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Abstract

We consider three equilibrium concepts proposed in
the literature for time-inconsistent stopping problems,
including mild equilibria (introduced in Huang and
Nguyen-Huu (2018)), weak equilibria (introduced in
Christensen and Lindensjo (2018)), and strong equilib-
ria (introduced in Bayraktar et al. (2021)). The discount
function is assumed to be log subadditive and the under-
lying process is one-dimensional diffusion. We first
provide necessary and sufficient conditions for the char-
acterization of weak equilibria. The smooth-fit condition
is obtained as a by-product. Next, based on the charac-
terization of weak equilibria, we show that an optimal
mild equilibrium is also weak. Then we provide con-
ditions under which a weak equilibrium is strong. We
further show that an optimal mild equilibrium is also
strong under a certain condition. Finally, we provide
several examples including one showing a weak equi-
librium may not be strong, and another one showing a
strong equilibrium may not be optimal mild.
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1 | INTRODUCTION

On a filtered probability space, (Q, F, (F;);>0, P) consider the optimal stopping problem,

sup E[8(7) f(X?)], @

teT

where §(-) is a discount function, X = (X;); is a time-homogeneous one-dimensional strong
Markov process, and f(-) is a payoff function. It is well known that when §(-) is not exponential,
the problem can be time-inconsistent in the sense that an optimal stopping rule obtained today
may no longer be optimal from a future’s perspective.

One way to deal with this time-inconsistency is to consider the precommitted strategy, that
is, to derive a policy that is optimal with respect to the initial preference and stick to it over
the whole planning horizon even if the preference changes later; see, for example, Agram and
Djehiche (2021); Miller (2017). Another approach to address the time-inconsistency is to look for
a subgame perfect Nash equilibrium; given the future selves follow the equilibrium strategy, the
current self has no incentive to deviate from it. For equilibrium strategies, we refer to the works
(Bjork et al., 2021; Ekeland & Lazrak, 2010; Ekeland & Pirvu, 2008; He & Jiang, 2021; Ekeland
& Lazrak, 2006; Herndndez & Possamai, 2020; Hamaguchi, 2021; Huang & Zhou, 2021; Wang
& Yong, 2021; Wei et al., 2017) among others for time-inconsistent control, and Christensen and
Lindensjo (2020a, 2020b); Ebert and Strack (2018); He and Zhou (2022); Huang and Nguyen-Huu
(2018); Liang and Yuan (2021); Tan et al. (2021); Bodnariu et al. (2022); Ebert et al. (2020), and the
references therein for time-inconsistent stopping.

How to properly define the notion of an equilibrium is quite subtle in continuous time. There
are mainly two streams of research for equilibrium strategies of time-inconsistent stopping prob-
lems in continuous time. In the first stream of research, the following notion of equilibrium is
considered.

Definition 1.1. A closed set S C X is said to be a mild equilibrium, if

f(x) <J(x,S), Vx¢&S, @)
f(x)>J(x,S), Vxe€S, (3)

where
J(x,S) := [Ex[5(,o5)f(XpS)] with pg :=inf{t > 0 : X, € S}and E¥[-] = E[-| X, = x]. (4)

This kind of equilibrium is first proposed and studied in stopping problems in the context of
nonexponential discounting in Huang and Nguyen-Huu (2018). It is called mild equilibrium in
Bayraktar et al. (2021) to distinguish from other equilibrium concepts. Mild equilibria are further
considered in Huang et al. (2020) and Huang & Yu (2021) where the time inconsistency is caused
by probability distortion and model uncertainty, respectively.

Note that f(x) is the value for immediate stopping, and J(x, S) = E*[6(ps)f(X,,)] is the value
for continuing as py is the first time to enter S after time 0. As a result, the economic meaning
of mild equilibria appears to be clear: in Equation (2) when x ¢ S, it is better to continue and get
the value J rather than to stop and get the value f. In other words, there is no incentive to deviate
from the action of “continuing.” The same reasoning seems to also apply to the other case x € S
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in Equation (3), that is, no incentive for changing the action from “stopping” to “continuing.”
However, this is not really captured in Equation (3) after a second thought: In the one-dimensional
diffusion (and continuous-time Markov chain) setting, under some very nonrestrictive condition,
we have pg = 0 a.s., and thus Equation (3) holds trivially.! That is, there is no actual deviation
from stopping to continuing captured in Equation (3).

Because of this issue, mild equilibria are indeed too “mild”: the whole state space is always a
mild equilibrium; in most of the examples provided in Huang and Nguyen-Huu (2018); Huang
and Zhou (2020); Huang & Yu (2021), there is a continuum of mild equilibria. As there are often
too many mild equilibria in various models, it is natural to consider the problem of equilibrium
selection.

Definition 1.2. A mild equilibrium S is said to be optimal, if for any other mild equilibrium R,

E*[8(os)f (Xpg)] 2 E¥[8(pr)f (X))l VX € X

Note that the optimality of a mild equilibrium is defined in the sense of pointwise dominance,
which is a very strong condition. The existence of optimal equilibria is first established in Huang
and Zhou (2019) in discrete time models. The existence result is further extended to diffusion
models for one-dimensional case in Huang and Zhou (2020) and multidimensional case in Huang
and Wang (2021). In particular, for the one-dimensional diffusion case, Huang and Zhou (2020)
shows that under some general assumptions an optimal mild equilibrium exists and is given by
the intersection of all mild equilibria (also see Lemma 4.1 below). Huang and Zhou (2020) also
provide an example indicating that, in general, there may exist multiple optimal mild equilibria.

In the second stream of the research for equilibrium strategies for time-inconsistent stopping
in continuous time, the following notion of equilibrium is introduced.

Definition 1.3. A closed set S C X is said to be a weak equilibrium, if

fx) <J(x,8), Vx &S, (5
)~ e (X )]
11r5n\ 151f . >0, Vxes, (6)

where
pg i=inf{t > ¢ : X, € S}.

The weak equilibrium concept for time inconsistent stopping is proposed in Christensen and
Lindensjo (2018), and further studied in Christensen and Lindensjoé (2020a); Liang and Yuan
(2021); Tan et al. (2021). Obviously, as Equation (3) trivially holds for one-dimensional process,
a weak equilibrium is also mild. Compared to mild equilibria, the condition (3) is replaced by
Equation (6) for weak equilibria using a first-order condition. This is analog to the first-order
condition criterion in time-inconsistent control. As pg > ¢ > 0, the condition (6) does capture
the deviation from stopping to continuing, and is much stronger than Equation (3). However,

!In multidimensional setting, if x € S°, then pg = 0, P*-a.s.; if x € dS, then the identity pg = 0 requires some regularity
of S, and consequently, the verification of Equation (3) on the boundary may not be trivial.



BAYRAKTAR ET AL.

* | WILEY

there is still a drawback for Equation (6): when the limit is equal to zero, it is possible that for
all € > 0, we have f(x) < E¥[6(p5)f (X, o5 )], and thus there is an incentive to deviate (see Bjork
et al. (2017, Remark 3.5), Huang & Zhou (2021); Bayraktar et al. (2021); He & Jiang (2021) for more
details). Roughly speaking, this is similar to a critical point not necessarily being a local maximum
in calculus.

Recently, Bayraktar et al. (2021) investigated the relation between the equilibrium concepts in
these two streams of research we described above, and proposed an additional notion of equilibria.

Definition 1.4. A closed set S C X is said to be a strong equilibrium, if

f(x) <J(x,S), Vx & S,
3e(x) > 0, .. Ve < e(x), f(x) — EX[8(p{)f (X )] 20, Vx €S, @)

Note that in the definition of strong equilibrium, the first-order condition (6) is replaced by a
local maximum condition (7). This remedies the issue of weak equilibria mentioned in the above,
and captures the economic meaning of “equilibrium” more accurately. Such kind of equilibria is
also studied in Huang and Zhou (2021); He and Jiang (2021) for time inconsistent control. Obvi-
ously, a strong equilibrium must be weak. In Bayraktar et al. (2021) under continuous-time Markov
chain models with nonexponential discounting, a complete relation between mild, optimal mild,
weak, and strong equilibria is obtained:

optimal mild & strong & weak & mild. (8)

In this paper, we aim to establish the result (8) for one-dimensional diffusion models under non-
exponential discounting. Compared to Bayraktar et al. (2021), the analysis in this paper is much
more delicate. The proof in Bayraktar et al. (2021) crucially relies on the discrete state space of the
Markov chain setting, and many critical ideas and steps therein cannot be applied in our diffu-
sion framework, where novel approaches are needed for the characterizations of weak and strong
equilibria. Here we list the main contributions of our paper as follows.

* We provide a complete characterization (necessary and sufficient conditions) of weak equilib-
ria. As a by-product, we show that any weak equilibrium must satisfy the smooth-fit condition
when the pay-off function f is smooth. This gives a much sharper result in a much more gen-
eral setting as compared to the smooth-fit result obtained in Tan et al. (2021). (See Remark 3.3
for more details.) Moreover, in our paper f need not to be smooth, and our result also indi-
cates that the smooth-fit condition is a special case of the “local convexity” property of weak
equilibria. See Remark 3.4. Undoubtedly, such results related to smooth-fit condition have no
correspondence in the Markov chain framework in Bayraktar et al. (2021).

* We show that an optimal mild equilibrium is also a weak equilibrium. This proves that the
set of weak equilibria is not empty. In terms of the mathematical method, in Bayraktar et al.
(2021), the technique for the proof of such result relies on the fact that removing a point from
a stopping region changes the stopping time, which is no longer applicable in the diffusion
context. A different approach is developed to overcome this difficulty.

* We provide a sufficient condition under which a weak equilibrium is also strong. The condi-
tion is easy to verify as suggested by our examples. We also show that one may remove some
“inessential” part of an optimal mild equilibrium, and the remaining part is still optimal mild
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FIGURE 1 Relations between results in Sections 3-5 of this paper. A — B means that statement A is used in
the proof of statement B.

(and thus weak), and in fact strong under an additional assumption. In particular, this result
implies that the smallest mild equilibrium essentially has no “inessential” parts and thus is
strong. See Theorem 5.2 and Remark 5.3.

The rest of the paper is organized as follows. Section 2 introduces the notation and main
assumptions, as well as some auxiliary results that will be used frequently throughout the paper.
In Section 3, we provide a complete characterization of a weak equilibrium. In Section 4, we show
that an optimal mild equilibrium is a weak equilibrium. Next, in Section 5, we provide a sufficient
condition for a weak equilibrium to be strong. We also demonstrate how to construct a strong
equilibrium from an optimal mild equilibrium by removing “inessential” parts. In particular, we
show that the smallest mild equilibrium is strong under a mild assumption. Finally, three exam-
ples are provided in Section 6. The first example shows that a weak equilibrium may not be strong,
while the second example shows that a strong equilibrium may not be optimal mild. The final
example is about finding equilibria for the stopping problem of an American put option, which
is used to demonstrate the usefulness of the results in Section 5. Figure 1 summarizes relations
between the results in this paper.

2 | SETUP AND SOME AUXILIARY RESULTS

Let (Q, F, (F;);>0, P) be a filtered probability space, which supports a standard Brownian motion
W = (W;);s0- Let X = (X;);>0 be a one-dimensional diffusion process with the dynamics

dX; = u(X)dt + o(X,;)dW,, )
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and take values in an interval X C R. Let P* be the probability measure given X, = x and denote
E*[-] = E[-|X, = x]. Let L) be the local time of X at point x up to time t. Denote by 7 the set of
stopping times.

Let B be the family of all Borel subsets within X. For any A € B3, denote A° := X'\ A and
dA 1= A\ A°,where A° is the interior of A and A is the closure of A under the Euclidean topology
within X. Denote B(x,r) :=(x —r,x +r)n X. For A € B, we define the first hitting and exit
times

pai=inf{t>0: X, € A} and 714 :=inf{t >0: X; &€ A} = pye. (10)
Given a stopping region A € 3, we define the value function V(¢,x, A) : [0,00) X X — R as
V(t,x,A) 1= EX[6(t + pa) f(X,,)]- (1)

Recall function J defined in Equation (4), we have J(x, A) = V(0, x, A).

Denote N :={1,2,..} and Z :={0,+1,+2,..}. Given E € B and k € NU {0}, denote by
C%([0, ) X E) the family of functions v(t, x) that are continuously differentiable with respect to
(w.r.t.) t and k-times continuously differentiable w.r.t. x when restricted to [0, o) X E, and C¥(E)
the family of functions v(x) that are k-times continuously differentiable when restricted to E.? For
a function v(t, x) : [0,00) X E = R, vy, U, (resp. v;) denote the first- and second-order deriva-
tives w.r.t x (resp. the first-order derivative w.r.t. ¢) if the derivatives exist. Moreover, denote by
U, (t, x—) (resp. v, (¢, x+)) the left (resp. right) derivative of v w.r.t. x at point (¢, x). Similar nota-
tion applies to v, (¢, x—), Uy (t, x+). For convenience, we denote v,(0, x) as the right derivative
w.r.t. t at time ¢ = 0. We further define the parabolic operator

Lu(t,x) 1= v(t,x) + u(x)v,(t, x) + %oz(x)vxx(t, x) for a function v € C12([0, ) X E).
Let us also use the following notation involving left or right derivatives w.r.t. x:
Lou(t,x+) 1= v(t, x) + u(x)v, (¢, x+) + %oz(x)vxx(t,xi), vt > 0.
We now introduce the main assumptions in this paper. The first assumption concerns ¢ and o.

Assumption 2.1.

(i) u,0 : X — R are Lipschitz continuous.
(ii) o?(x) > 0forallx € X.

Remark 2.2. Assumption 2.1(i) guarantees that Equation (9) has a unique strong solution given
Xo = x € X. Assumption 2.1(i)(ii) together imply that for any x € X and ¢t > 0,

|]3’x<min X < x> = I]3’x<rnast > x> =1, and thus pg,; = 0, P*-as.. (12)

0<s<t 0<s<t

2 Continuous differentiability is extended to the boundary in a natural way if the boundary is included in E. For example,
given [a, b] C X, we say g € C1?([0, ) X [a, b]), if g = g; on [0, ) X [a, b] for some g; € C1([0, ) x X).
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A quick proof for Equation (12) is relegated in Appendix A.

Notice that a (time-homogeneous Markovian) stopping policy can be characterized by a stop-
ping region S C X. For S € B, Equation (12) implies that pg = p5 P*-a.s. for any x € X. Also,
f(x) =J(x,58) for all x € S, and a boundary point x of S corresponds to the action “immediate
stopping,” not matter x belongs to S or not. Therefore, it suffices to work on stopping regions that
are closed.

Definition 2.3. S € B is called an admissible stopping policy, if S is closed (w.r.t the Euclidean
topology within X) and for any x € S, one the following two cases holds:

(a) x € 9(S°), thatis, 3h > 0such that either (x — h,x) € S°®and (x,x + h) C S¢,or (x — h,x) C
S¢and (x,x + h) C S°;
(b) xisanisolated point, that is, B(x, h) \ {x} C S¢ for some h > 0.

Remark 2.4. Except cases (a) and (b), the rest situation for a boundary point x € S is the
following:

(c) There exist two sequences (X, ),en C S and (¥,)nen C S€ such that both (x,,),en and (V) nen
approach to x from the left, or both approach to x from the right.?

Stopping regions containing boundary case (c) lack economic meaning, since it is not practical
for an agent to follow a stopping policy classified as case (c). Mathematically, the regularity of
V(t,x,S) may also be missing when S contains boundary case (c), for example, V (¢, 0+, S) may
not exist for S being the cantor set on [0,1]; this would cause serious issue to establish our main
results later as they crucially rely on the regularity of V(¢, x, S) (e.g., the characterization of weak
equilibria).

Focusing on admissible stopping policies is also well-aligned with the literature, and a stopping
policy containing boundary case (c) is rarely studied in applications. For instance, all the case stud-
iesin Bodnariu et al. (2022); Tan et al. (2021); Christensen and Lindensjo (2018); Ebert et al. (2020);
Huang et al. (2020) only focus on threshold-type equilibria. The results in Ebert and Strack (2018)
mainly focus on two threshold stopping regions. The mild equilibria in all the examples of Huang
and Nguyen-Huu (2018) have boundaries of cases only (a) and (b). All mild equilibria provided in
Huang and Zhou (2020, Sections 6.1 and 6.2) are all admissible, so are the mild equilibria in the
case study of Huang & Yu (2021, Section 4).

Let us also point out that all the interesting equilibria (i.e., optimal mild, weak, strong equi-
libria) provided in all the examples in this paper are admissible. Specifically, in the case study in
Section 6.3, which can be thought of as a continuation of Huang and Zhou (2020, Sections 6.3),
all the weak, strong, and optimal mild equilibria are admissible, and any mild equilibria is either
admissible or has an admissible alternative (see Remark 6.6).

To sum up, focusing on cases (a) and (b) is economically meaningful, mathematically necessary,
well-aligned with the literature, and general enough for applications.

3 Indeed, let x € 3S. Suppose x does not satisfy case (c). Then there exists & > 0 such that either (x — h,x) C S or (x —
h,x) C S¢, soistheinterval (x,x + h). If (x — h, x) C S€ and (x, x + h) C S, then x satisfies case (b); otherwise x satisfies
case (a).
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Let 8(-) : [0,00) — [0, 1] be a discount function that is nonincreasing, continuously differen-
tiable, and 6(0) = 1, 6(¢) < 1 for t > 0. We assume that § satisfies the following condition.

Assumption 2.5. § is log subadditive:

5(t +8)>8(t)d(s), Vs,t>0. (13)
Remark 2.6. Condition (13) can be interpreted as the so-called decreasing impatience in finance
and economics. Many nonexponential discount functions, including hyperbolic, generalized
hyperbolic, and pseudo-exponential discounting, satisfy Equation (13). See the discussion below

(Huang and Nguyen-Huu, 2018, Assumption 3.12) for a more detailed explanation.

Recall that 6’(0) denotes the right derivative of §(¢t) at t = 0. The following lemma is a quick
result for § and the proof is relegated in the Appendix A.

Lemma 2.7. Let Assumption 2.5 hold. Then,
&' (t) > 6(t)8'(0), and 1—658(t) < |8'(0)|t, Vit>0.

Let the payoff function f(x) : X — R be non-negative and continuous. We further assume that
f satisfies the following assumptions.

Assumption 2.8. (i) For any x € X,

tlim St)fX;) =0, P*-as., (14)
and there exists { > 0 such that
X 1+¢
E sup X)) | < oo (15)

(i) f(x) belongs to C? piecewisely. That is, there exists an either finite or countable set (8,,),c; C
X, with I ¢ Z and 6,, < 6, for all n € I, such that f € C3([6,,0,41]) for any n € I. We also
assume that inf,,c;(6,,,1 — 6,,) > 0 and denote

G:=X\{6, :nel} (16)

Remark 2.9. The assumption (15) will be used for Lemma 3.8, which is an essential lemma for all
the main results in the paper. Moreover, Equation (15) implies that

EX [sup S fX)| <00, VxeX 17)

t>0
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This together with Equation (14) guarantees the well-posedness of V (¢, x, S) for any stopping pol-
icy S.* Equations (17) and (14) will also be used for applying the dominated convergence theorem
in some localization arguments in the proofs later. Furthermore, Equations (17) and (14) also
ensure the existence of an optimal mild equilibrium as demonstrated in Huang and Zhou (2020,
Theorem 4.12) (also see Lemma 4.1 in this paper).

Let us make an assumption on V(t, x, S).

Assumption 2.10. For any admissible stopping policy S and a,b € X with a < b and (a,b) C S¢,
V(t,x,S) defined in Equation (11) (with A = S) belongs to C'2([0, ) X [a, b]), and

lim sup L|Vx(t, x+,8)—V,(0,x+,5)] =0, VxeX (18)
N0 4/t

Remark 2.11. It turns out that Assumption 2.10 is quite general. A sufficient condition for Assump-
tion 2.10 is that §(¢) is a weighted discount function as shown in the lemma below. One may also
directly verify this assumption given the probability density functions of exit time

p(x,t) := I]:"x<r(c,d) € dt,X,w) = c> and q(x,t) ;=P (T(C,d) € dt,X,(m = d> (19)

being regular enough. For example, if X is a Brownian motion on X = R, §(¢) = L, and flx) =
0V x, then we can verify that Assumption 2.10 holds by using Equation (19) for the Brownian
motion. Providing a more general sufficient condition for Assumption 2.10 is out of the scope of
this paper.

Lemma 2.12. Let Assumption 2.1 hold and f be bounded on X. Suppose 5(t) is a weighted discount
function of the following form:

() = / e "dF(r), (20)
0

where F(r) : [0, 00) — [0, 1] is a cumulative distribution function satisfying /Ooo rdF(r) < oo and

im L [ = edre) =0, 1)

t\O \/; 0
Then, Assumption 2.10 holds.
The proof of Lemma 2.12 is included in Appendix A.
Remark 2.13. In Ebert et al. (2020), weighted discount functions are studied in detail. Tan et al.

(2021) investigates weak equilibria and the smooth-fit condition for time-inconsistent stopping
in a weighted discounting setting. Many discount functions, including exponential, hyperbolic,

4 Equation (14) is used for the well-posedness of V(t, x, S) because otherwise §(t)f(X;) is not well-defined on pg = co
(unless we do some extension, e.g., by considering the upper limit lim sup,_, _ 6(£)f(X,).
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generalized hyperbolic, and pseudo-exponential discounting, satisfy Equations (20) and (21). For
example, a generalized hyperbolic discount function can be written as

r y r

o 1y L o 1oy L

B B B B

5(t) = —— = / et —dr = / edF(r), with ‘”:lir) =,
a+pnf 0 ﬁEF(é) 0 BEF(E)

where 8,y > 0 are constants and I'(-) is the gamma function (see Tan et al. (2021, Section 2.1)). A
direct calculation shows that

r

/ r(l—e ™)dF(r) = / r(l— e‘”)rﬁy—eﬁdr =y- y;y <y(y+pt Vt>0,
0 0 girc) (1+p07"

which implies Equation (21).

The next lemma summarizes several preliminary properties of V(t, x, S), which will be used to
establish the main results in later sections.

Lemma 2.14. Let Assumptions 2.1, 2.5, 2.8(ii), 2.10 hold and S be an admissible stopping policy.
Then,

(@) V(t,x,S) belongs to C12([0, 00) X S¢), and V(t,x,S) = 8(t)f(x) for any (t,x) € [0, 00) X S.
Moreover,

LV(t,x,S)=0, V(t,x)€[0,00)XxSC. (22)
(b) LV (t,x+,S)existsforall(t,x) € [0,0) X X. Forany h > 0and x, € X such that B(x,, h) C X,
we have that

sup LV (t, x=+,S)| < oo.
(£,%)€[0,00)xB(x0,h)

The proof of Lemma 2.14 is provided in Appendix A. Throughout this paper, we will keep using
the following local time integral formula provided in Peskir (2007).

Lemma 2.15. Let a,xy,b € R with a < xq < b. Suppose g(t,y) : [0,00) X R — R such that g €
C12((0, ) X (a, x0]), g € CH?((0, ) X [xg, b)). Then, for X, = x € (a, b), we have that

t t
1
80X =800+ [ J(Egs.X,) + Lot Xehds + | 85, X000 LW,
0 0

t
1
+ 5 / (gx(s, xp+) — gx(5, xo—))dL;CO Y0 <t < T(qp).
0
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In this section, we provide the characterization for weak equilibria. Such characterization is crit-
ical to study of the relations between mild, weak, and strong equilibria. Below is the main result
of this section.

Theorem 3.1. Let Assumptions 2.1-2.10 hold. Suppose S is an admissible stopping policy. Then S is
a weak equilibrium if and only if the followings are satisfied.

V(0,x,5) > f(x) Vx¢S, (23)
V,.(0,x—,8)>V,(0,x+,S) Vxe€S; (24)
LV(0,x—,S)v LV(0,x+,5) <0 VxeX. (25)

The proof of Theorem 3.1 will be presented in the next subsection. A consequence of
Theorem 3.11 is the following smooth-fit condition of V" at the boundary dS when f is smooth.

Corollary 3.2 (Smooth-fit condition for weak equilibria when f is smooth). Let Assumptions 2.1-
2.10 hold, and let S be an admissible stopping policy. Suppose S is a weak equilibrium. Then for any
x € 388, if f'(x) exists, then V (0, x—,S) = V,(0,x+,S).

Proof. Take an arbitrary x € dS. Take x € dS. By Theorem 3.11, it suffices to prove that
V. (0,x—,S) < V,(0,x+,S) for both boundary cases (a) and (b).

Recall G defined in Equation (16). For boundary case (a), without loss of generality, we
assume (x,x + h) C (S° N ¢) and (x — h, x) C S for some h > 0. Since V(0, x,S) > f(x) on S¢ by
Equation (5) and V(0, x,S) = f(x) on S by Lemma 2.14 (a), we have that for ¢ > 0 small enough,

V(0,x —¢,S)—-V(0,x,S) S flx—¢)— f(x)
€ - 3 ’

By the differentiability of V on [0, c0) X S¢ (due to Lemma 2.14(a)) and existence of f'(x), the
above inequalities implies that

V. (0,x—,8) < f'(x=) = f'(x+) = V,(0,x+,S),

where the last equality follows from V (0, x,S) = f(x) on (x,x + h) C (S° N Q).
For boundary case (b), we can choose a constant & > 0such that (B(x, k) \ {x}) C (S n §). Then
V(0,y,S) > f(y) for all y € B(x, h) \ {x}, which implies that

Vx(o’x_s S) S f,(x_) = f,(x+) S VX(O,X+,S)

by an argument similar to that for boundary case (a). O

Remark 3.3. In Tan et al. (2021), it is shown that with the underlying process being a geometric
Brownian motion, the smooth-fit condition together with some inequalities provides a weak equi-
librium; in addition, the real options example in Tan et al. (2021) indicates that when smooth-fit
condition fails, there is no weak equilibrium. This, however, does not indicate whether any weak
equilibrium must satisfy the smooth-fit condition. Here, we are able to provide a much sharper
result in a much more general setting: given f is smooth, any weak equilibrium must satisfy the
smooth-fit condition, and may be constructed by the smooth-fit condition together with some
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other related inequalities. Let us also mention that smooth-fit result is also established in a very
recent paper (Bodnariu et al., 2022) for mixed weak equilibrium under a general setting.

Remark 3.4. In our paper, the payoff function f is only required to be piecewisely smooth. The
inequality in Equation (24) and Corollary 3.2 show that the smooth-fit condition is a specially
case of the “local convexity” property for a weak equilibrium S: the left derivative w.r.t. x of the
value function V(0, x, S) must be bigger than or equal to its right derivative for any x € S. In
particular, if the payoff function is smooth at a point x € S, such convexity property is reduced to
the smooth-fit condition.

Remark 3.5. Suppose the discount function is exponential in the current one-dimensional diffu-
sion context. Then Equations (23) and (25) together yield the variational inequalities. As is well
known in classical optimal stopping theory, (under suitable assumptions) the optimal stopping
value and strategy can be characterized by variational inequalities. Therefore, when the discount
function is exponential, Theorem 3.1 indicates that any weak equilibrium is an optimal stopping
region in the classical sense, so are strong and optimal mild equilibrium (as we will show later that
an optimal mild equilibrium is also weak). On the other hand, a mild equilibrium is not necessar-
ily a classical optimal stopping region, for example, the whole state space X is a mild equilibrium
but may not be an optimal stopping region in general.

3.1 | Proof of Theorem 3.1

To characterize a weak equilibrium, one shall consider the two conditions (5) and (6) in
Definition 1.3. Equation (5) is the same as Equation (23) and thus we will focus on condition
(6). By V defined in Equation (11), Equation (6) can be rewritten as

lim sup < (EX16G65)/ (X001 - £()) = limsup L E VX, ) - V(0,x,5) <0, x€S.
e\o € S e\0 €

(26)
Since X, and thus V' (¢, X,, S) are not uniformly bounded, we will apply some localization argu-
ment and restrict X within a bounded ball B(x, h). Moreover, as x — V (¢, -, S) is only piecewisely
smooth, we will choose h > 0 small enough, such that V, is only (possibly) discontinuous at the
center of the ball B(x, h), in order to apply Lemma 2.15 to V' in Equation (26). By doing so, we will
end up with

EX[V(e. X, S) = V(0. , )] ME*[V(E A Tpea iy Xenryry) = V(0.%,5)] 27)
gATB(x,h)
=[E* [/ E(EV(S’XS_’ S)+ LV (s, X+, S))ds]
0

1 E/\TB(x,h)
+ EX [5 /0 (Vi (s,x+,5) = V,.(s, x—, S))dL;C]. (28)

where the approximation in Equation (27) will be made rigorous in Lemma 3.8, which is built
on Lemma 3.6, and Equation (28) is due to Lemma 2.15. Then the condition (26) boils down to
comparing the two integral terms on the right-hand side (RHS) of Equation (28). This requires

estimates for the expected local time E*[L;, . « ,,] (see Lemma 3.9, which is built upon Lemmas 3.6
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and 3.7) and the growth of V, (¢, x+, S) w.r.t. t (see Lemma 3.10). This is the overall idea on how
we obtain Theorem 3.1.

Throughout this section, we shall also take advantage of the following standard estimate for
moments of diffusions (see, e.g., Karatzas and Shreve (1991, Problem 3.15 on page 306)): Given a
process Z; satisfying dZ, = f(Z,)dt + §(Z,)dW, with 3, § being Lipschitz and Z, = z € X, for all
0 <e¢<1landm > 1, it holds that

E* [ sup |ZS|2’”] <o Vi€ (0,), (29)
0<s<t
E*[1Z: — zI*™] < K(1+ |z|*™)e™, (30)

where K is a constant independent of €.

We first provide two Lemmas dealing with the probability of X exiting a ball, and the first-order
moment related to X over a small time horizon ¢. They will be used for proofs in both the current
and later sections.

Lemma 3.6. Let Assumption 2.1 hold. For any fixed a > 0 we have that
P*(tpxn) <€) = 0(), fore > 0small enough. (31)

Proof. Fix a > 0. We invoke the “change of space” method in Peskir and Shiryaev (2006,
Section 5.2). Consider the process

y 1
Y, 1= ¢(X,)), Y, i = $(x) with $() 1= / exp <— / iﬁ‘ég dz)dl. (32)
0 0

Thanks to Assumption 2.1, ¢ is well-defined, strictly increasing, and has first and second deriva-
tives. A direct calculation shows that dY, = o(X;)¢’(X,)dW,, and the exit time to B(x, h) of X, is
equivalent to the exit time of Y, to the interval [¢(x — h), p(x + h)]. Set i := ($(x + h) — p(x)) A
(p(x)—p(x —h))>0and d :=a+ 1. Let 0 < ¢ < 1. We have that

P*(tpxm <€) < [P’Y0< sup |Y, —Y,| > fz) = PYo ( sup |Y, —Y,|%@ > fzm>. (33)
0<t<e 0<i<e

Notice that Y is a martigale (within the interval B(¢(x), 1)), we can then apply the Doob’s
submartingale inequality to the RHS of Equation (33) to conclude that

L ELY = YoP") RO+ ()"

h2a - h2a ’ (34)

[FDY0< sup |Y, — Yo |** > E2d>

0<t<e

where the last inequality follows from Equation (30), and K is a positive constant independent of
€. Then Equation (31) follows from Equations (33) and (34) and the fact that @ > a. O

Lemma 3.7. Let Assumption 2.1(i) hold. For ¢ > 0 small enough we have that

EX[|1X.]] = O(e), withX, :=x + u(x)t +oc(x)W, and X, := X, — X,. (35)
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Proof. Throughout the proof, C will serve as a generic constant may change from line to line but
is independent of e. Let 0 < ¢ < 1. First, we have

E¥|X.| < E* / (X)) — p(x)dt| + E* / (0(X,) — o(x)dW,|. (36)
0 0

By applying Equation (30) on X, with m = 1, we have E¥[|X, — x|?] < Ce. This together with the
Lipschitz continuity of u implies

| o - o] <[ [ 504 ko - oy
0 0

(37)
1.1 /° 5
<ze+ = CE*[|X; — x|*]dt = O(e).
2272,
Similarly, we can estimate the second term in Equation (36) as follows:
€ € 1/2
f/(dXQ—G@Dﬂ% S(P[/(dXJ—U@D%4>
0 0
(3%)
€ 1/2
< < [ et - x|2]dt> = 0
0
Then, by plugging Equations (37) and (38) into Equation (36), we have E*[|X,|] = O(e). O

The next lemma concerns the approximation in Equation (27).

Lemma 3.8. Let Assumptions2.1and 2.8(i) hold. Let S € B,x € X and h > 0. Then, fore > 0small
enough,

EX[V (e, X,,S)] = EX[V(e A TB(x,)» XeAtpin S)] + o(e). (39)
Proof. Let h > 0 and x € X. Recall the constant ¢ in Equation (15). We have that

0 S[EX[V(E7XE7S) : 1{€>TB(x,h)}]
(40)
¢

¢
1+§ m
1
(IEx [V +§(£ XE9S) 1+§ < l {E>TB(X h)}] >

<[Ex [Sup(5(t)f(X: i+ ] E [Liesryn] )

<0(1) - (Px(TB(x,h) < 5)) ;,

where the first inequality follows from f > 0, the second inequality follows from Holder’s inequal-
ity, the third inequality follows from Jensen’s inequality, and the last inequality follows from
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Equation (15). Applying Lemma 3.6 with a = % to Equation (40), we have

E* [V(E,XE, S)- 1{€>,B<x‘h)}] = o(e). (41)
Similarly, we can show that
E~ [V(s A TRy XentpiomS) - 1{€>TB(x7h)}] = o(e).
This together with Equation (41) implies Equation (39). O
Recall that Ly is the local time of X at position x up to time . We have the following result.

Lemma 3.9. Let Assumption 2.1 hold. Then, for any x € X and h > 0,

E* |
lim — ) \/z oGl (42)
e\0 \/E T

Proof. Let h > 0 and x € X. Thanks to Assumption 2.1(i) and (29) (with m = pT+2 > 1), it holds
for any p,t > 0 that

[Ex[sup |X|P < 0.

0<s<t

<1+FE* [ sup |X,|P+?
0<s<t

This enables us to apply an argument similar to the proof of Lemma 3.8 and get that
EX[1X. — x|] + o(e) = [Ex[png(x’h) —x|]. (43)

Applying Lemma 2.15 on [0, € A T, )] With g(¢,y) := |y — x| and then taking expectation, and
using Equation (43), we have that

EATB(x,h)
EX[1X, — x|] + o(e) = E* [/ sgn(X; — x),u(Xs)ds] +EX [L?/\TB(x,h)]' (44)
0

By Assumption 2.1(i), the first term on the RHS of Equation (44) can be estimated as follows:

E/\TB(x,h)
E* [ / sgn(X; — X)M(Xs)ds] < sup |u(y)le = O(e). (45)
0

YEB(x,h)

As for the left-hand side (LHS) of Equation (44), by Lemma 3.7 we have that

EX[1X; = x|] = EX[IX; = xI] + O(¢) = EX[|u(x)e + c(x)W|] + O(e)

= [0G)IE[IWE[] + 0(e) = [o) LW, 1V +0(e) = |o(x>|\/g\/2 +0(e). (46)

Then Equation (42) follows from plugging Equations (45) and (46) into Equation (44). O



812 W l L E Y BAYRAKTAR ET AL.

Lemma 3.10. Let Assumptions 2.1, 2.5, 2.10 hold. Let S € B and x € 3S, and suppose (x — h,x) C
S¢ (resp. (x,x + h) C S¢) for some h > 0. Then,

V. (t,x—,8) <8()V,(0,x—,S) (resp. V(t,x+,S) > 8(t)V,(0,x+,S5)). 47

Proof. Notice that Assumption 2.10 gives the existence of V. (t,y—, S) for y € (x — h, x] (resp.
V. (t,y+,S) for y € [x,x + h)) when (x — h,x) C S¢ (resp. when (x,x + h) C S°). For any y €
X,t > 0, by the non-negativity of f and Equation (13),

V(t,y,8) = B[6(t + ps) f(Xp )] 2 6(DE [6(ps)f (X )] = 6V (O, y, ).

Suppose (x — h,x) C S¢. Then by the fact that V (¢, x,S) = 6(¢t) f(x) (due to Lemma 2.14 (a)) and
the above inequality, we have that

.1
V. (t,x—,S) = 21{1(1) E(V(t’ x,8)—V(t,x —¢,S))
<lim LEO ) = V(0% = 6,5) = OV(0, x—,5).

Similar argument is applied for the result of V. (¢, x+, S) when (x, x + h) C S€. O

Lemmas 3.9 and 3.10 together indicate that, as long as V,.(0, x+, S) — V,.(0, x—, S) # 0, the local
time integral is the dominating term on the RHS of Equation (28). Thus, to make the LHS of
Equation (28) nonpositive in the limit, V,.(0, x+, S) — V,.(0, x—, S) shall be nonpositive. Based on
this and recalling Equation (26), we now prove the necessary conditions for a weak equilibrium
in the following proposition. The sufficiency part follows next.

Proposition 3.11. Let Assumptions 2.1-2.10 hold. Suppose S is an admissible stopping policy. If S is
a weak equilibrium, then

{vx(o, x+,8) < V,(0,x—,S) Vx €S, 4s)

LV(0,x+,S)Vv LV(0,x—,5) <0 VxeX
Proof. We verify the first inequality in Equation (48) by contradiction. Take x € S and suppose
a:=V,0,x+,8)—-V,(0,x—,5) > 0. (49)
Recall G defined in Equation (16). Choose h > 0 such that (x — h, x) U (x, x + h) is contained in

(N S°) U S°. By Lemma 2.14(a) and Assumption 2.8(ii), V € C'?([0,00) X (x — h,x]) and V €
C12([0, ) X [x, x + h)). Then, we can apply Lemma 2.15 to get

E/\TB(x,h)
Vien TB(x, ) XeAtpen S)—-Vv(,x,S) = / E(EV(S’XS_’ S)+ LV (s, X+, S))ds
0

E/\TB(x,h)
+ / Vy(s, X, 8)o(X;) - 1{Xs¢x}dWs (50)
0

1 EATB(x,h)
+ 5 /0 (Vi (s, x+,8) — Vi (s,x—,S))dLY.
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Let ¢ € (0,1), notice that the diffusion integrand above is bounded on [0, 1] X B(x, h). Taking
expectation on both sides of Equation (50) and then applying Lemma 3.8, we have that

EATB(x,h
EX[V(e, X,,S)—V(0,x,S)] = E* [/ o E(EV(S,XS—,S) + EV(S,XS+,S))dS]
0 (51)
E/\TB(X h)
+EX [_ / (Vy(s,x+,8) =V, (s, x—,S))dLg‘] + o(e).
0

By Lemma 3.10 and Equation (49),
Vi(t,x+,8) =V, (t,x—,S) > 6(t)(V,(0,x+,S) — V,(0,x—,S)) = ad(t), Vt>0.

By the above inequality and the continuity of §, we can take T > 0 such that

a

V(s,x+,8) =V, (s,x—,8S) > > Vs € [0,T].

Then, for € € [0, T A 1], the second term on the RHS of Equation (51) can be estimated as follows:

1

E/\TB(x,h)
Ex [— / (Vo(s,x+,8) — Vo (s, x—, S))dL* %[EX[L (52)
0

TB(x, h)/\{—:]

2
By Lemma 2.14(b), we have

sup LV (t,y—,S)+ LV (t,y+,S)| < o,
(t.9)€[0,1]xB(x,h)

and thus the first term on the RHS of Equation (51) is of order O(¢). Plugging this and Equation
(52) into Equation (51) and then applying Lemma 3.9, we have

lirriionf [EX[V(E X.,S)—-V(0,x,5)] >01)+ - hm 1nf [Ex[ ] = o0,
€

TB(x, h)/\E

which contradicts S being a weak equilibrium. Hence, V,(0, x+,S) — V,(0,x—,S) < 0.

Next, we verify the second inequality in Equation (48). Take x € X and we consider three cases.

Case (i) x € S°. Lemma 2.14(a) shows that LV (0, x,S) =

Case (ii) x € G N S°. Choose h > 0 such that B(x,h) C GN S° Notice that V(¢,y,S) = §()f(»)
for y € S°. Then, by Assumptions 2.1(i) and 2.8(ii), we have V (¢, y, S) € C1%([0, o) X B(x, h)) and
(t,y) » LV(t,y,S) is continuous on [0, o) X B(x, h). Thus,

EATB(x,h)

lirré p LV (s, X, S)ds = LV(0,x,S), P¥ —as..
E—> 0

By Lemma 2.14(b), SUD ; 1)e[0,00)XBGe) |LV(t,y,S)| < co. Then, we can apply the dominated
convergence theorem to derive

1 E/\TB(X,h)
lirré E[Ex [/ LV(s,X,,S)ds| = LV (0, x,S). (53)
£ 0
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Notice that Equation (51) is valid and the local time integral term in Equation (51) vanishes in this
case. Then, Equations (51) and (53) together lead to

1 1 EATB(x,h)
1o _ _o Lex _
ll\l:ég[E [V(e,X,,S)—V(0,x,S)] ll{lég[E [/O LV(s, X, S)ds Lv(0,x,S).

Since S is a weak equilibrium, we have LV (0, x, S) < 0.

Case (iii) x € S\ (GN S°). As S is admissible, we can pick & > 0 such that (x — h, x) is con-
tained in either G N S° or S¢. By the results in Cases (i) and (ii), as well as the continuity of
x = LV(0,x—,S)on (x — h, x], we have that

LV(0,x—,S) = li{% LV, (x —¢)—-,5) <0.
€
Similarly, £V (0, x+,S) < 0. O

Proof of Theorem 3.1. The necessity is implied by Proposition 3.11. Let us prove the sufficiency.

Take x € S. Since S is admissible, by Lemma 2.14 and Assumption 2.8(ii), no matter x € S°
or x € 4S5, we can choose h > 0 such that V(¢,x,S) € C»*([0, ) X (x — h, x]) and V(¢,x,S) €
C12([0, ) X [x, x + h)). By a similar argument as that for Equation (51) (with Lemmas 2.15 and
3.8 applied), we have that

1 1 EATB(x,h) 1
S(EV(e.X,, )] - V(0,x,5)) =-E* [ / SEV(s,X=,8) + LV (5, X+, s»ds]
0

1 1 E/\TB(x,h)
+ E[Ex [— / V,(s,x+,S) — Vx(s,x—,S))de] +0(1)
0

2
(54)
By Equation (25) and the (left/right) continuity of (s, y) = LV (s, y+, S) at (0, x), for P-a.s. w € Q,

lim sup %(ﬁV(s,Xs(co)—, S)+ LV (s, X,(w)+,S)) <0,

sN\.0
which leads to
1 E/\TB(x,h) 1
lim sup — / =LV (s, X (w)—,S) + LV (s, X (w)+,S))ds < 0. (55)
e\0 £ 0 2
By Lemma 2.14 (b),
sup £V (t,y—,S)+ LV(t,y+,5)| < co.

(t,y)€[0,1]xB(x,h)

This enables us to apply Fatou’s lemma for Equation (55) and get

1 EATB(XJ’L)
lim sup —E* [/ —(LV(8,X;—,S) + LV (5,X+,S))ds| <0. (56)
e\0 3 0 2

By Equation (18),

V. (t,x+,8) =V (t,x—,S) < V,(0,x+,5) — V,(0, x—,S) + o(\/1).
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This together with Equation (24) implies that

1

1 E/\TB(x,h)
EIEX |:§ '/0 (Vx(ss x+7 S) - VX(S’ x_’ S))dL;C:|

IA

1 1 EATB(x,h)
~E [5 /0 (V(0, x+,S) — V,.(0,x—, S) + o(\/E))dL;f]

(57)

1 X
< %" o(\/g) B [LE/\TB(x,M]
1

== -0(v/2) - 0(/e) = o(1),

where the last line follows from Lemma 3.9. Then by Equations (54), (56), and (57), we have that

lim sup 1([EX[V(£,XE,S)] - V(0,x,5)) <o0.
e\\0 €

4 | OPTIMAL MILD EQUILIBRIA ARE WEAK EQUILIBRIA
In this section, we show that an optimal mild equilibrium is a weak equilibrium.

To begin with, let us point out that optimal mild equilibria exist for one-dimensional diffusions.
Such existence result is provided in Huang and Zhou (2020, Theorem 4.12), and we summarize it

in the current context as follows.

Lemma 4.1. Let Assumptions 2.1, 2.5, and Equations (14) and (17) hold. Then,

S* = NseeS (58)
is an optimal mild equilibrium, where & is the set containing all mild equilibria.
Remark 4.2. Notice that Equation (12) is assumed in Huang and Zhou (2020, Theorem 4.12)
for S* being an optimal mild equilibrium, which is guaranteed by Assumption 2.1 as stated in
Remark 2.2. Also, Equation (17) can be deduced from Assumption 2.8(i) as stated in Remark 2.9.

Below is the main result of this section.

Theorem 4.3. Let Assumptions 2.1-2.10 hold and S be an admissible stopping policy. If S is an
optimal mild equilibrium, then it is also a weak equilibrium.

By Lemma 4.1 and Theorem 4.3, we have the following.

Corollary 4.4. Let Assumptions 2.1-2.10 hold. Suppose S* is admissible. Then S* is also weak.
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Remark 4.5. The above corollary also provides the existence of weak equilibria (ignoring admis-
sibility) as a by-product. Moreover, since any weak equilibrium is also mild, we can see that S* is
optimal among all mild and weak equilibria.

4.1 | Proof of Theorem 4.3

To show that an optimal mild equilibrium S is a weak equilibrium, by Theorem 3.1 it suffices to
verify Equations (24) and (25) for S. Equation (24) will be proved in Proposition 4.7 by contradic-
tion. In particular, if we assume V. (0, xg+, S) — V (0, xg—, S) > 0, then a mild equilibrium better
than S can be construct by “digging a small hole B(x,, h)” out of S. The proof of Equation (25) is
also carried out via contradiction by finding a better mild equilibrium.

Such construction of a better mild equilibrium requires the comparison between the expectation
of a local time integral before the exit time 7, j) and the expectation of 7, » for small h, which
is stated in the following lemma.

Lemma 4.6. Suppose Assumptions 2.1 and 2.5 hold. For x, € X, we have that

h TB(xg,h) X
[Exo-H‘ [/0 0 5(1-)sz0:| -h hN\O oz(xo)

EXot [T )] L+ |r]

uniformly forr € (—1,1). (59)

Proof. We first prove

EXo+ 20, )] N1
1 —r?)h? a2(x)

uniformly for r € (—1,1) (60)

by using an argument similar to that for Christensen and Lindensjo (2020a, Lemma A.5). Pick a
constant a and consider the function g(t, z) := a(z — x,)* — t. We have that

L£g(t,z) = =1+ ac?(z) + u(z)2a(z — x,).

By Assumption 2.1(ii), %(x,) > 0. For any constant a > X by the continuity of u(x) and o(x),

1
a2(xg
we can find i > 0, which only depends on a, such that £g(t, z) > 0 for any z € B(x,, h). Applying
Ito’s formula to g(t, X, ), we have that

TB(xq,h)
al” [(XTB(xo,h) - xo)z] — B[ty ] — a(y —x0)* = EY [/ Lg(t,X;)dt] >0, Vy € B(x, h).
0
For y € B(x,, h), rewrite y = x, + rh for some r € (-1, 1). Then the above inequality leads to
B0 [, ) < ABO| Ky = %0P| - a(rh)? = ah? — arth? = a(l = PR, Vr € (-1,1),

(61)

, we can find &, which only depends on d, such that

Similarly, for any constant 0 < @ <
£g(t,z) < 0on B(xy, h), and

a2(xp)

Eot [1p ] = a1 — DA%, Vr e (-1,1). (62)
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By (61) and (62), for any H € (0, h A h] we have that

[Ex0+rH[.L. ]
dsﬂSa, forallr € (-1,1), a € 0,; and a > .
(1 -r?)H? a2(xo) a%(xo)
Leta = —canda = L tefor any € > 0 and then take H \, 0 for the above inequality.
a%(xg a<(Xg

By the arbitrariness of ¢, Equation (60) follows.
Next, we prove Equation (59). Consider the function g(t,z) := 8(t)|z — xy|. Forh > 0and y €
B(x, h), applying Lemma 2.15 to g(t, X,), we have that

TB(xg,h)

B [8(T(x0, i) Xy iy = Xoll = 1y = Xo| = B [/ z(ﬁg(t,X,—) + Eg(t,Xﬁ))dl]

’ (63)

TBxh) 1 .
+E [ /0 Sa- (—1))5(1,‘)st°].
By Lemma 2.7, |8'(t)] < |8'(0)|8(t) < |87(0)|. This implies that

1
‘E(ﬁg(t, z—)+ ﬁg(f,z+))’ <8 ()] - |z = xo| + (D) u(2)| < 16"(0)] - |z = xo| + |u(2)]. (64)

By Equations (63) and (64), we have that

TB(xO,h)
hE?[6(Tp(xyn)] — Iy — X0l — EY [/ (18" (O)[1X; = xo + Iu(Xt)l)dt]
0
TB(xO,h)
<P [ / 5(t)dL§‘°] (65)
0

TB(xp,h)
< hEV[8(Txg,m)] — |y — %ol + B [/ (18" (O)[1X; — xo| + |M(Xt)|)dt]-
0

Notice that |X; — x| < h for ¢ < 7p(,, ) and SUD, g x, 1) |u(z)| < K for some constant K > 0 that
depends on x,. Then, for h < 1, by rewriting y = x, + rh in Equation (65) we have that

hEXO 8 (g )] = hir| = (h18'(0)] + K) - B0 Mg ]

TB(xo,h)
< EXotrh [/ 5(0de0]
0

< hEXOT§(Tpx p)] — hIr| + (R8'(0)] + K) - X+ h[zp0 0], Vr € (=1,1).
Then,

R (B8 m)] = I71) _ (18" (O)R* +Kh) - EX* [0, )]

EXo*+ [ Tgy, 1)) EXo*t [ 25, 1]

< (h[Exo+rh [/ B(xg,h) 5([)dL;CO] >/([Ex0+rh[TB(x0,h)]) (66)
0

R E 8T, m)] = 1)) (18" (0)[R* + Kh) - X [zp0 ]

EXo+rh[zg ] El75(x,m)]

, Vre(-1,1).
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By the second inequality in Lemma 2.7, it holds uniformly in r € (—1, 1) that
Xo+rh Xo+rh ! Xo+rh h\0
|EX0F M [8(T(xy m))] — 1] = BT 1 = 8(Tp(y, 1m))] < 187(0)] - BT g0 1] — O.

This together with Equation (60) implies that

R2 (B8 (T, )] — |71 m o (xo) A=) = o(x o”(xo)

uniformly for r € (-1,1). (67)
EX0t [T g 50, 1)) T+1rl g

Notice that lim\ (|6’ (0)|h? + Kh) = 0. This together with Equations (66) and (67) implies
Equation (59). O

Now we are ready to deal with Equation (24) in the following proposition. The verification for
Equation (25) follows next.

Proposition 4.7. Let Assumptions 2.1-2.10 hold and S be an admissible stopping policy. If S is an
optimal mild equilibrium, then

V. (0,x—,8) >V,.(0,x+,S) VxeS.
Proof. Notice that Assumption 2.8(ii) and Lemma 2.14 guarantees the existence of V (¢, x+, S)
and LV (t, x=+,S) for any (¢, x) € [0, 00) X X. We prove the desired result by contradiction. Take
Xo € S and suppose

a :=V,(0,xy+,S) — V,(0,x9—,S) > 0. (68)

Recall G defined in Equation (16). To reach to a contradiction, we will construct a new mild
equilibrium, which is strictly better than S, for each of the three cases:

(i) x, € S for boundary case (a);
(ii) x, € S for boundary case (b);
(iii) xy € S°.
Case (i) x, € dS for boundary case (a). Without loss of generality, we assume that (x,, xy +
hy) € (S° N @) and (xg — hg, x) C S¢ for some hy > 0. Denote ! :=sup{y < x, — hy : ¥y € S}, and

note that [ can be —co. We proceed the proof for this case in three steps.
Step 1. We show that there exists h € (0, k) such that,

EY [V(TB(XOJ,),XTB@W5)] —f(3) >0, Vye(xo—hxo+h) (69)
Notice from Lemma 3.10 and Equation (68) that
Vo (t,xg+,S) =V (t,x9—,S) = 6(t)(V,(0, x9+,S) — V(0,xy—,S)) = ad(t), Vt=>0. (70)
Fix h € (0, hy) and pick an arbitrary x € B(xy, h). For all n € N, write

Ty *= TB(x,n) A1 (71)
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for short. We apply Lemma 2.15 to V(¢,X;,S) on [0,7,] and take expectation; the diffusion
term vanishes under expectation due to Lemma 2.14 and continuity of o. Then combining with
Equation (70), we have that

EX[V (0. X:,,S)] = V(0,x,5)

(72)
> E*

Ty Tn
/ %(EV(t,Xt—, S)+ LV (t, X+, S))dt] + aE* [ / 5(t)de°] .
0 0
By Lemma 2.14(b), we have

1
M := sup SULV(E Y= S+ ILV(E, y+,5)]) < co.
(1.0)€10,00)XB(x0.1)

This together with Equation (72) implies that
Tn
EX[V(zp, Xz, )] = V(0,x,5) > —ME*[7,,] + aE* [/ 5(t)de°] vn e N. (73)
0

For the LHS of Equation (73), Equation (17) readily implies that

lim E0[V(1,,X,,.,8) = EO[V(Taie, 1 Koy, e S)- (74)

n—oo

Indeed, set 7, :=inf{t >7,,X; € S} for all n €N, and 7 :=inf{t > T n),X; € S}. We
have E*[V(z,,X; ,S)] = E*[EX[6(,)f (X, )IF:, 1] = EX[6(n,)f(X;,)] for all neN, and
[EXO[V(TB(xo,h),Xr,;(xowS)] =E*[6(n)f(X;)]. As n - oo, 7, — 7, P*-a:s.. Then by Assumption
2.8, we can apply the dominated convergence theorem to get lim,_ o, E[8(n,)f(X; )] =
E*[6(n)f(X,)], that is, Equation (74) holds. (Note that Equation (14) is used on {n = co}.)

Applying the monotone convergence theorem to the RHS of Equation (73) and combining with
Equation (74), we have that

TB(xg,h)
EX [V (TB(xg,n)s XB(xg,n)» S) — V(0,x,S) > —ME*[tp(x, ny] + aE* [/ 5(0de0] . (1)
0

By the arbitrariness of x € B(x,, h),

EX0 MV (T, s XB(xg > S)] — V(0, X0 + rh, S)

TB(xg.h) (76)
> —MEX [z, 1] + aEX0tTh [ / 5(r)de°], vr e (-1,1).
0

By Lemma 4.6 and |o(x,)| > 0, we can choose the above h small enough such that

TB(xq,h) X M
Exotrh [/ 5(t)st0] 2 <F * 1>[Exo+rh [780om]: Vr € (=1,1).
0

Consequently, Equation (76) leads to

EX0 [V (200 iy Xegen s S)] = VO, X + 11, ) > aE*0+ [z 11> 0, Vr € (~1,1),

B(xg,h)’

which gives Equation (69).
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Step 2. In the rest part of case (i), we take h such that Equation (69) holds and write S, :=
S\ B(xy, h) for short. In this step, we prove by contradiction that

T, 80) 2 B [V(Tpeg,n) Xegi s VY € [X0, X0 + h). (77)

Suppose
‘= inf <J ,Sp) — B[V X, .S )<0. 78
ai= v, Sn) [V (@B, n)s Xy > S (78)

As xg + h € S°, by Lemma 2.14(a),
J(xo + h,Sp) = f(xg + h) = EXoth [V (@B xg s Xy s )1

By the continuity of functions y — J(y,S;,) and y [Ey[V(TB(xO,h)9XTB(XO e )] on [xg, xo + A,
there exists z* € [x,, Xy + h) such that the infimum in Equation (78) is attained at z*, that is,

J(z*,8p) — EZ [V(Tp(xy X S =a. (79)

B(xq,h)’

Define

v i=inf{t > g, n ¢ X, €St and A= {XTB<x0 w =%0— h, X, = Xy, ¥ < 0}.
Notice that pg, = v, PZ"-a.s. on both sets {XTB( N

o = XoF h}and {X;,
have that

o) = Xg — ]’l,Xv < xO}. We

T, 5) = B [V @ty Xy s )] = B [ 14+ (8065, (Kpy) = S0)F (X)) |

> B [1460) - (E* [8(ps, =) (o ) | 7o) = X))
= EZ' [1,6(»)] - (U(xo, Sp) — f(x0))

> E7 (1160 - (650, 51) = B 1V (Gt i Ko 0 )
> EZ [1,6(v)] - «

> a,

where the second (in)equality follows from Equation (13) and f > 0, the third (in)equality follows
from the strong Markov property of X and the fact that X, = x, on A, the fourth (in)equality
follows from Equation (69) with y = x,, the fifth (in)equality follows from the definition of « in
Equation (78), and the last (in)equality follows from the fact that v > 7p(,, ») > 0 and 6(¢) < 1 for
t > 0. This contradicts Equation (79). Therefore, Equation (77) holds.

Step 3. Now we prove that Sj, is a mild equilibrium and is strictly better than S. By Equations
(69) and (77) and noticing that (xy, Xy + h) C S°, we have

T80 > f(¥) =J(3,5), Vy € [xp, %0 + h). (80)

Then for any y € (I, x,), we have that
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T0,50) =70, 8) = B [~ pg<c0) (805,07 Xy, ) = 805 (x0) )]

2 © b 802 85,5006, 1)

= B [145, 580030 ) = 1)
S 0. (81)

where the second (in)equality follows again from Equation (13) and the non-negativity of f, the
third (in)equality follows from the strong Markov property of X, and the last (in)equality follows
from Equation (80) with y = x;. As S is a mild equilibrium, above inequality implies

J3.50) 2J(»,8) 2 f(¥),  Vy € (L, xo). (82)

This together with Equation (80) and the fact J(-, Sy,) = J(-, S) on X \ (I, X, + h) implies that S}, is
a mild equilibrium and is strictly better than S.
Case (ii) x, € dS for boundary case (b). We denote

l:=suply <xp,y €S}, r:=infly>xyy€S} and 7, =71 npx,n) AnforneN.

By a similar discussion through Equations (70)-(72) (with Lemmas 2.15 and 3.10 applied), we have
that

|Ex0 [V(fn,an, S)] - V(Oa xO: S)

z, 7, (83)
> EXo l /0 %(EV(S,XS—,S) + EV(S,XS+,S))ds] + aEXo l /0 5(t)de°].

By Lemma 2.14(a), LV (t, x,S) = 0 for any (¢, x) € [0, 00) X S¢, and thus the first term on the RHS
of Equation (83) vanishes for all n € N. As a result, we can rewrite Equation (83) as

Tn 1
E*[V(#,,Xz,,S)] — V(0,x0,S) > aE*0 l / 5(t)de°] > aF¥o l / 5(t)de°] >0, VneN.
0 0

Meanwhile, similar to Equation (74), Assumption 2.8 implies that E*[V(%,,X; ,S)|] —

E*[V(t(1,r),Xzy,,»S)] as n — co. This together with the above inequality implies that

T0x0, 8\ x0}) = f(x0) = B[V (2, Xy, S)] = V(0, X, 5) 2 aE™ l / 5(HdL® | > o.
0

(84)
Now set S := S\ {X,} and pick any y € (I,r). We can apply an argument similar to that in
Equation (81), by using Equation (84) and replacing Sj, with S, to reach that J(y,S) — J(y,S) > 0.
Hence, J(y,5) > f(y) for y € (I,r). As J(-,S) =J(-,S) on X\ (,r), we have that S is a mild
equilibrium. Due to Equation (84), S is strictly better than S.
Case (iii) x, € S°. Choose hy > 0 such that B(x,, hy) \ {xo} C (G N S°). Following the argu-
ment in Step 1 of case (i), we can again reach Equation (69) for some 0 < h < hy, which
indicates

J(y’S\B(anh)) > f(y)’ Vy € B(xo’h)-
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AsJ(-, S\ B(xg, h)) =J(-,S) on X \ B(xg, h), we have that S \ B(xy, h) is a mild equilibrium and
is strictly better than S. O

Proof of Theorem 4.3. Thanks to Lemma 2.14(a), Theorem 3.1, and Proposition 4.7, we only need
to show Equation (25) for x € S. Recall G defined in Equation (16). Let x, € S and we consider
three cases: (i) xo € (S° N G), (ii) x, = 6,, € S° \ ¢ for some n € I, and (iii) x, € 9S.

Case (i) xy € (S° n G). We prove Equation (25) by contradiction. Suppose LV (0, xy,S) = a >
0. By Assumption 2.8(ii), we can choose h > 0 such that V(t,x,S) = 8(t)f(x) € C**(B(xy, h) X
(0,00)) and

LV(0,x,S) =8 (0)f(x) + u(x)f"(x) + %az(x)f”(x) > %, Vx € B(xy, h). (85)
Then for any (¢, x) € [0, ) X B(xy, h), we have that
LV(t,x,8) =8"(t)f(x) + 5(t)(#(X)f’(X) + %GZ(X)f”(x)>

(86)
1
za<r><5'(o>f(x> +UCOS!(0) + 502(x>f"(x>> > 603,
where the first inequality above follows from Lemma 2.7 and the non-negativity of f. Let us reuse
the notation 7,, defined in Equation (71). By Equation (86) and an argument similar to that for

Equations (72) and (74) (notice that the local time integral in Lemma 2.15 vanishes in the current
case), we have that for any x € B(x, h),

EX[V (1, X, , )] = V(0, %, ) = [Ex[ N £V(S,XS,S)] > E~ [ I 5(z)§dt] >0, VneN,
EX [V (h(tp s X > )] = My EX[V (7, X, , S)]

This implies that

TB(xg.h)
EX IV (Thxg,hr Xepig 2 S) = V(0,x,8)] 2 EX [/ 5(t)%dt >0, Vx & B(xy,h).
0

Now consider S = S \ B(x,, h). The above inequality implies
T(x,8) = f() = BV (Tpxy )Xoy e I = V(0,X,8) > 0 Vx € B(xg,h).  (87)

Obviously, J(-,S) = J(-,S) on X \ B(x,, k). This together with Equation (87) shows that S is an
equilibrium and is strictly better than S, a contradiction. Hence, LV (0, x,,S) < 0, as desired.

Case (ii) x, =06, €S°\ G for some nel. Without loss of generality, we assume
LV(0,xy+,S) = a > 0. Then we can pick h > 0 such that (xq,xy + h) C S° N (6,,6,,1)- By the
continuity of x - LV(0, x+, S) on [xy, Xo + h) (due to Assumptions 2.1(i), 2.8(ii), and the fact that
V(t,x,S) = 8(t)f(x) for x € S), we can find 0 < i < h such that £LV(0,y,S) > a/2 > Oforally €
(%0, X + h). Set % := (2x, + h)/2. Then B(%, h/4) C (xq, %y + h) C S° N G, and a contradiction
can be reached by the same argument as in case (i).

Case (iii) x, € 0S. For boundary case (a), suppose again that LV (0, xo—,S) V LV (0, xy+,S) >
0. Without loss of generality, we assume (X, Xy + hy) C (S° N G) and (xy — hy, X) C S¢ for some
hg > 0. By Lemma 2.14(a), LV (0,x—,S) = 0 on (xy — hy, Xo], and therefore, LV (0, xy+, S) > 0.
Then the same argument as in case (ii) can be applied to get a contradiction.
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For boundary case (b), Lemma 2.14(a) directly tells that £V (0, x—,S) v LV (0, x+, S) = 0, and
the proof is complete. Ol

5 | WHEN WEAK OR OPTIMAL MILD EQUILIBRIA ARE STRONG

After establishing the relation between optimal mild and weak equilibria, we take a further step
to study whether a weak or optimal mild equilibrium is strong.

We already know that an admissible weak or optimal mild equilibrium S satisfies the two con-
ditions (24) and (25) in Theorem 3.1. To make S a strong equilibrium, the first-order condition (6)
needs to be upgraded to the local maximum condition (7). Recall the discussion at the beginning
of Section 3.1. Intuitively, a sufficient condition for Equation (7) is the LHS of Equation (28) being
negative for all € small enough. As a result, if at least one of the two inequalities (24) and (25) is
strict for all the points in the weak or optimal equilibrium S, then S should also be strong. To this
end, let us define for any admissible S € 5,

S :={xeS:LV(O,x—,SALV(O,x+,S)<0}u{xeS : V,(0,x—S)>V,.(0x+,S)}
(88)
Theorems 5.1 and 5.2 are the main results of this section, and their proofs are provided in the next
subsection. The first main result concerns when a weak equilibrium is strong.

Theorem 5.1. Let Assumptions 2.1-2.10 hold and S be an admissible weak equilibrium. If S = &g,
then S is also strong.

The next result regards the relation between optimal mild and strong equilibria.
Theorem 5.2. Let Assumptions 2.1-2.10 hold.

(a) For any admissible optimal mild equilibrium S, if ©g is admissible and closed, then &g is a
strong equilibrium.

(b) Recall S* defined in Equation (58). We have @_s* = S*. Hence, if ©g- is closed and admissible,
then S* is a strong equilibrium.

Remark 5.3. Theorem 5.2 indicates that S* and & are almost the same, and roughly speaking, S*
is a strong equilibrium possibly except some points in &g \ Sg-. In many cases, we indeed have
S* = @gx, as a result of which S™ is strong. This is demonstrated in all the examples in Section 6.

Remark 5.4. Suppose Assumptions 2.1-2.10 hold and S* is admissible. Then S* cannot contain
an isolated point at which f is continuously differentiable. Indeed, suppose x is an isolated
point of S* = &g and f is smooth at x. Then x € &g-. On the other hand, since £(0,x—,S*) =
£(0,x+,S*) = 0 by Lemma 2.14(a), and V (0, x—, S*) = V (0, x+, S) by Corollary 3.2, we would
have x ¢ &g, a contradiction.
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5.1 | Proofs of Theorems 5.1 and 5.2

As discussed above, we aim to achieve the negativity in the RHS of Equation (28) for ¢ small
enough; when V. (s, x+,S) — V,(s,x—, S) = 0, the integral on %(ﬂV(S,XS—,S) + LV (s, X+, S))
on the RHS of Equation (28) should be negative. Since only one of the two values LV (s, X+, S) is
required to be negative in the definition of ©¢, we will estimate the probability that X goes to the
left/right from the starting point. Such probability estimation is provided in the following lemma.

Lemma 5.5. Let Assumption 2.1 hold. Then,

. . 1
11{% P* (X, > xy) = }1{% PY(X, < xo) = > Vx, € X. (89)

Proof. Let X, = x, € X. Recall X and X defined in Equation (35). Denote R, := u(xo)e + X,.
Then,

XE =Xy + Rg + O'(X())Wg. (90)

By Lemma 3.7, there exists some constant C > 0 such that for any € > 0 small enough, E*[|R,|] <
Ce, which leads to

2E*[|R
Pxo( |R.| > 153/4 < M < 2C - el/4, (91)
2 £3/4

By Equations (90) and (91), for € > 0 small enough

1
PY(X, > xq) > P <a(x0)WE > e3/4 R, > —553/4>

3/4
> PX (a(x)W, > e/4) — PXo <R€ < —%s”“) >1-— ¢<5—> — PXo <|R€| > %53/4>
0'(350)\/E

1/4 1
)-2051/4—>1—q>(0)—0=§, ase \, 0,

€
. 1—¢<G(x0)

where @ is the cumulative distribution function for the standard normal distribution. There-
fore, liminf,\ o P*0(X; > x() > % Similarly, liminf,\ o P*(X; < x) > é Thus, Equation (89)
holds. Ul
Now we are ready to prove Theorem 5.1.
Proof of Theorem 5.1. To prove the desired result, we need to verify that for any x, € S,
3e(x) > 0, s.t. Ve’ < e(xp), f(xg) — EX[8(p%) FX ] =0, (92)
S

Since S is a weak equilibrium, by Theorem 3.1,

VX(O, X()—,S) — Vx(O, Xo+, S) > 0, on eS.
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Recall Equation (83) and ¢ defined in Equation (16). Pick x, € ©g, and we shall verify
Equation (92) for two cases: (i) V,(0,x9—,S)—V,(0,x9+,S) >0, and (ii) V,(0,x,—,S) —
V,.(0,x0+,S) = 0.

Case (i) Suppose a :=V,(0,xy—,S)—V,(0,xy+,S) > 0. By the continuity of ¢~
V., (t,xg£,S), we take € > 0 small enough such that §(t) > % forall t € (0,¢), and

Vilt, %o+, 8) = Vil o=, S) < =5, V€ (0,) (93)
Let h > 0 such that both (xy — h, x,) and (x,, Xy + h) belong to G. Then for € small enough,

E*[V(e, X¢, S)] = V(0, X0, S) + 0(g) = E0[V(e A Ty, 1), X, S)] = V(0, xy,S)

EATB(xo,h) ’
(94)

< [EXo
- IE TB(xo,h)/\E

E/\TB(xo,h) a
/ E(£V(S,XS—,S) + LV (s, X+, 8))ds| — Z[Exo [LX° 1,
0

where the first (in)equality follows from Lemma 3.8, the second (in)equality follows from
Lemma 2.15 and Equation (93) (the diffusion term vanishes after taking expectation due to the
boundedness of Vg on [0, ¢] X B(x,, h)). By Lemma 2.14(b), there exists a constant K > 0 such
that

1
sup §|£V(t,y+, S)+ LV(t,y—,S)| <K,
(t,)€[0,1]XB(x¢,h)

Then by Lemma 3.9 and |o(xy)| > 0, we can take ¢, € (0,1) such that for any ¢ € (0, ),

fEXO[Lf;’( " Al = (K+1) and the term o(e) in Equation (94) satisfies |o(e)| < %s. Hence,
€ X0

Equation (94) leads to

EX[8(0g) f (Xpe)] — f(x0) = EX[V (e, X, $)] = V(0, X0, )

Xo
TB(xo,h)/\E

a 1 1

< — Z[F*o —e < —— <égp.

<Ke 4[E [L ]+2£_ & Ve < g

Case (ii) Suppose V (0, xo—,S) — V,(0, xg+,S) = 0. Then, by Equation (18),
[V (t, xg+,S) =V (t, xg—,S)| = o(\/;) for t > 0 small enough.

This together with Lemma 3.9 leads to

EATB(xp.h
X, 1 Co Xo X Xo
Bl (V1 (5, %o+, S) = V(5. Xo—, S)AL| = o(1/E) - EX0 [LWB(XDM] =o(). (95)
0

Choose hy > 0 such that (xq — hy, Xg) U (X9, Xo + hp) is contained in (S° N G)U (X \ S). For
any h € (0, hy), similar to Equation (94), we apply Lemmas 2.15, 3.8 and then combine with
Equation (95) to get

E*[V(e, Xe, )] = V(0, %0, ) =B [V(Tp(xy n) A& X7 S)] = V(0,x,5) + 0(e)

B(xg,h)\E?
TB(xq,h)\E (96)
=[E*o [/ LV (s, X, S)ds| + o(e).
0
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Since V (0, xo—, S) — V. (0, xyp+,S) = 0 and x, € &g, we have
LV(0,x9—,S) A LV(0,x9+,S) < 0. 97
Without loss of generality, we can assume that
—A :=LV(0,x9+,S) <0 and LV(0,xy—,S)<0.

By the (left/right) continuity of (¢, x) — LV (¢, x+, S) at (0, x,), we can choose h € (0, hj) and &, >
0 small enough, such that for any ¢ € [0,¢,], x € (xp, Xy + h) and y € (xy — h, Xp),

LV(t,x,S)=LV(t,x+,S) < —% and LV(t,y,S)=LV(t,y—,S) < % (98)
Then for € € (0, ¢5) small enough, the first inequality in Equation (98) implies that
TB(xo,h)/\g A TB(xo,h)/\E
[EXo [/0 [/V(tth»S)l{prO}dt] < _E[Exo [/0 1{Xt>x0}dt]
A ‘ A ‘
= -5 B [ / 1{X[>x0}dt] + S B l / 1{X1>XO}d[]
0 TB(xo,h)/\E
(99)

= A [ pugk, > xgd + AE% 1
=3 ; (X; > xp)dt + ) (€ = Th(xo,n) {TB(xg.m <€}

A A
< —EE + E[Ex() [(E — TB(XO,h))l{TB(xo,h)<E}:|

A A A A A
< —E‘E + EE[FDXO (TB(xO,h) < E) = _EE + 38 . O(E) < —EE,

where the forth (in)equality above follows from Lemma 5.5, and the sixth (in)equality follows
from Lemma 3.6. In addition, the second inequality in Equation (98) implies

A

§E. (100)

TB(xg,h) e
[EXo [/ ﬁV(t,Xt,S)l{Xt<x0}dt <
0

Therefore, by plugging Equations (99) and (100) into Equation (96), we have that for ¢ > 0 small
enough,

E9[3(05)f (Xeg)] = £ () = EXIV (e, Xe, ] = V0,50, 5) S — 5 + e +0(0) < — 55,

and the proof is complete. ]
To prepare for the proof of Theorem 5.2, let us illustrate a property of an arbitrary optimal mild

equilibrium S, which says that &g actually forms the “essential” part of S, and by removing the
“inessential” part from S, the remaining part is still optimal mild.

Proposition 5.6. Let Assumptions 2.1-2.10 hold. For any admissible optimal mild equilibrium S,
&g is also optimal mild. In addition, if ©g is admissible, then ©g is a weak equilibrium.
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Proof. Step 1. We first characterize S \ @_S As S is admissible, we can write S as a union of disjoint
closed intervals

_ 5
S = Upep, [a2n-1, 22,1, where a1 < a5y < g1 (101)

where A; C Z is either a finite or coEtable subset. Since S is closed, ‘we have that @_S cS.
For each n € Ay, by the closeness of ©g, we can see that [a,,_;, a,,] \ ©5 consists of at most
countably many disjoint intervals (I, ), of the following four forms:

Lfagn-1,7); 2./ aanls 3.(B.8"); 4. [aan—1, @anl. (102)

For each I,,, of the four forms in Equation (102), we define an open interval (I, , 7, ) as follows:

L1, :=suply <ay_1,y €S}, 1y 1=7;

=inf{y > ay,,y € &g},
k y Zny S (103)

3.1, =8, T, =B
i=inf{y > ay,,y € &g},

2.1y, =7, r,
Z

4.1, =suply <ay, 1,y €S}, 1,

\

k

and set sup @ := inf X and inf §§ : = sup X if it happens. Notice that each two of those open inter-
vals (L, , 7, )n i are either disjoint or identical, and [,, can be —oo (resp. r,, can be o). Since the
total number of these intervals ((L,, , 7, ))n k is at most countable, we omit the repeating ones and
re-index them as ((Iy, ri.))rea such that they are disjoint and A C Z is either a finite or countable
subset. Then S \ (Urep(lk, 7)) = Ss.

Step 2. We prove that for each k € A,

JO, S\ U, 1)) =J(x,S),  Vx € (I, ry)- (104)

Fix k € A. Step 1 tells that for any x € (I, ri), x either belongs to S \ @_S or belongs to S¢.
(1) If x € S€ or x € 8S for boundary case (b), Lemma 2.14 tells that

LV(t,x+,S)=LV(t,x—,S)=0 Vt€|[0,c0). (105)

(2) Suppose x € S° \ &;. By the fact that S is an admissible optimal mild equilibrium, Theorem 4.3
tells that S is also weak. Then, Equation (25) together with the definition of &g leads to

LvV(0,x—,S)=LV(0,x+,5)=0; V(t,x,S)=381t)f(x) Vt>O0.
Then by a similar argument as in Equation (86) (with % replaced by 0), we reach that
LV(t,x—,S)ALV(t,x+,S) >0 Vit € [0, ). (106)

(3) Otherwise, x € 0S \@_S of boundary case (a), and for this case, we can also deduce Equation
(106) by a combination of cases (1) and (2).

5These intervals are understood as the ones restricted in X in a natural way, for example, one [a,,_1,&,,] could be
[aty—1, 00) if sup X = oo0.
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In sum, we have
%(ﬁV(t,x—,S) + LV(t,x+,5)) >0 V(t,x) € [0,00)X (I, 7). (107)

Recall (6;);er defined in Assumption 2.8(ii). By Proposition 4.7 and the definition of &g,
V,(0,6;+,5) = V,(0,6;,—,S) for each 6; € (I, rx) N S). Then for any n € N and 6; € (I, r,) N
B(xy, n), no matter 6; belongs to S\ @_s or S¢, from the fact that V(x,t,S) = 6(t)f(x) for x € S
and Lemma 3.10, we have that

Vx(ta6i+a S) - Vx(t; ei_’s) Z 5(t)(Vx(0, ei+a S) - VX(O’ el_’S)) = 07 vt Z 0. (108)

Note that for each n € N the interval B(x,, n) N (I, r;) contains at most finite points 6;. Now take
xg € (Iy,ri) and denote 7, 1= 7(;, 1, )nB(x,n) A 1 fOr n € N. By Lemma 2.15,
Tn 1
V(TFL’X‘[n: S) - V(07 X0, S) = / E(EV(LXt_’ S) + CV(t1X[+a S))dt
0

T,

T,
n 1 n 91'
+ / Vilt. X0 S)o(X9) - L pavndWe + 5 (V£ 61+,5) = V(t,6,=, )AL/,
0 0;€liry) 0

Taking expectation for the above and combining with Equations (107) and (108), we have that
[ExO [V(T}’DXT,[’ S)] - V(Oa xO’ S) Z O

Similar to Equation (74), we can show that lim,,_, o, E*[V(z,,, X , S)] = EX[V (7, ;). X7, S].

This together with the above inequality implies that

Urx)’

J(x0, S\ (ks i) = I (%0, S) = B[V (zy 1) X

T’

$)] = V(0,x,,S) > 0.

By the arbitrariness of x, € (I, r), we have J(x, S \ (I, 7)) = J(x,S) for all x € (I, r). Mean-
while, J(x, S \ (I, 1)) = J(x,S) for x € X \ (I, ). Then by the optimality of S, S \ (i, ry) is also
an optimal mild equilibrium, and thus Equation (104) follows.

Step 3. We show that & is optimal mild. By Step 2, Equation (104) holds for all k € A. From the
construction of the intervals (I, 7 )rea in Equation (103), we can see that removing one of them
does not change the values of function J on the rest parts, that is, for any k € A,

J(x, @) = J(x, S\ (i) Vx € (lea1o).
Hence, we can conclude that for any k € A,
J(x,@5) = J(x, 8\ (. 1i0)) = J(x,S),  Vx € (l, 1)
AsJ(x,@_S) = f(x) =J(x,S) forall x € @_5
J(x,85) = J(x,S), VxeX.

This implies that @_S is an optimal mild equilibrium. By Theorem 4.3, if @_S is admissible then it
is also a weak equilibrium. O

Thanks to Theorem 5.1 and Proposition 5.6, we are ready to prove Theorem 5.2.
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Proof of Theorem 5.2. Part (a): Suppose S is an optimal mild equilibrium and &g is closed and
admissible. Proposition 5.6 tells that ©5 = @_S is both an optimal mild and weak equilibrium.
Then by Theorem 5.1, to prove that &g is strong, it is sufficient to verify that &3 = ©g_. Notice
that ©g, C ©s.Take x) € ©gandweshow x; € Sg,.IfV,(0, Xy, &5) > V (0, Xy, S5), then x, €
S, Otherwise, V (0, xy, ©5) = V (0, xy, S5), and it remains to verify that

LV(0,x9—, Sg) A LV(0, X9+, Sg) < 0. (109)
Since both S and &g are optimal mild, we have
V(0,x,&5) =J(x,S5) = J(x,@_s) =J(x,5)=V(0,x,S) VxeX
Then,
V,(0,x9—,8) — V,(0,x9+,S) = V,(0, xg—, Sg) — V (0, xo+, Sg) = 0. (110)
Since x, € &g, by the definition of €, Equation (110) leads to that
LV(0,xy—,S) A LV(0, x5+, S) < 0. (111)

This together with Equation (22) implies that x, cannot be an isolated point of S. We consider the
following two cases.

(1) Suppose x, € S°. Note that V(t,x,S) = 8(t)f(x) on S. Then by Equation (111), without
loss of generality, we assume LV (0, xo+,S) = L(8f)(0, xo+) < 0. By the right continuity of x —
L(8f)(0,x,) at x,, we can find h > 0 small enough such that [xy, X, + h) C (S° N G) (recall G
defined in Equation 16) and

LE)0,x,) <0, Vx € [xg, %o + h). 112)

Hence, [xg, Xq + h) C &g, and thus LV (0, xo+, Sg) = L(5f)(0,x,) < 0.

(2) Otherwise, x, € 9(S°) for boundary case (a). Without loss of generality, we assume
(%9, X9 + h) C (S° N Q) for h > 0 small enough. Then by Equations (111) and (22), we again have
LV(0,x0+,S) = L(§f)(0, xy+) < 0. A similar discussion as in case (1) implies LV (0, xy+, ©g) =
L(8f)(0,x+) <O0.

In sum, Equation (109) holds, and the proof of part (a) is complete.

__Part (b): Lemma 4.1 indicates that S* is an optimal mild equilibrium. Then by Proposition 5.6,
@+ C S* is an optimal mild equilibrium. As S* is the smallest optimal mild equilibrium, &g =
S*. The rest statement directly follows from part (a). O

6 | EXAMPLES

In this section, we provide three examples to demonstrate our results. In the first example, we have
two strong equilibria, one of which is not optimal mild. This indicates that an strong equilibrium
may not be optimal mild. In the second example, we show that a weak equilibrium may not be
strong. The third example is the stopping for an American put option on a geometric Brownian
motion, in which we provide all three types of equilibria.
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6.1 | An example showing optimal mild & strong

In this subsection, we construct an example where the set of optimal mild equilibria is strictly

contained (i.e., &) in the set of strong equilibria. Let dX; = dW, and thus X is a Brownian motion
1

with X = R. Take discount function §(t) = Pyt Leta < b, 0 < ¢ < d such that
/°° e=s V2Bs o
SR <§< [Tewoovies )
d 0 ’

\/Zzﬁ + /Ooo e—S\/ﬁcoth((b - a)\/Z_ﬁS)dS

Notice that such parameters do exist, for example, let b — a = 1, then for Equation (113), we have
LHS ~ 0.3952 < 2 < 0.4544 ~ RHS.
Define

Tp(x) 1= dEX[8(ppp)] = d / 1’1(2tdt =d / N / ooe-<1+/3f>sp(t)alsalt
0 0 0

= d/ e SEX[ePPui]ds = d/ e—Se~lx-bIV2Bsgs  x e X. (114)
0 0

where the second line uses the formula in Borodin and Salminen (2002, 2.0.1 on page 204). We
further define

Jap(x) 1= cB*[8(piap}) - Lipyg pyoat] + AE*16(01a ) - Loy, o]
cfooo e_se_“‘_a'mds, x<a,
=3¢/ e SO0V 5y g S e SO OV 3o g < x <b, (115)

sinh((b—a)/2Bs) sinh((b—a)+/2Bs) ds,
Jp(x), x> b.

where the expression for J;;, on [a, b] is obtained by the formula in Borodin and Salminen (2002,
3.0.5 (a) and (b) on page 218) combined with an argument similar to that in Equation (114). Let f
be any function satisfying Assumption 2.8 such that

fl@=c fb)=d; f(x)<min{Jp(x),Jop(x)}, Vx€X\{a,b} (116)

Note that

c< d/ e (s+b-)V2B9) g — Jp(a), (117)
0
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which shows such function f(x) indeed exists.®
One can easily verify that Assumptions 2.1-2.8 hold. Moreover, Assumption 2.10 is also satisfied
due to Lemma 2.12 and Remark 2.13. We have the following result.

Proposition 6.1. {b} is the unique optimal mild equilibrium, while both {b} and {a,b} are
strong equilibria.

Proof. Recall S* defined in Equation (58). First notice that
Jp(x) =J(x,{b}) and J,p(x) =J(x,{a,b}), VxeX

Then by Equations (116) and (117), it is easy to see that both {a, b} and {b} are mild equilibria.
Since b is the global maximum of f, any mild equilibrium must contain b. Therefore, {b} is the
smallest mild equilibrium, that is, S* = {b}. It then follows from Lemma 4.1 that {b} is optimal
mild. Moreover, by Equations (116) and (117) again, we have that f(x) < J(x, {b}) for any x # b,
which implies that {b} is the unique optimal mild equilibrium.

Now we verify that both {b} and {a, b} are strong equilibria. As for the optimal mild equilibrium
{b}, a direct calculation from Equation (114) shows that

J'(b—,{b}) =d /00 e S4/2Bsds > 0,
0

and by symmetry, we have J'(b+, {b}) < 0. Then,
V,(0,b—,{b}) — V,(0,b+,{b}) = J'(b—,{b}) — J'(b+,{b}) > 0.

Meanwhile, by Lemma 2.14(a), we have LV (¢, x+,{b}) = 0 on X. Therefore, we have ©,, = {b}
from Equation (88). Since {b} is closed and admissible, Theorem 5.2(b) tells that {b} is a strong
equilibrium. Now consider the mild equilibirum {a, b}. Direct calculations from Equation (115)

show that
' ® B
J(a={abh=c | e?V2psds=1/c,
0

and for any x € (a, b),

swm«b—mvﬂﬁv@§“+d “eﬂamﬂx—MVﬂ®vﬂ§w
sinh((b — a)/2Bs) 0 sinh((b — a)\/2Bs)

J'(x,{a,b}) = —c/oCJ e
0
(118)

6By the strong Markov property of X and Equation (117), one can easily check that J,;(x) < Jp(x) for x < b. Hence, a
quick example for such f would be

1
- <
1+(a—x)]ab(x)’ r=a
fx) = mjab(x); a<x<b,

1
m]b(x), x> b.
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By taking x = a+ in Equation (118) and combining with the first inequality in Equation (113), we
have that

. va [ oe
"(a+,{a,b}) = — S coth((b — ds +d ' 4
J'(a+,{a, b)) c/o e~ coth((b — a)V/2fs)V/2Bsds + /0 ¢ sinh((b — a)4/2Bs) ’

<4/ n—fc = J'(a—,{a, b}).

By taking x = b— in Equation (118) and the fact that 0 < ¢ < d, we have that
V285
sinh((b — a)y/2s)
>0 > J'(b+,{b}) = J'(b+,{a,b}).

J'(b—,{a,b}) =—c¢ /°° e s ds+d /°° e S coth((b — a)\/2fs)V/2fsds
0 0

Hence,
V,(0,x—,{a,b}) > V,(0,x+,{a, b}), for both x = a, b. (119)

Meanwhile, Lemma 2.14(a) tells that LV (t, x,{a, b}) = 0 on X\ {a, b}. Therefore, by Theorem 3.1,
{a, b} is a weak equilibrium. Moreover, by Equations (119) and (88), ©y, ;, = {a, b}. It then follows
from Theorem 5.1 that {a, b} is a strong equilibrium. O

6.2 | An example showing strong G weak

In this subsection, we give an example in which a weak equilibrium is not strong, and thus {strong
equilibria} & {weak equilibria}. Let X be a geometric Brownian motion:

with X = (0, o). Let 8(t) = ﬁﬁt and f(x) = x AK for some constant K > 0. Assume that u =
g >0.

Proposition 6.2. (0, ) is a weak equilibrium but not strong, while [K, 00) is the unique optimal
mild equilibrium and a strong equilibrium.

Proof. We first verify the result for (0, o0). Notice that V(t,x, (0, 00)) = 8(¢t)f(x), then direct
calculations show

LV(0,x,(0,00) =(—f+uwx =0, 0<x<K,
LV(0,x,(0,00)) = —pK <0, x > K,
V.(0,K—,(0,00)) =1> 0 = V,(0,K+, (0, 0)).

Therefore, by Theorem 3.1, (0, o0) is a weak equilibrium. For x € (0,K), we have that for € > 0
small enough,

JE

EI8(5f, o) O, DIPE[SEX i) = 7N (o)
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> (1 + ue + %/1252 + 0(52)> (1— pe+ p*e + 0(62))<1 - e—dsz/z) - X
V2rd,

> <1 + %,uzsz + 0(52)>(1 +o0(?) - x = (1 + %,uzsz + 0(52)>x > X,

In(K/x)~(u+300e . e
where d, := —————2——_ This indicates that (0, c0) is not a strong equilibrium.
agy/&

Now we verify the result for [K, o0). By Ito’s formula,

X, X; B oX, WX, oX,
d = — dt dw, = dt dw,.
<1+6t> 1+,6t< 1+ﬁt+“> +1+,8t P74 )2 MR

Then, by the facts that px ) > 0 P*-a.s. and X; > 0 for x € (0,K), we have that

— X Xp[K,DO) X Flices 2tXt
J(x,[K,)) = f(x) =E [m]_x_[E [/ (1+;¢t)2d

>0, Vxe(0,K),

(121)
which shows that [K, o) is a mild equilibrium. On the other hand, since [K, c0) is the set of global
maxima of f, any mild equilibrium S must contain [K, o0), for otherwise, J(x,S) < K = f(x)
for any x € S¢ N [K, o), a contradiction. Therefore, [K, 00) is the smallest mild equilibrium and
thus optimal. Now for any mild equilibrium S such that S \ [K, co) # @, Equation (121) indicates
that f(x) < J(x,[K, o)) on S \ [K, o), which implies that S is not an optimal mild equilibrium.
Hence, [K, o0) is the unique optimal mild equilibrium. Moreover, direct calculation shows that

LV(0,x+,[K, o)) = L6()K) = —FK, Vx € [K, ),

which tells that ©|¢ .,y = [K, 00). Then by Theorem 5.2(b), [K, co) is also strong. O

6.3 | Stopping of an American put option

Consider the American put example in Huang and Zhou (2020, Section 6.3). In particular, X is
a geometric Brownian motion given by Equation (120) with X := (0, 00). Let i > 0. The payoff
function is defined as f(x) := (K — x)*, and &(¢t) := —ﬁ We shall provide all three types of

equilibria. To begin with, the following lemma summarizes the results of mild equilibria stated in
Lemma 6.11, Corollary 6.13, and Proposition 6.15 in Huang and Zhou (2020).

Lemma 6.3.
(1) If S is a mild equilibrium, then S N (0,K] = (0, a] for some a € (0,K].

(ii) S =(0,a] c (0,K] is mild equilibrium if and only if a > 1%[(, where

g2

A ::/ e‘s(\/v2+2ﬁs/02+v) >0, v:= l—%. (122)
0
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(iii) S* = (0 K] is the intersection of all mild equilibria and is the unique optimal mild
equlllbrla

Following from Lemma 6.3(ii), we shall call the mild equilibria that belong to the family {(0, a] :
a> 11_/11( }are “type I” mild equilibria.” The following proposition shows that, except “type I” mild
equilibria, all other mild equilibria take the same form: (0, a] U D that satisfies a certain condition,
and we shall call this family of mild equilibria “type II” mild equilibria.

Proposition 6.4. Except the “type I” mild equilibria in Lemma 6.3(ii), all other mild equilibria take
form: (0, a] U D such that

(v, VPB4 (afb) T
_(K_a)/ “\a ds> -1, (123)
at (b/@)V BT — (a/b)V 725/

where D is a closed subset of [K, o) and b := inf{x € D} satisfying b > a.

Proof. Lemma 6.3(i)(ii) together imply that any mild equilibrium is either of type I or takes
the form: (0, a] U D with D being a closed subset of [K, o). Consider a closed set of such form
S =(0,a]uD with b :=inf{x € D} > a. When a > K, the fact that f = 0 on [K, c0) immedi-
ately gives that S is a mild equilibrium. Notice that —(K — a) > 0 and the integrand in the LHS of
Equation (123) is positive, so Equation (123) holds.

When a < K, we have

— © p() — ® —SEXT ,—BST(a
J(x,8) =K - a)/o T,Btdt =(K - a)/0 e SEX[eF5T@) . l{XT(a,b):a}]dS
Vv2+2Bs/o2 _ Vv2+2Bs/02
=(K-a) / (b/ 200 OO T s ke (ab),
(b/a)\/v2+2ﬁs/c72 (a/b)\/v2+2,65/02

where p(t) := P*(t(yp) € dt, Xt = a), and the second line above follows from Borodin and
Salminen (2002, 3.0.5 (a) on page 633). Direct calculations show that for any x € (a, b)

’ /oo | @’y (b/x)VVH2Bs/a? _ (x /p)VVi+2Bs/a?
J(x,8)=—K=-a) [ e* .
X+l (b/a)Vr*+28s/9% _ (q/b)Vv+2Ps/o?

(124)
@V 2Bs/02 (bR 4 ()RR
X+l (b )V 2B/ _ (q )V +265/5
) (K — ) /oo - av(z.’/Z +v+ 26s/crz) . (b/x)\/yz+2[38/c72 _ (x/b)\/v2+25s/oz'
) = xV+2 (b/a)\/W _ (a/b)\/1/24—27&/:;2
(125)

(20 + DVVZ+2B5/0% (b/x)V7 T 4 (x/b)VPP+285/62 n
X (b/@)VP 2B — (a/b)VH285/

71t contains the trivial mild equilibrium X by setting a = co and X = X n (0, 0].
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Recall v in Equation (122), we have that

+ V12 +2Bs/c2>0 and (2v> +v+2Bs/0?) + ((21/ +1)Vv2 + 2,83/0'2) >0
This together with
0< (b/x)\/v2+25s/02 _ (x/b)\/v2+2ﬁs/az < (b/_x)\/1/2+zﬁs/a2 + (x/b)\/v2+2ﬁ’s/02

implies that both the integrands on the RHS of Equations (124) and (125) are positive. Therefore,
J'(x,S) < 0and J”'(x,S) > 0 for x € (a,b), and thus J(x, S) is strictly decreasing and convex on
(a, b). This together with the shape of f on (a, b) indicates that S is a mild equilibrium if and only
if J’(a+,S) > —1. From Equation (124), we have

L V2 +2Bs/o? (b/ )V +25/5 4 (q/p)VVP+2B5/o
J(@+.8) = —(K —a) / N
¢ (b/a)V7 25/ — (a/b)VPH+2s/e?

so S is a mild equilibrium if and only if Equation (123) holds. Notice that J'(a+,S) converges
to 0 when a / K. Then for any b > K, by the continuity of function a ~ J'(a+, S), there exists
a constant @, < K such that for all a € [ap,K), Equation (123) indeed holds and S is a mild
equilibrium. O

Proposition 6.5. S* = (0, ﬁK | is the unique weak and the unique strong equilibrium.

Proof. We first find all weak equilibria. Since a weak equilibrium is also mild, by Proposition 6.4,
it is sufficient to select weak equilibria from the two types of mild equilibria. Given a mild equilib-
rium S that is weak, no matter which type it is, S must not contain K. Otherwise, by Lemma 6.3(i),
(0,K] c S, which together with f = 0 on [K, co0) implies that

V,(0,K—,8)=-1<0=V,(0,K+,S5),

which contradicts Equation (24) in Theorem 3.1.
Consider an arbitrary type I mild equilibrium (0, a] with 11—11( < a < K. By the smooth-fit
condition in Corollary 3.2, S = (0, a] is a weak equilibrium if and only if

V. (0,a+,(0,a]) =J'(a+,(0,a]) = —1.

From the calculation in the proof of Lemma 6.12 in Huang and Zhou (2020), such condition is
satisfied if and only if a = 11_/1[{ . Hence, S* = (0, H%K ] is the only weak equilibrium among the
type I mild equilibria. Now pick any type I mild equilibrium S = (0, a] U D with b : = inf{x € D}.
As K ¢ S, we have a < K. Then by Equation (124), we have

Vx(oa b_7 S) = -

— *© 2a¥\/v2 + 28s /o2
K a/ e ps/ ds <0 =V,(0,b+,5).

prv+l1 (b/a)\/m (a/b)\/v2+2ﬁs/gz

That is, the smooth-fit condition fails at the boundary x = b, and hence S is not weak. In sum,
S* = (0, ﬁK ] is the unique weak equilibrium.
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Finally, a direct calculation shows that
LV(0,x—,8*)=—-pK —-x)—ux <0, Vxe€ <0, HK]

s0 S* = &g-. Then, by Theorem 5.1 and the fact that S* is the unique weak equilibrium, we can
conclude that S* is the unique strong equilibrium. O

Remark 6.6. Within this example, we do not restrict equilibria to be admissible. The unique weak,
strong, optimal mild equilibrium (0, ﬁK] turns out to be indeed admissible. Moreover, type I
mild equilibria are all admissible, while any type II mild equilibrium S = (0,a] U D with b :=
inf{x € D} > a has an alternative (0, a] U [b, o), which share the same J value and is admissible.
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APPENDIX A: PROOF FOR RESULTS IN SECTION 2
Proof (of (12) in Remark 2.2). Let X; = x € X and h > 0 be small enough such that [x — h, x +

u(y), x—h<y<x+h, o), x—h<y<x+h,
py) i=qu(x—h), y<x-—h, and 6(y) :=qo(x—h), y<x-—h,
ux+h), y>x+h, olx+h), y>x+h.

Then by Huang et al. (2020, Lemma A.1), for any ¢t > 0,

IP’x(rnax Y, > x) = IP’x(min Y, < x> =1
0<s<t 0<s<t

Note that Yy = X for s < 7, p). Then for a.s. w € {tp( p) > 1/n},

gl;gsxtXS(cu) >x and gxslslths(co) <x, Vte(0,1/n)andthusV¢> 0.

Then Equation (12) follows from the arbitrariness of n € N. O
Proof of Lemma 2.7. By Equation (13), for any t,r > 0
3(t+1r)—=4(t) > 8(t)(6(r) — 6(0)),

This together with the differentiability of §(¢t) implies that &’(t) > 6(¢)8’(0). As &'(t) < 0,

t t t
1-63t) = / =&’ (s)ds < / —38(s)8’(0)ds < / |6(0)|ds = |67 (0)|t.
0 0 0

O

Proof of Lemma 2.12. Take an admissible stopping policy S. Let a, b € X such that [a, b] C X and
(a,b) c S¢. Throughout the proof, C > 0 will serve as a generic constant that may change from
one line to another and is independent of r.

Set v(x,r,S) 1= E*[e™"Ps f(X,,)]. We first provide an estimate for [v,(x,r,S)| + [V (X, 7, S)|
on [a, b]. Assumption 2.1(i) and the boundedness of f gives the well-posedness of v(-, r, S) for all
r > 0,and

sup |v(x,r,S)| < sup |v(x,0,S)| <C. (A1)
x€la,b],r>0 x€la,b]

For an arbitrary r > 0, by a standard probabilistic argument, one can derive that v(x,r,S) €
C?*([a, b]) satisfies the following elliptic equation:

_ ’ 1 2 " _
{rmw+mmuuﬂdaum(m 0, xe€(a,b), A2

u(a) = v(a,r,S), u(b) =v(b,r,S).

Recall the strictly increasing function y = ¢(x) defined in Equation (32) and denote by ¢! the
inverse function of ¢. Define function i(y) := u(¢~1(y)) (i.e., u(x) = éi(¢(x))) on [¢(a), p(b)].
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Then @i € C*([¢(a), $(b)]), and Equation (A.2) leads to

i 120 N (v) =
{ ri(y) + ;MA@ =0,y € ($(a), $(b)), a3

u(¢(a)) = v(a,r,S), u(p(b)) = v(b,r,S),

with §(y) := (¢~ 1(»))¢'(¢~'(y)). Then Equation (A.1) together with the maximum principle
implies that

sup  |ay)| <v(a,r,S)vu(b,r,S)<C  Vrx0.
YEP(a).$(b))

This together with the fact that %" = 2dir /(6?) and uniform ellipticity of & on (¢(a), (b)) leads
to

sup |@"(y)| <£rC Vr > 0. (A.4)
yE(@(a),¢(b))

By the mean value theorem, there exists y, € (¢(a), $(b)) such that

v(b,r,S)—v(a,r,S) 2C
B —d@ |- t—s@ T 2° (&.3)

Then by Equations (A.4) and (A.5), for any y € (¢(a), $(b)) and r > 0, we have

' (o)l =

, , v 20 #() 2
@) < 18 (o)l + /y Ol s /¢ = o TG0~ 4@

Therefore,

sup ([ + 1@’ <Cc@+r) Vr>o.
ye($(a),¢(b))

This together with the fact that

sup (' (Ol + [’ ()N < sup (@O + 1" W+ sup (1¢' ()] + 16/ ()1 + 16" ()
x€(a,b) YE@(@)$(b) xe(a.b)

implies

sup ([ux(x, 7, S) + [vxx(x,7,9)) = sup (W) +u"(X))<CA+r)  Vr=0. (A6)

x€(a,b) x€(a,b)

Next, we verify that V € C1?([0, ) X [a,b]). For any r > 0, v.(a+,r,S), v,(b—,r,S) (resp.
Uyx(a+,r,S), Uy (b—,r,S)) all exist and satisfy the same bound as the RHS of Equation (A.6).
Hence, we conclude that v(x, r,S) € C?([a, b]). By Fubini theorem, Equation (20) leads to

Vv(t,x,S)= /00 e"u(x,r,S)dF(r) Vx € X. (A7)
0

This, together with Equation (A.6) and the assumption fooo rdF(r) < oo, implies that V &€
C2([0, ) X [a, b]).
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Finally, we prove Equation (18) for V (¢, x+,S) (the verification for V,(t,x—,S) is similar

and thus omitted). For (¢, x) € [0, ) X [a, b), by Equations (A.6), (A.7) and the assumption
fooo rdF(r) < oo,

V. (t,x+,S) = / et (x+,r, S)AF(r). (A.8)
0

Now take any x € X. If there exists some h > 0 such that (x, x + h) C S¢, then by Equations (21),
(A.6), and (A.8), we have that

Vot x4, S) = Vo (0, x4+, )] < / G, Sl — 11dF(r)
0

< C/°°(1 +r)(1—e™dF(r) = o(\/1), ast — 0.
0

Otherwise, since S is admissible, there exists some 4 > 0 such that (x, x + h) C S. Then,

Va(t, x+,8) = Vi(0,x+,8)| = |8(1)f(x) = 8(0)f ()] < 18'(0)[tf(x) = o(V/1), ast — 0,

where the above inequality follows from Lemma 2.7. In sum, Equation (18) holds for
V.(t,x+,S). [l

Proof of Lemma 2.14. Part (a): Assumption 2.10 guarantees that V(t,x, S) € C*([0, o) X SO).
Equation (12) implies that P*(pg = 0) = 1 for any x € S, so V(¢,x,S) = 6(¢t) f(x) for any (¢t,x) €
[0, ) X S. Now we prove that

LV(t,x,S)=0 V(t,x)€[0,c0) X S". (A9)
Take (t, xy) € [0, ) X S¢. Since S¢ is open, we can take h > 0 such that [x, — h, x, + h] C S°.

By Assumption 2.1(i) and V (¢, x, S) € C12([0, 00) X S¢), (s, x) — LV (s, x, S) is continuous on the
compact set [¢,t + 1] X B(xg, h). Then,

sup [LV (s, x,S)| < 0. (A.10)
(s,x)€[t,t+1]xB(xg,h)

Applying Ito’s formula to V(¢ + 5, X, S) and taking expectation, the diffusion term vanishes due
to the boundedness of V.o on [t,t + 1] X B(x,, h), we have that

EATB(xo,h)
EX[V(t+en TB(XOsh)’XE/\TB(XO,h)’S)] —V(t, xy,S) = E* [/ LV(t+s5,X,,S)ds|. (All)
0

Meanwhile, by the continuity of LV (s, x,S) on [¢t, t + 1] X B(x, h),

EATB(xo,h)

lim - LV(t+s,X,,S)ds = LV (L, xy,S), P¥-as..
e\o € 0
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Thanks to Equation (A.10), we can apply the dominated convergence theorem to above equality
and get that

o1
lim —[E*o
e\o €

EATB(xo,h)
/ LV(t+5,X,S)ds| = LV (L, xg,S). (A12)
0

On the other hand, for any € > 0, it is obvious that
EXO [Vt + € A Ty s Xenrgn 2 )] = EOI8(E + p5)f (X)) = V(E, X,,S). (A13)

Then by Equations (A.11)—(A.13), we have that
.1
0= P{% Z ([EXO [V(t+eA TB(xo,h)’XE/\TB(quhyS)] — V(t, xg, S)) = LV(t, xy,S),

and thus Equation (A.9) holds.
Part (b): The existence of LV (¢, x+, S) on [0, o0) X X follows from part (a), the differentiability
of § and Assumption 2.8(ii). Take x, € X and h > 0 such that [x, — h, Xy + h] C X. We show that

sup LV (t,x—,S)| < o0, (A.14)
(t,x)€[0,00)xB(xg,h)

and the result for LV (¢, x+, S) follows from a similar argument. Let x € B(x,, h). If (x — W/, x) €
S¢ for some constant A’ > 0, then by the left continuity of y = LV (t,y—,S) at y = x and Equa-
tion (22) in part (a), we have LV (t, x—, S) = 0. Otherwise, since S is admissible, there exists h €
(0, h) such that (x — h, x) C S, then part (a) tells that V(¢, x, S) = 8(t)f(x) on [0, 00) X (x — h, X),
and we have that

LV (t,x—=,8)| =

o'(Of(x) + 5(t)<b(X)f’(x—) + %02(X)f”(x—)> ’

< sup <|5’(0)||f(y)| + bW -l + %Uz(y)lf”(y—ﬂ) < oo,

YEB(xq,h)

where the inequality above follows from the first inequality in Lemma 2.7, Assumptions 2.1(i) and
2.8(ii). Hence, Equation (A.14) holds. O
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