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1 Introduction

Extended objects play a prominent role in quantum field theory. They are crucial in
classifying quantum field theories and understanding relations between them, they can
serve as order parameters, and can be used to define lower-dimensional theories from higher-
dimensional parents.

Wilson loop operators are natural objects to study in gauge theories. Extensive work
on Wilson loops, e.g. in 4d N'= 4 SYM and 3d Chern-Simons-matter theories, has led to
a wealth of exact results and revealed rich physical and mathematical structures (see e.g.



the 3d road map paper [1]). It is natural to embark on similar explorations in 5d. Gauge
theories in 5d are perturbatively non-renormalizable, but many theories with 8 supercharges
are believed to describe well-defined quantum field theories that flow to strongly-coupled
fixed points in the UV. The UV fixed points are superconformal field theories (SCFTs)
with no supersymmetric marginal couplings (classification attempts include [2-15]), whose
spectrum of loop operators includes the gauge theory Wilson loops. Wilson loops have been
studied for 5d USp(NN) theories in [16-18] and aspects of S-duality were studied in [19].
Aspects of higher-form symmetries were discussed recently in [20, 21]. The purpose of the
present paper is to initiate the study of Wilson and more general loop operators in a class
of 5d N/ = 1 gauge theories that are described by quiver diagrams with a large number of
nodes, and which flow to strongly-coupled 5d SCFTs with holographic duals in Type 11B
supergravity.

Quiver gauge theories with a large number of nodes host a wealth of Wilson loop op-
erators, which can be characterized by a representation with respect to each of the gauge
nodes. The focus here will be on Wilson loops associated with individual gauge nodes,
characterized by a representation with respect to a single node. For each choice of repre-
sentation this is a large family of Wilson loops. We will study Wilson loops in fundamental
and antifundamental as well as general antisymmetric representations of individual gauge
nodes, for a sample of 5d long quiver gauge theories in the strong-coupling limit. The sam-
ple includes the +x a7 theories introduced in [22] and the 5d Ty theories [23], which are 5d
uplifts of the 4d T theories of [24]. They are complemented by the Yy and Xy theories,
discussed previously in [25], whose gauge theory descriptions have distinct features like
unsaturated nodes and Chern-Simons terms.

In the limits considered here the gauge theory descriptions of the +xy a7, Tn , Yy and
X theories each have a large number of SU(+) gauge nodes, with most of them having large
rank. Building on the supersymmetric localization results for long quiver gauge theories
of [26], exact results for the expectation values of Wilson loops in antisymmetric represen-
tations will be derived, in the limit where all gauge nodes are strongly coupled. The scaling
can be expressed uniformly in terms of the length of the quivers. The expectation values
for large antisymmetric Wilson loops scale quadratically, and are uniformly given in terms
of Bloch-Wigner dilogarithm functions, with complex arguments encoding the gauge node
which the Wilson loop is associated with and the number of boxes in the Young tableau.
For (anti)fundamental Wilson loops the expectation values depend strongly on the gauge
node they are associated with. Depending on the type of gauge node, the scaling can be
linear, logarithmically enhanced, or subleading. These features are rooted in the properties
of the matrix models and have interesting manifestations in the holographic duals.

The holographic representation of the Wilson loops will be identified. The +x ar,
Tn, Yn and Xy theories can all be engineered by (p,q) 5-brane webs in Type IIB string
theory [22, 27], and their UV fixed points have holographic duals in Type IIB supergrav-
ity [28-32]. The supergravity solutions describe the conformal limit of the 5-brane webs.
The geometry is a warped product of AdSg and S? over a Riemann surface X, which
has distinguished points on its boundary at which (p,q) 5-branes emerge. These are the
external 5-branes of the associated 5-brane web and identify the dual field theory. Anti-



symmetric Wilson loops are represented by a two-parameter family of D3-branes for each
solution, one for each point of ¥. This reflects that the gauge node and representation of
the Wilson loop are two effectively continuous parameters. These D3-branes reproduce the
field theory results exactly, and the precise identification will assign to each point of 3 a
face in the associated 5-brane web. This connects the internal space of the supergravity
solutions locally to the internal structure of the associated 5-brane webs, and deepens the
relation between supergravity solutions, brane webs, and the field theories. Fundamental
and anti-fundamental Wilson loops will be understood in terms of D3-branes approaching
points on the boundary of ¥ and in terms of fundamental strings at the limiting points.

5d gauge theories host further loop operators represented by D-strings, which are
associated with instanton particles, and more general (p,q) strings. Their expectation
values can be obtained directly from the holographic duals, and the results will be discussed
in the context of dualities. SL(2,Z) dualities in 5d provide relations between gauge theories
with a common UV fixed point, which will be used to relate (p, ¢) loop operators to Wilson
loops in S-dual gauge theory deformations. Moreover, although the +x a7, T, Yv and Xy
theories are distinct theories, which are not related to each other by SL(2,Z), there are
large- N dualities between the Yy and Ty and between the Xy and +y n theories, which
provide further relations that will be discussed.

Outline. The general class of gauge theories is introduced in section 2, along with relevant
aspects of supersymmetric localization for long quivers. The Wilson loop expectation values
for the +n, 1, T, Yn and X theories are obtained. In section 3 the representation of
line defects in 5-brane webs is discussed, to guide the identification of Wilson loops in
the holographic duals. In section 4 the holographic duals for the theories of section 2 are
introduced, brane and string embeddings are discussed and Wilson loop expectation values
are obtained holographically. The results are discussed in section 5. Various technical
results are derived in appendices.

2 Wilson loops in long quiver theories

The gauge theories of interest here are 5d N = 1 supersymmetric linear quiver gauge
theories, with SU(+) gauge nodes connected by bifundamental hypermultiplets. The nodes
may have non-trivial Chern-Simons terms and/or additional fundamental hypermultiplets,
such that a generic quiver takes the form

SU(No)e, —SU(N1)e, — .. — SU(NL).,
| | | (2.1)
(ko] [Fe1] kL]

The ranks of the gauge groups are encoded in N, with ¢ = 0,...L, the Chern-Simons
levels are encoded in ¢, and the numbers of fundamental hypermultiplets for each node
are encoded in k;. A natural description for long quiver gauge theories is obtained by
introducing an effectively continuous coordinate z € [0, 1] along the quiver, and replacing



the discrete data { Ny, ki, ¢¢|t =0, ..., L} by continuous data
t
L b

For the theories considered here N(z) is a piecewise-linear concave function, and funda-

yA—

N(z) = N.p, k(z) = ks, () = car, - (2.2)

mental hypermultiplets or Chern-Simons terms can appear at nodes where N(z) has a
kink. The flavor bounds of [2] are satisfied at each node and the gauge theories flow to
strongly-coupled fixed points in the UV, described by 5d SCFTs.

The loop operators of interest in this section are %—BPS supersymmetric Wilson loops
of the general form

W _ 1 A0 0
Wg dimRtrRPexp{/ (zA +o ds) . (2.3)

t = 0,1...,L refers to the gauge node that the Wilson loop is associated with, A® is
the gauge field associated with the t*™ gauge node and ¢® is the real scalar in the vector
multiplet. R is a representation of the gauge group at the node ¢t and P denotes path
ordering. A Wilson loop of the form (2.3) on a great circle of S° preserves half the super-
symmetries, and the SU(2) R-symmetry [16]. The preserved symmetries of the UV SCFT
fit into D(2,1;2) @ SU(2), which is a sub-superalgebra of F'(4) with bosonic symmetry
SO(2,1) @ SU(2)3 [33]. The remaining SU(2) factors are associated with the preserved
SO(4) isometries.

For gauge theories of the form (2.1) with L large, Wilson loops are labeled by the
effectively continuous coordinate z along the quiver, defined in (2.2). For each choice of
representation this yields an effectively continuous family of operators. The focus here will
be on the fundamental and anti-fundamental representations, denoted by f and f, and
on general k-fold antisymmetric representations, denoted by A¥. To uniformly label the
antisymmetric representations it is convenient to introduce a parameter k valued in [0, 1]
and defined for the ¢ gauge node by k = k/N;. A concise notation for the Wilson loops
then is

W(z) = Wi, Wa(zk) = Wik, . (2.4)
These are families of loop operators labeled, respectively, by one and two effectively con-
tinuous parameters. In this section expectation values for these operators will be obtained
for a sample of 5d long quiver gauge theories, in the limit where all gauge couplings be-
come infinitely strong. The results are based on the formulation of the matrix models
resulting from supersymmetric localization in long-quiver gauge theories of [26], and on
the saddle points obtained there in the strong-coupling limit. In the strong-coupling limit
the gauge theories flow to their respective UV SCFTs, and the Wilson loop expectation
values provide the expectation values of SCF'T loop operators. The expectation values for
fundamental and anti-fundamental Wilson loops will differ only for the Yy theories which
involve a Chern-Simons term.

Relevant aspects of supersymmetric localization for long quiver theories and general
formulae for Wilson loop expectation values are discussed in section 2.1. The +n a7, Ty,
Yy and Xy quiver gauge theories are discussed explicitly in sections 2.2-2.5.



2.1 Localization in long quivers

The general form of the zero-instanton part of the partition function of 5d gauge theories
on (squashed) spheres was derived in [34-37], and the saddle points for a number of gauge
theories of the form (2.1) were found in [26]. In this section general expressions for Wilson
loops are derived.

The partition function for theories of the form (2.1), after supersymmetric localization,
is given by an integral over the Cartan algebra,

L N—=1 .00
Zgs = [H I1 dAZ@] e (2.5)

t=1 i=1 Y~

(®)

i

where \ tth

are the eigenvalues associated with the gauge node. The precise form of
the integrand exp{—F} will not be needed, it can be found for theories of the form (2.1)
n [26]. The Wilson loop operator (2.3) evaluated on the localization locus (where A = 0

and o is constant) reduces to
1 0
W(t) t 2rA 2.6
R = rpe ( )

The expectation value of the Wilson loop can be obtained by inserting this factor into the
matrix model

®) L [\ o] L ®)

t t’ 2 A\t —-F

w = | | | | d\ — (% . 2.

< R > ZS5 P /oo 7 ] dimR( r'rpe )6 ( 7)

For Wilson loops in sufficiently small representations the insertion is usually subleading
with respect to exp{—F} and does not affect the saddle point equations. The scaling for
the theories of the form (2.1) will be discussed below. If the saddle point equations are
unaffected by the insertion, the Wilson loop expectation value reduces to

<Wg)> trp e2mA® . (2.8)

N dimR saddle

The saddle points for a number of long quiver theories were determined in [26]. One
introduces a family of eigenvalue distributions {p;(A),t = 0,..., L}, one for each gauge
node. In the continuum formulation this family of eigenvalue distributions is replaced by
a single function of two variables

p(Z, )‘) = sz()‘) . (29)

For each z it gives the eigenvalue distribution for the gauge node labeled by t = zL.
Non-trivial solutions to the saddle point equations exist if the eigenvalues scale with the
length of the quiver, such that the eigenvalues and the eigenvalue distributions can be
parametrized by!

A=3Lx, p(z,x) =3Lp(z,3Lx), (2.10)

The factors of 3 are included for compatibility with [26]. The rescaling was used there also to absorb
the dependence on the squashing parameters. For the round S° this results in factors of 3.



with z of order one. The saddle point equations then demand that N(z)p(z,x) be a har-
monic function. It is the solution to an electrostatics problem for a charge configuration
with certain boundary conditions that encode the features of the gauge theory under con-
sideration.

For Wilson loops in the fundamental or anti-fundamental representation of the ¢!
gauge node, (2.8) becomes, respectively,

Nt
1 - (t) - —2m
(W) = 5 2o = [avoe™, ) = [axpe ™. ey

Switching to the continuous quiver coordinate z and to p(z, A) defined in (2.9), and further
implementing the scaling in (2.10), with the notation for the Wilson loop in (2.4), leads to

(Wyi(z)) = /dxﬁ(z,w) ebrle (Wi(z)) = /da:,é(z,x) e 6mlz (2.12)

The scaling of the expectation value at leading order is determined by the largest eigenvalue
for the fundamental and by the smallest eigenvalue for the anti-fundamental Wilson loop,
and due to (2.10) naively proportional to the length of the quiver.

We now turn to the k-fold antisymmetric representation of SU(N;), denoted by A,
with k& of O(N¢). The Wilson loop expectation value (2.8) becomes

-1 ®
(Wil = @) S SR (2.13)

J1<j2<...<Jk

Due to the strict inequalities between the j, in the sum, the leading-order scaling is deter-
mined by the k distinct largest eigenvalues (similar discussions can be found in [16, 38]).
To determine the k largest eigenvalues from the eigenvalue distributions, we define b; » by
o0
)
The eigenvalue distribution has to be integrated from b;, to infinity to capture a fraction
¢/ Ny of the largest eigenvalues. At leading order, the Wilson loop expectation value is then
given by

k
(W) =21 by (2.15)
/=1

For k of O(N;) the sum can be converted to an integral. The scaling of the eigenvalues
can be taken into account by switching to the electrostatics potential p(z,z) and the
parametrization in terms of x in (2.10). The expectation value (2.15) with (2.14) then
becomes

k/N¢ 00
(W) = 27rNt/ dy by, / dzp(L,2) =y . (2.16)
0 bt,y/(3L)



It is convenient to replace the {b;¢} by a function of two variables b(z,y) and absorb a
rescaling. In terms of the continuous quiver coordinate z of (2.2) and the label k for
the antisymmetric representation defined in (2.4), the Wilson loop expectation value then

becomes
k 00
In(Wa(z,k)) = 6mrLN(2) / dyb(z,y), / dr p(z,x) =y . (2.17)
0 b(z,y)
It will often be convenient to use the inverse function y(b), to express the expectation
value as
b(k,z) b(k,z)
In (W (2, k) = 67L N(2) / y/ (b)dbb = —67L N(2) / bp(zb)db . (218)
b(0,2) b(0,2)

Fundamental and antisymmetric Wilson loops will be evaluated for specific theories using
the expressions in (2.12) and (2.17), (2.18) in the following subsections.

We close this part with comments on the scaling of the Wilson loop expectation values
and general features of the saddle point eigenvalue distributions. Since the eigenvalues
were scaled linearly with L in (2.10), the (anti)fundamental and k-fold antisymmetric
Wilson loops in (2.11) and (2.13) naively scale like exp(L) and exp(kL), respectively. This
is indeed the scaling at nodes where the saddle point eigenvalue distribution p(z,z) has
compact support. However, p(z, z) typically has support for x on the entire real line for the
theories in (2.1), with exponentially decaying tails for large |x|. The tails signals that, after
absorbing the linear scaling of the eigenvalues with L as in (2.10), the rescaled eigenvalues x
still spread out onto the entire real line: the “bulk” of the eigenvalues scales linearly with L,
but the largest eigenvalues have a logarithmically enhanced scaling. This will be seen more
explicitly below. For quantities which involve an O(1) fraction of the eigenvalues, such as
Wilson loops in large antisymmetric representations, the tails do not affect the leading-
order behavior. But for quantities with stronger sensitivity to individual eigenvalues, such
as (anti)fundamental Wilson loops, the leading-order behavior can change. The scaling will
be enhanced logarithmically for (anti)fundamental Wilson loops at nodes where p(z, z) has
unbounded support, and remain unmodified at nodes where p(z, ) has bounded support.
Since the free energy for the theories in (2.1) scales like L* [26], the scaling of all Wilson
loops discussed here is subleading with respect to the “background” set by the gauge theory,
which was assumed for (2.8).

2.2 +py,m theory

The +n,r theories, discussed in [22] and named in [25] for the shape of the 5-brane
junctions that realizes them (figure 4(a)), are the UV fixed points of the quiver gauge
theories

[N] — SU(N) — ... — SU(N) —[N] . (2.19)

SU(N)]\/I—l

All Chern-Simons levels are zero and L = M — 1. The “rank function” N(z) (with a slight
abuse of notation) is given by N(z) = N. The S-dual quiver has N and M exchanged.



All nodes are saturated, in the sense that the effective number of flavors, including bifun-
damentals, is twice the number of colors. The saddle point eigenvalue distributions for
general theories of this class were found in [26]. For the +y s theory with NV and M large
the saddle point is given by

4sin(7z) cosh (27x)

ps(z,2) =

cosh (4mx) — cos(2mz) (2.20)
The eigenvalue distributions have exponential tails for large |z| at all interior nodes, and
they collapse to d-functions in x at the boundary nodes corresponding to z — 0 and z — 1.

We start the discussion of Wilson loops with large antisymmetric representations, for
which the expectation values can be obtained from (2.17), (2.18). To this end the function
b(z,y) defined in (2.17) has to be determined. The required integral is

Y= / dx p(z,x) = L tan~! (sinh(27b(z, y)) cse(nz)), (2.21)
b(2,) 2

which leads to

b(z,y) = % sinh ™! (cot (my) sin(7z)) . (2.22)

This function is monotonic for y € (0, 1), with logarithmic divergences at the end points
which are integrable and will be discussed shortly. With b in hand, the Wilson loop
expectation values follow straightforwardly from (2.18). This leads to

In <W/\(z,]k)> _ 3MN [D (627rb(]k,z)+i7rz> i D(ezwb(k,z)ﬂwu—z)” , (2.23)

s

where b(z,y) is given in (2.22) and D is the Bloch-Wigner function,?
D(u) = Im (Lia(u)) + arg(1 — u) In|ul, (2.24)

with arg denoting the branch of the argument that lies between —7 and .

The expectation value in (2.23) is invariant under z — 1 — z, reflecting the symmetry
of the quiver in (2.19), and under k — 1 — k, corresponding to charge conjugation. It
approaches one for k — 0 and k — 1, where the representation becomes trivial, and it also

approaches one for z — {0, 1}, corresponding to the boundary nodes where the eigenvalue

1

distributions are J-functions. The maximal value overall is obtained for k = z = 3,

6C
In(Wh(%,3)) = —MN, (2.25)
T
where C' ~ 0.915966 is Catalan’s constant. The overall factor in (2.23) depends on N and

M through the S-duality invariant combination M N. Perhaps less obviously, the expression
is invariant under exchange of k and z. This will be discussed further in section 4.3.

2D(z) is single-valued and real analytic on C except at z = 0,1, 00, where it is continuous but not
differentiable. It satisfies D(z) = —D(1/z) = D(1 —1/2) = D(1/(1 —2)) = —=D(1 — 2) = —=D(2/(2 — 1))
and the 5-term relation D(z) + D(y) + D(1 — ay) + D ( 1*zy) +D ( Ly ) = 0.

11—z l—zy )




Before moving on to (anti)fundamental Wilson loops, it is instructive to discuss the
function b(z,y) in (2.22). By definition, b(z,y) encodes that a fraction y of the largest
(rescaled) eigenvalues z at the node z is contained in the interval (b(z,y),c0). The interval
(b(z,1 — y),b(2,y)) thus includes all eigenvalues except for a fraction y of the largest
and smallest eigenvalues. Since b(z,y) is finite for y € (0,1), the “bulk” of the rescaled
eigenvalues x (any fixed fraction of them) for each node is contained in a finite interval,
and the corresponding A scale linearly with L. However, at the interior nodes

1 1
b(Z7y)|y*>0 ~ _ﬂlnyv b(ZayMy*)l ~ % 111(1 - y) : (226)

This signals the logarithmically enhanced scaling of the largest eigenvalues discussed be-
low (2.18): an order one number of the largest eigenvalues, corresponding to y=0O(1/N(z)),
is contained in an interval with lower bound b(z,y) = O(InN(z)). Similarly, an order
one number of the smallest eigenvalues is contained in an interval with upper bound of
O(—InN(z)). The divergences in b(z,y) for y — {0,1} are an artifact: when b(z,y) be-
comes large enough that the fraction of eigenvalues in the interval (b(z,y),00) becomes
small compared to 1/N(z), which would correspond to a single actual eigenvalue, there is
effectively no eigenvalue larger than b(z,y) and the description in terms of a continuous
distribution ultimately fails. This introduces a physical cut-off. Combining these obser-
vations shows that the largest and smallest eigenvalues have a logarithmically enhanced
scaling compared to the “bulk” of the eigenvalues which scale linearly with L.

This enhanced scaling is inconsequential for the leading-order behavior of Wilson loops
in large antisymmetric representations. Intuitively speaking, the expectation values are
determined by the k distinct largest eigenvalues, almost all of which scale linearly with L.
The contribution from the O(1) largest eigenvalues in (2.13) is enhanced logarithmically,
but it remains subleading with respect to the contribution of the “bulk eigenvalues”. This
is reflected in the divergences of b(z,y) being integrable, which led to (2.23).

We now turn to (anti)fundamental Wilson loops. At the boundary nodes at z €
{0,1}, where ps(0,2) = p(1,z) = d(z), the leading-order expectation values obtained
from (2.12) are

(Wy(0)) = (Wr(0)) =1,
1

(Wr(1)) = (Wi(1)) = (2.27)

For the (anti)fundamental Wilson loops at interior nodes the enhanced scaling of the largest
eigenvalues comes into play. When the saddle point eigenvalue distribution has unbounded
support, the integral in (2.12) is divergent, since the argument of the exponential scales with
L. In parallel to the discussion above, this reflects that a continuous eigenvalue distribution
ceases to be an effective description when x is large. The integration in (2.12) should be cut
off when the fraction of eigenvalues larger than x becomes smaller than ¢/N(z) for some
€ < 1, i.e. when there are effectively no eigenvalues left. Since the divergence is logarithmic
the leading-order result is independent of €. An operationally equivalent approach is to use
that the k-fold antisymmetric representations of SU(V;) with £ = 1 and k = N; — 1 are,



respectively, the fundamental and anti-fundamental representations. This corresponds to
k=1/N(z) and k =1—1/N(z) and leads to
In(Wy(2)) = In(Wa(2,1/N(2))), In(W5(2)) = n(Wa(z,1 - 1/N(z))) . (2.28)
With (2.23) one obtains
In(Wy(2)) = n(Wg(z)) =3MIn N, 2€(0,1) . (2.29)

The logarithmically enhanced scaling reflects that the scaling of the fundamental/anti-
fundamental Wilson loops in (2.11) is determined by the largest/smallest eigenvalue. The
scaling and the coefficients in (2.29), which are independent of z, are consistent with results
extracted from a numerical study of Wilson loops in the +y 3/ matrix model for finite N
and M.

2.3 Ty theory

The 5d Ty theories were proposed in [23] as uplift of the 4d T theories. The 5d T
theories can be defined as the UV fixed points of the quiver gauge theories [39, 40]

[2] — SU(2) — SU(3) —... — SU(N — 1) — [N], (2.30)

with all Chern-Simons levels zero. The S-dual gauge theories are identical. Various aspects
were studied recently in [41]. The quivers (2.30) are characterized by L = N — 2 and
the rank function N(z) = Nz. The saddle-point eigenvalue distributions are encoded in
(section 4.2 of [26])

sin(mz) 1

Ps(z,@) = 2z cosh (27z) + cos(mz) (2:31)

The distribution obtained for z — 0 is finite and non-vanishing, with unbounded support.
For z — 1 it approaches a d-function.

The expectation values of antisymmetric Wilson loops can, again, be obtained
from (2.17). To this end, we note that?

(3] ; 1 2mb(z,y)+imz
/ d:vﬁ(z,:n)zl—l-lln( te éy, (2.32)
b

(2.1) 2z 1 4 e2mb(zy)—imz
such that
b(z,y) = % In [sin(7(1 — y)z) csc(myz)] . (2.33)
The expectation value, via (2.17) or (2.18), evaluates to
In (Wy(z, k) = %NZD (em(“‘%)”“(l*z)) , (2.34)
where D is the Bloch-Wigner function defined in (2.24) and b is defined in (2.33).%
3The integral simplifies with the expression of section 3 of [26], in which p, = & (%ﬂ - u%l) with

u = exp(2mx + inz).

4The Bloch-Wigner function can be expressed in terms of its argument on the unit circle (Clausen func-
tions), through 2D(z) = D (£) + D (1:5) +D (ig:;;) This leads to In (Wa(z,k)) = 2 N> [D(e2”kz) —
D(eQﬂ'i(]kfl)z) _ D(€27riz)} .

~10 -



The expectation values in (2.34) approach one for z — 1 and for z — 0 (the eigenvalue
distribution at z = 0 is non-trivial, but the gauge groups become small), and also for k — 0
and k — 1. The maximal expectation value is obtained for z = % and k = % It is given by

3

™

In(Wa(2,1)) = SN2D(e5), (2.35)

where D(e™/3) ~ 1.0149416 is the maximum of the Bloch-Wigner function on the unit
circle.

The leading-order expectation values of (anti)fundamental Wilson loops can be ob-
tained using (2.12) for the boundary node at z = 1, which leads to

(Wy(1)) = <Wf(1)> =1. (2.36)

At all other nodes the eigenvalue distributions have unbounded support and the scaling
is enhanced. Similarly to the discussion leading to (2.29), the leading-order expectation
values of (anti)fundamental Wilson loops can be obtained from (2.34) using the relations
in (2.28). This leads to

In(Wy(2)) = n(Wp(2)) =3NIn N, z€[0,1). (2.37)

The scaling of the expectation values is again enhanced uniformly, from linear scaling with
N to N1In N, with the coefficient independent of the gauge node.

2.4 Yy theory

The Yy theory, named in [25] for the shape of the associated 5-brane junction (figure 6(a)),
is the UV fixed point of the quiver gauge theory

SU(2) — SU(3) — ... — SU(N—1) — SU(N).; — SU(N—1) — ... — SU(3) — SU(2)
| | (2.38)
2] 2]

The central node has an effective number of flavors (including bifundamentals) which is
less than twice the number of colors, and involves a Chern-Simons term. The S-dual gauge
theory deformation is given by

SU(2) —SU(4) — SU(6) — ... — SU(2N —2) — [2N] . (2.39)
For the gauge theory in (2.38), L = 2N — 3 and the saddle point eigenvalue distributions
are encoded in (section 4.3 of [26])

2N
os(2, ) = — + c.cC. N(z)=N(1-1]1-2z2]). 2.40
P ( ) N(Z)\/_l _46_47(61\771&;-}—271'7”2 ( ) ( ’ D ( )

The eigenvalue distributions (2.40) are finite for z — 0 and z — 1, with unbounded support.
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Figure 1. Left: expectation value of the A*¥ Wilson loop in the Yy theory. The dashed curves
from bottom to top are for z € {1—10, ey %}, the solid curve is for z = % Right: analogous plot for
the Xy theory.

The expectation values of antisymmetric Wilson loops are obtained from (2.17). To
determine b(z,y) we assume z < %; the results for z > % follow from the symmetry of the

quiver under z — 1 — z. The required integral is

> iN 1 1 + de—4mb(z,y)—2miz
Y ;/ 0z py(2,7) = —o—1n [ =5 Vit de — |, (2.41)
b(z,y) WN(Z) 1+ \/1 4 4e—4mb(zy)+2miz

which leads to
b(z,y) = i In [sim2 (2m2(1 — y)) esc (m2(2 — y)) ese(myz)] - (2.42)

The expectation value, via (2.17) or (2.18), becomes®

In (W (2, k) = gzv? D1+ @D sinrlkz) ese(m(k — 2)2) ) (2.43)

This expression is valid for z < 1/2; the result for z > 1/2 follows from symmetry under
z — 1 — z, which can be implemented by replacing z with (1 — |1 — 2z|)/2 on the right
hand side.

The expectation values in (2.43) vanish for k — 0 and k — 1. They are not invariant
under k — 1 —Xk, which results from the eigenvalue distribution not being symmetric under
reflection due to the Chern-Simons term. A plot is shown in figure 1(a). At the central
node (2.43) reduces to

6

™

In (Wa(L,k)) = =N?D(em071) (2.44)

The global maximum is attained for k = % at z = % and is related by a factor two to the

maximum for the T theory.

®The result can also be expressed as In(Wx(z,k)) = 2 N? [D (2™ (=2)7) 4 D (k=) — D(e4”(ﬂ‘_1>z)]
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We now turn to (anti)fundamental Wilson loops. For ¢y_; = 1 the support of the
eigenvalue distribution at the central node is bounded from above. The expectation value
of the fundamental Wilson loop at the central node thus scales linearly and via (2.12)
evaluates to

1 2/ 1 67 L I (3N + %) 6N

(Wi(3)) = /_OO dz ps (5,2) € =GN+ 27 . (2.45)
The scaling at leading order is given by In <Wf(%)> = 6NIn2 4+ O(In N) and reflects
the largest eigenvalue xgp = In2/(2m). The expectation value of the anti-fundamental
Wilson loop has enhanced scaling since the eigenvalue distribution is unbounded from
below. For cy_1 = —1 the situation is reversed. The expectation values of the remaining
(anti)fundamental Wilson loops can be obtained from (2.43) using the relations in (2.28).
This leads to

In(Wy(2)) =3NInN, z# 1,
In(Ws(z)) =6NIn N, z€[0,1] . (2.46)

As in the previous examples, the scaling is uniformly enhanced to NIn N. Since the Yy
theory has a Chern-Simons term, the results for the fundamental and anti-fundamental
representation differ.

The S-dual quiver (2.39) is similar to the quiver for the Ty theory: compared to (2.30)
all gauge nodes are scaled up by a factor two and there are no fundamentals on the left end.
The function p(z,x) encoding the saddle point eigenvalue distributions is identical to that
of the T theory [26]. The A¥ Wilson loop expectation value in the S-dual quiver (2.39)
is therefore given by that of the T theory rescaled by a factor 2, originating in the fact
that N(z) is larger by a factor 2. The expectation value of the fundamental Wilson loop
associated with the SU(N — 2) node in (2.39) can be obtained from (2.12), and is one, in
parallel with the discussion for the T theory.

2.5 Xy theory
The X theories are a special case of the Xy ps theories discussed in [25], named for the
shape of the associated 5-brane junction (figure 7(a)). The quiver gauge theory is

SU(2) — SU(4) — ... — SU(2N—2) — SU(2N) — SU(2N—2) — ... — SU(4) — SU(2), (2.47)

and L = 2N — 1. There is no Chern-Simons term at the central node and the S-dual quiver
is identical. The electrostatics potential encoding the saddle point eigenvalue distributions
is derived in appendix A, and leads to

ps(z,z) = 2N ! +cc. N(z)=2N(1-1]1-2z]). (2.48)

N(z) \/1 — 2coth? (27 + inz)

Similarly to the saddle point for the Yy theory it has an interior node at z = % where the
eigenvalue distribution has bounded (and in this case compact) support; the distribution
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is non-vanishing only for cosh(27x) < v/2. At all other nodes the eigenvalue distributions
have exponential tails.

The expectation values for the antisymmetric Wilson loops are obtained from (2.17).
To determine b(z, y) from the expression for j(z, z) in (2.48), we assume z < 3. The results
for z > % again follow from the symmetry of the quiver under z — 1 — z. The required
integral is

o 1 1
Yy = /b(z,y) dz ps(z,x) = 1 Iis sinh ™! (cosh(27b(z, y) + im2)) + c.c. (2.49)

and solving for b leads to

b(z,y) = 2i sinh ! (Sin(wz(l _ Qy))\/COSQ(m(l —2) + COSQ(W)> , (2.50)

T cos?(mz(1 — 2y)) — cos?(m2)
The Wilson loop expectation value can be obtained from (2.18), which leads to
In <W/\(z,]k)> _ §N2 [D(u) + D(l + u)] . u= eQﬂ'i]kz—sinhfl(sin(%r]kz) cot(2m(1-k)z)) 7 (2.51)
s

with b as given in (2.50). This expression is valid for z < I, and extends to z € [0,1] by

symmetry of the quiver under z — 1 — z. The maximum occurs at the central node for

z = ]k = %,
11 12 2

In(Wa(5,5)) = —ON*, (2.52)

where C' is Catalan’s constant. This differs from the maximal expectation value for the
+n.m theory in (2.25) with M = N by a factor 2, which will be discussed further in
section 4.

At the central node the fundamental and antifundamental Wilson loop expectation
values both scale linearly with N. They are identical since the theory does not involve a
Chern-Simons term. From (2.12) with (2.48) and the substitution x = (27)~!In(t + 3),

2v2 3Ly
W) =Wy = [ el e e

The integral can be evaluated explicitly in terms of hypergeometric functions. The leading-
order behavior is given by the last expression. The remaining (anti)fundamental Wilson
loops have enhanced scaling since the eigenvalue distributions have unbounded support,
and can be obtained from (2.51) using (2.28). This leads to

In(W;(2)) = In(W;(2)) = 3N In N, - % L (254

As in the previous examples the scaling is enhanced logarithmically and uniformly for the
nodes where the saddle point eigenvalue distribution has unbounded support.
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D3
F1

D1
D3

(a) (b) (c)

Figure 2. 5-brane web for an SU(2) gauge theory, with a fundamental Wilson loop realized by a
fundamental string on the left. In the center a configuration with a D3-brane in the closed face of
the web. On the right a line operator realized by a D1-brane. The configurations are related by
Hanany-Witten transitions.

3 Line defects in 5-brane webs

The gauge theories discussed in the previous section can be engineered by (p,q) 5-brane
webs in Type IIB string theory [22]. This allows to identify their holographic duals, to
be discussed in the next section, and will guide the identification of Wilson loops in the
supergravity duals. Line defects can be realized in various ways by adding branes and
strings to 5-brane webs. In [19] (see also [42]) line defects realized by D3-branes in 5-brane
webs were studied and used to extract Wilson loop expectation values. A basic picture will
be sufficient here, to guide the identification of Wilson loops in the holographic duals for
the theories of section 2.

An SU(2) gauge theory, realized on a pair of D5-branes suspended between NS5-branes,
is shown in figure 2. Line defects preserving the same symmetries as the %—BPS Wilson
loops discussed in the previous section can be realized by adding (p,q) strings and D3-
branes with the following orientations

0 1 2 3 4 5 6 7 8 9
D5 X X X X
NS5 x x x x X
F1 X
D1 X X
D3 X X X X

Generic (p,q) 5-branes are at angles in the 5-6 plane reflecting their D5 and NS5 charges,
and (p, q) strings are similarly at angles reflecting their F1 and D1 charges. Generic (p, q)
strings can end on (p, q) 5-branes, to which they are perpendicular [22, 43].

A Wilson loop in the fundamental representation is realized by a fundamental string
extending from the D5-branes in the vertical direction. The string may be terminated on
a D3-brane, which wraps the directions orthogonal to the D5 and NS5 branes, figure 2(a).

The D3-brane is in a Hanany-Witten orientation with respect to the D5 and the NS5
branes: upon crossing a D5/NS5 brane a fundamental string/D-string is eliminated or
created. The D3-brane on which the fundamental string ends in figure 2(a) may be moved
into the closed face of the web, which eliminates the fundamental string and leads to the
picture in figure 2(b). D-strings can be connected to the brane web in a way similar to the
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D3

D3
N4 { N4

(a) (b)

Figure 3. Left: SU(N) brane web with a D3-brane in a face separated by k = 3 D5-branes from the
asymptotic region in the upward direction and separated by N — k D5-branes from the asymptotic
region in the downward direction. Right: configuration with & = 3 fundamental strings result-
ing from Hanany-Witten transitions moving the D3-brane out in the upward direction. Avoided
intersections are shown as broken lines.

F1, figure 2(c), and describe line operators related to instanton particles. For the SU(2)
theory these operators are related to Wilson loops by the Hanany-Witten transitions in
figure 2, and by S-duality, which corresponds to a ninety-degree rotation of the brane web.

For larger rank gauge groups and brane webs realizing quiver gauge theories a relation
between D3-branes and Wilson loop operators can be found along similar lines. Figure 3
shows a representative brane web for an SU(N) gauge theory (or the part representing an
SU(N) gauge node in a larger brane web realizing a quiver theory). A D3-brane can be
placed in any face of the web. Suppose the D3-brane is separated from the asymptotic
region along the vertical axis by k D5-branes. Moving it out of the web through Hanany-
Witten transitions creates a fundamental string for each D5-brane crossed, leading to a
total of k£ fundamental strings, figure 3(b). Since the strings end on the same D3-brane,
they are constrained by the s-rule [44], which limits the number of strings between the
D3 and each D5 to at most one. This leads to the avoided intersections shown as broken
lines in figure 3(b). The configuration with k& fundamental strings describes a Wilson loop
in a k-fold tensor product of the fundamental representation. Due to the s-rule forcing
the strings to end on distinct D5-branes it is the k-fold antisymmetric representation A*.
Moving the D3-brane out of the 5-brane web in the opposite direction leads, upon taking

into account the orientation of the strings that are created, to the AN—F representation.

Labeling the faces of the web in the vertical direction by 0, ... NV, the resulting vertical
“coordinate” of the D3-brane in the web thus encodes the representation of the Wilson loop
that it represents. For quiver theories with multiple gauge nodes one can similarly introduce
a discrete coordinate in the horizontal direction of the brane web (see e.g. figure 4(a)). The
horizontal coordinate then encodes the gauge node the Wilson loop is associated with.

The UV fixed points of gauge theories realized by 5-brane webs are obtained in the
limit where all length scales in the brane web vanish, leading to a junction of (p, q) 5-branes
at a point. These junctions are described by the supergravity solutions discussed in the
next section. The positions of strings and branes in the 5-brane web remain meaningful
in the conformal limit, and this will be used to identify the Wilson loops represented by
strings and branes in the supergravity solutions.
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Dualities between gauge theories can be understood from their brane web realization as
Type IIB SL(2,7Z) dualities transforming the charges of (p,q) 5-branes and (p, q) strings.
D3-branes are mapped to D3-branes by SL(2,7Z). If the transformation of a brane web
realizing a gauge theory leads again to a brane web with a gauge theory description,
the Wilson loops realized by D3-branes that are mapped into each other are related by
the duality. Strings attached to the brane web are mapped to appropriately SL(2,7Z)-
transformed strings, which will be used to relate Wilson loops realized by fundamental
strings to loop operators realized by more general (p, q) strings.

4 Wilson loops in AdSg X S? x 2

Type IIB supergravity solutions describing (p,q) 5-brane junctions were constructed
in [29-32]. The geometry is a warped product of AdSs and S? over a Riemann surface
¥, which is a disc or equivalently the upper half plane. The S? collapses at the boundary
of the disc, to close off the space smoothly. Each solution is defined by a pair of locally
holomorphic functions A4+ on ¥. The differentials of A4 have poles at isolated points on
the boundary of ¥, at which (p,q) 5-branes emerge with charges given by the residues.
This allows to identify the associated 5-brane junction. In this section Wilson loops will
be identified as probe strings and branes embedded into these solutions.

The general expressions for the Einstein-frame metric, complex two-form C{y), and
axion-dilaton scalar B = (1 +i7)/(1 — i7) in terms of A4 are as follows,

ds® = f§ dshas, + [3 dsda + 4p° |dw|?, C(2) =Cvolgz
_ OwAy 3G — ROpA_0,G
RO AL 0,G — 8w A_05G

(4.1)

where w is a complex coordinate on 3, volgz and als%2 are the volume form and line
element for unit-radius S2, and d5,24d56 is the line element of unit-radius AdSg. The metric

functions are

2
_ &
V6G
The function C appearing in the complex two-from field is given by

. 2i (0aG0wAy + OGOz A_
3 3K2T?2

2 = VT = 1VeGT s, ? T4

— A — A+> : (4.3)

The composite quantities G, k2, T and R in these expressions are defined in terms of A

as follows,
K2 = —|0p Ay 2+ |0uA_|?, OwB = A 0w A_ — A_Dp Ay,
_ 2 2 3 2 (1+R 2_ 2/0,,G|?
G = A2~ |A_|?+ B+B, T _<1_R 1y 20T (4.4)

Constructing G for given A4 needs an additional integration, to determine B.
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The general form of the functions A4 for solutions representing (p, ¢) 5-brane junctions
is reviewed in appendix C, where also a general expression for G in terms of Bloch-Wigner
functions is derived. Explicit AL realizing holographic duals for the theories of section 2
will be given below.

It will be convenient to choose a form for the AdSg metric that makes the symmetries
preserved by the Wilson loops of interest manifest,

ds?has, = dp® + cosh®pds?yg, + sinh®pdsZs . (4.5)

To realize the defect conformal symmetry, probe branes or strings have to wrap AdSs. To
realize the SO(4) isometries they may either wrap the entire S or be localized at p = 0.
Finally, to realize the SU(2) R-symmetry they have to either wrap the entire S? or be
localized on the boundary of 3, where the S? collapses. (p,q) strings can thus be located
on 0%, wrapping AdSs in AdSg, and D3-branes can be in the interior of ¥, wrapping AdSs
and the S2.

In sections 4.1 and 4.2 %—BPS embeddings of (p, ¢) strings and D3-branes are discussed.
In sections 4.3-4.6 Wilson loops are discussed in the holographic duals for the theories of
section 2.

4.1 (p,q) strings

We start with (p, q) strings wrapping AdSs in AdSg. The action, with the dilaton conven-
tion 7 = x +ie~2? and with (p,q) = (1,0) corresponding to F1 and (0, 1) to D1, is [45, 46]

Spg) = —T/d2§\/62¢(p —xq)?% + e-%q%/Tt(g) + T/ <pB2 + qC(RQE{) , (4.6)

where T = (27a’)~! and g is the induced Einstein-frame metric. The pullback of By and

C’(%l)% to the string worldvolume vanishes. The induced Einstein-frame metric is

9= f§ dshas, - (4.7)

The (p, q) string action thus reduces to

Spg) = T Volaas, f§ \/ e2(p — xq)* + e 2¢2, (4.8)

with Volags, the renormalized volume of AdS3. For global AdSy, appropriate for the
description of circular Wilson loops, the renormalized volume is given by

VOlAdSZ = 27 . (49)

For Poincaré AdSs, describing a straight Wilson line, the renormalized volume vanishes.

The condition for a (p,q) string of this form to preserve half the supersymmetries is
derived in appendix B.1. The analysis shows that the string has to be located either at a
pole or at a point where

(p+iq) 0w Ay = (p—iq) O A_ . (4.10)
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This condition implies x? = 0, which for regular solutions only occurs on the boundary
of 3. %—BPS string embeddings are thus restricted to the boundary of 3, as expected to
preserve the SU(2) R-symmetry.> The action (4.8) is evaluated for such embeddings in
appendix B.1, which leads to

Sty = =T Volags, |(p + iq)(Ay — A) + (p —iq)(Ay — A_)| . (4.11)

For solutions with K poles in the differentials and no monodromy, the condition (4.10)
leads to a polynomial of degree K — 2 (this can be seen explicitly from the product form
of Oy Ay in (3.7) of [30]). For supergravity solutions with K poles, describing 5-brane
junctions of K (stacks of) 5-branes, there can thus be K — 2 supersymmetric (p, q)-string
embeddings for each (p, q) at generic points of 9X. At the poles of 9,.A+, the (p,q) string
action (4.11) diverges unless the pole corresponds to 5-branes of type (p,q) (this can be
seen e.g. from (4.22)).

4.2 D3-branes

D3-brane embeddings that preserve the desired symmetries wrap AdSs in AdSg and the

S? realizing the R-symmetry, and are localized in the interior of ¥. The action, with
1

T]S;:)l = (2m)PVo! P! and the dilaton convention 7 = X +ie72%, reads [47, 48]

Sbs = —Toy / d'¢e™\/= det (Gap + Fap) + Tos / FAY Clp (412)
q

where F = F — By and § = e%g is the induced string-frame metric. 2o’ has been set to
one and we will do so from now on. The induced Einstein-frame metric is given by

g = fidsSas, + f3ds%s . (4.13)
The general worldvolume gauge field compatible with the desired symmetries takes the form
F = fe1 volads, +fm volgz , (4.14)

where vol 445, and volg: are the canonical volume forms on unit-radius AdSs and S2,

respectively. With the identification C(o) = Bz + iC(%l)D‘, the D3-brane action then becomes

Sps = I3 VOlAd52 VO]SQ [_LDBI + fel(lm(C) + X(fm — Re(C)))} ,

Lppr = \/(fé1 — e 272 <f§L +e729 (fm — Re(C))2> : (4.15)

The conditions for the D3-brane to preserve half the supersymmetries are discussed in
appendix B.2. They fix the worldvolume fluxes in terms of the position of the D3-brane.
The result is

foo = —2vf6e? Re (e*w”&ﬂ> , fm — Re(C) = gufge‘z’ Im (e*w“dﬁ> , (4.16)

5Some care is needed in treating the point at infinity on the upper half plane, where the differentials
fall off. Spurious solutions can be avoided by demanding the ratio of the differentials to approach the value
dictated by (4.10).
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where «, (8 are Killing spinor components given in terms of Ay and B in (B.16) and 6,
is defined in terms of B in (B.8). The expressions will not be needed here. The 3-BPS
requirement does not constrain the location of the D3-brane on X, so this is a 2r-parameter
family of solutions.

The D3-brane carries F1 charge determined by the electric components of the gauge
field, fe1, and D1 charge determined by the magnetic components, f,,. The flux on 52 is
subject to the quantization condition

1 2 .
Np=— [ F=2 [Re(C) + 20 fpe® Im <e“’~a5)] , (4.17)
2w S2 3
which determines the D1 charge. The conserved charge density associated with the electric
components of the gauge field, integrated over the S2, determines the F1 charge and is

given by
0Sp3
Npj = —
= [ 52
4 -2 (s _ 2
= —Tps Volgs Jate L(fm Re(C)) e %o+ Im(C) + X(fm — Re(C)) | . (4.18)
DBI

The expressions are evaluated explicitly in appendix B.3, which leads to the remarkably
simple result

Np1 +iNp =

L A~

(Ar+A) . (4.19)

The real and imaginary parts of Ay + A_ are harmonic functions, so Np; and Np; take
their maxima and minima on the boundary of .7
The expectation value of the Wilson loop represented by the D3-brane is given by
a Legendre transform of Sps [50, 51]. The explicit expressions are again evaluated in
appendix B.3, and lead to
0Sp3 2

In(Wx) = Sps — fa—— =

= —-Tp3Volags, Volg2 G, (4.20)
5fel 3

where G is defined in (4.4) and Tp3Volags,Volge = —4m/(2ma’)?. The function G that
featured prominently in the construction of the supergravity solutions thus directly encodes
the (Legendre-transformed) on-shell action for supersymmetric D3-branes embedded into
the AdSg solutions.

4.3 +py,u solution

The +n,0 theories are realized by intersections of N D5-branes and M NS5-branes, fig-
ure 4(a). Functions Ay for supergravity solutions with the appropriate 5-brane charges

"In the M-theory perspective on the AdSe solutions discussed in [49], the combinations of A4 appearing
in Nr1 and Np;i correspond to the coordinates on the M-theory torus.
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Np1/N

N D5

M NS5
(a) (b) (c)

Figure 4. Left: brane web realizing the gauge theory (2.19). Center: +x s supergravity solution
on the disc, with the 5-brane poles and some of the string embeddings. Along the red/blue curves
the D3-brane has constant F1/D1 charge. Right: (Npi, Ng1) curves, from outer to inner for
Im(w) € {10*6, 2%, %, %, %, %1}. The Im(w) = 1075 curve traces the boundary of the disc in
figure 4(b). Each segment of the boundary in figure 4(c) corresponds to a pole in figure 4(b).
The F1/D1 charges naturally identify the vertical/horizontal coordinate of the face in which the
D3-brane is located in the brane web.

were discussed in [25, 52]. Their explicit form on the upper half plane is (section 4.2 of [25]
with 2ra/ = 1)

Ay [iN (In2w—1) —In(w — 1)) £ M (In(3w — 2) — Inw)] . (4.21)

3
T 8r
The corresponding 0, A+ have four poles, reflecting the external 5-branes. The 5-brane
charges at a general pole are given by [25]

3 .
Res(0pAy) = 8?(:|:NNS5 +iNps) . (4.22)

For (4.21) there are D5-brane poles at w € {%, 1} and NS5 poles at w € {0, %} The
free energy obtained holographically from this solution was first matched to a field theory
computation in [53]. Aspects of strings in these solutions were previously studied in [54].
The function G defined in (4.4), using the expression in (C.3) and the identities in footnote 2,

G = %NM [D (3ww_ 2) +D (2 _w3w>] , (4.23)

where D is the Bloch-Wigner function defined in (2.24).
Wilson loops in antisymmetric representations can be realized in 5-brane webs by D3-

can be expressed as

branes, as discussed in section 3. The embeddings into the supergravity solutions are
discussed in section 4.2. The expectation values of antisymmetric Wilson loops, computed
from the action of D3-branes embedded into this solution at a point w of the upper half
plane, via (4.20), are given by

(W) = SN M [D <3w — 2) +D ( d )] . (4.24)

T w 2 — 3w
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To make this result meaningful the gauge node that the Wilson loop is associated with and
the representation have to be identified. To this end we note that the F1 and D1 charges
of the D3-brane embedded at a point w of 3 are given, via (4.19), by

N 1 M 3w — 2
Nplzlmln(w ) : ND1:Im1n< i ) . (4.25)
T 2w —1 s w

Ny is valued in [0, N], and Np; in [0, M]. Curves of constant F1 and D1 charge are shown
in figure 4(b), for which the upper half plane has been mapped to the unit disc. Curves
of constant Np1/Np; connect the D5/NS5 poles. At the NS5-brane poles Np1|,y—2/3 = N
and Np1|w=0 = 0, while at the D5-brane poles Np1|wy=1 = 0 and Npily—1/2 = M.

The space of F1 and D1 charges carved out by the D3-brane embeddings as their
position is varied on ¥ is also shown in figure 4(c). The figure shows the charges along curves
with constant Im(w) on the upper half plane. The outer curve in figure 4(c) corresponds
to small Im(w), and traces the boundary of the upper half plane. Each boundary segment
of the square carved out by the F1 and D1 charges in figure 4(c) corresponds to a pole in
figure 4(b): Np; and Np; are both constant along the regular boundary segments between
poles, and jump at the poles. Since Np; and Ng; are harmonic functions, they take their
maxima and minima on the boundary of X.

Figure 4(c) shows that the space of F1 and D1 charges carved out by the D3-brane is
precisely the grid diagram associated with the brane web in figure 4(a): the grid diagram
is defined on an integer lattice. It is obtained as the dual graph to the brane web, by
placing a point in each face of the web (open and closed) such that points in adjacent faces
are connected by a line perpendicular to the 5-brane that separates them [22]. The grid
diagram encodes the structure of faces and vertices in the brane web. It is independent
of the size of the faces and remains meaningful in the conformal limit where the size of
the faces vanishes. For the +y s web in figure 4(a) the grid diagram comprises the points
{(i,j)|t=0,...,M, j=0,... N}, where the origin for the integer coordinates is chosen
arbitrarily and can be shifted. The F1 and D1 charges in figure 4(c) precisely carve out
the points of this grid diagram.

The D1/F1 charge of a D3-brane at a point of 3 is thus naturally identified with the
horizontal /vertical coordinate of the face in which the D3-brane is located in the +x s
brane web. Denoting the horizontal and vertical coordinates of the face by n, and n,,
respectively, such that the lower left face corresponds to n, = n, = 0, the identification is

Ng = NDl 5 ’I’Ly = NFl . (426)

With the expressions for Np; and Np; in terms of w in (4.25), this explicitly associates to
each point of ¥ a face of the +y, 3/ brane web. Through the grid diagram the field theory
data L and N(z) is encoded directly in the supergravity solution: L is the difference
between the maximal and minimal values of Np1, which is M, while N(z) is the difference
between the maximal and minimal values of Ny for fixed Np; = Lz, which is N for all z.

Following the discussion of section 3, the D3-brane with coordinates n;, n, given
by (4.26) describes a Wilson loop in the k-fold antisymmetric representation of the '
gauge node with & = N —n, and t = n,. This identifies the field theory parameters
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z = t/L and k = k/N(z), introduced in section 2 to label the Wilson loops, for the
D3-brane at a given point of ¥. For the 4y s theory one obtains

Npy Nr1
= — k=1——. 4.27
=2 ¢ (427)
With (4.25) these relations can be solved for w in terms of k and z, which leads to
w

3w — 2

= exp {—imz + sinh ™! (cot(rk) sin(r2)) } . (4.28)

With the identification (4.28) the holographic result (4.24) becomes

In(Wh(z,k)) = %NM [D <i) +D (—u)] .= eimetsinh T (cot(ml)sin(rz) (4 99)

This exactly matches the field theory result for antisymmetric Wilson loops given by (2.23)
with (2.22), noting the identities for the Bloch-Wigner function in footnote 2.

We now discuss loop operators represented by strings. For the functions A4 in (4.21),
the BPS condition for (p, q) strings in (4.10) becomes

2Mp(w —1)(2w — 1) + Nqw(3w —2) =0 . (4.30)

This is a quadratic equation with two real solutions for each (p,q). The gauge node which
the corresponding operators are associated with can be identified from the location of the
embedding and the identification of points on 3 with faces in the brane web in (4.26).
For each (p, ¢q) one solution is associated with each of the boundary gauge nodes at z = 0
and z = 1. With a straightforward generalization of the notation in (2.4) the expectation
values of the corresponding (p, ¢) loop operators are given by

<W(p,tI)(O)> = <W(p,q)(1)> = 65(1”‘” s (4.31)

where the action via (4.11) evaluates to

S(p.g) = 3|Ng| sinh™! (4.32)

Mp . ._1|Ng
2PNy 3| Mp| sinh | SL)
Nq‘+3| pl sin Mp‘

In the 5-brane web in figure 4(a) these (p, ¢) strings are perpendicular to (p, ¢) 5-branes,
as discussed in section 3. Consider the boundary segment in figure 4(b) between the NS5-
branes pointing north and the D5-branes pointing east. As one moves from the NS5 pole
to the D5 pole, the string charges vary from (0,—1) close to the NS5 pole, through the
(1, —1) string indicated in the figure, to (1,0) at the D5 pole. The (1,—1) string connects
to the brane web diagonally from north east. Towards the NS5 pole this turns into a D-
string connecting to the brane web horizontally from the right, and towards the D5 pole
it turns into a fundamental string connecting vertically to the brane web from above. The
discussion for the remaining boundary segments follows analogously.

For (p,q) = (1,0) the embeddings obtained from (4.31) coincide with the D5-brane
poles. Following the discussion above, this embedding for each pole represents fundamental
strings connecting to the brane web from above and from below, depending on which side
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the pole is approached from. The fundamental strings at the D5-brane poles thus represent
fundamental and anti-fundamental Wilson loops associated with each of the boundary
nodes. The action (4.32) vanishes, leading to

(Wy(0)) = (Wz(0)) = 1, (Wr(1)) = (Wi(1)) = 1. (4.33)

This agrees with the field result (2.27). The (anti)fundamental Wilson loops associated with
interior gauge nodes were found to have enhanced scaling in section 2.2. Their expectation
values were determined from antisymmetric Wilson loops for k = 1/N(z) and k = 1 —
1/N(z). The same relations (2.28) can be used in the holographic representation. Since
the antisymmetric Wilson loop expectation values obtained from D3-branes were already
shown to exactly match the field theory results, this exactly reproduces the remaining
(anti)fundamental Wilson loops in (2.29).

The relations (2.28) have a geometric interpretation in the supergravity duals. Chang-
ing k for the antisymmetric Wilson loop represented by a D3-brane corresponds to changing
the F1 charge while holding the D1 charge fixed. Small k and 1 —k each correspond to D3-
branes approaching one of the NS5-brane poles in figure 4(b), along one of the blue curves
along which the D3-brane carries constant D1 charge (see also (4.28)). In figure 4(c) this
corresponds to approaching the upper/lower horizontal boundaries along a vertical curve.
Close to the pole the D3-brane becomes equivalent to a fundamental string (in the brane
web it is separated from the asymptotic region by a single D5-brane). This yields a fun-
damental string for each curve of constant D1-charge ending at the pole, which is a total
of M fundamental strings for each pole and represents the (anti)fundamental Wilson loops
at interior nodes. A fundamental string at a generic 5-brane pole is indeed %—BPS7 as
discussed in appendix B.1, but the action at a pole with NS5 charge is divergent. This
is the holographic incarnation of the divergence discussed in section 2.2 after (2.27) and
reflects the enhanced scaling.

More general (p, q) strings can be discussed along similar lines. D-strings with (p,q) =
(0,1) can be embedded at the NS5-brane poles at w = 0 and w = 2/3. They connect to
the brane web from the left /right depending on which side the poles are approached from.
They have vanishing action and the corresponding loop operators have expectation value
one. The expectation values (4.31) simplify for loop operators with Mp = +£Ngq, leading to

W) O arpng = Wepy D) | pppsng = (1 V2)N (4.34)

For M = N and (p,q) = (1,£1) the expectation values agree with the field theory re-
sults (2.53) for the (anti)fundamental Wilson loops at the central node in the Xy theory.
The relation between the +y y and Xy solutions will be discussed further in section 4.6.
(p, q) loop operators with enhanced scaling are realized by (p, ¢) strings at the poles, similar
to the discussion for fundamental strings.

The S-dual quiver gauge theory, given by (2.19) with N and M exchanged, is ob-
tained by a ninety-degree rotation of the brane web in figure 4(a). It is described by a
correspondingly transformed supergravity solution which has N and M exchanged (the
transformation follows from (B.24)). This can be represented as a ninety-degree rotation
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Figure 5. Left: brane web for the gauge theory (2.30). Center: T supergravity solution on
the disc, with the 5-brane poles and some of the string embeddings. Along the red/blue curves
the D3-brane has constant F1/D1 charge. Right: (Npi, Ng1) curves, from outer to inner for

Im(w) € {107, 15, £, 3,1}. The Im(w) = 107° curve follows the boundary of the disc in figure 5(b).

The F1/D1 charges identify the vertical/horizontal coordinate of the face in which the D3-brane is
located in the brane web.

of the disc in figure 4(b). S-duality exchanges the fundamental strings and D-strings, so
that the (0,1) loop operators represented by D-strings can be described as Wilson loops
associated with the boundary nodes in the S-dual quiver. This explains their expectation
value one. The transformation exchanges the F1 and D1 charges of the D3-branes, and thus
their horizontal and vertical coordinates in the brane web. For the antisymmetric Wilson
loops this exchanges the (rescaled) gauge node label z and the (rescaled) representation
label k. This explains the symmetry of the expectation value under this exchange observed
in section 2.2.

4.4 Ty solution

The Ty theories are realized by junctions of N D5-branes, N NS5-branes and N (1,1)
5-branes, figure 5(a). The supergravity solution for the T junction correspondingly has
three poles in 9,4+, which can be placed at {0, £1}. The functions A4 on the upper half
plane are (section 4.3 of [25])

3
Ay = S—N [In(w—1)+iln(2w) + (F1 — i) In(w + 1)] . (4.35)
T
For this theory the function G defined in (4.4), using the expression in (C.3) and the
identities in footnote 2, can be expressed as

9 2w
- —_N?’D(— 4.36
g 872 <w+1> ’ (4.36)

where D is again the Bloch-Wigner function defined in (2.24).
The antisymmetric Wilson loop expectation values obtained from the action of D3-
branes embedded into the solution, via (4.20), are given by

mMM:iWDQﬁ:>. (4.37)
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To make this result meaningful the gauge node and representation of the Wilson loop
represented by a D3-brane at a point w have to be identified. The F1 and D1 charges of
the D3-brane at the point w are obtained from (4.19) and given by

N 1 N -1
Np1 = —Imln <w+) ) Np1 = —Imln (w) : (4.38)
T w T w+1

Np1 varies between 0 for w — oo and N at w = 0; Ngy varies between 0 for w — oo and
—N at w = —3. Curves of constant D1/F1 charge are shown in figure 5(b), for which the
upper half plane has been mapped to the unit disc. The curves of constant Np; connect
the NS5 and (1, 1) 5-brane poles, while the curves with constant Ny; connect the D5 and
(1,1) 5-brane poles.

As in the +y s solution before, the D1 and F1 charges, shown in figure 5(c), carve
out the grid diagram of the brane web in figure 5(a), which now contains the points
{(i,—=j)|i,7 = 0,...,N, 7 < i}. The charges therefore naturally identify the face of
the Ty web in which the D3-brane is located. The horizontal and vertical coordinates of
the face, n, and n,, such that the far left face of the brane web corresponds to n, = n, = 0,
is given by

Ny = NDl 5 ny = NFI . (439)

With the expressions for Np; and Np; in (4.38) this associates to each point of ¥ a face of
the Ty brane web. The supergravity solution explicitly encodes the field theory data L in
the range of Npi, which leads to L = N, and the rank function N(z) in the range of Np;
for fixed Np; = zL, which leads to N(z) = Nz. The coordinates of the D3-brane in the
brane web identify the representation of the Wilson loop and the gauge node, following the
logic of section 3, which leads to

Npy Npy
= N(z) = N k=———. 4.40
z N ’ (Z) D1, N(Z) ( )
From these expressions and (4.38) a concrete identification of w with k and z can be
derived,
2 .
wi—l:l = ™= cse(m(1 — k) 2) sin(nz) . (4.41)

This identifies for each D3-brane the properties of the associated Wilson loop. The holo-
graphic result for the antisymmetric Wilson loop expectation values in (4.37) becomes

In(Wy) = %NQD (em]kz cse(m(l —k)z) sin(wz)) . (4.42)

Noting that D(z) = D(1/(1 — z)) (see footnote 2), this exactly matches the field theory
result given by (2.34) with (2.33).

We now discuss loop operators represented by strings. The BPS condition for (p,q)
strings in (4.10), with the functions A4 in (4.35), leads to a linear equation for w, with
solution

_ g
w

- _ 4.43
p— (4.43)
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For each choice of (p,q) there is one %—BPS embedding of a (p,q) string at a regular
boundary point. The gauge nodes which the corresponding loop operators are associated
with can be identified from the location of the embedding and (4.40). For |¢| < |¢ — 2p|

this is the boundary node 2 = 1, and otherwise the boundary node z(,, = 0. The

2X0)
expectation values of the corresponding loop operators are given, via (4.11), by

2 2
Wi o)) = €509, Spg = g Npln (p;QQ) — Ngln (p;f) L (444)
In the Ty brane web these strings correspond to %—BPS (p, q) strings perpendicular to (p, q)
5-branes, as discussed in section 3 and below (4.32).
Fundamental strings with (p,q) = (1,0) can be embedded at the D5-brane pole at
w = 0, which corresponds to the boundary node at z = 1. They connect to the 5-brane
web from above or below, following a similar discussion as around (4.33), and represent
fundamental and anti-fundamental Wilson loops. The action vanishes, leading to

(Wr(1)) = (Wr(1)) = 1. (4.45)

This matches the field theory result (2.36). The remaining Wilson loops are represented
by fundamental strings embedded at the NS5 and (1,1) 5-brane poles, in parallel with
the discussion for the +x as solution. They can be recovered from D3-branes approach-
ing the poles along lines where the D3-branes carry constant D1 charge (the blue curves
in figure 5(b)). In figure 5(c) this corresponds to approaching the boundary of the tri-
angle along vertical lines. Since the antisymmetric Wilson loop expectation values were
already shown to exactly match the field theory computation, the matching of the remain-
ing (anti)fundamental Wilson loops to (2.37) is automatic.

D-strings and (1,1) strings can be embedded, respectively, at the NS5-brane pole at
w =1 and at the (1,1) 5-brane pole at w = —1 with vanishing action. A (1, —1) string can
be embedded at w = 1/3, and represents a (1,—1) loop operator at the z = 1 boundary
node with expectation value

(Wa,—1)(1)) =2V (4.46)

This coincides with the expectation value of the fundamental Wilson loop in the Yy the-
ory, (2.45).

S-duality rotates the brane web in figure 5(a) by ninety degrees. The gauge theory
description is again given by (2.30), up to a reversal of the coordinate along the quiver.
Fundamental strings and D-strings are exchanged, which relates the (0, 1) loop operators
with expectation value one to (anti)fundamental Wilson loops in the S-dual quiver with
expectation value one. The (1, —1) loop is mapped to a (1, 1) loop; a relation to the funda-
mental Wilson loop in the Yy theory will be discussed in the next section. Antisymmetric
Wilson loops are mapped by S-duality to antisymmetric Wilson loops, with transformed
parameters z and k. From the rotation of the brane web and reversal of the coordinate
along the quiver, the transformation is (z,k) — (1 — (1 —k)z,(1 —2)/(1 — (1 —k)z)). The
results in (2.34) and in (4.37), (4.41) are invariant under this transformation.
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Figure 6. Left: brane web for the gauge theory (2.38). Center: Yy supergravity solution on
the disc, with the 5-brane poles and string embedding. Along the red/blue curves the D3-brane
has constant F1/D1 charge. Right: (Npi, Np1) curves, from outer to inner curve for Im(w) €

{10*6, %0’ %, %, 1}. The F1/D1 charges carve out the grid diagram of the web in figure 6(a) and

identify the vertical/horizontal coordinate of the face in which the D3-brane is located in the brane
web.

4.5 Yy solution

The Yy theories are realized by junctions of 2N NS5-branes, N (1,1) 5-branes and N
(—1,1) 5-branes, figure 6(a). The supergravity solution for the Yy junction has 0,44
with three poles, which can be placed at {0,+1}. The functions Ay on the upper half
plane are

Ay = %N [(£1+¢)In(w—1)+ (£l —i)In(w + 1) F 2In(2w)] . (4.47)

For this theory, from the general expression in (C.3) and the identities in footnote 2,

9 2w
= —_N?’D(—=——) . 4.4
g 472 (w + 1) (448)

The antisymmetric Wilson loop expectation values obtained from D3-branes embedded
into this solution, via (4.20), are given by

6 2w
In(Wp) = —=N*D [ —— ) . 4.49
vy} = 287 (2 (1.49)
Up to a factor 2 the expression for G and (4.49) are identical to the expressions for the T
solution. The F1 and D1 charges of the D3-brane at a point w on 3, however, are different.
From (4.19),

N 21 N 1
Npi = — Imln (w ) : Ny = — Imn <w+1> . (4.50)
T ™

w? w —

Np; is valued in [-N, N] and Np; in [-N,0]. This reflects that the gauge theory has
2N + O(1) nodes and is different from the quiver deformation of the Ty theory. Curves of
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constant F1/D1 charge are shown in figure 6(b), for which the upper half plane is mapped
to the unit disc. Half of the curves with constant Np; connect the NS5 and (1, 1) 5-brane
poles, and half of them connect the NS5 and (1, —1) 5-brane poles. Curves of constant Ng;
extend from the (—1,1) 5-brane pole to the (1,1) 5-brane pole.

As in the previous examples, the F1 and D1 charges in figure 6(c) carve out the grid
diagram of the brane web in figure 6(a). They identify the face of the Yy brane web in
which a D3-brane embedded at a point w € ¥ is located. The horizontal and vertical
coordinates of the face in the brane web, n, and n,, such that the lower left face in the
web corresponds to ng; = n, = 0, for the D3-brane embedded at a point w are given by

ngy = Np1 + N, ny = Np1 + N . (4.51)

This associates with each point of 3 a face in the Yy brane web. The field theory data L
and N (z) are encoded in the supergravity solution in the range of n, and in the range of
ny for fixed n, = zL, respectively. The parameters of the Wilson loop represented by the
D3-brane are found, following the discussion of section 3, as

_ND1+N
2N

_Ne N

N(z) = N — |Np1| , k=100

(4.52)

The relations (4.52) can be solved for w in terms of z and k. For z < 1/2 this leads to

2w

il 2™ k=Dz cse(rlkz) sin(m(k — 2)2) (4.53)
w

Using (4.53) in (4.49), the holographic result for the expectation values of antisymmetric
Wilson loops becomes

In(Wx) = 2N2D (1 + 2Tz ege(mkkz) sin (7 (k — 2)2)) . (4.54)

This exactly matches the field theory result (2.43), noting that D(z) = D(z/(z—1)). Both
expressions are valid for z < % and extend to z > % by symmetry of the quiver (and the
supergravity solution) under z — 1 — z, providing a complete match.

We now discuss loop operators represented by strings. The BPS condition in (4.10)
leads to a linear equation for w,

w="C. (4.55)

q

For each choice of p, g there is one regular point on the boundary where a string with
these charges is %—BPS. The gauge node which the loop operator is associated with can be
identified from the location of the embedding and (4.52). It is the central node z(, q) = 3
for |[p/q| > 1, the boundary node z(,, = 1 for 0 < p/q < 1, and the boundary node
Z(pq) = 0 for =1 < p/q < 0. The expectation values of the corresponding (p,q) loop

operators, via (4.11), evaluate to

2

pb—q
<W(p7q) (Z(p7q))> = GS(P*‘” s S(pg) =3 ‘Nq In p T p (456)

‘ + Npln

p2_q2
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A D-string can be embedded at the NS5-pole at w = 0 and has vanishing action. A
fundamental string can be embedded at the point at infinity. The string represents a

fundamental Wilson loop associated with the z = % node, with expectation value

(Wr(3)) =2V (4.57)

This matches the field theory result (2.45). The embedding of the string is shown in
1

figure 6(b). Having only one 5-BPS fundamental string at a regular boundary point reflects
the field theory discussion in section 2.4: depending on the sign of the Chern-Simons term,
only one of the fundamental and anti-fundamental Wilson loops scales linearly.

The fundamental Wilson loop with linear scaling at the central node is represented in
terms of D3-branes by the single line of constant D1 charge for the D3-brane in figure 6(b)
that ends at a regular boundary point. The fundamental string at its end point represents
the fundamental Wilson loop obtained for £ = 1. The anti-fundamental Wilson loops for
all nodes are represented by D3-branes approaching the NS5-brane pole along curves with
constant D1 charge, in parallel with the discussion for the +y s solution. In figure 6(c)
this corresponds to approaching the lower horizontal boundary along vertical lines. The
remaining fundamental Wilson loops are represented by D3-branes approaching the (1,1)
and (1, —1) 5-brane poles along curves with constant D1 charge. They become equivalent to
fundamental strings at these poles. In figure 6(c) this corresponds to approaching the upper
boundary segments of the triangle along vertical lines. Since the antisymmetric Wilson loop
expectation values were already shown to exactly match the field theory computation, the
matching of the remaining (anti)fundamental Wilson loops to (2.46) is automatic.

The S-dual quiver deformation for the Yy theory, obtained from a ninety degree rota-
tion of the brane web in figure 6(a), is given by (2.39). The supergravity solution for the
dual web is obtained by a corresponding S-duality transformation, which can be obtained
from (B.24) and changes the residues of 0,44+ accordingly. The result can be seen as a
ninety degree rotation of figure 6(b). The D-string at the NS5 pole becomes a fundamental
string at a D5 pole, with vanishing action. It describes a fundamental Wilson loop with
expectation value one associated with a boundary node. This matches the field theory dis-
cussion at the end of section 2.4. The fundamental string in figure 6(b) becomes a D-string
after S-duality, representing a (0, 1) loop with expectation value as in (4.57).

The Yy supergravity solution is also related to the T solution, by an SL(2, R) trans-
formation with @ = —b = ¢ = d = 1/1/2 combined with an overall rescaling of the 5-brane
charges, N — N/+/2. This transformation relates the results if the charges of probe branes
are rescaled accordingly. The (1,—1) loop operator in the T theory, with expectation
value (4.46), is related by this transformation to the fundamental Wilson loop in the Yy
theory, (4.57), explaining the relation between their expectation values. D3 branes are
mapped to D3-branes with transformed (p,q) string charges, which leads to a relation
between antisymmetric Wilson loops. It is

(W)™ (2,k)) = 2In <WZN (2(2 k) -1, (2-@-1» : (4.58)
where Z = (1 — |1 — 2z])/2. This relation is satisfied by the expectation values in (2.43)
and (2.34).
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Figure 7. Left: brane web realizing the gauge theory (2.47). Center: Xy supergravity solution
on the disc, with the 5-brane poles and some string embeddings. Along the red/blue curves the
D3-brane has constant F1/D1 charge. Right: (Npi, Ny1) curves, from outer to inner curve for

Im(w) € {1076, 2%, %, %, %, %,1}. The Im(w) = 107° curve traces the boundary of the disc in

figure 7(b). The F1/D1 charge identifies the vertical/horizontal coordinate of the face of the brane
web in which the D3-brane is.

4.6 Xy solution

The Xy theories are realized by intersections of NV (1,1) 5-branes and N (1, —1) 5-branes,
figure 7(a). The Xy supergravity solution is defined by (section 4.2 of [25])

Ay = 8%]\[ [(£1+¢) (In(Bw — 2) —Inw) + (1 —4) (In(w — 1) = In(2w — 1))] . (4.59)

The pairs of poles with opposite-equal residues representing the pairs of external 5-branes
are at w € {0, %} and w € {%, 1}. The function G following from (C.3) is given by

e EE)

The antisymmetric Wilson loop expectation values obtained from D3-branes embedded at

a point w € ¥ in this solution, via (4.20), are given by

In(W,) = SNZ [D <3ww_ 2) +D (2 —waﬂ . (4.61)

The expressions in (4.60), (4.61) are related to those for the +x as solution with N = M by
a factor 2, which is due to an SL(2,R) relation similar to the one between the T and Yy
solutions. The (p, q) string charges of a D3-brane at w are different; from (4.19) they are

2 —1
Npi1+ Np1 = —NlImln ( v
T 2

2 3w — 2
>, NDl—NplzNImln<w ) (4.62)
m

w—1 w

The combinations Np; + Np; and Np; — Np; are valued in [0,2N]. Curves of constant
Np1 and Np; are shown in figure 7(b) for the solution on the unit disc.

The F1/D1 charges in figure 7(c) carve out the grid diagram of the brane web in fig-
ure 7(a), and identify for each point of ¥ the face in which the D3-brane is located in the
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Xn brane web. Following the same logic as in the previous examples, the supergravity so-
lution encodes the field theory data L and N(z) for the quiver (2.47), and the identification
of the Wilson loop parameters for a D3-brane at a point w is

_ Np;y 1 Nmp

I k=5 + NG N(z) = 2N — 2|Np; — N . (4.63)

From this relation between z, k and Npy, Np1, with (4.62), one finds

2w _11 _ 6—27rilkz+sinh_1(sin(27r]kz) cot(2m(1-k)z)) ) (464)
w —_—

Using the 5-term relation in footnote 2 the expectation values in (4.61) can be expressed as
1H<W/\> _ §N2 [D (u) +D (1 + u)] . u= e27ri]kz—sinh’1(sin(27r]kz) cot(2m(1-k)z)) ) (465)
T

This exactly matches the field theory result in (2.51).
We now discuss loop operators realized by strings. The BPS condition (4.10) for (p, q)
strings, with the functions A4 in (4.59), evaluates to

2w —-1)2w—-1)(p—q) +wBw—2)(p+¢q) =0 (4.66)

It has two real solutions for each (p,q). The gauge nodes which the strings are associated
with can be determined from the location of the embedding and (4.63). For |p/q| > 1

they are both associated with the central node, z(, ) = %; for |p/q| < 1 one embedding is

.q)
associated with the boundary node at z(, ) = 0 and the other with the node at z(, ) = 1.

The expectation values of the corresponding (p, ¢) loop operators are given by

Wipg) (2p0))) = 5000, (4.67)

with the action resulting from (4.11)

Spg) = 3|N(p+ q)| sinh ™ (4.68)

p—q .11
—— | +3|N(p— q)| sinh
g REILR

p+q‘
p—q

Fundamental strings and D-strings can be embedded, respectively, at wp; = (4£/2)/7
and wp; = 2 + /2. The expectation values of the corresponding loop operators are

(Wr(3)) = (Wr(3)) = (1+v2)*™,
(Wp(0)) = (Wp(1)) = (1+v2)* | (4.69)

The fundamental strings are associated with the central node and represent the fundamen-
tal and anti-fundamental Wilson loops discussed in section 2.5. The expectation values
match (2.53). The Xy brane web is mapped to itself by S-duality, which exchanges the
D-string and F-string operators. The loop operators represented by D-strings are thus
related to fundamental Wilson loops in the S-dual theory, which explains the expectation
values in (4.69).
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The fundamental and anti-fundamental Wilson loops with linear scaling in (4.69) can
also be understood in terms of D3-branes, through the vertical curve of constant D1 charge
in figure 7(b) which has both end points at regular boundary points. The fundamental
strings at the end points represent the fundamental and anti-fundamental Wilson loops
obtained for k = 1 and k = 2N — 1. The D-strings in (4.69) can similarly be understood
in terms of the horizontal curve of constant F1 charge in figure 7(b) which connects two
regular boundary points. The curves of constant D1-charge corresponding to z # % have
both end points at poles. The fundamental strings obtained at those end points represent
the remaining (anti)fundamental Wilson loops with enhanced scaling. Their expectation
values can be obtained from the results for antisymmetric Wilson loops in (4.65) using the
relations in (2.28), which reproduces the field theory results in (2.54).

The Xy solution is also related to the 4y y solution by an SL(2,R) transformation
combined with a rescaling, similar to the relation between the Yy and T solutions. This
relates the expectation values in (4.69) to those obtained for the 4y s theory in (4.34) when
N = M and (p,q) = (1,£1). This connects the (1, £1) loop operators of the +x y theories
to the field theory computations of section 2.5. Antisymmetric Wilson loops are mapped
to antisymmetric Wilson loops. Using the action of SL(2,R) on the (p, q) string charges of
the D3-brane and the identification of these charges with the field theory parameters for
the two solutions leads to the relation

In(Wi™ (2, k)) = 21n<WXLN’N (k(1 —[1—2z2), (1 —=k)(1— |1 —2z2]))) . (4.70)
It is satisfied by the expectation values (2.51) and (2.23).

5 Discussion

Expectation values were obtained for %—BPS loop operators in 5d SCFTs with relevant
deformations to long quiver gauge theories, using field theory methods and AdS/CFT. The
large number of Wilson loops in long quiver gauge theories makes them an excellent tool
to study these theories in detail. The results connect the local form of the internal space
in the supergravity solutions to the internal structure of the 5-brane webs realizing the 5d
SCFTs and their gauge theory deformations, and to the local features of the saddle points
of the field theory matrix models.

Wilson loops in (anti)fundamental and antisymmetric representations associated with
individual nodes of the gauge theories were studied using supersymmetric localization. The
expectation values for large antisymmetric representations are uniformly given in terms
of Bloch-Wigner functions, whose complex arguments combine an effectively continuous
coordinate z € [0, 1] along the quiver, specifying the gauge node, and a parameter k € [0, 1]
specifying the number of boxes in the Young tableau as fraction of the maximal number
for a given node. For the +x 3/ and Ty theories, which are, respectively, the UV fixed
points of the quiver gauge theories (2.19) and (2.30), the results are

3 ) N .
twars WAz ) = SNM[D@u) + DO+ u)], u= sk (oumbysingrs)

Tn: In(Wa(z, k) = %NQD(e”(l*Z) sin(m(1 — k)z) esc(nkz)) ,
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where D is the single-valued Bloch-Wigner function D(u) = Im (Liz(u)) 4+ arg(1 — u) In |ul.
For the Yy and Xy theories, whose gauge theory deformations (2.38) and (2.47) have a
central node with Ny < 2N, and for Yy also a Chern-Simons term, the results are, with
F=(1-[1-22])/2,

Yy : In(Wa(z,k)) = SNQ D(1+ 2™ 12 gin (rk2) ese(m(k — 2)2)),
Xy: In <W/\(Z, ]k)> _ SNZ [D(U) + D(l + u)} . u= 627rz']k2—sinh_1(sin(27r]k£) cot(2w(1-k)2)) )
The expectation values scale quadratically with N (and M), which is steeper than the N 3/2
scaling found for the 5d USp(NN) theories in [16]. This is in line with the steeper scaling of
the free energies, and can be understood from the matrix model perspective from the linear
scaling of the majority of eigenvalues. For all four theories the logarithms of the expectation
values are positive for (z, k) in the interior of the square [0, 1]? and vanish on its boundary.
Their behavior as the boundary is approached varies, depending on the gauge node under
consideration. This reflects that the behavior of fundamental and anti-fundamental Wilson
loops, which are recovered for small k and 1 — k, depends on the type of gauge node they
are associated with. The Xy and Yy theories have (anti)fundamental Wilson loops with
the naively expected linear scaling, at interior nodes with Ny < 2N.. But the majority of
(anti)fundamental Wilson loops exhibits a logarithmically enhanced scaling, which from the
matrix model perspective originates in a small number of the largest/smallest eigenvalues
having an enhanced scaling compared to the bulk of the eigenvalues.

The field theory results were reproduced exactly from the supergravity duals, which
describe the near-horizon limit of 5-brane webs that realize the gauge theories and their UV
fixed points. The geometry of the supergravity solutions is a warped product of AdSg and
S? over a Riemann surface 3, and each solution is defined by a pair of locally holomorphic
functions AL on X. Antisymmetric Wilson loops are represented by a two-parameter family
of D3-branes for each solution, one for each point of ¥.. The D3-branes carry (p, ¢)-string
charges, which are given by the real and imaginary parts of A, + A_. These charges were
shown to carve out the grid diagram of the 5-brane web associated with the supergravity
solution. They identify for each point of ¥ a face in the associated 5-brane web. The
internal structure of the 5-brane web and the data characterizing the gauge theory are thus
directly encoded in each of the supergravity solutions. For the D3-branes this identifies for
each embedding the face which the D3-brane is located in the brane web, which in turn
identifies the representation and gauge node for the Wilson loop. The expectation values
obtained from the D3-brane actions with these identifications reproduce the field theory
results exactly.

Fundamental and anti-fundamental Wilson loops were understood from the supergrav-
ity perspective in terms of D3-branes approaching boundary points of 3 and in terms of
fundamental strings embedded at the limiting points. The operators with linear scaling are
identified with fundamental strings at regular boundary points, while those with non-linear
scaling correspond to strings probing the points where 5-branes emerge. The identifica-
tion offers a field theory understanding of the points where (p,q) 5-branes emerge in the
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supergravity solutions, and it would be interesting to explore this further. Families of
more general %—BPS (p,q) string embeddings were identified for each solution, and the
corresponding loop operators were related in various ways to Wilson loops. It would be
interesting to understand these operators more directly in field theory.

The D3-brane action from which Wilson loop expectation values are obtained was
found to be given by the function G defined in terms of Ay in (4.4). This function plays
a prominent role in the supergravity solutions, in that the geometry is specified entirely
by G and its derivatives, as can be seen from (4.2) with x? = —0,,05G. Wilson loops thus
provide an efficient way to (re)construct a significant part of the supergravity data from
field theory. It would be interesting to identify a set of field theory observables from which
the entire holographic dual can be constructed.

For solutions describing 5-brane junctions involving only (p, ¢) 5-branes, G is generally
given by sums of Bloch-Wigner functions, as shown in appendix C. The same is therefore
true for the expectation values of antisymmetric Wilson loops in the corresponding gauge
theories. It would be interesting to explore possible geometric interpretations, noting that
the Bloch-Wigner function encodes the volume of ideal hyperbolic tetrahedra [55]. It would
also be interesting to study theories engineered by 5-brane webs with additional ingredients
like [p,q] 7-branes [56]. The matrix models and saddle points for several examples were
derived in [26] and supergravity duals were constructed in [31, 57]. Quiver theories with
gauge nodes other than SU(-) can be realized by incorporating O7-planes into the brane
webs [58] and the corresponding supergravity solutions [32]. The expectation values of
antisymmetric Wilson loops should contain higher polylogarithms for these theories.

Further interesting extensions include the study of Wilson loops in different represen-
tations, possibly involving an O(1) fraction of gauge nodes and relating to backreacted
solutions along the lines of [59-61], and the identification of the operators described by the
line defect solution of 6d supergravity [62] after uplifting to Type IIB [63, 64]. It would
also be interesting to explore the defect CF'Ts defined by the Wilson loops and the corre-
sponding AdSs/CFT; dualities along the lines of [65], and to explore long quiver theories
in other dimensions, e.g. [66-72].
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A Free energy for Xy

In this appendix the saddle point eigenvalue distributions for the X theories are derived,
and the free energy is computed. The matrix model is given by (2.27) of [26], and the
notation and conventions of that reference will be used. The quiver (2.47) is characterized
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by L = 2N and
N(z) =2N(1—|1-2z]), (A.1)

and no Chern-Simons terms or fundamental flavors. This leads to
1
Fxy = L2/ dzL +2NL? [HO </ dxp (%,$) — 1) —l—To/d:Exﬁ (%,m)} . (A.2)
0

The saddle point configuration is given by a harmonic function o(z,z) = N(2)p(z, z) which
satisfies p(0,x) = o(1,x) = 0 and the junction condition (2.47) of [26], which for this theory
becomes

+€

Zi Fy(z —y) 4+ Luo + Loz =0 . (A.3)

z —€

DO N[

/ dy [0-0(2,y)]

Since the discontinuity in N(z) at z = 3 is not balanced by Chern-Simons terms or flavor
contributions, the junction condition leads to the following constraints,

Q(%,:ﬁ) =0 for = ¢ (xg,x1),
d:0(3,2) =0 for x € (o, 1), (A.4)
with ¢ and z; to be determined. Due to symmetry under charge conjugation, zg = —x;.

The function ¢ can be constructed in analogy to the one for the #y theory in section 4
of [26]. This leads to

1— 4mxy 1 .
o= a(l —wv) Lo = ue + ’ u = ArEemiz (A.5)

V—u u + e

Normalization fixes
a = N csch(2mzy) . (A.6)

The SU(N) constraint is satisfied automatically. Demanding terms quadratic in x on the
left of (A.3) to vanish leads to

2mx; = cosh™tv/2 . (A.7)
This leads to the saddle point configuration
2N 1
ps(z,x) = + c.c. (A.8)

N(z) \/1 — 2coth?(27x + im2)
The junction condition (A.3) is satisfied with
CB)N
1672L
With the saddle point eigenvalue distributions in hand, the free energy on squashed spheres

o = (A.9)

can be obtained in parallel to the examples discussed in [26], which leads to

7w
F(Z)’ — tot

472 Wiwaws

C(3)N* . (A.10)

This is four times the free energy of the 4y n theory, as expected from their SL(2,R)
relation at large N (see section 4.6).
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B (p,q) strings and D3-branes in AdSg X S? X X

In this appendix the supersymmetry conditions for the probe brane and string embeddings
are discussed. The preserved supersymmetries are generated by Killing spinors € that
satisfy [47, 73, 74]

Fhe=c¢. (B.1)

In the following the background Killing spinors as derived in [28] are reviewed and then
the BPS conditions and on-shell actions for (p, ¢q) strings and D3-branes are discussed.
A general Killing spinor is expanded in a basis of AdSg x S? Killing spinors as

— _.m 72
€ — Z X" & Cors » 2 = €llise ® € (B.2)
nmmn2

where 7,12 = £. The explicit forms of the coefficient spinors ¢;,,, are

44+ = (g) ) (- = (—Bo_z) ) Co,— = WGy + - (B.3)

The complex conjugate spinor is given by

B ler = — Z XM @ 7]20'26;1’7772 . (B.4)
nmmn2
Thus,
= (" Hivm™) @Gy, (B.5)
n
B ler = ’LZ (X" +ivnx"") ® o2y 4 - (B.6)
U

The explicit form of the S? and AdSs Killing spinors has been derived in appendix B.1
and B.2 of [28]. Metric and Killing spinors are, with constant spinors 6222’0, 57415156,07

dS%z = d@% + sin292 dH% s 62,22 = exp <ZT2]2920-2> exp <_;910.3> 67;2270 7
ds* s = dr? + e*"dxtd moo— ey (1 1w _ m B.7
SAdsy = 077 T €T ATTAT,,  Chgg, = € + ot (m =) ) €laseo - (BT)

B.1 (p,q) strings

The BPS condition for general (p, q) strings can be derived by starting with a fundamental
string, for which I'y = I'(g) ® ¢® [75], and then deducing the general form using SL(2, R).
A phase has to be incorporated to accommodate the SU(1,1) conventions, as discussed
in [76]. Using the convention for complex notation of [77] the preserved supersymmetries
are singled out by

4 9. 1+B
Type =T B e, et = 1173 : (B.8)
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For an embedding where the F1 wraps Poincaré AdSs with coordinates (r,2°) in AdSe,

F(O) =TT = Yryo @ 1o @ 1o . (Bg)
For z! = ... = 2% = 0, the AdS¢ Killing spinor reduces to
mo_ e [ Lo m B.1
€adss — €2 + §$ Yo (M — ) €AdSe.,0 - (B.10)

Anticipating the form of the preserved supersymmetries, one can introduce a projector on
the constant AdSg spinor such that

YrY0 Ezldsﬁ’o = )\’)/(1)6211156’0 = ’YT'YOEZIdSG = )\Ezggﬁ ) (B'll)

with A2 = 1. With the expression in (B.6) this leads to

[e = ire's Z (X" +ivpx ") ® o2y ¢
7

=" (M i) @ Avner st (B.12)
n

where 1 has been switched to —» in the summation for the second line. Comparing to the
expression for € in (B.5), the k-symmetry constraint becomes

0=Tke—€= Z (X"’+ + iynx"’_) ® <)\unei9”02g“ﬁn7+ — Cn,+) : (B.13)
U

This expression vanishes without additional projectors if
)\Vneig"anger = (p+ - (B.14)

The two equations for 7 = + are conjugate to each other. Moreover, the two compo-
nents within each equation are conjugates of each other. This leads to the single complex
condition

Ae"a+5=0. (B.15)
It constrains the location of the F1 on ¥. From eq. (4.9) of [28§],
pa’ = f(Op Ay + BopA), pB* = f(BOp Ay + 0pA), (B.16)

with f=2 = 1 — |BJ%. The condition (B.15) becomes

1/2 ;a9 7 5o 7 N\ 1/2
A <1 +B> (8“’“4+ +B@“”4> = 1. (B.17)

1+ B Ba@./zh,_ + 8@./1_

This is the BPS condition for fundamental strings wrapping AdSs to preserve half of the
supersymmetries. Upon squaring and multiplying by the denominators, (B.17) leads to

(1 - BB)(0pAy — 0 A-) =0 . (B.18)
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The first factor is non-zero away from the poles. For generic points on ¥ the condition
thus is

Dp Ay = By A_ . (B.19)

This condition can only be satisfied on the boundary of ¥, since it implies x? = 0. Using
it in (B.17) fixes A\. At the poles fo and fs vanish (section 3.9.1 of [30]), which with (B.38)
implies that o and 8 both vanish. The condition (B.15) is thus formally satisfied at the
poles. The condition (B.17) can also be evaluated at the poles with the expressions derived
in section 3.9 of [30], which shows that it is satisfied as well.

We now evaluate the on-shell action (4.8) more explicitly for 3-BPS strings. For a
fundamental string it reduces to

S(1,00 = —T Volagds, e’ f§ . (B.20)
Noting that

= = V(2
o _ T4 1006 QuAs = 00 A0) + (T 1946 (9A — 0 A)[* 521
4Kk2|0,G|*T

and using that T" — oo at the boundary, the fundamental string action at a point on the

boundary where (B.19) is satisfied reduces to
S0y = =T Volags, |[Ay — A+ Ay —A_| . (B.22)

The BPS condition for generic (p, ¢)-strings can be obtained by an SL(2,R) transfor-
mation. In (3.13) of [31] an SL(2,R) matrix () was used to transform a D7-brane into a
[p, q] 7-brane, by transforming the monodromy matrix as follows,

2 2
Mo — QM 0O, _ (P —9/(0" +a )) . B.93
gl = @M1,0Q Q (q o/ 4 ) (B.23)

@ transforms a fundamental string into a (p, ¢) string. The differentials 9,4+ transform
under SU(1,1), with parameters related to the SL(2,R) parameters a,b,c,d, as follows
((2.12) of [31]),

OwA L . OuAL [ u —v)\ [OwAs U=
O A_ OA_ | \-ov a OwA_ ] v=

The BPS condition for generic (p,q) strings can be obtained from the condition (B.19)
for the fundamental string by transforming (9y.A+, 0 A—) with the SU(1, 1) matrix corre-
sponding to (), which leads to

(p +iq) Ow Ay = (p —iq) OwA- . (B.25)

(+a+1ib—ic+d)

. B.24
(—a+ib+ic+d) ( )

B[ o=

The on-shell action can similarly be obtained by SU(1, 1) transforming the result in (B.22).
The SU(1,1) action on the differentials 0,4+ in general lifts to an SU(1,1) ® C action on
the functions A.. However, from (5.16) of [28] it follows that A, — A_ is invariant under
the shifts. Thus,

Stpg) = —T Volags, [(p +iq) (A+ — A=) + (p — ig) (A — A-)| . (B.26)
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B.2 D3-brane BPS conditions

We now discuss supersymmetry of D3-brane embeddings, using again the conventions of [77]
for the form of T',, and the phase e of [76], defined in (B.8). This leads to

—q 1 .. . 1 ..
T'he = —Z <P(0)6 — i’ijXijF(o)ew'{C€* + 87”leinle(0)6> ) (B27)

Vdet(1+ X)

where Xij = gikfkj with F = F — By. For a D3-brane wrapping AdSs and S?, with flux
along AdS, and S2,

1. 1 ..
Ty =", gwxij =T Xy 4+ T Xg7, gw’flxijxkl =T%%7X,, X¢7 . (B.28)
This leads to
—i

T — (F(O)e — X1 Xere — €% (T Xy — T X¢7) Ce*) . (B.29)

det(1 + X)

The k-symmetry constraint becomes
Tgye — e (T Xoy — T%" Xo7) Ce* = he, (B.30)
where
h =iy/det(1+ X) + Xo1 Xer , det (1+X)=(1-Xx3) (1+XZ) . (B.31)
Similarly to the F1 discussion and notation we find
MM =yypel,ol, I'"=ilgedel,, Ip=iywec ely. (B.32)

The D3 should preserve the same supersymmetries as the F1, singled out by the projec-
tor (B.11). This leads to

Poye =AY (X +ivnx ") ® Gy

n

r%7Ce* = Z (X" +ivnx™T) @ 09
n

rce =ix Z (X" + i ") @ 0o (B.33)
n

The k-symmetry condition becomes

(M i) © [W?/\wa + e Xpo9Gy . + e A XeroaCt, L — hCn&} =0.
n
(B.34)
The conditions for a %—BPS embedding thus are

VIACp+ + eie“ngsz;ﬂL + s vnAXer02(”, . — hiy+ =0 (B.35)
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These conditions will now be evaluated further, and solved for Xp; and Xg7. The
conditions for n = + are equivalent to each other. For 7 = 4+ the conditions become

—(iA+ h)a — e (iXo + AXer) B,
0= (iA—h)B+ € (iXp1 — A\Xer) @ . (B.36)

Multiplying the first equation by —ife "~ and the second by iae~ "= and then taking the
sum leads to

2Xe ""aB = —(aa + BB) Xo1 + iA(BB — ad) Xgr . (B.37)
The Killing spinor components can be related to fo and fg by eq. (3.46) of [28],
fo =aa+ BB, vufy = BB —aa . (B.38)
This leads to
2Ne U af = — foXo1 + 3ivAfoXer . (B.39)

Taking the real and imaginary parts of this equation leads to

Xo = —? Re< *wf»ow) : Xgr = 3—f21m( “’“Eyﬁ) . (B.40)

This fixes the fluxes in terms of the position of the D3-brane on the Riemann surface.

The assignment (B.40) solves one linear combination of the conditions in (B.36). It

remains to check the remaining linear combination of the equations in (B.36), which is
2ihafe” % — 3vfaXo1 + iXfoXer =0 . (B.41)
Using the expressions for Xp; and Xgr7 in (B.40), it becomes
3ifafohaBe s + QuAf2Re (@ﬁe_w“) +ivAf2Im (aﬁe—i9~) —0. (B.42)
With (B.38),
3ifafoh + v (B2B% + a?a?) — 2vAa? B2 =0 . (B.43)

To further evaluate this condition h defined in (B.31) has to be computed. From (B.31),

3fafeh= 3if2f6\/<1 - Xgl) (1 + ng) + 3 f2f6 X01Xe7

- z\/(fg —4Re(afe0x) 2) <9f22 +4Im(aBex) 2) —4)w Re(afe=) Im(ape= ).
(B.44)

Using again the expressions for fs and fs in (B.38) shows that the two factors in the square
root are identical and uniformize the square root, leading to

3fofeh =i <ﬂ B 4+ a%a? — aple 20 _ a25262i9”> i (d2ﬁ2e—2wﬁ _ a25262i9") .
(B.45)
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Using this expression for h in the remaining condition (B.43) shows that it is satisfied if
A=v. (B.46)

Thus, the position of the D3-brane is not constrained by supersymmetry. But the fluxes
have to be chosen as in (B.40).

A relation to the BPS conditions for the probe D7-branes discussed in [76] arises
upon fixing the electric flux on the D3 and reading the resulting condition as a constraint
on the position of the D3. Concretely, setting Xo; = 0 leads, via (B.40), to the con-
straint that @Be "= be imaginary. This is equivalent to the BPS condition for D7-branes
in (3.27) of [76].

B.3 D3-brane action and charge
The on-shell action and charges for the %—BPS D3-brane are now evaluated, starting from
the action in (4.12) and using the fluxes as given in (B.40). The notation of appendix B.2

corresponds to
for = € ¢ Xon , fm — Re(C) = e’ f5 Xer , (B.47)

where, from (B.40) with (B.46),
2v —i0, ~ —i0 ~
Xo1 = T Re (e ”aﬁ) , X7 = —Im (e ”aﬁ) . (B.48)
6

This leads to the expressions in (4.16). The expressions for the Killing spinor components
a, B are in (B.16). 6, is defined in terms of B in (B.8).

The quantization condition for the flux on S? and the conserved charge density asso-
ciated with f, integrated over S?, as defined in (4.17) and (4.18), are given by

Npp =2 (Re(C) +ef fgxﬂ) : (B.49)

1+ X2
N1 = —Tp3Vs2 —

e *%fafy +1Im(C) + xe¢f§Xm] : (B.50)

The DBI Lagrangian is given by

Lopt = f62f22\/<1 - Xi) (1 + X§l> . (B.51)

As shown in appendix B.2, the two factors in the square root are related such that they
form a square,

fe(1=X3) =93 (1+ X&) - (B.52)
This leads to

Lpgpr = 3f6f23 (1 + Xgl) . (B.53)
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Consequently,
1
Ng1 = —Tp3zVolg: §6_¢f2f6Xm + xe” f3 Xoz +Im(C) | . (B.54)

The Legendre transform of Sps is given by

08
SD3 — felTDlg = TD3V01AdS2V0152 [_LDBI + fel (Im(C) + X(fm — RG(C))) + felNFl] . (B.55)

The contribution of the WZ term cancels two of the terms in Np;. The DBI Lagrangian is
given by (B.53), leading to

55 1
Sps — felTDf = T Volaas, Volgz fofs | =313 (1 + X&) — 3 X3
2
= *gTngolAdk%VOlSzg . (B.56)

For the second line (B.52) was used, and the expressions for fz and f2 in (4.1).
It remains to evaluate Nyp; and Np;. For 2wa’ = 1 the overall factor in Ny, becomes
Tp3 Volgz = 2, such that

Npy + iNpy = 2iC — %e*d’fzfeX@ +2Xg7e? f3 (i — X)
= 2iC + %l/fg [eid’ Re (e*w”&ﬁ) +e?(i — x) Im (e*ia"ézﬂ)] . (B.57)
For the second line the expressions in (B.48) were used. This may be further simplified to
Ng1 + iNpy = 2iC + gv foe? |~ Tm (e aB) +iTm (¢~ ap)] . (B.58)

From (E.4) of [28],
1 1-R 1 /K2
1/, _ 1 /s B.59
V= NPT R T3V T (B-59)

. R0,GOs(Ay + A) — 05G0u(Ar +A)

The axio-dilaton is given by

T ROWGIs (A — A) + 00G0u(Ar — A) (B-60)
and with the explicit expressions for a, 8, 2= and B, one finds
pafeitnet = /] 2090w A _é;)jlﬁg;”gfw(ﬂ* —A) (B.61)
With these expressions (B.58) simplifies to
Np1 +iNpy = g (AL +A) . (B.62)
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C General expression for G

In this appendix a general expression for the function G, defined in (4.4), for supergravity
solutions corresponding to (p, ¢) 5-brane junctions without 7-branes is derived. The general
form of the functions A4 was derived in [30], they are given by

L
A= AL+ ZiIn(w —ry), AL = —A%, Z{ = -7% . (C.1)
/=1

The poles on the real line are at ry, with residues given by Zi. Regular solutions require G
to be single-valued and positive in the interior of 3 and vanishing on the boundary. These
requirements lead to the regularity conditions

L
AQZE — A0 ZE +> " 2B Iy — | =0, k=1,---,L, (C.2)

=1
14k

where ZI6F = Zt ZF — 7k Z° | 1f the sum of the residues vanishes, Zngl Z4{ =0, the func-
tions Ay are regular at infinity, and only L — 1 of the conditions in (C.2) are independent.
If the sum of the residues does not vanish there is an additional pole at infinity; an SL(2, R)
transformation of the upper half plane can then be used to map all poles to finite points.
The residue Z% encodes the charges of the (p,q) 5-brane emerging at the pole r,. For a
given choice of residues, subject to the constraint that they sum to zero, the conditions
in (C.2) fix the remaining parameters.

Evaluating the function G defined in (4.4) for given Ay involves an additional inte-
gration, to determine B. We now show that, for generic A4 as in (C.1), such that the
conditions in (C.2) are satisfied, G is given by

L
G = Z VAZED) (W _ w> ’ (C.3)

Ty —T
l,k=1 ¢ k
ik

where ZI6H = ZﬁZﬁ — ZiZf and D is the Bloch-Wigner function

D(u) = Im (Liz(u)) + arg(1l — u) In|u| . (C4)
This expression is manifestly real, since ZI“*! is imaginary due to the conjugation relation
in (C.1). The sum in (C.3) may be restricted to ¢ < k at the expense of a factor two,
noting that ZI“#l is antisymmetric and D(1 — 2) = —D(z).

To establish (C.3), we first note that, from the definition of G and B in (4.4),

0uG = (Ay — A ) BuAy + (Ar — A ) Oy A_ . (C.5)
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Evaluating this expression for the functions A4 in (C.1), and using the regularity conditions
in (C.2) to replace the combination 249 Z% —2A4% Zk leads to

L 1 2
0uG =Y ZIHH In | "
hm1 w — T Ty — Tk
0k
L 1 T r w—r r T w—r
=Y zH [’5 " In LA k] . (C.6)
£k=1 Te =Tk LW— Tk Te—Tk w—="Ty T — Tk
04k

For the second line the antisymmetry of Z“* under exchange of ¢ and k was used. The
expression in the second line can be recognized as the derivative of D,

1 (1 1
OuD(u) = 3 <uln |1 —u|+ T In |u\> . (C.7)
This leads to
L Ty — W
WG = Oy 2i 76k D — ] ‘
OwG = 0 L%_l i — (C.8)
ik

G is real by construction, and the regularity conditions (C.2), which were assumed for the
derivation, ensure that it is constant on the boundary of the upper half plane. Fixing the
remaining integration constant so that G vanishes on the real line thus leads to (C.3).

Open Access. This article is distributed under the terms of the Creative Commons
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