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ABSTRACT

Since their inception perfectoid spaces have catalyzed a revolution in p-adic geometry. We
redevelop the foundations of perfectoid spaces from the point of view of Berkovich Spaces,
where the underlying topological space of an affinoid perfectoid space is a compact Hausdorft
space — closely resembling the situation in complex geometry. The key technical ingredient
in our construction is arc,-descent for perfectoid Banach algebras. Along the way, we estab-

lish various foundational results for arc,-sheaves, notably a form of the Gerritzen-Grauert

theorem.

vil



CHAPTER I

Introduction

I.1: Affinoid Perfectoid Spaces

The work of Ostrowski on the classification of non-trivial valuations on Q — up to equivalence
there is one valuation for each prime number p, the p-adic valuation, and the archimedean
valuation given by the usual absolute value — illustrate an old analogy in mathematics that
the real numbers R (or the complex numbers C) should be thought as the prime at infinity,
given that the completion of Q with respect to the archimedean valuation is the real numbers
R. Thus, it is natural to ask whether there is a theory of p-adic geometry, parallel to the
rich theory of complex geometry. This vision was first realized by Tate in the early 1960’s,
and then systematically developed by a number of other mathematicians, with the resulting
p-adic geometric objects being dubbed rigid analytic spaces by Tate — with some variants
due mainly to Raynaud, Berkovich and Huber.

During the last decade there has been a revolution in p-adic geometry catalyzed by the
introduction of Perfectoid Spaces by Scholze in his thesis, with one of its first achievements
being an extension of the main theorems of p-adic Hodge theory to (proper) rigid-analytic
varieties, where perfectoid techniques allowed for proofs that closely resemble those of the
main theorems of complex Hodge theory. For his work on perfectoid spaces Scholze used
Huber’s foundational work on rigid-analytic geometry to build upon, it had the advantage
that work in more general situations — needed in the context of perfectoid spaces — than
Tate’s or Berkovich’s work, but at the price of replacing the more traditional category of
non-archimedean Banach algebras with the more subtle category of Huber pairs.

Before diving into the specifics of our work, let us introduce some preliminary definitions.
For the rest of this document fix a prime number p. A perfectoid field K is a non-archimedean
field for which exists a w € K which satisfies 1 > |w®| > |p|, and such that the Frobenius
morphism K< /w? — K<i/w” is surjective — in what follows K will always denote a per-
fectoid field. More generally, a perfectoid Banach K-algebra is a non-archimedean uniform

Banach K-algebra R such that the Frobenius morphism ¢ : R<y/w? — R<;/w? is surjective;



we will denote the full-subcategory of Banp'

by Perfd?2. We will often call an object of Perfd*™ an affinoid perfectoid space, and

denote the affinoid perfectoid space corresponding to the perfectoid Banach K-algebra A by

spanned by the perfectoid Banach K-algebras

M(A); and for an non-archimedean Banach K-algebra A we will denote the corresponding
object of Banyy by M(A).

Motivated by the work of Tate on rigid analytic geometry and the geometric intuition
from complex geometry Berkovich introduced what is now called the Berkovich spectrum of
a Banach K-algebra in [Ber90]. One critical feature of Berkovich’s construction is that —
unlike Tate’s or Huber’s approach to non-archimedean geometry — the spectrum of a Banach
K-algebra is a compact Hausdorff space which allows for direct application of the geometric
intuition that is so valuable over the complex numbers. We refer the reader to Definition
IT1.1.1 for a formal definition, but it suffices to say that Berkovich’s construction produces a

functor
| — | : Ban%¥ — Comp M(A) — [M(A)|

which we will often call the Berkovich functor, and where Comp is the category of compact
Hausdorff spaces.

We use recent advances of the perfectoid theory — notably the development of the arc-
topology — to rebuild the theory of perfectoid spaces from the ground up, using Berkovich’s
work as our foundations. The arcy-topology was introduced by Bhatt and Mathew in
[BM21], it is a Grothendieck topology in the category of qcqs K<j-schemes where covers
are tested by valuation rings of rank 1 where w # 0. Following Raynaud’s approach to
non-archimedean geometry, where Banach K-algebra R are studied via their formal model
R<1?, we translate the purely algebraic definition of the arc,-topology of Bhatt and Mathew

to a definition that can be entirely formulated in terms of the Berkovich spectrum.

Definition I.1.1 (arc,-covers). Let {A — B;}ic; be a finite collection of contractive mor-
phisms of non-archimedean Banach K-algebras. We say that {M(B;) — M(A)}ier is an

LAll Banach K-algebras considered in this text will be non-archimedean, and so we will often drop the “non-
archimedean” adjective and just call them Banach K-algebras. This is reflected in our choice of notation where we
choose to denote the category of non-archimedean Banach K-algebras by Bangk.

2There is a subtle distinction between our definition of perfectoid Banach K-algebras and Scholze’s original
definition [Sch12, Definition 5.1.]; we insist that the norm on R to be power-multiplicative, while Scholze only
requires it to be power-multiplicative up to equivalence. This has some minor practical consequences for us, as we
often work with the non-full subcategory Ban$2™ C Bang of non-archimedean Banach K-algebras and contractive
morphisms, where different norms give rise to non-isomorphic objects.

3The notation R<1 means the objects of R which have norm < 1, and we regard R<; as as a w-complete K<;-

contr

algebra. Throughout much of this work we restrict our attention to the subcategory Bang¥™" C Bangk of Banach
K-algebras with contractive morphisms, making the construction (—)<; functorial.



arcy-cover if the induced map of compact Hausdorff spaces U;c;|M(B;)| — |M(A)| is sur-
contr,op
K .

jective — this determines a (finitary) Grothendieck topology on the category Ban

An important feature of the arc,-topology is that it reflects the topology of | M(A)| much
more than than the topology generated by affinoid domains, used by Tate and Berkovich.
To illustrate this point recall the following fact from point-set topology: if {X; — Y }ier is a
finite collection of maps of compact Hausdorff spaces such that LIX; — Y is surjective, then

the following canonical map is an isomorphism
coeq <(|—|iEIXi) Xy (Uier Xi) = (l—lieIXi)> —Y

We call the Grothendieck topology on Comp generated by finite collections of maps {X; —
Y }ier which induce a surjective map UX; — Y the effective topology (often written in
symbols as eff) on Comp, and the above statement can be interpreted as saying that compact
Hausdorff spaces are sheaves with respect to the eff-topology. While its not true that all
Banach K-algebras are sheaves with respect to the arc,-topology, it becomes true if we
restrict ourselves to the full subcategory of perfectoid Banach K-algebras. In fact, in many

ways the results of this work can be summarized as a way of justifying the following sentence

“Via the Berkovich spectrum, affinoid perfectoid spaces behave as if they were compact

Hausdorff spaces”

Or in other words, we show to what extent an affinoid perfectoid space is determined by its
underlying compact Hausdorff space. Let us illustrate this point with some of the results

from this work.

Theorem A (Tate acyclicity - Corollary I11.4.30). Let M(R) be a perfectoid affinoid space,
and {M(S;) = M(R)}icr a finite collection of morphisms which determine an arcy-cover.

Then, the canonical map
coeq ( Ui jer M(SZ) X M(R) M(Sj) = UiGIM(Si)) —= M(R)

is an isomorphism*, where the coequalizer is computed in Ban?™"°?. This is in fact a small

consequence of a much more fundamental result, which says that the following sequence

0= R— ]S — ] Si®rS; — -

el 1,5€l

*Furthermore, the Berkovich functor | — | : Perfdp™° — Comp will preserve the coequalizer (cf. Propositions
111.1.30 and 111.2.14).



is exact and admissible® .

This result has an important antecedent in [Sch17, Proposition 8.8], where an analogous
result is proved by replacing the Berkovich spectrum, by the adic space spectrum of Huber;
since the Berkovich spectrum lies inside the adic spectrum our results can be viewed as a
slight strengthening of Scholze’s v-descent for perfectoid affinoid algebras — from v-descent to
arc,-descent. Let us also contrast our result with the original form of Tate acyclicity where
R and S; are assumed to be non-archimedean Banach K-algebras which are topologically of

finite type, and where the morphisms M(S;) — M(R) have the form of an affinoid domain.

Example 1.1.2. Let M(R) be a perfectoid affinoid space, and consider the Gelfand trans-
form [T, . M(R) H(x) of R — the most relevant property of the Gelfand transform for this
example is that the underlying topological space of M(]],. M(r) H(x)) can be canonically
identified with the Stone-Cech compactification of M(R) considered as a discrete set. Then,

the following sequence is exact and admissible

O—>R—>HH(9@)—><H”H> (HH)

zeM(R) zeEM(R) rEM(R)

In particular, this implies that the canonically induced map is an isomorphism’

coeq(./\/l( H H(z)) X pmem) M( H H(zx)) = M( H ’H(Jc))) — M(R).

zeEM(R) z€M(R) zeEM(R)

At the crux of the definition of rigid analytic spaces is the notion of affinoid domains,
which play a role analogous to the one that open subsets play in topology. If A — B is a
bounded morphism of non-archimedean Banach K-algebras of topologically finite type, then
we say that M(B) — M(A) is an affinoid domain if the map M(B) — M(A) is universal
in the sense that for any other map M(C) — M(A) such that Im(M(C) — M(A)) is
contained in Im(M(B) — M(A)), there exists a unique morphism M(C) — M(B) making

5In fact, the above result admits an analog after applying the functor (—)<1, which says that the following sequence

0— R§1 — HS¢7§1 — H Si7§1®%glsj'7§1 — -

i€l i,j€1

is almost exact, in the almost category of K<i-modules.

5In Theorem I11.3.17 we show that every affinoid perfectoid space M(A) admits a structure presheaf with the
expected properties, and the above discussion shows that it is in fact a structure sheaf. See also Theorem I11.3.19 for
discussion on the basic properties of stalks on affinoid perfectoid spaces.

"This result admits the following topological analog: if X is a compact Hausdorff space, and B(X6) is the Stone-
Cech5 compactification of X as a discrete set, then we have the following isomorphism coeq(3(X°) xx B(X°) =
BX?)) = X.



the following diagram commute

M(B) —— M(A)

The Gerritzen-Grauert theorem [BGR84, 7.3.5] is one of the most important foundational
results in rigid analytic geometry, in particular it implies that affinoid domains are finite
unions of rational domains, allowing the proof of Tate’s acyclicity for finite covers by affinoid
domains by bootstrapping the same result from rational domains. In contrast, the analogous
result in the category of compact Hausdorff spaces admits a much cleaner answer, if X — Y
is an injective morphism of compact Hausdorff spaces then X is endowed with the subspace
topology of Y and so any map Z — Y whose image is contained in X admits a unique
factorization as Z — X — Y. In the category of affinoid perfectoid spaces we have the
following result, which parallels [Sch17, Proposition 5.3].

Theorem B (Affinoid Domains - Theorem [V.3.3). Let M(S) — M(R) be a morphism of

affinoid perfectoid spaces, then the following are equivalent

(1) The morphism M(S) — M(R) is a monomorphism in the category of affinoid perfectoid

spaces.

(2) The induced map of underlying sets M(S) — M(R) is injective, and for each z € M(R)
with inverse image y € M(S) the induced map of completed residue fields H(x) — H(y)

is an isomorphism.

(3) The map M(S) — M(R) is an affinoid domain: for any morphism M(T) — M(R)
such that In(M(T) - M(R)) C Im(M(S) — M(R)), there exists a unique morphism
M(T) — M(S) of affinoid perfectoid spaces, making the following diagram commute

The above result really is a special feature of affinoid perfectoid spaces, and does not hold
for more general non-archimedean Banach K-algebras. Indeed, we can consider the canonical
surjection K(T) — K(T)/(T?) and then the induced map M(K(T)/(T?)) — M(K(T)) is

a monomorphism in Ban}’; however, it is not an affinoid domain as the canonical inclusion



M(K) — M(K(T)) at the origin will not factor through M(K(T)/(T?)) — M(K(T)).
The proof of Theorem B relies on Theorem C, which was inspired from the fact that a map
X — Y of compact Hausdorff spaces is an homeomorphism if and only if the underlying
map of sets is a bijection. This also explains the failure of Theorem B for general Banach
K-algebras, as maps from non-archimedean fields cannot distinguish between a Banach K-

algebra A and its uniformization A".

Theorem C (Isomorphisms - Theorem 1V.3.2). Let M(S) — M(R) be a morphism of

affinoid perfectoid spaces, then the following are equivalent

(1) The map M(S) — M(R) is an isomorphism of affinoid perfectoid spaces.

(2) The induced map of underlying sets M(S) — M(R) is bijective, and for each x € M(R)
with inverse image y € M(S) the induced map of completed residue fields H(z) — H(y)

is an isomorphism.

(3) For all perfectoid non-archimedean field L, the induced map Maps(M (L), M(S)) —
Maps(M (L), M(R)) is bijective.

Example 1.1.3. The following are all monomorphisms in the category of affinoid perfectoid

spaces.

(1) (Residue Fields) For every point # € M(R) of an affinoid perfectoid space, the canonical
map M(H(z)) — M(R) is a monomorphism of perfectoid affinoid spaces®.

(2) (Rational Domains) Let X = M(R) and V = {z € X such that |fi(z)| < |g(z)|} for
a collection of elements {g, f1,..., fn} C R which generate the unit ideal. There exists
a unique perfectoid algebra Ox (V') together with a monomorphism M(Ox(V)) — X,
such that at the level of underlying sets its image is given exactly by V C X*.

(3) (Zariski Closed Subsets) Let R is an perfectoid Banach K-algebra and I and ideal of
R. Even though the Banach K-algebra R/I is not perfectoid, we know from [BS22,
Remark 7.5] that there exists a initial perfectoid Banach K-algebra S receiving a map
from R/I, such that the induced map R — S is surjective. Thus, we learn that the map
M(S) - M(R) is a monomorphism of affinoid perfectoid spaces, and at the level of
underlying sets has the same image as M(R/I) — M(R)".

8For general Banach K-algebras it is not generally true that the map M(H(z)) — M(R) is a monomorphism in
Ban""°P_ but its close to being so (cf. Proposition 111.2.18). Furthermore, in general M(H(z)) < M(R) fails to
be an affinoid domain, for example due to the presence of nilpotents.

9In Proposition I11.2.6 we show that rational domains are monomorphisms for general Banach K-algebras and
in Proposition [11.2.8 that they satisfy the universal property of affinoid domains with respect to uniform Banach
K-algebras.

19Tf R is a Banach K-algebra and I C R a closed ideal, the induced map M(R/I) — M(R) is a monomorphism in
Ban§"""° but fails to be an affinoid domain, for example due to the presence of nilpotents.



Let us conclude this section with a word on what is involved in the proofs of this state-
ments. The proof of the form of Tate’s acyclicity for affinoid perfectoid spaces stated
above, ultimately relies on [BS22, Proposition 8.10] which show that integral perfectoid
algebras satisfy arc-descent. However, this result is not directly applicable to our situation
as integral perfectoid algebras are never perfectoid Banach K-algebras, thus there is some
translation needed in order to use loc. cit. to prove statements about perfectoid Banach
K-algebras. In order to achieve this goal, in Theorem D we establish an equivalence of
categories (—)<; : Banf™" ~ CAlg?(“;lf : (—)[L], which provides a way to translate state-

ments form integral perfectoid algebras to statements about perfectoid Banach algebras'!.

We regard the following dictionary as a categorical version of [And18, 2.3.1].

Theorem D (Dictionary - Proposition 11.4.30). Let K be a perfectoid non-archimedean field
and w € K a topological nilpotent unit admitting a compatible system of p-power roots.
We denote by Ban®™" the category of non-archimedean Banach K-algebras with contractive
morphisms, and CAlgfglf the category of w-complete w-torsion-free almost K<;-algebras,
where almost mathematics is perform with respect to the ideal ('/?™) C K<;. Then, there

is an equivalence of categories
u 1
()= Bang™ = CAIge” - ()] 2]

Furthermore, this equivalence induces equivalences between the following categories:

contr

(1) The category uBang C Ban®?™ of uniform Banach K-algebras, and the category
CAlgf(t;i C CAIgf(‘l;f of w-complete w-torsion free algebras A which are also totally
integrally closed with respect to A C A[Z] (cf. Proposition 11.4.35).

(2) The category Perfd?™ c Ban$™* of perfectoid Banach K-algebras, and the category
Perde“Sl C CAlg%“;lf of almost integral perfectoid K<j-algebras (cf. Propositions 11.5.2
and [1.5.8).

(3) The category of non-archimedean fields (resp. perfectoid non-archimedean fields) over
K, and the category of w-complete rank one (resp. integral perfectoid) valuation rings
V' with faithfully flat structure map K<; — V (cf. Proposition 11.5.23).

(4) Let R — S be a contractive morphism of Banach K-algebras. Then, M(S) — M(R)

1YWhile the need to restrict to w-complete w-torsion free K <1-algebras is clear, the need for almost mathematics
may not be so transparent. The following heuristic attempts at explaining the need for almost mathematics: if R
is a Banach K-algebra it is clear that if © € R satisfies |[z| < 1+ ¢ for all € > 0 then |z| < 1; on the other hand if
R C R[L] is a w-torsion free K<j-algebra and z € R[L] it is not generally true that if @'/?"z € Rfor all n € Z>o
that z € R — almost mathematics fixes this issue.



is surjective if and only if the map R<; — S<; is an arcg-cover in the sense of [BM21,
Definition 6.14] (cf. Proposition I11.4.23).

In order to effectively work with the category CAlg%‘zf in Section I1.3 we show that the

canonical inclusion CAlgi®" € CAlgy_ admits a left adjoint

(—)hett CAngSl — CAlg/}(‘?f

which can be described as: first passing to the w-torsion free quotient, followed by -
completing and finally passing to the almost w-category'?. As a result, we learn that for
a pair of contractive morphisms A «+— C' — B of Banach K-algebras, the completed tensor
product admits the following identity (A®cB)<; ~ (A<i ®c., B<i) .

On the other hand, the proof of Theorem B rely on some basic topos theory performed

in the category of arc,-sheaves which we will discuss in the next section.

1.2: The Berkovich Functor

In developing a global theory of perfectoid spaces we follow Grothendieck’s functor of points
approach to algebraic geometry and regard the functor the geometric object represents as
fundamental. This is not to say that the traditional geometric ingredients are lost, like the
Zariski spectrum of a ring, but rather they take an auxiliary role as they can be extracted
from the functor the geometric object represents. This approach was also taken up to some
extent by Tate in the original definitions of rigid analytic spaces. Before diving into the more
sophisticated approach to analytic geometry taken in this paper, let us do a whirlwind tour
of the functor of points approach to the definition of the category of schemes, we refer the
reader to [FHO6, Chapter VI| for more on this perspective. As we see it, there are two basic
ingredients needed to get the theory off the ground, first it is the Zariski spectrum of a ring,
which provides us with an underlying topological space associated to our geometric object

in a functorial way
| Spec(—)| : CAlg®® — Top Spec(R) +— | Spec(R)|

The second main ingredient is the ability to work locally in the Zariski spectrum Spec(R)
to answer questions about R itself; for example if we have a finite collection of morphisms

{Spec(R[%]) — Spec(R)}ier — which are called Zariski open sets and form a basis for the

12%When restricted to the category of integral perfectoid algebras Perfdx_, C CAlgy_, the functor (=)"e tf identifies

with the much simpler functor (—)°.



topology of Spec(R) — which induce a surjective map at the level of underlying topological
spaces Uier| Spec(R[])| — |Spec(R)|, then the following sequence is exact'”

0—>R—>HRf HRf ®RR[f]

el i,J€1 J

Informally, this is saying that one can recover R from {R[ -] }ier together with some gluing
instructions along Zariski open subsets; furthermore, this is compatible with the Zariski
spectrum in the sense that the topological space |Spec(R)| can be obtained by gluing
{] Spec(R[%m}ie[ along the intersections

{[soec (R[] on R [7])] = |soec (R[] s0ec (%[5

J

DI er

Intuitively, the category of schemes is then the category of geometric objects which are

obtained by gluing a collection {Spec(S;)} along Zariski open subsets. In order to make
this definition precise, the language of sheaves on a site (and thus the language of topoi)
provide a powerful framework to perform local-to-global constructions; indeed, the category
of schemes can be realized as the full subcategory of the category of Set-valued Zariski sheaves
Shvy.,(CAlg®?) spanned by objects X satisfying the following conditions: there is a collection
of open subfunctors {Spec(S;) < X };esr such that the induced map U;c; Spec(S;) — X is
a surjective map of Zariski sheaves.

Our approach to defining a global theory of perfectoid spaces is formally quiet similar
to the discussion in the previous paragraph, we will first define a category of sheaves and
then we will isolate the category of perfectoid spaces as a full-subcategory satisfying certain
properties. The analog of the category Shvy,, (CAlg®) will be the arc,-topos Xy, which is
defined as

o contr,op
Xareo, 1= Shvec (Bany )

t . .
P However, instead of associating a

the category of Set-valued arc.-sheaves on Banj
“underlying topological space” to each arc,-sheaf we associate a condensed set. The category
of condensed sets, denoted by Cond, was first introduced by Clausen and Scholze [CS19b]

and its defined as

Cond := Shveg(Comp)

13 Analogous to Theorem A.



the category of Set-valued sheaves on Comp with respect to the effective topology'* 1°. One
reason we prefer to work with the category of condensed sets as opposed to the category
of topological spaces, is that it mirrors the construction of &,,._ better, for instance, the
category of condensed sets is a topos while the category of topological spaces is not. Fur-

thermore, we can informally think of the arc,-topology on Banf™™ as the “inverse image”

contr

of the effective topology under the Berkovich functor | —| : Bani?™" — Comp. The following

result shows that we can extend the Berkovich functor to all arc,-sheaves.

Theorem E (Berkovich Functor - Construction 1V.2.10). There exists a unique colimit

preserving functor, which we call the Berkovich functor,
| — | : Xare, — Cond
making the following diagram commute

—|> Comp

& arcwl lct eff

Xareo, L Cond

contr,op |-
Banj,

Where &K is the sheafified Yoneda functor with respect to the topology 7. Recall that since
compact Hausdorff spaces are sheaves with respect to the effective topology the Yoneda
functor X.g is fully faithful, and by Theorem A we learn that the restriction of & ,._ to

Perfd ™™ P is fully faithful, but not in general'® 7,

In what follows we will often not make a distinction between a compact Hausdorff space
X and it associated condensed set &.4(X), and we will just denote both by X. Moreover,
for a condensed set X : Comp® — Set we will often consider the set X (x), the value of X
at * € Comp, and refer to it as the underlying set of X. On the other hand, if M(A) is an

affinoid perfectoid space we will not make a distinction between M(A) and its associated

1 A word of warning is in order: the categories Ban$™" and Comp are large categories, and so considering functors

defined on them presents set-theoretic difficulties. In order to avoid this problems we implicitly impose a cardinal
bound < s by some uncountable strong limit cardinal to the categories Ban{™" and Comp. Thus what we call a
condensed set is called a k-small condensed set in [CS19b]. Our constructions do not depend on the choice of cardinal
bound, thus we will not mention it throughout most of this work.

'5Clausen and Scholze also define the category of k-small condensed sets as Shveg (ProFin), where ProFin C Comp
is the category of profinite sets which forms a basis for the effective topology on Comp, thus giving rise to an equivalent
category.

"“For example, the uniformization M(A") — M(A) becomes an isomorphism after applying & ..c_ -

"Even though technically & are, is defined on Ban2™™°P and not on Ban$?, since L are,, identifies M(A) with its
uniformization M(A") and morphisms between uniform Banach K-algebras are contractive, by precomposing & ,._

GON Farcg

with the uniformization functor Ban%’ —> uBang —= Xarc,, We obtain a natural extension of Jiarcw to Ban%’.
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arcqy-sheaf &K ,.._(M(A)) and we will just denote both by M(A). However, if A is a general
Banach K-algebra, since & 4 is not fully faithful we will write M(A)arc for & ae (M(A)).

Example I.2.1 (Perfectoid Torus). Let C, be an algebraically closed perfectoid field ob-
tained as the completion of an algebraic closure of Q, and set X = M(C,(T*!))a... Con-

sider the family of maps
o= X, =X == X X, = M(CP<Ti1/pn>)arcw

where the transition maps X, — X,_; are induced by the canonical inclusions
C,(TH/P"") — C(T*VP"), which are finite etale maps and in particular arce-covers.

Then, the following identity

Cp(Til/p">®0p<Ti1>Cp<T:|:1/p”> é H CP<T:|:1/pn>

gEUpn (CP)

where an element €, € p1,n(C,) acts on C,(TV/P") via the map TVP" s €, TV?" allows us

to rewrite the isomorphism coeq (Xn Xx X, = Xn) =5 X as

coeq ( Ueneppm (Cp) Xn = Xn> — X equivalently X,,/un(C,) ~ X

Hence, we learn that the map X, — X presents X,, as a u,m(C,)-torsor, and since the
Berkovich functor &,,._ — Cond preserves all colimits we get an induced isomorphism of
compact Hausdorff spaces | X,,|/pn (C,) =~ | X|. Next, define the object X, = lim,, X,, where
the limit is computed in X,._, we see that X, is represented by M(C,(T'/?™)) showing
that it is an affinoid perfectoid space. By definition, the map C,(T*!) — C,(T*/P7) is a
pro-finite etale map, and since the the Berkovich functor | — | : Ban{""*° — Comp preserves
all limits, the compact Hausdorff space | X, | identifies with lim,, | X, |, showing that X, — X
is an arcy-cover — Tate acyclicity for perfectoids (Theorem A) suggests that from the point
of view of the arc,-topology we may think of X, as a universal cover of X. By the above
discussion, we learn that X, — X presents X, as a p,~(C,) = lim, y,n»(C,) torsor, where
an element (e,) € lim,, p,»(C,) acts on X, via the map T*?" s ¢, T'/?" and where we regard
the group p,~(C,) as a profinite group. Thus, we get the identity X /pp=(C,) >~ X, and
since the Berkovich functor preserves all colimits we get an isomorphism |Xo|/ptp(C,) =~
| X| of compact Hausdorff spaces.

Let us now explain a purely topological analog of the above example. Let S! be the unit

11



circle, which we regard as an analog of M(C,(T*!)),... and the map p"-fold covering map
S1 — S' as an analog of the morphism X,, — X. The p"-fold covering map S! — S' admits
an action of p,m (C,) by deck-transformations and induces an isomorphism S*/p,»(C,) ~ S*.
Taking the limit S = lim,, S, where the transition maps are the p-fold covering space map
St — S we obtain a solenoid-like compact Hausdorff space S. — analogous to the affinoid
perfectoid space M(C,(T*/P™)). By construction, the map SL — S! presents S. as a
e (C,)-torsor, and induces the identity SL /uy~(C,) ~ S*. The construction of S — S?
is analogous to the universal covering space map R — S*, with the important distinction

that S1 is a compact Hausdorff space.

Example 1.2.2 (Covers by Perfectoids). Every Banach K-algebra A admits a non-canonical
arcq-cover by a perfectoid Banach K-algebra, which implies that Perfd,™ " ¢ Ban$™"P
form a basis for the arcg-topology. The Gelfand transform of A — defined as A —
[Toetcay H(z) — is an arcg-cover, and let %A be an algebraic closure of H(z) followed by

the completion of the non-archimedean field #(x). The resulting object [],c 4 7'-[(31:)A is

a perfectoid Banach K-algebra, and the induced contractive morphism

A H(z)"
zeEM(A)

is an arcg-cover of A by the perfectoid Banach K-algebra [], . M(A) H(x)A For completeness
sake let us mention again that the underlying topological space of M ([ ], (a) H(:v)/\) can be
canonically identified with 3(M(A)%) - the Stone-Cech compactification of M(A) regarded

as a discrete set.

Following Grothendieck we regard a topos as a natural place to do geometry, and our
work aims to show that we can do non-archimedean geometry over a perfectoid field K in the
topos X, — this is parallels Scholze’s approach to non-archimedean geometry via v-sheaves
[Sch17]. In fact, in order to prove the classification of affinoid domains for affinoid perfectoid
spaces (Theorem B) we are forced to consider the totality of the category of arc,-sheaves.
Along the way we prove a much more general version of the aforementioned theorem — we will
often need to impose mild finiteness hypothesis to the arc,-sheaves we consider, like being
quasicompact or quasiseparated, we follow [Gro72, Expose VI] for the relevant background.

In fact, our original slogan now admits the following more general version

“Via the Berkovich functor, quasicompact quasiseparated arc-sheaves behave as if they

were compact Hausdorff spaces” .

18Tn Proposition IV.2.11 we show that the Berkovich functor preserves quasicompact and quasiseparated objects,
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To get the theory off the ground, let us provide some examples of qcqs arc,-sheaves and

mention some of the basic information of X € X, we can read off from the set | X|(x).

Example 1.2.3 (Proposition 1V.2.8). For every object M(A) € Ban""°P, its image under

the sheafified Yoneda functor M(A)a..., is a quasicompact quasiseparated arc,-sheaf.
Theorem F (Section 1V.2.2). The arc,-topos X, has the following basic properties

(1) (Points) Let X € Ay, then for each # € |X|(x) there exists a perfectoid non-
archimedean field L and a morphism M (L) — X such that under the Berkovich functor
it gets mapped to x : ¥ — | X|. Furthermore, if we have a pair of morphisms Y — X < 7

such that |Y|(x) X|x|u) | Z](x) # 0 then Y xx Z # 0.

(2) (Epimorphisms) Let X — Y be a morphism in X,,._, and assume that Y is qcgs and
X is quasicompact, then X — Y is an epimorphism if and only if | X|(x) — |Y|(%) is a

surjective map of sets.

(3) (Residue Fields) Let Y € A, be a quasiseparated object, then for each z € |Y|(x)
there exists a unique qcgs object Y, together with a monomorphism Y, < Y such that
it gets mapped to = : x — |Y| under the Berkovich functor. We call the resulting map
Y, < Y the completed residue field of Y at x € |Y|(x).

Theorem G (Isomorphisms® - Proposition 1V.2.15). Let X — Y be a morphism of qcqs

objects of X,,._. Then, the following are equivalent
(1) The morphism X — Y is an isomorphism.

(2) The morphism X — Y is an arcg-equivalence: there exists a cofinal collection of perfec-
toid non-archimedean fields such that the induced map X (L) — Y (L) is a bijection for

every object in this cofinal system.

(3) The induced map | X|(x) — |Y|(x) is a bijection, and for each z € |X|(*) ~ |Y|(x) 2 y

the induced map of completed residue fields X, — Y is an arcg-equivalence.

The previous result allows us to understand to what extent the sheafified Yoneda functor
Koare, : Banf™ % — X, is not fully faithful. We say that a morphism f : M(A) — M(B)
in Banf™"°P if part of the collection W if the map |f|(x) : [M(A)|(x) — |[M(B)|(x) is
bijective and each x € |[M(A)|(x) =~ |M(B)|(*) > y the induced map M(H(z)) = M(H(y))

and in Proposition 1V.2.4 we showed that subcategory of quasicompact quasiseparated objects of Cond is canonically
equivalent to the category of compact Hausdorff spaces.
'Compare with [Sch17, Lemma 12.5].
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of completed residue fields is an arc,-equivalence. Then, the functor &K ,._ : Banigntr’()p —

Xare,, factors as

. contr,op contr,op -1
K are, : Ban} — Ban/ W™ = Xare,

where the first functor is a localization of Banj™ " with respect to W, and the following

functor is fully faithful.
The following result is a version of the Gerritzen-Grauert theorem for rigid analytic

geometry, and extends Theorem B to more general arc,-sheaves.

Theorem H (Monomorphisms?’ - Proposition IV.2.16). Let X — Y be a morphism in X,._,

and assume that X is qcgs and Y is quasiseparated. Then, the following are equivalent

(1) The morphism X — Y is a monomorphism.

(2) The induced map | X|(x) — |Y|(*) is an injective map of sets, and for each = € | X|(x)
with image y € |Y|(x) the induced map of completed residue fields X, — Y, is an

arc-equivalence.

(3) The morphism X — Y is an analytic domain: for any object Z € X, and any
morphism Z — Y satisfying Im(|Z|(x) — [Y[(+)) C Im(|X|(x) — |Y|(x)), there exists a

unique morphism Z — X making the following diagram commute

Example 1.2.4. Let A be a Banach K-algebra, and X = M(A),._ its associated arc,-

sheaf. Then, the following are examples of analytic domains

(1) (Residue Fields) For each z € | X|(x) there exists a non-archimedean field H () together
with a monomorphism M(H(x))are, — X.

(2) (Rational Domains) For any subset |[M(A)| D V := {z € M(A) such that |f;(z)] <
lg(x)|}, where {g, f1,..., fn} C A generate the unit ideal, there exists a Banach K-
algebra B and a monomorphism of arc,-sheaves M(B)ac, — M(A)arc,, wWith image

V C IM(A)] = [M(Aares |-

(3) (Zariski Closed Subsets) For any closed ideal I € A, the induced map M(A/I)ae, —

M(A)arc., is a monomorphism of arc,-sheaves.

20Compare with [Sch17, Proposition 12.15].
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I.3: Analytic Geometry

In the first section we introduced and studied the category of affinoid perfectoid spaces,
in this section we will introduce and study global analogs called perfectoid spaces, and we

2L Moreover, we wield the full

will do so by isolating them as a full-subcategory of X
power of the arc,-topos X, to develop a theory of non-archimedean geometry that works
without any finiteness hypothesis; to the best of our knowledge this is the first instance
in the literature where Berkovich geometry has been developed beyond the topologically of
finite type case. One of the major obstructions in doing so is that there is no structure sheaf
on Banach K-algebras in this generality’? — we remedy the this by replacing the structure
presheaf by its perfectoidization.

Let us introduce the basic objects of study. We say that an arc,-sheaf X is a perfectoid
space if there exists a collection of monomorphisms { M (A4;) < X };c; from affinoid perfectoid
spaces®® | such that the induced map U;e; M(A;) = X is an epimorphism of arc,-sheaves (cf.
Definition 1V.3.1). More generally, we say that an arc,-sheaf X is a arcy-analytic space if
there exists a collection of monomorphisms { M(A;)arc, <> X }ier, where each A; is a Banach
K-algebra, such that the induced map U;e; M(A;)are, — X is an epimorphism of arc,-
sheaves (cf. Definition IV.3.7). In particular, if X is of the form M(A)a._ for some Banach
K-algebra A then we say that X is an affinoid arcy-analytic space. Furthermore, we say
that a perfectoid space (resp arc,-analytic space) X is quasicompact (resp. quasiseparated)
if it is so as an object of Xy .

Since the category of perfectoid spaces is a full subcategory of the category of arc-

analytic spaces we will formulate our results using the language of arc,-analytic spaces.

Definition I1.3.1 (Maximal Atlas). Let X be an arc,-analytic space (resp. condensed set).
Define Sub(X)q.qs as the category whose objects are monomorphisms Y < X from a qcgs
arc-sheaves (resp. compact Hausdorff spaces) and morphisms are maps Y} — Y2 making

the following diagram commute

Y, > Yo
X

In particular we see that any map Y7 — Y5 in Sub(X)qeqs must be a monomorphism. We call

21parallel to what happens in algebraic geometry, where we can isolate the category of schemes as a full-subcategory
of Shvza, (CAIg®P).

228ee [BV14, 4.1] for a counterexample.

23By Theorem A we know that PerdeB{a"")p embeds fully faithfully in Xarc via the Yoneda functor &,.._. Hence,
from this point onwards we regard the category of affinoid perfectoid spaces as a full subcategory of Xarc -
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Sub(X)qeqs the category of gegs subobjects of X. Furthermore, if X is an arc-analytic space
we can also consider the full-subcategory Sub(X)ag C Sub(X)qeqs spanned by affinoid arc-
analytic spaces Y = M(A)a_, we regard Sub(X)ag as an analog of Berkovich’s mazimal
affinoid atlas (cf. [Ber93, Proposition 1.2.15]).

Proposition 1.3.2 (Proposition 1V.2.18). Let X be a quasiseparated arc,-analytic space,

then the Berkovich functor | — | : X, — Cond induces an equivalence of categories

~

Sub(X)qeqs — Sub(| X |)qeqs (Y = X) = (Y] = |X])

In particular for any pair of morphisms Y; — X <= Y5, there is a canonical isomorphism
¥i xx Yal = ¥i] xpx) Y] = [¥3] 0[¥a]

The following result greatly extends Theorem A beyond the perfectoid case; however, it
comes at the price that we can no longer work with a sheaf of modules, but rather have to
work with sheaves of complexes and thus we have to work in the almost derived oco-category
of K<1, where almost mathematics is performed with respect to the ideal (o'/?™) C K<;. In
order to formulate this result, we need the notion of perfectoidization of a w-complete K-

algebra introduced in [BS22, Section 8], we refer the reader to loc. cit. for the definitions.

Theorem I (Structure Sheaf - Proposition I11.4.34). Let X = M(A)ac, be an affinoid

arco-analytic space. Then, the functor®*
Ox perta(—)%1 : Sub(X) T — D(K<1)y'  (M(Bare = M(A)are.,) = (B<iperta)”

is an arcs-sheaf of complexes in the almost derived co-category of K<;, where almost math-

ematics is performed with respect to the ideal ('/?™) C K.

Example 1.3.3 (Proposition [11.4.27). The following examples compute Ox perta(—)%; in a

couple of special cases

(1) If Ais a Banach K-algebra of characteristic p, then (A<q perta)® = (A<1 perr)®, Where the

latter is just the w-completed colimit perfection A< perr = colimy, ,p A<.

(2) If A is a perfectoid Banach K-algebra, we may restrict to the full-subcategory
Sub(X)perta € Sub(X)ag spanned by perfectoid Banach K-algebras, then the structure

sheaf Ox perta(—)%; admits a much simpler description as

Ox(=)%; : Sub(X)peg — D(K<1)z! (M(B) = M(A)) = (B<1)*

24By Proposition 111.4.34 we learn that the construction (M(B)arc, — M(A)arcy, ) — (B<1,perta)® only depends
on M(B)arc,, and not on the choice of representative B.
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(3)

Let X = M(Cu{(T*"))ur,, we follow the discussion on Example [.2.1 to compute

Ox perta(X)%. Since Xoo — X is a iy (Cp)-torsor we can use the presentation

—

+1/p>\ _ K
C, (T*1/P™) @EZ%}CP T
and arce-descent for (—)%, . to identify (Cp(T='))%, 4 as the complex in the cat-
egory D(K <)

(C,(T*))e ~ @ C LT M C K
p <l,perfd — iEZ[l} p,<1 p,<1
P

where € = (€,) € lim,, 1,0 (C,,) = p1p (C,) is a generator. In particular, we see that when
i € Z the map T* — (1 — €")T" is the zero map, while when ¢ ¢ Z it is an isomorphism.
Thus, we obtain the identity

—

(Cp<Ti1>>%1,perfd ~ @iez (Cp,gl LT i> Cp,gl . Tz)

25

providing an example where (C,(T"))%, | . is not concentrated in degree zero

In order to make closer contact with Berkovich’s theory of K-analytic spaces, we would

like to show that arc,-analytic spaces admit a theory of strong morphisms (cf. [Ber93,

Definition 1.2.7]) — informally, a theory of strong morphisms says that given an a morphism

X — Y of K-analytic spaces and an affinoid cover {M(A;) < Y}, there exists an affinoid

cover of {M(B;) — X} refining the cover on Y. We show that separated arc-analytic

spaces admit a theory of strong morphisms.

Definition I.3.4 (Definition 1V.2.20). Let Y — X be a morphism of arc-analytic spaces.
Then,

(1)

We say that Y — X is affine if for every morphisms M(A)u., — X, where A is a
Banach K-algebra, the fiber product Y Xy M(A)ac,, is represented by some Banach
K-algebra B, in other words we have an identification M(B)ae, =Y X x M(A)arc., -

We say that Y — X is a closed immersion if it is affine, and for every morphisms
M(P) — X, where P is a perfectoid Banach K-algebra, the induced morphism
Y xx M(P) — M(P) is represented by a surjective map P — R of perfectoid Ba-
nach K-algebras. In other words, there exists a perfectoid Banach K-algebra R and an
isomorphism M(R) =Y x x M(P) such that the induced map P — R is surjective.

25Compare with [Sch13, Section 4].
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(3) We say that Y — X is separated if the diagonal map A : Y — Y Xxx Y is a closed
immersion. In particular, we say that X is separated if the map X — M(K) is separated.

Example 1.3.5. The following are some examples of the classes of morphisms of arcg-

analytic spaces we just introduced

(1) A morphism M(B)ac,, — M(A)ar., of affinoid arc,-analytic spaces is affine (cf. Ex-
ample [V.2.21).

(2) If A — B is a contractive surjective morphism of Banach K-algebras, the induced map
M(B)are, — M(A)arc is a closed immersion®® (cf. Example 1V.2.22).

(3) All affinoid arc,-analytic spaces M(A)ar,, are separated (cf. Example 1V.2.23).

Remark I.3.6 (Atlases and strong morphisms - Remark [V.3.12). Let us use the technology
developed so far to make contact with Berkovich’s theory of K-analytic spaces as developed in
[Ber93, Section 1]. Let X be a separated arc-analytic space, then the category Sub(X)ag is
closed under fiber products and satisfies most of the conditions for a net of compact hausdorff
spaces on a topological space in the sense of Berkovich?’. Furthermore, one can show that the
natural functor Sub(X)ag — X, defined by (Y — X) — Y satisfies colimgup(x),z ¥ = X.

Finally, let us argue that any morphism f : X — Y of separated arc,-analytic spaces
comes from a “strong morphism” in the sense of Berkovich [Ber93, Definition 1.2.7]. Indeed,
for each monomorphism M(A)ae,, < X there exists a finite collection of monomorphisms
{M(A})are, = M(A)are., } inducing an arc-cover, such that for each M(A;)arc,, there exists
a monomorphism M(B;) < Y such that |f|(*) <]M(Al)|(*)> C |M(By)|(*). In particular,
there exists an essentially unique morphism M (A;)arc., = M(B;)are,, making the following

diagram commute

M (Ai)arcw E— M(Bi)arcw

[ [

X > Y

Before diving deeper into the theory, let us show a recipe for producing separated arc,-

analytic spaces as the “zw-complete generic fiber” of quasicompact separated schemes over

K.

Theorem J (The Generic Fiber Functor - Construction 1V.3.13). There exists a functor

(_)n,arcw : SCthl,chs - Xarcw X = Xn,arcw

26This result relies critically on the fact that Zariski closed sets are strongly Zariski closed [BS22, Theorem 7.4].

2"With the exception that for each = € |X|(*) there need not exists a finite collection of objects {¥; < X} in
Sub(X)ag whose union contains a neighborhood of z. Later we will introduce the notion of a “locally compact”
arce-analytic space which is meant to fill in this gap.
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which we call the generic fiber functor satisfying the following properties:
(1) If X is qcqs K<i-scheme, then X, .. is a qcgs arco-analytic space.

(2) If Y — X is a closed immersion of qcqs K<q-schemes, then Y, o — X arc, 1S a closed

immersion of arc,-sheaves.

3) If X is a quasicompact separated K .i-scheme, then X, ..._ is a quasicompact separated
> mn, w

arc-analytic space.

Example 1.3.7. The affine line A}{q is a quasicompact separated scheme over K, and
its image under the generic fiber functor is given by the unit disk D .. = M(K(T))arc.,
which is a quasicompact separated arc,-analytic space. Similarly, the projective line P}(q
is a quasicompact separated K<; scheme, and its image under the generic fiber functor givés
rise to the quasicompact separated arc,-analytic space P}Camw defined as the colimit of the

following diagram

M(E(TH))are,

M(K<T1>)arcw M(K<T2>)arcW

where p;(T') = Ty and py(T) = Ty *. There are also perfectoid analogs of the previous exam-

ples, for instance the affine scheme A}gojl = Spec(K<;[T'/?™]) is a quasicompact separated

scheme over K<;, and its image under the generic fiber functor is the perfectoid unit disk

D = M(K(T"/?™)) which is a quasicompact separated perfectoid space. Similarly we

can define the quasicompact separated scheme P}iol as the scheme obtained by gluing two

copies of A}(‘fl along Spec(K <1 [T*'/7]), analogously to how P} _ is defined. We denote the
1,00

image of P}KZOI under the generic fiber functor by P, which is a quasicompact separated

perfectoid space, which can be defined as the colimit of the diagram

M(K(T*/P™Y)
% K
where py (TV7") = T{/"" and py(T'7") = T, '/7".

Its rather surprising that we have been able to developed much of this theory without

relying on a notion of “open subsets”, we conclude this introduction by explaining that
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arcg-analytic spaces come equipped with a good theory of open subsets. Our theory of
arc-analytic spaces (and more generally arc,-sheaves) differ the most from Huber’s theory
of adic spaces (or Scholze’s theory of v-sheaves) when we study their open subsets. To
illustrate the differences recall that in Scholze’s theory of perfectoid spaces for an affinoid
perfectoid space X and a rational domain V' the canonical map V' — X is an open immersion,
while for us the inclusion of a rational domain into an affinoid perfectoid space V — X is

not an open immersion generally*®.

Definition I.3.8 (Open Immersions - Definition 1V.3.25). A monomorphism U — X of
arcy-sheaves is an open immersion if the induced map |U| < |X| is an open immersion of
condensed sets (cf. Definition 1V.3.18).

Theorem K (Propositions 1V.3.27 and 1V.3.28). The collection of open immersions have

the following properties

(1) If X is an arcy-analytic space (resp. a perfectoid space), and U < X is an open

immersion of arc,-sheaves then U is an arc,-analytic space (resp. a perfectoid space).

(2) If X is a quasiseparated arc,-analytic space and U < X an open immersion, then it is
an analytic domain: for any morphism Z — X such that Im(|Z|(x) — | X|(x)) C |U|(%)

there exists a unique morphism Z — U making the following diagram commute

(3) For a quasiseparated arcy-analytic space (resp. condensed set) X denote by Open(X)
the category of open immersions from arc,-analytic spaces (resp. condensed sets) into

X. Then, the Berkovich functor induces an equivalence of categories

Open(X) — Open(|X|)

Example 1.3.9 (Zariski Opens). Let X = M(A)ar,, be an affinoid arc,-analytic space,
f € A an object of A, and |X|s.0 C |X| the open subset of |X| where the function f does
not vanish. Then, there exists an essentially unique arcs-analytic space X,y together with
a monomorphism Xy, < X such that under the Berkovich functor it induces the open
subset | X |7z C |X].

28We expect this distinction to lead to small differences in the etale topology of arc-analytic spaces, when compared
to Scholze’s theory of v-sheaves, but we do not pursue this line of work.
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With this definitions at hand we are able to isolate a full subcategory of quasiseparated
arc-analytic spaces which are “locally compact” (cf. Definition 1V.3.32); this is analogous
to Berkovich’s definition of “good” K-analytic space. Instead of giving more definitions, let

us just state some consequences.

Theorem L (Proposition [V.3.34). Let X be a quasiseparated locally compact arc,-analytic
space, and {U; < X};er be a (possibly infinite) collection of open immersions, then the

induced map
|—|i€IUi — X

is an epimorphism of arcg-sheaves. In particular, this implies that the following map is an

isomorphism
coeq ( I—li,jEI UZ Xx Uj = I_IZ-GIUi) i> X

Example 1.3.10. Let {fi,..., fn} C A be a collection of objects of the Banach K-algebra
A generating the unit ideal. Set X = M(A)a.., and Xy,.o — X the open immersion

corresponding to the open set | X |2 C |X|. Then, the following map is an isomorphism
coeq ( Uijer Xgiz0 Xx X0 = UieIXfi¢0> — X

Furthermore, we have the identification Xy, .0 xx Xy,20 = Xy, 5,20. Showing that affinoid

arc,-analytic spaces can be glued along “Zariski open subsets” just like schemes.

I.4: Organization

In Chapter II we lay the foundations for the work ahead of us. The main goal is to establish
the dictionary (Theorem D), which allows us to translate questions about non-archimedean
functional analysis on the category Banf?™ to more algebraic questions on the category
CAlg?{ajlf. As a by-product we also make contact between modern definition of integral per-
fectoid_algebras with the original definition of perfectoid Banach K-algebras. In Chapter
[TT we study the geometry of Banach K-algebras via their Berkovich spectrum and estab-
lish some of their basic results beyond the topologically of finite type case. Furthermore,
leveraging the dictionary we establish the existence of a structure sheaf and arc,-descent
for affinoid perfectoid spaces. Finally, in Chapter IV we introduce the arc,-topos Xuwc_,
which we argue is a natural place to do Berkovich geometry, and construct the Berkovich

functor (Theorem E) assigning a underlying topological space to every arcy-sheaf. Then,
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we isolate two natural categories of geometric objects (namely, the categories of perfectoid
spaces and arc,-analytic spaces) as full subcategories of X,.._, and establish a version of the

Gerritzen-Grauert theorem for arc,-sheaves (Theorem H).
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CHAPTER 11

Commutative Algebra

Throughout this chapter we fix a prime number p and a perfectoid non-archimedean field
K together with an object w € K satisfying 1 > |w?| > |p| and a compatible system of
p-power roots {wl/pn}nezzo. In Section II.1 we recall the definition of integral perfectoid
algebras, a generalization of the original definition of perfectoid Banach K-algebra, and
show stability of integral perfectoid algebras under passing to their w-torsion free quotient
and integral closures with respect to w. In Section [1.2 we develop the theory of almost
mathematics with respect to the ideal (w!/?™) C K, taking as a starting point Lurie’s
derived oo-category D(K<1). Our motivation to do so is to be able to use arc,-descent for
integral perfectoids, established by Bhatt and Scholze [BS22, Proposition 8.10], to prove
Tate acyclicity for perfectoid Banach K-algebras (Theorem A). In Section 11.3 we show that
the inclusion CAlg/[\(‘;tlf C CAlgy - of w-torsion free w-complete almost K<;-algebras into
all K<;-algebras admits a left adjoint and describe this left adjoint explicitly. In Section
[1.4 we establish the dictionary (Theorem D), which says that there is an equivalence of
categories (—)<; : Ban§d™™ ~ CAlg/[\(Ztlf : [£]. Finally, in Section 1.5 we show that the
dictionary induces an equivalence of cétegories between almost integral perfectoid algebras

and perfectoid Banach K-algebras.

I1.1: Integral Perfectoid Algebras

I1.1.1: Definitions and basic properties

Definition II.1.1. The tilting functor
(=)’ : {Rings} — {Perfect F,-algebras}

is defined by
A’ = lim A/p

a—aP
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Lemma I1.1.2. The p-typical Witt vector functor
W (—) : {Perfect F,-algebras} — {p-adically complete Z,-algebras}

can be uniquely characterized as follows: for a perfect F-algebra R there exists an essentially
unique p-adically complete flat Z,-algebra W (R), such that W(R)/p = R.

Proof. [SZ16, Proposition 3.12] O

Lemma I1.1.3. Let R be a ring, and I C R a finitely generated ideal. Then any morphism
f: My — M, of I-adically complete modules is I-adically continuous.

Proof. By definition of I-adic completeness we have M; = lim M; /1" M, so the collection of
open subsets {I"M;} C M; form a basis of open neighborhoods around 0 € M;. To show
that f : My — M, is I-adically continuous it suffices to show that for each n > 0 there
exists an m > 0 such that f(I™M;) C I"M,. By the linearity of f over R it follows that the
composition My — My — My /1™ M factors as

M1;>M2

| |

Ml/]an E— Mg/]nMQ

showing that f(I"M;) C I" M, for all n > 0. O

Lemma II.1.4. When restricted to p-complete algebras, the tilting functor admits a fully
faithful left adjoint, given by the p-typical Witt vectors

W (—) : {Perfect F,-algebras} — {p-adically complete Z,-algebras}

The adjunction W(—) 4 (—)° is specified as follows: let R be a perfect F,-algebra and S
a p-adically complete Z,-algebra, then for any map f : W(R) — S there exists a unique
F,-algebra map g : R — S* making the following diagram commute

W(R) ! >

S
mod pl l mod p

Where S” — S/p is the projection S* = lim,_,» S/p — S/p, and g is the canonical factor-
ization of f mod p: R — S/p through R — S°.
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Proof. [SZ16, Proposition 3.12] O

Definition I1.1.5. The Fontaine functor
Aiye(—) : {p-adically complete Z,-algebras} — {p-adically complete Z,-algebras}

is defined as the composition Aj¢(—) = W((—)"). Hence, for every p-complete ring S we
obtain the counit of adjunction

0 : Ainf(S) — S

The counit of adjunction can be characterized as the unique map making the following

diagram commute

Ape(S) —— S

mod pl J/ mod p

S» —— S/p
where the bottom map S” — S/p is the projection S° = limg_,» S/p — S/p.

Definition II.1.6. Let A be a m-complete ring, for some element 7 € A dividing p. Then,

by [BMS18, Lemma 3.2(i)] we know that the canonical maps of multiplicative monoids,

lim A — lim A/p — lim A/7
ar—aP ar—~aP

a—aP

are isomorphisms. By projection onto the last coordinate we obtain a map of multiplicative
monoids
b:A = lim A— A a— a*

ar—aP

which is called the sharp map.

Lemma II.1.7. For a perfect F,-algebra R, there exists a unique multiplicative section
-] : R — W(R)

of the projection map modp : W(R) — R. Furthermore, for every f € W(R) there exists a

unique p-adic expansion
f=> lalp’
i=0

called the Teichmuller expansion of f.

Proof. [Bhal8, Lecture 2 - Construction 3.6] O
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Lemma II.1.8. For any p-complete ring S, the counit map 6 : Ay(S) — S satisfies
6([a]) = a*. Moreover, the map 6 agrees with the map 6; : Aj,¢(S) — S of [BMS18, Lemma
3.3].

Proof. [CS19a, Footnote page §| O
Definition I1.1.9 (Integral Perfectoid). A ring S is integral perfectoid if

(1) The ring S is m-complete for some element 7 € S, such that 77 divides p.

(2) The counit map 6 : A (S) — S is surjective and its kernel is principal.

Example I1.1.10. Any perfect ring of characteristic p is an integral perfectoid ring. Indeed,
for any perfect Fj-algebra R we have that R is complete with respect to 0 € R and the map
0 : W(R) — R is generated by p.

Remark I1.1.11. Let A be a ring, and M a J-adically complete A-module for some ideal
J C A. By [Stal8, Tag 090T] we know that for any finitely generated ideal I C J C A
the module M is also [-adically complete. Therefore, any perfectoid ring R is p-adically

complete.

Lemma I1.1.12. A ring S is integral perfectoid if and only if it satisfies the conditions
of [BMS18, Definition 3.5], that is: S is m-complete for some element 7 € S such that 7?
divides p, the Frobenius map ¢ : S/p — S/p is surjective, and the kernel 6 : A;1(S) — S is

principal.

Proof. 1f S is integral perfectoid, it suffices to show that ¢ : S/p — S/p is surjective. Indeed,
by hypothesis we know that the map A;¢(S) — S is surjective and so its reduction mod p,
the map S* — S/p, is also surjective. Then, the perfectness of S° implies that Frobenius
¢ : S/p — S/p is also surjective. Conversely, if S satisfies the conditions of [BMSIS8,
Definition 3.5], it suffices to show that the map 6 : A;¢(S) — S is surjective, but this follows
from [BMS18, Lemma 3.9(v)]. O

Lemma I1.1.13. Let S be an integral perfectoid ring which is m-complete with respect to
an element 7 € S such that 7 divides p. Then there exist u,v € S* such that um and vp

admit systems of p-power roots.

Proof. [BMS18, Lemma 3.9] O
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11.1.2: /-rings and perfect prisms

Definition I1.1.14. A 4-ring is a pair (R,0) where R is a commutative Z-algebra and
d: R — R is amap of sets with 6(0) = §(1) = 0, satisfying the following two identities

§(zy) =2"6(y) + y"o(x) + pd(z)o(y)

5(a:+y)zé(x)+5(y)+xp+yp;(x+y)p:(5()+5 Z% ypz

A morphism of J§-rings (R,dg) — (5,0s) consists of a morphism of commutative rings f :

R — S such that the following diagram of sets commutes

Remark II.1.15 (d-structures and Frobenius lifts). For a given d-ring (R,J), we write
¢ : R — R for the map defined by ¢(z) = 2P + pd(x); the identities on § ensure that

¢ : R — R is a ring homomorphism making the following diagram commute

R—%2 s R

mod pl l mod p

R /p Frob R /p

In other words, ¢ : R — R lifts Frobenius on R/p.

In this paper we will only make use of delta rings (R, ) where the underlying ring R is
p-torsion free. In this situation, any lift ¢ : R — R of the Frobenius on R/p comes from
a unique d-structure on R; given by the formula §(x) = W. In other words, if R is
p-torsion free then a specifying a d-structure on R is the same as specifying a morphism of

rings ¢ : R — R that lifts Frobenius on R/p.

Proposition II.1.16. The category of d-rings admits all limits and colimits, and the for-
getful functor

{d-rings} — {Rings}
preserves limits and colimits.
Proof. [BS22, Remark 2.7] O]

Lemma I1.1.17 (Completions). Let A be a d-ring, and I C A be a finitely generated ideal
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containing p. Then, the map 6 : A — A is [-adically continuous: more precisely, for each n
there is some m such that for all z € A, one has 6(z + I™) C 0(z) + I™.
Moreover, the [-adic completion of A, denoted by A}, acquires a unique o-structure

making the following diagram of sets commute

A—° 4 A

L]

Ay =2 Ap
Proof. [BS22, Lemma 2.17] O
Definition I1.1.18. An element d of a d-ring A is distinguished if 6(d) is a unit.
Definition I1.1.19. A d-ring A is perfect if ¢ : A — A is an isomorphism.
Proposition I1.1.20 (Perfect é-rings). The following categories are equivalent:
(1) The category of perfect p-complete J-rings.
(2) The category of p-adically complete and p-torsion free rings A with A/p being perfect.

(3) The category of perfect F-algebras.

The functor relating (1) and (2) is the forgetful functor; in particular, we learn a posteriori
that any ring homomorphism between two perfect p-complete d-rings is automatically a map
of d-rings. The functor relating (2) and (3) are A — A/p and R — W(R); in particular,

there is a unique J-structure on W (R) for R perfect of characteristic p.
Proof. [BS22, Corollary 2.31] O

Example I1.1.21. The category of perfect p-complete d-rings admits an initial object given
by W(F,) = Z,. Since Frobenius is the identity map on F,, the unique morphism of rings
¢ : Z,, — 7, which lifts Frobenius on F,, is the identity. This in turn completely characterizes

the d-structure on Z,, which is given by

Specializing to the case where z = p, we learn that §(p) =1 —pP~t € Z,, which shows that

p € Z, is a distinguished element.

Lemma I1.1.22 (Perfect elements have rank 1). Fix a p-adically complete 6-ring A and
some = € A admitting a p"-th root for all n > 0, then §(z) = 0.
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Proof. [BS22, Lemma 2.32] O

Example 11.1.23. Let A be a perfect p-complete d-ring, let us show how to explicitly
describe the Frobenius lift ¢ : A — A and its d-structure. Since A is a p-complete perfect
d-ring, there exists a unique perfect F,-algebra R, such that W (R) = A. In particular, for

any f € A we can write its Teichmuller expansion

f= Z[az’]pi

Thus, by the p-adic continuity of § : A — A, it suffices to describe the values §(p) and §(]a;])
for all a; € R. Since Z, is the initial perfect p-complete d-ring, there exists a structure map
Z, — A which forces the identity d(p) = 1 — pP~' € A*. On the other hand, using the
multiplicativity of the map [—] : R — W/(R) it follows that [a;] € W(R) admits a p™-root
for all n > 0, as R is perfect, which implies that §([a;]) = 0.

Similarly, by the p-adic continuity of ¢ : A — A, it suffices to describe the values ¢(p)
and ¢([a;]) for all a; € R. Again, using the structure map Z, — A it follows that ¢(p) = p,
and from the identity ¢([a;]) = [a:]? + pd([a;]) we learn that p([a;]) = [a;]? = [a?], since

[—] : R — W(R) is multiplicative and d([a;]) = 0. Therefore, we can express the Teichmuller

expansion of ¢(f) as follows

i=0
Lemma I1.1.24 (Distinguished elements in perfect d-rings). Let A be a perfect p-complete
d-ring, and fix d € A. Denote by R the unique perfect F,-algebra R such that W (R) = A,
and d = > 2 [a;]p’ the corresponding Teichmuller expansion of d. Then, d is distinguished
if and only if a; € R*.

Proof. [BS22, Lemma 2.33] O

Lemma I1.1.25. Let A be a perfect p-complete d-ring. Fix a distinguished element d € A.
Then

(1) The element d € A is a non-zero divisor.
(2) The ring R = A/d has bounded p*-torsion; in fact, we have R[p] = R[p*].
Proof. [BS22, Lemma 2.34] ]

Definition I1.1.26 (Perfect Prisms). Fix a pair (A, (d)) comprising of a perfect J-ring A
and an ideal (d) C A generated by a distinguished element d € A. We say that (A, (d)) is a
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perfect prism if A is (p,d)-complete. A morphism (A, (d;)) — (B, (dz2)) of perfect prisms is
amap f: A — B of perfect d-rings, such that f(d;) € (da).

Lemma I1.1.27 (Rigidity of maps). If (4, (d1)) — (B, (d2)) is a map of perfect prisms, then
the natural map of A-modules (d;) — (dz) induces an isomorphism (d;) ®4 B ~ (d3). In
particular d; B = (ds).

Conversely, if (A, (d)) is a perfect prism, and A — B a map of perfect d-rings, with B
being (p, d)-complete, then (B, (d)) is also a perfect prism.

Proof. The fact that the canonical map (d;) — (da) of A-modules induces an isomorphism
(d1) ®4 B ~ (dy) follows from [BS22, Lemma 3.5]. For the converse, since d € A is dis-
tinguished and the map A — B is a map of perfect d-rings, it follows that d € B is also
distinguished. By virtue of B being p-complete it follows that d € B is a non-zero divisor,
and then the result follows from [BS22, Lemma 3.5]. O

Lemma I1.1.28. The following categories are equivalent
(1) The category of perfect prisms, in the sense of Definition I1.1.26.

(2) The category of pairs (A, I) comprising of a perfect é-ring A and an ideal I C A; such
that, I C A is a Cartier divisor on Spec(A), the ring A is derived (p, I)-complete, and
p €I+ ¢(I)A. A morphism (A,I) — (B,J) in this category is a map f : A — B of
perfect o-rings such that f(I) C J.

Proof. 1f (A, (d)) is a perfect prism, then the hypothesis that A is (p, d)-complete implies that
A is derived (p, d)-complete [Stal8, Lemma 091R]. Moreover, since d € A is distinguished and
A is (p, d)-complete it follows that p € (d, ¢(d)) by [BS22, Lemma 2.25]. On the other hand,
if (A, 1) is a pair as in (2), then the ideal I is principal and any generator is a distinguished

element; and the ring A is classically (p, I)-complete [BS22, Lemma 3.8]. O

Proposition I1.1.29 (Perfectoid rings = perfect prisms). The following two categories are

equivalent

(1) The category of integral perfectoid rings R.

(2) The category of perfect prisms (A, (d)).

The functors are R +— (Aie(R), ker(0)) and (A, (d)) — A/d respectively.

Proof. [BS22, Theorem 3.10] O
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Remark II1.1.30. Let R be a integral perfectoid ring, let us explain how to obtain an
element m € R, such that R is m-complete and 77 divides p, from the perfect prism (A, d) =
(Ains(R), ker(6)). Via the isomorphism A ~ W (R’) we can express d = [ag] + pu for a unit
u € A. Letting 7 € R be 0([aé/p]) € R it follows that 7 = —pu in R. Under this choice of 7
we learn that 7 € R admits compatible p-power roots in R, and so does p € R up to a unit
multiple. Then, by virtue of [Stal8, Tag 0319] we learn that R is p-complete if and only if
it is m-complete.

However, if we have an integral perfectoid ring R and an element @ € R such that R is
w-complete and w? divides p in R, it need not be true that w is equal to the element 7 € R

produced in the above paragraph.

11.1.3: Tilting correspondence

Let R be a integral perfectoid ring which is w-complete with respect to some w € R where
w? divides p. Recall from Lemma I1.1.13 that there are (non-canonical) @’,p” € R’ such

that (x”)f, (p°) € R are unit multiples of @, p respectively.

Lemma I1.1.31. Let R be an integral perfectoid ring which is w-complete with respect to
some w € R where w” divides p. Then, the sharp map 4 : B> — R induces the following
ring isomorphisms

R/p = R/p R/)(@)P — R/=’

Proof. Follows from the proof of [BMSI8, Lemma 3.10], and the fact that the map 6 :
Ain¢(R) — R is surjective with principal kernel (cf. [CS19a, 2.1.2.2]). O

Lemma I1.1.32. Let R be an integral perfectoid ring which is w-complete with respect to
some w € R where w” divides p. Then, the p-power map a — a? induces an isomorphism

of rings R/w — R/w?.
Proof. [BMS18, Lemma 3.10] O

Lemma 11.1.33. Let R be an integral perfectoid ring which is w-complete with respect to

b

some w € R where w? divides p. Then, the tilt R’ is @’-complete.

Proof. Tt suffices to show that the canonical map R’ — lim R’/(=”)P" is an isomorphism,
in what follows we will use ¢ to denote the Frobenius morphism. Notice that we have
an isomorphism ¢" : R’/w’” — R’/(’)"" from Lemma I1.1.32, which we can precompose
with the isomorphism ' : R/w — R’/w’ from Lemma I1.1.31 to get an isomorphism
gn: Rjww — R /()" of rings.
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Next, consider the following commutative diagram

o~ yRlw—* S Rlw—* ... % L\ R/w

b e I

o R/(@) —— R (@)

~

~
~
ny)
8
~
—
8:7-
~—

Since all the vertical maps are isomorphisms we obtain the desired isomorphism R’ —

lim R’ /(w”)P", proving the claim. O

Proposition I1.1.34. Let R be a integral perfectoid ring, with tilt R’. Then, the following

categories are equivalent

(1) The category of integral perfectoid rings over R.

(2) The category of integral perfectoid rings over R’.

Where the functor from (1) to (2) is given by the tilting functor. Furthermore, if R is
w-complete with respect to some w € R where w” divides p, then the above equivalence

restricts to an equivalence between the categories

(1’) The category of w-complete integral perfectoid rings over R.

(2) The category of w’-complete integral perfectoid rings over R’.

Proof. Let (A,d) be the perfect prism corresponding to R, then A/p ~ R’ as A = W(R’).
Under the equivalence of Proposition 11.1.29 the category (1) is equivalent to the category
of perfect prisms over (A,d), and the category (2) is equivalent to the category of perfect
prisms over (A,p). Furthermore, by Lemma I1.1.27 we know that the category of perfect
prisms over (A, d) is equivalent to the category of perfect d-rings over A, and the category
of perfect prisms over (A, p) is equivalent to the category of perfect d-rings over A. This
provides the desired equivalence of categories.

Finally, let us identify the equivalence of categories we just describes with the tilting
functor when going from (1) to (2). Tracing out the equivalence we see that to a integral
perfectoid R-algebra S we first associate the perfect d-ring W (S”) = Aju(S) and then we
mod out by p, giving us the functor S ++ S°. The equivalence between the categories (17)
and (2’) then follows from Lemma I1.1.33. O

Proposition I1.1.35. Let R be an integral perfectoid ring which is w-complete with respect
to some w € R where w” divides p. Let I be a set and {B;}ies a collection of (classically)
w-complete R-algebras. Then, [[..; B; is a w-complete integral perfectoid if and only if each
B is so, and then ([],.; B:)” = [L,; B’
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Proof. Tt follows from the definition of Aj,¢(—) that it preserves all limits, as (—)* and W ()
do so. Hence we have the identity Ain¢([[;c; Bi) = [I;c; Aint(Bi), proving the result. See
also [CS19a, Proposition 2.1.11(d)] O

11.1.4: w-torsion in integral perfectoid rings

Let R be a ring, recall that for an element a € R we denote by R[a] the a-torsion of R and
by R[a*]| the union U,>oR[a™]. Similarly, if a € R admits systems of compatible p-power

roots, we denote by R[a'/?™] the intersection N,>oR[a'/?"].

Proposition I1.1.36. Let R be an integral perfectoid ring, then the sharp map R’ — R
induces an isomorphism R’[p’] — R[p] of Aj,¢(R)-modules.

Proof. [CS19a, 2.1.2.5]. O

In fact, by Lemma I1.1.25 we know that R[p] = R[p>] and since R’ is a perfect ring of
characteristic p we have that R°’[p’] = R’[p>*]. In particular, for any a € R which divides
p and admits systems of p-power roots, we have that R[a"] C R[p>°] = R[p]; which in turn
implies that the sharp map R’[a”"] — R[a"] is an Aj,;(R)-module map for all n € Zx.

Corollary I1.1.37. Let R be an integral perfectoid ring which is w-complete with respect to
some w € R where w? divides p. Then, the sharp map ¢ : B> — R induces an isomorphism
R[@”"] = R[w@w"] of Aj¢(R)-modules, for all n € Z[1/p]. Moreover, the canonical inclusions

induce isomorphisms R[w/?”] = R[w] = R[w™)].

Proof. From Proposition [1.1.36 we learn that the sharp map induces an isomorphism
R’[p"] — R[p] of Aj-modules. Moreover, since R’[p”®] = R[p’] and R[p®] = R[p] we
learn that by restricting to the submodules R’[w”"] C R’[p’] and R[w"] C R[p] we obtain
a Aj(R)-module isomorphism R’[@”"] — R[w"] for all n € Z[1/p]. For the second part
it suffices to show that R’[@”1/P”] = R’[@’] = R’[”>], but this is clear as R’ is a perfect

ring of characteristic p. [

Proposition I1.1.38. Let R be an integral perfectoid ring which is w-complete with respect
to some w € R where w” divides p. Denote by R the ring R/R[c™] and by R’ the ring
R’/R°[@*>]. Then, R is a w-torsion free integral perfectoid ring, with tilt R’. Moreover, R

is w-complete.

Proof. The fact that R is integral perfectoid with tilt R follows from [C'S19a, 2.1.3]. To
show that R is (classically) w-complete it suffices to show that R[ww™] is derived w-complete
(I1.2.1), but this follows from the identity R[w™] = R[='/?™]. O
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I1.1.5: p-integral closedness of integral perfectoid rings

Definition I1.1.39. For an injective morphisms R < S of rings, we say that R is p-integrally
closed in S if every a € S where a? € R satisfies a € R. The p-integral closure of R in S is
constructed as U,>oR,, C S, where Ry = R and R, 41 C S is the R,-subalgebra generated by
all the a € S such that a? € R,; it is the smallest p-integrally closed subring of S containing
R. Clearly, the p-integral closure of R < §'is contained in the integral closure.

Lemma I1.1.40. Let R be a ring and @ € R a non-zero divisor which satisfies w” divides
p. Then, the map
¢:R/w— R/w” a— a?

is an is injective if and only if R C R[-=] is p-integrally closed.

1

Proof. Assume that the map ¢ : R/w — R/w? is injective, and let a € R[] be an element
which satisfies a? € R. Then, there exists a n > 0 such that @w"a € R; since we need to
show that a € R we may assume that n > 0. We claim that @" 'a € R, which implies
a € R by induction. Indeed, since a? € R we have that @w”"a” € R is sent to zero under the
quotient map R — R/w?, which in turn implies that w"a € R is sent to zero under the map
R — R/w, by injectivity of ¢. Hence, we can conclude that w"a € wR, and since w € R is
a non-zero divisor it follows that @w"ta € R.

Conversely, assume that R C R[%] is p-integrally closed, we need to show that ¢ :
R/w — R/w” is injective. For the sake of contradiction, assume that we have a non-zero
a € R/w such that 0 = a® € R/wP. Let a € R be a lift of a € R/w along the quotient
map R — R/w, the assumption that 0 = o € R/w” implies that @’ € wPR. From the fact
that @w € R is a non-zero divisor we can conclude that there is a unique element ;—i, € R,
which in turn implies that there is a unique element % € Ras R C R[é] is p-root closed and
£ € R[L]. Thus, we obtain that @ € wR, which contradicts the assumption that a € R/w
is non-zero. [
Corollary I1.1.41. Let R be a integral perfectoid ring which is w-complete with respect to
some w € R where w? divides p, and denote by R := R/R[w™] the w-torsion free quotient
of R. Then, R C R[é] is p-integrally closed.

Proof. By Proposition 11.1.38 we know that R is again a integral perfectoid ring, from which
we can deduce that the Frobenius map ¢ : R/w — R/w? is an isomorphism by Lemma

I1.1.32. Thus, the identity R[1] = R[1] implies the result by virtue of Lemma I1.1.40. [

1
w
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I11.2: Almost Mathematics

11.2.1: Derived completeness

For any ring R we will denote by Modg the abelian category of R-modules, which comes
equipped with a symmetric monoidal structure (Modg, ®g) given by the R-linear tensor
product of modules. For our purposes it would be convenient to work with R-modules which
are [-complete [Stal8, Tag 0317] with respect to some ideal I C R. However, since the
category of [-complete R-modules is not abelian in general [Stal8, Tag 07JQ)], we are forced

to take a more sophisticated point of view.

Construction I1.2.1. In what follows we will make use of the theory of stable co-categories
[Lurl7, Chapter 1], especially the oo-categorical enhancement of the derived category of
Modg, which we denote by D(R) and refer the reader to [Lurl7, Section 1.3.5] for a definition.
The category D(R) comes equipped with a t-structure (D(R)=?, D(R)=°) and the canonical
inclusion functor Modgr < D(R) identifies Modg with the heart of the ¢-structure on D(R)
(cf. [Lurl7, Proposition 7.1.1.13]). We will say that M € D(R) is an R-module if it is in the
essential image of the canonical fully faithful embedding Modgr < D(R), and we say that
M is an R-complex otherwise.

The stable oo-category D(R) comes equipped with a tensor product ®% which com-
mutes with colimits independently on each variable, endowing D(R) with the structure of a
symmetric monoidal co-category. Since we will be constructing tensor products on various
categories, let us explain how to extract the (classical) tensor product on Modg from that
on D(R). First, notice that the connective objects D(R)=" C D(R) are stable under the

<0

tensor product ®% endowing D(R)=° with a symmetric monoidal structure, given by ®%.

Now, since the canonical inclusion Modr < D(R)=? admits a left adjoint
720 D(R)=’ — Modg = D(R)"

which satisfies the following property: if a morphism M; — M is an isomorphism after
applying 72° then for any other N € D(R)=" the canonical map M; ®@% N — M, @% N
is an isomorphism after applying 7= [Lurl7, Proposition 2.2.1.8]. Then, we can endow
Modg with an essentially unique symmetric monoidal structure such that the truncation
map 720 : D(R)=" — Modp = D(R)" is symmetric monoidal [Lurl7, Proposition 2.2.1.9].
In particular, the induced monoidal structure on Modp is given by H°(— ®% —) which is
exactly the classical tensor product on Modg.

Passing to commutative algebra objects, in the sense of [L.url7, Section 2.1.3], this induces
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a pair of adjoint functors
729 CAlg(D(R)=") — CAlg(Modp) CAlg(Modg) < CAlg(D(R)=°)

with 72° being a left adjoint to the canonical inclusion.

Definition I1.2.2. To any object x € R we can associate the following two full subcategories
of D(R):

(1) A complex M € D(R) is said to be z-local if the canonical multiplication by z map
x : M — M is an isomorphism. The full subcategory of D(R) spanned by z-local
objects is denoted by D(R)[z™1].

(2) A complex M € D(R) is said to be derived z-complete if the canonical map
M — Rlim Cone(z" : M — M)

is an isomorphism, where " : M — M is the multiplication by x" map. The full

subcategory of D(R) spanned by derived z-complete objects is denoted by D(R)%.

For a comparison between our definition of derived z-complete complexes and that of [Lurl8a,
Section 7.3.1], we refer the reader to [Stal8, Tag 091N]. More generally, for a finitely gen-
erated ideal I C R we say that an R-complex is derived I-complete if it is complete with
respect to all z € I [Lurl8a, Corollary 7.3.3.3].

Notation I1.2.3. We will use the terminology “classically /-complete” to refer to the notion
discussed in [Stal8, Tag 0317]. We use the adjective “classically” to distinguish it from the
derived notions we just introduced. Sometimes we will abuse language and use the term

I-complete instead of “classically I-complete”, as we did in the previous section.

Given an R-module M and a finitely generated ideal I C R, one may ask how the notions
of being classically I-complete and derived I-complete compare —in general they are distinct.
An R-module M is classically I-complete if and only if M is derived [-adically complete and
NI"M = 0 [Stal8, Tag 091T]. In particular, this implies that the derived [-completion
functor is not a derived functor of the classical I-completion. For a more detailed treatment
of derived I-complete modules we refer the reader to [Stal8, Tag 091N] or to [Lurl8a, Section
7.3].

Remark I1.2.4. Given a ring R and an element w € R, if R has bounded w-torsion then

we have that the classical w-completion of R and the derived w-completion of R agree
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[Stal8, Tag OBKF]. Specializing to the main case of interest to us, that of integral perfectoid
rings: let (A, d) be a derived (p, d)-complete perfect prism, then a priori we only know that
R := A/d is derived p-complete, but since R[p] = R[p™] (by Lemma I1.1.25) it follows that
R is classically p-adically complete. Now, let w € R be an element that admits compatible
p-power roots @!/?" € R, since R has bounded w-torsion [CS19a, 2.1.3.2] it follows that R

is derived w-complete if and only if R is classically w-complete.

Construction II.2.5. From [Lurl8a, Proposition 7.3.1.4] we conclude that the canonical
inclusion functor

i, : D(R)" — D(R)

admits a left adjoint

(=)2:D(R) — D(R),  called the derived z-completion functor

T

and that D(R)) is itself a stable co-category. Furthermore, since the derived a-completion
functor is compatible with the monoidal structure of D(R) — that is if M7 — M, is an
isomorphism after z-completing then for any other N € D(R) the map M, @5 N — My®@L N
is an isomorphism after z-completion [Lurl8a, Proposition 7.3.5.1] — it follows from [Lurl7,
Proposition 2.2.1.9.] that we can endow D(R)2 with a unique symmetric monoidal structure
making the derived z-completion functor symmetric monoidal. In particular, for M, N €

D(R)} the derived completed tensor product can be computed as
MBLN = (M @k N))

One of the most important structural properties of derived I-complete R-complexes is

that we can check they are zero modulo I.

Lemma I1.2.6 (Derived Nakayama). Let I C R be a finitely generated ideal, and M a
derived I-complete R-complex. Then M = 0 if and only if M ®% R/I = 0.

Proof. [Stal8, Tag 0G1U]| O

Next, we introduce the classically complete tensor product and explain its relation to the

derived completed tensor product.

Notation I1.2.7. Given pair of R modules M7, My € Modg and x € R, there is a natural

notion of a (classically) x-completed tensor product M; QgrM>, given by
M @pM, = lim(My ®r My)/(a")
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where the limit is computed in Modpg.

Warning 11.2.8. Despite what the notation suggest it is not generally true that the de-
rived z-completed tensor product @é is the derived functor of the classically x-completed
tensor product of R-modules. Indeed, given two R-modules M;, My we know that N :=
H O(MléA@IL%Mg) is a derived x-complete module, but since N is not necessarily z-separated
it need not be classically z-complete. We adjective “derived” on the monoidal structure
(D(R)%, @é) is due to the fact that @)IL% is defined at the level of stable co-categories and not

because it is a derived functor of @p.

Definition I1.2.9. Let M be a R-module and x an element of R, we say that M is derived
x-complete if it is derived z-complete when considered as an object of D(R) via the canonical
inclusion Modg < D(R). The category of derived x-complete modules is the full subcategory
of Modg spanned by the derived x-complete modules, we denote this category by Modg R

Proposition I1.2.10. The category of derived z-complete modules Mon’ r has the following

properties:
(1) It is abelian and it has all limits and colimits.
(2) The canonical inclusion functor Mod}, ; — Modp is exact and it commutes with all limit.

(3) Filtered colimits in Mon’R are not exact in general. In particular, it is not a

Grothendieck abelian category.
Proof. [Stal8, Tag 0ARC] O

It is due to the fact that Modg’ g is not a Grothendieck abelian category that we are
forced to work “fully derived”; that is, by working on the derived oo-category D(R), from
the beginning and then isolating a convenient abelian category Modﬁ, r inside of it. In fact,
it is not generally true that D(R)” is the derived category of Modg R, especially in the case

that is of most interest to us — when R is a integral perfectoid ring. However, if we were to

assume that R is noetherian there is more one can say [Lurl8a, Section 7.3.7].

Lemma II1.2.11. Let R be a ring, x an element of R and M an R-complex. Then, the

following are equivalent
(1) The R-complex M is derived z-complete.
(2) All cohomology groups H(M) for i € Z are derived z-complete R-modules.

Proof. [Lurl8a, Theorem 7.3.4.1]. O

38



Construction I1.2.12. Let R be a ring and x an element of R. It follows from Lemma
[1.2.11 and [Lurl8a, Proposition 7.3.4.4] that the following pair of subcategories

(D(R);)=" =D(R)*"N(D(R);)  (D(R);)=":=D(R)="N(D(R);)
determine a t-structure on D(R)7, for which we have that D(R)," = Mody . In particular,
this implies that the inclusion D(R), < D(R) is t-exact while the derived z-completion func-
tor (—)2 : D(R) — D(R). is only right t-exact. Hence, it follows that the full-subcategory

T T

D(R)N="is stable under the derived completed tensor product, endowing D(R)2=? with the

x

structure of a symmetric monoidal co-category. And since the truncation map
72 : D(R),=" — Modj,

is compatible with the monoidal functor [Lurl7, Proposition 2.2.1.8] it follows that we can
endow Modg,x with the structure of a symmetric monoidal category whose tensor product
is given by HO(—@)é—).

Summarizing the current situation, we have a commutative diagram of the form

D(R)< =5 D(R)}="

7—20\[ l‘rzo

MOdR —>H0(—Q) Mod;},x
where all the maps are left adjoints to canonical inclusions on the opposite directions. Com-
mutativity of the diagram follows from the fact that the inclusion maps on the opposite
directions clearly commute and the uniqueness of adjoint functors. Furthermore all the sym-
metric monoidal structures of the categories above (except that on D(R)=") are completely

determined by the requirement that all the functors in the diagram are symmetric monoidal.

Construction I1.2.13. Given a symmetric monoidal oo-category we learn from [Lurl?7,
Section 2.1.3] that we can consider the category CAlg(C) of commutative algebra objects in
C; and that symmetric monoidal functors send commutative algebra objects to commutative
algebra objects. In particular, this implies that we have a commutative diagram

CAlg(D(R)=®) 2=, CAlg(D(R)}<")

7—20\[ l’rzo

CAlg(Modg) ST CAlg(Mody ,)
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where CAlg(Modpg) is the classical category of commutative R-algebras. Moreover, given
a pair of morphisms S; <~ R — S, in any of the commutative algebra object categories
described above (eg. CAlg(D(R)=")) we have that the pushout can be identified with S; ®@%
Sy, where ®% is the tensor product (eg. — ®% —) in the underlying module category (eg.
D(R)=Y) of the category in question (cf. [Lurl7, Proposition 3.2.4.7]).

Furthermore, the canonical inclusions (eg. Mod%yx — Modg) induce a commutative
diagram of fully-faithful functors

CAlg(D(R)=Y) +—— CAlg(D(R)>=9)

T

J J

CAlg(Modg) +—— CAlg(Modgx)

which are the right adjoints to the localization functors described above (cf. [Lurl7, Propo-
sition 2.2.1.9)).

The following results show that in many circumstances the distinction between classical
and derived completion of perfectoid rings, and their corresponding perfect prisms, disap-
pears. Let us also recall that in official definition of perfect prism (A, d) taken in [BS22] it
is only required that A is derived (p, d)-complete, but by [BS22, Lemma 3.8] we know that
this implies that A is classically (p, d)-complete.

Lemma I1.2.14. Let A be a p-complete perfect d-ring, z € S := A/p and [z] € A its
Teichmuller lift. Then,
Ala™] = Alz] = Alz'/P7]

where A[z]| denotes the [x]-torsion of A.

Proof. By Proposition 11.1.20 we know that A is p-torsion free and that S = A/p is perfect,
in particular this implies that A = W(S) and that any element f € A admits a Teichmuller
expansion as f =Y~ [a;]p’ (cf. Example 11.1.23). Thus, if [2]f = 0 in A, as A is p-torsion
free we learn that [x][a;] = [xa;] = 0, for all 4, which is equivalent to requiring that za;, = 0 in
S. Finally, as S is perfect we can conclude that if za; = 0 then 2'/?"a; = 0 for all n € Z,,

proving the desired result. O

Lemma I1.2.15. Let S be an integral perfectoid ring which is w-complete with respect to
some w € S where w? divides p (cf. 11.2.4). Then, the corresponding perfect prism (A, d) is
(classically) (p,d, [@’])-complete, and d € (p, [’]).

Proof. By definition of a perfect prism it follows that A is classically (p,d)-complete, and
the w-completeness of R implies that R’ is w’-complete (Lemma 11.1.33). And since the
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Witt vector functor preserves limits we learn that W (R) is classically [@’]-complete. For
the claim that d € (p, [@’]), it is shown during the proof of [BMS18, Lemma 3.10] that (up
to a unit) d = p + [@’]Px for some x € A, finishing the proof. ]

Proposition 11.2.16. Let S be a integral perfectoid such that an element w € S admits
compatible p-power roots, with (A,d) as its corresponding (p,d)-complete perfect prism.
Then,

(1) The derived and classical w-completion of S agree. We denote it by S”.
(2) The derived and classical [c’]-completion of A agree. We denote it by A”.
(3) S” is an integral perfectoid ring with (A", d) as its corresponding perfect prism.

Proof. Without loss of generality we may assume that w € S admits compatible p-power
roots (II.1.13). From II.1.37 it follows that S has bounded w-torsion, and so derived and
classical w-completions of S agree. Similarly, by 11.2.14 it follows that A has bounded [w”]-
torsion, showing that classical and derived w-completions agree. To conclude, we need to
show that (A", d) is a perfect prism with A"/d = S*. Indeed, by functoriality of derived
completion it follows that A" is a perfect d-ring, and by the structure map A — A" it follows
that d € A" is a distinguish element — showing that (A", d) is a perfect prism. Finally, since
[@’] = @ mod d it follows that A"/d = S” by generalities of derived completion. O

Proposition 11.2.17. Let R be an integral perfectoid which is w-complete with respect to
some @ € R where w? divides p, with corresponding (p, [&’])-complete perfect prism (A, d).

And let Sy, Ss be (classically) w-complete integral perfectoid R-algebras. Then,

e derived w-complete tensor produc 1<§>LSQ and the classical w-complete tensor
1) The d d lete t duct S1®p

product S1@ RSy agree.

(2) The derived (p,[w’])-complete tensor product Ainf(31)®iAinf(Sg) and the classical
(p, [@°])-complete tensor product Ainf(51)<§> AAin(S2) agree.

(3) Si®rS, is an integral perfectoid ring with corresponding perfect prism

(Ainf(Sl)®AAinf(S2) ) d)

Proof. We begin by proving (2). By derived Nakayama [Stal8, Tag 0G1U] we may check
that A.inf(Sl)@iAinf(SQ) is concentrated in degree zero modulo p, so it suffices to show that
the derived @’-complete tensor product S'{@éb S5 is concentrated in degree zero. We learn

from [BS17, Lemma 3.16] that S ®éb S? is concentrated in degree zero as everything in
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sight is a perfect ring of characteristic p, and since S ®p» S5 is perfect it has bounded
w’-torsion so the derived w’-completion agrees with the classical w’-completion, showing
that SE@IL%., S5 = S"®p»S5. Given that Ainf(Sl)(zA@zAinf(Sg) is concentrated in degree zero, it
can be identified with the derived (p, [o"])-completion of Ay¢(S1) @4 Aine(Ss), and in turn
Ain(S1) ®4 Ajng(S2) can be identified with the pushout of Aj,¢(S1) <= A — Ajye(S2) in the
category of d-rings. By the functoriality of Frobenius we learn that Ajn(S1) ®4 Aine(S2) is
a perfect d-ring, which implies by [BS22, Lemma 2.28| that Aine(S1) ®4 Aine(S2) is p-torsion
free, so the derived and classical p-completions of A;(S1) ®4 Aine(S2) agree. Then, by
[1.2.14 we learn that (Ain(S1) ®4 Ainf(Sg))aD) has bounded [@’]-torsion, showing that the
classical and derived [z’]-completions agree. This completes the proof of (2).

Finally, notice that ((Ait(S1) ®4 Aint(52))(,). d) is a (p)-complete perfect prism as d is a
distinguished element — in particular d is a non-zero divisor. Then, generalities of the derived
tensor product and derived completion imply that (A (S1)®a Ainf(Sg))(Ap) /d = (5 ®]L%Sg)a)),
proving that (S} ®% Sg)a?) is an integral perfectoid ring, in particular, it is concentrated in
degree zero and it is classically p-complete. Then, Proposition [1.2.16 completes the proof
of (1) and (3). O

11.2.2: The almost zero category

Throughout this section R is an integral perfectoid ring which is w-complete with respect
to some w € R where w? divides p. In this section we will introduce the category of w-
almost zero R-modules (resp. R-complexes) as full subcategories of Modg (resp. D(R))
and show that it can be identified with the essential image of the fully faithful functors
— Modpg (resp. D((R/w)perta) < D(R)). Furthermore, we will show that all

w-almost zero R-complexes are automatically w-complete giving us a w-complete variants

MOd(R/w)

perfd

of this statements.

Definition I1.2.18. Let R be an integral perfectoid ring which is w-complete with respect
to some w € R where w” divides p. Define the ideal (@)perta C R as the kernel of the map
R — (R/w)perta Where (R/w@)perta is defined as colimpyo, R/, which makes sense since R/w

is of characteristic p by assumption.

Recall that in the situation of the previous definition there exists a @’ € R which admits
compatible p-power roots and is a unit multiple of w. Thus, there is a natural identification
between (R/@)perta and R/(cw’/P™), which in turn implies that (o) perta = ('/P™) — we are
implicitly using the fact that integral perfectoid rings are reduced [CS19a, Section 2.1.3].

Furthermore, since R and (R/w@)perta are derived w-complete, the map R — (R/@)perta 18

surjective we can identify (@ )perta as the fiber of the map R — (R/@)perta computed in either
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D(R) or D(R)2 — as the fully faithful inclusion D(R)2 < D(R) preserves fiber sequences.

Hence, we can conclude that (@)pera is a derived w-complete R-module.
Definition 11.2.19. We say that an R-module M is w-almost zero if: for every element
m € M and x € (@)perta We have that xm = 0. Similarly we say that an R-complex M is
w-almost zero if H'(M) is a w-almost zero for all i € Z.

Recall that there is a t-exact fully-faithful functor D(R)2 < D(R) (11.2.12), thus the
cohomology groups H"(M) of a derived w-complete R-complex M is the same whether
we consider it as an object of D(R)2 or D(R). Hence, we say that a derived w-complete

R-complex M is almost zero if it is almost zero as an R-complex.

Warning I1.2.20. Since we have not assumed that R is w-torsion free it is not generally

true that the derived w-complete R-module (t0)pera is a flat R-module.

Construction 11.2.21. Consider the following commutative diagram R-complexes

(w)perfd ®é (w)perfd — R ®%{ R —— (R/w>perfd ®é (R/w)perfd

| ! l

(w)perfd > R ? (R/w>perfd

where the maps R®% R — R and (R/w@)perta @% (R/@)perta — (R/ ) perta are the multipli-
cation maps coming from the commutative algebra structure of R and (R/w)perfa, and the
horizontal maps come from the fiber sequence (@)perta — R — (R/@)perta and the fact that
— ®k — commutes with colimits independently on each variable.

We claim that all the vertical maps and their derived w-completed variants are isomor-
phisms. Indeed, it is clear that R ®% R — R is an isomorphisms, and since R is derived
w-complete it is also clear that R@,L%R — R is an isomorphism. Thus, it suffices to show
that either

<w>perfd ®é (w)perfd — (w)perfd or (R/w)perfd ®é (R/w>perfd — (R/w)perfd

are isomorphisms. Furthermore, since ()perfa and (R/@)perta are derived w-complete it
suffices to show that the completed variants are isomorphisms; we proof this in Lemma
11.2.22.

Once we stablish that the vertical maps and their derived completed variants are isomor-

phisms, it is clear that the following tensor products are zero
~L
(R/w)perfd ®%{ (w)perfd =0 and (R/w)perfd®]{(w)perfd =0
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Indeed, the R-module structure on (R/w)perfa induces a commutative diagram of the form

(R/w)perfd ®f{ (w)perfd — (R/w>perfd ®é R —— (R/w)perfd ®f{ (R/w>perfd

| ! !

0 ? (R/w)perfd ’ (R/w)perfd

from the fiber sequence (@) perta — R — (R/@)pertd, showing that (R /@) perta @5 (20) perta = 0.
Lemma II.2.22. Considering (@)perfa and (R/@)perfa @s objects in D(R)2 we get that the

natural multiplication maps of Construction 11.2.21

(w)perfd(gé(w)perfd - (w>perfd (R/w)perfd(/gé(R/w)perfd — (R/w)perfd

are isomorphism.

Proof. By Proposition [1.2.17 we know that the natural map

(R/®)perta® (R )porta = (R/)perta®r( R/ ) perta

from the derived w-complete tensor product to the classical w-complete tensor product is
an isomorphism. Furthermore, since the map R — (R/@)perta 1S surjective, it is clear that
the multiplication map (R/@)perta @ g (R/@)perta — (R/@)perta 1S an isomorphism, and since

(R/w)perta is already w-complete we learn that

(R/@)perta@r(R/ @) perta — (R ) perta

is an isomorphism, proving the desired result. Finally, as sketched in Construction 11.2.21 it

follows that (W)perfd(/gé(W)perfd — (@) perta 18 also an isomorphism. O

Construction II.2.23. Recall that the canonical map of rings R — (R/w)pera in-
duces a pair of adjoint functors D((R/w)perta) = D(R); moreover, since every object
M € D((R/w)perta) regarded as an R-complex is derived w-complete it follows that the
map i, : D((R/@)perta) — D(R) factors through the inclusion

7

D((R/@)paia) —— D(R)

~
D(R)L

In particular, this implies that both maps 4, and i/ preserve all limits. On the other hand,
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given an R-complex M its clear that the R-complex M ®% (R /@ )perta is derived w-complete,
thus the left adjoint to 4, given by i* : — ®% (R/@)perta factors through D(R)2 , making the

following diagram commute

D((R/w)pata) +——— D(R)

\ l( v

In other words we have the identity —® r(R/ @ )pertd = — @% (R/@)perta- In particular, this

construction shows that the adjunction (i,4*) induces an adjunction (i, i"*).

Proposition I1.2.24. The pair of functors of Construction 11.2.23
ix : D((R/w)perta) — D(R) and iy : D((R/®@)perta) — D(R)2

are fully faithful and preserves all limits and colimits.

Proof. By the commutativity of the diagrams in Construction [1.2.23 if 4, is fully faithful
then i/ is fully faithful, thus we only proof that i, is fully faithful. By the adjunction (i, d*),

given a pair of objects M, N € D((R/w)perta) We have a natural isomorphism
RHompg(i.M,i,N) ~ RHom(g/w),... (M ®F (R/w), N)

Hence, it suffices to show that the canonical map M ®% (R/@)perta — M is an isomorphism
in D((R/w)perta). From the fact that every ((R/@)perta)-complex M can be presented as
a colimit of complexes of the form (R/w)pea[n] by [Lurl7, Proposition 7.2.4.2], and that
— ®@% (R/@)perta commutes with colimits independently on each variable we are reduced to
the case where M = (R/w)pera, Which was established in Lemma [1.2.22.

Finally, the adjunctions (i.,i*) and (i/,7"*) make it clear that the functors i, and i/
preserve all limits. Hence, we need to show that i, and i* preserve all colimits, but the
commutativity of the diagrams in Construction [1.2.23 show that it suffices to show that
i. preserves all colimits. To show that i, preserves all colimits let M := colim M; € D(R)
be a colimit computed in D(R) of (R/w)peta-complexes M;; it then suffices to show that
the canonical map M — M ®% (R/@)pera is an isomorphism. But this is clear as M; —
M; ®@% (R/@)perta is an isomorphism for all M; and — ®% (R/w@)perta commutes with all

colimits independently on each variable. O

Remark I1.2.25. From the perspective of higher algebra Proposition 11.2.24 is rather re-

markable; it is essentially never the case that for a surjective map R — S the induced functor
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D(S) — D(R) is fully faithful. A prominent example is the following: given the surjective
map R ®c R — R induced by multiplication of C-algebras the functor D(R) — D(R ®c¢ R)
is almost never fully faithful; indeed, R Homg(R, R) = R is concentrated in degree zero,
while R Hompgor(R, R) identifies with the hochschild cohomology of R.

Construction I1.2.26. Given that the functor i, : D((R/@)perta) — D(R) of presentable
oo-categories preserves all colimits we can invoke the adjoint functor theorem [Lur(9, Corol-
lary 5.5.2.9] to guarantee the existence of a right adjoint to 7, which we denote by i'. Consider
the following diagram

D((R/@)pata) <—— D(R

\ I

where i is defined as the composition of the other two functors, making the diagram
commute. Since the inclusion D(R)2 — D(R) is a right adjoint adjoint to the derived

w

completion functor, it follows that i is a right adjoint to /.

Recall that the functors i, : D((R/@)perta) — D(R) and the canonical inclusion D(R)2, —
D(R) are t-exact. Hence, the diagrams of Construction I1.2.23 induces fully faithful functors
of abelian categories

MOd(R/w)perfd L> MOdR
Mody

As in the derived version this functors admit left adjoints

HO("-)
MOd(R/w)perfd A — MOdR

Ho(k lHO(_g)

Mod%w

However, the functors ¢*,i"* and (—)2 are only right t-exact; thus, at the abelian level we
are required to truncate this functors to get the left adjoints of the abelian versions of i, and

AN
1.

Proposition I1.2.27. The categories of w-almost zero R-complexes and w-almost zero

R-modules admit the following descriptions

(1) The fully faithful functor 7, : Mod(g/=) — Modp identifies the category of w-almost zero

R-modules with the essential image of i,.
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(2) The fully faithful functor i, : D((R/@)perta) — D(R) identifies the category of w-almost

zero R-complexes with the essential image of i,.

Once this results are established, from the commutativity of the diagrams in Construction
11.2.23 it follows that all w-almost zero R-modules (resp. R-complexes) are automatically
derived w-complete. Hence, we get the following description of the categories of derived

w-complete w-almost zero R-modules (resp. R-complexes)

(3) The fully faithful functor ' : Mod(g/z) — Modg,w identifies the category of derived

w-complete w-almost zero R-modules with the essential image of ..

(4) The fully faithful functor i, : D((R/w@)perta) — D(R)L, identifies the category of derived

w-complete w-almost zero R-complexes with the essential image of /.

In particular, this shows that the category of w-almost zero R-modules (resp. R-complexes)

is an abelian category (resp. stable co-category).

Proof. To proof (1) it suffices to show that given w-almost zero R-module M that the
unit of adjunction M — M ®pg (R/w@)perta of the pair (i, H°(*—)) is an isomorphism.
Notice that the unit of adjunction M = M ®r R — M ®p (R/w@)perta can be obtained
by tensoring M with the canonical quotient map R — (R/@)peta, and that any object
of the form (m,z) € M ®r R where x € (@)perta C R is zero. Showing that the map
M — M ®p (R/@)perta is an isomorphism. Moreover, since this shows that M is in the
essential image of i, : D((R/w)perta) — D(R) it also implies that the unit of adjunction
M — M ®% (R/@)perta is an isomorphism.

To proof (2) it suffices to show that for any w-almost zero R-complex M that the unit
of adjunction M — M ®% (R/@)pera is an isomorphism. Recall that any bounded object
N in D(R) can be expressed as successive extensions of its cohomology groups H*(N); for
example, we have the fiber sequence H°(N) — 70UN — H'(N)[—1] presenting 79U N as
an extension of H'(N)[—1] by H°(N). Hence, since HY(M) — H'(M) ®% (R/@)perta is an
isomorphism for all ¢ € Z it follows that the map M — M ®% (R/w@)perta is an isomorphism
for all bounded complexes; for example, its easy to see that since H°(M) and H'(M)[—1] are
in the image of i, then so is 7% M. The case for an unbounded w-almost zero M R-complex
follows by approximating M by its truncations 7/** M, which we already showed are in the
image of the functor i, : D((R/w@)perta) — D(R), and the fact that i, preserves all limits and
colimits (I1.2.24). O

Lemma I1.2.28. An R-complex M is w-almost zero if and only if (@) perq @% M = 0.
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Proof. Recall that we have the following fiber sequence of R-modules (@)perta — R —
(R/w)perta; tensoring with M we get the fiber sequence

(w)perfd®é — M — M ®§2 (R/w)perfd

From Proposition 11.2.27 we learn that M is w-almost zero if and only if the map M —
M®%(R/w)perta is an isomorphism. Hence, M is w-almost zero if and only if M ®% () perta =
0. O

11.2.3: The almost category

Throughout this section R is an integral perfectoid ring which is w-complete with respect
to some w € R where w? divides p. In what follows we will introduce the almost categories
D(R)* C D(R) and D(R).* C D(R). and show that they fit into a commutative diagram

D(R)g —— D(R)"

given by the canonical inclusions. We will also show that all the canonical inclusions of the

diagram above admit left adjoints making the diagram commute

from which we will induce symmetric monoidal structures on D(R)* and D(R).* compatible
with the localization functors (eg. (—)* and (—)") — as we did in Construction II.2.1.
However, we warn the reader that without further hypothesis on R (being w-torsion free) its
not clear how to endow D(R)* and D(R).* with a t-structure compatible with the localization

functors.

Definition I1.2.29. The almost category of R-complexes and its wo-complete variant are

defined as follows.

(1) The almost category D(R)® is a full subcategory of D(R) spanned by the R-complexes
M which satisfy the following property: for every w-almost zero R-complex N the space
of maps RHompg(NV, M) is contractible. We denote by j. : D(R)* — D(R) the canonical
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inclusion of D(R)® in D(R).

(2) The w-complete almost category D(R)A* is a full subcategory of D(R). spanned by
the derived w-complete R-complexes M which satisfy the following: for every w-almost
zero R-complex N the space of maps RHompg(N, M) is contractible. We denote by
jo : D(R)2* — D(R). the canonical inclusion of D(R)2* in D(R)..

w

Intuitively, we are defining the almost category (resp. w-complete) as the ‘orthogonal com-
plement’ of the essential image of i, : D((R/@)perta) — D(R) (resp. i : D((R/@)perta) —

*

D(R).). We make this perspective precise below.

Before moving forward, recall that the fully faithful functors from Proposition 11.2.24
Ty : D((R/w)perfd) — D(R) and Zi\ : D((R/w)perfd) — D(R)g
admit left and right adjoints

i* : D(R) - D((R/@)perta) i : D(R)Y — D((R/@)perta) as left adjoints
i' :D(R) = D((R/@)peria) " : D(R)2 — D((R/@)peta) as right adjoints

described in Constructions 11.2.23 and 11.2.26.

Construction I1.2.30. The definition of the almost category (I1.2.29) says exactly that
D(R)“ (resp. D(R)2%) is the right-orthogonal complement (in the sense of [Lurl8a, Definition
7.2.1.1]) of the inclusion i, (resp. i}). Moreover, [Lurl8a, Proposition 7.2.1.4] says that since
i, (resp. i)') admits a right adjoint given by #' (resp. i) the inclusion functors j, (resp. j2)

admit a left adjoint which we denote
(—)*: D(R) — D(R)* resp. (=) :D(R)Y — D(R)*

Even better, [Lurl8a, Proposition 7.2.1.4] implies that D(R)* (resp. D(R)A%) is a stable

oo-category and that for every M in D(R) (resp. D(R).) there is an essentially unique fiber
sequence

i M — M — j,M® resp. iNNM — M — N (M)

where the morphisms are given by the (co)unit of the adjunction. Let us summarize the
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various functors we just introduced with the following diagrams

ix (=)
D((R/@)perta) . D(R)S . D(R)"
it Jx

A G
D((R/@)perta) . D(R)S " D(R)X

i VA

Construction I1.2.31. We are now ready to establish the existence of the commutative

diagrams mentioned in the introduction of this section

(=)

D(R))* —— D(R)“ D(R) —— D(R)”
jﬁj jj* (‘)Al l(‘)A
D(R),, — D(R) D(R)Y, — D(R)L?

()"

On the left hand side diagram the only possibly non-obvious functor is D(R)2* — D(R)“, but
this follows from the fact that all wo-almost zero R-complexes are automatically ww-complete.
We claim that this functor admits a left adjoint (—)" : D(R)* — D(R)L* given by the derived
w-completion functor; for this it suffices to show that for an object M € D(R)* C D(R) its
derived w-completion M” is in the full-subcategory D(R).* C D(R). Let N be an w-almost
zero R-complex, then by the stability of D(R)* it follows that R Hompg(N, Kos(M;w™)) =0

for all n € Z+, thus we learn that
RHompg(N, M") = RHompg(N, Rlim Kos(M;w")) = Rlim R Hompg (N, Kos(M;=")) =0

showing that M”" € D(R)2* as desired. It remains to show that the diagram on the right
is commutative, but this follows from the fact that all the functors on the right hand side

diagram are left adjoints to the functors on the commutative diagram on the left.

Before diving into the next construction let us introduce a couple of subcategories of

D(R) and D(R)".

(1) The subcategory “*D((R/w@)perta) € D(R) is the full-subcategory spanned by the R-
complexes M which satisfy the following: for every w-almost zero R-complex N the

space of maps R Hompg(M, N) is contractible.

(2) The subcategory *D((R/w@)perta)” C D(R)2 is the full-subcategory spanned by the
derived w-complete R-complexes M which satisfy the following: for every w-almost

zero R-complex N the space of maps R Hompg(M, N) is contractible.
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In the terminology of [Lurl8a, Section 7.2.1] this subcategories are called the left-orthogonal
complement of D((R/@)perta) C D(R) (resp. D((R/@)perta) C D(R)L) — compare with the
definitions in [1.2.29.

Construction I1.2.32. From [Lurl8a, Corollary 7.2.1.7] we learn that since i, (resp. i)

*

admits a left adjoint ¢* (resp. i"*), the fully-faithful functor
hy : *D((R/@)perta) — D(R) resp. h  D((R/w)persa)” — D(R)2
admits a right adjoint

h*:D(R) = "D((R/@)perta)  Tesp. W™ D(R)} = “D((R/®)peria)

w

Even better, [Lurl8a, Corollary 7.2.1.7] implies that
LD((R/@)perta) (resp. TD((R/w)perta)”) is a stable oco-category and that for every M in
D(R) (resp. D(R)2) there is an essentially unique fiber sequence

hMh*M — M — i, i*M resp. hMAY M — M — i M

which in turn implies that mh*M = M ®% (@)pema (resp. h{MRNMM = M@;(w)perfd ~
M @ (@)parta).

Furthermore, by virtue of [Lurl8a, Proposition 7.2.1.10] we learn that by restricting the
functor (—)® (resp. (—)"*) to the full-subcategory *D((R/w@)perta) (resp. *D((R/w@)perta)™)

we get functors

(=) *D((R/@)peria) — D(R)" resp. () AD((R/ @) perta)” — D(R)A

which induce an equivalence of categories. We claim that we have the identity
(_)a o h* ~ (_)a resp. (_)/\a o h/\* ~ (_)/\a

Indeed, it suffices to show that (M ®% (R/@)peta)® = 0 (resp. (M@é(R/W)perfd)a = 0),
but this follows from the fact that M ®% (R/@)pera is w-almost zero and the definition of
the functors (—)® (resp. (—)"*) from Construction I1.2.30. Hence, we can conclude that the

functors (—)* (resp. (—)"*) admit left adjoints given by
jri=ho (=) i D(R)* - D(R)  resp.  ji':=h'o (=) D(R)Y — D(R)
where (—)®~! is the inverse of the functor inducing the equivalence (—)* : *D((R/w@)perta) =
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D(R)*; and (—)"*~! is defined similarly. We summarize the various functors we have con-

structed with the following diagram

DR = D(R) = D((R))yert)

it i*
D(R)y _— (R)% " D((R/@)perta)

which satisfy the following property: for every M in D(R) (resp. D(R).) there exists an

essentially unique fiber sequence
JM* — M — i "M resp. (M — M — i M

In particular, we have that jM* = M ®% (@)perra (resp. ji'(M)"* = M@é(w)perfd ~
M @5 (@) perta)-

The following result provides us with an explicit description j, M* (resp. (j.(M)"*)) in
terms of the internal hom to the category D(R).

Construction II.2.33. Let us explain how the internal hom of D(R) is constructed and

explain some subtleties regarding the construction. Fix M, N € D(R), we define a functor
RHomp(M,N): D(R)® — Spc  Z — RHomgp(M ®% Z, N)

It is easy to see that this functor preserves all limits, and since the category D(R) is a
presentable oo-category it follows that the functor described above is representable by an
object RHomy(M, N) € D(R) called the internal hom of D(R). The object RHom (M, N) €
D(R) is completely characterized by the fact that there is a natural isomorphism of spaces
RHomg(Z, Homp(M, N)) = RHomg(M ®% Z N) — in other words, it satisfies the tensor-
hom adjunction by construction.

Let us emphasize that during the construction of RHompy(—, —) it was critical that the

category D(R) was a presentable oo-category in order to guarantee that the functor was

N
w

representable. However, it is generally not true that the category D(R)% is presentable —

A

thus it is not clear how to define an internal hom for D(R)2

claim that for a fixed M € D(R). the functor

in general. Nevertheless, we

RHom (@) perta, M) : D(R)AP — Spe  Z > R Homp((@) pera® 22, M)
is representable by the internal hom RHomp(()perta, M) computed in D(R) and that it
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is derived w-complete. Indeed, recall that (w)perfd®éZ ~ () perta ®% M, so the internal
hom RHomp((@)perta, M) computed in D(R) gives us the desired functor when restricted to
D(R).. Finally, we need to show that RHomp((w)perta, M) is derived w-complete whenever
M is; recall that a module M is derived w-complete if the inverse limit Rlim(--- — M — M)

vanishes, with transition maps given by multiplication by w. By the identities
Rlim ( .+ = RHomp((@)pea@nZ, M) — R Homp((w)peia® 22, M))
:}%Hmn3<&v%mm®ngRhnm~-—éAI—%Aﬂ)::R}kmuﬂﬁvkﬂm®éZJD::O

where Z ranges over all elements in D(R)2 we can conclude that RHom((w@)perta, M) is

derived w-complete.

Lemma I1.2.34. Let M be an object of D(R) (resp. D(R)2). Then, the object j.M* €

w

D(R) (resp. jo (M) € D(R).) admits the following description in terms of the internal

w

homs introduce in the previous construction
j*Ma = RI—IO_HU%((w)perfdy M) resp. j;\(M)Aa = R}I()_mR((w)perfda M)

Proof. 1t suffices to show that for all N in D(R) (resp. D(R).) there exists a natural

isomorphism

RHompg(N, j,M?*) ~ RHompg(N, RHomy((@)perta, M))
resp. RHompg(N, j2 (M)"*) ~ RHompg(N, RHomg((@)perta; M))

Consider the following sequence of isomorphisms obtained formally by the adjunctions among

the functors ji, (—)%, and j. (resp. their completed variants)

RHomg(N, j,M®) ~ RHompg.(N* M*) ~ RHomp(N &% () perta; M)
resp. RHompg(N, j2(M)"*) ~ RHompga (N"*, M) ~ RHomR(N@)g(w)perfd, M)
Using the tensor-hom adjunction described in Construction 11.2.33 the result follows. O

Finally, we want explain how to endow the categories D(R)* and D(R).2* with symmetric
monoidal structures making the functors (—)* and (—)"* symmetric monoidal. Recall the
following definition from [Lurl7, Definition 2.2.1.6].

Definition I1.2.35. Let C be a symmetric monoidal category, and D C C a full subcategory
of C such that the inclusion D C C admits a left adjoint L : C — D. We say that L is
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compatible with the symmetric monoidal structure of C if for every morphisms X — Y which
becomes an isomorphism upon applying L, and any Z € C, the induced map X ® 7 — Y ® 7

becomes an isomorphism upon applying L.

Construction II.2.36. Our goal in this construction is to show that all the functors ap-
pearing in the following diagram, which we constructed in I1.2.31, are compatible with the
symmetric monoidal structures of the source.

D(R) — 5 D(R)

(*)Al l(*)A

D(R) 5 DIR)
Once we establish that all the functors above are compatible with the symmetric monoidal
structures of the source, it follows from [Lurl7, Proposition 2.2.1.9] that the target cate-
gories admit unique symmetric monoidal structures making the functors above symmetric
monoidal.

As explained in I1.2.5 it follows from [Lurl8a, Proposition 7.3.5.1] that the derived
w-completion functor is compatible with the symmetric monoidal structure of D(R). To
show that (—)* is compatible with the symmetric monoidal structure of D(R) recall
that a morphism M — N becomes an isomorphism after applying (—)* if and only if
M &% (@)perta — N ®@% (@)perta, thus making it clear that (M ®% Z2)* — (N @k Z2)* is
an isomorphism for all Z € D(R). A similar argument shows that the functor (—)"® is
compatible with the monoidal structure on D(R)2.

Recall how the functor (—)" : D(R)* — D(R).* was defined in 11.2.31: its was obtained
by derived w-completing an element M € D(R)* when regarded as an object of D(R) via the
inclusion j, : D(R)* — D(R). Hence, we can conclude that a morphism M — N € D(R)*
becomes an isomorphism upon derived w-completion if and only if Cone(M — N)[—1] is

w-local. Therefore, it suffices to show that
RHom ¢ ((@) pertd, Cone(M — N)[—1] ®% Z)

is w-local for all Z € D(R), whenever Cone(M — N)[—1] is w-local. By the definition of
w-local it suffices to show that for every K € D(R) which is w-nilpotent the mapping space

RHomyp, (K, RHom () perta, Cone(M — N)[—1] @k Z)> ~ s

is contractible. But this follows from the fact that Cone(M — N)[—1] ®% Z is w-local by
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[Lurl8a, Proposition 7.2.4.9], and the fact that K ®% (@)perta is w-nilpotent by [Lurlga,
Proposition 7.1.1.12], together with the tensor-hom adjunction.

To summarize, we have shown that the categories D(R)* and D(R)2* admit symmetric
monoidal structures, denoted by (—®%*—) and (—@Za—) respectively, making all the functors
on the above diagram symmetric monoidal. Furthermore, by virtue of [Lurl7, Proposition

2.2.1.9] we have the following pair of commutative diagrams

(=)

CAlg(D(R).*) —— CAlg(D(R)“) CAlg(D(R)) ——— CAlg(D(R)*)
jﬁj j (‘)Al l("A
CAlg(D(R)},) —— CAlg(D(R)) CAlg(D(R)},) o CAlg(D(R)%")

where the functors on the right hand side diagram are left adjoint to the functors on the

right hand side diagram. Compare this diagrams with those in [1.2.31.

11.2.4: The abelian categories

Throughout this section R is an integral perfectoid ring which is w-complete with respect
to some w € R where w? divides p, and such that R is w-torsion free. The goal of this
section is to show that under the assumption that R is w-torsion free most of the result in
the previous section admit abelian analogs.

We begin by defining ¢-structures on D(R)* and D(R).°.

Lemma I1.2.37. The functors
Ji(=)*: D(R) — D(R) and J (=) : D(R), — D(R),

are t-exact, where the ¢-structure on D(R)2 is the one from Construction I1.2.12.

Proof. Since w admits compatible p-power roots up to a unit, we may assume without loss
of generality that w admits compatible p-power roots. Recall from Corollary I1.1.37 that
R[w| = R[@'/?”] = R[w™], which implies that R is wtorsion free for all ¢ € Z[1/p];
therefore, for any ¢ € Z[1/p] the multiplication map — x @w? : R — (w?) is an isomorphism
— this shows that (w?) is a free R-module.

We claim that (w)pefa is a flat R-module; indeed, it suffices to show that (w)pera is &

filtered colimit of free R-modules, which follows from the following identities

() perfa = (wl/poo) = COhm(<wl/pn) — (Wl/pnﬂ) )
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This shows that ji(—)* = — ®% (@)perta is t-exact; and the identity — ®% (@)perta =

—@é(w)perfd shows that j;*(—)"* is also t-exact. O

Construction II.2.38. Regarding the category D(R)® (resp. D(R)2%) as a full-subcategory
of D(R) (resp. D(R).) via the inclusions

Ji : D(R)* — D(R) resp. Ji*: D(R)2X* — D(R)
We claim that the following subcategories of D(R)* (resp. D(R).*) determine a ¢-structure

(D(R))=* = DR ND(R)  (D(R))< = D(R)= N D(R)"
resp. (D(R))2 = (D(R)S)Z DR (D(R)S)=" = (D(R)A)=" N D(R)

w w

where the t-structure on D(R)2 is that of Construction I1.2.12. In order to show that both

Na

A it suffices to

of this pairs of subcategories determine t¢-structures on D(R)* and D(R)
show that the following pair of morphisms, obtained from the counit of the adjunction, are

isomorphisms
(TZRM) ®f€ (w)perfd — 7" M (TS”M> ®f{ (w)perfd — ="M

for any object M in D(R)?. From the fiber sequence 7="M — M — 72" 1M and the fact
that the counit of adjunction M ®]L% (@)perta — M is an isomorphisms, we conclude that the

boundary map must be an isomorphism

(r=100) /(62 0) 0 (@)para) — (7M) /(75 M) 9 (@)t [1]

But since the left hand is concentrated in degrees [n,c0) and the right hand side is concen-
trated in degrees (—oo,n — 1] it follows that both of them must be zero, proving the result.
Let us emphasize that we are using in a critical way the t-exactness of — ®{§ (@) perta (11.2.37)

to guarantee that the left hand side is concentrated in degrees [n, o).
We are now ready to introduce the abelian analogs of the categories D(R)* and D(R)2°.

Definition I1.2.39. Recall that if a stable oo-category C admits a t-structure there exists
an abelian subcategory C¥ C C defined as C¥ := CZ°NC=’. For us, the following two abelian

categories will be of interest

(1) The almost category of R-module, denoted by Mod$, is the abelian full-subcategory of
D(R)* defined as the heart of the t-structure on D(R)* from Construction 11.2.38. In
other words, Mod%, := D(R)*=° N D(R)*=°.
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(2) The almost category of derived w-complete R-modules, denoted by Mod/}}f‘w, is the
abelian full-subcategory of D(R)." defined as the heart of the ¢-structure on D(R)2*
from Construction I1.2.38. In other words, Mody’, := D(R)A*=" N D(R)A*=".

Now that the basic definitions are in place, let us explain how to get abelian versions of

the functors we introduced in the previous section.

Construction I1.2.40. From Lemma [1.2.37 and Construction 11.2.38 it follows that the

pair of adjoint functors

ji:D(R)* = D(R)  (—)*:D(R) - D(R)®
it DR)F = D[R), (=) D(R); = D(R)

w

are t-exact. Hence, they induce a pair exact adjoint functors of abelian categories

g1 Mod}, — Modg (—)*: Modr — Mod,

gi : Modjy®, < Mody (—)*: Mody , — Mody?

with j; and j{* being fully faithful and left adjoint to (—)* and (—)"* respectively. In partic-

ular, we have canonical identifications
j!Ma ~ M Xr (w)perfd j!/\(M)/\a ~ M ®r (w)Perfd

for any M in Modg and Mod%w respectively.
On the other hand, the fully faithful functors

J«:D(R)* = D(R)  ji:D(R)F — D(R),

are only left t-exact. In order to see the failure of t-exactness recall that (—)® and (—)"*
are t-exact, thus it suffices to show that the internal hom RHomp((@)perta, M) is a complex
concentrated in degrees [0, 1] for M € Modg. From the isomorphism () pertq = colim(ww’*/?")

we deduce the identity

RHom ;,((%)perta, M) ~ Rlim RHom ,((ww/?"), M)
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and recall that Z<p-indexed limits can be expressed as

Rlim RHom((="/?"), M) ~
Cone ( [ RHomp((="/#"), M) — ] RHomp((="/*"). M)) (1]

Hence, since RHom ((c'' /"), M) is concentrated in degree zero, by virtue of (z//?") being a
free R-module, it follows that RHomp((w@)perta, M) is an R-complex concentrated in degrees

[0, 1]. Therefore at the abelian level we get left exact functors
7%, : Mod}%, — Modg =050 Mod/}\{fw — Modg’w

such that 7%, is the right adjoint to (—)® and 7=%j/ is the right adjoint to (—)"".

As we did in Lemma I1.2.34 we want to express the objects 7<°j,M% € Modp and

705N (M) in terms of the internal hom of Modgp.

Construction I1.2.41. Recall how the internal hom of Modp is defined, for a fixed M, N €

Modg we have a functor
Homp (M, N) : Mody — Set Z — Homgr(M ®gr Z,N)

And since this functor preserves all limits, the presentability of Mod g implies that there exists
an object Hom(M, N) € Modg representing the functor above. Moreover, as in Construction
[1.2.33 the category Modfiw is not presentable, so it has no intrinsic notion of internal hom.

However, we claim that the functor
Hom (@) perta, M) : Mody . — Set  Z v Homp(H'((@) perta® g Z), M)

is representable by the internal hom Homp((@)perta, M) computed in Modg. Indeed, from
the identity (w)perfd@x\)éZ ~ (@W)perta @p Z it follows that the functor Hom((w)perta, M) :
Mod} ., — Set described above is represented by the internal hom computed in Modp.
Finally, we need to show that if M is a derived w-complete R-module, then so is
Hom((@)perta, M). Recall that an R-module M is derived w-complete if and only if
Rlim(--+ — M — M) = 0 with transition maps given by multiplication by w. So if M

is derived w-complete we have the following identities

Rlim ( = I—IO_HU%((w)perfda M) — I—IO_HH%((w)perfdv M)>

~ Homp((@)perta, RUm(- -+ — M — M)) ~ 0

58



showing that Hom p(()perta, M) is derived w-complete.

Lemma II.2.42. Let M be an object if Modp (resp. Mody ). Then, the object 7=%j, M €
Modp (resp. 705/ (M)"* € Mod} ) admits the following description in terms of the internal

homs introduced in the previous construction
=05, M* ~ Hom g ((@)perta, M) resp. TSO].;\(M)M ~ Hom g ((@)perta, M)

Proof. Tt suffices to show that for all N € Modg (resp. Modj ) there exists a natural

isomorphism

Hompg (N, 7=%5,M*) ~ Homp(N, Hom g (() pesta, M))
Homp(N, Tgoj*AMA“) ~ Hompg(N, Homp((@)perta, M))

Consider the following sequence of isomorphisms obtained formally by the adjunctions among

the functors ji, (—)® and 7505, (resp. their completed variants)

Homp(N, 75%5,M*) ~ Hompa(N®, M*) ~ Homp(N ®r (@)pera; M)
Homp(N, 7052 M) ~ Hompa (N"*, M) ~ HomR(HO(N®§(w)perfd), M)

Using the tensor-hom adjunction and the identity N ®p (@)perta =~ N @}L%(W)perfd the result
follows. O

Notation I1.2.43. We will often denote the functor 7=%j,(—)® (resp. 7552 (—)"%) by

(—)* : MOdR — MOdR M — M, ~ HomR((w)perfd, M)
resp. (—=)2 : Mody — Modjp M — M ~ Homp((@)perta, M)

and we will call M, (resp. M) the almost element of M. Moreover, the unit of the
adjunction provides us with a functorial morphisms M — M, (resp. M — M) described
by m — (¢ — em) € Homp((@)perta, M), where € € (w)perta. When M is assumed to be w-
torsion free the R-module M, (resp. M) can be described as the submodule M, C M[1/w]
(resp. M) C M[1/w]) where m € M, (resp. m € M) if and only if em € M for all

£ € (w)perfd.

Lemma I1.2.44. The functors

7%, : Mod% — Modg A Mod%‘fw — Modgw
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are fully faithful.

Proof. 1t suffices to show that the units of the adjunctions

H:O_HH-‘.{((w)pcrfda M) — I_IO_HU%«W>pcrfd7 I_IO_HH%((w)pcrfda M))

(e—=m)— (= (e = e'm))

is an isomorphism. By the identities (@)perta @r (0)perta =~ (0)perta and _®;(W)perfd ~

— @R (@)perta and the tensor hom adjunction we get an isomorphism

I—IO_HHQ((w)perfd7 I_Io_nh{«w>perfd7 M)) — I—IO_mR((w)perfda M)

(€'— (e~ e'm)) — (e’ — &'m)

proving that the units of the adjunctions are isomorphisms. ]

With the basic functorialities established, we now show that the categories Mod} and
Modf?, inherit symmetric monoidal structures from the categories D(R)* and D(R)A* re-

spectively.

Construction I1.2.45. We follow a procedure similar to that of (I.2.1) and (I1.2.5) to
obtain the symmetric monoidal structures on Modf, and Mod%‘fw. First, we need to show
that the full-subcategories D(R)*=® C D(R)* and D(R)A*<" C D(R)* are stable under the
symmetric monoidal structures of D(R)* and D(R).* respectively. Let M, N be elements of
D(R)*<Y (resp. D(R)2=0) and recall that the tensor product of M and N in D(R)* (resp.

w

D(R)2*) admit the following description
Mok N~ (M ehiNe  resp.  MBLN = (A M)B5(IN))™

From Lemma I1.2.37 we learn that the functors (—)* and j; (resp. (—)** and j{) are t-exact,
and since M, N being connective implies that M @EN (resp. M @éN ) is connective, it follows
that M@K N € D(R)=° (resp. M&5' N € D(R)2<°). Thus, by [Lurl7, Proposition 2.2.1.1]
it follows that D(R)*<? and D(R)A*<" inherit symmetric monoidal structures from D(R)*
and D(R).* as they are stable under tensor products.

Consider the following pair of commutative diagrams

>0

Mody s D(R)A*<" D(R)*<0 —= Mod4,
| | e
Mod?, «—— D(R)*<0 D(R)M<0 5 Modj"_
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where the functors on the left are the canonical inclusions — it is not hard to see that the
canonical inclusion D(R)2* C D(R)* is t-exact — and the functors on the right are the left
adjoints to the inclusions. By [Lurl7, Proposition 2.2.1.8] it follows that the functors 729 are
compatible with the symmetric monoidal structure of the source (11.2.35), endowing the cat-
egories Mod%, and Mod%‘fw with an essentially unique symmetric monoidal structures making
the truncation functors 7=% symmetric monoidal. We denote the symmetric monoidal struc-
ture on Mod%, by —®% —, and the symmetric monoidal structure on Mody’, by H 0(—@5?—)
— we prefer this notation over —@)GR— in other to emphasize that we are taking derived
w-completions (cf. 11.2.7).

Furthermore, we showed in Construction 11.2.36 that the functor (=) : D(R)*=? —
D(R)A*<Y is compatible with the symmetric monoidal structure of D(R)*<". It remains to
show that H°(—") : Mod} — Modjy?,, is compatible with the symmetric monoidal structure
of Mod%. Recall how the functor H°(—") is defined: for an object M € Mod} C D(R)*<Y,
we first perform the derived w-completion, regarding M as an object of D(R)*<"  and then
we truncate M”. Thus, we need to show that if a morphism M — N in Modj, induces an

isomorphism 72°M”" — 72°N” | then for any Z € Mod%, the induced map
(M @F Z)" = (N @ Z)"

is an isomorphism. But this follows from the fact that the derived w-completion (—)" functor

and the truncation functor 729

are compatible with the symmetric monoidal structures of
their sources.

To summarize we have shown that the categories Mod%, and Modfﬁw admit symmetric
monoidal structures, denoted by (—®% —) and H 0(—®La—) respectively, making the trunca-
tion functors 72 and the derived completion functors (—)" and H(—") symmetric monoidal.
Furthermore, by [Lurl7, Proposition 2.2.1.9] it follows that the above commutative diagrams

induce commutative diagrams at the level of commutative algebra objects

CAlg(ModlA%?w) ——— CAlg(D(R)N*=0)

/

CAlg(Mod%) «——— CAlg(D(R)*=?)
CAlg(D(R)*=°) — =" CAlg(Mod%)
(,)Al lHO(—A)

CAlg(D(R)A%<%) =" CAlg(Mod}y")
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where the morphisms on the bottom commutative diagram are the left adjoints to the

morphisms on the top commutative diagram.

Proposition 11.2.46. The pair of functors
(—)*: Modr — Mod% (=) : Mod} ,, — Modj?,

are symmetric monoidal with respect to the symmetric monoidal structures on Modf, and
Modj", described in Construction I1.2.45. As a direct consequence we learn that the right

adjoint fully faithful functors
7<), : Modf = Modg 7541 : Mody’,, — Mody

are lax-symmetric monoidal. In particular, this implies that we get adjoint functors at the

level of commutative algebra objects

(—)*: CAlg(Modg) — CAlg(Mod%) 7%, : CAlg(Mod%) — CAlg(Mody)
(—)* : CAlg(Mod} ) — CAlg(Mody%,) 751 : CAlg(Mod}y?,) < CAlg(Mod} )
with 759, and 7=Yj being fully faithful functors.

Proof. Consider the following pair of commutative diagrams

>0 >0

D(R)<® —= Modp D(R)AS0 —=25 Mody)
(—)al l(—)“ (—)Aal l(*)m
D(R)e=0 BN Mod% D(R)Ma=0 BN Modj’,

We know from Construction 11.2.36 that the functors (—)® : D(R)=% — D(R)*<? and (—)"* :
D(R)Y — D(R).* are symmetric monoidal, and from Construction 11.2.45 we learn that all
truncation functors 7=° are symmetric monoidal. This shows that (—)* : Modg — Mod%

and (—)"* : Modp , — Modj?, are symmetric monoidal, as desired. O

We conclude this section by showing how our constructions compare to those of Gabber-
Ramero [GRO3].

Remark II1.2.47. From Lemma [1.2.44 we learn that Mod} can be regarded as a full-
subcategory of Modg, together with an exact left adjoint to the inclusion (—)* : Modr —
Mod% — in particular, for a module M € Modg we have that M? ~ 0 if and only if M, ~ 0.

We claim that M* ~ 0 if and only if M is a w-almost zero module. Indeed, if M is w-almost
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zero then M, ~ 0 by Lemma [1.2.42; on the other hand, if M, ~ 0 then M must be ww-almost
zero again by Lemma [1.2.42.

This characterizes the exact functor (—)* : Modg — Mod§, with the following universal
property: for any exact functor F': Modg — C such that F(M) ~ 0 if M is w-almost zero,

then there exists a unique factorization
F :Modgr — Mod}, — C

showing that our abelian category Mod% enjoys the same universal property as the almost
category of [GRO3], proving their equivalence. Furthermore, in Proposition 11.2.46 we show
that the functor (—)* : Modg — Mod{, is symmetric monoidal and that this characterizes
the monoidal structure on Mod%; this is the same definition of the monoidal structure on

the almost category taken in [GRO3].
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I1.3: Integral Closures

11.3.1: w-torsion free algebras

Throughout this section R is an integral perfectoid ring which is w-complete with respect
to some w € R where w” divides p, and such that R is w-torsion free.

This section we will mostly be concerned with various categories of commutative R-
algebras, we begin by recalling their definitions and some of the results we have already

established in previous sections.

(1) The category CAlgy := CAlg(Modpg) of commutative R-algebras, which we introduced in
[1.2.1; and its full subcategory 7=%j, : CAlg% < CAlgp, where CAlg}, := CAlg(Mod%),

of almost commutative R-algebras which we introduced in 11.2.45.

(2) The category CAlgy := CAlg(Modj ) of derived w-complete commutative R-algebras,
which we introduced in 11.2.13; and its full subcategory 7=%5/ : CAlgi* — CAlgh, where
CAlgy = CAlg(Modg?w), of derived w-complete almost commutative R-algebras which

we introduced in 11.2.45.

This categories have fully faithful functors relating them

F<05A
CAlght <5 CAlgh

/ /

CAlg%, 7 CAlgp,

and each of this functors admit left adjoints that fit into the following commutative diagram

CAlg, Y cAlg)

(*)“l l(—)“

cAlg? T cAlghe

Let us explain how this is relevant for us in this section. Recall that for any symmetric
monoidal category C we can consider its category of commutative algebra objects CAlg(C), in
the sense of [Lurl7, Section 2.1.3], and this category has the following property: for any pair
of morphisms R <~ D — S in CAlg(C) the pushout can be identified with R®p S by [Lurl7,
Proposition 3.2.4.10]; where — ® — comes from the symmetric monoidal structure on C. For
us, this means that we can compute the various exotic tensor products in CAlgp, CAlg$ and

CAlgh* in terms of the classical tensor product of CAlg, and the functors connecting them.
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The goal of this section is to show that all the categories of algebras we just introduced
admit w-torsion free analogs, and to construct w-torsion free tensor products on them. One
of the main advantages of introducing wo-torsion free versions of this categories is that derived
w-completion and classical w-completion agree — which will be critical when relating this
categories to Banach algebras.

The following lemma shows that being w-torsion free interacts well with the (derived)

w-completion functor.

Lemma I1.3.1. Let B be a ring and w an element of B. Then, a B-module M € Modp is

w-torsion free if and only if its derived w-completion M" is a w-torsion free B-module.

Proof. Recall that the local cohomology of M at w can be identified with Cone(M —
M|[1/@])[—1] (cf. [Stal8, Tag 0952]), which implies that we have the identity R°T, (M) =
M [w™] identifying the zeroth cohomology group with the w-torsion part of M. Moreover,
Greenlees-May duality (cf. [Stal8, Tag 0A6V]) implies that we have the equality

RT (M) = RT(M")

showing that M[w™] = M"[w™] and proving the desired claim. O
We introduce a couple of the categories of w-torsion free algebras.
Definition I1.3.2. Let B be a w-torsion free ring, for some w € B.

(1) Let CAIgg be the full subcategory of CAlg of commutative B-algebras whose underlying

module is w-torsion free.

(2) Let CAlg/];tf be the full subcategory of CAlgy of commutative B-algebras whose under-
lying module if derived w-complete and w-torsion free. Since this algebras are w-torsion

free, being derived w-complete is equivalent to being classically w-complete.

Proposition I1.3.3. Let B be a w-torsion free ring, for some w € B. Then, the canonical

inclusions

CAlg" — CAlg, CAlgh't — CAlg)

admit left adjoints

(—)": CAlgy — CAlg A A= A/A[w™)

()" CAlgy — CAlghY A (A
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Moreover, every functor in the left hand side diagram admits a left adjoint, making the

diagram on the right commute

0(_N
CAlgh — 5 CAlgh CAlg, T cAlgh
\[ \[ (7)tfl l(i)/\tf
CAlgl —— CAlg, CAlgl; —— CAlgp"

In particular, this implies that for a pair of morphisms A < D — C'in CAIg%tf the pushout

tfA

can be expressed as (A®p C)
of Awp C.

— the classical w-completion of the w-torsion free quotient

Proof. Tt is clear that the inclusion CAlgh — CAlgy admits a left adjoint given by A —
H(A"), where A" denotes the derived w-completion of A; similarly, by Lemma I1.3.1 it

follows that the inclusion CAlgi*

— CAlg! also admits a left adjoint given by A — A",
where A" is the classical w-completion of A (which agrees with the derived one as A is
w-torsion free).

Define a functor CAlgy — CAlg" by the formula A — A := A/A[@™] where A is
obtained by killing the w-torsion of A — it is clear that this map is functorial. To show that
this map it a left adjoint to the inclusion CAlgg — CAlg it suffices to notice that for any
morphism A — C', where C' is w-torsion free, there is an essentially unique factorization
as A — A/A[w™] — C, which is clear. On the other hand, we can define a functor
CAlgly — CAlgi™ by the rule A — (A/A[w™])" where (—)" is the classical w-completion
functor which agrees with the derived one — it is clear that this is a functorial procedure, but
let us explain why its necessary to w-complete after passing to the w-torsion free quotient.
Indeed, if A has unbounded w-torsion then A[w™] will never by derived w-complete (cf.
[Bhal9]), showing that A/A[w>] will never be derived w-complete in the unbounded torsion

case. Finally, let us show that the map CAlgy — CAlgi™ we just constructed is the left

adjoint to the inclusion CAlgh" — CAlgh. Indeed, for any morphism A — C in CAlg},

where C' is w-torsion free, will factor as
A — AJA[w™®] = (AJA[@™])" = C

showing that CAlgps — CAlggtf is indeed the left adjoint to the canonical inclusion in the

opposite direction. O

In what follows we will introduce w-torsion free categories of almost commutative R-

algebras, and show that an analogous result to Proposition 11.3.3 hold in the almost setting.
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Definition I1.3.4. Let R is an integral perfectoid ring which is w-complete with respect to
some w € R where w? divides p, and such that R is w-torsion free. We regard the categories

CAlg$, and CAlgh® as subcategories of CAlg, and CAlgp respectively via the functors
7%, : CAlg% — CAlgp 75050 CAlgh® — CAlgh

We will be interested in the following categories of almost commutative R-algebras

(1) The category CAlgh™ of w-torsion free almost commutative R-algebras, defined as
CAlgt N CAlgh.

(2) The category CAlgi*" of w-complete w-torsion free commutative R-algebras, defined
as CAlgh NCAlgy”".

Proposition I1.3.5. The canonical inclusion functors
CAlgy" — CAlgf,  CAlg"" — CAlgy!
admit left adjoints
(=) CAlgh — CAIg A m [(r=0.4)7]
(=)0 CAIgh® — CAlgh* A [(Tsoj*AA)Mfr

Moreover, every functor in the left hand side diagram admits a left adjoint, making the

diagram on the right commute

0(_A

CAlg) — CAlg)? CAlgs, 5 calghe
\[ \[ (7)atfl l(i)/\atf

CAlgl" ——— CAlg}, CAlglt — CAlgy"

Proof. During Construction 11.2.45 we showed that the inclusion CAlgh* — CAlg% admits
a left adjoint given by H°(—"). To show that the inclusion CAlg‘};f — CAlg}, admits a left
adjoint, we realize both of them as subcategories of CAlg via the functor 75, : CAlg}, —
CAlgp. Its clear that for any morphism 75%5,(A4) — 759,(S), where 75%5,(S) is w-torsion
free factors as

7=05.(A) — 7=.(A) /(1= (A) [w™]) — 7=%5.(S5)

However, since 759, (A)/(75%,(A)[w™>]) need no be in the essential image of 7=j, there is
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a further factorization

70, (4) — () (=4 (A))) — 75(5)

*

where (—), is the unit of the adjunction, introduced in 11.2.43. This shows that (—)**! is the
left adjoint to the inclusion CAlgh" < CAlg%. The argument to show that the inclusion
CAlgAatf — CAlgh* admits a left adjoint is completely symmetrical to the argument we
just described for CAIg“tf — CAlg}; but in this case we realize the categories CAIgAatf —
CAlgh® as full subcategories of CAlgk via the functor 7052 : CAlgh* — CAlgh.

Finally, we show that the inclusion CAlgh** — CAlgatf admits a left adjoint given by

atf

w-completion. We realize the category CAlgy” C CAlg} as a subcategory of CAlgy via the

inclusion 7=%j,, and the category CAlg/\“tf C CAlgh" as a subcategory of CAlgy C CAlgp

via the functor 7<%, Fix an object A in CAlg“tf C CAlgg, we showed in Construction
11.2.31 that A" will be in contained in CAlgxy* C CAlgy, and moreover by Lemma I11.3.1 we
learn that A" is w-torsion free. Hence, A" is contained in CAIgA“tlc C CAlgy, proving that

w-completion is the left adjoint to the inclusion CAlgi*™ «— CAlg%H. O

Proposition I1.3.6. Let R is an integral perfectoid ring which is w-complete with respect
to some w € R where w? divides p, and such that R is w-torsion free. Then, the canonical

inclusions
. CAlgg" — CAlgly 7500 : CAlgy"" — CAlgy”

introduced in Definition I1.3.4 admit left adjoints

(—)*: CAlglt — CAlgyt A A®
(=) CAlgh't — CAlg'™ A A®

In particular, this implies that every functor on the left hand side diagram admits a left

adjoint, making the diagram on the right commute

CAlgp™ —— CAlg! CAlgl = cAlgy”
- [ " =
CAlght —— CAlgh CAlgh't SN CAlgp

This provides us with a torsion free analog to the diagrams introduced at the beginning of

this section.

Proof. In order to show that the inclusion CAIgatf — CAIgg admits a left adjoint given
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by (=) it suffices to show that for any element A in CAlg%"® ¢ CAlg'f CAlgy the object
A, = Homp((@)perta, A) in CAlg}, € CAlgy is w-torsion free. Since A is w-torsion free then
A, can be identified with the subring of A[l1/w] where a € A[l/w] belongs to A, if ca € A
for all € € ()perta, making it clear that A, is w-torsion free.

On the other hand, to show that the inclusion CAIgf{”f — (]Alg%ttf admits a left adjoint
given by (—)® it suffices to show that for any element A € CAlgh*t ¢ CAlgh' the object
A, = Homp((@)perta, A) is w-complete and w-torsion free. We already argued in the pre-
vious paragraph that if A is w-torsion free then so is A,. Moreover, we showed in 11.2.41
that if A is derived w-complete then so is A,; and since A is w-torsion free being derived

w-complete is equivalent to being classically w-complete. O]

Na tf

Corollary I1.3.7. Let A <~ D — C be a pair of morphisms in CAlgyp*". Then, the pushout

can be described by the following sequence of operations

—)tf A _a
A®p C L (Aep )Y —— (A®p O)HN L) (A®p C)thna

Proof. Recall that the pushout of A <~ D — (' computed in CAlg, can be canonically
identified with A ® p C'. Therefore, the result follows from the fact that all the following
morphisms

CAlgp* — CAlgh't — CAlgll — CAlg,

admit left adjoints, as we have established in this section. O]

11.3.2: p-integrally closed algebras

Throughout this section R is an integral perfectoid ring which is w-complete with respect

to some w € R where @w” divides p, and such that R is w-torsion free.

Definition II1.3.8. Recall from I1.1.39 that a ring A with a non-zero divisor w € A is said
to be p-integrally closed in A[l/w] if every a € A[l/w] where a? € A satisfies a € A.

The p-integral closure of A in A[l/w], denoted by AP is constructed as U,>oA, C
A[l/w], where Ay = A and A,;1 C A[l/w] is the A,-subalgebra generated by all the
a € All/w] such that a? € A,; it is the smallest p-integrally closed subring of A[l/w]
containing A. Clearly, the p-integral closure of A < A[l/w]| is contained in the integral

closure.

Lemma I1.3.9. Let A be a w-torsion free R-algebra. Assume that A is p-integrally closed
with respect to A C A[l/w]|. Then,
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(1) The w-completion of A, denoted by A", is p-integrally closed with respect to A" C
AM1/w).

(2) The almost elements of A, denoted by A, (11.2.43), is p-integrally closed with respect to
A, C All/w].

Proof. [Bhal7, Lemma 5.1.1] O

Definition I1.3.10. Let R be an integral perfectoid ring which is w-complete with respect

to some w where w? divides p, and such that R is w-torsion free.
(1) The category CAlgh® c CAlg' of R-algebras A which are p-integrally closed in A[l/w].

(2) The category CAlgAp © ¢ CAlgh' of w-complete R-algebras A which are p-integrally
closed in A[l/w].

3) Regarding CAlg“tf as a full-subcategory of CAlg!f via the functor 7=°j,, we define the
R
almost category of p-integrally closed R-algebras as CAlg$P® := CAlg%™ N CAlgh®.

(4) Regarding CAlgp*™ as a full-subcategory of CAlgh™ via the functor 707, we de-

Aa pic

fine the almost category of w-complete p-integrally closed R-algebras as CAlg}y =
CAlgh*™ N CAlghyP .

Proposition I1.3.11. The fully faithful functors
CAlgh® — CAlgli  CAlgpP — CAlgp"
admit left adjoints

(—)Pc . CAlg — CAlgh* A s AP
(_)/\plC . CAIgl\tf N CAlg/\plc A (Apic)/\

Moreover, every functor on the left hand side diagram admits a left adjoint, making the

diagram on the right commute

CAlghP® —— CAlghp'! CAlg — CAlgh!
\[ \[ (_)picl l(_)/\pic
CAlgh® «——— CAlg!t CAlghe B CAlgpyPe

Proof. First, we show that the inclusion CAlgh® — CAlg' admits a left adjoint given by
(—)Pic. Consider a morphism f: A — S in CAlgg and such that S is p-integrally closed in
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S[1/w]. We need to show that the morphism f : A — S factorizes uniquely as A — AP — S.
Let a be an element of A[1/w]| such that a? € A, it follows that f(a) € S[1/w]| is an element
of S by hypothesis; making it clear that we have a unique factorization A — AP¢ — .
Next, we show that the inclusion CAIg/\plc — CAlgAtf admits a left adjoint given by
(=)"Pc. Given a morphism A — S in CAlgh™ and such that S is p-integrally closed with
respect to S C S[1/w]|, the argument in the preceding paragraph shows that we have an
essentially unique factorization A — AP¢ — S. However, we cannot guarantee that AP is
w-complete, so we obtain a further factorization A — API¢ — (AP)" — S, And by Lemma
[1.3.9 we can conclude that (AP)" is p-integrally closed with respect to AP C AP 1 /co],
proving that (—)"P is indeed the left adjoint to the inclusion CAlgh”® — CAlgp'.
Finally, recall that we already showed in [1.3.3 that the inclusion CAlgAtf — CAlgg
admits a left adjoint given by w-completion. And by Lemma 11.3.9 we conclude that

CAlghP < CAlgh® also admits a left adjoint given by w-completion. ]

Proposition I1.3.12. The fully faithful functors
CAlglP® — CAlg™  CAlgh'™ — CAlgy™™

admit left adjoints

(_)aplc . CAlgatf N CAlg%pic A — [(Tgoj*A)pic}a

. A . a
(_)/\aplc . CAIg/\atf — CAlg/\apm A — [((Tgoji\A>p1c)a:| ~ [((Tgoji\A)plc)/\]

Moreover, every functor on the left hand side admits a left adjoint, making the diagram on

the right commute

CAIgAa pic CAlga pic CAIga tf — CAIg/\a tf
\[ \[ (7)& picl l(i)/\apic
CAlgAa tf CAlga tf CAlga pic - CAlgl\a pic

Proof. First, let us remark that the isomorphism [((Tﬁoj*AA)piC)a]A ~ [((TSOjQA)piC)/\]a
follows from the commutativity of the diagrams in Proposition [1.3.6. To show that the fully
faithful functor CAlg®” < CAlg%T admits a left adjoint given by (—)*P it suffices to show
that for any morphism A — S in the essential image of 7%, : CAlg%" < CAlg! there is
an essentially unique factorization A — (AP), — S whenever S is p-integrally closed with

respect to S C S[1/w]. Indeed, we showed in Proposition I1.3.11 that there is an essentially
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unique factorization A — AP — S: and since S satisfies S, ~ S by hypothesis, we have
a factorization A — (AP°), — S. Then, Lemma I1.3.9 implies that (AP), C A[l/w] is p-
integrally closed, showing that (—)*P* is the left adjoint to the inclusion CAlg4” < CAlgg".

Next, to show that the fully faithful functor CAlgx*™ < CAlgx*" admits a left adjoint
given by (—)"eP it suffices to show that for any morphism A — S in the essential image of
TS050 CAlgAatf — CAlgIA{tf, where S is assumed to be p-integrally closed with respect to

S C S[1/w], there exists an essentially unique factorization
A — (AP — (AP, — S

Indeed, since S is w-complete and p-integrally closed it follows from Proposition 11.3.11 that
there exists an essentially unique factorization A — (AP)" — S. And since S satisfies
S ~ S, it follows that we get the desired factorization.

Recall that we already showed in Proposition [1.3.5 that the inclusion CAlgatf —
CAlgy  admits a left adjoint given by w-completion. Finally, we need to show that the fully
faithful functor CAlgh' P — CAlgh™® admits a left adjoint given by w-completion. This fol-
lows from the fact that w-completing preserves being p-integrally closed (I1.3.9) and the fact
that the essential image of 7=Yj, : CAlg}, — CAlgy, is stable under derived w-completion,
which follows from Construction 11.2.31. m

Proposition I1.3.13. The fully faithful functors
.+ CAlg} pic CAlgplC =057 CAlg Aaplc — CAlgp pie
admit left adjoints

(=) : CAlgh*® — CAlgZP*® Ars A
(=) : CAIghP — CAlghePe Ars A

Moreover, every functor on the left hand side diagram admits a left adjoint, making the

diagram on the right commute

CAIg/\a pic T J CAlg/\ pic CAlg%lc (=)e CAlg(;%piC
CAlga pic T< CAlgplc CAlg/]_\?piC (=) CAIg/}\%a pic

Proof. We showed in Proposition 11.3.11 and 11.3.12 that the inclusions CAlghP® < CAlgh*
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and CAlgh'P® < CAlg%”® admit a left adjoint given by w-completion. To show that the
fully faithful functor 7<%j, : CAlgh?® — CAlgh® admits a left adjoint given by (—)? it
suffices to show that for any map A — S in CAlg‘;{iC, where S satisfies S ~ S,, there exists
an essentially unique factorization A — A, — S such that A, is p-integrally closed with
respect to A[1/w|. The essentially unique factorization is clear, and the fact that A, is
p-integrally closed follows from Lemma [1.3.9.

We proceed similarly to show that the fully faithful functor 7<07, : CAlgy*P'® < CAlgpP°
admits a left adjoint given by (—)® Let A — S be a morphism in CAlgiP such that S
satisfies S ~ S,, then we obtain an essentially unique factorization A — A, — S. Hence,
it suffices to show that A, is p-integrally closed with respect to A, C A[l/w| and that
A, is w-complete. Lemma [1.3.9 guarantees that A, is p-integrally closed with respect to
A, C A[l/w]|, and we showed in Construction I1.2.41 that if A is derived w-complete then

so is A, := Homp((@)perta, A). O

11.3.3: Integrally closed algebras

Throughout this section R is an integral perfectoid ring which is w-complete with respect

to some w € R where w” divides p, and such that R is w-torsion free.

Lemma I1.3.14. Let A be a w-torsion free R-algebra. Assume that A is integrally closed
with respect to A C A[l/w]|. Then,

(1) The w-completion of A, denoted by A", is integrally closed with respect to A" C
AM1 /).

(2) The almost elements of A, denoted by A, (I1.2.43), is integrally closed with respect to
A, C All/w].

Proof. [Bhal7, Lemma 5.1.2] O

Lemma II.3.15. Let A be a w-torsion free R-algebra which is p-integrally closed with
respect to A C A[1/w]. Then, if A is w-complete, so is A™.

Proof. Recall that if A is integrally closed in A[l/cw] this means that if f € Al then there
exists a n € Zyo such that {f%20} c A C A[L]. Without loss of generality we may
assume that w admits compatible p-power roots in A, thus by the p-integral closedness of
AC A[%] we conclude that if fP"w™ € A then f™w™? € A. By repeating this procedure
we can conclude that { %20} C —= A for all n € Zs,.

From the fiber sequence A — A — A°/A to show that A is w-complete it suffices

to show that A°/A is derived w-complete. Notice that by the work done in the previous
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paragraph we get that every element of Ai°/A is w-torsion, and so it is derived w-complete.

]

Definition 11.3.16. Let R be an integral perfectoid ring which is w-complete with respect

to some w € R where w? divides p, and such that R is w-torsion free.

(1) The category CAlgl; € CAlgh® C CAlgl of R-algebras A which are integrally closed in
A[l/w].
(2) The category CAlgh' € CAlgh” C CAlgh'™ of w-complete R-algebras A which are

integrally closed in A[l/w].

(3) Regarding CAlghP ¢ CAlg%" as full subcategories of CAlgh® ¢ CAlg! via the func-

aic

tor H%j,, we define the almost category of integrally closed R-algebras as CAlg} :=
CAlg N CAlgh™T.

(4) Regarding CAlgy*™ ¢ CAlgi'f as full subcategories of CAlghP® ¢ CAlgh' via the

Aaic

functor H'j,, we define the almost category of w-complete R-algebras as CAlgh'™ :=
CAlgh"™ N CAlgk.

Proposition I1.3.17. The fully faithful functors
CAlglt < CAlgh®  CAlgh'® < CAlghP*
admit left adjoints

(=) : CAlgh® — CAlgl A s A
(=) : CAlgQP — CAlgp™ A A€

Moreover, every functor on the left hand side diagram admits a left adjoint, making the

diagram on the right commute

CAIgA1C — CAlgi}% CAlgpIC =, CAlgAplc
[ [ | [
CAlghP® —— CAlgh* CAlglS —— CAlgh*

Proof. We already showed in 11.3.11 that the fully faithful functor CAlghp”® — CAlgh*
admits a left adjoint given by w-completion. To show that the functor CAlgp' < CAlgR
admits a left adjoint given by w-completion, notice that for any morphism A — C' in CAlgiI%
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and such that C' is w-complete we get an essentially unique factorization A — A" — C;
where A" is still integrally closed in A*Z] by 11.3.14.

Next, we show that the fully faithful functor CAlgP® < CAlgls admits a left adjoint
given by (—). Let ¢ : A — C be a morphism in CAIgplC such that C is integrally closed in
C[Z], and let a € A[Z] be an element which is the root of a monic polynomial g € A[X].
Then, ¢(a) € C[Z] is the root of the monic polynomial (g) € C[X], but since C' C C[L] is
integrally closed it follows that ¢(a) € C. Hence, it follows that the map ¢ : A — C' factors
as A — Al© — C; proving that (=) is the left adjoint to CAlgh° < CAlgl. Finally, we
know from 11.3.15 that applying (—)¢ preserves w-completeness, thus it from the discussion
above that the fully faithful functor CAlgiP® < CAlgh® admits a left adjoint given by

(=) m
Proposition I1.3.18. The fully faithful functors
CAlg}c «— CAlgH> CAlgh*i® < CAlgp P

are equivalences with inverse given by

(_)(llC . CAIgapIC % CAlgalc
(_)alc . CAIg/\aplc N CAlg/\‘“C

Avs (HYj Ay
Avs (HYJ Ay

Moreover, every functor on the left hand side diagram admits a left adjoint, making the

diagram on the right commute

CAlg aic CAlga ic CAlga pic - CAIg/\a pic
:\[ \[1 (_)aicl l(_)aic
CAlg/\a pic CAlga pic CAlga ic CAlg/\a 1c

Proof. To show that the fully faithful functor CAlgh® < CAlgh™ is an equivalent, with
inverse (—)®* it suffices to show that if A € CAlgh” then S := H°j, A is integrally closed
in S C S[L1]. By hypothesis we know that S is p-integrally closed in S[X], and from the
proof of I1.3.15 we can conclude that if a € S[L] is the root of a monic polynomial in S[X],
then {a%z0} C ﬁs for all n € Z>(, were we can assume without loss of generality that
w admits compatible p-power roots. Moreover, as S satisfies S ~ S, by definition, it follows
that a € S, showing that S is integrally closed in S [%] The same argument, coupled with
the fact that if A € CAIgg is w-complete then so is A,, shows that the fully faithful functor
CAlgy*' < CAlgh'P* is an equivalence.

5



To conclude, we need to show that the inclusion CAlgi*' — CAlg%® admits a left
adjoint given by w-completion. Let A — C be a morphism in the essential image of Hj, :
CAlgf, ic CAlgi}‘é such that C'is w-complete; then there is an essentially unique factorization
A — AN — C, where A" is integrally closed in AMX] by 11.3.15, and satisfies A" ~ (A"),
by 11.2.31. O

Proposition I1.3.19. The fully faithful functors
: CAlg} — CAlg's .+ CAlgh*'® < CAlgh™

admit left adjoints given by

(=) : CAlglS — CAlgdi Ars A
(=) : CAlghie — CAlghe Ars A

Moreover, every functor on the left hand side diagram admits a left adjoint, making the

diagram on the right commute

CAlgle' — CAlgh CAlgls 2%, CAlge
CAlgh® ——— CAlgs CAlgye -5 calgye

Proof. To show that the fully faithful functor Hj, : CAlg% < CAlgs admits a left adjoint
given by (—)? it suffices to show that if A € CAlg};, then A, is still integrally closed in AlL],
which is shown in 11.3.14. Similarly, to show that the fully faithful functor Hj, : CAlgp*'® —
CAlgh' admits a left adjoint given by (—), it suffices to show that if A € CAlgh' then A, is
still integrally closed in A[%] and w-complete. We have already argued that A, is integrally
closed in A[L], and the w-completeness of A, follows from I1.2.41.

To conclude, recall we already showed that the fully faithful functors CAlgh' < CAlgls
and CAlgp*™ < CAlgh® admit left adjoint given by w-completion in 11.3.17 and 11.3.18
respectively. O]

11.3.4: Total integrally closed algebras

Throughout this section R is an integral perfectoid ring which is w-complete with respect
to some w € R where w? divides p, and such that R is w-torsion free. In particular, recall

that this implies that @w € R admits compatible p-power roots up to a unit.
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Definition I1.3.20. A w-torsion free R-algebra S is said to be total integrally closed if for
any f € S[1/w] which satisfies {420} C == S C S[1/w]| for some m € Zso, then f € S.

Definition I1.3.21. For an object S € CAlgljfziC we may define its total integral closure with
respect to S C S[Z], denoted by S%¢, as the collection of all elements f € S[Z] for which
there exists an m € Zxq where { f%20} € =5 € S[X]. One can easily check that 5% C S[L]
inherits a ring structure from S[L1].

Warning I1.3.22. Even though the definition of total integral closure would make sense for
an object S € CAlgg the operation described above is not well behaved, in particular the
total integral closure of S € CAlg" need not be total integrally closed. Finally, let us remark
that when S is noetherian then the total integral closure agree with the integral closure, but

in general we may have an strict inclusion S C S*°,

Lemma I1.3.23. Let A be a w-torsion free R-algebra, and assume that A is total integrally

closed with respect to A C A[Z]. Then,

(1) The w-completion of A, denoted by A", is totally integrally closed with respect to
AN C AMZ.

(2) The almost elements of A, denoted by A, (I1.2.43), is total integrally closed with respect
to A, C A[Z].

Proof. [Bhal7, Lemma 5.1.3] O

Lemma I1.3.24. Let S be a w-torsion free p-integrally closed R-algebra. Then, the ring

Stic is total integrally closed. Moreover, if S is w-complete then SU° is w-complete.

Proof. Recall that w € R admits compatible p-power roots up to a unit, thus we assume
without loss of generality that @ € R admits compatible p-power roots. We claim that if
f € SU¢ then {f%20} C ﬁS for all n € Z>(. Indeed, by assumption we have that there
exists an m € Zsq such that fZz0w™ € S; and the p-integral closure of S C S[%] implies
that if ffw™ € S then f*@™? € S. By repeating the procedure we get the claim.

To show that S is totally integrally closed it suffices to show that if {f#=0} C LSt
then {f%>0} C —5S, but since S C LS the result follows. Next, to show that S*
is w-complete it suffices to show that it is derived w-complete as it is w-torsion free by

construction; moreover, using the fiber sequence

S St — e/
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we are reduced to showing that Si;./S is derived w-complete, since the subcategory D(R)) C

w

D(R) is closed under extensions. Thus, we need to show that the canonical map
Stic/S — Rlim Kos(S./S, @w")
is an isomorphism. Writing this limit explicitly we get the diagram

-2 She/S == Sy /S = .-

len lenfl

Sth/S Sth/S

But notice that every element of Si./S is killed by w, so all vertical maps and all
the upper horizontal maps are zero, making it clear that the desired map Sg./S —

Rlim,, Kos(Si./S,w") is an isomorphism. O

Definition I1.3.25. Let R is an integral perfectoid ring which is w-complete with respect

to some w € R where w” divides p, and such that R is w-torsion free.

(1) The category CAlgh® C CAlg'S of w-torsion free R-algebras A which are total integrally
closed in A[L].

(2) The category CAlgh"™ C CAlgh' of w-torsion free w-complete R-algebras A which are
total integrally closed with respect to A[L].

(3) Regarding CAlgh° as a full-subcategory of CAlg's via the functor H%j,, we define the
almost category of total integrally closed R-algebras as CAlg " := CAlgl* N CAlg i

(4) Regarding CAlgh*™ as a full-subcategory of CAlgh'® via the functor Hj,, we define

the almost category of w-complete total integrally closed R-algebras as CAlgAath =
CAlgp*'® N CAlgly.

Proposition 11.3.26. The fully faithful functors

CAlghe — CAlg’; CAlghtc < CAlgh'®
admit left adjoints

(=)t CAlglk — CAlghe A AYC

(_)mc . CAlg/\lc — CAlg/\tlc A — Atic
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Moreover, every functor on the left hand side diagram admits a left adjoint, making the

diagram on the right commute

CAlght «—— CAlghe CAlglS —— CAlgh™
\[ \[ (7)ticl l(i)tic
CAlng — CAlgiﬁ CAlgth —>7 CAlgAth

Proof. First, we show that the fully faithful functor CAlgl’ — CAlg's admits a left adjoint
given by (—)%. Let ¢ : A — C be a morphism in CAlg’s and such that C is total integrally
closed with respect to C' C C[Z], we need to show that there exists an essentially unique
factorization of ¢ as A — A% — C. Let f € A[Z] such that there exists an m € Zxg
where {f%20} C —5 A, then ¢(f) € C[Z] satisfies {p(f)?20} C == C, but since C is total
integrally closed 11: follows that f € C. Thus, it follows that we have an essentially unique
factorization of ¢ as A — A% — (, and since A'° is total integrally closed by 11.3.24 it
follows that (—)%° is the desired left adjoint. Similarly, we show that (—)%¢ is left adjoint
to the fully faithful functor CAlgh"™ < CAlgh'. We need to show that for any morphism
¢ A — C in CAlgy'® where C is total integrally closed, there exists an essentially unique
factorization A — A% — (C; but this is what we showed above. Thus, it remains to show
that A% is totally integrally closed and w-complete, which follows from I11.3.24.

Finally, recall that we already showed in 11.3.17 that CAlgh'® < CAlg admits a left
adjoint given by w-completion. It remains to show that CAlgh"® — CAlgh admits a left

tic

adjoint given by w-completion. It is clear that for a morphism A — C' in CAlgy" and where

C is w-complete that there is an essentially unique factorization A — A" — C, and by
[1.3.23 it follows that A" is total integrally closed with respect to A" C A"[X], proving the

claim. =

Proposition I1.3.27. The fully faithful functors
CAlgatlc N CAlga ic CAlgl\atlc SN CAlg/\a ic

are equivalences with inverse given by

(_)atlc CAlgalc%CAlgatlc
(_)atlc CAIgAalC%CAlgAatIC

— (HOj*A)tic,a

A
A (HOj*A)tic,a

Moreover, every functor on the left hand side diagram admits a left adjoint, making the
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diagram on the right commute

CAlg/\atlc CAlga tic CAlga ic CAlg/\a ic
2\[ \[g (7)(1 ticl l(i)a tic
CAIg/\a ic CAlga ic CAlga tic - CAlg/\a tic

Proof. To show that CAlg%® < CAlg% is an equivalence with inverse (—)*!° it suffices
to show that S := H"j, A is total integrally closed with respect to S[Z]. By hypothesis we
have that S is integrally closed in S[Z] (in particular p-integrally closed), and by the proof
of 11.3.24 we can conclude that if f € S then {f%20} C —==S for all n € Z>. As S
satisfies S ~ S, it follows that f € S, showing that S is total integrally closed. The same
argument, coupled with the fact that if A € CAlg't is w-complete then so is A,, shows that
CAlgh*tc <5 CAlgh*' is an equivalence.

It remains to show that CAlgh*" < CAlgh" admits a left adjoint given by w-
completion. Let A — C' be a morphism in the essential image of Hj, : CAlg®"® — CAlghs
where C' is w-complete; then there exists an essentially unique factorization A — A" — C
where A" is total integrally closed in A"L] by I1.3.23, and satisfies A" ~ (A4"), by
I1.2.31. ]

Proposition I1.3.28. The fully faithful functors
CAlgatlc SN CAlgtlc CAlg/\ath SN CAlg/\ tic

are equivalences with inverse given by

(—)® : CAlgh — CAlghtic A A
( ) CAlg/\tlc — CAlg/\atlc A — Aa

Moreover, every functor on the left hand side diagram admits a left adjoint, making the

diagram on the right commute

CAlg/\a tic CAlga tic CAlgmc CAlg/\ tic
Lk ol e
CAlg/\ tic CAlgtlc CAlga tic - CAlg/\a tic

Proof. To show that H'j, : CAlg " < CAlg'¥ is an equivalence it suffices to show that for
A € CAlgh we have the identity A ~ A,. Recall from 11.2.43 that A, := Homy((@)persa; 4)
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can be identified with the set of elements of a € A[L] such that ca € A for all € € (@)perta,
and if we assume without loss of generality that @ admits compatible p-power roots (@ )perta
can be identified with U(cw'/?"). Thus A, can be identified with the set of elements a € A[1]
which satisfy aw!/?" € A for all n € Zs, and since A is total integrally closed in A[é] it
follows that A, ~ A as desired. The exact same argument shows that H%j, : CAlgh"" —
CAlgh''® is an equivalence with the desired inverse.

The fact that the functors CAlgh"™ < CAlg and CAlgp*c — CAlgh"® admit left

adjoints given by w-completion was already established in [1.3.26 and 11.3.27 respectively. [J

Proposition 11.3.29. Let S be a w-complete w-torsion free integral perfectoid R-algebra.

Then, S%° is a w-complete w-torsion free integral perfectoid R-algebra.

Proof. First, we show that the Frobenius map ¢ : S%/w?P — SU%°/wP is surjective. Let
Z € S%/wP, and x € S such that z = T mod @?, then since S is integral perfectoid we
know that Frobenius is surjective ¢ : S/w? — S/w?, which in turn implies that there exists
Y,z € S such that

wr =y’ +wlze S

where we are implicitly using that !'/?"z € S for all n € Zso. We claim that y?/w €
Stc C S[1/w]. Indeed, since z + w1z = y?/w € S[1/w], it would suffice to show that
w!/P" (x + wP~1z) € S, but this is clear as z € S and @/?"r € S. And since S C S[1/w]
is p-integrally closed it follows that y/w!'/? € S%°, showing that ¢ : S /P — S /P is
surjective.

Next, we need to show that the Frobenius map ¢ : S/ — S%/wP is injective. Let
7 € SY/w such that ¢(Z) = 0, then there exists * € S%¢ such that + = T mod w, and
ay € SY such that 27 = wPy € S"°c. It suffices to show that € @S, by construction
2P /wP € SU° and by the p-integral closedness of S% it follows that x/w € S%¢, showing that
r € wSY as desired.

Finally, we by Lemma I1.3.24 it follows that S%¢ is w-complete and it is c-torsion free by
construction. To show that S%¢ is integral perfectoid it suffices to show that the Frobenius
map ¢ : SU¢/w — SU°/w?P is surjective by [BMS18, Lemma 3.10], but this follows from the
fact that Frobenius ¢ : S%¢/wP — S% /P factors as SU/wP —» SU¢/m — SU/mP where

the first map is the canonical projection. O
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I1.4: Banach Algebras

11.4.1: Definitions and basic properties

Throughout this section all Banach rings are assumed to be non-archimedean. Furthermore,
we will assume that all (non-archimedean) Banach rings R have a topological nilpotent unit,

that is, there exists a w € R* such that @™ — 0 as n — oo.

Definition I1.4.1. A (non-archimedean) Banach ring R is a ring R equipped with a map
| — | : R — Ry satisfying

(1) [f] =0 only if f =0

2) 1fl=1-f]

(3) fgl < [fllg]

(4) |f + g] < max(|f],|g])

(5) R is complete with respect to the metric d(f,g) = |f — g

A map | — | : R — R satisfying the above conditions is called a (non-archimedean) norm
on R. A morphism of Banach rings ¢ : R — S is a morphisms of rings R — S which is
bounded, that is, there exists a C' > 0 such that |p(f)|s < C|f|g for all f € R. We denote
the category of all (non-archimedean) Banach rings by Ban.

An alternative category of interest is the category of Ban®™"

of Banach rings with con-
tractive maps. Recall that a map ¢ : R — S of Banach rings is contractive if |p(f)|s < |f|r

for all f € R.

In what follows it is convenient to sometimes leave the world of Banach algebras and
work with general semi-normed and normed rings. We do not review this notions here, but
refer the reader to Section 1.1 and 1.2 of [BGR84] for details.

Definition II.4.2. A (non-archimedean) Banach ring K is called a non-archimedean field
if the norm on K is multiplicative, that is, we have |zy| = |z||y| for any pair of elements
xz,y € K.

Definition II1.4.3. Let B be a (non-archimedean) Banach ring. A (non-archimedean) Ba-
nach B-algebra R is a Banach ring R together with a contractive structure map ¢ : B — R of
Banach rings. A morphisms of Banach B-algebras R; — Rs is a morphisms of Banach rings
that commute with the structure map from B. We denote the category of (non-archimedean)

Banach B-algebras by Bangp.
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We will also be interested in the category Ban%™ of Banach B-algebras with contractive

maps. Unlike the situation with Bang it is easy to see that Ban®™ is equivalent to the

category Ban‘g’}ltr of Banach rings R and contractive maps, equipped with a contractive map

B — R.

Remark I1.4.4. Given a contractive map of Banach rings ¢ : K — R, if we further assume

that K is a non-archimedean field then the map ¢ : K — R is an isometry; that is, we have

an equality |¢(a)|r = [a|x.

Next, we would like to show that the norm in the definition of Banach rings can be
recovered (up to isomorphism) from the topology on the Banach ring. With this in mind,
notice that any Banach ring is a topological Hausdorff ring with continuous multiplication (cf.
[BGR&4, Section 1.2]), and that bounded morphisms of Banach rings give rise to continuous

morphisms of topological Hausdorff rings (cf. [BGR84, Section 1.1})

Proposition I1.4.5. Let B be a (non-archimedean) Banach ring. Then, the forgetful functor
Bang — {Topological Hausdorff B-algebras}

is fully faithful.

Proof. 1t suffices to show that for any continuous map of Banach B-algebras f : R — S
regarded as topological Hausdorff B-algebras, the map f : R — S is bounded with respect
to their norms. Endowing the ring Im(f) C S with the subspace topology (which comes
from the norm inherited from S), it suffices to show that the continuous map R — Im(f)
is bounded. But since the map R — Im(f) is surjective, it is an open map by the open
mapping theorem [Henl4, Theorem 0.1], so in particular it is bounded.

Let us emphasize that in order to invoke [Hen14, Theorem 0.1] its critical that B admits
a topological nilpotent unit w € B*. Furthermore, one needs to show that every element
R € Bang admits a countable fundamental systems of open neighborhoods of 0, but this is

clear as {R<1,} form such a fundamental system for R. O

Of special interest to us will be the subcategory of uniform Banach algebras, which

contains all perfectoid Banach algebras.

Definition II.4.6. A Banach ring R is said to be uniform, if the norm is power-

multiplicative, that is |a"| = |a|™ for all a € R and n > 1.

The following provides a convenient mechanism for proving that various uniform Banach

algebras are non-archimedean. We often use it without mention in the sequel.
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Lemma 11.4.7. Let A be a uniform Banach ring. Then, A is non-archimedean if and only
if |n|a <1 for all n € Z.

Proof. Tf A is non-archimedean its clear that |n|4 < 1 for all n € Z. Conversely, assume that
the norm on A is power-multiplicative and that |n|4 < 1 for all n € Z. Then, for any pair

of objects a,b € A we have the identity

n 1/n

la+b| = |(a+b)" V" = ‘Z( >ajb" I
(Z|( Viap )" < o 17" man(al. 1)

ans since lim,, o (n + 1)/™ = 1, it follows that |a + b| < max(|al, |b]). O

In general, given a Banach ring R we can always construct a power-multiplicative semi-

norm (cf. [BGR84, Section 1.1]) on R from the given norm.

Definition II.4.8. Let R be a Banach ring, we define the spectral radius p : R — R>¢ by
the formula
pla) := lim |a"['/"

In particular, we know that the limit exists and that it gives rise to a power-multiplicative
semi-norm on R which satisfies p(a) < |a| for all @ € R [BGR84, Section 1.3.2]. Furthermore,
since it clearly satisfies p(m) < 1 for all m € Z we conclude that the induced semi-norm is
non-archimedean [BGR&4, Section 1.2].

Lemma I1.4.9. Let R be a Banach ring, and | — |; and | — |2 be two equivalent norms on

R. Then, p; = pa, where p; is the spectral radius coming from the norm | — |;.

Proof. If | —|1 and | — |2 are equivalent norms on R, then we know that there exists constants
C4,C5 > 0 such that
Cila™y < a"]y < Cyla”™|y

and lim,, C’l/ " =1 the result follows. O

Lemma 11.4.10. Let f : Ry — Ry be a morphisms of Banach rings where R, is uniform,
in other words Ry are endowed with the spectral radius norm. Then, the morphism f is

contractive, that is, we have |f(a)|r, < |a|g,-

Proof. [BGR84, Section 1.3.1] O
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Definition I1.4.11. Let uBan C Ban be the full-subcategory spanned by uniform Banach
rings, and if B is a Banach algebra we denote by uBang C Bang the full subcategory spanned
by uniform Banach B-algebras.

Recall that as part of the definition of Banach B-algebras we have that the structure
map B — R is contractive. By Lemma [[.4.10 we know that all morphisms that have as
target a uniform Banach algebra are contractive. Hence, the category uBanpg, of uniform
Banach rings equipped with a bounded map B — R is equivalent to uBang. Moreover, by
Proposition 11.4.13 we conclude that uBang = uBang., where B* is the uniformization of B
defined in Construction [1.4.12.

Next, we introduce the notion of uniformization for general Banach rings and character-

ized them by a universal property.

Construction I1.4.12. Let (R,| — |) be a Banach ring with norm | — |. Then, we claim
that there exists a (canonical) contractive map of Banach rings (R, | — |) — (R", p), where
R" is the completion of R with respect to p, and R — R" is the completion map of their
underlying sets. By [BGR84, Section 1.1.7] we learn that R" is complete as a group, and that
the completion map of the underlying sets R — R" lifts to a contractive map of complete
groups. Multiplication on R" is defined by using the density of the image R — R", which
also shows that R — R" is a ring map. Finally, the fact that R" is non-archimedean follows

from 11.4.7 and the fact that R — R is contractive with R non-archimedean.

Proposition I1.4.13. Let B be a (non-archimedean) Banach ring. The inclusion uBang <
Bang admits a left adjoint

(—)*: Bang — uBang

which we call the uniformization functor.

Proof. 1t suffices to show that for any morphisms R — S of Banach B-algebras, where S is
uniform, admits a unique factorization as R — R" — S, where R — R" is the uniformization
map. As abstract groups this follows from Proposition 6 of [BGR84, Section 1.1.7], and by
Construction [1.4.12 we know that R — R" is a ring map, so it suffices to show that R* — S
is a ring map. But since multiplication on R" is completely determined by the dense image

of R — R", it follows that R* — S is a ring map as R — S is a ring map. m

We are now ready to introduce the tensor product of Banach B-algebras.

Construction I1.4.14. Let B be a (non-archimedean) Banach ring and R, S be elements

of Bang. Then we can endow the ring R ®g S with the semi-norm
71 = it {max{lr o]} for = 3" 5.)
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and denote by R® S the completion of R®p S with respect to the semi-norm above, making
R®pS into a Banach ring. Furthermore, R®p5S can be characterized as the pushout of the

following diagram in the category Bang

B— R

|

S —— R®zS

Furthermore, we learn that the structure map B — R®pS is contractive, and the maps
S — R®pS and R — R®pS are contractive (cf. [BGRS4, Section 3.1]); and by construction
it is clear that R®pzS is non-archimedean. In other words, we have shown that the category
Banp has finite coproducts, since R LI .S = R®pS as B is the initial object.

A similar argument shows that in the category Ban%™ of Banach B-algebras with con-
tractive maps, for any pair of maps R < D — S the pushout can be identified with R®pS

(cf. [BGR8&4, Section 3.1]).

Warning 11.4.15. We want to emphasize that the proofs in [BGR84, Section 3.1] use in a
critical way the fact that the structure map B — R and B — S are contractive. Therefore,
we cannot extend the same argument to show that any pair of maps R < D — S in Bang
have R®pS as its pushout, as its not guaranteed that either map R < D — S is contractive,

we only know they are bounded.

However, the situation is slightly better if we restrict ourselves to uniform Banach alge-

bras.

Construction I1.4.16. Let B be a Banach ring, and R, S elements of uBang. Then, we
can endow R®pS from Construction I1.4.14 with the spectral radius semi-norm p, and we
denote its completion with respect to p by R@%S . We know that R@%S is a Banach ring, as
it is the completion of a Banach ring, and that the structure map B — R@)ES is contractive,
lifting R@%S to an element of uBang. Furthermore by the adjunction of Proposition 11.4.13
we learn that R®pS can be characterized as the pushout of the following diagram in the

category uBang
B— R

I

S —— R®RS

Even better, say we have a pair of maps R <— D — S in uBang, we claim that the pushout

of R+ D — S can be identified with R@%S . Indeed, any commutative diagram in uBang
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of the following form
—

]

can be lifted to a diagram in uBanp, from which we obtain a unique map R@%S — H

making the diagram commute.
We conclude this section by showing that various natural topologies on R are equivalent.

Lemma 11.4.17. Let R be a semi-normed ring with topological nilpotent unit w € R*.

The following systems of open neighborhoods around zero are cofinal

{@"Raitnezey,  {BR<jwonitnezse {R<wntnezse  {B<rfrereo

In other words, they induce equivalent topologies on R.

Proof. By the non-archimedean triangle inequality it is clear that every subset of R in
{@"R<1, R<jon|, R<|w|n, R<y} is an open subset of R. Moreover, since @w € R is a topo-
logical nilpotent unit, it follows that {R<ion}nez., and {R<,},er., are cofinal systems
of open neighborhoods. Thus, it remains to see that {@"R<i}nez.,, {R<jwn|}tnezs, and
{R<|w|n nezs, are cofinal systems.

For a fixed n € Z>( we claim that we have inclusions
w”Rgl C Rg‘wn| C Rg‘w‘n

Indeed, if a € @w"R<; we learn that there exists a b € R<; such that @w"b = a, and by
the submultiplicativity of the semi-norm on R we get that |a| < |@"||b| < |@w"|, as desired.
The inequality |w"| < |w|™ then implies the second inclusion. Finally, we need to show
that for each n € Z> there exists a N > 0 such that R<v C @w"R<;. Since @w € R is
topologically nilpotent, there exists a N > 0 such that |@|V|@w™"| < 1 for any fixed n, we
claim that any such N would satisfy R<|~v C @w"R<;. It suffices to show that [aw™| < 1 for

any a € R< v, which follows by the inequalities [aw™"| < |a||w™"| < |@|V|w™| < 1. O
Corollary 1I1.4.18. If R is a Banach ring, then R<; is (classically) w-complete.

Proof. Since R<; C R is a closed and open subset of R, it follows that R<; is complete
with respect to the norm | — | inherited from R; equivalently, R<; is complete with respect
to the topology induced by {R<,},c(01]. By definition, being w-complete means that the

canonical map R<; — lim R<; /@™ is an isomorphism; this is equivalent to showing that R<;
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is complete with respect to the topology induced by {w™R<;}. Thus, the result follows from
Lemma [1.4.17. O

contr

Proposition 11.4.19. Let [ be a filtered category, consider a functor / — Banj"™" indexing
a family of Banach K-algebras {A4;};e; with contractive transition maps A; — A;. Then,
colim; A; computed in Ban®™" exists and can be computed as follows: let A = colim; A; be
the colimit computed in the category of rings and v; : A; — A the natural maps, endow A

with the seminorm

la|4 := inf{]a;| 4, for all a; € A; such that ;(a;) = a}

Denote by A" the completion of A with respect to the given seminorm. Then, colim; A;
computed in Ban$2™ is isomorphic to A”.
Furthermore, if we have a collection of bounded morphisms {h; : A; — B};c; of Banach

K-algebras satisfying the following conditions:

(1) The morphisms {h;},c; are compatible, that is, the composition A; - A; — B is equal
to hj.

(2) There exists a constant C' > 0 such that |h;(a;)|p < Cla;

4, uniformly for all h;.

Then, there exists a unique bounded map h" : A® — B such |h"(a)|p < Cla|ar and the
composition 4; — A" — B is equal to h;.

Proof. Let S be a Banach K-algebra, together with a collection of contractive morphisms
s; + A; — S such that A; — A; — S is equal to s;. Since A is defined as colim; 4; in
the category of rings it is clear that there exists a morphism of rings s : A — S such that
so1; = s;, we claim that endowing A with the seminorm | — |4 makes the map s : A — S
contractive. We need to show that for all a € A we have the inequality |s(a)|s < |a|a; indeed,
let {a;} be the collection of all elements in {A;} which satisfy 1;(a;) = a, then by hypothesis
we have that |s(a)|s = |s;(a;)|s < |a;|a,, which in turn implies that |s(a)|s < |a|4 as desired.
Finally, since S is complete with respect to its norm it follows that the map A — S factors as
A — AN — S. The fact that A® — S is contractive follows from Proposition 6(i7) [BGR84,
Section 1.1.7].

Next, as in the previous paragraph we have an induced map h : A — B, which we need
to show satisfies |h(a)|p < Cla| for all a € A. Let {a;} be the collection of elements in {A4;}
which satisfy ¢;(a;) = a, then by hypothesis we have that |h(a)|p < C|a;|4,, which in turn
implies that |h(a)|p < Clala as desired. Finally, since B is complete with respect to its norm
it follows that the map A — B factors as A — A" — B. The fact that A" : A® — B satisfies
the bound |h"(a)|p < Cla|an follows from Proposition 6(ii) [BGR84, Section 1.1.7]. O
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11.4.2: Powerbounded elements

Throughout this section all Banach rings are assumed to be non-archimedean. Furthermore,
we will assume that all (non-archimedean) Banach rings R have a topological nilpotent unit,

that is, there exists a w € R* such that @™ — 0 as n — oo.

Definition 11.4.20. Let R be a Banach ring, we denote by R° C R the subset of elements
f € R such that

1
{fZEO} C %Rg for some m € Z>

where R<; is the set of elements of R with norm < 1 (cf. Definition 11.3.20). One can easily
check that R° C R inherits a ring structure from R, and we call R° the ring of powerbounded
elements of R. Notice that Lemma [1.4.17 implies that an element f € R is powerbounded
if and only if {|f"|}nez., C Rxo is a bounded subset.

The main goal of this section is to show that the spectral radius is closely related to the

ring of powerbounded elements.

Construction I1.4.21. For a Banach ring R, let R®" C R be the subset of elements of R,
where
R°" :={a € R such that r~"|a"| is bounded } for a fixed r € R+

This gives rise to a R+ g-indexed filtration Fil° R on R
. CRMCR™C.-CR  with FiCR = R°"

where r; < ry. Finally, let Fil°R be the ‘right-continuous’ completion of Fil° R, which is
defined by the formula
FilR:= (| R*"  forall r € Rxg

r’>r

By construction, we have the following identity inf{r|a € Fil’ R} = min{r|a € P/’l\lfiR}

The following result shows that we can recover Temkin’s construction of the graded
reduction of R (cf. [Tem04, Section 3])

Gr°R = EB @R/@R where F/llozn = U F/‘il\i,R

reR>g r'<r

from the R>¢-indexed filtration Fil°R.
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Proposition 11.4.22. Let R be a Banach ring. Then,
R,<, = FiCR

where R <, C R is the subset of elements of R which have spectral radius < r.

Proof. We will first show that ﬁl\fﬁR C R,<,. By construction, if a € ﬁil\iR then for each
' > r there exists a N, >> 0 such that #~!|a”|'/» < NY" for all n € Zs. The limit
lim N:,/ " =1 implies that p(a) < r’ for all ' > r, showing that I*:ﬂ\;fR C R,<, as desired.

Now we need to show that R,<, C F/‘il\iR. Let a € R be an element of R such that
p(a) < r, setting r, = |a™| we conclude that p(a) = inf r2/™ by Fekete’s Lemma (cf. [BGR&4,
Section 1.3.2]). Thus, if we show that a € Rord" for all n € Z-, it would follow that
a € ﬁil\iR. For each integer m which satisfies 0 < m < n, consider the following subsets of
R

B, = {r;%_k|am+”k| for k € Z-o}

By the inequality T;%_k|am+”k| < (r;%)|am|(7“;k)|a”k| it follows that every subset B, C
R is a bounded subset. Hence, it follows that the set UB,, = {rﬁk/"|ak’]}k€z>o is bounded

. . /n
as there are only finitely many B,,’s, proving that a € Rrom'" O

Remark I1.4.23. Let R be a Banach ring and | — |; and | — |2 be equivalent norms on R.
Then, we know that the spectral radius of | — |; and the spectral radius of | — |, are the same,

showing that the construction of P/’il\iR only depends on the norm up to equivalence.

The following example shows that its essential that we complete Fil° R in order to get
the equality R,<, = Fil’R.

Example 11.4.24. We will construct a Banach algebra R and an element ¢ € R such that
p(t) <1 but {t"},ecz., C R is not a bounded subset. Define a function | — | : C,[T] — R
by the formula

1> aT'| = max{|a,|(i + 1)}

It is clear that this defines a non-archimedean norm on C,[T], and we define R to be the
completion of C,[T] with respect to | — |. Its easy to see that T' € R is not power-bounded,
but we claim that p(T) = 1. Indeed, we have that p(T) = lim(n + 1)/" = 1, showing that

the inclusion R° C R,<; is strict.

We finish this section by showing that various notions of uniformity agree. Recall that
in the original definition of perfectoid Banach algebra [Sch12, Definition 5.1] we find the

condition that R° C R is open and bounded, we will show that this is equivalent to requiring
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that R is uniform in our sense. Furthermore, we will show that completing a Banach algebra

with respect to the topology {@w™R°} is equivalent to uniformizing.

Corollary I1.4.25. Let R be a Banach ring. Then, the following systems of open neighbor-

hoods around zero are cofinal

{Ro<rtrersy  {@"Rp<itnez.,  {@"Rluezs,

In other words, they induce equivalent topologies on R.

Proof. Since p is a non-archimedean semi-norm on R it follows that every subset in
{R,<r,@w"Ry<1} is an open subset of R. We claim that R° C R is an open subset; in-
deed, since R<; C R is open it suffices to show that fR<; C R is an open subset and that
fR<1 C R° for all f € R°. But both of this assertions are clear.

It follows from Proposition I1.4.17 that { R,<,},er., and {@w" R)<1 }nez., are cofinal sys-
tems of neighborhoods, thus it suffices to show that {@w"Ry<i}nez., and {@"R°}cz., are
cofinal. From Proposition [1.4.22 we learn that R° C R,<;, which in turn implies that
w"R° C w"Ry<; for all n € Z>,. Conversely, if a € wR,<; C R,<| then a € R° again by
Proposition I1.4.22, which implies that @w"R,<; C @w" ' R° as desired. O

Corollary I1.4.26. Let R be a Banach ring. Then, the norm on R equivalent to the
spectral radius norm if and only if R° C R is bounded. In other words, R is uniform up to

isomorphism.

Proof. If the norm of R is equivalent to the spectral radius then R° C R,<; C — R<; showing
that R° C R is bounded. For the converse, by Proposition [1.4.5 and Lemma [1.4.17 we know
that R having a norm equivalent to the spectral radius is equivalent to the requirement that
{@" Ryci}nez, is a fundamental system of open neighborhoods around 0 € R. Hence, it
suffices to show that {@w" R°},cz., and {@" R<i }nez., are cofinal systems of neighborhoods,
since by Corollary 11.4.25 we already know that {@w" Ry<i }nez., and {@" R° }pez., are cofinal.
Clearly we have that R<; C R° which implies that @w"R<; C @w"R° for all n € Z>(. For the
converse, since R° is bounded it follows that there exists a N > 0 such that @V R° C R

which implies that @™ R° C @w"R<;. O

11.4.3: The dictionary

The main purpose of this section is to show to what extent we can pass between Banach
K-algebras to w-complete w-torsion free K<j-algebras without losing any information. We
begin constructing the functors relating CAlg?(tgf1 with the category Ban?™ of Banach K-

algebras with contractive maps (cf. Definition 11.4.3).
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Construction I1.4.27. To construct the functor

() [é]  CAlght — Ban™ A A [é}
it suffices to show that the canonical functor (—)[1/w] : CAlng — CAlg, admits a lift
to Ban{™. Let A be an object of CAlgAtf , it is clear that A[1] will be an (abstract) K-
algebra. We need to show that we can endow A[X] with a norm making A[Z] into a Banach
ring, and such that for all morphisms A — C' in CAIng the induced map A[L] — C[Z] is
contractive with respect to the given norm.

Define a function

1
| —]: A[—} — R>o |a| = inf{|k|k such that a € kA over all k € K}

w

First, notice that it is clear that the norm induced on K gl[%] is the same norm as the norm
on K. We need to show that | — | is a (non-archimedean) norm on A[Z]. To check that
la| = 0 implies that a = 0 recall that w € K is a topological nilpotent unit, so this implies
that a € (),cz(@w"A), but since A is classically w-complete it follows that a = 0. It is
also clear that |a| = | — a| since a € kA if and only if —a € kA. For the non-archimedean
triangle inequality and the submultiplicativity of | — | fix f € kA and g € k,A. Then,
f+ g € max(ky, k;) A where the maximum is taken with respect to the norms of k; and &, —
this implies that |f + ¢g| < max(|f], |g|). Similarly, we have that fg € kfk,A which implies
that |fg| < |f|lg]. We have shown that | — | defines a non-archimedean norm on A[<].
Next, we show that A[L1] is Banach with respect to the norm | — | : A[Z] — R
described above. For this, it suffices to show that the following systems of open neighbor-
hoods around zero are cofinal (by I1.4.17 and the classical w-completeness of A): the system
of neighborhoods {@w"A} and the system of neighborhoods {@w"A[Z]<;}. We clearly have
that w"A C w"A[Z]<;, and by construction we have that w"™A[X]<; C @w"A — showing
that A[—] is Banach with respect to the norm constructed above. Finally, we remark that

/\tf

it is clear by construction that for any morphism A — C' in CAlg the induced map

A[L] — C[L] is contractive with respect to the given norm.

Construction I1.4.28. To construct the functor
(—)<1: Ban@™ — CAlgiY R Rq

it suffices to show that the canonical functor (—)<; : Bani™ — CAlgy_ admits a lift
to CAlng We need to check that R<; is w-complete and w-torsion free. It is clear

by construction that R<; C R is w-torsion free, and Corollary 11.4.18 shows that R<; is
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classically w-complete.

The next few results show that if we restrict ourselves to the essential image of Hj, :
CAIg/}(‘I;f — (]Alg;\(tgf1 the functors we just defined are close to being an equivalence of

categories; and if the value group of K is dense, then it is actually an equivalence of categories.

Lemma I1.4.29. The essential image of the functor (—)<; : Ban™" — CAIg}f1 is contained

in the essential image of HYj, : CAlg%‘;f — CAlg?(t;.

Proof. Since H'j, is fully faithful it suffices to show that for any Banach K-algebra A the
associated K<j-algebra A satisfies A<y ~ (A<1)s, or in other words we need to show that
a € (A<y). C A satisfies |a| < 1. Indeed, recall that since A<; is w-torsion free we can
identify (A<;). C A with the elements a € A such that ca € A< for all € € (@)perra. From
the fact that K — A is an isometry and [BGR84, Section 1.2.2] it follows that |ea| = |¢]|al,
which implies that |a| < 1/|e| for all € € (@)perta. Without loss of generality we may assume
that @ € K admits compatible p-power roots; since |@'/?"| — 1 as n — oo it follows that
la| < 1. O

The following result can be found in [And18, Section 2.3].

Proposition I1.4.30. Define the functor (—)[1]: CAlg?{‘j — Ban2™" as the composition
Aa tf HOj Atf (_)[é] contr
CAlgy’| ———— CAlgy_, ——— Bany

This functor is an equivalence of categories with inverse given by (—)<; : Banf2™ —

CAlg?(a;lf.

Proof. Let A be an element of CAlg/I}ajlf regarded as an object of CAlg?(f1 via the functor
H%j,. We claim that A = (A[%])<;. Indeed, by construction we have an inclusion A C

(A[L])<1, so it suffices to show that if a € A[L] satisfies |a| < 1 then a € A. Recall that by
the definition of the norm on A[1/w] it follows that |a| < 1 if and only if a € 2A for all £ in
the maximal ideal m = (@ )perta Of K<1, and since A satisfies A ~ A, it follows that a € A.

On the other hand, its clear that (A<;)[£] and A are isomorphic as abstract rings, we

claim that the identity map (A<;)[=

=1

exists an a € A<y such that |a| = |k||a|, which in turn implies that |a| < |k|. Hence, it

— A is contractive. Indeed, if @ € kA<; then there
remains to show that the map (A<;)[Z] — A is an isometry. First, we need the following

auxiliary result result: the value group |K*| C R is dense. Indeed, since K is a perfectoid

field we may assume that the topological nilpotent unit w € K* admits compatible p-power
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root, then since Z[%] C R is a dense subset, it follows that |w|%['/?) C R, is dense, proving
that [K*| C Rxq is dense.

Set S := (A<1)[Z], it remains to show that the map S — A, which is the identity at the
level of rings, induces an equality between the norms | — |4 and | — |s. Fix some a € A, and
pick a sequence of {k;} C K*, with decreasing norms, such that |k;| — |a|4. We claim that
la|ls < |k;| for all {k;}, we have that |a/k;| = |a|/|k;|, which implies that a/k; € A<y and so
a € k;A<q, proving the claim. Hence, we have that |a|s < |a|4; and since the counit of the

adjunction S — A is a contractive map, it follows that |a|g = |a| for all a € A. O

Aa tf

Corollary II1.4.31. Let A <~ B — C be a pair of morphisms in CAlgy”"". Then, we have a

canonical isomorphism in Ban{2"™.

(A®p C)" 1 /o] ~ A[l/w]@B[l/w]C[l/w]

Proof. Recall that the pushout of A + B — C'in CAlg/}(‘ff can be computed as (A®pC)H"Ne;
and that the pushout of A[l/w| «+ B[l/w] — C[1/w] in Ban®™" can be identified with
Aatf contr

the completed tensor product. Since the functor (—)[1/w| : CAlgg”’ — Bani™ is an

equivalence it preserves pushouts, proving the result. O

Corollary 11.4.32. Let A < B — C be a pair of morphisms in Ban™"". Then, we have a

canonical isomorphism in Ban$2™”"

(A1 ®p., C<1)"™"M[1/w] = A®pC

Proof. Follows directly from the equivalence of categories I1.4.30, the description of (A<;®p_,
C<q)®™ as the pushout of A<y < B<y — Oy in CAlg%‘j, and the description of AQgC

contr

as the pushout of A - B — C in Bany?™". O

Corollary 11.4.33. Let A < K — B in Ban®. Then, the completed tensor product

ARk C is non-zero.

Proof. Since A<; and B<; are torsion free K<j-algebras it follows that they are flat K<;-
algebras ([Stal8, Lemma 0539]). Furthermore, as A, B, A<;/w and B<;/w are non-zero,
we can conclude that A<y and B<; are faithfully flat K<q-algebras. Therefore, as being
faithfully flat is stable under base-change and composition we conclude that A<; ®x_, B«
is faithfully flat over K<, in particular it is torsion free and (A<; ®k_, B<1)/@ is non-zero.

Hence, we can conclude that A§1<§>K§B§1 is non-zero as it admits a surjective map to
(A<i ®K_, B<1)/w, and torsion free by I1.3.1. This in turn implies that (A§1®KSIB§1)*
(11.2.43) is non-zero and torsion free, which implies that A®C is non-zero by 11.4.32. [
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Construction I1.4.34. Let A be an object of CAlg/\th C CAlgAtf , we claim that the
norm on A[L] (from Construction I1.4.27) is power-multiplicative, and so A[L] € uBany C

contr -~ Recall that by the submultiplicativity of non-archimedean norms we have the

Banf
inequality |a?| < |a|? for all @ € A[Z], thus we need to show that |a®| > |a|?. Let k € K be
an element such that a®/k € A = A[X]<;. By the density of the value group |K*| C Rxq we
may pick a sequence {k, ..., k;,...} C K* such that {|k]|} is decreasing and |k;| — /[k].
We claim that a/k; € A for all k;. Indeed, since by assumption we have that |k;|? > |k]| it
follows that a?/k? € A, which in turn implies that {a"/k"} C A[L] is a bounded set. Hence,
by the assumption that A is totally integrally closed we can conclude that a/k; € A for all
k;. We have shown that for any k € K such that |a?| < |k| we have that |a| < /]k[, proving

that |a|?> < |a?|. Hence, we get a functor
1 Atic 1
(—) [—] L CAlgpY — uBang A A [—]
w - w

On the other hand, given an object R C uBang C BanContr we need to show that R<; C R
is total integrally closed. Let f be an element of R such that {f%z0} C #Rg, then f € R°,
but since R° = R<; it follows that R<; C R is total integrally closed. Thus, using that maps

between uniform Banach algebras are always contractive we get a functor
Atic

(—)<1 : uBang — CAlgy*

Proposition I1.4.35. The following pair of functors determine an equivalence of categories
(—)<1: uBang ;. - CAlg%if (= )[%}

Between the category of uniform Banach K-algebras and the category of w-complete w-

torsion free total integrally closed K<;-algebras.

Proof. Follows directly from the equivalence of categories of 11.4.30 and Construction [1.4.34.
O
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I1.5: Perfectoid Banach Algebras

I11.5.1: Almost perfectoid algebras

Throughout this section fix an integral perfectoid ring B which is w-complete with respect

to some w € B where w? divides p, and such that B is w-torsion free.

Definition I1.5.1. We will be concerned with the following three flavors of integral perfec-
toid B-algebras.

(1) The full subcategory of CAlg’ spanned by all w-complete integral perfectoid B-algebras.
We denote this category by Perfd.

(2) The full subcategory of CAlgh* spanned by the image of the functor (—)* : Perfdg —
CAlgy® (cf. 11.2.46). We denote this category by Perfd 5.

(3) The full subcategory of CAlgi" spanned by all the w-complete integral perfectoid B-
algebras A which are total integrally closed with respect to A[%] We denote this category
by Perfdz"°.

Notice how we are requiring all the perfectoid B-algebras to be w-complete, which is not

automatic from the definition of integral perfectoid ring.

Proposition I1.5.2. The functor

(=) : Perfd 5" — Perfd ;"

is an equivalence of categories with inverse given by H"j, : Perfdz* — Perfd ;'™

Proof. We need show that the fully faithful functor Hj, : Perfdg* — CAlg}y has its image
contained in Perfd ;"°; equivalently we need to show that the functor (—), : Perfd; — CAlg},
which we introduced in 11.2.46 and identified with Hom g ((@)perta, —) in 11.2.42, has its image
contained in Perfd,". Let A be an object of Perfdy; recall from I1.1.37 that A satisfies
Alw™®] = A[w!'/?™] and denote by A the w-complete w-torsion free integral perfectoid B-
algebra A/A[w@™>] (cf. 11.1.38), we have that the morphism A — A induces an isomorphism
A, — A, since A[wl/poo]“ = 0 by definition. Moreover, as Ais a w-complete w-torsion
free integral perfectoid B-algebra it follows from [1.3.29 that A% s again an w-complete
w-torsion free integral perfectoid B-algebra. And since A is p-integrally closed (I1.1.41)
it follows from I11.3.18 and 11.3.27 that the morphism A — A% induces an isomorphism

A, = (Ztic)*. Finally, from I1.3.28 we learn that the canonical map A (Ztic)* is an
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. . . . —tic —tic .
isomorphism. To summarize we have shown that the canonical map A, — A" ~ (A ), is

an isomorphism, showing that we get a fully faithful functor H°j, : Perfd 5 — Perfd ;"™

To conclude, the above argument shows that the the category Perfdg® C CAlgy® can
actually be realized as a full-subcategory of CAlg%‘”iC. And recall from 11.3.28 that we get
have an equivalence H'j, : CAlgh*"" = CAlgi" : (—)?, proving the desired equivalence

between Perfd ;" and Perfd 5. O

Corollary I1.5.3. Let A + D — C be a pair of morphisms in Perfd;"°. Then, its pushout
computed in CAlg}" can be identified with (A®pC)., where —®¢— denotes the (classically)
w-complete tensor product. Moreover (A® pC). is an object of Perfd Btic.

Proof. Recall from I11.2.17 that the pushout of A <~ D — C computed in CAlgy can be
identified with the integral perfectoid B-algebra A®,C. Moreover, we know that the functor
(=) : CAlgy — CAlgy® is a left adjoint to Hj, by 11.2.46, so the pushout of A? «+ D* — (¢
in CAlgy® can be identified with (A®¢ D)%, in particular we learn that (A®pC)® is an object
of Perfd* c CAlgi*". Since the fully faithful functor CAlgi*"® < CAlgy* admits a left
adjoint, it follows that (A®pC)® can be identified with the pushout of A% < D* — (@
in CAlgy""". Under the equivalence H%j, : CAlgi*" — CAlgh"® from I1.3.28 it follows
that the pushout of A <~ B — C computed in CAlgh"® can be identified with (A®pC), as
desired. Finally, the fact that (AQpC), is an object of Perfd ;" follows from the fact that
(A®pC)* was an object of Perfd" and the equivalence from I1.5.2. O

Proposition 11.5.4. The tilting functor determines an equivalence of categories
Perfd Btic — Perfd BFC Ars A

Proof. Let A be an object of Perfdy. Recall from 11.1.33 that if A is ww-complete then A°
is @’-complete, which implies by I1.1.34 that the tilting functor Perfd, — Perfd g, is an
equivalence of categories. Moreover, by I1.1.37 we learn that if A is w-torsion free then A’
is @’-torsion free. Thus, it remains to show that if a w-torsion free A is total integrally
closed with respect to A[X], then A’ is total integrally closed with respect to A’[]; but
from 11.5.2 we learn that it suffices to show that if A, ~ A then A" ~ (A"),.

Recall that for any A € Perfd, we have a morphism of multiplicative monoids 4 : A” — A
which maps @’ to a multiplicative unit of @, which implies that we get another morphism
of multiplicative monoids £ : A’[%] — A[Z]. Therefore, if we have an object a € A’[Z]
which satisfies as” € A’ for all & € (@”/P™) then ea* € A for all € € (@) = (@) persa;
and since A satisfies A ~ A, it follows that follows that a € A which implies that a € AP

showing that A’ ~ (A”), as desired. O
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11.5.2: Definition and basic properties

Definition I1.5.5. A perfectoid field K is a non-archimedean field for which exists a w € K
which satisfies 1 > |w?| > [p|, and such that the Frobenius morphism K<;/w? — K< /w?
is surjective.

A perfectoid Banach K-algebra is a uniform Banach K-algebra R such that the Frobenius
morphism ¢ : R<;/w? — R</w? is surjective. We will denote the full-subcategory of uBan

spanned by the perfectoid Banach K-algebras by Perfd]f(a“.

Lemma I1.5.6. If K is a Banach perfectoid field, then K<, is a integral perfectoid algebra

which is w-complete w-torsion free and total integrally closed with respect to K<; C K.

Proof. Since non-archimedean fields are uniform by definition, it follows from Proposition
[1.4.35 that K<; is w-complete w-torsion free and totally integrally closed with respect to
K<, C K. To show that K is an integral perfectoid algebra, it suffices to show that the
induced surjective morphism K<;/w — K< /w? given by a — a?, is injective (cf. [BMSIS8,
Lemma 3.10]), but this follows from Lemma II.1.40. O

For the rest of the section fix a Banach perfectoid field K, and an element @ € K which
satisfies 1 > |w®| > |p|. We now introduce the various flavors of integral perfectoid algebras
that will be relevant for us.

tic

Lemma IL.5.7. If R is a perfectoid Banach K-algebra, then R<; is an object of Perfd .

Proof. Since R is uniform by definition, it follows from II.4.35 that R<; € CAlg?(ti‘;, so it
remains to show that R<; is an integral perfectoid algebra. By hypothesis we know that
Frobenius R/w? — R/w?’ is surjective, which means that the induced map R/w — R/w”
given by a +— a® is surjective. Hence, it remains to show that R/w — R/w? is injective (cf.
[BMS18, Lemma 3.10]), but this follows from Lemma I1.1.40. O

Proposition I1.5.8. The functor
(—)<1 ¢ Perfd™ — Perfd

determines an equivalence of categories with inverse (—)[Z].

Proof. From the equivalence of categories (—)<; : uBang < CAlgi"® : (—)[2] established
in 11.4.35, it remains to show that if A € P(erdet<iC1 then A[Z], is a perfectoid Banach K-
algebra. From the identity A[%] p<1 =~ A, we learn that it suffices to show that the Frobenius
morphism A/w? — A/w? is surjective. From [BMS18, Lemma 3.10] we know that the p-
power map A/w — A/wP is an isomorphism, and since Frobenius can be realized as the

composition A/w? — A/w — A/wP the result follows. O
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Corollary I1.5.9. Let A < B — C be a pair of morphisms in Perfd?™. Then, A®5C is a

perfectoid Banach K-algebra, in particular, it is endowed with the spectral radius norm.

Proof. From I1.2.17 we learn that AS1®BS10§1 is an object of Perfdy_ , and from I1.5.2 we
learn that (A<, ® B,C<1)® € Perfd,  is w-torsion free. Hence, it follows from I1.4.31 that

we have an isometric isomorphism

~

1 ~
(Ac1®p.,Cx)[=] ~ A®BC

- -7 w

proving that AQpC' is a perfectoid Banach K-algebra by I1.5.8. m

11.5.3: Valuation rings

For the definitions and basic results we will follow [Stal8, 00I§].

Definition I1.5.10 (valuation rings). We follow [Stal8, 00I8] as our official definition of

valuation rings.

(1) Let K be a field. Let A, B be local rings contained in K. We say that B dominates A
fAC Band my = ANmg.

(2) Let A be a ring. We say that A is a valuation ring if A is a local domain and A is
maximal for all the relations of dominations among local rings contained in the fraction

field of A.

(3) Let A be a valuation ring with fraction field K. If R C K is a subring of K, then we
say A is centered on R if R C A.

Lemma I1.5.11. Let A be a valuation ring with fraction field K. Set I' = K*/A*, and
define v; < 4 in I if and only if 7 /42 € T is in the image of the canonical map A\ {0} — T.
Then,

(1) The pair (T', <) is a totally ordered abelian group, and we call it the value group of the

valuation ring A.

(2) The induced map v : A — I'U{0} is called the valuation associated to A, we sometimes
abuse notation and also call the map v : K — I"'U {0} by the same name. Furthermore,
v:A—=TU{0}and v: K — I"U{0} satisfy the following conditions

(2.1) v(a) =1if and only if a € A%, and v(a) = 0 if and only if a = 0.
(2.2) v(ab) = v(a)v(b).
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(2.3) v(a+b) <max(v(a),v(b)).
In particular, the valuation on A factors as v: A — I'cy U {0} — I" U {0}.

(3) We have the following equalities
A={x e Klv(z) <1} my = {z € Klv(z) <1} A" ={x € K|v(z) =1}

where we make T' U {0} a totally ordered commutative monoid by declaring that 0 < v
for all v € T.

Proof. Part (1) follows from [Stal8, Tag 00ID], by writing the group structure on I" multi-
plicatively. Its customary to transform multiplicative notation on I' to additive notation by
the rule  — —log(z), in which case (2) follows from [Stal8, Tag 00IF]. Finally, (3) follows
from [Stal8, Tag 00IG]. O

Lemma I1.5.12. Let (I' U {0}, <) be a totally ordered commutative monoid. An ideal of
I'u{0} is a subset I C I'U{0}, such that all elements of I are < 1 and v € I, 7/ <~ implies
v € I. We say than an ideal of I U {0} is prime if it satisfies the following conditions

(1) For all v € I, we have v < 1.
(2) If 170 € I and q,7 < 1, then vy, € I or vy, € .

Let R be a valuation ring, then the map v : R — K*/R* U {0} induces a bijection of ideals.

Furthermore, this bijection is inclusion preserving, and maps prime ideals to prime ideals.

Proof. After rewriting the group structure on 'U{0} multiplicatively, it follows from [Stal8,
Tag 00IH]. O

Lemma 11.5.13. Let R be a valuation ring with fraction field K. The value group I' =
K*/R* is said to be of rank one if I' # 1 and for every 0 < v < 1in I" and any 4/ € T, there
exists a n > 0 such that 4™ < +/. Then, the value group I' = K*/R* is of rank one if and

only if R has Krull dimension one.

Based on this result we will often abuse language and call valuation rings of rank one,

what should be properly called valuation rings of Krull dimension one.

Proof. See for example [Mat89, Theorem 10.7] for a proof, we record it here for completeness.
If the value group I' has rank one, by 11.5.12 it suffices to show that I'U {0} has exactly two
prime ideals, {0} and m = {z < 1|z € ' U{0}}. The assumption that I' # 1 already implies
that {0} # m, now assume that there exists a non-zero prime ideal p of I' U {0} such that
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there exists a v € m but v € p. As p is non-zero there exists a 0 £ 4 € p, but then the
assumption that I" has rank one implies that there exists a n > 0 such that v < +/, which
implies that v € p, contradicting our assumption. This proves that R has Krull dimension
one.

Conversely, if R has Krull dimension one, pick 0 # r € mg and by the primality of radical
ideals in valuation rings we learn that v/rR = mg. Therefore, for any h € mp we have that
0 # h™ € rR, proving that the value group K*/R* is of rank one. O

Lemma I1.5.14. Let R be a rank one valuation ring with fraction field K. Then, there

exists a order-preserving multiplicative injective map K*/R* =: I' — RZ; furthermore,

this extends to an order preserving multiplicative injective map I' U {0} — RZ, U {0}.
Conversely, if R is a valuation ring with fraction field K, if there is an order-preserving

multiplicative injective map K*/R* < RZ; then K*/R* is of rank one.
Proof. Follows from [Mat89, Theorem 10.6]. O

Lemma I1.5.15. Let K be a field, and v : K — I"U {0} a map satisfying: v(a) = 0 if and
only if a = 0, v(ab) = v(a)v(b) and v(a+b) < max(v(a),v(b)). Then, R = {x € K|v(z) < 1}

is a valuation ring.

Proof. Since R C K, and for all z € K we have that v(z) < 1 or v(z™!) < 1 or both, it
follows that R is a valuation ring by [Stal8, Tag 052K]. O

Example I1.5.16. Let K be a non-archimedean field with (necessarily) multiplicative norm
| —|: K = RZ,, then K< is a rank one valuation ring. Indeed, by Lemma I1.5.15 we know
that K<, is a valuation ring, thus to show that K<; is of rank one it suffices to show that
we have an order preserving multiplicative injective map K*/KZ, — RZ,. We claim this
embedding is given by the non-archimedean norm | — |, indeed by construction we have that
r € K* satisfies |z| = 1 if and only if x € KZ|, thus the map | — | : K* — RZ, factors as

| —|: K* = K*/KZ — R%,

and the fact that the injective map K*/KZ, < RZ, is order preserving follows from the

construction.

Lemma I1.5.17. Let f : V — W be a morphism of rank one valuation rings, and my C V/,

myy C W their respective maximal ideals. Then, the following are equivalent

(1) The morphism f:V — W is faithfully flat.
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(2) The induced map | Spec(W)| — | Spec(V')| of underlying topological spaces is the identity

map of Sierpinski spaces.
(3) The morphism f : V — W is injective and f(my) C myy.

If a morphism of rank one valuations f : V' — W satisfies this equivalent conditions we say

that f is an extension of rank one valuation rings.

Proof. (1) = (2). Recall that a faithfully flat morphism Spec(R) — Spec(S) is surjective
on its underlying topological spaces [Stal8, Tag 00HQ)], and that for any rank one valuation
ring V' we have the identification | Spec(V')| = {n, s}, where the latter is the Sierpinski space.
Hence, we conclude that | Spec(W)| — | Spec(V)]| is the identity map as it is a continuous
surjective maps of Sierpinski spaces.

(2) = (3). Let m € my be a non-zero element, if f(r) € W were zero then then the map
Spec(W) — Spec(V) will factor as Spec(W) — Spec(V/m) — Spec(V) showing that the
desired map cannot be surjective. Similarly, if f(7) € W is not an element of the maximal
ideal myy C W, then the map Spec(W) — Spec(V) factors as Spec(W) — Spec(V[r~!]) —
Spec(V'), which implies that the desired map cannot be surjective since V[r~!] = Frac(V).

(3) = (1). From the hypothesis it follows that f~!(my) = my and f71(0) = 0, showing
that the induced morphism Spec(W) — Spec(V') is surjective, so it suffices to show that
V — W is flat by [Stal8, Tag 00HQ]. But since W is a domain and the map f:V — W is
injective, it follows that W is torsion-free as a V-module, proving that f is flat by [Stal8,
Tag 0539]. O

Proposition 11.5.18. Let f : V — W be an extension of rank one valuation rings, with frac-
tion fields Ky and Ky respectively. Then, there is a unique multiplicative order-preserving
embedding K;/V* — Kj;,/W* which is compatible with the map Ky, — Ky,. Further-
more, if we fix a multiplicative order-preserving embedding K;/V* — RZ, (as in I1.5.14)
and assume that it has dense image, then there is a unique multiplicative order-preserving
embedding K, /W* — RZ, compatible with K; /V* — RZ,.

Proof. From 11.5.17 we learn that the induced map K5 < K}, is injective and f~1(W*) =
V>, which implies that the induced map K /V* — K;,/W> is multiplicative and injective.
Furthermore, from the definition of the order structure on value groups (cf. 11.5.11) one can
easily check that the induced map K/ /V* — Kj;,/W* is order preserving.

Next, fix a multiplicative order-preserving embedding | — |y : K7 /V* — RZ, and define

| — 1w Ky /WX = RZ, |alw = inf{|y|y for all v € K5 /V*such that a € (K};,/W™)<,}
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Its clear from the construction and the fact that | — |, has dense image that | — |y is the
unique order preserving map Ky, /W>* — RZ which is compatible with | — |,. To show that
| — |w is multiplicative, notice that by the density of the value group | —|v : K, /V* — RZ,

we can find a increasing sequence of elements {van}, {75} C Ky /V* such that

lim h/a,n|V = |a‘W lim h/b,n’\/ = ’b‘W
— 00 n—oo
then the multiplicativity of | — |y implies that lim, o0 |[YanVen| = |a|w|blw; and as both

sequences {Yan}, {n} are increasing we learn that v, ,%v., < ab, implying that |a|w|b|w <
lably. On the other hand, fix two objects a,b € Ky;,/W*, then its clear that if a < v, and
b <, for v,, 1 € Ky /V™, then ab < 1y, showing that |ab|w < |a|w|blw. This proves that
| — |w : K /W* — RZ, is multiplicative.

It remains to show that | — |y is injective. Its clear from the construction of the order
on Ky, /W* that if @ < b and b < a then a = b € K;,/W*, thus for two distinct elements
a,b € Ky, /W we may assume that a < b, and in particular a/b < 1. By the multiplicativity
of | — |w it then suffices to show that |a/blw < 1 € RZ,. As IV has rank one for any element
v € (K{;/V*)< there exists a n > 0 such that (a/b)™ < v < 1 which in turn implies that

la/bl}, < 1, proving the claim. O

Lemma I1.5.19. Let V' be a rank one valuation ring with fraction field K, and fix a multi-
plicative order preserving embedding | — |y : K*/V* — RZ,. Then, for any r € m C V we
have that V' C V[1] = K is m-total integrally closed (cf. 11.3.20).

Proof. We need to show that for any f € K if {f%>0} C W%V for some n, then f € V.
Indeed, by assumption we have that {f%z07"} C V which implies that |f%z07"|;; < 1 in
RZ,. Then, the multiplicativity of | — |y implies that |f|, < 1, which shows that f € V by
I1.5.11. O

Lemma I1.5.20. Let V' be a rank one valuation ring with fraction field K, and fix a mul-
tiplicative order preserving embedding | — | : K*/V* < RZ,. Then, for any 7 € my C V,
the canonical map V' — V* is an extension of rank one valuation rings, where V' denotes

the (classical, equivalently derived) m-completion of V.

Proof. As V' has is a rank one valuation ring we learn that |7"| — 0 as n — oo, thus
classical m-completion, which is defined as V' :=lim V/7", agrees with the completion of V'
with respect to the map | —|: V' — RZ,U{0}. The characterization of V' as the completion
of V' with respect to | — | together with the multiplicativity of | — |, shows that one can
further identify V* with the subring of K of elements a € K which satisfy |a| < 1; where
K’ is the completion of K with respect to the norm | — | : K — RZ, U {0}. Then Lemma
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[1.5.15 show that V* is a valuation ring, and Lemma I1.5.13 show that V. is a rank one
valuation ring. Finally, the characterization of V* as the completion of V' with respect to
| —|:V = RZ, show that f: V — V" is injective and that f~!(my) C my, which proves
the claim by [1.5.17. O]

Lemma I1.5.21. Let R be an integral perfectoid ring. Then,
(1) If R is a domain, then R’ is a domain.

(2) If R is a domain, then the isomorphism of multiplicative monoids R’ — limg,,.» R
induces an isomorphism of multiplicative monoids Frac(R’) — lim,, . Frac(R). In
particular, we obtain a multiplicative map # : Frac(R’) — Frac(R), by projection onto

the last coordinate.

(3) If R is a valuation ring, set I' = Frac(R)*/R* and let v : Frac(R) — I" U {0} be the

valuation associated to R (cf. 11.5.11). Then, the composition
v, : Frac(R’) —— Frac(R) —— T'U {0}

satisfies the hypothesis of Lemma 11.5.15 and R’ = {z € Frac(R")|vy(z) < 1}. In

particular R’ is a valuation ring.

(4) If R is a valuation ring, the multiplicativity of the maps # : Frac(R’) — Frac(R) and

#: R* — R induce an isomorphism of ordered multiplicative monoids
#: Frac(R’)* /R — Frac(R)* /R*

with respect to the order defined in Lemma [1.5.11. In particular, the Krull dimension

of R’ is the same as the Krull dimension of R.

Proof. We begin by proving (1). Recall from I1.1.6 that we have an isomorphism of multi-
plicative monoids R* — limg, ,.» R. Assume that we have {a,}, {b,} € R’ = lim,_,,» R such
that {a,}{b,} = 0 in R’ which implies by construction that a,b, = 0 in R for all n. Then,
as R is a domain, either ag = 0 or by = 0, without loss of generality we may assume that
ap = 0. As we have that a®? = a,,_;, then the domain assumption shows again that a,, = 0
for all n, proving that {a,} =0 € R’

For (2), first recall that we have a multiplicative map f : R’ — R which is obtained as
the projection onto the last coordinate R* = lim,, ,,» R — R. As everything in sight is mul-

tiplicative, it follows that for any a € R’ we have an isomorphism R’[1/a] = lim,,,.» R[1/af].
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Then, since every element » € R is in the image of # : R — R up to a unit (I1.1.13), pass-
ing to the limit inverting all a« € R’ shows that we have an isomorphism of multiplicative
monoids Frac(R’) — lim,,,.» Frac(R).

Next we prove (3). As the maps v : Frac(R) — I' U {0} and # : Frac(R") — Frac(R) are
multiplicative maps and Frac(R’) is a field, in order to show that vy satisfies the hypothesis of
Lemma 11.5.15 it suffices to show that for a,b € Frac(R") then vs(a + b) < max(vs(a), vy(b)).
Furthermore, as a,b € Frac(R’) we know that there exists an f € Frac(R’) such that
af,bf € R, thus by the multiplicativity of v; we may assume that a,b € R’. As R’ is
perfect, we know that a,b admit compatible p-power roots, which we denote by a!/?", b!/7"

respectively, then as (a + b)* = a* + b* mod p we can conclude by the binomial theorem that
(al/p" + bl/p")p"ﬁ — (a + b)ﬁ — (al/p”ﬁ + bl/p"ﬂ)p" mod pn+1

which by the p-completeness of R implies that lim,, o (a'/?"f +b1/P"H)P" = (a+b)* in R. Ob-
serving that v(a'/?"# 4 b'/P"HP" < max(v(at), v(b*)), and assuming without loss of generality
that v(b*) < v(a), we learn that

(al/p"ti + bl/p"ti)p"/(a)ﬁ cR

for all n, which implies by the p-completeness of R that (a + b)*/a* € R. This proves that
vg(a + b) < max(vg(a),v4(b)), showing that vy satisfies the conditions of Lemma I1.5.15. It
remains to show that R’ = {z € Frac(R’)|vy(x) < 1}. Indeed, as the map 4 : Frac(R’) —
Frac(R) is compatible with f : R” — R it follows that R’ C {z € Frac(R’)jv(z) < 1}.
Now, assume that z € Frac(R’) satisfies v4(x) < 1, then 2* € R C Frac(R) and it admits
compatible p-power roots in R, proving that = € R’ as desired.

Finally, we proof (4). Its clear that we have a multiplicative map # : Frac(R”)* /R —
Frac(R)*/R*, to show that it preserves the order fix a,b € Frac(R’)* /R and let A, B €
Frac(R") be corresponding lifts, then a < bif and only if A/B € R’, which in turn implies that
A¥/B* € R, proving that af < b* € Frac(R)*/R*. Moreover, the fact that every element of
R admits compatible p-power roots up to a unit (I1.1.13), implies that # : Frac(R’)* /R** —
Frac(R)* /R* is surjective, it remains to show that if 2* = 1 then 2 = 1 in Frac(R*)*/R"*.
Assume that 2 = 1, and pick a lift X € R** C Frac(R’)*, then the assumption that * = 1
implies that X* € R* and thus any p-power root of X will be an element of R*, proving the

result. The claim about the Krull dimension of R’ follows from 11.5.12. OJ

Proposition I1.5.22. Let V' be an integral perfectoid rank one valuation ring. Then, the

following categories are equivalent
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(1) The category of integral perfectoid rank one valuation rings W over V', such that the
structure map V — W is faithfully flat.

(2) The category of integral perfectoid rank one valuation rings W’ over V°, such that the
structure map V° — W” is faithfully flat.

where the functor from (1) to (2) is given by the tilting functor. Furthermore, if V' is w-
complete with respect to some w € V where w? divided p, then the above equivalence

restricts to an equivalence between the categories

(1) The category of integral perfectoid rank one valuation rings W over V| such that W is

w-complete and the structure map V' — W is faithfully flat.

(2) The category of integral perfectoid rank one valuation rings W over V°, such that 1

b

is w’-complete and the structure map V> — W” is faithfully flat.

Proof. The equivalence between the categories (1) and (2) follows from Proposition 11.1.34
and Lemma [1.5.21. Similarly, the equivalence between the categories (1’) and (2’) then
follow from Lemma I1.1.33. O

Lemma I1.5.23. Let K be a perfectoid non-archimedean field with norm | —|: K — R%,
and w € K such that 1 > |w”| > |p|. Then, the following categories are equivalent

(1) The category of non-archimedean fields over L over K

(2) The category of w-complete rank one valuation rings V', with faithfully flat structure
map K<; — V. In particular, all maps between rank one valuation rings are forced to
be faithfully flat.

Where the functor (1) — (2) is given by L + L<;, with inverse given by V — V[Z] (cf.
11.4.30).

Proof. 1t was explained in Example [1.5.16 that L<; is a rank one valuation ring, and the
fact that K<; — L<; is faithfully flat follows from I1.5.17. On the other hand, it follows
from I1.5.17 that if K<; — V is faithfully flat then V[X] is a field. Finally, since rank one
valuation rings are totally integrally closed in their fraction field (I1.5.19), we learn from the
equivalence 11.4.35 that V[X] is uniform so it is a non-archimedean field, L<; is @-complete

and that the functors above describe an equivalence of categories. O]
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I1.5.4: Tilting correspondence

Let V be an integral perfectoid rank one valuation ring, which is w-complete with respect
to some w € V such that @w? divides p, and denote by K its fraction field. For example
K could be a non-archimedean perfectoid field with @w € K satisfying 1 > |@w?| > |p|
and V = K< (cf. I11.5.16 and 11.5.6). Fix an multiplicative order preserving injective
map of | — | : K*/V* — RZ,, which is equivalent to specifying a non-archimedean norm
| — | : K — R%,. And denote by V" and K" the tilt of V and K respectively (cf. 11.5.22),
then the order preserving multiplicative isomorphism f : K**/V** — K> /V* determines a
unique multiplicative order preserving injective map | —| : K**/V"* — R compatible with
the one on K*/V*, which in turn induces a unique non-archimedean multiplicative norm
on | —|: K” — RZ,, making K’ a perfectoid non-archimedean field. More concretely, if K

is a perfectoid non-archimedean field, then the composition

§ 1=l
K’ > K » R,

determines a multiplicative norm on the perfectoid field K, this was checked in the proof
of Lemma [1.5.21(3).

Proposition 11.5.24. Let K be a perfectoid non-archimedean field with norm | —|: K —
R%,and w € K such that 1 > || > [p|. Let K be its tilt, which has norm || : K* — R%,
given by x + |2f|. Then, the composition
_ Ly . (H)=5]
Perfdl® — = perfa, e " pepfd e =", peyfdBae
< <1
determines an equivalence of categories; we will often abuse notation and denote the com-

position by (—)°. This equivalence has the following properties

(1) It identifies the subcategories of non-archimedean field over K, with the category of non-
archimedean fields over K”. Furthermore, if L is a non-archimedean field over K with
multiplicative norm | —|z, then L” will have a multiplicative norm given by L* > [ + |I¥|,
(cf. Lemma I1.5.11(3)).

(2) If A is an object of Perfd?*" with power-multiplicative norm | — | 4, then A" € Perfd>3"

will have power multiplicative norm given by A’ > a + |af|4. A priori the sharp map is
only defined on £ : AbSl — A<, but its multiplicativity implies it naturally extends to

1 1
g A [—]=4 — A= Ag[g]

wb]
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Furthermore, the map 4 : A> — A determines a bijection between multiplicative semi-
norms A — R, and A” — R, (cf. TIL1.1).

Finally, let us remark that the equivalence PerdeBfn ~ Perfd K'i‘i, which was deduced from
I1.4.30, relies critically on the fact that K already has a non-archimedean multiplicative,

norm thus its important to fix the norm on K” through the map # : K* — K.

Proof. Tt follows from Proposition [1.5.8 and Proposition [1.5.4 that the composition
(=) : Perfd®™ — Perfdam

determines an equivalence of categories. For (1) the fact that (—)” induces an equivalence
between perfectoid non-archimedean fields is a combination of Proposition [1.5.4 and Lemma
11.5.23. To complete the proof of (1) we need to check that the norm on L’ is given by L’ >
[+ |I¥];. Indeed, from Lemma I1.5.14 we learn that the map KW/K;X1 — RZ, completely
determines the map L°*/ LbSX1 — RZ,, then the claim follows from the isomorphism of
multiplicative ordered value groups f : L°*/ ngxl — L*/LZ,, which is compatible with the
isomorphism 4 : KbX/K?1 — K*/KZ,.

In order to proof (2), recall that since A and A’ are uniform the Berkovich maximum
modulus principle I11.1.11 implies that their norms are completely determined by their
multiplicative seminorms A, A> — Rso (II1.1.1). Thus, it remains to show that the map
#: A” — A determines a bijection between the multiplicative seminorms on A and A’.

Indeed, if z : A — RZ, is the multiplicative semi-norm then z factors as

x: A= H(z)— ’H(I)A — %($)AX/H($)/§\: U{0} = RS,

where H(z) is a non-archimedean field (cf. I11.1.8), 7‘[(1‘)/\ is the completion of its algebraic
closure (in particular it is a perfectoid field), the map H(x)/\ — ’7'-[(x)AX/’7'-[(x)/\X U{0} is the

canonical map to its value group (I1.5.11), and H(x)AX/H(:I:)AX — RZ, the unique multi-
I

plicative ordered map compatible with K*/KZ, — RZ, (I1.5.14). Tilting this collection of

maps gives rise to a multiplicative seminorm

Ab X

P A S @) - H@ Y H@) L {0} < R,

And by the functoriality of the sharp map we can conclude that this identifies 2” : 4> — R§0
with z o f. Then, the equivalence Perfd3™ ~ PerdeBﬁn shows that the sharp map §: A> — A
determines a bijection between the multiplicative semi-norms on A and A, finishing the
proof of (2). O
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Proposition I1.5.25. Let K be a perfectoid non-archimedean field with norm | —|: K —
R%, and @w € K such that 1 > || > |p|. Let K be its tilt, which has norm |—| : K* — R%,
given by x > |2%|. Let A and A° be perfectoid Banach algebras over K and K’ respectively,
then

(1) The sharp map f : A” — A determines a homeomorphism #* : [M(A)| — |[M(A%)] (cf.

b

I11.1.1), given explicitly by  +— 2” where 2° = z o .

(2) If A — B is a morphism of perfectoid Banach K-algebras, and the induced map
IM(B)| — |M(A)| has image U C |[M(A)|. Then, the corresponding map A° — B’
induces a map |[M(B”)| — |M(A)| with image #~1(U) C |[M(A)].

Proof. We already showed in Proposition I1.5.24(1) that the map f : A’ — A determines a
bijection #* : [M(A)| = |M(A%)| given by x +— 2°, as both topological spaces are compact
hausdorff (I11.1.3) to show that §* is a homeomorphism it suffices to show that £* is continuous
(II1.1.16). Recall that the topology on |M(A)| is defined as the weakest topology making
the all maps |[M(A)| — Ry, defined as z — |g(z)| for all g € A, continuous. Thus it suffices
to show that the maps |[M(A)| — R given by x + |f(2°)| are continuous for all f € A°,
but since |f(2°)| = |f*(x)| by 11.5.24 the claim follows. This completes the proof of (1).

In order to proof (2), it suffice to show that a multiplicative semi-norm = : A — R
factors as A — B — Ry if and only if 2° : A — R factors as A — B” — Rx,.
Indeed, assume that = : A — R factors through B, let H(z)p the the non-archimedean
field associated to the multiplicative semi-norm B — Rs¢ (cf. II1.1.8), and %; the
completion of its algebraic closure (in particular, it is a perfectoid field). Then, = admits a

factorization as

—N A X

v A= B Hx)p — Hz)y — @)y [HE) e U{0} = R

Tilting this collection of maps we get the map (cf. the proof of 11.5.24)

Abx Abx

P A = B H(@)y — H(@)y [H{x) e U{0} = R,

showing that if z : A — R factors through B, then 2" : A> — R factors through B’. A

completely symmetrical argument shows the converse, completing the proof of (2). ]
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CHAPTER III
The Berkovich Spectrum

Throughout this chapter we fix a prime number p and a perfectoid non-archimedean field
K together with an object w € K satisfying 1 > |w?| > |p| and a compatible system of
p-power roots {wl/ p”}nezzo. In Section III.1 we introduce the Berkovich spectrum following
[Ber90], and recall some favorable categorical properties of the category of compact Hausdorff
spaces which we will leverage in the next chapter. In Section II1.2 we establish the basic
properties of rational domains of Banach K-algebras without any finiteness assumptions
— subtle distinctions appear between “algebraic” and “topological” definitions of rational
domains, though these disappear after uniformization. In Section I11.3 we show that affinoid
perfectoid spaces admit a well-behaved structure presheaf, in particular we show that the
topological rational domains admit a unique representative by an affinoid perfectoid space,
and that completed residue fields of affinoid perfectoid spaces are perfectoid Banach K-
algebras. Finally, in Section I11.4 we leverage the dictionary (Theorem D) and arc-descent
of integral perfectoid algebras of Bhatt and Scholze ([BS22, Proposition 8.10]) to prove Tate
acyclicity for perfectoid Banach K-algebras (Theorem A).

II1.1: Basic Properties

II1.1.1: Introducing the spectrum

Throughout this section fix a non-trivially valued non-archimedean field K, and recall that all
Banach K-algebras are assumed to be non-archimedean. We will be particularly interested
in the opposite category of Banach K-algebras, which we denote by Ban}® — to a Banach
K-algebra A we use the symbol M(A) to denote the corresponding object in Ban}’, and to
a morphism A — B in Bang we denote by M(B) — M(A) the corresponding morphism in

Ban%. In [Ber90] Berkovich introduced a functor

| — | : Ban?? — Comp M(A) = |IM(A)]|
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which associates to M(A) its “underlying topological space”, which we will proof is in fact
a compact hausdorff space. We will denote by Comp the category of compact hausdorff
spaces. In what follows we will review the basic properties of this construction, as covered
in [Ber90, Chapter 1].

Definition ITI.1.1. Let A be a Banach K-algebra, define |[M(A)| to be the set of non-
archimedean semi-norms (i.e. satisfying (2), (3) and (4) of 11.4.1)

z: A — Rsg [ 1f(@)]

which satisfy the following additional properties

(1) The map = : A — Ry is bounded, that is, for all f € A we have that |f(x)| < |f|a,

where | — |4 denotes the norm on A.

(2) The map = : A — R is multiplicative, that is, for any pair of objects f, g € A we have
that | fg(z)| = [f(z)[lg(x)| and [1(z)] = 1.

We will call the semi-norms A — R satisfying conditions (1) and (2) rank one valuations
(or multiplicative semi-norms) on A. Furthermore, we endow |[M(A)| with the weakest

topology making the maps
IM(A)| — Ry z— |f(z) forall fe A

continuous.

Lemma II1.1.2. Let A be a Banach K-algebra, and = : A — R>( be a map satisfying (2)
of ITII.1.1. Then, x satisfies (1) if and only if there exists a C' > 0 such that |f(x)| < C|f|a
for all f € A.

Proof. 1f x : A — R¢ satisfies (1) then its clear that |f(x)| < C|f|a with C = 1 for all
f € A. On the other hand, since z satisfies (2) the inequality | f™(z)| < C|f™| 4 implies that
|f(z)| < CY"|f|4 for all n > 0, which in turn implies that |f(x)| < |f]a. O

Proposition IT1.1.3. For any non-zero Banach K-algebra A, the topological space | M (A)|

is a non-empty compact hausdorff space.

Proof. The fact that | M(A)]| is non-empty follows from [Ber90, Theorem 1.2.1]. We present

an alternative proof of the fact that |[M(A)| is a compact hausdorff space which we learn
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from Mattias Jonsson. From the construction of |[M(A)| as a topological space it is clear

that we have an injective morphism

(M(A)] — T]10,1f14] z= [T If ()]

feA feA

which is an homeomorphism onto its image. Thus, it remains to show that the image of
IM(A)| = T1;eal0,|f]4] is a closed subset. Indeed, a point (t)sea € [[;c4[0,]f]a] lies in
the image of M(A) if and only if it satisfies the following conditions ¢ty =0, t; =1, t; = t_y,
trrg <tpttgand ty, =tst,; and since this conditions define a closed subset of [[ ;. ,4[0, | f]4]
the result follows. O

Proposition II1.1.4. The assignment M(A) — |M(A)| determines a functor Ban}® —
Comp.

Proof. Since morphisms of Banach K-algebras ¢ : B — A are bounded, it follows from
Lemma II1.1.2 that if we have a rank one valuation A — R, then the composition B —
A — R is a rank one valuation on B. Hence, we get an induced map of sets |[M(A)| —
|M(B)], it remains to show that this map is continuous. From the proof of I11.1.3 we learn
that we can realize [M(B)]| as a closed subset of [[;.3[0,|f|5], and from Lemma I11.1.2 we

learn that we have a map of sets

(M(A)] — [TI0,1f1] z = Je(f)(2)]

feB

whose image is contained in [M(B)| C [[;cp[0,|f]s]- It remains to show that the map
IM(A)| = [1;c5(0,]f]B] is continuous, but this is clear from the definition of the topology
on |[M(A)]|. O

Proposition II1.1.5. Let A be a Banach K-algebra. An element f € A is invertible if and
only if |f(z)| # 0 for all z € [M(A)].

Proof. If f € A is invertible, then for any z € |[M(A)| we have the identity 1 = |ff~!(z)| =
|f(x)||f~(z)| showing that |f(z)| # 0 for all x € |[M(A)|. Conversely, if f € A is not
invertible, then f € m C A is an element of a maximal ideal of A. As maximal ideals of
Banach K-algebras are automatically closed ([BGR84, 1.2.4/5]) it follows that k := A/m
endowed with the quotient norm A — & is a Banach field, which in turn implies that |M (k)|
is non-empty by II1.1.3. It then follows that for any rank one valuation x € |[M(k)| the
composition A - kK — R will send f +— 0, as desired. O]
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Definition ITI.1.6. Let {A;};,c; be a collection of Banach K-algebras indexed by a set I.
Then, we define the bounded direct product of {4;};c; as

HAi = {a = (a;);e; which satisfy |a| := sup |a;|4, < 0o}
i€l iel
with norm |a| = sup,c; |a;]a,. Its easy to see that the bounded direct product [ [ A; is itself a
non-archimedean Banach K-algebra. Furthermore, the bounded direct product [] A; enjoys
the following universal property: for a collection of contractive morphisms {B — A;}icr

there in an essentially unique morphism

iel
factoring the maps B — [[A; — A;; or in other words we have an identity
Hompgpeons (B, [T A;) = [] Hompgpeents (B, A;). However, it is not clear that [] A; enjoys the
same universal property with respect to a collection of bounded (not necessarily contractive)

morphisms {B — A; }ier.

Lemma III.1.7. Let {K;}ic; be a collection of non-archimedean fields indexed by a set
I. Then, IM(]]; K;)| is homeomorphic to §(I), the Stone-Cech compactification of I as a
discrete set. Furthermore, given a subset J C I the quotient map [[; K; — [, K; induces

an injective map

which corresponds to the canonical inclusion 8(J) C S(I).

Proof. This follows from [Ber90, Proposition 1.2.3] and its proof. We refer the reader to
[Lurl8b, Section 3.2] for a discussion on the Stone Cech compactification (1) of a discrete
set 1. O]

Definition ITI.1.8. Let A be a Banach K-algebra and x : A — R a rank one valuation,
in the sense of I11.1.1. Then, its clear from the definitions that the ker(z) the kernel of z is
equal to a prime ideal p, C A. Then, the rank one valuation z : A — R>( determines a rank
one valuation on the domain = : A/p, — R, and by the multiplicativity of x it extends to
the fraction field

x : Frac(A/p,) = R>o (TT1.1)

we denote by H(z) the completion of Frac(A/p,) with respect to x, and call it the completed
residue field of A at x € |[M(A)|. In particular, we get that the map = : A — R factor
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uniquely as x : A — H(x) — R>¢. By construction, it follows that H(z) is uniform, and so
the map A — H(z) is contractive, showing that #(x) is non-archimedean by I1.4.7.

From II1.1.7 it follows that |M(#(z))| is a singleton, and from the construction of the
map A — H(z) it follows that the image of |[M(H(z))| = |[M(A)] is exactly x € |M(A)].

Definition I11.1.9. Let A be a Banach K-algebra, the Gelfand transform is the map

induced from the collection of contractive morphisms {A — H(z)}zcjmay- The induced

map of Berkovich spectrum

H H )| — [M(A)]

xe\./\/l

is surjective, as for any z € [M(A)| the map A — H(x) factors as A = [, i pea) Hy) —
H(x) which by functoriality of |M(—)| produces a map

IM(H(z))] = |M( H % NI = [M(A)]

ye|IM(A

showing surjectivity. Furthermore, the same argument shows that the map |[M([] H(z))| —
|M(A)]| of compact hausdorff spaces can be identified with the map B(|M(A)|°) — |M(A)|
from the Stone Cech compactification of |[M(A)| considered as a discrete set (cf. 111.1.16).

Proposition IT1.1.10. Let A be a Banach K-algebra. Fix a point z € |[M(A)|, then the
induced morphisms M(H(z)) — M(A) satisfies the following universal property: for each
map M(K,) — M(A) from a non-archimedean field K,, whose image |M(K,)| — |[M(A)]

is equal to = € |[M(A)|, there exist a unique factorization
A— H(z) — K, M(K,) = M(H(x)) = M(A)

Proof. For any non-archimedean field K, we claim that the rank one valuation K, — Rxg
corresponding to the unique point of M(K,) is exactly the norm | — |g, : K, — Rs¢ on K.
Indeed, since K, is a non-archimedean field it follows that the norm | — |k, defines a point
of IM(K,)|, and since |[M(K,)| is a singleton the claim follows.

Let € |[M(A)| be the point which is on the image of the map |[M(K,)| — |[M(A)],
it follows directly from the definitions that the composition A — K, — R>( of the map
A — K, followed by | — |k, : K, — Rso, is exactly the rank one valuation z : A — R
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corresponding to the point « € [M(A)|. Therefore, it follows that we get a factorization
A — Frac(A/p,) = K, = R>g

and as K, is complete with respect to | — |, : K, — Ry it follows that the
map Frac(A/p,) — K, factors through the completion of Frac(A/p,) with respect to
Frac(A/p.) — K, — Rs¢, which is exactly H(z), proving the result. ]

Proposition IT1.1.11 (Berkovich’s maximum modulus principle). Let A be a Banach K-
algebra. Then, the spectral radius p4 of A (cf. 11.4.8) satisfies

pa(f) = L |f(z)]

for all f € A.
Proof. [Ber90, Theorem 1.3.1] O

Corollary IT1.1.12. Let A be a uniform Banach K-algebra which satisfies |[M(A)| = pt.

Then, A is a non-archimedean field.

Proof. Since A is uniform it follows from the definition that ps = | — |4, furthermore
Berkovich’s maximum modulus principle (II1.1.11) guarantees that pa(f) = |f(z)| for the
unique point x € |M(A)|, in particular this implies that p4 is a multiplicative norm. It
remains to show that A is a field. Assume that there exists a non-zero maximal ideal m C A,
then as maximal ideals of Banach rings are closed [BGR84, Corollary 1.2.4/5] it follows that
Kk := A/m is a non-zero Banach K-algebra endowed with the quotient norm A — k. Finally,
from I11.1.3 we learn that |M(k)| is non-empty and so there exists a rank one valuation
y: A - k — Rso which satisfies [m(y)| = 0, and so different from the point = € |[M(A)|

corresponding to p4. We have reached a contradiction. O

I11.1.2: The category of compact Hausdorff spaces

Our goal in this section is to review some properties of the category Comp, the category of
compact hausdorff spaces, which will play an important role for us. We will follow [Lurl8b,
Appendix A and B].

Definition IT11.1.13 (Effective epimorphism). Let C be a category that admits fiber prod-
ucts, and suppose we are given a morphism f : X — Y in C. Let X xy X denote the fiber
product of X with itself over Y, and let 7,7’ : X xy X — X denote the projection onto the

two factors. We will say that f is an effective epimorphism if it exhibits Y as a coequalizer
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of the maps 7,7’ : X Xy X — X. In other words, f is an effective epimorphism if, for every

object Z € C, composition with f induces a bijection
Home (Y, Z) = {u € Hom¢(X, Z) :uom =uon'}

Remark III.1.14. Let C be a category that admits fiber products. Then every effective
epimorphism is an epimorphism. Indeed, let f : X — Y be an effective epimorphism, we

would need to show that for every object Z € C the following map
Home¢ (Y, Z) — Home (X, Z)

is an injection, but this follows from the definition above.

Example II1.1.15. In the category of sets every surjective map is an effective epimorphism:
if g: X — Y is a surjective map of sets, then we can recover Y as the quotient of X by the

equivalence relation R = X xy X = {(z,2/) : g(z) = g(2/)}.
Proposition I11.1.16. The forgetful functor U : Comp — Set has the following properties

(1) The functor U admits a left adjoint 8 : Set — Comp, given by I — G(I), where (1)

denotes the Stone-Cech compactification of the set I. In particular, U preserves limits.

(2) The functor U detects isomorphisms. That is, any map f : X — Y in Comp is an

isomorphism if and only if U(f) is an isomorphism.

(3) For any pair of maps X = Y in Comp which admit a common section Y — X there

exists a coequalizer coeq(X = Y) in Comp, and the canonical map
coeq(U(X) =2 U(Y)) — Ulcoeq(X = Y))

is an isomorphism.

Proof. 1t is shown in [ML71, V.6.2] that the left adjoint to U : Comp — Set is given by g,
proving (1). Statement (2) follows from the fact that U is a monadic functor, which was
shown in [ML71, VI1.9]. To show statement (3) recall that U being monadic implies that
for a pair of morphisms X = Y which admit a common section ¥ — X the coequalizer
coeq(X =2 Y) exists in Comp and the morphism coeq(U(X) = U(Y)) — U(coeq(X =2Y))
is an isomorphism if coeq(U(X) = U(Y)) exists in Set and the map U(Y) — coeq(U(X) =
U(Y)) admits a section. It is clear that coeq(U(X) = U(Y')) exists in Set as the category
of sets admits all (small) colimits and its clear that the map U(Y) — coeq(U(X) = U(Y))

admits a section as it is a surjective map of sets. 0
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Example II1.1.17. Let C be a category that admits fiber products, and let X — Y be
a morphism. We claim that the pair of projection maps X Xy X = X admit a common

section. Indeed the diagonal map A : X — X Xy X provides a common section.

Proposition II1.1.18. Let f : X — Y be a morphism in Comp. Then f is an effective

epimorphism if and only if U(f) is surjective.

Proof. If f is an effective epimorphism, by definition we have that the canonical map
coeq(X Xy X = X) — Y is an isomorphism. Since the forgetful functor U : Comp — Set

preserves reflective co-equalizers it follows that the canonical map
coeq(U(X xy X) =2 U(X)) = U(Y)

is an isomorphism. Moreover, since U also preserves limits we have that U(X xy X) =
U(X) xuwy U(X) proving that U(f) : U(X) — U(Y) is an effective epimorphism in the
category Set, and so it is surjective.

Conversely, assume that U(f) : U(X) — U(Y) is surjective, then it is an effective

epimorphism in Set, and so we have that the canonical map
coeq(U(X) xuyw) U(X) =2 U(X)) = U(Y)

is an isomorphism, and as the pair of morphisms X xy X = X admits a common section given
by the diagonal A : X — X xy X it follows from the monadicity of U that coeq(X xy X = X)
exists in Comp. We need to show that the canonical map coeq(X Xy X = X) — Y is an

isomorphism, but since U detects isomorphisms it suffices to show that
coeq(U(X xy X) =2 U(X)) = U(Y)

is an isomorphism. But this follows from the previous assertion and the fact that U preserves
limits. ]

Example I11.1.19. Let X be an object of Comp, by adjunction we have a surjective map
pUX)) — X

from the Stone-Cech compactification of X considered as a discrete set. Then the previous

result implies that the canonical map
coeq(B(U(X)) xx BU(X)) = BU(X))) — X
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is an isomorphism.

Furthermore, let us mention that S(U(X)) is a profinite set [Lurl8b, Proposition 3.2.3],
and that (U(X)) xx S(U(X)) is also a profinite set. Indeed, since S(U(X)) is a profinite
set we have that S(U(X)) = lim S; where S; are finite sets, and since limits commute with

limits we learn that
BU(X)) xx BU(X)) = lim(S; xx S;)

showing that S(U (X)) xx S(U(X)) is also a profinite set.

Definition IT1.1.20 (Regular Categories). Let C be a category. We will say that C is regular

if the following conditions are satisfied
(R1) The category C admits finite limits.

(R2) Every morphism f : X — Z in C can be written as a composition X — Y < Z, where

X — Y is an effective epimorphism and Y < Z is a monomorphism.

(R3) The collection of effective epimorphisms in C is closed under pullbacks. That is, if we

are given a pullback diagram
X — X
o
Y —= Y
in C where f is an effective epimorphism, the morphism f” is also an effective epimor-

phism.

Corollary II1.1.21. Let C be a category which admits pullbacks and satisfies condition (R2)
of the above definition. Then, for every morphism f : X — Z the factorization X — Y — 7

is functorial and unique up to unique isomorphism. From now on we will write Im(f) instead
of Y.

Proof. Follows from A.1.4 and A.1.5 in [Lurl8b, Appendix A]. ]

Proposition I11.1.22. Comp is a regular category. Moreover, the category Comp admits

all limits.

Proof. Let T — Comp be diagram category sending ¢ — X;, we know from [Stal8, Tag 08ZT)|
that the category of topological spaces has all limits and that the forgetful functor to sets
commutes with limits. Therefore, it suffices to show that the topological space Z := limz X;
is a compact Hausdorff space. Recall that Z can be realized as the equalizer of a pair of
morphisms [[ X; = [ X, and that each [ X; is a compact Hausdorff space by Tychonoft’s
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theorem [Stal8, Tag 08ZU]. Since the forgetful functor U : Top — Set commutes with all
limits it follows that we can identify U(Z) with a subset of [[U(X;), and from the proof
of [Stal8, 08ZV] we can deduce that U(Z) C [] X; is a closed subset, showing that Z is a
compact Hausdorff space. This proves that Comp has all limits, and in particular that (R1)
is satisfied.

Let f: X — Z be a morphisms in Comp, then the map of sets U(f) admits a unique
factorization as U(X) — Im(U(f)) — U(Z) as a surjective map followed by an injective
map. We endow Im(U(f)) with the subspace topology, and we denote this topological space
by Y. Since f is a map of compact hausdorff spaces it follows that Im(U(f)) C Z is a closed
subset, showing that Y is compact hausdorff. Moreover since X — Y is surjective it follows
from I11.1.18 that it is an effective epimorphism. It is clear that Y — Z is a monomorphism,
as it is injective. This finishes the proof of (R2).

Finally (R3) is a direct consequence of the fact that surjective maps of sets are closed

under base-change and the forgetful functor U : Comp — Set preserves limits. O]

Proposition I11.1.23. Let f : X — Y be a morphism of compact hausdorff spaces. Then,

the following are equivalent

(1) The morphism f : X — Y is a monomorphism in Comp.
(2) The morphism of sets U(f) : U(X) — U(Y) is injective.

(3) The morphism f : X — Y determines an isomorphism between X and Im(f) C Y with
the subspace topology.

(4) Let g : Z — Y be any morphism of compact hausdorff spaces such that Im(g) C Im(f) C
Y, then there exists a unique factorization Z — X — Y making the following diagram
commute

/A Ve

\\\\ r
\,5(
X

Proof. (1) = (2). Follows from the fact that the forgetful functor U : Comp — Set is
a right adjoint and so it preserves monomorphisms. The claim follows from the fact that
monomorphisms in Set are exactly the injective maps of sets.

(2) = (3). From the proof of Proposition I11.1.22 we can conclude that f admits a unique
factorization X — Im(f) — Y, where Im(f) C Y is endowed with the subspace topology.
By assumption we know that f : X — Y is injective, so the surjective map X — Im(f)
is also injective. The claim then follows from the fact that bijections of compact hausdorft

spaces are isomorphisms (I11.1.16).
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(3) = (4). From the proof of II1.1.22 we know that g : Z — Y admits a unique
factorization Z — Im(g) — Y, where Im(g) C Y is endowed with the subspace topology.
From the hypothesis of (3) we know that the map Im(g) < Y factors uniquely as Im(g) —
X — Y, proving the claim.

(4) = (1). Follows directly from the definition of monomorphisms. O

Definition II1.1.24 (Equivalence Relations). Let C be a category which admits finite limits
and let X be an object of C. We say that a monomorphism R — X x X is an equivalence

relation if, for every object Y € C, the image of the induced map
Home (Y, R) — Home (Y, X x X) ~ Home(Y, X) x Home (Y, X)

is an equivalence relation on the set Home (Y, X).

Example II1.1.25. Let C be a category which admits finite limits and let f : X — YV
be a morphism in C. Then the fiber product X xy X comes equipped with a canonical
monomorphism X xy X — X x X which presents X xy X as an equivalence relation on
X. To see that X xy X — X x X is a monomorphism, recall that this map fits into the

pullback diagram
XXy X — X xX

| |

Yy — 2% . yxY

and since the diagonal map A : Y — Y xY is always a monomorphism, and monomorphisms

are stable under base change the claim follows.

Definition II1.1.26 (Effective Equivalence Relations). Let C be a category which admits
finite limits and let X be an object of C. We will say that an equivalence relation R on X is

effective if there exists an effective epimorphism f : X — Y such that R = X xy X — X x X.

Remark III.1.27. Let C be a category which admits finite limits, let X be an object
of C, and let R be an effective equivalence relation on X. Then there exists an effective
epimorphism f : X — Y in C such that R = X xy X. The assumption that f is an
effective epimorphism implies that it exhibits Y as the coequalizer of the diagram R = X.
In particular, Y is determined (up to unique isomorphism) bu the equivalence relation R;
we will emphasize this dependence by denoting Y by X/R. Tt follows that the construction
R +— X/R induced a bijection

{Effective equivalence relations R — X x X}/iso ~ {Effective epimorphisms X — Y} /iso
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The inverse bijection carries an effective epimorphism f : X — Y to the equivalence relation

X Xy X.
Proposition I11.1.28. Every equivalence relation on an object X € Comp is effective.

Proof. Let R C X x X be an equivalence relation on X, we need to show that coeq(R =
X) =:Y exists and that it satisfies R ~ X xy X. Recall that the functor U : Comp — Set
preserves equivalence relations, and since all equivalence relations on Set are effective it
follows that coeq(U(R) = U(X)) =: S exists and it satisfies U(R) ~ U(X) xg U(X). Now,
since the pair of maps R = X admits a common section given by the diagonal A : X — R C
X x X it follows from II1.1.16 that coeq(R = X) =: Y exists an it satisfies U(Y) = S. It
remains to show that the canonical map R — X Xy X is an equivalence. From the identity
U(R) ~ U(X) xy) U(X) it follows that R — X xy X is an equivalence, as bijections of

compact hausdorff spaces are homeomorphisms by [11.1.16. 0

Proposition III1.1.29. Let C be a regular category, let X be an object of C, and let R —

X x X be an equivalence relation on X. The following conditions are equivalent
(1) The equivalence relation R is effective.

(2) There exists a morphism f : X — Y such that R = X xy X — X x X. Furthermore,

the canonical map X/R — Im(f) is an isomorphism.
Proof. [Lurl8b, Proposition A.2.5] ]

Proposition I11.1.30. Let X — Y and Z7 — X Xy X be a surjective maps of compact
hausdorff spaces, and define the morphisms Z = X as the composition Z — X xy X = X.
Then, the canonical map

coeq(Z = X) =Y

is an isomorphism of compact hausdorff spaces.

Proof. Since the morphism X — Y is surjective, it follows from [I1.1.18 that the canonical
map coeq(X Xy X = X) — Y is an isomorphism. In particular, the monomorphism R :=
X Xy X — X x X determines an effective equivalence relation on X uniquely characterizing
the identity X/R ~ Y (cf. I111.1.27). From the pair of maps Z = X we can produce a map
f:Z — X x X, which admits a unique factorization as Z — Im(f) — X x X, as Comp
is a regular category (II11.1.22). Thus, it remains to show that Im(f) C X x X determines
an equivalence relation on X equal to R. Indeed, by construction we have a surjective map
Z — R and a monomorphism R < X whose composition is f, then the uniqueness of the
factorization Z — Im(f) — X shows that Im(f) = R as desired. O
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I11.1.3: Remarks on the topology of the spectrum

Throughout this subsection K is a non-trivially valued non-archimedean field.

Proposition ITI.1.31. Let A be a Banach K-algebra, and A — A" the uniformization map
introduced in 11.4.13. Then, the induced map |[M(A"*)] — |M(A)| is an isomorphism of

compact hausdorff spaces.

Proof. From II1.1.16 it suffices to show that the induced map |[M(A*) — |M(A)]| of compact
hausdorff spaces is a bijection. Hence, we need to show that any rank one valuation z : A —
R, admits an essentially unique factorization A — A* — Rs¢. From the definition of
completed residue fields (I11.1.8) it follows that the map z factors as z : A — H(z) — R,

which in turn implies that the map z factors as
A— A" — 7{(1ﬂ — I{zo

since non-archimedean fields are uniform and the fact that the inclusion uBang «— Bang

admits a left adjoint given by the uniformization functor (—)* (cf. 11.4.13). O

Proposition I11.1.32. Let {A;};c; be a finite collection of Banach K-algebras. Then, the

canonical map

M AN — | |IM(A4)

i€l i€l

is an isomorphism of compact hausdorff spaces.

Proof. First, let us construct a map |[M(]]A;)] — UIM(A;)| which we will later show is
a bijection, which will prove by III.1.16 that it is an isomorphism of compact hausdorff
spaces. Recall that M(]J] A;) can be identified with the coproduct of {M(A;)}ier in the
category Ban$?, and that U|M(A;)| can be identified with the coproduct of {|M(A;)|}ier in
the category Comp. The existence of the functor | — | : Ban}’ — Comp guarantees that we
get a natural comparison map |[M([] A:)| = LIM(A;)].

Its clear that the map [M (][] 4;)| — UM (A;)| is surjective, by construction for each i € [
we get a morphism |[M(A4;)] — |[M(]]A;)| such that when composed with |[M(]]A;)| —
LIM(A;)| we get the identity map on |[M(A4;)|. It remains to show injectivity, for this
it suffices to show that every rank one valuation x : [[ A; — Rso admits a factorization
[TAi — Ai — Rso through some A;. Let p, = ker(z) be the prime ideal of [] A; which
is the kernel z, then the map = admits a factorization as [[ A; — (] 4:)/p> — Rso, but
generalities on prime ideals on products of rings guarantee that the quotient map [[ A; —
(T A:)/p. admits a factorization as [[ A; — A; — ([] A:)/p. for some A;. O
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Recall from I11.4.19 that if I is a filtered category and I — Ban{?™ a functor indexing
a collection of Banach K-algebras {A;};c; with contractive transition maps, then colim; A;

computed in Ban™ exists and it admits an explicit description.

contr

Proposition IT1.1.33. Let I be a filtered category and I — Bany"™ a functor indexing
a collection of Banach K-algebras {A;};c; with contractive transition maps. Then, the

canonical map

Iop

where colim; 4; is computed in Ban{2™", is an isomorphism of compact hausdorff spaces.

Proof. We follow our convention and denote by M(B) the object of Ban™" which cor-
responds to the Banach K-algebra B. The functor I — Ban?™ gives rise to a functor
I°° — Ban2"™° and notice that M (colim; A;) can be identified with limze» M(A;) com-
puted in Ban®"™"°?. Then, the existence of the functor | — | : Ban""°® — Comp yields
a canonical map |M/(colim; A;)| — limer [M(A;)]. By II1.1.16 it suffices to show that this
map is a bijection.

We first show injectivity. Consider the collection {1; : A; — colim; A;} of natural maps
coming from the definition of colimits, let A := U;c; Im(¢);) be the union of all the images
of v;, and recall from [1.4.19 that A C colim; A; is dense. Then, if we have two distinct
rank one valuations vy, vs : colimy A; — R their restrictions to A C colim; A; gives us
distinct maps vq,v2 : A — Rsg. Therefore, we can conclude that there exists a j € [
such that if ¢ > j (equivalently, there exists a map j — ¢ in I) the rank one valuations
V14,02 ¢ A =+ A — Ry will be distinct. In other words, for all ¢ > j the canonical
maps |M(colim; A;)| — |[M(A;)| send vy, vy € |[M(colim; A;)| to distinct points of |[M(A;)].
Since the forgetful functor Comp — Set preserves limits (111.1.16), it follows that vy, vy will
get mapped to distinct points under the map |[M(colims 4;)| — limzer |[M(A;)|, proving
injectivity.

To show surjectivity, we pick a point z € limw [M(A;)|, which in turn gives us a
collection of points {x; € |M(A;)|} such that for all map j — ¢ in I, the induced map
|IM(A;)] — |[M(A;)| satisfies z; — z;. In other words, we have a collection of rank one

valuations {v; : A; — Rs¢} such that for any i > j we have a commutative diagram
A —— A
o
R
This in turn induces a multiplicative map v : A — Rs¢, and by endowing A with the
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seminorm from I1.4.19 its easy to see that v : A — R satisfies v(a) < |a|4, making v a
rank one valuation on the seminormed ring A. Following the same recipe as in [11.1.8 we can
construct a factorization of v into a contractive map A — H(z) to a non-archimedean field
and a rank one valuation H(xz) — R, then by Proposition 6(ii) of [BGR84, Section 1.1.7]
we get a factorization A — colim; A; — H(z), proving that we have a rank one valuation
va : colimy A; — H(z) — Rsg such that vy o)y = v;. This proves surjectivity of the
canonical map |M (colimy A;)| — limep [M(A;)].

[l

124



I11.2: Rational Domains

I11.2.1: Definition and basic properties

Let K be a non-trivially valued non-archimedean field, and w € K* a topological nilpotent

unit.

Definition ITII.2.1. Let A be a Banach K-algebra with norm | — |4. Define A(Ty,...,T})

as the set

ATy, T = { S a1 € A[Ty,...,T,] such that m Jau]s o}
VEZ%O

Then, Proposition 2 of [BGR84, Section 1.4.1] shows that A(T7,...,T,) inherits an A-algebra
structure from the inclusion A(T%,...,T,) C A[Ti,...,T,]. Furthermore, Proposition 3 of
[BGR&4, Section 1.4.1] shows that A(Ti,...,T,) is a Banach A-algebra (in particular a
Banach K-algebra) with norm

|— | ATy, ..., T,) — Rsg > a, "~ max |a,|a
veZl VEZZO

and that the polynomials A[T},...,T,] C A(Ty,...,T,) are dense. Notice that its clear from
the definition that A(T})(Ts) ~ A(T3,T5,) are isometrically isomorphic.

Proposition I11.2.2. Let f: A — B be a morphism of Banach K-algebras. Then, for any
collection {by,...,b,} C B° C B of power bounded elements of B (cf. 11.4.20) there exists a
unique morphism of Banach K-algebras f : A(Ty,...,T,) — B sending T} — b; making the

following diagram commute

A—L B
A(Ty,....T,)

Furthermore, if A — B is contractive and the collection {by,...,b,} C B<; C B, then the
induced map f : A(Ty,...,T,) — B sending T; — b; is contractive.

Proof. Follows from [BGR84, Proposition 1.4.3/1] and its proof. O

Proposition IT1.2.3. Let A — B be a contractive map of Banach K-algebras. Then, there

is a natural isometric isomorphism
BRAA(TY, ...\ T,) = B(Ty,...,T,) 1T — T,
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In particular, we have a natural isometric isomorphism
ATy, T)RAAX, . X)) ~ AT T X, X))

Proof. Since the maps A — B and A — A(Th,...,T,) are contractive it follows from
1.4.14 that B&,A(Ty,...,T,) exists in Bang. Recall that the universal property of
B@AA<T1, ..., T,) (cf. 11.4.14) says that a morphism B@AA<T1, ..., T,) — Z in Bang is
equivalent to specifying a pair of bounded A-algebra maps B — Z and A(T},...,T,) — Z,
which by I11.2.2 is equivalent to specifying a bounded A-algebra map B — Z and a collection
of power bounded elements {z1, ..., 2,} C Z, which is in turn equivalent to specifying a map
B(Ty,...,T,) — Z by I11.2.2. This implies that the map BRAA(TY, ..., T,) — B(Ty,...,T,)
induced from the following pair of contractive A-algebra maps A(T},...,T,) — B{(Ty,...,T,)
and B — B(Ty,...,T,) is an contractive isomorphism, and it sends 1 ® T; — T;.

By virtue of Proposition [11.2.2 there is a unique contractive map
B(Ty,...,T,) = B&,A(T,...,T,) T~ 11T,

of Banach K-algebras, in particular the uniqueness implies that it must be the inverse of
BRAA(TY,. .., T,) — B(Ty,...,T,), proving the result. O

Definition IT1.2.4. Let A be a Banach K-algebra, and {fi,..., fn} C A a finite collection
of elements that generate the unit ideal of A. For a fixed f; € {f1,..., f.} let I, be the ideal
of A(Ty,...,T,) generated by

]fz = (f’LTl _fla---7fiTn_fn) C A(Tl,,Tn>

We define a rational domain of A to be given by the Banach K-algebra

<f1"J'Cl f”> = (A(Th, ..., To) /Ip)"

together with a morphism given by the composition

A ATy, ...\ T — <f1""’f">
fi

We remark that in general the ideal Iy, C A(T},...,T,) need not be closed, thus we need to

pass to the completion of the semi-normed ring A(T7,...,T,)/I},, endowed with the quotient

semi-norm, to obtain a Banach K-algebra. Its clear from the construction that the morphism

A— A< "“_’f"> is contractive.
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show that Iy, C m C A(Ty,...,T,) for some maximal 1deal m, as maximal ideals of Banach
K-algebras are automatically closed ([BGR84, 1.2.4/5]). But its clear that 1 ¢ Iy,, proving

the claim.

Lemma II1.2.5. Let A be a Banach K-algebra, and A — A< ”> a rational domain of

A<f1f—f”> such that ;X —1 € I;. As {fi,..., fa} C A generate the unit ideal, there
exists {h1,...,h,} C A such that > . h;f; = 1, we claim that X = . h;T; will satisfy
fiX —1 € Iy,. Indeed its easy to see that

X =1=>" fihTj — hyf; € I,
J

proving the claim. [
Proposition I11.2.6. Let A be a Banach K-algebra, and A — A< """ > a rational domain
of A. Passing to the opposite category, the induced map

is a monomorphism in Banf’.

Proof. We need to show that for any morphism h : A — B of Banach K-algebras, if there

’f”>—>B

then the factorization is unique. Assume that such a factorization exists, then from [11.2.5

exists a factorization of h as

A—>A<f1"];'

)

we learn that h(f;) € B is a unit, and that any A-algebra map A<f1 """ "> — B must

fi

satisfy f;/fi — h(f;)/h(fi;). We claim that h(f;)/h(f;) € B is power-bounded. Indeed,

and sends Tj — f;/f;, then the existence of the map A<f1 """ f"> — B guarantees that that
h(f;)/h(f:) € B is power bounded.

Then, from I11.2.2 we learn that there is a unique A-algebra morphism of Banach K-

algebra
AT,....T,) > B T; = h(f;)/h(f:)
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as Iy, is in the kernel of this map, it follows from the definition of A<flf—f"> that there is a

unique map A<Tf"> — B which factors

f AR fn
ATy, T = AT ) 5 B T = h(f)/h()
Showing that there is a unique A-algebra morphism of Banach K-algebras A< = > — B
satisfying f;/fi — h(f;)/h(fi), proving the result. O

Definition IT1.2.7. Let A be a Banach K-algebra and {fi,..., f,} C A a finite collection

of elements generating the unit ideal. Define

M) (Tt

1, fn) = {z € IM(A)] such that [f;(z)| < |fi(z)| for all 1 < j < n}

and endow it with the subspace topology |[M/(A) (—) C |[M(A)]. From the injec-
tive map of compact hausdorfl spaces [M(A)| — [];c[0,[f]a] (cf. II1.1.3), we learn that
IM(A)|( L= f") is a closed subset of |[M(A)| as it can be realized as the intersection of
IM(A)| C erA[O, | fa] and the subset of points (t;)rea € [[;c4[0,[f[a] which satisfy
ty; < ty,. This shows that

fiso..

fn
£ ) < M)

M| (Frd

is a monomorphism of compact hausdorff spaces (cf. IH.1.23)

|fi(x)] = 0, then |f;(x)] =0 for all 1 < j < n, and since {fl, ce fn} C A generate the unit
ideal this would imply that |1(x)| = 0, contradicting the definition of rank one valuations on

A (cf. TIL.1.1).

Proposition II1.2.8. Let B be a uniform Banach K-algebra, and h : A — B a (necessarily
contractive) morphism of Banach K-algebras. If the induced map |M(B)| — |M(A)]| of
compact hausdorff spaces has its image contained in |M(A) (—) C |M(A)|, then the
morphism A : A — B admits a unique factorization

A—>A<f1"]'c"f”> — B

)

Proof. From II1.2.6 we learn that if h admits a factorization as A — A flf—f” — B then
its must necessarily be unique. From the assumption that the image of |[M(B)| — |[M(A)|
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is contained in [M(A)| (%) C |M(A)| we can deduce that

|h(f;)(z)| < |h(fi)(x)] #0 forallz € I M(B)|and all 1 <j<n

This implies that A(f;) € B is a unit by virtue of II1.1.5, and that

)h(fj)
h(f:)
by the multiplicativity of rank one valuations. Berkovich’s maximum modulus principle
II1.1.11 then implies that pg(h(f;)/h(f;)) < 1, which in turn implies that h(f;)/h(f;) € B

is power bounded in B by the assumption that B is uniform.

(x)‘gl forall z € IM(B)| and all 1 < j <n

From I11.2.2 we learn that there is a unique A-algebra map of Banach K-algebras

and as the ideal Iy, C A(Ty,...,T,) (cf. 1I1.2.4) is in the kernel of the map, we get an

induced map

AG;#E»HB

as desired. ]

Example IT1.2.9. Let us give an example showing that the hypothesis that B is uniform in
Proposition I11.2.8 cannot be removed. This stands in contrast with what happens in Huber’s
theory of adic spaces where there is not uniformity assumption (cf. [Hub94, Proposition 1.3]).
Recall the example from [1.4.24: let A be the Banach C,-algebra defined as the completion
of C,[T] with respect to the norm

| —|: C,[T] = Rxo ]ZaiTﬂ = max{|a;|(i + 1)}

and whose spectral radius satisfies p(7') = 1. This implies by II1.1.31 that all rank one
valuations = : A — Ry satisfy |T'(z)| < 1, in particular the map of compact hausdorff

spaces

M) (T) = IM(4)

is an isomorphism. To complete the example it suffices to show that the identity map A — A

does not admit a factorization T

A—>A<T>—>A

Indeed, its clear from the construction that 7" € A<%> has norm < 1, making it impossible
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to have a bounded map A<%> — A satisfying T'+— T.

Proposition II1.2.10. Let f : M(B) — M(A) be a monomorphism in Banj’. Then, the
induced map |f| : [M(B)| — |[M(A)| in Comp is injective; equivalently, | f| is a monomor-
phism in Comp (cf. 111.1.23).

Proof. Assume that we have two points vy, y» € |M(B)| such that |f|(y1) = |f|(y2) =z €
|M(A)]|, we need to show that y; = yo. Let M(H(y1)) = M(B) and M(H(y2)) = M(B) be
the morphisms in Ban}’ corresponding to the points yi,y2 € |M(B)| as described in II1.1.8.
We claim that it suffices to show that there exists a non-archimedean field x together with

a pair of morphisms H(y;) — k and H(y2) — « making the following diagram commute

M(K) ——— M(H(y))

| |

f
M(H(y2)) —— M(4)
Indeed, if such a diagram exists then the pair of morphisms
(M(K) = M(H(y:)) = M(B))icqi2) € Mapsp,or(M(k), M(B))
would be mapped to the same morphism
(M(K) = M(H(:) = M(A))ic12) € Mapsper (M(5), M(A))

under the map Mapsg,o0 (M(k), M(B)) — Mapsguor (M(k), M(A)) induced by f. But
since f is a monomorphism we deduce that the pair of morphisms (M(xk) — M(H(y;)) —
M(B))ieq1,2y are in fact equal, showing that y; = y» € [M(B))|.

Recall that x € |[M(A)| was defined as z := |f|(y;), denote by M(H(x)) — M(A) the
morphism in Ban}? corresponding to the point € |[M(A)|. From the universal property
of completed residue fields (II1.1.10) we learn that the maps M(H(y;)) — M(A) admit a
unique factorization as M(H(y;)) = M(H(x)) — M(A). We claim that it suffices to show
that the completed tensor product H(y)®2 ) H (y2) # 0. Indeed, we know from 11.4.14 that

the following diagram is a pullback diagram in Ban}®

MH W) @uw H(y2)) —— M(H(n))

1 !

M(H(y2)) ———— M(H(z))
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It is clear that the completed tensor product H(y1)<§>H(x)H(y2) is defined as the morphisms
H(x) — H(y;) are contractive, since all bounded morphisms between uniform Banach K-
algebras are contractive (11.4.10). Then, if H(y1)®w @ H(y2) # 0 we know from I11.1.3 that
MH(y1)@nzyH(y2)) # 0, so by picking a point z € |M(H(y1) @) H (y2))| we can produce
a non-archimedean field #(2) together with a morphism M(z) — M(H(y1) @ H(y2)),
which would provide the desired maps M(z) — M(H(y;)).

Finally, since the morphisms H(y;) — H(x) considered as abstract field are faithfully flat
we can conclude that the tensor product H(y1) ®u ) H(y2) # 0. Gruson’s Theorem [Gru66,

Theorem 3.2.1(iv)] guarantees that the canonical map

H(y1) D) Hye) — H(y1) @ H(ys)

is injective. Proving that H(yﬂ@mm H(ys) # 0 as desired. O

phism
o

fl 77777 fn

with image equal to |./\/l( )|< In particular, |f| determines an homeomorphism

Proof. We know from [I1.2.6 that the morphism f : M(A<flf—f">> — M(A) is a
monomorphism in Ban}?, and therefore |f| is injective by I11.2.10. It remains to show that
for every z € [M(A)| (flf ) C |M(A)], the induced map A — H(z) admits a factorization

as

fi,-.
fz
but this follows from I11.2.8. OJ

A—>A< f“>%7{(x)

Proposition I11.2.12. Let A — A<f1"‘;’ "> and A — A<91""J’ > be a pair of rational

domains of the Banach K-algebra A. Then, the canonical map

A%A<f1,-f fn> <gl,.;

79m>
J

is isometrically isomorphic to the rational domain

A_>A<f191,---,];fig;,...,fngm>

where the numerator ranges over all pairs fig;.

131



Proof. As rational domains A — A<%> are contractive morphisms, it follows that

the tensor product A — A<f1"];j’f">®AA<gl"£‘]"gm> exists and the morphism is contractive.
Furthermore, as all fi/f; and g;/g; have norms < 1 on their respective rational domains, it

follows that there exists a unique contractive map

A(TM,...,Tk’l,...,Tn’m)%A<f1"J'C fn> <91=~9J> T“Hﬁ@)_
¢ J

fi

and as the ideal

It = (figiTvy — fign, - fi9i Tk — frgi, - - -5 fi9iTom — fngm) C AT1a, - Thgy o Tom)

is contained in the kernel of the map, we get an induced contractive map

A<f1917---7fkgla---afngm>_>A<f17-}. fn> <gla--~7gm> Jean fk

i ® =
fi9; g; figg fi

On the other hand, its clear by construction that all fi/f; and g¢;/g; are elements of

A<f 191""’?“_Zl,""’f"gm> and have norm < 1. Hence, there exists a unique contractive map
i9j

A<X1,~~-,Xn>®AA<Y17---,Ym>_>A<flgl’“.’];]leﬁ“.’fngm> XkH%Y
Yj i

which contains the ideal (I, I,,) (see I11.2.4 for a definition), inducing a contractive map

fio
A(FE

2

>fn> <91>---,9m>_>A<f191,--->fkgl,-~->fn9m> Jr fkgl

IR ® il
g; figj i fzg]

proving the desires isometric isomorphism. O

I11.2.2: Fiber products

Let K be a non-trivially valued non-archimedean field, and @w € K* a topological nilpotent

unit.

Proposition II1.2.13. Let A — B be a contractive morphism of Banach K-algebras in-
ducing a monomorphism f : M(B) = M(A) in Ban}’. Fix y € |M(B)| and z := |f|(y) €
|M(A)|; then, the canonical map, induced from the universal property of completed residue
field (II1.1.10),

H(x) — H(y)

is an isomorphism of Banach K-algebras. Furthermore, the following pair of morphisms
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which factor H(z) — H(y) (whose construction we describe in the proof)
H(z) = H(x)24B H(z)@4B — H(y)

are isometric isomorphisms of Banach K-algebras.

Proof. Let us begin by explaining the strategy of the proof. Since the pair of maps H(x) <
A — B are contractive, it follows that H(x)®4B exists and its characterized as the pushout
of H(x) <~ A — B in Bang (I1.4.14). Hence, the universal property of completed residue
field (I11.1.10) together with the fact that | f|(y) = x yield the following commutative diagram

. op
in Banj;

The proof consists of two main steps. First, as H(y) is uniform it follows from I1.4.13
that the morphism H(z)®4B — H(y) factors through (H(z)®4B)* — H(y) which we
will show is an isomorphism of Banach K-algebras, and since they are both uniform it is
automatically isometric. The next step consists on showing that H(z) — H(x)®4B is an
isometric isomorphism of Banach K-algebras, proving in particular that ’H(:p)@ 4B is itself
uniform. This will complete the proof of the result.

First, we show that (H(z)®4B)" — H(y) is an isomorphism. Since M(B) — M(A) is a
monomorphism in Bany’, and monomorphisms are stable under base-change, it follows that
M(H(2)@4B) — M(H(z)) is a monomorphism in Ban®?. In particular, I11.2.10 implies
that |M(H(z)®4B)| = pt, so I11.1.12 implies that (H(z)®4B)" is a non-archimedean field.
From the construction of (H(x)®4B)" we learn that it enjoys the following universal property
among non-archimedean fields: if x is a non-archimedean field together with a morphism
M(k) = M(B) such that | f|(|JM(k)|) = z € |M(A)| then there exists a unique factorization
M(K) = M((H(z)®4B)*) — M(B); but this is exactly the same universal property that
H(y) enjoys (IT1.1.10) as we have the identity |f|~'(x) = y, proving that the canonical map
(H(z)®4B)" — H(y) is an isometric isomorphism.

It remains to show that the canonical map H(z) — H(z)®4B =: B, is an isometric
isomorphism in Ban}’. Since monomorphisms are stable under base-change it follows that
the canonical map M(B,) — M(H(z)) is a monomorphism in Bany’. Then, since the
map H(z) — B, is contractive (II.4.14) we learn that the tensor product Bm@)H(I)Bx exists,
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and generalities on monomorphisms guarantee that the codiagonal map BxééH(:c)Bx — B,
is an isometric isomorphism in Bang. Furthermore, Gruson’s Theorem [Gru66, Theorem
3.2.1(iv)] tells us that the morphism of abstract rings B, ®4(z) By — BIQA{)H(I)BI is injective;
which in turn implies that the algebraically defined codiagonal map B, ®y ) B, — B, is
also injective. However, since the algebraic codiagonal map B, ®(,) B. — B, is surjective
(i.e. affine schemes are separated), it follows that B, ®4(,) B, — B, is an isomorphism of
abstract rings.

To show that the contractive map ¢ : H(x) — B, is an isomorphism of abstract rings, it
suffices to check so after tensoring with — ®y(,) By, as the map ¢ : H(x) — B, is faithfully
flat. Hence, we need to show that the map ¢ ® id : H(x) @) B: — Bz @) Be is an

isomorphism. Post-composing ¢ ® id with the codiagonal map
id : 'H(CL') OH(x) B, — B, OH(x) B, — B,

recovers the identity map. This implies that ¢ ® id is bijective, and so we have shown that
the contractive map H(z) — B, is an isomorphism of abstract rings, in particular B, is a
field. Finally, we need to show that ¢ : H(x) — B, is an isometry. Let z : B, — R
be a rank one valuation, which exists by [11.1.3, and for the sake of contradiction assume
there exists a a € H(x) such that py.y(a) > |¢(a)|p,. Then, by construction we get that
pu@)(a) > |z(p(a))|, giving rise to a rank one valuation H(x) — B, — Rso which is
distinct from py ). But this contradicts the fact that |[M(H(x))| = pt (I11.1.7), proving

that H(x) — B, is an isometric isomorphism, as desired. ]

Proposition II1.2.14. Let A — B and A — C be contractive morphisms of Banach K-
algebras. Then, the canonical map of compact hausdorff spaces (whose construction we

describe in the proof)
q: |[M(B&4C)| — IM(B)] X)) IM(O)|

is surjective.

Proof. Given that the morphisms B < A — (' are contractive, it follows that its pushout in
Bang can be identified with B®4C; equivalently, the fiber product of M(B) — M(A) <«
M(C) computed in Ban® is M(B&,C). Then, the characterization of M(B®4C) as a
fiber product together with the existence of the functor | — | : Ban}? — Comp (II1.1.4) gives
rise to the map ¢ : [M(B®R4C)| — |[M(B)| x| meay IM(C)].

Recall that since the forgetful functor Comp — Set preserves limits (I11.1.16), we can
conclude that specifying a point in [M(B)| X aray |[M(C)| is equivalent to specifying a pair
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of point z, € |[M(B)| and z, € |[M(C)| which have the same image x, € |[M(A)|. Then, the
universal property of completed residue fields (I11.1.10) guarantee that we have the following

commutative diagram in Ban}?

M(H(xp)) —— M(H(za)) —— M(H(z))
(B) ——— M(A) +—— M(

M )

Then, the interaction of fiber product with the functor | — | : Ban}’ — Comp gives rise to

the following diagram of compact hausdorff spaces

IM(H (24) Dnen Hlwe))| —— IMH(20))] X aeraceay) [M(H(ze)| = pt

| !

IM(BR4C)| : » [M(B)| X amay IM(C)]

Hence, it remains to show that H () @z, H(z,) # 0, as then |M(H(2}) @y (e H(ze))| # 0
by I11.1.3. Recall that Gruson’s Theorem [Gru66, Theorem 3.2.1(iv)] tells us that the map
H(zp) @naa) H(we) = H(3) Dy H(z,) is injective, and since H(zp) @p(ay) H(xe) # 0 by
faithful flatness of H(x,) — H(xp) the claim follows. O

Corollary II1.2.15. Let A — B and A — C be contractive morphisms of Banach K-
algebras, and assume that the map M(B) — M(A) is a monomorphism in Ban}’. Then,

the canonical map from [11.2.14
q: IM(BR4C)| — IM(B)| X|m(a) IM(C)]

is an isomorphism of compact hausdorff spaces.

Proof. Since we already proved that ¢ is surjective (I11.2.14), it suffices to show that ¢ is
injective by I11.1.16. Since monomorphisms are stable under base-change and the functor | —
| : Ban}? — Comp sends monomorphisms in Ban}? to monomorphisms in Comp by I11.2.10,
it follows that the map |M(B&4C)| — |[M(C)| is injective (cf. 111.1.23). Furthermore, as
the map |[M(B®@4C)| — |M(C)| factors as

IM(BEAC)] — IM(B)] Xy IM(C)] — IM(C))]

we are able to conclude that ¢ is injective as desired. O]
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Proposition I11.2.16. Let {A — B;};c; be a finite collection of contractive morphisms of

Banach K-algebras, such that the induced map of compact hausdorff spaces

| |IM(B)| = IM(A)]

el

is surjective. Then, the canonical map

coeq (|./\/l( H Bi®aB;)| = |M(H Bz)l) — |[M(A)]

(4,5)eIxI iel
is an isomorphism.

Proof. Recall from I11.1.32 that we have canonical isomorphisms of compact hausdorff spaces

M(HBz)|:|_||M(Bz>| IM( H Bi®4B;)| ~ |_| | M(B;®4B;)]

el el (4,5)eIxI (4,9)eIxI

Since by assumption the induced map UM (B;)| — |[M(A)| is surjective, it follows from
[11.1.18 that the canonical map

coea (|| IMB)] Xy IMB)] = L] IM(B)]) = IM(4)

(i.4)eIxI i€l
is an isomorphism. Thus, by [11.1.30 it suffices to show that the canonical map
M(Bi®@aB))| = [M(Bi)| Xy [M(B;)]
is a surjective map of compact hausdorff spaces, but this follows from [11.2.14. O

I11.2.3: Stalks

Let K be a non-trivially valued non-archimedean field, and @w € K* a topological nilpotent

unit.

Definition II1.2.17. Let A be a Banach K-algebra, and x a point of |[M(A)|. We define
the Banach K-algebra O as

02 = coliye|pm(ay)|cimay Av computed in Bang

where the colimit ranges over all rational domains A — Ay which satisfy z € |[M(Ay)| C

|IM(A)|. Let us explain why the colimit exists in Bang: as rational domains A — Ay are
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given by contractive morphisms, it suffices to show by [1.4.19 that the colimit is filtered.
Indeed, if A — Ay and A — Ay are rational domains satisfying = € |[M(Ay)| N |M(Aw)
then A — Ay®4Aw is a rational domain satisfying = € \M(AVQA@AAW)] by I11.2.12 and
I11.2.15.

Proposition I11.2.18. Let A be a Banach K-algebra, and x a point of |[M(A)|. Then,
(1) The canonical map M(O,) — M(A) is a monomorphism in Ban§?.

(2) The induced injective map |[M(OL)| — |M(A)| identifies | M(O))| with z € |[M(A)].
In particular, we have that |M(O2)| = pt.

(3) Let B be a uniform Banach K-algebra and A — B a morphism of Banach K-algebras.
If the induced map |[M(B)| — |M(A)| has its image contained in x € |[M(A)|. Then,

the morphism A — B admits a unique factorization

A—0O)—B

(4) The morphism O) — H(z) of Banach K-algebras induced from the canonical map
A — H(z) and (3) induces an isomorphism on O2* — H(x). In particular, this implies

that if A — B is a morphism as in (3) then there exists a unique factorization

A— H(z) = B

Proof. In order to proof (1) recall that every morphism M(Ay) — M(A) from a rational
domain is a monomorphism (I11.2.6), and since monomorphisms are stable under limits it
follows that M(O.) — M(A) is a monomorphism in Ban}’. For (2) recall that we have the
identity

(M(O)] ~ lim [M(Ay)| — [M(A)]

from I11.1.33, where the limit ranges over all rational domains M(Ay) — M(A) which
satisfy = € |M(Ay)| € |IM(A)|. As the forgetful functor Comp — Set preserves limits
(II1.1.16) it follows that x € |[M(OL)| C |[M(A)], it remains to show that for every other
y € |M(A)| there exists a rational domain M(Ay) — M(A) containing x satisfying y ¢
|IM(Aw)| € |M(A)]. Notice that there exists an element f € A such that |f(z)| # |f(y)],
and without loss of generality assume that |f(x)| < |f(y)|. Since K is non-trivially valued,
it follows that there exists a C' € |K*|Q such that |f(x)] < C and |f(y)| > C. Then, we can

137



produce the following rational domains

—1 N 1 A
1) A A= AT

A= A=A (T 1)

were the injective map |[M(A1)| — |M(A)| has image |[M(A)| <%>, and |M(As)| — |[M(A)|

has image ]M(A)|<%> Showing that = € |[M(A;)| C IM(A)| and y & |[M(A1)| C IM(A)],
finishing the proof of (2).

In order to proof (3) it suffices to show that the factorization exists, as uniqueness follows
from the fact that M(O,) — M(A) is a monomorphism, which we established in (1). For
any rational domain M(Ay) — M(A) whose image contains x € |[M(A)|, we know from
[11.2.8 that there exists a unique factorization A — Ay — B. Then, from the definition of
A — OF as a colimit it we obtain the desired factorization A — O} — B.

Finally, we proof (4). Recall that the canonical map O — (O)*) defines an isomorphism
of compact hausdorff spaces [M(O2")| — |[M(O2)| (II1.1.31). Furthermore, it follows from
I11.1.12 that Q2" is a non-archimedean field, which still satisfies the universal property from
(3) by 11.4.13. In particular, this implies that for any non-archimedean field s together with
a morphism A — k which induces a map |M(k)| = |[M(A)| with image z € |[M(A)| then
there exists a unique factorization A — Q2" — k. But this is the same universal property
that A — H(x) enjoys (I11.1.10), finishing the proof of (4). O

Corollary II1.2.19. Let A — B be a contractive morphism of Banach K-algebras, and fix

a point z € |M(A)|. Then, the canonical morphism of compact hausdorff spaces
IM(H(2)@4B)| — [M(H(2))] X may IM(B)] = | |7} ()

is an isomorphism.

Proof. From the construction its clear that the map A — O is contractive and from I11.2.18
we know that map M(O)) — M(A) is a monomorphism in Ban}’. Therefore, 111.2.15

implies that the canonical map
IM(OL@AB)| — [M(OD)] X paay IM(B)] = |7 ()

is an isomorphism of compact hausdorff spaces. From the maps M(H(x)) — M(OL) —
M(A) we get an induced morphism

IM(H(2)@4B)| = IM(O;@4B)|
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we claim that it is an isomorphism of compact hausdorff spaces. Indeed, it suffices to check
that the induced map (O2®,B)* — (H(2)®4B)" is an isomorphism by I11.1.31. Using the
characterization of —®4— as pushouts (I1.4.14) and the fact that (—)* : Bang — uBang
is a left adjoint (I1.4.13) it follows that we have the identity (O)*®,B)* ~ (O2®4B),
which proves the claim by virtue of I11.2.18. The result then follows from the fact that the
canonical map O — H(x) induces an isomorphism |M(H(z))| — |[M(OL)| of compact
hausdorff spaces. O
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I11.3: Structure Presheaf of Perfectoids

I11.3.1: Rational domains

Let K be a perfectoid non-archimedean field and a topological nilpotent unit w € K*.

Definition III.3.1. Let A be an object of CAlgf(ifl, define A[Ty,...,T,]" as the w-

completion of A[T},...,T,]. This object enjoys the following universal property in CAlg%t;:

given a morphism f : A — B in CAlg/I\(;f1 and a choice of objects {by,...,b,} C B, there
exists a unique morphism f : A[Ty,...,T,]" — B sending T; — b; making the following

diagram commute

AlTy,... T

Proposition I11.3.2. Let A € CAlg?(fl be an object in the essential image of HYj, :
CAlg/[\(‘?f — CAlg?(t; (cf. 11.3.6). Then,

(1) The object A[TY,...,T,]" € CAlg?(fl is in the essential image of H'j.,.

(2) Under the equivalence of 11.4.30, the object A[Ty,...,T,]" € CAlg?{ajf corresponds to
A[L|(Ty, ..., T,) € Ban@™" defined in I11.2.2.

Proof. In order to show (1) it suffices to show that (A[T\,...,T,]"). = A[Ty,...,T,)" (cf.
[1.2.43). Let f = ZueZ’;O a, T be an object of A[T,...,T,]"[£] and assume that ¢f €
AlTy, ..., T,]" for all € € (w)perta- Then, ca, € A for all e, implying that a, € A by the
assumptions on A, proving that f € A[Ty,...,T,]" as desired. Statement (2) follows from
the equivalence I1.4.30 and the fact that A[T},...,T,)" € CAlgi®" and A[L|(Ty,...,T,) €
Ban2™" have the same universal property (cf. 111.3.1 and HI.2.2)T O
Proposition II1.3.3. Let A be a Banach K-algebra, and {fi,..., f.,} C A a collection
of elements generating the unit ideal which have norm < 1. Then, the rational domain
A<f1"];;’f"> corresponds to

Aa tf
(AT T T = foo BT = £)) € CAIgY

fl ----- fn

under the equivalence [1.4.30. Furthermore, as the rational domain A< > only depends

7

on the ideal (f;Ty — f1,..., fiT,, — fu) one may always assume that |f;|4 < 1 for all j by
replacing f; — @" f;.
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Proof. Let h : K(Ty,...,T,) — A(Ty,...,T,) be the unique morphism of Banach K-algebras
satisfying h(1;) = f1; — f; (111.2.2), and ¢ : K(T1,...,T,) — K the unique map satisfying
q(T;) = 0. As h and ¢ are contractive maps we learn that the rational domain A<flf—lf”>

can be presented as the pushout of the following diagram

K(Ty,...,T,) —— A(Ty,....T,)

| |

\ fl ~~~~~ fn
K ,A< - >

On the other hand, under I11.3.2 we learn that the morphisms A and ¢ induce morphisms
hgl : KSI[TI; . 7Tn]/\ — Agl[TI; . ,Tn}/\ and g<1 : Kgl[Th ce. ;Tn]/\ — Kgl in CAlg;\(tjla

Aatf -

under the equivalence I1.4.30. Then, I1.3.7 implies that the following diagram in CAlgy"" is

a pushout diagram

Kgl[T17~--;Tn]/\ — > ASI[Tla-“;Tn]/\

e 1

Kot ——— (Aalli I~ o ST = 1)

Finally, the equivalence 11.4.30 proves the result. O]

Definition II1.3.4. Let A be an object of CAlg%ifl, define A[Tll/poo, e ,Ti/poo] as the fol-

lowing colimit computed in CAlgy_ (equivalently, in CAlg}ﬁﬂ)
A" TP = colimg, <A[T1,...,Tn] —f S AT,.... T, —2 )

where ¢ : A[Ty,...,T,] — A[T\,...,T,] is the unique A-algebra map sending T; — T7. This
object satisfies the following universal property in CAlg,_ : given a morphism f: A — B
in CAlgg_, and a choice of objects {b1,...,b,} C B together with a choice of compatible

p-power roots for each b;, there exists a unique morphism f : A[Tll/poo, . ,Trl/poo] — B

1/p"
i

sending Til/ Ly making the following diagram commute
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Definition II1.3.5. Let A be an object of CAlgy" | define A[TYP™ L TP as the w-
completion of A[Tll /P c TP OO]. Given that the fully faithful functor CAlg/}(tSf1 - CAIg}ﬁSI
admits a left adjoint given by w-completion (I1.3.3), there is a canonical identification
of A[THP™ ... TA/" ] with the following colimit computed in CAng(tSf1 (equivalently, in
CAlgy_ )

AT TN = colimg, <A[T1,...,Tn}/\ S AT, T —2 )

where ¢ is determined by the rule T; — 7. Again, by virtue of the fact that cw-completion is

left adjoint to the inclusion CAlgi! C CAlg%Sl it follows that A[T}/?" ... Tw/" " admits

the following universal property in CAIg/I\(iflz given morphism f : A — B in CAlg/I\(if1 and

a choice of objects {by,...,b,} C B together with a choice of compatible p-power roots for

1/p"
i

each b;, there exists a unique morphism f : A[Tll/poo, . ,Tﬁ/poo]/\ — B sending Til/pn b

making the following diagram commute

Tl/poo

Finally, let us remark that the derived and classical @w-completion of A[Tl1 /P s T ]

agree as it is a w-torsion free algebra.

Proposition I11.3.6. Let A be an object of Perfd," (I1.5.1), and (Aju(A),d) its corre-

sponding prefect prism under the equivalence 11.1.29. Then,
(1) AT .. TW/P™]" is an object of Perfd, .

2) The derived and classical (p, [’])-completion of A;.¢(A Tl/p""7 o ’T;/poo aoree. We
( ) .
denote it by Aju(A) [Tll/Poo’ o T;/p“’]/\.

(3) Ame(A)TP™, ... Ta/"™|" is a perfect (p, [”])-complete &-ring, and
@ A (AL T — A (LT (@) =

its Frobenius lift.
(4) The corresponding perfect prism of A[T\/"" ... Ta/"]" is
(A (A7, TV, d)
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Proof. We begin by proving (2). As Aj,¢(A) is p-torsion free so is Ajye(A) [Tll/poo, . ,Tﬁ/poo],
showing that the derived and classical p-completion agree, we denote by by
Ainf(A)[Tll/poo, . ,Té/poo]eo). As p-completion preserves p-torsion freeness (11.3.1), and since
A (AT ,Té/pw]&)/p = AT TP is a perfect algebra of characteris-
tic p, we learn from I1.1.20 that Ainf(A)[Tll/poo, o ,Té/pm]ép) is a perfect d-ring. Further-

more, as Til/ 7" are elements of rank one (I1.1.22) we can conclude that the Frobenius lift on
A (AT ,Tﬁ/poo]/\) is given by the Frobenius lift on Aj;(A) and Til/pk — Tl.l/pk_l.

As Aje(A) [Tll/ LT gfoo]?p) is a perfect d-ring, it follows that it has bounded [z’]-torsion,
showing that its derived and classical [’]-completion agree. This completes the proof of
(2), and the description of the Frobenius lift on Agye(A)[T/7™ . .. ,Té/pw]é\p) implies (3).
Finally, as d is a distinguished element it follows that (Aue(A)[T1/7™, ..., TP 1", d) is
a perfect prism, in particular d is a non-zero divisor. And as Aj(A)[T} e TP 71/d =

A[Tf /poo7 e ,Té/poo], generalities on derived completions imply that
A (AT TP d = ALY T

Finishing the proof of (1) and (4). O

Definition IT1.3.7. Let A be a Banach K-algebra with norm |—|4. Define the morphism ¢ :
ATy, ..., T,) — A{Ty,...,T,) as the unique contractive morphism of A-algebras satisfying
Ty — TP (cf. 111.2.2). We define A(T3/*™ ... Tw/”) as the colimit computed in Ban$2""

AT TP = colimg (A<T1,...,Tn> A, T P )

which is guaranteed to exist as all transition maps are contractive (I1.4.19). As ¢ is an

isometry we learn that the norm on A(T/?™ ... TA/"™) is given by
|—]:A(Tll/poo,...,T;/poo>—>R20 Z a,T" — max |a,|a
Tin VGZ[%]gO
VEZ[;}ZO

We remark that the morphism A — A(T\"" ... Ta/*™) enjoys the following universal
property in Ban2™: given a contractive morphism A — B and a collection of objects
{b1,...,b,} C B<1 C B together with a choice of compatible p-power roots bil/pn € B for

cach b;, there exists a unique contractive morphism f : A(T} e TP “) — B sending

143



TP s b/"" making the following diagram commute

7 [

f N
A — B
AT T
This universal property is a consequence of the definition of A(Tl1 /P Oo, e ,Tﬁ/ b oo) together

with I111.2.2.
More generally, given a bounded morphism A — B of Banach K-algebras, a constant
C > 0, and a collection of objects {by,...,b,} C B° C B together with a choice of com-

patible p-power roots b} v B¢ for each b;, there exists a unique bounded morphism

f ; A(Tll/poo, e ,Tﬁ/poo> — B sending Til/pn — bil/pn making the following diagram commute
f y
A — B
AT TP
This universal property is a consequence of the definition of A(Tll/ P oo, e ,Tﬁ/ P oo) together

with I11.2.2 and [1.4.19.

Proposition ITI.3.8. Let A € CAlg?{fl be an object in the essential image of H'j, :
CAlg/[\(’itlf — CAlg?{fl (cf. T1.3.6). Then,

(1) The object A[T}"" ... TW/" " e CAlg?(ifl is in the essential image of HYj.,.

(2) Under the equivalence of 11.4.30, the object A[T{/?™, ..., Tp/"" " € CAlgy"! corresponds
to A[LNTP™ . T/PT) € Bange,
Proof. In order to show (1) it suffices to show that (A[Tll/poo, . ,Tﬁ/poo]A)* =
ATYP™ TN (of. 11.243). Let f = ezpiye, T be an object of
A[Tll/poo,...,Tﬁ/poo]A[é] and assume that ef € A[T}"" ... TW/"" )" for all ¢ € (@)perta-
Then, ca, € A for all ¢, implying that a, € A by the assumptions on A, proving that
fe AT Ta/"™]" as desired. Statement (2) follows from the equivalence I1.4.30 and
the fact that A[T)/"", ..., Tw/*" 1" € CAlgp®'t and A[L|(T)"™, ... TW/"™) € Ban$™ have
the same universal property (cf. I11.3.5 and I11.3.7). ]
Definition II1.3.9. Let A be a Banach K-algebra, and {fi,..., f,} C A a collection of

m

elements generating the unit ideal, together with a choice of compatible p-power roots fil/ P e
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A for each f;. Let Iy, C A(Ty,...,T,) be the ideal generated by (fiT1 — fi,..., filn — fn),

and Il/p c AP TP the following ideal
L= (T - g g iy =
mEZZO

Notice that the ideal ]}i/ P admits an exhaustive increasing filtration

e’ c..cn/”c...cn/”

1/p> 1/p>®
We define the perfected rational domain A — A<1fToo”> as the contractive morphisms

obtained as the composition of the following maps

1/p> 1/p™
A AT T = (AP T L = A(E G )

(2

1/p> 1/p>®
Furthermore, its clear by construction that the morphism A — A<1fTJ> admits a

factorization into a pair of contractive maps
1/p*> 1/p*°
n

A ATl o a( B )

)

1/ 1/p™>®
Lemma II1.3.10. Let ¢ : A<flf—f"> — A<%> be the contractive morphism of
Banach K-algebras introduced in I11.3.9. Then, qladmits a bounded inverse.

N 1/p"
Proof. Since l €A fl’ ’f" by I11.2.5, we can conclude that Ul €A fl’ =S for all
fi

n € Zso. Moreover, as w € K is a topological nilpotent unit we know that there exists a
m N /e
m > 0 such that [~ < 1in A<flf—f">, hence we can conclude that |(§—]> | < |w™™| for
N 1/p" ,
all <f—3> € A<flf—f”> This bound, together with the fact that each % is power-bounded
in A<f1’ ’f”> implies that there exists a bounded map A(Tll/poo7 o ,Té/pw) — A<f1’ ’f">

A L/ o
sending Tj/ P (%) (cf. TI1.3.7); and since [)12-/ P”is in the kernel we get an induced

bounded map

1/poo 1/poo . 1/pn . 1/pn
q_1:A<f1 ,-1-/-070fn >_>A<f1,.--,fn> (Q) »—>(£>
i Ji fi Ji
Its clear that this morphisms are inverses of each other, proving the result. O
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Proposition IT1.3.11. Let A be a uniform Banach K-algebra, and {fi,...,f.,} C A a
collection of elements generating the unit ideal which have norm < 1, together with a choice

of compatible p-power roots fil/ P ¢ A for each fi. Then, the perfected rational domain

1/p%  41/p™
A<1fTJ> corresponds to

i

Na tf
(Aclr!™™ TP ) e calgge
under the equivalence 11.4.30, and where the ideal I - L C AT, TP ,T/"" 1M is defined
as
L= G = g gty = Ul

’mEZZQ

Again, notice that the ideal I <1 " admits an exhaustive increasing filtration

Iy« CI /<1 C--C I}/il C- [Jlf/p<1
Furthermore, as A< [T} TP ,...,Tﬁ/ b oo] is w-torsion free its derived and classical w-

completion agree, the same holds for the ideal I}/ P

Proof. First, let us remark that since A is uniform, if |f;|4 < 1 then | fl/ P4 < 1 for all
m € Z>q. For the duration of this proof let P be the objects of CAlg/\“tf defined as

o k Aa tf a
P = <A<1[ 1/P "7T71/p ]/\/[}1/71;1> € CAlg?(itlf
And recall that P, can be described as a pushout of the following diagram, computed in
CAIg}\(ajlf
ATy, TN = AL TP TP
> By

A

where hy(T;) = fl/p Tl/p — f;/pk. Using the characterization of P, as a pushout of the

above diagram and the equivalence [1.4.30, we can conclude, by a similar argument to the
one employed in I11.3.3, that Py corresponds to the Banach K-algebra

Qui= (A ™) /Ly
where the ideal VP A(THPT TP was introduced in 111.3.9.
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1/phtt )/\atf

Finally, notice that we have canonical identifications (FPy/] <1 ~ Ppq and

(Qk/I}i/pkH)/\ ~ @Qri1, providing us with morphisms P, — Py and Q. — Qg1 which
correspond to each other under the equivalence [1.4.30. In particular, this implies that
P, = colimy Py, (computed in CAlg}\(“;lf) and Q. = colimy Q; (computed in Ban®™") cor-
responds to each other under the equivalence 11.4.30. And by construction we conclude
that

1/p> %/p“

oo 0o oo\ Ma tf L
Py = <A§1[T11/p v TP ]A/[}i@l) = A< 1 7 >

(2

proving the desired result. O]

Lemma III.3.12. Let R be an element of Perfd," , and (A, d) its corresponding classically
(p, [@°])-complete perfect prism. Let a,b € A/p and [a],[b] € A its Teichmuller lifts. Define
the ideals of A

n="U (I o) 1= U (- 1)

mEZzO meZZO

Then,

(1) The derived and classical (p, [”])-completions of I (resp. [I]) agree. We denote it by
I" (resp. [I]").

(2) There is an inclusion [/]* C I of ideals of A.
(3) A/[I)" = (A/[1])" is a (p, [@"])-complete perfect §-ring.

Proof. As I and [I] are ideals of A, it follows they are both p-torsion free, thus their derived
and classical p-completions agree, we denote this p-completions by I Og) and [I] (Ap). In partic-
ular, 17, and [I]¢ are still ideals of A, thus they have bounded [”]-torsion (I1.2.14), which

in turn implies that their classical and derived [@’]-completions agree. Finishing the proof

of (1).

We claim that in A we have the following identity

lim ([al/p’"] - [bl/p’”])pm — la— 1]

m—r0o0

and it evident generalizations to [a'/?" — bY/P"]. Once we establish this identity, (2) would

clearly follow. Indeed, recall we have the identities [a'/?"] — [b*/?"] = [a*/?" — bY/?™] mod p,
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which in turn imply by the binomial theorem (cf. [Bhal7, Lemma 2.0.5]) that
k
({al/pm] _ [bl/p’“]>p = [a/?" — b1/pm]pk mod pFt!

which by p-completeness of A implies the desired identities, finishing the proof of (2).

Next we prove (3). Notice that the identity (A/[I])" = A/[I]" is immediate from
generalities on derived completions. Define a map of perfect (p,[w’])-complete §-rings
h o A[TYP”" — A where h(T'?") = [a — b]"/?", then we can identify (A/[I])" as the
(p, [@°])-complete pushout of the following diagram

ATV

A
lTl/pn»—)O l

A ——— (/)"

and as everything in sight is a perfect d-ring, it follows that (A/[I])" is a (p, [@’])-complete
perfect d-ring, proving (3). m

Proposition I11.3.13. Let A be a perfectoid Banach K-algebra, and {fi,..., f,} C A be
a collection of elements generating the unit ideal of A, together with a choice of compatible
p-power roots fl-l/ P € A for each fi. Then, the perfected rational domain A<%>
is a perfectoid Banach K-algebra.

Since we can always assume that |f;| < 1 for all f;, if K<y corresponds to the perfect

prism (Aj(K<1),d), define the (p, ["])-complete perfect prism (W, d) as

W= Aume(A)[TP5, . TP 7)) where

D= (U7 =T T ) and
mGZZO

[z]" = [I]ap,[wb})

where the completion of [I](Ap ) is derived and also classical. Then, the perfected rational

1/p™> 1/p*°
domain A<1fl/—poo"> corresponds to (W/d)* € Perfd,” under the equivalence 11.5.8,
and the map A 5 (W/d)*[L] is the untilt (I1.5.24) of the map

b,1/p> fbyl/pf’o
Ab—>Ab<1 2 Jn
f‘bvl/poo

(2

Proof. Let us begin by recalling that the classical and derived (p,[z’])-completion of
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P = Auc(A) [T, Th/"] agree (I11.3.6), we denote its (p, [@])-completion by P".
The same argument as in Lemma [11.3.12(1) shows that the derived and classical (p, [’])-
completion of [Z] agree, and the same holds for the ideals Z, (Z,d), ([Z],d) C P", where

Ti= (J (7] = 7 20 ) = [ )

mEZZQ

Then, from Lemma II11.3.12(2) we learn that the canonical map P* — P"/I" = (P/I)"

factors as
PN W .= P/\/[I]A —» PA/IA = (P/I)/\

By the same argument as in Lemma [11.3.12(3) we learn that W is a perfect J-ring, and
since d € Aie(K<;) is a distinguished element it follows that (W, d) is a perfect prism. In
particular, W/d can be identified with the K<;-algebra

W/d = colim,, Agl[Tll/poo, . ,Ti/poo]/\/[l}ig]/\ where

L e (VR L L RN T L D O I U e G 1

(3

where all the completions are derived (also classical) with respect to w. Reducing the above

sequence of maps modulo d gives us maps
At = AT LT s WA= AT TP ()

We are implicitly using the fact that <I}Z/ ?j) /d = ]}i 1;":7 which follows from the identity

P P T = P P P mod d - see 111311 for the definition of the

ideal I;/"".
It is clear from the construction of W/d that A — (W/d)*[X] is the untilt (11.5.24) of

b,1/p™> b,1/p>°

the map A’ — Ab<%>’ in particular it follows from Proposition [1.5.25 that the

1
w

[11.2.8 and I11.3.10 imply that the map A — (W/d)*|=] factors as

1
w

induced map |[M((W/d)*[£])] — |M(A)| has image contained in |M(A)|<flf—f") Then,

11/p°° Tll/Poo 1
A= A( r )= (W/a) =]

)

Using this factorization, together with the fact that A<; — (W/d)® is an epimorphism in
Perfd;” = (cf. 111.2.6), we learn that the unit of the adjunction W/d — (W/d). (cf. 11.2.43)
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factors as
W/d — A [TV, TV (L) — (W/d),

passing to the almost category Mod/[\(‘il’w shows that the identity map (W/d)* — (W/d)"

factors as

(Al o TP I

\

(W/d)* s (W/d)®

Where the map (W/d)* — (Agl[Tll/poo,...,Té/pm]A/([;i/’g)A) is an epimorphism in
Mod}\&hw,

it factors the identity map (W/d)* — (W/d)*. Thus, since Modj®  _ is an abelian category
it follows that

since left adjoints preserve epimorphisms; and it is also a monomorphism since

(W) = (AalT™, . TP L))

is an isomorphism in Mod%“q,w, proving the result (cf. I11.3.11). ]

I11.3.2: Structure presheaf on affinoid perfectoids

Let K be a perfectoid non-archimedean field.

Lemma II1.3.14 (Approximation Lemma). Let A be a perfectoid Banach K-algebra, for
any f € A and any ¢ > 0,e > 0, there exists a f.. € A admitting compatible p-power roots
17" ¢ A such that for all z € |[M(A)| we have

|(f = fee) (@) < |@|'"* max(| f(2)], |=|)

Proof. [Sch12, Corollary 6.7 (i)] O

Proposition II1.3.15. Let A be a perfectoid Banach K-algebra, and {fi,...,f,} C A
a collection of elements generating the unit ideal of A. Then, there exists a collection of
elements {gi,...,9,} C A generating the unit ideal of A, admitting compatible p-power

/p

roots gjl» " e A, and such that we have an equality

|M(A)|<%) = IM(A)I(%;]%‘%)

of compact hausdorff subspaces of |[M(A)].
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Proof. First, we will show that we have an inclusion \M(A)|<flf—"> C |IM(A ( """ >
),
x)

c> 0 weset g; = fjee and we claim that |f;(2)| < |fi(z)| implies that |g;(x)| < |gi(x)|. If
|fi(x)| > |w|® then the non-archimedean triangle inequality implies that |f;(z)| = |g;(x)],
in which case the claim is clear. On the other hand if |f;(z)| < |w|® and |f;(x)| # |g;(x)|,
then the identities

|(f5 = 9;) (@) = max(|f;()], |g;(2)]) < |w|® < [fi(z)] = |gi(2)]

prove the desired claim.

Next, we show that the collection of elements {g,...,g,} C A introduced above generates

the following map of compact hausdorff spaces

v L] () )

1<i<n

is surjective. For the sake of contradiction, assume that there exists a maximal ideal m C A
containing the ideal (g1,...,gn); then any point z € |[M(A)| contained in the image of
IM(A/m)| — |[M(A)| will satisfy |g;(x)| = 0 for all g;. But this contradicts the surjectivity

Finally, we need to show that we have an 1nclu81on |M(A)| (gl """ ) C |IM(A )|< """ f").
>

|gi(x)|. Then, we have the identities

|(fi = 9:) ()| = max([ fi(x)], |g:(2)]) < |eo|”

which implies by hypothesis that |g;(z)| < |w|® for all 1 < j < n. However, the surjectivity
of h shows that there exists a j such that z € |M(A)| (fl """ f”) which in turn implies that
lg;(z)] = |f;(x)] > |wl|° contradicting the inequality |g;(x )\ < |w|®. We have shown that
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|fi(z)| = |gi(z)| and |g;(z)| > |w]|¢ for all z € |[IM(A )\(glg ) It remains to show that if
lgj(x)] < |gi(x)| then |f;(x)| < |fi(z)|. If |f;(z)| > |w|® then the non-archimedean triangle
inequality implies that |f;(z)| = |g;(«)|, in which case the result is clear. Thus, we may
assume that |f;(z)| < |w|® and | f;(z)| # |g;(2)|, then the identities

(i = gp) ()| = max(|f;(x)], [9;(2)]) < |=|® < [fi(z)| = [g:(x)]

proving the result.
O

Definition II1.3.16. Let A be a Banach K-algebra. Define |M(A)|;as as the category
whose objects are compact hausdorff subsets U C |M(A)| for which there exists a collection
of elements {fi,..., fn} C A generating the unit ideal of A such that

U= yM(A)|(f1"‘ f”) C [M(A)]

fi

For a pair of object U,V € |M(A)|rat the morphisms are described by

* fUcCV
Maps (4 L(OVv) =
®  otherwise

J

Furthermore, notice that if V= |M(A)| (%) then UNV € |IM(A)|rat as

0V = g (D i)

where the numerator ranges over all pairs fg;.

Theorem II1.3.17 (Structure presheaf). Let A be a perfectoid Banach K-algebra, set
X =M(A) and (U = V) C | X|rat- Then, there exists a functor

Ox (=) : | X% — Perfdr™ U — Ox(U)

rat

satisfying the following conditions
(1) Ox(X) = A

(2) There exists a collection of elements {f,..., f,} C A generating the unit ideal, together
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with a choice of compatible p-power roots fjl/ " e Afor all m € Z, such that

0r(0) = A L )

]

Furthermore, the perfectoid Banach K-algebra Ox(U) is independent of the choice of
{f1,---, fa} C A and its p-power roots.

(3) The induced map M(Ox(U)) - M(Ox(V)) is a monomorphism in Ban}?.

(4) The induced map f : |[M(Ox(U))| — |M(Ox(V))| of compact hausdorff spaces is
injective and satisfies Im(f) =U C |IM(Ox(V))].

(5) For any morphism f: M(B) — M(Ox(V)) from a uniform Banach K-algebra B, such
that Im(|f|) C U C V, there exists a unique factorization of Ox (V) — B as

(6) For any triple of objects U, W, Z € | X|,a satisfying U UW C Z, we have the identity

Ox(UNW) = Ox(U)Roy(20x (W)

Furthermore, under the equivalence (—)<; : Perfdp™ = Perfd i, (—5)[2] (I15.8) we obtain
another functor

Ox(—)§1 : ‘X’Op — PerdeaSl U— OX(U)§1

rat

Proof. We begin by constructing the functor Oy (—), which will involve making some choices
and then we will show that the functor is independent of the choices. From the approximation
lemma (I11.3.14) we know that for each U € | X |, there exists a collection of { f1,..., f,} C A
generating the unit ideal, together with a choice of compatible p-power roots fjl/ P e A for
all m € Z>, such that

U — |M(A)\(%) and set Ox(U) :A< ll/poo}jl'/l;; TlL/p°°>

Then, by I11.3.13 we can conclude that Ox(U) € Perfdp™ — in particular, for U = X we
choose Ox(X) = A, this finishes the proof of (1).
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Next, recall that in I11.3.10 we proved we have an isomorphism of Banach K-algebras

1/p* 1/p*

a(feadey o a(h ) = Ox(U)

in particular, as the right hand side is a uniform Banach K-algebra the isomorphism presents
Ox(U) as the uniformization of A<f1"];‘i "> Assume that we have a morphism f : M(B) —
X such that Im(|f|) C U C | X|, we showed in II1.2.8 that the morphism A — B admits an

essentially unique factorization

A— A<f1"f"f"> — Ox(U) = B
characterizing Ox(U) among all uniform Banach K-algebras by a universal property. In
turn, this implies that we have a functor Ox(—) : |X|%% — Perfdp™ and that Ox(U) is
independent of the choice of {fi,..., f,} C A and its p-power roots. This completed the
proof of (2), for (5) it remains to show that M(Ox(U)) - M(Ox(V)) is a monomorphism

in Ban}’.

in turn 1mphes that M(Ox(U)) — X is a monomorphism in Ban}’ for all U € |X|a.
Furthermore, if U C V the fact that M(Ox(U)) — X admits a unique factorization as
M(Ox(U)) - M(Ox(V)) — X implies that M(Ox(U)) - M(Ox(V)) is a monomor-
phism in Ban}?, proving (3) and (5). Statement (4) then follows from IT1.2.10 and II1.2.11.

Finally, recall that (5) characterizes the map Ox(Z) — Ox(U N W) as the unique
morphisms of perfectoid Banach K-algebras such that if f: M(B) = M(Ox(Z)), from a
uniform Banach K-algebra B, and Im(|f|) C UNW, then there exists a unique factorization
Ox(Z) - Ox(UNW) — B of the map Ox(Z) — B. On the other hand, Ox(Z) —
Ox (U)®oy (2yOx (W) is a morphism of perfectoid Banach K-algebras (11.5.9) and we claim
that it satisfies the same universal property as Ox(UNW). Indeed, if B is a uniform Banach
K-algebra such that f : M(B) - M(Ox(Z)) satisfies Im(|f]) € UNW C |Z|, then the

map Ox(Z) — B admits unique factorization as

which in turn implies that there is an essentially unique factorization of Ox(Z) — B as
Ox(Z) — OX(U)@)(’)X(Z)OX(W) — B, pl"OViIlg that Ox(U N W) and Ox<U)(/X\J@X(Z)Ox<W)
satisfy the same universal property. This finishes the proof of (6). O

Proposition I11.3.18. Let 7 — Ban$2™™ be a functor such that T 3 i — A; € Perfd?™.

154



Then, the w-completed colimit colimz A; is a perfectoid Banach K-algebra.

Proof. Under the equivalence (—)[L] : Ban@™" = CAlg/I\(ajlf : (—)<1 (I1.4.30), we obtain a

functor
T — CAlgit" i Aj<i € Perfdd

so it suffices to show that colimz A; <1 is an element of Perfd” = C CAlg%itlf. Recall that we
Natf N E

have an inclusion CAlgy"" C CAIg%<1 which admits a left adjoint given by (cf. 11.3.3 and
11.3.5)

(=)' CAlg_, — CAlge R (H%j . R)" M

where (—)te

correspond to first passing to the w-torsion free quotient, followed by -
completion and then passing to the almost category. In [1.5.2 we showed that when restricted
to Perfd,_, C CAlgy_, the functor (—)"** is identified with (—)* : Perfd,_ — Perfd .

Hence, using the inclusion CAlg%a;f C CAlg%Sl it suffices to show that the functor
71— CAlg/f\(gl 1 Ai,gl < PerdeSl

satisfies that colimz A; <;, computed in CAIg?(Q, is an element of Perfd_ .

Using the functoriality of Aje(—) we produce a functor T — CAIggi;( K.,)» to the cat-
egory of (p,d, [@"])-complete Ain(K<p)-algebras, given by i — Aj(A;<1), where d is a
distinguished element of Aj,¢(K<;) such that Ay e(K<i)/d = K<y (cf. 11.1.29). Define
W = colimz Aine(A; <1), we claim that W admits the structure of a perfect d-ring. Indeed,
each Aj¢(A; <1) admits a functorial structure of a perfect d-ring, and since the forgetful
functor

O-Ringsy, () = CAIER, (102y)

preserves all colimits (I1.1.16), we can conclude that W admits the structure of a perfect
d-ring compatible with the maps Aius(A;<1) — W. Furthermore, by the rigidity theorem
(IT.1.27) it follows that (W, d) is a perfect prism, and so W/d € Perfd_ .

It remains to show that W/d = colimy A; <1, where the colimit is co_mputed in CAlg?(Q,

but this follows from the following identities

W/d = W&,k K<1 2 (colimg Age(Ai <1))® Ay () K<
~ colimz (A (Ai <1)® Ay (k) K<1)

~ COhIl’lI(ALSl)
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proving the result, where we are implicitly using the fact that —® Ame(K<) <1 commutes
with all colimits.
O

Theorem II1.3.19. Let A be a perfectoid Banach K-algebra, and set X = M(A). Fix a
point z € | X| and define Ox , € Bang as

Ox. = colim,ey Ox(U) computed in Bang

where the colimit ranges over all x € U € | X|;as. Then,
(1) The Banach K-algebra Ox, is a perfectoid Banach K-algebra.
(2) The induced map M(Ox,) — M(Ox(U)) is a monomorphism in Banj?.

(3) The induced injective map |M(Ox )| — U identifies |M(Ox )| with z € U C |X]. In
particular, we have that |M(Ox_)| = pt.

(4) Let B be a uniform Banach K-algebra and Ox(U) — B a morphism of Banach K-
algebras. If the induced map |[M(B)| — |M(Ox(U))| has its image contained in x € U,

then the morphism Ox(U) — B admits a unique factorization

Ox(U) — OX,m — B

(5) The morphism Ox, — H(x) of Banach K-algebras, induced from the canonical map
Ox(U) — H(z) and (3), is an isomorphism of Banach K-algebras. In particular, H(x)
is a perfectoid field.

Proof. Statement (1) follows from Proposition I11.3.18. For statement (2), a cofinality argu-
ment show that Ox, = colimeycpy Ox (V) for any U € | X/, containing x; then the fact
that M(Ox(V)) = M(Ox(U)) is a monomorphism in Ban® for all z € V. C U C |X|, as
shown in I11.3.17(3), implies that M(Ox ) = M(Ox(U)) is a monomorphism in Ban}’, as
monomorphisms are stable under limits.

For (3) recall that we have the identity |(M(Ox,)| ~ limyevcy |[M(Ox(V)) —
|IM(Ox(U))| from T11.1.33. As the forgetful functor Comp — Set preserves limits (I11.1.16)
it follows that z € |[M(Ox.)| C |IM(Ox(U))|, it remains to show that for every other
y € |M(Ox(U))| there exists a rational domain W € |X|. such that W C U and
IM(Ox(W))| = IM(Ox(U))| contains x and y & |[M(W)| C IM(Ox(U))|. By assumption
there exists a f € Ox(U) such that |f(z)| # |f(y)|, and without loss of generality assume
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that |f(z)| < |f(y)|- Then, since the value group of K is dense in R, there exists a C' € K
such that |f(z)| < |C| and |f(y)| > |C|. Then, the rational domains

(c'n)” (c-'r) "
(f =T) (fT-1)

induce injective maps |[M(W1)| = IM(Ox(U))| and |IM(W3)| = |[IM(Ox(U))|, which have
image ]M((’)X(U))K%) and ]M((’)X(U))K%) respectively. Showing that x € W, C U and
y & Wi, finishing the proof of (3). To proof (4), recall that for any W € | X/ satisfying
x € W C U we have that the map Ox(U) — B factors as Ox(U) — Ox(W) — B by
I11.3.17, the claim then follow from the definition of Ox .

Finally, we proof (5). Recall that the universal property of Ox(U) — H(z) (cf. 111.2.18(4)

and 111.2.13) characterizes H(x) among all uniform Banach K-algebras with a map from

Ox(U)—>W1 = Ox(U) Ox(U)—>WQ = Ox(U)

Ox(U), which is the same universal property we showed that Ox(U) — Ox, has in (4),
completing the proof of (5). O
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I11.4: Tate Acyclicity for Perfectoids

Convention III.4.1. Throughout this section we want to systematically work with cat-
egories of sheaves on Perfd;,, unfortunately for technical reasons we are forced to fix an
uncountable strong limit cardinal x (i.e. & is uncountable and A < k then 2* < k) and
restrict our attention to the category Perfdy, . where the cardinality of the perfectoid rings
is bounded by x. This has the benefit that the collection of object in Perfd _, is a set,
which implies that now the category of sheaves Shv(Perfdy, _, ) is a topos.

Fortunately, none of the constructions we consider depend on the uncountable strong
limit cardinal x. Thus, in order to unburden notation we will drop the s from our notation,
denoting by Perfd,, what should be denoted by Perfd;, _,; or denote by Schycqs the category
of qcgs schemes with cardinality bounded by k.

111.4.1: Various flavors of the arc-topology

Definition II1.4.2. A map of qcgs schemes f : Y — X (eg. X and Y could be affine) is
an arc-cover if for any valuation ring V' of Krull dimension < 1 and a map Spec(V) — X,
there exists an extension Spec(W) — Spec(V') of valuation rings of Krull dimension < 1 and

a map Spec(W) — Y making the following diagram commute

Spec(W) —— Y
Lo
Spec(V) —— X

Where an extension of valuation ring V' — W is a faithfully flat map of valuation rings (cf.
I1.5.17).

Its easy to check that the collection of arc-cover in the category Schyeqs (of qegs schemes)
satisfy the conditions of [Lurl8a, Proposition A.3.2.1], giving rise to a finitary Grothendieck
topology on Schcqs which we call the arc-topology.

Lemma I11.4.3. Let R — S be a faithfully flat of rings, then it is an arc-cover.

Proof. First, notice that since R — S is faithfully flat, the induced map of topological
spaces Spec(S) — Spec(R) is surjective. Let V' be a valuation ring of Krull dimension
< 1, and a map Spec(V) — Spec(R), then since faithfully flat maps are closed under
base-change it follows that Spec(S ®g V') =: Spec(D) — Spec(V) is faithfully flat, and in
particular surjective. If V" has Krull dimension zero, pick a point y € Spec(D), then the map
Spec(k(y)) — Spec(V) is an extension of valuation rings, with the desired lifting property.
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Hence, we may assume that V is a rank one valuation ring. Let po C p; two prime ideals
on D laying over the zero ideal and the maximal ideal, whose existence is guaranteed by
the going-down theorem, and at the expense of possibly loosing flatness we replace D by
(D/p2)p,, and still have a surjective map Spec(D) — Spec(V'). Then by [Stal8, Tag 00IA]
we can find a valuation ring V’ such that D — V' dominates D (see [Stal8, Tag 0018] for a
definition), so we obtain a surjective map Spec(V’) — Spec(V') of valuation rings.

Next, pick a non-zero element 7 € m C V, then the image of = under the map V" — V'
is a non-zero non-unit element of V'. Let gy = Na"V’ and q; = V/7V’, which are prime
ideals of V' (11.5.12). Set W = (V' /qo)q,, so we get a map V' — W of rank 1 valuation rings,
which send m € V' to non-zero element of the maximal ideal of W. This shows that we have
a faithfully flat map Spec(W) — Spec(V') of rank one valuation rings, with the appropriate
lifting properties. The result follows. n

Remark I11.4.4. Any qcgs scheme X admits an arc-cover Y — X, where Y is the spectrum
of a product of absolutely integrally closed valuation rings of Krull dimension < 1. Indeed,
we define an equivalence class of valuation rings of Krull dimension < 1 mapping to X
as follows: we say that Spec(V;) — X and Spec(V2) — X are in the same equivalence
class if there is a third map Spec(V) — X such that the map Spec(V;) — X factors as
Spec(V;) — Spec(V) — X. Denote by Valy this equivalence class of valuation rings of Krull
dimension < 1 mapping to X. Picking a absolutely integrally closed representative element

V,. for each class x € Valy we obtain an arc-covering

Spec( H Vi) — X

rE€Valx

Finally, for the sake of completeness let us show that this cover Spec(]] Vi) — X is

compatible with the choice of an uncountable strong limit cardinal x. We say that X has

acEValX

cardinality <  if locally on the Zariski topology X is of the form Spec(R) where R has
cardinality < A < k. Then, there are < A equivalence classes in Valy, and each equivalence
class admits an absolutely integrally closed representative of size < A, and the product
[1.cvar, Ve has cardinality < M <A <92

Definition I11.4.5. Let V' be a rank one valuation ring (cf. 11.5.13), and fix (possibly zero)
w € V. A map of qegs V-schemes f : Y — X is an w-complete arc-cover if for any w-
complete V-valuation ring W; of Krull dimension < 1 and a map Spf(W;) — X there exists
an extension Spf(Ws) — Spf(W;) of w-complete valuation rings of Krull dimension < 1 and
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a map Spf(WW3) — Y making the following diagram commute

Spf(Ws) —— Y
|
Spf(W;) —— X

It is easy to check that the collection of w-complete arc-covers in the category Schy qeqs
(resp. in the category of w-complete qcgs V-schemes, denoted by Sch(}ﬁchs,w) satisfy the
conditions of [Lurl8a, Proposition A.3.2.1], giving rise to a finitary Grothendieck topology

A

Vqeqs.w) Which we call the w-complete arc-topology.

on Schy geqs (resp. Sch

Lemma IIT1.4.6. Let V' be a rank one valuation ring, and fix (possibly zero) w € V. If a

map of qeqs V-schemes f: X — Y is an arc-cover then it is a w-complete arc-cover.

Proof. Let Wy be a w-complete valuation ring of Krull dimension < 1 and a map Spf(WW/;) —
X. Then, since f is an arc-cover we know that there exists a valuation ring W5 of Krull
dimension < 1 (not necessarily w-complete) a extension Wy — Ws and a map Spec(Ws) — Y

making the following diagram commute

Spec(Ws) ——

|

R

There are two situations to consider: when W, has Krull dimension 1, and when it has Krull
dimension 0 in which case W is a field with 0 = @w € W;. If W; has Krull dimension 1 then
W5 must also have Krull dimension 1, and by Lemma [1.5.20 we learn that the ww-completion
map Wy — Wy is faithfully flat, showing that W, — Wy is faithfully flat and proving
the claim. On the other hand if W; has Krull dimension 0, then since w = 0 it follows
that w = 0 € W, showing that W; is already w-complete. This completes the proof of the
result. O]

Example II1.4.7. Let R — S be a w-complete arc-cover. Then R — S x R[Z] is an

arc-cover.

Remark III.4.8. Following Remark [11.4.4 we claim that any qcgs V-scheme X admits a
w-complete arc-cover Y — X, where Y is a product of w-complete absolutely integrally
closed valuation rings of Krull dimension < 1. Indeed, let Valx be the equivalence class of

valuation rings of Krull dimension < 1 mapping to X, pick an absolutely integrally closed
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representative element V,, for each class x € Valy, and denote by V. its w-completion. We

obtain the following w-complete arc-cover

Spf( [[ Vi) =X

xrE€Val x

Furthermore, if X has cardinality < x for an uncountable strong limit cardinal it follows

V.

z€Valxy '

that each V' also has cardinality < &, and so does the product [

Remark II1.4.9. Fixing V = Z, and w = p € Z,, we obtain from Definition [11.4.5 a
notion of the p-complete arc-topology on the category of p-complete qcgs schemes. This
definition differs slightly from the one given in [BS22, Definition 8.7], as in the latter all
valuation rings are assumed to be of Krull dimension 1. We claim that if f : Y — X is
a morphisms of p-complete qcqs schemes, then it is an p-complete arc-cover in the sense of
Definition I11.4.5 if and only if it is a p-complete arc-cover in the sense of [BS22, Definition
8.7]. It suffices to show that if f : Y — X is a p-complete arc-cover in the sense of [BS22,
Definition 8.7] and W) has Krull dimension 0 (in particular W is a field with 0 = p € W})
there exists a faithfully flat map W; — W5 of p-complete valuation rings of Krull dimension
< 1 and a map Spf(W3) — Y making the appropriate diagram commute. Indeed, since W
is a field then W;[[t]] is a p-complete valuation ring of Krull dimension 1, and the canonical

map W; — Wil[t]] induces a map
Spf(W1[[t]]) — Spf(W;) — X

Then, since f : Y — X is a p-complete arc-cover in the sense of [BS22, Definition 8.7] we
know that there exists a faithfully flat map W[[t]] — W5 of p-complete valuation rings of

Krull dimension 1, and a map Spf(WW3) — Y making the following diagram commute

Spf(W2) > Y
Spf(Wq[[t]]) —— Spf(W;) —— X

The claim follows from the fact that 1) is a field and so Spf(W,) — Spf(W) is faithfully
flat.

Definition I11.4.10. Let V' be a rank one valuation ring (cf. 11.5.13), and fix a non-zero
w € V. A map of qcgs V-schemes f : Y — X is an arcg-cover if for any w-complete
V-valuation ring W of Krull dimension < 1 with a faithfully flat structure map V" — Wi,
and a map Spf(W;) — X, there exists an extension Spf(Ws) — Spf(W;) of w-complete
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V-valuation rings of Krull dimension < 1 and a map Spf(W3) — Y making the following

diagram commute

]

Spf(W,) —— X

The additional hypothesis that the structure map V — W is a faithfully flat imposes the
condition that 0 # w € Wi, Wy (cf. 11.5.17), and so it rules out the possibility that W; or
W5 have Krull dimension zero. Its clear that the definition of arc,-cover does not depend
on the choice of w € my, C V, and that if f : Y — X is a w-complete arc-cover then it is
also a arc-cover.

It is easy to check that the collection of arcy-covers in the category Schy qeqs (resp.
SCh(}voqs,w) satisfy the conditions of [Lurl8a, Proposition A.3.2.1], giving rise to a finitary
Grothendieck topology on Schy qeqs (resp. SChO’,chs,w) which we call the arc_-topology.

Example I11.4.11. Let R — S be a arcg-cover. Then R — S X R/w is a w-complete
arc-cover, and R — S x R/w x R[Z] is an arc-cover.

Remark IIl.4.12. Following Remark [I[.4.4 we claim that any V' scheme X admits an
arco-cover Y — X, where Y is a product of w-complete absolutely integrally closed rank
one valuation rings with @ # 0. Indeed, let Valx be the equivalence class of valuation rings
(of Krull dimension < 1) mapping to X, and let Valy , C Valx the subset of equivalence

classes that admit a representative where the valuation rings satisfies @w # 0. Then the map

spf( [[ W) =X

x€Valx

is the desired arc,-cover. Furthermore, if X has cardinality < x for an uncountable strong

A

limit cardinal, then so does [],cya, _ Vi

Remark II1.4.13. In the definition of arc,-covers given in [BM21, Definition 6.14] it is not
required that the rank one valuation rings involved are w-complete. However, due to Lemma
I1.5.20 we know that a map f : X — Y of w-complete qcgs V-schemes is an arcg-cover in

their sense if and only if it is an arcg-cover in the sense of Definition [11.4.10.

Next, we provide a quick review of the sheaf axiom in the setting of co-categories. For
the sake of simplicity we will often restrict ourselves to sheaves of the form F : Sch;f’chs —C,
where C is an oo-category, however most of the following discussion works more generally for
sheaves on a finitary site — we refer the reader to [Lurl8a, Section A.3] for a more detailed

discussion.
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Notation II1.4.14. We let A be the category of simplices: the objects are finite linearly
ordered sets [n] = {0 <1 < --- <n} for n > 0, and the morphisms in A are nondecreasing
functions. Similarly, we define the augmented simplicial category A, as the category ob-
tained from A by formally adding a initial object. Let C be an oco-category, a cosimplicial
object in C is a functor X® : A — C. The limit of this diagram is called the totalization of
X* and denote it by Tot(X*®) € C, assuming the limit exists.

An important source of examples of cosimplicial objects comes from the Cech nerve
construction. For example, fix a rank one valuation ring V' and a non-zero element w € V,
then for any morphism R — S in CAlg,, (resp. CAngyw) we obtain the following cosimplicial
object

S S2pS S SRrS®RS: -

i

=

=

~ — ~ —~

resp. S &= S®rS —= S®rS®RS -

1

which we denote by S*/#: A — CAlg, (resp. S*f: A — CAngw).
Finally, let us introduce the notion of partial totalization. For each n > 0 we denote
by Tot,(X*®) the limit of the n-truncated cosimplicial object A<, — A X C. Then, by

commuting limits with limits we learn that Tot(X*) = lim,, Tot,, (X*).

Definition I11.4.15. Let F': Sch??

V,qcgs
in an oo-category C. We will say that I satisfies descent for a morphism Y — X in Schy geqs

AN
V,qcgs,w

— C (resp. F': Sch‘A/”gcpqsvw — C) be a presheaf valued

(resp. Sch ) if it satisfies the co-categorical sheaf axioms with respect to Y — X, in

other words, if the natural map
F(X) — Tot(F(Y**)) where YVX =Y xx - xx Y n times

is an equivalence. If this property holds for all maps f : ¥ — X that are covers in 7,
for 7 € {arc, w-complete arc, arc,, }, and further if F' carries finite disjoint union to finite

products, then we shall say that F' satisfies 7-descent or is a 7-sheaf.

Remark II1.4.16. By [Lurl8a, Proposition A.3.3.1] it follows that the notion of 7-sheaf
given above is equivalent to the notion of C-valued sheaf with respect to 7 given in [Lurl8a,
Sect A.3.3], where the sheaf axiom is formulated in terms of covering sieves as opposed to
Cech descent.

Definition III.4.17. Endow Schy s With a Grothendieck topology 7. A hypercovering in
Schy,geqs s an augmented simplicial object X_1 — X, in Schy q.qs such that for every n > 0
the canonical map

X, — (cosk,_1(Xe = X 1)),
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is an 7-cover. Here cosk, denotes the augmented coskeleton functor, defined as the right
Kan extension along the inclusion AT , — A%
Let F : Schy?

Vaegs — C be a presheaf valued in the oo-category C. We say that F'is a

hypercomplete C-valued sheaf if and only if the following properties are satisfied:
(1) F preserved finite products

(2) For every hypercover U, — X in Schy s, the canonical morphism
F(X) — Tot(U,)

is an isomorphism in C.

See [Lurl8a, Proposition A.5.7.2] and [Man22, Section A.3] for comparisons with alternative
definitions of hypercomplete sheaves'.

The main advantage of hypercomplete sheaves is that they are determined by its values
on a basis B C Schy qcqs- A basis of Schy qeqs is a full-subcategory B C Schy,geqs such that
for every element X € Schy qcqs, admits a 7-covering Y — X, with Y € B. Then, we learn

from [Man22, Proposition A.3.11] that the restriction functor
ShVT(SChV,qus, D)/\ — ShVT(B, D)/\ F— F|B

determines an equivalence of categories of hypercomplete D-valued 7-sheaves. The inverse

of this equivalence if given right Kan extension along B C Schy,geqs-

In what follows we make some light use of the notion of an oco-category C compactly gen-
erated by cotruncated objects, we refer the reader to [EHIK21, Definition 3.1.4] and [BM21,
Definition 3.5] for the basic definitions. The most relevant examples of co-categories com-
pactly generated by cotruncated objects for us are the derived oo-category of coconnective

objects D(R)=° of a ring R and the oo-category Spce,, of n-truncated spaces.

Proposition II1.4.18. Let D be a oo-category generated by cotruncated objects, for ex-
ample D = D(A)=% or D = Set, and let C be a 1-category equipped with a Grothendieck
topology 7. If F': C°? — D is a 7-sheaf, then F'is a hypercomplete 7-sheaf.

Proof. By the Yoneda Embedding (cf. [Lur09, Proposition 5.1.3.2]), it suffices to show
that for every compact object D € D the composition h” o F' : C°° — Spc, where hP :=

!One advantage of the alternative definitions of (hypercomplete) sheaf F': C — D is that there are no hypothesis
on the category C, which will be useful when considering (hypercomplete) sheaves on a basis B C C (cf. the hypothesis
on [Lurl8a, Section A.3.3]), for example B C C may not be closed under finite limits.
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Mapsp (D, —) : D — Spe, is a hypercomplete 7-sheaf. By the hypothesis that D is generated
by cotruncated objects, it follows that h” o F' has its image contained in Spc,,, then it follows

that h? o F is hypercomplete by [Lur09, Lemma 6.5.2.9], proving the desired result. O]

Example I1I1.4.19. Since Zariski covers are 7-covers (I11.4.3) for
7 € {arc, w-complete arc, arcy }

it follows that any hypercomplete 7-sheaf on Schy s is completely determined by its values
on CAlg(? C Schy,qeqs- Even better, we learn from Remarks I11.4.12 and I11.4.12 that CAlg,,
admits a 7-basis given by Perfd,, C CAlg,,.

Proposition I11.4.20. Let F' : Schy’ ...

— D(A) (resp. F : SCh\A/:ZSqS,w — D(A)) be a
presheaf valued in the derived oo-category D(A) for some ring A. Let X*: A — D(A) be a
cosimplicial object, and X~! — X* an augmented cosimplicial object; assume that F'(X~!)

and F'(X™) are contained in Mody C D(A). Then, the canonical map
F(X™) — Tot(F(X™))
is an equivalence, if and only if the following complex
0— F(X Y= FX%)— FXY)—--.
is acyclic. Where the complex corresponds to the cosimplicial object F(X*®) : A — D(A)

under the Dold-Kan correspondence.

Proof. See [Lurl7, Section 1.2.3] for a review of the simplicial Dold-Kan correspondence,
and [Stal8, Tag 019H] for the corresponding cosimplicial (and logically equivalent) Dold-
Kan correspondence. The claim is then the Bousfield-Kan formula [BK72, Chapter 11], or

[Lurl7, Proposition 1.2.4.5] for a simplicial co-categorical variant. ]

Proposition II1.4.21. Let C and D be stable oco-categories with endowed with a right-
complete t-structure, X*® a cosimplicial object of CZ° C C, and F' : C — D a exact functor
of stable oo-categories. If F(X*®) C D=4 for some d € Z, then Tot(X*) and Tot F/(X*®) exist
and the canonical map

F(Tot(X®)) — Tot F(X*)
is an isomorphism in D.

Proof. Since F' is an exact functor of stable co-categories, by definition we know that it

commutes with finite limits, hence the canonical map F(Tot,(X*)) — Tot, F(X*) is an
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isomorphism. Using the fact that Tot, and Tot agree on H'(—) for i < n (cf. [Lurl7,
Proposition 1.2.4.5]) the result follows. The hypothesis that X* C C=° and that F(X*) C
D= are there to ensure that we can apply [Lurl7, Proposition 1.2.4.5] to the problem at
hand, while the right completeness allows us to check isomorphisms at the level of cohomology

groups. O

Proposition 111.4.22. Let V be a ring of characteristic p. Then, the functor

F : Sch$?

V,qcqgs

— D(V) X = RF(Xperf7 OX,perf)

is a hypercomplete arc-sheaf. In particular, if A — B is an arc-cover of perfect V-algebras,

the following complex is acyclic
0—+A—B—>B®®,B—>B,B®sB—---
Proof. Combining [BS17, Theorem 4.1(a)] with Proposition I11.4.18 we learn that the functor
(—)pert : Perfy — D(V) A— A

is a hypercomplete v-sheaf. Then, as the map B — Bpe¢ from B € CAlgy, is a v-cover
and Bper € CAlgy,, we learn that Perf{? C Schy s determines a basis for the v-topology,
and so by right Kan extending the functor (—)pet along Perf{? < Schy.qs We obtain a
hypercomplete v-sheaf
F : Schy?

V,qcgs

— D(V) X = RP<Xperf7 OX,perf)

(cf. TI1.4.17). Given that the functor F' takes values in D(V)2° C D(V) we learn from
[BM21, Theorem 4.1] that to check that F' is an arc-sheaf it suffices to show that for any
absolutely integrally closed V-valuation ring W and a prime ideal p C W we have an exact
sequence

0 = What = (W/P)pert © (Wy)pert — K(P)pert — 0

However, since absolutely integrally closed valuation rings are perfect, we have the identity
W = Wier; furthermore, we learn from [Stal8, Tag 0ODCN] and [Stal8, Tag 088Y] that if W

is an absolutely integrally closed valuation ring so is W, and W/p, so we have the identities

(W/p)pert = W/p (W )pert = W K(P)pert = K(P)
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Hence, it remains to show that the following is an exact sequence
0=>W—=W/padW, = k(p) =0

which was proven in [BS17, Lemma 6.3]. Hypercompleteness follows from the fact that F
takes values on D(V)20 C D(V) (I11.4.18). O

Finally, we show that under the equivalence 11.4.30 a map M(S) — M(R) in Ban{™ is

surjective if and only if R — S is an arc,-cover.

Proposition 111.4.23. Let K be a perfectoid non-archimedean field and @ € K such that
1 > |wP| > |p|, in particular K<, is a perfectoid rank one valuation ring (cf. Example I1.5.16

and Lemma I11.5.6). For a morphism R — S in Ban{™" the following are equivalent

(1) The induced map of compact hausdorff spaces |M(S)| — | M(R)| is surjective.
(2) The induced map Spf(S<;1) — Spf(R<;) is an arcy-cover.

Proof. We begin by proving the following: a map |M(S)| — | M(R)] is surjective if and only
if for any K-non-archimedean field L and a map M(L) — M(R), there exists a morphism
L — F of non-archimedean fields and a map M(F) — M (S) making the following diagram

commute

M(F) —— M(S)

| |

M(L) —— M(R)

Indeed, if the condition on non-archimedean fields hold then its clear that the map |M(S)| —
|M(R)]| is surjective. On the other hand, assume that |[M(S)| — |M(R)]| is surjective,
recall that universal property of the map M(H(z)) - M(R) (cf. 111.1.10): for any map
M(P) — M(R) from a non-archimedean field P with image x € |[M(R)|, then the map
M(P) — M(R) admits a unique factorization as M(P) — M(H(z)) - M(R). Fix
x € IM(R)| and y € |M(S)]| such that y — =, then by the universal property of completed

residue fields we learn that we have a commutative diagram

MH(y)) —— M(S)

| J

M(H(z)) —— M(R)

Without loss of generality assume that |[M(L)| — |M(R)| has image = € |[M(R)|, then it
factors through M(L) — M(H(z)). By 11.4.33 we learn that Z := L&) H(y) is non-zero,

167



and so |M(Z)] is non-empty by I11.1.3, so we fix z € |[M(Z)| and we obtain a commutative
diagram

MH(2)) —— M(Z) —— M(H(y)) —— M(5)

~ | | |

M
M(L) —— M(H(z)) —— M(R)

proving the desired implication. The statement of the proposition then follows from Lemma
11.5.23. -

I11.4.2: Perfectoidization and arc_-descent

Fix a perfectoid non-archimedean field K and let (A, d) the perfect prism corresponding to
K<, with frobenius lift p4 : A — A.

Definition II1.4.24. In [BS22, Section 7.2] Bhatt and Scholze introduced a cohomology

theory called derived prismatic cohomology
o CAlg%ﬁlﬂp — D(A)(AM) R— g

which associates to any derived p-complete K<;-algebra a derived (p, d)-complete commuta-
tive algebra object in D(A)(Ap 4) €quipped with a @ 4-semilinear endomorphism ¢ : = g
For details and various properties of this construction we refer the reader to [BS22, Section

7.2].

Remark IT1.4.25. Notice that unlike Bhatt and Scholze we denote the derived prismatic
cohomology of R € CAlgy _,p DY R asopposed to g4, this is due to the fact that since
we are working over a perféct prism (A, d) derived prismatic cohomology does not depend
on the base A. Indeed, for any R € CAlg/[\(Shp the canonical map of sites (R/A) — (R)

is an equivalence (cf. [BS22, Lemma 4.8]) between the absolute prismatic site of R and
the prismatic site of R/A — in particular we learn that we have a canonical isomorphism
RI'(R ,O ) ~ RI'((R/A) ,O ). If we further assume that R is smooth we know from
[BS22, Construction 7.6] that there is a canonical equivalence g4 ~ RI((R/A) ,0 ),
where g/ is the derived prismatic cohomology of (R/A), showing in particular that the
is independent of the base A,

P
and we choose to denote it by g to emphasize this independence. Finally, as the derived

. . . A
derived prismatic cohomology of a smooth R € CAngSh
prismatic cohomology of a general R € CAlg)y _,p is defined as the left Kan extension from

the subcategory of polynomial algebras, it follows that g4 is independent of the base A,

and so we choose to denote it by g.
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Definition III.4.26. Fix a p-complete K<;-algebra R.

(1) The perfection gper 0f g is defined as

(2)

N

R,perf ‘= COhmapR < R~ PAx R — szl* R— " > S D(A>€\p,d)

(p,d)

the derived (p, d)-complete E.-A-algebra equipped with a ¢ 4-semilinear automorphism
induced by ¢g.

The perfectoidization Rpeq of R is defined as
Rperfd ‘=  Rperf ®£ A/d € D(Kﬁl)z/)\

This is a derived p-complete Eo.-K<;-algebra.

Proposition II1.4.27. Fix a p-complete K< -algebra R. Then,

(1)

(2)
(3)

Assume that 0 = p € R, then Rpeq coincides with the usual direct limit perfection of
Rperf of R.

Both g perr and Rpera lie in D=(A) and D=°( K<) respectively.

For any choice of topology on (R)perf between the flat and chaotic topology, there exists

a canonical map
R,perf — RF(Rperf7 O )
which is an equivalence. In particular, the perfectoidization

Rperta =~ RT(R*™, 0 ) ~ lim S

R—S

is the derived limit of S over all maps from R to a perfectoid ring S, and does not depend

on the choice of base prism (A4, d).

Assume that R is semiperfectoid, that is, there exists a surjective map P — R from
an integral perfectoid K<j-algebra. Then, g e iS concentrated in degree zero, and
( Rper,d) is the initial object of RPet,

In general, _ perf and (—)perta are defined for derived p-complete simplicial commutative

K<;-algebras R. In those cases, g per and Rperq only depend on mo(R).

169



Proof. (1) is [BS22, Example 8.3|, (2) is [BS22, Lemma 8.4], and (3) is [BS22, Proposition
8.5]. To see (4) recall that in [BS22, Lemma 7.2] it is proven that if R is semiperfectoid then
R admits an initial object ( ' d), which by definition implies that B is concentrated in
degree zero. Then, [BS22, Lemma 3.9] shows that

init : init init 2 init "

Ropert := colimy ( R —7¥PAx R 7 %A R “‘>(pd)
is concentrated in degree zero and ( B, d) is the initial object of R” . the result then
follows from the isomorphism gpet — Bres = RT(R*™ O ) coming from (3). Finally,
(5) follows from the fact the equivalence of sites R*" = (m(R))"*" and (3). O

Since the subcategory Perfd,_ C CAlg%<1 is stable under pullbacks and coproducts, it

follows that Perfd K inherits the w-complete arc-topology from CAIg%ﬁl.

Proposition 111.4.28. The functor
F : Perfdy_ — D(K<1)Z, R— R

is a hypercomplete w-complete arc-sheaf. In particular, if R — S is a w-complete arc-cover

then the following complex is acyclic
0—R—S— SRS — SDRSDRS — - --

Proof. We follow [BS22, Proposition 8.10]. We claim that it suffices to show that F” :

Perfd K, D(K%,) given by R’ + R’ is a w’-complete arc-sheaf. Indeed, its clear that to
<1 =

show that F' is a w-complete arc-sheaf it suffices to show that for any w-complete arc-cover

R — S, the canonical map

R — TOt(S./R)g in D(Kgl)g
is an equivalence. Since the functor — ®4 A/d : D(A)aw,,] » D(K<;). satisfies the

hypothesis of 111.4.21 for all objects Aj,r(R) and Ay (S™*) it follows that it suffices to

check that the canonical map

Aint(R) = Tot(Auue(S*7))) in D(A){1»

1.p)

@”,p])

is an equivalence. The same argument as above together with the derived Nakayama lemma
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we conclude that it suffices to show that the canonical map

R — Tot(S*/7)2, in D(K%,))

P

is an equivalence. Since R’ — S” is a w”

-complete arc-cover if and only if R — S is
a w-complete arc-cover, by the tilting correspondence, we have reduced to showing that
F Perdeb<1 — D(K2,) is a @w’-complete arc-sheaf.

For the rest of the proof we assume that R, S and K<; are of characteristic p. Recall
that if R — S is a w-complete arc-cover in Perfdy_ then the map R — S x R[] is an

arc-cover in Perfd_ . And in Proposition I11.4.22 we showed that the canonical map

R — Tot((S x R[=])*/™) in D(K<1)

1
w
is an equivalence. Then, as the derived w-completion functor (=) : D(K<;) — D(K<;)2

agrees with the classical w-completion and satisfies the hypothesis of I11.4.21 for all objects

R and (S x R[L])"/® it follows that the canonical map
1 /R A : A
R — Tot ((s x R[—]) ) in D(K<))
w w -

is an equivalence. Finally, we notice that (S x R[=])2 ~ S, and since the derived w-

1
w

completion functor (=) : D(K<;) — D(K<)L is symmetric monoidal, it follows that

w w

A
((S X R[é])‘/R> ~ (S*/B)A " proving the result. The fact that F is a hypercomplete sheaf
follows from the fact that it takes values on D(K<;)=° C D(K<;) and I11.4.18, O

Theorem I11.4.29. The functor
F :Perfd;_ — D(K< )X R— R®

is a hypercomplete arc,-sheaf. In particular, if R — S is a arc,-cover then the following

complex is almost acyclic
0— R* — S = S“@pS" = S @ paS @ paS* — - - -

Proof. To show that F' is a arcg-sheaf it suffices to show that for any arc,-cover R — S the

canonical map

R — Tot(S*/F)he in D(K<;)A
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is an equivalence. We claim that if R — S is an arcg-cover then R — S X (R/w@)perf is &
w-complete arc-cover; indeed, its clear that if R — S is an arcy-cover then R — S X R/w
is a w-complete arc-cover, but since w-complete arc-covers can be tested by w-complete
absolutely integrally closed valuation rings V' of Krull dimension < 1, any map Sx R/w — V'
will factor as

SXR/w— S X (R/w)pert = V

proving the desired claim. Therefore, we learn from Proposition [11.4.28 that the canonical

map

R~ Tot ((5 x (R/w>perf)°/R>A in D(K<y)

w

is an equivalence. Then, since the functor (—)* : D(K<;)2 — D(K<1)2* preserves all limits

it follows that the canonical map

R = Tot ((8 x (R/)peur)"/") " in D(K<y)

w

is an equivalence. Finally, we notice that (S X (R/@)per)® > S , and since the functor (—) :
Na

D(K<1)l — D(K<1)L* is symmetric monoidal it follows that ((S X (R/w)perf)‘/R> ~

(S*/®)ha proving the result. The fact that F is a hypercomplete sheaf follows from the fact

w )

that it takes values on D(K<;)*=° C D(K<;)® and I11.4.18. O

Corollary II1.4.30. Let R — S be a morphism of Perfd?™, such that the induced map of
compact Hausdorff spaces |M(S)| — |M(R)| is surjective. Then, the following complex is

exact and admissible
0—R—S— SRS — SORSSRS — - -

Proof. Once exactness is established admissibility is automatic by the open mapping theo-
rem, thus it suffices to show that the complex is exact. From Proposition 111.4.23 we learn
that the map R<; — S<; is an arcg-cover in Perfdy_ , and so in particular the following

complex is almost acyclic (equivalently, almost exact) by Proposition 111.4.29
0— Rgl — Sgl — Sgl(gaRSlSSl — SSl@(II%gSSl@Il%gSSl — in D(Kgl)ga

where we are implicitly using Propositions I1.5.8 and I1.5.2 to conclude that R<; = RZ; and
S<1 = 5%,, and the fact that the subcategory Perfd,_ C CAlgy_ is clossed under tensor
products (I1.2.17). Then, since the functor (—)[Z] : D(K<)* — D(K) is exact it follows
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that the following complex is acyclic

~a 1 ~a ~a 1 .
0—->R—>S5— <S§1®RSIS§1)[;] — (S§1®R§13§1®R515§1)[;] — ... n D(K)

and by Corollary 11.4.32 we learn that we have a canonical identification
~a ]. ~
(sg@RSng) (=] = 58xS

proving the desired result. O]

Corollary I11.4.31 (Tate’s Acyclicity). Let X = M(R) be an object of Perfd,™", and
{U;}ier a finite collection of elements of | X |pa¢ (cf. Definition I11.3.16) such that the induced

map UU; — | X| is surjective. Then, the following complex is exact and admissible

O-)O)((X)—)HOX(UZ)—) HOX(UZQU])% H Ox(UiﬂUjﬂUk)—)"'

i€l ijel i,j,kel

Furthermore, the complex

0— OX(X)Sl — HOX(Ui)Sl — H Ox(UZ N Uj)gl — H OX<U1 N Uj N Uk)SI —
il ijel i kel
is almost acyclic. The functors Ox(—) and Ox(—)<; are defined in Theorem I11.3.17.
Proof. The exactness and admissibility of the first complex (involving the functor Ox(—))
is a direct consequence of Corollary [11.4.30 and Theorem II1.3.17. On the other hand,
the almost acyclicity of the second complex (involving the functor Ox(—)<;) is a direct
consequence of Proposition [11.4.29 and the fact that given a morphism of perfectoid Banach

K-algebras R — S we have a canonical isomorphism S§1<§>2<IS§1 ~ (S®prS)<1 by Corollary
I1.4.32. [

Proposition IIL.4.32. The functor (—)pera : CAlgy_ . — D(K<1)2 satisfies the following

properties:
(1) The functor (—)perta is & hypercomplete w-complete arc-sheaf.
(2) For any S € CAIgQShw, there is a canonical identification Sperta = R w—arc (S, O).

(3) For any pair of morphisms S} < S3 — S5 in CAlg?(Shw, the canonically induced map

~L ~L
(Sl,perfd)®s3yperfd <S2,perfd) — (Sl ®53 SQ)perfd
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is an equivalence. In order to make sense of (Sl<§>§3 S9)perta recall Proposition 111.4.27(5).

4) Let S be an object of CAlg , and assume that Sp,e.¢q is connective (equivalently, by
K<y,@ p
Proposition I11.4.27(2), concentrated in degree 0). Then Spersq is an object of Perfd_

and S — Spera 1s the universal map from S to a perfectoid ring.

Proof. Recall that if R is an object of Perfd,_ then the canonical map R — Rperq is an
isomorphism (cf. Proposition 111.4.27(3)). By virtue of Proposition 111.4.28 we learn that
when restricting the functor (—)pera to the subcategory Perfd,_ C CAng{@w we obtain a

hypercomplete w-complete arc-sheaf

w

(_)perfd : PerdeSl — D(Kgl)/\ R— R

and Proposition I11.4.27(3) shows that (—)pera can be realized as the right Kan extension of
(—)perta along the inclusion Perfd,_ C D(K<;).. Furthermore, recall that since Perfd,_
forms a basis in w-complete arc-topology (Remark I11.4.8), the canonical map

Shv e are(CAlgR? _, D(K<1))" = Shve are(Perfd g , D(K<1))"  F = Flpgg,
< <1

Kgl,w’

determines an equivalence of categories of hypercomplete sheaves (cf. 111.4.17) for the wo-
complete arc topology; with the inverse given by right Kan extension along the inclusion
Perfd;_ C D(K<1). This proves that (—)peta must be a hypercomplete w-complete arc-
sheaf, ﬁnishing the proof of (1).

The argument for (2) is similar, by Proposition 111.4.28 we learn that when restrict the
functor RI'5_are(—, O) to the subcategory Perfd,_ C CAlg?(Shw we obtain a hypercomplete

w-complete arc-sheaf
R are(—, O) : Perfdy_ — D(K<y)) R— R

Then, since Perfd,_ forms a basis in w-complete arc-topology (Remark [11.4.8), it follows
from the definitions that RT 5 are(—, O) : CAlgy_ ., — D(K<1)2 is the right Kan extension
of Rl _arc(—,O) along the inclusion Perfd - _C CAlg/}Ql,w. The rest of the argument
follows as in (1). i i

Part (3) follows from the description of (—)pera in terms of derived prismatic cohomology
[BS22, Proposition 8.13|, and (4) is [BS22, Corollary 8.14.]. O

Proposition I11.4.33. Define the functor (=), 4 : CAlgy_ . — D(K<1)4" as the following
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composition

<_>gerfd : CAlg/I\(Sl,w (ﬂfd D<K<1>A (_—)> D(Kﬁl)ga

>~/

The functor (—)g. satisfies the following properties.

(1) For any S € CAlg%ﬁl, there is a canonical identitifaction S%, ¢ = limg_,p PP, where the

limit ranges over all maps S — P where P € Perfd," , and is computed in D(K<;)2".
(2) The functor (=) is @ hypercomplete arce-sheaf.

(3) For any S € CAlg?(g, there is a canonical identification S§_ ;4 = Rl (S, 0%).

(4) For any pair of morphisms S; < S3 — S, in CAIgQ(@w, the canonically induced map

~L,a

( (ll,perfd ) ®S§’pcrfd

a L a
(83 perta) = (510,92 perta

is an equivalence. In order to make sense of (Sl®§352)perfd recall Proposition 111.4.27(5).

Proof. For the proof of (1), recall from Proposition [11.4.27(3) that there is a canonical
identification Speq = limg_,g R where the limit ranges over all maps S — R where R is
a perfectoid ring. Then, the fact that (—)® is both a left and right adjoint shows that
S8 ta = limg g R, which proves the result. For (2) notice that by (1) we already know that
(—)&erta Preserves finite products, thus to show that it is an arc,-sheaf it suffice to show that
for any arc,-cover S — R the canonical map
Sgerfd — TOt(R./S)gerfd

is an isomorphism. To show this, recall that if S — R is an arc-cover then S — Rx(S/w@)pert
is a w-complete arc-cover, where (S/@)per is the classical direct limit perfection. Thus, from

Proposition 111.4.32(1) it follows that the map canonical map

Steta = Tot (R x (8/)pert)*’*)

perfd

is an isomorphism. Then, by the compatibility of (—)pera and (—)* with tensor products
and finite products, and the fact that (S/w@)pet =~ ((S/@)pert )perta We learn that

a

(R (S/m)pat)’) o (RS a5 (S/ et =

perfd
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Finally, hypercompleteness follows from the fact that (S)f.q € D(K<1)7° by part (1) and
Proposition 111.4.18, completing the proof of (2).

In order to prove (3), recall from Theorem II1.4.29 that when we restrict the functor
Rl are., (—, O%) to the subcategory Perfdy’ C CAIgQQW we obtain a hypercomplete arc,-
sheaf

w

Rrarcw(_, Oa) : Perdea<1 — D(Kgl)/\a R— R=R*

We claim that the category Perfd,’ C CAlgf(@w is a basis for the arc,-topology. Indeed,
we already showed that Perfd,,_ is a basis for the arc,-topology (Remark I11.4.12), thus it
remains to show that for any m_ap P — V in Perfd;_ where V' is a rank one valuation ring
with faithful flat structure map K<; — V, there exists a unique factorization as P — P* —
V', but this follows from the fact that V' € Perfdg” . Therefore, it follows from the definitions
that Rl (—, O%) : CAlgk_ ., — D(K<1)h" is the right Kan extension of Rl e (—,0%)
along the inclusion Perfd® < CAlgy_, ., but this is the same description given of (—)%, .
in part (1). This completes the proof of (3).

Statement (4) follows from the analogous statement in Proposition I11.4.32 and the fact
that the functor (=) : D(K<1)2 — D(K<1)A* is symmetric monoidal. O

Proposition IT1.4.34. Define the functor ()%, ¢ : Bang™ — D(K<;)" as the following

composition

- (_ aer
(2)%1 e Bang® 250 CAlgh S DKL)

Kgl,w
The functor (—)%; . satisfies the following properties

(1) For any A € Bang"™, there exists a canonical identification A%, ¢ = lima,p P<y

where the limit ranges over all maps A — P where P € Perfd?* and is computed in

D(K<1)g"
(2) The functor (=), g is @ hypercomplete arcg-sheaf.

(3) For any A € Ban3"™", there is a canonical identification A%, |, q = Rlarc,, (A4, 0%).

contr

(4) For any pair of morphisms A; <— A3 — Ay in Banj™", the canonically induced map

~L,a

( ?,Sl,perfd)®Ag,§lyperfd (Ag,gl,perfd) — (A1®A3A2)%1,perfd

is an equivalence.
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Proof. Part (1) follows directly from Proposition 111.4.33(1), together with the dictionary

Proposition 11.4.30 and Proposition 11.5.8. For the proof of (2), recall that we showed in
Proposition 111.4.33(2) that if A — B is an arcg-cover then the canonical map

(A<1)%ozq — Tot(BY/'<):

<1)perfd 0 <1 perfd

is an isomorphism, thus to show that (—)%; .4 is an arcg-sheaf it remains to show that there

is a canonical isomorphism (B;/lAgl)gerfd ~ (B*/*)2, - Recall from the Proposition 11.4.30

that there is a canonical isomorphism (B<1ASl )N ~ (B*/4) ) and by Proposition 111.4.33(1)

./A;l) — (B°/A§1)tf,/\,a

it is clear that the canonical map (B <1 induces an isomorphism

0/A<1 a ~ ./A<1 a a
(Bgl - )perfd — ((B§1 - )tf’/\’ )
perfd
Finally, hypercompleteness follows from the fact that (A)%, . € D(K<1)=° by part (1)
and Proposition [11.4.18; completing the proof of (2).
In order to prove (3), recall from the proof of Corollary I11.4.30 that when we restrict the

functor Ry, (—, O%;) to the subcategory Perfdz™" C Banf™" we obtain a hypercomplete
arco-sheaf
Rl e, (—,0%) Perfd}™ — D(K<;))* R+ Rey = RY,

From the dictionary (Propositions I1.4.30 and 11.5.8) and the proof of Proposition 111.4.33(3)

we learn that Perfd?™ C Ban$™™ is a basis for the arcy-topology. Therefore, it follows

from the definition of Rl (—,0%) : Ban™ — D(K<;)2* is the right Kan extension
of Rl e, (—,0%) along the inclusion Perfd?™ C Ban$e™”, but this is the same description

given of (—)%; . given in part (1). This completes the proof of (3).
Finally, we prove (4). From Proposition 111.4.33(4) we have that the canonical map

~L,a

( tll,gl,perfd) ®Aa

~L
a a
%<1 perfd (A2,§1,perfd) - <A1,§1®A3’§1A2,§1)perfd

is an isomorphism, and by Proposition [11.4.27(5) we also know that we have a canonical iden-
tification (ALSl(/X\)ig’qAQ,Sl)gerfd o~ (WO(ALSl@jSKlA27S1))gerfd. The result then follows from
the fact that the canonical map 7r0(A1,§1<§>ﬁ3‘<1A;7§1) — WO(ALQ@?S“Agél)t“’“ becomes
an isomorphism after applying ()5, as showed in part (2), together with the identity
(A1®A3A2)§1 = (WO(A1®513A2))tf’A’a- L
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CHAPTER 1V
Perfectoid Spaces

Throughout this chapter we fix a prime number p and a perfectoid non-archimedean field K
together with an object w € K satisfying 1 > |w”| > |p| and a compatible system of p-power
roots {wl/”"}nezzo. In Section V.1 we recall the basic properties of coherent topoi, as it
will form the categorical bedrock for the definitions of the arc,-topos X, and the category
of condensed sets Cond. In Section [V.2 we introduce the main players of this work, namely
the arcy-topos X, and the Berkovich functor | — | : Xy, — Cond which extends the
Berkovich spectrum functor | — | : Ban®""°® — Comp. Furthermore, we establish the main
results for the arc,-topos like our version of the Gerritzen-Grauert theorem (Theorem H)
for arc-sheaves. Finally, in Section 1V.3 we isolate the categories of perfectoid spaces' and
arcy-analytic spaces as full subcategories of X,,._, and we specialize our results from Section
IV.2 to these settings where the statements become slightly more concrete. Moreover, we
show the under some mild hypothesis® arc-analytic spaces admit a well-behaved theory of

open subsets.

IV.1: Digression: Coherent Topoi

IV.1.1: Sheaves on a (finitary) site

Definition IV.1.1. Let C be a small category, define its presheaf category as
PreShv(C) := Funct(C, Set)
Furthermore, there is a functor

& : C — PreShv(C) c— X(c) :==Maps,(—,c)

!Generalizing the notion of affinoid perfectoid space.
2 Analogous to local compactness in topology.
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called the Yoneda embedding.

Proposition IV.1.2 (Properties of PreShv). Let C be a (small) category and PreShv(C) its

presheaf category as described above.

(1) The category PreShv(C) has all (small) limits and colimits. Moreover, limits and colimits
are computed objectwise: let {X;}7 be a (small) Z-indexed diagram in PreShv(C), then

for every ¢ € C we have

(colimz X;)(c) = colimz X;(c) and (li%n X;)(e) = li%n X;(e)
(2) The Yoneda embedding & : C — PreShv(C) is fully faithful and it preserves all (small)
limits.

(3) (Yoneda Lemma) There exists a natural bijection
Mapspresin(e)( £ (0), F) = F(c)  (£(0) = F) = (1d € £(e)(0) = F(c))

Where we make sense of Id € & (c)(c) via the identification & (c)(c) = Mapse(c, ¢).

(4) Every object of PreShv(C) can be described as a colimit of a diagram in C. More
concretely, let X € PreShv(C) and ¢ € C, then

colimy y,x £(c) =X

(5) (Universal Property of PreShv) Let D be a category with all (small) colimits and a
functor F' : C — D. Then, there exists an essetially unique colimit preserving functor

L : PreShv(C) — D making the following diagram commute

¢ —= PreShv(C)
x lL
D

Proof. Omitted. O

In the following example we will show that the Yoneda embedding functor & does not

preserve most colimits, even in situations where the colimit has concrete geometric meaning.

Example IV.1.3. Denote by Aff = CAlg® the category of affine schemes and let
Spec(R) € Aff. Recall that for any affine scheme Spec(R) its sheaf cohomology satisfies
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H°(Spec(R),Or) = R, this can be reformulated as follows: let {U; — Spec(R)}ier be a
finite Zariski cover, where U; = Spec(R|[f;']), then,

coeq < |—|i7j61 (Uz XSpec(R) U]) = uiEIUi> ~ Spec(R) n Aﬂ

However, the above equality no longer holds true after we apply the Yoneda embedding
functor &. Denote by W the coequalizer of <|_Ii,j€1(Ui Xspec(r)Uj) = I_Iierl) in PreShv(Aff),
we want to show that the canonical map W — Spec(R) is generally not an isomorphism.
It suffices to show that the the identity map Spec(R) — Spec(R) does not factor though
W — Spec(R). Indeed, by definition of W we have that the canonical map L;c;U; — Spec(R)

induces a surjective map of sets
UierUi(Spec(R)) — W (Spec(R))

Therefore, the identity map Spec(R) — Spec(R) will factor through W if and only if it
factors though some U; — Spec(R), which is impossible unless f; € R* for some f;.

Definition IV.1.4. Let C be a (small) category which admits finite limits and 7 a (finitary)
Grothendieck topology on C. The sheaf category of (C, ), which we denote by Shv.(C), is
defined as the full subcategory

Shv,(C) C PreShv(C)

such that if F' € Shv,(C) and {U; — X },cs is a covering in 7, where [ is a finite set, then

F(X) ~eq (H F(U,) = [ Wi xx Uj))
iel ijel
In particular, if U xx V' ~ (), that is U,V are disjoint in X, then F(UUV) ~ F(U) x F(V)
(cf. T11.4.15).

The hypothesis that I is a finite set in the above discussion is to guarantee that the
topology 7 is finitary — that is, that for every covering {U; — X},c; there exists a finite
subset I C J such that {U; — X},es is a covering. Finitary topologies guarantee that the
category Shv,(C) is better behaved. The arc, w-complete arc, and arc,, topologies introduced

previously are all finitary.

Proposition IV.1.5 (Properties of Shv). Let C be a (small) category which admits finite

limits and Shv,(C) its sheaf category as described above.

(1) The inclusion functor Shv,(C) < PreShv(C) admits a left adjoint PreShv(C) — Shv.(C)
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called the sheafification functor. Furthermore, the sheafification functor PreShv(C) —

Shv(C) preserves finite limits.

(2) The category Shv,(C) has all (small) limits and colimits. Moreover, limits are be com-
puted objectwise, while colimits can be described as the sheafification of the objectwise

colimit. In particular, if {¢; — c}ies is a covering in (C, 7) then
coeq < I—li,jel J:T(Ci X¢ Cj) = |—|i€I Gt‘r(cz)) = J:T(C>

(3) The sheafified Yoneda functor &, : C — Shv,(C) is defined as the composition of the
Yoneda embedding followed by the sheafification functor

X, :C — PreShv(C) —— Shv,(C)

The functor &, preserves all finite limits, but it need not be fully faithful.

(4) (Universal Property of Shv) Let D be a category with all (small) colimits, and a functor

F : C — D such that for every covering {¢; — ¢}y in (C,7) we have an isomorphism
coeq ( Uijer F(ci xccj) = UieIF(ci>> ~ F(c)

Then, there exists an essentially unique colimit preserving functor L : Shv.(C) — D

making the following diagram commute

c 2, Shv,(C

\l

Proof. Omitted. n

Definition IV.1.6 (Exact Categories). Let C be a category. We say that C is exact if it

satisfies the following axioms
(1) The categorty C admits finite limits.
(2) Every equivalence relation on an object X is effective. (cf. Definition I11.1.26)

(3) The collection of effective epimorphisms in C (cf. Definition I[11.1.13) is closed under
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pullback. That is, if we are given a pullback diagram

X — X

o

Y — Y
in C where f is an effective epimorphism, the morphism f’ is also an effective epimor-
phism.

Example IV.1.7. The categories of sets is exact.

Proposition IV.1.8. Let C be a category. If C is exact, then it is a regular category (in the
sense of Definition 111.1.20).

Proof. [Lurl8h, Proposition A.2.8] ]

IV.1.2: Quasicompact Quasiseparated objects

Definition IV.1.9 (Disjoint Coproduct). Let C be a category which admits fiber products,
and let X, Y € C be objects which admits a coproducts X LY. We will say that X LY is a

disjoint coproduct of X and Y if the following pair of conditions is satisfied
(1) Each of the maps X — (X UY) « Y is a monomorphism.
(2) The fiber product X X x_y Y is the initial object of C.

Definition IV.1.10 (Grothendieck Topos). A (Grothendieck) topos is a category X satis-

fying the following axioms:
(1) The category X is exact (Definition IV.1.6).

(2) The category X admits small coproducts, and coproducts in X are disjoint (Definition
IV.1.9).

(3) The formation of small coproduct in X is compatible with pullbacks. That is, for every

collection of objects {X;};e; having coproduct X = | |._; X; and every morphism f :

iel
Y — X, the projection maps {X; X x Y — Y },¢; exhibit Y as a coproduct of the objects

{Xi Xx Y}ie]—

(4) The category X is locally small, and there exists a small subcategory X, which generates
X in the sense that every object X € X admits an effective epimorphism | |,., U; — X,
where each U; belongs to Aj.
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Example IV.1.11. The category Set is a topos.

Proposition IV.1.12. Let C be a small category equipped with a Grothendieck topology
7. Then the category of sheaves Shv.(C) is a topos. Furthermore, Shv.(C) is generated (in
the sense of Definition 1V.1.10(4)) by the essential image of &, : C — Shv,(C).

Proof. 1t follows from [Lurl8b, Corollary C.1.7] that Shv.(C) is a topos, the fact that it is
generated from the essential image of &, : C — Shv,(C) is a combination of Proposition
[V.1.2(4) and Proposition 1V.1.5(1). O

Lemma IV.1.13. Let C be a small category endowed with a topology 7, and write X for
the topos Shv,(C). Then

(1) A morphism F© — G in X is a monomorphism if for every object U € C the map
F(U) — G(U) is injective.

(2) A morphism F' — G in X is an epimorphism if for every object U € C and every section
s € G(U) there exists a covering {U; — U} such that for each i the restriction s|y, is in
the image of F(U;) — G(U;).

(3) A morphism F' — G in X is an isomorphism if and only if it is a monomorphism and a

epimorphism.
Proof. Ommited. m
Lemma IV.1.14. Let X be a topos, then

(1) A map F — G in X is an epimorphism if and only if it is an effective epimorphism, that

is, the canonical map
coeq(F xg F =2 F)—> G

is an isomorphism.

(2) Amap f: F — G in X admits a functorial and unique factorization as
F — Im(f) — G

where F' — Im(f) is an effective epimorphism and Im(f) < G is a monomorphism.
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(3) Givenamap f : F' = G in X, the canonical map F X s F — F' X F is an equivalence.
In particular, the canonical map coeq(F X¢ F' = F') — G admits a unique and functorial

factorization as
coeq(F xg F = F) = Im(f) = G

and the map coeq(F xg F' = F') — Im(f) is an isomorphism.
Proof. Ommited. m

Definition IV.1.15. Let X be a topos.

(1) Quasicompact: We say that an object X € X is quasicompact, if for for every collection of
morphisms {U; — X };¢; such that | |
a finite subset Iy C I such that | |,.;

morphism Y — X in X is said to be quasicompact if for every morphism U — X, where

;er Ui — X is an effective epimorphism, there exists

U; — X is an effective epimorphism. Moreover, a

U is quasicompact, the fiber product Y x x U is quasicompact.

(2) Quasiseparated: We say that an object X € X is quasiseparated if for every pair of
morphisms U — X < V, where U,V are quasicompact, the fiber product U xx V is
quasicompact. Moreover, a morphism X — Y is quasiseparated if the diagonal morphism

A: X — X xy X is quasicompact.

(3) Quasicompact Quasiseparated (qcgs): Finally, we say that an object X € X is qegs if it
is quasicompact and quasiseparated, and we say that a morphism X — Y is qcgs if it is
quasicompact and quasiseparated. Quasicompact quasiseparated objects are also called

coherent in the literature.

Example IV.1.16. Any mononorphism in a topos is quasiseparated.
Proposition IV.1.17. Let X be a topos

(1) Every isomorphism in X is a qeqs morphism; that is, it is quasicompact and quasisepa-
rated. The composition of quasicompact (resp. quasiseparated) morphisms is quasicom-

pact (resp. quasiseparated).

(2) Let f: X - Y and g : Y — Y be morphisms in X, and f': X' := X Xy Y/ - Y
the basechange of f along g. If f is quasicompact (resp. quasiseparated) then f’ is

quasicompact (resp. quasiseparated).

(3) Let f: X — Y and ¢g: Y — Z be morphisms in X. If g o f is quasiseparated, then f is

quasiseparated.
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(4) Let f: X - Y and g : Y — Z be morphisms in X', and ¢ is quasiseparated. If g o f is

quasicompact (resp. qecgs), then f is quasicompact (resp. qecgs).
Proof. [Gro72, Exp. VI, Proposition 1.§] ]

Lemma IV.1.18. Let X be a topos and X be an object of X. Suppose that there exists a
finite set I and a collection of morphisms {U; — X };c; where each U; is quasicompact and

such that the induced map | |..; U; — X is an epimorphism. Then, X is quasicompact.

icl
Proof. [Lurl8b, Proposition C.5.2] O

Definition IV.1.19 (Coherent Topos). Let X be a topos. We say that &' is coherent if

there exists a (small) collection of objects U satisfying the following conditions

(1) The collection U generates X: that is, every object X € X admits a collection of
morphisms {U; — X };¢; such that | |
belongs to U.

;e1 Ui — X is an epimorphism, and where each Uj

(2) The collection U is closed under finite products. In particular, it contains the final object
of X.

(3) Every object of U is quasicompact and quasiseparated.

Proposition IV.1.20. Let X be a coherent topos, and U a subcategory of X satisfying the
conditions of Definition IV.1.19. Then:

(1) A morphism X — Y in X is quasicompact if and only if for every morphism U — Y
where U € U, the fiber product X xy U is quasicompact.

(2) Anobject X € X is qcgs if and only if it is quasicompact and, for every pair of morphisms
U — X < V where U,V € U, the fiber product U x x V is quasicompact.

(3) Let X — Y be a morphism in X', and U — Y an epimorphism (U is not necessarily
contained in U). If the induced map X xy U — U is quasicompact, then so is X — Y.

Proof. Part (1) and (2) are [Lurl8a, Corollary A.2.1.4], and Part (3) is [Lurl8a, Corollary
A.2.1.5). O

Proposition IV.1.21. Let X be a coherent topos, U a subcategory of X satisfying the
conditions of Definition [V.1.19, and pt € X the final object if X'. Then,

(1) An object X € X is quasicompact if and only if the canonical map X — pt is quasicom-
pact.
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(2) An object X € X is quasiseparated if and only if the canonical map X — pt is qua-

siseparated.

Proof. First we proof (1). If X is quasicompact, from the assumption that pt is quasisep-
arated we learn that for any quasicompact object Y € X the fiber product X x Y is qua-
sicompact, proving that the morphism X — pt is quasicompact. On the other hand, if the
morphism X — pt is quasicompact, since pt is quasicompact it follows that X x; pt ~ X
is quasicompact, finishing the proof of (1).

Next we proof (2). Assume that the morphism X — pt is quasiseparated, then by
definition we have that the diagonal map A : X — X x X is quasicompact. Given a pair
of morphism f : U — X < V : g where U,V are quasicompact, it follows that U x V is

quasicompact (since pt is quasiseparated), and so from the following pullback diagram

UxxV — UxV

N

X 2 s XxX

we learn that U x x V is quasicompact, proving that if X — pt is quasiseparated then X
is quasiseparated. On the other hand, we need to show that if X is quasiseparated then
the diagonal map A : X — X x X is quasicompact, by Proposition 1V.1.20 it suffices to
check that for and any morphism U — X x X where U € U, the fiber product U X x,x X
is quasicompact. In order to proof this, first notice that any morphism U — X x X admits
a canonical factorization as U = U x U 24 X x X , and that we have the following

commutative diagram, where each commuting square is a pullback square

UXXxxX—>U

| Js

UxxU ——UxU

| |

X 2 s XxX

By the hypothesis that X is quasiseparated it follows that U x x U is quasicompact, and by
the hypothesis on U from Definition [V.1.19 it follows that U x U is qcgs. Then, since U x U

is quasiseparated it follows that U X y«x X is quasicompact, finishing the proof of (2). [

Proposition IV.1.22. Let X be a coherent topos, and Xy .qs C & the full-subcategory of
qcgs objects of X'. Then,

(1) The full subcategory Xyeqs C X is closed under finite limits.
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(2) The full subcategory Xy.qs C X is closed under finite coproducts.

(3) Supposed we have an epimorphism X — Y, if X is qcgs and the fiber product X xy X

is quasicompact, then Y is qcgs.

Proof. Part (1) is [Lurl8b, Proposition C.5.9], Part (2) is [Lurl8b, Proposition C.5.12], and
finally Part (3) is [Lurl8b, Proposition C.5.13]. O

Proposition IV.1.23. Let C be a (small) category which admits finite limits, in particular
it admits a final object, endowed with a (finitary) Grothendieck topology 7. Then,

(1) The topos Shv,(C) is coherent.

(2) Let X be any object of C, then &.(X) is a qegs object of the topos Shv,(C), where &,
is the sheafified Yoneda functor &, : C — Shv,(C).

Proof. This is [Lurl8b, Proposition C.6.3], or [Lurl8a, Proposition A.3.1.3] for an oo-
categorical version. We already proved in Proposition IV.1.12 that the category Shv,(C)

is a topos. ]

Proposition IV.1.24. Let X be a coherent topos, and X an object of X. Then, X is
quasiseparated if and only if there exists a filtered category Z and a functor Z — X where

¢+ 7 is sent to a monomorphism U; < U; between qcgs objects and such that
colimz U; ~ X

Once the conditions described above of the functor Z — X are satisfied it is immediate from
the construction that the induced maps U; — X is a monomorphism. This result implies

that quasiseparated objects are closed under fiber products.

Proof. First, assume that X is quasiseparated. Since X is a coherent topos by assumption,
we know that there exists a collection of morphisms {V; — X };c; from qcgs objects such
that the induced map p : L;c;V; — X is an epimorphisms. For each finite subset J C I let
us explain how to associate to it a qcgs object U; together with a monomorphism U; — X:

by virtue of working on a topos the map p; : U;e;V; — X admits a unique factorization as
UiesVi = Im(ps) = X set Uy =Im(py)

To show that U is qcgs notice that since it U;c;V; — U is an epimorphism, it follows from
Lemma [V.1.18 that U; is quasicompact, and since it X is quasiseparated and U; — X

a monomorphism it follows that Uj; is quasiseparated, proving that U; is qcqs. Moreover,
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notice how by construction we have that if .J; C J; then the monomorphism U;, — X admits
a unique factorization as U;, — Uy, — X, showing that the induced map U;, — Uy, is also
a monomorphism.

Let Z be the category of all finite subsets of I, with a morphism J; — J5 if we have an
inclusion J; C Jy in I. Then, the construction above can be summarized into the existence of
a functor Z — X where J — Uj. It remains to show that the canonical map colimz U; — X
is an equivalence. Since filtered colimits preserve monomorphisms it follows that the induced
map colimz U; — X is a monomorphism, thus it remains to show that it is an epimorphism,

but this follows from the fact that p : U;c;V; — X is a epimorphism and it factors as
uieIV;‘ — colimz U;— X (IV].)

by construction, finishing the proof of the first implication.

On the other hand, assume that there exists a functor Z — A satisfying the desired
hypothesis. In order to show that X is quasiseparated we need to show that for any pair
of morphisms Y; — X <+ Y, from quasicompact objects of X', the fiber product Y; xx Y5
is quasicompact. Recall that since X' is a coherent topos it can be realized as Shveon(Xyeqs)
the category of sheaves on X.qs with respect to the coherent topology ([Lurl8b, Proposition
C.6.4]); thus, for any morphism Z — X from a qcqgs object there exists a i € Z such that
there exists a unique factorization Z — U; — X. We claim that for any morphism ¥V — X,
where Y is only assumed to be quasicompact, there exists a ¢ € Z such that there exists
a unique factorization ¥ — U; — X. Indeed, since X is coherent pick an epimorphism
Z — Y from a qcgs object Z. Then, from the work done above we know that the map

7 — X admits unique factorization as Z — U; — X, so the following identity
coeq(Z xy Z = Z) —Y

together with the fact that U; — X is a monomorphism, implies that there exists a unique
factorization Y — U; — X, as desired. To prove that Y] X x Y5 is quasicompact, by the work
done above we know that there exists a monomorphism U; — X from a qcgs object such
that Y; — X factors as Y; — U; — X, thus we have the identity Y7 xx Y5 > Y] Xy, Y3, and

since U; is qcgs the result follows. O
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IV.2: The Berkovich Functor

IV.2.1: Formalities on condensed sets

Definition IV.2.1. Fix an uncountable strong limit cardinal x, and consider the category
of compact Hausdorff spaces of cardinality < x, which we denote by Comp, and let eff be

the collection of all finite families {U; — X };c; of jointly surjective maps. Then,

(1) The collection eff determines a finitary Grothendieck topology on Comp.

(2) The category of condensed sets is defined as
Cond := Shv.g(Comp)

We warn the reader that what we call a condensed set here is called a k-condensed set
in [CS19b]. We refer the reader to [CS19b, Appendix to Lecture II] for a definition of
condensed sets which do not depend on a cut-off cardinal x — we have decided to fix an

cut-off cardinal in order to simplify exposition.

(3) The sheafified Yoneda embedding &g : Comp — Shveg(Comp) is fully faithful. This is

a direct consequence of Proposition I11.1.16(3).

Remark 1IV.2.2. The fully faithful functor ProFin < Comp induces a functor
Shveg(Comp) — Shveg(ProFin), which is an equivalence of categories by virtue of the fact

that ProFin C Comp forms a basis under the topology eff.

Notation IV.2.3. Let X be a condensed set, then by definition X is a functor X :
Comp® — Set; when evaluated on a point * € Comp we obtain a set X (x) which we
will call the underlying set of the condensed set X. In particular, when X is a compact

Hausdorff space the set X (x) is exactly the underlying set of the compact hausdorff space
X.

Proposition IV.2.4. The category Cond has the following basic properties:
(1) The category Cond is a coherent topos (cf. Definition [V.1.19).
(2) The sheafified Yoneda embedding &.¢ : Comp — Cond defines an equivalence of cate-

gories between Comp and the category of qcgs condensed sets (cf. Definition 1V.1.15),
which we denote by Condeqs.

(3) Let F¥ — G be a morphism of condensed sets, and assume that G is qcgs and F' is
quasicompact. Then, the morphism F' — G is an epimorphism in Comp if and only if

the induced map of sets F'(x) — G(x) is surjective.
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(4) Let F' — G be a morphism of condensed sets, and assume that both G and F are qcgs.
Then, the morphism F' — G is an isomorphism if and only if F(*) — G(x).

Proof. Proposition 1V.1.23 already implies (1), and shows that the category of compact
Hausdorff spaces Comp is a subcategory of Condycqs. To finish the proof of (2) we need to
show that if X € Condqs then X lies in the essential image of &.¢ : Comp < Cond. By
assumption on X, there exists a compact hausdorff space S together with an epimorphism
S — X of condensed sets such that the fiber product R := S xx S C S x S is a quasicompact
subcondensed set of the compact Hausdorff space S x S. By virtue of Proposition I11.1.28,
it remains to show that R C S x S is a compact hausdorff space. As R is quasicompact it
follows that there exists a compact hausdorff space T together with an epimorphism T — R,
then since Cond is a topos it follows that coeq(T' xg T = T)) — R is an equivalence (cf.
Lemma [V.1.14), and moreover since R C S x S is a monomorphism we have that the

following arrows are equivalences
coeq(T Xz T = T) — coeq(T xgxs T = T) = R

Using the presentation of R as the coequalizer of two compact hausdorff spaces, namely
coeq(T Xgxs T = T), it follows that R is a compact hausdorff space, finishing the proof of
(2).

Next we proof (3). Pick an epimorphism 7" — G from a compact hausdorff space, then
the basechange T' x4 F' is also quasicompact as I’ is quasicompact and G is quasiseparated,
and pick another compact Hausdorff space S together with an epimorphism S — T xq F. If
F — G is an epimorphism, then set T = pt and by the stability of (effective) epimorphisms on
a topos we learn that S # (), proving that the induced map F(x) — G(x) is surjective. On the
other hand, if the map F'(x) — G(x) is surjective, then the induced map T X F'(x) — T'(x)
is surjective which in turn implies that the induced map S(x) — T'(x) is a surjective map of
sets; but since S and T" are compact hausdorff spaces it follows that S — 7' is an epimorphism
(by Proposition I11.1.16), and thus so is the composition S — T" — G, proving that F' — G
is also an epimorphism as the map S — G factors as S — F — G.

Part (4) follows directly from Part (1) and Proposition II1.1.16; however, we provide
an alternative proof which will generalize to the setting of arc,-sheaves. If FF — G is an
isomorphism it is clear that the induced map F'(x) — G(x) is an isomorphism of sets. On the
other hand, we know from part (3) that the induced map F' — G is an epimorphism. Hence,
since we are working on a topos it suffices to show that F' — G is a monomorphism. Recall
that a map F' — G is a monomorphism if and only if the diagonal map A : F — F xg F'is
an isomorphism, and also recall that for any morphism F' — G the diagonal map A : F —
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F x¢g F' is a monomorphism. Thus it remains to show that the diagonal map F — F xg F
is an epimorphism, but this follows from the fact that F' x4 F' is qcgs, the hypothesis that
F(x) ~ G(*) and part (3). This completes the proof. O

Proposition IV.2.5. Let ' — G be a morphism in Cond, and assume that F'is qcqs and

G is quasiseparated. Then, the following are equivalent
(1) The morphism F' < G is a monomorphism.
(2) The induced map of sets F'(x) < G(x) is injective.

(3) For any morphism Z — G in Cond such that Im(Z(x) — G(x)) C Im(F(x) — G(x)),

there exists a unique morphism Z — F making the following diagram commute

Proof. We begin by proving the equivalence (1) ~ (2). The implication (1) = (2) is trivial:
if ' — G is a monomorphism, then F(x) — G(x) is injective by Lemma IV.1.13. For the
implication (2) = (1), assume that F(¥) — G(x) is injective and recall from Proposition
[V.1.24 that there exists a collection of qcgs subobjects {G; C G} such that colim G; ~ G.
Thus, since monomorphisms are closed under filered colimits it suffices to show that each of
the induced maps F; := F' X G; — G; are monomorphisms. From the hypothesis we learn
that for every ¢ the induced map Fj(x) — G;(x*) is injective, and since G is quasiseparated it
follows that F; is quasicompact, from the fact that the morphism F; < F'is a monomorphism
it follows that F; is quasiseparated as F' is, proving that for every ¢ the object F; is qcgs.
To conclude, recall that the sheafified Yoneda embedding &.¢ : Comp — Cond preserves
monomorphisms, and that since F; and G; are qcgs they lie in the essential image of X.g
(by Proposition 1V.2.4(2)), then the result follows from Proposition I11.1.23.

It remains to show the equivalence (3) ~ (1)+(2). To prove the implication (3) = (1), we
begin by noticing that if Im(Z (%) — G(x)) ¢ Im(F(x) — G(x)) then there is no morphism
Z — F that would make the desired diagram commute, hence the fact that F' — G is a
monomorphism follows from the uniqueness of the lift. It remains to show that (1) + (2) =
(3). From the presentation Cond = Shves(Comp) and Propositions IV.1.2(1) and IV.1.5(1)
it follows that Z can be realized as colim;c7 Q); ~ Z, where each (); is a compact hausdorff
space, thus we may assume that Z is a compact hausdorff space. Since we assume that

F — (G is a monomorphism, it follows that F' x¢ Z — Z is also a monomorphism, hence it
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remains to show that F' xXg Z — Z is an epimorphism as then it would be an isomorphism.
As (7 is quasiseparated and F' and Z are qcgs it follows that F' X4 Z is quasicompact, thus
to show it is an epimorphism, we learn from Proposition [V.2.4 that we only need the map
F x¢ Z(%) = Z(x) to be surjective, but this is clear from the hypothesis. O

The following result will be useful when constructing the Berkovich functor next section.

Lemma IV.2.6. Let X — Y and Z — X xy X be surjective maps of compact hausdorff
spaces, and define the morphisms Z = X as the composition Z7 — X xy X = X. Then,

the canonical map
COGQ(J:eff(Z) = Ckeff(X)) — C]:eff(Y)

is an isomorphism of condensed sets. For the sake of completeness, recall that in Propostion
[11.1.30 we proved that the same statement holds when the coequalizer is computed in the

category Comp.

Proof. 1f the morphism Z — X Xy X is the identity map, then the result follows directly
from Proposition [V.1.5(2). To prove the general case we follow a strategy similar to the one

we followed in [11.1.30. We claim that the canonical map
Fetr(Z) > Keg(X x X) =~ Kg(X) x Leg(X)
which is induced from the pair of morphisms Z = X, admits a unique factorization as
Fet(Z) » Keg(X Xy X) = Feg(X x X)

where the first morphism is a monomorphism and the second morphism is an epimorphism.
Indeed, the factorization exists as it already exists in Comp, thus it remains to show that
K o preserves monomorphisms and epimorphism. Since X.g preserves finite limit, it follows
that it preserves monomorphisms; and the fact that it preserves epimorphisms follows from
Proposition 1V.2.4(3).

To conclude, notice that the work above implies that equivalence relation imposed by
Xer(Z) = Keg(X) on Keg(X) will be the same as the equivalence relation imposed by
Fer(X xy X) = Kg(X), proving that we have the isomorphisms

coeq( K eg(Z) = Keg(X)) = coeq( FKeg(X Xy X) = Keg(X)) = Keg(V)
Where in the first isomorphism we are implicitly using the fact that Cond is a topos. O]
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IV.2.2: The arc,-topos
Fix a perfectoid non-archimedean field K.

Construction IV.2.7. Recall that in Definition [I1.4.10 we defined the finitary
Grothendieck topology called the arcy topology on the category Schy_, geqs- We define

the arc,-topos as
Xarcw = Shvarcw(SCthlquqS)

the category of Set-valued sheaves on the site (Schg_, qeqs, a1 ); it follows from Proposition
[V.1.23 that &,,._ is a coherent topos. However, recall that the same topos can be realized
as the category of sheaves on different sites; for our purposes it will be convenient to have
various realizations of the arc,-topos at hand, we proceed by describing the different sites

that realize the arc,-topos.

(1) Consider the full subcategory of affine schemes CAlgy’  =: Affx_, C Schy_, geqs;, We say
that a morphism X — Y is an arcg cover in Affg_, if when considered as a morphism
in Schy_, qeqs it 18 an arcg-cover. This determines a finitary Grothendieck topology arcy
on Affx_,, and since Affx_, C Schg_, qeqs forms a basis for the arco-topology (Lemma
[11.4.3) it follows that the canonical map Affx o Schy 1.qcqs Induces an equivalence

of categories

Shvare., (Schi ., qeas) — Shvare,, (Aff_,)

(2) Under the equivalence (—)<; : Banf™" ~ CAlgi®" : (=)[L] of Proposition 11.4.30 we
can consider the category Ban®""® as a full subcategory of CAlgy_ C Schi_, qeqs;
we say that a morphism M(A) — M(B) in Ban‘}?ljlrpp is an arcg-cover if the induced
map of compact hausdorff spaces |[M(A)| — |M(B)] is surjective, which is equivalent
to the requirement that Spec(A<;) — Spec(B<;) is an arcy-cover (Proposition [11.4.23).
We claim that CAIg/[\éitlf C CAlgy_, is a basis for the arcg-topology. Indeed, for any
element R € CAlg, <:, V a w—co_mplete rank one valuation ring with faithfully flat
structure map K< SV (as in Definition 111.4.10), and any map R — V/, then there
exists an essentially unique factorization as R — R"*Y — V| proving the claim that
(]Alg/}(ajlf C CAlgg_, is a basis for the arcg-topology. Thus, it follows that the canonical

t . . .
map Banf """ < Aff_ determines an equivalence of categories

ShVarcw (AﬁKgl) i> ShVaer (Ban(;?ntr"’p) ~ Shvarcw (CAlg/I\(oLtlf,Op)

(3) Recall that the equivalence (—)<; : Banf™" ~ CAlg?{“;lf : (—)[£] of Proposition I1.4.30
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induces an equivalence (—)< : Perfd[Ban1 ~ Perfd,’  : (—)[L] by Proposition I1.5.8. We
say that a morphism M(A) — M(B) in Perfdz™ is an arcp-cover if it the induced map
of compact Hausdorff spaces |[M(A)| — | M(B)| is surjective, which is equivalent to the
requirement that Spec(A<;) — Spec(B<;) is an arcg-cover (Proposition 111.4.23). We
claim that Perf,” C CAlgg_ is a basis for the arcg-topology; we already showed in
Remark I11.4.12 that for any R € CAlgy®" there exists a P € Perfd,_ such that R — P
is an arcy-cover, it remains to show that the map R — P%is also an ;chw—cover. Indeed,
let V' a w-complete rank one valuation ring with faithfully flat structure map K<; — V'
(as in Definition I111.4.10), and any map P — V/, then there exists an essentially unique

factorization as P — P* — V, proving the claim that Perfdg" C CAIg%‘zf forms a basis

for the arco-topology. Thus, it follows that the canonical map Perfd;’ < CAlg?&tf

determines an equivalence of categories

Shvarcw(Banigntnop) = Shvarcw(CAIg/f\((itlf,op) i> Shvarcw(Perdea;?p) = ShVarcw(PeI'fd]B{amop)

Finally, let us remaind the reader about our convention that the category Schx_, 4eqs is the

category of all qcgs schemes over K<, with cardinality < x, where s is an uncountable strong

limit cardinal. As all the other categories we have considered are subcategories of Schx_, qeqs;

it follows that we are also implicitly imposing a cardinality bound of  in all other categories.

Proposition IV.2.8. The category &,,._ has the following properties:

(1)
(2)

The category X, is a coherent topos.

The sheafified Yoneda functor & .._ : Schi_, qeqs = ShVare,, (Schi | qeqs) =~ Xare,, has
its image contained in Xy, qeqs;, We Will sometimes write X, for K are (X) where

X € Schg_, qeqs- Furthermore, the composition

X
e arc
PerdeaS lp — SCthhchs — Xamw

is fully faithfull.

The sheafified Yoneda functor &K : Banfe™ — Shvae. (Banfe™P) ~ X,._ has
its image contained in Xue_ qeqss We will sometimes write X for &K (X) where

t ..
X € Ban?"™"?. Furthermore, the composition

B trop &
PerfdB*eP <y Bap<entror Sace

is fully faithfull.
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For the sake of completeness let us mention that the functors &K,._ : Schx <iacgs > Nareg

and K, : Ban@"® — X, are never fully faithful, as seen in Example 1V.2.9.

Proof. Since the arcg topology on Schy_, geqs 18 finitary it follows from Proposition IV.1.23
that X,._ is a coherent topos, proving (1). Again by Proposition 1V.1.23 it follows that
the image of the sheafified Yoneda functors & ,._ have their image contained in Xac_ qeqs,
proving the first part of (2) and (3). Finally, the fact that the functors Perfd """ — X, and
Pelrfd};(an’0p — Xare are fully faithful is a concequence of Propositions I11.4.29 and 111.4.30
respectively. O

Example IV.2.9. Realizing the topos Xy as Shvarcw(Ban‘}?mr’Op) we obtain the sheafified
Yoneneda functor & .. : Ban(}?mrpp — Xareo, let us provide a concrete description of this

functor. Recall that &,,._ is realized as the composition of the functors
Kore, : Banfo™oP LN PreShv(Bane™ ) ™% Shv,,._ (Banje™P) = Xyeo

where L,.._ is the sheafification functor with respect to the arc,-topology; and where
&(M(A)) is given by the functor Mapsg,pconi (4, —) Ban{™" — Set for any Banach K-
algebra A. By virtue of Corollary [11.4.30 we learn that the restriction

MapSBan(I:(Qntr (A, _)|PerdeB<an : Pel"deB(an —> Set

is already an arc,-sheaf. Thus, since we can also realize X, as Shvc_ (PerdeB(an’OP) we learn
that M(A)arc,, is given by the functor Mapsg,peontr (A, =) |peggqpan. In particular, this argument
shows that if A — A" is the uniformization map, then the induced map M(A")ue, —
M(A),re, is an isomorphism in X,._, showing that the sheafified Yoneda functor & ,._ :
Ban(}?ntwp — Xare, is never fully faithfull.

However, despite the fact that & ,.._ is only naturally defined for the category of Banach
K-algebras with contractive maps, since & ,._ identifies a Banach K-algebra with its uni-
formization (and bounded morphism between uniform Banach algebras are contractive) we

can define a functor Ban?’ — X,.._ as the composition

_\u

( trop &
Ban;? — Ban;?n Hop 2% Xareo

which naturally extends the map & ,.._ along the inclusion Ban"" C Bang-.

Construction IV.2.10 (The Berkovich Functor). Recall that Berkovich defined a functor
| — | : Ban2™* — Comp sending M(A) — |M(A)|. From Proposition 111.2.16 we learn
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that if M(B) — M(A) is a morphism in Ban™"°?, which is an arc-cover (in the sense of

Construction 1V.2.7(2)), then the canonical map
coeq(|M(B) X m(a) M(B)| = IM(B)]) = [M(A)]

is an isomorphism of compact hausdorff spaces. Furthermore, combining Lemma IV.2.6 and
Proposition 111.2.14 we learn that the functor X g(—) preserves the above coequalizer, that

is, the canonical map

coeq( K e [IM(B) X pmea) M(B)] = Lo IM(B)]) = Ko [M(A)]

. . . . .. t
is an isomorphism of condensed sets. Finally, realizing Xa_ as Shv,.._ (Bani™ "), we learn

from Proposition 1V.1.5(4) that there is an essentially unique colimit preserving functor

| — | : Xare, — Cond making the following diagram commute

t -
Banj""*? ——— Comp

& arcwl \[J: eff

Xare L> Cond

We call the resulting colimit preserving functor | — | : Xy, — Cond the Berkovich
functor. Implicit in the construction of the Berkovich functor is the fact that the map
| — | : Ban2™™°" — Comp respects the bounds < x with respect the (implicit) uncountable

strong limit cardinal .

Proposition IV.2.11. The Berkovich functor |—| : X, — Cond has the following stability

properties

(1) Let F' — G be a morphism in X,_. If F— G is an epimorphism, then |F| — |G| is an

epimorphism of condensed sets.

(2) Let F; — F, « F3 be a pair of morphisms in X,._. Then, the canonical map of

condensed sets
|[FYy Xy F3| = |F1| Xy | F3

is an epimorphism.

(3) Let F' — G be a morphism in X,.._. If F' < G is a monomorphism, then |F| — |G] is

a monomorphism of condensed sets.
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(4) Let Fy — F, < F3 be a pair of morphisms in X,,._, and assume that F; — Fj is a

monomorphism. Then, the canonical map of condensed sets
|Fy Xy Fy| = || Xy | F|

is an isomorphism.
(5) If F' is a quasicompact object of X,._, then |F| is a quasicompact condensed set.

(6) If Fis a qcgs object of Xy, then |F| is a qcgs condensed set (equivalently, a compact

hausdorff space).
(7) If F is a quasiseparated object of X,._, then |F| is a quasiseparated condensed set.

Proof. First we prove (1). If ¥ — G is an epimorphism, then by virtue of the fact we
are working on a topos it follows that the canonical map coeq(F xg F = F) = G is an
isomorphism, and since the Berkovich functor | — | is colimit preserving it follows that the
canonical map coeq(|F xg F| = |F|) = |G| is an isomorphism. Thus, since Cond is a topos,
it follows that |F| — |G| is an epimorphism.

In order to prove (2), let p : X =: FiUF,UF3 — F; be the canonically induced morphism,
which is also an epimorphism. We claim that the induced map |X xp, X| = [X| X, |X]|
is an epimorphism. Indeed, since X — F} is an epimorphism and X, is a topos we
have that the canonical map coeq(X Xz, X = X) — Fy is an isomorphism, and since the
Berkovich functor is colimit preserving it follows that the canonical map of condensed sets
coeq(| X xp, X| = |X|) — |F3| is also an isomorphism. Thus, by virtue of the fact that
Cond is a topos it follows that the canonical map | X xr X| — | X| x | X| factors uniquely as

[X Xy X[ = [ X X|ry) [ X] = [ X] x| X]

proving that the desired map |X xp, X| = |X| X|g, |X]| is an epimorphism. The result
then follows from the fact that if | X xp, X| = |X| X|p, | X]| is an epimorphism then so is
|Fi X, Fs| = |Fi| X gy |F5l.

Next we prove (3). To show that |F| — |G| is a monomorphism of condensed sets, it
suffices to show that the diagonal map A : |F| — |F| X|g |F] is an isomorphism, and since
A is always a monomorphism it remains to show that it is an epimorphism. Indeed, since
F' — G is a monomorphism, it follows that the canonical map F' — F' X F' is an isomorphism
and then the result follows from part (2).

To prove (4) recall that a morphism in a topos is an isomorphism if and only if it is a

monomorphism and a epimorphism, thus by part (2) it remains to show that the induced
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map |Fy X g, F3| = |F1| X|m, | F3] is a monomorphism. Since monomorphisms are stable under
basechange and the Berkovich functor preserves monomorphisms, it follows that the induced

map |F} X g, F3| — |F3| is a monomorphism, and since it factors as
[Py X p, F3| = || X|py) [ F3| — | F|

it follows that [Fy x g, F3| — [F1| X|g, |F3| is also a monomorphism, proving the claim.

In order to prove (5), first recall that we can realize the category Xy._ as
Shv are. (Ban%°™") and that since F' is quasicompact there exists a finite collection of mor-
phisms {M(A;)arc, — F}icr such that the induced map UM(A;)are, — F is an epimor-
phism. Then by part (1) it follows that L|M(A;)arc,| — |F| is an epimorphism, and since
LM (A;)are., | is & quasicompact condensed set, the result follows from Lemma IV.1.18.

For the proof of (6) we follow the notation of the proof of (5), and set X := UM (A4;)arc, —
F'. By virtue of Proposition [V.1.22 and Lemma [V.1.18, in order to show that | F| is qcgs it
suffices to show the canonical map | X xp X| —= | X| x| X] is an epimorphism of condensed
sets, but this follows from part (2), completing the proof of (6).

Statement (7) is a direct consequence of Proposition 1V.1.24 and the fact that the

Berkovich functor is colimit preserving and preserves monomorphisms and qcqgs objects. [

The following result provides a description of |F|(x), for any F' € X, in terms of
algebraic data. This result is analogous to the one proven in [Sch17, Proposition 12.7] for

small v-stacks.

Proposition IV.2.12 (Points). Let F' be an object of X,., and realize X,._ as
Shvarcw(Perfd]f{an’OP). We will abuse notation and denote by M(A) € X the image of
M(A) € Perfd}™ P under the fully faithful functor Perfd ™" < X,.._. Then, the follow-
ing hold

(1) For each z € |F|(x) there exists a perfectoid non-archimedean field L/ K and a morphism
M(L) — F such that the induced map pt = |[M(L)| — |F| is exactly = : pt — |F].

(2) Let M(Ly1) — F < M(Ls) be a pair of morphism in X,,._ from perfectoid non-
archimedean fields over K, having the same image on the induced morphism of sets
IM(L1)|(%) — |F|(x¥) < |M(L2)|(*¥). Then, there exists a third perfectoid non-
archimedean field M(L3) and a pair of morphisms M(L;) < M(L3) — M(Ls) making
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the following diagram commute

M(L3) —— M(Ls)

L]

M(Ll) e

By part (1), this is equivalent to the requirement that M(L;) x g M(Ls) # 0.

Proof. We begin by proving (1). For any F' € X,,._ there exists a (possibly infinite) collection
of morphisms {M(A;) — F}ier from perfectoid Banach algebras such that the induced map
UierM(A;) — F is an epimorphism, which in turn implies that the induced map of sets
Lier| M(A;)| (%) — |F|(x) is surjective, by a combination of Proposition IV.2.11 and the fact
that an epimorphism of condensed sets X — Y must induce a surjective map X (x) — Y ().
Thus, for each z € |F|(x) there exists a point y € |M(A4;)|(x), for some i € I, such that
x +— y under the map |M(A;)|(¥) = |F|(x). The result then follow from the fact that for any
y € [IM(A;)|(*) the completed residue field H(y) of A; is perfectoid (cf. Theorem I11.3.19).

By the work done in part (1), in order to proof (2) it remains to show that M(Ls) X
M(Ly) # 0. Indeed, from the hypothesis it is clear that [M(Lq)| x g |[M(Lz2)|(x) # 0,
thus since Proposition IV.2.11 guarantees that the the canonical map |[M(L;) x p M(Ls)| —
|M(L1)| X|p| [M(L2)| is an epimorphism of condensed sets. This proves that M(L;) xp
M(Ly) # 0, since the Berkovich functor is colimit preserving and so it preserves the initial
object. O]

We show that in certain situations we can check whether a morphism F' — G is an
epimorphism by only checking that associated map of "topological spaces” |F| — |G| is
surjective at the level of its underlying set. This is similar to [Sch17, Lemma 12.11] (compare

with [BM21, Lemma 4.21]), which was proven in the setting of v-sheaves.

Proposition IV.2.13 (Epimorphisms). Let F' — G be a morphisms in X,;._, and assume

that G is qcgs and F' is quasicompact. Then, the following are equivalent
(1) The morphism F' — G is an epimorphism.

(2) Realizing Xire,, as Shvae, (Schi_, ..), the morphism F' — G has the arc,-lifting prop-
erty: for each w-complete rank one valuation ring V' with a faithfully flat structure map
K<; — V and a section g € G(V), there exists a faithfully flat extension of w-complete
rank one valuation rings V' — W and a section f € F(W) lifting the image of ¢ in
G(V)— GW).
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(2’) Realizing X, as Shvarcw(PerdeB{an’c’p), the morphism F' — G has the arc-lifting prop-
erty: for each perfectoid non-archimedean field L/ K and a section g € G(L), there exists
a morphism L — W of perfectoid non-archimedean fields and a section f € F(W) lifting
the image of g in G(L) — G(W).

(3) The induced map of condensed sets |F'| — |G| is an epimorphism, which by Proposition
IV.2.4(3) is equivalent to the requirement that |F|(x) — |G|(x) is a surjective map of

sets.

Proof. 1t follows from Lemma IV.1.13 that (1) = (2), and from Proposition 1V.2.11 that
(1) = (3). The equivalence between (2) and (2') is a direct consequence of Proposition
[1.4.30 and Lemma I1.5.23. We begin by proving that (2') = (1). We will abuse notation
and denote the fully faithful functor Perfdy™® < X,.._ as M(A) — M(A). Let B — A
be a morphism in Perfd3™, and M(A) — M(B) the induced morphism in X,,._; if the
morphism M(A) — M(B) has the arcy-lifiting property, then by construction M(A) —
M(B) is an epimorphism in X,,._. More generally, since G is quasicompact there exists a
A € Perfd®™ together with an epimorphism M(A) — G, and since F' is quasicompact and
G is quasiseparated it follows that the fiber product F' xg M(A) is again quasicompact,
and so there exists another B € Perfd?™ together with an epimorphism M(B) — F X
M(A). Then, since (1) = (2) and the arc,-lifting property is stable under composition and
basechange it follows that the composition M(B) — M(A) has the arc,-lifiting property
and so it is an epimorphism. To conclude, since epimorphisms are stable under composition it
follows that M(B) — G is an epimorphism, and since this map factors as M(B) - F — G
it follows that the original map F' — G is an epimorphism in Xy._.

Finally, it remains to show that (3) = (2’), thus we assume that |F|(x) — |G|(*) is a
surjective map of sets. We will follow the notation of the previous paragraph. By Proposition
IV.2.12, it suffices to show that for any perfectoid non-archimedean field L /K together with
a morphism M(L) — G the fiber product F xg M(L) # 0. From the hypothesis that
|F| — |G| is an epimorphism, it follows that |F| X|g |M(L)| # 0, then from Proposition
IV.2.11 we learn that the induced map

|E' X g M(L)| = |F| x g [IM(L)]

is an epimorphism, showing that |F x¢ M(L)| # 0 and so F x¢ M(L) # 0, again by virtue
of Proposition 1V.2.12. O

Parallel to the theory of completed residue fields of Berkovich, we stablish that arc,-

sheaves also have a well behaved theory of completed residue fields.
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Proposition IV.2.14 (Residue Fields). Let F' be a quasiseparated object of X, then
the following hold.

(1) Let X be a quasicompact object of X,._. Then, for any morphism p : X — F the
resulting object Im(p) is qcgs.

(2) Forany z € |F|(x) there exists an essentially unique monomorphism F, — F' from a qcgs
object F, € X, such that the morphisms F, < F gets mapped to x : pt < |F'| under
the Berkovich functor. We call the resulting monomorphism F, < F the completed
residue field of F' at z € |F|(x).

(3) Let F, < F be the completed residue field of F' at x € |F|(x). Then, for any morphism
Z — F from a quasicompact object Z, which gets mapped to z : |Z] = pt — |F| under

the Berkovich functor, there exists a unique factorization of 7 — F' as
4 —=F, —F

In particular, if Z = M(L)a._ where L is a non-archimedean field, there exists a unique
factorization of M(L)are, — F as M(L)aye, — Fr — F.

(4) Assume that F' is of the form M(A),., for some Banach K-algebra A. For a fixed
x € |F|(x), the resulting morphism F, — F' is given by M(H(2))arc, — M(A)arc,
where H(z) is the completed residue field of A at x € |[M(A)|(x) = |M(A)are | (*).

Proof. To prove (1), recall that since X, is a topos, the morphisms X — F' admits an
essentially unique factorization as X — Im(p) < F. Then, since X is quasicompact and the
map X — Im(p) is an epimorphism it follows that Im(p) is quasicompact by Lemma IV.1.18;
and since every monomorphism is quasiseparated, it follows from Proposition V.1.21 and
the fact that quasiseparated morphisms are closed under composition that Im(p) is also
quasiseparated.

Next we prove (2), we begin by constructing the desired monomorphism F, < F.
From Proposition 1V.2.12 we know that for each x € |F|(*) there exists a perfectoid non-
archimedean field L/ K together with a morphism ¢ : M(L) — F such that the induced map
pt = |M(L)| — |F| is exactly the map z : pt — |F|. Then, we define the monomorphism

F, — F as the map induced by the canonical factorization of the map ¢
g: M(L) > F, - F where F, :=Im(g)

To show that the morphism F,, — F' gets mapped z : pt — F under the Berkovich functor it
suffices to show that the induced map |[M(L)| — |F,| is an isomorphism. Since |[M(L)| = pt
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is it is clear that |[M(L)| — |F.| is a monomorphism, and since the Berkovich functor
preserves epimorphism it follows that |[M(L)| — |F,| is an isomorphism. It remains to show
that the monomorphism F, < F' is unique. Let Z < F be a monomorphism from a qcqgs
object Z € Xy, such that the induced map |Z| — |F| is given by x : pt — |F|, we need
to show that there is an isomorphism F, ~ Z which commutes with the monomorphisms
towards F. Hence, it suffices to show that the fiber product F, xr Z # () and that the
projection maps F, xp Z — F, and F, xXp Z — Z are isomorphisms. By Proposition
1V.2.12 it follows that F, xr Z # (), and by virtue of Proposition 1V.2.13 it follows that
both projection maps F, xp Z — F, and F, Xp Z — Z are epimorphisms. Then, the result
follows as monomorphisms are stable under basechange.

In order to proof (3), recall from the discussion in the previous paragraph that the map

f: Z — F admits a essentially unique factorization as
f:Z—>Y—=F where Y :=Im(f)

such that Y is a qcgs object and the induced morphism |Y| — |F| is exactly = : pt < |F]|.
Then, the uniqueness of completed residue fields, as proven in part (2), shows that there
exists an isomorphism Y =~ F), respecting the monomorphism towards F'.

For the proof of (4) we make critical use of Proposition I11.2.18. Recall that for each
x € |M(A)|(x) there exists a monomorphism M(O} ,) < M(A) in the category Banj™"*
such that under the induced map |[M(O7} )| — |M(A)] is exactly the map z : pt — |[M(A)].
Then, since the sheafified Yoneda functor ... : Banfe™® — X,._ preserves finite
limits it follows that it preserves monomorphisms, thus we have an induced monomor-
phism M(O} ,)are, — M(A)arc,,, which gets mapped to = : pt — |[M(A)arc,,| under the
Berkovich functor. Furthermore, by Proposition I11.2.18 we learn that the uniformization
map is given by O}, — O%, ~ H(r), thus it remains to show that the induced map
M(H(2))are, — M(OAL ,)are,, is an isomorphism. For this, recall that under the identity
Xare, = Shvaye,, (Perfd,"™°P) it follows that the functor M(O} ,)arc., @ Perfd? — Set is

given by the restriction of the functor

contr

MapSBan?ntr(Og7x, _) . BanK — Set

Ban contr

to the full-subcategory Perfd; ™" C Bany™. Hence, the result follows from the fact that
all perfectoid Banach K-algebras P are uniform and so any map O}, — P factors as
0L, — 0%, ~ H(x) — P, proving that the induced map M(H(z))arc., = M(O} ,)arc.. 18

an isomorphism. O
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Similar to [Sch17, Lemma 12.5] (compare also with [BM21, Lemma 4.21]), we show that
being an isomorphism of arc,-sheaves is equivalent to being an arc,-equivalence. Further-
more, we provide a more topological characterization of this condition using our theory of

completed residue fields.

Proposition IV.2.15 (Isomorphisms). Let F' — G be a morphism in X,,._, and assume
that both G and F' are qcqs. Then, the following are equivalent

(1) The morphism F' — G is an isomorphism.

(2) Realizing Xare, as Shvae (Schy guchs)’ the morphism F' — G is an arcg-equivalence:
there exists a cofinal collection of perfectoid rank one valuation rings with faithfully flat
structure map K<; — V such that the induced map F (V) — G(V) is a bijection for all
such V.

(2)) Realizing X as Shvae_ (Perfd,* ), the morphism F — G is an arce-equivalence:
there exists a cofinal collection of perfectoid non-archimedean fields L/K such that the
induced map F'(L) — G(L) is a bijection for all such L.

(3) The induced map |F|(x) — |G|(x) is a bijection of sets, and for each =z € |F|(x) =~
|G|(*) 2 y the induced map of completed residue fields F, — G, is an arc,-equivalence.

Proof. The equivalence between (2) and (2') follows from Proposition 11.4.30 and Lemma
[1.5.23, while the implication (1) = (2) ~ (2') is obvious. Next, let us prove the implication
(2') = (1). Recall that since X, is a topos it suffices to show that the map F' — G is both
an epimorphism and a monomorphism, and it is a direct consequence of Proposition [V.2.13
that the map F' — G is an epimorphism. To show that F' — G is also a monomorphism,
recall that F' — G is a monomorphism if and only if the diagonal map A : F' — F X F is an
isomorphism. In general for any morphism X — Y in a topos the diagonal map X — X xy X
is a monomorphism, so it remains to show that A : F — F X5 F' is an epimorphism, but
this follows from the fact that qcgs objects are stable under fiber products, the hypothesis
and Proposition [V.2.13.

Finally, we prove the equivalence of (3) with the other conditions. We begin by noticing
that if the induced map |F|(x) — |G|(x) is a bijection, Proposition 1V.2.14 shows that
for each z € |F|(*) >~ |G|(x) 3 y there exists an induced map F, — G,. For the proof of
(1) = (3), notice that since F' — G is an isomorphism so is |F'| — |G| and so the induced map
|F'|(x) — |G](x) is a bijection, and the uniqueness of completed residue fields of Proposition
IV.2.14 guarantee that the induced map F, — G, is an isomorphism, and so in particular

an arcg-equivalence. It remains to show that (3) = (2'). Recall we have already shown
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that (2) = (1), so the hypothesis that F, — G, is an arc,-equivalence implies that for all
perfectoid non-archimedean fields L/K the induced map F,(L) — G, (L) is a bijection. Let
L/K be a perfectoid non-archimedean field and consider a map M (L) — G which induces
the map = : pt — |G| under the Berkovich functor, it remains to show that there exists a

unique morphism M(L) — F making the following diagram commute

QT

Indeed, from Proposition [V.2.14 it follows that the map M(L) — G admits a unique
factorization as M(L) - G, — G, thus since F, ~ G, it follows that there exists a unique
morphism M (L) — F, factoring the map M(L) — G, giving us a lift M(L) — F, — F.
To show that the lift M(L) — F'is unique, notice that any lift M (L) — F must satisfy that
it gets mapped to z : pt — |F| under the Berkovich functor, and so it must admit a unique
factorization as M(L) — F, < F. Thus, since we already proved that lifts to M(L) — F,
are unique, it follows that lifts to M(L) — F are unique, completing the proof. n

Inspired by the classification of affinoid analytic domains in classical rigid geometry,
we show that in the setting of arc,-sheaves that monomorphisms are exactly the analytic
domains of an arcy-sheaf. The analogous result in the setting of v-sheaves can be found in
[Sch17, Proposition 12.15].

Proposition IV.2.16 (Monomorphisms). Let ' — G be a morphism in X,,._, and assume

that F' is qcgs and G is quasiseparated. Then, the following are equivalent
(1) The morphism F' < G is a monomorphism.

(2) The induced map |F|(x) — |G|(*) is an injective map of sets, and for each = € |F|(*) ~
Im(|F|(*) <= |G|(x)) 2 y the induced map F, — G, of completed residue fields is an

arc-equivalence.

(3) The morphism F' — G is an analytic domain: for any object Z € X,._ and any
morphism Z — G satisfying Im(|Z|(x) — |G|(%)) C Im(|F|(x) — |G|(*)), there exists a

unique morphism Z — F making the following diagram commute



Proof. We will first prove the equivalence (1) ~ (2). For the implication (1) = (2), recall
that Proposition 1V.2.11 that if F' < G is a monomorphism then so is |F| < |G| and so
the induced map of sets |F|(x) < |G|(*) is also injective. It remains to show that for each
x € |F|(x) and y € |G|(x) such that x — y, the induced map F, — G, is an isomorphism.
However, since F, — F' is uniquely characterized as the monomorphism from a qcgs object
that gets mapped to x : pt — |F| under the Berkovich functor (cf. Proposition 1V.2.14),
and the composition F, — F' — G gets mapped to y : pt — |G| under the Berkovich functor
it follows from the uniqueness of completed residue fields that F, — G, is an isomorphism,
and so an arcg-equivalence. For the implication (2) = (1), recall that since Xy, is a topos

the morphism p : F' — G admits a unique factorization as
F—7Z<=d where Z =TIm(p)

Thus, it remains to show that the map F' — Z is an isomorphism. Let us begin by showing
that the induced map of sets |F|(x) — |Z]|(x) is a bijection; from the hypothesis we know
that the composition |F|(x) — |Z]|(*) — |G|(x) is an injection, so the induced map |F|(x) —
|Z|(%) is injective. On the other hand since F' — Z is an epimorphism by construction,
and the Berkovich functor preserves epimorphisms (cf. Proposition 1V.2.11) it follows that
the induced map |F|(x) — |Z|(x) is surjective, and therefore a bijection. By virtue of
Proposition [V.2.15, to show that F' — Z is an isomorphism suffices to show that for z €
|F|(x) ~ |Z]|(x) > z the induced map of completed residue fields F, — Z, is an arc,-
equivalence. By the uniqueness of completed residue fields (cf. Proposition 1V.2.14) and the
fact that Z < (G is a monomorphism, it follows that the induced map of completed residue
fields Z, — G, is an isomorphism, then the hypothesis that F, = G, implies that the map
F, — Z, is an isomorphism. This completed the proof of (1) ~ (2).

It remains to show that (3) ~ (1) + (2). To prove the implication (3) = (1), first
notice that if Im(|Z|(x) — |G|(x)) ¢ Im(|F|(x) — |G|(x)) then it follows from Proposition
[V.2.12 that there is no map Z — F' making the desired diagram commute. The implication
(3) = (1) then follows from the uniqueness of the lift Z — F. Finally, we prove that
(1) + (2) = (3); uniqueness of the lift is clear as the map F' — G is a monomorphism. Now
recall that any object Z € X, can be presented as colim;ez M(P;) ~ Z for a collection of
perfectoid Banach K-algebras P; (cf. Propositions IV.1.2 and IV.1.5), thus we may assume
that Z is of the form M(P) for some perfectoid Banach K-algebra. Hence, it remains to
show that the induced map F X4 Z — Z is an isomorphism. By construction it is clear that
|F| X1 |Z|(*) = | Z]|(*) is surjective, and by the surjectivity of |F' x ¢ Z|(x) = |F| X|¢|Z]|(*)
(cf. Proposition IV.2.11) it follows that the induced map |F x ¢ Z|(%) — |Z|(*) is surjective.
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Then, as G is quasiseparated and Z, F' are qcqs it follows that F' x4 Z is quasicompact,
proving that the map F x5 Z — Z is an epimorphism by virtue of Proposition 1V.2.13;
and as monomorphisms are stable under basechange it follows that F' xq Z — Z is a
monomorphism, and therefore an isomorphism. This completes the proof of the implication
1) +(2) = (3)

O

Definition IV.2.17. Let X be a coherent topos, and X and object of X. We define
Sub(X)qeqs as the category whose objects are monomorphisms Y <— X from a qcgs ob-

ject Y € X, and morphisms are maps Y; — Y5 making the following diagram commute

Y; > Yo
X

In particular we see that any map Y7 — Y5 in Sub(X)qeqs must be a monomorphism. We call

Sub(X)qeqs the category of qcgs subobjects of X. If X is an arc,-sheaf we can also consider
the full-subcategory Sub(X)ag C Sub(X)geqs (resp. Sub(X)persa) spanned by objects of the
form Y = M(A)ar, (resp. Y = M(A), where A is a perfectoid Banach K-algebra).

Proposition IV.2.18 (qcgs Subobjects). Let F' be a quasiseparated object of Xj,._. Then,

the Berkovich functor | — | : X, — Cond induces an equivalence of categories
Sub(F)geqs — Sub(|F|)qeqs Y = F) = (Y] = |F])

Furthermore, by Proposition [V.2.11(4) we learn that for any pair of morphisms Y; < F <=
Ys, there is a canonical isomorphism |Y; x g Ya| > [Yi| x| [Ya| = [Y1] N |Y3].

Proof. First, let us recall some properties of quasiseparated objects that will allow us to
reduce to the case where F'is qcgs. Since F' is quasiseparated, we know that there exists a
filtered collection of monomorphisms {F; < F'} from qcgs objects F; such that colim F; — F
is an isomorphism, thus since the Berkovich functor preserves monomorphisms and colimits
it follows that there for any morphism @ — |F| from a compact Hausdorff space, there
exists a monomorphism F; < F such that the map @) — |F'| admits a unique lift @ — |F}|.
Similarly, by [Lurl8b, Theorem C.6.5] we know we can realize Xy, = Shveon(Xarcw qeqs)s
and so for any morphism Z — F from a qcqgs object Z there exists a monomorphism F; < F
such that the map Z — F' admits a unique lift Z — F;.

Let us show that for any monomorphism Y < |F'| from a compact hausdorff spaces,

there exists a monomorphism Y < F' from a qcgs object Y in A, such that |Y — F| =
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Y < |F'|. By the work in the previous paragraph we may assume that F itself is qcgs. As F’
is quasicompact we know that there exists a finite collection of morphism {M(A;) — F}ies
such tha A; is a perfectoid Banach K-algebra and the induced map UM(A;) — F is an
epimorphism. Then, by Proposition IV.2.11(1) we know that the induced map U|M(A;)| —
|F'| is an epimorphism, and so in particular the induced map of sets UM (A;)|(x) — |F|(*)
is surjective; so for each Z € Y (%) C |F|(*) we can pick a lift = € LI|M(A;)|(*) — |F|(x) and
so by Proposition [V.2.12 we can find a perfectoid non-archimedean field M(L,) together
with a morphism M(L,) — UM (A;) such that under the Berkovich functor it gets mapped
to z : pt — UM(A;)|. We have shown that for each element #; € Y () C |F|(¥) we can
find a morphism M(L,;) — LIM(A;) such the induced map |[M(L,,)| — UM (A;)] lifts the
morphism Z; : pt — |F'| along the map U|M(A;)| — |F|. We denote this (possibily infinite)
collection of morphisms as {M(L,,) — UM(A;)}jes, which is equivalent to providing a
collection of morphism of perfectoid Banach K-algebras {[] A; — L, }jcs, which in turn
Ai = Tles
that [ ied L., is a perfectoid Banach K-algebra. Hence, we get an induced map

induce a map [] L,; — recall that by Proposition I1.1.35 and I1.5.8 we know

el

p: M(J] Ls,) = UietM(Ai) —» F

jed

We claim that Im(|M([[;c; La)|(*) = [F[(x)) = Y (%); indeed by virtue of Lemma I11.1.7 we
know that |M([];c; Ls;)| is homeomorphic to the Stone-Cech compactification of J, denoted
by B(J), it is clear from the construction that Im(|M(]];c; Lo)[(*x) — [F|(x)) is equal to
the closure of Y(x) in |F| but since Y (%) C |F|(*) is a compact hausdorff subset the claim
follows.

To conclude the proof, we are back to the general situation where F' is only assumed to be
quasiseparated. We define the monomorphism Y < F as Y = Im(p), already showing that Y’
is a qegs object of Xy, By construction we have that M([[,c; L.;) — Y is an epimorphism,
which by virtue of the fact that the Berkovich functor preserves epimorphism we learn
that the induced map [M(][,c; Ls,)|(x) — [Y][(x) is surjective, showing that |[Y[(x) =
Y (%) C |F|(*). Then, Proposition IV.2.5 shows that there is a unique isomorphism |Y| ~ Y
respecting the monomorphisms towards |F|. To conclude, we we learn from Proposition

[V.2.16 that the Y we constructed is unique up to unique isomorphism, and by a combination

of Proposition IV.2.16 and IV.2.5 the claim about the equivalence of categories follows. [

IV.2.3: Separated morphisms

Fix a perfectoid non-archimedean field K.
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Proposition 1V.2.19 (Zariski Closed Subsets). Let S be a perfectoid Banach K-algebra,
and I C S a closed ideal. Then, there exists a perfectoid Banach K-algebra R and a
surjection S — R such that the induced map M(R) — M(S) identifies with M(S/I)arc., —
M(S).

Proof. Let S<; be the object corresponding to S in Perfdg’ , and I<; := S<; NI the
associated closed ideal of S<;. We know from [BS22, Theorem 7.4] that the map (S<;/I<1) —
(S<1/I<1)perta is surjective and that (S<1/I<1)perta is the universal integral perfectoid algebra
equipped with a map (S<1/l<1) = (S<i/I<i)perta- Set Ry = (S<i1/1<1)fea, 50 R<y is the
universal object of Perfd,” equipped with a map (S<i/I<1) — R<i, which in turn implies
that R is the universal perfectoid Banach K-algebra equipped with a map (S/I) — R — then
Example 1V.2.9 shows that we have an identification M(R) ~ M(S/I)a. It remains to
show that the resulting map S — R of perfectoid Banach K-algebras is surjective. Indeed,
by construction we have that R = R<i[=] = (S<1/I<1)perta[ =], 80 its clear that the induced

map S — R is surjective, since localization is exact. O
Definition 1V.2.20. Let Y — X be a morphism in &,,._. Then,

(1) We say that Y — X is affine if for every morphisms M(A),.. — X, where A is a
Banach K-algebra, the fiber product Y Xy M(A)ac,, is represented by some Banach
K-algebra B, in other words we have an identification M(B)are, =Y Xx M(A)arc., -

(2) We say that ¥ — X is a closed immersion if it is affine, and for every morphisms
M(P) — X, where P is a perfectoid Banach K-algebra, the induced morphism
Y xx M(P) — M(P) is represented by a surjective map P — R of perfectoid Ba-
nach K-algebras. In other words, there exists a perfectoid Banach K-algebra R and an
isomorphism M(R) =Y xx M(P) such that the induced map P — R is surjective.

(3) We say that Y — X is separated if the diagonal map A : Y — Y xXx Y is a closed
immersion. In particular, we say that X is separated if the map X — M(K) is separated.

Example 1V.2.21. Any morphism X — Y in X,_, where X = M(A)u., and
Y = M(B)awe,, is an affine morphism. Indeed, recall that the sheafification functor
PreShv(Ban2™™ ) — Shv,._ (Ban®™?) admits a calculus of fractions, thus there ex-
ists a contractive morphism B — A’ and an arcg-equivalence A’ — A such that the the
induced map X — Y is given by M(A")are, — M(B)arc,,- Hence, for any pair of morphisms
M(A)are. = M(B)are, + M(C)are, we can find a pair of contractive maps A’ < B — C’
which induce the maps M(A)ae, — M(B)are, < M(C)ar, after applying the functor
M(=)are,- The claim that morphisms of the form M(A)ae, — M(B)ar,, are affine follows.
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Example IV.2.22. Let us show that if A — B is a surjective contractive map of Banach
K-algebras then the induced map M(B)are, — M(A)arc, is a closed immersions. Identify
B = A/I for some closed ideal I C A, then for any perfectoid Banach K-algebra P and a
map A — P, we know from Proposition I'V.2.19 that the induced map M(P/I)ar,, — M(P)
can be identified with M(R) — M(P), where R is a perfectoid Banach K-algebra and where
the corresponding map P — R surjective. The claim then follows from the fact that the

sheafified Yoneda functor &,._ : Ban(}?ntwp — Xare preserves finite limits.

Example IV.2.23. If A if a Banach K-algebra, we claim that M(A)a._ is a separated object
of Xue. By Example [V.2.22 it suffices to show that the multiplication map ARgA — A
is surjective; but this follows from the fact that A ® x A — A is surjective, and since A is
Banach it follows that there is a factorization as A @ A — AQx A — A, showing that the
induced map ARk A — A is surjective.

Lemma IV.2.24. The collection of affine morphisms, closed immersions and separated

morphisms in &,,._ are stable under composition and basechange.

Proof. 1t is clear from the definitions that affine morphisms and closed immersions are closed
under composition and basechange. To show that separated morphisms are closed under
composition, assume that X — Y and Y — Z are separated morphisms in X,.._, and

consider the following cartesian diagram

XXy X — X xzX

| !

Y — 2 LY x,Y

Since Y — Z is separated it follows that A : Y — Y Xz Y is a closed immersion, and since
closed immersions are stable under basechange it follows that X xy X — X x 7 X. As the
diagonal map X — X xz X factors as X — X xy X — X Xz X and closed immersions are
stable under composition, it follows that X — Z is a separated morphism. In order to show
that separated morphisms are closed under basechange, assume that X — Y is separated
and let Z — Y be any morphism in X,,._, we need to show that X xy Z — Z is separated,
equivalently we need to show that the diagonal map X Xy Z — (X Xy Z) xz (X Xy Z) is
a closed immersion. Using the identity (X Xy Z) xz (X Xy Z) = (X xy X) Xy Z we learn
that the following morphism is a closed immersion X Xy Z — (X Xy Z) Xz (X Xy Z) as

closed immersions are closed under basechange. O
Proposition IV.2.25. Let X — Y be a morphisms in X,;,._. Then,

(1) If X — Y is a closed immersion, then X — Y is a monomorphisms.
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(2) If X and Y are separated, then the morphism X — Y is separated.

(3) If Y is separated and X = M(A)a._ for some Banach K-algebra A, then X — Y is an
affine morphism. Furthermore, if we have a pair of morphisms M(P;) — Y < M(P,),
where Py, P; are perfectoid Banach K-algebras, then the fiber product M (Py) xy M(FPz)
is represented by a perfectoid Banach K-algebra. In particular, this shows that if Y is

separated, then it is quasiseparated.
(4) If Y is separated and X — Y is a monomorphism, then X is separated.
(5) Separated objects of X,,._ are stable under fiber product.

Proof. In order to prove (1), recall that in a coherent topos a morphism F' — G is a
monomorphism if and only if it for some epimorphism H — F' the basechange H xF — H is
a monomorphism. Therefore, we fix a collection of morphisms { M(A;) — Y }ic; such that the
induced map Ll;e;fM(A;) — X is an epimorphism and where each A; is a perfectoid Banach
K-algebra, thus it remains to show that the induced map X xy (UW;ef M(A4;)) = (WierM(A;))
is a monomorphism. But this follows from the fact that each map X xy M(A4;) — M(4;)
is a monomorphism as X — Y is a closed immersion and the fact that sheaves are stable
(among presheaves) under arbitraty coproducts.

For the proof of (2), recall that the following commutative diagram is cartesian

XXy X —— X x X

| !

Y «——— Y xY

Therefore, since monomorphisms are stable under basechange it follows that X xy X —
X x X is a monomorphism. It remains to show that for any morphism M(A) — X xy X,
where A is a perfectoid Banach K-algebra, the basechange X Xy, x M(A) - M(A) is
represented by a surjective map A — B of perfectoid Banach K-algebras. From the fact
that X Xy X — X x X is a monomorphism we learn that the canonical map (X Xy X) X xxx
M(A) — M(A) is an isomorphism, and so the claim about X X x ., x M(A) — M(A) being
represented by a surjective map A — B follows from the fact that X is separated.

For (3), let f : M(A)are, = Y < M(B)are, : g be a pair of morphism, where A, B
are Banach K-algebras, we need to show that M(A)au.e, Xy M(B)aw,, is represented by
a Banach K-algebra. Since Y is separated it follows that the basechange of Y — Y x Y
along the map f X g : M(A)arc, X M(B)arc,,, which is given by M(A)are, Xy M(B)arc, —
M(A)are, X M(B)are.,, is a closed embedding, and so M(A)arc, Xy M(B)arc,, is represented
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by a Banach K-algebras. By the same argument, setting P, = A and P, = B, we learn
that the map M(P;) Xy M(P2) — M(P)) x M(P,) is a closed immersion, showing that
M(Py) xy M(P) is represented by a perfectoid Banach K-algebra.

In order to prove (4), recall that since X — Y is a monomorphism we know that the
diagonal map X — X Xy X is an isomorphism. Then, the result follows from the fact
that Y — Y X Y is a closed immersion, closed immersions are stable under basechange,
and the fact that the basechange of ¥ — Y X Y along X x X — Y x Y is given by
X =X xy X - X x X. While (5) is a consequence of the fact that separated morphisms
are stable under basechange (Lemma [V.2.24) and that morphisms between separated objects

are separated. O]
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IV.3: Analytic Geometry

IV.3.1: Perfectoid Spaces

Fix a perfectoid non-archimedean field K.

Definition IV.3.1. An object X € X, is called a perfectoid space if there exists a col-
lection of monomorphisms {M(A4;) < X };cr, such that the induced map L;efM(A4;) - X
is an epimorphism and where each A; is a perfectoid Banach K-algebra. We denote the
full-subcategory of X,.._ spanned all perfectoid spaces as Perfd-Spcj, and we say that a
perfectoid space is quasicompact (resp. quasiseparated, separated) if it is so as an object
of Xyre,, (cf. Definitions IV.1.15 and 1V.2.20). Similarly, we say that a morphism of perfec-
toid spaces X — Y is an epimorphism (resp. monomorphism, isomorphism, quasicompact,
quasiseparated, separated) if it is so as a morphism of X._.

In particular, we say that X is an affinoid perfectoid space if there exists a perfectoid
Banach K-algebra A such that X is represented by M(A).

Theorem IV.3.2. The category Perfd-Spc of perfectoid spaces has the following properties

(1) Let X be a perfectoid space, for each z € |X|(x) there exists a unique monomorphism
M(H(x)) — X from perfectoid non-archimedean field, which gets mapped to x : pt —
| X| under the Berkovich functor. In particular, it satisfies the condition of Proposition
[V.2.14(2), making the map M(H(z)) — X a completed residue field in X, .

(2) Let Y — X be a morphism of perfectoid spaces, and assume that Y is quasicompact
and X is qcgs. Then, Y — X is an epimorphism if and only if the induced map
1Y|(%) — | X|(*) is a surjective map of sets.

(3) Let Y — X be a morphism of perfectoid spaces, and assume that Y and X are qcgs.
Then, Y — X is an isomorphism if and the induced map |Y|(x) — | X|(*) is bijective,
and for each y € |Y|(x) ~ |X|(x) 2 z the induced map of completed residue fields
M(H(y)) = M(H(z)) is an arcy-equivalence (equivalently, an isomorphism).

Proof. In order to prove (1) fix a collection of monomorphisms {M(A;) — X }ier, such
that the induced map L;c; M(A;) — X is an epimorphism and where each A; is a perfectoid
Banach K-algebra. Then, the induced map U;er| M (A;)|(x) — | X|(*) is surjective, and so for
any © € | X|(x) we can pick a lift & € U;c;| M(A;)|(x) along the map U;c;|M(A;)| — | X]|. By
construction, there exists some i € I such that & € |M(A4;)|(x), and let M(H(x)) = M(A;)
be the completed residue field of A; at , which by virtue of Theorem [11.3.19 we know is

a monomorphism and H(z) is a non-archimedean perfectoid field. Then, the composition
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M(H(x)) — M(A;) — X is a monomorphism, and by construction it gets mapped to z :
pt — |X| under the Berkovich functor. Uniqueness then follows from Proposition IV.2.14(2).
Statement (2) is a direct consequence of Proposition 1V.2.13, and statement (3) is a

combination of part (1) and Proposition [V.2.15. O

Theorem IV.3.3. Let Y — X be a morphism of perfectoid spaces, and assume that Y is

qcgs and X is quasiseparated. Then, the following are equivalent
(1) The morphism Y < X is a monomorphism.

(2) The induced map |Y|(x) — | X|(*) is an injective map of sets, and for each y € |Y|(x) ~
Im(Y|(x) = | X|(*)) 2 « the induced map M(H(y)) = M(H(x)) of completed residue

fields is an arc-equivalence (equivalently, an isomorphism).

(3) The morphism Y — X is an analytic domain: for any object Z € X, and any
morphism Z — X satisfying Im(|Z]|(x) — | X|(x)) C Im(]Y|(¥) — |X|(x)), there exists

a unique morphism Z — Y making the following diagram commute

Proof. This is a direct consequence of Proposition 1V.2.16, and Theorem 1V.3.2(1) for the
identification of the completed residue fields. However, for the sake of completeness let us
include a more direct proof in the case where Y = M(R) and X = M(S) for a pair of per-
fectoid Banach K-algebras R, S € Perfd]B(a“. Recall that as in Proposition 1V.2.16 it suffices
to check condition (3) for object Z of the form M(T') for some perfectoid Banach K-algebra
T. The implication (2) = (3) is the most difficult, and relies on the fact that isomorphism of
perfectoid Banach K-algebras are the same as arc,-equivalences (cf. Proposition 1V.2.15).
We begin by showing that (1) = (2). The fact that the induced map |[M(R)|(x) —
|M(S)|(*) is injective follows from Proposition I11.2.10, and the isomorphism of completed
residue fields is Proposition I11.2.13. Next, we show that (2) = (3). We claim that
M(R) — M(S) being injective and defining isomorphisms on completed residue fields imply

the following: for every perfectoid non-archimedean field L/K we have an injective map
Homperfdlf{an,op (M(L), M(R)) — Homperfd]?{an,op (M(L), M(S))

and the image corresponds to maps S — L such that the induced map pt = |[M(L)| —
|IM(S)| is contained in Im(|M(R)|(x) = |[M(S)|(x)). In order to proof injectivity, assume

213



we have two morphisms fi, fo : R — L, such that when pre-composed with ¢ : S — R
we gave fi o g = foog. Injectivity of |[M(R)|(¥) — |M(S)|(*) shows that both maps
fi, fa : M(L) — M(R) get send to x : pt — |M(R)| unde the Berkovich functor, and by

virtue of Theorem [11.3.19 f; will factor uniquely as
fi=hiovg: R— H(x) — L

thus it suffices to show that h; = hs. From the hypothesis that the map M(R) — M(S)

induces an isomorphism on completed residue fields, we get that we have an injection
Homperfd};{an,op (M (L) 3 M (H (.7;) )) — Homperfd]?(an,op (M (L) 5 M (S))

via the map vgog =S — R — H(x). As the maps h; : H(z) — L will become the same
when pre-composed with vg o g, we learn that hy = hy. Furthermore, if |[M(L)| — |M(S)|
is in the image of |[M(R)|(x) — |[M(S)|(x), the map S — L admits a lift to a map R — L;
indeed, S — L will factor as S — H(x) — L, and by the hypothesis there is a canonical
map R — H(z), showing the desired claim.

It remains to show that M(R) — M(S) is an analytic domain, that is, it satisfies the
universal property stated in part (3). As in Proposition [V.2.16 it suffices to check condition
(3) for object Z of the form M(T) for some perfectoid Banach K-algebra 7. Let S — T
be a morphism in PerdeBfn such that which satisfies the hypothesis of (3), and consider the
following pullback diagram

M(T&gR) —— M(T)

’ |

M(R) —— M(S)

For every non-archimedean perfectoid field L, by the work done in the previous paragraph we
have that M(R)(L) — M(S)(L) is an injection, which in turn implies that M(T®gR)(L) —
M(T)(L) is an injection. Furthermore, since Im(M(T')(L) — M(S)(L)) C Im(M(R)(L) —
M(S)(L)) from the hypothesis and the work done in the previous paragraph, it follows that
M(T®sR)(L) — M(T)(L) is a bijection for all non-archimedean perfectoid fields L. This
implies that M(T®gR) — M(T) is an arc,-equivalence, and therefore an isomorphism by
Proposition [V.2.15.

Finally, we need to show that (3) = (1). Its clear that if Im(|M(T)|(x) — |M(S)|(x)) &
Im(|M(R)|(x) — |M(S)|(*)) then there is no morphism M(T) — M(R) making the desired
diagram commute. Then, the fact that M(R) — M(S) is a monomorphism in Perfd}*™?

follows from the uniqueness of the lift. n
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Example IV.3.4. Let A € Perfd}?™ be a perfectoid Banach K-algebra, and X = M(A) it

associated affinoid perfectoid space. Then, the following are examples of analytic domains

(1) For each z € | X|(*) there exists a perfectoid non-archimedean field H(z) (cf. Definition
I11.1.8) together with a morphism M(#(z)) — X. By Theorems I11.3.19 and 1V.3.3 we
learn that the induced map M(H(z)) — X is an analytic domain.

(2) Recall from Theorem I11.3.17 the definition of |X|.; and the structure sheaf functor
Ox (=) 1 |X[% — Perfd®. Then, since M(Ox(U)) — X is a monomorphism for every

rat

U € | X|sat it follows from Theorem IV.3.3 that M(Ox(U)) — X is an analytic domain.

(3) For any closed ideal I € A, the induced map M(A/I)ac., — M(A) is a monomorphism
of affinoid perfectoid spaces by virtue of Propositions 1V.2.19 and 1V.2.25(1).

sep

Proposition IV.3.5. The category Perfd-Spc,~ of separated perfectoid spaces, has the

following properties

(1) The category Perfd-Spcy’ is closed under fiber products; that is, if we have a pair of
morphisms X — Y < Z of separated perfectoid spaces then the fiber product X xy Z,

computed in the category X,._, is a separated perfectoid space.

(2) Let f: X — Y be any morphism of separated perfectoid spaces, and { M(A4;) < Y };cr a
collection of monomorphisms from affinoid perfectoid spaces such that the induced map
UiesM(A;) — Y is an epimorphism. Then, there exists a collection of monomorphisms
{M(B;) — X}jes from affinoid perfectoid spaces such that Ljc;M(B;) — X is an

epimorphism, and such that for each j € J there exists a ¢ € [ satisfying
A1) (IMB)I()) € IM(AI(5) € V()

Proof. We begin by proving (1). From Proposition IV.2.25(5) we know that separated objects
of X, are stable under fiber product, thus it remains to show that X xy Z is a perfectoid
space. Pick a collection of monomorphisms { M(A;) < X };c; from affinoid perfectoid spaces
such that the induced map Ll;c; M(A;) — X is an epimorphism, then since X,,._ is a topos it
follows that {M(A;) Xy Z < X Xy Z}ier is a collection of monomorphisms which after taking
coproducts it induces an epimorphism. By picking a similar collection of maps {M(B;) —
Z} ey, we learn that there is a collection of monomorphisms {M(4;) xy M(B;) — X xy
Z}(i.j)erxs induce an epimorphism after taking coproducts, and since Y is separated it follows
from Proposition IV.2.25(3) that M(A;) xy M(B;) is an affinoid perfectoid space, completing
the proof.
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For the proof of (2), we follow the notation of the proposition statement. Since sepa-
rated perfectoid spaces are closed under fiber products, for each X xy M(A;) there exists
a collection of monomorphisms {M(B;) — X xy M(A;)},cs, inducing an epimorphism
after taking coproducts, which in turn implies that the totality of this monomorphisms
{M(B;) — X}jes, where J = U,erJ;, induce an epimorphism Ujc; M(B;) — X as de-
sired. The claim that |f](*)<\./\/l(Bj)|(*)) C [M(A;)|(x) follows from the construction and
Proposition 1V.2.11(4). O

Remark IV.3.6. Let us use the technology developed so far to make contact with
Berkovich’s theory of K-analytic spaces as developed in [Ber93, Section 1]. Let X be a sepa-
rated perfectoid space, then we learn from Proposition 1V.3.5 that the category Sub(X)pertq
(cf. Definition IV.2.17) is closed under fiber products. Thus, it satisfies most of the conditions
for a net of compact Hausdorff spaces on a topological space, in the sense of Berkovich?.
Furthermore, by Theorem [V.3.3 we learn that if |[M(A4;)|(x) C |[M(A;)|(*) are objects
of Sub(X)perta then there exist a unique monomorphism M(A;) — M(A;) which com-
mutes with the map towards X, giving rise to something analogous to atlas in the sense
of [Ber93, Definition 1.2.3]. We claim that the functor Sub(X)peta — Xare, defined by
(M(A) = X) — M(A) satisfies colimgup(x)p.q M(A) = X. Indeed, let AP — X,
be the Cech nerve of the maps Usup(x)p,M(A) — X, by construction we have that
Colionp(usub(X)PerfdM(Ai)./X) ~ X, and since the natural morphism A°® — 7T is cofinal,

Perfd

the claim follows.

Finally, let us argue that any morphism f : X — Y of separated perfectoid spaces comes
from a “strong morphism” in the sense of Berkovich [Ber93, Definition 1.2.7]. Indeed, by
Proposition IV.3.5(2) we know that for each morphism M(A) < X in Sub(X )peta there ex-
ists an arcg-cover made up of a finite collection of monomorphisms {M(A4;) — M(A)}
such that for each M(A;) there exists a monomorphism M(B;) < Y in Sub(Y)perta
such that |f](*)(|./\/l(Az)|(>x<)) C |[IM(B;)|(x). By virtue of Theorem IV.3.3 we know that

if |f|(*)<]./\/l(A,)|(*)) C |M(By)|(x), then there exists an essentially unique morphism
M(A;) - M(B;) making the following diagram commute

M(A;)) —— M(B;)

[ [

X ——Y

3With the exception that for each 2 € |X|(x) there need not exists a finite collection of objects {V; — X}
in Sub(X)pertra whose union contains a neighborhood of z. Later we will introduce the notion of locally compact
perfectoid space, which is meant to fill in this gap.
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1V.3.2: arc,-Analytic Spaces
Fix a perfectoid non-archimedean field K.

Definition IV.3.7. An object X € AX,._ is called an arc,-analytic space if there ex-
ists a collection of monomorphisms {M(A4;)are. < X }ier, such that the induced map
UierM(A)are, — X is an epimorphism and where each A; is a Banach K-algebra. We
denote the full-subcategory of X,.._ spanned all arc,-analytic spaces as Analytic-Spcy, and
we say that a arcg-analytic space is quasicompact (resp. quasiseparated, separated) if it is so
as an object of X, (cf. Definition IV.1.15 and 1V.2.20). Similarly, we say that a morphism
of arcg-analytic spaces X — Y is an epimorphism (resp. monomorphism, isomorphism,
quasicompact, quasiseparated, separated) if it is so as a morphism of X;._.

In particular, we say that X is an affinoid arc,-analytic space if there exists a Banach

K-algebra A such that X is represented by M(A)arc.. -

Theorem IV.3.8. The category Analytic-Spcy of arcy-analytic spaces has the following

properties

(1) Let X be a arcg-analytic space, for each x € |X|(x) there exists a unique monomor-
phism M(H(x))are, < X where H(z) is a non-archimedean field, which gets mapped
to x : pt — | X| under the Berkovich functor. In particular, it satisfies the condition of
Proposition 1V.2.14(2), making the map M(H(x))are.. — X a completed residue field

in Xype -

(2) Let Y — X be a morphism of arc,-analytic spaces, and assume that Y is quasicompact
and X is qcgs. Then, Y — X is an epimorphism if and only if the induced map
1Y|(%) — | X|(*) is a surjective map of sets.

(3) Let Y — X be a morphism of arc,-analytic spaces, and assume that Y and X are qcgs.
Then, Y — X is an isomorphism if and the induced map |Y|(x) — |X|(*) is bijective,
and for each y € |Y|(x) =~ |X|(x) 2 z the induced map of completed residue fields
M(H(Y))are, = M(H(Z))arc,, 18 an arcy-equivalence (equivalently, an isomorphism).

Proof. In order to prove (1) fix a collection of monomorphism { M (A;)are. < X }icr, sucht
hat the induced map Uje;M(A;)are, — X is an epimorphism, and where each A; is a
Banach K-algebra. Then, the induced map LM (A;)arc,|(%) — |X|(*) is surjective, and
let & € U|M(A;)|(*) be a lift of z € |X|(x) along the map UM (A;)are|(x) — | X|(x). By
construction, there exists some i € I such that € |[M(A;)ar. |(*), and since |M(4;)| =
|M(A;)arc., we can find a map M(H(z)) — M(A;) from the completed residue field H(x) of
A; at Z (cf. Definition IT1.1.8), in the category Banj’. Then, by a combination of Example
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IV.2.9 and Proposition I11.2.18 we learn that the induced map M(H(x))are, — M(A)ares
is a monomorphism. This in turn implies that the composition M(H(2))are, — X is a
monomorphism which gets mapped to = : pt — X under the Berkovich functor. Uniqueness
follows from Proposition 1V.2.14(2).

Statement (2) is a direct consequence of Proposition 1V.2.13, and statement (3) is a

combination of part (1) and Proposition 1V.2.15. O

Theorem IV.3.9. Let Y — X be a morphism of arc,-analytic spaces, and assume that Y

is qcgs and X is quasiseparated. Then, the following are equivalent

(1) The morphism Y < X is a monomorphism.

(2) The induced map |Y|(x) — | X|(*) is an injective map of sets, and for each y € |Y|(x) ~
Im(]Y|(*) = |X|(x))  « the induced map M(H(y))arc., = M(H(2))arc., of completed

residue fields is an arcg-equivalence (equivalently, an isomorphism).

(3) The morphism Y — X is an analytic domain: for any object Z € X, and any
morphism Z — X satisfying Im(|Z|(x) — |X[(+)) C Im(]Y'[(x) = |X[(x)), there exists

a unique morphism Z — Y making the following diagram commute

7z
7z
7z
.
7z
.
%

Y — X

Proof. This is a direct consequence of Proposition [V.2.16, and Theorem 1V.3.8(1) for the

identification of completed residue fields. O]

Example IV.3.10. Let A be a Banach K-algebra, and X = M(A),._, its associated affinoid

arco-analytic space. Then, the following are examples of analytic domains

(1) For each x € |X|(x) there exists a non-archimedean field H(z) (cf. Definition I11.1.8)
together with a morphism M(H(x))ar, — X. By Theorems [V.3.8 and 1V.3.9 we learn
that the induced map M(H(x))are, — X is an analytic domain.

(2) For any subset M(A) D V = {z € M(A) such that |f;(z)| < |g(z)|}, where
{g, f1,---, fa} C A generate the unit ideal, there exists a Banach K-algebra B and
a monomorphism in M(B) — M(A) in Ban®" with image exactly V C M(A)
(cf.  Proposition I11.2.6 and Corollary I11.2.11). Then, since the functor &,._
Banj"™"? — X,,._ preserves monomorphisms and associated compact hausdorff space

it follows that M(B)arc., — M(A)arc,, is a monomorphism in X,,._ with image exactly
V C M(A)are, = M(A).
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(3) For any closed ideal I € A, the induced map M(A/I)are, — M(A)arc,, is & monomor-
phism of affinoid arcg-analytic spaces by virtue of Example 1V.2.22 and Proposition
IV.2.25(1).

sep

Proposition IV.3.11. The category Analytic-Spc,"~ of separated arc,-analytic spaces, has

the following properties

sep

(1) The category Analytic-Spcy” is closed under fiber products; that is, if we have a pair
of morphisms X — Y < Z of separated arc,-analytic spaces then the fiber product

X Xy Z, computed in the category X, , is a separated arc,-analytic space.

(2) Let f: X — Y be any morphism of separated arc,-analytic spaces, and {M(A4;)arc, —
Y }ier a collection of monomorphisms from affinoid arc,-analytic spaces such that the
induced map L;jefM(A;)are, — Y is an epimorphism. Then, there exists a collection
of monomorphisms {M(B;)ar., <> X }jes from affinoid arc,-analytic spaces such that
U;esM(B;)are.., — X is an epimorphism, and such that for each j € J there exists a
1 € I satisfying

169 (IMByarec | () € M(Aase |() € [¥(5)

Proof. We begin by proving (1). From Proposition [V.2.25(5) we know that separated objects
of X, are stable under fiber product, thus it remains to show that X xy Z is an arc-
analytic space. Pick a collection of monomorphisms {M(A;)are, < X }ier from affinoid
arc-analytic spaces such that their coproduct induces an epimorphism, then since X, is
a topos it follows that {M(A)ae, Xy Z — X Xy Z}ier is a collection of monomorphism
which induce an epimorphism after taking coproducts. By picking a similar collection of
monomorphisms {M(B;)are., <> Z}jes learn that there is a collection of monomorphisms
{M(A)are, Xy M(Bj)are, — X Xy Z}(ij)erxs which induce an epimorphism after taking
coproducts, and since Y is separated it follows that M(A;)arc.. Xy M(B;)arc., is an affinoid
arcy-analytic space, completing the proof of (1).

For the proof of (2) we follow the notation from the proposition statement. Since sepa-
rated arcg-analytic spaces are closed under fiber products, for each X xy M(A;)arc., there
exists a collection of monomorphisms { M (B;)arc., <= X Xy M(A;)arc., }jes;, inducing an epi-
morphism after taking coproducts, which in turn implies that the totality of this monomor-
phisms {M(B;) < X},c;, where J = U;e;J;, induce an epimorphism Uje yM(B;)are., — X
as desired. The claim that | f](x) (|M(Bj)amw|(*)> C [IM(A})are (%) follows from the con-
struction and Proposition 1V.2.11(4). O
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Remark IV.3.12. Let us use the technology developed so far to make contact with
Berkovich’s theory of K-analytic spaces as developed in [Ber93, Section 1]. Let X be a
separated arcg-analytic space, then we learn from Proposition 1V.3.11 that the category
Sub(X)ag (cf. Definition IV.2.17) is closed under fiber products. Thus, it satisfies most of
the conditions for a net of compact Hausdorff spaces on a topological space, in the sense of
Berkovich®.

Furthermore, by Theorem IV.3.9 we learn that if |[M(A;)arc. |(¥) C [M(A;))arc., |(*) are
objects of Sub(X)ag then there exist a unique monomorphism M(A;)arc. — M(4;)arc.,
which commutes with the map towards X, giving rise to something analogous to atlas in the
sense of [Ber93, Definition 1.2.3]. We claim that the functor Sub(X)ag — X, defined by
(M(A)are, = X) = M(A)are,, satisfies colimgup(x)ug M(A)are, = X. Indeed, let AP —
Xare.. be the Cech nerve of the maps Lgub(x)yq/M (A)arc, — X, by construction we have that
colimaer (Lgub(x) AHM(Al);{C);) ~ X, and since the natural morphism A° — 7T is cofinal,
the claim follows.

Finally, let us argue that any morphism f : X — Y of separated arc,-analytic spaces
comes from a “strong morphism” in the sense of Berkovich [Ber93, Definition 1.2.7]. Indeed,
by Proposition IV.3.11(2) we know that for each morphism M(A)ae, < X in Sub(X)ag
there exists an arc,-cover made up of a finite collection of monomorphisms { M (A4;)are, <
M (A)arc, } such that for each M(A;)are., there exists a monomorphism M(B;)are, < Y in
Sub(Y')ag such that | f](x) <|M(A,-)arcw|(*)> C |M(Bi)ares|(%). By virtue of Theorem IV.3.9

we know that if |f|(>k)<|/\/l(AZ)aer|(>x<)> C |IM(B;)arc|(%), then there exists an essentially
unique morphism M(A;)are, — M(B;)are, making the following diagram commute

M (Ai)ﬂl“cm — M (Bi)arcw

T

X >

Construction IV.3.13 (The Generic Fiber Functor). Recall from Construction IV.2.7 that
the arco-topos is defined as Xy, := Shvare,, (Schx_, qeqs), thus we immediately get a sheafi-
fied Yoneda functor

C]:arcw : SCthl,chs — Xarcw X — Xn,arcw

which we call the generic fiber functor. In order to justify its name, let us compute provide

“With the exception that for each 2 € |X|(*) there need not exists a finite collection of objects {Y; <+ X} in
Sub(X)ag whose union contains a neighborhood of z. Later we will introduce the notion of locally compact perfectoid
space, which is meant to fill in this gap.
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an explicit description of X, ... In the case where X = Spec(A) for some K<j-algebra

A, from Proposition 1V.2.15 we know that &, sends arc,-equivalences to isomorphism,

and therefore the canonical map Spec(A4"**) — Spec(A) becomes an isomorphism under
contr

the generic fiber functor. Furthermore, by realizing X,.. as Shva._(Ban®™) we obtain a

canonical isomorphism

M ( At P] )w ~ Spec(A"H), e~ Spec(A)yares

w

providing an explicit description of Spec(A), arc., and its associated compact Hausdorff space
| Spec(A)y are,, |- In the case where X is a general object of Schi_, qeqs, recall that we can
always present X as a coequalizer diagram of affine schemes, where all transition maps are

open immersions
coeq ( Ujer Spec(B;) = Uier SpeC(A,')) = X

where the index sets I and J are both finite. Then, since faithfully flat maps are arc-
covers (Lemma I11.4.3) it follows that &,._ preserves the above coequalizer giving us an

isomorphism

coeq < l—'jEI SpeC(Bj)n,arcw = |—|7LEI SpeC<Ai)n,arcw> — Xn,arcw

in the category Xy .

Proposition IV.3.14. The generic fiber functor & ,._ : ScthhchS — Xare, satisfies the

following properties
(1) If X is qcgs K<i-scheme, then X, ... is a qcgs arco-analytic space.

(2) If Y — X is a closed immersion of qcqs K<j-schemes, then Y, are.. — X, arc., 1S a closed

immersion in X (cf. Definition 1V.2.20).

(3) If X is a quasicompact separated K<j-scheme, then X, ... is a quasicompact separated

arc,-analytic space.

Proof. First we prove (1). Since the arcy-topology is a finitary Grothendieck topology on
Schy <1,qcqs 1t follows from Proposition IV.1.23 that X, ... is a qcgs object of Xy . To show
that X, arc. 1 an arcg-analytic space, recall that Kare,, preserves finite limits, monomor-
phisms, and sends arc,-covers to epimorphisms, so since any open immersion immersion
of schemes is a monomorphism, we conclude that if {Spec(A4;) — X }ier is a finite Zariski

cover of X, then the induced maps {Spec(A4;)yarc. — Xparc, ticr are monomorphisms and
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the induced map U;er Spec(4;)yarce, — Xy arc,, 18 an epimorphism in X, . The claim then
follows from the identity Spec(A;)y, arc. ~ M(AMH[L]).

1

For the prove of (2), recall that a morphism Y — X is a closed immersion if and only
if for any map Spec(A) — X, the induced map Spec(B) = Y xx Spec(A) — Spec(A) is
induced from a surjective map A — B of rings. Thus, since &K,._ preserves finite limits
it follows that Y, ... — X, arc, is affine, and the fact it is a closed immersion then follows
from the fact that if A — B is surjective, then so is A" Z] — B*[Z].

In order to prove (3), we already know from part (1) that X, ... will be a qcgs arc,-
analytic space. Since X is separated we know that the diagonal map A : X — X x X is
a closed immersion of qcgs schemes, and so by part (2) and the fact that &K, preserves
finite limits it follows that A : X, are. — Xy aree, X Xy arc,, 18 @ closed immersion, completing

the proof. n

IV.3.3: Open condensed subsets

Definition IV.3.15. A topological space X is said to be compactly generated (cg) if a
subset U C X is open if and only if for every continuous map f : K — X, from a compact
Hausdorff space, the inverse image f~'(U) C K is open in K. We denote the full subcategory
of Top spanned by all compactly generated spaces by Top.

Moreover, we say that X is a compactly generated weak hausdorff space (cgwh) if X is
compactly generated and for each continuous map f : K — X from a compact hausdorff
space, the image f(K) C X is a compact hausdorff space under the subspace topology. We
denote the category the full subcategory of Top spanned by all compactly generated weak
hausdorff spaces by Top,gyy,-

We refer the reader to [Str] for background on these categories.

Example IV.3.16. The following are examples of compactly generated weak hausdorff

spaces
(1) Compact Hausdorft spaces

(2) Open subsets of compact hausdorff spaces
(3) Locally compact Hausdorff spaces

Construction IV.3.17. Define a functor from the category Top.,; to condensed sets as

ﬂ : TOngWh — Cond X = X = MapSTop(_7 X)lComp : COHlpOp — Set
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It is a consequence of [CS19b, Proposition 1.7 and Proposition 2.15] that this functor is fully
faithful, and furthermore we learn from [CS19b, Theorem 2.16] that the essential image of
this functor is contained in the subcategory of quasiseparated condensed sets. Its clear from
the construction that the functor (—) preserves all limits, and in particular fiber products.
Recall in our definition of Com_p (and therefore in Cond := Shv.s(Cond)) there is an
implicit uncountable strong limit cardinal x bounding the cardinality of the objects at hand
(< &), in the above construction this cardinality bound extends to Top,y,;, — Where we only

consider topological spaces with cardinality < k.

Definition 1V.3.18. Let X be a qcgs condensed set (equivalently, a compact Hausdorff
space), then we say that f : U — X is an open immersion of there exists an open subset
g:V — X (as topological spaces) such that g = f : U = V. — X. In particular, since (—)
preserves all limits, if we have a morphism K — X of qcgs condensed sets then the fiber
product U xx K — K will be an open immersion.

More generally, we say that a morphism Y — X of condensed sets is an open immersion
if for every morphism K — X from a qcqgs condensed set the fiber product Y xx K — K is

an open immersion.

Remark IV.3.19. In what follows we will often want to check whether a given a monomor-
phism U — X, where X is a compact hausdorff space and U(x) C X (x) is an open subset of
X, is in fact an open immersion. The condition that there exists an open subset V' — X of
topological spaces such that U =V — X can be rephrased as follows: for every morphism
K — X of compact hausdorff spaces such that Im(K(x) — X (%)) C U(x) there exists a

unique lift K — U making the following diagram commute

Proposition IV.3.20. Open immersions of condensed sets have the following properties
(1) If f: U — X is an open immersion of condensed sets, then it is a monomorphism.

(2) If f: U — X is an open immersion of condensed sets, and Z — X is any morphism such
that Im(Z(x) — X (x)) C U(x), then there exists a unique morphism Z — U making

the following diagram commute



In particular, this implies that U = colimg_,x K — X, where the colimit ranges over all
morphisms K — X, from a compact Hausdorff space K, such that Im(K (x) — X (x)) C
U(x).

(3) If f1: Uy — X and fy: Uy — X are open immersions, then Im(f; U fo) — X is an open
immersion of condensed sets. In particular, the collection of open immersions on X is
filtered, that is for any pair of open immersions f; : Uy — X and fy : Uy — X there

exists an open immersion g : V' — X such that f; and f5 factor over g.

(4) Let f: Z - Y and g : Y — X be a pair of monomorphisms of condensed sets. If g o f

is an open immersion then so is f.

(5) Let {f; : Ui — X} be a filtered collection of open immersions on X, that is for any pair
of open immersions f; : U; — X and f; : U; — X there exists an fj, : Uy — X such that

fi and f; factor over fi. Then, colimU; — X is an open immersion.
(6) Open immersions are closed under composition and base-change.

Proof. proof of (1): Recall that since Cond is a coherent topos we can check whether f :
U — X is a monomorphisms after basechange on X by an epimorphism. Pick a collection of
maps {K; — X} from compact Hausdorff spaces K; such that the induced map UK; — X
is an epimorphism, then by definition we get that each induced map U xx K; — K; is a
monomorphism, which in turn implies that UK; X x U — UK, is a monomorphism, proving
the claim.

proof of (2): The uniqueness of the lift is automatic since U — X is a monomorphism by
part (1), and since every condensed set can be presented as a colimit of compact hausdorff
spaces we may assume that 7 is a compact Hausdorff space. Then, by the hypothesis that
Im(Z(*x) — X (%)) C U(x) it follows that the basechange U x x Z — Z is an open subset of
Z where U x x Z(x) = Z(x), proving that Z ~ U x x Z and thus providing the desired lift.

proof of (8): Since monomorphisms and epimorphisms are stable under basechange in
a topos, together with the characterization of Im(f; U f) as the essentially unique object
factoring fiU fo : Uy WUy — Im(f1U f3) < X shows that images of morphisms in a topos are
stable under basechange as well. Therefore, we may assume that X is a compact hausdorff
space. By construction we have that Im(f; U f2)(%) C X(x) is an open subset of X, thus it
remains to show that Im(f; U fo) — X has the lifting property of Remark IV.3.19. Since X is
a compact hausdorff space there is a filtered collection of monomorphisms {fi s : Z;, — X}
from compact Hausdorft spaces Z;; such that f; : U; = colim Z;, — K. Then, for each
pair Zy x,, Za, we have a canonical factorization Z) 5, U Zop, — Im(fig, U for,) — X, in

particular we have that Im( fy 5, U fa,) < X is a monomorphism of compact Hausdorff spaces
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and so it satisfies the lifting property of Remark [V.3.19. Then, since filtered colimits preserve
epimorphisms and monomorphisms we learn that Im(f; Ul fo) = colim Im(f1 5, U for,) — X,
showing that Im(f; Ll fo) — X has the desired lifting property, completing the proof.

proof of (4): Recall that since g : Y — X is a monomorphism, for any map W — Y of
condensed sets, the basechange of g : Y — X along W — Y — X induced an isomorphism
W xxY — Y. Thus, for any morphism from a compact Hausdorff space K — Y the
basechange of g : Y — X along K — Y — X induces an isomorphism K xy X — K. The
claim then follows directly from the definitions.

proof of (5): Since open immersions are detected after basechange and filtered colimits
commute with basechange we may assume that X is a compact hausdorff space. Since
unions of open subsets of a compact hausdorff space is an open subset, we learn that
(colim U;) (%) — X (%) is an open subset of X, and since filtered colimts of monomorphisms
are monomorphisms it remains to show that colim U; — X has the lifting property of Re-
mark [V.3.19. By part (2) we know that open immersions have the lifting property, and
since filtered colimit of sheaves (computed in the category of presheaves) are again sheaves,
it follows that colim U; — X has the desired lifting property, proving the claim.

proof of (6): Its clear from the definition that open immersions are closed under
basechange. Let f : Z — Y and g : Y — X be a pair of open immersions, we need to
show that g o f is an open immersion, and given that open immersions are closed under
basechange we may assume that X is a compact Hausdorff space. Then, by hypothesis that
g : Y — X is an open immersion we know that there exist an open subset Uy — X of
topological spaces such that ¥ = Uy — X; and since open immersions have the lifting
property of part (2) we can conclude that there exists an open subset Uz — Uy such that
Z = Uz — Uy =Y. Then, since open subsets Uy is also an open subset of X the result
follows. O

Definition IV.3.21. Let Y < X be a monomorphisms of condensed sets. Then, we say
that x € Y(x) C X (%) is in the interior of Y < X if there exists a morphism U — Y such
that z € Im(U(x) — Y (x)) and the composition U — Y — X is an open immersion. In
particular, we learn from Proposition [V.3.20 that U — Y is an open immersion.

Furthermore, for a monomorphism Y < X we define the interior of the monomorphism
Int(Y/X) as

Int(Y/X) := colimy_,y U

where the colimit ranges over all maps U — Y whose composition U — Y — X is an

open immersion. Again by Proposition 1V.3.20 we learn that the canonically induced maps
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Int(Y/X) — Y and Int(Y/X) — X are open immersions.

Definition IV.3.22. A condensed set X is locally compact if for every x € X (x) there exists
a compact Hausdorff space K and a monomorphism K < X such that z € Int(K/X)(x) C
X (%).

Example 1V.3.23. All compact Hausdorff spaces are locally compact condensed sets.

Proposition IV.3.24. The collection of locally compact condensed sets have the following

properties

(1) If X is a locally compact condensed set and U < X an open immersion. Then U is a

locally compact condensed set.

(2) If X is a locally compact quasiseparated condensed set, and {V; < X };c; be a collection
of monomorphisms such that the induced map U;e; Int(V;/X) (%) — X () is surjective.

Then, L;e;V; — X is an epimorphism of condensed sets.

Proof. proof of (1): We need to show that for every z € U(x) C X(x) there exists a
monomorphism K — U from a compact Hausdorff space K such that z € Int(K/U)(x) C
U(x). By the assumption that X is locally compact we can find a monomorphism E — X
from a compact Hausdorff space such that = € Int(E/X)(x) C X (x). Consider the pullback
diagram

Unnt(e/x) —— Int(E/X)

| |

Up ——— F

| !

U—— X

Since open immersions are closed under basechange and composition, and the fact that
Int(£/X) < E is an open immersion, we know that Un(g/x) < E is an open immersion and
x € Uny(p/x)(*) C E(*) C X (%), thus by Urysohn’s Lemma we can find a compact Hausdorff
space K together with a monomorphism K < U, (g/x) such that z € K(x) C Ulnt(E/X)(*)
and x € Int(K/Ummy(g/k))(*). Thus, we obtain maps

Int(K/UIm(E/K)) — K — UInt(E/X) — U (IV2)

Then, since Int(K /Urn(g/K)) — U is an open immersion, the claim that U is locally compact

follows.

226



proof of (2): It suffices to show that L;c; Int(V;/X) — X is an epimorphism, thus we may
assume that all V; — X are open immersions. To show that L;c;V; — X is an epimorphism,
it suffices to show that for every morphism E — X, from an extremally disconnected set F,

there exists a lift £ — U;c;V; making the following diagram commute

E
-
X

UierVi ——

Recall that extremally disconnected sets are the projective objects in the category of compact
Hausdorff spaces. By the compactness of F and the fact that open immersions are closed
under basechange, we know that there exists a finite collection Iy C I such that Im(E(x) —
X (%)) C Uer,Vi(%). Then, since each V; are locally compact condensed sets by part (1),
for each € Im(F(x) — X(x)) there exists a compact Hausdorff space K, together with
a monomorphism K, < V; such that = € Int(K,/V;)(x), and again by the compactness of
E there are finitely many {K, < X},c;s such that Im(E(x) — X (%)) C Im(Uyes K (%) —
X (%)). Set K = Im(U,e K, — X), since X is quasiseparated we know that K is a compact
Hausdorff space satisfying Im(E(x) — X (x)) C K (x), thus by Proposition [V.2.5 we know
that the map F — X admits an essentially unique lift £ — K. Hence, by the projectivity
of extremally disconnected sets the map £ — K admits a lift to £ — U,c;K,, and so a lift
to B — U Vi as desired. O

IV.3.4: Open analytic domains

Definition IV.3.25. Let f : U — X be a monomorphism in X._, then f: U — X is an
open immersion if the induced map |U| < |X]| is an open immersion of condensed sets (cf.
Definition [V.3.18).

Proposition IV.3.26. Open immersions of arc,-sheaves have the following properties

(1) If f; : Uy — X and fy : Uy — X are open immersions, then Im(f; U fo) — X is an
open immersion of arc,-sheaves. In particular, the collection of open immersions on X
is filtered, that is for any pair of open immersions f; : Uy — X and f5 : Uy — X there

exists an open immersion g : V' — X such that f; and f5 factor over g.

(2) Let f: Z — Y and g : Y — X be a pair of monomorphisms of arc,-sheaves. If go f is

an open immersion then so is f.

(3) Let {f; : Ui — X} be a filtered collection of open immersions on X, that is for any pair
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of open immersions f; : U; — X and f; : U; — X there exists an f;, : Uy, — X such that

fi and f; factor over fi. Then, colim U; — X is an open immersion.

(4) Open immersions are closed under composition and base-change.

Proof. proof of (1): By Proposition IV.2.11 we know that the Berkovich functor preserves
epimorphisms and monomorphism, and so it also preserves images, thus the result follow
from Proposition 1V.3.20(3).

proof of (2): Follows directly from 1V.3.20(4), and the fact that the Berkovich functor
preserves monomorphisms.

proof of (3): Follows from the fact that the Berkovich functor preserves colimits and
IV.3.20(5)

proof of (4): Stability of open immersions under basechange follow from Proposition
[V.2.11(4) and 1V.3.20(6), stability under composition also follows from tha latter proposi-
tion. [

Proposition IV.3.27 (Open Subobjects). Let X be a quasiseparated arc,-sheaf, then

(1) For every open immersion of condensed sets U < | X/, there exists an open immersion
U < X of arcg-sheaves, such that U = |U| < |X|. Furthermore, U < X can be realized
as colimy,x Y — X, where the colimit ranges over all monomorphisms Y < X from a
qegs arce-sheaf such that |Y|(x) € U(x) C | X|(%).

(2) If U — X is an open immersion of arc,-sheaves then for any morphism Z — X such
that Im(|Z]|(x) — | X|(*)) C |U|(x), there exists a unique morphism Z — U making the

following diagram commute

7z
7z
7z
,
7z
-
%

U——X

In particular, this shows that U — X can be realized as colimy_,x Y — X where
the colimit ranges over all morphisms ¥ — X from a qcqs arc,-sheaf Y satisfying
Im([Y'|(x) = [X][(x)) C [U](*).

(3) For an object X in either category X,._ or Cond, define Open(X) as the collection of
open immersions U < X, where the morphisms are maps U; < U, of arc,-sheaves

making the following diagram commute

Ul‘ >U2
X
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Then, if X is an arc,-sheaf the Berkovich functor induces an equivalence of categories

Open(X) — Open(|X|)

Proof. proof of (1): Recall from Proposition I1V.3.18(2) that an open immersion of condensed
sets U — X can be realized as colimg_, ;x| @ — |X| where the colimit ranges over all
morphisms ) — |X| from a compact Hausdorff space @ such that Im(Q(x) — |X|(x)) C
U(x). Furthermore, since |X| is quasiseparated U can be realized as colimg., x| Q — |X|
where the colimit ranges over all monomorphisms @ < |X|. By Proposition IV.2.18 we know
that for each Q < | X| there exists a unique monomorphism Y < X such that Q = |Y| — X,
and define U = colimy.,x Y — X, where the colimit ranges over all monomorphisms ¥ — X
from a qcgs arce-sheaf Y, such that |Y|(x) C U(*). Since the Berkovich functor preserves
colimit it follows that U = |U| < |X| and so U < X is an open immersion as desired.

proof of (2): Set Im(Z — X) =: V < X then by the description of U < X from part
(1), we know that there exists an essentially unique lift V' — U, and so Z — X also admits
alift 7 — U.

proof of (3): This is a combination of part (1) and (2), and Proposition 1V.3.20(2). O

Proposition IV.3.28. Let X be a arcg-analytic space and U — X an open immersion,
then U is an arc,-analytic space. Similarly, if X is a perfectoid space, then U is a perfectoid

space.

Proof. We claim that for any Banach K-algebra A the compact Hausdorff |[M(A)| space

admits a basis of neighborhoods which are of the form
M(A)| (fl’ - f”) IM(A)|< : ) (cf. Definition 111.2.7)
r fioooifa

where r € |K*| and {fi,..., f,} C A. Indeed, from the definition of the Berkovich spectrum
of A, that the compact Hausdorff space | M(A)| admits an injective map

A) — o, 111

feA

where [];c4[0, |f]] is endowed with the product topology, making it the claim above clear.
Furthermore, for both subsets | M (A)| <f1 """ ") and |[M(A)| (—) there exists Banach K-
algebras By and Bj respectively, together with contractive morphisms A — B; and A — By
such that the induced maps M(B;) < M(A) and M(B3) — M (A) are monomorphisms and
have as image |[M(A)| <fl—”> and |M(A)| <f1 - n> respectively (cf. Proposition I11.2.11).




Moreover, if A is a perfectoid Banach K-algebra we may choose B; and B, to be perfectoid
Banach K-algebras (cf. Theorem I11.3.17).

Let us first proof the result when X = M(A)ac,, set V = Im(U;e/V; — X) where the
maps V; — X are rational domains of the above form satisfying |V;|(x) C |U|(x) C |X|(x),
then by the work done in the previous paragraph we know that |V|(x) = |U|(x) C |X|(*)
and by construction V' is an arc,-analytic space (resp. a perfectoid space if A is perfectoid).
We claim that V' = U and by Proposition 1V.3.27(3) it suffices to show that |V| = |U].
Indeed, we need to show that for any morphism @ — |X| from a compact Hausdorff space
@ satisfying Im(Q(x) — |X|(x)) C |V|(x) there exists a unique lift @ — |V]. Since @ is
compact and rational domains form a basis of neighborhood of | X| we can find a finite subset
Iy C I such that Q(x) C Im(Usep, |Vi|(%) — | X|(x)), setting W = Im(U;e;, Vi — X) we can
conclude by Proposition 1V.2.5 that there exists a unique lift of @ — |X| to @ — |W] and
so also a lift to @ — |V, completing the proof.

For the general case, we have an open immersion U — X, and pick a collection of
monomorphisms {M(A;)arc, <> X }ies such that the induced map U;e;fM(A;) — X is an
epimorphism. Then, the basechange of U X x M(A;)are, =: Ui = M(A)arc., is an open im-
mersion, and so an arc,-analytic space (resp. a perfectoid space), and so it admits a collection
of monomorphisms {M(B;)are.. — Ui} jes; such that the induced map Uje;, M(B;)are.. — Ui
is an epimorphism. Then, the collection of maps {M(B;)arc. > U}jes, where J = Uier;,
are monomorphisms and induces an epimorphism after taking coproduct, showing that U is

an arc,-analytic space (resp. a perfectoid space). H

Example IV.3.29. For a Banach K-algebra, the subset
[(M(A)| 20 := {2 € IM(A)] such that [f|(z) # 0} C [M(A)|

is an open subset of |M(A)|, so by Propositions 1V.3.27 and 1V.3.28 we know that there
exists an arcg-analytic space U together with a monomorphism U < M(A)4._ such that

U= |M(A)|r20 = IM(Aarc.| = IM(A)].

Definition IV.3.30. Let Y — X be a monomorphism of arc,-sheaves. We say that z €
[Y|(%x) € |X]|(x) is in the interior of ¥ < X if there exists a morphism U — Y such that
x € Im(|U|(x) — |Y|(x)) and the composition U — Y — X is an open immersion. In
particular, we learn from Proposition 1V.3.26(2) that U < Y is an open immersion.

Furthermore, for a monomorphism Y < X we define the interior of the monomorphism
Int(Y/X) as

Int(Y/X) := colimy_,y U

230



where the colimit ranges over all maps U — Y whose composition U — Y — X is an
open immersion. Again, by Proposition 1V.3.26 we learn that the canonically induced maps
Int(Y/X) — Y and Int(Y/X) — X are open immersions.

Lemma IV.3.31. Let X be a quasiseparated arc,-sheaf and ¥ < X a monomorphism of

arc,-sheaves. Then, the canonical map
| Int(Y/X)| — Int(]Y]/]X])

is an isomorphism of condensed sets.

Proof. By Proposition 1V.3.20(2) it suffices to show that | Int(Y/X)|(x) = Int(]Y|/| X|)(x) C
| X|(%), and its clear by the construction that |Int(Y/X)|(x) C Int(|Y]/|X]|)(%), thus it
remains to show the reverse inclusion. By Proposition [V.3.27(3) and the fact that Y and X
are quasiseparated we know that there exists a mononomorphism U — Y whose composition
U — Y — X is an open immersion, which satisfies Int(|Y'|/|X|) = |U| — Y| — |X],
showing that |Int(Y/X)|(x) D Int(]Y|/|X])(*) and completing the proof. O

Following [Ber93, Remark 1.2.16] we make the following definition, though we prefer the

more descriptive name “locally compact” over “good”.

Definition IV.3.32 (Locally Compact). A quasiseparated arc,-sheaf X is locally compact
if for every point x € | X|(x) there exists a monomorphism V, < X from a qcqs arc,-sheaf
such that z € |Int(V,/X)|(x). In particular, we say that a quasiseparated arc,-analytic
space (resp. a perfectoid space) X is locally compact if it is locally compact as an arc,-
sheaf.

Furthermore, by Lemma [V.3.31 we know that | Int(V,/X)| = Int(|V,|/|X]) and so if X
is a quasiseparated locally compact arc,-sheaf, then | X| is a quasiseparated locally compact
condensed set (cf. Definition [V.3.22).

Example IV.3.33. If X is a qcgs arc,-sheaf then it is locally compact.

Proposition IV.3.34. The collection of quasiseparated locally compact arc,-sheaves have

the following properties

(1) Let X be a quasiseparated arc,-sheaf, then X is locally compact if and only if | X] is

locally compact.

(2) If X is quasiseparated locally compact arc,-sheaf and U < X is an open immersion of

arc,-sheaves, then U is a quasiseparated locally compact arc,-sheaf.
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(3) If X is a quasiseparated locally compact arc,-sheaf, and {V; < X},c; a collection of
monomorphisms such that the induced map U;e;| Int(V;/X)|(x) — | X|(*) is surjective,

then L;c;V; — X is an epimorphism of arc,-sheaves.

Proof. proof of (1): Recall that by Proposition 1V.2.11(6) is X is a quasiseparated arc,-
sheaf then | X| is quasiseparated condensed set. The claim then follows from a combination
of Propositions 1V.2.18 and 1V.3.27(3).

proof of (2): This is a direct consequence of part (1) and Proposition IV.3.24(1).

proof of (3): It suffices to show that U;c; Int(V;/X) — X is an epimorphism, thus we
may assume that every V; — X is an open immersion. To show that LV, — X is
an epimorphism, we need to show that for every perfectoid Banach K-algebra A and any
morphism M(A) — X, there exists an arc,-cover UpegM(A;) — M(A), where each Ay,
is perfectoid and H is a finite set, and a map Upeg M (A,) — UiesVi making the following

diagram commute

UnerM(Ap) —— M(A)

| |

UierVi ——— X

From the hypothesis we know that U;e/|Vi|(x) — |X|(x) is surjective and part (2) we
know that each Vj is itself a quasiseparated locally compact arc,-sheaf, so for each = €
Im(|M(A)|(*) — |X|(*)) we can find a monomorphism Z, < V; < X from a qcqs arc,-
sheaf Z,, such that z is in the interior of Z, < X, and so by the compactness of | M(A)| (and
Proposition [V.2.11(4)) we can find a finite collection J such that Im(|M(A)|(x) — | X|(x)) C
Im(Upes|Z:|(%) — | X|(x)). We claim that the fiber product U,e;Z, xx M(A) — M(A)
is a epimorphism of qcqs arcy-sheaves. Indeed, for each x € J we know that the fiber
product M(A) xx Z, is quasicompact by virtue of the fact that X is quasiseparated, and
its quasiseparated since the canonical map M(A) xx Z, — M(A) is a monomorphism,
and so we can conclude that U,c;Z, xx M(A) is a qcgs object; which by construction
and Proposition 1V.2.11(4), we know it induces a surjective map U,es|Z, X x M(A)|(x) —
|M(A)|(*), which in turn implies that U,c;Z, xx M(A) — M(A) is an epimorphism by
Proposition 1V.2.13. To summarize, we have constructed a commutative diagram of the

following form

l—lszJZx Xx M(A) I M<A>

| |

Upegdy — X

where the top arrow is an epimorphism. Then, since L,c;Z, X x M(A) is quasicompact we
can find a finite collection of morphisms {M(A;) — UzesZs Xx M(A)} e such that the
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induced map Upeg M(Ap) — UzesZy Xx M(A) is an epimorphism, which in turn implies
that Upe g M(Ap) — M(A) is an epimorphism, proving the claim. ]

Example IV.3.35. Let {f1,...,fn}icr € A be a collection of objects of A generat-
ing the unit ideal, and let |[M(A)|f,20 C |M(A)| be the open subset of |[M(A)| intro-
duced in Example 1V.3.29, and let Uy, — M(A)ar,, the monomorphism of arc,-sheaves
associated to the open subset (cf. Proposition 1V.3.27(3)). Then, the induced map
Uier|Uy,
UUs — |M(A)|are,, is an epimorphism, which in turn implies that we have the following

(%) = |M(A)arc,|(*) is surjective, and so by Proposition 1V.3.34 we learn that
identity

coeq ( Uaper Ui X MA)are, Us; = Uz‘eIUfi) — M(A)arc..
Finally, recall that by Proposition 1V.2.11(4) we have that we have the identity

\Uf, X m(A)arer, Ug;| = [M(A)

fi#0 N ’M(A>’fj7é0

Showing that arc,-analytic spaces can be covered by “Zariski open covers”.
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