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Abstract 

Power systems are going through a paradigm shift from electric machine-based to power 

electronics-based, with a huge number of different players on the supply side. Nowadays, 

thousands of distributed energy resources (DERs) are being integrated into power systems through 

power electronics components such as solar panels, wind turbines, and energy storage systems; 

however, the integration of numerous power electronic components and constant power loads 

(CPLs) destabilizes power systems and leads to critical oscillations. Consequently, one of the 

crucial challenges of this new paradigm is to keep the whole power system stable. The stability 

issues faced by DC microgrids are especially severe and urgent due to their unique properties. First, 

the low inertia of DC microgrids sharply weakens their stability; and second, owing to their 

advantage of smooth control, DC microgrids are unprecedentedly more promising than AC power 

systems given the increasing penetration of DERs. Therefore, the main purpose of this research is 

to solve the stability issues in power-converter-dominated DC microgrids. Considering the limited 

applicable ranges of traditional small-signal stability analysis, this research develops stability 

analysis of power-converter-dominated DC microgrids from the perspective of large-signal 

stability analysis. The main contributions of this research can be summarized as follows: 

1) We model the DC microgrids with high penetration of power electronic devices and 

CPLs based on Brayton-Moser’s potential theory, including a proposed novel current-mode 

controller of power converters and a more realistic model of CPL.  
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2) We present a rigorous derivation of sufficient criteria for large-signal stability in DC 

microgrids with multiple power converters and CPLs. It is worth mentioning that this derivation 

works for many different types of power converters. In this research, the stability of each 

equilibrium point and the convergence of state trajectories with different starting points are 

discussed in detail. We integrate the discussion of the local stability of each equilibrium point into 

the large-signal stability analysis of the system. 

3) We develop a novel approach to ROA estimation with less conservativeness using a 

potential-based approach. The approach tackles the common conflict between model accuracy of 

ROA estimation and computational overhead. 

4) We resolve misunderstandings and emphasize the key points of potential theory, which 

plays a fundamental role in large-signal stability analysis in nonlinear power grids. 

Additionally, this dissertation develops a preliminary study about the microgrid control and 

voltage stability in AC/DC hybrid microgrids in Chapter 5, which investigates the control 

techniques, simulation modeling, and voltage stability analysis when a DC microgrid is connected 

to an AC microgrid. We will extend the preliminary study from the perspectives of stability-aware 

power flow management, fault detection, and grid protection in our future work.  



1 

 

Chapter 1 Introduction 

1.1 Background 

With the high penetration of power electronic devices, DC power grids are moving towards 

smarter and more competitive grids in recent years. A significant number of today’s electrical loads 

are running on DC power, so supplying them from a DC source would simplify the power circuit 

and save energy overall. Especially, DC microgrids widely attract people’s interest due to their 

advantages in operation and control. However, the characteristics of Power-Voltage coupling and 

low inertia of DC microgrids increase the risks of grid instability. In conventional bulk power 

systems, the rotor inertia and the damping properties of synchronous generators play a significant 

role in stabilizing the system. Compared with the conventional power plants dominated by 

synchronous generators, the converter-interfaced distributed generator (DG) and renewable energy 

source (RES) have either a very small or no rotating mass, which is the main source of inertia. 

With the growing penetration of DGs/RESs, the low inertia and damping effect is increasingly 

destabilizing the power grid. Moreover, in DC power grids, the stored energy in bus capacitors is 

much less than the rotating storage of the rotation axis. Therefore, the stability of DC power grids 

deteriorates easily from the disturbance due to low inertia and poor damping. Power grids with a 

large percentage of constant power loads (CPLs) on the load side are especially potentially 

destabilized by these elements, no matter whether in DC microgrids or in hybrid AC/DC systems. 

The reason is that a CPL always exhibits negative incremental impedance in circuits. Therefore, it 
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is necessary to promote stability analysis and novel control strategies for enhancing microgrid 

stability.  

1.2 Research objectives 

A large disturbance could happen in power grids when a fault or load switching occurs. 

However, traditional small-signal stability analysis and existing large-signal stability analysis tools 

in literature cannot provide sufficient information about the stability of a DC microgrid with CPLs 

involving a large disturbance, because of limited appliable ranges or non-rigorous theoretical 

foundation. Therefore, a novel rigorous large-signal stability analysis is required to determine safe 

operation conditions in DC microgrids even when they are going through a large disturbance.  

The main purpose of this research is to investigate the large-signal stability of power-

converter-dominated DC microgrid with the consideration of the effects of nonlinear power 

devices. We present the rigorous derivation of the sufficient criteria for large-signal stability in DC 

microgrids with multiple power converters and CPLs. The stability of each equilibrium point and 

the convergence of state trajectories with different starting points are discussed. We integrate the 

discussion of local stability of each equilibrium point into the large-signal stability analysis of the 

system. Moreover, we develop a novel approach to ROA estimation with less conservativeness 

using a potential-based approach. The approach tackles the common conflict between model 

accuracy of ROA estimation and computational overhead. In this ongoing research, we also resolve 

misunderstandings and emphasize the key points of potential theory, which plays a fundamental 

role in large-signal stability analysis in nonlinear circuit networks. 
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In addition, we extend our research to AC/DC hybrid microgrids, which preliminarily 

investigates the control techniques, simulation modeling and voltage stability in the hybrid 

microgrids.  

1.3 Organization 

The introduction of the dissertation is presented in Chapter 1. Chapter 2 presents the large-

signal stability analysis for the power-converter-dominated DC microgrid with a single CPL. 

Chapter 3 introduces the large-signal stability analysis for the power-converter-dominated DC 

microgrid with multiple CPLs. The stability of each equilibrium point is investigated. Chapter 4 

presents a proposed novel approach to ROA estimation in power-converter-dominated DC 

microgrids. Chapter 5 discusses the simulation modeling and voltage stability in AC/DC hybrid 

microgrids, and Chapter 6 summarizes conclusions and future works. 
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Chapter 2 Large-Signal Stability Analysis in DC Microgrids with a Single CPL 

2.1 Introduction  

The purpose of this chapter is to solve the stability issues in power-converter-dominated 

DC microgrids with a single constant power load (CPL). Recent works related to stability analysis 

in DC microgrids can be categorized according to the type of disturbance and the number of 

converters, as shown in Table 1. Most of the stability studies of DC microgrids are performed using 

small-signal and linearized models, especially for large-scale DC microgrids with multiple 

converters and CPLs. However, linearized models of microgrids are not always applicable. The 

first reason is that from the perspective of a dynamic system, the power converter dynamics can 

be approximated by a nonlinear state-space averaging model only if the system bandwidth is well 

below the switching frequency [2]. The challenge here is that the feasible region of the averaging 

model shrinks sharply when we perform linearization for nonlinear systems with high bandwidth. 

Moreover, when nonlinear controllers are applied in power converters, the system dynamics 

become even more complicated. The second reason is that even though the small-signal approach 

is proven to be effective in some cases, it does not work well when a large disturbance occurs. The 

small-signal-based approach often utilizes classical eigenvalues or impedance techniques [3][4], 

with linearization of nonlinear systems and analysis of equilibrium points. The work in [6] explores 

small-signal stability issues in a simplified cascade distributed power architecture with a one-line 

regulating converter using phase portraits. Paper [7] analyzes the factors that cause the instability
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of a DC microgrid with multiple converters and presents two stabilization methods. In paper [9], 

a converter-based DC microgrid is studied by employing a multistage configuration. The authors 

derive a comprehensive small-signal model to analyze the interface power converters in each stage 

and propose virtual impedance-based stabilizers to enhance the damping of DC microgrids. 

Table 1: Classification of recent works about stability analysis in power grids 

Classification Type of disturbance Small-signal Large-signal 

Number of converters 

considered 

Zero/Single converter [5][6][12] [10][12][13] 

Multiple converters [7] [8][9] N/A 

Large-signal stability criteria determine the safe operation regions of real power systems. 

A practical application of the stability criteria is to ensure safe operation in the event of a large 

disturbance, which is possible in the real operation of DC microgrids, such as load switching, pulse 

power loads, and faults. A large-signal stable system is naturally small-signal stable; however, the 

opposite holds only when special prerequisites are satisfied. Some studies covering large-signal 

stability in recent years are discussed as follows. However, some large-signal analysis tools 

introduced in the literature either have limited applicable ranges or non-rigorous theoretical 

foundations. In [10], large-signal stability is studied in an electrical system with a single converter 

based on Takagi-Sugeno multi-modeling [11]. Paper [12] presents the destabilizing effect of CPLs 

on DC microgrids and analyzes both their small-signal stability and large-signal stability, showing 

a significant difference between them. That said, only one single source and CPL are considered. 

The work in [13] focuses on the large disturbance scenarios in a cascaded system, which represents 

the basic form of a DC microgrid. The authors analyze the stability of the cascaded system based 

on Brayton-Moser’s mixed potential theory [14] and develop it under the consideration of 

conservatism caused by transient response characteristics of the load converter. Paper [15] presents 

large-signal stability criteria based on Brayton–Moser’s mixed potential of a DC electrical system 
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with multistage LC filters and a CPL. However, the conclusions in [13][15] may not be sound; our 

paper verifies that their deployment of Brayton-Moser’s mixed potential theory actually cannot 

obtain sufficient criteria for nonlinear circuit networks. Moreover, we believe that the authors in 

[16] do not accurately understand Brayton-Moser’s mixed potential theory when they apply it to 

deal with large-signal stability issues. Their definition of potential is questionable due to its 

violation of the basic property of potential—that is, potential depends only on the start point and 

endpoint, independent of the state trajectories. 

In a nutshell, large-signal stability criteria for DC microgrids with multiple converters are 

still an unsolved puzzle. This chapter presents a systematic and rigorous methodology to deal with 

this problem. The main contributions can be summarized as follows: 

1) We present the rigorous derivation of the sufficient criteria for large-signal stability 

in DC microgrids with multiple power converters and CPLs. It is worth mentioning that this 

derivation works for many different types of power converters.  

In our DC microgrids model, the novel proposed distributed closed-loop converter 

controllers are considered. It refers to the feedback control between converter parameters (e.g., the 

equivalent impedance of converter) and the operation parameters of DC microgrids (e.g., node 

voltage).   

In the real operation of DC microgrids, in order to smooth power flow and provide electric 

power of higher quality, it is common to regulate output voltages through the control of power 

converters. Therefore, it is necessary to acquire the stability criteria in DC microgrids with 

controlled power converters, which can be treated as a rule of thumb for the stable operation of 

modern DC microgrids. 



7 

 

2) A novel current-mode control method is proposed to regulate node voltages in DC 

microgrids. It shows superior performance over that of droop control in terms of stability and 

steady-state error.  

3) We discuss and debunk the defects of the well-known Brayton-Moser’s mixed 

potential theory [14] and conclude that it may not obtain the sufficient criteria of nonlinear circuit 

networks. The findings reveal several flawed studies based on this theory since the theory was 

proposed in 1964.  

4) We investigate the superiority of the proposed large-signal stability region over the 

traditional small-signal stability region in DC microgrids. It is observed that the small-signal 

stability region of DC microgrids with high nonlinearity is not reliable in our case study. 

The structure of this chapter is organized as follows: In section 2.2, the model of a typical 

DC microgrid with multiple power converters and CPLs is discussed. In section 2.3, we propose a 

novel current-mode converter controller in DC microgrids. Section 2.4 presents the sufficient 

conditions for large-signal stability in DC microgrids with distributed-controlled converters. In 

Section 2.5, we reveal the defects of Brayton-Moser’s potential theory and verify the correctness 

of our methodology. Besides, we compare the large-signal stability region solved by the novel 

proposed methodology and the traditional small-signal stability region. The conclusion and future 

work are indicated in section 2.6. 
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2.2 Model assumption & problem description  

The circuit structure of a generalized DC microgrid with multiple converters and CPLs is 

described in Figure 1. Without loss of generality, the circuit structure is modeled based on the 

following assumptions: 

1) The power supplies are all constant voltage sources. 

2) A novel current-The DC-DC converters are employed to step up/down the voltage outputs. 

They can be ideal buck converters or boost converters. No parasitic resistance or parasitic 

capacitance is considered. 

3) Every transmission line is modeled as impedance. 

4) The demand side consists of an aggregated CPL and a linear resistor. The operation 

function of the CPL is described as the following equation, which is also depicted in Figure 

2.  

 {

𝐼𝑃𝐿 = 𝐼𝑚𝑎𝑥,  𝑉𝐿 ≤ 𝑉𝑚𝑖𝑛
𝑉𝐿 = 𝑃𝐿/𝐼𝑃𝐿 ,       𝑉𝑚𝑖𝑛 ≤ 𝑉𝐿 ≤ 𝑉𝑚𝑎𝑥
𝑉𝐿 = 𝑉𝑚𝑎𝑥,           𝐼𝑃𝐿 < 𝐼𝑚𝑖𝑛

  (2. 1)                                                    

where  𝐼𝑃𝐿 and 𝑉𝐿 are the current and output voltage of the CPL, separately. 𝑃𝐿 is the power of the 

CPL when 𝑉𝑚𝑖𝑛 ≤ 𝑉𝐿 ≤ 𝑉𝑚𝑎𝑥 . 𝑉𝑚𝑖𝑛  and 𝑉𝑚𝑎𝑥  are the lower bound and upper bound of output 

voltage, separately. 𝐼𝑚𝑖𝑛 and  𝐼𝑚𝑎𝑥 are the lower bound and upper bound of current, separately. 

A large disturbance often happens when a fault, a pulse power load, or load switching 

occurs in a DC microgrid. Unfortunately, traditional small-signal stability analysis cannot provide 

sufficient information to determine the stability of a microgrid after such a large disturbance. In 

this paper, novel large-signal stability criteria are proposed to solve this issue. Large-signal 

stability is defined based on the definition of Lyapunov global asymptotic stability: There exists at 
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least one stable equilibrium point of the dynamic system where any subsequent trajectories of the 

set of initial conditions end up. It guarantees that a DC microgrid will always be stable even after 

going through a severe disturbance. 
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Figure 1. The circuit structure of a typical DC microgrid with a CPL. 
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VL
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Figure 2. The CPL operation model. 

2.3 The modeling of DC microgrids with closed-loop converter controllers 

 In DC microgrids, reasonable control of power converters enables the regulation of output 

voltages to smooth the power flow and provide electric power with high quality. Recently, different 

schemes of current-mode control for converters have been studied due to its unique advantages in 

current regulation [2][17]. Here we suppose that the power converters in the microgrid are 

distributed-controlled in current mode. Considering the characteristics of the output port of the 
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switch network of the power converters, regardless of whether they are buck converters, boost 

converters, or buck-boost converters, the microgrid can be modeled as in Figure 3, where 𝐼𝑠𝑖(𝑖 =

1,2, … ,𝑁) represents a current source. A detailed explanation of the switch modeling of power 

converters can be found in [18].  

The purpose of the distributed control of power converters is to regulate capacitor voltage 

𝑉𝐶𝑖 to an expected value 𝑉𝑟𝑒𝑓𝑖, through the switching of 𝐼𝑠𝑖 in each branch. Traditionally, droop 

controllers are often utilized to achieve this purpose. Here, we propose a novel type of feedback 

controller and deploy it in DC microgrids instead of traditional droop controllers. The model of a 

DC microgrid with the proposed converter controllers is depicted in Figure 4. 

RLCL PL

Lt1 It1 Rt1

Lti Iti Rti

LtN ItN RtN

IL

+

-
VL

IPL IRL

Is1

+

-
VC1

+

-
VCN

...
...

Isi

+

-
VCi

IsN

Cb1

Cbi

CbN

 
Figure 3. The diagram of a typical DC microgrid under current-mode control. 

In each power converter, the transfer function of the controller block shown in Figure 5 is 

specified as follows: 

 𝐺(𝑠) =
𝐼𝑠𝑖(𝑠)

𝑉𝑟𝑒𝑓𝑖(𝑠)−𝑉𝐶𝑖(𝑠)
= 𝑌𝑖𝑛(𝑠) =  

𝑅𝑝𝑖+𝑠𝐿𝑞𝑖+𝑅𝑞𝑖

𝑅𝑝𝑖(𝑠𝐿𝑞𝑖+𝑅𝑞𝑖)
=

1

𝑅𝑝𝑖

𝑠+
𝑅𝑝𝑖+𝑅𝑞𝑖

𝐿𝑞𝑖

𝑠+
𝑅𝑞𝑖

𝐿𝑞𝑖

  (2. 2)                                                    
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where 𝑌𝑖𝑛 is the equivalent admittance of the block shown in Figure 5. Usually, 𝑅𝑞𝑖 is designed to 

be a small resistor, and 𝑅𝑝𝑖 is designed to be larger than 𝑅𝑞𝑖, i.e., 𝑅𝑝𝑖 ≫ 𝑅𝑞𝑖. 

+
-

RLCL PL

Lt1 It1 Rt1

Lti Iti Rti

LtN ItN RtN

IL

+

-
VL

IPL IRL

+

-
VC1

+

-
VCN

...
...

+

-
VCi

Cb1

Is1

Rp1

Lq1 Rq1

Vref1

+
- Cbi

Isi

Rpi

Lqi Rqi

Vrefi

+
- CbN

IsN

RpN

LqN RqN

VrefN  
Figure 4. The equivalent model of a DC microgrid with current-mode controllers. 

+
- -

VCi

Isi

Rpi

Lqi Rqi

Vrefi

+ Yin

 
Figure 5. The equivalent circuit of the proposed converter controller. 

The DC microgrids with the novel proposed converter controllers have the following 

strengths compared to that with traditional droop controllers: 

1) When the microgrid is in steady state, the equivalent impedance of the equivalent circuit 

of the proposed converter controllers (i.e. 1/𝑌𝑖𝑛 in Figure 5) is  
𝑅𝑝𝑖𝑅𝑞𝑖

𝑅𝑝𝑖+𝑅𝑞𝑖
≈ 𝑅𝑞𝑖 due to 𝑅𝑝𝑖 ≫ 𝑅𝑞𝑖. 

That is to say, the controller can be treated as a small resistor, leading to a small steady-state control 

error compared to that of the droop controller with large resistance, e.g. 𝑅𝑝𝑖. 
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2) When the microgrid is in transient, the equivalent impedance of the equivalent circuit of 

the proposed controllers (i.e. 1/𝑌𝑖𝑛  in Figure 5) is 
𝑅𝑝𝑖(𝑠𝐿𝑞𝑖+𝑅𝑞𝑖)

𝑅𝑝𝑖+𝑠𝐿𝑞𝑖+𝑅𝑞𝑖
 , which is nearly as large as 𝑅𝑝𝑖 

when 𝐿𝑞𝑖 is set properly. It leads to the quick attenuation of energy at high frequencies, which is 

beneficial in maintaining the stability of the system. This characteristic makes the proposed 

controller superior over the traditional droop controller with small resistance, e.g. 𝑅𝑞𝑖. 

Besides the excellent performance of the novel converter controller, the similarity in the 

structure between the novel controller and a droop controller also makes it more convenient and 

promising to be developed in DC microgrids in practice. A simulation is carried out in section 2.5.2 

to show the superiority of the novel proposed controller in detail.  

2.4 Large-signal stability criteria in DC microgrids  

2.4.1 Introduction to the potential of a complete circuit 

Definition 1 (Complete circuit [14]) A set of variables 𝑖1, … , 𝑖𝑟 , 𝑣𝑟+1, … , 𝑣𝑟+𝑠is called complete 

if they can be independent without leading to a violation of Kirchhoff’s laws and if they determine 

at least one of the two variables, the current or the voltage, in each branch. A circuit is called 

complete if the set of variables 𝑖1, … , 𝑖𝑟 , 𝑣𝑟+1, … , 𝑣𝑟+𝑠  is complete, where 𝑖1, … , 𝑖𝑟  denote the 

currents through inductors and 𝑣𝑟+1, … , 𝑣𝑟+𝑠 denote the voltage across capacitors. 

Definition 2 (Potential [20]) Define the potential function as follows: 

 𝑃(𝑖, 𝑣) = ∑ 𝑣𝜇𝑖𝜇

 
 
 
|
 𝛤

𝑠
𝜇=𝑟+1 +  ∑   ∫ 𝑣𝜇𝑑𝑖𝜇

 

𝛤
𝑏
𝜇>𝑟+𝑠   (2. 3)                                                    

where 𝑣𝜇 and 𝑖𝜇 are the voltage and the current of the 𝜇-th element, respectively. Regarding the 

notations of the elements, 1,2, … , 𝑟 represent inductors; 𝑟 + 1, … , 𝑟 + 𝑠 represent capacitors; 𝑟 +
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𝑠 + 1,… , 𝑏 represent nonlinear resistors and power sources. The integral term is also called current 

potential. The potential of some common elements in circuits is listed in the following table. 

Table 2: The potential of several common elements 

Capacitor Linear resistor Voltage source 

−𝑣𝜇𝑖𝜇 −1/2𝑖𝜇
2𝑅𝜇 ∫𝑣𝜇𝑑𝑖𝜇

 

Γ

 

In the table, 𝑅𝜇  is the resistance of a linear resistor. The negative signs come from the 

generator convention. Besides, similar to current potential, the voltage potential is defined as 

follows: 

 𝑞(𝑖, 𝑣) = ∑ ∫ 𝑖𝜇𝑑𝑣𝜇
 

𝛤
𝑏
𝜇>𝑟+𝑠   (2. 4)                                                    

A fundamental property of the potential of a circuit is that it only depends on the start point 

and endpoint of the chosen integral path whereas it is independent of the path itself, which is the 

same as gravitational potential energy. Moreover, there are two facts about the application of circuit 

potential: 

1) It may not be practical to deal with the stability of a circuit with electronic elements with 

high nonlinearity using potential theory. Take the operational amplifier as an example—it consists 

of several highly nonlinear transistors, which causes difficulty in solving the equilibria of the 

system; besides, it has a large number of elements aside from the transistors, leading to a very 

complicated potential model. The potential analysis of the operational amplifier is questionable 

and misleading in [16]. 

2) Usually, the potential theory is applied to complete circuits. This does not imply that the 

potential function is not meaningful in an incomplete circuit, but sometimes it may not be 

interpreted as conveniently as that in a complete circuit. Normally, it is suggested to add capacitors 
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in parallel and inductors in series to modify an incomplete circuit to a complete circuit. Then the 

original incomplete circuit can be treated as a limiting case of the modified complete circuit. The 

modification and limitation can be justified physically due to existing parasitic reactance in circuits.  

2.4.2 Sufficient criteria for global asymptotic stability in DC microgrids  

As mentioned previously, the DC microgrids with the proposed closed-loop converter 

controllers are modeled as Figure 4. Since it is an incomplete circuit, we add virtual inductors in 

series to modify it to a complete circuit. Suppose there is a virtual inductor 𝐿𝑝𝑖, whose inductance 

is zero, in series with 𝑅𝑝𝑖 in every converter controller. The modified model is shown in Figure 6. 

Here we consider a simplified CPL model as {
𝐼𝑃𝐿 = 𝐼𝑚𝑎𝑥 , 𝑉𝐿 < 𝑉𝑚𝑖𝑛
𝑉𝐿 = 𝑃𝐿/𝐼𝑃𝐿 , 𝑉𝐿 ≥ 𝑉𝑚𝑖𝑛

, where  𝐼𝑃𝐿 and 𝑉𝐿 are the 

current and the output voltage of the CPL, separately. 𝑃𝐿 is the power of the CPL when 𝑉𝐿 ≥ 𝑉𝑚𝑖𝑛. 

𝑉𝑚𝑖𝑛 is the lower bound of the output voltage.  𝐼𝑚𝑎𝑥 is the upper bound of current.  

 
Figure 6. The model of a typical DC microgrid with virtual inductors. 

The potential function of the system in Figure 6 is written as 

+
-
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-
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+

-
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+
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.
.
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+
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 𝑃(𝑖, 𝑣) = {
𝑍(𝑖, 𝑣) + 𝐼𝑚𝑎𝑥(𝑉𝐿 − 𝑉𝑚𝑖𝑛) − 𝑃𝐿 , 𝑉𝐿 < 𝑉𝑚𝑖𝑛

𝑍(𝑖, 𝑣) + ∫
𝑃𝐿

𝑣
𝑑𝑣

𝑉𝐿
𝑉𝑚𝑖𝑛

− 𝑃𝐿 ,                   𝑉𝐿 ≥ 𝑉𝑚𝑖𝑛
  (2. 5) 

where 

 

𝑍(𝑖, 𝑣) = ∑ 𝑉𝑟𝑒𝑓𝑖
𝑁
𝑖=1 (𝐼𝑝𝑖 + 𝐼𝑞𝑖) −

1

2
∑ 𝑅𝑝𝑖𝐼𝑝𝑖

2𝑁
𝑖=1 −

1

2
∑ 𝑅𝑞𝑖𝐼𝑞𝑖

2𝑁
𝑖=1

−
1

2
∑ 𝑅𝑡𝑖𝐼𝑡𝑖

2𝑁
𝑖=1 − ∑ 𝑉𝐶𝑖(𝐼𝑝𝑖 + 𝐼𝑞𝑖 − 𝐼𝑡𝑖)

𝑁
𝑖=1  

−
𝑉𝐿
2

2𝑅𝐿

−𝑉𝐿 (∑ 𝐼𝑡𝑖
𝑁
𝑖=1 −

𝑃𝐿

𝑉𝐿
−
𝑉𝐿

𝑅𝐿
)

  (2. 6)  

 The notations are corresponding to those marked in Figure 6. The dynamic equation of the model 

in Figure 6 is described as follows: 

 −𝐽
𝑑𝑥

𝑑𝑡
=
𝜕𝑃(𝑥)

𝜕𝑥
  (2. 7) 

where 𝑥 = [𝑖  𝑣]𝑇,  𝐽 = [
−𝐿 0
0 𝐶

]. 

𝑖 = [𝐼𝑝1, 𝐼𝑝2, … , 𝐼𝑝𝑁, 𝐼𝑞1, 𝐼𝑞2, … , 𝐼𝑞𝑁 , 𝐼𝑡1, 𝐼𝑡2, … , 𝐼𝑡𝑁],  

𝑣 = [𝑉𝐶1, 𝑉𝐶2, … , 𝑉𝐶𝑁, 𝑉𝐿] , 𝐿  and 𝐶  are diagonal inductance matrix and diagonal capacitance 

matrix, respectively. Under this description, whether 𝐽 is positive definite is highly dependent on 

the values of 𝐿 and 𝐶. Therefore, we prefer to seek another expression of this system, which uses 

(𝑃∗, 𝐽∗) instead of (𝑃, 𝐽), such that 

 −𝐽∗
𝑑𝑥

𝑑𝑡
=
𝜕𝑃∗(𝑥)

𝜕𝑥
   (2. 8) 

where 𝐽∗ is always positive definite when the system is stable. Through equation transformation 

and superposition, the pair (𝑃∗, 𝐽∗) are obtained as follows: 

 𝐽∗ = (𝜆𝕀 +
𝜕2𝑃(𝑥)

𝜕𝑥2
𝑀) ∙ 𝐽, 𝑃∗ = 𝜆𝑃 +

1

2
(
𝜕𝑃(𝑥)

𝜕𝑥
, 𝑀

𝜕𝑃(𝑥)

𝜕𝑥
)

 
  (2. 9)  

where 𝕀 is an identity matrix, 𝑀 is a constant symmetric matrix, and 𝜆 is a constant. The derivation 

of the pair (𝑃∗, 𝐽∗)  is shown in Appendix 2.A. 
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The following theorem is proposed to point out the sufficient conditions for global 

asymptotic stability in nonlinear circuit systems. The proof of Theorem 1 is shown in Appendix 

2.B.  

Theorem 1 Given a nonlinear circuit 
𝑑𝑥

𝑑𝑡
= 𝑓(𝑥), 

a) Let 𝑃∗: ℛ𝑛 → ℛ be of the class 𝐶1 such that: 

i. −𝐽∗
𝑑𝑥

𝑑𝑡
=
𝜕𝑃∗(𝑥)

𝜕𝑥
 where 𝐽∗ ≻ 0 

ii. 𝑃∗(𝑥) is radially unbounded, i.e., 𝑃∗(𝑥) → ∞ as ‖𝑥‖ → ∞ 

iii. 𝐸:= {𝑥 ∈ ℛ𝑛|𝑓(𝑥) = 0}, all equilibria of the nonlinear circuit are a compact set. 

then every solution starting in ℛ𝑛 approaches 𝐸 as 𝑡 → ∞. 

b) For those points on the set 𝐸 where 𝑃∗ is of class 𝐶2, let 𝑀 = { 𝑥 ∈ 𝐸|
𝜕2𝑃∗

𝜕𝑥2
⪰ 0}, then 

every solution starting in ℛ𝑛 approaches 𝑀 as 𝑡 → ∞. 

Theorem 1-a ensures that any trajectory of the system starting in ℛ𝑛 converges to the set 

𝐸 ; however, it does not determine the stability of each equilibrium and cannot clarify which 

equilibrium the trajectory will converge to. Theorem 1-b not only determines the stability of every 

equilibrium but also shrinks the invariant set further. Next, we present the derivation of the large-

signal sufficient criteria using Theorem 1. In this paper, we focus on the case where all equilibria 

of a microgrid satisfy 𝑉𝐿 ≥ 𝑉𝑚𝑖𝑛 hence the CPL operates as 𝑉𝐿 = 𝑃𝐿/𝐼𝑃𝐿. 

Condition 0: First we show 𝑃∗: ℛ𝑛 → ℛ is of the class 𝐶1. 

a) 𝑃(𝑖, 𝑣) is continuous at 𝑉 = 𝑉𝑚𝑖𝑛 because 

 𝑙𝑖𝑚
𝑉→𝑉𝑚𝑖𝑛

∫
𝑃𝐿

𝑣
𝑑𝑣

𝑉

𝑉𝑚𝑖𝑛
= 𝑙𝑖𝑚
𝑉→𝑉𝑚𝑖𝑛

𝐼𝑚𝑎𝑥(𝑉𝐿 − 𝑉𝑚𝑖𝑛) = 0  (2. 10) 
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 b) ∇𝑃(𝑖, 𝑣) is continuous at 𝑉 = 𝑉𝑚𝑖𝑛 because 

 
𝜕𝑃

𝜕𝑣
|
𝑣=𝑣𝑚𝑖𝑛

=
𝑃𝐿

𝑉𝑚𝑖𝑛
= 𝐼𝑚𝑎𝑥   (2. 11) 

So 𝑃(𝑖, 𝑣) is of the class 𝐶1. Choose 𝑀 = [2𝐴
−1 0
0 0

]. Then it can be concluded that 𝑃∗ is 

also of the class 𝐶1.  

Second, it is verified that 𝑃∗  is of class 𝐶2  on the set 𝐸  except for the operation point 

(𝑉𝐿, 𝐼𝑃𝐿) = (𝑉𝑚𝑖𝑛, 𝐼𝑚𝑎𝑥), considering the characteristics of all circuit elements in our model.  

Condition 1: −𝐽∗
𝑑𝑥

𝑑𝑡
=
𝜕𝑃∗(𝑥)

𝜕𝑥
 where 𝐽∗ ≻ 0. This condition is to ensure that the gradient of 

the potential function 𝑃∗(𝑥)  is negative, i.e., 𝑃∗̇(𝑥) =
𝜕𝑃∗(𝑥)

𝜕𝑥
∙
𝑑𝑥

𝑑𝑡
< 0.  It guarantees that state 

variable 𝑥 goes along the direction in which 𝑃∗(𝑥) decreases. Based on this condition, we derive 

the first condition for global asymptotic stability shown as follows.  

 𝜎𝑚𝑎𝑥(𝐿
1/2𝐴−1𝛾𝐶−1/2) < 1  (2. 12) 

The derivation can be found in Appendix 2.C. 

Condition 2: 𝑃∗(𝑥) is radially unbounded, i.e., 𝑃∗(𝑥) → ∞ as ‖𝑥‖ → ∞. 

This condition will be checked directly in specific circuits.  

Condition 3: 𝐸:= {𝑥 ∈ ℛ𝑛|𝑓(𝑥) = 0} , all equilibria of the nonlinear circuit form a 

compact set. 

Consider the system in equation (2.8) again. We note that the equilibria of the system are 

exactly the stationary points of 𝑃∗(𝑥), i.e., 𝜕𝑃∗(𝑥)/𝜕𝑥 = 0. Since the number of the equilibria in 

a circuit system is finite, 𝐸 is a compact set. 
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Condition 4: Solve 𝑀 = { 𝑥 ∈ 𝐸|
𝜕2𝑃∗

𝜕𝑥2
⪰ 0}   This condition is deployed to distinguish 

between stable equilibria and unstable ones. Then we solve this condition in detail: 

 
𝜕2𝑃∗(𝑥)

𝜕𝑥2
|
𝑥=𝑥𝑒

⪰ 0   (2. 13) 

where 𝑥𝑒 = (𝑖𝑒, 𝑣𝑒) are equilibria in a microgrid.  

Rewrite 𝑃 (𝑥) ( 𝑉𝐿 ≥ 𝑉𝑚𝑖𝑛) in equation (5) in this form: 

 𝑃(𝑖, 𝑣) = −
1

2
(𝑖, 𝐴𝑖) + 𝐵(𝑣) + (𝑖, 𝛾𝑣 − 𝛼)  (2. 14) 

where 𝑖 = [𝐼𝑝1, 𝐼𝑝2, … , 𝐼𝑝𝑁 , 𝐼𝑞1, 𝐼𝑞2, … , 𝐼𝑞𝑁, 𝐼𝑡1, 𝐼𝑡2, … , 𝐼𝑡𝑁]3𝑁×1
,  

𝑣 = [𝑉𝐶1, 𝑉𝐶2, … , 𝑉𝐶𝑁, 𝑉𝐿](𝑁+1)×1,  

𝛾 = [
−𝕀𝑁×𝑁 0𝑁×1
−𝕀𝑁×𝑁
𝕀𝑁×𝑁

0𝑁×1
−1𝑁×1

]

(3𝑁)×(𝑁+1)

, 

𝐴 = 𝑑𝑖𝑎𝑔[𝑅𝑝1, … , 𝑅𝑝𝑁 , 𝑅𝑞1, … , 𝑅𝑞𝑁 , 𝑅𝑡1, … 𝑅𝑡𝑁] = 𝑑𝑖𝑎𝑔[𝑅𝑝, 𝑅𝑞 , 𝑅𝑡]. 

According to equation (2.9) we have  

 𝑃∗ = 𝜆𝑃 +
1

2
(
𝜕𝑃(𝑥)

𝜕𝑥
, 𝑀

𝜕𝑃(𝑥)

𝜕𝑥
)  (2. 15) 

Therefore, given 𝜆 = 1, 𝑀 = [2𝐴
−1 0
0 0

]， we have 

 
𝜕2𝑃∗(𝑥)

𝜕𝑥2
|
𝑥=𝑥𝑒

=   
𝜕2𝑃 (𝑥)

𝜕𝑥2
+
𝑑(
𝜕2𝑃 (𝑥)

𝜕𝑥2
𝑀
𝜕𝑃(𝑥)

𝜕𝑥
)

𝑑𝑥
|

𝑥=𝑥𝑒

  (2. 16) 

Since 

 
𝜕2𝑃 (𝑥)

𝜕𝑥2
|
𝑥=𝑥𝑒

= [
−𝐴 𝛾

𝛾𝑇  
𝜕2𝐵(𝑣)

𝜕𝑣2

]|

𝑣=𝑣𝑒

  (2. 17) 



19 

 

 
𝜕𝑃(𝑥)

𝜕𝑥
|
𝑥=𝑥𝑒

= [
−𝐴𝑖 + 𝛾𝑣 − 𝛼

 
𝜕 𝐵(𝑣)

𝜕𝑣
+ 𝛾𝑇𝑖

]|

𝑣=𝑣𝑒

  (2. 18) 

where 𝑥 = [𝑖  𝑣]𝑇and 𝑣𝑒 notates 𝑣 in steady state, then equation (2.13) is calculated as: 

 
𝜕2𝑃∗(𝑥)

𝜕𝑥2
|
𝑥=𝑥𝑒

=  [
𝐴 −𝛾

−𝛾𝑇
𝜕2𝐵(𝑣)

𝜕𝑣2
+ 2𝛾𝑇𝐴−1𝛾

]|

𝑣=𝑣𝑒

⪰ 0  (2. 19) 

According to the Schur complement condition for positive semi-definiteness, if 𝐴 ≻ 0,  𝑋 

is positive semi-definite if and only if 𝑋/𝐴  is positive semi-definite, where 𝑋  is a symmetric 

matrix given by 𝑋 = [
𝐴 𝐵
𝐵𝑇 𝐶

], 𝑋/𝐴 = 𝐶 − 𝐵𝑇𝐴−1𝐵 is the Schur complement of 𝐴.  

In equation (2.19), we know 𝐴 = 𝑑𝑖𝑎𝑔([𝑅𝑝, 𝑅𝑞 , 𝑅𝑡]) ≻ 0. Hence, it can be converted as 

follows: 

 
𝜕2𝐵(𝑣)

𝜕𝑣2
+ 𝛾𝑇𝐴−1𝛾|

𝑣=𝑣𝑒
⪰ 0  (2. 20) 

That is to say, condition (2.13) can be solved by  

 
𝜕2𝐵(𝑣)

𝜕𝑣2
+ 𝛾𝑇𝐴−1𝛾|

𝑣=𝑣𝑒
⪰ 0  (2. 21) 

Considering that 

 
𝜕2𝐵(𝑣)

𝜕𝑣2
|
𝑣=𝑣𝑒

= [
0𝑁×𝑁 0𝑁×1

01×𝑁
1

𝑅𝐿
−
𝑃𝐿

𝑣𝑒2
]  (2. 22) 

 𝛾𝑇𝐴−1𝛾|𝑣=𝑣𝑒 =

[
 
 
 
 
⋱   

 
1

𝑅𝑝𝑖
+

1

𝑅𝑞𝑖
+

1

𝑅𝑡𝑖
 

  ⋱

⋮

 −
1

𝑅𝑡𝑖

⋮

⋯     −
1

𝑅𝑡𝑖
                ⋯   ∑

1

𝑅𝑡𝑖

𝑁
𝑖=1 ]

 
 
 
 

  (2. 23) 
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We notate 𝑈 = 𝑑𝑖𝑎𝑔[
1

𝑅𝑝1
+

1

𝑅𝑞1
+

1

𝑅𝑡1
, … ,

1

𝑅𝑝𝑁
+

1

𝑅𝑞𝑁
+

1

𝑅𝑡𝑁
], 𝑉 = [−

1

𝑅𝑡1
⋯ −

1

𝑅𝑡𝑁
], 𝑊 =

1

𝑅𝐿
−
𝑃𝐿

𝑣𝑒2
+ ∑

1

𝑅𝑡𝑖

𝑁
𝑖=1 . 

Then we have 

 
𝜕2𝐵(𝑣)

𝜕𝑣2
+ 𝛾𝑇𝐴−1𝛾|

𝑣=𝑣𝑒
= [𝑈 𝑉𝑇

𝑉 𝑊
]  (2. 24) 

Use the Schur complement for positive semi-definiteness: 

since 𝑅𝑝1, … , 𝑅𝑝𝑁 , 𝑅𝑞1, … , 𝑅𝑞𝑁 , 𝑅𝑡1, … , 𝑅𝑡𝑁 are all positive, 𝑈 ≻ 0 holds. Therefore, we have 

 
𝜕2𝐵(𝑣)

𝜕𝑣2
+ 𝛾𝑇𝐴−1𝛾|

𝑣=𝑣𝑒
⪰ 0 ⟺ 𝑑𝑒𝑡(𝑊 − 𝑉𝑈−1𝑉𝑇) ≥ 0  (2. 25) 

Considering that 

 
𝑑𝑒𝑡(𝑊 − 𝑉𝑈−1𝑉𝑇) = 𝑊 − ∑

1

𝑅𝑡𝑖
2(

1

𝑅𝑝𝑖
+
1

𝑅𝑞𝑖
+
1

𝑅𝑡𝑖
)

𝑁
𝑖=1 ≥ 0

  (2. 26) 

condition (2.13) is solved by  

 
𝑊 −∑

1

𝑅𝑡𝑖
2(

1

𝑅𝑝𝑖
+
1

𝑅𝑞𝑖
+
1

𝑅𝑡𝑖
)

𝑁
𝑖=1 ≥ 0

  (2. 27) 

where 𝑊 =
1

𝑅𝐿
−
𝑃𝐿

𝑣𝑒2
+∑

1

𝑅𝑡𝑖

𝑁
𝑖=1 . 

In conclusion, the sufficient criteria for global asymptotic stability of a DC microgrid with 

distributed closed-loop converter controllers are shown as follows: 

a). 𝑃∗(𝑥) is radially unbounded, i.e. 

 𝑃∗(𝑥) → ∞ 𝑎𝑠 ‖𝑥‖ → ∞.  (2. 28) 

b). 
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 {

𝜎𝑚𝑎𝑥(𝐿
1/2𝐴−1𝛾𝐶−1/2) < 1

𝑊 − ∑
1

𝑅𝑡𝑖
2(

1

𝑅𝑝𝑖
+
1

𝑅𝑞𝑖
+
1

𝑅𝑡𝑖
)

𝑁
𝑖=1 ≥ 0  (2. 29) 

where 𝜎𝑚𝑎𝑥(∙) is the largest singular value, 𝑊 =
1

𝑅𝐿
−
𝑃𝐿

𝑣𝑒2
+ ∑

1

𝑅𝑡𝑖

𝑁
𝑖=1 .  

To illustrate the difference between our proposed large-signal stability criteria and that 

proposed in Brayton-Moser’s theory [14], the comparison results are listed in Table 3. It is seen 

from the table that Brayton-Moser’s theory does not consider condition 0, condition 3, and 

condition 4. Generally, it shows two defects: first, it ignores that 𝑃∗ should be defined as 𝑃∗: ℛ𝑛 →

ℛ and be of the class 𝐶1, 𝐶2. Considering the most common CPL model which only considers the 

hyperbolic operation function as 𝑉 = 𝑃/𝐼(𝑉 > 0, 𝐼 > 0) , it is not defined at 𝑉 = 0  or 𝐼 = 0 , 

which means Brayton-Moser’s theory actually cannot work on it. Besides, 
𝜕2𝑃∗(𝑥)

𝜕𝑥2
 will not exist if 

𝑃∗ is not guaranteed to be of the class 𝐶1, 𝐶2. Second, Brayton-Moser’s theory only determines 

the sufficient conditions for the convergence to the set 𝐸 which includes all equilibria; however, it 

does not indicate which equilibrium the system will converge to. In the real operation of a 

microgrid, it is critical to clarify the stability of every equilibrium point and to ensure that the 

system converges to the expected equilibrium. Condition 4 proposed in our method solves this 

issue. The system will converge only to where condition 4 is satisfied.  

Although the above large-signal stability criteria are proposed for the DC microgrids with 

closed-loop converter controllers, it also can be tailored to fit for the DC microgrids with open-

loop converter controllers. Compared to the closed-loop converter controller, the open-loop 

converter controller refers to no feedback control between converter parameters and operation 

parameters of a DC microgrid. The derivation is skipped here. 
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Table 3: Comparison between different stability criteria 

Conditions considered 

The novel 

proposed method 

Brayton-

Moser’s method 

Condition 0: 𝑃∗ is of class 𝐶1; 𝑃∗ is of class 𝐶2 on the 

set 𝐸 except for the point (𝑉𝐿 , 𝐼𝑃𝐿) = (𝑉𝑚𝑖𝑛, 𝐼𝑚𝑎𝑥) 
✓  

Condition 1: 𝐽∗ ≻ 0 ✓ ✓ 

Condition 2: 𝑃∗is radially unbounded ✓ ✓ 

Condition 3: all equilibrium points of the system form 

a compact set 

✓  

Condition 4: 
𝜕2𝑃∗(𝑥)

𝜕𝑥2
|
𝑥=𝑥𝑒

⪰ 0 ✓  

 

2.5 Case study  

Table 4: Algorithm flowchart 

Algorithm 1: The Novel Proposed Stability Analysis of a DC microgrid in Practice 

Step 1: Extract a circuit model from a practical DC microgrid 

Step 2: Calculate the potential function of the circuit model 

Step 3: Solve the proposed potential-based sufficient conditions for large-signal stability 

Step 4: Obtain the ranges of microgrid parameters for the global stability of the DC microgrid 

The case study consists of four parts, which correspondingly verify our four contributions 

indicated in the introduction of this paper. The above derivation obtains the sufficient conditions 

for large-signal stability in a DC microgrid, which benefits the design and operation of a stable DC 
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microgrid. The main steps of the implementation of the proposed stability analysis in practice are 

shown in Table 4. 

2.5.1.  Verification of the proposed large-signal stability criteria 

 
Figure 7. The simulation model of a DC microgrid. 

 
Figure 8. The voltage at PoL in the model with different power of CPL. 

A simulation model is built as depicted in Figure 7 to verify the correctness of our proposed 

stability criteria. The simulation parameters are set as shown in Table 5. Here, we explore the 

performance of the proposed stability criteria through the sensitivity analysis of the power of CPL 

𝑃𝐿. It is determined that there exists a theoretical stability boundary around 𝑃𝐿 = 805𝑊 using our 
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proposed stability criteria. A checklist of parts of data points is shown in Table 6. Then we test 

these data points using Matlab/Simulink to show the correspondence between the simulation 

results and the theoretical results derived from our proposed stability criteria. The voltage at PoL 

is measured to reflect the stability of the system, as shown in Figure 8. 

Table 5: Simulation parameters 

𝐿𝑞1 1.0 𝐿𝑡1 0.5 𝐿𝑞2 1.0 𝐿𝑡2 0.5 𝐶𝐿 1.0 

𝑅𝑞1 0.9 𝑅𝑡1 3.0 𝑅𝑞2 0.9 𝑅𝑡2 3.0 𝑃𝐿 800 

𝑅𝑝1 0.6 𝐶𝑏1 5.0 𝑅𝑝2 0.6 𝐶𝑏2 5.0 𝑅𝐿 2.0 

𝑉𝑠1 100 𝑉𝑠2 100       

(The unit: V, H, F, Ohm, W) 

Table 6: The checklist of test data 

𝑃𝐿(W) 800 805 810 825 

Check: whether the stability criteria are 

satisfied by the system parameters  

Yes Yes No No 

The system starts to operate at 𝑡 = 0𝑠. It is observed from Figure 8 that the voltage at PoL 

rises quickly from 0V to the steady-state value (about 55V) and then keeps stable until the CPL is 

plugged into the system at 𝑡 = 20𝑠. After the CPL is plugged in, the system maintains stability 

when 𝑃𝐿 = 800𝑊 and 𝑃𝐿 = 805𝑊, whereas it oscillates severely when 𝑃𝐿 = 825𝑊. Notably, the 

system is instable but very approaching the stable state when 𝑃𝐿 = 810𝑊, which is nearby the 

critical state. The simulation results completely correspond to the theoretical results in Table 6, 

which verifies the correctness of our proposed stability criteria. 
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The above simulation is based on the averaging model of power converters. Next, we show 

another example with the switching model of power converters to make the discussion more 

convincing and comprehensive. The diagram of the simulation is shown in Figure 9 and the 

simulation parameters are as shown in Table 7. The simulation platform is PLECS. The system 

starts to operate at 𝑡 = 0𝑠, and the CPL is plugged in at 𝑡 = 3𝑠.  

 
Figure 9. The simulation diagram: a DC microgrid with switching model of converters. 

Table 7: Simulation parameters 

𝑉1 200 𝐿1 10-3 𝐶𝑏1 0.1 𝐿𝑡1 0.5 𝑅𝑡1 4.0 

𝑉2 200 𝐿2 10-3 𝐶𝑏2 0.1 𝐿𝑡2 0.5 𝑅𝑡2 4.0 

𝑉𝑠1 100 𝑉𝑠2 100 𝐶𝐿 0.1 𝑃𝐿 500 𝑅𝐿 20 

(The unit: V, H, F, Ohm, W) 

On one hand, it is theoretically verified that the system is stable since the proposed stability 

criteria are satisfied by the simulation parameters in Table 7. On the other hand, it can be concluded 

from the simulation results that the system is stable after going through startup and the plug-in of 
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CPL. The dynamic responses of the load current 𝐼𝐿 and the voltage at PoL 𝑉𝐿 are shown in Figure 

10 (a).  

 
      (a)                                        (b) 

Figure 10. The dynamic responses of the system. 

 (a) with the switching model of converters; (b) with the averaging model of converters. 

Table 8: Simulation parameters 

𝐿𝑞1 0.01 𝐿𝑡1 0.5 𝐿𝑞2 0.01 𝐿𝑡2 0.5 𝐶𝐿 0.1 

𝑅𝑞1 0.9 𝑅𝑡1 4.0 𝑅𝑞2 0.9 𝑅𝑡2 4.0 𝑅𝐿 20 

𝑅𝑝1 0.6 𝐶𝑏1 0.1 𝑅𝑝2 0.6 𝐶𝑏2 0.1 𝑃𝐿 500 

𝑉𝑠1 100 𝑉𝑠2 100       

(The unit: V, H, F, Ohm, W) 

Moreover, we compare the dynamic responses of the system using the switching model in 

Figure 9 and that using the averaging model. The diagram and the simulation parameters of the 

system using the averaging model are shown in Figure 7 and Table 8, respectively. Figure 10 (b) 

presents the dynamic responses of the system using the averaging model, which exhibits an 
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excellent agreement with that using the switching model under much smaller computational 

complexities. It can be concluded that it is reasonable to employ the averaging model instead of 

the switching model to simplify the model of a DC microgrid.  

2.5.2.  The superiority of the novel proposed converter controllers  

In this section, a MATLAB/Simulink-based model of Figure 4 is built to demonstrate the 

superiority of the novel proposed closed-loop converter controllers. Here, we choose a traditional 

droop controller as a benchmark. The simulation results of the stability analysis of a small-scale 

microgrid with different controllers are presented.  

 
Figure 11.  The simulation model of a DC microgrid with different controllers. 

The simulation model is built as depicted in Figure 11. In two different simulation 

scenarios, we deploy the novel proposed controllers and droop controllers in our model separately. 

The steady-state circuit of the model with the proposed controllers is kept equivalent to that with 

droop controllers. The CPL is plugged in at 𝑡 = 5𝑠. The simulation parameters are shown in the 

following table. The dynamic responses of the model using different controllers are shown in 

Figure 12. 
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Table 9: Simulation parameters 

𝐿𝑞1 2.0 𝐿𝑡1 0.5 𝐿𝑞2 2.0 𝐿𝑡2 0.5 𝐶𝐿 0.05 

𝑅𝑞1 1.25 𝑅𝑡1 0.01 𝑅𝑞2 1.25 𝑅𝑡2 0.01 𝑅𝐿 10 

𝑅𝑝1 5.0 𝐶𝑏1 0.01 𝑅𝑝2 5.0 𝐶𝑏2 0.01 𝑃𝐿 530 

𝑉𝑠1 100 𝑉𝑠2 100 𝑅𝑝𝑑1 1.0 𝑅𝑝𝑑2 1.0   

(The unit: V, H, F, Ohm, W) 

 
Figure 12. The dynamic response of the voltage at PoL in the microgrid model. 

First, during the startup of the system, it is observed that the novel proposed controller has 

quite a lower overshoot than the droop controller, which improves the stability of the system during 

its startup. Comparatively, the droop controller is not stable until going through more than three 

cycles, leading to severe oscillation. Second, when the CPL is plugged in (𝑡 = 5 𝑠), the voltage 

drops suddenly to around 78V. During the next seconds, the voltage is going back to about 92V 

with the help of different controllers. Compared to the oscillation caused by the droop controller, 

the novel proposed controller realizes a smoother dynamic response, a smaller overshoot, and 

smaller deviations in the procedure from 78V to 92V, which shows the superiority of the novel 

proposed controller.  
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In conclusion, it can be seen from the simulation that the novel proposed controller ensures 

a smaller voltage overshoot and smaller voltage deviations than the droop controller, which 

acquires a smoother and more stable dynamic response of the voltage at PoL. The proposed 

controller successfully overcomes the dilemma of a traditional droop controller, which has to 

balance the tradeoff between a large overshoot and large steady-state errors. 

2.5.3.  Defects of Brayton-Moser’s mixed potential theory   

In this section, we present an example where Brayton-Moser’s mixed potential theory [14] 

cannot obtain sufficient criteria for the stability of nonlinear circuits, using a second-order RLC 

circuit as depicted in Figure 13. Suppose 𝑅𝐿 is a constant negative resistor, i.e., 𝑅𝐿 < 0. On one 

hand, the constant negative resistor 𝑅𝐿 is different from the property of the CPL model, since the 

CPL model is equivalent to an incremental negative resistor; on the other hand, the constant 

negative resistor 𝑅𝐿 has similar characteristics to the CPL––probably leading to the instability of 

a circuit. The advantage of this model is that it presents similar characteristics to nonlinear circuits 

in terms of instability with lower computational costs. 

 
Figure 13. The model of a second order RLC circuit. 

First of all, we solve the stability region of the circuit in Figure 13 using a classic method 

based on the root analysis of the transfer function. The purpose of this step is to provide a correct 

stability region as a benchmark. Although this classic method is often utilized to obtain the small-
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signal stability region, it is applicable to determine the large-signal stability region for linear 

systems. In fact, the small-signal stability region is the same as the large-signal stability region in 

linear systems. The circuit model in Figure 13 is a linear system with no doubt.  

The transfer function 𝐻(𝑠) of the circuit model is as follows:  

 

𝐻(𝑠) =
𝐼𝐿

𝑉𝑠
=

1

𝑅+𝑠𝐿+
1/𝑠𝐶∙𝑅𝐿
1/𝑠𝐶+𝑅𝐿

=
𝐶𝑅𝐿(𝑠+1/𝐶𝑅𝐿)

𝑠2𝐿𝐶𝑅𝐿+𝑠(𝐿+𝐶𝑅𝐿𝑅)+𝑅𝐿+𝑅

  (2. 30) 

The sufficient criteria for the stability of circuits are that both poles of the transfer function 

have non-positive real parts (the two poles cannot be zero at the same time) .  Since 𝑅𝐿 < 0 , 

according to the characteristics of the quadratic function, we obtain 

 𝑟𝑒𝑎𝑙(𝑠1) < 0, 𝑟𝑒𝑎𝑙(𝑠2) < 0  ⇒  {
𝐿 + 𝐶𝑅𝐿𝑅 < 0
𝑅𝐿 + 𝑅 < 0

   (2. 31) 

Then we obtain the stability region as follows: 

 
𝐿

𝐶|𝑅𝐿|
< 𝑅 < |𝑅𝐿|   (2. 32) 

This result is treated as a benchmark to show the defects in Brayton-Moser’s mixed 

potential theory. 

Next, we make a comparison between the stability criteria derived from Brayton-Moser’s 

potential theory and that derived from our proposed criteria, which is shown in Table 10, where 

{𝜙} represents the empty set. The derivation of the stability criteria is in Appendix 2.D. At the 

beginning of section 2.5.3, we explain the reason that the root analysis is utilized as a benchmark 

in large-signal stability analysis. It can be seen that Brayton-Moser’s mixed potential theory cannot 

provide sufficient conditions for large-signal stability, even for a typical linear second order RLC 

circuit. Therefore, we conclude that Brayton-Moser’s theory cannot solve stability criteria in 
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nonlinear circuits, such as the circuits with CPLs. Comparatively, condition from the novel 

proposed criteria is the same as the result solved in the complex frequency domain.  

Table 10: Stability criteria using different methods 

Method Stability region 

Root analysis (benchmark) 
𝐿

𝐶|𝑅𝐿|
< 𝑅 < |𝑅𝐿|  

Brayton-Moser’s theory {𝜙} 

The novel proposed criteria 
𝐿

𝐶|𝑅𝐿|
< 𝑅 < |𝑅𝐿|  

In conclusion, Brayton-Moser’s mixed potential theory cannot obtain sufficient criteria for 

stability in linear circuits and nonlinear circuits. Besides, considering this illustrative example and 

the simulation in section 2.5.1, it is demonstrated that the novel proposed method solves the 

stability criteria rigorously and works well on both linear circuits and nonlinear circuits. 

2.5.4.  The superiority of large-signal stability over small-signal stability 

In this section, we compare the large-signal stability region and the small-signal stability 

region of a microgrid model to demonstrate the significance of large-signal stability and its 

superiority over small-signal stability, taking the model shown in Figure 4 as an example.  

First, we formulate the small-signal stability analysis of the model in Figure 4. Notate the 

current of the inductor 𝐿𝑞𝑖 by 𝐼𝑞𝑖; other notations are as marked in Figure 4. Then the dynamic 

equations 𝐹(… 𝐼𝑞𝑖… ,… 𝐼𝑡𝑖 … ,…𝑉𝐶𝑖 … , 𝑉𝐿) of the microgrid model in Figure 4 are as follows: 
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{
  
 

  
 𝐿𝑞𝑖

𝑑𝐼𝑞𝑖

𝑑𝑡
= −𝐼𝑞𝑖𝑅𝑞𝑖 + 𝑉𝑟𝑒𝑓𝑖 − 𝑉𝐶𝑖

𝐶𝑏𝑖
𝑑𝑉𝐶𝑖

𝑑𝑡
=
𝑉𝑟𝑒𝑓𝑖−𝑉𝐶𝑖

𝑅𝑃𝑖
+ 𝐼𝑞𝑖 − 𝐼𝑡𝑖

𝑉𝐶𝑖 − 𝑉𝐿 = 𝐿𝑡𝑖
𝑑𝐼𝑡𝑖

𝑑𝑡
+ 𝑅𝑡𝑖𝐼𝑡𝑖

𝐶𝐿
𝑑𝑉𝐿

𝑑𝑡
= ∑ 𝐼𝑡𝑖

𝑁
𝑖=1 −

𝑃𝐿

𝑉𝐿
−
𝑉𝐿

𝑅𝐿

   (2. 33) 

 We notate the steady-state voltage at PoL by 𝑉𝐿
∗ , which is solved by the following 

equations: 

 {

𝑉𝑟𝑒𝑓𝑖 − 𝐼𝑠𝑖𝑅𝑒𝑞𝑖 =
𝑃𝐿

∑ 𝐼𝑡𝑖−
𝑉𝐿
∗

𝑅𝐿

𝑁
𝑖=1

𝑅𝑒𝑞𝑖 =
𝑅𝑝𝑖𝑅𝑞𝑖

𝑅𝑝𝑖+𝑅𝑞𝑖
+ 𝑅𝑡𝑖

,         ∀𝑖 ∈ {1,2, … ,𝑁}  (2. 34) 

Then the stability of the model is determined by  

 𝜆(𝐽(𝐹(… 𝐼𝑞𝑖… ,… 𝐼𝑡𝑖 … ,…𝑉𝐶𝑖… ,𝑉𝐿))|𝑉𝐿=𝑉𝐿∗)   (2. 35) 

where 𝜆(∙) represents eigenvalues and 𝐽(∙) is the Jacobian matrix. If all eigenvalues have negative 

real parts, the system will be stable; otherwise, the system will be unstable. 

 
(a) (b) 

Figure 14. The comparison between small-signal stability and large-signal stability: (a) 

The small-signal stability region; (b) large-signal stability region. 
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In small-signal stability analysis, the stability region depends on the enormous parameters 

of the microgrid model, which may lead to the curse of high-dimensionality and the difficulty in 

visualization. Therefore, we study the influence of the parameters 𝑃𝐿 and 𝐶𝐿 on the stability region 

as an example to illustrate the difference between a small-signal stability region and a large-signal 

stability region. The small-signal stability region is shown in Figure 14(a). The large-signal 

stability region is obtained using the novel proposed stability criteria, as depicted in Figure 14(b). 

A simulation is carried out at the data point(𝑃𝐿 , 𝐶𝐿) = (1500𝑊, 0.07𝐹), which is marked 

as a green rhombus in Figure 14. The dynamic response of the voltage at PoL is shown in Figure 

15. It is observed that the voltage oscillates severely after the CPL is plugged into the system. The 

simulation results show great correspondence with the theoretical results in Figure 10 (b). We 

conclude that a small-signal stability region is not reliable in a DC microgrid; a large-signal stable 

system is naturally small-signal stable, but the opposite is hard to determine.  

 
Figure 15. The dynamic response of the voltage at PoL in a microgrid model. 

2.6 Conclusion 

In this chapter, we rigorously derive the sufficient criteria for large-signal stability in the 

DC microgrid with a single CPL from the perspective of Brayton-Moser’s potential theory. To the 
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best of the authors’ knowledge, this systematic methodology is proposed for the first time. The 

acquisition of the sufficient criteria for global asymptotic stability is derived from Tellegen’s 

theorem and stability theories. Additionally, we present a novel distributed control method for 

power converters in a DC microgrid, which exhibits better performance than traditional droop 

control.  
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2.8 Appendices 

Appendix 2.A 

The original dynamics of a complete circuit system is as follows: 

 −𝐽
𝑑𝑥

𝑑𝑡
=
𝜕𝑃(𝑥)

𝜕𝑥
  (2. 36) 

where 𝑥 = [𝐼 𝑉]𝑇 , 𝐽 = [
−𝐿 0
0 𝐶

] , 𝑃(𝑥) is the potential function.  

Suppose a pair (𝑃∗, 𝐽∗) satisfies 

 𝐽∗ = (𝜆𝕀 +
𝜕2𝑃(𝑥)

𝜕𝑥2
𝑀) ∙ 𝐽,  𝑃∗ = 𝜆𝑃 +

1

2
(
𝜕𝑃(𝑥)

𝜕𝑥
, 𝑀

𝜕𝑃(𝑥)

𝜕𝑥
)  (2. 37) 

where 𝕀  is an identity matrix, 𝑀  is a constant symmetric matrix, and 𝜆  is a constant. Then we 

obtain: 

 
−𝐽∗

𝑑𝑥

𝑑𝑡
= −(𝜆𝕀 +

𝜕2𝑃(𝑥)

𝜕𝑥2
𝑀) ∙ 𝐽

𝑑𝑥

𝑑𝑡

= −𝜆 ∙ 𝐽
𝑑𝑥

𝑑𝑡
−
𝜕2𝑃(𝑥)

𝜕𝑥2
𝑀 ∙ 𝐽

𝑑𝑥

𝑑𝑡

  (2. 38) 

https://en.wikipedia.org/wiki/Joseph_P._LaSalle
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𝜕𝑃∗(𝑥)

𝜕𝑥
=

𝜕

𝜕𝑥
[𝜆 ∙ 𝑃(𝑥) +

1

2
(
𝜕𝑃(𝑥)

𝜕𝑥
, 𝑀

𝜕𝑃(𝑥)

𝜕𝑥
)]

= 𝜆 ∙
𝜕𝑃(𝑥)

𝜕𝑥
+
𝜕2𝑃(𝑥)

𝜕𝑥2
𝑀
𝜕𝑃(𝑥)

𝜕𝑥

= −𝜆 ∙ 𝐽
𝑑𝑥

𝑑𝑡
−
𝜕2𝑃(𝑥)

𝜕𝑥2
𝑀 ∙ 𝐽

𝑑𝑥

𝑑𝑡

  (2. 39) 

Therefore, we can conclude 

 −𝐽∗
𝑑𝑥

𝑑𝑡
=
𝜕𝑃∗(𝑥)

𝜕𝑥
  (2. 40) 

where 𝐽∗ is always positive definite when the system is asymptotically stable.  

 

Appendix 2.B 

Theorem 1 Given a nonlinear circuit 
𝑑𝑥

𝑑𝑡
= 𝑓(𝑥), 

a) Let 𝑃∗: ℛ𝑛 → 𝑅 be of the class 𝐶1 such that 

i. −𝐽∗
𝑑𝑥

𝑑𝑡
=
𝜕𝑃∗(𝑥)

𝜕𝑥
 where 𝐽∗ ≻ 0 

ii. 𝑃∗(𝑥) is radially unbounded, i.e., 𝑃∗(𝑥) → ∞ as ‖𝑥‖ → ∞ 

iii. 𝐸:= {𝑥 ∈ ℛ𝑛|𝑓(𝑥) = 0}, all equilibria of the nonlinear circuit are a compact set. 

then every solution starting in ℛ𝑛 approaches 𝐸 as 𝑡 → ∞. 

b) If 𝑃∗ is of class 𝐶2 on the set 𝐸, let 𝑀 = { 𝑥 ∈ 𝐸|
𝜕2𝑃∗

𝜕𝑥2
⪰ 0}, then every solution starting 

in ℛ𝑛 approaches 𝑀 as 𝑡 → ∞. 

 

Proof of Theorem 1a): 

Define: 𝑐 ≜ min
𝑥∈𝐸

𝑃∗(𝑥). Since 𝐸 is a compact set, 𝑐 exists. 

Since 𝑃∗(𝑥) is radially unbounded, given 𝑐, ∃𝛾 > 0, 𝑠. 𝑡. 𝑃∗(𝑥) >  𝑐 where ‖𝑥‖ > 𝛾. 
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By contradiction, we know the 𝑐-level set of 𝑃∗(𝑥)  Ω𝑐: = {𝑥 ∈ ℛ
𝑛|𝑃∗(𝑥) ≤  𝑐} satisfies Ω𝑐 ⊂ 𝐵𝛾 

where 𝐵𝛾 = {𝑥 ∈ ℛ
𝑛|‖𝑥‖ ≤ 𝛾}. Hence Ω𝑐 is bounded. 

Because 𝑃∗(𝑥) is defined in ℛ𝑛, by definition, we can easily see Ω𝑐 is closed. 

Because 
𝑑𝑃∗(𝑥) 

𝑑𝑡
≤ 0,  Ω𝑐 is a compact and invariant set. 

𝐸 is the set of all points in  Ω𝑐 where 
𝑑𝑃∗(𝑥) 

𝑑𝑡
= 0. 

From Lasalle’s theorem [23], then every solution starting in Ω𝑐 approaches 𝐸 as 𝑡 → ∞. 

By increasing 𝑐 to infinity, we prove that every solution starting in ℛ𝑛 approaches 𝐸 as 𝑡 → ∞. 

 

Proof of Theorem 1b): 

We will prove that 𝑀 contains the largest invariant set in 𝐸, i.e., ∀𝑥𝑒 ∈ 𝐸\𝑀,
𝜕2𝑃∗

𝜕𝑥2
|
𝑥=𝑥𝑒

⪰ 0 does 

not hold. 

For simplicity, we denote 
𝜕2𝑃∗

𝜕𝑥2
|
𝑥=𝑥𝑒

by 𝐻𝑥𝑒 . 

Assume the eigenvalue decomposition of 𝐻𝑥𝑒: 𝐻𝑥𝑒 = 𝑈
𝑇Λ𝑈, where 𝑈 is an orthogonal matrix and 

Λ is a diagonal matrix. 

There exists at least an entry 𝜆𝑖 of Λ, 𝜆𝑖 < 0. Without loss of generality, we consider 𝜆1 < 0. 

Construct a function 𝑉(𝑥) as 𝑉(𝑥) = 𝑃∗(𝑥𝑒) − 𝑃
∗(𝑥). 

The Taylor expansion of 𝑃∗(𝑥) is 

 𝑃∗(𝑥) = 𝑃∗(𝑥𝑒) + (𝛻𝑃
∗)𝑇|𝑥=𝑥𝑒�̂� +

1

2
�̂�𝑇𝐻𝑥𝑒�̂� + 𝑔(�̂�)  (2. 41) 

where �̂� = 𝑥 − 𝑥𝑒 , 𝑔(�̂�) = 𝑜(‖�̂�‖
2). 

Substituting to 𝑉(𝑥): 



39 

 

 𝑉(�̂�) = −
1

2
�̂�𝑇𝐻𝑥𝑒�̂� − 𝑔(�̂�)  (2. 42)  

 𝑉(�̂�)|�̂�=0 = 0  (2. 43)  

We select a set 𝜁1 = {�̂�𝑝|�̂�𝑝 = 𝜇𝑈
𝑇𝑒1, 𝑒1 = [1,0,0, … ,0]

𝑇 , 𝜇 ∈ ℛ, 𝜇 ≠ 0}. 

 
𝑉(�̂�)|�̂�∈𝜁1 = −

1

2
𝜇2(𝑒1

𝑇𝛬𝑒1) − 𝑔(�̂�𝑝)

= −
𝜆1

2
 ‖�̂�𝑝‖

2
− 𝑔(�̂�𝑝)

  (2. 44)  

∃ 𝑟1, 𝑔(�̂�) < −
𝜆1

2
 ‖�̂�‖2 for all ‖�̂�‖2 ≤ 𝑟1. 

 
�̇�(�̂�)|�̂�∈𝜁1 = �̇̂�𝐽

∗�̇̂�|
�̂�∈𝜁1

= �̂�𝑇𝐻𝑥((𝐽
∗)−1)𝑇𝐽∗(𝐽∗)−1𝐻𝑥�̂�|�̂�∈𝜁1

⇒ �̇�(�̂�)|�̂�∈𝜁1 = �̂�
𝑇𝐻𝑥((𝐽

∗)−1)𝑇𝐻𝑥�̂�|�̂�∈𝜁1
  (2. 45)  

Denote (𝐻𝑥 − 𝐻𝑥𝑒)�̂�𝑝 = 𝛿�̂�𝑝, 𝐻𝑥𝑒�̂�𝑝 = �̂�𝑝. 

 �̇�(�̂�)|�̂�∈𝜁1 = (�̂�𝑝 + 𝛿�̂�𝑝)
𝑇((𝐽∗)−1)𝑇(�̂�𝑝 + 𝛿�̂�𝑝)  (2. 46) 

Lemma 1   Matrix 𝐽∗ ∈ ℛ𝑛×𝑛 is positive definite (p.d.), then (𝐽∗)𝑇 and (𝐽∗)−1 are also p.d. 

Proof:  𝐽∗ ≻ 0  ⇔ 𝑥𝑇𝐽∗𝑥 > 0 ∀𝑥 ≠ 0 ⇔ (𝑥𝑇𝐽∗𝑥)𝑇 > 0 ∀𝑥 ≠ 0 ⇔ 𝑥𝑇(𝐽∗)𝑇𝑥 > 0 ∀𝑥 ≠

0 ⇔ (𝐽∗)𝑇 ≻ 0. 

𝑥𝑇(𝐽∗)−1𝑥 > 0 ∀𝑥 ≠ 0 ⇔ 𝑦𝑇(𝐽∗)𝑇(𝐽∗)−1𝐽∗𝑦 > 0 ∀𝑦 ≠ 0 ⇔ 𝑦𝑇(𝐽∗)𝑇𝑦 > 0 ∀𝑦 ≠ 0 

 

From Lemma 1, (𝐽∗)−1is positive definite. 

 �̇�(�̂�)|�̂�∈𝜁1 = (�̂�𝑝 + 𝛿�̂�𝑝)
𝑇𝐾(�̂�𝑝 + 𝛿�̂�𝑝)  (2. 47)  

where 𝐾 =
1

2
((𝐽∗)−1 + ((𝐽∗)−1)𝑇) is a p.d symmetric matrix. 

 �̂�𝑝 = 𝐻𝑥𝑒�̂�𝑝 = 𝑈
𝑇𝛬𝑈(𝜇𝑈𝑇𝑒1) = 𝜇𝜆1𝑈

𝑇𝑒1  (2. 48)  

 ‖�̂�𝑝‖ = −𝜆1‖�̂�𝑝‖  (2. 49)  



40 

 

 �̂�𝑝
𝑇𝐾�̂�𝑝 ≥ 𝜆𝑚𝑖𝑛(𝐾)‖�̂�𝑝‖

2
> 0  (2. 50) 

Since 𝐻𝑥 is continuous on 𝐷, 

 ∃𝑟2, ‖𝐻𝑥 −𝐻𝑥𝑒‖𝑀  ≤ −𝜆1
𝜆𝑚𝑖𝑛(𝐾)

3𝜆𝑚𝑎𝑥(𝐾)
, ∀‖𝑥‖ ≤ 𝑟2  (2. 51) 

where ‖∙‖𝑀 is the induced norm of the matrix. 

 

‖𝛿�̂�𝑝‖ = ‖(𝐻𝑥 − 𝐻𝑥𝑒)�̂�𝑝‖ ≤ ‖𝐻𝑥 − 𝐻𝑥𝑒‖𝑀‖�̂�𝑝‖

≤ −𝜆1‖�̂�𝑝‖
𝜆𝑚𝑖𝑛(𝐾)

3𝜆𝑚𝑎𝑥(𝐾)
= ‖�̂�𝑝‖

𝜆𝑚𝑖𝑛(𝐾)

3𝜆𝑚𝑎𝑥(𝐾)

  (2. 52)  

 

𝛿�̂�𝑝
𝑇𝐾�̂�𝑝 + �̂�𝑝𝐾𝛿�̂�𝑝

𝑇 + 𝛿�̂�𝑝
𝑇𝐾𝛿�̂�𝑝

𝑇

≥ −‖𝛿�̂�𝑝‖(2‖�̂�𝑝‖ + ‖𝛿�̂�𝑝‖)𝜆𝑚𝑎𝑥(𝐾)

≥ −
𝜆𝑚𝑖𝑛(𝐾)

3𝜆𝑚𝑎𝑥(𝐾)
‖�̂�𝑝‖

2
(2 +

𝜆𝑚𝑖𝑛(𝐾)

3𝜆𝑚𝑎𝑥(𝐾)
) 𝜆𝑚𝑎𝑥(𝐾)

> −𝜆𝑚𝑖𝑛(𝐾)‖�̂�𝑝‖
2

  (2. 53) 

Therefore, we have 

 �̇�(�̂�)|�̂�∈𝜁1 > 𝜆𝑚𝑖𝑛(𝐾)‖�̂�𝑝‖
2
− 𝜆𝑚𝑖𝑛(𝐾)‖�̂�𝑝‖

2
= 0  (2. 54)  

We define set 𝒰 ≜ 𝜁1 ∩ 𝐵 (min
 
(𝑟1, 𝑟2)), where 𝐵𝛾 represents 𝐵𝛾 ≜ {�̂� ∈ ℛ

𝑛|‖�̂�‖ ≤ 𝛾}. 

i. 𝑉(𝑥) = 0 at 𝑥 = 0 

ii. 𝑉(𝑥𝑝) > 0 at some 𝑥𝑝 = 𝜇𝑈𝑒1 with arbitrary small ‖�̂�𝑝‖ 

iii. �̇�(�̂�) > 0 in 𝒰 

From Chetaev’s theorem [24], 𝑥 = 𝑥𝑒 is locally unstable.  

The solution starting at 𝑥(0) = 𝑥𝑒 cannot stay identically in 𝐸; hence, 𝑥𝑒 is not included in the 

largest invariant set in 𝐸. Therefore, 𝑀 includes the largest invariant set in 𝐸. 

From Lasalle’s theorem, every solution starting in Ω𝑐 approaches 𝑀 as 𝑡 → ∞. 

By increasing 𝑐 to infinity, we prove that every solution starting in ℛ𝑛 approaches 𝑀 as 𝑡 → ∞. 
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Appendix 2.C 

The potential function of the system in Figure 6 is 

 

𝑃(𝑖, 𝑣) = ∑ 𝑉𝑟𝑒𝑓𝑖
𝑁
𝑖=1 (𝐼𝑝𝑖 + 𝐼𝑞𝑖) −

1

2
∑ 𝑅𝑝𝑖𝐼𝑝𝑖

2𝑁
𝑖=1 −

1

2
∑ 𝑅𝑞𝑖𝐼𝑞𝑖

2𝑁
𝑖=1

−
1

2
∑ 𝑅𝑡𝑖𝐼𝑡𝑖

2𝑁
𝑖=1 −∑ 𝑉𝐶𝑖(𝐼𝑝𝑖 + 𝐼𝑞𝑖 − 𝐼𝑡𝑖)

𝑁
𝑖=1  

−
𝑉𝐿
2

2𝑅𝐿

−𝑉𝐿 (∑ 𝐼𝑡𝑖
𝑁
𝑖=1 −

𝑃𝐿

𝑉𝐿
−
𝑉𝐿

𝑅𝐿
) + ∫

𝑃𝐿

𝑣
𝑑𝑣

𝑉𝐿
𝑉𝑚𝑖𝑛

− 𝑃𝐿

  (2. 55)  

where 𝑉𝐿 ≥ 𝑉𝑚𝑖𝑛. It can be simplified as follows: 

 

𝑃(𝑖, 𝑣) = ∑ 𝑉𝑟𝑒𝑓𝑖
𝑁
𝑖=1 (𝐼𝑝𝑖 + 𝐼𝑞𝑖) −

1

2
∑ 𝑅𝑝𝑖𝐼𝑝𝑖

2𝑁
𝑖=1 −

1

2
∑ 𝑅𝑞𝑖𝐼𝑞𝑖

2𝑁
𝑖=1

−
1

2
∑ 𝑅𝑡𝑖𝐼𝑡𝑖

2𝑁
𝑖=1 −∑ 𝑉𝐶𝑖(𝐼𝑝𝑖 + 𝐼𝑞𝑖 − 𝐼𝑡𝑖)

𝑁
𝑖=1  

+
𝑉𝐿
2

2𝑅𝐿
− 𝑉𝐿 ∑ 𝐼𝑡𝑖

𝑁
𝑖=1 + ∫

𝑃𝐿

𝑣
𝑑𝑣

𝑉𝐿
𝑉𝑚𝑖𝑛

  (2. 56)  

Define the following notations: 

𝑅 = d𝑖𝑎𝑔([𝑅𝑝1, … , 𝑅𝑝𝑁 , 𝑅𝑞1, … , 𝑅𝑞𝑁 , 𝑅𝑡1, … , 𝑅𝑡𝑁]) = 𝑑𝑖𝑎𝑔([𝑅𝑝, 𝑅𝑞 , 𝑅𝑡]), 

𝐿 = 𝑑𝑖𝑎𝑔([𝐿𝑝1, … , 𝐿𝑝𝑁 , 𝐿𝑞1, … , 𝐿𝑞𝑁, 𝐿𝑡1, … , 𝐿𝑡𝑁]) = 𝑑𝑖𝑎𝑔([𝐿𝑝, 𝐿𝑞 , 𝐿𝑡]), 

𝐶 = 𝑑𝑖𝑎𝑔([𝐶𝑏1, 𝐶𝑏2, … , 𝐶𝑏𝑁 , 𝐶𝐿]) = 𝑑𝑖𝑎𝑔([𝐶𝑏, 𝐶𝐿]), 

𝑖 = [𝐼𝑝1, … , 𝐼𝑝𝑁, 𝐼𝑞1, … , 𝐼𝑞𝑁, 𝐼𝑡1, … , 𝐼𝑡𝑁]3𝑁×1, 

𝑣 = [𝑉𝐶1, 𝑉𝐶2, … , 𝑉𝐶𝑁, 𝑉𝐿](𝑁+1)×1. 

Then we rewrite the potential function in equation (2.21) in the form of   

 𝑃(𝑖, 𝑣) = −𝐴(𝑖) + 𝐵(𝑣) + (𝑖, 𝛾𝑣 − 𝑎),  (2. 57)  

where 𝐴:  ℝ3𝑁 → ℝ,𝐵:  ℝ 
𝑁+1 → ℝ, 𝛾  is a constant matrix and 𝑎  is a constant vector, ( ∙ , ∙ ) 

represents an inner product. Then we obtain that 

      𝐴 =
1

2
𝑖𝑇𝑅𝑖, 𝛾 = [

−𝕀𝑁×𝑁 0𝑁×1
−𝕀𝑁×𝑁
𝕀𝑁×𝑁

0𝑁×1
−1𝑁×1

]

(3𝑁)×(𝑁+1)

  (2. 58) 
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where 𝕀 is an identity matrix. Therefore, we have 

 𝐿
1

2𝐴−1𝛾𝐶−
1

2 =

[
 
 
 
 −𝐿𝑝

1

2𝑅𝑝
−1𝐶𝑏

−
1

2 0𝑁×1

−𝐿𝑞
1

2𝑅𝑞
−1𝐶𝑏

−
1

2

−𝐿𝑡
1

2𝑅𝑡
−1𝐶𝑏

−
1

2

0𝑁×1

−𝐿𝑡
1

2𝑅𝑡
−1𝐶𝐿

−
1

2]
 
 
 
 

3𝑁×(𝑁+1)

  (2. 59) 

Specifically, considering the virtual inductor 𝐿𝑝 = 0,  𝐿
1/2𝐴−1𝛾𝐶−1/2 can be simplified as 

 𝐿
1

2𝐴−1𝛾𝐶−
1

2 = [

0𝑁×𝑁 0𝑁×1

−𝐿𝑞
1

2𝑅𝑞
−1𝐶𝑏

−
1

2

−𝐿𝑡
1

2𝑅𝑡
−1𝐶𝑏

−
1

2

0𝑁×1

−𝐿𝑡
1

2𝑅𝑡
−1𝐶𝐿

−
1

2

]

3𝑁×(𝑁+1)

   (2. 60) 

One condition for global stability from the Theorem 3 in [14] is 

 ‖𝐿1/2𝐴−1𝛾𝐶−1/2‖ ≤ 1 − 𝛿, 𝛿 > 0  (2. 61) 

Considering that ‖𝐿1/2𝐴−1𝛾𝐶−1/2‖ can be solved by the largest singular value of 𝐿1/2𝐴−1𝛾𝐶−1/2, 

we obtain the first condition for large-signal stability as follows:  

 𝜎𝑚𝑎𝑥 ([

0𝑁×𝑁 0𝑁×1

−𝐿𝑞
1

2𝑅𝑞
−1𝐶𝑏

−
1

2

−𝐿𝑡
1

2𝑅𝑡
−1𝐶𝑏

−
1

2

0𝑁×1

−𝐿𝑡
1

2𝑅𝑡
−1𝐶𝐿

−
1

2

]) < 1  (2. 62)  

where 𝜎𝑚𝑎𝑥(∙) is the largest singular value. 

 

Appendix 2.D 

Part Ⅰ. The stability region derived from Brayton-Moser’s mixed potential theory  

The applied theorem from [14] is introduced first. 

Theorem Consider the potential of a dynamic system  

 𝑃(𝑖, 𝑣) = −
1

2
(𝑖, 𝐴𝑖) + 𝐵(𝑣) + (𝑖, 𝛾𝑣 − 𝛼)  (2. 63) 

 If 𝐴 is positive definite, 𝐵(𝑣) + |𝛾𝑣| → ∞ as |𝑣| → ∞, and 
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 ‖𝐿1/2𝐴−1𝛾𝐶−1/2‖ ≤ 1 − 𝛿, 𝛿 > 0  (2. 64)  

for all 𝑖, 𝑣, then all solutions of the system −𝐽
𝑑𝑥

𝑑𝑡
=
𝜕𝑃(𝑥)

𝜕𝑥
 tend to the set of equilibrium points as 

𝑡 → ∞. 

Solution: 

The potential function of the circuit model in Figure 13 is  

 

𝑃(𝐼𝐿 , 𝑉𝐶) = 𝑉𝑠𝐼𝐿 −
1

2
𝑅𝐼𝐿

2 − 𝑉𝐶 (𝐼𝐿 −
𝑉𝐶

𝑅𝐿
) −

𝑉𝐶
2

2𝑅𝐿

= 𝑉𝑠𝐼𝐿 −
1

2
𝑅𝐼𝐿

2 − 𝑉𝐶𝐼𝐿 +
𝑉𝐶
2

2𝑅𝐿
 

  (2. 65)  

Rewrite 𝑃(𝐼𝐿 , 𝑉𝐶) in the following form: 

 𝑃(𝑖, 𝑣) = −
1

2
(𝑖, 𝐴𝑖) + 𝐵(𝑣) + (𝑖, 𝛾𝑣 − 𝛼)  (2. 66)  

where 𝑖 = 𝐼𝐿 , 𝑣 = 𝑉𝐶 , 𝐴 = 𝑅, 𝐵(𝑣) =
𝑉𝐶
2

2𝑅𝐿
, 𝛾 = −1, 𝛼 = −𝑉𝑠. 

We know 𝐴 = 𝑅 ≻ 0. Moreover, we have 

 ‖𝐿1/2𝐴−1𝛾𝐶−1/2‖ < 1 ⇒
1

𝑅
√
𝐿

𝐶
< 1  (2. 67)  

 𝐵(𝑣) + |𝛾𝑣| =
𝑉𝐶
2

2𝑅𝐿
+ 𝑉𝐶   (2. 68)  

However, because 𝑅𝐿 < 0, 𝐵(𝑣) + |𝛾𝑣| ↛ ∞ as |𝑉𝐶| → ∞. 

Therefore, the obtained stability region is {𝜙}, i.e. an empty set.  

 

Part Ⅱ. The stability region derived from our proposed criteria 

Solution: 

The potential function 𝑃(𝐼𝐿 , 𝑉𝐶) of the circuit shown in Figure 13 is:  
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 𝑃(𝐼𝐿 , 𝑉𝐶) = 𝑉𝑠𝐼𝐿 −
1

2
𝑅𝐼𝐿

2 − 𝑉𝐶𝐼𝐿 +
𝑉𝐶
2

2𝑅𝐿
  (2. 69)  

Rewrite 𝑃(𝐼𝐿 , 𝑉𝐶) in the following form: 

 𝑃(𝑖, 𝑣) = −
1

2
(𝑖, 𝐴𝑖) + 𝐵(𝑣) + (𝑖, 𝛾𝑣 − 𝛼)  (2. 70)  

where 𝑖 = 𝐼𝐿 , 𝑣 = 𝑉𝐶 , 𝐴 = 𝑅, 𝐵(𝑣) =
𝑉𝐶
2

2𝑅𝐿
, 𝛾 = −1, 𝛼 = −𝑉𝑠. 

Review the proposed stability criteria in section 2.4: 

a. 𝑃∗(𝑥) is radially unbounded, i.e., 𝑃∗(𝑥) → ∞ as ‖𝑥‖ → ∞. 

b. 

 {
𝜎𝑚𝑎𝑥(𝐿

1/2𝐴−1𝛾𝐶−1/2) < 1

 
𝜕2𝐵(𝑣)

𝜕𝑣2
+ 𝛾𝑇𝐴−1𝛾|

𝑣=𝑣𝑒
⪰ 0

  (2. 71) 

where 𝜎𝑚𝑎𝑥(∙) is the largest singular value.  

In the circuit shown in Figure 13, 

 𝜎𝑚𝑎𝑥(𝐿
1/2𝐴−1𝛾𝐶−1/2) < 1 ⇒

1

𝑅
√
𝐿

𝐶
< 1  (2. 72)  

 
𝜕2𝐵(𝑣)

𝜕𝑣2
+ 𝛾𝑇𝐴−1𝛾|

𝑣=𝑣𝑒
⪰ 0 ⇒

1

𝑅𝐿
+
1

𝑅
≥ 0 ⇒ 𝑅 ≤ |𝑅𝐿|  (2. 73)  

Then we have  

 
𝐿

𝐶
< 𝑅 ∙ |𝑅𝐿|  (2. 74)  

 
𝐿

|𝑅𝐿|𝐶
< 𝑅 ≤ |𝑅𝐿|  (2. 75)  

Next, it remains to be proved that 𝑃∗(𝑖, 𝑣) → ∞ as |𝑖| + |𝑣| → ∞. The potential function is 

 𝑃(𝐼𝐿 , 𝑉𝐶) = 𝑉𝑠𝐼𝐿 −
1

2
𝑅𝐼𝐿

2 − 𝑉𝐶𝐼𝐿 +
𝑉𝐶
2

2𝑅𝐿
  (2. 76)  



45 

 

Choose 𝜆 = 1,  𝑀 = [2𝐴
−1 0
0 0

] . Notate 
𝜕 𝑃

𝜕𝑉𝐶
 , 
𝜕 𝑃

𝜕𝐼𝐿
  and 

𝜕2𝐵(𝑣)

𝜕𝑣2
  by 𝑃𝑉𝐶 , 𝑃𝐼𝐿 , and 𝐵𝑣𝑣(𝑣) , separately. 

Suppose 𝜇1  is the smallest eigenvalue of the matrix 𝐿−1/2𝐴 (𝑖)𝐿
−1/2  for all 𝑖,  and 𝜇2  is the 

smallest eigenvalue of the matrix 𝐶−1/2𝐵𝑣𝑣(𝑣)𝐶
−1/2 for all 𝑣. Then we have 

 
𝑃∗(𝐼𝐿 , 𝑉𝐶) = (

𝜇1−𝜇2

2
) 𝑃(𝐼𝐿 , 𝑉𝐶) +

1

2
(𝑃𝐼𝐿 , 𝐿

−1𝑃𝐼𝐿)

+
1

2
(𝑃𝑉𝐶 , 𝐶

−1𝑃𝑉𝐶)
  (2. 77)  

where 

 𝜇1 = 𝑚𝑖𝑛
 
{𝜆 (𝐿−

1

2𝐴 (𝑖)𝐿
−
1

2)} =
𝑅

𝐿
  (2. 78)  

 𝜇2 = 𝑚𝑖𝑛
 
{𝜆 (𝐶−

1

2𝐵𝑣𝑣(𝑣)𝐶
−
1

2)} =
1

𝐶𝑅𝐿
  (2. 79) 

Plugging in the value of 𝜇1 and  𝜇2, we have 

  
𝑃∗(𝐼𝐿 , 𝑉𝐶) = (

𝑅

𝐿
−

1

𝐶𝑅𝐿
) (𝑉𝑠𝐼𝐿 −

1

2
𝑅𝐼𝐿

2 − 𝑉𝐶𝐼𝐿 +
𝑉𝐶
2

2𝑅𝐿
)

+
1

2𝐿
(𝑅𝐼𝐿 + 𝑉𝐶 − 𝑉𝑠)

2 +
1

2𝐶
(
𝑉𝐶

𝑅𝐿
− 𝐼𝐿)

2   (2. 80)  

Suppose 𝑃∗ =
1

2
𝑥𝑇𝑃2𝑥 + 𝑃1

𝑇𝑥 + 𝑃0, where 

 𝑃2 = [
𝑅 1

1
2

𝑅
+

1

𝑅𝐿

] , 𝑃1 = [
−𝑉𝑠

−
2

𝑅
𝑉𝑠
] , 𝑃0 =

𝑉𝑠
2

2𝐿
, 𝑥 = [𝐼𝐿 𝑉𝐶]

𝑇 .  (2. 81) 

Denote the smallest eigenvalue of 𝑃2 by λ. Since 
𝜕2𝑃∗(𝑥)

𝜕𝑥2
= 𝑃2 ⪰ 0, we have λ ≥ 0. 

It is proved in the Courant–Fischer–Weyl min-max principle that 

 
(𝐴𝑥,𝑥)

(𝑥,𝑥)
≥ 𝜆𝑚𝑖𝑛  (2. 82)  

where 𝐴 is a n × n symmetric matrix, 𝜆𝑚𝑖𝑛 is the smallest eigenvalue of 𝐴. 

According to the Courant–Fischer–Weyl min-max principle, we have 

 2(𝑃∗ − 𝑃1
𝑇𝑥 − 𝑃0) ≥ 𝜆(𝐼𝐿

2 + 𝑉𝐶
2)  (2. 83)  



46 

 

Then 

 
𝑃∗ ≥ 𝑃1

𝑇𝑥 + 𝑃0 +
 𝜆

2
(𝐼𝐿

2 + 𝑉𝐶
2)

=
𝜆

2
(𝐼𝐿

2 + 𝑉𝐶
2) − 𝑉𝑠(𝐼𝐿 +

2

𝑅
𝑉𝐶) +

𝑉𝑠
2

2𝐿

  (2. 84)  

The Cauchy–Schwarz inequality states that for all vectors 𝑢 and 𝑣 of an inner product space it is 

true that 

 ‖𝑢‖ ∙ ‖𝑣‖ ≥ |(𝑢, 𝑣)|,  (2. 85) 

where ‖∙‖ is the norm of a vector. 

Using Cauchy–Schwarz inequality, we have 

 ‖[
1
2/𝑅

]‖ ∙ ‖[
𝐼𝐿
𝑉𝐶
]‖ ≥ |([

1
2/𝑅

] , [
𝐼𝐿
𝑉𝐶
])| ,  (2. 86)  

i.e.,  

 √1 + (
2

𝑅
)
2

∙ √(𝐼𝐿
2 + 𝑉𝐶

2) ≥ 𝐼𝐿 +
2

𝑅
𝑉𝐶 ,  (2. 87)  

Since  

 (|𝐼𝐿| + |𝑉𝐶|)
2 = 𝐼𝐿

2 + 𝑉𝐶
2 + 2|𝐼𝐿| ∙ |𝑉𝐶| ≥ 𝐼𝐿

2 + 𝑉𝐶
2,  (2. 88)  

we have 

 |𝐼𝐿| + |𝑉𝐶| ≥ √(𝐼𝐿
2 + 𝑉𝐶

2).  (2. 89)  

Therefore,  

 
√1 + (

2

𝑅
)
2

∙ (|𝐼𝐿| + |𝑉𝐶|) ≥ √1 + (
2

𝑅
)
2

∙ √(𝐼𝐿
2 + 𝑉𝐶

2)

≥ (𝐼𝐿 +
2

𝑅
𝑉𝐶) .

  (2. 90)  

Therefore we have  

https://en.wikipedia.org/wiki/Inner_product_space
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𝑃∗ ≥
𝜆

2
(𝐼𝐿

2 + 𝑉𝐶
2) − 𝑉𝑠 (𝐼𝐿 +

2

𝑅
𝑉𝐶) +

𝑉𝑠
2

2𝐿

≥
𝜆

4
(|𝐼𝐿| + |𝑉𝐶|)

2 − 𝑉𝑠√1 + (
2

𝑅
)
2

∙ (|𝐼𝐿| + |𝑉𝐶|) +
𝑉𝑠
2

2𝐿

= (|𝐼𝐿| + |𝑉𝐶|) ∙ [
𝜆

4
(|𝐼𝐿| + |𝑉𝐶|) − 𝑉𝑠√1 + (

2

𝑅
)
2

] +
𝑉𝑠
2

2𝐿

  (2. 91) 

  

If 𝛌>0: when |𝐼𝐿| + |𝑉𝐶| → ∞, it is concluded that 𝑃∗ → ∞. 

If 𝛌=0:  when |𝐼𝐿| + |𝑉𝐶| → ∞, we cannot conclude 𝑃∗ → ∞. 

Therefore, we need to rule out the case that λ = 0 and guarantee λ > 0, where λ is the smallest 

eigenvalue of 𝑃2.  

Let λ > 0 we obtain 

 𝑅 < −𝑅𝐿  (2. 92)  

Then we have: 

 
𝐿

|𝑅𝐿|𝐶
< 𝑅 < |𝑅𝐿|  (2. 93)  

In conclusion, the stability region derived from our proposed stability criteria is as follows: 

 
𝐿

|𝑅𝐿|𝐶
< 𝑅 < |𝑅𝐿|  (2. 94)  

QED. 
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Chapter 3  Large-Signal Stability Analysis in DC Microgrids with multiple CPLs  

3.1 Nomenclature 

    Variables in Microgrid Model 

𝑉𝑠𝑖                                                                                            Input voltage of power converter 

𝐼𝑠𝑖                                                                                         Input current of power converter 

𝑉𝐶𝑖                                                                                    Output voltage of power converter 

𝐿𝑡𝑖                                                        Inductance of transmission line in power source side 

𝐼𝑡𝑖                                                     Current through transmission line in power source side 

𝑅𝑡𝑖                                                        Resistance of transmission line in power source side 

𝐼𝐷                                            Cumulative current of transmission line in power source side 

𝐶𝐷                                                                                              Capacitor at the central point 

𝑉𝐷                                                                                                 Voltage at the central point 

𝐿𝑓𝑗                                                                      Inductance of transmission line in load side 

𝐼𝑓𝑗                                                                   Current through transmission line in load side 

𝑅𝑓𝑗                                                                      Resistance of transmission line in load side 

𝑉𝐿𝑗                                                                                                       Output voltage of CPL 

𝐶𝑓𝑗                                                                                                       Capacitor around CPL 

𝐼𝐿𝑗                                                                                                          Current through CPL



49 

 

𝑃𝐿𝑗                                                                                                         Output power of CPL 

𝑁                                                                     The number of branches in power source side 

𝑀                                                                                    The number of branches in load side 

𝑉𝑚𝑎𝑥                                                                                   Maximum output voltage of CPL 

𝑉𝑚𝑖𝑛                                                                                    Minimum output voltage of CPL 

𝐼𝑚𝑎𝑥                                                                                    Maximum output current of CPL 

𝐼𝑚𝑖𝑛                                                                                     Minimum output current of CPL 

𝑉𝑟𝑒𝑓𝑖                                                                Equivalent voltage source of power converter 

𝑅𝑝𝑖                                                                         Parallel resistance of converter controller 

𝑅𝑞𝑖/𝐿𝑞𝑖                                                                              Impedance of converter controller 

𝐼𝑝𝑖                                              Current through the parallel resistor of converter controller 

𝐼𝑞𝑖                                                      Current through the impedance of converter controller 

 

Variables in Potential Analysis 

𝐴/𝐵/𝐶/𝑘                                                                                  Coefficients of state equation 

𝑥                                                                                                                           State vector 

𝑦                                                                                                                        Output vector 

𝑢                                                                                                                           Input vector 

𝐼                                                                                                                       Identity matrix 

𝑃(𝑥)                                                                                                            Potential function 

𝐽                                                                                                                 Component matrix 
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3.2 Introduction 

In general, the original Brayton-Moser’s mixed potential theory has a creative and strategic 

construction, and it is very useful in large-signal stability analysis in multiple types of nonlinear 

circuits. However, its limitations also should be noticed. The original potential theory proposes 

sufficient criteria only for large-signal global stability, which provides general but unclear 

information about grid stability. For DC microgrids with multiple constant power loads (CPLs) 

and equilibrium points, it cannot determine the stability of each equilibrium point or differentiate 

trajectories with different starting states. In a complex microgrid system, it is always necessary to 

obtain precise information about every equilibrium point and trajectory. With such information, a 

region of attraction (ROA) of the system can be estimated, which can ensure safe system operation 

in the event of a large disturbance.  

The definition of the conventional large-signal stability is that there exists at least one stable 

equilibrium point of the dynamic system at which any subsequent trajectories of a set of initial 

conditions end up. However, it cannot provide accurate stability information in microgrids with 

multiple equilibrium points because state trajectories from different initial states may converge to 

different equilibrium points. In fact, the difference in the stability of each equilibrium point leads 

to a more complicated situation. Therefore, this chapter emphasizes the stability of each 

equilibrium point and differentiates the convergences of state trajectories with different starting 

points, which is more appropriate and practical in microgrids with multiple equilibrium points. 

The contributions of this chapter are summarized as follows: 

1) We study the stability of each equilibrium point and the convergence of state trajectories 

with different starting points using the proposed novel potential-based approach. We integrate the 
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discussion of the local stability of each equilibrium point in the large-signal global stability 

analysis of the system.  

2) The ROA of a microgrid system is estimated to investigate the local stability of each 

equilibrium. The proposed potential-based ROA estimation has a lower computation cost 

compared with the traditional ROA estimation method. 

3) We resolve misunderstandings and emphasize the key points of potential theory, which 

plays a fundamental role in large-signal stability analysis in nonlinear power grids. 

The chapter is organized as follows. In section 3.3 and section 3.4, the model of DC 

microgrids and some concepts of stability are described. In section 3.5, we model the dynamics of 

DC microgrids and formulate equilibrium analysis using the potential-based approach. 

Additionally, we correct some misunderstandings of the potential theory in existing literature. In 

Section 3.6, we estimate the ROA of the proposed DC microgrid model. Section 3.7 verifies our 

theoretical derivation with a simulation-based study. 

3.3 Model assumptions 

A generalized circuit structure of a DC microgrid can be described in Figure 16. Without 

loss of generality, the circuit diagram is modeled based on the following assumptions: 

1) The power supplies are all constant voltage sources. 

2) The DC-DC converters are utilized to step up/down voltage. They can be ideal buck 

converters or boost converters. No parasitic element is considered. Moreover, the modeling of 

power converters is formulated with the state space averaging method.  
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3) The transmission lines are modeled as pure impedances. 𝐿𝑡𝑖 , 𝑅𝑡𝑖  and 𝐿𝑓𝑗, 𝑅𝑓𝑗 (𝑖 =

1,2, … ,𝑁, 𝑗 = 1,2, … ,𝑀) represent the impedances of transmission lines in power source side and 

demand side, respectively.  

4) The demand side consists of multiple CPLs. The model of the CPL is shown in Figure 

17 (a) and its operation follows the following function:  

 {

 𝐼𝑃𝐿 = 𝐼𝑚𝑎𝑥 , 𝑉𝐿 ≤ 𝑉𝑚𝑖𝑛

𝑉𝐿 =
𝑃𝐿

𝐼𝑃𝐿
, 𝑉𝑚𝑖𝑛 ≤ 𝑉𝐿 ≤ 𝑉𝑚𝑎𝑥

𝑉𝐿 = 𝑉𝑚𝑎𝑥,  𝐼𝑃𝐿 < 𝐼𝑚𝑖𝑛

  (3. 1)  
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Figure 16. The general circuit structure of a typical DC microgrid. 
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Figure 17. The models of CPL: (a) a realistic model; (b) a traditional model. 

The CPL model in Figure 17 (a) has operation bounds on voltage and current, with the 

consideration of the practical operation of CPLs in DC microgrids. In practice, a parallel diode of 

CPL clamps the voltage as a non-negative value. Notably, all mathematical prerequisites of the 
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LaSalle theorem can be satisfied by this model, which provides a fundamental principle of the 

potential theory for large-signal stability of nonlinear circuits. In most of the existing studies about 

microgrid stability, the conventional CPL model without current or voltage limits is utilized, as 

shown in Figure 17 (b). However, this model does not fit for potential-based stability analysis since 

it violates the prerequisites of the LaSalle theorem, which requires the domain of the studied 

dynamic system to be a compact positively invariant set [23]. The domain of the traditional CPL 

model shown in Fig 17 (b) is the set of non-zero positive real numbers ℛ+
∗ , which is an open set, 

so the requirements cannot be satisfied.  

3.4 Stability description in DC microgrids 

A large disturbance could happen in power grids when a fault or load switching occurs. 

Regrettably, traditional small-signal stability analysis, which deploys the small-signal and 

linearized model, cannot provide sufficient information about the stability of a microgrid with 

CPLs involving a large disturbance. Another limitation of small-signal stability analysis is that 

power converter dynamics can be approximated by a state-space averaging model only if the 

system bandwidth is lower than switching frequency [17][22].  

Large-signal stability analysis is able to determine safe operation conditions in practical 

DC microgrids even when they are going through a large disturbance. The definition of the 

traditional large-signal stability is that there exists at least one stable equilibrium in the dynamic 

system where any subsequent trajectories of a set of initial conditions end up. For microgrids with 

a single equilibrium point, we can derive sufficient conditions for their global large-signal stability, 

which guarantees large-signal stability of the microgrid for any initial states in the complete 
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domain. However, there is very few discussions about a microgrid with multiple equilibrium points 

where state trajectories with different initial states may converge to different equilibrium points. 

To solve this issue, we study stability of each equilibrium point and analyze if there exists a subset 

of the domain from which any subsequent trajectories starting from this subset converge to the 

equilibrium point. This study is more appropriate and practical in microgrids with multiple 

equilibrium points. 

 
Figure 18. The relationships among different types of stability. 

The large-signal stability is different from the traditional local stability in small-signal 

stability analysis for the following two reasons: first, large-signal stability is developed on the 

original nonlinear system, whereas local stability in small-signal stability analysis depends on a 

small-signal and linearized system; second, there exists practical ROA for each equilibrium point 

with large-signal stability, while local stability in small-signal stability analysis cannot provide a 

practical ROA. The relationships of large-signal stability and small-signal stability are concluded 

in Figure 18. 
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3.5 DC microgrids modeling and equilibrium analysis 

3.5.1 Microgrid model with power converter controllers 

In a DC microgrid, reasonable control of power converters can smooth the power flow and 

provide electric power with high quality through the regulation of output voltage. Considering the 

distinctive advantages of current-mode control, we build a novel type of converter controller, 

shown in the following figure. The applied droop-inertia controller is first proposed and explained 

in our paper [22]. Compared to the traditional droop controller often deployed in DC microgrids, 

the droop-inertia controller shows more stable characteristics and smaller steady-state errors. 

Moreover, it can be noted that the droop-inertia controller degrades to a traditional droop controller 

when 𝐿𝑞𝑖 = 0.  

The droop-inertia controller regulates the output voltage 𝑉𝐶𝑖 to the given reference value 

𝑉𝑟𝑒𝑓𝑖 by controlling the inductor current 𝐼𝑠𝑖. The admittance block transfers the signal of voltage 

error 𝑉𝑟𝑒𝑓𝑖 − 𝑉𝐶𝑖  to a current signal 𝐼𝑒𝑖 . The feature of the current controller is to regulate 𝐼𝑠𝑖 

according to the input 𝐼𝑒𝑖. It is worth mentioning that the regulation of 𝐼𝑠𝑖 is realized by control of 

the duty ratio of the transistor. The current controller is designed as a proportional integral (PI) 

controller here, which regulates the duty ratio based on the current difference 𝐼𝑒𝑖 − 𝐼𝑠𝑖. Both the 

droop-inertia controller and the current controller are linear controllers. The transfer function of 

the droop-inertia controller is as follows: 

 𝐺(𝑠) =
𝐼𝑠𝑖(𝑠)

𝑉𝑟𝑒𝑓𝑖(𝑠)−𝑉𝐶𝑖(𝑠)
= 𝑌𝑖𝑛(𝑠) =  

𝑅𝑝𝑖+𝑠𝐿𝑞𝑖+𝑅𝑞𝑖

𝑅𝑝𝑖(𝑠𝐿𝑞𝑖+𝑅𝑞𝑖)
  (3. 2) 

where 𝑌𝑖𝑛 is the equivalent admittance of the block in Figure 20.  
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Figure 19. The circuit diagram of a power converter with droop-inertia controller. 
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Figure 20. The equivalent circuit of the proposed converter controller. 

Considering the above DC microgrid modeling analysis, it is not necessary to discuss the 

large-signal stability of the converter side. The reason is explained as follows. The modeling of 

power converters is formulated with the state space averaging method. Moreover, by designing the 

bandwidth of the current control loop to be much higher than the voltage control loop, we can view 

the voltage control loop as a linear system that consists of both the power converter and the droop-

inertia controller. Note that these two assumptions are based on the concept of time-scale 

separation, which is commonly used in the design of power electronics controllers; they are not 

based on linearization. Based on these assumptions, the power converter plant can be modeled as 

a linear system. The small-signal stability is the same as the large-signal stability in linear models. 

Therefore, the discussion of large-signal stability of the converter side is not necessary. 
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Figure 21. The equivalent model of a DC microgrid under current-mode control. 

The equivalent circuit of the model in Figure 16 is shown in Figure 21. The state equations 

of the model in Figure 21 are shown as follows: 

 {

�̇� = 𝐴𝑥 + 𝐵𝑢 + 𝑘
𝑦 = 𝐶𝑥

𝑦𝑗𝑢𝑗 = −𝑃𝐿𝑗 , ∀ 𝑗 ∈ {1,2, … ,𝑀}
  (3. 3) 

where 𝑥 = [𝐼𝑞1, … , 𝐼𝑞𝑁 𝐼𝑡1, … , 𝐼𝑡𝑁 𝐼𝑓1, … , 𝐼𝑓𝑀 𝑉𝐶1, … ,𝑉𝐶𝑁 𝑉𝐷 𝑉𝐿1, … , 𝑉𝐿𝑀]
𝑇 , 

𝑢 = [−𝐼𝐿1, … , −𝐼𝐿𝑀]
𝑇 , 

𝑦 =   [𝑉𝐿1, … , 𝑉𝐿𝑀]
𝑇 ,  

𝐵 = [
0(3𝑁+𝑀+1)×𝑀

𝑑𝑖𝑎𝑔{
1

𝐶𝑓1
, … ,

1

𝐶𝑓𝑀
}
],  

𝐶 = [0𝑀×(3𝑁+𝑀+1) 𝐼𝑀×𝑀], (where 𝐼 is the identity matrix), 

𝑘 = [𝑉𝑟𝑒𝑓1/𝐿𝑞1, … , 𝑉𝑟𝑒𝑓𝑁/𝐿𝑞𝑁 01×𝑁 01×𝑀 𝑉𝑟𝑒𝑓1/𝑅𝑝1𝐶𝑏1, … , 𝑉𝑟𝑒𝑓𝑁/𝑅𝑝𝑁𝐶𝑏𝑁 0 01×𝑀]𝑇 , 

𝑖 ∈ {1,2, … ,𝑁}, 𝑗 ∈ {1,2, … ,𝑀}. 
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𝐴

=

[
 
 
 
 
 
 
 
 
 
 
 
 
 −𝑑𝑖𝑎𝑔{

𝑅𝑞1

𝐿𝑞1
…
𝑅𝑞𝑁

𝐿𝑞𝑁
} 0𝑁×𝑁 0𝑁×𝑀 

0𝑁×𝑁 −𝑑𝑖𝑎𝑔{
𝑅𝑡1
𝐿𝑡1
…
𝑅𝑡𝑁
𝐿𝑡𝑁
} 0𝑁×𝑀 

0𝑀×𝑁 0𝑀×𝑁 −𝑑𝑖𝑎𝑔{
𝑅𝑓1

𝐿𝑓1
…
𝑅𝑓𝑀

𝐿𝑓𝑀
}

−𝑑𝑖𝑎𝑔{
1

𝐿𝑞1
…
1

𝐿𝑞𝑁
} 0𝑁×1 0𝑁×𝑀 

𝑑𝑖𝑎𝑔{
1

𝐿𝑡1
…
1

𝐿𝑡𝑁
} −[

1

𝐿𝑡1
…
1

𝐿𝑡𝑁
]𝑇 0𝑁×𝑀 

0𝑀×𝑁 [
1

𝐿𝑓1
…
1

𝐿𝑓𝑀
]𝑇 −𝑑𝑖𝑎𝑔{

1

𝐿𝑓1
…
1

𝐿𝑓𝑀
}

𝑑𝑖𝑎𝑔{
1

𝐶𝑏1
…
1

𝐶𝑏𝑁
} −𝑑𝑖𝑎𝑔{

1

𝐶𝑏1
…
1

𝐶𝑏𝑁
}  0𝑁×𝑀

01×𝑁 [
1

𝐶𝐷
, … ,

1

𝐶𝐷
]1×𝑁 −[

1

𝐶𝐷
…
1

𝐶𝐷
]1×𝑀

0𝑀×𝑁 0𝑀×𝑁  𝑑𝑖𝑎𝑔{
1

𝐶𝑓1
…
1

𝐶𝑓𝑀
}

−𝑑𝑖𝑎𝑔{
1

𝑅𝑝1𝐶𝑏1
…

1

𝑅𝑝𝑁𝐶𝑏𝑁
}  0𝑁×1   0𝑁×𝑀 

01×𝑁 0 01×𝑀 
0𝑀×𝑁  0𝑀×1  0𝑀×𝑀  

]
 
 
 
 
 
 
 
 
 
 
 
 
 

, 

𝐼𝑞𝑖 is the current through the resistor 𝑅𝑞𝑖, and other notations are as notated in the figure. 

3.5.2 Steady-state analysis of DC microgrids with multiple CPLs 

Firstly, we solve equilibrium points of the given microgrid system. The state equations of 

the model in Figure 21 are described as follows. Let �̇� = 0. The equilibria of the system (�̅�, �̅�)  is 

solved as 

 {
�̅� = −𝐴−1(𝐵�̅� + 𝑘)

�̅� = −𝐶𝐴−1(𝐵�̅� + 𝑘)
  (3. 4) 

with the assumption that 𝐴−1 exists. 

In fact, this assumption holds in our case. The explanation is as follows. Suppose a matrix 

𝑇, whose size is the same as 𝐴. 𝑥, 𝑢, 𝑘 are defined in the above section. The solvability and the 

existence of the equilibria of the original system are undetermined due to the complexity of 

nonlinear circuit systems. However, whether 𝐴 is invertible depends only on the circuit structure 

without the CPLs and whether 𝑥 is a minimal realization. Hence, 𝐴 is invertible because the DC 

system without the CPLs is a linear time invariant (LTI) system and 𝑥 is a minimal realization. The 

superposition theorem [25] in linear circuit systems is adopted here to clarify the explanation. The 
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input 𝑢 in our model consists of current sources; the constant term 𝑘 consists of voltage sources; 

and �̅� consists of different inductor currents, capacitor voltages, and load voltages. At one moment, 

the CPLs can be treated as current sources. According to the following equation, every element in 

matrix 𝑇 can be determined by solving a linear circuit with only one independent power source 

and then adding them algebraically. 𝑇 exists and is unique based on the property of circuit systems. 

 �̅� = −𝑇(𝐵�̅� + 𝑘)  (3. 5) 

 Considering the state equation at the equilibria 𝐴�̅� = −(𝐵�̅� + 𝑘) and the above equation 

�̅� = −𝑇(𝐵�̅� + 𝑘), we have 

 𝑇𝐴�̅� = −𝑇(𝐵�̅� + 𝑘) = �̅�  (3. 6) 

that is, 𝑇𝐴 = 𝐼. Therefore, 𝐴−1 exists.  

Next, we continue to solve the equations 

 {
�̅� = −𝐴−1(𝐵�̅� + 𝑘)

�̅� = −𝐶𝐴−1(𝐵�̅� + 𝑘)
  (3. 7)  

Notate 𝐺 = −𝐶𝐴−1𝐵 = [𝑔1, … , 𝑔𝑀]
𝑇;  𝑂 = −𝐶𝐴−1𝑘 = [𝑜1, … , 𝑜𝑀]

𝑇 ;𝑔𝑗  are the column 

vectors with size (3𝑁 + 2𝑀 + 1) × 1, ∀𝑗 ∈ {1,2, … ,𝑀}, �̅� = [𝑦1̅̅ ̅, … , 𝑦𝑀̅̅ ̅̅ ]
𝑇 , ∀𝑗 ∈ {1,2, … ,𝑀}.  

From the above equations, we have 

 𝑦�̅� = 𝑔𝑗
𝑇�̅� + 𝑜𝑗 , ∀𝑗 ∈ {1,2, … ,𝑀}  (3. 8) 

Considering the equation 𝑦𝑗𝑢𝑗 = −𝑃𝐿𝑗 , ∀ 𝑗 ∈ {1,2, … ,𝑀}, we have 

 (𝑔𝑗
𝑇�̅� + 𝑜𝑗)𝑢𝑗 = −𝑃𝐿𝑗, ∀𝑗 ∈ {1,2, … ,𝑀}  (3. 9) 

The group of equations can be written in the following form: 

 �̅�𝑇𝐹2
(𝑗)�̅� + 𝐹1

(𝑗)�̅� + 𝐹0
(𝑗) = 0, ∀𝑗 ∈ {1,2, … ,𝑀}  (3. 10) 
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where 𝐹2
(𝑗)is the coefficient matrix with the size (3𝑁 + 2𝑀 + 1) × (3𝑁 + 2𝑀 + 1), whose j-th 

column is 𝑔𝑗 and other columns are all zero vectors; 𝐹1
(𝑗) is a vector with size 1 × (3𝑁 + 2𝑀 +

1), whose j-th element is 𝑜𝑗 and other elements are all zero; 𝐹0
(𝑗) is a constant in which 𝐹0

(𝑗) =

𝑃𝐿𝑗 , ∀𝑗 ∈ {1,2, … ,𝑀}. 

Therefore, we conclude that there exist equilibrium point(s) in the microgrid system if 

equation (3.10) is solvable. In engineering practice, the solvability of equation can be known by 

solving it using optimization solvers. In fact, the condition that an optimization solver obtains a 

solution of the equation is a sufficient but not necessary condition for the existence of an 

equilibrium point. More studies about the solvability and existence of equilibria in similar dynamic 

systems can be found in [26][27]. In this paper, we assume the equation is solvable and that there 

exists at least one equilibrium for further discussion of ROA. 

Here, we take the case with two CPLs as an illustrative example. Given 𝑁 = 1,𝑀 = 2, we 

obtain the specified state equations for the example from the following equation: 

 {
𝑃1 = 𝑉𝑒𝑞 ∙ 𝐼𝑃1 − 𝐼𝑃1

2(𝑅𝑒𝑞 + 𝑅𝑓1) − 𝑅𝑒𝑞𝐼𝑃1𝐼𝑃2     (𝑎)

𝑃2 = 𝑉𝑒𝑞 ∙ 𝐼𝑃2 − 𝐼𝑝2
2(𝑅𝑒𝑞 + 𝑅𝑓2) − 𝑅𝑒𝑞𝐼𝑃1𝐼𝑃2      (𝑏)

  (3. 11) 
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Figure 22. Thevenin equivalent model of a DC microgrid with multiple CPLs. 

From another perspective, the equations can be verified by the power balancing equations 

of the Thevenin equivalent circuit of the microgrid model. The microgrid model in Figure 21 has 
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the Thevenin equivalent model shown in Figure 22 when it is in steady state, where 𝑉𝑒𝑞 is the 

equivalent voltage, 𝑅𝑒𝑞 is the equivalent resistor.  

 

Notate 𝑥 = [𝐼𝑃1, 𝐼𝑃2]
𝑇. The above equations can be transformed to the following quadratic 

form to determine their shape.  

 𝑥𝑇𝐴𝑥 + 𝑏𝑥 + 𝑐 = 0  (3. 12) 

where 𝐴 = [
𝑅𝑒𝑞 + 𝑅𝑓1 𝑅𝑒𝑞/2

𝑅𝑒𝑞/2 0
] , 𝑏 = [−𝑉𝑒𝑞 0], 𝑐 = 𝑃1.  Suppose 𝑄 = [𝑣1 𝑣2] , where 𝑣1  and 

𝑣2  are eigenvectors of 𝐴 ; Λ = 𝑑𝑖𝑎𝑔([𝜆1 𝜆2]) , where 𝜆1  and 𝜆2  are the corresponding 

eigenvalues of 𝑣1  and 𝑣2 , respectively. Considering that 𝐴  is a real symmetric matrix, we can 

decompose 𝐴 as follows: 

 𝐴 = 𝑄 [
𝜆1 0
0 𝜆2

] 𝑄−1 = 𝑄 [
𝜆1 0
0 𝜆2

] 𝑄𝑇  (3. 13) 

It can be converted to  

 𝑦𝑇𝑄𝑇𝐴𝑄𝑦 + 𝑏𝑄𝑦 + 𝑐 = 0  (3. 14) 

where 𝑦 = 𝑄−1𝑥. Notate 𝑦 = [𝐼𝑃1
′ 𝐼𝑃2

′]𝑇. Then we have 

 𝜆1𝐼𝑃1
′2 + 𝜆2𝐼𝑃2

′2 + [−𝑉𝑒𝑞 0][𝑣1 𝑣2][𝐼𝑃1
′ 𝐼𝑃2

′]𝑇 = −𝑃1  (3. 15) 

Notate [𝑟1 𝑟2] = [−𝑉𝑒𝑞 0][𝑣1 𝑣2]. The above equation can be converted to 

 𝜆1(𝐼𝑃1
′ +

𝑟1

2𝜆1
)2 + 𝜆2(𝐼𝑃2

′ +
𝑟2

2𝜆2
)2 =

𝑟1
2

4𝜆1
+
𝑟2
2

4𝜆2
− 𝑃1  (3. 16) 

Solving the eigenvalues of 𝐴, we obtain that  

 𝜆1,2 =
𝑅𝑒𝑞+𝑅𝑓1±√2𝑅𝑒𝑞

2+2𝑅𝑒𝑞𝑅𝑓1+𝑅𝑓1
2

2

  (3. 17) 
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We know that 𝜆1 > 0, 𝜆2 < 0  (suppose 𝜆1 > 𝜆2 ). Therefore, equation (3.11)(a) is a hyperbola. 

Similarly, it is concluded that equation (3. 11)(b) is also a hyperbola.  

An example is taken to illustrate the shape of the state equations in (3.11) and to develop 

equilibrium analysis. Suppose a DC microgrid model with the following Thevenin-equivalent 

parameters. 

Table 11: Microgrid model parameters 

𝑉𝑒𝑞 200 𝑃1 900 𝑅𝑓1 0.7 

𝑅𝑒𝑞 0.3 𝑃2 500 𝑅𝑓2 0.9 

(The unit: V, Ohm, W) 

   

The state equations of this model are plotted in Figure 23. The difference in the operation 

boundaries of the CPL model may generate different operation scenarios. Here, four different 

operation scenarios are discussed. 

 

1) A special limiting case where the parameters of the CPL model satisfy that 𝑙𝑖𝑚
 
𝑉𝑚𝑖𝑛 →

0, 𝑙𝑖𝑚
 
𝐼𝑚𝑎𝑥 → ∞.  

This case is shown in Figure 23(a). It can be observed that there are four equilibrium points in this 

system. 

 

2) The parameters of the CPL model 𝐼𝑚𝑎𝑥 and 𝑉𝑚𝑖𝑛 are finite. 

 

2-a) Suppose that the maximum operation current of the two CPLs is 𝐼𝑚𝑎𝑥 = 150𝐴. In 

Figure 23(b), both CPLs operate as the function 𝑉𝐿 = 𝑃𝐿/𝐼𝑃𝐿. There exists only one equilibrium 

point in this case. 
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2-b) In Figure 23(c), only one CPL operates as the function 𝑉𝐿 = 𝑃𝐿/𝐼𝑃𝐿. Another CPL 

operates as the function 𝐼𝑃𝐿 = 𝐼𝑚𝑎𝑥, which means it actually works as a current source. There are 

two equilibrium points in this system. 

 

2-c) In Figure 23(d), both CPLs operate as the function 𝐼𝑃𝐿 = 𝐼𝑚𝑎𝑥, i.e., both CPLs work 

as current sources. In this case, there exists only one equilibrium point. 

 
(a)                                                         (b) 

 
(c)                                                        (d) 

Figure 23. Visualization of power balancing equations. 

3.5.3 Potential function of DC microgrid model 

First, we show the definition of the potential function. 

Definition (Potential function [28]) Suppose there are 𝑟 inductors, 𝑠 capacitors, and 𝑏 nonlinear 

resistors and power supplies in total in a circuit system. These components are sequentially 

numbered, starting from inductors and capacitors to resistors and power supplies, notated by 𝜇. 

Then we define the potential function 𝑃(𝑖, 𝑣) of the above circuit system as  
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 𝑃(𝑖, 𝑣) = ∑ 𝑣𝜇𝑖𝜇|𝛤
𝑟+𝑠
𝜇=𝑟+1 + ∑ ∫ 𝑣𝜇𝑑𝑖𝜇

 

𝛤
𝑟+𝑠+𝑏
𝜇>𝑟+𝑠   (3. 18) 

where 𝑣𝜇 and 𝑖𝜇 are voltage and current of element 𝜇, respectively. Regarding the notations of the 

elements, 1,2, … , 𝑟  represent inductors; 𝑟 + 1,… , 𝑟 + 𝑠  represent capacitors; 𝑟 + 𝑠 + 1,… , 𝑟 +

𝑠 + 𝑏 represent nonlinear resistors and power sources.  

Next, we conclude and emphasize some basic properties of the potential function, which 

are easily ignored and were misunderstood in previous studies, such as [20][21]. 

1) The potential-based large-signal stability analysis is applicable to autonomous systems 

only  It cannot be deployed in time-variant systems. The rule is constrained by LaSalle stability 

theorem [23], which builds mathematical foundation for the Brayton-Moser potential theory. 

 

2) The potential theory is preferred to be applied to complete circuits  An incomplete circuit 

can be modified to a complete circuit by adding capacitors in parallel and inductors in series. 

 

3) The potential function is not a Lyapunov function or an energy function  Being a 

Lyapunov function or energy function requires non-negativity. However, it can be concluded from 

the definition of the potential function that a potential function could be negative.  

0

v1

i1

vμ 

iμ 

η 

ζ 

vμ = f (iμ)

 
Figure 24. Potential functions of a nonlinear element. 
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The potential has the same unit as power. Suppose there is a nonlinear element whose 

voltage potential is  𝜂 = ∫ 𝑣𝜇𝑑𝑖𝜇
 𝑖1
0

. The dual function of voltage potential is 𝜁 = ∫ 𝑖𝜇𝑑𝑣𝜇
𝑣1 

0
, which 

is called current potential. The total power dissipation Ψ can be expressed as follows:  

 𝛹 = 𝑖1𝑣1 = ∫ 𝑣𝜇𝑑𝑖𝜇
 𝑖1
0

+ ∫ 𝑖𝜇𝑑𝑣𝜇
𝑣1 

0
= 𝜂 + 𝜁  (3. 19) 

4) The potential of a circuit depends only on the start point and end point of a motion 

trajectory, whereas it is independent of the trajectory itself   

Generally, the Brayton-Moser potential theory provides the paramount method to analyze 

large-signal stability in nonlinear circuit systems. However, it is not complete enough and is 

especially vulnerable when confronted with the stability problem in nonlinear systems with 

multiple equilibrium points. In this paper, we successfully resolve this dilemma by identifying 

stable equilibrium points and ROA estimation.  

The potential function of the model in Figure 21 is calculated as follows: 

𝑃(𝑖, 𝑣) = ∑ 𝑉𝑟𝑒𝑓𝑖
𝑁
𝑖=1 (𝐼𝑝𝑖 + 𝐼𝑞𝑖) −

1

2
∑ 𝑅𝑝𝑖𝐼𝑝𝑖

2𝑁
𝑖=1 −

1

2
∑ 𝑅𝑞𝑖𝐼𝑞𝑖

2𝑁
𝑖=1

−
1

2
∑ 𝑅𝑡𝑖𝐼𝑡𝑖

2𝑁
𝑖=1 −

1

2
∑ 𝑅𝑓𝑗𝐼𝑓𝑗

2𝑀
𝑗=1 − ∑ 𝑉𝐶𝑖(𝐼𝑝𝑖 + 𝐼𝑞𝑖 − 𝐼𝑡𝑖)

𝑁
𝑖=1  

−𝑉𝐷(∑ 𝐼𝑡𝑖
𝑁
𝑖=1 − ∑ 𝐼𝑓𝑗

𝑀
𝑗=1 ) + ∑ 𝑍𝑗

𝑀
𝑗=1                              

  (3. 20) 

where 

𝑍𝑗 = {
∫

𝑃𝐿𝑗

𝑣
𝑑𝑣

𝑉𝐿𝑗
𝑉𝑚𝑖𝑛

− 𝑃𝐿𝑗 − 𝑉𝐿𝑗(𝐼𝑓𝑗 − 𝐼𝐿𝑗), 𝑉𝐿𝑗 > 𝑉𝑚𝑖𝑛_𝑗

𝐼𝑚𝑎𝑥
 
_ 𝑗 (𝑉𝐿𝑗 − 𝑉𝑚𝑖𝑛

 
_𝑗) − 𝑃𝐿𝑗 − 𝑉𝐿𝑗(𝐼𝑓𝑗 − 𝐼𝑚𝑎𝑥

 
_𝑗), 𝑉𝐿𝑗 ≤ 𝑉𝑚𝑖𝑛_𝑗

  (3. 21) 

𝐼𝑝𝑖  and 𝐼𝑞𝑖  represent the currents through resistors 𝑅𝑝𝑖  and 𝑅𝑞𝑖 , respectively. 𝑉𝑚𝑖𝑛  is the lower 

bound of the output voltage of CPL and  𝐼𝑚𝑎𝑥 is the upper bound of current of CPL. Other notations 

are as marked in Figure 21. 
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3.5.4 Potential-based stability analysis of microgrids 

As for all the discussion of microgrid stability here, we first make the following two 

assumptions: (a) In the state equation of microgrid model described in (3.3), 𝐴−1  exists, (this 

always hold in our case and the explanation is presented in section 3.5.2; (b) there do exists 

equilibrium(s) in the microgrid model, that is, (3.10) is solvable. Conventional potential-based 

large-signal stability analysis provides rigorous criteria for large-signal stability in nonlinear 

systems. Every trajectory finally converges to a set notated by 𝐸 when the stability criteria are 

satisfied, where 𝐸 is the compact set consisting of all equilibria of the system. In fact, however, 

this conclusion indicates the unavoidable flaws of the traditional potential-based stability analysis 

in multi-equilibria systems. The traditional method only derives sufficient conditions for the 

convergence of trajectories to the set 𝐸 but cannot reveal the equilibrium point to which it will 

exactly converge. An example is shown in Figure 25(a).  Suppose 𝑂 is an initial point in a system 

defined in domain ℛ𝑛; 𝐴, 𝐵, 𝐶 are different equilibrium points of this system; and 𝐸 is the compact 

set consisting of all equilibrium points, i.e., 𝐸 = {𝐴, 𝐵, 𝐶}. Then the sufficient conditions given by 

the traditional stability analysis are to ensure that the trajectory starting from 𝑂 approaches 𝐸 as 

𝑡 → ∞ . It is worth mentioning that this result involves three possible situations: the trajectory 

starting from 𝑂 approaches equilibrium 𝐴, 𝐵, or 𝐶 as 𝑡 → ∞. 

 
(a)                                  (b) 

Figure 25. Correspondence between initial conditions and equilibrium points. 
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In this manuscript, we propose a novel potential-based stability analysis to differentiate the 

convergences to different equilibrium points. This task is visualized as shown in Figure 25(b). In 

the system domain ℛ𝑛, suppose 𝑂, 𝑂1, 𝑂2 are different initial points; 𝐴, 𝐵, 𝐶 are different equilibria 

of this system; and 𝐸 is the compact set consisting of all equilibrium points, i.e., 𝐸 = {𝐴, 𝐵, 𝐶}. 

The large-signal stability of each equilibrium point is explored and the correspondence between 

initial conditions and converged equilibrium points is investigated. For example, it is concluded 

that the trajectory starting from 𝑂,𝑂1, 𝑂2  converges to equilibrium 𝐴, 𝐵, 𝐶 , respectively. Each 

equilibrium has a different ROA, which can be estimated using the proposed novel potential-based 

approach. 

The potential-based dynamic equation of the microgrid model in Figure 21 is shown as 

follows: 

 −𝐽
𝑑𝑥

𝑑𝑡
=
𝜕𝑃(𝑥)

𝜕𝑥
  (3. 22) 

where 𝑥 = [𝑖  𝑣]𝑇,  𝐽 = 𝑑𝑖𝑎𝑔{[−𝐿 𝐶]}. 

𝑖 = [𝐼𝑝1, 𝐼𝑝2, … , 𝐼𝑝𝑁, 𝐼𝑞1, 𝐼𝑞2, … , 𝐼𝑞𝑁 , 𝐼𝑡1, 𝐼𝑡2, … , 𝐼𝑡𝑁 , 𝐼𝑓1, … , 𝐼𝑓𝑀],  

𝑣 = [𝑉𝐶1, 𝑉𝐶2, … , 𝑉𝐶𝑁, 𝑉𝐿] , 𝐿  and 𝐶  are the diagonal inductance matrix and the diagonal 

capacitance matrix, respectively. It is observed that whether 𝐽 is positive definite is dependent on 

𝐿  and 𝐶  under this description. We reconstruct the expression of this system to decouple this 

dependency, which considers (𝑃∗, 𝐽∗) instead of (𝑃, 𝐽), such that 

 −𝐽∗
𝑑𝑥

𝑑𝑡
= 𝛻𝑃∗(𝑥)  (3. 23) 

where 𝐽∗ is positive definite in a stable system and ∇ is gradient operator. The pair (𝑃∗, 𝐽∗) can be 

obtained by equation transformation and superposition: 
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 𝐽∗ = (𝜆𝕀 +
𝜕2𝑃(𝑥)

𝜕𝑥2
𝑀) ∙ 𝐽, 𝑃∗ = 𝜆𝑃 +

1

2
(
𝜕𝑃(𝑥)

𝜕𝑥
, 𝑀

𝜕𝑃(𝑥)

𝜕𝑥
)  (3. 24) 

where 𝕀 is an identity matrix, 𝑀 is an arbitrary symmetric matrix, and 𝜆 is an arbitrary constant 

[16]. 

 

Theorem 1: Given a nonlinear circuit 
𝑑𝑥

𝑑𝑡
= 𝑓(𝑥) , as shown in Figure 21, the potential-based 

dynamic function of the circuit is −𝐽∗
𝑑𝑥

𝑑𝑡
=
𝜕𝑃∗(𝑥)

𝜕𝑥
. Let 𝑓:ℛ𝑛 → ℛ be a 𝐶1 function and 𝑃∗: ℛ𝑛 →

ℛ be a 𝐶2 function. 𝐷 is a neighborhood of the equilibrium point 𝑥𝑒.  

1-a: Suppose 𝐽∗ ≻ 0, 𝐻(𝑃∗)|𝑥=𝑥𝑒 ≻ 0, then 𝑥𝑒 is a local minimum of 𝑃∗ and an asymptotic 

stable equilibrium point [16].  

1-b: For an asymptotic stable equilibrium 𝑥𝑒, there exists a Lyapunov function at 𝑥 = 𝑥𝑒 . 

The proof is presented in appendix 3.A. 

Theorem 1 presents sufficient conditions for large-signal stability of an equilibrium point 

and for the existence of a Lyapunov function. Furthermore, the existence of a Lyapunov function 

at an equilibrium point ensures the existence of the ROA at this equilibrium and is helpful in 

estimating the ROA. 

3.6 Potential-based ROA estimation 

ROA estimation is performed to differentiate the convergence of trajectories with different 

starting points. In this section, we propose a novel method to estimate the ROA of every 

equilibrium point where the conditions described in Theorem 1 are satisfied.  

As introduced in section 3.4.4, there exists a function 𝑃∗(𝑥) such that 

 𝛻𝑃∗(𝑥) = −𝐽∗�̇�  (3. 25) 
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where 𝐽∗ ≻ 0, ∇  is the gradient operator, since 𝐽∗ ≻ 0 , (𝐽∗)−1  exists. The above system can be 

equivalently formulated as: 

 �̇� = −(𝐽∗)−1𝛻𝑃∗(𝑥),  (3. 26) 

The linearized system at equilibrium 𝑥 = 𝑥𝑒 can be described in (3.27) and the original system can 

be described in (3.28). 

 �̇̂� ≈ −(𝐽∗)−1𝐻(𝑃∗)|𝑥=𝑥𝑒 ∙ �̂� = 𝐴�̂�  (3. 27) 

 �̇̂� = 𝐴 ∙ �̂� + 𝑔(�̂�)  (3. 28) 

where 𝐻  is the Hessian matrix, 𝐴 = −(𝐽∗)−1𝐻(𝑃∗)|𝑥=𝑥𝑒 , �̂� = 𝑥 − 𝑥𝑒 , and 𝑔(�̂�) = 𝑓(�̂� + 𝑥𝑒) −

𝐴�̂�. The derivation is shown in Appendix 3.B. 

 

Theorem 2: Given a nonlinear circuit 
𝑑𝑥

𝑑𝑡
= 𝑓(𝑥) , as shown in Figure 21, the potential-based 

dynamic function of the circuit is −𝐽∗
𝑑𝑥

𝑑𝑡
=
𝜕𝑃∗(𝑥)

𝜕𝑥
.   Suppose 𝐽∗ ≻ 0 , 𝐻(𝑃∗)|𝑥=𝑥𝑒 ≻ 0.  From 

Theorem 1, we conclude that 𝑥 = 𝑥𝑒 is an asymptotic stable equilibrium point and there exists a 

Lyapunov function at 𝑥 = 𝑥𝑒. A Lyapunov function at 𝑥 = 𝑥𝑒 can be constructed as follows:  

  𝐿(𝑥) =  �̂�𝑇𝐻(𝑃∗)|𝑥=𝑥𝑒�̂�  (3. 29) 

where �̂� = 𝑥 − 𝑥𝑒. The proof is presented in Appendix 3.A. 

Theorem 2 provides a very convenient method to solve Lyapunov function for the 

microgrid dynamics. With potential-function-based modeling, we can use 𝐻(𝑃∗)|𝑥=𝑥𝑒 to construct 

the Lyapunov function directly. This characteristic reduces the computational costs in the 

traditional approach to solving Lyapunov equations. In traditional methods of solving Lyapunov 

function, it is not avoidable to solve matrix 𝑁 given any symmetric and positive definite matrix 𝑄. 
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For example, the Hessenberg-Schur algorithm is utilized extensively to obtain a Lyapunov function, 

however, it greatly burdens the computation.   

Consider the quadratic Lyapunov function 𝐿(𝑥) constructed in Theorem 2, i.e. 

 𝐿 = �̂�𝑇𝑁�̂�,  (3. 30) 

where 𝑁 = 𝐻(𝑃∗)|𝑥=𝑥𝑒 ≻ 0, �̂� = 𝑥 − 𝑥𝑒.  

The derivative of Lyapunov function 𝐿(𝑥) is solved as follows: 

 
𝑑𝐿

𝑑𝑡
= −�̂�𝑇𝑄�̂� + 2�̂�𝑇𝑁𝑔(�̂�), 𝑄 ≻ 0  (3. 31) 

Since ‖𝑔(�̂�)‖2 = 𝑜(‖�̂�‖2), there exists 𝛾 > 0 such that 

 ∀‖�̂�‖ ≤ 𝛾, ‖𝑔(�̂�)‖2 < 𝛼‖�̂�‖2  (3. 32)  

 

where 𝛼 ∈ ℛ+. The parameters 𝛾 and 𝛼 can be determined as follows.  

 𝛼 ≤
𝜆𝑚𝑖𝑛(𝑄)

2𝜆𝑚𝑎𝑥(𝑁)
  (3. 33) 

 𝛾 = 𝑚𝑖𝑛
𝑗∈{1,2,…,𝑀}

𝑉𝐿𝑗
∗(𝑌𝑗−√𝑌𝑗)

𝑌𝑗−1
  (3. 34) 

where 𝑉𝐿𝑗
∗ is steady-state voltage of 𝑉𝐿𝑗, 𝑌𝑗 = 𝛼

2(
𝐶𝑓𝑗

𝑃𝐿𝑗
)2(𝑉𝐿𝑗

∗)4. It is worth mentioning that 𝑌𝑗 < 1 

needs to be satisfied. This can be achieved by tuning 𝛼. The detailed derivation is developed in 

Appendix 3.C.  

It is not difficult to see that 𝐷: {‖�̂�‖ ≤ 𝛾} cannot be treated as an estimate of ROA directly. 

Even though a trajectory starting from 𝐷 will go to the Lyapunov surface 𝐿(𝑥) = 𝑐1 from another 

Lyapunov surface 𝐿(𝑥) = 𝑐2, where 𝑐1, 𝑐2 ∈ ℛ, 𝑐1 < 𝑐2. It is not guaranteed that 𝐿(𝑥) will remain 

in 𝐷. Therefore, we should estimate the ROA by a compact set Ω𝑐 ⊂ 𝐷 such that every trajectory 
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starting from Ω𝑐 stays in Ω𝑐 for all future moments. It can be determined that the set Ω𝑐 = {𝑥 ∈

ℛ𝑛, 𝐿(𝑥) ≤ 𝑐} is an ROA of the system, where 𝑐 is defined as 

 𝑐 ≜ 𝑚𝑖𝑛
‖�̂�‖2=𝛾

𝑥𝑇𝑁𝑥 = 𝜆𝑚𝑖𝑛(𝑁)𝛾
2

  (3. 35) 

𝑁 is set as 𝐻(𝑃∗)|𝑥=𝑥𝑒. 

3.7 Case study 

To illustrate our proposed techniques, we investigate in this case study large-signal stability 

analysis and ROA estimation for DC microgrids with multiple equilibria.  
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Figure 26. The equivalent circuit diagram of the microgrid model. 

Table 12: Simulation parameters 

𝑉𝑟𝑒𝑓1 200 𝑅𝑝1 5 𝑅𝑞1 5 𝐿𝑞1 0.1 𝐶𝑏1 1 

𝑅𝑡1 8 𝐿𝑡1 0.1 𝑅𝑓1 5 𝐿𝑓1 0.1 𝐶𝑓1 1 

𝑉𝑟𝑒𝑓2 200 𝑅𝑝2 5 𝑅𝑞2 5 𝐿𝑞2 0.1 𝐶𝑏2 1 

𝑅𝑡2 8 𝐿𝑡2 0.1 𝑅𝑓2 3 𝐿𝑓2 0.1 𝐶𝑓2 1 

𝐶𝐷 1 𝐼max1 ∞ 𝑉min1 0 𝐼max2 20 𝑉min2 20 

𝑃𝐿1 200 𝑃𝐿2 400       

(The unit: V, H, F, Ohm, W) 
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Suppose there are two branches of power sources and two branches of loads. Then the 

equivalent circuit of the microgrid model can be shown in Figure 26. The simulation parameters 

are set in Table 12. Load 𝑃𝐿1 works as constant power mode; load 𝑃𝐿2 works as constant power 

mode when voltage is higher than voltage bound 𝑉min2, and works as constant current mode when 

voltage is lower than voltage bound 𝑉min2. 

3.7.1 Steady-state analysis of the microgrid model 

Firstly we investigate Thevenin equivalence of the microgrid model for equilibrium 

analysis.  

PL1

IL1

Rf1

PL2

IL2

Rf2

Ieq

+
-

Req

Veq

 
Figure 27. The Thevenin equivalent circuit model. 

With the parameters in Table 12, the parameters 𝑅𝑒𝑞 and 𝑉𝑒𝑞 of the Thevenin equivalent circuit are 

determined by  

 𝑅𝑒𝑞 =
1

2
∙ (
𝑅𝑝1𝑅𝑞1

𝑅𝑝1+𝑅𝑞1
+ 𝑅𝑡1)  (3. 36) 

 𝑉𝑒𝑞 = 𝑉𝑠1  (3. 37)  

Then we discuss the equilibrium points of the model by classification.  

1) Suppose both load 𝑃𝐿1 and load 𝑃𝐿2 in the DC system work as constant power models. 

Then the power balancing equations of the system are as follows: 

 

 {
𝑃𝐿1 = 𝑉𝑒𝑞 ∙ 𝐼𝐿1 − 𝐼𝐿1

2(𝑅𝑒𝑞 + 𝑅𝑓1) − 𝑅𝑒𝑞𝐼𝐿1𝐼𝐿2 

𝑃𝐿2 = 𝑉𝑒𝑞 ∙ 𝐼𝐿2 − 𝐼𝐿2
2(𝑅𝑒𝑞 + 𝑅𝑓2) − 𝑅𝑒𝑞𝐼𝐿1𝐼𝐿2

  (3. 38) 
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 2) Suppose the load 𝑃𝐿1 works as a constant power model and the load 𝑃𝐿2 works as a 

constant current source. Then the Kirchhoff’s circuit equations of the system are as follows: 

 

 {
𝑉𝐿1 = 𝑉𝑒𝑞 − 𝐼𝐿1(𝑅𝑒𝑞 + 𝑅𝑓1) − 𝑅𝑒𝑞𝐼𝑚𝑎𝑥2

𝐼𝐿2 = 𝐼𝑚𝑎𝑥2
  (3. 39) 

 The above circuit equations (3.38)(3.39) are visualized in the following figure. It can be 

seen that there are six equilibrium points in total. 

 

 
Figure 28. The equilibrium points in the microgrid model. 

The equilibrium points in the first case are solved as follows. 

Table 13: Equilibrium points solved in the first case 

Equilibrium 1st 2nd 3rd 4th 

𝐼𝐿1
∗ 1.1338 15.4912 10.2877 3.1258 

𝐼𝐿2
∗ 2.2829 5.3914 14.3068 19.8052 

The equilibrium points in the second case are solved as follows. 

Table 14: Equilibrium points solved in the second case 

Equilibrium 5th 6th 

𝐼𝐿1
∗ 6.0353 3.2330 

𝑉𝐿2
∗ 3.3149 18.0266 
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Second, we develop stability analysis for the equilibrium points to specify the stable one(s) 

among them using Theorem 1-a. The analysis results show that there are two stable equilibrium 

points: the first equilibrium point (𝐼𝐿1
∗, 𝐼𝐿2

∗) = (1.1338,2.2829) and the 6th equilibrium point 

(𝐼𝐿1
∗, 𝑉𝐿2

∗) = (3.2330,18.0266). The detailed derivation is developed in Appendix 3.D. 

3.7.2 ROA estimation 

We formulate the ROA estimation of the two stable equilibria in the microgrid model using 

our proposed approach. 

1) Regarding the equilibrium (𝐼𝐿1
∗, 𝐼𝐿2

∗) = (1.1338, 2.2829) , the steady-state load 

voltages are (𝑉𝐿1
∗, 𝑉𝐿2

∗) = (176,175 ); the related parameters 𝛼 = 0.0002, 𝛾 = 3.1690, 𝑐 =

0.4490.  The estimated ROA is set 𝛺𝑐1 = {𝑥 ∈ ℛ
𝑛, 𝐿(𝑥) ≤ 0.4490} . The estimated ROA is 

depicted in the subspace consisting of load voltage (𝑉𝐿1, 𝑉𝐿2) in Figure 29 (a). The red dot marks 

the equilibrium point (i.e., the steady-state load voltages) and the blue ellipse plots the boundary 

of the estimated ROA.  

 

 
       (a)                           (b) 

Figure 29. Auxiliary boundary in ROA estimation. 
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2) Regarding the second stable equilibrium point (𝐼𝐿1
∗, 𝑉𝐿2

∗) = (3.2330,18.0266) , the 

related parameters 𝛼 = 0.00008, 𝛾 = 0.0014, 𝑐 = 5.2711 × 10−8. The estimated ROA is set as 

𝛺𝑐2 = {𝑥 ∈ ℛ
𝑛, 𝐿(𝑥) ≤ 5.2711 × 10−8} . The ROA is visualized in the subspace consisting of 

load voltage (𝑉𝐿1, 𝑉𝐿2) in Figure 29(b).  

Next, we carry out simulations to verify the correctness of the ROA solved by the proposed 

theoretical method. We evaluate some typical scenarios which have the most extreme initial status 

of the microgrid model, such as the scenario with the largest current oscillation and the scenario 

with the largest voltage oscillation. We show the simulation-based verification at the data points 

with the maximum of 𝐿(𝑥). The results are shown in Figure 30. Figure 30(a) describes the case 

where both CPLs work under constant power mode; Figure 30(b) describes the case where one 

CPL works in constant power mode and the other CPL works in constant current mode. It can be 

observed that the studied system converges to its equilibrium point in both cases as we expected 

in both cases. 

 

 
(a) 

 
(b) 

Figure 30. Dynamic responses of load voltages. 



76 

 

3.8 Conclusion 

In this chapter, we propose large-signal stability analysis from the perspective of potential 

theory in complex DC microgrids with multiple equilibrium points. On the one hand, we study the 

stability of each equilibrium and the convergence of state trajectories with different starting points; 

on the other hand, we estimate the multiple ROAs in microgrids with simple strategies. 

Conventional potential theory is a flawed but creative and useful tool in large-signal stability 

analysis in nonlinear circuits. However, it has not been understood and facilitated precisely and 

completely in many past studies. Therefore, we correct the misunderstanding of potential theory 

and clarify related theoretical bases.  
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3.10 Appendices 

Appendix 3.A 

Here we show the proof of the existence of a Lyapunov function.  

The grid model with dynamics can be described as 

 𝛻𝑃∗ = −𝐽∗�̇�  (3. 40)  

where 𝑥 = [𝑖  𝑣]𝑇 , 𝐽∗ ≻ 0  for stable systems. 𝐽∗  does not need to be a symmetric matrix, 

considering 𝐽∗ ≻ 0 , (𝐽∗)−1  exists. Then the above system can be equivalently formulated as 

follows: 

 �̇� = −(𝐽∗)−1𝛻𝑃∗  (3. 41)  

Linearizing the system at equilibrium 𝑥 = 𝑥𝑒, we have: 

 �̇� = −(𝐽∗)−1𝐻(𝑃∗)|𝑥=𝑥𝑒 ∙ �̂�  (3. 42)  

where �̂� = 𝑥 − 𝑥𝑒 .  𝒥  is Jacobian matrix and 𝐻  is Hessian matrix. Define 𝐴 =

−(𝐽∗)−1𝐻(𝑃∗)|𝑥=𝑥𝑒 . Then the linearized system is: 

 �̇̂� = 𝐴�̂�  (3. 43)  

Adding the residual term, we get the original nonlinear system as follows: 

 �̇� = 𝐴�̂� + 𝑔(�̂�)  (3. 44)  

where 𝑔(�̂�) = 𝑓(�̂� + 𝑥𝑒) − 𝐴�̂�.  

A Lyapunov function can be constructed as follows: 

 𝐿 = (𝑥 − 𝑥𝑒)
𝑇𝑁(𝑥 − 𝑥𝑒),  (3. 45)  

where 𝑁 is the positive definite solution of the following Lyapunov equation: 

 𝐴𝑇𝑁 + 𝑁𝐴 = −𝑄,𝑄 ≻ 0  (3. 46)  

From 𝐽∗ ≻ 0, we conclude (𝐽∗)𝑇 ≻ 0 and (𝐽∗)−1 ≻ 0; 
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Given that 𝐻(𝑃∗)|𝑥=𝑥𝑒  is p.d. and symmetric, and 𝐽∗  ≻ 0 , we can conclude that  (𝐽∗)−1 ∙

𝐻(𝑃∗)|𝑥=𝑥𝑒 ≻ 0; 

Therefore, all eigenvalues of −(𝐽∗)−1 ∙ 𝐻(𝑃∗)|𝑥=𝑥𝑒  are negative, that is, matrix 𝐴 = −(𝐽∗)−1 ∙

𝐻(𝑃∗)|𝑥=𝑥𝑒  is a Hurwitz matrix. Therefore,  𝑁 exists and is the unique solution of the Lyapunov 

equation [29]. 

 

Appendix 3.B 

There exists a function 𝑃∗(𝑥) such that 

 𝛻𝑃∗(𝑥) = −𝐽∗�̇�  (3. 47) 

where 𝐽∗ ≻ 0, ∇  is the gradient operator, since 𝐽∗ ≻ 0 , (𝐽∗)−1  exists. The above system can be 

equivalently formulated as: 

 

 �̇� = −(𝐽∗)−1𝛻𝑃∗(𝑥),  (3. 48) 

 Linearize the system at equilibrium 𝑥 = 𝑥𝑒: 

 

 �̇̂� ≈ −(𝐽∗)−1𝐻(𝑃∗)|𝑥=𝑥𝑒 ∙ �̂� = 𝐴�̂�  (3. 49) 

where 𝐻 is the Hessian matrix, 𝐴 = −(𝐽∗)−1𝐻(𝑃∗)|𝑥=𝑥𝑒, and �̂� = 𝑥 − 𝑥𝑒. Additionally, we have 

 

 

�̇̂� = �̇� = −(𝐽∗)−1𝛻𝑃∗(�̂� + 𝑥𝑒)

= −(𝐽∗)−1𝐻(𝑃∗)|𝑥=𝑥𝑒 ∙ �̂� + 𝑔(�̂�)

= 𝐴 ∙ �̂� + 𝑔(�̂�)

  (3. 50) 

where 𝑔(�̂�) = 𝑓(�̂� + 𝑥𝑒) − 𝐴�̂�.  

Appendix 3.C 

 

Consider the quadratic Lyapunov function 𝐿(𝑥) constructed in Theorem 2, i.e. 

 𝐿 = �̂�𝑇𝑁�̂�,  (3. 51) 
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where 𝑁 = 𝐻(𝑃∗)|𝑥=𝑥𝑒 ≻ 0, �̂� = 𝑥 − 𝑥𝑒. The derivative of Lyapunov function 𝐿(𝑥) is solved as 

follows: 

 

𝑑𝐿

𝑑𝑡
= �̇̂�𝑇𝑁�̂� + �̂�𝑇𝑁�̇̂�

= (�̂�𝑇𝐴𝑇 + 𝑔𝑇(�̂�))𝑁�̂� + �̂�𝑇𝑁(𝐴�̂� + 𝑔(�̂�))

= �̂�𝑇(𝐴𝑇𝑁 + 𝑁𝐴)�̂� + 2�̂�𝑇𝑁𝑔(�̂�)

= −�̂�𝑇𝑄�̂� + 2�̂�𝑇𝑁𝑔(�̂�), 𝑄 ≻ 0

  (3. 52) 

Since ‖𝑔(�̂�)‖2 = 𝑜(‖�̂�‖2), there exists 𝛾 > 0 such that 

 ∀‖�̂�‖ ≤ 𝛾, ‖𝑔(�̂�)‖2 < 𝛼‖�̂�‖2  (3. 53) 

where 𝛼 ∈ ℛ+. Then 

 

𝑑𝐿

𝑑𝑡
= −�̂�𝑇𝑄�̂� + 2(𝑁𝑇�̂�)𝑇𝑔(�̂�)

≤ −𝜆𝑚𝑖𝑛(𝑄)‖�̂�‖
2 + 2‖𝑁𝑇�̂�‖‖𝑔(�̂�)‖

≤ −𝜆𝑚𝑖𝑛(𝑄)‖�̂�‖
2 + 2𝛼‖𝑁𝑇�̂�‖‖�̂�‖

≤ −𝜆𝑚𝑖𝑛(𝑄)‖�̂�‖
2 + 2𝛼𝜆𝑚𝑎𝑥(𝑁)‖�̂�‖

2

  (3. 54) 

 To guarantee 
𝑑𝐿

𝑑𝑡
≤ 0, we set 

 

 −𝜆𝑚𝑖𝑛(𝑄)‖�̂�‖
2 + 2𝛼𝜆𝑚𝑎𝑥(𝑁)‖�̂�‖

2 ≤ 0  (3. 55) 

 Therefore, 𝛼 can be determined by the following equation: 

 𝛼 ≤
𝜆𝑚𝑖𝑛(𝑄)

2𝜆𝑚𝑎𝑥(𝑁)
  (3. 56) 

 Next, we can solve 𝛾 according to  

 

 ∀‖�̂�‖ ≤ 𝛾, ‖𝑔(�̂�)‖2 < 𝛼‖�̂�‖2  (3. 57) 

We know  

 

𝑔(�̂�) = 𝑓(�̂� + 𝑥𝑒) − 𝐴�̂�

= �̇� + (𝐽∗)−1𝐻(𝑃∗)|𝑥=𝑥𝑒�̂�

= �̇� − 𝛻𝑓(𝑥)|𝑥=𝑥𝑒�̂�

  (3. 58) 
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Denote the elements in vector 𝑔(�̂�)  by 𝑔𝑘(𝑥�̂�), 𝑘 = 1,2, … ,𝑁 +𝑀.  In fact, 𝑔𝑘(𝑥�̂�) = 0  for 

variable 𝑥𝑘: �̇�𝑘 = 𝑓𝑘(𝑥𝑘) if 𝑓𝑘(𝑥𝑘) is a linear function. In the type of microgrids proposed in this 

paper, the variables 𝐼𝑝𝑖 , 𝐼𝑞𝑖, 𝐼𝑡𝑖 , 𝐼𝑓𝑗 , 𝑉𝐶𝑖 (𝑖 = 1,2, … , 𝑁, 𝑗 = 1,2, … ,𝑀) are subject to this situation. 

However, 𝑔𝑘(𝑥�̂�) ≠ 0 for variables 𝑉𝐿𝑗 (𝑗 = 1,2, … ,𝑀) considering these variables correspond to 

nonlinear functions. Consider we have 

 𝑉𝐿𝑗̇ = 𝑓𝑘(𝑥) =
1

𝐶𝑓𝑗
(𝑖𝑓𝑗 −

𝑃𝐿𝑗

𝑉𝐿𝑗
)  (3. 59) 

We can calculate 𝑔𝑘(𝑉𝐿�̂�) as follows: 

 

 

𝑔𝑘(𝑉𝐿�̂�)  = 𝑉𝐿𝑗̇ − 𝛻𝑓𝑘(𝑥)|𝑉𝐿𝑗=𝑉𝐿𝑗∗ ∙ �̂�

= −
𝑃𝐿𝑗𝑉𝐿�̂�

2

(𝑉𝐿𝑗
∗+𝑉𝐿�̂�)𝐶𝑓𝑗(𝑉𝐿𝑗

∗)2

  (3. 60) 

where 𝑉𝐿𝑗
∗ is steady-state voltage of 𝑉𝐿𝑗. Then we solve 

 ‖𝑔(�̂�)‖2 < 𝛼‖�̂�‖2  (3. 61) 

The above inequality can be guaranteed if 

 ‖𝑔𝑘(𝑉𝐿�̂�) ‖2 < 𝛼‖𝑉𝐿�̂�‖2, ∀𝑗 = 1,2, … ,𝑀  (3. 62) 

Solving this inequality, we obtain 

 𝑉𝐿�̂� =
𝑉𝐿𝑗

∗(−𝑌𝑗±√𝑌𝑗)

𝑌𝑗−1
, ∀𝑗 = 1…𝑀  (3. 63) 

where  

 𝑌𝑗 = 𝛼
2(
𝐶𝑓𝑗

𝑃𝐿𝑗
)2(𝑉𝐿𝑗

∗)4  (3. 64)  

It is worth mentioning that 𝑌𝑗 < 1 needs to be satisfied. This can be achieved by tuning 𝛼. Then 𝛾 

can be determined based on its definition as follows: 
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 𝛾 = 𝑚𝑖𝑛
𝑗∈{1,2,…,𝑀}

𝑉𝐿𝑗
∗(𝑌𝑗−√𝑌𝑗)

𝑌𝑗−1
  (3. 65) 

Then the ROA is estimated as the set Ω𝑐 = {𝑥 ∈ ℛ
𝑛, 𝐿(𝑥) ≤ 𝑐}, where  

 𝑐 ≜ 𝑚𝑖𝑛
‖�̂�‖2=𝛾

𝑥𝑇𝑁𝑥 = 𝜆𝑚𝑖𝑛(𝑁)𝛾
2

  (3. 66) 

The optimization problem can be solved by a quadratic programming solver. 

 

Appendix 3.D 

Reconstruct the original potential function as follows:   

 𝑃(𝑖, 𝑣) = −
1

2
(𝑖, 𝐴𝑖) + 𝐵(𝑣) + (𝑖, 𝛾𝑣 − 𝑎)  (3. 67) 

where 𝐴: ℝ6 → ℝ, 𝐵: ℝ 
3 → ℝ, 𝛾 is a constant matrix and 𝑎 is a constant vector, ( ∙ , ∙ ) is inner 

product.  

      𝐴 =
1

2
𝑖𝑇𝑅𝑖, 𝛾 = [

−𝕀2×2
−𝕀2×2

02×1
02×1

02×2
02×2

𝕀2×2
02×2

−12×1
12×1

02×2
−𝕀2×2

]

8×5

,  (3. 68)  

 𝐵(𝑣) = ∑ 𝑏𝑖(𝑣)
2
𝑖=1 ,  (3. 69)  

 𝑏𝑖(𝑣) = {
𝑃𝐿𝑖 (𝑙𝑛 𝑉𝐿𝑖 − 𝑙𝑛 𝑉𝑚𝑖𝑛 _𝑖), 𝑉𝐿𝑖 > 𝑉𝑚𝑖𝑛_𝑖
𝐼𝑚𝑎𝑥

 
_ 𝑖 𝑉𝐿𝑖 − 𝐼𝑚𝑎𝑥

 
_ 𝑖  𝑉𝑚𝑖𝑛

 
_𝑖 , 𝑉𝐿𝑖 ≤ 𝑉𝑚𝑖𝑛_𝑖

  (3. 70) 

where 𝕀 is an identity matrix. 

Then we evaluate the stability of equilibria using Theorem 1-a in Chapter 2.  

1) First, it is verified that 𝑓(𝑥) = �̇�: ℛ𝑛 → ℛ  is a 𝐶1  function and 𝑃∗: ℛ𝑛 → ℛ  is a 

𝐶2 function. Besides, it can be verified that all equilibria form a compact set. 

2) 𝐽∗ ≻ 0. According to Condition 1 in [22], this condition is equivalent to  

 𝜎𝑚𝑎𝑥(𝐿
1/2𝐴−1𝛾𝐶−1/2) < 1  (3. 71) 
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where 𝜎𝑚𝑎𝑥(∙) represents the largest singular value. 

3) 𝐻(𝑃∗)|𝑥=𝑥𝑒 ≻ 0  According to Condition 4 in our previous study [22], we obtain 

 
𝜕2𝐵(𝑣)

𝜕𝑣2
+ 𝛾𝑇𝐴−1𝛾|

𝑣=𝑣𝑒
≻ 0  (3. 72) 

Considering that 

 
𝜕2𝑏𝑖(𝑣)

𝜕𝑣2
= {
−
𝑃𝐿𝑖

𝑉𝐿𝑖
2   ,      𝑉𝐿𝑖 > 𝑉𝑚𝑖𝑛_𝑖

     0,            𝑉𝐿𝑖 ≤ 𝑉𝑚𝑖𝑛_𝑖
  (3. 73) 

we have  

 
𝜕2𝐵(𝑣)

𝜕𝑣2
= 𝑑𝑖𝑎𝑔{0,0,0,

𝜕2𝑏1(𝑣)

𝜕𝑣2
,
𝜕2𝑏2(𝑣)

𝜕𝑣2
}  (3. 74) 

After examing all equilbria of the studied system, we can determine the stable ones, i.e., 

equiilbrium (𝐼𝐿1
∗, 𝐼𝐿2

∗) = (1.1338,2.2829) and equilibrium (𝐼𝐿1
∗, 𝑉𝐿2

∗) = (3.2330,18.0266).
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Chapter 4 ROA Estimation for DC Microgrids with CPLs Using Potential Theory 

4.1 Introduction 

The stability issues of DC power grids are attracting researchers’ attention. Large-signal 

stability analysis can determine the safe operation regions of power grids going through large 

disturbance. In control theory, the region of attraction (ROA) of complex dynamic systems is a 

reliable measure of stability level and system robustness against external disturbances. Reliable 

ROA estimation provides useful insights into the stable operation of DC power grids from the 

perspective of controlled dynamic systems. The ROA ensures safe operation in the event of a large 

disturbance, such as load switching, pulse power load, and faults, which is possible in the real-

world operation of DC microgrids.  

There are some existing large-signal stability analysis tools such as Takagi–Sugeno (TS) 

multi-modeling [1][2], Brayton–Moser’s mixed potential [14], BDQLF [4][5], and reverse     

trajectory tracking [6]. Our previous study in [7] discusses and debunks the defects of the well-

known Brayton-Moser mixed potential theory and then develops a comprehensive approach to 

evaluate the large-signal stability in DC power grids. The stability conditions proposed in this 

chapter consist of system parameters in power grids, such as line impedance, capacitance, and 

inductance. It is worth mentioning that the set constructed by the proposed stability conditions is 

different from ROA. In terms of DC power grids, the ROA refers to a space of operating states 

(such as bus voltages, branch currents) that can converge to a steady-state equilibrium, from the
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perspective of controlled dynamic systems. However, there are still few studies about the ROA 

estimation with the mixed potential theory. Paper [8] studies the contraction properties of general   

nonlinear differential-algebraic equation (DAE) systems. The authors show that any rational DAE 

system can be represented in quadratic form; the Jacobian of the synthetic system can be made 

affine in the system variables. The techniques to construct attraction basin approximations are 

proposed based on uniformly negative matrix measure conditions. In paper [9], a novel method for 

assessment of the transient stability of a system with strong nonlinearity is proposed using 

generalization of energy methods. The stability assessment is constructed via a sequence of convex 

optimization problems that are tractable even for large-scale dynamic systems. The sum of squares 

(SOS) technique is a promising method to provide a sense of global stability using a polynomial 

Lyapunov function in control system analysis [10]–[12]. Paper [13] outlines a stability analysis 

approach based on a polynomial Lyapunov function, which is determined using the SOS technique 

to maximize the ROA of an equilibrium solution. In paper [14], the authors propose SOS 

methodologies for stability analysis and ROA estimation for nonlinear systems represented by 

polynomial fuzzy models via piecewise polynomial Lyapunov functions.  

Nevertheless, these approaches may not be tractable for dealing with the characteristics of 

the potential functions in large-scale DC power grids with multiple CPLs. SOS techniques for 

ROA estimation usually deal with polynomial systems. The approximation of nonpolynomial 

systems to polynomial systems may lead to modeling inaccuracy and high computational cost. 

Paper [15] investigates the Lyapunov stability of a bidirectional power converter feeding a single 

CPL. The stability analysis is based on SOS programming methods and an approximation of the 
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converter system. However, the idea in [15] is hard to tailor to fit for large-scale DC power grids 

due to the complicated dynamics and the curse of dimensionality in complex systems.  

In a nutshell, large-signal stability analysis and ROA estimation of DC power grids are still 

open problems. This chapter presents a rigorous approach to solve this problem. The main 

contributions can be summarized as follows: 

First, we develop a novel approach to ROA estimation with less conservativeness, using 

the revised Brayton-Moser mixed potential theory. The approach tackles the common conflict 

between model accuracy of ROA estimation and computational overhead. 

Second, we reduce computational cost and lessen the curse of dimensionality in ROA 

estimation of large-scale DC power grids. This manuscript reveals the weak correlation between 

some state variables and system stability. It makes it possible to reduce computational cost and 

lessen the curse of dimensionality by separating these state variables. 

Moreover, we carry out a comparison between the novel proposed ROA estimation 

approach and the traditional ROA estimation methods. Our case study shows that the proposed 

approach can obtain a much less conservative ROA compared to traditional methods such as 

solving Lyapunov equations directly. 

The structure of this chapter is organized as follows: In section 4.2 and section 4.3, the 

model of DC microgrids with multiple sources, converters, and CPLs is described, and the 

necessary stability descriptions are discussed. In section 4.4, we study the DC microgrids model 

in a steady state and formulate an equilibrium analysis using a potential-based approach. We also 

point out several misunderstandings of the conventional potential theory. In section 4.5, we present 
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ROA estimation of the DC microgrids model. Section 4.6 substantiates our theoretical work 

through a case study. 

4.2 DC microgrid modeling 

The general framework of DC microgrids is described in section 3.3. In the microgrid 

model, the proposed novel controller design for power converters is introduced in section 3.5.1. 

The novel design of converter controllers can smooth the power flow and improve the quality of 

electric power through the regulation of output voltage. It generalizes the characteristics of droop 

controllers and lag/lead compensators. It is worth mentioning that the proposed ROA estimation 

approach supports the utilization of several common controllers for power converters, such as 

droop controllers, lag compensators, and lead compensators.  

4.3 Description of microgrid model using potential function 

The Brayton-Moser’s potential theory provides fundamental derivatives for large-signal 

stability analysis in nonlinear circuits [14]. In section 3.5.3, we introduce basic concepts and 

formulations about the potential theory, and reveal its insufficiencies and flaws at the same time. 

In this section, we briefly reintroduce the revised potential theory with our supplemental studies.  

Specifically, our supplemental studies indicate the following three impacts on the potential-

based stability analysis: 

1)  We derive a missing stability condition in the original theory. 

2) We realize the restriction of the prerequisite of the LaSalle theorem [16], which is 

ignored in the original potential theory. In fact, the conventional CPL model without operational 

bounds violates the prerequisite of the LaSalle theorem. It is necessary to pay attention to the 
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boundary issues in the modeling of electric devices. The modified CPL model with operational 

bounds is an illustrative example. 

3) We work on an accurate definition of large-signal stability, especially with the 

consideration of multiple equilibrium points, which is not mentioned in the original potential 

theory. 

 

Considering that there are 𝑁 source branches and 𝑀 load branches, the potential function 

of the microgrid model in Figure 21 is shown as follows. 

 

𝑃(𝑖, 𝑣) = ∑ 𝑉𝑟𝑒𝑓𝑖
𝑁
𝑖=1 (𝐼𝑝𝑖 + 𝐼𝑞𝑖) −

1

2
∑ 𝑅𝑝𝑖𝐼𝑝𝑖

2𝑁
𝑖=1 −

1

2
∑ 𝑅𝑞𝑖𝐼𝑞𝑖

2𝑁
𝑖=1

−
1

2
∑ 𝑅𝑡𝑖𝐼𝑡𝑖

2𝑁
𝑖=1 −

1

2
∑ 𝑅𝑓𝑖𝐼𝑓𝑖

2𝑀
𝑖=1 − ∑ 𝑉𝐶𝑖(𝐼𝑝𝑖 + 𝐼𝑞𝑖 − 𝐼𝑡𝑖)

𝑁
𝑖=1  

−𝑉𝐷(∑ 𝐼𝑡𝑖
𝑁
𝑖=1 − ∑ 𝐼𝑓𝑖

𝑀
𝑖=1 ) + ∑ 𝑍𝑖(𝑖, 𝑣)

𝑀
𝑖=1                              

  (4. 1) 

where 

𝑍𝑖 = {
∫

𝑃𝐿𝑖

𝑣
𝑑𝑣

𝑉𝐿𝑖
𝑉𝑚𝑖𝑛

− 𝑃𝐿𝑖 − 𝑉𝐿𝑖(𝐼𝑓𝑖 − 𝐼𝐿𝑖), 𝑉𝐿𝑖 > 𝑉𝑚𝑖𝑛_𝑖

𝐼𝑚𝑎𝑥
 
_ 𝑖 (𝑉𝐿𝑖 − 𝑉𝑚𝑖𝑛

 
_𝑖) − 𝑃𝐿𝑖 − 𝑉𝐿𝑖(𝐼𝑓𝑖 − 𝐼𝑚𝑎𝑥

 
_𝑖), 𝑉𝐿𝑖 ≤ 𝑉𝑚𝑖𝑛_𝑖

  (4. 2)  

𝐼𝑝𝑖 and 𝐼𝑞𝑖 are the currents through resistors 𝑅𝑝𝑖 and 𝑅𝑞𝑖, respectively. 𝑉𝑚𝑖𝑛 is the lower bound of 

the output voltage of CPL and  𝐼𝑚𝑎𝑥 is the upper bound of current of CPL, as shown in Figure 16. 

Other notations are corresponding to those marked in Figure 21. 

Then the potential-based dynamic equation of the model can be described as follows: 

 −𝐽
𝑑𝑥

𝑑𝑡
=
𝜕𝑃(𝑥)

𝜕𝑥
  (4. 3)  

where 𝑥 = [𝑖  𝑣]𝑇 ,  𝐽 = 𝑑𝑖𝑎𝑔{[−𝐿 𝐶]} . 𝐿  and 𝐶  are the diagonal inductance matrix and the 

diagonal capacitance matrix, respectively. 

Denote 𝑖 = [𝐼𝑝1, 𝐼𝑝2, … , 𝐼𝑝𝑁 , 𝐼𝑞1, 𝐼𝑞2, … , 𝐼𝑞𝑁 , 𝐼𝑡1, 𝐼𝑡2, … , 𝐼𝑡𝑁 , 𝐼𝑓1, … , 𝐼𝑓𝑀],  

𝑣 = [𝑉𝐶1, 𝑉𝐶2, … , 𝑉𝐶𝑁, 𝑉𝐿].  
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Nevertheless, whether 𝐽 is positive definite (p.d.) is highly dependent on the values of 𝐿 

and 𝐶 under this description. Hence, another expression of this system is proposed and preferred, 

which considers (𝑃∗, 𝐽∗) instead of (𝑃, 𝐽), such that 

 −𝐽∗
𝑑𝑥

𝑑𝑡
= 𝛻𝑃∗(𝑥)  (4. 4)  

where 

 𝐽∗ = (𝜆𝕀 +
𝜕2𝑃(𝑥)

𝜕𝑥2
𝑀) ∙ 𝐽, 𝑃∗ = 𝜆𝑃 +

1

2
(
𝜕𝑃(𝑥)

𝜕𝑥
, 𝑀

𝜕𝑃(𝑥)

𝜕𝑥
)

                                                                                                                   
  (4. 5)  

where 𝕀 is an identity matrix, 𝑀 is a constant symmetric matrix, and 𝜆 is a constant. Under this 

description,  𝐽∗ is always p.d. in stable dynamic systems.∇ represents the gradient operator.  

4.4 ROA estimation using potential theory 

4.4.1 Problem formulation 

The following Theorem 1 provides accurate stability information for each equilibrium 

point. The theorem investigates sufficient conditions for large-signal stability of equilibrium points 

and shows the sufficient conditions for the existence of a Lyapunov function at equilibrium points, 

which facilities the ROA estimation.  

Theorem 1: Given a nonlinear circuit system 
𝑑𝑥

𝑑𝑡
= 𝑓(𝑥) , let 𝑓:ℛ𝑛 → ℛ  be a 𝐶1  function and 

𝑃∗: ℛ𝑛 → ℛ be a 𝐶2 function. Suppose 𝐷 is a neighborhood of equilibrium point 𝑥𝑒.  

If 𝐽∗ ≻ 0, 𝐻(𝑃∗)|𝑥=𝑥𝑒 ≻ 0, 𝑃∗(𝑥) is radially unbounded and all equilibrium points of the system 

form a compact set, then 𝑥 = 𝑥𝑒 is a stable equilibrium point and there exists a Lyapunov function 

at 𝑥 = 𝑥𝑒 . The proof is presented in Appendix 3.A in section 3.10. 
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Suppose an equilibrium point 𝑥 = 𝑥𝑒 of the grid model with dynamics that satisfies the 

conditions mentioned in Theorem 1. Next, we determine a Lyapunov function at this equilibrium 

point. 

The dynamic function of the grid model is  

 �̇� = 𝑓(𝑥),  (4. 6)  

Linearizing the system at equilibrium 𝑥 = 𝑥𝑒, we have 

 
�̇̂� = 𝑓(𝑥𝑒 + �̂�)

= 𝛻𝑓(𝑥𝑒)�̂� + 𝑓(𝑥𝑒 + �̂�) − 𝛻𝑓(𝑥𝑒)�̂�
  (4. 7)  

where �̂� = 𝑥 − 𝑥𝑒.  

Define 𝐴 = ∇𝑓(𝑥𝑒). Then we obtain the linearized system: 

 �̇̂� = 𝐴�̂�  (4. 8)  

Define the residual term as follows: 

 𝑔(�̂�) = 𝑓(𝑥𝑒 + �̂�) − 𝛻𝑓(𝑥𝑒)�̂�  (4. 9)  

Plugging the dynamic functions of all the elements into the residual function 𝑔(�̂�), we obtain  

 𝑔(�̂�) = [01×(2𝑁+1), 𝛷(�̂�𝐿)1×𝑀]
𝑇  (4. 10)  

where Φ(�̂�𝐿) = [φ1(𝑣1), … , φ𝑀(𝑣𝑀)]. It is worth mentioning that the non-zero elements of 𝑔(�̂�) 

correspond to 𝑀  load voltages only; the other elements of 𝑔(�̂�)  corresponding to other state 

variables are all zero.   

Considering the dynamics of circuit elements, we obtain 

 𝜑𝑖(𝑣𝑖) = −
𝑃𝐿𝑖

𝐶𝑓𝑖

�̂�𝑖
2

(𝑣𝑖
∗+�̂�𝑖)𝑣𝑖

∗2  (4. 11)  

 𝜑𝑖′(𝑣𝑖) = −
𝑃𝐿𝑖

𝐶𝑓𝑖𝑣𝑖
∗2 (1 −

𝑣𝑖
∗2

(𝑣𝑖
∗+�̂�𝑖)

2)  (4. 12)  
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A Lyapunov function can be constructed as follows: 

 𝑉(�̂�) = �̂�𝑇𝐻(𝑃∗)|𝑥=𝑥𝑒�̂� = �̂�
𝑇𝐻𝑥𝑒�̂�,  (4. 13) 

where 𝐻(𝑃∗)|𝑥=𝑥𝑒 is the Hessian matrix of 𝑃∗(𝑥) at 𝑥 = 𝑥𝑒; 𝐻(𝑃
∗)|𝑥=𝑥𝑒 is also shortened as 𝐻𝑥𝑒. 

Then we calculate the derivative of the Lyapunov function 𝑉(�̂�): 

 

�̇�(�̂�) = �̇̂�𝑇𝐻𝑥𝑒�̂� + �̂�
𝑇𝐻𝑥𝑒 �̇̂�

= 𝑓(𝑥𝑒 + �̂�)
𝑇𝐻𝑥𝑒�̂� + �̂�

𝑇𝐻𝑥𝑒𝑓(𝑥𝑒 + �̂�)

= [𝛻𝑓(𝑥𝑒)�̂� + 𝑔(�̂�)]
𝑇𝐻𝑥𝑒�̂� + �̂�

𝑇𝐻𝑥𝑒[𝛻𝑓(𝑥𝑒)�̂� + 𝑔(�̂�)]

= �̂�𝑇[𝛻𝑓𝑇(𝑥𝑒)𝐻𝑥𝑒 + 𝐻𝑥𝑒𝛻𝑓(𝑥𝑒)]�̂� + 2�̂�
𝑇𝐻𝑥𝑒𝑔(�̂�)

  (4. 14)  

Define 

  𝑄 ≜ 𝛻𝑓𝑇(𝑥𝑒)𝐻𝑥𝑒 +𝐻𝑥𝑒𝛻𝑓(𝑥𝑒)  (4. 15)  

In Appendix 3.A, the grid model is equivalently formulated as follows: 

 �̇� = −(𝐽∗)−1𝛻𝑃∗(𝑥),  (4. 16) 

and it is proved that  

 (𝐽∗)−1 ∙ 𝐻(𝑃∗)|𝑥=𝑥𝑒 ≻ 0  (4. 17)  

Therefore, we conclude that 

 𝛻𝑓(𝑥𝑒) = �̈�|𝑥=𝑥𝑒 = −(𝐽
∗)−1𝐻(𝑃∗)|𝑥=𝑥𝑒 ≺ 0  (4. 18)  

Considering 𝐻𝑥𝑒 is p.d. and symmetric, 𝐻𝑥𝑒∇𝑓(𝑥𝑒) ≺ 0. Hence, we have 𝑄 ≺ 0.  

 

The ROA estimation is based on the solution of the following conditions: 

 {
𝑉(�̂�) > 0

�̇�(�̂�) < 0
  (4. 19)  
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4.4.2 Derivation of sufficient conditions  

In this section, we propose a novel approach to solve the above conditions and estimate the 

ROA for stable equilibrium points. Since 𝐻𝑥𝑒 ≻ 0, 𝑉(�̂�) = �̂�𝑇𝐻𝑥𝑒�̂� > 0 always holds. Next, we 

aim to solve �̇�(�̂�) < 0 with potential theory. 

First, the sufficient conditions to guarantee �̇�(�̂�) < 0 are 

 {
𝛻2�̇�(�̂�) ≺ 0

�̇�(�̂�)|
�̂�=0

= 0
  (4. 20)  

Suppose 

 𝑄 = [
𝑄11 𝑄12
𝑄21 �̂�

] , 𝐻𝑥𝑒 = [
𝐻11 𝐻12
𝐻21 �̂�

]  (4. 21)  

where 𝑄11, 𝐻11 ∈ ℛ
(2𝑁+1)×(2𝑁+1), �̂�, �̂� ∈ ℛ𝑀×𝑀. 

Denote �̂� = [�̂�𝑎
𝑇 , �̂�𝐿

𝑇
]𝑇 ,  �̂�𝐿 = [𝑣1, … , 𝑣𝑀]. Then we have  

 
2�̂�𝑇𝐻𝑥𝑒𝑔(𝑥) = 2 [�̂�𝑎

𝑇 , �̂�𝐿
𝑇
]
𝑇

[
𝐻11 𝐻12
𝐻21 �̂�

] [0, 𝛷(�̂�𝐿)]
𝑇

= 2(�̂�𝑎
𝑇𝐻12 + �̂�𝐿

𝑇
�̂�)𝛷(�̂�𝐿)

  (4. 22)  

The gradient and the Hessian of 2�̂�𝑇𝐻𝑥𝑒𝑔(𝑥) are as follows: 

 
𝛻 (2�̂�𝑇𝐻𝑥𝑒𝑔(�̂�))

= 2 [𝐻12𝛷(�̂�𝐿), �̂�𝑎𝐻12𝛻𝑐𝛷(�̂�𝐿) + 𝛻(�̂�𝐿
𝑇
�̂�𝛷(�̂�𝐿))]

𝑇  (4. 23)  

 

𝛻2 (2�̂�𝑇𝐻𝑥𝑒𝑔(�̂�))

= 2 [
𝟎 𝐻12𝛻𝑐𝛷(�̂�𝐿)

(𝐻12𝛻𝑐𝛷(�̂�𝐿))
𝑇 𝛻2 (�̂�𝐿

𝑇
�̂�𝛷(�̂�𝐿)) + �̂�𝑎𝐻12𝛻𝑐

2𝛷(�̂�𝐿)
]
  (4. 24)  

Considering that 
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 �̇�(�̂�) = �̂�𝑇[𝛻𝑓𝑇(𝑥𝑒)𝐻𝑥𝑒 + 𝐻𝑥𝑒𝛻𝑓(𝑥𝑒)]�̂� + 2�̂�
𝑇𝐻𝑥𝑒𝑔(�̂�)  (4. 25)  

 𝑄 = 𝛻𝑓𝑇(𝑥𝑒)𝐻𝑥𝑒 +𝐻𝑥𝑒𝛻𝑓(𝑥𝑒)  (4. 26) 

then the Hessian of �̇�(�̂�) is calculated as follows: 

 

𝛻2�̇�(�̂�)

= 𝑄 + 2 [
𝟎 𝐻12𝛻𝑐𝛷(�̂�𝐿)

(𝐻12𝛻𝑐𝛷(�̂�𝐿))
𝑇

𝛻2 (�̂�𝐿
𝑇
�̂�𝛷(�̂�𝐿)) + �̂�𝑎𝐻12𝛻𝑐

2𝛷(�̂�𝐿)
]

= [
𝑄11 𝑄12 + 2𝐻12𝛻𝑐𝛷(�̂�𝐿)

𝑄21 + 2(𝐻12𝛻𝑐𝛷(�̂�𝐿))
𝑇 �̂� + 2𝛻2 (�̂�𝐿

𝑇
�̂�𝛷(�̂�𝐿)) + 2�̂�𝑎𝐻12𝛻𝑐

2𝛷(�̂�𝐿)
]

  (4. 27)  

where ∇𝑐Φ(�̂�𝐿) = 𝑑𝑖𝑎𝑔{∇φ1(�̂�1),… , ∇φ𝑀(𝑣𝑀)}, ∇𝑐
2Φ(�̂�𝐿) = 𝑑𝑖𝑎𝑔{∇

2φ1(�̂�1),… , ∇
2φ𝑀(𝑣𝑀)}. 

Formulating a transformation using the properties of the Schur complement, we have 

 

𝛻2�̇�(�̂�) ≺ 0

⇔ �̂� + 2𝛻2 (�̂�𝐿
𝑇
�̂�𝛷(�̂�𝐿)) + 2�̂�𝑎𝐻12𝛻𝑐

2𝛷(�̂�𝐿)

−(𝑄21 + 2𝛻𝑐𝛷(�̂�𝐿)𝐻12
𝑇))𝑄11

−1(𝑄12 + 2𝐻12𝛻𝑐𝛷(�̂�𝐿)) ≺ 0 

  (4. 28)  

Denote 

𝑇1 ≜ 2𝛻
2 (�̂�𝐿

𝑇
�̂�𝛷(�̂�𝐿)) , 𝑇2 ≜ 2�̂�𝑎𝐻12𝛻𝑐

2𝛷(�̂�𝐿),  (4. 29)  

𝑇3 ≜ (𝑄21 + 2𝛻𝑐𝛷(�̂�𝐿)𝐻12
𝑇))𝑄11

−1 (𝑄12 + 2𝐻12𝛻𝑐𝛷(�̂�𝐿)).  (4. 30) 

 Then we obtain 

 𝛻2�̇�(�̂�) ≺ 0 ⇔ �̂� + 𝑇1 + 𝑇2 − 𝑇3  ≺ 0   (4. 31)  

Given proper 𝜆 ∈ ℛ, the above condition can be relaxed as follows: 

 𝜆�̂� + 𝑇1 + 𝑇2 − (𝑇3 + (𝜆 − 1)�̂�)  ≺ 0   (4. 32)  

Then the sufficient conditions of the above condition are as follows: 
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 {
𝜆�̂� + 𝑇1 + 𝑇2 ≺ 0

𝑇3 + (𝜆 − 1)�̂� ≻ 0
  (4. 33) 

4.4.3 Convexity and optimization problem formulation 

Considering the sufficient conditions of  �̇�(�̂�) < 0  derived at the end of section 4.4.2, we 

can formulate an optimization problem to solve the boundary of ROA as follows: 

 𝑐 = 𝑚𝑖𝑛
�̂�
 �̂�𝑇𝐻𝑥𝑒�̂�  (4. 34)  

 𝑠. 𝑡.  {
𝜆�̂� + 𝑇1 + 𝑇2 ≺ 0

𝑇3 + (𝜆 − 1)�̂� ≻ 0
  (4. 35)  

However, the feasible set may not be convex, which burdens the solving of the optimization 

problem. Therefore, it is essential to discuss the convexity of the feasible set before solving the 

optimization problem. In fact, the feasible set may not be as convex as our rigorous proof, which 

requires us to solve a convex subset of the feasible region. In this section, we present a discussion 

of the convexity of the feasible region of the optimization problem then solve a linear subset of it. 

 

1) Discuss the convexity of the solution of 𝝀�̂� + 𝑻𝟏 + 𝑻𝟐 ≺ 𝟎.  

The part 𝜆�̂� + 𝑇1 + 𝑇2 is a diagonal matrix.  

Denote the diagonal elements by 𝑓𝜇𝑖(𝑣𝑖), 𝑖 = 1,… ,𝑀.  Then the element is solved as 

follows: 

𝑓𝜇𝑖(𝑣𝑖)

= 𝜆�̂�𝑖 + 2
𝑑2

𝑑�̂�𝑖
2 (−

𝑃𝐿𝑖

𝑣𝑖
∗2 + 2𝑅𝑓𝑖) 𝑣𝑖𝜑𝑖(𝑣𝑖) + 2

𝑑2

𝑑�̂�𝑖
2𝜑𝑖(𝑣𝑖)(𝐼𝑓𝑖 − 𝑣𝑇𝑅𝑓𝑖)

= 𝐾0
𝑖 + 𝜎′′ (𝐾1

𝑖𝑣𝑖 + 2𝐾2
𝑖𝐿1(𝐼𝑓𝑖 , 𝑣𝑇)) + 2𝐾1

𝑖𝜎′

  (4. 36)  

where 𝐾0
𝑖 =  𝜆�̂�𝑖, 𝐾1

𝑖 = 2(−
𝑃𝐿𝑖

𝑣𝑖
∗2 + 2𝑅𝑓𝑖) (−

𝑃𝐿𝑖

𝐶𝐿𝑖

1

𝑣𝑖
∗2) , 𝐾2

𝑖 = −
𝑃𝐿𝑖

𝐶𝐿𝑖

1

𝑣𝑖
∗2 , 𝜎(𝑣𝑖) =

�̂�𝑖
2

𝑣𝑖
∗+�̂�𝑖

 . 
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Denote 𝐿2(𝑣𝑖 , 𝐼𝑓𝑖, 𝑣𝑇) = 𝐾1
𝑖𝑣𝑖 + 2𝐾2

𝑖𝐿1(𝐼𝑓𝑖, 𝑣𝑇). 

Since 𝜎′ = 1 −
𝑣𝑖
∗2

(𝑣𝑖
∗+�̂�𝑖)

2
, 𝜎′′ =

2𝑣𝑖
∗2

(𝑣𝑖
∗+�̂�𝑖)

3
> 0, we have 

 
𝐿2(𝑣𝑖, 𝐼𝑓𝑖, 𝑣𝑇) <

−2𝐾1
𝑖𝜎′−𝐾0

𝑖

𝜎′′

= −
2𝐾1

𝑖+𝐾0
𝑖

2𝑣𝑖
∗2
(𝑣𝑖

∗ + 𝑣𝑖)
3 + 𝐾1

𝑖(𝑣𝑖
∗ + 𝑣𝑖)

  (4. 37)  

Define 𝐿3(𝑣𝑖, 𝐼𝑓𝑖, 𝑣𝑇) ≜ 𝐾1
𝑖(𝑣𝑖

∗ + 𝑣𝑖) − 𝐿2(𝑣𝑖 , 𝐼𝑓𝑖, 𝑣𝑇). Then 

 
𝐿3(𝑣𝑖, 𝐼𝑓𝑖, 𝑣𝑇) = 𝐾1

𝑖(𝑣𝑖
∗ + 𝑣𝑖) − 𝐾1

𝑖𝑣𝑖 − 2𝐾2
𝑖𝐿1(𝐼𝑓𝑖 , 𝑣𝑇)

= −2𝐾2
𝑖𝐿1(𝐼𝑓𝑖, 𝑣𝑇) + 𝐾1

𝑖𝑣𝑖
∗

  (4. 38)  

𝐿3(𝑣𝑖, 𝐼𝑓𝑖, 𝑣𝑇) is a linear function.  

Then we obtain  

 𝐿3(𝑣𝑖, 𝐼𝑓𝑖, 𝑣𝑇) >
1

2𝑣𝑖
∗2 (2𝐾1

𝑖 + 𝐾0
𝑖)(𝑣𝑖

∗ + 𝑣𝑖)
3  (4. 39)  

Next, we formulate the category discussion as follows: 

a) 𝟐𝑲𝟏
𝒊 +𝑲𝟎

𝒊 ≥ 𝟎: In this case, it can be proved that the solution of 𝑓𝜇𝑖(𝑣𝑖) < 0 is convex. 

Suppose 𝑔(𝑣𝑖 , 𝐼𝑓𝑖, 𝑣𝑇) ≜
1

2𝑣𝑖
∗2 (2𝐾1

𝑖 + 𝐾0
𝑖)(𝑣𝑖

∗ + 𝑣𝑖)
3
. 

Denote �̂� = [𝑣𝑖, 𝐼𝑓𝑖, 𝑣𝑇] .  Considering that 𝑣𝑖 = 𝑣𝑖
∗ + 𝑣𝑖 > 0, 𝑔(𝑣𝑖 , 𝐼𝑓𝑖, 𝑣𝑇)  is a convex 

function, then ∀𝑥1, 𝑥2, 𝛼 ∈ [0,1], 

 𝑠. 𝑡.     {
𝐿3(𝑥1̂) > 𝑔(𝑥1̂)

𝐿3(𝑥2̂) > 𝑔(𝑥2̂)
,  (4. 40)  

the following formulation holds: 

 

𝐿3(𝛼𝑥1̂ + (1 − 𝛼)𝑥2̂) = 𝛼𝐿3(𝑥1̂) + (1 − 𝛼)𝐿3(𝑥2̂)

> 𝛼𝑔(𝑥1) + (1 − 𝛼)𝑔(𝑥2)

> 𝑔(𝛼𝑥1̂ + (1 − 𝛼)𝑥2̂)

  (4. 41)  

Hence, the solution of 𝐿3(�̂�𝑖, �̂�𝑓𝑖, �̂�𝑇) > 𝑔(�̂�𝑖, �̂�𝑓𝑖, �̂�𝑇) is a convex set. 
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Then a linear subset can be determined as follows: 

  𝐿3(𝑣𝑖, 𝐼𝑓𝑖, 𝑣𝑇)>(𝑣𝑖 − 𝑣𝑖_𝑚𝑖𝑛)
𝑈𝑖(�̂�𝑖_𝑚𝑎𝑥)−𝑈𝑖(�̂�𝑖_𝑚𝑖𝑛)

�̂�𝑖_𝑚𝑎𝑥−�̂�𝑖_𝑚𝑖𝑛
+ 𝑈𝑖(𝑣𝑖_𝑚𝑖𝑛)  (4. 42) 

where 

 𝑈𝑖(𝑣𝑖) =
2𝐾1

𝑖+𝐾0
𝑖

2𝑣𝑖
∗2
(𝑣𝑖

∗ + 𝑣𝑖)
3  (4. 43)  

b) 𝟐𝑲𝟏
𝒊 +𝑲𝟎

𝒊 < 𝟎: in this case the solution of 𝑓𝜇𝑖(�̂�𝑖) < 0 is not convex. A linear subset 

of the solution is solved to decrease the computational cost. 

Assume 𝑣𝑖 ≥ 𝑣𝑖_𝑚𝑖𝑛. Linearize 𝑔(𝑣𝑖, 𝐼𝑓𝑖 , 𝑣𝑇) at 𝑣𝑖 = 𝑣𝑖_𝑚𝑖𝑛: 

 
𝐿3(�̂�𝑖, �̂�𝑓𝑖, �̂�𝑇) >

1

2𝑣𝑖
∗2 (2𝐾1

𝑖 + 𝐾0
𝑖)[(𝑣𝑖

∗ + 𝑣𝑖_𝑚𝑖𝑛)
3

+3(𝑣𝑖
∗ + 𝑣𝑖_𝑚𝑖𝑛)

2
(𝑣𝑖 − 𝑣𝑖_𝑚𝑖𝑛)]

  (4. 44)  

Therefore, a linear subset is determined as follows: 

 
𝐿3(�̂�𝑖, �̂�𝑓𝑖, �̂�𝑇) >

1

2𝑣𝑖
∗2 (2𝐾1

𝑖 + 𝐾0
𝑖)[(𝑣𝑖

∗ + 𝑣𝑖_𝑚𝑖𝑛)
3

+3(𝑣𝑖
∗ + 𝑣𝑖_𝑚𝑖𝑛)

2
(𝑣𝑖 − 𝑣𝑖_𝑚𝑖𝑛)], (�̂�𝑖 ≥ �̂�𝑖_𝑚𝑖𝑛)

  (4. 45)  

 
                                   (a)                                                  (b) 

Figure 31. Derivation of subsets: (a) case a (b) case b. 

Combining case (a) with case (b), a linear subset of the solution of 𝜆�̂� + 𝑇1 + 𝑇2 ≺ 0 is the 

intersection set of all linear subsets corresponding to each load branch as in the above discussion. 

Figure 31 describes the inequality in (4.42) and (4.45), and Figure 32 shows the solved linear 

intersection set. As visualized in Figure 32, the linear subset of 𝜆�̂� + 𝑇1 + 𝑇2 ≺ 0 is solved as 𝑆 =
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𝑆1 ∩ ∙∙∙ 𝑆𝑖 ∩ ∙∙∙ 𝑆𝑀, where 𝑆1, … , 𝑆𝑖, … , 𝑆𝑀 are the linear subsets corresponding to each point of load 

(PoL), respectively, and can be solved by the above category discussion. 

 
Figure 32. Linear intersection set. 

2) Discuss the convexity of the solution of 𝑻𝟑 + (𝝀 − 𝟏)�̂� ≻ 𝟎.  

Consider 

 𝑇3 ≜ (𝑄21 + 2𝛻𝑐𝛷(�̂�𝐿)𝐻12
𝑇))𝑄11

−1 (𝑄12 + 2𝐻12𝛻𝑐𝛷(�̂�𝐿)) .  (4. 46)  

By formulating a transformation using a Schur complement, we have 

 

𝑇3 + (𝜆 − 1)�̂� ≻ 0

𝑄11≺0 
⇔   𝑋 = [

𝑄11 𝑄12 + 2𝐻12𝛻𝑐𝛷(�̂�𝐿)

𝑄21 + 2𝛻𝑐𝛷(�̂�𝐿)𝐻12
𝑇 (1 − 𝜆)�̂�

] ≺ 0
  (4. 47)  

where ∇𝑐Φ(�̂�𝐿) = 𝑑𝑖𝑎𝑔{∇φ1(�̂�1),… , ∇φ𝑀(𝑣𝑀)}. 

We have already derived that 

 𝜑𝑖′(𝑣𝑖) = −
𝑃𝐿𝑖

𝐶𝑓𝑖𝑣𝑖
∗2 (1 −

𝑣𝑖
∗2

(𝑣𝑖
∗+�̂�𝑖)

2)  (4. 48)  

Next, we show that 𝑋 ≺ 0 is a linear matrix inequality (LMI) of [… , φ𝑖
′(𝑣𝑖), … ]: 

 𝑋 = [
𝑄11 𝑄12
𝑄21 (1 − 𝜆)�̂�

] + [
0 2𝐻12𝛻𝑐𝛷(�̂�𝐿)

2𝛻𝑐𝛷(�̂�𝐿)𝐻12
𝑇 0

]  (4. 49)  

which can be written in the form of  

 𝑋 = 𝐴0 + 𝐴1𝜑1(�̂�1) + ⋯+ 𝐴𝑀𝜑𝑀(𝑣𝑀)  (4. 50)  
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where 𝐴0, … , 𝐴𝑀 are parameter matrices. 

Since 𝑋 ≺ 0 is an LMI, the solution of 𝑋 ≺ 0 is a convex set. However, the computational cost of 

brutally solving 𝑋 ≺ 0 is high because 𝑋 is non-symmetric and high-dimensional. 

Considering 𝑣𝑖 = 𝑣𝑖
∗ + 𝑣𝑖 > 0 , φ𝑖′(�̂�𝑖)  is monotonic, we can therefore choose a linear 

subset Θ of the solution of 𝑋 ≺ 0 as follows to decrease the computational complexity: 

 𝛩: 𝑙𝑏𝑖 ≤ 𝑣𝑖 ≤ 𝑢𝑏𝑖 , ∀𝑖 ∈ {1,2, … ,𝑀}  (4. 51) 

which is visualized in Figure 33. 

 
Figure 33. The linear subset Θ. 

 
Figure 34. The domain of the optimization problem. 

Due to the convexity of 𝑆 ∩ 𝛩, the optimization problem to solve ROA boundary can be 

reformulated as follows: 

 𝑐 = 𝑚𝑖𝑛
�̂�
 �̂�𝑇𝐻𝑥𝑒�̂�  (4. 52)  

 𝑠. 𝑡.  �̂� ∈ 𝜕{𝑆 ∩ 𝛩}  (4. 53) 
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It is worth mentioning that the feasible region is the boundary of set 𝑆 ∩ 𝛩 instead of the set 𝑆 ∩ 𝛩 

itself, which is visualized as the dark red curve in Figure 34. The ROA is solved as {Ωc: �̂�
𝑇𝐻𝑥𝑒�̂� ≤

𝑐}. 

Table 15: Comparison between the proposed novel approach and traditional approach 

Algorithm steps and 

computational cost 

The traditional ROA estimation 

method 

The proposed ROA 

estimation method 

Step 1: solve the 

Lyapunov equation 

𝐴𝑇𝒩 +𝒩𝐴 = −𝑄 to 

determine the Lyapunov 

function 𝑉(𝑥) = 𝑥𝑇𝒩𝑥 

Given that 𝑄 is an identity matrix, solve 

the Lyapunov equation 𝐴𝑇𝒩 +𝒩𝐴 =
−𝑄. 

No need to solve the 

Lyapunov equation. 

According to the proposed 

potential-based approach, we 

directly set 𝒩 = 𝐻𝑥𝑒. 

Computational 

dimension of step 1 
(4𝑁 + 2𝑀 + 1)2 None 

Step 2: solve the 

optimization problem to 

estimate ROA 

𝑐 = min
𝑥

 𝑥𝑇𝒩𝑥 

s. t.   {
𝑉(𝑥) > 0 ∀�̂� ≠ 0,  𝑉(0) = 0 

�̇�(𝑥) < 0 ∀�̂� ≠ 0
 

𝑐 = min
𝑥

 𝑥𝑇𝐻𝑥𝑒�̂� 

s. t. 𝑥 ∈ 𝜕{𝑆 ∩ 𝛩} 

Feasible region of 

optimization problem 
constructed by nonconvex constraints linear feasible region 

Computational 

dimension of step 2 

The dimensions of the objective 

function and the constraints are all 

(4𝑁 + 2𝑀 + 1)2. 

The dimension of the 

objective function is (4𝑁 +
2𝑀 + 1)2; the dimension of 

the constraint is 𝑀2. Set 𝑆  

involves only load voltages 

in all state variables. 

In this section, the derivatives make good use of the characteristics of the two constraints 

in the original optimization problem. The first constraint 𝜆�̂� + 𝑇1 + 𝑇2 ≺ 0  involves diagonal 

matrices only; the second constraint 𝑇3 + (𝜆 − 1)�̂� ≻ 0 involves non-diagonal matrices but refers 

to load voltages only in all state variables. From the perspective of our algorithm, we label the load 

voltages as the state variables that show strong relationships to system stability; other state 

variables except load voltages are labeled as those showing weak relationships to system stability. 
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Separating the state variables with strong relationships from those with weak relationships can 

reduce computational cost and lessen the curse of dimensionality, which enables our approach to 

fit for large-scale power grid models. The superiority of the proposed novel ROA estimation 

approach over the traditional ROA estimation approach is concluded in Table 15. 

4.5 Case study 

In this case study, we investigate ROA estimation for a DC microgrid model with multiple 

CPLs to illustrate our proposed techniques.  
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-

VL1

VL2

 
Figure 35. The equivalent circuit diagram of the microgrid model. 

Table 16: Simulation parameters 

𝑉𝑟𝑒𝑓1 200 𝑅𝑝1 5 𝑅𝑞1 5 𝐿𝑞1 0.1 𝐶𝑏1 1 

𝑅𝑡1 8 𝐿𝑡1 0.1 𝑅𝑓1 5 𝐿𝑓1 0.1 𝐶𝑓1 1 

𝑉𝑟𝑒𝑓2 200 𝑅𝑝2 5 𝑅𝑞2 5 𝐿𝑞2 0.1 𝐶𝑏2 1 

𝑅𝑡2 8 𝐿𝑡2 0.1 𝑅𝑓2 3 𝐿𝑓2 0.1 𝐶𝑓2 1 

𝐶𝐷 1 𝐼max1 ∞ 𝑉min1 0 𝐼max2 20 𝑉min2 20 

𝑃𝐿1 200 𝑃𝐿2 400       

(THE UNIT: V, H, F, OHM, W) 
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The microgrid model utilized in this case study is the same as that introduced in section 3.7. 

The equivalent circuit diagram of the grid model is depicted in Figure 35. The model parameters 

are shown in Table 16. 

Table 17: Equilibrium points solved in the first case 

 

Equilibrium 1st 2nd 3rd 4th 

𝐼𝐿1
∗ 1.1338 15.4912 10.2877 3.1258 

𝐼𝐿2
∗ 2.2829 5.3914 14.3068 19.8052 

Given the parameter settings, load 𝑃𝐿1 always works in constant power mode; load 𝑃𝐿2 works in 

constant power mode only when the load voltage is higher than the voltage lower bound 𝑉min2. 

Here, we estimate ROA for the stable equilibrium point(s) only when both CPLs work in constant 

power mode, which is the regular operation condition in power grids. Then the equilibrium points 

are solved in Table 17. Then we identify the stable equilibrium point(s) using Theorem 1 in section 

3.5.4. The analysis shows there exists only one stable equilibrium point(𝐼𝐿1
∗, 𝐼𝐿2

∗) = (1.13,2.28). 

The corresponding steady-state load voltages are (𝑉𝐿1
∗, 𝑉𝐿2

∗) = (176,175).  

Next, we estimate ROA of the stable equilibrium point using the approach proposed in 

section 4.4. The steps are formulated as follows.  

First, we formulate the optimization problem to solve the boundary 𝑐 of ROA as follows: 

 𝑐 = 𝑚𝑖𝑛
�̂�
 �̂�𝑇𝐻𝑥𝑒�̂�  (4. 54)  

 𝑠. 𝑡.  {
𝜆�̂� + 𝑇1 + 𝑇2 ≺ 0

𝑇3 + (𝜆 − 1)�̂� ≻ 0
  (4. 55)  

Then we investigate the convexity of the feasible region of the optimization problem. 

1) Discuss the convexity of the solution of 𝝀�̂� + 𝑻𝟏 + 𝑻𝟐 ≺ 𝟎.  
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According to the derivatives in section 4.4, we conclude that: 

(a) If 2𝐾1
𝑖 + 𝐾0

𝑖 ≥ 0, a linear subset of the solution of 𝑓𝜇𝑖(𝑣𝑖) < 0 can be determined as 

follows: 

  𝐿3(𝑣𝑖, 𝐼𝑓𝑖, 𝑣𝑇)>(𝑣𝑖 − 𝑣𝑖_𝑚𝑖𝑛)
𝑈𝑖(�̂�𝑖_𝑚𝑎𝑥)−𝑈𝑖(�̂�𝑖_𝑚𝑖𝑛)

�̂�𝑖_𝑚𝑎𝑥−�̂�𝑖_𝑚𝑖𝑛
+ 𝑈𝑖(𝑣𝑖_𝑚𝑖𝑛)  (4. 56)  

where 

 𝑈𝑖(𝑣𝑖) =
2𝐾1

𝑖+𝐾0
𝑖

2𝑣𝑖
∗2
(𝑣𝑖

∗ + 𝑣𝑖)
3  (4. 57)  

(b) If 2𝐾1
𝑖 + 𝐾0

𝑖 < 0 , a linear subset of the solution of 𝑓𝜇𝑖(𝑣𝑖) < 0  can be chosed as 

follows: 

  
𝐿3(�̂�𝑖, �̂�𝑓𝑖, �̂�𝑇) >

1

2𝑣𝑖
∗2 (2𝐾1

𝑖 + 𝐾0
𝑖)[(𝑣𝑖

∗ + 𝑣𝑖_𝑚𝑖𝑛)
3

+3(𝑣𝑖
∗ + 𝑣𝑖_𝑚𝑖𝑛)

2
(𝑣𝑖 − 𝑣𝑖_𝑚𝑖𝑛)], (�̂�𝑖 ≥ �̂�𝑖_𝑚𝑖𝑛)

  (4. 58)  

Combining case (a) with case (b), it is concluded that a linear subset of the solution of 𝜆�̂� + 𝑇1 +

𝑇2 ≺ 0 is the intersection set of all linear subsets corresponding to each load branch discussed 

above. 

Considering that there are two CPLs in this model, the dimension of 𝜆�̂� + 𝑇1 + 𝑇2 is 2. Set 

𝜆 = 13𝑒 − 5.  It is verified that 2𝐾1
𝑖 + 𝐾0

𝑖 < 0, ∀𝑖 ∈ {1, 2}.  Therefore, we choose the linear 

subsets in the form of 

  𝐿3(𝑣𝑖, 𝐼𝑓𝑖, 𝑣𝑇) > 𝑎𝑣𝑖 + 𝑏, (𝑣𝑖 ≥ 𝑣𝑖_𝑚𝑖𝑛)  (4. 59) 

where 𝑎, 𝑏 are constant. Denote the subsets by 𝑆𝑖, 𝑖 ∈ {1, 2}. 

2) Discuss the convexity of the solution of 𝑻𝟑 + (𝝀 − 𝟏)�̂� ≻ 𝟎.  

As proved in section 4.4, we can choose a convex subset Θ  of the solution of 𝑇3 +

(𝜆 − 1)�̂� ≻ 0 in the form of 
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 𝛩: 𝑙𝑏𝑖 ≤ 𝑣𝑖 ≤ 𝑢𝑏𝑖 , ∀𝑖 ∈ {1,2, … ,𝑀}  (4. 60)  

The set Θ can be determined with low computational cost using the binary search algorithm. 

In this example, set Θ is solved as:  

 𝛩:−12 ≤ 𝑣1 ≤ 7,−3 ≤ 𝑣2 ≤ 17  (4. 61)  

 3) Formulate the optimization problem to estimate ROA. 

This optimization problem is solved by dividing it into multiple sub-problems. The 

objective function remains unchanged, and the feasible region is divided into multiple parts, 

separately considered in different sub-problems.  

 𝑐 = 𝑚𝑖𝑛
�̂�
 �̂�𝑇𝐻𝑥𝑒�̂�  (4. 62)  

 𝑠. 𝑡. �̂� ∈  𝜕{𝑆 ∩ 𝛩}  (4. 63)  

where 𝜕{𝑆 ∩ 𝛩} represents the boundary of set {𝑆 ∩ 𝛩}.The obtained ROA is {Ωc: �̂�
𝑇𝐻𝑥𝑒�̂� ≤ 𝑐}. 

Table 18: The original optimization problem and its sub-problems 

Original optimization problem Original feasible set 𝜕{𝑆 ∩ 𝛩} Optimal solution 𝑐 

Sub-problems 

s.t. 𝜕{𝑆1} ∩ 𝑆2 ∩ 𝛩 𝑐1 = 73820 

s.t. 𝜕{𝑆2} ∩ 𝑆1 ∩ 𝛩 𝑐2 = 117318 

s.t. 𝜕{𝛩} ∩ 𝑆1 ∩ 𝑆2 𝑐3 = 112 

 

 
Figure 36. The ROA estimation with less conservativeness. 
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It is concluded from the above table that the optimal solution to the original optimization 

problem is 𝑐 = min{𝑐1, 𝑐2, 𝑐3} = 112. Therefore, the estimated ROA is {Ωc: �̂�
𝑇𝐻𝑥𝑒�̂� ≤ 112}. 

We visualize the ROAs in the subspace consisting of the load voltages (𝑉𝐿1, 𝑉𝐿2) in the 

above figure. The yellow cross represents the stable equilibrium point, and the blue ellipse 

represents the estimated ROA using our proposed method. The red ellipse represents the 

benchmark ROA obtained by the traditional Lyapunov’s method introduced in [29]. The 

benchmark ROA is solved as 𝛺𝑐1 = {𝑥 ∈ ℛ
𝑛, �̂�𝑇𝐻𝑥𝑒�̂� ≤ 0.4490} . The detailed derivatives are 

introduced in section 3.7.2. It is observed from the above figure that the novel estimated ROA is 

less conservative than the benchmark ROA. 

4.6 Conclusion 

In this chapter, we propose a novel approach to ROA estimation in complex DC microgrids 

from the perspective of potential theory. Specifically, we investigate ROA estimation with less 

conservativeness using the revised Brayton-Moser mixed potential theory. The approach targets 

the nonlinear model itself instead of the linearized model, which improves the algorithm accuracy. 

Moreover, our proposed approach is scalable in large-scale DC power grids with algorithm 

strategies. For example, we separate the state variables with strong relationships to stability from 

those with weak relationships. The strategy reduces computational cost and lessens the curse of 

dimensionality. It is also verified in our case study that our approach obtains a less-conservative 

ROA compared to the traditional Lyapunov method. 
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Chapter 5 Simulation Modeling and Voltage Stability of AC/DC Hybrid Microgrid 

5.1 Introduction 

The AC/DC hybrid microgrid is a promising technology for building smart grids with 

enhanced operational efficiency and flexibility. It is formed by an AC sub-microgrid and a DC sub-

microgrid interconnected by one or more interfacing power inverters [1]. It shows a few unique 

advantages compared with the traditional power grid, such as increased efficiency of power 

conversion, less copper, and higher power density. The AC load and AC generation can be 

connected to AC buses, while the DC load and DC generation can be connected to DC buses, 

which can greatly reduce power loss. Integrated with one or more interfacing power converters 

and various types of power generation, a hybrid microgrid can deal with the power generation and 

conversion with higher flexibility. The architecture of hybrid microgrids is expected to be the 

mainstream form of microgrids in the future [2]. 

To take full use of this emerging architecture of microgrids, it is critical and urgent to 

investigate the characteristics of AC/DC hybrid power grids. For example, we need to figure out 

not only the control strategy of the AC and DC sub-microgrid but also the overall control strategy; 

and how the control technique regulates the generic power flow and impacts the stability of the 

microgrid. Paper [3] presents power flow modeling for AC/DC hybrid islanded microgrids 

including droop-controlled distributed generation, which provides an efficient tool for future 

power flow planning and operation studies. Paper [4] introduces a power flow control and
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 management framework enabling decentralized power sharing with less communication in a 

hybrid microgrid. However, the operation control and stability of hybrid microgrids is still a 

challenging topic, especially when it involves high penetration of power electronic devices and 

various types of power generation. The intricate characteristics of modern power electronic devices 

and renewable energy sources lead to new stability problems in hybrid microgrids since they can 

reshape the general dynamic characteristics of the microgrid. The dynamic responses of renewable 

energy resources and power electronic devices are quite different from the power generators and 

other power devices in traditional power grids [5]. Several existing studies have worked on the 

stability issues. Paper [6] proposes a novel coordination among distributed energy resources, where 

the frequency regulation is considered in a multi-objective optimization problem. But the proposed 

approach focuses more on traditional synchronous generators, and it is limited to frequency 

stability analysis. In paper [7], a novel structure of a hybrid microgrid is proposed, where energy 

storage systems are coupled with the non-sensitive loads to achieve the supply/demand balance. 

However, the proposed design mainly aims at the construction of system reliability but does not 

consider transient stability. Additionally, paper [8] investigates the voltage stability in microgrids 

with distributed controlled converters and nonlinear loads, but the discussion is limited to DC 

microgrids only. The small-signal stability analysis of AC/DC hybrid microgrids is presented in 

[9], but it does not work well when large oscillation occurs. Paper [10] proposes a comprehensive 

inertial control strategy for stability improvement in an AC/DC hybrid microgrid. The coupling 

relationship between AC and DC sub-microgrids is discussed based on the power balance, and the 

characteristics of distributed generation are analyzed. Nevertheless, the control of power electronic 

components is not involved. Nowadays, the modeling of a complicated AC/DC hybrid microgrid 
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system is in discussion, and how to determine the effects of each component on the system stability 

is still an open question. These issues become more intractable when a fault or disturbance is 

imposed on the microgrid. 

This manuscript develops an operational model of AC/DC hybrid microgrids and studies 

the stability issues based on the modeling. The contributions can be specifically detailed as follows: 

1)  This manuscript investigates the modeling of AC/DC hybrid microgrids with different 

types of power electronic devices and power generation, including a traditional power generator, 

a battery energy storage system (BESS), and PV generation. 

2) The power converters are modeled using the circuit averaging method, which greatly 

reduces the runtime of software simulation. 

3) We discuss the stability of AC/DC hybrid microgrids when a fault or disturbance 

happens. The voltage nadir is examined to evaluate the transient stability of the microgrid.  

4) Droop control is adopted to regulate the power flow and alleviate voltage instability. We 

formulate an equivalent control diagram to develop sensitivity analysis instead of using the original 

microgrid simulation. 

The structure of this chapter is organized as follows: In section 5.2, a typical architecture 

of AC/DC hybrid microgrids is proposed. The modeling of main power devices is introduced, and 

the Simulink-based simulation platform is presented. Section 5.3 and section 5.4 discuss the 

stability of hybrid microgrids when a fault or a disturbance happens. In section 5.5, we present a 

voltage instability alleviation technique based on droop control. Section 5.6 concludes our work 

in this manuscript and indicates our related future work. 
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5.2 AC/DC hybrid microgrid modeling 

5.2.1 A typical architecture of an AC/DC hybrid microgrid 

 
Figure 37. The structure of a typical hybrid microgrid. 

The AC microgrid is connected to a 69kV transmission power system in which it can work 

under either grid-connected mode or islanding mode. A traditional diesel generator supplies power 

to the AC microgrid. The AC microgrid includes the primary distribution system and the secondary 

distribution system, which correspond to two different voltage levels, i.e., 13.8kV and 220V. The 

X/R ratio in the primary and secondary distribution systems also differs. In the secondary 

distribution system, both balanced loads and unbalanced loads are considered and modeled. A grid-

following power inverter works as the interface between the AC microgrid and the DC microgrid, 

transferring power from the DC side to the AC side as the reference of active power. In DC 

microgrids, renewable energy sources are installed to supply eco-friendly power. Here, we 
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consider a BESS integrated with a grid-forming power converter and PV generation with a grid-

following power converter. A DC load is connected to the DC bus directly.  

A block of data acquisition is developed to simulate the functionality of the SCADA system 

in power grids. It can monitor voltages at critical buses and power losses of some important 

branches. The interface is very user-friendly in that it can be easily accessed and expanded with 

more variables to monitor as needed. An example of the measurement is shown in Figure 39 and 

Figure 40, which is acquired in the islanding operation mode of the hybrid microgrid. 

 
Figure 38. The block of data acquisition. 

 
Figure 39. Bus voltages in the hybrid microgrid. 
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Figure 40. Power losses in the hybrid microgrid. 

5.2.2 The operation of an AC/DC microgrid 

It is suggested to start up the renewable energy sources in the DC-side before connecting 

the DC microgrid to the AC microgrid. During the start-up of the hybrid microgrid, the power-

electronic-device-based components are manipulated in the following steps: 

1) Start the BESS integrated with a grid-forming converter, which can support the bus 

voltage at the main bus of the DC microgrid. 

2) Launch the PV system integrated with a grid-following converter. It follows the bus 

voltage regulated by the BESS and can track the maximum power point if needed. 

3) When the DC microgrid is in the steady state, connect it to the AC microgrid by enabling 

the grid-following power inverter interfacing the AC/DC sides. 

Suppose the PV system is plugged in at t=0.05s and the DC microgrid is connected to the 

AC microgrid at t=0.07s. We measure the signals at Bus 8 and DC bus shown below. 
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Figure 41. Signals at Bus 8. 

 
Figure 42. Signals at DC bus. 

It is observed that both the AC side and the DC side of the hybrid microgrid system become stable 

in less than 0.1s after their connection. 

5.2.3 The modeling of BESS and PV 

The BESS is installed at the main bus of the DC microgrid. We implement a typical lithium-

ion battery model in the BESS. The nominal voltage is 120V and the rated capacity is 800 Ah. The 

initial state of charge (SoC) is supposed as 80%. Other key parameters are described in Table 19.  
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Table 19: Main parameters of lithium-ion battery-ion battery 

Cut-off voltage (V) 90 

Fully charged voltage (V) 139.6785 

Nominal discharge current (A) 347.8261 

Internal resistance (Ohms) 0.0015 

Capacity (Ah) at nominal voltage 723.4783 

Exponential zone [voltage (V), capacity (Ah)] 29.6463, 39.30435 

 

 
Figure 43. Current discharge characteristics of the battery. 

The discharge and charge process of the lithium-ion battery is described by the following equations. 

 𝐸𝑑𝑖𝑠𝑐ℎ𝑎𝑟 = 𝐸0 −
𝐾𝑄

𝑄−𝑖𝑡
∙ 𝑖∗ −

𝐾𝑄

𝑄−𝑖𝑡
∙ 𝑖𝑡 + 𝐴𝑒−𝐵∙𝑖𝑡, 𝑖∗ > 0  (5. 1)  

 𝐸𝑐ℎ𝑎𝑟 = 𝐸0 −
𝐾𝑄

𝑖𝑡+0.1𝑄
∙ 𝑖∗ −

𝐾𝑄

𝑄−𝑖𝑡
∙ 𝑖𝑡 + 𝐴𝑒−𝐵∙𝑖𝑡, 𝑖∗ < 0  (5. 2)  

where 𝐸𝑑𝑖𝑠𝑐ℎ𝑎𝑟 and 𝐸𝑐ℎ𝑎𝑟 are the nonlinear battery voltages (V), 𝐸0 is the constant voltage (V), 

K is the polarization constant (V/Ah) or polarization resistance (Ohms), 𝑖∗is the low-frequency 

current dynamics (A), it is the extracted capacity (Ah), Q is the maximum battery capacity (Ah), 
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A is the exponential voltage (V), B is the exponential capacity (Ah−1). Specifically, the discharge 

characteristics at different discharge current levels are depicted in Figure 43. 

The battery is connected to a grid-forming boost converter, which can support the output 

voltage as the reference for the DC main bus. The boost converter allows bidirectional power flow 

and can accommodate both discharging status and charging status of the battery. 

The PV generation system is also installed at the main bus of the DC microgrid. The PV 

array consists of 7 parallel strings of PV modules, and each string has 6 series-connected modules. 

The main parameters of the PV module are shown in Table 20.   

Table 20: Main parameters of PV module 

 

Maximum power (W) 250.205 

Cells per module (Ncell) 96 

Open circuit voltage Voc (V) 37.4 

Short-circuit current Isc (A) 8.63 

Voltage at maximum power point Vmp (V) 30.7 

Current at maximum power point Imp (A) 8.15 

Temperature coefficient of Voc (%/deg.C) -0.34 

Temperature coefficient of Isc (%/deg.C) 0.05 

All PV cells operate under an irradiance of 1000 𝑊/𝑚2 and a temperature of 25 ℃. The 

PV array has 42 modules in total, and the nominal power output is around 10.5 kW. The I-V and 

P-V characteristics of the PV array are described in Figure 44. 
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Figure 44. I-V and P-V characteristics of PV panel. 

 

The PV array is connected to a grid-following boost converter. It steps up the voltage from 

183V to 300V. The incremental conductance method is adopted to realize the functionality of 

MPPT, which guarantees high utilization of the energy from sunlight. In the MPPT controller, we 

design the appropriate gain and add the necessary dead zone and integral to ensure operational 

stability. 

5.2.4 Circuit averaging model of power converter 

To improve the simulation speed and develop a model with physical interpretation, we 

model the boost converter using the circuit averaging technique instead of state-space averaging 

in both the BESS and the PV generation. This method performs all manipulation on the circuit 

diagram directly to find an averaged switch model for the switch network. The key step is to 

replace the converter switches with voltage and current sources to obtain a time-invariant circuit 

topology. As described in Figure 45(b), the equivalent modeling of the boost converter using the 

circuit averaging technique is formulated by the solved equivalent controlled voltage source and 

controlled current source. 〈𝑉1〉 and 〈𝑖2〉 represent the cycle-averaged value of the output voltage of 
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the voltage source and the cycle-averaged value of the output current of the current source, 

respectively. 〈∙〉 denotes the cycle-average value. The derivation of the value of  〈𝑉1〉 and 〈𝑖2〉 is 

introduced as follows.  
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(a) Switch model of a boost converter. 
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(b) Averaged circuit model of a boost converter. 

Figure 45. The equivalent modeling of a boost converter. 

Regarding the switch model of a boost converter in Figure 45(a), consider that switch is connected 

at position 1 and position 2, respectively. Suppose the duty ratio is 𝐷 and the period is 𝑇𝑠 in this 

converter; the switch is at position 1 for 𝑛𝑇𝑠 ≤ 𝑡 < (𝐷 + 𝑛)𝑇𝑠 and is at position 2 for (𝐷 + 𝑛)𝑇𝑠 ≤

𝑡 < (𝑛 + 1)𝑇𝑠, where 𝑛 ∈ 𝑁. Then the following equations hold. 

 𝑉𝑆1(𝑡) = {
0, 𝑛𝑇𝑠 ≤ 𝑡 < (𝐷 + 𝑛)𝑇𝑠

𝑉2(𝑡), (𝐷 + 𝑛)𝑇𝑠 ≤ 𝑡 < (𝑛 + 1)𝑇𝑠  
  (5. 3)  

 𝑉𝑆2(𝑡) = {
−𝑉2(𝑡), 𝑛𝑇𝑠 ≤ 𝑡 < (𝐷 + 𝑛)𝑇𝑠
0, (𝐷 + 𝑛)𝑇𝑠 ≤ 𝑡 < (𝑛 + 1)𝑇𝑠  

  (5. 4)  

 𝑖𝑆1(𝑡) = {
𝑖1(𝑡), 𝑛𝑇𝑠 ≤ 𝑡 < (𝐷 + 𝑛)𝑇𝑠
0, (𝐷 + 𝑛)𝑇𝑠 ≤ 𝑡 < (𝑛 + 1)𝑇𝑠  

  (5. 5)  

 𝑖𝑆2(𝑡) = {
0, 𝑛𝑇𝑠 ≤ 𝑡 < (𝐷 + 𝑛)𝑇𝑠

𝑖1(𝑡), (𝐷 + 𝑛)𝑇𝑠 ≤ 𝑡 < (𝑛 + 1)𝑇𝑠  
  (5. 6)  
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Next, we calculate the cycle-averaged value of the voltage source 〈𝑉1(𝑡)〉. By definition, it 

is known that 

 〈𝑉1(𝑡)〉 =
1

𝑇𝑠
∫ 𝑉𝑠1(𝜏)𝑑𝜏
𝑡

𝑡−𝑇𝑠
  (5. 7) 

1) In the first case, we assume 𝑉𝑠1(𝑡) = 0, (𝑛 + 1 − 𝐷)𝑇𝑠 <  𝑡 < (𝑛 + 1)𝑇𝑠. Hence,   

 〈𝑉1(𝑡)〉 =
1

𝑇𝑠
∫ 𝑉𝑠1(𝜏)𝑑𝜏
𝑡

𝑡−𝑇𝑠
=
1

𝑇𝑠
∫ 𝑉2(𝑡)𝑑𝑡
(𝑛+1−𝐷)𝑇𝑠
𝑛𝑇𝑠

  (5. 8)  

Since 𝑉2(𝑡) has a very small ripple, we consider it a constant in the period [𝑡 − 𝑇𝑠, 𝑡]. Then we 

have 

 〈𝑉1(𝑡)〉 =
1

𝑇𝑠

1

1−𝐷
∫ 𝑉2(𝑡)𝑑𝑡
𝑡

𝑡−𝑇𝑠
=

1

1−𝐷
〈𝑉2(𝑡)〉  (5. 9)  

2) In the second case, we assume 𝑉𝑠1(𝑡) = 𝑉2(𝑡). Similarly, we also obtain 

 〈𝑉1(𝑡)〉 =
1

1−𝐷
〈𝑉2(𝑡)〉  (5. 10)  

Next, we calculate the cycle-averaged value of the current source 〈𝑖2(𝑡)〉. By definition, it 

is known that 

 〈𝑖2(𝑡)〉 =
1

𝑇𝑠
∫ 𝑖2(𝑡)𝑑𝑡
𝑡

𝑡−𝑇𝑠
  (5. 11)  

 1) In the first case, we assume 𝑖𝑠2(𝑡) = 0, (𝑛 + 1 − 𝐷)𝑇𝑠 < 𝑡 < (𝑛 + 1)𝑇𝑠. Hence, 

 〈𝑖2(𝑡)〉 =
1

𝑇𝑠
∫ 𝑖2(𝑡)𝑑𝑡
𝑡

𝑡−𝑇𝑠
=

1

𝑇𝑠
∫ 𝑖1(𝑡)𝑑𝑡
(𝑛+1−𝐷)𝑇𝑠
𝑛𝑇𝑠

  (5. 12) 

Since 𝑖1(𝑡) has a very small ripple, we consider it a constant in the period [𝑡 − 𝑇𝑠, 𝑡]. Then we 

have 

 〈𝑖2(𝑡)〉 =
1

𝑇𝑠

1

1−𝐷
∫ 𝑖1(𝑡)𝑑𝑡
(𝑛+1−𝐷)𝑇𝑠
𝑛𝑇𝑠

=
1

1−𝐷
〈𝑖1(𝑡)〉  (5. 13) 

2) In the second case, we assume 𝑖𝑠2(𝑡) = 𝑖1(𝑡). Similarly, we obtain  

 〈𝑖2(𝑡)〉 =
1

1−𝐷
〈𝑖1(𝑡)〉  (5. 14) 
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In conclusion, the equivalent voltage source and current source are solved as follows:  

 {
〈𝑉1(𝑡)〉 =

1

1−𝐷
〈𝑉2(𝑡)〉

〈𝑖2(𝑡)〉 =
1

1−𝐷
〈𝑖1(𝑡)〉

  (5. 15) 

With this conclusion, we can formulate boost converters as the model in Figure 45(b). 

5.2.5 AC/DC interfacing power inverter 

The DC microgrid is connected to the AC microgrid through a grid-following power 

inverter. The grid-following inverter follows the bus voltage of the grid and controls power output 

as the reference values. In this hybrid microgrid, the reference of power out is set as 15kW and 

0Var initially. The inverter is plugged in at t=0.07s. It can be observed from the simulation results 

that the grid-following controller can successfully generate power as required. 

 
Figure 46. Power output of the grid-following inverter. 

To reduce the simulation runtime, we model the inverter using the signals from an 

equivalent controlled voltage source and current source instead of a PWM. The comparison of the 

modeling method between the conventional method and the proposed method is shown in Figure 

47.  
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(a) Conventional simulation method. 

 

 
(b1) Proposed simulation method with reduced runtime. 

 

 
(b2) Proposed simulation method with reduced runtime. 

Figure 47. Control diagram of grid-following inverter controller. 
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The PWM is a very time-consuming block in the electromagnetic transient (EMT) 

simulation, so we replace it with a controlled voltage source on the AC side of the inverter, as 

shown in Figure 47(b1) and Figure 47(b2). First, the output voltage of the controlled voltage source 

is regulated by an inner current controller. Then we implement a controlled current source on the 

DC side of the inverter. The current value is determined by following the rule of power 

conservation, as described in the green block in Figure 47(b1).   

5.3 Stability analysis with faults   

In this section, we discuss the stability of the AC/DC hybrid microgrid with faults. 

Specifically, we impose a fault on one side of the hybrid microgrid and then investigate its effects 

on the stability of the other side. 

5.3.1  The effects of an AC-Side fault on the stability of the DC side 

Different types of AC-side faults may have different effects on the stability of the DC side. 

Here we consider two typical faults often happening in the power grid, the single phase-to-ground 

short circuit fault and the phase-to-phase short circuit fault. 

First, we consider a single phase-to-ground short circuit fault (suppose a phase-A-to-

ground short circuit). Suppose the fault happened at the intersection between Line 5 and Line 6 

during 0.35s ~ 0.45s. The simulation results are shown in Figure 48. 
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(a) Signals at Bus 6. 

 

 
(b) Signals at AC/DC interfacing Bus 8. 

 

 
(c) Signals at DC bus. 
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(d) Power output of the BESS. 

 

 
(e) Power output of the PV generation. 

Figure 48. Performance when a single phase-to-ground fault occurs on the AC side. 

It can be concluded from the simulation result that: 

1) In the AC microgrid, the voltage has no fault component whereas the current has 

observable fault components. Two phases of the current increase a lot when the fault occurs. 

2) The AC/DC interfacing inverter still works well as in the normal operating condition. 

3) In the DC microgrid, both the main bus voltage and the power output of the generation 

systems have very small oscillations. Considering that the oscillation of the main bus voltage is 

within 5%, the DC loads can still work in the normal condition in most cases. 
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Second, we consider a phase-to-phase short circuit fault (suppose a phase-A-to-phase-B 

short circuit). Suppose the fault happened at the intersection between Line 5 and Line 6 during 

t=0.35~0.45s. The simulation results are shown in Figure 49. 

 
(a) Signals at Bus 6. 

 

 
(b) Signals at AC/DC interfacing Bus 8. 
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(c) Signals at DC bus. 

 

 
(d) Power output of the BESS. 

 

 
(e) Power output of the PV generation. 

Figure 49. Performance when a phase-to-phase fault occurs on the AC side. 

It can be concluded from the simulation result that: 
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1) In the AC microgrid, both the voltage and the current have observable fault components. 

However, unlike the case with a single phase-to-ground fault, the fault current does not show any 

increase. Therefore, some devices on the AC side possibly still work as in the normal condition if 

the fault does not last long, but it may bring challenges to fault detection. 

2) Both the voltage and the current of the AC/DC interfacing inverter become distorted. 

The fault current shows sharp spikes. 

3) In the DC microgrid, both the main bus voltage and the power output of the generation 

systems have tremendous spikes, which could destroy the whole power grid. A fault protection 

scheme specialized for the DC microgrid is required. 

In addition, the effects of a double phase-to-ground fault are similar to a phase-to-phase 

fault, so we skip the detailed simulation results here. Besides, the three-phase fault is destructive 

to the whole hybrid microgrid; the software simulation terminates less than 0.001s after the fault 

occurs due to the fast blowing up of the power output of the DC-side generations. 

5.3.2  The effects of a DC-Side fault on the stability of the AC side 

This part presents the effects of a DC-side fault on the stability of the AC side. The common 

faults that happen to the DC microgrid include line disconnection and short circuit faults.  

First, we suppose that a line disconnection fault happened to the main bus on the DC side 

during t=0.35s~0.6s. The simulation results are shown in Figure 50. 
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(a) Signals at Bus 6. 

 

 
(b) Signals at AC/DC interfacing Bus 8. 

 

 
(c) Signals at DC bus. 
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(d) Power output of the BESS. 

 

 
(e) Power output of the PV generation. 

Figure 50. Performance when a line disconnection fault occurs on the DC side. 

It is noticed that the line disconnection fault does not result in observable damages to either 

the AC microgrid or the DC microgrid. In fact, the effects of a line disconnection fault depend 

highly on the location where the fault happens. It can be investigated further in a hybrid microgrid 

in which the DC side has a more complicated topology. 

Second, we consider a ground fault that happened to the main bus on the DC side during 

t=0.35s~0.45s. The simulation results are shown in Figure 51. 
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(a) Signals at Bus 6. 

 

 
(b) Signals at AC/DC interfacing Bus 8. 

 

 
(c) Signals at DC bus. 
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(d) Power output of the BESS. 

 

 
(e) Power output of the PV generation. 

Figure 51. Performance when a ground fault occurs on the DC side. 

It can be observed that the ground fault has trivial effects on the AC microgrid such that it 

still works as in the normal condition and that the AC/DC interfacing inverter still works well; 

however, the fault has a highly detrimental impact on the DC microgrid, where both the bus voltage 

and the power generation show a sharp spike and large oscillation. 

The following table shows the effects of different faults on each side of the AC/DC hybrid 

microgrid. 

 

 



132 

 

Table 21: Effects of faults on hybrid microgrid 

Fault location Fault type AC-side DC-side Inverter 

AC-side 

Single p-g faulty normal normal 

p-p faulty severe faulty 

Double p-g faulty severe faulty 

Three-phase severe 

DC-side 

Line disconnection normal normal normal 

Ground normal severe normal 

In this table, we simplify the effects of faults on the microgrid into three levels: normal, 

faulty, and severe faults. “Normal” means that the related devices could still work in normal 

operation, “faulty” means that there is a limited faulty component of the related voltage or current, 

and “severe” means that there is a tremendous oscillation or severe instability. The detailed 

descriptions of the effects of faults can be obtained in previous paragraphs. 

5.4 Stability analysis with disturbances   

This section presents the stability analysis of the AC/DC hybrid microgrid with 

disturbances, such as surplus power generation of the renewable energy sources or surplus load 

consumption.  

First, we take an illustrative example of the disturbance caused by a surplus load in the DC 

microgrid. Suppose the DC load installed at the main bus of the DC microgrid increases from 2kW 

to 4kW at t=0.35s. The simulation results are shown in Figure 52. 
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(a) Signals at Bus 6. 

 

 
(b) Signals at AC/DC interfacing Bus 8. 

 

 
(c) Signals at DC bus. 
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(d) Power output of the BESS. 

 

 

(e) Power output of the PV generation. 

Figure 52. Performance when a DC-side surplus load happens. 

The disturbance caused by a DC-side surplus load has trivial effects on the AC side of the 

hybrid microgrid. However, both the bus voltage and power generation on the DC side oscillate. 

Specifically, the bus voltage of the main DC bus has a large voltage dip of over 5%, which may 

result in poor power quality and threaten the normal operation of electric devices.   

Second, we consider the scenario in which the operational environment of the PV 

generation changes. Suppose the irradiance decreases from 1000 𝑊/𝑚2 to 800 𝑊/𝑚2, and the 

temperature decreases from 25℃ to 20℃ beginning at t=0.35s. The simulation results are shown 

in Figure 53. 
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(a) Signals at Bus 6. 

 

 
(b) Signals at AC/DC interfacing Bus 8. 

 

 
(c) Signals at DC bus. 
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(d) Power output of the BESS. 

 

 
(e) Power output of the PV generation. 

Figure 53. Performance when the PV operation environment changes. 

The change in the operational environment of the PV generation does not lead to evident 

disturbance on the AC side of the hybrid microgrid. The DC side gets into a new steady state within 

0.1s of the change happenings. A voltage dip of around 3% can be observed at the main DC bus.  

Last, we consider a disturbance caused by a suddenly decreasing load in the AC microgrid. 

Suppose the unbalanced AC load installed at Bus 7 is shed beginning at t=0.35s. The simulation 

results are shown in Figure 54. 
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(a) Signals at Bus 6. 

 

 
(b) Signals at AC/DC interfacing Bus 8. 

 

 
(c) Signals at DC bus. 
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(d) Power output of the BESS. 

 

 
(e) Power output of the PV generation. 

Figure 54. Performance when an AC-side load shedding happens. 

Table 22: Effects of disturbance on hybrid microgrid 

Disturbance location Disturbance type DC-side AC-side 

DC-side 

A surplus load Voltage dip Normal 

Operational 

environment changes 

Voltage dip Normal 

AC-side Load shedding Normal Power regulation 

When an AC-side load shedding happens, the diesel generator installed in the AC microgrid 

can regulate its power output to fit the updated power flow. Small oscillations of bus voltage and 
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power generation can be detected in the DC microgrid, but they are not severe enough to weaken 

the stable operation of the grid.  

Table 22 concludes the effects of different types of disturbances on each side of the AC/DC 

hybrid microgrid. 

5.5 Voltage instability alleviation using droop control   

In this section, we propose a droop-control-based methodology to alleviate the voltage 

instability (voltage dip) due to disturbances.  

5.5.1  Power flow management using droop control 

 
Figure 55. The simplified framework of power flow in the hybrid microgrid. 

A simplified power flow diagram is shown as Figure 55. In the operation of power grids, 

the operator first needs to balance the DC-side power generation supplied to the AC-side and the 

AC-side power consumption. During the power regulation, power imbalance may cause voltage 

instability. Therefore, our objective is to alleviate the voltage instability while at the same time 

regulating the power flow. Especially, the DC-side transient voltage can be investigated by 

examining the voltage nadir, as introduced in the next subsection.  
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Figure 56. Droop controllers in the hybrid microgrid. 

Therefore, we design droop controllers for the interfacing inverter, the BESS, and the PV 

system respectively. The droop characteristics of the droop controllers are described as follows: 

 𝑃𝑖𝑛𝑣 = 𝑃𝑖𝑛𝑣_𝑟𝑒𝑓 + 𝐾𝑖𝑛𝑣(𝑉𝑑𝑐 − 𝑉𝑑𝑐_𝑟𝑒𝑓)  (5. 16) 

 𝑉𝑑𝑐 = 𝑉𝑑𝑐_𝑟𝑒𝑓 + 𝐾𝑏𝑡(𝑃𝑏𝑡 − 𝑃𝑏𝑡_𝑟𝑒𝑓)  (5. 17) 

 𝑃𝑝𝑣 = 𝑃𝑝𝑣_𝑟𝑒𝑓 + 𝐾𝑝𝑣(𝑉𝑑𝑐 − 𝑉𝑑𝑐_𝑟𝑒𝑓)  (5. 18) 

The proposed power flow management method can alleviate the voltage instability and 

oscillation by coordinating multiple power generation and loads when a disturbance happens. 

Besides, it is worth mentioning that the PV system can track the maximum power point and usually 

works in maximum power mode, but power shedding is allowed if necessary. For example, when 

the irradiance is large and the power generation is in excess, it is suggested to shed a part of the 

power output of the PV system. 

5.5.2  The evaluation of stability using voltage nadir 

In this section, we evaluate the stability of the hybrid microgrid installed with droop 

controllers. The voltage nadir during a dynamic process caused by a disturbance is measured to 

reflect system stability. A small-scale AC/DC hybrid microgrid as shown in Figure 57 is taken as 
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an illustrative example. A droop controller is installed at the power inverter, the BESS, and the PV 

generation system. 

 
Figure 57. The framework of a small-scale hybrid microgrid. 

Considering the proposed models of power inverter and power converter in section Ⅱ.C, the control 

diagram of the small-scale microgrid can be described by Figure 58. This control diagram can be 

utilized to investigate the voltage nadir analytically and to implement sensitivity analysis with 

reduced runtime. Before that, however, we first need to validate the correctness and accuracy of 

this control diagram by the following case study. 

Suppose the PV generation system is allowed to shed power beginning at t=0.3s and that 

an extra DC-side 2kW load (around 45 Ohm resistive load) is plugged into the DC-side main bus 

beginning at t=0.5s. The simulation results are shown in Figure 59. When the PV generation system 

is allowed to shed power at t=0.3s, there is instantly about 1.5kW of power shedding considering 

the total power consumption in the microgrid. When an extra AC-side load is plugged in at t=0.5s, 

less power shedding (around 0.25kW) is needed because of the increased power load consumption. 

In addition, it is observed that the voltage nadir caused by the plug-in surplus load is 0.9845 (p.u.) 

at t=0.514s. The steady-state voltage before the plug-in of the surplus load is 0.9989 (p.u.) during 
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t=0.37s~0.5s, and the steady-state voltage after the plug-in of the surplus load is 0.9898 (p.u.) at 

t=0.63s. 

 
Figure 58. The control diagram of a small-scale hybrid microgrid. 

Comparably, the dynamics obtained from the proposed control diagram are shown in 

Figure 60. Suppose the same surplus load (an extra DC-side 2kW load) is plugged in at t=0.5s. It 

is observed that the voltage nadir is 0.9822 (p.u.) at t=0.511s. The steady-state voltage before the 

plug-in of the surplus load is 0.9996 (p.u.) during t=0.37s~0.5s, and the steady-state voltage after 

the plug-in of the surplus load is 0.9904 (p.u.) beginning at t=0.63s. The difference of the voltage 

dip between the microgrid simulation and the control diagram can be measured by the root mean 

square error (RMSE). In this case, the RMSE is 0.0333%, which means the difference is ignorable. 
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(a) Power output of the PV generation. 

 

 
(b) Signals at DC bus. 

Figure 59. Voltage nadir measured in the Simulink simulation. 

 
Figure 60. Voltage nadir measured in the equivalent control diagram. 
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Table 23: The comparison of dynamics between simulation and control diagram 

Load disturbance +2.0kW +4.0kW +1.5kW +0.5kW 

Microgrid 

simulation 

Steady-state voltage before 

disturbance 

0.9989 0.9989 0.9989 0.9989 

Voltage nadir 0.9845 0.9691 0.9879 0.9953 

Steady-state voltage after 

disturbance 

0.9898 0.9731 0.9920 0.9966 

Control diagram 

Steady-state voltage before 

disturbance 

0.9996 0.9996 0.9996 0.9996 

Voltage nadir 0.9822 0.9657 0.9865 0.9952 

Steady-state voltage after 

disturbance 

0.9904 0.9816 0.9927 0.9973 

RMSE(%) 0.0333 0.1933 

3.7007e-

15 

0.0433 

We implement multiple case studies with different power load disturbances to validate the 

equivalency of the proposed control diagram. The key parameters are measured and compared in 

Table 23, including the steady-state voltage before disturbance, the voltage nadir, and the steady-

state voltage after disturbance. It is observed from Table 23 that the RMSE between the microgrid 

simulation and the control diagram is ignorable when we investigate voltage stability. Therefore, 

we can conclude that the stability-related performance of the control diagram is very close to that 

of the microgrid EMT simulation, which validates the equivalency and correctness of the proposed 

control diagram.  
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Figure 61. Sensitivity analysis of voltage nadir (p.u.). 

Next, we formulate a sensitivity analysis of the droop control to the voltage nadir. The 

equivalent control diagram is leveraged to reduce the runtime of the sensitivity analysis. From the 

sensitivity analysis results in Figure 61, it is noticed that the parameters of the droop controllers of 

different power devices have different impacts on the voltage nadir. Based on the sensitivity 

analysis of the voltage nadir, a stability-aware operation constraint for the optimization problem 

of power flow management can be proposed, which will be considered in our future work. 

Furthermore, the proposed control diagram could also be leveraged to develop an analytical 

solution to the voltage nadir. Then we can investigate more impact factors of voltage nadir, such 

as system designs, and different types of faults and disturbances.  

5.6 Conclusion and Future Work 

In this chapter, we propose the modeling of a typical AC/DC hybrid microgrid with 

renewable energy sources, including a BESS and a PV generation system. The involved power 
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converters are modeled using the circuit-averaging technique, which has a greatly reduced 

simulation runtime and further assists in the analytical study. Based on the proposed microgrid 

modeling, we also discuss the stability of a hybrid microgrid when a fault or disturbance occurs. 

In addition, we present a framework of voltage instability alleviation based on droop control, 

which can improve the voltage nadir and regulate power flow during grid operation. Our future 

work will investigate more impact factors of the voltage nadir, and find an optimal design for the 

stability-aware power management system. 
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Chapter 6 Conclusions and Future Work 

The main objective of our research is to develop large-signal stability analysis in power-

converter-dominated DC microgrids with nonlinear loads. We also extend the research to AC/DC 

hybrid microgrids where we preliminarily investigate the simulation modeling and voltage stability 

analysis. In this chapter, we summarize the contributions of our research and propose some 

emerging future work.  

In Chapter 2, we rigorously derive the sufficient criteria for large-signal stability in the DC 

microgrid with a single constant power load (CPL) from the perspective of Brayton-Moser’s 

potential theory. The acquisition of sufficient criteria for global asymptotic stability is derived from 

Tellegen’s theorem and stability theories. Additionally, we present a novel distributed control 

method for power converters in DC microgrids, which exhibits better performance than traditional 

droop control. In Chapter 3, we propose large-signal stability analysis from the perspective of 

potential theory in complex DC microgrids with multiple equilibrium points. On the one hand, we 

study the stability of each equilibrium and the convergence of state trajectories with different 

starting points; on the other hand, we estimate the multiple regions of attractions (ROAs) in 

microgrids with simple strategies. The conventional potential theory is a flawed but creative and 

useful tool in large-signal stability analysis in nonlinear circuits. However, it has not been 

understood and facilitated precisely and completely in many past studies. Therefore, we correct 

the misunderstanding of potential theory and clarify related theoretical bases. In Chapter 4, we 



149 

 

propose a novel approach to ROA estimation in complex DC microgrids from the perspective of 

potential theory. Specifically, we investigate ROA estimation with less conservativeness using the 

revised Brayton-Moser mixed potential theory. The approach targets the nonlinear model itself 

instead of the linearized model, which improves the algorithm accuracy. Moreover, our proposed 

approach is scalable in large-scale DC power grids with algorithm strategies. We separate the state 

variables with strong relationships to stability from those with weak relationships. The strategy 

reduces the computational cost and lessens the curse of dimensionality. It is also verified in our 

case study that our approach obtains a less-conservative ROA compared to the traditional 

Lyapunov method. In Chapter 5, we investigate the modeling of AC/DC hybrid microgrids with 

grid-forming and grid-following power converters. A rapid simulation technique is proposed to 

reduce the simulation runtime without loss of generality. The stability of hybrid microgrids is 

discussed with different types of faults and disturbances. Especially, the voltage nadir is examined 

to evaluate the transient stability of the hybrid microgrid. The droop controller is designed to 

regulate the power flow and alleviate voltage instability. During our study, a Simulink-based 

simulation platform is established for operation analysis of microgrid. 

Future work will be developed based on our work in Chapter 5. We will continue to 

investigate the voltage stability in AC/DC hybrid microgrids, for example, figure out the 

significant impact factors of the voltage nadir, get an analytical solution to the voltage nadir, etc. 

Besides, we can propose an optimization problem of stability-aware power flow management, 

which considers stability-related operational constraints to ensure the stable operation of hybrid 

microgrids during power flow management. Furthermore, with deeper knowledge about the 
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transient characteristics of hybrid microgrids, we can design a novel fault detection and protection 

scheme specified for hybrid microgrids. 


