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ABSTRACT

We give a new proof of a result by Puthenpurakal on Lyubeznik’s conjecture regarding the
associated primes of local cohomology modules. The conjecture states that if R is a regular
ring and I C R is an ideal, then, for all i, the local cohomology module Hi(R) has finitely
many associated primes. The result of interest is for H}~'(R) where R is of dimension n,
contains QQ, and satisfies a certain condition on the singular loci of its reduced quotient rings.
We use the theory of D-modules over formal power series rings to show this, and also give
a result on the codimension of the support of H:(R) when R is further catenary, using the
same methods.

Next, we compute the equivariant motivic Chern class for the nilpotent cone in M,
the space of n x n matrices, and for the affine cone over a smooth hypersurface. In the
nilpotent cone case, we consider the action of GL,, x C* acting on M, by conjugation in GL,,
and by scaling in C*. With this action, the orbits of the nilpotent cone are the nilpotent
orbits, indexed by partitions of n. Following the techniques of Feher, Rimanyi, and Weber,
we compute the motivic Chern class of these nilpotent orbits. In the affine cone case, we
consider the action of C* on A" by scaling and compute the motivic Chern class of the

affine cone C'(D), in A" where D C P" is a smooth hypersurface.

vi



CHAPTER 1

Introduction

1.1: History and Motivation

1.1.1: D-modules and Local Cohomology Modules

Let R be a commutative noetherian ring and I C R be an ideal. There is a functor I';(—)
associated to I which maps an R-module M to I';(M) = {u € M|I"u = 0 for some n > 1}.
This is a left exact functor and the local cohomology functors H:(—), for i > 0, are the derived
functors of I';(—). These functors were first introduced in a seminar by Grothendieck in 1961

and recorded by Hartshorne in | -

Example 1.1. Let £ be a noetherian commutative ring and let R = £[x]. Then HEI)(R) =0
for i # 1 and H,\(R) = &= = Eoé - ', where the free £-module i@jg)% - 2* has the natural
Z-graded R-module structure given by - 27! =0 and z - 2* = 2" for all ¢ < 0.

The local cohomology modules Hi(M) for various rings R, ideals I, and R-modules M
have been the subject of much study for the last 60 years. One area of study has been on
the finiteness results that H%(R) exhibits. In most cases, such as in the example H (1x)(é[$])
above, Hi(R) is not a finitely generated R-module, but Huneke and Sharp proved in | 1,
that when R is regular and of characteristic p > 0, Hi(R) has finitely many associated
primes. Since their proof employed the action of the Frobenius on the local cohomology

modules in positive characteristic, it could not be extended to the characteristic 0 case (or

to the mixed characteristic case).



However, following their result, Lyubeznik showed in | | that when £ is a field of
characteristic 0, and R is either a regular local ring with residue field £ or a smooth £-
algebra, H:(R) has finitely many associated primes. His proof exploits the module structure
of Hi(R) over the ring of differential operators on R. Specifically, when R is a smooth
%#-algebra or R is a ring of formal power series over £, we have a well-behaving theory of
Dpg/s-modules, where D/ C Endg(R) is the ring of £-linear differential operators on R.
The key point is that the local cohomology modules are finitely generated over Dp x4 in these

two settings. Lyubeznik poses the following question in | , §6]:

Lyubeznik’s Conjecture: If R is a regular ring containing Q, then the set of the associ-

ated primes of H:(R) is finite.

The difficulty of extending Lyubeznik’s result from the local and affine case to arbitrary
regular rings containing Q lies in the lack of a D-module structure on the local cohomology
modules when R is outside the settings that Lyubeznik examined. One cannot reduce to
the local case either, since there could be infinitely many maximal ideals that are associated
primes of H}(R). A result in the direction of extending Lyubeznik’s result is due to Puthen-

purakal.

Theorem.| , Theorem 1.3] Let R be a regular excellent ring of dimension n containing

Q, and let I C R be an ideal. Then H}*(R) has finitely many associated primes.

One of the main results of this thesis is a new simpler proof to Puthenpurakal’s result in
Theorem 2.89 with a slightly weaker hypothesis than excellence. More precisely, we say that
a Noetherian domain R is J-0 if there is a non-empty open set U C Spec(R) on which R, is

regular for all p € U. The following result is Theorem 2.89 in Chapter 2.



Theorem A. Let R be a regular ring of dimension n containing Q with the property that
for every prime ideal p C R of height > n — 1, the quotient ring R/p is J-0. Let I C R be

an ideal. Then H}~'(R) has finitely many associated primes.

We also prove a result on the dimension of the support of the local cohomology modules
Hi(R), using similar techniques as in the proof of Theorem A. This is Theorem 2.87 in

Chapter 2, stated below.

Theorem B. Let R be a regular ring of dimension n containing @Q such that for every
prime ideal p C R, the quotient ring R/p is J-0. Let I C R be an ideal of pure height d.
Then codim (Supp (H}(R))) >i+1foralli>d.

Excellent rings satisfy the J-O conditions in the theorems above, and most rings are
excellent rings. For example, rings of formal power series and smooth £Z-algebras are all
excellent rings. | , Example 1.2] gives some examples of excellent regular ring of finite
dimension where the finiteness of associated primes of local cohomology modules is not
known from the current techniques.

We now make a few comments on the proofs of Theorems A and B. In Theorem 2.71 in

Chapter 2, we provide a different proof of the following result, first shown by Lewis in | |.

Theorem C. Let R be a noetherian ring, and let I C R be an ideal with ht(I) = d.

Then there is f € R such that ht(/ + (f)) > d and the natural transformation

Hi, (=) — Hi(-)



is an isomorphism for ¢ > d 4+ 1 and gives an exact sequence

0 —— Hi,  Hi(~) —— HE L (-) —— HEFY(—) — 0.

Our proof differs from her proof in that it uses the spectral sequence of local cohomology
modules. Theorem C allows us to use induction for ¢ > d + 1 in the proofs of Theorems A
and B. For the case © = d 4 1, we look at the behavior of H}ii(lf)(R) when we localize and
complete at prime ideals p, with R, /(I + (f))R, regular. We use results on D-modules over

regular complete local rings to analyze H}ii(lf)(R), thus proving Theorems A and B.

1.1.2: Motivic Chern Classes

Let X be a complex algebraic variety. If X is smooth, then an important variant of X
is the total Chern class ¢(Tx) of the tangent bundle Tx of X. This lives in the singular
cohomology H*(X,Q) of X, but there is also an algebraic invariant with values in the
Chow ring A*(X). The easiest version to describe is in the context of K-theory. Recall
that the Grothendieck group Ky(X) of any algebraic variety X is the quotient of the free
Abelian group on isomorphism classes of coherent sheaves on X, modulo relations of the

form [F]| = [F'] + [F"], where

0 s F' s F s G s 0

is an exact sequence of coherent sheaves. If X is smooth, then the K-theoretic version of the

Chern class of X is

A Qxse) =) [Uye] € Ko(X)[yl.

Example 1.2. Ky(P") = Z[h]/(1 — h)"*! where h = [Opn(—1)]. Using the Euler sequence,

one can see that A, (Qpn) = % in Ko(F")[y].



Over the years, there has been a lot of interest in extending this definition to singular
varieties such that suitable functoriality properties are satisfied. An important example is
Macpherson’s invariant cgp(X) € A, (X) associated to any complex algebraic variety and
known now as the Chern-Schwarz-Macpherson class, see | ).

A more refined invariant, of a K-theoretic nature, was introduced by Brasselet, Schiirmann,
and Yokura in | ]. Given a complex algebraic variety X, the motivic Chern class is a

morphism of Abelian groups
mC,, : Ko(Var/X) — Ko(X)y].

Here Ky(Var/X) is the Grothendieck group of varieties over X: it is the quotient of the
free Abelian group on the set of isomorphism classes of varieties Y — X over X, modulo

relations of the form

YV - X] =Y - X|+[YV\Y — X]

where Y’ is a closed subvariety of Y. The motivic Chern class is uniquely characterized by

the fact that it commutes with proper pushforward and if X is smooth, then
1
mC,y (X == X) = A(Qx/c) € Ko(X)[y]-

Furthermore, it satisfies certain properties, including the projection formula.

Example 1.3. Let Y C P? be the union of two lines L, L, in P? intersecting at a point

p€P? Then Y = Ly \ {p} U Ly \ {p} U {p}. We compute

(1+ hy)* (1 —h)
1+y

mC, (Y € P*) = mC,(L; C P*)+mC,(Ly C P*)—mC,({p} — P?) =2 —(1-h)>.

The motivic Chern class allows recovering of the Chern-Schwarz-Macpherson class via suit-



able specialiation of y using a Todd class transformation (see | D:

tdagy) : Ko(X)[y, '] — A X))y, v

Let G be a complex linear algebraic group. We say that GG acts morphically on X if there
is an algebraic morphism

c:Gx X=X

which gives an action of G on X. For example, the space of n x n matrices M,, has one GL,,-
equivariant structure given by conjugation. Since the determinantal varieties (i.e. spaces
of matrices of rank < r, for 0 < r < n) and the nilpotent cone (i.e. space of nilpotent
matrices) are closed subspaces of M invariant under this action, they are also examples
of GL,-equivariant varieties. A morphism f : Y — X between G-equivariant varieties is
G-equivariant if it commutes with the G-actions on X and Y.

Furthermore, for every sheaf # on X, the action of G on X induces an isomorphism on

its stalks. If these isomorphisms are of a global nature, i.e. if there is an isomorphism

O pryF = o*F,

where pr, is the projection of G'x X onto X, which satisfies the cocyle conditions, we say that
(7, ®) is a G-equivariant sheaf. The structure sheaf Ox and the cotangent sheaf Qy,c are
both G-equivariant sheaves. A G-equivariant homomorphism between G-equivariant sheaves
(F,9") — (F,®) on X is a homomorphism of sheaves such that its pullback along pr, and
o commute with the isomorphisms ® and &'

Similarly to K (Var/X) and Ky(X), one can define the Grothendieck group of G-varieties
over X, K§(Var/X), and the Grothendieck group of G-equivariant sheaves, K{(X). In

[ ], they generalize the construction of motivic Chern classes to the G-equivariant



motivic Chern class

mC{ : K (Var/X) — K¢ (X)[y]

and develop an axiomatic characterization of equivariant motivic Chern classes of orbits of G
in X under certain conditions (e.g. G acts on X with finitely many orbits) analogously to the
axiomatic system of Okonoukov’s K-theoretic stable envelopes (see | |). Motivated by
the appearance of enumerative classes of matrix Schubert cells as the ”"atoms” of the theory of
multiple fundamental classes, including in the theory of Chern-Schwarz-Macpherson classes
(see [ ]), they also compute the equivariant motivic Chern classes of matrix Schubert
cells as certain weight functions.

One of the goals in Chapter 3 is to use the methods of | | to compute the equivariant
motivic Chern classes of the orbits of the nilpotent cone in M,,. Although the nilpotent cone
has singularities, it has a stratification by nilpotent orbits, which are smooth and locally
closed subsets. Furthermore, the nilpotent cone has a natural resolution of singularities
by the cotangent bundle of the full flag variety of flags in C", and the closure of each
nilpotent orbit similarly has a natural resolution of singularities by the cotangent bundle of
an appropriate partial flag variety. Due to their many properties, nilpotent cones and their
orbits are interesting objects in representation theory and symplectic geometry. We use the
geometric approach to computing these invariants, and write them in terms of the weight
functions, i.e. the equivariant motivic Chern classes of the matrix Schubert cells.

Another reason one might want to look at equivariant motivic Chern classes instead of
ordinary motivic Chern classes is that more information could be captured if the action
of G is considered. For example, we have that Ky(A") = Z, since all locally free sheaves
on A" are trivial. However, if the action of C* by scaling on A™ is considered, we have
KC (A™) = Z[¢*!], where, if Z is a degree d hypersurface, and Ly is the rank one locally

free sheaf on X such that




is a C*-equivariant short exact sequence, then [Lz] = (. Thus, our second goal in Chapter 3
is to compute the C*-equivariant motivic Chern classes of affine cones over smooth projective

hypersurfaces.

1.2: Outline of Thesis

The thesis is divided into two parts, where Chapter 2 is on D-modules and local cohomology
modules, and Chapter 3 is on motivic Chern classes. The proofs of the main results Theorem
A, B, and C are given in Section 2.3. In Sections 2.1 and 2.2 we provide the necessary
background on local cohomology and D-modules needed for the proofs in Section 2.3. In
particular, in Section 2.2, after providing a brief introduction to the ring of differential
operators, we will turn our focus to D-modules over the ring of formal power series.

In Section 3.1, give an introduction to motivic Chern classes. Sections 3.2 and 3.3 are
dedicated to computing the equivariant motivic Chern class of the nilpotent Cone and of

the affine cone over a smooth projective hypersurface, respectively. Section 3.3 is joint work

with Sridhar Venkatesh.

1.3: Conventions and notations

Z., Q, and C are the ring of integers, field of rational numbers, and field of complex numbers,
respectively. N is the set of non-negative integers.

All rings will be unital. If £ is a field, £-algebra will mean a (unital) commutative
ring containing £Z. For n > 0, A% and P, denotes the affine space and projective space of
dimension n over £.

Let R be a noetherian commutative ring. Considering R as an ideal in itself and the ()

as a subset of Spec(R), we define ht(R) = oo and codim()) = co.



CHAPTER 2

Local Cohomology and D-modules

2.1: Background on Local Cohomology

2.1.1: Local Cohomology

Througout this section, let R be a noetherian commutative ring. Let Modgr denote the
abelian category of R-modules. Let I C R be an ideal. If M is an R-module with support in
V(I), then any submodule or quotient module of it will have support in V(7). Consequently,

any complex of R-modules with support in V' (I) will have cohomology with support in V'(I).

Lemma 2.1. Let I C R be an ideal. Let M be an R-module. Then M has support in V(1)

if and only if for all m € M, 3n > 0 such that I" - m = 0.

Proof. Suppose M has support in V(I). Let f € I. If p C R is a prime ideal such that
p Z f, then p 2 I, so M, = 0. Then we must have that M; = 0. But that means that
for any m € M, dn > 0 such that f"m = 0. Since R is noetherian, I can be generated by
elements fi,..., fr € I. We may pick n >> 0 such that f'm =0 for all : = 1,...,n, and
hence, I" - m = 0.

On the other hand, suppose that for any m € M, there exists n > 0 such that I"-m = 0.
Suppose p C R is a prime ideal such that p 2 1. Let f € I\ p. Then My = 0 since for every
m € M, In > 0 such that f"m = 0. Therefore M, = 0. O]

To any ideal I C R, we associate a functor I'; on Modg as follows. For every R-module



M, we define the R-submodule

['y(M):={me M|3InstI"m=0} C M.

For any homomorphism of R-modules ¢ : M — M’, the restriction of ¢ to I';(M) naturally
factors through I';(M’). Hence, we define I';(¢) to be the restriction of ¢ to I'j(M) —
[';(M'). Note that I';(M) has support in V (I).

By Lemma 2.1, we get the following.

Lemma 2.2. Let I C R be an ideal. If M is an R — module with support in V(I), then

/(M) = M.

I'; is left exact, so it gives rise to the derived functor

RFI : D+(MOdR) — D+(MOdR>,

where Dt (Modg) denotes the derived category of complexes of R-modules that are bounded
below. We denote

Hj(M) := R'T1(M)

the i-th local cohomology module. Note that these local cohomology modules all have support
in V(I), since we may compute H:(M) = #°T';(Q®) where M — Q* is an injective resolution
and I';(Q*) is a complex of R-modules with support in V/(I).

We will now discuss some properties regarding these local cohomology functors.

Proposition 2.3. | , Proposition 7.3] Let I C R be an ideal. Then we have

RI'f(=) = RL 7(—).

Proposition 2.4. | , Proposition 9.15] Suppose we have dim(R) = n. Let I C R be

an ideal. Then for all finitely generated modules M, H:(M) = 0 for all i > n.

10



Proposition 2.5. | , Thm 3.8] Let I C R be an ideal and let M be a finitely generated
R-module. Let d = depth;(M). Then Hi(M) =0 for all i < d and H¢(M) # 0.

Corollary 2.6. If R is a Cohen-Macaulay ring and ¢ = ht(I), then Hi(R) = 0 and H¢(R) #
0.

Krull’s Height Theorem tells us that the minimal number of generators of I is always
> ht(I). It turns out that the minimal number of generators gives an upper bound for the
largest non-vanishing degree of local cohomology modules. To see this, we will first need to

describe local cohomology modules in a different way.

Definition 2.7 (Cech Complex). Let I C R be an ideal. Let f1,..., f. be generators of I.
For every R-module M, we define the Cech complex C*(f1, ..., fr; M) as follows. For [ > 0,

CHfry . fu M) = b My,

I=(1<i1<...<i;<n)

and the boundary maps d* are given componentwise as

, 0 1¢J
dZI,J:

(=V)fvry IT=J\{jk}

where vy : Mfi1~~-fil — ij1-~-fn+1 are the localization maps for I C J.

Proposition 2.8. | , Thm 7.13] Let I C R be an ideal and fi, ..., fix be a system of

generators of I. Then we have natural isomorphisms of functors

for all 4 > 0.

The Cech Complex description of local cohomology modules shows the following vanish-

ing of top local cohomology modules.

11



Proposition 2.9. Let I C R be an ideal and let k£ be the minimal number of generators of

I. Then H}(R) =0 for all i > k.

Using the Cech Complex construction of local cohomology modules, we can compute the

following basic examples.

Example 2.10. From Propositions 2.9 and 2.6, if fi,..., f. € R is a regular sequence and
I=(f1,...,f), then Hi(R) =0 for i # c.

Example 2.11. In the case that R = £[[x1,...,2,]] is a formal power series ring and

I = (x1,...,1,), the Cech complex describes H§(R) as:

R = @ A

1 in
i1yeeyin>1 Ly ey

Lemma 2.12. Suppose R — A is a flat ring homomorphism. Then we have natural isomor-

phism of functors

O Hy(—) ®@r A — Hp,((—) ®r A)
for all 7 > 0.

Proof. Let fi,..., fr generate I. Then their images fl, ey ﬁ; in A generate I A. It is easy

to see that there is a natural isomorphism of functors
C’(flavflm_) (81?14g C’(ﬁ77ﬁ7M®RA)

Since (—) ®g A is an exact functor, it commutes with taking cohomology of complexes, i.e

the natural transformation of functors on D (Modg)

%l(—) Qr A — ggl((_) ®pr A)

12



is an isomorphism for all . Thus we get natural isomorphisms
Hiy(=) @r A) ZFHC(fr,. ., fui (=) @ A) Z H (C(fr, -+, [ () @r A)

= (HC(fry- o fui (7)) @r A= Hi(—) @p A.
[l

Remark 2.13. It is easy to check that the natural isomorphism in Lemma 2.12 is indepen-
dent of choice of generators fi,..., fi of I. Additionally, for every R-module M, we can

explicitly describe the natural homomorphisms ®9,. Tensoring the inclusion of R-modules

ry(M)C M
by A, we get
['/(M®gA)

q:?w R
N

I'[(M)®@r A —— M ®pg A.

Furthermore, it is easy to check that the family of functors from R — modules to A-modules
{H{(—)®rA} and {H: ,((—)®grA)} are universal § —functors for the functors I';(—)®r A and
['7a((—) ®g A), respectively, and the isomorphism in Lemma 2.12 is a natural isomorphism

of these d-functors.

Definition 2.14. Let I € J C R be ideals. Then we have a natural inclusion of functors

on R — modules

FJ(—) — F[(—)

This gives rise to a natural transformation of derived functors on R — modules for all ¢

Hj(=) — Hi(-).

13



Lemma 2.15. Suppose R — A is a flat ring homomorphism. Let I C J C R be ideals.
Then we have commutative diagram of natural transformations of functors from R—modules

to A-modules for all ¢

Hi(—) @p A ——— Hi(—) @y A
12 12
Ga((=)®@rA) —— Hj, ((—) ®r A)

where the horizontal natural transformations arise from Definition 2.14 and the vertical

natural transformations are those in Lemma 2.12.

Proof. By Remark 2.13 and the universal property of universal § — functors, it is enough
to check for ¢ = 0. In this case it is clear from their descriptions in Remark 2.13 that they

commute. O

Definition 2.16 (Cech complex projection map). Let I C J C R be ideals. Let fi,..., fx
be a systems of generators of I. Extend this sequence to generators fi,..., fx, feat, -+, fn

of J. Then we have for any R-module M, a morphism of Cech complexes
P é(f177fn7M) — O(f1a7fk7M)7

where p' is the projection map

Ol(fl’ o 7fn7M> - @ Mfil"'fil D @ Mfi1'--fiz - Ol(fh R k?M) =

I:(1§i1<-..<il§k) [:(k<i1<-.-<il§n)
D My
I=(1<i1<...<i1<k)
Remark 2.17. With the same set-up as in the previous definition, #(p) coincides with the

natural morphism H'%(M) — H:(M) from Definition 2.14.

We also provide another local cohomology vanishing theorem below which will be used later

in this chapter.

14



Theorem 2.18 (Hartshorne-Lichtenbaum Vanishing). | ] Let (R, m) be a local Noethe-
rian ring and let I C R be an ideal. Set d = dim(R) and let R be the completion of R at

the maximal ideal. Then the following statements are equivalent:
(i) H(R) =0.

(i) For all minimal prime ideals p C R such that dim(R/p) = dim(R), we have

dim(R/(IR + p)) > 0.

2.1.2: Spectral Sequences

We introduce the local cohomology spectral sequences in this section and make some remarks
which will be relevant in the last section of this chapter. Our main reference is | , Section

2.5).

2.1.2.1 Brief Review of Spectral Sequences

Let A** = (A, 01, 8%"j ) be a double complex of R-modules such that A% =0 for i <0 or

j < 0. We define the total complex Tot(A**) given by
Tot"(A**) = P AY
i+j=n

with differential given by
o= Y 0 + (1),

i+j=n

Tot(A**) has a decreasing filtration given by

F*Tot"(A™*) = @A™,

i>p

15



which induces the filtration F*#H"Tot(A**) on H"Tot(A**) given by
FPHOTol(A") = im(#" FPToi(A") — #"Tot(A°)).

Let Ey = grl’ Tot(A**). Then E}? = AP with only the horizontal differentials which
we denote dy? := 0% Next, let E7 = ker(dg?) = #¢7(AP*). The maps 07! on Tot(A**)
induce differentials di"? = d?'* on EP?. We bundle this data together as Ey = (E7, d}).

Inductively we can define

P4
E, = ( EP = _kerlds) EPI — Ef*“q‘”l)

; — —1 Yr
1m(df 71“,q+r

where dP is induced by the differential 0. and 0y on Tot(A**). We call E, the r-th page
of the spectral sequence.

We can see that for each n, for all 7 > n+2, and for all p+q = n, we have EPT4"1 = (
and EP~"t""1 = 0, and hence EP? = EP,. Therefore, E?4 = E'l,. We will denote this by

P
EPa.

Theorem 2.19. We have canonical isomorphisms
EPt = gr]f,J FHPTITot(A®®)

for all p, q.

We say that E, abuts to #PT1Tot(A**) and denote this as
EDY =, #rHITot(A),

Remark 2.20. Since for all n and r > 0, we have E""""~1 = (, the above definitions tell
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us that we have canonical inclusions
Oon 0,n 0,n
E." =ker(d") C E",

giving us
0, 0,
EOO?’L g Er n

for all n.

Remark 2.21. By the definition in Theorem 2.19, we also have canonical maps

Fy#"Tot(A**)  H"Tot(A**)
H(Tot(A**)) — EX" = gl #"Tot(A**) = — = :
(Lot(A™)) = B = gwo HOToMA™) = G ot (A=) ~ R Tot(A*)

If B** is another double complex and {E!,d.} is the spectral sequence associated to its

rr

vertical (resp. horizontal) filtration, a morphism of double complexes ¢ : A** — B**

induces a homomorphism of spectral sequences

{o} A{E, di} — {E7, d}

and we have commmutativity

" (Tot(A**)) —» E°4

[ Jaee

H(Tot(B**)) ——s B4
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2.1.2.2 The Local Cohomology Spectral Sequence

Let I,J C R be two ideals. Let fi,..., fx generate I and g, ..., g, generate J. We define

the double complex

é.’.<f1>---afk§91a---gl;M) = é(fl?"'afk;M) QR 0(917"'7gl;R)-
Then
Tot (C**(fi,-. s frsgio-- gy M) = C(f1, -y foy gis g M),

as complexes. Furthermore, we see that the spectral sequence associated to C’”'( fiyeo o g1, g M)
is such that

EYY=H{(M)®rC(g1,...,9;R) = Clgy,...,q; H(M))

as complexes, so the second page is the following

where

B3 = HYHY(M)

for all p,q. Thus we get
EY® = HyH}(M) =, Hy[5(M).
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We will call this the local cohomology spectral sequence for the ideals I, J and the R-module
M.

Example 2.22. Let I C R be an ideal with generators fi,...,fr € [. Let J' C J C R be
ideals. Let g1,...,q;,...9m € J generate J such that g,..., g € J' generate J'. Now let M

be an R-module. The projection map

p:Clg1,....gm; R) — Cla1,..., 95 R),

given in Definition 2.16 induces a morphism of complexes

O.’.(fla---afk591:---gm§M) mﬁfC“"(fh-~~7fk;g1,---gz;M)-

Note that the induced map on the total complexes

Tot(1® rp)
—)R

Tot(C’"'(fl,...,fk;gl,...gm;M)) :O(fl,...,fk,gl,...,gm;M)

Tot (0.7.(](‘17--'7fk;gl>"'gl;M)) :é(fla--'>fkagla"'agl;M)

coincides with the projection map in Definition 2.16 for the inclusion of ideals J'+1 C J+1
and the R-module M. Then, by Remark 2.17, we get that the induced homomorphism on

the cohomology of the total complex
n ~ n (X} H"Tot(1QRp) n [N} ~ n
Hy, (M) = #"(Tot(I,(F**))) (M)~ — " #"(Tot(Uy ((F*%))) (M) = HJ,, (M)

is the natural transformation in Definition 2.14 applied to J'+1 C J + I and M.
Furthermore, denoting E,, E as the local cohomology spectral sequence for the ideals I, J

and the R-module M, and the ideals I, J" and the R-module M, respectively, the induced
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morphism of spectral sequences induced by ¢

{¢r}  {E d} —{E} dy}

is such that

G- B3 = HYHI(M) — HY,HI(M)

is the natural transformation in Definition 2.14 applied to Hj (M) for all p,q > 0.

In particular, in the case J' = 0, we get the commutative diagram

Hy (M) = H"(Tot(T'y(F**)) (M) ——— H} (M)
| |
EO%n > y EOn
]
Ey™ = HYH}(M) : » By = Hp (M)

which coincides with the natural transformation in Definition 2.14 applied to M.

Lemma 2.23. Let I,J C R be ideals. Let @ be an injective R-module. Then I';(Q) is

I j-acyclic.

Proof. Since @ is an injective R-module, we have H:(Q) = 0 for all i > 0. Then the local

cohomology spectral sequence for the ideals I, J and the R-module () on the second page is:

0 q#0
B" = HYH}(Q) -

HITH(Q) q=0.

It is easy to see that, in this case, EP? = E5 for all » > 2. Hence, E%? = E5. Since

EY? = HIH{(Q) =, H7L5(Q)

and E2Y = EY? = 0 if ¢ # 0, by Theorem 2.19, H7 ,(Q) = E?’ = H'T;(Q). But
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HY, ;(Q) = 0 for p > 0 since @ is an injective R-module. Thus we have for all p > 0,

HT(Q) =0, i.e Q is T'j-acyclic. O
Lemma 2.23 allows us to extend Lemma 2.2 to the following.

Lemma 2.24. Let I C R be an ideal. If M is an R — module supported on V(I), then
RT/(M) = M.

Proof. By Lemma 2.2, we already have that I';(M) = M. We need to show that Hi(M) =0
for all ¢ > 0. Let @ be an injective R-module such that we have an injective homomorphism
M — Q. Then we get an injective homomorphism M = I';(M) < I';(Q). Consider the

short exact sequence

0 > M » I'1(Q) —— M :=T;(Q)/M —— 0. (%)

Since I'7(Q) has support in V(I), so does M’. First, we get the exact sequence

Ly(m)

Dr(01(Q)) 2 Tr(M!) —— HH M) —— HHTH(Q)) "2 0.

By Lemma 2.2, T'/(T';(Q)) = I'/(Q) and T';(M') = M’, so T';(7) = 7 is surjective. Thus we
get HY(M) = 0.

Since M was picked arbitrarily, we get that for all R-modules N with support in V' (I),
H}(N) = 0. Now assume that for all such N and 1 < j < i, we have H}(N) = 0. From the

short exact sequence (x) again, we get the exact sequence

Ind hyp

H}'—I(M/) 0 H}(M) H}F[(Q) Lemng 2.23 0

Thus Hi(M) = 0. Hence, we are done by induction. O

Proposition 2.25. Let I, J C R be ideals. Then we have a natural isomorphism of functors

RPI+J = RFJ o RF[
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Proof. By Lemma 2.23, T'; takes injective R-modules to I"j-acyclic R-modules. The propo-

sition then follows by [ , Theorem 3.7.1]. O

2.2: Background on D-modules

Fix £ be a field of characteristic 0 and let A be a £-algebra. We consider its ring of differential
operators D 4/4. While these rings are noncommutative, they exhibit good behavior and are
well understood in two important cases of commutative algebra and algebraic geometry. The
first case is when A is a smooth #£-algebra | | and the second case is when A is a ring
of formal power series over k. Our primary focus in this chapter will be on the latter.

We begin this section by defining rings of differential operators. Then we turn our focus to
D-modules on rings of formal power series. These D-modules share many similar properties
to D-modules on smooth #£-algebras. We mainly use [3)1] and | | as references, and

provide details when we are unable to find a direct source.
2.2.1: Rings of Differential Operators

2.2.1.1 Derivations, Kahler Differential, and Prinicipal parts

Definition 2.26. Let M be an A-module. A £-derivation from A to M is a A-linear map
¢ : A — M such that ¢(ab) = ap(b) + ¢(a)b. The set of all such derivation naturally has the
structure of an A-module. Thus we can define a functor on A-modules Der (A, —) which

maps a module M to the module of £-derivations from A to M.

In order to define the ring of differential operators, we want to generalize the notion of deriva-
tions Derg (A, —) to functors D% (A, —) C Homg (A, —) on A-modules. Setting D(A,—) =0

for i < 0, we inductively define D% (A, —) as

M = A —module —— D% (A, M) := {¢ € Endy(A, M), [a,d] € Di (A, M) for all a € A}
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for i > 0. This gives an inclusion of functors D% (A, —) C D4(A, —) with D}(A,—) =
Hom4 (A, —). Note that Homa(A, —) + Derg (A, —) = DL (A, —).

Now denote T s := Derg(A, A). When A = £[[z1,...,2,]] is a ring of formal power
series over %, T4,z is a free A-module of rank dim(A) with basis given by the derivations

0; == 52 (see [ , Theorem 1.5.2]). There is a natural A-linear map for all £ > 0,

k3

Sym" Tua/s —— D*(A, A)
6“5% — ail,...,&-k.

This map is injective: Let ¢ := 3. f.&* € Sym” Tasx. Then its image in D% (A, A) is
la|=k

D= f.0"

|a|=F
Let § such that || = k and fg # 0. Then

D) = 3 fu07(2F) = f07(2) = H%fﬁ £0,
lal=k =

!

Theorem 2.27. Let A = A£|[x1,...,x,]]. For all £ > 0, the above natural maps induce

isomorphisms of A-modules

k
Sym#y Ty x — DF(A, A) » DD,C,Y(‘X;)‘) .

Proof. We will first show the map is injective. It is enough to show that for all £ > 0, the
image of every nonzero element in Sym” T4/, does not lie in D*~1(A4, A). We will proceed
by induction on k. The case for k = 0 is clear since Sym) Ta/s = A = D}(A, A). Now
let £ > 0. Assume that for every 0 < j < k—1,if ( #0 € Symi‘ Ta/z, then its image in

D (A, A) does not lie in D '(A, A).
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Let ¢ := > f.£* € Sym”, Tasx. Then its image in D§ (A, A) is
|a|=k

D= f.0".

|al=k

Since D # 0 and D(1) = 0, there exists ¢ such that [D, z;] # 0. Note that

0 a; =0
[8?1 Ce 82‘",@-] =

QO O ORI L 09 else.

Hence, denoting e; = (0,...,0,1,0,...,0), we have
—— S —

i—1 n—i

Dz = > (0 +1)fare, 0" #0

|o|=k—1

in D¥"(A, A). Since [D, z;] is the image of

Z (ai + 1)fa+ei§a € Symz_l TA/}%a
|a|l=k—1

it is not in D¥?(A, A) from the induction hypothesis. Thus we can conclude that D ¢
DETL(AL A).

To show surjectivity, it is enough to show that every differential operator D € Dy /4 is a
sum of monomials in dy, ..., 0d, with coefficients in A. The proof is the same as for the case
of Tz in [ , Theorem 1.5.2].

Denote by m the maximal ideal of A and set m* = A for i < 0. Recall that A has the

m-adic topology given by the metric

Af.0) = 5

where f,g € A and i is such that f — g € m®\ m**'. The polynomial ring £[x1,...,x,]
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is dense in A with respect to the m-adic topology. If D, D’ € Endgz(A) are m-addically
continuous and coincide on polynomials, then they coincide everywhere.
First, we show that every differential operator is m-adically continuous. Since differential

operators are additive maps, it suffices to show that for any £ > 0 and i > 0,
DF(A, A) - m™™ C m’,

We will show this by induction on k. For k = 0, it is clear that for every A € D°(A, A) = A,
A-mi C mifor all i > 0. Let k > 0. Suppose that for every D € D¥(A, A), we have
D(mi**) C m® for every i > 0. Let D € D**1(A, A). We will show by induction on i that
D(mit*+1) C m,

For i = 0, it is clear that for every f € m**!, D(f) € m® = R. Let i > 0. Suppose that
for every f € m™ "1 D(f) € m’. Let f € m"™ 1 We can write f =3~ g; f; with g; € m

and f; € m***1 Then

D(f) =Y _D(g;f}) = _g;D(f})+ > _[D.gl(f)

For all j, [D, g;] € D*(A, A) by definition. By induction hypothesis on k, [D, g;](f}) € m™*!
for all j. By induction hypothesis on i, D(fj) € m’ so g;D(f;) € m"*" for all j. Thus
D(f) € m™™. Hence we conclude that for any k > 0, for any D € D¥(A, A), we have
D(mitk)y C m' for all i > 0.

Our next steps are to show that every differential operator D coincides with a differential
operator of the form D" = > a,0%, where a, € A. Since differential operators are #-linear,

if D(z*) = D'(z®) for every monomial «, then D = D’. Furthermore, we have the following.

Claim 2.28. Suppose D € D™(A, A) is such that D(z*) = 0 for every |a| ==Y ", o < m.

Then D(xz*) = 0 for every monomial .
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Proof. Note that if [D, x;] = 0 for all i, then D is A-linear: For every monomial %, we have

and by the previous paragraph, D = D(1) € A.
The assertion for m = 0 is clear since in this case D € A. Now assume that for all
differential operators in D™ 1(A, A), the claim is true. Then for every a with |a| < m — 1,

we have that for every 1 =1,...,n,
[D, z;](z*) = D(x;2%) — 2;D(z*) = 0.
Since [D, z;] € D™ (A, A), the induction hypothesis tells us that
D, z;] = 0.

Since D(1) = 0, this implies that D = 0. O

For any differential operator D € Dy/s and J € N", define Pp; € A inductively as
PD,O = D(l) and

1 J I/..J
Ppy= 7 (D(x )= Ppsd'(x )) :

1<J

Let D € D*(A, A). Then we have that for every a with |o| < k,
ZPDJ&I (;Ua) = PD,QGQ(:U“)—i—ZPD,JaJ(J:O‘) = <H Ckl|> PD7Q+ZPD’J8J($Q> = D(ZEQ)
|I1<k J<a =1 J<a

By Claim 2.28 we get
D= Pp,d".

<k
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2.2.1.2 Grothendieck Definition of Rings of Differential Operators

We can construct the ring of differential operators D,/ as a subring of the ring of £-linear
endomorphisms Endy(A) with multiplication given by composition. Setting D%(A) = 0 for

i <0 and D% (A) := D%(A, A) for i > 0, we obtain the following definition.

Definition 2.29. D4, := |JD%(A) C Ends(A) is the ring of differential operators. The
A — submodules D% (A) C Da/s naturally define a filtration by A-modules which respects
the multiplication on Dy, i.e Dy(A) - D4(A) C Dy(A) for all i,5 > 0. This filtration is

called the order filtration.

Hence the order filtration on D4,/ allows us to define the graded A-module

DL (A
gr Dajp = @Df#'

i>0 Tk

The multiplicative structure on Dy,s induces a multiplicative structure on grD,s. Al-
though D,/ itself is noncommutative, gr Dy s is a commutative A — algebra. This is
because the obstruction to commutativity between differential operators of order d; and d,
which is given by their lie bracket, lies in Fy, 14,-1D4/¢ and so it vanishes when we pass to

the graded ring. Hence, gr D,/ is in fact a graded A-algebra.

As a consequence of the Proposition 2.27, we get the following.

Proposition 2.30. Suppose that A = £[[z1,...,2,]]. Then D,/ is generated by A and

Ta/x and we have a canonical isomorphism of graded A — algebras
gr Dyyp = Symi Tz

In particular, gr D /4 is noetherian.
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2.2.2: D-modules over rings of formal power series

Throughout this section, % will be a field of characteristic 0 and A, := £[[z1,. .., z,]]. We

put ZA?n = Dﬁn/fé and 0; := 8‘; from now on. D;é(gn) is the order filtration on ZA)n In this
case we have gr D,, = Sym% Tj /= A\n[fl, .., &) where &,..., &, give a basis for T3, /4
Let M be an A, — module. Giving a structure of a left (resp. right) D,-module structure

on M comes down to extending the corresponding A\n — module structure ﬁn — Endg (M)

to a ring homomorphism (resp. anti-homorphism) D,, — End(M).

Example 2.31. Since, by construction, we have lA)n C Endé(A\n)7 A\n naturally has a left

ﬁn—module structure.

Example 2.32 (Localization of a ﬁn—module). Let M be a left D,-module and let f € A,.
We can extend the action of D,, on M to M + using the product rule from calculus: for every

m € M and integer k£ > 0, we put

LA

-fkm—— fht -m—i—ﬁ@-m

One can check that with this definition M becomes a left ﬁn—module.

Example 2.33. (a) Let I C R be an ideal and fi,..., fx € I be generators of I. For any
left D,,-module M , the boundary maps d’ in the Cech complex C(fy, ..., fi; M) from
2.7 are D,-linear. Hence the local cohomology modules Hi(M) are D,,-modules for all

1. Furthermore, their ﬁn—module structure does not depend on the choice of generators

fireoo frof I

(b) Let I C J C R be ideals. Let fi,..., fx, fex1---, fn € J be generators of J such that

fi,---, fx € I are generators of I. For any left ﬁn—module M, the natural maps

pé(flaafnaM)—)é(fla7fkaM)
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as in Definition 2.16 are ﬁn—linear. Hence, the induced natural maps on local coho-

mology module

Hy (M) — H; (M)

are ﬁn—linear. By Remark 2.17, these natural maps on local cohomology modules

coincide with those in Definition 2.14.

We say M is a coherent (left) D,,-module if it is finitely generated over D,,. The following

are some examples of coherent left ﬁn—modules.

Example 2.34. (a) Multiplication on the left equips ﬁn with the the structure of a co-
herent left ﬁn—module. Let I C ﬁn be a left ideal. Then I and % are also coherent

left ﬁn—modules.

(b) Any quotient of a coherent (left) D,-module is a coherent (left) D,-module and since
D, is noetherian, any (left) D,-submodule of a coherent (left) D,-module is a coherent

(left) D,-module.

(c) As a left D,-module, A, = Bﬁ is coherent.

—_
-
—

so F is a coherent left ﬁn—module.

Theorem 2.35. | , Theorem 2.4] Let M be a coherent D, — module. Then M has

finitely many associated primes in A,

Corollary 2.36. Let M be a coherent D,, — module. Then Supp(M) is closed in Spec(A,,).
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2.2.2.1 Good filtrations and the characteristic cycle

Definition 2.37. Let M be a coherent D,-module. A good filtration on M is a filtration

F M by finitely generated fAln — modules such that F;M =0 for i << 0, |, ;M = M,
Di(A,)- F;M C F, ;M for all i, j € Z,

and grp M = @ Fijle is finitely generated as a gr ﬁn—module.

1E€EL

Proposition 2.38. [3j1, Proposition 2.6.1] A left ﬁn—module is coherent if and only if it

has a good filtration.

Definition 2.39. Let M be a coherent left Bn—module and let FyM be a good filtration on
it. We call Ch(M) = Supp(gry M) the characteristic variety of M. Denoting by I(Ch(M))

the set of prime ideals corresponding to the irreducible components of Ch(M ), we define by

CC(M) = Z (erp Bn)p(ng M), - [V(p)]
peI(Ch(M))

the characteristic cycle of M.

Proposition 2.40. [Bj1, Lemma 2.6.2] The characteristic cycle is independent of the good

filtration.

Example 2.41. Recall that if we consider on lA)n the order filtration, then we naturally have
gan = An[gla s 7€n]

where &, ..., §, are a basis for T3/, as a A,-module. Then Spec <gr lA)n> = Spec(ﬁn) x AT

(a) The order filtration on D, is a clearly a good filtration. We have CC(D,,) = [Spec(A,)x

A7),
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(b) Define Ezzl\n = /Aln for all i« > 0 and Ezzl\n = 0 for i < 0. We have that grp Xn =

Sym® Tz ~ ~ ~
A Anlt g6 F, A, is a good filtration. We have CC(AP*) =k - [Spec(A,,) x {0}] for

>1
Symin TA/)?

any k > 0.

(c) Let F = HQ(fAln) The order filtration on D,, induces a good filtration on E

1
FE= @ A b
15esin 21
14 tin <itn

via the map in Example 2.34(d). E is supported entirely on the closed point {0} =
V(x1,...,2,). We have CC(E®*) = k - [T(y] where T(py = {0} x A} is the normal

bundle associated to the embedding of the closed point into Spec(ﬁn).

2.2.2.2 Functors on the category of coherent ZA)n—modules

In this section we discuss some functors on (left) D,-modules. The material here is standard
for algebras of finite type over £ (see | ] or [ |), but we give details since some of
the results needed do not appear in the literature in our setting over the formal power series

rings. First, we recall the following lemmas regarding complete local rings.

Lemma 2.42 (Cohen Structure Theorem). | , Proposition 10.16] Let (R, m) be a com-
plete regular local ring of dimension n with residue field Z = R/m. If R contains a field,
then R = #£[[x; ..., x,]] and the isomorphism can be chosen to send the variables z; to any

given regular system of parameters in R.

Lemma 2.43. Let (R, m) be a complete local ring. Then any quotient ring of R is a complete

local ring with respect to m.
Proof. This follows immediately from | , Theorem 7.2(a)]. O

As a consequence of the previous two lemmas, let I C A, is an ideal, with k& = ht([), such

that ﬁn /I is regular, then the surjective ring homomorphism A\n —» En /I is isomorphic to
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the ring homomorphism
Ay = Alzy, . 2n]] 2 A il[Tn ity Tn]] = Anp = Bllzr, . Tos]] (%)

which sends z; to x; for 1 < n — k and to 0 for ¢ > n — k. Hence, to define the following
functors on coherent left ﬁn—modules, we will consider only ring homomorphisms from A,

of this form, and also think of ﬁn as formal power series ring in k variables over En,k.

~

Definition 2.44 (Direct Image). Let 7 : A, — A,_j as in (x). Recall that we have a

Dz yi1,....zn))/#-module structure on
Dyl wn])/#
CHNRRCA L S
Dgiiwn wirranll/ - (Tnktis -5 Tn)
given by
—o OO TN L9 ay > 0
Xy - 8a =
0 else
and

9;- 0% =0 ... oo Lo

050 j+1

forevery j = n—k+1,...nand a € N. In particular, note that for every D € £[0p_k+1, .., 0],

there is an integer L > 0 such that for every 71,..., 5k > L,

J1 Jn . —
Ty pi1 T D =0.

Let M be a left ﬁn_k-module and consider the £-vector space

M ®ﬁ ﬁ[an_k_f_l, e ,6n].

32



For very f € A\n_k and integers 71, ..., Jr > 0, define
fal pyr - xlt - (m@g D) = (f -m) @ (23ypy -l - D)

for every m € M and D € £[0p_j41,...,0,). For every g € //1\”,

.....

for f;, ;. € A\n,k. Let L > 0 such that xﬁf_kﬂ ...l . D =0forall ji,...,jx > L. Then

g-(m®sg D)= < Z xil_k+1...x£k> -(m®g D).

L>j1,..,k20

Hence, we obtain a gn—module structure on M ®4 £[0p_k11, - - -,0y). We can further extend

this naturally to a ﬁn—module structure by

FON 00 (m®g D) = f- (3. 0% m @y OO 00 D
+

n n

for f € Ap, a1y 0 >0, m € M, and D € £[Op_k11,---,0)

Then we define the direct image functor
m = (=) @z £[O1,...,0]

from left ZA)n_k—modules to left Bn—modules with support in V(x,_g11,...,2,). This functor

is exact and preserves the coherence of left ﬁn—modules.

Remark 2.45. Let 0 < | < nand 0 < k < n —[. Suppose we have surjective ring

homomorphisms 7y : A, - A,_;and my : A,y - A, asin (x). Then (momy ), = 71 0mg).

Definition 2.46 (Dimension of Module). Let M be a coherent left D,-module and F a

good filtration on M. Recall that Ch(M) = Supp (grr(M)) is independent of F' due to
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Proposition 2.40. Then the dimension of M is d(M) := dim Ch(M), and it is independent
of F.

Lemma 2.47. Let 7 : A\n —» A\n_k as (x). If M be is a coherent left ﬁn_k—module, then

d(mM) = d(M) + k.

Proof. The proof is essentially the same as in | , Chapter 13|, where it is shown for the
case of polynomial rings over 2. By Remark 2.45, it is enough to show it for k£ = 1.

Let F' be a good filtration on M. Then a good filtration on M ® £[09,] is given by

Ty (M @4 £[0,]) = D (EM Rp Y Fo- aj;)
i+j=l k<j
Under this filtration, we see that

FaM @y £-05 CEM @,y £-0)

k<j k<j

and
FM®; Y £-0ECFEM®@gy £-0k
k<j-1 k<j
SO
FM @z > % -0k
0 (M ®g £[0F]) = = -
ng‘( Rx [n]) ,@ZE—IM@)&Z%'@&‘FEM@)% Zéaﬁ
= k<j k<j—1
Recall that we naturally have
gan = An[flv s 7§n]7
where &1,...,&, are a basis for Tﬁn/fé as a ﬁn—module. For every [ > 0 and i + 57 = [, the

ZA-linear map
FEM@g SS8- 08 s gt M@y S 4 - €

k<j k<j

m &y OF > T Q@ EF
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is surjective and has kernel given by

FoM®yy £-0E+FM®@g Yy A&

k<j k<j—1

Thus we get an isomorphism of £Z-vector spaces

gt (M @4 £(0,]) —— @lgr%M@% &
i+j=

which gives us an isomorphism of Z-vector spaces

grp (M ®4 fé[@n]) — grr M ®4 fé[ﬁn] .

Since grp M is a module over gr Dyq = /Aln_l[ﬁl, ooy &nm1], we get that grp M ®4 £[E,] is

naturally a module over the ring

A\’N—l[fla cee )gn] = gr ﬁn—l ®)€ k[gn]

where the natural action is given by (f ®.&') - (m®z &) = (f-m) Rz T for f € Ay, me
grp M, and i,j > 0. Its support in Spec (A\n,l[&, . ,§n]> = Spec(gr ﬁn,l) X 5 Spec (£[£,])
1s

Supp (grp M @4 £[£,]) = Supp(gry M) x4 Spec (£[6,])

which has dimension d(M) + 1. The quotient ring homomorphism

grﬁn - A\n[gh cee 7€n] - A\n—l[gla s >€n]

induced by 7 extends the ﬁn_l[fl, ..., & ]-module structure on grp M ®4 £[&,] to a gr D,-

module structure. One can check that with this gr lA)n—module structure, 7 is then gr ﬁn—
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linear. Hence 7 is an isomorphism of gr ﬁn—modules, and we get that
d(mM) = dim Supp (grp (M ®4 £[0,])) = d(M) + 1.

O

Let 7 : Apey = Az, ..., 20,t)] > A, = A[[z1,...,2,]] be the ring homomorphism
sending z; to x; and ¢ to 0. For any Z-linear map ¢ : En — A\n, we can lift it naturally to

the Z-linear map 5 : ﬁnﬂ — fAlnH that sends every g € ﬁnﬂ to

olg) =D o(fi)t!

i>0

where f; are such that g =Y., fit' for f; € A\n. This gives us a natural inclusion of rings

Endy(A,) — Endg(A,.1)

It is easy to check that this inclusion maps ﬁn to A\nH and ZA)n into l/jnﬂ by sending x; to

x; and 0y, to 0y, for all 1 <7 <n, giving us a ring homomorphism
Bn — ﬁn+1-

Let M be a left lA)nH—module, not necessarily coherent. Then via the ring homomorphism
of rings of differential operators above, we get a structure of a ﬁn—module on M. Since all

the 0,, commute with ¢, the ﬁnﬂ—linear map

t-

M= M

is in fact D,-linear. Thus ker(M 2% M) and M/, M naturally have the structure of a
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D,,-module induced by the ﬁn—module structure on M (which, in turn, was induced by the

ﬁnﬂ—module structure on M). We make the following observations.

Example 2.48. t’%"“ &~ En as ﬁn—modules.
n+41

Example 2.49. Let 0 < £ < n and 4,...,7; > 0. We have short exact sequences of
A\nﬂ—modules
—~ . —~

0 E— ( n—i—l) —> ( n—l—l)mil.l.zik E— (1471)1111'Z E— 0

:czlzik k

~ t- -~

and isomorphisms ( n+1)$i1~-~$ikt = ( n+1)$i1“_$ikt. Hence we get a short exact sequence of

Cech complexes

~ v v ~

As observed above, the ﬁn+1—module structure on the left two objects in each of the above
short exact sequences of fAlnH—modules (resp. the short exact sequence of Cech complexes)
induces ﬁn—module structures on them. With these induced ﬁn—module structures, they
are short exact sequences of ﬁn—modules (resp. a short exact sequence of complexes of

ﬁn-modules) :

-~

(a) The induced lA)n—module structure on (An)xlxk from the short exact sequences co-

7

incides with the natural ﬁn—module structure on (gn)%xlk from localizing /Aln as in

Example 2.32.

C*(Ttosts - s Tyt A1) 2 C*(Tntsts - o Ty b Ang1) — C*(Tpogosts -+ s T Ap).

(b) Let I = (p—g+1,---,Tn,t). Taking cohomology on the short exact sequence of Cech complexes,

we get the exact sequence of ﬁn—modules

HE(Apin) =0 —— HY (A, 0) —— HE (A) — HE(Ay ) — HEE

As a result of the previous observations, we see that the induced ﬁn-module structure
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on
HEs (An) 2 ker (HEY (Aya) & HE (Ai)

IA,

coincides with the one defined in Example 2.33(a).

Definition 2.50 (Shifted Inverse Image). Let 7 : A\n — A, asin (x). If K =1, we define

the shifted inverse image functor
7= ker((—) &5 (=)

from left lA)n—modules to left ﬁn_k—modules. For k£ > 1, we can factor m = mo...om where,

for 1 <1<k,

~ ~

TG - AnfiJrl — Ap_;
are ring homomorphisms as in (x). We define the shifted inverse image functor

! ! |
T =T,0...0m.

Lemma 2.51. Let 7 : A, - A,_; as in (). Then we have a natural isomorphism of functors
oI, = mr.

Proof. Let M be a left ZA)n — module. Define the increasing chain of gn—submodules,
My :={m € M,zF"m =0} C T, (M)

for all £ > —1. Then M, = ker(M Iny M). Observe the following.

Observation 2.52. Suppose u € M is such that u € My \ My_4, i.e z{u = 0 if and only if
i > k+ 1. Then we have /0, -u = 0z, -u—izi' u=0if i >k+1land £0ifi=Fk+1

(and hence # 0 if i < k +1). In other words,

On - (M \ Mi—1) € (Myy1 \ My,).
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Observation 2.53. Applying Observation 2.52 iteratively, we can see that if u € M, and
u # 0, then Ofu € M, \ My_, for all k > 1. Thus, 2 0% -u =0 for all i > k and 2%0% - u # 0.

Observation 2.54. Note that for every [ > k£ > 0,

!

k 8l —(—1 k al—k
in Bn. On the other hand,
[!
kLol — (_1)k I—k

in k[0,] = _Dalanll/s
" Diffennyaen

By Observation 2.53 above, we can define the map

mr' M = My ®4 £]0,] ——2— T, (M)

m ® f, where m € My, f € £[0,] —— f-m.

It is straightforward to check that this map is natural in M and additive. Since
o d,, is additive,

e For k > «, + [, the left hand side is 0 by definition of the ﬁn—module structure on

m My, and the right hand side is 0 by Observation 2.53, and

e every element g € D, is a finite sum of elements of the form

(Z ka1k1:> 0 for fk € A\n—la

k>0

to check that ®;, is in fact ﬁn—linear, it is enough to check that for every f € A\n,l, a €N,

l4+ o, > k>0, and m € M,

Dy (f:n,’fﬁa - (m®p (’972)) = (f@f‘l .. Ga”‘l) (xﬁ@ﬁ"”) -m.

*Yn—1
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In the case k = 0, this is clear. For k£ > 0, starting on the right hand side, we compute

(FO5r . 00m0) (ko) om0 (far Lot (whopet! — opntiak)

n—1 n—1 n

= (fOr . 90m) [k, el Ly ORI g (e 90 m @y k- 0

*¥n—1 n’ Yn U1
= (I)M (f:l:fjé?o‘ . (m Rp 8;)) .

Therefore, the natural maps ®,; give rise to a natural transformation of functors on ﬁn—
modules

d:mr =T,

We need to show that @ is an isomorphism. To do so, we proceed as in | , Thm 17.2.4].
@y is injective: Let z € My @4 £[D,] be nonzero. We write x = ¢ u; @4 97, for

u; € My such that ug # 0. Suppose @y (z) = S5 9. -u; = 0. Then 0 = 2% - &) (z) =

k k Qi Obseration 2.53 Obseration 2.53
S TRl -y = =

i=0 TnOn * Wi xk OFuy, # 0, which is a contradiction.
®,, is surjective: We have Ukzo M, =T, (M), and by Observation 2.52, we have 9, -
My, € My, 1, so it is enough to show that in fact My + 0,, - My, = M.

Let m € My, and m’ = z,0,m + (k + 2)m. We have that
2¥20, -m = 0,25 m — (K 4+ 2)2F M m = —(k + 2)2F T im.

Hence we have 281 . m/ = 0 so m’ € M. On the other hand, z,m € M, and d,z,m =

2,0, - m + m. Hence we have that

som € M+ 0, - M.
Hence ®,; is an isomorphism for every IA)n — module M, so ® is an isomoprhism of

functors. O
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Let I C A\n be an ideal. The full subcategory of ﬁn—modules with support in V(I) is an
abelian category. As observed in Definition 2.44, if 7 : A\n — A\n,k is a ring homomorphism
as in (x) and M is an ﬁn_k—module, then mM has support in V(z,_gy1,...,T,). Thus the
functor m factors through the subcategory of ﬁn—modules with support in V(z,_i1,...,2).

We have the following equivalence.

Proposition 2.55 (Kashiwara’s Equivalence). Let 7 : A\n — A, _j as in (), and denote [ =
(Tn—ka1s---,%n). Then m induces an equivalences of categories between left ﬁn_k — modules
and left D, — modules with support in V(7). Its inverse functor is given by the restriction

of 7" to the full abelian subcategory of left D,, — modules with support in V(I).

Proof. We will show the case k = 1 first. Suppose that M is a left ﬁn — module with

[

Proposition 2.2 | .
= M. Hence mm = id on

support in V(x,). By Lemma 2.51, mn'M = T, (M)
the category of left D,-modules with support in V().
On the other hand, suppose that M is a left f)n,l — module. Observe that we naturally

have an inclusion of ﬁn_l—modules
M C ker (M ®p £0n] 5 M @4 fa[an]> :

thus defining a natural transformation of functors id — 7'm. To show that this natural
transformation is an isomorphism, we need to show that the inclusion above is in fact an
equality for every M. By the same observation in the proof of Lemma 2.51, we have that
2l (m®g0OF) = 2108 (m®41) = 0if and only if i > k for allm € M. Let m = Zf:o m;® 0%,
such that my, # 0 be an arbitrary nonzero element of mM. Then xfm = z*(my, @, 0%) # 0.
Hence z,m = 0 if and only if £ = 0, so m € M. Thus the inclusion is an equality, and we
have id = 7'm. This completes the proof for k = 1.

Note that if M is a left D,-module with support in V(J) where J C A, is an ideal,
then 7'M has support in V(J/zl\n_l) since it is a En—submodule of M. Since m and 7' give

an equivalence of categories between ﬁn,l—modules and ﬁn—modules with support in V' (z,,),
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and 7' takes D,-modules with support in V(J) to D,,_1-modules with support in V(Jﬁn_l)
for every ideal J C A\n, m and 7' restrict to an equivalence of categories between ﬁn—modules
with support in V(J) and D,,_;-modules with support in V' (J fAln_l) for every ideal J C A,
such that z,, € J.

Now let £ > 1, and assume that the proposition is true for k£ — 1. Denote the ring

homomorphisms
and

as in (x). Consider the following diagram of functors,

~

Dy-modules with support in V(1) il D,,_1-modules with support in V(I A4,_;)

4P
gl 7r!1 T

i D,,_;-modules,

where we are restricting the shifted inverse image functors and the direct image functors to
the subcategories above. We have m = 7 omy, so m = my 07 and 7 7T!107T!2. Furthermore,
by the previous remark for the case & = 1, we have that the horizontal functors give an
equivalence, and by the induction hypothesis, the vertical functors also give an equivalence

since TA, 1 = (®y_gy1,---,2n_1) = ker(m1). Thus we get natural isomorphism of functors
| | | .
mm = my oM 0m oM, =id
and
i | | .
Tm = m oMy 0mey 0wy = id.
Hence we are done. O

Remark 2.56. Given Kashiwara’s Equivalence and the fact that m preserves coherence of
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ﬁn—modules, m restricts to an equivalence of categories between coherent left l/il_ . —modules
and coherent left D,, —modules with support in V(z,_41,...,2,). Its inverse is given by the
restriction of 7' to the full abelian subcategory of coherent left ﬁn — modules with support

in V(Zp ki1, Tn)-

2.2.2.3 Holonomic ﬁn—modules

Coherent ﬁn—modules have many good properties, such as the ones we saw above. However,
they are unfortunately not preserved under localization. Here is an example to illustrate

this:

Example 2.57. Consider A; = #[[z]] and its ring of differential operators D;. We will show
that ﬁl—module M = lA)l [#71] is not finitely generated as a left lA)l—module.

First note that if f, g € M such that

F=>_1,
i=0
where f,,, # 0, and
m—1
i=0

then f # g: take k >> 0 such that z* f;, 2%g; € 131 forallm>i>0, m—12>3 >0, and

denote f; := 2*f;, g; := 2¥g; in A, and

Fimabf =3 T0
=0

and

3

g = xkg = E@i.

3

Il
=)

Then g € Dg*l(ﬁl), but we saw in the proof of injectivity for Theorem 2.27 that f &

D;?_l(gl). Hence we cannot have f = g.
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Now consider the submodules M; = 131 . % C ﬁl[xfl] for i > 0. We have M; C M, for
all © > 0 and every element m € M; is of the form m = P - Ii for some P € D,. Now, for
any k>0 and 7 > 0,

1

1 1
- —0F = =9kt —i—0oF.
Xt xt sz-i—l

This means that for any m > 0, P- ﬁ has top degree of d being m if and only if P =" | f;0"
such that f,, # 0. Thus if P- 5 = =5, then P = f;, but then we cannot have P-4 = —L+.

Hence we must have M; # M, for all © > 0. Thus, M is not finitely generated.

This means that even if M is a coherent ﬁn—module, it is not clear if its local cohomology
modules are coherent. There is a smaller category of ﬁn—modules called holonomic ﬁn—
modules which possesses all the properties that coherent ﬁn—modules have and are also
preserved under localizations. In this section, we recall the definition of this category.

We first begin by giving a property of coherent (left) D,,-modules..

Theorem 2.58 (Bernstein’s Inequality). [Bj1, Cor 2.7.2] For any coherent nonzero left
ZA)n —module M, d(M) > n.

This inequality leads us to the following definition.

~

Definition 2.59. Let M be a coherent left (resp. right) D,, —module. M is called holonomic

if M =0ordM)=n.

Proposition 2.60. [Bjl, Thm 2.7.13] Holonomic D,-modules have finite length as D,-

modules.
Definition 2.61. A holonomic ﬁn—module of length 1 is called a simple ﬁn—module.

Example 2.62. (a) Just as with coherent ﬁn—modules, quotients and submodules of holo-

nomic ﬁn—modules are holonomic.
(b) A, is simple as a D,, — module.

Holonomic lA)n—modules have many good properties. We list a few in what follows.
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Proposition 2.63 (Localization). [3j1, Thm 3.4.1] Let M be a holonomic left D,-module

and f € A,. Then M 7 is a holonomic D,,-module.

Proposition 2.64. Let M be a holonomic left ﬁn—module and I C En, Then the local

cohomology modules H}(M) are holonomic.

Proof. Using the Cech complex description of RT 1(M), this proposition follows from Propo-

sition 2.63 since submodules and quotient modules of holonomic are holonomic. O

Proposition 2.65. Let 7 : /Aln —» A\n_k asin (x). Let M be a holonomic ﬁn_k-module. Then
mM is holonomic. In particular, m restricts to an equivalence of categories between holo-

nomic left ﬁn,k—modules and holonomic left ﬁn—modules with support in V(z,—p41y, - - - Tp).

Proof. By Kashiwara’s equivalence, mM is a coherent ﬁn—module. Hence, we can apply
Lemma 2.47 and get that d(mM) = d(M)+k =n —k+ k =n. Thus mM is a holonomic
ﬁn—module. O

Remark 2.66. Adding to the previous proposition, Kashiwara’s Equivalence furthermore
implies that M is a holonomic ﬁn,k—module of length d if and only if m M is a ﬁn—module

of length d.

Proposition 2.67. Let 7 : En —» gn_k as in (x). Let M be a holonomic lA?n—module. Then

| . .
7 M is holonomic.

Proof. By Proposition 2.51 and 2.64, I';(M) = m7'M is holonomic. By Kashiwara’s equiv-

alence, we therefore have that 7'M is holonomic. O

Example 2.68. (a) Let 7 : En —» gn_l asin (x). Let 1 <k <mnand I = (z, gy1,---,Tn)-
By Example 2.49, we have Hfinl_l(ﬁn,l) ~ ' [H¥(A,) as D,_;-modules. Since H¥(A,)

has support in V' (z,), by Kashiwara’s Equivalence, we therefore have

mH Y (A1) = HJ(A,)

IAnfl
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as ﬁn—modules. In particular, if £ = 1, since fAln_l = Fxnﬁn,l(A\n—l)a we have mfAln_l o

H; (Ay).

(b) Let 7 : En —» En_k as in (x) and I = (x,_gy1,.-.,2,). For 1 <i <k, denote the ring

homomorphisms
Tt An_ipr = Ap
as in (x). We have m = mo...om and IA, ; = (Tp_gs1, .-, Tn_i) A, for all i. Then
we get
W;An_k =T -Wk,!An—k; =T .7Tk_171H (An—k+1) =...= HI (An)

Tp—kt1An—k+1

Recall from Corollary 2.36 that Supp(M) is closed in Supp(ﬁn). We have the following

lemma.

Lemma 2.69. Let M # 0 be a simple D,, — module. Then Supp(M) is irreducible and the

only associated prime of M in A, is the unique minimal element of Supp(M).

Proof. Let I C A, be a radical ideal such that V(I) = Supp(M). Since A, is noetherian
and M # 0, M has an associated prime. Thus, it is enough to show that if p is an associated
prime of M, then I = p.

Let p C A, be an associated prime of M. By definition, p = Ann(m) for some m € M.
If M, = 0, then there is f ¢ p such that f-m = 0, which is a contradiction. Hence we must
have M, # 0, so p € Supp(M). Thus p D I.

Furthermore, I'y(M) # 0. Since M is simple, we must therefore have I'y(M) = M. Let
q C A, be another prime ideal such that q € Supp(M). If ¢ 2 p, then 3f € p\ q. For all
m € M, In > 0 such that f"m = 0 since I'y,(M) = M. Then M; = 0, which implies M, = 0.
This is a contradiction. Hence we must have that q O p, and hence I = (g 2 p. This

q=21
implies that p = I. [
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Corollary 2.70. Let I C A, an ideal such that /Aln/f is regular. Let d = ht(I). Then

H%(A,) is a simple D,-module with support in V (I).

Proof. The surjection En —» A\n /I is isomorphic to a ring homomorphism
e A\n — A,_g = An/_f

as in (x). By Example 2.68, HY(A,) = mA,_4 as D,-modules. By Remark 2.66, H¥(A4,,) =

mA,_gq is simple as a D,, — module since A,,_4 is simple as a D,,_4y — module. O

2.3: A Result on a Conjecture of Lyubeznik

Recall from Definition 2.14 that for any ideals I C J C R we have natural transformations
of functors on R — modules

Hj(=) = Hj(-)

for all 7. Furthermore, in the case when R is a power series ring, these natural transformations
induce natural transformations of functors on Dg — modules (see Example 2.33(b)).

We begin this section by proving the following result concerning these natural transfor-
mations, which will be the key tool in proving the main results Theorem 2.87 and Theorem
2.89. The result is identical to a result of Lewis | , Cor 4.5], which generalizes a result
of Hellus | , Cor 2]. However, we use different methods from her proof and the result is

slightly more precise.

Theorem 2.71. Let R be a noetherian ring, and let I/ C R be an ideal with ht(I) = d.

Then there is f € R such that ht(/ 4 (f)) > d and the natural transformation

T (—) — Hi(-)
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is an isomorphism for ¢ > d 4+ 1 and gives an exact sequence

0 —— Hi,  Hi(~) —— HE L (-) —— HEFY(—) — 0.

We will need the following lemmas for the proof of Theorem 2.71.

Lemma 2.72. | , Cor 10.7] Let (R, m) be a local noetherian ring of dimension n. Then

there exist x1,...,x, € m such that \/(z1,...,2,) =m.

Lemma 2.73. Let R be a noetherian ring and I C R an ideal with ht(I) = d such that
p = /1 is a prime ideal. Then there exists f € R\ p and an ideal J C R generated by d
elements such that v/.J = /T - R;.

Proof. By Lemma 2.72, we have z4,...,24 € p such that pR, = \/(ml,...,xd)Rp. Let
M = ——_ Then M, = — " — (), so we can find f € R\ p such that M; = 0.

Hence, \/(21,...,24)Ry = pRy. Then this f and J = (z1,...,24) Ry satisfy the conclusion

of the lemma. O

Lemma 2.74. Let R be a noetherian ring and I C R an ideal with ht(I) = d. Then there

is a radical ideal J D v/T such that ht(J) > d and for all p & V(J) we have that
H}RP(RP) =0

for all 7 > d.

Proof. Let pi,...,p,, be the minimal primes containing I. By Proposition 2.3 and Lemma
2.73, for every i = 1,...,m, we have f; € R\ p; and ideal J; C Ry, such that p;R; = /J;
so RUy,r, (Ry,) = RUy,(Ry,) and J; is generated by ht(p;) elements.

For all 2 =1,...,m, define the open set

Ui == D(fi) \ (UV(Pj)> > i

JFi
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We have U; NV (p;) = 0 for all j # i and U; NV (p;) is a nonempty subset of D(f;). Now

consider the open set

We deduce that
UsV(pi) £ 0 if ht(p) = d

0 otherwise
is contained in D(f;) for all 7, and
vavin=Jwnve)= | @nve)“TEEET O vinvie)
i=1 ht(p;)=d ht(p;)=d

is a disjoint union. Consequently we get the following:

1. For every prime ideal p € V(I) such that ht(p) = d = ht([), we must have that p = p;
for some i. Hence p € UNV(p;) C UNV(I). Therefore for every p € V(I)\ U, we

must have ht(p) > d.
2. It p ¢ V(I), then Hjp (R,) =0 for all ¢.

3. Let p € V(I) N U. Then there is ¢ with ht(p;) = d such that p € V(p;), and for all
j#4,p &€V(p;). Hence VIR, = p;R,, s0

Pr0p081t10n 2.3

H?Rp(Rp) H\fR (Rp) HgiRp(RP)

for all ¢. Since p € UNV (p;) C D(f;), we get p;R, = /J;R, and J; R, is generated by

ht(p;) = d elements. Thus we have

H{iRv(Rp) = HiRp(Rﬁ
and by Proposition 2.9, for all ¢ > d, Hi_Rp(Rp) =0.
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By taking J C R to be the radical ideal such that V(J) = V(I) \ U, we get the conclusion

of the lemma. n
Now we prove Theorem 2.71.

Proof. Let py,...,p,n denote the minimal primes containing I. By Lemma 2.74, we get an

ideal J D /T such that ht(J) > d and for all p ¢ V/(.J), we have H}Rp(Rp) =0 for all 7 > d.

Since ht(J) > d, J ¢ p; for any i such that ht(p;) = d. Hence we get that J ¢ |J p; by

the Prime Avoidance Lemma. Let f € J\ (U) p;. Then we have the followinglzlt(pi):d
ht(p;)=d

(a) For every p & V(f), we have Hi(R) ®g R, bemna 212 Hip (Ry,) = 0 for all i > d since
V()2 V().

(b) For all ¢ with ht(p;) =d, I+ (f) € p; since f & p;. If p D I+ (f) is a prime ideal, then
p O p; for some i, and we either have ht(p;) > d or ht(p;) = d with strict inclusion

p 2 pi. In other words, ht(I + (f)) > d.

Since we have found f € R such that ht(I +(f)) > d, we are left with showing the assertions
on the natural transformations of functors H}+(f)(—) — Hi(—) fori>d+1.
Let M be any R —module. Recall that we have a local cohomology spectral sequence for

the ideals I, (f), and the R-module M:

EY? = HYH](M) =, H{) (M)

By Proposition 2.9, H{(M) = 0 for all ¢ > 1. Furthermore, by (a), we get that for all
q > d, H}(M) has support in V(f). Thus Lemma 2.24 tells us that for all ¢ > d, we have
HYH}(M) = 0 for p >0, and HYH{(M) = H{(M). Hence we have E3* = H{H](M) = 0 if

p# 0,1 OR p=1and q # d. Then for all r > 2, we inductively get
(a) For p <0, EP9=0.

(b) For p—r+12>0: p>1in this case since r > 2, so £, = 0. Hence EP? = EN'? = 0.
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(¢) For p >0 and p—r +1 < 0: The differential @~} maps from EF_[TH7""% =
to EP4. On the other hand, since p > 0, p+r > 2, so the differential @, maps from

EY to Efj_l’q_(r_l)ﬂ = 0. Hence EP? = E5" = HyH{(M) in this case.
(d) (a) and (b) imply BP9 =FEP*=0if p#0,1 OR p=1 and ¢ > d.

This means that the spectral sequence degenerates at F,. Thus we get canonical isomor-
phisms
Hi,

(f)(M> — Egéo = H;](M)

for all ¢ > d + 1 and we have a canonical short exact sequence

0 —— EY' = (Hjo H{) (M) —— H{{ (M) —— E3"* = HIP' (M) —— 0 .

Example 2.22 shows the canonical isomorphisms and the surjective map in the short exact
sequence above are the same as those arising from the natural transformation of functors

Hi, (=) = Hj(~) in Definition 2.14. This completes the proof of the theorem. O

We next discuss two theorems which follow as a consequence of Theorem 2.71. They both
hold for a large class of noetherian rings containing a field of characteristic 0. The first the-
orem describes the dimension of the closure of the support of the local cohomology modules

for ideals of pure height. We will need the following facts and lemmas.

Definition 2.75 (Going Down Property). Let ¢ : A — B be a ring homomoprhisms. It
satisfies the going down property if for any prime ideal ¢’ in B and prime ideal p C ¢~ 1(q)

in A, there is a prime ideal q C ¢’ in B such that ¢~1(q) = p.

Lemma 2.76. | , Lemma 10.11] Flat ring homomorphisms satisfy the going down prop-

erty.

Lemma 2.77. Let ¢ : (R,m) — (5,n) be a flat local ring homomorphism of local rings.

Then it is faithfully flat.
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Proof. 1t is a well known fact that ¢ is faithfully flat if and only if it is flat and every prime
ideal in R lifts to a prime ideal in S. Since ¢ is flat, it has the going down property. Since
every prime ideal in R is contained in m, the going down property implies that every prime

ideal in R lifts to a prime ideal in S. O

Lemma 2.78. Let (R, m) be a local noetherian ring. Then R — R is faithfully flat.

Proof. By | , Theorem 7.2(b)], R is flat over R. Since R — R is a flat local ring
homomorphism of local rings, it is faithfully flat. m
Lemma 2.79. | , Corollary 10.14] Regular local rings are integral domains.

Lemma 2.80. Let (R,m) be a local noetherian ring, and let / C R be an ideal. Then

R/TI=R/IR.

Proof. By | , Theorem 7.2(a)], we get
R/IIR=R/I®or R~ R/I.

[
Lemma 2.81. | , Lemma 17.3.8.1] Let (R, m) be a regular local ring. Then R is regular.

Corollary 2.82. Let (R, m) be a local noetherian ring, and let J C R be an ideal such that

R/J is a regular ring. Then JR C R is an ideal such that E/Jﬁ is regular.

Proof. By Lemma 2.80, ﬁ/]ﬁi = }?/\J By Lemma 2.81, ]?/\J is regular since R/J is regular.
O

Lemma 2.83. Let (R, m) be a local noetherian ring and I C R be an ideal. Let

o:R— R
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be the canonical homomorphism. Let I C p C R be a prime ideal and q C R be a minimal
prime ideal containing pﬁ. Then ¢~1(q) = p, and if p is not a minimal prime ideal containing

I, then g is not a minimal prime ideal containing [ R.

Proof. Let p' = ¢~ (q) 2 p. Since ¢ is flat, by Lemma 2.76, it satisfies the going down
property. Hence, we have a prime ideal ¢’ C q in R such that »~(q') = p. In particular, we
have p}A% C ¢’ € q. Then we must have ' = q. This shows the first part of the lemma.
Suppose p is not a minimal prime ideal containing I. Arguing by contradiction, suppose
that ¢ is a minimal prime ideal containing [ R. Since p = ¢ '(q) is not a minimal prime
ideal containing I, we have a prime ideal p’ C p in R such that I C p’. By the going down
property again, we have q' C q such that ¢='(q’) = p’. In particular, ¢’ D p'R D IR. This is
a contradiction to the assumption that q is a minimal prime containing [ R. Hence q’ is not

a minimal prime ideal containing [ R. [

Lemma 2.84. Let R be a catenary ring of dimension n, I C R be an ideal of pure height
d < n (i.e all the minimal primes containing I have height d), and f € R such that I+(f) # R
and ht(I + (f)) > d. Then I + (f) is of pure height d + 1.

Proof. Let p be a minimal prime containing I + (f). Since ht(I + (f)) > d and I has pure
height d, f is not contained in any of the minimal prime ideals containing I. Then there is
a minimal prime ideal q containing I such that p O q+ (f) 2 q. The length of a maximal
chain of prime ideals between q and p is ht(p/q). Hence by the property of being catenary,
ht(p) = ht(q) + ht(p/q). Note that p/q is a minimal prime ideal containing the principal
ideal f - R/q and that R/q is a domain. Thus by Krull’s Height Theorem, ht(p/q) = 1.
Therefore we have ht(p) = ht(q) +1=d + 1. O

Definition 2.85. Let S be a noetherian ring. We say that it is J-0 if there is a non-empty

open set U C Spec(S) such that S, is regular for all p € U.

Remark 2.86. Suppose that S is reduced. Let pq,...,p,, be the minimal prime ideals of

S, and suppose that for every i, S/p; is J-0. That means that for every i, there is an open
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subset U; such that U; NV (p;) # 0 and S/p; is regular at every point in U;. Note that for

every p € U; such that p & V(p;) for all j # i, we have p;S, = 0 and so (S/p;), = Sy. Take

U= (Ui \ UV(m)) :

i=1 i
Then U is a dense open subset of Spec(.S) such that S is regular at every point in U.

Theorem 2.87. Let R be a regular ring of dimension n containing Q such that for every
prime ideal p C R, the quotient ring R/p is J-0. Let I C R be an ideal of pure height d.
Then codim (supp (H}(R))) > i+ 1 foralli>d.

Proof. We prove this by descending induction on d. In the base case where d = n, H:(R) =0
for all 7 > n by Proposition 2.4, so its support is the empty set, and the result follows trivially.

Now let d < n. Assume the theorem holds for every ideal J C R of pure height with
ht(J) > d. By Theorem 2.71, there is f € R such that f is not in any minimal prime

containing [ and if J = I + (f), then,
HY(R)= Hi(R) forall i >d+1

and

H5Y(R) — H{™\(R) ()

is surjective. If J = R, then H%(R) = 0 for all i so H;(R) = 0 for all i > d. Then
Supp(H4(R)) = (). Now assume J # R. Since R is regular, it is catenary. By Lemma 2.84,

J is of pure height d 4+ 1. By the induction hypothesis, we have that

codim (Supp (H}(R))) = codim (Supp (H(R))) > i +1

for i > d + 1. Thus we only need to show that Supp (H{™(R)) has codimension > d + 2.
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Note that

Supp (H{™(R)) C Supp (HI™(R)) C V(J)

and codim (V'(J)) = ht(J) = d+ 1. By Lemma 2.3, we may replace J with its radical. Then
by the assumption in the hypothesis and Remark 2.86, we can find an open set U such that
UNV(J)is dense in V(J) and Vp € UNV(J), R,/ J, R, is regular. If we can show that for
every p € UNV(J), H(R) ®r R, Femma 2.12 H}l;{pl(Rp) = 0, then we get that

Supp (H{ ' (R)) C V(J)\ U.

Since codim (V' (J) \ U) > d + 1, this gives the assertion that we need.

Let p € UNV(J). By Lemma 2.79, since R,/JR, is regular, it is a domain, so JR, is a
prime ideal in R,. Let A := fi\p. Since R contains Q, we have A = £[[x1, ..., Tpy)]] where £
is the residue field of A. By Corollary 2.82 and Lemma 2.79, JA is a prime ideal in A such
that A/JA is regular.

Since Ry < A s faithfully flat, HA(Ry)0p A 2 HE(A) and H (By)@p, A =
0 if and only if H}l;gpl(Rp) = 0. Hence, it is enough to show that H¢1'(A) = 0.

By Lemma 2.15, we have a commutative diagram of A-modules

HYR)®r A — HI'(R)®p A
I 11

H53 (A) ———— Hij'(A).

Since the top map is surjective, the bottom map must also be surjective. Furthermore, by
Example 2.33(b), the bottom map is D,/ — linear.

If ht(JA) # d + 1, then H*(A) = 0 by Corollary 2.6 and Proposition 2.9. Thus we get
HEHA) = 0.

Now assume that ht(JA) = d+ 1. By Corollary 2.70, H44'(A) is a simple D 4,4 —module

with support in V(JA). Thus either Hi4'(A) = 0 or H{'(A) = HIH(A).

%)



Arguing by contradiction, suppose that the latter is true. We consider B := ZJ\A =
Klx1,...,va41]], where K = £(JA) is the residue field of A at JA. Since JR, has height
d+ 1 and IR, C JR, has pure height d, JR, cannot be a minimal prime ideal containing
IR,. Since JA is a prime ideal and JA D IA, we have that by Lemma 2.83, JA cannot
be a minimal prime ideal containing /A and JA;4 O IA;4 cannot be a minimal prime
ideal containing [ A;4. Since JB is a prime ideal (in fact, it is the maximal ideal of B) and
JB D 1B, we have that by Lemma 2.83 again, J B cannot be minimal prime ideal containing
IB. Then we have that dim(B/IB) > 0. By Theorem 2.18, H{t'(B) = 0. Then we get
HYE (Aja) ®a,, B bemima 2.3 HYYB) = HISY(B) = 0. Since A;4 — B is faithfully flat,
this means that H}! (A;4) = 0. However, by our assumption, ht(JA) = d + 1. Then by

Proposition 2.6, we have a contradiction. Therefore, we must have H{i'(A) = 0. O

The next theorem is a special case to Lyubeznik’s conjecture. A slightly weaker result is
shown by Puthenpurakal | | using different methods. Our proof is simpler, as it follows
almost immediately from Theorem 2.71 using the same argument as in the proof of Theorem
2.87. First we need another lemma, which relates the associated primes of a module over a

noetherian ring with the associated primes in a suitable completion.

Lemma 2.88. Let R be a noetherian ring and M be an R — module. If p C R is an
associated prime of M and q C R is a prime ideal containing p, then there is an associated

prime ideal p’ C R\q of M ®gr j%\q lying over p.

Proof. We have the following homomorphisms:

p is an associated prime of M if and only if we have an injective homomorphism

R/p — M.
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Since p C ¢q and f%\q is flat over R, we get an injective homomoprhism
Rq/qu = R/p KR Rq — M Qg Rq.

Let p' C ]/%\q be a minimal prime ideal containing p]/%\q. By Lemma 2.83, ¢, ' (p’) is a minimal

prime ideal of pR,. Since pR, is a prime ideal, we must have ¢, (p’) = pR,. Thus we have

¢~ (p') = o1 (63" () = 61 ' (pRg) = p.

In other words, p’ lies over p.
On the other hand, since p’ is a minimal prime containing pl/%\q, it is an associated prime

of ]/%\q / p]/%\q. Thus we get an injective homomorphism
Re/p" — Rq/pRy.

This gives us an injective homomorphims ]/%\q / p]/%\q — M ®pg ]/%\q, completing the proof. O]

Theorem 2.89. Let R be a regular ring of dimension n containing Q with the property
that for every prime ideal p C R of height > n — 1, the quotient ring R/p is J-0 (note that
this is automatic for prime ideals of height n). Let I C R be an ideal. Then H} *(R) has

finitely many associated primes.

Proof. Recall from Corollary 2.6 that if ht(I) = n, then H7 '(R) = 0. Furthermore, it is
already known (see | , Proposition 1.1(b)]) that H?t(l)(R) has finitely many associated
primes. Thus the assertion in the theorem is known if ht(/) = n and ht(/) = n — 1. Let us
suppose first that ht(/) = n—2. By Theorem 2.71, there is an ideal J D I with ht(J) =n—1

such that the natural morphism

Hy(R) — H]'(R) ()
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is surjective. By Lemma 2.3, we may replace J with its radical. Then by the assumption in
the hypothesis and Remark 2.86, we can find an open set U such that U NV (J) is dense in
V(J)and Vp €e UNV(J), R,/ JR, is regular.

Let J' be an ideal such that V(J') = V(J) \ U. Then we must have J' = R or ht (J') >
ht(J) > n—1, so V(J') must be a set of finitely many closed points. Since every associated
prime of H7'(R) lies either in V(J') or in U, it is enough to show that the only associated
primes of H}L’I(R) in U are those which are minimal primes containing JJ. We proceed as
in the proof of Theorem 2.71 to show this.

Let pi,...,pm,n be the minimal primes containing J. Then U NV (J) = ||, U NV (p;)
is a disjoint union since U N V(J) is regular, and U NV (p;) # 0 since U NV (J) is dense in
V(J). Let p € UNV(p;). By Lemma 2.79, since R,/JR, is regular, it is a domain, so JR,
is a prime ideal in R, and we have JR, = p; R,.

Let A := j%\p = Ellx1, ..., Tup)], where £ = £(p) is the residue field of R at p. By
Corollary 2.82 and Lemma 2.79, JA = p;A is a prime ideal in A such that A/JA is regular.

By Lemma 2.15, we have a commutative diagram of A-modules

HY Y R)®r A — H} '(R)®@p A
11 1

Hjyy (A) ————— Hy'(A).

Since the top map is surjective, the bottom map must also be surjective. Furthermore, by
Example 2.33(b), the bottom map is D,/ — linear.

If ht(JA) # n — 1, then H},'(A) = 0 by Corollary 2.6 and Proposition 2.9. Thus we
get H}' ' (A) = 0, hence pA is not an associated prime of H};'(A). Since the only minimal
prime ideal in A containing pA is pA itself, by Lemma 2.88, p is not an associated prime of
H! Y (R).

Now assume that ht(JA) = n — 1. By Proposition 2.70, we have that H'};'(A) =

H,’fi;‘l(A) is a simple Dy/s — module with support in V(p;). Thus either Hy N (A) =0
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or H' Y (A) = H;Li;‘l(A). In the latter case, this means that the only associated prime of
H} M (A) is JA = p;A. By Lemma 2.88, p cannot be an associated prime of H} '(R) unless
p =P

Therefore we must have
ASS(H?_I(R)) N U g {ph o apm}

This completes the proof in the case ht(I) =n — 2.

Now let I be any ideal with height ht(/) = d < n— 2. Assume the theorem holds for any
ideal J C R with ht(J) > d. Applying Theorem 2.71 again, we have an ideal J D [ with
height ht(.J) > d such that

Hi(R) = Hi(R)

for all i > d + 1. In particular, d + 1 < n — 1 so H} '(R) & H} '(R) has finitely many

associated primes by the induction hypothesis. O]

Remark 2.90. (a) The J-0 conditions in Theorem 2.87 and in Theorem 2.89 are satisfied
for most rings one encounters. All excellent rings satisfy these conditions (see | ,

(34.A)] for a reference on excellent rings).

(b) The hypothesis in | , Theorem 1.3] is slightly stronger than in Theorem 2.89,
since it assumes that R is excellent. It seems that the main uses of excellence in
Puthenpurakal’s proof are to (1) reduce to the case that R contains an uncountable
field by taking a flat extension R — R[[X]]x and using a result of | ] to say that
R[[X]] (and therefore R[[X]]x) is excellent if R is excellent, and (2) use that R/vVIR

is J-0 for every ideal I C R (not just those of height > n — 1).
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CHAPTER 3

Motivic Chern Classes

3.1: Background on Motivic Chern Classes

We begin this chapter with the relevant background on equivariant motivic Chern classes.
Our main references are | | and | |. Throughout this chapter, all varieties will be
over C.

Our set-up is as follows. Let G be a linear algebraic group. Denote its multiplication
map

m:GxGE— Q.

Let X be a G-variety of dimension n, i.e we have an algebraic morphism
c:GxX —X

which gives an action of G on X. If Y is another G-variety with G-action given by ¢’, then

an algebraic morphism f : X — Y is G-equivariant if we have commutativity

G x X Ml vy

I %

X ———Y
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3.1.1: Grothendieck Group of G-Equivariant Coherent Sheaves

By associativity of the G-action on X, we have the commutative diagram

GxX ———— X

p% (Pk N
X

GXGXXMGXX

(px lmxidx lcr

GxX ———— X.

Definition 3.1 (G-equivariant Sheaf). Let F be a coherent sheaf on X. We say F is a

G-equivariant sheaf if there is an isomorphism of ©x — modules
U prsF — o F

such that it is compatible with the associativity diagram 3.1.1, i.e the resulting isomorphisms

of Ogyaxx — modules
pry, U : pripraF — pryso*F = (idg x o) pryF |

(idg x o)V : (idg x o) prsF — (idg X 0)*c*F = (m x idx)*0c*F ,

and

(m x idx)*W : pra;praF = (m x idx ) prsF — (m x idx)*c*F

satisfy the co-cyle condition (idg X 0)*W o pr3, ¥ = (m X idx)*W.
A G-equivariant homomorphism between G-equivariant sheaves ¢ : (', V') — (F,¥) on

X is a homomorphism of sheaves such that the natural diagram

P *
pry > Pry

o b

o F L T
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commutes.

Example 3.2. (a) Ox has the natural structure of a G-equivariant sheaf given by

(b)

id : pr;@x = Oagxx — U*@X = Ogxx

Let Y C X be a closed subvariety invariant under the G-action. Then from the previous

example, Oy has a natural structure of a G-equivariant sheaf such that
© X — @y

is a G-equivariant map. Since pr, and o are smooth morphisms, prj and o* are exact.

Thus Jy := ker (Ox — Oy) has an induced natural structure of a G-equivariant sheaf.

Let Qx denote the cotangent sheaf on X. For ¢ € G, denote o, := o(g,—) the

multiplication by ¢ map on X. Then we have a natural isomorphism
(U O';Q v — Q.
These natural isomorphisms satisfy
Ygh = Ththg © P (%)

for any g,h € G. On G x X, we have natural maps

o Qx — Qexx = priQe @ priQly — priQlx .
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Over point g € GG, the induced map on fibers

Uligyxa = (07Qx)|(gyxx = 0,0x — (prafdx)|gyxx = Qx

coincides with 1, above. For any (g,h) € G x G, we get

((m X idX)*\Il)l{(g,h)}xX = 'l/)gh

(Pras W) [{(g.myxx = tn
((tde X 0)" )| {(gmyxx = T4t
so by (%) they satisfy the cocyle condition on fibers and hence do so globally.

(d) Let & be a locally free sheaf on X and 7 : E' = Spec(Symg, ") — X the associated
vector bundle over X. FKEquipping & with the structure of a G-equivariant sheaf is
equivalent to extending the G-action on X to an action on F such that 7 is a G-

equivariant morphism of algebraic varieties, and for every x € X, the induced map

T () — 7 g )

given by multiplication by ¢ is C-linear.

Definition 3.3 (Grothendieck Group). We define the Grothendieck group of G-equuiariant
coherent sheaves Kg(X) to be the quotient of the free abelian group on isomorphisms classes
of G-equivariant coherent sheaves by the relations [F] — [F/] — [F"] for any G-equivariant

short exact sequence

v
Q
{
K
{
()

0 s F!

The sum operation is given by direct sum.
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Definition 3.4 (Grothendieck Ring). We can similarly define the Grothendieck ring of G-
equivariant vector bundles K%(X) to be the quotient of the free abelian group on isomor-
phisms classes of G-equivariant vector bundles by the relations [§] — [&'] — [€"] for any

G-equivariant short exact sequence

0 s & s 8 s & s 0.

The sum operation is given by direct sum. The multiplication operation is given by the

tensor product, and the unit is 1 := [Ox].
Example 3.5. Suppose G = {0}.

(a) Let X = A™. Then
KOX) —~ 7

[E] —— 1k(8)
(b) Let X =P". Then K°(X) = Z[h]/(1 — h)"" where h = [Opx(—1)].

Example 3.6. Suppose G = T". Then K%(pt) = Z[¢f', ..., &) where €F is the class of

vector space C with the action of T" given by (¢1,...,¢,) -z = (Fx.

Definition 3.7. We have the cap product action
K4 X) x Kg(X) —2— Kg(X)

Proposition 3.8. Let f : X — Y be a G-equivariant morphism of G-equivariant smooth

varieties. Then we have the following properties:

(a) [Pullback] | , 5.2.5] If 8 is a G-equivariant locally free sheaf on Y, then f*§ is a
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G-equivariant locally free sheaf on X. We have a ring homomorphism
f i K9(Y) —— KY9X)
8] ——— [/¢€].

(b) [Proper Pushforward] [ , 5.2.13] Suppose f is proper. If F is a coherent G-
equivariant sheaf on X, then for all i, R'f,F is a coherent G-equivariant sheaf on

Y. We have a group homomorphism

fx: KG(X) _— Kg(Y)

(6] ——— X (=1)'[Rf.8].

i>0
For any other proper morphism g : Y — Z, we have an isomorphism (go f), = g, o f;.

(c) [Projection Formulal] , 5.3.12] For any o € K9(Y) and 3 € Kg(X) we have

f(ffanp) =an f.f*p.

Example 3.9. Let Y be a G-variety. If 7 : X — Y is a G-equivariant vector bundle over
Y, then f*: K%(Y) ~ K°(X) is an isomorphism. Let sy :Y < X be the zero section map.

Then sj is the inverse map of f*.

Example 3.10. Let V' be a vector space of dimension n and C* act on V by scaling, i.e
C-x=(Cxy,...,¢x,) for any ¢ € C* and @ = (21,...,2,). Denote t = [Oy(—H)] in K& (V)
where H C V is any hyperplane and Oy (—H) = ker(©Qy — Op).

Let k£ with 0 < k <n and vy : W C V be a linear subspace of dimension k. Then

[/VV,*[@W] = (1 — t)nik.
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To compute this, we proceed by decreasing induction on k, since the case of k = n is when
W = V. Assume that for any linear subspace W of dimension k, the above claim holds. Let
H be a hyperplane not containing W, then dim(W N H) = k— 1 and we have the short exact

sequence

0 —— @W(—H> > Oy, > Owng —— 0.

So

) Proj Formula

twnH+ Ownr] = tw+Ow] — tw(tlw tw+Ow] —t - tw+|Ow]

= (1 = e [Ow] "EP (1 — gy,
Proposition 3.11. | , Prop 5.1.28] If X is smooth and quasiprojective, then the map
(—) N [Ox] induces an isomorphism

K%(X) ~ Kg(X).

Example 3.12. Suppose X is smooth and quasiprojective of dimension n. Let i, be

G-equivariant sheaves. Then in the Grothendieck ring Kg(X) ~ K% (X), we have

n

(1] [F] = ) (—1) T oy (F1, Fa)

=0

Definition 3.13 (Group pullback). Let ¢ : H — G be a homomorphism of linear algebraic

groups. Then ¢ induces a canonical ring homomorphism
KG(X) 2 KH(X)

which commutes with proper pushforwards and pullbacks. In the case we have a group

automorphism ¢ : G = G, we will denote by ¢X the variety X with action given by

g-x=¢(g) -z forgeGzelX.
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Remark 3.14. Note that R(G) := K%(pt) is the ring of G-representations.

Definition 3.15. If V is a G-equivariant vector space, we will consider

lo: K¢(V) 5 R(G)

to be the pullback morphism along {0} < V' (see Example 3.9).

Definition 3.16. Let G be a simply connected linear algebraic group and T C G be a
maximal torus. Denote by Ng(T) the normalizer of T in G, and define W¢(T) = Ng(T)/T

to be the Weyl group of T in G.

For any T — representation ¢ : T — Endc(V), where V is a vector space, and any

g € Ng(T) we can define a new T — representation ¢, : T — End¢(V') given by

¢g(<) = ¢<9C971)'

Since ¢ = ¢¢ for any ¢ € T, we get an induced action of the quotient group W¢(T) on R(T).

Proposition 3.17. | , Theorem 6.1.22] The restriction homomorphism defined in 3.13

induces an isomorphism

Example 3.18. (a) Let T" C GL, be the diagonal n x n matrices with nonzero entries on
the diagonal. We have that the normalizer group Ngr,, (T™) consists of the generalized
permutation matrices. Hence

Wear, (T") =S,

is the symmetric group on n elements, acting on R(T™) by permutating the variables
&. Thus we get
R(GL,) 2 ZIH, .. '],
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(b) Let T" C B, (resp. B, ') where B,, (resp. B,') C GL, is the Borel subgroup of upper
(resp. lower) triangular invertible n x n matrices. The only generalized permutation

matrices which are upper (resp. lower) triangular are the diagonal matrices. Hence

Wy, (T") (resp. Wg-1(T")) = {1}. Thus we get

R(By) (resp. R(B.")) = R(T") = Z[&;, ... "],

(c) Let T" C P where P is a parabolic subgroup of GL,, containing B!, i.e

P = ' s.t S, € GL,, for all i

where n > rq,...,r; > 0 are such that > r; = n. Then Wp(T") = Hf;l S,, C S,.

Definition 3.19. Let G be a simply connected linear algebraic group and T C G a maximal
torus. Suppose H C G is a simply connected closed algebraic subgroup and such that T C H.
Then Wg(T) C We(T) and we put WH(T) := We(T)/Wx(T) to be the coset.

3.1.2: Motivic Chern Classes

In this section our ground field will be £ = C and G will be a complex linear algebraic
group. All varieties will be complex G-varieties. Furthermore, M will denote a smooth

quasi-projective complex G-equivariant variety. We denote the ring K (M) := K(M)y].
Definition 3.20 (Lambda class). If § is a G-equivariant locally free sheaf on M, then define
rk(8) T 4
nie) =3 | A
=0
in the Grothendieck ring K (M).
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Proposition 3.21. Suppose we have a short exact sequence of G-equivariant locally free
sheaves on M

0 s & s 8 s 8" s 0.

Then we have

in K7(M).

Theorem 3.22 (Motivic Chern Class). | , 2.3] To any G-equivariant morphism of
G — varieties, f : X — M, we can assign the unique class me(X ERN M) e KS(M) in such

a way as to satisfy the following properties.
1. Normalization: mCY (idy) = A, (Q).

2. Localness: If U C M is open then

mCS (X — M)|y =mCS(f~(U) — U).

3. Additivity: If X = 7, U Z, where 2y, Zy C X are locally closed subsets, then

mC (X = M) =mCS(Zy = M) + mCS (Z, — M).

4. Functoriality: If p: M — M’ is a proper G-equivariant morphism of smooth quasi-

projective complex G-varieties, then
mCS(X 2L M) = p,mCS(X L M),

Example 3.23. Let f : X — M be a G-equivariant morphism. If X is smooth, of dimension
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m, and f is proper, then

mCS(X L M) = £, Qx) = Y S (1) (R L9y

i=0 >0

Definition 3.24. For the case of f : X — pt where X is smooth, we denote
RI'(X,a) := fia

for v € K{(X).

Example 3.25. | , 2.7] Let G = T™ act linearly on C. This gives C the algebraic
action of T™ on it, and we will denote the T"-equivariant vector space C with this action
as L. Let a € R(T") be the class associated to this T™-equivariant vector space. Denote

t:{0} — C and 7 : C — {0}. Recall from Definition 3.15 that we have an isomorphism
o+ K" (C) = R(T")[y] = 2, ... &7yl

Under this isomorphism, we have [7*L]|p = (7*a) | = a.

(a) We get that ngn(C C C)lo =1+yain R(T")[y]. For example, if the action of T" on
C is given by
(g17"'7§n)‘x: :{Cl"'g’rljnw7

then o = & ... & and mC]] (C C C)|p = 1 + y&i* ... &kn.

(b) Then 7*L is a T™ — equivariant rank one locally free sheaf on C. We have the T"-

equivariant short exact sequence

0 y L —2— O > 1,OQy —— 0.

Thus we get mCyTn({O} CCo= (L*mCE"({O} - {O})) o = [tcO0llo = (1 = 7*[L]) o =
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1—a.
(¢c) By additivity, we get mC)," (C — {0} C C) = (1 +ya) — (1 —a) = (1 +y)a.

Remark 3.26. Let f : X — M a G-equivariant morphism. Let ¢ : H — G be the

homomorphism of linear algebraic groups. Then qﬁ*ng(X Iom ) = me (X ENYY )

Lemma 3.27. | , Thm 4.2(3)] The motivic Chern class ngn commutes with ex-
ternal products. More precisely, let f; : X; — M; and f5 : X9 — My be T"-equivariant

morphisms with M; and M, smooth quasi-projective. Then

50 25 3 )= (0 20 s (o 0 1)

Y

in KT(M, x M,)[y].

Example 3.28. Suppose that T™ acts on C" by ¢ -z = (¢ ... ¢miay, ..., ¢ )

for ( € T™ and x = (1,...,2,) € C". Denote m: A" — pt. For 1 <k < m, let

e [, be the one dimensional vector space such that T™ acts by ( - x = (x for ( € T™

and z € Ly,
o 1, =1Ly, and

e L) be the one dimensional vector space such that T™ acts by ¢ -z = i““ ... (kg for

¢e€T™andx e L.
Then
mcgm (Cn N Cn) Lemrrg 3.27 H mcgm (L; C L;) Exampzle 3.25 H(l + tlfk o tmky)
k=1 k=1
in K" (C").

Example 3.29. Let M, be the vector space of n x n matrices. Let T" be the diagonal

(n X n) — matrices with nonzero entries acting on M,, by conjugation. Let T := T" x C*
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act on M,, by (D,{)- M = (DMD™! for D € T", ( € C*, and M € M,. For 1 <1i,j <n,

r<n—i1+1,k<n—j+ 1, denote the closed embedding

Lijrk
M, < - > M,
0 i1 0
e a R a
N~ 1,1 1,k
a1 R ik Jj-1
A= —
Qr 1 ce Qr
Qr.1 Q. k
0 0

which sends the r x k matrix A to the n x n matrix whose r x k submatrix with top left
corner at position (7, j) is A, and all other entries are 0.

We have that for any matrix M € M, D = Diag(ay,...,a,), and ( € C*
(CDMD_I)U,’U = CauMu,va;1

This means that we get an induced algebraic action of T on M, such that the closed
embedding ¢; ;,x is T-equivariant.

We write M, j,, to be M, with this induced action. Hence, for any set of 4-tuples

S = {(ibjl?rl? k1)> s <i57jsarsa ks)}

such that the rectangles [i1,41 + 71| X [J1,71 + k1], - -, [is, s + 7's] X [Js, Js + ks] partition the

square [1,n] x [1,n], we get

S
~Y
M= | |M7;l7j177'l7kl
=1

as T"-varieties.
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Let Z C M, be a locally closed subset invariant under the action of T. Suppose we have

locally closed subsets Z;, j, r,.k, in M;, j, r, .k, such that

S S
Z = H le;]zﬂ’l,kz c M, = H M'Llyjlﬂ'l:kl
=1 =1

as product varieties. If Z; j, ».5, © M, j vk, are T-invariant for all [ = 1,...,s, then by
Lemma 3.27
mCT(ZCM H mC zjrkCMZ]Tk)
(3,4,r,k)eS

For example, the identity matrix /,, is invariant under the T action. Each component M; ;11

of M, fori,5 =1,...n,is a copy of C but with the action of T given by

(Clv e ’Cn7<) "X = CCZCJ_IJ}

Hence, combining the above remarks with Example 3.25, we get

mC) ({I,} € M,)|r, = HH<1+ gg)

u=1v=1

in KJ(M,) 2 206, 62[65, 4]

Remark 3.30. We make the following remark regarding D-modules and motivic Chern
classes, refering to | | for the details. For every complex algebraic variety X, Saito
constructs in | | an Abelian category M H M (X)) of objects called mixed Hodge modules
which satisfies the siz functor formalism. Futhermore, every complex variety X has an object
Q% in D*(MHM (X)). When X is smooth, an object M € MHM(X) has an underlying
filtered D-module (111, F,111) where F 111 is a good filtration on 771. Then we can define

mH,(M) = Z(—w‘ [#'GRF , DRx(M)] (—y)?

where DRx (1) is the de Rham complex of 111 with an induced filtration F' from F,11.
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Suppose X is smooth and quasiprojective. Recall that we have a natural isomorphpism
K°X) = Ko(X) as abelian groups. Then we get that for every morphism f : V — X,

where V' is an arbitrary complex variety and X is smooth,
f
mC,(V = X) = mH,(fQy)

in the Grothendieck group of coherent sheaves Ky(X).

3.2: The Equivariant Motivic Chern Class of a Nilpotent Cone

Let M, be the vector space of n X n matrices. Let GL,, C M, be the general linear group.
Let B, (resp. B,) C GL, be the Borel group of all upper (resp. lower) triangular matrices
with nonzero diagonal entries. The standard maximal torus T" C B, (resp. B,)) is the
subgroup of diagonal matrices with nonzero diagonal entries.

Throughout this section, we will use the following notation for matrices.

I} is the k x k identity matrix.

7. 1s the k x k zero matrix.

8k, 1s any k x [ matrix of full rank.

If M is an n x n matrix, and 1 < iy < iy <n, 1 < jy < jo <n Mliy :ig, 1 : j2| denotes

the (ig — i1 + 1) X (j2 — j1 + 1) submatrix of M with rows #; to iy and columns j; to js.

In addition, we denote G := GL,, x C* and the standard maximal torus in it T := T" x C*.

We fix the action of G on GL,, to be

(M,¢)- N =CMNM™

for M, N € GL,, ( € C*. T acts on GL,, by restricting the action from G.
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3.2.1: Flag Varieties and the Nilpotent Cone

Fix n and 0 < k < n. Let G(k,n) denote the Grassmannian parametrizing k — dimensional
subspaces of C". We can represent an element of V' € G(k,n) by a n x k matrix such that
V is spanned by the columns. Then we have an algebraic action of GL,, on G(k,n) given by

left multiplication on the n x k matrices.

Definition 3.31. A sequence of integers (7 < ... < xy) is a partition of n if x1+. . .+x = n.

Let aq,...,a.,,bo,...,b,_1 > 0 be integers. We will denote the partition of n,

where \; = by + ...+ b1, as XA := (a1, ...,am,bo,...,bm_1) and call A a Young diagram

partitioning n.

Definition 3.32. Let A = (ay,...,am, by, ..., bn_1) be a Young diagram partitioning n. We

will fix the following notation for the rest of this section. Define for i =0,..., \,,,
(
iam i S bm—l
1Q,, + (Z — bmfl)amfl bm,1 <1 < bmfl + bm,Q

T = Z.am + (Z - bm—l)am—l + (Z - (bm—l + bm—2)a'm—2 bm—l + bm—2 <1 S bm—l + bm—2 + bm—3

KZ;”:l(z'—(bm_l+...+I)k))ak b1+ ..+ <t <bp_1+...+byg=\p

Note that 7o = 0 and r),, = n and 7; is an increasing sequence.

Definition 3.33. Let A\ be a Young diagram. The parabolic subgroup Py associated to \ is
the subgroup B, C P, C GL, of lower triangular matrices with invertible diagonal blocks

of sizesn —ry, _1,...,79 —11,771.
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Definition 3.34. Let A be a Young diagram. Denote by Fl, to be the partial flag variety

parametrizing chains of subspaces

0=V'cVlic..cv¥»lcv* =", dim(V?) = r..

As a variety, Fl, is defined as a closed subset of a product of Grassmanians:

Fla={(V1,...,V,)|[ViCVigg foralli=1,..., A, — 1} C G(r1,n) x ...G(ry,,,n).

Then we can represent an element V* = (V1 ... V*) in Fl, by an n X n matrix such that

the last r; columns span V.

Definition 3.35. Denote the standard flag in Fly to be E® where E* € G(r;, n) is the vector

space represented by the identity matrix 7,,.

The general linear group action on Grassmanians induces an algebraic group actions on Fl,.
The algebraic action of GL, on G(r;,n) for all i via multiplication on the left gives us the
algebraic action of GL,, on the product G(r1,n) X ... x G(ry,,,n). Fl, is invariant under this
action, so we obtain an action of the algebraic group GL,, on Fl,. Explicitly, if we represent
a flag V* in Fl, by an n x n matrix A, then M - V* for M € GL, is the flag represented by
the matrix M A. From now on, we will fix the action of G on Fl, to be GL,, acting on FI,
via this action and C* to be acting trivially.

Now let Py, C GL, be the parabolic subgroup associated to A. The GL,-action by left
multiplication is transitive, making Fl, a homogeneous space, and the stabilizer for the
standard flag F* € Fl, is Py. Hence Fl, is smooth, and we get a surjective morphism of

varieties
GL,, — FIl,

M—— M- E*

identifying F1, as the set of left cosets GL,,/Py. This morphism maps a matrix M € GL, to
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the flag it represents, and it is T-equivariant.

Remark 3.36. Note that if M € M, is diagonalizable and fixes a vector space V' C C" of
dimension k, then V' must be generated by k eigenvectors of M. Let D be a diagonal matrix
with nonzero diagonal entries. Then D fixes a flag V* € Fl, if and only if V* is generated by

a subset e;,,...,e; of the standard basis ey, ..., e,. Thus every fixed point of Fl, is of the

Tk
form w- E* for some permutation w € S,, = Wqr, (T) =: Wgr,,. On the other hand, a matrix
M fixes E* if and only if M € P,. Hence w fixes E* if and only if w € Wp, := Wp, (T).
Then WH = Wear, /Wp, indexes the T — fixed points of Fly, i.e the T — fixed points of FIl,

are precisely w - E* for a unique coset wWp, € W w € S,,.
Proposition 3.37. The dimenson of Fl, is 2?21—1 ri(ripr — 15).

Proof. The surjective morphism 7 : GL,, — F1, has all fibers isomorphic to Py. Thus we get

Am—1 Am—1
dim(Fly) = dim(GL,,)—dim(Py) = n*~dim(Py) = n*— <n2 — Z ri(rig1 — rz)> = Z ri(rig1—74)-

i=1 i=1
[

Recall that B,, is a connected and closed subset of GL,, consisting of upper triangular matrices

with nonzero diagonal entries. Denote the set
U=B,-E*CFl,.

Since U is the orbit of an algebraic group acting morphically on Fly, it is a locally closed
subset of Fly. Hence, we can endow U with the structure of a locally closed algebraic

subvariety of Fl,, and it is smooth since B,, acts transitively on it. We have the following
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diagram of T-equivariant morphisms

I

N=TAm~—1

7 = ' cCL,Y c B, c CL, M

0 Lyyr,
\ L IT‘1_

N

g c Fl M- E*

where f : Z — U is the restriction to the closed subset Z C B,, of the morphism B,, — U.

Proposition 3.38. U = B,, - E* C Fl, is in fact an open subset of Fl,, and the morphism

f:Z — U is an isomorphism of algebraic varieties.

Proof. First note that Z is irreducible, since it is isomorphic to an affine space, and U is
connected, since B,, is connected and maps surjectively onto U. Because U is smooth, this
means U is irreducible as well. Therefore, by lemma 3.39, if f is bijective, then it is an
isomorphism. Hence, we will need to show that f is bijective to complete the proof.

We will first show injectivity of f. Let M € Z, and let V* € Fl, be the flag it represents,
i.e V' is the span of the last r; columns of M for every 1 < i < \,,. We want to show that
M is the unique matrix in Z representing the flag V'°.

For each 0 <i < \,,, denote

M;:=M[1:n,(n—r;+1):n],

the n x r; submatrix of the last r; columns of M. Our goal is to show that for all 0 <7 < A\,
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M; is the unique matrix of the form

o T
Loiri s
(%)s
Ly
0 I, |

such that for all j < 4, its last r; columns span V*. The injectivity of f is equivalent to
showing this holds for i = \,,.

We proceed by induction on i. For the case of i = 0, we have My = 0, so it is trivial.
Now assume that M; ; is the unique matrix of the form (x);_; such that for all j < i — 1,

its last r; columns span V7. Note that M; has form

Suppose we have another n x r; matrix M/ of the form (x); such that for all 0 < j < i, its
last 7; columns span V7. Then the submatrix M/[1 : n, (r; — r;i—1 + 1) : n] of the last r;_4
columns of M/ is a matrix of the form (x);_; such that for all j < i — 1, its last r; columns
span V*. By the induction hypothesis, M/[1 : n, (r; — 7,1 + 1) : n] = M;_;. Hence, M has

form

*
Mz/ =\ 1Ly—r, M
0
The bottom r;_1 X r;_1 submatrix of M;_; is of full rank r;_; since it is an upper triangular

matrix with 1’s along the diagonal. Since M; and M/ are both of full rank r;, there is

A € GL,, such that M; = M/A. By Lemma 3.40, we must have A = I,,, so M; = M;.
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Therefore, by induction, we have shown that f is injective.
We now show surjectivity of f. Suppose V* € U and M € B, is an n X n matrix
representing V*. To show that there is a matrix in Z which represent V*, it is enough to

show that there is an n X n matrix A of the form

such that MA € Z.
For each i, again denote the n x r; submatrix M; := M[1 : n,(n—r;+1) : n]. We proceed

by induction on ¢ to show that there is a matrix A; of the form

STi—Ti—l 0
A’L = 5 (**)z
0 -
Sy
such that ) )
* *
[Ti_rifl
M;A; = (% * %);
[7"2*7”1
For : = 1, We have
My
M, =
M; g

where M, 1 is the top (n —r1) X (n — ry) submatrix of M; and M; g is the bottom 71 X 7y
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submatrix of M;. Then M is an upper triangular matrix, so there is A; € GL,, such that
M, pAy = I,,. Then M; A, has form (% x %);.
For i > 1, assume that there is a matrix A; ; of form (xx);_; such that M; A; ; has

form (x x %);_1. We can write M; in the following form

where M, 7 is the top left (n — ;) x (r; —r;_1) submatrix of M; and M, p is the r; — r;— X
r; — r;—1 submatrix of M; directly below M, . Since M € B,,, M, g is an upper triangular
matrix with nonzero diagonals, so it is of full rank r; — r;_;. Hence, there is a matrix

A€ GL,,_,, , such that M; pA=1,,_,, ,. Let

Then M;A; is of form

M;rA
M;iA; = | M;gA M;_1A; = (xx%)s.
0

Hence, we are done by induction. Therefore, f is surjective.

So far, we have shown that f is an isomorphism. Since it is an isomorphism, we see that

Am—1
dim(U) = Y ri(rign — r;) = dim(FL,).
i=1
Hence U = Fly, so U is in fact an open neighborhood of E* in Fl,. O
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Lemma 3.39. Suppose f : X — S is a morphism of irreducible algebraic varieties. Suppose

S is furthermore normal. If f is bijective, then it is an isomorphism of algebraic varieties.

Proof. The proof is based on [hs]. By Zariski’'s Main Theorem | , Corollary 18.12.13],

there is a factorization of f

X ! s T
N A
S
such that j is an open immersion and 7 is a finite morphism. Identifying X with its image,
we treat it as an open set in 7. By replacing T' with X C T, we may assume that T is
irreducible. Furthermore, since f is surjective, 7 is surjective.

Consider Z =T\ X. Since 7 is a finite morphism, it is a closed morphism and dim(S) =
dim(T"). Then Z' := f(Z) is a proper closed set of S, since dim(Z’) < dim(Z) < dim(7") =
dim(S). Then we have V := S\ Z’ is a nonempty open set (hence, a dense open set since S
is irreducible) such that f~1(V) C X. Since f is bijective, we have that for any point z € V/,

|f~!(x)| = 1. Then 7 is a finite morphism of degree 1. Since S is normal, 7 must therefore

be an isomorphism. But then we must have X =T O

Lemma 3.40. Let 0 <! < r <n. Let M be an n x r matrix. We write

= o, ]

where M, is the left n x (r — ) submatrix and Mg is the right n x [ submatrix. Suppose

that
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where M, r is its top (n — ) x (r — [) submatrix, and that

M, = Mg 1

Mg B

where Mp 1 is its top (n — 1) x [ submatrix and Mg p is of full rank [. If A € M, is such that

0
then A = 1I,.
Proof. Write
B Arr  Arr
Apr Apr

where A7 is the top left (r — 1) x (r — ) submatrix, Apy, is the bottom left [ x (r — 1)
submatrix, Arg is the top right (r —[) x [ submatrix, and Agg is the bottom right [ x [

submatrix. Then we have the following.

e We have
MprArr Voot *
RTABL
Arr + = My A7 + MpApr, = |1,
Mg pABrL
0 0

So Mg pApr, = 0. However Mp p is of full rank [, so we must have that Ag;, = 0.

e Since Agr, =0, we get Arp, = I,_;.
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e Next, we have

My rA7g I Iy
RTABR RT
Arnp + = MpArg + MrApr = Mg =
0 Mg pABr Mg B

So Mr pApr = Mg . Again, since Mp p is of full rank [ and hence invertible, Apr =

L.

e Continuing the previous point, we get that since Agr = I,

My rArg
+ Mpr = Mp7.

Argr

This implies that Arg = 0.
Thus we get that A = I,. m

Definition 3.41. The Nilpotent Cone N C M, is the closed set of nilpotent matrices, i.e

N ={M € M,, M™ = 0}.

Let G act on M,, by (D,()-M = (DMD™! for (D,{) € G and M € M,,. N is invariant

under this action, so we induce an action of G on N.

Let Ji, denote the matrix of p Jordan blocks of size & with 0 along the diagonal. For
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example, we have

J39 =

00 0O0O0O

Definition 3.42. Let A be a Young diagram partitioning n. Denote

Ini.an 0 Iar 0
oy:=GL, - =< M M_l, M e GL,

m,am

Let Ny :=7, C N C M,. Then N, is invariant under the GL,-action and o is open in N,.

Definition 3.43. Let M, x Fl, have the product G-action. Define the sets
Ny:={(M,V*) € M, x FlLy| MV C V"' Vi=1,..., Ay}

and
on = {(M,V*) € M, x Fly|MV' = V"1 Vi=1,...,\.}.

These sets are G-equivariant.

Lemma 3.44. | ] N, is closed in M,, x Fl, and ) is open in N,. Furthermore, we have

the following diagram:
o) = p_l(O',\) C j\?,\ Cc M, x Fl,

° | é g i

O C N, C
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where p and 7 are the projection onto the first and second coordinates respectively.

Note that p, m, and the inclusions in the top row of the diagram in Lemma 3.44 are all G-
equivariant morphisms. Since o, and N \ are invariant under GG, we get that o, and N, are
invariant under G. Then the diagram in Lemma 3.44 is in fact a diagram of G-equivariant
morphisms, and o, is in fact a G-orbit.

Any complex matrix has a Jordan decomposition. Furthermore, a Jordan normal matrix

is nilpotent if and only if its diagonal entries are zero. Hence, we have the following.

Proposition 3.45. The G-orbits of N are precisely the o, where A\ runs over the Young

diagrams partitioning n.

We are now ready to show the main goal of section §3.2.

3.2.2: Motivic Chern Class of the Nilpotent Cone

Our goal in this section is to compute the G-equivariant motivic Chern classes
ng(JA C M,)

of the orbits o) of the Nilpotent Cone for every Young diagram A\, thereby computing the
motivic Chern class of the Nilpotent cone in M,,. The computation will follow the ideas of
[ ] where motivic Chern class of matrix Schubert cells are computed. The following

are some of the results in | ] that we will be using in our computation.

Definition 3.46 (Weight function). | ,Def 7.1 For k <mand [ ={i; < ... <i4} C
{1,...,m} such that |I| =d < k, let v = (7,...,v%) and § = (1,...,0,,) be two sets of

variables. Define

nd019) = Gy 3 Vi
where
k m d k %;
Ukm[ '77 _Hleuv 7u/5 H H 1_
u=1v=1 u=1v=u+1
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and
(

1-¢ u>dorv<i,

Vruw(§) = (1+y)¢ uw<dandv=ri,

14+y&  u<dand v > i,.
\

For k < m, consider the action of the torus T* x T™ on M, given by
(A,B)-M = BMA™, for AcTF,B€T™ M € M,,,.
Definition 3.47. For r < k, define
Yo =AM € My ptkM =k — 1}

This locally closed subvariety is invariant under the action of T* x T™.

Definition 3.48. For I C {1,...,m} such that |I| < k, define
Qg i ={M € M, x|V0 <1 <mn, rk(top r rows of M) = |I N (1,...,7)|}.

This is locally closed subvariety invariant under the action of T* x T™.

Theorem 3.49. | , Theorem 7.4] For every 0 < k <m and I C {1,...,m} such that
|I| < k, we have

mcgk x T (Qk’m’I C Mm,k) _ Wk,m,[
in Z[vE Ly ot Ryl

Theorem 3.50. Let T x T™ act on M,, . as defined above. Define the action T* x T™ x C*
on My, by (A, B,§)- M = (A,B)-¢M. Then for I C {1,...,m} such that |I| < k, we have

that €, ., 1 is invariant under the action of Tk x T™ x C* and

mCkaXTmXC*(Qk,m,I C Mpi) = Wi (B7,0)
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in ZI:’Y?:17 A 77]:!:175?1’ ctt 75?7:7,1’/6i17y:|‘

Proof. Consider the morphism of algebraic groups
¢:TF x T™ x C* — TF x T™

(4, B,§) = (€A, B)

This induces
§ : R(TF x T™) = Zy™ 6] — R(T* x T" x ©) = Z[y*', 6!, 5*')

7,0 — B7,0

where v = (71,...,7%) and § = (1, ..., 0,). We see that
qb*ngkXTm (Qk,m,l C Mm,k:) = ngkXTmXC* (Qk,m,l C Mka)

in their fraction rings, since the action of T* x T™ x C* on M, x acts via the group homo-

morphism ¢. Hence Theorem 3.49 gives the proposition. O

Theorem 3.51. In the same set-up as Thm 3.50, we have that for every 0 < £ < m and

r < k, 3}, is invariant under the action of T* x T™ x C* on M, and

mC']yI'kXT’mX(C* (21];7m C Mm7k> _ Z mCEkXTmX(C* (Qk’m’l c Mm7k>

Ic{1,...m}
[ I|=k—r
in Z[’}/i‘:l, A 7’-}/2:17 5i|:17 A 767:7|’:Ll7 /B:t17y:|'
Proof. This follows from the same argument for | , Theorem 8.2] using Thm 3.50. O
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Proposition 3.52 (| |, Prop 7.5). Let T be a torus. Let K be a complete smooth
T-variety with finitely many fixed points and V' a T-vector space with no zero weight. Denote

M =V x K. Then for every ¢ € K*(M), we have

A(TyV
!o—zc'ﬁ

2eMT

in R(T), where my : M — V is the projection,
(mv)e: KT(M) — K™ (V)
is the proper pushforward defined in Proposition 3.8,
lo : K'(M) — R(T)

is the restriction to 0 defined in Definition 3.15, and MT is the set of torus-fixed points of
M.

The main result of this section is the following.

Theorem 3.53. For every Young diagram A partitioning n,

mCG(O')\ C Mn> = =
Y [T (ri — i) wWESH

in Z[aft, ..., o, B*, y], where

Am—1 n—r;

m k3 1 +y
Viep)={ 1T 11 H

i=1 u=n—-r;1+lv=n—rip Oéu

Am—1 n—r; ﬁO& Am—1 n—r; n—r;—1 BO&
O 0 G VR Ny O G |

1=2 u=n—r;y1+1lv=n—r;+1 =0 u=n—-r;;1+1 v=1
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Am—1

H Z Wri+1—ri,ri+1—ri,l((505n—ri+1a s 7Ban—n‘71)v (O‘n—rz‘+1+1’ T ’an_”)) (1 B B)H
i=1 IC{l,..,rit1—7i}
[T|=r;—ri—1

Proof. Recall from Lemma 3.44, we have the following diagram:

o\ = p_l(O')\) C ]’\7)\ Cc M:=M, x FIl,

[ | I \
O C Ny C M, FI,

where p and 7 are the projection onto the first and second coordinates respectively. By

functoriality of motivic Chern classes, we get
mCyG(aA C M,) = ps (me(bv)\ c M)).

We will now compute p, (ng(a‘,\ C M)) in the following steps.
Denote T :=T" x C*.

Step 1: Consider the following commutative diagram of ring homomorphisms

K9(M,)[y) —2 R(G)[y] = RT)Ve[y] = Z[os",. .., ol %34, 4]

~

KT(M,)[y] —=— R(T)[y] = R(T")[8),y] = Z[at", ..., o), B+, 4]

where the vertical maps are injective from Proposition 3.17. To determine p, (me (or C M)),
it is enough to look at its restriction to the action of T C G and then its restriction to 0.
Note that y € M is a T — fixed point if and only if y = 0. This is clear because if M # 0,
then (I,MI;' = (M # M for ( # 1. Now, applying Proposition 3.52 to Fly, M,, and M
with the T action defined above,we have

)‘Tl (TgMn>

e (mCEr € M), = 3 mCG(@ M| 7

zeMT

90



T *
= > mCy@GnC M), Ao TGA0)
X0y (T M)

T
z€Fly

ng(&A C M)‘(ny)

=2 AT, (T>FL)

zeFlE
’JT ~
Rmk 3.36 Z mC, (0 C M)‘(O,w-E') (%)
_ T * :
wWp, eWP A (T5.p-FL)

Step 2: We next simplify ().
For each permutation w € Wqr,, = S,, C GL,, consider the group isomorphism
w:T =T

0 Qy—1(1)
— | wDw™! =

0 Qy=1(n)

which induces the isomorphism of rings
R(T) «— R(T) : w*

f(W(Oé), 5) = f (Oéw—l(l), Ce aw—l(n),ﬁ) < f (lel, e ,O,/n,ﬁ) .

We now refer to the notation and remarks in Definition 3.13. We have a commutative square

of T-equivariant isomorphisms
woy C wM (WMw™ wV*)
T 1

[op) C M (M, V.)

which gives

mCE(w&,\ C wM)‘(va,E.) = ng(?fA C M)‘(O,E') '
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We also have

W (mcg(a c M))| ) = (w* mCF (@ C M))| oy = MC](wE C wM

(0,w-E*) (O,w-E* )‘(O,UJ-E.) ’

Therefore () becomes

(@)t mCT (G, C M)
AT (T:.FL,)

(0,E°)

pe (mC) Gy C M), = >

1 (W) mC, (5, C M)|
W > AT (T Fly)

(0.E¢)

1 (w) ™' mCy(Gr € M
H?:l(ri - ri*l)! WESh )\'El (TE.FL\)

) ’(O,E')

It remains to determine

']I‘ ~
mC, (o\ C M)|(0’E.)
X, (T5.FLy)

Step 3: We now compute (xx). Take the Schubert cell

U =B, E*CFl,.

By Prop 3.38, U C Fl, is an open T-invariant neighborhood of E* and we have the T-
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equivariant isomorphism

I

N="xm,—1

U~ ' €CL, Y cB, c GL,

where T acts on GL, by (D,()- M = DMD™!. By the localization property of motivic

Chern classes in Theorem 3.22, we get
mC), (U C U)|ge = mC, (F1, C Fly)|ge = A, (T5.FLy).

From Example 3.28, we compute

Am—1 n—r;
mC,UcU)e= ] ]] H <1+yZ—:).

i=1 u=n—-r;1+lv=n—rip

Hence (xx) becomes

T ~
mC, (o C M)‘(O,E.)

Am—1 7yn—r; '
[0 T o, (1 2)

Step 4: We refer to the diagram and notation in Lemma 3.44. Let

Z = '({E*Y)NNy={M e M,|ME'C E"'Yi=1,... A} C M,.
be the fiber over E* € Fl, of the map 7 : ]V,\ — FI,. Define the open set in Z

7%= n\({E*}) NGy = {M e M,|ME = E="\Vi=1,..., \n}.
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We can describe Ny N7~ 1(U) and 3, N7~ (U) in terms of Z, Z° as follows:

Nyna Y U) = {(bMb~ " b- E)|b- E* € U M € T;Fl,}

and

N (U) = {(bMb~\ b+ E*)

b-E*c€UM e Z°.
Thus restricting the diagram in Lemma 3.44 to U, we get the commutative diagram

7°x U - Z xU C M, x U - M, x B, (b~1Mb, D)

] N | | 1
onNT Y U) c Nyna'(U) c =Y U)=M,xU C M,xB,
Zl lp l \ \

O\ - Ny -

b-E* ——— b.

The vertical and diagonal maps in the bottom half of the diagram and all the horizontal
maps in the diagram are the T-equivariant maps which have already appeared earlier in this
section. The only new map are the vertical isomorphisms in the top half. We see that for

every (D,§) € T and M € M, b € B,, this map sends
(D,€) - (M,b) = ((EDMD™', DbD™)
to
(DbD~Y "1 (¢ DM DY) (DbD~Y), DbDY) = (CDb~*MbD~, DbD~Y) = (D, €) - (b= Mb, b).

Hence it is T-equivariant.
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Then the numerator in (%) becomes

~ Theorem 3.22, Localness ~ _
ng(J)\CM)‘ = ng(aAﬂW I(U)CMnxU)}(

(0,E*) 0,E°)

o T o
= mC(Z° x U C M, x U)|(07E,)

Lemma 3.27 (

mC(2° ¢ M,)|, ) (mC (U c v)

o)
o)
:(mc;T(szn)\O)Aﬁl o 1 (1”2_:)'

i=1 u=n—-r;1+lv=n—rip

— (mCyT(ZO C Mn)}()) (ng(FlA C Fl,)

So we are left with computing

mC) (Z° C M")’o' (% * %)

Step 5: We now compute (x x ). First, we can explicitly describe

([ 1)
Zn—m\m,l S'rl—r)\m71,7“)\mf1—"‘>\m—2 * o
Zrkmflfrkm7277')\m7277‘>\m73
Z° = S’/‘g—rg,rg—r—l * - Mn’
0 Zrz—m STQ—TLH
\ L Zrl %

where the action on Z° comes from the action on M, given by

(D,¢)- M = (DMD™ for D € T",( € C*, M € M,

Recall that

IMTL—WH +ln—ri+lrip1—riri—rio1
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denotes the affine space M, considered as a closed T-subspace of M, via the

i+1 T, T —Ti—1

closed embedding

bn—rip1+1ln—ri+1rip1—riri—ricy - Mﬁ+1*ﬁﬂ"i*7’i—1 ; Mn

described in Example 3.29. Following the computation in Example 3.29, if we can show that

for every i = 1,..., A\, — 1, the open subset

S”'iJrl =TT —Ti—1 - Mn*ﬁ'ﬂ +Ln—ri+1,rip1—riri—Ti—1

is preserved under the induced T-action, then we can obtain the following

n—r; A — n—r; n—r;—1
ng(ZOCMn)|O: H H H 1+y5 u H H H 1_50%

1=2 u=n—r;y1+1v=n—r;+1 =0 u=n—r;y1+1 v=1
VvV ~ Vv
* components non-diagonal zero components
Am—1
T n
| | Hle (Sri+1*7'i’7‘i*7'i71 C Mn*ﬁ'ﬂ+1,n*n‘+17n‘+1*Tw“z‘*nﬂ) (1 - ﬁ)
i=1 v

_ diagonal components

TV
nonsingular block components

We need to check that S, v, ri—r,.y C My_rii i +10—rit1,rip1—riri—r, 15 indeed preserved

under the induced T-action and then compute

T
mCy (Sm+1—7"i,7“i—7’i—1 - Mn—ri-u +hn—ri+lrip1—reri—rio1 )

To do these tasks, we look at how T acts on the portion

(n—rip1+1,n—r;+1) (n=rip1+1n—ri_1)
° . g
u<v
° - L4
(n—ri;n—ri+1) (n—rin—ri_1)
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of M,, (where u indexes the row and v indexes the column). For r < s, consider

T, s = {(ar,...,as)|(a1,...,a,) € T"}.

aq 0
Thus, for every M € M,y 41 n—rit1risr—riri—ris D = € T", and
0 apt +1
¢ € C*, we have
~1
an*’riJrlJrl 0 Ap—r;+1 0
(D,Q)-M=¢ M
0 a’TL—T',L' O a’TL—T',L'_l

This action preserves the rank of a matrix M € M, _,. 41 n—ri41,ri01—rimi—ri.- Hence
Sriii—rimi—rics C Mu—ri 41 m—rit1ri1—rsrs—riy 18 preserved under the T-action on

My, 41n—ri+1,r11—riri—ri, - Furthermore, since the intersection of the set of indices
{n—-ri+1l,....on—rn{n—rig+1,....,n—r;} =0,

] *
we have that T acts on My, +1n—rit 11 —riri—rioy Vid Tonrim—ry X T 40— X C

as in Thm 3.50. Then Sy, pri iy = o0 with this action. Thus we get

Ti—Ti—1,Ti41—T4

T
mcy (Sﬁ+1—7‘iﬂ"z‘—ri—1 - Mn—Ti+1+1,n—7‘i+1,7‘i+1—Ti,m—?“i—l)

o T7i~Ti—1 X TTi+1 77 X C* /50
- mcy (Eri—ri_l,nﬂ—n - Mn—ri+1+1,n—7"i+1ﬂ"i+1—Tiﬂ"i—h;—l)

Thm 3.51
= Z Wri+1—ri,ri+1—ri,l ((ﬁan—rﬁ-la s 750%—7’1;1)7 (O‘n—ri+1+1a s 7an—ri)) .

IC{].,...,TZ‘+1—TZ‘}
[I|=ri—ri—1
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Therefore we have

Am—1 n—r; 60& Am—1 n—r; n—r;—1 BOZ
wejz e, = (11 T I v+ ) (1T 10 11 1-=

1=2 u=n—r;y1+1v=n—r;+1 =0 u=n—-r;y1+1 v=1

Am—1

H Z | E— ((Banfnﬂa s Ban ), (Qn*TiJrl‘Fl? e aanfm)> (1-p)"

i=1 IC{l,..,rix1—74}
[I|=r;—ri—1

Assembling everything together, we get the result. O]

3.3: The Equivariant Motivic Chern Class of the Affine cone over

a Smooth Hypersurface

For any n > 0, consider P the projective space of dimension n. For any d > 0, let D C P"
be a hypersurface of degree d. In this section, our goal is to compute the C*-equivariant

motivic Chern class of the affine cone over D. This is joint work with Sridhar Venkatesh.

3.3.1: Smooth Hypersurface in Projective Space

We begin by making some computations regarding the motivic Chern class of hypersurfaces
in the projective space P". These computations will be used in the last section of the chapter

when we compute the motivic Chern class of their affine cones.
Recall that K°(P") = Z[h]/(1 — h)"*! where h = [Opn(—1)]. Let T* act trivially on P,

i.e T* acts on P via the group homomorphism T* — 1. Then we have a ring homomorphism
K°(P") — K™ (P™).

We will consider the class h in K™ (P").
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By Proposition 3.21, the Euler short exact sequence on P"

0 —— Qpn — Opa(—1)"! > Opn s 0
gives
1 + h n+1
A, () = LEROT
1+y

Let D C IP" be a smooth hypersurface of degree d. Denote h := h|p = [Op(—

We have the short exact sequence

0 —— OD(—d) E— QIP’”'D > QD > 0

on D. Hence by Proposition 3.21 we have

Ay (Qpn|p) _ (1+ hy)"*!
1+Edy (1 +Edy)(1+y)

—(Z<> ) ()

oo n+l .
T 1ty Z > (-1 (n ; 1) 1y

=0 7=0

>‘y (QD) =

oo min(m,n+1)
_j (n + 1) Fi+d(m=j)

J

J

00 00 min(g,n+1)
- (Z(—y)p> >y (~1)r7d (”fl)ﬁﬁf“q-j)

o m min(g,n+1) 41\ i )
33T e (e

J

in K™(D)[[y]]. Since A" Qp = 0 for m > n — 1, we have
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Equation 3.54.

LS

(—1)m-i (n + 1>Ej+d(q—j)
j

in K*(D).

We also have

n—1n—1 n—1
RU(D, Ay(Qp)) = (=1 [HYD, Q)] y” = > x(D, %))y
p=0 ¢=0 p=0
Then, by | |, Corollary 17.2.2 and Proposition 17.3.2, we get

Equation 3.55.

—_

n—

RE(D,(00)) = 39 S (1) ()

= p—J n

3
I
o

3.3.2: Blow-up of Affine Space at the Origin

In this section, we explain the set-up for the rest of the chapter and make a couple additional
computations which will also be needed in the final section. Let C* act by scaling on A"*!,

i.e for x = (zg,...,7,) € A" and ¢ € C*,

-z = (Cxo,...,( ).

We will consider the C*-equivariant locally free sheaf

@An-ﬂ(—H) = ker(@An+l - @H)
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where H is a C*-invariant hyperplane (i.e H 5 0). By Example 3.9(a) and Example 3.6, we
have that

Ky (A1) = 2t [y)

where t = [Ogn+1(—H)]. Let p: Z = Bly A" — A" be the blow-up at 0 € A"*!. Let C*
act trivially on P".

Denote A := Clzy, ..., z,] and m = (xq,...,z,). We have a closed embedding

m>0

Z = Proj < ® mmtm) C Proj (Alyo, . .., yn]) = A" x P"

via the surjective graded ring homomorphism

Alyo, -, Yn] —¢>> Ebiommtm

Y — x;t.

Let g : Z — P™ be the restriction to Z of the projection map from A"*! x P" on to P". Then

we can identify Z with the total space V(Opn(—1)) = Spec ( @ Opn (m)) over P" via the
m>0

map

Cn+1 ®(C @Pn —» @Pn(l)

on P".

C* acts on A" x P" via the actions on A" and P". One can check that Z is invariant
under this C* action from checking how ¢ behaves with the induced action of C* on the
coordinate rings of the affine charts DT (y;). Thus, we get an algebraic action of C* on Z
such that the maps p and ¢ are C*-equivariant. Let £ = p~'(0) = {0} x P" C Z be the

exceptional divisor. Then C* acts trivially on E. We denote e = [O4(E)] in K (Z).
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We summarize the C*-equivariant maps in the following diagram.

Z = Bl A" = V(O(~1))

/

{0} (L—()) An+1 .................................................................................. Pn

Using additivity of motivic Chern classes, Example 3.28, and Example 3.10 we get

Equation 3.56.
mC; (Z = A" =mCJ" (E — A" + mC; (Z \ E — A"™)

=mC} (E — A™") + mC} (A" {0} — A™™)
= 19,mC; (P* — {0}) + mC (A" — A™™) — mCy" ({0} — A™™)

= (Y U O (1 1) (1 gy

p=0 ¢=0

n

= (1 — t)”“ Z(_y)p + (1 + ty)n—H _ (1 _ t)n—i—l.

Let D C P" be a closed subvariety, X = C(D) C A™*! the affine cone over D, and Y = Bly X
the strict transform of X. Then X and Y are C*-invariant in A"*! and Z, respectively.

Furthermore, we have that Y = ¢7'D = V(Op(—1)).

Example 3.57. Let H C A™"! be a hyperplane and D C P" be the projective hyperplane it
lies over. Then we have Oz (Bly H) = Oz(p*H — E) as C*-equivariant lines bundles. Pulling

back the C*-equivariant short exact sequence on P"

0 —— Opn(—1) > Opn > Op —— 0
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to Z, we get the C*-equivariant short exact sequence

0 —— Oz(—l) > @Z > q*@D = @%[OH — 0

s0 Oz(—1) = Oz(FE —p*H).

Recall the notations e = [Oz(E)] and t = Ogn+1(—H). By an abuse of notation, we will
also denote Oz(—p*H) by t. Denote a := [Oz(—1)] = [Oz(E — p*H)] = et in K (Z). Our

goal for the remainder of this section is to compute p,a’ in K€ (A"!) for all i > 0. Let

VocVic... Vg CV,=A""

be a flag of linear subspaces such that dim(Vy) = k + 1. For every k = 0, ..., n, denote by
I : Vi € A" the inclusion map. Let t : Zp = Bly Vi, C Z be the strict transform of Vj, (so
Zns1=2), Pk : Zr, — Vi be the restriction of p to Zx, and Dy C P™ be the projective linear
subspace which is the image of Vj in P™ (so D,, = P" and Dj is a point in P™). Then for all

k > 0, we have C*-equivariant short exact sequences

0——r @Zk(_l) > (QZk > (QZk—l — 0

by pulling back the C*-equivariant short exact sequences

0 —— @Dk(—l) > (QDk > ©Dk—1 — 0

along g : Z — P". Tensoring the above C*-equivariant short exact sequences by O(i), for

1 > 0, gives us the following C*-equivariant short exact sequences

0 —— Oz (i—1) —— O (i) —— Oy, _,(i)) — 0 (1).

We put a; == 14Oz, (i)] in K€ (Z) (so a,; = a'). The C*-equivariant short exact sequence
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(1) gives us

i
ki = Q-1+ Qp_1; = ago+ E k-1,
=1

for K > 0,7 > 0. Note that Zj is the cone over a point in P and hence we have O, (i) =

T Op(i) = ¢*Op = Og,. Thus
Equation 3.58.

Qo,; = Ap,0

for all .

Define

lk—j—1

Ck,i,j = Z Z 1.

L=1 ;=1

for i,k > 0, j < k. Notice that C}; ; can be inductively defined as

%
Ck)i)j = : :Ck_l)laj'
=1

Furthermore, C}; ; are generalized tetrahedral numbers whose formulas are given by

ithk—j—1
= ("5

Equation 3.59.

(see | D-

The claim now is that

Equation 3.60.
k—1

Qi = ago + E Ch.ijajo

Jj=0

for k > 0.
We will check this fact by induction. First, for £k = 1, we indeed have

i i
Equation 3.58
a1; = a10 + E Qo,; = a0 + Qoo E 1 =a10+ Chio0a0p0-
=1 =1
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Assume, for k > 1, that we have
k—1
ki = aro+ Y Chijajo.
5=0
Then we check

k—1
Inductive Assumptlon
A1 = Agy10 + E g apy1,0 + E ago + E Ch.1.540

=1 =1 j=0

i k-1 i
= Qp11,0 + g ago + E g Cr1,j@0 = Akg1,0 + Chg1,ikro + g @jo g Chj
=1 j=0 7=0 =1

= Qgy1,0 T Ck+1,i,kak,0 + E Ck—i—l,i,jaj,o = Qgy1,0 T E Ck+1,z‘,jaj,0-
J=0 J=0

This completes the proof of the claim.

Note that since Vj, are smooth, we have Rp,@z, = Oy,. Now consider the commutative

diagram
tk
A C Z
lpk lp
Tk

for £ > 0. We see that for all £ > 0, we have

Equation 3.61.

Example 3.10 (

P«lro = p*Lk,*[@Zk] - ’ka,*p* [@Zk] - Zk,* [(QV,J 1 - t)

Thus we have by Equations 3.60, 3.61, and 3.59,

Equation 3.62.

n—1 n—1 —1
i e t+n—75—1 i
p*a - p*an’i - p*an’o_l_z Okvivjp*ajyo = 1+Z Cnvzvj(l_t) S 1+Z ( n _:77 > (1_t) J‘
7=0 7=0 7=0
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3.3.3: Affine Cone over a Smooth Projective Hypersurface

Fix D C P to be a smooth hypersurface of degree d with C* acting trivially on it. Let

X = C(D) c A" be the affine cone over D. Define the integers

o S () () (e

q=0 j=0

foralln—1>m >0, > k > 0. The entire section will be dedicated to showing the following

result.

Theorem 3.63. With the setup as above,

mC; (X C A" =2(1 4+ ty)" "'+

1= e éyp <<_1)p L 5_1)]- (p ﬁi;-) (n+j - 1>>) B

Jj=0

n n—1

D=1+ Y Ay

k=0 p=0

in K5 (A™).

Let Y = Bly X C Z be the strict transform of X. Then Y is smooth and we have the

following diagram of C*-equivariant varieties

D=ENY
M tENY
Y = Bl X = V(Op(—1))
P’ N

Z = Bl A = V(O(~1))

\
/
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Consider @ = aly,e = e|y in K€ (Y). The following short exact sequence on Y

0 —— ¢"Qp s Qy > Oy (1) —— 0

gives us

A (Qy) =" N(Q) - (T +aly) = ¢* N\ (Qp) - (1 +2 1t 1y).

Since —t ly(1 —e 1)+ 1+t 1y =1+e 1t 1y, we write
Ay(QY) = q,*Ay(QD) : (_t_ly<1 - E_l) +1+ t_ly) =

—t7y g N (Qp) (1 —271) + ¢ N (Qp) - (L+171y) (*)

(1) (2)

We now need to simplify (1) and then (2). Note that ¢" A, (2p)|eny = Ay(2p). Further-

more, from the short exact sequence

0 ——r @y(—E) > @y > (QEﬁY E— 0,

we have

" Proj Formula ,, ——
LENY % (q' /\y(QD)|Emy) 12 q' /\y(QD)(l —e 1).
Thus we get

Equation 3.64.
_ * __ Proj Formula _ __
p*LY,* (_t 1y ' q/ )\y<QD)(1 —€ 1)) ! = —t 13/ : p*//Y,* ()\y(QD)<1 —¢€ 1))

= _tily * Prly xLENY * (Ay(QD)‘EﬂY> - _tily : p*LY,*LEﬂY,*)\y(QD)
= —tly- LoD Ay (2p) = —t~ Yy 10, RT(D, Ay (2p))

= —t7y - RT(D, A\)(p)) - 10.4[O0] Z 2 *1 —¢=1y(1 — ¢)™1 . RT(D, A, (Qp))
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n—1 P .
uation 3. : 1 —
Sy e Y (U (1)

in K5 (A™).

For simplifying (2), we use the short exact sequence

0 —— @Z(—d) > Oy >y Oy = (]*(QD — 0.

to get 1y, |Oy] =1 — a?. Hence

m q
% _ Equation 3.54 _ m m—if T -+ 1
Putyie (@A () (A +17y)) E ((1 +tly) )y Z Z(—l) j( :

Proj Formula (1 + t_ly) <<1 . ad)

m q

) YORIE

q=0 j=0

A

n 1)]9* (ajer(mfj) . aj+d(m—j+1))
in K7 (A™1). We get

D (aj+d(m—j) . aj+d(m—j+1)) Equatizon 3.60

Dx <<Gn+1,o + Z On-i—l,j-i—d(m—j),k:ak,()) - (an+1,o + Z Cn-&—Lj—i—d(m—j—i—l),kak,O)) =

k=0 k=0

n

g (Cn+1,j+d(m—j),k - Cn+1,j+d(m—j+1),k) P«Gr.0
k=0

k; (<J+d(n+1)_4l;n—k) B (j+d(mn—j1+_1;€+n—k)> N

Thus we get

Equations 3.61 and 3.59
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Equation 3.65.

Petva (X)X +t71y)) = L+t Dy > (=) (m 1).

k;((jer(m—j)Jrn—k:) B (j+d(m—j+1)+n—k>)(1_t)n_k:

n+1—k n+1-—k

[y

n—

(L+t7y) y g™y -

n

;;(-nmi (n ;L 1) ((ﬂ + d(ﬁ:j)zn j k) ~ (j + d(rnn—Jrj;L_lLJr n— k)> B
(1+t'y) ;Zlym Xi: A (1 — )"k

in K5 (A™).
Putting Equations 3.64 and 3.65 into (x), we get

Equation 3.66.
mCy (Y = A" = poay, Ay (Qy) =

yP io(—l)j (zfj) (n +2—P) +(1+t1y) nzfymzn:Amk(l _ .

1
p=0 J m=0 k=0

—ty(1 —¢)" !
Using additivity of Motivic Chern classes, Example 3.28, and Equations 3.56 and 3.66, we
get

mCy (X — A" = mC} (A" — A —mC) (A" X — A"

AMTI\X=2\Y C*/ an+l n+l1 c* n+1
= mC, (A" — A )—I—mCy (Z\Y — A"

=mCy (A" — A" + mCy(Z — A" —mCS (Y — AMT

n

= (L )™ 4 (L= ™S () + (Lt — (1=
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This completes the proof.
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