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ABSTRACT

Safe reinforcement learning (RL) is an area of research focused on developing algorithms
and methods that ensure the safety of RL agents during learning and decision-making
processes. The goal is to enable RL agents to interact with their environments and
learn optimal decisions while avoiding actions that can lead to harmful or undesirable
outcomes. This dissertation provides a comprehensive study of model-free, simulator-
free reinforcement learning algorithms for Constrained Markov Decision Processes
(CMDPs) with sublinear regret and zero constraint violation, with the focus on three
settings: (1) episodic CMDPs; (2) infinite-horizon average-reward CMDPs and (3)
non-stationary episodic CMDPs.

The first part provides the first model-free, simulator-free safe-RL algorithm with
sublinear regret and zero constraint violation. The algorithm is named Triple-Q because
it includes three key components: a Q-function (also called action value function) for
the cumulative reward, a Q-function for the cumulative utility of the constraint, and a
virtual Queue that (over)-estimates the cumulative constraint violation. Under Triple-
Q, at each step, an action is chosen based on the pseudo-Q-value that is a combination
of the three “Q” values. The algorithm updates the reward and utility Qvalues with
learning rates that depend on the visit counts to the corresponding (state, action)
pairs and are periodically reset. In the episodic CMDP setting, Triple-Q) achieves
O (%H‘LS%A%K%) regret when K is large enrough, where K is the total number of
episodes, H is the number of steps in each episode, S is the number of states, A is

the number of actions, and § is Slater’s constant. Furthermore, Triple-Q guarantees



zero constraint violation, both on expectation and with a high probability, when K
is sufficiently large. Finally, the computational complexity of Triple-Q is similar to
SARSA for unconstrained MDPs, and is computationally efficient. In Chapter III, the
results are extended to infinite-horizon average-reward Constrained Markov Decision
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Processes (CMDPs). The proposed algorithm guarantees O ( ) regret and
zero constraint violation, where x and § are two constants independent of the learning
horizon K.

Then in Chapter IV the dissertation studies safe-RL in a more challenging setting,
non-stationary CMDPs, where the rewards/utilities and dynamics are time-varying and
likely unknown a priori. In the nonstationary environment, reward, utility functions,
and transition kernels can vary arbitrarily over time as long as the cumulative variations
do not exceed certain variation budgets. We propose the first model-free, simulator-free
RL algorithms with sublinear regret and zero constraint violation for non-stationary
CMDPs in both tabular and linear function approximation settings with provable
performance guarantees. Our results on regret bound and constraint violation for the
tabular case match the corresponding best results for stationary CMDPs when the
total budget is known. Additionally, we present a general framework for addressing
the well-known challenges associated with analyzing non-stationary CMDPs, without

requiring prior knowledge of the variation budget. We apply the approach to both

tabular and linear approximation settings.
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CHAPTER I

Introduction

Reinforcement learning (RL), with its success in gaming [1; 2] and robotics [3],
has been widely viewed as one of the most important technologies for next-generation,
Al-driven complex systems such as autonomous driving, digital healthcare, and smart
cities. However, despite the significant advances (such as deep RL) over the last few
decades, a major obstacle in applying RL in practice is the lack of “safety” guarantees.
Here “safety” refers to a broad range of operational constraints. The objective of a
traditional RL problem is to maximize the expected cumulative reward, but in practice,
many applications need to be operated under a variety of constraints, such as collision
avoidance in robotics and autonomous driving [4; 5; 6], legal and business restrictions in
financial engineering [7], and resource and budget constraints in healthcare systems [8].
These applications with operational constraints can often be modeled as Constrained
Markov Decision Processes (CMDPs), in which the agent’s goal is to learn a policy
that maximizes the expected cumulative reward subject to the constraints. CMDPs
have had an important impact on many other real-world applications: [9] has used
CMDPs to solve a hospital admission scheduling problem, [10] developed a pavement
management system for the state of Arizona to produce optimal maintenance policies
for a 7400—mile network of highways, which saved 14 million dollars in the first year.

A standard formulation for RL with constraints is the Constrained Markov Decision



Processes framework [11], in which the agent aims at learning a policy that maximizes
the expected cumulative reward under safety constraints during and after learning.

Model-based Solutions for CMDPS: On model-based approaches, the model
is assumed to be known or can be predicted. This model captures the agent’s
understanding of how the environment behaves and predicts the consequences of
different actions. The first model-based approach, based on Linear Programming (LP),
was first introduced by [12]. The optimal policy can be induced from the decision
variables which correspond to the occupancy measure, and the objective of the LP is
equivalent to the optimal value of the CMDP. [13] proposed an LP-based algorithm
that learns the optimal policy while satisfying the constraints for a CMDP with a
known model. [14; 15; 16; 17; 18] follow a similar approach but learn the models from
the data samples collected. This approach has also been utilized for CMDPs with
linear function approximation [19] under the assumption that the transition kernel is
linear. Leveraging the estimated model, the CMDPs can be solved approximately as
long as the estimate becomes more and more accurate. The works mentioned above
are proven to achieve sublinear constraint violation.

Another approach is to learn the model and find the solution using primal-dual
methods, [18; 17; 20] adopt the principle of optimism in the face of uncertainty
to design a primal-dual approach which achieves a sublinear regret and constraint
violation. [19] extends the studies to constrained episodic MDPs with a linear structure
via a primal-dual type policy optimization algorithm.

While model-based RL algorithms are sample efficient, they need to solve LPs
when the estimated models are updated continuously, so these algorithms are often
computationally inefficient and require a large memory to maintain a large number of
model parameters.

Model-free Solutions for CMDPs: Model-free algorithms, on the other hand,

learn state or action value functions, instead of transition kernels, so they require



Table 1.1: Existing Approaches in CMDPs.

Methodology Paper Setting
[12; 15; 16] .

LP-based [17: 18; 20; 31] Episodic CMDPs
Model-based | LP-based [13; 14; 32] Infinite-Horizon Average CMDPs

LP-based Primial-Dual [17; 18; 20] Episodic CMDPs

Primial-Dual [19] Episodic Linear Kernel CMDPs
Model-free | Primal-Dual [29; 33] Episodic CMDPs

Primal-Dual [30] Infinite-Horizon Average CMDPs

significantly less memory space and have lower computational complexity. In [21],
the author proposes an actor-critic RL algorithm and shows its asymptotic global
convergence using multi-timescale stochastic approximation theory for infinite-horizon
average-reward CMDPs when the model is unknown. Policy gradient approaches have
also been developed [22; 23; 24| and seen successes in practice for solving constrained
RL problems, though they lack regret and constraint violation analysis. [25; 26; 27|
show that sublinear regrets and constraint violations are achievable when policy
“simulators” (or generative models) are given. Some very recent works [20; 28] show
that sublinear regret bound and zero violation are possible for episodic CMDPs without
simulators. In particular, [20] proposes a model-based algorithm, and [29] presents
a model-free algorithm for episodic CMDPs. [30] extends the model-free approach
to infinite-horizon average reward CMDPs. For safety concerns, [31] proves that it is
possible to achieve zero violation during training given a safe baseline policy based on
a model-based approach.

This dissertation investigates designing computationally efficient, model-free RL
algorithms with provable regret and constraint violation guarantees under a variety
of settings. We summarize the mentioned approaches with provable guarantees in

CMDPs in Table 1.1 to make a detailed comparison.



1.1 Linear Programming approach for CMDPs

In this section, we present the LP approach for CMDPs which serves the funda-
mental role of designing LLP-based algorithms. We consider finite-horizon CMDPs
with time-dependent dynamics. A finite-horizon CMDPs is denoted by the tuple
(S, A, H,P,r, g, o), where S is the state space with |S| = S, A is the action space with
|A| = A, H is the horizon. The transition P = {P,}/__ is a collection of transition
kernels (transition probability matrices). The initial state z; at the beginning of each
episode is sampled from the distribution py. Then at step h, the immediate reward
and utility for taking an action a; at state x;, are random variables Ry (xp,ap) and
Gn(zp, ap), with expectation E[Ry,(x, a)] = r(zh, an) and E[Gh(zh, an) = gn(xn, ap) re-
spectively. The environment then moves to a new state xj,; sampled from distribution
Py (+|xp, ap). Similar to [34], we assume that 7, (z, a)(gn(z,a)) : S x A — [0, 1].

A Markov randomized policy m = (m,...,7g),m : S — A4 maps states to a
simplex A4 on the action set A. We only consider Markov policies here since they are
rich enough to cover all the behavioral policies (policies that depend on all the history).
We will discuss more later in Section 1.2. Then at step h, the action aj, ~ 7,(-|zp)
is taken at state xj according to a policy . Then for any h € [H], (s,a) € S x A,
the reward (Q—value function is the expected cumulative reward when an agent starts

from a state-action pair (z,a) at step h and then follows policy 7 :

H

Z ri(as, mi (i)

i=h+1

QZ(.’L’,CL) = Th<l',a) +E

xh:x,ah:a] ) (11)

where the expectation is over the environment, the initial state distribution, and policy
randomness. The value function is expected cumulative rewards from step h to the

end of the episode under policy m, which is defined as:

Vi () = ZM(M%)QZ(%G) (1.2)



Similarly, we use Wy (z) : S — R* and Cf(z,a) : § x A — R* to denote the

utility value function and utility Q-function at step h:

Cr(z,a) = gn(z,a) + E Z gi(xi, mi(x;)) Ty =2,0p =G ] (1.3)
i=h+1
Wi(z) = mn(alzn)Cf (z, a). (1.4)

Given the model defined above, the objective of the agent is to find a policy that
maximizes the expected cumulative reward subject to a constraint on the expected
utility:

max E [V]"(z1)] subject to: E [W] (x1)] > p, (1.5)

mell

where we assume p € [0, H] to avoid triviality since all the value functions are in [0, H]|
due to the assumptions on the bound on reward /utility functions. We also assume that
Vii1(z) = Wy =0 for any = € S. We can reformulate the optimization problem
by using the occupancy measure [35; 11]. The occupancy measure ¢™ of a policy 7 is

defined as the set of distributions generated by executing the policy  :

ap (x,a; P) := Ellfs, =z ap=alz1~po.p.rt] = Pri{zn =z, an = alzy ~ po, P, 7} (1.6)

For ease of notation, We define the matrix notation ¢™ € R¥94 where its (x,a, h),P
and the initial distribution of z; is given by ¢J (z,a;P) are given and clear. This

implies the value function can be rewritten as the occupancy measure:

H H
V(1) =E Zrh(l’ha ap|1 ~ pio, )| = ZE [ra(n, an)l@1 ~ o, ]
h=1 h=1
H
ZZZTh(x,a) Pr{z, = z,a, = alzy ~ po, 7}
h=1 z,a
=Y gi(x,a;Pyra(w,a) ==1"q", (1.7)
h,z,a



where the second equality holds due to the linearity of expectation, and r» € RH¥54

such that the element x,a,h element is given by 7,(x,a). Similar, we can have

W (z1) = g ¢™. Thus the objective of a CMDP can be formulated as :

7 € argminr ' ¢" (1.8)

st.g' q" > p. (1.9)

For the occupancy measureq, it is easy to say that for any given policy 7, it satisfies

that [36]:
S Gi(r.a) = Pra(ale’,d)gpy (o, ), veesS  (L10)
qp (x,a) >0, Vz,a, (1.11)

for all h € [H]/ {1}, for h = 1 we have that ¢, (z, a) = m(a|x)- po(x), Vz, a. We remove
the dependence on the model P in g} here for ease of notation. Also the occupancy
measure satisfies that >, ¢;(2,a) = 1,Vh € [H]. Also since the occupancy measure

satisfies the affine constraint, the we can state the following property [37]:
Proposition 1.1. The occupancy measure is convex.

Then due to the linearity of the constraint function and of the structure of the
occupancy measure, the original control problem can be reduced to an LP problem
where the optimization variables are occupancy measures. The Markov policy 7} can

be constructed through the occupancy measure gp:

i (alx) = _an(@a) V(z,a,h) € S x A x [H]. (1.12)

Za’ q’l(m7 CL/) ’

Thus we are ready to state the formal LP problem as:



max T,a)rp(x,a
x Y (. a)ra(,a)

h,x,a

st ) qu(w, a)gn(w,a) > p

h,x,a
Z Qh(l‘7 a) = Z IEDh—l(l‘|$,7 a/)Qh—l(:E/) CL/)
> au(z.a) =1,Yh € [H] (1.13)

S aie.a) = uol)

qn(z,a) > 0,Vx € S,Va € A, Vh € [H].

Therefore, we can observe that we can obtain the optimal policy by solving the
LP problem when the reward functions, utility functions, initial distribution, and

transition probabilities are given.

1.2 The dominance of Markov policies

In order to show the dominance of Markov policies, we first define a history at
time h to be a sequence of previous states and actions, as well as the current state:

by, = (x1,a1,...,Tp_1,an_1,%p). Let By be the set of all possible histories of length h.

Definition I.2. A policy 7 is called a behavioral policy if the agent chooses an action
based on the history by, i.e., a ~ 7(-|by). The class of all policies defined above is

denoted by U, and is called the class of behavioral policies.

Let Uy denote all the Markov policies, for any © € Uy, ay, is only a function of

xp. Next we define the dominating policies formally:

Definition 1.3. A class of policies U is said to be a dominating class of policies for

LP optimization problem 1.13. If for any policy @ € U there exists a policy ©# € U



such that

Vi(x1) < Vi(z1) and Wi(x1) < Wi (21) (1.14)

Then we have the following theorem:

Theorem 1.4. The Markov policies are dominating for any utility function which is a

function of the marginal distribution of state and actions.

Thus the class of Markov policies turns out to be rich enough that for any policy in
U, there exists an equivalent policy in Uy, that induces the same marginal probability
measure, i.e., the same probability distribution of the pairs (z, ay), h € [H|. Therefore
we only consider Markov policies for the CMDPs. We refer readers to the detailed

proofs in Theorem 6.1 in [11].

1.3 The structure of this dissertation

The structure of this dissertation is as follows. Chapter II addresses the episodic
CMDP setting and introduces the Triple-Q algorithm, the first model-free RL algorithm
for CMDPs with sublinear regret and zero constraint violation. The algorithm is
named Triple-QQ because it includes three key components: a Q-function for the
cumulative reward, a Q-function for the cumulative utility (cost) for the constraint,
and a virtual queue that estimates the cumulative constraint violation. Under Triple-Q),
at each step, an action is chosen based on the pseudo-Q-value that is a combination
of the three “Q” values. Triple-QQ combines the principle of “optimism in the face of
uncertainty” to overestimate the Q-values and the principle of “pessimism in the face
of constraints” to pessimistically track the constraint violation. Triple-Q is designed
as a two-time-scale algorithm, which is critical for an accurate estimation of the two
Q values while maintaining a small constraint violation. Triple-Q is proven to achieve

sublinear reward regret and guarantees zero constraint violation.



Chapter III tackles the more challenging setting of infinite-horizon average-reward
CMDPs, where the agent aims for an optimal long-term average reward under con-
straints. The dissertation presents the first model-free RL algorithm for this setting,
based on the primal-dual approach. Through Lyapunov drift analysis, the algorithm
also achieves the best existing sublinear regret and zero constraint violation results.

Learning in non-stationary CMDPs, where rewards/utilities and dynamics change
over time, presents additional challenges. Chapter IV focuses on designing model-
free algorithms with sublinear regret and zero constraint violation guarantees for
non-stationary CMDPs, particularly when the total variation budget is unknown.
The dissertation presents different algorithms designed for both tabular CMDPs and
linear function approximation in large state and action spaces. These algorithms
employ periodic restart strategies, optimism bonuses, and a general double restart
method based on the “bandit over bandit” idea. Our results [33] on regret bound
and constraint violation for the tabular case match the corresponding best results
for stationary CMDPs when the total budget is known. Additionally, we present a
general framework for addressing the well-known challenges associated with analyzing
non-stationary CMDPs, without requiring prior knowledge of the variation budget.
We apply the approach to both tabular and linear approximation settings.

In the end, Chapter V concludes this dissertation.



CHAPTER II

Triple-Q: A Model-Free Algorithm for Episodic
CMDP with Sublinear Regret and Zero Constraint

Violation

2.1 Introduction

Reinforcement Learning has gained significant attention because of its successes in
board games and video games such as Go [1] and StarCraft [2], and in highly-complex
robotics systems [3]. An agent’s objective in a typical RL problem is to maximize
the cumulative reward through interacting with an unknown environment. In board
games or video games, the outcomes of a random action are not consequential to
the users (e.g. not life-threatening). However, a careless action in an engineering
system might have catastrophic outcomes such as collisions and fatalities in robotics
and autonomous driving [4; 5; 6] or surgical robotics [38]. We consider cumulative
constraints in episodic CMDPs in this chapter, which include budget constraints,

energy constraints, or structural fatigue in flexible UAVs.

Related Work

Earlier studies on CMDPs assume the model is known. A comprehensive study of

these early results can be found in [11]. RL for unknown CMDPs has been a topic
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of great interest recently because of its importance in Artificial Intelligence (AI) and
Machine Learning (ML). The most noticeable advances recently are model-based RL
for CMDPs, where the transition kernels are learned and used to solve the linear
programming (LP) problem for the CMDP [14; 15; 16; 17; 20; 39], or the LP problem
in the primal component of a primal-dual algorithm [18; 17; 20]. If the transition
kernel is linear, then it can be learned in a sample-efficient manner even for infinite
state and action spaces and then be used in the policy evaluation and improvement
in a primal-dual algorithm [19]. [19] also proposes a model-based algorithm for the
tabular setting (without assuming a linear transition kernel).

The performance of a model-based RL algorithm depends on how accurately a
model can be estimated. For some complex environments, building accurate models is
challenging computationally and data-wise [40]. For such environments, model-free RL
algorithms often are more desirable. However, there has been little development on
model-free RL algorithms for CMDPs with provable optimality or regret guarantees,
with the exceptions [25; 41; 27], all of which require simulators. In particular, the
sample-based NPG-PD algorithm in [25] requires a simulator that can simulate the
MDP from any initial state x, and the algorithms in [41; 27] both require a simulator
for policy evaluation. It has been argued in [42; 43; 34] that with a perfect simulator,
exploration is not needed, and sample efficiency can be easily achieved because the
agent can query any (state, action) pair as it wishes. Unfortunately, for complex
environments, building a perfect simulator often is as difficult as deriving the model for
the CMDP. For those environments, sample efficiency and the exploration-exploitation
trade-off are critical and become one of the most important considerations of RL

algorithm design.

11



Table 2.1: The Exploration-Exploitation Tradeoff in Episodic CMDPs.

Algorithm Regret Constraint Violation
OPDOP [19] O(H*VS?AK) O(H*VS2AK)
OptDual-CMDP [17] O(H?*VS3AK) O(H?*VS3AK)
Model-based | OptPrimalDual-CMDP [17] | O(H?VS3AK) O(H*V/S3AK)
CONRL [15] O(H3VS3A?K) O(H3VS3A2K)
OptPess-LP [20] O(H3VS3AK) 0
OptPess—PrimalDual [20] O(H3VS3AK) o)
OPSRL[39) O(VSiHTAK) 0
Model-free | Triple-Q @ (%H‘lS%A%K%) 0

Main Contributions

We consider the online learning problem of an episodic CMDP with a model-free
approach without a simulator. We develop the first model-free RL algorithm for CMDPs
with sublinear regret and zero constraint violation (for large K'). The algorithm is
named Triple-Q because it has three key components: (i) a Q-function (also called
action-value function) for the expected cumulative reward, denoted by Qp(x,a) where
h is the step index and (z,a) denotes a state-action pair, (ii) a Q-function for the
expected cumulative utility for the constraint, denoted by Cj(z,a), and (iii) a virtual-
Queue, denoted by Z, which overestimates the cumulative constraint violation so far.
At step h in the current episode, when observing state x, the agent selects action a*

based on a pseudo-Q-value that is a combination of the three “Q” values:

A
a* € argmax Qp(z,a) + —Ch(z,a), (2.1)
a Ui

N J/

VvV
pseudo-Q-value of state (z,a) at step h

where 7 is a constant. Triple-Q uses UCB-exploration when learning the Q-values,
where the UCB bonus and the learning rate at each update both depend on the
visit counts to the corresponding (state, action) pair as in [34]). Different from the

optimistic Q-learning for unconstrained MDPs (e.g. [34; 44; 45]), the learning rates
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in Triple-Q need to be periodically reset at the beginning of each frame, where a
frame consists of K* consecutive episodes. The value of the virtual Queue (the dual
variable) is updated once in every frame. So Triple-Q can be viewed as a two-time-scale
algorithm where virtual-Queue is updated at a slow time scale, and Triple-Q learns
the pseudo-Q-value for fixed Z at a fast time scale within each frame. Furthermore,
it is critical to update the two Q-functions (Qn(z,a) and Cy(z,a)) following a rule
similar to SARSA [46] instead of Q-learning [47], in other words, using the Q-functions
of the action that is taken instead of using the max function.

We prove Triple-Q achieves O (%H 493 A3 K %> reward regret and guarantees zero

5
\/ 6,3
(—16 S?H L > , where

constraint violation when the total number of episodes K >
¢ is logarithmic in K. Therefore, in terms of the constraint violation, our bound
is sharp for large K. To the best of our knowledge, this is the first model-free,
simulator-free RL algorithm with sublinear regret and zero constraint violation. For
model-based approaches, it has been shown that a model-based algorithm achieves
both O(vH*SAK) regret and constraint violation (see, e.g. [17]). Two concurrent
papers [20; 39] developed model-based approaches that achieve zero constraint violation
assuming a strictly safe policy is known a-prior. It remains open that what is the
fundamental lower bound on the regret under model-free algorithms for CMDPs and
whether the regret bound under Triple-Q is order-wise sharp or can be further improved.
Table 2.1 summarizes the key results on the exploration-exploitation tradeoff of CMDPs
in the literature. We note that it is technically more challenging to bound regret and
constraint violation of model-free algorithms for CMDPs than model-based algorithms.
Under a model-based algorithm, the regret and constraint violation are determined by
the accuracy of the estimated model (transition kernels, reward functions, etc). The
accuracy of the estimated model improves as the number of data samples increases,
and so does the performance of the learned policy. Without maintaining a model,

the learning target (the pseudo-Q values) varies over time, depending on the dual
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variables, which becomes a key difficulty in bounding regret and constraint violation
of model-free algorithms for CMDPs. Furthermore, the optimal policy for a CMDP is
stochastic in general, so a greedy policy based on fixed pseudo-Q-values will not be
optimal, which makes it much more challenging than bounding regret of model-free
algorithms for unconstrained MDPs like the optimistic Q-learning [34; 44; 45].

As with many other model-free RL algorithms, a major advantage of Triple-Q
is its low computational complexity. The computational complexity of Triple-Q is
similar to SARSA for unconstrained MDPs, so it retains both its effectiveness and
efficiency while solving a much harder problem. While we consider a tabular setting in
this chapter, Triple-Q can easily incorporate function approximations (linear function
approximations or neural networks) by replacing the Q(x,a) and C(z,a) with their
function approximation versions, making the algorithm a very appealing approach for
solving complex CMDPs in practice.

We note that safe exploration is an active topic in reinforcement learning and
several heuristic methods, without provable guarantees, have been developed over
the past last years (see e.g., [48; 49; 50; 51; 52]). We will compare the performance
of Triple-Q and Deep Triple-Q (Triple-Q with neural networks) with some of these
algorithms in Section 2.4, and demonstrate significant performance improvements

(higher rewards, lower costs, and faster convergence) under Triple-Q.

2.2 Problem Formulation

We consider an episodic CMDP, denoted by (S, A, H,P, {r, L, {gn}L,, 1o),
where S is the state space with |S| = S, A is the action space with |A| = A, H is the
number of steps in each episode, and P = {P,}}._, is a collection of transition kernels
(transition probability matrices). At the beginning of each episode, an initial state z;
is sampled from the distribution py. Then at step h, the agent takes action a; after

observing state x,. Then the agent receives a reward rp,(xy, ap) and incurs a utility
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gn(zn, ap). The environment then moves to a new state ;41 sampled from distribution
Py (:|zn, ap). Similar to [34], we assume that 7, (z,a)(gn(z,a)) : S x A — [0, 1], are
deterministic for convenience.

Given a Markovian policy 7, which is a collection of H functions {7, : S — A4}
the reward value function V;" at step h is the expected cumulative rewards from step

h to the end of the episode under policy 7 :

Vir(z) =E

Z ri(ws, ()

xp = x] . (2.2)

The (reward) Q-function Q7 (z,a) at step h is the expected cumulative reward when

an agent starts from a state-action pair (x,a) at step h and then follows policy 7 :

H

Z ri(as, mi(xi))

i=h+1

Qr(x,a) =rp(z,a) + E

mh:x,ah:a] . (23)

Similarly, we use W (z) : § — R* and Cf(z,a) : S x A — R™ to denote the utility

value function and utility -function at step h:

H

Zgi(xi,ﬂi(%))

i=h

Wy(x)=E

xp = x] : (2.4)

Cr(z,a) = ga(z,a) + E Z 9i(wi, mi(7;))

i=h+1

xh:x,ah:a] . (25)

Given the model defined above, the objective of the agent is to find a policy that
maximizes the expected cumulative reward subject to a constraint on the expected
utility:

max E [V]"(z1)] subject to: E[W (z1)] > p, (2.6)

mell

where we assume p € [0, H] to avoid triviality since all the value functions are in [0, H]
due to the assumptions on the bound on reward/utility functions. The expectation

is taken with respect to the initial distribution xy ~ po. We remark here that the
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optimal Markovian policy is proven to exist, we refer readers to the book [11].

For simplicity, we adopt the following notation (some used in [34; 19]):

PrVita (2, a) = Eurap, (fa,0) Vi (€)@ (2, ma (2 ZQh z, a)P(mh(x) = a), (2.7)

AW, (2, a) = Byrp, (oo Wi (27),CF (2, mh( Zch z,a)P(m,(z) = a). (2.8)
From the definitions above, we have

Vi () = Qp(z, mi(2)), Qf(w,a) = ri(z, @) + PaVil, (2, a), (2.9)

Wil(z) = Cp (x, mh(2)), CF (2, a) = gn(z,a) + PLW, (2, a). (2.10)

The results in the chapter can be directly applied to a constraint in the form of
E [W(z1)] < p. Without loss of generality, assume p < H. We define g,(z,a) =1 —
gn(z,a) € [0,1]and p=H—p > 0, E[W(z1)] < p can be written as E [Wf(ml)] >,

where

E[Wr(e)| =E

Let 7* denote the optimal solution to the CMDP problem defined in (2.6). We

Zg}i(x,-, m(mi))] = H—E[WF(xy)]. (2.11)

evaluate our model-free RL algorithm using regret and constraint violation defined

below:
Regert(K) =E | > (V' (zra) = V™ (ask,l))] : (2.12)
Violation(K) =& | >~ (p— Wi (xm))] : (2.13)
LEk=1

where V*(z) = V™ (z), 7 is the policy used in episode k and the expectation is taken

with respect to the distribution of the initial state ;1 ~ 119 and the randomness of
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7. We further make the following assumption.

Assumption IL.1. (Slater’s Condition). Given initial distribution o, there exist

d > 0 and policy m such that E [W] (z1)] — p > 0.

In this research, Slater’s condition simply means there exists a feasible policy that
can satisfy the constraint with a slackness §. This has been commonly used in the
literature [19; 25; 17; 53]. We call § Slater’s constant. While the regret and constraint
violation bounds depend on 9, our algorithm does not need to know ¢ under the
assumption that K is large (the exact condition can be found in Theorem I1.2). This
is a noticeable difference from some of the works in CMDPs in which the agent needs
to know the value of this constant (e.g. [19]) or alternatively a feasible policy (e.g.
54))

2.3 Algorithm

We now formally introduce the algorithm Triple-Q. The design of our algorithm is
based on the primal-dual approach in optimization. While RL algorithms based on the
primal-dual approach have been developed for CMDPs (see. e.g. [19; 25; 18; 17; 20]),
a model-free RL algorithm with sublinear regrets and zero constraint violation is new.

The design of Triple-Q is based on the primal-dual approach in optimization.
Given Lagrange multiplier A, we consider the Lagrangian of problem (2.6) from a

given initial state x; :

max V*(z1) + A (Wi (1) = p)

—maXE Z (xp, mh(xn)) + Agn(zh, () | — Ap, (2.14)
h=

which is an unconstrained MDP with reward 7, (zy, 74 (2)) + Agn(@n, 7n(x1)) at step

h. Assuming we solve the unconstrained MDP and obtain the optimal policy, denoted
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by 7}, we can then update the dual variable (the Lagrange multiplier) using a gradient
method:

A (Atp-E [Wf;(xl)DJr. (2.15)

While primal-dual is a standard approach, analyzing the finite-time performance such
as regret or sample complexity is particularly challenging. For example, over a finite
learning horizon, we will not be able to exactly solve the unconstrained MDP for given
A. Therefore, we need to carefully design how often the Lagrange multiplier should be
updated. If we update it too often, then the algorithm may not have sufficient time
to solve the unconstrained MDP, which leads to divergence; on the other hand, if we
update it too slowly, then the solution will converge slowly to the optimal solution,
and will lead to large regret and constraint violation. Another challenge is that when
A is given, the primal-dual algorithm solves a problem with an objective different
from the original objective and does not consider any constraint violation. Therefore,
even when the asymptotic convergence may be established, establishing the finite-time
regret is still difficult because we need to evaluate the difference between the policy
used at each step and the optimal policy.

Next, we will show that a low-complexity primal-dual algorithm can converge
and have sublinear regret and zero constraint violation when carefully designed. In

particular, Triple-Q includes the following key ideas:

e A sub-gradient algorithm for estimating the Lagrange multiplier, which is updated
at the beginning of each frame (recall that a frame consists of K consecutive
episodes) as follows: Z < (Z +p+e— %>+ , where (z)* = max{z,0} and C is
the summation of all C(z1,a1)s of the episodes in the previous frame. We call Z
a virtual queue because it is terminology that has been widely used in stochastic
networks (see e.g. [55; 56]). If we view p + € as the number of jobs that arrive

at a queue within each frame and C' as the number of jobs that leave the queue
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within each frame, then Z is the number of jobs that are waiting at the queue. Note

8V SAHS,3

52—, the virtual queue

that we added extra utility € to p. By choosing € =
pessimistically estimates constraint violation so Triple-Q achieves zero constraint

violation when the number of episodes is large.

e A carefully chosen parameter n = K°? so that when % is used as the estimated
Lagrange multiplier, it balances the trade-off between maximizing the cumulative

reward and satisfying the constraint.

e Carefully chosen learning rate oy and Upper Confidence Bound (UCB) bonus b,
to guarantee that the estimated Q-value does not significantly deviate from the
actual Q-value. We remark that the learning rate and UCB bonus proposed for

unconstrained MDPs [34] does not work here. Our learning rate is chosen to be

KO‘2+1

oz Where t is the number of visits to a given (state, action) pair in a particular

step. This decays much slower than the classic learning rate ; or g—ﬁ used in [34].
The learning rate is further reset from frame to frame, so Triple-Q can continue to
learn the pseudo-Q-values that vary from frame to frame due to the change of the

virtual-Queue (the Lagrange multiplier).

The detailed description of Triple-Q is presented in Algorithm 1. The algorithm
only needs to know the values of H, A, S, K,, and no other problem-specific values
are needed. Furthermore, Triple-Q includes updates of two Q-functions per step:
one for ), and one for C}; and one simple virtual queue update per frame. So its

computational complexity is similar to SARSA.

2.3.1 Main Results

The next theorem summarizes the regret and constraint violation bounds guaran-

teed under Triple-Q.
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Algorithm 1: Triple-Q

1 Choose y =n = K%% 1 = 128log (\/2SAHK> o= 0.6, and ¢ — 3VSAISE

K02

N

Initialize Qx(z,a) = Cp(v,a) <~ H and

I

Z =C = Nyp(z,a) = Vgi1(z) = Wi (x) < 0 for all (z,a,h) € S x A X [H];

3 for episode k =1,..., K do
4 Sample the initial state for episode k : 1 ~ pyo;
5 for step h=1,...,H+1do
6 if h<H; // take a greedy action based on the
pseudo-Q-function
7 then
8 Take action a;, < arg max, <Qh(xh, a) + %C’h(mh, a));
9 Observe 1 (zp, ap), gn(Th, apn), and x4 ;
10 Nh(l‘h, ah) — Nh(l'h, ah) + 1, Vh(l’h) — Qh(l‘h, CLh), Wh(xh) —
Ch<£L'h, ah);
11 if h > 2 ; // update the Q-values for (zj_1,a,_1) after observing
(8n,an)
12 then
13 Set t = Np_1(zp-1,an-1),b; = HQ;(_f:rl),at = ’;(—ﬁ ;
14 Update the reward Q-value: Qp_1(xp_1,ap_1) <
(1 = a)Qn1(zn1,an1) + e (rn-1(Tn-1, an-1) + Va(zn) + b);
15 Update the utility Q-value: Cj,_q(zp_1,ap_1) <
(1 = )Cho1(Th-1, an-1) + o (gh—1(Th—1, an-1) + Wh(zp) + by);
16 if h =1 then
17 ‘ é — é+ 01(.351,@1) ; // add C’l(xl,al) to C
18 if £ mod (K*) =0 ; // reset visit counts and Q-functions
19 then
20 Ny(z,a) < 0, Qn(x,a) = Cy(x,a) <+ H, Z + <Z+p+e— %>+7
and C' < 0 ; // update the virtual-queue length

5
Theorem I1.2. Assume K > (w—VS?W’> , where + = 128log(V2SAHK). Triple-Q

achieves the following regret and constraint violation bounds:

13 4H4
Regret<K) < 7H4 \% SAL3KO'8 + K—IQL
4HY K% 16H? A2
Violation(K) < > o 6 3 Vi KO VS AHOBKS
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If we further have K > €5, then Violation(K) < 0 and

K
- 0.2 1
Pr (Zp — W (zg1) < 0) =1-0 (e_K T4 ﬁ) , (2.18)
k=1

in other words, Triple-Q) guarantees zero constraint violation both on expectation and

with a high probability. [

We note that the theorem holds when K is sufficiently large, and how large K

needs to depend on the slackness §.

Novelty of the Proof Technique

We remark that a key difference between our analysis and the analysis of the
optimistic Q-learning for unconstrained MDPs [34; 44; 45; 57; 58] is that our proof
relies heavily on the Lyapunov-drift analysis of virtual-Queue Z. The drift analysis
on the Lyapunov function Z? relates the difference between the optimal reward Q-
function and the learned reward Q-function to the difference between the optimal
pseudo-Q-function and the learned pseudo-Q-function. For fixed Z, Triple-Q can be
regarded as optimistic SARSA for the pseudo-Q-function, so the relationship enables
us to establish the regret bound by analyzing the pseudo-Q-function. Furthermore, the
Lyapunov-drift analysis on the moment generating function of Z, i.e. E[e"?] yields an
upper bound on Z that holds uniformly over the entire learning horizon. This upper
bound, together with a fundamental relationship between Z and constraint violation,
leads to the constraint violation bound. The Lyapunov drift analysis has been used to
establish sublinear regret and zero constraint violation in constrained linear bandits
[59]. Some of the proofs were inspired by [59]. Compared with bandit problems,

CMDPs, however, is a much more challenging problem due to their sequential nature.
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2.3.2 The choices of the Hyper-parameters in Triple-Q

Recall that the regret upper bound in (2.58) and the constraint violation bound in
(2.60):

K K
Regret(K) =0 <Ke + K7+ X + VK2 oy + ?) (2.19)

K
Violation(K) < — Ke+ O (Ko‘n + K74 — + Kz—ax) : (2.20)
X

Note that we simplify the bounds above by keeping only K and the hyper-parameters
X, a, € and 7, which should be chosen as functions of K. Letting y = K”, in order
to have O(K/x) and O(y/K?~x) be of the same order, we should choose a = 30.

Therefore,

K
Regret(K) :O (K€ + Klf?)ﬁ + Kl*ﬁ + Klfﬁ + _)
n

=0 <Ke + KP4 5) (2.21)
n

Violation(K) < — Ke+ O (K3577 + K138 L K18 Klfﬁ) _

— Ke+ O (K¥n+K'"). (2.22)

To guarantee zero constraint violation, we need to have Ke, K’n and K'=7 of the

same order, so we set
e=0 (K_’B) and n=0 (Kl_‘m) .

To minimize the regret upper bound, K'=# and % = K% should be of the same
order, so 3 = 0.2, which leads to the choices of a = 0.6, y = K%2, ¢ = O(K~%2), and
n = O(K%?).
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2.4 Simulation

We remark that when implementing Triple-Q, we do not need to reset all the
Qn(x,a) and Cp(s,a) to H. Instead, we added extra “bonuses” to the learned values at
the beginning of each frame to ensure overestimation. This allows Triple-QQ continues
to learn across frames. In particular, at the beginning of each frame, we update all

Q-values as follows to replace lines 18-20.

Algorithm 2: Replacing Lines 18-20 of Triple-Q

1 if £ mod (K*) =0 ; // reset visit counts and add bonuses to
Q-functions

2 then
3 Np(z,a) < 0 and Qp(z,a) < Qu(z,a) + #,V(m,a, h).if Qn(z,a) > H
or Cp(z,a) > H then
4 Qh(x,a)eHandCh(x,a)eH;Ze<Z+p+€_%>+’and
C+0; // update the virtual-queue length

Consider frame T + 1. Note that if Q7 xa,(7,a) = Cfrayyy(2,a) = H, then
condition (i) in the proof of Lemma I1.5 holds. Otherwise, with the extra bonus, we have
Qfot1(T,@) = Qrgayyp(z,a) + %ﬁ < H and Cfgayy,(2,0) = Cryayy p(7,0) <
H. Here, we use superscript — and + to indicate the Q-values before and after adding
the extra bonus and thresholding. Suppose that the overestimation holds at the end
of frame T, i.e. {Frya 1) — Flgarip}(x,a) >0 for any m, h and (z,a). Then, at the

beginning of frame T+ 1, we have

{Friesin — i} (2, a)

_ ZrKe x ZrKe
:QTKa—i-l,h(x’ a) + TCTKaH,h(a?a a) — Qy(r,a) —

2H3 Trwasts — Dppa
+ \/Z+ TK>+1 TK

Ci(z,a)

_ ZrKot1 — LATKe o
1 CTKD‘—i-l,h(x? a) — 1 Ch(

Ui
Ui Ui

x,a)

>0 (2.23)

Y

23



where the last inequality holds because according to Lemma A.2,

TK®
k=(T—1)Ko+1 Cra(Th1, ag1)

Ka

|ZTK0‘+1 — ZTK"‘| S max {p + €,

}SWﬁ

In summary, condition (¢) in the proof of Lemma II.5 continues to hold under this
modified algorithm, assuming the overestimation result holds in the previous frame,
so does the overestimation result in frame 7'+ 1. The advantage of this method is

that the algorithm does need to learn the Q-functions from scratch in each frame.

2.4.1 A Tabular Case

We first evaluated our algorithm using a grid-world environment studied in [60].
The environment is shown in Figure 2.1-(a). The objective of the agent is to travel
to the destination as quickly as possible while avoiding obstacles for safety. Hitting
an obstacle incurs a cost of 1. The reward for the destination is 100, and for other
locations, the Euclidean distance between them and the destination is subtracted
from the longest distance. The cost constraint is set to be 6 (we transferred utility to
cost as we discussed in the chapter), which means the agent is only allowed to hit the
obstacles at most six times. To account for the statistical significance, all results were
averaged over 25 trials, the same for later simulations.

The result is shown in Figure 2.2, from which we can observe that Triple-Q can
quickly learn a well-performed policy (with about 20, 000 episodes) while satisfying the
safety constraint. Triple-Q-stop is a stationary policy obtained by stopping learning
(i.e. fixing the Q tables) at 40,000 training steps (note the virtual-Queue continues
to be updated so the policy is a stochastic policy). We can see that Triple-Q-stop
has a similar performance as Triple-Q and show that Triple-Q yields a near-optimal,

stationary policy after the learning stops.

24



0
2
2
>
.
s
; ot
. Agent
s
1 S Hazards
1
» ':Goal D
1B
"
15
.
(a) (b)

Figure 2.1: Grid World and DynamicEnv with Safety Constraints
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18U The average reward and cost under Triple-Q). The shaded region represents
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2.4.2 Ablation Study

We investigate Triple-Q’s sensitivity to hyperparameter 7 via an ablation study. As
shown in Figure 2.3, a smaller 7,, which represents a higher weight on the constraint,

results in a lower cost while maintaining a similar performance in terms of reward.

2.4.3 Triple-Q with Neural Networks

We also evaluated our algorithm on the Dynamic Gym benchmark (DynamicEnv)
[61] as shown in Figure. 2.1-(b). In this environment, a point agent (one actuator for
turning and another for moving) navigates on a 2D map to reach the goal position
while trying to avoid reaching hazardous areas. The initial state of the agent, the

goal position, and the hazards are randomly generated in each episode. At each
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Figure 2.3: Performance of Triple-Q under different choices of 7 in the Grid World

step, the agents get a cost of 1 if it stays in the hazardous area; otherwise, there
is no cost. The constraint is that the expected cost should not exceed 15. In this
environment, both the states and action spaces are continuous, we implemented
the key ideas of Triple-QQ with neural network approximations and the actor-critic
method. In particular, two Q functions are trained simultaneously, the virtual queue
is updated slowly every few episodes, and the policy network is trained by optimizing
the combined three “Q”s (Triple-Q). The implementation details can be found in
Table 2.2. These hyperparameters are used in two later environments, pendulum and
Ball-1D, as well. We call this algorithm Deep Triple-Q. The simulation results in
Figure 2.4 show that Deep Triple-Q learns a safe policy with a high reward much
faster than WCSAC [61]. In particular, it took around 0.45 million training steps

under Deep Triple-Q, but it took 4.5 million training steps under WCSAC.
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Training Steps Training Steps

Fi 2.4:
1BHe The rewards and costs of Deep Triple-Q versus WCSAC during Training
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Table 2.2: Hyperparameters

Parameter Value
optimizer Adam
learning rate 3x173
discount 0.99
replay buffer size 106
number of hidden layers (all networks) 2
batch Size 256
nonlinearity ReLLU
number of hidden units per layer (Critic and Actor) 256
virtual queue update frequency 3 episode

We further compared Deep Triple-Q with several existing safe exploration RL
algorithms. We first compared Triple-Q with CBF [50] on the Pendulum environment!.
In this environment, the constraint is that the maximum angle (rad) of the pendulum
cannot exceed 1 radian, otherwise, the episode ends. Since Triple-Q) was designed to
address cumulative constraints, we set the threshold of the angel to be 0.5 so that the
angel will not exceed 1 radian with a high probability. The result was averaged over
25 trials. As shown in Figure 2.5, we observed that Triple-Q) achieved a higher reward.
Although Triple-Q violated the constraint at the early stage and cannot guarantee a
strictly safe policy during learning, it can learn a relatively safe policy very quickly
without violating the hard constraint. We remark that CBF requires the physical

model of the pendulum as prior knowledge, while Deep Triple-Q does not.
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Figure 2.5: Comparison with CBF

Thttps://gym.openai.com/envs/Pendulum-v0,/
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Finally, we compared Triple-Q with DDPG+Safety Layer in [49] on Ball-1D
environment (Figure 2.6), where the goal of the RL agent is to keep the green ball as
close to the target (pink ball) as possible by controlling its velocity. The safe region is
[0, 1]. If the green ball steps out of it, the episode terminates. The threshold in this
environment was set to be 0.3. We can observed that Deep Triple-Q converged much

faster than DDPG+Safety Layer as shown in Figure 2.7.
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Figure 2.6: Ballld Environment
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Figure 2.7: Performance during training

2.5 Details of the Proofs

In this chapter, we present the complete proof of the main theorem. A notation

table and some supporting lemmas can be found in Appendix A.

2.5.1 Regret

To bound the regret, we consider the following offline optimization problem as our

regret baseline [11; 35]:

max Z qn(z,a)ry(z, a) (2.24)

h,x,a
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s.t.: Z qn(z,a)gn(z,a) > p (2.25)

h,x,a
Z qn(z,a) = Z Py (x|, a")qn_1 (', a’) (2.26)
> an(z,a) = 1,Yh € [H] (2.27)

Z(]l(ﬂf,a) = po() (2.28)

qn(z,a) > 0,Vz € §,Va € A,Vh € [H]. (2.29)

Recall that P,_;(z|2’,a’) is the probability of transitioning to state x upon taking
action a’ in state =’ at step h — 1. This optimization problem is linear programming
(LP), where ¢, (z,a) is the probability of (state, action) pair (x,a) occurs in step h,

> o Un(x,a) is the probability the environment is in state x in step h, and

_alr.a) (2.30)

Za’ dn (ZL’, CL’)

is the probability of taking action a in state x at step h, which defines the policy.
We can see that (2.25) is the utility constraint, (2.26) is the global-balance equation
for the MDP, (2.27) is the normalization condition so that ¢, is a valid probability
distribution, and (2.28) states that the initial state is sampled from pg. Therefore, the
optimal solution to this LP solves the CMDP (if the model is known), so we use the
optimal solution to this LP as our baseline.

To analyze the performance of Triple-Q, we need to consider a tightened version

of the LP, which is defined below:

max Z qn(z,a)ry(z, a) (2.31)

h,x,a

st an(x, a)gn(w,a) 2 p+ e

h,x,a
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(2.26) — (2.29),

where € > 0 is called a tightness constant. When e < ¢, this problem has a feasible
solution due to Slater’s condition. We use superscript * to denote the optimal
value/policy related to the original CMDP (2.6) or the solution to the corresponding
LP (2.24) and superscript ©* to denote the optimal value/policy related to the e-
tightened version of CMDP (defined in (2.31)).

Following the definition of regret in, we have

Regret(K) =E Zvl Tk1) (xkl)]
- Z (Z (Qiq}} (2p1, 0 )) — Q’{k(xk,l,ak,l)] : (2.32)

Now by adding and subtracting the corresponding terms, we obtain

Regret(K)

—E 2_) (Z{qur— T }(xk,l,a>) + (2.33)
E g(z {Q ¢} (w1, 0) —@k,mxk,l,ak,l)) + (2.34)
E ki{@,“ - Q7*} (xk,l,ak,l)] : (2.35)

Next, we establish the regret bound by analyzing the three terms above. We first

present a brief outline.

Outline of the Regret Analysis

e Step 1: First, by comparing the LP associated with the original CMDP (2.24) and
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the tightened LP (2.31), Lemma I1.3 will show

He
E k sk _ €,% €,% < -
;{Qﬁh 1 ¢ }(xk,ba)] =750
which implies that under our choices of €, §, and ¢,
KH - (1 11
(2.33) < = =0 (5H452A2K§) .

Step 2: Note that )y, is an estimate of @);*, and the estimation error (2.35) is
controlled by the learning rates and the UCB bonuses. In Lemma I1.4, we will show

that the cumulative estimation error over one frame is upper bounded by

H3\/IK~
H?SA+ % + VHASALK(x + 1).

Therefore, under our choices of «, x, and ¢, the cumulative estimation error over K

episodes satisfies

H3 K ~ 1 1 4
(2.35) < H2SAK'™™ + % + VHASALK?>(x +1) = O <H3SEA5K3) .

The proof of Lemma I1.4 is based on a recursive formula that relates the estimation
error at step h to the estimation error at step h + 1, similar to the one used in [34],

but with different learning rates and UCB bonuses.

Step 3: Bounding (2.34) is the most challenging part of the proof. For unconstrained
MDPs, the optimistic Q-learning in [34] guarantees that Q. ,(x, a) is an overestimate
of Q5 (z,a) (so also an overestimate of Q3" (z,a)) for all (x,a, h, k) simultaneously
with a high probability. However, this result does not hold under Triple-Q because
Triple-Q takes greedy actions with respect to the pseudo-Q-function instead of the

reward Q-function. To overcome this challenge, we first add and subtract additional
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terms to obtain

[ K
E Z (Z {Qi*ﬁ * fk,l, a) - Qk,1($k,1, ak,l))]

LEk=1

€% 6* Z €,% €,% €,% Z €,%
2|23 ({ora+ Zera fon - {@u + B oo

L k a

(2.36)

+E Z (Z {Qraar™} (@r1, a) — Qua(wn,, akJ))]

+E Z 2 Z{ (Cra—C77) qy }(5%1,@)] : (2.37)

We can see (2.36) is the difference of two pseudo-Q-functions. Using a two-
dimensional induction on step and episode, we will prove in Lemma II.5 that
{Qk,h + %Ok,h} (x,a) is an overestimate of { + Ze Ce*} (x,a) (i.e. (2.36) <0)
for all (z,a, h, k) simultaneously with a high probability. To guarantee this overesti-

mation, Triple-Q resets all Q-values to H at the beginning of each frame.

Finally, to bound (2.37), we use the Lyapunov-drift method and consider Lyapunov
function Ly = 377, where T is the frame index and Zr is the value of the virtual
queue at the beginning of the T'th frame. We will show in Lemma I1.6 that the

Lyapunov-drift satisfies
(T+1) K
E[Lry1 — L] < a negative drift + H*s + € — Z D, (2.38)

k TK*+1

where

<Z {Qraa"} (Tr1, @) — Qe (g1, ak,l))]

Z €,% €,k
fZ{(Ck,l - O ay }(l’k,ba)] ,
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and we note that (2.37) = ), ®,. Inequality (2.38) will be established by showing

that Triple-Q takes actions to almost greedily reduce virtual-Queue Z when 7 is

large, which results in the negative drift in (2.38). From (2.38), we observe that
(T+1) K>

E[Lyy — Ly] < HY + €% — % Y o (2.39)

k=TKo+1

So we can bound (2.37) by applying the telescoping sum over the K1~ frames on

the inequality above:

K(H* + €%)

Y

OlE [Ll - LKlfa_A'_l] + K(H4L + 62) S

K
237) =Y & <
(237) ; ’ U U U

where the last inequality holds because Ly = 0 and Ly > 0 for all 7. Combining

the bounds on (2.36) and (2.37), we conclude that under our choices of ¢, € and 7,

(2.34) = O(H'S2 A2 K3).

Combining the results in the three steps above, we obtain the regret bound in Theorem
I1.2.
Detailed Proof

We next present detailed proof. The first lemma bounds the difference between
the original CMDP and its e-tightened version. The result is intuitive because the

e-tightened version is a perturbation of the original problem and e < §.

Lemma I1.3. Given € < 6, we have

* % €% €% He
E > {Qiqi — Q7¢i"} (wka, a) <5
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Proof. Given ¢;(z,a) is the optimal solution, we have

Z ¢ (z, a)gn(z,a) > p.

h,x,a
Under Assumption II.1, we know that there exists a feasible solution {q;' (z,a)}f_,

such that
Z @ (z,a)gn(x,a) > p+ 0.

h,x,a

We construct ¢2(z,a) = (1 — )@ (v,a) + §q,§1(:v, a), which satisfies that

> agn(e,a) = Y- (1= H)ai(e,a) + 507 (2.0) ) gulw,a) = p+ e,

h,x,a h,x,a
Yo dit(wa) =D pralalel,a)gt (o, a),
h,z,a z’,a’
&2 -1
Z ¢’ (x,a) = 1.
h,z,a

Also we have ¢;*(x,a) > 0 for all (h,z,a). Thus {¢:*(z,a)}_, is a feasible solution to
the e-tightened optimization problem (2.31). Then given {q;"(z,a)}}_, is the optimal

solution to the e-tightened optimization problem, we have

> (Gh(w.a) = g, (x,0)) ra(z, a)

h,x,a

S Z (q;(l’, a) - Q%(ZE, a)) Th($7 a)
h,x,a

<Y (ailw0) = (1= 5) Gile.0) = 2q7 (2.) ) (e )
h,x,a

<Y (a0 = (1-5) Gi@.0) rule,a)
h,x,a

g% };lq;(x,a)rh(x,a)
He

<1t

iy 5 )
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where the last inequality holds because 0 < rp(z,a) < 1 under our assumption.

Therefore the result follows because

ZQ1$k17 a)qy (Tr,a thﬂcarhxa)

h,z,a

ZQl Lk,1, A a)qy” ( Lk,1,Q th (x,a)rp(z,a).

h,x,a

]

The next lemma bounds the difference between the estimated Q-functions and

actual Q-functions in a frame. The bound on (2.35) is an immediate result of this

lemma.

Lemma I1.4. Under Triple-Q, we have for any T € [K'~%],

E Z {Qr1 — QT (zp1,a1) | < H?SA +

k=(T—1)K*+1

E Z {Cr1 — CT*} (vg1,an,) | < H*SA+

k=(T—1)K*+1

TK" HiK®

TK® H3 JIK©

+ VH2S ALK (x + 1),

+ VH2SAK(x + 1).

Proof. We will prove the result on the reward Q-function. The proof for the utility

Q-function is almost identical. We first establish a recursive equation between a

Q-function with the value-functions in the earlier episodes in the same frame. Recall

that under Triple-Q, Qk+1.4(2,a), where k is an episode in frame T, is updated as

follows:

Qk-s—l,h(l', Cl)
(1 — ) Qrn(w,a) + oy (rh(x, a) + Vi hyr (Teps1) + be)

Qk,h(x7 CL)
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where ¢t = Ny ,(x, a). Define k; to be the index of the episode in which the agent visits
(x,a) in step h for the tth time in the current frame. The updated equation above

can be written as:

Qk,h(l", a)=(1- %)th,h(ﬂﬂ, a) + o (rp(x, a) + Vk’t,h-ﬁ-l(xkt,h"rl) + ) .

Repeatedly using the equation above, we obtain

Qrn(z,a) =1 —a)(1 — ar1)Qk,_, 0(x, @)
+ (1 = o)y (ralz, a) + Vi ps1 (Th_y 1) + bet)

+ oy (r(z, @) + Vi hyr (g, hg1) + )

t

—Oth(T 1)Ko41, h(l‘ CL -+ ZOét Th x CL) —+ Vk h+1(ZL’k h+1) + b) (240)
i=1

t
SO(?H + Z Oéi (T‘h(l‘, Cl) + Vki,h+1 (xki’h+1) + bz) R (241)

where of = [[,_;(1 — ;) and of = o; [];_;,, (1 — o;). From the inequality above, we

further obtain

TK* TK® TK* Nkha:a

Z Qrn(w,a) < Z Y H + Z Z aNkh (rh(z, a)

k=(T—1)K*+1 k=(T—1)K*+1 k=(T-1)Ko41 =1

Vi1 (T py1) + 0i) - (2.42)

The notation becomes rather cumbersome because for each (zp, ax ), we need to
consider a corresponding sequence of episode indices in which the agent sees (g, ax ).

Next we will analyze a given sample path (i.e. a specific realization of the episodes in
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a frame), so we simplify our notation in this proof and use the following notations:

kb
N = Nin(Tin, arn), k?l( e ki(zgp, Ak p),

where k;gk’h) is the index of the episode in which the agent visits state-action pair

(g, ar.p) for the ¢th time. Since in a given sample path, (k, h) can uniquely determine

(Zk,ns arp), this notation introduces no ambiguity. Furthermore, we will replace
TK

Jm(T—1) K41 with ), because we only consider episodes in frame 7" in this proof.

We note that

Ni.h
ZZO/ V(kh) I, (k,h) kah T Z aNkh
Nin " k™™ h+1 kM g1 +1 kh+1
k=1 t=Ng n

S <1 + ;) Z Vk7h+1(xk,h+1)7 (243)
k

where the first inequality holds because because Vi j11(2k n+1) appears in the sum-

mation on the left-hand side each time when in episode & > k in the same frame,

the environment visits (zyp, arn) again, i.e. (g p, arn) = (T, arn), and the second

inequality holds due to the property of the learning rate proved in Lemma A.1-(d).
Nin(z,0)

By substituting (2.43) into (2.42) and noting that >, oy, . = 1 according to

Lemma A.1-(b), we obtain

Z Qi (Th s )
k

< Z oVH + Z (rn(zrn, akn) + Viens1 (Trpe1))
3 2

Ni,n

+ - kah-i-l (Th,pt1) +ZZO‘NM i

Z Th(Zkn, akn) + Ve (e 1)) + HSA +
A

H?*\/iK* 1
A7ViR" + 5\/HQSALKO‘(X + 1),
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where the last inequality holds because (i) we have

Z R H = Z HIn, ,—oy < HSA,
k k

(i1) Vips1(zpne1) < H*/e by using Lemma A.2, and (iii) we know that
Ng,n TK® Ng,n

: 1 H2u( 1
Zzaﬁ\ﬁc,hbizz Nkh ot )

1
k=(T-1)K>+1 i=1 X+

NTKahxa HQL(X+1 1 NTKahra)\/m
:‘Z Z —rn = 52 >, — —u

<V H2SALK*(x + 1),

where the last inequality above holds because the left hand side of (1) is the summation

H2y(x+1)

of K% terms and
x+n

is a decreasing function of n.
Therefore, it is maximized when Nrgoj, = K*/SA for all z,a, i.e. by picking the

largest K terms. Thus we can obtain

> Qun(wrn arn) = Y QpF(pn, ars)
K K

Tk H2\/ZKO[ 2
S Z (‘/]g7h+1<xk7h+1) — IF’thH(xk,h, akﬁ)) + HSA + T + \/H SALKO‘(X + 1)
k

< Z (Vioht1 (@r 1) — PRVIE (2o, awp) + Vit () — Vi (T
%

H2 iK™
+ HSA+ % + /H2S ALK (y + 1)

= Z (Vk,h+1($k,h+1)) — Vit (@rng1) — PuViky (T, arp) + I@)ﬁvﬂ“l(%,h, ak,h))
P

H2\/IK®
+ HSA+ % + VHZSAK(x + 1)
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Z Qrt 1 (Thpa1, Grnr1) — Qpy (Tpnst, A1) — PrVity (T, arp)
%

- H?*\/IK*
+ PRV (e, ak,h> + HSA+ % + VH2S ALK (x + 1).

Taking the expectation on both sides yields

E > Qral@in arn) — > QrF (zrn, ak,h)]
k K

<E Z (Qk,h+1($k,h+1: Arpy1)) — Qpiq (Thptrs ak,h+1)) +HSA
L &
H?\/IK®
+ AZVIK" + VH2S ALK (x + 1).

Then by using the inequality repeatably, we obtain for any h € [H],

E Z Qrn(Th s p) — Z Q" (Trns ak,h)]
k k

HS\/ZKa

<H*SA + + VH*SALK(x + 1),

so the lemma holds.

From the lemma above, we can immediately conclude:

H3\iK
VI | ETS AR (1)

K
E Z {Qr1 — QT } (w1, ax1) | < H?SAK'~™@ 4+
=1

K
3K
E | {Cri— O} (2r,ar) | < HESAK'™ + % + VHSSAK o (x + 1).

We now focus on (2.34), and further expand it as follows:

(2.34)

Z (Z {QV' "} (wk1, @) — Qa1 ak,l))]
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=E

ZZ{ k1~ Fea) a7} (a, )] (2.44)
+E Z <Z {Qr1d7"} (xr,a) — Qr (g1, ak71)>]

+E ZZkZ{ Cra — C7) a4y} (@, )], (2.45)

where

Z
Fin(z,a) = Qrp(z,a) + ?kck,h(l’, a)

* €,% Z €,%
Fyi(z,a) = QY (x,a) —i-#gCh’ (x,a).

We first show (2.44) can be bounded using the following lemma. This result holds
because the choices of the UCB bonuses and the reset at the beginning of each frame
guarantee that Fj,(x,a) is an over-estimate of F;"(z, a) for all k, h and (x,a) with a

high probability.

Lemma I1.5. With probability at least 1 — K3, the following inequality holds simulta-
neously for all (xz,a,h, k) € S x Ax [H]| x [K]:

{Fkﬁ — F;Lr} (iL‘, a) Z 0, (246)
which further implies that
K
€,% €.% 4H4L
E ; ; {(Fk,1 — Fk,l) qy } (xp1,a)| < " (2.47)

Proof. Consider frame T" and episodes in frame T'. Define Z = Zr_1)ge41 because the

value of the virtual queue does not change during each frame. We further define/recall
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the following notations:

A A
Fin(z,a) = Qpp(z,a) + ch,h(% a), Ugn(z) = Vin(z)+ ZWk,h(m),

s ™ Z ™ ™ s Z ™
Fh (m’ a) = Qh($v a) + Zch (m, a)> Uh (:17) = Vh (ZU) + ;Wh (ZU)
According to Lemma A.3 in the appendix, we have

{Fin — Fi} (2, a)

=a {F(T—I)Ka—l—l,h — F,Zf} (z,a)

t
) “q YA
3 ({U C U} (@) + (B = BUF L}, a) + (1 T —) m)

=1

t
>0 { Fr—ykesin — F7 ) (2,0) + Y 0f {Uknir — Uiyt } (,041)

=1

=waf {Fr_yxesin — Fi} (2,0)
t
+) o (mgx Froht (T pv1, @) — F7 (T ps s W(xki,hﬂ)))
=1

t
ZO&? {F(T—l)KD‘-H’h - F;LT} (:E, a) + Z O‘i {Fki,thl - F;zTJrl} (mkthrl? W(xki7h+1))7 (2'48)

=1

where inequality (a) holds because of the concentration result in Lemma A.4 in the

appendix and

t t

o Z 1 o Z |H2(x + 1 +Z |H2(x+1
S a1+ D= 13 ajr 4 2y [ L bl
P U 4= U X+t 4n X+t

by using Lemma A.1-(c), and equality (b) holds because Triple-Q selects the action

that maximizes Fi, p41(2g, nt1, @) 80 Uk, pt1(Th, n1) = maxg Fi, pr1 (Th; n1, @).
The inequality above suggests that we can prove {Fy , — FJ }(z, a) for any (z,a) if
(1)
{Fir—nykes1n — FJ} (z,a) >0,
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i.e. the result holds at the beginning of the frame and (ii)
{Fop1 — F 1} (#,0) >0 for any K

and (z,a), i.e. the result holds for step h + 1 in all the episodes in the same frame.
It is straightforward to see that (i) holds because all reward and cost Q-functions
are set to H at the beginning of each frame (line 20 in Algorithm 1).
We now prove condition (ii) using induction, and consider the first frame, i.e.
T = 1. The proof is identical for other frames. Consider h = H i.e. the last step. In

this case, inequality (2.48) becomes
s 0 Zl s
{Fon — Fi}(z,a) > a; S H+ FH — Ff ¢ (x,a) >0, (2.49)

i.e. condition (ii) holds for any k in the first frame and h = H. By applying induction

on h, we conclude that
{Fk,h - F,Zr}(l‘, CL) Z 0. (250)

holds for any k, h, and (x,a), which completes the proof of (2.46).
Let £ denote the event that (2.46) holds for all k, h and (x,a). Then based on

Lemma A.2, we conclude that

. _
E NS {(FE - F) 66} (w1, a)
Lk=1 a i
L= _
—E | S5 (B - Fua) 67} (a0, 0)| €| Pr(€)
Ll k=1 a 1
K
+E|SOS {(FST = For) 657} (an1, )| €| Pr(€9)
k=1 a
K'Y H*/1\ ., ~1 _4H%
= (”T) TViE =g (2.51)
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]

Next, we bound (2.45) using the Lyapunov drift analysis on virtual queue Z. Since
the virtual queue is updated every frame, we abuse the notation and define Zr to be

the virtual queue used in frame T'. In particular, Zy = Zp_1)gaq1. We further define
TK®
CT == Z Ck,l (xm, (lk71). (252)

k=(T—1)K*+1

Therefore, under Triple-Q, we have

Cr\"
ZT+1 = ZT + P +e€— ﬁ (253)

Define the Lyapunov function to be

1
Ly = 52%. (2.54)

The next lemma bounds the expected Lyapunov drift conditioned on Zr.

Lemma I1.6. Assume ¢ < d. The expected Lyapunov drift satisfies

E [LT—H — LT’ZT = Z]

TK®
1 €,%
S%a Z <—77]E Z {Qraay™ } (e, a) — QualTr, ar)| Zr = 2
k=(T—-1)K>+1 a
+2E | Y {(CF = Chn) 67"} (w1, 0) | Zr = 2 ) +HY € (2.55)

Proof. Based on the definition of Ly, the Lyapunov drift is

_ 2
e\ (FE+e—r)
Lryy — Ly <Zr (p+€——) +



7 (T+1)K*
<Ta Z (p+e—Cra(zpi,ar)) + H'u+ €

- «

k=TK>+1

where the first inequality is a result of the upper bound on |Cy 1 (zk 1, ar1)| in Lemma
A2.
Let {¢}}_, be a feasible solution to the tightened LP (2.31). Then the expected

Lyapunov drift conditioned on Z; = z is

E[Lri1 — Lr|Zr = 7]
TK(¥

1
<7 Z (Eflz(p+e—Cri(@r,ar1)) — nQr1(Tk,1, arn)| Zr = 2]

(0%
k=(T—1)K*+1

+ ’IﬂE [Qk71($k71, akjl)] ZT = Z]) + H4L + 62. (256)
Now we focus on the term inside the summation and obtain that

(Elz(p+e—Cra(wpy, a1)) = nQra(Tr, arn)| Zr = 2]

+ nE [Qr1(zk,ar1)| Zr = 2])
n (Z {%Ck,ﬂ]i + Qk,lcﬁ} (1, G))

+nE Qi1 (T, ar1)| Z1 = 2]

2 (p +e— Z Ck,1($k,17 a)qy (xk,h a))

—E |7 Qualwr, a)gi(wr1,0) = nQur(wr1, ak1)

<w@z(p+e) —E

ZT:Z]

ZT:Z]

ZT:Z

2 p+e— Z Ci(wp,1, a)qy(wr,1, a>>

—E|n Z Qi (Tr,1,0)q1 k1, @) — 1Qu1 (Tha, ar) | Zr = Z]

ZT:Z

+E zz {(C] = Cra)di} (T, a)
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< —nE Zr ==z

Z Qi1 (r1,a)q5 (Tr1,0) — Qi (Th,15 an1)
a

+E ZT:Z ,

2> A(Cf = Cra)ai} (zra,0)

where inequality (a) holds because ay,, is chosen to maximize Qy p (s, a)—kZ?TCk,h(x;ﬁh, a)
under Triple-Q), and the last equality holds due to that {qf(x,a)} | is a feasible

solution to the optimization problem (2.31), so

G+ﬁ§]ﬁ%m%%mm>:G+ﬁQZM%WMW0SQ

h,x,a

Therefore, we can conclude the lemma by substituting ¢j,(x,a) with the optimal

solution ¢, (z, a). O

After taking expectation with respect to Z, dividing 7 on both sides, and then
applying the telescoping sum, we obtain

>

k=1

z%zwm4mwwm4

SKO‘I[-Z [L1 — Lgi-ayq] N K (H* + é2) < K (H* + €?)
n U n

E

a

(Z {Qr1di"} (w1, 0) — Qra(Tra, am))]

+E

: (2.57)

where the last inequality holds because that L; = 0 and Ly, is non-negative.

Now combining Lemma I1.5 and inequality (2.57), we conclude that

K (H* + ¢) N 4H*

2.34) < .
(2.34) < p K
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Further combining inequality above with Lemma II.3 and Lemma II.4,

He

H3\/IK
X
+ VHISALK?(x + 1) +

K
Regret(K) < + H2SAK'™ +

K (H* + €) N 4H*Y

; K (2.58)

By choosing a@ = 0.6, i.e each frame has K¢ episodes, y = K%2, n = K°2,

R P\ 5
and € = 8?{‘#, we conclude that when K > (%) , which guarantees that
€ < 0/2, we have
13 4H* ~ (1
Regret(K) < = H'VSAZK® + K—1; =0 <5H4SéAéK0-8> . (2.59)

2.5.2 Constraint Violation
Outline of the Constraint Violation Analysis

Again, we use Zr to denote the value of virtual-Queue in frame 7. According to

the virtual-Queue update defined in Triple-Q, we have

7 Goipre- Y s zpipye O
T+1 TTpP Ko Z 47T p Ko’
which implies that
TK®
> (O (wkrann) + p) <K (Zrya — Zr)
k=(T—1)Ke+1
TK*
+ Y ({Cra — O} (wrasaka) —€).
k=(T—1)K+1
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Summing the inequality above over all frames and taking expectation on both sides,

we obtain the following upper bound on the constraint violation:

K

E Zp — CT* (2.1, Clk,1)] < —Ke+ K°E[Zg1-a 4]
k=1

+E

K
Z {Crq — CT*} (w1, ap,1) | (2.60)
k=1

where we used the fact Z; = 0.
In Lemma II.4, we already established an upper bound on the estimation error of

CkJ .

H3/IK

K
E Z {Cr1 — CT*} (zg 1, ak,l)] < H*SAK'™™ + + VHAS ALK (x + 1).
k=1

(2.61)

Next, we study the moment generating function of Zp, i.e. E [e”ZT] for some r > 0.
Based on a Lyapunov drift analysis of this moment generating function and Jensen’s
inequality, we will establish the following upper bound on Z; that holds for any
1<T<K'e+4+1

(2.62)

54H*, 16H?%\/1 16H? 4nvH?%
E[Zr] < 10g( f)+ V2T

o K26 )

Under our choices of €, o, x, n and ¢, it can be easily verified that Ke dominates the
upper bounds in (2.61) and (2.62), which leads to the conclusion that the constraint
violation because zero when K is sufficiently large in Theorem I1.2.

Detailed Proof

To complete the proof, we need to establish the following upper bound on E[Z74]

based on a bound on the moment generating function.
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Lemma I1.7. Assuming ¢ < g, we have for any 1 <T < K1=¢

E[Z] < (2.63)

54H" 16H?\/1 16H?. 4nvH2
1 .
Og( 5 )+ K% 5

The proof will also use the following lemma from [62].

Lemma I1.8. Let S; be the state of a Markov chain, L; be a Lyapunov function with
Lo = ly, and its drift Ay = Ly — Ly. Given the constant v and v with 0 < v < v,

suppose that the expected drift E[A;|S; = s| satisfies the following conditions:

(1) There exists constant v > 0 and 0; > 0 such that E[A]S; = s] < —vy when
Lt Z Ht'

(2) |Liv1 — Ly| < v holds with probability one.

Then we have
2 r(v+06¢)
E[e’r‘Lt] S eT‘lO + e ,
ry

_ 7
where r = e

Proof of Lemma 11.7. We apply Lemma II.8 to a new Lyapunov function:
I/T = ZT.

= 4H2, VH2+H4 +€2
To verify condition (1) in Lemma I1.8, consider Ly = Zp > 0y = el ZI HH )

and 2e¢ < . The conditional expected drift of

E[Zri1 — Zr|Zr = 2]

—E { 72, —V2

ZT:Z}

<o E[Z3, 2| Zr = 2)

— 2z
< 5+ U oV H? A HY A+ €
=(a) 2

z
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452% + 77\/H_2L—|— H* + €
Or

where inequality (a) is obtained according to Lemma A.5; and the last inequality
holds given z > 6.

To verify condition (2) in Lemma II.8, we have
Zrir — Zp <\ Zpi — Zr| < |p+e— Cp| < (H? + VHY) + € < 2VHA,

where the last inequality holds because 2¢ < ¢ < 1.

Now choose v = % and v = 2/ H*.. From Lemma I1.8, we obtain

QeT(U+9T)
E [eTZT} < ey ——, where r= v

_ 2.64
Ty v2 +v7v/3 ( )

By Jensen’s inequality, we have
erIE[ZT] <E |:6TZT:| 7
which implies that

1 D) r(v+6r)
E[Zr] < - log <1 + e—)
r

ry
2
g (14 82T v
r 3?2
1 Sv?
<_1 1 _ T‘(’L)+0T)
< og( + 3726
2
<1 log _111) 67"(”+6.T)
—r 32
2 2
<30 (L prtoson)
~ 3y 32
3v? 2u
<—1log|— ) +v+0r
Y Y
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2 4 4H?, /H2 H4 2
Sgilog(Q—v>+v+ G v H e
g g 0
A8 H* 16 H2 4 4H?, 4 H2, + H* + €2
_ Llog NG o 4 (5=t +nvH% L+ €?)
) ) )
54H*. 16H%\/1 16H* 4nvH?. - (nH
< 1 = — 2.
S5 og< 5 )+K25+ 5 0(5), (2.65)
which completes the proof of Lemma II.7. O

Substituting the results from Lemmas I1.4 and I1.7 into (2.60), under assumption

-\ 5 R
K > (16— VS?HGLJ> , which guarantees € < %. Then by using the facts that e = 8%“#,

we can easily verify that

54H* K06 16 H? 4/ H?
Violation(K) < (; log 5 Ve + 5 "KO% _ 5V/SAHSSKOS,

If further we have K > e%, we can obtain

54[_]’4 KO.G 16H2
Violation(K) < 5” log 5 Ve /SAHS KOS — 0.

Now to prove the high probability bound, recall that from inequality (2.53), we

have
K K
> p—Cl(@r1,ak) < —Ke+ K*Zgaaiy + Y {Cri — C7*} (w1, ag). (2.66)
k=1 k=1

According to inequality (2.64), we have

r(v+07) 2
E[e7"] < et + T Y e

which implies that

1 1102
Pr (ZT > —log < 32 ) +2(v+ QT))

r



— Pr(erZT > elog( 131;;22 )+27‘(’U+9T))

=0 (e, (2.67)

where the first inequality is from the Markov inequality.

In the proof of Lemma I1.4, we have shown

TK~

Z Ck,h(fﬂk,h, ak,h) - C;:k(l'k,h, Clk,h)

k=(T—-1)K*+1
TK®

T,
E Ck,hﬂ(l’k,hﬂ, ak,h+1) - Chil(il?k,hﬂ, ak,thl)
k=(T—1)Ko+1

IN

TK~

+ Z (P — Pu)V™ (2hp, ann)

k=(T—1)K*+1

H?\/LK*
+ HSA+ % + VH2S ALK (x + 1) (2.68)

Following a similar proof as the proof of Lemma A.4, we can prove that

TK* 1
Z (]P)i — ]Ph)Vhﬂ“l(xk,h, akyh) S 4_1 HQLKO‘

k=(T—1)K*+1

holds with probability at least 1 — % By iteratively using inequality (2.68) over

h and by summing it over all frames, we conclude that with probability at at least

1 1

L
K
Z{C’m — O M1, ar1)
k=1
H3\/IK 1
<K'"*H*SA+ Vi + VHASAUK2(x + 1) + Z\/H%K?—a

<4VHASALK®, (2.69)
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where the last inequality holds because o = 0.6 and y = K%2.
Now, by combining inequalities (2.67) and (2.69), and using the union bound,

5
we can show that when K > max{<8—v51§H6L3> ,e}S}, with probability at least

1-0 (e*KO'2 + %)

K

> p— C(wra, ary)

k=1

1 11v?
< —Ke+ K“ (;log ( 3;2 ) +2(v —|—9T)) + 4V HASALK®

< —VSAHSBK® <0, (2.70)

which completes the proof of our main result.

2.6 Summary

In this chapter, we considered CMDPs and proposed a model-free RL algorithm
without a simulator, named Triple-Q). From a theoretical perspective, Triple-() achieves
sublinear regret and zero constraint violation. We believe it is the first model-free RL
algorithm for CMDPs with provable sublinear regret without a simulator. From an
algorithmic perspective, Triple-Q has similar computational complexity with SARSA,
and can easily incorporate recent deep Q-learning algorithms to obtain a deep Triple-@Q)
algorithm, which makes our method particularly appealing for complex and challenging
CMDPs in practice. While we only considered a single constraint in the chapter, it
is straightforward to extend the algorithm and the analysis to multiple constraints.
Assuming there are J constraints in total, Triple-Q can maintain a virtual queue and

a utility Q-function for each constraint, and then selects an action at each step by
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solving the following problem:

J
1 . .
max (Qh(xh,a) +5 E Z(])C’,(f)(xh,a)) )
Jj=1
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CHAPTER III

A Provably-Efficient Model-Free Algorithm for

Infinite-Horizon Average-Reward CMDPs

3.1 Introduction

In the previous chapter, we discussed designing model-free algorithms in episodic
finite-horizon CMDPs. In general, learning CMDPs in the infinite horizon average-
reward setting, where the learner-environment interaction never ends or resets and
the goal is to achieve optimal long-term average-reward under constraints, appears to
be much more challenging.

For the episodic CMDPs, two very recent works [20; 28] show that sublinear regret
bound and zero violation are possible for episodic CMDPs without simulators. In
particular, [20] proposes a model-based algorithm and [29] presents a model-free
algorithm, and [31] proves that it is possible to achieve zero violation during training
given a safe baseline policy based on a model-based approach. Despite these significant
developments, we seek to answer the following question:

Can we design efficient RL algorithms for infinite-horizon, average-
reward CMDPs with provable regret and constraint violation guarantees?

We answer this question affirmatively in this chapter and present a model-free

RL algorithm Tiple-QA that achieves sub-linear regret and zero constraint violation.
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Algorithm Regret Constraint Violations
Known Model | C-UCRL [13] O(SAVKL?) 0
Model-based | UCRL-CMDP [14] O(SVAK?) O(SVAK?)
Known Model | CMDP-PSRL [32] | O(poly(SAD)VK) O(poly(SA)VK)
Model-free | Triple-QA O (AKt) 0
Table 3.1:

Regrets and constraint violations of RL algorithms for infinite-horizon
average-reward CMDPs. S is the number of states, A is the number of
actions, K is the number of steps, D is the diameter of the CMDP whose
definition can be found in the appendix, ¢ is the slackness that will be
defined later (Eq. (3.13)), and poly(X) denotes a polynomial function of
z. Throughout this chapter, we use the notation O to suppress log terms.
O(f(K)) denotes O(f(K)log" K) with n > 0.

Table 3.1 compares the results in this chapter with those in the literature. We remark

that the proposed algorithm synthesizes the Triple-Q algorithm in [29] for episodic

CMDPs and Optimistic Q-Learning [45] that reduces the average-reward problem to

a discounted reward problem.

3.2 Preliminaries

An infinite-horizon average-reward CMDP can be defined as (S, A, r, g,p), where
S is the finite state space, A is the finite action space, r(g) : S x A — [0, 1] is the
unknown reward (utility) function, and p: S x A x § — [0,1] is the transition kernel
such that p(s'[s,a) := P(sgy1 = §'|sk = s,ar = a) for s, € S,a, € A. A stationary
policy is a mapping 7 : § — A, the long-term average reward (reward rate) of a
stationary policy 7 with initial state s € S is defined as

1
J(s) = lim —=E

K
Koo K

Zr(sk,w(sk))

k=1

s = s] , (3.1)
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and the long-term average utility (utility rate) is defined as

K

> gk, (s)

k=1

1
Jg (s) == lim ?E

K—oo

s = s] . (3.2)

We assume that under any stationary policy, s; is an irreducible aperiodic Markov
chain, so it has a unique stationary distribution, and the limits above are well-defined.
Letting s denote the Markov chain at steady-state under policy 7, we have

ST =E[r(sl,,m(s%))] and JT =E[g(s5,, m(s%))], (3.3)

[e.9] o0

where we removed the dependence on the initial condition s because the stationary
distribution is independent of the initial condition for a finite-state, irreducible, and
aperiodic Markov chain.

An optimal stationary policy 7* is defined to be the solution to the following

problem:
max JTost J7 > p. (3.4)

We consider a constrained RL problem with K steps. At each step k, the agent
observes state s, takes an action ay, and receives reward (s, ax) and utility g(sg, ax).
The next state sj; is sampled according to the probability distribution p(-|sg, ay).
Our goal is to develop an online RL algorithm, which may be nonstationary, that

minimizes both the regret and the constraint violation defined below.

Regert(K) = E

Violation(K) = E

When the transition kernel p(s'|s, a) is known, the optimal stationary policy that
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solves problem (3.4) can be obtained by solving the following LP problem [11]:

3.7
{q(s,a) I(I;%XGSXA}Z(] % a S a ( )
s.t. Z q(s,a)g(s,a) > p,Vs € S,Ya € A (3.8)

q(s,a) > 0,Vs € S,Va e A (3.9)

Zq(s,a) =1 (3.10)

s,a

ZQ(Sva) - ZP(S|SI,GI)Q($/,G/), (3'11)

a

where the ¢(s,a) is called the occupancy measure, which is defined as the set of
distributions generated by executing the associated induced policy 7 in the infinite-
horizon CMDP. " _q(s,a) represents the probability the system is in state s, and
% is the probability of taking action a in state s. The utility constraint is
represented in (3.8). More details can be found in [11].

To analyze the performance of our algorithm, we need to consider a tightened
version of the above LP problem later, which is defined below:

max Zq(s, a)r(s,a) (3.12)

{q(s,a):(s,a)ESx.A} o

s.t. Zq(s,a)g(s,a) >p+eVseSVae A

(3.9) — (3.11),

where € > 0 is called a tightness constant. As in previous works [19; 25; 17; 53], we

make the following standard assumption of Slater’s condition.

Assumption IIL.1. (Slater’s Condition). There exist 6 > 0 and a feasible solution
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q(s,a) to the LP such that

ZQ(Sva)g(57a) -p > 0. (313>

s,a

It is obvious that when € < 0 the problem (3.12) has a feasible solution due to
Slater’s condition. The Slater’s condition is commonly assumed in previous works
to ensure the LP problem has strong duality, see proofs in [53; 63]. Unlike [19; 17],
which assume § is known, and [54; 20; 31], where a strictly feasible policy is given,

our assumption is less restrictive. Let

J :Zq*(s,a)r(s,a), (3.14)

J; :Zq*(s,a)g(s,a). (3.15)

be the optimal reward rate and utility rate, where ¢*(s,a) is the optimal solution
obtained by solving the LP problem (3.7). Moreover it is obvious that J; and J; are
independent of the initial state and we have J} = JT and J; = J7 .

In the following, we use superscript * to denote the optimal policy achieved by
solving the LP (3.7) of the original CMDP, and superscript “* to denote the optimal

policy related to the e-tightened version of LP (3.12).

3.3 Algorithm

In this section, we introduce our algorithm Triple-QA (see Algorithm 3 for pseudo-
code) which achieves sub-linear regret and zero constraint violation. The algorithm is
inspired by Triple-Q, an algorithm for episodic CMDPs in [28]. Triple-QA is for the
infinite-horizon average-reward CMDPs with a different update rule. The algorithm
further solves the discounted CMDPs with the discount factor v close to one, an idea

used in [45]. The discounted CMDP is defined on the same state space, action space,
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reward /utility functions, the transition kernel. The intuition is that the reward of

the discounted problem (scaled by 1 — «y)) approaches to that of the average reward

problem as v goes to 1.

Algorithm 3: Triple-QA

1 Initialize Qy(s,a) = Q1(s,a) « H = K&

N

I

[S)]

(=]

10
11
12
13
14
15
16
17

18

19

20

21
22

23

24

25

26

ni(s,a) < 0,V(s,a) € S x A,y = 1_% i
Choose x = K3,n = K&,1= 8log(V2K), 8
Choose € = %?, k(Eq.(3.29))}. ;
Initialize C < 0, Z; < 0. ;

_ xtl (X+1)L
Deﬁne,OzT—X+T,b F y
for episode k =1, .. .,K do

Take a;, = arg max, <Qk(sk, a) + %C’k(sk, a)) g
Observe sj1.;
Nga1(Sk, ar) < ng(Sk, ag) + 1,7 < nga1(Sg, ax)-;
Update Qp+1(Sk, ar) < (1 — ar)Qi(Sk, ar) + ar[r(sg, ax) + ’Yvk(SkH) +b-];
Update Cyq(sk, ar) < (1 — o) Ch(sk, ar) + arlg(sp, ar) + Y Wi(se1) + bs);
if Qur(sk, ar) < Qurlsw, ar) and Cryr(sk, ax) < Ci(sy, ax) then
Qk+1(5k7 ar) < Qry1(sk, ar);
Crr1(sk, a) + Cria(sk, ap);
else
Qk+1(5k, ay) < Qk(sk, a);
ék+1<5ka ax) < ék(3k7 ag);
C + C+ (1 —~)Crl(sk, ar);
a’ = arg max, (Qkﬂ(sk, a) + %ék+1(8k, a));
Vkﬂ(sk) — QkJrl(Sk, a');
Wii1(sk) < Crra(si, a');
if k& mod K” =0 then
Z (Z—i—p—i—e—%);
Reset C' < 0,n(s,a) «+ 0.;
Reset C:)kﬂ(s, a), Qri1(s,a), Viri(s) to H
Reset Cry1(8,a), Crr1(s,a), Wii1(s) to H;

Under the discounted CMDP setting, given a policy 7, the reward value function
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VT at step k is the expected cumulative rewards from step £ under policy 7 :

Vii(s)=E

Z v (si, w(ss))

Sk = s] . (3.16)

The reward @Q-function QF (s, a) at step k is the expected cumulative reward when an

agent starts from a state-action pair (s,a) at step k and then follows policy 7 :

Qi(s,a) = r(s,0) + E | S 7 *r(si,m(s1))

1=k

S = 8,0 =a ] . (317)

Similarly, we use W[ (s) : § — R* and Cf(s,a) : S x A — RT to denote the utility

value function and utility @-function at step k:

Wi(x)=E

Z v g(si, milsi))

Sk = s] : (3.18)

D Fg(si (i)

i=k

Cri(s,a) = g(s,a) + E

It is obvious that all the reward and utility value (Q-value) functions are bounded

by —— because the reward and utility are bounded by 1. We define H = —1-. Then
1—v 1—v

given a state-action pair (s, a) at step k, our algorithm updates the estimate of reward

(utility) @—value functions of the discounted CMDP setting instead.

The design of the algorithm is based on the primal-dual approach for constrained

Jr
1—v

optimization problems. Suppose that V™ (s) (W™(s)) is an accurate estimate of

<1JT"W7) . The formal proof is deferred to the next section. Given Lagrangian multiplier

1, we consider the following problem:

max J(s) + p(Jg(s) = p) mmax(1 =) (V7(s) + pW7(s)) — up (3.20)
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which can be interpreted as an unconstrained MDP with a modified reward function
(1 =7)(r + png).

The algorithm is an extension of Triple-Q [28] for episodic CMDPs by including the
discount factor and replacing episode-by-episode updates with step-by-step updates.
We adopt the same notations used in [45]. Same as Triple-Q, the algorithm maintains
an estimate Vi(s) (Wi(s)) for the optimal value function V*(s)(W*(s)) and Qx(s, a)
(Cy(s, a)) for the optimal Q-function Q* (s, a) (C*(s,a)). At each step k, after observing

state s, the agent selects action a; based on the combined Q-value:

A 7 A
ay € argmax Q(s,a) + 50;6(3, a), (3.21)

a

where % can be treated as an estimate of the Lagrange multiplier x. Similar to [28], we
need to carefully tune the frequency of updating the Lagrange multiplier to balance
the convergence and optimality. Updating it too frequently would lead to divergence
and too infrequent would result in a large regret and large constraint violation. The
algorithm tackles this difficulty by updating Z at a slow time-scale, i.e., every K*

steps in line 25 — 26 in Algorithm 3, with the following update

C’ +
Ze(Z—l—p—l—e—ﬁ) : (3.22)

where (2)* = max{z,0}, and C is the summation of all (1 —~)Cy(sk, az) of the steps
in the previous frame, where each frame consists of K” consecutive steps.

During each frame, the algorithm learns the combined Q functions for fixed Z at a
fast time scale. The estimates of reward and utility value functions are updated after
observing a new state-action pair.

It is important to note that for a CMDP,
V*(s) # max Q" (s, a). (3.23)
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This means optimistic Q-learning algorithms for unconstrained MDPs (e.g. [34; 45; 64])
cannot be used for estimating the optimal value functions of CMDPs. Instead,
Algorithm 3 uses a SARSA-type updating rule, as shown in lines 11 — 14.

We note that the optimal policy for a CMDP is stochastic in general. The policy
under our algorithm is a stochastic policy because the virtual queue Z varies during
and after the learning process, which results in a stochastic policy.

We further introduce additional notations before presenting our main theorem.
Let v™(s) and w™(s) denote the reward and utility relative value functions for state s
under average-reward setting, and ¢™ (s, a), ¢"(s,a) be the reward and utility Q value

functions for any state-action pair (s,a). Based on the Bellman equation, we have

JT+q"(s,a) =r(s,a) + Egp(lsa)[v7(s)] (3.24)

v (s) =Y q"(s,a)P(n(s) = a) (3.25)

Ji +c"(s,a) = g(s,a) + Egopjsa[w (5] (3.26)

w(s) =Y _ " (s,a)P(n(s) = a) (3.27)

Define

sp(f) = max f(s) — min f(s) (3.28)

seES sES
to be the span of the function f. It is well known that the span of the optimal reward
relative value function sp(v*) and utility relative value function sp(w*) are bounded
for weakly communication or ergodic MDPs. In particular, they are bounded by the
diameter of the MDP [65].
Let

K= 0225/2 (max{sp(v""), sp(w*),1}) (3.29)

and assume that x which is used in the algorithm is known beforehand as in [45; 66].
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We can always substitute them with any upper bound (e.g. the diameter) when it is

unknown.

3.3.1 Main Results

We now state the main results in the following theorem.

6
Theorem III.2. Assume K > (18“— %SAL> and let € = %@ such that € < g. By
6

choosing m = KélogK, H = K%, n = K%, X = K%, and [ = %, Algorithm 3

guarantees
Regret(K) < O < Sf”ﬁ) (3.30)
Violation(K) < 92? log <%) —VSAKE =0, (3.31)
where 1 = 32log(v/2K). O

3.3.2 The Choices of the Hyper-parameters

The regret bound and constraint violation bound are

~ K K K
Regret(K) =0 (Ke +9"K + il VE2 B +mK*™P + — + ﬁ) (3.32)
X n

~ K
Violation(K) = — Ke + O (Kﬁn + ="y VE* By + mKl_ﬁ) : (3.33)

X
We need to choose all the parameters ¢, n,m, 3, x, and H carefully in order to
balance each term and all the parameters should be functions of K. Let y = K¢ and

m = O(K"). We have 3 = 3¢ — 2v in order to ensure % and /K28y are of the

same order. Since m and H are of the same order, substituting ¢ and v yields

N K
Regret(K) =0 (Ke 4+ KT g gy T Kl—”) (3.34)
U
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Figure 3.1: A Grid World with Safety Constraints

Violation(K) = — Ke + O (K* 2y + K=t 4 g173¢H) | (3.35)

where the term 4™ K is omitted because the choice of m ensures 4™ < + (Eq.(3.66)).

To make sure 1 > 1 —( 4+ v > 0, we need to have v < (. Then the bounds become

~ K
Regret(K) =0 <Ke + KT — ¢ Kl—”) (3.36)
U
Violation(K) = — Ke + O (K* 2+ K'~t). (3.37)

To guarantee zero violation, Ke, K*~29, and K'=¢* should be of the same order,
which means ¢ = O(K <) and n = K'~%+3_ To optimize the regret bound, we
need to balance K1=¢+7, % = K*73 and K'7¥. Solving the equations we finally have
v =3, 8 =3(—2v =2 which leads to the choices of x = K3, m= O(K%),
H=Ks,e=0(K5),and n = O(Ks).

3.4 Simulation

In this section, we present simulation results that evaluate our algorithm using
the 2D safety grid-world exploration problem [13; 67]. Figure 3.1 shows the map of a

10 x 10 grid-world with a total of 100 states. We chose an error probability 0.03 which
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means with probability 0.03 the agent will choose an action uniformly at random
to make the environment stochastic. The objective of the agent is to travel to the
destination (the red star) from the original position (the blue triangle) as quickly as
possible while limiting the number of times hitting the obstacles (the yellow squares).
Hitting an obstacle incurs a cost 1 and otherwise, there is no cost. The reward for
the destination is 1, and for others the normalized Euclidean distance between them
and the destination times a scaled factor of 0.1. We set the constraint limit as 0.15
through the simulation which means the expected cost rate should be below the limit.
To account for statistical significance, the results of each experiment are averaged over

5 trials. We remark that in the simulation we consider the following constraint

K—oo

1
liminf=E,
im inf

> (s, ak)] <p, (3.38)

k=1

which is similar to the constraint that the average utility needs to be above a threshold.

Figure 3.2 shows the performance comparison of our algorithm in terms of average
reward and average cost during training compared with the algorithm in [45]. We
can see that our algorithm is able to learn a policy that achieves a high reward while
satisfying the safety constraint very quickly. The optimistic Q-learning algorithm [45]
was for unconstrained MDPs, so it yields a higher reward but also violates the safety

constraint.
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>
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Figure 3.2:
& Average reward and cost of our algorithm and Optimistic Q-learning

during training. The shaded region represents the standard deviations.
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3.5 Proof of the Main Theorem

In the following, we use shorthand notation

{f —g}(@) = f(x) — g(2),

where f(-) and g(-) the the same argument value. Similarly,

{(f —9)ai(z) = (f(z) — g(2))q().

3.5.1 Regret Analysis

We start the proof by adding and subtracting the corresponding terms to the

regret defined in (3.5), and we obtain

Regret(K) = E

AR T(Skaak))]

1

e[S )

iR _éu:* - v)Vﬂ*(sk»]

+E _g(l —) (V“*(Sk) — Qu(st, “k>>]
+E i (1= )Qust 1) = r(s1. )

We will bound each of the four terms above in the following sequence of lemmas.

The term (3.39) is the difference between the original CMDP and its corresponding

e—tighten version, which is a perturbation of the original problem. We establish a

bound by using the following lemma.
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Lemma II1.3. Under assumption II1.1, given € < 9, we have

K

> (=) <

t=1

eK
— 3.43
- (3.3
For the second term (3.40), we establish a bound by using Lemma II1.4, which
shows the difference between value functions of the average-reward problem and the
value functions of the discounted setting problem is small. The proof is based on the

Bellman equations under the two settings. The proof follows Lemma 2 in [45] closely.

Lemma I11.4. For an arbitrary policy m, we have

Jr = (L =7)V7(s) < (1 =7)sp(v™(s)), (3.44)
[V7(s1) = V7 (s2)| < 2sp(v7(s)); (3.45)
Jg = (L =7)W7(s) < (1= 7)sp(w(s)), (3.46)
[W7(s1) = WT(s2)| < 2sp(w(s)), (3.47)

where V™ (s) is the value function for the discounted setting under policy m, and JT(J7)

is the reward (utility) rate under policy .

Then it is easy to obtain

T (L= )V (s) < (1), (3.48)

Next, we establish a bound on term (3.41) by using the Lyapunov-drift analysis. In
unconstrained MDPs, the bound is established by showing that optimistic Q-learning
guarantees that Qy(s, a) is an overestimate of Q* (s, a). However this does not hold in
CMDPs because the algorithm needs to consider reward and utility simultaneously so

~

Qk(s,a) is not necessarily an overestimate of Q*(s,a). To bound this term, we first
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add and subtract some additional terms to obtain

]~

(1= ) (V" (1) = Qulsws )

=N a-7Y {Qe,*qe,* N ﬁce,*qe,*} (50.) (3.49)
k=1 o n

- Z(l —) Z {que’* + éékqe’*} (sk,a) (3.50)
k=1 a n

+Z(1 - ) (Z {que’*} (sk, @) — Qr(sk, az) (3.51)
k=1 a
+% ; {ékqe’* — C“*qﬁ’*} (sk, a)) ) (3.52)

We can see (3.49) + (3.50) is the difference between the two combined Q functions.
We will show that {Qk + %C’kh} (s, a) is always an over-estimate of {QE’* + %C’E’*} (s,a)
(i.e. (3.49) 4 (3.50) < 0) for all (s,a, k) simultaneously with a high probability in

Lemma III.5. This result further implies an upper bound in expectation

3H

E [(3.49) + (3.50)] < (1 — 'y)n—K. (3.53)

Lemma II1.5. With probability at least 1 — %, the following inequality holds simul-

taneously for all (s,a,k) € S x A x [K]:

{(Qk - Qe’*> + % <C’k - C’“*)} (s,a) >0, (3.54)

Then for the term (3.51) + (3.52), we can bound it by using the following lemma.

Lemma III.6. Assuming € < ¢, we have

E

i(l -7) (Z {que’*} (S, a) — Qu(sk, az)
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AR (3.55)

To see the idea behind Lemma II1.6, we need to consider the Lyapunov function
Ly = %Zr_zp, where T is the frame index and Zp is the virtual-queue length at the
beginning of T'th frame. Recall that each frame contains K consecutive steps. In the

proof of Lemma II1.6, we will show that the Lyapunov-drift satisfies

E[L7r41 — L] < a negative drift

(1 =)k . (T+1)KP
+2+E[Z7] K KP Z P, (3.56)
k=T KB 11

where

P, =(1-7) <Z {que’*} (sk, @) — Qk(sk, ax)

a

+ 23 {Ga - e} a>> . (357)

a

Then summing both sides of the equation overall K'=# frames, we can obtain

E[Ly — Ly1-541]
K8
1-8 (1—=7)K n
<2K'P 4+ Y " R[Zg) T W > By (3.58)
T=1 k

Therefore

(3.51) + (3.52) = Y @,

k
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K18

B _ _ _
MBI~ D] | 2K S E[Z] (1=

U no = U
o K2 (1-7)
— K
<=4+ Y Elz) — (3.59)
n T—1 n

where the last inequality holds because L; = 0 and Ly > 0 for all T.

Then combining the result form (3.53) and Lemma II1.6, we can obtain

i((l —7) (VE’*(Sk) — Qx(s, ak)))

2K (1-— )/4; 3H
2K E% +22 (3.60)
The term E[Z7] is proved uniformly bounded in Lemma II1.7 by using the Lyapunov-
drift analysis on the moment generating function of Z i.e. E[e"Z] can be bounded by
a constant uniformly over the entire learning horizon. The reason is that when the
virtual queue Z is large, our algorithm takes actions to almost greedily reduce the

virtual queue.

Lemma IIL.7. Assuming e < $ and H > %, we have for any 1 <T < K'75,

92 [24\ 6p
< — —. .
E[Z7] 5 log ( 5 ) +5 (3.61)

We apply the following lemma to bound the last term (3.42).

Lemma II1.8. For any T € [K'™?] and any m € Z*,

TKP

E Z ({(1 - V)Qk — r} (S, ak)) <2mS

k=(T—1)K5+1

— KPm
+9™mKP + — 4(1 = y)mry/(x + 1)SAKB, (3.62)

TKP

E Z ({(1 — Gy — g} (S, ak)> < 2mS

k=(T—1)KB8+1
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— K®m
+9"mK +T+4(1—7)mm\/(x+1)SAKf3L. (3.63)

This lemma is one of our key technical contributions, which shows that the
cumulative estimation error over one frame (K” consecutive episodes) between weighted
reward(utility) Q-value functions and average reward (utility) is upper bounded. From

the lemma above, we can immediately conclude that:

K
. Km
K Z({(l—V)Qt—T}(Smak)) <YK+ —
k=1 X
+4(1 —y)mry/(x + 1)SAK?2 B 4+ 2mSK'~° (3.64)
To balance the terms in regret, we carefully select that
1 1 2
m:HlogK:Kfv‘logK,X:K3,5:§. (3.65)
Then we have
1 Hlog K 1
m=(1-—= < = 3.66

and the order of the second and third terms in the above equation (3.64) is O(K),
which is also the dominant term in our regret bound.

Then by appropriately choosing other parameters €, + and 7, to balance the terms
and combining the results from (3.60), (3.64), Lemma II1.3, Lemma II.4, and Lemma

I11.7, we finish the proof for the regret bound.
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3.5.2 Constraint Violation Analysis

Recall that we use Zr to denote the value of the virtual queue in frame 7. According

to the update of virtual-queue length, we have

CT * C7T
ZT+1: ZT+p+€_ﬁ EZT—Fp—l-G—ﬁ, (367)

which implies that

TKP

Z (—g(sk,ar) + p) < KP (Zry1 — Zr)
k=(T—1)KF+1

TKP

+ Z ((1 - ’Y)ék(sky ag) — g(Sg, ax) — e) ) (3.68)

k=(T—1)Kf+1

Summing the inequality above over all frames and taking expectation on both sides,

we obtain the following upper bound on the constraint violation:

T
E Zp_g(Sk,ak) S_KE+KB]E[ZK1_;3+1]
t=1
K
+E Z(l —7)Cx(sk, ax) — Q(Skaak)] ) (3.69)
k=1

where we used the fact Z; = 0. Combining the upper bound on the estimation error of
C}, in Lemma II1.8 and the upper bound on E[Z7] in Lemma IIL7 yields the constraint
violation bound. Furthermore, under our careful choices of m,~v,¢e,n, o, 5 and ¢, it can
be easily verified that Ke dominates the upper bounds in (3.69), which leads to the
fact that constraint violation because zero when K is sufficiently large. In particular,

under our assumption on K, which implies that € < g, and leads to

Violation(K) = 0.
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3.5.3 Detailed Proofs

We provide the detailed proof in this section. A notation table and some supporting

lemmas can be found in Appendix B.

3.5.3.1 Proof of Lemma III.3.

Proof. Given ¢*(x,a) is the optimal solution, we have
S g (s, a)g(s,a) > p.
Under Assumption 1, we know that there exists a feasible solution ¢* (s, a) such that

S ¢ (s,a)g(s.a) = p + 6.

s,a

We construct ¢*2(s,a) = (1 — £)g*(s,a) + £¢* (s, a), which satisfies that

2 e a)g(0) = 3 (1= 507 () + 500 00) ) s, 2 e

Y a(s,a) =Y p(sls’, ) (s', ),

> q%(s,a) = 1. (3.70)

Also we have ¢*2(s,a) > 0 for all (s,a). Thus ¢*2(s,a) is a feasible solution to the
e-tightened optimization problem. Then given ¢“*(s, a) is the optimal solution to the

e-tightened optimization problem, we have

> (g7 (w a) = g% (s,a)) (s, a)

<3 (@'(s,) — ¢ (s.0) r(s.a)
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(3.71)

where the last inequality holds because 0 < r(s,a) < 1 under our assumption.

Therefore the result follows because

J :Zq*(s,a)r(s,a), (3.72)

Jo :qu’*(s,a)r(s,a). (3.73)

3.5.3.2 Proof of Lemma II1.4

Proof. We only prove the result for the reward value functions. The proof for the
utility function is almost identical. Let m be an arbitrary policy. The proof follows

Lemma 2 in [45] closely. According to the Bellman equation, we have

V() =E | > " r(sp, mlsk))| s = s,w]

Lk=1

=E ka_l (J;r + 0" (sg) — ES/NP(,‘skyﬂ(sk))v“(s')) |s1 = s, ﬂ]

Lk=1

:]E Z/ykfl (J;r + ’UW(Sk) - /UW(Sk—i-l)) |81 = S”ﬂ']

Lk=1
T
r

J,
:1_Py+v”(s)—]E

D G = AT (se) s = s,w] . (3.74)
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Then

=T 5 — Sp(vﬂ)’ (375)

and

™

VH(s) € T+ maxo”() — mino™(s) (4 =04

I .
1T + sp(v™). (3.76)

Therefore we can conclude that

Jr = (L =7)V7(s) < (1 —7)sp(v7). (3.77)

r

For any s, s5 € S, we have

Vo) = Vsl < Vo) 5

‘ < 2sp(v™) (3.78)

3.5.3.3 Proof of Lemma II1.5

Proof. The proof follows Lemma 3 in [28] but for the discounted case. Consider frame
T and episodes in frame T Define Z = Zp_yygs,1 because the value of the virtual
queue does not change during each frame. We further define/recall the following

notations:

Fi(s,a) = Qr(s,a) + %Ck(s, a), Ug(s) = Vi(s) + %Wk(s),

5



Fk(s, a) = Qk(s, a) + %C’k(s, a), Uk(s) = Vk(s) + %Wk(s),

F™(s,a) = Q" (s,a) + %C”(s, a), U(s)=V"(s)+ %W’r(s).

In the following, we use 7 to denote the policy €, x without obscurity. Then following

a similar proof of Lemma B.3, we have

{Fip1 — F7}(s,a)
= {F(T—1)Kﬁ+1 - FW} (s,a)
to K A
# 3 al ({B = 07} ) +9 (0 n) = Baraw07 () + (142 ) 1)
=1
Z(a)a? {F(T DKB+1 — } ff, {U UW} (Ski+1)

=) {F(T 1)KB 1 — } o <m3X Fy(8k41,0) — F”(Skmﬂ(ski))>

\\Mw HM

>ay {F(T—l)KﬁH - F”} (s,a) + Zai {Fk - FW} (Skit1: T(Ski1)), (3.79)
=1

where inequality (a) holds because of the concentration result in Lemma B.4 and

1) Z, 1)
Zatl—i— Zat bt 77+ (et (3.80)
X+t X+t

where the last equality comes from the properties of the learning rate (Lemma A.1).

Equality (b) holds because our algorithm selects the action that maximizes F}, (sy, 11, a)
SO Uki(skﬁl) = max, Fki(sk#l, a). The inequality above suggests that we can prove

{Fri1 — F™}(s,a) is an overestimation for any (s, a) if (i)

{F(T—l)KB-H - FW} (s,a) >0,
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i.e. the result holds at the beginning of the frame and (ii)
{ﬁk, - F”} (s,a) >0 VK <k

i.e. the result holds for all aforementioned steps in the same frame. Furthermore,

because that
A A 7
Fri1(s,a) =Qri1(s,a) + EC’;CH(S, a) (3.81)
and the update rule of Qk+1, C’k+1 in Line 12 — 17 in Algorithm 3, we have
Fypa(s,a) — F™(s,a) > 0.

Then we only need to prove at the beginning of each frame, {F(T—l)Kﬁ+1 — F”} (s,a) >
0, which is obviously true because all reward and cost Q-functions are reset to H at
the beginning of each frame (line 27,28 in Algorithm 3). Let £ denote the event that
{F,, — F¥*}(s,a) > 0 for all k. Then we conclude that

5SS (7 )oY

Lk=1 a J
=K XI_{:Z { (F’r - Fk> q”} (sg,a)| €| Pr(€)
v2 |35 {( - ) e
<k (1 + 2Knl_6) H% < % (3.82)

where inequality (a) holds because at any timestep k, we have

. 2K 18
(F" — F) < (1+ >H.
n
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3.5.3.4 Porrf of Lemma I1I1.6

Proof. Consider Lyapunov function Ly = %Z%, where T is the frame index and Zr is

the length of the virtual queue at the beginning of the Tth frame. Firstly, we have

- 2
re-)

Cr
LT+1_LT§ZT<p+€—ﬁ)—|— 5
7 (T+1)K5
T N
<75 > (pre—(1=7Cilsea) +2. (3.83)
k=TKP+1
Then adding and subtracting additional terms,
E [LTJrl - LT|ZT = Z]
1 (T+1)KP
<% > (E['Z(P + €= (1= 7)Ch(sk, ar)) = n(1 = 7)Qx (s, ar)| Zr = 2]
k=TK-P+1
+ (1 = 7)E[Qk(sk, ax)| Zr = z]) +2. (3.84)

Specifically, for the term inside the summation, we have

N

(Blz(p+ ¢ = (1 = 9)Cilsi ) = 11 = 1) Qulsi )| Zr = 2]

(1L = VE[Qu(sr, ax)|Zr = 2])

n(l—7) (Z {%ékqe + que} (Sk, @)>

a

<z(p+e)—E Ir =2z

+ (1 — VE[Qk(sk, ax)| Zr = 2]

=E |z (p +e— Zg(s, a)q (s, a)) Zpr ==z
+E |z (Z g(s,a)q (s,a) — (1= 7)Y C(sk, a)g (s, a)) Zr = z]
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Z@k sk, @)¢ (51, @) — Qu(sky ar)| Zr = 2
z;{(CG—C’k)qe}(sk,a) Ty =2
E | 3 Qulons e (sn.0) = Qulows ) Zr =
z;{(Ce—C’k)qe}(sk,a) Ty =2

+E z( ZC Sk, ) (sg, a )) ZT:z], (3.85)

where the first inequality holds because ay, is chosen to maximize Qj (s, a)—i—%ék(sk, a),
and the last inequality is true because ¢°(s, a) is a feasible solution to the optimization

problem (3.12) such that

pte— 3 gls, @) (s,0) <0

Therefore by replacing ¢(s, a) with the optimal solution ¢“*(s, a), we have

E[Lri1 — Lr|Zr = 7]

ZQk Sk @ Sk” )_Qk(3k>ak) ZT:Z]
2[5 {10 - o} -
+E z(Jgfv*_ ZCG* Sk, a)q°" (Sk, @ )) Jp=2z|+2 (3.86)

After taking expectation with respect to Z, dividing n on both sides, reorganizing

the terms, and then applying the telescoping sum, we get

B> (Z { Qe (51,0) = Qe )

k=1
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L 3 {kaqe,* B Ce,*qg,*} (3k7@)>:|

,r] a
K8

2K 1— KPE[Ly — Lyi-
<—+ Z E[Zr] ( wsp(wﬁ’*) + L1 — Lgr-s]
U T—1 U n

K1-68
2K 1-—
SELIMR o 17 | i 1) (3.87)
n T—1 n

where the first inequality comes from Lemma III.4, and the last inequality comes from
the fact that x = maxg<e<,/2 (max{sp(v>*), sp(w*),1}) is non-negative. O
3.5.3.5 Proof of Lemma:IIl.7

Proof. The proof will also use the following lemma from [59].

Lemma II1.9. Let S; be the state of a Markov chain, L; be a Lyapunov function with
Lo = ly, and its drift Ay = Ly1 — Ly. Given the constant v and v with 0 < v < v,

suppose that the expected drift E[A;|S; = s] satisfies the following conditions:

(1) There exists constant v > 0 and 6, > 0 such that E[A]S; = s] < —vy when

(2) |Lir1 — Li| < v holds with probability one.

Then we have

r(v+06¢)
Eler] < e 4 25—

Yy

where r = UQJT/:; d
We apply Lemma II1.9 to a new Lyapunov function:
ET = ZT.
. " . . 7 6(n+2+34)

To verify condition (1) in Lemma I11.9, consider Ly = Zy > 6p = —— = and
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2¢ < 4. The conditional expected drift of Ly is

E [ZT+1 — ZT|ZT = Z]

—E [ 72, - V2

ZT:Z:|

1
<LB[Z, 2|2 =

6+(n+2+§<—1§)

<@ — 3
2 z
+2+ 34
< — w (3.88)
4]
=—= 3.89
67 ( )

where inequality (a) is obtained according to Lemma A.5; and the last inequality

holds given z > 0.

To verify condition (2) in Lemma III.9, we have
ZT+1_ZT§ |ZT+1—ZT| S |p+€—C_’T} §2 (390)

Now choose v = % and v = 2. From Lemma II1.9, we obtain

QeT(U+9T) v
——, where r=

E rZr < rZy .
[e }_e + Ty v2 +v7y/3

(3.91)
By Jensen’s inequality, we have

erIE[ZT] <E |:6TZT:| 7

which implies that

1 2 r(v+07)
E [Z1] < log (1 + GT)
1 1102
<_l T’(’U+9T)
< oe (e
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72 24 6(n+3)
<—1 — 2
=% 0g ( 5 ) + 2+ 5
92 24\ 61
<—1 — — .92
_5og<5)+5 (3.92)
O
3.5.3.6 Proof of Lemma III.8
Proof. we have for any K’ within a frame,
K/
>, ((1 — 1) @5k, ax) — (s, ak))
k=1
_72 Zank [ ’770 Sk ak) + (1 - 7)%1'(81@,%)(Ski(Sk,ak)+1)
k=1 i=1
1)
Z Ot e (3.93)
+ nk

where the equality comes from the updating rule of Qy (s, a) and the fact Yool =1.
We use ny denotes ny1(Sg, ax) for short, that is the number of visits to state-action
pair (s, ay) by timestep k (including k) within the same frame. Note that of = 0 by

definition since n; > 1. For the second term, we further have

’

ng
o V) Z Z Oé:% Vki(skvak) (Ski(skvak)"!‘l)

k=1 =1
ng+1(s,a)
=y(1 -~ ZZH{Sk =s,ap=a} Z O‘nk_H (s,a) (Sk:ak)(ski(sk:ak)+1)
k=1 s,a

ngryi(s,a) g

_7 1 - Z Z Z Q; ‘/k (sk>ak) Sk: (ks ak)Jrl)

:(a)’Y(1 - 7) Z Z a;'vki(skﬂk)(Ski(skﬂk)-i-l)
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npry(s,a) Nty

_7 1 - Z Z Vk (sk, ak) Sk;(sk, ak)+1 Z (394)

where the equality (a) is true due to the changing of the order of summation on
7 and j. Since we have a upper bound that ZRT’“(SG i< 23 iy =14+ L and

Vki(5k7ak)(ski(sk7ak)+1) >= 0, then we can obtain

K ny
Z Z ank+1 (s,a) Vk (sk; ak)<5k (sk; ak)+1)

k=1 i=1
nyriq(s,a)
</7]'_ Z Z ‘/kskak Sk skak—i—l Za
”K’+1(Sﬂ) . 1
:7(1 - 7) Z Z %ﬂi(sk,ak)(ski(sk,ak)+l) (1 + ;)
s,a =1
K’
=y(1 - ( ) Z (sk41)- (3.95)
k=
Substituting in (3.93), we have
K/
> ((1 — V) Qk(sk, ar) — (s, ak))
k=1

K’ K’

- VZT(Sk, ag) +~(1 =) (1 + i) > Vilsk)

= k=1

Z X+nk

K’ K’ ,
—y Y rlsar) + Y1 =)D Vilswsn) + — (1 —y)vH
k=1 k=1 X
Z X+ 1)
X+ ng
K’ K’
==Y r(ska) +7(1=7)) (Vk(SkH) — Vir1(sp41) ) +(1 - Z Vir1(s+1)
k=1 k=1
K/
+ ;(1 —)vH
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K’

ey (1 (3.96)

= X+nk

K’ K'+1
. K’
<@ ’)/Z r(sp, ar) +v(1 —7 ka@k)“'yu_’}/)’}/}[
k=2

K’

Z X + 1
VX T
K’ 2o+ 1)
SVZ ( 1= 7)Qx(sk, ax) — (s, ak)) +—(1—yH+201 =)k
+29(1 —~v)SH (3.97)
K’ - +1
<y"K'(1—~)H + m(l —y)vH +2m(1 — ’}/)HZ Ot e +2m~y(1 —~)SH
P X + N
( repeatedly use the inequality m times)
m K'm
S@V"K'(1=7)H+ ——(1—y)vH
+4y(1 — yv)mry/(x + 1)SAT"e + 2m~(1 — v)SH, (3.98)

where the inequality (a) holds because Vi(s) is bounded by H, inequality (b) is true
because that for any state s, Vi(s) > Vi41(s) and the value can decrease by at most

H. Inequality (c) is by nothing but that

nyry1(s,0)

+1 ]IS S,a=a +]' +1
>\hl Sy el S [l

k=1 s,a X+j

nyeriq(s,a)

1) 1
<Z Z X+ <QZ\/X—I— Yingri1(s,a) < 24/ (x +1)SAK',

s,a

where the last inequality above holds because the left-hand side of (1) is the summation
of K’ terms and it is maximized when ng.,; = K'/SA for all s, a, i.e. by picking the

largest K’ terms. We finish the proof by substituting 1 — v with % n
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3.6 Summary

In this chapter, we proposed the first model-free RL algorithm for infinite-horizon
average-reward CMDPs. The design of the algorithm is based on the primal-dual
approach. By using the Lyapunov drift analysis, we proved that our algorithm achieves
sublinear regret and zero constraint violation. Our regret bound scales as O(K %) and is
suboptimal compared to model-based approaches. However, this is the first model-free
and simulator-free algorithm with sub-linear regret and optimal constraint violation.
It is still an interesting open problem how to achieve O(v/K) regret bound via model-
free algorithms. The algorithm is also computationally efficient from an algorithmic
perspective because it is model-free. The simulation result also demonstrates the good

performance of our algorithm.
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CHAPTER IV

Provably Efficient Model-Free Algorithms for

Non-stationary CMDPs

4.1 Introduction

Safe reinforcement learning (RL) studies how to apply RL algorithms in real-world
applications [68; 69; 70] that can operate under safety-related constraints. In classical
safe-RL and CMDP problems, an agent is assumed to interact with a stationary
environment. However, stationary models cannot capture the time-varying real-world
applications where safety is critical such that the transition functions and reward /utility
functions are non-stationary. For example, in autonomous driving [71], collisions must
be avoided while modeling and tracking time-varying environments such as traffic
conditions; in an automated medical system [72], it is essential to guarantee patient
safety under varying patients’ behavior.

Learning in a stationary CMDP is a long-standing topic and has been heavily
studied recently, including using both model-based and model-free approaches [15; 17;
29; 30; 20; 39; 14; 19; 73]. RL in non-stationary CMDPs is more challenging since
the rewards/utilities and dynamics are time-varying and probably unknown a priori.
On the one hand, an agent has to handle the non-stationarity properly to guarantee

a sublinear regret and a small or zero constraint violation. On the other hand, the
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agent also needs to forget the past data samples since they become less useful due
to the dynamic of the system. The only existing work of which we are aware that
studies non-stationary CMDPs is [74], via a model-based approach assuming a priori
knowledge of the total variation budgets, which is far less computationally efficient
compared with model-free approaches and where knowing the variation budgets is less
desirable in practice.

In this chapter, we manage to overcome these challenges and focus on designing
model-free algorithms with sublinear regret and zero constraint violation guarantees
for non-stationary CMDPs, especially for the scenario when the total variation budget

is unknown. Our contributions are as follows:

e Our work contributes to the theoretical understanding of non-stationary episodic
CMDPs. We develop different types of model-free algorithms for non-stationary
CMDP settings— one is tailored for tabular CMDPs and has low memory and
computational complexity, another one is computationally more intensive, however,
can be applied to linear function approximation for large, possibly infinite, state

and action spaces.

e For the tabular setting, our algorithm adopts a periodic restart strategy and utilizes
an extra optimism bonus term to counteract the non-stationarity of the CMDP
that an overestimate of the combined objective is guaranteed during learning and
exploration. For the case when the budget variation is known, our theoretical result
O(K 4/5) matches the best existing result for stationary CMDPs in terms of the
total number of episodes K, and non-stationary MDPs in term of the variation
budget B. For linear CMDP, we propose the first model-free, value-based algorithm
which obtains @(K 3/1) regret and zero constraint violation using the same strategy.
Our result, in fact, improves the dependency with respect to the budget variation

and the episode length H compared to [74].
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e We develop, for the first time, a general double restart method for non-stationary
CMDPs based on the “bandit over bandit” idea. This method can be used for other
non-stationary constrained learning problems which aim to achieve zero constraint
violation. The method removes the need to have a priori knowledge of the variation
budget, an open problem raised in [74] for non-stationary CMDPs. While the
“bandit over bandit” has been widely used and studied for unconstrained MDPs,
adopting it for CMDPs is nontrivial due to multiple challenges that do not exist in
unconstrained settings. For example, one needs to account for the constraints. We
overcome these difficulties with a new design of the bandit reward function for each
arm. We show that the approach can be used in conjunction with the algorithms

for the tabular and linear function approximation cases.

Related Work

Non-stationary MDP. Non-stationary unconstrained MDPs have been mostly
studied recently [75; 76; 77; 78; 79; 80; 81; 82; 83; 84]. [75] consider a setting where
the MDP is allowed to change for fixed number of times. When the variation budget
is known a priori, [78] propose a policy-based algorithm in the setting where they
assume stationary transitions and adversarial full-information rewards. [82; 84; 80; 83]
consider a more general setting that both transitions and rewards are time-varying.
A more recent work [81] introduces a procedure that can be used to convert any
upper-confidence-bound-type stationary RL problem to a non-stationary RL algorithm
to relax the assumption of having a priori knowledge on the variation budget.

CMDP. Stationary CMDPs with provable guarantees have been heavily studied
in recent years. In particular, [15; 17; 14] propose model-based approaches for tabular
CMDPS. [85; 19] extend the results to the linear and linear kernel CMDPs. [20; 39]
also provide efficient algorithms with a zero constraint violation guarantee. Besides

using an estimated model, [25; 27] leverage a simulator for policy evaluation to
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achieve provable regret guarantees. Moreover, [29; 30| propose the first model-free
and simulator-free algorithms for CMDPs with sublinear regret and zero constraint
violation. However, the studies on non-stationary CMDPs are limited. For non-
stationary CMDPs, [18] consider CMDPs that assume that only the rewards vary
over episodes. A concurrent work [74], which is most related to ours, focuses on the
same setting where the transitions and rewards/utilities vary over episodes under a
linear kernel CMDP assumption. They also assume that the budget is known a priori.
The method proposed is a model-based approach, but we instead consider a more
challenging setting where the algorithm is model-free and the budget is not known.

Fortunately, we answer the open problem affirmatively raised in [74].

4.2 Problem Formulation

We consider an episodic CMDP where an agent interacts with a non-stationary
system for K episodes. The CMDP is denoted by (S, A, H,P,r, g), where S is the
state space with |S| = S, A is the action space with |A] = A, H is the fixed
length of each episode, P = {Pk,h}ke[K},he[H] is a collection of transition kernels, and
7 = {Tkn treir)heH) (9 = {9kn freir)nerm) s the set of reward (utility) functions. In
Section 4.4, we extend our analysis to potentially infinite state space.

At the beginning of an episode k, an initial state z; is sampled from the dis-
tribution py. Then at step h, the agent takes action ay ), € A after observing state
xrn € S. Then the agent receives a reward 74, (Tkp, arn) and incurs a utility
Gk.n (T ny arp). The environment transitions to a new state xy 41 following from the
distribution Py ,(-|kn, arpn). It is worth emphasizing that the transition kernels, re-
ward functions, and utility functions all depend on the episode index k and time h,
and hence the system is non-stationary. For simplicity of notation, we assume that
rin(z,a)(grn(z,a)) : S x A —[0,1], are deterministic for convenience. Our results

generalize to the setting where the reward and utility functions are random. Given a
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policy 7, which is a collection of H functions 7 : [H] x S — A, where [H] represents
the set {1,2,..., H}. Define the reward value function V[T () : S — R™ at episode k
and step h to be the expected cumulative rewards from step h to the end under the

policy 7 :

H

Z Tk,z‘(ifk,i, W(!Ekz))

i=h

Vkﬁh(m) =E

Tkh = $] . (4.1)

The (reward) Q-function Qf ,(7,a) : S x A — R" is the expected cumulative reward
when an agent starts from a state-action pair (x,a) at episode k and step h following

the policy 7 :

H

Z Tk,i(l’k,i, W(mkz))

i=h+1

Qrp(r,a) =rep(v,a) +E

xk,h =T, ak,h = a] . (42)

Similarly, we use W[, (z) : S — R to denote the utility value function

H

> grilwni; w(wrs))

i=h

.Cl?k,h = .%’] s (43)

and we use

Crp(r,a): S x A— RT to denote the utility Q-function at episode k, step h:

H
Cin(x,a) = grp(r,a) + E Z i (Thiy T(Xpi))| T = Ty app = a] : (4.4)
i=h+1
For simplicity, we adopt the following notations:
Pron Vi1 (@, @) =Eorpy ¢ a0) Vi (27), (4.5)
Pk,hWI;T+l<x> a) :Efﬂ,NPk,h(’Mﬂ)Wgh-&-l(m/)' (4.6)
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We also denote the empirical counterparts as

Pk,hvﬁhﬂ(% a) :kah+1($k+1,h>a (4.7)

Bron Wil (2, @) =W (Th1), (4.8)

and is only defined for (z,a) = (xjp,arn). Given the model defined above, the
objective of the episode k is to find a policy that maximizes the expected cumulative
reward subject to a constraint on the expected utility:

max E [V} (z1)]  subject to: E [W%(z1)] > p, (4.9)

T €Il

where we assume p € [0, H| to avoid triviality, and the expectation is taken with respect
to the initial distribution and the randomness of m. Let 7 denote the optimal solution
to the CMDP problem defined in (4.9) for episode k. We evaluate our model-free RL

algorithms using dynamic regret R(K') and constraint violation V(K') defined below:

i( (@) Véfi“(xk,l))], (4.10)

k=1

E > (p—W xkl))] , (4.11)

k=1

where 7 is the policy used in episode k. Note that here we use the dynamic regret
concept as the optimal policy may be different. We further make the following standard

assumption [17; 19; 18; 29].

Assumption IV.1. (Slater’s Condition). Given initial distribution g, for any episode

k € [K], there exist 6 > 0 and at least a policy © such that E [W[(z1)] —p > 6.

Variation: The non-stationary of the CMDP is measured according to the variation
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budgets in the reward/utility functions and the transition kernels:

K-1 H

Br = Z H%EZX |Tk,h(x7 a) — rk—&—l,h(w? CL)|
k=1 h=1
K-1 H

B, = Z max |9kn (2, a) — gry1n(z,a)l

)

=
]
—_
>
Il
—

@U:J
I
M=

>
Il

—_
i
—_

max [y (12, a) ~ By (|2, 0)]

(4.12)

(4.13)

(4.14)

We further let B = B, 4+ B, + B, to represent the total variation. To bound the

regret, we consider the following offline optimization problem at episode k as our

regret baseline:

max Y g (, a)ri(z, a)

dk,h

h,z,a
s.t.: Z Qen(T,a)gep(z,a) > p
h,x,a
Z Qn(z,a) = Z Pep-1(z|2, a')grp-1 (2, d')

> grnlx,a) = 1,Vh € [H]

Z Qk,l(% CL) = Mo(ﬂﬁ)

Qen(z,a) >0,V € S,Va € A, Vh € [H].

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

To analyze the performance, we need to consider a tightened version of the LP, which

is defined below:

max g Qen(z, a)rpp(z, a)
qdk,h
h,x,a

s.tb.: Z Qen(,a)grn(z,a) > p+e, and (4.17) — (4.20),

h,z,a
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where € > 0 is called a tightness constant. When € < §, this problem has a feasible
solution due to Slater’s condition. We use superscript * to denote the optimal
value/policy related to the original CMDP (4.9) or the solution to the corresponding
LP (4.15) and superscript ©* to denote the optimal value/policy related to the -
tightened version of CMDP.

4.3 Model-free Algorithms for the Tabular CMDP Setting

Next, we will start with presenting our algorithm Non-stationary Triple-Q in
Algorithm 4 for the scenario when the variation budget is known. Our algorithm uses
a restart strategy that divides the total episode K into frames, which is commonly
used in both non-stationary bandits and RL to address non-stationarity. We remark
that in unconstrained RL, the restarting results in a worse regret. For example, the
regret bound is O(v/K) [34] in the stationary setting but becomes O(K3) [84] when
the system is non-stationary. However, the order of regret achieved by our Algorithm
1 matches the best existing result in stationary CMDPs obtained by the model-free
algorithm Triple-Q [29] under the same setting. That is because Triple-Q itself is built
on top of a two-time-scale scheme for balancing the estimation error and tracking the
constraint violation, which shares the same insights as the restart strategy for dealing
with non-stationarity. Therefore, by appropriately designing the frame size (restarting
period), Algorithm 1 can achieve the same order as that in unconstrained CDMPs as
well as the optimal order in terms of variation budget.

We first divide the total K episodes into frames, where each frame contains
K*® /B¢ episodes. Define BﬁT), B;T), BI(;T) to be the local variation budget of the reward

functions, utility functions, and transition kernels within the T'th frame, let N denote
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the set of all the episodes in frame 7', then

H
B .= Z Zmax|rk7h(x,a) — T n(T, a)l (4.22)
keNy h=1
H
B =Y ZH;FZX |9k.n (2, @) = Getr (T, a)| (4.23)
keNT h=1
H
BI(,T) = Z er;aax||Pk7h(-|s,a) — Prran(c|z, @)1 (4.24)
keNT h=1

Let the total local variation budget B) = B + BéT) + Bz(,T), then by definition
we have Z?;CYBC BT < B. Our algorithm uses two bonus terms b, and b to update
@ values (Line 10 — 11 in Algorithm 4), where b; is the standard Hoeffding-based
bonus in upper confidence bounds, and b is the extra bonus to take into account the
non-stationarity of the environment. We assume that b is a uniform upper bound on
the total local variation budget BT for any T, and satisfies K'=*B° < B which is an

assumption commonly seen in the literature on non-stationary RL [79; 84; 83].

4.3.1 Results of Tabular CMDPs

We now present our main results of the Non-stationary Triple-Q.

o\ 5
Theorem IV.2. Assume K > max { <w> ,eé} , where 1 = 128 log(V2SAHK).

Algorithm 1 achieves the following regret and constraint violation bounds:

) (4.25)

V(K) =0 (4.26)
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Algorithm 4: Non-stationary Triple-Q

1 Input: Total Budget B;

2 Choose a = 0.6,n = K%B%,X = K%,c: %,6 = S—W,
v =1281log(V2SAHK) ;

Initialize Qn(x,a) = Cp(x,a) < H and
7 =C = Ny(z,a) = Vi1 (x) = Wy (x) < 0 for all (z,a,h) € S x A x [H];

for episode k =1,..., K do

Sample the initial state for episode k : 21 ~ po;

6 for step h=1,...,H do

7 Take action aj < arg max, (Qh(xm, a) + %C’h(xhh, a));

and

w

(31 SN

8 Observe rkyh(xk,h, Clk,h), gk,h(xk,ha ak,h), and
Thpt1s No(@hn, akp) = Np(@pn, app) + 1

9 Set t = Nh<xk,h7 ak’h), bt = Ll“/ HQ;(jf:l) , O
10 Qh(l’k,m ak,h) —

(1 — ) Qn(xpp, arp) + o <7“k,h(90k,h, agn) + Vs (g ne1) + b + 2Hb>;
11 Ch(«fk,lw a;“h) —

(1 —ay)Cr(pp, app) + o <9k,h($k,h> ap,n) + Whit (Tppg1) + 00 + 2Hl~?>;

x+1 .
X+t 7

12 a' = arg max, (Qh(xk,h, a) + %C’h(xkﬁ, a)),
Vi(@rn) < Qn(@rn, @) Wilzkn) < Ch(zpp, d') ;
13 if h =1 then
14 ‘ C_' — C_’ + Cl(IkJ, CLkJ)
15 if £ mod (K*/B°) =0 ; // reset visit counts and Q-functions
16 then
17 Np(z,a) < 0, Qn(z,a) = Ch(z,a) = Qn(x,a) = Ch(x,a) < H,

Nt -
Z<—<Z+p+e—c;‘(—5;> .C 0

Dynamic Regret

As shown in Algorithm 4, let Q1 (z, a), Crxn(z, a) denote the estimate () values at

the beginning of the k—th episode. The dynamic regret can be decoupled as:

K
R(K) =E Z (Z {QZJQZJ - QZ?QZ?} (T2, a)> + (4.27)
k=1 a
E Z (Z {qu;?} (Tr,1,0) — Qo (T, ak,l)) + (4.28)
k=1 a
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K

E Z {kal - QZﬁ} (:Ek,17 ak,l) ) (429)

k=1

here we use the shorthand notation {f — g}(x) = f(z) — g(z). Before bounding
each term, we first show that for any triple (z,a, h), the difference of two different
reward /utility Q-value functions within the same frame are bounded by the local

variation bound in that frame.

Lemma IV.3. Given any frame T, for any (x,a, h), and (T —1)K*/B¢ <k < ky <
TK®/B¢, we have

QR a(,0) = QF, p(x,a)| < HO (4.30)

|Ch(,a) = Oy (x,0)] < Hb (4.31)

Then we will show that in Lemma IV.12 the first term (4.27) can be bounded by
comparing the original LP associated with the tightened LP such that (4.27) < %.
The term (4.29) is the estimation error between Q) and the true ¢ value under

policy 7. at episode k. This estimation error can be bounded by our choice of

the learning rate (Line 8 in Algorithm 4) and the added bonus. Then (4.29) <

H2SAK e e 4 2RI | IS AKa(x + 1) B¢ + 2bH°K.

For the remaining term (4.28), we need to add and subtract additional terms to
construct a difference between the optimal combined @ value {Q} ), + %}C’Z,h(x, a)
and the estimated counterpart {Qy., + %Chh}(x, a). We will show in Lemma IV.10
that the estimation is always an overestimation for all (z,a, h, k) due to the added
bonus when the virtual “queue” Zr is fixed with high probability, which implies
that the difference is negative with high probability. Then in Lemma IV.13 we

1

leverage Lyapunov-drift method and consider the Lyapunov function Ly = 52% to

show that the redundant term can also be bounded. Combining the bounds on

the estimation and the redundant term we can obtain (4.28) < K(2H4L+§H252+62) +
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Wﬁ#. Then combining inequalities (4.27),(4.28),(4.29) above we can obtain for
: 5 -

K> (16— w> , applying the condition K!'~*B¢h < B, along with our choices

of parameters (Line 2 in Algorithm 4) for balancing each terms, we conclude that

R(K) = O(H*S: A: B3 K?3).

Constraint Violation

According to the virtual-Queue update, we have

CrB\ ™"
ZT+1:<ZT+,0—|—6— IT(a )

CrB¢
4.32
Ko ’ ( )

>Zr+p+e—

which implies that for (T'— 1)K*/B* < k < TK"/B°,

(67

K
S (~CRi(ann ak) +p) < - (Zra = Z)
k

+ Z ({Cr1 — CEh } (211, a80) =€) - (4.33)

k

Summing the inequality above over all frames and taking expectation on both sides,

we obtain the following upper bound on the constraint violation:

E

K Ko
> o= O (g, am)] < —Ket 2 E[Zxr-opes]

k=1

+E (4.34)

’

K
Z {C’ﬁl - Cﬁ} (l’k,b ak,1)
k=1

where the inequality is true due to the fact Z; = 0. In Lemma IV.11, we will establish
an upper bound on the estimation error of E [Zszl {Cr1 — CT*} (zk 1, ak,l)] .
Next, we study the moment generating function of Zr, i.e. E [eTZT] for some

r > 0. In Lemma IV.14, based on a Lyapunov drift analysis of this moment generating
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function and Jensen’s inequality, we will establish the following upper bound on Zr

that holds for any 1 < T < K'7*B°¢,

B[z < 100(H*: + b2H?) og (16(H2\/Z + BH))

) 5
4H2BC  4H?B°¢  4n(v/H2 + 2H?b
+ + | (VR ). (4.35)
Ko nKo 1)

Substituting the results from Lemma IV.11 and (4.35) into (4.34), using the choice that

5
V4 6,331/3 . . Vi 6,3B1/3 1
€= %, we can easily verify that when K > max { (%) ,es} ,

we have

100(H4 + B2H2)K%6  16(H? Hb ,
V(K) < 00( L5;2/3 ) log 6( \{;Z—i_ )—\/SAH61,3[(0'83§ <0. (4.36)

4.3.2 Unknown Variation Budgets

The design of the Algorithm 4 relies on the knowledge of the total variation budget
B to set the frame size to be K*/B¢. When an upper bound on the total variation
budget is not given, we propose the Algorithm 5 that adaptively learns the variation
budget B based on the “Bandit over Bandit” algorithm [86]. Algorithm 5 uses an
outer loop “bandit algorithm” as a master to learn the true value B, and use the
inner loop Algorithm 4 to learn the optimal policy. We first need to divide total
K episodes into % epochs, which contain W = K¢ episodes. Each epoch contains
multiple frames. In each epoch, we run an instance of Algorithm 4. Given a candidate
set J of the total budget B, we choose “arms” (estimated budget) using the bandit
adversarial bandit algorithm Exp3 [87]. If the optimal “arm” from the candidate J
can be learned efficiently, we expect that the cumulative reward and utility collected
under that arm should be close to the performance of using the best-fixed candidate
(closest to true Budget) from J in hindsight. We remark that although the “Bandit

over Bandit” approach is well studied in both unconstrained non-stationary bandit
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Algorithm 5: Double Restart Non-stationary Triple-Q
1 Choose W = K% 7 defined in Eq. (4.43)

70 = min {1, | JELRREBIN L 5 —1)9

Initialize weights of the bandit arms s;(j) = 1,Vj =0,1,...,J ;
for epochizl,...,% do

3=

5 Draw an arm A; € [J] randomly according to the probabilities

A
6 Set the estimated budget B; < %—?/WJ ;
7 Run a new instance of Algorithm 4 for W episodes with parameter value
B« B;i,b= B} KL,
Observe the cumulative reward R; and utility Gj.;
for arm j=0,1,...,J do
o || a2 L@ s VHO Rt w
Z (Ri+ Gi/ KM Ijj—ay/(WH(L+ 1/KM)pi(j) it Gy > Wp

// normalization

11 Siy1 Si(j) exp(%f%i(j)/(J + 1))§

w N

Y

and RL, however, adopting it in CMDPs is nontrivial and new. We now describe the
main challenge in adapting the idea to the constrained scenario and how we overcome
the challenge.

In particular, given a choice of arm B; in the unconstrained version, one considers
the cumulative reward R;(B;) over the epoch W to guide the EXP-3 algorithm
towards selecting the optimal arm. The cumulative reward proves to be enough for
the unconstrained case, as the optimal arm would correspond to close to the true

budget. This can be reflected as the following regret decomposition,

K K/W
R(K) =E | > Vit(xea) — Y Ri(B) (4.37)
k=1 =1
[k /w K/W
+E Ri(B) — Z Ri(By)| , (4.38)
=1 =1

where B is the optimal candidate from J (i.e., the true budget). We can show that
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the term (4.37) can be bounded since this corresponds to regret when the true budget
is known (which we have already bounded). However, the problem becomes how to
bound the term (4.38). In the unconstrained case, one can employ the result of the
EXP-3 algorithm to bound that. The main challenge in extending the above approach
to the CMDP is that considering only the reward may lead to a larger violation since
we need to balance both the reward and utility. Thus, one needs to judiciously select
the reward based on the total observed reward and utility corresponding to a drawn
arm so that the EXP-3 algorithm can choose the arm closest to the optimal one. The
natural idea is to set the reward to zero if the observed utility over the epoch does not
satisfy the constraint, i.e., if G;(B;) is the cumulative utility received after selecting

the arm B;, then one can set

~

(4.39)
Even though it is intuitive, it is not sufficient as it does not distinguish between small

and large violation. Thus, we consider the following bandit reward function

Ri(BY) G}(ﬁ) if Gi(By) < Wp
Gi(B)) (4.40)
Ri(B;) = Ri(B;) + % if Gi(B;) > Wp.

If G;(B;) < Wp, then choosing the arm B; may lead to violating the constraint, hence,
we penalize such arm. On the other hand, if G;(B;) > Wp, the arm may lead to a
feasible policy. We thus consider the reward as R;(B;) + G;(B;)/K?, i.e., the reward
is dominated by the accumulated reward. However, the accumulated utility is also
considered (albeit with a weight 1/K*). Note that since A\ > 0, the weight factor is
small as the main focus is to maximize the reward when the constraint is satisfied.

Later, we show how we select A to balance the regret and the violation. Hence, the
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weight factor is critical in obtaining sub-linear regret and zero violation.
Next, we present a lemma to show the upper bound of the bandit algorithm using

our design of the bandit reward function (4.40).

Lemma IV.4. Let R;(B;)(Gi(B;)) be the cumulative reward(utility) collected in epoch
1 by any learning algorithm after running for W episodes with the estimated value
B; chosen using the Exp3 bandit algorithm. If we have E[G;(B)] > Wp then we can

obtain

K/W
E | > (R(B) - Ri(B:))| =O(HVEW + HK'™) (4.41)
K/W .
E | Gi(B)-Gi(B)| =O(HK"VKW). (4.42)

Note that the above lemma bounds (4.38). Further, it also bounds the utilities for
the choice of B and B;, which will be useful to obtain violation.

Next, we will formally define the set J. Subsequently, we will present the results of
using “bandit over bandit” with our designing bandit reward function on the Algorithm
4 for the tabular setting. Then we will discuss how to apply it to the linear function

approximation setting. We define set J as

(4.43)

K1/3 K1/3W§ K13 W
J = AB2ZWW T AW T AR [

as the candidate value for B and we can see that |J| =log(W) + 1 = J + 1, where
A= (@)2 . After an estimated budget B; for each epoch i is selected. Then
we run a new instance of Algorithm 4 for consecutive W = K¢ episodes. Each epoch
contains W B¢/K°¢ frames. We remark here that when using the Algorithm 4 we

need a local budget information, but under assumption K l-apep < B , we can simply

choose b = B} °K°~! with an estimated B;. The following Theorem states that the
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Algorithm 5 achieves a sublinear regret and zero constraint violation without the

knowledge of the total variation budget B.

Theorem IV.5. Algorithm IV.5 achieves the following regret and constraint vio-

lation bounds with no prior knowledge of the total variation budget B when K =

0 ((M—VSMETWBWy) Cand K > ek :

R(K) = O(H*Sz A2 Bi K%/%) (4.44)

V(EK) =0 (4.45)

4.3.3 Simulation

We compare Algorithm 4 with two baseline algorithms: an algorithm [84] for
non-stationary MDPs, and an algorithm [29] for stationary constrained MDPs using a
grid-world environment, which is shown in Figure. 4.1. The objective of the agent is
to travel to the destination as quickly as possible while avoiding obstacles for safety.
Hitting an obstacle incurs a cost of 1. The reward for the destination is 1. Denote the
Euclidean distance from the current location z to the destination as dy(z), the longest
Euclidean distance is denoted by d.x, then the reward function for a locations x

0.1%(dumax—do

is defined as ) The cost constraint is set to be 5 (we used cost instead of

utility in this simulation), which means the agent is only allowed to hit the obstacles
at most five times. To account for the statistical significance, all results were averaged
over 10 trials. To test the algorithms in a non-stationary environment, we gradually

vary the transition probability, reward, and cost functions. In particular, the reward

is added an additional variation of +%!

7=» Where the sign is uniformly sampled, the

cost varies LKI at all the locations. We vary the transitions in a way that the intended
transition “succeeds” with probability 0.95 at the beginning; that is, even if the agent
takes the correct action at a certain step, there is still a 0.05 probability that it will

take an action randomly. The probability is increased with % at each iteration.
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As shown in Figure. 4.2, we can observe that our Algorithm 4 can quickly learn
a well-performed policy while satisfying the safety constraint (below the threshold),

while other methods all fail to satisfy the constraint.

Figure 4.1: Grid World

10 10

—— Non-Triple-Q
Triple-Q

—— Mao et al.

== threshold

5 5 v
4 4

3 F 3

2 2

0.0 0.5 1.0 15 0 3.5e5 7e5 1.05e5 l.4e6 1.75e6
Episodes 1e6 Episodes

©
©

Average Reward
=)
Average Cost
=)

Figure 4.2: Average Reward and Cost during training

Figure 4.3:
& Performance of the three algorithms under a non-stationary environment

4.4 Model-free Algorithms For the Linear CMDP Setting

In this section, we consider linear CMDP, which can potentially model infinite
state space. In particular, we consider reward, utility, and transition probability can

be modeled as linear in known feature space [85]. The formal definition is given below

Definition IV.6. The CMDP is a linear MDP with feature map ¢ : S x A — R?, if

for any h and k, there exists d unknown signed measures i, 5, = {u,lf’h, o ,ug’h} over
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S such that any (z,a,2') € S x A X S,

Ppp(2'|z,a) = (d(x, a), pn(z’)) (4.46)

and there exists (unknown) vectors 6y .5, Ok g.n € R? such that for any (z,a) € S x A,

(T, a) =(6(z, a), O p), (4.47)

e (2, a) =(o(x, ), Op g,n) (4.48)

Without loss of generality, we assume ||¢(z, a)||2 < 1, max{||winl|2, [|Okrnll2, [|Orgnll2} <

V.

We adapt the stationary version of the linear CMDP in the non-stationary setup by
considering time-varying jiz 5, and 0y ;5. It extends the non-stationary unconstrained
linear MDP [83] to the constrained case. We remark that despite being linear,
Pr i (+]x,a) can still have infinite degrees of freedom since pig 5 (+) is unknown. Note
that [19; 74] studied another related concept known as linear kernel MDP. In general,
linear MDP and linear kernel MDPs are two different classes of MDP [88].

Similar to budget variations in the tabular case, we define the total (global)

variations on ., and 6y, for j = r, g and the total variations as

K H

Bj =) 0ein = Ouorjnlle, (4.49)
k=2 h=1
K H

By, = Z |t — pr—1nllF, (4.50)
k=2 h=1

and B = B, + B, + B, is the global budget variation.
Algorithm: [85] proposed an algorithm for the stationary setup. It is a primal-dual
adaptation of the unconstrained version [74]. However, there are some key differences

with respect to the unconstrained case. For example, instead of a greedy policy with
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Algorithm 6: Model Free Primal-Dual Algorithm for Linear Function Ap-
proximation for Non-stationary Setting

log(|.A[) K
210+&+H)'

B = dH/log(2log | A|dT[p), D = B~Y2H-1/2q*2K1/2.
for frames £ =1,...,K/D do
for episodes k =1,...,D do
Receive the initial state z¥. for step h = H,H —1,...,1 do

2

3

5 Ak<_2§_i¢(xh7a’h)¢(xhaah) + AL

6 rh — (AT o, af)[ra(af, af) + Vil (27,01 5
7 ap) + h

8

9

1 Initialization: Y; =0, w;, =0, a = =¢/VKH?,

wgh (Ak) [Zl: }¢(xh’a'h>[gh($h7 gh+1(37 +1)H ;
() = min{(wky, 6(-, ) + B(B(, )T (AR) o, )2 HY
() = min{(wf (-, ) + B(o(-, )T (AF) 1o, )2 HY

Y

exp(o (Q’ﬁ,( a) + Y@y (' a)))

10 Tk (al-) S exp(a(QF, (-, 0) + iQE () |
11 VEC) =2, mk(al)@ rh( a) ;

12 Vo () = 20 (] )Qg (-, @) ;

13 for step h=1,..., H do

14 Compute th(xh, a), Q% (), a), m(alzy) for all a ;
15 Take action afi ~ T k(- |azh) and observe x ,; ;

16 Yiepr = max{min{Y} +n(p — V,J,(21)), £}, 0}

respect to the combined state-action value function one needs the soft-max policy.
We adapt the algorithm in the non-stationary case (Algorithm 6. In particular, we
employ the restart strategy to adapt to the non-stationary environment. We divide
the total episodes K in K/D frames where each frame consists of D episodes. We
employ the algorithm proposed in [85] at each frame. Note that such type of restart
strategy is already proposed for the unconstrained version as well [83]. However, the
algorithm for the constrained linear MDP differs from the unconstrained version, thus,
the analysis also differs.

Tabular v.s. Linear Approximation: We remark that although linear CMDPs
include tabular CMDPs as a special case [34]. Directly applying the algorithm to
a tabular CMDP will result in higher memory and computational complexity than

Nonstationary Triple-Q.
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We now flesh out Algorithm 6 for the tabular case which will clarify the memory
and computational requirement. We can revert back to the tabular case by setting
¢(s,a) = e, where e, is a d-dimensional (here d = |S||.A|) vector where e, , = 1 for
state-action pair (s,a) and zero for other values of state and action. The w, ), vector

update becomes as the following

nk(z,a)
1 h
k T T k T
wy (T, a) = E @) + V) ; (rn(@hs ap) + Vi (Thi1)) (4.51)

where nf(z, a) is the number of times the state-action pair (z,a) has been encountered

at step h till episode k. The Qf’h update will be

Qrn(,a) = min{{wy,(z,a), $(x,a)) + 5\/1/(712(% a)+ ), H}. (4.52)

In a similar manner, we can update Q’;’h. Note that we need to update this table for
every state-action pair at each step and use all the samples generated so far. Using
this, one can update VT’fh, and Vg’fh using the soft-max policy.

k

We further remark that if we maintain njy(x,a, Z) to be the number of times the

state-action-next state (x,a,Z) has been encountered at step h till episode k. Then

k —;- nk(x, a)ry(z, a nf(x, a,)VF T
wr,h('x7a>_ (nﬁ(m,a)—i-)\) ( h( ’ ) ( ) )+Z h( (g )V;“,thl( )) . (453)

T

In this case, we do not need to go through all samples at each iteration and do not
even need to store the old samples. The memory complexity of maintaining the
counts {ny(z,a, )} is O (H|S|?|A|), which is higher than the memory complexity and
computational complexity of non-stationary Triple-Q, which are O (H|S||A]), but

matches model-based algorithms for tabular settings.
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4.4.1 Main Results

Theorem IV.7. With D = B~'\2d'2K'Y2H~12 Algorithm 6 achieves the following

regret and constraint violation bounds:

R(K) :(9(1%5[(3/4}[9/%5/481/%) (4.54)
V(K) :w(’)([(?’/‘*[{g“dw“ﬂ/%) (4.55)

where © = log(2log(|.A|)dT/p), and & = 2H /6.

Our algorithm provides a regret guarantee of O(d>*K?3*H%*B'*) and the same
order on violation. £ arises since we truncate the dual variable at ¢ in Algorithm 6.
Note that regret and violation only scale with d rather than the cardinality of the
state space.

Compared to [74], which also considers linear function approximation (however,
it considers linear kernel CMDP rather linear CMDP), we improve their result by a
factor of Hi. We also improve the dependence on B and d. Further, we do not need
to know the total variations in the optimal solution (B, ), unlike in [74]. The algorithm
proposed in [74] is a model-based policy-based algorithm; ours is a model-free value-
based algorithm. Thus, our algorithm enjoys an easy implementation and improved
computation efficiency since it does not estimate the next step expected value function
as in [74], which requires an integration oracle to compute a d-dimensional integration
at every step.

Zero Violation: Similar to the tabular setup, we obtain zero violation by consid-

ering a tighter optimization problem. In particular, if we consider e-tighter constraint

2(1 ~
where ¢ = min{ 25 o5/ BUA RO K34 1K 5/2), the violation is 0. Thus, if
4(1 ¢
KY4 > (f}—g)()(d‘r’/ 4BY4H94) | we could obtain zero violation while maintaining

the same order of regret with respect to K.
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Remark IV.8. Our algorithm 6 doesn’t require the information of the local budget.
In the unconstrained version [83] achieves O(T?/?) regret if local budget variation is
known. We can also achieve O(T2/3) regret and O(T2/3) violation if we assume local

budget variation is known.

4.4.2 Unknown Variation Budgets

Our idea of designing the “bandit over bandit” algorithm can still be applied to

the linear CMDPs, We propose an Algorithm 7, which can achieve the following result.

Theorem IV.9. Let D = B~YV2d'2K'2H12 W = /K, Algorithm 7 achieves the
following regret and constraint violation bounds:
140 7/8170/4 15/4 p1/4
R(K):O(TK/H/d/B/L)

20048 4 1+6

V(K) = : O( 5 KTBHOYAP/ABYA,) (4.56)

We can further achieve zero constraint violation by choosing

3(1; 90((1 O PHBYAHA Y K52},

€ = min{

when
6(1+¢)

K& >
=

O(d5/4Bl/4H9/4).

4.4.3 Another approach for unknown budget

We provide an approach based on convex optimization to further reduce the order
from O(K"/?) to O(K?3), for both regret and violation. We consider a primal-dual
adaptation in the outer loop as well. In particular, after collecting R;(B;) and G;(B;)
under the selected epoch length B;, the bandit reward is R;(B;) + Y;G;(B;), where
Y; = min{max{Y;_; +n(p—G;(B;)/W),0},&}. Then line 10 in Algorithm 7 is replaced

108



Algorithm 7: Model Free Primal-Dual Algorithm for Linear Function Ap-
proximation for Non-stationary Setting without knowing the variation budget

1 Choose W = K'/2 7 (defined in Eq. (4.148)),

Y = min {1, —(K/leﬁgf%/w)} A=1/8;
2 Initialize weights of the bandit arms s;(j) =1,Vj =0,1,...,J ;
3 for epochizl,...,% do
(i 5 s 4 0 gs— )
4 Update p;(j) < (1 5)Zj/:08i(j’) + 25 Vi=0,1,...,.J;
5 Draw an arm A; € [J] randomly according to the probabilities

pi(0),....pi(J) 5
Aj
Set the estimated budget B; <+ VEW T

AW
Run a new instance of Algorithm 6 for W episodes with parameter value
8 Observe the cumulative reward R; and utility G;.;
for arm j=0,1,...,J do
O O L L TS I
' (Ri + Gi/ KM jeany/ WH( + 1/ EMpi(5)) i Gy >Wp'
// normalization
11 sit1 < si(j) exp(vRi(5)/(J + 1));
with

Ri(§) = (Ri(B:) + YiGs(By))/(WH + EW H)

Let W = d"/?H~'2K"/? be the epoch length, and
J = {1,W%,...,W},

where J = log W as the candidate sets for D in the linear CMDPs. We still use Exp-3

to choose an arm. From the Exp-3 analysis we know for any DY

> (Ron(D') + Y Gon(D1)) = (Rin(Din) + YiuGon(Dya))

m

<2Ve — IWH(1+ &)/ (K/W)(J + 1)In(J + 1) = O(HEVEW), (4.57)

109



Now, from the dual domain analysis, we obtain a similar to (Lemma IV.17)

YW nHK
+

Z(Y - Ym)(Wp - Gm(Dm)) < 277 9

m

(4.58)

We note that n = /&2W/(K H?), then the upper bound is (VW KH?2. From the

results analysis of the constraint violation from Theorem IV.7, we have for the optimal

choice of D' from J

S " (Wp— Gn(DY) <O(K\/@H /D + D'VADIH?B). (4.59)

SV (@) ZR DY <O(K+/d*H*/D' + D'VdD'H?B). (4.60)

k

Hence, we have

Z _Ym(Gm(DT) - Gm(Dm))

m

= —Yu(Gn(D') = Wp) +Z W (Wp— G(Dyy))

m

<0 (K\/di”H‘l JDt¢ + DIWADTH?Be + f\/WKH2> (4.61)

where we use (4.58) (with Y = 0) for the first inequality, and (4.59) (where we use
|Y,| <€) for the second term.

Hence, from (4.57)

Z(Rm<DT) - Rm(Dm))

m

<O(HE2Ve —ITWH(1 4 &)/ (K/W)(J +1)In(J + 1)

+ Z _Ym(Gm(DT) - Gm(Dm>)
<0 (K\/d3H4 JDe + DIVADTH2BE + VWK H? + H§\/KW> (4.62)
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Now, suppose that optimal D exists in the range, thus, D' < D < DIW'// =
eD!. Hence, from D = B~'2, and (4.60) we have the regret bound of O((1 +
1/8)HOA P4 BY/AK3/4),

If D is not covered — if D < 1, then B~Y/2d'/2H~1/2K'/? < 1, thus, B > O(K)
which will make the regret and violation bound vacuous. Thus, we consider D > W.
Hence, B~Y2d'2H-12K'Y? > @'/2H-1/2K'2  thus, we have B < 1. Hence, the
optimal Dt = d"/2H~1/2 K'/2 by balancing the terms in (4.62). Thus, the regret bound
again follows, i.e., the regret bound is O((1 + 1/8)H4d5/* BVAK3/4),

Now, we bound the constraint violation. Note that

=N Vi (@r) = Y Ru(DY) + Y Yu(Wp — Gu(D)

<O (K\/d3H4 /D¢ + DIVADTH2BE + VWK H? + Hé\/KW) (4.63)
where we use (4.60), (4.59), (4.57), and (4.58) to bound each term in the right-hand

side respectively.

By using lemma C.6, we can have

N " Wp— GulDy) <O (K\/d3H4/D* + DIWVADTH2B + VWK H? + HVEW
1
§

(K+/d3H*/D") + D*WHQB)) (4.64)

From a similar argument (for regret) where optimal D is covered within the range or

not, we bound D' and obtain the result for constraint violation. We prove the results
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by substituting £ = ==

4.5 Proofs for the Tabular Setting

4.5.1 Proof of Theorem IV.2
Dynamic Regret

Recall that the regret can be decoupled as

Re gret

=K Z Z{Qk1Qk1 leqi?j}(%,l,a))

LEk=1

[ K
E Z <Z {Qi *Qi xk,l, CL) - Qk,l(l‘k,l, ak71)>

Lk=1

+

MK
E Z {le - Qﬁ} (xk,l, ak,l)] .

Lk=1

Firstly, in lemma IV.12, we will show that the first term can be bounded by

comparing the original LP associated with the tightened LP such that

KHe

(4.65) < —

By using Lemma IV.11, we can show that:

2(H3/t + 2H*D) K

(4.67) < H*SAK'™“B° +

+ VH*SALK?(x 4 1)B° + 2bH*K

For the last term 4.66, we first add and subtract additional terms to obtain

|3

k=1

<Z {Qi*lq;“} Tpa,a ) Qk,1($k,1,ak,1)>]

a
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€% €% Z €% €% €,% Z €%
o ZZ ({le Tyt nkcm kl} (Tr1,a) — {Qk,lqm + ?kck,lqkh} (-Tk,laa))]

k a

(4.69)

+E Z (Z {le(Jm} Lk1, A le(xkl’a“))]

+E ZZkZ{ Cra — CFY) 421} (2, a )] (4.70)

We can see (4.69) is the difference between two combined @ functions. In Lemma
IV.10 we show that {Qk,h + %Ck,h} (z,a) is an overestimate of {QZZ + %CZ}:} (x,a)
(i.e. (4.69) < 0) with high probability. To bound (4.70), we use the Lyapunov-drift
method and consider Lyapunov function Ly = %Z%, where T is the frame index and
Zr is the value of the virtual queue at the beginning of the T'th frame. We show that

in Lemma V.13 that the Lyapunov-drift satisfies

o (TH+1)K"/Be
E[Lr1 — Ly] < a negative drift + 2H* + 4H*D* + €% — 7.7}(_‘”‘ Z Oy, (4.71)
k=TK®/Be+1

where

o) =E

<Z {Qk,qu’j} (xk,h a) - Qk,l(xk,b %,1))]
Z
25 (- ) s a>] ,

So we can bound (4.70) by applying the telescoping sum over the K1~ frames on

the inequality above:

KYBE L, — Ly« K(2H* + 4H*D? + €2
n n

<K(2H4L + 4HD? + €%)
- n

: (4.72)
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where the last inequality holds because L; = 0 and Ly > 0 for all 7. Now combining

Lemma IV.10 and inequality (4.72), we conclude that

K(2H* + 4H*D? + €2) N (n+ K'-*)H?B*

(4.66) < ; K (4.73)
L\ D
Further combining inequality above we can obtain for K > (M) ,
KH 2(H? 2H*D) K
Regret(K) < 5 ¢ H2SAK'™B° + (Y0 + )
X
+ VHASAUK?=(x + 1) B¢ + 2bH*K
K(2H* + 4H*D? + € K'"*)H?B°
ESCEN, +e) e KRB (4.74)

n nk

We conclude that under our choices of ¢ = 128log(vV2SAHK), e = S—W and

a=06,1=KsBs,y=Ks,c=2 and K'*B% < B,

4
5

Regret(K) = O(H'S2 A2 B3 K5). (4.75)

Constraint Violation

Again, we use Zr to denote the value of the virtual Queue in frame 7. According

to the virtual-Queue update, we have

é B¢ + C’ Be
Zrw=Zr+p+e——z) 2Zrtpre——=, (4.76)
Ka Ka
which implies that
TK®/B°
> (O ak) + )
k=(T—1)K*/Be+1
Ko TK>/B¢
< Zra-Zo+ Y ({Cu -0} @na) =) (4T7)

k=(T—1)K*/Bc+1
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Summing the inequality above over all frames and taking expectation on both sides,

we obtain the following upper bound on the constraint violation:

K

E Z p— Ok (wpa, ak,1)]

k=1
K

Z {Ckal - 01?61} (Trasak1) | (4.78)

k=1

Ka
S — KE + EE [ZKlfch_;'_l] +E

where we used the fact Z; = 0.

In Lemma IV.11, we established an upper bound on the estimation error of Cj; :

K
E|Y {Cki—C*} (wh, ak,l)]
k=1

2(H3\/1 + 2H*D) K

<H*SAK'™“B° +

+ /HASAUK?2=(x + 1) Be + 2bH?K. (4.79)

In Lemma IV.14, based on a Lyapunov drift analysis of this moment-generating
function and Jensen’s inequality, we establish the following upper bound on Zr that

holds for any 1 < T < K'7@B° +1

4 72 172 2 7172
B2 oo L5—|—b 1) g 18U \/§+bH ))

N AH?B® N AH?B® N 4n(v/ H?u + 2H?D)
K6 noK 5 ‘

(4.80)

Substituting the results from Lemmas IV.11 and (4.80) into (4.78), under assump-

J— 5
tion K > <w> , which guarantees ¢ < %. Then by using the choice that

€= S—W, we can easily verify that
100(H* + b*H?)K®®  16(H? bH?)  4(H? 2H?D
Violation(K) < (H+ ) log (7Y + ) + (e + ) K8

6 B2/3 ) SB1/3
—5VSAHOPK B3 (4.81)
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If further we have K > e%, we can obtain

100(H* + b2H2) K6 16(H? H?2b
(AL + ADES ) UV HY) e gos gl — o,

Violation(K) < SB2/3 )

4.5.2 Proof of Theorem IV.5

Let B be the optimal candidate value in J that leads to the lowest regret while
achieving zero constraint violation. Let R;(B;) be the expected cumulative reward
received in epoch ¢ with the estimated budget B;. Then the regret can be decomposed

into:

K
Regret(K) =E Z (V,:’f (zr1) — Vi (ml))]
k=1

K K/W K/W K/W
=E | > Vit(zea) = > Ri(B)| +E | Y Ri(B)— > Ri(By)
k=1 =1 =1 =1

The first term is the regret of using the optimal candidate B from J; the second
term is the difference between using B and B; which is selected by Exp3 algorithm.
Applying the analysis of the Exp3 algorithm, we know that by using Lemma IV.4 for

any choice of B, the second term is upper bounded:
K/W K/W
E|{Y R(B)- > Ri(Bi)|| <OHVEW +HEK'™?). (4.82)
i=1 i=1
For the first term, according to the regret bound analysis of Algorithm 4, we have that
K K/W 1
B | Vi) Z Ri( <0 (H4S%A§K1—0~2< <B> 3) L (4.83)

k=1

We need to consider whether B is covered in the range of J to further obtain the

- 9
bound of (4.83). First we assume that K = Q ((40— W) ) , which implies
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B < IA(;//—;“’%. Then we need to consider the following two cases:

e The first case is that B is covered in the range of 7. Note that two consecutive
values in J only differ from each other by a factor of Wi then there exists a

value B € J such that B < B < W7 B. Therefore we can bound the RHS of
(4.83) by

W=

5 (H‘*SéAéKl_O'ZC <B> ) <0 <H4S%A%K1—o.2c (BWl/J)%)

<0 <H4S%A%B%K1—0-2<) , (4.84)
where the last step comes from the fact W/7 = W1/(InW+h) < ¢

The second case is that B is not covered in the range of 7, i.e., B < %. Th

optimal candidate in J is the smallest such that one B = %, then we can

bound the RHS of (4.83) by

o H4S%A%K”'2<(B);’ <o [ mstasgrox (K7 )
N AB/2T)

1
SO (HK10/90.2<W> . (485)

For the constraint violation, according to Lemma IV.4 we have

K

K/W
E | p—Cfi(anar)| =E | D (Wp—Gi(B)
Lk=1 =1
[K/w A K/W A
—E Y (Wp— Gi(B)> +E|Y (Gi(B) —Gi(BZ-)> (4.86)

For the first term, according to Theorem IV.2, by selecting € as ¢ = 2VSAH B - %{’W’. we
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have

KW - -
. 100(H* + 2H?) K¢ 16(H2\/1 + H?D)
E|Y (Wo-Gu(B))| < - log :
p B
— 13V SAHS 3K 0% B3, (4.87)

For the second term, we are able to obtain an upper bound by using Lemma IV .4

K/W
E | (Gi(B) - Gi(By))| < 12K H\/K™*(J+1)In(J + 1) (4.88)

=1

By balancing the terms O(K1702¢), O(KA(1+0/2) and K, the best selection are

¢ =5/9 and A = 1/9. Therefore we further obtain when K > e%,

4 B2 172\ i1/3 2 27 R

Violation(K) < B3 og 5

(4.89)

We finish the proof of Theorem IV.5.

4.5.3 Detailed Proofs

We provide the detailed proof in this section. A notation table and some supporting

lemmas can be found in Appendix C.

4.5.3.1 Proof of Lemma IV.3

Proof. First, define B}, BY, B} to be the variation of reward, utility functions, and
transitions at step h within frame 7'
TK®/B°

Bi = ) Sup [7,n (2, @) — resan(, a)| (4.90)
k=(T—1)K/Bet1 ™
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TK® /B¢

By = Z sup |gr,n (2, a) — grs1n(z, @)l (4.91)
k=(T—1)K/Be41 ¢
TK®/Be
Bi= Y sup|Peallr0) - Prora(cle, )l (4.92)

k=(T—-1)Ko/Bc+1 ©¢

We will prove the following statement by induction.
H H
QF, 1(@,0) = QR (v, 0)| < Y By, +H Y B,
h=h h=h
For step H, the statement holds because for any (z,a),
|Q21,H(xa a) - Qﬁ,H("Ev a>| :|Tk1,H<x7 CL) - Tk2,H(x> CL)|
ko—1
<Y k(@ a) = rep (e, a)| < By

k=k1

Now suppose the statement holds for h + 1, then

le,h(ma CL) - QZ;,h<x7 CL)
:Pklahvlg,h+1 (l’, a) - ]P)k27h‘/k7;/,h+1($7 CL) + rkl,h(‘xa CL) - TkQ,h(x7 a’)

Sthth?,hH(xa a) — sz,thZ:hH(I, a) + By,

_Z]Pkl |l‘ a Vk1 h+1 ZP’m |Z‘ a sz h+1< ,) + Bg

_Z]P)kfl |z, anth@ Th1 (T Zpkzh |, G)Qk2h+1($ T (2') + By,

x!

According to the hypothesis on h + 1, we have

le,h—i-l(x/aﬂ—thl( ) < ka h+1(33 T hi1 (@ Z By, +H Z By, (4.93)
=h+1 =h+1
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Therefore

ngh(l‘, a) - QZ;,h(m7 a)

H
<Z Pkl ‘iL‘ a sz’h({ﬂl’m,a))QZ;,h+1($/,7Th+1(Z'/)) + Z B; 1Y —|—H Z Bp/
h'=h

=h+1

H H
<|[Pi, (|2, 0) = Prpn (-l a)ll - H+ Y By, +H Y B
h'=h h'=h+1

H H
<BJH+)Y By +H Y B,
h'=h h'=h+1

H H
<> By+HY B (4.94)
h'=h h'=h

where the last inequality comes from the assumption on b. The same analysis can

be applied to |CF, ,,(z,a) — CF, ,(,a)|. We finish the proof by using the fact that
H . H F

> wen By + H 3y, By < Hb. 0

Lemma IV.10. With probability at least 1 — K3’ the following inequality holds simul-

taneously for all (x,a,h, k) € S x Ax [H] x [K]:
{Fin—F} (z,0) >0, (4.95)

Let m be a joint policy such that 7 is the optimal policy for the e-tight problem at
episode k, whose reward (utility) QQ value functions at step h are denoted by QZZ(CZZ)

Then we can further obtain

K
€,% €,% (77 + KI_Q)HQBC
= Z za: {(Fel = Fra) 41 } (w1, 0) | < K : (4.96)
The function F will be defined in Eq.(4.97).

Proof. Consider frame 1" and episodes in frame 7. Define Z = Z_1)ka,pe41 because

the value of the virtual queue does not change during each frame. We further
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define/recall the following notations:

A A
Fin(z,a) = Quu(z,a) + —Crn(z,a), Ugp(x) = Vin(z) + =Win(2)
il " (4.97)

A A
Fily(w,a) = QF (2, a) + Ecg,h(%@)a Upp(z) =V, (z) + Engrh(I)

From the updating rule of ) functions, we first know that

{Qun — QFp} (@, a) = {Qur—1)ke/Bes1n — Qf p }Hw, @)
t . -
+ Z oy <{Vki7h+1 — Vi (@ prn) + {(Pih = Prn)Vitpa Y@, a) + by + 2Hb>
=1

(4.98)

Then we have with probability at least 1 — 1%3

{Frp = Fipd(w,a)

:04? {F(T—l)Ka/Bwrl,h - F;:h} (x,a)

t
+ 3 af ({Unnsr = Ul } (onne) + (B = Pra)Uf s M, )
=1

7 -

+ (1 + —) (b; + 2Hb))
n

t A
:Oé? {F(T—l)Ka/BC+1,h - Flgh} (z,a) + Z oy ({(Pﬁh - Pki,h)U/?,thl})
1=1

t
+ ) o ({Ukonsr = Ubnin } @ronsr) + {Pron = Prn) Ul s}z, a)

i=1

+ (1 + %) (b; + 2H6))

> @ { Fir—vyxe/pesin — Fip} (z,a)

t
+ Y o ({Ukonsr = Ubpia } @ronsr) + {Pron = Prn) Ul s}z, a)
=1

+ (1 + %) (b; + HB))
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t
Z(b)a? {F(T—l)KO‘/BC+1,h - F;fh} (z,a) + Z Oéi ({Uki,h"!‘l - Ul:,h—i-l} (T ht1)

/'7

t
:04? {F(T—l)K“/B“rlyh - th} (z,a) + Z O‘i {Uki,h+1 - Ul?;,h-i—l} (Tk; he1)

=1

t
i ™ ™ 7 ~
* Zat {UE hr = Ulnia } (@rongn) + (1 + ;) Hb
i=1

=00 {Fir—yyke/pes1n — Fp} (2, a)

t
+) o (mgx B 1 (Thy w1 @) = g (Thg pon, W(xki,h—i-l)))
=1

t

( ™ m Z ~

+ Z @ {U’“i’hﬂ o Uk,h+1} (T nr1) + (1 + Z) Hb
i=1

>@a} { Fir-nke/sesin — F ) (2,0)

t
+) o (mgx Froni1 (Th hi15 @) — F i (Tns pr, W(fki,hﬂ)))
=1

t
. 7 - 7 .
—E a|(1+ —=)Hb| + (1 + —)Hb
i=1 U U

t
ZO‘? {F(T—l)Ka/BCH,h - F]Zrh} (,a) + Zai {Fki,h+1 - Flz;h+1} (Thohr1, T(Thynr1)),

i=1
(4.99)
where inequality (a) holds because that
t t k-1 )
Z azzf {(Pki,h - Pk,h)‘/lthrl} (JC, CL) = Z Z alzf {(Pjvh - Pj+1,h)vk7jh+l} (SE, a’) < bH?
i=1 i=1 j=k;

and the same analysis can be applied to |Z§:1 o { (P, — Prp) Wi ) (2, a)} . The

inequality (b) is true due to the concentration result in Lemma C.2 and

¢ ¢

, Z 1 , Z. |H>(x+1) _n+Z |H%(x+1)

o (1 + —)b; = - o (1l + — > . (4.100
;t( 77) 4; i 77> i 2 1 T (4.100)
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Equality (c) holds an action is selected by maximizing Fy, p+1(2k, p+1, @), SO

Uk 1 (T p1) = max Froh1 (X, pg1, @),

and inequality (c) is obtained by using Lemma IV.3 and the property (d) of the
learning rate.
The inequality above suggests that we can prove {F, — [, }(x,a) for any (z,a)
if (i)
{For—1yko/pesin — Fp} (@,a) >0,

i.e. the result holds at the beginning of the frame and (ii)
{Fk/7h+1 — F,Q,LH} (z,a) >0 forany Kk <k

and (z,a), i.e. the result holds for step h + 1 in all the episodes in the same frame.
It is straightforward to see that (i) holds because all reward and cost Q-functions
are set to H at the beginning of each frame.
We now prove condition (ii) using induction and consider the first frame, i.e. 7' = 1.
The proof is identical to other frames.

Consider h = H i.e. the last step. In this case, inequality (4.99) becomes
T 0 Zl T
{Fou — FyH(x,a)>a; SH+ —H — F[ ;¢ (x,a) >0, (4.101)
; n ;

i.e. condition (ii) holds for any k in the first frame and h = H. By applying induction

on h, we conclude that
{Fk,h - F]:h}(l‘, (l) Z 0. (4102)

holds for any k, h, and (x, a), which completes the proof of (4.95). Since Eq. (4.95)
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can only be applied to a single policy, in order to have a bound on

K
SN T{(F = Fia) a5} (2. a)

k=1 a

we first need to substitute F7; with F, ,j | in Eq. (2.46), and use a union bound over
all the episodes, which means with probability at least 1 — % that Fj, — F ,:T > 0.
Let £ denote such event that Fj ) — F,EZ > 0 holds for all k, h and (x,a). Then we

conclude that

B S0 )} e
Lk=1 a
=E Z Z {(Fl:; - Fk,l) q,:} (xk1,a)| E| Pr(E)
Lk=1 a ]
K
tE Z Z {(Fﬁ - Fk,l) q;ﬁ} (xp1,a)| E| Pr(&€°)
k=1 a
K'"*B°H\ 1 Kl-o)H?2PBe¢
SKH(1+—— )5 < (n+ ) . (4.103)
U] K? nk
O
Lemma IV.11. Under Algorithm 4, we have for any T € [K'~ - B,
TK*/B*
= Z {Qkal - QZ’H} (:Ek,la ak,l)
k=(T—1)Ke/Be+1
H3\/t+ 2H?b) K HiSAK*(x +1) 2K“H?
<H5A = 4.104
<HSA+ Brr e + (4.104)
TK®/B®
E Z {Cha - C;rﬁ} (k15 an,)
k=(T—1)K®/Be+1
2(H® 2H3b) K HASAKe(x +1) 2K°H?b
<sa+ 2 \/Z; ) +\/ & D, e (4.105)
5% c -

Proof. We prove this lemma for the first frame such that 1 < k < k*/B¢. By using
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the update rule recursively, we have

t
Qrn(r,a) <afH + Z o (T’ki,h(ﬂﬁ, a) + Vi, b1 (@Th 1) + b + 2H?~?> ; (4.106)

=1

where af = H§:1(1 —a;) and of = q H;:Hl(l — ;). From the inequality above, we

further obtain

Ke/Be K® /B¢
Z Qrn(r,a) < Z aH
k=1 k=1

Ka/BC Nk:,h(xva)

+ Z Z Oéé\fk’h (Tki’h(l', a) + V;ci,thl (xki,h+1) + bz + QHB) .

k=1 i=1

(4.107)

We simplify our notation in this proof and use the following notations:

. (k:h)

Nin = Nin(xpn, akn), = ki(@pn, arn),

where k:i(kﬁ) is the index of the episode in which the agent visits state-action pair
(g, ar. ) for the ith time. Since in a given sample path, (k, h) can uniquely determine

(@k.n, ar.n), this notation introduces no ambiguity. We note that

K®/B¢ Ng.n Ke/B¢ o

; N,

i k,h
> D ok Vi (#km i) € D0 Ve @enrn) Y o
k=1 =1 k=1

t=Ng,p

1
< (1 + ;) > Vins1(@rat), (4.108)
k

Then we obtain

K@ /B¢
> Qualin, arn)
k=1
K /B¢ | e
< Z oy H + (1+ ;) Z (0 (@h s @rp) + Vin1 (Trp1))
k=1 k=1
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K®/B¢ Ng

+ Z Zaﬁvk’hmeKQE/Bc
k=1 1i=1

K®/B¢ 2 27\ 7
2(H=\/t + 2H*b)K
< Z (Ten(@rns arn) + Vi1 (Trpgr)) + HSA + ( \/_BCX )
=1
1 .
- 5\/JLPS,auKa(X +1)/B¢ +2K*Hb/B°, (4.109)

where the last inequality holds because (i) we have

Ke/B°

> o}, H= ZH]I{NM _oy < HSA,

k=1
(11) Vk,h+1(xk,h+1> < <H2\/Z+ I;),rk,h(:ckﬁ,ak,h) < 1, and (111) we know that

Ke /B Nij | /B Nin Hu(x + 1) | KesBe H(y 1 1)
kg izaévk’h B Z ZZ N X+Z Z X+Nkh

Nga/pe p(w,a)

1 Hux+1)
N Z Z X+n

Nga e, h(fE a)
1
<5 Z Z e G <X+ QISR (x 1)/ B, (4.110)

where the last inequality above holds because the left-hand side of (1) is the summation

of K%/B¢ terms and 4/ H;TX:D is a decreasing function of n.

Therefore, it is maximized when Ngo/pep = K*/BSA for all 2, a. Thus we can

obtain

Ke/B¢
> Qualrn acn) = > Qi (Thn, ar)
k

k=1

K® /B¢ 2 27
W 2(H2\/i + 2H?D) K®
<Y (Vensr(@enser) = PeaVih o (on, arn)) + HSA + ( \/_BCX )

k=1

2K*Hb
Bc

(4.111)

+/H2SAUK(x +1)/Be +

126



Ko/B°

<D (Venn@inin) = PeaVity (en ann) + Vik oy (Tenen) = Vi sy (i)
k=1

(4.112)

2(H?\/t + 2H?D)K®

HSA
- - Boy

+H2SALK*(x + 1)/Be + 2K“Hb/B°

Ko/B¢

=Y (Vinrr(@eni)) = Vi (@rnsn)

k=1
T T T
P n Vil @, akn) + PV (Thn, ak,h))

2(H?\/t + 2H?D)K®
Bex

+ HSA+

+/H2SALKe(x +1)/B¢ + 2K“Hb/ B
K*/B¢

= Z (Qk,h+1($k,h+1,ak,h+1) - Qth+1($k,h+1>ak,h+1)
k=1

= PuV 5 (Tps arn) + ]fbk,hv];rfprl(xk,h; CLk,h)
H2\/t + 2H?b) K*
Bey
+/H2SALK(x + 1)/ B¢ + 2K“Hb/B°. (4.113)

2
+HSA+ (

Taking the expectation on both sides yields

(Ko /Be
E Z Qrn(Trps arp) — Z ngh(l’k,h, k1)
k=1 k

(Ko /Be
<E Z (Qk,h+1(Ik,h+1, Ak nt1) — Qi (Thnt, ak,h+1))
k=1
2(H? 2H2b)K® -
+ HSA+ (HoVe ) +H2SAUK*(x +1)/B + 2K*Hb/B*.

Beyx

Then by using the inequality repeatably, we obtain for any h € [H],

K/B¢
E Z (Qk,h(ﬂﬁk,h,ak,h) - Qth(ﬂﬁk,h,ak,h))
k=1
3 37\ fra 5
<H?SA+ 207y 2HD K + VHASALKY(x 4+ 1)/Be + 2K*H?*/B°.  (4.114)

Beyx
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We finish the proof. O]

Lemma IV.12. Given e <, we have

He
5 (4.115)

E | {Qiai — Qi) (e a)| <
a

Proof. Given g, (z,a) is the optimal solution for episode k, we have

Z Gy (7, 0)grn (2, a) > p.

h,z,a

Under Assumption IV.1, we know that there exists a feasible solution {q,ﬁfh(x, a)HL,

such that

Z qiilh@” ,a)gkn(z,a) > p+0.

h,x,a

We construct g; h(:E a) = (1—%)q (v, a)+ gqilh@ a), which satisfies that

2 €\ 4 € ¢
> af @ agunle.a) = 3 (1= Hdinle.a) + 5085 (@.0)) genla,a) = p+ e,

h,x,a h,x,a
Z 4z, a) Z Ppp_1 (|2, a’)q,ffh_l(x’, a'),
h,z,a z/,a’
Z qkh z, a (4.116)
h,x,a

Also we have ¢; h(x a) > 0 for all (h,x,a). Thus {q,C . (z,a)}HL, is a feasible solution to
the e-tightened optimization problem (4.21). Then given {g;’,(x,a)};, is the optimal

solution to the e-tightened optimization problem, we have

S (g a(e.a) - gy (2. 0)) rin(e,a)

h,x,a

<3 (dinle.0) = 6@ 0)) il )

h,z,a
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€
— S0 (@,0)) ria(a, )

Q')|\"“

<Y (aintea) = (1=5) gi
h,z,a
) i

< Z (q?;h(x,a) - (

h,x,a

) ren(z,a)

<>.Im

He
— 4.11
5 ) ( 7)

<5 D dial@ )ria(e0) <

h,x,a

where the last inequality holds because 0 < ry,(x,a) < 1 under our assumption.

Therefore the result follows because

Zle Tg,1,0 )qkl (k1,0 ZQkhxarkhxa) (4.118)
h,z,a

> Qi (e, a)g (e, a) =D gy (@, a)ren(z,a). (4.119)
a h,x,a

O

Lemma IV.13. Assume ¢ < . The expected Lyapunov drift satisfies

E Ly — Ly|Zr = 2]

. TK®
< ﬁa Z (—nE

k=(T—1)K*+1

ZT:Z

Z {leqi*} (Tr1,a) — @m(l’k,l, ak1)

a

+zE Ir =%

) +2HY + 4H % + €. (4.120)

> (G = Cra) iy} (21, 0)

Proof. Assume € < §. The expected Lyapunov drift satisfies

E [LT+1 — LT‘ZT = Z]
TK*
B¢
Y (o

k=(T—1)Ko+1

Z{ kl Ckl)qkl} Tk,1,0

ZT:Z

Z {leqi*} (Tx1,0) — Qk,l(xk,la k1)

a

+zE ZT =z

) +2HY + 4HD 4 €. (4.121)
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Based on the definition of Ly = %Z%, the Lyapunov drift is

_ 2
CrB
CrB¢ < Ka ,0>
LT+1—LT<ZT(P+€— T )+ 5

<Zr <p+e— —) + 2H* 4+ 4H* + €

2B (T+1)K*/B¢
3 <p +e— Crrlan, ak,l)) F2HY A AHY + € (4.122)

k=TKe/Be+1

where the first inequality is because the upper bound on |Cy 1 (2,1, ax.1)| is H?(v/2+2b)
from Lemma C.1. Let {gj,,};_, be a feasible solution to the tightened LP (4.21) at

episode k. Then the expected Lyapunov drift conditioned on Zr = z is

E[Lri1 — Ly|Zr = 2]

Be TK®/B¢
SK& Z (E [Z (P +te— Ck,l(xk,h ak,l)) - UQk,l(M;,l, ak,1) Zr = Z}
k=(T—1)K*+1
+ Nk [Qk,l(xk,ly ak,l)‘ Zr = z]) +2HY + 4H'D + € (4.123)
Now we focus on the term inside the summation and obtain that
(E [z (p +e— Cra(zn, ak,1)> — Q1 (.1, ak,l)’ Zp = 2]
+ nk [Qk,l(xk,h ap1)| Zr = ZD
Z ~
S(a)z(/) +e)—E|n (Z {Eck,lqliJ + Qk,ﬂ]}i;} (Tp,1, a)) Zr =2

+nkE [Qk,l(ﬂﬁk,h ag.1)

z (p +e— Z ék,1($k,1, G)QZ;(xk,h a))

a

ZT:Zi|

ZT:Z

n Z Qm(xk,h @)1 (Tr,1,0) — an,l(fEk,h ak,1)
a
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ZT:Z

zl pt+e— Z Cz,l(l’k,b a)ng(f’ck,l» a))

—E |7 Z Qk,1($k,1> @) (Tr,1,0) — an,l(xk,la ak,1)

+E zZ{ Ckl qkl}(mk,laa)

~

Z @k,l (k1,0 (Th1, 0) — Qra(Tr, ar)
a

ZZ{ — Cra) qkl}(:vk,l,a)

ZT:Z

ZT:Z]

< —nE Zr ==z

Ty = z] : (4.124)

where inequality (a) holds because ay., is chosen to maximize th(a:k,h, a)—l—Zn—Ték,h(xM, a).
and the last equality holds due to that {gj ,(z,a)};L, is a feasible solution to the

optimization problem (4.21), so

(P +e— Z CZ,I(xk,la @)1 (k1 CL)) = (P +e— Z G (2, @), p(z, a)) <0.

h,x,a

Therefore, we can conclude the lemma by substituting gj ;,(z,a) with the optimal

solution ¢,y (v, a). O

Lemma IV.14. Assuming e < 3 5, we have for any 1 <T < K. B

100(H* 4 02H?) 16(H?\/t +bH?)\ 4H?B°
<
E[Zr] < 5 log 5 + %5
AH?B¢  dn(v/H? + 2H?D)
. 4.12
moKe 5 (4.125)

The proof will also use the following lemma from [62].

Lemma IV.15. Let S; be the state of a Markov chain, L; be a Lyapunov function
with Lo = ly, and its drift Ay = Lyy1 — L. Given the constant § and v with 0 < § < v,

suppose that the expected drift B[A;|S; = s] satisfies the following conditions:
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(1) There exists constant v > 0 and 0; > 0 such that E[A]S; = s] < —vy when

Lt Z Gt.
(2) |Liyv1 — Ly| < v holds with probability one.

Then we have
r(v+6¢)
E[erLt] S erlo + 2e ,
ry

- 7
where r = e

Proof of Lemma IV.14. We apply Lemma IV.15 to a new Lyapunov function:
LT = ZT.
To verify condition (1) in Lemma IV.15, consider

A(WHEIEE (V2 + 2H%D) + HY + € + 2HY)
J

Ly =2y >0r=
and 2e < . The conditional expected drift of

E [ZT+1 — ZT|ZT = Z]

—E { 73, — V2

ZT:Z:|

1
< ﬂE [Z%H —22|ZT = z]

A(QEEZ B L (HZ 4 2H2D) + H + ¢ + 2HY?)

nK

z
4B 4 (VHP A+ 2HD) + HY 4 &+ 2HY

nK
O

, (4.126)

where inequality (a) is obtained according to Lemma IV.16; and the last inequality

holds given z > 0.
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To verify condition (2) in Lemma IV.15, we have

Zpsr — Zp < |Zpy — Zp| < ‘,O-F €— CT|

<(H + H*\/i 4 2bH?) + ¢ < 2(H*\/t + bH?), (4.127)

where the last inequality holds because 2¢ < § < 1.

Now choose v = ¢ and v = 2(V H% + bH?). From Lemma IV.15, we obtain

97 (v+07)
E [e’”ZT} <4 6—, where r = 7

= 4.128
Ty v2 +vvy/3 ( )

By Jensen’s inequality, we have
GTE[ZT] S ]E |:€7‘ZT] ,
which implies that

1
E[Z7] < —log (1 +
r roy

2
log | 1+ Bv” + 2y 21}76”(%9”
372

8v?
r(v+6r)
log (1 + —3726 T )

1102
——7 r(vtor)
o ( 372 ¢ ) >

2 2
<4L log <_llv er(v+9T))

9o (v+6r) )

A\
S|/ S|= 3|

3v? 2v
<—1log|— | +w
Y Y

4O DIEE gy (VH2+ 2H%D) + HY+ &+ 2HYP)

5
H4 + b2 H? 16(H? bH? .
_96( L;b )log< 6( */EH’ )) +2(HL + bH?)
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4D (VR + 2H%D) + HY + € + 2HY)

* 5
_100(H*: + b2H?) | 16(H?\/t + bH?) N AH?B° N AH?B¢ N An(v H? 4 2H?D)
(0]
= 5 & 5 K5 pokKe 5 ’
(4.129)
which completes the proof of Lemma IV.14. O

Lemma IV.16. Given § > 2¢, under our algorithm 4, the conditional expected drift is

) (77+K1‘0)H2BC
E|L — Lyl =2 < — =
[ T4+1 T| T Z] < 2Z+ K

+n(VH?2 4 2H?D) + HY + € + 2HD? (4.130)

Proof. Recall that Ly = %Z%, and the virtual queue is updated by using

CrBe\*
ZT+1=(ZT+/)+E— ;;a) :

From inequality (4.123), we have

E [LTJrl — LT|ZT = Z]

TK®/B®
BC
<

<%a > E[Zr (p+ €= Cra(@r, ar1)) — nQra (w1, ar)
k=(T—1)Ko/Be+1

+0Qu1 (T, ap1)| Zr = 2] + HA 4+ 2H D + ¢

Zr (p +e— Z {Cradir} (zha, a))

TK®/B*
BC

S(a)ﬁ Z E

k=(T—1)K®/Be+1

-n Z{Qk,1QZ,1}(xk,1, a) +nQr1(Tr1, ap1)|Zr = 2

+ 2 HY 4 2HYY?
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. TK®/B®
<% > B

k=(T—1)/BeKo+1

Zr (P +e— Z {C;Zr,lq;’i,l} ($k,17 a))

a

-n Z{Qk,lqgﬁ(ﬁﬁk,l, a) + 1Qk1(Tr1, ax1)| Zr = 2

Be TK<*/B¢
+ Ka Z E
k=(T—1)K/Be+1

Zr Z {Cl?,lqg,l} (T, a)

—Zr Z {Ck,lql7;1} ($k,1> Cl)|ZT =z

TK®/B®
BC

ke 2 B

k=(T—1)K*/Bc+1

+

n Z {QZJQIZJ} (Tp1,a) — 7 Z {Qg,lq;cr,l} (Tr1,a)|Zr = 2

+ HY 2ol
Be TK® /B¢

)
<@ — 2% + oo Z E
k=(T—1)K®/Be+1

U Z {(FEy = Fea)gia } (xx0,0)

a

+nQk1 (Tk 1, akn)| Zr = 2]
+ H* + & + 2HY?
6 (77 + Kl—a)HZBc

<(¢) — §z+ K +n(VH?2 + 2H?)) + H* + & + 2H*. (4.131)

Inequality (a) holds because of our algorithm. Inequality (b) holds because of the fact
that > {leq,’{f’l} (xk1,a) is non-negative, and under Slater’s condition, we can find

policy 7 such that

e+p—E Z Clzr,l(xk,lv @)qgg(f’ck,l» a)]

| 5
=p+e—E Z Gop(T,a)grn (7, a)] < —0+4e€e< —5 (4.132)

Lh,z,a

Finally, inequality (c) is obtained due to the fact that Qg 1(xx1,ak1) is bounded
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by using Lemma C.1, and the fact that

TK®/B®

E Z Z{ Fyy— Fy1) le} Ty1,0)| Ir = 2 (4.133)

k=(T—-1)K*/Bc+1 a

can be bounded as (4.103) (note that the overestimation result and the concentration

result in frame 7" hold regardless of the value of Zr). O]

4.5.3.2 Proof of Lemma IV.4

Proof. Let R;(B;)(Gi(B;)) be the cumulative reward(utility) collected in epoch i by
the given algorithm with the estimated value B; chosen using Exp3 Algorithm. Let B
be the optimal candidate from J that leads to the lowest regret while achieving zero

constraint violation. Then we have

K/W i

E | Y (Ri(B) — Ry(By))| =O(HVKW + HK'™) (4.134)
K/W .

Y Gi(B) - Gi(B)| =O(HK*KW) (4.135)

Apply the regret bound of the Exp3 algorithm, we have

K/W K/W
E Z (fr(Ri(B)) + f4(Gi(B)) — Z (fr(Ri(Bi)) + f4(Gi(B1))

<2Ve —IWH(1+1/K*)/(K/W)(J +1)In(J + 1) = O(HVKW),  (4.136)

Recall that E[Wp — G;(B)] < 0. Then it is easy to obtain

K/W ) K/W .
E Z(z—zi(B)—Ri(Bi)) <E Z(fARZ-(B))—fT(RZ-(Bi)))

<2Ve — IWH(1 + 1/KM\/(K/W)(J +1)In(J + 1)
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K/W

+E | > (fo(GilB) — f,(Gi(B)))

<ove “IWH(1+ 1/KN/(E/W)(J + Dln(J + 1) + % . %
—O(HVEKEW + HK'™), (4.137)

where the last inequality due to the fact that the term E [Zfi/lw(— fg(Gi(B)))} is

always non-positive. Furthermore, we have

K/W K/W ~
~ Gi(B) — Gi(B;
E Z Gi(B) — Gi(By) | = K'E Z ( )K)‘ (B9
i=1 =1

K/W
=K*E [Z Fo(Gi(B)) = f4(Gi(By))

<K (2\/6 “IWH(1 + 1/KN(K/W)(J + 1) In(J + 1)

)

<K (2\/6 “IWH(1 + 1/KN(K/W)(J + 1) In(J + 1))

i=1

K/W
+E {D 1(R(BY) = f(Ri(B)))

—O(HK*KW), (4.138)

where the last inequality is true because the second term is always non-positive.
The reason is that when E[G;(B;)] > Wp, E[f.(Ri(B;))] < E[f.(R;(B))] because
E[f,(Ri(B))] = E[R;(B)] is the largest return, and when E[G;(B;)] < Wp, we have

E[f+(Bi(B;))] = 0. O
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4.6 Proofs for the Linear Apprroximation Setting

4.6.1 Proof of Theorem IV.7

Notations: We describe the specific notations we have used in this section. With
slight abuse of notations, in this section, we denote V|7, ; as the value function at step
h for policy 7 at episode k. We denote V," ), as the utility value function at step h of
episode k. We denote () ;,, j = r, g as the state-action value function at step j for
policy .

Throughout this section, we denote ijh, Q’;,h, wf}h, w’;h, A¥ as the Q-value and the
parameter values estimated at the episode k. V5, (-) = (mar(-]), Q5 (-, ) a- Thi(-|z)
is the soft-max policy based on the composite -function at the k-th episode as

F o+ YeQF . To simplify the presentation, we denote ¢} = ¢(zy, ay).

Outline of Proof of Theorem IV.7

Step 1: The key to proving both the dynamic regret and violation is to show the

following

Lemma IV.17. For any Y € [0,¢],

K
S (Vo) = V() + Y y

e

1
(p=Vig (1)) < %YQ 4+ TRy

= ’
Ti
K K
> (V@) = Vit () +Y Y (Vi (@) = Vi (1)) (4.139)
k=1 h=1
Ta

Note that when Y = 0, we recover the dynamic regret.

Step-2: In order to bound 77, and 75, we use the following result
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Lemma IV.18. With probability 1 — 2p,

K Hlog(].A|)
a

T < (1+Y)(O(VH' @ K*2/D) + VdD** BH”) (4.141)

Ti < H3(1 +2/8)BD**Vd + (4.140)

Step-3: The final result is obtained by combining all the pieces.

Note from Lemma IV.17 we have

K
T T - Yy? KH?
D (VEa(en) = VI @) + Y (0 = Vi (o)) < 5o+ 5= 4 T+ T,

k=1

From Lemma IV.18, we obtain

K

T 7 - Y2 T]KH2
STV (1) = V(@) + Y (p = V(1)) < s
k=1

%M + H3(1+2/8)BDY*Vd + (1 + Y)(O(VHIPK?2/D) + VdD*? BH?)
(4.142)

£ _ log(ADK
KH?' 20+ &+ H)'

Since n = D = B Y2H-12J'2K1/2 we obtain

(VT (1) = Vi (20)) + Y (b= Vi (1)) < VK H?

]~

T
I

+ H2(1+ &4 H) + HY*(1 +2/6) BV K3/4q>/*

+ (Y + 1)(O(HAdP KA BYA2) + HY QP K3 (4.143)

Since the above expression is true for any Y € [0, ¢], thus, plugging Y = 0, we obtain
Regret(K) < O(HY*d*K**BY*2) + O((1 4 1/0)HY*dP* K34 BY4)  (4.144)

For the constraint violation bound, we use the following Lemma IV.19 (Lemma J.10
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in [74]).

Lemma IV.19. Let C* > 2max;, u**, then, if

K

K
Z krl xl krl(xl))+26* Z(bk—vkgl(x1>) <9 (4145)
k=1 k=1
, then
K
20

k:l

Note that ¢ > 2max;, u**. Thus, we replace Y = £ in (4.143). Thus, from (4.143)

and Lemma IV.19, we obtain

- 2(1+¢€)
Z<p _ kag,l(xl)) < (O(H9/4d5/4K3/4Bl/4L2) + O(H5/4d5/4K3/4Bl/4))
k=1
(4.147)
Hence, the result follows. m

4.6.2 Proofs of TheoremIV.9

Let W = K¢ and

(1+ 5)d5/4H9/4)>4

7 VE VEW3 VKWi  VEW A_((1+§)
AW AW T AW T AW [T £6

(4.148)

where J = log W as the candidate sets for B in the linear CMDPs. Under assumption
6(1 ~

KY/& > %O((l +1/6)d**BY*H"/* we know the optimal budget B € J. Let

B be any candidate value in J that leads to the lowest regret while achieving zero

constraint violation. Let R;(B;) be the expected cumulative reward received in epoch
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1 with the estimated epoch length B. Then the regret can be decomposed into:

Regret(K) =E

™)~

(Vi) - 78 m,l))]

K/wW K/W K/W

b
Il

1

I
Mw

i
I

The first term is the regret of using the candidate B from J; the second term is the
difference between using B and B; which is selected by Exp3 algorithm. Applying the
analysis of the Exp3 algorithm, we know that by using Lemma IV.4 for any choice of

B , the second term is upper bounded:
E ZRi(B)_ ZRi(Bi) < O(HVKW + HK'™).

For the first term, according to the regret bound analysis of Algorithm 6, we have for

the W episodes

< @ (1 —(ls- ) K- L H9/4d5/4Bl/4) . (4149)

We need to consider whether B is covered in the range of J to further obtain the

bound of (4.149). We consider the following two cases

e The first case is that optimal B is covered in the range of 7. Note that two
consecutive values in J only differ from each other by a factor of W§, then
there exists a value B € J such that B < B < W7 B. Therefore we can bound

the RHS of (4.149) by

O (1 :’5_ 5K1—H9/4d5/4B1/4> 1+ 5K1——H9/4d5/4wl/JB )

| /\
/‘\

’TCH9/4d5/4 B1/4)
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O (1 —g 5K1H9/4d5/431/4>

e The second case is that B is not covered in the range of 7,i.e., B < VK AW, then

the optimal candidate value in J is %,We can bound the RHS of (4.149) by

O (1 _g 5K1—H9/4d5/4Bl/4>

5(1+0 K% fpo/ags/4 VE
T HO/4 5/ /4
O( J (AW)

For the constraint violation, according to Lemma IV.4 we have

[ K K/W
E ZP—Cﬂk(ifklaakl) =E Z (Wp — Gi(B;))
L k=1 i=1

K/W

—E f(Wp Gy ) +E Z(Gi(é)—Gi(Bi)) (4.150)

=1

For the first term, according to Theorem IV.7, by selecting ¢ = O((l +
1/8)d?/A BYAHIY A K1=¢/Y) /K we have
K/W

E|Y (Wp—c;i@)) < —(125)(7)((1+1/5)K1‘</4H9/4d5/4f31/4). (4.151)

=1

For the second term, we are able to obtain an upper bound by using Lemma IV.4

K/W
E | (GiB) - Gi(B))| < 12K H\/K™*(J+1)In(J + 1) (4.152)

i=1

By balancing the terms O(K'~¢/4), O(K**(+9/2) and K'~*, the best selection are
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¢ =1/2 and A = 1/8. Therefore we further obtain
Violation(K) = 0. (4.153)
We finish the proof of Theorem IV.9.

4.6.3 Detailed Proofs

Notations: We describe the specific notations we have used in this section. A
detailed notation table and some supporting lemmas can be found in Appendix C.
With slight abuse of notations, in this section, we denote V7, , as the value function
at step h for policy 7 at episode k. We denote V;", ; as the utility value function at
step h of episode k. We denote () ;,, j = 7, g as the state-action value function at
step j for policy 7.

Throughout this section, we denote Qr by QF o Wy i ;f L, A¥ as the Q-value and the
parameter values estimated at the episode k. V5, (-) = (mnr(-]-), Q5 (-, ) a- mri(:|2)
is the soft-max policy based on the composite Q-function at the k-th episode as

Fn + YeQb . To simplify the presentation, we denote ¢ = ¢(zy, ay).

4.6.3.1 Proof of Lemma IV.17

We first state and prove the following result which is similar to the one proved in

85).

Lemma IV.20. ForY € [0,¢],

Y K

K
Y =Y (p— V — +

(4.154)

Proof.

Yie1 = Y* = |Projiog(Ye + n(p — Vi1 (21))) — Projpog(Y)]?
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< Y +n(p—Vii(21)) = Y)?

< (Y= Y+ P H? 4+ 20Yi(p — Vi (1)) (4.155)
Summing over k, we obtain

K
0< Yien —YPSIVi=YP+20) (p— Vi) (Ve = Y) + 1P HK

k=1
K
Y, - Y/? H’K
S =¥ - V(e < T L (1.156)
— ' 2n 2
Since Y; = 0, we have the result. H
Now, we prove Lemma IV.17.
Proof. Note that
K
Y Z P=Vig 91 (1))
k=1
=3 (Y =Y)(p = Vi (21)) + Yilp = V) + Y (Vi (1) = Vit 4 (1))
k
1 1 n
<oV H K+ Z(Ykp = ViV (20) + Y (Vg (1) = Vi (22))
k=1
1 . K ) K
S%W + §H2K + Z(Yka;,l(ﬂn) — ViV (21)) + Z Y (VI (21) = Vi (21))
k=1 k=1

where the first inequality follows from Lemma IV.20, and the second inequality follows
from the fact that VZEJ(%) > p. Hence, the result simply follows from the above
inequality. O]
4.6.3.2 Proof of Lemma IV.18

We now move on to bound 7; and 75. First, we state and prove Lemmas IV.21,

V.22, IV.23, TV.24,1V.26, and IV.27.
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Lemma IV.21. There exists a constant Cy such that for any fixed p € (0,1), if we

let B be the event that

k—1
1Y Vi @hn) = PeaViho (0, ap)lll a1 < CadHy/X (4.157)
T=1

for all j € {r,g}, x = log[2(Cy + 1)log(|A|)dT/p], for some constant Cs, then
Pr(E)=1-2p.

This result is similar to the concentration lemma, which is crucial in controlling
the fluctuations in least-squares value iteration as done in [58]. The proof relies on the
uniform concentration lemma similar to [58]. However, there is an additional log(|.4])
in y. This arises due to the fact that the policy (Algorithm 6) is soft-max, unlike the
greedy policy in [58]. [85] shows that greedy policy is unable to prove the uniform
concentration lemma. The proof is similar to Lemma 8 in [85], thus, we remove it.

Now, we introduce some notations. For any k € £ i.e., any episode k within the

frame &£, we define the variation as the following

k H £ H
Bfe =" e — Or15nll,BE =D [[0rsn — b1l
7=2 h=1

T7=2 h=1
k H £ H

Bie =YY lttrn = pranll.BS =D D lptrn — el
=2 h=1 T7=2 h=1

These are local budget variations. Note that |€| = D.
Now, we are bound the difference between our estimated Q%, and Qf . Using

the Lemma IV.21, we show the following

Lemma IV.22. There exists an absolute constant 5 = CrdH /1, © = log(log(|.A])2dT /p),

and for any fized policy w, on the event E defined in Lemma IV.21, we have

<¢(‘Ta CL), wﬁh> - Qg,j,h(l‘7 a)
=Pin (Vi1 = Viine) (@, a) + Af(z,a) + +BSVdD + HBEVdD (4.158)
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for some Ak(x,a) that satisfies |A¥(z,a)| < B/ o(x,a)T (AF)Lé(z,a), for any k € E.

Proof. We only prove for j = r, the proof for j = ¢ is similar.
Note that QF . ,(z,a) = (¢(z,a),w]},) = rin(z,a) + PepViT (2, a).

Hence, we have

wfh wkrh = Ak - Z¢ h+1($h+1)] - wg,r,h

—ANAR) T wi ) + (AR Z Ohlren(zh, ap) + Vi — ren(@h, af) = ProaVi ]
1

(4.159)

In the above expression, the second term of the right-hand-side can be written as

—1
(AT nlren(ar, af) + Vi — ren(@h, af) — PraVil el
1

o

T

k—
- Z Onlren(xr, af) + Vi = ria(eh, ap) — BVl

Y PRV — PraVi]

N

-1

N onlren(an, ap) = ren(an,ap)] + (AT J[VE L = PV L]

T=1

k-1 -
+ (A5 Z[PT Vi = PenVia) + (A7) Z Pk V1 — PraVil ]
T=1 =
(4.160)
By plugging in the above in (4.159) we obtain
Wy p, w;cr,r h
k-1
== MAR) T (wi, ) + (M) ) dhlren(al, af) — el ap)] (4.161)
v T=1
ql A ~ >

q2
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+(Ap) [V:thl - ]P)T,h‘/;"]chrl]

o
k—1 k-1
+ AT PV = PeaVh ]l (AT PV — PrnVin)
T=1 T=1
a a5
(4.162)
For the first term,
(6, a), )] < B, @) (AD) N, < [l allll6(, a)llapys (4163)
For the second term we have
k-1
oz, )" (M) Y dilrmnlay, af) — ren(], af)
T=1
k—1
< ¢(a,a)" ()™ Grll@nlll[6rrn — Ol
T=1
k—1 k-1
< oz, a)" (W)Y ARSI Y Oe = Ousrea
=1 S=T
< BiVdk|o(x, a)] ar) -
The last inequality follows from Lemma C.4 in [58]. Since
oz, a)llam-1 < V/1/A
and D > k. We have
[(¢(x,a), g2)| < BEVAD (4.164)
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Similarly, we can bound

=

-1
¢z, a) (ML) Y O Pra Vi — PraVihi] < HByVAE||¢(x, a)l|agy-  (4.165)

T=1

Again since D > k, and [|¢(z, a)|[zx)-+ < 1/1/A, we have
[(¢(x,a),¢3)| < HB5VdD (4.166)

From Lemma, the fourth term can be bounded as

For the fifth term, note that
k—1
<¢(.’E, CL), Q5> - <QZ5(Z‘, CL), (AZ>_1 Z QS;—L[P}I(‘/TI}LJA - kar,thl)(x;—u (l;)]>
T=1

= (d(x,a), (A}) ™ z_: o (05)" / (Vs = Vi) (@) dp ()

= (860 0), [ (Vs = VEpe) @)dnala')

— {p(z,a), \(A}) /(thﬂ — Vi) (@) dpun(27)) (4.168)

The last term in (4.168) can be bounded as the following

(6@} MAD) T [ (Vs = Vi) @i ()] < 2HVN ol )" (4F)0(,0)

(4.169)

since || [(ViF 1 — Vi) (@) dpgn(2))]]2 < 2Hd as ||jurn(S)|| < Vd. The first term

T
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in (4.168) is equal to

T T.

P (Vi = Vi) (@, a) (4.170)

Note that <¢($a a>v wf,h> - Qz,r,h(‘rv a) = <¢(x7 a)? wf,h - w;cr,r,h> = <¢)<ZE, a), ¢1+q2+qs+
q4 + gs), we have

(¢(x,a), w?,h> — Qkjn :Pk,h(v'lchrl — Vi) (w,a) + Ay + BEVdD + HB;f Vaw

J

(4.171)

where |AF| < 6\/¢(x,a)T(Afl)—1¢(w,a). O

Using Lemma IV.22, we also bound the difference between the combined Q-function

(estimated) and the actual Q-function.

Lemma IV.23. With probability 1 — 2p,

k k k k
ko T YeQE o0 2Qr + YaQy p + P (Vi + VeVl ner = Ve — YaVoni1)

+ BEVAD + Y, BEVdAD + (14 Y,)HBEVdD (4.172)
Proof. From Lemma V.22, we have

Qf o < (0w, a),w)y) + Pra(Vi iy — Vi) + Bllo(e, a)”A;}I + B VdD + HByVdD

(4.173)

From the definition of Qf’h, we have

Qtrnn < Pin(Viln = Vi) + @y + BVdD + HByVdD (4.174)
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Similarly,

ViQr o < ViPrn(Vigna — Vi) + YaQr , + YiBEVAD + Yy HBSVAD - (4.175)

g,

O

We now show that using the soft-max parameter o, one can bound the difference
between the best estimated value function and the one achieved using the soft-max
policy.
log | A|

«

Lemma IV.24. Then, Vi¥(z) — ViF(z) <
where
Definition IV.25. V/F(:) = max,[Q% (-, a) + Y,Q¥ (-, a)].

ViE(-) is the value function that corresponds to the greedy policy with respect to

the composite Q-function.

Proof. Note that

Zm alz)[QF,(z,a) + YiQF (2, a)] (4.176)

where

exp(a[Q;, (z, a) + YiQg . (z, a)])
2qoxXp(a [ rn(T,a) + Y@y (2, a)])

Thi(a|z) = (4.177)

Denote a, = argmax,[QF, (z,a) + Y Q% , (z, a)]
Now, recall from Definition IV.25 that Vif(z) = Q¥ (z, a,) + Y2 Q% , (2, az)]. Then,

V(@) = Vi (z) = [Qf,h<x> az) + Yk@g,h(l’a az)|

—thk alz)[Q (x a)—l—YkQQh(m a)]
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o

- (bg@a exp(a(QF (. a) + V2QF , (a, a>>>>>

_Zﬂ'hk |{[‘ Th{[‘(l)-f—Yngh(CU CL)]

1
< ox(.A) (4.178)
a
where the last inequality follows from Proposition 1 in [89]. [

Using the above result, we bound the difference 77 (albeit for each episode).

Lemma IV.26. With probability 1 — 2p,

(Viek (1) + YV (21)) — (VA (1) + Y VE (1))
_Hlog(l4)

«

H(BEVD + Y, BEVD + (1 + Y, ) HBSVD)

Proof. First, we prove for the step H.
Note that Q% ., =0=QF ;.
Under the event in F as described in Lemma IV.21 and from Lemma IV.22, we

have for j =1, g,

(0, 0), wh (. @) — QFa(w, )| < By/6(x, )T (M) '6(x, @) + BVAD + HBSVAD

Hence, for any (x,a),

Q7 (e, ) < min{($(z, a),wh ) + B/é(x, )T (M) 16(x,a) + BEVAD + HBEVAD, H)
< Q" y(z,a) + BSVdD + HBVdAD (4.179)

Hence, from the definition of V¥,
Vii(z) = max(Q; (2, a) + YiQq (7, a))

151



> Z m(alr)[Q7 y(x, a) + YrQ (7, a)]

— (BEVAD + Y}, BENdD + (14 Y;,)HBEVdD)

> Vi (x) — (BEVAD + Y, BEVAD + H(1 + ;) BEVAD) (4.180)

for any policy m. Thus, it also holds for 7}, the optimal policy. Hence, from

Lemma V.24, we have

o |
Vi (@) — V() < w + (BEVAD + Y4, BENdAD + (1 + Y ) HBSVdD)

Now, suppose that it is true till the step h + 1 and consider the step h.
Since, it is true till step A + 1, thus, for any policy T,

(H — h)log(|A])

+ (H — h)(BEVAW + Y3 BEVAW + (1 + Y ) HBSVAW)
(4.181)

Prn(Viit = ViE) (@, a) <

From Lemma IV.22 we have for any (z,a)

(H — h)log(|-A[)

+ (H —h+1)(BEVdD + Y, BEVdD + (1 + Y, ) HBSVdD) (4.182)

ngh(x, CL) + Y;cQZ,g,h(x’ a) S Qf,h(x7 CL) + Y;CQ};,h(xv a) +

Hence,

VI (x) < ViF(z) + (H — 1) log(|A]) + (H — h+ 1)(BEVaw

«

+ Yy BEVdD + (1+ Y,)HBEVdD)
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_ log(JA]

Now, again from Lemma IV.24, we have V}¥(z) — V¥(x) < o Thus,
H—-h+1)1
Vhﬂ'7Yk(x) . th:(x) < ( +a) Og("AD
+ (H — h+1)(BEVdD + Y, BEVdD + (1 + Y3)HBSVdD) (4.183)

Now, since it is true for any policy , it will be true for ;. From the definition of

V™Y we have

(H —h+1)log(].A])

(Vi (2) + ViV (2)) = (Vi () + ViV (2) <

o
+ (H — h+ 1)(BEVdD + Y3 BiVdD + (1 + Y ) HBSVdD) (4.184)
Hence, the result follows by summing over K and considering h = 1. O]

We now focus on bounding 75. First, we introduce some notations.

Let

Dy = ((Q5a(xh, ) — Q7 (h, ), e |2h)) — (Qja(@h, a) — Q7 (2, ai))

th o =Py h(vg h+1 ‘/]Wif—&-l)(xh? aﬁ) [V; h+1 Vfi’fﬂ](fczﬂ) (4.185)

Lemma IV.27. On the event defined in E in Lemma IV.21, we have

H H
ng1 Vk:] 1 Z Df,h@ + D;m) + Z 25\/975(9527 ap)T(A)~1o(xf, af)
h=1 h=1

H(BEVAD + HBEVdD)  (4.186)

Proof. By Lemma V.22, for any x, h,a, k

(why (. ), 6(x,a)) + By (a, )T (AF) 1 (z, a) — QT

< Pon(Vir = Vi) @, a) + 264/ 0, )T (M) 16z, a)
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H(B{VdD + HBEVdD)

Thus,

(,0) = QT 0) < Pun(Vh — Vi), 0) + 264/ 6(z, a)T(Af) 1 6(z, a)
+ H(BEVdD + BEVAD + HBSVdD)
P (Vi = Vi) (@.a) + 264/ 6l )T (AD)"1o(x, a)+

BEVAD + HBSVAD — (QF ), (x,a) — Q7 (w,a)) > 0 (4.187)

Since
b)) = mlalr)@h, (2, )
and

Vkﬂfh Zﬂhk alz) ij n(,a)

where

Thi(al-) = SOFT-MAX ( fih + Ylegﬁvh),Va

Thus, from (4.187),

V;kh(xi) Vkﬂ;h xh Zﬂhkamh jh(xhv) Qk;h(ggh? a)]

<Z7Thk alzy)| jh(xhv a) — Qk]h(xiu )]+(Bf\/d_D~|—HB§\/d_D)

+ 25\/9’5(1'27 ap) T (Ay)"to(xy, af) + Pk,h(‘/fhﬂ ‘/]ﬂilf+1)(xi7 ay)

— ( ?h(‘rfwah) ngh@mal}i)) (4.188)

154



Thus, from (4.188), we have

V;kh(xlfi) - Vf,f(m’,j) Sth 1 D h2t [Vg ht1 V;ﬂthl](xZ—s-l)

+ 264/ $(af, af)T (M) 1o(ah, af) + (BEVAD + HBEVAD)
(4.189)

Hence, by iterating recursively, we have

H H
lea(xl) - Vit Z(th 1+ Dg h2) T Z 25\/425@27 ay,)"(AR) ' o (af, a)
h=1 h=1
H(BSVdD + HBVdD) (4.190)
The result follows. 0

Now, we are ready to prove Lemma IV.18.

Proof of Lemma IV.18

Proof. First, from Lemma IV.26,

(Vik (@) + Vil (1)) — (Vi () + YV (@)
H1 JaD
_ Hlog(|A)) + H(BEVAD + Y1 BEVAD + (1 + Vi) HBEVAD) (4.191)

«

Note that Y = 2H/§. Now, summing over k£ within frame £ we obtain

D
Z(Vkﬂﬁl@l) + YkVISSJ(I’l)) - (V;kl(xl) + kag’fl(xl)) <

k=1
HDlog(|.Al)

«

+ HVd(BEDY? + 2H/§BD*? + (1 + 2H/§)HBS D) (4.192)
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Now, summing over the epochs &£, we obtain

D
i & HEK log(]A

> 2 Vik(wn) + YVl (o) = (Vi (o) + YiVg (i) < #
E=1 k=1

K/D
+ 3" HVA(BEDY? + 2H/5BED¥? + (1 + 2H /6)H BE D*?)

E=1

HK]
< AR log(A]) H*(1 + 2H/$§)VdBD*? (4.193)

«

where we have used the fact that Y .(BS + BS + BS) = B, + B, + B, = B. This
gives the bound for 7;. Now, we bound 75.

From Lemma IV.27,

NE

(Vii(21) = Vi (1))

=
Il

1

H D H
S Dy + Do) + 303" 28 o(ak, ab)T(A) 1ok, af)

=1 h=1 k=1 h=1

NE

<

o

+

> H(BSVdD + HBEVdD) (4.194)

/
£=1 k=1

We, now, bound the individual terms of the right-hand side in (4.194). First, we show
that the first term corresponds to a Martingale difference.

For any (k, h) € [€] x [H], we define F} | as o-algebra generated by the state-action
sequences, reward, and constraint values, {(27, al) }riep—1yxm Y {(2F, a) biep-

Similarly, we define the fh , as the o-algebra generated by {(27, a])} ) ep—1)x[m) U
{(«¥, af) Yiep U {zf 1 }. 2% is a null state for any k € [K].

A filtration is a sequence of g-algebras {Fj, . }(khm)ee]x[H]x[2] i terms of time

index

t(k,h,m)=2(k—1)H +2(h—1)+m (4.195)
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which holds that F}  C ]:}]f,/ v for any t <t
Note from the definitions in (4.185) that th L € .7:h , and th » € Ffy. Thus, for

any (k,h) € [K| x [H],
E[D¥, | Fh 5] =0, E[DF, o |Fr] =0 (4.196)

Notice that ¢(k,0,2) = t(k —1, H,2) = 2(H — 1)k. Clearly, F§, = .7:1’37_21 for any k > 2.

Let ]-"(}72 be empty. We define a Martingale sequence

k-1 H h—1

jhm ZZ zl+ 312)+Z<Dk11+ 7,8,2 +ZD]hl

=1 i=1 =1

- > D7, (4.197)

(1, ) EE] x [H] X [2],t(r,i,1) <t (k,hym)

where t(k, h,m) = 2(k—1)H +2(h — 1) +m is the time index. Clearly, this martingale

is adopted to the filtration {F}]f’m}(k’h7m)e[D]><[H}X[Q], and particularly

D H
Z Z(D;‘C,M + Do) =My, (4.198)

Thus, M/ , is a Martingale difference satisfying [ My ,| < 4H since |D¥, ||, | D%, ,| <

2H From the Azuma-Hoeffding inequality, we have

2

16DH?

Pr(M7y, > s) < 2exp(— ) (4.199)

With probability 1 — p/2 at least for any j =r, g,

> > Mfy, < /16DH?log(4/p) (4.200)

k

Now, we bound the second term of the right-hand side of (4.194). Note that the

minimum eigenvalue of A¥ is at least A = 1 for all (k,h) € [D] x [H]. By Lemma C.5
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in the appendix,

K k+1
det(A;)
T(AR)1of < 2log | —2 2 4.201
ook < 2k || (4201
Moreover, note that |[AFY| = || S2F_, ¢k (¢5)” + A|| < A + &, hence,
¢ Atk
Z(gzsﬁ)T(A’;)—lqaﬁ < 2dlog [—} < 2de (4.202)

B
Il

1

Now, by Cauchy-Schwartz inequality, we have

ST < 3V (e (AL ek

k=1 h=1 h=1 k=1

H+/2dD. (4.203)
Note that 8 = C1dH+/t. Hence, the second term is bounded by
OWHABD.2) (4.204)
The third term of (4.194) is bounded by
D
> H(B{VdD + HBS\dD) = vdD*?H (B¢ + HBY) (4.205)
k=1

Hence, summing (4.194) over the epochs we obtain

K/D D K/D K/D
> (wk V(@) < Y O(VHAD2) + Y VAD**H(BS + HBY)
£=1 k=1 £=1 £=1

(4.206)
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Replacing Y, BS = Bj, and )" B = B, we obtain

K/D D
> (Vi (1) = Vi (1)) < O(/H*@K22/D) + VdD**BH? (4.207)
E=1 k=1
Thus,
K
Z(V;«kl(xl) - kaf@(:ﬁ)) + Y(‘/glfl(‘rl) - kTg,l(xl)>
k=1
<(1+Y)(O(K/H*dK?2/D) +VdD*?BH?) (4.208)
Hence, the result follows. O

4.7 Summary

We have studied model-free reinforcement learning algorithms in non-stationary
episodic CMDPs. In particular, we consider two settings, one is computationally less
intensive for the tabular setting, and another one is computationally more intensive
but can be applied to a more general linear approximation setup. We have further
presented a general framework for applying any algorithms with zero constraint
violation to a more practical scenario where the total variation budget is unknown.
Whether we can tighten the bounds for model-free algorithms remains an important
future research direction. Whether we can design an approach for using any learning
algorithms for CMDPs in a non-stationary environment without the knowledge of the

budget also constitutes a future research direction.
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CHAPTER V

Conclusion and Future Work

Reinforcement Learning (RL) has gained significant attention due to its successes
in several domains. However, applying RL to real-world applications raises concerns
regarding safety, e.g., the consequences of actions in engineering systems can be
catastrophic. Therefore, it is critical to strike a balance between reward maximization
and safety in real-world applications. This dissertation investigated designing efficient
model-free, simulator-free algorithms for different CMDP settings with provable safety
guarantees. In what follows, we summarize the main contributions.

This dissertation starts with the episodic CMDP setting in Chapter II. We develop
the first model-free RL algorithm for CMDPs with sublinear regret and zero constraint
violation. The algorithm is named Triple-Q), and it has three key components: (i) a Q-
function for the expected cumulative reward, denoted by Qp(z, a), (ii) a Q-function for
the expected cumulative utility for the constraint, and (iii) a virtual-Queue, denoted by
Z, which overestimates the cumulative constraint violation so far. Triple-Q uses UCB
exploration when learning the Q-values to ensure an overestimation of the combined
objective. Triple-Q is a two-time-scale algorithm where the virtual queue is updated
at a slow time scale, and Triple-Q learns the pseudo-Q-value for fixed virtual queue
length at a fast time scale within each frame. We prove Triple-Q achieves O <K %>

reward regret and guarantees zero constraint violation when the total number of
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episodes K is large enough.

In Chapter III, we consider a more advanced and challenging setting, the infinite-
horizon average-reward CMDPs. The agent-environment interaction never ends, or
resets, and the goal is to achieve optimal long-term average reward under constraints,
which appears to be much more challenging. We also proposed the first model-free RL
algorithm for infinite-horizon average-reward CMDPs. The design of the algorithm is
based on the primal-dual approach. By using the Lyapunov drift analysis, we proved
that our algorithm achieves sublinear regret and zero constraint violation. Our regret
bound scales as O (K %> and is suboptimal compared to model-based approaches.
However, this is the first model-free and simulator-free algorithm with sub-linear regret
and optimal constraint violation.

Learning in a stationary CMDP is a long-standing topic and has been heavily
studied recently, including using both model-based and model-free approaches. RL in
non-stationary CMDPs is more challenging since the rewards/utilities and dynamics
are time-varying and probably unknown a priori. On the one hand, an agent has to
handle the non-stationarity properly to guarantee a sublinear regret and a small or zero
constraint violation. On the other hand, the agent also needs to forget the past data
samples since they become less useful due to the dynamic of the system. In Chapter IV,
we manage to overcome these challenges and focus on designing model-free algorithms
with sublinear regret and zero constraint violation guarantees for non-stationary
CMDPs, especially for the scenario when the total variation budget is unknown. We
develop different types of model-free algorithms for non-stationary CMDP settings.
One is tailored for tabular CMDPs and has low memory and computational complexity;
another one is computationally more intensive. However, it can be applied to linear
function approximation for large, possibly infinite, state and action spaces. For
the tabular setting, our algorithm adopts a periodic restart strategy and utilizes an

extra optimism bonus term to counteract the non-stationarity of the CMDP that an
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overestimate of the combined objective is guaranteed during learning and exploration.
For the case when the budget variation is known, our theoretical result O(K*°)
matches the best existing result for stationary CMDPs in terms of the total number
of episodes K, and non-stationary MDPs in term of the variation budget B. For
linear CMDPs, we propose the first model-free, value-based algorithm, which obtains
@(K 3/1) regret and zero constraint violation using the same strategy. We develop,
for the first time, a general double restart method for non-stationary CMDPs based
on the “bandit over bandit” idea. This method can be used for other non-stationary
constrained learning problems which aim to achieve zero constraint violation. The
method eliminates the need to have a priori knowledge of the variation budget.

All of our algorithms are computationally efficient from an algorithmic perspective
because they are model-free, which means that it is possible to apply our method to
complex and challenging CMDPs in practice. The simulation results also demonstrate
the good performance of our algorithm.

There are still many open problems in safe-RL, for example, how to satisfy
stochastic and adversarial hard constraints under both model-based and model-free
algorithms, how to leverage the benefits from offline RL to design a more efficient
online RL algorithm for CMDPs, how to design efficient and provable algorithms for
multi-agent CMDPs, and what are the fundamental sample complexity and regret

bounds remain to be developed.
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APPENDIX A

Appendix for Chapter 11

A.1 Notation Table for Chapter 11

The notations used throughout this report are summarized in Table A.1.

A.2 Supporting Lemmas for Chapter II

In this section, we state several lemmas that are used in our analysis. The first
lemma establishes some key properties of the learning rates used in Triple-Q. The

proof closely follows the proof of Lemma 4.1 in [34].

Lemma A.1l. Recall that the learning rate used in Triple-Q is oy = X2 and

= X,
t t
a? = H(l —q;) and ol =q H (1—ay). (A.1)
=1 j=i+1
The following properties hold for o :
(a) o) =0 fort>1,a) =1 fort=0.

(b)Y ai=1fort>1, 3" ai =0 fort=0.
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Table A.1: Notation Table

Notation ‘ Definition
K The total number of episodes
S The number of states
A The number of actions
H The length of each episode
[H] Set {1,2,...,H}
Qu,n(x,a) | The estimated reward Q-function at step h in episode k
Q3 (x,a) | The reward Q-function at step h in episode k under policy
Vin(xz) | The estimated reward value-function at step h in episode k
VT (x) The value-function at step h in episode k under policy 7
Ci.n(z,a) | The estimated utility Q-function at step h in episode k
Cy(xz,a) | The utility Q-function at step h in episode k under policy 7
Wi.n(z) | The estimated utility value-function at step h in episode k
W (z) The utility value-function at step h in episode k under policy m
Fen(z,a) | Frn(z,a) = Quun(z,a) + S:Cpp(z, a)
Urp(x) | Upn(®) = Vin(z) + T2 Wi n(2)
rp(z,a) | The reward of (state, action) pair (z,a) at step h.
gn(z,a) | The utility of (state, action) pair (z,a) at step h.
Nin(z,a) | The number of visits to (x,a) when at step h in episode k (not including k)
Zy, The dual estimation (virtual queue) in episode k.
q5 The optimal solution to the LP of the CMDP (2.24).
q,” The optimal solution to the tightened LP (2.31).
) Slater’s constant.
by the UCB bonus for given ¢
I(-) The indicator function

(c) \/;T Ez 1 \/ﬁ
(d) Z?iz af =
(¢) Yo () <

2
VXFE
1—1—)—1< for every i > 1.

X+1

< for every t > 1.

U

Proof. The proof of (a) and (b) are straightforward by using the definition of o}. The

proof of (d) is the same as that in [34].

(c): We next prove (c) by induction.

For t = 1, we have Y _/_ 1@ \/Cil: \/ﬁ,so (c) holds for ¢t = 1.
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Now suppose that (c) holds for t — 1 for ¢t > 2, i.e.

1 X« 2
- < ¢ < .
vx+it—1 _;\/X+i—1 T Vx+t—1

From the relationship ot = (1 — ay)al | fori =1,2,...,t — 1, we have

t i t—

’ Qy aj_y
- = +(l—-a .
;x+l VX -+t ( % X+

—_

—_

1=

Now we apply the induction assumption. To prove the lower bound in (c), we have

o7 1— oy o 1—04,5 1

1 o .
\/X+t tz\/erz \/X+t Vx+t—17~ \/X+t VYTt TV x+t

To prove the upper bound in (c), we have

' 2(1 —
) D~ . D)

VX +t —x+i VXt U tt-1
X+1 2(t — 1)
OV ( HOVA =T
1—y—2t 2(t — 1) 2
OOV T H OV T E=T X T
—x —1 2 2

SREOATT A s e Y

(e) According to its definition, we have

. ox+1 i i+ 1 t—1
it x Ut l4xi+2+x  t+y
1 ' i+ 1 t—1 1
_xHl (8 ikl Py (A.3)
t+x t+xt+1+x t—1+x X +1

Therefore, we have
t

Z(ai) < [max o] Zat_);:i

it
i=1 €l]
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because Y r_ af = 1. O
The next lemma establishes upper bounds on @)y ; and C}; under Triple-Q.

Lemma A.2. For any (z,a,h, k) € S x A x [H]| x [K], we have the following bounds
on Qrn(x,a) and Cyp(z,a) :

0 < Qrau(z,a) < H*Vi

0 S Ok,h(x;a> S H2\/Z.

Proof. We first consider the last step of an episode, i.e. h = H. Recall that Vj, g41(x) =
0 for any k and « by its definition and Qo y = H < H+/t. Suppose Qp g(x,a) < Hy/t

for any £’ < k — 1 and any (z,a). Then,

Qurt(,0) = (1= ) Qe r () + 01 (ria(, 0) + by) < max {H\ﬁ, 1o IV } <HVL

where ¢t = N, g (x,a) is the number of visits to state-action pair (z,a) when in step
H by episode k (but not include episode k) and k; is the index of the episode of the
most recent visit. Therefore, the upper bound holds for h = H.

Note that Qo = H < H(H — h + 1)y/t. Now suppose the upper bound holds for

h + 1, and also holds for &’ < k — 1. Consider step h in episode k :

Qrn(z,a) =(1 — ap)Qp, n(z,a) + oy (rp(z,a) + Vi i1 (T, p1) + be)

where t = Ny p(z,a) is the number of visits to state-action pair (z,a) when in step
h by episode k (but not include episode k) and k; is the index of the episode of the
most recent visit. We also note that Vj 11(z) < max, Qppi1(z,a) < H(H — h)y/t.

Therefore, we obtain

Qrn(z,a) §max{H(H—h%—l)\/Z,l—i-H(H—h)\/Z—F HT\/Z} < H(H-h+1)L
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Therefore, we can conclude that Q. (x,a) < H?\/i for any k, h and (z,a). The proof

for Cyp(z, a) is identical. O

Next, we present the following lemma from [34], which establishes a recursive
relation between @, and @f for any 7. We include the proof so the report is self-

contained.

Lemma A.3. Consider any (x,a,h, k) € S x A x [H] x [K], and any policy . Let
t=Ny.n(x,a) be the number of visits to (x,a) when at step h in frame T before episode
k, and kq, ..., k; be the indices of the episodes in which these visits occurred. We have

the following two equations:

(Qrn — QF)(z,a) = af {Qr—1ykot1,h — QF } (,a)
t . A~
+ Z oy ({Vki,hﬂ — V,Z;l} (@h; pt1) + {P]ﬁivhﬂu — thth} (x,a) + bi> , (A.4)
=1
(Con — C)(w,a) = af {Clr—1ykos1n — Cf } (2,0)

t
+ > ({Whonsr = Wit} @ronsn) + {BEWE, — P, | (2,0) +01) L (A5)

=1

where I@”fLVhH(x,a) = Vg1 (@ py1) is the empirical counterpart of PV (2, a) =

By, (a,0) Vi1 (27). This definition can also be applied to W} as well.

Proof. We will prove (A.4). The proof for (A.5) is identical. Recall that under

Triple-Q, Qk+1.1(x, a) is updated as follows:

Qk-s—l,h(fﬁ, CL)

(1 — ) Qun(z,a) + o (rh(x,a) + Vi pr (Thgrn) + b0) i (2,0) = (Tpp, agp)

Qk,h(% a) otherwise
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From the update equation above, we have in episode k,

Qrn(x,a) =(1 — ap)Qp, n(z, a) + oy (rp(x, a) + Vi pr (T, 1) + ) -

Repeatedly using the equation above, we obtain

Qrp(r,a) =(1 — ap)(1 — 1)@,y 1(z, 0)
+(1 — o) (Th(% a) + Vi w1 (Th_y pg1) + bt—l)

+ v (rn(2; @) + Vignr (T 1) + be)

t

:OégQ(T—l)Ko‘-l-l,h(xa CL) + Z Oéi (rh('xa CL) + Vki,thl(xki,thl) + bl) ) <A6)

i=1

where the last equality holds due to the definition of a! in (A.1) and the fact that all
Q1(z,a)s are initialized to be H. Now applying the Bellman equation Qf(x,a) =
{ri, + P,V 1} (z,a) and the fact that >;_| af = 1, we can further obtain

Qh(w,a) = o} Q}(z,a) + (1 — &) Qf (, a)

t
= afQj(w,a) + Y i (r(w,a) + PuVil (2,0) + Vi (@, 01) = Vil (2.000))
=1
t
= afQi(@,0) + Y af (ra(, @) + PV (@,0) + Vil (@rnen) — BV (2, a) )
=1
t
= afQi(z,0)+ > af (@) + Vi (@) + { PVl = BEVLL | (2,0))
=1

(A7)

Then subtracting (A.7) from (A.6) yields

(Qrp — Qp)(w,a) = 04? {Q(T—I)Ka—i-l,h - QZ} (z,a)
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t

T Z a ({Vki:h+1 — Vil } (ko) + {P?Vhﬂl - PthZ1} (,a) + bz‘) :

=1

]

Lemma A.4. Consider any frame T. Let t=Ny 5 (x, a) be the number of visits to (x,a)
at step h before episode k in the current frame and let ki, ..., k; < k be the indices
of these episodes. Under any policy w, with probability at least 1 — %, the following

inequalities hold simultaneously for all (z,a,h,k) € S X A x [H] x [K]

t

L 1 [+ D)
D s By =PV ¢ (2a)| <oy | ——
i=1 { } 4y (x+1)
t
Z Oé; (P];LZ - Ph)W}l’_l (:L’, a) S— P YA S
i=1 { } 4 (X + t)

Proof. Without loss of generality, we consider T' = 1. Fix any (z,a,h) € S x A x [H].

For any n € [K?], define

X(n) =Y at Tgsrcy { (B = PV, | (2, 0)
=1

Let F; be the c—algebra generated by all the random variables until step A in episode
k;. Then

E[X (n+ DIF] = X(0) + E |02 s, o) { B = POV | (2.0) 5| = X(0),
which shows that X (n) is a martingale. We also have for 1 < i < n,

X(0) ~ X(i— )] <o

(@ =PV | (@0 <arH

Then let o = \/8 log (\/ 25AHK> > oi_,(aiH)?. By applying the Azuma-Hoeffding
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inequality, we have with probability at least 1 — 2exp <_2Zlfﬁ> =1— w71
S L N, 1 [H%(x+1)
X(r)| < |81 <\/2SAHK> iH2 < | L )2 <= ,
X(r) < | 810g S (et Hy < || eHe S (et < o/ T

i=1 =1

where the last inequality holds due to Y_;_,(a%)* < ;—E from Lemma A.1.(e). Because
this inequality holds for any 7 € [K], it also holds for 7 = t = Ny(z,a) < K,
Applying the union bound, we obtain that with probability at least 1 — % the

following inequality holds simultaneously for all (z,a,h, k) € S x A x [H] x [K],:

t

> { B ~BuVif (2.0)

=1

1 JH>(x +1)
4 (x +1)

<

Following a similar analysis we also have that with probability at least 1 — % the

following inequality holds simultaneously for all (z,a,h, k) € S x A x [H] x [K],:

t

i oks 1 [H%(x+1)
H{ B - W} < oAt
;at{( h Wi ¢ (2, a) =7 x+0)
m
This lemma bound the conditional expected Lyapunov drift.
Lemma A.5. Given § > 2¢, under Triple-Q, the conditional expected drift is
) 4H?
E[Lry — Ly|Zp = 2] < —52r+ K; +nVH2 + HY + € (A.8)

Proof. Recall that Ly = %Z%, and the virtual queue is updated by using

Cr\"
ZT+1: ZT+p‘|“€—ﬁ .
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From inequality (2.56), we have

E [LT+1 — LT|ZT = Z]
TK*

1
<7 Z E[Zr (p+e— Cralr, ar)) — nQui(Tr1, ax1)

6%
k=(T—1)K*+1

+1Qu1(Th1, ar1)| Zr = 2] + H't + €

Zn (p o= 3 {Crugl} (o, a))

TK~

1
S(a)ﬁ Z E

k=(T—1)K+1

=1 Z{Qk,ltﬁ}(xk,l, a) + Q1 (Tr1, ax1)| 27 = 2

+e+ HY
TK®

1
gﬁ Z E |Zr (p—l—e—Z{Clql xkﬁl,a)>
k=(T—1)Ko+1

- Z{Qk,ﬂﬁr}(fﬁk,l, a) + nQu1(Tr1, ax1)|Zr = 2

TK*

1 ]

t e Z E | Zr Z {CTar } (zr1,a) — Zr Z {Craat } (T, 0)|Zr = 2
k=(T- 1)Ko +1 a a

TK~

F Y R QI (e a) — 0 S QTG (e a)| Zr = 2

(0%
E=(T-1)Ke+1 L

+ H* + €
TK®

) 1
LR T

k=(T—1)K*+1

772{ — Fia)ai } (e, a)

+77Qk71($k:,1, ak,1)| Ly = Z} + HY 4+ €

< ) +4H2L
=0T T

+nVH2 4+ H* + 2.

Inequality (a) holds because of our algorithm. Inequality (b) holds because the fact

that Q747 } (zp1,a) is non-negative, and under Slater’s condition, we can find
o W11 , g
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policy 7 such that

etp=E| > Cf(wr1,0)qf (v1,0)| = pte—E

2

> QZ(%a)gh(x,a)] < —d+e< 9

h,x,a

Finally, inequality (c) is obtained due to the fact that Q (w1, ak1) is bounded by

using Lemma A.2, and the fact that
TKe
K Z Z{ Flel}(flflﬁl,a) ZT:Z

k=(T-1)K*4+1 a

can be bounded as (2.51) (note that the overestimation result and the concentration

result in frame 7" hold regardless of the value of Zr). ]

173



APPENDIX B

Appendix for Chapter 111

B.1 Notation Table for Chapter I1I

We summarize notations used throughout this chapter in Table B.1.

Table B.1: Notation Table

Notation ‘ Definition

The total number of episodes.

The reward rate under policy 7.

The utility rate under policy 7.

The cumulative discounted reward under policy 7 and initial state s.

The cumulative discounted reward under policy 7 and initial state action pair (s, a).

The cumulative discounted utility under policy 7 and initial state s.

The cumulative discounted utility under policy 7 and initial state action pair (s, a).

The relative reward value function for state s.

The relative utility value function for state s.

Span of relative reward value function: sp(v™) = max, v™(s) — ming v™(s).

Span of relative utility value function: sp(w™) = max, w™(s) — ming w™(s).

max{sp(v="), sp(w®"), 1}

Definition B.1 (Diameter). The diameter of an MDP M is defined as:

D(M) = maxmin E[min{t > 1: S; = §'}|S; = s] — 1, (B.1)

s'#s w
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where the expectation is taken with respect to the Markov chain (S;)72, induced by
the policy m and M.
B.2 Supporting Lemmas for Chapter III

Lemma B.2. (Azuma’s inequality) Let X1, Xs,... be a martingale difference with
| X:| < ¢ foralli. Then for any 0 < 6 < 1,

N
P <Z X, > ,/QCW%) <4,
=1

2 . NV 2
where ¢y ==L, ¢

Lemma B.3. For any k =1,...,K? — 1 in frame T and state-action pair (s, a), the
following holds:

Qr+1(s,a) — Q" (s,a) :O‘O(Q(T—l)kﬁﬂ(s a) — Q7 (s, a))
+VZOZ [ (Skit1) VW(SkiH)]

+ Z Oé Sk +1 Es’wp(-|s,a) V”(S’)} + Z aibi, (B2)

where T = ng11(8, a), is the total number of visits to (s,a) for the first k timesteps.

Proof. By recursively using the updating rule for Qx.1(s,a), we have

Qr11(s,a) = leaat~|—2a [ r(s,a +7Vk(sk +1]+Zab (B.3)

=1 1=1

According to the Bellman equation Q7 (s,a) = r(s,a) + YEgp(|s,a)V 7 (s) and the fact

o, ab =1, we have
Q" (s,a) = a2Q"(s,a —|—Za (s,a) + VEgrp(lsa) V()] (B.4)
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which finishes the proof. O]

Lemma B.4. Consider any frame T. Let t=Ny (s, a) be the number of visits to (s,a)
before timestep k in the current frame and let ky, ...,k < k be the indices of these
steps. Under any policy m, with probability at least 1 — K3, the following inequalities

hold simultaneously for all (s,a,k) € S x A X [K]

. (x + 1)
LTV (8p41) — Earonpisa V(]| < , B.5
Z}”[ (k) = Bt o V()] Sy [ (8B.5)
“(sp.41) — Eg We(s)] | <k bt e (B.6)
+1 s'~p(-|s,a) > Y+ T . .

Proof. Note that

> Al [V (sk11) = Bvmprina) V()]

is a martingale, and each term in the summation belongs to [—alsp(Ve*), alsp(Ve*)]

according to Lemma I11.4.

Define 0 = /8log (V2K) 3.7, (aisp(Ve*))2. By using Azuma’s inequality (Lemma
=1\

B.2), we obtain that the following inequality holds

8k1+1 ]ES/Np(.|s’a)V6’* (S/)} <o
=sp(V") 82 (ai)?log V2K < K bt e (B.7)
X+T7
with probability at least
o? 1
1—-2 — . >1——. B.8
o (rer ) 21w ()

Lemma B.5. Given 6 > 2¢, H > 6“, under our algorithm, the conditional expected
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drift of L is

o 3H

Proof. Recall that Ly = %Z% and the virtual queue is updated by using

Cr\ "
Zri1 = ZT+P+€—W :

Then we have

E [LK+1 — LK’ZT = Z]
1 TKP R R
<— Y E [ZT <P +e— (1 —79)Cr(ss, ak)) = (1 —7)Qx(sk, ar)

k=(T—1)KB8+1

+ (1 = 7)Qu(sk, aw)| Zr = 2] +2
Zr (,0 +e—(1—7) Z {C’kq“} (S, a))

—n(1 =) > _{Quq"}(sk, a)

TKB

1
<wgs 2. E

k=(T—1)K8+1

Zy = Z:|
+FE [77( - fy)@k(sk,ak)‘ Zp = Z] +2

KB
1
Sﬁ E | Zr <P+ € — Z 194"} (57‘1)>

k=(T—1)KA+1

— (1 =7) > AQka"}(sk, @) +n(1 —7)Qlsk, ax)

ZT:Z]

TK?B r
1
T K >, E|Z (Z{gqﬂ}(& a) =Y (1=){Ciq"} (s, a)) Iy =z
k=(T-1)Kf+1 L s,a a
1 TK? M
+t 57 Y E|Zr(1-))> {Ciq"} (sk.a)
k=(T-1)Kf+1 L a
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—Zr(1—7) Z {C’kq”} (Sg,a) | Zr = 2

a

TK#

1
+WZE

k=(T—1)KBA+1

(1 =)D {QFd"} (s1,0)—

n(1=7)> {Qrq"} (sk,a)| Zr = 2| +2
5 “ T .
<) —§z+(1—7)sp(m)+ﬁ Z E | n(1 —7)2{(F,§—Fk)qf}(sk,a)
k=(T—1)KP+1 a

N

+n(1 = 7)Qr(sk, ak)‘ Zyp = z] +2 (B.10)

Inequality (a) holds because of our algorithm. Inequality (b) holds because of the fact

that Y, {Q7q¢"} (s:, a) is non-negative, under Slater’s condition, we can find policy m

such that

e+p—E

o
> alsi, a)qﬂ(sk,a)] <—d+e<—,

s,a

and according to Lemma I11.4

> {9q™}(s,0) = > (1 =) {CFq"} (k. a)

=JT = (L =)V (s1)

<1 —7)sp(v"). (B.11)

Note that when K is sufficiently large, (1 —v)sp(v™*) < 5 < %. By applying © = ¢, *

we obtain

E [LK—i-l — LK|ZT = Z]

5 5 TK?P

1
S-ytetgs 2. F
k=(T—1)K5+1

n(1 =) Y {(F7 = F)ar | (sk.0)

a

~

(1= )Qulow an)| Zr = 2] +2
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o 3H
§—§Z+ﬁ+7]+2, (B'12>

where the last inequality holds due to (i) the overestimation established in Lemma
1115 and (ii) Q(-, ) is bounded by 17. We remark that the overestimation result and

1—

the concentration result in frame 7" hold regardless of the value of Zr. ]
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APPENDIX C

Appendix for Chapter IV

C.1 Notation Table for Chapter IV

The notations used throughout this chapter are summarized in Table C.1.

C.2 Supporting Lemmas for Chapter IV

Lemma C.1. For any (x,a,h,k) € S x A x [H] x [K], we have the following bounds

on Qin(x,a) and Cyp(z,a) :

0 < Qualz,a) < H* (Vi + 2b) (C.1)

Proof. We first consider the last step of an episode, i.e., h = H. Recall that Vi g41(x) =
0 for any k and z by its definition and Qo y = H < H(\/t+ 2b). Suppose Qu.u(r,a) <
H(/t + 2b) for any k' < k — 1 and any (x,a). Then,

Qk,H(tT, CL) = (1 — Oét>th7H<l’, CL) + i (Tk’H(ZI}, CL) + bt + 2H5> (C?))
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Table C.1: Notation Table

Notation ‘ Definition
K total number of episodes
S number of states
A number of actions
H length of each episode
B total variation budget
W number of episodes in one epoch.
D number of episodes in one frame.
B; arm selected by the bandit algorithm.
Qa;y learning rate
R;(B;)(Gi(By)) reward /utility collected at the epoch ¢ under selected estimate value B;
Qun(x,a)(Cyp(x,a)) | estimated reward (utility) Q-function at step h in episode k
Q% p(z,a)(CT (:z:, a)) | reward (utility) Q-function at step h in episode k under policy 7.
Vk7h( )(Wk n(x)) estimated reward (utility) value-function at step h in episode k
Vi (@) (Wi, (x)) reward (utility) value-function at step h in episode k under policy 7
Fk’h((E a) Fk’h([)’}, a) = Q;Qh(x, a) + T"C’k’h(ma).
Uk,n() Uin(@) = Vien(@) + EWin(@).
0 (2, a)(grn(x,a)) | reward (utility) of (state, action) pair (z,a) at step h in episode k
Nin(z,a) number of visits to (z,a) when at step h in episode k (not including k)
Zy, dual estimation (virtual queue) in episode k.
a5 The optimal solution to the LP (4.15) in episode k
q,iz optimal solution to the tightened LP (4.21) in episode k
s optimal policy in episode k
) Slater’s constant.
d dimension of the feature vector.
by the UCB bonus for given ¢
I(+) indicator function
Py p transition kernel at step h in episode k
Py.» empirical transition kernel at step h in episode k
B., By, B, variation budget for reward, utility, and transition
BﬁT), BS(,T), B,()T) variation budget for reward, utility, and transition in frame T’
o(z,a) feature map for the linear MDP

Ok b Ok, g, by ok b

underlying parameters for the linear MDP

N H - -
< max {H\/Z+ 2bH, 1+ Tﬂ + 2Hb} < H+/v + 2bH,

(C.4)

where t = N, y(x,a) is the number of visits to state-action pair (z,a) when in step

H by episode k (but not include episode k) and k; is the index of the episode of

the most recent visit.

Therefore, the upper bound holds for h =

Qo =H < H(H — h+1)(/t + 2b). Now suppose the upper bound holds for i + 1,
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and also holds for ¥ < k — 1. Consider step h in episode k :

Qrn(z,a) =(1 — ap)Qp, n(z,a) + oy <7“k,h(96, a) + Vi 1 (@p, pt1) + be + 25H> ;

where t = Ny, (2, a) is the number of visits to state-action pair (x,a) when in step h
by episode k (but not include episode k) and k; is the index of the episode of the most
recent visit. We also note that Vi p41(2) < max, Qgpi1(x,a) < H(H — h)(v/t + 25)

Therefore, we obtain

Qun(z,a) <max {H(H —h4+1)(Ve+2b), 1+ H(H — h)(vi +2b) + HTﬂ + 2511}

<H(H — h+ 1)(v/i + 2b).

Therefore, we can conclude that Qy,(z,a) < H?(y/t + 2b) for any k, h and (z,a). The

proof for Cy 5 (z, a) is identical. ]

Lemma C.2. Consider any frame T, any episode k'. Let t=Ny p(x,a) be the number
of visits to (x,a) at step h before episode k in the current frame and let ky, ... k <k
be the indices of these episodes. Under any policy 7, with probability at least 1 — %,

the following inequalities hold simultaneously for all (z,a,h,k) € S x A x [H| x [K],

t

i 0 T 1 H2L(X + 1)

; Qi {(Pki,h - sz‘,h)v;c,h—i-l} (xv a) SZ Wa
t

7 o T 1 HZL(X + 1)

izlat {(Pki,h — Pki,h)Wk,thl} (z,a) SZ BCEDE

Proof. Without loss of generality, we consider 7' = 1. Fix any (z,a,h) € S x A x H,

a fixed episode k, and any n € [K*/B¢|, define

X(n) =) ol Tp<x {(I@’ki,h - Pki,h)VﬁhH} (z,a).

=1
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Let F; be the o—algebra generated by all the random variables until step A in episode
k;. Then

E[X (n+1)| 5] = X(0)4E |07 Tty 00 { B = Py ) Vi | (@ @)1 Fa] = X(n),
which shows that X (n) is a martingale. We also have for 1 < m <mn,

[ X (m) — X(m = 1) < o

{(Pkm,h - Pkm,h)Véth} (z, a)’ <a™H

Let k; = K + 1 if it is taken for fewer than ¢ times, and let

o= ,|8log (\/WK) i(ai]—])?

i=1

Then by applying the Azuma-Hoeffding inequality, we have with probability at least

o2 1
1 —2exp (—m) > 1 = sermr

~ A L ° . 1
< ? 2 < __[H2 )2 < — 7
X ()| < ,|8log (\/28AHK>§ (abH)? < | 1o H > (ad) S

i=1 1=1

Because this inequality holds for any 7 € [K], it also holds for 7 =t = Ny ,(x,a) < K.

the

Applying the union bound, we obtain that with probability at least 1 — m

following inequality holds simultaneously for all (z,a,h, k) € S x A x [H] x [K],:

t

> o {(@ki,h - Pki,h)kahﬂ} (z,q)

=1

1 [H%(x+1)

Sz_l (x +1)

Following a similar analysis, we also have that with probability at least 1 — m
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the following inequality holds simultaneously for all (x,a,h, k) € S x A x [H| x [K],:

t

> a {(ﬁ”ki,h - Pki,h)With} (z,a)

i=1

H(x +1)

1
< Z
—4Y (x+)

Therefore applying a union bound on the two events, we finish proving the lemma.

]

Lemma C.3. Under Definition IV.6, for any fized policy w, let wy ;, be the corre-
sponding weights such that QF ;, = (¢(v,a),wf ;,), for j € {r,g}, then we have for
all h € [H] and k € [K]

||w2,j,h|| < 2HVd (C.5)
Proof. From the linearity of the action-value function, we have

Qrin(w,a) = jrn(x,a) + PV, (z,a)

— (6, a), 0;) + / Vi o ()60, 0), dps n('))

S

= <¢($7 a)’ w;cr,j,h> (C6>

where w7, = 0, 4 [5 V5,1 (@) dpn(2").

Now, |64/ < Vd, and || [ Vi (@) dps(2")|| < H+/d. Thus, the result follows.

J

]

Lemma C.4. For any (k,h), the weight wﬁh satisfies

wh || < 2H~\/dk/X (C.7)

184



Proof. For any vector v € R? we have

k-1
[0 wiy) = [ (AR Srar, ap) Gnlars af) + D mreiw (@l )@ pa (241, @)
=1 a
(C.8)
here 7y, 1 (-|z) is the Soft-max policy.
Note that Q% ,,(z,a) < H for any (x,a). Hence, from (C.8) we have
k-1
oWyl <Y 10T (AF) g7l -2H
T=1
k-1 k-1
<[ D VT (AT DGR (AR 2H
T=1 T=1
Vdk
< 2H||v||—= (C.9)
VA
Note that [[w¥, || = max,.y=1 [v"w},|. Hence, the result follows. O

The following result is shown in [90] and in Lemma D.2 in [58].

Lemma C.5. Let {¢i}i>0 be a sequence in R satisfying sup,, ||| < 1. For any
t >0, we define Ay = Ao + Z;:o qugb]T. Then if the smallest eigen value of Ay be at

least 1, we have

d Ak—i—l K thk+l
10g{§ti Al} S () (AD) 1k < 210g {ﬁ} (C.10)
k=1

We use the following result (Lemma J.10 in [74]).

Lemma C.6. Let C* > 2maxy, pu**, then, if

K
(V;:fl(xl) - kaﬁ,l("ﬂl)) +2C* Z(bk’ - ng (21)) <6 (C.11)

k=1 k=1

]~
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, then

> (= Vi) < & (C.12)
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