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ABSTRACT

The past two decades have witnessed the emergence and flourishing of precision cosmology. Vast
amount of high-quality observational data, especially those of the large scale structure and the
cosmic microwave background, have been taken and analyzed. Rich information of the history,
composition and structure of the Universe is still to be mined from them. Higher resolution surveys,
larger coverage of the sky, better modeling of systematics, incorporation of more mature statistical
and numerical tools — all of those have laid the foundation for a data-driven investigation of
fundamental questions, in particular the crucial one of dark energy. What gives rise to the late-time
accelerated expansion of the Universe? In this dissertation, we investigate different ways to make
use of the present very-rich observational resources to probe proposed dark energy models and
modifications to general relativity that incorporate a late-time cosmic acceleration.

We first present a quantitative study of the question: if modifications to general relativity are
(mis-)interpreted as a phenomenological dark energy model, how will this bias our cosmological
analysis results? We develop, for the first time to our knowledge, a quantitative schematic to address
this question and find that modified gravity models masquerading as standard gravity can lead to
very specific biases in standard-parameter spaces.

In the next study, we present evidence showing that growth of structure is suppressed at late
times. Constraining the “growth index” 𝛾 that parameterizes the linear growth rate of matter density
perturbations through 𝑓 (𝑧) = Ω𝑀 (𝑧)𝛾 with the cosmic microwave background data from Planck
and the large-scale structure data from weak lensing, galaxy clustering, and cosmic velocities, we
find that data favors a value of 𝛾 3.7𝜎 higher than the 𝛾 = 0.55 prediction from general relativity
assuming a flat ΛCDM cosmology.

In the third work, we present a new parameterization of the linear growth rate for the Horndeski
class of modified-gravity theories by generalizing the constant 𝛾 parameterization into a two-
parameter redshift-dependent one. The new parameterization 𝛾(𝑧) = 𝛾0 + 𝛾1𝑧

2/(1 + 𝑧) is validated
assuming stringent constraints from Stage IV and V large-scale structure surveys and is shown to
improve the median 𝜒2 of the fit to viable Horndeski models by a factor of ∼ 40 relative to that of
a constant 𝛾.
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CHAPTER 1

Introduction

The present epoch is undoubtedly the age of precision cosmology. Over the period of a few
decades, observations are able to reach far back into the early Universe up to a redshift of 𝑧 ≃ 10;
concordance cosmology has been established and can describe the Universe almost immediately
after the Big Bang; constraints on key cosmological parameters are tightened more and more by
each generation of cosmological surveys. Without exhausting the list of major achievements, one
can still confidently conclude that enormous progress has been made in the field of cosmology.

The replacement of photographic plates with CCD cameras since the 1980s hugely improved the
sensitivity of telescopes when capturing incident light; rapid developments in astronomy beyond
the visible band made possible research into earlier periods and more diverse physical processes;
the famous Hubble Space Telescope unprecedentedly probed the high redshift Universe and made
contributions in measuring the Hubble constant; vast amount of data for a diverse set of cosmo-
logical probes have been acquired and analyzed as real advances are made in data science and
computational tools [205]. Next generation of cosmological surveys, such as Stage-IV cosmic
microwave background or Dark Energy Spectroscopic Instrument (DESI), will provide even richer
data and tighter constraints on cosmological parameters.

It is within this broad context that the work in this dissertation is carried out. The advances in
precision cosmology and the optimistic forecasts from future surveys have provided the basis for a
data-driven investigation into the vast space of potential new physics, especially the open question of
the physical nature of dark energy. This dissertation includes work using current and future surveys
of dark energy and cosmic growth to study their implications on classes of modified-gravity theories
that incorporated the effects of dark energy and to test the concordance cosmological model.

1.1 Fundamentals

Discovery of the accelerated expansion of the Universe in the late 1990s is a critical juncture in
the development of cosmology. This observed acceleration requires the introduction of a new and
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strongly negative-pressured component into the concordance cosmological model, but the physical
nature of it, which is not included in Einstein’s theory of general relativity, remains unknown up
till today.

1.1.1 Friedmann Equations

In general relativity, Einstein’s field equations are

𝑅`a −
1
2
𝑅𝑔`a = 8𝜋𝐺𝑇`a, (1.1)

where 𝑅`a and 𝑅 are respectively the Ricci tensor and the Ricci scalar describing spacetime
curvature, 𝐺 is the gravitational constant, 𝑇`a is the energy-momentum tensor and 𝑔`a is the metric
tensor that determines distance and geometry of spacetime. Assuming a homogenous and isotropic
Universe, solution to Einstein’s equations, namely the Friedmann–Robertson–Walker (FRW) metric
is

𝑑𝑠2 = −𝑑𝑡2 + 𝑎2(𝑡)𝑅2
0

[
𝑑𝑟2

1 − 𝑘𝑟2 + 𝑟2𝑑Ω2
]
, (1.2)

where 𝑎 = 1/(1 + 𝑧) is the scale factor and 𝑘 is the curvature parameter. Under this metric, the
equations of motion, also known as the Friedmann equations, are

𝐻2 ≡
(
¤𝑎
𝑎

)2
=

8𝜋𝐺
3

𝜌 − 𝑘

𝑎2𝑅2
0

(1.3)

¥𝑎
𝑎
= −4𝜋𝐺

3
(𝜌 + 3𝑝). (1.4)

A static solution requires ¤𝑎 = 0 in the first Friedmann equation, which can be achieved by setting
the curvature 𝑘 to be positive. However, in the second Friedmann equation, ¥𝑎 cannot be zero when
both the energy density 𝜌 and the pressure 𝑝 are positive. Therefore, to produce a truly static
Universe, Einstein introduced an extra term into Eq. 1.1 and modified it to be,

𝑅`a −
1
2
𝑅𝑔`a + Λ𝑔`a = 8𝜋𝐺𝑇`a . (1.5)

The new free parameter Λ is the cosmological constant, first introduced not for the presence of dark
energy but to impose a static cosmological solution to Einstein’s field equations. After adding the
Λ term, the second Friedmann equation (Eq.1.4) now becomes

¥𝑎
𝑎
= −4𝜋𝐺

3
(𝜌 + 3𝑝) + Λ

3
. (1.6)
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In this case, ¥𝑎 = 0 is now possible even when 𝜌 and 𝑝 are both positive.
Later in 1929 when observations confirmed the expansion of the Universe [103], the cosmologi-

cal constant became unnecessary in the field equations because the Universe is not static. However,
this concept was not immediately abandoned but remained of interest to physicists because of its
connection to the vacuum energy — the zero point energy in a quantum vacuum. The cosmological
constant, having a dimension of length−2, can be interpreted as the energy density of the vacuum,
a perfect fluid with 𝑝vac = −𝜌vac. The equation of state 𝑤 of a given fluid is defined as the ratio
between its pressure and density. In this way, the cosmological constant or the vacuum energy has
an equation of state 𝑤 ≡ 𝑝/𝜌 = −1.

1.1.2 Hubble’s Law

As early as 1929, astronomer Edwin Hubble found a linear correlation between the redshift and
distance of a group of galaxies. This relation is known as the Hubble’s Law:

𝑧 =
𝐻0
𝑐
𝑟, (1.7)

where 𝑐 is the speed of light and 𝐻0 is the Hubble’s constant. If we employ the non-relativistic
Doppler shift of 𝑧 = 𝑣/𝑐 where 𝑣 is the radial velocity of an observed galaxy, Hubble’s Law can
also be interpreted as a relationship between a galaxy’s velocity and distance

𝑣 = 𝐻0𝑟. (1.8)

Hubble found that almost all galaxies are receding from us, and as Eq. 1.8 indicates, the farther a
galaxy is, the faster it is moving away from us. From here, Hubble concluded that our Universe
undergoes an expansion, and the Hubble constant 𝐻0 indicates the rate of this expansion today.

While spectroscopic techniques used to measure redshift was relatively well-developed back
then, determining distances has always been a crucial and difficult question in astronomy even
today, let alone during Hubble’s time [181]. What Hubble used was Cephaids, a kind of pulsating
stars whose luminosity can be inferred from their pulsation period, known as the Leavitt Law,
named after the American astronomer Henrietta Leavitt [106].

The famously wrong value of the Hubble constant he arrived at is 𝐻0 = 500 km s−1 Mpc−1,
about seven times larger than the currently accepted value of 𝐻0 ≃ 70 km s−1 Mpc−1 [181]. The ≃
sign indicates that we have not completely pinned down the value of 𝐻0 today, and one main issue
to be resolved is the Hubble tension — a statistically significant 4𝜎 to 6𝜎 disagreement between
measurements from cosmic microwave background surveys and type Ia supernovae surveys. As the
former favors a lower value (e.g. 𝐻0 = 67.4 ± 0.5 km s−1 Mpc−1 from Planck 2018 analysis [13]),
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the latter concludes a higher value (𝐻0 = 73.30 ± 1.04 km s−1 Mpc−1 from SH0ES collaboration
in 2021 [173]). What contributes to the Hubble tension remains an open question and hot topic in
cosmology, with potential solutions ranging from new physics to poorly modeled systematics. A
comprehensive review of proposed solutions to the Hubble tension can be found, for example, in
[73].

1.1.3 Discovery of Dark Energy

More precise measurements of distances of galaxies were made possible through the development of
the distance ladder, especially after the introduction of type Ia supernovae (SNe Ia) as the “standard
candles” in measuring extragalactic distances. SNe Ia are products of explosions of white dwarfs
when their masses reach the Chandrasekhar limit (1.44 𝑀⊙). As a result, luminosities of type Ia
supernovae events are known quantities and are near uniform.

However, a number of challenges still need to be overcome before SNe Ia can be effectively
employed in distance measurements.

One obstacle has been the scarcity of well-measured supernovae events. These events are
highly unpredictable, making it diffcult to prepare for follow-up observations in advance. This was
addressed by the Calan/Tololo Supernova Search (CTSS) program that started in 1990. Through
scanning across 25 fields twice a month over the course of three and a half years, the CTSS was
able to obtain a high quality pool of 30 new supernovae light curves [161].

Another issue that has been resolved in the early 1990s is calibrating the intrinsic luminosity
of SNe Ia. Their luminosities are nearly uniform, but not completely the same. Astronomer
Mark Phillips discovered in 1993 that the decay time of a supernova’s light curve, or equivalently
its width, is strongly correlated with its luminosity, raising the precision of luminosity distance
measurement to ∼10% [163]. Later in the decade, various other methods in quantifying the
luminosity of a supernova even were developed as well, including the multi-color light curve shape
method (MLCS) from Riess et al. [174] and the “stretch method” from Perlmutter et al. [159, 160].

Equipped with the techno and scientific capability to accurately measure our distances to a set of
galaxies through observing the lightcurves of a large number of SNe Ia, the Supernova Cosmology
Project and the High z Supernova Search Team independently discovered in 1998 and 1999 that
the more distant galaxies are, the more they would deviate from the linear relation predicted by
Hubble’s Law. In other words, objects that are further away are moving faster and the Universe is
thus accelerating in its expansion. Later surveys from different probes — especially measurements
of the cosmic microwave background (CMB) and baryon acoustic oscillations (BAO) — have also
showed strong evidence for cosmic acceleration.

The observed accelerated expansion at late times is incompatible with a matter-only Universe
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Figure 1.1: Distance modulus versus redshift. The black data points are from 870 SNe Ia [76].
The red data points are from baryon acoustic oscillations (BAO) measurements [15]. The colored
curves are distances predicted by cosmological models of different expansion history. The red
curve represents a Universe that has always been accelerating, the black one a Universe that always
decelerates and the blue one a Universe that decelerated in the past but accelerates in later. The
green shade surrounding the black curve represents a range of matter densities, 0.3 ≤ Ω𝑀 ≤ 1.5,
that encompasses different kinds of geometry of the Universe. Adopted from [109].

regardless of the value of matter density, indicating the need for a new negative-pressure component,
namely the dark energy. Figure 1.1 further illustrates this point by contrasting SNe Ia data [76]
with various cosmological models. Plotting the distance modulus (introduced in Eq. 1.12) of each
supernova against its redshift, the SNe Ia data clearly favor an expansion history where the Universe
decelerated in the past but accelerates now. It is also demonstrated in this figure that a matter-only
Universe that always decelerates in its expansion, regardless of matter density and geometry, is
ruled out. Current data favor a composition of the Universe of ∼30% matter and ∼70% dark energy.

The presence of a negative pressure component is required for realizing late-time cosmic accel-
eration, which means ¥𝑎 > 0 in the second Friedmann equation. The cosmological constant with a
negative equation of state (𝑤 = −1) is naturally re-introduced into Einstein’s field equations as the
candidate for dark energy. However, the energy scale of vacuum energy from quantum fluctuations,
as predicted in particle physics, is about 120 orders of magnitude larger than what is necessary to
explain the acceleration in expansion rate and to yield a flat geometry in late times [106], motivating
alternative explanations to what dark energy really is.
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Due to the lack of an established theoretical model for dark energy, parameterization of the dark
energy component becomes crucial in observational work. The parameter space of dark energy
usually has two key components, {ΩDE, 𝑤}. The former is the energy density of dark energy relative
to the critical density, defined as

ΩDE =
𝜌DE,0

𝜌crit,0
=

𝜌DE,0

3𝐻2
0/(8𝜋𝐺)

. (1.9)

And the latter is the previously defined equation of state of dark energy. Constraints from the
second Friedmann equation ( ¥𝑎 > 0 for an accelerated expansion) require 𝑤 < −1/3. Analysis from
most current observations gives 𝑤 ≃ −1, which indicates a component similar to the cosmological
constant.

If we take into consideration that the dark energy component can have time variations, the most
commonly accepted two-parameter parameterization of the equation of state is

𝑤(𝑧) = 𝑤0 + 𝑤𝑎
𝑧

1 + 𝑧 = 𝑤0 + 𝑤𝑎 (1 − 𝑎). (1.10)

The major advantage of this parameterization is that it not only reduces to 𝑤 = 𝑤0 as 𝑧 → 0, but
also plateaus to a finite upper bound as 𝑧 → ∞, avoiding any unphysical behaviors at high redshift.

1.1.4 Cosmological Probes of Dark Energy

Despite the lack of theoretical explanation for the physical nature of dark energy, over the past two
decades, major progress has been made in measuring the property of dark energy and constraining
dark energy parameters. We will give an overview in this section of main cosmological probes for
dark energy, with an emphasis on the ones used in the works in included in this dissertation.

1.1.4.1 Type Ia Supernova (SNe Ia)

For a given bright object, its flux 𝑓 and luminosity 𝐿 follows the relation

𝑓 =
𝐿

4𝜋𝑑2
𝐿

, (1.11)

where 𝑑𝐿 is the luminosity distance. If we have knowledge of both the flux and the luminosity,
we can determine distance through Eq. 1.11. Flux, or how much light is received by Earth, is
easily measurable, but the intrinsic luminosity, or how much light the object emits, is difficult to
determine. This explains the need for standard candles (SNe Ia), whose instrinsic luminosity is
known or can be effectively calibrated.
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In practice, astronomers measure flux and luminosity in quantities known as the apparent
magnitude𝑚 and the absolute magnitude 𝑀 , and an often quoted quantity is the difference between
the two, the distance modulus

𝑚 − 𝑀 ≡ 5 log10

(
𝑑𝐿

10 pc

)
. (1.12)

In cosmology with SNe Ia, the distance modulus is often written in the following form [106]
with a nuisance parameter M,

𝑚 = 5 log10(𝐻0𝑑𝐿) +M, (1.13)

where

M = 𝑀 − 5 log10(𝐻0 × 1 Mpc) + 25. (1.14)

Without knowledge of quantities entering M (i.e. the absolute magnitude 𝑀 and the Hubble
constant 𝐻0), SNe Ia provides measurement of relative distances and in current surveys, M can be
pinned down through Cephaids. What measurements of SNe Ia constrain is the luminosity distance
𝑑𝐿

𝐻0𝑑𝐿 = (1 + 𝑧)𝑟 (𝑧). (1.15)

The 𝑟 (𝑧) is the comoving distance sensitive to cosmological parameters:

𝑟 (𝑧) =
sinh

√︁
|Ω𝐾 |√︁

|Ω𝐾 |

∫ 𝑧

0

𝑑𝑧′√︁
Ω𝑀 (1 + 𝑧′)3 +ΩDE(1 + 𝑧′)3(1+𝑤) +Ω𝑅 (1 + 𝑧′)4 −Ω𝐾 (1 + 𝑧′)2

, (1.16)

where Ω𝐾 , Ω𝑀 , ΩDE, and Ω𝑅 are the respective density parameters of curvature, matter, dark
energy and radiation, defined in a similar way to Eq. 1.9.

One of the latest SNe Ia data sets is the Pantheon+ Analysis [191]. It contains 1701 light curves
of 1550 unique SNe Ia that are spectroscopically confirmed. Figure 1.2 shows the redshift coverage
of the collected SNe Ia samples. Compared to previous data sets, major improvements have been
made in enriching the low-redshift region. Constraints on cosmological and dark energy parameters
from the Pantheon+ data set, assuming a flat universe and a constant dark energy equation of state,
is 𝑤0 = −0.90 ± 0.14 [49], consistent with a ΛCDM cosmology. When time variation of dark
energy is incorporated using the (𝑤0, 𝑤𝑎) parameterization in Eq. 1.10, this SNe Ia data’s constraint
on these parameters is 𝑤0 = −0.93 ± 0.15 and 𝑤𝑎 = −0.1+0.9

−2.0 [49].
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Figure 1.2: Histogram of number of type Ia supernovae (SNe Ia) samples from the Pantheon+ data
set (blue) in each redshift bin. The figure also includes redshift distribution of SNe Ia data sets
from the first Pantheon analysis (red) and the Joint Light-curve Analysis (black). Adopted from
[191].
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1.1.4.2 Baryon Acoustic Oscillations (BAO)

Baryon acoustic oscillations are oscillations of the photon-baryon fluid before recombination.
Before photons, electrons and baryons decouple from each other, the photon-baryon fluid will fall
to the center of gravitational potential wells of dark matter. This infalling process is counter-posed
by the build-up of pressure in the fluid and the tendency to expand outward. After the fluid has
expanded to a certain degree, the pressure drops and the infalling tendency will take over again. This
process of continuous expansion and compression is referred to as the BAO and these oscillations
are “frozen” into wiggles in the matter power spectrum 𝑃(𝑘) (which will be discussed in details in
Section 1.2.2).

A consequence of the BAO effect is a higher likelihood of finding two galaxies separated by the
sound horizon distance 𝑟𝑠, which is the distance travelled by sound waves from the Big Bang to
recombination when protons combined with electrons to form hydrogen atoms at 𝑧∗ ≃ 1, 100 [106]

𝑟𝑠 ≡
∫ 𝑡∗

0

𝑐𝑠

𝑎(𝑡) 𝑑𝑡 =
𝑐
√

3

∫ 𝑎∗

0

𝑑𝑎

𝑎2𝐻 (𝑎)
√︃

1 + 3Ω𝑏

4Ω𝛾
𝑎

≃ 100 ℎ−1 Mpc, (1.17)

where 𝑡∗ ≃= 50, 000 and 𝑎∗ ≃ 0.001 are the age and scale factor at recombination, respectively; 𝑐𝑠
is the speed of sound; and Ω𝑏/Ω𝛾 is the baryon-to-photon ratio.

If one has an independent knowledge of the sound horizon distance (for example, from the
morphology of peaks in CMB angular power spectrum) as a “standard ruler”, then BAO can be
used in measuring angular diameter distances 𝑑𝐴 (𝑧) and the Hubble parameter 𝐻 (𝑧) at a certain
redshift, both of which are sensitive to cosmological and dark energy parameters.

In the transverse direction, measurement of the subtended angle Δ\𝑠 between galaxies at a
redshift 𝑧 is connected to the angular diameter distance through

Δ\𝑠 =
𝑟𝑠

𝑑𝐴 (𝑧)
, (1.18)

where 𝑑𝐴 (𝑧) is defined through the comoving distance as

𝑑𝐴 (𝑧) =
𝑟 (𝑧)
1 + 𝑧 . (1.19)

The comoving distance 𝑟 (𝑧) follows Eq. 1.16 and depends on energy density of different components
of the Universe and dark energy equation of state.

Likewise, in the radial direction, BAO feature’s redshift extent Δ𝑧𝑠 is connected to the Hubble
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parameter through

Δ𝑧𝑠 =
𝐻 (𝑧)𝑟𝑠
𝑐

, (1.20)

where 𝐻 (𝑧) is defined as

𝐻 (𝑧) = 𝐻0

√︃
Ω𝑀 (1 + 𝑧′)3 +ΩDE(1 + 𝑧′)3(1+𝑤) +Ω𝑅 (1 + 𝑧′)4 −Ω𝐾 (1 + 𝑧′)2. (1.21)

Combining information on the transverse and radial direction, we can approach BAO with a
single quantity:

𝐷𝑣 =

(
𝑑2
𝐴 (𝑧)

𝑧

𝐻 (𝑧)

)1/3
. (1.22)

BAO features can be extracted from photometric and spectroscopic galaxy surveys, such as Sloan
Digital Sky Survey (SDSS; measurement results see e.g. [176, 41]) and the recently launched Dark
Energy Spectroscopic Instrument (DESI; measurements from early data in [144]).

1.1.4.3 Cosmic Microwave Background (CMB)

The cosmic microwave background (CMB) encodes the information of the Universe at recombina-
tion when electrons and protons bound to form hydrogen atoms. Known as the Rosetta Stone of the
Universe, the CMB contains rich information of cosmological parameters and expansion history,
including properties of dark energy.

The CMB acts as a blackbody. It has a very uniform temperature 𝑇 = 2.725 K today across the
sky and only very tiny fluctuations on the order of ⟨(𝛿𝑇/𝑇)2⟩1/2 ≃ 10−5. Figure 1.3 shows a map
of CMB, where the red and blue color represent anisotropies in temperature.

The summary statisics we use to quantify the temperature fluctuations is the angular two-point
correlation function

𝐶 (\) ≡ ⟨𝛿𝑇
𝑇

( ®̂𝑛) 𝛿𝑇
𝑇

( ®̂𝑛′)⟩
®̂𝑛· ®̂𝑛′=cos \

, (1.23)

describing the probabilities of finding two spots separated by an angle \ that have the same
temperature fluctuation. Expanding 𝐶 (\) with the Legendre polynomial, one can obtain the CMB
angular power spectrum 𝐶ℓ:

𝐶 (\) =
∞∑︁
ℓ=2

2ℓ + 1
4𝜋

𝐶ℓ𝑃ℓ (cos \), (1.24)

10



Figure 1.3: CMB temperature sky map from Planck 2018 release where contamination in the
Galactic plane (outlined in grey) is removed with the SMICA technique. Red and blue represent
cold and hot spots in the CMB. Adopted from [11].

where 𝑃ℓ (cos \) is the ℓ-th Legendre polynomial and the multipole ℓ is connected to the angular
separation through ℓ ∼ 𝜋/\. Figure 1.4 gives an example of the CMB angular power spectrum.

But how can one use the CMB to constrain dark energy? Despite the fact that dark energy
becomes dominant in the Universe long after the epoch of CMB, distance to the last scattering
surface, which is encoded as peak locations in the angular power spectrum, is sensitive to dark
energy. Again, with an independent knowledge of the sound horizon 𝑟𝑠 (𝑧∗) which is measured at
recombination, its projection into angular separations is dependent upon the comoving distance at
recombination 𝑟 (𝑧∗) through \∗ = 𝑟𝑠 (𝑧∗)/𝑟 (𝑧∗). As in the previous two cosmological probes, the
comoving distance is sensitive to dark energy parameters ΩDE and 𝑤 and impacts on CMB from
dark energy are reflected eventually in the angular features between hot and cold spots in the CMB
map.

In the meantime, as the cold and hot spots represent photons falling into or climbing out of
gravitational potential wells, the CMB contains important information on the clustering of matter at
recombination. Features in CMB power spectrum can fix the combination Ω𝑀𝐻

2
0 . Therefore, even

though it seems that SNe Ia, BAO and CMB are all sensitive to cosmological parameters through
the comoving distance, the CMB probes a different set of cosmological parameters and thus is an
excellent complementary probe to dark energy.

Figure 1.5 shows constraints on dark energy and matter density parameter, using combined data
from SNe Ia, BAO and CMB. Separately, each probe may not constrain both dark energy and
matter density parameters well, but together, the three probes complement each other and are able
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Figure 1.4: An example of CMB angular power spectrum of temperature fluctuations as a function
of multipole ℓ or angular scale. The red data points are Planck 2013 measurements, while the
green curve is the best-fit ΛCDM model, whose cosmic variance is shown as the shade around it.
Adopted from [106, 7].

to yield a very tight constraint in the ΩΛ-Ω𝑀 plane, indicating strong evidence for dark energy and
a preference for a flat geometry of the Universe.

Figure 1.6 further illustrates the power of CMB as a complementary probe of dark energy. With
only SNe Ia (green contours), there is a degeneracy between the dark energy equation of state 𝑤
and Ω𝑀 and this degeneracy is only broken after the addition of CMB and BAO data (red contours).
The contrast between constraints from earlier surveys (red contours) and more recent ones (blue
contours) demonstrates the largely-improved constraining power over the past two decades.

1.2 Growth of Structure

Primordial fluctuations generated about 10−34 seconds after the Big Bang during inflation are
seeds for the later formation of large scale structures under the influence of gravity. These initial
perturbations in the density of matter are encoded in the hot and cold spots in the temperature
map of the CMB as photons fall into or climb out of these potential wells. We can quantify these
primordial overdensities by defining a 𝛿(®𝑥, 𝑡) ≡ (𝜌(®𝑥, 𝑡) − �̄�)/�̄�, where �̄� is the average matter
density. The value of initial matter density perturbations is 𝛿 = 10−5 [105].

The growth of primordial seeds of overdensities into the present day large scale structure is
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Figure 1.5: Constraints on the dark energy and matter density parameter by type Ia supernovae
(blue), baryon acoustic oscillations (green) and cosmic microwave background (orange), separately
and combined (grey), while the black line indicates the direction of a flat geometry of the Universe.
Adopted from [77].
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Figure 1.6: Constraints on the dark energy equation of state 𝑤 and the matter density parameter
Ω𝑀 from SNe Ia alone (green) and after the addition of BAO and CMB data (red and blue). More
recent surveys of the three probes (blue) greatly tightened the constraints than the earlier surveys
(red). Adopted from [109].
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dominated by two competing processes, the influence of gravity and the expansion of the Universe.
As a result, the theory of gravity and the constitution of energy content of the Universe become key
components that will determine the growth history. The following section will give an overview of
the theoretical framework of structure formation, with an emphasis on the impact of dark energy.
Growth of structure can also function as a sensitive test for any modifications to general relativity,
a topic we will discuss further in a later section devoted to modified gravity theories.

1.2.1 Linear Growth of Structure

In this section, we will consider structure formation under the following conditions:

1. General relativity as our theory of gravity;

2. |𝛿 | ≪ 1 such that we can employ perturbation theory in the linear regime;

3. Isentropic initial conditions where there is no initial fluctuation in entropy, as predicted by
inflation and favored by data;

4. Focus on fluctuations that are sub-horizon but far beyond Jeans scale.

With these premises, one can start with the three fundamental equations in comoving coordinates
describing the evolution of a fluid:

𝜕𝛿

𝜕𝑡
+ 1
𝑎
∇ [(1 + 𝛿)®𝑣] = 0 (Continuity)

𝜕®𝑣
𝜕𝑡

+ ¤𝑎
𝑎
®𝑣 = −∇𝜙

𝑎
−
𝑐2
𝑠

𝑎
∇𝛿 − 2𝑇

3𝑎
∇𝑆 (Euler)

∇2𝜙 = 4𝜋𝐺�̄�𝑎2𝛿 (Poisson),

(1.25)

where 𝜙 is the gravitational potential, 𝑐𝑠 is the speed of sound, 𝑇 is the temperature and 𝑆 is the
entropy.

Then we can combine these three equations and take the proper Fourier transforms of the
overdensity 𝛿®𝑘 = 1

𝑉𝑢

∫
𝛿(®𝑟, 𝑡)𝑒−𝑖®𝑘 ·®𝑟𝑑3®𝑟 , where 𝑉𝑢 is the volume over which perturbations can be

assumed as periodic. In this way, we will arrive at the second-order differential equation that
describes the growth of overdensities over time [105]

𝜕2𝛿®𝑘
𝜕𝑡2

+ 2
¤𝑎
𝑎

𝜕𝛿®𝑘
𝜕𝑡

=

(
4𝜋𝐺�̄� −

𝑘2𝑐2
𝑠

𝑎2

)
𝛿𝑘 −

2
3
𝑇

𝑎2 𝑘
2𝑆®𝑘 , (1.26)

where 𝑆®𝑘 , the Fourier mode of entropy fluctuations, vanishes under the isentropic initial condition.
We can also drop the terms that are of second order in 𝑘 since the scales we consider are much
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smaller than the Jeans scale. Therefore, Eq. 1.26 can be simplified into

¥𝛿 + 2𝐻 ¤𝛿 − 4𝜋𝐺�̄�𝛿 = 0. (1.27)

During the radiation-dominated era, �̄� is negligible. Meanwhile, the scale factor 𝑎(𝑡) is pro-
portional to 𝑡1/2, then the Hubble parameter can be written as 𝐻 (𝑡) ≡ ¤𝑎/𝑎 = 1/(2𝑡). As a result,
solution to the growth equation (Eq. 1.27) is 𝛿(𝑡) = 𝐴1 + 𝐴2 ln 𝑡. Structure grows slowly following
a logarithmic scale when radiation dominates in the early Universe.

Likewise, during the matter-dominated era, the Hubble parameter is dominated by matter and
hence 𝐻2(𝑡) = 8𝜋𝐺�̄�/3. In this epoch, the scale factor goes as 𝑎(𝑡) ∼ 𝑡2/3, so the solution is
𝛿(𝑡) = 𝐵1𝑡

2/3 + 𝐵2𝑡
−1. If we only look at the growth term (i.e. the first term) in the solution, we

will see that when matter dominates, 𝛿(𝑡) ∼ 𝑎(𝑡). Structure grows substantially in this period,
proportionally to the scale factor.

When dark energy takes over in late times, growth of structure is again suppressed by the
accelerated expansion of the Universe. In this epoch, the Hubble parameter is constant where
𝐻 = 𝐻Λ and the scale factor grows exponentially with time 𝑎(𝑡) = 𝑒𝐻𝑡 . Therefore, the solution
is 𝛿(𝑡) = 𝐶1 + 𝐶2𝑒

−2𝐻Λ𝑡 . The second term will quickly decay away exponentially, so when dark
energy completely dominates, the growth of structure will stagnate.

It is obvious by this point that the growth of structure is certainly sensitive to the energy density
and equation of state of dark energy. This late-time suppression of growth in the presence of dark
energy will be illustrated even more clearly when we introduce several dimensionless functions
describing different aspects of growth.

A linear growth function can be defined as

𝐷 (𝑎) ≡ 𝛿(𝑎)
𝛿(𝑎 = 1) , (1.28)

And a growth suppression factor 𝑔(𝑎) is defined through 𝐷 (𝑎) as 𝐷 (𝑎) ≡ 𝑎𝑔(𝑎)/𝑔(1). Figure 1.7
demonstrates 𝐷 (𝑧) and 𝑔(𝑧) respectively as a function of redshift assuming a ΛCDM cosmology
where dark energy takes up ∼70% of the Universe versus a matter-only Einstein-de Sitter (EdS)
Universe. At late times when 𝑧 approaches 0, growth is suppressed in ΛCDM due to the presence
of dark energy compared to a matter-only scenario.

Another dimensionless function describing the growth rate of large scale structure can also be
defined through taking a derivative of the growth function 𝐷 (𝑎). The linear growth rate function is

𝑓 (𝑎) ≡ 𝑑 ln𝐷
𝑑 ln 𝑎

. (1.29)

Assuming general relativity, 𝑓 (𝑎) is scale-independent and is only a function of the scale factor or
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Figure 1.7: Dimensionless growth function 𝐷 (𝑧) and growth suppression factor 𝑔(𝑧) as a function
of redshift in a ΛCDM Universe (solid) and in Einstein-de Sitter Universe (dashed). Adopted from
[105].
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redshift. It has a well-known paramterization that fits a wide range of cosmological models [154]

𝑓 (𝑧) = Ω𝑀 (𝑧)𝛾, (1.30)

where Ω𝑀 (𝑧) is the energy density parameter for matter at a given redshift and the exponent 𝛾 is
called the growth index. The best-fit value of the growth index, 𝛾 = 0.55, can fit ΛCDM models to
sub-percent level [155].

1.2.2 Matter Power Spectrum

A powerful statistical tool and key observable in mapping out the distribution of overdensities
across the Universe is the two-point correlation function and the matter power spectrum derived
from it.

The two point correlation function can be understood as the mean probability of repeating the
following process: throwing a stick of length r into a map populated by points and finding out that
each end of the stick happens to land on a point. Mathematically, it is defined as

b (𝑟) = ⟨[𝜌(®𝑥 + ®𝑟) − ⟨𝜌⟩] [𝜌(®𝑥) − ⟨𝜌⟩]⟩®𝑥
⟨𝜌⟩2 = ⟨𝛿(®𝑥 + ®𝑟)𝛿(®𝑥)⟩®𝑥 , (1.31)

between a point at ®𝑥 and another point separated by ®𝑟.
If we consider the overdensities in Fourier space components 𝛿®𝑘 , the two-point correlation

function in Fourier space is

⟨𝛿®𝑘𝛿
∗
®𝑘 ′
⟩ = (2𝜋)3𝛿(3) ( ®𝑘 − ®𝑘′)𝑃(𝑘), (1.32)

where 𝛿(3) ( ®𝑘− ®𝑘 ′) is the Kronecker delta function in 3 dimensions, and 𝑃(𝑘) is the matter power
spectrum, measuring the amount of structure at each scale 𝑘 . It is related to the one in real space,
b (𝑟), through 𝑃(𝑘) =

∫
b (𝑟)𝑒−𝑖®𝑘 ·®𝑟𝑑3®𝑟.

In the linear regime, we can arrange the matter power spectrum to define a dimensionless and
more machine-friendly one

Δ2(𝑘, 𝑧) = 𝑘3𝑃(𝑘, 𝑧)
2𝜋2

= 𝐴𝑠
4

25
1
Ω2
𝑀

(
𝑘

𝑘piv

)𝑛𝑠−1 (
𝑘

𝐻0

)4 (
𝑔(𝑧)
1 + 𝑧

)2
𝑇2(𝑘), (1.33)

where 𝐴𝑠 is the normalized amplitude of the matter power spectrum and 𝑛𝑠 is the spectral index.
The “pivot” 𝑘piv is close to the scale where the primordial power is constrained best and where 𝑛𝑠
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is computed. 𝑇 (𝑘) is called the linear transfer function. It expresses the shape change of the matter
power spectrum around matter-radiation equality.

Another point to note in the expression of power spectrum is that the term 𝑔(𝑧)/(1 + 𝑧) =

𝑎𝑔(𝑎) ∼ 𝐷 (𝑎). Therefore, the matter power spectrum is sensitive to growth through the following
relation:

Δ2(𝑘, 𝑧) ∼ 𝑃(𝑘, 𝑧) ∼ [𝑎𝑔(𝑎)]2 ∼ 𝐷2(𝑧). (1.34)

Based on the matter power spectrum which is a function of scale at a certain redshift, one can
define a root mean squared amplitude of matter fluctuations within a certain spherical region by
integrating Δ2(𝑘, 𝑧) over this region and over all scales:

𝜎2(𝑧, 𝑅) =
∫ ∞

0
Δ2(𝑘, 𝑧)

(
3 𝑗1(𝑘𝑅)
𝑘𝑅

)2
𝑑 ln 𝑘, (1.35)

where 𝑅 is the comoving radius of the spherical region and 𝑗1(𝑘𝑅) is the spherical Bessel function
of the first kind. Conventionally, we set the radius to be 𝑅 = 8 h−1 Mpc and the quantity evaluted
at 𝑧 = 0 is named 𝜎8, a constraint often quoted in galaxy surveys.

1.2.3 Cosmological Probes of Growth

In this section, we will give an overview of the major cosmological probes used to measure the
growth of structure. Through presenting the power spectrum of each probe, we will illustrate in
what ways are each probe sensitive to growth and cosmological parameters.

1.2.3.1 Galaxy Clustering

Galaxy clustering is the oldest and most mature probe of cosmic growth that constrains the matter
power spectrum. Figure 1.8 shows a map of the large scale structure from the Sloan Digital Sky
Survey (SDSS) where each point is a galaxy in the sky colorred by the age of stars in it.

The summary statistics we extract from these photometric large scale structure surveys is the
correlation between galaxy positions 𝑃(gg) (k, z), and this is connected to the matter power spectrum
𝑃(𝑘, 𝑧) through

𝑃gg = 𝑏2(𝑘, 𝑧)𝑃(𝑘, 𝑧), (1.36)

where 𝑏2(𝑘, 𝑧) is called galaxy bias. A bias is introduced because amplitude of clustering of the
density field is different from that of the peaks (of the density field). Amplitude of clustering of
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Figure 1.8: The large scale structure map from he Sloan Digital Sky Survey (SDSS). Each point on
the figure represents a galaxy, and redder ones are galaxies with older stars while green ones have
younger stars. Figure credit: M. Blanton and the Sloan Digital Sky Survey, adopted from [44].
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peaks is not representative of the general distribution of dark matter across the entire field expressed
in 𝑃(𝑘, 𝑧), so we need to quantify this discrepancy with 𝑏(𝑘, 𝑧).

The presence of galaxy bias adds complications to the measurement of matter power spectrum
because it is difficult to model theoretically. Galaxy bias depends heavily on galaxy types and
the formation history of galaxies and requires input from other probes such as weak lensing,
galaxy-galaxy lensing or three-point statistics.

Additionally, measurements of galaxy clustering are mostly made on scales that are close to or
in the non-linear regimes where the linear theory of growth in Eq. 1.27 does not hold. Expensive
N-body simulations are required to model corrections to matter power spectrum in the non-linear
regime.

Lastly, if one wants to measure the temporal evolution of cosmic structure, redshift of galaxies
observed in the survey is necessary, either through complementary spectroscopic information or
through photometric-redshift estimations.

1.2.3.2 Weak Gravitational Lensing

Weak gravitational lensing is a phenomenon where the shape of a source galaxy is distorted by the
large scale structure between the Earth and where it is. As light emitted from the galaxy is bent by
the gravitational potential wells created by the structure, this distortion of shape is thus sensitive to
the distribution of matter in between. Weak lensing’s main advantage as a probe for growth is the
absence of any galaxy biases [105]. Figure 1.9 is a carton illustration of this effect.

We quantify the effects of weak lensing through the convergence ^, defined as

^ =
𝑑L𝑑LS
𝑑S

∫ 𝑆src

0
∇2Φ𝑑𝑠. (1.37)

The convergence is a function of position in the sky and is proportional to the amount of projected
matter density between the observer and the source (i.e. a distant galaxy). This can be seen more
clearly from its definition where the gravitational potential Φ is integrated along the line of sight.
The coefficients in Eq. 1.37 are respectively the distance to the lens (𝑑L), to the source (𝑑S) and
between the lens and the source (𝑑LS). The convergence power spectrum, written in harmonic
space, is

⟨^𝑙𝑚^𝑙′𝑚′⟩ = 𝛿𝑙𝑙′𝛿𝑚𝑚′𝑃^^ (ℓ). (1.38)

Alternatively, if we do not integrate along the line of sight between the observer and the source
galaxy but look at correlations of convergence between different redshift bins, we can write out
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Figure 1.9: A cartoon illustration of weak gravitational lensing, where the light from source galaxies
is bent by the large scale structure in between, leading to a distortion in the observed shape of the
source galaxies. Created by Jessie Muir and adopted from [106].
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what is called a tomographic power spectrum

𝑃^^𝑖 𝑗 (ℓ) =
∫ ∞

0
𝑑𝑧
𝑊𝑖 (𝑧)𝑊 𝑗 (𝑧)
𝑟2(𝑧)𝐻 (𝑧)

𝑃( ℓ

𝑟 (𝑧) , 𝑧). (1.39)

The𝑊𝑖 (𝑧) are weights and are defined as

𝑊𝑖 (𝜒) ≡
3
2
Ω𝑀𝐻

2
0𝑞𝑖 (𝜒) (1 + 𝑧), (1.40)

where

𝑞𝑖 (𝜒) ≡ 𝑟 (𝜒)
∫ ∞

𝜒

𝑑𝜒𝑠𝑛𝑖 (𝜒𝑠)
𝑟 (𝜒𝑠 − 𝜒)
𝑟 (𝜒𝑠)

(1.41)

and for 𝜒𝑠 within the i𝑡ℎ redshift bin, 𝑛𝑖 is the normalized comoving density of galaxies. In the
tomographic power spectrum, the weights contain no information on growth and the connection to
theory of growth is encoded in the matter power spectrum term 𝑃(ℓ/𝑟 (𝑧), 𝑧).

The other key quantity of weak lensing is the shear 𝛾, the extent of shape distortion. As long as
the distortions are week, 𝑃𝛾𝛾 (ℓ) ≃ 𝑃^^ (ℓ), and the same holds true for the shear and convergence
tomographic power spectrum as well. Therefore, the shear tomographic spectrum is related to
growth through

𝑃
𝛾𝛾

𝑖 𝑗
∼ 𝑃(𝑘, 𝑧) ∼ 𝐷2(𝑧). (1.42)

The combination of weak lensing with galaxy clustering has been shown to be extremely effective
in constraining growth in photometric galaxy surveys as it can break degeneracies between nuisance
and cosmological parameters [68]. This methodology is referred to as the 3 × 2-point analysis. For
every redshift bin and for every scale 𝑘 , the analysis involves a 2-by-2 matrix(

gg g𝛾
g𝛾 𝛾𝛾

)
, (1.43)

where the g𝛾 entry denotes the correlation between shear and galaxy position.
The quantity constrained by this kind of analysis is a combination of matter density fluctuation

and matter energy density:

𝑆8 = 𝜎8

√︂
Ω𝑀

0.3
. (1.44)
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1.2.3.3 Peculiar Velocities

In linear theory, the continuity equation in [74] gives the relation between cosmic velocities and
matter overdensities:

®𝑣 = 𝑖®𝑘
𝑘2
𝐷′

𝐷
𝛿 =

𝑖®𝑘
𝑘2 𝑎 𝑓 𝐻𝛿, (1.45)

where 𝑓 is the linear growth rate defined in Eq. 1.29. Then, the velocity power spectrum in linear
theory is

𝑃vv(𝑘, 𝑎) =
[
𝑎 𝑓 (𝑎)𝐻 (𝑎)

𝑘

]2
𝑃(𝑘, 𝑎), (1.46)

sensitive to growth history and cosmological parameters.
If we measure the velocity of individual galaxies at distance ®𝑥, it is

¤®𝑥 = 𝑑

𝑑𝑡
(𝑎®𝑟) = ¤𝑎®𝑟 + 𝑎 ¤®𝑟 = 𝐻®𝑥 + ®𝑣pec, (1.47)

and at low redshift when 𝑧 ≪ 1, it becomes

𝑐𝑧obs = 𝑐𝑧 + 𝑣pec. (1.48)

Therefore, if we want to determine the peculiar velocities, we would need accurate measurements
of the other two terms in Eq. 1.48: the observed redshift and distance.

Looking at the velocity power spectrum, one will see that

𝑃vv(𝑘, 𝑧) ∼ 𝑓 2(𝑧)𝑃(𝑘, 𝑧) ∼ 𝑓 2(𝑧)𝜎2
8 (𝑧) ∼ [ 𝑓 (𝑧)𝜎8(𝑧)]2 . (1.49)

This explains why the growth-related quantity usually constrained by peculiar velocities surveys is
the combination 𝑓 𝜎8.

1.2.3.4 Redshift-Space Distortions

When the spatial distribution of galaxies are plotted in the redshift space, the distribution of their
positions will be distorted because of the Doppler shifts caused by their peculiar velocities outside
of the cosmological redshift induced by the accelerated expansion of the Universe. In other words,
clustering measurements are distorted due to gravitational infalling into nearby overdensities or the
galaxies’ own peculiar velocities.

Figure 1.10 illustrates two common effects of redshift-space distortions (RSD). The first one,
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Figure 1.10: An illustration of two redshift-space distortions effects. The Kaiser effect (left) shows
a flattening along the line of sight on large scales due to infalling into nearly large overdensities.
The “fingers of God” (right) is an elongation on small scales in the redshift space along the line of
sight. Adopted from [105].

known as the Kaiser effect, corresponds to a kind of flattening or “squishing” in real space along the
line of sight on large scales as galaxies fall into nearby large overdensities. The other one, named
“fingers of God” shows elongation in the radial direction on small scales in the redshift space.

The RSD power spectrum in redshift space (as denoted by the superscript 𝑠) to the lowest order
is

𝑃( ®𝑘, 𝑧) (𝑠) =
[
𝑏 + 𝑓 `2]2

𝐹 (𝑘2𝜎2
a `

2)𝑃(𝑘, 𝑧), (1.50)

where ` is the cosine of the angle between ®𝑘 and line of sight, 𝑏 is the galaxy bias, 𝑓 is the linear
growth rate, 𝜎a is the velocity dispersion and the function 𝐹 (𝑘2𝜎2

a `
2) = 1/(1+ 𝑘2𝜎2

a `
2), modeling

suppression of the power spectrum at high 𝑘 [105]. RSD measures the parameter combination 𝑓 𝜎8

to an excellent degree and functions as a good test for different theories of dark energy and modified
gravity [195].
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1.2.3.5 Cosmic Microwave Background

Despite the fact that CMB only provides information on matter overdensities during recombination,
a period way before the emergence of dark energy as the dominant component, it still can provide
tight constraints on the amplitude of the initial fluctuations in matter. Combined with constraints
on 𝜎8, this information from the CMB can greatly help with understanding the temporal growth of
structure.

Furthermore, as CMB photons travel through the large scale structure, they will be deflected.
This effect of CMB lensing manifests itself as minor displacements of the cold and hot spots in the
temperature map and is useful in probing the large scale structure.

In addition to the most famous tension in cosmology — the Hubble tension, there is another
tension in measurements of the combined parameter 𝑆8, where measurements from CMB is higher
than those from lensing surveys. For instance, the Planck 2018 analysis including polarization and
lensing constrains 𝑆8 to be 0.832 ± 0.013 [13] while Dark Energy Survye Year 3 (DES Y3) year 3
results give 𝑆8 = 0.775 ± 0.017 [105, 5].

1.3 Modified-Gravity Theories

As the accelerated expansion of the Universe does not naturally arise from the theory of general
relativity, there has been a vast range of attempts to propose a theory that can incorporate this
effect. In essence, these modifications to general relativity involves adding extra degrees of
freedom through the introduction of scalar fields, incorporating higher dimensions, or breaking
diffeomorphism invariance etc.

1.3.1 Modified Gravity versus Dark Energy

Broadly speaking, there are two possibilities of what gives rise to the late-time cosmic acceleration.
One possibility is that the acceleration is caused by a not-yet-identified component in the Universe.
One example is the vacuum energy or the cosmological constant with 𝑤 = −1 as discussed in
Section 1.1.1. Another explanation for the late-time cosmic acceleration that falls under this
category is the quintessence model where the dark energy candidate is a slowly-evolving scalar
field. Under this theory, a scalar field 𝜙 is minimally coupled to gravity and slowly varies under a
potential 𝑉 (𝜙), a mechanism somewhat similar to the slow-roll model of inflation [203].

For a sub-category of quintessence models where the field is stalled by the Hubble friction in the
early period and only starts to evolve in late times, one can find analytical solutions to the equation
of state𝑤, and𝑤 in turn can be constrained by cosmological probes such as type Ia supernova, CMB
or BAO. Analytical solutions for the combination 𝑓 𝜎8(𝑧) in terms of the energy density parameter
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of the scalar field Ω𝜙 can also be found, and quitessence models can therefore be constrained by
RSD or peculiar velocities surveys [203].

Other potential candidates under this category include k-essence where the scalar field only
enters kinetic terms but not potential ones [56] and other exotic fluids such as the Chaplygin gas
whose equation of state assumes 𝑝 ∼ −1/𝜌 [119].

The second possible explanation involves modifications to the theory of gravity at large scales,
where the late-time cosmic acceleration arise from the theory itself without introducing a new
energy content. We will introduce in the follow sections several classes of such theories.

1.3.1.1 𝑓 (𝑅) Gravity

One general class of modified gravity theories involves a direct generalization of the GR Lagrangian.
Named 𝑓 (𝑅) gravity, this theory generalizes the Ricci scalar 𝑅 into a general function of it, and the
action of this theory takes the form of [202]

𝑆 =
1

16𝜋𝐺

∫
𝑑4𝑥

√−𝑔 𝑓 (𝑅) + 𝑆𝑚 [𝑔`a], (1.51)

where the 𝑔 is a determinant of the metric 𝑔`a and the second term 𝑆𝑚 [𝑔`a] is the action for matter
interactions. When 𝑓 (𝑅) = 𝑅, this action reduces back to the GR.

Assuming a flat FRW metric and taking a variational approach to the 𝑓 (𝑅) action, one can
obtain the equations of motion as [196]

𝐻2 =
^

3 𝑓 ′

[
𝜌 + 𝑅 𝑓

′ − 𝑓

2
− 3𝐻 ¤𝑅 𝑓 ′′

]
2 ¤𝐻 + 3𝐻2 = − ^

𝑓 ′

[
𝑝 + ( ¤𝑅)2 𝑓 ′′′ + 2𝐻 ¤𝑅 𝑓 ′′ + ¥𝑅 𝑓 ′′ + 1

2
( 𝑓 − 𝑅 𝑓 ′)

]
,

(1.52)

where ^ ≡ 8𝜋𝐺. Defining an effective density 𝜌eff and an effective pressure 𝑝eff as [196]

𝜌eff =
𝑅 𝑓 ′ − 𝑓

2 𝑓 ′
− 3𝐻 ¤𝑅 𝑓 ′′

𝑓 ′

𝑝eff =
¤𝑅2 𝑓 ′′′ + 2𝐻 ¤𝑅 𝑓 ′′ + ¥𝑅 𝑓 ′′ + 1

2 ( 𝑓 − 𝑅 𝑓
′)

𝑓 ′
,

(1.53)

the field equations in Eq. 1.52 can be rewritten into the form of Friedmann equations

𝐻2 =
8𝜋𝐺

3
𝜌eff

¥𝑎
𝑎
= −4𝜋𝐺

3
(𝜌eff + 3𝑝eff).

(1.54)
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If we enforce the relation 𝑓 ′′′

𝑓 ′′ =
¤𝑅𝐻= ¥𝑅
¤𝑅2 , the equation of state of this effective component is 𝑤eff = −1.

Under these conditions, 𝑓 (𝑅) gravity can mimic the behavior of a cosmological constant that will
give rise to the observed cosmic acceleration without introducing a new component as the physical
source of dark energy.

1.3.1.2 Scalar-Tensor Gravity

As the name suggests, in scalar-tensor gravity, a scalar field 𝜙 is coupled to the Ricci scalar 𝑅 in
the action. The most general form of scalar-tensor theory action is

𝑆 =

∫
𝑑4√−𝑔

[
1
2
𝑓 (𝜙, 𝑅) − 1

2
Z (𝜙) (∇𝜙)2

]
+ 𝑆𝑚 [𝑔`a] . (1.55)

When 𝑓 (𝜙, 𝑅) = 𝑓 (𝑅) and Z (𝜙) = 0, scalar-tensor gravity will reduce to 𝑓 (𝑅) gravity, which is a
special case of scalar-tensor model.

Of particular interest to works in this dissertation is the Horndeski theory. It is the most general
scalar-tensor theory and has second-order equations of motion in four dimensions that will avoid
the appearance of a ghost [117]. The action of Horndeski theory is [120]

𝑆 =

∫
𝑑4√−𝑔𝐺2(𝜙, 𝑋) + 𝐺3(𝜙, 𝑋)□𝜙 + 𝐺4(𝜙, 𝑋)𝑅

+ 𝜕𝐺4(𝜙, 𝑋)
𝜕𝑋

[
(□𝜙)2 − (∇`∇a𝜙) (∇`∇a𝜙)

]
+ 𝐺5(𝜙, 𝑋)𝐺`a∇`∇a𝜙

− 1
6
𝜕𝐺5(𝜙, 𝑋)

𝜕𝑋

[
(□𝜙)3 − 3(□𝜙) (∇`∇a𝜙) (∇`∇a𝜙) + 2(∇`∇𝛼𝜙) (∇𝛼∇𝛽𝜙) (∇𝛽∇`𝜙)

]
, (1.56)

where 𝑋 ≡ −1
2∇

`𝜙∇`𝜙, □ ≡ ∇`∇` and 𝐺`a is the Einstein tensor.
With proper choice of 𝐺𝑖 (𝜙, 𝑋) where 𝑖 = 2, 3, 4, 5, the Horndeski action can be turned into

a wide range of classes of modified gravity theories. We summarize some of these relations in
Table 1.1.

Model 𝐺2(𝜙, 𝑋) 𝐺3(𝜙, 𝑋) 𝐺4(𝜙, 𝑋) 𝐺5(𝜙, 𝑋)
Quintessence 𝑋 −𝑉 (𝜙)

K-essence 𝐺2(𝜙, 𝑋) 0 𝑀2
pl/2 0

Brans-Dicke 𝑀pl𝜔BD𝑋/𝜙 −𝑉 (𝜙) 0 𝑀pl𝜙/2 0
𝑓 (𝑅) Gravity −𝑀2

pl(𝑅𝐹 − 𝑓 )/2 0 𝑀2
pl/2 0

Covariant Galileons 𝛽1𝑋 − 𝑚3𝜙 𝛽3𝑋 𝑀2
pl/2 + 𝛽4𝑋

2 𝛽5𝑋
2

Table 1.1: Representation of various modified gravity theories by selecting proper functional forms
of 𝐺𝑖 (𝜙, 𝑋) in the action of Horndeski theory [120]. In the entry for 𝑓 (𝑅) gravity, 𝐹 ≡ 𝜕 𝑓 /𝜕𝑅.
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Without going into the techinical details of background variations and tensor perturbations of
the Horndeski action, we here present the derived equation of state of an effective dark energy
component arising from Horndeski theory in the form of [120]

𝑤DE = −1

+
2(2𝐺4 − 𝑀2

pl) ¤𝐻 + ( ¤𝜙2𝐺3,𝑋 + 2𝐺4,𝜙) ¥𝜙 +
[ ¤𝜙(𝐺2,𝑋 + 2𝐺3,𝜙 + 2𝐺4,𝜙𝜙) − 𝐻 (2𝐺4,𝜙 + 3 ¤𝜙2𝐺3,𝑋)

] ¤𝜙
3𝐻2(𝑀2

pl − 2𝐺4) − 𝐺2 + ¤𝜙2𝐺2,𝑋 − ¤𝜙2(3𝐻 ¤𝜙𝐺3,𝑋 − 𝐺3,𝜙) − 6𝐻 ¤𝜙𝐺4,𝜙
,

(1.57)

where abbreviations taking the form of 𝐺𝑖,𝑎 ≡ 𝜕𝐺𝑖/𝜕𝑎. It is clearly illustrated that if the true
theory of the Universe is described by a Horndeski model, this modification to general relativity
will manifest itself in the measured equation of state of dark energy.

1.3.2 Effective Field Theory of Dark Energy (EFTDE)

The theory space of potential modified gravity theories is enormous. The few classes of theories
introduced in the previous sections are a mere fraction. The effective field theory (EFT) approach
unifies a vast number of modified gravity theories under the same theoretical framework so that the
properties of and observational constraints on these theories can be studied en masse.

Following the successful application of EFT formalism in particle physics and condensed
matter, in cosmology, EFT approach to dark energy models aims to describe each theory under the
framework of perturbations to a cosmological background.

The general form of the EFT action written in unitary gauge is [45]

𝑆 =

∫
𝑑4𝑥

√−𝑔
[
1
2
𝑚2

0Ω(𝑡)𝑅 − Λ(𝑡) − 𝑐(𝑡)𝑔00 +
𝑀4

2 (𝑡)
2

(𝛿𝑔00)2

−
�̄�3

1 (𝑡)
2

𝛿𝐾𝛿𝑔00 −
�̄�2

2 (𝑡)
2

𝛿𝐾2 −
�̄�2

3 (𝑡)
2

𝛿𝐾
`
a 𝛿𝐾

a
`

+ �̂�
2(𝑡)
2

𝛿𝑅(3)𝛿𝑔00 + 𝑚2(𝑡)𝜕𝑖𝑔00𝜕𝑖𝑔00
]
+ 𝑆𝑚 [𝑔`a, 𝜓𝑚], (1.58)

where 𝑔00 is the time-time component of the metric 𝑔`a, 𝐾`a is the extrinsic curvature tensor, 𝜓𝑚
is the matter field, and any quantity with a 𝛿 symbol in front of it refers to perturbations in it. This
action is written in the Jordan frame rather than the Einstein frame such that matter only couples to
𝑔`a. The gauge in which this action is written preserves a time-dependent spatial diffeomorphism
invariance and the metric is invariant under this as well [45].

The time-dependent terms in Eq. 1.58 are called EFT functions. Specifying the functional form
and coefficients in these EFT functions allows one to express different modified gravity theories.
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In Chapter 2 and Chapter 4, we will explain in more details about how to define a modified gravity
model, especially a Horndeski model under EFT formalism.

1.4 Outline of Thesis

Research presented in this dissertation studies various approaches to probe the vast theory space
of modified gravity theories and test the concordance cosmological model using data from present
and future surveys of dark energy and the growth of cosmic structure.

The work in Chapter 2 studies the question: What happens if the true theory dominating our
Universe is a modified-gravity theory, but when we analyze observational data, we still assume
a phenomenological dark energy model without modifications to general relativity (which is a
common practice in today’s cosmological data analysis)? Even if an incorrect theory of gravity
is assumed during data analysis, we likely will not see a red flag because experimental data could
still be fit sufficiently well. Therefore, in this work, we present for the first time to our knowledge
a quantitative approach that will study if there are generic features that indicates the presence of
modified gravity in standard cosmological analysis.

Chapter 3 presents a test of the concordance flat ΛCDM cosmology from the perspective of
the growth of structure. In this work, we focus on constraining the growth rate of matter density
perturbations through the parameter, “growth index”. Employing current data from CMB, weak
lensing, galaxy clustering and cosmic velocities, we find that the best-fit value of growth index is
in a 3.7𝜎 tension with the concordance cosmology, showing evidence of growth being suppressed
in late times.

In Chapter 4, we present a new parameterization to the growth rate of matter density per-
turbations in Horndeski theories of modified gravity. Generalizing the popular parameterization
𝑓 (𝑧) = Ω𝑀 (𝑧)𝛾 into a two-parameter redshift-dependent one, we propose a new fitting formula
that improves the fit to the growth of structure among Horndeski models by reducing the median
goodness-of-fit by 40 times, assuming future Stage IV and V surveys.

Finally, in Chapter 5, we summarize the work presented in this dissertation, place them in the
broader context of endeavors to understand the nature of dark energy, and implications for future
research.
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CHAPTER 2

Misinterpreting Modified Gravity as Dark Energy: a
Quantitative Study

Over the past two decades, huge efforts have been made to understand the physical nature of the
accelerated expansion of the Universe, both on the observational and on the theoretical front.

On the theory side, many modifications to general relativity have been made so that a late-time
cosmic acceleration can naturally arise from within the theory. The volume of possible modified-
gravity theories is enormous, and our understanding of this theory space up till today is still limited
as studying the observational implications of each theory case-by-case is a very laborious task.

Meanwhile, many photometric, CMB and spectroscopic surveys have provided a huge amount
of data that can be used to constrain properties of dark energy. Next generation of surveys will
tighten constraints on dark energy and cosmological parameters even further. When analyzing
these observational data, however, we typically assume a simple phenomenological dark-energy
model — general relativity plus an unknown negative-pressure component with an equation of state
𝑤(𝑧).

Experimental data could be fit sufficiently well under this assumption of no modifications to
general relativity. But the question that will naturally arise is: what if the true theory of the Universe
is some kind of modified-gravity theory? Are we able to see some indications of modified gravity
in standard cosmological analysis even though no modification is assumed?

In this chapter, for the first time to our knowledge, we set out to answer this question by con-
structing a quantitative mapping showing how modified gravity models look when (mis)interpreted
within the standard unmodified-gravity analysis. We particularly trained and implemented a ma-
chine learning algorithm to facilitate this mapping process.

2.1 Introduction

Overwhelming observational evidence for the current acceleration of the universe presents one
of the most outstanding theoretical challenges in all of cosmology and physics [80, 109]. The
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physical mechanism for the apparent acceleration remains fundamentally mysterious. It could be
given by the presence of the cosmological-constant term in Einstein’s equations, but the tiny size
of the constant presents an apparently insurmountable challenge [210, 52]. A number of dark
energy models beyond the cosmological constant have been proposed as well [60]. Similarly, the
accelerated expansion could be that gravity is modified on large scales [57, 116, 194], but thus far
there is no direct evidence for such a modification.

The difficulty with studying modified-gravity models with data is that the space of possibilities
is enormous. There are many completely distinct classes of models to modify gravity and, in each,
a large number of possible parameterizations. Constraining any one of those modified-gravity
model parameterizations with large-scale structure also presents a challenge, for the following
reasons: i) modified-gravity-model predictions for nonlinear clustering are, with a few exceptions,
not available at all; and ii) the linear-theory predictions generally need to be validated by (modified-
gravity) N-body simulations, as e.g. galaxy bias in these models may differ from that in standard
gravity (for example [24, 143]). Tests of modified gravity with the cosmic microwave background
(CMB) are a little easier as one only needs linear-theory predictions and there is no galaxy bias,
but the large scale of possible modified-gravity theories still presents a major obstacle.

As a consequence of these challenges, the majority of confrontations of theory with data has not
encompassed models of modified gravity. Instead, most analyses consider simple phenomenological
descriptions of the dark-energy sector, such as the model with a cosmological constant (ΛCDM),
and that with constant dark-energy equation of state parameter 𝑤 (wCDM) [206]. Also popular
is the time-varying parameterization of the dark-energy equation of state [135] that allows for the
dynamics, 𝑤(𝑎) = 𝑤0 + 𝑤𝑎 (1 − 𝑎), where 𝑎 is the scale factor and 𝑤0 and 𝑤𝑎 parameters to
be constrained by the data. Modified gravity has typically been constrained only for very specific
models (e.g. Σ, ` parameterizations of the gravitational potentials, [216, 63, 166]). There have been
attempts to constrain individual modified-gravity models [215, 51, 91, 31, 219, 172, 64, 62, 217,
171, 32, 95, 183, 115, 147, 218, 21, 13, 4, 150, 197, 16, 201, 128] or even reconstruct the temporal
behavior of certain models [170, 165], but canvassing the space of modified-gravity theories is
challenging because that space is extremely large and difficult to constrain with currently available
cosmological surveys.

In this paper we aim to answer a fundamental question:

What happens when the data is analyzed assuming smooth dark energy and the universe is
dominated by modified gravity?

Such a scenario will clearly lead to an overall biased estimate of the inference of the cosmological
model; see for example Figure 1 in Ref. [107]. Yet it would be very useful to know if modified-
gravity theories lead to generic shifts in the cosmological parameters relative to their true values.

32



For example, it could be that a departure of the equation of state 𝑤 relative to its ΛCDM value of
−1 indicates modified gravity. Or, that the currently observed Hubble tension — the discrepancy
between measurements of 𝐻0 from the distance ladder and the CMB — is a signature of modified
gravity (something that a number of papers in the literature have explored, e.g. [134, 47]). It
would be extremely useful to have knowledge of whether there are any generic parameter shifts that
modified gravity typically induces if analyzed assuming the standard unmodified model.

To address the highlighted question above, we opt for a forward-modeling approach. We wish to
generate a large number of modified-gravity models, coming perhaps from different classes of such
models, and compute the cosmologically observable quantities. We then analyze those observables
using some assumed future data, consisting of the cosmic microwave background, baryon acoustic
oscillations, and type Ia supernova (these data are further discussed in Sec. 2.3). Crucially, when
analyzing these data we assume unmodified-gravity, i.e. the ΛCDM or the 𝑤0𝑤𝑎CDM model. We
can thus assess the bias in all cosmological parameters, relative to their true values, due to the
fact that data were analyzed using a wrong model. We then iterate the procedure many times.
This informs us about what range of values for the standard (unmodified-gravity) cosmological
parameters are inferred when the universe is subject to modified gravity.

One important decision in this procedure is to choose a general framework of modified-gravity
theories from which to sample individual models. Here we opt to utilize a familiar approach from
particle physics (and, as of recently, cosmology) — the Effective Field Theory (EFT). Here our
approach is to utilize the EFT of Dark Energy (EFTDE) [152, 90, 45, 83], where (universality)
classes of models are established through a grouping of terms in the fundamental Lagrangian. This
has the advantage that instead of considering one particular model at a time, one can consider an
entire class of models with similar properties. One example of such a universality class in the
EFTDE are the Horndeski models of modified gravity. In fact, here we will focus our investigation
on the Horndeski sub-class of EFTDE models as described in Sec. 2.2.1 below.

Our procedure in this paper also includes a solution to a pesky technical problem: how to fit
the eight-dimensional 𝑤0𝑤𝑎CDM models to each of the thousands of EFTDE models. This is
computationally expensive because traditional Boltzmann-Einstein equation solvers used for this
purpose such as CAMB are slow for what we are trying to do here. We thus employ and adapt
an existing emulator package to speed up this fitting process. This development enables us to
obtain our numerical results with relatively modest computer resources. Most readily available
cosmological emulators for the CMB power spectrum (such as [189] and [198]) function for a fixed
set of parameters – usually the standard six cosmological parameters – while our methodology of
setting up the emulator allows a much greater freedom in including parameters.

The paper is organized as follows. Sec. 2.2 is divided into two parts and gives an overview
of our overall methodology. The first half explains how we select a subset of Horndeski gravity
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Modified gravity
(Horndeski)

Unmodified gravity
(𝑤!𝑤"CDM)

EFTCAMB Cosmological 
observables

EMULATOR Cosmological 
observables

Fit to
CMB, BAO, SNIa

Best-fit values of
(unmodified-gravity)

cosmo parameters

CHANGE VALUES OF COSMOLOGICAL PARAMETERS 

MINIMIZED

REPORT IF
FIT IS GOOD

Figure 2.1: A schematic describing our pipeline to interpret and fit a modified gravity data vector
with an (unmodified-gravity) dark energy model. We show the complete procedure for a single
Horndeski data vector, corresponding to one point in our final best-fit parameter values in the plots
that follow. We repeat this procedure procedure for thousands of Horndeski models.

models and compute cosmological observable quantities from them. The second half goes over
methods (including a brief introduction on the emulation technique) used to reinterpret the data
vectors generated by Horndeski models by fitting them with an unmodified-gravity 𝑤0𝑤𝑎CDM
model. Sec. 2.3 introduces the cosmological probes and assumed future experiment data used in
the fitting process. Sec. 2.4 discusses and summarizes the results. We conclude in Sec. 2.5.

2.2 Methodology Overview

As discussed in Sec. 2.1, we generate the data vector assuming a modified-gravity model, but
analyze it assuming unmodified gravity in the 𝑤0𝑤𝑎CDM model. Specifically, for each Horndeski
data vector, we generate a CMB angular power spectrum predicted by this theory through a package
EFTCAMB1, and also generate predictions for BAO and SNIa. Then, we fit to this synthetic data with
𝑤0𝑤𝑎CDM cosmological models. We record the best-fit parameters of such 𝑤0𝑤𝑎CDM model,
and move on to the next iteration, selecting a new EFTDE model. Figure 2.1 shows our approach
schematically.

We now describe the key pieces of our approach: the modified-gravity theory to generate fake
data, and the unmodified-gravity theory to analyze it with. For both modified and unmodified-
gravity aspects of our analysis, we also discuss the numerical tools that enable the feasibility of our
analysis.

1https://eftcamb.github.io
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2.2.1 Generating data: modified gravity

Inspired by the EFT formalism for Inflation by Cheung et. al. [55], the EFTDE provides a universal
description for all viable dark energy and modified gravity models [152, 90, 45] Working in unitary
gauge, the EFTDE action takes the form [45],

𝑆 =

∫
𝑑4𝑥

√−𝑔
[
1
2
𝑚2

0Ω(𝑡)𝑅 − Λ(𝑡) − 𝑐(𝑡)𝑔00 +
𝑀4

2 (𝑡)
2

(𝛿𝑔00)2

−
�̄�3

1 (𝑡)
2

𝛿𝐾𝛿𝑔00 −
�̄�2

2 (𝑡)
2

𝛿𝐾2 −
�̄�2

3 (𝑡)
2

𝛿𝐾
`
a 𝛿𝐾

a
`

+ �̂�2(𝑡)
2

𝛿𝑅(3)𝛿𝑔00 + 𝑚2(𝑡)𝜕𝑖𝑔00𝜕𝑖𝑔00 + L𝑚

]
, (2.1)

where 𝛿𝑔00 = 𝑔00+1 is the perturbation to the time component of the metric, 𝑅(3) is the perturbation
to the spatial component, and 𝛿𝐾`a is the perturbation of the extrinsic curvature. The background
evolution depends on three functions, 𝑐(𝑡), Λ(𝑡), and Ω(𝑡). Two of the three can be constrained
using the Einstein equations and are equivalent to the energy density and pressure. The third
function, Ω(𝑡), parameterizes the effect of modified gravity [45]. In what follows we will take
Ω = 1, thus explicitly fixing the background to ΛCDM2. The rest of the EFT functions describe
perturbations about this background and correspond to observables that we are interested in when
comparing to observations. For a summary of all models included in this very general formalism,
refer to Table 1 in [141]. Again, we note that the EFTDE includes such well-known simpler models
as DGP and 𝑓 (𝑅) (see [90, 45] for a discussion).

Here we specialize in a very broad subset of models captured by the EFTDE approach —
Horndeski models (for a general review of this class of models see [124] and references therein).
These models have been of particular interest because even if one does not take the EFTDE approach
they have stable, second order equations of motion, leading to a well defined Cauchy problem and
viable models of modified gravity. However, within the EFTDE approach, this is guaranteed from
the outset. This universality class of models is obtained when the following relations are imposed
on EFTDE functions

2�̂�2 = �̄�2
2 = −�̄�2

3 ; 𝑚2 = 0. (2.2)

We will be interested in the linear-theory predictions of Horndeski models as given by the
EFTCAMB code [101]. There, the EFTDE is described in terms of dimensionless parameters 𝛾𝑖

2𝑚0 is the mass scale of the theory and is equivalent to 𝑚pl when Ω(𝑡) = 1.
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defined as
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𝑀4

2
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2
0
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�̄�3
1
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𝑚2
0
,
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3

𝑚2
0
, 𝛾5 =

�̂�2

𝑚2
0
, 𝛾6 =

𝑚2
2

𝑚2
0
.

(2.3)

In terms of these new variables, the Horndeski models are obtained from the full EFTDE with these
conditions

2𝛾5 = 𝛾3 = −𝛾4; 𝛾6 = 0. (2.4)

Our approach is therefore to canvass through the possible Horndeski models by varying 𝛾𝑖 (𝑡) for
𝑖 = 1, 2, 3.

There is an important caveat to our assumptions about the Horndeski parameter space. It
has been argued that there exists a strong additional constraint on the parameter 𝛾3, based on
the comparison of the speed of light and gravitational-wave speed of propagation from the event
GW170817 discovered by LIGO (see e.g. [125]). Because 𝛾3 is related to the speed of the
gravitational wave 𝑐𝑇 (see e.g. [141] and references therein), such a constraint would impose
a strong prior that 𝛾3 is very close to zero. However, there are various theoretically motivated
possible exceptions to this constraint [66, 20, 30]. With that in mind, and to make our analysis
broadly applicable and not tied to specific theoretical models, we opt to keep 𝛾3 as a free parameter
without any gravitational-wave-inspired prior. [To reinsert this prior, one could simply inspect and
analyze our results evaluated for the small range of 𝛾3 around zero, although of course such an
analysis will necessarily have a lower statistics than one where the 𝛾3 prior has been assumed from
the beginning.]

In our approach, we require Horndeski models to successfully reproduce an approximate ΛCDM
background and then focus on the connection between the perturbations and observations. That is,
we take the equation of state to be near that of a pure cosmological constant (always with 𝑤 > −1),
which in terms of the EFTDE parameters corresponds to a nearly vanishing value of the parameter
𝑐, Λ nearly constant and Ω close to unity in the EFTDE. This is a subset of Horndeski models,
but corresponds to those consistent with a viable alternative to ΛCDM as required by data. Our
approach is similar to that of the EFT of inflation where one assumes an inflationary background
and then focuses on the perturbations (observables) [55].

With the background constrained to a ΛCDM universe, we now consider allowed variations
in the perturbations of our Horndeski models. Recall that there are three free time-dependent
EFTDE functions in Horndeski gravity, 𝛾𝑖 (𝑡) for 𝑖 = 1, 2, 3. The first task is to parametrize the
time-dependence of these functions, which we take as

𝛾𝑖 (𝑎) = 𝛾𝑖,0𝑎, (2.5)

36



Figure 2.2: CMB temperature power spectrum generated from EFTCAMB with varied values of
the Horndeski parameter 𝛾3,0 in Eq. 2.6 while fixing 𝛾1,0 = 𝛾2,0 = 0. Increasing the value of 𝛾3,0
makes the peaks higher and troughs lower.

reproducing the CMB power spectra that are closest to current observations.
Next, we determine the range of the coefficients 𝛾𝑖,0. In Sec. 2.2.2, we describe how we set a

5𝜎 requirement for each unmodified-gravity model as to be a good fit for the Horndeski model.
By phenomenologically studying sample fits to various Horndeski models, we determine that the
Horndeski parameter space restricted to the range

𝛾1,0 ≤ 1; 𝛾2,0 ≤ 0.1; 𝛾3,0 ≤ 0.06, (2.6)

encompasses models that are sufficiently in correspondence to unmodified-gravity models, using
criteria that we now describe. In Fig. 2.2, we display how different values of the Horndeski
parameter 𝛾3,0, which is of particular interest to our analysis in the later sections, impact the peak
height of CMB temperature power spectrum.

2.2.2 Analyzing data: unmodified gravity

Our main goal is to fit simulated modified-gravity data using standard dark energy (unmodified-
gravity) models. To be as general as possible, we fit 𝑤0𝑤𝑎CDM cosmological models to the data,
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with parameters
{𝑝𝑖} =

{
𝜔𝑏, 𝜔𝑐, 𝐻0, ln(1010𝐴𝑠), 𝑛𝑠, 𝜏reio, 𝑤0, 𝑤𝑎

}
, (2.7)

where𝜔𝑏 ≡ Ω𝑏ℎ
2 is the physical baryon density,𝜔𝑐 ≡ Ω𝑐ℎ

2 is the physical cold dark matter density,
𝐻0 is the Hubble constant, 𝐴𝑠 is the amplitude of the primordial power spectrum at pivot wave
number 𝑘piv = 0.05 Mpc−1, 𝑛𝑠 is the scalar spectral index, 𝜏reio is the optical depth to reionization,
and (𝑤0, 𝑤𝑎) are the parameters describing the dark energy equation of state.

For each Horndeski data vector generated using EFTCAMB with assumptions as described in
Sec. 2.2.1, we need to find the best-fit 𝑤0𝑤𝑎CDM model. We thus need to be able to produce the
supernova and BAO observables (distances and the Hubble parameters) and the CMB angular power
spectrum in 𝑤0𝑤𝑎CDM models many times for a single Horndeski model. Calculating distances is
straightforward, while the CMB temperature and polarization angular power spectra are typically
obtained using the standard Boltzmann-Einstein solver CAMB. Here we employ an emulator due to
computational cost reasons explained above.

Given a single Horndeski data vector and predictions from unmodified-gravity models, we
minimize the total 𝜒2, defined as a sum of chi-squareds for each cosmological probe in Sec. 2.3
and thus find the best-fitting parameters. To carry out chi-squared minimization in our eight-
dimensional parameter space given in Eq. (2.7), we adopt iminuit3. This optimizer allows us
to restart the minimization process from the ending point of the last minimization, re-doing the
minimization five times for each EFTDE model to improve the result. The allowed ranges for each
parameter to explore is set to be 5% smaller than the parameter range specified in Table 2.1.

As alluded to in Sec. 2.2.1, we wish to only use reasonably good fits to our Horndeski data
vectors, as an analysis resulting in a bad fit to the data would simply not be allowed to proceed in
a realistic situation. To that end, we only accept best-fit 𝑤0𝑤𝑎CDM models that have a minimized
𝜒2 within 5𝜎 of the expectation for a chi-square distribution of 𝑁dof degrees of freedom. Our
simulated cosmological data, described below in Sec. 2.3, have 𝑁dof = 74924. Recall that our
simulated Horndeski data vectors are noiseless, so that a perfect fit would have 𝜒2 = 0. With this
information, the ”5-𝜎” limit to a cosmological fit corresponds to chi-square limit of

𝜒2 < 650 (acceptable fit). (2.8)

If the best fit to a given Horndeski model is worse than this, we judge that such a model would
not be interpreted as a viable cosmological model. We also exclude results for models where one
or more parameters reach the upper or lower bounds of their respective parameter range given in

3https://iminuit.readthedocs.io/en/stable/

4We used 3 × 2500 multipoles from temperature and polarization spectra respectively as our data, and it was
constrained by 8 parameters as listed in Table 2.1.
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Table 2.1 as it indicates that this model cannot be fitted by a 𝑤0𝑤𝑎CDM model within the range of
current measurements well; this affects about 21 percent of Horndeski models that we considered.

In our model-fitting procedure, the main challenge is the significant computational cost. Consider
that CAMB5 takes about 1.5 second to produce a 𝑤0𝑤𝑎CDM CMB angular power spectrum. For
a single Horndeski model, the minimizer requires of order 1,000 𝑤0𝑤𝑎CDM model evaluations,
and our overall goal is to produce results for 10,000 or more Horndeski models. To addrress this
challenge we constructed an emulator to generate model predictions for 𝑤0𝑤𝑎CDM cosmologies.
An emulator is essentially an interpolator. Given a set of grid points in an 𝑁-dimensional parameter
space and corresponding outcomes evaluated at these points, the emulator interpolates to produce
an expected outcome on arbitrary points off the grid (but still within its boundaries). In our case,
the grid is the eight-dimensional parameter space listed in Eq. (2.7). Since the spectrum is obtained
through interpolation, and not from solving the Boltzmann-Einstein equation, this method generates
spectra much faster. The emulator we developed builds on the EGG6 package.

Table 2.1: Fiducial values of cosmological parameters and their ranges used in training the emulator

Parameter Fiducial value Parameter range
Ω𝑏ℎ

2 0.02222 (0.02147, 0.02297)
Ω𝑐ℎ

2 0.1197 (0.1137, 0.1257)
𝐴𝑠 2.196 ×10−9 (1.132 ×10−9, 2.703 ×10−9 )
𝐻0 67.5 (64.8, 70.2)
𝑛𝑠 0.9655 (0.9445, 0.9865)
𝜏 0.06 (0.0235, 0.0965)
𝑤0 -1 (-1.5, -0.5)
𝑤𝑎 0 (-0.5, 0.5)

• Parameter ranges: The prior range for each of the first six parameters in Eq. (2.7) is set to±5𝜎
around their fiducial values, where 𝜎 is the 68% marginalized error on each corresponding
parameter from the Planck 2018 analysis using the Plik likelihood [13]. For the two dark
energy parameters 𝑤0 and 𝑤𝑎, we adopt ranges −1.5 ≤ 𝑤0 ≤ −0.5 and −0.5 ≤ 𝑤𝑎 ≤ 0.5. A
summary of all parameter ranges are in Table 2.1.

• Parameter grid values: A uniform grid is not ideal as, for a reasonable number of values
in each parameter, it leads to a large number of grid points and slow emulator training.

5https://camb.info

6https://github.com/lanl/EGG
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Therefore, we employ the Latin Hypercube sampling (LHS) which is known to be very
efficient for emulators [93]. The points in LHS are stratified along the direction of each axis
in a multi-dimensional space. This design is mathematically equivalent to forming a 𝑛 × 𝑚
matrix such that every column of this matrix is a unique permutation of {1, ..., 𝑛}. There are
a number of strategies to design an LHS7, and the one we use is provided by a python package
pyDOE8. This package allows us to specify the number of parameters and the number of grid
points with much greater flexibility.

• Training: To “train” an emulator is to assign the corresponding outcomes to the grid points.
Here, we use CAMB to calculate the CMB temperature and polarization angular power spec-
tra (TT, EE, and TE) and assign them to the corresponding grid points. During training,
the emulator uses a Markov chain Monte Carlo type process to find and optimize an inter-
polative function that describes the nonlinear relationship between the grid points and their
corresponding CMB power spectra.

• Testing emulator’s performance: The performance of an interpolation under a given LHS
setup can be determined quantitatively by comparing the interpolated power spectrum at
an arbitrary point in parameter space with the one generated directly by CAMB. Adopting
a test similar to the one used in [189], we randomly selected 100 points from the allowed
parameter space in Table 2.1 and calculated the fractional difference between the angular
power spectrum interpolated by the emulator and the power spectrum generated by CAMB. For
the temperature power spectrum, the emulator’s fractional errors within the first and third
quartile are 0.3% for multipoles ℓ > 8. For the polarization power spectra EE and TE, the
fractional errors are 0.5% for ℓ > 25 and 3.5% for ℓ > 55 respectively.

The performance of the interpolation is mostly determined by the number of grid points in
the LHS design and the number of MCMC iterations when training the emulator. A larger
number of grid points and a higher number of steps in the MCMC-type process during
training would both improve the performance of interpolation, but at the cost of a slower
evaluation per model. In this work, we use 570 grid points and 1000 iterations. With the
current setup, each interpolation takes about 0.3 seconds to finish, which is five times faster

7We did not opt for the commonly used orthogonal-array Latin hypercube (OALH) design. This is because using
OALH, one relies on the existing library of orthogonal arrays, and the latter does not offer much flexibility to change
the number of parameters and the number of samples (i.e. grid points). Specifically, there exist only a few available
orthogonal arrays for an eight-dimensional parameter space, and the allowed sample numbers for these arrays are too
low for our purposes. The strategy we adopt, as discussed in the text, is not as optimal as the OALH design in its
coverage of the parameter space, but its performance can be easily improved through increasing the number of grid
points.

8Designs of Experiments for Python, https://pythonhosted.org/pyDOE/randomized.html#

latin-hypercube
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Table 2.2: A summary table of the probes and data sets used to determine the best-fit parameters
for a certain EFTDE model.

Probes Experiment Measurements Details

CMB Stage-4 angular power spectrum 𝐶ℓ
from 𝑙 = 2 to 𝑙 = 2500
temperature (TT) and

(data error: Eq. 2.12) polarization (EE and TE)

SNIa

WFIRST
apparent magnitude 𝑚(𝑧) 16 effective SNe Ia

in bins of Δ𝑧 = 0.1

(data error: Eq. 2.17) from 𝑧 = 0.1 to 𝑧 = 1.6
with 0.4% error

Pan-STARRS1 apparent magnitude 𝑚(𝑧) 870 supernovae
from 𝑧 = 0.00508

(data error: Ref. [190]) to 𝑧 = 1.06039

BAO DESI angular diameter distance 𝐷𝐴 (𝑧) 13 redshift bins
Hubble parameter 𝐻 (𝑧) of size Δ𝑧 = 0.1
(data error: Ref. [10]) from 𝑧 = 0.65 to 𝑧 = 1.85

than using CAMB.

Under this setup, we further validate the emulator’s accuracy by testing its ability to recover
the input values used to generate the data. Further details are explained in Appendix A.1.

2.3 Simulated Data

In this section, we will discuss the probes and experiment specifics we used to determine the best-fit
values of dark energy parameters 𝑤0 and 𝑤𝑎.

We use cosmic microwave background, baryon acoustic oscillations (BAO), and type Ia super-
novae (SN Ia) as our data. In this first paper on the topic, we opt not to use weak gravitational
lensing or galaxy clustering. As mentioned in the introduction, this is due to the significant ad-
ditional complexity in modeling clustering, which for starters one typically needs to restrict to
linear scales only in modified-gravity models as obtaining reliable nonlinear predictions is very
challenging. It is our goal to set up a robust proof-of-principle analysis pipeline with the CMB,
BAO and SN Ia alone. In a future publication, we will add the galaxy clustering and weak lensing
(and, ideally, the full ”3x2” pipeline that also includes galaxy-galaxy lensing).

A summary of the probes used can be seen in Table 2.2. We now describe them in more detail.

41



2.3.1 CMB

We assume a CMB survey modeled on expectations from CMB-S4 [132]. The survey covering
40% of the sky, with other specifications given below. We utilize scales out to maximum multipole
ℓmax = 2500, consistent with the cutoff in Planck 2018 results[13]. Assuming a Gaussian likelihood
L, the chi squared, 𝜒2 ≡ −2 lnL, is given by

𝜒2
CMB =

ℓ=2500∑︁
ℓ=2

(
Cdata
ℓ − Cth

ℓ

)𝑇
Cov−1

ℓ

(
Cdata
ℓ − Cth

ℓ

)
, (2.9)

where Cth
ℓ

is the data-vector corresponding to theory (𝑤0𝑤𝑎CDM) prediction, and Cdata
ℓ

are the
data which, recall, are produced assuming the EFT model. Both the theory and the data Cℓ are
composed of parts corresponding to temperature-temperature (TT), temperature-polarization (TE),
and polarization-polarization (EE) correlations:

Cℓ ≡
©«
𝐶𝑇𝑇
ℓ

𝐶𝐸𝐸
ℓ

𝐶𝑇𝐸
ℓ
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. (2.10)

The overall covariance matrix Covℓ is diagonal between the different multipoles. At each multipole,
the covariance for the data vector Cdata

ℓ
is given by (e.g. [132])

Covℓ =
2

(2ℓ + 1) 𝑓sky
(2.11)
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The elements of this covariance matrix are explicitly

�̃�𝑇𝑇ℓ = 𝐶𝑇𝑇ℓ + 𝑁𝑇𝑇ℓ
�̃�𝐸𝐸ℓ = 𝐶𝐸𝐸ℓ + 𝑁𝐸𝐸ℓ
�̃�𝑇𝐸ℓ = 𝐶𝑇𝐸ℓ ,

(2.12)
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and the noise terms are

𝑁𝑇𝑇ℓ = Δ2
𝑇 exp

[
ℓ(ℓ + 1)\2

FWHM
8 ln 2

]
𝑁𝐸𝐸ℓ = 2 × 𝑁𝑇𝑇ℓ ,

(2.13)

where Δ𝑇 = 1 `𝐾 , \FWHM = 8.7 × 10−4 radians, and assume 𝑓sky = 0.4, using the specifics of the
Stage-4 experiment [132].

We generate the data vector Cdata
ℓ

(for each ℓ) using EFTCAMB, for a given cosmological model
as discussed in Sec. 2.2.1. This is an important step, as CMB is the only part of our simulated data
that is directly affected by modified gravity.

We generate noiseless data vectors — that is, the final Cdata
ℓ

used in the likelihood are precisely
centered on theory, with no stochastic noise. This assumption is justified because we are not
interested in statistical errors on the infered parameters, but rather only at the best-fit parameters
(for a given simulated Horndeski model). Had we included stochastic noise, we could have still
obtained the results that we are after, but it would have required running a number of statistical
realizations of data vectors for a given Horndeski model in order to account for stochasticity in the
data.

2.3.2 SNIa

Type Ia supernovae (SNIa) are sensitive to distances alone. Because in our generated data we fix the
background cosmology to ΛCDM and only vary the perturbations according to modified gravity,
SNIa data vector is not directly sensitive to modified gravity. Nevertheless, SNIa are very useful
in pinning down the cosmological parameters and breaking degeneracies between them, and thus
helping isolate the effects of modified gravity on data analyzed assuming 𝑤0𝑤𝑎CDM.

Assuming again a gaussian likelihood, the chi squared for SNIa measurements is determined by

𝜒2
SN({𝑝𝑖},M) = (mdata − mth)𝑇Cov−1(mdata − mth),

where mdata is the apparent magnitude of simulated data which is calculated based on the cosmology
in each fit to the Horndeski model. The theoretical magnitude mth is, conversely, calculated based
on the fiducial 𝑤0𝑤𝑎CDM cosmological model:

𝑚th(𝑧) = 5log10 [𝐻0𝑑𝐿 (𝑧, {𝑝𝑖})] +M (2.14)

where 𝑑𝐿 is the luminosity distance, and M = 𝑀 −5log10(𝐻0×1Mpc) +25 is a nuisance parameter
that always needs to be marginalized over in a SNIa analysis. We can analytically marginalize over
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M and obtain a marginalized effective 𝜒2

𝜒2
SN,marg = 𝑎 − 𝑏2

𝑐
, (2.15)

where
𝑎 = (m − m𝑡ℎ)𝑇Cov−1(m − m𝑡ℎ)

𝑏 = 1𝑇Cov−1(m − m𝑡ℎ)

𝑐 = 1𝑇Cov−11,

(2.16)

where 1 is a unit vector.
We employed the SNIa redshift bins and the covariance matrix as forecasted for the WFIRST

satellite [97]. The covariance matrix is diagonal between different bins, and is calculated as a
combination of systematic and statistical errors. In a given redshift bin,

𝜎tot = (𝜎2
sys + 𝜎2

stat)1/2, (2.17)

where
𝜎sys =

0.01(1 + 𝑧)
1.8

𝜎stat =
(𝜎2

meas + 𝜎2
int + 𝜎

2
lens)

1/2

𝑁
1/2
SN

.

(2.18)

Here, 𝜎meas = 0.08, 𝜎int = 0.09, 𝜎lens = 0.07𝑧, and 𝑁SN is the number of supernovae in that redshift
bin.

We have also incorporated redshift bins and the corresponding covariance matrix from measure-
ments at low redshift by Pantheon dataset [190], which includes 870 supernovae. The covariance
matrix for this data set is diagonal, and the error at each redshift is given by Pantheon as well.

2.3.3 BAO

Baryon acoustic oscillations (BAO) — wiggles in the matter power spectrum due to photon-baryon
oscillations prior to recombination — are a powerful cosmological probe. Much like SNIa, they
probe geometry, and are sensitive to the angular-diameter distance 𝐷 (𝑧) and Hubble parameter
𝐻 (𝑧) evaluated at the redshift of tracer galaxies in question. Often, the general analysis of the BAO
provides precisely these ”compressed quantities” for one or more effective redshifts, which in turn
can be used to constrain a cosmological model.

Here we assume the 𝐷 (𝑧) and 𝐻 (𝑧) measurements that are forecasted to be measured DESI
experiment [10]. The measurements of both the distances and the Hubble parameters are each
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reported separately in 13 redshift bins; we thus organize these measurements in data vectors D and
H that each have 13 elements. As before, we generate synthetic noiseless data (Ddata and Hdata)
assuming Horndeski models, and analyze it using theoretically computed quantities (Dth and Hth)
that assume the 𝑤0𝑤𝑎CDM model.

The goodness-of-fit for BAO is written down in a similar way as for the CMB and SNIa

𝜒2
BAO({𝑝𝑖}) = (Ddata − Dth)𝑇Cov−1

𝐷 (Ddata − Dth)

+ (Hdata − Hth)𝑇Cov−1
𝐻 (Hdata − Hth),

(2.19)

where Cov𝐷 and Cov𝐷 are respectively the 13×13 covariance matrices for the distance and Hubble
parameter measurements, which are diagonal. We adopt these matrices also from DESI forecasts
[10].

2.4 Results and Discussions

Our results are summarized in Fig. 2.3. Here we show the eight-dimensional space of 𝑤0𝑤𝑎CDM
models that were fit to Horndeski data vectors. Each point corresponds to values of the best-fit
𝑤0𝑤𝑎CDM model for a given Horndeski model. We show results for a total of 15186 Horndeski
data vectors which passed our criteria laid out in Sec. 2.2.2. We show all possible 2D planes
of cosmological parameters, as well as histograms of the distributions in each parameter on the
diagonal. The axis limits are chosen so that they indicate the range within which each parameter
is allowed to vary during the minimization. The grey crosshair in each panel indicates our fiducial
cosmology (see Table 2.1), which corresponds to the background cosmology we set in all our
Horndeski models.

Note specifically that Fig. 2.3 does not show any kind of parameter constraint — that is, no
”error bars” are represented here. Rather, in each parameter panel of the Figure, the distribution of
points relative to the crosshair demonstrates how values of the respective parameters shift relative
to their true values when modified gravity (Horndeski) theories are incorrectly interpreted as dark
energy (𝑤0𝑤𝑎CDM). Recall also that these fits are only performed for 𝑤0𝑤𝑎CDM models that are
decent fits to Horndeski data vectors, judged by the criterion in Eq. (2.8), mimicking the decision
point that would be applied in an analysis of real data. Finally, the density of points in Fig. 2.3 is
not particularly important, as it merely reflects the metric on our prior in the space of models (e.g.
the fact that we used a flat prior in the parameters 𝛾𝑖 rather than, say, a log prior). What we are
interested instead is the overall extents and shapes of the clouds of points.

The most apparent observation from Fig. 2.3 is that the biases in 𝑤0𝑤𝑎CDM parameters, relative
to their true values, carve out very specific directions in the parameter space. Table 2.3 summarizes
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Figure 2.3: Best-fit values and histograms of cosmological parameters and dark energy sector pa-
rameters obtained from fitting to 15186 Horndeski models with a 𝑤0𝑤𝑎CDM cosmology. Branches
shown in the panels along the rows of 𝐻0, 𝑤0 and 𝑤𝑎 can be separated by values of 𝑤0, as indicated
by red and green points.
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Figure 2.4: Top left panel: The 𝑤0-𝑤𝑎 plane from Figure 2.3, where each point is colored by the 𝛾3
function of the corresponding Horndeski data vector that was fitted with a 𝑤0𝑤𝑎CDM cosmology.
Top right panel: The same as the left panel but each point is colored by the 𝜒2 value that quantifies
the difference between the best-fit power spectrum and the Horndeski data vector. Bottom panel:
Equation of state 𝑤(𝑧) for 1000 randomly selected models (corresponding to a subset of points in
the purple-pink region in the left panel). Notice that the equation-of-state curves intersect around
an effective redshift 𝑧eff = 0.28, at the value of the effective equation of state typically slightly
larger than 𝑤eff = −1.

the directions in which the parameters are shifted. The specific shifts are generally unsurprising, as
we would guess that there exist specific degeneracies between Horndeski models and 𝑤0𝑤𝑎CDM
parameters where the former can be interpreted as the latter. Nevertheless, the precision to which
the 𝑤0𝑤𝑎CDM biases are carved out in their respective parameter spaces is remarkable.

The next most noticeable feature of our results are the branchings in the 𝑤0𝑤𝑎CDM parameter
biases. In other words, biases in the parameters trace out multiple (two or three) directions in
several 2D parameter planes. This indicates multiple degeneracy directions between shifts in the
𝑤0𝑤𝑎CDM space and Horndeski models. A very general quantitative expectation for this multi-
modality is difficult to establish, but we have nevertheless explored this in some detail. We found
that the value of the parameter 𝑤0 — dark energy equation of state value today — is a good
predictor for the branchings. Specifically, we found that modified-gravity models that are best fit
with, respectively, 𝑤0 < −1.05 and 𝑤0 > 0.97, lead to two prominent branches that are evident
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in a number of 2D planes, and that are labeled with green and red points respectively in Fig. 2.3.
Conversely, models fit with −1.05 < 𝑤0 < −0.975, labeled with black points, form the ”core” of
the distribution, at the nexus of the two branches.

Closing the analysis of Fig. 2.3, note that the overall biases in the standard-model parameters are,
very roughly, comparable to the current statistical uncertainties in these parameters. For example,
the range of the scalar spectral index, roughly [0.96, 0.98], is somewhat larger than its present
statistical uncertainty, while that in the Hubble constant, [66.86, 68.43], is also somewhat larger
than the constraints from Planck 2018 analysis [13]. This is not particularly surprising as we have
only shown models whose fit to Horndeski data vectors is ”good” as quantified in terms of near-
future experimental errors. Nevertheless, this tells us that future constraints on these parameters
will likely favor a subset of models shown in Figure 2.3. Future data may thus indicate whether a
specific sub-class of modified-gravity models lurks in the data.

Of particular interest to cosmologists is the measured value of the equation-of-state parameters
(𝑤0, 𝑤𝑎). Can these measured values indicate the presence of modified gravity? To help answer
this question, we enlarge and display Fig. 2.3’s𝑤0−𝑤𝑎 plane in the top panels of Fig. 2.4. First, note
that the 𝑤0 and 𝑤𝑎 values of best-fit unmodified-gravity models are mutually highly correlated.
This is entirely expected, as the physically relevant quantity is 𝑤(𝑧) at the redshift where best
constrained by the data — the effective, or ”pivot” redshift [110, 137]. In fact, it turns out that
our range of Horndeski models given by Eq. (2.6), the largely one-dimensional direction of best-fit
models in 𝑤0 − 𝑤𝑎 plane is

𝑤eff = 𝑤0 + 𝑤𝑎 (1 − 𝑎eff) ≃ −1 (2.20)

with the effective scale factor 𝑎eff = 0.78 or redshift 𝑧eff = 0.28.
Therefore, the best-fit models do allow variation in 𝑤0 and 𝑤𝑎, but constrained so that the

two parameters combine to produce a constant 𝑤(𝑧) at some effective redshift. To illustrate this,
the black line in both of the top panels of Fig. 2.4 follows combinations of 𝑤0 and 𝑤𝑎 that give
𝑤eff ≡ 𝑤(𝑧eff) = −1 at effective redshift 𝑧eff = 0.28 based on Eq. (2.20). [Note that most best-fit
models are actually slightly above the black dashed line, indicating that 𝑤eff is slightly larger than
−1.] The linear relation in Eq. (2.20) is not unexpected, as it is really the ”physical” value of the
equation of state 𝑤eff at some redshift 𝑧eff to which the theory is most sensitive. In our scenario,
dark-energy parameters preferentially follow the relation in Eq. (2.20) so as to fit our SNIa and BAO
data which are generated using 𝑤 = −1, even while individually departing from the cosmological-
constant values of (𝑤0, 𝑤𝑎) = (−1, 0) in order to fit the CMB data which are generated using
Horndeski. Specifically, 𝑤0 and 𝑤𝑎 obey a definite one-parameter family of curves for a fixed value
of the distance to the last-scattering surface, which the CMB data constrain particularly well [138].
The value of the pivot value that the analysis reports to us, 𝑧eff = 0.28, merely reflects the typical
redshift to which cosmological SNIa, BAO and CMB data are most sensitive [110].
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We shed more light on what best-fit (𝑤0, 𝑤𝑎) values are favored as fits to Horndeski models in
the bottom panel of Fig. 2.4. Here, each curve represents the function 𝑤(𝑧) (in the 𝑤0, 𝑤𝑎 model)
for each corresponding (purple or pink-colored) point in Fig. 2.4. Notably, most best-fit 𝑤(𝑧) curves
intersect around the effective redshift 𝑧eff = 0.28, the value that is indicated with a vertical black
dashed line.

It is instructive to look at the overall extent of the distribution of models in the top panels of
Fig. 2.4. The coverage of the 𝑤0 − 𝑤𝑎 ”island” is highly non-uniform, with more models with a
positive 𝑤𝑎 than negative. In the top left panel, we obtain additional information by plotting the
𝛾3 parameter from Eq. 2.3 for each model, which dominates how far that Horndeski data vector’s
departure from our background ΛCDM cosmology is. As expected, lower values of 𝛾3 (i.e. models
that resemble the ΛCDM background most) forms the core of the distribution, while models with
higher values of 𝛾3 have larger deviations in (𝑤0, 𝑤𝑎) and tend to either aggregate in the branch
favoring a higher value of 𝑤0 and 𝑤𝑎 around zero, or at the upper left tip which favors the lowest
values of 𝑤0 but the highest ones of 𝑤𝑎.

In the top right panel, we also color the points in the 𝑤0 − 𝑤𝑎 plane with their associated values
of 𝜒2 that quantify the difference between the input Horndeski data vector and the data vector
corresponding to the best-fit 𝑤0𝑤𝑎CDM model. The core of the distribution in 𝑤0 − 𝑤𝑎 is made
up of models with a low value of 𝜒2; these are the models that can be fit well with a 𝑤0𝑤𝑎CDM
cosmology. As in the left panel, models aggregating in the branch on the right, or at the tip on the
upper left, are fit less well with a 𝑤0𝑤𝑎CDM cosmology.

The top panels of Fig. 2.4 also show a branching in the distribution of models in the 𝑤0 − 𝑤𝑎
plane, though weaker than the more prominent ones in the full 8D parameter space seen in Fig. 2.3.
We did not pursue understanding this feature, given hat it is not extended, and probably encodes
subtle correlations between dark energy parameters (𝑤0, 𝑤𝑎) and Horndeski model parameters
when the former are enforced to fit the latter.

Finally, we ask what implications are on two of the most readily measured parameters by lensing
surveys — Ω𝑀 and 𝑆8 ≡ 𝜎8(Ω𝑀/0.3)0.5. Note that the values of these two parameters measured
in lensing surveys and the CMB are typically interpreted within the context of the flat ΛCDM
cosmological model. Therefore, to infer 𝜎8 from our set of simulated Horndeski data vectors, we
now enforce a fit of modified gravity with a ΛCDM cosmology rather than 𝑤0𝑤𝑎CDM. We thus
fix 𝑤0 = −1 and 𝑤𝑎 = 0, and vary the six other parameters listed in Eq. (2.7) to find the best-fit
ΛCDM model. Then, we use CAMB to calculate the value of 𝜎8 and the corresponding 𝑆8 for each
best-fit ΛCDM model.

We plot ΛCDM’s best-fit (Ω𝑀 , 𝑆8) pair for each Horndeski model in Fig. 2.5. Each point is
colored by the 𝛾3 parameter (as defined in Eq. 2.3) for each Horndeski model we fitted to. As before,
the cross-hairs denote the fiducial, input values of these parameters. In this case, we do not observe
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Table 2.3: Summary of the trends in the inferred cosmological parameters when modified-gravity
(Horndeski) models are interpreted within the context of unmodified gravity — either in𝑤0𝑤𝑎CDM
or ΛCDM cosmology. For each parameter, we show the percentage of best-fit values larger/smaller
than the true (input) value. Parameters whose best-fit values are overwhelmingly shifted in the
same direction are highlighted in red.

𝒘0𝒘𝒂CDM 𝚲CDM
Compared to % Larger % Smaller % Larger % Smallerfiducial value

Ω𝑏ℎ
2 99.7 0.3 99.9 0.1

Ω𝑐ℎ
2 2.8 97.2 1.1 98.9

𝐴𝑠 62.3 37.7 35.2 64.8
𝐻0 78.6 21.4 99.2 0.8
𝑛𝑠 99.2 0.8 99.97 0.03
𝜏 67.5 32.5 41.2 58.8
𝑤0 73.0 27.0 N/A N/A
𝑤𝑎 78.7 21.3
Ω𝑚 N/A N/A 0.9 99.1
𝑆8 0.7 99.3

𝐴𝑠𝑒
−2𝜏 6.1 93.9 12.2 87.8

a particularly narrow region, or multiple branches, in the best-fit Ω𝑀 − 𝑆8 plane. Rather, we see
a near-universal shift to lower values of the best-fit Ω𝑀 , and also a preferential shift toward lower
𝑆8. As the Horndeski model deviates more from general relativity when 𝛾3 is larger, we observe a
shift in Ω𝑚 towards lower values. It is known that Horndeski models can generally accommodate
both a larger and a smaller amplitude of structure formation relative to the standard model with
the same background parameters. However, we need to remember that the CMB measurements
at large scales, which fit the Integrated Sachs-Wolfe plateau, lie below the ΛCDM prediction.
With the newfound parametric freedom in Horndeski models, it appears that the spectral index 𝑛𝑠
increases to lower the large-scale power, and in turn lowers Ω𝑚 and 𝜎8 (with which 𝑛𝑠 is negatively
correlated) to preserve the good fit at intermediate and smaller scales. This explains why we find
the preferentially low Ω𝑚 and 𝜎8 values in Horndeski models.

We also investigated the biases that one would observe on all six base cosmological parameters
when interpreting modified gravity with a ΛCDM cosmology. The results are displayed in Fig. 2.6,
which contains all possible 2D planes and histograms of cosmological parameters. The grey
crosshair again indicates the unbiased, fiducial value of a parameter. In every panel, each point
represents a parameter’s relative shift or bias resulting from misinterpreting one of the 16769
modified gravity models with dark energy. Here, we observe a shift towards a uniform direction

50



Figure 2.5: Best-fit values and projected 1D histograms of Ω𝑚 and 𝑆8 derived from fitting 16769
Horndeski data vectors with a ΛCDM cosmological model. Each point is colored by the 𝛾3
parameter for each Horndeski model as defined in Eq. 2.3.
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Figure 2.6: Best-fit values and histograms of cosmological parameters obtained from fitting to
16769 Horndeski models with a ΛCDM cosmology.

among four of the six parameters, Ω𝑏ℎ
2, Ω𝑐ℎ

2, 𝐻0 and 𝑛𝑠, which are listed in Table 2.3. The
degenerate combination of 𝐴𝑠𝑒−2𝜏 also mostly shifts towards a value smaller than the fiducial one.

2.5 Conclusion

In this work we address the question of how analyses that fit standard cosmological models (say
ΛCDM or 𝑤0𝑤𝑎CDM) to data may show hints of modified gravity. Assume for the moment
that modified gravity is at work. In a realistic situation, it is entirely plausible that a standard,
unmodified-gravity model is a good fit to the data, so that we cannot immediately rule it out and
claim evidence for modified gravity. This scenario, however, will generally lead to shifts in the
(standard-model, unmodified-gravity) parameter values relative to their true values. And such
shifts, interpreted together and in relation to other measurements in cosmology that depend on
different kinds of data, may reveal the presence of modified gravity.

In this paper, we quantitatively investigate these parameter biases in scenarios when modi-
fied gravity is misinterpreted as a standard model. Specifically, we establish the link between
modified-gravity models and shifts in the standard cosmological parameters. To scan through a
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broad range of modified-gravity model, we focus on the Horndeski universality class of models,
whose phenomenological predictions (on linear scales) are produced by the code EFTCAMB [101].
Horndeski models allow a separate specification of the cosmological theory background and pertur-
bations. For simplicity, we assume a cosmological-constant background for the Horndeski models
(in agreement with the most recent cosmological data to date), and vary the perturbations, allowing
the full freedom of Horndeski models. We fit these models with simulated future data consisting of
CMB temperature and the polarization power spectra, BAO data, and type Ia supernova data. We
restrict the analysis to only those Horndeski models whose simulated data vectors are well fit by
the 𝑤0𝑤𝑎CDM model. In doing this we mimic a realistic situation where one would only proceed
with the interpretation of model fits in scenarios where the goodness of fit passes some threshold.

We report the best-fit values of the standard cosmological parameters for each Horndeski
model that passes the aforementioned cuts. We find that the distribution of the best-fit values
cover remarkably tight regions in the standard eight-dimensional parameter space (Fig. 2.3). These
regions are largely linear, though on occasion carve out multi-pronged directions in the 2D parameter
spaces. These tight correlations in standard parameter best-fits imply that even general classes of
modified-gravity models register as specific deviations (from true values) in the unmodified-gravity
parameters. This is good news; for example, a deviation in standard parameters that does not lie
in one of these directions would indicate that systematic errors, rather than modified gravity, may
be the cause of such unexpected shifts. Hence it should be possible to spot such signatures of
systematic errors in future data.

Focusing now on the equation-of-state parameter values that are best fits to Horndeski models,
we find that, even though significant deviations in both 𝑤0 and 𝑤𝑎 are allowed, they obey a tight
mutual relation (Fig. 2.4). Specifically, most Horndeski models are fit with an effective equation of
state of 𝑤(𝑧eff) ≃ −1, evaluated at the effective redshift of 𝑧eff = 0.28. This can be taken as a very
generic prediction of the perturbations provided by the large class of modified-gravity models that
we study, given a ΛCDM background as stipulated above. This prediction, along with those on all
other parameters specified in Fig. 2.3, will be sharply tested using upcoming cosmological data.

We finally study the implications of our result to the currently much debated tension between
constraints on the 𝑆8 parameter obtained from lensing probes and CMB measurements. Assuming
now the ΛCDM model (in which the 𝑆8 tension is usually framed), we find that Horndeski models
typically predict a lower 𝑆8, and near-universally a lower Ω𝑀 , than the truth when the latter two
are inferred assuming the ΛCDM model. Because the only direct probe of 𝑆8 that we assumed was
the CMB, this implies that CMB’s 𝑆8 value is preferentially low when Horndeski data are analyzed
assuming the ΛCDM model. This should be compared to the prediction from applying the same
pipeline to lensing data, something we plan to do in a future work.
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CHAPTER 3

Evidence for suppression of structure growth in the
concordance cosmological model

The temporal growth of cosmic structure is intimately connected with the property of dark energy
and the theory of gravity. Works in the next two chapters involve using information on the growth
of structure to test the concordance ΛCDM cosmological model and to probe the presence of
modified-gravity theories.

We choose to focus on a parameter named the “growth index” which enters the parameterization
of the linear growth rate through

𝑓 (𝑧) = Ω𝑀 (𝑧)𝛾, (3.1)

where Ω𝑀 (𝑧) is the energy density parameter of matter at a gived redshift, and the exponent 𝛾
is the growth index. Studying this parameter has two major advantages: 1) it only impacts the
growth of cosmic structure but has no influence on geometric quantities such as distances, thus
cleanly separating growth from geometry; 2) 𝛾 = 0.55 fits a wide range of cosmological models to
sub-percent level, so any deviations in data analysis from this best-fit value will be of great interest.

In this chapter, we constrain the growth index by combining current cosmological data, including
CMB data from Planck and the large-scale structure data from weak lensing, galaxy clustering, and
cosmic velocities.

3.1 Introduction

The flat ΛCDM concordance cosmology, which combines general relativity (GR) and a spatially
flat universe with ∼70% constant dark energy and ∼30% cold dark matter, provides an excellent
fit to observational data. However, several tensions in measurements of parameters in this model
have been noted in recent years [6]. Most significantly, the expansion rate 𝐻0 inferred from the
distance ladder [175] is higher than that measured by the cosmic microwave background (CMB)
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[13]. At a lesser level of significance, the parameter 𝑆8 ≡ 𝜎8
√︁
Ω𝑚/0.3 (where 𝜎8 is the amplitude

of mass fluctuations in spheres of 8 ℎ−1Mpc and Ω𝑚 is matter density relative to the critical
density) determined by CMB observations is larger than that found by galaxy clustering and weak
gravitational lensing measurements [70]. Finally, the Planck CMB data by itself shows a preference
for a nonzero spatial curvature Ω𝐾 [13].

In this Letter, we consider the possibility that the growth of structure deviates from what
predicted by the concordance model. While it is true that all the aforementioned parameters (Ω𝑚, 𝑆8,
and Ω𝐾) affect the growth of density perturbations, they also control geometrical quantities like
distances and volumes, complicating the physical interpretation. It is thus important to isolate
and constrain the growth of structure [105] separately from geometrical quantities. Here, we
adopt a precise parameterization of the growth rate and find evidence for growth suppression
— relative to the expectation from flat ΛCDM and GR — which also reconciles tensions in
𝑆8 and Ω𝐾 constraints. Our results clarify and consolidate the current situation in the field,
where different analyses adopting different prescriptions of growth, or different implementations
of how growth is separated from geometry, either found some evidence for a suppressed growth
[178, 35, 113, 145, 29, 182, 86, 179, 213, 54, 5] or did not [209, 75, 104, 169, 168, 17, 180, 148, 23].

3.2 Growth of structure.

Over cosmic time, matter density fluctuations 𝛿 ≡ (𝜌 − �̄�)/�̄� (where 𝜌 and �̄� are the local and
the cosmic mean densities respectively) are amplified by gravity. Assuming GR and restricting
to linear regime where 𝛿 ≪ 1 (roughly 𝑘 ≲ 0.1 ℎMpc−1 today with ℎ = 𝐻0/100 kms−1Mpc−1)
and subhorizon scales (roughly 𝑘 ≳ 𝐻0 ≃ 0.0003 ℎMpc−1 today), we can describe the growth of
large-scale structure as [154, 36]

¥𝛿(𝒌, 𝑡) + 2𝐻 ¤𝛿(𝒌, 𝑡) − 4𝜋𝐺�̄�𝛿(𝒌, 𝑡) = 0, (3.2)

where dot denotes derivative with respect to time. Here the matter overdensity 𝛿, the expansion
rate 𝐻, and the mean matter density �̄� all depend on time, while every Fourier 𝒌-mode evolves
independently. In this regime, it is useful to consider the (linear) growth function𝐷 (𝑡) ≡ 𝛿(𝑡)/𝛿(𝑡0),
where 𝑡0 is the present time, and the growth rate 𝑓 (𝑎) ≡ 𝑑 ln𝐷 (𝑎)/𝑑 ln 𝑎, where 𝑎(𝑡) is the scale
factor. The growth rate is a central link between data and theory: it is directly proportional to
large-scale structure observables like peculiar velocities and redshift-space distortions [153, 133],
while being exquisitely sensitive to the properties of dark-energy models [58].

To further isolate the temporal evolution of structure, [84, 208, 136] introduced a robust and

55



accurate approximation of the growth rate as

𝑓 (𝑎) = Ω
𝛾
𝑚 (𝑎), (3.3)

where 𝛾 is the growth index. In particular, [208, 136] showed that standard GR in the flat ΛCDM
background predicts 𝛾 ≃ 0.55 even in the presence of dark energy; this fit is accurate to ≃ 0.1%
[136, 139, 88]. A measured deviation from 𝛾 = 0.55 would suggest an inconsistency between the
concordance cosmological model and observations. Assuming Eq. 3.3, the linear growth function
takes the form

𝐷 (𝛾, 𝑎) = exp
[
−

∫ 1

𝑎

𝑑𝑎
Ω
𝛾
𝑚 (𝑎)
𝑎

]
, (3.4)

where we have normalized 𝐷 (𝛾, 𝑎 = 1) ≡ 1 for all 𝛾. A 𝛾 > 0.55 corresponds to a growth rate
𝑓 (𝛾, 𝑎) < 𝑓 (0.55, 𝑎) and, because of the normalization, to a growth function𝐷 (𝛾, 𝑎) > 𝐷 (0.55, 𝑎)
in the past.

3.3 Methodology and data.

To implement Eqs. 3.3–3.4, we express the linear matter power spectrum as

𝑃(𝛾, 𝑘, 𝑎) = 𝑃today(𝑘, 𝑎 = 1) 𝐷2(𝛾, 𝑎), (3.5)

where 𝑃today is the fiducial linear matter power spectrum evaluated today which depends on the
usual set of cosmological parameters. To compute transfer functions and power spectra, we modify
the cosmological Boltzmann solver CAMB [131, 98]. With 𝛾 = 0.55 we obtain (at redshift 𝑧 = 1.5
and up to 𝑘 ≲ 0.1 ℎMpc−1) linear matter power spectra within 0.1% of the outputs from the
unmodified version of CAMB. Likewise, we repeat the baseline Planck 2018 [13] and DES year-1 [3]
analyses, using our modified CAMB 1 at fixed 𝛾 = 0.55, and reproduce their constraints on relevant
cosmological parameters well within their precision.

Because the growth-index parameterization has only been validated for sub-horizon perturba-
tions, care needs to be taken when modeling the CMB whose information partially comes from
large scales and high redshifts. We choose to exempt the primary CMB anisotropies from the
growth-index description. That is, we ensure Eq. 3.5 does not directly alter the unlensed CMB
power spectra, but rather only affects the lensing effect, i.e. smoothing of the primary CMB acous-
tic peaks. Consequently, CMB data is sensitive to 𝛾 only through the CMB lensing gravitational
potential 2, which is generated by density fluctuations within the regime where Eqs. 3.3–3.5 are

1Code available at this fork of CAMB: github.com/MinhMPA/CAMB GammaPrime Growth.
2Strictly speaking, the integrated Sachs-Wolfe effect, a secondary CMB anisotropy sourced by gravitational redshift,
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valid.
Our baseline data includes measurements of the parameter combination 𝑓 𝜎8 from peculiar

velocity and redshift-space distortion (RSD) data, at local (𝑧 < 0.1) [39, 108, 182, 46, 207]
and cosmological distances (𝑧 ≥ 0.1) [42, 43, 99, 151, 162, 16]. Figure 3.2 shows these 𝑓 𝜎8

measurements at the corresponding redshifts. We assume that the 𝑓 𝜎8 measurement uncertainties
are Gaussian-distributed and uncorrelated among each other 3. We further complement the 𝑓 𝜎8

measurements with either the Planck 2018 CMB data — including temperature, polarization and
lensing reconstruction [13, 12] (hereafter PL18) — or large-scale structure data from galaxy
surveys, or both. Data from galaxy surveys include a) the DESY1 3x2pt correlation functions [3]
(hereafter DESY1), and b) baryon acoustic oscillations in the 6dF Galaxy Survey (6dFGS) galaxy
[37] and the Sloan Digital Sky Survey (SDSS) [177, 15, 16] galaxy plus Lyman-alpha (hereafter
BAO collectively). When including both SDSS 𝑓 𝜎8 and BAO data, we employ joint covariance
and likelihood that properly account for their correlations 4. Throughout, we adopt the same
likelihoods and priors used in the baseline of those analyses. We fix the total mass of neutrinos
to

∑
𝑚a = 0.06 eV and include neutrino contribution Ωa in the matter density parameter Ω𝑚. We

verify that excluding Ωa in computing theoretical 𝑓 𝜎8 leads to negligible changes in the latter and
all downstream results. We allow 𝛾 to vary assuming a uniform prior U(0, 2.0).

We wish to constrain the growth index 𝛾, along with other standard cosmological parameters: the
matter and baryon densities relative to critical Ω𝑚 and Ω𝑏, the Hubble constant 𝐻0, spectral index
𝑛𝑠, mass fluctuation amplitude 𝜎8, and reionization optical depth 𝜏. We therefore perform Bayesian
inference via the Monte Carlo Markov Chain (MCMC) method using the cobaya framework [200]
and analyze the MCMC samples using the GetDist package [130].

To quantify the statistical significance of our results, we compute the Bayesian factor of 𝛾 = 0.55
and 𝛾 ≠ 0.55 by assuming the Savage-Dickey density ratio

log10 BF01 = log10
P(𝛾 |d,M1)
P(𝛾 |M1)

����
𝛾=0.55

, (3.6)

where d and M1 respectively denote the data and the model with 𝛾, while P(𝛾 |M1) = U(0., 2.).
This is reported in the fifth column of Table 3.1. We further quote the significance of 𝛾 ≠ 0.55
following the two-tailed test and measuring the posterior tail in units of Gaussian sigmas. To
compare the goodness of fit between models, we first identify best-fit models that maximize their
corresponding joint posteriors, then report the chi-square difference Δ𝜒2 between two such models
in the last column of Table 3.1 and in Table 3.2.
is also sensitive to 𝛾.

3Likelihood and data available at this fork of cobaya: github.com/MinhMPA/cobaya
4cobaya.readthedocs.io/en/latest/likelihood bao.html
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3.4 Constraints on 𝛾 in a flat universe.

We first consider the data combination 𝑓 𝜎8+PL18. Marginalizing over all other cosmological
parameters, we obtain the posterior density of 𝛾 shown in orange in Figure 3.1. This corresponds
to the constraint 𝛾 = 0.639+0.024

−0.025 and a Bayes factor of | log10 BF01 | = 1.7. The former excludes
𝛾 = 0.55 at a statistical significance of 4.2𝜎, while the latter provides a “very strong” evidence for
deviation from the GR+flat ΛCDM prediction of 𝛾 = 0.55 according to the Jeffreys’ scale [112].
Note that neither PL18 nor 𝑓 𝜎8 alone substantially constrains the growth index due to degeneracies
with other cosmological parameters, yet together they show a clear preference for 𝛾 > 0.55, that
is, a lower rate of growth than predicted by GR in flat ΛCDM. Figure 3.2 illustrates the effect of
growth suppression as a function of redshift by showing the 𝑓 𝜎8(𝑧) posterior assuming flat ΛCDM,
and that assuming flat ΛCDM+𝛾, both inferred from the 𝑓 𝜎8+PL18 data combination.

We next wish to investigate how the large-scale structure clustering and lensing data constrain
𝛾. To do so, we replace the PL18 data by the DESY1 3x2pt measurements of galaxy clustering
and weak lensing, together with the expansion-history data from BAO. The 𝑓 𝜎8+DESY1+BAO
data combination yields the marginalized constraint 𝛾 = 0.598+0.031

−0.031. Much like the 𝑓 𝜎8 + PL18
constraint, this combination prefers a higher growth index than the GR value, except now at a lower
statistical significance, excluding 𝛾 = 0.55 at 2.0𝜎.

We finally report the constraint from all data combined, 𝑓 𝜎8+PL18+DESY1+BAO:

𝛾 = 0.633+0.025
−0.024. (3.7)

Analysis of the posterior tails indicates that 𝛾 = 0.55 is excluded at 3.7𝜎, while the Bayes factor
| log10 BF| = 1.2 shows a “strong” evidence for a departure from the expected value of 𝛾. We show
the posterior density of 𝛾 for combined data in violet in Figure 3.1; it is very close to the posterior
for 𝑓 𝜎8+PL18.

We summarize all marginalized constraints on 𝛾, together with their statistical significance, in
Table 3.1.

3.5 Implications for 𝑆8 tension.

A moderate yet persistent tension in constraints of 𝑆8 has emerged between CMB measurements,
e.g. Planck [13] or Atacama Cosmology Telescope plus Wilkinson Microwave Anisotropy Probe
[14], and low-redshift 3x2pt measurements of weak lensing and galaxy clustering, e.g. the Dark
Energy Survey (DES) [3], the Kilo-Degree Survey (KiDS) [94], and combinations thereof [22].
This discrepancy is statistically significant and unlikely to be explained by lensing systematics alone
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Figure 3.1: Marginalized constraints on the growth index 𝛾, from 𝑓 𝜎8 data combined with PL18
(orange) and PL18+DESY1+BAO (violet). The vertical dashed line marks the concordance model
prediction of 𝛾 = 0.55.

[127], thus motivates investigations of physics beyond the standard model.
Figure 3.3 shows the marginalized constraints in the 2D planes of the growth index 𝛾 and, from

left to right, 𝑆8 or Ω𝑚 or 𝐻0, by different data combinations. Notably, the 𝑆8 − 𝛾 panel indicates
a potential solution to the 𝑆8 tension: a higher growth index (𝛾 ≃ 0.65) implies a higher 𝑆8 value
in the probes of large-scale structure. Specifically, the 𝑓 𝜎8+DESY1+BAO combination yields
𝑆8 = 0.784+0.017

−0.016, while in the standard ΛCDM (with 𝛾 ≡ 0.55) 𝑆8 = 0.771+0.014
−0.014. Conversely,

Planck now prefers a lower amplitude of fluctuations (𝑆8 = 0.807+0.019
−0.019) than it does in ΛCDM

(𝑆8 = 0.831+0.013
−0.012). Consequently, the “𝑆8 tension” between the measurements of 𝑆8 in the galaxy

clustering and gravitational lensing versus that in Planck decreases from 3.2𝜎 to 0.9𝜎, as measured
by the 𝑆8 difference divided by errors added in quadrature.

3.6 Allowing curvature to vary.

Relaxing the assumption of spatial flatness changes the expansion history and the concordance
prediction for the growth history [146, 89]. An immediate question is whether the apparent
preference for a higher growth index and a slower growth rate is the same effect as the apparent
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Table 3.1: Constraints on the growth index 𝛾 and cosmological parameters 𝑆8 and 𝐻0 from
different data combinations, the corresponding Bayes factors, and chi-square differences relative to
the concordance model (𝛾 = 0.55).

Data 𝛾 𝑆8
𝐻0 | log10 BF10 |

Δ𝜒2 ≡
[ kms−1Mpc−1] 𝜒2

𝛾 − 𝜒2
𝛾=0.55

PL18 0.668+0.068
−0.067 0.807+0.019

−0.019 68.1+0.7
−0.7 0.4 −2.8

PL18+ 𝑓 𝜎8 0.639+0.024
−0.025 0.814+0.011

−0.011 67.9+0.5
−0.5 1.7 −13.6

PL18+ 𝑓 𝜎8 0.633+0.025
−0.024 0.802+0.008

−0.008 68.4+0.4
−0.4 1.2 −13.2

+DESY1+BAO

PL18+ 𝑓 𝜎8

0.55 0.803+0.008
−0.008 68.5+0.4

−0.4 - 0+DESY1+BAO

(flat ΛCDM+GR)

Table 3.2: Chi-square differences between best-fit models with free 𝛾 and best-fit concordance
models, for different data combinations and individual likelihoods.

Data Δ𝜒2 ≡ 𝜒2
𝛾 − 𝜒2

𝛾=0.55

low-ℓ TT low-ℓ EE
high-ℓ

lensing 𝑓 𝜎8 DESY1 BAO total
TTTEEE

PL18
−1.1 −0.4 −7.0 - - - - −8.5

temp.+pol.

PL18 −1.0 −0.1 −3.1 +1.4 - - - −2.8

PL18+ 𝑓 𝜎8 +0.1 −0.3 −5.6 +0.5 −8.3 - - −13.6

PL18+
−0.6 −0.8 −3.7 +0.3 - −0.7 +0.8 −4.7

DESY1+BAO

𝑓 𝜎8+DESY1
- - - - −1.2 −2.9 −2.2 −6.3

+BAO

PL18+ 𝑓 𝜎8 −0.2 −1.1 −5.3 −0.7 −6.8 +0.8 +0.1 −13.2
+DESY1+BAO
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Figure 3.2: Marginalized posterior on the theoretical 𝑓 𝜎8(𝑧) assuming the growth-index parame-
terization in Eq. 3.3. Shaded bands show the 68% and 95% posteriors from our baseline analysis
that includes 𝑓 𝜎8 and PL18 data (orange), and the corresponding constraints in the concordance
model with 𝛾 = 0.55 (black). The data points indicate actual 𝑓 𝜎8 measurements.

preference for a nonzero curvature found by the Planck 2018 analysis that, by using temperature
and polarization data, found Ω𝐾 = −0.044+0.018

−0.015 ([13]; see also [72, 92, 71]).
Allowing both curvature and growth index to vary, we observe a trade-off between Ω𝐾 and

𝛾, as shown in Figure 3.4 using only Planck CMB temperature and polarization data (henceforth
PL18 temp.+pol.). The data clearly prefer either a positively curved space, i.e. Ω𝐾 < 0, or growth
suppressed relative to the GR prediction, i.e. 𝛾 > 0.55; the flat model with 𝛾 = 0.55 has a worse fit
than the best-fit model by Δ𝜒2 = −6.9.

We next focus on two limits of the results shown in Figure 3.4: a) varying Ω𝐾 while fixing
𝛾 = 0.55 (which reproduces the standard analysis from the Planck paper, also findingΩ𝐾 = −0.044),
and b) fixing Ω𝐾 = 0 while varying 𝛾. We are particularly interested in comparing the fit of these
two models. We find that the model with free curvature fits the PL18 temp.+pol. data marginally
better than the model with free 𝛾 (Δ𝜒2 = −1.3). Including PL18 CMB lensing reconstruction
likelihood leads to Δ𝜒2 = 0.7 in favor of the free-𝛾 model. Overall, we conclude that both models
fit the PL18 data equally well.

Recall that the feature in the PL18 temp.+pol. data driving the preference for Ω𝐾 < 0 is
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Figure 3.3: 68% and 95% marginalized constraints on parameters in the concordance model
allowing for a free growth index 𝛾, from 𝑓 𝜎8+DESY1+BAO (blue), PL18 alone (red) and
𝑓 𝜎8+DESY1+BAO+PL18 (violet). Contours contain 68% and 95% of the corresponding pro-
jected 2D constraints. The horizontal black dashed lines mark the concordance model prediction of
𝛾 = 0.55. The horizontal bars in the 𝛾 − 𝑆8 panel indicate the 68% limits on 𝑆8 for a fixed 𝛾 = 0.55
(see text); they are vertically offset from 𝛾 = 0.55 for visibility.

essentially the same one that favors a high CMB lensing amplitude, i.e. 𝐴lens > 1 [8, 13, 12]. Does
the cosmological model with a high 𝛾 produce similar features in the CMB power spectra as those
with Ω𝐾 < 0 or 𝐴lens > 1? The answer is affirmative, as shown in Figure 3.5 where we compare the
residuals in the CMB temperature angular power spectrum (TT) of a) the PL18 data, b) the best-fit
flat model with 𝛾, c) the best-fit model with curvature but fixed 𝛾 = 0.55, and d) the best-fit flat
model with 𝐴lens but fixed 𝛾 = 0.55, all relative to that of the best-fit concordance model. All three
best-fit model residuals display the same oscillatory pattern that closely follows the oscillations in
the data residuals. The similarity of the effects of 𝛾 > 0.55 and 𝐴lens > 1 in the CMB temperature
and polarization power spectrum is not entirely surprising: a higher 𝛾 encodes a lower growth rate
𝑓 (𝑎) and, for a fixed amount of structure observed today, a larger amount in the recent past (see
Eq. 3.4 and the discussion that follows). This in turn implies a higher lensing signal in the CMB,
and thus has a qualitatively similar effect as 𝐴lens > 1 5.

3.7 Summary and Discussion.

In this Letter, we have presented new constraints on the growth rate using a combination of Planck,
DES, BAO, redshift-space distortion and peculiar velocity measurements. The constraints from
different data combinations are consistent with one another within 1𝜎. Our constraints exclude

5The preference for anomalous growth index in PL18 temp.+pol. data (Δ𝜒2 = −8.5 in favor of the free-𝛾 model
over the concordance one) decreases once the CMB lensing reconstruction likelihood is included (Δ𝜒2 = −2.8). A
similar effect is observed for the case of varying 𝐴lens.
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the predictions of flat ΛCDM model in GR at the statistical significance of 3.7𝜎, indicating a
suppression of growth rate during the dark-energy dominated epoch.

Further, we have explicitly demonstrated that cosmological models with a high 𝛾 resolve two
known tensions in cosmology. First, allowing for a suppressed growth removes the need for negative
curvature indicated by the PL18 temp.+pol. data; in fact, the best-fit flat model with free 𝛾 fits
the data equally well as the best-fit model with standard growth and negative curvature, producing
highly similar features in the temperature angular power spectrum. Second, the discrepancy in
the measured amplitude of mass fluctuations parameter 𝑆8 from the PL18 data and that from the
large-scale structure data can be reconciled with a high-𝛾 model. Our findings indicate that these
cosmological tensions can be interpreted as evidence of growth suppression.

A late-time growth suppression is not straightforward to achieve in modified theories of gravity,
particularly if the expansion history is similar to that in the concordance model [27, 117, 118] as our
constraints indicate. Nevertheless, there is sufficient freedom in the space of modified-gravity theory
(within a sub-class of Horndeski models, e.g. [164, 158, 157]) to do so. Probing such modified-
gravity theories should be within the reach of future surveys and experiments [82, 156, 212].
Specifically, upcoming large-scale structure data [61, 87, 186, 199, 126, 188] will improve 𝑓 𝜎8

data both in terms of measurement precision and redshift coverage. In parallel, forthcoming CMB
measurements [14, 9, 1, 18] with higher resolution and sensitivity will also play a significant role
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free CMB lensing amplitude 𝐴lens (green). The data points and error bars represent the Planck
2018 (binned) TT power spectrum residuals and the 68% uncertainties. All residuals are computed
with respect to the best-fit concordance model.

in pinning down the expansion history and growth rate. As we enter the era of high-precision
large-scale structure and CMB measurements, joint analyses of these data sets will hold the key to
confirming any evidence for physics beyond the standard model.
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CHAPTER 4

Sweeping Horndeski Canvas: New Growth-Rate
Parameterization for Modified-Gravity Theories

This chapter continues to study the growth index 𝛾, modeling its behavior in modified-gravity
theories. While the popular constant growth index can parameterize linear growth rate 𝑓 (𝑧)
sufficiently well in models that assume GR, the growth index can be generalized to incorporate time
variations into 𝛾(𝑧). We investigate in this work whether a redshift-dependent parameterization of
the growth index can model linear growth better in modified-gravity theories. If so, what is the
functional form of this better fitting formula and by how much has it improved the goodness-of-fit?

4.1 Introduction

Over ∼13.7 billions years of cosmic evolution, the tiny primordial fluctuations seeded during
inflation — under gravitational interaction — evolve into the large-scale structure observed and
measured by galaxy surveys today. The temporal growth of cosmic structure has a rich and well-
understood behavior in different epochs: it is robust in the matter-dominated era, but suppressed
at late times, especially following the onset of dark energy. The clustering of galaxies, the weak
gravitational lensing of distant background galaxies, and arguably the abundance of galaxy clusters
as a function of their redshifts and mass proxies have all established themselves as powerful probes
of structure growth. These measurements then translate into constraints on models of dark matter
and dark energy or modified gravity (see, e.g. [96] for a recent, general review).

In the linear regime (corresponding to scales 𝑘 ≲ 0.1ℎMpc−1 today), the growth of density
fluctuations is described by the linear growth function 𝐷 (𝑎) ≡ 𝛿(𝑎)/𝛿(𝑎 = 1). From it, we can
define the growth rate as

𝑓 (𝑎) ≡ 𝑑 ln𝐷
𝑑 ln 𝑎

, (4.1)

where 𝑎 is the cosmic scale factor. For the standard, smooth dark-energy with an equation of state
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𝑤, on sub-horizon-scales and in the absence of massive neutrinos, 𝐷 and 𝑓 are scale-independent1.
The growth rate can be formally obtained by solving the second-order differential equation which,
in standard gravity and on sub-horizon scales, reads ¥𝐷 + 2𝐻 ¤𝐷 = 4𝜋𝐺𝜌𝑀𝐷. Here 𝜌𝑀 is the
background matter density, 𝐺 is the Newton constant, and dots are derivatives with respect to time.

In a wide class of cosmological models, the growth rate is well-approximated by a fitting
function2

𝑓 (𝑧) = Ω𝑀 (𝑧)𝛾(𝑧) . (4.2)

Here, Ω𝑀 (𝑧) is the time-dependent matter density relative to critical, and the free function 𝛾(𝑧) is
the so-called growth index. The latter has a long history in cosmology, dating back to [154, 84, 133,
208], as it describes the growth rate in standard matter-dominated cosmologies. [136] proposed
and verified that the growth-index parameterization 𝛾 = 0.55 + 0.02(1 + 𝑤(𝑧 = 1)) fits the true
growth for all 𝑤CDM models to better than 0.2%, all the way from the matter-dominated era to
the present time, for a wide range of Ω𝑀 value. Moreover, this parameterization also provides a
good fit to the growth in isolated modified-gravity models with, e.g. 𝛾 ≃ 0.67 for the DGP models
[139, 88].

A fitting formula for the growth rate such as Eq. 4.2 is useful for at least two reasons. First,
it is easy to implement in cosmological analyses. Second, it is straightforward to test whether
the growth alone agrees with the prediction of a cosmological model (say 𝛾 ≃ 0.55 for ΛCDM
[149] (see also, e.g. [17, 113]). Therefore, there has been considerable interest in developing
phenomenological formulae for the growth rate and, in particular, investigating their robustness
with respect to the choice of the cosmological model. Analytic works, e.g. [139, 129, 140, 50], have
examined the best-fit 𝛾(𝑧) = 𝛾0 — the redshift-independent values of 𝛾 that minimized deviations
of Eq. 4.2 from the exact growths defined in Eq. 4.1 — in various modified gravity and dark energy
models. Further, [167, 85, 214, 34, 28, 29, 122, 142, 123, 192] focused on the redshift evolution
of the growth index in 𝑓 (𝑅) gravity, 𝑓 (𝑄) gravity, and interacting dark energy models; the most
common among which are the linear parameterization 𝛾(𝑧) = 𝛾0 + 𝛾1𝑧 and the Taylor expansion
𝛾(𝑧) = 𝛾0 + 𝛾1 𝑧/(1 + 𝑧) which are both motivated by the parametrization 𝑤(𝑎) = 𝑤0 + 𝑤𝑎 (1 − 𝑎)
for the time-dependent equation of state of dark energy 𝑤(𝑎) [59, 135].

Our principal goal in this paper is to explore the accuracy of different 𝛾(𝑧) parameterizations
within the viable space of Horndeski theory, in the context of future constraints on 𝑓 (𝑧)𝜎8(𝑧) ≡
𝑓 𝜎8(𝑧) by Stage-IV and Stage-V large-scale structure surveys. These upcoming surveys will yield
𝑓 𝜎8(𝑧) measurements with stringent error bars and extend to high redshifts. To that effect, we
adopt exact numerical calculations of Eq. 4.1 as the baseline, and then fit the growth rate 𝑓 𝜎8(𝑧) in

1See the discussion in the Appendix B.2 for more details on the scale-independence in the context of Horndeski
models considered in this work.

2Throughout, we characterize the time evolution interchangebly by the scale factor 𝑎 or the redshift 𝑧 = 1/𝑎 − 1.
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∼18,000 Horndeski models using a broad set of functional forms. We then compare their goodness
of fit to the ground truth in Horndeski models in the context of errors predicted for future surveys,
and propose the best new parameterization of 𝛾(𝑧). We further demonstrate the utility of the
proposed parameterization by constraining its parameters using current observational data of type
Ia supernovae, large-scale structure, and the cosmic microwave background (CMB), and briefly
comment on the implications for stress-testing the standard cosmological model.

The rest of this paper is structured as follows. Section 4.2 reviews the effective field theory
framework we exploit to evaluate the growth rate 𝑓 𝜎8(𝑧) in a given Horndeski model. Section 4.3
details our procedure to sample Horndeski models and to obtain each model’s theoretical prediction
on 𝑓 𝜎8(𝑧). Section 4.4 discusses various parameterizations of 𝛾(𝑧) focusing on their performance
in fitting the theory models, and presents current constraints on parameters of the best fitting
formula. Finally, Section 4.5 summarizes our analysis.

4.2 Horndeski models: theory background and growth of struc-
ture

We wish to consider the most general class of ΛCDM extensions for the accelerating universe that
are not strongly disfavored by current data. We therefore must find an effective way to sample the
model space. To this end, we adopt the Effective Field Theory (EFT) formalism for dark energy and
modified gravity (henceforth EFTDE) [90, 45]. Within EFTDE, models with similar properties are
established through a grouping of terms in the fundamental Lagrangian such that one can consider
a class of models together (for more details, see [83] and references therein).

4.2.1 Effective Field Theory approach to Dark Energy

In general, the EFTDE action in unitary gauge can be written as, e.g. [100, 171]

𝑆 =

∫
𝑑4𝑥

√−𝑔
[
1
2
𝑚2

0 [1 +Ω(𝑡)]𝑅 − Λ(𝑡) − 𝑐(𝑡)𝑔00 +
𝑀4

2 (𝑡)
2

(𝛿𝑔00)2

−
�̄�3

1 (𝑡)
2

𝛿𝐾𝛿𝑔00 −
�̄�2

2 (𝑡)
2

𝛿𝐾2 −
�̄�2

3 (𝑡)
2

𝛿𝐾
`
a 𝛿𝐾

a
`

+ �̂�
2(𝑡)
2

𝛿𝑅(3)𝛿𝑔00 + 𝑚2(𝑡)𝜕𝑖𝑔00𝜕𝑖𝑔00 + L𝑚

]
, (4.3)

where 𝛿𝑔00 = 𝑔00+1 is the perturbation to the time component of the metric, 𝑅(3) is the perturbation
to the spatial component, and 𝛿𝐾`a is the perturbation of the extrinsic curvature. The background
evolution depends on three EFTDE functions, 𝑐(𝑡), Λ(𝑡), and Ω(𝑡). For any given expansion
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history, the first two functions, 𝑐(𝑡) and Λ(𝑡) can be constrained by the Friedmann equations and
correspond to energy density and pressure. The effect of modified gravity is parameterized by
the third function Ω(𝑡). The other EFTDE functions in Eq. 4.3 represent perturbations around the
background and correspond to observables that can be compared with observations. Table 1 in
[141] gives a summary of all models that can be represented by the EFT formalism.

Within EFTDE, we focus on the Horndeski class of models (see, e.g. [124] for an in-depth
review). The class of Horndeski theories is the most general scalar-tensor extension of general
relativity, including but not limited to quintessence (see [203] for a review) and generalized Brans-
Dicke (Jordan Brans-Dicke [48], f(R) [102], chameleons [121]) models. Moreover, within these
scalar-tensor theories, a coupling between the derivative of a scalar field and the Einstein tensor
(or the Ricci tensor alone) leads to an accelerated expansion of the cosmic background without
demanding for a scalar potential [19, 67].

The Horndeski class is specified by imposing additional constraints on the EFTDE functions
that describe perturbations around the background, as follows:

2�̂�2 = �̄�2
2 = −�̄�2

3 , 𝑚2 = 0. (4.4)

To evaluate the growth rate in a given Horndeski model and cosmology, we employ the EFTCAMB
framework3 [100, 101, 171]. EFTCAMB characterizes a given Horndeski model by seven functions
which we parameterize as follows. One aforementioned function, Ω(𝑡), controls the background
evolution. We henceforth relabel it ΩMG, for it not to be confused with an energy density parameter.

Inspired by 𝑓 (𝑅) gravity and (again) following the convention in [100, 101, 171], we further
assume ΩMG(𝑡) evolves in time as

ΩMG(𝑎) = ΩMG,0𝑎𝑠0 . (4.5)

For ΛCDM, ΩMG(𝑎) = 0. Further, there are six dimensionless, second-order EFTDE functions
{𝛾MG

1 , . . . , 𝛾MG
6 } that jointly define the perturbative properties of the model. These functions are

related to the perturbation functions in the EFTDE action in Eq. 4.3 through

𝛾MG
1 (𝑡) =

𝑀4
2 (𝑡)
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0𝐻

2
0
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0𝐻0
, 𝛾MG
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2 (𝑡)
𝑚2

0
,

𝛾MG
4 (𝑡) =

�̄�2
3 (𝑡)
𝑚2

0
, 𝛾MG

5 (𝑡) = �̂�2(𝑡)
𝑚2

0
, 𝛾MG

6 (𝑡) =
𝑚2

2(𝑡)
𝑚2

0
.

(4.6)

We assume that the time evolution of these quantities follows a similar functional form to that of

3github.com/EFTCAMB/EFTCAMB
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ΩMG(𝑡) in Eq. 4.5 above, that is
𝛾MG
𝑖 (𝑎) = 𝛾MG,0

𝑖
𝑎𝑠𝑖 . (4.7)

Note that Eq. 4.5 and Eq. 4.7 implicitly limit the Horndeski theory space accessible in our analysis.
The constraint in Eq. 4.4 corresponds to 2𝛾MG

5 = 𝛾MG
3 = −𝛾MG

4 and 𝛾MG
6 = 0. Therefore, the

Horndeski models are fully specified with six EFTDE parameters that control perturbations, 𝛾MG,0
1,2,3

and 𝑠1,2,3, plus two EFTDE parameters that control the background, ΩMG,0 and 𝑠0.
The full theoretical model requires the specification of other standard cosmological parameters

that control the expansion rate 𝐻 (𝑧) and the density perturbations. For the background expansion,
we consider a flat ΛCDM cosmological model, specified by the physical baryon and cold-dark-
matter densities (Ω𝑏ℎ

2 and Ω𝑐ℎ
2 respectively), and the constant dark-energy equation of state

𝑤 = −1. Our full model parameter space is therefore

𝑝𝑖 ∈ {Ω𝑏ℎ
2,Ω𝑐ℎ

2, 𝐻0,Ω
MG,0, 𝛾MG,0

1 , 𝛾
MG,0
2 , 𝛾

MG,0
3 , 𝑠0, 𝑠1, 𝑠2, 𝑠3}. (4.8)

Certain analyses, e.g. [125, 150, 82], fix 𝛾MG
3 (𝑎) = 0 to enforce that the speed of the propagation

of gravitational waves (GW) to be equal to the speed of light. This requirement is motivated by the
constraints derived from the binary neutron-star merger events “observed” by both GW and optical
instruments (see [79] for a review), e.g. GW170817 and GRB170817A [2]. To better understand
this, consider a simple model-independent parameterization of the speed of propagation of GW
[96]

𝑐2
𝑇/𝑐2 = 1 + 𝛼𝑇 (𝑎), (4.9)

where 𝑐2
𝑇

and 𝑐2 are the squared speeds of GW and of light, respectively. Here 𝛼𝑇 (𝑎) quantifies the
GW speed excess, and can be mapped into the 𝛾MG,0

3 function as

𝛼𝑇 (𝑎) = −
𝛾MG

3 (𝑎)
1 +ΩMG(𝑎) + 𝛾MG

3 (𝑎)
. (4.10)

From Eq. 4.10, it is clear that the GW constraint of −3 × 10−15 < 𝑐𝑇/𝑐 − 1 < 7 × 10−16 [2, 79]
translates into

−1.4 × 10−15 [1 +ΩMG(𝑎)] < 𝛾MG
3 (𝑎) < 6 × 10−15 [1 +ΩMG(𝑎)], (4.11)

which is often simply taken to be 𝛾MG
3 (𝑎) = 0 within EFTDE (or 𝛼𝑇 = 0 in general).

In this paper, we do not follow the above approach but rather, for full generality, allow for
𝛾

MG,0
3 ≠ 0. This choice certainly merits a justification: [66] pointed out that current LIGO multi-

messenger GW events have only been detected at the energy scale close to either the strong coupling
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scale or the EFT cut-off. They further explicitly showed that, within the EFTDE approach to
Horndeski theories, the GW speed is generally a function of energy scale 𝑐𝑇 (𝑘) (see their Eq. (13)),
and therefore — while strongly bounded to the speed of light at LIGO scale — can still potentially
deviate from that when measured at lower frequencies (see their Fig. 1). Those Horndeski models
hence do not necessarily obey the derived constraint in Eq. 4.11. Future observations of either GW
events at lower frequency, e.g. with LISA [25], or CMB B-mode polarization [18, 1] will be able to
place stringent constraints on the speed of GWs in these Horndeski models. Finally, we note that
[170] did not find a qualitative difference between reconstructed Horndeski models with zero and
non-zero 𝛾MG

3 (𝑎) when confronting models with current cosmological data4.

4.2.2 Stability conditions in EFTDE and EFTCAMB

EFTCAMB further allows user to impose a set of consistency checks on the EFT functions in order
to ensure that the EFTDE models being considered and evaluated meet the theoretical stability
conditions [100]. These so-called viability conditions [101], or rather viability priors in the context
of cosmological inference [171], include

1. Physical stability: the EFTDE theory must have a background stable to perturbations. In
other words, the background must be free from ghost and gradient instabilities. The former
corresponds to the situation where the model has a negative kinetic energy; the latter refers
to the scenario where the squared sound speed is negative in some background regions. [33]
(see Eqs. (42)-(51) of [101] for details).

2. Mathematical stability: the EFTDE theory must have a well-defined 𝜋-field equation with no
fast exponential growing modes of perturbations, as well as well-defined equations for tensor
perturbations (see Eq. (52) of [101] for details).

3. Additional, model-specific stability: For Horndeski models, this enforces 𝑤(𝑎) ≤ −1/3 at
all time. Specifically to this work, this condition is automatically guaranteed as we consider
only the case of a constant 𝑤 = −1.

Generally speaking, the set of physical stability conditions is more restrictive than the mathematical
ones. Further, the mathematical stability conditions implicitly assume that a) the 𝜋-field equation
decouple from other field equations and b) its time-dependent coefficients evolve slowly (with time);
these conditions are approximate and model-dependent. Therefore, in this work we only impose
the physical conditions. We have explicitly verified through on a number of pilot runs that running
EFTCAMB with only physical conditions versus both physical and mathematical conditions does not

4Their data sets include CMB (Planck), weak lensing (CFHTLenS), BAO (6dFGS and SDSS) and type Ia supernovae
(Pantheon).
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qualitatively affect the range of Horndeski models successfully evaluated by EFTCAMB, hence the
principal results of our work.

4.2.3 Growth prediction in Horndeski models

In order to draw connections between Horndeski models and observational data, we will focus on
the prediction of each Horndeski model for the parameter combination 𝑓 (𝑧)𝜎8(𝑧) ≡ 𝑓 𝜎8(𝑧). This
quantity plays a central role in describing galaxy peculiar velocities and redshift-space distortions;
it is thus an excellent meeting place between observations and theories of modified gravity. For
each theoretical model under consideration, we compute the exact 𝑓 𝜎8(𝑧) using EFTCAMB in bins
of redshift. In this paper, we follow the convention in [8, 13] and define 𝑓 𝜎8(𝑧) through

𝑓 𝜎8(𝑧) ≡

[
𝜎

(𝑣𝑑)
8 (𝑧)

]2

𝜎
(𝑑𝑑)
8 (𝑧)

, (4.12)

where 𝜎 (𝑣𝑑)
8 is the amplitude of (total) matter fluctuations obtained from the matter velocity-density

(cross-)correlation function, while 𝜎 (𝑑𝑑)
8 ≡ 𝜎8 is that same quantity obtained from the matter

density-density (auto-)correlation function. Specifically,[
𝜎

(𝑥𝑥)
8 (𝑧)

]2
=

∫
𝑑𝑘

𝑘
𝑊2

TH(𝑘, 𝑅 = 8ℎ−1 Mpc)𝑇𝑥 (𝑘, 𝑧)𝑇𝑥 (𝑘, 𝑧)𝑃R (𝑘), (4.13)

where 𝑥 denotes either the 𝑣 or 𝑑 component, 𝑊2
TH(𝑘, 𝑅 = 8ℎ−1 Mpc) is the Fourier transform of

the spherical top-hat window function of radius 𝑅 = 8ℎ−1 Mpc, 𝑇𝑥 (𝑘) is the transfer function of the
𝑥 component, and 𝑃R (𝑘) is the power spectrum of primordial adiabatic perturbations.

Dividing this 𝑓 𝜎8(𝑧) by the value of 𝜎8(𝑧) (also calculated by EFTCAMB), gives the theoretically
predicted growth rate 𝑓 (𝑧) of each Horndeski model, which will then be fit with the formula in
Eq. 4.2 with a specified functional form of 𝛾(𝑧). For all Horndeski models considered in this work,
Eqs. 4.12–4.13 or Eq. 4.1 yields the same numerical result and quantitative conclusion within the
scales of interest, 𝑘 ≃ 0.01 − 0.1 ℎMpc−1. This conclusion naturally follows under the assumption
that growth rate is scale-independent. Even though this assumption may not hold in more generic
Horndeski and modified gravity models (see e.g. [193, 26]), it holds up rather well for Horndeski
models we consider here, in particular within the scales probed by Stage IV and V surveys, i.e.
𝑘 ≃ 0.01 − 0.1 ℎMpc−1. Within that range of 𝑘 and each of the Horndeski models considered
in this work, 𝑓 𝜎8(𝑧) only vary within sub-percent level at any given 𝑧. We further illustrate and
discuss this point in Appendix B.2.
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Figure 4.1: Flowchart describing how we sample Horndeski models from EFTDE theory space,
evaluate the models and test the fitting functions for 𝛾(𝑧) against their predictions for 𝑓 𝜎8(𝑧).

4.3 Testing growth parameterizations in Horndeski models

Our aim is to statistically chart a broad range of functional forms of 𝛾(𝑧), but only for Horndeski
models that are compatible with current observational constraints. To do so, we first identify the sub-
space of Horndeski theories in which models are both stable and compatible with current constraints
on 𝑓 𝜎8(𝑧). Detailed description about how we carry this out can be found in Appendix B.1.

After we have determined a sub-space of Horndeski theories compaitable with current data, we
then follow the procedure outlined here:

1. We sample this theory sub-space, i.e. randomly draw Horndeski models from the sub-space
and calculate the theoretical prediction for 𝑓 𝜎8(𝑧) by each model; this is described in
Section 4.3.1.

2. For each model, we quantify the goodness-of-fit between the 𝑓 𝜎8(𝑧) computed using various
proposed fitting formulae for 𝛾(𝑧) and the actual theory prediction. To compute the fit, we
use the forecast constraints on 𝑓 𝜎8(𝑧) from Stage IV and V surveys; this is discussed in
Section 4.3.2.

Finally, we compare the goodness-of-fits and identify the best functional form for 𝛾(𝑧). Figure 4.1
depicts the entire procedure.

4.3.1 Sampling and evaluating Horndeski models

Following the preliminary runs and cuts described in Appendix B.1, we identify a particular sub-
space of Horndeski theories where models that are both stable and consistent with current data
constraints on 𝑓 𝜎8:
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Table 4.1: Fiducial values of cosmological parameters and priors on them used in our sampling
of Horndeski models. They closely follow the ΛCDMbest-fit values and 68% in the Planck 2018
analysis [13].

Parameter Fiducial value Prior distribution

Ω𝑏ℎ
2 0.022383 N(0.022383, 0.00015)

Ω𝑐ℎ
2 0.12011 N(0.12011, 0.0012)

𝐻0 67.32 N(67.32, 0.54)
𝑤 −1.0

Fixed
𝐴𝑠 2.086 ×10−9

𝑛𝑠 0.9666
𝜏 0.0543

ΩMG,0 ∈ U[0.0, 0.1], 𝑠0 ∈ U[0, 3]

𝛾
MG,0
1 ∈ U[0.0, 0.7], 𝑠1 ∈ U[−3, 3],

𝛾
MG,0
2 ∈ U[−1.0, 0.0], 𝑠2 ∈ U[0, 3],

𝛾
MG,0
3 ∈ U[0.0, 1.0], 𝑠3 ∈ U[1, 3] .

(4.14)

Eq. 4.14 specify our priors on EFTDE parameters from which we sample Horndeski models in our
main analysis. They are in broad agreement with the corresponding posteriors reported in [83].

From the Horndeski priors in Eq. 4.14 and cosmological priors in Table 4.1, we first draw and
evaluate a sample of ∼20,000 Horndeski models using EFTCAMB. Of these, 19,908 models pass
the stability conditions imposed within EFTCAMB (see Section 4.2). For each model successfully
evaluated by EFTCAMB, we use its prediction of 𝑓 𝜎8(𝑧) to recompute the quantity 𝜒2

current data given
in Eq. B.2 and reject those with 𝜒2

current data > 5𝜎 (same cut as in Appendix B.1). We thereby end
up with a final set of 18,543 viable Horndeski models and we only use these models to test our
fitting formulae and identify the most accurate one.

4.3.2 Testing the functional forms for 𝛾(𝑧)

In this section, we describe the procedure to fit the growth index 𝛾(𝑧) in Eq. 4.2 parameterized by
different functional forms to Horndeski models, assuming future 𝑓 𝜎8 data.

The final fitting formula must be sufficiently accurate even for future measurements of structure
growth in the coming years and decades. We therefore assume optimistic constraints given by
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Figure 4.2: Future 𝑓 𝜎8(𝑧) error forecasts that we use to assess the accuracy of the fitting formulae
for the growth rate. The width of each line segment indicates the size of the redshift bin while the
height shows the magnitude of the forecast error.

future data considered in this work. In this way, we impose a higher burden of proof for any
proposed fitting formula. Specifically, we choose the measurements of and constraints on 𝑓 𝜎8(𝑧)
from several future surveys that together cover a redshift span up to 𝑧max = 5, as demonstrated in
Figure 4.2 and listed in Table 4.3. In the low-redshift region, we adopt forecast error bars based on
the Taipan Galaxy Survey [61], assuming a 5% error at 𝑧 = 0.05 and a 2.7% error at 𝑧 = 0.2. In
the intermediate redshift range of 0.65 < 𝑧 < 1.85, we adopt the DESI forecasts [69] where errors
are in bins of size Δ𝑧 = 0.1 as given in Table 4.3. In the high redshift region, we use forecasts from
MegaMapper5 where errors are in four bins of size Δ𝑧 = 0.75.

For every Horndeski model (generated following the protocols described in Appendix B.1), we
assume future data centered on the predictions of that model, with errors representative of Stage
IV and V surveys shown in Table 4.3. We then fit this simulated data with a number of distinct
two-parameter fitting formulae for 𝛾(𝑧). To perform each fit, we employ the iminuit optimization
package to find the best-fit values of the two fitting-formula parameters, 𝛾0 and 𝛾1 that minimizes
𝜒2

fit, which is defined as

𝜒2
fit ≡

∑︁
𝑖

[( 𝑓 𝜎8)fit(𝑧𝑖) − ( 𝑓 𝜎8)model(𝑧𝑖)]2

(𝜎future data
𝑖

)2
. (4.15)

Here ( 𝑓 𝜎8)model(𝑧) is the value obtained directly from EFTCAMB following the definition in Eq. 4.12;

5The 𝑓 𝜎8 constraint forecast for MegaMapper was obtained through a joint fit to {Ω𝑐,Ω𝑏, ℎ, log 𝐴𝑠}, marginalizing
over galaxy bias and nuisance parameters.
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in ( 𝑓 𝜎8)fit(𝑧), 𝑓 (𝑧) was calculated by each of the two-parameter parameterizations listed in Table 4.4
and 𝜎8(𝑧) obtained from EFTCAMB following the definition in Eq. 4.13; 𝜎future data

𝑖
is the error on

the 𝑖-th future measurement at redshift 𝑧𝑖, both of which are given in Table 4.3. Finally, we select
the fitting formula of 𝛾(𝑧) that gives the best goodness-of-fit across all sampled Horndeski models.

4.4 Results

We now present the two principal results of this paper. In Section 4.4.1, we show the performance
of different parameterizations of 𝛾(𝑧) in their fit to theoretical predictions of 𝑓 𝜎8 in Horndeski
models, and identify the best fitting formula. In Section 4.4.2 we constrain the parameters of the
best fitting function using current cosmological data.

4.4.1 And the winner is...

To first get a sense of what kind of 𝛾(𝑧) typically predicted by Horndeski models, we numerically
compute the redshift-dependent growth index for a limited number of models. Specifically, we
evaluate

𝛾(𝑧) ≡ ln 𝑓 (𝑧)
lnΩ𝑀 (𝑧) (4.16)

given 𝑓 (𝑧) and Ω𝑀 (𝑧) in that model. Figure 4.3 shows the exact 𝛾(𝑧) computed from Eq. 4.16
in 50 randomly selected Horndeski models from our prior. To guide the eye we also plot the
ΛCDM growth index which, as expected, is very well approximated by 𝛾(𝑧) ≃ 0.55. The general
behavior of 𝛾(𝑧) in Horndeski models at 𝑧 ≳ 1 can be easily understood from Eq. 4.16: as 𝑧
increases, Ω𝑀 (𝑧) → 1 in cosmological models without early dark energy (which is true for all
models considered in this paper). Therefore, for any given (Horndeski) model, departures of the
growth rate 𝑓 (𝑧 ≳ 1) from the ΛCDM prediction are generally associated with relatively large
fluctuations in the the growth index simply because the latter is the exponent of Ω𝑀 (𝑧). Overall,
the results in Figure 4.3 not only show a clear redshift evolution of the growth index expected in
these models, but also demonstrate that this redshift dependence is fairly featureless.

The results in Figure 4.3 motivate our selection of specific functional forms of the growth
index and Table 4.4 enumerates these functions. In addition to the constant growth index and (for
pure simplicity) the one going linearly with 𝑧, we also try several other forms that contain simple
polynomials in redshift, as well as simple logarithmic or exponential terms. Since we would like
to parameterize 𝑓 𝜎8(𝑧) up to 𝑧 ≃ 5 where Stage IV and V data will constrain growth, trends in
Figure 4.3 emphasize that we need a nonlinear redshift-dependent parameterization, such as those
suggested in Table 4.4.
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Figure 4.3: The exact redshift-dependent growth index, 𝛾(𝑧) ≡ ln 𝑓 (𝑧)/lnΩ𝑚 (𝑧), numerically
evaluated for 50 randomly selected Horndeski models from our prior out to 𝑧max ≃ 5. The red
nearly horizontal line shows the exact 𝛾(𝑧) for the ΛCDM model. These results demonstrate that
one needs a nonlinear multi-parameter parameterization to capture the features of growth index at
high redshift in modified gravity. They also motivate functional forms for our trial fitting functions
in Table 4.4.

The success (or failure) of each parameterization in fitting theoretical predictions of Horndeski
models is further reported in Table 4.4. For each fitting function, we summarize the statistics of the
quantity 𝜒2

fit, defined in Eq. 4.15, measured for our set of ∼18,000 Horndeski models. The summary
is provided by two statistical measures: the median of the 𝜒2

fit values, and the 95-th percentile (i.e.
the upper bound of 95% of values of 𝜒2

fit). Since the theoretical data vector is calculated by EFTCAMB
is noiseless, a perfect fit of a fitting formula to true 𝑓 𝜎8(𝑧) of a theory model will have 𝜒2

fit = 0; this
explains the generally small chi-squared values in Table 4.4. In general, we find that the distribution
of the 𝜒2

fit values has a heavy tail in each instance; this explains why the 95% upper bounds are
typically much larger than the corresponding medians in Table 4.4. The presence of the heavy
tails reflects the improvement of 𝑓 𝜎8 constraints going from Stage III to Stage IV and V surveys:
our model selection cut, Eq. B.2, is only concerned with current constraints on 𝑓 𝜎8, while our
comparison by Eq. 4.15 is only concerned with forecast constraints for Stage IV and V surveys.

As shown by the highlighted cell in Table 4.4, the best fitting formula for the growth index in
the redshift range of 0 < 𝑧 < 5 is

𝛾(𝑧) = 𝛾0 + 𝛾1
𝑧2

1 + 𝑧 . (4.17)

This two-parameter fitting formula fits the future data with a median 𝜒2
fit of 0.028, which is about 40
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times smaller than the median 𝜒2
fit with the constant growth index 𝛾(𝑧) = 𝛾0. Furthermore, we find

that with the new fitting formula from Eq. 4.17, the maximum deviation in 𝑓 𝜎8(𝑧) at any redshift
between the fitting formula’s approximation and Horndeski theory’s true value for 𝑓 𝜎8(𝑧) has a
median of 0.4% when averaged over all models. When using the traditional one-parameter growth
index, 𝛾(𝑧) = 𝛾0, the median of maximum differences per model is 2.5%. Our two-parameter,
redshift-dependent fitting formula therefore approximates the theoretical predictions of 𝑓 𝜎8(𝑧) in
Horndeski theories about six times better than the one-parameter, constant-𝛾 case, leading to an
improvement of ∼ 40 times in 𝜒2.

Several other fitting functions in Table 4.4, also do a good job, in particular 𝛾(𝑧) = 𝛾0 + 𝛾1𝑧

comes close in the median, but falls short in fitting models near the tail; however, none are as good
as the form in Eq. 4.17.

The result that the median 𝜒2
fit ≪ 1 with the best fitting function is very encouraging, as it implies

that the contribution of the inaccurate fitting function to the bias in cosmological parameters will be
subdominant. Specifically, our finding that 𝜒2

fit ≪ 1 implies that even the best-determined direction
in parameter space will be biased by ≪ 1𝜎 in our optimistic-data case.

In Figure 4.4, we further showcase the performance of a few proposed fitting formulae on one
randomly selected Horndeski model. It is evident that the prize-winning fitting form in Eq. 4.17 is
the best of the fitting functions shown. We also observe that the best fitting function does a good
job both at 𝑧 ≪ 1 and at 𝑧 > 1; both of these ranges are required to be accurately fit for the (𝛾0, 𝛾1)
description to be a useful tool for the Stage IV and V surveys.

4.4.2 Constraint on 𝛾(𝑧) = 𝛾0 + 𝛾1𝑧
2/(1 + 𝑧) from current data

In the previous section, we have proposed and validated Eq. 4.17 as a new fitting function of the
growth index 𝛾(𝑧) for future surveys. Using current cosmological data, we now demonstrate the
applicability of this formula in consistency tests of general relativity and flat ΛCDM.

Building upon the work in [149], here we constrain the growth index 𝛾(𝑧), specifically (𝛾0, 𝛾1)
in Eq. 4.17, from a combination of large-scale structure and CMB data sets: measurements of 𝑓 𝜎8

through peculiar velocity and redshift-space distortions6 [39, 108, 182, 46, 207, 42, 43, 99, 151,
162, 16], measurements of baryon acoustic oscillation (BAO) from the Six-degree Field Galaxy
Survey (6dFGS; [37]) and the Sloan Digital Sky Survey (SDSS; [177, 15, 16]), 3x2pt correlation
functions from the Year-1 analysis of Dark Energy Survey (DES-Y1; [3]), and CMB measurements
from Planck 2018 [13]. In this work, we additionally include the type Ia supernovae data sets and
likelihoods from Pantheon [190] which however make very little difference in our final constraints on
(𝛾0, 𝛾1). To obtain constraints on the growth-index and cosmological parameters (after numerically

6Fig. 2 of [149] show these 𝑓 𝜎8 measurements and their error bars.
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marginalizing over nuisance parameters), we use cobaya7, which provides out-of-the-box access
to most likelihoods for the aforementioned data sets, validated against their official analyses. The
only exception is the 𝑓 𝜎8 likelihood for [39, 108, 182, 46, 207, 42, 43, 99, 151, 162], which we
implement in [149], assuming a Gaussian likelihood and a diagonal covariance.

Our implementation of the growth index largely follows that of [149]. Specifically, at any given
redshift 𝑧, we re-scale the linear matter power spectrum as

𝑃(𝛾, 𝑘, 𝑧) = 𝑃(𝑘, 𝑧 = 0) 𝐷2(𝛾, 𝑧), (4.18)

where 𝐷 (𝛾, 𝑧) is numerically integrated from Eqs. 4.1–4.2, and 𝑃(𝑘, 𝑧 = 0) is the fiducial linear
matter power spectrum evaluated at 𝑧 = 0 which is specified by the standard set of cosmological
parameters:

{𝐴𝑠, 𝑛𝑠,Ω𝑐ℎ
2,Ω𝑏ℎ

2, 𝜏, \MC}, (4.19)

where 𝐴𝑠 and 𝑛𝑠 are the amplitude and the spectral index of the primordial power spectrum, 𝜏 is the
reionization optical depth, and \MC is (an approximation to) the angular size of the sound horizon at
recombination. We emphasize that this set of cosmological parameters are jointly constrained with
(𝛾0, 𝛾1). When sampling with cobaya, we compute 𝑃(𝑘, 𝑧) using the cosmological Boltzmann
solver CAMB [131, 98]. We validate our implementation by reproducing, up to a high precision, the
constraints on the standard cosmological parameters in the baseline analyses of Planck 2018 [13]
and DES-Y1 [3].

Motivated by the fact that Eq. 4.2 has, so far, been validated only for sub-horizon perturbations,
we exempt the primary CMB anisotropies from the rescaling in Eq. 4.18. In other words, the
growth index never directly affect the unlensed CMB power spectra, but rather only the CMB
lensing potential. Consequently, only the CMB lensing amplitude is sensitive to any change in the
growth index8 𝛾.

For the cosmological parameters, we adopt the same priors as specified in the Planck 2018
baseline analysis [13], which considered flat ΛCDM at fixed neutrino mass

∑
𝑚a = 0.06 eV.

Priors on all nuisance parameters also follow those in the official analyses of the corresponding
data sets. We choose uniform priors on the two growth-index parameters as: 𝛾0 ∈ U(0.0, 2.0),
𝛾1 ∈ U(−1.0, 1.0).

In Figure 4.5 we present the constraints in the 𝛾0 − 𝛾1 plane, marginalized over all other cosmo-
logical and nuisance parameters. Allowing for redshift evolution, which is effectively controlled
by the parameter 𝛾1 in 𝛾(𝑧) = 𝛾0 + 𝛾1𝑧

2/(1 + 𝑧), we observe the expected degeneracy between 𝛾1

7https://cobaya.readthedocs.io/en/latest/
8Note that, strictly speaking, 𝛾 should also affect the integrated Sachs-Wolfe (ISW) effect but here we do not

consider a separate ISW likelihood. For more details on the latter, see [53].
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and 𝛾0 in that parameterization. Specifically, we infer 𝛾0 = 0.621 ± 0.03 and 𝛾1 = 0.149 ± 0.235.
We find evidence for a disagreement with the standard cosmological model — which predicts
(𝛾0 = 0.55, 𝛾1 = 0) — at approximately 99.8% level (corresponding to about “3.1-sigma” in a
two-tailed test of statistical significance). Our finding is therefore in good statistical agreement
with the conclusion from the analysis in [149] which however assumed 𝛾 = const., i.e. no redshift
evolution.

Our 𝛾0 constraint suggests that the growth rate of large-scale structure is recently suppressed
— with the onset of dark energy — relative to the prediction by flat ΛCDM and general relativity,
while the 𝛾1 constraint implies no (strong) evidence of redshift evolution in the growth index.

4.5 Summary and Conclusions

In order to squeeze out stringent constraints on the growth of structure from data, it will be crucial to
have precise parameterizations of the evolution of the growth of structure, specifically with the goal
to cleanly separate it from the background evolution. One such parameterization is 𝑓 (𝑧) = Ω𝑀 (𝑧)𝛾

with a constant growth index 𝛾 which, while being highly accurate for dark-energy models close to
ΛCDM, is no longer such for modified gravity. In this work, we have promoted 𝛾 to a function of
redshift, i.e. 𝛾(𝑧). We have further identified and validated the best two-parameter fitting formula
for 𝛾(𝑧) that accurately describes the growth of structure across the landscape of Horndeski theories
of modified gravity:

𝑓 (𝑧) = Ω𝑀 (𝑧)𝛾0+𝛾1𝑧
2/(1+𝑧) . (4.20)

We have explicitly shown that Eq. 4.20 fits the theoretical predictions of 𝑓 𝜎8(𝑧) by Horndeski
models with typical errors at the sub-percent level, well-within the precision that will be reached
by Stage IV and Stage V surveys.

Further, as a demonstration, we have constrained the parameters of Eq. 4.20 using modern
data from galaxy clustering, weak lensing, CMB, and type Ia supernovae. The result we obtained
is in tension with the concordance cosmological model of (𝛾0, 𝛾1) = (0.55, 0) — which was
expected given such indications in our recent analysis which essentially assumed 𝛾(𝑧) = 𝛾0 [149].
Specifically, we have found evidence that 𝛾0 > 0.55, while the posterior of 𝛾1 peaks at positive
values but is statistically consistent with zero.

We conclude that forthcoming data from ongoing and upcoming large-scale structure surveys
[61, 87, 186, 199, 126, 188] will dramatically expand the redshift coverage and increase the
precision of the growth-of-structure sector. This, in turn, will enable new opportunities to test the
self-consistency of the standard cosmological model, and possibly detect deviations from general
relativity from such measurements of the growth rate. Our new fitting formula should provide one
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reliable meeting point between data and theory.
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Table 4.2: Current measurements of 𝑓 𝜎8 and errors at different redshifts. The data include
the 6dF Galaxy Survey (6dFGS), peculiar velocities of type Ia supernovae (SNIa), Galaxy and
Mass Assembly (GAMA), the WiggleZ Dark Energy Survey, the Baryon Oscillation Spectroscopic
Survey (BOSS), the extended Baryon Oscillation Spectroscopic Survey (eBOSS) and the VIMOS
Public Extragalactic Redshift Survey (VIPERS).

Redshift 𝒇 𝝈8 𝝈 𝒇 𝝈8 Survey/Probe
0 0.418 0.065 6dFGS [114]
0 0.40 0.07 SNIa [204]

0.067 0.423 0.055 6dFGS [38]
0.18 0.44 0.06 GAMA [43]
0.38 0.44 0.06
0.22 0.42 0.07

WiggleZ [42]0.41 0.45 0.04
0.60 0.43 0.04
0.78 0.38 0.04
0.38 0.482 0.053

BOSS [40]0.51 0.455 0.050
0.61 0.410 0.042
0.57 0.441 0.044 BOSS RSD [184]
0.15 0.53 0.16

eBOSS [16]

0.38 0.500 0.047
0.51 0.455 0.039
0.70 0.448 0.043
0.85 0.315 0.095
1.48 0.462 0.045
0.80 0.47 0.08 VIPERS [65]
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Table 4.3: Constraints on 𝑓 𝜎8 from future surveys that cover a redshift range of up to 𝑧max = 5.
This is also visualized in Figure 4.2.

Redshift % Error in 𝒇 𝝈8(𝒛) Survey/Probe
0.05 5 Taipan [61]
0.2 2.7

0.65 1.57

DESI [69]

0.75 1.01
0.85 1.0
0.95 0.99
1.05 1.11
1.15 1.14
1.25 1.16
1.35 1.73
1.45 1.87
1.55 2.27
1.65 3.61
1.75 6.81
1.85 7.07
2.38 1.13

MegaMapper3.12 3.33
3.88 3.42
4.62 5.21

Table 4.4: Proposed fitting functions and the statistics of their fit to our sample of ∼18,000
Horndeski models.

Fitting function Best-fit 𝝌2

for 𝜸(𝒛) Median 95% Percentile
𝛾0 1.16 36.6

𝛾0 + 𝛾1𝑧 0.046 4.00
𝛾0 + 𝛾1𝑧

2 0.11 2.48
𝛾0 + 𝛾1𝑧/(1 + 𝑧) 0.22 14.7
𝛾0 + 𝛾1𝑧

2/(1 + 𝑧) 0.028 1.08
𝛾0 + 𝛾1𝑧

3/(1 + 𝑧) 0.26 6.58
𝛾0 + 𝛾1 exp(𝑧) 0.28 6.91

𝛾0 + 𝛾1𝑧
3 exp(−𝑧) 0.10 2.63
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Figure 4.4: Top panel: The 𝑓 𝜎8(𝑧) of an example Horndeski model (black curve, based on
parameters ΩMG,0 = 0.074, 𝑠0 = 2.33, 𝛾MG,0

1 = 0.15, 𝑠1 = −0.57, 𝛾MG,0
2 = −0.92, 𝑠2 = 1.48,

𝛾
MG,0
3 = 0.75 and 𝑠3 = 1.43) computed by EFTCAMB with error bars forecast for future surveys

from Table 4.3: Taipan, DESI and MegaMapper. We also show the best-fitting 𝑓 𝜎8(𝑧) for three
fitting formulae for the growth index 𝛾(𝑧), as well as the 𝑓 𝜎8 fit from a constant growth index,
𝛾(𝑧) = 𝛾0. Bottom panel: Relative difference between the true 𝑓 𝜎8(𝑧) and the best-fit results of
each fitting formula shown in the top panel. The shaded grey area shows the forecast statistical
errors associated with each survey.
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2/(1+ 𝑧). Contours in the 𝛾0 − 𝛾1 2D plane represent (68%, 95%,
99.73%) of the posterior volume.
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CHAPTER 5

Outlook

Understanding what physically motivated the late-time accelerated expansion of the Universe is
the crucial question in cosmology today. The development of precision cosmology, especially the
building of large scale structure and CMB surveys, opens up enormous possibilities in front of us.

The rich data collected from existing and future surveys are essential in constraining the prop-
erties of dark energy, tracing the temporal growth of cosmic structure and testing theories beyond
general relativity.

Without a consensus on the true theory behind the late-time cosmic acceleration, having a proper
description of dark energy that can be easily implemented in cosmological data analysis is essential.
This is exemplified in parameterizing the dark energy component with its equation of state 𝑤 (or
the commonly used (𝑤0, 𝑤𝑎) parameterization if incorporating time variations), allowing dark
energy parameters to be constrained by different cosmological probes, as discussed in details in
Section 1.1.4.

The large scale structure and its temporal evolution is a very sensitive probe of the properties
of dark energy and the underlying theory of gravity. Therefore, it is also essential to parameterize
growth-related quantities that can be tightly constrained by the next generation of surveys like DESI.
A good parameterization should not only fit current observations well but also provide convenient
inroads in probing dark energy and modified-gravity models.

The work in Chapter 3 studies the existing popular parameterization of the linear growth rate —
the growth index 𝛾. The value 𝛾 = 0.55 can model linear growth to sub-percent level for a wide
range of models with dark energy that assumes general relativity and flat background. In this work,
we constrain the growth index with 𝑓 𝜎8 data from peculiar velocities and RSD surveys plus Planck
2018 CMB and galaxy surveys. Our combined data set excludes 𝛾 = 0.55 by 3.7𝜎 and favors a
suppression of growth in late times (a higher value in 𝛾). We also find that when 𝛾 is not fixed
and allowed to vary freely, the tension in 𝑆8 between CMB and lensing surveys is reduced from
3.2𝜎 to 0.9𝜎. We then investigate the scenario when spatial curvature is allowed to be nonzero as
we vary 𝛾 using only Planck CMB data, a choice motivated by the nonzero curvature concluded
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by Planck 2018 analysis. The result shows a trade-off relation between a positive curvature and
suppressed growth, both of which produce similar oscillatory features in the CMB temperature
power spectrum. When future measurements of 𝑓 𝜎8(𝑧), BAO, galaxy clustering and weak lensing
from DESI, LSST and MegaMapper become available, we will be able to see whether this tension
with the concordance cosmology is further enlarged or reduced, providing us with more information
of what might have given rise to it.

The work in Chapter 4 studies the growth index as well, but investigates its generalized form
when modifications to GR are considered. Focusing on the Horndeski class of modified-gravity
theories, we demonstrate the necessity of including redshift dependence into the growth index,
extending it from a constant 𝛾 to 𝛾(𝑧, {𝛾0, 𝛾1}). The best fitting formula we have found is
𝛾(𝑧) = 𝛾0 + 𝛾1𝑧

2/(1 + 𝑧). Assuming optimistic future constraints in the redshift range 0 < 𝑧 < 5,
the new parameterization improved the goodness-of-fit to Horndeski models by 40 times, compared
to the popular constant form of growth index. The new parameter 𝛾1 can be used as an indicator
for modified gravity. We use large scale structure and CMB data to constraint 𝛾0 and 𝛾1, and these
constraints will be further improved by future data.

These two works together take a step in understanding and testing modified gravity theories
through the cosmic growth. As current data shows evidence of suppression of growth at late
times when compared to a flat ΛCDM model, its theoretical cause remains to be investigated, an
endeavour that can be facilitated by the proposed two-parameter fitting formula of the growth index.
For instance, a sub-class of Horndeski models can suppress growth at late times [164, 158, 157].
With improvements in measurement precision, sky coverage and analysis pipelines in future surveys,
the 𝛾1 parameter can produce better implications for studying modified-gravity theories.

In the meantime, as major advances are made on the observational side of cosmology, there is
a growing need to understand their implications on dark energy and modified-gravity models. As
it is more common and relatively more straight forward to go from theory space to cosmological
parameters, i.e. finding a theory’s constraint on observables, mapping directly from observational
parameters to a subspace of modified-gravity theories is a far more convoluted task.

The work in Chapter 2 takes a stab at this issue and provides a viable scheme to resolve it. If the
true underlying theory of the Universe is described by a certain modified-gravity theory, we find
that standard cosmological analysis without this knowledge can still show hints of modified gravity
— shifts in best-fit values of cosmological parameters in a generally uniform direction. Scanning
through a broad range of modified-gravity models and studying parameter shifts when they are
misinterpreted as unmodified phenomenological dark energy models, we discover that the shifted
parameter values lie along a very tight region in cosmological parameter space, indicating that a
deviation in parameter values outside of this region does not arise from modified gravity but comes
from other systematics. One natural expansion of the analysis pipeline we present is to incorporate
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more cosmological probes, such as weak lensing and galaxy clustering. And with the upcoming
Stage-IV surveys, we will likely be able to identify a subspace of modified gravity theories that are
more consistent with data.

All three aforementioned works have provided examples of how cosmological surveys can be
employed to study and distinguish competing models of dark energy and modified gravity and how
next generation of surveys could further sharpen these results. Therefore, we here give a brief
overview of what to expect from these future instruments and missions.

One of the most ambitious photometric surveys in the 2020s that will probe dark energy is the
Rubin Observatory’s Legacy Survey of Space and Time (LSST). The Rubin telescope is wide-field
and ground-based and has an 8.4-meter mirror. It will carry out a multi-band survey that will cover
a large sky area of more than 18,000 deg2, an order of magnitude improvement compared to current
surveys [111]. Its goal is to provide high quality images of 40 billion objects [111], from which
cosmological analysis involving major probes of dark energy — weak lensing, galaxy clustering,
BAO and type Ia supernovae — can be conducted with high accuracy. When combined with other
spectroscopic, IR and CMB surveys, LSST’s constraints on geometry and cosmic growth will be
used to probe our Universe’s underlying theory of gravity.

Another future large-scale structure survey is Euclid, a space telescope that will be launched
very soon in July, 2023. It will probe dark energy equation of state as well as theories of gravity
through a wide-field photometric and spectroscopic survey that covers 15,000 deg2 of the sky
[185]. Providing weak lensing shear and galaxy clustering measurements, along with the “3x2 pt”
analysis, Euclid will be able to constrain the expansion history of the Universe and the temporal
growth of cosmic structure. Constraints on 𝑤(𝑧) and the growth index 𝛾 will be improved to the
level where key aspects of the concordance cosmological model can be effectively tested [185].

Dark Energy Spectroscopic Instrument (DESI) is a Stage-IV spectroscopic galaxy survey that
uses a 4-meter Mayall Telescope at Kitt Peak National Observatory in Arizona. It will map out the
large-scale structure and the expansion history over the past 11 billion years through spectroscopic
BAO measurements, improving by an order of magnitude the volume and number of galaxies it
observes [10]. Covering a sky of 14,000 deg2 and equipped with the capability of simultaneously
taking 5,000 spectra, DESI will provide redshift measurements of millions of galaxies, which will
effectively help construct the three-dimensional map of our Universe whose scope extends much
beyond past surveys. Targets of DESI include bright galaxies that can be observed even during full
moon up to 𝑧 ∼ 0.4, luminous red galaxies up to 𝑧 ∼ 1, bright emission line galaxies up to 𝑧 ∼ 1.7
and quasars up to 𝑧 ∼ 3.5. Measuring BAO and RSD from this wide-area and high redshift survey,
DESI will be able to provide percent level distance measurements [10], which will hugely facilitate
our mapping of the expansion history and hence properties of dark energy.

DESI II, a stage-V survey and an upgrade to DESI, will further expand the volume and redshift
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range that will be probed, going into regions of 𝑧 > 2. Measuring the redshift of∼40 million galaxies
up to high redshift, DESI-II enables more insight into inflation, dark energy and modified gravity
models. For instance, mapping out galaxies and matter density distribution up to a high redshift
can function as a lever arm between dark energy-dominated and matter-dominated era, potentially
constraining many classes of modified gravity and early dark energy models [187]. Moreover,
when combining low-redshift peculiar velocities with measurements of galaxies clustering at high
redshift, both DESI and DESI-II will greatly improve constraints on cosmic growth, including the
growth-index 𝛾, which two works in this dissertation focus on.

Another high-redshift Stage-V survey is MegaMapper, a proposed ground-based survey that will
use galaxies from 𝑧 ∼ 2 up to 𝑧 ∼ 5 to probe inflation and dark energy [188]. When combined with
imaging from the LSST, we will be able to gain access to ∼100 million spectroscopic objects in
this high-redshift range. With these huge advances, MegaMapper expects to constrain the energy
density parameter of dark energy ΩDE to 2% up to 𝑧 ≃ 5, as well as greatly tightening constraints
on spatial curvature (compared to DESI and Planck) and dark energy equation of state [188] .

Besides large-scale structure surveys, measurements of type Ia supernovae are being greatly
advanced in the upcoming epoch as well. The Wide-Field InfraRed Space Telescope (WFIRST), or
the Nancy Grace Roman Space Telescope as it is named now, is a near-infrared telescope equipped
with a wide-field instrument to probe dark energy. It will conduct a type Ia supernovae survey to
map out the geometry of the Universe on large scales through having larger statistical samples and
lower systematics [97]. Covering a redshift range up to 𝑧 ≃ 2, WFIRST will be able to monitor
the light curves of thousands of SNe Ia during its mission time and measure distance moduli to the
precision of below 1% [78, 97].

Wider sky coverage, higher imaging quality, probing higher redshift regions and more precise
distance measurements — all of these have laid the foundation for nailing down key properties of
dark energy and potentially understanding its physical nature. The three works in this dissertation
contribute to the effort of mining more deeply into the rich observational data and concretely
mapping out connections between cosmological parameters and the pool of existing modified-
gravity theories.
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APPENDIX A

Misinterpreting Modified Gravity as Dark Energy
Appendices

A.1 Fitting error of the emulator and minimization package

Here, we illustrate the extent of uncertainty in our process of finding best-fits. In each panel
of Fig. A.1, there are 93 blue points, each generated from fitting the 8 standard cosmological
parameters to the fiducial cosmology listed in Table 2.1. The dim light grey, green and red points in
the background are the same as the corresponding points in Fig. 2.3, and in both figures they denote
the best-fit parameter values to Horndeski data vectors. For a perfect fitting process, the blue points
should all coincide with the grey cross-hair, which indicates the fiducial values of each parameter.
Our fitting error, as indicated by level of scatter among the blue points and the historgrams, is small
compared to both the best-fits to Horndeski data vectors and the parameters’ allowed ranges of
variation.
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Figure A.1: A test of the performance of the emulator and our minimization tool, iminuit. The test
consists of 93 separate fits of cosmological parameters to the same CMB power spectrum generated
by CAMB (with input parameter values as in Table 2.1); each fit starts from a different, randomly
chosen, starting point in parameter space. The best-fits parameter values are plotted as the blue
points in each panel (superimposed to results from Fig. 2.3). The histograms on the diagonal show
the distribution of the recovered values for the corresponding parameter on the vertical axis. These
results demonstrate that the emulator and iminuit successfully and accurately recover the input
cosmological parameter values, which are shown by the cross-hair in each panel.

.
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APPENDIX B

New Parameterization of Growth Rate in Horndeski
Models Appendix

B.1 Determining sampling ranges for EFTDE and Horndeski
parameters

In this work, we need to sample and evaluate a large number of models from the Horndeski theory
space. Therefore, it is crucial to identify the sub-space of Horndeski models that are stable and
compatible with current observations, in particular those of 𝑓 𝜎88 — our main observable in the
present study. We enforce this requirement following a two-step procedure:

1. First, we draw the standard cosmological parameters Ω𝑏ℎ
2, Ω𝑐ℎ

2, and 𝐻0 in Eq. 4.8 from the
1D marginal posteriors in Planck 2018 baseline analysis [13]. We fix the rest of the back-
ground cosmological parameters, including the amplitude of the primordial power spectrum
𝐴𝑠 (at pivot wave number 𝑘piv = 0.05 Mpc−1), the scalar spectral index 𝑛𝑠 and the optical
depth to reionization 𝜏, to the Planck 2018 baseline best-fit values (see first column of Tab. 1
in [13]). For clarity, we summarize the parameter prior ranges and values in Table 4.1. Next,
we draw the EFT parameters in Eq. 4.8 from the following ranges

ΩMG,0 ∈ U[0, 0.1], 𝑠0 ∈ U[0, 3];

𝛾
MG,0
1 ∈ U[0.0, 1.0], 𝑠1 ∈ U[−3, 3];

𝛾
MG,0
2 ∈ U[−1.0, 1.0], 𝑠2 ∈ U[−3, 3];

𝛾
MG,0
3 ∈ U[0.0, 1.0], 𝑠3 ∈ U[−3, 3],

(B.1)

where U[𝑎, 𝑏] denotes a uniform distribution between 𝑎 and 𝑏.

2. In the second step, we then choose to exclude cosmological models — specified by the above
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cosmological parameters and EFT parameters — that are disfavored by current data at ≥ 5𝜎.
The current 𝑓 𝜎8 data that we use are shown in Table 4.2. We define the goodness of fit to
the theoretical model value as

𝜒2
current data ≡

∑︁
𝑖

[( 𝑓 𝜎8)current data(𝑧𝑖) − ( 𝑓 𝜎8)model(𝑧𝑖)]2

(𝜎current data
𝑖

)2
(B.2)

where ( 𝑓 𝜎8)model(𝑧) is the value obtained from EFTCAMB, and ( 𝑓 𝜎8)current data, 𝜎current data
𝑖

,
and 𝑧𝑖 are respectively the measurement, error, and redshift of current data, all of which
are given in Table 4.2. Similar to [81], we typically find that — although model stability
can strongly depends on 𝛾MG,0

1 and 𝑠1 — model prediction (in our case, for 𝑓 𝜎8) does not.
With 20 𝑓 𝜎8 measurements and six EFT parameters to be fit, this leaves 𝑁dof = 14 degrees
of freedom. Assuming a normal distribution of individual 𝑓 𝜎8 measurements, keeping the
models that are within 5𝜎 from current measurements then requires 𝜒2 ≤ 60.

During this process, we also prune regions of the Horndeski parameter space where models
largely fail the stability conditions specified in Section 4.2.2. We thereby end up with the prior
ranges specified in Eq. 4.14.

B.2 Scale dependence of growth

Here we take a closer look at the scale dependence of the growth rate 𝑓 (𝑧, 𝑘) specifically in the
context of Horndeski models. As mentioned near the end of Sec. 4.2, this scale-dependence is not
guaranteed to be negligible for growth in models beyond smooth dark energy. By using EFTCAMB
we can straightforwardly investigate the effect by directly computing the linear growth as the ratio
of the matter transfer functions at two different redshifts

𝐷 (𝑧, 𝑘) = 𝑇 (𝑧, 𝑘)
𝑇 (𝑧 = 0, 𝑘) (B.3)

and then numerically evaluating 𝑓 (𝑧, 𝑘) from Eq. 4.1.
We do find significant 𝑘 dependence of 𝑓 (𝑧, 𝑘) near the horizon scale (𝑘 ≃ 0.0001 −

0.001ℎMpc−1). However, remember that most cosmological observations of large-scale struc-
ture come from smaller scales, roughly 𝑘 ≃ 0.01 − 0.1ℎMpc−1 (see, for example, Fig. 19 in the
Planck legacy paper [11]). Therefore, we do not need to take into account the scale dependence
of 𝑓 (𝑧) if we focus on this range of scales. This is clearly demonstrated in Figure B.1 where we
show the 𝑘 dependence of 𝑓 𝜎8(𝑧) on two scales, 𝑘 = 0.01 and 0.1 ℎMpc−1, for a selection of a few
Horndeski models from our priors (as well as for ΛCDM). When selecting the Horndeski models
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to showcase in Figure B.1, we sequentially increase each EFT parameter to its largest value allowed
by the priors specified in Eq. (4.14).

The maximum scale dependence that we observe in Figure B.1 is about 0.5% — much lower
than the (statistical) errors in 𝑓 𝜎8 of all surveys considered in this work. We thus demonstrate
that for Horndeski models that deviate most from general relativity (and potentially have the most
scale-dependence) but still within the our selected priors, the difference in 𝑓 𝜎8(𝑧) are well below
1% and much smaller than stringent constraints from future surveys.

We also quantitatively demonstrate the scale-independence of Horndeski models within our
specified priors. Among ∼18,000 Horndeski models, we find that the difference between the values
of 𝑓 (𝑧, 𝑘) evaluated at 𝑘 = 0.01 and 0.1 ℎMpc−1 (across all models and all redshifts) has a median
of 0.3% and a 95% percentile of 0.5%, both at a sub-percent level.

Nevertheless, there are reasons why studying the scale dependence of the growth of structure is
very interesting and should be pursued. First, modified-gravity models that are physically different
from models in our Horndeski prior may lead to a much more significant scale dependence. Second,
observations that probe larger spatial scales (say 𝑘 ∼ 0.001 ℎMpc−1) might also be able to observe
this scale dependence behavior.
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Figure B.1: Top panel: 𝑓 𝜎8(𝑧) of a ΛCDM and three Horndeski models calculated by EFTCAMB
at scales 𝑘 = 0.1 ℎ Mpc−1 and 𝑘 = 0.01 ℎ Mpc−1. Bottom panel: The percent difference between
𝑓 𝜎8(𝑧) of each Horndeski model calculated at these two scales. The shaded area illustrates the
constraints on 𝑓 𝜎8(𝑧) by future surveys in terms of percent error at each redshift bin, which we use
in determining the goodness-of-fit of each proposed fitting formula. For visualization purposes, we
scale them down to 1/5 when displayed in the bottom panel.
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