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ABSTRACT

In this thesis, we give a complete calculation of the coefficients of ordinary equivariant coho-
mology with constant coefficients, graded by the real representation ring of a finite group, where
the group is the dihedral group of order 2p for an odd prime p, and when the group is the quater-
nion group. Another independent topic will be equivariant complex cobordism. We calculate the
coefficient ring of homotopical equivariant complex cobordism for the symmetric group on three
elements. We also study the relation between the coefficient ring of equivariant complex cobordism
and the universal Lazard ring of equivariant formal group laws for finite abelian groups, and prove a

result generalizing classical Quillen’s Theorem.

v



CHAPTER

Introduction

1.1 Overview

Algebraic topology uses algebraic invariants to study topological spaces. By passing from
topological spaces to spectra, we can study stable invariants. With an action by a compact Lie
group (G, we can study equivariant invariants as well. Equivariant stable homotopy theory has
proven to be very useful in recent years, with applications in solving the 50-year-old Kervaire
invariant one problem [HHR16]; in computing algebraic K -theory and topological Hochschild
homology [BMS19], [NS18]; and also in chromatic homotopy theory, derived algebraic geometry,
and representation theory.

In equivariant stable homotopy theory, the role of abelian groups is replaced by Mackey functors.
Given a GG-Mackey functor M, we can construct the Eilenberg-Mac Lane spectrum H M with
properties analogous to its non-equivariant counterparts [LMMS81]. We can suspend an equivariant
spectrum by SV for V' € RO(G), the real representation ring of G, and define RO(G)-graded
homology and cohomology theories [HHR16, LMSMS86].

Calculation of the RO(G)-graded cohomology of a point for a non-trivial finite group G has
been a fundamental question for equivariant stable homotopy theory. The recent development of the
slice spectral sequence [HHR16], requires such understanding as ingredients. One of the purposes
of the thesis is to present some calculations for nonabelian compact Lie groups.

Another focus of this thesis will be on the homotopical equivariant complex cobordism spectrum
MUyg. Itis a complex stable theory, so the homotopy groups are Z-graded. We will give a calculation
of the coefficient ring w, M Uy for G is the symmetric group on three elements.

In [Qui69], Quillen proved that the complex cobordism ring MU, is isomorphic to the Lazard
ring, the universal ring for 1-dimensional commutative associative formal group laws, and that the
formal group law associated to the complex orientation of MU is the universal one. Let GG be an
abelian compact Lie group. An RO(G)-graded multiplicative equivariant generalized cohomology
theory is called complex-oriented if it has a Thom isomorphism with respect to every GG-equivariant

complex bundle. Cole, Greenlees and Kriz [CGKO00] defined the notion of equivariant formal group



laws for abelian compact Lie groups. Suppose that £ is a complex-oriented cohomology theory,
then it gives rise to an GG-equivariant formal group law. There exists a universal G-equivariant

formal group law defined over the G-equivariant Lazard ring L, which leads to a map
Lo — (M Ug)*

Greenlees [GreO1] showed that the map is surjective with Euler-torsion and infinitely Euler-divisible
kernel for any finite abelian group, and conjectured that it is an isomorphism for all abelian compact
Lie groups. The conjecture was recently proved for G = Z/2 by Hanke and Wiemeler [HW 18]
based on explicit calculations of Strickland [Str01], and then fully proved by Hausmann [Hau22]
using global homotopy theory.

We shall give an alternative method for proving the equivariant analogue of Quillen’s result

when the group G is a finite cyclic group.

1.2 Organization of this thesis

We compute the RO(G)-graded coefficients of ordinary equivariant cohomology with constant
coefficients for (G is the dihedral group of order 2p for a prime p > 2 and G is the quaternion group
Qs in Chapter 2. The main theorems are Theorem 10 and Theorem 19.

We compute the coefficient ring for the equivariant homotopical complex cobordism M Uy for
G = X3, the symmetric group on three elements, in Chapter 3. The main result is given in Theorem
27. We will also investigate the theory of equivariant formal groups laws, and give a proof of the
equivariant Quillen Theorem for finite cyclic groups. This result is Theorem 29.

In the appendix we will present fundamentals of equivariant stable homotopy theory, which are

the foundations of this thesis.



CHAPTER I

The RO(G)-graded Stable Homotopy Groups of Equivariant Eilenberg-Mac
Lane Cohomology

In this chapter, we study the RO(G)-graded coefficients of equivariant Eilenberg-Mac Lane
cohomology. Given a G-Mackey functor M, we can construct the Eilenberg-Mac Lane spectrum
H M with properties analogous to its non-equivariant counterparts [LMMS81]. We can suspend
an equivariant spectrum by SV for V' € RO(G), the real representation ring of G, and define
RO(G)-graded homology and cohomology theories [HHR16, LMSMS86].

We will first review the theory of Mackey functors, which will play the role of abelian groups
as “coefficients” in the world of equivariant stable homotopy theory. Next we will go over some
fundamental techniques of such calculations and review the computations for G = Z/p. Finally, we
will fully compute the RO(G)-graded coefficients for HZ in the cases when G = Dy, and G = Qs.

No results for a non-abelian group is known until Kriz and the author’s recent work [KL20,
Lu22]. In this thesis, we will recall the computations for GG a dihedral group of order 2p, and will
compute the RO(G)-graded coefficients when G = Qs. There are multiple ways to compute, and
the main tools we use ares the GG-equivariant cellular structures on representation spheres and the
method of isotropy separation. We will comment on how to induct structures for complex groups

from known structures of known cases.

2.1 Structure of Mackey functors

In the ordinary cohomology, the coefficient is taken to be an abelian group. Mackey functors
are abelian group-valued presheaves on the Burnside category, and they will be the coefficients for
RO(G)-graded cohomology. There are several equivalent definitions of Mackey functors, we will
choose to work with one particularly handy definition for finite groups.

Let GG be a finite group. Let GSet be the category of finite left G-sets and equivariant maps
between them. A Mackey functor M consists of two functors M, and M*, where M, is a covariant
functor from the category of GG-sets to Ab, and M* is contravariant GSet — Ab. They need to

satisfy the following conditions:



(1). They agree on objects, so we could write M (S) for a G-set S.

(2). M(A]] B) = M(A) & M(B).

(3). Given a pullback

A—"-B

lﬁ v

D2>C
we have M, (8)M" () = M*(3)ML. ().

It suffices to define a Mackey functor on orbits. With natural transformations as morphisms,
the category of G-Mackey functors is an abelian category. In fact, it is also a symmetric monoidal
category with box products between Mackey functors.

Suppose that H, K are subgroups of G, and f : G/H — G /K is a G-map. Then we call M*(f)
a restriction map and M., (f) a transfer map.

We could use the orbit category of G to describe a G-Mackey functor visually, which is called a
Lewis diagram. We will put M (G/G) on the top and M (G/e) on the bottom. Restriction maps are
going downwards and transfer maps are going upwards. For example, a quick look at the subgroups
of the quaternion group (Js gives the following framework of a Lewis diagram of a (Js-Mackey
functor M:

Example. Constant Mackey functor Z. The restriction maps are identities, and the transfer maps

are indices of subgroup inclusion.



Example. Fixed point Mackey functor. Given a left Z[G] module M, the fixed point Mackey
functor M is defined by M (G /H) = M, restriction given by inclusion of fixed point, and transfer
given by summing over cosets. For example, the fixed point Mackey functor Z[Qg/(—1)] is given

by

Here round brackets stand for row vectors while square brackets stand for column vectors. The

matrices are given by choosing the order {1, 4, j, k} on the basis, and they are

O = O =
_ O~ O

o O = =
_ o O =
O = = O

and

—_

1 1 00 1 0 0 1 0 0 1
B, = ,Bj = , B, =
0 011 0 1 1 01 10

Similar calculations give the explicit structure for other fixed point Mackey functors of other orbits

=}



of Qg.
In general, if X is a finite G-CW complex, the quotient X™/ X"~ ! is a wedge of spheres

X"/Xm =X, A S"
where X, is a discrete left G-set. We have a chain complex of Mackey functors C, (X; M) given by
Co (X5 M) =mg(HM A Xpy).
It is also true that for any finite left G-set S,
Co(X5 M)(S) = M(S x X).

The category of G-Mackey functors has a symmetric monoidal product called the box product
denoted by []. Given any finite group G we can define the box product of G-Mackey functors
in terms of a double coend or a left Kan extension. The unit for the box product is the Burnside

Mackey functor, and thus the category of (G-Mackey functors forms a symmetric monoidal category.

22 Thecase G =7Z/2

In this section we will go over the computation of 7, HZ in the unpublished work of Stong. We
will give two parallel methods of calculations. One by using cellular method, one by using isotropy
separation.

We denote the nontrivial element of Z/2 by o and denote the nontrivial irreducible representation
by .

Cellular approach:

We may proceed by finding a cell structure on S™“. There is a cofiber sequence
7)2, — S° — S

Fix n < 0. By dimension axiom, HY 2(SO; Z) = 7. By induction, S+ is obtained from

S™ by adding a cell. We need only to determine the map
HE2(S™ NZJ2,: Z) — HE?(S™, 7).

For n = 0 it is the transfer map in the Mackey functor Z, hence multiplication by 2. For n > 0, note
that
H§/2<Sna7z) N Hg/Q(Sna/S(n—l)a;Z)



is an isomorphism. The composite
SUANZ)2, — S" — Sne/Smha 2 gnn 7 /9

is the suspension of the n = 0 case, hence it is also multiplication by 2. The calculations for n > 0
1s similar.
Tate diagram approach:

Consider the Tate diagram for HZ:

HZ, HZ PL2HYZ,
HZ,— HZ" HZ

Lemma 1. The Borel cohomology is
HZ; = Zd][u™]/(2a)
where |a| = —a, |u| =2 — 2.
Proof. We may choose a filtration of E7Z /2, as
S(a)y € S(2a)y C ... C S(ooa)y = EZ/24
There is one free Z/2-cell in each degree and this gives the standard 2-periodic resolution

2GS 76 2% 76 S5 7 0.

Then the Borel cohomology spectral sequence collapses at the £ page and gives the desired
result. O

The Tate cohomology is obtained by inverting a, and we have the following calculation for the

geometric fixed points [tD70]. It could also be read off from the fact that both are a-periodic.

Lemma 2. The geometric fixed points are given by
OLPHZ, = 7./2[a*" u).

With understanding of the building blocks, the calculation of HZ could be now inferred.
Both methods yield the following result of the RO(Z/2)-graded coefficients for ordinary
equivariant cohomology HZ. This result would also be useful for the calculations in the case for

7



G - Dgp.
Denote, for ¢ > 0,
B, = HP»(S",2) = HE*(S™ ), (IL1)

B' = Hj, (5", Z) = H} (5", 2). (I1.2)

Proposition 3. Let n denote the grading. We have

7 n = { even
Bipn=14 Z/2 0<n</leven

0 else,

7 n = { even
B ={ 7/2 3<n</lodd

0 else.

2.3 Thecase G = D,,

We present G = Dy, as

{,7|¢P=1,72=1,¢r =7}

The group G has two one-dimensional representations: the trivial representation denoted by €

and the sign representation denoted by «. The group G also admits (p — 1)/2 two-dimensional
representations, denoted by ~;’s, given by

it ¢ [COS(%) _Sm(%)] , T — [1 0 ] , 1< < ]Ll
sin(%) cos(%) 0 —1
Let S(m~;) be the unit sphere of the representation m-y;. We will subdivide the standard Z/p-
equivariant cells of S(m~;) to obtain a Dy,-equivariant CW stucture on S(my;).

To do this, first identify the non-equivariant underlying spaces of S(m~;) with the unit disk in
C™. Then ¢ € G simply acts by coordinate-wise ¢/ multiplication where ¢, = ¢™/7.

First observe that the free Z /p-equivariant CW-structure on S(my;) has equivariant cells freely
generated by the following non-equivariant cells for 1 < k < m:

{(z1, ..\, 28,0, ...,0) € S(my;) | zx € [0, 1]}, (IL.3)



{(z1, 0 21,0,...,0) € S(m;) | 2 € [0,1] - e, (p— Da/p < A< (p+ 1)7w/p}. (IL.4)

Both (II.3) and (II.4) are stable under the action of 7. However, they are not D,-cells since 7
acts non-trivially on them. However, noticing that they can be identified with unit disks of the
representations

(k—1Da+ (k—1)e, ka+ (k—1)e, (IL5)

respectively, we could combine with the Z/2-equivariant structures described in Section 2.2 to
obtain Dy,-equivariant cells. To be precise, we consider the following cells for S(m;):
Type A.

ak7€70§€§k_171§k§m7
generated by
{(#z1, ey 2k, 0,...,0) € S(m;) | Im(2¢) > 0, 251, .., 21 € [—1, 1], 2 € [0, 1]}.

The cell ay , has dimension k£ + ¢ — 1 and has isotropy Z/2 for { = 0 and {e} for ¢ > 0.
Type B.

bk,f70§€§k_171§k§m7

generated by
{(z1, sy 2, 0,...,0) € S(my;) | Im(2¢) >0, zp11, ..y 251 € [—1,1], 2, € [-1,0]}.

Since it is symmetric to ay 4, the cell by, has dimension k + ¢ — 1 and has isotropy Z/2 for £ = 0
and {e} for £ > 0.
Type C.

Clmlgkgm?

generated by
{(21, 2,0, ...,0) € S(m;) | 2 € [0,1] - €?,0 < X < 7/p}.

The cell ¢;, has dimension 2k — 1 and has isotropy {e}.
The spaces given by the generators are homeomorphic to (closed) disks. The attaching maps
from the boundary of n-cells are equivariant and are mapping to lower dimensional cells. Finally

the open cells form a partition of S(m-;), so it is a regular G-CW complex. The topology is



quotient topology and agrees with the induced topology on S(my;). In other words, these cells give
a Dy,-equivariant CW decomposition for each S(m~;), only with different Dy,-actions for different
S(m~;)’s

Based on the equivariant CW-structure, we are ready to write down the differentials. As
being unit sphere in the representations, the CW structure is regular, i.e., the attaching maps
are embeddings, hence the incidence coefficients are either +1 or —1. We orient all cells as
submanifolds (with boundaries) of the complex vector space C™. The induced orientation of the
boundary of a cell is chosen by the following rule: the induced orientation followed by the outward
normal direction together make up the standard orientation of C™. For example, the induced

orientation of S* C C is going clockwise, hence the incidence number between as; and ¢; is —1.

Lemma 4. Given 1 <i < (p—1)/2, let 1 < j < p — 1 be the multiplicative inverse of i. Let
¢ = (7. With respect to the CW-structure and orientations described above, the Da,-equivariant
cell chain complex of S(m-;) in the sense of Bredon [Bre67] has differential

dayo =0

dbip=0

p+1

dep =% big—aip

dagy = —ago— (1+ G+ .. —l—C )cl—l—(Q—i— —l—C )7'01

dbey = —bao— (1 + G + .. +C )01 + (G + - +C )rc1

dago = ap—1,0 — br—10 k>1

dbyp = ax—1,0 — br—1,0 k>1

dag1 = ar—11 — bg—11 + (=) lag k> 2

dbgy = ag—11 — br—11 + (—1) by k> 2
Fork >3, 1</{(<k—1,

dage = ag—1,0 — be—10+ (=) " Cap 1 + (—1)" a1

dbir = ap—1,0 — be—1,0 + (=1)" b1 + (=1)" by o1
For k > 2, by abbreviating the action of ngz _11)/ 2 Cij to o,

dagp—1 = —appo+ (=) rag s o — (1 +0)cpg + (1) 201cr 4

dbrj—1 = —brg—o+ (=) 70 — (1 + 0)cr_1 + (=) 207¢14
Finally, for k£ > 1,

dey, = —app—1 + (=) 7ag 1 +C bkk 1+ (-1 )k_lCz%lTbk,k—L

Proof. We present here a computation for the differential of ay ;_; for £ > 2. By equivariance, it

suffices to work on the generator, which is given by

{(Zlv vy 2k, 0, 70) S S(m/yz) | Im(zk—l) >0,z € [Oa 1]}

10



Note that z; is uniquely determined by the values of z1, ..., 21, and the dimension of the cell is
2k — 2. Hence we only need to consider cells of dimension 2k — 3 to which ay, ,_; attaches. They
are precisely those cells with zj_; coordinates lying on the boundary of a1, namely,

’C(p—l)ﬂ

(p—1)/2
; Ch—1,GiTCk—1, .-, C

Ak k—2, TAk k-2, Ck—1, GiCh—1, --- i TCk—1-

Here cells in the orbit of ¢;_; are those with Im(z;_;) > 0.
It remains to determine the incidence numbers between ay, ;1 and these cells. By the rule set

above, we could use the basis
(e1,i€1, €9,1€0, ..., €5_1,1€_1) (I1.6)
to determine the orientation of ay, 51, and the orientation of Tay ,_o could be described by
(€1, —ieq, €2, —i€g, ..., €5_o, —1€k_2,€5_1). 1.7)
On a point of Tay, ;o that ay ,—; attaches, the induced orientation is given by

(61, 161, ..., €2, 1€ _2, _ekfl) (IL.8)

since juxtaposing with outward normal direction —zej_; gives the same orientation as (11.6). It is

straightforward to compare orientations (II.7) and (II.8) and this gives the sign
daka_l = ..+ (—1)k_17ak,k_2 + ...

in the formula. All the other computations follow by direct inspection in a similar way. [

Since S™7 is the unreduced suspension of S(m-;), the Dy,-equivariant CW structure of S”"7:
is easily derived.

We will next prove (Proposition 7 below) that the choice of two-dimensional representation -;
doesn’t matter in the computation of ordinary equivariant cohomology. Hence the cohomology
could be indexed by ke 4+ fov + mry.

Let A denote the Burnside ring Green functor. We will compute the D,,-Mackey functor-valued
chain complex C,(S7; M) for constant coefficient Z and Burnside coefficient A, we start with
describing some D,,-Mackey functors. Despite the fact that the group Dy, is non-abelian, its
conjugacy relations among subgroups are simple and we can depict a Dy,-Mackey functor M by a

Lewis diagram of the following form:

11



Dgp/e

i\\

M(Doy/ (7 M(Dyy/(())

&/

D2P/D2p

Example 5. Constant Mackey functor Z.

7
AN
AN
Z /
Y 74
N\
7
Example 6. Given a Z[G]-module M, we have fixed-point Mackey functor M defined by M (G/H) =

MH, restriction given by inclusion, and transfer given by summing over cosets. For example the
fixed point Mackey functor Z| D, /(T)] is given by

Z[Dap /()] (L,1,...,1)

Here round brackets stand for row vectors while square brackets stand for column vectors, and

0 I
0 Ip1 Jpr
A= |I 0|,B= = T
2 2 0 0
Jos 0

where I, is the n X n identity matrix and J, is the n X n minor diagonal identity matrix.

12



Similarly, the fixed point Mackey functor Z|Da, /€] is given by the following diagram.

D=](1,..,1,0,...,0),(0,...,0,1, ..., 1)].

The matrices above are derived by arranging the order of cells carefully: The basis of Z[Dy,/(7)]
can be identified with cells generated by a; o. Recalling that (; acts by 27 /p-rotation, we put a

geometric counterclockwise order on the cells

—1
CLL(), Cial,()a ceey Czp al,o.

We also put an order on the generators of Z[Da,/(7)]™ by

p—1 Bt B
Garo+ ¢ aro,..,G % aio+ G ? oar, an,

and this is why the upper left pair of arrows in the diagram for Z[D,,/(7)] has the given matrix
representation.
The basis of Z[D,,/e| can be identified with cells generated by ¢;. We arrange them in the

following order:

—1 -1
1, GiCy ooy Cf c1,TC1, TGCr, ---’TQP c1.

The fixed point submodules are endowed with the induced order of basis.
Now fix M = Z. In this case, by the double coset formula, the associated chain complex of
Mackey functors can be calculated as fixed point Mackey functos. Hence using the examples above,

the Mackey functor-valued Dy,-equivariant chain complexes for S7 is the following:

L «— Z|Dsp/(1)] © Z[Dap/(7)] — Z[Dsp/e].

The differentials are derived from Lemma 4. Since the differentials are Dj,-equivariant, we

immediately see that all chain complexes for the different S7’s are isomorphic.

13



However, the isomorphism is not induced by any Dy,-equivariant map between the representa-
tion spheres. To prove Proposition 7 we instead want to construct a functor 5% : Ch>o(Mack) —
D.?p¢ such that

(). M = HM.

(2). HC,(X; M) ~ X N HM.

Construction:

Let 57 be the composition of the following functors
Chso(Mack) £ sMack 2 sD.pg LN DY pa

where K is the functor in Dold-Puppe correspondence which is an equivalence of first two categories;
H is the Eilenberg-Mac Lane functor and | - | is geometric realization functor. The Eilenberg-Mac
Lane construction is functorial; a recent account of this is in [BO15].

As an example we compute the case when X = G/H,. Then C,(X; M) is concentrated on

degree 0. All the functors are computable, and we have
HC(X;M)=HMgy~HMANG/H,.

The last equivalence can be verified by computing the homotopy groups of HM A G/H, and using
the uniqueness of Eilenberg-Mac Lane spectra.

In fact, one could make it into an natural isomorphism. By the projection formula
Gxy HM =2G/H. NHM

and adjunction, it arises from the natural map of H-spectrum HM — H M, induced by inclusion
at the coset e H:
M — Mgy

For any finite G-CW complex X, we realize it as a simplicial G-set and the functor .77 is
constructed as above. Then Proposition 7 follows directly.

Hence we have proved the following

Proposition 7. Let M be a D,,-Mackey functor. The Ds,-stable homotopy type of the H A-module
spectrum HM N S7 does not depend on the choice of .

To proceed, we will use the isotropy separation sequence
S(my)y — 8% — 8™,

14



Recall that there is a cellular filtration on S(my) by the Z/p-equivariant cells generated by (I.3),
(IT.4) of dimension less or equal to s. For £ > 1, the filtration degree 2k — 1 part is generated by
cells by, ¢, ¢, and the degree 2k — 2 part is generated by cells ay, . Using the differentials computed

above, the corresponding homological spectral sequence has the following E'-term:
E21k71,* = Bp_alk—1],for1 <k <m

E%k* = Bilk — 1], for1 < k < m.

The nontrivial differential d' is also determined by Lemma 4, which is an isomorphism except
for Ejjp — Eij—Lo : 7. % 7. On the two vertical edges s = 0, 2m, the terms also survive and
the spectral sequence collapses to the E? page. In the case of cohomology, one just needs to turn
subscripts into superscripts, mirror the computations by reversing arrows and use restriction maps
of Mackey functors. Thus, we have proved the following

For m > 0, we have

HP>»(S(mv),Z) = Z @ ¢Am ® Bpm — 1],

)=

Hp, (S(m),Z) =Z & A™ @ B™[m — 1].

)=

O

Now we need to suspend with representation spheres S. It is worth noting that our Dy,-CW

structure is designed in a way such that the subsequent quotients of S suspension have a nice
form, given by

FQk-Jrl/FQk &= D2p X7,/2 Sk+(k+l)0¢7 F2k+2/F2k+1 ~ D2p X7/ S(k+1)+(k+1)a.

The corresponding spectral sequence has differential d' given by S**-suspension of the connect-

ing map Fopio/Forr1 — N Foyy 1/ Foy of the triad

(Foktas Foprr, For)

which stably does not depend on /.

To determine this map, note that it is a stable Dy,-equivariant map

Dap/(Z/2)+ = Dap/(Z/2) 4

15



By adjunction, it is equivalent to a Z/2-equivariant stable map
S0 = Dy (2/2).
which is classified by an element in
A(zZ)2) @ 7o@=V/2 (I11.9)

by the Wirthmiiller isomorphism (see Appendix A.2). Now we see that that Z /2-equivariantly, the
orbit Dy, /(Z/2) is the wedge sum of one fixed point G/G and (p — 1)/2 free orbits G/e,. Now
the connecting map could be read off from the attaching maps from a1 , to ¢, namely from

dagj—1 = —p—2 + (=) " rappo— (14 0)cp1 + (=) 2orcp .
This shows that the connecting map does not depend on £, and is in (I1.9) represented by the element
(1,1,...,1).

In the case of constant Mackey functor Z, it corresponds to multiplication by p.
Therefore the spectral sequence of X7“S(m~),., whose E! page is a shift of the conjunction
of both cohomology and homology E' page for S(m~), and it also collapses at the F?-page.
Define ;A; and * A’ to be

7 hen2s <n<2t—1,n=3 d 4,
(A, = /p when2s <n n mo (IL.10)
0 else,
(A = Z/p when2s <n<2t—1,n=0 mod 4, (AL11)
0 else.
We obtain the following result:
Proposition 8. For m > 0, we have
H52p(2605<m’7)+7z> = BZ Y B€+m[m - 1] SY ZAE—i-m[_E]a
Hp, (SS(m7)+, Z) = B' @ B*™im — 1] & ‘A" [~ (],
[
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Example 9. As an example, we illustrate how to compute
HP>(278(57)+, L)

First we compute the Dy,-equivariant homology and cohomology of S(5v). The following is the

E'! page of the homological spectral sequence for H. D (S(57),2).

) =

0 Z 0 0 L+—17 0 0 Z+—1 0

-1 7]2+7/2 Z]2+17]2 7]2

-2 Z]2+7]2 7]2+7/2

—3 7.)2+ 7,2 7.)2

—4 7)2+7,/2

5 7/2
0 1 2 3 4 5 6 7 8 9

E" page for HP* (S(57), Z)

) =

The differential d' is a multiplication by p when there is a Z in the target (which is supported by
¢k, k even). The exception is filtration degree 2m — 1 = 9, where there is no differential with that
target, and filtration degree 0, where there is no differential with that source. There is no room for
higher differentials for dimensional reasons. Hence the spectral sequence collapses to the £? page.

The two vertical edges and the ¢ = 0 line give the three summands in Proposition 2.3.

The following is the £ page of the cohomological spectral sequence.
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0|z 0 0 Z—>z L2-L2 Z—pZ L2
-1 7]2-17]2

9 Z)2

0 1 2 3 4 ) 6 7 8 9
Ey page for Hp, (S(57),Z)

Now let us suspend by —4 — 4. Since the filtration on S(57) is given by
SO qo Sl+o¢ S4+4a S4+5a
the filtered quotients are given by
5—4—401 S—4—30¢ S—3—3a S_l SO S

The following is the E; page, which is a shift of a juxtaposition of the dual of a truncation (at
filtration degree 7) of the cohomological £ page and a truncation (at filtration degree 1) of the

homological £ page.
1|z

p p
0 7 L|]2<7]2 Z+—7 0 0 L1 0

0o 1 2 3 4 5 6 7 8 9
E* page for H.” (S~4719S(57) ., Z)

o|lzZ 0 0 Z/p 0 0 0 ZJp

]
@]

~1 7./2

o 1 2 3 4 5 6 7 8 9
E? page for H,” (S 4715(5).,, Z)

The full calculational result now follows by the long exact sequence from the cofiber sequence.
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Theorem 10. For m > 0, we have
HP»(S™H 7Y = o1 Apym [0+ 1] @ By m], (IL12)

Hp (S™tte 7y =A™ ¢ + 1] @ B [m). (IL.13)

2p

Proof. We use the cofiber sequence
EéaS(m’}/)_;_ N Sfa N Sfa—&-m'y

to finish our computation. Looking at the long exact sequence in homology, the morphism B, — B,
is the transfer map p, which is an isomorphism except in the top dimension when ¢ is even, and this
gives an extra Z /p. Besides, all the other components are shifted up by 1. Hence we have proved
that

HP2 (S Z) = Byym[m] @ p-1Avim|—L + 1]

In cohomology the restriction maps always give isomorphisms, hence

HB2P (Sﬂa—%m'y,Z) — BZ—I—m[m] D ZA“'m[_ﬁ + 1]'

2.4 The case G = Qs

We will write the generators of the quaternion group G = Qg with ¢, j satisfying relations
{i,g 1% %572, ijig '}

The quaternion group G has four one-dimensional real representations, given by scalar action of
generators ¢ and j:
1— 1, j— £l

We will denote the trivial representation by 1 and the other three representations by «, 3, v, whose
kernels are respectively (i), (j), (ij).

The group G also has a four-dimensional irreducible real representation, where GG acts by left
multiplication, and we will denote this representation by p. This representation is of quaternionic
type.

Hence the representations 1, a, 3, 7y, p form an additive basis for RO(()s), and the grading could
be denoted as * + ka + 3 4+ my + np, where * represents the Z-grading.
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In fact, we could do more on the reduction of the RO(()g)-grading: The representations «, 3,y
are symmetric up to automoprhisms of (Jg, hence without loss of generality we may assume that k, ¢
have the same sign. Furthermore, by universal coefficient theorem and Spanier-Whitehead duality, if
we flip all the signs in the grading, i.e., changing *+ka+ {3 +my+npto —x —ka—{5—my—np,
there is an isomorphism

Qs ~ —x—ka—LB—my—np
HZ*—{—ka—&—ZB—I—mw—l—np - HZQg

so we may further restrict to & > ¢ > 0. Therefore, we reduce to the calculations of Z-graded

homology and cohomology of
Eka-ﬁ-fﬁ-‘rm’y-ﬁ-anZ

fork > ¢ > 0.
The representation p is free, and its matrix representation is given by even permutations of signs.

For example, the generator 7 acts by the following matrix:

0 -1 0 O
1 0 0 0
0 0 0 -1
0 0 1 O

For n > 0, let S(np) be the unit sphere in the representation np. Observe that S(cop) is a model
for the universal classifying space £'()s. The freeness, together with symmetry, gives us a guide for
how to subdivide the representation spheres to obtain an equivariant CW structure.

By identifying the non-equivariant underlying space of S(np) as a subspace of R*", we will

index the Euclidean coordinates as
4n
(Ilv Y1,21, W1y ooy Ty Yny 2y wn) € R

For clarity we will also use X, as an abbreviation for (z,, y,, 2., w,), and let D be the open unit
disk in R%. Let 1 < r < n, consider the following cells for S(np):

Type A.
Cells a,,; generated by

(X1, s Xoo1, 21, 0,0,0,0, ...,0} € S(np) | z, € [0, 1]}

The cell a,; has dimension 47 — 4. It is Qg-free.

Type B.
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Cells b,.1, by 2, b, 3 generated respectively by
{(X1, ., X0 1, 20, 4,0,0,0,...,0} € S(np) | 2,y € [0,1]},

{(X1,.., X0 1,2,,0,2.,0,0,...,0} € S(np) | z,, 2. € [0,1]},
{(le "'7XT—17$T70707wT707 aO} € S(np) | Ty, Wy € [07 1}}

The cells b,.1, by 2, b, 3 have dimension 4r — 3. They are (g-free.

Type C.
Cells ¢, 1, ¢ 2, ¢ 3, ¢ 4 generated respectively by

{(X1, s Xo1, Ty Yry 20,0,0,...,0} € S(np) | 2, yr, 2 € [0,1]},

{(X17 "'7Xr717$r7y7“707w7‘707 70} € S(”P) ’ Try Yr, Wy € [07 1]}7
{(Xh "'7Xr717x1“707 ZrawT707 70} € S(np) | Ty, Zr, Wy € [07 1]}7
{(Xh "‘7X7"—1707y7’727"7wr707 70} S S(TL[)) | Yr, Zp, Wy € [07 1]}

The cells ¢,.1, ¢,2, ¢, 3, ¢4 have dimension 47 — 2. They are Q)s-free.

Type D.
Cells d,.1, d, » generated by

{(X1, s Xo1, Ty Ypy 20y 0y, 0, ..., 0} € S(np) | 0y Yy 20, w0y € [0, 1],

{(Xh "'7X7’—17177”ay7‘727“7w7“a0a 70} € S(np)| TryYry Zp, —Wy € [Oa 1]}

The cells d, 1, d, » have dimension 4r — 1. They are Q)s-free.

Similarly it is straightforward to check that these cells give a ()g-equivariant CW decomposition
for S(np). By identifying R*" with C*", we use the rule as in the G = Dy, case to determine
induced orientation of the boundary: the induced orientation followed by the outward normal
direction should make up together the standard orientation of C**. With this rule we derive the

following differentials:

Lemma 11. With respect to the CW-structure and orientations described above, the (Qs-equivariant
cell chain complex of S(np) in the sense of Bredon [Bre67] has differentials

dayo =0
Forl < r <n,

daysro = (L+i+ ] +ij + (=1) + (=) + (=) + (=ij))(dp1 — dy)
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In therest, for 1 < r < n,
dbr,l = iar,l — Qr
dbr,z = jar,l —Qar1
dbr3 = (ij)ary — ar;
dcr,l = br,l - br,2 - jbr,3
deyg = b — bp 3+ 1by o
dCr,3 = br,2 - br,3 - (ij)br,1
deyg = _(j)br,3 - (ij)br,l - (i)bw
dd,1 = ¢1 — Crp+ Crg — Cra

dd,o = ¢ — jero + (—ij)cr3 — (—i)cpa.

Proof. This is done by the same method as the previous Lemma 4. We again give an example
on how to determining the incidence coefficients: we look at the cell ¢, ; for some r > 1. The

generating cell of ¢, ; is given by
(X1, Xom1, 00, Y 2,0,0, ..., 0} € S(np) | 27,97, 2 € [0, 1]} (IL.14)

The cell is of dimension 47 — 2 and we consider cells of dimension 4r — 3 to which ¢, ; attaches,
and they are b, 1, b, 2 and b, 3. It remains to determine the incidence numbers between ¢, ; and these

cells. Consider the equivariant cell b, 3 generated by
{(X1, ..., Xo1,2,,0,0,w,,0,...,0} € S(np) | x,,w, €[0,1]}.

Since z,, y,, 2, € [0, 1] in the generator of ¢, 1, it is only attached to the j-orbit of b, 3. This orbit is
given by
{(j X1, .., j X 21,0, w0, 2,,0,0,...,0} € S(np) | ., w, €[0,1]}

since j(z, + w,(ij)) = (w,i + ,.j).

We could use the basis

(ela iel: ey €272, ieQr—% €2r—1, ieQr—l) (IIIS)

to determine the orientation of the generator of ¢, ; (identify it by an orientation preserving homeo-
morphism with the unit disk in C*"~! since z, is determined by X1, ..., X,_1, 7., y,.).

Similarly the induced orientation of jb, 3 as subspace is

(627 —1€2, —€1,1€1, ..., €2r_2, —1€2r_2, —€2r_3,1€2;_3, _7/621”71) (IL.16)

22



On a point of jb, 3 that ¢, ; attaches, by the rules set above, the induced oritentation is given by

(617 7;617 ey €212, ie2r727 Z.627‘71) (1117)

since juxtaposing with outward normal direction —es,_; (since in (II.14) we have z,, > 0) gives the
same orientation as in (I1.14). Comparing orientations (I1.16) and (II.17) gives that the incidence

number between ¢, ; and jb, 3 1is —1, i.e.,
anl = ... —ij’?, + ...

Other incidence numbers are computed by the same method. [

With this, we can calculate the ()s-equivariant homology and cohomology of S(np) with
coefficient Z. As an example we explicitly compute the homology here. Order the cells in the order

as listed above (b, 2 comes after b, ; for example), by Lemma 11, the chain complex is
/ANy A LNy AN LN SNy R BNy N )

where the differentials are given by the following matrices:

1 1
1 1 -1 -1 L1 3
di=0,dy=|-1 1 1 —1|,ds=]| " |.,di= .
1 2 3 11 4 [—8]
-1 -1 -1 -1
-1 -1
Taking homology we get 4-periodic result
7 q=20
Z]2®7Z)]2 0<qg<4n—1,q=1mod4
H*(S(np),Z) = _
7/8 0<g<4n—1,¢g=3mod4
0 q > 0 even

When n — oo, we recover the group homology of (s with coefficient in Z.

Since Borel (co)homology is complex stable, when suspended by Skitteztmas e may
assume that k&, ¢, m = 0, 1. We may use the Borel (co)homology spectral sequence to compute the
(co)homology of these spaces.

Hy(Qs, Hy(X)) = Hlf

pt+q

(EG4 N X).
By a symmetry up to automorphisms of (Jg, it suffices to consider three cases: suspension by
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X = §o Sater Geitertes By Jooking at the top homology class, which represents orientations,
the action of (g on H (X)) & Z is either a trivial action which corresponds to X = S T2t or
to a twisted action which corresponds to X = S or X = S*t*2 Therefore, the spectral sequence
collapses, and the computations reduces to calculate the group (co)homology of (s with twisted
coefficients.

To do this, one may either compute directly, using the universal space S(0o0v), then determine
the top class, or suspending by S“' and calculate directly. Using the first method for homology, we

get the following chain complex after tensor with twisted coefficients over G
d, d, d d d
oSBT BT ST SDTHZ—0.

The twisted coefficients Z here has a nontrivial action by 7,77, —7, —ij € (Js, so the differentials

are

Hence we conclude that

_ 2/2 0<n<dm.n=123mod4
HP(S(my)4 A S™, L) = / <n<4dm,n mo
0 0<n<4

m, n = 0 mod 4

m+1,n=0,2,3mod4

- Z/2 0<n<4
HO(S(my) A sorten gy = § 22 0SS
0 0<n<4m+1,n=1mod4

Z n:3
~ Z/2®7Z/2 0<n<A4 2,n=1mod4
H’,?S(S(m,y)+ A Sa1+042+a3’z) — / EB / n<s4am + n mo
78 2<n<4m-+2,n=3mod4
0 n even

Remark 12. All these results could be more concisely summarized as the following:
H*(Qs,Z%):7,0,Z/2®7Z)2,0,7/8,0,Z/2 ®7/2,0,7/8, ...

H.(Qs,Z%) : Z,7)2 & 7,/2,0,7,/8,0,Z/2 & 7./2,0,7/8,0, ...

H*(Qs,Z7):0,2/2,7,/2,2/2,0,Z/2,7./2,7./2, ...
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H.(Qs,Z7):7/2,2/2,7./2,0,7/2,7./2,7/2,0, ...

With these we may read off the edge maps in the Lyndon-Hochschild-Serre spectral sequences

for the central extension
0—-2Z/2—Qs—Z/20Z]/2 — 0.

For example, for

HP(Z)2® Z)2; H(Z/2, 7)) = H""(Qg,Z"),
we have the following Es page
4 |Z/2 (z/2)>  (Z/2)°
3 0 0 0 0

2 |Z)2  (Z/2?*  (z)2° (z/2)* (Z/2)

1|0 0 0 0 0 0
0| Z 0 z/2?* z/2 (zZ/2  (Z/2*  (Z/2)
0 1 2 3 4 5 6

Es page for H*(Qs,Z7")

Clearly there is no room for any d*. And d* will wipe out H*(Z/2 ® Z/2, H*(Z/2,7Z")), and
two Z./2 summands in E3° (since the answer is a 7./8).

In conclusion, the edge map
H*(Z)2®7)2,Z%) — H*(Qs,Z")
is given by

Z[u?, v? w]/(2u?, 202, 2w, u*v? + vt = w?) —
Z[u?, v?, 7]/ (2u?, 207, 87, ut vt uPv? = 4n)
U u,v— v, w— 0.

To obtain a full computation of the RO(G)-graded coefficients, we will need to smash the

sequence
S(np)y — S° — S

25



with k54 my {7 for k, ¢, m € Z. Recall that we have assumed k > ¢ > 0, the map
S(np)y — S°
induces map on the level of Z/4-fixed points of chains. When m = 0, it is
C(SkHB S (np),, Z)2* — O, (SH+5, 7)2/2, (I1.18)

since the center acts trivially on the target.

The main strategy to deal with suspensions by S™” is to take Z/4-fixed points of the chain
complexes so that the m~y-suspension becomes an operation on the level of Z/2-equivariant chain
complexes.

Let n > 0. We take the Z/4 = (ij)-fixed points

C*(S(np)Jra Z)Z/47

C*(S(TL,O)+, E)Z/Zl‘

Let the generator of the quotient C’ := g/ (ij) be o. With Lemma 11, it is again routine to calculate

the following differentials in the Z case for 1 < r < n:

db,; =0

db, o = (0 — 1)a,;

db, 3 = (0 — 1)a,

dcr,l = br,l - br,2 - Ubr,s

dero = bry + b2 — b3

deyg = —0bpy + bro — b3

dCr,4 = —Ubr,l - br,2 - Ubr,s
dd,, = ¢r1 — Cra + Cr3 — Cra
ddyo = 1 — 0Cra 4+ 0C3 — Cra
day411 = (4+40)(dr1 — dy2)
Define C'(r) for 1 < r < n — 1 to be the following chain complex:

0 — Z[C"] =% z[c) 5 z[c) 2% 7 5 z[c £ zZ])e'] — o,
where the free Z[C"]-modules are generated by

Cr41,2, br+1,27 —Qr1, dr,27 Cr2 — Cr 3, br,2 - br,3-
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Define

and

C0): 0= [erg] =% [brg] —2 [~ar,] = 0.
(Note that all the bottom Z[C"]’s are at degree 0).

These complexes are connected by chain maps f,. (in fact, they are also differentials in the chain

complex) for 1 <r <n —1:
fr: 0(7“)[—5] — C(T + 1), [Cr+1,2] i> [br+1,2 - br+1,3]7

and the chain map
fo: C(0)[=2] = C(1), [c12] = [bro — bus).

If we quotient out, for each 1 < r < n, two acyclic complexes
0— Cr1 — b'r,l — an — O'b,«,g — 0

0— dr,l — Cr1 — Cr2 + Cr3 — Cr4 — 0

in C.(S(np)y,Z)** and then take the cokernel, the result could be written a totalization of the

following double complex:
ot —T fol2] AT
w0 = Tot(C(0) —= C(1)[2] — C(2)[7] — ... = C(n)[5n — 3]).

With Z~ coefficient, similar calculations define

fo [2] J 7]
— —

0, = Tot(C™(0) Cc~(D)[2] C™2)[7] — ... > C~(n)[pbn — 3)),
where the C'~ chains and f~ chain maps are differed from their counterparts by changing signs of o

in all differentials (note that the chain maps f,’s were noted as differentials). As an example,

C=(0) : 0 — [c10] — [bro] =% [—a14] — 0.

For example, when n = 2, the chain complex @;’0 could be visualized as
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l1—0o 140

O— 0 —>20

17
1+o -0 4+4o0 -0 1+o
(e) (@] o O

O ©)

17
1+o l1—0
O —>

O——0O

where each circle represents a Z[C"].
Let +' be the sign representation of C”, it is useful to also introduce the following notations for
m > 0:
AL = C.(57),
A7 = C.(S8*/87)[-1].

These chain complexes are given explicitly by

A zje) BT g o LS zjo] S e M 7

A7 z[0) Y 710 o Lo zjen) B zjo 2 7

We have the following decomposition:

Lemma 13. Ifk > ( > 0, then

~
—_

A7 sl e AT [s] @ ATV [s + 1)),

k
s
s={ s

C* (Ska—i-fﬁ; Z)Z/2 _

Il
o

Proof. Smashing S**, S* together, we have the standard CW structure of S****%. Choose a
generator of the top cohomology class, and map it by differentials of the chain complex, until it hits
a cell which is not free (coming from Ses given k < /), then take the cokernel of this subcomplex,

which turns out to be a direct sum. Then the result follows by induction. 0

As an illustration, when k = 7, ¢ = 5, the (ker~)-fixed point is decomposed as the direct sum of
the blobs in Figure II.1. A square represents a copy of Z.

To get the result, we compute the cofiber of the map (II.18), then smash the chain complex with
the chain complex of S™7, and finally take (co)homology. For this purpose, let A7 (m), A; (m)

respectively be the result of smashing AT, A with S™. Then we have

(IL.19)
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Figure I1.1: C,(S*+%, Z)%/2 when k = 7,4 = 5

The homology of the Z/2-fixed points of these chain complexes are given in the following
proposition.

Proposition 14. Taking homology of the 7./ 2-fixed points, we have

Z q=s, seven
Hq(A;r)Z/Q =19 Z/2 0<q<s, qeven
0 else
Z g = —s, seven
Hy(ADY)"? =S Z/2 —s<q<0,qodd
0 else

7 q=s, sodd
JADE2 =2 7/2 0<q<s, qodd

0 else

Y/ q= —s, sodd
H (A2 =4 7)2 —s < q< =2, qeven

0 else

Proof. See [Lew88] and [?]. O

Now let ©, and O, respectively be the result of smashing CM ©,,0 with 5™7. When

n,07

m < 2,0 is the totalization of the following double chain complex:

fo[2—m]

C(0),n C)2 —m] 2 c@)7 —m] = ... — C)[5n —m — 3],
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where C'(0),, is

— 00— _ 10’ _ l—ma
0 — z[c] 27 zio 0V gien o L EED T o o,

When m > 2, ©, is the totalization of the following double chain complex:

CO)n[2 — m] 22 o2 = m) 2027 L (n)[sn—m — 3],

where C'(0),, is

1+(-1)™m 30

0 Z[C"] LEV"e, o LD e

—1)%
D 700 = 0

and fy: C (0),, — C(1) is given by 1 — o at the bottom degree of the both chain complexes.
As an example, the chain complex @{_2 could be presented as

1— 1
0% o 1 o (I1.20)
17
140 l1-0 4+40 l1-0o 14+o0

@] @] o] @]

17
1+ 1— 1+

o % o %o % o ]

Similarly, when m < 2, ©,, is the totalization of the following double chain complex:

fo [2—m] ] fi [7—m]

C7(0)m, C (1))2—m C2)[T—m]—..—=C (n)bn—m—3|,

where C~(0),, is

1—(=1)to 1I—(=)1 "«

Z[C' = ... ——— Z[C'] = 0.

0 = z[C"] =20 710

Whenm > 2,0, is the totalization of the following double chain complex:

C=(0)m[2 — m] L2277 (12 = m] 2 o) [sn — m — 3],
where C~(0),, is
0 — z[c) ZEV e 0D, EE0 e o
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and Jf"ot :C7(0),, = C~(1) is given by 1 + o at the bottom degree of the both chain complexes.

As an example, the chain complex ©, 5 could be presented as

l1—0o 140

O——0O0 —>0

l/
140 -0 4+40 l1—0 140
(] @) [e] @)

Proposition 15. When m < 0, we have

(Z q = 0 and m even
7)]2 0<g<-m,qg=m-+1mod?2
Hq((@;m)zﬂ) =9 Z1287Z)2 —m<qg<4n—-m—1,q=—-m+ 1mod4
78 —-m<qg<4dn-m-—1,qg=—m+ 3 mod4
L 0 else
When m > 0, we have
¥/ q = 0 and m even
7)2 g=m—2, or
Hq((@:m)Z/Q)Z 0<g<3—mandq=—m+ 3 mod?2
’ Z]2®Z)]2 m4+2—4n<qg<m-—06,g=m—2mod4
78 m—4n < qg<m—4,¢g=mmod4
0 else

\
And when m < 0, we have
7 q = 0 and m odd

Z]2 0<q<-—m,q=mmod?2, or

((0n)"%) = _
—m<g<4dn—-—m-—1,q+m=0,1,2mod4

n,m

0 else

Finally, when m > 0, we present the homology of (@;M)Z/ 2) as a sum of two chain complexes

H.((6,,,)"?) = H.((0,2)")[2 = m] & H.(C™(0)[2 — m])*

n,m
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where

7]2 —1<q<4n-3,q=0,2,3mod4,
0 else

H,((6;,2)"?) = {

and
7z q = 0 and m odd

H(CT(0)u2—m)??* = 7/2 —1<q<2—m,g=m+ 1mod2,

0 else

Proof. As seen from the above definition, the chain complexes in these have fewer than three
copies of Z in each dimension, also the differentials are simple. Thus we can proceed by direct

computation. O
With all the ingredient described, we may write down the first case of the main result.

Theorem 16. For k > ¢ > 0 and n > 0, as a Z/2-equivariant chain complex,

k—1 /—1
C*Qg (Ska+£,8+m'y+np)Z/4 _ @ Aéil)s(m)[s] o @ Agfl)s (m) [8]
s=/ s=0
& AT m)[s + 1) @0 0.

The homology of all the chain complexes involved, are computed in Proposition 14 and Proposition
15.

]

By Spanier-Whitehead duality, it suffices to furthermore consider the case n < 0. Essentially,

this means n and k, ¢ have different signs. If, say, k, ¢ < 0 and n, m > 0, we can flip all the signs
and compute the cohomology instead.

So here we assume k£ > ¢ > 0, and n < 0. The cofiber sequence now looks like
S(—np)y — S° — S,
Take the dual of this sequence, we have
5" — SY — DS(—np).
The dual of S(—np), is 2""*1S(—np)., hence

S 5 SOy SIS (),
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Define now for n < 0:
O, := Hom(©%, . Z),

—n,m?

+

sothat ©  and O, are still results of smashing O, ,

©,, 0 with S™7. Their homology is recorded
in the following proposition whose proof is analogous to Proposition 15.

Proposition 17. Let n < 0. When m < 0, we have

;

7 q = 0 and m even
7)]2 m—1<q¢g<-1,¢g=mmod?2
H((©F )= 2)207/2 m+4n<qg<m-—1,¢g=m—2mod4
78 m+4n < g<m-—1,qg=mmod4
[ O else
When m > 0, we have
&/ q = 0 and m even
Z]2 qg=-m+1,or
Hq((@f{m)zﬂ): —m+2<qg< —1landq=mmod?2
’ 2]207/2 5—m<qg<—-4n—m—3,q=—-m+ 1 mod4
78 3—m<qg<—-4n—-m-—-1,q¢g=—m+ 3 mod4
0 else

\

And when m < 0, we have

7 q = 0 and m odd
Z/2 m—1<qg<1g=m+ 1mod?2, or
m+idn<qg<m-1,q—m=1,2,3mod4

0 else

Hy((6,,,)"?) =

n,m

Finally, when m > 0, we present the homology of (@;m)z/ 2 as a sum of two chain complexes

H.((6;,,,)"%) 2 H.((0;5)"?)[2 = m] & H.(C™(0),[2 — m])*?

n,m

where
Z/2 4n+2<qg<0,¢q=0,1,3mod4,

0 else

H,((0,2)"?) = {
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and
Z q = 0and m odd
H

JCT(0)2—m)P? = Z/2 m—3<q¢<0,q=mmod?2,
0 else
O
Suspend by S**+%_ the connecting map connects at the top degree, and after taking the cofiber,

we obtain the next case of our main result:

Theorem 18. For k > ¢ > 0 and n < 0, as a Z/2-equivariant chain complex,

CQS (Ska+€ﬂ+m'y+np Z/4 _ @Aé 1)® )[8] ® @Agfl)

1) (kD (E+1)
nd—m

@A;”“( )s+1) @04, [4].

The homology of all the chain complexes involved, are computed in Proposition 14 and Proposition
17.

]

Finally, we complete our discussion by adding the cohomology results. The cohomology of
duals of the chain complexes O’s and A’s are easily derived from Proposition 14, 15 and 17 using
universal coefficients theorem. What is new is the decomposition of cochain complexes. The answer

is the follows:

Theorem 19. For k > ¢ > 0 and n > 0, as a Z/2-equivariant chain complex,

Ea

-1
Cé (Ska+€ﬂ+m’y+np)z/4
8

69

(A( 1)3 @69 —1)® \/

s=/
® (AL (m)[s +1))" @ o c Z*Ll“*”[ .
Fork > (> 0andn <0, as a 7/2-equivariant chain complex,
k—1 -1
* « my+n —1)% _1)s
o (SFettstmtney2t — EB(ATY (m)[s])Y @ @D(ATY (m)[s))¥
s={ s=0
® (AT (m)[s + 1))V @051 .
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CHAPTER III

Equivariant Complex Cobordism and Formal Group Laws

3.1 Homotopical Equivariant Complex Cobordism MU

Let M be a smooth manifold of even dimension. An almost complex structure on a smooth real
manifold M of even dimension is a complex structure on its tangent bundle 7'M . A smooth real
manifold M has a stable almost complex structure if there is a k£ > 0 such that M & R* admits a
almost complex structure.

Let MU (n) be the Thom space of the universal bundle ~y,, : EU(n) — BU(n). They assemble
to complex cobordism spectrum M U, with structure maps given by classifying maps for ~,, & C.

The complex cobordism MU is a well-studied generalized cohomology theory. By the works
of Quillen [Qui69], MU is the universal theory for complex oriented cohomology theories, and it
supports a universal formal group law. Based on the calculations of 7, M U by Milnor and Novikov
[Mil60, Nov62], Brown and Peterson [BP66] constructed the p-local Brown Peterson spectrum B P
for a prime p and proved analogous results to [Qui69] where one replaces MU by the p-local BP
and 1-dimensional formal group laws by 1-dimensional p-typical formal group laws. Furthermore,
we can produce Morava F-theories and Morava K -theories, which are some main interests of study
in chromatic homotopy theory.

Hill, Hopkins and Ravenel’s solution for the Kervaire invariant one problem [HHR16] uses the
Real cobordism theory M Ug. There is an equivariant version M Ug of complex cobordism, which
is first defined by tom Dieck [tD70]. Fix a complete universe . Let BU%(n) be the Grassmanian
of complex n-dimensional linear subspaces of I4. Let v¢ denote the tautological complex n-plane
bundle over BU%(n). For a real representation V, define 7'(V') be the Thom space of fyﬁfl, where | V|
is the real dimension of V. Apply spectrification functor, the result is the homotopical equivariant
complex cobordism M Ug.

Because of transversality issues, the coefficient rings of M Ug’s are different from the natural
cobordism rings of weakly stably complex G-manifolds. The homotopy cobordism rings are of
much more fundamental homotopy-theoretical interest. We expect M Uy; to play the same key role

in equivariant stable homotopy theory.
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The coefficient ring (M Ug ). for G = Z/p is described in [Kri99]. The explicit calculation with
generators and relations is first given by [Str01] for G = Z/2, and later generalized in [Hu21] for
primary cyclic groups. The case when G is finite is studied in [AK15], and the case when G = S*
is studied in [SinO1]. However, the picture for nonabelian groups is still largely unknown.

Another aspect of complex cobordism concerns the evenness and freeness properties of the
coefficient ring. However, recently both the geometric and the homotopical evenness conjectures

are proven to be false, respectively in [Sam22] and [Kri21b].

3.2 The case G = >3

We will use « to denote the sign representation of Y3, and v for the two dimensional irreducible

representation. For simplicity, when there is no confusion we will abbreviate MUy, as MU.

3.2.1 The coefficients of S>> A MU.

By the Tate diagram, there is a “Tate square”

MU SV N MU

| |

F(S(00y)+, MU) —= S A F(S(007)+, MU)

—_—

for MUg. Smash the square with S>®* = E.%(Z/3) we see that S>°“ A MUy, is the homotopy
pullback of the diagram

—_—

EF[Ss) A MU (I11.1)

o

520 A F(S(007) 4, MU) —— EF[S4] A F(S(007)1, MU)

The upper right corner is the geometric fixed point, and is calculated by tom Dieck [tD70] as

(EF[S3] A MU), = MU, = MU, [ug, uy, ", uy,ul b, b5, b)) (I11.2)

’y?z?z

Here the generator b$ has degree 2(i — 1), and b has dimension 2(i — 2) fori € N = {1,2,... }.
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Note that S(oco7y) is the homotopy pushout of

23 Xz/g EZ/2 —— EZg (III3)

|

Y3/ (Z/2).

Apply the functor F'(—, MUy, ), taking fixed point after smashing with S, we see that S A
F(S(00v)4, MU) is the homotopy pullback of the following diagram

(S%e A F((EX3)., MU))®s (IIL4)

|

L2 MU MUy,

Proposition 20. The vertical arrow of (111.4) induces isomorphism on coefficients.

Proof. The bottom right corner MU 72 is the Z/2-fixed point of the Tate cohomology. Consider
the commutative diagram

7)3 —4—S' — > 51 x S (I11.5)

C

Yy —>0(2) ——=U(2)

C

where £ is the complexification, \, j is the inclusion of maximal torus, and ¢(2) = (z, 27 1).

Taking the M U-cohomology of classifying spaces, first we have
MU*(B(S' x 1)) = MU, [[uy,u_]]

where v, ,u_ € MU?(CP>) are the Euler classes of the two factors. In these terms, p* is injective,
and its image has generators

Ug = Uy T+ Uy Uy = UpU_.

One can of course instead of u,, also use u, + u_, but the advantage of this notation is that «., can
be considered as the Euler class of the identity representation -, while u,, is the Euler class of the
determinant representation .

Wilson [Wil84] proved that x* is onto, and computed

MU*(BO(2)) = MU*[[utg, )}/ (2t — ).
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In the image of 1*, we have

i, = i(uy i)

where 7 denotes the formal inverse. Since u., — u amma restricts trivially to S L'via y1 0 1, the class
is divisible by u,u, in MU*BU (2). This can also be verified directly algebraically, since it is equal
in MU, [[uy,u_]] to

we (ue = i(us)) + (g — i(u))iuy).

When restricting to >3, we additionally have the relation
0= {3}u, := 2Jus2u_ —usu_, (1IL.6)

since the inclusion X3 C U(2) factors through Z/2 ¢ Z/3, where [3|uy = [3Ju— = 0. On the other
hand, it is important to know that despite the notation, the series {3 }u., defined in (IIL.6) is a power
series in both wu, ..
We have
H*(BY3;Z) = Zlug, uy]/ (2uq, 3u.), (1IL.7)

so the Atiyah-Hirzebruch spectral sequence collapses to F5. Since the right hand side maps to
MU*BX3 by g, and on the level of associated graded objects with respect to the Atiyah-Hirzebruch

filtration, it induces an isomorphism, we conclude that
MU*BY3 = MU.[[ua, uy]]/([2]tta, {3}u,). (1IL.8)
Observe that
2]ug = 2u, mod (u?),
{3}uy = 3u, mod (ul, uyuy).

Thus,

({3}u)ua — ([2Jua)uy = uqu, mod (ugus, uaui)a

and thus, the relations of (III.8) imply
Uq Uy = 0. (I11.9)

In particular, the relations (I11.8) imply the relation
Uy — Uy = 0.

As a result, smashing with S°°“ kills the u,, part, and the vertical map induces isomorphism on

homotopy groups. 0
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Now by diagram (I11.4), the fixed points of the lower left corner of (III.1) are just OLI2 MUY, /2
whose coefficients, by [tD70], are

(®L2MU), = MU, [ug, u,*,b2,i € NJ.

Now the coefficients of the lower right corner of (III.1) are obtained from the coefficients of (II1.4)
by inverting u., thus, by inverting w., in the coefficients of the lower left corner of (II1.4), which

gives 0. In other words, the coefficients of the lower right corner of (III.1) are 0, and we obtain
Theorem 21. We have an isomorphism of rings
(%A MUs,), = (P2 MU), x (¥ MU),. (I11.10)
]

3.2.2 The coefficients of ['(S(coa), MU).

The spectrum F'(S(coar) ., MU)*? is the homotopy pullback of the diagram

F(EZ)2.,®*3MU)*/? (IIL.11)

|

F((BS3)4, MU) — F(EZ/2,, MUz;3)%/?
(which arises from the “Tate square”

MU SV N MU

| |

F(S(OO’7>+, MU) —= 5% A F(S(OO’V)—H MU)

by applying F'(S(cow), —) and taking 3;3-fixed points.)
We first calculate the top right corner of (II1.11). We notice that Z /2 acts on (®?/3MU), by a

permutation representation, with
HO(Z/2, (9% MU).) = MU.[uy,u;", b3 /2.

In this situation, it is formal that the M U-Borel cohomology spectral sequence collapses, and we
have:
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The coefficient ring (F(EZ /2., ®*/3MU)?%/?), is the pullback of rings

MU, Juy, uz, by ][]l /[2]ua

i

MU*[U’Wuf;lvbgz]/2

((‘I)Z/?’MU)*)Z/z

where u, — 0 by the vertical arrow. (Note that the lower left corner of this diagram means the
algebraic fixed points in the category of rings.) 0

Now in the coefficients of the lower right corner of (III.11), (IT1.9) is in effect, so we obtain
F(EZ)2,, MUz3), = (MUzs).)". (IIL.12)

For the same reason, F(BY3, MU), = F(EZ/2,, F(EZ/3., MU)%/®), can be rewritten as the
(algebraic) pullback of rings

(MU*BZ/3)%/? (II1.13)

ires

MU*BZ/2 —=< MU..

(Also note that at the upper right corner, we have algebraic fixed points in the category of rings.)

But now by commutation of limits, the pullback of rings

((®EBMU),)%/? (I1.14)

|

(MU*BZ/3)2? —— ((MUz3).)"/?

18
(MUgys).)"2. (IIL.15)

(Again, this means algebraic fixed points in the category of rings.) Thus, we obtain
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Theorem 22. The coefficient ring F'(S(coa) 4, MUs,). is the limit of the diagram of rings

MU, [uy, uz", by;][[ua]]/[2]ta (I11.16)
((MUz).)" MU, Juy, uz", b31/2
MU*BZ/2 %= MU,
0

It is worth pointing out that by [Kri99, Str01, Hu21], the ring (M Uz/3), is now completely

known, and the action of Z/2 is explicit:

Theorem 23. [Hu2l] Let p be a prime. For 1 < o < p — 1, let a~! be the inverse of « in
(Z/p)*. (Namely, we choose the representative in 7 such that 1 < o' < p — 1.) In Z, write
a-a =1+ kyp.
The ring (MUyp)+ is isomorphic to
MU, [u, b Aoy g | o € (Z)p)*,i,j > 0]) ~

) Ye,g 0

where the relations are:

forj > 2,
() (@) ()
bi; —ay, bi 11
where al(-f;) is the coefficient of x'vw/ in x +r [a]u,

o =0,q; — rj = uqj1
where r; is the coefficient of v/ in [p|u, and
/\1 = 17 /\ab&l =1+ ]{?aql.

[

Note that the relations imply that A\ u, = u (where u, = b(()(,)o) ).
One can, in fact, be more explicit about (III.15). In [Hu21], Theorem 23 is derived from [Kri99]
analogously as the result of [StrO1]. The algebra, however, is substantially more complicated. One

major difference between the presentations of [StrO1] and [Hu21] in the case of p = 2, which helps
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with the generalization, is that the elements ¢; in [Hu21] (and Theorem 23) are chosen in such a

way that their relations do not involve the elements bgz).

3.2.3 The coefficients of M Us,.

Now M Uy, is the homotopy pullback of the diagram

S A MU 111.17)

|

F(S(coa), MU) — S A\ F(S(o0a) 4+, MU).

The coefficients of the upper right and lower left corners are known by Theorem 21 and Theorem 22.
The coefficients of the lower right corner are obtained by inverting u,, in (III.16). We see, however,
that after inverting u,, the middle row of (III.16) becomes an isomorphism.
Also, we can consider an analogous diagram to (II1.17) using just the lower leftmost term of
(II1.16):
(5% A MU

l

— 72

F(BZ/2,, MU), MU,"” .

This produces (MUz/s). by [Kri99], which is used in [StrO1] and Theorem 23 for p = 2.
Thus, we need to calculate the algebraic pullback of rings corresponding to the uppermost right

corner of (II1.16) with the corresponding parts of diagram (II1.17). This diagram has the form

MU*[uW,u;l,uoé,u*1 b, b (II1.18)

a )7L T

MU, [uy, w3, 0 ][[ua]]/[2]ta — ug MU, [uq, w3, b ][[ua]]/[2] e

y
In particular, we need to calculate the vertical map (III.18). As in [Kri99], we have

b — coeff,i(x +F uy). (TIL.19)

Thus, we need to determine where the elements ), ; map. To this end, we consider the M U*-
cohomology of BZ/2 S'. Writing

MU*(S x 8') = MU.[[u, u-]],
the Serre spectral sequence collapses to E,. Denoting the Euler class of the map Z/2 1 S* — Z/2
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by w, we need a relation of the form
0=w(uy +u_+ HOT).
The relation can be detected by inflation associated with the map
(Z)2 x S*) x S' = 7Z/21 5" (I1.20)
where on the left hand side, an element « of the first copy of S! maps to (o, «™1), and an element 3

of the second copy of S maps to (3, 3).

Lemma 24. This inflation in MU*-cohomology is injective (and also remains injective when

inverting the Euler class w of the projection to 7./2).
Proof. Restricting to the S x S'-subgroups, the inflation on M U*-cohomology can be written as
MU, [u,v]] = MU,[[z, 2]] (IL.21)
where
U T 4pz, v i(T) dp 2

where i(x) is the formal inverse. Clearly, this is injective. To deduce the statement of the Lemma,
by the Serre spectral sequence (which collapses both in the source and the target), it suffices to
show that (II1.21) induces an injection on the Z/2-Tate cohomology HZ /2. However, explicitly, on
H7,/2, we get the map

MU, [[uwv]] — MU,[[zi(x), z]]

where

w — (x4 2)(i(x) +F 2),
which is injective. [

Now we know the cohomology of the classifying space of the source of (II11.20). Explicitly,
since the first factor is O(2), we can write

MU*B((Z)2 x §') x S*) = MU, [[ta, u, 2]/ ([2)tha, wy — Ts).

The inflation map is

W Ug, Uy > Uy TR 2, U_ > U_ +F 2.
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Further, in the target of the inflation, we have the relation
(uy +r 2)(u_ +r 2) — (i(uy) +r 2)(i(u_) +F 2).
Thus, in MU*B(Z/21 S'), we obtain the relation
uytu_ — (uy +pw)(u_ +pw), (II1.22)

which is of the required form. Thus, we have proved

Theorem 25. The ring MU*B(Z /21 S") is isomorphic to the quotient of
MU, [[ug, uy, w]]/[2]w

by the relation (I11.22) (where, as usual, we write u, = Uy +p U_, Uy, = ULU_).

To see what this has to do with the elements by, ,; in (II.18), we note that we have

MU, [y, u b o, uy ', b5, b)) = @22 (MU A (BU x BU) L)y, us ']

a )7L o'

where 7 /2 acts by interchanging the BU coordinates. By the same method as in [Kri99], we then
obtain a map from this ring to MU*B(Z /21 S') given by

Uq — w, b = coeff,i (v +F w), uy — uy, b — coeff,i(x +r uy)(x+pu_). (11.23)
In more detail, start with the composition
MU A BU = (95" MUY = (MUg)"" (I11.24)

where we work over the universe containing only the trivial and standard representation of S?,
and the first map (I11.24) comes from the tom Dieck calculation [tD70]. Smashing two copies of
(IT1.24), we obtain a (naively) Z/2-equivariant map, and taking its homotopy fixed points gives the
required map (II1.23). (To be even more precise, in the target, we have to compose with another
map, completing, on the level of Borel cohomology, the smash product, and then inverting the Euler

classes.)
Lemma 26. The map (111.23) is injective.

Proof. The proof proceeds in the same way as the proof of Lemma 24, once we prove that the map
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induced by (II1.24) on coefficients is injective. This map is
b; — coeff,i(x +p u) € MU,[[u]].

We must show that the images of the b;’s are algebraically independent. To this end, note that for
¢ > 1, the lowest term of the power series in u to which b; maps is a; ;u. If there is an algebraic
relation between these elements, it must remain valid after dividing by w. But if those elements
are algebraically dependent, they are also algebraically dependent modulo u, which means that the
ay,;’s are algebraically dependent over M U.,. This is well known not to be the case. (In fact, the
coefficients of the series : g
/0 Z aﬂti
i>0

are the coefficients of the universal logarithm, which are algebraically independent by Lazard’s
theorem.) L]

To see what happens to the 0§'’s, we can enhance the relation (I11.22) by adding formally another

formal variable ¢, thus obtaining
(uy +rt)(u_+pt) — (uy +rw+pt)(u_ +pw+pt). (TI1.25)

Note that by the Serre spectral sequence, this relation must in fact follow from (II1.22), but it is

more convenient for our purposes. In effect, translating back via (II1.23), we obtain

S0 =Y "0 (o +rt), (I11.26)

Jj=1 Jj=1

valid in the bottom right term of (II1.18). Note that examining the ¢/~! coefficient of (I11.26), and
using [2]u, = 0, for j odd, we obtain an expression containing a summand of b}ua and possibly
b)u, with some additional coefficients for £ < j, modulo higher powers of u,. Working by
induction on j, we can eliminate the summands b, u, with & odd modulo higher powers of u,,, and
then repeat the procedure, ultimately expressing b}ua as a power series in u,, (in powers > 2) whose
coefficients are polynomials in the b;’s with ¢ even. In particular, this gives recursive relations in the

lower right corner of (II1.18) of the form

bliyr = > cjud, (111.27)

J=1

where c¢; are polynomials with coefficients in the b],’s.
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For example, we have

b] = —bJu, — 2z bgu?,
+(—622b) — 3waby + 5b )ud+
(—40230] + w1209b3 — 432303 + Hdw1b) )ul + ...,

also

bg = 2]31[7; + (61’%()5 + 31’2()3 - 6bZ)ua

+(4223b] — 3x129by — 33w3by — 58w b)) ud + ...,
and

bl = —25b] + 2x129b) + 4asby + 4x1b) + ... .

This lets us calculate the pullback of rings (II1.18) by the same method as in [Hu21, StrO1]. The
answer is the ring
R = MU.u,, U;17 Ua, b7, 45, b3y bgiJrl,j]/

2y

(111.28)

o I X" e — . 9% A=}
(bz’,j — Qij = bz',j+1ua= GoUa, 45 — Tj = 4j+1Ua; bZi+1,j G = b2z‘+1,j+1ua

Note that this maps canonically to MU, [u., uy 1.03.]/2 by mapping via the vertical arrow in (II1.18)
(which we determined explicitly), and taking the constant term of the applicable u,-series. In

summary, we have our main result:

Theorem 27. The ring (MUs,). is the limit of the diagram of rings

R (II1.29)

|

((MUz3).)%? — MU, [u,, uz", b3;]/2

vy o
ires

(MUzs), —=— MU,

where the rightmost vertical arrow is described above.

3.3 Connections to equivariant formal group laws

An RO(G)-graded equivariant cohomology theory for a compact Lie group G is called complex
oriented if it satisfies the Thom isomorphism with respect to all G-equivariant complex bundles. For

an abelian compact Lie grouip A, the theory of A-equivariant formal group laws is established. It
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was conjectured by Greenlees that the Lazard ring for A-equivariant formal group laws is isomorphic
to the stable equivariant cobordism ring M UY. This was recently proved for G = Z/2 by Hanke
and Wiemeler, and in full generality by Hausmann. In this chapter we give another proof of this
conjecture for finite cyclic groups.

If A is an abelian compact Lie group, an A-equivariant formal group law over a commutative
ring k is

(1). a complete topological Hopf k-algebra R with

(2). a homomorphism @ : R — k4" of topological Hopf k-algebras so that the topology on R is
defined by the finite intersections of kernels of its components 6, : R — k for a € A*.

(3). an element z(¢) € R which is (i) regular and (ii) generates the kernel of the eth component

of 0; equivalently, x(¢) gives an exact sequence
05RYS R k0.

If A is finite, axiom (2) shows that the topology on R is defined by the single ideal ker /3. Since
6 is a map of Hopf algebras it follows that 6. is the counit of R.

The element z. is called the coordinate of the formal group law, since in geometric terms it is a
function whose vanishing defines the identity of the group. If the coordinate is not specified, the
resulting structure represents an equivariant formal group. Indeed, by axiom 1, R may be viewed as
the ring of functions on a group object GG in the category of formal schemes over k.

The k-module structure of every equivariant formal group law is topologically free, and we
may therefore express the structure maps of R in terms of the basis. There is an action of A* on
R via £, (r) = (04-1 ® 1)A(r). Thus the element x(¢) determines elements x(«) for o € A* by
the formula z(«) = ¢,(z(€)). A complex complete A-universe is a countably infinite dimensional
complex representation of A in which every simple representation occurs infinitely often. Then we

have the following result:

Theorem 28. If we choose a complete A flag F =V, C Vo, C V3 C ... in a complete universe, then
an equivariant formal group law R has an additive topological k-basis 1,x(V1), x(V3), ... where
(V™) =x(aq)..x(a) if Vo = a1 & ... & ap,.

Note that if A is the trivial group, the definition reduces to the usual concept of a (non-equivariant,

commutative, one dimensional) formal group law.

Note that the set of A-equivariant formal group laws over k is a functor of the ring k. This
functor is represented by a ring L 4, the equivariant Lazard ring for A-equivariant formal group
laws. The ring L 4 may be constructed by giving generators for each of the structure constants, and

imposing relations to ensure that the axioms of definition hold. The A-equivariant formal group
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law over k corresponding to a ring homomorphism f : L4 — k is the one with structure constants
given by the image of the corresponding generators of L 4.

A G-equivariant cohomology theory E' is complex stable if there are suspension isomorphisms
oy : EM(X) S EMVISV X))

for all complex representations V', where |V'| is the real dimension of V.
Given an A-equivariant formal group law we may define the Euler class of a one dimensional

representation « by
Uo = Oc(z(v)).

The Euler class u,, is the value of the coordinate z(«) at the identity. Note that by definition we
have u, = 0.
We also have

up = e(a™) (zae-r),
Uy = 0.

Thus, inductively we can compute,

up = e(a™")(@) = (e(a™) @ e(a' ™)) (Ax))

k—1 i—1 (II1.30)
=upoy +u- (OO @ ([ Jus-1-)))-
i=0 j=0
Thus, referring to (II1.30), we obtain a relation among the elements u, a;; € A given by
Uy, =0 (IIL.31)
which has the form
nu  mod (u?). (I11.32)

We will also need the following result: let p be a prime factor of n, and define m = n/p. Similar

computation gives

i,5>0 (II1.33)
m (k=1)m i—1 j—1
= Up + U(k—1)m + Z ai,j(H umfs)(H u(kfl)mft)'
i=1 j=1 s=0 t=0



The relation (I11.31) therefore has an alternative form
Py, mod (u?). (I11.34)

Another set of relations is obtained as follows. If (A, R, A, ¢, zp) is a Z/n-equivariant formal
group law, then R(,, = A[[z]] (since z is regular, R/(z) = A implies R/(z") = Alz]/(2")). Thus,
applying the completion map

R — Alla]),

the coproduct A maps to a non-equivariant formal group law on A. By Lazard’s theorem, we obtain
an expression of the coefficients a; ; as polynomials of @; ; and u. Note also that, by the definition

of @; ;, with this identification, we have
G;; =a;; mod (u) (IL.35)
(since 7, = = mod (u)). Thus, the relations
r(ai;) (II1.36)

in the Lazard ring give, by substitution, a set of relations among the @; ;’s and u. (Recall that modulo
decomposables, the relations among the a; ;’s say that they are all multiples of the Lazard generators
Z;4;, which in turn, modulo indecomposables, is a linear combination of the a; ;’s with coefficients
in Z.)

Now we state the main result:

Theorem 29. (1) There exists a 7./n-equivariant formal group law
(A, R, A€, xp)

where A is the quotient ring of Z|u, @; ;| modulo the relations (I11.31), (I11.36). Furthermore, this
Z /n-equivariant formal group law is universal in the sense that for any 7./n-equivariant formal
group law (A", R', A’ €', x,), there exists unique ring homomorphisms A — A', R — R/, which
carries Ato A, e to €, and x, to x;.

(2) There is an isomorphism A = (MUzy,)..

The theorem will be proved by induction. For clarity we will sometimes write A,, for the ring A

in the statement above. Throughout we use the complete flag {V;},>o defined above.

Proof. First, we observe that if we have a homomorphism of rings f : A — A’, there exists at most

one equivariant formal group law (A’, R', A’ €', 2, ) over A’ such that the coproduct formula holds
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with @; ; replaced by f(@;;), and other notations replaced. Applying f to the coefficients of the
computations of the coproduct formula, we get formulas for all euler classes u) € A’ in terms of

the images of @; ;’s. Now
k
é(a ) (zp) = Hu; e A
i=1
Therefore,
k
¢(a)(aw) =[] i
i=1

This determines ¢’ by linear extension. Since

N(a') = flag) «f © ),
0]
the following formula determines elements
vy, = (€(L) @ 1)A(zy).
For example when p = 2, L = « this gives
zo =+ 2y + ' f(@n)z) +u'f(arz)ah + ..).

It holds a priori that

To calculate z/ ,xj, for any £ € Z/n and k > 1, the recipe is to rotate the above formula for 2/ ,_,

by o*. This gives ! , in terms of a new basis
{Viri/Vitiz1 = {a"Vi}in.
Now since zj, corresponds to V}, and
(Vieri/ Vi) @ Vie = Vi,

we have 2/ ,x} in original basis {V;}i>1.

Similarly, we can compute z/,x;, for any ¢, m. Thus, by induction, the product in R’ is
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determined.
Now by Axiom (2),

Azl ,) = A((a") ® Id) o N(a"))
_ (¢la)® Id) o &) & (¢) @ 1d) 0 &) 0 A(

(2
=2_J@g) [1hessr @,
ij k=1

(since (¢'(a’) @ Id) o A'(x}) = ]._, 2! o1-1). Thus A is also determined.

Note that we do not yet know that A actually supports a Z/n-equivariant formal group law.

However, we have the following

Lemma 30. The ring Az, has u,,-torsion of order less or equal to 1, i.e. for every z € Az y, if

u? 2z =0, then u,,z = 0.

Proof. It will be convenient to introduce the polynomial generators x; of the (non-equivariant)

Lazard ring L. We also join another formal generator u,, to A. Then we can write
A= Z[W,]; Tk, U, um]/(ri,ju Uy, = [m]u7 [p]um)

where the relations
Tig = Gij = Gij(2k)
are given by thinking of a; ; as a polynomial in the @; ;’s, and

Plum, — um = [m]u

are results from computations (I11.30), and

[Pt

is (I11.34) of form

2
PUy,  mod u.

Suppose
u? | Q = c- [plum, + Z ¢ i +d-[mlu

for some ¢; ;,c,d € Z[a;;, vk, u, uy]. Then, factoring out w,, and considering non-equivariant
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formal group law theory (namely the algebraic independence of the relations 7; ;), we conclude that
U | Cij, Um | d
for all 7, 7. Thus, we may write

w o d
coeft,, (Q) = cp+ Y z—’]rm + (IIL37)

Uy,
Then assuming w,, 1 ¢, factoring out w,,, (II1.37) would again contradict the algebraic independence
of the relations r; ; of the classical (non-equivariant) Lazard ring. Therefore, u,, | ¢, and therefore

the relation () can be divided by w,,, as claimed. O

Recall that we choose p | n and let m = n/p. Let % = .# (Z/m) be the family of subgroups
contained in Z/m. Denote the universal space for this family by EZ/p (since EZ/p is a model
for E.%(Z/m)) and consider the cofiber EZ/p of EZ/p, — S°, we have a pullback square for

equivariant complex cobordism

MUy, EZ[p A MUy, (I11.38)

| |

F(EZ/py, MUy,) — EZ/p A F(EZ/py, MUsz,).

On the other hand, by [StrO1], we have a pullback square for A = Az,

A u LA (111.39)

]

N —1 AN
pygp——.

The coefficient of the square (I11.38) is

| |

(MUZ/TZ)QUW - u;Ll (MUZ/n)i\um

Now we shall argue that the top row and the left hand column actually define Z/n-equivariant
formal group laws on the respective target rings, and the rings are isomorphic to the corresponding
coefficients in the square (I11.40).

In the case of the bottom left corner, we start with the case when n is a prime. This is due to the
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fact that if we are allowed to sum infinite power series in u, then the @; ;s can also be expressed
as power series in the a; ;’s (rather than just vice versa). Under this correspondence, the relation
(IIL.31) just becomes [p|]u = 0. Thus,

Ay = Ll[u]]/[p]u

where L is the non-equivariant Lazard ring.

In the general case, use induction assumption we have
AZ/n/um = AZ/m = (MUZ/m)* = (MUZ/n>*/um

(the first isomorphism follows from our definition and the last isomorphism comes computations for
equivariant complex cobordism). We can use Borel cohomology spectral sequence to compute the

associated graded ring of ((MUzy)+),,
Ey' = H*(Z/p,m(MUy,)) = m.F(EZL/py, MUsz)p).

It collapses since the coefficient concentrates in even degrees and there are no p-torsions, and gives

the associated graded ring as
(MUz )| [tim]]/ [p]tim-

Denote (MUz/y,). by S and denote w,, by w:
WS/ S =2 W' Sh JWwTS) = S/ (w, p).
Compare the short exact sequence
0 — pS/wS — S/wS — S/(w,p) Zw"S/w S — 0

with
0—kerqg— A/wA L WwA/U"A =0

and [pJw/w € ker ¢ maps to p € pS/wS, hence the map
ker ¢ — pS/wS

is surjective and
WAWTTA = W' SjWS
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is an isomorphism for all » > 1. Thus,
Ay = (MUzn)e)y,,-

On u, ' A, we are inverting a certain collection of euler classes, namely those of representations

a®’s for k | m. We know by the Chinese Remainder Theorem that we must put

R= ]  Allzl.

a€G,uq inverted

Now the relations (I11.36) give an z-completed coproduct on A[[z]], which we denote by F'(y, z)
(i.e. wereally have y = r ® 1, 2 = 1 ® x). The equivariant formal group laws axioms (2) and (3)

imply that the coproduct on z, must be

H A(yﬁv Z"/)

By=a

where y, = x4 ® 1, 2, = 1 ® . The relation (II.31) implies that this Z/n-equivariant formal
group laws definition is consistent, as well.

Moreover, since the Z/n-equivariant formal group laws just defined on the corners of the
diagram (II1.39) are both induced from maps from the pullback A, they coincided when pushed
forward to u~"'(A(, )-

By general universal algebra, the compatible Z /n-equivariant formal group laws on the three
remaining corners of (I11.39) define a 7 /n-equivariant formal group law on A, which is induced, in
the above sense, by Id : A — A. It follows from the similar formal argument the 7 /n-equivariant
formal group law on A is universal.

Additionally, by the explicit computation just performed, the limit diagram (II1.39) (and hence
the pullback) coincide with the corresponding terms of [Kri99], and thus, Az, = (MUy, /n)*.

]

3.4 Conclusion

By some algebraic tools, the structure of (M Uy, ), in Theorem 27 can be calculated explicitly.
More details could be found in the appendix of [HKL21].

There are no satisfactory definitions for equivariant formal group laws for nonabelian groups yet,
due to the reason that representations are not necessarily 1-dimensional. Hence we need to consider
all the equivariant classifying spaces BUg(n) for n > 0, with structure maps induced by direct sum

and tensor product of vector bundles. Schwede’s splitting [Sch22] suggests it might be sufficient to
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model the E-cohomology of BU¢, which is the 0-connected component of the infinite loop space of
G-equivariant K -theory KUg. However, it is still conjectured that, with suitable definitions, there
should be an isomorphism between (M U ). and the Lazard ring L. Such calculations may give
an idea for giving a suitable definition.

On the other hand, nonabelian groups also arise naturally in many questions. In chromatic
homotopy theory, the groups (Jg arises as Sylow 2-subgroup for the Morava stabilizer group at prime
2, which is a fundamental object of the subject. The recent study on triangulation conjecture of
manifolds also involves (Qg-actions. In [Man16], Manolescu looked at Pin(2)-equivariant Seiberg-
Witten Floer homology. The group Pin(2) contains (g as a finite subgroup. It is the author’s hope
to apply these calculations to study other questions.
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APPENDIX A

Equivariant Stable Homotopy Theory

1.1 The Category of G-Spectra

Let G be an arbitrary finite group, which we fix throughout this appendix. Furthermore, we will
restrict to compactly generated weak Hausdorff topological spaces.

A G-space is a space X together with a continuous left action of the group G. A GG-equivariant
map (or simply equivariant map) f : X — Y of G-spaces commutes with the G-actions on X and
Y. A pointed G-space is equipped with a G-fixed basepoint, and a pointed map between pointed
G-spaces should respect basepoints.

Now, we define the category T'op® to have G-spaces as objects and equivariant maps as mor-
phisms. Similarly, we define the category T'op¥ to have pointed G-spaces as objects and pointed
equivariant maps as morphisms. However, we define the category T to have pointed G-spaces
as its objects but continuous maps as its morphisms. Both Top% and T¢ are closed symmetric
monoidal categories under smash product with the 0-sphere S° as the unit object. The group acts

diagonally on the smash product and the adjunction reads as
Top®(X NY,Z) = Topl (X, F(Y, Z))

where F'(X,Y') denotes the pointed space of based maps from Y to Z.

An orthogonal G-spectrum X consists of the following data:

* pointed spaces X, for n > 0, with a continuous left action by O(n) x G, where O(n) is the

orthogonal group of R".

e based structure maps o, : X™ A S — X, that are G-equivariant with respect to the trivial

action on S,
o the iterated structure map o™ : X, A S™ — X, 1 is O(n) x O(m)-equivariant.

We will usually abbreviate the notion as G-spectra. A morphism f : X — Y between two

G-spectra is a collection of O(n) x G-equivariant based maps f,, : X,, — Y,,, which are compatible
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with the structure maps in the sense that f,, 1 o 0, = 0, o (f,, A S1) for n > 0. Hence we have a

category Spg of orthogonal G-spectra.

Example 31. Suspension spectra. Every pointed G-space A gives rise to a suspension spectrum
3> A via
(XCA), =ANS".

The orthogonal group acts through the action on S™, the group G acts through the action on A, and

the structure maps are the canonical homeomorphism
(ANS™)A St AN S

For example, the sphere spectrum 'S is isomorphic to the suspension spectrum %>°S° (where G

necessarily acts trivially on S ).

There are other definitions of G-spectra. They are not the same, however they give equivalent
categories. Hence it is one’s favor to use different models. One of the other models is the theory of
Lewis-May spectra, which we will also use in the calculations. The lecture notes [Sch16] gives a

detailed account of orthogonal spectra. For treatment of Lewis-May spectra, we refer to [LMSMS86].

1.2 Equivariant Homotopy Groups

Let X be a G-spectrum and V' a representation of G. The loop spectrum QV X is defined by
(QVX), = 0Y(X,) = map(SY, X,,).

Here map(—, —) denotes the based mapping space of non-equivariant based maps. The group
O(n) acts through its action on X,, and GG acts by conjugation. The structure map is given by the
composition

map(SY, X,,) A ST — map(SY, X,, A S*) — map(SY, X,11)

where the first map sends p At to v — p(v) At.
The suspension spectrum SV A X is defined similarly by

(SY'AX),=S"AX,
The group O(n) acts on X, and G acts diagonally. The structure map is the composite

(SYAX),AS' =8V AX, NSt = SV A X
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Let pg be the regular representation of G. The 0-th equivariant homotopy group 7§'(X) of an

orthogonal GG-spectra is defined as
75 (X) = colim, [S™C | X (npe)]©

where [—, —]¢ means the homotopy class of based G-maps. The colimit is taken along stabilization
at regular representations.

We can define general homotopy groups: if k is a positive integer, we define
7 (X) = 7§ (24X)
if k is negative, we define
TI(X) =75 (X A S7F)

It is not hard to see that they are indeed abelian groups, as there are trivial representations in
npaG’s.

A morphism f : X — Y is a 7 -isomorphism if the induced map 7/ (f) : 7(X) — 7 (V)
is an isomorphism for all integers £ and all subgroups H of G. We define the G-equivariant
stable homotopy category Ho(Sp¢) as the category obtained from Sp¢ via formally inverting all
7 -isomorphisms.

As a rough summary, the category Spg, together with the stable category Ho(Sp¢), enjoys the
following nice properties [HHR16]:

* The functor X*° admits a right adjoint 2°°. And they induce adjoint functors RQ> F L>>°

passing to homotopy categories:
LY : Ho(Top®) — Ho(Spg)
RQ™ : Ho(Spe) — Ho(Top%)

* Both Spg and Ho(Spg) are closed symmetric monoidal categories under smash product. The

unit object is the sphere spectrum S. And the functor L>:*° is symmetric monoidal.

* The functor LX*° extends to a fully faithful, symmetric monoidal embedding of the Spanier-
Whitehead category into Ho(Spg).

* The objects SV are invertible in Ho(Sp¢) under the smash product.

* Arbitrary coproducts exist in Ho(Spg) and can be computed by levelwise wedges.

58



* (homotopy presentation) Up to weak equivalence every object X is presentable in Sp¢ as a
homotopy colimit
“'van VAN Xvn — Sivn"'l VAN XVn+1 — ...

in which {V,,} is a fixed increasing sequence of representations eventually containing every
finite dimensional representation of (&, and each X, is weakly equivalent to a suspension

spectrum of a G-CW complex.

1.3 Change of groups and the Wirthmiiller Isomorphism

Suppose that H is a subgroup of G, the restriction functor res%, : Spg — Spy simply pulls back
G-action to H-action. This restriction functor has both left adjoint and right adjoint, respectively
called induced spectrum functor and coinduced spectrum functor.

Suppose that Y is an [ -orthogonal spectrum. The induced G-spectrum, denoted by G X i Y, is
defined by

(GxgY),=GxgYy,

with induced action by the orthogonal group and induced structure maps. The coinduced G-spectrum,
denoted by map” (G, Y), is defined by

(map™(G,Y)), = map™ (G, Y;)

with induced action by the orthogonal group and induced structure maps.

At each level, we can define a G-map G x g Y,, — map (G, Y,,) by

vgy ifyge H
' X =
v, (g X y)(7) {* g ¢ H

They assemble to a morphism of orthogonal G-spectrum Wy : Gx Y — map® (G, Y'). Wirthmiiller

Theorem states that for finite group G, it is a 7, -isomorphism of spectra.

Theorem 32. (Wirthmiiller) Let H be a subgroup of a finite group G, and Y an orthogonal

H-spectrum. Then the morphism
Uy : G xgY — map"(G,Y)

is a 7 -isomorphism.
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1.4 The Tate Square

A family .% of subgroups of a finite group G is a collection of subgroups which is closed under

subgroups and conjugations. Given a family .7, there is a universal space F.# characterized by

* when H € &

EFH ~
o else

If the family .% = {e}, then E.Z is the universal space EG.
We can form a cofiber sequence

EZ, —» 8" — BEZ.
Hence E.7 is characterized by

E\JE[H N x* when H € &
SO else

Let X be a genuine G-spectrum. Smashing X with the cofiber sequence above, as well as

applying the functor F'(E.#, —), we obtain the Tate diagram

The left vertical map is an equivalence. As a result the Tate square (the square on the right) is a

homotopy pullback, and it would be a homotopy pullback of rings if X is a ring spectrum.
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