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Abstract

Many real-world phenomena or systems with temporally changing dynamics can be effectively
characterized by time-varying models — typically ensembles of simple models (modes) among
which the active mode switches over time. Coupling different modes through switching
increases the model capacity so that more complex behaviors can be explained, but this
meanwhile brings new challenges: one cannot simply study the entire model by looking at
individual modes separately, and the coupling structures need to be factored in. Because
of this, recent advances for simple time-invariant models such as data-driven methodologies
and sharp finite-sample guarantees are yet to be generalized to time-varying models.

An important class of time-varying models is given by the Markov jump linear systems
(MJSs), where each MJS is made up of a collection of linear modes and a Markov chain
modeling their switching. MJSs strike a good balance between describing complex temporal
variations in dynamics and possessing simple solutions to many classical control problems.
This dissertation focuses on MJSs and revisits classical problems including the identifica-
tion, data-driven control, and model reduction for MJSs. With recent advances in machine
learning, optimization, and statistics, this work seeks to address challenges incurred by the
mode switching in MJSs and bring new perspectives to these problems. For an MJS with un-
known dynamics, we propose an identification scheme to develop its model, which requires
only a single data trajectory and is guaranteed to have near-optimal sample complexity.
Then, by establishing novel perturbation analysis, two classical control problems, certainty
equivalent control and adaptive control, are studied with focus on solving for the linear
quadratic regulator (LQR) problems. For the latter, the proposed adaptive control method
invokes our identification scheme and is guaranteed to achieve performance with sublinear
regret. Sometimes, a designed or learned MJS may suffer from complexities incurred by the
sheer number of modes. Using clustering techniques from unsupervised learning, we develop
a model reduction scheme that constructs a reduced-mode MJS by grouping modes with

similar dynamics, which provably and empirically approximates the original system.



Chapter 1

Introduction

Many real-world systems have behaviors that can change over time. For example, some
systems have dynamics determined by the environment, such as the dependency of solar
panel power output on the sunlight radiation. Certain systems may have components that
naturally deteriorate, e.g., rubber aging, metal corrosion, battery drain, etc., which can
affect the overall system dynamics. Distributed systems that operate based on information
transmitted through communication networks may suffer from occasional packet losses or
delays, either of which may drastically and adversely impact system operations. Outside of
engineering, time-varying behaviors also show up in economic indicators, pandemic infection
rates, chemical reaction rates, etc.

Time-invariant models are well studied and understood theoretically and practically, but
they fall short of capturing dynamics that can change over time. One workaround is to
reactively build a new temporary model every time changes in the dynamics are detected
via expert knowledge. This approach lacks responsiveness and does not exploit the recurring
nature of the dynamics. Moreover, due to the short lifespan of each temporary model,
performing control would necessarily be “myopic” and yield suboptimal performance in the
long run and, even worse, destabilize the system.

On the other hand, using time-varying models that proactively take future variations of
dynamics into consideration is a more systematic choice. A time-varying model is typically
an ensemble of simple models (modes) with only one mode being active at a time, and the
active mode can switch over time. One important class of time-varying models is known
as the discrete-time Markov jump linear systems (MJSs). An MJS is composed of a col-
lection of linear modes and a Markov chain that governs the switching of the active mode.
MJSs strike a balance between describing complex behaviors with temporal variations and
possessing simple solutions to many classical control problems. MJSs have applications in
power electronics (Stankovic et al., 1995), power systems (Loparo and Abdel-Malek, 1990;
Ugrinovskii and Pota, 2005), manufacturing (Boukas and Liu, 2001), economics and finance

(Cajueiro, 2002; Hatjispyros and Yannacopoulos, 2005), solar thermal receiver (Sworder and



Rogers, 1983), networked control with packet losses (Sinopoli et al., 2005; Truong et al.,
2021), etc.
Having modes that can switch allows MJSs to characterize a wider class of real-world

systems but also poses new challenges to a variety of problems.

e Identification: In an MJS, the Markov chain that models the mode switching is a
random process by itself. This introduces inherent randomness and makes the MJS
a stochastic system. Because of this, the stability of an MJS is typically considered
in the expectation sense. Though the probability is small, an MJS that is stable
in expectation may still produce unstable trajectory realizations. This calls for new
analytical tools to study sample complexities of learning an MJS, since existing tools

usually require deterministic stability.

e Control: The algebraic Riccati equation (ARE) is the key to solving for optimal
control problems such as the linear quadratic regulator (LQR) problems. ARE per-
turbation analysis helps understand the suboptimality incurred by having imperfect
knowledge of the model, which can happen when such knowledge is obtained from
estimation using a finite amount of data. In terms of an MJS with switched modes, its
ARE is a set of coupled equations, each of which correspond to an individual mode.
The coupling structure in the ARE adds to the difficulty of establishing perturbation

analysis.

e Model Reduction: Compared with non-switched systems, MJSs may suffer from a
new type of model complexity: the number of modes. Having more modes increases the
computation cost in the analysis and controller design, thus it is imperative to study
mode reduction for MJSs. Though there is preliminary work on reducing Markov

chains or hidden Markov models, this problem is yet to be systematically studied for
MJSs.

1.1 Related Work

Many classical control problems for linear time-invariant (LTT) systems find their counter-
parts for MJSs. Optimal quadratic control for MJSs, where one seeks to design inputs to
minimize a quadratic cost function in terms of both the states and inputs, has been studied
in works such as Chizeck and Ji (1988); Abou-Kandil et al. (1995); Costa and do Val (2002),
and the constrained case is considered in Costa et al. (1999); Vargas et al. (2013). When the
state of the MJS is only partially observed, the state estimation in real time is known as fil-
tering, which has been discussed in Ackerson and Fu (1970); Chang and Athans (1978); Blom

2



(1984); Allam et al. (2001); Smith and Seiler (2003). When one wants to perform optimal
control on a partially observed MJS, the optimal solution usually follows from the separa-
tion principle — the optimal control and optimal filtering are conducted separately and then
combined together to yield the optimal performance (Caines and Chen, 1985; Caines and
Zhang, 1995; De Farias et al., 2000). When there are model uncertainties or system delays,
sometimes the worst-case control performance is of interest. This is known as robust control
and studied in Costa and do Val (1996); Cao and Lam (1999); Boukas et al. (2001); de Farias
et al. (2002).

The aforementioned control problems require exact (or at least coarse) knowledge of the
MJS model, which includes the dynamics of all modes and the underlying Markov chain
transition probabilities. When the model, however, is unknown, one needs to learn the
dynamics from one or more data trajectories generated by the MJS, which is known as the
identification problem and studied in Cao and Lam (1999); Cinquemani et al. (2007); Ozkan
et al. (2014); Barao and Marques (2011); Lale et al. (2021). However, their contributions
are mainly methodological and lack theoretical results in terms of finite-sample analysis.
Toward this end, recent work (Sarkar et al., 2019) considers identifying the partially observed
stochastic switched system with unknown orders, which can be considered as a simplified MJS
with independent mode switching. Though finite-sample guarantees are provided, strong
assumptions on the system stability and multiple independent trajectories are needed.

As for the MJS adaptive control, where the goal is to control an unknown-dynamics
MJS, earlier works (Yang et al., 1990; Caines and Zhang, 1995; Xue and Guo, 2001; Tan
et al., 2005; Baltaoglu et al., 2016) are more interested in closed-loop stability guarantees
and asymptotic analysis. Lacking non-asymptotic suboptimality analysis makes it difficult to
compare the performance of two adaptive control schemes that are both stabilizing. Jansch-
Porto et al. (2020) proposes a model-free approach based on the policy gradient and provides
suboptimality guarantees, but it requires multiple independent rollout trajectories to obtain
an accurate enough estimate of the gradients, which can be impossible in practice.

When the model complexity of the MJS, e.g., the dimension of the states or the number
of the modes, is large, it can make the computations intractable for tasks such as analysis,
verification, or controller design. To address this issue, one can construct a reduced system
with smaller model complexity and use it as a surrogate for the original one in the compu-
tations. In terms of the model reduction for MJS, the majority of the work aims at order
reduction, i.e., the reduction of state dimension, using methods such as the H,, reduction,
Hs reduction, and balanced truncation (Zhang et al., 2003; Kotsalis and Rantzer, 2010; Sun
and Lam, 2016). However, model complexity incurred by the number of modes is rarely
studied.



Other than the classical control scenarios, MJSs have been novelly applied to the conver-
gence analysis of stochastic optimization and reinforcement learning methods. In Hu et al.
(2017), it is shown that several stochastic optimization methods can be modeled by MJSs
with independent mode switching; in Hu and Syed (2019), a large family of temporal differ-
ence (TD) methods for reinforcement learning (RL) are shown to be well approximated by
MJSs. For both works, using control theoretic ideas developed for MJSs, sufficient conditions
for the algorithm convergence and the corresponding convergence rates are provided. This
MJS interpretation of optimization algorithms is further exploited in Zhang et al. (2021) to

analyze first-order methods for stochastic games.

1.2 Contributions and Organization

This dissertation has made contributions toward the following problems for MJSs.

e Identification (Chapter 3): The problem of learning an unknown-dynamics MJS using
a single data trajectory is considered. A method is proposed to learn the dynamics of
each individual mode of the MJS as well as the Markov chain that governs the mode
switching. Finite-sample guarantees are established, which show that the dynamics can
be learned with estimation error rate O(1/+/T) with T being the trajectory length.
Our analysis tackles the heavy-tailed statistical property of the data, which is a new

challenge for MJSs compared with LTT systems.

e Certainty Equivalent Control (Chapter 4): We consider the scenario of designing
controllers for LQR problems using inaccurate knowledge of the MJS dynamics. It
is shown that the performance degradation can be upper bounded by O(e?) where
e measures the knowledge inaccuracy. As an intermediate result, we also establish
perturbation analysis for the coupled algebraic Riccati equations, which can be of
independent interest and benefit problems such as filter design and the linear quadratic
Gaussian (LQG) problems.

e Adaptive Control (Chapter 5): We look into solving for the LQR control problem
without any prior knowledge of the MJS model. An epoch-based adaptive control
framework is proposed: each epoch is driven by a temporary controller, and at the
end of each epoch the model knowledge and the controller are updated. It is shown
that the proposed adaptive control scheme is guaranteed to achieve performance with

sublinear regret O(v/T), where T is the planning time horizon.

e Model Reduction (Chapter 6): For an MJS with a large number of modes, a

4



clustering-based model reduction scheme is developed, which constructs a reduced
MJS with fewer modes. The reduced MJS is guaranteed to approximate the original
MJS under various metrics. Furthermore, both theoretically and empirically, we show
how one can use the reduced MJS to analyze stability and design controllers with

significant computational cost reduction while achieving guaranteed accuracy.

The organization of this dissertation is as follows: Chapter 2 introduces the preliminaries
including notations and basics of Markov chains and MJSs; Chapter 3 - Chapter 6 respec-
tively present the works on identification, certainty equivalent control, adaptive control, and
model reduction for MJSs. Chapter 7 lists several future directions that can follow from the

established work in this dissertation.



Chapter 2

Preliminaries

In this chapter, we introduce the preliminaries to be covered in this dissertation. The
notations are provided in Section 2.1. The basics of Markov chains including convergence
results and special properties are discussed in Section 2.2. Section 2.3 introduces the basics
of MJSs, notions of stability, and the LQR problem. Note that this chapter seeks to provide
supporting concepts and lemmas regarding Markov chains and MJSs to be used in this
dissertation and does not intend to cover every fundamental aspect of them. Interested

readers can refer to the references herein for more details.

2.1 Notations

2.1.1 Sets

We let R denote the set of real numbers and N := {0,1,2,...} denote the set of natural
numbers. Notations R, and N, are the sets of positive real numbers and positive integers
respectively. For some positive integer n € N, we let [n] := {1,2,...,n}. When some
positive integer £ € N, shows up as the superscript of some set S, this denotes the k-ary
Cartesian power of S, ie., S¥ :== Sx S x--- x5 Weuse R := {(x1,...,2,) € R" :

Y.xi = 1lx; > 0,Yj} to denote the Starfdard (n — 1)-simplex. Similarly, for the space
of n X n dimensional matrices where each row is in R}, we denote it by RX". In this
dissertation, the positive (semi-)definiteness of matrices is discussed for symmetric matrices
only. Notations S’} and S, denote the sets of n x n, positive semi-definite and positive
definite matrices respectively. We use a;.; as a shorthand notation for a sequence of variables
(or sets) (a1, asg,...,a;). Given aset S and a collection of its subsets €2;.,., where each Q; C S,
we say ., is an r-cluster partition of S if (i) Q; # ¢ for all ¢, (i) J_, ©Q; = S, and (iii)
2N = ¢ for any i # j. We let ;) denote the cluster with i-th largest cardinality.



2.1.2 Linear Algebra

We use boldface uppercase letters to denote matrices and boldface lowercase letters to denote
vectors, e.g., matrix A and vector a. For a matrix A, A(,7) indexes the (7, j)-th element
in A, A(i,:) denotes the row vector given by the i-th row of A, and A(:,j) denotes the
column vector given by the j-th column. A(%, j:k) denotes the row vector given by the i-th
row preserving only the j-th to k-th elements. For any index set Z C N, A(7,Z) denotes
the row vector given by the i-th row preserving elements indexed by Z.

The n-dimensional identity matrix is written as I,,, and the n-dimensional all-ones vector
is written as 1,,, where the dimension subscript n may be omitted when it is clear from the
context. For a vector a, diag(a) stands for the diagonalization operator; for a matrix A
with n columns, we let vec(A) :=[A(:;,1)7,..., A(:;,n)"]" denote the vectorization operator.
The Kronecker product of two matrices A and B is denoted as A ® B.

Notation |||, for 1 < p < oo denotes the p-norm for vectors or the induced p-norm for
matrices. For conciseness, when p = 2, we omit the subscript and simply use ||-||. We let
|||« := ||-]| + 1. The matrix Frobenius norm of a matrix is denoted by ||-||r. For a matrix
A, 0;(A) denotes its i-th largest singular value, and its largest and smallest singular values
may also be represented by 6(A) and g(A). If A is a square matrix, \;(A) denotes its i-th
largest eigenvalue in terms of magnitude, and p(A) denotes its spectral radius. When the
decomposition A = QAQ™! is referred to as the eigenvalue decomposition of the matrix A,
the eigenvalues on the diagonal of A are arranged in descending order of magnitude. The
same applies to the singular value decomposition A = UXVT.

A sequence of matrices (Aq,...,Ay) sharing the same dimensions is compactly denoted
by Ay, We let R7™™ := {Ay, @ Ay € R™™ Vi), ST, = {Ay, © Ay € ST,V i}, and
Sty = {Ans - Ay € SV} If Ay, € ST, (or Ay, € ST, ), we also say Ay, = 0
(or A5 > 0). Operator diag(A;.s) produces a block diagonal matrix whose i-th diagonal
block is given by matrix A;. We define the norm operator ||A;.| := maxc [|A;|| and
|A1s|l+ = ||ALs]] + 1. Given two sequences of matrices A;.; and By, and scalars a, § € R,
the notation aAj.s + 6B; stands for the sequence (aA; + By,...,aAs + B;). Given
Ay, € R, we let £(Aq) i= limg o maX,,, clsr | Ag, - - - Ang% denote the joint spectral

radius of A ..

2.1.3 Probability

The multivariate Gaussian distribution with mean p and covariance matrix 3 is denoted by
N(u, X). For a zero-mean random vector x, we let Cov(x) := E[xx'] denote its covariance

matrix. Claims such as “for all j, with probability at least 1 —4, for all 7, event &; ; occurs” is



equivalent to “for all j, P(N;&;;) > 1—0”. Given an event £, we let 1 denote the indicator
function for £. Orders of magnitude notation O(-) hides log(1/8) or log®(1/d) terms.

2.2 Markov Chains

In this dissertation, we restrict our attention to Markov chains that are discrete-time, time-
homogeneous, and have a finite number of states. We say the random process {w;}ien
follows an s-state Markov chain if the state transition probabilities satisfy (1) P(wii1 =444 |
Wi =T, Wy 1 =Gp_1, ,wo=1g) = P(wpp1 =441 | we=1;) for all t € N and ip.eyq € [s]7F2,
and (i) P(wy, 41 =1 | wy, =7) = Plwyyq1 =1 | wy, =7) for all t1,t, € N and 4,5 € [s]. We
use the Markov transition matrix T € RX* to collect those transition probabilities such that
T(i,j) :=P(wiy1 =J | wy=1), then the process can be described as “w; ~ MarkovChain(T)”.

We use the vector r; € Rj to denote the transient state distribution of the Markov
chain such that 7,(i) := P(w; = 7). Particularly, 7 is referred to as the initial distribution.
The evolution of 7, is then given by 7rj,; = m/T. We say the Markov chain is ergodic
if it is irreducible, positive recurrent, and aperiodic (Gallager, 2013). Under ergodicity, it
is known that regardless of the initial distribution 7ty, lim;_,. 7t; uniquely exists, i.e., the
Markov chain has a unique stationary distribution. We denote the stationary distribution
by 7t € RS such that 7t(i) := limy o P(w; = 1) = limy_,o, 76(2). It is easy to see @' = ' T.
Let Tmax := max; 7(i) and 7, = min; 7t(¢), then it is also known that 7y, > 0 under

ergodicity.

2.2.1 Convergence of Markov Chains

To quantify the convergence rate of the Markov chain transient distribution to its stationary

distribution, i.e. 7t — 70 as t — oo, we first introduce the following notion.

Definition 2.1 (Normalized Power Supremum). Consider an arbitrary square matriz A €

R™™ . Given a free parameter p such that p > p(A), define
r(A, ) = sup | A%/ 2.1)
keN

We call (A, p) the power supremum of the matriz A normalized by p.

This notion is also studied in Mania et al. (2019). In the definition, p is a free parameter,
and different choices of p yield different 7(A, p). We can also see that 7(A, p) monotonically
decreases with respect to increasing p. Note that when p > p(A), limy_,o |A*/p*] = 0
and ||A°/p°|| = 1, hence by definition 7(A, p) takes the supremum at some finite k. In
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other words, 7(A, p) compares the transient behaviors of [|A*|| and p*. It is easy to see
T(A, p) is bounded as long as p > p(A). When the equal case is considered as well, i.e.,
p > p(A), the boundedness of 7(A, p) can be guaranteed when eigenvalues with magnitudes
p(A) have equal geometric and algebraic multiplicities. In other words, the Jordan blocks
associated with the leading eigenvalues are trivial 1 x 1 matrices, i.e., scalars. When A
is diagonalizable, i.e., all the Jordan blocks are trivial, an explicit upper bound is given
by 7(A,p) < |[V]|[[V7!, where V is a matrix whose columns span the eigenspace of A.
Particularly, when A is normal, 7(A, p) = 1 by the spectral theorem. For general matrix A
that are not necessarily diagonalizable, by the Kreiss matrix theorem (Trefethen and Embree,
2005), 7(A, p) can be bounded by the Kreiss constant of the normalized matrix A /p. From

Definition 2.1, the following properties are immediate.

Lemma 2.2 (Properties of the Normalized Power Supremum). For the pair {p, 7(A,p)} in
Definition 2.1, we have the following.

(0) (Aup) > 1.
(b) For all k € N, ||A¥|| < 7(A, p)p".

(¢) If p(A) < 1 and p € [p(A), 1), S [ AF] < A2,

1—p

As for the term @ shows up in the upper bound of Lemma 2.2, since increasing p
p

decreases T(A, p), the freedom of selecting p makes it possible to attain the tightest upper

bound given by inf e (,(a) 1) T(l‘f’pp) . One will find the term T(l‘if) shows up in theoretical results
throughout this dissertation.
Using the normalized power supremum in Definition 2.1, we define the following to ana-

lyze the convergence of Markov chains.

Definition 2.3 (Quantification of Markov Chain Convergence). Consider an ergodic Markov
chain with Markov matriz T € RY® and stationary distribution @ € R%. Let R := T—1,7".
Then for any puc € [p(R),1), let Tuc == 7(R, pmc), where 7(+,-) is as in Definition 2.1.

By the Perron-Frobenius theorem and ergodicity, we know the leading eigenvalue of
the Markov matrix T is 1, and only one eigenvalue has magnitude equal to 1. It can be
verified that its eigenvalue component is given by 1,7t7. We then see from the definition
that the matrix R shares the same eigenvalues and eigenvectors as T except for replacing
the eigenvalue 1 of T by 0. Hence, the spectral radius p(R) is nothing but the magnitude
of the second largest eigenvalue of T, which is strictly smaller than 1. This guarantees that
the range [p(R), 1) for pyce in Definition 2.3 is valid. The pair {pmc, Tmc} can be used to

quantify the convergence of Markov chains, which is provided in the following lemma.
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Lemma 2.4 (Markov Chain Convergence). For {pumc, Tmc} in Definition 2.3, we have, for
all t € N,
IT = 17| < rcphec, 2.2

and for any initial distribution Ty, the transient distribution Tt; converges to the stationary

distribution T with at least the following rate:
17t — 7| < Tvcphic- (2.3)

Proof. From Definition 2.3 and Lemma 2.2, we have [[(T — 1,")!|| < mucplyc. From the
discussion above regarding the eigenvalues and eigenvectors of T, we can infer that (T —
1)t = T* — 1,m", which gives (2.2). As for (2.3), by noticing 71, = (3, 70 (1)T(i,
)T, we obtain ||/, — 7| < 37, 70(4)[[T(4,:)T — 7|| using the triangle inequality. For
each ||T(¢,:)" — 7||, invoking (2.2) gives that | T (i,:)" — 7] < ||T" — 1,7 < Tvcplyc
Combining these results, (2.3) can be shown. ]

Other than using {pmc, ™vmc} to upper bound the convergence of Markov chains, the
convergence can also be studied in terms of the minimum number of time steps to reach

certain convergence tolerance, which is known as the mixing time.

Definition 2.5 (Markov Chain Mixing Time (Levin and Peres, 2017)). Consider an ergodic
Markov chain with Markov matriz T € R and stationary distribution @ € RY. Define

tye(€) := min {t eN: max—H(Tt( N —mr||; < e}. (2.4)

i€ls] 2
When the argument € is omitted, it denotes that tyc = tue(3).

In the above definition, ¢yc () is of particular interest since one can upper bound tyc(€)
for any e < 1 using tmc(3) (see, for example, Zhang and Wang (2019, Lemma 5)). Using

Lemma 2.4, we can derive that the mixing time and the pair {pyc, 7mc} in Definition 2.3
log( 2\[5/7—MC)}

are related by tyc(€) < max{0, log(pnic)

2.2.2 Some Special Markov Chains

Markov chains with the following special properties will be considered in Chapter 6 for the
reduction of MJSs.

Definition 2.6 (Reversibility (Gallager, 2013)). Consider an ergodic Markov chain with
Markov matriz T € R and stationary distribution € Ry. We say the Markov chain
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is reversible if the Markov matriz T and stationary distribution 1 satisfy (i)T(i,j) =
7w(§)T(j,7) for all i,j € [s].

It can be seen that the condition for reversibility translates to diag(m)T = T'diag(m).
Reversibility tells that under the stationary distribution 7t, the random process {w; }sen has
the same statistical properties as its time-reversed process. Sometimes, certain states in the
Markov chain can be lumped into a meta-state such that the process for these meta-states
also follows a Markov chain. This makes it possible to reduce a large-scale Markov chain to

a small-scale one. Such properties are characterized below.

Definition 2.7 (Lumpability and Aggregatability (Buchholz, 1994)). Consider a Markov
chain with Markov matric T € RY*®. We say the Markov chain is lumpable with respect
to the r-cluster partition Q.. on the state space [s] if states in the same cluster have equal

probabilities of visiting any cluster, i.e., for any k,l € [r] and i,i" € Q, we have

> T(,5) =) T, j). (2.5)

JEQ JEQ

If they further have equal probabilities of visiting any state, i.e., T(i,5) = T(i',7) for all
J € [s], we say the Markov chain is aggregatable with respect to ...

2.3 Markov Jump Systems

In this dissertation, we study the following discrete-time MJS with dynamics given by

== Aw Bw
5= { Xtt1 Xe 1+ B U + Wy (2.6)

w; ~ Markov Chain(T)

where x; € R", u; € RP, and w; € R" denote the state, input, and process noise at
. . iid.
time t. We assume the noise {w;}eny '~

N(0,021,), i.e., i.i.d. zero mean Gaussian with
covariance o2 I,. The dynamics is time-varying and can switch among s modes {A;, B;}5_,
where A; € R™ and B; € R™? are state and input matrices for mode 7. At time ¢, only
one mode is active, which is indexed by w; € [s]. The mode switching sequence {w;}ien
follows a Markov chain with Markov matrix T € RX®, i.e., for any t € N, any i,5 € [s],
P(wir1=7 | wy=1) = T(i,7). The mode switching sequence {w;}ien and the noise {w;}en
are mutually independent. We assume the state x; and mode w; can be observed at time ¢.

For the ergodic Markov matrix T underlying the MJS X, as in Section 2.2, we let 7,
7t, and ty¢ denote its transient distribution, stationary distribution, and mixing time; let

Tmax ‘= Max; 70(7) and 7y, := min; 7¢(7).
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In the remaining dissertation, we use the shorthand notation MJS(A/_,,

B.., T') to pa-
rameterize an arbitrary MJS in the form of (2.6) with mode dynamics {Af, B} ; and
Markov matrix T'. Particularly, we use 3 := MJS(A., Bis, T) to denote the target MJS
that is under study, e.g., the ground truth MJS that we want to identify, control, or perform
model reduction to.

In terms of the controller design for MJSs, a typical choice is to assign each mode i a
linear state-feedback controller K; € RP*" such that the input is given by u; = K,,x;. We
refer to the controller ensemble K., as a mode-dependent controller for MJS. We say an

MJS is autonomous if u; = 0 for all ¢ and noise-free if w, = 0 for all ¢, or simply oy, = 0.

Remark. As a slight abuse of terminology, we have used “state” to refer to both the Markov
chain state in Section 2.2 and the MJS state in this section. In the remaining dissertation,
“state” mainly refers to the MJS state x;. When it occasionally refers to the Markov chain

state, it should be clear from the context.

2.3.1 Stability

In this section, we introduce two types of stability commonly considered for MJSs: mean-

square stability and uniform stability.

2.3.1.1 Mean-Square Stability

Even in the autonomous and noise-free case, the state {x; };en of an MJS is a random process
due to the inherent randomness induced by the Markovian mode switching sequence {w; }en-

Because of this, when we study the stability of an MJS, such randomness is also factored in.

Definition 2.8 (Mean-Square Stability (Costa et al., 2006, Definition 3.8)). We say the
MJS % in (2.6) is mean-square stable if, when setting vy = 0 for all t, there exists Xo, €

R"™, X € ST such that for any initial state Xo and mode wy, as t — oo,
IE[x:] — Xoo|| = 0, ||E[x:x{] — S| — 0. (2.7)

In the above definition, the expectation is taken with respect to the mode switching se-
quence {w; }ten and process noise {w, };en. In the noise-free case, condition (2.7) is equivalent
to ||E[x]|| = 0, |E[x:x/]|| = 0, and the convergence rate is exponential (Costa et al., 2006,
Theorem 3.9). Mean-square stability only requires the convergence of the state x; in the
expectation sense, thus explosive state trajectory realizations may still occur with certain
probability. Furthermore, an MJS being mean-square stable does not imply each individual

mode, when treated as an LT system, is Lyapunov stable. And every mode being Lyapunov
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stable does not imply the mean-square stability either. Below is an example for the former

claim.

Example 2.9. Consider the following scalar two-mode autonomous MJS.

0.6 04
Mode 1: x4 = 1.1z, Mode 2: x4 =072, x9=1, T = [O 5 0 7] ) (2.8)

It is obvious that, individually Mode 1 and Mode 2 are unstable and stable respectively.
Fig. 2.1 shows the state trajectories under different mode switching sequences. We see even

though the state z; is explosive when Mode 1 is active all the time, but the state average is

decaying over time, which implies the mean-square stability.

4 ||—Always Mode 1
—Always Mode 2
||—Average

Figure 2.1: Mean-Square stability demonstration. Thick blue and green curves: mode switching sequences
0 ={1,1,...} and Qs = {2,2,...}. Thick orange curve: average over all realizations. Thin curves: possible
trajectory realizations.

Though the mean-square stability in Definition 2.8 is defined for open-loop autonomous
MJSs due to u; = 0, it also applies to closed-loop MJSs under the mode-dependent state-
feedback controller K; 4 since the closed-loop dynamics x;41 = (A, + B, Ko, )x: + Wy is an

autonomous MJS. This brings the notion of stabilizability.

Definition 2.10 (Mean-Square Stabilizability). Given a mode-dependent controller Ky.5 for
the MJS Y in (2.6), let Ly.s denote the closed-loop state matrices such that L; = A; + B;K;.
We say 3 is (mean-square) stabilizable if there exists a mode-dependent controller K. such
that the closed-loop MJS, i.e., MJS(Ly,0,T), is mean-square stable. And we say such a

controller K. stabilizes ¥ or is a stabilizing controller for 3.

The stabilizability of an MJS can be verified by solving for linear matrix inequalities
(Costa et al., 2006, Proposition 3.42). The verification of mean-square stability, on the other

hand, is much easier. It is well-known that the stability of a non-switched LTI system is
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related to the spectral radius of the state matrix. Similarly, mean-square stability of the

MJS in (2.6) relates to the spectral radius of the following block matrix.

Definition 2.11 (Augmented State Matrix for MJSs). For the the MJS % in (2.6), we define
the augmented state matriz A € R gych that

T(L 1) ' (Al & Al) T(27 1) : (A2 & A2> T T(57 1) ' (As & As)
A= T(L 2) ’ (Al ® Al) T(27 2) ’ (A2 ® A2> : ’ T(S, 2) ’ (As oY As) (29)
T(1,s)- (A1 ®A;) T(2,s) (A2 ®Ay) --- T(s,s) - (As @ Ay)

For a mode-dependent controller Ky.; and its corresponding closed-loop state matrices L.
such that L; = A; + B;K;, we similarly define the augmented closed-loop state matrixz L €
Rs"**sn® gych that

T(1,1)- (Li®L)) T(2,1)- (La®Ly) --- T(s,1)- (L, ®Ly)
T(].,S) . (L1 ®L1) T(2,S> . (L2®L2) T(S,S) . (LS ®L5)

Then, we have the following results regarding mean-square stability.

Lemma 2.12 ((Costa et al., 2006, Theorem 3.9)). For the the MJS ¥ in (2.6) and the

augmented state matriz A in (2.9), the following are equivalent.
(a) 3 is mean-square stable.
(b) p(A) <1.

(c) There exists V., € ST | such that for all i € [s],

V, — Al ( S T(z’,j)Vj>AZ- ) (2.11)
j=1
It is easy to see that when s = 1, these assertions reduce to the Lyapunov stability

criteria for LTI systems. From Lemma 2.12, we can trivially obtain the following corollary

regarding whether a given controller stabilizes the MJS.

Corollary 2.13. For the the MJS % in (2.6), a mode-dependent controller Ky.q, the cor-
responding closed-loop state matrices L., and the augmented closed-loop state matriz £ in

(2.10), the following are equivalent.
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(a) Ky is a stabilizing controller for ..

(b) p(£) <1.

(c) There exists Vi., € ST | such that for all i € [s],
\ L}(ZT(@',]’)VJ)Li - 0. (2.12)
j=1

The following Lemma 2.14 regarding the evolution of the state covariance E[x;x/] tells
how p(A) or p(L) would determine the mean-square stability. In Lemma 2.14, we consider
a more general case where the input u; is given the state-feedback term K, x; plus an
additional random noise term z;, which is also known as the random excitation. This applies
to cases when the input signal is sent to the system through some noisy channel or when
one wants to fully excite the system for better identification performance. The latter will be

covered in later chapters when the identification and adaptive control problems are studied.

Lemma 2.14 (State Covariance Dynamics). Consider the MJS ¥ = MJS(A1.5,B1.s, T) in
(2.6) except for more general covariance Xy for w;. Let m, € RS denote the transient
distribution of the underlying Markov chain for the modes. Given a controller Ki.s, suppose
the input is given by v, = K, x; + 2, where {z; }1en Sy N(0,%,), and {2z }ien is independent
of {wihien and {wihen. Let Ly and L respectively denote the individual and augmented

closed-loop state matrices. Define

Et,i = ]E[thl—]-{th’i}L Et = E[th;fr], Ht = Ttt ® In27

Vec<2t,1> Zj':l Tctfl(.j>T(j7 1)<B] ® B]) (213)
St = : , Bii= :
vec(X, ) > T-1(3)T (3, 8)(B; @ By).
Then, s; evolves as follows.
s; = Lsg + Byvec(X,) + I vec(Xy). (2.14)
Propagating this backward gives
St = EtSO + (Bt + EBt_l + -+ Lt_lBl)vec(Ez) (2 15)

+ (T + LI,y + - - + L7 ) vec(Zy ).
Proof. Note that the closed-loop MJS dynamics is given by x;11 = Ly, x: + By, 2zt + wy.
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Taking outer-products of both sides followed by expectations gives

B[ 1% 3 Lw=ip) = O BLyxexX Ly, i)

j=1

(2.16)

+ Z E[sztz;‘rB}-1{wt+1=i,wz=j}] + E[Wtwgl{wwrl:i}]?
j=1

where the mutual independence between {z; }en, {W;}Hen, and {w; }ien. This equation can

be further written as

Y1 = ZT 7,4)L; 5 ;L] +Zm )B;X,B] + M1 (i) Sy (2.17)
Vectorizing both sides of the above equation, we have
vec(Xii14) Z T(j,7)(L; ® Lj)vec(X; ;)
+ Z () i @ B;j)vec(Z,) + (i) vec(Sy).

Stacking this for all ¢ € [s], we obtain

Vec<21,t+1> vec(ELt)
: =L + Bt+1veC(2Z) + Ht+1veC(2w>, (218)
vec(X141)) vec(Xy,)
which concludes the proof. n

Note that one can obtain the state covariance E[x;x]] from s; simply through a linear
mapping. Hence, Lemma 2.14 describes the dynamics of the state covariance E[x,x;]. When
3, =0and X = 0, it is the augmented matrix £ only that governs the evolution and thus
convergence of E[x,;x]]. From this, we can see why the spectral radii p(.,A) and p(L£) would
determine the mean-square stability in Lemma 2.12.

From the definition of mean-square stability in Definition 2.8, we know mean-square
stability implies that E[x;] and E[x;x;| both converges; and from Lemma 2.14, we can
speculate their asymptotic convergence rates would be y/p(L) (or \/p(A)) and p(L) (or
p(A)). On the other hand, their non-asymptotic convergence behaviors are of interest to

finite-time or finite-sample analysis. This is studied in the next lemma.
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Lemma 2.15 (State and Covariance Bounds for MJS). Consider the setup in Lemma 2.14.
Assume the controller Ky.s stabilizes ¥. For any p € [p(L,1), let T := 7(L, p) denote the
power supremum of £ normalized by p as in Definition 2.1. Let & := /||Bys|2[|Zz]] + [[Zwl|-
For E[||x¢||%] and ||X¢||r, we have

—2
E[lx:]|?] < v/nstp'B[|xo]|2] + "ICZ ) (2.19)
—2
ns
IZle < VEmp'E[|x0%] + L™ (2.20)

1—p

Proof. First we derive the upper bound for E[||x;||*]. The upper bound for ||3;||r follows

similarly. For state x;, we have

E[[[x:1%] ZE ¢l L wmiy] = D tr (Blxexi Liu—y)) = > tr(Sy,)
i=1 1=1
= ZZ)‘j<Et,i) <+/ns ZZAJZ(EH)

i=1 j=1 i=1 j=1

S
< Vs, | D I1Zl3.
=1

From the definition of s; in (2.13), we see ||\/>_;_; [|Ze:l[E]l = [|s¢||. This gives

[l I*] < v/ns]ls |l (2.21)

Now, plugging in the expression for s, in (2.14) of Lemma 2.14 yields

t t
E{lx.]] < M(nctnns()n YL Bvee(S) | + Y ||z:“’||||ntfvec<z:w>||)
t'=1

t'=1

t t
< V/nst (ptnsOH +> 0 I Byvee(S,) )+ pt-t’unt,vec(zw)n), (2.22)
t'=1

t'=1

where the second line follows from ||£'|| < 7p' in Lemma 2.2.

Now, we evaluate the terms ||sy]|, ||Byvec(2,)||, and |[IIyvec(Xy)|| in (2.22) separately.

For ||sol|, following from |[|so|| = v/>_i_; [|Z0.i||§, we have

Isoll = ZW 2|Exoxj][[F < IE[xoxg]lle < Efllxox|lr] = Efl|xol|]. (2.23)
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Let [By]; := > 5 m-1(j)T(4,4)(B;®By), i.e., the i-th block of By in (2.13). Then, following
from ||Byvec(E,)|| = />i; [[Brlivec(E,)|?, we have

[Bovec(Za)| < 3 el vec( )|
= Z HZM i)(B, ® B, )vee(S,)|

_ZHZm, i)(B;3,B;] le

=1 j=1 (2.24)

< B2 - ZHZM 1 )Ll

=1 gj=1

= Bl P12l - Y ll7e0 (6) Lo |
=1
< \/HHBLSHQHEZH‘

Lastly, we have

Iovee(S)l = | S o (ivee(Sw)ll2 < [Ivee(Su)ll = [ Sulle = VAlSul.  (2.25)
Plugging (2.23)—(2.25) into (2.22), we obtain

t t
E[l[x]] < Vst (ptE[HxOIIQ] + VAIBLlPIZa] ) o + Vil S| Z,ﬁ—t’),
t'=1 t'=1
i
< s - 7pt - B|1%0]12] + nv/5 (|| Brsl | el + | Zwl]) .

(2.26)

which gives the bound for E[[|x,[|] in (2.19).
To obtain the bound for |X;||r in (2.20), first notice that ||X||r = [|D i, Teillr <

VSV Y oiy 1ZeillE < V/sIst]|, then we can use similar steps to prove the claim. O

2.3.1.2 Uniform Stability

As a stability notion in the weak sense, mean-square stability does not prevent certain mode
switching sequence from yielding explosive state realizations. There is a stronger type of
stability, namely uniform stability (Liberzon, 2003; Lee and Dullerud, 2006) that guarantees

the state convergence under an arbitrary switching sequence.
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Definition 2.16 (Uniform Stability). We say the MJS ¥ in (2.6) is uniformly stable if the
joint spectral radius §(Aq.5) < 1.

By definition of the spectral radius and the sub-multiplicative property of matrix norms,
it is easy to see a sufficient condition for uniform stability is ||A;|| < 1 for all 7. To quantify
the convergence rate of a uniformly stable MJS, similar to the normalized power supremum

in Definition 2.1, we define the following.

Definition 2.17 (Normalized Joint Power Supremum). Consider a sequence of matrices
Ay € R, Given a free parameter £ such that £ > £(A.s), define

K(A1s, &) :==sup max |[|Ag, - Awk||/§k (2.27)

keN w1k €[s]
We call k(Ays,&) the joint power supremum of matrices Ay.s normalized by &.

By definition of the joint spectral radius, we see k(Aj.s, &) is finite for any £ > &(A1.).
Note that the pair {&, k(A1 &)} for a sequence of matrices Ay is just the counterpart of
{p,7(A,p)} defined for a single matrix A. Similar to Lemma 2.2, we have the following

properties.

Lemma 2.18 (Properties of the Normalized Joint Power Supremum). For the pair {€, (A1, €)}
in Definition 2.1, we have the following.

(a) K(Ays, &) > 1.

(b) For all k € N and all wyy € [s]¥, [|Ay, -+ Au, |l < k(AL E)EF.

() If E(Ar) <1 and € € [E(Ar), 1), 37 masy, epop [[Au, -+ Ay, || < 325

2.3.2 Linear Quadratic Regulator

In this dissertation, the control problem we mainly consider for MJS is the linear quadratic
regulator (LQR) problem. Given positive semi-definite cost matrices Qu., € S} | and Ry, €
S 1, we define the following cost function with respect to the tuple {x;, u;,w;} from the MJS
S in (2.6).

T-1

Jr=E Z (ngwtxt + uIthut) + x5 Qu, X7 | - (2.28)

t=0
Matrices Q., and R,, are mode-dependent cost matrices chosen by users. The expectation
is taken over the randomness of the initial state xg, noise {w;};eny and Markovian modes

{wi hen. The quadratic cost x; Qy,x; usually represents the deviation of states, e.g. velocity,
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position, angle, from the target value, whereas u/R.,u; represents the control effort, e.g.
battery/fuel consumption. Unlike classical LQR for LTI systems, where cost matrices are
usually fixed throughout the time horizon, the mode-dependent cost matrices in MJS-LQR
allows us to have different control goals under different modes. The goal is to design the

input u; such that the cost function is minimized.

min  Jp
uop.r-1
s.t. Xt, W ~ by (229)

X, w; observed at time t.

The constraint “x;,w; ~ X7 denote that {x;,w;}]_, is generated by the MJS ¥ under the
input {u;};_,. This problem is known as the finite-horizon MJS-LQR problem. It has seen
many real world applications, including networked control with random packet losses (Vargas
et al., 2010) or delays (Chan and Ozguner, 1995), single-link robot arm with time-varying
payloads and inertia (Palm and Driankov, 1998; Wu and Cai, 2006; Zhong et al., 2014),
optimal control for a solar thermal receiver (Costa et al., 2006), and public expenditure
policy-making (Costa et al., 2006).

To ease the discussion of its optimal solution, we define the following operators.

Definition 2.19 (Operators Related to MJS-LQR). Consider the MJS ¥ = MJS(A1.5, B1.s, T)
and LQR cost matrices Q. and Rq.,. For a sequence of positive semi-definite matrices

X5 € St , define the following operators: for all i € [s]

0i(Xus) ==Y T(i,5)X;, (2.30)
Jj€ls]
Ri(Xiis) == Qi + Al pi(Xis) Ay
— Ajpi(X1,)'B; (R + BJyi(X1)Bi) "Bl (XA, (2.31)
Ki(Xi:) == — (Ri + B] ¢i(X1:s)Bi) (Bl pi(X1:5)A;) . (2.32)

Then, the optimal solution to the finite-horizon MJS-LQR problem (2.29) is given by the

following, which can be obtained by dynamic programming.

Lemma 2.20 (Optimal Solution to Finite-Horizon MJS-LQR. (Costa et al., 2006, Theorem
4.2)). Consider the finite-horizon MJS-LQR problem (2.29) with MJSY = MJS(A1.5, B, T)
and cost matrices Qi.s, Ri.s. [Its optimal solution is given by u; = K;tht for all t where

{Kt Lis T 1 1s the optimal time-varying mode-dependent state-feedback controller computed
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as follows.
Pr. = Qi Vi€ [s];
P}, = Ri(Piy11.4); Vt=0,...,T—1, Yiée]|s] (2.33)
K}, = Ki(P7yi1.s); Vt=0,...,T—1, Vie]|s]

where the operators Ry.s and Ki.5 are as in Definition 2.19.

Other than picking a finite horizon, one can also formulate the LQR problem using the
infinite horizon: .
inf limsup —=Jr
up,ut,... T—00

s.t. Xt, W ~ 2, (234)
X, w; observed at time .

Here, the time-averaged cost is considered since it is possible that the cumulative cost
Jr — 00 as T — oo due to the presence of process noise w;. Let J* denote the optimal cost

in (2.34). Its optimal solution is related to the solution of the following Riccati equations.

Definition 2.21 (Coupled Discrete-Time Algebraic Riccati Equations (cDARE) for MJS-LQR).
Consider the MJS ¥ = MJS(A1.5,B1s, T) and LQR cost matrices Q1.5 and Ry.s. We call
the following set of equations the coupled discrete-time algebraic Riccati equations (¢cDARE)

X; = Ri(X1s)
Xy = Ra(X1s) (2.35)
Xs - Rs(Xlzs)

with respect to positive semi-definite matrices Xy.s € S'y, where the operators Ri.s are as in
Definition 2.19.

Throughout the dissertation, we use cDARE(A 5, By, T, Q1.s, R1.s) to parameterize the
cDARE with MJS(A;4, Bi1.s, T) and cost matrices Qq.5, R1.s. In practice, cDARE can be
solved efficiently either with LMIs or via value iteration (Costa et al., 2006). The following
lemma discusses its solvability and the optimal solution to the infinite-horizon MJS-LQR

problem.

Lemma 2.22 (Optimal Solution to Infinite-Horizon MJS-LQR (Costa et al., 2006, Theorem
4.6 and Corollary A.21)). Consider the infinite-horizon MJS-LQR problem (2.34) and the
c¢DARE (2.35) with MJS ¥ = MJS(A1.5,B1.s, T) and cost matrices Qy.5, Ri.s. Assume that

(a) the cost matrices Ry.s = 0;
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(b) for alli € [s], the pair ( ?,Ai) is observable;
(c) the MJS 3 is stabilizable.

Then the cDARE has a unique solution P7.; in S, and the solution is positive definite,
i.e., P71, > 0. Consider the mode-dependent state-feedback controller K3., such that

K: = ICZ(PTs)v Vie [8]7 (236>

where the operators Ky.5 are as in Definition 2.19. Then K., stabilizes the MJS 3. Assume
additionally that

(d) the Markov matriz T is ergodic.

Then, the optimal solution to the infinite-horizon MJS-LQR s gien by u, = K7 x; for all
t. The resulting optimal cost is given by J* = afvtr(zie[s] 7t(i)P;) where T is the stationary

distribution of the Markov matriz T.

Throughout the dissertation, we use MJS-LQR(A 1., B, T, Q1.5, R1s) to parameter-
ize an MJS-LQR problem with dynamics MJS(A;, By, T) and cost matrices Qq.s, Ry.s.
Whether it is finite-horizon (2.29) or infinite-horizon (2.34) will be explicitly mentioned.
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Chapter 3
System Identification

For an unknown system, using its data to obtain a mathematical model that characterizes
its dynamics is known as system identification. This typically involves applying estimation
techniques to find system parameters that best explain the given data. An accurate enough
model is fundamental to downstream tasks such as analyzing system properties and designing
controllers. In this chapter, we consider the system identification problem for MJSs. In
Section 3.1, we introduce the problem setup and related work. Our identification approach is
presented in Section 3.2, and its sample complexity guarantees are in Section 3.3. Section 3.5

provides experimental results that show the efficacy of our approach and support our theory.

3.1 Introduction and Related Work

Given an MJS, we study its identification problem with the following setup.

Problem P3.1 (System Identification for MJSs). Consider the MJS ¥ = MJS(A14, By, T)
in (2.6) with unknown state/input matrices A.s, B1.s and Markov matriz T. The goal is to
design the input u; and then estimate Ai.,B1.s and T from a single trajectory of states,
mputs, and modes {Xt,ut,wt}tho. Denoting the estimates by ALS,BLS, and T, the second

goal is to analyze how the trajectory length T' affects the estimation errors, i.e., ||AZ — A,

IB; — Bil|, and | T — T|w-

In this problem, we want to estimate the unknown MJS dynamics from a single state-
input-mode trajectory. One has the flexibility to design the inputs so that the collected data
has nice statistical properties. Meanwhile, we seek to establish finite-sample analysis for the

estimation errors.

*The contents of this chapter are published in Du et al. (2022¢) and Sattar et al. (2021) and represent an
equal contribution from Zhe Du and Yahya Sattar. The proofs in this chapter are provided in Appendix A.
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3.1.1 Contribution

In this chapter, we look into Problem P3.1 and provide an algorithm in Section 3.2 to estimate
the MJS dynamics. In Section 3.3, we show that when the MJS is equipped with the mean-
square stability, the estimation error is guaranteed to have a rate of O((n+p)log(T)+/s/T),
where n and p are the state and input dimensions respectively, and the O(1/ VT ) dependence
on the trajectory length T is optimal.

Our proof strategy introduces multiple innovations. To address Markovian mode switch-
ing, we introduce a mixing time argument to jointly track the approximate-dependence
across the states and the modes. This in turn helps ensure each mode has sufficient samples
and these samples are sufficiently informative. Secondly, due to the mean-square stability
which allows for unstable trajectory realizations (see Example 2.9), it becomes non-trivial
to determine whether the states have a light-tailed distribution (e.g., sub-Gaussian or sub-
exponential). To circumvent this, we develop intricate system identification arguments that
allow for heavy-tailed states. Such arguments can potentially benefit other problems involv-

ing heavy-tailed data.

3.1.2 Related Work

Learning dynamical models has a long history in the control community, with major the-
oretical results being either asymptotic (infinite sample) or non-asymptotic (finite sample)
but with strong assumptions on persistence of excitation (Ljung, 1999). The main obstacle
toward establishing non-asymptotic results using a single trajectory is the statistical depen-
dency between the data.

In terms of learning the non-switched LTI systems, there is a recent surge of interest
towards understanding the non-asymptotic performance from a single trajectory under mild
assumptions (Oymak and Ozay, 2021), using statistical tools like martingales (Sarkar and
Rakhlin, 2019; Simchowitz et al., 2018; Tsiamis and Pappas, 2019) or mixing time arguments
(Kuznetsov and Mohri, 2017; Mohri and Rostamizadeh, 2008). Recently, Jedra and Proutiere
(2020) provides precise rates for the finite-time identification of LTI systems using a single
trajectory.

The problem becomes harder for hybrid and switched systems where the initial focus was
on computational complexity as opposed to sample complexity of learning (Lauer and Bloch,
2018; Ozay et al., 2011). MJSs present unique statistical analysis challenges due to Markovian
jumps and the weak mean-square stability. Preliminary asymptotic consistency result is
established in Hespanhol and Aswani (2020) for the set-membership estimator. For stochastic

switched systems, a special case of MJSs where the modes switch in an independently and
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identically distributed manner, Lale et al. (2021) proposes a novel identification method
based on Lyapunov equations but without guarantees. Sarkar et al. (2019) is one of the
early works to provide finite-sample result for learning stochastic switched systems, but its
strong assumption on the system stability simplifies the statistical analysis and cannot be

generalized to the mean-square stability case.

3.2 Identification Approach

The proposed MJS identification procedure is given in Algorithm 1. We assume one has
access to an initial stabilizing controller Ki.; to start the identification. This has been a
standard assumption in data-driven control (Abeille and Lazaric, 2018; Cohen et al., 2019;
Dean et al., 2018; Ibrahimi et al., 2012; Simchowitz and Foster, 2020) for LTI systems.
For MJSs, a thorough discussion on the validity of this assumption is provided later in
Section 3.4. Note that, if the open-loop MJS is already mean-square stable, then one can

simply set K., = 0 and carry out the rest of the MJS identification.

Algorithm 1: Identification of MJS
Input: A mean-square stabilizing controller K;.,; process and exploration noise

variances o2, and o2; MJS trajectory {x;, 2z, w;}1, generated using input
w, = K, x; + z; with z, R N(0,021,); and data clipping thresholds ¢y, ¢,.

1 Estimate A, B for all modes i € [s] do

2 Si={t|w =1, |[x| < cxow/10g(T), ||lz]| < c,0.} // sub-sample data
3 ©;,0,,; =argmin Doies, IXei1 — ©1x; /0y, — ©sz4/0,||> /[ regress with data S
O,

2
4 BZ = @2,i/0—za Al = @171'/0'“, — ]31:[<Z
T
Zt:l l{thJ',wt—l:i}

5 Estimate T: T(i,]) = ST 1
t=1 "{w,_1=i}

//empirical frequency of transitions

Output: ALS, ]31:57 T

With the controller Kj.;, the input to the MJS is given by u, = K,,x: + z;, where
{z}]_, N (0,021,) is known as the exploration noise. After collecting a length-T" trajec-
tory {xy,z,w; }1_o, we sub-sample it and preserve data with bounded states x; and excita-
tions z;. By sub-sampling, the obtained samples will have manageable statistical properties,
which is a compromise made to establish the analysis under the mean-square stability. In
practice, one is free to use all the data without any sub-sampling.

After appropriate scaling, we regress over these samples to obtain the estimates Ay, By,

Lastly, we use the empirical frequency of the mode sequence as the estimate T.
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3.3 Theory

The following theorem gives our main result on learning the dynamics of an unknown MJS
from finite samples obtained from a single trajectory. One can refer to Theorems A.6 and
A.22 in Appendix A for the detailed theorem statements and proofs. The result for estimating
T in (3.2) mainly comes as a corollary from the work Zhang and Wang (2019).

Theorem 3.1 (Identification of MJS). Assume the MJS ¥ = MJS(Ai,, By, T) to be
identified 1s stabilizable, and the Markov matrix T is ergodic. Let L denote the augmented
closed-loop state matriz of the MJS under the initial stabilizing controller Ky.s as in (2.10).
For any p € [p(L£),1), let T := 7(L, p) denote the normalized power supremum of L as in
(2.1). Suppose we run Algorithm 1 with cx = O(y/n), ¢, = O(\/b), and the trajectory length
obeys T > @(M(n —|—p)). Then, with probability at least 1 — &, for all i € [s]|, we

7rmin(l_p)
have

2 A tuc  [log(T)
I — 1 < - . .

Corollary 3.2 (Identification with known By.). Consider the same setting of Theorem 3.1.
Additionally, suppose Bi.s is known. Then, setting o, = 0 and solving only for the state

matrices leads to a stronger upper bound ||A; — Ay|| < @(% VF) foralli € [s].

Proof Sketch. Our proof strategy addresses the key challenges introduced by MJS and mean-
square stability. We only emphasize the core technical challenges here. The idea is to think

of the set S; as a union of L subsets Si(z) defined as follows:

S = {0+ kL | werne = 1, |xeel] < cowy/nlog(T), ||zens]] < cou/p}, (3.3)

where 0 < ¢ < L—1isafixed offset and k = 1,2, ..., L%J The spacing of samples by L > 1
in each subset SZ-(E) aims to reduce the statistical dependence across the samples belonging
to that subset, to obtain weakly-dependent sub-trajectories. This weak dependence is due
to the Markovian mode switching sequence {w;};>¢ — unique to the MJS setting — and the
system’s memory (contributions from the past states). Thus L is primarily a function of
the mixing time (tyc) of the Markov chain and the spectral radius (p(L£)) of the MJS. At a
high-level, by choosing sufficiently large L (e.g., O(log(T))), we can upper/lower bound the

empirical covariance of the concatenated vector hy, := [x} /ow 2z, [0,]" for all £}, € Si(e).
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Unlike related works on system identification and regret analysis (Dean et al., 2018;
Lale et al., 2020a,b; Oymak and Ozay, 2021; Simchowitz et al., 2018), mean-square stability
does not lead to strong high-probability bounds, as one can only upper bound ||x|| or x;x]
in expectation. Therefore, in Algorithm 1, we sample only bounded state-excitation pairs
(x¢,2¢) on each mode ¢ € [s]. This boundedness enables us to control the covariance matrix
of hy, , despite mean-square stability and potentially heavy-tailed states, via non-asymptotic
tool-sets (e.g., Vershynin (2012, Theorem 5.41)). When {z;}L, Vs (0,021,), it can be
easily shown that ||z:|| < @(az\/]_)) for all 0 < t < T with high probability. We sample
bounded z; mainly for the simplicity of the analysis. The tightness of the upper bounds and
the empirical performance are not affected significantly by sub-sampling {z;}._, using the
threshold O(a, VD)

Heavy-tailed empirical covariance lower bound requires independence, and our sub-sampled
data are only “approximately independent” (coupled over modes and history). To make mat-
ters worse, the fact that we sub-sample only bounded states introduces further dependencies.
To resolve this, we introduce a novel strategy to construct (for the purpose of analysis) an
independent subset of processed states from this larger weakly-dependent set. The inde-
pendence is ensured by conditioning on the mode-sequence and truncating the contribution
of earlier states. We then use perturbation-based techniques (see e.g., Sattar and Oymak
(2022)) to deal with actual (non-truncated) states. The final ingredient is showing that,
for each mode i € [s], with high probability, this carefully-crafted subset contains enough
samples to ensure a well-conditioned covariance (with excitation provided by z; and wy).
With this in place, after stitching together the estimation error from L sub-trajectories
{x4,, 20, we, } foes? for 0 < ¢ < L —1, least-squares will accurately estimate A; and B; from
{Xt,Z¢, W e, for all i € [s]. O

Our system identification result achieves near-optimal (O(1/+/T)) dependence on the
trajectory length T. However, the effective sample complexity of our system identification
algorithm is O(s(n+p)?log(T)/(x2,,(1— p)?)), that is, our sample complexity bound grows
quadratically in the state dimension n, which can potentially be improved to linear via
a more refined analysis of the state-covariance (see e.g., Dean et al. (2020); Simchowitz

et al. (2018) for standard LTI systems). It also grows with the inverse of the minimum
2

mode frequency as 1/m2... Note that, my, dictates the trajectory fraction of the least-
frequent mode, thus, in the result 1/my;, multiplier is unavoidable. Moreover, our sample
complexity bound degrades as the Markov chain mixing time ¢y or the spectral radius
p(L) of the augmented state matrix of the closed-loop MJS increase. This is because these
parameters control the rate of mixing of the underlying process and we are using mixing-

time arguments to derive our bounds. It is not desirable to have a sample complexity bound
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which degrades as tyc or p(L) increase. In the case of standard LTI systems, it is well
known that this behavior is qualitatively incorrect (Simchowitz et al., 2018). Interestingly,
the more unstable LTI systems are easier to estimate. However, a fundamental limitation of
mixing-time arguments is that the bounds deteriorate when the underlying process is slower
to mix (Foster et al., 2020; Boffi et al., 2021; Ziemann et al., 2022; Sattar and Oymak, 2022).

In Corollary 3.2, we show that, when By, is assumed to be known, A;.; can be estimated
regardless of the exploration strength o,. This is because the excitation for the state matrix
arises from noise w;. As we will see in Chapter 5, the distinct o, dependencies in Theorem 3.1
and Corollary 3.2 will lead to different regret bounds for MJS-LQR (albeit both bounds will
be optimal up to polylog(7)).

3.4 Discussion

Having access to an initial stabilizing controller has become a very common assumption
in system identification (see for instance Lee and Lamperski (2020) and references therein)
and adaptive control (Abeille and Lazaric, 2018; Cohen et al., 2019; Dean et al., 2018;
Ibrahimi et al., 2012; Simchowitz and Foster, 2020) for LTI systems. On the other hand, for
works where no initial stabilizing controller is required, there is usually a separate warm-
up phase at the beginning, where coarse dynamics is learned, upon which a stabilizing
controller is computed. Recent non-asymptotic system identification results (Faradonbeh
et al., 2018a; Sarkar and Rakhlin, 2019) on potentially unstable LTT systems can be used to
obtain coarse dynamics without a stabilizing controller. One can use random linear feedback
to construct a confidence set of the dynamics such that any point in this set can produce a
stabilizing controller by solving Riccati equations (Faradonbeh et al., 2018b). In the model-
free setting, Lamperski (2020) provides asymptotic results and relies on persistent excitation
assumption. Chen and Hazan (2021) designs subtle scaled one-hot vector input and collects
the trajectory to estimate the dynamics, then a stabilizing controller can be solved via semi-
definite programming. For MJS or general switched systems, to the best of our knowledge,
there is no work on stabilizing unknown dynamics using single trajectory with guarantees.
One challenge is the individual mode stability and overall mean-square stability does not
imply each other due to mode switching. However, as outlined below, we can approach this
problem leveraging what is recently done for the LTI case in the aforementioned literature
(modulo some additional assumptions).

Similar to the LTI case, suppose we could obtain some coarse dynamics estimate Al;s, ]:3,1;5,
, then we can solve for the optimal controller Kl:s for the infinite-horizon MJ S—LQR(ALS, Bl:s7
, Q1.5, R1.s) via coupled discrete-time algebraic Riccati equations. To investigate when KLS

T
T
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can stabilize the MJS(A .5, B1.s, T), the key is to obtain sample complexity guarantees for
this coarse dynamics, i.e. dependence of estimation error |A; — A;||, |B; — BJ|, and | T — T||
on sample size. Fortunately Theorem 4.2 provides the required estimation accuracy under
which K., is guaranteed to be stabilizing. Thus, combining Theorem 4.2 with the estima-
tion error bounds (in terms of sample size), the required accuracy can be translated to the
required number of samples. Note that learning T is the same as learning a Markov chain,
thus using the mode transition pair frequencies in an arbitrary single MJS trajectory, we can
obtain an estimate T as in Algorithm 1, and its sample complexity is given in Lemma A.6
in Appendix A. The more challenging part is the identification scheme and corresponding

sample complexity for Alzs and ]:3»1:5. Here, we outline two potential schemes.

e Suppose we can generate N ii.d. MJS rollout trajectories, each with length 7" (small
T, eg. T =1, is preferred to avoid potential unstable behavior and for the ease
of the implementation). We can obtain least squares estimates Al;s, Bl:s using only
{X7,xX7r_1,ur_1,wp_1} from each trajectory, which is similar to the scheme in Dean
et al. (2020) for LTI systems. Since only i.i.d. data is used in the computation, one

can easily obtain the sample complexity in terms of V.

e If each mode in the MJS can run in isolation (i.e. for any i € [s], w; = ¢ for all t) so that
it acts as an LTT system, we can use recent advances on single-trajectory open-loop LTI
system identification (Faradonbeh et al., 2018a; Sarkar and Rakhlin, 2019) to obtain

coarse estimates together with sample complexity for A; and B; for every mode 1.

We also note that while finding an initial stabilizing controller is theoretically very in-
teresting and challenging, most results we know of are limited to simulated or numerical
examples (see for instance Lee and Lamperski (2020) and references therein). This is be-
cause, from a practical standpoint, an initial stabilizing controller is almost always required
in model-based approaches since running experiments with open-loop unstable plants can

be very dangerous as the state could explode quickly.

3.5 Experiments

We provide experiments to investigate the efficiency and verify the theory of the proposed
algorithms on synthetic datasets. Throughout, we show results from a synthetic experiment
where entries of the true system matrices (A ., B.s) are generated randomly from a standard
normal distribution. We further scale each A; to have ||A;|| < 0.5. Since this guarantees
the MJS itself is mean-square stable, as we discussed in Section 2.3.1.1, we set controller
K., = 0 in MJS identification Algorithm 1. The Markov matrix T € R\** is sampled from
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a Dirichlet distribution Dir((s—1)-Is+1), where I, denotes the identity matrix. We assume
that we have equal probability of starting in any initial mode.

Since for system identification, our main contribution is estimating A;., and Bj., of
the MJS, we omit the plots for estimating T. Let ¥; = [AZ,BJ and ¥, = [A;, B;]. We
use | — ®/||®] = Max; 4] 1%, — ®,||/||®;| to investigate the convergence behavior of
Algorithm 1. The clipping constants in this algorithm, ¢y, and ¢, are chosen based on their
lower bounds provided in Theorem 3.1. Fig. 3.1 provides the results that are averaged over

10 independent Monte Carlo runs.
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Figure 3.1: Performance of MJS identification algorithm. Influence of: (a) process noise oy, (b) exploration
noise o4, (¢) state dimension n, and (d) number of modes s.

We first empirically evaluate the effect of the noise variances oy and o,. In particular,
we study how the estimation errors vary with (i) ow = 0.01,0, € {0.01,0.02,0.1} and (ii)
o, = 0.01,04 € {0.01,0.02,0.1}. The number of states, inputs, and modes are set to n = 5,
p =3, and s = 5, respectively. Fig. 3.1 (a) and (b) demonstrate how the relative estimation
error |[¥ — ®||/||®| changes as T increases. Each curve on the plot represents a fixed oy,
and o,. These empirical results are all consistent with the theoretical bound in (3.1). In
particular, the estimation errors degrade with increasing oy, and decreasing o,, respectively.

Now, we fix o0, = 0, = 0.01 and investigate the identification performance with varying
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numbers of states, inputs, and modes. Fig. 3.1 (c¢) and (d) show how the estimation error
¥ — @||/||®|| changes with (left) s = 5, n € {5,10,20}, p = n — 2 and (right) n = 5,
p=n—2,s¢€ {510,20}. As we can see, the performance is better with small n, p and s

which is consistent with (3.1).

3.6 Conclusion

This chapter considers the problem of learning an MJS from a single trajectory. An identifi-
cation method is proposed together with finite-sample guarantees. Numerical experimental
results demonstrate the performance of our method and support our theory. Our statisti-
cal analysis tackles data distribution with heavy-tail caused by the mean-square stability.
This allows us to provide high-probability non-asymptotic guarantees and may have further

implications on analyzing heavy-tailed data ariseing from other problems.
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Chapter 4
Certainty Equivalent Control

As in Chapter 3, the model of a real-world system is often obtained from learning from its
data, i.e. system identification. Since one can only have access to finitely many data, and
the data itself is noisy due to system process noise, there is usually an inevitable mismatch
between such obtained model and the ground truth one. Using such an approximate model
as a surrogate for the ground truth one to design control laws is known as certainty equivalent
control. Certainty equivalent control can have decent performance when the approximate
model is accurate enough. Perhaps, every model-based control in the real-world can be con-
sidered as certainty equivalent control since the exact model knowledge is never possible due
to, for example, rounding errors. On the other hand, when the approximate model is way off,
the resulting control law may destabilize thus endanger the ground truth system. Therefore,
it is of importance to understand when certainty equivalent control works, e.g., ensures sta-
bility, and how well it works, e.g., suboptimality. Analysis of this kind is sometimes referred
to as sensitivity or perturbation analysis.

Despite enormous studies on MJSs, theoretical understanding of MJS certainty equiv-
alent control is somewhat lacking. This chapter investigates the performance of certainty
equivalent control on MJS-LQR problems. Roughly speaking, suppose the mismatch level
of the approximate MJS is €, then this chapter establishes perturbation results for (i) the
solution to the coupled Riccati equations and (ii) the cost in LQR problems, by providing
explicit perturbation bounds with orders O(e) and O(e?) respectively.

The outline is as follows: the certainty equivalent control scheme together with problems
of interest is presented in Section 4.2; Section 4.3 provides the main perturbation analysis;

numerical experimental results are in Section 4.4.

*The contents of this chapter are published in Sattar et al. (2022) and represent an equal contribution
from Zhe Du and Yahya Sattar. The proofs in this chapter are provided in Appendix B.
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4.1 Introduction and Related Work

The LQR problems are both theoretically well understood and commonly used in practice
when the system dynamics are known. Its nice properties, e.g., admitting an elegant linear
state feedback solution, make it a popular benchmark problem in reinforcement learning
and adaptive control (Campi and Kumar, 1998; Abbasi-Yadkori and Szepesvéri, 2011; Dean
et al., 2020; Mania et al., 2019; Simchowitz and Foster, 2020; Abeille and Lazaric, 2020; Lale
et al., 2020a).

A natural generalization of LTI systems are MJSs, which allow the dynamics of the
underlying system to switch between multiple linear systems according to an underlying
finite Markov chain. Similarly, a natural generalization of the LQR problem to MJS is to use
mode-dependent cost matrices, which enables different control goals under different modes.
While the optimal control for MJS-LQR is well understood when one has perfect knowledge of
the system dynamics (Chizeck et al., 1986; Costa et al., 2006), in practice we do not always
know the exact system dynamics and the transition matrix. For instance, one might use
system identification techniques to learn an approximate model for the system. Designing
optimal controllers for MJS-LQR with this approximate system dynamics and transition
matrix in place of the true ones leads to so-called certainty equivalent control which is used
extensively in practice. However, a theoretical understanding of the suboptimality of the CE
control for MJS-LQR is somewhat lacking. The main challenge here is the hybrid nature of
the problem that requires consideration of both the system dynamics uncertainty €, and the
underlying Markov transition matrix uncertainty 7.

The solution to the infinite-horizon MJS-LQR involves coupled algebraic Riccati equa-
tions. Our goal is to understand the sensitivity of the solution of these equations and the
corresponding optimal cost to perturbations in the system model. Toward this aim, we first
establish an explicit O(e + n) perturbation bound for the solution to coupled algebraic Ric-
cati equations that arise in the context of MJS-LQR. This in turn is used to establish an
explicit O((e + n)?) suboptimality bound on the cost. Finally, numerical experiments are
provided to support our theoretical claims. Our proof strategy requires nontrivial advances
over those of Mania et al. (2019); Konstantinov et al. (1993). Specifically, the coupled nature
of these Riccati equations requires novel perturbation arguments, as they lack some of the
nice properties of the standard Riccati equations, like uniqueness of solution under certain
conditions or being amenable to matrix factorization based approaches.

Related Work: The performance analysis of certainty equivalent control for the classical
LQR problem for LTT systems relies on the perturbation/sensitivity analysis of the underly-
ing algebraic Riccati equations (ARE), i.e. how much the ARE solution changes when the
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parameters in the equation are perturbed. This problem is studied in many works (Kon-
stantinov et al., 2003b). Early results on ARE solution perturbation bound are presented
in Kenney and Hewer (1990) (continuous-time) and Konstantinov et al. (1993) (discrete-
time). Most literature, however, only discusses perturbed solutions within the vicinity of the
ground-truth solution. The uniqueness of such a perturbed solution is not discussed until
Sun (1998), which is further refined in Sun (2002) to provide explicit perturbation bounds
and generalization to complex equations. Tighter bounds are obtained (Zhou et al., 2009)
when the parameters have a special structure like sparsity.

Channelled by ARE perturbation results, the end-to-end certainty equivalent LQR con-
trol suboptimality bound in terms of the dynamics perturbation is established in Mania et al.
(2019). The field of certainty equivalent MJS-LQR control and the corresponding coupled
ARE (cARE) perturbation analysis, however, is not well studied. Two perturbation results
(Konstantinov et al., 2002, 2003a) for cARE only consider continuous-time cARE that arises
in robust control applications and they are not directly applicable in MJS-LQR setting. Our
work is also related to robust control for MJS (see, e.g., Shi et al. (1999); Costa et al. (2006)),
where the focus is to numerically compute a controller to achieve a guaranteed cost under a
given uncertainty bound. Whereas, we aim to characterize how the degradation in perfor-
mance depends on perturbations in different parameters when certainty equivalent control
is used. Therefore, our work contributes to the body of work in robust control and certainty
equivalent control of MJS from a different perspective, and also paves the way to use these

ideas in the context of learning-based adaptive control, which will be followed in Chapter 5.

4.2 Problem Formulation

In this chapter, we consider the certainty equivalent control for the infinite-horizon MJS-
LQR problem (2.34) with the ground truth MJS ¥ = MJS(A;.5, B1.s, T) and cost matrices
Qi.s, Rys. Following the notations in Lemma 2.22, let Py, Kj.,, J* respectively denote
the solution to the cDARE(A;, B1s, T, Q1.5, Ri.s), the optimal controller, and the optimal
LQR cost.

It is assumed that the model parameters, i.e., A5, B1.s, T, of the ground truth MJS X

is unknown, but some approximate parameters, ALS, ]:3»1;5, ’i‘, are accessible that satisfy
JAi — Aifl <€ |Bi=Bi| <e, [T - Tl <n, Viels. (4.1)

In this chapter, we let 3 = MJS(ALS,f&Ls,T) denote the MJS parameterized by the ap-

proximate parameters.
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To perform certainty equivalent control, we solve for a controller using the approximate
MJS ¥ and then apply it to the ground truth MJS . To ease the exposition, similar
to Section 2.3.2, we define the following perturbed operators. For a sequence of positive

semi-definite matrices Xy, € S}, for all 7 € [s], define

@i(Xlzs) = Z T(Z7]>X]> (42)
JEls]
7%1'<X1:s) = Qi+ A,T Ai(Xlss)Ai

~ ~ ~ ~ -1 . ~
— A]$i(Xy.) By (Ri + Bg@i(Xlzs)Bi> B/ %i(X1.5) A, (4.3)

KAXMJ;z—(R,+BMMX¢JBO_1O@&AXmQAO. (4.4)

We first solve for the following perturbed cDARE given by CDARE(ALS, ]A31:8, T, Q1.5 Ris):

Xl - Rl (Xl s)
Xy = Ro(Xy.s) )
Xs - ﬁs(Xlzs)

with respect to positive semi-definite matrices Xy, € S},. Let P,.. € S%" denote the

solution. Then the certainty equivalent controller KLS is given by

~

K; = K;(Py,), Viels]. (4.6)

A

Lastly, we apply the input 0; = K,,,x; to control the ground truth MJS .
Let J denote the cost incurred by playing the certainty equivalent controller K., In the

next section, we address the following questions.

(a) When is the perturbed ¢cDARE in (4.5) guaranteed to have a unique positive semi-

definite solution 151;5?
(b) What is a tight upper bound on |Py.,, — P%_||?
(c) When does K., stabilize the true MJS?

(d) How large is the suboptimality gap J — J*?
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4.3 Theory

In this chapter, the main assumption is as follows, which guarantees the existence of solution
to cDARE according to Lemma 2.22.

Assumption A4.1. The MJS-LQR(A1.5,B1.s, T, Q1.5, Ri.s) problem satisfies the following.
(a) For alli € [s], Q; >0 and R; > 0.
(b) The MJS ¥ = MJS(A1,Bi.s, T) is stabilizable.

Let Lj., denote the closed-loop state matrices under the optimal controller K7., such that
Ly := A; + B;K}. Similar to the augmented state matrix in (2.10), define the augmented

closed-loop state matrix £* as

T(1,D-Liel) T(21)-(Liel;) - T(s1)- (Lo L))
P T(1,2) - {L{ ®@Ly) T(2,2)- FLQ ® L3) T(s,2) - ng ® LY) ‘ (47)
T(1,s)- (Li@Ly) T(2s)- (LeL;) - T(ss)- (L@ L))

From Lemma 2.22, we know the closed-loop MJS is mean-square stable, thus p(L*) < 1
by Corollary 2.13. For any p € [p(L*),1), let 7 := 7(L", p) denote the normalized power
supremum of £* as in Definition 2.1. Table 4.1 summarizes some notations that will be used

in the statements of the main results.

Table 4.1: Notations — MJS-LQR Certainty Equivalent Control

3 min{ || By (R 15 1T1, 152, (P }
Ce 6[| Ar.sl1% [ Buesl|+ [1P1.o )13 IR LS+

c¢ 6C B2 IPr T IR

Cy 20| A3 B LIP3 IR 12

Cy 6C, !

I max{ || Avs|l 4, [IBrsll [IPTll+, KT l+}
K T DTB

In the following, we will show that despite being coupled, cDARE for MJS-LQR satisfies
nice local Lipschitz properties. To be more precise, we show that if the approximate MJS
is accurate enough, i.e., ¢ and 7 are sufficiently small, we can guarantee that, not only
the positive definite solution P, to the perturbed cDARE uniquely exists, but also P, is

guaranteed to be close to P7.,.
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Theorem 4.1. Suppose Assumption A4.1 holds and ¢ < min{w HB13H}

204nst2
% Then, the perturbed ¢cDARE in (4.5) is guaranteed to have a unique solution

Py, in S% ., such that P, = 0 for all i and

P =P <

(C e+ Cyn). (4.8)

From the constants, we see we would have milder requirements on € and n and a tighter
bound on ||Py.; — P3| when (i) ||[Av]], |Busll, (ii) ||LA.]l, 7, and (iii) [|R7}| are smaller.
These translate to the cases when (i) the true MJS is easier to stabilize; (ii) the closed-loop
MJS under the optimal controller is more stable; and (iii) the input dominates more in the
cost function. The role of 7 in this theorem is closely related to the damping property in
ARE perturbation analysis (Kenney and Hewer, 1990). The coefficients for € and n on the
RHS of (4.8) are also known as condition numbers in algebraic Riccati equation sensitivity
literature (Sun, 2002).

Note that the perturbation upper bound in Theorem 4.1, when setting s =1 and n = 0,
is consistent with (Mania et al., 2019, Proposition 1) developed for the LTI case except
that we suffer an additional \/n term. This is because, due to the coupled nature of 131;3
through ¢cDARE, we proceed by first vectorizing and stacking cDARE into a single equa-
tion to evaluate [vec(P)T,--- ,vec(P,)T]", then convert it back to Py., through reshaping.
Certain norm equivalency arguments (Fact B.2) are needed to carry perturbation results
through these back-and-forth reshaping steps, which produces this additional y/n. On the
other hand, these steps and thus the \/n term are not needed for the LTT case, since only a
single Riccati equation is involved.

It is easy to extend this result to the cases when an approximate les with || Ql:s - Q5] <
€ is used in place of Q. in the computations, which can be useful when the cost includes
a term of the form |ly;||* where y; = C,,x; represents the output, and we only have an
approximate parameter Cy... In this case, Q; = C]C,; and Q; = CZTC,

In the next result, we leverage Theorem 4.1 to show how the controller KLS computed
from a perturbed ¢cDARE solution deviates from the optimal one, i.e., how ||Ky., — K|
depends on € and 7, and when K., stabilizes the true MJS (such that J will be bounded).
Moreover, with the help of (Jansch-Porto et al., 2020, Lemma 3), which provides a relation
between suboptimality gap J —J* and | K., — K2, .||, we establish an upper bound for J — J*

in terms of € and 7.

Theorem 4.2. Suppose Assumption A4.1 holds, the Markov matrix T is ergodic, and €,n

satisfy the bounds in Theorem 4.1 and Cee+Cyn < 1283&;?32;’&2)2;31(}' Then, the certainty
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equivalent controller K., stabilizes the ground truth MJS % and

(Q(Rl:s) + Fi)
(1 - p)a(Rus)?

J — J* < 1600n"°s*° min{n, p}7°T°

||K1(:s - IA<1:s|| S 28\/ nSTFi

(Cee + Cym) (4.9)

(IR + T
(1= pPo(R)?

(Cee + Cyn)o2,. (4.10)

This result states that the suboptimality has quadratic dependency on the uncertainties

e and 7, and degrades when the MJS has larger number of modes s, system order n, or noise

2
we

variance o;,. Similar to the earlier discussion, Theorem 4.2 is also consistent with its LTI
counterpart (Mania et al., 2019, Theorem 1) except the n term.

Our suboptimality result has important implications in data-driven control for MJS.
Suppose the uncertainties € and 7 in the system dynamics and the transition matrix are due
to estimation errors induced by a system identification procedure that uses T samples. Then,
if the estimation error decays as O(1/v/T) (which is typical for € as in learning LTI systems
(Oymak and Ozay, 2021; Sarkar and Rakhlin, 2019) and for 7 in learning Markov chains
(Zhang and Wang, 2019)), Theorem 4.2 implies that the suboptimality decays as O(1/T).
Thus, given a desired suboptimality level for the certainty equivalent controller, one can use
this relation to infer the required number of samples, which has been employed in Chapter 5

to establish regret analysis for adaptive control.

4.4 Experiments

In this section, we present some numerical results to support our proposed theory. We fix
n = 10 and p = 5. The true system matrices (Aj,, By.s) were generated randomly from
the standard normal distribution. We scaled each A; to have a spectral radius equal to 0.3
to obtain a mean square stable MJS. We set Q; = glgj,Rl = E¢E¢T7Ai = A, + €AA,,
and BZ = B, + egB,, where 92,, R,, A,, and B, were generated randomly from the standard
normal distribution; and €5 and eg are some fixed scalars. Here we experimentally study the
influences of perturbation on A;., and Bj., separately with €5 and eg. Note that e defined
in (4.1) is equal to max{ea, eg}. The true Markov transition matrix T was sampled from a
Dirichlet distribution Dir((s — 1) - I, 4+ 1), and we let the approximate T = T + E, where
the perturbation E = np(Dir((s —1) - I, 4+ 1)) — T) for 5 € [0,1].

We study how the Riccati equation solution perturbation and suboptimality gap vary with
ea, e, Nt € {0.01,0.02,0.05,0.1,0.2,0.3} and the number of modes s € {10, 20, 30,40}. For
each choice of €5, eg, and nt, we run 100 experiments and record the respective maximums
of Ap := max; |P; — P?||/||P?|| and A, := (J — J*)/J* over all 100 runs. In Figures 4.1 and
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Figure 4.1: Riccati solution perturbation. Left to right: eg = nr =0, ea = = 0, ea = eg = 0, and

€ =€EA = €EB = I)T.
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4.2, we have four plots showing Ap and A, versus uncertainties (i) ea (eg = nt = 0), (ii)
e (ea =nr =0), (iii) T (ea = e =0), and (iv) € = € = €g = 7.

Figure 4.1 presents four plots that demonstrate how Ap changes as €a, €g, 11, and €
increase, respectively. Each curve on the plot represents a fixed number of modes s. These
empirical results are all consistent with (4.8). In particular, Figure 4.1 (right) shows that
given the uncertainty in the system matrices and in the Markov transition matrix is bounded
by €, the perturbation bound to coupled Riccati equations has the rate O(e) which degrades
linearly as € increases. Further, it can be easily seen that the gaps indeed increase with
the number of modes in the system. Figure 4.2 demonstrates the relationship between the
relative suboptimality A; and the five parameters €4, €g, 11, € and s. As can be seen in
Figure 4.2 (right), given the uncertainty in the system matrices and in the Markov transition
matrix is bounded by ¢, the perturbation bounds to the optimal cost decay quadratically

which is consistent with our theory.

4.5 Conclusion

In this chapter, we provide a perturbation analysis for cDARE, which arises in the solution
of MJS-LQR, and an end-to-end suboptimality guarantee for certainty equivalence control
for MJS-LQR. Our results show the robustness of the optimal policy to perturbations in
system dynamics and establish the validity of the certainty equivalent control in a neigh-

borhood of the original system. This chapter opens up multiple future directions. First,
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with proper system identification algorithms, e.g., Chapter 3, we can analyze model-based
online/adaptive algorithms where control policy is updated continuously over a single trajec-
tory. Second, a natural extension would be to study MJS with output measurements where
states are only partially observed, i.e., the LQG setting. This will require considering the

dual coupled Riccati equations for filtering.
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Chapter 5
Adaptive Quadratic Control

Learning how to effectively control unknown dynamical systems from data is crucial for
intelligent autonomous systems. This task becomes a significant challenge when the under-
lying dynamics are changing with time. Motivated by this challenge, this chapter considers
solving the MJS-LQR problem with unknown MJS dynamics in an online way. By taking a
model-based perspective, we consider identification-based adaptive control for MJS.

We then propose an adaptive control scheme that incorporates the system identification
procedure in Chapter 3 together with the certainty equivalent control in Chapter 4 to adapt
the controllers in an episodic fashion. Combining our identification sample complexity results
with perturbation results for certainty equivalent control, we prove that when the episode
lengths are appropriately chosen, the proposed adaptive control scheme achieves (’)(\/T )
regret.

This chapter is organized as follows: the problem formulation is in Section 5.2; the adap-
tive control scheme is proposed in Section 5.3 with performance guarantees in Section 5.4;
Section 5.5 presents experimental results that demonstrate the performance of our approach

and support our theory.

5.1 Introduction and Related Work

A canonical problem at the intersection of machine learning and control is that of adaptive
control of an unknown dynamical system. An intelligent autonomous system is likely to
encounter such a task; from an observation of the inputs and outputs, it needs to both learn
and effectively control the dynamics. A commonly used control paradigm is the LQR prob-
lem, which is theoretically well understood when system dynamics are linear and known.
LQR also provides an interesting benchmark, when system dynamics are unknown, for re-

inforcement learning (RL) with continuous state and action spaces and for adaptive control

*The contents of this chapter are published in Du et al. (2022¢) and Sattar et al. (2021). The proofs in
this chapter are provided in Appendix C.

41



(Abbasi-Yadkori and Szepesvari, 2011; Abeille and Lazaric, 2020; Campi and Kumar, 1998;
Dean et al., 2020; Lale et al., 2020a; Mania et al., 2019).

While the MJS-LQR problem is also well understood when one has perfect knowledge of
the system dynamics (Chizeck et al., 1986; Costa et al., 2006), in practice, it is not always
possible to have a perfect knowledge of the system dynamics and the Markov transition
matrix. For instance, a Mars rover optimally exploring an unknown heterogeneous terrain,
optimal solar power generation on a cloudy day, or controlling investments in financial mar-
kets may be modeled as MJS-LQR problems with unknown system dynamics (Blackmore
et al., 2005; Cajueiro, 2002; Loparo and Abdel-Malek, 1990; Svensson and Williams, 2008;
Ugrinovskii and Pota, 2005).

Earlier works have aimed at analyzing the asymptotic properties (i.e., stability) of adap-
tive controllers for unknown MJSs both in continuous-time (Caines and Zhang, 1995) and
discrete-time (Xue and Guo, 2001) settings, however, despite the practical importance of
MJSs, non-asymptotic sample complexity results and regret analysis for MJSs are lacking.
In the case of stochastic jump systems, (which are the switched dynamical systems where the
switching of modes are i.i.d.), when the only unknown is the mode distribution, recent works
study data-driven stability verification (Gatsis and Pappas, 2021) and stabilization (Schu-
urmans et al., 2019) with non-asymptotic guarantees. However, it is difficult to generalize
these approaches to general MJSs as well as MJSs with unknown dynamics.

The high-level challenge here is the hybrid nature of the problem that requires consider-
ation of both the system dynamics and the underlying Markov transition matrix. A related
challenge is that, typically, the stability of MJS is understood only in the mean-square sense.
This is in stark contrast to the deterministic stability (e.g., as in LQR), where the system
is guaranteed to converge towards an equilibrium point in the absence of noise. In contrast,
the convergence of MJS trajectories towards an equilibrium depends heavily on how the
switching between modes occurs. As we have discussed in Example 2.9, an MJS that is
mean-square stable may still have an explosive trajectory realization under an unfavorable
mode switching sequence. High probability light-tail bounds are, therefore, not applicable
without very strong assumptions on the joint spectral radius of different modes (cf. Sarkar
et al. (2019)). Perhaps more surprisingly, there are examples of MJS with all modes individ-
ually stable, however due to switching, the system exhibits an unstable behavior on average,
and the MJS is not mean-square stable (see Example 3.17 of Costa et al. (2006)). There-
fore, finding controllers to individually stabilize the mode dynamics does not guarantee that
the overall system will be stable when mode switches over time. This more relaxed notion
of mean-square stability presents major challenges in learning, controlling, and statistical

analysis.
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5.1.1 Contribution

In this chapter, by incorporating the system identification method in Chapter 3, we propose
an adaptive control scheme to solve MJS-LQR problems with unknown MJS dynamics and
provide its performance guarantees in terms of regret analysis, while assuming only mean-

square stability. Specifically, our theoretical contributions are as follows!:

. O(\/T)—regret bound: When the system dynamics are unknown, we show that the
certainty-equivalent adaptive MJS-LQR Algorithm (Algorithm 2) achieves a regret
bound of O(v/T). Remarkably, this coincides with the optimal regret bound for the
standard LQR problem obtained via certainty equivalence (Mania et al., 2019).

e O(polylog(T))-regret with partial knowledge: We also consider the practically
relevant setting where the state matrices are unknown but the input matrices are
known. We show that the regret bound can be significantly improved to O(polylog(T)).
This bound also coincides with the poly-logarithmic regret bound for the standard LQR
with the knowledge of the input matrix B (Cassel et al., 2020).

5.1.2 Related Work

There are mainly two types of approaches for solving the optimal control problem with
unknown system dynamics: model-based and model-free ones. Model-based ones rely on
system identification to obtain an estimate of the system dynamics, based on which the
controllers are designed. Model-free ones solve for the controller directly from the data
without relying on model estimates. A comparison with the related works, in the LQR
setting, is provided in Table 5.1.

e Model-Based Approaches: For LTI systems, there have been a large body of
work on model-based adaptive control, and they have sophisticated control performance
guarantees from the regret perspective (Abbasi-Yadkori et al., 2019; Abbasi-Yadkori and
Szepesvari, 2011; Dean et al., 2020; Faradonbeh et al., 2020b; Hazan et al., 2020; Mania
et al., 2019). Specifically, Simchowitz and Foster (2020) achieves O(v/T) regret lower bound
for adaptive LQR control with unknown system dynamics, while Cassel et al. (2020) and
Lale et al. (2020b) achieve logarithmic regret upper bound, with partial knowledge of the
system and persistence of excitation assumption, respectively, as no additional exploration
noise is needed to guarantee learnability of the system. However, in the MJS setting, due to
the lack of well established identification analysis, prior works (Caines and Zhang, 1995; Xue
and Guo, 2001) are only able to provide guarantees from the stability aspect. The case of

Lorders of magnitude here are up to poly-logarithmic factors

43



input design without system state dynamics is considered in Baltaoglu et al. (2016), which
can be thought of as a generalization of linear bandits to have a Markovian structure in the
reward function without any continuous dynamic structure. However, only a regret lower
bound is provided in Baltaoglu et al. (2016). Finally, we refer the reader to the survey pa-
pers (Gaudio et al., 2019; Matni et al., 2019; Recht, 2019) for a broad overview of the recent
developments on non-asymptotic system identification, adaptive control and reinforcement
learning from the perspective of optimization and control.

e Model-Free Approaches: Somehow orthogonal to the above developments, but still
highly relevant, are approaches that sidestep system identification and try to learn an optimal
controller (policy) directly (among many others, see e.g., Fazel et al. (2018); Mohammadi
et al. (2020); Zhang et al. (2020); Zheng et al. (2021)). These works analyze the optimiza-
tion landscape of LQR and related optimal control problems and provide polynomial-time
algorithms that lead to a globally convergent search in the space of controllers. Importantly,
these optimization algorithms do not require the knowledge of the system parameters as
long as relevant quantities like gradients can be approximated from simulated system tra-
jectories. More recently, this line of work is extended to MJSs in Jansch-Porto et al. (2020),
significantly expanding their utility. However, these works require multiple trajectories to
estimate the gradients as opposed to a controller that adapts at run-time, therefore, they
provide a complementary perspective to the single trajectory adaptation and regret analysis

in our work.

Table 5.1: Comparison with prior works in the LQR setting.

Model | Reference Regret Computational Cost Stabilizability /
Complexity Controllability
Abbasi-Yadkori and Szepesvéri (2011) VT Exponential Strongly Convex Controllable
Ibrahimi et al. (2012) VT Exponential Convex Controllable
Abeille and Lazaric (2018) (one dim. systems) VT Polynomial Strongly Convex Stabilizable
11 | Dean et al. (2018) %3 Polynomial Convex Stabilizable
Mania et al. (2019) VT Polynomial Strongly Convex Controllable
Cohen et al. (2019) VT Polynomial Strongly Convex Strongly Stabilizable
Faradonbeh et al. (2020a); Simchowitz and Foster (2020) | v/T Polynomial Strongly Convex Stabilizable
Cassel et al. (2020) (known A or B) polylog(T) Polynomial Strongly Convex Strongly Stabilizable
MIS Ours 52 T Polynomial Strongly Convex | Mean-square stabilizable
Ours (known By) s*polylog(T) Polynomial Strongly Convex | Mean-square stabilizable

5.2 Problem Formulation

In this chapter, we consider the following adaptive control for finite-horizon MJS-LQR prob-

lems.

Problem P5.1 (Adaptive Control for MJS-LQR). Solve the finite-horizon MJS-LQR prob-
lem (2.29) with unknown MJS ¥ = MJS(A1.s, Bi.s, T) and known LQR cost matrices Q.
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and Ry.s.

The solution to the above problem usually involves procedures of learning, either the
dynamics or directly the controllers. Adaptive control suffers additional costs as (i) the lack
of the exact knowledge of the system and (ii) the exploration-exploitation trade-off — the
necessity to sacrifice short-term input optimality to boost learning, so that overall long-term
optimality can be improved.

Because of this, to evaluate the performance of an adaptive scheme, one is interested in
the notion of regret — how much more cost it will incur if one could have applied the optimal
controllers? In our setting, we compare the resulting cost against the optimal cost T" - J*
where J* is the optimal infinite-horizon average cost in Lemma 2.22.

Compared to the regret analysis of adaptive LQR problem (Dean et al., 2018) for LTI
systems, the cost analysis here requires additional consideration of Markov chain mixing,

which is addressed in this chapter.

5.3 Approach

Our adaptive MJS-LQR control scheme is given in Algorithm 2. It is performed on an
epoch-by-epoch basis; a fixed controller is used for each epoch, and from epoch to epoch, the
controller is updated using the trajectory generated in the most recent epoch. Note that a
new epoch is just a continuation of previous epochs instead of restarting the MJS. Similar
to the discussion in Section 3.2, we assume, at the beginning of epoch 0, that one has access
to a stabilizing controller K§°§ During epoch ¢, the controller Kng is used together with
additive exploration noise zgq) N (0, aiqlp) to boost learning. At the end of epoch q, the
trajectory during that epoch is used to obtain a new MJS dynamics estimate qus, B1 ) T@
using the MJS identification Algorithm 1. Then, we set the controller Kj. q+ ) for epoch ¢+ 1
to be the optimal controller for the infinite-horizon MJS-LQR(A 1S,B§S, 9, Q1.q, Ri.y),
which can be computed as in Lemma 2.22. Note that ¢cDARE may not be solvable for
arbitrary MJS models or cost matrices, but our theory guarantees that when epoch lengths
B @ Qy., Ry.s is solvable for

every epoch ¢. This control design based on the estimated dynamics is also referred to as

are appropriately chosen, cDARE parameterized by Al

1:s9 157

certainty equivalent control.

To achieve theoretically guaranteed performance, i.e., sublinear regret, the key is to have
a subtle scheduling of epoch lengths T, and exploration noise variance (T . We choose T}, to
increase exponentially with rate v > 1, and set O’z7q =02/ \/Tq, which collectlvely guaran-
tee O(v/T) regret when combined with the system identification result from Theorem 3.1.

Intuitively, this scheduling can be interpreted as follows: (i) the increase of epoch lengths
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Algorithm 2: Adaptive MJS-LQR

Input: Initial epoch length Tjy; initial stabilizing controller Kgog, epoch incremental
ratio v > 1; and data clipping thresholds ¢y, ¢,
1 for¢q=0,1,2,... do
2 Set epoch length T, = |Toy9].

. . . 2
3 Set exploration noise variance o2 g = G‘; .
’ q

4 Evolve the MJS for T, steps with ugq) = Kfﬂ{l)(t)x@ + zl(tQ) with

z\? RS- N (0,02 .1,) and record the trajectory {Xg 2" ,w@ (1 )}tTio-

5 A<q> B, T
MJS Identification Algorlthrn 1KY, 02 o2 o3 0 (x9, 29 W@ ()}, e, ).

6 Set the controller Kj. q+ for the next epoch to be the optimal controller for the
infinite-horizon MJS LQR( i, B§ T Qu.s, Ris).

7 end

guarantees we have more accurate MJS estimates thus more optimal controllers; (ii) as the
controller becomes more optimal we can gradually decrease the exploration noise and deploy
(exploit) the controller for a longer time. Note that the scheduling rate  has a similar role
to the discount factor in reinforcement learning: smaller v aims to reduce short-term cost

while larger v aims to reduce long-term cost.

5.4 Theory

In this chapter, the main assumption is as follows, which guarantees the existence of optimal
solution to the MJS-LQR problem according to Lemma 2.22.

Assumption A5.1. The MJS-LQR(A 1.5, B1.s, T, Q1.5, Ri.s) problem satisfies the following.
(a) For alli € [s], Q; >0 and R; > 0;
(b) The MJS ¥ = MJS(A15,Bi.s, T) is stabilizable.
(¢) The Markov matriz T is ergodic.

We define filtration F_q, Fo, F1,... such that F_; := o0(xo,wp) is the sigma-algebra
generated by the initial state and initial mode, and F, := o(xq, wo, {{w (¢ )2 1 }i—0s Wo,
({wy ) 1 }i=0» %o, {{z(j)}?l}q o) is the sigma-algebra generated by the randomness up to
epoch ¢. Note that the initial state x ) of epoch ¢ is also the final state XT of epoch g—1,
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therefore, xéq) is JF,_i-measurable, and so is w@(0). Suppose time step ¢ belongs to epoch

¢, then we define the following conditional expected cost at time t as,
c = E[x] Qux: + w Ry, u; | Fyo]. (5.1)

The cost for epoch ¢ is defined as Jig) 1= >, . epoch ¢ Ct» and the cumulative cost is defined

as Jr = Zq Jig)- We define the total regret and epoch-q regret as,

Regret(T) := Jp — TJ*, Regret? := J,, — T,J*. (5.2)

O(log., (T/Ty)
q=1

Then, we have, Regret(T) = O(>_ )Regret(q)), where regret of epoch 0 is ignored
as it does not scale with time 7. In the definition of the regret, we evaluate the expected
cost conditioning on the randomness up to the previous epoch. This is the middle ground
between the expected cost E[Y, x/ Qu,x; + u/R,u] (Cassel et al., 2020) and random cost
> X Quxt + u Ry, uy (Lale et al., 2020b) typically considered in previous online learning
works. We show in the next subsection that under certain stronger stability of the MJS,
regret based on the random cost can also be bounded.

Let K., denote the optimal controller for the infinite-horizon MJS-LQR(A ., By, T,
Q:5, Ry.s) problem. L9 and £* denote the augmented closed-loop state matrices (2.10)
under the initial controller K§°§ and the optimal controller K7, respectively. For a free
parameter p € [max{p(L"), p(£L*)},1), let 7 := max{r(LY, p), 7(L*, )}, where 7(-,-) is
the normalized power supremum in Definition 2.1. With these definitions, we have the
following sublinear regret guarantee. Please refer to Theorem C.11 in Appendix C for the

complete version and proof.

Theorem 5.1 (sublinear regret). Assume that the initial state xo = 0, and Assumption A5.1
holds. In Algorithm 2, suppose hyper-parameters cx = O(y/n), ¢, = O(\/p), and Ty >

@(%CEQ;)TO)(H + p)) Then, with probability at least 1 — &, Algorithm 2 achieves

(St 4 )2, /510’ (T)
Regret(T') < O < P (R log (T)ﬁ) +0 (#) : (5.3)

Proof Sketch. For simplicity, we only show the dominant @() term here and leave the com-

plete proof to appendix. Define the estimation error after epoch g as

ey = maxmax{[|AlY — A[|,|BY — B[}, € :=[T@ - T..

JEls]
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Using Theorem 4.2, we can bound epoch-q regret as

Regret? < O ( op+ Tyos, <€EAB) + et 1)> ) : (5.4)

Plugging in the exploration noise variance 057(1 = \‘;‘%CVF_, the upper bounds on the estimation
q

errors EE,;J?B <0 (Z‘gj": ‘/g(gtz ))T\;)%(Tq)) and e&?) <0 (1 / lOgTqTq > from Theorem 3.1, we have

Regret? < O (S 2 +p%) %/ y log*(T, ) Finally, since T, = O(Tyv?) from Algorithm 2,

m11 (1 p
we have
O(log., (7))
Regret(T') = Z Regret(@,
q=1

7T'min ﬁ)Q ﬁ - 1
A 52p(n2+p2)7'2 2
< ¥ volylog(THYVT
<0 ( 2 d g POl og( )\/_> (5.5)
O]

Note that the state dimension n, the input dimension p, number of modes s, and spec-
tral radius p affect the regret bound in Theorem 5.1 and the identification error bound
in Theorem 3.1 in a similar way. The factor that exclusively affects the regret bound is
the epoch incremental ratio v. One can see the interplay between T and + from the term
< vl >3 (7 log(%) — ﬂlog(v)) in the proof sketch. Specifically, when horizon T is smaller,

i1
a smaller v minimizes the upper bound, and vice versa. This further provides a mathemati-

cal justification for + being similar to the discount factor in reinforcement learning in early
discussions. In our regret upper bound, there is a heavy-tailed probability term 1/4. In the
next subsection, we discuss how this term is unavoidable under mean-square stability, but

can be improved to sub-exponential tail term log(1/0) when stronger stability exists.

5.4.1 Two Special Cases

5.4.1.1 Regret under uniform stability

Note that the second term in the regret upper bound (5.3) in Theorem 5.1 depends on the
failure probability § through 1/§. Though this term has a much milder dependency on the

time horizon T, when setting § to be small, it can still easily outweigh the O(-) term in
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(5.3), which only has sub-exponential tail log(1/0) dependency, and can result in overly
pessimistic regret bounds. The main cause of this 1/§ term is that, in the regret analysis,
one needs to factor in the cumulative impact of initial state of every epoch, i.e. >~ Hx(()q) %
Since mean-square stability guarantees the stability and state convergence only in the mean-
square sense, we can, at best, only bound E[|[x\”||2] and then use the Markov inequality:
with probability at least 1 — 8, [|x\?]|2 < E[||x\||2]/6. Furthermore, in Appendix C.5.1, we
construct an MJS example that is mean-square stable, but dependency no better than 1/§ is
possible. Fortunately, there exists an easy workaround to get rid of this 1/ dependency if the
MJS is uniformly stable (Definition 2.16), which enforces stability under arbitrary switching
sequences, thus is stronger than mean-square stability. It allows us to bound X(()q) using tail
inequalities much tighter than the Markov inequality and obtain ||xéq> > < O(log(1/6)) with
probability at least 1 — §. As a result, the 1/ dependency in the regret bound can be
improved to log(1/0).

One type of uniform stability assumption that can help us in this case is related to the
closed-loop MJS under the optimal controllers. We let K7., denote the optimal controller for
the infinite-horizon MJS-LQR(A 1.5, B, T, Q1.5, Ri.s) and define closed-loop state matrices
L = A; + BJK} for all i € [s]. We let 6 denote the joint spectral radius of Lj, i.e.
0 = 1m0 max,, ,er ILG, - -LZ}ZH%, and we say L}, is uniformly stable if and only if
0* < 1. Let 0 := #. The resulting regret bound is outlined in the following theorem, with

its complete version and proof provided in Theorem C.12 of Appendix C.5.1.

Theorem 5.2 (Regret under uniform stability). Assume that the initial state xo = 0, As-
sumption Ab.1 holds, and Lj., is uniformly stable. If hyper-parameters Ty, cx, and c, are

chosen as sufficiently large, with probability at least 1 — 6, Algorithm 2 achieves

5 (8°p(n* + p*)TP0n, 4
Regret(T) < O ( o S log (T)ﬁ) . (5.6)

Another benefit of assuming uniform stability is that we can establish a sublinear bound
for the regret defined using the random cost. Denote the random cost at time ¢ as ¢;, the

random cost for epoch ¢ as Jé’q), and random regret as Regret®(7T"), defined as follows:

¢ =% Qux + Ry, J) = Z ¢;, Regret®(T) := Z Jp =TT (5.7)
q

t € epoch ¢

Since we already have an upper bound for the Regret(T) = > ¢ /@ — TJ* in Theorem 5.2,
it suffices to upper bound > o4 — /(o to establish an upper bound for the Regret®(T). In
each summand Ji, — J,, we see Jig) = E[J("q) | Fy—1] where F,_; affects the expectation

only through the initial state X(()q) , initial mode w(@(0), and the controller Kg?). Thus,
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the summand J(Oq) — J( measures the deviation of the epoch’s random cost J(Oq) from its

a)
conditional expectation with given initial conditions and controllers. Under the uniform
stability assumption, we can show that J(Oq) is sub-exponential, which allows us to obtain
oy —Jg < O/ Tylog(1/6)) and Regret®(T) < O(v/Tlog(1/6)). On the other hand, in the
case of mean-square stability, for similar reasons we discussed above, J(Oq) can be heavy-tailed,
and the dependency on 0 can at best be 1/4. The formal result is provided below and the

proof is provided in Appendix C.5.2

Theorem 5.3 (Random regret under uniform stability). Under the same setup of Theo-

rem 5.2, with probability at least 1 — 9, Algorithm 2 achieves

Regret®(T) < O (82];(?2 g]f)pgzazv log*(T)VT + %aiﬁ) : (5.8)

5.4.1.2 Partial knowledge of dynamics

In practice, the input matrices By., correspond to the actuators. One may have their knowl-
edge either from the manufacturers or through various estimation techniques designed for
non-dynamical models. From Corollary 3.2, we know that when B.; is known, no further
exploration noise is needed to identify the state matrices A;.; or Markov transition matrix
T. This can also be applied to the adaptive MJS-LQR setting, and the resulting regret
bound can improve (from O(log*(T)VT) to O(log®(T'))), since exploration noise incurs ad-
ditional costs. The result is given in the following corollary, and we omit the proof due to

its similarity to the proofs of Theorems 5.1 and 5.2.

Corollary 5.4 (Poly-logarithmic regret). When By., is known, it suffices to set the explo-
ration noise to be 0,4, = 0 for all q in Algorithm 2. Then, the regret bound in Theorem 5.1

becomes, Regret(T) < O (%bg%]ﬂ) +0 <‘/El+g3m>. Additionally, the regret

bound in Theorem 5.2 becomes, Regret(T) < O (‘%—fi);;"%v log3(T)>-

As for the other special case when Aj., is known but Bj.; is unknown, the exploration
noise is still needed. One can analyze it as a special case of the general case when neither
of them is known. For LTI systems, under certain strong assumptions, e.g. controller non-
degeneracy, it is shown that poly-logarithmic regret is attainable for this case (Cassel et al.,
2020). We speculate similar assumptions can lead to poly-logarithmic regret for MJS as well

and leave this to the future work.
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Figure 5.1: Performance of adaptive MJS-LQR. Influence of: (a) process noise oy, (b) number of modes s,
(c) state dimension n.

5.5 Experiments

We provide experiments to investigate the efficiency and verify the theory of the proposed
algorithms on synthetic datasets. Throughout, we show results from a synthetic experiment
where entries of the true system matrices Ai., B1.s are generated randomly from a standard
normal distribution. We further scale each A; to have ||A;|| < 0.5. Since this guarantees
the MJS itself is mean-square stable, as we discussed in Section 2.3.1.1, we set the initial
stabilizing controller KQ = 0 in adaptive MJS-LQR Algorithm 2. For the cost matrices
(Qu.s,Rys), we set Q; = gzgj, and R; = R,R] where 9@ € R and R, € RP*P are
generated from a standard normal distribution. The Markov matrix T € RY*® is sampled
from a Dirichlet distribution Dir((s — 1) - Iy + 1), where I, denotes the identity matrix. We
assume that we have equal probability of starting in any initial mode. The depicted results
are averaged over 10 independent Monte Carlo runs. In our experiments, we explore the
sensitivity of the regret bounds to the system parameters. We set the initial epoch length
Ty = 2000 and incremental ratio v = 2. We select five epochs to run Algorithm 2. As
(g+1)
1is

an intermediate step for computing controller K., in Algorithm 2, the coupled Riccati
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equations (2.35) are solved via value iteration, and the iteration stops when the parameter
variation between two iterations falls below 1076, or iteration number reaches 10%.

Fig. 5.1 demonstrates how regret bounds vary with (a) oy € {0.001,0.002,0.01,0.02},
n=10,p=s=>5; (b) ow =0.01, n =10, p =5, s € {4,6,8,10}, and (c¢) oy = 0.01, s = 10,
p=2>5,n¢€ {4,6,8,10}. We see that the regret degrades as oy, n, and s increase. We also
see that when oy, is large (T is small), the regret becomes worse quickly as n and s grow

larger. These results are consistent with the theoretical bounds in Theorem 5.1.

5.6 Conclusion

This chapter considers solving the optimal quadratic control problem for MJSs with unknown
dynamics. We propose a model-based adaptive control scheme that alternates between sys-
tem identification (Chapter 3) and certainty equivalent control (Chapter 4) on an epoch-by-
epoch basis. Sublinear regret guarantees are established for the proposed scheme, which can
be improved to poly-logarithmic regret when partial knowledge of the MJS is available. As
a future work, it would be interesting and of practical importance to investigate the case
when mode is not observed, which makes both system identification and adaptive quadratic

control problems non-trivial.
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Chapter 6
Mode Reduction

Switched systems are capable of modeling processes with underlying dynamics that may
change abruptly over time. To achieve accurate modeling in practice, one may need a large
number of modes, but this may in turn increase the model complexity drastically. Existing
work on reducing system complexity mainly considers state space reduction, whereas reduc-
ing the number of modes is less studied. In this chapter, we consider the mode complexity
for MJSs. Specifically, inspired by clustering techniques from unsupervised learning, we are
able to construct a reduced MJS with fewer modes that approximates the original MJS well
under various metrics. Furthermore, both theoretically and empirically, we show how one
can use the reduced MJS to analyze stability and design controllers with significant reduction
in computational cost while achieving guaranteed accuracy.

This chapter is organized as follows: we present the preliminaries and mode reduction
problem setup in Section 6.3; an clustering-based reduction approach is proposed in Sec-
tion 6.4; in Section 6.5, we discuss how the reduced MJS approximates the original one
under setups; Section 6.6 and 6.7 respectively show that one can use the reduced MJS as a
surrogate to evaluate stability and design LQR controllers for the original MJS; simulation

experiments are presented in Section 6.8.

6.1 Introduction and Related Work

Switched systems generalize time-invariant systems by allowing the dynamics to switch over
time. However, this is accompanied by new complexity challenges: the number of modes that
is needed to model systems accurately and thoroughly may grow undesirably large. For ex-
ample, for controlled plants composed of multiple components, if we model each combination
of health statuses, e.g. working and faulty, of all components as a mode, then the number

of modes grows exponentially with the number of components. Given this rate, there can

*The contents of this chapter are published in Du et al. (2022b) and Du et al. (2022a). The proofs in this
chapter are provided in Appendix D.
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be a huge amount of modes even with a moderate number of components. Given a system
with this many modes, analysis can become computationally intractable. For example, in
finite-horizon LQR problems with horizon 7', the total number of controllers to be computed
is s” where s denotes the number of modes. This lack of scalability calls for systematic and
theoretically guaranteed ways to reduce the number of modes.

Existing work on (switched) system reduction mainly focuses on reducing the state di-
mension (Zhang et al., 2003) or constructing finite abstractions for the continuous state
space (Zamani and Abate, 2014). Reducing the mode complexity, however, is still mainly
an uncharted territory.

In this chapter, we study how one can perform mode reduction for MJSs. Our main

contributions are the following:

e We propose a clustering-based method that takes mode dynamics as features and use

the estimated clusters to construct a reduced-mode MJS.

e The reduced MJS is proved to well approximate the original MJS under several ap-

proximation metrics.

e We show the reduced MJS can be used as a surrogate for the original MJS to analyze
stability and design controllers with guaranteed performance and significant reduction

in computational cost.

Our work adds a new dimension, i.e., reduction of modes, to the research of switched system
reduction. This framework can be generalized to other problems such as robust and opti-
mal control, invariance analysis, partially observed systems, etc. Other than constructing
and analyzing the reduced MJS, the technical tools we develop in this chapter regarding

perturbations can be applied to cases when there are model mismatches.

6.2 Related Work

Depending on the problems of interest and methodologies, the work on reduction for stochas-
tic (switched) systems can be roughly divided into three categories: bisimulation, symbolic
abstraction, and order reduction.

Bisimulation: To evaluate the equivalency between two stochastic switched systems, no-
tions of (approximate) probabilistic bisimulation are proposed in Larsen and Skou (1991);
Desharnais et al. (2002, 2004). Approximation metrics (Abate, 2013) from different perspec-
tives are developed to compare two systems, e.g. one(multi)-step transition kernels (Abate
et al., 2011) and trajectories (Girard and Pappas, 2007; Tkachev and Abate, 2014; Julius and
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Table 6.1: Related Work on Reduction for Stochastic Switched Systems

. Exact . . .
Reference Model Reduction Bisimulation Reduction Approxnr'latlon
Target . Method Metric
Condition
(Desharnais et al., 2004) Controlled Markov Process Formula Metric
(Tkachev and Abate, 2014) Labelled Markov Chai N.A.
(Bian and Abate, 2017) abelled Markov Lhains Trajectory
(Lun ot al., 2018) (autonomous)
un et al.,
- Yes

(Zhang and Wang, 2019) State Space Clustering
(Du et al., 2019a) Markov Chains Cardinality T N.A.
(Bittracher and Schiitte, 2021)
(Zamani and Abate, 2014) Switching Stochastic Sys. State S Trajectory
(Abate et al., 2011) Stochastic Hybrid Disiritizzé‘:icjn Transition Kernel
(Soudjani and Abate, 2011) System (autonomous) Invariance Probability
(Jul?us‘ et al., 2006) Jump Linear (Bi)simulation . )
(Julius and Pappas, 2009) . . Trajectory
Zamani et al., 2016) Stochastic System Function
( e State Space
(Zhang et al., 2003) Dimension N.A. »
(Shen et al., 2019) - (Order) Heo Reduction Hoo norm
(Kotsalis and Rantzer, 2010) Balanced Truncation
(Sun and Lam, 2016) H, Reduction H, norm
This Chapter MJS Modes Yes Clustering Trajectory

Pappas, 2009). Based on the approximate bisimulation notion in Bian and Abate (2017), a
technique for reducing the state space of labeled Markov chains through state aggregation
is proposed in Lun et al. (2018). Unlike existing work that typically defines the notions of
(approximate) bisimulation on the state space, we provide an algorithm that constructs a
reduced system by aggregating the mode space, which provably approximates the original
one. Our work shares the idea of aggregation of Markov chains with Lun et al. (2018), but
we also seek to recover the best aggregation partition which is otherwise assumed as prior
knowledge in Lun et al. (2018).

Symbolic Abstraction: Given a system with continuous state space, abstraction (Alur
et al., 2000) considers discretizing the state space and then constructing a finite state sym-
bolic model, which can be used as a surrogate for model verification (Clarke Jr. et al., 2018;
Kurshan, 2014) or controller synthesis (Maler et al., 1995). The work on abstraction for
stochastic hybrid systems starts with the autonomous cases. Under uniform discretization,
Abate et al. (2010) and Abate et al. (2011) provide approximation guarantees that depend
on the discretization width. An adaptive partition scheme is proposed in Soudjani and Abate
(2011), which mitigates the curse of dimensionality suffered by uniform sampling. Since the
systems under consideration are autonomous, these works mainly serve verification purposes,
but fall short toward controller synthesis goals. Zamani and Abate (2014) addressed this by
allowing inputs in the systems. The idea of partitioning the continuous state space is similar
to our work except that our partition is performed on the mode space, i.e., the discrete state

space in hybrid systems, which provides a new yet closely related dimension to the existing
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abstraction work.

Order Reduction: Another important line of research on system reduction is order reduc-
tion (Gugercin and Antoulas, 2004), where one seeks to reduce the dimension of the state
space to satisfy certain criteria. With the help of linear matrix inequalities (LMIs), various
methods have been applied for MJS, including H, reduction (Zhang et al., 2003), balanced
truncation (Kotsalis and Rantzer, 2010), and #H; reduction (Sun and Lam, 2016), etc. Order
reduction is also applied to more complex models with time-varying transition probabilities
(Shen et al., 2019).

The reduction of Markov chains, a class of simplified yet fundamental stochastic switched
models, has also attracted the learning and statistics communities. Several notions of lumpa-
bility are proposed in Buchholz (1994), which coincide with the notion of bisimulation in
Larsen and Skou (1991). Lumpability allows one to reduce the original Markov chain to
a smaller scale yet equivalent Markov chain by lumping the Markovian states. Similar re-
search focusing on the equivalence metrics and bounding the difference of transition kernel,
can be found in Hoffmann and Salamon (2009); Schulman and Gaveau (2001); Gaveau and
Schulman (2005) under the name of coarse graining. Compared with the bisimulation work
for general stochastic systems, which is mostly conceptual, the restriction to Markov chains
allows for practical “low-rank + clustering” methods (Meila and Shi, 2001) to uncover the
lumpability structure. Zhang and Wang (2019) considers the case when the Markov matrix
is estimated from a trajectory, and the approximate lumpability case is studied in Du et al.
(2019a); Bittracher and Schiitte (2021). Furthermore Du et al. (2019a) studies the reduction
of Markov chains that are embedded in switched autoregressive exogenous models, but the
overall dynamical models are not reduced. Based on the ideas in Du et al. (2019a), our work
further extends the reduction to the overall MJS.

A comprehensive comparison of the related work together with our work is listed in
Table 6.1. The entry “exact bisimulation condition” tells whether ideal case sufficient con-
ditions are provided under which a system can be reduced without introducing any model
inaccuracy, i.e., they are bisimilar. In practice, when the reduced system is constructed,
these principled conditions can help gain more insight into the original system. In practice,
these model reduction methods developed under different perspectives can be combined to
achieve overall better performance. For example, for the continuous state space, one can
apply order reduction followed by finite abstraction (the former can help remove the curse of
dimensionality for the latter), and meanwhile our work can further help reduce the discrete

mode space.
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Figure 6.1: Illustration of MJS mode reduction

6.3 Problem Formulation

In this chapter, we consider the MJS ¥ in (2.6) but without process noise. In other words,
Y} is given by
= Aw Bwt
> ::{ Xt Xt By (6.1)

wy ~ Markov Chain(T)

We assume the Markov matrix T is ergodic. In the remainder of this chapter, we use
Y= MJS(Ai, By, T) to denote the groundtruth MJS in (6.1) that we want to study, and
similarly use notation MJS(:, -, -) to parameterize any noiseless MJS with expressions given
in (6.1).

This chapter will consider Markov chains for the Markov matrix T with the following
properties: lumpability and aggregatability (Definition 2.7). Lumpability of a Markov chain
coincides with the definition of probabilistic bisimulation in Desharnais et al. (2002), which
describes an equivalence relation on the Markovian state space [s], i.e., two members are
equivalent if they belong to the same cluster. For a Markov chain T that is lumpable with
respect to partition ., we use (; € [r] to index the active cluster at time ¢, i.e., {; = k if
and only if w; € Qy, and use (y; to denote the active cluster sequence. The implication of

lumpability is that (p.; also follows a Markov chain.

6.3.1 Problem Setup

With the notions of Markov chain lumpability and aggregatability, in this chapter, we con-

sider reducing the number of modes for 3 under the following two problem settings.

Problem P6.1 (Lumpable Case). Assume the dynamics of ¥ = MJS(Ai, Bis, T) is
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known. Suppose there exists a hidden partition Q.. on [s| and €a, e, er > 0 such that

SN A - Avllp < ea,

kE[T] 1,07 €Qy,

(6.2)
> > IBi—Bullr <es,
kelr] i €
SN YT - YT )| < e (6.3)
kle[r] i€y je JEQ

Then, given {A;,B;};_,, T and r, we seek to estimate the partition Q.. by clustering the
modes, construct a reduced MJS for X, and provide guarantees on the behavior difference

incurred by the reduction.

Throughout this chapter, we refer to ea,eg, and et as perturbations. When er = 0,
by Definition 2.7, the Markov matrix T is lumpable with respect to the partition €2y.,.
Thus, in condition (6.3), one can view T as approzimately lumpable. One can think of
{wy, %} € [s] xR™ as a hybrid state (Abate et al., 2011). Then, condition (6.3) guarantees the
existence of an approximate equivalence relation in the discrete domain [s]|, while condition
(6.2) guarantees this in the continuous domain R™. More discussions for the special case
when epx = eg = e = 0 follow in the next subsection.

For the aggregatable case, we separately formulate a similar problem in Problem P6.2.

Problem P6.2 (Aggregatable Case). In Problem PG6.1, replace the condition in (6.3) with
Zke[r] Zi,i’EQk ”T(Za :)T - T(ilv :)THI < er.

When er = 0, by Definition 2.7, the Markov matrix T is aggregatable with respect to
the partition ;... P6.2 differs from P6.1 in terms of ep, which quantifies the violation of
lumpability and aggregatability respectively for the matrix T. Consider a 3-state Markov
matrix T with rows T(1,:) = [0.2,0.4,0.4], T(2,:) = [0.7,0.1,0.2], and T(3,:) = [0.7,0,0.3].
Then for the partition €, = {1},Qy = {2,3}, we obtain ex = 0 in P6.1 but ey = 0.4 in
P6.2. In other words, T is exactly lumpable but non-aggregatable with a violation level of
0.4. In P6.2, ex = 0 only when T(i,:) = T(¢,:) for all i,i" € Q, i.e. the rows are equal.
On the other hand, in P6.1, ex = 0 is possible even if no row equalities exist. Hence, being
ep-aggregatable in P6.2 is a stronger assumption than being ep-lumpable in P6.1. As a
result, in Section 6.4, the clustering guarantee for P6.2 is stronger and more interpretable
than that of P6.1.
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6.3.2 Equivalency between MJSs

To compare the original and reduced-mode MJSs as mentioned in P6.1, we need a notion of
equivalency between two MJSs with different numbers of modes. This is provided below via
a surjection from modes of the larger MJS to the smaller one, which extends the bijection
idea in Julius and Pappas (2009); Zhang et al. (2003) that can only compare two MJSs with

equal amounts of modes.

Definition 6.1 (Equivalency between MJSs). Consider two MJSs ¥ and X9 with the same
state and input dimensions n, p, but different number of modes s; and ss respectively.
WLOG, assume sy > so. Let {Xgl),ut ),wt } and {Xt ,ug ),wt } denote their respective
state, input, and mode index. X1 and Xy are equivalent if there exists a partition (2.5, on
[s1] such that ¥1 and ¥y have the same transition kernels, i.e. for any time t, any mode
k. k' € [so], any x,x" € R", and any u € RP

P(wt(i)l € Wy, xﬁr)l =x'| w,gl) €Oy, xg ) —x ugl) )

= P(wﬁ)l K >X§i)1 =x'| w? =k xP=xu? = u). (6.4)

The trivial perturbation-free case, i.e., €4, €g, er = 0, provides a sufficient condition that

guarantees that an MJS can be reduced to a smaller MJS with equivalency between them.

Definition 6.2 (Mode-reducibility Condition). If in P6.1, ea,ep, er = 0, we say X is

mode-reducible with respect to 1.,.

If this condition holds for >, we can construct a reduced-mode MJS Y= MJS(AM, ]§1:T, 'i‘)
such that for any k,l € [r], any ¢ € Q, A, = A;, B, = B;, and T € R™ with
’f(k:,l) = D jecq, T(i,7), which is illustrated in Fig. 6.1. Let {X;, 1, w;} denote the state,
input, and mode index for the reduced Y. Then, the following fact shows that > and X are

equivalent according to Definition 6.1.

Fact 6.3. Suppose % is mode-reducible and S is constructed as above. Consider the case when
S and ¥ have (i) initial mode distributions satisfy Plwy € Q) = P(y = k) for all k € [r],
(ii) the same initial states (xo = Xg), and (iii) the same input sequences (Ugt—1 = Woy—1)-
Then, these two MJSs have the same mode and state transition kernels, i.e. P(w; € Q, x4 =
x) = P(&y = k, % = x) for allt, all k € [r] and x € R™. Particularly, there exists a special
type of reduced Y such that the modes are synchronized: for all t, o, = (. In this case,

X; = x; for all t.
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Proof. For 3, using its dynamics in (6.1), we obtain

(HAwh>XO+Z( H Awh>Bw/ut’+Bwt 1U—1

h= t’+1

<H A<h>X0 + Z < H Agh)]égt,ut/ + Bgtilut_l.

h=t'+1

Similarly, for the reduced f], we have x; = ( Z_:lo Aah)f{o + Zi,_:zo ( Z_:lt, 41 A;Jh)]é@t, uy +
B, ,u;—;. Note that when initial conditions xy, = Xy and input sequence ugp;_1 = U1 are
fixed, x; depends on (y.;_1 in the same way as x; depends on wy;_1. Thus to prove the claim
P(w; € Qp,x; = x) = P(0; = k,%x; = x), it suffices to show sequences (41 and &p,—1 have

the same distributions, i.e.

P(Cot-1 = 00:4-1) = P(@0.t-1 = 00:4-1) (6.6)

for any possible sequence g1 € [r]". We will show this through induction. Note that due
to the assumption for the same initial conditions, we have P({y = 0¢) = P(&y = 0¢). Now,
suppose P((op.n—1 = 0o.n-1) = P(&o.n—1 = 00.n—1), then to complete the induction argument,
by Bayes’ theorem, it suffices to show P((;, = oy | (on1 = 00n—1) = P(&n, = op | Qop_1 =
00:h—1)- For the LHS,

P(¢h = on | Con-1 = To:h—1)

= Z P(wy, € Q,,, wh-1 = w | Co:h-1 = T0:n—1)

weN

Th—1
Z P(wn € Qg | who1 = w)P(wh-1 = w | Con-1 = To:n—1) (6.7)
wGQo'h71 ’
:T(Uh—lagh) Z P<Wh—l =W | Coh—1 = 00:h—1)
wEQe) 4
:T(O'h_l, O'h).

For the RHS, by the Markov property, we have P(&, = oy, | @o.n—1 = 0on-1) = P(&n = oy, |

Wpho1=0p_1) = T(Jh,l, op). The induction and proof are complete. O

Fact 6.3 first shows the equivalency between ¥ and Y in terms of the transition kernels,
which is then extended to trajectory realizations if certain synchrony exists between (.
and wg.;. The condition w; = (; in Fact 6.3 essentially establishes a coupling between the
Markov chains wp,; and &g such that P(w, € Q0 = k) = Plw, € Q) = P&y = k).
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Establishing coupling between the stochastic systems usually allows for stronger equivalency
and approximation result. Similar coupling scheme is implicitly used in Julius and Pappas
(2009); Zhang et al. (2003); an optimal coupling by minimizing Wasserstein distance is
discussed in Tkachev and Abate (2014); and a weaker coupling using the idea of HMM is
discussed in Shen et al. (2019).

In Definition 6.1 and Fact 6.3, viewing {w;,x;} € [s] x R™ as a hybrid state, T being
lumpable guarantees the existence of an equivalence relation in the discrete domain [s] as in
Definition 2.7, while state/input matrices being the same guarantees this in the continuous

domain R".

6.4 Clustering-based Mode Reduction

In this section, we first propose Algorithm 3 to estimate the latent partition £2;., and con-
struct the reduced MJS for Problem P6.1 and P6.2, and then provide its theoretical guar-

antees for partition estimation in Section 6.4.1.

Algorithm 3: Mode Reduction for MJS
Input: A, By, T, r, and non-negative tuning weights aa, ag, ar that sum to 1

1 Construct feature matrix ®: Vi € [s],

2 case Problem P6.2 do

3 ®(i,:) = [aavec(A;)", agvec(B;)", arT(i,:)].

4 case Problem P6.1 do

5 H = diag(m): Tdiag(m) 2

6 W, < top r left singular vectors of H

7 S, = diag(m)z W,

8  ®(i,:) = [aavec(A;)T, agvec(B;)", arS,(i,:)]

9 U, «+ top r left singular vectors of ®

10 Solve k-means problem: ., C1r = argming i Zke ] Dicty, ||U (i,:) — ¢
11 Construct 3, Vk,l € [r] Ay, = |Q o > ico, Ais B = IQ ‘ D ica, Bi

(k l) ‘Q | ZzEQk JEQ T( ])
Output: 3 : MJS(A“,B”,T)

We treat the estimation of partition {2;.. essentially as a mode clustering problem with
the dynamics matrices A;, B; and transition distribution T'(7, :) serving as features for mode
7. In Algorithm 3, we first construct the feature matrix ® from Line 2 to Line 8, with
®(i,:) denoting the features of mode i. For the aggregatable case in Problem P6.2, we
simply stack the vectorized A;, B; and T(i,:), and use aa, ap, @t to denote their weights

respectively. One way to choose these weights is as a normalization, e.g. aa o 1/ max; ||A;]],
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so that these three features would have the same scales. Though in the aggregatable case
P6.2, similarities among the rows of T shed light on the groundtruth partition €2;.,, this is
no longer valid in the lumpable case P6.1 as two modes belonging to the same cluster can
still have different transition probabilities T(i,:), even if ex = 0. According to (6.3), the
groundtruth partition €2;.. is only embodied in the mode-to-cluster transition probabilities
> iea, T(i,7) constructed using the groundtruth partition itself. This leaves us in a “chicken-
and-egg” dilemma. To deal with this, from Line 5 to 8, we compute the first r left singular
vectors W, of matrix diag(m)zTdiag(m) 2, and then weight it by diag(7)™2 to obtain
matrix S, € R¥" which is used to construct features in ® for the lumpable case P6.1. We
will later justify using S, as features by showing row similarities in S, reflect the partition
under certain assumptions.

With the feature matrix ®, to recover the partition, we resort to k-means: in Line 10,
k-means is applied to the first r left singular vector U, of ®. The typical algorithm for k-
means is Lloyd’s algorithm, where the cluster centers and partition membership are updated
alternately. Based on the solution QM obtained via k-means, we construct the reduced by
by averaging modes within the same estimated cluster. A more subtle averaging scheme is
through the weights provided in the stationary distribution 7t which describes the frequency
of each mode being active in the long run. )y generated by this scheme (or any weighted
averaging) would have the same performance guarantees as the uniform averaging, which is
provided in Section 6.4.1.

In practice, if we have no good prior knowledge which model of Problem P6.1 and P6.2
would yield the best model reduction performance, we can first obtain the partitions for
both cases and then pick the one that yields smaller hindsight perturbations €, eg, er in
Problem P6.1 and P6.2. When one picks ap = ag = 0, i.e only the Markov matrix T is
used to cluster the modes, then our clustering scheme under the aggregatable case P6.2 is
equivalent to Zhang and Wang (2019) which studies clustering for Markov matrices that is
estimated from a single trajectory. The lumpable case P6.1, on the other hand, is based on
preliminary analysis in Meila and Shi (2001).

We note that several aspects of this algorithm we have guarantees for do not directly
consider the metrics important to this problem; for example averaging dynamics matrices
within the same cluster may not yield the dynamics that gives an optimal fit for prediction
or controller design. That said, even for this straightforward approach, Section 6.5 provides
several strong approximation guarantees. We are hopeful that future generalizations will
be able to build on this theory and further improve the control performance of our mode-

reduction approach.

62



6.4.1 Theoretical Guarantees for Clustering

In this section, we discuss the clustering performance by comparing the estimated partition
QLT and the true €2;... As k-means algorithms are known to have local convergence properties
(Bottou and Bengio, 1994), we instead assume for the k-means problem in Algorithm 3, a (1+
|U(4,:) = €]]* < (1+¢€) ming,
Zke[r]ﬂ.e% |U..(i,:) — c}]|*>. Many efficient algorithms have been developed that can provide

€) approximate solution can be obtained, i.e., Zke[r} iy Ll
(1 + €) approximate solutions. For € = 1, a linear time (in terms of r and s) algorithm
is provided in Gonzalez (1985). For smaller ¢, Kumar et al. (2004) proposes a linear time
algorithm using random sampling; Song and Rajasekaran (2010) gives a polynomial time
algorithm with computational complexity independent of s. We later show how € affects the
overall clustering performance.

To evaluate the performance of partition estimation, we define misclustering rate (MR)
as MR(€y.,) = minyey > kelr] W, where H is the set of all bijections from [r] to
[r] so that the comparison finds the best cluster label matching. The error metric MR counts
the total misclustered modes normalized by the cluster sizes, which implies clustering errors
occurring in smaller clusters would yield larger MR.

We define the following averaged feature matrix ® based on the underlying partition
Qy.,: for all i € [s] (suppose i € Q for some k € [r]), ®(i,:) = ﬁzi’eﬂk ®(7,:). By
construction, there are up to r unique rows in ®, hence rank(®) < r. We first present the

clustering guarantee for Problem P6.2, i.e., the aggregatable case.

Theorem 6.4. Consider Problem P6.2 and Algorithm 3. Suppose Ql;r is a (14-€) k-means so-

. . = (8)/120m) | +121)
lution. Let €2 = o2& +akek +a2et. Then, if rank(®) = r and e4,, < 2~
Agg A€A T Qpep T QpeT if (@) 499 = T3 Jarolog)

we have
MR(Q1;) < 64(2 + €)0,(®) 2%, (6.8)

» : 0. (8) A N
Additionally, if €agy < W then MR(€.,,) = 0.

The key term €44, measures how modes within the same cluster differ from each other, i.e.,

inner-cluster distance. On the other hand, the singular value o,(®) measures the differences
of modes from different clusters, i.e., inter-cluster distance. This is because when modes
belonging to different clusters have similar features, their corresponding rows in the averaged

feature matrix @ will also be similar, which could give small o,.(®). Particularly, if two

different clusters share the same features, then rank(®) = r — 1 and 0,(®) = 0. In the

theorem, when the inner-cluster distance is small compared to the inter-cluster distance, the

misclustering rate can be bounded by their ratio €44,/0,(®). By definition of misclustering

rate, the smallest nonzero value it can take is given by m Therefore, whenever the upper
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bound in (6.8) is smaller than J» one can guarantee MR(€.,) = 0, which yields the final

Q
claim in Theorem 6.4. ol
The clustering guarantee for the lumpable case in Problem P6.1 is more involved than
the aggregatable case. We first provide a few more notions and definitions that can help the
exposition. We say a Markov matrix T is reversible if there exists a distribution 7w € R*®
such that 7(i)T(i,j) = 7(j)T(j,4) for all 7, 5 € [s]. This condition translates to diag(7)T =
TT'diag(7t) when T is ergodic with stationary distribution 7t. For a reversible Markov matrix

that is also lumpable, we have the following property.

Lemma 6.5 ((Meila and Shi, 2001, Appendix A)). For a reversible Markov matriz T that
is also lumpable with respect to partition §1.,., it is diagonalizable with real eigenvalues. Let

S € R¥* denote an arbitrary eigenvector matriz of T. Then, there exists an indez set A C [s]
with |A| = r such that for all k € [r], for all i,7" € Q, we have S(i, A) = S(i', A).

We say T in Lemma 6.5 has informative spectrum if A = [r] and |\.(T)| > |A\-+1(T)],
which implies that the r eigenvectors that carry partition information in Lemma 6.5 cor-

respond to the r leading eigenvalues. For lumpable Markov matrices, we define the ep-
neighborhood of T

L(T, Q.. ex) == {TO € R™ : T, is Markovian,

ITo — Tlloc < e, ||To— Tllr < €T7

- (6.9)
Vk,lé[]VzEQk,ZTOZj Q Z zy}
JEQ | ’zeg
Sy

Under the approximate lumpability condition in (6.3), one can show this neighborhood set
is non-empty. Related discussions are provided in Appendix D.2. To find such a Ty €
L(T, 4., er), one only needs to solve a feasibility linear programming problem. Then we

provide the clustering guarantee for the lumpable case.

Theorem 6.6. Consider Problem P6.1 and Algorithm 3. Define notations v, 1= _._, ﬁ,
72 := min{o,(H) — 0,41 (H), 1}, 73 == %+XHW; and 6me 1= 0j€a + apeh +apyier.

Assume there exists an ergodic and reversible Ty € L(T,Q.,, er) with informative spec-

trum. Suppose Qu., is a (1 + €) k-means solution. Then, if rank(®) = r, ep < Tmn

71
< @)/ 1920 [+192(1)

€
me - 8\/8 2+€ ‘Q(l)|

, we have

MR(Q.,) < 64(2 + €)o,(®) 22, . (6.10)

6me
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” : 0r (®) 3y
Additionally, if €rmp < o then MR(€.,) = 0.

Theorem 6.6 for the lumpable case is similar to Theorem 6.4 for the aggregatable case
with an additional 3 term. This is a result of using S, and T to construct features in
Algorithm 3 for these two cases. 73 describes how much the lumpability perturbation er
on T affects the row equalities of its spectrum-related matrix S, in Lemma 6.5. The as-
sumption on the existence of Ty with informative spectrum guarantees (i) the partition €.,
information is carried by the leading eigenvectors of Ty as introduced in Lemma 6.5, and
(ii) this information can still be preserved in S, as long as T is close to T(. Because of
this, Theorem 6.6 may not hold for arbitrary lumpable T, but only those close to Markov

matrices with informative spectra.

6.5 Approximation Guarantees

With perturbations €4, €g, €1, the reduced by may not be equivalent to the original > as in
Fact 6.3. In this case, if certain approximation guarantees can be established, they can be
used in verification tasks such as safety (Julius and Pappas, 2009) and invariance (Soudjani
and Abate, 2011) evaluations. In this section, we show that the reduced system 3 can
be guaranteed to well approximate the original system > under metrics such as transition
kernels (distributions) and trajectory realizations. Particularly, these metrics reach 0 when
€A, €B, €T = 0, i.e., the mode-reducibility condition in Definition 6.2 holds. We have shown in
Theorem 6.4 and 6.6 that MR(QM) = 0 when perturbations €, €g, er are small. Hence, in
this section together with Section 6.6 and 6.7, we assume €., = ler for simplicity. In these
sections, the theory holds for perturbations €y, €g, e introduced in either P6.1 or P6.2.
We study the approximation in a setup where > and 3 start with the same initial con-

dition and are driven by the same input.

Setup S1 (Initialization-Excitation Setup). Systems ¥ and % have (i) initial mode distri-
butions satisfy Plwy € Q) = P(@o = k) for all k € [r]; (i) the same initial states, i.e.,

X = Xo, and (iii) the same inputs v, = 0, for all t.

Note that when ¥ and ¥ have fixed and shared initial conditions and inputs as in setup
S1, we can at most evaluate the difference between x; and x; in terms of their distributions
(or, the transition kernels of ¥ and f]) However, the actual realizations of x; and X;, i.e.,
when we only generate a single sample for each, can be very different. This is because x;
and x; are driven not only by the input excitation, but also the mode switching sequences

wot—1 and wp.;_1; thus, x; and x; are likely to be far away from each other if the realizations
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of wg.;—1 and @y.;—1 are different. On the other hand, if the reduced model 3 is to be used
online to predict the future behavior of ¥, and if the mode w; can be observed at run-time,
we can assume the following and derive stronger relations on the state realization difference

[x: — %4

Setup S2 (Mode Synchrony). Mode w; of S s synchronous to wy of X, i.e., for all t, if
wy € Qk then w; = k.

Mode synchrony setup essentially establishes the strongest possible coupling between wy.;
and wy.; as discussed in Section 6.3.2. When the mode sequence wy.; of Y is synchronized
with that of ¥, this amounts to having 5 being driven by an external switching signal wy..

In the following, we provide bounds on how close Y is to ¥ in terms of the following
approximation metrics: (i) under the mean-square stability of X, the difference ||x; — %x;|| in
trajectories (Theorem 6.7); (ii) under uniform stability, the difference in trajectories (Theo-
rem 6.8 (T1)) and the difference of transition kernels (Theorem 6.8 (T2)).

6.5.1 Result with Mean-square Stability

From Lemma 2.12, we know the MJS ¥ is mean-square stable if and only if the the augmented
state matrix A in (2.9) has spectral radius p(AA) < 1. For any p > p(A), let us define

= 7(A, p), where 7(-,-) is the normalized power supremum in Definition 2.1. Keep
in mind that 7 depends on the choice of the free parameter p. We let A := max; ||A]],
B := max; ||B;||. The following theorem provides an upper bound for ||x; — %;|| under mean-

square stability.

Theorem 6.7. Consider setup S1 and S2 where the shared initial state Xo and inputs ug.; can
be arbitrary as long as for allt, u; is bounded, i.e., |[u|| < u. Assume X is mean-square stable
and Uy = Q. in Algorithm 3. For any P € [p(A),1) and its corresponding T, let py =

e For perturbation, assume ex < min{A 6—14”%”} and eg < B. Then, E[||x; — %||] <

Ay/nA/sTENSS where €155 1= p \/tA||T||€A||X0|| + \/_u( A|T|lea + 1 \ﬁ\/_)

S

In this theorem, € is the key element in the upper bound. In its definition, the first
term describes the effect of e through initial the state x3. Since p < 1 due to X being
mean-square stable, we know pg < 1, which implies exponential decay. The rest of the

% characterize the effects of €4 and eg through the inputs. And if there is no

terms in €

input, the trajectory difference ||x; — X¢|| converges to 0 exponentially with ¢. The condition

ea < ﬁ is used to guarantee perturbation e, is small such that 3 is also mean-square
ST

stable, as otherwise the difference will grow exponentially, and no meaningful results can
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be established in this case. Conditions €4 < A and eg < B are only used to simplify the
expressions, and similar bounds can be established without them.

Fact 6.3 provides a sanity check for Theorem 6.7: when e, = eg = 0, we have x; = x;. In
the autonomous case, i.e., u; = 0, as a direct corollary of Theorem 6.7, we can further obtain

a probabilistic bound on the difference over an entire trajectory using Markov inequality:

with probability at least 1 — 4§, > .7 [|x¢ — %] < 4\/7THX\(}I|7\/A6A‘

6.5.2 Results with Uniform Stability

Mean-square stability in Section 6.5.1 is a weak notion of stability in that it only requires
stability in expectation while still allowing a set of mode switching sequences that result
in explosive x;, even a set with nonzero probability. In this section, we consider uniform
stability, which guarantees stable x; even with an arbitrary switching sequence. Uniform
stability allows us to further build approximation results without enforcing mode synchrony
as in S2.

From Definition 2.16, we know the MJS ¥ is uniformly stable if the matrices A;.s have
joint spectral radius (A1) < 1. For any & > &(Ay.s), let us define k := k(A1 §), where
K(+,+) is the normalized joint power supremum in Definition 2.17. Furthermore, we let
T = max; ; T(i, j).

We formally define the transition kernels for ¥ and ¥ and their distance. Under fixed
initial state xo and input sequence ug,;_1, we let X; := {x; : x¢. is a solution to X, V wg.;—1 €
[s]'} denote the reachable set of ¥. Then we define the t-step transition kernel as p;(x) :=
P(x; = x) for all x € A;. Note that both A; and p;(x) depend on the choice of the initial
state and input sequence as well. We omit this dependency in the notation not only for
simplicity but also because the approximation results we provide hold for arbitrary initial
state and input sequence. Similarly, for the reduced f], we use X, to denote the reachable
set at time ¢, and for X € X, we let pi(X) := P(x; = X). Then, for £ > 1 the ¢(-Wasserstein
distance Wy (py, py), between distributions p; and p, is defined as the optimal objective value

of the following mass transportation problem:

) . NN/
min (s s [ (2. %)[x = %[)
st Y en f(XX) = pu(%),V % (6.11)

> oxen, (X, %) = pi(x),V x.

The constraints describe the transportation of probability mass distributed according to p;

to the support of p; so that the mass after transportation distributes the same as p;. We can
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view f(x,X) as the mass that is transported from point x to x and ||x — x|| as the distance
it travels. When ¢ = 1, the goal is to minimize the total weighted travel distance, and the
resulting W, is also known as the earth mover’s distance. Now we are ready to present our

results for the uniform stability assumption.

Theorem 6.8. Consider setup S1 where the shared initial state Xo and inputs ug.; can be
arbitrary as long as for all t, v, is bounded, i.e., |[u|| < u. Assume 3 is uniformly stable and

O = Qy., in Algorithm 3. For any £ € [£(A15),1) and its corresponding k, let & := 12i§

For perturbation, we assume ex < % and eg < B. Then, we have the following results.
(T1) Under S2, ||x; — %|| < €& := t&,1K2||x0]|ea + WEA + %€B almost surely.

(T2) Consider the autonomous case, i.e., By.; = 0. (S2 is not mandatory.) Then,

Wepi, pr) < 165" K2 [[xollea + 2r°tr ][0l (wea + €)'(T + ex) = ey,

In Theorem 6.8, condition €5 < % guarantees the reduced S is uniformly stable with
joint spectral radius upper bounded by &. The condition eg < B simplifies the expression,
and similar results can be obtained when it is relaxed. (T1) upper bounds the realization
difference with the mode synchrony setup. We can see the similarity between the upper
bounds €}'* and €*** of Theorem 6.7 under the mean-square stability assumption. The fact
that uniform stability and mean-square stability upper bound ||x; — X;|| deterministically and
in expectation respectively is a manifestation of the difference between these two stability
notions for MJS.

In (T2), we bound the Wasserstein distance between p; and p;. This bound depends
on both perturbations €5 and ep. Let p and S denote the mean and covariance for x;
and similarly define 1 and S for %;. From Kuhn et al. (2019, Theorem 4), we obtain
[ — [|2+d(S,S) < Wa(py, pr)?, where d(S, S) := tr(S+S—2(S25S2)2) is a metric between
S and S. Hence, by setting ¢ = 2 in (T2), we also obtain upper bounds for the differences
between p; and f; in terms of their first and second order moments, i.e., ||u — fi|| and d(S, S).
These metrics can be used to obtain performance bounds in other control problems such as
covariance steering (Chen et al., 2015; Goldshtein and Tsiotras, 2017; Okamoto et al., 2018)
and ensemble control (Li and Qi, 2015).
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6.6 Stability Analysis

In this section, we study whether the stability properties of ¥ can be deduced from those
of 3. Recall that the mean-square stability of ¥ depends on p(.A), the spectral radius
of its augmented state matrix A, and its uniform stability depends on &(A;y), the joint
spectral radius of state matrices Aq.;. Similarly, for i}, we define its augmented state matrix
A € R with its (i, j)-th n? x n? block given by [A];; := T(j,7) - A; ® A, and let p(.A)
denote its spectral radius; we let & (Am) denote the joint spectral radius of state matrices
A.... With these notations, we want to analyze when p(\A) (or £(A1.,)) can be taken as an
approximation for p(A) (or £(Ay,)) since computing or approximating p(A) and &(Ay.,)
may require much less computation compared with p(A) and &(Ay,) as 3 has much fewer
number of modes than X..

To begin with, we first construct an intermediate MJS by ezpanding the reduced 3 we
let ¥ := MJS(A ., By, T) such that T € £L(T, O, er), and for all ¢ € [s] (suppose i € Qk),
A; = A, B, = B,. By definition of L(T, QLT,GT)7 we can solve for T through a linear
programming feasibility problem with constraints given by the definition of L(-,-,-) in (6.9).
Particularly, if it is the aggregatable case P6.2, it suffices to let T(7,:) :== || ' 3. .o T(i,:)

if i € Q. Note that by construction, ¥ is mode-reducible with respect to Qy., and can be

iEQk

reduced to 3. According to Fact 6.3, ¥ has the same dynamics as $. Since ¥ has the
same number of modes as ¥, we can use ¥ as a bridge to compare ¥ and 3. We let
p(A) denote the spectral radius of A € R"*%7° wwhose (i,7)-th n? x n? block is given by
[A];; = T(j,i) - A; ® A; and let {(Ay.) denote the joint spectral radius of Ay, The
following preliminary result (proof omitted due to its simplicity) says ¥ and S have the

same stability properties.

Lemma 6.9. For % and %, we have p(A) = p(A) and £(Ay,) = £(Ay).

One implication of Lemma 6.9 is that if an MJS is mode-reducible, the reduced MJS has
the same mean-square stability and uniform stability as the original MJS in terms of (joint)
spectral radius. When ¥ is not exactly mode-reducible, Lemma 6.9 allows us to compare the
stability properties of S and ¥ via the intermediate expanded ¥ as presented in Theorem 6.10.
For analysis purposes, similar to 7 and & defined for X, we define 7 := sup,y ||A*||/p* for
any p > p(A) and K := Supyey max,, ,e[rlk HAM T Aw”/ék for any é > g(AI:S)

Theorem 6.10 (Stability Analysis). Assume ler = Q.. in Algorithm 3, then ¥ and 3 have

the following relations.

(T1) (Mean-square stability) For any p > p(LA) and its corresponding 7, any p > p(A) and
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its corresponding T, we have

(6.12)

where €, := /s((2A + €a)ea + A2er).

(T2) (Uniform stability) For any & > £(Ay.s) and its corresponding k, any £> §(A1:T) and

its corresponding T, we have

o o (6.13)

Proof. From Lemma 6.9, it suffices to prove

p(A) <1e, +p, p(A) <
(Al S) < KEA + 57 £<A1:s)

+ (6.14)

p
+£ (6.15)

€p
REA

[\ \]I

Since we assume €2, = Q... then for ¥ and ¥, we have |A; — Ail| < ea, [|B; — Bi|| < e,
and ||T — Tl < ep. Consider matrix A and A, we have [A];; — [A];; = T(j,1)A; ®
A, —TG)A; @A =T3G,i)(A; @A — A; @A)+ (T(j,i) — ( i))A; ® A;. Note that
AjOA; —Aj QA=A —A)RA;+A;®(A; — A)) + (A — A)) @ (Aj — A;), which
gives |[A; @ A; — A; ® Aj|| < (24 + ea)ea. Then, we have ||| ]Z-j [A]i] < T(j, i)(2A +
eA)eA + |T(j,i) — T(j,i)]A%. To simplify the notation, we let ¢; := (24 + €a)ea and

;= A%, By Cauchy-Schwarz inequality, we have Y, |[[A];; — [Al;;|I*> < (ail|T@, )| +
e T0,3) = TU, 1) Thus, A — Al < yS (S, ey — LA < vS(er+oren)
€p-

With Corollary D.9 in the appendix, we have || A¥|| < 7(7¢, + p)*¥. By Gelfand’s formula,
p(A) = limsup, .. |AF|* < 7€, + p, which shows the left inequality of (6.14). If we
use Corollary D.9 the other way, we have |A*|| < 7(Fe, + p)¥, which similarly implies
p(A) < Te, + p. With these results, (6.14) is proved. (6.15) can be shown similarly by
noticing ||A; — A;|| < ea and then using Lemma D.8 in the appendix. O

Theorem 6.10 provides upper bounds on [p(A) — p(A)| and |€(Ay,) — £(Ay,)|. By
definition, 7 decreases when p increases, and the same applies to the pairs {7, p}, {r, ¢},
and {R,é}. Hence, for fixed €, and €4, by tuning the free parameters p, p, £, and £, one
may obtain tighter upper bounds in Theorem 6.10. When p = p(\A), p = p(.A), the bound
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in (T1) becomes tight at €, = 0 as the upper and lower bounds meet at 0. Note that these
results hold for both stable and unstable Y, and does not require perturbation €, , €g, e to
be small, which is in contrast to approximation results in Theorem 6.7 and 6.8.

Now we briefly compare the complexities for computing or approximating p(\A), p(A), £(A1.,),
and £(Ay,,). Since A has dimension sn? x sn2, the complexity to compute its spectral radius
p(A) is O(s*nS), but it only requires O(r*n) for p(.A). Computation of the joint spectral
radius is in general undecidable (Jungers, 2009). An iterative approach (Parrilo and Jad-
babaie, 2008) provides an approximation for £(A;.;) with computational complexity O(s),

whereas it only requires O(r) for £(Ay.,).

6.7 Controller Design with Case Study on LQR

When the mode of an MJS can be observed at run-time, one can use mode-dependent con-
trollers. A mode-dependent controller is essentially a collection of individual controllers, one
per mode, and the deployed controller switches with corresponding modes. Therefore, if we
can reduce the modes, that would also reduce the number of controllers in a mode-dependent
control. That is, with the reduced f], we can design mode-dependent controller K., for >
and then associate every mode ¢ in Y with K, if i € .. Since 3 has a smaller scale than
Y., the computational cost may be reduced but the question is how this simplified controller
performs on the original system . In this section, we show how this idea can be used for
the infinite-horizon LQR problems for MJS and provide suboptimality guarantees for the
reduced controller.

We consider the infinite-horizon MJS-LQR problem (2.34) with mode-independent cost
matrices, i.e, Q.. = Q and Ri.,, = R. The main assumption in this section is as follows,
which guarantees the existence and uniqueness of the optimal solution to the MJS-LQR

problem according to Lemma 2.22.

Assumption A6.1. The problem MJS-LQR(A 15, B1s, T, Qu.5, Ry.s) satisfies the following.
(a) For alli € [s], Q; = Q and R; = R for some Q,R > 0.
(b) The MJS ¥ = MJS(A15,Bi.s, T) is stabilizable.

To design controllers with the reduced S = MJ S(AM, ]:%M, T), we can first compute
controller Kj., by solving LQR problem with S as the MJS dynamics. To ease the exposition,

similar to Section 2.3.2, we define the following operators. For a collection of positive semi-
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definite matrices Xy, € S}, for all i € [r], define

$i(Xu) =Y T(i, )X, (6.16)

JEr]

Ri(Xlsr) =Q+ A,'T Ai(Xl:r)Ai
. . 1 .
— Al 5i(X4,)'B; (R + Bl ¢i(X1.) ) B]4:i(X1.) A, (6.17)

B,
Ki(X1,) = — (R + B}@(Xl;r)]f%i)_ (Bl $i(Xp) A, ) (6.18)

We first solve for the following cDARE:

Xl - RI(XI T)
Xs = Ro(X1.r) (6.19)
Xr - 7::)fr()<1:7")

with respect to positive semi-definite matrices X;., € SQ 4. Let PA’M S Sﬁ + denote the

solution. Then we compute controller KM as

N ~ A

= Ki(Py,), Vielr] (6.20)

To apply the controller KM to the original MJS ¥, we simply let u, = kat if w, = k.
Note that in MJS-LQR problems, the number of coupled Riccati equations is the same as
the number of modes, the computational cost for ¥ is O(s) while only O(r) for 3, thus the
saving is prominent when r < s.

Next, we analyze the suboptimality when applying controllers computed with 3. We will
take the expanded and mode-reducible MJS ¥ constructed with 3 and QI:T in Section 6.6 as
a bridge. To begin with, similar to the notations for f), we define @1.5, Ri.s, Ki.s, Pi.s, and

K,.;. In terms of LQR solutions, the relation between 3 and ¥ is given below.

Lemma 6.11. Assume the Riccati solution Py.s exists and P; = 0 for all i. Then, (i) there
exists a unique Riccati solution 151:7" mn SﬁJr; (i1) f’k =P,, Kk =K, for any i € Qk for any
k.

40) _ Q P(h—H) _
R:(P™) for alli € [s],h € N and P = Q, PV = R,(P™) for all k € [r}.h € N. Then,
note that by construction, for all i € € and all [ € [r], we have > jed T(,j) = T(k,1).

Proof. We consider the Riccati operator iteration defined as follows: p!

Through induction and algebra, it is easy to show that for all A~ € N, and for any 4,7 € o
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() _ pt) _ pii)

for any k, we have P

Since P;>0, by Fact B.4 in the appendix, we know P;., is the unique solution among Se 4
and K., stabilizes 3. According to Costa et al. (2006, Proposition A.23), the stabilizability
of ¥ and the fact Q, R>0 imply limj,_, o Pgh) = P,. Combining this convergence result with
the Riccati iteration results we just showed, we further have, for any 7,7’ € Oy and any k,
we have P, = P, = f’k Then, it is easy to show that K, = K; = Kk The uniqueness of

f’lzs can be shown by contradiction. O

With this lemma, we have the following suboptimality guarantees in terms of applying

controller Kl:r to X.

Theorem 6.12 (LQR Suboptimality). Suppose A6.1 holds, and ¥ has additive Gaussian
noise N'(0,021,) that is independent of the mode switching. Let J* and J respectively denote
the infinite time average cost incurred by the optimal controller K3., and controller K. (at
time t, u; = kat if w € Qk) Then, there exists constants éa g, €ér, Can, and Cr, such

that when max{ea,eg} < éap and er < ér,
J—J < O'EV(CAVB max{ea, eg} + Crer)? (6.21)

Let J5, and Joo denote the infinite time cumulative cost incurred by Kj., and K., respectively.

Then, when oy =0, ep < €, and max{ea,ep} < €a B,
Joo — J% < (Cy g max{ea, ep} + Cher)|xo|%, (6.22)

for some constants C'y g and Cl.

Proof. We will use Lemma 6.11 and ¥ and K., as a bridge to compare KM and Kj.,.
First, we prove (6.21). Comparing ¥ and ¥, one can see ||A; — Ay|| < ea, ||B; — By < e,
and ||T — T|lsc < er. Then, from Theorem 4.1 we know when max{ea,ep} < €ap and
er < ép for some constants € g and €r, the Riccati solution P, uniquely exists among
S§, and are positive definite, and the cost J when applying K;.; to ¥ has suboptimality
J—J* < 02 (Ca pmax{ea, egt+Crer) for some constants Ca g and Cp. Using Lemma 6.11,
we know lsl;r uniquely exists S?} 4, and Kk = K, for any i belonging to any Qk, which implies
applying K., is equivalent to applying K., as in the theorem statement. Thus J = .J, and
J—J=J—J< 02 (Capmax{ea,ep} + Crer).

Next, we prove (6.22). Similar as above, we let J,, denote the cumulative cost when
applying K;.; to ¥, then we have Jo = Jo. From the proof of Costa et al. (2006, Theorem
4.5), we have Jo, — J2 = 32 E[|[ M., (K, — K2, )x¢[|?] where M; = R+ BJ¢;(P1.,)B; and
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x; is driven by controller K;.,. From Theorem 4.1, we know when max{ea, e} < €ap and
er < ér, then Ky, is a stabilizing controller and ||[Ky., — Kj,,[| < CX g max{ea,ep}+Cler
for some constants CX g and C¥. Following from Lemma 2.15, we know Y% E[||x[|?] <
Cxl|[xo]|? for some constant Cy. Combining these results, the suboptimality is bounded by
Joo= T < M| Ks = Kol 220 Elllx1”] < [ Mu[|Cx(CK p max{ea, es}+Cifer) x>

O

In Theorem 6.12, constants €5 B, €T, Ca B, Ct, Cy g, and C only depend on the original
MJS ¥ and cost matrices Q and R, and their exact expressions can be obtained following
the proof and corresponding references. As a sanity check, when there is no perturbation,

i.c., mode-reducible case, then we have J = J* and J,, = J%, which can also be implied

from Lemma 6.11. For the reduced MJS f), its Riccati solution f’lzr and thus controllers
IA{LT are guaranteed to exist when perturbation €4, eg, and et are small enough as required
in Theorem 6.12.

In the noisy case, both J and JZ are infinite, so the cumulative suboptimality Joo — J%
is only studied for the noise-free case as in (6.22). On the other hand, in the noise-free case,
we have not only J* = J as implied by (6.21), but also J* = J = 0 as long as Kj,, is

stabilizing.

6.8 Experiments

In this section, we present synthetic experiments to evaluate the main results in this chapter.
We evaluate the clustering performance of Algorithm 3 and the LQR controller designed with
the reduced MJS ¥ as discussed in Section 6.7. All the experiments are performed using
MATLAB R2020a on a laptop with Xeon E3-1505M CPU. We use the kmeans() function
from the Statistics and Machine Learning Toolbox in MATLAB for the k-means problem in
Algorithm 3.

6.8.1 Clustering Evaluation

We consider the uniform partition .., i.e. |Q;] = 5 := s/r for any i. The system ¥ is
randomly generated according to P6.1 or P6.2 with desired levels of perturbation €a, €g, €
so that in (6.2) each summand ||A; — Ay|| < €a/(r5%). The same applies to By, and T.
Specifically, we first randomly generate a small scale MJS Y= MJ S(AM, ]j%m, ’i‘) we sample
each matrix element in Ak and Bk from standard Gaussian distributions and then scale the
matrices so that each ||A,|| = 0.5 and ||Bx|| = 1 unless otherwise mentioned; and each T(i, :)

is sampled from the flat Dirichlet distribution. Then, we generate ¥ by augmenting 3. For
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every mode 7 € ()i, we let A; = Ak + E; and B, = ]§k + F; where we sample elements in E;
and E; from standard Gaussian and then scale them so that ||Es||r = 527 and ||Fi[|r = 52;.
The generation of T is a bit involved. For the aggregatable case P6.2, we first generate a
Markov matrix T € R* such that for every i € Q, T(4,€) = akvlT(k‘, l) where ay; € RIxIx]
is sampled from the flat Dirichlet distribution; then we let T(4,:) = (1 — %) T(i,:) + 5% b;
where b; € R™ is again sampled from the flat Dirichlet distribution. The same steps are
used to generate T for the lumpable case P6.1 except that T(i, ) = a;,T(k,[). Following

these steps, X satisfies the perturbation conditions in P6.1 and P6.2.

To evaluate Algorithm 3, we fix n = 5, p = 3, r = 4 and record the misclustering rate
(MR) defined in Section 6.4.1 over 100 runs. Fig. 6.2 presents the clustering performances
under different number of modes s and perturbations ea, eg and ep. In the plots, we nor-
malized the perturbation on the x-axis by s? so that the trends under different s can be
better visualized. This also follows from the experiment setup: each summand in (6.2) has
|A; — Ay|| < O(ea/s?). Tt is clear that the clustering performance degrades with increasing
s and perturbations. We can also observe that when the perturbation is small, there are no

misclustered modes.

3 ‘ ‘ ‘ 3
21 —s=20 | 21 —s=20
o —s=40 o —s=40
= —5=60 = —s=60
10 |—s=80 T 1| —s=80
0 : : 0 : :
0 0.4 0.8 1.2 0 0.2 0.4 0.6
€a/s’, ep/s? et /s
(a) (b)
3 ‘ 3
2 L _S:20 | 2 L _3220
o —s=40 o —s=40
= —s=60 = —s=60
17 —s=80 117 —s=80
0 ‘ ‘ 0 ‘
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EA/SQ,GB/82 ET/$2

() (d)

Figure 6.2: MJS mode reduction — clustering performance. MR (median, first and third quartiles) vs number
of modes s vs perturbation level. First row: aggregatable case P6.2. Second row: lumpable case P6.1. First
column: er = 0.55%, aaccl/max;||A;||, agocl/max;||B;||, arx 0.01/|T||. Second column: ea,eg = 0.5s2,
aax0.01/max;||A;||, agx0.01/max;||B;||, arx1/||T|.
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Figure 6.3: MJS reduction — LQR suboptimality. (a) LQR suboptimality (median) vs perturbations; (b)
LQR computation time (median) for the original MJS ¥ and the reduced MJS 3 with different number of
modes and clusters. (We omit the quartiles as they are very close to the median.)

6.8.2 LQR Controller Design

Then, we implement the idea of designing LQR controllers for the original > through the
reduced ¥ as discussed in Section 6.7. We let r = 4, n =10, p =5, and the system dynamics
is generated the same way as the previous section. The process noise variance is 02 = 0.1,
and the initial state is xo = 1. Fig. 6.3a shows the suboptimality against perturbations for
s = 100. As one would expect, the suboptimality increases with the perturbation levels and
is 0 when there is no perturbation. The trend on et is evident when €5 and eg are small but
imperceptible for larger values of €5 and eg. Fig. 6.3b shows the time to compute controllers
via Riccati iterations using > and S as a function of s. The computation terminates when
the controller difference between two consecutive iterations falls below 1072, We see when
s is large, 3 needs significantly more time than 3.

Next, we consider a more practical scenario where one has no knowledge of the true
number of cluster r, and replace it in Algorithm 3 with a hyper-parameter 7 as the number
of modes in 3. We fix s = 100 and r = 30, and the rest of the experiment setup is the same
as Fig. 6.3. We record the suboptimality and computation time under different choices of 7 in
Table 6.2. When increases 7, the suboptimality achieves the minimum when 7 = r = 30 and
then gradually increases until 7 = s, i.e. no reduction is performed at all. This comes as a bit
of surprise as one would expect no worse performance when using more clusters than needed.
Further investigation suggests that when 7 > r, misclustering occurs more frequently than
the case of # = r, which is likely to account for the performance degradation. In practice,
to find the best 7, one could try multiple 7 in Algorithm 3, plug in the resulting partitions

into P6.1 and P6.2, and select the one that gives the smallest perturbation €, €g, €.
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Table 6.2: Suboptimality vs computation time vs selected number of modes in by

P 10 20 30 40 50
=2 11.2e—1|3.8¢—2|4.1e—7|6.9e—5| 8.9e—4
Time (sec) [3.7e—2|6.8e—2| 1.4e—1{2.2e—1|3.2e—1
P 60 70 80 90 100
L2 1 71e—3|1.6e—2|2.1e—2|1.5e—2| 0
Time (sec) [6.8e—1|8.4e—1| 1.0e0 | 1.1e0 | 1.2¢0

6.8.3 Trajectory Approximation

In this section, we evaluate the trajectory approximation results from Section 6.5. Let
0 = /16, Ay = [[cos(f),sin(0)]", [—sin(6), cos(0)]T]T, Ay = [[0.8,0]" ,[0,0.8]"]", and As =
[[1.2,0]7,[0,1.2]7]". Then, we construct an autonomous MJS 3 with 6 modes: for k =
{1,2,3}, Agp_1 = Ap +1[[0.1,0]",[0,0.1]"]" and Ay, = Ay — [[0.1,0]",[0,0.1]"]". The uniform
partition {{1,2},{3,4}, {5,6}} gives ea = 0.64/2 according to P6.1. Define T such that for
all 4, T(i,j) = 0.2 if j € {1,2,3,4} and T(i,7) = 0.1 if j € {5,6}. By relevant definitions in
Section 6.5, the constructed ¥ is mean-square stable but not uniformly stable.

We fix the initial state xg = [1,1]7, generate 500 independent trajectories for states x;
and X;, and record the difference ||x; — x¢||. In Fig. 6.4, each thin solid line represents the
difference, in log-scale, for each trajectory, the yellow dashed line shows their average, and
the blue dashed line depicts the upper bound in Theorem 6.7. Throughout the time horizon,
though not very tight, the theoretical upper bound stays above the averaged difference. Note
that, for a given 9§, by Markov inequality, shifting the upper bound in the plot upward by
log(d) would give a bound on the individual error trajectories with probability 1 — . As
seen in the figure, even the non-shifted version serves a good bound for individual error

trajectories.

-6
10 = -UpperBound
Average
10710
50 100 150 200
t

Figure 6.4: MJS reduction — trajectory difference and the upper bound
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6.9 Conclusion

In this chapter, we propose a clustering-based method to reduce the number of modes in an
MJS. The reduced MJS provably well approximates the original MJS in terms of trajectory,
transition kernels, stability, and controller optimality. One future direction could be the
generalization of the offline controller design scheme in Section 6.7 to settings where con-
trollers need to be computed in the runtime, such as model predictive control and adaptive
control. In these problems, the savings of computation time would be even more prominent.
Another potential future direction could be the extension of the fully observed MJS in this
chapter to partially observed MJS, i.e., the state x; is observed through y, = C,,x; for
some mode-dependent output matrices Ci.s. As a side note, the similarity between MJS
and Markov decision processes (MDP) hints that the framework and principles developed
for MJS in this chapter may also help the complexity reduction of MDP and reinforcement

learning problems.

78



Chapter 7
Conclusion and Future Work

7.1 Conclusion

Markov jump systems (MJSs) provide a systematic paradigm to model systems with time-
varying dynamics. In this dissertation, several problems regarding MJSs are studied, in-
cluding system identification, certainty equivalent control, adaptive quadratic control, and
model reduction. We show how recent advances in statistics, online optimization, and ma-
chine learning can bring new solutions, insights, and analyses to these problems. Specifically,
finite-sample analysis is developed for the identification of MJS dynamics using a single tra-
jectory. Based on this, we propose a model-based adaptive control scheme to solve for LQR
problems with unknown MJS dynamics and establish performance guarantees in terms of
the regret. Finally, we show how clustering techniques from unsupervised learning can help
reduce the mode complexity of an MJS.

We hope this dissertation could encourage and facilitate more studies in MJSs and the
fusions between control and other fields. Though mode switching complicates the formula-
tion and computation of many problems, MJSs have preserved solutions and guarantees as
neat as LTI systems. Besides, the computational costs that scale with the number of modes
may be brought down by our work on mode complexity reduction. In other words, there is
almost no harm in choosing MJSs over LTI systems when it comes to modeling, especially
when the underlying dynamics is time-varying. On the other hand, there have been many
connections and intersections between control and learning problems, e.g., model order re-
duction vs. principal component analysis, system stability vs. gradient descent convergence,
stochastic control vs. reinforcement learning. This dissertation pushes forward the frontiers
by revisiting classical problems for MJSs. We believe this is a direction with many potentials
and interesting problems, which would lead to a promised land. Some future directions are
listed below.
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7.2 Future Work

In this section, we list a few future directions that follow from the established work in this
dissertation.

Identification with unobserved mode: When the mode w; in the MJS is unobserved, it
poses significant challenges to the identification of an MJS. Without the knowledge of mode
switching information w;, we can no longer collect the data generated by a specific mode and
feed it to estimation algorithms as in Chapter 3.. In this case, one may need to estimate both
the mode dynamics and mode switching sequence simultaneously. Similar problems have
been studied for scalar switched autoregressive exogenous (SARX) systems in offline fashion
(Ozay et al., 2011, 2015) using algebraic methods. Unlike the Markovian mode switching in
MJS, the mode in SARX is typically assumed to be active for a minimum amount of dwell
time before switching to a new mode. Thus, to adapt these approaches developed for SARX
to MJS would require additional consideration of the underlying Markov chains. Another
approach motivated by Bemporad et al. (2018) and our earlier work Du et al. (2018) is to

alternate between dynamics and mode estimations:
e Repeat until convergence

— given certain estimates of the MJS dynamics ALS,BLS,T, we can use them to
obtain mode sequence estimates wy.; from the trajectory according to certain

criteria, e.g. prediction error, likelihood.

— given the the obtained mode sequence estimates wy;, we can use them as the
true mode sequence and apply Algorithm 1 to update the dynamics estimates
A1:87 B1:57 T.

In the ideal case, both the dynamics estimates Al;s, Blzs, T and mode sequence estimates
wy.; will converge to the ground truth ones. The initialization of the dynamics ALS, ]A31:57 T
may be important as only local convergence is shown in Du et al. (2018) for SARX systems.
Earlier works on time series clustering (Aghabozorgi et al., 2015) and recent advances in
MJS mode filtering (Vergés and Fragoso, 2020) might be of help in the development of
methodologies and analyses.

Learning a reduced-mode MJS: Given an unknown-dynamics MJS with a large number
of modes, one can follow Chapter 6 to learn its dynamics from the data and then Chapter 6
to obtain a reduced-mode MJS. However, this two-step procedure may not be the most
data-efficient approach if a reduced-mode MJS is the ultimate goal — for modes that are

similar, data generated by them can be used collectively to learn a mode in the reduced
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MJS. Hence, it would be interesting to develop a more principled method that can learn a
reduced-mode MJS directly from the data. This problem involves estimating mode clustering
and dynamics simultaneously, which shares ideas similar to the identification problem with
unobserved mode discussed above. Both problems consist of estimation and clustering except
that the former problem seeks to cluster the data while this problem aims at clustering the
modes. Being able to solve one problem would surely bring insights to and shed light on the
other.

Partially observed state in adaptive control: In practice, the state x; in the MJS may
only be observed through y, = C,,x; + v; where the observation y; € R™ is generated by
the mode-dependent output matrices Cy., subject to measurement noise v;. Since direct
feedback using the ground truth state x; is no longer possible, the optimal control problems
now require online estimation of the state x;. This is known as the filtering problem and can
be solved via the Kalman filters. Extending the adaptive control framework in Chapter 5
to this model would require additional effort to study the perturbation of the state filtering.
This part can benefit from the established perturbation results in Chapter 4 since the Kalman

filters also involve solving for coupled Riccati equations.
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Appendix A
Proofs for Results in Chapter 3

A.1 Supporting Lemmas

In this section, we provide a list of lemmas that will be useful for the subsequent proofs.

Lemma A.1. Suppose z ~ N(0,%,) with X, € RP*P. For any t > (3 + 2v/2)p, we have
P(|lz]* > 3||Z,[t) < e".

Proof. From Hsu et al. (2012, Proposition 1), we have for any ¢ > 0,

P(||z|* > tr(X,) + 2/tr(XZ2)t + 2||Z,||t) < e,

which implies
P([lzl* > plIZo || + 2v/BlI B[ VE+ 2], 1) < e

We can see that when t > (3 + 2v/2)p, we have p + 2,/pVt < t, which implies p||%,| +
2/p||Z,|[Vt < || Z,]|t. Therefore, we have P(||z||* > 3||Z,||t) < e~ O

Lemma A.2. Let x; be the MJS state and define the noise-removed state X; = X; — Wy_1

2

which is independent of w,_1. Let E[||X;||] < B and w; has i.i.d. entries with variance oj,

bounded in absolute value by cwow for some ¢y, > 0. Consider the conditional random vector
ye ~ x| [[xe]] < 3B, wy =i}

If cwow/n < B, then Ely,y]] = 021,,/2.

Proof. Observe that |[w,|| < ¢wowy/n < B. Define the events

By = {lx]l <3B), B = {||x] <2B). (A1)
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Clearly Ey C Ej as ||[w;_1|| < B and on the event E,, X, and w;_; are independent. Now,

observe that
Ely.y{] = Ely.y] | E2JP(E>). (A.2)

Note that P(F3) > 1/2 from Markov bound as E[||%;||]] < B. Additionally, on the event Es,

x; and w;_; are independent. Similarly, w; and w;_; are also independent. Thus, we further

have
Ely:y:] = Elywy! | E2]P(E»),
= Elxix; | 1% < 2B, w = iP([|%:]| < 2B),
= Elweaw] | [1%]| < 2B, w, = i]P(||%]| < 2B),
= (1/2)Elw,w]_] (A3)
= 021,/2 (A.4)
This completes the proof. n

Lemma A.3. Let z ~ N(0,021,). Consider the conditional random vector'y ~ {z | ||z|| <
CO4\/D}, where ¢ > 6 is a fived constant. Then Elyy'] = 071,/2.

Proof. This proof gives a lower bound on the covariance of truncated Gaussian vector z |
|z| < co,y/p. Note that, 2z = z/o, is N(0,I,). Set variable X = ||z'|[>. We have the
following Lipschitz Gaussian tail bound (we use Lipschitzness of the ¢; norm and use minor

calculus and relaxations)

- 1 if t<1
P(||2'||” > 4tp) <
e~ t/2 if > 1.

This implies the following tail bound for X

1 if t<4p
e /8 if t > 4dp.

Fix k > 4. Using integration-by-parts, this implies that

E[X | X > kp|P(X > kp) = — /OO zdQ(x) = —[zQ(x)], + /OO Q(x)dx,

Kp

S (Iip-i- 8)6—"‘917/8‘ (A5)
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The final line as a function of kp is decreasing when xkp > 36. Specifically it is upper bounded
by 1/2 when k > 36 (as p > 1). Now define the event

E. = {Jlzll < ouv/x\/p}.

For \/k > 6, v/k will map to the ¢ in the statement of the lemma. Observe that this is also
the event X < kp. Following (A.5), this implies

Elllz)* | EJP(E?) < Elo; X | ESJP(E.°)
< o;E[X | EfJP(E)
< o2/2.

This also yields the covariance bound of the tail event
B[z’ | ESB(ES) < E[|2]2L, | ESP(ES) < 021,/2.
Finally, from the conditional decomposition, observe that
E[zz'] = E[zz" | E|P(ES) + Elzz' | E.JP(E.) = E[zz' | E.JP(E.) = 021,/2.

To conclude, observe that E[zz' | E,]| = E[yy'], where y is the conditional vector defined by

truncating z. Thus, we found
Elyy'|P(E.) = 0;1,/2 = Elyy'] = 0,1,/2.

]

Theorem A.4. (Vershynin, 2012, Theorem 5.41 (Isotropic)) Let X be an N x d matriz
whose rows x; € RY are independent isotropic. Let m be such that ||x;]| < \/m almost surely
for all i € [N]. Then, for every t > 0, with probability 1 — 2d - e, we have

VN —ty/m < o(X) < | X[| < VN + ty/m.

Corollary A.5 (Non-isotropic). Let X be an N x d matriz whose rows x; € R? are inde-

pendent with covariance ;. Suppose each covariance obeys

O—Izlin < g(zl) < HElH < O?nax‘

Let m be such that ||x;|| < v/m almost surely for all i € [N]. Then, for everyt > 0, with
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probability 1 — 2d - e, we have

iV N — tv/m < 0(X) < ||X]| < Omax VN + t 222 /.
g

min

Proof. Let x|, = E;l/ ®x;. Observe that x; are independent isotropic. Define the matrix X’
with rows x’. Note that ||x}|| < ||xi]|/0min < 0t v/m. Thus, applying Theorem A.4 on X',
for every t > 0, with probability 1 —2d - e —et? , we have

VN —to-l vVm < o(X) < |X'|| < VN +tot /m (A.6)

Next, observing that X™X = 3N x;x] = SN /Six/x!"\/%;, we find that

N
o2 XX =02, ZX’ T<X'X = Z VExXVE,

=1

E : / /T 1T~r1
max X - maxX X

which implies that
Tming (X') < 0(X) < [[X]] < omax [ X[]-

Plugging this into (A.6) completes the proof. O

We first list in Table A.1 a few shorthand notations to be used in this appendix. They are
mainly used in the fictional sub-trajectories analysis in Appendices A.3 and A.4. Notations

on the inside the parentheses are arguments to be replaced with context-depending variables.

A.2 Estimating T

The following theorem adapted from Zhang and Wang (2019, Lemma 7) provides the sample
complexity result for estimating Markov matrix T, which is a corresponds to the sample

complexity on ||T — T|| in Theorem 3.1.

Theorem A.6. Suppose we have an ergodic Markov chain T € R**® with mizing time tyc
and stationary distribution To € R®. Let Tyax = MaX;c[) oo (1) and Tipin 1= MiNe[q) oo (7).
Given a state sequence wy,ws, . . .,wr of the Markov chain, define the empirical estimator T

of the Markov matriz as follows,

T-1
T(Z,j) _ t=1 1{UJt =i,wt+1=5}

o V=)

Y
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Table A.1: Notations — Sampling Periods

cw(T,0) V2log(nT) + /21og(2/6)
By (ps T Cw) V/%£@a+§ﬂBthv
Bi(p. 7, o Kis) ew + B (0.7, ) (| A vl + 1B || Ksll) + Con/p/nl| B
qub’X(jm 0T, p.7) log(ifl) + log(p*?) log(T) log <24n\/§g(rfa);~§58752})
Cowz 0T, p,7) log(}fl) + 1og(p’11) Tog(T IOg(n\fSl 57)
Cown (20,6, T, p, 7) max {CMCaqub7x($0, 8T, 0,7),Coupze (0, T, p,7) }
s, (%0, .7, c) log ((l—p)fg/(i‘zzi?”-l-&ﬁHBLSH))
Licoon (07 O K1) 1+”%@%mm%ﬂmmeWﬂ
Lig (0, T, p, 7, cw Kis) 1+ Zbg(QVqE*Tﬂ4(“TTW;<LJ/Uﬁ4PJﬂw>®)
Lig12(0,T,p, 7, Cw, Kis) log (192‘ 7B (p,7,cw K1 s)iiji’;(ﬂTCw))n\/MT)
ewowB (pc Vrn/mET?
Lig1,3(0, T, p, 7, Cw, Kis) a- p) g( 1+ﬁ+(pm,c:);;ﬁ/%(wcfi\s/)m\/;? 10g(23/6)))

Lid (.fo,é, THOaTa CW7K1:S7L) max {deto( 05T CW)7Lid,cov(p7 T, CW?Kl S)
zdtr (% T7 P T, CW7K1:S)7Lid,tr2(36L7T P T, CW>K1 S)
fzdtr?)(% T7 0T, CW7K11$)7qub,N (1:07 2L7T7 0T )lOg( )}

Assume for some § > 0, T > T),0,(Cue, g) : (GSCMcwmaxﬂmm log(%)) , where Cyo is
defined in Table C.1. Then, we have with probability at least 1 — 9,

177 Carc Log (T 15010 log (T
e T|\<4WmmllTH\/ T Csc log(T) | (M) (A7)

T )

Proof. We first consider estimators computed using a sub-trajectory of wg,ws, ..., wr, then
combine them together to show the error bound for T in the claim. For C);c defined in
Table C.1, let L = Cyelog(T). Then, for £ = 0,1,. — 1, define T® € R** such that
. LT/L] 4
[TO](3, j) = === LT{/“L’“JLM berpeit=) T other words, T(e is the estimator computed using
=1 Yopppe=i}

data with sub-samphng period L. Following the proof of (Zhang and Wang, 2019, Lemma

7), we know for any € < myin/2, suppose L > 6tyclog(e™!).

~ T€2
P (ITO — T < 4m k| Tlle) =1 -4 ). A.
10 - T < b TIe) 2 1= dsexp (- ) (5)

By setting 0 = 4sexp (—NZ—EQL), one can also interpret the above result as: for all 6 > 0,
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suppose

T
L > 3tyel A9
=T (177rmaxLlog<4§>) | )
then when A
T > 68 L e, 2, 1og(§), (A.10)

we have with probability at least 1 — §

: 17 s Ctc: log(T) log (42
HTw)_THgmmgnHTu\/ i MCTOg( Jloa(5) (A11)

One can verify (A.9) holds by plugging in L = Cy¢log(T) and using definition Cyse := tyc -
max{3, 3—3log(Mmax l0g(s))}; (A.10) holds under the premise condition " > Ty, (Crc, )=
(68C h e TmaxTnz, log (%)),

Note that by definition, T can be viewed as a convex combination of T for all ¢ =

0,1,..., L, thus by triangle inequality and union bound, we have with probability 1 — L4,

A 177 maxCarc log(T) log (4
- s4w;3nr|T||\/ TouCre 0BLT) B H). (A12)
Finally, by replacing Lé with ¢, we could show (A.7) and conclude the proof. O

A.3 Estimation of A, and B, from Single Trajectory
(Main SYSID Analysis)

A.3.1 Architecture of the proof

Let h; := [x//ow z{/0,]" be the (scaled) concatenated state vector and define ©} :=

l[owLy, 0.Bu,]. Then, the closed-loop MJS is governed by the following state equation,
X1 = OL hy +wy st w, ~ Markov Chain(T). (A.13)

Hence, to estimate O, for each i € [s], we sub-sample the bounded samples correspond-

ing to w; = ¢ from the given MJS trajectory {x;,z;,w;}L, to obtain s sub-trajectories
{(X¢+1, X¢, Ze, wi) bees,, for @ = 1,...,s and solve s regression problems given by O, =
(arg mine, ||'Y; — H;O[||3)7, where the rows of Y; and H; are {x] ; }es, and {h] }scs,, re-

spectively. Similarly, the rows of W; are {w] };cs,. Then, the estimation error of the least-

squares estimator can be bounded as [|©; — O7| < [|[HIW,||/Amm(HIH;). Since H; has
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non-i.i.d. rows, it is therefore not straightforward to upper bound ||H]W;|| and lower bound
Amin (HJH;) directly. To resolve this issue, we rely on the assumption of mean-square stabil-
ity and use perturbation-based techniques to indirectly bound these terms. For the ease of
analysis, we first derive our estimation error bounds with Assumption A1.1 which assumes
bounded noise, that is, we have |wy||ooc < cwow for some ¢y, > 0. Later on, we will remove
this assumption to extend our results to the Gaussian noise. The main ingredients of our

proof are as follows:

e Definition A.8 splits each sub-trajectory {(x¢i1,X¢, Z¢, wi) hes, into L sub-trajectories
{(Xe,+1, X0, 20, , Wk)}ekesf) through shifting by 0 < ¢ < L—1 and sub-sampling by L >
1, that is, given the set S; = {¢ | we =14, ||x¢]| € O(og+/nlog(T)), ||z < O(o,/p)}
from Algorithm 1, we split it into L sub-sets, defined as sz) = {ﬁk =0+ kL ‘ Wy, =

i, ||1xe |l < O(owy/nlog(T)), |ze| < O(az\/ﬁ)}, where k = 1,2,...,L%j and
Sy = U sY.

e Lemma A.9 bounds the covariance matrix of the states belonging to the sub-trajectory

{(szﬁ-l? Xy s Ly, s wfk)}gkesy) .

e Using Definition A.8 and triangle inequality, we have |[HIW,|| < S22 [HO™W ).
Similarly, using Definition A.8 along-with Weyl’s inequality for Hermitian matrices,
we have A\, (H/H;) > 22::—01 Amin (H,EE)THZ(Z)), where the rows of ng) and WZ@ are
{h; } fest® and {wy } fees® respectively. Hence, we can upper bound the estimation
error by upper bounding ||H§Z)TW§Z)|| and lower bounding A, (HZ@THZ(-E)) for each
0</¢(<L-1.

e Observe that the rows of Hl@) are still not independent. However, if we choose L to be
large (O(log(T))), then they are weakly dependent (conditioned on the modes) due to
mean-square stability. Therefore, for the purposes of analysis, for each state x,, , where
U € Si(e), Definition A.10 introduces its fictional proxy X,,, called truncated state,
by resetting x,,,1 = 0 but preserving the mode switching sequence wy, the excitation
z, and the noise wy from ¢ + 1 to ¢, — 1, where ¢y denotes the largest time index
smaller than ¢ in Si(g). One can view X, as the zero-initial-state response starting

from time ¢y 4+ 1, and x,, — X,, as the zero-input response.

k

e Definition A.11 truncates the states in sub-trajectories {(xékH,ng,ng,wgk)}zkesgz>

to obtain the truncated sub-trajectories {(Xg, +1,Xy, , 2, ,ws, ) Let the rows

_ (¢ _ B
of HE) be {hgk = [X}k/aw ng/az]}ékesf)'

IHO™WO | < [HO WO + HTWO —HYTW | Let v be the eigenvector of

}ékES,fz)'
Then using triangle inequality, we have
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H,EQTHZ@) with eigenvalue )\min(H(Z)THZ(E)). We have v H(Z)TH“)V =V H( )THEE)V —|—

VIEHITHY -HOTH v = A (L TH) V]2 > A (L TH) v )2 v (H
HYTH")v|. This implies A (HOTH) > A (HOTHY) — HHf”Hff) —H§Z>TH§”||.

e Theorem A.16 provides an upper bound on (a) ||I:IZ(-€)TW§€)||, and a lower bound on
(b) A (HOTH

;) as follows:

(a) Using Lemma A.12, when L is large, we have ||h, || < O( (n+p) log(T)).
This implies ||I_{££)|| < ||I_{££)||F < O(/T(n+p)log(T)). Let H has singular
value decomposition UXV” with ||X] < O(y/T(n + p)log(T)). Since WZ( ) has
i.i.d. sub-Gaussian entries, UTWEE) € R(*P)X" hag ii.d. sub-Gaussian columns.
As a result, applying Theorem 5.39 of Vershynin (2012), we have HUTWE@H <
O(ow/n+p). Therefore, [[H""W|| < |B[[[UTW|| < O(ow(n-+p)y/Tlog(T)).

(b) By construction, conditioned on the modes, the rows of I:IEZ)

contains a subset
of independent rows. Definition A.13 introduces this subset as {fl}k } 0,50
where 57 = {f = 0+ kL | wy, = i, |0 ]| < Olowy/nlog(T)), |[%s] <
O((1/2)owy/nlog(T)), ||z < O(0,/p)}. Let the rows of H( be {h] }ékeé‘f”'
Lemma A.14 proves that the rows of HZ( are independent, and Lemma A.15
shows that they have bounded covariance. These enable us to use Theorem

5.41 of Vershynin (2012) (by specializing it to non-isotropic rows), to obtain
A (L THY) > D (HTTHLY) > 4/1571/2 = O(/5(n + p) og(T)).

e Theorem A.17 upper bounds the perturbation terms HHEZ)TWZ@ — ﬁy)TWZ@)H and
HHZ@THE@ — I:IZ(E)TI:I,EZ)H. Both of these terms decay exponentially with L. Hence,
by picking large L (e.g., @(log(T))), they can be upper bounded up to the scale of

||I:I§£)TW§£)H and Amin (I:IZ@)TI:IZ(-Z)), respectively.

e Theorem A.18 provides ﬁnite time estimation error bounds, assuming enough number

of independent rows in H'” specifically, |5’i(e)| > O(mminT'/L), and the noise satisfies

7 )

Assumption Al.1.

e Lemma A.19 extends the results of Theorem A.18 to the setting of Gaussian noise.
Moreover, Lemma A.21 proves that, with high probability [S{| > O(mmwT/L), given
T is sufficiently large. Putting these results together we state our main result on the
finite time identification of MJS in Theorem A.22.

We lower bound |SZ-(€)| and |§Z-(Z)| in Appendix A.4. The proofs of all intermediate theorems

and lemmas are provided in Appendix A.5.
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A.3.2 Preliminaries

Before, we present the proof of Theorem 3.1, we present some preliminary results which cap-
ture the properties of the samples used to estimate the MJS dynamics in Algorithm 1. Given
a stabilizing controller K., under the input v, = K, x; + z;, the MJS state equation (2.6)
becomes,

Xt-i-l = (Awt + BwtKwt)Xt + Bwtzt + Wi = Ltht + BOJtZt + Wt? <A14>

where {z;}°, BV

N(0,021,) is the i.i.d. excitation for exploration and we let L, :=
A, + B, K,,. To estimate the unknown system dynamics (A;.s, Bi.s), we run the closed-
loop MJS (A.14) for T time-steps and collect the trajectory (x;,2z:, wi)iy. Then, we run
Algorithm 1 on the collected trajectory to obtain the estimates (Alzs, Blzs). For the ease of
analysis, we first derive our estimation error bounds with the following assumption on the
noise.

Assumption A1.1 (Bounded noise). Let {w,}/_; "D, There exists o > 0 and cy > 1

2

- and we have

such that, each entry of wy is i.i.d. zero-mean sub-Gaussian with variance o

||Wt||oo S CwOw.

Later on, we will relax this assumption to get the estimation error bounds with the
Gaussian noise. To proceed, we first show that the Euclidean norm of the states x; in
(A.14) can be upper bounded in expectation. The following result, which is a corollary of

Lemma 2.15, accomplishes this.

Corollary A.7 (Bounded states). Let x; be the state at time t of the MJS (A.14), with
wnitial state xg ~ D,. Suppose Assumption A5.1 on the system and the Markov chain and
Assumption A1.1 on the process noise hold. Suppose {2}, £ N(0,021,). Let C, :=
04/0w be a constant, hy := [X] /ow 2] /0,]" be the concatenated state and define

_ log (1 — pe)E[lIxo]?)/(cfy 0% + 07 Busll))

to : : A15
" L —pc ( )
2 2 2
2 2V CBul ). )
1 —pc
Then, for allt > ty, we have
Ellx*] < og8in  and E[h[’] < (1+57)(n+p). (A.17)

To use mixing-time arguments to estimate the unknown system dynamics (Aj.s, Bi.s)
from a single trajectory (xy,z, w;)i, of (A.14), we split the trajectory (xy, 2z, w;)l, into

multiple weakly dependent sub-trajectories, defined as follows.
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Definition A.8 (Sub-trajectories of bounded states). Let sampling period L > 1 be an
integer. Let b := € + kL be the sub-sampling indices, where 0 < ¢ < L — 1 is a fized offset
andk =1,2,..., L%J We sub-sample the trajectory (x¢, z,w;) 1, at time indices £y € Si(e),

where

S =l | we, =i, x|l < cowBiv/n, ||ze]| < couy/p}, (A.18)

to obtain the ly, sub-trajectory {(X¢,+1,Xe,, Z€k7w£k)}zk65([)'

Note that, S; = 5;01 S-(e), where S; is as defined in Algorithm 1. This shows that a

(3
single trajectory with bounded states and excitations {(Xy+1,X¢, Zt, w;) }res, is composed of
}Zkesi(z) for 0 S 14 S L —-1. To

proceed, we first lower and upper bound the covariance of the states belonging to the weakly

L weakly dependent sub-trajectories {(X¢,+1, X, , Ze, » We, )

dependent sub-trajectories {(xy, +1,Xq,, 2, , (.ng)}gkesgz).

Lemma A.9 (Covariance of bounded states). Consider the same setup of Corollary A.7.
Let ty and By be as in (A.15) and (A.16) respectively. Let Si(e) be as in Definition A.8 and
¢ > 6 be a fizred constant. Then, for all ¢} € SZ@) such that €, =0+ kL > tg, we have

(02 /21, = X[x,,] = Elxq x;, ] = oz Binl,, (A.19)
(1/2) sy = Slhy,] = Elhg bl ] = (1 + 52) (0 + Py, (A.20)

To proceed, let h; be as in Corollary A.7 and ©F := [0y L; 0,B;] for all i € [s]. Then the

output of each sample in {(x¢41,X¢, ¢, W) hes, can be related to the inputs as follows,
X1 = 04 h+w, forall teS;. (A.21)

Next, to carry out finite sample identification of @} using the method of linear least squares,

we define the following concatenated matrices,

T T T
X141 ht1 Wi

T T T
X h w

to+1 to t2

T T T
Xt)5,1+1 ht\si\ Wiis,i

that is, Y; has {x/,; }ies, on its rows, H; has {h{ },cs, on its rows and W, has {w] },cg, on its
O H©

rows. Similarly, we also construct Y; , and WZ@ by (row-wise) stacking {xj .} foes(®

{h] } fes® and {wy } reesto respectively. We have Y; = H,;0:T + W, and the regression
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problem in Algorithm 1 is alternately represented as

O = arg mln

\S | 1Y; — H;©] |7 (A.23)

The least squares estimator @] = H'Y,; = (HIHi)_lHZTYi has the following estimation

error,

— YA YA
HIW @ X HO"WY|

0, -0 <|(HH H'W, AT R ,
H H H( ) HH H )\min (HZTHz) )\min( 5701 H(E)THEE))
HTW
W Lo Wy
/=0 )\min (Hz HZ )
where we obtain (a) from the fact that S; = ), SZ-(Z) and (b) follows from using triangular

inequality and Weyl’s inequality for Hermitian matrices. If we upper bound the terms
HHZ(»Z)TWZ(Z)H and lower bound the terms Apin (HZ@)THP), for all 0 < ¢ < L — 1, we can use
% has non-i.i.d.
rows, it is not straightforward to bound the terms ||H§£)TW1(-£) | and Apin (HEE)THZ(-Z)) directly.

To resolve this issue, we rely on the notion of stability and use perturbation based techniques

(A.24) to upper bound the estimation error ||©; — @%||. However, because HE

to indirectly bound these terms in the following sub-sections.

A.3.3 Truncated Sub-trajectories

Definition A.10 (Truncated state vector (Oymak, 2019)). Consider state equation (A.14).
Given, t > L > 0, for each state x;, we define its fictional prozy x, 1, by resetting x,_r, = 0 but
preserving the excitation zy, noise wy, and modes wy fort' =t — L,...,t — 1. Alternately,
X 1, 05 obtained by driving the system with excitation z;, and additive noise w,, until time

t — 1, where

, 0 o t!<t—1L , 0 o t'<t—1L
zy = . and Wy, = : (A.25)
zy else wy else

We call the obtained state x; 1, as the L-truncated (or simply truncated) state at time t.

Using Definition A.10, we can obtain independent samples (for the purpose of analysis
only) from a single trajectory which will be used to capture the effect of learning from a
single trajectory. With high probability over the mode observation, truncated states can be

made very close to the original states with sufficiently large truncation length. To show this,
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we expand the closed-loop MJS state equation (A.14) as follows,

LWOXO + BwOZQ + wWg if t= 1,
Xt = Ht " o ;X0 +- Z;—:zo j= t’+1 LwJBw 2y + Bu,_ 1201 (A.26)
—i—z ]t'+1L Wy +w it 2> 2,

where xy denotes the state at time ¢t = 0. Using (A.26), the difference between x; and x;

is given by

t—1

Xt — XL = H ijXt_L. <A27)

j=t—L

As a corollary of Lemma 2.15, observe that for a closed loop autonomous system x;,; =
L., x:, mean-square stability implies that, for any initial conditions x, and wjy, we have
E[||x:]]?] < v/ns7epl||xol/?. Combining this argument with (A.27), we have

Elllx: — %)) = E[ H LS xer|’] < Vnstepgl|xi-l?,

j=t—L
— Ellx = x0.0|] </ (08)272pk |3 sl| < Vistepg*[xill (A.28)

where the expectation is over the Markov modes {w]} _;, and we get the last relation by
using Jensen’s inequality. Moreover, if we also have ||x;_ .|| < cowfB++/n, then we can make

E[||x: — x¢ ||] arbitrarily small by picking a sufficiently large truncation length L > 1. We
have

Elllx — ozl | 1%zl < cowBev/n) < repkllxiill < cowfany/srept®.  (A.29)

To proceed, we carry out the truncation of the sub-trajectories introduced in Definition A.8

to get the truncated sub-trajectories defined as follows.

Definition A.11 (Truncated sub-trajectories). Let sampling period L > 1 be an integer.
Let by, :== 0 + kL be the sub-sampling indices, where 0 < ¢ < L — 1 s a fixed offset and k =
1,2,..., [%j Let Si(é) be as in Definition A.8. For each (), € Sng); let Uy € SZ-(Z) denotes the
largest time index smaller than {. Given the ly, sub-trajectory { (X, +1, X4, , wawﬁk)}ekesl@
from Definition A.8, we truncate each state x4, by l, — by — 1 to get the {y, truncated

sub-trajectory {(Xe,+1, X, » Ze, ng)}gkes_(z) , where

}_(gk = Xﬁkafk—fk/—l and )_(gk_H = Lwekxfk + ngk Zy, + Wy, - (A30)
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If U} is the smallest time index in SZ»(Z), we set fir = 0.

Note that ¢, — fx» > L by definition. Hence, the truncation lengths used to obtain
{4, } feest® are always larger than L — 1. Next, we show that when L is sufficiently large

enough, then the truncated states {x, o as well as the Euclidean distance between the

o est
kESi
truncated and non-truncated states can be bounded with high probability over the modes.

Lemma A.12 (Bounded states (truncated)). Consider the same setup of Corollary A.7. Let
{x4, }ekesg) be the bounded states and {X,, }ékesm be the truncated states from Definition A.8

and A.11 respectively. Let

B = cw + Bl Lusll + Cav/p/n|Bull, (A.31)
2log (2v/nst.TH, /(516
Lis(pe,8) = 1+ 2108 CVISTEL DL /(5:0)) (A32)
—Pc
and L > max{to, Liy1(pe,0)} (A.33)

Then, with probability at least 1 — § over the modes, for all ¢}, € SZ-(Z) and all i € [s], we have

e, = %o, || < (1/2)cowfev/n and %, || < (3/2)cowfiv/n. (A.34)

By construction, conditioned on the modes, Xy, = Xy, ¢, —¢,,—1 Only depends on the exci-
tation and noise {z;, w;}'*} 7 ;. Note that the dependence ranges [(+ k'L +1,¢+ kL — 1]
are disjoint intervals for each (k, k") pairs. Hence, {X,, } fees® should all be independent of
each other. However, this is not the case because {Xy, } tees® are obtained by truncating only
bounded states {xy, } foes® Therefore, we will look for a subset of independent truncated

states within {X,}, _qw, as follows.

Definition A.13 (Subset of bounded states). Let sampling period L > 1 be an integer.
Let b, = ¢+ kL be the sub-sampling indices, where 0 < £ < L — 1 s a fized offset and
k=1,2,...,|5FE]. We sub-sample the trajectory (xy,2¢,w;)i_y at time indices ), € 5’1@,

where

SO = {0 | wi, =i, %0 ]l < cowBivn, %o ]| < (1/2)cowBiv/n, ||2a,]| < con/p},
(A.35)

to obtain a subset of the ly, sub-trajectory, denoted by {(X¢,+1,Xe, ng,ka)}ekegge).

Next, we show that, conditioned on the modes, the samples in {(Xy, 11, Xe, , Z¢, , wfk)}ekeg.(")

are independent.
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Lemma A.14 (Conditional independence). Consider the MJS in (A.14). Suppose {z:}3°, N

N(0,021,) and {w,}°, v D., satisfies Assumption Al.1. Suppose the sampling period L
satisfies (A.33). Let Si(e) and Si(e) be as in Definition A.8 and A.13 respectively. Then, with
probability at least 1 — & over the mode, we have, (a) {Xy, }ﬂkegi(e) is a subset of {ifk}fkesi(‘)’
(b) conditioned on the modes, {X¢,}, g are all independent, (c) conditioned on the modes,

{X0.}, es0 {20}, g0 and {wy}, g are all independent of each other.

Next, we state a lemma similar to Lemma A.9 to show that the truncated states have

nice covariance properties.

Lemma A.15 (Covariance of truncated states). Consider the setup of Corollary A.7. Let
to, By and [ be as in (A.15), (A.16) and (A.31) respectively. Let ¢ > 6 be a fized constant

and {ifk}ekeé‘“) be as in Lemma A.14. Define

- 2log (8c2ﬁ+5+n\/_7'¢)

Loy = A.36
(pe) — (A.30)
and suppose, the sampling period L obeys,
L > max{to, Leov(pc)}- (A.37)
Then, for all ¢, € 5'1@, we have
(02,/D1, < B[Ry, ] = E[x, %, ] 2 205, 67n],. (A.38)
(1/)Lusy = Slhy,) = Elbg, BL] = 2651+ B2)(n + p)Ls (A.39)

To proceed, consider the ¢y, truncated sub-trajectory {(X¢,+1, Xy, , Ze,, We, ) } tees® given
by Definition A.11. Let hy, := [X] /0w 2, /0,]". Similar to (A.22), we construct Y(@ a"
and W by (row-wise) stacking {041ty est)s {h] b, es and {Wi,.}, es“’) respectively. As
an 1ntermed1ate step, in the following, we will lower bound Ay, (H(Z)TH ) and upper bound

HH H This will, in turn, allow us to lower and upper bound the non-truncated terms
Amin (H(@ Hl ) and ||H WZ@H respectively via,

Armin (H@TH@) > Amin (I‘{“)TH ) — ETHY H“)T 9, (A.40)
IE WOl < [BW )+ ETW - BTW)L (A1)
For this purpose, our next lemma lower bounds the eigenvalues of the matrix H(é) THE ) and

upper bounds the error term ||HE£ WZ@ |-
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Theorem A.16 (Bounding )\min(I:IgZ)TI:IEZ)) and HI:IEZ)TWEZ)H). Consider the setup of Corol-
lary A.7. Let to, B+, By, Lii(pe,d) and Ley(pe) be as in (A.15), (A.16), (A.31), (A.32)
and (A.36), respectively. Let C,Cy > 0 and ¢ > 6 be fized constants. Let I:IZ@, I:IEZ) and
WZ(Z) be constructed by (row-wise) stacking {hy } fees® {hj } (50 and {wy,_} feest® Tespec-
tively. Suppose the sampling period L and the number of independent samples \S'i(e)] satisfy

the following lower bounds,

L > max{to, Lir1(pc,9), Leow(pe)} (A.42)
15871 > 16¢*(1 + 62) log (W)(Thﬂ?)- (A.43)

Then, with probability at least 1 — 39, for all i € [s], we have

NP ()
Amin(ATHY) > A (HOTHY) > | f |

, (A.44)

(=}

~ 2
IEOTW O < 2e(1 + B2)\/ 1517 (n + p) (caww T+ Coy/log (5)) . (A4D)

A.3.4 Bounding the Estimation Error

Coming back to the initial problem of estimating the unknown MJS dynamics from dependent
samples, by solving the regression problem (A.23), observe that the estimation error in (A.24)

can be upper bounded as follows,

S I TWY)
i Amm<H£“TH§ )
o (IETW )+ W - HTW)
T Q@ THY) — EHOTHY - \3OTH))

1€ — O] <

I

(A.46)

To upper bound the estimation error ||@; — ©7|| in (A.46), we need to upper bound the
impact of truncation, captured by ||H§Z)TW§Z) — }_I@TWZ@H and HHI(.Z)THZ@ — P_IZ@TP_IEZ)H for

7

all i € [s] and all 0 < ¢ < L — 1. This is done by the following theorem.

Theorem A.17 (Small impact of truncation). Consider the same setup of Corollary A.7. Let
to, By, By and Ly (pe,0) be as in (A.15), (A.16), (A.31) and (A.32), respectively. Suppose
the sampling period L obeys L > max{to, Li;1(pc,9)}. Let I:IZ@ and WZ@) be constructed by

(row-wise) stacking {h] } eg® ond {wy } reest respectively. Then, with probability at least
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1 — 0 over the modes, for alli € [s], we have

3 1 =020 Jstn + p)| S
HHZ@)THZ() H(z)T e)||< cﬁ+( + B4)7¢ P[: (n+p)| (A.A7)

9

/2, o)
JHOTWO _ JOTWO | < CwTw T cpe” M ny/ns| ST
(3 K3 7 3 —_— 5

(A.48)

Combining Theorems A.16 and A.17, we obtain our result on the estimation of MJS in

(A.14) from finite samples obtained from a single trajectory.

Theorem A.18 (Learning with bounded noise). Consider the setup of Corollary A.7. Let
to, By, B, Liri(pe,6) and Leow(pe) be as in (A.15), (A.16), (A.31), (A.32) and (A.36),
respectively. Let S(e) and g(é) be as in Definition A.8 and A.13 respectively and assume
|§1~(€)] > moinl - for all i € [s], with probability at least 1 — 5. Suppose |Ki| < Cx for some
constant C'x > 0. Let C,Cy > 0, and ¢ > 6 be fixed constants. Define

2 19270 (1 + B )n/s(n+ p)T

Ly, ,0):=1 , A.49
t Q(pﬂ ) + (1 _ pﬁ) og ( 7Tmin5 ) ( )
2 CwOw3 Ten/nsTT
Luny(pe.8) =1+ ( P e )
(L=pe) 7 6(1+ B1)y/ (0 +p)(Cowy/n +p + Co\/log(2s/9))
(A.50)
Suppose the sampling period L and the trajectory length T satisfy

L > mas{to, Leowlpe). Lon (e 57) La(pe, —<7): Lialpe, o)) (A51)

maxyto, Licov\PL tr1\PL, 181 tr2\PL, 181 tr3\PL, 181 .

32L 36sL

T > 2231+ ) log (W)(n ). (A.52)

Then, solving the least-squares problem (A.23), with probability at least 1—6/2, for alli € [s],

we have
IA, - ) < o RO JEOED) (0 s (ol s (555)).
1B, — By|| < Qw1920+ 5:) JL(n+p) (C\/n——i-p—l—(Cg/aw) log(368L)>. (A53)

J

Oz Tmin T

Next, we use the following lemma to relax the Assumption A1.1 on the noise.
Lemma A.19 (From Bounded to Unbounded Noise). Let g > N(0,02 L) and a be two

independent vectors. Let g’ be the truncated Gaussian distribution g' ~ {g | [|gllcc < cwOw}-
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Let Sga be the indicator function of an event defined on vectors g,a s.1.
E[Sg.al >1—10/2.

That is, the event holds, on the bounded variable g, with probability at least 1 — §/2. Then,
if the bound above holds for cy > Cs := 1/2log(nT) + \/210g(2/0), we also have that

E[Sga] > 1— 6.

That is, the probability that event holds on the unbounded variable g is at least 1 — .

Combining Theorem A.18 and Lemma A.19, we get the following result on learning the

MJS dynamics when the process noise is Gaussian.

Corollary A.20 (Learning with un-bounded noise). Consider the same setup of Theo-
rem A.18 except that Assumption Al.1 is replaced with {w,}2, BV N(0,021,) and the

threshold for bounding the noise satisfies,

cw > C5 = +/2log(nT) + v/210g(2/0). (A.54)
Suppose ||B1s|| < Cp for some Cp > 0 and the trajectory length T satisfies,

36sL(n + p)
)

T>M

2 22
R A= pe) (05 + CZC’B) log (

)(n+p). (A.55)

Then, solving the least-squares problem (A.23), with probability at least 1 — 6, for all i € [s],

we have

IA; — A
(05 + Crow) 72 (Cs + C,Cp)  [sL(n + p) 3651,
S vV 1
~ Oy, 7Tmin<1 - p[,) T C n +p + (CO/UW) Og ( 5 ) ’
IB; — B
ow e (Cs + C,Cp) [sL(n+p) 36sL
S — Vv 1 . A
~ o, Twm(l— pr) T Cyvn+p+(Co/ow)y/log ( 5 ) (A.56)

At this point, we are only left with verifying the assumption that, for all ¢ € [s], with
probability at least 1 —4, we have |5’Z~(Z)| > % for some choice of L and T'. In the following,
we will state a lemma to show that the above assumption indeed holds for certain choice of

L and T. The detailed analysis for obtaining a lower bound on |S¢(Z)| is given in Section A.4.
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Specifically, the following result can be obtained by applying union bound to Lemma A.27
over { =0,1,..., L —1.

Lemma A.21. Let S.(Z) be as in Definition A.13 and consider the setup of Algorithm 1. As-
sume cx > (pe,Te), Ca = Cqo L > Coyyy (Bov/n, 3, T, pe,72) log(T), and T > T (log(T) L pe.e),
where ¢, (p,T), ¢,, and IN(C,(S, p,T) are defined in Table C.1, and Cgyp n (%0, 0, T, p,T) is de-
fined in Table A.1. Then with probability at least 1—0, for alli € [s] and all¢ =0,1,...,L—1

we have

(A.57)

A.3.5 Finalizing the SYSID: Proof of Theorem 3.1

To finalize, we combine Corollary A.20 and Lemma A.21 to get our main result on learning
the unknown MJS dynamics. The following theorem is a more refined and precise version of

our main system identification result in Theorem 3.1.

Theorem A.22 (Main result). Consider the MJS (A.14), with initial state xg ~ D,. Sup-

pose Assumption A5.1 on the system and the Markov chain holds. Suppose {z:}2, £
N(0,02L,), {w:}:2, £ N(0,021,) and the threshold for bounding the noise satisfies,
cw > C5 = +/2log(nT) + v/21og(2/0). (A.58)

Suppose ||Bis|| < Cp and |[Ki|| < Ck for some Cp,Cx > 0. Let to, 5+, 5, Liri(pe,9),
Leow(pe), Lira(pe,0) and Lis(pe,d) be as in (A.15), (A.16), (A.31), (A.32), (A.36), (A.49)
and (A.50), respectively. Suppose cx > ¢, (pe,Te), Ca > ¢,, Where ¢ (p,T) and ¢, are defined
in Table C.1. Let C,Cy > 0, and ¢ > 6 be fixed constants. Suppose the trajectory length T

satisfies

TeV/sL 2 e 36sL(n + p) L s
Tz ——(C5 + C;C%) log (———— T g
NmaX{Wmin(l_pL)( s T 0y B) Og( S )(n+p),_N(log(T),L,pg,ﬁ;)
(A.59)
o ) )
where, L 2 max tO’LCOU(pC) LtTl(p£7 18L) Ltr?(ﬂﬁ: 18L) Ltr3(p£7 18L)

Co N (50\/_ 0 T, PLyTL',) 10g(T)}, (A.60)

where T N (C,0,p,7) and Csupn (Zo,0, T, p, 7) are defined in Table C.1 and A.1 respectively.
Then, solving the least-squares problem (A.23), with probability at least 1 — 6, for all i € [s],
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we have

IA; — A
S |
~ Oz Tmin(1 — pr) T Cvn+p+ (Co/ow)y/log ( 5 ) )
IB; — Bl
Ow TL(C'5+CZC'B) sL(n + p) 6oL
< ¥
~ 0y (1l — pr) T Cvn+p+ (Cofow)y/log ( 5 ) - (A.61)

Remark A.23. Note that in Theorem A.22, with the shorthand notations defined in Tables
C.1 and A.1, the premise conditions (A.58), (A.59), and (A.60) can also be interpreted as
the following.

Cw = (T, 9) (A.62)
T Z Iid,N(Lv 57 T> Pc, T[,) <A63)
L Z Lid (60\/%7 57 T7 pﬁaTﬁagw<T7 6)7K1:87L) . <A64)

From the definition of L,,, one can see there exists L = O(log(T)) such that (A.64) holds by
choosing L = L. Define shorthand notation Ty n 1,(0, T, p,7) := Ly y(L, 6, T, pz,7z), then
the premise conditions (A.58), (A.59), and (A.60) can be implied by by the single condition
T>Tiyn(0,T,p,7), under which the main results in Theorem A.22 still hold.

A.3.6 Discussion

e Sample complexity: Here, a few remarks are in place. First, the result appears to be
convoluted however most of the dependencies are logarithmic (specifically dependency on the
failure probability ¢ and log(7T') terms). Besides these, the dominant term (when estimating

A) reduces to
(Uz + CKUW) T[,(TZ + p) S

Oz 7rmin<1 - PL) T

which is identical to our statement in Theorem 3.1. Note that the overall sample complexity
2

grows as T' 2 s(n+p)?/m2,,. We remark that, this quadratic growth is somewhat undesirable.
A degrees-of-freedom counting argument would lead to an ideal dependency of T' 2 s(n +
p)/Tmin- The reason is that, each vector state equation we fit has n scalar equations. The
total degrees of freedom for each dynamics pair (A;,B;) is n x (n + p). Additionally, for
the least-frequent mode, in steady-state, we should observe 7, T equations. Putting these

together, we would minimally need n X T > n X (n + p), which means we need 7" >
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s(n + p)/Tmin samples to estimate s dynamic pairs (Aj.s, B1.s). Our analysis indicates that
this suboptimality (at least the quadratic growth in n) can be addressed to achieve optimal
dependence by establishing a stronger control on the state covariance (e.g. refining (A.19))
as well as a better control on the degree of independence across sampled states (this issue
arises during the proof of Theorem A.16).

e To what extent sub-sampling is necessary? We recall that our argument is based
on mixing time arguments which are well-studied in the literature. In Algorithm 1, we sub-
sample the trajectory for bounded samples and use them to estimate the unknown MJS
dynamics. Unfortunately, such a sub-sampling seems unavoidable as long as we don’t have a
good tail control on the distribution of the state vectors. Specifically, as long as the feature
vectors (in our case state vectors) are allowed to be heavy-tailed, existing — to the best of
our knowledge — minimum singular value concentration guarantees for the empirical covari-
ance apply under the assumption of boundedness (Vershynin, 2012). More recently, self-
normalized martingale arguments are employed to address temporal dependencies (Sarkar
and Rakhlin, 2019; Simchowitz et al., 2018). We remark that, using martingale-based argu-
ments, it may be possible to mitigate the spectral radius dependency by shaving a factor of
1/(1 = pe) (e.g. martingale based arguments have milder pz dependence (Simchowitz et al.,
2018; Sarkar and Rakhlin, 2019)). We have left this as a possible future work.

A.4 Lower Bounding ]SZ.(E)]

To begin, we define sub-sampling period L = Cj,,log(T), sub-sampling indices ¢, = ¢ + kL
for k =1,2,...,|T/L|, and the time index set

Y4 .
S =t | wo, =i, %]l < e/ [Bullog(T), N2a]l < e/ 1} (A.65)

by bounding [|x;|| and ||z¢||, which is used to estimate A;.; and By, through least squares
(Here we generalize isotropic noise w; ~ N (0,021,) and z; ~ N(0,021,) to N'(0,X,) and
N(0,3,), respectively.). A fundamental question is: Is \SZ-(Z)] big enough such that there will
be enough data available when applying least squares? We provide answer to this question in
this section. Lemma A.24 acts as a building block for the later result; Lemma A.25 provides
the lower bound on |S\|; Corollary A.26 gives a more interpretable lower bound on |5\
when ¢y and ¢, are large enough; and finally, Lemma A.27 shows how many samples in
SZ@ are “weakly” independent, which is the quantity that essentially determines the sample
complexity of estimating Aq.s and By.,.

For clarity, we reiterate some definitions and define a few new ones here. We are given an
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MJS(A 1., By, T) with process noise w; ~ N (0, X,) and ergodic Markov matrix T. With
some stabilizing controller Ky_,, the input is given by u, = K, x; + z; where z; ~ N (0,3,).
Let 52 := ||Brs|?[| 22|+ 2wl Let L := A;+B,K;. Let £ € R¥* %" denote the augmented
closed-loop state matrix with (¢, 7)-th n?xn? block given by [L];; := T(j,i)L; ® L;. Let
pe € [0,1) and 72 > 0 be two constants such that ||£¥|| < 72p%. By definition, one available
choice for 7. and p. are 7 and p(L), respectively. Let tyco(+) and ¢y denote the mixing time
of T as in Definition 2.5. Let 7t denote the stationary distribution of T, 7, = min; 7. (),
and Tya = max; T (¢). Assume the initial state xq satisfies E[||xo|?] < Z2 for some zy > 0.
Lastly, without loss of generality, we consider the sub-trajectory with zero shift, that is,
¢ =0, which is identical to any 0 < ¢ < L — 1.

Lemma A.24. Suppose the Markov chain trajectory {wg,ws,...} and a sequence of events
{Ao, Ai1,...} are both adapted to filtration {Fo, Fi1,...}, i.e. wy and lya,y are both Fi-
measurable. We assume E[1g,,—jy | Fi—p] = P(wy = j | wi—y) for all j € [s],t, and r <t. For

all i € [s], let
[T/L]
Ni = Z Lo =iy LAy (A.66)
k=1
and suppose
Eliay | F-r] 2 1 —p (A.67)

for some p; € [0,1) and L = Cyplog(T). Assume Cgyp > Curc, and for some § > 0, T >
Thrc1(Cow, 6), where Cyre and L yye o (C,0) are defined in Tables C.1 and A.1, respectively.

Then we have

- : \7/L)

T (1) 1 \/ $ 17C sy Tmax log(T)
P N. > 1 — 1 2 B ~1_54
ﬂ { "7 Caulog(T) < 0o (1) Og(5) T k§—1 DkL > 5

i=1

Proof. For some € < mpy,/2, we temporarily let L > 6tyclog(e™!). From the proof of Du
et al. (2019b, Lemma 13 (47)), we know this guarantees L > tyc(€/2). By definition of
tmc (), we know max; [[([TL](4,:))"T — Ttoo|l1 < € < mmin/2, and since ([TX](4,:))1 =7l 1 =1,

we further have

ma | ([T ) — Tl < 5 < 75 (A.68)
For simplicity, we assume |T/L| = T/L =: T. To ease the notation, we let & = wyr,

Ay = Ayr, and Fy, = Fir. Then, one can see @, and A}, are both Fy-measurable. Define
8r, A € R? such that

8;(i) = 1ga=n 1y — Ellig=nlgsy | Fil, (A.69)
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= 8;(). (A.70)

j=1
Note that for all i € [s], {Ax(i), Fi} forms a martingale as

k1
E[Agi1 (i) | Fi] = Z 8;(i) | Fil

k

= Z 8;(1) + E[lia -1 pi,. — =Ly, | Al | ARl (AT
k

= Z 8;(1) = Aw(D),

thus 8;(7) = Ag(i) — Ap_1(2) can be viewed as the martingale difference sequence. Since
E[64(i) | Fi1] = 0, we have E[64(1)% | Fe_1] = Var(8x(i) | Fr1) = Var(l{w._l}l{A} |
Fer) <E[%, _, {A ) | Fe) < E[lgmiy | Fia] = P@x = i | @) = [TH(w@-1z, ).
By the choice of L, using (A.68), we know [T*] (w11, 1) < Too(i)+max; || ([TH](4,:))7 — Moo||oe <
2T max. Lhus,

T

D E[8k(i)” | Fiot] < 2mmaxT - (A.72)

With this, and the fact that |84(i)| < 1, we have

PN - ZE[l{wk:i}l{Ak} | Fia] > Tg =P(Az(i) > Te/2)
k=1

@ Te*/8 ) (A.73)
exp(—

P 2T max 1 €/6
(iif) Te?

where (i) follows from the definition of N; and Az(i); (ii) follows from Freedman’s inequality
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(Freedman, 1975, Theorem 1.6), and (iii) follows since € < myin/2. Note that

ZE[l{wk:i}l{Ak} | Fra] = Tree (i)

T

T
<D EMigmiy | Fioa] = T ()| + D Elliz—iy | Fioa] — Elo=n1ga,) [ Fi]
k=1

k=1

STm]aLX![TL](j, 0) = Moo (D) + | D ElLp ey | Fim]

T
- €
§T§ + ZpkL-

k=1

Then, combining this with (A.73) and applying union bound, we have with probability at

Te2 )

least 1 — sexp(—g—7),

s T T/L

i=1

when € < mpin/2 and L > 6tyc log(e!). Then, similar to the proof of Lemma A.6, we know
if we pick L = Cyuplog(T) with Cypp > tye - max{3,3 — 3log(mmax log(s))}, and for some
0 > 0, we pick the trajectory length T > (68C’sub7rmax7rmm log(§ ))2, with probability at least

1 — 4, we have

T/L

=1

]

Lemma A.25. For some § > 0, we assume Cyp > max{Cuyc, Cop (70,0, T, pe,7e)},

Cp 2 (\/§‘|‘ \/_)\/_7 and T > maX{TMCl(Csuba g)7zcz,1(PL7T£)}; where Cyc, IMC,1(Ca5)
and T 1(p,7) are defined in Table C.1, and C, (Z0,6,T,p,T) is defined in Table A.1.

Then, with probability at least 1 — 6, the following intersected events occur

s () 1 2s 17Csubﬂ-max 1og(T)
2n/5T5> 1( 5 e*% } (A.76)

- (D)l log(T)(1 = pe)  Tc(i
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Proof. For simplicity, we assume |T/L| =T/L. We let F; denote the sigma algebra gener-

ated by {{w,};_0, Wou, 2o, Xo}, and let Ay = {[Jx[| < cx/[|Bw|[Tog(T), 2] < can/[[22]1},

then by Lemma A.24, when Cy,, > Cye = tue - max{3,3 — 31og(Mmax log( )} and T >
T o1 (Csun, g) (68Csub7rmax7rmm log( )) with probability at least 1 — ¢, we have

- ( Trt. (i) 1 25 17C.upMmax log(T)
N2 o (o s 5 )

=1

T/L

- ZP (A7 | X(h—1) 41, We—1)L) } (A.77)
\k:::l 7
~
For term P, we have
T/L
P =3P (Il = e/ TEwTog (M) | l17ec | 2 e/ Tl | X011
k=1
T/L
<P (Jlzecl = e/ TEall | X1 wi-e
=1 . (A.78)
T/L
+ P (el = e/ TRl 08(T) | X-pzn, w2 )
k=1

=P

For term P;, we know from Lemma A.1 that when ¢, > (\/g + \/6)\/]_), we have P, =
cz .
;‘ZIIIP’ (||sz|| > ¢, ||Ez||> < Le=%. Now we consider term P;. From Lemma 2.15, we

know

~2
M, (A.79)

Elllxill® | X@-1)z4+1, wi-1r] < Vrstepp xg-1rll® + =

thus by Markov inequality, we have
T/L

1 ny/s7.0°
P < E L ) e
2 > p 2| Xwl| log(T) (\/ETCP[, 1% e—1yr11]]* + — )

1 - (A.80)

Tn\/_T[;a )
< p—
T EBw|log(T) \ L 1-— +Vvn Tﬁp ; %=1+l

Now, we seek to upper bound pk~! ZZQ | X(k—1)r+1]]* with high probability. Note that the
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assumption Cyup > O 1 (T0,9, T, pe, 7c) implies the following

L= Csub 1Og(T> >

1 8/NSTLTE n\/5T.5> }
. max{ log(2), 21og(2YTET0Y 91004 IVITET y o L (A 81
oy e { (2. 2108 SED) 21og(ar ST 2. (s

Then, we have

T/L 1—pe) ) O T/L T
c ! 71
— = | >P < —p;
Z“Xk prall? < L4Tn\/'r£02 >P | pz ZHsz nenll” < 7z
T/L 3
>P ﬂ{HX(k nnll® < pe 5}
k=1
T/L 5
> 1= 3P (Ixpveal® > pe*)
k=1
(i)
01351 (Vi e )
—Pc
Liiy/n TL.IO T Ln\/sTp5°
>1- o} — LppnTer
1—pg L 1 —pc
(111) )
> 1- ZpL\/ STLTg — 17
(iv) o 90 o
>1-2-%-1-92
4 4 2

L_
where (i) follows from (A.81) which gives p} t< H(i\_[—pfc)az; (ii) follows from Lemma 2.15

and Markov inequality; (iii) follows from (A.81) which gives pk < 1 5 and pﬁ < Ajﬁl\[—’fﬁ)ﬂ and

L
(iv) follows from (A.81) which gives p2 < W' Therefore, we have with probability at
0

least 1 — g
1 Tn\/§7'£6'2 1 — p,C
h= L A.82
‘e C)2c||2w|| lOg(T) <L 1-— oc T 4L\/ﬁ(—72 ’ ( )
and thus,
! Tnystea® | 1-pc T 4
P<P+PB< l T _s
=~ 1+ 2 = C)Q(HEleOg(T) (L ]‘_pﬁ 4L\/ﬁ§'2 +L€ 3

(A.83)

1 <T2n\/§7'£62) + T _é
lZEwllog(T) \L 1 —pc

where the second inequality follows from T > T, ,(pc,7c). Plugging this into (A.77), we
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have with probability at least 1 — ¢,

N figop o Tme(i) (1 \/ 25, 17C upTamax log(T)
ﬂ{ﬁ 2 Cnlos ' @ VT T

i=1
2n+\/5T0? 1
— e

()2 Bwl[log(T)(1 = pz) Moo (i) ) } (A.84)

which concludes the proof. n

@ ‘Nnto

Note that when T, ¢y, and ¢, are sufficiently large enough, we could obtain a more

interpretable version of Lemma A.25 which is presented as follows.

Corollary A.26. For some 6 > 0, assume Cyy, > max{Cuc, C oy (T0,0,T, pe, )}, cx >
se(pes7e)s o > ¢ and T > Tn(Coun, 20, pe,72) = max{Tyc(Cou, 0), Ty (P, 7))

s Cqr Cnics Tao(C,6), Ty o (p, 7) are defined in Table C.1 and C,, «(Zo,9,T, p,T)
is defined in Table A.1. Then, with probability at least 1—3/2, the following intersected events

ocecur
- Tw
rnln A_‘

Q{ls = 30 0g(T )} (A.85)

where ¢, (p,T), ¢

Now we provide a result on how many data in Sfé) are “weakly” independent, which is

the quantity that essentially determines the sample complexity of estimating A;.; and By,

in Algorithm 1. We first define a few notations. Let £;1,...,¢, 150 denote the elements in
S, and let £, = 0. Define %, such that
ez k—1
Z (H Lwt k) wi—jZt—j T Wt*j) + szi w12t p—1 + Wo -1 (A'86>
Jj=1 = ’
One can view Xy, , as follows: set x,,, , = 0, then propagate the dynamics to time /; fol-
lowing the same noise and mode switching sequences, Wy, , .0, —1, Ze, 0, -1, {We ffiie:i,l'

Or, one can also view X,,, as the contribution of noise x; and z, that propagate x,,, , to

Xy, - And it is easy to see that

'Lkl

Xtk _ifz',k = H Lwt | Xlig_1- <A87>
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Define 5’,;(5) C Sl-(g) such that

2

_ « Yl log(T
50 . {Ek\wek:i,uxmrScxmzw\rlog(T),nzmrngmumkusc [ 2] Lo >}.

The next lemma provides a lower bound on |§Z-(£)|.

Lemma A.27. Assume cx > ¢, (pc,Te), €z >, Cowr = Cop v (20,6, T, pr, 72) = max{Cc,
Counx(@0, 5. T 02, 7)s Conx (6,7, pe, 7e)}, and T > Tny(Coun, 6, pe, ), where ¢, (p,7), ¢,
Corx(T0,0, T, p,7), and C,p 5 (0, T, p,7) are defined in Table A.1, and Cyrs and T\ (C, 0, p, )
are defined in Table C.1. Then with probability at least 1 — 6, the following intersected events

N {|S > #f;g;(ﬂ} (A.88)

i=1

occur

Proof. We define sets RZ@) c Si(e) and RZ@ c Si(f) such that

, cx/ || 2w ]| log (T
RO {fk\wek—z,uxfkus st )7||sz||sf:zw2z}-

” . I T [ To8(T)
RO = {Ek\wek:e, ) < Nz, | < e/ e, | < 2 .

Note that RZ@ - Rl@. We will first (i) lower bound ]Ry)] and (ii) show ]Rl@] = ]Rl@], then
we could lower bound |§i(é)| since |5’Z-(K)| > |RZ@ | and conclude the proof.

Using Corollary A.26, we see under given assumptions, with probability at least 1 — g

- T
R >~ mn__ A.89
Dl {‘ 2 2C up log(T) } (4.59)
Let Giq, ... >C¢,|R§“\ denote the elements in Rz@. It is easy to see {(; 1, - - - ’Ci,leé)l} C{li,... ,61.7'51@)'}.
Consider an arbitrary ¢;; € RZ@ and /; ; € Si(e) denote the counterpart of (;; such that

l; j» = (i ;. By definition of Rz(é), we have

Ywl|llog(T
I, | < ZAZBT) (.90
1,7 3
From (A.87), together with Lemma 2.15, we have
/ é i/
Elllxe, , —%¢, ,|I?] < V/nsT, MR ?
e, = %o, %) < Viwsrerg” ™ Ellxe, ., ) o

< \/%TLPL:(CXHEWH 10g< ))7
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where the second inequality follows from ¢; j — £; 51 > L and [|x¢, , || < ex/[|Zw || log(T)
by definition of Si(z). Then, by Markov inequality, we have

/[ Ewllog(T
P <||x4_7j, —x |l < C | 6” og( >> > 1 — 36v/nsrepk. (A.92)

Then, using union bound, we have

_ /|| Bw | 1og(T)
IED m ﬂ {ngi,j’ - Xgi,j’ || S 6

i€ls] 4’

>1 - 36/ns"?| R | ek
(A.93)

>1 — 36+/ns"5Trepk
)

>1— -,
=2

where the last line follows from L = Cyulog(T) and Cyyp > C

subx (0, T, pe,7c) in the
assumption. Note that ||x¢, .|| = [|%¢, || < [Ix¢ || + Ix¢,,, —%¢, ,[|. This together with
(A.90) and (A.93) gives, with probability at least 1 — g,

NN {Hf«@,jnsc" “Eg”bgm}. (A.94)
]

i€l jelry?)

This implies for any ¢, for any ¢} € Rz@, we have /), € RY), ie. Rz@ - RZ@. Thus, we have
RY = RY and |R§£)| = |RZ@|. Combining this with (A.89), we have with probability at

least 1 — 0,
- — T
R 2————32——}. (A.95
iol {‘ | 2C sy log(T) )
Finally, we could conclude the proof by noticing |5’i(£)| > |RE£)|. O
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A.5 Proofs of Intermediate Theorems and Lemmas

A.5.1 Proof of Corollary A.7

Proof. Recall from Lemma 2.15 that the states x; can be bounded in expectation as follows,

Co0e + 07 Buas|?
Elllxi]*] < e /s (pElll%o| )/ + 1_p|[|; el

_ 20%/(é + C2[Bua e
B 1 —pc ’

)

(A.96)

where we get the last inequality by choosing the timestep t to satisfy the following lower
bound,

(0w + o, lIBus|*) v
(1 = pe)E[l[xo|]

PR (1= pe)Ellxo|?/ (A0 + o2|Brl)

L —pc

t
Pe =

(A.97)

This gives the advertised upper bound on E[||x;||?] for ¢ > to. Using Jensen’s inequality, this

further implies

261/2( 2 218,12
E[||xt||]§aw\/ i (CWﬁCZﬂ usl)Ten s, (A.98)
- PL

Next, using standard results on the distribution of squared Euclidean norm of a Gaussian

vector, we have E[||z;||?] = o2p for all t > 0. Combining this with (A.96), we get the following

upper bound on the expected squared norm of h, := [x] /oy 2! /0,]", that is, for all ¢ > ¢,
we have
1 1 2\/5(02 + CQHBl ||2)T£n
21 _ 2 2 W z s
Efl[h|"] = %E[th\\ ]+ U—EE[HZtH ] < Ty +p,

< (14 D+ GBI

— > (n+p). (A.99)

This gives the advertised upper bound on E[||h||?] for ¢ > ;. Using Jensen’s inequality, this

further implies

251/2( (2 2B, |I2
E[[\ht|\]§\/<1+ e+ GiliBus| )T‘)<n+p) for t>t. (A.100)

1 —pc

This completes the proof. O
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A.5.2 Proof of Lemma A.9

Proof. Let x; be the state at time ¢ of the MJS given by (A.14), with initial state xq ~ D,
and define the noise-removed state X; = x; — w;_; which is independent of w;_;. From
Corollary A.7, for all t > t, we have E[||x;||] < owf4y/n. Similarly, from Assumption Al.1,

we have [|[w;_1|| < cwowy/n. This implies
Efl[% /] < Efllxell] + Ell[we-1]] < 20w81v/n. (A.101)

To proceed, consider the conditional random variable y; ~ {x; | ||x¢|| < cowfBivn, ||z <

COu/Ds Wy = i} ~ {x; | [|x¢]| < cowBiv/n, wy =i} To lower bound the covariance matrix

Yy := Elywy/], observe that |[w;_1]| < cwowy/n < owfiyv/n and E[||X]|] < 2048/,
where (3, is given by (A.16). Therefore, using Lemma A.2 from Section A.1 with B =

20w f14/n, we can lower bound X[y;] as follows,
Ely:l = Elywy(] = (05,/2)L, (A.102)
where we use ¢ > 6 to get the last inequality. Next, we upper bound X[y;| as follows,

1=yl = IElyey:]ll < Elllyl],
= E[lx:|” | Ixel < cowBiv/n, |12el] < cou/p, wi =1,
< ol Bin, (A.103)

Combining (A.102) and (A.103), we get the first statement of the lemma. To proceed, con-
sider another conditional random variable z, ~ {z; | ||x¢|| < cowfBiv/n, ||2e]| < copy/D, wi =
i} ~ {2z | ||z¢| < co,\/p}. Note that z; is independent of both x; and w;. Then, using
similar arguments as above with Lemma A.2 replaced by Lemma A.3, we can show that,
when ¢ > 6,

(02/2)L, = X[z)] := E[z;zf] = (olp)l,. (A.104)

Finally, combing the derived bounds for X[y;] and X[z;], we get the second statement of the

lemma. This completes the proof. n
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A.5.3 Proof of Lemma A.12

Proof. To begin, using Assumption A5.1 and (A.28), the impact of truncation can be

bounded in expectation over the modes as follows,

k—k')L—1)/2

E[|lxs, — %o, ||| = Elll%erxr — Xeprrerypall] < vasrepd %o wri ],

< Vnstepe Vx4, (A.105)

where we get the last inequality from the fact that & — k' > 1, and the expectation is over
the Markov modes at timesteps ¢ + k'L + 1,{ + k'L +2,...¢ + kL — 1. To proceed, observe
that, for all £, € S @7 we have

(2
el = [, X + By, 20+ e[| < max | L[, [| + maxc[Billlze, | + |[we,

< Co-wﬁ—i-\/ﬁHLl:SH + CO‘Z\/]_9||B1:5|| + Cwaw\/ﬁa
< cow(Cw + B1]|Lis|| + Ca/p/n||Bas|)v/n,
_ ngﬁ;\/ﬁ’ (A.106)

where we set ), 1= cw + f4||Lis|| + Can/p/n||B1s|| and C, := 0,/0w. Combining (A.106)
with (A.105), for all ¢ € Si(e) and all i € [s], we have

E[l|xs, — %o, ||] < cowSin/steps V7, (A.107)
’ (L-1)/2
- T
— Bl ) < ATl Ty sy, (A.108)

where we get the high probability bound by using Markov inequality and union bounding
over all bounded states. This further implies that, with probability at least 1 — § over the

modes, for all ¢, € SZ-(K) and all 7 € [s], we have

_ _ cow 3 /5T p VAT
HkaH < ||ka|| + ||ka - XEkH < ngﬁ-‘r\/ﬁ"i_ + 5 £ < (3/2)60'“,/34_\/5’
(A.109)
where we get the last inequality by choosing L > 1 via
(L-1)/2
cowBn/step, T (L—1)/2 e
< cow 2 <= < —T
) < cowbiv/n/ Pe = 2¢/nstcTH,
2log (2¢/nst.Tf' 4]
e >4 2l o B/ (B+9) (5 110)
—Pc
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This also implies that, with probability at least 1 — ¢ over the modes, for all ¢, € SZ»(Z) and
all 7 € [s], we have ||x,, — X, || < (1/2)cow/S++/n. This completes the proof. O

A.5.4 Proof of Lemma A.14

Proof. The first statement is a direct implication of Definition A.8 and A.13. To prove
the second statement, consider {xy, } foes? which contains states bounded by cow(4/n.
From (A.26), observe that, each state can be decomposed into x;,, = Xy + X, where
Xy, is the truncated state and X, captures the impact of the past states at time index
{4+ k'L + 1. When the sampling period L satisfies (A.33), then from Lemma A.12, with
probability at least 1 — ¢ over the modes, for all ¢, € Si(g) and all 7 € [s], we have ||, || <
(1/2)cowBy+/n. Furthermore, from Definition A.13, for all ¢, € S’i(é) and all i € [s], we have
1%¢, || < (1/2)cowf++/n. Combining these results, with probability at least 1 — ¢ over the
modes, for all ¢}, € gi(é) and all ¢ € [s], we have, ||xq, || < ||, || + [|Xe, || < cowBiv/n. This
implies that, with probability at least 1 — § over the modes, bounding x,, by cowBiv/n
will not introduce further dependence between X, and x, when ¢} € 5'1-(@). Secondly, by
construction, conditioned on the modes, X, = Xy, ¢, ¢, -1 only depends on the excitation
and noise {z;, w¢}; "} .. Note that the dependence ranges [( + k'L + 1,¢ + kL — 1] are
disjoint intervals for each (k, k") pairs. Hence, conditioned on the modes, the samples in the
set {X, }, o 5 are all independent of each other.

To show the independence of {Xy, }ekei@ and {z, }ékGS‘f“’ observe that z,, = z,,x; have
timestamps ¢ + kL; which is not covered by [( + k'L +1,¢+ kL — 1] — the dependence ranges
of {xy,} (50" Identical argument shows the independence of {Xy, } 15 and {wy,}, . 50
Lastly, {z, } (e and {wy, } foes® are independent of each other by definition. Hence,
{xX¢, } RICE {24, } 150 and {wy, } fees® Are all independent of each other. This completes

the proof. n

A.5.5 Proof of Lemma A.15

Proof. To begin, for all ¢, € Si(g), we upper bound the difference between the covariance of

truncated and non-truncated states as follows,

IEXex7, — %o x| = |E[Xe,X7, — X0, X7, +X0,%7, — X0, %7,]|],
< Ef[%e, [l[Ixe. =%, ] + Efllxe, [[Ixe, — e ][],
< (1/2)cow B vVnE[[[xe, — X, I + cowBivnE[[[xs, — Xe, ],
< 2020‘2,Vﬁ+ﬁﬁrn\/ﬁn;p(;_l)/2, (A.111)
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where we use Definition A.13 to obtain the second last inequality and (A.107) to obtain the

last inequality. Combining this with Lemma A.9, for all ¢ € 5’1@, assuming ¢ > 6, we have

)\min(z[xfk]) Z )‘min(z[xﬁk]) - ||E[)_(£k)_(}k — ngx}k]H,
> 02 /2 — 2202 B, Bunv/mstept TV > 62 4, (A.112)

where we get the last inequality by choosing L via

2 2 2 ;o — (L-1)/2 (L—1)/2 1
o/t 2 20y B finy/nsTep, 7l = 8204 B ny/nstg’
21og (8¢? " n\/nsT,
—L>1+ s 1/3+/3+ c) (A.113)
— Pc

This also implies that we have the following upper bound on the covariance spectral norm,

that is, for all ¢, € 51-(12), assuming ¢ > 6, we have
IS (Ra )l < ISl + BT, — xo,x] ]| < o2 52n + 0% /4 < 202 f2n.  (A114)

Combining (A.112) and (A.114), we get the first statement of the lemma, which is combined
with (A.104) to obtain the second statement of the lemma. This completes the proof. [

A.5.6 Proof of Theorem A.16

Proof. To begin, recall that not all the rows of I_{z@ are independent. Therefore, to lower
bound Ay, (I:IEZ)TI:L@), we first consider the matrix I:IEZ) which is constructed by (row-wise)
stacking {fl}k } es®- Observe that, conditioned on the modes, the matrix H . which is a

sub-matrix of ﬁl@, has independent rows from Lemma A.14.
e Lower bounding g(I:Il(Z)): Using Lemma A.14, we observe that, conditioned on the

)

modes, the rows of I:Il@ are all independent. Secondly, by definition, each row of IJIZ@ can

be deterministically bounded as follows: for all ¢; € Si(g), we have

_ I 1
e < 5 1%l + =5 ll2[° < (1/4)Bin + *p < E(1+ 53)(n + p). (A.115)

w z

Thirdly, from Lemma A.15, when ¢ > 6 and L > max{to, L.ow(pc)}, then for all ¢, € S'i(ﬁ),

we have

(1/9)Lysp = Blhy ] = E[hy, by ] X 2¢*(1+ 53)(n+ p)Lugs- (A.116)
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Therefore, we can use Corollary A.5 to lower bound g(I:Iz(-Z)). Specifically, using Corollary A.5
with oy = 1/2 and m = (1 + 83)(n + p), with probability at least 1 — 4, for all ¢ € [s],

we have

o V15 ; 50
o) > VLo fi gy pptog 202 > VL )
as long as |§i(z)| satisfies the following lower bound,
5] 25(n +
s /(14 8+ p)log (PP
_ 2
— |59 > 16¢2(1 + £2)(n +p) 1og(M). (A.118)

0

e Lower bounding )\mm(ﬁynﬁga): Using Lemma A.14, we have, {h, }ékeé‘“) is a subset
of {hy, } roes®- As a result, (A.117) also implies that, with probability at least 1 — ¢, for all

i € [s], we have

(A.119)

as long as |§i(£)| satisfies the lower bound in (A.118).

e Upper bounding ||ﬁ§Z)TW§Z)||: Using Lemma A.12, when L > max{to, L1(pc,0)},
with probability at least 1 — § over the modes, for all ¢, € Si(e) and all ¢ € [s], we have,
[hy, ||* < (1 +(9/4)52)(n + p). This implies that, with probability at least 1 — § over the

modes, for all i € [s], we have

1B < I e < el + 280/ 157710+ p) < 261+ B2)\/ 1570+ p).
Let ﬁl@ have singular value decomposition UXVT with ||X|| < 2¢(1 + 84 )4/ |Si([)|(n +p).
Since WZ@ has i.i.d. ow-sub-Gaussian entries (Assumption Al.1), UTWZ@ € ROPXn hag

i.i.d. ow-sub-Gaussian columns. As a result, applying Theorem 5.39 of (Vershynin, 2012),
with probability at least 1 — 4, for all i € [s], we have

2
[U"W || < Cowv/m+p + Coy/log (73). (A.120)
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This implies that, with probability at least 1 — 24, for all ¢ € [s], we have

_ 25
IETWE < ISIUTWL| < 2e(1 + 8 |5¥M@z+p>(00wv%irﬁ+wz) bg(;ﬁ)-

This completes the proof. O

A.5.7 Proof of Theorem A.17

Proof. We begin by simplifying the the term HHZ@THE@ — I:IZ(E)TI:II(Z) || as follows,

oHT l 7 (O Tyx (£ TN
EOTHS - BOTH) = Y (hyh], —hyh])],
Zkesy)
< |Sz(£)| ma}% ||h£kh;k - Bfkﬁzkna
tpest

= ’SZ(E)‘ zm?%) thkhgk - hfkﬁgk + hfk}_l}k - BfkﬁzkHv
kE i

. ) ) )
s@@%w%mmfmmwmmw—mm (A.121)
LED;

k3

We will upper bound each of these terms separately and combine them together in (A.121)
to get the desired upper bound. First of all, observe that, for all i € [s], each row of HZ(»Z) is

deterministically bounded as follows,

1 1
e, 1* < —llxe [1* + —llze 1* < #Bin+ p < (14 87) (0 + p). (A.122)
0 o

w z

Similarly, from Lemma A.12, when L > max{ty, Ly1(pc, ), with probability at least 1 — ¢

)

over the modes, for all i € [s], each row of I:IZ(»Z can be bounded as follows,

_ 1, 1
[, [* < U—2||Xek||2 + gHZekHQ < (9/4)Bin + p < 4 (1+ BL)(n + p). (A.123)

w

To proceed, recall from (A.108) that, with probability at least 1 — § over the modes, for all
U € Si(e) and all i € [s], we have

1 1o / (L—1)/2
» T Xy —oXy 1 _ cBlny/step T
HM—MPHhkr1r1H}wm—mM srere Ty 1oy
o_—ngk U_zzék Ow
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Combining (A.122), (A.123) and (A.124) into (A.121), with probability at least 1 — ¢ over

the modes, for all i € [s], we have

3 2 1 (L— 1)/2 S
||HZ(Z)THZ( Z)T || < c B—i—( +ﬂ+ TC p[, 5 \/ n+p ’ ) (A125>

Using a similar line of reasoning, with probability at least 1 —¢ over the modes, for all 7 € [s],

we also have

0) 5 E
[EOWEO —HOWO = | S (g, w], — Bw] ).
€8t
, _
ZkES(Z)

i

< ccwawﬁJrTcp(cL b/ n\/ns|Si(£)|T
< 5 :

(A.126)

This completes the proof. n

A.5.8 Proof of Theorem A.18

Proof. To begin, using Theorem A.16 along-with the assumption made in the statement of

the theorem regarding \S’Z-(e)|, with probability at least 1 — 40, for all i € [s], we have

SOl mawT
Amin(HTHY) > 51 Tmin A127
as long as the trajectory length T satisfies the following lower bound,
32L 2
T > 22214 82)log (SWT—'PP))(n—l—p). (A.128)
Tmin

Combining this with Theorem A.17, with probability at least 1 — 54, for all i € [s], we have

Nia(HTHL) 2 A (HTHLY) — | HTHY - HOTHY),

> 71-rninj—1 . 3626;( + ﬁJr TEP[; \/ n +p T2
- 32L oL
7Tminjj
> )
— 64L

(A.129)
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where we get the last inequality by choosing L via,

7Tminjj > 362/85,-(1 + ﬁ-}— T, p,(cL 1)/2 Y/ S TL +p T2
64L — oL
(L-1)/2 7Tmlné
= < :
e 1998 (1 + f)na/s(n + p)T

2log (192¢*12 B, (1 4 B1)ny/s(n + p) T/ (Tmind))
(1 - Pc) '

— L>1+ (A.130)

Similarly, combing Theorems A.16 and A.17, with probability at least 1 — 44, for all i € [s],

we also have
IETTWE < W [ETTW - HPTW,

< 2¢(1+ B4) T(n + 1) (CO’W\/H + p+ Cpy/log (2?58))

CCWO'WB+T£/) /27%/ T2
* 5L

< 3¢(1+ By) T(” ) (OUWW + oy [log (%S)), (A.131)

where we get the last inequality by choosing L via,

ccwawﬁ+n;pé: L/2 ny/nsT?

< (14 5) T(n+p) (OUWWJFC() 1Og(25_3)>

oL
(L—1)/2 6(1+ B1)v/TL(n+p) (CUw\/n +p+Co log(28/5))
<~ P, < ; 5
CwOw B Teny/nsT?
- L>14 2 log ( CwOow S TenvnsTT )
= 2) (4 B/ (0 + 1) (Couyn T + Con/log(25/9))
(A.132)

Finally combining (A.129) and (A.131) into (A.24) and union bounding over all0 < ¢ < L—1,
with probability at least 1 — 9Ld, for all i € [s], we have

Z
E ¢ L lA (z) 0y’
>=¢Z0 Awin (Hi H”)
< 1921+ By) [L(n+p)
B Tmin T

(cawm + Coyflog (?)) O (Aa33)
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To proceed, using standard result from linear algebra that the spectral norm of a sub-matrix
is upper bounded by the norm of the original matrix, with probability at least 1 — 9L4, for
all 7 € [s], we have

192¢(1 + B4) [L(n+p)

. 2
|L; — Ly|| < — 7 (C\/n—l—p—l— (Co/ow)i/log (§)>7

. 192¢(1 + w [ L(n+ 2
IB; — B;|| < MZ— w<0\/n+p+(00/0w) log (;)),

= [|A; — Ayl < [T — Lil| + K [1B; — Bill,
o 192¢(1 + B4) (02 + Crow) [L(n+p)

Tmin Oz T

<c¢m+ (Co/ow)y /los (?)). (A.134)

Finally replacing § with §/(18L) we get the statement of the theorem. This completes the
proof. O

A.5.9 Proof of Lemma A.19

Proof. Let E be the event {g | ||gllec < cwow}. If ¢ > /2log(nT) + +/210g(2/§), using
Gaussian tail bound and the fact that E[|g|l] < owy/2log(nT), observe that P(E) >

_ (ewow —E[||glloo

2
R B d/2. Therefore, we have

E[Sga] > E[Sgal EJP(E) = E[Sg JP(E) > (1 —6/2)* > 1 —4.

This completes the proof. O]
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Appendix B
Proofs for Results in Chapter 4

B.1 Useful Facts

Fact B.1 (Matrix Facts). For arbitrary matrices M, N, X with appropriate dimensions, we
have the following facts.

1. If M,N = 0, then

IN(L+MN)~™| < [N, (B.1)
1T+ MN) | < 1+ [INJ|mf. (B.2)

2. If M and M + N are invertible, then

M+N)'=M"'-M'NM+N)™!

(B.3)
=M ' (M+N)"'NM.
3. If1+M and I+ N are invertible, then
I+M)"'—I+N)"'=T+M)"'(N-M)I+N)"" (B.4)
4.
vec(MXN) = (NT @ M)vec(X). (B.5)
5. For a collection of matrices M., and for all i € [s],
[los(My:s) || = ||Zj:1T(i7J')Mj|| < ([ M| (B.6)

In Fact B.1, (B.1) is due to (Mania et al., 2019, Lemma 7) (in their supplement); to see
(B.2), first note that (I + MN)™' =T — MN(I + MN)~! by matrix inversion lemma, and
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then apply (B.1). (B.3) and (B.4) also follow from matrix inversion lemma.

Fact B.2. For nxn matrices Xy, let X = diag(Xy.). Let vec(-) be the operator that
vectorizes all diagonal blocks of X into a vector, i.e. vec(X) := (vec(Xy),...,vec(Xy)).

Let véc™! denote the inverse, i.e. véc '(vec(X)) = X. Then,

|vec|| := sup Ivee(X)|| L v/ns (B.7)
X=diag(X1:s),[|X][|=1
- - (i)
|[vec™|| == Hshlp |[vec 1 (x)|| = 1. (B.8)
x||=1

Fact B.2 follows by noting that (i) achieves the supremum when X; = I, for all ¢ and
(ii) achieves the supremum when x = (1,0,...,0). For a matrix M and perturbation A, we

have the following result adapted from (Mania et al., 2019, Lemma 5).

Fact B.3. Let p := p(M) and 7 := sup,y [|[MF*||/p". Then, (a) p(M + A) < 7||A|| + p; (b)
k
1M+ a5 < 7(rAll +p)"

Fact B.4. Consider a generic MJS-LQR problem given by MJS-LQR(A 1.5, B1s, T, Q1.s, Ri.s)
and its corresponding cDARE(A 1.5, B, T, Qu.5, R1.5). Assume Qq.5, Ry = 0 for all i € [s].
If there exists a positive definite solution P1.s > 0 to cDARE(A1.5, B, T, Q1.s, R1s), then
it is the unique solution among {P1.s: P; = 0,V i € [s]}.

To see this, first note that cDARE(A 1.5, B1.s, T, Q1.5, R1.5) can be written as the Joseph
stabilized form (Lewis et al., 2012, (2.2-62)), i.e. P; — L]¢;(P1.5)L; = KIR;K; + Q; where
K, = —(Ri + BZTgoi(Plzs)Bi)71BZT<,01-(P§15)AZ- and L; := A; + B,K;. Since Q; = 0, we know
by Corollary 2.13 the closed-loop MJS x;,; = L, x; is mean-square stable. Then one can
obtain Fact B.4 by invoking (Costa et al., 2006, Lemma A.14) which says cDARE has at

most one solution with resulting controller stabilizes the MJS.

B.2 Proof of Theorem 4.1

We first provide the road map of the proof.

(a) We construct an operator IC(Xi.s) using the difference between the ground truth
¢DARE(A1,,, By, T, Qu.s, Ry.) and perturbed cDARE(A 1, By, T, Q1.6 Ry, ), whose
fixed point X%, (if exists) guarantees Py, := P?, + X*._ to be a solution to the per-
turbed CDARE(AM, ]31:8, T, Q1.5 Ri).
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(b) We show when €, 1 are small, K(X.5) is a contraction mapping on a closed set S, whose
radius v is a function of € and 7. Thus, there exists a unique fixed point X7j., € S, and
HPliS - P’l(sH = HXISH < V(6777)'

(c) Finally, we show P,..is unique by showing P, = 0 and then invoking Fact B.4.

B.2.1 Construct operator K

First we define a few notations for the ease of exposition. For all i € [s], let S; := B;R; 'B]
and S; = BileBlT. Define block diagonal matrices A, A, B, B, Q. R, P*, P, K*, L*, S,
S, P, X, ®(X), @(X) such that their i-th diagonal blocks are given by A;, A;, B;, B;, Q.
R;, P, P;, Kr, L, S;, S,, P, X,, 0i(X1.s), 9i(Xy.s) respectively. Note that P;, X; > 0 are
just generic variables to be used in function arguments. We will see many equations that
hold for each single block also hold for the diagonally concatenated notations.

We have K* = —(R + B'®(P*)B) " 'B"®(P*)A from (2.36), then using the matrix

inversion lemma, we get
L*=A+BK*= (I+S®(P*")) 'A. (B.9)

Furthermore, by diagonally concatenating cDARE (2.35) and then applying the matrix in-

version lemma again, we have
X=AT®X)(I+S®(X)) 'A+Q. (B.10)

Then, we define the following Riccati difference function using the difference between LHS
and RHS of (B.10), with P as argument and A, B, T as parameters:

F(P;A,B,T):=P - AT®P)I1+S®(P))'A - Q. (B.11)

Though not explicitly listed, ® and S on the RHS of (B.11) depend on T and B respectively.
Since P71 is the solution to cDARE(A ., B1s, T, Q1.5, R1.5), we have F(P*; A, B, T) = 0.
Similarly, if there exists solution f’l:s to CDARE(ALS, ]A31:S, T, Q1.5, Ri.s), then we also have
F(PAB.T) =0

For X such that P* + X > 0, we know I + S(P* + X)) is invertible. Then, for F(P* +
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X;A,B,T), we have

F(P* +X;A,B,T)
EIp L X — ATR(P* + X) - [(1+S®(PY)) -
(I+S®(P* + X)) S®(X)(I+ S2(P"))'JA - Q

~
=T

—P*+ X — AT®(P* + X)(I-TS®(X))(I+S®(P*))'A - Q

EIpr | X~ AT®(P* + X)(I - I'S®(X))L* — Q

O% — AT®(P* + X)(I - I'S®(X))L* + A"®(P*)L*

—X — AT[®(P* + X)(I I'S®(X)) — ®(P*)|L*
EIX — L1 + &(P*)S) [8(P* + X)(I - TS®(X)) — &(P*)|L*
=X — L (I + ®(P")S) [-®(P")TS + 1 - (X)I'S| ®(X)L*

-~
=A

where (i) follows from P*—Q = AT®(X)L* which can be seen from the fact F(P*; A, B, T) =
0. By expanding A, one can check A = I — ®(X)I'S. Plugging this back and using the

definition of I', we have

FP*+X;A,B,T)=X - L"®X)L*+
L@ (X)(I+ S®(P*) + S&(X)) 'S®(X)L*. (B.12)

If we define
T(X) =X - L*"®(X)L*, (B.13)
H(X) = L"®(X)(I + S®(P*) + S&(X)) 'S®(X)L*, '
we can write F(P*+ X; A, B, T) as
F(P*+X;A,B,T) = T(X) + H(X). (B.14)

We now study the invertibility of operator 7. Let Y; := X; — L¥T¢;(Xy.,)L, and Y :
diag(Y..), then we see Y = T(X) = X — L*"®(X)L*. Apply (B.5) to Y;, we have
vec(Y;) = (I — T(i,i) - LT @ L )vec(X;) — > iz T, J LT ® LTvec(X;). Stacking this
equation for all i, we have (I — £*T)véc(X) = véc(Y), where véc(-) is defined in Fact B.2.
We know p(L£*") < 1, thus (I — £*7) is invertible, and inverse operator 7' exists and is
given by

X =TYY)=vec o (I—L") " ovec(Y), (B.15)



where o denotes operator composition, and véc(-)~! is defined in Fact B.2. With 7!, we

define the following operator:
K(X):=T YFP"+X;A,B,T) - F(P*+X;A,B, T) - H(X)). (B.16)

Suppose there exists a fixed point X* for IC, then we see F(P* + X*; A, B, T) = F(P*+
X* A, B,T) — T(X*) — H(X*) =0, i.e. Py, =P}, + X7, is a solution to the perturbed
CDARE(AL& B1:87 Ta Ql:sa Rl:s)-

B.2.2 K is a Contraction
We will show K(X) is a contraction mapping on the closed set
S, ={X:||X]| £ v,X =diag(X;,),P*+ X > 0} (B.17)

so that I(X) is guaranteed to have a fixed point in S,. To do this, we first present the
following lemma (proof in Appendix B.4) regarding properties of K(X).

Lemma B.5. Assume ¢ < min{||B||,1}. Suppose X,X;,X, € S, with v < min{1, ||S||~'},

then
. Cee+ Cyn
IR0 < Y (st + S5 ) (B.13
T
%) - KX < YT, -
IS+ B R (5le/C 4 20/, (B19)

To use this lemma, we pick v = ‘{ET (Cee + Cym) . We first show K maps S, into itself
and then show it is a contraction mapping. Plugging in the upper bounds for € and 7 in the

premises of Theorem 4.1, we have

: 1—p (Pﬂ}
v < min , (B.20)
{ IS 12y/nsT|[LA7]S]) T 12

Following the premise upper bound of € in Theorem 4.1 we have ¢ < min{||B|| 1}. This
together with (B.20) makes Lemma B.5 applicable, and we get ||[K(X)|| < v+ v = v by

cancelling off € and 7 in (B.18) with the definition of v, and applying the third upper bound
for v in (B.20). We know v < ¢(P*)/12 from (B.20), we have |[K(X)| < 1Lo(P*), thus
P*+K(X)>0. This shows £(X) € S,, i.e. K maps S, into itself. Plugging the premise upper

bounds for €,n in Theorem 4.1 and the third upper bound for v in (B.20) into (B.19) gives

124



IK(X1) — K(Xo)|| < 21Xy — Xy]|, i.e. K(X) is a contraction mapping on S, which means
K(X) has a unique fixed point X* € S,. From the discussion below (B.16), we know Py,
is a solution to cDARE(A1.,, B, T, Qu.s, Ryss) and [Py, — P|| = X5 = [IX*]| < v,
which shows (4.8).

B.2.3 Uniqueness of P,

Note that X* € S, gives || X*|| < v, and using (B.20), we have | X*|| < a(P*), thus P* +
X*>0. This implies P, = P +X7>0 for all 7. By Fact B.4, we know P, is the only possible
solution to cDARE(AI;s, ]:3)1;5, T, Q1.5 Ri:s) among SZ,+~ —~

B.3 Proof of Theorem 4.2

We first provide the road map of the proof.

(a) We bound the controller difference ||K*,, — Ky.|| in terms of ||Py., — P}, || and provide
conditions under which K., stabilizes the true MJS(A;4, By, T).

(b) For J incurred by the stabilizing Klzs, we bound the suboptimality gap J—J* in terms
of [[K7., — Kuf-

(c) We combine steps (a), (b) and Theorem 4.1 to obtain the final result.

B.3.1 Properties of KLS
We show that when 15115 is close to Pi.,, then IA(LS is also close to Kj.,.

Lemma B.6 (Controller mismatch). Suppose [Py, —P% || < f(e,n) for some function
f(e,n) such that max{e,n} < f(e,n) < T,. Then, under Assumption A5.1, we have

( (Rl s) Fi)
U(R1;5)2

| K7 Kls” < 2813

f(em) (B.21)

Proof. Recall
K: = —(R: + Bloi(P1)B,) 'Blyi(P1) A,

~

K, = —(R; + B[3i(P1.)B,) Bl (P1..)A,.

As an auxiliary step, we define K; := (R + BTcpl(Pl S)]:))1) BTgoz(Pl S)A Then, we
have

G — K| < 1K} — Kl + K — K. (B.22)
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Note that [|[K%.,, — Ky.|| = max; [|[K¥ — K|, thus it suffices to bound ||K?* — K;|| and | K; — K|
respectively. For |[K — K;||, we can see |K* — K;|| < Mdy + 6y N where

* —1
M = ||(Ri +B]wi(P1,)B;) ||, = HBZ%( oA,
o = || (R +BT¢1(P{S)B) (R + By, B)
on = |Bl@i(Pi)A; — Blo(Pr) A,

We next upper bound M 5N,(5M, and N. Since we assume R; > 0, it is easy to see M =
I(Ri +Blpi(P1.)B;) || < ok Fordy, let Ax, = A;—A;, Ap, = B~ B;, Ap, = P,—P},

then we have

oy = HBz wi(P1.5)Ai — BT%(Pl s)A |
= |Bfwi(PT)A; — (B + Ag,)’
[ei(Pr)A + 0i(Apr )Ai + 0i(PT,)Aa, + 0i(Apy ) Aa,]
= [|Biwi(P})Ai — [Blwi(P1,,)Ai + Blwi(Apy A,
+Bipi(P1,)Aa, + Bloi(Ap; )Aa, + Ap,pi(PT)A;
+ AR, ¢i(Apy )Ai + Ap wi(PT) AR, + Ap¢i(Ap; A

6)
< N AIBsl[ f(e,m) + (Bl [P, + | Bsll f (€, m)e

+ | AP, lle + [ Al f e, m)e + [P ll€* + fle n)e
< 3% f(e,m),

where the last line follows from the assumption that € < f(e,n). For d,/, we have

Oap = ||(R +Blpi(P1)B) ' — (Ri+ Bloi(P1)B:) |

IR, 4 BIo(PL)B) - (R, + Blo(Pr)B) |
- |IBlg:(P1s)B; — Bloi(PL)B;|
3% f(e,m)
- oRy)?
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Similarly, we have the following for N.

= |BJi(P1.0) A
= ||B@i(P1,)Ai + B/ pi(Apy )Ai + B/ pi(P1,) A,
+ BT%(AP* JAA, + AB ©i(P1.) A + AB wi(Ap: A,
+ Ap,¢i(P1,)Aa, + Ap 0i(Ap; )
< ( Lsll + Bl [[PLll + | Adlle + [ Blle
+Pille+€) - fe,n) + [|AB[IP ]
< 3T3f(e,n) + 175

Combining the bounds for M, dy, ), and N we obtained thus far, we have |[K — K| <
12F2Mf(e,n). Using similar techniques, for the other term on the RHS of (B.22),

a(R;)?
we can show ||K; — K;|| < 161“3%7] Recall we assume 1 < f(e,n), then by triangle
inequality, we have |K} — K;|| < 28P3%f<6,77). O

For IA(LS, let f;z = A, + BiKZ- and define the augmented closed-loop state matrix L e
R*">7* with (i, j)-th n®xn? block given by [£];; := T(j,i)L; ® L;.

.- .- 2 o 1— —
Lemma B.7 (Stabilizability of K). Suppose ||Ki.; — Ki.,|| < 2f7(1+2uLp B — €K then

(a) p(L) < He e K., is a stabilizing controller; (b) ||L¥|| < T(HL)k;

Proof. Let Ak, := K; — K7, then we have [L];; — [£*];; = T(j,)[(B;Ak,) ® (B;Ak,) +
(BjAk,)®L; + Li®(B;Ak;)]. Taking the norms gives || L) [E*]”H < T(4,0)(]|B;||* -
A, I+ 2B L A, 1) < T(, 1)L+ 2L DIB; 1 Ax, || < T(J, )32 Using Cauchy-
Schwartz inequality gives ||[£ — £*]| < (>, s IL C)i; — (L7611 ) 127” . Finally, we can
conclude the proof by invoking Fact B.3. O

B.3.2 J— J* vs. | K7, — KI:SH

Adapting (Jansch-Porto et al., 2020, Lemma 3-(2)) to noisy MJS and infinite-horizon average

cost case, we have the following result.

Lemma B.8. Suppose the controller IA{LS is a stabilizing controller. Let I1; ‘= m(i)I,
and 11 := diag(I1y,,). Let 31, be the solution to vec(X) = Lvec(X) + o2 vec(II), where
Y = diag(Z1,). Then, J — J* =3 tr(Z,(K; — KI)T(R; + Bl (P1,)B,;(K; — K1)))

In Lemma B.8, the equation described by 3 is essentially the coupled Lyapunov equation
for MJS, and it can be shown X; = limy o E[x;x{1y,,—;] where x; is the state under

controller Kl:s. Combining Lemma B.7 and B.8, we have
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Corollary B.9. Suppose ||Ky., — K&, | < e, then

. 202 s15\/nmin{n, p}7 . .
g < 2wt DT 4 K - K
Proof. We first bound ||3;|| in Lemma B.8. Similar to (B.15), we have ¥ = 02 -vec o (I —
L)~ o véc(II). Using Fact (B.2) and the sub-multiplicative property of operator norms,
we have ||| < |Z] < ns||(T— £)7|||ITI||. Note that |[II] < 1 and ||(I—£)7!| =
IS5 o (L)F < o2, IL)F| < IQTTP, where the last inequality follows from Lemma B.7
(b). Thus, ||X;] < 20w ;"T. Finally, applying Lemma B.8 gives J — J* < s||3]| (|| Ry +
02 s1-5,/mmin{n,p}r > *
1B 17121 | K s — KT:SHF < 2ows IR (IR || 4 T2 [ Kos — KL)% O

B.3.3 Proof of Theorem 4.2

To prove Theorem 4.2, we only need to combine Theorem 4.1, Lemma B.6, and Corollary
B.9. By Theorem 4.1, we can choose f(e,n) = MT(C& + C,n) in Lemma B.6. The,

when Cee + Cyn < (;g%irij3f(;,(gé?1)ire3x} the premise conditions max{e,n} < f(e,n) < T, in
Lemma B.6 and ||Ky., — K.,|| < & in Corollary B.9 hold. Theorem 4.1 and Lemma B.6
give | K, — Ky.|| < 28y/n TF”%(C € + C,n) which shows (4.9). Combining this

with Corollary B.9 shows (4.10). O

B.4 Proof of Lemma B.5

To ease the exposition, let Py := P*+ X and define P ,P% similarly. Let Ay := A—A,
Agp :=B-B, and Ag := S —S. We list a few preliminary results (when X€S,) to be used

later.
o (X)) <X, @) <X (B.23)
o [|®(X)-2X)| <nllX]. (B.24)
o max{||Px]|, |®(P%)I, [®P3)[} < [P (B.25)
o [ISI<IBIPIRI, [lAs] <3IBJ[IR e, [IS|| <4|B[*|R| (B.26)
. maX{II(I +S®(Px)) I, |1+ S®(P ))_III} < |BIE IR 4P+ (B.27)
. maX{H(I +S®(Px)) ', |(T+S®(Px ))’1||} <A4IBIZ[R7+ [P+ (B.28)

(B.25) is due to v < 1, and (B.26) uses |Ag|| < e < ||BJ|. (B.27) and (B.28) follows from
(B.2), (B.25), (B.26).

128



Now, we are ready to begin the main proof. We first define

G:(X) == F(P%x;A,B,T) - F(P%;A,B,T)
Go(X) := F(P%:A,B,T) — F(P%: A,B,T).

Then, we have the following decomposition.

K(X) = Tﬁl(gl(X) + G2(X) — H(X)), (B.29)
K(Xy) — K(X2) = T HGi1(Xy) — Gi(Xy)
+ Ga(Xy) — Go(Xs) — H(Xy) + H(X2)) (B.30)

To bound the [[K(X)]| and ||K(X;) — K(Xs)||, we will bound |77, [[HX)|l, [|G1(X)]|,
1G2(X)s [H(X1) = KX, |G1(X1) =G1(Xa)]], [[G2(X1) — G2(Xo)]| individually, for any
X, Xy, X5 € S, and then combine them using triangle inequality and operator composition

sub-multiplicativity, i.e.

X < (1T UG (X + 1G2(X) ||+ [[H (X)) (B.31)
IK(X1) = KXol < 1T H[(1G1(X1) — Gi(Xy) ||
+ [|G2(X1) — Ga(Xo)|| + [|H(X1) — H(X2)]]) (B.32)

B.4.1 Bound ||K(X)]|

By the definition of 7! in (B.15), we know 7 1(Y) = véc ' o (I — L*T) ' ovéc(Y). Then,
for |77!||, similar to the proof for Corollary B.9, we have ||[T7}| < ‘{STT;T. By definition of
H(X) in (B.14), we have |H(X)|| < [[IL*[]*[ISIIX]|* < [|JL*|]*||S||v?, where (B.1) and (B.23)

are used. For term G;(X), using (B.4), we can decompose it as

Gi1(X) =

— ATO(PY)(1+S&(P)) ' As®(Pk)(1+S®(Pk)) ‘A
+ AL (Py)(I+ )) 'A + AT®(PX)(I+S®(Pk)) ' Aa
+ AL (Py)(I+
With properties (B.1), (B.25), (B.26), and the premise assumption € < ||B]|, we can show
1G (X < 3[[A[ZIBIl+ -[IP*[|%[R™"||+e. Similarly, we can obtain that [|Go(X)| < [[A[[% -
IB|l4IP*[I2 ]| R™|2n by invoking (B.1), (B.4), (B.24), (B.25), (B.26), and (B.27). Finally,
using the relation in (B.31), we can show the upper bound for ||[/C(X)]] in (B.18).
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B.4.2 Bound [|[K(X;) — K(X,)||

We first derive bounds for || H(X;) — H(X2)||, [|G1(X1) — G1(Xs)]|, and [|G2(X1) — Go(X2)||-
With the help of (B.4), the following can be obtained.

H(X1) — H(X2) = L7 @(X,)(1+ S®(Pk,)) ™
-SP(X, — X)(I+S®(Py,)) 'S®(X;)L*
— L7 ®(X, — X;)(I+S®(P%,)) 'S®(X,)L*
—L"®(X;)(I+S®(P%,)) 'S®(X, — X;)L".

(B.33)

Using (B.1), (B.23), and v < ||S||™!, we have ||H(X;) — H(Xo)|| < 3|IL*[]2IS||v|| X2 — Xq]|.
Similarly, |G (X1)—G1(Xz)[| < SLA[ZIB(LIP*[LIRLIX2 — Xy fle and [|G2(X1) — Ga(Xa) || <
21AZIBIILIP* 13 IR 2 ]| X2 — Xy ||n can be established. Plugging these results into the
relation in (B.32) shows the bound for ||K(X;) — K(Xy2)|| in (B.19) O
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Appendix C
Proofs for Results in Chapter 5

Consider MJS-LQR(A.,, B1.s, T, Qq.5, R1.5) with dynamics noise w; ~ N (0, X,), some ar-
bitrary initial state x, and stabilizing controller K;.;. The input is u; = K,,,x; + z; where
exploration noise z; ~ N(0,%,). Let L; := A; + B/K;. Let £ € Rs"*%sn* denote the aug-
mented closed-loop state matrix with (i, j)-th n?xn? block given by [L];; := T(j,i)L; ® L;.
Let 72 > 0 and pz € [0,1) be two constants such that ||£¥|| < 7p%. By definition, one
available choice for 72 and p. are 7(L) and p(L).

We define the following cumulative cost conditioned on the initial state xq, initial mode

wp, and controller Kj.;.

T

JT(X07 Wo, {KI:SJ 2Z}) = ZE[XIthxt + u;erwtut | Xo, Wo, Kl:s]- (Cl>

t=1

The definition of this cumulative cost coincides with the cost z;fil CTy+-+T,_1+¢ N the defi-
nition of Regret, in (5.2) with xo,wo, K1.s setting to x\? w@(0), K!? since Regret, depends
on randomness in J,_; only through X(()q), w@(0), Kgqi In the remainder of this appendix, for
simplicity, we will drop the conditions xg, wp, K;.s in the expectation and simply write EJ - |
X0, wo, K1.5] as E[-]. So, for any measurable function f, E[f(xo,wo, Ki.s)] = f(x0,wo, K1.5).
Note that even though the results in this appendix are derived for conditional expectation
E[ - | x0, wo, Ki.5], most of them also hold for the total expectation E[].

For the infinite-horizon case, we define the following infinite-horizon average cost without

exploration noise z; and starting from x, = 0.

1
J(0, wp, {Ki.s}) := limsup TJT(O’ wo, {Kj.s,0}). (C.2)

T—o00

Let P}, denote the solution to cDARE(A15, B1.s, T, Q1.s, Ry.s) defined in (2.35). Let K7,
denote the resulting infinite-horizon optimal controller computed using P7.; and following

(2.36). Note that the optimal infinite-horizon average cost J* in Lemma 2.22 is achieved if
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the optimal controller Kj., is used, i.e.
J* = J(0, w0, {K7})- (C.3)

Note that if the underlying Markov chain T is ergodic, for any initial state xo and mode
wo, J* = J(x0,wo, {K7}:}). Let L¥ = A; + B,K? for all i € [s] denote the closed-loop state
matrix when the optimal controller K7, is used. Define the augmented state matrix £* such
that its (i, j)-th block is given by [L*];; := T(j,i)L} ® L}. From Costa et al. (2006), we know
K7, is stabilizes the MJS, thus p* := p(L*) < 1.

Since Regret, defined in (5.2) can be written as
Regret, = Jr(x”,w(0), {Ki2, 07 1, }) = TJ", (C.4)

to evaluate Regret(7T'), it suffices to evaluate Jp(Xg,wo, {Kji.s, 25}) — T J* for generic xq, wo,
K., and ¥,. The outline of this Appendix C is as follows.

e In Appendix C.1, we list a few shorthand notations to ease later expositions.

e In Appendix C.2, we provide perturbation results J(0,wg, {Ki.s}) — J* following from
Chapter 4.1.

e In Appendix C.3, we evaluate Jr(Xo, wo, {Ki.s, 2z}) — TJ(0,wo, {K1.s}). Then, apply-
ing the results in Appendix C.2, for each epoch, we can bound the single epoch regret
JT(X07 Wo, {Klzsa Ez}) - TJ

e In Appendix C.4, we stitch regrets for all epochs together, and combine them with
identification results in Appendix A to bound Regret(T").

C.1 Preliminaries

In the following, we define a few notations to ease the exposition in the appendix. Note that,
for notations under parameterized form, i.e., notations which are functions of (4, p, 7) etc.,
one can choose these parameters freely to get different deterministic quantities.

Table C.1 introduces notations and constants related to the choice of tuning parameters
Cx, Cz, and the shortest trajectory (initial epoch) length such that theoretical performance
guarantees can be achieved. Recall that KQ is the stabilizing controller for epoch 0 in
Algorithm 2. We let LZ(O) = A+ BZ-KEO), for all i € [s], denote the closed-loop state matrix,
and £© e R *sn* denotes the augmented closed-loop state matrix with (i, j)-th n%xn?

block given by [£];; = T(j, i)Lgp) ® Lg-o). 7(-) is as in Definition 2.1 and p(-) denotes the
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Table C.1: Notations — Tuning Parameters and Trajectory Length

7, (depending on context) 0g OF 0g0 OF \/ || 2|
ow (depending on context) Ow O v/ || 2wl|
C, O/ Ow
o 1B |*a7 + 0%,
ny/st5?
Qx(p7 T) 3 ﬂ—jnsno-\f(l P)
c, max { (V3 +v6) /7, | [310g(:2) }
T max{7(L"), 7(L*)}
p max{p(L”), 552}
C'MC tmc - HlaX{3 3 — BIOg(ﬂ-max 10g<5))}
IMCJ(C? 5) (68C7TmaX7Tm12n log(g))Q
Tc(C0) (612C7Tmax7Tm12n log(%s))2
2
ch,l(pa 7—) %
In(C,6,p;7) maX{TMc(C 6) Loy(p,7)}
T:4(C.0.T.p.7) SRS (V2log(nT) + +/210g(2/6))+
HBLl) o (2250 1 1)
Iid,N(La 57 Ta P 7-) max {Tid<1og( T)’ 2L7 T P T )7 r (ﬁa %7 Py T)}
Tgre(6.T) 0<%€:Bﬂog< 1) log(T) |
(’)(ﬁmm(1 pp) €AB T log(3 )lo\gﬁ(T)) (when By, is known)
Ixo (5) m max{ log('y log( 30 ST)}
Irgt((S? T) max {Ixo( rgt 5(5 T) TMC 1(5)7 Iid,N(L7 5a T> ﬁa 77_)}

spectral radius. For the infinite-horizon MJS-LQR(A1.5, B1.s, T, Q1.s, R1.s) problem, we let
P7., denote the solution to cDARE given by (2.35) and K7, denotes the optimal controller
which can be computed via (2.36) with P%_. Similarly, we define Li, and £* to be the
corresponding closed-loop state matrix and augmented closed-loop state matrix respectively
and p* := p(L*). Tmax and myi, are the largest and smallest elements in the stationary
T, 40, T), notation
€aB,1 is defined in Table C.2. As a slight abuse of notation, T"in T, , .(6,T) (as well as

Table A.1) and C are merely arguments to be replaced with specific quantities depending on

distribution of the ergodic Markov matrix T. For the definition of T

the context.
Table C.2 lists the notations related to infinite-horizon MJS perturbation results closely
following the notations in Table 4.1. It provides several sensitivity parameters, e.g., how the

optimal controller K7., varies with perturbations in the MJS parameters A;.;, Byi.s, and T

1:s

and how the MJS-LQR cost J varies with the controller Kj.,. It also provides certain upper
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Table C.2: Notations — MJS-LQR Perturbation

§ min{||By.|| 2R3 L1152 a(Pry)
¢ AL 2Bl P11 IR
Ly max{ || Avs|l 4, [IBrsll4, [IPTll+, KTl +}
ChB.r 28v/nsT(L)(1 = p*) 7 (@(Rus) 7! + T (Rys) 72 T3¢
Cy; 255\ /mmin{n, pH(||Ra| + T2) 5E
_ . * 1—p*
K mm{”K s sy ;Smann)}
ELQR (1—p*) min{T4,0(R1.s)%eK } fl 1
ABT 28/nst (LT3 (a(R1.5)+13)

. £(1 _LQR
€AB,T min Wpﬂz)%m HBIsH (Ql:s) €AQB T}

bounds on the variations in Ai.,, By, T, and K., such that the perturbation theory holds.
In this table, R;.} := {R;'}:_; and recall ||-||; := [|-]| + 1.

C.2 MJS-LQR Perturbation Results

We first restate Lemma B.7 on the perturbation of augmented closed-loop state matrix if we

use a controller K., that is close to the optimal Kj.,.

Lemma C.1. For an arbitrary controller Ky.s, let L; = A; + B;K; for alli € [s], and let L
be the augmented state matriz such that its (i, j)-th block is given by [L];; == T(j,i)L; ® L.
Assume | K1.s — K7i.,|| < €k, where éx is defined in Table C.2. Then, we have

4] < (e SN, ke, (©5)
1+ p*
plL) < 55 (C.6)

Thus controller K5 is stabilizing.

The following perturbation results show how much the infinite-horizon average cost de-
viates depending on the deviations from the optimal controller and how much the optimal
controller deviates depending on the model accuracy for the MJS-LQR problem. The results
follow from Corollary B.9 and Theorem 4.2.

Lemma C.2 (Perturbation Results of Infinite-horizon MJS-LQR). For the infinite-horizon
MJS-LQR (A5, B1:s, T, Qu.5, R1.s) problem, its optimal controller K7.,, and the optimal cost

J*, we have the following perturbation results. Note that notations €k, €a BT, and CJI&(,B,T
are defined in Table C.2.
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1. Suppose we have an arbitrary controller Ky.5 such that |Ky.s — K7.,|| < €x. Then, we
have

J(vaoa {Klzs}) —J* < CILQHEWHHKLS - K)lk:sHQ' (C-7)

2. Suppose there is an arbitrary MJS(ALS, ]A31:5, T) such that ex g = max{HAlzs — A4,
||]A31:S —Bisl|} <éamr, ander == ||T — Tl < éanr. Then, there exists an optimal
controller K., to the infinite-horizon MJS—LQR(ALS, Bl:s; T, Q1.5, Ris) and it can be
computed using (2.36) and (2.35), and we have

Ky — K|l < CXprleas + er)- (C.8)

By definition of éa g1, we see | Ki.s — Ki || < €k, thus Lemma C.1 is applicable.

C.3 Single Epoch Regret Analysis

Recall the definitions of B, and IT, in (2.13). Furthermore, we define

M. =m®L2 Ry=)» m(i)R;. (C.9)
=1

For a sequence of matrices Vy.,, define the following reshaping mapping

vV, vec(Vy)
H(| 2 |)= ; : (C.10)
V, vec(Vy)

and let H~! denote the inverse mapping of H. Let
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We define

vec(31(0))
Nos = tr(MH (L' : ));
vec(3(0))
Nypy =tr(MH (B, + LB,y + - + L7'B)vec(Z,))),
Ny = te(MH (I + LIy + - - + L7 vec(Sy))),
Nyoy = tr(R, X)),

(C.12)

and

T T T T
Sor = Notv Sa1r=> Narts Swr=Y Nty Spor=Y Naoy  (C13)
t=1 t=1 t=1 t=1

First, we provide the exact expression for the cumulative cost. It will be used later to analyze

the regret.

Lemma C.3 (Cumulative Cost Expression). For the cost Jr(xo,wo, {Ki.s, X,}) defined in
(C.1), we have

JT<X07 Wo, {K1:57 Ez}) = SO,T + Sz,l,T + SZ,Q,T + SW,T- (014)

Proof. For the expected cost at time ¢, we have
E[XIthxt + uIth ut] = Z tr (E[thxtle{wt=i}] + E[th utuzl{thi}])
i=1
= tr ((Qi + KIRK)Z;(t) + 7, (i) R; ,) (C.15)

=1

= tr (My34(t)) + Naas,
=1

where the second equality follows since u; = K, x; + z;. Now plugging in the dynamics of

3;(t) in Lemma 2.14, we can conclude the proof. O

Next, before proceeding, we provide several properties regarding the operator tr(M?H(-))
that shows up in (C.12) and (C.13), which will be used later to evaluate Jr(xq, wo, {Ki.s, £,})—
TJ(O, wWo, {K1;8}>.

Lemma C.4 (Properties of Cost Building Bricks). For any t,t € N, we have

(L1) tr(MH (L)) < ns|[Mys||[|LY|[|v], where v = [vec(V1)T,...,vec(V,)T]T for
some V.5 such that V; = 0 for all i € [s];
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(L2) tr(MH (L Byvec(E,))) < nv/s|[ Mu || £7]] | Bus ]| 21
(L3) tr(MH (L 'TLyvec(Ew))) < ny/s||Mu|[| L)1

(L4) [tr(MH (L (T — ao)vec(Sw)| < meny/s[Mu | 1L/ Zw |l phres where ae are
prvc are giwen in Definition 2.3, and I1. is given in (C.9)

Proof. Let []; denote the i-th sub-block of an s x 1 block matrix. Let vec™' denote the
inverse mapping of vec, i.e., vec ' ([v], -+, v!]") = [vy, -+ ,v,] for a set of vectors {v,;}/_,.
It can be easily seen that for any set of matrices A, B, C and X, we have AXB = C if and
only if (BT ® A)vec(X) = vec(C). This together with the definitions of By, TI, in (2.13),

IL., R, in (C.9), and () in (C.10) yields the following preliminary results

[(H™H(LV)]; = 0, (C.16a)

vec™!([Byvec(S,));) = 0, (C.16b)

vec™ ! ([T, vec(Zy)]i) = 0, (C.16¢)

vec™ ([[Ty — Tl|vec(Sw)li) = 0, (C.16d)
[tr(MAH Y (LHIT, — T )vec(Ew)))| < tr(MH (LT, — I |vec(Sy))),  (C.16e)

where | - | here denotes the element-wise absolute value of a matrix. Now, let us consider
(L1). We observe that
tr(MH ) = tr( ZM i) < (M| - tr () [HHLV)])
= (C.17)
< \/_IIMlsIIIIZ Jille,

where the first inequality uses (C.16a) and the definition that |[M;.,| = max;c[y ||M;||; and
the last inequality follows from Cauchy-Schwarz inequality and the fact that [H~1(L'V)]; €
R™ ™ Now, for the last term on the R.H.S. of (C.17), we have

HZ[’H Nille < Z ITH Nille < fJ DALV

= VI L) (C.18)
= V3letvl
< V5V
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where the second equality holds since H ™! is a reshaping operator, and L£'v is a vector.
Substituting (C.18) into (C.17) gives (L1).
To show (L2), we combine (C.16b) with (L1) to get

tr(MH_l(ﬁtBtzvec(Zz))) < \/EHMLSH||£t||||]~3t/vec(2z)||.

Then, using the upper bound for || Byvec(X,)]|| derived in (2.24) completes the proof of (L2).
To establish (L3), we combine (C.16¢) with (L1) to obtain

tr(MH (L' TTyvec(2y,))) < vns||[ My || £ Ty vec(Zyw)]- (C.19)

Then, using the upper bound for ||II,vec(Xy)|| derived in (2.25) gives (L2).
Finally, let us consider (L4). It follows from (C.16e) and (C.16d) in conjunction with
(L1) that

[tr(MH (LT — Tc|vec(Sw)))| < v/ns| [ Mu ||| £7|[[ Ty — T |vee(Ey)||.  (C.20)

Now, using (C.9), we obtain

Ly — Tc|vec(Sw)| = Z L) — [l vec(Sw)| 12

:\ Z 178 (1) — 7o (i) | vec(Zw)[|?

=7 — 7o ||| vec(Ew) |
=7 = Teoo[[[[Zw I

<muevVn|| Zwllphies

where the last line follows from Lemma 2.4. Substituting the above inequality in (C.20)
completes the proof of (I.4). O

The following lemma bounds the difference Jr(xo, wo, {Ki.s, £,}) — TJ (0, wo, {K1.s}) us-
ing an arbitrary stabilizing controller K;.;,. Based on this result, we will provide in Proposi-
tion C.6 a uniform upper bound for this difference when using any controllers K;., that are

close to K7 .
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Lemma C.5. For an arbitrary stabilizing controller Ky.5, we have

JT(X07 Wo, {Klzsu EZ}) - TJ(07 Wo, {KI:S})

n\/STr
<Vns| Myl - [[x0l|* + - Mo | [1Bss |21 2| T (C.21)
PMcC ( pPmc  Pc )

+ | Re[[[1Z |7+ nv/sTaeTe [Mus || 2wl 7
puc —pe 1 —puc  1—pc

where Ty and pye are given in Definition 2.3, 70 and pe are constants defined in the
beginning of Appendiz C, and M = [My, ..., M,] with M; = Q; + K]R/K,.

Proof. From Lemma C.3, we know

Jr(x0, wo, {Ki.s, 2, }) = SOT + Sp110 + Saor + Swor,

J(0,wo, {Ki.s}) = limsup = (SoT + Swr) = S0 + Sw-
T—o0 T
where Sy := limsup;_, %SO,T and Sy = limsupy_, %Swj. Next, we will evaluate each
term on the RHSs separately.
vec(X1(0))
For Sy r, letting s = : , we have

vec(X(0))

SOT—ZtrMH H(L's0)) < Vs Myl £ [1sol]

t=1
< v/ns|[Mu|l - Efflxol|”]
= v/ns|[ M|l - [Ixoll?,

where the second line follows from Item (L1) in Lemma C.4; the third line follows from (2.23)
in Lemma 2.15. And from the discussion at the beginning of Appendix C, we can get rid of
E[-]. Then it is easy to see Sy = 0, as long as ||x||? is bounded.

For S,1r, we have

T t-1
Sp1r = ZZU‘ M’H Et B, vvec(X,)))
t=1 /=
T t-1
< /s M B P12 100D 1€ (C.22)
t=1 /=0

n\/ETE
<7 Mg [ B[ 2| T
— Pc
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where the first inequality follows from Item (L2) in Lemma C.4, and the second inequality
follows from the fact ||£Y| < 7zpk.

For S, 21, we have

T s
Spor =Y (> m(RE,) < nlRu|[| 2T (C.23)

t=1 i=1
For Sw r, we have

T t-1

Swr =YY tr(MH (LT, _pvec(Sy))). (C.24)

t=1 t/=0

To evaluate it, we first define the following terms:

T t—1
S =D tr(MH (L TLvee(Sy))). (C.25)
t=1 t'=0
59 .= lim sup TS‘(:OT, (C.26)
T—o0

where T1., is defined in (C.9). Note that S (c0 T and S are the counterparts of Sy r and
Sw except that the initial mode distribution 7ty is the stationary distribution 7.,. Then, we

have

T t—1
Swr =SSl =D tr(MH (LY (TT,_y — o) vec(Zy,)))
t=1 t'=0
T t—1
< Taeny/s| Ml 2wl ( ZZHU 105¢)
t=1 /= (C.27)
oo t—1
< Tueny/s ML 1Bwll O 0 - meperine)
t=1 t'=0

< ny/5TaroTe My || Sy || —L2E— (LMC__ _PE )
pvc —pe 1 —puc 1—pc

where the first inequality follows from Item (L4) in Lemma C.4. Thus,

1 1 1
Sw = lim sup TSW’T = lim sup T(S SEV +) + lim sup —S‘(,VO}) = (), (C.28)

T—oo T—o00 T—o00 T
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Since Y.L S L =(I-L) ' T—(1-L£)2L(I—- L") and Y50 LY = (I— L)~ we have

Sw = S = tr(MH~ (hrTnsup ZZL:“ wovec(Bw)))
= tr(MH (I - £) T vec(Zy))) (C.29)

3 t(MA (£ Hvee(E.)

Thus,
T oo
TSy = TS = Z > tr(MH (L T vec(Sy)))
t=1 /=0
T -1
C.30
> Z H YL T vec(Sy))) (C:30)
t=1 /=0
— S(OO)
where the inequality holds since each trace summand is non-negative. Therefore,
Swir < 555+ |Swr — 557
(C.28) (OO)
< TSy +|Swr — S (C31)
(C.27)
< TSu+ n/smucrel M [ Ba] (L Pe )
—pc L—puc l—pc
Finally, combining all the results we have so far, we have
JT(XO7 Wo, {K1157 2z}) - TJ(O7 Wo, {Klzs})
:SO,T + Sz,l,T + Sz,Z,T + SW,T - T(SO + Sw)
<v/ns || M| - [1o]*
Tl\/gTL; C.32
T N B 75 7 (€32
Pc
+ 1| R ||| 21T
+ /ST M| B | PR (L — Py
—pc l—puc 1—pc
which concludes the proof. n

We now provide a uniform upper bound on the regret Jr(xq,wo, {Ki.s, X,}) — T J* for

any stabilizing controller K., that is close enough to the optimal controller K7...
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Proposition C.6. For every K., such that | Ky, — K7.,|| < €k, we have

Jr (%0, wo, {Kis, Ba}) = TT* <Cic K — K1, [P |2 T

+VsM o
27(L")||By.s||* M
2B

+n||R1-s||HE I

T(L)TmcMpyc ., puc 1+ p*
+n \/_ ————(— — )||2 I,
2pmc —1—=p* 1= puc 1

12T (C.33)

where M = [|Qu.|| + 4|| Ry ||| K7L, and éx and Cy; are defined in Table C.2.

Proof. When || K., — K7%.,|| < &, from Lemma C.1, we know || £"|| < T(ﬁ’j(#)k, thus we
could set 72 and pg to be 7(£*) and 2. By definition, we know éx < ||K7,, ||, thus | M| <
1Quisll + R [[[1 Koo [ < 1Quisl + R [Tl + €)* < 1Quis| + 4l R [ K2 = M.
Then applying Lemma C.5, we have

JT(X07 Wo, {K1:37 z:z}) - TJ<07 Wo, {Klzs}>

S\/nsMonH2
LN||Bq.||?M
i

+nHR1-s||||E 17

T(L)YTmeMpye . puc 14 p*
+n\/_ ————(+— )||2 |
2o0mc —1—p* "1—=puc 1

|2, (C.34)

Now note that when | K., — K7, || < éx, we have J(0, wp, {Ki..})—J* < C& || Zwl|K1.s — K741
using Lemma C.2. Combining this with (C.34), we could conclude the proof. O]

C.4 Stitching Every Epoch

In this section, we stitch the upper bounds on Regret, for every epoch ¢ and build a bound
on the overall regret Regret(T).

We define the estimation error after epoch q as GX?B = max{||A(Q) — A, HB(Q) — By},

@ — ||T@ — T||». Furthermore, we also define eig) = |K\? — Kz _|| where K% is the

1:s

optimal controller for the infinite-horizon MJS-LQR(A 5, B1s, T, Q1.5, R1.s). We define the
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following events for every epoch g¢.

A, = {Regretq SO(S <€5&B)+E¥ 1)> 0’ T, +\/_||x0 I? + _\/_* ZqT —|—CA)}
B, {efg,)B < EA,B,Tae’(I‘) < €AB ,T>€§< b < EK}

_ o o 1 Uz,q+0w\f( +p)1g(T)
C {€AB O <log(5id,q> g Mmin \/— 9

11 [log(T,
€9 é@(log(dd )— gT( q))}
id,q min q

q+1) 12 2 j(2)
Dy = < IV = |xY H <3 :

(C.35)

where c4, Ty are constants, €a g v and €k are defined in Table C.2, and 0;4, and dx, , Within
0, 1] denotes the failure probability for event C, and D,. Note that O(-) hides terms that
are invariant to epochs such as p*, ||A], || B1.s||, ete.

Event A, describes how epoch ¢ regret depends on initial state Hxéq) ||, exploration noise
q—1)

variance o2 > and the accuracy of the estimated MJS dynamlcs A(q 2 Bgzs

q — 1, which is used to computed epoch ¢ controller Kl:s' Event B, indicates whether the

, T after epoch

estimated dynamics and resulting controllers are good enough. C, describes the dynamics
estimation error after epoch ¢, and when epoch T}, is chosen appropriately, B, can be implied.
Lastly, event D, bounds the initial state of each epoch, as the initial state plays a vital role
in regret upper bound A,. We see events Ayy1,B,,Cy, D, are F,-measurable, ie. these
events can be determined using random variables xo, w;, z;,w; up to epoch ¢. Let &,
A, 10 B,NC,ND,. Note that even though A, is for the conditional expected regret of the
epoch ¢ + 1 with randomness coming from x{™) = xg,w(q“)(O) = w9 (T,), and controller
K(qH) computed from qus, B1 D T@, thus A, is F,-measurable.

Then, we have the following results regarding the conditional probabilities of these events.
First, Proposition C.7 says given the event B,_; (a good controller is applied during epoch
q) and event D, (the initial state of epoch ¢, x (q is bounded), then D, could occur, i.e. Xé?),

the final state of epoch ¢, a.k.a. xqur ) the 1n1t1a1 state of epoch ¢ + 1, is also bounded.

ﬁm n/s([Buis |2 +Dog 7 ;
Proposition C.7. Suppose * <1 and 7% > ) (/o757 /b 1) for @ > 1. Then,
]P(Dq ‘ mg;é‘gj) = IED(,Dq ’ qulpq%) >1- 5Xo7q7

and P(Do) Z 1— 5,(0’0.
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Proof. For epoch ¢ = 1,2,..., given event B,_;, we know eﬁgﬂ) < k. Let £9 denote the

augmented closed-loop state matrix. By Lemma C.1, we know ||(£“)*|| < T(‘C*)(%)k.

Thus, if we pick 7 := max{7(£L"), 7(£*)}, p := max{p(L?), %}, this can be generalized

to ¢ = 0 case, i.e. for every epoch ¢ = 0,1,2,..., we have ||(LD)¥|| < 75"
For ¢ =1,2,..., event D,_; implies HX(()q)H2 % Then, according to Lemma 2.15,
X0
we know
B[ | J < /ns-7p' % Vs([[Bis? : 2y
X B 1, 1 77'5 +n B15 hud +0‘w—7'
Ty q— q— 5x0 -1 Tq 1 _ F7
Ty +51a
VS TP g VSTRT (C.36)
6x0,q—1 6x0,q—1
< 7p,

where the second line follows from the assumptions in the proposition statement. Using

Markov inequality, we have

P(|x571? <

| Bq—la Dq—l) Z 11— 6x0,q7
which implies P(D, | Bq 1:Dy—1) > 1 — 0xyq- For ¢ = 0, similarly, we have ]E[Hxé%)HQ] <
nf(||Bls||2jv_ +02)1% < 32, thus P(Do) > 1 — by,

Finally, note that given a good stabilizing controller (event B,_;) and a bounded initial

state (event D,_1) for epoch ¢, the final state of epoch ¢ only depends on randomness in
epoch ¢, thus P(D, | N120€;) = P(Dy | By-1Dy-1). O

Proposition C.8 describes that given the event C, (the estimated MJS dynamics after
epoch ¢ has estimation errors decays with 7;), when epoch ¢ has length T, large enough,
then the event B, (the estimated dynamics and controllers computed with it will be good

enough) occurs.
Proposition C.8. Suppose every epoch q has length Ty > T, ., (iaq, T,). Then,
P(Bq ‘ qu m?;égj) = P(Bq ’ Cq) =1

. 2 . 0'2
Proof. When C, occurs, since o , = \/—“;_q, we have

1 Vs(n+p) log(T,) Ly 1 [loe(Ty)
@ <o q @ « o1 .
€A B O( Og(ézd,q) Tmin (1 - ﬁ)Tc?% )’ €T - O( Og(aid,q ) Tmin Tq )
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We know when T, > O(=20t2) EABTlog( )log (Ty) = T, (0iaq, T,), we have EE,;]?B <

7Tm1n 1 p) _Tgt’e
€EAB.T, egr) < €a 1. Then according to Lemma C.2, we have eﬁgﬂ) <ék. Thus P(B, | C,) =

1. Finally, note that given the estimation error sample complexity in C, for epoch ¢, events
happen before epoch g does not influence B, so P(B, | C,, NI0&;) = P(B, | Cg)=1. O

Next, Proposition C.9 says given the B,_; (a good controller is used in epoch ¢), then the
event C, could occur, i.e. dynamics learned using the trajectory of epoch ¢, will be accurate

enough.

Proposition C.9. For cx > ¢, (p,T), ¢, > ¢,, T, > max {IMC’I(éig’q),Ld’N( 21 57)}, we
have for q=1,2,...,

P(C, | mg;gej) =P(C, | By1) > 1~ biqy (C.37)

And P(Co) Z 1-— did,[)-

Proof. By Lemma A.6, we know for every epoch ¢ = 0,1,..., when T, > IMC,I(&;’C‘), we
have with probability at least 1 — lgq, eT) <O (log( > )=/ %) :
l ,q min

For epoch ¢ = 1,2,..., given event B,_;, we know 6%1) < &. Let £ denote the
augmented closed-loop state matrix. By Lemma C.1, we know ||(£@)*|| < T(L*)(%)k.
Thus, if we pick 7 := max{7(£L"), 7(£*)}, p := max{p(L?), %}, this can be generalized

to ¢ = 0 case, i.e. for every epoch ¢ = 0,1,2,..., we have ||[(LD)*|| < 77~
Suppose ¢x > ¢ (p,T),c, > ¢,, and T, > Tsz( 52,p,7) hold for ¢ = 0,1,.... Then,
from Theorem A.22, we know for every ¢ = 0,1,..., with probability at least 1 — ’d",

Oz ow Vs(n log(T:
6.A]3 < O (log((sdq)o'z’z:min f( %g( q)) :

Applying union bound to eEr and ¢! AB, we could show P(Cy) > 1 — 9,4, and P(C, |
By;-1,D4-1) > 1 — ;a4 Finally, note that given a good stabilizing controller (event B,_;)
and bounded initial state (event D,_;) for epoch ¢, the estimation error sample complexity
(event C,) does not depend on events happen before epoch ¢, so P(C, | ﬂ?;(l]é'j)) = P(C, |
By 1,Dy1). O

Finally, Proposition C.10 simply describes how the regret of epoch ¢ depends on the

accuracy of the estimated dynamics after epoch ¢ — 1.

Proposition C.10. For A, C, given in (C.35), we have

P(Aq | By—1,Cqm1, Dy, NIZ5E) = P(A, | By1) =
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Proof. From Proposition C.6, we know that for every epoch g = 1,2,. .., given HK&‘{Q -Kj.l| <
€k in B,_1, we have with probability 1

Regret, <C%|IK\Y — Kj, |02 T,

VMg
27(LY)||Bus||PM
b EIBre]

p*
+nHR1-S||O'

oy (C.38)

TvucM 1+ p*
+n\/_ T(L)me PAfc puc P*)U‘QN.
2pme —1—p* "1=—puc 1-p
Let ¢4 denote the last term in (C.38), which is a constant over epochs. Note that from
GEAB) < EéAB e&f*l) < éapr inevent B, ;, we know HKgqi -Kj.l| < CE’RT(GEAB)—% ({1 1))

by Lemma C.2. Plugging this into (C.38), we have

*Zq

Regret, < O (s p(egB) +e(T‘? 1)> o2 T, +/n ‘||X0 12 + _\/_ T, —I—CA) (C.39)

where term s - p comes from term smin{n, p} in the definition of C{ in Appendix C.2. This
shows P(A, | B,—1) = 1. Finally, note that given a good controller (event B,_1) for epoch
q, the regret for epoch ¢ can be upper bounded (event A,) without dependence on other
events, thus P(A, | By—1,C4—1, D41, ﬂ?;gé}-) =P(A, | B,-1). O

C.4.1 Proof for Theorem 5.1

Theorem C.11 (Complete version of Theorem 5.1). Assume that the initial state xo = 0,

and Assumption A5.1 holds. Suppose cx > ¢ (p,T),ca > ¢,, To > O(L, (6, Tp)), and
2= /(B P41 oy 7 Then, with probability at least 1 — 5, Algorithm 2 achieves

(=p)(1—v/ns-7pT07m2/33)

Regret(T") < O(S pn(]z(f__p/j) * log (%) log?(T)VT + M) (C.40)

Proof. In this proof, we will first show the intersected event N,&, = N{ A1 NB,NC,ND,}
implies the desired regret bound, then we evaluate the occurrence probability of N,&, using
Proposition C.8 to C.10. In the following, we set d;q4 = 0x,q = 75’—2 . (q+1)2 With the choices
Ty =7Ty1, 05, = \‘;‘%, and 0jqq = Oxgq = 5 - ﬁ, event & = Ag41 N B, NC,ND, implies
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the following.

2
log(T,
Regret, ., < 10g ( > 02,4 + Ow \/g(n‘i‘f_’) log(7) i og(1y) 0_2T+1
0 02, min (1 - p) \/Tq T min \/Tq
+0( v )Wvow( IV 02 Ty) + O()
+ 1%\ s’p(n? +p)7(az + Ow)?
<O(1) log? (q q 2 1002(T
L o e

) 1 * Zq+1

D?\ s*p(n® +p*)7 [ o

< 2 (Q+ w 2
otieg’ (57 ) 2EGH (e +
2
e ((“51) N
2 2 2 2 2
<oog? () ST rogi(ry) + 0 (D) i
T min - p

(C.41)
We have M := O(log,y(%)) epochs at time 7. Using T, = O(Tyv?), event ﬂé\iglé'q implies

Regret(T") :O(Z Regret,)

§0(1)10g2<10g5(T))8 p2(n(1+p ( Z\/_log )+O(\/%lgg (T))

T min

(C.42)
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For the term ~ Zé\il /T, log*(T,), we have

VZ \/_log ) <Oy T <log To) Z\/_q—l—log( )Z 7q22>

q=1
M
Dy Tolog*(v) Y | vA"°
q=1

1)yy/To log® (v) M /7™ (\/7\/? 1)3 (M — %) (C.43)
O/ T log?() 2 (L ) <log(%) _ L)

og(y) \v7 =1/ \log(v) 7
O Tloa() (Y1) (1oa() = vlosto))
<O(0g(TIVT)

Plugging this back into (C.42), we have

2p(n? + p?)o? log®(T vnslog(T
Regret(T) gO(s p(n (1“9 )) log? (OgT“) log®(T)VT + %W) (C.44)
which shows the regret bound in (C.40).

Now we are only left to show the occurrence probability of regret bound (C.40) is larger
than 1 — ¢. To do this, we will combine Proposition C.7, C.8, C.9, and C.10 over all
qg=0,1,...,M — 1. Note that for each individual ¢, these propositions hold only when

certain prerequisite conditions on hyper-parameters cy, ¢z, Ty, and &y are satisfied. We first

. 2
show that under the choices T, = 7T},_1, aiq = U—";q, and 0iqq = Oxgq = 7?32 . ﬁ these
hyper-parameter conditions can be satisfied for all ¢ =0,1,..., M — 1.
e Proposition C.7 requires that for ¢ = 1,2,..., conditions w < 1 and ;E% >

nvs(||B1:s||2+1 a'%vi' . 72 /nst
(175)(1{(\“/%&‘,‘-?07211%2/35) need to be satisfied. Ty > vlogh/ﬁ) max{log ,log(® \ﬁ )} =

. . _ ni/s :s 2 ggv?— .
T,,(0), and picking 7§ > (l_ﬁ‘){l(ﬂ%!%}?wg 7557 would suffice for this.

e Proposition C.8 requires that for ¢ = 0,1,..., condition Tyy? > Irgt,E(#j_lP,To’yq)
holds, which can be satisfied when one chooses Ty > O(T,,; (9, Tp))-

e Proposition C.9 requires the following to hold: ¢x > ¢, (p,7),cz > ¢,, and Tp?

max {IMc’l(sffq ), Ty N(m, p,7)}. The last one can be satlsﬁed when Tj
O(maX{IMC,l((S)a_zd,N((SJ psT)})-

e Proposition C.10 requires no conditions on hyper-parameters.
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Therefore, when cx > ¢, (p,T), ¢z > ¢

=z

Ty = O(max{T, (), L4100, To), Lrrc1(0), Lig (6, 7)}) =2 O(L,4(6, To)),

we can apply Propositions C.7, C.8, C.9, and C.10 to every epoch ¢ =0,1,..., M — 1. First
note that Propositions C.7 and C.9 give the following

1 36 36

P(Dq | m;1‘:05]') = P(Dq | ququfl) >1- mu IF)(DO) >1- T2
1 30 30
P(Cq | NiZo&5) =P(Cq | By-1) 21— 2+ 1) P(Co) > 1 - pc

Then combining the probability bounds in Propositions C.7, C.8, C.9, and C.10, we have

P (Regret bounds in (C.40) holds)

P(NL'E,)

P(Anr, Bar—1,Crr—1, D1 | NEG2E,) - P(NDLPE,)
=P(Cyr—1, -1 | M)LG2E,) - P(MILG2E,)

Y

> (1 = Sigm—1 — Oxo,m—1) - P(N é\/iBQSq) 5
M-1 (C.45)
q=0
M-1
21 - Z (5id,q + 6x0,q>
q=0
>1 9.
where the last line holds since Z p 0 @ +1) < % O

C.5 Regret Under Uniform Stability

C.5.1 Proof for Theorem 5.2

As we discussed in Section 5.4.1, under mean-square stability, the regret upper bound in
Theorem 5.1 (or the complete version Theorem C.11) involves + s dependency on failure prob-
ability 0. By checking the proof for Theorem C.11, we can see the only source for 1 5 is event

D, in (C.35) and the corresponding Proposition C.7, which provides 1 — ¢ probability bound

for event D, — the initial state x(qu ) of epoch ¢ + 1, a.k.a. the final state x(q) of epoch g,
g+1) H 2

is bounded by HXO = || T)H2 < O(3). In Proposition C.7, we get this bound using
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Markov inequality ||| < E[||x{||?
on the numerator E[HX%)

/6 and Lemma 2.15 which provides an upper bound
|?] under mean-square stability. From event A, in (C.35) we see
the regret of epoch ¢ directly depends on its epoch initial state ||xéQ)||2, thus in the final
cumulative regret, the cumulative impact of initial states from all epochs, >, 1x$2||2 with
order %, will show up, as given in (C.42). Therefore, whether % terms can be relaxed directly
hinges on whether one could refine Proposition C.7 to get a tighter dependency on §.

This refinement, however, is not possible under the mean-square stability assumption
only, and we can easily construct a toy example to show that the % dependency resulting
from the Markov inequality cannot be improved. Consider a two-mode, one-dimensional,
autonomous MJS:

=2
sy i with Markov matrix T =
0.1 0.9

Ti41 = 05$t

0.1 0.9]

with zg ~ N(0,1), and P(wy = 1) = 0.1. Tt is easy to check this MJS is mean-square
stable by the spectral radius criterion discussed below Definition 2.8. Also note that with

probability 0.1%, wp.,—1 = 1 and x; = 2txy. Therefore, for any a > 0,

P(x, > a) = Z P(x; > a | wou—1)P(wot—1) (C.46)
> P(l't >a ‘ Wo:t—1 — 1)P(W0:t,1 = 1) = Olt : IP)(.TO > 27ta) . (047)

where the inequality in (C.47) is extremely loose since we condition only on the most im-
probable event. For standard Gaussian xg, P(zg > a) > %exp(—%) for some absolute
constant C. Thus P(z; > a) > CO'T? exp(—#). From this, we see that for any a > 0,
any t > log(a)/log(2), we have P(x; > a) > C’O\'f—i. We can observe that though when ¢
grows slower than log(a), the tail of z; has exponential decay, the Markov inequality decay,
ie. %, will eventually show up when ¢ gets larger. Interpretation from failure probability
0 perspective is the following: letting § = C’%, we have P(z;, < C%) < 1 — 9, which
means any 0 dependency lighter than % must have probability less than 1 — . This further
implies that in the regret analysis of adaptive control, in order to obtain better probability
dependency, the time horizon has to be limited, which greatly impairs its value in practice.

Intuitively, the mean-square stability assumption only provides us with stable behavior
of ||x¢||? in the expectation (w.r.t. mode switching) sense, and having only this first-order
moment information is of little use compared with the deterministic Lyapunov stability

typically used for LTI systems, which allows one to bound ||x¢||* with only log(3) dependence
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((Dean et al., 2018, Lemma C.5)). Then, one may wonder naturally: Does there exist a
deterministic version of stability for switched systems? Can this stability (if exists) help
build similar dependence for switched systems? The answers to both questions are yes and
will be discussed in this appendix. In short, if there exists uniform stability for the MJS, we
can adapt Proposition C.7 such that HXO )H2 can instead be bounded much more tightly by
HXO | < O(log(5)), thus the ¢ dependency can improve to log(5) in the regret bound (5.3)
(or (C.40)). The final 1mpr0ved regret bound is presented in Theorem 5.2. In order to show
it, we will need to adapt Proposition C.7 together with several related results (Lemma 2.15,
Lemma C.1, Lemma C.2) to the uniform stability case, and we append suffix “a” in the
result label to denote the adapted versions.

To begin with, recall that K7,
MIJS-LQR(A1.5, Bis, T, Q1.5, Ri.5) and define the closed-loop state matrix L¥ = A; + B; K’
for alli. Let 6* denote the joint spectral radius of Lj , i.e. 0% 1= limy_,o max,, cpqp [|L5, - - - L, || T,
We say L7
K* 1= Supjey max,,, e |1, - - - L;l||/(6*)l. Note that the pair {0*, k*} for uniform stabil-
ity is just the counterpart of {p*, 7(L*)} for mean-square stability defined in Appendix C.
Similar as before, Table C.3 lists all the shorthand notations to be used in this appendix for

is the optimal controller for the infinite-horizon problem

is uniformly stable if and only if #* < 1. Similar to 7 in Definition 2.1, define

quick reference.

Table C.3: Notations — Uniform Stability

B sl 1| + 1wl

i or [Bual020 + 0%
0 (146%)/2
K K
€K min{ €y, éx }
€A.B,T min{éa B T, gcgﬁ}
Tus 2252 (6 max{/ne*", \/ﬁe?’p} + 1—59-)—)2
L5 (9) max{ g if;{{j@) log(7) wlog(l/e j log(65* + 547?\1/53;712};%2{535))}
o 6m)  OGmintamrlos(;)log' (D)
O(ﬂ—ﬁ%eABTlog( )1log*(T)) (when By, is known)
T (0,T) max{T5(6), Tyo (0, 1), Trse1(0), Tig n(L,0,T, p, 7))

The following Lemma 2.15a bounds the state x; under the designed input. Compared
with its counterpart Lemma 2.15 which is only able to bound E[||x;]|?], Lemma 2.15a provides

high-probability bound for ||x;||*.

151



Lemma 2.15a. Consider an MJS(A1.5, B1.s, T) with noise wy ~ N(0,3y). Consider con-
troller Ky.s, and let L., denote the closed-loop state matrices with L; = A; + B,;K,;. Assume
there exist constants k and 0 € [0,1) such that, for any sequence wiy € [s]' with any length
[, Ly, - Ly, || < k0. Let the input be vy = K, x; + z¢ with z; ~ N(0,%,). Then, for any
t > eSmax{npl with probability at least 1 — &, we have

18k252 1
3] < 3k20% %0 + ng(é) +c (C.48)

where 6% := || By || + ||Bu:s|?| 2, and ¢ := 2k*6%(6 max{\/ne®", \/pe*} + ﬁ)?

Proof. From the MJS dynamics (2.6) and plugging in the input u, = K, x; + z;, we have
the following.

t—1
Xt = (H wh>XO+Z( H Lwh)B Z1+Bwt 14t—-1

h=0 = h=i+1

t—2 t—1 (0'49)
T ( I Lwh)wi .
i=0 N h=it+1
Then, by triangle inequality and the assumption that ||L,, - - - Ly, || < k6', we have
t—1 t—1
el < w0 %ol + I Busll D0 lzill + 5 )07 wi
i=0 i=0
t—1 t—l (C.50)
= k0" %ol + 4| Busll D 0z all + 5 Y Oflwiia -
i=0 =0

For each w;_;_1, using Lemma A.1 (replacing e~ with §;), we have with probability 1 — 4;,

1
IWe—icall < v/3[1 %[ log™ (————=). (C.51)

min{d;, §,, }

where 6, = *(3“‘&)”, and n is the dimension of vector w;_;_1. In the following, for all
1=0,1,...,t =1, we set ; = ﬂQ (z+1) First note that when ¢ > i := 1/7r—‘;’§— — 1, we have
min{d;, 8, } = &, i.e. & < 6,, and min{é;,5,} = 9, otherwise. Then, applying union bound
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for all 7, we know with probability at least 1 — g,

Z@ [weeisa]| < V/3[[Zw] Zezlog —)

{5“5 }

(C.52)
NETM] <Z 0"10g" (<) + (i + 1) log”5(

).

For the term > \_; 07log”®(L) above, we have $/_ ) 0log®®(L) = 3=, ¢ log0‘5(W) <
04108 (2) +v21og?*(TEL)) < {1y log® (1) 4V Y, 0D < (L log®(4) 42 L
And for the term (i + 1) log '5(i) in (C.52), by the definitions of i and §,, we have (i +
1)1og”®(+) < v2ne®". Plugging these two results back into (C.52), we have, with probability

at least 1 — %,

-

N

32 1 Yw
Zeluwt“rw L ooy 4 W e IR (es)

Similarly, with probability at least 1 — g,

Zeluzt”n< VB s+ W s vIEL (o0

Plugging (C.53) and (C.54) back into (C.50) and applying union bound, we have, with
probability 1 — 9,

V(T80T + 1B I /T51) |
(10

R(VIEw] + Bl V121 (3 max{y/ne™, \/pe”} +

el < 56" [Ixo| +

5
(1-0)?

Taking squares of both sides and using Cauchy-Schwartz inequality, we have

18 1
Il < 38287 x4 2 g1 4 ¢ (C.56)
where 6% := || Zw|| + [|B1s||*|2,]| and ¢ := 6x%6*(3 max{y/ne*", \/pe*} + ﬁ)? O

The following Lemma C.1la describes that given a set of matrices that have joint spectral
radius smaller than 1, i.e. uniformly stable, moderate perturbation can preserve the uniform
stability. On the other hand, its counterpart, Lemma C.1, considers perturbation results for

mean-square stability.
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Lemma C.la (Joint Spectral Radius Perturbation). Assume 0* < 1. For an arbitrary
controller Ky.5 and resulting closed-loop state matrices Ly.s with L; = A; + B, K, let 0(Ly.5)

denote the joint spectral radius of Ly.s. Assume ||Kis — Ki, || < ¢ = WB?;SH’ then for

any sequence wy € [s] with any length 1,

l

T Lo, Il < 56" (C.57)
=1
O(Ly.) < 0. (C.58)

— ~ *
where Kk = K* and 0 = %.

Proof. Let E; := L;— L, then we see ||E;|| < ||By||e and [];_, Lo, = [[j—, (L, + Ey,). In
the expansion of Hézl(sz +E,,), foreach h = 0,1,...,1, there are (,ll) terms, each of which
is a product where E has degree h and L* has degree [ — h. We let Fj,; with h =0,1,...,1
and [ € [(})] to index such terms. Note that [|[Fy|| < (5*)"71(6*)"(|B1.s||€)". Then, we

have

HHLw [ <Z > Fnll

h=0 le[( )]

l
< (fL) ()0 (B

h=0

(C.59)

K (K[| Buslei + 07"

Then (C.57) follows from the fact that € < W
that O(Ly.s) = limy_,o max,, efq HHJ 1 Lo, |7 and using the result in (C.57), we can show
(C.58). O

and 0 := 22 To proceed, noticing

In the Lemma C.la, if the controller Kj.; is obtained by solving the infinite-horizon
MJS—LQR(ALS,BLS,T, Q1.5, Ry.5) for some estimated MJS(ALS,BLS,T), the following re-
sult provides the required estimation accuracy such that the resulting Kj.; is uniformly

stabilizing.

Lemma C.2a. Under the setup of Lemma C.2, if max{éap,ér} < €apT, then we have

|K1.s — Ki,l| < ék, and Lemma C.1a is applicable.

Recall we defined events A,, B,,C,, D, in (C.60) to analyze the events happen in each
epoch of the regret. To adapt to the uniform stability assumption, we redefine event B, and

D, while keep A, and C, as before. For easier reference, We list all of them below.
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= {Regretqg(’)(s <€EAB)+€(q 1)) o2 T, ++/n on ”2 \/_* qu +CA)}

= = +1 =
ESZ,)B S €A B,T; 6’(I?) S €AB,T; 6% ) S EK} qu - 07 ]-7 tee

1 log(T,
Cq = {efgq,)B <0 <10g(5 ) Zza T ow \/E(T + 2 log Q)) ,

id,g  Oz,qTmin ( —ﬁ)\/Tq
(q) < O 1 1 1 10g(Tq)
T = < Og(did,q)ﬂ-min Tq
18K%52 1
D = X(‘H‘l) 2 _ (a) 2 < ~ IOg +2mus} 7\v/q: 1’2"”7
= {1 = P < s
ny/s76*/(1 - p)
Dy = { I = I < LA
Xo0,

(C.60)

where we deﬁne 7% = 2r%62(6 max{/ne3", \/ﬁe3p}—i— %)2 &k = min{éy, éx} , EapT =

min{éa g, 2CK } and 6% := ||By,||*0z + 03, Event D, describes the initial state mag-
A,B, T

nitude of epoch ¢ + 1. Since Algorithm 2 requires initial mean-square stabilizing controller

Kl:s for epoch 0, and as in the proof for the following Proposition C.7a, epoch 1,2, ... have

uniformly stabilizing controller, thus we define Dy and Dy, D, ... separately.

Proposition C.7a. Assuming that T, > ; (1/9) log <6/€ + (ff’g;gi IOg(éxO,qul)) and T} >

3n\/sk*To
210g(1/9) ].Og < 1— ﬁ)fuséxo,o); we ha/Ue
P(Dy | By-1,Pg-1) 2 1 = dxp g (C.61)

and P(Dy) > 1 — dx, 0-

Proof. For the initial epoch 0, i.e. ¢ = 0, since we assume in Algorithm 2 that the initial

controller K§°§ stabilizes the MJS in the mean-squared sense, similar to the proof for Propo-

sition C.7, we have E[HX%)HQ] < ny/s(|[Bis|[07 + 0%) 155 Then by Markov inequality,
< m/s75%/(1=p)
5x0,0

with probability 1 — dx, 0. ||XT > < where % := ||By.4||?
P(Dy) > 1 — dxy0-
(9)

For epoch ¢ = 1,2,..., given event B,_;, we know € < éx < €g. Let qug denote

20+ 0% This shows

the closed-loop state matrices for epoch ¢, then by Lemma C.1a, e%) < €K implies that for

any | and any sequence wy,; € [s]!, ||H§:1 LY| < &6 Then using the bound on [|x|| in
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Lemma 2.15a, we have, with probability 1 — dx, 4,

|| (q)||2 18/43 O'

=57 ) + 3526774 || x| + zv (C.62)

log(

é‘XO q

where " := 2r*5?(6 max{y/ne*, \/pe*} + ﬁ)z'

e When ¢ = 1, given Dy, i.e. ||x\"|]? < %/0(1—5)’ the above (C.62) gives HX%)HZ
X0,

%f“ 0(3'2 lo ( ) - 3/{292T1M + z%. One can check that when we choose T} >

Qlogh 75 108 (&f,}{;ig;y 0), we have that 3r20%" M%O/O(lp) < z“¢, which gives

IA

H2 18k%52

1 21, C.63
T og(5x071)+ z (C.63)

I,

e When ¢ = 2,3,..., given event D, 4, i.e. ||X )||2 18“2"2 log(5— -) + 22%, the
xo,qf
above (C.62) gives HXT > < }f”;‘gj log (52— )+3m292T‘1 (}fi‘;j log(; )+ 25“8> +zhs,

Similarly, when T, > ; (1/9) log <6/§ + 54'2 ;us log(5 1 - )), we further have

qu

(1-0) -
187252
2 _
1 2T, C.64
017 < s Toa(—) + 22 (C64)
Combining (C.63) and (C.64), we can claim the following: for epoch ¢ = 1,2,..., when
3n+/sk>752 547452 1
T > 210g(1/9) log ((1—;7)5:”56,(0,0) and 1, > (1/9) log (6% + gy 108(5 ,q71)>> we have
P(D, | By—1,Dg-1) = 1 = by q- O

The following Proposition C.8a says that if a good controller is used in epoch ¢, then the
final state $ of epoch ¢ (the initial state of epoch ¢ + 1) can be bounded.

Proposition C.8a. Suppose every epoch q has length T, > T%, (8ia,q, Ty). Then,

=rgt,€e
P(Bq | qu m?;égj) = IP>(E’,q | Cq) =1 (0-65)

Now, we are ready to present the main proof of Theorem 5.2.

Theorem C.12 (Complete version of Theorem 5.2). Assume that the initial state xo = 0,
Assumption A5.1 holds, and Lj.,
O(L75:(0,Ty)). Then, with probability at least 1 — &, Algorithm 2 achieves

is uniformly stable. Suppose cx > ¢, (p,T),¢s > ¢,, To >

Regret(T) < O <s271;92(n2(1+_p?>23v log (log(;(T)) logZ(T)\/T) . (C.66)

min
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Proof. The proof is almost the same as the proof for the regret upper bound in Theorem C.11
for the mean-square stability case in Appendix C.4.1, thus we only present the key steps and

omit certain details of intermediate steps.

s
(q+1)2

& = A1 N B, NCy, N D, implies the following: for ¢ =1,2,...,

In the following, we set ;4 = 0xyq = =5 - . Similar to the counterpart (C.41), event

Regret,
2 log(T,
Souﬂ%<@+1)ﬁmﬁm+vw‘¢3n+mkgﬁw+ oaf) Vol Ty
1) O2,¢min \/Tq Tmin(1 — p)\/Tq .67
q+1,18y/nsk?*c? n/S :
+ om0 (U BT Lo + 0()

<0 1og (WD) I 02 Ttogt (1) + 01 g

min

<(q + 1)2) 18y/nsk*6?
) (1—6)2 "’

and for ¢ = 0,

1 32p(n2 +172)7 ) ) 1. nlbsr52
5) 27 1 gy oV Tolog' (1) + 0() ()2

Note that the difference between (C.67) (¢ = 1,2,...) and (C.68) (¢ = 0) is due to the

difference between the event D, for ¢ = 1,2,... and event Dy. Compared with the mean-

Regret; < O(1)log ( (C.68)

square stability counterpart (C.41), we see the @ dependence in (C.41) is now replaced
with log (%1). For all M := O(logv(%)) epochs, similar to the counterpart (C.42), event

ﬂé\ialgq implies
Regret(T)

:(’)(Z Regret,) (C.69)
<0 <32p(n2 1% 1og (8 D)) Fioge(ry + YIRS (108 (D)) 10g<T>)

Toin(1 — P)? 5 (1-6) 5

which shows the main result (C.66). Note that in the above summation, we have omit %
term in Regret; since it does not scale with time and can be dominated by the rest.

Now we are only left to show the occurrence probability of regret bound (C.66) is larger
than 1 — ¢. To do this, we will combine Proposition C.7a, C.8a, C.9, and C.10 over all
qg=0,1,...,M — 1. Note that for each individual ¢, these propositions hold only when

certain prerequisite conditions on hyper-parameters cy, ¢, and Ty are satisfied. We first

. o2, _ _ 3 0
show that under the choices Ty = 7Ty_1, 05, = ik and digg = 0xoq = 72 Grpz these
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hyper-parameter conditions can be satisfied for all ¢ =0,1,..., M — 1.

e Proposition C.7a requires these to hold: Toy? > TToa( 1/9 log <6/f + 54” s log("Q’TQ))

“0)ze 35
and Tyy > 210g(1/0) log (’T(f\[)’;uzg ) One can check Ty > max{(lfé)ju

4n+/sk*52 log(m2 /35 us
log (672 + > (\1[7@)(17,5%;%(/5 1)} =: T (6) would suffice.

547452 _
slog(1/6) log(v)”’

'vlog(l/G)

e Proposition C.8a requires that for ¢ = 0,1, ..., condition Topy? > 1772, E(W, Tovy?)

holds, which can be satisfied when one chooses Ty > O(T7}, (9, Tp)).

e Proposition C.9 requires the following to hold: ¢x > ¢, (p,7),cz > ¢,, and Tpy? >

max {IMc,l(gfzéq ) LdN(m, p,7)}. The last one can be satisfied When we have
TO > O(maX{IMC,l(é)a _'Ld,N(57 P, T )})

e Proposition C.10 requires no conditions on hyper-parameters.

Therefore, when ¢ > ¢,(p,7), ¢z > ¢,, To > O(max{T;(4), Iﬁfgste(é, TO),IMCJ(é),Ld’N((S,
p, 7)) = O(L75(9,Tp)), we can apply Proposition C.7a, C.8a, C.9, and C.10 to every
epoch ¢ =0,1,..., M —1. Similar to (C.45), this gives P (Regret bounds in (C.66) holds) >

PN E,) > 1—6. O

C.5.2 Proof for Theorem 5.3

Since Theorem 5.2 shows that Regret(T) := > Jig) —TJ* < O(\/Tlog(%)), to upper bound
Regret®(T) := Zq J(Oq) — TJ* in Theorem 5.3, it suffices to upper bound each summand
Ji — J@- By definition, we further have

oy = T = T =BGy | Famrl = oy — ELTG, | xg”, 0@ (0), Kif)] -

Hence, we only need to study the deviation of the random cost J(Oq) from its conditional mean
E[JG, | x?. w@(0), K\?]. Before presenting this result in Lemma C.17, we first provide

several supporting results from high-dimensional statistics. In this section, ¢ denotes an

absolute constant.

Lemma C.13 (Theorem 1.1 in Rudelson and Vershynin (2013)). Consider a random vector
x € R"™ such that x ~ N(0,3y) and an arbitrary matriz S € R™™. Then, with probability
at least 1 — 0,

3
[x"Sx — E[x"Sx]| < c]| 3k|[[|S]|r log(<

). (C.70)
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Lemma C.14 (Proposition 5.10 in Vershynin (2012)). Consider a random vector x € R"
such that x ~ N(0,Xy) and an arbitrary vector a € R™. Then, with probability at least 1—4,

3
[a’x| < ev/[Zxllllally/log(5)- (C.71)

Lemma C.15. Consider two independent random vectors x € R™ )y € R™ such that
x ~N(0,2x) andy ~ N(0,Xy), and an arbitrary matriz S € R™*" | then with probability
at least 1 — 0,

. 6
xSy < ey/min{nx, ny /I Zlll| Sy S]] 1og (). (C72)

Proof. By Lemma C.14, with probability at least 1 —0/2, x"Sy < ¢4/|[SE,ST[|[|x][{/log(2).
By Lemma C.13, with probability at least 1 — /2, ||x||* < tr(Zx) + c||Ex|l/nx log(2),
which further gives ||x|| < c\/anExH log(2). Combining these two results shows |x"Sy| <

cv/i/[IEx[[[[Zy || [[S] log(§). Similarly, we can show [x"Sy| < c\/miy /[ ][ 2y [[[|S|[ Log(§).

which completes the proof. O

Lemma C.16. Consider a vector v := [v], vy, vi]T where vi € R™ is deterministic with

Ivi|| < 1, and vo € R™, v3 € R™ are random vectors such that v ~ N(0,3,), vz ~

Si1 Si2 Su3
N(0,33). Consider an arbitrary symmetric matriz S = |Sy; Sog Sog| where Syp €
S31 S32 Sa3

R">*™M S,y € R™2X"2 Sa3 € R Then, with probability at least 1 — 9,

18
)

+e( VISl + VIZsTISl ) oy floa(5). (€73

[VISv—E[v'Sv]| < C<H22|||\Sz2||F+||23||||S33||F+\/min{nza"3}\/||E2||||23||||323||> log(

Proof. By triangle inequality,
|VTSV — E[VTSVH S d22 + d33 + 2d23 + 2d12 + 2d23, (074)

where dij = |V;;I-SijVj — E[VJSUVJ” Then
e By Lemma C.13, with probability at least 1 — §/6, dos < ¢[|Za]|[|Saz||r log().

e By Lemma C.13, with probability at least 1 — §/6, dss3 < || Z3][|[Sss]/r log(L2).

e By Lemma C.15, with probability at least 1—8/3, dog < cy/min{na, ns}[|Za||[[ X5 [|S2s/| log(2).
e By Lemma C.14, with probability at least 1 — §/6, dio < c+/[|Za]]||S12]|01/log(2).
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e By Lemma C.14, with probability at least 1 — /6, dis < c+/[|Z3]]][S13|v14/log ().
Combining these with the union bound concludes the proof. O]

With Lemma C.16, we can analyze the concentration of the MJS-LQR cumulative cost

around its mean under uniform stability.

Lemma C.17. Consider MJS-LQR(A1.,, B1.s, T, Q1.s, Ri.s) with process noise N'(0,021),
given initial mode wy and initial state xo such that ||xo|| < To. For a controller Ky.s, the
input is given by v, = K, x; + z; where z; ~ N(0,021). Let L; = A; + B;K; for all i.
Assume there exists k > 1 and 0 € [0,1) such that for any sequence wi, € [s]' with any | € N
such that ||H§:1 L., || < k6. Let Jp = ZtT:o x; Qu,x¢ + u/ Ry, u; denote the cumulative cost

over time horizon T. Then, with probability at least 1 — ¢,

|Jr — E[Jr | wo, %0, K1.5]| <

c(np)

18 18
a-02 (0% + 120, + 730w0z)\/710g(7) + (110w + 7302)T04 / log(F)} ., (C.75)

where v = [|[My,]| for M; == Q; + KIRK;, 72 := |[My||||Bisl| + [|[Rusl||Kisl, and
V3= ||M1:5||||B1:5||2 + 2||B1:S||HRI:SHHKI:SH + “RI:SH-

Proof. First we define a few notations that can convert Jp into the form of vector-matrix
multiplications. Define the block-diagonal matrix K with 7"+ 1 diagonal blocks such that
the ¢-th block is given by K,, , for all ¢. Similarly, define Q for Quyw,, R for Ry ..,,., and
M for M,,,...,.. For all ¢, define

t—1
0 0
Gé,()) =1, G(()’t) = H L., ;
h=0
t—1
G =0, G, =1, G = ] Lo, vr<t—2 (C.76)
h=r+1
t—1
Gg,zt) = 07 ng—)lnf = Bwt—l? Gi,zt) = ( H Lwh)mevr <t-—2
h=r+1
Then, it is easy to derive that
t t
x = Gyxo+ > GYw, +> Gz, (C.77)
r=0 r=0

and [|[Go,l| < w6, |G| < k61, and |G| < k6" 71||By||. Define the following
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vectors by concatenation.

X 1= [x),X],. ., Xp|, wi=[u,ug,. . uk] ¢ =[x u'ln (C78)
w=[w),wi,..., wp|', z:=[z],2],...,2}]", v:=[x),w',z']",
Define the following block matrices.
[ ~(0)7] w T [ ~(z T
) o i
co — |G G = Giy G Q@ = SIS :
0 w w w z z z
|Gor) Go G ... GEpl Gor G . G
G:= {G(O)a G(W)a G(Z)]7 i = [O(T+1)px(T+2)na I(T—l—l)p]'
(C.79)
< Q
Onecanseex = Gv,u=Kx+z = (KG+1I)v, ¢ = | v,and Jp = ¢’
ey | & ot o
Let S := G'QG + (KG + I)"R(KG +1I), then these relations give
Jr =v'Sv. (C.80)

S(0,0) S(O’w) S(O,z)

Block-partition matrix S by S = [S(":0) §(w.w) §(w:2) | guch that SO0 € R™>» S(Ww) ¢
S(Z,O) S(z,w) S(z,z)

RT+D)x(T+h)n  §(22) ¢ RIT+U»(T+)P - Then, we have

500 — qOTVG©
sww) — GWM'MG™, =2 = GO'MG® + RKG® + G@'K'R + R,

T T (C.81)
sz — GW ' MG® + G K'R,
gOw) G,(O)Tl\/[(;,(W)7 5§02 — gO'MG® + GO'K'R,.
Matrices G, G™) G® can be bounded as follows.
GO < GO, < "
IGTI < G ]le < S1-9
vnk ik y/nk (C.82)

W) < (w) W) < — .
|G < \IGI G| < 4| Y25 VD — V2

Bi| yslBudl  (np)*®x]|Bu
G?| < /IG@|,|G@ ||, < VE|Bus|| _ Al
16| </Ic@], |G| _\/ o= T 4
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These results further give

2 05,2 0.75,,0.25 .2
St < O gt < BPTR2 g nay < 22K
Sa-op RO STAS T o
Hs(O,w)H ’)105/12’)/ ||S(O’Z)|| < (np)o % 27 ‘
(1-0)* - (1=-0y
Finally, we can conclude the proof by invoking Lemma C.16. m

Now, we are ready to present the main proof of Theorem 5.3.

Proof. Following from Lemma C.2a, Proposition C.7a, and the proof of Theorem C.12, we
know with probability at least 1 — §/2, for all epochs g,

IK? | < 2Kl

l
ITJLY ) < k6", Ve € [s]', VI €N,

) < O(J o)) =2

Under these conditions, and applying Lemma C.17, we know for epoch ¢ with probability at

3.4
leastl—ﬂ—2~q—2,

(C.84)

[T = T | = E[JG) \fan
2

<o +o—zqf og(5) + (o + oIl 5)] ) (o)

<oV o imion ) + Qmeg(f)D

. 0'2 .
where the second line follows from o}, = \/—":VF_q, T, = O(y9), and the bound of ||x(()Q)|| in

(C.84). Taking the summation over all M = O(log(T')) epochs (for simplicity, epoch 0 and
1 are ignored) and applying the union bound, we obtain with probability 1 — 4,

[>T~ Tl < (M {\/_1 g~ (T)H \/E—log(log (T))D. (C.86)

(1-0) 5 1-0 5

Combining this with the upper bound on Regret(T) := > ‘ J(Oq) — T'J* provided in Theo-
rem 5.2 completes the proof. n
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Appendix D
Proofs for Results in Chapter 6

D.1 Aggregatable Clustering — Proof for Theorem 6.4

We first provide several supporting lemmas. The first one is regarding the perturbation of

the left singular vector space.

Lemma D.1 (Singular Vectors Perturbation Bound). Consider two arbitrary matrices ®, ® €
R, Let U, U € R¥™" respectively denote the top-r left singular vectors of ® and ® with
U'U=U"U=1,. Then

2V2(|® — @l
Jr((i)) - Jr—&-l((i))7

mil?) [UO — Ul <

o (D.1)

where O(r) denotes the set of all rxr orthonormal matrices.

This result can be seen simply by combining Lemma 10 and Lemma 11 in Du et al.
(2019b), where Lemma 10 requires a trivial generalization from spectral norm to the Frobe-
nius norm. The next result says if a matrix has certain rows being identical, its singular

vectors share the same identity pattern.

Lemma D.2 (Lemma 12 in Du et al. (2019b)). Consider a matriz ® € R™" and a partition
Q1. on [s] such that for anyi,i’ € Q, ®(i,:) = ®(,:). Assume rank(®) =r. Let U € R™"
denote the top-r left singular vectors of ® with UTU =1,. Then for anyi € Q; and j € ),

106, )~ UG = (g + @) Tk # L and 0 if k=1,

The next lemma provides a preliminary result on the performance of k-means when it is

applied to a data matrix with feature dimension same as the number of clusters.

Lemma D.3 (Lemma 5.3 in Lei and Rinaldo (2015)). Consider two arbitrary matrices
U,U € R with Ay = ||U—Ullp. Suppose there exists a partition Qy., on [s] such

that for any i,i'" € Q, U(i,:) = U(¢,:). Define the inter-cluster distance for cluster k as
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O = minep, Minjeo, jeo, [[UG,:) — U, ). Let {4, é1.} be a (1 + €) solution to the

ming /|Q%|dx

k-means problem on the rows of U. Then, when Ay < Tk we have
i Q QO S02 < 8(2 A? D.2
pip 2 11 € 0 )3 <52+ (D.2)

where H is the set of all bijections from [r] to [r].

By combining Lemma D.1, D.2, and D.3, we obtain guarantee on the performance of
k-means when it is applied to the left singular vectors of the data matrix, which is the key

lemma we will use to show Theorem 6.4 and Theorem 6.6.

Lemma D.4 (Approximate k-means error bound). Consider two arbitrary matrices ®, ® €
R with Ag := ||® — ®||r. Suppose there exists a partition Q.. on [s| such that for any
i,i' € Qp, ®(i,:) = ®(i',:). Assumerank(®) =r. Let U € R™" denote the top-r left singular
vectors of ® with U'U = 1,.. Let {QM,CM} be a (1 + €) solution to the k-means problem

or(®)\/1m 102
on clustering the rows of U. Then, when Ag < (8\)/ 2|+()|)s‘2+| ‘(1) , we have MR(QM) <
)I2a)

Proof. Let U € R™" denote the top-r left singular vectors of ® with UTU = I,. Then,
Lemma D.1 implies that exists O* € O(r) such that |[UO* — Ul|p < 2‘[(A‘1’ Note that
IMUO%(i, )= [UO*(, )l = (UG, :) = U(,:)0*|| = U, :) — U, )|l By Lemma D.2,
we know for any i € Q, j € Q, [|[[UO*](,:)—[UO*](4,:)] = ‘Q—lﬂ + 7 if k#L and 0 if
k = 1. Then, for any k € [r], let 0y := mingep)\p Mineq, jeq, [[[UO*](4,:) — [UO*](4,:)]], we

> /1 4 1
see O 2 [ + 1€2(1)]

(8)y/[0 0 [0 V/
Note that when Ay < ZXy 20l (1)|, one can check |[UO* — Ullp < 2 ming /1|9
84/ (2+6) Q)] 8(2+e)

Then, by Lemma D.3, we obtain that MR(Qy.,.) = minpes Y gy [{i 07 € Qi & Qi H ey a7 <
mingey Sy [{i 21 € Qi & Quay 307 < 64(2 + €)o, (@) 2A%.

U

Main Proof for Theorem 6.4. Consider ® in Algorithm 3 Line 3 and its averaged version ®
defined in Section 6.4.1. By definition, we have [® — @[3 = 37, >icq, 1P(,:) — (G, )[|F =
a?r'zke[r] Zz‘eﬂk T, 3)_|Qk|71'zi'egk T(, )| +O‘3¥Zke[r] Zieﬂk ||Ai_|Qk|71'Z¢/er A%
+ag e 2icay 1Bi— Q|7 3 eq, Brlle- By the definitions of ea, en, e in Problem P6.2,

triangle inequality ,and Cauchy-Schwarz inequality, we have ||® — ®||p < €4,y Where €4,y :=

VaieA + akel + aZed. By construction, in matrix @, rows that belong to the same

cluster are identical, thus we can apply Lemma D.4 to {®,®} and obtain that when

o1 (8)y/ 120 [+120)| A
€agg < —— \/(2+i)l)ﬂ(1>|( =, we have MR(1;,) < 64(2 + €)o, ()24, O
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D.2 Lumpable Clustering — Proof for Theorem 6.6

We first provide a supporting result regarding the perturbation of stationary distribution of

Markov chains.

Lemma D.5 (Section 3.6 in Cho and Meyer (2001)). For two Markov matrices T, Ty € R*
and their stationary distributions 1 my € R*, we have || —mgll1 < 1| T — Tol|ew, where

- s 1
M= Yies TR
When the difference || T — Tyl is small, we further have the following corollary.

Corollary D.6. In Lemma D.5, let Ty = min; 7(i), Tmax = max; 70(i). Suppose that

|'T — Tol|oo < #2i2, then we have

max 7e(i) — mo(i)] < 5, (D.3)
m.in 7'(0(2) Z Wr;lin’ maX’lTo(i) S Tmax T W;in (D4)
. 1 . 1 —§
max [70(i) " — 71(i) 3| < (V2 — Dy | T — Tol|oc (D.5)
N 1 V2 1
max [7e(i)2 — 700(i)2] < (1= )| T = Tollo. (D.6)

Proof. Since 177t = 17y = 1, we have max; |71(i) — 7(¢)| < 3|7t — oy < LT — Tl <
Tzin - Then using triangle inequality, we can show (D.3) and (D.4). Note that the LHS of

(D.5) is equivalent to max; \/ﬂ(i)nolg;)((?/%ll oIk then plugging in (D.4) gives (D.5). And
(D.6) follows similarly. O

When the lumpability perturbation ep # 0, matrix S, in Algorithm 3 Line 7 no longer

has the row identity pattern as discussed in Lemma 6.5. The next result measures this effect.

Lemma D.7. Consider an ergodic Markov matriz T € R**® with stationary distribution 1@
and a partition Q.. such that it is approzimately lumpable as in (6.3) with perturbation €.
Consider the neighborhood of T given by L(T,Q.,, er) defined in (6.9). Assume there exists
an ergodic and reversible Ty € L(T, Qy.., er) that has informative spectrum. Construct S, €
R with T and 7t as in Algorithm 3 Line 7. Construct S, € R™" such that for any i € [s]
(suppose i € ), S,(i,:) = \Q_lszz"eﬂk S.(,:). Let Tin 1= max; (i), Tmax := min; 7t(4),
Yo=Y, #AT)’ vy := min{o,(H) — 0,41(H), 1}, and ; = 220 TmaxTlr W where H is
defined in Algorithm 3. Then, when perturbation ep < WT’ we have ||S, — S, |r < Y3€r.

Proof. We will start with analyzing T and use it as a bridge to prove the claim. Let 7ty € R?

denote the stationary distribution of Ty. Since T is ergodic, we know 7ty is strictly positive.
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By definition of reversibility, we know diag(m,)Ty = T{diag(7), and this further gives
diag(my)2 Todiag(my)2 = diag(my) 2 Tl diag(m,)2. Let Hy := diag(7t)2Todiag(m) 2,
then we see Hy is symmetric. Let Wy, € R™" denote the top r left singular vectors of Hy,
by spectral theorem, we know the columns of Wy, also serve as the top r eigenvectors of Hy.
Let Sy, := diag(m))‘%Wo’T, by definition of Hy, it is easy to see that the columns of Sy,
are also the top r eigenvectors of Ty. Then, by Lemma 6.5 and the definition of informative
spectrum, for any 4,4’ € €, we have S ,.(7,:) = So, (7', :).

Recall in Algorithm 3, the matrix W, denotes the top r left singular vectors of H :=
diag(m): Tdiag(m)~2 and let S, = diag(m)" 2 W,. Let O* := minpcog) [|[Wo,O — W, |g,
where O(r) is the set of all r x r orthonormal matrices. Then, for any 7,7 € ), we have
[S0,,O*](i,:) = [So,-O*](¢,:). Using this, for any i € [s] (suppose i € €,), we have

Sr(iv:> - Sr(ivz)
-1, 1 .
= ‘Qk’ S’I’(Z7 ) “To. | Z ST(Z ) )

2% i €Qy, i i

o (D.7)
< |Q‘§|2k’ 1(Sr(i, 1) — [S0,,0%](¢, 1))

+ L Z ([SO,TO*](i/, 3) - Sr@lv ))

i1 €y il i

WLOG, assume {1,...,[Q|} = Qp, {|] +1,..., ] + |22} = Qs,--- and define block
diagonal matrices D, P € R both with r diagonal blocks such that their k-th diagonal
blocks [D]y, [P]x € RI%X%I are given by

€% — 1 1
D], = — "1 Pl = —

(L Loy — Tiau)- (D.8)
Then, stacking (D.7) for all 4, one can verify that S, — S, = D(S, — S;,0*) + P(S,,0* —
S,). Note that for an arbitrary matrix E € R®* we have ||PE|% = tr(P"PEE") <
tr(D" -DEE") = |DEJ||2 where the inequality holds since for each diagonal block we have
_ A .
[PJi[P]x < [D]I[D]s. Therefore, [|S, —S,[lr < 2|[D(S, — So,0%)[[r < 2max; S|, —
So,-O%|r < 2[|S, — Sy, O*||r. To complete the proof, it suffices to study ||S, — So,O*||r.

IS, — S0, 0% |s
=||diag ()" (W, — W, 0%)

+ (diag ()2 — diag(m)F ) Wy, 0" [p
<o [ W = W, 0" [ + V/r max Ime(i)"2 — 70 (i)2 |

—"min

(D.9)
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According to Lemma D.1, we know |W, — W ,O0%|r < — 22 ___||H — Hy||p. This

1 1_ Uv‘(H)_UT+1(H)
together with the upper bound for max; |7t(i)"2 — my(¢)"2| in (D.5) gives

2v2 V2 -1 r
—o5 IH — Hollr + ( 1‘5)%\/_@. (D.10)

(0r(H) = o1 (H))my, Taiin

By the definitions of H and Hy, we have |H — Hg|lp < H(diag(n)% — diag(ﬂfo)%) -T -

diag ()2 || p+||diag ()2 -T-(diag () 2 —diag(m,) 2| p+ | diag(m, ) 2 -(T—T,) -diag ()2 ||p.
Applying Corollary D.6 gives ||H — Hyllp < 2.567,7%5 75| T||per. Plugging this into

(D.10), we have ||S, — S, 0%[|p < 2Tl e where 4, 1= min{o, (F) — 0,41 (F), 1}.

This concludes the proof as we showed that ||S, — S,||r < 2[|S, — So.,.O*||¢. O

HST‘ - SO,TO*HF S

Main Proof for Theorem 6.6. Consider ® in Algorithm 3 Line 8 and its averaged version
® defined in Section 6.4.1. Then, by definition, we have ||® — ®|% = a2 - ||S, — S, ||

FaA D hep Licap 1A= 107 e, Avllp +ab Diep Sica, 1Bi— Q%7 2ico, Brllt-
where S, is defined in Lemma D.7. By Lemma D.7 and the definitions of €5 and eg in

Problem P6.1, we have ||® — ®||p < €Ly Where €1,y = /aiex + adel + aZnZes. By

construction, in @, rows that belong to the same cluster have the same rows, thus we

< or(®)/ 1920 | +12(0) |

can apply Lemma D.4 to {®, ®} and obtain that when €ELmp < @0y we have
)12q)
MR({1,) < 642 + o, (&) 26, 0

D.2.1 Non-emptiness of L(T, .., er)

Note that both Lemma D.7 and Theorem 6.6 require the set £(T, .., ér), a neighborhood
of T. Now, we show it is non-empty under the approximate lumpability condition (6.3).
Let Ty :=T + A for A € D where

D= {A e R™ . Wk, I € [r],Vi € O,

—T(,5) < A(i,5) <1-T(,5) VjeE]ls], (D.11)
SOAGLG) ==Y T(g) + %D T ), (D.12)
JEQ JEQ i eQy

JEQY

|Allr <er, [[Alle <er. }

Then, we see to show there exists Tg € L(T, Q1. er), i.e. L(T, Q.. er) is non-empty, it is
equivalent to show there exists A € D.

Note that (D.11) gives that for alli € Qy, 1 € [r], =3, T(4,5) < D cq, Ali,5) <[]
>jeq, T(i,7). This together with (D.11) and (D.12) imply that there exists A satisfying
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both (D.11) and (D.12) such that among its elements {A(%, j)};eq,, the nonzero ones have
the same signs as the RHS of (D.12). Then, for all i € Q4,1 € [r], we have > . [A(i,j)] =
|5 e Al )| = [RHS of (D12)] < 1247 e | Ty T(0.7) = ¥yeq, (). This
further gives [|A[[r < Zkz,le[r] Ziegk,jegl A7) < [l Zk,ze[r] Zi,i’eﬂk | Zjte T(,j) -
> jeq, T, 3)| < |Qk| 'er, where the last inequality follows from (6.3). These steps also
show ||Al| < er. We have shown A € D, i.e. D is non-empty, and so is L(T, Q.. eT).

D.3 Approximation with Mean-Square Stability
— Proof for Theorem 6.7

We first provide several supporting results regarding the perturbation of matrix product.

Lemma D.8. Consider two sets of matrices Ay, ..., A, and Ay, ... A, with ||A; — Ay]| <
ea for all i € [s]. Assume that there ezists a pair {£, Kk} such that for all t € N, we have
maxo,, cfs]t || Aoy - A |IF < K- € Then, for all t and any sequence oyy € [s]', we have (i)
Ty Aoy | < s(ren + €)' (i) 1Ty Any — [Ty Av, | < W2t(ken + €)' ea.

Proof. Let E; := A, — A, then we see |E;i|]| < ea and H’;L:l Aah = szl(Aah +E,,). In the
expansion of H2:1(Aah +E,,), for each i = 0,1,...,t, there are (f) terms, each of which is
a product where E,, has degree i and A,, has degree t —i. We let F; ; with ¢ =0,1,...,¢

and j € [(})] to index these expansion terms. Note that |F, ;|| < k"'¢'~%¢!y. Then, we have
T A € 3 S sl € Sy ()REH16eh < e + €1

Similarty, [T, Ary — TTjs A | = 1500 Sy Fosll € o ey IFu = 1Fus | <
k(kea +&)' — k€ < K2t(kea + &) tea, where the last line follows from the fact that for func-
tion f(x):=z'and x,a >0, f(z) > f(r+a) —a- f'(z + a). O

Based on Lemma D.8, we have the following corollaries, which will be used in different

settings in later derivations.

Corollary D.9. Consider two matrices A and A with || A — A|| < ea. Suppose there exists
a pair {p, T} such that for all k € N, || A*|| < 7p*. Then, we have || A!|| < T (Teq+ p)' and
A~ A < 7% (reat p) " ea

Corollary D.10. Consider two sets of scalars ay,...,as and ay,...,as with |a; — a;| < €,
and |a;| < @ for alli € [s]. Then, for allt and any sequence o1.; € [s]', we have | [[}_, Go,| <
(Ea + C_L)t and | H;:l dffh - Hll:z:l aUh’ < t(ea + a)t_lea‘

The next result considers the evolution of state x; in the mean-square sense for au-

tonomous MJSs, which can be obtained from Lemma 2.14.
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Lemma D.11. Consider MJS(A1.5,0,T) and define matriz A € Rs™™>sn” ith its (1,7)-
th n®xn? block given by [Al;; = T(j,1)-A;QA;. Let 3y; = E[xx]1{,=] and s, :=
[vec(X],, ..., vec(X,,)"]T, then s, = A'sy.

Recall in Section 6.5, for X, i.e., MJS(A 1.5, B1.s, T), we define the augmented state matrix
A € R with its (i, j)-th n? x n? block given by [A];; :== T(j,i) - A; ® A;; and for
any p > p(A) and all k& € N, we have ||A"|| < 7p*. The next lemma is regarding the

augmentation of two MJS with the same A matrix.

Lemma D.12. Construct matriz A € R¥*"™>45%° with, its (i, 5)-th 4n® x 4n? block given by
y A A
[A;j == T(,4)- | o
A A

To see this result, first notice that there exists a permutation matrix P such that PAPT =
I, ® A, where I, denotes the 4 x 4 identity matrix. This gives ||.A*| = ||.A"|| and shows the

claim.

. Then, for all k € N, || A*|| < 1p".

To prove the result in Theorem 6.7, we first consider the simplified autonomous case but

with potentially different initial states xq and Xg.

Proposition D.13. Consider the setup in Theorem 6.7 except that u; = 0 for all t, and

xXog and Xo can be different such that ||xo — Xo|| < € for some ¢ > 0. For perturba-
t—1

tion, assume €5 < min{A, - z|€r||}' Then, E[||x; — %¢||] < 4v/nv/s7po® (||xo|v/tA||T|lea +
V([Ixoll + €o)eo ).

Proof. First, we construct two autonomous switched systems:

II:= {XHI B Awt}v{t . = {Xtﬂ = AaX, (D.13)

d)t = W, a]t = W,

Y  [a,
where for i € [s] (suppose i € ), A; 1= [ A] VA = [ Al Since wy of ¥ follows
i k

Markov chain T, systems IT and II can be viewed as MJS(AlZS,O,T) and MJS(A 1,0, T)
respectively with T = T = T. We then define observations for II and II: y, = C%; and
¥, = C%, where C = C = [I,,, —I,]. We set their initial states as X, = [x, %57, Xo = [x], %3]
where xy and X are the initial states of ¥ and )y respectively.

By construction, we have, for all t, X, = [x],x/]" and %X, = [x],%]]|", thus y, = 0
and ¥, = x;, — X;. Define 3, := E[x%,X]] and ¥, := E[%,X]], then we have E[||x, — %||?] =
Ely.y]] = E[y.y]]-E[y.y]] = tr(CTCX,) —tr(C'CY,) = tr(CTC(X,—3,)). Since C'C = 0,
we further have

Blx, — %°) < tr(CTO)|S, — Sl = 20, — 5. (D.14)
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Let 3y, = EXX]1is,—ij], Zui = EXX] 1ig,—i)), & = [vec(,1)T,...,vec(E,,)"]" and
s = [vec(Z.1)T,... ,vec(E.,)"]". Note that vec(X;) = [Ty, ..., Li2]8 and vec(Z,) =
[I4n27 C 7I4n2]§t7 thus we have Hi]t — itH S Hgt — it”F = HVQC(St — St)” S \/gl‘ét — gtH
Plugging this into (D.14), we have

Ell|x; — %|*] < 2n+/s||8; — ]| (D.15)

By Lemma D.11, we have §;, = A's, and 5, = A'S, where A € RAsn*4sn® g constructed
such that its (i, 7)-th 4n? x 4n? block given by [A];; = T(j,i)A; ® A;, and A is constructed

similarly. By triangle inequality, we further have
E[l|x; — %[*] < 2n+/s(|[.A" — A"|[[80]| + [A"[[]]80 — Soll) (D.16)

To bound E[||x; — %;||?], we seek to bound the terms on the RHS individually. Since
So = [vec(xox])" - P(wy = 1),...,vec(XoX])" - P(w; = 9)]7, we have ||So|| = [|%XoX}F -
(Cieig Plwr = 1)?)% < [[%oX]|lr = 2]|xo]|*. Similarly, we have [|8o — So|| < [|RoX] — %ok || <
1%0(Xo — %0)"[[e + [[ (%o — %o)X5 [l < V2(V/3]|x0]| + €0)eo-

To bound || A?|| and ||.A? — A!||, we first evaluate || A — A||. Define A; == A, @A, —A;®
A, for all i, and block diagonal matrix A € Re"*sn* guch that the i-th n2xn? block is given by
A;. Then one can verify that A—.A = (T®I,2)A, which gives | A — A < ||T| max; | A,
For ||A;]|, we have ||A]] < [|A||[|A; — Asl| + [|Ai — Agl[||A;]]. Tt is easy to see ||A;]| < A,
|A; — Aj|| < €a, and ||[Ay]] < A+ ea < 24, These give || A — A| < 3A||T|lea. From
Lemma D.12, we know for all k € N, || A*|| < 7p*. Then, according to Corollary D.9, we
have || A" < 7(37A|T|lea +p)* < 7pf and || A" — A"|| < 3t(3rA| T[lea + p)""' 7 A Tllea <

3tph 72 A||T||ea, where the premise €4 < and notation py := 2 are used.

1-p
67 AT
Finally, plugging in the bounds we just derived for each term on the RHS of (D.16) back,
we have E[[[x, — %/|] < v/E[[[x; — %:[|?] < 4v/nv/s7p4” ([1%0]l v/t AT [lea++/([I%0]l + €0)eo ),

which concludes the proof. O]

Main Proof for Theorem 6.7. We first decompose x; in terms of the contribution from x,
Ug:¢—1- define XI(SOI) = ( 2;10 AUJh)X07 for | = Oa ot — 27 define Xl(fl) = ( Z;ll—l-l A@h)szula

and th_l) := B,,_, u;—1. Then it is easy to see x; = xﬁo/) + Zf;é xi”. Similarly, we define

fcgo/) and &,E” for x; such that x; = fcgo/) + Zf;é }A(,El). According to Proposition D.13, we have

0/ ~ 0/ Q —
E[[x\") — %] < 4v/ny/57py” VA T]ea|x0]- (D.17)

Note that xgl) and fc,gl) can be viewed as the states at time ¢ — [ with respective initial states
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B, u; and Bwl u; and zero inputs. Therefore, applying Proposition D.13 again, we have

[ -
E[|x\" — x"|] < 4v/ny/stpy * VBa(v/(t =1 — DA[Tlea + v2e8), (D.18)

where the premise eg < B is applied. Finally, using (D.17) and (D.18), we obtain that

(0 _ 1 (1 t—1 —
E[||x; — %|] < E[ux”) %)) + zt SElIx” — %] < 4y/n/smpy” /LA|T][eallxoll +
4r/nv/sBTii- ( (T \ﬁ VA T|lea eg), which concludes the proof. O

D.4 Approximation with Unif. Stability — Proof for
Theorem 6.8

Proof for Theorem 6.8 (T1). x; and %X; can be decomposed as:

HAwh XO+Z H Awh Bw/ut’+Bwt W1,

=0 h=t'+1
t—1 -2 -1

%= (]]Aa)%0+ > (1] Aa)Bay e +Bo e
h=0 =0 h=t'+1

Since in Algorithm 3 we let A; = |Q;€|*1 Zieﬂk A;, and the premise gives Q1. = Qy.,, we
have ||Ay — A;|| < ea for all i € Q. Based on the mode synchrony Setup S2, i.e., w; € Qg,,
we further have ||Ag, — th < €a. Similarly, we obtain HBW —B,,|| < es. Then, by
Lemma D8+ 6) 1T}y Ayl < (e '~ and (5 1T s A~ Tl Al
K2t — 1 —1)(kea + &) 2en.
With (i) and (i), and the fact that [, i1 Au,Bo, — Z;i,ﬂ A@hB@t, = ( Z_:lt,ﬂ A,
z;t,ﬂ A@h)]gwt, —( Z:ltq-l Awh) (BW —B.,, ), we have
T v41 A, B, — - t’+1 Athwt/H < K€l
+ Rt —t — 1)(/{6A +6) " 2(B+eg)ea. (D.19)

According to Setup S1, ¥ and S have the same initial states and inputs. Then, applying

triangle inequality to the difference ||x; — X;||, we have

o1+ t(kea + &)
1 —rea — &

%, — %|| < K2t(kea + ) |xollea + # (B + en)itea + ——iien, (D.20)

K
1-¢

where the following facts are implicitly used: (i) x > 1 by definition; (i) kea + & < 1
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according to the premise. Finally, note that we assume perturbation ey < % and eg < B,
2(1+t€}) w2 Bu

we have [|x; — %|| < 165 52| xolea + T2

A+ %EB, which concludes the proof. [J

D.4.1 Proof for Theorem 6.8 (T2)

To ease the proof exposition, we first define a few notations and concepts. For the original
system Y, fixing the initial state xo and input sequence ug.;_, there can be at most s possible

x4, each of which correspond to one possible mode switching sequence wp, 1 € [s]*. We use

g € [s] to index these states and mode sequences, i.e., mode sequence w(():gt)_l generates state

x\? Then, the reachable set X, defined in Section 6.5 satisfies X, = | ge[st]{xgg)}. Define

probability measure ¢;(g) := P(woi—1 = w(():gt)_l), then we see p;(x) defined in Section 6.5

satisfies py(x) = ng

notations wét , for the mode sequence, 19 for the state, and Gi(9) = P(wos-1 = d)((ft)fl)

for the measure. Then, the following holds: X, = Uge[rt]{xt } and py(x) = Zg&(gL& q(g)-
%9 =

Next, we introduce the following relation regarding mode sequences between > and 3.

)_, q:(g). For the reduced 3 and for all § € [r'], we similarly define

Definition D.14 (Mode Sequence Synchrony). For any g € [s'],§ € [r'], we say ') | is

synchronous to d)((]‘?t)fl (denoted by g §) if wy, € Qp, for allh =0,1,...,¢t— 1.

Note that the synchrony definition here coincides with the mode synchrony in Setup S2.

With this synchrony relation, we first present a preliminary result.
Lemma D.15. For any § € [r]', we have |Gu(9) — 3 .05 2:(9)| < (t = 1)(T + ex)'2er.

Proof. Recall (; indexes the active cluster of X at time ¢, i.e., (; = k if and only if w; € ().

First observe that Zg i W(9) = D ggng PlwWou—1 = W ) = Pw_; € Q@t(;l)l,...,wo €

Q@) =P((o4-1 = th 1)- Also note that ¢,(§) = P(wg.i—1 = cbégt) 1)- So, to show the claim,
“o

it suffices to show for any ¢, € [r]",
IP(Gos = 00:t) — P(Cou = 004)| < H(T + €)' Ler. (D.21)
For the LHS of (D.21), we have

P(d)o;t = O'g;t) = IP)((IJO = 0'0) Hh 1 (O’h 1, O'h) (D22)
P(Co:t = 004) = P(wo € Qgy) - Hh:lTh (D.23)

where T}, := P(wy, € Q,, | w1 € Q wo € Qy,). Note that (p; may not be a Markov

Oh_17 """

process when et # 0, so we cannot drop the past conditional events in (D.23).
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Let o; :=Plwp1 =4 | wh2 € Qyp_,, .- wo € Qyy), then T, = Zieﬂah_l [P(wh € Qy, |
Wh_1 = Z) . P(wh_l =1 ‘ Wh_2 € Qoh72, ..o, Wo € QOO)} = ZiEQo}Hl [(Zjéﬁoh T(Z,j))al} .

Let 8 :== [Q, 7"
tion Q.. = Qi,, we obtain that T(o_1,04) = |Q0, .| 'Zieﬂoh,l(zjmah T(i, 7)) =
Zzeﬂ% L [(ZJEQ ( ))Bﬁ}

Then, it follows that the difference | T —T (041, 0n)| = | ZZ e, | [( Zjefzah T(i, ) uf] —
Zi,i’eﬂghﬁ [(ZjeﬂghT(Z 7]))051'61'/} } < Zi,z '€Q0, H Zjenc,h ' J) — Z]eﬂ% T@'J)‘%@/] <

e, where the first inequality follows from triangle inequality on the absolute values; the sec-

For T(Jh_l,ah), by definition in Algorithm 3 and the assump-

ond inequality holds since the definition of perturbation et in either Problem P6.1 or P6.2
gives \Z]EQ% T(i,j) — Zjefzgh T(i,7)| < er for any i,i" € Q,, .

We have established upper bounds for the differences between each multiplier in (D.22)
and (D.23), by Corollary D.10, we obtain [P(@o; = 00:¢) — P((or = 00:¢)| < t(T + ex) e
which shows (D.21) and concludes the proof. O

Main Proof for Theorem 6.8 (T2). To lower bound the Wasserstein distance Wy (py, pr) de-
fined in the mass transportation problem (6.11), we consider the objective value given
by a constrained mass transportation scheme. Recall with measures ¢; and ¢, we have
pe(x) = zgx L 2(g) and py(%) = Zg:ﬁgg):ﬁ G:(g). With these relations, we consider the
following transportation scheme in terms of ¢, and ¢;: for all the mass ¢;(g) with mode se-

quence wt(g) synchronous to mode sequence w(g)

if there is surplus, i.e., >° . - ¢(g) > ¢(g), we move the surplus portion > . q:(g9) — G(9)
elsewhere.

, it is prioritized to be moved to location g;

Under this moving scheme, let W(q;, G;) denote the optimal objective value of the mass
transportation problem (6.11). Let G, = {§: § € (1], gy 26(9) < 4:(9)}, Gy = [I"\Gi.
Then, Wy(q:, G;) can be viewed as the optimal objective of the following problem:

min (e e 19 9% —57)1%)" (D.24)
st Do £(9,9) = @(9),Y g
> oeir F(9:9) = a(9),Y g
f(9,9) = a(g), YgrigVieg (D.25)
Sy F(9:8) = d(3), YI€EG (D.26)

where constraints (D.25) and (D.26) characterize the moving scheme outlined above. With-

out them, the problem reduces to (6.11), thus Wy(ps, p:) < Wi, G:). To prove the main
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claim, it suffices to show
_ _ o 1
Wolqe, G) < t€5 1 w?|xo0llea + 202tk xo||r (kea + &)Y(T + eT)¥er’f. (D.27)

For all § € [r!], define its synchrony set S(g) := {g : g € [s'], g> ¢} and the asynchrony

set S¢(g) = [s"]\S(g). For the synchrony flow, define total flow Fy := > .0 es(o) f(9:9)

and maximum travel distance D, := max;e[y1 ses(; th )E§g)]|. For the asynchrony flow,

similarly define F, := de[rﬂ,geSC(g) flg,9) and D, := maxge[rr] geS<(§ ||x )Acgg)H. Then,
1

< (F,D! + F,DY)} < FID, + FiD,. We next bound F,, Dy, Fy, D,

we have Wy(qy, 4;)
separately.

For the synchrony maximum travel distance Dy, since g > g, by Theorem 6.8 (T1), we
know D, < t§8_1m2||x0||eA. For the synchrony total flow Fj, we simply bound it with F, < 1.

Now we consider the asynchrony maximum travel distance D,. First note that for
any g and g, we have ||x{” — (7| = || [T\, A, (X0 - A o%oll < ITTHo Ao xoll+
TS Awég)fcoﬂ < 2k(kea + &)||xo||, where the second 1nequa11ty follows from Lemma D.8.
Then, it follows that D, < 2r(kea + &)'||xoll-

For the asynchrony total flow Fj,, define F, ; := desc(g) f(g,g), then F, = de i) F
By constraints (D.25) and (D.26)1 F.; = desc(g)f(g,g) = ¢(9) — Zg:gES(g)f(g7g) -
0(0) =5,y £(9,9). Thus, i § € G, Fiug = 0; and if § € Gr, Fag = 0i(9) — 3, g (9) >
For the latter case, according to Lemma D.15, we have Fo5 = [G:(9) — > .05 %:(9)] <
(t — 1)(T + er)'2er, which further implies that F, = > geprt Fag S TP(r (T + ex)) 2.

Finally, (D.27) can be shown by plugging the upper bounds for Fy, D,, F,, D, into the
relation that Wy(q;, ¢;) < Fj D, + Fa% D,, which concludes the proof. ]

e
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