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1 Introduction and summary

There are two known theories of quantum gravity with dynamical gravitons: string theory
(including M-theory) and higher spin gravity. The former has massless particles of spin
two and fewer, while the latter has massless particles of all spins.1 The AdS/CFT duality
relates string theory on Anti-de Sitter space (AdS) to conformal field theories (CFTs) with
matrix degrees of freedom such as 4d N = 4 SYM [2] and 3d ABJM theory [3], while
higher spin gravity is holographically dual to CFTs with vector degrees of freedom such as
the singlet sector of the critical O(N) model [4]. Such vector models are usually easier to
study, and AdS/CFT has even been recently derived for the simplest vector models [5]. A
key question in quantum gravity is if string theory and higher spin gravity are in fact limits
of the same universal theory, and if the derivation of AdS/CFT for higher spin gravity can
be extended to the richer case of string theory.

The ABJ triality of [6] proposes a precise relationship between these theories of quan-
tum gravity. String theory, M-theory and higher spin gravity are each conjectured to be
related by holography to different regimes of the 3d N = 6 ABJ family of CFTs [7] with
gauge group U(N)k ×U(N +M)−k. The original ABJM paper [7] proposed that the large
N and finite k andM limit is dual to weakly coupled M-theory on AdS4×S7/Zk, while the
large N, k and finiteM and N/k limit is dual to Type IIA string theory on AdS4×CP3.2 In
both cases ABJ has a matrix-like large N limit, as both gauge groups become large. In [6]
a third limit of ABJ was considered, where M and k are large, while N and λ ≡M/k are
finite. In this case only one gauge group becomes large and so the theory has a vector-like
large N limit. This is dual to an N = 6 theory of higher spin gravity on AdS4, where λ is
dual to the bulk parity breaking parameter.

Another family of N = 6 theories, the SO(2)2k × USp(2 + 2M)−k family of ABJ
theories, also has a vector-like limit when M,k are large while λ ≡ (M + 1/2)/k is held
fixed.3 In [9] it was conjectured that this was related to the same N = 6 theory of higher
spin gravity on AdS4 as the one in the ABJ triality, but this time with an orientifold.

Unfortunately, ABJ theory is strongly coupled for all the ranges of parameters of
interest to the ABJ triality, except for the weakly coupled limit when λ is small,4 which
has made the triality difficult to study. Progress on probing the strongly coupled regime
of ABJ(M) has been made recently using the analytic conformal bootstrap, which was
originally applied to N = 4 SYM in [12]. In particular, tree level correlators of single trace
operators are fixed at large N , or equivalently large stress tensor two-point coefficient cT ,
in terms of single trace exchange Witten diagrams plus contact terms. For the supergravity

1Or an infinite subset of spins, such as all even spins. See [1] for a review.
2These two limits can be considered as different regimes of the more universal large N, k and finite

µ ≡ N/k5 limit considered in [8], where small µ recovers the strongly coupled (i.e. large N/k) Type IIA
string theory limit, and large µ recovers the M-theory limit.

3For simplicity, we will use the same symbol λ for both the U(N)k × U(N + M)−k and SO(2)2k ×
USp(2 + 2M)−k theories, which should be clear by context. The shifted λ is the natural variable according
to Seiberg duality for the theory [9].

4More generally, the theory is weakly coupled when k is much bigger than N or M . See [10, 11] for
recent calculations in the weak coupling limit.
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limit, which describes both the M-theory and string theory limits at leading order at large
cT , the only single trace operators have spin two and less, and their exchange diagrams are
completely fixed by superconformal symmetry [13, 14]. The contact diagrams are restricted
by the flat space limit to have two derivatives or less [15], and such contact diagrams are
in fact forbidden by superconformal symmetry. For the correlator 〈SSSS〉 of the stress
tensor multiplet superprimary S, higher derivative corrections to the supergravity limit
were then fixed in terms of a finite number of contact terms [16], whose coefficients were
computed in either the M-theory [16, 17] or string theory [8] limits using constraints from
supersymmetric localization [18, 19].

In this paper we extend these tree level calculations to the higher spin limit of 〈SSSS〉.
As in the supergravity limit, the tree level correlator is fixed in terms of single trace
exchange diagrams plus contact diagrams. Unlike the supergravity limit, the higher spin
limit has single trace particles of every spin, their exchange diagrams are not completely
fixed by superconformal symmetry, and the contact terms can no longer be fixed using
the flat space limit as it does not exist for higher spin gravity [20]. We will resolve these
problems by combining slightly broken higher spin Ward identities with the Lorentzian
inversion formula [21], as in the recent calculation of the analogous non-supersymmetric
correlator in [22, 23].5 In particular, we will first compute tree level three-point functions
of single trace operators in terms of cT and another free parameter using weakly broken
higher spin symmetry, which generalizes the non-supersymmetric analysis of [26] to N = 6
theories.6 We then use these three-point functions to fix the infinite single trace exchange
diagrams that appear in 〈SSSS〉. Finally, we use the Lorentzian inversion formula to
argue that only contact diagrams with six derivatives or less can appear, of which only a
single linear combination is allowed by N = 6 superconformal symmetry. In sum, we find
that 〈SSSS〉 is fixed at leading order in large cT in the higher spin limit in terms of two
free parameters.

We then fix these two parameters for the U(N)k×U(N+M)−k and SO(2)2k×USp(2+
2M)−k ABJ theories using the mass deformed free energy F (m+,m−) = − logZ(m+,m−),
which was computed for these theories using supersymmetric localization in [19]. In partic-
ular, [8] derived two constraints that relate certain integrals of 〈SSSS〉 to ∂4

m±F
∣∣
m±=0 and

∂2
m+∂

2
m−F

∣∣
m±=0. Following [27, 28], we compute these constraints and find them redun-

dant, so that they only fix one of the two unknown parameters. We then use the slightly
broken higher spin Ward identities to relate 〈SSSS〉 to 〈SSSP 〉, where P is a pseudoscalar
that appears in the stress tensor multiplet. For parity preserving theories, such as ABJ
with λ = 0, 1

2 ,
7 the superprimary S is parity even and P is parity odd, so 〈SSSP 〉 vanishes

in this case, but is nonzero for a generic parity breaking λ. We derive a new integrated

5See also [24] for a similar calculation of a spinning non-supersymmetric correlator, as well as [25] for a
more direct diagrammatic approach.

6Note that [26] applies to higher spin theories with only one single trace operator of each spin. This
excludes the N = 6 higher spin theories we consider, whose single trace spectrum includes one higher
spin multiplet of each spin plus the stress tensor multiplet, whose component operators includes multiple
operators of each spin.

7Seiberg duality make these theories periodic in λ with period 1 [6, 27].
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constraint that relates 〈SSSP 〉 to ∂3
m±∂m∓F (m+,m−)

∣∣
m±=0, and then use to this to fully

fix the second unknown coefficient in 〈SSSS〉. When written in terms of λ and cT ∼M ,8

our final result for 〈SSSS〉 in the tree level higher spin limit then takes the same form for
both the U(N)k ×U(N +M)−k and SO(2)2k ×USp(2 + 2M)−k theories:

〈S(~x1)S(~x2)S(~x3)S(~x4)〉tree = 8
cT

∑6
i=1 Bi

|~x12|2|~x34|2
[
(2− sin2(πλ))Sifree + sin2(πλ)Siscal

]
. (1.1)

Here, Bi are certain R-symmetry invariants given in (2.48), Sifree is the connected part
of the correlator for a free N = 6 CFT (e.g. λ = 0 ABJ), while Siscal consists of scalar
exchange diagrams. In this basis, 〈SSSS〉 is uniquely fixed by crossing symmetry in terms
of S1 and S4, which for the free connected and exchange terms are

S1
free = 0 , S4

free = U

V
,

S1
scal = −2U

π
5
2
D̄1,1, 12 ,

1
2
(U, V ) , S4

scal = U

π
5
2

[
D̄ 1

2 ,1,1,
1
2
(U, V ) + D̄1, 12 ,1,

1
2
(U, V )

]
,

(1.2)

where U, V are the usual conformal cross ratios, and the D̄ functions are the usual exchange
diagrams for scalars. From 〈SSSS〉, we can use the superconformal Ward identities to
derive the result for 〈PPPP 〉:

〈P (~x1)P (~x2)P (~x3)P (~x4)〉tree = 8
cT

∑6
i=1 Bi

|~x12|4|~x34|4
(2− sin2(πλ))P ifree , (1.3)

which is written in the same R-symmetry basis as 〈SSSS〉. We define P ifree to be the con-
nected part of the free correlator for 〈PPPP 〉, whose independent terms up to crossing are

P1
free = 0 , P4

free = U2(U − V − 1)
V

3
2

. (1.4)

Our results for 〈SSSS〉 and 〈PPPP 〉 are analogous to those of the quasi-bosonic and
quasi-fermionic non-supersymmetric correlators derived in [22], which we discuss further
in the conclusion.

We then compare our analytic tree level result for 〈SSSS〉 to non-perturbative pre-
dictions for this quantity coming from the numerical conformal bootstrap [29–31]. By
comparing the N = 6 numerical bounds on 〈SSSS〉 to certain protected CFT data known
exactly via supersymmetric localization, [28] conjectured that the low-lying spectrum of
the U(1)2M ×U(1 +M)−2M ABJ theory could be numerically computed for any cT ∼M .
We find that the large cT regime of this finite cT bootstrap result compares well to our
tree level analytic results at λ = 1/2 for both protected and unprotected low-lying CFT
data,9 as summarized in table 5. This nontrivial check of the conjectured non-perturbative
solution of the U(1)2M × U(1 + M)−2M theory generalizes the analogous check of the su-
pergravity limit in [32], which matched the tree level supergravity correlator of [13] to the

8The precise value of cT in the large M limit can also be computed using localization, as we will discuss
in the main text.

9Note that our tree level result does not depend on N when written in terms of cT and λ.
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conjectured N = 8 numerical bootstrap solution in [33–36] of the U(N)2 × U(N + 1)−2
ABJ theory in the large cT ∼ N3/2 supergravity regime.

The rest of this paper is organized as follows. In section 2, we derive the general form
of 〈SSSS〉 and 〈SSSP 〉 using the constraints of weakly broken higher spin symmetry. In
section 3, we use localization constraints from the mass deformed free energy in the higher
spin limit to fix the unknown coefficients in 〈SSSS〉. In section 4, we compare our results at
λ = 1/2 to the numerical conformal bootstrap results of [28] for the U(1)2M×U(1+M)−2M
theory. We end with a discussion of our results in section 5. Many technical details are
relegated to the appendices.

2 Weakly broken higher spin symmetry

In this section we discuss the constraints of weakly broken higher spin symmetry on any 3d
N = 6 CFT whose single trace spectrum consists of the stress tensor multiplet as well long
multiplets with superprimaries B` for each spin ` ≥ 0, which in the strict higher spin limit
become conserved current multiplets. We start in section 2.1 with a discussion of conserved
current multiplets for 3d N = 6 CFTs. In section 2.2 we then discuss the constraints from
weakly broken higher spin symmetry at tree level. In section 2.3 we use these constraints
to fix the tree level three-point functions of certain single trace operators. In section 2.4 we
use these three-point functions and the Lorentzian inversion formula to fix the tree level
〈SSSS〉 in terms of two coefficients a1(λ) and a2(λ). Finally, in section 2.5 we use weakly
broken higher spin symmetry to relate 〈SSSS〉 to 〈SSSP 〉, which is then also fixed in
terms of the same a1(λ) and a2(λ).

2.1 N = 6 conserved currents

The osp(6|4) superalgebra allows two kinds of unitary conserved current multiplets. The
stress tensor multiplet, which is a 1/3-BPS operator, contains conserved currents only
up to spin two and is found in all local 3d N = 6 theories. This multiplet contains two
scalars: the superconformal primary Sab(~x) with dimension 1, and the operator Pab(~x) with
dimension 2, both transforming in the adjoint 15 of so(6)R. We use indices, a, b = 1 , . . . , 4
to denote su(4) ≈ so(6) fundamental (lower) and anti-fundamental (upper) indices. To
avoiding carrying around indices, we find it convenient to contract them with an auxiliary
matrix X, defining

S(~x,X) ≡ Xa
bSb

a(~x) , P (~x,X) ≡ Xa
bPb

a(~x) . (2.1)

We normalize S(~x,X) and P (~x,X) such that their two-point functions are

〈S(~x1, X1)S(~x2, X2)〉 = tr(X1X2)
x2

12
, 〈P (~x1, X1)P (~x2, X2)〉 = tr(X1X2)

x4
12

, (2.2)

where we define xij = |~xi − ~xj |. Apart from these two scalars, the other bosonic operators
in the multiplet are the R-symmetry current Jµ1 (~x,X), a U(1) flavor current jµ(~x), and
finally the stress tensor itself, Tµν2 (~x).
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Type ∆ Spin Multiplet so(6)R BPS
Long > ∆B + `+ 1 ` Long [a1a2a3] 0
A ∆B + `+ 1 ` (A, 1) [a1a2a3] 1/12

(A, 2) [0a2a3] 1/6
(A,+) [0a20] 1/4
(A,−) [00a3] 1/4

(A, cons.) [000] 1/3
B ∆B 0 (B, 1) [a1a2a3] 1/6

(B, 2) [0a2a3] 1/3
(B,+) [0a20] 1/2
(B,−) [00a3] 1/2
Trivial [000] 1

Table 1. Multiplets of osp(6|4) and the quantum numbers of their superconformal primary, where
∆B = a1 + 1

2 (a2 + a3).

Unlike the stress tensor multiplet, all other N = 6 conserved current multiplets are
semishort rather than short, and contain conserved currents with spin greater than two.
For every ` > 0, there is a conserved current multiplet10 (A, cons)[000]

`+1,` whose supercon-
formal primary is a spin-` conserved current B`(~x). The bosonic descendants of B`(~x)
are conserved currents H`+1(~x,X), J`+2(~x,X), and T`+3(~x) with spins ` + 1, ` + 2 and
`+ 3 respectively. The bottom and top components B` and T`+3 are R-symmetry singlets,
while the middle two components H`+1 and J`+2 transform in the 15. There is also a
scalar higher spin multiplet (A, cons)[000]

1,0 whose primary B0(~x) is a dimension 1 scalar.
This multiplet has the same structure as the ` > 0 higher spin multiplets, except that it
also contains an additional scalar C0(~x) with dimension 2. We will normalize all of these
operators so that

〈J µ1...µ`
` (~x1)J ν1...ν`

` (~x2)〉 =
(
I(µ1...µn)(ν1...νn)(x12)

x2`−1
12

− traces
)
,

〈Kµ1...µ`
` (~x1, X1)Kν1...ν`

` (~x2, X2)〉 = tr(X1X2)
(
I(µ1...µn)(ν1...νn)(x12)

x2`−2
12

− traces
)
,

where Iµ1...µnν1...νn(x12) =
(
δµ1ν1 − xµ1

12x
ν1
12

x2
12

)
. . .

(
δµnνn − xµn12 x

νn
12

x2
12

)
,

(2.3)

for operators J` and K` transforming in the 1 and 15 of the so(6)R R-symmetry
respectively.

We assume that the single-trace operators consist of a stress tensor multiplet, along
with a single higher spin multiplet (A, cons)[000]

`+1,` for each ` = 0 , 1 , 2 , . . . . We list the
single-trace operator content of such theories in table 2. Observe that for each spin ` ≥ 2

10We use the notation Mr
∆,` to denote the N = 6 supermultiplet with shortening condition T , whose

superconformal primary has spin `, conformal dimension ∆ and transforms in the representation r under
so(6). A full list of unitary supermultiplets is given in table 1.

– 5 –
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Higher-Spin Multiplet
Spin Stress-tensor Spin 0 Spin 1 Spin 2 Spin 3 . . .

0 15 + 15 1 + 1
1/2 6 + 10 + 10 6
1 1 + 15 15 1

3/2 6 10 + 10 6
2 1 15 15 1

5/2 6 10 + 10 6
3 1 15 15 1

7/2 6 10 + 10 6
4 1 15 15 . . .
...

...
...

. . .

Table 2. Single trace operators for higher spin N = 6 CFTs.

the bosonic conserved currents come in pairs, so that for each B`(~x) and H`(~x) there is a
T`(~x) and J`(~x) respectively with the same quantum numbers but belonging to different
SUSY multiplets. As we shall see, these pairs of operators are mixed by the higher spin
conserved currents.

Let us now consider three-point functions between the scalars S, P and a conserved
current J . Conformal invariance, R-symmetry, and crossing symmetry together imply that

〈φ(~x1, X1)φ(~x2, X2)J µ1...µ`
` (~x3)〉 =


λφφJ tr (X1X2) Cµ1...µ`

φφ` (xi) even `

0 odd `

〈φ(~x1, X1)φ(~x2, X2)Kµ1...µ`
` (~x3, X3)〉 =


λφφKtr ({X1, X2}X3) Cµ1...µ`

∆φ∆φ`
(xi) even `

λφφKtr ([X1, X2]X3) Cµ1...µ`
∆φ∆φ`

(xi) odd `

(2.4)

where we define the conformally covariant structure11

Cµ1...µ`
∆1∆2`

(xi) =

√
(1/2)`
2`+2`!

(
xµ1

13
x2

13
− xµ1

23
x2

23

)
. . .

(
xµ`13
x2

13
− xµ`23
x2

23

)
1

x∆1+∆2−1
12 x∆2−∆1+1

23 x∆1−∆2+1
31

.

(2.5)
Note that 〈SPJ 〉 automatically vanishes when J is a conserved current, as C∆1∆2` is not
conserved unless ∆1 = ∆2.

Supersymmetry relates the OPE coefficients of operators in the same supermultiplet.
By using the superconformal blocks for 〈SSSS〉 computed in [28], we find for every integer
` there is a unique superconformal structure between two S operators and the (A, cons)[000]

`+1,`

11Our choice of prefactors multiplying Cφ1φ2` is such that the three-point coefficients λφ1φ2O match the
OPE coefficients multiplying the conformal blocks in (2.53).
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supermultiplet. For even ` the OPE coefficients are all related to λSSB` via the equations12

λSSB` = λSSH`+1 = λSSJ`+2 , λSST`+3 = 0 ,
λPPB` = −`λSSB` , λPPH`+1 = −(`+ 1)λSSB` ,

λPPJ`+2 = −(`+ 2)λSSB` , λPPT`+3 = 0 ,
(2.6)

while for odd ` the OPE coefficients are related to λSST`+3 :

λSSH`+1 = λSSJ`+2 = λSST`+3 , λSSB` = 0 ,
λPPB` = 0 , λPPH`+1 = (`+ 1)λSST`+3 ,

λPPJ`+2 = (`+ 2)λSST`+3 , λPPT`+3 = (`+ 3)λSST`+3 .

(2.7)

Note that λSST`+3 vanishes for even `, and λSSB` for odd `, simply as a consequence of
1 ↔ 2 crossing symmetry. The superconformal blocks for the stress tensor and the scalar
conserved current have the same structure (where we treat the stress tensor block as having
spin −1), with the additional equations

λSSS = λSST2 , λSSP = λPPS = λPPP = 0 ,
λSSC0 = λPPC0 = 0 ,

(2.8)

for the scalars S and P , and dimension 2 scalar C0, in the stress tensor and the scalar
conserved current multiplet respectively.

Finally, we note that due to the superconformal Ward identities, λSST2 can be expressed
in terms of the coefficient of the canonically normalized stress tensor,13 so that

λSSS = λSST2 = 8
√
cT

. (2.9)

For a single scalar or Majorana fermion cT = 1 in our normalization. The N = 6 free-field
theory (which in fact has N = 8 supersymmetry) consists of 8 scalars and 8 Majorana
fermions and so has cT = 16.

2.2 The so(6) pseudocharge

Having reviewed the properties of conserved current multiplets in N = 6 theories, we
now consider what happens when the higher spin symmetries are broken to leading order
in 1/cT . We will follow the strategy employed in [26] and use the weakly broken higher
spin symmetries to constrain three-point functions. Unlike that paper however, which
studies the non-supersymmetric case and so considers the symmetries generated by a spin

12The superconformal blocks themselves relate λ2
SSH`+1 or λ2

SST`+3 to λ2
SSO and λSSOλPPO for all su-

perdescendants O of B`. Although the superconformal blocks do not fix the sign of λSSO, we can always
redefine O → −O so that λSSO/λSSB` or λSSO/λSST`+3 is positive.

13We define cT so that the stress tensor satisfies the Ward identity [37]

4π
√
cT
3

∫
d3x 〈∇µTµν(x)O1(y1) . . .On(yn)〉 = −

∑
i

〈O1(y1) . . . ∂νOi(yi) . . .On(yn)〉

for any arbitrary string of operators Oi(yi).

– 7 –
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4 operator, we will instead focus on the spin 1 operator Hµ
1 (~x,X). While itself not a higher

spin conserved current, it is related to the spin 3 current T3(~x) by supersymmetry.
We begin by using H1(x) to define a pseudocharge:

δ̃(X)O(0) = 1
4π

∫
|x|=r

dS ·H1(~x,X)O(0)
∣∣∣∣
finite as r→0

. (2.10)

The action of δ̃(X) is fixed by the 3-points functions 〈H1OO′〉. Because Hµ
1 has spin 1,

it must act in the same way on conformal primaries as would any other spin 1 conserved
current. In particular, it relates conformal primaries to other conformal primaries with the
same spin and conformal dimension.

Now consider the action of δ̃(X) on an arbitrary three-point function. We can use the
divergence theorem to write:

δ̃(X)
〈
O1(~y1)O2(~y2)O3(~y3)

〉
= − 1

4π

∫
Rr
d3x 〈∇ ·H1(~x,X)O1(~y1)O2(~y2)O3(~y3)〉

∣∣∣∣
finite r→0

,
(2.11)

where Rr is the set of ~x ∈ R3 for which |~x− ~yi| > r for each yi. If the operator Hµ
1 (x,X)

were conserved, the right-hand side of this expression would vanish and we would find
that correlators were invariant under δ̃(X). When the higher spin symmetries are broken,
however, ∇ ·H1 will no longer vanish and so (2.11) will gives us a non-trivial identity.

In the infinite cT limit, ∇ ·H1 will become a conformal primary distinct from Hµ
1 . In

order to work out what this primary is, we can use the N = 6 multiplet recombination
rules [28, 38]:

Long[000]
∆,0 −→

∆→1
(A, cons)[100]

1,0 ⊕ (B, 1)[200]
2,0 ,

Long[000]
∆,` −→

∆→`+1
(A, cons)[100]

`+1,` ⊕ (A, 1)[100]
`+3/2,`−1/2 for ` > 0 .

(2.12)

From this we see that, unlike the other conserved current multiplets, the scalar conserved
current multiplet recombines with a B-type multiplet, the (B, 1)[200]

2,0 . The only such mul-
tiplet available in higher spin N = 6 CFT at infinite cT is the double-trace operator
S[a

[bS
c]
d], whose descendants are also double-traces of stress tensor operators. From this

we deduce that

∇ ·H1(~x,X) = − α
√
cT

Φ(~x,X) + fermion bilinears +O(c−1
T )

with Φ(~x,X) = Xa
b

(
Sbc(~x)P ca(~x)− P bc(~x)Sca(~x)

)
,

(2.13)

and where α is some as yet undetermined coefficient. We then conclude that

δ̃(X)〈O1O2O3〉 = α

4π√cT

∫
d3x 〈Φ(~x,X)O1O2O3〉+fermion bilinears+O(cT−3/2) , (2.14)

where we have left the regularization of the right-hand integral implicit.
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We will begin by considering the case where O1, O2 and O3 are any three bosonic
conserved currents. In this case, 〈ΦO1O2O3〉 ∼ c−3/2

T and so

δ̃(X)〈O1O2O3〉 = O(c−3/2
T ) . (2.15)

We thus find that, at leading order in the 1/cT expansion, these three-point functions are
invariant under δ̃(X). This is a strong statement, allowing us to import statements about
conserved currents and apply them to H1.

Consider now the R-symmetry current J1, which has the same quantum numbers as
H1, and let us define

δ(X)O(0) = 1
4π

∫
|x|=r

dS · J1(x)O(0)
∣∣∣∣
finite as r→0

, (2.16)

which generates the so(6)R symmetry. Because any correlator of both J1 and H1 is con-
served under δ(X) and δ̃(X) at leading order, the (pseudo)charges δ(X) and δ̃(X) form a
semisimple Lie algebra.14 The so(6)R symmetry implies the commutator relations

[δ(X), δ(Y )] = ζδ([X,Y ]) , [δ(X), δ̃(Y )] = ζδ̃([X,Y ]) , (2.17)

for some non-zero constant ζ, while

[δ̃(X), δ̃(Y )] = ζδ([X,Y ]) + 2γδ̃([X,Y ]) , (2.18)

for some additional γ. Note that both the second equation in (2.17) and the first term
in (2.18) are fixed by the same conformal structure in the three-point function 〈H1H1J1〉,
which is why they are both proportional to ζ. We can now define charges δL(X) and δR(X)
by the equations

δ(X) = ζ (δL(X) + δR(X)) , δ̃(X) = ζLδL(X) + ζRδR(X) ,

with ζL = γ +
√
ζ2 + γ2 , ζR = γ −

√
ζ2 + γ2 ,

(2.19)

which satisfy the commutator relations

[δL(X), δL(Y )] = δL([X,Y ]) , [δL(X), δR(Y )] = 0
[δR(X), δR(Y )] = δR([X,Y ]) .

(2.20)

These are precisely the commutation relations of an so(6) × so(6) Lie algebra, where the
δL(X) generates the left-hand and δR(X) the right-hand so(6) respectively.

As we have showed previously, three-point functions of bosonic conserved currents are
δ̃(X) invariant at leading order in the large cT expansion. As a consequence, the higher
spin operators H`(~x,X) and J`(~x,X) will together form representations of so(6) × so(6).

14Note that this Lie algebra structure only holds when δ(X) and δ̃(X) act on spinning single trace
operators, so that (2.15) holds. In particular, equation (2.17) and (2.18) are true when δ(X) and δ̃(X) act
on such operators.
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There are two possibilities. Either both operators transform in the adjoint of the same
so(6), or instead the operators split into left and right-handed operators

J L` (~x,X) = − cos(θ`)H`(~x,X) + sin(θ`)J`(~x,X) ,
J R` (~x,X) = − sin(θ`)H`(~x,X) + cos(θ`)J`(~x,X) ,

(2.21)

with some mixing angle θ`, such that

δ̃(X)J L` (~y, Y ) = ζLJ L` (~y, [X,Y ]) , δ̃(X)J R` (~y, Y ) = ζRJ R` (~y, [X,Y ]) . (2.22)

As we shall see in the next section, it is this latter possibility which is actually realized in
all theories for which λSSB0 6= 0.

2.3 Three-point functions

So far we have been avoiding the scalars S and P . Because the Hµ
1 (~x,X) eats a bilinear

of S and P , correlators involving these scalars are not automatically conserved at leading
order, and so we can not assign these operators well defined so(6) × so(6) transformation
properties. The action of δ̃(X) is, however, still fixed by the delta function appearing in
the three-point functions

〈SO∇ ·H1〉 and 〈SÔ∇ ·H1〉

when O and Ô are scalars of dimension 1 and 2 respectively. In appendix A.1 we system-
atically work through the possibilities, finding that15

δ̃(X)S(~y, Y ) = −1
4λSSB0S(~y, [X,Y ])

δ̃(X)P (~y, Y ) = 1
4λSSB0P (~y, [X,Y ]) + κ1S

2(~y, [X,Y ]) + κ2SB0(~y, [X,Y ]) ,
(2.23)

where we define the double trace operators

S2(~y, Y ) ≡ Y a
b

(
Sbc(~y)Sca(~y)− 1

4δ
a
bS

c
d(~y)Sdc(~y)

)
,

SB0(~y, Y ) ≡ Y a
bS

b
a(~y)B0(~y) ,

(2.24)

and where λSSB0 = λSSH1 ∼ c
−1/2
T and κi ∼ c−1

T . By suitably redefining the sign of the
conserved current multiplet operators, we can always fix λSSB0 ≥ 0.

Let us now consider the three-point function of two scalars with a spin ` conserved
current OL` (~y, Y ) transforming in the left-handed 15, so that

δ̃(X)OL` (~y, Y ) = ζLOL` (~y, [X,Y ]) . (2.25)

15Throughout this section, we will abuse notation slightly and use λO1O2O3 to refer to the leading large
cT behavior of the OPE coefficient, which for three single trace operators scales as c−1/2

T .
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We can then consider the weakly broken δ̃(X) Ward identity:

δ̃(X)〈S(~y1, Y1)S(~y2, Y2)OL` (~y3, Y3)〉

= α

4π√cT

∫
d3xXa

b〈S(~y1, Y1)Sbc(~x)〉〈P ca(~x)S(~y2, Y2)OL` (~y3, Y3)〉

− α

4π√cT

∫
d3xXa

b〈S(~y1, Y1)Sca(~x)〉〈P bc(~x)S(~y2, Y2)OL` (~y3, Y3)〉+ 1↔ 2 .

(2.26)

Defining the operators S̃(~x,X) and P̃ (~x,X) to be the “shadow transforms” [39] of S(~x,X)
and P (~x,X) respectively:

S̃(~x,X) = 1
4π

∫
d3z

|~x− ~z|4
S(~z,X) , P̃ (~x,X) = 1

4π

∫
d3z

|~x− ~z|2
P (~z,X) , (2.27)

we can then rewrite the Ward identity as:

δ̃(X)〈S(~y1, Y1)S(~y2, Y2)OL` (~y3, Y3)〉

= α
√
cT

(
〈P̃ (~y1, [X,Y1])S(~y2, Y2)OL` (~y3, Y3)〉+ 〈S(~y1, Y1)P̃ (~y2, [X,Y2])OL` (~y3, Y3)〉

)
.

(2.28)

Our task now is to expand correlators in this Ward identity in terms of conformal and
R-symmetry covariant structures. Using (2.4), the l.h.s. of (2.28) becomes

δ̃(X)〈S(~y1, Y1)S(~y2, Y2)OL` (~y3, Y3)〉

=
(
ζL + λSSH1

4

)
λSSOL

`
tr ([Y1, Y2]±[X,Y3]) C11`(~yi) ,

(2.29)

where [Yi, Yj ]± is a commutator when ` is even, and anticommutator when ` is odd. To
evaluate the r.h.s. we first note that, using both conformal and R-symmetry invariance,

〈S(~y1, Y1)P (~y2, Y2)OL` (~y3, Y3)〉

=
(
λ+
SPOL

`

tr ([Y1, Y2]±Y3) + λ−
SPOL

`

tr ([Y1, Y2]∓Y3)
)
C12`(~yi) ,

(2.30)

for some OPE coefficients λ±
SPOL

`

. Because the operator OL` (~y, Y ) is not conserved at finite

cT , this three-point function does not necessarily vanish at O(c−1/2
T ). We can then compute

the shadow transform using the identity [40]∫
d3z

|~z − ~x1|2∆1−6C
µ1...µ`
∆1,∆2,`

(~z1, ~x2, ~x3)

=
π3/2Γ

(
∆1 − 3

2

)
Γ
(

∆2−∆1+2
2

)
Γ
(

4+2`−∆1−∆2
2

)
Γ (3−∆1) Γ

(
∆1+∆2−1

2

)
Γ
(

2`+∆1−∆2+1
2

) Cµ1...µ`
3−∆1,∆2`

(~x1, ~x2, ~x3) .
(2.31)

Putting everything together, we conclude that

λ+
SPOL

`

= −(λSSB0 + 4ζL)`!
π3/2Γ(`+ 1/2)

λSSOL
`

√
cT

α
, λ−

SPOL
`

= 0 . (2.32)
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So far we have consider the weakly broken Ward identity for the three-point function
〈SSOL` 〉, but it is straightforward to repeat this exercise with the variations

δ̃〈SPOL` 〉 = α
√
cT

(
〈P̃POL` 〉 − 〈SS̃OL` 〉

)
,

δ̃〈PPOL` 〉 = − α
√
cT

(
〈S̃POL` 〉+ 〈PS̃OL` 〉

)
.

(2.33)

Expanding each of these correlators and using (2.31), we find that

λPPOL
`

=
(4ζL + λSSB0

4ζL − λSSB0

)
`λSSOL

`
, 16ζ2

L − λ2
SSB0 = 2α2π2

cT
. (2.34)

Applying the same logic to a right-handed operator OR` (~x,X), we immediately see that

λPPOR
`

=
(4ζR + λSSB0

4ζR − λSSB0

)
`λSSOR

`
, 16ζ2

R − λ2
SSB0 = 2α2π2

cT
. (2.35)

In particular, taking the last equations of (2.34) and (2.35) and combining them with (2.19),
we find that

ζL = −ζR = ζ . (2.36)

As we saw in the previous section, ζ fixes the action of the R-symmetry charge δ(X), which,
unlike δ̃(X), is exactly conserved in any N = 6 theory. We can therefore relate it to the
three-point function 〈SSJ1〉, and thus to the OPE coefficient λSSS :

ζ = −1
4λSSJ1 = −1

4λSSS . (2.37)

We now apply (2.34) and (2.35) to the operators H` and J`. Recall that these operators
either transform identically under so(6), or they split into left-handed and right-handed
operators. Let us begin with the possibility that they transform identically under so(6)×
so(6), and assume without loss of generality that both are left-handed. Combining (2.34)
with the superblocks (2.6) and (2.7), we find that

(−1)`λSSH` =
(
λSSS − λSSB0

λSSS + λSSB0

)
λSSH` , −(−1)`λSSJ` =

(
λSSS − λSSB0

λSSS + λSSB0

)
λSSJ` .

(2.38)
Because λSSS 6= 0, the only way to satisfy these equations is if λSSB0 = 0. We know
however that λSSB0 is nonzero for generic higher spin N = 6 CFTs, such as the ABJ
theory, and in particular does not vanish in free field theory. We therefore conclude that
is not possible for H` and J` to transform identically under so(6)× so(6).

We now turn to the second possibility, that H` and J` recombine into left and right-
handed multiplets J L` and J R` under so(6)× so(6), satisfying

λPPJL
`

=
(
λSSS − λSSB0

λSSS + λSSB0

)
`λSSJL

`
, λPPJR

`
=
(
λSSS + λSSB0

λSSS − λSSB0

)
`λSSJR

`
. (2.39)

We can then use the superconformal blocks (2.6) and (2.7) to find that

λPPH` = (−1)``λSSH` , λPPJ` = (−1)`+1`λSSJ` , (2.40)
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and, from (2.21), we see that

λSSJL
`

= λSSH` cos θ` + λSSJ` sin θ` , λSSJR
`

= −λSSH` sin θ` + λSSJ` cos θ`
λPPJL

`
= λPPH` cos θ` + λPPJ` sin θ` , λPPJR

`
= −λPPH` sin θ` + λPPJ` cos θ` .

(2.41)
Combining (2.39), (2.40), and (2.41) together, we have 8 equations which are linear in the
8 OPE coefficients. Generically, the only solution to these equations will be the trivial one
where all of OPE coefficients vanish. However, if we set

θ` = π

4 + nπ

2 for n ∈ Z , (2.42)

then we find that the equations become degenerate, allowing non-trivial solutions. By
suitably redefining the conserved currents H` → −H` we can always fix n = 0 so that
λSSH` ≥ 0, and can then solve the equations to find that

λSSH` =


λSSS
λSSB0

λSSJ` ` is even

λSSB0

λSSS
λSSJ` ` is odd .

(2.43)

To complete our derivation, we simply note that from the superblocks (2.6), (2.7)
and (2.8) that

λSSJ`+2 = λSSH`+1 , λSSJ1 = λSSS , λSSH1 = λSSB0 , (2.44)

so that

λSSH`+1 =


λSSS ` is even

λSSB0 ` is odd .
(2.45)

Let us now apply (2.45) to two special cases: free field theory and parity preserving
theories. In free field theory the higher spin currents remain conserved, so that α = 0 and
hence, using (2.34), we find that λSSB0 = λSSS . We thus find that each conserved current
supermultiplet contributes equally to 〈SSSS〉.

For parity preserving theories, supersymmetry requires that S is a scalar but that P is
a pseudoscalar. As we see from (2.13), the operator Hµ

1 eats a pseudoscalar, and so is also
a pseudovector rather than a vector. Parity preservation then requires that λSSB0 = 0, and
so we conclude that for parity preserving theories only conserved current supermultiplet
with odd spin contribute to 〈SSSS〉. Note that this does not apply to free field theory
(which is parity preserving), because Hµ

1 remains short.
We will conclude by noting that, unlike all previous calculations in this section, the vari-

ations δ̃〈SSP 〉 and δ̃〈SPB0〉 involve the double trace operators in (2.23). In appendix A.2
we use these variations to compute κ1 and κ2, and find that

κ1 = αλSSS
4√cT

, κ2 = −αλSSB0

4√cT
. (2.46)
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2.4 The 〈SSSS〉 four-point function

In the previous section we showed that the OPE coefficient between two S operators and
a conserved current is completely fixed by Hµ

1 pseudo-conservation in terms of λSSS and
λSSB0 . Our task now is to work out the implications of this for the 〈SSSS〉 four-point func-
tion.

Conformal and R-symmetry invariance imply that [8]

〈S(~x1, X1)S(~x2, X2)S(~x3, X3)S(~x4, X4)〉 = 1
x2

12x
2
34

6∑
i=1
Si(U, V )Bi , (2.47)

where we define the R-symmetry structures

B1 = tr(X1X2)tr(X3X4) , B2 = tr(X1X3)tr(X2X4) ,
B3 = tr(X1X4)tr(X2X3) , B4 = tr(X1X4X2X3) + tr(X3X2X4X1) ,
B5 = tr(X1X2X3X4) + tr(X4X3X2X1) , B6 = tr(X1X3X4X2) + tr(X2X4X3X1) ,

(2.48)

and where Si(U, V ) are functions of the conformally-invariant cross-ratios

U ≡ x2
12x

2
34

x2
13x

2
24
, V ≡ x2

14x
2
23

x2
13x

2
24
. (2.49)

Crossing under 1↔ 3 and 2↔ 3 relates the different Si(U, V ):

S2(U, V ) = US1
( 1
U
,
V

U

)
, S3(U, V ) = U

V
S1(V,U) ,

S5(U, V ) = US4
( 1
U
,
V

U

)
, S6(U, V ) = U

V
S4(V,U) ,

(2.50)

so that 〈SSSS〉 is uniquely specified by S1(U, V ) and S4(U, V ). The Si(U, V ) further-
more satisfy certain differential equation imposed by the supersymmetric Ward identities,
computed in [8].

Another useful basis for the R-symmetry structures corresponds to the so(6) irreps
that appear in the S × S tensor product

15⊗ 15 = 1s ⊕ 15a ⊕ 15s ⊕ 20′s ⊕ (45a ⊕ 45a)⊕ 84s , (2.51)

where s/a denotes if the representation is in the symmetric/antisymmetric product. We
define Sr to receive contributions only from operators in the s-channel OPE that belong
to so(6)R irrep r. This is related to the basis Si(U, V ) by the equation [8]

S1

S2

S3

S4

S5

S6


=



1 0 −1 2 0 4
15

0 0 0 6 −4 4
0 0 0 6 4 4
0 0 0 −6 0 4
0 1 1 −3 −1 −2

3
0 −1 1 −3 1 −2

3





S1s
S15a
S15s
S20′s
S45a⊕45a
S84s


. (2.52)
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Each Sr(U, V ) can be expanded as a sum of conformal blocks

Sr(U, V ) =
∑

conformal primaries O∆,`,r

λ2
SSOg∆,`(U, V ) , (2.53)

where O∆,`,r is a conformal primary in S × S with scaling dimension ∆, spin `, and so(6)
irrep r, λSSO is its OPE coefficient, and g∆,`(U, V ) are conformal blocks normalized as
in [41]. Note that due to 1 ↔ 2 crossing symmetry, even (odd) spin operators contribute
to Sr only if r appears symmetrically (anti-symmetrically) in (2.51).

Our task is to write down the most general ansatz for S1(U, V ) and S4(U, V ) compat-
ible with both supersymmetry and with the constraints from weakly broken higher spin
symmetry computed in the previous section. As shown in [22] using the Lorentzian inver-
sion formula [21], Si(U, V ) is fully fixed by its double discontinuity up to a finite number
contact interactions in AdS. More precisely, we can write:

Si(U, V ) = SiGFFT(U, V ) + 1
cT

(
Siexchange(U, V ) + Sicontact(U, V )

)
+O(c−2

T ) , (2.54)

where the generalized free field theory correlator is

SiGFFT(U, V ) =
(
1 U U

V 0 0 0
)
. (2.55)

The Siexchange(U, V ) term is any CFT correlator with the same single trace exchanges as
Si(U, V ), and with good Regge limit behavior so that the Lorentzian inversion formula
holds. Finally, Sicontact(U, V ) is a sum of contact interactions in AdS with at most six
derivatives, which contribute to CFT data with spin two or less. We will focus on each of
these two contributions in turn.

Let us begin with the exchange term. In higher spin N = 6 theories the only sin-
gle trace operators are conserved currents, and their contributions to 〈SSSS〉 are fixed
by the OPE coefficients computed in the previous section. Let us define the s-channel
superconformal blocks16

Gi
stress tensor(U, V ) = giS(U, V ) + giJ1(U, V ) + giT2(U, V ) ,

Gi
cons,`(U, V ) = giB`(U, V ) + giH`+1(U, V ) + giJ`+2(U, V ) + giT`+3(U, V ) ,

(2.56)

corresponding to the exchange of conserved current multiplets, and where

giB`(U, V ) = giT`(U, V ) = g`+1,`(U, V )×


(
1 0 0 0 0 0

)
even `

0 odd `

giB`(U, V ) = giT`(U, V ) = g`+1,`(U, V )×


(
−1 0 0 0 1 1

)
even `(

0 0 0 0 1 −1
)

odd `

(2.57)

16A more general discussion of superconformal blocks is given in section 4.1.
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These superconformal blocks can be derived by expanding each Sr(U, V ) as a sum of
conformal blocks using the OPE coefficients (2.6), (2.7) and (2.8), and then using (2.52)
to convert back to the basis Si(U, V ) of R-symmetry structures. We can now write

1
cT
Siexchange(U, V ) =λ2

SSS

(
Gi

stress tensor(U, V ) +
∑
odd `

Gi
cons,`(U, V )

)
+ λ2

SSB0

∑
even `

Gi
cons,`(U, V ) + crossing + double trace terms ,

(2.58)

where the double trace terms are some combination of contact terms required so that
Siexchange(U, V ) has good Regge behavior.

To make further progress, we note that

1
4

(
Gi

stress tensor(U, V ) +
∑
`

Gi
cons,`(U, V ) + crossing

)
= Sifree(U, V ) , (2.59)

where we define

Sifree(U, V ) =
(
0 0 0 U√

V

√
U
V

√
U
)
, (2.60)

to be the connected correlator in the N = 6 free field theory. This equality can be verified
by performing a conformal block expansion of 〈SSSS〉 in free field theory. Observe that,
as proved at the end of the previous section, each conserved supermultiplet contributes
equally. Because Sifree(U, V ) is a correlator in a unitary CFT, it is guaranteed to have the
necessary Regge behavior required for the Lorentzian inversion formula.

Having derived an expression for the sum of odd and even conserved current su-
perblocks, let us turn to the difference. Note that for ` > 0, each contribution from
B`, J`+1, H` and T`+1 appearing in an even superblock comes matched with contributions
from T`, J`+1, H`, and B`+1 from an odd superblock. We thus find that if we take the
difference between the odd and even blocks, the contributions from spinning operators will
cancel, leaving us only with the scalar conformal blocks

Gi
stress tensor(U, V )+

∑
odd `

Gi
cons,`(U, V )−

∑
even `

Gi
cons,`(U, V ) = giS(U, V )−giB0(U, V ) . (2.61)

On their own, the difference of two conformal blocks does not have good Regge behavior.
We can however replace these conformal blocks with scalar exchange diagrams in AdS.
Such exchange diagrams do have good Regge behavior, and the only single trace operators
that appears in their OPE have the same quantum numbers as the exchanged particle.
Using the general scalar exchange diagram computed in [15], and then using (2.52) to
convert from the s-channel R -symmetry basis to Si(U, V ), we find that17

S1
scal(U, V ) = − 2U

π5/2 D̄1,1, 12 ,
1
2
(U, V ) ,

S4
scal(U, V ) = U

π5/2

[
D̄ 1

2 ,1,1,
1
2
(U, V ) + D̄1, 12 ,1,

1
2
(U, V )

]
,

(2.62)

17Our conventions for D̄-functions can be found in appendix B.2.
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which has been normalized so that the exchange of S itself contributes equally to Sifree(U, V )
and S1

scal(U, V ). Using (2.9) to eliminate λ2
SSS in favor of c−1

T , we arrive at our ansatz for
the exchange contribution:

1
cT
Siexchange(U, V ) = 1

cT

(
(16− a1(λ))Sifree(U, V ) + a1(λ)Siscal(U, V )

)
, (2.63)

where a1(λ) is related to λ2
SSB0

by the equation

a1(λ) = 8−
cTλ

2
SSB0

8 . (2.64)

Because λ2
SSB0

is always positive in unitary theories, a1(λ) ≤ 8.
Now that we have an expression for the exchange terms, let us now turn to the contact

terms. As already noted, Sicontact(U, V ) must be a sum of contact Witten diagrams that
contribute to CFT data of spin two or less. Furthermore, because our theory is super-
symmetric these contact Witten diagrams must also preserve N = 6 supersymmetry. The
problem of finding such contact Witten diagrams was solved in [8], where it was shown
that there is a unique such contact Witten diagram that contributes only to CFT data of
spin two or less:

S1
cont(U, V ) = 4UV D̄2,2,3,1(U, V ) ,

S4
cont(U, V ) = 4U

(
D̄1,1,1,3(U, V )− 4

3D1,1,2,2(U, V )
)
.

(2.65)

Putting everything together, we arrive at our ansatz for 〈SSSS〉 in higher spin N = 6
theories:

Si(U, V ) =SiGFFT(U, V ) + 1
cT

(
(16− a1(λ))Sifree(U, V ) + a1(λ)Siscal(U, V )

+ a2(λ)Sicont(U, V )
)

+O(c−2
T ) .

(2.66)

In section 3.3 we will use localization to fix these two coefficients. These localization
constraints however require us to compute not only 〈SSSS〉 itself, but also 〈SSSP 〉 and
〈SSPP 〉. We can compute 〈SSPP 〉 in terms of 〈SSSS〉 via superconformal Ward identities
derived in [8], and so we relegate this computation to appendix B.1. The correlator 〈SSSP 〉
however is not related to 〈SSSS〉 by these superconformal Ward identities, and so to fix
it we must turn once more to the weakly broken higher spin Ward identities.

2.5 The 〈SSSP 〉 four-point function

Our task in this section is to use the weakly broken higher spin Ward identities to com-
pute 〈SSSP 〉. We begin by noting that conformal and R-symmetry invariance together
imply that

〈S(~x1, X1)S(~x2, X2)S(~x3, X3)P (~x4, X4)〉 = x13
x2

12x
3
34x14

6∑
i=1
T i(U, V )Bi , (2.67)
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where the Bi are defined as in (2.48), and where T i(U, V ) are functions of the cross-
ratios (2.49). Crossing under 1↔ 3 and 2↔ 3 relates the different T i(U, V ):

T 2(U, V ) = U3/2T 1
( 1
U
,
V

U

)
, T 3(U, V ) = U

V
T 1(V,U) ,

T 5(U, V ) = U3/2T 4
( 1
U
,
V

U

)
, T 6(U, V ) = U

V
T 4(V,U) ,

(2.68)

so that 〈SSSP 〉 is uniquely specified by T 1(U, V ) and T 4(U, V ). By demanding the Q
supersymmetry charge [8] annihilates 〈SSSF 〉, where F is a fermionic descendant of S
defined in [8], we can derive the superconformal Ward identities

T 5(U, V ) = 1
2U

(
−UT 1(U, V ) + T 2(U, V ) + (1− U)T 3(U, V ) + 2T 4(U, V )

)
,

T 6(U, V ) = 1
2U

(
−UT 1(U, V ) + (V − U)T 2(U, V ) + V T 3(U, V ) + 2V T 4(U, V )

)
.
(2.69)

Acting with the pseudocharge δ̃(X) on 〈SSSP 〉, we find that

δ̃(X)〈S(~y1, Y1)S(~y2, Y2)S(~y3, Y3)P (~y4, Y4)〉

= α√
N

(〈
P̃ (~y1, [X,Y1])S(~y2, Y2)S(~y3, Y3)P (~y4, Y4)

〉
+ 1↔ 2 + 1↔ 3

−
〈
S(~y1, Y1)S(~y2, Y2)S(~y3, Y3)S̃(~y4, [X,Y4])

〉)
.

(2.70)

To expand the right-hand side of this identity, we define

〈S(~x1, X1)S(~x2, X2)S(~x3, X3)S̃(~x4, X4)〉 = x13
x2

12x
3
34x14

6∑
i=1
S̃i(U, V )Bi ,

〈S(~x1, X1)S(~x2, X2)P̃ (~x3, X3)P (~x4, X4)〉 = x13
x2

12x
3
34x14

6∑
i=1
R̃i(U, V )Bi ,

(2.71)

where S̃i(U, V ) and R̃i(U, V ) can be computed by taking the shadow transform of 〈SSSS〉
and 〈SSPP 〉. To expand the left-hand side, we use (2.23) and SO(6)R invariance to write

δ̃(X)〈S(~y1, Y1)S(~y2, Y2)S(~y3, Y3)P (~y4, Y4)〉

= 1
2λSSB0 〈S(~y1, Y1)S(~y2, Y2)S(~y3, Y3)P (~y4, [X,Y4])〉

+ κ1
〈
S(~y1, Y1)S(~y2, Y2)S(~y3, Y3)S2(~y4, [X,Y4])

〉
+ κ2 〈S(~y1, Y1)S(~y2, Y2)S(~y3, Y3)SB0(~y4, [X,Y4])〉 .

(2.72)

The two double-trace terms can each be expanded at O(c−3/2
T ) as a product of a two-point

and a three-point function, so that for instance〈
S(~y1, Y1)S(~y2, Y2)S(~y3, Y3)SB0(~y4, Y4)

〉
= 〈S(~y1, Y1)S(~y2, Y2)B0(~y4)〉 〈S(~y3, Y3)S(~y4, Y4)〉+ permutations +O(c−3/2

T ) .
(2.73)
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We can then solve (2.70) to find that it fully fixes 〈SSSP 〉 in terms of 〈SSSS〉 and 〈SSPP 〉:

T 1(U, V ) = − 2α
λSSB0

√
cT

(
R̃1(U, V ) + S̃1(U, V )−

λ2
SSB0

8
√
U

)
,

T 4(U, V ) = − 2α
λSSB0

√
cT

(
R̃4(U, V ) + S̃4(U, V ) + λ2

SSS

8 U

(
1 + 1√

V

))
.

(2.74)

To compute T i(U, V ) for the various contributions to our 〈SSSS〉 ansatz, we must first
calculate 〈SSPP 〉, and then find the shadow transforms of both 〈SSSS〉 and 〈SSPP 〉.
Since both tasks are straightforward albeit tedious, we relegate them to appendix B.1
and appendix B.2 respectively. The only subtlety occurs for the scalar exchange diagram
contribution, where we have to include the effects of operator mixing between P and the
double traces S2 and SB0. We can then furthermore use (2.34) and (2.64) to simplify the
prefactor18

2α
λSSB0

√
cT

= 1
π

√
2a1(λ)

8− a1(λ) . (2.75)

Once the dust settles, we find that

T i(U, V ) = − 1
π

√
2a1(λ)

8− a1(λ)

×
(
(16− a1(λ))T ifree(U, V ) + a1(λ)T iscal(U, V ) + a2(λ)T icont(U, V )

)
+O(c−2

T ) ,
(2.76)

where we define

T 1
free(U, V ) = −

√
U , T 4

free(U, V ) = −1
2

(√
U3

V
− U − U√

V

)
,

T 1
scal(U, V ) = +

√
U , T 4

scal(U, V ) = 1
2

(√
U3

V
− U − U√

V

)
,

T 1
cont(U, V ) = 8π1/2

3 UV
(
2UD̄2,3,2,2 + 2V D̄1,3,3,2 − 2D̄2,2,3,2 − 3D̄1,2,2,2

)
,

T 4
cont(U, V ) = −32π1/2

3 U2
(
UD̄3,3,1,2 − D̄2,2,1,2

)
.

(2.77)

It is not hard to check that each of these contributions individually satisfies the 〈SSSP 〉
superconformal Ward identity (2.69).

We conclude by applying (2.77) to parity preserving theories, where 〈SSSP 〉 must
vanish. Using (2.77), we see that this is possible only if a1 = 8 and a2 = 0, and so
conclude that

Si(U, V ) = SiGFFT(U, V ) + 8
cT

(
Sifree(U, V ) + Siscal(U, V )

)
+O(c−2

T ) , (2.78)

18Because equation (2.34) gives an expression for α2, it only fixes α up to an overall sign. Note that this
sign is determined by the sign convention for P , such that by redefining P → −P we can always fix α ≥ 0.
This choice turns out to also be consistent with our conventions in section 3.
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in such theories. In particular, we see that

λ2
SSB0 = 8(8− a1)

cT
= 0 , (2.79)

just as argued at the end of section 2.3.

3 Constraints from localization

In the previous section, we fixed the tree level 〈SSSS〉 and 〈SSSP 〉 in terms of two
coefficients a1(λ) and a2(λ) for 3d N = 6 CFTs with weakly broken higher spin symme-
try. We now determine these coefficients using supersymmetric localization applied to the
U(N)k×U(N+M)−k or SO(2)2k×USp(2+2M)−k ABJ theories. We will start by review-
ing the relation of certain integrals of 〈SSSS〉 to ∂4

m± logZ
∣∣
m±=0 and ∂2

m+∂
2
m− logZ

∣∣
m±=0

derived in [8], as well as deriving a new relation between a certain integral of 〈SSSP 〉 and
∂3
m±∂m∓ logZ

∣∣
m±=0. We then compute these derivatives of the mass deformed sphere free

energy in the higher spin limit of the U(N)k ×U(N +M)−k or SO(2)2k ×USp(2 + 2M)−k
ABJ theories following [27]. We find that a2(λ) = 0, while a1(λ) is the same for each
theory, which completes our derivation of the tree level correlator.

3.1 Integrated correlators

In this section, we will review the integrated constraints derived in [8]. We will then extend
the results of that paper to include constraints on the parity odd correlator 〈SSSP 〉.

Any N = 6 theory on S3 admits three real mass deformations, preserving a N = 2
subgroup of the full N = 6 supersymmetry. We will focus on two of these real mass
deformations, m±, under which the S3 partition function for the U(N)k × U(N + M)−k
ABJ theory is [19, 42]:

ZM,N,k(m+,m−) =
∫
dM+NµdNν e−iπk(

∑
i
µ2
i−
∑

a
ν2
a)

×
∏
i<j 4 sinh2 [π(µi − µj)]

∏
a<b 4 sinh2 [π(νa − νb)]∏

i,a 4 cosh
[
π(µi − νa) + πm+

2
]
cosh[π(µi − νa) + πm−

2 ] ,
(3.1)

up to an overall m±-independent normalization factor. The ABJ mass deformations on a
unit-sphere take the form

m+

∫
S3

(iJ+ +K+) +m−

∫
S3

(iJ− +K−) +O(m2
±) , (3.2)

where we define

J±(~x) =
√
cT

25π
S(~x,X±) , K±(~x) =

√
2cT

25π
P (~x,X∓) ,

with X+ = diag{−1,−1, 0, 0} , X− = diag{0, 0, 1,−1} .
(3.3)

By taking derivatives of the S3 partition function Z(m+,m−) with respect to m+ and m−,
we can thus compute certain integrated correlators of S and P . Taking two derivatives of
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Z and then integrating the resultant two-point function over the sphere, we find that [43]

∂2 logZ
∂m2

+

∣∣∣∣∣
m±=0

= ∂2 logZ
∂m2
−

∣∣∣∣∣
m±=0

= −π
2cT
64 , (3.4)

allowing us to compute cT as a function of the parameters in the ABJ Lagrangian.
Evaluating fourth derivatives is more involved. In [8], derivatives with an even number

of m+’s were evaluated, where it was shown that

∂4 logZ
∂m4
±

∣∣∣∣∣
m±=0

= π4c2
T

213 I++[Si] ,

∂4 logZ
∂m2

+∂m
2
−

∣∣∣∣∣
m±=0

= π2c2
T

211 I+−
[
Si
]
,

(3.5)

where I++[Si] and I+−[Si] are the linear functionals:

I++[Si] = 2λ2
(B,2)[022]

2,0
− 4 ,

I+−[Si] =
∫ ∞

0
dr

∫ π

0
dθ sin θS

1 (1 + r2 − 2r cos θ, r2)
1 + r2 − 2r cos θ ,

(3.6)

and where λ2
(B,2)[022]

2,0
is the OPE coefficient of the 1/3-BPS multiplet whose superprimary

transforms in the 84 under so(6)R.
We now list the contributions of each term in (2.66) to both I++[Si] and I+−[Si]. For

the free term Sfree and contact term Scont these were computed in [17] and [8] respectively,
leaving just19 the exchange term Sscal, which we compute in appendix C.2. In sum we
find that:

I++
[
Sifree

]
= 4 , I+−

[
Sifree

]
= 0 ,

I++
[
Siscal

]
= 0 , I+−

[
Siscal

]
= −π2 ,

I++
[
Sicont

]
= 8

3 , I+−
[
Sicont

]
= 2

3π
2 .

(3.7)

We now have two constraints on the two coefficients a1(λ) and a2(λ):

1
cT

(
32− 2a1(λ) + 4

3a2(λ)
)

= λ2
(B,2)[022]

2,0

∣∣∣
1/cT

,

−a1(λ) + 2
3a2(λ) = lim

cT→0

211

π4cT

∂4 logZ
∂m2

+∂m
2
−

∣∣∣∣∣
m±=0

.
(3.8)

Note however that these equations are redundant, which implies that

∂4 logZ
∂m2

+∂m
2
−

∣∣∣∣∣
m±=0

= cTπ
4

211

(
16 + cT

(
2− λ2

(B,2)[022]
2,0

))
+O(c0

T ) , (3.9)

regardless of the values of ai(λ), and so do not suffice to fully fix 〈SSSS〉 from localization.
19The generalized free term SGFFT(U, V ) is fully disconnected and so does not contribute to the integrated

constraints.
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To find an additional constraint, we turn to the mixed mass derivative20

∂4 logZ
∂m3

+∂m−
=
〈(∫

d3x
√
g(iJ+(~x) +K+(~x))

)3 (∫
d3x
√
g(iJ−(~x) +K−(~x))

)〉
. (3.10)

Unlike the previously considered derivatives, when we expand (3.10) using (3.3) we find
that it gets contributions only from the parity violating correlators 〈SSSP 〉 and 〈PPPS〉,
rather than from the parity preserving 〈SSSS〉. Following the methods used in [8] to
derive (3.5), we simplify (3.10) in appendix C.3 using the 1d topological sector [34, 44, 45]
and the superconformal Ward identity for 〈SSSP 〉. We find that

∂4 logZ
∂3m+∂m−

= − ic
2
Tπ

2

213
√

2
Iodd

[
T i
]
, (3.11)

where we define

Iodd
[
T i
]

= Ĩodd[T 2] + Ĩodd[T 3] + 2Ĩodd[T 4] ,

Ĩodd[T i] =
∫ ∞

0
dr

∫ π

0
dθ 4πr sin θ T i

(
1

1 + r2 − 2r cos θ ,
r2

1 + r2 − 2r cos θ

)
.

(3.12)

In appendix C.4 we evaluate (3.12) on T ifree, T iscal and Tcont, and find that

Iodd
[
T ifree

]
= −Iodd

[
T iscal

]
= −2π3 , Iodd

[
T ifree

]
= −4π3 . (3.13)

Using the ansatz (2.76) for 〈SSSP 〉 derived using the weakly broken higher spin sym-
metry in section 2.5, we arrive at the constraint√

a1(λ)
8− a1(λ) (8− a1(λ) + a2(λ)) = 211i

π4cT

∂4 logZ
∂3m+∂m−

+O(c−1
T ) . (3.14)

3.2 Localization results

In the previous subsection we saw that localization could be used to derive equations (3.8)
and (3.14) relating the coefficients ai(λ) to derivatives of the S3 partition function. Our
task now is to compute the relevant localization quantities for specific N = 6 higher spin
theories, namely the U(N)k ×U(N +M)−k and SO(2)2k ×USp(2 + 2M)k ABJ theories.

3.2.1 U(N)k ×U(N +M)−k theory

The U(N)k×U(N +M)−k S3 partition function can be written as the integral [19, 28, 42]

ZM,N,k(m+,m−) = e−
π
2MNm−Z0

coshN πm+
2

∫
dNy

∏
a<b

sinh2 π(ya−yb)
k

cosh
[
π(ya−yb)

k + πm+
2

]
cosh

[
π(ya−yb)

k − πm+
2

]

×
N∏
a=1

 eiπyam−

2 cosh (πya)

M−1∏
l=0

sinh
[
π(ya+i(l+1/2))

k

]
cosh

[
π
(
ya+i(l+1/2)

)
k − πm+

2

]
 , (3.15)

20The constraint from ∂4 logZ
∂m3
−∂m+

is equivalent.
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where Z0 is an overall constant which is independent of m±. In appendix D we expand
this integral at large M expansion holding M/k = λ fixed, generalizing previous work
in [27, 28]. We find that cT is given in terms of the Lagrangian parameters M , N and k
by the series

cT = 16Nk sin(πλ)
π

+ 4N2(3 + cos(2πλ))

− πN
(
16− 18N2 + (1− 14N2) cos(2λπ)

)
3k +O(k−2) .

(3.16)

We invert this series to eliminate k in favor of cT , and so find that

λ2
(B,2)[022]

2,0
= 2 + 8(3 + cos(2πλ))

cT
− 64N2 sin2(πλ)(3 + 5 cos(2πλ))

c2
T

−
512N3

(
29− 121

4N2 +
(
44− 19

N2

)
cos(2πλ) +

(
23 + 5

4N2

)
cos(4πλ)

)
sin2(πλ)

3c3
T

+O
(
c−4
T

)
, (3.17)

and
1
c2
T

∂4 logZ
∂2m+∂2m−

= −π
4 sin2(πλ)
256cT

+ π4N2(1− 5 cos(2πλ)) sin2(πλ)
64c2

T

+O(c−3
T ) ,

1
c2
T

∂4 logZ
∂3m+∂m−

= − iπ
4 sin(2πλ)
512cT

+ 5iπ4N2 cos(πλ) sin3(πλ)
32c2

T

+O(c−3
T ) .

(3.18)

Note that for each of these quantities, the O(c−1
T ) term is independent of N , the O(c−2

T )
term is proportional to N2,21 and further subleading terms have more complicated N

dependence. Also, the O(c−2
T ) correction to λ2

(B,2)[022]
2,0

is smallest for N = 1 and λ = 1/2,

as expected from the conjecture in [28] that the U(1)2M × U(1 + M)−2M theory has the
minimal value of λ2

(B,2)[022]
2,0

for fixed cT .

3.2.2 SO(2)2k ×USp(2 + 2M)−k theory

Just as for the U(N)k ×U(N +M)−k theory, the SO(2)2k ×USp(2 + 2M)−k S3 partition
function can be written as a single integral [19, 28, 46, 47]

ZM,k(m+,m−) ∝ 1
cosh πm+

2

∫
dy

eiπm−y cosh
[πy

2k
]
cosh

[πy
2k + πm+

2
]

sinh [πy] cosh
[πy
k + πm+

2
]

×
M∏

l=−M

sinh
[
π(y+il)

2k

]
cosh

[
π(y+il)

2k + πm+
2

] , (3.19)

21This overall factor is expected for the following reason. The U(N)k gauge factor is very weakly coupled
in the higher spin limit at finite N , so we can construct N2 different “single-trace” operators of the U(M+N)
factor (which are an adjoint+singlet of SU(N), with the SU(N)-adjoint not being a gauge-invariant operator
in the full theory), and because of the weak U(N) coupling the “double-trace” operators constructed from
pairs of each of these N2 “single-trace” operators contribute the same, so we get a factor of N2. Note that
it is important to distinguish the single trace operators in scare quotes from single-trace operators in the
usual sense, which are gauge-invariant. We thank Ofer Aharony for discussion on this point.
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where the overall constant of proportionality is independent of m±. The higher spin limit
for this theory is given by the large M limit, where λ = 2M+1

2k is held fixed. Just as
for the U(N)k ×U(N +M)−k theory, when λ = 1

2 the SO(2)2k ×USp(2 + 2M)−k theory
preserves parity as a consequence of Seiberg duality.

The large M expansion of (3.19) was previously considered in [28] for m+ = 0, where
it was found that

cT = 32k sin(πλ)
π

+ 16 cos2(πλ)− π(15 + 29 cos(2πλ)) sin(πλ)
3k +O(k−2) ,

λ2
(B,2)[022]

2,0
= 2 + 8(3 + cos(2λπ))

cT
− 32 sin2(πλ)(17 + 23 cos(2πλ))

c2
T

+O(c−3
T ) .

(3.20)

We generalize to the mixed mass case in appendix D, finding that

1
c2
T

∂4 logZ
∂2m+∂2m−

= −π
4 sin2(πλ)
256cT

− π4(5 + 23 cos(2πλ)) sin2(πλ)
128c2

T

+O(c−3
T ) ,

1
c2
T

∂4 logZ
∂3m+∂m−

= iπ4 sin(2πλ)
512cT

− iπ4(30 sin(2πλ)− 23 sin(4πλ))
512c2

T

+O(c−3
T ) .

(3.21)

3.3 Solving the constraints

We are now finally in a position to fully fix the coefficients ai(λ) in higher spin
ABJ theory. Solving the parity even constraints (3.8) with either the localization re-
sults (3.17) and (3.18) for the U(N)k ×U(N +M)−k theory or (3.20) and (3.21) for the
SO(2)2k ×USp(2 + 2M)−k theory (the localization results are identical at leading order in
c−1
T ), we find that

a2(λ) = 3
2a1(λ) + 6 cos(2λπ)− 6 . (3.22)

Substituting this equation into the parity odd constraint (3.14) and squaring both sides,
we find that

a1(λ)(a1(λ) + 12 cos(2πλ) + 4)2

2(8− a1(λ)) = 32 sin2(2πλ) , (3.23)

which upon further rearrangement becomes the cubic equation(
a1(λ)− 8 sin2(πλ)

) (
a1(λ)2 + 4(5 cos(2πλ) + 3)a1(λ) + 256 cos2(πλ)

)
. (3.24)

This has three solutions for a1(λ). However, two of these solutions are not real for all
λ ∈ [0, 1

2 ] and so we discard them as non-physically. We therefore conclude that

a1(λ) = 8 sin2(πλ) , (3.25)

which in turn implies that
a2(λ) = 0 . (3.26)

Substituting these values into our ansatz for 〈SSSS〉, we arrive at the expression (1.1) for
〈SSSS〉 given in the introduction.

As discussed in appendix B.1, we can compute 〈PPPP 〉 from 〈SSSS〉 using the super-
conformal Ward identities given in [8], and so can derive the expression (1.3) for 〈PPPP 〉.
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4 Tree level CFT data

In the previous sections, we derived 〈SSSS〉 for U(N)k × U(N + M)−k or SO(2)2k ×
USp(2 + 2M)−k ABJ theories to leading order in the large M,k limit at fixed λ and N ,
where recall that λ = M/k or λ = (M + 1/2)/k for each theory. When written in terms
of cT and λ, the answer is the same for all theories, and is a periodic function of λ. We
now extract tree level CFT data using the 〈SSSS〉 superblock expansion from [28]. We
will then plug in λ = 1/2 and compare to the numerical bootstrap prediction from [28] for
the U(1)2M ×U(1 +M)−2M theory, and find a good match.

4.1 Analytic results for general λ

Let us start by briefly reviewing the superblock expansion for 〈SSSS〉, for more de-
tails see [28]. We can expand 〈SSSS〉 as written in the R-symmetry basis (2.53) in
superblocks as:

Sr(U, V ) =
∑

I∈S×S
λ2
IG

r
I(U, V ) , (4.1)

where λ2
I is the OPE coefficient squared for each superblock Gr

I(U, V ), and the index
I =Mr0,n

∆0,`0
encodes both the supermultipletMr0

∆0,`0
labeled by the scaling dimension ∆0,

spin `0, and so(6) irrep r0 of its superprimary, as well as an integer n = 1, 2, . . . when
there is more than one superblock for a given multiplet (this index is omitted when the
superblock is unique). Each superblock is written as a linear combination of the conformal
blocks for the operators in its supermultiplet:

Gr
I(U, V ) =

∑
conf primaries
O∆,`,r ∈Mr0

∆0,`0

aI∆,`,r g∆,`(U, V ) ,
(4.2)

where the coefficients aI∆,`,r are related to the coefficients a∆,`,r in the conformal block
expansion (2.53) as

a∆,`,r =
∑
I

λ2
Ia
I
∆,`,r , (4.3)

such that each coefficient aI∆,`,r is fixed by superconformal symmetry in terms of a certain
coefficient that we normalize to one. The list of superblocks that appear in S × S along
with their normalization is summarized in table 3, and the explicit values of the aI∆,`,r
for each superblock are given in the Mathematica notebook attached to [28]. Note that
the multiple superblocks that can appear for a given supermultiplet are distinguished by
their P and Z charges relative to the superprimary,22 where P is parity, and Z is another
discrete symmetry that is defined in [8].

The various long blocks are related to certain short and semishort blocks at the uni-
tarity limit ∆→ `+ 1. These relations take the form

GLong[000],1
∆,0

= G(A,cons)[000]
1,0

, GLong[000],2
∆,0

= G(B,1)[200]
2,0

,

` ≥ 1 odd: GLong[000]
∆,`

= G(A,cons)[000]
`+1,`

,

22While not all 3d N = 6 SCFTs are invariant under these symmetries, they can still be used to organize
superblocks for any theory.
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Superconformal block normalization P Z

Long[000],n
∆,0

n = 1 : (a∆,0,1, a∆+1,0,20′) = (1, 0) + +

n = 2 : (a∆,0,1, a∆+1,0,20′) = (0, 1) − +

Long[000]
∆,` , ` ≥ 1 odd a∆+1,`+1,15s

= 1 + +

Long[000],n
∆,` , ` ≥ 2 even

n = 1 : (a∆,`,1, a∆+1,`,1, a∆+1,`,15s
) = (1, 0, 0) + +

n = 2 : (a∆,`,1, a∆+1,`,1, a∆+1,`,15s
) = (0, 1, 0) − +

n = 3 : (a∆,`,1, a∆+1,`,1, a∆+1,`,15s
) = (0, 0, 1) − −

(A, 1)[100],n
`+2,` , `− 1

2 ≥ 1 odd
n = 1 : (a`+ 5

2 ,`+
1
2 ,1
, a`+ 5

2 ,`+
1
2 ,15s

) = (1, 0) + +

n = 2 : (a`+ 5
2 ,`+

1
2 ,1
, a`+ 5

2 ,`+
1
2 ,15s

) = (0, 1) + −

(A, 2)[011]
`+2,`, ` ≥ 0 even a`+2,`,15s

= 1 + −

(A, 2)[011]
`+2,`, ` ≥ 0 odd a`+2,`,15a

= 1 + +

(A,+)[020]
`+2,`, `−

1
2 ≥ 0 even a`+ 5

2 ,`+
1
2 ,15a

= 1 +

(A,−)[002]
`+2,`, `−

1
2 ≥ 0 even a`+ 5

2 ,`+
1
2 ,15a

= 1 +

(A, cons)[000]
`+1,`, ` ≥ 0 even a`+1,`,1 = 1 + +

(A, cons)[000]
`+1,`, ` ≥ 1 odd a`+2,`+1,15s

= 1 + −

(B, 1)[200]
2,0 a2,0,20′ = 1 + +

(B, 2)[022]
2,0 a2,0,84 = 1 + +

(B, 2)[011]
1,0 a1,0,15s

= 1 + −

Table 3. A summary of the superconformal blocks and their normalizations in terms of a few OPE
coefficients. The values a∆,`,r in this table correspond to aI∆,`,r in eq. (4.3)—we omitted the index I
for clarity. Note that the (A,±) are complex conjugates and do not by themselves have well defined
Z parity, but together they can be combined into a Z-even and a Z-odd structure.

` ≥ 2 even: GLong[000],1
∆,`

= G(A,cons)[000]
`+1,`

,

GLong[000],2
∆,`

= G(A,1)[100],1
`+3/2,`−1/2

, GLong[000],3
∆,`

= G(A,1)[100],2
`+3/2,`−1/2

, (4.4)

which respect P and Z. Even though the blocks on the r.h.s. of (4.4) involve short or
semishort superconformal multiplets, they sit at the bottom of the continuum of long
superconformal blocks. All other short and semishort superconformal blocks are isolated, as
they cannot recombine into a long superconformal block. The distinction between isolated
and non-isolated superblocks will be important when we consider the numerical bootstrap
in the next section.
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We will now expand the tree level correlator (1.1) in superblocks. At large cT the CFT
data takes the form

λ2
I = λ2

I,GFFT + 1
cT
λ2
I,tree +O(c−2

T ) , ∆I = ∆I,GFFT + 1
cT

∆I,tree +O(c−2
T ) , (4.5)

and so using (4.1) we find that

Sr(U, V )

=
∑

I∈S×S

[
λ2
I,GFFT + 1

cT

(
λ2
I,tree + λ2

I,GFFT∆I,tree∂∆
)

+O(c−2
T )
]
Gr
I(U, V )

∣∣
∆=∆GFFT

.

(4.6)
Comparing this general superblock expansion to the explicit correlator in (2.78) and (1.1),
we can extract the CFT data at GFFT and tree level by expanding both sides around
U ∼ 0 and V ∼ 1. Detailed expressions are given in appendix E. Note that there are two
cases where we cannot extract tree level CFT data from the tree level correlator. The first
case is if a certain operator is degenerate at GFFT. As will be explained, this degeneracy
can be lifted either by computing other correlators at tree level, or by computing 〈SSSS〉
at higher order in 1/cT . The second case is if an operator first appears at tree level. In
this case its tree level anomalous dimension cannot be extracted from tree level 〈SSSS〉
because λ2

I,GFFT = 0, and so we would need to compute 〈SSSS〉 at 1-loop in order to
extract the tree level anomalous dimension.

We will now show the results of the CFT data extraction. For the semishort multi-
plets,23 we find the squared OPE coefficients:

` ≥ 0 even : λ2
(A,+)[002]

`+5/2,`+1/2
= π(`+ 1)(`+ 2)Γ(`+ 2)2

2Γ
(
`+ 5

2

)2

+ 8
cT

[
(2− sin2(πλ))

4`(`+ 1)5Γ
(
`+1

2

)4

π(`+ 2)Γ
(
`+ 5

2

)2

+ sin2(πλ)S(A,+)[002]
`+5/2,`+1/2

]
+O(c−2

T ) ,

` ≥ 0 even : λ2
(A,2)[011]

`+2,`
= π(`+ 2)Γ(`+ 1)Γ(`+ 3)

(2`+ 3)Γ
(
`+ 3

2

)2

+ 8
cT

[
− (2− sin2(πλ))

22`+1(2`+ 3)Γ
(
`+1

2

)2
Γ
(
`+3

2

)2

πΓ
(
`+ 5

2

)2

+ sin2(πλ)S(A,2)[011]
`+2,`

]
+O(c−2

T ) ,

23We already computed the short multiplet λ2
(B,2)[022]

2,0
in section 3 using supersymmetric localization.
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` ≥ 0 odd : λ2
(A,2)[011]

`+2,`
= πΓ(`+ 2)Γ(`+ 4)

(2`2 + 7`+ 6) Γ
(
`+ 3

2

)2

+ 8
cT

[
(2− sin2(πλ))

22`+1(2`+ 3)Γ
(
`
2 + 1

)4

πΓ
(
`+ 5

2

)2

+ sin2(πλ)S(A,2)[011]
`+2,`

]
+O(c−2

T ) ,

` ≥ 0 even : λ2
(A,1)[100],2

`+7/2,`+3/2
= πΓ(`+ 3)Γ(`+ 5)

Γ
(
`+ 5

2

)
Γ
(
`+ 9

2

)
+ 8
cT

[
− (2− sin2(πλ))

22`+7Γ
(
`+3

2

)2
Γ
(
`+5

2

)2

πΓ
(
`+ 5

2

)
Γ
(
`+ 9

2

)

+ sin2(πλ)S(A,1)[100],2
`+7/2,`+3/2

]
+O(c−2

T ) , (4.7)

where the contributions SI from the scalar exchange term Siscal are given in table 4. Note
that we did not include the result for λ2

(A,1)[100],1
`+7/2,`+3/2

, since it cannot be unambiguously

extracted from 〈SSSS〉 at O(c−1
T ) due to mixing with the single trace operators, as we will

discuss next.
For the long multiplets, we first consider the single trace approximately conserved

current multiplets with superprimary B`, starting with ` = 0. For generic λ when parity
is not a symmetry, we expect this multiplet at cT → ∞ to contribute to both n = 1, 2
structures of the GLong[000],n

∆,0
superblock at unitarity ∆ = 1, where recall from (4.4) that

we can formally identify GLong[000],2
1,0

= G(B,1)[200]
2,0

and GLong[000],1
1,0

= G(A,cons)[000]
1,0

. For each
structure, we find the OPE coefficients

λ2
Long[000],1

1,0
= 64
cT

(1− sin2(πλ)) +O(c−2
T ) ,

λ2
Long[000],2

1,0
= 4

3 +O(c−1
T ) ,

(4.8)

where the n = 2 structure starts at O(c0
T ) since GLong[000],2

1,0
= G(B,1)[200]

2,0
appears in the

GFFT, while the n = 1 starts at O(c−1
T ) since GLong[000],1

1,0
= G(A,cons)[000]

1,0
does not appear at

GFFT. Note that λ2
Long[000],1

1,0
is what we called λSSB0 from section 2, and vanishes for the

parity preserving λ = 1/2 theory as discussed before. For N > 1 we cannot unambiguously
determine the O(c−1

T ) correction to λ2
Long[000],2

1,0
using just tree level 〈SSSS〉,24 since we

cannot distinguish it from the correction to λ2
(B,1)[200]

2,0
, which can be explicitly constructed

24For N = 1, the unambiguous tree level correction will then be

λ2
Long[000],2

1,0
= 4

3 + 8
cT

[
− 4

3(2− sin2(πλ)) + 32
3π2 sin2(πλ)

]
+O(c−2

T ) .
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in any U(N)−k ×U(N +M)k theory with N > 1.25 To unmix these degenerate operators,
we would need to compute 〈SSSS〉 at O(c−2

T ), in which case the O(c−1
T ) correction to

λ2
Long[000],2

1,0
will multiply the anomalous dimension, so that it can be unambiguously read

off. The O(c−1
T ) anomalous dimension should be the same for either structure, but in

practice we can only extract it from tree level 〈SSSS〉 using the GLong[000],2
1,0

structure,

because that is the only structure whose OPE coefficient is O(c0
T ). From this structure

we find

∆(0,2) = 1 + 128
π2cT

sin2(πλ) +O(c−2
T ) . (4.9)

For the GLong[000],1
1,0

structure, the tree level anomalous dimension would first appear in

〈SSSS〉 at O(c−2
T ), since the leading order OPE coefficient starts at O(c−1

T ).
Next, we consider the single trace approximately conserved currents with superpri-

mary B` and even ` > 0. For generic λ, parity is not a symmetry and so we expect
this multiplet at cT → ∞ to contribute to both n = 1, 2 structures of the GLong[000],n

∆,`

superblock at unitarity ∆ = ` + 1, where recall from (4.4) that we can formally identify
GLong[000],2

`+1,`
= G(A,1)[100],1

`+3/2,`−1/2
and GLong[000],1

`+1,`
= G(A,cons)[000]

`+1,`
. For each structure, we find

the OPE coefficients

` > 0 even : λ2
Long[000],1

`+1,`
= 64
cT

(1− sin2(πλ)) +O(c−2
T ) ,

` > 0 even : λ2
Long[000],2

`+1,`
= π(`+ 2)Γ(`+ 3)Γ(`+ 4)

3Γ
(
`+ 5

2

)
Γ
(
`+ 9

2

) +O(c−1
T ) ,

(4.10)

where the n = 2 structure start at O(c0
T ) since GLong[000],2

`+1,`
= G(A,1)[100],1

`+3/2,`−1/2
appears

in the GFFT, while the n = 1 starts at O(c−1
T ) since GLong[000],1

`+1,`
= G(A,cons)[000]

`+1,`
does

not appear at GFFT. Note that λ2
Long[000],1

`+1,`
is what we called λSSB` from section 2, and

vanishes for the parity preserving λ = 1/2 theory as discussed before. We did not write
the O(c−1

T ) correction to λ2
Long[000],2

`+1,`
, since we cannot distinguish it from the correction to

λ2
(A,1)[100],1

`+7/2,`+3/2
, which we know exists for all N = 6 theories [28], using just tree level

〈SSSS〉. To unmix these degenerate operators, we would need to compute 〈SSSS〉 at
O(c−2

T ), in which case the O(c−1
T ) correction to λ2

Long[000],2
`+1,`

will multiply the anomalous

dimension, so that it can be unambiguously read off. The O(c−1
T ) anomalous dimension

should be the same for either structure, but in practice we can only extract it from tree level
〈SSSS〉 using the GLong[000],2

`+1,`
structure, because that is the only structure which contributes

25In particular, at GFFT one can construct two (B, 1)[200]
2,0 operators, one using adjoints of the SU(N)

gauge group factor and one using singlets. The latter (B, 1)[200]
2,0 is what is eaten by the conserved current

at tree level, while the former remains. For N = 1, there is of course no adjoint, which is why the extra
(B, 1)[200]

2,0 does not exist. This nonexistence was in fact observed using the numerical bootstrap in [28]
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at O(c0
T ). From this structure we find

` > 0 even : ∆(`,2) = `+ 1 + 8`(2`+ 1)(2`+ 3)2(2`+ 5)(2`+ 7)
π2(`+ 1)2(`+ 2)3(`+ 3)2cT

sin2(πλ) +O(c−2
T ) .

(4.11)
For the Long[000],1

`+1,` structure, the tree level anomalous dimension first contributes to 〈SSSS〉
at O(c−2

T ), as discussed above.
Finally, we consider the single trace approximately conserved current multiplets with

superprimary B` for odd ` > 0. In this case there is just a single structure, which from (4.4)
is identified at unitarity with GLong[000]

`+1,`
= G(A,cons)[000]

`+1,`
. We find the tree level OPE

coefficient
` > 0 odd : λ2

Long[000]
`+1,`

= 64
cT

+O(c−2
T ) , (4.12)

which is what we called λSST`+3 from section 2, and does not depend on λ as discussed
before. We would need to compute 〈SSSS〉 at O(c−2

T ) in order to extract the tree level
anomalous dimension.

We now move on to the double trace long multiplets. We will only consider the lowest
twist in each sector, since higher twist double trace long multiplets are expected to be
degenerate, so we cannot extract them from just 〈SSSS〉. For twist two, we find that only
GLong[000],1

`+2,`
receives contributions for all even `:

` ≥ 0 even : ∆(`,1) = `+ 2− 128(2`+ 3)(2`+ 5)
π2(`+ 1)(`+ 3)(`+ 4)cT

sin2(πλ) +O(c−2
T ) ,

λ2
Long[000],1

`+2,`
= π(`+ 4)Γ(`+ 1)Γ(`+ 3)

2Γ
(
`+ 1

2

)
Γ
(
`+ 7

2

)
+ 8
cT

[
− (2− sin2(πλ))

4`+1`Γ
(
`+1

2

)2
Γ
(
`+3

2

)2

πΓ
(
`+ 1

2

)
Γ
(
`+ 7

2

)

+ sin2(πλ)SLong[000],1
`+2,`

]
+O(c−2

T ) .

(4.13)

For odd ` at twist two, only GLong[000]
`+2,`

receives contributions:

` > 0 odd : ∆(`,1) = `+ 2 +O(c−2
T ) ,

λ2
Long[000]

`+2,`
= π`Γ(`+ 2)Γ(`+ 4)

2Γ
(
`+ 5

2

)
Γ
(
`+ 7

2

)
+ 8
cT

[
(2− sin2(πλ))

4`+2Γ
(
`
2 + 1

)2
Γ
(
`
2 + 2

)2

πΓ
(
`+ 5

2

)
Γ
(
`+ 7

2

)

+ sin2(πλ)SLong[000]
`+2,`

]
+O(c−2

T ) ,

(4.14)

where note that the tree level correction to the anomalous dimension vanished. For twist
three, we find that both GLong[000],2

`+3,`
and GLong[000],3

`+3,`
receives contributions for all even `,
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though only the former receives an anomalous dimension:

` ≥ 0 even : ∆′(`,2) = `+ 3 + 128(2`+ 5)(2`(`+ 4) + 5)
π2(`+ 1)(`+ 3)(`+ 4)(`+ 5)cT

sin2(πλ) +O(c−2
T ) ,

λ2
Long[000],2

`+3,`
= πΓ(`+ 3)Γ(`+ 4)

3(2`+ 3)Γ
(
`+ 1

2

)
Γ
(
`+ 9

2

)
+ 8
cT

[
(2− sin2(πλ))

4`+3(`+ 2)Γ
(
`+1

2

)
Γ
(
`+3

2

)
Γ
(
`+5

2

)2

3π(`+ 4)(2`+ 3)Γ
(
`+ 1

2

)
Γ
(
`+ 9

2

)

+ sin2(πλ)SLong[000],2
`+3,`

]
+O(c−2

T ) ,

λ2
Long[000],3

`+3,`
= πΓ(`+ 2)Γ(`+ 5)

(2`+ 3)Γ
(
`+ 1

2

)
Γ
(
`+ 9

2

)
+ 8
cT

[
(2− sin2(πλ))

4`+3Γ
(
`+1

2

)
Γ
(
`+3

2

)
Γ
(
`+5

2

)2

π(2`+ 3)Γ
(
`+ 1

2

)
Γ
(
`+ 9

2

)

+ sin2(πλ)SLong[000],3
`+3,`

]
+O(c−2

T ) , (4.15)

where ∆′(`,2) denotes that these are the second lowest dimension operators in their sector
that we consider, after the single trace operators with twist one.

4.2 Comparing U(1)2M ×U(1 +M)−2M to numerical bootstrap

In [28] it was shown that the exact formula for λ2
(B,2)[022]

2,0
in the U(1)2M × U(1 + M)−2M

theory, as computed from localization for finite M , was close to saturating the lower bound
on this quantity derived from the numerical bootstrap for all values ofM .26 This motivated
the conjecture that in the limit of infinite numerical precision, the U(1)2M ×U(1 +M)−2M
theory exactly saturates the bound. If this conjecture is true, the low-lying spectrum of
this theory for any M ∼ cT can be read off from the extremal functional. In this section,
we will test this conjecture by comparing the numerical bootstrap results to the tree level
CFT data for the U(1)2M ×U(1 +M)−2M theory computed in the previous section, which
corresponds to the case λ = 1/2. Note that the U(1)2M ×U(1 +M)−2M is special not only
because it has the minimal value of λ2

(B,2)[022]
2,0

at fixed cT for all known theories, but also
because it is parity invariant due to Seiberg duality.

In figure 1, we show numerical bootstrap bounds for the squared OPE coefficients of
semishort multiplets in S×S that are isolated from the continuum of long operators. This
includes all semishort multiplets in table 3 except for (A, 1)[100],n

`+2,` . We include both the
general N = 6 numerical bounds shown in black, the general N = 8 numerical bounds

26Note furthermore that at large cT , λ2
(B,2)[022]

2,0
is smaller for U(1)2M ×U(1 +M)−2M than all other

U(N)k × U(N + M)−k or SO(2)2k × USp(2 + 2M)−k theories, as can be seen by comparing the O(c−2
T )

corrections to (3.17) and (3.20). Hence if the bootstrap bound is saturated by a known theory then it must
be saturated by the U(1)2M ×U(1 +M)−2M .
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Figure 1. Upper and lower bounds on various semishort OPE coefficients squared in terms of cT ,
where the orange shaded regions are allowed, and the plots ranges from the GFFT limit cT →∞ to
the free theory cT = 16. The black lines denote the N = 6 upper/lower bounds computed in [28]
with Λ = 39, the blue lines denote the N = 8 upper/lower bounds computed in [35] with Λ = 43.
The red dotted lines denotes the spectrum read off from the functional saturating the lower bound
on λ2

(B,2)[022]
2,0

in [28], which was identified with the U(1)2M × U(1 + M)−2M theory. The green

dashed lines denote the O(c−1
T ) correction for the U(1)2M ×U(1 +M)−2M theory computed in this

work, while the orange dashed lines denote the O(c−1
T ) correction for the supergravity limit of

ABJM theory as computed in [13, 32]. The gray dots denote the GFFT and free theory values.
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CFT data Numerical bootstrap spectrum Analytic Tree U(1)2M ×U(1 +M)−2M

λ2
(A,+)[002]

5/2,1/2
11.9 64

9 + 1280
27π2 ≈ 11.9145

λ2
(A,+)[002]

9/2,5/2
18.7 13824

1225 + 90112
1225π2 ≈ 18.7382

λ2
(A,2)[011]

2,0
−45 − 64

3 −
256
π2 ≈ −47.2716

λ2
(A,2)[011]

4,2
−18 − 1024

175 −
16384
175π2 ≈ −15.3374

λ2
(A,2)[011]

3,1
−6 256

45 −
16384
135π2 ≈ −6.60775

λ2
(A,2)[011]

5,3
−10 4096

1225 −
524288
3675π2 ≈ −11.1112

∆(0,1) −16 − 160
π2 ≈ −16.2114

∆(0,2) 16 128
π2 ≈ 12.9691

Table 5. The 1/cT correction to the scaling dimensions ∆0,1 and ∆0,2 for the lowest dimension
Long[000],1

∆,0 and Long[000],2
∆,0 operators, respectively, as well as the OPE coefficients squared of various

semishort operators. The numerical bootstrap results come from a large cT fit to the numerical
bootstrap spectrum of [28] that was conjectured to apply to the U(1)2M × U(1 + M)−2M , and
corresponds to the dashed red lines in figure 1 and 2. The analytic tree level results were computed
in this work in the previous section.

from [35] shown in blue, and the conjectured U(1)2M × U(1 +M)−2M spectrum shown in
red. The tree level results for U(1)2M × U(1 + M)−2M are shown in green, while the tree
level results in the supergravity limit as computed in [13, 32] are shown in orange. Recall
that the supergravity results apply to the leading large cT correction to both the M-theory
and string theory limits. As first noted in [32] and visible in these plots, they match the
large cT regime of the N = 8 lower bounds.27 For N = 6, we see in all these plots that the
tree level results approximately match the conjectured U(1)2M × U(1 +M)−2M spectrum
in the large cT regime. Curiously, the conjectured spectrum approximately coincides with
the N = 6 lower bounds for λ2

(A,+)[020]
`+5/2,`+1/2

and λ2
(A,2)[011]

`,`+2
with odd `, but not for λ2

(A,2)[011]
`,`+2

with even `.28

The N = 6 numerics are not completely converged yet, which can be seen from the
fact that at cT → ∞ the numerics do not exactly match the GFFT value shown as a
grey dot. On the other hand, it has been observed in many previous numerical bootstrap
studies [33–35, 48–50] that the bounds change uniformly as precision is increased, so that
the large cT slope is still expected to be accurate, even if the intercept is slightly off. In
table 5, we compare the coefficient of the 1/cT term as read off from the numerics at large
cT to the tree level results, and find a good match for all data. The match is especially
good for the most protected quantities, which are the 1/4-BPS λ2

(A,+)[020]
`+5/2,`+1/2

. In fact, this

quantity is so constrained that it is difficult to distinguish by eye between the N = 8 and

27We have converted the N = 8 results in [32] to N = 6 using the superblock decomposition given in
appendix D of [28].

28Recall that, as described in table 3, the superblocks for λ2
(A,2)[011]

`,`+2
have completely different structures

for even/odd values of `.
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Figure 2. Upper bounds on the scaling dimension of the lowest dimension ` = 0 long multiplet in
terms of cT for the Long[000],1

∆,0 (left) and Long[000],2
∆,0 (right) superconformal structures, which for

parity preserving theories has the same and opposite parity as the superprimary, respectively. The
orange shaded region is allowed, and the plot ranges from the GFFT limit cT →∞ to the free theory
cT = 16. The black lines denote the N = 6 upper/lower bounds computed in [28] with Λ = 39, the
blue lines denote the N = 8 upper/lower bounds computed in [35] with Λ = 43. At cT = 16 the
N = 8 upper bound does not apply for the ∆(0,2) plot, as the N = 8 superblock becomes a conserved
current that does not decompose to Long[000],2

∆,0 . The red dotted lines denotes the spectrum read
off from the functional saturating the lower bound on λ2

(B,2)[022]
2,0

in [28], which was identified with

the U(1)2M ×U(1 +M)−2M theory. The green dashed lines denote the O(c−1
T ) correction for the

U(1)2M × U(1 +M)−2M theory computed in this work, while the orange dashed lines denote the
O(c−1

T ) correction for the supergravity limit of ABJM theory as computed in [13, 32]. The gray
dots denote the GFFT and free theory values.

N = 6 numerical and analytical results in figure 1. Nevertheless, the exact tree correction
for supergravity and tree level U(1)2M ×U(1+M)−2M are different. For instance, compare
the supergravity value 17920

9π2 − 5120
27 ≈ 12.1121 from [32] for λ2

(A,+)[020]
5/2,1/2

to the corresponding

U(1)2M ×U(1 +M)−2M value 64
9 + 1280

27π2 ≈ 11.9145 shown in table 5.
Finally, in figure 2 we compare the conjectured U(1)2M × U(1 + M)−2M numerical

spectrum to the analytic tree level results for the scaling dimensions of the lowest dimension
operators for the Long[000],1

∆,0 and Long[000],2
∆,0 structures, which are parity even and odd,

respectively, for the parity preserving theory we are considering. Recall that, as per (4.4),
the unitarity limit of the Long[000],2

∆,0 superconformal block is precisely given by the (B, 1)[200]
2,0

superconformal block, so the bound on ∆(0,2) that we find depends on the assumptions we
make about the possibility of having a (B, 1)[200]

2,0 multiplet appearing in the S × S OPE.
For the ∆(0,2) plot, we assumed that no (B, 1)[200]

2,0 appear, which as shown in the plot
excludes all N = 8 theories with 16

cT
< .71 that were shown in [34] to contain an N = 8

operator that decomposes to (B, 1)[200]
2,0 .29 As with the OPE coefficient plots, we again find

that large cT slope of the numerics approximately matches the tree level result, as shown
in table 5. Note that the ∆(0,2) plot describes the scalar approximately conserved current,
which is parity odd.

29The only known N = 8 theories that do not contain any (B, 1)[200]
2,0 operators are the free theory with

16
cT

= 1 and the U(1)2 ×U(2)−2 theory with 16
cT

= .75.
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5 Discussion

The main result of this paper is the expression for tree level, i.e. leading large cT , 〈SSSS〉
for any higher spin N = 6 theory in terms of just two free parameters. For the U(N)k ×
U(N + M)−k and SO(2)2k × USp(2 + 2M)−k ABJ theories, we used localization to fix
these parameters in terms of λ, which is M/k for the former theory and (M + 1/2)/k for
the latter theory.30 We then successfully compared the CFT data extracted from this tree
level correlator at λ = 1/2 to the large cT ∼M regime of the conjectured non-perturbative
numerical bootstrap solution to 〈SSSS〉 for the U(1)2M × U(1 + M)−2M theory [28]. On
the way to deriving these results, we derived superconformal Ward identities for 〈SSSP 〉
as well as an integrated relation between this correlator and ∂3

m±∂m−F
∣∣
m±=0 which can be

computed using supersymmetric localization.
It is instructive to compare ourN = 6 correlators 〈SSSS〉 in (1.1) and 〈PPPP 〉 in (1.3)

to the tree level correlator of the scalar single trace quasibosonic Oqb and quasifermionic
Oqf operators for non-supersymmetric vector models in [22]:

〈Oqb(~x1)Oqb(~x2)Oqb(~x3)Oqb(~x4)〉

= 1
x2

12x
2
34

8
cT

[
√
U +

√
U

V
+ U√

V

− 2
π

5
2

sin2
(
πλqb

2

)(
UD̄1,1, 12 ,

1
2
(U, V ) + UD̄1,1, 12 ,

1
2
(V,U) + D̄1,1, 12 ,

1
2

( 1
U
,
V

U

))]
,

(5.1)
and
〈Oqf (~x1)Oqf (~x2)Oqf (~x3)Oqf (~x4)〉

= 1
x4

12x
4
34

2
cT

[
U2(U − V − 1)

V 3/2 −
√
U(U − V + 1)−

√
U(U + V − 1)

V
3
2

]
.

(5.2)

For concreteness, we set 1
Ñ

= 2
cT

and λ̃qb = tan(πλqb2 ) in [22] as in [51] for a U(Nqb)kqb
Chern-Simons matter theory with λqb ≡ Nqb/kqb and one complex scalar for the quasi-
bosonic case, or one complex fermion in the quasifermionic case. The quasibosonic case
should be naturally compared to 〈SSSS〉, as both S and Oqb are scalars with ∆ = 1 at
tree level, while the quasifermionic case should be compared to 〈PPPP 〉, as both P and
Oqf are pseudoscalars with ∆ = 2 at tree level. For all cases, the contact terms allowed by
the Lorentzian inversion formula vanish. For the quasiboson and 〈SSSS〉, the tree level
correlator consists of a connected free theory term and a scalar exchange term, while for the
quasifermion and 〈PPPP 〉, only a connected free term appears. In our case both 〈SSSS〉
and 〈PPPP 〉 depend on λ as sin2(πλ), while in the nonsupersymetric case only the quasi-
boson depends on λqb, and has the slightly different periodicity sin2(πλqb2 ).31 For both the
quasiboson and 〈SSSS〉, the exchange terms are given simply by scalar exchange Witten
diagrams, though the physical origin is quite different in each case. In the quasibosonic

30We find that the tree level result is independent of N .
31The factor of two discrepancy in the periodicity between the ABJ case and the non-supersymmetric

case is discussed in section 6.2 of [6].

– 36 –



J
H
E
P
0
4
(
2
0
2
1
)
2
4
2

case, [26] showed that for spin ` single trace operators J`, all tree level 〈OqbOqbJ`〉 were the
same as the free theory except for J0 ≡ Oqb, which depends on λqb. The scalar exchange
then appears so as to compensate for the fact that tree level 〈OqbOqbOqb〉 is not given by
the free theory result. In our N = 6 case, we found that the tree level three-point functions
between two S’s and a higher spin multiplet were given by the free theory result only for
odd `, while for even ` they are all proportional to the same λ dependent coefficient. The
contribution of the exchange diagrams for the even and odd spin single trace long multi-
plets, which at tree level coincide with conserved supermultiplets, exactly canceled so that
only the scalar exchange diagrams remained.

We showed that the contact terms allowed by the Lorentzian inversion formula for
〈SSSS〉 vanished by combining localization with the 〈SSSP 〉 four-point function computed
using the weakly broken Ward identity. There is in fact a possible alternative argument
that only uses N = 6 superconformal symmetry, and so would apply to any N = 6 higher
spin theory. Note that N = 6 superconformal symmetry only allows a single contact term
with four or less derivatives, which thus contributes to spin two or less as allowed by the
large M Lorentzian inversion formula [21]. In [8], we used flat space amplitude arguments
to show that this four derivative contact term for 〈SSSS〉 actually becomes a six derivative
contact term in other stress tensor multiplet correlators like 〈SSJJ〉, where J is the R-
symmetry current, that are related to 〈SSSS〉 by supersymmetry. Since six derivative
contact terms generically contribute to spin three CFT data in correlators of non-identical
operators [52], they would be disallowed by the Lorentzian inversion formula for correlators
with spin [53], which would then disallow the putative four derivative 〈SSSS〉 contact term.
In fact, the 〈SSSS〉 contact term contributes to a scalar long multiplet that contains a
spin three descendant. This happens to not contribute to the 〈SSSS〉 superblock [28],
but could well appear in the 〈SSJJ〉 superblock. It would be interesting to derive the
superconformal Ward identity that explicitly relates 〈SSJJ〉 to 〈SSSS〉, so that we could
verify this alternative argument for the vanishing of the contact term. Our tree level result
would then just be fixed in terms of a single free parameter, as in the non-supersymmetric
case of [22, 23].

There are several ways we could improve our comparison between tree level higher
spin 〈SSSS〉 and the numerical bootstrap results in [28] for the U(1)2M × U(1 + M)−2M
theory. Numerically, it would be good to improve the precision of the numerics and compute
predictions for more CFT data. In particular, we will likely need much higher precision
to probe the single trace multiplets with superprimaries of odd spin, since their OPE
coefficients squared scale as O(c−1

T ) and so are hard to see numerically, unlike the even spin
case that scales as O(c0

T ). Analytically, we will need to generalize the large cT analytic
calculation of 〈SSSS〉 to order 1/c2

T if we want to extract anomalous dimensions of the
odd single trace higher spin multiplets even at tree level, due to the O(c−1

T ) scaling of
their OPE coefficients squared. This 1-loop calculation can in principle be computed from
tree level CFT data [54], but would require one to unmix the double trace tree level CFT
data, which is difficult even in the non-supersymmetric case [55]. This unmixing would
similarly be required if we want to compare to numerical results for unprotected double
trace operators with non-lowest twist, which are degenerate.
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We could also generalize our tree level higher spin correlator calculation to a wider
class of theories. For instance, the ABJ quadrality of [9] considered not just the 3d N = 6
SO(2)2k × USp(2 + 2M)−k theory considered in this work, but the wider class of N = 5
O(N1)2k × USp(N2)−k ABJ theories, which also have approximately broken higher spin
symmetry when N1, k are large and N2, λ ≡ N1/k are finite (similarly for N1 ↔ N2), and
so are conjecturally related to N = 5 higher spin gravity on AdS4. From the string theory
perspective, these theories are obtained by orientifolding the brane construction of the
U(N)k ×U(N +M)−k theory, so that the O(N1)2k ×USp(N2)−k theories are dual to type
IIA string theory on AdS4×CP3/Z2. In the string or M-theory limit, orientifolding changes
the single trace spectrum, such that certain tree level correlators vanish, and the 1-loop
corrections are suitably modified [56]. In the higher spin limit, however, the orientifold
does not affect the single trace spectrum aside from reducing the supersymmetry when
N1 6= 2 from N = 6 to N = 5, so we expect that the general structure of the N = 5 tree
level correlator should be very similar to our N = 6 result. The precise dependence on λ
could still be different, as that depends on the Lagrangian of the specific theory, as well
as the specific form of the N = 5 version of the N = 6 integrated constraints discussed in
this work. It is possible one might also need to consider integrated constraints involving
the squashed sphere, which can also be computed using supersymmetric localization as
in [10, 42, 57, 58].

The numerical bootstrap has been used so far to find conjectured numerical solutions
to the U(1)2M × U(1 + M)−2M and U(N)2 × U(N + 1)−2 theories, which at large cT are
dual to higher spin gravity and M-theory, respectively. These N = 6 and N = 8 solutions
were found because they conjecturally saturate the lower bounds of bootstrap studies with
the respective amount of supersymmetry. Ideally, we would like to numerically solve the
N = 6 U(N)k × U(N + M)−k ABJ theory for any N,M, k, which would require us to
input three exactly known CFT data into the bootstrap, and then see if the new bounds
are saturated by known theories by comparing to a fourth known quantity. So far, we
know how to input two quantities: cT and λ2

(B,2)022
2,0

, which can be computed exactly from
∂2
m±F

∣∣
±=0 and ∂4

m±F
∣∣
±=0, respectively. A third quantity could be ∂2

m+∂
2
m−F

∣∣
∓=0, which

is related to a certain integral of 〈SSSS〉 as shown in (3.6). A fourth quantity could
be a similar integrated constraint from the squashed sphere, or the tree level correlators
computed in this work and [8, 13, 17]. Once we can study ABJ theory for any N,M, k,
we will be able to non-perturbatively understand the relation between the higher spin and
supergravity regimes. In particular, it will be interesting to see how the approximately
conserved currents at finite N and large M,k disappear as N increases.

All the discussion so far has concerned the CFT side of the higher spin AdS/CFT du-
ality. This is mostly because supersymmetric higher spin gravity is still poorly understood.
The only known formulation so far is in terms of Vasiliev theory [6, 59–65], which is just
a classical equation of motion with no known action, and so cannot be used to compute
loops. Even on the classical level, it has been difficult to regularize the calculation of var-
ious correlation functions [66, 67]. Recently, a higher spin action has been derived in [5]
for the O(N) free and critical vector models, which manifestly reproduces the correct CFT
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results to all orders in 1/N . If this construction could be extended to N = 6, then it is
possible that the bulk dual of 〈SSSS〉 could be computed and the absence of contact terms
understood from the bulk perspective.

Acknowledgments

We thank Ofer Aharony, Rohit Kalloor, Adar Sharon, Alexander Zhiboedov, and Silviu
Pufu for useful discussions and correspondence, and Silviu Pufu for collaboration at an
early stage of this project. We also thank Silviu Pufu and Ofer Aharony for reading
through the manuscript. DJB and MJ are supported in part by the Simons Foundation
Grant No. 488653, and by the US NSF under Grant No. 1820651. DJB is also supported
in part by the General Sir John Monash Foundation. SMC is supported by the Zuckerman
STEM Leadership Fellowship. DJB is grateful to the ANU Research School of Physics for
their hospitality during the completion of this project.

A Pseudocharge action on S and P

Our task in this section is to derive the action of δ̃(X) on the scalars S and P . In ap-
pendix A.1 we derive (2.23), which gives expressions for δ̃(X)S(y, Y ) and δ̃(X)P (y, Y ) in
terms of λSSB0 and two unknown coefficients, κ1 and κ2. We then compute these coeffi-
cients in appendix A.2.

A.1 Constraining the pseudocharge action

Our task is to derive (2.23). We begin with δ̃(X)S(~y, Y ), which we can compute by
evaluating

〈δ̃(X)S(0, Y )O(ê3)〉 = 1
4π

∫
|x|=r

dS · 〈H1(~x,X)S(0, Y )O(ê3)〉
∣∣∣∣∣
finite as r→∞

(A.1)

for general operators O(ê3) located at ê3 = (0, 0, 1). We first note that the right-hand side
of (A.1) is only non-zero if O is a scalar with conformal dimension 1. For this special case,
conformal invariance implies that

〈H1(~x,X)S(0, Y )O(ê3)〉 = fSOH1(X,Y )Cµ1,1,1(0, ê3, ~x)

= fSOH1(X,Y )
4

((ê3 − x)µ

|ê3 − x|2
− xµ

|x|2
) 1
|x||x− ê3|

,
(A.2)

where fSOH1(X,Y ) is a function of X and Y whose exact form depends on the so(6)R
properties of O. Substituting this into (A.1), we find that

〈δ̃(X)S(0, Y )O(ê3)〉 = −1
4fSOH1(X,Y ) . (A.3)

The only two dimension 1 scalars in higher spin N = 6 theories are S(~y, Y ) itself and
B0(~x). For S, we apply (A.3) with O(ê3) = S(ê3, Z) to find that

〈δ̃(X)S(0, Y )S(ê3, Z)〉 = −λSSH1tr([Y,Z]X)
4 = −λSSH1

4 〈S(0, [X,Y ])S(ê3, Z)〉 , (A.4)
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while for B0 we find that

〈δ̃(X)S(0, Y )B0(ê3)〉 = −λSB0H1tr(XY )
4 = −λSB0H1tr(XY )

4 〈B0(0)B0(ê3)〉 . (A.5)

However, as we will now show, λSB0H1 = 0. To see this, we compute:

δ̃(X)〈S(0, Y )SH1〉 = 〈δ̃(X)S(0, Y )SH1〉+ · · · = −λSB0H1tr(XY )
4 〈B0(0)S0H1〉+ . . . ,

(A.6)
where the additional terms come from the variations of the second S and H1, and from
the multiplet recombination. Note that δ̃(X)〈S(0, Y )SH1〉 contains a term proportional
to λ2

SB0H1
tr(XY ). But it is straightforward to check that no additional term appears in

either
〈
S(0, Y )δ̃(X) (SH1)

〉
or in 〈SP̃H1〉 with the right R-symmetry structure needed

to cancel such a contribution, and so conclude that λSB0H1 = 0. Having exhausted the
possible operators that could appear in δ̃(X)S(y, Y ), we conclude that

δ̃(X)S(~y, Y ) = −λSSH1

4 S(y, [X,Y ]) = −λSSB0

4 S(y, [X,Y ]) . (A.7)

We can constrain δ̃(X)P (~y, Y ) in much the same way, except now we have to consider
not only the single trace operators P and C0, but also double-trace operators built from S

and B0. The most general expression we can write is

δ̃(X)P (~y, Y ) =κ0P (~y, [X,Y ]) + κ1S
2(~y, [X,Y ]) + κ2SB0(~y, [X,Y ])

+ µ1tr(XY )O1(~y) + µ2O2(~y, {X,Y }) + µ3S(~y,X)S(y, Y ) ,
(A.8)

where O1(y) is some linear combination of SabSba and B2
0 , and O2 is some linear combi-

nation of P , S2 and SB0. By computing 〈δ̃PP 〉 we find that

κ0 = −1
4λPPH1 = 1

4λSSH1 . (A.9)

If we instead consider 〈δ̃POi〉, we find that µi are proportional to OPE coefficients λPPµi ,
but can then check that the δ̃〈PPH1〉 Ward identity is satisfied if and only if µi = 0. This
leads us to (2.23).

A.2 Computing κ1 and κ2

We now compute κ1 and κ2 using the variations δ̃〈SSP 〉 and δ̃〈SPB0〉. Let us begin with
δ̃(X)〈SSP 〉. As listed in equation (2.8), supersymmetry forces both 〈SSP 〉 and 〈SPP 〉 to
vanish. Expanding the left-hand side of the higher spin Ward identity, we thus find that

δ̃(X)〈SSP (y3, Y3)〉 = κ1〈SSS2(~y3, [X,Y3])〉 , (A.10)

while expanding the right-hand side we instead find that

δ̃(X)〈SSP (y3, Y3)〉 = − α
√
cT
〈SSS̃(~y3, [X,Y3])〉 . (A.11)
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Equating these two expressions, we conclude that

κ1 = αλSSS
4√cT

. (A.12)

The variation δ̃(X)〈SB0P 〉 is a little trickier, as 〈SPB0〉 does not vanish at O(c−1/2
T ).

It is instead related by supersymmetry to the three-point function 〈SPH1〉, so that

λSPH1

λSPB0
=

√
2(∆ + 1)

∆ −→
∆→1

2 , (A.13)

where ∆ is the conformal dimension of B0. We can then in turn relate λSPH1 to α using
the multiplet recombination formula (2.13), and so find that

λSPB0 = −1
2λSPH1 = 2α

√
cT

. (A.14)

Now that we have computed λSPB0 , let us turn to δ̃〈SPB0〉. Expanding this us-
ing (2.23), we find that

δ̃(X)〈S(~y1, Y1)P (~y2, Y2)B0(~y3)〉

= 1
2λSSB0〈S(~y1, Y1)P (~y2, [X,Y2])B0(~y3)〉+ κ2〈S(~y1, Y1)SB(~y2, [X,Y2])B0(~y3)〉 .

(A.15)

But if we instead use the multiplet recombination rule, we find that

δ̃(X)〈S(~y1, Y1)P (~y2, Y2)B0(~y3)〉 = α
√
cT

〈
S(~y1, Y1)S̃(~y2, [X,Y2])B0(~y3)

〉
, (A.16)

where we dropped 〈P̃PB0〉 as it vanishes due to supersymmetry. Equating the two expres-
sions and solving for κ2, we conclude that

κ2 = −αλSSB0

4√cT
. (A.17)

B Scalar four-point functions

B.1 〈SSPP 〉 and 〈PPPP 〉

Conformal and R-symmetry invariance imply that the four-point functions 〈SSPP 〉 and
〈PPPP 〉 take the form [8]:

〈S(~x1, X1)S(~x2, X2)P (~x3, X3)P (~x4, X4)〉 = 1
x2

12x
4
34

6∑
i=1
Ri(U, V )Bi ,

〈P (~x1, X1)P (~x2, X2)P (~x3, X3)P (~x4, X4)〉 = 1
x4

12x
4
34

6∑
i=1
P i(U, V )Bi ,

(B.1)
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where the R-symmetry structures are defined as in (2.48), and where Ri and P i are func-
tions of the cross-ratios (2.49). Crossing symmetry implies that

R3(U, V ) = R2
(
U

V
,

1
V

)
, R6(U, V ) = R5

(
U

V
,

1
V

)
,

P2(U, V ) = U2P1
( 1
U
,
V

U

)
, P3(U, V ) = U2

V 2P
1(V,U) ,

P5(U, V ) = U2P4
( 1
U
,
V

U

)
, P6(U, V ) = U2

V 2P
4(V,U) ,

(B.2)

so that 〈PPPP 〉 can be uniquely specified by P1(U, V ) and P4(U, V ), while 〈SSPP 〉 is
uniquely specified by R1(U, V ), R2(U, V ), R4(U, V ), and R5(U, V ).

As shown in [8], the N = 6 superconformal Ward identities fully fix 〈SSPP 〉 and
〈PPPP 〉 in terms of 〈SSSS〉. Applying these to the various terms in our ansatz (2.66),
we find that for the generalized free field term:

R1
GFFF(U, V ) = 1 , RiGFFF(U, V ) = 0 for i = 2 , . . . , 6

P1
GFFF(U, V ) = 1 , P4

GFFF(U, V ) = 0 ,
(B.3)

for the free connected term:

Rifree(U, V ) = 0 , P1
free(U, V ) = 0 , P4

free(U, V ) = U2(U − V − 1)
4V 3/2 , (B.4)

for the scalar exchange term:

R1
scal(U, V ) = 0 , R2

scal(U, V ) = 4U
π2 , R4

scal(U, V ) = 2U(U − V − 1)
π2V

,

R5
scal(U, V ) = − 2U

π2V
+
U2D̄1,2, 12 ,−

1
2
(U, V )

2π5/2 , P iscal(U, V ) = 0 .
(B.5)

Finally, for the degree 2 contact term 〈SSPP 〉 is given by

R1
cont(U, V ) = −4U2

3
(
4D̄2,2,1,1 − 6D̄2,2,2,2 + 15D̄4,2,1,3 + 15D̄3,2,2,3 − 30D̄3,2,1,2

)
R2

cont(U, V ) = 4U2
(
D̄3,2,2,3 − 2D̄2,2,2,2

)
,

R4
cont(U, V ) = 4U2

(
5D̄3,2,2,3 − 2D̄2,2,2,2

)
,

R5
cont(U, V ) = 4U2

3
(
8D̄2,2,1,1−36D̄2,2,2,2+15D̄2,2,3,3−36D̄3,2,1,2+30D̄3,2,2,3+15D̄4,2,1,

)
.

(B.6)

B.2 Shadow transforms of 4pt correlators

In this appendix, we explain how to compute the shadow transforms of 〈SSSS〉 and
〈SSPP 〉, which, using (2.71) we can express in terms of functions

S̃i(U, V ) = x3
34x14
x13

∫
d3z

4π|~z − ~x4|4
Si
(
x2

12|~x3−z|2
x2

13|~x2−~z|2
,
|~x1−~z|2x2

23
x2

13|~x2−~z|2
)

|~x3 − ~z|2
,

R̃i(U, V ) = x3
34x14
x13

∫
d3z

4π|~z − ~x3|2
P i
(
x2

12|x4−~z|2
|~x1−~z|2x2

24
,
x2

14|~x2−~z|2
|~x1−~z|2x2

24

)
|~x4 − ~z|4

.

(B.7)
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Let us begin with free connected term, for which

S1
free(U, V ) = Rifree(U, V ) = 0 , (B.8)

so that the only non-trivial computation is

S̃4
free(U, V ) = x2

12x
3
34x14

x2
13x23

∫
d3z

4π|~z − ~x4|4
1

|~x1 − ~z||~x2 − ~z|
. (B.9)

We can evaluate this integral using the star-triangle relation

∫
d3z

|~x1 − ~z|2∆1 |~x2 − ~z|2∆2 |~x3 − ~z|2∆3
=

 3∏
i=1

Γ
(

3
2 −∆i

)
Γ(∆i)

 π3/2

xd−2∆3
12 xd−2∆2

13 xd−2∆1
23

, (B.10)

and so find that

S̃4
free(U, V ) = −1

2

√
U3

V
. (B.11)

Next we turn to the contact term. By definition, the D̄ functions are related to the
quartic contact Witten diagram

Dr1,r2,r3,r4(xi) =
∫

AdS4
dz

4∏
i=1

GriB∂(z, ~xi) , GrB∂(z, ~x) =
(

z0
z2

0 + (~z − ~x)2

)r
(B.12)

via the equation

D̄r1,r2,r3,r4(U, V ) = x
1
2
∑4

i=1 ri−r4
13 xr224

x
1
2
∑4

i=1 ri−r1−r4
14 x

1
2
∑4

i=1 ri−r3−r4
34

2
∏4
i=1 Γ(ri)

π
3
2 Γ
(
−3+

∑4
i=1 ri

2

)Dr1,r2,r3,r4(xi) .

(B.13)
Because the shadow transform of a bulk-boundary propagator is another bulk-boundary
propagator [68]:

∫
d3y

|~x− ~y|6−2rG
r
B∂(z, ~y) =

π3/2Γ
(
r − 3

2

)
Γ(r) G3−r

B∂ (z, ~x) , (B.14)

we see that the shadow transform of a D-function is another D-function:
∫

d3y

|~x4 − ~y|6−2r4Dr1,r2,r3,r4(~x1, ~x2, ~x3, ~y) =
π3/2Γ

(
r4 − 3

2

)
Γ(r4) Dr1,r2,r3,3−r4(~x1, ~x2, ~x3, ~x4) .

(B.15)
When we write

Sicont(U, V )
x2

12x
2
34

and R
i(U, V )
x2

12x
4
34

in terms of D-functions, the result is a sum of D-functions multiplied by rational functions
of x2

ij . Using the identity [69]

4r1r2x
2
12Dr1+1,r2+1,r3,r4 − 4r3r4x

2
34Dr1,r2,r3+1,r4+1

= (r1 + r2 − r3 − r4)(3− r1 − r2 − r3 − r4)Dr1,r2,r3,r4 .
(B.16)

– 43 –



J
H
E
P
0
4
(
2
0
2
1
)
2
4
2

along with its crossings, we can always rearrange the integrands in (B.7) into a form such
that we can apply (B.15) term by term.

Finally, we turn to the exchange term. To compute the shadow transform for this
term, we first note that when ∆1 + ∆2 + ∆3 + ∆4 = 3,∫

d3x
4∏
i=1

1
|~x− ~xi|2∆i

= π3/2

Γ(∆1)Γ(∆2)Γ(∆3)Γ(∆4)
x3−2∆1−2∆4

14 x3−2∆3−2∆4
34

x3−2∆4
13 x2∆2

24
D̄∆1,∆2,∆3,∆4(U, V ) .

(B.17)

We thus find that

S̃1
scal(U, V ) = −2

π5/2
x3

34x14x
2
12

x3
13

∫
d3z

4π|~z − ~x4|4
D̄1,1, 12 ,

1
2

(
x2

12|~x3−~z|2
x2

13|~x2−~z|2
,
|~x1−~z|2x2

23
x2

13|~x2−~z|2
)

|~x2 − ~z|2

= − 1
2π4

x2
12x14x

3
34

x13

∫
d3z d3w

|~z − ~x4|4|~w − ~x1|2|~w − ~x2|2|~w − ~x3||~w − ~z||~z − ~x3|
.

(B.18)

Performing the integral over z using the star-triangle relation (B.10), we then find that the
integral over w can also be performed using the star-triangle relation, and so

S̃1
scal(U, V ) =

√
U . (B.19)

We can evaluate S̃4
scal in a similar fashion, finding that

S̃4
scal(U, V ) = −1

2U
(

1 + 1√
V

)
. (B.20)

Now we turn to computing R̃i(U, V ). Because ultimately our goal is to compute
〈SSSP 〉, we only need R̃1

scal(U, V ) and R̃4
scal(U, V ), as these suffice to compute T̃ 1(U, V )

and T̃ 4(U, V ). But R1
scal(U, V ) = 0, and R̃4

scal(U, V ) can be computed by using the star-
triangle relation on each term by term, so that

R̃1(U, V ) = 0 R̃4 = (
√
U −

√
V − 1)

2
√
V

. (B.21)

C Computing integrated correlators

In this appendix, we compute the integrated correlators needed in section 3.1. Many of
these calculations are performed most conveniently in Mellin space, and so we begin by
first reviewing this topic.

C.1 Mellin space review

Holographic correlators take simple forms in Mellin space. For 〈SSSS〉 we define the Mellin
amplitudes M i(s, t) through

Si(U, V ) =
∫ i∞

−i∞

ds dt

(4πi)2 U
s
2V

u
2−1Γ2

[
1− s

2

]
Γ2
[
1− t

2

]
Γ2
[
1− u

2

]
M i(s, t) , (C.1)
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where u = 4− s− t, while for 〈SSSP 〉 we define the Mellin amplitudes N i(s, t) through

T i(U, V ) =
∫

ds dt

(4πi)2N
i(s, t)U s/2V u/2−1

× Γ
(

1− s

2

)
Γ
(3− s

2

)
Γ
(

1− t

2

)
Γ
(3− t

2

)
Γ
(

1− u

2

)
Γ
(3− u

2

)
,

(C.2)

where u = 5− s− t. In either case the two integration contours are chosen such that32

Re(s) < 2 , Re(t) < 2 , Re(u) < 2 , (C.3)

which include all poles of the Gamma functions on one side or the other of the contour [70].
Crossing symmetry implies that

M1(s, t) = M1(s, u) , M2(s, t) = M1(t, s) , M3(s, t) = M1(u, t) ,
M4(s, t) = M4(s, u) , M5(s, t) = M4(t, s) , M6(s, t) = M4(u, t) ,

(C.4)

with identical formulas for N i(s, t), as can be derived from the crossing equations (2.50)
and (2.68).

The Mellin transform of the disconnected term SiGFFT(U, V ) and free connected term
Sifree(U, V ) are singular, while for Siscal(U, V ) and Sicont(U, V ) we find that

M1
scal(s, t) = −

2Γ
(

1−s
2

)
π5/2Γ

(
2−s

2

) , M4
scal(s, t) =

Γ
(

1−t
2

)
π5/2Γ

(
2−t

2

) +
Γ
(

1−u
2

)
π5/2Γ

(
2−u

2

) ,
M1

cont(s, t) = (t− 2)(u− 2) , M4
cont(s, t) = (s− 2)

(
s− 4

3

)
.

(C.5)

For 〈SSSP 〉 the Mellin transforms of Tfree and Tscal are singular, but for the contact term
we find that

N1
cont(s, t) = −2π1/2

3 (t− 2)(u− 2) , N4
cont(s, t) = −2π1/2

3 (s− 2)2 . (C.6)

C.2 Computing I+−[Siscal] and I++[Siscal]

We begin with I++[Siscal], which as noted in (3.6) computes the coefficient of λ2
(B,2)[022]

2,0

OPE coefficient in 〈SSSS〉. The (B, 2)[022]
2,0 superconformal primary is an 1/3-BPS operator

transforming in the 84. But by inverting (2.52), we find that Sscal,84s vanishes for the scalar
exchange diagram, and so conclude that

I++[Siscal] = 0 . (C.7)

32This is the correct choice of contour provided that M i(s, t) does not have any poles with <(s) < 2 or
<(t) < 2 or <(u) < 2. If this is not the case (such as for the exchange diagram), the integration contour
will have to be modified in such a way that the extra poles are on the same side of the contour as the other
poles in s, t, u, respectively.
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To compute I+−[Siscal], we first use the Mellin space form of the integral

I+−[Si] =
∫

ds dt

(4πi)2
2
√
π

(2− t)(s+ t− 2)M
1(s, t)

× Γ
[
1− s

2

]
Γ
[
s+ 1

2

]
Γ
[
1− t

2

]
Γ
[
t− 1

2

]
Γ
[
s+ t− 2

2

]
Γ
[3− s− t

2

]
.

(C.8)

derived in [8]. Using (C.5) and then performing the change of variables s→ 4− t− u, we
find that

I+−[Siscal] = − 4
π

∫
dt du

(4πi)2
sec π(t+u)

2
(t− 2)(u− 2)Γ

(2− t
2

)
Γ
(
t− 1

2

)
Γ
(2− u

2

)
Γ
(
u− 1

2

)
.

(C.9)
Using Mathematica, we can evaluate this integral numerically to arbitrary high precision,
and find that, to within the numerical error,

I+−[Siscal] = −π2 . (C.10)

C.3 Parity odd mixed mass derivatives

In this appendix we derive (3.11) from (3.10). To do so, we first note that, as explained
in [8], we can write

4π
∫

dx

1 + x2

4
iJ̃(x) =

∫
d3x
√
g(iJ+(~x) +K+(~x)) + (Q-exact terms) , (C.11)

where J̃(x) is defined by

J̃(x) =
√
cT

64π

×


(
1 + ix

2

)2

1 + x2

4
S1

2(0, 0, x)−

(
1− ix

2

)2

1 + x2

4
S2

1(0, 0, x) + S1
1(0, 0, x)− S2

2(0, 0, x)

 .

(C.12)

We can hence replace the iJ+ +K+ terms in (3.10) with J̃ , and so find that

∂4 logZ
∂3m+∂m−

= (4π)3
〈(∫

dx

1 + x2

4
J̃(x)

)3 (∫
d3x
√
g(iJ−(~x) +K−(~x))

)〉
. (C.13)

Next note, again as explained in [8], that correlators of J̃(x) are topological. We can thus
place the three J̃ operators at 0, 1, and infinity, so that

∂4 logZ
∂3m+∂m−

= 29π6
〈
J̃(0)J̃(1)J̃(∞)

(∫
d3x
√
g(iJ−(~x) +K−(~x))

)〉
. (C.14)
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Next we expand the right-hand correlator using (3.3), (2.47) and (2.67). The 〈J̃ J̃ J̃J−〉
automatically vanish, and so

∂4 logZ
∂3m+∂m−

= − ic2
Tπ

2

212
√

2

∫
d3~x

(4 + |~x|2)|~x|

(
T 1
(

1
|~x− ê3|2

,
|~x|2

|~x− ê3|2

)

+ 5T 2
(

1
|~x− ê3|2

,
|~x|2

|~x− ê3|2

)
+ T 3

(
1

|~x− ê3|2
,
|~x|2

|~x− ê3|2

)

+ 8T 4
(

1
|~x− ê3|2

,
|~x|2

|~x− ê3|2

)
+ 2T 6

(
1

|~x− ê3|2
,
|~x|2

|~x− ê3|2

))
,

(C.15)

where ê3 = (0, 0, 1). We can then use the superconformal Ward identity (2.69) to eliminate
T 6, so that the integral then simplifies to:

∂4 logZ
∂3m+∂m−

= − ic2
Tπ

2

213
√

2

∫
d3~x

(
2T 2

(
1

|~x− ê3|2
,
|~x|2

|~x− ê3|2

)

+ 2T 3
(

1
|~x− ê3|2

,
|~x|2

|~x− ê3|2

)
+ 4T 4

(
1

|~x− ê3|2
,
|~x|2

|~x− ê3|2

))
.

(C.16)

Switching to spherical coordinates ~x = r (sin(θ) sin(φ), sin(θ) cos(φ), cos(θ)) and then inte-
grating over φ, we arrive at (3.11).

C.4 Computing Iodd[T i]

We will now compute Iodd[T i] for the various terms contributing to 〈SSSP 〉 at O(c−1
T ).

Let us begin with the free connected and scalar exchange terms. Using (2.77) and (3.12),
we can directly compute

Iodd
[
T ifree

]
= −Iodd

[
T iscal

]
= −4π

∫
dr dθ

sin θ
r2 − 2r cos θ + 1 = −2π3 . (C.17)

To evaluate Iodd[T i], we find it most convenient to work in Mellin space. By using (C.2)
to rewrite T i in terms of its Mellin transform N i(s, t) and then integrating over r and θ,
we find that

Ĩodd[T i] = −8π9/2
∫

ds dt

(4πi)2
N i(s, t) csc(πs) csc(πt) csc(πu) (sin(πs) + sin(πt) + sin(πu))

(s− 2)(s− 3) .

(C.18)
We can now use (C.6) to compute

Iodd[T icont] = −64π5

3

∫
ds dt

(4πi)2 csc(πs) csc(πt) csc(πu) (sin(πs) + sin(πt) + sin(πu))

= −64π5
∫

ds dt

(4πi)2 csc(πs) csc(πt)

= −4π3 .

(C.19)
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D Localization in the higher-spin limit

In this appendix we evaluate the U(N)k ×U(N +M)−k and SO(2)2k ×USp(2 + 2M)−k
sphere partition functions at large M . We begin with the former case, evaluating the
integral

ZM,N,k(m+,m−) = e−
π
2MNm−Z0

coshN πm+
2

∫
dNy

∏
a<b

sinh2 π(ya−yb)
k

cosh
[
π(ya−yb)

k + πm+
2

]
cosh

[
π(ya−yb)

k − πm+
2

]

×
N∏
a=1

 eiπyam−

2 cosh (πya)

M−1∏
l=0

sinh
[
π
(
ya+i(l+1/2)

)
k

]

cosh
[
π
(
ya+i(l+1/2)

)
k − πm+

2

]
 , (D.1)

at large M , holding λ = M/k fixed. To begin, let us define

F1(x) =
M−1

2∑
l=−M−1

2

log tanh
[
π
(
x+ il

)
k

]
− logR(x) ,

F2(x) =
M−1

2∑
l=−M−1

2

log cosh
[
π
(
x+ il

)
k

] (D.2)

where R(x) = cosh (πx) if M is even and R(x) = sinh (πx) if M is odd, and

G(x, m̂+) = log

k sinh2 πx√
k

π2x2 sech
[2πx+ πm̂+

2
√
k

]
sech

[2πx− πm̂+

2
√
k

] , (D.3)

where m̂± = k−1/2m±. After a change of variables ya →
√
k
(
xa − iM

2

)
, we find that

ZM,N,k(m̂+, m̂−) ∝ 1
coshN πm̂+

2
√
k

∫
dNx

∏
a<b

(xa − xb)2 exp (G(xa − xb, m̂+))

× exp
(∑

a

iπxam̂− + F1
(
xa
√
k
)

+ F2
(
xa
√
k
)

− F2

(√
k

2 (2x− m̂+)
))

.

(D.4)

We now expand F1(x), F2(x) and G(x) at large M and k, holding x, m̂± and λ fixed. The
large M expansion of F1(x) has already been computed in [27], where it was shown that

F1(x) ≡
M−1

2∑
l=−M−1

2

log tanh π(x+ il)
k

−R(x) ∼
cos 2x∂λ

k

sinh ∂λ
k

log tan πλ2 (D.5)
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The right-hand expression should be understood as a formal series expansion, which can
be written more verbosely as

F1(x) =
∞∑
n=0

(−1)nf2n(k, λ)
(2n)!

x2n

k2n−1 ,

where f2n(k, λ) =
∞∑
p=0

4n(2− 4p)B2p
(2p)!k2p ∂2p+2n−1

λ log tan πλ2 ,

(D.6)

and so we find that

F1
(
x
√
k
)

= cons.− 2π csc(πλ)x2 + 1
3π

3(cos(2λπ) + 3) csc3(λπ)x
4

k
+O(k−2) , (D.7)

Next we expand F2(x) using the Euler-MacLaurin expansion, finding that

F2 (x) =
M−1

2∑
l=−M−1

2

log cosh
[
π
(
x+ il

)
k

]

=
πx2 tan πλ

2
k

−
2π3x2(2x2 + 1) sin4 πλ

2
k3 cosπλ +O(k−5) .

(D.8)

Finally, we can expand G(x) by simply using the Taylor series expansion around k−1/2 = 0,
so that

G(x, m̂+) = −
π2(8x2 + 3m̂2

+)
12k +

π4(224x4 + 360x2m̂2
+ + 15m̂4

+)
1440k2 +O(k−3) . (D.9)

Putting everything together, we find that

ZM,N,k(m̂+, m̂−) ∝ 1
coshN πm̂+

2
√
k

∫
dNx

∏
a<b

(xa−xb)2 exp
(
−2π csc(πλ)

∑
a

x2
a +O(k−1)

)
.

(D.10)

where all higher order terms are polynomial in x and m̂±. We thus find that to compute

∂n1+n2ZM,N,k(m̂+, m̂−)
∂n1m̂+∂n2m̂−

∣∣∣∣∣
m̂±=0

(D.11)

at each order in k−1, all we must do is evaluate Gaussian integrals of the form

∫
dNx p(xa)

∏
a<b

(xa − xb)2 exp
(
−2π csc(πλ)

∑
a

x2
a

)
, (D.12)

where p(xa) is a polynomial in xa. These are just polynomial expectation values in a
Gaussian matrix model. They can be computed at finite N as sums of U(N) Young
tableux [71], as described in detail in appendix B of [10]. After computing these integrals,
we find the explicit results given in (3.16), (3.17). and (3.18).
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We now turn to the large M expansion of SO(2)2k ×USp(2 + 2M)−k sphere partition
function

ZM,k(m+,m−) ∝ 1
cosh πm+

2

∫
dy

eiπm−y cosh
[πy

2k
]
cosh

[πy
2k + πm+

2
]

sinh [πy] cosh
[πy
k + πm+

2
]

×
M∏

l=−M

sinh
[
π(y+il)

2k

]
cosh

[
π(y+il)

2k + πm+
2

] , (D.13)

this time holding λ = 2M+1
2k fixed. Defining

F̃1(x) =
M∑

l=−M
log tanh

[
π
(
x+ il

)
2k

]
− log sinh (πx) ,

F̃2(x) =
M∑

l=−M
log cosh

[
π
(
x+ il

)
2k

]
,

Ĝ(x, m̂+) = log

cosh
[
πx

2
√
k

]
cosh

[
π(x+m̂+)

2
√
k

]
cosh πm̂+

2
√
k

cosh
[
π(2x+m̂+)

2
√
k

]
 ,

(D.14)

and then performing a change of variables x = k−1/2y, we find that

ZM,k(m+,m−) ∝
∫
dx exp

(
iπm̂−x+ G̃(x, m̂+) + F̃1(x) + F̃2(x)− F̃2(x+ m̂+)

)
.

(D.15)
Each of F̃1(x), F̃2(x) and G̃(x, m̂−) can be expanded at large k with x and m̂± fixed in a
completely analogous fashion to F1(x), F2(x) and G(x, m̂−) respectively. We find that

ZM,k(m+,m−) ∝
∫
dx exp

(
−π csc(πλ)x2 + . . .

)
(D.16)

where at each order in k−1 and m̂± the terms in the exponent are polynomial in x. Deriva-
tives of ZM,k(m+,m−) atm± = 0 reduce to a number of Gaussian integrals at each order in
k−1. After computing these integrals, we find the explicit results given in (3.20) and (3.21).

E Expansion of conformal blocks and D̄r1,r2,r3,r4(U, V )

In this appendix, we review the U ∼ 0 and V ∼ 1 expansion that we use to extract CFT
data in section 4. First we expand the superblocks as defined in (4.2) at small U as

Gr
I(U, V ) =

∑
conf primaries
O∆,`,r ∈Mr0

∆0,`0

aI∆,`,r

∞∑
l=0

U
∆−`

2 +lg
[l]
∆,`(V ) ,

(E.1)

where the light-cone blocks g[l]
∆,`(V ) are given explicitly in [72]. In our conventions, the

lowest couple are

g
[0]
∆,`(V ) = Γ(`+ 1/2)

4∆√π`! (1− V )` 2F1

(∆ + `

2 ,
∆ + `

2 ,∆ + `, 1− V
)
,
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g
[1]
∆,`(V ) = Γ(`+ 1/2)(1− V )`−2

2(2`− 1)(2∆− 1)4∆√π`!

×
[
2(`+ ∆)(`+ ∆− 2`∆) 2F1

(∆ + `− 2
2 ,

∆ + `

2 ,∆ + `, 1− V
)

− (1 + V )(∆2 + `2(2∆− 1)− 2`(∆2 + ∆− 1))

× 2F1

(∆ + `

2 ,
∆ + `

2 ,∆ + `, 1− V
)]

. (E.2)

The expansion in U ∼ 0 organizes operators by twist, and we can then also expand in
V ∼ 1 to organize operators by spin. After taking the ∆ derivative in (4.6), we see that
the anomalous dimensions come multiplied by logU , while the OPE coefficients have no
such coefficient. We can then compare this U ∼ 0 and V ∼ 1 expansion to the explicit tree
level correlator given in (1.1). The expansion of the connected free term is trivial. For the
exchange term, we use the U ∼ 0 and V ∼ 1 of D̄r1,r2,r3,r4(U, V ) given in [73], which in our
case takes the form:

D̄1,1, 12 ,
1
2
(U, V ) =

∞∑
m,n=0

πUm(1− V )n
(

Γ(m+ 1
2)Γ(m+n+ 1

2)2

√
UΓ(2m+n+1) − Γ(m+1)2Γ(m+n+1)2

Γ(m+ 3
2)Γ(2m+n+2)

)
m!n! ,

D̄ 1
2 ,1,1,

1
2
(U, V ) = −

∞∑
m,n=0

[2Um(1− V )nΓ
(
m+ 1

2

)2
(m+ n)!2

m!2n!Γ
(
2m+ n+ 3

2

)
×
(
ψ(m+ n+ 1)− ψ

(
2m+ n+ 3

2

)

+ ψ

(
m+ 1

2

)
− ψ(0)(m+ 1)

)
+ 1

2 logU
]
,

D̄1, 12 ,1,
1
2
(U, V ) =

∞∑
m,n=0

[√
πUm(1− V )nΓ

(
m+ 1

2

)
Γ(2m+ 2n+ 1)

4m+nm!n!Γ
(
2m+ n+ 3

2

)
×
(

2ψ
(

2m+ n+ 3
2

)
− 2ψ(2m+ 2n+ 1)

− ψ
(
m+ 1

2

)
+ ψ(m+ 1) + log(4)

)
+ 1

2 logU
]
,

(E.3)

where ψ(x) is the Digamma function, and note the logU dependence in the last two expres-
sions. It is then straightforward to compare these expansions to the superblock expansion
around U ∼ 0 and V ∼ 1 to get the CFT data given in the main text.
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