £< th—kal—ai Z t+a1—al

=1

Setting © = \; + tN—2/3 we have, using a formal application of the semi-circle law,

1 1 1
JUATE SN N —— Ve VE N I [ ~ N3 (1~ ,
iz:t+a1_ai Nzlx_AZ ( Sl(x))

Using (2.1.8), the above equation becomes

N

1
N3 —Z— ~ NY3\x =2~/

1 t+a1—ai

For the other term,

N 1

Z 1 = Z a~ ! So(x) =~ L ~ _
— (t+a, —a;)2 N3 £ (x—A\)2  NI/3 N2 —2 2k

ViE+£-

Hence, the generating function on the right-hand side of (4.3.38) is approximately e 2f There-

fore,
Ty(t) = Vi+t 40

for a thermal standard normal random variable 1. Inserting the large H formula (3.3.20) for ¢ and
replacing H = hIN'/%, we find that if we take h = HN /% and let N — oo first and then take
H — oo, we get

D Th? T hSSN 70
21_7 2 AA=T 43.40
R Toa—m Tanie | 20— L L (4.3.40)

This is the same as (4.3.29) which is obtained by first taking N — oo with i > 0 fixed and then
taking h — 0. Therefore, the result matches with the h = O(1) case.
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4.3.2.3 Limitas H — 0

From (3.3.19), t = O(H) — 0 as H — 0. The generating function on the right-hand side of

(4.3.38) converges to
6§N1/3—% Yl log<l+$)

where the term ¢ = 1 cancels out with the limit of the big square root term. Using the moment

generating function (4.2.12) for the chi-squared distribution, we find that if we take h = HN /6
and N — oo and then take H — 0, then
N
D T n?
Rl -T+—— [ NV~ i), 4.3.41

+ N1/3 ( 22:2: 0 — a; ( )
for independent thermal standard Gaussian random variables n;.
4.3.3 Microscopic external field: h ~ HN~/?and T < 1
4.3.3.1 Analysis

Set
h=HN'? (4.3.42)

for fixed H > 0. It turns out that the fluctuations are of order O (1). In other words, the leading

term of YR converges to a random variable. We set
n=p¢ sothat a=ENL (4.3.43)

The critical point of G(z) is v = A\; + pN ! from (4.1.48). Consider the critical point of G.
Lemma 4.3.1 implies that ys = A\; + O (N™!). We set

=M @mNTL g > [ (4.3.44)

for some gx. Separating ¢ = 1 in the equation (4.3.6), we find that ¢ is the solution of the equation

qn H?fn}

B—1-— — + O (N3 =o. (4.3.45)
@ — & (an—§)? ( )
When 3 = T~! > 1, the equation 5 — 1 — ﬁ — % = 0 has a unique solution for = and gy is

approximated by this solution with error O (N —1/3 )
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Using (4.3.7) and separating out the i = 1 term, we find that N (Gx (s, yo; a) —2G(7y)) is equal

to

2 _ g2 2(qom — 1 1 —
—og (6 ) 2B g | L LR Lo (V). 4d0)
P P gpm—& p P

Using the fact that p satisfies equation (4.1.50), this can be written as

N (Gx(yo: Yo @) — 2G(7))

2 _ ¢2 4.3.47
= —log (qmng ) +2(5—1)(Qm—p)+2H2an{ ( :

_1 —1/3
gn — & p] O,

We now consider the integrals in (4.3.2). As in Subsection 4.1.6 of the overlap with the external
field when h ~ N~'/2, the main contribution to the integral comes from a neighborhood of radius
N~1 around the critical point in both variables. Changing variables to z = 7% + uN ! and
w = Y + vN —1 we find that all terms of the Taylor series are of the same order, so we see, as
in Subsection 4.1.6, that the integral is not approximated by a Gaussian integral. Therefore, we

proceed by writing

N(Gn(z,w;a) — Gnu(yo, Yor; )

= N(Gn(z, w;a) — Gn(yo, ;@) — (G )= (01, o5 @) (2 — ) — (Gow)w (Y15 Vo5 @) (W — 1))

= (z = A)(w =) —a”\  (m = X)(z 4w — 29m)
__; [log( (o2 — Ai)* — a? )_ (73 — \)? — a? }
N z+w— 2\ + 2a 92 2w — 29,
+h252n? |:<Z_>\i)(w—)\i)—a2_7%_>\i_a+(79%_)\i—a)2:|'

Inserting the change of variables and separating : = 1 out,

(u+ go2) (v + gov) —52) R0
g5 — &7 o — &
252 U+ v+ 2qn + 26 2 Ut }
B {(U—F%)(vﬂL%) & @£ i (g0 — €)?

N(Gn(z, w;a) — Ga(ym, Y; a)) ~ — log (

for finite v and v. Using the equation (4.3.45), this can be written as

N(Gxr(z,w;a) — Gn(y:, Yor; a))

- (u+Qm)(v+qm)_52) - , 2[ utv+2m 26 2 }
~ log( s + (B —1)(u+v)+ H*Bni it m) € £
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Thus, the numerator integral in (4.3.2) is asymptotically equal to

2
%5 1) (u+v)+ 23711[ utvi2ap+2 2

m (utagm)(vtag)—€2  am—¢
/ / dudv

V(U -+ gn)(v+ gn) — &

where the contours are from —ico to ico such that all singularities lie on the left of the contours.
The denominator integral is the same with £ = 0.
Combining the above calculations into (4.3.2) and making simple translations for the integral,
we find that
H2pn? (utv+26)

| % B=Dto)+ =0 qude

<€B£m> ~ f 4/ UV— 52
L S
f\f ez (B-Dut—5"qq

where the contours are upward vertical lines such that the points £ (in the numerator) and 0 (in the

(4.3.48)

denominator) lie on the left of the contours. We now evaluate the integrals using (recall (4.1.59))

/ ea\;;" du = Qi\)/; cosh(2v/ab). (4.3.49)

Consider the double integral in the numerator. For each v, we change the variable u to z by setting
uv — &2 = z. We can define the branch cut appropriately such that the contour for z does not cross
the branch cut. The numerator becomes

1, a1e2 H2pn?2 2
1 o 7ot R o)+ = (4 0126) o
vz

The z-integral can be evaluated using (4.3.49). Writing the resulting cosh term as the sum of

two exponentials, we can evaluate the w-integral again using (4.3.49). The above double integral
becomes

_Bzirl [e\/mmn cosh (/B — DBH|m| + (3~ 1¢)
VORI cosh /(B = 1)BH|m| - (4 ‘”)}

Writing cosh as the sum of two exponentials again, the expression above becomes a linear combina-
tion of e®~Y¢ and e~(*~V¢, The denominator in (4.3.48) is the same as the numerator when & = 0.

Thus, using § = 1/T and re-scaling &, we obtain the following
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Result 4.3.6. Forh = HN Y2 and 0 < T < 1,

cosh (2—HTFH|”1|> ef +e ¢

cosh (2—1_:‘;1{‘7”') +1

(4.3.50)

as N — oo for asymptotically almost every disorder sample.

Recognizing that the right-hand side is the moment generating function of a shifted Bernoulli

random variable, we obtain the following result.

Result 4.3.7. Forh = HN Y2 and 0 < T < 1,
2v/1-TH|n4|
COSh (T‘)

D
N cosh <2—1_§H|m|> +1

T B(0), 0=

(4.3.51)

as N — oo for asymptotically almost every disorder sample, where the thermal random variable
B(c) is the (shifted) Bernoulli distribution taking values 1 and —1 with probability ¢ and 1 — ¢,

respectively.

4.3.3.2 Limitsas H — oo

If we formally take the limit as H — oo of the result (4.3.51), then
)
R~1-T. (4.3.52)

This is the same as the leading term of (4.3.41) which is obtained by taking h = H N~/ and letting
N — oo first and then taking H — 0.

4.3.4 No external field: h =0

For 0 < T < 1, the analysis in Subsection 4.3.3 for h = HN~'/? extends to H = 0 case as
well. For 7' > 1, the analysis in Subsection (4.3.1) applies to all A > 0. We note that, for ~ = 0 and

T >1,7%=T+T "and s5(7) = 75—. We have the following result.

Result 4.3.8. For h = 0,

—L ¢ forT > 1,
|2 VNI (4.3.53)
(1-T)3B(1/2) for0<T < 1.
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4.4 Geometry of the spin configuration

The results on three types of overlaps tell us how the spin variables are distributed on the sphere.
We discuss the geometry of the spin configuration vector o = (071, - - - , o) from the Gibbs measure
in this section. Recall that u; is a unit vector which is parallel to the eigenvector corresponding to
the largest eigenvalue of the disorder matrix. In this section, we choose u;, among two opposite
directions, as the one satisfying u; - g > 0. Recall the notation n; = g - u; and that the external field
g is a standard Gaussian vector. Note that n; = |n;| because of the choice of u;. The normalized

spin vector can be decomposed as

&::L:aul—l—bﬂ—l—v v-u =v-g=0>0, 4.4.1)

VN lg —mwll

where a and b are components of the normalized spin vector in the u; and g; — nyu; directions,

respectively. The vector v is perpendicular to both u; and g, and it satisfies
|v?=1—a*— b (4.4.2)

Note that ||g — nyw||? = [|g|* — n? ~ N + O (N'?) and n; = O(1). Thus, if we ignore

subleading terms from each component, the above decomposition becomes

. g . . g
o ~au; +b——+v=au +0bg+ v, = —. 443
1 \/N 1 23 g \/N ( )
The components a and b are related to the overlaps by the formulas
O=(6-w)P=a Meg.g= M lemmwml am (4.4.4)
) N Y N
up to O (N 1) terms. Furthermore, v satisfies the equation
R=c1.60 = aras + biby + v - v, (4.4.5)

4.4.1 The signed overlap with a replica for the microscopic field, » ~ N~/2 and T’ < 1

Consider the decomposition for h = HN~'/?2 and 0 < T < 1. The overlap with the ground
state is given in Result 4.2.6 for h ~ N~'/3 and Result 4.2.7 for h = 0. Since the leading terms of
the both results are same, given by 1 — 7', the leading term holds also for & ~ N~'/2, Thus, we find
that a®> ~ 1 — T in this regime, and hence la| ~ /1 = T. On the other hand, Result 4.1.7 on 9t
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implies that

any Iy |[V1I—TB(a) VTN
W+b_h+ i o= (4.4.6)

Noting h ~ N~1/2, we find that b = O (N_l/Q). From the formulas of @ and b, we also find that
|v]|? =1 — a*® — b* ~ T Finally, Result 4.3.7 implies that

aras + biby + vV . v® 2 (1 - T)B(0). (4.4.7)

Here, 6 is given in (4.3.51) and « in (4.4.6) is given by (4.1.64). They satisfy the relation § =
a? + (1 — a)?. Now, we make the following ansatz on a. For h = 0 and 0 < T < 1, the spin
configurations are equally likely to be on either of the double cones around u; with the cosine of
the angle given by v/ — 7. This means that a ~ V1-T%B(1/2)forh=0and 0 < T < 1. For
h ~ N~1/2 we make the ansatz that

a=6-u~VI-TB() (4.4.8)

for some ¢ which we determine now. Note that if X; and X, are independent (thermal) random
variables distributed as B(¢), then their product X; X5 is B(¢? + (1 — )?)-distributed. Thus, the
equations (4.4.6) and (4.4.7) become

I VI=TB(p) 2, ImVI-TB) VIR
VN a VN VN

and
(1=T)B(*+ (1 - 0)?) + 0 (N7 +vD.v® 2 (1 - T)B(0).

Since 6 = o + (1 — a)?, it is reasonable to assume that the solutions are ¢ = «, and

o \/_‘ﬁ
a~V1-T%(a), b2 h \/N

This calculation leads us to the following conjecture on the signed overlap of the spin variable with

areplica.

Conjecture 4.4.1. For a given disorder sample, let u; be the unit vector corresponding to the
ground state such that u, - g > 0. Then, for h = HN~"/? and 0 < T < 1, the signed overlap with
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the ground state satisfies

Hlnq |v/I=T
T

0"1113\/1_T%(a)’ a= ‘

— —, (4.4.9)
\/N 6H| 1|Tﬁ +€_H\ I\T\/ﬁ

as N — oo for asymptotically almost every disorder sample.

The above conjecture implies that for h = H N~'/? the spin configuration vector concentrates
on the intersection of the sphere and the double cone around u; where the cosine of the angle is
V1 =T, just like the h = 0 case. However, while for H = 0 the spin vector is equally likely to
be on either of the cones, for H > 0 the spin prefers the cone that is closer to g than the other

1/2

cone. As H — o0, the polarization parameter « — 1 and hence for h > N/, the spin vector is

concentrated on one of the cones.

4.4.2 Spin decompositions in various regimes

The results of the overlaps give us information about the decomposition of the spin for other
regimes of h as well. From the first equation of (4.4.4), we find a2, and hence |a|. The discussion

of the previous subsection implies that for h > N~1/2

, the spin vector concentrates on one of the
cones. Thus, we expect that a = |a| for such h. Using this formula of a, we then obtain b from
the second equation of (4.4.4), from which we also find ||v||?> = 1 — a? — b Finally, the equation
(4.4.5) implies v(V) - v and hence, the overlap v(!) - ¥(?) of the unit transversal vector v = HX_\I
with its replica. We summarize the findings in Table IV.1. The result for the last row follows from
the last subsection.

The result for the regime h ~ N /6 (fourth row) follows from Results 4.2.4, 4.1.5, and 4.3.5.

The term A = A(T, hN'/%) is given by the leading term in Result 4.2.4,

n? ~ hNYSn,|

)
ay — (li)Q t ’

N
A= |1—T—h2N1/3 Z o (4.4.10)
=2

where ¢ > 0 is the number that makes the two formulas of .4 equal. For every disorder sample, A is
a decreasing function of H = hN'/%, changing from /1 — T for H = 0to 0 as H — oo.
The result for the regime h = O(1) (second row) follows from Result 4.2.2, 4.1.2, and 4.3.3. The
variable g = vo(7, h) > 2 is the solution of the equation (3.1.26). It satisfies 7o ~ h—l—% ash — oo
h4

and vo >~ 2 + -z s h — 0: See Lemma 3.1.7. The function s (z) is the Stieltjes transform

of the semicircle law. It satisfies s;(z) = 27 + O(273) as 2z — oo and s1(2) ~ 1 — /2 — 2 as
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Case a=6-u b~a-g | |v] v 3@

h — o0 0 1 0 0

h=0(1) o hsi(10) | VI = 25100 | s e o
h—0,hNs o0 | AT/l h 1 1-T

h~ N6 A(T,hNY$) | h VI— A2 1=

ANS — 0,ANZ = 00 | V/1—T h VT o(1)
he~N-2(@ndh=0) | I—TB(a) h+% VT o(1)

Table IV.1: This table summarized the findings of the decomposition of the spin variable & ~
au; + bg + v in different regimes for 0 < 7" < 1. We indicate the leading order terms, except that
we have o(1) at two places. The o(1) term in the fifth row is complicated to state and the o(1) term

in the last row is not determined from our analysis. The unit transversal vector is v = ﬁ

z — 2: see (2.1.8). See Sub-subsection 4.1.3.2 for properties of 9° = hs; (7). The term \/\/’% is

from Result 4.2.2 and is given by

/0
o0 _ L |Aml VI | 4.4.11)
VN VN|w-2 V-2

For the last column, Result 4.3.3 and the formula b ~ hs; (7o) imply that v(!) - v(2) ~ h2sy (o) —
h%s1(70)%. We use the identity so(2) = s1(2)?/(1 — s1(2)?) for z > 0 to simplify the formula.

The third row follows either from the fourth row or from the second row. Starting from the
fourth row, we use (4.2.26), which shows that

16(1 — T')*n?

2/\/
A= hSN

(4.4.12)

as hINY/® — 0o. We can also see this formula from (4.4.10) because ¢t ~ 4’1(1N ;/ 32 (see (3.3.20)).

Note that A = o(1) in this regime. On the other hand, if we start from the second row, we use

(4.2.16) to find the same formula for a. Other columns can be found from sq (o) ~ 1 —
1/8

h2
20-1) 38
h — 0. Note that the two components a and b are comparable in size for h ~ N~
The quantity «a in the fifth row follows either from the fourth row or from the last row. The

formula (4.2.27) shows that A% ~ 1 — T as hN'/ — (. We also see this formula from (4.4.10) by
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dropping the o(1) term. If we start from the last row, the polarization parameter « satisfies « — 1
as hN'/2 — oo, and hence a ~ /1 — T, giving the same formula for a. The other columns follow
from this result. One can show using Result 4.2.6 and (4.2.41) that the subleading term in a (not

shown in Table IV.1) is comparable to the leading term of b, which is h, when h ~ N~1/3,

4.4.3 Summary

Three quantities contain thermal random variables: a for the regimes h = O(1) and h ~ N~1/2,
and b for the regime h ~ N~'/2. Among those, a for the regime h ~ N~'/2is O (1) but the other
two quantities are of smaller order O (N~'/2).

The table shows that a = O(1) for h < O(N~/%) and b = O(1) for h > O(1). As h increases,
the u; component of a typical spin vector decreases while the g component increases. The above
result shows that the crossover occurs in the regime N~/ < h < O(1) in which both components
are o(1).

The last column of the table is the overlap of the unit transversal vector v with its replica. This
overlap is o(1) for h < N~/ If the error were O(N~'/2), it would give a strong indication that
the thermal distribution of v is uniform on the transverse space (i.e. the set of unit vectors that
are perpendicular to u; and g). The above result does not show the error, but we expect that the
distribution on the transverse space is close to being uniform. On the other hand, for o > O(N -1/ 6),
the overlap of the unit transversal vector is non-zero and O (1). This implies that v is not uniformly
distributed on the transverse space.

Overall, for 0 < 7" < 1, as we increase the external field, we expect the following geometry of
the spin vector that is randomly chosen using the Gibbs (thermal) measure for a quenched disorder,

i.e. for asymptotically almost every disorder sample.

* For h < N~'/6 the spin vector is on a double cone around u; (possibly preferring one cone

to the other), and the thermal distribution on the transverse space is close to being uniform.

 For h ~ N~/ the spin vector is polarized to a single cone around u;, but the cone itself
depends non-trivially on the disorder sample. The thermal distribution on the transverse space

is not uniform and depends on the disorder sample.

» For N~'/6 <« h <« O(1), the spin vector entirely lies on the transverse space with only
o(1) components on the ground state and external field directions. Although the thermal

distribution is not uniform, it does not depend on the disorder sample.
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» For h = O(1), the spin vector is on a cone around g and the thermal distribution on the
transverse space is not uniform. The cone and the distribution on the transverse space do not

depend on the disorder sample.
* For h — oo, the spin vector is parallel to g.

The results of this thesis do not describe the distribution of v on the transverse space in detail.
This can be achieved by studying the overlaps o - u; with other eigenvectors. This analysis can be

done using the method of this thesis and we leave this work as a future project.

The items in the table can be expressed via a single formula across all regimes by using the

following decomposition of the spin configuration vector:

R AB(a)u; + hsi(10)g + /1 — A2 — h2s1(70)2v + O (N~1/2) (4.4.13)

o
where V is a unit vector in the transverse space, i.e. v-u; = v-g = 0 and ||v]| = 1. All items in
the middle three columns of the table other than two items, a for the regime & = O(1) and b for the
regime h ~ N~'/2, are of order greater than O (N ~'/?). Hence, the above formula is meaningful

for all items except those two.
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CHAPTER V

Detailed Analysis of the Overlaps for a Microscopic External Field

The purpose of this chapter is to rigorously prove our results for the the overlap with the external
field and overlap with a replica in the microscopic field regime (h ~ N~/2). The microscopic
regime is the most delicate one to analyze and has important implications for magnetic susceptibility
as well as the geometry of the Gibbs measure. This chapter focuses on the proofs of Theorems 5.2.1
and 5.3.1. These are similar to Results 4.1.6 and 4.3.6 in the previous chapter, but we provide a
more precise statement of each result as well as a rigorous proof. In particular, we specify bounds
for the order of the subleading term and the probability with which the result holds.

Section 5.1 provides preliminary lemmas, which include more precise versions of some of the
material in Chapter II. The proof of Theorem 5.2.1 can be found in Section 5.2. Sections 5.1 and
5.2 are also published in [13]. In Section 5.3 we prove Theorem 5.3.1. A comparable result was
obtained via a different method in [30] (see Theorem 2.14).

5.1 Preliminary lemmas

5.1.1 Eigenvalue spacing

Recall from Chapter II that we define the rescaled eigenvalues
a; == N*3(\; — 2) (5.1.1)

and, as N — oo, the rescaled eigenvalues converge in distribution to the GOE Airy point process
[47, 41]. We denote this as {«; }5°, satisfying

{ai} = {ai}. (5.1.2)
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Heuristically, we expect that, for 1 < i < N,

375\ 2/3
a; oy A — (%) (5.1.3)

V2—zx
i

since the semicircle law is asymptotic to dxz as x — 2. The above approximation and the

rigidity property suggest that,
a; < —i¥® asi, N — oo satisfying i < N. (5.1.4)

For proofs throughout this chapter, we need a more rigorous version of the approximation above,

which we obtain in the following lemma.

Lemma 5.1.1. (adapted from [29]) There exist some integer K and some ¢ > 0, which do not
depend on N, such that, for all k > K, we have

Pl () {w-a>g”}]>1- % (5.1.5)

N2/5>j>k

Proof. In line (6.33) of [29], Landon and Sosoe obtain the result that there exists some K; (not
depending on N) such that, for all £ > K7,

2/3 37Tj 2/ 1 .2/3 1
Pl () SN -2)<- =) 1l >1- (5.1.6)

N2/5>j>k

(Note that the original statement of this inequality in the arxiv version of [29] contains a typo, but
the result above is what follows from the preceding lines of [29] and we confirmed this with the

authors.) Next, we observe that there exists some K’ such that, for all & > K’, we have

1 1
2/3 2/3
P(N/(Q—Al)gﬁk/)zl—m (5.1.7)

for N sufficiently large. This comes from the fact that the GOE Tracy-Widom distribution has
sub-exponential tails. Neither K nor K’ depends on IV, so we take K to be the maximum of these

two values and, combining (5.1.6) and (5.1.7), we conclude the desired result. OJ
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5.1.2 Special sums

The preliminaries in Chapter II also included convergence results for sums of the form

N
1 1
— —_. .

N & B oL

7

In particular, recall Landon and Sosoe proved [29] that

e~ 1

= . nNL/3 _ )

Envi=N (NZAI_& 1):& (5.1.9)
1=2

for a random variable = as N — oo. The limiting random variable = can be expressed in terms of

the GOE Airy kernel point process as

n

1 1 (%3 dx
= = lim E - — — 5.1.10
n00 ‘o — ;T /0 NZ ( )

1=

where the limit exists almost surely.
We also claimed in Chapter II another version of the result (5.1.9) where the constant numerators

are replaced n?:

N3 ii ") S im i vi —l/(tz ‘d—x (5.1.11)
Ni:2 )\1—)\1 n—00 — a1 — O ™ Jo \/E o

1=

where v; are i.i.d standard Gaussians, independent of the GOE Airy point process «;. This follows
from (5.1.9) and the fact that

N o)
1 n? —1 v2—1
E : = E : 5.1.12
N2/3 i—2 /\1 — )\z i—2 ] — O ( )

which is a convergent series due to Kolmogorov’s three series theorem and Lemma 5.1.1. Note that
Lemma 5.1.1 enables to verify (5.1.11) rigorously by including details that we omitted in Chapter
II.

The last task related to the special sums is to provide a rigorous version of Result 2.2.4 that
includes more specific bounds on the order of the sub-leading terms and the probability with which

each statement holds (in Result 2.2.4 we simply said “for asymptotically almost every disorder
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sample”). The precise version is provided in the following two lemmas.

Lemma 5.1.2. For any ) > 0,

N N

1 1 1 1 1

) oy = O ) and 52 B =14 o) (5.1.13)
i=2 v

with probability at least 1 — N—%/2. (This lemma is adapted from a similar result in [30]).

Proof. Define an event

N
By = {0 —d > NH0 L {ﬂ (=X < N3 (minfi, N +1 - i)/

=1

(5.1.14)
The first equation in (5.1.13) holds on this event, which we can see by writing
6/3
1% 1 _1“sz R R 1
NSh-h N h-A N o8 A (5.1.15)

— O(N~5%%) + (1 + O(N—%“))

where, for the first sum, weuse A\; — \; > N —3(1+9) and, for the second sum, we use eigenvalue
rigidity and the semicircle law. The second equation in (5.1.13) also holds on Es using the same

reasoning along with the fact that the sum in (5.1.12) is convergent. It remains only to show that

P(Es) >1— N~%/2 (5.1.16)

From Lemma 3.4 from [29], we have
P(A; — Ay > N300y > 1 — =50+ (5.1.17)
for any ¢’ > 0. This, along with (2.1.10), implies the lemma. O

We also consider a similar class of sums with a larger exponent in the denominator and get the

following lemma.

Lemma 5.1.3. Forany § > 0

N
=2

N
1 5 n? 5
(a1 —a;)™ (a o \m > . .
(a1 —a))™ O(N?) and ; o) O(N%), m>2 (5.1.18)
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with probability at least 1 — N—3n.

Proof. To prove the first of these inequalities we consider the event

N
Fsm = {cu —ay > N—%} N {ﬂ {|/\Z- — % < N3 (min{i, N+ 1 — i})_l/S}} (5.1.19)

i=1

The event {al —as > N _%} occurs with probability at least 1 — N ~2n 9 for any ¢ > 0 (see
[29] Lemma 3.4). Using this fact along with the eigenvalue rigidity result (2.1.10), we can conclude
that the event 5 ,,, occurs with probability at least 1 — [V 5% . Now we show that the first inequality

in Lemma 5.1.3 holds on the event 5 ,,,. In particular, on that event, we have

N [NO/2] N
Yt Y amart Y G
=2 al az i=2 (3] a; i:LN5/2J+1 ay a;
N
1 1
< N2 — 49
(N~=zm)m iLN5Z/2j+1 (=)™
v (5.1.20)
1 m _ gm
sviz Y (14 M
i:LN6/2J+1 (_all) <_al)
al 1
< Né + 4 Z ~.\m
NP2 |41 (—a;)

The summation in the last line is well approximated by the integral

S -
N—2§”+1/ R dascl(x)<4N—2§,”+1/ R N R 30,
2 (2—z)m 2 (2—xz)" 2

Using the approximation 2 — S‘L no2j4 = N ~3+5 from (5.1.3), we see that the right hand side

of the inequality above is of order N~™%/3, Thus 252 (ar 1a = = O(N?) on the event Fj,,.
Because n; are standard Gaussians, the sum ZZ 9 m has the same order with comparable
probability. O

5.1.3 Chi-squared distributions

One quantity that we make use of throughout this chapter is n; = ul g. We note that n; has a

standard normal distribution which means that n? has a chi-squared distribution with one degree
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of freedom. We prove many results that hold on the event where n? is roughly of order 1. More

specifically, we have the following lemma

Lemma 5.1.4. For any sufficiently small § > 0,
P(N™° <nj<élogN)>1— N2 (5.1.22)

The proof of this lemma is straightforward from the probability density function for chi-squared

random variables. We note for the purpose of future results that n; is independent of the eigenvalues
of M.

5.1.4 Defining the event on which our result holds

For any ¢ > 0, we define an event &, as follows:

1
N
- ! < N¢ N " N form —
N Z<—_ andZ—_ orm=2,3% (5.123)

(a1 — a;)™
Lemma 5.1.5. For ¢ > 0 sufficiently small and N sufficiently large,
P(E)>1— N /10 (5.1.24)

Proof. The event &, as defined above is the intersection of three events, each with probability close
to 1. For sufficiently large N, we know from Lemma 5.1.4 that the first event in the intersection
has probability at least 1 — N~°/2 and, from Lemma 5.1.2, the second event in the intersection
has probability at least 1 — N~</2. The third event in the intersection is actually composed of two
events, the one for m = 2 and the one for m = 3. By Lemma 5.1.3, these hold with probability
1 — N~%/%and 1 — N~/ respectively. Putting these together, we see that, even if the complements
of all of these events are disjoint, we have P(E.) > 1 — N—/10 for any sufficiently small ¢ > 0 and
sufficiently large N. O

Throughout the rest of this chapter, we will prove various results assuming that we are on the
event £.. We can then conclude that those results hold with probability at least 1 — N /10,
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5.2 Overlap with the microscopic external field (detailed proof)

5.2.1 Introduction

In this section, we present a rigorous proof of Theorem 5.2.1, which provides the moment

generating function for the overlap 9. This is essentially a rigorous version of Result 4.1.6/4.1.7.

Theorem 5.2.1. Given T < 1 with h = HN Y2 for some some fixed H > 0 and n, := u; - g, we
have the following asymptotic formula for the moment generating function of 9, the overlap with
the external field. This formula holds on the event E. (which has probability at least 1 — N—/10)
for any sufficiently small € > 0 and £ = O(1).

TTgQCOSh ((H+T§)|”1|\/1T_7T> (1 1 O(N—%-‘r%)) ' (5.2.1)

(S —
cosh (H!nl | 1T’T>

eHé+

Note that the leading term on the right-hand side is the product of two terms implying that it is
the moment generating function of a sum of two independent random variables. The exponential
term is the moment generating function of a Gaussian random variable. For the ratio of the cosh
functions, we note that the moment generating function of a shifted Bernoulli random variable that
takes values 1 and —1 with probabilities P and 1 — P respectively is Pe’ + (1 — P)e™*. The ratio
of cosh functions in Theorem 5.2.1 is of this form with ¢ = £|n|v/1 — T and

el |VI=T

"= eFImIVIST 4 o~ im |VI=T (5.2.2)

Hence, for any large N, we can conclude that, on the event £., the scaled overlap v/ N9t behaves in
its leading order like the independent sum of a Gaussian random variable (with mean H and variance
T) and a shifted Bernoulli random variable (which takes values |n;|/1 — T and —|n;|v/1 — T with
probability P and 1 — P respectively for the value of P stated above).

We can use Theorem 5.2.1 to obtain various information about the overlaps, including formulas
for all moments of 9. Of particular interest are the first moment (Gibbs expectation) and the

1/2

variance with respect to the Gibbs measure. Since 9 is of order N ~"/“ in the case of a microscopic

external field, we examine the scaled overlap 9tV N. For the expectation, we get

(MVN) = H + |ny|v/1 — T tanh (Hyn1| Y 1T_ T) +0 <N*%+§) (5.2.3)
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and for the variance with respect to the Gibbs measure, we get

Var(MVN) =T +n?(1 = T) (1 — tanh? (Hynﬂ Y 1T_ T)) +0 (N*i%) . (5.24)

where both of these formulas hold on the event &..
In the proof of Theorem 5.2.1, we make use of Lemma 2.3.3, which can be restated as follows:
Ym-+tico e%(ggﬁ(z)—gm () d »

BEVNMY _ o5 (Gom (yom) =G(7)) ym—ioo
<€ > 2 fﬁ/-‘rloo N(g (2)—G(v ))d (5.2.5)

where

1 & (h+%)2 Y on2
Gon(2) =6z—ﬁi§_;log(z—&-)+ A=Y . (5.2.6)

1=
and we use -y and gy to denote critical points of G(z) and Gon(2) respectively, which satisfy v > \;
and yon > A;. In the next two lemmas, we show that these critical points are unique and we compute
upper and lower bounds for them. After accomplishing this, we turn to the more delicate task of
computing the integrals in the formula for the generating function of 90t. This is more difficult for
h ~ N~'2 than in the other scaling regimes because the critical point is very close to a branch
point. Since a straightforward application of Taylor approximation and steepest descent analysis
does not work in this case, we directly compute the integral in a neighborhood of the critical point

and then show that the tails of the integral are of smaller order.

5.2.2 Critical point analysis

We begin by computing the critical point v of G(z). In Section 4.1.6, we used the ansatz that
v =M +pN~!with N9 < p < N for any § > 0 and sufficiently large N on some event whose
probability tends to 1 as N — oo. Here we take a more rigorous approach. Without making any

assumption about the order of p, we set
y=A+pN! (5.2.7)

and then prove that the order of p indeed satisfies the ansatz from Section 4.1.6 (in fact we prove
something more precise). In particular, we can define p via the formula for G’(z) and prove the

following lemma.
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Lemma 5.2.2. There exists a unique p > 0 satisfying the equation

2

G'(\ + N‘l)—ﬁ—iz : H%Z o =0 (528
1P - N A +HpN—L =)\ (M +pN-t — )")2_ o

=1

and, for any sufficiently small € > 0 and sufficiently large N, we have T' < p < elog N on the

event E., which occurs with probability at least 1 — N~</19,

Proof. The existence and uniqueness of p can be seen from the fact that, for x € (A, 00), the
function G'(z) is monotonically increasing with G'(z) — § as ¢ — oo and G'(z) — —oo as
xr — A;. Having established that (5.2.8) has a unique solution p > 0, we turn to the task of
bounding p. On the event &., the last sum in equation (5.2.8) is O(N~57<) for any sufficiently small
€ > 0. From this, we get

N
1 H? 1 H?pn?
Z Bn1+O(N i)Y <0 < B—-— by

= = (5.2.9)

on &.. Further applying the definition of &£, to the sum on the left hand side and rearranging terms,

we get
H2
B—1+0O(N"3) < §+ pf”l < B. (5.2.10)

2 2
Hence, on &, the expression 1—1) + Hp@”l is bounded above and below by order 1 quantities. The

upper bound ensures that p > + = T (note this is not a sharp bound). The lower bound on

B
1 + H?pn?
P p?

ensures that p = O(e log N) provided that |n;| = O(clog N). Since |n;| < (¢log N)'/?
for sufficiently large NV on &, we can definitely ensure that |n;| < C'e log N for any constant C' and

sufficiently large V. [

Having proved the lemma, we apply the bounds on the order of p to equation (5.2.8) and
conclude that p satisfies

G171 1 H QQn%

p p

with probability 1 — N~/1°. We note that, when h = HN~'/2, the equation for Gy, is same as the

one for G with H replaced by H + £. Thus yop = A\; + pop N ~! where pgr > 0 solves the equation

+O(N3%) =0 (5.2.11)

1 (H+8)%n

> +O(N"3t¢) =0, (5.2.12)
Pon Pon

B—1-
and the lemma below follows by the same reasoning as in the lemma above.
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Lemma 5.2.3. There exists a unique pyy > 0 satisfying the equation
_H+ s )28 i n?
(AL +pmN~t = \)?
(5.2.13)
and, for any sufficiently small ¢ > 0 and sufficiently large N, we have T' < pogy < log N on the

gimo\l +p£mN =0

ity
)\1+pgmN [Py

=1

event E., which occurs with probability at least 1 — N~¢/10,

5.2.3 Contour integral computation

We now consider the ratio of the integrals in the formula (5.2.5). For the integral in the numerator,

we have the following lemma.

Lemma 5.2.4. For fixed H > O withh = HN~Y? and T < 1

/ X (G (2)~Gom ) 1 -

~ —(B—1)pon+3 BT
:21\/27]1\9[93165_117 cosh<H+§ 71| _1> <1+ON = )> (5219

on the event ., which occurs with probability at least 1 — N~/ for any sufficiently small ¢ > 0.

Proof. To compute this integral, we need a formula for N (Gon(z) — Gon(yom)) in terms of u where
2 = o + ulN 1. We will begin by focusing on the central portion of the integral and then we will
handle the tails separately. When we are on the event &. and |u| = o(N37¢), we get the following

computation:

N

Nfl Nfl H 2 2 2N72
— Z{log(l—i—u )_u }—l-( +¢) BZ 1 5
P Ym—Ai)  ym— A (o + uN=" = X)) (ym — A)
2N 2
— log (1 + — |u|
P = (ym — Aj)

+<H+5>/3n o (Z |u|2N3>

(pom + u)piy = (m = A

N(Gm(z) — Gm(ym)) = N(Gom(2) — Gamn(yam) — Gap(yom)ulN )

(5.2.15)
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Using properties of the event &, the quantity in the last line above can be simplified as follows:

H 23,2, 2
— _log (1 i ﬂ) I Gy Bn;u + O(uEN-3+)
Pon Pon (pom + w)p3y

= —1lo i _ *%JFE U — (H—I—{)Qﬂn% ’U,2 7§+5
= lg(l—i—pm)—i-(ﬁ 1+ O(N )( pgm)+1+—(pm+u) + O(Jul*N )
=—1lo u _ U — <H+§)2Bn% u _%4_5

= 1g(1+p >+(5 1)( pm)+1+—(pm+u) +O<(|\+1)N )

(5.2.16)

27L2
Now, set g(u) :%(—log<1+$> +(5—1)(u—pm)+1+%> andlet0<5<%—§.

Then we see that, on the event &,

/moo exp |3 (Gn(2) ~ Gnloon)|

i 1 (5.2.17)

iN?

=N (/ exp (g(u) +0 ((|u! + 1)N’%+5>> du + integrals of tails) :
—_iN?¢

For the purposes of computing this, it helps to deform the contour by shifting it leftward so that,

instead of the vertical contour from vy — ico to oy + ioo, we consider a contour from A\; — ico

to A; 4 ioo which is a straight vertical line except near \; where it passes to the right of A\;. The

integral on this contour will be the same as on the original contour and we get

/AMHOO P [g(gfm(z) - gim(%m))} dz

1—ioco

1 iNd
v (/ exp (g(u —pam) + O ((Ju] + 1)N~/3)) du + integrals of tails)
—_iN?é¢

IS s
N / exp(g(u — pon)) <1 +0 ((!u\ + 1)N’§+€>> du + integrals of tails | .
—_iN?¢
(5.2.18)

Note that we have implemented a leftward shift of vy — A; with respect to z, which corresponds to
a leftward shift of pgy with respect u. We make this shift in the integrand rather than in the contour
bounds, so the contour with respect to u is a vertical line along the imaginary axis, but passing to the
right of the origin. Next, we compute the integral on the portion of the contour from —i/N? to iV°.

Call this portion of the contour C. We define C' more specifically (in terms of ) to be composed of
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three pieces:
* () is the straight line from —iN° to —ipgy.
* (, is the semicircle given by pope? with 6 € -2, Z].
* (} is the straight line from ipgy to iNV°.

We show that exp(g(u — pax)) is bounded on C4, Cy, C5 by bounding the real part of g(u — py).
On C and C3, we have

Re(g(u — pm)) = —llog (l}i‘) —2pm(B—1)+1< 1. (5.2.19)
o

On (5, we have

, 1 , : H + ¢)*fn]
Re(g(pme” — pm)) = = 5 los(e”]) + (5 = 1) - Re(pme” — 2pm) + 1+ Re <(;ﬁﬂ)
14 HEEBnT
Do
(5.2.20)

Since the real part of g(u — pgyn) is bounded, the magnitude of exp(g(u — pon)) is also bounded by

some constant (call it ¢) so we have

/ exp(glu— pw)) (140 ((Jul + DN du

exp(g(u — pon)) (1 +0 <(|u\ + 1)N’%+5>> du
(5.2.21)
exp(g(u — pon))du + O(c - 2N25’%+5)

/ _
=

—_iN?é¢

/ exp(g(u — pan))du + O(Nz‘;’%“).

1

Q

Similarly, we have

/C exp(g(u — pa)) (140 ((Jul + HN"H4) ) du = /C exp(g(u — par))du + O(N*5+%),
’ ’ (5.2.22)
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Finally, for C%, we get
| explotu—pm)) (140 ((Jul+ DN H+) ) du
Co

- / // exp(g(pme” = pm) (1+ 0 (N77) ) pmiiead

(5.2.23)

w/2 . - )
_/ eXp(Q(I?mele - pmt))pimieledQ +0 (pgjoWN_§+€>
—7/2

:/C exp(g(u — pon))du + O(N~57%).

Thus, we conclude that, on the event &, for any 0 < ¢ < 55

/im exp(g(u — po)) (1 L0 ((\u| + 1)N—%+8)) du

—iN?

iNd
= / exp(g(u — pon))du + O(N%_%Jre). (5.2.24)

—iN$¢

We use lemma 5.2.5 to show that the integral of the tails has order O(N~%/%). This has the same
order as O(N20-5%<) when § = (1 — 3¢), which is positive for any 0 < ¢ < £. Since we are free

to choose any 0 < § < ¢ — 5, we set § = 2(1 — 3¢) and get

1 iN?® .
/eg(g”(z)_gm(m))dz =¥ (/ exp(g(u — pax))du + O (N—;1+7>)
iNG

(/ /pm (5-1)(u= zpm>+1+<H+§>jﬁn% du+ O (N—211+§>> (5.2.25)

1/2 ,(IB )p+ iN?d “Du n
o O (7 Lty o (o)),
N iN‘;\/a

du can be evaluated using the contour integral

The integral f0++iR \/Lﬁ exp ((B;l)u + (H+§Lzﬁn?>

formula for the modified Bessel function (see e.g. [2]):
2iv/m cosh(2v/ab). (5.2.26)

1 b 1/4
anrwdw = 27 (—)
A++1R \/— a \/_

Since this integral converges, the integral in the last line of equation (5.2.25) must converge to

_1(2vab) =

m\»—A

the same value. Furthermore, the tails of the integral in (5.2.26) beyond order N? only contribute
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O(N~%2) to the value of the integral. This can be seen by applying integration by parts to the
integral i f NG \/@ el(a )dy where the factor 76 ¥ is differentiated and the factor ¢ is integrated.
This gives us O(N~9/2), which is less than O(N~2r*7) since § = (1 — 3¢). Hence, we conclude

that, on the event &,

/eg(gmt(z)gsm(“m))dz

: —(B—1)po+3 Ly e
_ 21\/271']6})7\;9m cosh ((H + &)1/ B(B — 1)) (1 + O(N*ﬁJr?)) . (5.2.27)

]

We now return to the task of computing the moment generating function of 91 using equation
(5.2.5). The integral in the denominator of that formula can be viewed as a special case of the

numerator in which £ = 0 and pyy, is replaced with p. Therefore, on the event &,

j'e% Gon (2)—Goam (vam)) ] »
fez (2)=9(M)q »

e (7 + Ol )
p cosh <H|n1|m>

To compute the moment generating function of 1 from the formula (5.2.5), it remains only to

~m

(1 L O(N"a+ )) . (5.2.28)

evaluate the factor ¢ 2 (920 =90 which is also computed in Section 4.1.6. Although we require
more precision for the order of the sub-leading term than we did in the preceding chapter, this can
easily be achieved by repeating our previous steps using the assumptions that hold on the event £,

and carefully tracking the order of each term. This yields the result

N(gDﬁ(VDﬁ) - g(”)’)) 10g( ) ) + 2(5 — 1)(1993? _p) 4 (2H€ + 52)5 + O(N_%'HS)_
(5.2.29)

Thus we can conclude that

2H§+£ )Bcosh(H+§|n1]\/ —1)
cosh <H|n1|w/ —1)

Replacing 5¢ by € and using T' = 1//3, we obtain the result stated in Theorem 5.2.1.

(ePEVRIY _ ( +0(N-%+%)). (5.2.30)
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5.2.4 Integral Approximation Lemma

The proof of Theorem 5.2.1 in the preceding subsections required us to compute a contour
integral. In that computation, we relied on the fact that the dominant contribution to the integral
comes from a neighborhood of the critical point. In this section, we prove that fact by providing an
upper bound for the value of the integral outside of a neighborhood of the critical point and showing
that the upper bound shrinks to zero as N — oco. This is the most technical part of the contour

integral computations.

Lemma 5.2.5 (Tail approximation for overlap with external field when h = H~"/2 and T' < 1). For
any 6 > 0,

/m exp [g(gm(Al +uN"Y) = Gm(ym)) | du=O(N~3) as N = oo (5.2.31)

NS
on the event &..

Proof. First, observe that we are using a vertical contour with real part equal to \; as opposed
to the original contour, which had real part equal to . This is due to a contour deformation
that we did when computing the integral on the central portion of the contour. To show that
the integrals of the tails tend to zero, we deform the contour yet again. Instead of the vertical
line contour given by \; + i(N° + t)N~! with ¢ € [0, 00), we consider the contour C, given by
A — fE)NTT +i(N° + t)N " where f(t) = (t +1)* — 1 for some 0 < A < 3. We briefly
comment on this choice of contour: In order to show decay of the tails of the integral, we want the
real part of z(¢) to approach —oo as ¢ — +o0o0. However, in order to control the integrand, we want
the real part of |2(¢) — \| to be smaller than A\; — X\, when [t| < N. We choose f(t) = (t+1)> — 1
because we also need f(0) = 0 and f'(¢) bounded.

To bound fN5 exp[5 (Gm(A1 + uN"') — Gon(yom))]du we observe that

‘ exp [ (Gon(A1 +uN~") — ggm(%m)):| du

[e.e]

= [ o+ e [ F@mOn+ 0+ i+ )5 — Gt |
\

J, =@

-+
/Omﬁ

IN

Jexp | 5 GO + (<1041 + )N = Gl |

(t+1)1-2

IN

exp | @n( + (=0 4 1N+ )N = Gonon)
(5.2.32)
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Thus, it suffices to show [ [exp [ (Gm(A1 + (—f(t) +i(N° +£))N~') — Gop(yom))] |du =
O(N~%/3). We use the notation Gy (2) = A(2) + B(z) where

1 H+6)28 e 1
A(z) == Bz — N Zlog(z - \), B(z) = ( ;25) b . fj)\-' (5.2.33)
J=1 j=1 J
We begin by noting that
o N
[0 |5 @nte(0) - Gt a
’ (5.2.34)

o
</
0

Therefore, in order to show that the integral on the tail has order O(N~%/3), it is enough two prove

exp | (AG(0) ~ A6

exp |5 (Blet0) - Blom) |

the following two things:
o ST lexp (A — fF(E) N+ i(N° + t)N~1) — A(yn))) | dt = O(N~%/%) and

exp (5 (B(A\1 — f(()N~! +i(N° + t)N~) — B(yen)))| is bounded for ¢ > 0.

The integral in the first bullet point can be rewritten as

r

exp (E(A(A1 — fONTTHi(N + )N — A(m))) ‘ dt

2
o° N
= /0 exp (75()\1 — fO)N! — 7931)) (5.2.35)
N 1 . _
- lexp [—%Zlog ()\1 — f(t)N 1;}:(_]\?‘%— HN~! — Aj)] dt
=1 !

and this can be further simplified as

[ <_5<pm-2+f<t>>>

- 1 - Al—f(t)N1+i(N5+t)N1_)\j)

exp [ 5 ]Zl log < r— a

[ exp Ao 1) L& A= FONT (N + N =
_/0 exp <_f> - exp [_§;IOg = J ] dt

(5.2.36)
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We begin by showing that this integral restricted to the interval [2(yon — Ay )N, 00) is of order

O(e~N/%) | If we integrate over just the first factor in the expression above, we get

/ ” exp (_M) dt
2(ym—AN)N 2

—exp GM) /°° oxo (_(t+ 1)A> y (5237)
2 2(ym—AN)N 2

=0(exp(—N%))

In the last equality above, we used the fact (see Lemma 5.2.3) that poy > T on the event &£.. Since

this integral converges, it suffices to show that

exp [ Z rf(t)N_l,;;(f\f\jH)N_l_’\j ] is of order O(e™™/2) for t > 2(ymm — An)N.
N .
1 AL — FONTL (NS + )N=L = ), ]
exp ——Zlog
[ 2 = Yo — )\

N

(N° + )N~ 2(ym — Aw) 5238

<exp |—= lo <exp|—= lo (5.2.38)

P [ Z T ] P [ Z | = A

N
< exp {—Elog@)] < e N2

Next, we show that the integral is of order O(N~%/3) on the interval [0, 2(y9x — Anx)N]. For t in

this interval we have
N
w53
N
= exp [—5 Z log
j=1

HNTT (N + )N = )
Yo — Aj

(5.2.39)
ay —a; — f)N"V3 +i(N° + t)N—1/3
j

pgmN_l/?’ +a; — a;

] |

To obtain an upper bound for this quantity, we begin with the 5 = 1 term and observe that

0

Y‘Zv—m 1 < (%)W . (5.2.40)

—f(t) +i(N° +1t)
DPon

1 1
exp —§log < exp —§log
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For the summation of the 7 > 2 terms, we get

— fO)NTY3 1 §(NO - t)N—1/3
pmN_l/g +a; — aj;

|

1 . — t N—1/3 2 N(S " QN_2/3
< exp ——Zlo (a1 — a; f(>1/3 )?+ ( —2|- )
L 4 j=2 (pamN +a; — aj)
i N
1 -2 t — N—1/3 2 N—2/3 N§ tQN_Q/g
Sexp | =D log|l+ (D) + pm){a1 = a)) P +(N° +1) .
1= (P N=Y3 + a1 — a;)?

(5.2.41)

Because —pZ; N~2/3 + (N? 4 ¢)2N~2/3 > (), the last line of this inequality is bounded above by

I v 2(f(t) + pan)(ar — a;)N~1/3
=N o |1 =
exp [ 1 ]Z:; 0g (pN P + a1 — ;)2
1 Y —1/3
< exp —i Z log 1 — 2(f<t)(: fW;)‘N ]
)= J
o s a2 (5.2.42)
con|iy <2<f(t) £ pmNTV (2(f(t) )N ) )]
L™ =2 ay — a; a — a;
@) 4 p s N NUB)? -
= exp 2 = a; — a; + ((f(t) +P£m ; a1 — aj

Next, using the properties of the event £., we see that the last line above has upper bound

exp {—f@) + Pon ((1 + O(N_%+a)) + O(N_§+A+6)>}

2
— exp [m (1 + O(N‘éﬁ))} . (5.2.43)

Combining this with the upper bound from the j = 1 term in (5.2.40), we conclude that
HNTI+i(N° + )N~ — )

exp [——Zl ‘ S— ]

< (%)m exp {w (1 +O(Né+s)>1 . (5.244)
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Finally, plugging this back into the original integral, we get

/0 e exp (%A(Al — FONT (N + )N — A(m))) ‘ dt

. /02('YSJI>\N)N . (_M) (pzm)l/? exp {w(l _'_O(N—§+s)):| At

2 No
=\ ——= eXp
N° 0

S 0+ o

dt

(5.2.45)

Since 3 > 1, there exists some C” > 0 such that the integral is bounded above by
172 20m—AN)N
() / exp [~C"((t+ 1) — 1)] dt
0

N9
B 1/2 B clog N 1/2 B _5/3
=0 (<N5> ) =0 (( i ) ) =O(N ) (5.2.46)

Lastly, it remains to show that |exp (5 (B(A1 — f(t)N~' + i(N° + t)N~') — B(yam)))| is bounded
and it suffices to show that Re ($(B(A1 — f(()N~' +i(N° +t)N~') — B(yan))) is bounded

above.

[ >N-HWMwN>—mW®

N H+£ 23 n? n?
Z(/\l (JN5+t)N Aj_%ﬁ—Aj)]

We observe that the real part of the 7 = 1 term in the summation is negative and, furthermore,

(5.2.47)

=Re

2 . . . .
Z;.V_Q (— mnj 1) is negative. Removing these terms, we see that the quantity above has upper bound
J

(H + €)% < n?
2N ZAl JEON-TH(NO+ )N — )\,
N” (5.2.48)
(H +£ )28 Z ( — fOONT = N))
B (AL — — )2+ (N5 +t)2N-2

Jj=
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Now consider two cases. For ¢ < N, the expression in the last line is bounded above by

(H+¢)°8 n’ C(Ht o w1
2N jz A — f(E)N—L =) - 9 ]22 ar —a; — FON (5.2.49)

n2 _1/3 1 .
This will be O(1) because Zjvzg ;iVT = 1+ O(N~37%) on the event &, and, for sufficiently
small &, we have f(t)N~"/% < L(a; — ap) since f(t)N~'/* = O(N*~5) where A < 1 and
a; — Qg > N7€/3 oné'a.

In the case where t > N, we instead use the upper bound

N 2 2

(H+8?8x~ mM—X) _ (H+E)6 2

< 4An? 5.2.50
ON ;2 (N* T {2N—2 = 2N 2 4n (:220)
Since n? are i.i.d. chi-squared random variables, the right-hand side is O(1) with overwhelming
probability. [

5.3 Applying this method to the overlap of two replicas (unpublished result)

Using a method similar to the proofs in Section 5.2, we can prove Theorem 5.3.1 below for
R, the overlap of two replicas (this is a rigorous re-formulation of Result 4.3.6). The generating
function for the overlap with a replica involves a double integral rather than a single integral, but we
can use the same contour as in Section 5.2 for both integrals and then transform to polar coordinates
in order to prove the desired decay properties outside a neighborhood of the critical point. While
our method works to prove this theorem, the details were omitted from the published paper [13]

because the theorem also follows from Theorem 2.14 of [30], as we explain below.

Theorem 5.3.1. Given T < 1 and h = HN~'/? for some some fixed H > 0, we have the following
asymptotic formula for the moment generating function of ‘R, the overlap with a replica. This
formula holds on the event E. (which has probability at least 1 — N=</19) for any sufficiently small
e>0and& = 0(1).

cosh (2—”7?{'”1‘) ef +e ¢

cosh (2—1_?{'"1') +1

o

+ O(N-21t7) (5.3.1)

Note that the leading order term on the right hand side is the moment generating function

of a shifted Bernoulli random variable that takes values 1 and —1 with probability P and 1 — P
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respectively, where
cosh <—2v 1_§H|"1|>

cosh (2—W) + 1.

Thus, for large N, we can conclude that, on the event &, the overlap R behaves in its leading

pP—

(5.3.2)

order like a shifted Bernoulli random variable. This conclusion also follows from Theorem 2.14 of
[30], which states that, for sufficiently € > 0, there exists €; > 0 such that with probability at least
1—N"*tandallt >0,

(Lyn-100 0@za-g-1)<0))
1.1
=5*3 tanh? ( v20(B — 1)) + N°O (t+ N3 =72 4 N71/3) (5.3.3)
where their parameter 6 is equivalent to H2{3 in our notation and their v; is analogous to our n1,
but for a deterministic rather than a random choice of g. While their theorem is formulated and
proved in a different manner than Theorem 5.3.1, their result implies ours. The unpublished proof

of Theorem 5.3.1 is provided below:

Proof of Theorem 5.3.1

~1/2

To prove this theorem, we begin by observing that, at the scaling h ~ N ~"/“, the fluctuations of

R are of order 1 (i.e. the leading term converges to a random variable) so we set

n =3¢ andthus a— BLN - % (5.3.4)
We make use of Lemma 2.3.3, which can be restated as follows:
N (G (2,w50)—G YR30
(ePE%) = o X (G —26) I ¢z nlonie) Entin i );dZdw (5.3.5)
( I e%(@(z)—gm)dz)
where
H2 — 2\, +2
Gn(z,w;a) = Bz +w ——Zlog 2= N)(w—\) —a?) 62 z+ww )\;__Zg
(5.3.6)

and g% > A; is chosen such that (s, 79:) is a critical point of Gg. In Section 4.3, we rigorously

proved that Gy has a unique critical point of this form. We provide further analysis of the critical
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point in the next subsection and then turn to the task of computing the integrals.

5.3.1 Ciritical point analysis
From Lemma 5.2.2, we know that the critical point y of G is

v = A+ % (5.3.7)

where T' < p < elog N on &, for sufficiently large N, and p satisfies the equation

B—1--— "L L O(N75+) = 0. (5.3.8)

In Lemma 4.3.1, we rigorously proved that the function Gx(z, w; a) has a unique critical point of
the form (2, w) = (ym,7») and that, for any scaling of h, it satisfies

T<m<7+ta (5.3.9)
Applying this lemma to the case of h ~ N~'/2, we can verify that vy has the form
o= Ay + 2 (5.3.10)
N

with gix > £ and T' < g < elog N + &£ on &, for sufficiently large N. This follows from the lemma
by noting that
pN =y - XN <ym—-M<v+a—\ =pN 14N (5.3.11)

Thus, we have p < g < p+ & where { isof order 1 and 7' < p < elog N on &..
Then the critical point equation becomes, separating the ¢ = 1 term out,
H?pnj

am _1
—1- — O(N~3%%) = 0. 5.3.12

5.3.2 Contour integral computation

Having verified the location of yx, we proceed to the computation of the contour integrals. The
first quantity we need is N (Gn (Yo, Yo1; @) — 2G(77)). The intermediate steps of this computation are

provided in Chapter II and we do not repeat them here. The result of the calculation is that, on the
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event &,

N (G (v, 10 @) — 2G(7))
1 (5.3.13)

~log (qg* ‘52) 28— 1)(an — p) + 21250 [ L 1] L O(N-+),
p? "lgw =€ p

We also need the quantity N (Gn(z, w;a) — Gx(ym, Yo; a)) which we calculate to be

N(Gn(z, w;a) — Gnr(ym, Yo; a))
= N(gm(z w; a) — Gxr(ym, Y5 @) — (Gn)z (9, 5 @) (2 — :) — (Gow)w (Y1, Y015 @) (0 — V1))
_ o Ai)(w — X)) —a® (= M)+ w—29m)

> [l g( ) |

(Y — \i)? — a? (Y — A\i)? — a?

6 z—i—w—?)\ + 2a 2 Z 4w — 29
Z (w—N\;) — a? ’)/f_};—)\i—(l—i_(’)/g){—/\i—a)Q

For the ratio of the integrals, we set z = Y + 3 and w = Y% + 4. The 7 = 1 term gives the main

contribution and we obtain

N(Gn(z,w; a) — Gn(yor, Yox; @)
= —log ((U + QD‘%)(U + C]m) — 52) N qj(u + U)

e p—z (5.3.14)
262 u+v+2qm+2( 2 U+ v } O(|u|—|—|v|)
T {(U+Qm)(1}+%) —& =& (g —§)? " N3¢

Note that this equation differs from the one provided in the preceding chapter in the sense that it
includes the dependence on v and v in the subleading term. This will be used to bound certain

integrals later in the proof. Using equation (5.3.12), the above can be written as

N(Gn(z,w;a) — Gur(ym, Y0 a))

2

:_1og<<“+q“;§i”j£§“> §)+(ﬁ—1)(U+v) (5.3.15)
sp 0| uUtU+2gm+26 2 } (w)

+Hﬁn1{(u+Qm)(v+Qm)—§2 gn — & X N3¢

We now compute the integral of the numerator. We will take C'; and C5 be finite subsections
of the contours that we get when we make the change of variables 2 = v + + and w = Y% + +
(possibly after some allowable deformation of the contour). We require that |u/, |v| = O(N°) on C;
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and C5 respectively where 0 is some positive constant to be determined later. Thus, we write the

integral in the numerator as

ot +iR J g HiR

H ﬁn% utv+2gn+2§ 2 Jul+|v][+1
Diuto)+—; [(u+qm)(v+qm)—§2 qm—ﬁ}—’—o( N1/3*5)

62 / / % dudv  (5.3.16)
C1J Oy \/(U+Qm)(v+%)—§2 o

-+ integral outside C; X Cg) )

If we let m denote the maximal magnitude of the integrand on these contours, we can simplify the

integral as follows (where ¢y, c2 denote the lengths of C'y and (), respectively):

HQBn% u+v+2qz +2€ |u|+|v|+1

l _
/ / 2 ) (utv)+ 3 {(u+qm)<“+4m>*€2 pree E}JFO( Nl/S—e)
Cy JCy

V(A gw) (v + gn) — €

dudv

'fl2 u+v
2(5 1) (utv)+ 5 L (u+:m;iigz;)2fg2_qm2—§} )
/ / (1 +O(N5_§+a)> dudu (5.3.17)
C1 JCo U+Q%)(U+Q%) — &
2
B e (o Ermee i
<1 + O(N°" 3% cieom / / dudv.
cy Joy u—i-Qm)(?H'Qm) — &2

Thus, we need to show that we can pick contours Cy, Cy such that ¢;, ¢y are O(N 5) and m is
bounded. For this purpose, it suffices to take the full contours to be straight lines parallel to the
imaginary axis with real part equal to £ — gi, except within a one unit radius of the point £ — g,
where the contour takes a semicircular detour around the point and define both C'; and C5 to be
the portion of this contour where the variable of integration has magnitude less than N°. For these
contours, the magnitude of the integrand is bounded above by exp((3 — 1)(1 + &) + H?Bn?) while
¢; and ¢, are still O(N°). Thus, the quantity O(N°~5¢)¢;cym becomes O(N30~3+¢),

We then show in section 5.3.3 that the integral outside the central region converges to zero at an

exponential rate and the integral (5.3.16) becomes

2
2 (B 1)(U+U H2 2B7L1 u+v+2qm +2€ 2

/ 5 (utam) (vtag)—€2 qw*ﬁ}
VIR S (14 O(NP-3te)) / / dudv  (5.3.18)
C1 JCo

?H' gn) (v + qn) — &2

Now we plug this integral into the formula (5.3.5) along with the computation from equation
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(5.3.13). By simple translations of the variables we get the following (where C' is now the vertical
contour with real part ¢ that passes to the right of ¢ and is truncated at magnitude N°).
HQ/BH%(u+U+2§)

3 (B=1) (utv)+ = —mr=s 30—14e
[ —c 2w-€2)  dudv (1 + O(N>"3 ))
(PR — Vuw—€? . (5.3.19)

2
1 ;(5,1)%% 36—Lte
fC Tme? 2w du 1+ O(N»*~5%¢)

We now evaluate the integrals in (5.3.19) using (recall (5.2.26))

b .
/ = 2V osn(avab). (5.3.20)
Vu Va

While our integrals are defined on a finite contour, they must converge to the same value as the
integral on the full contour as N — oco. As we observed in the single-integral case, the tails of the
integral in (5.3.20) beyond |u| N? only contribute O(N~%/2) to the value of the intergral. We
find that the terms O(N3~5%¢) and O(N~%/2) are of equal order when § = 2(1 — 3¢) and both
terms become O(N~21+%).

Now consider the double integral in the numerator. For each v, we change the variable u to 2z by
setting uv — &2 = z. We can define the branch cut appropriately such that the contour for z does not
cross the branch cut, although we note that the branch cut will change depending on the value of v.

The double integral becomes

z+§2+ )+H2ﬁ”% (ﬁ_’_ +2§)
P A e rs (A 5.3.21
// ol - (320

The z-integral can be evaluated using (5.3.20) and the double integral becomes

21\/% e e oy (V = Dl * 5)> av. (53.22)

Writing cosh as the sum of two exponentials, the v-integral becomes the sum of two integrals which

we can evaluate again using (5.3.20). We find that the double integral is equal to

_621r1 [emfnm cosh (/B — DBH|m| + (3~ 1¢)
+ e~V B-DBHIM| ooy <\/TH|”1| —(B-1¢ )]

(5.3.23)
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Writing cosh as the sum of two exponentials again, the above becomes a linear combination of
e#~D¢ and e~(#~Y&, The denominator in (5.3.19) is same as the numerator when & = 0. We find
that

cosh<2\/ g—1)5 H|n1> (B=1)¢ 4 o=(B-1)¢

(PR = (1+ 03+ (5.3.24)
cosh (2\/@ - 1)6H|n1|> +1
Using 8 = 1/T and re-scaling £, we find that
cosh (2A=THImM| Y o6 | ¢
(e5ToT) = ( - ) (1 - O(N—i%)) (5.3.25)

2v/1-TH|n1|
cosh (Tl> +1
Thus, we can conclude the result given in theorem 5.3.1.

5.3.3 Approximating the integral outside the central region

The goal of this section is to show that, for the double contour integral that we use to compute
overlap of two independent spins, the integral outside of the central region shrinks to zero (here
“central region” is where both variables of integration have order less than N°). We can use a similar
approach to what was done for the single-integral examples. We break the equation G(z, w; a) into

two parts

A(z,w;a) = z—i—w——Zlog z—\)(w—\) — a?)

(5.3.26)
hQB z+w—2)\ + 2a)
B(z,w;a) Z W) —a?
Our goal will be to show that the integral of
N /

exp {5 (A(%n +IN™ 4 +irN "% a) — Al ;)

(5.3.27)

+ B(y + itN_‘;/, Yo + irN_‘sl; a) — B(ys, Yo1; a))}

tends to zero exponentially (i.e. it has order O(exp(—N?')) for some §' > 0) if we integrate on the
region outside a circle of radius N? centered at the origin.
The general approach will be to show that the integral of the “A part” goes to zero exponentially
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and that the “B part” is either bounded or has growth that is at most polynomial in /N. To show that

the “A part” goes to zero exponentially, we will have to consider two subregions:

1. The region in which one of the variables of integration has magnitude greater than a multiple

of N and the other can be anything.

2. The region in which both variables of integration have order less than /V while the distance of

their coordinates (as a point in R?) from the origin is at least 2N°.

For this integration we take the contours to be the curves parametrized by u(t) = x(¢) + y(¢) and
v(r) = z(r) + iy(r) where
cos(2mt) tel[-1,1]
z(t) =10 te[-N° —1]U[1, N (5.3.28)
1—(t| = N°+1)2 te(—o0,—N?) U (N’ c0)
sin(2wt) te[—1,1]
y(t) = (5.3.29)
t t e (—o00,—1)U (1,00)

With this parametrization, the integral becomes

N
‘//exp [—(Qm()\l—i-a—i-u]\f1,)\1+a+vNl;a)—gm()\l—l—a,)\l—i-a;a))} du dv

< [ [ 1w @)@y o)

| exp { <Qm (A o B g O, > Gor( M +a, M +a; a))]

dr dt

(5.3.30)

Note that /() and y/(t) are bounded.
Showing the A part tends to zero exponentially when one variable is greater than a multiple
of N

Without loss of generality, let ¢ > 3N (v — Ay — a) and r € R. (In the next two sections, we
will consider N° < t < 3N (v — Ax — a) for various ranges of 7. The cases where  is negative or

where the roles of ¢ and r are reversed can be treated similarly). The A part of the integral on the
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desired region becomes

/—Z /3:(79%—@_(1) o (%ﬂQW +a—m) + (2(t) + x(r))Nl))

N
exp [_% Z lOg ((/\1—5-(1—&-31:(15)N*1—)\i—l—iy(t)Nfl)()q—&-ob—i—ac(r)N*l—)xi—‘,—iy(T)N’l)—aL2 )]
=1

dt dr (5.3.31)

(Ym—Ai)?—a?

We will show that, on the region of integration, the second factor of this integrand is bounded
while the integral of the first factor tends to zero exponentially on the event £.. We will begin by
considering the integral of the first factor and for these calculations that we recall that z(¢) and x(r)

are bounded above by 1 and are strictly negative for |r|, |t| > N°. Using this we have
e’} e’} Nﬁ ;)
oxp ( == (2(A +a =) + (2(8) +2(r))N77) | dt dr
—oo J3N(ym—An—a) 2

S A TR

—exp(-san - ) [ e (o) ar- [ :() exp (Ga(0)) a

=0(1)-O(N%) -0 (eXp (—§(3N(%% — Ay —a)— N5)))

(5.3.32)

where the we get exp(—f(gn — §)) = O(1) in the last line from the fact that gz > 7 on .. The
quantity in the last line will be less than exp(— (S N) for sufficiently large [V, so it remains to show
that, for t > 3N (yw — Ay — a), the quantity

’exp [_% Zf\;l log <()\1+a+:c(t)N*1f)\iJriy(t)N*l)()\1+a+x(r)N*1f)\iJriy(r)N*l)faQ)] ‘ is bounded. This

(=)=’
quantity can be rewritten as

N
exp [—% Z log <(/\1—/\i+a)2—a2+(r(t)+r(7“))(Al—ki+a)N‘1—TtN‘2+i(r+t)(A1—/\i+“)N_l)] ‘ (5.3.33)

(Ym—Ai)?—a?
=1
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If r > —N(yn — Ay — a) then this quantity is bounded above by
1 & (t+7)(A\ — N +a)N~*
. 1 1 %
exXp [ 9 Z og ( (’Y{R _ )\1>2 _ 0/2 )]

15, 20y — Ay —a)(M — A + a)
<exp |— Zlg((%ﬂ—)\i—a)(m—/\mLa))

N
1 gr — &+ ar —ay E+ar—a;
= —— 1 2 - . < 1.
=P 220g( G+ E+ar—a

(5.3.34)

g —§+ar —a;

The inequality in the last line above (which is definitely not optimal) follows from the fact that,
when a; — a; > g, the first fraction is greater than 1 and the second fraction is greater than 1 but,
when a; — a; < g, the first fraction is greater than N?/3(clog N)~! and the second is greater than
&(elog N)~! on the event £.. Thus, we are taking the log of a number greater than 1 for every index
i.

Thus, we are done with the case in which 7 > —N(y% — Ay — a). We now turn to the case of

r < —N(y% — Any — a). In this case, the quantity in line (5.3.33) is bounded above by

N —N+a)?—a—rtN"2+ (m(t) +2(r))N"Y (A = \i + a)
Zlo PN = (4% £ [N O — A+ a) h
& (Y — Ni)? — a?

Given that |¢| and |r| both have order at least N, the first term in the numerator above has strictly

|

~on 33 (J0-00v)]

greater order than the second term. Thus, the quantity above has upper bound

3(ym — Av —a)?
(Y1 — Xi)? —a?

N
1 3 2a
< — > log (S (1-——F——
—eXp[ 2 & Og(2( m—Ama))

(5.3.36)

Thus we have shown that the integral of the A part is less than exp(—/SN) on the region where
t>3N(ym — Ay —a)andr € R.
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Showing the A part tends to zero exponentially when both variables have order less than NV
and the radius is at least 2N°

Similarly to the previous case, the integral on this region can be expressed as follows (we begin

with an integral with variables of integration ¢ and r but will later transform to polar coordinates):

//exp (NT%(A1 +a— ) + (x(t) + x(r))N‘1>>

dt dr. (5.3.37)

1 B i+ B ——Nit+iy(r) N~ ')—a
exp [—521og<(h+a+w(t)N 1—Az+zy(t)1\(fwi>_(i:;f;(r)1v L Aictiy()N ) 2)]
=1

The first factor of the integrand simplifies to exp(—3(gn — £ — 5(2(t) + 2(r)))). We now focus on

computing an upper bound for the term in the absolute value, which can be simplified as

(ym—Xi)?—a?

N
exp [_% Z log <()\1—)\i+a)2—a2+(a:(t)+x(r))()\1—AH—a)N‘l—rtN_2+i(r+t)()\1—)\i-&-a)N_l)] ‘

=1

N
1 1 11 2 11
__2 :1 (a1—a;+ENT3)°+(z(t)+x(r))(a1—a;+EN3)N ™ 3 —rtN~ 3 +i(r+t)(a1—a;+EN~ 3)N ™3
exp [ 9 — og ( (qu_fli—i-al—ai)Q—&QN_%

(5.3.38)

At this point, it helps to consider the contribution from the ¢ = 1 term of the summation separately

from the contribution of the terms 2 < ¢ < N. The contribution from the # = 1 term can be bounded

as follows:
1 E2N"5 + (w(t) + x(r))EN"S — rtN =5 +i(r + t)EN5
exp —ilog T N2 NI
) IV~ SN (5.3.39)
= exp [_1 log £+ (x(t) + 33(72"))5 —2 rt+i(r +t)€ H
2 ax —§

To bound this quantity we assume without loss of generality that |¢| > |r| and consider two cases:

o If |r| < 1 then [t| > 2N — 1 and the quantity in (5.3.39) is bounded above by
] = /(@ - &N

+ In the case where |r| > 1, we recall that |t| > |r| so |t| > +/2N? in this region. Using this

N6
a3 — &2

r+t
a3 — &2

[N}

1
exp {—%log ] < exp [—5 log (5.3.40)
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fact, we conclude that the quantity in (5.3.39) is bounded above by

1 &+ (x(t) +x(r) —rt 1 rt
exp [—§log Z—& } < exp [—§log —2(%% — &) }
1 N° / _s

In either case, we conclude that the contribution from the ¢ = 1 term is at most \/W N-3.

Next, we need to bound the contribution from the 2 < 7 < N terms in the last line of (5.3.38).
We use the notation X; = a; — a; + EN73 and Y = (z(t) + z(r))N~35. Note that both X; and Y
depend on NV and Y also depends on r, . Furthermore, Y is negative for all 7, ¢ in this region. Using
this notation, we see that, on the event &., the contribution from the 2 < 7 < N terms in the last line
of (5.3.38) becomes

1 & X2+ X;Y —rtN~3 +iX,(r+t)N~3
exXp ——ZlOg 1 2
2 (Xi+ (gn—§)N73)2 —§2N"5

1=2

e | i log X4 (X;Y — rtN73)2 + 2X3Y — 2X2rtN~5 + X2(r + t)2N 3
o 4 1 2\ 2
= (X + (g — ONH)2 = 2N 1)
(5.3.42)

Combining the last two terms in the numerator and removing a negative term from the denominator,

we see that the last line above has upper bound

1 X4+(XiY—rtN‘%)Z+2X.3Y_|_X.2(r2+t2)N—§
— 1 1 1 7

€xXp [ 4222 Og( (XZ—F(QQL{—f)Ni%)Zl

1Y X4 4 2X3Y
< I 1 4 i .
< exp i 4 Zz_; 0g ((Xz N (qm_f)N—g)zL)]
_ 5 (2Y — 4(gn — N"H)X? + O(N I X2 (g — £)?)
=exp =7 Zlog (1 + Xt (g = g)N—%)4

< exp —i ilog (1 _ 2[C(qgn — &) —x(t) — x(r)]N-é)]

a; — a;
i—9 1 7

(5.3.43)

where the last line holds for some constant C' sufficiently large. Because ¢ and r have order at most

N, we can choose A < % and apply the Taylor approximation for log to conclude that this quantity
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is bounded above by

N _ 1N 2
exp {iz (2[0((19%5)%93(2575(7’)]]\7 i (2[0((.19%5)6”56_(213(7")]]\7 ) )]

ol
wl=

=2

[ Clgn—9) —a(t) —a(r) &K N5 o aaaea 1
= exp 5 Zz; p—— + (Clgn — &) —z(t) —x(r))" N - Zz; (o = ai)2]
< exp [C(‘m —4) ‘2”“’“) —20) 1y o(vir) + O(NQA—§+E)] .

(5.3.44)

If we further require A < § — £, then we can replace O(N 2A—§+5) with O(1). Finally, we plug this
upper bound back into (5.3.38) along with the contribution from the ¢ = 1 term of the summation
and we find that the integral is bounded above by

//eXp (_ﬂQ((D{ —$) —2:10(15) — x(r)) VB

Clgn — &) —x(t) — x(r)
2

~exp ((% - 6) (gn — €)1+ 0<1>>> % (5.3.45)

[ [ew (—B — IO oy - x(r))) dt dr

—O(N'"5 log N)//exp (-6 — 2<N_3+8) (—z(t) - af(?“))) dt dr.

Since the term in front of the integral has sublinear growth, it now suffices to show that the

e |

integral has exponentially shrinking order. To achieve this, we will transform the integral to polar
coordinates where ¢t = Rcosf and = Rsinf. Observe that, because of how x(¢) and z(r) are
defined, the quantity —z(t) — z(r) is always positive in this region. Furthermore, the integral that we
get on this region (between the circle of radius 2/V° and the square of side length 6 N (o — Ay + @))
is bounded above by the integral on the whole region outside the circle of radius 2N?. If we
now consider the integral on this infinite region, we observe that the value of the integral is the
same on each octant (i.e. the integral for # € (0, %) and R € (2N°, 00) is the same as if we took
0 e (%’r, W) for any integer k). Thus, it suffices to consider the integral over 0 < ¢ < 7 and

multiply the result by 8. In particular, it suffices to show that the following integral tends to zero
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exponentially.
/ / exp(—C(—z(Rcosf) — z(Rsinf)))dd dR (5.3.46)
Né Jo

On this region of integration, we have R cos 6 > V2N and thus
—2(Rcosf) = —1+ (Rcosf — N° +1)2 (5.3.47)

However, the picture for —z( R sin 6) is a bit more complicated. We get

“1+4 (Rsinf — N® + 1)> 9 < arcsin (fo)
— 2(Rsinf) = 5 (5.3.48)
n[—1,0] 6 > arcsin (%)

Therefore, we can split the integral into two parts, one with 6 € [0, arcsin( 1\}72
N_) s
R/ 4

)] and the second with

0 € [arcsin( ~]. We begin by computing the second of these integrals.

/ / " Rexp(—C(—x(Rcosf) — z(Rsin6)))d dR
Né arcsin(NTfS

/ / Rexp (—C(=2+ (Rcosf — N° +1)® + (Rsinf — N° +1)2)) df dR
NS Ja

rCSlIl

(5.3.49)

Using the inequality ||z||; > [|2||2/a, the quantity above has upper bound

20/ / Rexp (—C{(RCOSQ—N‘;%—1)2+(Rsin0—N6+1)1 >d9dR
N§ arcsm(%

: 5
20/ / Rexp <—C [32 —2V2(N? —1)R+2(N° — 1)2} ) do dR
N¢ arcsin(

A
_ 620/ / Rexp (—C [R ~ V(NS - 1)] ) d dR.
2N$ arcsin(N—é)
R
(5.3.50)
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Since the integrand no longer depends on 6, this has upper bound
00 A
z620/ Rexp (—C’ [R — \/iN(S} ) dR
4 AN
R A
exp (—C [R — \/§N6] )]

_ Zew [ h
4 —C(R — V2N?)1+A aN (5.3.51)

_ T oc 2N° o 5 518 o
KN [C<2N6—\/§z\/6)1+A eXp( clpv-vav]) o

— CIN—dA exp (_C«//NdA)

where C" and C" are constants. Thus, we conclude that

o %
/ / . Rexp(=C(—z(Rcosf) — z(Rsinf)))dd dR < C'N~*% exp (—C"N°2) .
2N¢ Jarcsin()
" (5.3.52)

This integral tends to zero exponentially and it remains to show that the other integral does as well.

00 arcsin(NTf)
/ / Rexp(—C(—z(Rcosf) — z(Rsinf)))dd dR
ans Jo

00 arcsin(N—(S)
g/ / * Rexp(—C(=2+ (Rcosf — N° + 12))d0 dR (53.53)
2Né Jo
A

00 arcsin(NT;;) NI 2
§620/ / Rexp [ -C | R 1—(7) —N°+1 do dR
2N JO

Since the integrand no longer depends on 6, it can be simplified as

[e'e) N6 A
620/ R arcsin (E) exp <—C (\/ R? — N20 — N° + 1) ) dR
2

NI

< e R-Zexp (—C (\/R2 — N2 — N5>A) dR.

2N$6 6

(5.3.54)

At this point we make a change of variable T' = v/ R? — N2} and note that dT = %dR. Then the

last line of the inequality above becomes

Ze / Texp (—C(T — N°)®) dT (5.3.55)
6 \/§N6

The computation of this integral follows as in (5.3.51) and we conclude that, for some constants C"
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and C"” (not necessarily the same values as before) this integral is bounded above by
C'N~% exp (—C"N?) (5.3.56)

Again, we have exponential decay, so we conclude that the A part decays exponentially on the

region between the circle of radius 2/V° and the square of side length 6 N (7 — Ay + a).

Showing the B part has at most polynomial growth

In each of the cases above, the integral of the A part shrinks exponentially with N. Therefore,
it is not necessary to show that the B part is bounded, but it suffices to show that it grows as a

polynomial of V.

exp (g (B +a+ut)N"' M +a+v(r)N~5a) — Blym, 1 a))) ‘

< exp (gmB()‘l +atu®NT N +a+o(r)NT a)>)

IN 4 “Aitz(t) N~ I4+iy(() N~ 1) (A1 +a—Xi+z(r) N~ 14iy(r)N—1)—a?
B 728 O\ numerator
= exp E -

2N — denominator

where the numerator and denominator are given as follows:

HQﬁ Y n2 (221 +2a(x(t)+x(r)) N~ =2X;4+-2a+i(y(r)+y(t)) N ~1) (5.3.57)
= CXp ( Z (AM+a e
=1

numerator =
(2(M—=Ni+2a)+(z(t)+2(r)) N7 [(M—Aitatz ()N (A —Xit+at+z(r)N ) —y(t)y(r) N> —a?]
—(y()+y(r) [ +y(r) (A —Xi+a) N~ +(@(@)y(r)+a(r)y(t)) N 2] N2
(5.3.58)

denominator = [(A\; — A\; +a+ z(t)N") (A = A +a+z(r)N~") — y(t)y(r)N > — a2]2

2

+ [y M =N +a+z(r )N ON +y(r)(M =N +a+z@N N (5.3.59)

It is straightforward to show that when 7 = 1 this fraction has order 1. Now show that the fraction
is of polynomial order (uniformly for 2 < 7 < N). We assume without loss of generality that

[t| > N°. I will also assume for now that |r| > 1 (it should be relatively easy to separately check
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for |r| < 1). Given these assumptions, we have y(¢) = ¢ and y(r) = r.

The second line of the expression for the numerator will negative, so we have

numerator
< (2(0M0 — X\ +2a) — |z(t) + 2(r)|N7H)
) {()\1 — X +a) +x)z(r)N2 — (A — N)|z(t) +z(r)| Nt —trN~2 — a2]
<2(M\ — N +2a)® + (z(t) + 2(r))*( A\ — X Fa)N !
N2 (A = A+ 2a) + [ (t) + 2 (r) [N 7]
= O0(1) + O(tPAN=Y + O(|tr|N~2) + O(|tr| - [t|*N~3)
(5.3.60)

For the denominator, we have:
« If |rt| > N3 then denominator = Q(r2¢2N %)
e If |rt| < N3 then denominator = (A, — \; + a)?)
e If |rt| = ©(IN'3) then denominator = Q(r22(\; — \;)2N 2)

Putting this information together, we see that, when |rt| is sufficiently large (e.g. |rt| > N) then the

fraction has order

(|7§|2AN3 + |tr|N? + |tr| - |t|AN>
0 2
r2t?
This is of polynomial order since r,¢ > 1 and have larger order in the denominator. On the other
hand, for smaller values of |rt| (e.g. |rt| < N), the numerator has order 1 and the denominator is

bounded below by a negative power of N. Thus, the growth is again of polynomial order.
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