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PART I . .

THE GEOMETRY AND SIZE OF THE FLAT TENSILE BAR-



INTRODUCTION

Local necking in the flat tensile bar is a rather 
unfamiliar subject. As observed in this work, the neck 
that develops is quite complicated, being characterized 
by a cross-like depression in tne flat sides of the bar. 
Tae center of this cross, seen on the face of the bar, 
has its position on tne longitudinal centerline. The 
greatest depression is a property of the center, the 
minimum section of the bar passing laterally through this 
point. Fracture usually starts at the cross center, or 
in its immediate vicinity. Figure 1 presents a typical 
case of cross necking in the flat bar. The cross is 
shown in five stages of its development. The more in
tense lighting, as necking progresses, is reflective 
of the higher degree of strain involved in each succes
sive stage. Failure was impending in stage 5.

' This part1 presents the results of a study of this 

complicated mode of yielding and fracture, focus being 
on the influence of geometry and size of test bar. The

1. The experimental work of this investigation was 
carried out at tne Westinghouse Research Laboratories. 
East Pittsburgh, Pa. during 1945 and 1946, under a con
tract with the David Taylor Model Basin of the Navy De
partment, Bureau of Ships, Washington, D. C.
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reader will easily recognize the importance of the two 
major divisions in the work. The facts, learned in the 
first part, have been logically extended and used to 
formulate explanations of tne observed phenomena in the 
second. The first section presents the yielding, that 
occurs in the bar, reflected in the portion of the stress

- 2strain diagram usually called the uniform strain region. 
Tne second section deals with the strain distribution 
in the neck at fracture. The writer has found that the 
initiation of necking is hignly dependent on the yielding 
of the uniform strain region, hence tne title given the 
first division. The study of tne. final stage of necking, 
fracture, follows not only chrono logically, but logically, 
as will be seen. One would question the absence of the 
interim yielding, that is, the progressive stages of 
necking. Tne volume of data involved in such a study 
would be enormous. This fact, plus the time factor con
nected with this investigation have limited this study 
to the two major divisions discussed.

It is hoped that the results and explanations pre
sented in the body of this paper, plus the attempted 
correlation with and discussion of the literature, will

2. For the medium carbon steel used in this work, this 
would be the region of the stress-strain diagram from 
the point ju st after discontinuous yielding, to the strain 
coordinate associated with the ultimate load.
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do much toward the clarification of the effects of the 
well-recognized dimensional factors in yielding and 
fracture in tensile tests.

The summary offers the reader a review of the high
light findings in this work.

TESTING MACHINES, SPECIMENS AND MATERIAL

Since the specimens were of variable size, a good 
range of load capacity was necessary in the testing 
equipment. Four tensile testing machines were employed. 
The largest was the 300 ton hydraulic Baldwin Southwark 
machine*  at trie David Taylor Model Basin in Washington, 
D. C. The otner three included a 200 ton hydraulic
Baldwin Southwark at the East Pittsburgh Works of West
inghouse, and an Amsler Universal and 10 ton constant
strain-rate machine (screw type) at the Westinghouse
Research Laboratories. The tests were of slow speed and 
the strain rates close enough to neglect any possible 
speed effect.

The specimen type is illustrated in Fig. 2. The
thickness Hg was the same in the 6 specimens of a part

icular series A, B, or C. In each of these series the 
.width-to-thickness ratio (in the gage length %@ )
ranged from 1 to 10. The gage length-to-width ratio

was 5 in all*  specimens. In each of 
P©

the gage length-to-thickness ratio ^2- thus 
h©

tne series, 
varied over

the large range 5 to 50. Tne radius R was made a constant
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factor times the width; Po . This latter factor .
insured perfect geometric similarity in the size vari
ation, even in the heads of the bars in the approaches 
to the gage length. Series A had specimens all of which 
were 3/4 in. in thickness j series B had ho x 3/8 in.; 

series C had % 3/16 in.
The steel was supplied by the Carnegie Illinois 

Corporation. It was an open-hearth, silicon-aluminum 
killed, fine-grained steel of tae following composition: 
C 0.19, Mn 0.77, P 0.021, S 0.026, Si J.17. No heat- 
treatlng except a stress relief was given the supplied 
1-in. X 11-in. plates. The War Metallurgy Committee 
Report of H. W. Gillett and F. T. McGuire (1)was ex
tremely useful in guiding the selection of a proper steel 
for this work.

STRAIN QUANTITIES AND THEIR MEASUREMENT

Two local conventional principal strains were mea
sured, namely, the strain in the lateral direction
parallel to the width dimension of the bar, and the 
strain in the direction parallel to the thickness dimension

3. The specimens were so marked that the size and shape 
of the gage cross section was expressed in the number ; 
for example, in specimen 10A, the 1J denotes the Pa 
ratio, and the A the 3/4-in. thickness he . n©
4• Numbers in parentheses refer to the Bibliography at 
the end of the paper. ' 
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of the bar. Tae strain in the axiux direction ^as 
ca±cuiute.l from and by use of the equation expressing 
the constancy of volume ;

The strain directions relative to the bar are shown in 
Fig. 3. These directions are valid during uniform straining. 
Once necking begins, there is a rotation of the prin
cipal directions of strain in the neck, the center of the 
neck being the on i_y point at which the dir,.étions, shown 
in rig. 3, would hold. The principal directions of strain 
at any other point of the neck won id have to be deter
mined fo.r each particular point.

Fig. 3 shows the specimen grid used for strain 
measurements. It was mechanically put on the specimen 
with tne use of a scriber before testing. The spacings 
of the grid lin^s differed with the size of specimen. At 
any particular state of strain, the distribution along 
any lateral grid line could be found by measuring photo
graphically , or directly, the strained elements of the 
grid. A scale, divided in hundredths of an inch, was 
used for tills purpose. The value for th° local strain 
in the width direction is given by the relation

where dy 1 is the s trained value of tne original dy ele
ment . Since a particular dy element (which vac, dy ' after 
straining) was measured along its lateral grid line, the 
xocal va. ne w a.. roughly the pri nd pal strain; the grid 
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patterns, in a first approximation, were considered to 
be indicative of tie princi pa 1-strain directions. I he 

values were plotted at the respective centers of 

the original elements.
The local . value was calculated, using -the en- «y

tire thickness of the bar as the element ; the strain 

relation is given by 

where h is the strain d value of the original thickness 
ho at any point of the bar. The maximum value of €3 
along the thickness dimension, occurred at the center of 
the bar. Actual measurements, in the casof the square 
bar, led to this assumption. This mean value of £»$ 
then, was somewhat -ower than the strain at the bar cen
ter (zad) which it r : presente i. At the intersections 
of the lateral and longitudinal griJ lin 2, the thick
nesses h were measured with special micrometers. The 

values were plotted at the original, positions of
these intersections. From the smoothsi plots of the local 

and strains, along any particular original lat
eral section, the data for plotting the local %, curve 

was computed.
Tne average value of was also the local value, 

during uniform straining, since there was no. appreciable 
variation of along the width dimension during this
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part of the test. It is given by the relation 

ç _ k» - to c_ïr b. . .
where b is the strained value of the original width Po .

The average value of the axial strain is given by
the relation , I - U

where I is the strained value of the original gage length 
Qo . It was measured along a particular longitudinal 

grid line, usually the center line.
The square bar presented a special case in that the 

local strain was not taken as its average value. Long
itudinal grid lines were put on the edge or side surface 
of the gage length, as shown in Fig. 3, and the spacings 
of these lines after stretching were a measure of the local
strain . The value of this strain is given by the rel
ation

where dz’ is trie strained value of the original element 
dz. In the case of the square bar, both the local strains 
S % and , as measured on the surface, had to be mod- 

ifled slightly in order to represent the strains at the ' 
center of the neck.
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THE INFLUENCE OF SPECIMEN GEOMETRY ON THE DEFORM
ATION CHARACTERISTICS DURING UNIFORM STRAINING;

THE CONSEQUENT INITIATION OF NECKING

One readily assumes, in ordinary tensile testing, 
that the initiation of necking, say in a round bar, is 
associated with a point of stress concentration in the 
bar. Further, that when the ultimate tensile load is , 
reached, local necking initiates at tne cross section 
of the bar containing the element that produces the stress 
disturbance. It is assumed, and in many cases shown to 
be a fact, that this disturbance is a metallurgical struct
ural defect or a geometrical factor, such as an abrupt 
change in cross section of the bar. The enormous size 
of the large specimens in the present work, afforded the 
opportunity of making a detailed study of local strains 
€| ) Sg • The results of this study gave evidence of 

another factor, and a most important one, that enters 
into controlling the position of the local neck, along 
the gage length of the bar. • This factor is a geometrical 
one, that associated with the restraint on lateral con
traction, due to the specimen heads. The subsequent ex
tension to bars of smaller size, both round and flat, is 
obvious.

Further, as was noted in this work, this factor of . 
restraint offers the extent of its control on the pos
ition of necking as early as the beginning of uniform 
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straining in the bar.

The local measurements on the large bars (series A) 
decisively exhibited these facts. The plots of these 
data nicely bring out that necking came approximately 
at the mid-section of the gage length, the section most 
remote from the specimen heads, and hence under the low
est degree of restraint due to the neals. The small de
viations from this center position can be attributed to 
structural defects as discussed above, or even slight dis
crepancies due to machining. The latter is doubted, since 
the greatest possible care and accuracy were exercised 
in the specimen preparation.

It should, be remarked, at this point, that although 
the head restraint here seems to offer the predominant 
control on the position of necking, it might well be, in 
another type of steel or section, that the metallurgical 
defect might be the main factor. It must be remembered 
that the test bars were cut from 1” X 11” plates of a 
fine grained, silicon-aluminum killed steel. This steel 
offers a probable optimum in structure for the tensile 
bar, as far as homogeniety of section is concerned. The 
best in "killing” methods, it is assumed, has produced a 
steel free of large blownole defects, fine grained, with 
a good dispersion of the non-metallic compounds. The 
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large reduction through rolling should have insured an 
even better breaking down of the non-metallic compounds, 
along with help in the uniformity of the dispersion of 
these smaller constituents. The reduction of tne inten
sity of the stress concentrations follows, hence their 
lesser predominating influence in det coining the local 
of the neck.

Mention should also be made of the stress deviations 
possible, due to section variations produced in machining. 
This might be an influencing factor in locating the neck. 
Also, one must realize that a combination of tnis and 
the metallurgical factor, might produce a pronounced stress 
disturbance.

Finally, one must assume that the totality of the 
role played by all three factors, head restraint, metal
lurgical defects and machining variations is to increase 
the stress to the point necessary for tne initiation of 
necking. Metallurgical and machining defects nil, necking 
would come at the mid-section of the gage length, under 
the control of head restraint. Deviations from tnis mid
section would depend on the intensity of the metallurgical 
and machining defects and their position; that is, the 
farther from the mid-section, the more intense the defect 
or combination of defects have to be.

Tne head restraint is dependent upon the geometry 
of the bar, as the results of this investigation show.
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Pronounced effects on the restraint intensity were found 

. beby varying the width-to-thickness-ratio —— , Keeping 
0 o©

the gage-length-to-width ratio —& a constant. The gage
• Qlength-to-thickness ratio is varied from 5 to 50, a range 

ho
large enough so that effects of this variable could be 
neglected. Work centered about tests on the large speci
mens, series A. Their size have enabled the writer to 
bring out the importance of head restraint in uniform 
straining, and the consequent initiation of necking.

The complete load stress - conventional strain dia
grams for series A are shown in Figure 4• As the section 
approaches the square from @, the entire curve seems 

h»to give higher stress values for a particular strain. The 
fracture load stress seems to decrease for this same range 
of . Table 1 represents the available data on the

hotwo smaller geometric series. The results are not com
plete, but the trends are similar to those seen in Fig
ure 4. A true interpretation of these stress deviations, 
it is believed, should be studied from true stress de
finitions. Further, the stat" of stress for the partic
ular section would have to be investigated, both for the 
fracture stress trends and the stresses during uniform 
straining. Tne present work, primarily devoted to deform
ation, study, did not enter into these detailed stress 
studies. The author does believe, however, that the de-
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Table 1
Ultimate, Fracture Load Stress and Total 

strain as Influenced by Geometry

Specimen 
No. h0

A

Ultimate 
Load

Stress ?
Lb./In.

Fracture
Load Stress
Lb./In.2

Average 
Strain

$1___

10B 10 65,400 56,600 0.25
7B 7 65,900 56,000 — — — —
6B 6 66,90 j -----— — — — —
5 B I/o" 5 64,700 52,000 — — — —
3B 3 63,700 49,200 0.33
IB 1 70,300 51,800 0.36

IOC 10 - 63,600 54,000 — — — —
7C . 7 64,300 53,000 — — — —
60 n / I AM 6 66,000 54,700 0.32
50 3/ lo" 5 69,500 56,903 0.31
30 3 65.200 50,500 0.35
10 1 71,400 50,603 0.42

vla tions are connected with the variable restraint from 
section to section and the so-produced differences in 
the transverse stresses involved.

The total average strain in both Figure 4 and Table 
1 is seen to increase as the section approaches the 
square. It is obvious from the curve shapes, that the 
differences are primarily due to the necking component 
of the total strain; a reflection of the more fully de
veloped neck, as the bar section approaches the square. 
The detailed discussion of this is reserved for the next 
section of this paper.

Figures 5, 6, 7 and 8, respectively, represent the 
detailed strain data of specimens IGA, 7A, 6A and 5A, in 
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their condition at the ultimate load. The ultimate load 
points on the diagrams in Figure 4 were not well-defined, 
since the curves were rather flat. Therefore, the value 
of the strain at the ultimate load had to be approximated. 
The interpretation of these data led to the conclusions 
stated here, on the effects of geometry on uniform 
straining, and was extremely useful in the analogous re- " 
straint problem presented by the local neck of a flat bar.

The figures show the variation of ratio
Sa along the longitudinal axis of the bar. The con

dition, with respect to the stress-strain diagram, of 
each of these bars, in their respective Figures, is given 
in Figure 4. This is the condition recorded at testing. 
Slight corrections were applied to these recorded aver
age values, to make them agree with the calculated 
local Çj plot in Figures 5 and 8. The larger correction 
necessary in Figure 7 was probably due to erroneous meas
urements. Since all plots were made at, or in the vicinity 
of, the ultimate load, the start of local necking has in
fluenced the values at and near the minimum cross section 
of the bar. However, the variations all along the bar 
were certainly not a function of local necking alone. 
The restraint due to specimen heads shows an influence 
on both and t3 , and the calculated and Bl 

ratio. This conclusion results from the obvious strain 
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gradients in the curves (change of local strain per unit 
of gage length). The existence of those grali^nts was 
noted at the beginning and all luring uniform straining. 
This latter fact led to the conclusion that the position 
of local necking is predominantly controlled by head re
straint. In other words, these tests with large speci
mens have shown that a minimum section is produced, act
ually at the beginning of uniform straining, and that 
this section remains the minimum throughout the test to 
fracture. One usually assumes that the formation of the 
minimum section depends upon local necking. These tests 
have shown that head restraint produces this minimum 
section, before local necking takes place and that local 
necking, when it comes, starts at t ni s minimum section 
as would be expected. Of course, this control is slightly 
modified by the metallurgical and machining defects, as 
explained before.

Closer examination and comparison of the curves . 
yield additional valuable information concerning restraint. 
The &nd £3 values are seen to be a function of the 
width of bar. Inis follows from tne considerations that 
the tnickness ho and the gage length-to-width ratio 

bo 
are constants. Hence, tne only variable is tne specimen 
width l0o (we are neglecting , since all its values 

h© 
are extremely large and probably do not offer an apprec
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iable influence on trie variation of restraint). A comp
arison of Figures 5, 6 and 8 indicates that as the bar 
width decreases, the ordinates of both strains increase, 
at all positions along the gage length. It might be ar
gued that tne uifferences in tne average 6, conditions 

of these bars might have produced the noted effect, in
stead of the width variation. Tabic- 2, however defeats 
tnis argument. Comparison of the head values for the 
specimens 10A and 5A shows that even if the curve of 
10A were raised 0.025 unit strain, to meet the condition 
of 5A, the average head value wouLd still be substanti
ally below that of 5A (note underlined values in Table). 
One must also remember that in the region of the ultimate 
load, changes in the average strain are more likely to 
affect the portions of the bar that are beginning to neck. 
Hence, this difference in average strain, in regions away 
from tne minimum section, has even less meaning in the 
argument. • ■ .

" Table 2
Effect of Width of Specimen on Local Strain Values at Heads
Local
Strain

Specimen
(Avg. =

Left Right
Head Head

10A
0.20)
Average

Specimen
(Avg. &,= 

Lef t Right
Head Head

5A 
0-225) 
Average

0.15 0.13 0.11 0.19 0.13 ■ 0.185
0.062 0.053 0.058 0.078 0.070 0.074

%, .'-0.075 0.063 0.069 0.087 0.083 0.085
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The effect of width of bar on the lateral strain 
reflects the growth of restraint in the width dir

ection, as the width increases. This can be explained 
in terms of the existence of a transverse stress that 
creates the restraint and the growth of this stress, as 
the width increases. That the regions near the heads 
of a flat test bar present a case of bi-axial stress, 
has been pointed out in the past. Nadal (2), for in
stance , has given this as a case of the plane problem 
of the second kind : plane stress, where the stress 
in the direction of the bar thickness is equal to zero. 
Hence, as the ratio of width-to-thickness of the flat 
specimen increases, in the variation from = | to
Ze. x|0 , the portions of the gage length near the heads 
ho •
approach the conditions of a case of plane stress (a 
growth of the transverse stress). One can think of the 
restraint originating at the heads in the square bar as ' 
comparable to that in the round bar, where the restraint 
must be created by equal transverse stresses in all dir
ections perpendicular to the longitudinal axis of the 
specimen. That the two restraining stresses in the square 
bar are probably equal follows from the equality of its 
lateral dimensions. In going from the square bar to the 
very wide flat bar, the restraint is forced into, the plane 
of the bar, since the thickness dimension is now small 
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compared to the width, the components of stress 
becoming predominant in causing the restraint origin
ating from the heads. This explains the restraint effects 
on . It can be shown, where is completely re
stricted, that the transverse stress Gg in the width dir
ection is half the value of the axial tensile stress 0*|  . 

The very wide bar approaches this case.
The variation of £$ with width dimension is not com

pletely understood. From the outset it wotid appear that 
acts opposite to the way the plane stress explanation, 

given above, would predict. But it must be remembered 
that the effects being described are those exhibited by 
a change in from 10 to 5. The b^rs in this range are 

he all wide enough, probably, to allow one to assume that 
the restraining stress in the thickness direction is very 
small. Therefore, the change in be , over this range,

Do would not offer enough of a differential of the stress 
in the thickness direction, to account for any restraining 
effects in this direction, regardless of the way the 
stress changed. In any case, the strain in regions 
near the heads of the bar must depend on the actual values 
of the principal stresses (Fj and (Fg , being pract
ically zero. .

in all cases, the curves in Figures 5, 6, 7 and 8 
show that lies below , at all positions along the
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gage length. This produces an value below 1.0, and 
indicates as one would expect, that the bar is more free 
.to strain in the thickness direction. That 1% approaches 

larger values, as the bar width decreases, is just a re
flection of the lesser restraint on both Eg and . 

takes on its lowest values in the vicinity of the 
heads and minimum section. This suggests that the re
straint on is more severe in the region of the heads.
In the vicinity of the minimum section, the start of local 
necking offers 6^ its greatest freedom. Tnis latter 
point will be discussed in detail later. The large aver
age 11 condition for bar 6A (Figure 7) would account for 
its relatively low ^3l values in the central region of 

tne bar, because of the necking influence on S .
In Figure 9 the ratio is a function of the unit

_ & 3conventional strain . The note explains how the points 
were obtained. Striking vertical sections through the
curves in Figure 9, at 
gave data for plotting 
as snown in Figure 10.

s 0.03, 0.05, 0.10 and 0.15,
€» b»tne curves of —z*  versus —* , 
t, he

Starting from a value of 1.0 for
L £

the square section z£;| , the —L retie irons, for all 
e ho

values of 11 , as the bar section becomes wider. That
^2 decreases with an 

the^effect brought out
increase in bar width, 
by Figures 5, 6, 7 and

again
But,

i s
8.

the new point, brought out by Figure 10, is that the drop
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£of —& .with an increase in width.is less severe as £.t) ) 1

3 eincreases. Tais means, probably, that is restrained 
the most at th- beginning of uniform straining, and that 
as the test progresses, it becomes more and more free of 
its restraint. This is true for all geometric shapes.
The slopes of tne curves in Figure 9 approach smaller 
and smaller values,as % t increases, with the values z-ro 
being reached in the neighborhood of - 0.15 or 0.16. 
From this value to 8, * 0.20, practically no change oc
curs in the slope (curves are flat) . Beyond 8^0.20, 
the Éi values are influenced by the local necking, and 

83 
its resulting larger relative values. The important 
thing brought out by the slopes is that the degree of 
the freeing of 8g , through the production of greater

8| values, has a limit. This is apparent from the fact 
that practically no change in restraint occurs between 
8;= 0.15 and 0.20. Thus, the curves in Figures 9 and 
10 suggest that there is another factor, in addition to 
geometry, that acts to restrain 8^. This appears to be 

an anisotropic condition in the steel. This factor is 
dependent upon the geometry, however. This follows from 
the greater spread of points on a vertical section 
through the curves in Figure 10, as the vertical section 
is moved to higher values. Important is the fact 
that this suggested anisotropic effect breaks down as
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the uniform straining progresses and in reaching the 
limit of its influence ( £|- 0.15) , leaves what appears 

to be the restraint factor of purely geometric depend
ence.

T«he above possible anisotropic effects add weight 
to the importance of the geometric restraint factor, in 
showing that restraint, due to anisotropy, is magnified 
by an increase in the geometry ratio . The anisotropy 

ho 
could be connected with the fact that the specimens were 
cut from rolled plates.

THE INFLUENCE OF SPECIMEN GEOMETRY AND SIZE ON .
THE STRAIN DISTRIBUTION IN THE NECK AT FRACTURE

Further interest in the flat bar centered on the 
local straining (necking) in ali the specimens series A, 
B and b. The influence of the size expressed itself 
through the comparisons made of specimens from all three 
series, —2 ratios remaining a constant, similarly, the 
influence of geometry could be viewed in each and any of 
the individual series. It should be emphasized again 
that the gage length-to-width ratio was the constant value 

0
—SL a 5, in all specimens. 
be

As soon as the load started to drop off from the 
ultimate, a cross-like highly strained region began to 
take definite shape. This region became more and more 
pronounced as necking continued. Noted was the tendency 



21.
toward localization of straining to the immediate vic
inity of the deepest parts of the cross, as necking pro
gressed. These parts were the centers of the sides of 
the cross and the vicinity of the cross center. This 
localization action proceeded throughout the necking so 
that, just prior to fracture, the local straining was 
confined to the very center of the cross. Indications 
were that fracture started at this cross center, or in 
its immediate vicinity. Specimen 7C, shown in Figure 
14, is definite evidence of this. Testing of 7C was 
stopped previous to fracture. Other tests gave similar 
evidence, through the observations made.

Interesting were the two portions of the flat bar 
in the neck, the centers of which were coincident with 
the minimum section. Under the action of the straining 
about them, these regions, trapped between the sides of 
the cross, were moved in toward the center of the cross 
as the neck developed. The patterns of contour lines, 
representing equal thicknesses in the neck of specimen 
6A, will help the reader understand some of the state
ments made above concerning the cross. They are shown 
in Figure 20. Figure 11, the side view of specimen 5A, 
gives evidence of the cross sides and the trapped region 
between them.

The necks of the fractured bars are shown in Fig
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ures 12, 13 and 14; respectively the A, B and C series. 
In each of the series of photographs, the narrower bars 
have been magnified to facilitate a true comparison of 
the neck shape (the width dimension just outside of the 
neck is the same for each photo). These photographs 
give evidence of a lesser depth of neck with greater 
width of bar. Table 3 presents the same story for the 

I

series A. It is based on calculations using the relation 
6. = >

where b is the final width, along the minimum section, 
at fracture. The increase of average , with a de
crease in bar width, is brought out by the Table. The 
pnotographs denote this effect also.

Table 3
' The Influence of Geometry on trie Average Strain 

at the Minimum Section of the Neck at Fracture

Specimen No. Average
10A -0.244
7A -0.258
6A -0.266
5A -0.268
3A -0.310
1A -0.404

Figure 15 is a plot of the data tabulated in Table 
4. They present the most significant results of these 
tests with regards to the final stage oi necking, namely, 
(1) the maximum of and increase, as the bar size 
decreases, for any particular — value, (11) the maxi

h° b 
mum of 8, has its greatest value at a 1 (s ruar ' sec- 

ho
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Table 4

The Influence of Geometry and Size of 
Specimen on the Maximum Strain Values in the 

Neck of a Flat Tension Bar at Fracture
Specimen No Maximum

6.
Maximum Maximum

10A
7 A 
6A
5A
3A
1A

3/4"

10
7
6
5
3
1

rl. 84
1.61
1.6011.58
1.72
2.43

,-0.299
-0.300
-0.2971-0.300
-0.312
-0.447

10B
7B
6B
5B
3B
IB

3/8"

10 
7 
.6
5 
3
1

xJ
1.70
1.78
1.92
2.05
2.46

-0.275
-0.283
-0.305
-0.335
-0.360
-0.453

IOC 
7C
6C 
5C
3C 
IC

3/16"

10
7
6
5
3
1

C2.09
1.81

12.03
2.16
2.92

.(-0.332 
+1-0.322 
1-0.310
-0.340
-0.343
-0.513

-0.497
-0.453
-0.454
-0.450
-0.473
-0.457
-0.483
-0.482
-0.487
-0.487
-0.471

-0.528
-0.483
-0.503
-0.517
-0.477

*

o

Series B shows nicely the geometric influence on Sg&Bg
Size trend variations, but if the average of each 
of these pairs is compared with the remaining spec
imen of its size series, the size effect is apparent

(+) Geometry trend does not show, but if the average 
value of each of these groups is compared with the 
other members of its geometrical series, the geo
metrical effect is obvious.

Q. Q Pure anisotropic effect.

Pure anisotropic effect, but the reverse of that 
shown at and . This is probably due to a 
mistake in direction ’s during machining. The spec
imen was very small and this could have easiiy hap
pened, since it was taken from a 1" x 11" bar.
These appear to be same, but on basis of o, 6, 
and should be interenanged. Hence, if we take 
(x) into account, we have size effect here too.
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tion), and decreases as increases to 7, for any part- 

h o
icular geometric series, and (ill) the maximum of Cj is
not affected by — variation, in any of the geometric

he
series. That the maximum of is not affected by changes
in
the

and

3 to the larger values beyond 7 is also suggested by
*o ,curves. Maximum o., being calculated from maximum 
and € % , shows the size variation of the latter two 
the geometric variation of maximum . There are 

a few variations in these trends, as I able 4 brings out 
but with the help of the notes in the Table, the reader 
will conclude that the effects stated are definitely 
there. It must be stated that the value of - 7, which 

he
denotes the limit of geometric influence on , was de
rived from a smoothening of plots in Figure 15. The 
trends in Figure 15 and Table 4 fit those evidenced in 
the data of Table 3 and the photographs of Figures 12, 
13 and 14.

In interpreting the above effects, an analogy has 
been drawn between the action of specimen head on the 
material adjacent to it that is straining uniformly, and 
the action of stagnant material in the neck, on the flow
ing material adjacent to it. As was noted in the fore
going section, the width dimension had a pronounced ef
fect on the strain in its direction ; that is, the re
straint on strain increased as the dimension increased.
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This same dimensional influence offers an answer for both 
the size and geometry variations of strain in local neck
ing. Inferred is the fact that the stress in the dir
ection of the restraining dimension increases with the 
dimension increase.

Consider the maximum of first. As the Figure 15 
has shown, for any particular geometric series, maximum 
(g has no dependence on the width of bar. This makes 
it evident that maximum becomes a purely localized 
factor with respect to bar width. Its dependence on size 
of bar, for any particular value is then, actually a 

%
dependence on the thickness dimension. The fact that max
imum decreases, with an increase in bar thickness, 
suggests the effect of greater restraint with the greater 
dimension'. It must be remembered that maximum £3 was 
measured at the heart of the cross center and that the 
suggested restraint acting upon it comes from the mat
erial around this center that has become stagnant through 
localization. This use of the restraint analogy will be 
more clear to the reader with the aid of the following 
discussion.

Consider the flat bar neck as shown in Figure 16. 
It represents a very late stage of necking, where the 
flowing material is all confined to the region in tne 
vicinity of the cross center (Region A). Tais region



gets smaller and smaller as fracture approaches. Since 
the material outside of A is stagnant, it offers re
straint on the flowing material within A. In the work 
dealing with head restraint, the restraint dependence on 
its dimension was found for a constant gage length-to- 

0
width ratio ( . Consider two bars like that shown

Po
in Figure 16 (a), one twice the size of the other. Then 
in the larger bar, an linear dimensions will be twice 
those of the smaller. V’e can assume that the ratio of 
areas A are roughly 4:1, and that the ratio of ~ willn
be approximately a constant for the two bars. This is 
the ratio of a length across A, to the thickness of region 
A, at the border between stagnant and flowing material. 
Reference to Figure 16(b) shows the direct analogy is 
made between ratio of the specimen-like element p,

n . o
and the gage length-to-width ratio -- of the entire flat b»------------------- a
bar. An increase in the bar size then, (h increases, — 
remaining constant) would affect the local strain && , 

just as an increase in width of bar affected during 
uniform straining; that is, as h increases, the dimen
sional restraint increases and decreases. This is 
what the data has shown for maximum .

The reader will obviously realize that this is by 
no means a formal explanation of the dimensional re- • 
straint on . This reasoning stems from the desire to 
explain in detail the analogy used and to give the reader
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a physical underslanding of the phenomenon. The spec
imen-like element p, of course, is under a much more 
complicated stress and strain system than the freer gage 
length of the bar. A formal analysis would undoubtedly 
have to consider all the stresses and strains involved. 
No attempt of this type has been made in this work. The 
same remarks apply to the following use of this physical 
reasoning.

The specimen-like element p has really a random pos
ition. A similar discussion would apply concerning re
straint on , for any vertical position of the element 
p in region A. •

The analogy can be further extended to describe the 
size effect on 6g . Consider the specimen-like element 
s in Figure 16(b). An increase of twice the size in the 
flat bars brings with it an increase of approximately two 
times in the width r of element s, the ratio of length d*  
to width r (an arc length along the circumference of A) 
roughly remaining constant. Hence, element s has more 
restraint on it, due to an increase in r. This is a di
mensional restraint in the direction of 6g . The size 
effect on maximum 6 g , as brought out by the data, has 
its possible explanation in these terms. Again, it will 
be recalled, that 6g was calculated from 6g and 6^ , and 
hence, necessarily shows the same trends as the latter 
two.
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The importance of the magnitude of restraining dim

ension on the degree of restraint is nicely brought out 
by the vast differences in maximum and 6^ . These 
are the differences in maximum and for any part- • 
icular specimen, with the exception of the square bars, 
which did not exhibit the cross-like neck. Further, these 
differences indicate that small changes in magnitude of 
the restraining dimension are much more critical on local 
straining than the same small changes would be on uni
form straining. Consider, once again, Figure 16(b). Ac
tually, the restraining dimension r of element s would 
be one half the circumference of A. The form of s, as 
shown, best fit into the foregoing discussion, but cer
tainly its disc shape, now proposed, also applies. This 
makes the restraining dimension r of element s larger 
than h of element p. Hence, maximum 6g, with the smaller 

restraining dimension, has the larger value.
The geometrical influence on maximum 8% adds weight 

to the imporUnc^ of the magnitude of restraining dim
ension. For any particular series in Figure 15, the max
imum 6% value is seen to decrease, as the width of bar 
increases ( increases, remaining constant). An 
increase of width of bar makes dimension r, of the disc 
interpretation of element s, even larger, with respect 
to h. This follows because as the bar width increased,
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local straining covered a larger area for the same stage 
of necking. Hence, the even greater difference between 
maximum and the width of bar increases, a re
flection of greater restraining dimension.

The fact that geometry ceases to influence maximum 
& % , for values of greater than 7, is significant.

h»
This means that a bar width is reached, whereupon max
imum becomes a purely localized factor. The progres
sion toward complete localization, for both strains 
and was obvious, as fracture approached. Through 
localization, the strains reach higher values, since 
this action produces smaller and smaller restraining 
dimensions. So, localization acts to counter-affect 
increasing the restraining dimension. The fact that 
maximum is a constant for values of ^2 greater than

he7, probably means that through localization, a limiting 
upper value of restraining dimension for (like r of 
Figure 16(b) ) is reached, and a further increase of bar 
width has no effect on increasing this restraining di
mension.

Table 5 brings out the important features, of Fig
ure 17. The latter shows the variation, with size and 
geometry, of the strains 6#, and along the width, 
at the minimum section of the neck at fracture. All the 
bars are represented in the Figure. The remarkable
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Table 5

Geometric Restraint During Necking as Expressed by the 
Maximum and Minimum Strain Values and Their Differences 

Over the Minimum Section of the Flat Tension Bar at Fracture

Sped- Ratio —— Strain —
men bp 

ho
Bar
Center

Bar 
Edge 
(1)

Bar 
Edge 
(2)

Bar ' 
Edge 
Avg.

Diff.
Center 
& Edge

Avg.
Diff

10A 1.84 0.62 0.67 0.65 1.1910B 10 1.54 0.67 0.65 0.66 0.88 1.1810C 2.09 0.54 0.72 0.63 1.46
7 A 1.61 — — «■ -w * A — a.M _ - —
7B 7 1.70 0.70 0.70 0.70 1.00 1.2570 2.14 0.62 0.68 0.65 1.49
6A 1.60 0.63 0.63 0.63 0.976B 6 1.78 0.81 0.76 0.79 0.99 0.9860 1.81 0.80 0.85 0.83 0.98
5A 1.58 0.78 0.76 0.77 0.815B 5 1.92 0.79 0.79 0.79 1.13 1.0450 2.03 0.87 0.84 0.86 1.17
3A 1.72 1.07 0.96 1.02 0.703B 3 2. 15 1.07 1.02 1.05 1.00 0.9230 2.16 1.03 1.13 1.11 1.05

NOTE: No data obtained for specimens of the ratio 1.
h.



31.

Table 5
Geometric Restraint During Necking as Expressed by the 
Maximum and Minimum Strain Values and Their Differences 

Over the Minimum Section of the Flat lension Bar at Fracture

Speci
men

Ratio
Bar 
Edge 
HL
0.21 
0.21 
0.15

Strain S %
Diff.
Center
&: Edge
0.08
0.07
0.18

Avg.
Diff

ho

Bar 
Center

0.30
0.28
0.33

Bar 
Edge 
HL
0.23 
0.21 
0.15

Bar 
Edge 
Avgh
0.22
0.21
0.15

0.1110A
10B
100

10

7 A 0.30 — — — — — —• —— — — — — — — — —'
7B 7 0.28 0.22 0.22 0.22 0.06 0.09
70 0.32 0.20 0.20 0.20 0.12

6A 0.30 0.21 0.21 0.21 0.09
6B 6 0.31 0.24 0.24 0.24 0.07 0.09
60 0.31 0.20 0.22 0.21 0.10

5A 0.30 0.23 0.2 5 0.24 0.06
5B 5 0.34 ' 0.27 0.27 0.27 0.07 0.08
50 0.34 0.23 0.23 0.23 0.11

■ 3A 0.31 0.29 0.25 0.27 0.04
3B 3 0.36 0.27 0.25 0.26 0.10 0.07
30 0.34 0.26 0.28 0.27 0.07

1A 0.44 0.35 0.32 0.34 0.10
IB 1 — —» — — — — — — » — — — — — — — — — — - 0.10
10 — — — — — — — — — — — — — — — — —- —
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Geometric Restraint During Necking as Expressed by the 
Maximum and Minimum Strain Values and Their Differences

Over the Minimum Section of the Flat Tension Bar at Fracture

Speci
men

Ratio

ho
Bar
Center

Bar 
Edge 
(1)

Strain & %
Bar 
Edge 
(2)

Bar 
Edge 
Avg.

Diff.
Center 
&: Edge

Avg.
Diff

10A 0.50 0.22 0.22 0.22 0.2810B 10 o. 46 0.25 0.25 0.25 0.21 0.25IOC 0.52 0.22 0.29 0.26 0.26
7 A 0.45 ee _ — --
7B 7 0.48 0.25 0.25 0.25 0.23 0.267C 0.53 0.24 0.24 0.24 0.29
6A O.45 0.22 0.22 0.22 0.236B 6 O.48 0.25 0.27 0.26 0.22 0.216C 0.48 0.30 0.30 0.30 0.18
5A 0.45 0.25 0.25 0.25 0.205B 5 0.49 0.25 0.25 0.25 0.24 0.2150 0.50 0.30 0.30 0.30 0.20
3A 0.47 0.32 0.32 0.32 0.153B 3 O.49 0.35 0.35 0.35 0.14 0.1530 0.52 0.33 0.37 0.3 5 0.17
1A O.46 0.35 0.35 0.35 0.11IB 1 — — — — — — — — — — — — — 0.1110 w — —* — — — — -, _ _ _ -
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feature of any particular one of these curves is the 
difference in maximum (at center) and edge strain value 
particularly in the calculated 6| curves. Table 5 
brings this out. Note,, for example, specimen 10A. Its 
maximum is three times the edge value. IOC shows an 
even larger difference. These differences, of course,
are reflective of the stagnant trapped material between
the cross sides. The Figure 17 brings out the differ
ences in 6^ and £»$ for a particular specimen, all along
the width of the minimum section; that is, that t- has
greater values.

Table 5 brings out a significant point, in fact, a 
verification of a previous statement, that the restr
aining dimension of reaches an upper limiting value
at Z2. a 7. This was another way of saying that the

bearea affected by local straining>for a particular stage
of necking, increases as —2 increases from 1 to 7, but 

h©
beyond this value the area remains practically the same.
(Area references here are
of necking; like region A

center and edge values of

to those of the later stages
in Figure -16). The data of

and the variation of these
average differences with Sbrings this out. First con
sider the meaning of the difference. Since maximum Ê
does not vary with geometry a greater difference
means a lower edge value. The edge value represents a
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measurement made at the outer most point of the stagnant 
trapped material. That these portions of material had 
no sharp definition, in the local action, is obvious from 
the curve shapes in Figure 17. The definition, however, 
was sharper as the bar became wider. This is also ap
parent in the curves from their flattening at the outer 
portions, with the greater the bar width. I he extent of 
the localized region, this not being "sharply defined, is 

however, reflected in the intensity of the 8^strain at 
positions along the width, at the minimum section. With
this in mind, consider the differences for the bars

" IC) <u.nd 7. They are the same, as Table 5 shows. Now 
Ho l.
as ^decreases from 7 to 1, 

hewhich means that the edge is
the differences decrease
loser and closer to the

heart oi the local action. This is reflective of the 
limiting almension of the region of localization (a re
minder again, this is a region like A of Figure 16).
The lad that the bars of -7 and 10 show no variation 
in their E, differences is proof that this late local

ization has not affected the edge values of either. This 
suggests that the limiting dimension of the localization 
region could have been measured approximately, taking 
bars of — =13, 7 and 6 into consideration. This has 

ho not been done, however.
The liuerences in 1 ore 5 brin^ out the same 
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effect as concerning localization but rather obscurely. 
The reason is that the restraint factor enters into the 
picture. As increases from 1 to 7, the differences 
seem unaffected. But in this case, maximum £z varies 
with — . This is a restraint phenomenon as discussed 

ho •
before. If the edge values for are noted, it will be 
seen that they follow the same trend as maximum , that 
is they increase with a decrease in . Hence, the

ho 
differences remain approximately constant. However, the 
reflection of the limits of localization is in the Sg 

data of Table 5, if one notes that the edge values in
crease as ËL decreases and that the average of edge 

he .
values for the bars of Eâ — 10 varies little from that 

to h»
of the bars of Es. x 7.

heIt must be remarked tnat the Table 5 has been con
structed from Figure 17 and Table 4, hence, only two fig
ures were used in the strain values. Several additional 
curves have been plotted for specimens 10A and 6A, to 
cover the distribution of the three strains in the en
tire neck at fracture. The three sets of curves for speci
men 10A are shown in Figures 18a, 18b, and 18c ; those of 
6A in Figures 19a, 19b and 19c. The and values 
are plotted as a function of the original wiota dimension. 
A sketch of the distorted grid has been inserted in each 
of the figures to facilitate location of the proper curve 
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for a particular section of the neck. Interesting are 
the maximums in the and 6^ curves on each side of 
the longitudinal centerline of the bar. They are re
flective of the cross-shaped depression. As the sec
tions get farther away from the minimum section, the 
respective curves denote the approach to the uniformly 
distributed strain. The curves of bar 10A show that 
one of the cross sides is deeper than the other. In 
both specimens, however, a good degree of symmetry with 
respect to the minimum section and longitudinal center
line of the bar is evident.

The £| curves have been plotted as a function of 
the original length dimension. The sketch of the dis
torted grid shows that one-half of the bar has been con
sidered. For symmetry reasons, the other half was not 
reproduced.

Figure 20 is a perspective representation of the 
variation of the axial strain &| in the neck of specimen 
6A. The strains have been plotted over the bar in its 
final fractured conaitioh. A quarter section of the bar 
is shown giving tne flat middle surface on its top face 
and the distorted surface on its lo'A°r face. The fig
ure shows the effects of the cross depressions by bring
ing out the movement of the strain peaks toward the cross 
center (intersection of t ne mi ai mum section and longl- 
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tudinal centerline "FF"). Figure 20 gives the reader a 
picture of the axial strain distribution at fracture in 
this flat tension bar. The breaks in the curves are 
necessary since the fracture causes a gap in the strain 
distribution. As previously stated, a pattern of con
tour lines representing equal thicknesses in the neck 
is also shown in Figure 20. The features of the cross
like depression are nicely brought out by these lines.

In the square bar the values of were no longer 
taken as an average strain over the entire thickness. 
The local strain was plotted as a function of the 
thickness dimension. The variations of and in bar 
1A, with their respective directions in the minimum sec
tion of the neck are shown in Figure 21. The bar maxi
mum was calculated as before, from the maximums of 
the other two strains, which were at the center of the 
bar. The minimum section at fracture (inserted in fig
ure) shows the highly strained 'centerlines "EE" and "NN".
Measuring lines were put on the outside surfaces of the 
bar in the longitudinal direction. After straining, the
spacings of these lines laterally, which were a measure
of strain, were reduced by the factor 

0. 444
0.4 G7 = 0.95 in the width, and = 0 95

in the thickness. These were the ratios of the lengths 
of center lines "NN" and "EE" to the respective outer 
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dimensions "JJ” and ”11”. The maximum strain calcul
ations for IB and IC, the smaller square bars, were made 
on the basis of tne strains found in 1A. That is, the 
average S2 , along sections corresponding to "NN”
and "EE” for IB and IC, were multiplied by the 1A ratio 
of the maximum to average strain. In the square bars, 
the maximum approached the value of (see Table 4), 
in fact, in the case of IC, the value was a little 
larger. These small differences in and €-3 , in the 
square bar are attributed to a probable anisotropic ef
fect in the material. This effect is in the same dir
ection as the anisotropy noted in the work dealing with 
uniform straining. However, since it was explained that 
the latter type of anisotropy broke down at the larger 
values of uniform strain 8, , it must be assumed that the 
anisotropy evidenced here, on the maximum strains 
and , is of another type, possibly connected with 
large strains. Both anisotropic effects are probably 
connected with the plate rolling. The fact that speci
men IC shows its difference in an opposite dir — ction to 
that of bars 1A and IB is probably due to an error in 
the orientation of dimensions during machining. This 
has been explained in note Q of Table 4.

The fractures, shown in Figures 12, 13 and 14 were 
interesting. In tne cases where—* was 5 or a cove, the 

. ho
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fracture wa- of a shear type, the noted angle being be- 
tv.een the surface of failure and the flat sides of the 
bar. The intersections of this surface with the faces 
of the bar v. ore rough lines, the mean of which were ap
proximately at right angles with the tensile axis. Even 
in the bars which nad §8z3, the signs of shear failure 

h0were present, but a tensile-like tear was mixed with it. 
The square bars showed fractures similar to the usual 
cup and cone fracture in a round bar. The bars 5A and 
6A showed tensile (cleavage type) breaks in the outside 
portions of the f r ac tur:? (through the " trapped” regions 
of the cross) . Figure 12 shows tnat the fracture of 
specimen 10A (shear type) progresse i into a cross side. 
Specimen UC exhibits a similar fracture (Figure 14). 
Bar 10B, however, showed the shear type failure straight 
across tne bar (Figure 13) .

Figure 22 is an example of the typical grin dis
tortion associated with necking in the flat bar.

CORRELATION WITH AND DISCUSSION OF THE LIT-RAI URE 
Evidence of inter st in the size and geometry of 

specimen in tensile testing nates back to the latter 
part of the' nineteenth century. Some of tne results 
stated above have been found by other investigators, but 
the literature in general, suffers from the lack of de
tail, especially in the earliest works. inis detail was 
most helpful, in the present work, in the formulation 
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of the stated interpretation of the effects of size and 
geometry. The object of the following discussion is not 
only to bring out the important earlier findings, but an 
attempt to correlate these findings with the analogous 
findings of the present work. This has been done even 
in the cases where the interpretations given would not 
indicate verification of the conclusions arrived at in 
this paper.

The real early work in this subject represented, not 
a focus of attention on local strains, as in the present . 
work, but that on the overall mechanical properties of the 
bar. Attention was concentrated on determining the short
est possible gage length of specimen of a given cross 
section, that would not cause a reduction of elongation 
at fracture. Work by Rudeloff, Martens and others was 
primarily devoted to tills subject. It was found then, 
that the elongation depended upon, for one t hi ng, the 
ratio of the gage length to the square root of the cross 
sectional area of the bar, later given the name "slender
ness ratio". Barba, Unwin and Martens found-this inde
pendently. Later, Moore (3) and Nichols, Taylerson and 
Whetzel (4) found the same thing. The latter, working 
with a large number of low carbon sheet steel specimens, 
report a decrease of from 45 to 30 percent in total e
longation at fracture, for an increase of approximately 
five times in the slenderness ratio. I ne results of the
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present "A" series check these figures rather closely, 
but with the knowledge of the recent findings in this 
subject, one must conclude that the slenderness ratio 
is a rather meaningless quantity, in flat bar work. It 
completely covers uo the essential features of dimen- 

0 sional effects, that is, the effects of varying the —& 
band — ratios. It therefore takes into account no re
h©

straint effects of cross sectional shape, to which the 
writer and others have attached importance. In these 
early works, the slenderness ratio was a variable that 
reflected local ductility, but rather obscurely. The 
higher values of total elongation, at the smaller slender
ness ratios, just reflected that local necking is a major 
factor in strain contribution for the shorter gage lengths. 
This is the obvious explanation of curves like Figure 3 
of the quoted work (4), which shows the leveling off of 
the elongation value, as the slenderness ratio becomes 
great, and a rapid increase of the elongation, as the 
smaller slenderness ratios are approached.

Unwin (5) reports some early findings of Barba (6) ; 
namely, that geometrically similar bars of different 
size deform similarly under equal stress systems, and 
are geometrically similar after deformation. This later 
became known as Barba’s law of similitude. The results 
here would disagree. Another early report of Barba (7) 
shows he found the ultimate strength was not affected by



42.
the variation from 1 to 8. Over this range the max
imum extension came at3x6. These results were found 

h@ -
for bars of constant gage length. The variation of

4
the width therefore introduced the variation of —2., 

bawhich decreases as —3. increases, for a constant gage« h» Llength Xo . The ratio is was not a factor in the ore-b»
sent work. That this ratio is another important vari
able in the restraint problem has been noted by others.

1The above results of Barba, which have the —& ratio 
bo 

incorporated in them, do not agree with the more con
firmed findings of otners. It is of interest to note 
these.

First consider that the total elongation at frac
ture is composed of two parts ; namely, the elongation 
due to' uniform straining up to the ultimate load and 
that due to local necking from ultimate to fracture 
loads. With tnis in mind, one must conclude, on the 
basis of more recent works, the findings of Barba on 
elongation show an opposite effect to the expected. 
Gensamer (8), for instance, in work with thin gage sheet 
metal, points out the extreme variation from simple ten
sion deformation, when a flat specimen begins to neck. 
He notes the large decrease in reduction of area at 
fracture, due to an increase in width and the resulting 
necking differences. Little influence was found on Wie 
uniform strain. Assuming then constant uniform strains
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In Barba’s work, the necking differences should have 
produced an opposite effect to what he found. Further, 
work by Mac Gregor (9) shows this ame trend. On flat 
bars of 2, where was varied from 2 to 8 inches, 

ho 5
both the true fracture strain and true local necking 
strain were reduced when the length became less. A 
similar phenomenon of restraint in round bar work, has 
been called tne "notch effect”. MacGregor (10) shows 
experiments with annealed SAE 1112 steel, in which the 
gage length was varied from that of a |" U notch to 
3k inches, bar diameter remaining constant. He noted 
a considerable decrease in reduction of area at frac
ture, as the length became smaller. That the restraint 
effect enters, is clear. Both quoted works (9) and 
(10) agree with (8), in that this "notch" type of re
straint influenced only the local strain. Wood, Duwez 
and Clark (11) also offer results along these lines. 
Their work, with small specimens of cold rolled steel, 
showed for a gage length-to-diameter variation of from 
6.7 to 26.6, an increase in the percent reduction in 
area at fracture of from 53 to 64 percent. .

One can deduce from the above discussion, the factor 
of notch restraint gives the slenderness ratio an even

5• Definition of this term and other stress-strain 
terms of logarithmic character, can be found‘in quoted 
paper (9).
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greater degree of obscurity, in ductility work. We 
would logically expect that differences in notch re
straint, produced by variations in the slenderness or 
0—& ratio, would be of the same order since the two 
be
quantities are dimensionally analogous. One must real
ize, however, that unless proper values for either 
(very low values) are selected, the notch restraint 
will not show up in plots of total elongation against 
the ratio. Covering up this effect will be the fact 
that for short gage lengths (but long enough for a 
well-developed neck) the strain due to necking is a 
large portion of the total strain. In other words, 
although the restraint increases, as the slenderness

Q .or ££ ratio decreases, if these ratios are in a range 
b»

such that local necking is a large factor in the total 
elongation, the usual plot of the latter against the 
ratio will show an increase in total elongation, as 
the ratio decreases. Hence, notch restraint would be 
completely covered up.

These facts are brought out nicely by a comparison
of the results of (4) with those of (8) and (LO) . In

0 0the latter, extremely small —2 and ^2 ratios were used
Q bo Go

(do is diameter) . The *S.  ratio in (8) was as low as
bo1/6, whereas in (4) values of the slenderness ratio 

were 5 and above. The quoted work (11) brings out that 
the notch restraint is present even in real large gage 
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lengths, but as would be expected, the variation over 
the range of the large values is small. The elong
ation values are also given in the work (11) for this 
same variation of (6.7 to 26.6). They are seen to 
decrease from 9.0 to 3•4 percent. This would be the 
effect presented by an elongation-slenderness ratio 
plot, and if solely presented could give no indication 
of notch restraint.

One sees, then, as has been realized more recently, 
the need for more detailed ductility indices. The shape 
of section, its particular dimensions, along with the 
gage length, are important in restraint influences, as 
has been noted in this work and by others. The break
ing down of the total elongation into its uniform and 
local strain components is fundamental.

A few of the other early works deserve mention. 
Unwin (5) in his work with ship and boiler plates found 
an increase in elongation for a greater width, thick
ness constant. Here again, a constant gage length was 
employed. The effect is opposite to the expected. In 
the same group of tests, he found for bars of constant 
width, an increase of uniform elongation, when the bar 
thickness was increased. Since the increase in thick
ness means a decrease in ^0 , and since there is a con
stant if ratio in these latter tests, they indicate 

be 
similar trends as shown here. Beare and Gordon (12), 
working with mild steel and rolled copper, found for



46.
% \ 2, a greater reduction of area in the neck at frac- 
h*ture, as the bar became smaller. They also note a de
crease in reduction of area, as Èâ increases up to 7.

ho
Beyond this value, small effects were found. Beare

Qand Gordon were not clear as to their treatment of £SL
be

however. Templin (13) ran tests on flat bars of soft
h»aluminum sheet. 22 was varied from 1 to 50. A 25 per-
ho

cent reduction in elongation, over tms range, was
bafound, as — became greater. In hard aluminum, an even 
h»

greater reduction was found, 75 percent over the range.
The _£ was constant here'. The results are in line with 

bothe present findings. Lyse and Keyser (14) found de
finite effects on tne elongation and reduction of area
due to size and shape of specimen. The reduction of 
area values, plotted over the ^2 range 1 to 4, showed

ba b©
a decrease as the ratio became larger. The greater 

ho
reduction of area for smaller specimen of a particular
xA ratio, was also shown. The material was a struc- 
ho
tural steel. The elongation plots were mixed with the
effect of the constant gage length, and the fact that 
elongation values were calculated on the basis of a
length one-half of tni s gage length, placed symmetri
cally about the fracture position. Ihese are really 
local strain values then, reflective of necking. That 
they show an increase as ^2 increases from | to 4 is

h©
easily understood. Noted in the present work was the
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fact that the intense localization region increased 
as ^2 increased uo to 7. Hence, Lyse and neyser were 

homeasuring elongation values that had more and more 
local strain character, as Ë& increased to 4»

ho
The more recent investigations give evidence of 

greater detail in ductility study. A great deal of 
work during the past war was devoted to studies of this 
nature. Dorn and Finch (15) show a plot of percent re
duction against width for the width, thickness and area 
values. The greater widths had more of an effect on 
width reduction than it lid on thickness. Less re
duction for greater width followed the trends stated 
here. The fact that reductions in width were greater 
than in thickness for any particular width is not under
stood , unless the magnesium material offers the explan
ation. '

MacGregor has contributed several papers in which 
he has stressed the importance of local ductility in
dices. In his work with flat bars of low carbon steel 
(9), the ^5 was varied from 1 to 26. He noted that the 

he type of fracture changed from a typical transverse ten
sile fracture to a shear fracture inclined at an angle 
of 25 degrees to the perpendicular of the tensile axis, 
at aoproximately Ë& - 6. That the flat bar presents a 

ho 
bi-axial state of stress with transverse restraint was 
stated in MacGregor’s work. I he valued® 6 was given
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special significance. The ductility value trends are 
given for the group^S.^6 and >6. The variations

. ha ho
in local strains found for both of these groups are in 
line with the present findings, that is, a decrease in 
local strain for an increase in —. That an increase 
. bo ho
in from 8 to 26 had no effects on the localized axial 

ho 
strain at fracture, was noted. The results of the pre
sent work indicate no special significance for — = 6 

ho 
in the fracture mode. No abrupt change from a tensile 
to shear type fracture at the 25 degree angle was noted 
for this value. Most of the shear surface angles were 
visible only on the bar edges. The bars 10A and 10C of 
this work showed signs of the shear angle noted in the 
quoted work.

Low and Prater (16) have noted the differences in 
strains and during uniform straining in their 
flat bars of sheet aluminum. They have stated that the 
natural strains €% and are respectively -0.4 and
0.6 t। up to tne point of necking. They observed that 

during necking, very little change took place in width 
dimension an i further reduction in area resulted mainly 
from thickness changes. Where considerable necking 
took place previous to fracture, they found ratios as 
low as 0.1 for (natural strains). A study of effect 

. & I
of specimen dimensions on elongation to fracture is pre
sented . For several widths, curves of lateral contr
action along the gage length are shown. The curves



49.

show the effect of head restraint for several ratios.
However, the data is scattered, and the writers have 
assumed that the head restraint influences only a short 
portion of the gage, that adjacent to the heads. An 
average value of lateral contraction is plotted for the 
supposedly free part of the gage length. The restraint 
could have been interpreted as affecting the whole gage 
length, had a smooth curve been drawn through the scat
tered points. The writers conclude that the percent 
of uniform lateral contraction is independent of width, 
which is not in agreement with the present work. They 
note that a greater percentage of the gage length is

0under restraint influence when ^2 is smaller: the vari-
1. iation of —- from 0 to $ leaves no part of the gage length
b* o

unrestrained. At - 4, they claim 0.8 of the gage is
bo

free from restraint. The results of the authors' tests 
indicate a farther reaching restraint influence.

Bibber’s (17) work with flat bars of ship steel 
commands notice. He tested wide bars of very short and 
very long gage lengths. He found a cross-like depression 
in the neck similar to the one exposed here. A contour 
plot for one of his long specimens showed only one cross 
side. He noted failure in a short specimen came about 
by shear at the center and a tension type break at the 
outer parts of the bar width. This was noted in a few 
cases here.
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Gensamer, Lankford and Prater (18) have contri
buted data on the size effect in ship plate. They 
used an 8 inch gage length of ij x | inch cross sec
tion and reduced this to % and l/2Qth size, geometric 
similarity in all dimensions remaining. They discuss 
the variations encountered due to the metallurgical 
difficulties in producing true size specimens. They 
do show data based on reduction of area values that 
would confirm the size effect as written here, if one 
can rely on equal hardness values as reflective of the 
elimination of the effects of heat treatment and rolling.

I

From what has been presented, it seems that the 
more free tyoe of neck would come about by making the 
o 0*2 ratio of the flat bar, or 22 ratio of the round bar
b© do
larger. At times this is not possible, since the form 
and size of material, or size of specimen and testing 
equipment, may be such as to prevent making the ratio 
large. The latter was the reason for selecting the 
value 5 here. This is one half the value of the German 
standard adopted several years ago. Even with a ratio 
of only 5, the largest specimen in this work reached 
the length of approximately 11 feet.
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SUMMARY

The body of this paper brings out the extreme 
importance of tne head restraint in a flat tensile 
bar, as a factor in controlling the position of the 
local neck along the gage. Tne fact that this con
trol is exercised at the beginning of and throughout 
uniform yielding is emphasized. The data here in
dicates tnat with metallurgical and machining defects 
absent, tne head control places the local neck at 
the middle of the gage length.

It has been found that tne head restraint is 
dependent upon the width dimension of the bar; that 
is, it becomes more intense as the width increases. 
The large bars used have shown that the increase in 
width has reduced the lateral strains during uniform 
straining, in both the width ( Sj ) and thickness 
directions of tne bar. 11 has been argued that this,
in the case of the strain in the width direction, is
due to a building of the transverse stress, an im
plication of the approach to the
The greater freedom of strain in
ection over that in the width is

stress problem.
the thickness dir-
apparent. The ratio

shows lesser values for greater widths. The fact
trust shows its lowest value at the lowest uniform 
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strain (axial t,), for any particular geometric shape 
(width-to-thickness gage ratio —), and that this 
value builds steadily as the uniform straining increases, 
suggests a possible anisotropic restraint factor on 6^ 
which is broken down through yielding. The greater 
variation of —&, it is noted, due to this effect of 
anisotropy, comes with an increase in bar width. This 
suggests dependence of the anisotropic restraint on 
the width.

The local neck in the flat bar work here was com
plicated, but symmetrical in shape. The details of
this cross-like depressed region have been reviewed. 
A detailed study of the local strains in this neck at 
fracture has been made, together with the progressive 
localization tendencies of these strains prior to frac
ture. The maximum values of the strains t^and and 
the dependent value (calculated from €& and , in 
the neck, at fracture, showed an increase, as bar size 
decreased. Further, 
bar became wider, up 
value no effects were

the maximum ^decreased, as
to a

H© 
noted.

ratio of 7. Beyond 
Maximum 6^ showed

the
t hi s

no de
pendence on bar width. Maximum 6, necessarily showed 
the geometry trena of 6^ . The effect of the magni
tude of the restraining dimension on the head restraint 
in uniform s training has been analogously extended and 
used to explain the variations stated above for the 
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local strains. A direct analogy has been made between 
the head restraint on uniform strain in the gage length, 
and that in the neck of the stagnant material on the 
flowing material adjacent to it. An increase in the 
stress, in the direction of the restraining dimension, 
with an increase in the magnitude of tue dimension is 
implied. A detailed explanation for tne variations in 
local and , due to size and geometry of tne bar, 
has been worked out on the basis of this restraining 
dimension variable. The importance of the restraining 
dimension is stressed in the huge differences of maxi
mum and , the latter always greater, and the dif
ference increasing with increase of bar width. That 
the magnitude of restraining dimension is more critical 
in local straining than in uniform straining, follows 
from the recognition of these differences.

The progressive localization of straining toward 
the heart of the neck, as the neck developed, has been 
studied. Localization acts against the size and geo
metry variations in that it tends to produce smaller 
restraining dimensions. This fact has proved helpful 
in explaining the limiting value of geometrical vari
ation È» s 7. In explaining this, use has been made of 

the variations of local and with bar width, at the 
minimum section of the neck.

Curves have been included that represent the strain 
distribution for V and t, in the entire neck
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for two large bars, one of
bp 
he

— s 10, and another of 
ho

A critical review of the literature in this sub
ject is included. Correlation is attempted wherever 
possible. The lack of detail in the early ductility 
studies, together with the uninforming interpretations 
that resulted are discussed. Another restraint var
iable, not treated in the present work is mentioned. 
It is that connected with the variation of gage length- 

o 
to-width ratio —& . This is related to the "notch" 

b»
restraint effect noted in round bar work.



PART II

THE SIZE OF THE ROUND TENSILE BAR
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INTRODUCTION

Part I of this investigation was devoted to a 
study of the effects of geometry and size variation 
on the mode of yielding and fracture in flat tension 
bars of meuium-carbon steel. This work was further 
extended to include a group of tests on round tensile 
bars of the same steel ware size was varied under 
geometric similarity.

I he local necking phenomenon associated with the 
fracture of a round tension bar is well-known. It 
was tne purpose of this work to investigate the ef
fects of size variation on this fracture process.

I he body of this part reports observations and 
calculations made on the stress and strain values 
associated with" the progressive necking process and 
fracture. The size range covered was 16 to 1; the 
largest specimen reaching a diameter of 3 inches.

I
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TESTING MACHINES, SPECIMENS AND MATERIAL

The testing machines have been discussed in 
Part I.

The round tensile piece is shown in Figure 1. A 
series of 10 of these specimens (2 of each size) was 
used. Later, two additional large bars (specimens 
No. 11 and 12) were tested. The diameters ranged 
from 3 to 3/16 inches, a factor of 16, with each speci
men being half the size of the one larger tnan it. 
Geometric similarity was kept in all by making the 
gage length 5 times and gage radius 4.25 times the . 
diameter. The larger specimens were undercut 1 per 
cent in the diameter at the center of the gage length 
to control the fracture location. To prevent un
necessary stress concentration, the profile of the 
undercut was made a large circular are.

The round bars were cut from the same heat of 
material as the flat specimens of Part I. Billets 
4i x 4a inches in cross section served the purpose.

THE STRESS AND STRAIN QUANTITIES AND THEIR MEASUREMENT

In the round tensile bar the average true stress 
in the axial direction on a particular cross section 

Q
is given by the relation —•, where P is the ten

A
sile load and A the area of the section when the bar
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is under this load. The data for the stress was
easily obtained by measuring with micrometers, the
particular diameters of interest, after the load was
"dropped off" a little from tne value recorded. 1 he
data, on diameters was also useful for calculating
the unit conventional strain in the axial dire
since this is given by the relation E =

ti on, 
whereI

Agis the original area of the s trained section A
(do is tne diameter of section Aq) . Ine sections
along the bar were circularly marked to facilitate 
measuring them.

Figure 2 is a copy of Figure 7 of the Davidenkov 
and Spiridonova paper (1) showing the distribution 
of the stresses in tae minimum section of tne neck of 
a round tension specimen. The maximum-true stress in 
the axial direction, it can be seen, comes at the cen
ter of the bar, tne peak of the parabolic function. 
The relation representing tnis function is given as 

where a is the radius of tne minimum section of the 
neck and R the radius of curvature, at and near the 
minimum sec ti onof the contour of tne neck in the 
meridional section. Tnis relation was used in the 
present work; a and R were measured onotographi cally.

In figure 2, the oc tanedral shearing stress is 
seen to be a constant over tne entire section. The
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octahedral shearing stress is usually defined by the 
relation ‘ , /-  — ■ - - ' '    —

where 0^ , (T^ and are the principal stresses. In
the quoted work (1) it was found that at any point 
in the minimum section, the radial and tangential 
stresses are equal. The relation for octahedral shear
ing stress therefore becomes

Tb = i ,
where (Tj is the axial and 0^ the radial or tangential 
stress. The quantity «Ht ) is called the effective 

stress and is a constant over tne minimum section of
the neck. If we denote the effective stress by 0^

we

The octahedral

8 The effective

4R
snearing stresses in the present work

were calculated using these relations.

SIRES 0 AND STRAIN IN THE NECK ' 
AS INFLUENCED BY I HE SIZE OF BAR

The results of the tests are presented in Table 1. 
The quantities in this table are plotted in function 
of the size of specimen (diameter) in Figures 3 and 4• 
As shown by the large differences in tne valves of 
Table 1, the sire of test bar influenced the local 
necking process and the accompanying stress and strain
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Table 1

The Size Influence on Stress and Strain in the 
Minimum Section of the Neck of a Round Tension Bar

Spec. 
No.

Size 
(Dia. 
in. )

Average 
Stress 

Ultimate 
Value 2 
Lb./In.

True 
at 
Load*  
2 Spec.

Avg.

Average True Maximum True
Stress at Stress at
Fracture Fracture**

Value 9 2 Spec. Value9 2Spec.
Lb./In. Avg. Lb/Inr Avg.

5
6 3/16 81,600

82,600 82,100 144,OOot1/7 OOOt^^^’^^^t 150,000^4 ,UUUT17S^OQOt 175,5001

3
4 3/8 78,700

78,700 78,700 137,000*.800*162,500*
134,500 157,500 160,000*

1
2 3/4 83,700

85,200 84,500 158,300*

; - 1/2 80,200
80,700 80,500 113,000p^^^°^127,000f 127,000*

9
10 3 79,800

80,300 80,100 93,200*

12#*** 3 84,500
84,500 84,500 (97'800)^^^^°°(144^209) 155,500

* These stresses were calculated at an axial strain 
value of 0.22.

* * These stresses were calculated by the use of the relations derived by Davidenkov and Spiridonovav ).1
* ** Specimen 7 was not broken. The comparison of 7 

and 3 at the necking load of 100,000 lbs. (just 
before fracture) is as follows :

Specimen 7
Specimen 8

Average True Stress 
in Min. Section of Neck

105,500 lbs./in.?
107,000 lbs./in.

**** Later tests by Julius Aronofsky.
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Table 1

The Size Influence on Stress and Strain in the 
Minimum Section of the Neck of a Round Tension Bar

Spec. 
No.

Size 
(Dia. 
in. )

Octahedral 
Shearing Stress 
at Fracture**

Unit Axial 
Strain at 
Fracture

Value Lb./In.2 2 Spec.
Avg.

Value 2 Spec 
Avg.

5
6 3/16 54,200

57,400 55,800 1.70 t
1.80 f 1.75 f

3
4 3/8 52,600

52,600 52,600 1.83 ♦
1.76 1.80 t

1
2 3/4 53,000

51,200 52,100 1.58 i
1.46 t 1.52 f

7
8 1-1/2 ###

46,700 46,700 #*#
1.05 f 1.05 |

9
10 3 41,300

41,300 41,300 0.471
0.45 f 0.46 t

12**** 3 51,600
(38,090) 51,600 1.28

1.26 1.27

**** Later tests by Julius Aronofsky.

* * These stresses were calculated by the use of the^ 
relations derived by Davilenkov and Spiridonova

* ** Specimen 7 was not broken. The comparison of 7 
and 8 at the necking load of 100,000 lbs. (just 
before fracture) is as follows:

Unit Axial Strain 
in Min. Section of Neck

Specimen 7
Specimen 8

0.82
0.86
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features. Over the size increase of 16 times, the 
variance in average true stress at the ultimate load 
is slight and no general trend is evident. Since 
the stress-strain curves were very flat in the vici
nity of the ultimate stress, a choice in strain had 
to be made to compare the stresses at the ultimate 
load. A unit conventional axial strain of 0.22 was 
used for the values appearing in Table 1.

Table 1 and Figures 3 and 4 show: that with an 
increase of bar size, the average-true and maximum- 
true stress at fracture an1 the unit axial strain at 
fracture decrease. The octahedral shearing stress 
at fracture decreases slightly.

These stress and strain values (with the ex
ception of the octahedral shearing stress) have been 
influenced by the position of the specimen in the 
original cross section of tae billet from which the

I 

specimens were cut. Figure 5 shows the cutting plan.
Specimens No. 1 and 2 (3/4 in. dia. ) and 3 (3/8 in. 
dia.) were cut from the outside parts of the billet, 
whereas specimens No. 4 (3/8 in. dia.) and 5 and 6 
(3/16 in. dia.) were cut from tne central parts. As 
a check on position, bars A and B, snown in Figure 5 
were pulled to fracture. Table 2 gives the results.
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Table 2

Influence of Position of Specimen in Original 
Billet on Stress and Strain in the Minimum 
Section of the Neck of a Round Tension Bar

Specimen Size Avg. True Max. True Octahedral Unit Axial
Number (Dia. Stress at Stress at Shearing Strain at

in.) Fracture Fracture*  Stress at Fracture

* Calculated according to Davidenkov and Spiridonova (1).

(lb/in. ) (lb/in. ) Fracture* (lb.4n.2) _ _______

A (Bar 0.357 137,000 155,500 56,000 1.58
center)

B (Bar 0.357 149,9.0 162,000 55,009 1.80
center) ____ __________________________

If we assume that tne average of values given 
in Table 2 of specimens A and B are the values of a 
specimen unaffected by position in the billet, (this 
specimen lying between A and B) then the stress and 
strain velues at fracture of each of bars 1, 2 and 
3 are somewhat high and bars 5 and 6 low. Bar 4 
lying between A and B probably was not affected by 
position. If the values in Table 1 were ccrrected 
for position, specimens 5 an 1 6 would have higher 
and 1, 2 and 3 lower stresses and strains. A further 
check on position is given by the specimens 3, 4, 5 
and 6. Comparing 3 and 4 in Table 1, 3 shows tne 
hi g ne r values ; not a great difference, but one that 
is in Line w i t a the tendency s nov n by position speci
mens A and B. Comparing specimens 5 and 6, 6 s nows 
the hi gher values w hi c h again is i n lne ri g ht 11 recti on.
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At a first glance, the differences in the strain 
values for the 3/3 in. (3 and 4) and the 3/16 in. 
diameter specimens (5 and 6) might be attributed 
to the position effect, but if this were so, speci
mens 1 and 2 (also from the outside of the billet) 
would have to show larger values than specimens 5
and 6. A glance at the rest of the table verifies 
the size effect. On the basis of the position in
fluence, specimens 7, 8, 9 and 10 show somewhat low 
values since they were cut from the center of the 
4g x 4g billet. Bar 8, being only lg in. in dia
meter as against 3 in. for bars 9 and 10, would be 
affected more. The position influence is indicated 
in Table A. There is an arrow alongside each value 
indicating now the value shou^u be corrected for 
position. An upward arrow (^) signifies a higher 
and a downward arrow (^) a lower value. The Table 

1 corrected for position shows, in a much more pro
nounced form, the size effect on stress and strain 
values. In Figures 3 and 4, arrows similar to those 
in Table 1 are shown.

The testing of specimens 11 and 12 was contri- 
bqted by Julius Aronofsky^ almost 2 years after the

1. Research Engineer, Westinghouse Research Labor
atories , East Pittsburgh, Pa.
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tests on the Identical specimens 9 and 10. Pre
mature fracture of the latter two was the reason for 
additional tests on the largest size bars. As Table 

1 I shows, enormous differences were found in the stresses 
y and strains between the earlier and later tests. The 

fractures were entirely different. This will be dis
cussed later. Specimens 11 and 12 came from the same 
heat of steel as did 9 and 10. The specimen preparation 
was identical. No position indications are given for 
specimens 11 and 12. It should be mentioned that the 
load observations made for 12 are believed to be err
oneous, hence the probably incorrect stresses.

The position influence, it was felt, was associ
ated with a non-homogeniety of structure in the billet 
cross section. The premature fracturing of specimens 
9 and 10 gave convincing evidence of this. Figure 6 
shows the fracture surfaces of these two large bars. 
In specimen No. 9, particularly, a lighter ring-like 
outer region surrounds a dark central region of 
seemingly different structure. Tae same, but not as 
large, central region is shown by specimen No. 10. 
It was not the purpose of t ni s investigation to enter 
into the metallurgical details involved, but the out
standing discrepancies, such as tue position effect 
and tne abnormal fractures in bars 9 and 10, sug
gested some research along metallurgical lines.
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Schane (2) noted central "dark spots" as they 

were called, similar to those exhibited by bars 9 
and 10, in fractures of smaller specimens of struc
tural steel. It was shown that this condition and 
the accompanying low ductility wore due to a course 
grain size in the steel in its as-roiled condition.

The perfect cup-and-cone fractur s exhibited 
by bars 11 and 12 (11 is snowa in figure 7), along 
with their large maximum strain values in the neck 
at fracture, suggested the search for possible meta
llurgical causes for the differences observed in the 
fractures of bars 9 and 13 and tne later tests 11 
and 12. Comparisons of bars 13 and 11 were male. 
Cross-sectional slices, taken from points of the 
gage length of these bars which had undergone 0.20 
unit conventional axial strain, served as specimens 
for producing macroetches. Ine results are shown 
in Figure 8(a) and 8(b). A comparison of the sulohur 
prints of Figure 8(a) reveals a faint square-shaped 
segregation zone in the Ccise of specimen 10. (The 
large white spots are nue to air buttles and should 
not be taken into consideration by the reader). Figure 
3(b) exhibits the same slices after they v ere sub- 
jectsd to another method of etching. The same segre
gation zone for specimen 10 is evident.



65 ♦

Mention should be made of tne fact that- the 
fracture surface of ID was coincident with a mach
ined line (on specimen for measuring purposes). 
The possibility that a stress concentration, induced 
by this machined line, influenced the premature frac
ture exists. However, specimen No. 9, which had a 
similar machined line on its gage surface, also broke 
prematurely and at a strain almost equivalent to that 
of ID. The line seemingly did not influence the frac
ture of 9. To eliminate the,possibility of influence 
by machined lines, a photo-gri i was used on bars 11 
and 12. The author attaches much more importance to 
the non-uniformity of structure due to segregation as 
the reason for the premature fractures in bars 9 and 
10.

That segregation is an important factor in duct- 
llity studies has been pointed out .by others. recent 
0. S. R. D. work by Diehl, Wells and Fetters (3) and a 
second report by the first two authors (4) contain in
formation along these lines. Their work entailed a 
study of the*  ductility associated with different type 
fractures in tensile bars of steel user in gun tubes 
(alloy steels). Tney defined types of fractures, 
which, in orier of decreasing ductility are the cup» 

and-cone, angular, irregular and lamina tea-trit tlp. The 
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specimens 11 and 10 of this work would fall into the 
first and last respectively of the quoted categories. 
Bar No. 8 of this work, which showed a comparatively 
low strain value (see Table 1), would probably fit 
into the "irregular” fracture type. No record of this 
exists, however. They state that the brittle fracture 
is commonly caused by the presence and segregation of 
extraneous refractory inclusions. Mention is made 
that the inclusions tend to localize into one part of 
the ingot and are responsible for low ductility.

This then, seems to be a possible explanation 
for the square-shaped segregation zone and its in
fluence in specimen 10. The shape of the zone was 
evidently produced by the rolling of the billet. The 
large number of tests made by the authors (3), (4), 
showed that only 60 per cent of the tests produced a 
pure cup-and-cone fracture. Hence, the suggestion 
that a large number of tests should be made in an in
vestigation of the size effect and that only speci
mens exhibiting cup-and-cone fractures (optimum 
ductility) should be compared. In the present work, 
then, only specimens 11 and 12 (cup-and-cone fractures) 
along with the smaller sized specimens, have been con
sidered in the plots of Figures 3 ana 4«

The distribution of the axial strain in the neck 
as a function of size is brought out by Figure 9. If



67. 
the curve of specimen 1 and that of bars 11 and 12 
are compared, the size of specimen seems to influence 
the strain values all along the gage length (in the 
vicinity of the deepest portions of the neck) in a 
manner similar to its influence on the maximum values ; 
the smaller the bar, the higher the strains.

The progressive axial strain diagrams for the 
specimens 1, 8, 9, 11 and 12 are shown in Figures 10, 
11 and 12. The numbered curves in each of the Figures 
reflect the successive stages of necking. The abscissae 
of the smaller specimens have not been increased in 
these Figures. The curves indicate, like in the flat 
bar work of Part I, that head restraint produces a 
minimum section before the ultimate load is reached. 
They also show the localization phenomenon; that is, 
the straining tends more and more to become restricted 
to the immediate vicinity of the minimum section of 
the neck as the necking process continues.

Figures 13(a) and 13(b) show the fractured necks. 
The smaller specimens have been magnified.

That the size effect is a recognized factor in 
the plastic flow and fracture of metals has been brought 
out by others. In a recent survey for the Navy Depart
ment of the literature on the fracture problem, Gens- 
amer, Saibel, Ransom and Lowrie (5) mentioned the 
more important approaches toward explaining size pheno-
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mena. Significance is attached to a statistical 
theory explanation. A paper by Brown, Lubahn and 
Ebert (6) has a detailed discussion of the pros 
and cons of several attacks on this work. This, to
gether with a paper by Davidenkos, Shevandin and Witt
man (7) do much toward establishing the "Statistical 
Theory" as the most probably explanation for the size 
effect. In the quoted paper (6) a complete descrip
tion of the "Statistical Theory" is presented.

It will be recognized in reading the above lit
erature, that the focus of attention in size pheno- 
mena has been directed toward notched bar testing 
(both.bensing and tensile) in wnich a stress gradient 
is dealt with. Brittle materials under high speeds 
of testing form the bulk of the work. The paper (6) 
emphasizes that tne size effect is a property of 
ductile material also.

The present work has brought out a size effect 
in ordinary uniform tension bars of a ductile material. 
On the basis of what was learned in Bart I, of this 
paper, the writer favors explaining this influence of 
size in an analogous manner to that presented for flat 
bars in Part I. The localization of straining more 
and more toward the vicinity of the minimum section 
of the neck, as necking progressed, was brought out 
by figures 10 and 11. The production of a thinner 
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and thinner disc of flowing material at the heart of 
the neck is probable. Intimation, then, is that the 
contraction of this disc diameter iopends greatly on 
the lateral stresses in the plane of the disc, which 
are created by the restraint of the adjacent stagnant 
material on the disc and whica increase with the in
crease of diameter of t he bar (diameter of adjacent 
stagnant material depends on this bar diameter).

The curves in Figures 3 and 4 seem to indicate 
tnat the greatest ciiange sue to size variation is in 
the range of smaller specimens. An actual limit of 
dimensional influence is suggested by each curve, ex
cept tne octahedral shearing stress which is only 
slightly affected in its entirety.

On the suggestion of Dr. A. Nadai, the advice of 
tne metallurgists of tne Carnegie Illinois Steel Corp
oration in Pittsburgh was requested. Messrs. W. T. 
Lankford and T. . Garvey of the Carnegie Illinois 
Steel Corporation expressed the opinion that the size 
effect, as exhibited here, night have been"due to the 
presence of a small quantity pf occluded hydrogen gas 
in the steel. Mr. Lankford quoted Korber , who dis
cussed the possibility that a decrease in ay Imogen 
content with time might be the cause of an increase

2. A.S.T.M. Proceedings, Part A, 1937.
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in ductility. According to Messrs. Lankford and 
Garvey, the specimens tested a short time after the 
steel rolling had a low ductility because of their 
relatively high hydrogen content. After some time, 
hydrogen diffused out of the steel and the ductility 
increased. They believe that the hydrogen diffused 
out of the smaller specimens with sufficient speed to 
enable these to show high ductility while the hydrogen 
in the two 3 in. diameter bars (nos. 9 and 10) had 
not yet escaped at testing. Contrastingly, the simi
lar specimens Nos. 11 and 12, tested after a time in
terval of two years, had lost the occluded hydrogen. 
Statement is made that the time necessary to reach 
maximum ductility varies roughly as the square of the 
linear dimensions of the bar cross section.

THE LITERATURE

The amount of literature on the size effect in 
the static testing of round uniform tension bars is 
small. As has been stated, most of the work in size 
phenomena has been directed toward notched bar testing, 
static and dynamic. Reference (6) covers a great deal 
of the literature on this.

Lyse and Keyser (8) report early findings of 
Bach (9) concerned with the size effect in uniform 
tension testing in round bars. Bach noted that (a) 
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strength decreased slightly with a diameter increase, 
(b) elongation was independent of diameter and gage 
length as long as the gage length-to-diameter ratio 
remained constant, and (c) reduction in area was in
dependent of diameter. These, of course, are not in 
line with the present findings. Lyse and Keyser (8) 
report on their own resets that the reduction of area 
remained constant when bar diameter was varied.

Duwez, Wood and Clark (10) working with annealed 
copper wires report that stress-strain curves for dif
ferent sized wires indicate an increase in ultimate 
strength as wire size decreases. In fact, all stress 
ordinates along the curves show the same trend. The 
elongation was not affected by size. The range of 
wire sizes was from 0.20 to 0.05 in. (4-1).

In a second paper by these authors (11), static 
tests w^re run on geometrically similar specimens of 
annealed SAE 1020 steel. The gage length-to-diameter 
ratio was 26.6. They varied the size by a factor of 
2 only. For comparable hardness values (approximately 
73 Rockwell B) they found that (a) ultimate strength 
increased, (b) elongation decreased, and (c) reduction 
in area decreased, as bar diameter decreased. The 
latter two are evidence of a trend opposite to that 
in the present work. It suggests that perhaps the 
absolute length of specimen is the important variable.
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In other words, with greater size, geometric simi
larity remaining, the absolute length is larger and 
possibly tills means less restraint due to the heads> 
over tne major portion of the gage length. The authors 
mention their belief in attributing size variations 
to a non-uniform distribution of impurities in the 
different sections. Mention is also made of tne pos
sibility that surface characteristics might be more 
influential in tne small specimens (possible greater 
strength at surface).

SUMMARY
The size of the round uniform tension bar was 

founu to nave an influence on tne local necking pro
cess and its accompanying stress and strain charact
eristics. Specifically, the test results indicated 
that tne axial conventional strain in the minimum 

t section of the neck at fracture increased as the speci
men size decreased (original specimen geometric simi
larity remaining). T ne average-true stress in this 
section and the maximum-true stress at tne center of 
this section at fracture a i s o increased with a speci
men -size decrease. Tne octahedral shearing stress , a 
constant over the section, showed a trend, but not as 
great, similar to the other stresses. The stress and 
strain values were influenced by the specimen’s orig
inal position in the cross section of the billet from 
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which the specimens were cut. The above-mentioned 
stress and strain values, with the exception of the 
octahedral shearing stress were found to be higher 
in the specimen cut from the outer portions of the 
billet cross section. Taking this fact into account 
strengthened the observed size effect.

metallurgical considerations are taken into 
account in explaining this position influence. The 
size effect on the axial strain in the minimum sec
tion of the neck at fracture is attributed to a re
straint influence of stagnant material in tne neck 
on tne localized plastically flowing material adj
acent to it. Inferred in this is the reasoning that 
the stagnant material creates restraining lateral 
stresses in the plane of the thin plastic disc at the 
heart of the neck and these lateral stresses increase 
with an increase in the diameter of stagnant mat
erial (or flowing material; ' at boundary both are 
same and depend on bar size) . The thin disc is pro
duced tiirough localization of straining; that is, 
the tendency of tne straining to become more and more 
restricted" to tne immediate vicinity of minimum sec
tion .

A review of the available literature on this sub
ject has been included.
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> SPEC-NO.
DIMENSION (INCHES) bo/ %ho bo io R. /ho

IO A 0.750 7.500 37.50 50.00 10 50
7 A 5.250 2635 35.00 7 36
6A *500 22.50 3030 30 1

A 5 A 3.750 18.75 25.00 5 25
3 A 2350 11.25 15.00 3 15

1 A 0750 3.75 5.00 1 5

IOB 0375 3.750 18.75 25.00 10 50
7 B
6B

2.825
2.250

a = 17.50
15.00

7 :
6

35 
' 30B SB 1.875 9.38 12.50 5 25

3B 1.125 5.63 7.50 3 15
IB 0.375 1.88 1 5

IOC 0.188 1.875 9.38 12.50 10 so
7 C 1.313 6.56 8.75 7 35
6C 1.125 9.63 7.50 6 30c SC a 938 4.89 6.25 5 25
3C 0.563 2.81 3.75 3 15
IC 0.168 0.94 1.25 1 5
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RELATIONS 
LOCAL strains:

f3“

e'*  Ô^FëS"'

AVG. STRAINS:
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where dyldzl,b»h 
AND 1 ARE THE 
STRAINED VALUES 
OF dy,dz,bo,ho,t 
Io RESPECTIVELY.

Fig. 3 Conventional Strain Directions 
in the Flat Tensile Bar
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Fig. 16»
Division of the Stagnant (B) and Flowing Material (A)
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FIGURE IG lb) 
CLOSEUP OF REGION "A" AND ITS 
SPECIMEN - LIKE ELEMENTS.
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% 04.

GAGE LENGTH

THE LARGER SPECIMENS WERE UNDERCUT I%IN DIA.
. AT THE CENTER OF THE GAGE TO CONTROL THE FRAC

TURE LOCATION.

SPECIMEN NQ
DIMENSIONS (INCHES)_________

do RADIUS

10 3000 15.000 12.750

7
8 1.500 7.500 6.375

1 
2

0750 3.750 3.188

3 0.375 1.875 1.594

S 0.168 0.938 0.797

Fig. 1 The Round Bars for the Series on Size Variation
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ENLARGED VIEW OF FRACTURE SURFACE 
OF SPECIMEN NO II ____

4



Spec. No. 10 Spec. No. 11
Fig. 8a. Comparison of Sulfur Prints

1

of Cross Sections of Large Bars.

Spec. No. 10 Spec. No. 11
Fig. 8b. Comparison of Macroetches 
of Cross Sections of Large Bars.
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