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A. Proof of main results

In this section, we give the proofs of our main results stated in Zhu, Wang and Samworth (2021),
hereafter referred to as the main text. Auxiliary lemmas, together with their proofs, are deferred to
Section B.

We define two linear maps D,F : Rd×d → Rd×d, such that for any A = (Aij) ∈ Rd×d, we have
[D(A)]ij := Aij1{i=j} and F(A) := A − D(A). In other words, D(A) and F(A) correspond to the

diagonal and off-diagonal parts of A respectively. For j ∈ [d], let ej ∈ Rd denote the standard basis
vector along the jth coordinate axis and let 1d denote the all-one vector in Rd. Moreover, for a, b ≥ 0,
we write a . b if there exists a universal constant C > 0 such that a ≤ Cb, and, where a and b may
depend on an additional variable x, say, we write a .x b if there exists C > 0, depending only on x,
such that a ≤ Cb.

Proof (of Theorem 1). To simplify notation, we write V̂K = V̂OPW
K in this proof. Since yi =

VKui + zi, we have that

‖yi‖ψ2
≤ ‖VKui‖ψ2

+ ‖zi‖ψ2
= ‖ui‖ψ2

+ ‖zi‖ψ2
≤ (λ

1/2
1 + 1)τ. (1)

Moreover, since maxj∈[d] ‖y1j‖ψ2
≤ M1/2 by Lemma 1, it follows from van der Vaart and Wellner

(1996, Lemma 2.2.2) that there exist a universal constant C > 0 such that†∥∥‖yi‖∞∥∥ψ2
≤ {CM log d}1/2. (2)

Recall that ỹ>i = (ỹi1, . . . , ỹid) denotes the ith row of YΩ. Define Ai := F(ỹiỹ
>
i ) and Bi := D(ỹiỹ

>
i ).

We have the following decomposition:

Ĝ =
1

n

n∑
i=1

(
1

p̂2
Ai −

1

p2
EAi

)
+

1

n

n∑
i=1

(
1

p̂
Bi −

1

p
EBi

)
+ Σy

=
1

np̂2

n∑
i=1

(Ai − EAi) +
1

np̂

n∑
i=1

(Bi − EBi) +

(
1

p̂2
− 1

p2

)
EA1 +

(
1

p̂
− 1

p

)
EB1 + Σy

=
1

np̂2

n∑
i=1

(Ai − EAi) +
1

np̂

n∑
i=1

(Bi − EBi) +

(
p2

p̂2
− 1

)
F(Σy) +

(
p

p̂
− 1

)
D(Σy) + Σy

=
1

np̂2

n∑
i=1

(Ai − EAi) +
1

np̂

n∑
i=1

(Bi − EBi) +

(
p

p̂
− p2

p̂2

)
D(Σy) +

p2

p̂2
Σy.

†In van der Vaart and Wellner (1996), the ψ2-norm of a random variable is defined slightly differently as

‖X‖ψ2
:= inf{a : Ee(X/a)2 ≤ 2}. It can be shown (Vershynin, 2012, Lemma 5.5) that these two norms are

equivalent.
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We regard Ĝ as a perturbed version of (p2/p̂2)Σy. Applying Yu, Wang and Samworth (2015,
Theorem 2), we have

L(V̂K ,VK)

≤ 2K1/2p̂2

p2λK

∥∥∥∥ 1

np̂2

n∑
i=1

(Ai − EAi) +
1

np̂

n∑
i=1

(Bi − EBi) +

(
p

p̂
− p2

p̂2

)
D(Σy)

∥∥∥∥
op

≤ 2K1/2

λK

(∥∥∥∥ 1

np2

n∑
i=1

(Ai − EAi)

∥∥∥∥
op

+

∥∥∥∥ p̂

np2

n∑
i=1

(Bi − EBi)

∥∥∥∥
op

+

∥∥∥∥( p̂p − 1

)
D(Σy)

∥∥∥∥
op

)
. (3)

We will control the expectation of the three terms on the right-hand side of (3) separately. Define

p̂i := d−1
∑d

j=1 ωij . For notational simplicity, we write P′ and E′ respectively for the probability

and expectation conditional on (p̂1, . . . , p̂n). Also, let p̂
(2)
i := E′(ωi1ωi2) and p̂

(3)
i := E′(ωi1ωi2ωi3) (if

d = 2, then p̂
(3)
i := 0). For the first term, we apply a symmetrisation argument. Let {A∗i }ni=1 denote

copies of {Ai}ni=1 that are independent of {ui, zi,ωi}ni=1, let {εi}ni=1 be independent Rademacher
random variables that are independent of {ui, zi,ωi,A∗i }ni=1 and write E∗ for expectation conditional
on {ui, zi,ωi}ni=1. Then by Jensen’s inequality,

E
∥∥∥∥ 1

np2

n∑
i=1

(Ai − EAi)

∥∥∥∥
op

= E
∥∥∥∥ 1

np2

n∑
i=1

(Ai − E∗A∗i )
∥∥∥∥
op

≤ E
∥∥∥∥ 1

np2

n∑
i=1

(Ai −A∗i )

∥∥∥∥
op

= E
∥∥∥∥ 1

np2

n∑
i=1

εi(Ai −A∗i )

∥∥∥∥
op

≤ 2E
∥∥∥∥ 1

np2

n∑
i=1

εiAi

∥∥∥∥
op

. (4)

Since Ai = ỹiỹ
>
i −D(ỹiỹ

>
i ), we have that

E′{(A2
i )jk | yi} =

E′{ỹ2ij‖ỹi‖22 − ỹ4ij | yi} = p̂
(2)
i y2ij

∑
t6=j y

2
it, if j = k,∑

t/∈{j,k} E′{ỹij ỹikỹ2it | yi} = p̂
(3)
i yijyik

∑
t/∈{j,k} y

2
it, if j 6= k.

For two symmetric matrices A,B ∈ Rd×d, we write A � B if B − A is positive semidefinite.
Writing yi,−t := yi − yitet, we then have

E′(A2
i | yi) = p̂

(3)
i

d∑
t=1

y2ityi,−ty
>
i,−t + (p̂

(2)
i − p̂

(3)
i )D

( d∑
t=1

y2ityi,−ty
>
i,−t

)

� p̂(3)i ‖yi‖
2
∞

d∑
t=1

yi,−ty
>
i,−t + (p̂

(2)
i − p̂

(3)
i )‖yi‖2∞D

( d∑
t=1

yi,−ty
>
i,−t

)
.

Notice that

d∑
t=1

yi,−ty
>
i,−t =

d∑
t=1

(
yiy
>
i − yitety>i − yityie>t + y2itete

>
t

)
= (d− 2)yiy

>
i +D(yiy

>
i ).

Therefore,

E′(A2
i | yi) � ‖yi‖2∞

{
p̂
(3)
i (d− 2)yiy

>
i +

(
(d− 1)p̂

(2)
i − (d− 2)p̂

(3)
i

)
D(yiy

>
i )
}

� d‖yi‖2∞
{
p̂
(3)
i yiy

>
i + p̂

(2)
i D(yiy

>
i )
}
.

Now, observe that ‖Ai‖op ≤ dp̂i‖yi‖2∞, so for q ≥ 2,

E′
(
Aq
i

)
� E′

{
(dp̂i‖yi‖2∞)q−2E′(A2

i | yi)
}
� dq−1p̂q−2i E′

[
‖yi‖2q−2∞

{
p̂
(3)
i yiy

>
i + p̂

(2)
i D(yiy

>
i )
}]
.
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By the Cauchy–Schwarz inequality, we therefore have that

‖E′
(
εqiA

q
i

)
‖op ≤ dq−1p̂q−2i p̂

(3)
i

[
E
(
‖yi‖4q−4∞

)
sup

v∈Sd−1

E
{

(v>yi)
4
}]1/2

+ dq−1p̂q−2i p̂
(2)
i E‖yi‖2q∞

≤ dq−1p̂q−2i

{
p̂
(3)
i (4q − 4)q−1(CM log d)q−18Rτ2 + p̂

(2)
i (2q)q(CM log d)q

}
≤ q!

2

{
32eCMRτ2p̂

(3)
i d log d+ e2p̂

(2)
i d(CM log d)2

}(
4eCMp̂id log d

)q−2
≤ q!

2
C ′Md log d

{
Rτ2p̂

(3)
i + p̂

(2)
i M log d

}(
4eCMp̂id log d

)q−2
,

where C ′ > 0 is a universal constant, the second inequality uses (1) and (2) and the penultimate
bound uses Stirling’s inequality.

Let ρ := 4eCMd(maxi p̂i) log d and σ2 := C ′Mn−1d log d
∑n

i=1

{
Rτ2p̂

(3)
i + p̂

(2)
i M log d

}
. Then by

Tropp (2012, Theorem 6.2), we obtain that

P′
(∥∥∥∥ 1

n

n∑
i=1

εiAi

∥∥∥∥
op

≥ t
)
≤ 2d exp

(
−nt2/2
σ2 + ρt

)
.

Consequently, for t0 := 2σn−1/2 log1/2 d+ 4ρn−1 log d, we have

E′
∥∥∥∥ 1

n

n∑
i=1

εiAi

∥∥∥∥
op

≤ t0 +

∫ ∞
t0

2d
{
e−nt

2/(4σ2) + e−nt/(4ρ)
}
dt ≤ 4t0.

Given (4), integrating the left-hand side of the above inequality over (p̂i)
n
i=1 yields

E
∥∥∥∥ 1

np2

n∑
i=1

(Ai − EAi)

∥∥∥∥
op

.
(Eσ2)1/2 log1/2 d

n1/2p2
+

Eρ log d

np2

.

√
Md{Rτ2p+M log d} log2 d

np2
+
Md log2 d log n

np
, (5)

where the first inequality uses Jensen’s inequality and the second inequality uses Lemma 4.
For the second sum on the right-hand side of (3), we have by van der Vaart and Wellner (1996,

Lemma 2.2.2) again that∥∥∥∥∥∥∥∥ 1

n

n∑
i=1

(Bi − EBi)

∥∥∥∥
op

∥∥∥∥
ψ1

=

∥∥∥∥max
j∈[d]

∣∣∣∣ 1n
n∑
i=1

(ỹ2ij − Eỹ2ij)
∣∣∣∣∥∥∥∥
ψ1

.
log d

n

∥∥∥∥ n∑
i=1

(ỹ2i1 − Eỹ2i1)
∥∥∥∥
ψ1

.
M log d√

n
,

where the final inequality uses Lemma 2 and the fact that ‖ỹ2i1 − Eỹ2i1‖ψ1
≤ ‖ỹ2i1‖ψ1

+ Eỹ2i1 ≤ 2M .
Now by the Cauchy–Schwarz inequality,

E
∥∥∥∥ p̂

np2

n∑
i=1

(Bi − EBi)

∥∥∥∥
op

≤
{
E
(
p̂2

p4

)
E
(∥∥∥∥ 1

n

n∑
i=1

(Bi − EBi)

∥∥∥∥2
op

)}1/2

.

{(
1

p2
+

1

ndp3

)
M2 log2 d

n

}1/2

.
M log d

p
√
n

, (6)

which is dominated by the bound in (5).
Finally, for the third term on the right-hand side of (3), we have by the Cauchy–Schwarz inequality

again that

E
∥∥∥∥( p̂p − 1

)
D(Σy)

∥∥∥∥
op

.
M√
ndp

, (7)
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which is also dominated by the bound in (5). Substituting (5), (6) and (7) into (3) establishes (5) in
the main text.

If we regard M and τ as constants and if n ≥ d log2 d log2 n/(λ1p+ log d), then the second term in
the curly bracket of the right-hand side of (5) in the main text is dominated up to a constant by the
first term, and claim (6) in the main text follows immediately.

Proof (of Theorem 2). Without loss of generality, we may assume that d ≥ 50 and that d
is even, and write d = 2h for some h ∈ N. By the Gilbert–Varshamov lemma (see, e.g. Massart,
2007, Lemma 4.7), there exist W ⊆ {0, 1}h such that log |W | ≥ h/16 and for any distinct pair of
vectors w,w′ ∈ W , their Hamming distance, denoted by dH(w,w′), is at least h/4. Let γ ∈ [0, π/2]
be a real number to be specified later. Recall also that the Kronecker product of two matrices
A = (Aij) ∈ Rd1×d2 and B = (Bij) ∈ Rd′1×d′2 is defined as the block matrix

A⊗B :=

A11B · · · A1d2B
...

. . .
...

Ad11B · · · Ad1d2B

 ∈ Rd1d′1×d2d′2 .

To each w ∈W , we can associate a distribution Pw ∈ Pn,d(λ1, p) such that U is a random vector (n×1
random matrix) with independent N(0, λ1) entries, Z is an n × d random matrix with independent
N(0, 1) entries, and

V1 = V1,w :=
1√
h

{
w ⊗

(
cos γ
sin γ

)
+ (1h −w)⊗

(
cos γ
− sin γ

)}
∈ Sd−1.

Fixing distinct w,w′ ∈ W , we write v = (vj)j∈[d] := V1,w and v′ = (v′j)j∈[d] := V1,w′ and let
Qw and Qw′ denote respectively the marginal distribution of (ỹ1,ω1) under Pw and Pw′ . Define
S := {j ∈ [d] : ω1j = 1} and also set v̄S := (vj1{j∈S})j∈[d] ∈ Rd and v̄′S := (v′j1{j∈S})j∈[d] ∈ Rd. Then
the Kullback–Leibler divergence‡ from Pw′ to Pw is given by

KL(Pw, Pw′) = KL(Q⊗nw , Q⊗nw′ ) = nKL(Qw, Qw′) = nEQw

{
EQw

(
log

dQw

dQw′

∣∣∣∣ ω1

)}
= nEKL

(
Nd(0, Id + λ1v̄Sv̄>S ), Nd(0, Id + λ1v̄

′
Sv̄
′>
S )
)
, (8)

where the final expectation is over the marginal distribution of S under Pw. We partition S =
S0 t S1+ t S1−, where S0 := {j ∈ S : j is odd}, S1+ := {j ∈ S : j is even and vj = v̄′j} and S1− :=

{j ∈ S : j is even and vj 6= v′j}. Since by construction we always have ‖v̄S‖2 = ‖v̄′S‖2, we can apply
Lemma 5 to obtain

KL
(
N(0, Id + λ1v̄Sv̄>S ), N(0, Id + λ1v̄

′
S(v̄′S)>)

)
=
λ21(‖v̄S‖42 − 〈v̄S , v̄′S〉2)

2(1 + λ1‖v̄S‖22)

≤
λ21〈v̄S , v̄S + v̄′S〉〈v̄S , v̄S − v̄′S〉

2 max{1, λ1‖v̄S‖22}
=
λ21
(∑

j∈S0∪S1+
2v2j
)(∑

j∈S1−
2v2j
)

2 max{1, λ1
∑

j∈S v
2
j }

≤ min

{
2λ21
h2
(
|S0 × S1−| sin2 γ cos2 γ + |S1+ × S1−| sin4 γ

)
,

2λ1|S1−| sin2 γ

h

}
.

Substituting the above bound into (8), we have

KL(Pw, Pw′) ≤ 2nλ1pmin{1, λ1p} sin2 γ. (9)

On the other hand, since dH(w,w′) ≥ h/4, we also have

sin2 Θ(v,v′) = 1− (v>v′)2 = 1−
(

1− 2dH(w,w′) sin2 γ

h

)2

≥ 1

2
sin2 γ. (10)

‡Recall that for two distributions P1 and P2 defined on the same measurable space (X ,A) and such that
P1 is absolutely continuous with respect to P2, the Kullback–Leibler divergence from P2 to P1 is given by
KL(P1, P2) :=

∫
X log dP1

dP2
dP1.
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By (9), (10) and Fano’s inequality (Yu, 1997, Lemma 3),

inf
v̂

sup
P∈Pn,d,1(λ1,p)

EPL(v̂,v) ≥ inf
v̂

max
w∈W

EPw
L(v̂,v)

≥ 1

2
√

2
sin γ

(
1− log 2 + 2nλ1pmin{1, λ1p} sin2 γ

log |W |

)
.

We now choose γ ∈ [0, π/2] such that sin2 γ = min
{ log |W |
8nλ1pmin{1,λ1p} , 1

}
. Since d ≥ 50, we obtain

log |W | ≥ d/32 ≥ 2 log 2. Therefore,

inf
v̂

sup
P∈Pn,d,1(λ1,p)

EPL(v̂,v) ≥ 1

8
√

2
sin γ ≥ min

{
1

200λ1

√
dmax(1, λ1p)

np2
,

1

8
√

2

}
,

as desired.

Proof (of Proposition 1). For notational simplicity, we write V̂K := V̂
(in)
K and V̂S,K :=

(V̂K)S for any S ⊆ [d], and let W ∈ OK×K be the solution to the Procrustes problem for VK

and R, so that W = argminO∈OK×K ‖V̂K −RO‖F and ‖V̂K −RW‖2→∞ = T (V̂K ,R) (see the dis-

cussion around (7) in the main text). For i ∈ I, let `>i ∈ RK denote the ith row of L. For any i ∈ I,
we have ŷi,Ji

= yi,Ji
and

ŷi,J c
i
− yi,J c

i
= V̂J c

i ,K(V̂>Ji,KV̂Ji,K)−1V̂>Ji,Kyi,Ji
− yi,J c

i

= V̂J c
i ,K(V̂>Ji,KV̂Ji,K)−1V̂>Ji,KRJi

WW−1Γ`i −RJ c
i
Γ`i

= V̂J c
i ,K(V̂>Ji,KV̂Ji,K)−1V̂>Ji,K(RJi

W − V̂Ji,K)W−1Γ`i + (V̂J c
i ,K −RJ c

i
W)W−1Γ`i.

Thus

‖ŷi,J c
i
− yi,J c

i
‖∞ ≤ σ∗

√
d‖V̂J c

i ,K‖2→∞‖RJi
W − V̂Ji,K‖2→∞‖Γ`i‖2 + ‖V̂J c

i ,K −RJ c
i
W‖2→∞‖Γ`i‖2

≤ ∆‖Γ`i‖2
(
1 + σ∗

√
d‖V̂K‖2→∞

)
≤ ∆σ1(Γ)µ

(
K

n

)1/2{
1 + σ∗

(
µ
√
K + ∆

√
d
)}

≤ C ′

n1/2
∆σ1(Γ)µ2K =: m,

say, where C ′ > 0 depends only on σ∗ and c1. Note that the inequality above holds for all i ∈ I. Writing
E := Ŷ−Y for convenience, we have found that ‖E‖∞ ≤ m. Let L⊥ ∈ On×(n−K),R⊥ ∈ Od×(d−K) be
the orthogonal complements of L ∈ On×K and R ∈ Od×K respectively, so that (L,L⊥) ∈ On×n and
(R,R⊥) ∈ Od×d. We wish to apply Cai and Zhang (2018a, Theorem 1). To this end, note that

‖L>ER‖op = sup
s,t∈SK−1

(Ls)>E(Rt) ≤ ‖L‖2→∞‖R‖2→∞‖E‖1 ≤
Kµ2m‖Ωc‖1√

nd
.

Hence, writing α := σK(Γ + L>ER), we have by Weyl’s inequality that

σK(Γ)− Kµ2m‖Ωc‖1√
nd

≤ α ≤ σK(Γ) +
Kµ2m‖Ωc‖1√

nd
.

Now, writing β := ‖L>⊥ŶR⊥‖op = ‖L>⊥ER⊥‖op, we have

β ≤ ‖E‖op ≤ ‖E‖F ≤ m
√
‖Ωc‖1.

In addition, by Cauchy–Schwarz and Jensen’s inequality,

‖L>E‖op = sup
s∈SK−1

t∈Sd−1

(Ls)>Et ≤ ‖L‖2→∞ sup
t∈SK−1

‖Et‖1

≤ µ(Kn)1/2
1

n

n∑
i=1

m
√
‖ωc

i‖1 ≤ µm(K‖Ωc‖1)1/2.



6 Ziwei Zhu, Tengyao Wang and Richard J. Samworth

Similarly,
‖ER‖op ≤ µm(K‖Ωc‖1)1/2.

Hence there exists c1 > 0, depending only on σ∗, such that whenever ∆ ≤ c1σK(Γ)

K2µ4σ1(Γ)
√
d
, we have

α2 − β2 −min(‖L>E‖2op, ‖ER‖2op) ≥
σ2K(Γ)

2
and α, β ≤ 2σK(Γ).

Now let Ŷ = L̂Γ̂R̂> be an SVD of Ŷ. We can now apply Cai and Zhang (2018a, Theorem 1) to
deduce that for such c1,

‖ sin Θ(R̂,R)‖op ≤
α‖L>E‖op + β‖ER‖op

α2 − β2 −min(‖L>E‖2op, ‖ER‖2op)
≤ 8mµ(K‖Ωc‖1)1/2

σK(Γ)

≤ 8C ′K3/2σ1(Γ)µ3

σK(Γ)

(
‖Ωc‖1
n

)1/2

∆ =: κ∆,

say. Similarly,

‖ sin Θ(L̂,L)‖op ≤
α‖ER‖op + β‖L>E‖op

α2 − β2 −min(‖L>E‖2op, ‖ER‖2op)
≤ κ∆.

We are now in a position to show contraction in terms of two-to-infinity norm. By Cape, Tang and
Priebe (2018, Theorem 3.7),

T (R̂,R) ≤
2‖R⊥R>⊥E>LL>‖2→∞

σK(Γ)
+

2‖R⊥R>⊥E>L⊥L>⊥‖2→∞
σK(Γ)

‖ sin Θ(L̂,L)‖op

+ ‖ sin Θ(R̂,R)‖2op‖R‖2→∞ =: T1 + T2 + T3, (11)

say. Note that

‖R⊥R>⊥‖∞→∞ ≤ ‖Id‖∞→∞ + ‖RR>‖∞→∞ = 1 + sup
‖v‖∞≤1

‖RR>v‖∞

≤ 1 + sup
‖v‖2≤

√
d

‖R‖2→∞‖R>v‖2 ≤ 1 +
√
Kµ.

Hence,

T1 ≤
2(1 +

√
Kµ)‖E>LL>‖2→∞
σK(Γ)

≤ 2(1 +
√
Kµ)‖E>L‖2→∞
σK(Γ)

≤ 2(1 +
√
Kµ)µ

√
Km‖Ωc‖1→1√

nσK(Γ)
.
K2µ4σ1(Γ)‖Ωc‖1→1∆

nσK(Γ)
.

Moreover,

T2 ≤
2(1 +

√
Kµ)‖E>‖2→∞κ∆

σK(Γ)
≤ 2(1 +

√
Kµ)m‖Ωc‖1/21→1κ∆

σK(Γ)

.
K3/2µ3σ1(Γ)‖Ωc‖1/21→1κ∆2

√
nσK(Γ)

.

Finally,

T3 ≤ µκ2∆2

(
K

d

)1/2

.

Write

η :=
K2σ1(Γ)‖Ωc‖1/21→1√

nσK(Γ)
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for simplicity, so that κ .σ∗ µ
3(d/K)1/2η. Given that T (V̂

(out)
K ,VK) = T (R̂,R), substituting the

bounds for T1, T2, T3 into (11) yields that

T (V̂
(out)
K ,VK) .σ∗

{
µ4η

(
‖Ωc‖1→1

n

)1/2

+ µ6
d1/2

K
η2∆ + µ7

(
d

K

)1/2

η2∆

}
∆

≤ η2
{
σK(Γ)µ4

K2σ1(Γ)
+ 2µ7

(
d

K

)1/2

∆

}
∆ .

µ4η2σK(Γ)

K2σ1(Γ)
∆

=
µ4K2σ1(Γ)‖Ωc‖1→1

σK(Γ)n
∆,

as desired.

Proof (of Theorem 3). We prove this result by induction on t. The case t = 0 is true by
definition of ∆, so suppose that the conclusion holds for some t ∈ {0} ∪ [niter − 1]. We make the
following two claims:

(a) I(t) = I;

(b) The error is further contracted by refinement, i.e., T (V̂
(t+1)
K ,VK) ≤ ρT (V̂

(t)
K ,VK).

To prove claim (a), similarly to the proof of Proposition 1, let W ∈ OK×K be the solution to the

Procrustes problem for V̂
(t)
K and VK . Notice that for each i ∈ [n], by Weyl’s inequality and the

inductive hypothesis,∣∣σK((V̂(t)
K )Ji

)
− σK((VK)Ji

)
∣∣ =

∣∣σK((V̂(t)
K )Ji

)
− σK

(
(VK)Ji

W
)∣∣

≤
∥∥(V̂

(t)
K )Ji

− (VK)Ji
W
∥∥
op

≤ |Ji|1/2T
(
V̂

(t)
K ,VK

)
≤ |Ji|1/2ρt∆.

Now, for i ∈ I,

σK
(
(V̂

(t)
K )Ji

)
≥ σK

(
(VK)Ji

)
−
∣∣σK((V̂(t)

K )Ji

)
− σK

(
(VK)Ji

)∣∣
≥
(
σ−1∗ + ε−

√
d∆
)
(|Ji|/d)1/2.

On the other hand, if i ∈ Ic and ‖ωi‖1 > K, then

σK
(
(V̂

(t)
K )Ji

)
≤ σK

(
(VK)Ji

)
+ |σK

(
(V̂

(t)
K )Ji

)
− σK

(
(VK)Ji

)
|

≤
(
σ−1∗ − ε+

√
d∆
)
(|Ji|/d)1/2.

Hence, if we choose c1 ≤ ε, then
√
d∆ < ε, so for i ∈ I,

σK
(
(V̂

(t)
K )Ji

)
>
( |Ji|
dσ∗

)1/2
;

moreover, for i ∈ Ic,

σK
(
(V̂

(t)
K )Ji

)
<
( |Ji|
dσ∗

)1/2
.

Claim (a) follows. As for claim (b), note that V̂
(t+1)
K = refine(K, V̂

(t)
K ,ΩI(t) , (YΩ)I(t)). Taking

c1, C > 0 from Proposition 1, and reducing c1 if necessary so that c1 ≤ ε, we may apply this proposition
to deduce that whenever

(i) T (V̂
(t)
K ,VK) ≤ c1σK(Γ)

K2µ4σ1(Γ)
√
d
;

(ii) ρ := CK2µ4σ1(Γ)‖Ωc
I‖1→1

σK(Γ)|I| < 1,
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we have T (V̂
(t+1)
K ,VK) ≤ ρT (V̂

(t)
K ,VK). But the conditions (i) and (ii) are ensured by the inductive

hypothesis and our assumptions, so the conclusion follows.

It is convenient to prove Proposition 2 before Theorem 4.

Proof (of Proposition 2). In this proof, we use the shorthand Du := diag(u) for u ∈ Rd. We

represent G̃ under the orthonormal basis (VK ,V−K) as follows:

G̃ = (VK ,V−K)

(
V>KG̃VK V>KG̃V−K
V>−KG̃VK V>−KG̃V−K

)(
V>K
V>−K

)
.

Define

G∗ := (VK ,V−K)

(
V>KG̃VK 0

0 V>−KG̃V−K

)(
V>K
V>−K

)
.

In the sequel, we regard G̃ as a corrupted version of G∗ with the off-diagonal blocks V>KG̃V−K and

V>−KG̃VK as perturbations. We have

‖V>KG̃V−K‖F = ‖V>K(G̃−Σy)V−K‖F ≤ ‖V>K(G̃− EΩG̃)‖F

We control the right-hand side through a concentration inequality, and for k ∈ [K] let vk denote the
kth column of VK . For any j ∈ [d] and k ∈ [K],

v>k (G̃− EΩG̃)ej =
1

n

n∑
i=1

v>k
{
ỹiỹ
>
i ◦ W̃ − EΩ

(
ỹiỹ
>
i ◦ W̃

)}
ej

=
1

n

n∑
i=1

{
ỹ>i Dvk

W̃Dej
ỹi − EΩ

(
ỹ>i Dvk

W̃Dej
ỹi
)}

=
1

n

n∑
i=1

{
ỹijỹ

>
i Dvk

W̃j − EΩ
(
ỹijỹ

>
i Dvk

W̃j

)}
, (12)

where W̃j denotes the jth column of W̃.
Note that

‖yi‖ψ∗2 ≤ sup
v∈Sd−1

‖v>VKui‖ψ2
+ ‖v>zi‖ψ2√

v>VKΣuV>Kv + 1
≤ 2τ.

Thus for any vector a ∈ Rd, we have by Lemma 1 that

‖yij(a>yi)‖ψ1
≤ 2‖yij‖ψ2

‖a>yi‖ψ2
≤ 4τ(Ma>Σya)1/2.

For i ∈ [n], let ai := ωijW̃j ◦ vk ◦ ωi. Now for any q ≥ 2,

EΩ
∣∣ỹij(W̃>

j Dvk
ỹi)
∣∣q = EΩ|yija>i yi|q ≤

(
4qτ
√
Ma>i Σyai

)q
≤ 16qqτ2µ2KMR

d

(
4τµ

√
KMR‖W̃j‖22/d

)q−2 d∑
t=1

W̃ 2
tjωitωij

≤ 8e2q!τ2µ2KMR

d

(
4eτµ

√
KMR‖W̃j‖22/d

)q−2 d∑
t=1

W̃ 2
tjωitωij ,

where the penultimate inequality uses the fact that ‖ai‖22 ≤ Kµ2‖W̃j‖22/d, and the last inequality is
due to Stirling’s approximation.
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Hence,

1

n

n∑
i=1

EΩ|ỹijW̃>
j Dvk

ỹi|q ≤
8e2q!τ2µ2KMR

d

(
4eτµ

√
KMR‖W̃j‖22/d

)q−2 d∑
t=1

n∑
i=1

W̃ 2
jtωitωij

n

=
8e2q!τ2µ2KMR

d

(
4eτµ

√
KMR‖W̃j‖22/d

)q−2
‖W̃j‖1.

Thus by (12) and Bernstein’s inequality (Boucheron, Lugosi and Massart, 2013, Theorem 2.10), we
have that for any ξ > 0,

PΩ

{∣∣v>k (G̃− EΩG̃)ej
∣∣ ≥ 25/2eτµ

(
KMR

d

)1/2((ξ‖W̃j‖1
n

)1/2

+
ξ‖W̃j‖2

n

)}
≤ 2e−ξ. (13)

By a union bound over (j, k) ∈ [d]× [K], for any ξ > 1,

PΩ

{
‖V>KG̃V−K‖F ≥ 8eKτµ

(
MR

d

)1/2(ξ1/2‖W̃‖1/21 log1/2 d

n1/2
+
ξ‖W̃‖F log d

n

)}
≤ 2Kd−(ξ−1). (14)

Now we provide a condition under which λmin(V>KG̃VK) > ‖V>−KG̃V−K‖op, which ensures that
VK is the top K eigenspace of G∗. Note that

λmin(V>KG̃VK) ≥ λK + 1− ‖V>K(G̃−Σy)VK‖op ≥ λK + 1− ‖G̃−Σy‖op

and

‖V>−KG̃V−K‖op ≤ 1 + ‖G̃−Σy‖op.

This implies that if λK > 4‖G̃−Σy‖op, then

λmin(V>KG̃VK)− ‖V>−KG̃V−K‖op > λK/2. (15)

In the following, we derive an exponential tail bound for ‖G̃ − Σy‖op = ‖G̃ − EΩG̃‖op. Let Ai :=

ỹiỹ
>
i ◦ W̃ and note that ‖Ai‖op ≤ ‖yi‖2∞‖W̃‖op. Recalling the definition of the matrix absolute

value§, for any v = (v1, . . . , vd)
> ∈ Sd−1 and any integer q ≥ 2, we have

EΩ
(
v>|Ai|qv

)
≤ EΩ

(∥∥Ai

∥∥q−2
op

v>A2
iv
)
≤ EΩ

{(
‖W̃‖op‖yi‖2∞

)q−2
v>
(
ỹiỹ
>
i ◦ W̃

)2
v
}

= ‖W̃‖q−2op EΩ
{
‖yi‖2(q−2)∞ v>Dỹi

W̃Dỹi
Dỹi

W̃Dỹi
v
}

= ‖W̃‖q−2op EΩ
{
‖yi‖2(q−2)∞ tr(D2

ỹi
W̃Dỹi

vv>Dỹi
W̃)

}
= ‖W̃‖q−2op

d∑
j=1

ωijEΩ
{
y2ij‖yi‖2(q−2)∞

(
W̃>

j Dvỹi
)2}

.

Now, for each j ∈ [d], and q ≥ 2,

EΩ
{
y2ij‖yi‖2(q−2)∞ (W̃>

j Dvỹi)
2
}

= EΩ
[
y2ij‖yi‖2(q−2)∞ {(W̃j ◦ v ◦ ωi)>yi}2

]
≤
(
Ey8ij

)1/4{E(‖yi‖8(q−2)∞
)}1/4

8Rτ2‖W̃j ◦ v ◦ ωi‖22

.MRτ2{8(q − 2)CM log d}q−2
d∑
t=1

(vtW̃tjωit)
2,

§This is defined formally just before Lemma 3.
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where the last inequality is due to the fact that
∥∥‖yi‖∞∥∥ψ2

≤ (CM log d)1/2 by (2). Therefore,

n∑
i=1

EΩ
(
v>|Ai|qv

)
.MRτ2

{
8(q − 2)CM‖W̃‖op log d

}q−2 d∑
j,t=1

n∑
i=1

ωijωitv
2
t W̃

2
tj

= nMRτ2
{

8(q − 2)CM‖W̃‖op log d
}q−2 d∑

j,t=1

v2t W̃tj

. q!nMRτ2‖W̃>‖1→1

(
8eCM‖W̃‖op log d

)q−2
,

where ‖W̃>‖1→1 = sup‖u‖1=1‖W̃>u‖1 = ‖W̃‖1→1. Since the above inequality holds for all v ∈ Sd−1,
we have ∥∥∥∥ n∑

i=1

EΩ
(
|Ai|q

)∥∥∥∥
op

. q!nMRτ2‖W̃‖1→1

(
8eCM‖W̃‖op log d

)q−2
.

By a version of the Matrix Bernstein inequality for non-central absolute moments, which we give as
Lemma 3, there exists a universal constant C1 > 0 such that for any ξ > 1,

PΩ

{∥∥G̃− EΩG̃
∥∥
op
≥ C1

((
MRτ2‖W̃‖1→1ξ log d

n

)1/2

+
M‖W̃‖opξ log2 d

n

)}
≤ 4d−(ξ−1). (16)

Now let

A :=

{
λmin(V>KG̃VK)− ‖V>−KG̃V−K‖op >

λK
2

}
.

From (15) and (16), we deduce that for any ξ > 1, if

λK ≥ 4C1

{(
MRτ2‖W̃‖1→1ξ log d

n

)1/2

+
M‖W̃‖opξ log2 d

n

}
, (17)

then PΩ(Ac) ≤ PΩ
{
‖G̃ − Σy‖op ≥ λK/4

}
≤ 4d−(ξ−1). The desired result follows immediately by

combining this with (14) and applying Yu, Wang and Samworth (2015, Theorem 2).

Proof (of Theorem 4). Let E := G̃ − EΩG̃ = G̃ − Σy. By Cape, Tang and Priebe (2018,
Theorem 3.7), when λK ≥ 2‖E‖op, we have that

T (ṼK ,VK) ≤ 2λ−1K ‖V−KV>−KEVKV>K‖2→∞
+ 2λ−1K ‖V−KV>−KEV−KV>−K‖2→∞‖ sin Θ(ṼK ,VK)‖op
+ 2λ−1K ‖V−KV>−KΣyV−KV>−K‖2→∞‖ sin Θ(ṼK ,VK)‖op
+ ‖ sin Θ(ṼK ,VK)‖2op‖VK‖2→∞

=: T1 + T2 + T3 + T4.

Note that if λK satisfies (17) for some ξ > 1, then PΩ(‖E‖op ≥ λK/4) ≤ 4d−(ξ−1). In fact, since

‖W̃‖op ≤ ‖W̃‖F, there exists cM,τ > 0 such that (10) in the main text implies (17), which, together

with (16) ensures that PΩ(‖E‖op ≥ λK/2) ≤ 4d−(ξ−1).
To bound T1, we have

‖V−KV>−KEVKV>K‖2→∞ ≤ ‖V−KV>−K‖∞→∞‖EVKV>K‖2→∞
≤ (1 +Kµ) max

j∈[d]
sup

u∈SK−1

e>j EVKu, (18)

where the second inequality is due to the fact that

‖V−KV>−K‖∞→∞ ≤ ‖Id‖∞→∞ + ‖VKV>K‖∞→∞ ≤ 1 + ‖VK‖∞→∞‖V>K‖∞→∞
≤ 1 +K1/2‖VK‖2→∞ · d1/2‖V>K‖2→∞ ≤ 1 +Kµ.
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We use a covering argument to bound the supremum term. Let NK(1/2) be a 1/2-net of the Euclidean
sphere SK−1, i.e., for any u ∈ SK−1, there exists a point π(u) ∈ NK(1/2) such that ‖u−π(u)‖2 ≤ 1/2.
Note that for any u ∈ SK−1,

e>j EVKu = e>j EVKπ(u) + e>j EVK(u− π(u)) ≤ max
v∈NK(1/2)

e>j EVKv +
1

2
sup

v∈SK−1

e>j EVKv,

which further implies that

sup
u∈SK−1

e>j EVKu ≤ 2 max
u∈NK(1/2)

e>j EVKu. (19)

We then argue similarly as in (13), with VKu taking the role of vk there (since ‖VKu‖∞ ≤ µ(K/d)1/2)
to obtain that for any ξ > 0 and u ∈ NK(1/2),

PΩ

{
|e>j EVKu| ≥ 25/2eτµ

(
KMR

d

)1/2(ξ1/2‖W̃j‖1/21

n1/2
+
ξ‖W̃j‖2

n

)}
≤ e−ξ.

By Vershynin (2012, Lemma 5.2), |NK(1/2)| ≤ 5K . Hence, by (18), (19) and a union bound, we have
for any ξ > log 5 that

PΩ

{
T1 ≥

29/2eτµ(1 +Kµ)

λK

(
KMR

d

)1/2(ξ1/2‖W̃‖1/2∞→∞
n1/2

+
ξ‖W̃‖2→∞

n

)}
≤ deK log 5−ξ.

Next we bound T2. Note that

‖V−KV>−KEV−KV>−K‖2→∞ ≤ ‖V−KV>−K‖∞→∞‖E‖2→∞ ≤ (1 +Kµ)‖E‖2→∞.

For j, k ∈ [d], let Ijk := {i : ωijωik = 1} and njk := |Ijk| = n/W̃jk. Then

Ejk =
1

n

n∑
i=1

ỹij ỹikW̃jk − [EΩG̃]jk =
1

njk

∑
i∈Ijk

yijyik − [EΩG̃]jk.

By applying both parts of Lemma 1, for any i ∈ [n] and j, k ∈ [d], we have that ‖yijyik‖ψ1
≤

2‖yij‖ψ2
‖yik‖ψ2

≤ 2M . Applying Bernstein’s inequality (Boucheron, Lugosi and Massart, 2013, The-
orem 2.10) yields that for any ξ > 0,

PΩ

{
|Ejk| ≥ 2eM

((
2ξW̃jk

n

)1/2

+
ξW̃jk

n

)}
≤ 2e−ξ.

Therefore, a union bound with (j, k) ∈ [d]× [d] yields that

PΩ

{
T2 ≥

4
√

2eM(1 +Kµ)

λK

((
2ξ‖W̃‖∞→∞

n

)1/2

+
ξ‖W̃‖2→∞

n

)
‖ sin Θ(ṼK ,VK)‖op

}
≤ 2d2e−ξ.

Now we bound T3. We have that

T3 =
2‖V−KV>−K‖2→∞

λK
‖ sin Θ(ṼK ,VK)‖op ≤

2
{

1 + µ(K/d)1/2
}

λK
‖ sin Θ(ṼK ,VK)‖op.

Finally, T4 satisfies

T4 ≤
µK1/2

d1/2
‖ sin Θ(ṼK ,VK)‖2op.

Since ‖ sin Θ(ṼK ,VK)‖op ≤ min
{
L(ṼK ,VK), 1

}
, combining our bounds for {Tj}4j=1 yields that there

exists CM,τ > 0 such that for any ξ > 2,

PΩ

{
T (ṼK ,VK) ≥

KµCM,τ

λK

{
L(ṼK ,VK)+ µ

(
KR

d

)1/2}(ξ1/2‖W̃‖1/2∞→∞
n1/2

+
ξ‖W̃‖2→∞

n

)
+ µ

(
K1/2

d1/2
+

4

λK

)
L(ṼK ,VK)

}
≤ deK log 5−ξ + 2d2e−ξ + 4d−(ξ−1).
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It therefore follows from Proposition 2 in the main text, which applies because condition (10) in the

main text for a suitable cM,τ implies (11) in the main text, together with the facts that ‖W̃‖1 ≤
d‖W̃‖∞→∞ and ‖W̃‖F ≤ d1/2‖W̃‖2→∞, that the first conclusion of the theorem holds. The second
conclusion then follows immediately.

Proof (of Proposition 3). As an abbreviation, we write V̂K := V̂
(in)
K . For any i ∈ [n], define

B̂(i) := (V̂>Ji,K
V̂Ji,K)−1V̂>Ji,K

ΞJi
∈ RK×K . Note that

‖B̂(i)‖op ≤
σ2∗d‖V̂>Ji,K

ΞJi
‖op

|Ji|
≤
σ2∗d
(
‖V>Ji,K

ΞJi
‖op + ‖ΞJi

‖2op
)

|Ji|

≤ σ2∗(κ1 + κ2)‖Ξ‖2op + σ2∗κ1
µK(logK)1/2‖Ξ‖op

d1/2
=: M.

Now define Ỹ := Y − (B̂(1)O>u1, . . . , B̂
(n)O>un)>O>V>K , and let E := Ŷ − Ỹ. For any i ∈ [n], we

have

ei,Ji
= (ŷi − ỹi)Ji

= VJi,KOB̂(i)O>ui.

Now, for i ∈ [n], define ũi := (IK −OB̂(i)O>)ui. Then

ei,J c
i

= (ŷi − ỹi)J c
i

= V̂J c
i ,K(V̂>Ji,KV̂Ji,K)−1V̂>Ji,Kyi,Ji

−VJ c
i ,K ũi

= V̂J c
i ,K(V̂>Ji,KV̂Ji,K)−1V̂>Ji,K(V̂Ji,K −ΞJi

)O>ui −VJ c
i ,K ũi

=
(
V̂J c

i ,K − V̂J c
i ,KB̂(i) −VJ c

i ,KO + VJ c
i ,KOB̂(i)

)
O>ui

= ΞJ c
i
(IK − B̂(i))O>ui = ΞJ c

i
O>ũi.

Now, by Weyl’s inequality, we have that

σK(Ỹ) ≥ σK(Y)−
∥∥(B̂(1)O>u1, . . . , B̂

(n)O>un)
∥∥
F
≥ σK(Y)−M‖Y‖F.

By Theorem 1.4 of Wang (2016), there exists Ô ∈ OK×K such that

‖V̂out
K −VKÔ‖F ≤

8

σK(Y)−M‖Y‖F

{∑
i∈[n]

(
‖ui‖22‖B̂(i)‖2op + ‖ũi‖22‖ΞJ c

i
‖2op
)}1/2

≤ 8

(c−M)‖Y‖F

{(∑
i∈[n]

‖ui‖22‖B̂(i)‖2op
)1/2

+

(∑
i∈[n]

‖ũi‖22‖ΞJ c
i
‖2op
)1/2}

≤
8
{
M + κ

1/2
3 (1 +M)‖Ξ‖op

}
c−M

.

When ‖Ξ‖op ≤ min
{(

c
4σ2
∗(κ1+κ2)

)1/2
, c
4µκ1σ2

∗

(
d

K logK

)1/2}
, we have M ≤ c/2. Thus

‖V̂out
K −VKÔ‖op ≤ ‖V̂out

K −VKÔ‖F

≤ 16‖Ξ‖op
c

{
σ2∗(κ1 + κ2)‖Ξ‖op + σ2∗κ1µK

(
logK

d

)1/2

+ κ
1/2
3

(
1 +

c

2

)}
,

as required.

Proof (of Corollary 1). Under the p-homogeneous MCAR missingness mechanism, we have
for any i ∈ [n] that

E(V>Ji,KΞJi
) = pV>KΞ = −(p/2)OΞ>Ξ and E(Ξ>Ji

ΞJi
) = pΞ>Ξ.
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For j ∈ [d], let v>j ∈ RK and ξ>j ∈ RK denote the jth rows of VK and Ξ respectively. Then

V>Ji,K
ΞJi

=
∑d

j=1 ωijvjξ
>
j , and for q = 2, 3, . . .,

E
(
(ωijvjξ

>
j ξjv

>
j )q/2

)
� p‖vj‖q2‖ξj‖

q
2IK �

pµ2K‖ξj‖22
d

{
µ

(
K

d

)1/2

‖Ξ‖op
}q−2

IK .

Similarly,

E
((
ωijξjv

>
j vjξ

>
j

)q/2) � pµ2K‖ξj‖22
d

{
µ

(
K

d

)1/2

‖Ξ‖op
}q−2

IK .

Applying Corollary 3 therefore gives that for every t > 0 and i ∈ [n],

P
(∥∥∥∥V>Ji,KΞJi

+
p

2
OΞ>Ξ

∥∥∥∥
op

≥ t
)
≤ 8K exp

(
−t2/32

pµ2K‖Ξ‖2F/d+ µ(K/d)1/2‖Ξ‖opt/3

)
.

Thus, for any δ ∈ (0, 1], with probability at least 1− δ/3, we have

‖V>Ji,KΞJi
‖op ≤

p

2
‖Ξ‖2op + 22‖Ξ‖op

µK log(24K/δ)

d1/2
. (20)

In addition, Ξ>Ji
ΞJi

=
∑d

j=1 ωijξjξ
>
j , and E

(
(ωijξjξ

>
j )q
)
� p‖ξj‖

2q
2 IK for q = 2, 3, . . .. Applying

Lemma 3 yields that for all t > 0 and i ∈ [n],

P
(∥∥Ξ>Ji

ΞJi
− pΞ>Ξ

∥∥
op
≥ t
)
≤ 4K exp

(
−t2/32

p
∑d

j=1‖ξj‖42 + ‖Ξ‖2opt/3

)
≤ 4K exp

(
−t2/32

p‖Ξ‖2F‖Ξ‖2op + ‖Ξ‖2opt/3

)
.

Thus, for any δ ∈ (0, 1], with probability at least 1− δ/3, we have∥∥ΞJi

∥∥2
op
≤ 22K1/2‖Ξ‖2op log(12K/δ). (21)

By the multiplicative Chernoff bound, when dp ≥ 8 log(3/δ), we have

P(|Ji| < dp/2) ≤ e−dp/8 ≤ δ/3. (22)

On the other hand, we have by the usual Bernstein’s inequality that

P
(
‖ΞJ c

i
‖2F > (1− p)‖Ξ‖2F + t

)
≤ exp

(
−t2/2

p(1− p)
∑d

j=1 ‖ξj‖42 + ‖Ξ‖22→∞t/3

)
≤ exp

(
−t2/2

K(1− p)‖Ξ‖4op/C2
∗ + ‖Ξ‖2opt/(3C2

∗ )

)
,

where the last step uses the fact that ‖Ξ‖2→∞ ≤ ‖Ξ‖op/C∗. Thus, for any δ ∈ (0, 1], with probability
at least 1− δ/3, we have that

‖ΞJ c
i
‖2op ≤ K(1− p)‖Ξ‖2op +

2

C∗
{K(1− p) log(3/δ)}1/2‖Ξ‖2op +

4

3C2
∗
‖Ξ‖2op log(3/δ)

≤
{

2K(1− p) +
7

3C2
∗

log(3/δ)

}
‖Ξ‖2op.

Combining (20), (21) and (22) with a union bound, we see that in Proposition 3, if we take

κ1 =
44

p
K‖Ξ‖op log(24nK/δ), κ2 =

44

p
K1/2‖Ξ‖2op log(12nK/δ)

κ3 = 2K(1− p) +
7 log(3n/δ)

3C2
∗

,
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then the conditions (12) of that proposition hold simultaneously with probability at least 1 − δ.
Moreover, since ‖Ξ‖op ≤ p/

(
44K log(24nK/δ)

)
, we have κ2 ≤ κ1 ≤ 1, and hence condition (13) of

Proposition 3 is also satisfied. Therefore, by Proposition 3, we have

‖V̂(out)
K −VKÔ‖op ≤

16

c

(
3κ1µKσ

2
∗ + 2κ

1/2
3

)
‖Ξ‖op ≤

80

c
κ
1/2
3 ‖V̂

(in)
K −VKÔ‖op,

where we used the fact that ‖Ξ‖op ≤ p(1−p)1/2
22
√
2µK3/2σ2

∗ log(24nK/δ)
in the final bound.

B. Auxiliary lemmas used in Section A

Lemma 1. Let X and Y be two sub-Gaussian random variables. Then we have ‖X‖2ψ2
≤ ‖X2‖ψ1

and ‖XY ‖ψ1
≤ 2‖X‖ψ2

‖Y ‖ψ2
.

Proof. For any x ≥ 0, let dxe := inf{z ∈ N : z ≥ x}. According to the definitions of the ψ1-norm
and ψ2-norm, we have that

‖X‖2ψ2
= sup

p∈N

E(|X|p)2/p

p
≤ sup

p∈N

{
E
(
X2dp/2e)} 1

dp/2e

p
≤ ‖X2‖ψ1

,

where the penultimate inequality is due to Jensen’s inequality and the last inequality is due to the
fact that p ≥ dp/2e. For the second inequality,

‖XY ‖ψ1
= sup

p∈N

(E|XY |p)1/p

p
≤ 2 sup

p∈N

(E|X|2p)1/(2p)√
2p

(E|Y |2p)1/(2p)√
2p

≤ 2 sup
p∈N

(E|X|2p)1/(2p)√
2p

sup
q∈N

(E|Y |2q)1/(2q)√
2q

≤ 2‖X‖ψ2
‖Y ‖ψ2

,

as required.

Lemma 2. If X1, . . . , Xn are independent centred random variables with maxi∈[n] ‖Xi‖ψ1
< ∞,

then there exists a universal constant C > 0 such that∥∥∥∥ n∑
i=1

Xi

∥∥∥∥
ψ1

≤ C
( n∑
i=1

‖Xi‖2ψ1

)1/2

.

Proof. Write Ki := ‖Xi‖ψ1
and K := (K1, . . . ,Kn)>. From Vershynin (2012, Lemma 5.15), there

exist universal constants c1, C1 > 0 such that for |t| ≤ c1/‖K‖∞,

E exp

{
t

n∑
i=1

Xi

}
=

n∏
i=1

E exp{tXi} ≤ exp
{
C1t

2‖K‖22
}
.

Setting t = min{C−1/21 ‖K‖−12 , c1‖K‖−1∞ } in the above expression, the right-hand side is bounded
above by e. The desired result follows from the fact that (5.15) and (5.16) in Vershynin (2012) are
two definitions that yield equivalent ψ1-norms.

The following lemma provides a variant of the existing matrix Bernstein inequality (Tropp, 2012,
Theorem 6.2). The primary difference is that we impose non-central absolute moment inequalities,
as opposed to central moment inequalities. We believe that this inequality may be of independent
interest, with applications beyond the scope of this paper. To state the result, for any symmetric
matrix A ∈ Rd×d with eigendecomposition Q diag(µ1, . . . , µd)Q

>, where Q ∈ Od×d, we define its
matrix absolute value as |A| := Q diag(|µ1|, . . . , |µd|)Q>.
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Lemma 3 (A matrix Bernstein inequality with non-central moment conditions). Let
{Xi}i∈[n] be independent symmetric d× d random matrices. Assume that

E
(
|Xi|q

)
� q!

2
Rq−2A2

i for q = 2, 3, 4, . . .

for some R > 0 and deterministic d-dimensional symmetric matrices {Ai}i∈[n]. Define the variance
parameter

σ2 :=

∥∥∥∥ n∑
i=1

A2
i

∥∥∥∥
op

.

Then for each t > 0,

P
[
λmax

{ n∑
i=1

(Xi − EXi)

}
≥ t
]
≤ 4d exp

(
−t2/32

σ2 +Rt

)
.

Proof. Let X̃1, . . . , X̃n, ε1, . . . , εn be independent random matrices and variables, independent

of (X1, . . . ,Xn), satisfying X̃i
d
= Xi and εi ∼ U({−1, 1}) for i ∈ [n]. Write Sn :=

∑n
i=1(Xi −

EXi) and S̃n :=
∑n

i=1(X̃i − EXi). Given X1, . . . ,Xn, let v∗ = v∗(X1, . . . ,Xn) be a leading unit-

length eigenvector of Sn. Let ṽ1, . . . , ṽd denote orthonormal eigenvectors of X̃1 with corresponding
eigenvalues µ̃1, . . . , µ̃d; fix v ∈ Sd−1, and let wj := (ṽ>j v)2 for j ∈ [d]. Since

∑d
j=1wj = 1, we have by

Jensen’s inequality that for q ∈ {2, 3, . . .},

|v>X̃1v|q =

∣∣∣∣ d∑
j=1

wjµ̃j

∣∣∣∣q ≤ d∑
j=1

wj |µ̃j |q = v>|X̃1|qv.

We deduce that E
{

(v>X̃iv)q+
}
≤ E

{
|v>X̃iv|q

}
≤ q!

2R
q−2v>A2

iv for i ∈ [n], so by Bernstein’s in-
equality (Boucheron, Lugosi and Massart, 2013, Corollary 2.11),

P
(
v>∗ S̃nv∗ > t/2

∣∣ X1, . . . ,Xn

)
≤ exp

(
−t2/8

v>∗
∑n

i=1 A2
iv∗ +Rt

)
≤ exp

(
−t2/8
σ2 +Rt

)
.

We may assume that the right-hand side of the above inequality is at most 1/2, since otherwise the
lemma is trivially true. Therefore,

P{λmax(Sn) ≥ t} = P(v>∗ Snv∗ ≥ t) ≤ 2E
{
P
(
v>∗ S̃nv∗ ≤ t/2

∣∣ X1, . . . ,Xn

)
1{v>∗ Snv∗≥t}

}
= 2P

(
v>∗ S̃nv∗ ≤ t/2 and v>∗ Snv∗ ≥ t

)
≤ 2P(v>∗ (Sn − S̃n)v∗ ≥ t/2)

≤ 2P
[
λmax

{ n∑
i=1

εi(Xi − X̃i)

}
≥ t/2

]
≤ 4P

{
λmax

( n∑
i=1

εiXi

)
≥ t/4

}
, (23)

where we have used the fact that εi(Xi − X̃i)
d
= Xi − X̃i for all i in the penultimate inequality.

Since E(εiXi) = 0 and E
{

(εiXi)
q
}
� E(|Xi|q) � q!

2R
q−2A2

i for q ∈ {2, 3, . . .}, applying the matrix
Bernstein inequality (Tropp, 2012, Theorem 6.2) to the sequence {εiXi}i∈[n] yields

P
{
λmax

( n∑
i=1

εiXi

)
≥ t/4

}
≤ d exp

(
−t2/32

σ2 +Rt

)
.

We attain the conclusion by combining the above inequality with (23).

Lemma 4. Let X1, . . . , Xn be independent Bin(d, p) random variables and let p̂i := Xi/d. When
dp ≥ 1 and n ≥ 2, we have

Emax
i∈[n]

p̂i ≤ 10p log n.
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Proof. By Bernstein’s inequality (van der Vaart and Wellner, 1996, Lemma 2.2.9) and a union
bound,

P
(

max
i∈[n]

p̂i ≥ p+ t
)
≤ n exp

(
− dt2

2(p+ t/3)

)
.

Setting t0 := 2
√
pd−1 log n+ 4

3d log n, we have

Emax
i∈[n]

p̂i = p+ t0 +

∫ ∞
t0

n{e−dt2/(4p) + e−3dt/4} dt ≤ p+ t0 +

√
πp

d
+

4

3d
≤ 10p log n,

where we have used log n ≥ log 2 and 1/d ≤ p in the final inequality.

The following lemma controls the Kullback–Leibler divergence between two centred multivariate
normal distributions.

Lemma 5. Suppose that β,η ∈ Rd and ‖η‖2 = ‖β‖2. Let Σ1 := Id + ββ> and Σ2 := Id + ηη>.
Then

KL
(
Nd(0,Σ1), Nd(0,Σ2)

)
=
‖η‖42 − (η>β)2

2(1 + ‖η‖22)
.

Proof. Since ‖η‖2 = ‖β‖2, the matrices Σ1 and Σ2 share the same set of eigenvalues. Hence
det Σ1 = det Σ2 and we have

KL
(
Nd(0,Σ1), Nd(0,Σ2)

)
=

1

2

{
tr
(
Σ−12 Σ1

)
− d
}

=
1

2

{
tr
(
(Id + ηη>)−1(Id + ββ>)

)
− d
}
.

Now, by the Sherman–Morrison formula,

(Id + ηη>)−1 = Id −
ηη>

1 + ‖η‖22
and thus we have

KL
(
Nd(0,Σ1), Nd(0,Σ2)

)
=

1

2

[
tr

((
Id −

ηη>

1 + ‖η‖22

)
(Id + ββ>)

)
− d
]

=
1

2

(
‖β‖22 −

‖η‖22
1 + ‖η‖22

− (η>β)2

1 + ‖η‖22

)
=
‖η‖42 − (η>β)2

2(1 + ‖η‖22)
,

as required.

Theorem 4 and Proposition 2 in the main text exhibit bounds on T (ṼK ,VK) and L(ṼK ,VK)
given a deterministic observation scheme. The following lemma derives probabilistic bounds for various

norms of W̃.

Lemma 6. Let Ω = (ωij) ∈ {0, 1}n×d have independent and identically distributed rows, and write

pjk := E(ω1jω1k) for j, k ∈ [d]. Define W = (Wjk) ∈ [0,∞]d×d by Wjk := 1/pjk, and let W̃ =

(W̃jk)j,k∈[d] be defined as in (9). Then there exists an event of probability at least 1−
∑

j,k∈[d] e
−npjk/8

on which each of the following inequalities holds:

(i) ‖W̃‖∞→∞ ≤ 2‖W‖∞→∞ = 2 maxj∈[d]
∑

k∈[d] 1/pjk;

(ii) ‖W̃‖1 ≤ 2‖W‖1 = 2
∑

j,k∈[d] 1/pjk;

(iii) ‖W̃‖F ≤ 2‖W‖F = 2
(∑

j,k∈[d] 1/p
2
jk

)1/2
;

(iv) ‖W̃‖2→∞ ≤ 2‖W‖2→∞ = 2 maxj∈[d]
(∑

k∈[d] 1/p
2
jk

)1/2
.

Proof. Define the event

A :=

{
max
j,k∈[d]

W̃jk/Wjk ≤ 2

}
.
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For j, k ∈ [d], write p̂jk := n−1
∑n

i=1 ωijωik. Then by a union bound and the multiplicative form of
Bernstein’s inequality (McDiarmid, 1998, Theorem 2.3(c)), we have

P(Ac) ≤
d∑
j=1

d∑
k=1

P
(
p̂jk < pjk/2

)
≤

d∑
j=1

d∑
k=1

e−npjk/8.

The desired bounds on the event A then follow from the definitions of the norms.
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