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ABSTRACT

We investigate the relation between boundary data of a compact manifold and its interior geome-
try. A compact Riemannian manifold D with smooth boundary 0D is boundary rigid if its interior
geometry is uniquely determined by 0D and distances between points on 0. D is a minimal
filling if for any D’ with 0D’ = 0D, having larger distances between points on dD implies
Vol(D') > Vol(D).

In this thesis, we generalize D. Burago and S. Ivanov’s work [ ] on filling volume mini-
mality and boundary rigidity of almost real hyperbolic metrics. We show that regions with metrics
close to a negatively curved symmetric metric are strict minimal fillings and hence boundary rigid.

This includes perturbations of real, complex, quaternionic and Cayley hyperbolic metrics.
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CHAPTER 1

Introduction

I.1: Boundary rigidity and filling minimality

Let M = (M",g) be a compact Riemannian manifold with boundary OM. For example, when
M is the planet Earth, OM is its surface. Its boundary distance function, denoted by bd,,, is the
restriction of the Riemannian distance dy; to OM x OM. In the above example, the distances
between boundary points must be realized by “digging into the Earth”. For example, the distance
minimizing curve between the north pole and the south pole will pass through the very center part
of the Earth.

Both filling minimality and boundary rigidity focus on the following question:

How much do the distances between boundary points determine the interior geometry?

Apart from its intrinsic interest in geometry, this question has major real-life implications. We
continue with the example of the Earth. Most knowledge of the interior of the Earth comes from
the study of seismic waves. The travel speed of seismic waves at a particular location is related to
several factors like composition of rocks. Understanding travel times of seismic waves can help
us understand such properties of the Earth. Mathematically, we can use a Riemannian metric to
model how fast seismic waves can travel at a particular location. The travel times will then become
“distances” under this particular Riemannian metric. Hence, information regarding the speed of
seismic waves is converted to geometric information. Therefore understanding the above question
is very interesting from this perspective.

We say a Riemannian manifold is boundary rigid if its metric is uniquely determined by its

boundary distance function. More precisely, we have the following definition.

Definition I.1 (Boundary rigidity). A compact Riemannian manifold M (with boundary) is bound-
ary rigid if every Riemannian manifold M’ with OM’ = OM and bd,;, = bd,, is isometric to M

via a boundary-preserving isometry.

In the previous example, if the Earth, equipped with travel speed data of seismic waves, is

“boundary rigid”, then the travel times of seismic waves determine the travel speed of seismic



waves at any location in the interior of the Earth.

It is easy to construct manifolds which are not boundary rigid. For example, if there exists
some proper open subset which does not intersect any shortest path connecting boundary points,
then the metric on this open subset does not affect the boundary distance function and hence such
manifolds are not boundary rigid. In particular, “large” spherical caps, i.e. proper open subsets of
a sphere S C R™"! bounded by a hyperplane in R"*! which properly contain a hemisphere are
not boundary rigid. An example of large spherical cap is the region on the surface of the Earth
which are south of the N°40 latitude line. In this case, the boundary is the N°40 latitude line.
Here, the boundary distances are realized by distances along the surface. We observe that flying
from Beijing to New York (both of which are almost located at the boundary) along the N°40
latitude line takes much less time than flying from Beijing to the south pole and then to New York
(if we assume flying speed are the same). Such manifolds must be avoided if one seeks boundary
rigidity. Therefore it is reasonable to first consider simple manifolds, i.e. manifolds with strictly
convex boundary such that every two points are connected by a unique geodesic segment and

geodesics do not have conjugate points. In particular, we have the following conjecture by Michel.
Conjecture 1.2 (Michel, [ ). All simple manifolds are boundary rigid.

Here and below, by region we mean a connected open set with a smooth boundary.

A lot of progress has been made toward boundary rigidity. Pestov and Uhlmann [ ] proved
the above conjecture in dimension 2. In higher dimensions, regions in R" (Besikovitch [ 1;
Gromov [ 1), in the open hemisphere S” (Michel [ ]) and in rank-1 symmetric spaces
of non-compact type (following the volume entropy rigidity theorem by Besson, Courtois and
Gallot [ ]) are known to be boundary rigid. Burago and Ivanov proved boundary rigidity for
almost Euclidean ([ ]) and almost real hyperbolic ([ ]) regions. Recently a very general
result by Stefanov, Uhlmann and Vasy in [ , Corollary 1.2] showed that a simple manifold
(M, g) is boundary rigid if it satisfies any of the following conditions:

(1). (M, g) has non-positive sectional curvature;
(2). (M, g) has non-negative sectional curvature;

(3). (M, g) has no focal points.

We refer the readers to Croke [ ], Ivanov [ ] and Stefanov-Uhlmann | ] for a

survey on boundary rigidity.

Definition 1.3 (Filling minimality). A compact Riemannian manifold M with boundary OM is a
minimal filling if, for every compact Riemannian manifold M’ with OM’ = OM, the inequality

dM’(‘T7y) ZdM(xvy) V%yéaM
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implies that
Vol(M') > Vol(M).

We say that M is a strict minimal filling if, in addition, the equality
Vol(M") = Vol(M)

holds only when M and M’ are isometric via an isometry which fixes all boundary points.

Remark. The idea of filling Riemannian manifolds was introduced by Gromov in [ ]. If
M = (M, g) has a connected boundary with dimension > 2 and is a minimal filling, then by
[ , 2.2A Proposition] Vol(M) is called the filling volume of the boundary (OM,bd,)
equipped with boundary distance function denoted by FillVol(OM, bd(g)). See [ ] for

a detailed discussion.

Similar to boundary rigidity, not all manifolds are minimal fillings. For example, “large spher-
ical caps” fail to be minimal fillings because they have larger volume than the hemisphere with the
same boundary and boundary distance function. In [ ] and [ ], Burago and Ivanov made

the following conjecture.
Conjecture 1.4 (Burago-Ivanov, [ , 1). Every simple manifold is a strict minimal filling.

When M is simple, its volume is uniquely determined by its boundary distance function due
to Santald’s formula [ ]. Moreover, if M’ shares the same boundary distance function with
M, M’ also has to be simple due to strict triangular inequality and smoothness of bd,;.Therefore
boundary rigidity is a direct corollary of filling minimality when the manifold is simple. A similar
argument also works for strong geodesically minimizing (SGM) manifolds (See [ , 1. Pre-
liminaries] for the definition of the SGM condition and | , Lemma 5.1] for details of this
argument.) which allows non-convex boundaries. In particular, compact regions with a smooth
boundary inside a simply connected negatively curved manifold satisfies the SGM condition.

Unlike boundary rigidity, little is understood about filling minimality. For example, Gromov’s
sphere filling conjecture ([ , page 13]) asks whether a hemisphere of dimension n + 1 is a
minimal filling for its boundary. This is still open with partial results proved by Gromov [ ,
page 59] and Bangert-Croke-Ivanov-Katz [ , Corollary 1.8]. Croke, Dairbekov and Shara-
futdinov proved “local filling minimality” in [ , Proposition 1.2] for simple manifolds with
“limited positive curvature along geodesics”. Local filling minimality here refers to the case when
M'" and M (See Definition 1.3) have the same underlying manifold and very close metrics. Burago
and Ivanov in [ ]and [ ] proved strict filling minimality for almost Euclidean and almost

hyperbolic regions (when M is almost Euclidean and almost hyperbolic and M’ is arbitary).



The filling minimality problem can be more difficult than the boundary rigidity problem. This
is because having the same boundary distance function provides more information than having a
larger boundary distance function due to [ , Lemma 5.1]. In the case when M is a simple
manifold. we denote by O_T"'M the collection of unit vectors on M pointing inside M and
O, T*M the collection of unit vectors on M pointing outside M. Since any maximally extended
geodesic in a simple manifold M intersects the boundary transversely and has finite length, there is
a one-one correspondence between maximally extended geodesics in (M, g) and the corresponding
triples (v, w,l) € _T'M x 9, T*M x R, recording their initial vectors, exit vectors and lengths.
Recall that geodesics are length minimizing and do not admit conjugate points when M is simple,

we have the following one-one correspondence.

{(p,q)lp # q € OM} <> Lens(M),

where

v :[0,1] = M amaximally
(m—(3(0)), m(7(1)), 1) | extended unit speed geodesic;
S (T@M)2 X R+ T4 @ a:tTlM — ToM

orthogonal projection.

Lens(M) :=

We call Lens(M) the lens data of M. Similar to the boundary rigidity problem, we have the lens
rigidity problem which asks whether lens data can determine the manifold up to an isometry. If
M’ and a simple manifold M have the same boundary and the same boundary distance function,
[ , Lemma 5.1] implies that Lens(M) and Lens(M’) are canonically identified. Therefore
proving boundary rigidity in this case is the same as proving lens rigidity. This observation has
been used in many results on boundary rigidity (for example the aforementioned result in [ ]
by Stefanov-Uhlmann-Vasy.). Unfortunately, having a larger boundary distance function can mess
up the lens data, especially the part of data recording initial and exit vectors. (In fact, if we neglect
the length part from the lens data, we can still study the corresponding scattering rigidity problem.
See for example [ ] by Bonthonneau, Guillarmou and Jézéquel.) Hence methods using lens

data cannot directly apply in a similar way when working on the filling minimality problem.

1.2: Statements of main results

In this paper, we will generalize Burago and Ivanov’s work in [ ] and [ ] to metrics close
to a negatively curved symmetric metric. Notice that negatively curved symmetric metrics come

from rank-1 symmetric spaces of non-compact type, we only need to consider metric perturbations



of regions in real, complex, quaternionic and Cayley hyperbolic spaces. Let K be one of the

following:

(1). R, the field of real numbers;

(ii). C, the field of complex numbers;
(ii1). H, the algebra of all quaternions;
(iv). Q, the algebra of all octonions.

We denote by RH", CH", HH", OH? the real, complex, quaternionic and Cayley hyperbolic
spaces respectively.

In this paper, we prove the following main theorem.

Theorem L.5 ([ , Theorem 1.5], [ , Theorem 1.6]). Let M be a negatively curved sym-
metric space, i.e. M = RH", CH", HH" or OH?2. For any compact region D C M (not necessar-
ily simple) with a smooth boundary, there is a C"-neighborhood (for a suitable r) of the symmetric
metric on D such that, for every metric g from this neighborhood, the Riemannian manifold (D, g)

is a strict minimal filling.

Remark.

(1). The real hyperbolic case was proved in [ , Theorem 1.6]. Other cases were proved in
[ , Theorem 1.5];

(2). The condition on g being sufficiently close to the symmetric metric appears in several state-
ments throughout this paper. This is given by several complicated constraints on g related to the
diameter of the region (with respect to the symmetric metric) and the dimension of the manifold.
In particular we assume that g is negatively curved so that (), g) satisfies the SGM condition. We
do not track the number of derivatives required for our arguments to work but we will summarize

all constraints on g at the end of this paper.

Since the SGM condition and strict filling minimality imply boundary rigidity as explained
right after Conjecture 1.4, we have the following direct corollary of Theorem L.5.

Corollary 1.6. Under the same assumption as in Theorem 1.5, (D, g) is boundary rigid.

1.3: Plan of the proof

While we employ the same general constructions as in [ ], various proofs become much more

complicated for general rank-1 symmetric spaces other than the special case of real hyperbolic
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spaces. Therefore we need to improve some technical facts to prove filling minimality and bound-
ary rigidity of almost rank-1 symmetric metrics.

In Chapter II, we introduce the classical models and some basic geometric properties for rank-
1 symmetric spaces. The emphasis is on Section II.2, the introduction of the Cayley hyperbolic
space. This is because there are more technical difficulties in the rest of this paper regarding the
Cayley hyperbolic space, due to the non-associativity of octonionic multiplication.

Chapter III starts with a “projection argument” (Section III.1) and its application in proving
filling minimality of regions in a Euclidean space (Section II1.2). In Sections III.3, I11.4, we want
to use this “projection argument” to prove Theorem 1.5 while leaving the technical constructions
and verifications of necessary properties to Chapter IV. These two sections are essentially the same
as [ , Sections 2 and 3]: Let (D, g) be as in Theorem 1.5. We can then extend g smoothly to
a metric on KH" which coincides with the symmetric metric on KH" (also denoted by g for

simplicity) outside a compact neighborhood of D.

(1). In Section III.3, we give the proof for Theorem 1.5 by assuming Proposition II1.4, which
is a key technical result. This proposition claims the existence of the following tools for
us to prove Theorem .5 using the “projection argument” in Section III.1: two maps and a
notion of Riemannian structure on an open subset of some L> space. The first map is a
distance-preserving map ¢ : M — L := L>=(S), where M = (KH", g) and S is a suitable
measure space. (Following the traditions of geometric measure theory, we refer to Lipschitz
maps from manifolds of any dimension to a normed space as surfaces). Later in Section
IV.1, we choose S to be the visual boundary of M with a visual measure and ® to be the
Busemann function with respect to a fixed point in the interior as in [ ]. The other map
is a “projection” map P, from a suitable neighborhood of ®(M) C L to M in the sense
that P, o & = Id;,;. We also assume that P, precomposing any 1-Lipschitz map f from
a dn-dimensional manifold does not increase volumes. Moreover, we require that P, o f
preserves volumes if and only if the image of P, o f is contained in ®(M). If (D', ¢’) shares
the same boundary with (D, g) with larger boundary distance function, then we can extend
®|sp to a 1-Lipschitz map &' : (D', ¢') — L. Therefore strict filling minimality of (D, g)

follows from the above properties of P, .

(2). In Section I11.4, we introduce the aforementioned “Riemannian structure” on a suitable open
neighborhood U of ®(M) C L so that we can define dn-dimensional (d = 1,2,4, 8 when
K = R, C, H, O respectively) Riemannian volumes on I/ and Jacobians for maps involving
U. Under this “Riemannian structure”, ® is volume preserving and any 1-Lipschitz map
from a dn-dimensional manifold to ¢/ is volume non-increasing. This construction is given

by introducing a Riemannian metric on I/ satisfying some natural conditions. With the help



of this “Riemannian structure”, it remains for us to find a P, whose dn-dimensional Jacobian
is smaller than 1 on U \ ®(M).

In Chapter IV, we construct the aforementioned “embedding” ®, “projection” P, and “Rieman-

nian structure” on an open neighborhood U/ of ®(M) C L. Then it remains for us to verify that

our constructions indeed satisfy the requirements in Proposition III.4. Most of the constructions

can be found in Section IV.1 and most of the verification details are in IV.2-1V 4.

(1).

).

3).

Section IV.1 introduces the construction of ®, the “Riemannian structure” on ¢/ and a “lo-
cally orthogonal projection” P : U/ — M defined via a barycenter construction. The “projec-
tion” map P, will eventually be a small perturbation of this P and therefore we expect P to
be almost volume non-increasing. For any ¢ in the domain of P, a direct computation decom-
poses the derivative map dg P into two different linear operators A;l :TppyM — Ty M
and Ey : TyL — Tpg M. Then it remains for us to study the Jacobians of the above two

maps.

In the cases of real hyperbolic spaces discussed in [ ], the operator A, = Id. This follows
from the formula for the Hessian of the Busemann functions and sectional curvatures being
constantly —1 (up to scaling). The main technical difficulty in our paper comes from the fact
that other non-compact rank-1 symmetric spaces have sectional curvatures ranging from —4
to —1 (see [ 1). This leaves A, much more complicated even in the model case when
g is symmetric. We resolve this difficulty from the observation that A, and £y have closely
related matrix expressions under a suitable choice of basis. The main difference of our proof

compared to [ ] comes from the remaining technical part of the paper.

In Section IV.2, we introduce some notion of “almost rank-1 structure” (depending smoothly
on g) to construct suitable bases convenient for further computations. Then we construct an
operator @ﬁ to approximate A4 by using the data from the Hessian of the Busemann func-
tions in symmetric spaces under these bases. (The construction of P mentioned in Section
IV.1 is not unique. In the case of real hyperbolic spaces, a suitable choice of P will lead
to @ﬁ = Id. See [ ] for more details.) Moreover, computation shows that @ﬁ and E,
have matrix representations closely related to a positive definite matrix (04 (see (IV.2.7)).
Hence the study of eigenvalues of ()4 leads to the desired Jacobian and norm estimates. In
particular, we proved that the dn-dimensional Jacobian of ﬁ;l o F, is bounded above by 1.
This implies that the dn-dimensional Jacobian of P is bounded above by 1 plus some error

term. In other words, P is almost volume non-increasing.

Section IV.3 is the most technical part of this paper. The main goal of this section is to

provide a detailed estimate on the error terms Ay — 1% and 1 —J ac(ﬁgl o Ey) so that
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.

we can construct P, as a perturbation of P which decreases dn-dimensional volumes. A
similar version of the statements and proofs introduced in this section also applies to the real

hyperbolic cases.

Section IV .4 is similar to [ , Section 7, a compression trick] which constructs the afore-
mentioned P, and verifies the required properties introduced in Section I11.3 (see Proposition
111.4).



CHAPTER 11
Rank-1 Symmetric Spaces of Non-compact Type

In this chapter, we review some basic facts about rank-1 symmetric spaces of non-compact type. As
is mentioned in Chapter I, real hyperbolic spaces RH", complex hyperbolic spaces CH", quater-
nionic hyperbolic spaces HHH" and the Cayley hyperbolic space QH? are all possible rank-1 sym-
metric spaces. See [ , Table II, page 354].

IL.1: Real, complex and quaternionic hyperbolic spaces

Let K =R, C or H, where H = R ¢ Ri & Rj & Rk is the associative, non-commutative R-algebra
of quaternions with the standard multiplication laws i* = j? = k? = —1,ij = —ji = k, jk =
—kj = 1,ki = —ik = j. For any element a € K, we denote by @ its conjugate. When K = H
and a = x + yi + zj + wk for some z,y, z,w € R, similar to the complex conjugate, we have
@ = 2z — a and Re(a) := z = (a + @)/2. In particular, |a| := v/a@ = v/@a gives the Euclidean
norm of a.

Denoted by M, = (KH", go) the corresponding symmetric space with a symmetric metric. We
recall following the model for M, in [ , ChIL10]. Let KP™ := (K" \ {0})/{v ~ v\, \ €
K\ {0}} and [v] € KP" be the equivalence class of v. Denoted by ¢ a quadratic form on K"*!
defined as

n

q(v, w) = Towy — Z@jwj
j=1

for any v = (vg, ..., v,) and w = (wy, ..., w,) in K"*!, One can verify that ¢ satisfies the following

properties.

(1). g(v,v) € R for any v € K"1;
(2). q(v,wi A + wade) = q(v, wy) A1 + q(v, we) Ay for any v, wy, wy € K™ and Ay, Ay € K;

(3). q(ri A1 +v2)o,w) = )\_161(1)1771)) +>\_2Q(U2a w) for any w, vy, ve € K" and Ay, Ay € K.

Let
KH" = {[v] € KP"|v € K"\ {0}, ¢(v,v) > 0}.

9



For any u € K"™! with g(u,u) = 1, the tangent space of KH" at [u] can be identified as {v €
K""|g(u,v) = 0}. The symmetric metric is defined as go(v,w) = —Re(g(v,w)). In particular,

angles with respect to gy is given by

Re(g(v, w))
Q(va)Q(w>w)

cos(ZLyy(v,w)) = — , Yo,w € Ty M, \ {0}.

For any [u] € M, with ¢(u,u) = 1 and any linearly independent v, w € T}, M,, we have the
following classical result on curvatures in M.

Proposition I1.1 ([ , 10.12 Proposition]). Under previous assumptions, for any p € My and

any pair of non-zero vectors v,w € 1,,My such that v is not parallel to w, the following holds.

(1). If v = w for some A € K\ R, then the sectional curvature Ky, (v,w) = —4, which is the

smallest possible sectional curvature;

(2). If q(v,w) € R, then the sectional curvature Ky, (v, w) = —1, which is the largest possible

sectional curvature.
As a consequence, we have the following linear algebra result.

Corollary IL.2. Let My, = (KH", gy), where K = R, C or H and g, is the symmetric metric
mentioned above. Denoted by d = dimg K. Then there exists unit vector fields &, on My and
fiberwise orthogonal linear maps J; - T'My — TMy, 1 <i <nand0 <t < d— 1 such that the
following holds

(1). Jo=1d;

(2). {&+}1<i<no<t<d—1 form an orthonormal basis at every point in M;

(3). Ji(&o) =&iforanyl <l <nand0<t<d-—1.

(4). For any non-zero vector v € T M, the sectional curvature of between v and [J,(v) is —4;

(5). Forany 1 <1y # Iy <nand 0 < t1,ty < d — 1, the sectional curvature of between &, 4,

and &, 4, is —1.

Proof. For any [u] € KH" with v = (uo, ..., u,), we have ug > 0. We define smooth vector
fields n, on My by n;([u]) = (—u;/uo, 0, ...,0,1,0,...,0) for any 1 < [ < n, where 1 is in the [-th

component. Denoted by | - | the norm on 7'M, induced by the metric go. Let J1(v) = vi when

10



K = C,H, J2(v) = vj and J3(v) = vk when K = H. The fourth property easily follows from

these definitions. We inductively construct §; ; via a Gram-Schmidt process as follows:

Eo =m/Iml =m/v—an,m); &= Te(&);
m+ Zf;il Em0q(M Emp)

10 = = .
’771 + > et Emoa(m, fm,o)‘

s Ge=T(&), 2<Ii<n.

&0 are well-defined because the [-th component of 7, + Zi;il fm,oq(m,—fm,o) is non-zero. Then
q(&0,&0) = —1forany 1 < [ < n. We prove inductively on [ that ¢( 0, &,0) = 0 for any
1 <ly <l < n. When! = 1 the above holds automatically. Suppose the above holds true for
[ <1y —1,then when !l = [y,

—q(m; &i0) + qu:il 4(&m0a(M; Em0), €10,0)

q(§1,0, &10.0) = —1 —

M+ D et $m0a(M Emo)

ZQ(% &10,0) + Zf;il (M, &m0)2(Emy0, €10,0)

m+ Z:; Em,0q(11, Emo)
40 610.0) + 40 §10.0)0(E10.0: §100) a0 §10.0) — 41 §i0.0)

m+ Zf;il fm,oq(m, fm,o) ‘771 + Zf;il fm,oCI(m, fm,o)

=0.

Hence ¢(&0,&,0) = 0 forany 1 <[y < [ < n. Since the maps J;(-) are K-scalar multiplications
on the right, by the second and the third properties of ¢(-, ), ¢(&.¢, .,) = 0 forany 1 <y < <
nand any 0 < ¢,ty < d — 1. This verifies the second, the third and the fifth properties. [

I1.2: The Cayley hyperbolic space

The set of octonions O is an 8-dimensional non-associative, non-commutative division algebra
over R. Let (-, -) be the Euclidean inner product on @ and | - | the induced norm. Then we have the

following properties. (See [ , 1. Composition algebra])
(1). |ab| = |al||b| for any a,b € O
(2). {ab,ac) = (ba,ca) = |a|*(b, c) for any a, b, c € O;
(3). (ac,bd) + (ad, bc) = 2(a, b){c,d) for any a,b,c,d € O;
4). a=2(a,1) — aforanya € O;

(5). 2{a,b) = 2(@,b) = ab + ba = ab + ba for any a,b € O;

11



(6). (ba)a = a(ab) = |a|? for any a,b € O;
(7). a(be) + b(ac) = (ca)b + (cb)a = (a, b)c for any a, b, c € O
(8). (Moufang Identities)

(i). (ab)(ca) = a((bc)a) for any a, b, ¢ € Q;

(ii). a(b(ac))
(iii). b(a(ca))

= (a(ba))c for any a, b, c € O
= ((ba)c)a for any a, b, c € O
(9). Multiplications involving only two octonions are associative.

Let

and
3(1,2,@) = {% € Matgxg(@> . 1172%*[172 = %}

Any element X can be written in the following form
%(H,a) = —63 —92 —a s (9]‘ € R,aj € @,j = 1, 2, 3,

where 0 = (61,92,03) and x = (ZEl,J}Q,ZL‘g).

Definition I1.3 (“Matrix model”). We define the Cayley hyperbolic space OH? as
OH? = {X € J(1,2,0) : ¥ =X, tr(X) = 1,X1; > 0} .

Proposition I1.4. For any trace 1 idempotent X € J(1,2,0) with X1, # 0, there exists a unique
vector (0, a,b) € R, x Q% such that

X =sgn(X11)12(0,0,¢)"(0,0,¢),
where sgn(t) = t/|t| whent # 0. The set
J0:={X€3(1,2,0) : X* = X, tr(X) = 1,X;; =0}
is isomorphic to QP! = S8,
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Proof. Write

It suffices to show that

as Oy a; | =sgn(01)(0,b,¢)"(0,b,c) (I1.2.1)

(05} 61 93
for some (6,b,c) € R x Q% Notice that

2 2 2 —_— — _
01 — las|” — |as] raz — Oa3 —a1az  bhaz — azar — Osaz

2 — _
X = —91@3 + 92a3 + aia9 9% — |CL3‘2 + |CL1|2 —a9a3 + 02a1 + 83&1

—61@2 + aza; + 93@2 —a903 + 9261 + 63&1 0§ — ’CIQ’Q + |&1’2

The condition that X = X implies that
a;a;41 = mj+25j+2, m; c R,j € Z mod 3.

Case 1: If a3 = ay = 0, then 6? = 0, implies that ; = 1 or 0. When 0, = 1, trX =
67 + 03 + 03 + 2|a;|* = 1 implies 6 = 03 = a; = 0. Hence X = I,5(1,0,0)*(1,0,0). When

01 = 0, we have a natural diffeomorphism
J10 = {X € Matgup(0) : X2 = X, trX = 1, X* = X}

by forgetting the first row and the first column, where the latter one is QP! = S® by [ , 3.
Octonionic projective geometry].
Case 2: If a3 = 0 and ay # 0 (the case when a; = 0 and a3 # 0 is similar), then X? = X

implies the following.
(). 62 —|as]* =0, #0;
(2). =0, + 05 =—1;
(3). 03 + |a1|* = —0s;
4). 02 — |as]?® + |a1]? = —0s.

Notice that 1 = 6; — 65, trX = 1 implies that 6, = a; = 0 and that |as|* = 6,65. Hence we can
choose = /|01, b = 0 and ¢ = sgn(6;)a, /60 and (I1.2.1) holds.
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Case 3: If as, a3 both not equal to 0, then
’aj|2 = mj1Mjt2, J=1,2,3mod 3.

Therefore X% = X and trX = 1 imply the following.
(1). 61 =0y —mz =1;
(2). O — 03 —my=1;
(3). my — 0y —03=1;
4). 64— 05— 05 =1.

Hence m; = 60;, where j = 1,2, 3. Choose 6 = /|6;|, b = sgn(6;)as/6 and c = sgn(6,)as/0 and
(I.2.1) holds. Uniqueness of the vector is trivial. ]

Remark. Itis easy to see that the condition “trX = 1 and the condition “all 2 x 2 subdeterminants
of X vanish” introduced in [ , §19. Spaces of R-rank-1, page 137] are equivalent in this

setting.

Therefore we have the following alternative definition for the Cayley hyperbolic space (also

see [ , page 87]).

Definition IL.5 (“Vector model”). The Cayley hyperbolic space can be alternatively defined as
©H2 = {(9,@7[)) € R+ X @2 : 92 _ |CL|2 . |b|2 _ 1}

Remark. It follows from simple computations that for any X € OH?, X;; > 1.

The descriptions here coincide with [ , §19. Spaces of R-rank 1] in the following way.
For any v = (0,b,¢) € R>o x O?, define X, = [ 2v*v € J(1,2,0). Let Jo = {X € J(1,2,0) :
X% = 0,X # 0} denotes the collection of all nilpotents. It follows from a similar argument as in
the above proof that all elements in J, can be written as +X, for some v € R x O satisfying
vl ov* = 0. Define

3 ={X<c3(1,2,0): ¥* = X, trX = 1}.

Then for any X € J, the above proposition implies that either X = X, for some v € R>¢ x 0?
satisfying v/ ov* = 1 (when X;; > 1) or X = —X,, for some w € R X 0? satisfying wl yw* =
—1 (when X;; < 0). (Given the remark of Proposition I1.4, one can check that the set Jy U J; is
naturally identified with the Cayley projective plane OP? described in [ , §19. Spaces of
R-rank 1, page 137].)
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Following the definition in [ ], a point X € J; is called an inner point if for any ) €
Jo U J1 such that trX o ) = 0, there exists some Xy € Jg satisfying trXy o Q) = 0, where X 0 Q)
is the Jordan multiplication defined as (X9) + 9X)/2. Otherwise X is an outer point. In [ ,
§19. Spaces of R-rank 1, page 138], the Cayley hyperbolic space is defined to be the collection of
all inner points in J;. Hence, the equivalence of our model for the Cayley hyperbolic space and

the model in [ , §19. Spaces of R-rank 1] boil down to the following proposition.

Proposition IL.6. The “matrix model” for OH? defined in Definition 11.3 is the collection of all

inner points in J.
Proof. Forany 0 # v = (1,a,b),w = (1,¢,d) € R5¢ x 02, we have
trX, o X, = 1 — 2(a,c) — 2(b,d) + |ac|* + |bd|* + 2(ab, d).
When a # 0, the first Moufang identity implies that
_ b

(ab,ed) = (b,a(cd)) = |a|2<ba, (a(cd))a) = |a|2<ba, (at)(da)) = #(c&, (da)(ba)).

Therefore

— 2
) &7&0,

trX, o X, = (11.2.2)

11— db|?, a=0.

Case 1: When a = b = 0, the quantity in (I1.2.2) never equal to 0. The only w € R x O? such
that trX, 0o X,, = 0is in the form of w = (0, ¢, d) with ¢, d € O. Letu = (1,d/|(c, d)|, —¢/|(c, d)|).
One can verify that X,, € Jg and trX, o X,, = 0. Therefore X, is an inner point. Denote by z this

very special inner point, i.e.,

Ty =

oS O =
o O O
o O O

Simple computation shows that for any © € R>o x Q% X, o 2y = 0 implies that u € {0} x Q2.
Let [X,] be the unique element in RX, NJ; for those X,, & Jo. Therefore [X,] is an outer point for
any u € {0} x 0%\ {0}.

Case 2: When (a, b) # 0, without loss of generality we can assume that a # 0. If |a|>+|b|* < 1,
trX, o X, = 0 implies that |c|> + |d|> > 1, following (I1.2.2). If ¢ = 0 (or similarly d = 0), it is
easy to find a u = (1, A\, £d) for some real numbers A\,  such that X, € Jo and trX, o X,, = 0. If
c,d #0,let \,¢ € Rand u = (1, Ac, £d). Then the set of equations with respect to A and £ given
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Xu € Jo; L= X*|c]” + &|d*;
—

(I1.2.3)
trX,oX, =0 1= \c|? +¢|d?

has real solutions

d|2
1 (e 4 Jd - 1)
S A,
cl?
1 4/ (el +1d” — 1)

[el? + |df”

if and only if |c|* + |d|* > 1. Therefore we can conclude that [X,] is an inner point when v/; 5v* >
0.

On the other hand, we define 0 = (1,a/(|a]* 4 [b]?),b/(|a]® + |b]?)) for any v = (1,a,b) €
Rso x O? such that vl 2v* < 0, . One can verify that trX, o X; = 0 and that v], ,0* > 0.
Therefore trX o X4 # 0 for any X € Jo by (I1.2.3), which implies that [X,] is an outer point when
vl ov* < 0.

Hence we can conclude from the above discussions that X € J; is an inner point if X; > 1 and
is an outer point if X;; < 0, which proves that our definition of QH? coincide with the definition
in [ , §19. Spaces of R-rank 1]. ]

We refer to [ , §19. Spaces of R-rank 1] and [ ] for an overview of related sub-
jects. A very detailed and general theory can be found in [ 1, [ ] by T. A. Springer and F.
D. Veldkamp for further reference.

Denote by ¢, the symmetric metric on OH? and M = (OH?, g,) such that the distance function
on OH? is given by

cosh(2d(X,2)) = 2tr(X o) — 1, VX,9 € OH?

asin [ ]. We identify T, M, with Q2 such that each unit vector v = (a, b) € Q? corresponds
to the initial vector of ~,(¢) := (cosh(t), asinh(t),bsinh(t)). We will compute the Riemannian
curvature data at xo by understanding the geodesic hinge /Xx¢%) for any X,9) € M \ {zo}, where
/%1% consists of two geodesic segments Xz, Yz, and the angle £ X20Y). A comparison hinge

of ZXx0%) in some space form M’ is a geodesic hinge ZX'z(2)" in M’ with the same angle such

that the lengths of geodesic segments Xz, 2z and X'z, Y’z are equal respectively.

Proposition I1.7. The following hold for the Cayley hyperbolic space.

16



(1).

(2).

(3).

(4).

For any unit vector v = (a,b) € Q2 ~,(t) gives a unit speed geodesic starting at x with

initial vector v,

The Riemannian metric at x is given by the Euclidean inner product on Q. Hence the map
x : ©? — M such that

sinh([(a, b)]),

wa,b) = (coshuw, D). sinh(|(a. b>|>)

a b
|(a, b)] |(a, b)]

gives the geodesic normal coordinates centered at xq (hence dx : Q* — T, My is the

isometric correspondence from Q2 with Euclidean inner product to T, My mentioned above)

For any v = (a,b) € Q2 denote by

0-(1,a™ '), a # 0;
0-(0,1), a=0

Cay(v) =

the Cayley line containing v. Then for any non-parallel pair of non-zero vectors (a,b), (¢, d)
contained in the same Cayley line and any pair of points X € Y5 (Ry) and ) € vy(c,a)(R4),
the comparison hinge /X'x,) of £Xx¢2) in a space form of constant sectional curvature
—4 satisfies d(X',2)') = d(X,9);

For any a,b € ©\ {0}, any pair of points X € 7(,,0)(R;) and D € v (R4), the compar-
ison hinge /X'x() of £Xx0%) in a space form of constant sectional curvature —1 satisfies

d(X', Q') = d(X,9).

Proof. (1). This follows easily by direct computations.

2).

(3).

Let (a,b), (¢, d) be unit vectors in Q. Hence the inner product of these two vectors is given
by

i 2try(a,p)(t) © Ye,ap(1) — 1
B % _ dran(®):vea (1) = - oo 7(273)15131(2)7( S
_ 2sinh(1) cosh(1)({a,c) + (b,d))
N 2sinh(2) = (a,¢) + (b, d).

Let a, b, ¢ be unit octonions and 6 € [0,7/2). Let v = (cosf, asin@). For any t;,t, > 0, we
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have

cosh(2d(Veu (t1), Yeu (t2)))
=2t17p, (t1) © Ve (t2) — 1
=2 cosh?(t,) cosh?(ty) — 4 cosh(t,) sinh(t, ) cosh(t,) sinh(t5) (bv, cv) — 1

+ 2sinh?(¢;) sinh?(¢5)(cos® § + sin® §) + 4 sinh?(¢, ) sinh?(t) cos? A sin” 6
=2 cosh?(t,) cosh?(ty) + 2sinh?(¢,) sinh?(¢,) — sinh(2t,) sinh(2t,)(bv, cv) — 1
= cosh(2t;) cosh(2ty) — sinh(2t;) sinh(2¢;)(bv, cv).

Notice that t; = d(v(t1), E1) and t2 = d(7e,(t2), E1), the above equation coincides with

the law of cosine in a space form with constant sectional curvature —4.

(4). Let a, b be unit octonions and ¢,y > 0. Write v = (a,0) and w = (0,b). Then
cosh(2d (v, (1), Yuw(t2))) = 2 cosh?(t;) cosh?(t5) — 1,

which implies that
cosh(d(7,(t1), Yw(t2))) = cosh(ty) cosh(ts).

The above equation coincides with the law of cosine in a space form with constant sectional

curvature —1. L]

A direct corollary of the above proposition is the following.
Corollary I1.8. For any non-zero v,w € Q? the following hold.

(1). If v,w belong to the same Cayley line and v ¢ Ruw, then the sectional curvature of the
2-dimensional plane spanned by dx(v), dx(w) is —4;

(2). If Cay(v) L Cay(w), then the sectional curvature of the 2-dimensional plane spanned by
dx(v),dx(w) is —1.

(3). Recall that from classical results that OH? = F;2°/Spin(9) with Spin(9) the stabilizer of
zo. Since F;* acts by isometries on M = (OH?, go), identifying T,, My with Q?, one can
view Spin(9) as a subgroup of SO(Q?) = SO(16). In particular, Spin(9) maps Cayley lines
to Cayley lines and acts transitively on the set of all Cayley lines.

Remark. Let p be a fixed point in CH". Recall that for any unit vector v € Tpl(CH” with re-
spect to the symmetric metric, there exists a linear map J € End(7,CH") such that the sec-

tional curvature between v and J(v) is —4. The same argument holds true in quaternionic hy-

perbolic spaces but NOT in the Cayley hyperbolic space. This is due to the non-associativity
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of octonionic multiplication. In fact, if such a map J exists, without loss of generality we can
assume that p = x, and identify the tangent space at zo with Q? via dy as in Proposition II.7.
If J(1,0) = (a,0) for some unit octonion a € O \ R, then for any unit octonion b and any
0 €[0,7/2), J(cos@,bsinf) = a(cosd,bsinh). In particular, J(0,1) = (0, a). Similarly we have
J(bsinf, cosd) = a(bsinf, cosf) for any unit octonion b and any 6 € [0, 7/2), which implies
that J(v) = av for any v € Q2. Therefore, for any octonions b # 0,c, J(b,bc) = (ab,a(bc)) €
Cay(b,bc) = Cay(1,c), which implies that (ab)c = a(bc). Notice that if (ab)c = a(bc) for any
b, c € O, then a must be real. This contradicts the assumption that a € O \ R.
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CHAPTER III

Proving Filling Minimality: a Projection Argument

IIL.1: A toy model

Before we move onto the complicated case of symmetric spaces, we first look at a very special
example.

Let D C M :=R" C L := RY be a compact region with smooth boundary D in R" equipped
with the natural Euclidean metric, where n < N and M is a vector subspace of L. Let D' C RN
be an embedded n-dimensional smooth Riemannian manifold with boundary 0D’ = 0D. Then we

have the following result.

Proposition III.1. Under the above assumptions, the following holds.
(1). bdp > bdp,
(2). Vol(D'") > Vol(D).

Proof. Let P : L — M be the orthogonal projection. For any x,y € 0D = 0D’ and any rectifiable
curve segment 7y : [0, 7] — D’ connecting z, y, we have

length(y) = length(P o) = dp(z,y) = bdp(z,y).

Taking the infimum on all such ~ proves the first assertion. Since P|gp = Idsp, we have D C
P(D'). Notice that the n-dimensional Jacobian JacP < 1. We have that P does not increase

n-dimensional volume. Hence the second assertion follows from
Vol(D’) > Vol(P(D’)) > Vol(D). O]

The general argument presented in this paper is very similar to the proof of the above proposi-

tion, which is essentially the following diagram
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D/

L— M

X
P
V
DcM

such that
(1). ®: M — Lisan “embedding”, &' : D’ — L is a map such that ®|yp = ¥’|sp/;
(2). Po® =1Idand P o @' is volume non-increasing;

(3). D C Po®'(D"). When P o @ is continuous, this is a corollary of ®|5p = ®'|s5p and
Pod =1Id.

In this special example, an embedding ®, a map ®’, an “ambient space” L are all given in the
assumptions. Also, the construction of a “projection” P and verifications of the required properties

are more straightforward than later constructions in this chapter.

II1.2: Proof of filling minimality for compact regions in Euclidean spaces

In this section, we sketch Burago-Ivanov’s proof of filling minimality for compact regions in a

Euclidean space M = R"™ with the standard Euclidean metric. Namely

Proposition IIL.2 (A naive corollary of [ , Theorem 1]). Let D C M := R" be a compact
region with smooth boundary 0D in R"™ equipped with the natural Euclidean metric. Then D is a

minimal filling.

Remark. In their original paper [ ], their method was used to prove strict minimal filling for

almost Euclidean regions. See [ ] for more details.

Proof for Proposition I11.2. We want to use the projection argument in the previous section, but

we have additional difficulties:
(Q1). L is not given in the assumptions. Which ambient space £ should we use?

(Q2). For an arbitary D" with 9D = 9D’ and bdp, > bdp, how to construct &’ and P so that we

can compare D and D’ in £?
(Q3). How to construct P after we construct £, &’ and $?
(Q4). How to proof that our constructions satisfy the required properties?
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The answers given by Burago-Ivanov to the above questions are the following: Let S := S"~! C
M be the unit sphere equipped with the standard sphercial probability measure ds. Then L is
chosen to be L>°(S, ds). For simplicity, we write L>°(S) if there is no ambiguity of the measure
class. Denoted by (-, -) the standard Euclidean inner product on M = R™. The “embedding” map
® : M — L and the map &' : D’ — L are defined as follows.

Dy(x) := ®(z)(0) = —(,0);  Dy(p) := P'(p)(0) := xn (yieréfD{de(p, y) + @e(y)}) :

where xn(t) := max{min{t, —N}, N} for some N sufficiently large. It is not hard to verify
that ® is an isometric embedding of M into £ as a metric space, ¢’ is a 1-Lipschitz map and
®|sp = P'|sp. Notice that the image of @ is a n-dimensional vector subspace, we can define P
to be the L2(S, ds)-orthogonal projection onto ®(M) and P = &~ o P. If we fix an orthonormal

basis in M and write x = (1, ..., z,,) to be its coordinates, then

Pod(p) = — (n/scp;(p)elds(e),...,n/s@;(pwnds(e)), Vpe D'

It is easy to see that P o & = Id and that P o &’ is continuous (actually even Lipschitz). Therefore
it remains for us to check whether P o ¢’ is volume non-increasing.

By Rademacher’s theorem, for every 6 € S, ®y(-) is differentiable almost everywhere in D’.
Hence for almost any p € D’ and any v € T,,D’, a notion of “weak derivative” d,®' : T,,D" —

Ty (p) L = L is a well-defined 1-Lipschitz linear map (see [ , Lemma 5.3]). Moreover

d,(P o ®)(v) = — (n /S 4, ®)(0)0ds(0), ..., n /S dpq>;(v>ends(e))

for almost every p € D’ (see [ , Lemma 5.4]). For suchp € D', let v, ..., v,, be an orthonormal

basis in 7, D’. For any ay, ..., a, € R such that ai+ ...+ afl =1, we have
|la1d, @' (v1) + ... + andpQ)’(vn)HLoo(s) <1,

which implies that
||(dp<1>’(v1))2 + ...+ (dp(ID’(Un))2HLOO(S) <1.

Hence, by Cauchy-Schwarz inequality and the fact that \/nf; are orthonormal in L*(S, ds), we
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have

Z:Hdp(Po v;) —nZZ(/d(I)’UJ\/_QdS())Q

]111

<nz U (@ (v;)) ds(@)] < n. (II1.2.1)

We recall the following linear algebra fact.

Lemma II1.3. For any m x m real matrix H = (hy hy ... hy,), assuming ki, ks, ..., k,, > 0 are

eigenvalues of H' H, we have

| det H]| < (%ik) - (%ih%)

Proof.

m 1 m 1 m
det H| =vdet HTH = ki < — k; = — hfh; | . [l
aan i - s (F20) - (3 5m)
By the above lemma, the Jacobian of d,(P o ®'), denoted by Jac(d,(P o®’)) or simply Jac(Po
®’)(p), is bounded above by 1. This proves that Po®’ is volume non-increasing. Filling minimality

of D then follows from the projection argument in Proposition III.1, the above constructions and

verifications of necessary properties. 0

Remark. The connections between this proof and the proof for the rank-1 symmetric spaces

(which will be presented in the rest of this paper) can be summarized as follows.

(1). Section III.3 explains how we can use the projection argument mentioned in Section III.1 to

prove Theorem 1.5 and subsequently Corollary I.6;

(2). The key step (II.2) in the estimate of Jacobian of P o @’ is generalized in Section II1.4.
The main idea is to introduce a notion of “Riemannian metric” on an open subset of £ such
that the n-dimensional Jacobian of any 1-Lipschitz map &’ is bounded above by 1. Some

technical definitions required in our constructions will also be introduced in Section I11.4.

(3). In the Euclidean setting, the projection P from £ to M can also be defined as follows: For

any ¢ € S, P(®) is the unique critical point of the convex function

FoiM R B = [ |30 - 60)20)] ds(0)
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Moreover, if we view S, the unit sphere in M = R", as the boundary at infinity for M, then
®y(y) are exactly Busemann functions on M and ds is the visual measure for any point on
M. These concepts will be introduced in Section IV.1 when we discuss the constructions for
rank-1 symmetric spaces. As one may expect, some general ideas behind these constructions

will be similar.

II1.3: Proof of Theorem I.5 and Corollary 1.6

This section is a review of [ , Section 2. Proof of the theorems]. The purpose of this section
is to prove Theorem 1.5 and Corollary 1.6 from Proposition II1.4, which is the KH" version of
[ , Proposition 2.1]. This proposition asserts that we can “embed” KH" into L>®(0,,M) =
L®(SM=1) (d = 1,2,4,8 when K = R, C, H, O, respectively) and also “project” an open subset
of L>(S%~1) to KH" with certain properties. The rest of the thesis provides the technical details
of these two maps along with verification of properties.

Let gy denote the standard metric on KH"™ such that sectional curvature on KH" lies in the
interval [—4, —1]. Let D C KH" be a region with smooth boundary. Let g be a Riemannian metric
on D which is C"-sufficiently close to go|p for a suitable r. (See the remark after Proposition
IV.34.)

Fix a point o € KH". Let B,,(R) be the ball of radius R in KH" centered at z, with respect
to the symmetric Riemannian metric go. Fix an R > 0 such that D C B,,(R/5). By [ ,
Theorem 2.3.6] the metric g can be smoothly extended from D to KH" which coincides with g
outside B,,(R/2). Moreover, the extension can be constructed in such a way that it converges to
go as g converges to go|p.

We denote the extension by the same letter g and let M = (KH",g). We also assume in
addition that g is sufficiently close to go such that B, (R/5) is contained in the ball of radius R/4
centered at x( with respect to the metric g. Our goal is to prove that for any region D C B,,(R/5),
the space (D, g) C M is a minimal filling and is boundary rigid.

Let S = S !and £ = L>(S). For any r > 0, let B(r) be the ball of radius r in £ centered
at the origin.

The technical results established in the rest of the thesis can be summarized by the following

proposition.

Proposition II1.4. If g is sufficiently close to gy, then there exists a distance preserving map ® :
M — L such that ®(xy) = 0 € L and a Lipschitz map

P, B(R)U®(M) —» M
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satisfying the following properties
(1). P,o® =1dy,.

(2). For every dn-dimensional Riemannian manifold N and every I-Lipschitz map f : N —

B(R), the composition P, o f does not increase dn-dimensional volumes.

(3). For any N and f as above, f(N) C ®(M) provided the composition P, o f : N — M

preserves volumes of all measurable sets.

Proof of Theorem 1.5 from Proposition I11.4. The proof is the same as the proof of [ , Theorem
1.6] from [ , Propsition 2.1]. We will present the proof for reader’s convenience.
Let g be sufficiently close to gq so that the maps ® and P, from Proposition II1.4 exist. Let D’

be a smooth compact manifold with boundary 0D’ = 9D and ¢’ be a metric on D’ such that
dipgy(x,y) > dipg(x,y), Vr,y € dD.
For simplicity we write M’ = (D', ¢'). Notice that (D, g) C M, we have
dip.g(z,y) > du(zy), Vz,ye€ dD.

Therefore
dM’(xvy) ZdM(xay)a foyyeaD

Since @ is distance preserving with respect to M, ®|sp is 1-Lipschitz with respect to the metric on
M’. Therefore we can apply the method in [ , Proposition 1.6] (or [ , Proposition 4.9])

to construct &’ : M’ — L as an extension of ®|sp. Here is an explicit formula for ¢’
O'(2)(s) = xr(Inf{@(y)(s) + drr(2,y) : y € OD}), Ve e M' s€S,
where y g : L — L is a cutoff function given by

Xr(9)(s) = min{ /2, max{—R/2, ¢(s)}}.

(Since we assumed that D C B,,(R/5) and that for any « € B, (R/5), dy(x, o) < R/4 at the
beginning of this section, the cutoff function does not change anything when x € 0D. Therefore
®lop = '|ap)

Consider amap 7 = P, o ® : M’ — M. The first assertion in Proposition III.4 implies
that 7|sp = Idgp, therefore D C w(M'). The second assertion of Proposition III.4 implies that
Vol(M") > Vol(D, g). Therefore (D, g) is a minimal filling.
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To prove that (D, g) is a strict minimal filling, suppose that Vol(M') = Vol(D, g). Then 7 is
volume-preserving. By the third assertion of Propositon I11.4 we have ®'(M') C ®(M). Therefore
7 = ® 1o Since ® is 1-Lipschitz and ® is distance preserving, 7 is therefore a 1-Lipschitz
volume-preserving map. It follows from [ , Lemma 9.1] that 7 is an isometry. Hence (D, g) is

a strict minimal filling. [

Proof of Corollary 1.6 from Theorem 1.5. The prove is also a KH" version of [ , Proof of The-
orem 1.3]. For reader’s convienience we will present the proof here.

Let D and g be as above, and let ¢’ be a Riemannian metric on D’ such that D’ and D share
the same boundary and ¢’ induces the same boundary distance function as (D, g). By Theorem 1.5
(D, g) is a strict minimal filling. Hence it suffices to show that Vol(D, g) = Vol(D’, ¢’). Since D
is a region in contained in a large ball in M, it satisfies the SGM condition introduced by C. B.
Croke [ ] if g is sufficiently close to gq (for example, g having negative sectional curvature).
Hence Vol(D, g) = Vol(D', ¢') by [ , Lemma 5.1]. O

II1.4: General setup and computations

Recall that in Proposition II1.4 we need existence of an “embedding” ® : M — L and a “pro-
jection” P, : B(R) U ®(M) — M satisfying certain properties. We will adopt the general setup
introduced in [ , Section 3, General computations] in order to help us understand these maps.

For reader’s convenience, we will list their major concepts and results without proof.

Notation IIL5. In this section, we assume that (M, g) is a n-dimensional manifold where any two
points are connected by a geodesic realizing the distance. This is always the case when ()M, g)
is complete. Let S = S"! and £ := L°°(S). We equip S with the standard (Haar) probability
measure ds. In the rest of the paper, we let L?(S) = L*(S, ds).

We denote by T M the unit tangent bundle of M and by 7.} M its fiber over z € M. Let ds,
be the standard probability measure on 7)) M with respect to the Riemannian metric g. We will use

ds, = ds, 4 for simplicity when there is no ambiguity of metric.

Definition IIL.6 (Special embedding). A map ® : M — L is a special embedding if there is a
family {®, }scs of real-valued functions on M such that the following holds:

(1). Forevery x € M, the image ®(x) is a function s — ®4(x) which belongs to L.

(2). The function (x,s) — ®4(x) is smooth on M x S.

(3). Every function ®, : M — R is distance-like; that is, |grad®,| = 1.

(4). For every x € M, the map s — grad®,(z) is a diffeomorphism between S and T} M.
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Remark. Every special embedding ® is a distance preserving map. The third assertion in Defi-
nition 1.6 implies that ® is 1-Lipschitz. To prove that it is distance preserving for all x,y € M,
consider a unit speed geodesic v connecting x and y. By the fourth assertion in Definition II1.6,
there exists some s € .S such that grad®,(z) is the initial velocity vector of . Since @ is distance-

like, its gradient curves are geodesics, which implies that « 1s a gradient curve of ®,. Therefore

and hence ||®(x) — ®(y)||p~ > dp(x,y). Thus & is distance-preserving.

Notation ITIL7. Let o, : T} M — S be the inverse of s — grad®4(z) and a : T* M — S be a map
such that oo| 71y, = «, for every x € M.

We define a probability measure du, by the pushforward of the standard probability measure
ds, on T M to S. In other words,

dity, = () 4ds,.

We denote by A(z, s) the density of du, at s € S with respect to ds. The second and the fourth
assertion in Definition II1.6 imply that A : M x S — R is smooth and positive.

Definition II1.8 (Scalar product, Riemannian metric and special Riemannian metric). A symmetric
bilinear form G on L is called a scalar product on L if it is L?-compatible (with respect to ds). In
other words, there exists some positive constants ¢, C' such that

cHuH%Z(S) < G(u,u) < C’HuHiz(S), Yu € L.

A Riemannian metric in an open subset{ C L is a smooth family G = {G, } 44 of scalar products
on L. In other words, for any point ¢ € U, there is a scalar product Gy defined on 7, L = £ which
depends smoothly on the base point ¢.

Let ® : M — L be a special embedding and G be a Riemannian metric in an open subset
U C L comtaining ®(M). We say that G is special with respect to ® if the following hold:

(1). For every ¢ € U, the scalar product G4 has the form
Gy(X,)Y) = n/ X (s)Y(s)dvg(s), VXY €L,
S

where v, is a probability measure on S.

(2). Every measure v, has positive density bounded away from zero with respect to ds; these

densities depend smoothly on ¢.
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(3). If = ®(z) foran x € M, then vy = 1.

Notation II1.9. Let G be a scalar product in £ and V' be a n-dimensional Euclidean space. Let
T : £ — V be alinear map bounded with respect to GG. Denote by Jacg v T the Jacobian of T'|,y,

where VW C L is an arbitary n-dimensional subspace. We define Jacobian of 7" as

JacgT := sup JacgwT'
wcL, dim(W)=n
Let M be an arbitary n-dimensional Riemannian manifold. For any smooth map F': £L — M,
we denote by dgF' : T, L — T4 M the tangent map of F' at ¢.
For simplicity, we will use 7,® = ®, (T, M) forany x € M and ® : M — L.

Definition III.10 (Z2-smooth). Let/ C L be an open subset of £. We say thatamap P : U — M
is L2-smooth if it is differentiable with respect to the L structure and its derivative at every point

¢ € U can be extended to a bounded linear map from L? to a fiber of 7'M which depends smoothly
on ¢.

Definition III.11 (Projection). Let ® : M — U C L be a smooth isometric immersion with
respect to a Riemannian metric G on /. We say that a map P : U/ — M is a projection if it is

L?-smooth and satisfies the following two properties.
(D). Po® =Idy;

(2). forevery x € M, dg(,)P(V) = 0 for every vector V' € L orthogonal (with respect to &) to
T,0.

Proposition I11.12. / , Proposition 3.13] Let ® : M — U C L be a special embedding and
G be a Riemannian metric with respect to ®. Let P : U — M be a projection in the sense of

Definition I11.11. Then for every x € M and every V' € L orthogonal to T, ®, we have
dq;(x)JaCGP(V) =0.

Proposition II1.13. / , Lemma 3.14, Lemma 3.15] Let N be a dn-dimensional Riemannian
manifold (with volume form dvoly) and f : N — L be a I-Lipschitz map. Suppose that G
is a special Riemannian metric in an open subset U C L with respect to a special embedding
®: M — Land f(N) C U. Assume P : U — M is an L?-smooth map. Then we have the

following inequalities

(1). f does not increase n-dimensional volume. In other words,

Vola(f) ::/ dvoly-g < Vol(N),
N
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where dvol-q denotes the volume form on N with repect to the Riemannian metric f*G.

(2).
Vol(Po f) := /N(Pof)*dvolM §/ Jacg P(f(x))dvoly(z).

N
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CHAPTER IV

Technical Constructions and the Proof of Proposition 111.4

IV.1: The construction in KH"

Recall in Subsection III.3 we proved Theorem 1.5 and Corollary 1.6 assuming Proposition I11.4,
which asserts the existence of an “embedding” map ® and a “projection” map F,. In this sec-
tion, we will present the main construction behind these aforementioned maps. We will adopt the
same construction as in [ , Section 4, The construction] for KH" with a metric g close to the
symmetric metric.

To simplify exposition, we do not track the dependence on g and its derivatives in our proof.
We say that a dependence on g is smooth if for every integer £ > 0 there exists an r > 0 such that
this dependence is k-times differentiable with respect to the C"-norm on a neighborhood of ¢ in

the space of metrics.

Notation IV.1. Let B, () the ball of radius r in KH" centered at x( with respect to the symmetric
metric gy, where o € KH" is a fixed point. Recall that in Section III.3 we assumed that D C
B,,(R/5) with metric g smoothly exteneded to the whole KH" (also denoted as ¢g). Moreover, g
is C" close to g and g = g, outside B,,(R/2). Let M = (KH", g) and M, = (KH", go). Notice
that M, and M share the same underlying manifold, we denote by d,,, d, the distance functions
on My and M respectively.

Let Oy, be the set of geodesic rays in M. In other words
On = {7 :10,00) = Mldp(v(t1),7(t2)) = [t1 — 22|}

Two geodesic rays 7;, 72 are equivalent if lim;_,o. d(71(t),72(t)) < oo. In a Euclidean space,
geodesics are straight lines and two geodesic rays are equivalent if and only if they are parallel.
The boundary at infinity for M, denoted as 0,,M, is defined to be the equivalence classes of
geodesic rays. One can check that for Euclidean spaces, the boundary at infinity can be canonically
identified with the unit sphere centered at an arbitary point. More generally, for non-positively

curved manifolds of dimension m, the boundary at infinity is homeomorphic to the sphere of
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dimension m — 1. If v € O, is in the equivalence class of s € 0., M, then we say s is the positive
infinity endpoint of +y, denoted by ~y(o0) = s.

Since g and g, coincide outside a compact set, boundaries at infinity for both M and M, are
canonically identified. Let S = S%~! = 9,,M be the boundary at infinity and £ := L>(S) as
in Section II1.3, where d = dimg K. For every s € .S, we denote by &, : M — R the Busemann
function of a geodesic ray starting at z, towards s € S. To be more precise, if we let () be the

unit speed geodesic such that v(0) = z and y(c0) = s, we have

Qy(x) = im dy(z,y(t)) —t, € M,seS.

t—00

We define the “embedding map” ¢ : M — L such that
O(z)(s) = Ps(x), ze€M,seb.

Lemma IV.2. The map ® defined above depends smoothly on x, s and g. If g is sufficiently close
to go, then ® is a special embedding in the sense of Definition I11.6.

We recall some notations introduced in the Subsection II1.4 before we give a proof for the

above lemma.

Notation IV.3. Let ds, , be the standard probability measure on 7} M with respect to the Rie-
mannian metric g. Let o, , : T*M — S be the inverse of s — grad®,(z) and oy : T'M — S
satisfying ovg |10 = 4 for every o € M. For any v € T M, denoted by v(t) € T'M the image
of v after applying the geodesic flow for time ¢. Then for any v € T M we have o, (v) = v(—00),
the negative infinity endpoint of the geodesic with initial vector v.

We define a probability measure ji, 4, known as the visual measure at x on M, by the pushfor-

ward of the standard probability measure on 7} M to S. In other words,

/'I/‘Tvg = (Oéx’g>*dszvg

We denote by \,(z, s) the density of 4, , at s € S with respect to the Haar measure ds =
(w90 )+dSwp.g0- Lemma IV.2 and Definition II1.6 imply that A\, : M x S — R is smooth and
positive. For simplicity we will use ds,, a,, «, p1, and X\(z, s) instead of ds, 4, iy g, @, f15 4 and

Ag(, s) when there is no ambiguity on the choice of the metric g.
Proof of Lemma 1V.2. Let H, . be the horosphere in M at s € S such that
(1). H,,istangent to B,,(c) withc > R > 0;
(2). Any geodesic ray starting at H, . towards s does not intersect the interior of B, (c).
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Since ¢ and g coincide on KH" \ B,,(R/2), horospheres of M contained in KH" \ B, (R/2)

coincide with those of M,. Therefore,
O (v) =dy(x, Hsey) — dg(x0, Hsoy) —C1 + 2, € M,s€ S, c1,00>> 1. Iv.1.1)

The first and the third conditions in Definition III.6 follow immediately from the definition of
Busemann functions. To verify the second and the fourth conditions we first recall that in the proof
of Corollary 1.6 we assumed that g has negative sectional curvature. Notice that oy, is smooth, for
any v € T' M, smoothness of the map a,(v) = a,(v(—T)) follows from choosing arbitarily large
T > 0 and the smoothness of «,. (This is because oy (v(—=1)) = ay,(v(=T)) = when T' > 1.)
This verifies the fourth condition in Definition II1.6 and also gives a smooth diffeomorphism from
T'M to M x S by identifying v € T,,M with (x, a,(v)). Denoted by 5 : T*My — R a smooth
map such that 3(v) = ¢ for any v orthogonal to H,(_,).. The same map is also defined on those

points in T M where g = go. For sufficiently large 7' > 0, by (IV.1.1) we have
O(2) = —Blagy(s)(=T)) + Blag, ,(s)(=T)), x€M,seS.

Since all maps involved in the above formula are smooth, we have ®(x) : M x S — R is smooth.

This verifies the second assertion in Definition II1.6. ]

Lemma IV4. If g = go, then
Az, s) = e 0M0)2:(@) — o=ldntd=2)2:(2)  \yp o N 5 € S,

where 6(My) is the volume growth entropy of any compact quotient of M defined as

5(My) = T, VOl € Molda (2, 20) < 1}))

Proof. The proof can be found in [ ]. [

Remark. For more general g, we can assume that g and g, are sufficiently close such that
1
56_(‘1””_2)@5(“”) < Mz, 5) < 27 (ntd=22:(2) vy ¢ B (Ry),s € S, (IV.1.2)

for some choice of positive real number Ry > 0 to be determined. This will be useful in later
computations when we choose a specific Ry depending only on R and n to help verifying some

properties in our construction.

Let B(R) be the ball of radius R centered at 0 in £ (with respect to L>°-norm). We define a

projection as the following.
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Definition IV.5. Let U/ be a neighborhood of &(M ) UB(R) in L. For any ¢ € U, we define a map
Qpg: M — T*M as

Qpq(2) = /Se(d“d)@s(x)¢(s)]d¢s($)duz7g(s). (IV.1.3)

Let P : U — M be such that Q, ,(P(¢)) = 0.

We first prove that it is well-defined, which is the KH" version of [ , Lemma 4.4]. For
reader’s convenience, we provide a slightly different proof.

Lemma IV.6. If g is sufficiently close to go, then there exists a smooth map P satisfying Definition
IV.5 such that

(1). P(®(z)) =z forallx € M;

(2). There exists some constant Ry = Ry(n, R) depending only on n and R such that for any
¢ € B(R), P(¢) € By,(Ry) and dy(P(¢),x0) < R;.

Hence as a direct corollary of the second assertion, ®(P(¢)) € B(R;) for any ¢ € B(R).

Proof. If ¢ = ®(x), then we define P(¢) = x and it satisfies the requirements in Definition IV.5.
In the rest of the proof we extend P to a neighborhood of (M) containing B(R).
Consider amap F : £ — L*(S) given by

E(¢) = ¢t d)ots)
Let ¢ € £ and ¢ = E(¢). Then the equation €2 ,(x) = 0 takes the form
/@/J(S)e(d"er)‘bS(w)dCDS(x)d,uw(s) = 0.
S
Notice that when ¢ = ®(z), spherical symmetry implies that
/S 0 @, (2)e %0 gd(2)dpu(s) = 0.
Hence the equation 2 ;(x) = 0 is equivalent to the following
/S (¢(s) — E 0 ®y(x)) e "™ DD dd () dp, (s) = 0,
which is equivalent to
/S (U(s) = E 0 y(x)) 0™ d, (B 0 @)(s)dpu(s) = 0.
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Define £ : M x L*(S) — T*M as
E(x, ) = / (¥(5) = E 0 @y()) XD, (B 0 @) (s)dpua(s).
s

By the Implicit Function Theorem applied to £(x, ) = 0, there exists a smooth map P:U—M
defined on a neighborhood I of E(®(M)) such that E(P(¢)), 1) = 0. Therefore we can extend P
to E-1(U) by setting P = P o E.

It remains for us to extend P to B(R). Let

wy(x) = I F DL @) (3 5)dD,(x) € T: M
and hence
Qosle) = | Bo(s)uy(o)ds

When g = go, Lemma IV.4 implies that w, = d (¢*+/2). A classic result from [ ] (to

be more precise, the first assertion of Lemma IV.11) implies that

28,
Vwg, > e go.

Hence
V Qg0 > /E(¢(8))62¢590d8 > 0.
S

For general g close to gy, we denote the induced quadratic form of Vw, and V{2, , by the same
notations. Similar to the remark for Lemma IV.4, we can assume that g is sufficiently close to g

in the sense that
1 2® D
Vw, > 3¢ *g, Yz € By (Ro) Iv.1.4)

for some choice of Ry = éo(n, R) > 2R > 0 which will be determined in later part of this proof.
Notice that B,,(r) is convex in M when r > 2R. Then

1 ~
ko 2 5 [ B@©)Wgluds > 0. Vo € Byy(Fo).
S

Therefore for any unit speed geodesic segment ~y in By, (R,), the function Q4,4(7(t)) has derivative
equal to V€ ,(7,7) and hence is strictly increasing, which implies that €2, ;, = 0 has at most one
solution in Bmo(éo) C M. Moreover, since V() , is non-degenerate, we can apply the Implicit

Function Theorem to €2, , = 0, which proves that we can extend x = P(¢) smoothly if the
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equation V(2 , = 0 has a solution for any ¢ € B(R).

20, (x

To prove the existence of such a solution, we first claim that inf ¢ Bay () f g€ )ds — oo as T

tends to infinity (independent of the choice of g). Define
Shadow,(N,p) = {s € S| Imy,, NN #0}, NCM,pe MUS,

where v, , denotes the geodesic ray (with respect to g) starting at p towards s. Since in Lemma
IV.2 we assumed that g is negatively curved, for any > R/2 and any x € KH" \ B, (R/2), we
have Shadow, (B, (), z) = Shadow,, (B, (r), z). Define

D, = Shadow, (B,,(2R), z) \ Shadowy, (B, (R),z) C S, Vxe MUS.
Notice that for any » > R > 0 and any s € S, the set

Shadow y, (B, (), s) := lim Shadow , (B, (), z)

Tr—S

has a fixed positive area only depending on 7 and n with respect to the Haar measure ds on S.
Moreover, the area of Shadow,,(B,,(r),z) only depends on dy(x, ) for any x € M U S.
Hence in particular Area(D;, ds) equal to some positive constant /(n, R) > 0 for any s € S
and there exists a continuous non-negative function A : R>y — Rs( such that Area(D,,ds) =
A(dgy(z,20)) — I(n, R) as dy,(x, x9) — oo. Notice that ®,(x) > d,(z, zo) — 2diamy(B,,(2R))
for any s € Shadow,,(B,,(2R),x) and any x € M. Without loss of generality we can assume
that g is sufficiently close to g, such that diam,(B,,(2R)) < 5R. Then we have

[0 2 A a0 XD 2 A ) H IR,
s
which proves that inf,¢p, () [ €*®*("ds — oo as r tends to infinity. Therefore

inf /E(gb(s))qu’S(’”)ds > e R g /e2¢s(m)ds > A(n,R,7) — 00
2€Bay(r) J g x€Bazy(r) J g

as 7 tends to infinity, where ﬁ(n, R, -) is a positive continuous function defined on R~ depending

onn and R. Hence there exists some constant ry = ro(n, R) > 0 such that
VQyq4 > 109, Vo€ By (Ry)

for }N%o > (0 asin (IV.1.4). Let X, be the dual of (24 , with respect to the metric g and define a
function F = ]X¢7g|§ = g(Xy4, Xs,) on M. Notice that ¢ € B(R) implies F(zo) < e2dn+dE and
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that

9(Xs.9,7(1))

et BTG R I EE O

FO0) > ]

where v is any unit speed geodesic segment in M. Choose R;(n, R) = 2e* @+ /ry > ( and g
sufficiently close to gy such that éo = Ry + 1, we have

F(x) > F(x), Va € Byy(Ro) \ Bay(R1).

Hence F| By (Bo) achieves minimum at some point i, € B,,(R1). In particular
0 =X gF (Tmin) = 29 (VX¢,gX¢,gv Xdag) =2 (V) (Xsg, Xopg) = 2r09(Xg, g, Xog),

which implies that X} 4 (i) = 0. Hence P is well-defined and smooth. O
Before we state Lemma V.8, we first introduce some notations.

Notation IV.7. For any z € Bzo(ﬁo) and s € S, we define a linear operator A, ; : T,M — T, M
by

Ay o(€) = e UInFDE@ ) (3 5) 71V [l D@\ (1) 5)grad D, ()], (IV.1.5)

where V¢ denotes the Levi-Civita derivative along &.

Recall that in the previous proof, we set
wy(x) = el T DL\ (3 5)dD, () € T M.
Hence for any ¢ sufficiently close to g in the sense of (IV.1.4) and 0 # & € T,, M, we have
(Az(€),€) = 7TV, 5) 7 (Vawg) (&, €) > 0. (IV.1.6)
Let ¢ € £ and x = P(¢). Denoted by p, a function on S such that
po(s) = e(dn+d)[@s (z)—¢(s)] (IV.1.7)

Let p, be the same function normalized with respect to the measure /.. In other words,

_ Po

5, = (IV.1.8)
* s podis
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Assuming z = P(¢) € B,,(Ry), we define a linear operator A, T,M — T, M by

A, = / Po(5) Au adiia(3). (IV.19)
S
which is invertible due to (IV.1.6).

Lemma IV.8. Let ¢ € U and x = P(¢). Then differentiating P yields
d¢P == A;l o) E¢,
for any ¢ such that x € Bzo(fio). The linear map E, : L — T, M is given by
Ey(X(s)) = (dn + d) / X (5)p(5)grad®, (2)dpia(s) (IV.1.10)
s
forany X (s) € T,L = L.
Proof. By Definition IV.5, We have
Quy(P()) =0, VoeU

Let z = P(¢). Forany X € TyL = L, { = dyP(X) € T, M and any vector field 7 on M, we
differentiate the above equation evaluated at 77 and obtain

/SD¢(p¢(8))(X)<grad<I>s(w)7mduz(s) + & [Q2,4(P()(M)] = 0.

Notice that
§[Q0.9(P(0)) ()] = E( Xy g, M) = (Ve g, 1) + (Xsg, Ven),

where &, ; is the dual of 2, , with respect to g as in the proof of Lemma IV.6 and hence vanish at
P(¢). By arbitariness of 77, we have

/S Dy (ps(s))(X)grad®@s(x)dus(s) + VeXy g = 0, (IV.1.11)
By (IV.1.7), (IV.1.8) and (IV.1.10), the first term in (IV.1.11) takes the form
| Dol (X)gradd, () o)

= — (dn +d) /SX(s)p¢(s)grad<1>s(x)du$(8) =— (/S pas(S)duz(S)) Ey(X).
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A direct computation yields

VeXy, = /S ety [e(d"er)q’s(x))\(x, s)grad®,(z)] ds
:/Spqg(s)e_(d”J“d)‘DS(m)Vg [e(d”+d)¢5($)/\(x,s)grad@s(x)} ds

- /s po(s)e” DTN (@ 5) IV [ DTN (2, 5)grad @y («)] dpiy(s)
— [ e Anatdints) = ([ patoldna(s) ) )

where the last two equalities follows from our notations in (IV.1.5) and (IV.1.9).

Summarizing the above, (IV.1.11) implies that

Ap(§) = Ey(X).

Therefore,
dyP(X) =¢ = A;l o Ey(X).

By the arbitariness of X, we have
dyP = A;l o Ey. ]

Definition IV.9. Let (7 be a Riemannian metric on P~!(B,,(Ry)), We require that for any ¢ €
P~Y(B,,(Ry)), the scalar product G4 on TyL = L is defined by

Gy(X,Y) = nd/ X(8)Y(8)py(s)dus(s), VX,Y €L, (IV.1.12)
S

where z = P(¢).

Remark. There are a number of different inner products mentioned in the latter half of this paper.
In order to avoid cumbersome notations we denote by (-, -) the inner product of a Euclidean space
or a tangent space for a particular Riemannian manifold. The distinction between different settings
will be indicated via different notations of Riemannian manifolds/metrics or verbal descriptions.
We also denote by (-, )¢ , the above mentioned scalar product GGy. The norm induced by G is

denoted by || - [|g,,.
Lemma IV.10. Let P be the map defined in Definition IV.5. Then we have the following.

(1). G is a special metric with respect to P.

(2). P is a projection with respect to G and ® in the sense of Definition I11.11.
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Proof.

(2).

Iv.2:

(1). The first two requirements of Definition III.8 follow immediately. For any ¢ = ®(x),
we have
Therefore

Xy g(x) :/grad(I) )dpe (s / vdsz(v) =0,
S TIM

which is equivalent to €, ,(x) = 0 and therefore P(¢) = x. Hence P o & = Id);. Mean-
while, the scalar product G, on T4 L = L is defined by

Gy(X,)Y) = nd/SX(S)Y(s)d,ux(s).

Direct computations imply that it satisfies the third requirement of Definition III.8.

The fact that P is L?-smooth in the sense of Definition II1.10 follows from Lemma IV.6
and Lemma IV.8. Since we proved the first requirement of Definition III.11 in our previous
assertion, it remains to verify the second requirement, that is, for every x € M, dq;.(I)P (V) =
0 for every vector V' € L orthogonal (with respect to G) to T,,®. Let ¢ = & (x) for simplicity.
By Lemma IV .38, it suffices to show that £, (X ) = 0 for any X € T, L perpendicular to 7.,
with respect to Gg.

Let v € T, M be an arbitary vector in 7, M. We have
(E,).0) = ((dn-+) | X(6)erad® (o) (s). )
s
=(dn + d) / X (s){grad®,(x), v)dpu,(s)
s

—(dn +d) /S X () B(0) (5)dpia (5)

1
:W : dn/ X(5)da®(0)(8)dpa(s) = "D (X, dyd(w)) = 0.
S
By arbitariness of v € T,,M, we have E,(X) = 0. Hence d,P(X) = 0. O
Approximating d, P

IV.2.1: The construction of 21\¢ when K # O

Recall that in Section IV.1 we wrote the derivative map d, P as a composition of two operators

Ad’)1 and E, for any ¢ € B(R). A direct application of the above facts gives the following lemma

on the operator A, when g = go.
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Lemma IV.11. Let ® be as in the previous section. If g = gy, then we have the following:

(1). We can compute the Hessian of ¢*®®) /2:

d—1

1
Hessgoéems@) = ?®) | gy + Z(dq)s © Jrgo)”
t=0

The maps Jy 4, - TM — T'M come from the complex structure and quaternionic structure
on M. In other words, Jy 4, = 1d, J1,4,(v) = vi when K = C or H, J54,(v) = vj and
T5.4,(v) = vk when K = H.

(2). The operator A, ; defined in (IV.1.5) has the following explicit formula:

d—1
(&) = €+ D (6 Trgograd®,(a)) Js gograd®,(z), VE € T, M. (IV.2.1)
t=0
Proof. (1). This can be found in [ , page 751].

(2). By Lemma IV .4, we have
Az, s) = e (dntd=2)2:(@) e N os e S,
when g = go. Therefore, we can further simplify (IV.1.5) to the following.
A, (&) :e_(d”er)@S(w)/\(x, S)_1V§ [e(d”’Ld)‘I’S(w)/\(x, s)grad®,(x)]
—e 2OV, [* D gradd,(z)] = e 2@V grad (%eM)S(“”)) :
Hence for any vector € T, M, we have

(Aps(8),m) = = (e 22OV grad(e?® ), n)

NN~

e 2®s(@) <V£grad(62¢3(w)), 7]>

&
2]

S(”"’)Hessg0 e2®s(@) &, m)

[

= (&) + ) (& Tigerad®,(z))(n, J;ggradd,(x))

t
d—1
= <§ + (&, Thgoerad®@,(x)) Jr gogradPs (), 7}> )
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Therefore,

d—1

Ars(§) =&+ Z(f, Tr.goerad®(x)) T, soorad®,(x), VE € T, M. O

t=0

The above result relies on the almost complex structure (almost quaternionic structure resp.) on
TM when g = gy and the explicit formulae for density functions A,(x, s). In order to understand
the more general case when g is sufficiently close to gg, similarly we construct an almost complex

structure (almost quaternionic structure resp.) which preserves the Riemannian metric g.

Notation IV.12. Let V, W be any real vector spaces with bases v = {vy,vs,...,v,,} and w =
{wy, wa, ..., w; }, respectively. Let T : V' — W be a linear map. We denote by ,,[7T], the matrix of
T under bases v and w. In other words, if

then

w[TTo = (aij)1<i<m, 1<j<1-

We start with a collection of vector fields {Eu,go |1 <1<n,0<t<d-— 1} such that for any
x € KH", {gt,go(x)ﬂ <[ <n,0<1<d-— 1} is an orthonormal basis for 7, KH" under the
standard complex hyperbolic metric gq. In other words, we have the following

<€l1,t17go (l’), 512,1&2,90 (x)>go - 511125751?52’

where 1 < [y,l; < nand 0 < ty,t, < d — 1. By Corollary I1.2, we can further assume that these

vector fields satisfy the following equations.
Trao€i0g0 = Eitgyy 1<1<nand0<t<d-—1.

We can therefore apply a Gram-Schmidt process to obtain a new collection of vector fields
{5,t,g|1 <1< n,0<t<d-—1}suchthatforany x € M = (KH", g), {a,t,g(x)u <1<n,0<

t < d — 1} is an orthonormal basis for 7, M under g. In other words, we have

(51,0,9; ceey 61,d—1,g7 sy €n,0,gv ceey gn,d—l,g> = (51,0,9(” teey gl,d—l,goy sy fn,O,gm ) 5n,d—1,90> . Nga

where NV, is a dn x dn upper triangular matrix recording the Gram-Schmidt process, and

<51,t1,g(x)7 éz,tz,g(x» = 5l1l26t1t27
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where 1 < [i,lo <nand 0 <ty,to <d—1.
We denote by =, the ordered basis {€1.0.g, .., &1.d-1.gs > En0.gs s Ennd—1,4} and for simplicity
= when there is no ambiguity of the metric. We construct an almost complex structure or almost

quaternionic structure J; , on 7'M such that

Eg[jt,g] =z, [Jig,)

=g =90

VO <t<d—1.

gy
It is clear that 7, ;, preserves g. Moreover, we have the following lemma.

Lemma IV.13. If g — gollcr < € < 1, then | Ty — Tgller < Ko(n,7)|lg — gollcr for some

constant KCo(n, ) depending only on n and r.
We define a new operator /Alm oM — T, M as follows

d—1

A, (6) =€+ Z(ﬁ, Tigerad®,(2)) T, gerad®y(z), VE € T, M. (Iv.2.2)

t=0

One should expect that /Alm is close to A, ; if g is close to g since gx,s and A, ; on M (when the
metric is g) are close to their counterparts on M, (when the metric is gy) and ;l\w = A, when

g = go- If x = P(¢), we have a corresponding IZ¢> : T, M — T, M defined as
Ay = / Do (8) Ay sdpie(s). (IV.2.3)
s
A\d, is close to A4 when g is close to gy. In particular, 24) = A, when g = go.

IV.2.2: The construction of ;4\(;5 when K = QO and n = 2

Since O is not associative, the models for real, complex and quaternionic hyperbolic spaces do
not work for the Cayley hyperbolic space. In particular, the remark after Corollary I1.8 suggests
that we cannot find any fiberwise linear map J : T'My — T M, such that for any v € T M,,
the sectional curvature Ky (v, J(v)) = —4. Such J maps exist for complex and quaternionic
hyperbolic spaces and was used in the constructions when K # O (see Subsection 1V.2.1). Hence
we need a different way to construct A\¢ in the Cayley hyperbolic setting.

Recall that in Proposition I1.7 we define the Cayley line of a vector 0 # v = (a,b) € Q? as

Q- (1,a'b), a#0;

Cay(v) = )
() 0-(0,1), a=0.

Let F;* = KCAN be the Iwasawa decomposition of F; *°. Denoted by v;; = (8146, d26;) With
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[ = 1,2, 0, the Kronecker delta, 0 < ¢ < 7 and {e; }o<:<7 the standard orthonormal basis for O.

Then we can construct AN -invariant vector fields é,t,go such that
57,5,90(:760) =V(yy) [=1,2and0<t <7,
where W is the same as dy in Proposition I1.7. Define ¥, ,, : O? — T, M, such that
U, g0 (014) = Euge(x), 1=1,2and0<t<T.

Denoted by
Cayy, &) = Va0 (Cay(q’;;)(f))) , 0#Le T, My

the Cayley line containing &. Then following the fact that the Cayley hyperbolic space is Rieman-

nian symmetric, the same arguments in Corollary 11.8 can be applied to all points in M. Namely,
Corollary IV.14. For any x € M, and any non-zero £,&' € T, M,.

(1). If&, & belong to the same Cayley line and & ¢ RE', then the sectional curvature K, (€, &) =
—4;

(2). If Cayy, (&) L Cayy, (&), then the sectional curvature Ky, (€,€') = —1.
Therefore we have following the Cayley hyperbolic version of Lemma IV.11.

Lemma IV.15. Let ® be as in the previous section and KH" = QH?2. If g = go, then we have the
following:

(1). We can compute the Hessian of ¢*®®) /2:

1

Hessy, 562@5(@ = ¢2%:(@) [

9o + 9o (WCaygo(f)(')a 7TCaygo(i)(')” :

(2). The operator A, ; defined in (IV.1.5) has the following explicit formula:

A;t,s (f) = 5 + 7TCang (grad®, (1‘))(5)7 Vf € T:EM7 (IV24)

where Tcay, () denotes the orthogonal projection onto Cayy, (&).
Proof. (1). See [ , page 36] and [ , page 47].

(2). Same as Lemma IV.11.
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As in the statement of the above lemma, we heavily used the concept of Cayley lines similar to
the way we used almost complex and almost quaternionic structure in complex and quaternionic
hyperbolic spaces. Therefore, similar to the previous subsection, the construction of the operator
2(,, approximating A, relies on a notion of Cayley lines for M.

We first apply a Gram-Schmidt process to {él,t,go} with respect to the perturbed metric g and
obtain {él,t,g} as a collection of orthonormal vector fields on M which gives an orthonormal basis
at every point in M. Define ¥, , : O* — T, M such that

U, o(ve) = él,tg(a:) [=1,2and 0 <¢t < 7.
For any x € M and £ € T, M, we define the Cayley line containing £ by

Cayy(§) = Vo (Cay(Pz4(€))) 0#& € TM.

Then we can mimic the case when g = gy and define a new operator ﬁw T,M — T,M such
that

Ex,s(f) = f + TCayy (grad®s(z)) (5)7 vf € TzM: (IV25)

where Teqy, (grada.(2)) Tefers to the orthogonal projection onto Cay,(grad®,(z)). For any ¢ €
P7Y(B(R)) and z = P(¢), we have a corresponding 21\45 : TyM — T, M defined as

Ay = /S Do (5) A sdpie(s). (IV.2.6)

In the case when g = go, gqs = A, and they are close when g is close to g, similar to the complex

and quaternionic hyperbolic cases.

IV.2.3: E; and Jacobian inequalities

Notation IV.16. For any ¢ € B(R) fixed, we let z = P(¢). For simplicity we write §;; , = gli,g(x)
forall1 <! <mnand0 <t < d— 1. Denoted by Z short for Z(z). Since Ji,q Preserves g, J 4= is
also an (ordered) orthonormal basis of T, M.

We define the following vectors in T, L = L:
Xit9(8) = (grad®s(x),&09) = dPs(&l1g), 1 <I<nand0<t<d-1.

They are linearly independent due to = being a basis and the second requirement of GG being a

special Riemannian metric (see Definition II1.8 and Definition IV.9). Let V, := span{X;; /1 <
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[ <n,0<t<d-—1}. We write
Zy ={X10g, s X1,d-1,gs s Xn,0,g1 s Xnd—1,4} = dP(2),
which is a(n) (ordered) basis for V. Define K, , C SO(T, M) such that
Kyg={V,40T oW, |T € Spin(9) C SO(0?) = SO(16)},

where the inclusion of Spin(9) C SO(16) is given by the third assertion in Corollary II.8.

We are now ready to take a closer look at ﬁqﬁ and Ey. Write

Jo= =ldlg,= VI<t<d—1

=

and
Qp = =[n(Ay —1d)]=.

Then we have the following

Lemma IV.17. (1). When K # O, we have the following formula for 1% defined in (IV.2.3):

where Qy = (Qmi,p)1<m,i<n is a dn X dn real symmetric matrix such that

<Xm,0,g> Xl,O,g>G¢ <Xm,0,g> Xl,dfl,g>G¢
Qmigp = : : (IV.2.7)
<Xm,d71,ga Xl,O,g>G¢ <Xm,d71,ga Xl,dfl,g>G¢

forany 1 < m,l <n;

(2). When K = Qandn = 2, forany 0 # £ € T, M, the normalized inner product (21\¢(§), E/NIE|12
is constant along Cay,(§). Equivalently, for any O € K, ,, the matrix OT@¢O has the form

Ald L

OT@¢O = < T 771d ) c Mathxlﬁ(R)u

where \,1 € R>q and every block in the above matrix has size 8 X 8.

(3). When K = Q and n = 2, forany 0 # £ € T, M, there exist orthogonal linear maps
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Iie € SO(Cay,y(€)), t =0,1,...,7, such that I ¢ = 1d and

7
~ 1 _
Qsleay, () = 3 > LeQoleay, o Ire -
t=0

Equivalently, for any O € K, 4, write

OTQ\¢O _ Qll O,¢ QIQ O,¢p and OTQ¢O _ Qll,O,(ﬁ Q12707¢ 7
@100 @200 Qo106 Q2200

where every block in the above matrix has size 8 x 8. Then there exist 1,04 € SO(8),
0 <t <7 suchthat Iy 0.4 = 1d and

7

~ 1 _

Q11,06 = 3 Z 110,6Q11,0,6170,4-
1=0

Proof. (1). Since = is an orthonormal basis for 7}, M, it suffices to calculate elements of the form

(Ay(6),m), EmeE.

Notice that

(A1) = [ 7o) Tasl 0 (0), )
S
:/S‘ﬁ¢>(8)<fll,tlyg’gl2¢2,g>dﬂx<8)

d—1

+ / Pg(8)(Ein t1,9) Ttg 1AL (7)) (€1 1.9, Tt g212d P (7)) dpia ()

t=0 v 95

= /S:qu(s) <§ll,t1,ga €l27t279>du$(8)
d—1

3 [ 6 oty 1. 0000} (T 008102 s ()

t=0 7S
d—

=01,1,0t,t, + Z de( Ty 9€litrg dCI)(% 981tz 9)> Gy
=0

Therefore the first assertion follows.
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2).

3).

Recall the definition of 21\(75 in (IV.2.5) and (IV.2.6), it suffices to show that

(&, Teay,my () /11€]17 (IV.2.8)

is constant along Cay, (§) for any choice of £, n € T, M. By applying K, , actions we can
assume without loss of generality that { = ¥, ,(1,0) and n = U, ,(bcos @, basin #), where
¢ € R and a, b are unit octonions. Then for any unit octonion ¢ and any {. = ¥, ,(c,0), we
have

Teay, () (&) = Wug(ccos® b, casinf cosb).

Hence
(&cs Teay, () (&e)) = ((¢, 0), (ccos® B, casinf cos 0)) = cos® 0,

which proves that (IV.2.8) is constant along Cay,(§).

The computations in the first assertion imply that the operator on 7, M defined by

- /S P(5) T grats, o) (€) s (5)

has matrix expression exactly equal to ();/16 under the basis =, where Tgrad®,(z) 18 the
orthogonal projection onto Rgrad®(x). It suffices to show that for any 0 # &, € T, M,
there exists some ;¢ , € SO(Cay,(&)) with 0 < t < 7 such that

7
(€ Teayym(€)) =D Tnes(€), myLes(€))),  VE € Cayy(€). (IV.2.9)
t=0

By applying K, , actions we can assume without loss of generality that £ = W, ,(1,0) and
n = U, 4(bcosb, basin @), where a, b are unit octonions. Let ey = 1, ey, ..., e7 be the standard

orthonormal basis for Q. Then
{W,4(ebcost, (eb)asin®) : 0 <t <7}

is an orthonormal basis for Cay,(n). Hence

7
<§I77"Cayg(n)<fl)> = Z<£/> 7T‘I’:c,g(ézbcos9,(€tb)asm€)£/>7\V/g € Cayg(f)-

t=0
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Notice that any £’ has the form ¥, ,(c, 0) for some unit octonion ¢ and

5/7 T, 4(etbcos0,(eb)asin 9)’5/>
W, 4(c,0), ¥, ,(ebcosb, (eb)asin b))
c, b cos 0)*

=(esc, beos 9>2 = <q/$,g(etcv 0)7 77>2 = <\le,g(et\1};,;(£,))a ﬂn(qjﬂc,g(etqjg,}](f/»»? 0<t<T

Choose () = W, (e, ¥, () and (IV.2.9) follows. O

Remark. A similar version of the second and the third assertions also hold for real, complex

and quaternionic hyperbolic spaces. In particular, we can choose the orthogonal maps I; ¢ in the

third assertion to be restrictions of 7, , onto K-lines when K # Q. It is not hard to verify that

the first assertion implies the counterparts for the second and third assertion in the complex and

quaternionic case. However, due to the remark of Corollary II.8, there is no obvious way to find

Jt,4 due to non-associativity of octonionic multiplication, making the Cayley hyperbolic case more

complicated.

In order to understand E,, : Ty L — T, M, recall that V, = spanZ,. We first claim that

Eglyr =0,

where Vdf denotes the orthogonal complement in 7;,L = £ with respect to G . This is because for

any X € V- and any &, , € Z,

(Eg(X), &L1g) =(dn +d) /Sﬁ¢(S)X(S)<grad<1>s($)>éz,t,g>dﬂx(8)

=(dn + d) /Sﬁ¢(s)X(s)Xl7t,g(8)dux(s) _n Z 1 (X, Xitg4)c, = 0.

Therefore

Eslys =0

since = is a basis for T, M.

Now it suffices to understand Ey|y,. Let Wy be an ordered orthonormal basis for V,. We have

the following result.

Lemma IV.18.

and

n+1
=[Eslv,lz, = Qs

n+1
E[E¢|V¢]W¢ = T W¢[Id]§¢v
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where v, [Id]% denotes the transpose of w,[1d] z,.
Proof. Applying a change of basis, we have
zlBslv,lw, = =lBslv,lz, - z,[1dlw,.

Since Z is orthonormal in T, M, =[E4|y] z, has its entries in the form of (£ (X), &), where X € Z;
and £ € =. Notice that

<E¢(Xll7t1,g)7 6l2,t2,g> :(dn + d) /S‘ﬁ¢<$)Xl1,t1yg(s) <gradq)s ({E), 5l2,t2,g>dﬂx<8)

_ n—+1
=+ d) [ 05) X119 Xra 1201 (5) = " Ko X
Therefore by (IV.2.7)
n+1
=lBolv,]z, = — —Qs.
Since Wy is orthonormal in V,, we have
(Xmo.g Xioglas, - A Xmog Xia-19)c,
Q¢ - == W¢[Id]g¢ . W¢[Id]z¢.
(Xma1,9: Xi0g)cs - (Xmar9 Xiargla, /1 opicn
Therefore
=[Eslv,lw, = =[Eslv,]z, - z,[1d]lw,

_n+1 n+1

- n W [Id]gd) T Wy [Id]Z¢ t Zy [Id]W¢> =

n+1
w, 17, - w, [Idlw, = W [1dZ, .
Remark. For simplicity we write Uy = w, [Id]z, and hence Q4 = U/ Uy.

Notation IV.19. For any m € Z, and any matrix H € Mat,,«,(R), we define its norm by

1
oITHTHuv \ ?
| H|| = ( sup —) = sup |[Hol.

T
v#£0,0EMat,, x 1 (R)=R™ vt lv]l=1

where ||v|| = VvTv denotes the Euclidean norm of a real vector v € Mat,,»1(R). In particular, H
is || H ||-Lipschitz, regarded as an endomorphism on a finite dimensional Euclidean space (with a

prescibed orthonormal basis).

Before estimating determinants, we first recall a linear algebra fact from [ , B.2 Lemme].
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Lemma IV.20 (Besson-Courtois-Gallot, [ 1). The determinant function is log-concave on

positive semi-definite matrices with real entries. As a corollary, let Ay, As, ..., A,, be real positive

definite m x m matrices such that det(A;) = det(As) = ... = det(A,,) = ¢ > 0. Then
det ! Zn:A >
(S E : j =~ C
j=1
with equality holds only when A1 = Ay = ... = A,

Proof. We will prove this lemma by induction on n. Clearly the lemma holds when n = 1. If the
case n — 1 holds true, replacing A; by Al_l/ ZAZ-Al_l/ % for 1 < ¢ < n, WLOG we can assume that

A; = Id and hence ¢ = 1. Let
1 n
B = Aj.
n—ljz; J

The conclusion in the case n — 1 implies that det B > 1 and det B = 1 only when Ay, = A3 =
.= A,. Let A\, ..., A, > 0 be eigenvalues of B. We have

N =1\
R e

NI 1 BER (7=0)/(5)
)5 () (1)
-SG5 (uens =2 G) () ()

in which the first inequality is due to the inequality between arithmetic mean and geometric mean.

3

Equality holds only when det B = 1 and all \; are the same. Therefore B = Id and hence
Id = A, = A, = ... = A, = B. This proves the inductive step and the lemma follows from

induction on n. ]
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Lemma IV.21. (1)

(2).

(3).

(4).

Proof.

1A 1
det (Id + —Q¢) > det (Id +-U; U¢> ;
n n

The trace of @¢ and U¢TU¢ are both equal to dn. Moreover, let 0 < 1y < ... < ng, be
eigenvalues of @¢ and 0 < A\ < ... < Ay, be eigenvalues of Ud)TU¢, then

M < <1< Nap < Agn < di (IV.2.10)

1 n-+1 dn 1
det (Id+ -UTU, | > det(UTU )7+
e( —i—n P ¢>_ ( - ) et(Uy Ug)n1

and
det(U] Uy) < Id.

Equality in both inequalities holds if and only if Ud)TU s =1d.
U, 1UL]| < Ven.

(1). When K =# Q, this follows from Lemma IV.20 and the first assertion in Lemma
IV.17. It remains to prove for the Cayley hyperbolic case. Let £ be a unit eigenvector of
fALb having the largest eigenvalue denoted by 7,.x. Since the second assertion in Lemma
IV.17 implies that (¢, A\¢(§ ))/1I€N|? is constant on Cay, (&), all non-zero vectors in Cay,(§)
are eigenvalues of 121\¢ with eigenvalue 7,,x. Let Cay,(¢’) be the orthogonal complement
of Cay,(€). Since A, is self-adjoint, Cay,(¢') is an invariant subspace of A, and non-zero
vectors in this subspace are all eigenvectors of A\ab for some common eigenvalue 7),,,;, due to
the second assertion in Lemma IV.17. Therefore there exists some O € K, , C SO(T, M)

such that
1~ maxld 0
o7 (Id n —Q¢> o=|" ,
n 0 nminld

where every block in the above matrix has size 8 x 8. The assertion then follows from

Lemma V.20, the third assertion in Lemma IV.17 and the fact that for any positive semi-

. : A B _
definite matrix BT o with A, B, C' € Mat,,,«m(R), we have

A B
det ( BT C ) < det(A) det(C).
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(2). Notice that

I
M:
5
—

P(5)(grad®s, &i.0,9) dpta(s)
:dn/ﬁ¢(s)(grad¢s,grad®s>2du$(s) = dn/ﬁqj(s)d,uac(s) = dn.
s S

Therefore the trace of @¢ and Uj U, are both equal to dn, which follows from Lemma
IV.17. The fact that A\ < n; < ng, < Ay, follows directly from Lemma IV.17 and two

linear algebra facts listed below:

(a). Let A be a positive semi-definite matrix and O; be orthogonal matrices with 1 < j <
m. Denoted by Kkpax, kmin the largest and the smallest eigenvalues of A. Let [y,
Imin be the largest and the smallest eigenvalues of (ZTzl OjAOjT> /m. Then kpy, <
lnin < lnax < kmax. (This is used when K = R, C, H or O.)

A B
(b). Let ( BT O ) be a positive semi-definite matrix with A, B, C' € Mat,,».,(R). Let

B
Kmax»> kmin b€ the largest and the smallest eigenvalues of ( o ) respectively. De-

BT

0
noted by /inax, Imin the largest and the smallest eigenvalues of 0 respectively.

Then kpin < lnin < lnax < Kmax. (This is used when K = Q.)

(3). Following the notation in the second assertion, we have

dn
> A =dn. aIvV.2.11)
t=1
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Therefore by Lemma V.20

dn
1 1
det (1d + ~UTU, =|| 1+ =\

=1

_ﬁn+1 n-14+ X\
_lfl n n+1

n+1\" & BN
> (M) Toma

=1
_1
1 dn dn n+1 1 dn )
:<”+ > (HAZ> :(”Z ) det (UTU,) 7.
n
=1

The inequality det (U, ;;F U,) < 1d follows directly by applying the arithmetic mean-geometric

mean inequality to (IV.2.11). Equal signs in both inequalities are achieved if and only if all
)\; = 1. In other words, U$U¢ = Id.

(4). By (IV.2.11), [|UZUy|| < dn. Hence ||(UU,)?|| < vdn. Since Uy = K(UXUy)? for some
K € O(dn). Therefore, by the fact that any element in O(dn) has norm 1, ||Uy|], [|[US]| <

vVdn. O

Corollary IV.22. The maps E, and A\;l o By : TyL — T, M is (n + 1)\/d/n-Lipschitz and the
latter one is volume non-increasing. In particular, when g = go, P is (n + 1)\/d/n-Lipschitz and

volume non-increasing and the first two assertion in Proposition I11.4 holds when g = gy.

Proof. Since Id + %@ab > Id, by Lemma IV.17 ggl is 1-Lipschitz. It follows from Lemma
IV.18 and the second assertion in Lemma IV.21 that E, is (n + 1)y/d/n-Lipschitz. Hence their
composition ﬁ;l oEy:TyL — T,Mis (n+ 1)y/d/n-Lipschitz.

It remains to show that

Jac(;(gqjl oE,) = ‘det ﬁ;l

JeE, < 1.

Since E¢|V$ = 0, we have 4 = Eyly, o Py,, where P, : L — V, is the orthogonal projection
onto V4. Hence

JacgEy = Jacgy, By - Jacg Py, .

We claim that Jacg Py, = 1. This is because on the one hand, Jacgy, Py, = detldy, = 1.

On the other hand, for any arbitary dn-dimensional subspace YV C L with an orthonormal basis
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{)N(h X, ..., )N(dn}, we have the following

dn dn

2 dn
1 ~
JacGWPV¢ —JaCG(PV¢‘W ( E H V¢ HG¢> < <% E ”X1Hé¢> = 1dn = 1.
=1

IV.2.12)

The second inequality sign follows from the fact that P, is 1-Lipschitz and the first inequality

sign follows from Lemma III.3. Therefore

n+1

N[

det

T
U¢>

1 dn
JacEy = Jacgy, Ey = - (" il ) (det UTU,)?
n

On the other hand

o~ ~ 1 o -1
|det A;1| = ‘det E[A(;S]E = det (Id + _QqS) .
n

Hence by the first assertion in Lemma V.21,

N

(i)dn (det UjUy)

JacG(A o Ey) =
det (Id + Q¢>
(% d t U$U¢ T 1__1 1_ 1
< o — = (detUyUp)® "' < 127wt =1, (IV.2.13)
(" 1) (det UTUQS)”+1
In particular, when g = g, Ay = 21\¢. Hence the above result implies that Jacg P < 1. [

IV.3: Estimating the correction factor

In the previous section, we introduced an operator /Al¢ for any ¢ € P~'(B,,(Ry)) which has an
explicit formula and coincides with A, when g = go. We will first estimate the difference of these

two operators.

Notation IV.23. Denoted by ¢ = ¢(g, ) the C"-norm of g — go.
Let © = P(¢). Define

1
Gu(s) = @) = I (1 = L+ el DB-0D).

Then
eldntd)(2s(@)=¢u(s)) — 1 _ ¢ 4 tpg(s) = 1+ t(py(s) — 1).
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Lemma IV.24. For any ¢ € B(R), we have the following facts

(1).
(2).
(3).

Proof.

Q).

P(¢y) = P(¢) = x for any ¢, in the domain of P;
A¢0 = A\(z)o = TLT-HId,

det A\@ =0.

il
dt 1t=0

det Aqﬁt =

il
dt 1t=0

(1). Letz = P(¢). Notice that
Q. () = /S @) =605 4 () (5)
= [t )00 () = [ pu(s)a0.)nl5) = 1620, ) = 0.
Hence P(¢;) = P(¢) = x by Definition IV.5. In particular,
pouls) = 1=t + tpols) = 1+ t(p(s) — 1).

Since ¢y = ®,(z), we have pg, = 1, which implies that UJ Uy, = Id given the formula
(IV.2.7). Therefore Lemma IV.17 and Lemma I'V.21 imply that fAl% = "T“Id. Since Lemma
IV.18 suggests that Ey,|v,, is surjective and d, ®(Z) = Z, by their definition in the previous
section (equal in an order preserving way), it suffices to show that

| —

= n——|—1E¢O o d$<b,

given that Id = dg P o d,® = A;O1 o By, o d,® from Definition III.11, Lemma IV.10 and
Lemma IV.8.

By Lemma IV.18 we have

Id.

n-+1
E[E¢O]Z¢O = TquTOUaSo =

Therefore 25 Ey,(Z4,) = E (equal in an order-preserving way) and

n n
Eyy 0 d,®(2) =
n1lw 0 de®(E) = o

E¢0(Z¢o) ==

(equal in an order preserving way), which implies that

n

Id =
n+1

E¢0 O dx(p
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(3). Let ¢ be an arbitary element in B(R). We assume that @w has eigenvalues 0 < 7, < 1y <
oo < Ngn. Lemma IV.21 shows that

dn
Z Ns = dn.
s=1

Hence

dn
. 1~ 1
det A, = det (Id + —Q¢> =11 (1 + —m) <
n n

t=1

1 & AT ™
s ()] ()

Lemma IV.21 implies that the equality holds when Ug Uy, = Id. In particular

N 1 dn
detA¢0—(n+ ) .

n
Therefore
- det A\qgt = 0.
t=0
Notice that dy, P = A} o E,,. We have
J aC(;Ed)
det Ay, = ————.
" JacgP(¢r)

Lemma IV.18 and the third assertion in Lemma IV.21 imply that Jacg Ey, attains maximum
at t = 0. On the other hand, for any ¢ € T, M,

d
dt

ou(s), {gradd, (2), 5>>

=0 G
:d;i—nd /S<p¢<5) - 1)<grad<1)5(x),§>d,ux(5)
:d;f_nd [Q4,6(2)(€) = Qo (2),4(2)(E)]

—dn

=t d [Q.4(P(9))(€) — Qo ().4(P(Ds(2)))(€)] =0,

where the last three equal signs follow from Definition IV.5 and the first assertion in Lemma
IV.6. Therefore 4 ‘t:O ¢i(s) € To, )L is perpendicular to T, = ¢.(T,M). By Proposi-
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tion I1.12 and Lemma IV.10, ¢ = 0 is a critical point for JacsP(¢:). Hence

d
—_ det Ad)z =0. O]
dt t=0

Proposition IV.25. There exist positive constants r and Cy = Cy(n, R) such that for any g suffi-
ciently close to gy (without loss of generality, assume € < 1) and every ¢ € B(R) one has

14 — Agll < Coellg — 2(P(9)) 1 12(s)

and
| det Ay — det 121\¢| < Coellp — (I)(P(¢))||2L2(S)'
Proof. Let
b(t) = /S Py (8)dptz (8).
Notice that

1 N
Ao = Ao =575 [ p5)(Ars = A)al)

) Js
1 ~ ; ~
0] /S(Ax,s = Aus)dpia(s) + 0] /S(P¢(8) — 1)(Aps — Apy)dpn(s)
t ~
0l /S (Po(8) = D)(Aus — Aps)dpia(s). (IV.3.1)

The last equality follows from the first two assertions in Lemma 1V.24 and the fact that

: A L[ 7 1 ~
0] /S(A“ — Az )iz (s) ZE/SP%(AJ;,S — Ay s)dug(s) = @(A% _A,)=0.

Since ¢ € B(R), Lemma IV.6 implies ®(z) = ®(P(¢)) € B(R1). Hence

1 < pols) = elIFD@@ -0 < ¢ (IV.3.2)

and
oo — Llzas) = [Je@HO@@=06) 1| < col|y(a) — $(3)]1xcs),

where
co = co(n, R) = el DEFR) (g 4 ).

Since z € B,,(R;), A, s and A\x,s depend smoothly on g and they coincide when g = gy, we have
||A5L‘,s - A\x,sHLQ(S) S C1€
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for some ¢; = ¢;(n, R). Therefore by the Cauchy-Schwarz inequality, (IV.3.1) implies

HAd)z - A\%H b t H/ p¢ :Jcs - A\z,s)dﬂx(s)

t ~
@ |p¢ - 1||L2 (S,dpz) * ||Aa:,s - Az,sHLQ(S,d,ux)-

Choose Ry = 1+ Ry in (IV.1.2) and Lemma IV.6 implies that
e~ dntd=2R <)\ (1, 5)| < 2eldntd=DFa (Iv.3.3)
for any ¢ € B(R) and z = P(¢) € B,,(R;). Hence by (IV.3.2) and (IV.3.3) we have

t —~
@H% — Ulz2(s,due) | Azss — Awsll22(5,dpa)

_ t A

IN

IN

2t DR ey [ (pg — Dl|p2s) | Aws — Ausllz2(s)
< 2t TR 6| () — o(3) | 12(s)

Summarizing up, we have
| Ag, = Ay, || < 2D Gere| Do) — o(s) 25
In particular, when ¢ = 1, we have
|Ag — Ay|| < 2+ 2 ]| D (2) — H(5)|| 2 (IV.3.4)

In order to estimate the difference in determinants, we first introduce a linear algebra lemma.

Lemma IV.26. Let Hy, Hy be n X n trace-free matrices such that ||H||, || Hz|| < R. Then we have
|det(Id + Hy + Hy) — det(Id + Hy)| < K(n, R)|[Ha||(|[Hy[ + [|H2]),

for some K(n, R) > 0.

ProofofLemma 1V.26. Let H1 = (aij)lgi’jgn and H2 = (bij)lgi,jgn- Then we have
jaij] < |Hill < R and |by| < [[Hs|| < R, 1<1i,j<n.

Direct computation shows that |det(Id + H; + Hs) — det(Id + H;)| can be written as the sum of
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at most 3" monomials in a;; and by; with coefficients 1. These monomials have degree at least

2 due to trace-free assumptions and always have positive degrees with respect to some by;. More

precisely,

|det(Id + Hy + Hy) — det(Id + Hy)|

= Z (_1)sgn(a) [H (5 o () + Qg (7) + bw(z H 10 (3) + Qo (1) ] |
gESy i=1 =1

= Z (_1)sgn(a) <H (aia(’i) + bZO’(’L)) - H aio’(i))
0€Sn,Fix(0)°CQCSR,|Q>2 if o=Id 1€Q) i€

< Z H (aio(i) + bia(i)) — H Qo (i)
0€8n,Fix(0)°CQCSn,|Q2>2 if o=Id |i€Q 1€Q)

< > (2% = D) Hs||(1H || + || Hal)
0€S,,Fix(0)°CQCSy,|Q>2 if o=Id

< > (2" = DR+ )" H|| (1 H: || + || Hl])

0€Sn,Fix(0)°cCQCSn

<[Snl2"(2" = 1)(2R + 1)" 2| Ha| (|| H1]| + || H])),

where S, is the group of symmetry over {1,2,3,...,n}. Choose K(n, R) = |5,[2"(2" — 1)(2R +

1)"~2 and the lemma follows. O

Back to the proof of Proposition I'V.25, notice that Lemma IV.21 implies that

- |
- (Aw—”+ Id) —0,
n

for any ¢ € B(R).
Lemma IV.24 and the above fact suggest that

1
0—tr L (A@—”+ Id)
dt|,_, n
~ n+1 1 ~
Gl (A=) v [0 = DA = Ao
1

0 / (06(5) — D Aps — Ay )dpia(s).

Let
n+1

n

Hy = Ay — Id
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and

Hy=Ay—Ay=As— Ay — ﬁ(A% — Ayy) = %1) /S(%(S) — 1) (Aus — Aus)dpa(s).

In order to estimate || H;||, we first recall its matrix under the orthonormal basis = C T, M.

=[Hi)z = % (@¢ — Id) )

The second assertion of Lemma IV.21 implies that
1 T
|l < |15 (UFUs ~ 1)
Hence it suffices to consider components in -~ (U(;{Ud, Id). Notice that

1
% (<Xll,t1,g7 Xlz,t2,g>G¢ - 511125151152)

= [ = X106 Xi5) a5

= fsp¢(31)dux( )/(P¢(S) —1)X11,tl,g(S)XIQ,tM(S)dux(S)

f p¢ _1dﬂx
~ ST [ 5100510,
S x

Therefore (IV.3.2) and (IV.3.3) imply that

1
‘% (<Xl1,t1,g7 Xlz,t2,g>G¢ - 511125t1t2)
1
(p¢(3) - l)XlLtl,g(S)Xlz,tmg(S)d:ux(s)
fs p¢> d,ux( )

fs p¢> - 1 d,ux
fquﬁ( s)dpz(s)

(ps(8) — 1) X1y 1,.9(8) Xty 10.9(8)dpz(5)
J
</5(p¢( ) — D)dp(s )/Xh .0(8) X0 (8)da (5)

< 260 (ps = Dllzasdpn) < 4o @2 (pg = Dll1as) < deoe ™ D (pg — 1) 12(s)

+

/Xh t1g ) X1, 5 g( )dpiz(s)

< ¢

+CO
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forany 1 <l;,l; <nand0 < ¢, < d — 1. Hence by (IV.3.2) we have

1
Il < |+ wiv, - 1)

1

E <<Xl1,t1797 Xl27t279>G¢ - 5l1l26t1t2)

<dn sup
1<l1,l2<n,0<ty t2<d—1

< AdPneoe IR (o — 1) 25) < AP DR, () — B(s)| e

Recall that (IV.3.4) implies
|| < 260442 e[, () — 6(s) 25
Choose R3 = R3(n,R) = (R + R;)R, and
Ry = Ro(n, R) = (2621 2y + 4d?nefel a2

Hence || H|| + || Ha|| < min{R3, Ry||®s(x) — ¢(s)||12(s)} by the assumption of ¢ € B(R), e < 1
and Lemma IV.6. It follows from Lemma IV.26 that

| det Ay — det Ay|| < K (n, Ra) || Hal|(|Hu| + || Ha])).

Hence

|| det Ay — det Ay )
< Ki(n, R3)(Ry + 1)~
%10 — D) gy U ) (B2 1)

Based on the above inequality and (IV.3.4), we can choose Cy(n, R) satisfying
Co(n, R) > max{K;(n, Rs)(Ry + 1)%,2¢edn+d=2DR1 20 1

Then we have
Ay — Agll < Coellp — D(P(d))|l2(s)

and
| det Ay — det Ay| < Coellp — ®(P())]22(s). n

Corollary IV.27. Let ¢ € B(R). If g is C" sufficiently close to go, then Ay is invertible. Moreover,

we have
HA;l - /Al;lH < Coellé — D(P(¢)) 2(s)
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and

det A — det A,'| < Coellp — B(P(9))]132s).
for some constant Cy = Co(n, R) > 0.

Proof. When ¢ € B(R), Lemma IV.6 implies ®(P(¢)) € B(R;). Since Lemma IV.17 implies
that Id < E(z, < (d+ 1)Id, we have

1 <det Ay < (d+ 1)

Therefore, when €(g, ) < min{1/[2Cy(R + R1)],1/[2Co(R + R1)?]}, by the norm estimate and

the determinant estimate in Proposition IV.25 we have

2d +3

1
§Id <Ay < Id
and . .
5 < det Ay det Ay < (d+1)™ [(d +1)% 4 5} ,
which imply that
|4t = At <llagtl |4 - A | 452 < 2C0ells — @(P@)llzacs
and that
det 45" — det 47| < 2Ciell — B(P(8))xs)-
The corollary follows from choosing 6’0 = 2C. U

We need one further estimate on the Jacobian of A\;l o Fg.

Proposition IV.28. For any ¢ € B(R) (assuming x = P(¢)), any dn-dimensional subspace
W C L and any X € W such that (X, X ), = 1, we have

det(E;I)Ja007wE¢ S 11— 01||X —ddo A\qzl o} qu(X)H%z(S)

for some Cy = Cy(n, R).

Proof. First, we proof the case when W =V, = spanZ,, where V;, Z, are defined in the previous
chapter.

Special case: W = V.

Since the left hand side of the inequality can be written in terms of eigenvalues of UgUd,, our

main idea is to estimate || X — d® o ﬁ;l o Ey(X) ”%2(5) by eigenvalues of U] Uy.
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Recall that in Lemma IV.17 and Lemma IV.18 we have

and .
n -+
=[Eglv,lw, Uyl
n
we can conclude that
~ n+1 1~ \"
E[Acbl o E¢|v¢]w¢ = . (Id + EQ(ﬁ) U¢T. (Iv.3.5)

Let ¢y := ©(P(¢)). We define a map iy : Ty, L — T, L such that, if we identify both tangent
spaces as L, iy(Y) = Y forall Y € £ = Ty L. In particular, i4(Z,,) = Zs. Notice that
d®(Z) = Zy,, (IV.3.5) implies that

: ~ n+1 1\
Z¢[Z¢od©oA¢1oE¢]v¢]W¢: " (Id—i‘ﬁQ(jy) Ug.

Hence
w,lig 0 d® o AZ' o Eyly,|w,
:”Z L, (Id + %@) h vl == ;: Ly, (Id + %@(b) h Ul
Therefore
wylldly, — iy 0d® o A" o Eyly,lw, =Td — = Z L, (Id - %@,) h Ul

For simplicity, let

G(U,) —1a - "1

1\"!
(Id + EQ¢) U$U¢ S Matdnxdn(R)
and hence
w,[Id — ig 0 d® o A" 0 Byly,|w, = UsG(Us)U; " (IV.3.6)

Assume that @¢ has eigenvalues 0 < 71 < 1y < ... < 1y, and U$U¢ has eigenvalues 0 < \; <
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Ay < ... < Agn. Lemma IV.21 shows that

dn dn
Z At = Z ne = dn
t=1 t=1

and
A< <1< g < Agp, < dn
Therefore
n+1 1~\!
Il =10~ "2 (104 20,) vl
n+1 1A\ n+1 LN
< ||Id — Id+ = Id e = 1
< " < +nQ¢) = ( +nQ¢) (U Us —1d)
n+1 1~ -1 n-+1
<|ld- ld+— U, —1d
< - < +nQ¢>) + - H(U¢U¢ )|
<n+1 1 B 1 = A
n L+2m 1+ Lt
< o - < - e

where the third inequality follows from the fact that if a symmetric matrix has non-positive and
non-negative eigenvalues, then its norm is controlled by the difference between its largest and

smallest eigenvalues. In order to estimate H UsG(Ug)Uy !

, we need the following result.

Lemma IV.29. For any ¢ € B(R) (assuming x = P(¢)), there exists a positive constant Co =
Cy(n, R) > 0 such that
)\1 2 027

where 0 < Ay < Ay < ... < Ay, are eigenvalues 0fU$U¢.

Proof of Lemma IV.29. Let v € R be an arbitary unit vector in an Euclidean space. Define

_Area({w € S (w, v)gan > 1/2}, ds)

e2(n) Area(S—1 ds)

> 0,
where (-, -)gan denotes the standard Euclidean inner product. ¢, is independent of the choice of

v due to spherical symmetry. For any unit vector v = (a1, ..., G141, -+, @n0s -+ And—1). €

Matg,x1(R) = R%", we construct a vector (see Subsection IV.2.1 and IV.2.2 for definitions of
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gl,t,g and Xl,t,g-)

n d—1
51) = Z Z a/l,tgl,t,g € TCCM
I=1 t=0
Then (IV.2.7) implies that
n d—1 2
v UG Ugv =dn /S Ps(s) (Z > al,tXl,t,gcs)) dpra(s)
I=1 t=0
—dn [ 7,(5){grad®. (o). €. ds ()
S
—in [ (0, 6 (€ &) (6
TIM
= 70" () (6. 6.)2ds,(€)
{weTiM:(€.6,)>1/2}
dn _ .,
= o0y (5))ds, (6). Iv38)
{weT} M:(w,w)>1/2}
Since (IV.3.2) implies that
<P, <0 (Iv.3.9)
Therefore we have
dn ., dn _
e oo () dsul®) > Tea(n)ey®
{€eTI M (€ 6v)>1/2}
As a consequence of (IV.3.8), we have
d
UL Ugv > ZHCQ(H)CaZ,
which implies that
dn _
IUTU) > Featm)y™
In particular, let C; = Co(n, R) = 2cy(n)cy?, we have Ay > Co. O
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Going back to the proof of Proposition IV.28, Lemma IV.29, (IV.2.10) and (IV.3.7) imply that

H W¢[Id - 7;(]5 odd o A\;l e} E¢’V¢]W¢

= UG W)U | < NUsIIGWAI 1T

1 _
SA%Q- <n+ ) ()\dn B )\1) A 1/2
n

1\ _
S dn(nj; ) 021/2()\5171_)\1)7

which implies that

n+1

IX — d® o A" 0 By(X)|l, < Vidn < > Cy M Mg — M),

Notice that || - [|¢, = || - \|L2(57dnﬁ¢dux) = - ||L2(S7dnp¢A(x’s)d5), it follows from (IV.3.3) and (IV.3.9)
that

d

SLE e DR sy < - g, < 3/ 2dnceli DR g (AV.3.10)

Write c3 = c3(n, R) = \/2(dn)~1c2eldntd=2)R1 . \/dn . (”T“)Q 02_1/2. Therefore
IX — d® o A" 0 By(X)|lr2s) < s(Aan — M) (IV.3.11)
Following (IV.2.13) and Lemma V.29, we have

det(A; ") Jacey By <(det UL Uy)2~m

dn—1 %7
= (Amdn 11 &)

1
i 2 dn— dn—1 27 n+l
A+ Aan 1
- <12d> At—Z(Al—Adn)QH/\t]
L t=2 t=2
~ d 11
dn n 2 n+1
P\ 1 .
< ( = t) = 7 (= A2
< CE2 (A1 — Aan) %7ﬁ<1— Lo (Jd” (A1 — Aan)
=~ dn 9 7’L—|—1 dn

Choose




Then it follows from (IV.3.11) that

1 1

~ 1
det( ;I)JaCG’VE(b Sl - <§ - n+ 1) Zc«;in—?()\l - )\dn)Q

<1 — i3 (A1 — Aan)? < 1= Cf| X —d® o E;l 0 Ey(X)|72(5). (IV.3.12)

Now we return to the general case when WV is an arbitary dn-dimensional subspace of L. For
any X € W, we write X = X+ X1 where X+ ¢ Vi and XI'e V. We first make the following

claim.

Lemma IV.30. Let Py, : T, L = L — V4 be the orthogonal projection onto V. Then there exists

some constant Cs = C3(n) > 0 such that
Ja,CG’V\;quS = JacG (Pvfﬁ‘W) S 1-— Cg”XLH?;d)

Proof of Lemma 1V.30. We follow the same idea as in Corollary IV.22 and (IV.2.12). Choose an
othonormal basis {X; = X, Xo, ..., Xgn } in W. Then (IV.2.12) implies that

JacG,WP%

:JacG (PV¢|W)

dn dn
dn 2 1112 = an_ 1
1 ~ X% 1 1\ 2
<= Py, (X2 <1 1% ) <«1-Z(1-— X112, .
_<dn >l on%) _< ) s-g(-5) T e,

The last inequality follows from the Mean Value Theorem and the fact that | X ||, < 1. Choose

dn_
Csn)=1(1-21)° " and the lemma follows. O
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Going back to the proof of Proposition V.28, (IV.3.10) and (IV.3.12) imply that

det( qul)JacG,WEqs =det( A;1>JaCG (E¢]V¢ o Pv¢)
:det( ;1)JacG’V¢E¢ . JacG (PV¢’W)

< det( Agl)JaCG,v¢E¢ (1 - C3||Xl||2c¢>

~ d
< det( gl)JaCG,Vﬂ;E(ﬁ (1 — §052@_(dn+d—2)R1 CgHXLHig(S))

c N 2
< (1= L ||x1 - a0 0 A5t o By (x| (1= call X3
i ( X1 20 B ) | (1 alX s
¢
~ 2
< (1 — O || X = dd o A}' o Ey(XT) LQ(S)) (1 — c4HX¢HiQ(S))
. 2
— (1 — O || X = d® o AL o Ey(X) LQ(S)) (1 — c4|yXLHi2(S))
a-Llo|lx—dvoiton (X) ’ +ey|| X2
<l-5(G o O T g T IR Ezs) |
where ¢y = cs(n, R) = Lcy?e @ Td=2 10y and the last inequality follows from the fact that

(1 —2a)(1 —2b) <1—a—>bprovided ) <1—2a,1—2b< 1. Take
1 (1,1
Cl = Cl(’ﬂ,, R) = émln {50{, 564} y

we can summarize that

~ 1
det( ;1)JacG,WE¢ <1- 3 (C’{

R 2
Xl —ddo A" o E¢(X)HL2(S) + C4||XL||iQ<S>)

R 2
<1-20 (HX” Do A o Ey(X) oyt HXl||iz<s>>

2

<1-C || Xt + X1 —dd o A" 0 By(X)
L2(8)
~ 2
1 _ o —1
=1-C1 || X d(I)oA¢ o Ey(X) L) O
IV.4: A compression trick
This subsection is a review of [ , Section 7, A compression trick] in the more general case of

KH". Recall in Proposition 1.4, we need a "’projection” map F,. In the previous two sections, we
constructed a projection map P, but whether it is area non-increasing is not clear. In this subsection,

we will give our construction of P, as a small perturbation of P. Notice that the second assertion in
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Definition III.11 suggests that P is a locally “orthogonal” projection in the sense that ds P vanish
on the orthogonal complement of Im(dp(») ®). Therefore P, constructed as a small perturbation of

P can be viewed as a “almost locally orthogonal” projection.

Notation IV.31. We define a “height” map h(¢) : B(R) — R, as follows.

ho) = llg — (P ()|l 12(s)-

Similar to [ ], we construct amap F, : B(R) - M x R, by

Fe(¢) = (P(9), ch(9)).
Since h is smooth on B(R) \ ®(M), so is F.. We continue with the notation that ¢ = ¢(g,r) as in
Section IV.3.
Lemma IV.32. There exist positive constants C5 = C5(n, R),Cs = Cg(n, R) > 0 such that for
any 0 < ¢ < Csand any ¢ € B(R) \ ®(M)

JacgF, <1+ Cgeh*(9)

provided € < 1.

Proof. Let W C TyL = L be any dn-dimensional subspace. Denoted by {)Nfl, )N(Q, cey )N(dn} an
orthonormal basis in W and {wy,ws, ..., wg, } an orthonormal basis in T, M, where x = P(¢).

Without loss of generality, we can assume that
(1). d¢h()z'l) =0 forany!l > 2;

(2). dyP|w has upper triangular matrix (@si), <, <4, With non-negative diagonal under the above

choices of bases.

Then
dn
JacaFolw = /a2 + [ [ au, (IV.4.1)
=2
where
~ c ~
t =dy(ch(X1)) = ———dy(h?)(X1).
o(ch(X1)) 21(D) o(h7)(X1)
Therefore
] < ¢]| Xy — d® o dyP(X1)]|12(s). (IV.4.2)
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The first assertion in Corollary IV.27 suggests that
145" = Al < Cuoellg — 2(P(6))l]22(s)

Therefore ||Aq_51 || < 2 provided e < [Co(R+R;)]~! (which is actually weaker than ¢ < min{[2Cy(R+
R1)]7Y [2Co(R + R;)?)~'} mentioned in the proof of Corollary IV.27). Conbined with Corollary
IV.22, we have P is 2(dn + d)/v/dn-Lipschitz. In particular,

(Iv.4.3)

By (IV.1.2) and (IV.3.10) we have

| X, — d® o dyP(X1)]| 125
=[| X1 — ayd®(wr)| L2gs)
<[ X[l z2(sy + anl|d®(w)| r2(s)
2(dn +d)
Vidn

2(dn+d
<\/2 d’fl eldn+d—2)Rq ||‘X'1 ||Gd> + %\/ 2eldn+d—2)R; ||d@(w1) ”LQ(S,dp,x)
n
2(dn +d)
n

<[ X1l z2(s) + |d®(w1)| 22 (s)

\/ (dn) eldn+d— 2)R1||X1||G¢ +
~ 2 1
:\/Q(dn>—lcge(dn+d—2)R1 HX1||G¢ 4+ (TL + ) ) /2e(dn+d—2)R1 ||w1||
n
2 1
\/Q(dn) T U o N ey i ¢s(n, R) = cs. (IV.4.4)

n

2eldntd=2 || dd(w1) ||y,

Without loss of generality, assume that
—dn
Cs = Cs(n, R) Smax{cgl [2(dn+d)/\/dn} ,1}.
It follows from (IV.4.2) and the assumption of 0 < ¢ < Cj that
—d
1] < [2(dn + d)/\/dn]

‘We consider two different cases. .
Case 1. Assume that a;; < [Q(dn +d)/V dn] . Then

e T

70



It follows from (IV.4.1) and (IV.4.3) that

dn
JacgF.|yw =+/ a3y + t2 H ay

<f{ (dn+d)} dnﬁau<\f[ (dn+d)] [2<dn+d)r"—1:2(dn+d)

Vdn Vdn Vin

—dn
Case 2. Assume that a;; > [2(dn +d)/V dn] . Then

2
\/Cl%l +12 < ai + t—
- 2&11

and

dn
JacgF.lw =/a2, + 2 | lan < | a —i—— a
G |W 11 ]]2: i = 11 2@11 H 1l

9 dn

t
:JacG WP + — ap

t2 2(dn + d)
<JacgwP +
oW 9 [2(dn+d):|_dn [ vdn
Vdn
(dn+d>‘|2dn—1 )
=JacawP + = | ——— te.
GW 5 { o
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2dn
< 1.

Iv.4.s)



Lemma IV.21, Corollary IV.27 and Proposition IV.28 imply that

JacgwP = det(A;l)JacG,Wqu
< (det(A;") + Coello — (P(6))[132(s) ) JacawEs
= det( A;I)JaCGwad) + Coeh? ¢)JacawEy
< det( A(;l)JacG,WEqs + Coeh?(¢)Jacq By
o

(
(

~ 1
= det( 1)JaCG,WE¢ + CthQ((b) ’det (n + Ug) ‘

n
+1 1
GO

= det( A;1>JaCG,WE¢ + 606h2(¢) det |:

n+1

dn
gdet(A(;l)JacG,W&s + ( > Coch?(9)

n+1

dn
Sl_CIHXl —dq)OA;IOE(p(Xl)H%Q(S) + ( ) C()Ehz(gb).
It follows from (IV.4.5) that

Jaca Felw

n-+1

o n > £2 [2(dn + d)]*"

dn
> C()€h2<¢) + 9 \/%

IV .4.6)

Corollary 1V.22, Corollary IV.27, (IV.3.3) and (IV.4.2) imply that

’t‘ SCH),Zl — d(I) o d¢P()zl)]|Lz(S)
SC )?1 —d®do A;l @) Ed)(jzl) 12(5) +c qu) ©) (A;l - A;l) ¢} E¢(5€1)

L2(S)
<c )?1 —ddo E;l o Edv()?l) + ¢V 2eldn+d—2)R

dd o (A;l - E;f) o Ey(Xy)

L2(8) L2(S,dpa)
- N - 9 N -
_ _ -1 _~ o(dn+d—2)R -1 _ A-1
=c|| X0 = dB o A7t o By(X)|| |, ey e 1 || g o (A¢ Y ) oE¢(X1)‘ .
_ - _ > Y .
<e|[ Xy ddo A3t o By(R)|, ey gretinra-aim a| H (451 - 431) ‘ 1Es| HX1 .

SC (H)’Zl —d®do A\;l ¢} E¢(5€1)

L 0 E D R e — <I>(P(<b))||L2(S)>

L2(S) n

—=c (H)Nfl —ddo 2(;1 o E¢()N(1) + —(n +1) Y% 2e(d”+d—2)31506h(¢)) )
n

L2(S)
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Since C'5 < 1 by definition, therefore ¢ < 1 and

~ —~ ~ 2
12 < 2c HXl —dD o A1 o By(Xy) H ) o’ (0), (IV.4.7)
L2

where

n

1 N2
ce = cg(n, R) = 2 (Mvge(dnwm&co) ,

and € < 1 by our assumption. Let

1 [2(dn + d)]*" n4+1\" ~
G-can® =3 B0 s () 6

(IV.4.6) and (IV.4.7) can be summarized as

2(dn + d)
Vidn

Choose C5 in Lemma IV.32 such that

2dn—1
JacGFC\W Sl — {Cl — |: :| 62} HXl —ddo A;l e} E(b(Xl)H%Q(S) + 066h2(¢).

Then
JacGFC|W S 1+ C6Eh2(¢)

and the lemma follows. O]

We follow the idea in [ ] to construct a "homothety” A; : M — M by

Au(p) = exp,, (texp,, (p)), Vpe M,

andamap Q, : M x Ry — M by

QU (p7 h) = Al-l—ahz (]?), VP € M.

Lemma IV.33. If d(p,z¢) < 40~ V2, assuming g sufficiently close to gy such that (M, g) has
strictly negative sectional curvature, then the dn-dimensional Jacobian of Q,, at (p, h) is no greater
than (1 + oh?)~.

Proof. The proof can be found in [ , Lemma 7.2]. L]

Now we define P, (¢) = Q,(P(¢),ch(¢)) = Q,(F,(¢)) on B(R). By definition P, is smooth.
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Proposition 1V.34. For every R > 0, there exists a o > 0, ¢ > 0 and ¢y > 0 such that the
dn-dimensional Jacobian J(¢) := Jacg P,(¢) with respect to G at any point ¢ € B(R) satisfies

J(¢) < 1—ch*(9)

provided €(g,r) < €.

Proof. Choose o such that 0 < C5(n, R) in Lemma V.32 and (40)~*/2 > R;(n, R) in Lemma
IV.6.

For any ¢ € ®(M), h(¢) = 0, Hence we have Jac dyFP, = Jac d,P = 1, following the
equality conditions in Lemma IV.21 and Corollary IV.22.

For any ¢ € B(R) \ ®(M), Lemma IV.32 and Lemma I'V.33 implies

1+ 066(977")#(@5).

(9) < JacQ, - JacaFys < —37 750 05

Choose 0 = /3Cs¢q and ¢, such that

(1). € is smaller than all upper bounds for ¢(g, ) mentioned prior to this proposition;
(2). 3Cgeoh?(¢) < 3Cee(R+ Ry)? < 15

(3). 0 < Cs;

4). (40)7'2 > Ry.

Let c = Cg(n, R)eg = 0 /3, Hence

1+ Cse(g,r)h2(6) _ 1+ Zh%(9)
10 < =77 SR(g) 1+ ;3h2(¢)

< 1-—ch*(¢). 0

Now we are in position to complete the proof of Proposition III.4.

Proof of Proposition I11.4. Let ¢, and o be as in Proposition IV.34. Assume that €(g,7) < €.
Consider the map P, : B(R) — M constructed above. Proposition III.13 and the inequality in
Proposition IV.34 suggests that P, o f does not increase volume for any Riemannian manifold
N and any 1-Lipschitz map f : N — B(R). In the case of equality, P, has Jacobian equal to 1
for almost all points in f(N). Therefore by continuity and the above proposition, i(¢) = 0 for
all p € f(N), hence f(N) C ®(M). Therefore the map P, possesses all properties claimed in
Proposition I11.4. O

Remark. In the proof of Proposition IV.34, we mentioned three additional conditions on g. Here

is a summary of all conditions posed on g before Proposition 1V.34.
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(D).
2).
A3).
4).
(5.
(6).

).

(8).

dy(z,20) < R/4for any x € B,,(R/5), introduced at the begining of Section III.3;
g has negative sectional curvature, introduced in the proof of Corollary 1.6;
(IV.1.2) with Ry > R, introduced in the remark of Lemma IV.4 and (IV.3.3);
(IV.1.4) with Ry > R,, introduced in Lemma IV..6;

diam,(B,,(2R)) < 5R, introduced in Lemma IV.6;

¢ = €(g,r) should be small enough such that we can apply the Gram-Schmidt process men-

tioned in Section IV.2;

¢ = €(g,r) should be small enough such that ||A\xVS—A$’S | z2(s) < cieforsome ¢; = ¢1(n, R)
and any = € B,,(R;), introduced in the proof of Proposition IV.25;

e = €(g,7) = |lg — goller < min{[2Co(R + R1)]7*, [2Co(R + R1)?]7%, 1}, introduced in
Corollary IV.27 and Lemma IV.32.

Therefore Theorem 1.5 and Corollary 1.6 hold for any g with ¢ small enough such that g satisfies

all 11 conditions. In particular, there exists some g # go such that (D, g) is a strict minimal filling

and boundary rigid.

75



BIBLIOGRAPHY

[Baez02] Baez, J. C.: The octonions, Bull. Amer. Math. Soc. (N.S.) 39 (2002), no. 2, 145-205.

[BCIKOS5] Bangert, V., Croke, C., Ivanov, S., Katz, M.: Filling area conjecture and ovalless real
hyperelliptic surfaces. Geom. Funct. Anal. 15 (2005), no. 3, 577-597. 53C20.

[BesiS2] Besicovitch, A. S.: On two problems of Loewner. J. London Math. Soc. 27 (1952),
141-144. 27.2X.

[BCGIY5] Besson, G., Courtois, G., Gallot, S.: Entropies et rigidités des espaces localement
symétriques de courbure strictement négative. (French) [Entropy and rigidity of locally sym-

metric spaces with strictly negative curvature] Geom. Funct. Anal. 5 (1995), no. 5, 731-799.

[BGJ22] Bonthonneau, Y. G., Guillarmou, C., Jézéquel, M.: Scattering rigidity for analytic met-
rics. arxiv:2201.02100.

[BH99] Bridson, M. R., Haefliger, A.: Metric spaces of non-positive curvature. Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences], 319.
Springer-Verlag, Berlin, 1999. xxii+643 pp. ISBN: 3-540-64324-9.

[BI10] Burago, D., Ivanov, S.: Boundary rigidity and filling volume minimality of metrics close to
a flat one. Ann. of Math. (2) 171 (2010), no. 2, 1183-1211.

[BI13] Burago, D., Ivanov, S.: Area minimizers and boundary rigidity of almost hyperbolic met-
rics. Duke Math. J. 162 (2013), no. 7, 1205-1248.

[CFO3] Connell, C., Farb, B.: The degree theorem in higher rank. J. Differential Geom. 65 (2003),
no. 1, 19-59. Erratum for "The degree theorem in higher rank”. J. Differential Geom. 105
(2017), no. 1, 21-32.

[Crok91] Croke, C. B.: Rigidity and the distance between boundary points. J. Differential Geom.
33 (1991), no. 2, 445-464.

[Crok04] Croke, C. B.: Rigidity theorems in Riemannian geometry. “Geometric methods in inverse
problems and PDE control”, 47-72, IMA Vol. Math. Appl., 137, Springer, New York, 2004.

76



[CDS00] Croke, C. B., Dairbekov, N. S., Sharafutdinov, V. A.: Local boundary rigidity of a
compact Riemannian manifold with curvature bounded above. Trans. Amer. Math. Soc. 352

(2000), no. 9, 3937-3956.

[Eber96] Eberlein, P. B.: Geometry of nonpositively curved manifolds. Chicago Lectures in Math-
ematics. University of Chicago Press, Chicago, IL, 1996. vii+449 pp. ISBN: 0-226-18197-9;
0-226-18198-7.

[Grom83] Gromov, M.: Filling Riemannian manifolds. J. Differential Geom. 18 (1983), no. 1,
1-147.

[Helg78] Helgason, S.: Differential geometry, Lie groups, and symmetric spaces. Pure and Ap-
plied Mathematics, 80. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], New
York-London, 1978. xv+628 pp. ISBN: 0-12-338460-5.

[Horm90] Hormander, L.: The analysis of linear partial differential operators. 1. Distribution
theory and Fourier analysis. Reprint of the second (1990) edition. Classics in Mathematics.
Springer-Verlag, Berlin, 2003. x+440 pp. ISBN: 3-540-00662-1 35-02.

[Ivan09] Ivanov, S.: Volumes and areas of Lipschitz metrics. (Russian) Algebra i Analiz 20 (2008),
no. 3, 74-111; translation in St. Petersburg Math. J. 20 (2009), no. 3, 381-405.

[Ivan10] Ivanov, S.: Volume comparison via boundary distances. Proceedings of the International
Congress of Mathematicians. Volume I, 769-784, Hindustan Book Agency, New Delhi, 2010.

[Mich81] Michel, R.: Sur la rigidité imposée par la longueur des géodésiques. (French) [On the
rigidity imposed by the length of geodesics] Invent. Math. 65 (1981/82), no. 1, 71-83.

[Most73] Mostow, G. D.: Strong rigidity of locally symmetric spaces. Annals of Mathematics
Studies, No. 78. Princeton University Press, Princeton, N.J.; University of Tokyo Press, Tokyo,
1973. v+195 pp.

[ParkO8] Parker, J. R.: Hyperbolic spaces, Jyviskyla Lectures in Mathematics 2 (2008).

[PUOS] Pestov, L., Uhlmann, G.: Two dimensional compact simple Riemannian manifolds are
boundary distance rigid. Ann. of Math. (2) 161 (2005), no. 2, 1093-1110.

[Ruan22] Ruan, Y.: Filling volume minimality and boundary rigidity of metrics close to a nega-

tively curved symmetric metric. arXiv:2201.09175.

77



[Sant04] Santald, L. A.: Integral geometry and geometric probability. Second edition. With a
foreword by Mark Kac. Cambridge Mathematical Library. Cambridge University Press, Cam-
bridge, 2004. xx+404 pp. ISBN: 0-521-52344-3.

[SVO00] Springer, T. A., Veldkamp, FE. D.: Octonions, Jordan algebras and exceptional groups,
Springer Monographs in Mathematics. Springer-Verlag, Berlin, 2000. viii+208 pp. ISBN: 3-
540-66337-1.

[SV63] Springer, T. A., Veldkamp, F. D.: Elliptic and hyperbolic octave planes I, I, 111, Ibid, vol.
60, pp. 413-451 (1963).

[SUO8] Stefanov, P., Uhlmann, G.: Boundary and lens rigidity, tensor tomography and analytic
microlocal analysis. Algebraic analysis of differential equations from microlocal analysis to

exponential asymptotics, 275-293, Springer, Tokyo, 2008.

[SUV21] Stefanov, P., Uhlmann, G., Vasy, A.: Local and global boundary rigidity and the
geodesic X-ray transform in the normal gauge, Ann. of Math. (2) 194 (2021), no. 1, 1-95.

78



	DEDICATION
	ACKNOWLEDGEMENTS
	ABSTRACT
	Introduction
	Boundary rigidity and filling minimality
	Statements of main results
	Plan of the proof

	Rank-1 Symmetric Spaces of Non-compact Type
	Real, complex and quaternionic hyperbolic spaces
	The Cayley hyperbolic space

	Proving Filling Minimality: a Projection Argument
	A toy model
	Proof of filling minimality for compact regions in Euclidean spaces
	Proof of Theorem i.5 and Corollary i.6
	General setup and computations

	Technical Constructions and the Proof of Proposition iii.4
	The construction in KHn
	Approximating dP
	The construction of A"0362A when K=O
	The construction of A"0362A when K=O and n=2
	E and Jacobian inequalities

	Estimating the correction factor
	A compression trick

	BIBLIOGRAPHY

