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1.0 INTRODUCTION

This report, prepared by the Engineering Research Division of The
University of Michigan's Transportation Research Institute (UMIRI) for the
Motor Vehicle Manufacturers Association (MVMA), is intended to guide the
development of truck combinations that will provide both improved tracking and

increased stability margins in dynamic maneuvers.

Energy and economic considerations provide strong motivations for
improving the efficiency of the long-haul trucking enterprise in the U.S.
With the largest fraction of long-haul freight being carried in cube-full
loads, there is reason for gaining a broader acceptance of doubles and triples
combinations in this service. Research has clearly demonstrated, however,
that doubles and triples, as conventionally configured, can exhibit a tendency
to prematurely roll over the last trailer of the combination in a dynamic
steering maneuver. Further, assﬁming conventional coupling devices, both
experiment and analysis indicate that better tracking performance means poorer
stability qualities and vice versa. Clearly, the long-term health and
potential growth of the American trucking enterprise depends, in part, on the
ability of the trucking community to achieve high levels of productivity
without adopting configurations that unduly compromise their safety quality
and their compatibility with the geometry of the highway network. The
provisions of the recently-enacted Surface Transportation Assistance Act of
1982 virtually guarantee that a broad expansion in the use of multi-unit truck
combinations will begin soon. Accordingly, it is increasingly important that
research be conducted to guide the development of vehicle systems which
provide more nearly optimal solutions to both tracking and stability

requirements.

It is relevant to observe that the truck size and weight study sponsored
by the Federal Highway Administration [l1] has characterized the basic '
behavioral properties of all of the conventional vehicle combinations used in
the U.S. such that the groundwork has been laid for the study of schemes for
improving upon conventional performance. In this regard, research has been
recently completed at UMTRI which provides a clearer understanding of the

factors governing the rearward amplification of lateral acceleration in



highway trains [2,3]. Thus, a substantial base of research results and
analysis methods has been produced recently, enabling a serious study of the

tradeoff between tracking and stability.

The results presented herein represent an initial step towards an
ultimate goal of developing new concepts for optimizing the tradeoff between
offtracking and the articulation stability of multi-unit truck combinations.
With regard to this ultimate goal, this study has investigated the use of

kinematically-steered wheels on the dolly and trailer axles of full trailers.

The reported investigation consists of two parts: (1) an examination of
the role played by geometric parameters of conventional configurations in
determining the conflicting performance attributes of tracking and
articulation stability (see Section 2) and (2) an exploration of benefits
deriving from kinematically-steered wheels on full trailers (see Section 3).
The report concludes that, although kinematic steering of trailer wheels can
provide "perfect" low-speed tracking, these steering arrangements are probably
unsuitable for operation at highway speeds. The concept of steering trailer
wheels in response to drawbar angle seems to be viable only if the steering
gain (level) is adjusted according to vehicle speed, possibly utilizing some

form of control mechanism.



2.0 THE CONFLICT BETWEEN LOW-SPEED TRACKING AND DYNAMIC PERFORMANCE

This section treats the articulated vehicle which employs conventional
trailer coupling mechanisms. Accordingly, the vehicle under consideration is
a tractor-semitrailer unit coupled with a traditional fifth wheel and towing
one or more full trailers. A full trailer is made up of a semitrailer and a
converter dolly--the dolly using a single, wagon-tongue connection to its

leading element and employing a conventional axle.

2.1 Low-Speed Offtracking

When an articulated vehicle tracks a steady-state circular trajectory at
low speed, each axle of the train subtends a circular path whose radius is
smaller than that of the preceding axle. Figure 1 illustrates this
phenomenon for a three-axle tractor-semitrailer. The "offtracking" (OT) is
defined as the difference in the turn radius of the first and last axle. An
expression for OT, according to the notation employed in Figure 1, can be

derived to yield

= - = - 2 2 _ 12 _ ;2

Figure 2 illustrates a generalized scheme for labeling the significant
length parameters (ignoring the rather insignificant kingpin offset
dimensions, for example, KO). Using this notation, a genmeralized expression
for the offtracking of the rearmost axle of a multiply articulated vehicle is

given by the following equation:

) n-1
= - 2 _ 2 2 _ 2 2 2
T = R, Ry Z_:l (L% + 1y Lig9) + L%+ L, (2)

where n is the number of units in the train, with i=1 denoting dimensions

which apply to the tractor-semitrailer and i>l denoting dimensions applying to

full trailers.




Figure 1. Maximum low-speed offtracking of a tractor-semitrailer



Figure 2. Definition of length dimensions applicable to
low-speed offtracking calculation.




Equation (2) illustrates the advantage of adding articulation joints to
reduce offtracking. For example, consider two vehicles, each of the same
overall wheelbase (first axle to last axle). One vehicle is a single-unit
truck and the other is assumed to be composed of a very large number of units,
each with individual wheelbases approaching zero. The single-unit truck will

exhibit the maximum offtracking for a vehicle of this length:

The second vehicle, however, will have no offtracking since each length

dimension approaches zero. That is:

Thus it can be seen that, for a vehicle of a given length, steady-state
offtracking is reduced by each additional articulation joint. When economic
incentives promote the use of long vehicles to increase freight capacity,
practical issues of maneuverability in confined spaces, as in terminal yards

and urban environments, promote the use of multiple articulation joints.

In practice, the offtracking exhibited by long vehicles on real roads is
not simply a function of this steady-state offtracking performance, but is
also determined by the arc length of the curved path being followed by the
lead axle. In effect, there is a transient offtracking phenomenon whose
analysis is considerably more complicated than the prediction of the
offtracking which occurs in a "zero-speed" steady turn. Although the
transient phenomenon is amenable to calculation by computer, given any
prescribed path for a leading axle, Jindra [4] has developed a generalized
solution for two specific paths of a lead axle, namely, a 90-degree turn and a
180-degree turn. These solutions, as computed for the rear axle of a
single-unit vehicle, are shown in Figure 3. Note that the results are given
in terms of a nondimensional offtracking, r/R (where r is the turn radius of
the rear axle and R is the radius of the prescribed turn being followed by the
lead or steering axle), plotted as (1) a function of the angle, 6, traversed by the
itralling; axle and (2) a function of the nondimensional ratio, A = 2/R,

where § is the wheelbase of the vehicle.
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Jindra shows that the results plotted in Figure 3 are also applicable to
a tractor-semitrailer, in that these curves give the offtracking of the axle
on a semitrailer, relative to the path prescribed for a kingpin or fifth wheel
comparable to the path prescribed for the lead axle of the towing vehicle.
Further, by using the concept of an "equivalent wheelbase,” Jindra argues that
the curves presented in Figure 3 yield the approximate transient offtracking
between the leading and last axle of a multiply articulated highway train. To
apply Figure 3 to this general case, it is necessary to treat the ratio, X ,

as
X = Leq/R

where Leq is the equivalent wheelbase as defined by

n-1 1/2
= 2 2 _ 2 2 2
Leq 1};1 (Ljg® + Lip® = Ly + 1"+ L

Jindra's solution indicates that:

l. The influence of articulation joints is mathematically identical in

the low-speed transient response as it is in steady-state response.

2. Smaller intended turn radii (relative to the effective wheelbase)

results in longer transients in terms of degrees of turn.

3. For a fixed turn radius, shorter effective wheelbases (smaller X)

result in less offtracking at any point (degrees) in the turn.

The above discussion only applies to vehicles which have single axles,
front and rear. For the sake of completeness (although the point is not
crucial to the multiple-articulation issue), we should note that tandem axles,
as well as dual-wheel assemblies, also affect offtracking, particularly on
low-friction roadways, since both generate a turn-resistant yaw moment.

Morrison [5) has shown that, in small radii turns on low-frictiom surfaces,



widely spaced tandem axles can significantly increase trailer offtracking.

2.2 High-Speed Offtracking

While low-speed offtracking is characterized by each axle of the vehicle
tracking a smaller radius than the axle preceding it, high-speed offtracking
has the opposite quality. Generally, it can be expected that articulated
commercial vehicles will exhibit an outboard, rather than inboard, offtracking
at highway speeds. For multiply articulated vehicles, this offtracking may
become sufficiently large that the increase in the width of the vehicle's

swept path is significant to safety quality.

Figure 4 shows the general condition of a semitrailer in a high-speed,
steady turn [6]. The reference radius (R) is measured to the kingpin of the
semitrailer. (Since we have previously designated inboard offtracking as
positive, the outboard offtracking shown in the figure is shown as -0T.) From

the geometry of the figure, it can be shown that, for small angles:
0T = 12/(2R) - L * a

where L is the wheelbase of the trailer and ¢ is the slip angle at the rear
axle of the trailer. Given the required static moment balance in yaw and in

pitch, it can be shown that:

. 2
@ = ay tE/C = (F,/C )(VP/Rg)

where ay is lateral acceleration in g's, V is forward velocity, Fz is the
load on the trailer tires, and C, is the total cormering stiffness of the
tires mounted on the axle of the trailer. Combining these equations yields

the following expression for offtracking at speed:
= 12 -yl .
0T = L%/2R - V’L/Rg * F,/C, (5)

where positive values of OT ihdicate inboard offtracking and negative values

indicate outboard offtracking.

Equation 5 shows that offtracking at speed consists of an inboard,




Turn

Center ’+‘

Figure 4. Geometry of the high-speed offtracking of
a semitrailer.
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zero-speed offtracking component (the first term) and a velocity-related
component (second term) with an outboard polarity. For turns at fixed radii,
the outboard component increases strongly with speed and is more pronounced

for trailers which use lower stiffness tires.

Equation 5 also demonstrates that for a particular speed, load, and
cornering stiffness, there is a critical trailer length (Lcr) which results
in maximum outboard offtracking (minimum OT given the sign convention used
herein). Differentiating OT with respect to L and setting the result to zero,

we find that:

Loy = (F,/C ) (V*/g) (6)

Equation (6) shows that there is a trailer wheelbase dimension, L.., at
which high-speed offtracking maximizes for given values of speed and Fz/Ca .
(Note that L.y is not a function of either path radius or lateral

acceleration, per se.)

All of the preceding discussion has been concerned with the outboard
offtracking of a single trailer relative to its lead point (kingpin for a
semitrailer). On noting that a dolly can be treated in the same manner
(considering its lead point as the pintle hitch), it can be shown that the
overall offtracking of a multiply articulated vehicle at speed is

approximately as follows:

- ul/pge
0T = 0T, opo speed V°/Rg (Llel/Cal + LZFzZ/CaZ + L3Fz3/Ca3 o)

(7

On assuming a vehicle which uses the same tires on all axles, each carrying the

same load, we find that

2
where the L's are the '"wheelbases" (hitch to axle lengths) of each of the

dollies and semitrailers making up the train. It is particularly of interest

to note that the sum of all these lengths is approximately equal to the

11



overall length of the trailer train. Thus, we see that the outboard component
of offtracking at speed is not a function of the number of articulation
joints, but only of overall length. Note, however, that the articulated
vehicle will still track further outboard at any given lateral acceleration
because of its smaller, inboard component at zero-speed. Figure 5

illustrates this offtracking phenomenon and demonstrates why multiple

articulation joints lead to larger outboard offtracking at increased speed.

2.3 Dynamic Yaw Response: Yaw Damping and Rearward Amplification

The dynamic yaw response of multi-articulated vehicles has been studied
by a number of investigators [1-3, 7-16]. In recent years, the investigation
[9] of the safety quality of the double-bottom fuel-hauling fleet in the State
of Michigan has led to a broader, national interest in the performance of
multi-articulated vehicles. Additional UMTRI studies following this original

work include References [10-13].

The dominant performance property distinguishing the dynamic yaw response
of multi-articulated vehicles from that of other commercial vehicles is
"rearward amplification." It has been found that, in transient turning
maneuvers, the rear unit of a multi-articulated vehicle may well experience a
maximum lateral acceleration level which substantially exceeds the maximum
lateral acceleration of the lead unit of the vehicle. In general, the lateral
acceleration level of each unit may be expected to increase over that of the
preceding unit, in typical dynamic maneuvers. It appears that it is this
rearward amplification quality which leads to a tendency toward rear trailer

rollover, a tendency well documented by the accident record.

Rearward amplification is a frequency-sensitive phenomenon, tending to be
more pronounced in maneuvers where the steer input has a relatively high
frequency content. Multiply articulated vehicles are multi-degree-of-freedom
dynamic systems, characterized by several oscillatory dynamic modes of
motions, some of which may be very lightly damped. When such a systeﬁ is
excited by inputs whose frequency content is near the natural frequency of
these lightly damped modes, a very strong, resonant-like response occurs. The

natural frequencies of the lightly damped modes of multi-articulated vehicles

12



Offtracking
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Figure 5. Offtracking of single- and multi-articulated vehicles
of similar length.
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tend to be higher than the steering frequencies used in normal driving, but

low enough to be excited in emergency or evasive maneuvers.

It is useful to begin a consideration of the directional dynamics of
articulated vehicles by examining the characteristic roots of the dynamic
system. Figure 6 displays the root locus plot of a "Michigan double" as a
function of forward speed. We note that this system has four (the number of
articulation joints plus one) natural modes of oscillation, as indicated by
the four root loci. One mode is seen to be heavily damped, two modes show an
intermediate level of damping, with a fourth mode being rather lightly damped.
The lightly damped mode has a natural frequency in the vicinity of 4.5 to 5
rad/sec (.7 to .8 Hz). All modes tend to become less damped as speed
increases (a finding consistent with the properties of all pneumatic-tired
vehicles), but only the heavily damped mode changes its frequency

significantly with speed.

When the results of Figure 6 are compared to results calculated for the
tractor-semitrailer only, we find that the two loci shown as dashed lines
remain unchanged, and the two loci shown as solid lines disappear. This
implies that it is the full trailer which is lightly damped and the
tractor-semitrailer which is well damped, and that the multiply articulated
vehicle is dynamically "decoupled" at the pintle hitch connection. Results
for truck-full trailer combinations and for trains with more than one full
trailer are consistent in that (1) the two modes associated with a given full
trailer tend to be lightly damped, (2) the addition of more full trailers does
not affect the dynamic behavior of units ahead of the added trailers, and (3)
the modes of motion associated with each full trailer become less and less

damped moving rearward ip the train.

The "decoupling"” phenomenon is explained intuitively by the fact that the
lateral force at the pintle hitch, required to steer the "wagon-tongue" type
of dolly is rather small--so small, in fact, that the yaw performance of the
full trailer cannot "feed forward" and affect the yaw performance of leading
units. The decoupled nature of the system enhances our ability to understand

rearward amplification, since it means that each full trailer unit may be

analyzed individually.

14



7 - DAMPING RATIO (Dimensionless)

W, - NATURAL FREQUENCY i—
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Figure 6. Loci of the roots, Ri’ R2, Rj3, and R4,
of the characteristic equation indicat-
ing the influence of forward wvelocity
on the natural frequencies wn, and
damping ratios, Z, of the basic modes
of vehicle motion.
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References [2,3] point out that, in the frequency domain, rearward
amplification is equivalent to the magnitude of the transfer function between
the lateral accelerations of the centers of gravity of the first and last

units. Further, due to decoupling, this overall transfer function can be

expressed as the product of localized transfer functions between centers of

gravity and pintle hooks along the length of the train. This concept is

illustrated in Figure 7, where the mass centers of the tractor, the first full
trailer, and the second full trailer, sre identified as points 1, 3, and 5,
respectively, and the pintle hitches at the rear of the semitrailer and at the

rear of the first full trailer are identified as points 2 and 4, respec-
tively.

The analysis of rearward amplification can, in general, be reduced to an

analysis which derives the local transfer functions. For this purpose, we

point out a dichotomy in transfer function types, viz.:

l. Towing unit transfer functions are the transfer functions between

the c.g. of a unit and the pintle hitch point on the rear of that

unit.

2. Towed unit transfer functions are the transfer functions between

a pintle (or tongue) hitch point at the front of a unit and the
ceg+. of that unit.

Analysis [2,3] has shown that the four local transfer functions of
interest are of the forms given in Table 1. (Table 2 contains the
definitions of symbols used.) The transfer functions presented in Table 1 are
all expressed in terms of (a) vehicle properties (masses, lengths, tire
parameters, etc.), (b) forward velocity, u, and (c) the frequency of
excitation (i.e.,steering input). All of these quantities have a
significant influence on the property that we define as rearward

amplification.

Examination of Table 1 shows that the only type of towed unit is, by
definition, a full trailer. Tractor-semitrailer combinations*, straight

trucks, and full trailers can all be towing units.

*Tractor-semitrailers are considered as a unit since they do not
"decouple" at their hitch point.

16



Towing Unit Transfer Functioms: AyZ/Ayl and AyA/Ay3

, . : A
Towed Unit Transfer Functions Ay3/Ay2 and Ays/ -

N

L

| Ag)

Ql @ é | @
= OIS , O —© o)

/ A

y3/A

A M
vl v2 | Aylhsy As/Ay,

Overall Transfer Function = AyS/Ayl = AyZ/AYI)x(Ay3/Ay2)x

(Ay4/Ay3)x(Ay5/Ay4)

Figure 7. A definition of localized transfer functions for a
triple-trailer combination.
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Table 1. Amplification

Factors

Note: For each towing unit, the symbol xPc represents the distance from the c.g. to the pintle hitch.

1. Towing Unit: Straight Truck 3. Towing Unit: Full Trailer
Rearward amplification between the c.g. of a Rearward amplification between the c.g. of
straight truck and its pintle hitch a full trailer and the pintle hitch con-
nection to the unit it is towing
A
KXP- = (1 + 0A) A
e f-ﬂ = (1 + 4a)
where yc
"X (mlu
u Ju EE; ju+ l) where
ba = I jw-Zx4C
1-—2— w2+ e . (P1°
xllLCa xlluZC —:~— Jjw o ju+1
‘ b= I TS
2. Towing Unit: Tractor-Semitrailer ( - T w%) - JuExThy
a. Rearward amplification between the c.g. xBTZCa xB‘I’uzca
of a semitrailer and its pintle hitch
connection to the unit being towed ‘(The amplification factor for a towed full
trailer is given next in Item 4.)
Sy
Ao = G+ 4. Towed Unit: Full Trailer
h Rearward amplification between the pintle
where hitch connection to the towing unit and
—xchw umw Xy, the c.g. of the full trailer
Z(x,,+x,,)C +1
Al = ° S *24Foa’ "a2i
A ) v sof Z2atai o) Cans A .
z(}‘:2i+x2A)Cu.Z:'L u(z(x2i+x2A)Ca2i) A (Ju) = w2 . w
yP 1-Cm) +35g, —
w cw
nc nc
b. Note that for typical tractor-semitrailers where
(3), the rearward amplification between
the c.g. of the tractor and the c.g. of the - ZCG 1
semitrailer may range from a maximum of Yae E;— .
approximately 1.2 to a minimum of approxi-
mately 0.8 in the frequency range from 0
to 3.5 rad/sec. Vehicles with short semi- ic
trailers tend to have maximum amplification ; = RS (1)
factors greater than 1.0 at frequencies in ¢ Z*A mT

the range from 1 to 4 rad/sec. Vehicles
with longer semitrailers tend to have
amplification factors of 1.0 at low fre-
quencies with their amplification factors
falling off to approximately 0.8 in the
neighborhood of 3 rad/sec. For first-
order estimates of overall rearward
amplification, a reasonable compromise
is to assign an amplification factor of
1.0 between the c.g. of the tractor and
the c.g. of the semitrailer if this
amplification factor is not known from
prior work.

18
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Table 2. Symbols,
Motion Variables - Definitions
v lateral velocity
T yaw rate
V] heading angle
y lateral displacement
Ay lateral acceleration
T articulation angle
a tire slip angle
§ steering angle of front wheels

Parameters - Definitions

u or X,
C

o]

0+ sTy

IpIpty

P
C

1,2,3 etc.

L

forward velocity

the sum of the cornering stiffnesses
of all the tires mounted on a desig-
nated axle

longitudinal distance between points
indicated by subscripts, e.g., Xpp
is the distance from point B to point A

mass
yaw moment of inertia

masses of straight trucks, semitrailers,
and full trailers, respectively

moments of inertia of straight trucks,
semitrailers and full trailers,
respectively

pintle hitch of a full trailer, also
fifth wheel of a tractor-semitrailer,
generally the articulation joint
closest to the front of the vehicle

pintle hitch of any towing unit
c.g. of any towing unit

rear axles of a full trailer starting
from the rear axle closest to the
front of the trailer; also, these
numbers are used in a double subscript
notation (4) to denmote the jth axle
on the ith uynit of a train. For
example, x33 is the distance from the
center of gravity of a 3-axle tractor
to its rearmost axle

wheelbase

Special Summations

zC
a

L.C
zrxTCaT

Tx2C
a

the sum of the cornering stiffnesses
of all the tires on a full trailer
or straight truck

the sum of the cornering stiffnesses
of the tires on the front axle(s) of
a full trailer or straight truck

the sum of the products of the dis-
tance from the c.g. to each rear axle
with its cornering stiffness for full
trailers

the sum of the products of the square
of the distance from the c.g. to each
axle times the cornmering stiffness
for that axle (see T_ in Fig. 2 for
full trailer situatioms)

19

Subscripts, and Definitionms

Force and Moment Coefficients Used in Linear
Equations of Motion

Fv the rate of change of lateral force with
respect to v
F_ the rate of change of lateral force with

respect to r

F. the rate of change of lateral force with

¥ respect to V¥

Fy the rate of change of lateral force with
respect to (yA-yT)

F6 the rate of change of lateral force with

respect to §

T the rate of change of

v
to v

Tr the rate of change of yaw moment with respect
tor

TW the rate of change of yaw moment with respect
to V

T the rate of change of yaw moment with respect

¥ to (v,7v.)

A°T

Té the rate of change of yaw moment with respect

to &

Operators and Frequency Response Quantities

p or () indicates differentiation with respect
to time

w frequency, rad/sec

j ) complex number equal to V=1

[ phase

K amplitude

A /A lateral acceleration transfer function

y2 oyl between points 1 and 2

A amplification factor for a towing unit

Y° open-loop transfer function

Yc closed-loop transfer function

N numerator

D denominator

Yz quantity pertaining to complex
conjugate zeros

YP’YPO quantity pertaining to complex
conjugate poles

Yne natuzal frequency

Sc damping ratio

©oox frequency at maximum gain

max maximum gain for a full trailer

Special Points Used in Subscripts

Points Location
B turntable of a full trailer
T c.g. of a full trailer

yaw moment with respect



The towed unit transfer function has a maximum value, corresponding to a
maximum rearward amplification of c.g. motion relative to the pintle hitch

motion, at frequency Wraxs &iven by:

Wax = wncv 1-2 t5  for ¢, < .707 (8)

The maximum rearward amplification gain occurring at this frequency can be

shown to be:

\-1
Cpax = <2cc ‘/1 -2 ) (9)

Thus, from the equation for r, (see item 4 in Table 1) we observe that towed
unit amplification is large (because damping is small) when (1) velocity is
high, (2) tire stiffness relative to vehicle mass is low, and (3) the vehicle
wheelbase is short. More complex formulations than those of Table 1 show that
towed unit amplification is also a rather mild function of towbar
length. The nature of this function is such that there is a worst-case towbar
length at which local amplification maximizes [3]. Shorter or longer towbars will
reduce the local amplificationy slightly. However, towbar length is a
minor consideration in estimating rearward amplification.
Calculations for three types of full trailers (standard 27-foot van with
dolly, the Michigan double pup trailer, and the California long-tongue pup
trailer) yield maximum amplifications ranging from 1.2 to 1.6 at frequencies

ranging from 2.7 to 4 rad/sec.

With respect to the rearward amplification associated with towing umits,
examination of Table 1 shows that the general form of the transfer function

from the c.g. to the pintle hitch is:

(-xpc/u) (Jw) (Jut + 1)

0
T- (@lo)? + j2zala (10)

A=1+

where the specific definitions of T , &, and C depend upon whether the
towing unit is a straight truck, a tractor-semitrailer, or a full trailer.

The quantity T represents the forward velocity divided by the generalized
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cornering coefficient. From the numerator of Equation (10), we see that (1)
stiff tires relative to the mass of the vehicle are again advantageous for
reducing rearward amplification and (2) a short distance from the c.g. back to
the pintle hitch reduces amplification. The denominator of the equation
corresponds to the classical second-order system which can resonate near w

n

if ¢ is small. Typicélly, for commercial vehicles, w, tends to be above 6 to
7 rad/sec, well above the frequencies which the driver can effectively
generate. However, if 7 is small, its influence can be important in the

frequency range associated with emergency maneuvering.

As indicated in Figure 7, the overall rearward amplification can be

determined from the product of the individual transfer functions, namely,

at any given frequency the gain of the local transfer functions may be

determined and multiplied to determine the overall rearward amplification

for that frequency . This finding implies that the issue of "tuning" among

units of a vehicle may be critical. If a multi-articulated vehicle is made up
of several identical trailers, its overall amplification may be large, even
though local amplifications are small, since they will all peak near the same
frequency. For example, a conventional triple comsisting of a tractor and
three 28-foot trailers has been found to exhibit the following amplification
factors at 3.15 rad/sec, the frequency at which maximum gain is exhibited by

each trailer:

Tractor c.g. to semi c.g. 1.13
Semi c.g. to pintle 1.36
lst trailer pintle to c.ge. 1.08
lst trailer c.g. to pintle 1.38
2nd trailer pintle to c.g. 1.08

The product of these factors totals 2.48, a large amplification at the

relatively low frequency of 3.15 rad/sec.

A graphical presentation of the manner in which the two local
amplifications of a truck-full trailer combine to produce an amplification for
the complete vehicle system is given in Figure 8. Here we see that the
truck's amplification is very high at high frequencies, but that the trailer's

amplification peaks at less than 3 rad/sec. The combined effect is total
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Figure 8. Rearward amplification response (A_.3/A 1) as determined by
the product of truck and tral{er characteristics,
A 2/Ayl and A 3/Ay2 respectlvely.
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amplification which peaks between 3 and 4 rad/sec at a magnitude of about 2.

The findings discussed above show that the use of full trailers in
commercial vehicle trains inherently leads to reductions in yaw stability and
corollary increases in rearward amplification, but that various vehicle
properties (e.g., tire stiffness, mass distribution, geometry, and "symmetry")

have a strong influence on the specific level of amplification that results.
2.4  Conclusion

The multiply articulated commercial vehicle train, particularly that
which uses conventional full trailers, exhibits a fundamental conflict between
desirable and undesirable performance properties. The conflicting performance

properties are as follows:

Desirable Performance

1. Improved low-speed offtracking and increased

maneuverability in confined areas

Undesirable Performance Properties

1. Degraded high-speed offtracking (resulting directly
from improved low-speed offtracking and the use of

trains having increased overall length)

2. Reduced dynamic stability (due to the introduction of
lightly damped dynamic modes) resulting in
increased rearward amplification leading to

increased rollover potential for the trailing unit

The amount of low speed offtracking of a long trailer can be
greatly reduced by adding articulation joints. For example, in
a tight turn with a radius of 50 feet a semi-trailer with 40 feet
between the 5th wheel and the rear axle will offtrack the 5th
wheel by 20 feet:; while if this hypothetical semi-trailer were to be
divided into 20 foot semis, the second of the two semis would off-
track by less than 9 feet. These results are well known to truck
drivers and are the basis for desiring to use articulated vehicles.
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High speed offtracking is not large on long radius curves
designed for highway speeds. However, trailer wheels may track
outside of the tractor wheels, especially on exit ramps if they
are traversed at high speed. Drivers, who my not be aware of
this phenomenon, may cause their vehicles to strike curbs or
other roadside objects if they are not warned of this danger.
The addition of an articulation joint contribution is no more

than 1/2 foot of outboard offtracking.

Rearward amplification is highly dependent upon the lengths
of the units involved in a combination vehicle. For example, a
turnpike double with trailer wheel bases of 432 inches will have
a maximum rearward amplification of approximately 1.1. while a
conventional 65' double with trailer wheel bases of 252 inches
will have a maximum rearward amplification of about 2.1 [12].
The turnpike double will perform almost ideally in obstacle
avoidance maneuvers, but its offtracking at low speed will be
much worse that that of a conventional 65' double, which, due
to rearward amplification, runs a greater risk of rolling over
the rear trailer in the event that an obstacle avoidance maneuver
is required. The differences between the performance properties
of conventional 65' doubles and longer turnpike doubles clearly
illustrate the conflict between low speed offtracking and high

speed maneuverablility.
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3.0 THE ADVANTAGES AND DISADVANTAGES OF FULL TRAILERS IN WHICH REAR WHEELS
ARE STEERED AS WELL AS FRONT WHEELS

The combination vehicles discussed in Section 2.0 employ full trailers
that are "steered" in a wagon-tongue fashion by the drawbar attached to their
dollies. In this instance, the front axle (i.e., the dolly axle) has a steer
angle, 6F, that is equal to the articulation angle, I' , between the drawbar
and the longitudinal axis of the semitrailer portion of the full trailer (see
Figure 9). In addition, the rear wheels of these trailers are nonsteering
and remain parallel to the longitudinal plane of the semitrailer. In contrast
to this‘arrangement, full trailers can be configured with wheels supported on
inboard kingpins such that the front and rear wheels of the trailer can be
steered in proportion to the articulation angle between the drawbar and the

longitudinal axis of the trailer (see, for example, Figure 10).

The tracking and stability of full trailers utilizing so—called Ackerman
steering systems may be analyzed individually in the same manner as the
conventional full trailer with wagon-tongue steering. The lateral forces at
the pintle hitches are small because the steering system layout is such that
the moments about the steering pivot are small, similar to the moment which
exists about the fifth wheel mounted on the conventional "wagon-tongue' dolly.
In order to examine the advantages and disadvantages of four-wheel steering,
we assume that the steer angles of the front and rear wheels (6f and Gr,
respectively) are proportional to the articulation angle, T, viz.,

§, = G.T (12)

where
G¢ 1is the "gain" of the steering mechanism which

steers the front wheels

G, 1is the gain of the steering mechanism which

steers the rear wheels
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Figure 9. Wagon-tongue steering.
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\
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Note: As shown, Gr has a positive value.

Figure 10. Front and rear steer angles produced by a
steering linkage attached to the drawbar.
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Note that the details of the layout of the steering system are not needed to
study the advantages and disadvantages of steering the rear wheels along with
the front wheels. Thus, Equations (11) and (12) suffice, together with
linearized equations of motion, to investigate rearward amplification as

influenced by rear-wheel steering.

Appendices A and B outline the theory developed to examine the
offtracking and rearward amplification attributable to steering the front and
rear wheels at specified gain levels. These results are applied below to
evaluate the tracking advantages and the rearward amplification disadvantages

that derive from such an arrangement.

3.1 Advantages in Tracking

A kinematic analysis shows that a four-wheel steering system can provide
"perfect" low-speed tracking such that the rear pintle on the trailer follows

the path of the front pintle when turning on a fixed radius at very low speed

[3].

The full trailer shown in Figure 11 represents a trailer on which the
wheels are steered about in-board kingpins by means of a steering linkage
activated by a drawbar that pivots about a central kingpin. As illustrated in
Figure 11, Xyp is the distance from the central kingpin to the front axle
and Xpy is the distance from the rear axle to the rear pintle hitch. The

symbol "XDB represents the drawbar length and £ represents the wheelbase.
The development in Appendix A shows that perfect low-speed tracking can

be achieved by the proper adjustment of the dimensions, Xpp, Xgp, and

Xpy, relative to the wheelbase, ¢ , and of the steering gains, Gf and Gpe

In general, the use of symmetric steering gains, front and rear, requires that

the drawbar be approximately as long as the wheelbase when Ge = G, = 0.5.

On the other hand, shorter drawbars suffice when G =G, = 1.0. The primary

advantage of using smaller values of steering gain stems from the ability to

cause intermediate points on the trailer to track on a radius comparable to
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Figure 11. Full trailer with drawbar steering.
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those being tracked by the fore and aft hitch points.

The developed equations show that shorter drawbars can be used by
shifting the turn center forward of a point opposite the mid-wheelbase of the
trailer. This objective can be accomplished by employing a rear steering gain
which is larger than that used at the front. The equations also show that the
rear pintle of a trailer with nonsteering rear wheels will tend to track the
path traced by the front pintle provided the front steering gain is in the
neighborhood of 0.5 and the drawbar is approximately the length of the
wheelbase dimension. This achievement is, however, substantially compromised

by the tracking of the front axle of the trailer.

3.2 Disadvantages Due to Rearward Amplification

The amount of rearward amplification can be very large for trailers with
wheels that are kinematically steered in response to drawbar motion. For
example, consider a typical 28-foot full trailer as might be incorporated in a
doubles or triples combination. Let us compare three cases: (1) let the
drawbar length, Xpp, be equal to the wheelbase, &, and let Gg =G, = 0.5;

(2) let Xpp = £, Gg = 0.5, and G. = 0; (3) let xpp = 6.1', Gy = 1.0,
and G, = 0. The first two cases provide perfect tracking and the final case

represents current practice in trailer layout.

Per the analysis developed in Appendix B and using the parameters given
in Table 3, we find that, in the second case, the response of the rear hitch
point to motion of the front pintle hitch has a maximum steady-state gain of
approximately 1.7 at 2.1 rad/sec at 55 mph (see Figure 12). The gain shown
in Figure 12 for the first case is nearly as large as that of the second case,
and the maximum gains for both of these steering arrangements are much greater
at frequencies comparable to those used in emergency maneuvers (approximately
2 to 3.15 rad/sec) than the gains attained in the third case which corresponds
to a typical 1aybut of a conventional full trailer. In summary, the rearward
amplification (gains) of the trailers with perfect tracking are sufficiently
large to make these units marginally suitable for use at highway speeds and

probably unsuitable for use in doubles and triples combinatioms.
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Table 3.
F

ull Trailer

Parametric Values for Two Modified and One Conventional

Basic parameters applicable to all three trailers:

m = 35000/g = 1090 lb-sec?/ft, Xip = &/2 = 11.4 ft
I =90,000 ft-lb-sec?, X, = £/2 = 11.4 ft
Ca = 162,000 1b/rad (both axles)
L = 22.8 ft u = 80.667 ft/sec (55 mph)
XKP =0
Parameters distinguishing the three trailers:
Case No. xDB (ft) Gf Gr Xic (fr)
1 22.8 0.5 +0.5 11.4
2 22.8 0.5 0 11.4
3 6.1 1.0 0 13.6 (XPH =2.2")

The above basic and distinguishing parameters lead to the following

values of s

tability derivatives

FV = 4016.5 1bs/(ft/sec)

Fr = Tv = 0 lbs/(rad/sec) or ft-lbs/(ft/sec)

Tr = 521,986 ft-1bs/(rad/sec)

Case 1 Case 2

1lbs/rad Fw 0 121,513
lbs/ft Fy 0 3,553
1bs/rad FF 0 81,000
ft-1bs/rad Tw 2,770,200 1,385,100
ft-1bs/ft Ty 81,000 40,500
ft-1bs/rad TF 1,846,800 932,400

Case 3
464,754

26,557

162,000

5,298,197
302,754

1,846,800
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xdb = drawbar length,
2 = wheelbase,

Case 1: =xdb=£=22.8 , G¢=Gr=0.5

(perfect tracking,

Case 2: xdb=8=22.8 , G¢=0.5, Gr=0
(perfect tracking,

Case 3: =xdb=6.1

front and rear steering)

front steering)

Gf=1‘0’

(coventional trailer)

rearward
amplification

IYc/Ai

2.0 b

1.0 o o

CASE 3 (conventional)

e —_ — _am— . —

CASE 1 (perfect tracking)
CASE 2 ( " "

Figure 12.

3

rad/sec

Comparisons of rearward amplifications, showing

high amplification for trailers that track perfectly at low

speed.




4.0 CONCLUDING REMARKS

With respect to conventional full trailers, the work per-
formed in this study confirms the following conflicts between
offtracking and dynamic maneuvering capability: (1) longer
trailers have less rearward amplification, but more offtracking
than short trailers; (2) if the hitch location on a towing unit
is moved closer to the center of gravity of the unit, rearward
amplification will be decreased, but offtracking will be increased.
A surprising finding, that has been demonstrated using the theory
presented here, is that there is a "worst-case" drawbar length
which maximizes rearward amplification [3]. This finding is
frequency dependent such that the worst-case length is a function
of the steering quickness. Nevertheless, these results confirm
those found by Hazemoto [16] and they indicate that shortening
the drawbar may decrease rearward amplification slightly, al-
though the influence of moderate changes in drawbar length will

not have an important influence on rearward amplification.

The analysis methods developed in this study provide the
means for evaluating the low-speed tracking characteristics and
the high-speed maneuvering capability of trailers with kinematic
(drawbar) steering systems (see Appendices A and B). The analyses
performed herein indicate that trailers with drawbar steering
systems, which provide perfect low-speed tracking, tend to have
undesirably large amounts of rearward amplification in high-speed
manuevering such as that required in emergency obstacle-avoidance
situations (see Figure 12). These findings provide evidence
refuting the position that kinematic steering of trailer wheels
will provide a good compromise between low-speed offtracking

and rearward amplification.

Nevertheless, there may be situations in which developers
truck combinations will wish to judge for themselves the trade
offs between rearward amplification and offtracking for a parti-

cular trailer arrangement.
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In that case, equations 4, 5, and 6 of appendix A can be used
to compute offtracking for various drawbar angles; and equations
B 11 to B 17 and equations B 24 through B 30 of appendix B can be

used to analyze -rearward amplification for various velocities.

If operation speeds are kept to modest levels, one might be
interested in investigating very long trailers with a small amount
of rear wheel steering added to improve low speed offtracking.
However, trailers, which have (a) conventional wagon-tongue
steering and (b) unacceptable levels of rearward amplification
at their maximum operation speed, do not appear to be good cani-
dates for the application of kinematic arrangements for steering

the rear wheels.

Given that gains in both low speed offtracking and obstacle
avoidance performance are not attainable using drawbar steering
systems, we are inclined to recommend that developers also consider
other means for improving the directional performance of full
trailers. In that regard, we believe that innovative dolly concepts
and hitching arrangements are reasonable areas for future research
aimed at reducing rearward amplification without sacrificing the
ability to maneuver successfully at low speeds in places with

restrictive geometry.
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APPENDIX A

THE OFFTRACKING CHARACTERISTICS OF FOUR-WHEELED STEERED TRAILERS

This appendix derives the equations which describe the low-speed
of ftracking behavior of the most general configuration of a four-wheeled
trailer, namely, a trailer whose front and rear wheels can be steered by
a kinematic linkage attached to a drawbar which pivots about a central
kingpin. 1In theory, such a trailer can be designed so as to steer the
front and rear wheels to angles which are proportional to the articula-
tion angle of the drawbar by differing amounts, front and rear. In all
cases, however, the steering links must be arranged such that the rear
wheels steer to the left when the front wheels steer to the right and

vice versa.

If we assume that the turning radius of the trailer is large rela-
tive to the length of the wheelbase and drawbar, it becomes possible to
neglect the finite track width of the trailer and thereby collapse a
four-wheeled trailer into the two-wheeled trailer shown in Figure A-1.
(Note that in drawing this figure, we must show turn radii whose lengths
are not much greater than the length dimensions of the trailer.) 1In
Figure A-1, we show the front wheels being steered to an angle which is
less than the articulation angle, T, of the drawbar with the rear wheels
being steered to an angle greater than the articulation angle. To
describe this differential steering, we define a front and rear steering

gain, respectively, such that

Gf = Gf T
and 8 = GT
r r
where
Gf = aaf/ar
and G, = aar/ar
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Figure A-1. Definition of the geometry of a four-wheel steered

trailer, when &§_ > & ..
by f

37



(Note that a positive articulation angle causes a positive front-wheel
displacement and a positive rear-wheel displacement, with the latter

positive displacement involving wheels steered to the left.)

Zince "zero-speed" offtracking implies that the front and rear tires
must operate at a zero slip angle, an inspection of Figure A-1 shows the
following:

1) When G, =G, i.e., 6 = §_., the turn center must lie
f T T f

on a point opposite the midpoint of the wheelbase

2) When Gf > Gr’ the turn center will lie aft of mid-wheelbase

and when Gf < Gr’ the turn center will lie forward of mid-

wheelbase

3) 1In general, for designs which incorporate kingpin and
pintle locations as shown, the objective of having the
rear pintle hitch follow in the track of the forward
pintle hitch means that the rear wheels must be steered

in excess of the front wheels.

The offtracking of the trailer can be defined as
0T = Rpy_~ Ry
f T

Note that when OT = 0, we are assured that every unit in a train of trailers
will follow in the path established by the lead pintle connection. On the
other hand, we are not necessarily assured that the tires will track in

the circular path being traced by the pintles.

To evaluate the offtracking, as defined, Figure A-1 can be examined

to obtain the following geometric relationships:

R12>H RIZ(P + X12)B - 2RppXpy cos ¢ (1
£

Ri + (L + xKP)2 (2)

REP
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2 = 2 2
RPH Rc + (Qr + XPH)
r
Note that
6+¢+T = 180°

Therefore,

¢ = 180° - (6+4T)

and
cos ¢ = = cos(64T)
Since
6 = tan —
fe  Xpp
lf = RC tan Gf = RC tan GfP
2 = R tan 8§ =R tan G.T
bd c T c T
g = Qf + Qr = Rc(tan GfT + tan GrT)

we find that

RC = 4/ (tan GrP + tan fo)
Qr = f[tan GfT/(tan GrF + tan GfT)]
lf = %[tan GfF/(tan GrT + tan GfT)]

Equations (1), (2), and (3) can now be expressed as

2 = 2 ° °
RPHf RKP * X *+2 RKP DB

-1
cos{tan™'[%/(%tan GfF + XKP[tan GrT + tan GfT])] + T}
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RI%P = [#/(tan G_T + tan Gfl")]2 + [2(tan Gl ftan G T + tan Gfl")) + xKP]2 (5)

RIZ,Hr = [2/(tan G.T + tan Gfr)]2 + [2(tan G I'ftan G I + tan G.I) + xPH]2 (6)

In their above form, Equations (4), (5), and (6) do not provide much
guidance as to how to select values of the design variables (viz., %, XDB’
XKP’ XPH’ Gf, and Gr) in order to achieve good or perfect offtracking. By
numerical means, it is possible to solve for OT as a function of the
articulation angle, T, and to demonstrate that good or perfect tracking
can be achieved for a proper combination of design variables. To first
order, one finds that doubling the articulation angle, I', reduces the
| turn radius by half. If an offtracking error exists at a finite ar;icula-
tion angle, then doubling the articulation anglerapproximately doubles the
offtracking error. For example, if one assumes a trailer with the follow-
ing design variables, namely, % = 62 in, XDB = 50 in, XKP = 2,5 in,

XPH = 24,4 in, G_. = 1, and Gr = 1, the results given in Table A-1 are

f
obtained.
Table A-1
~ ft ~ ft
I' ~ deg RPHf R-PHr 0T ~ ft
5 29.97 29.88 .09
10 15.54 15.36 .18

As indicated, Equations (4), (5), and (6) can be used to calculate
and check the offtracking of a given design, particularly when different
steering gains are used front and rear. However, it is useful to consider
some special cases, in order to derive certain insights and some rules

of thumb regarding the requirements for good or perfect tracking.

Consider the case where Gf = Gr = G, such that the turn center is
located opposite the mid-wheelbase and the rear wheels track the front
wheels in a steady, zero-speed turn. Let us assume, first, a symmetric
trailer, such that XPH = XKP = X. (This arrangement produces a trailer
that can be towed from either end.) Equations (4), (5), and (6) reduce

to the following expressiomns, viz.:
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R%Hf = Rep t Xt 2t Rep X

cos{l + tan—1[£/2 tan GI'(X + 2/2)1} (7
RéP = [&/2 tan GI']% + [2/2 + X]2 (8)
R§H = [2/2 tan GT']2 + [&/2 + X)? = RéP (9)

r

For zero offtracking, Equation (7) must be equal to Equation (9), and,

on substituting Equation (8) into Equation (7), one finds that

0= X%B + 2XDB{[2/2 tan GT']2 + [£/2+X]2}i/2cos {r+ tan‘l[l/Z tan GI'(X+%/2)1}

(10)

Equation (10) must be satisfied for all values of articulation
angle, T', if perfect tracking is to be established (i.e., R.PHr = RPHf) by
a symmetrical trailer, viz., Gf = Gr and XKP = XPH' Nevertheless, for
a given wheelbase, %, three design variables, XDB’ X, and G, remain to
be selected such that the geometrical requirement specified by Equation
(10) is met. Accordingly, it is useful to make further simplificatioms

to obtain more physical insight than is offered by Equation (10).

Assume now that XPH = XKP = X =0, and that G = 0.5. Equation

(10) reduces to the following expression:

0= X, +a{[1+ (1/tan.57)2] %cos [T + tan=}(1/tan.5M)]}  (11)

Examination of the quantity within the braces shows that, irrespective of

the value of I', this quantity always has the value of minus one. Accord-

ingly, Equation (11) reduces to the simple result that

41



when

and

This finding corresponds to the geometry diagrammed in Figure A-2.

We observe that

180° - T = (90° - .5T)

o
L}

or

¢ = 90° - (1-.5)T = 90° - .57

Further, we note that RpH, = Ryp = ReHg for perfect tracking. On

applying the law of cosines, we see that

R%Hf = R%H + xﬁB - 2Ry, Xo cos ¢ (12)
r r
Since

cos(90° - .5T) = sin .5T

and

sin .57 = 2/2 RPH R
T

Equation (12) reduces to

Consider now the case where XKP = 0 and Gf = Gr = 1.0, but XPH is
finite and positive as shown in Figure A-3. From the indicated geometry,

we see that
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Figure A-2. Trailer geometry providing perfect tracking when
XKP=XPH=0ande=Gr=0.5.

43



Figure A-3. Trailer geometry providing perfect tracking when
XKP=O, Gf=Gr=l.O, andXPH>0.
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Rep = BRpa

where

= length of radius from the turn center to the
rear axle

We also note that

2 = 2 2
RPH P + B (13)
f
and
2 = 2 2 . °
RPHr XPH + RRA 2XPH Rp, cos (90°+T) | (14)
Since
cos(90°4T) = =-sin T
and

sin T = &/2 RKP = 2/2 RRA’
Equation (14) reduces to
2 = 2 2
R'PHr XPH + RRA + XPHR (15)
On equating Equations (13) and (15), we obtain the relationship
2 = 2
Xpp = Xy * Xpy'
to be satisfied for perfect tracking. If, for example, we let
XPH = /4
then we find that a drawbar length of

Xpp = /5/4 9 = .559%
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will cause the rear pintle to track the front pintle when XKP = 0 and
Gf = Gr = 1.0. However, in contrast to the geometry diagrammed in Figure
A-2, where the axle centers track the path of the pintles, Figure A-3

shows that the axle centers will track inside the path of the pintles.

Consider a third case, in which XKP = 0, Gf = Gr = 0.5, and
XPH > 0. The applicable geometry is shown in Figure A-4. By means of

the law of cosines, we see that

2 = p2 2
Ron Rep * Xpp = 2RgpXpp cos ¢

f
and
RI,%H = RﬁA + X%H - 2%,Rp, cos(90° + .5T)
T
Since
e = R
¢ = 90° - ,5T
cos ¢ = cos(90° - .5T) = sin(.5T)
and

cos(90° + .5T) = - sin(.5T),

we find that zero offtracking requires that

2 o = 2
Xp ~ Xppt = KXoy t Xpyt

Solving for XDB yields:

= VA Z
XDB 2/2 + VL4l4 + xPH + xPﬂz

If we, again, assume XPH = %/4, we find that
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o R

s

Figure A-4. Trailer geometry providing perfect tracking when
= Gr = 0.5, and XPH > 0.

XKP = 0, Gf
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Xop = %/2+ V4[4 + 22/16 + 22/4 = 58/4,

demonstrating that reductions in steering gain require longer drawbars

to produce zero offtracking.

Consideration of other special cases does not appear to offer
insight over and above that provided by the special cases just con-
sidered. Examination of Figures A-1 through A-4 shows that the designer
can reduce the length of the required drawbar by increasing the steering
gain at the expense of increased offtracking of the axle centers. On
the other hand, the designer can also attempt to equalize the radial
distances to the fore and aft pintles by reducing the steering gain at
the front wheels and increasing the gain at the rear wheels. If he/she
chooses to vary XKP’ XPH’ XDB’ Gf, and Gr to find a geometrical layout
conducive to good tracking, it is necessary to resort to Equations (4),
(5), and (6) to determine the magnitudes of the design variables which

produce either zero or a finite offtracking error.

It should be noted that this analysis of the offtracking of a
four-wheel steering trailer reduces to an analysis applicable to a front-
wheel-steering trailer by letting Gr = 0. To simplify matters, consider
a trailer whose rear pintle and central kingpin are located such that
XPH = XKP = 0. To obtain perfect tracking, i.e., with respect to the
rear pintle tracing the path of the forward pintle, Figure A-5 shows that
it is necessary for XDB to be equal to £ and for Gf to be 0.5. C(Clearly,
in this instance, the front axle center will track on a larger radius

than is tracked by the fore and aft pintles.
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Figure A-5. Geometry of a front-wheel steering trailer which

results in RPHr = RPHf when XKP = XPH = 0.
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APPENDIX B

TRANSFER FUNCTIONS DESCRIBING TRAILERS WITH
DRAWBAR STEERING SYSTEMS

The equations developed here pertain to full trailers whose wheels
are steered in proportion to the articulation angle between the drawbar
and the longitudinal axis of the trailer. This work is an extension of
earlier results [2] and it has increased our understanding of the impor-
tance of drawbar length [3]. As in the earlier work, the primary
assumption is that the forces at the pintle hitches are small, that is,
the trailer is steered by the motion of its forward pintle hitch and a
full trailer applies a negligible force to the unit ahead of it in a

vehicle train.

The basic quantities used in this analysis are illustrated in
Figure Bl. The quantities shown in Figure Bl have been used to develop

the following equations describing a "drawbar steering system."

Equations Describing Drawbar Steering

Yo~ Y
T = ._.A_._.._.I.S - (Bl)
*bB
Ve TVt g+ XKpl¥ (B2)
8 = G.T (83)
§, = GT (B4)

With this type of steering, the slip angles of the front and rear

wheels are as follows:

Q
|

vir + Xifr/u‘- 6f (B5)

Q
[}

v/u - Xirr/u +6. (B6)
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Figure Bl. Illustration defining basic variables and geometric quantities.
(Note: & is shown with a positive value corresponding to
G_> 0.)"

In writing the equations of motion, describing the response of
the full trailer to the motion of point A (that is, yA), it is convenient

to use so-called "stability derivatives." 1In this context, the treat-

ment of multiple axles at the front or the rear of the trailer is readily
incorporated in the stability notation. The equations of motion (see

Table Bl) may be treated in two parts:
1) the motion of vy with respect to that of Yo and

2) the motion of Y. with respect to that of Yye
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Table Bl. Linearized Equations of Motion for a Full Trailer
(1) Y4 with respect to Yo
m(§+ur) = - Fvv - Frr - Fww + Fy(yA—yi) (B7)
Ir = - TV =TT = T+ T(y,y,) (B8)
Vo= 1 (B9)
y = v+ oaup (B10)
where
m is the trailer mass
I is the trailer yaw moment of inertia
u is the forward velécity
v is the sideslip (lateral velocity)
r 1is the yaw rate
y  is the heading angle
s is the lateral displacement of the c.g.
Y is the lateral displacement of the forward
pintle hitch

The stability derivatives are as follows:
(Note that "I" means the summation over all wheels, "I'" means
f

summation over all front axles, and "I" means summation over

T
all rear axles. Also, the "Ca'S" are tire cornering stiffnesses.)

= IC,/u

=T, = (T X,C, E X; C,)/u

= (L 6Cy T T 6L /Ky Fr/¥pgp
T

= (% ngcaf * E Xircar)/u

= (‘% CeXigCor * f- Gr%i+Cor) /XDB= Tr/%pp
T |
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(B11)

(B12)

(B13)

(B14)

(B15)

(B16)

(B17)




Table Bl (Cont.)

where Xi is the distance from point i to point A

A

and Xir and Xif define the distances from the c.g. to the

rear axles and to the front axles, respectively.
(2) Y. with respect to vy

Rewriting (B7) and (BS),

m(v+ur) = - Fvv - Frr + FFF

Ir=-Tv-Trzr+ T.T
v T T

T % CeCos = r € Cor = Fy Xpg
T = % X £6¢Car +-E XirC:Cor = I§ X

v + ur

e
[y
]

. L]
v+ur - X, r
ic

<
"

(B18)

(B19)

(B20)

(B21)

(B22)

(B23)
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The equations given in Table Bl can be transformed to the Laplace
or frequency domain and expressed as transfer functions. The results

are as follows:

M Y = N/(M¥+D) (B24)
i/A
where
N = Fy I s?2+ (FyTr - TyFr)s + (TyFV - TVFy)u , (B25)
D=s[(ms+F)( s? + Ts + Tw) - (T)((mu+F)s + Fw)] (B26)
2 =
(2) Y =1-a (827)
where
A= NA/DA = Xics r(s)/(s v(s) + u r(s)) (B28)

which reduces to

=4
L[}

- Xics(m T.s + FvT - TvFF) (B29)

T r

o
1]

2 - -
FFI s¢ + (TrFF TFFr)S + (FVTT TVFr)u (B30)

Special cases of particular interest are (1) the "neutral steer"
trailer for which Fr = Tv = 0 (this applies to trailers with equal loads
and tires at all wheel positions) and (2) trailers with traditiomal

dollies for which Gf = 1 and Gr = 0.
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