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1 Introduction and summary

The vast majority of studies so far that apply the numerical conformal bootstrap tech-
nique [1]' to superconformal field theories (SCFTs) with extended supersymmetry have
been performed only for operators that belong to half-BPS supermultiplets [5-25].2 Con-
sequently, general constraints on the space of such SCFTs have been explored only when
these SCFTs preserve the maximal amount of supersymmetry in their respective dimen-
sions, because only then does the stress-energy tensor sit in a half-BPS multiplet. Our goal
in this work is to perform a general study of SCFTs with A/ = 6 supersymmetry in three
spacetime dimensions. We will achieve this by studying the four-point function (SSSS)
of the scalar superconformal primary S of the stress tensor multiplet. Because N = 6 is
less than the maximal A = 8 possible superconformal symmetry in three dimensions, the
stress tensor multiplet is only 1/3-BPS [28, 29].3

Three-dimensional N' = 6 SCFTs provide a unique window into theories of quantum
gravity via the anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [31—
33].4 Firstly, due to the large amount of supersymmetry these theories are amenable to
exact computations of various protected quantities, as we will describe in more detail below.
Secondly, the less-than-maximal supersymmetry allows the existence of large families of
such SCFTs [35, 36] that interpolate between weakly-coupled theories, theories with weakly-
coupled supergravity duals in both ten and eleven dimensions, and theories with weakly-
coupled higher-spin duals in AdSy4 [37]. The known examples of N' = 6 SCFTs consist of
the Aharony-Bergman-Jafferis-Maldacena (ABJM) and Aharony-Bergman-Jafferis (ABJ)
gauge theories with gauge groups U(N)x x U(N + M)_j [35, 36] or SO(2)9 x USp(2 +
2M)_y (36, 38], with integer N, M and Chern-Simons coefficient k, as well as version of
these theories where the gauge group is quotiented out by a discrete subgroup, where the
U groups are replaced by SU, or where extra U(1) factors with certain Chern-Simons
levels appear [39].> This set of theories is very rich, as can be seen from various limits in
parameter space. In the limit k£ > N, M, the SCFTs are weakly coupled and one can use
perturbation theory. In the limit M,k > N with M /k fixed there is a weakly-interacting
higher-spin dual description in AdSy. In the limit N > M,k there is a weakly-interacting
M-theory dual description. Finally, in the limit N,k > M with N/k fixed there is a
weakly-interacting type IIA string dual description.

Given a known CFT, the ideal outcome of a numerical conformal bootstrap study is to
show that under a certain set of assumptions the CFT is unique, or that at least some of
the CFT data can be uniquely determined. This has so far been accomplished in one of two
ways. The first is to find (small) islands in the space of CFT data surrounding the known
CFT. If one can argue that these islands shrink to a point as precision is increased, then

'For reviews, see [2-4].

2See, however, [26, 27].

3Half-BPS multiplets in 3d N = 6 SCFTs have been studied in [30].

4See, for instance, [34] for a review.

5We will find evidence from supersymmetric localization that all these more exotic versions have the
same correlators we consider as certain U(N), x U(N + M)_; or SO(2)2r x USp(2 4+ 2M)_;, theories, so
we can restrict to these standard theories for simplicity.



one can determine part of the CF'T data. For instance, in the case of the 3d Ising model,
a numerical bootstrap study of the four-point functions of the only two relevant operators
gave allowed regions in the space of scaling dimensions of these operators that look like small
islands surrounding the known values of these scaling dimensions for the Ising CFT [40-42].
Besides the 3d Ising model, there are very few other examples where similar small islands
have been found with minimal physical assumptions — see, for instance, [43-46]. One can
also find islands in the space of OPE coefficients multiplying semishort superconformal
blocks which, due to supersymmetry, cannot be deformed into long blocks. Such islands
were found for 3d A/ = 8 SCFTs (which are, of course, a particular case of the 3d N = 6
SCFTs we study here) in [9, 12], in which case exactly computable localization results
for certain protected OPE coefficients were also inputted to further shrink the islands and
identify them with known theories. The theories studied in [9, 12] were strongly-interacting
gauge theories which, in the limit where the rank of the gauge group is taken to infinity,
are dual to weakly-coupled M-theory in eleven dimensions. In the present work we will
find similar islands for the much larger class of 3d N/ = 6 SCFTs.

The other method used to “solve” for part of the CFT data of a known CFT applies to
cases where one can argue that this CFT saturates certain bounds in the limit of infinite
bootstrap precision. In such a case, it is believed that there is a unique solution to the cross-
ing equation and the CFT data can be extracted using the extremal functional method [47—
49].% One application of this method has been to the 3d Ising model, which was argued to
saturate the lower bound on the coefficient ¢y which appears in the stress-tensor two-point
function [49, 51]. In this paper we will find compelling evidence that the U(1)2as x U(1 +
M) ABJ theory, which has a higher-spin limit at large M, also saturates certain bootstrap
bounds. This makes the theory amenable to a precision bootstrap study. It is worth noting
that the more restrictive bounds on N/ = 8 SCFTs derived in [10, 12] were saturated by the
U(N)axU(N+1)_o ABJ theory with N' = 8 supersymmetry, which in the large N limit has
an M-theory dual description. So the present work shows that one can use the numerical
bootstrap to study both SCFTs with supergravity and higher-spin dual descriptions.

As in the N/ = 8 case studied in [10, 12], our bootstrap analyses are aided by super-
symmetric localization, allowing us to analytically compute certain protected data that
appears in (SS5SS). Exact computations using supersymmetric localization” are possible
in any NV > 2 SCFT in 3d [53, 54], but when N < 4 they can only give local CFT data
related to conserved currents, such as c¢p. For NV > 4 SCFTs, however, one can combine
localization with the 1d topological sector discovered in [9, 55], whose explicit description
for Lagrangian theories was determined in [56-58], to compute all half-BPS (in N/ = 4
language) OPE coefficients. For instance, we can use localization in our N' = 6 case to
compute not only cr but also a certain 1/3-BPS OPE coefficient (that would be half-
BPS in N = 4) that appears in (SSSS). For the U(N), x U(N + M)_j theory these
computations take the form of N dimensional integrals, which can be evaluated exactly
for small N, and also to all orders in 1/N using the Fermi gas technique [59, 60]. For

Ref. [50] showed that it is sometimes possible that there could be several extremal functionals, but in
all cases that were studied they produced the same CFT spectrum.
"For a review, see [52].



the U(1)r x U(1 + M)_j and SO(2)9 x USp(2 + 2M)_y, cases we derive one-dimensional
integrals that can be computed exactly for all M and k.

The rest of this paper is organized as follows. In section 2 we review basic properties
of (SSSS) and derive the superblock decomposition. In section 3, we compute ¢y and the
squared 1/3-BPS OPE coefficient )\%372)3202 for various choices of M, N, k. In section 4, we
use the numerical bootstrap to compute hon—perturbative bounds on CFT data, which we
then combine with the localization results to derive precise islands and study the U(1)aps %
U(1 + M)_aps theory using the extremal functional. Finally, in section 5, we end with a
discussion of our results and of future directions. Various technical details are discussed
in the appendices. We also include an attached Mathematica notebook with the explicit
(SSSS) superconformal blocks in the supplementary material.

2 Superconformal block expansion of (SSSS)

In this section we derive the superconformal block expansion for the (SSSS) four-point
correlator. We begin with a brief review of constraints that superconformal symmetry
places on (SSSS); a more detailed discussion can be found in section 2 of [61]. Section 2.2
restricts the supermultiplets which can appear in the S x S OPE, and hence exchanged in
(SSSS), to a small number of possibilities. Section 2.3 applies the superconformal Casimir
equation to each of the allowed supermultiplets to fix the superconformal blocks which
contribute to (SSSS). Finally, in section 2.4 we determine the superblock decomposition
for (S5S5S) in free fields theories.

2.1 Constraints from conformal symmetry and R-symmetry

In any 3d /' = 6 SCFT, the stress tensor sits in a 1/3-BPS multiplet [28, 29]. The
superconformal primary of this multiplet is a dimension 1 scalar operator transforming in
the 15 of the so(6) R-symmetry algebra. Using the isomorphism s0(6) = su(4), we will
write this operator as a 4 x 4 traceless hermitian matrix S,°(#), where a = 1,...,4 and
b=1,...,4 are su(4) fundamental and anti-fundamental indices, respectively. To avoiding
carrying around indices, we find it convenient to contract them with an auxiliary matrix
X, thus defining

S(Z,X) = X,28,%(&) . (2.1)

We normalize S(#, X) such that its two-point function is

(S(, X)) (0, X)) = HE1X2) (2.2)
T12

We will not need many details about other operators in the stress tensor multiplet, but

for completeness we list the conformal primaries of this multiplet in table 1. Apart from

the superconformal primary, the only operators that will appear in the discussion below

are the fermions xa, F and Fy, which all have dimension 3/2 and transform in the 6, 10,

and 10 of s0(6)g, as well as the (pseudo)scalar operator P of dimension 2 transforming in
the 15 of 50(6).%

8 As can be seen from table 1, all 3d A/ = 6 theories also have a U(1) flavor symmetry whose conserved



Operator | A | Spin | 50(6)g irrep

1| 0 | 15=][011]
X 3/2 | 1/2 | 6=/[100]
F 3/2 | 1/2 | 10 = [020]
F 3/2 | 1/2 | 10 =[002]
p 2 | 0 | 15=[011]
J 2 | 1 | 15=011]
j 2 | 1 | 1=[000]
Wb 5/2 | 3/2 | 6=/[100]
T 3 2 = [000]

Table 1. The conformal primary operators in the A/ = 6 stress tensor multiplet. For each such
operator, we list the scaling dimension, spin, and s0(6) g representation.

As discussed in [61], conformal and R-symmetry invariance imply that the four-point
function of S(Z#, X) must take the form

1

<S(f1,Xl)S(fQ,XQ)S(fg,Xg)S(x4,X4)> 7281 U V)BZ, (2.3)
ERREN
where we define the R-symmetry structures
=Tr(X1Xe2) Tr(XsXy),
= T?“(Xng) (X2X4) s
=Tr(X1Xy) Tr(XeX3), (2.4)
= Tr(X1 X4 XoX3) + Tr(Xs X2 X4 X1) '
= TT(X1X2X3X4) + TT(X4X3X2X1)
= TT(X1X3X4X2) + TT(X2X4X3X1)
and where S? are arbitrary functions of the conformally-invariant cross-ratios
U= xz2x§4 , V= 93?49%3 . (2.5)
L13T24 T13%24
While the form (2.3) has simple properties under crossing symmetry, namely
1 1V U
SYU,v)=_¢s" <U, ) , S}(U,v)=US! ( ) S}U, V)= =S'(V,U),
Vv Uu'vu v
1 1V U (2:6)
4 _ o4 + 5 4 6 _ Y
SNUV) =8 (U, v) SNV =US <U U) U, V) = LS W 0),

current j also belongs to the stress tensor multiplet. The superconformal primary S is invariant under this
flavor symmetry, so this symmetry will not play a role in this work.



it is not the most convenient form to work with for writing a conformal block decomposition
because each conformal block will contribute to several different S?. To do better, we can
take linear combinations of S? such that each such linear combination corresponds to a
specific §0(6) irrep being exchanged in the s-channel OPE. The possible such irreps are
those appearing in the tensor product

15015 = 1,3 15, ® 15, ® 20’ © (45, © 45,) © 84, . (2.7)

We define S, to receive contributions only from operators in the s-channel OPE that belong
to s0(6) R irrep r, so that [61]

S-B= (313 S15, S15, S20, Sy5,015, 584s> ’

1 0 0 0 0O
1 11 1 _1 1
15 ~8 6 24 ~ 8 16
11 1 1 1 1 (2.8)
B— 15 8 6 24 8 16
1 11 1
—3 0 512 0 3
11 1
5 3 5 0 00
1 11
3 23 0 00
Each of the functions S, can then be expanded as a sum of conformal blocks
S(U, V) = > anerdneU, V), (2.9)

conformal primaries Oa ¢ r

where the sum is taken over all the distinct conformal primary operators Op 4, transform-
ing in the representation r which appear in the S x S OPE. In (2.9), A and ¢ are the
scaling dimension and spin, respectively, of Oa ¢ .

Invariance under the full 0sp(6]|4) superconformal algebra relates the various four-point
functions of stress-tensor multiplet operators, and furthermore it imposes relations on the
SY(U,V) defined above. As shown in [61], there are two such relations obeyed by the S!
and they take the form

0y S8 (U, V) = 2%]2 U0y + URVO)S + (1= V 4+ UV — D)y + UVdy)S?

+(1-U-V-U1-20+U*-V)oy +U(1-U)Vdy)S>
+(2-U =2V +2U(U +V —1)dy + 2UVdy)S?

~ U1+ 2U(U - 1)dy +2UVoy)S® + US®|, (2.10)

Oy SS(U, V) = % Uy + (V = Day)S! + (1 — Udy — Udy)S
+ A4+ UU 1)y +UVy)S? + (2 — 2U00y)S*

+ (2U20y + 2UVy)S?| .



2.2 The § X S OPE

As a first step towards determining the superconformal block decomposition of the (SSS.S)
correlator, we turn to the task of determining which N' = 6 supermultiplets may appear in
the S x S OPE. By using the R-symmetry selection rules and the fact that S(&, X) is a
1/3-BPS operator we can restrict our attention to only a handful of N' = 6 supermultiplets.
In section 2.3 we can then apply the superconformal Casimir equation in order to fully fix
the superconformal blocks corresponding to each of these supermultiplets.

2.2.1 N = 6 supermultiplets

The unitary multiplets of a 3d N/ = 6 theory are given in [28, 29]. Each multiplet can be
labeled by the conformal dimension A, spin ¢, and s0(6) R-symmetry irrep r = [aja2a3]
of its superconformal primary. These multiplets fall into three possible classes. Long
multiplets have conformal dimension above the unitarity bound

1
A>€+a1+§(a2+a3)+l (2.11)

and do not satisfy any shortening conditions. Semishort, or A-type, multiplets occur at
the bottom of the continuum in (2.11)

1
A:€+a1+§(a2+a3)+1 (2.12)
and satisfy shortening conditions. Finally, if £ = 0 we can also have short, or B-type,
multiplets with dimension

1
A = a1 + §(a2 + ag) , (213)

below the end of the lower continuum in (2.11), also obeying shortening conditions. Mul-
tiplets can furthermore be distinguished by their BPSness. For generic representations
A-type multiplets are 1/12-BPS and B-type multiplets are 1/6-BPS, but for specific R-
symmetry representations the multiplets may be higher BPS. We list all possible multiplets
in table 2. Note that the stress-tensor multiplet discussed in the previous subsection is a
(B, 2) multiplet in the notation of table 2.

Of course, not all possible multiplets contain operators that can appear in the S x S
OPE due to various selection rules. Note for instance that the operators in the S x .S OPE
must transform in the irreducible representations of s0(6) which appear in (2.7). Due to
1 < 2 crossing symmetry even spin operators must be in the 1, 15, 20, or 84 while odd spin
operators must be in the 15, 45, or 45. A large number of supermultiplets contain operators
in at least one of these irreps, so by themselves these conditions are not very restrictive.

We can do better by using the fact that S(&, X) is a 1/3-BPS operator, and as such is
annihilated by certain Poincaré supercharges. If Q is a Poincaré supercharge annihilating
S(Z,X) (for any & but a specific X), then it also annihilates S(Z, X)S (v, X). We will
explore the consequences of this fact in the next subsection.



Type A Spin | Multiplet | so(6)r | BPS
Long | > Ap+£+1 L Long [a1azas] 0
A Ap+0+1 l (A,1) [a1azas] | 1/12
(4,2) [Oagag] | 1/6
(A, +) | [0a20] | 1/4
(4,-) | [00as] | 1/4
(A, cons.) | [000] 1/3
B Ap 0 (B,1) [arazas] | 1/6
(B,2) [Oazas] | 1/3
(B,+) [0a20] | 1/2
(B,-) | [00as] | 1/2
Trivial [000] 1

Table 2. Multiplets of 0sp(6]4) and the quantum numbers of their superconformal primary, where
AB = al + %(ag + ag).

2.2.2 Operators in the S x S OPE

Let us begin by writing the generators of 0sp(6]4) in terms of the so(6) and sp(4) Cartan
subalgebras. The Lie algebra s0(6) has a three dimensional Cartan subalgebra, spanned
by orthogonal operators’ Hy, Hy, and H3. The other twelve R-symmetry generators take
the form:

Rii1+10, Rii10+1, Ro+1+1, Riizio0, R+io0x1, Ro+1,71,

where for each R the subscripts are correlated and label the weights of each of these
generators under the Cartan subalgebra:

[Hi, Ry rors] = TRy oy, fori=1,2,3. (2.14)
We take the simple roots of s0(6) to be the raising operators
RT ={Ri-10,Ro011,Ro1-1},
while their corresponding lowering operators are

R™={R_-110,Ro-1,-1,Ro-11}-

9For instance, in the 6 irrep of 50(6) r, we can represent the Cartan generators by the matrices

g2 0 0
H, = 0 , Hy = o2 , Hs = 0 ,
0 0 o2

where o9 is the second Pauli matrix.



A highest weight state is one that is annihilated by each element of R™; the highest weight
state of the 15 is then Ry 1.

We perform a similar procedure with the conformal group sp(4). We can take one
Cartan element to be the dilatation operator D and the other to be the rotation operator
JO. The other two rotation operators are the raising and lowering operators J*. The H;,
D, and J° span a Cartan subalgebra of osp(6[4).

We can now write the osp(6]4) supercharges in terms of their charges under this sub-
algebra. The Qs and Ss can be written as

+ + + + + +
Qﬂ,o,m Qo,il,Oa QO,O,ﬂ:l? and Sﬂ:l,O,O? SO,ﬂ:l,O’ SO,O,:I:I?

respectively, where the superscript is the JO charge and the subscripts are the H; charges.
(The sign in the superscript is uncorrelated with the signs in the subscripts.) Note that the
@s have scaling dimension +1/2 and the Ss have scaling dimension —1/2, so their charges
under dilatation operator are also manifest in this notation.

Given an irreducible representation of osp(6]4), the highest weight state |A, £, r) is one
which is annihilated by the raising operators of osp(6(4):

KA 61y = Spy A L) =TT A 6r) = RY A 4,r) =0, (2.15)
where RT™ € R, and is an eigenstate of each of the Cartans:
Hi AL,y =71 |A ), DALY =AIA L), JOA L7y =20|A,4,7) . (2.16)

Here A and ¢ are the conformal dimension and spin of the superconformal primary, and
the r = (r1,79,73)’s are the highest weight states of the R-symmetry representation of the
superconformal primary. These weights are related to the Dynkin label [ajagas] by the
equation

az +asg as + ag a2 —as

= - = = 2.17
rL=a;+ 5 ) T2 9 ) T3 5 ( )

and always satisfy r1 > r9 > r3.

The highest weight state of the stress-tensor multiplet, ’SH >, has conformal A =
1, spin £ = 0, and R-symmetry weights (1,1,0). It can be created by acting with the
operator’® S 1(0) on the vacuum. The stress-tensor is a 1/3-BPS multiplet, satisfying
the shortening condition

Q[s) =0 for all Q € @ = {QFyo. Qiup) - (2.18)
which in turn implies that
QS1,1,0(Z) =0 for all 7 € R and all Q € QF. (2.19)

This is equivalent to imposing that S(#, X) has no fermionic descendant in the 64 of s0(6).
We will find it useful to further define

Q= {Q(jJ:,O,j:I} ; Q= {Qi,o,o: Qoi,_Lo} ; 0=0tuQ'uo (220

along with analogous definitions for the S-supercharges.

1076 avoid confusion between the superconformal generators S;Jcl rg,rs and components of the stress-tensor

superconformal primary S’rln” (z), in this section we adopt the convention that the latter operators are
always hatted.



Let ®390(Z) be any operator which appears in the OPE 5’171,0 X 5'17170 and
|®) = P20(0) |0) the associated state. This is the highest weight state of an 84 mul-
tiplet which is annihilated by R™ and QF. Without loss of generality we can take this
operator to be a conformal primary which is annihilated by J7; if it is not we can act with
the raising operators K* and JT to construct such an operator. Because any operator
ST € 8T is of the form [K, Q"] for some Q* € Q, we find that ST also annihilates |®). So
in total, we have the conditions

QT |®)=J"|®)=RT|®)=5"|®) = K"|®)=0 for any Rt e R", QT € 9", STeS™ .
(2.21)
Our task it to determine which supermultiplets |®) may belong to.
By acting with operators in S on |®) we can construct states of lower conformal
dimension. Consider first constructing a state |O’) by acting with all eight supercharges in

S'uUS:
|0") = S5 41.0504+1.050 1,05 -1,0560.4150,0, 4150015001 |®) - (2.22)

By assumption |®) satisfies (2.21), and it is straightforward to see that |O') then also
satisfies (2.21). Because the S operators anticommute with themselves, we furthermore
find that any operator in S° U S~ annihilates |0). The state |O') is therefore annihilated
by all of the S and by J™ and R™, and so either |O') is the highest weight state of the
superconformal primary of the supermultiplet, or |[O') = 0. In either case we conclude
that there exists some 0 < k < 8 for which acting with any k + 1 operators from S° U S~
annihilates |®), but for which acting with just k operators does not:

0) = 815, |8) £0 (2.23)

for some string of k operators S; € SYUS™. Tt is again easy to see that |®) satisfies (2.21)
and is annihilated by the operators in S® U S~; we hence conclude that |O) is the high-
est weight state of the superconformal primary of the multiplet. Note that the different
orderings of the operators S; in (2.23) are equivalent, up to an overall minus sign.

Let us denote the s0(6) weights of |O) by

w=(2,2,0)+ ) v, (2.24)
i
where v; = (v;1, vi2, v;3) are the so(6) Cartans of the S; we act with in (2.23). Because |O)
is a highest weight state we must have

wy > wg > |wsl, (2.25)

which provides a useful additional constraint on (2.23).

As discussed in the previous section, |O) belongs to one of the three types of unitary
representations of osp(6]4). If |O) is part of a long multiplet, it is annihilated by all of the
raising operators (2.15) but satisfies no other conditions. If instead it belongs to an A-type
multiplet it satisfies shortening conditions [28§]

_ 1 _
( q1,92,93 276621—1’_17112,(13'] ) |O> =0 (2'26)

~10 -



with the specific weights ¢; depending on the s0(6) weights of |O). Finally, if it is part of

a B-type multiplet, it is annihilated by both Q$,q2,q3 and @

Furthermore for B-type multiplets |O) is always a scalar.

a1.q2.qs 10T specific weights ¢;.
With this information out of the way, we now simply enumerate all possibilities
for (2.23), subject to the constraint (2.25). The simplest case is where |®) is itself the
highest weight primary. Then we have a (B,2) multiplet in the 84.
Next let us extend this reasoning to the case

|O) =8-S, |®) where S; € S°. (2.27)

Because {Q1, 8%} consists only of positive R-symmetry generators, we see that |O) is
annihilated by Q@ and hence we still have a (B,2) multiplet. The possible R-symmetry
representations are the [022] (which is the 84), the [031] and its conjugate [013], and the
[040] and its conjugate [004]. We can however eliminate the [031] possibility, as in this case
one needs to act with an odd number of supercharges to construct an operator in the 84
from the superconformal primary.

Let us next consider the cases

0) = S1 -+ 8pS%| 40 |®) where S; € S, (2.28a)

O)=8;---8,55 | |® where S; € S°, 2.28b
0,—-1,0

|0) =51+ 80T 0057100 |1®) where 5; € 8. (2.28¢)

|0) =51+ 89Sy _105. 10 |1®) where S; € 87, (2.284)

Cases (2.28a) and (2.28c) violate (2.25) and so are not possible. For the other two pos-
sibilities we find that |O) is annihilated by Sf%o,o and so |O) must be a B-type multiplet.
Using (2.25) we find that the possible multiplets for (2.28b) are

(B,1) in the [120], [102], or a (B,2) in the [111],

while for (2.28d) we can only have a (B, 1) in the [200]. We can furthermore eliminate the
(B,2) in the [111] as an option because in this multiplet only fermions transform in the 84.
The next cases to consider are

|0) = Sy 80S%) 0S5 _1.0 D) where S; € S, (2.29a)
|0) = 81+ SnS* 0050 1,05 1,0 |®) where S; € S°. (2.29b)
0) = 81+ SnS5 10571005 1,00 |®) where S; € S°. (2.29¢)

Case (2.29¢) violates (2.25) and so is forbidden. For other two cases we find some com-
bination of Q1 and Qf’(w annihilate |O), so |O) must be either an A-type or B-type
multiplet. For (2.29a) we find that (2.25) restricts us to an (A4, +) or (B, +) in the [020],
an (A, —) or (B, —) in the [002], or an (A,2) or (B,2) in the [011]. For (2.29b) we instead
find that |O) is an (A,1) or (B,1) multiplet in the [100]. However, we can rule out all
B-type multiplets; the (B, £) and (B, 1) only contains fermionic operators in the 84, while
due to its shortening conditions the (B,2) does not contain any operator in the 84. Thus
only the A-type multiplets are possible.
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Finally, we have the case

Now |O) need not be annihilated by an supercharges, so it can be a long multiplet. The
condition (2.25) however forces it to be an s0(6) singlet. If |O) satisfies any shortening
conditions it must be either a conserved current multiplet or the trivial (vacuum) multiplet,
but neither of these contain an operator in the 84 so these are both ruled out.

We summarize our results in the first 11 lines of table 3, where we give the full list of
all possible superconformal blocks which contain an operator in the 84.

Our next task is to extend our arguments to operators ¥, U and Z in the 45, 45 and
20’ of 50(6) respectively. The highest weight state under s0(6) for each of these operators is

Yot Uo1,-1, and Eapp
respectively, and so if these operators appear in the OPE § x S they must appear in
Ua11 € S1,1,0 X S1,0,1 5 Wo1,-1 € S1,10 X S1,0-1, and  Ezp0 € S1,1,0 X S1,-1,0 -

The shortening conditions on S imply that Qli,o,o annihilates Sl,il,o and Sl,o,il, and so
must annihilate Wy 1 1, \112,17,1 and Zp00. We can then repeat the analysis previously
performed for @39, and recover the same list of multiplets that we found by analyzing
the conditions for the operators in the 84. We thus conclude that any supermultiplet
appearing in S x S not listed in the first 11 lines of table 3 can contain non-zero
contributions only from operators in the 15 and 1.

Restricting the supermultiplets for which only operators in the 15 and 1 appear in the
S xS OPE is more subtle and requires the use of superconformal Ward identities. While
we include the details of this analysis in appendix A, the result is very simple. There
are only 3 such supermultiplets: the identity supermultiplet (containing just the identity
operator), the stress tensor multiplet itself, as well as a conserved multiplet (A, cons.) whose
superconformal primary is an s0(6) singlet scalar with scaling dimension 1.

Table 3 shows a summary of our analyses containing all the possible supermultiplets
which can appear in the S x S OPE. By using the superconformal Casimir equation we
shall find that most of these supermultiplets can in fact be exchanged; we mark those that
cannot in red.

2.3 Superconformal Casimir equation

Just as the s-channel conformal blocks are eigenfunctions of the quadratic conformal
Casimir when the Casimir acts only on the first two operators in a four-point function,
superconformal blocks are eigenfunctions of the quadratic superconformal Casimir (see for
instance [14, 62] for similar discussions with less supersymmetry). In the conformal case,
this fact implies that the conformal blocks obey a second order differential equation. In the
superconformal case, the equation obeyed is more complicated because it mixes together
four-point functions of operators with different spins. In the case we are interested in,
namely for the four-point function of the stress tensor multiplet superconformal primary,
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Multiplet s0(6)r A 14 Case
(B,2) 022] = 84 2 0 (2.27)
(B,1) [200] = 20" | 2 0 (2.284)
(A, +) [020] =10 | ¢+2 | half-integer (2.29a)
(A, -) [002] =10 | ¢+2 | half-integer (2.29a)
(4,2) 011] =15 | ¢+2 integer (2.29a)
(A, 1) [100] = 6 ¢+2 | half-integer (2.29b)
Long [000] =1 >0+1 integer (2.30)
(B,+) |[040]=35 | 2 0 (2.27)
(B,—) [004] = 35 2 0 (2.27)
(B,1) 120]=45 | 2 0 (2.28b)
(B,1) [102] = 45 2 0 (2.28D)
(A, cons.) | [000] =1 (+1 integer Appendix A
(B,2) [011] =15 1 0 Appendix A
Trivial [000] =1 0 0 Appendix A

Table 3. Table of superconformal blocks not eliminated by our analysis. The s0(6) gz, A and ¢ given
the R-symmetry, conformal dimension and spin of the superconformal primary of the exchanged
multiplet. The rows in red are for multiplets which we do not eliminate, but for which the super-
conformal Casimir equation cannot be solved and so no superconformal block exists.

the superconformal Casimir equation involves both the (SS5SS) four-point function as well
as four-point functions of two scalar and two fermionic operators.

To fix conventions, let us denote by M,?, P.s, K @8 and D the Lorentz generators,
the momentum generators, the special conformal generators, and the dilatation generator.
Here a, 5 = 1,2 are spinor indices raised and lowered with the epsilon symbol. The precise
normalization of these operators is fixed by our convention for the conformal algebra,
which we give in appendix B. It is straightforward to check that in these conventions, the
quadratic conformal Casimir

LarBag.0 1 af

Co = §Ma Mg®™ + D(D-3) - B s K (2.31)
commutes with all conformal generators. The normalization of M,” is such that when
acting on an operator of spin ¢ placed at & = 0, the first term in this expression evaluates
to %Maﬁ Mpg® = £(£+1). Similarly, when acting on an operator of scaling dimension A also
placed at & = 0, the dilatation operator evaluates to D = A. Since a conformal primary
Oa ¢ of dimension A and spin ¢, placed at & = 0, is annihilated by all special conformal
generators K% it follows that Oa(0) is an eigenstate of Co with eigenvalue £(€ 4 1) +
A(A — 3). By conformal symmetry this implies that for any operator O(Z) that belongs
to a conformal multiplet whose conformal primary has dimension A and spin ¢, we have

CoO=Ac(A 00,  Ae(A L) =6(L+1)+AA-3). (2.32)
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irrep r of s0(6) | Ar(r)
1 0
6
15 8
20 12
45,45 16
84 20

Table 4. Eigenvalues of Cg in the N' = 6 case where the R-symmetry algebra is 0(6) .

The discussion in the previous paragraph can be generalized to the superconformal case
for a theory with A -extended superconformal symmetry. (We will of course set N' = 6
shortly, but let us keep N arbitrary for now.) The superconformal algebra is generated by
the conformal generators My, P.g, K @B and D described above, as well as the Poincaré
supercharges Qu7, the superconformal charges S/, and the R-symmetry generators Ry;.
Here, I = 1,...,N is an so(N) vector index, and R;; is anti-symmetric. The normal-
izations of these operators is fixed by the commutation and anti-commutation relations in
appendix B. Using these commutation relations, one can check that the quadratic super-
conformal Casimir

1 ) 1
Cs = Co+ND— Cr+ %QMS? . Cr=3RuRu (2.33)

commutes with all the conformal generators. Here, the R-symmetry generators are such
that when acting on an operator in a representation r of so(N), we have Cr = Ag(r),
where Ap(r) is the eigenvalue of the quadratic Casimir of so(N) normalized so that
Ar(N) = N — 1. For the case of s0(6) and the various representations we will en-
counter, we have the quadratic Casimir eigenvalues in table 4. Eq. (2.33) implies that
when acting on the superconformal primary operator Oa g, of spin ¢, dimension A,
and R-symmetry representation r, placed at & = 0, the superconformal Casimir gives
A(A+N =3)+£(€+1) — 3Ag(r); this follows because any such an operator is annihilated
by S¢. Superconformal symmetry then implies that if O is any operator in a supercon-
formal multiplet whose superconformal primary has dimension A, spin ¢ and R-symmetry
irrep r, we have

1
CsO = AA D)0, As(A,61) = Ac(A,0) + NA = Dp(r). (2.34)

Let us now use the Casimirs above to obtain an equation for the superconformal blocks.
Suppose we have four superconformal primary scalar operators ¢;, ¢ = 1, ..., 4, of dimension
Ay and R-symmetry representation ry. The four-point function has the conformal block
decomposition

1

|£5'12|2A"’ |34

(#1(71)P2(72) P3(73) Pa(T4)) 75, > caprgaeU V). (2.35)

conf primaries
Onaer
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A superconformal block corresponding to the supermultiplet ./\/erOO ‘% whose superconformal
primary has quantum numbers (Ag, £y, rg) consists of the conformal primary operators in
the sum on the r.h.s. of (2.35) that belong to the same supermultiplet as Oa, ¢, ro:

1

(GrENRSE)T))| = Y cargadlUV),
MrAOO,ZO ‘1.12‘ ‘$34‘ conf primaries
Oner € MQ

(2.36)
Let us now applying the superconformal Casimir operator (2.33), assuming to act only on
the first two operators. To specify which of the four ¢’s an operator is acting on, let us
use a subscript “(12)” if the operator is acting on ¢ and ¢ and a superscript “(7)” if the
operator acts only on ¢;. From (2.34), we see that

12 12) 1 a2 i i), LG
C(>cﬁ)+§§> XX?O dﬁ+;&0—

=1

E(Q@s “+QUSY) L (2.7)
2 (0%

When we apply this expression to (2.36), we act with the Casimirs with upper index (7)
on the Lh.s. of the equation, and with the ones with upper index (12) on the r.h.s. of the

) 12)

equation — for instance C’ simply gives Ac(Ag,0), while CI(?, gives Ar(r). Thus, we

obtain the following relation:

;(<(Qa1¢1)(fl)(5?‘¢z)(fz)¢3(fz)¢4(f4)>—<(S?¢1)(51)(Qlacbz)(fz)¢3(f3)¢4(f4)>)‘

MAQ,ZQ,I‘O
1
=75 20, = 120, Z aA,Z,rCA,Z,rgA,Z(U7V) (238)
|.2712| |$34| conf primaries
OA,Z,reMrAOO’gO
where 1
anrr = As(Ao, o, o) — Ao (A, 0) + 5/\R(r) —2NAy. (2.39)

The r.h.s. of eq. (2.38) can be easily evaluated provided we know all the conformal primaries
occurring in the multiplet MX’O 4 YO evaluate the 1.h.s., note that

(579)(&) = 273" (Qpro)(T) (2.40)

and so eq. (2.38) becomes

B (Qardn) (1) (Qa162) (72) 5 (F)9a )

Mag,eo.rq

> anera ey 9a (U, V).

conf primaries

ro
OA,Z r € MAO A

1

’512’2A¢ ’534’2A¢

(2.41)

In general, there are Ward identities relating the Lh.s. of (2.41) to (¢1¢2d3¢4), but the
relations may not be sufficient to determine the L.h.s. of (2.41) completely in terms of

(P1020304).
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This general discussion can be applied to the case of interest to us, namely the (SSSS)
correlator in 3d N' = 6 SCFTs. If we replace ¢;(Z;) by S(%;, X;), then (SSSS) can be
expanded in R-symmetry channels as in (2.3), and so can all the equations above. In
particular, we replace ca ¢y — CiA,K,rBi in all these equations, with ciA’&r, placed in a row
vector, determined in terms of the coefficients an ¢, defined in (2.9) via

; 1
N (CLA,Z,IS AAL15, AAL15, OAL20, OA 045,038, aA,£,84S) B, (2.42)
with B defined in (2.8). Thus (2.41) becomes

i . B B B
— b7 (QarS(F1, X1)Qp1S(F2, X2)S (T3, X3)S (T4, X1))

2 Mag,eo.ro
1 . (2.43)
=T 2.5 2 Z OZA,Z,rCZA?g,r gA,Z(U» V)B;,
|.SC12| |x34’ conf primaries
Oar € MX’OJO
with ap ¢ evaluated in this particular case to
1
anr = As(Ao, lo,r0) — Ac(A,0) + §>\R(T) —12. (2.44)

The remaining challenge is to evaluate the Lh.s. of (2.43). This can be done by noting
that Qu7S(Z, X) is a linear combination of the fermions x, F, and F in the stress tensor
multiplet, as given in appendix D of [61]. Consequently, the Lh.s. of (2.43) can be written
in terms of the functions of (U, V') appearing in the correlators (xxS5S), (xF'SS), (FFSS),
and (FFSS). These functions are denoted by C»®, £4¢ Fi@ and G"?, respectively, in
appendix D of [61]. Here, the index ¢ runs over the R-symmetry structures and the index
a = 1,2 runs over the two spacetime structures of a fermion-fermion-scalar-scalar correlator.
Denoting Xme = (]:1,(17]_‘1,117 gl,a’ g2,a7 g3,a7 g4,a7 gl,a, 52,@7 53,a7cl,a7c2,a,c3,a)’ where n =
1,...,12, we find

! . q } ) S, Bin(Am - VU1 pn2)p.
*xglﬁﬂ@als(xlaXl)QmS(ﬂcg,XQ)S(xg,Xg)S(x4,X4)>: : ( 20 )

2 |Z12]” 4]
(2.45)
with the coefficients j3; ,, given by
4 4 -32 -4 -4 0 16 16 0 —-16 —128 —128
20 4 0 0 0 4 0 0 —-16 0 —128 —128
4 20 0 O O 4 O 0 16 0 -—-128—-128
Bin = (2.46)
-12-12 0 0 0 4 0 0O O 0 128 128
-4 -8 0 2 -10-2 -8 -24 -8 0 128 O
-8 -4 0 -10 2 -2-24 -8 8 O 0 128
Thus, eq. (2.41) reduces to the 6 equations (one for each 7):
12
V-U-1 :
I A e R A 4] | IR SR VRV A
n=1 MAOO,ZO conf primaries
OA,Z,I‘ EMX)(),Z(]
(2.47)
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To use this equation for finding the coeflicients ciAj’]r of a given superconformal block,
one should also expand the fermion-fermion-scalar-scalar correlators on the lLh.s. in con-
formal blocks corresponding to operators belonging to the supermultiplet MZ)O,EO. For-
tunately, we do not have to do this for all 24 functions X™% because, as explained in
appendix D of [61], C¥?, £4¢ F»* and G“® can be completely determined from S? and
F1e. Since we have already expanded the S in conformal blocks,

SOV . = > hewgadU V), (2.48)
MAM’O conf primaries
OA,Z,r S MI‘AOO’KO

all that is left to do is to also expand Fb¢.

The s-channel conformal block decomposition of a fermion-fermion-scalar-scalar four-
point function was derived in [63]. For each conformal primary being exchanged, there are
two possible blocks appearing with independent coefficients. For F1¢, if we denote the
corresponding coefficients by da ¢, for the first block and e ¢, for the second block, we
can then write:

‘/_..1’1 anye DlgA ¢
1,2 ‘ - Z daer T teaer B (2.49)
Fo MX)&[O conf primaries 0 DQQA!
ro

Ar € Mpg o

where ga o are the scalar conformal blocks appearing above and D 3 are differential oper-

ators:

Dy =2+2U |~20y — 2VO} — 0y + 200} | 250
2.50
Dy = 4U |(V = 1)(3y + V) + U(y + 2Vaudy + UDZ| .

(Each doublet of functions (X™!, X™?) appearing on the L.h.s. of (2.47) has a similar block
decomposition, but as mentioned above, we only need this decomposition for (F11, F1.2).)

Using the relations between X™® and S* and F¢ given in appendix D of [61] together
with the decompositions (2.48) and (2.49), we obtain a system of linear equations for
c’ALN dar, and ep ¢r that has to be obeyed for all values of (U, V). Expanding ga ¢ to
sufficiently high orders in U is then enough to determine the linearly-independent solutions
of this system of equations, and thus determine the coefficients CiA, or of the superconformal
block corresponding to the supermultiplet MX)MD.

We performed this analysis for all the multiplets described in table 3. The coefficients
ciA’“ for each multiplet are included in the attached Mathematica notebook in the sup-
plementary material. The multiplets marked in red in table 3 did not give solutions to
the system of equations that determines the 027“. For each of the remaining multiplets
we found between one and three solutions. Since any linear combination of superconfor-
mal blocks is a superconformal block, we are free to choose a basis of blocks with specific
normalizations. In other words, for the coefficients aa ¢, in (2.9) can be written as

anee =Y AjaApr, (2.51)
I
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where I ranges over all superconformal blocks, )\% are theory-dependent coefficients, and
aIA,M represent the solution to the super-Casimir equation for superconformal block I,
normalized according to our choosing. In table 5, we list all the superconformal blocks as
well as enough values for a&e’r in order to determine the normalization of the blocks.!' A
superconformal block &; is simply

BHU V)= > apeegalUV),  T=MY (2.52)
conf primaries

ro
OA,Z,I‘ € MAO,ZO

where the index I = MX)(;TZO of the block encodes both the supermultiplet MX)MO as well
as an integer n = 1,2, ... denoting which block this is according to table 5. (In the cases
where there is a single superconformal block per multiplet, we omit the index n.)

As discussed in appendix B.3 of [61], the stress-tensor multiplet forms a repre-
sentation not only of the superconformal group OSp(6]4), but also of a larger group
(Za x Z2) x OSp(6]4) which includes both a parity transformation P and discrete R-
symmetry transformation Z. The parity transformation P extends the spacetime sym-
metries from Spin(3,2) = Sp(4,R) to Pin(3,2), while Z extends the R-symmetry group
from SO(6) to O(6). In any local CFT the scalar three-point function (SSS) is non-zero,
which implies that in a Z-invariant theory the operator S transforms as a pseudotensor
15~ while the supercharges transform as O(6) vectors.

Table 5 includes the P and Z charges relative to that of the superconformal primary,
which are relevant for A = 6 theories that are invariant under these discrete symmetries.
We derive P charges for each superblock by noting that any two primaries Oa ¢ and Oar ¢
in a supermultiplet have the same parity if and only if A’ — A = ¢ — ¢ mod 2. To derive
the Z charges we use the O(6) tensor product of two pseudo-tensors:

15" ®15° =1} & 157 ® 15; @ 20’ ¢ 90, & 84} . (2.53)

Reflection positivity implies that the coefficients aa ¢, in (2.9) are non-negative for
all r. Because for each superconformal block in table 5 there exists an operator that
receives contributions only from that block, it follows that the coefficients A? in (2.51) are
non-negative. This is the reason why we wrote these coefficients in (2.51) manifestly as
perfect squares. They are the squares of real OPE coefficients.!?

Let us end this section by describing the unitarity limits of the long blocks obtained by
taking A — ¢+41. For the scalar blocks, we obtain (up to normalization) either a spin-0 con-

served block for the parity-even structure or a (B, 1)[22780} block for the parity odd structure:

Long[Aoog}’1 — (A,cons)[l[fgo] , Long[Aoog}’2 — (B, 1)[22,80} . (2.54)

"The (A, +) and (A, —) multiplets are each other’s complex conjugates and they must appear together
in the S x S OPE.

12Tn other words, for each multiplet for which there are several superconformal blocks, the number of
superconformal 3-point structures equals the number of superconformal blocks. This is so because each
superconformal 3-point structure contains different operators from the exchanged multiplet.
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Superconformal block normalization Z
Long20m n=1: (aao1 aa+1,0.20)=(1,0) + |+
7 n=2: (aa01,aa+1,020) = (0,1) - |+
Long[AO?é)], ¢ >1 odd AA+1,041,15, = 1 + | +
n=1: (aae1,an+1,1,0a+1015,) = (1,0,0) | + | +
Long[ﬁ?f]’T (> 2 even n=2: (aar1,aa+1,61,0A+1,15,) = (0,1,0) | — | +
n=3: (aae1,aa+1,01,0a11,015,) = (0,0,1) | — | —
(A, 1)%)37]?’ v % > 1 odd n=1: (%+%,£+%,17a£+g7£+%,155) = (1,0) + |+
n=2: (az+g7z+%,17a£+g,£+%,1ss) =(0,1) +| -
(A, 2)%13217]@, £ >0 even ap42,015, = 1 + | -
(A,2)p5), €> 0 0dd aria015, =1 + |+
(4, +)L(fg,]£7 — 3 >0 even Ay 804115, = 1 +
(4, _)Elos,]zv (-5 >0even gy 5 o415, = 1 +
(A, cons)gﬂ)}g, £ >0 even apr101 =1 + | +
(A, cons)ﬂ)(f,]e, ¢ >1 odd apy2,04115, = 1 + | =
(B, 1)[22,801 asp20 =1 + |+
(B, 2)[2?(2)2] a2084 = 1 + | +
(B,2)5" a015, =1 + | -

Table 5. A summary of the superconformal blocks and their normalizations in terms of a few OPE
coefficients. The values aa ¢, in this table correspond to aIA’“ in eq. (2.51) — we omitted the
index I for clarity. Note that the (A,+) are complex conjugates and do not by themselves have
well defined Z parity, but together they can be combined into a Z-even and a Z-odd structure.

For odd ¢ > 1 there is a single block and it approaches a spin-£ conserved block:

¢>1 odd: Long[g?ﬁ — (A, cons)L(f?}e. (2.55)

Lastly, for even £ > 2 we have three superconformal blocks. The parity even one approaches
a spin-¢ conserved block, while the parity odd ones approach the two superconformal

blocks for the (A, 1)&?2}2 (12 multiplet:
£ > 2 even: Long[goﬁ’l — (A,cons)ﬁ??}e,
000],2 100],1
Longly " — (A, 1), +3]/27£_1 . (2.56)
[000],3 [100],2
Long, , " — (4, 1)e+3/2,1z—1/2 .
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Even though the blocks on the r.h.s. of (2.54)—(2.56) involve short or semishort super-
conformal multiplets, they sit at the bottom of the continuum of long superconformal
blocks. All other short and semishort superconformal blocks are isolated, as they cannot
recombine into a long superconformal block. In particular, if the correlator (SSSS)
contains one of these isolated superconformal blocks, any sufficiently small deformation
of (SSSS) also must, while the other blocks can instead disappear by recombining into a
long block. This distinction will be important when we consider the numerical bootstrap.

2.4 Examples: GFFT and free N' = 6 hypermultiplet

There are two theories for which we can determine the superconformal block decomposition
and all CFT data. The first is the generalized free field theory (GFFT), where correlators
of § are computed using Wick contractions with the propagator (S(#1, X1)S (%2, X2)) =
%. In terms of the functions S*(U, V'), the (SSSS) correlator is:

Strpr(U,V) = (1 uboo 0) : (2.57)

This theory does not have a stress-energy tensor, and it is thus non-local and therefore
not of primary interest here. However, the GFFT four-point function does represent the
leading term in the strong-coupling limit of correlators of the local SCFTs that are dis-
cussed in the next section. If we think about the S operators as single-trace, then in the
superconformal block decomposition of (SSSS) only double-trace operators appear, with
schematic form S9,, ---9,,0PS of spin ¢ dimension 2+ ¢+ 2p with positive integer ¢ and p.
The GFFT defined as above does not necessarily have N' = 6 supersymmetry, but it can
be completed into an N = 6 preserving theory by considering similar rules for calculating
correlators of any four stress-tensor multiplet operators from table 1. We can expand (2.57)
in superconformal blocks to read off the CFT data given in table 6.

The second theory that is exactly computable is a free theory. Let us consider four

complex scalar ¢q, @ = 1,...,4 and their complex conjugates ¢%, with the two-point
b
function normalized as (¢, (1) (%)) = %. In this theory, we can consider the operator

S(Z, X) = ¢a(T)P*(F)Xp. The (SSSS) correlator can then be computed using Wick
contractions of the ¢ and ¢’s, and in terms of the S’ it is given by
SheeUV) = (1U § & YL V). (2.58)
As was the case with the GFFT, this correlator does not necessarily correspond to an N' = 6
SCFT, but it can be embedded in one by considering the ¢, as the components of an N' = 6
hypermultiplet that also contains 4 complex fermions. The four-point function (2.58) can
then be expanded into superconformal blocks to give the CFT data given in table 6. Note
that the free theory has the same spectrum as the GFFT, except that it also contains
conserved current multiplets for each spin, has a stress tensor multiplet, and does not have
a (B, 1)[22780] multiplet.
For both the GFFT theory and the free theory of an A/ = 6 hypermultiplet, one can
alternatively obtain the CF'T data listed in table 6 by performing a decomposition of the
correlators in the analogous NV = 8 SCFTs, as described in appendix D. Indeed, the N = 6
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SéFFT Sgree
2
)\(372)[10(1)1] 0 4
2
)\(372)[2032] 2 4
A2 3 0
(B.1)5” 3
2 _
A(A,Cons,)gffb for £ =0,1,2,... 0 4
2 _ 16 256 4096 32768 8 32 3712 34304
)\(A’Q)‘[Zg};]é fOl" g— 07 1)2).-' ?, K, m, 3675 7 " 3, F’ ﬁ’ 675 0 "t
2 _ 16 6144 8 7872
)\(A’+)£Of52]2 Z+1 ) fOr /g -_ 0’ 27 DY j, m, DY g’ m, ..
2 for £=0,2,... sz 6a - .
(A’I)Ll-f?];,e+3 , 315 63
A2 for £ =0,2,... 1024 - 128
(AT v 10 .
A(OJ) 2,4, ... 2,4, ...
A(O,Z) 3,9, ... 3,5, ...
Ay>1, ¢ odd 042 0+4,... 0+2,0+4, ...
A>2,1), £ even £+2,04+4, ... (+2, 044, ...
Ag>2,2), £ even £+3,0+5, ... (43,045, ...
A(52273),£even €+3,€+5, E+37E+57

Table 6. Low-lying CFT data for the generalized free field theory (GFFT) Sippr and the free

theory S ... We write Ae,n) to denote the scaling dimension of the superblock corresponding to

the structure Long[AO%) b

GFFT is a subsector of the N' = 8 GFFT, where the N/ = 6 stress tensor multiplet is
embedded into the N' = 8 stress tensor multiplet. Similarly, the theory of an N = 6 free
hypermultiplet has A/ = 8 supersymmetry because a free N’ = 6 hypermultiplet is identical
in field content with an N' = 8 hypermultiplet: they both consist of eight real scalars and
eight Majorana fermions.

3 Exact results in N/ = 6 SCFTs

3.1 Known N = 6 SCFTs

N =6 CFTs with Lagrangians were classified in [39], up to discrete quotients that do not
affect correlators of S.!3 In N' = 3 SUSY notation, they are Chern-Simons-matter theories
with two matter hypermultiplets. There are two possible families of gauge groups and

representations: !4

1 1 1
L ab _ = _
SUN)e x SUN + M) x U, K*qugs = 1 (M+ ~ N) , (3.1)

13Gee [64] for a conjectured classification that takes into account discrete quotients.
“The case SU(N)y x SU(N)_ describes the BLG theories [65-67].
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for N, M > 1 where the hypermultiplets are in the bifundamental of SU(M) x SU(N), and

1
USp(2 4+ 2M), x U(1)% | K®q,q, = —5r (3:2)
for M > 0 where the hypermultiplets are in the fundamental of USp(2 + 2M). In both
cases, the hypermultiplets have equal and opposite charges ¢; for # = 1,..., L under the

U(1)’s. The matrix K% is the inverse of the matrix K, of Chern-Simons levels for the
L U(1) gauge groups, and must satisfy the relations given in (3.1) and (3.2). Note that
when N =1 in (3.1), the hypermultiplets are just in the fundamental of SU(1 + M) with
appropriate charges under the U(1)’s.

As we shall show in appendix E.3, the S2 partition function for both families of theories
is independent of L, as long as the conditions in (3.1) and (3.2) are obeyed, up to an overall
normalization constant. This leads us to conjecture that all these theories have the same
S correlators, so for this sector we only need consider two families of theories. One is the
AJB(M) family!?

UN) x UN + M)_y, (3.3)

with M < |k| [35, 36], which is the special case of (3.1) where L = 2 with ¢; = ¢ = 1 and
K11 = kN, Kog = —k(N + M), and K15 = 0. The other family is

SO(2)2k X USp(2 + 2M)_k , (34)

with M + 1 < |k| [36, 38|, is the L = 1, ¢ = 1 case of (3.2). Sending k¥ — —k gives
a parity-conjugate theory, so without loss of generality we can focus on k& > 0. Seiberg
duality imposes additional equivalences between each family:

UN)k x UN + M) = UN)_ x UN + [k — M)y,

SO(2)ar X USp(2+ 2M)_j,  —  SO(2)_op, x USp(2(|k| — M — 1) + 2)y,. (3:5)

In particular, the k = 2M case of ABJM is parity invariant, as is the kK + 1 = 2M case of
the SO(2) x USp(2 + 2M) theory.

The U(N)i x U(N + M)_j; ABJ theories can be interpreted as effective theories on N
coincident M2-branes placed at a C*/Z;, singularity in the transverse directions, together
with a discrete flux due to M fractional M2-branes localized at the singularity. The N >> k°
limit is described by weakly coupled M-theory on AdSy x S7/Zy,, while the large N, k limit
with NV ~ k and finite M is described by weakly coupled Type ITA string theory on
AdSy x CP3. When M,k are large and N is finite, ABJ theory becomes a vector model
with weakly-broken higher-spin symmetry, which is dual to N' = 6 higher-spin Vasiliev
theory on AdSy [37]. The finite coupling A = M/k with A < 1 is related to the parity
breaking 6y parameter in Vasiliev theory, such that A = 0,1 correspond to the free theory
and A\ = 1/2 corresponds to a parity-invariant theory. The SO(2)gr x USp(2 4 2M)_y, case
in the large M, k limit with fixed A\ = M/k is also a vector model dual to N' = 6 higher-spin
Vasiliev theory on AdSs with similar properties [68].

When N = 1, M = 0, the ABJM theory describes a free SCFT equivalent to the theory of eight massless
real scalars and eight Majorana fermions described in section 2.4. For M = 0 and N > 1, ABJM flows to
the product of a free SCFT and a strongly-coupled SCF'T, while for all other parameters ABJM theory has
a unique stress tensor.
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3.2 Exactly calculable CFT data

In the next section, we will derive numerical bounds on the CFT data of 3d N' = 6 SCFTs
parameterized in terms of ¢, which is defined as the coefficient appearing in the two-point
function of the canonically-normalized stress-tensor,

cr 1

(T (E)To(0)) = o7 (PupPo + PopPruo = PuvPao) 15323 -

= &1 P =10, V? —9,0,, (3.6)

and, in the normalization (2.2) for the external operator S(&, X), it is inversely related to
the square of the OPE coefficient of the stress tensor multiplet:

cr = VL . (37)

(B2)%"

Here ¢y is defined such that it equals 1 for a (non-supersymmetric) free massless real scalar
or a free massless Majorana fermion. Hence ¢y = 16 for the free N' = 6 hypermultiplet
described in section 2.4, which also has N/ = 8 and is equivalent to ABJM theory with
M=0and N =1.

This cp is a particularly useful parameterization of physical theories. It can be
computed exactly using supersymmetric localization for any N > 2 SCFT with a
Lagrangian description by taking two derivatives of the squashed sphere partition function
with respect to the squashing parameter [69, 70]. For theories with at least NV = 4
supersymmetry, the stress tensor multiplet contains R-symmetry currents that from an
N = 2 point of view are flavor currents, and one can argue that cp is proportional to
the two-point functions of such flavor currents [11]. Such two-point functions can be
computed by taking two derivatives of the round sphere partition function with respect
to a mass parameter [71]. For the N' = 6 theories that we focus on here, we will define a
mass parameter m with a normalization such that

_%8210g2

| (3.8)

cT =
m=0

In these theories, supersymmetric localization [53] implies that the quantity Z(m) can be
expressed as an N-dimensional integral for any k, M,'6 and can be evaluated exactly at
small N and to all orders in 1/N for M < k < N using the Fermi gas method [10, 59, 60].
In particular, for N = 1 we can exactly compute the one-dimensional integral for any
M, k, such as the large M ~ k limit that describes the vector like limit, which can also
be computed in a large M expansion to any order as described in [72]. For the various
quantum gravity theories we discuss the leading order expressions for ¢y are then [11, 73]:

64
M-theory, Type IIA string theory : cr =~ 3—\/ 2kN3/2
™

16Nk
Higher-spin theory : cr =~

(3.9)

sin(Ar) ,

™

For the orthogonal group case, it is always a one-dimensional integral.
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so that M-theory (at finite k) scales like N3/2, string theory (where k ~ N) has the typical
matrix-like scaling N2, while the higher-spin theory (where k ~ M for finite N) has the
typical vector-like linear scaling.

(B,2)l%2
tives of the mass deformed free energy as described in [10, 61, 74, 75], to get analytical

We can similarly compute the OPE coefficient squared \? 022) Dy taking four deriva-

results in the same range of M, N, k as described for cr (see eq. (3.27) of [61]):
o0t log Z
=24 1= .
B2 =T @2 10g 22|,
This short OPE coefficient is the AV = 6 analogue of the A = 8 short OPE coefficient
computed in [10].

A2 (3.10)

We should point out that in the limit in which log Z and its mass derivatives go to
infinity, we have ¢y — oo and A2 0227 — 2. This is expected because in this limit the

(B2)52
CFT correlators factorize, and the (SSSS) correlator is that of the GFFT theory described

in section 2.4. Indeed, as can be seen from table 6 GFFT has A2 ,,; = 0, corresponding
(B2)PY

to cr = 00, and A% 0y =
’ (B2)Y?

In the rest of this section we shall focus on computing ¢y and )\?B 2022 in both the
U(N)k x UN + M)_j and SO(2)9; x USp(2 + 2M)_j, theories. We WillQ’gompute these
quantities exactly for finite M and N, as well as in the large M expansion at fixed A = %
and N = 1, which describes the higher-spin limit of these theories. For the U(N)j x
U(N + M) _j theory, we will also review the all orders in 1/N results at finite M < k < N
in [10], which describes the M-theory limit for finite k, M and Type IIA string theory limit
for k ~ N and finite M. As noted previously and proven explicitly in appendix E.3, the
sphere partition function Z(m) is left unchanged by the presence of additional U(1) factors,

and so our results also hold for the more general families of N' = 6 theories (3.1) and (3.2).

3.3 U(N)r X U(N + M)_j, theory

Using supersymmetric localization, the mass-deformed U(N); x U(N + M)_j partition
function can be reduced to M + 2N integrals [53, 76]:

Zym N k(m) (3.11)

—4T u2— v2 : .
_ /dM—i-NM dVy € KL mi =20 ) Hi<j 4 sinh? (7 (i — p5)] Ha<b481nh2 [T (Ve — vp)]
[, 4 cosh [w(p; — va) + T3] coshm(p; — v4)]

up to an overall m-independent normalization factor. Our first task will be to write (3.11)

i

as an N-dimensional integral that we can then evaluate more easily. For the massless case
m = 0 such a reduction was achieved in [77]. In appendix E.1, we extended their methods
to the massive partition function (3.11) and show that

ZyuNg(m) = Zoe_fMNm/dNy H tanh? T2Ya —Yb) ()
a<b
3.12)
N et Yam (
‘ 7(ya + (1 +1/2))
tanh
. al;[1 [QCOSh (TYa) ll—[o a k ’
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where Z is again an overall factor which is independent of the mass parameter m. Since
our interest is ultimately in computing derivatives of log Z with respect to m, the value
of Zy is unimportant. Let us now discuss various limits in which we can evaluate (3.12)
exactly or approximately.

3.3.1 Small M, N,k

When M, N, k are small integers, we can evaluate (3.12) as contour integrals. Let us begin
with the case N = 1. We must compute

A A Tr 0 )
Zagptim) = L) =g [ gy v gy ), (3.13)
where we define
m(x+i(l+1/2))
F . .14
M’k( )= 2cosh (mz) H tan k (3.14)

All poles of Fiy () are located at z = £ +iK for K € Z. Furthermore Fiy () is periodic
in the complex plane, with

Farn(x 4 ik) = (1) Fasp() . (3.15)
By closing the integral (3.13) in the upper-half of the complex, we may therefore reduce it
to a finite sum of poles
—ZMm

N 2me 2 .
Z m) = Res | F z)| . 3.16
MR = T KZI I_WK{ ()] (3.16)

We can then evaluate the residues and derive analytic expressions for A M.1,k(m) for any

M and k. We can then compute c7 and )\?B 2022 using (3.8) and (3.10). Table 7 lists
%)20

these quantities for various values of M and k. Note that the analytic results become
increasingly elaborate as M and k become larger, and so we include analytic expressions
in table 7 only if a concise expression exists.

The above analysis can be generalized to the N > 1 case by repeatedly integrating
over z. When N = 2, for instance, we must evaluate

Zyak(m) =e” MNm/dzl dzo eim(arta)m a2 T\ T 72) l H Furg(za) - (3.17)

We evaluate this by first integrating over z; while fixing [Im(22)| < £. We can perform this
integral by closing the contour in the upper half complex plane and then summing over
the poles, which occur at

= and 2z = 29 + k(K +1/2),

where K is a positive integer. Because both K(z) and tanh z are periodic in the complex
plane, we need only sum the poles with imaginary part less than k; the rest can be re-
summed as a geometric series. Having integrated over zj, we perform the zo integral in a
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M| k g A?sz)[;?]
1|2 3=0.75 B =32
3 | 28 ~0.6511 612623 1 9 986
4| H2 ~ 06009 | 2G0T & 999
2 | 4 | =D ~ 05281 | ABUI0RIOT) o9 715
5 0.4667 2.618
6 0.4309 2.582
316 0.4005 2.498
4|8 0.3211 2.381
5 |10 0.2674 2.307
6 |12 0.2290 2.258

Table 7. OPE coefficients g and /\?B 21022 in various U(1) x U(1 + M)_j ABJ theories.
2<72,0

MIE] a | Moo
11 2 |0.3177 2.479
3 | 0.2697 2.384
4 | 0.2425 2.339
2 | 4 ]0.2242 2.302
5 | 0.1986 2.262
6 | 0.1822 2.239
3| 6 |0.1736 2.221
4 | 8 | 0.1419 2.175
5 [ 10 | 0.1201 2.144
6 | 12 | 0.1041 2.122

Table 8. OPE coefficients % and )\?B 2072 in various U(2), x U(M + 2)_; ABJ theories.
1%72,0

similar fashion. For general N we must repeat this process for each of the IV integration
variables. We list results in table 8 for the U(2); x U(M + 2)_j theory, and in table 9 for
the U(N)g x U(N)_r ABJM theory.

3.3.2 Higher-spin limit

We now compute Zys 1 ,(m) at large M and fixed A = %, which is the vector model limit of
the U(1)r x U(14 M)_j theory. The special case where m = 0 has already been considered
in [72], so our task is to generalize their work to non-zero mass. Starting with (3.13) and
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N |k o A?B 022
2 |2 3 =0.375 B =26
32| 2210 02095 | 2.309
3 0.1838 2.258
4 12 0.1381 2.195
3 0.1191 2.161
4 0.1071 2.143
Table 9. OPE coefficients E and )\?Byg)[;’?] in various U(N)j x U(N)_, ABJM theories.
performing a change of variables x — = — 7 we find that
M .
Zyrag(m /d:v T ox Z log tanh 71(332—11) — R(z)| , (3.18)

__ M-1
I= 2

where R(x) = log(2cosh(mz)) for even M and R(z) = log(2sinh(7x)) for odd M. We can
now use the asymptotic expansion

M-—-1

2 m(x +4l) cos 220 A
z,\ k)= logtanh ——— — R(x) ~ k_1ogtan — 3.19
flrdk)= 3 togtanh S - A(a) ~ Sb ogtan (319)

2

derived in [72]. The right-hand expression should be understood as a formal series expan-
sion, which can be written more verbosely as

i (=1)"fon(k,A) 2"

flz, A k) = (2n)! k2n—1"
= 04”(2 4P)B A (820
7r
where fo,(k,\) = 2—21182;;-5-271 "og tan —= .
= (2p)k 2

Rather than working with x, it is more convenient to perform a change of variables x =
k/2¢, so that

.y _ o= (S0 fon(k, A) €27
F(&, )\ k) = (k' 25@@—% o) bl (3.21)

The first few terms of F'(£, A, k) are

4

F(&,\ k) = cons. — 2m cse(m)€2 + %Wg(COS(Q)\TI') +3) Csc3()\7r)§—

? +0(k™?), (3.22)

while higher order terms look more complicated but can also be easily computed. We can
now evaluate

ZMlk: /df i&Vkrm+F(E)k) (323)
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at large k, and at each order in k=1 we must merely evaluate a Gaussian integral. After a
little work we find that

16k si 1 i
e 6ksin(mA) + 4(cos(2r\) +3) (3413 cos(27A)) sin(mw )
™ 3k
2(5+Tcos(2m\)) sin?(7A
4 (5+T7cos(2m\)) sin®(m )—i-m,
K 3.24)
(34 cos(2mA)) ese(Am)  72(cos(2mA) — 3) cot(m) (3
\? =2+ +
(B2)y3 2k k2
73(1074 4 785 cos(2m\) — 450 cos(4m\) + 127 cos(67))) esc3 (7))
+ +
768k3
Solving for /\?Bg)[;gg] in terms of ¢y we find
8(3 4 cos(2m\))  64sin?(wA)(3 + 5cos(2mA
N gy SOOI BN Seos0m) g
(B»Z)Q,o cTr CT

from which we see that in the limit of large cr, the theory with the lowest value of A .,
(B2)y5”

2,0
at fixed cp is that with A = 1/2. For this reason, the A = % theory, namely the case of
U(1)anm x U(1 + M)_2p, will prove of special interest to us when considering numeric
bootstrap bounds. Specializing to this case and going to a higher order than as given

2 .
020y 10 1/
(B.2)557

Wy —2+ S L(10) L (10Y7 2 1oyt oy’
(B:2)30 cr 2 \cr 12 \er 3 \er 240 \ er
979 /16\® 71291 /16\7
+@m(q> umm<@> "

Comparing to the exact values computed in table 7, we find that (3.26) gives answers to

in (3.24), we can expand A

(3.26)

within 1% of the exact results already for M = 4.

3.3.3 Supergravity limit

We will also be interested in the large NV expansion. Taking /N large while keeping M and k
fixed (with M < k) corresponds to the M-theory limit, while taking N large while keeping
M and N/k fixed describes the Type ITA string theory limit. Results for the M-theory
limit were already computed in [10] to all orders in 1/N, which we now briefly review.
Using the Fermi gas method [59], the mass deformed partition function was computed to
all orders in 1/N [10, 60]:

o ALy (=L _ 2

7~ eACTIALCTR(N - B)] C= i
n2C 1 1 E k/1 M\?

_Tt_ 1 L AT (et 3.27
b= 6k(1+1+m2) 12+2<2 k:) (3.27)
 2AIK + AlR(1+ im)] + A[k(L = im)]

_ 4 ,
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k| M o )\?BQ)[%Q]
2 | 0 |0.0361459 | 2.04699
3 | 0 |0.0301815 | 2.03842
4 1 0 | 0.0265295 | 2.03342
1 | 0.0250946 | 2.03158
6 | 0 |0.0221553 | 2.02766
1 | 0.0208109 | 2.02595
2 | 0.0200682 | 2.02501
10 | 0 | 0.0178216 | 2.02218
1 |0.0166285 | 2.02067
2 | 0.0157899 | 2.01961
3 | 0.0152331 | 2.01891
4 | 0.0149146 | 2.01851

Table 10. OPE coefficients g and /\?B 2022 in various U(10)g x U(10 + M)_j; ABJ theories, as
1<72,0

computed from the all orders in 1/N formula (3.27).

where the constant map function A is given by [78].

_2¢(3) AL T o
Alk) = =5 (1—16> +ﬁ/0 do——log (1 ¢ 7). (3.28)

We can now simply take derivatives of these exact functions as in (3.8) and (3.10) to
2

(B.2)})
form of a one-dimensional integral that can be easily computed numerically (or analytically

compute cp and A 22, Where for each k the derivatives of the constant map take the
0

by summing poles). For low & = 1,2 and M = 1,2, some explicit examples were given
in [10], where it was shown that the large N expansion compares well even down to the
exact N = 2 result. We will use this expansion in the numerics section specifically for
N =10 and a range of M, k, which we summarize in table 10.

3.4 SO(2)2r X USp(2 4+ 2M)_j, theory

We now discuss the mass-deformed sphere partition function for the SO(2)q, x USp(2 +
2M)_j theory. Using supersymmetric localization, this quantity can be written as an
(M + 1)-dimensional integral [53, 79]:

2

Zng(m) o /dudee%ik(“Q_zu Va) (3.29)

" [1, sinh? 271, [1,<p sinh? [7(vg + 1)) sinh? [7 (v, — vp)]
[T, cosh [m(p — vp) + T2 cosh [7(p + vp) + T2 cosh [m(p — vp)] cosh [ (p + 14)]

up to an overall m-independent factor. In [80] it was shown that the massless partition
function m = 0 could be further simplified to a single integral. Generalizing their results
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to non-zero m is straightforward, as we outline in appendix E.2. We show that

cosh? 2% m(x —|— m(z +il)

H tan

where Zj is an overall constant which is independent of m. We will now compute mass
derivatives of this quantity, first at finite M, k, and then in the large M and fixed A\ = M /k
expansion.

Zain(m) = Zo / dx &7 (3.30)

sinh 7z cosh Z% ”

3.4.1 Finite M,k

For computing ¢ and A2 (22) let us use the first expression (3.30). We are thus led to

(B2)Y%
evaluate
ZMk / dx e”meM k( ) (331)
where we define )
h2 Tz
Garp(a) = —— 2k H fanh TE+ ) + i) (3.32)

sinh 72 cosh % m

Similarly to Fiz () in section 3.3.1, all poles of GM’]C(ZC) are located at x = % for K € Z,
and furthermore G () is periodic in the complex plane, with

Gari(a + 2ik) = Garplz). (3.33)

By closing the integral (3.31) in the upper-half of the complex, we may therefore reduce it
to a finite sum of poles

A 2w i
Zpg(m) = T o—3fmm Z Res [ ”mmGM,k(:z:)} . (3.34)
K=17%

For small values of M and k we can easily sum over poles, and then compute ¢y and
)\?B 2022 using (3.8) and (3.10). We list results for various M and k in table 11.

4)2.0
3.4.2 Higher-spin limit

Finally, we study the large M limit of the SO(2)9r x USp(2 + 2M)_ theory, keeping

A= ZMH fixed. We can write:

ZMk /d.f emmx

X T M m(z +il) (3.35)
x exp | 2log cosh % cosh 7 log sinh wx + ZZZ_:M log tanh —or

Using (3.19) and defining the variable £ = k=122, we find that
M .
l
Z log tanh M — logsinh 7z
I=— (3.36)

€4
73(cos(2A1) + 3) esc3 (M) 2~ + O(k™2),

= cons. — mcsc(mTA)E2 + ?

24"
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MIE] w | P
01 1 4
2 | 2=075| ¥ =32
3| 0.6511 | 2.986
4| 0.6009 | 2921
1[2]2=07]|1=32
3| 04778 | 2.648
4| 03879 | 2503
2 | 4| 03879 | 2.503
5| 03021 | 2.366
6 | 0.2603 | 2.312
316 | 02603 | 2312
4] 8| 01957 | 2225
5 (10| 0.1568 | 2.175
6 | 12| 0.1307 | 2.144

Table 11. OPE coefficients % and )\?B 2)022] in various SO(2)a x USp(2 + 2M)_}, theories.
1</2,0

while we can simply use a Taylor series expansion to compute

T T w2 Trtet _3
2log cosh on cosh = T an + 06k? +O(k™). (3.37)
We can now hence evaluate
ZM,l,k(m) x /df eif\/Eﬂ'm—ﬂ' csc(mA)E2+... (3.38)

at large k, and at each order in k~! we must merely evaluate a Gaussian integral. After a
little work we find that

2k si i 1 2 2
o — 32k sin(mA) +16cos?(r ) — msin(m\)| 5?; 9 cos(2mN)] +Ok?)
™
9 B m[3 4 cos(2mA)] csc(mA)
72[39 + 44 cos(27\) — 19 cos(47\)] esc? ()

_ -3
12872 +O(k™).

Comparing to the exact results in table 11, we see that already for k = 2 the approxima-
tions (3.39) are within a couple percent of the exact answers.
Solving for \? 221 in terms of cr, we find
B2)y,
9 8(cos(2A7) +3)  32sin?(7) (17 + 23 cos(27N))
A (022 = 2+ — 5 4
(372)2’0 cr CT

- (3.40)
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from which we see that, at least at large cp, the theory with A = 1/2 has the smallest value

of )\?B 0221 This fact will be useful in the next section. Plugging in A = 1/2 in (3.40) and
%)20

expanding to higher orders in 1/cp, we obtain

22 :2+16+3(16>2_%(16)3+4”7<16>4_%997(16)5
(372)[20,32] cr 4 \cr 24 \ cp 64 \cr 640 \cp
259523 /16\% 897994667 /16\"
1536 <> 967680 ( )

(3.41)

cr cr

Together with (3.26), this expression will be useful in the next section.

4 Numerical bootstrap

We will now use the results of the previous sections to derive the crossing equations for the
superblock expansion of 3d N' = 6 SCFTs suitable for numerical bootstrap study. These
crossing equations allow us to numerically bootstrap upper/lower bounds on CFT data of
general 3d A/ = 6 SCFTs. By imposing the specific values of ¢ and )\fB 2)l022) as computed

»4)2,0
analytically for various theories in section 3, we will find islands in the space of semishort

OPE coefficients for each N, k, M. We will also argue that the U(1)aps x U(1 4+ M)_aps
theory saturates the numerical lower bound on )\?B 2022 for a given value of cr.

1%72,0
4.1 Crossing equations

The position space crossing equations were written in (2.6). For the s-channel superblock
expansion the nontrivial constraint is the one given by (z1, X1) <> (z3, X3). In terms of the
S (U, V) basis in (2.8), the crossing equations (2.6) can be written in using a 6-component
vector

15F_ 1, + 80F7745a@ﬁa + 64F_ g4,
F_ 15, + F_745a@4—5a —4F_ g4,
AUV 3F_15, — 12F_ 45 .g5, + 16F_ g4, @y
3F_ 20, — 2F—,45a®ﬁa + 2F_ g4,
15F 1, — 15F 15, — 601 a0, — 60F+,45a@ﬁa — 56F 84,

3Fi a5, = 3F 15, — 9Fy g0, — 3F, 45,475, + 14584,

where we define
Fy (U V) = VIS (U, V) £ US:(V,U) . (4.2)

Combining the crossing equations with the superconformal block decomposition, we can
then define a d for each superconformal block I listed in table 2 by replacing each Sy in d!
by &% defined in (2.52). The crossing equations in terms of these d’ can then be written as

64 . _
0=dig+ ;dz ) + > Ay, (4.3)

0
(B2 o1
I#1d,(B,2)}
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where we normalized the squared OPE coefficient of the identity multiplet to )\Izd =1, and

parameterized our theories by the value of /\?B g1 = % (see (3.7)). The sum in (4.3)

should then be understood as running over all otﬁgr superconformal blocks for multiplets
appearing in the S x S OPE.

These six crossing equations are in fact redundant due to N’ = 6 superconformal sym-
metry, similar to the A/ = 8 case in [11, 12]. It is important to remove these redundancies,
since otherwise they cause numerical instabilities in the bootstrap algorithm. As in [12],
we can do this using the explicit expressions for the crossing equations in (4.3) in terms
of superblocks, where each S,(U,V) is a linear combination of conformal blocks for each
supermultiplet. We then expand in z, z derivatives as

2 NP (- 1\?,,
Fr(U V)= > il 23 F-3 PNAF, (U, V)| ,—oen

p+g=even ?
s.t. p<q
) NI (4.4)
F—,I‘(U7 V) = 2: M Z — 5 z — 5 8282F_7r(U7 V)‘ZZEI% 3
p+qg=odd
s.t. p<q
where z, z are written in terms of U,V as
U=22z, V=(1-2)(1-%). (4.5)

In the sums in eqs. (4.4) we only consider terms that are nonzero and independent according
to the definition (4.2). We then truncate these sums to a finite number of terms by imposing
that

p+qg< A, (4.6)

and then consider the finite dimensional matrix (fgp )

are those of d’, and whose columns as labeled by (p,q) are the coefficients of the

whose rows as labeled by ¢ =1,...6

oIS (U, V)|, _s_ 1 that appear in each entry of d’ after expanding like (4.4) using the
definition (4.2) of Fy »(U,V) in terms of S¢(U,V). Finally, we check numerically to see
which crossing equations are linearly independent for each value of A, and find that a
linearly independent subspace for any A is given by

{d*,d*,d*,d%, (4.7)

where we include all nonzero z, z derivatives for the crossing equations listed.!”

We now have all the ingredients to perform the numerical bootstrap using the crossing
equations (4.3), where we restrict to the linearly independent set of crossing equations (4.7).
We can now derive numerical bounds on both OPE coefficients and caling dimensions using
numerical algorithms that are by now standard (see for instance [12, 40]) and can be imple-
mented using SDPB [42, 81]. In each case, the numerical algorithms involve finding function-
als a that act on the vector of functions d*(U, V') and return a linear combination of deriva-
tives of these functions evaluated at the crossing-symmetric point U = V' = 1/4. In all the
numerical studies presented below, we will restrict the total derivative order A (see (4.6)) to
be A = 39, and we will only consider acting with a: on blocks that have spin up to fmax = 50.

"In the analogous A = 8 case studied in [11], the linearly independent set consisted of just one crossing
equation with all of its derivatives, as well as a second crossing equation with only derivatives in z.
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4.2 Bounds on short OPE coefficients and the extremal functional conjecture

We begin by deriving numerical bootstrap bounds on the squared OPE coefficients

2 o011] = 66—4 and \? (0227 that were computed using supersymmetric localization in
(B72)1,0 T (B72)2,0

specific ' = 6 SCFTs from the ABJ(M) family in the previous section.
First, we can derive a lower bound on cp that applies to all ' = 6 SCFTs. To do so,
we consider linear functionals « satisfying

d =1
a( (B,2)[10,(1)1]) ’ (4.8)
aldy) >0, for all superconf. blocks I ¢ {Id, (B, 2)[1(?(1]1}}.

From (4.3), the existence of such an « implies

o < —a(diy) - (4.9)
cr

We performed such a numerical study, and we found
cr > 155, (4.10)

where recall that ¢ = 16 corresponds to the theory of a free ' = 6 massless hypermultiplet,
which also has N' =8 SUSY. The bound (4.10) can be compared to the analogous N' = 8
bound ¢r > 15.9 computed in [10] with A = 43. In both cases, we expect the numerics
should be converging to ¢ > 16 in the infinite A limit, simply because there are no known
N = 6 SCFTs with ¢y smaller than 16. The fact that the N/ = 6 bound (4.10) is weaker
than the N' = 8 one suggests that the A/ = 6 numerics are slightly less converged than the
N = 8 numerics. In the remainder of this paper, we will only show results for ¢y > 16.

2 .
as a function of
(B2

cr. In general, to find upper/lower bounds on the OPE coefficient of an isolated superblock

Let us now compute bounds on the squared OPE coefficient A

I* that appears in (4.3), we consider linear functionals « satisfying

a(dy) = s, s = 1 for upper bounds, s = —1 for lower bounds,
a(dy) >0, for all short and semi-short I ¢ {Id, (B, 2)[10751]7 Iy, (4.11)
a(dy) >0, for all long I with Ay > /¢ +1.

The existence of such an « implies that

. 4
if s =1, then M\, < —aldly) — ia(dz o11]) 5
cr (B:2)i0 (4.12)
. _ 2 7 el 0
if s = —1, then A7 > aldiy) + CTO[(d(B72)[10751])7

thus giving us both an upper and a lower bound on A%.. Using this procedure, our numerical
study gives the upper and lower bounds shown in black in figure 1. On the same plot, we
indicated in blue the bounds obtained with A = 43 in the N' = 8 case, as derived in [10].
While the upper bounds for the N'= 6 and N = 8 cases are very similar and likely differ
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2
RIS

o U(l ) mxU(1+M) i
SOQ2)4 m+2xUSp2+2M)_2 pm+1)
_— N=6
N =38

4.0

3.5

3.0

2.5

16
0.2 0.4 0.6 0.8 1.0 cr

(5.2
efficient ¢, where the orange shaded region is allowed, and the plot ranges from the generalized free
field theory (GFFT) limit cr — oo to the free theory ¢y = 16. The black lines denote the ' = 6 up-
per/lower bounds computed in this work with A = 39, the blue lines denotes the A/ = 8 upper/lower
bounds computed in [10] with A = 43. The red and orange dots denote the exact values in tables 7
and 11 for the U(1)2as x U(1+M)_2as and SO(2)4ns 12 x USp(2-+2M ) _(2p141) theories, respectively,
for M =1,2,..., while the gray dots denote the GFFT and free theory values from table 6.

Figure 1. Upper and lower bounds on the A (0227 OPE coefficient in terms of the stress-tensor co-
2,0

only because of the different value of A that was used, the lower bounds are qualitatively
different. Indeed, the N' = 6 and N = 8 lower bounds meet at % =0, 1, and at around
.71, where the N/ = 8 bound has a kink.!® At other values of %, the N = 6 lower bound
is significantly weaker than the N’ = 8 one, which suggests that it may be saturated by
N =6 SCFTs that do not have N’ = 8 SUSY.

Indeed, in figure 1 we also mark in red and orange the values of the OPE coefficients
computed analytically for the U(1)2p xU(1+M) _2pr and SO(2) 442X USp(2M +2) _2p741)
in egs. (3.26) and (3.41), respectively, and we see that these values do lie outside the V' = 8
region and come close to saturating the N' = 6 bounds. We chose to plot the exact results
for these particular theories because, of all the exact results that we computed, these ones
are the SCFTs in their respective families that come closest to saturating the lower bounds
in figure 1. The red dots are slightly closer to the lower bound than the orange ones, as can
also be seen analytically at large ey by comparing the 1/c% terms in (3.26) and (3.41). We
hence conjecture that, in the infinite A limit, it is the U(1)2ps X U(1 4+ M)_gps theory that
saturates the numerical lower bound. This is reminiscent of the N' = 8 case in [10], where
the U(N)a x U(N + 1)_5 theory was found to saturate the corresponding lower bound.

18This A/ = 8 kink was previously observed in [9, 11].
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To orient the reader about the spectrum of the superconformal block decomposition of
the (SSSS) correlator in the higher-spin limit, we list the low-lying CFT data for a parity-
preserving theory such as U(1)aps x U(1+ M) _gyy in table 12.19 The spectrum is similar to
that in table 6, except that the conserved multiplets combine with double trace multiplets
according to (2.54)—(2.56) to form single trace long multiplets whose scaling dimensions are
close to unitarity. Since these multiplets are single trace, their OPE coeflicients are O(c}l),
as opposed to all the other double trace operators whose OPE coefficients are O(c%). For
N = 6 SCFTs that do not preserve parity, all the scaling dimensions for any given spin
should appear in all structures.

4.3 Bounds on semishort OPE coefficients

Let us now discuss upper and lower bounds on OPE coefficients for isolated superconformal
blocks that appear in the (SSSS). (Recall that the isolated superconformal blocks are the
short and semishort superblocks in table 5 which do not appear on the r.h.s. of (2.54)—
(2.56).) Using the algorithm presented in (4.11)—(4.12), we determined such bounds as
shows in figure 2. In these plots, our A = 39 N' = 6 upper/lower bounds are shown in
black, and they can be compared to the A = 43 N' = 8 bounds computed in [10], which in
these figures are shown in blue. As in figure 1 discussed above, in all these plots, the N' = 6
and N = 8 lower bounds meet at around % ~ .71. Note that the N' = 6 upper/lower
bounds do not converge at the GFFT and free theory points yet, whose exactly known
values where listed in table 6 and are denoted by gray dots, which is evidence that they
are not fully converged. The exception is the bound on the OPE coefficient for (A, —i—)g(f;}@,
which is our most constraining plot.

In addition to the upper and lower bounds, in figure 2 we also plotted in dashed red
the values of the OPE coefficients as extracted from the extremal functional under the
assumption that the lower bound of figure 1 is saturated. As we can see, the extremal
functional values for the OPE coefficients come close to saturating several of the bounds
in this figure, but not all.

4.4 Bounds on long scaling dimensions

Lastly, let us show bounds on the scaling dimensions of the long multiplets. To find
upper bounds on the scaling dimension A* of the lowest dimension operator in a long
supermultiplet with spin £* that appears in (4.3), we consider linear functionals « satisfying

i 64
a(dig) + Ea(d(Bg)[fé”) =1,
i . [011] (4.13)
a(d;) > 0, for all short and semi-short I ¢ {Id, (B,2);4 '},
a(dy) >0, for all long I with A; > A},

where we set all A’ to their unitarity values except for A’,. If such a functional « exists,
then this « applied to (4.3) along with the reality of A\; would lead to a contradiction. By

19We only discuss single and double trace operators here, since higher trace operators have squared OPE
coefficients that are suppressed as c;” for n > 2 traces, and so would be very difficult to see numerically.

— 36 —



/12 [011] 2
(4,2) A
2,0 (AJ)E&‘”
55 U1y XU +M)_a p 788 U2 i xU(+M)-2
5.0 conjectured spectrum: conjectured spectrum:
7.6
4.5 T
7.4
4.0
7.2
3.5
7.0
3.0
6.8
2.5
16 66 16
0.0 0.2 0.4 0.6 0.8 1.0 ¢ 0.2 0.4 0.6 0.8 1.0 cp
2 2
Kz Kazyon
L 94
64 —— N=6 — N=6
’ N=8 3¢ N=38
r 920 UmxU(1+M)-2n
6.21 U(l')ZM XU+M)2 conjectured spectrum:
| conjectured spectrum: 91" —mmm
60 ==-- 9.0
| 8.9
5.8+
. I
R ———— o TS 16
0.2 0.4 0.6 0.8 1.0 cr 0.2 0.4 0.6 0.8 1.0 cr
2 A2
(CRSLR A5
6.5
— N=6 — N=6
2.6
— N=8 — N=8
2.4 U mxU(+M)_5 i 6.0+ U2y xU(1+M)_
conjectured spectrum: conjectured spectrum:
22F —---
5.5
2.0
1.8 16 16
0.2 0.4 0.6 0.8 1.0 ¢cr 0.2 0.4 0.6 0.8 1.0 cr

Figure 2. Upper and lower bounds on various semishort OPE coefficients squared in terms of cr,
where the orange shaded regions are allowed, and the plots ranges from the GFFT limit ¢y — oo
to the free theory ¢y = 16. The black lines denote the N/ = 6 upper/lower bounds computed in
this work with A = 39, the blue lines denote the N' = 8 upper/lower bounds computed in [10] with
A = 43. The red dashed lines denotes the spectrum read off from the functional saturating the
lower bound in figure 1, which we identify with the U(1)aps X U(1 4+ M)_ops theory. The gray dots
denote the GFFT and free theory values from table 6.
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parity-preserving higher-spin limit
Moty o +OT)
/\?sz)[;gﬂ 2+ O(cz")
)\?Aﬂ)ﬁz}]e for ¢ =0,1,2,... ? + O(c}l), % + O(C}l), % + O(C}l),
/\?A#)LT;]MH ] for ¢ =0,2,... 1@6 +O0(ch), %;lg L O(eh, ...
/\?A 1001 for ¢ =0,2,... 512 1 O(c7))
T 047/2,043/2
A?AUET?]’QQ,M 2 for £=0,2,... )
A1) 24+ 0(c;h), 4+ 0(cph), ...
Xo. 32 4+ 0(ez"), B8+ 0(cph), ...
A2 1+ 0(cph), 3+ 0(cph), ...
)\%072) % +O0(ch), 3% +0(czh), ...
Ags1, £ odd C4+1+0(cph), L+2+0(cph), L+ 4+ 0(ch), ...
A1, £ odd O(ch), O(%), O(c%), ..
Ars2,1), € even 0424+ 0(cph), L+4+0(ch), ...
)\%52271), ¢ even O(c%), O(%), ...
A(r>2.2), L even (4+14+0(cph), £+ 3+0(cph), L+ 5+0(ch), ...
/\%62272), ¢ even O(%), O(%), O(cY), ...
A2, { even (4+34+0(cph), L+5+0(ch), ...
/\?52273), ¢ even O(%), O(h), ...

Table 12. Low-lying single and double trace CFT data for a parity-preserving N' = 6 SCFT such
as the U(1)2as x U(1+4 M) 2 theory in the higher-spin limit. We write A, ,,) and )‘%z n) to denote
the scaling dimensions and OPE coefficients squared, respectively, of the superblock corresponding

to the structure Long[AOOl? b

running this algorithm for many values of (¢r, A’,) we can find an upper bound on A’ in
this plane.

Since for the long multiplets Long[Aoof | of even spin £ there are several superconformal

blocks (two for ¢ = 0 and three for ¢ > 2), we can ask what the upper bound on A is

independently for each superconformal structure Long[ﬁof ™ To be explicit, we denote by

A(g,n) the bound obtained from the structure Long[Aoof hn. (For odd ¢, we simply denote the

bound by Ay.).
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Figure 3. Upper bounds on the scaling dimension of the lowest dimension ¢ = 0 long multiplet in

terms of ¢y for the Long[Ao?éJ 11 superconformal structure, which for parity preserving theories has

the same parity as the superprimary. The orange shaded region is allowed, and the plot ranges from
the GFFT limit ¢ — oo to the free theory ¢y = 16. The black line denotes the N' = 6 upper bound
computed in this work with A = 39, the blue line denotes the N’ = 8 upper bound computed in [10]
with A = 43. The red dashed line denotes the spectrum read off from the functional saturating the
lower bound in figure 1, which we identify with the U(1)2ps X U(1 4+ M)_ops theory. The gray dots
denote the GFFT and free theory values from table 6.

For general N' = 6 SCFTs, the bounds for different n need not be the same, but we
do expect that a long multiplet Long[AO?f lin a generic NV = 6 SCFTs will contribute to all
superconformal structures and, if this is the case, the lowest dimension long multiplet must
obey all the bounds obtained separately from each superconformal structure. Since the
superconformal structures are distinguished by they parity P and Z charges (see table 5),
in an SCFT that preserves these symmetries, A, represents the upper bound on the
lowest long multiplet with the P and Z charges that correspond to the structure Long[g?eo lin
as given in table 5.

Our bounds on the scaling dimensions of long multiplets of spin £ = 0, 1, 2 are presented
in figures 3-7. The bounds on the first superconformal structure, namely Ay for £ =
0, Ay for £ = 1, and Ay ) for £ = 2, shown in figures 3, 4, and 5, respectively, are
relatively straightforward to understand: they interpolate smoothly between the values of
the corresponding scaling dimensions at the free A/ = 6 hypermultiplet theory at % =1
and the GFFT at % = 0. This is unlike in the A/ = 8 case where the upper bounds on the
scaling dimension exhibit kinks at g ~ .71.

The bounds on the other structures, namely Agq) for £ =0 and A3y and Ay 3) for
¢ = 2, are more subtle. Let us start discussing Aoy first. Recall that, as per (2.54), the
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Figure 4. Upper bounds on the scaling dimension of the lowest dimension ¢ = 1 long multiplet
(which has a unique superconformal structure) in terms of c¢r, where the orange shaded region is
allowed, and the plot ranges from the GFFT limit ¢ — oo to the free theory ¢ = 16. The black
line denotes the N' = 6 upper bound computed in this work with A = 39, the blue line denote
the A/ = 8 upper bound computed in [10] with A = 43. The gray dots denote the GFFT and free
theory values from table 6.

unitarity limit of the Long[AO?(? 1,2 superconformal block is precisely given by the (B, 1)[22780]
superconformal block, so what bound A 5y we find depends on what assumptions we make
about the possibility of having a (B, 1)[22780]
assume that there are no (B, 1)[22780]

multiplet appearing in the S x .S OPE. If we

operators that appear in the S x S OPE, then we
obtain the bound in figure 6. As we can see from this figure, the bound Ag2 smoothly

goes from the GFFT value 1 at % = 0 to the free theory value 3 at g = 1. This suggests

that it is possible for N'= 6 SCFTs to not contain (B, 1)[22’80} multiplets, and indeed the

U(1)apar x U(1 4+ M)_gp theory is an example of an A= 6 SCFT with this property.

For A(g2), the extremal functional result that we identify with the U(1)aps x U(1 +
M) _9ps theory, shown in red, is close to the unitarity value for large cp. This is suggestive
of an approximately broken higher spin current, as one generically expects for such vector-
like theories. For Ay and A(y ;) we do not yet have sufficient precision to accurately show
the extremal functional results. We would also expect to see approximately conserved
currents in A, but since it is single trace its OPE coefficient start at O(cz"), which make
it especially difficult to see from numerics.

In [9], it was shown that all N = 8 SCFTs with g < .71 contain a short multiplet

(namely (B,Q)[Q(?goo]) that upon reduction to N' = 6 includes a (B,l)[Q%go] multiplet —

see (D.4) for the reduction of N/ = 8 superconformal blocks to N/ = 6 ones. Thus, the
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Figure 5. Upper bound on the scaling dimension of the lowest dimension ¢ = 2 long multiplet in

[000]

terms of ¢y for the Long, superconformal structure, which for parity preserving theories has

the same parity as the superprimary. The orange shaded region is allowed, and the plot ranges
from the GFFT limit ¢ — oo to the free theory ¢y = 16. The black line denotes the A' = 6 upper
bound computed in this work with A = 39, the blue line denote the A' = 8 upper bound computed
in [10] with A = 43. The gray dots denote the GFFT and free theory values from table 6.

bound presented in figure 6 does not have to apply to N' = 8 SCFTs with 16 < .71. Indeed,
the upper bound determined in [9] on the lowest long multiplet Long[0 O] of an N = 8
SCFT, which upon reduction to A/ = 6 contributes to the Long[0 0],2

is given by the blue line in figure 6. Because for 1 5 < .71 this line lies outside the N=6
bound in figure 6, it follows that any /' =8 SCFT that saturates the N' = 8 bound must

superconformal block,

contain a (B, 1)[ 00 multiplet from the V' = 6 point of view.?’
For the A3y and A(2,3) bounds, we should recall that, at unitarity, the (A,O)[Aoogj
and (A,O)[golf)}r’f superblocks become (A, 1)&?50}/’21@&/2 and (A, I)Llfg}ﬂ (41/20 8 per (2.56).

Thus, the bound A(j ,,y, with n = 2,3 depends on what we assume about (A, 1)21)2]/’;;1/2.

Our first result is that if we assume that (A, 1)[71/020272 ! does not appear in the S x S OPE,

we find that the long multiplet bound is at the unitarity value A, ,) = 3, which implies

that the assumption that (A, 1)[71/020272_1 does not appear in the S x § OPE was incorrect.

20Tt may seem curious that in figure 6, at cr = 16, where the free theory has in fact N' = 8 SUSY, the

lowest operator (marked by a gray dot) that contributes to the Long . 000] 2 block does not obey the N' =8

[00

bound in blue. This is because in that case the Long, multiplet that gives the A/ = 8 bound is replaced

by an A/ = 8 conserved current multiplet (A, cons. )[10300 which no longer contributes to the Long[OOD The

gray dot in figure 6 instead comes from a Long[ 000] multlplet in N =8.
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Figure 6. Upper bounds on the scaling dimension of the lowest dimension ¢ = 0 long multiplet in
terms of c¢p for the second superconformal structure Long[Ao?g ]’2, which for parity preserving theories
has the opposite parity as the superprimary. The orange shaded region is allowed, and the plot
ranges from the GFFT limit ¢ — oo to the free theory ¢z = 16. The black line denotes the N’ = 6
upper bound computed in this work with A = 39, the blue lines denote the N' = 8 upper bounds
computed in [10] with A = 43. At ¢; = 16 the A/ = 8 upper bound does not apply, as the N' = 8
superblock becomes a conserved current that does not decompose to Long[g?g 12 The red dashed
line denotes the spectrum read off from the functional saturating the lower bound in figure 1, which
we identify with the U(1)aps x U(1 4+ M)_op theory. The gray dots denote the GFFT and free

theory values from table 6.

Thus, all ' = 6 SCFTs must contain (A, 1)[71/020}3 /2 multiplets! This is consistent with the
[0020]

result in [9] that all A" = 8 SCFTs must contain an A" = 8 (A,2)3;" multiplet, which

reduces to the (A, 1)[71/020]3/2 N = 6 multiplet as per (D.4).

Next, we can derive revised bounds A, with n = 2,3, under the assumption that

the S x S OPE contains the (A, 1)[71/020272_1

found that the bounds A, are slightly above 5 for all ¢, with little dependence on cr.

superblocks. As we can see from figure 7, we

This is consistent with the value at both GFFT and free theory. For comparison, we also
showed the second lowest operator for A/ = 8 theories, which corresponds to the lowest
long spin 2 V' = 8 operator.2!’ 'We do not show any extremal functional results for these
plots, because we do not yet have sufficient numerical precision.

211t may again seem curious that at cr = 16, where the free theory has ' = 8 SUSY, the gray dot does
not obey the A/ = 8 bound. At exactly the free theory point, this N’ = 8 operator becomes a conserved
current which no longer decomposes to a parity odd N' = 6 long multiplet, which is why the N = 6 free
theory value of the second lowest operator, denoted by the second lowest gray dot, does not coincide with
the % — 1 limit of the ' = 8 upper bound.

— 492 —



A p) A3

: 16 16
0.0 0.2 0.4 0.6 0.8 1.0 ¢t 0.0 0.2 0.4 0.6 0.8 1.0 ¢t

Figure 7. Upper bounds on the scaling dimension of the lowest dimension ¢ = 2 long multiplet
in terms of ¢p for the Long[g%0 12 (left) and Long[goz0 13 (right) superconformal structures, which for

parity preserving theories have the opposite parity as the superprimary, and for Z preserving theo-

ries has the same charge for Long[AO?g 12 and the opposite charge for Long[gog I3 The orange shaded

region is allowed, and the plot ranges from the GFFT limit ¢ — oo to the free theory ¢ = 16.
The black lines denotes the N' = 6 upper bounds computed in this work with A = 39, the blue lines
denote the A/ = 8 upper bounds computed in [10] with A = 43. At ¢ = 16 the N/ = 8 upper bound

does not apply, as the N' = 8 superblock becomes a conserved current that does not decompose to

Long[AOOS 2 or Long[AOOQ0 13 The gray dots denote the GFFT and free theory values from table 6.

4.5 Islands for semishort OPE coeflicients

In the previous subsection we discussed numerical bounds that apply to all 3d N/ = 6
SCFTs. In particular, we noticed that the upper/lower bounds on (A, +)£(-)22]e for ¢ =
1/2,5/2 were extremely constraining. This implies that for a given value of ¢p, we could

find a small island in the space of (/\?A oo /\?A ylo0z) ) using the OPE island algorithm
572,12 "T9/2,5/2

described in the previous subsection. We can make this island even smaller, and correlate

it to a physical theory, by imposing values of ¢y and )\?B 2022 computed using localization

4)2.0

in section 3. We show the results of these plots for U(N); x U(N)_y for a variety of N,k
in the figure 8. Note that the islands are small enough that we can distinguish each value
of N and k, which allows us to non-perturbatively interpolate between M-theory at small
k and Type IIA at large k.

One difficulty with trying to fix a physical theory by imposing two exactly computed

quantities, ¢y and )\?B 022l is that the most general N' = 6 ABJ(M) theory has gauge
4)2.0

group U(N)g X U(N + M)_j, and so is described by 3 parameters N, k, M. While for phys-
ical theories these parameters should be integers, we expect that the numerical bootstrap
should find theories with any real value of these parameters, so we are effectively trying to
parameterize a 3-dimensional space of theories. Since we are only imposing two quantities,
these islands are expected to have a finite area even at high numerical precision correspond-
ing to the third direction in “theory space”. Thankfully, this third direction appears to be
very small. We can quantify this by fixing N = k = 10 and computing islands for several
different values of M < k/2 = 5. As shown in figure 9, the island is not very sensitive
to the value of M < N, which explains why we were able to get such small islands in a
3-dimensional conformal manifold by just imposing two values of the parameters.
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Figure 8. Islands in the space of the semi-short OPE coefficients /\? A pylo0 /\?A ooz (to be de-
»T)s5/2,1/2 »T)9/2,5/2

fined precisely later) for U(N) x U(N)_ ABJM theory for various N, k. These bounds are derived
from the V' = 6 bootstrap with A = 39 derivatives, and with the short OPE coefficients (i.e. ¢z and

)\?B 2)[022]) fixed to their values in each theory using the exact localization results of [9] for N = 2,3, 4
»4)2,0

as shown in table 9 and the all orders in 1/N formulae in [10] for N = 10 as shown in table 10.

5 Conclusion

In this paper, we have three main results. Firstly, we setup up the conformal bootstrap
for the stress tensor multiplet scalar bottom component four-point function (SSSS), by
computing the superblock decomposition and deriving the four independent crossing equa-

tions. Secondly, we computed both c¢p and the short OPE coefficient squared /\?B 2022
4)2.0

using the supersymmetric localization [53] formula for the mass deformed free energy in
both the U(N); x U(N + M)_j and SO(2)ax x USp(2 + 2M)_;, ABJM theories for a wide
range of N, k, M, including the exact results for the vector-like limit N = 1 and arbitrary
k, M, which extends the all orders in 1/N results for the M < k < N case [10]. Finally, we
combined all these ingredients to non-perturbatively study the ABJM theories. In particu-

lar, by inputting the exact values of ¢ and )\?B 2022 for a given k, N and M = 0, we found
»#)2.0
precise rigorous islands in the space of semishort OPE coefficients that interpolate between

M-theory at small k£ and type IIA string theory at &k ~ N. We also conjectured that in the

infinite precision limit, the numerical lower bound on )\?B 2022 is saturated by the family of
»%)2.0

U(1)2ps X U(14M)_ops theories, which allowed us to non-rigorously read off all CFT data in
(SSSS) using the extremal functional method. Interestingly, in the regime of large cp, we
found a spin zero long multiplet whose scaling dimension approaches a zero spin conserved
current multiplet at large cp, as expected from weakly broken higher spin symmetry.
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Figure 9. Islands in the space of the semi-short OPE coefficients )\?Aaﬂéo/o;,]l/z’ A?A7+)éo/02%]5/2 for

U(10)10 x U(10 + M)_10 ABIM theory for M < k/2 = 5. These bounds are derived from the

N = 6 bootstrap with A = 39 derivatives, and with ¢y and )\?B 2)l022] fixed to their values in each
72,0

theory using the all orders in 1/N localization formulae in [10] for N = 10. Note that the axes
describe a very narrow range in parameter space.

There are several ways we can improve upon our 3d N' = 6 bootstrap study. From
the numerical perspective, it will be useful to improve the precision of our study. This is
parameterized by the parameter A defined in the main text. While we used A = 39 in this
work, which is close to the A = 43 values used in the analogous N' = 8 studies [10, 12],
for ' = 6 this value has not led to complete convergence. For instance, we found the
lower bound ¢y > 15.5, compared to the NV = 8 result c¢p > 15.9; both are expected
to converge to the free theory ¢y = 16. More physically, we expect that approximately
conserved currents should appear in the extremal functional that conjecturally describes
the U(1)2as x U(1 + M)_aps theory. We found such an operator in the zero spin sector
as shown in figure 6, but do not yet have sufficient precision to see them for higher
spin. The main obstacle to increasing A at the moment is not SDPB, which due to the
recent upgrade [81] can easily handle four crossing equations at very high A, but simply
the difficulty in computing numerical approximations to the superblocks at large A. In
particular it would be extremely useful to have an efficient code for approximations of
linear combinations of conformal blocks with A dependent coefficients around the crossing
symmetric point. Currently the code scalar_blocks code, found on the bootstrap
collaboration website,?? is only able to efficiently compute single conformal blocks.

*2This code can be found at https://gitlab.com/bootstrapcollaboration /scalar blocks/blob/
master/Install.md.
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From the analytical perspective, it would be interesting to derive the 1/cr corrections
to (SSSS) for ABJ theories in the vector-like limit, such as for U(N)g x U(N + M)_j
at finite N and large M,k with fixed M/k. This would complement the order 1/cp cor-
relator that was computed in the supergravity limit in [82] and was successfully matched
to numerical bootstrap results in [83]. We expect that the vector-like correlator can be
computed by generalizing [84, 85] to N' = 6, and hope to report on these results soon in a
future publication.

We could also make further use of localization to improve our results. In this study we

were only able to impose two analytic constraints, ¢y and )\?B 0221 while ABJM is param-
»%)2.0
eterized by three parameters N, M, k. For this reason there are not enough constraints to

uniquely pick out a single ABJM theory and so we should not expect our islands to shrink
indefinitely as we increase A. We think this is the reason why the islands shown in figure 8,
while small, are still much bigger than the N' = 8 islands computed in [12]. Localization
conveniently provides us a third quantity given by four mixed mass derivatives of the mass
deformed free energy, which as shown [61] is related to an integral of (SSSS). While this
integrated constraint can be imposed analytically in a large N expansion as in [61, 75], it
is not yet known how to impose it on the numerical bootstrap in our case. Perhaps the
method used in [86], where a similar integrated constraint was successfully imposed on the
numerical bootstrap of a certain supersymmetric 2d theory, could be applied to our case.
Another option would be to look at a larger system of correlators involving fermions. This
would allow us to impose parity, which would restrict the set of known N = 6 SCFTs to a
few families such as U(NV) x U(N)_j parameterized by only two parameters each.

Once we can fully fix the three-parameters ABJM theory, it would be interesting to
see if we can match integrability results computed for the lowest dimension singlet scaling
dimension in the leading large N 't Hooft limit at fixed At goot = N/k and M = 0. On the
integrability side some results are available, for instance, in [87, 88]. On the localization
side, we would need to compute the derivatives of the mass deformed free energy in the 1/N
expansion at finite A rooft- In fact, the zero mass free energy has already been computed in
this limit in [89] by applying topological recursion to the Lens space L(2,1) matrix model,

?B p)lo22 should correspond to just computing two- and four-body
»4)2.0

operators in this matrix model. This could potentially lead to the first precise comparison

so computing ¢y and A

between integrability and the numerical conformal bootstrap.

Finally, it would be interesting to consider the superconformal block decomposition
of other correlators involving operators which are less than half-BPS but still have scalar
superprimaries, which makes them feasible to numerical bootstrap. For instance, in N’ = 4
theories the stress tensor multiplet is only 1/4-BPS but still has a scalar superprimary.
Similarly, while conserved current multiplets are half-BPS for N' = 4 theories (and were
studied using the numerical bootstrap in [18]), for N' = 3 theories they are 1/3-BPS and for
N = 2 theories are only 1/4-BPS. Many localization results exist which could be applied
to these cases, including N = 4 results computed in [90].
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A Multiplets with only 15s and 1s in the S X S OPE

In the main text we were able to restrict the possible superconformal blocks where operators
in the 84, 45, 45 or 20’ are exchanged. This leaves us to consider superblocks where the
only exchanged operators are in the 1 or 15. We will analyze this possibility using the
superconformal Ward identities.

Let us fix some supermultiplet M and define

SMUVY= Y anegadUV) (A1)
(A, r)eM

to be the contribution from s-channel M exchange to Sp(U, V). The superconformal Ward
identities apply to each superblock independently, and so SIQM) (U, V') must satisfy the Ward
identities (2.10). If we demand that no operators in the 84, 45, 45 or 20’ are exchanged,
we then find that

U2y (ST + 850 + [2UWU + 2V = 2)0y +4UVay — 2(V ~ 1) Sj50) =0

(A.2)
Uy (SP + SUY) + [—avdy — 20dy +2) LY = 0.
To make further progress we can consider the correlator
1S
(S(T1, X1)S (T, X2) P(T3, X3) P(T1, X4)) = ——1 > P'(U,V)B;, (A.3)
12734 ;5

where B; are defined as in (2.4). The Ward identities relating P*(U, V) to S*(U,V) have
been computed in [61]. Note that because both S and P transform in the 15 of s0(6),
the correlators (SSSS) and (SSPP) have the same R-symmetry structures. Since we are
interested in s-channel conformal block expansion, we are led to define Pp(U,V) in an
analogous fashion to Sy (U, V) in (2.8).

If s-channel exchange of M only contributes to the 1 and 15 channels in the (SSS.S)
correlator, this must also be true of (SSPP) and so

M M M
Pio (U, V) =PV (U, V) = Pg (U, V) = 0. (A.4)

Combining this with (A.2) and the Ward identities derived in [61], we find that

DS (U, V) = DS (U, V) = DSV (U, V) =0, (A.5)
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where D is the differential operator
D =2U%0} +2(U+V —1)0ydy + 22UV +Udy + (1 +2U —V)dy . (A.6)
Our next step is to rewrite the cross-ratios (U, V') using radial coordinates (r,7)

1612 (1472 —2rn)?
(14724 2rn)2’ (1472 +2rn)? (A7)

Conformal blocks have a relatively simple form in radial coordinates:

gne(r,m) =12 "1 pa (), (A.8)
k=0

where each pa ¢ (1) is polynomial in 7 [91]. In particular, the leading term is given by

paeo(n) = Pi(n), (A.9)

where P, () is the n'" Legendre polynomial. Since SM) (U, V) is the sum of a finite number
of conformal blocks, we expect that

S, V) =12 (ar(n) + O(?) (A.10)

for some polynomial ¢,(n).

Let us translate (A.5) into radial coordinates:
[7“2(7“2 - 1)(‘93 + 2130, — (2 = 1)(n? — 1)8,27 —2(r% — 1)170,7} SﬁM)(r, n) =0. (A.11)
Substituting (A.10) into this equation we find that g, (n) satisfies Legendre’s equation

(1= n7)ql(n) — 2n4z(n) + A(A = 1)ge(n) =0. (A.12)

Hence gr(n) is a polynomial if and only if A € Z, in which case ¢r(n) = aPay1(n) for some
arbitrary constant a. Since unitarity implies that A > 0, we conclude that SﬁM)(r, n)
includes a contribution from either an operator with twist A — ¢ = 1, or else from the
identity operator A = ¢ = 0.

Any operator in a superconformal multiplet has twist greater than or equal to the
twist of the superconformal primary. Thus if M is not the trivial supermultiplet then
its superconformal primary must have twist one. Examining table 2, we see that aside
from the stress-tensor multiplet the only other such multiplets are conserved currents: A-
type multiplets whose superprimary is an R-symmetry singlet with conformal dimension
A = ¢+ 1. We conclude that any superblock in which the only exchanged operators
transform in the 1 or 15 must correspond to the exchange of the trivial, stress-tensor, or
a conserved current multiplet.
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B Superconformal algebra

We follow the conventions of appendix B of [9] for both the conformal and superconformal
generators. In particular, the commutation relations for the conformal generators are

(M

= 0.0 Pos + 64 Poy — 6P,

Pys]
(M, ’ KWS] —SJKP —5OKPT 45 PR
M7, M,Y]: SoMS +6P M),
(B.1)
[D, Paﬁ]
[D, K] =
(K8, Pyg) = 45 M f" +46385D.
In radial quantization, the conjugation properties of the conformal generators are
(Pap)' = K7, (Kap)' = P9, (B.2)
(M)t = Mg>, DI =D. '
The extension of the conformal algebra to the 0sp(AN]4) superconformal algebra is given
by
{Qar,Qps} =26,5Pag {8,809} = —26,, K7, (B.3)
K, Q0] = —i (5a56 5755‘;5) . [Pag, S =—i (5JQ5T +5ng) : (B.4)
1
MP.Q., zéﬁQM——dﬂQ - MP S =—-675%+-6587, B.5
[e] Y Y 9 a Y a T a™~r 2 ar~r
1 1
[DaQar]:§Qar7 [Dwg?]:—gs?, (B'6)
[Rr57Qat] :i((s’rtQas_(ssthcr) y [RT’S7SC;] :i(értsg_éstsg) 5 (B7>
[Rrss Rew) =i (64 Rsu ) , {Qur, S5} =2i (65 (ML +6.D) —i6) Rs),  (B.8)

where R,s are the anti-symmetric generators of the so(N) R-symmetry. In addition
o (B.2), we also have the following conjugation properties:

(Qar)' = —iS?, (ST = ~iQuar
(RT‘S)T — Rrs .

(B.9)

C Characters of osp(6[4)

In this section we will review the character formulas of o0sp(6]|4), which were computed
in [28], as well as their decomposition under osp(6[4) — s0(3,2)@s0(6). This decomposition
was used in section 2 to determine which conformal primaries reside in each supermultiplet
appearing in the S x S OPE.

The 0sp(6|4) characters are defined in terms of the quantum numbers and generators
given in section 2.2 as

2D 2J3

X(A;j;r)(37$7y) = TI'R(A;J,M (8 y y y3 ) . (Cl)
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Their explicit form for the multiplets we consider are

A+ 2A
XA (5:2:9) =5 P(s,2)
2 1
x> Y sutetestatety e e ras (T)
a1,a2,a3=0a1,a2,a3=0
3
X (HXjai (ﬂ?)) X(r+a1—a1,r-+az—az,tr+asFaz) (¥); (C.2)
i=1
B7+ 2A
XEA;O;?",TJ)(S"'L"y):S P(S,IL‘)

2 3

X Z ST (ijai (:B))X(r—al,r—azﬂ‘—%)(y)’ (C.3)

ai,a2,a3=0 i=1

(Ajn) )(S,IE,y)ZszAP(S,CC)

X(AG5T1 o1 T 1T
2 2 1
Y >, D

a1,a2,a3=0an+1,...,a3=0a1,...,an=0

x gt taztaz+ai+aztas X2+ (x)

3 3
><( I X, (w)) (ng‘ai (@)

i=n-+1
XX(r1+¢_11—a1,7”2+¢_12—a2,7"3+ﬁ3—a3)(y)v (C'4>
B, 2A
XEA;g;)rh...,ruTnH 5oesT'3) (s,2.y)=s""P(s,x)

2

3
% Z Sa1+a2+a3+&n+1+~~+63( H ij(x))

a1,a2,a3,adn41,...,a3=0 1=n+1

3
X (HXJ ($)>

XX (11 =010y T1 =y Tr 1 +Gn 41— g1y, T3 +33 —a3) (y)?

(C.5)

where the long multiplet corresponds to (A4,0), we define j, = a (mod 2), the su(2) and
50(6) characters are

Pl i1

Xj(m) - z— o1 ) (06)
det {yZ‘j+3—J + yi—fj—3+j} + det [y:j+3—j _ yi—rj—?)ﬂ}
Xr(y) = 1 1 ) (07)
21hi<icj<s(Wity; —yj—y; )
and the function P(s,z) is related to the so(3,2) character and takes the form
1 - 2n
P(s,z) = 4 > 8" xan() . (C.8)
n=0
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Type (A, 0) s0(8)p irrep | spin £ | BPS
(B, +) (2,0) | 294, =1[0040] | O | 1/2
(B,2) (2,0) | 300=1[0200]| O | 1/4
(B, +) (1,0) 35.=1[0020] | O | 1/2
(A, +) (0+2,0) | 35.=1[0020] | even | 1/4
(A,2) | (¢+2,0) | 28=1[0100] | odd | 1/8
Long A>l+1 1 =[0000] | even 0
(A,cons.) | (£+1,¢) 1 =1[0000] | even | 5/16

Table 13. The possible superconformal multiplets in the S xS OPE. The s0(3,2)®s0(8) g quantum
numbers are those of the superconformal primary in each multiplet.

The products of the su(2) characters in (C.2)—(C.5) are easily transformed into sums of
such characters by decomposing su(2) tensor products. After doing so, we see that (C.2)-
(C.5) become sums over s0(3,2) @ s0(6) characters, as desired.?

D Decomposing N = 8 superblocks to N' = 6

In this appendix we discuss how the superblocks that appeared in the four-point function of
the N = 8 stress tensor superprimary S decompose into the N' = 6 superblocks discussed
for (SSSS) in the main text. This serves as both a consistency check of our N' = 6
superblocks, and also allows us to translate the A/ = 8 numerical bootstrap results of [9—
12] into N' = 6 language, which we will use to compare to the N' = 6 results in section 4.
S transforms in the 35, of the N' = 8 R-symmetry group SO(8), which decomposes to
SO(6) x U(1) as

35 — 150 @ 102, @ ﬁ_g s (D.l)

so S decomposes to S as well as the superprimaries of the multiplets (B, +)(1)?(§] and (B, —|—)(f?02
that are charged under U(1). Since we are only interested in correlators of S, we will always
restrict to U(1) singlets when decomposing from A = 8 to N' = 6 in this appendix, which
we will denote using an arrow instead of an equality.

The A = 8 multiplets that appear in S x S are listed in table 13.24 We can decompose
the characters for these superblocks, as computed in [11], into the characters of the N' = 6
superblocks as computed from the previous appendix to get the following decomposition

23Sometimes the s0(6) characters in (C.2)—(C.5) appear with negative Dynkin labels. One can then try
to use the identity

X (1) = ()" “xe (),

to obtain a character with non-negative Dynkin labels. In this identity w is an element of the so0(6) Weyl
group Sy, 1 = w(r+p) — p is a Weyl reflection, p = (2,1,0) is the Weyl vector, and (—)*“)
of the Weyl transformation. If there is no Weyl transformation such that r* correspond to non-negative

is the signature

integer Dynkin labels, then x, = 0.
24Tn [11], the long multiplet was denoted as (A, 0).
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of multiplets:

(B, = (B.2)F",

(B.+)50"" = (B.2)557,

(B,2)55"" = (B.2)Y @ (B.1)5) @(4,2)5 @ (4,050,

(AH) it = (A e o1 2@ (A o) 41/ B (A2 B (A,2) e

(42057 = (42 el e2x (A, ) e (A0, e (4,005,

Longxy —Longxy @Longi . &2 x Longyy) & Longi g ¢ &Longiers .
(A,cons.)gfgf)g — (A,cons.)gff}z@(A,cons.)gfg’]zﬂ, (D.2)

where 2x denotes that the multiplet appears twice.

The N = 8 stress tensor correlator was written in [11] in the basis

(S(Z1,Y1)S(Z2,Y2)S (%3, Y3)S (%4, Y2))
1 __ _ _
= 2 | SO V)Y + S2UV)YigYa, + S3(UV)YiaYas

+ SYU,V)Y13Y14Ya3Yay + S3(U, V) Y12Y14Yo3Y34 + SC(U, V) Y12Y13Y24 Va4 |

(D.3)

where Y are so(8) null vectors. As shown in section 2.7.1 of [61],% this decomposes to the
N =6 basis in (2.3) as

{S1,8%,83,54,85,56} — {S* 52,853,458 ,48°,45%} . (D.4)

Finally, we can decompose the explicit A/ = 8 superblocks & il d2d3ds] (U, V) given in [11]
AL
into the A/ = 6 superblocks ®M[d1d2d3] (U, V) given in the attached Mathematica file in the
AL

#5This was for a basis of SO(8) matrices X, but as noted there its the exact same decomposition for the
basis of Ys.
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supplementary material to get

&

& 0020] —— (B, )

1
(B0 4
& 1
0040] —>4

(B2 sz

4
(B, 2) (A,2)[2011 35®L g[000 1 t+— Q5( )200],

1 (4+£)? 1424

& —-& —_ —&
(A, +)£€220e] 4 (4 2)52321 o (5420)(T+20) (A, 2)e(£§]z+1+4+25 (A4, +)LO+2§]/2 412

& _>_1(;5 ﬂ@ L@
(A5 4 ARL, T (3120 (5+20) AL 3440(240)  Long Y,

—&6 _ﬂg —-®
(T+20)(9+20) Longl i 9430 (A yrn  ADER Ly

A(0—1)2 (= A+L+1)(A+0)

1
& 0200] —> 6

(B2)l2 022]+ (’5

®Long00 ™ Crong 0 T BTy 2l 1) (1= B) (A4 1) DLonel
AN(=A+0+1)(A+0) A(—A+L+1)(A+0)

[000],2 [000],3

3(A+2)(5—A)(A+€+1)®LongA+1,e+ (f—A)(A—i—f—i—l) LongA 7
A () (A (A2)

(20+1)(2043) (A+0+1) (A+e+3)  LongRY
4(A+4)%(—A+L+1)(A+E) &

(2A+5)(2A+T7) ((—A)(A+L+1)  Longlshy

(cons ) 179 7 O aconn) 17,7

(A,cons.)gfg’]g+1’ (D5)

where for & foooo we should ignore the & 00y and & (o003 terms on the r.h.s.,
Long, ¢ Long, /7 4 Long, 117

1
and rescale &, ong [000] 2 by & T2

E Simplifying the S§2 partition function

In this appendix we describe how to simplify the S® partition function for various ' = 6
theories. In section E.1 we consider the U(N); x U(N + M)_g, and in section E.2 we
consider the SO(2)g; x USp(2+2M)_gi, theory. We close by demonstrating that additional
U(1) factors do not change the S partition function

E.1 ABJ theory
We will begin with the generalization of (3.11) to the case of two mass deformations m4:
ZM,N (g, M) (E.1)

e IR 2 VO T, dsinh® [ (s — 1)) TTacy 4sinb? [7(ve — )]
[l; o4 cosh [m(pi — va) + Z5+] coshlm(p; — va) + =5 ’

which we aim to simplify from 2N 4+ M integrals to an expression with merely IV integrals.
To achieve this we will follow the methods of [77] which considered the special case my =

— 53 —



m—_ = 0. We are ultimately only interested in computing Z up to an overall normalization
constant Zy which is independent of m.
Our first step is to use the determinant formula:

. 2sinh ©oH 2sinh Yoz e NAM al
H7,<j 2 Ha<b 2 — H eiéMxi H Q%Mya det (A(x7 3/)) (Ez)

Ti—Ya -
Hi,a 2 cosh 2 i=1 a=1

where A(z,y) is the matrix

On,i N+M+1/2—)y; L izy
Aijj(z,y) = ————— + e(N+M+1/ ])ylG-NH, where 6, ; = , (E.3)
K 2 cosh % ]’ " 0 otherwise

which is proven in [77] by using a generalization of the Cauchy determinant formula. Ap-
plying this formula with z; = 2wu; and y; = 2wy; + mm_, we can rewrite (E.1) as

N+M
ZyuNg(my,m_) = (N+M)!e_%MN(m++m*)/dM+N Ny H ek +2Muj)

ﬁ erlikvitaMve) NﬁM 2(N+M—§)+1)
Y _ e i)y (E.4)
2= 2cosh (7 (pta — va) + T*] =N
M ON,o(i) N+M—c(i
% Z sgn o) H ﬂ—m + 6(2( + 70(1))+1)7r,ui00_(i),N+1 7
perms o i=1 2 cosh |:7T( (7,)) — :|

where the sum over o is a sum over all permutations o (i) of N + M elements.
We next take the Fourier transform of the coshines

1 Lo et o
2cosh(mp) ;/_oo v 2cosh(x) (E-5)

The p and v integrals then become Gaussian and can be easily performed. We thus find
that

Znnyp(may,m_) oc e 2 MNmetm-) (E.6)

— 2 20(Ya=Yo(a)+ 2 M (Ya—Yo(a))Fi(Tam s +yam )

N
_1)° dN g gN+M € hm
Xza:( ) (/ B yg 4 cosh(z,) cosh(y,)

X H [71'6 T (Nty—1)? d(y+im(N+M+1/2— l))eﬁyler%(N“/Z—l)%(l)} ) .

So long as 2M < |k| + 1, we can integrate over z;, leaving

e%M(ya “Yo(a) )+iyam—

ZM,N,k(m+, _)xe~ FMN(my+m-_) /dN+M _
a1 dcosh | Xgelel T [cosh(y,)
N+M ) . L
X H [ﬂe_T(N-Fg—l) 5(yl+m(N+M+1/2_l))eﬁyl+E(N+1/2_z)ya(l)}. (E.7)
I=N+1
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After a change of variable y, — y,/2 and judicious use of the equation Y-, ya = 3, Ys(a)
we find that

N Lyam_
s 2
7 - —ZMN(mi+m-) N (_q a/dN+M e
MN k(M m_) oce ;( ) 3/1;[12(:08}1[%@]
N+M i N 1 l2 7 2_ M
< |] [we‘?( +27D 5(yl+i7r(N+M+1/2—l))emyl_Tyl} (E.8)
I=N+1
O, L(N+M+1/2-1)y;
><det< ’ —|—6k( +M+1/ )yJQZN_H .
yj—yit+tkrm )
2cosh # =+
Applying (E.2) again, integrating over ynyi1,...,yn+nm, and then performing a final

change of variables y, — 2my,, we arrive at our final expression

Zm,N (M, m_)

us
—§MNm, ZO

e sinh? 7r(yakfyb)

N
= y
cosh’V ™2+ / 2 cosh {w + W”Tﬂ cosh [w _ TW;H}

o 7 (ya+i(1+1/2)) (E.9)
N eiwyam_ M—1 sin k
X H H )
aoh | 2cosh(mya) cosh [w(ya+ig+l/2)) B W;u]
Equation (3.12) in the main text is simply the special case of this where we set m_ =m

and my = 0.

E.2 SO(2) x USp(2 + 2M) theory

In this section we shall reduce the SO(2)9; x USp(242M ), sphere partition function (3.29)
down to a single integral. As in the previous section, we will work with a slightly more
general partition function

Zng(my,m_) /dudMueQ’Tik(“LZan) (E.10)

[1, sinh? (2714) [1,<p sinh? [7(vg + 1)) sinh? [7 (v, — vp)]

>< )
Hb cosh 27r(,u—1/§)—|—7rmJr cosh 27|'(/_L+V§)+7Tm+ cosh 27r(,u—1/g)+7rm, 27r(,u+1/§)+7rm,

cosh

where we have two mass deformations my. We follow the derivation in [80], which
considered the special case my = m_ = 0. They however consider the general
SO(2N) x USp(2N + 2M) theory, while here we only focus on the N = 1 case, for which
the manifest N' =5 SUSY is enhanced to N = 6.

To ease comparison with [80], we rewrite (E.10):

2

Znrg(my,m_) /du dMHLy etz (=20, V) (E.11)
[1, sinh? %” [Toct sinh? 7”“2'%”}’ sinh? 7”“2_’;”}’

[ cosh (“;;:" + %) cosh (“;}:b + 7";*) cosh (“;f:b + m;‘) cosh (“;ﬂ”b + 7”;“)

X
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with k = 2k. Next we use the Cauchy-Vandermonde determinant, given in (2.6) of [80]

sinh % ‘|
va /,L+l~€7rm++ua
cosh “HET™ . (E12)

by,

a Vb l s
ptkrm
= det cosh o
{sinh Z }
k lp=1,. M

[1, sinh % ], sinh ”“'E”b sinh 2~
+k7rm+ cosh ,u,+ub+k7rm+

)
[y cosh =57 2%k

We can simplify this expression by introducing canonical position and momentum operators
G and p which satisfy [§, p] = 2mik. We denote the § eigenstates by |v), and introduce states

|b]] such that
(E.13)

2sinh 2% = [[b|va) ,

allowing us to simplify the lower block of (E.12). The upper block can be simplified using

the Fourier transform, giving us (2.9) of [80]
Sinh Yo ipm 1 N

= k gy ———— (ule = - 1L |Va) (E.14)

prkrmmy—v, prkmmi+v, i p

cosh % cosh o sinh §

We then follow [80] in performing similarity transforms
) = T ) a) TR () (E.15)
so that (E.10) becomes
(E.16)

iﬁm+
{<,u’€ ! smhp |Va

x / dp dMH1y det
[[lem2” [va)

M )
H e 47qu e 471'kp |1/1 H |6_ﬁq26_4wk|ya+1>
a=1

ZM,k(m+, m—

i A2 ipm_
47rkq 4

647';'kp e
< Gu 2sinh p

We can now apply (2.12-5) of [80] to simplify the matrix elements, but with the modification

~ im_p
i 2 ibm_ i mke 2
e wrt e mn?” lv1) = m(fs(/ﬁ—’/l)—d(#‘f"/l)),
(E.17)

i
<lu,’e47rkp einkd e 1
2s1nhp

— 56 —



and so find that

[1, sinh % [],, sinh Yatlh ginh Ya—b

Z(my,m_) oc/d,udMHV - 2k - 2k
[T, cosh £= Vb+k T+ cosh £ +Vb;rk T+
im_p
e 2 5(u—v1) .
X —r I | 0(Vm41 — 2mim)
3 23
sinh 5 el

im_p

1 ez sinh [4]
08 h 7rm+ /d/‘l’ . h E ﬂ 7rm+
cosh 5+ sinh [£] cosh [ + 75+]

5
[T}, sinh [“Hm] sinh [%k’”l}

Hl | cosh {,u+2ml + 7r7721+} cosh {,u 2ml 7rm+}
+

1 / ™=+ cosh [5E] cosh [T&
> osh = sinh [mp] cosh [BF + o }

(E.18)

]

M sinh {w}
>< .
1= cosh [w + TrmTJr}

and this completes the derivation.

E.3 Additional U(1) factors

In this section we shall show that given an N' = 6 Chern-Simon gauge theory with gauge
group G = SU(N) x U(N + M) or G = USp(2 + 2M), the S? partition function for the
theory G' x U(1)” is equivalent to that of the theory G x U(1), up to an overall constant.
To this end we note that the mass-deformed S partition function for the G' x U(1)¥ can
be generically written as

Zaxuyt(mg, m-) = /Xm o dxy € D KerXeXo 7o (m 4+ 2g - x,m- +2q - x), (E.19)

where K is the matrix of Chern-Simons levels for the U(1)s ¢ = (q1,...,q5) are the
charges of the (bi)fundamentals under each U(1), and Zg(my,m_) is the S partition
function for the theory without any U(1) factors. In order for G' x U(1)" to have N’ = 6
supersymmetry, Ky, and g, must satisfy the condition

Z Kab(]aQb = !

= E.20
2 o (E.20)

for some G dependent constant kg, where K is the inverse of Ky [39].
To simplify (E.19), we first perform a change of basis of x, such that ¢, = (1,0, ...,0).

Because K is symmetric, we can then perform a second change of basis to x2,..., X, SO
that K, take the form
K1 K20 ...
Ky 1 0...
Ka=1"0 o 1. | (.21)
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We can now integrate over xa,x3,... leaving us with
Zaxuayr(my,m-) o« /dX1 ei”(K“_K%Q)XZZg(m+ + 2x1,m— +2x1), (E.22)
We then note that, in this basis, the condition (E.20) becomes:
Ky — Ky = kg, (E.23)

and so
; 2
Zgxu@yr (my, m-) o« /dX1 ™ Zg(my 4 2x1,m- + 2x1) - (E.24)

We now simply recognize the right-hand side of this equation is the partition function for
the G x U(1) theory, and have hence shown what we set out to prove.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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