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ABSTRACT

This dissertation studies singularities in positive characteristic rings and the operators that
define these singularities. One approach we take is via the obstructions to strong F-
regularity: given a commutative Noetherian F-finite ring R of prime characteristic and
a Cartier algebra D, we define a self-map, called the Cartier core, on the Frobenius split
locus of the pair (R, D) by sending a point P to the splitting prime of (Rp, Dp). We prove
the Cartier core map is continuous, containment preserving, and fixes the D-compatible ide-
als. We show the Cartier core map can be extended to arbitrary ideals J, where it outputs
the largest D-compatible ideal contained in J in the case that the pair (R, D) is Frobenius
split. The other approach we take is by studying F-graded systems of ideals in R, which
are sequences of ideals giving rise to Cartier algebras on R. We identify how properties
of these systems (or modifications of these systems) affect the singularity properties of the
corresponding Cartier algebra. In particular, we show that in a regular local ring for a
special class of such systems called p-families, strong F-regularity and F-splitting are the
same. Further, we make use of this and a new operation we introduce called p-stabilization
to get a criterion that in a regular local ring, a system is strongly F-regular exactly when its
p-stabilization is F-split. Finally, we associate a combinatorial object to systems built out

of monomial ideals in such a way that encapsulates the behavior of the p-stabilization.
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CHAPTER I

Introduction

One goal of commutative algebra is to better understand different classes of singularities of
commutative Noetherian rings. For a ring R of prime characteristic p, we have a powerful
tool at our disposal, namely the Frobenius map F' : R — R defined by F(r) = r?. The
Frobenius map is a ring homomorphism, and in particular it induces an interesting R-module
structure on R by extension of scalars. This new Frobenius twisted R-module structure
carries information about the singularities of R. For example, a famous theorem of Kunz
says that R is regular exactly when the Frobenius map is flat | ].

Two mild classes of singularities which will be of great interest to us are Frobenius
splitting and strong F-regularity. A ring is Frobenius split if, true to its name, the Frobenius
map splits as a map of R-modules. This notion was introduced by Hochster and Roberts in
their 1976 work on invariant rings | ], and was used to great effect in work on Schubert
varieties by Mehta and Ramanathan, who coined the term Frobenius splitting | . A
ring is strongly F-regular if it has an abundance of splittings of the Frobenius and of certain
related maps. See Section II.1 for a more detailed discussion of these singularity classes.

Both of these notions have been shown to be closely related to interesting singularities
for complex varieties: strong F-regularity is known to behave similarly to Kawamata log
terminality | , , |, and Frobenius splitting is conjectured to behave simi-
larly to log canonicity. It is important and difficult to understand the realm of rings that

are Frobenius split but not strongly F-regular. Further, as these singularity classes are



founded on determining whether certain maps split, it is of interest to understand more
about these splittings as well. One of our main objects of study will be Cartier algebras (see
Definition 11.3.4).

One approach we take is looking at the compatibility of an ideal with a Cartier algebra.
Compatible ideals are those such that every map of the Cartier algebra sends the ideal back
into itself, and the structure of these ideals can carry information about the singularities of
the ring. For example, the F-pure centers of a ring (introduced by Schwede as an analog of
log canonical centers) are precisely the prime uniformly F-compatible ideals | |. As a
more specific example, the splitting prime of a local ring, an ideal introduced by Aberbach
and Enescu that contains all the elements “obstructing” strong F'-regularity, is an F-pure
center. The notion of a splitting prime can also be considered with respect to a Cartier
algebra, see for example | ].

From this point on, we fix a commutative Noetherian ring R of prime characteristic p.
We further assume that R is F-finite, that is, that the Frobenius map is a finite map.

In Chapter III, we take a new perspective on the compatible ideals of a ring. More
specifically, fix a Frobenius split pair (R, D), where D is a Cartier algebra. We then introduce
the Cartier core map

Cyp : Spec R — Spec R

which assigns to each prime P € Spec R the splitting prime Cp(P) corresponding to the
pair (Rp, Dp). The Cartier core map can be considered more generally as a map taking an
ideal I of R to the ideal of elements which are always mapped into I by D. The name was
first introduced by Badilla-Cespédes, in the special setting without reference to a Cartier
algebra | ]. Our main result is to show that this Cartier core map is continuous in the

Zariski topology and describe its image:

Theorem 1.0.1 (Theorem I11.1.9). Let R be an F-finite Noetherian ring of characteristic

p, let D be a Cartier algebra, and let Uy be the Frobenius split locus of (R,D). Then the



Cartier core map

Up — Spec R P+ Cp(P)

s a continuous containment preserving map on Up which fizes the D-compatible ideals. The
image of Cp is the set of prime D-compatible ideals and is always finite. The image coincides

with the set of minimal primes of R precisely when the pair (R, D) is strongly F-regular.

In Chapter IV, we pivot to studing sequences of ideals called F'-graded systems (see Def-
inition IV.1.1), primarily working over regular rings. These arise naturally when considering
Cartier algebras, and this connection allows us to define a notion of strong F-regularity
and Frobenius splitting for F-graded systems (see Definition 1V.2.1). A special class of
F-graded systems are p-families (see Definition IV.1.5), named by Hernandéz and Jeffries
[ |, which are independently of interest as they appear when defining the Hilbert-Kunz
multiplicity | ] and the F-signature | |. However, not much is known about the
classes of Cartier algebras these p-families correspond to. As it turns out, for p-families,

Frobenius splitting and strong F'-regularity collapse into the same condition:

Theorem 1.0.2 (Theorem 1V.2.3). Let (R, m) be an F-finite reqular local ring. Let by be a

p-family in R. Then by is Frobenius split if and only if it is strongly F-reqular.

We also describe a new operation on F-graded systems called p-stabilization, which turns
an F-graded system into a closely related p-family in a way that preserves strong F-regularity.

In particular, when combined with the previous theorem, we can show:

Theorem 1.0.3 (Corollary 1V.3.4). Let (R, m) be a regular local ring, and let a, be an F'-
graded system in S with a; # 0. Let a, be the p-stabilization of a,. Then a, is strongly

F-regular if and only if a, is Frobenius split.

When the ideals in an F-graded system are all monomial, we can also use combinatorics
to gain insight into the properties of the system. By taking advantage of the correspondence

between monomials in k[zi,...,74] and points in N we define an associated p-body in



(N[1/p])? (see Definition 1V.4.2) to a monomial F-graded system. Conversely we define an
associated p-family to subsets of (N[1/p])? (see Definition IV.4.5). This construction extends
Hernandéz and Jeffries’s notion of an associated p-body for a p-family, and gives a concrete
way to encapsulate the asymptotic behaviour of an F-graded system. Further, we show that

it is intimately connected to the p-stabilization:

Theorem 1.0.4 (Theorem IV.4.6). If by is F-graded, then the associated p-family of the
associated p-body of be is the p-stabilization, i.e., as®) = b, If A c (N[1/p])?, then
A(ad) = A+ (N[1/p))".

In particular, this gives a correspondence between p-stable F'-graded systems and subsets

of (N[1/p))* which are invariant under adding (N[1/p])".

I.1: Outline

We now proceed to a more detailed description of the rest of this dissertation.

In Chapter II, we give necessary background. In Section II.1, we describe the F-
singularities mentioned in this introduction in more detail. In Section 1.2, we see the
splitting prime and the notion of “compatibility” of an ideal, along with a discussion of “test
elements” which gives useful result on using a single element to test for strong F-regularity.
In Section II.3 we define Cartier algebras and describe how the above F-singularities can
be generalized to this setting. Finally, in Section I1.4 we state results on the structure of
Hompg(FfR, R) when R is a homomorphic image of a regular local F-finite ring.

In Chapter III, we start by introducing the Cartier core of an ideal with respect to a
Cartier algebra, and proving the core properties of how it behaves, including the aforemen-
tioned Theorem III.1.9.

We then focus on the setting of the full Cartier algebra of a quotient of a regular ring
in Section II1.2. In particular, we give the following explicit formula for the Cartier core

of an arbitrary ideal, making use of a criterion for strong F-regularity due to Glassbrenner



[Gla96]:
Theorem 1.1.1 (Theorem I11.2.1). Let S be a regular F-finite ring, let I C J be ideals of
S, and let R = S/1. Then the Cartier core of the ideal J/I in the ring R is

Cr(J/I) = (ﬂﬂ?e (1P g )) /1.

e>0

This presentation of the Cartier core allows us to prove that the Cartier core map com-
mutes with basic operations such as localizing, adjoining a variable, and in the case of
quotients of polynomial rings, with homogenization (see Lemma I11.1.7, Proposition 111.2.4,
Proposition 111.2.6).

As an application of these techniques, in Section I11.3 we give an exact description of the

Cartier core map in the case of Stanley-Reisner rings.
Theorem 1.1.2 (Theorem I11.3.1, Corollary I11.3.2). Let R be a Stanley-Reisner ring over
a field that has prime characteristic and is F-finite. Let () be any prime ideal of R. Then

= ) P

PeMin(R)
PCQ

Further, if J is any ideal, then

Ca()= Y (ﬁ p) .
QOCMin(R) \PeQ
(PQQP)CJ

These formulas for the Cartier core map extend existing work on computing certain

uniformly F-compatible ideals and D-compatible ideals for Stanley-Reisner rings:
e Aberbach and Enescu computed the splitting prime of a Stanley-Reisner ring | l;
e Vassilev computed the test ideal for a Stanley-Reisner ring | )i

e Enescu and Ilioaea computed the test ideal for pairs (R, 1) where R = klxy, ..., x,]/1]
is a Stanley-Reisner ring and where 1) = ® o F¢ ((z; - -+ x,)P '), for ® a generator of

Hom(F¢S,9)) | ]; and



e Badilla-Cespédes computed the Cartier core for monomial prime ideals | ].

In Chapter IV, we start in Section [V.1 by giving an introduction to F-graded systems and
p-families and their basic properties, including some examples of each. Then in Section V.2
we define strong F-regularity and Frobenius splitting for F-graded systems, and futher see
how these singularities can be identified. This culminates in proving the above-mentioned
Theorem 1V.2.3, showing that for p-families, Frobenius splitting and strong F-regularity are
in fact the same.

This then motivates our introduction of p-stabilization in Section IV.3. Here we show the
above mentioned Theorem IV.3.3, and further discuss the basic properties of p-stabilization.
At this point we see some examples of applying p-stabilization to our favorite selection of
examples in Section IV.3.1. We also suggest in Section IV.3.2 some other operations on
F-graded systems which could be interesting future objects of study.

Finally, in Section IV.4 we introduce the combinatorial construction of the associated
p-body, and explain the connection with p-stabilization. We then in Section IV.4.1 illus-
trate how this can be used to actually compute the p-stabilization of some of the examples

introduced back in Section IV.3.1.



CHAPTER 11

Background

I1.1: Frobenius Splitting and Strong F'-Regularity

One advantage of working in positive characteristic is the Frobenius map. Given a ring R

with characteristic p > 0, the Frobenius map
F : R — R defined by F(r) =1?
is a ring homomorphism.

Theorem II.1.1 (| , Cor. 2.7]). A reduced Noetherian ring R in prime characteristic

1s reqular if and only if the Frobenius is a flat map.

This is a first clue that studying the Frobenius can give useful information about the
singularities of a ring. To clarify our study of the Frobenius map, we introduce some alternate
notation. We will write F,R for the codomain of the map. As a ring, this Frobenius
pushforward F,R = {F.r | r € R} is exactly the same as R, just with this formal symbol
F. prepended everywhere. For example, multiplication is (F,r)(Fis) = F.(rs). The benefit
of this notation is that it clarifies the R-module structure induced by F. The Frobenius
map is now written as F' : R — F,R so that F(r) = F,(r?), and the R-module action is
now written rF,s = F,(rPs). We can iterate the Frobenius, writing F° : R — FfR, where

Fe(r) = F¢(r?") and rF¢s = F¢(r""s).
Definition I1.1.2. A ring R is F'-finite if F,R is a finitely generated R-module.

7



For the rest of this dissertation, we will work exclusively with F-finite rings. This is
because F-finite rings are “nice” (e.g., every F-finite ring is excellent | , Thm. 2.5],
and every F-finite ring is the quotient of an F-finite regular ring | |). They are also
common: any ring essentially of finite type over a perfect field (or more generally, over an

F-finite field) is also F-finite.

Definition I1.1.3. A ring R is Frobenius split, or simply F'-split, if the Frobenius splits as

a map of R-modules, i.e., if there exists a map ¢ € Hompg(F. R, R) with ¢(F,1) = 1.
Closely related is the following definition:

Definition I1.1.4. A ring R is F'-pure if the Frobenius is a pure map of R-modules, i.e., if

for any R-module N, the induced map N ®z R — N ®p F, R is injective.

Clearly F-splitting implies F-purity, but in fact for Noetherian F-finite rings the two
conditions are equivalent | , Cor. 5.2].

We will also be interested in a strengthening of F-splitting, introduced in | |:

Definition II.1.5. A ring R is strongly F-regular if for all non-zero divisors ¢, there exists

e >0 and ¢ € Homg(FfR, R) with p(Ffc) = 1.

To make clearer the connection between F-splitting and strong F-regularity, it is useful

to note the following result:

Lemma I1.1.6. The following are equivalent:
1. R s F-split.
2. For some e > 0, there is a map ¢ € Homg(FSR, R) with p(F¢f1) = 1.
3. For all e > 0, there is a map ¢ € Homg(FSR, R) with p(Ff1) = 1.

Proof. Suppose as in (2) that ¢ € Homg(F¢R, R) has ¢(F¢1) = 1. Thus by composing with

the iterated Frobenius, we see ¢ o F*71(F,1) = ¢(F¢1) = 1, and so R is Frobenius split.

8



Suppose as in (1) that 7 € Homg(F, R, R) has m(F,1) = 1. Then a degree e map ¢ with
@(F£1) =1 can be used to build a degree e + 1 map via 7 o (F.p), and so by induction we
can get such maps for all e.

Finally, (3) = (2) is clear. O

Taking ¢ = 1 as our non-zerodivisor, we thus we immediately see that strong F-regularity

implies Frobenius splitting. Further, strong F-regularity implies several other nice features:

Proposition I1.1.7 (] ], 1 , Thm. 3.1]). If R is Noetherian, F-finite, and strongly

F-reqular, then R is Cohen-Macaulay, normal, and pseudo-rational.

Being pseudo-rational is a characteristic-free generalization of the notion of rational sin-

gularities for complex varieties due to Lipman, see | , ].

Example I1.1.8 (| , Thm. 3.1]). Regular rings and direct summands of strongly F-

regular rings are also strongly F-regular.

Example I1.1.9. Stanley-Reisner rings are F-split (see, e.g., | , Lemma 10] for a proof
over perfect fields). However, any Stanley-Reisner ring which is not just a polynomial ring

is not strongly F'-regular, since it is not normal.

It will also be useful for us to have a way to test for strong F-regularity, by way of a

“test element”:

Theorem I1.1.10 (] , Thm. 3.3]). Let R be an F-finite Noetherian ring, and suppose
that g € R° has the property that R[g™'] is strongly F-reqular. Then R is eventually Frobenius

split along g if and only if R is strongly F-reqular.
Proof. Take any non-zerodivisor ¢ € R, and consider the “evaluation at ¢’ map
Hompg(F/R, R) — R which has ¢ — ¢(F/c).

Since R[g~!] is strongly F-regular, when we tensor with R[g~!] there is some large enough f

such that this map is surjective in the localization, i.e., there is some ¢ € Homg(F/ R, R) and

9



some m such that 1(F/c) = ¢g™. Because g is eventually split, this means R is in particular
F-split, and so there exists 7 € Hompg(F,R, R) with 7(F,1) = 1. We can always replace m

by a larger m and compose 7 with its pushforwards, so we reduce to the case where
¢ € Homgp(F/R,R), Y(F/c)=¢" and =€ Homp(F'R,R), n(F1)=1.

Now

mo(Fite) = n(Flg") = gn(F'1) = g.

Let ¢ € Homg(F*R, R) be our given splitting of g. Now finally ¢ o (F7) o (F¢t4)) is our

desired splitting of c. O]

I11.2: Compatible Ideals

For a local ring, Aberbach and Enescu introduced the splitting prime as a way to measure the
difference between Frobenius splitting and strong F-regularity. The elements in the splitting
prime are obstructions to strong F-regularity, in the sense that they are precisely those
elements that cannot be taken to 1 be any element of Homg(FfR, R). In particular, the
splitting prime of a domain is zero precisely for strongly F-regular rings [ ]. Aberbach
and Enescu’s splitting prime can also be described as the largest uniformly F-compatible
ideal in the sense of Schwede [ |. They first defined the splitting prime in terms of the
injective hull of the residue field, Er(k), but we will instead state the following equivalent

version of their definition.

Definition I1.2.1 (| , Thm. 3.3]). The splitting prime of a reduced local ring (R, m) is
PR)={reR | o(Fir)emVe >0, Vo € Homgr(FR,R)} .

We can also give a description of this ideal in terms of uniform F-compatibility, which

we now work towards explaining.
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Definition I1.2.2. Consider a map ¢ € Homg(F¢R, R). An ideal J C R is @-compatible if
e(FJ) C J. An ideal is uniformly F-compatible if it is ¢-compatible for all e € N and all
p € Homg(FfR, R).

Example 11.2.3. The splitting prime is uniformly F'-compatible since for every map 1 €
Hompg(F/R, R) and r € P(R), we have ¢ (F£(¢(FIr))) = (p o Fe)(Ftr) € m for all
e >0 and all p € Homg(FSR, R).

Definition I1.2.4 ([ , Def. 4.1]). Let R be an F-finite reduced ring. A point p € Spec R
is a center of F-purity if for all r € pR, and for all e > 0, the map

R, — F°R, = FeR,

does not split.

If (R, m) is Frobenius split (so that the splitting prime P(R) is a proper ideal), then in
fact the splitting prime is the unique largest center of F-purity | , Rmk. 4.4].
Further, by design, there is a connection between the ideas of uniform F-compatibility

and centers of F-purity:

Proposition 11.2.5 (| , Prop. 4.6]). Centers of F-purity are precisely the uniformly

F'-compatible prime ideals.

I1.3: Cartier Algebras

We will use the R-module structure on Ff{R, but first we need a cohesive way to consider
only certain maps in Homp(F¢R, R). First, given any map ¢ € Homg(FIR, R), we write

Fep : F¢TYR — F°R for the Frobenius pushforward of the map, where
(FL)(Fr) = (Fe)(F(Fir)) = FE(y(Fir)).

Now we define a (non-commutative) multiplication on the abelian group @, Homg(F¢R, R)

as follows: given maps ¢ € Homg(F°R, R) and ¢ € Homg(FR, R), we define their product

11



as

(IL.3.1) Gx b = po Fep.

More concretely, for any r € R we have

(¢ * ) (F ) = ¢ (FE(¢(F2)) -
Definition I1.3.1. The full Cartier algebra on R is the graded non-commutative ring

Cr = @ Homp(FIR, R),

e>0

where multiplication is as defined in Equation (II.3.1).

Note that FOR here means R as an R-module, so that (Cr)g = Hompg(R, R) = R. We
will often write the “multiplication by ¢” map as simply ¢, and its pushforward as Ffc, so
that (Ffc)(Ffr) = F¢(er). However, this copy of R is rarely central in Cg, because for ¢ of

degree e, we have 7 x ¢ = ¢ % r?". Therefore, R is central only if R = TF,,.

Definition 11.3.2. A Cartier (sub)algebra D is a graded subring of Cr such that Dy = R.
In particular, D has the form D = @, D, where D, C Homp(F{R, R) for all e > 0.

Example I1.3.3 (] , Rmk. 3.10]). Let (R,a’) be a pair where a is an ideal and the

formal exponent t is a positive real number. Then the corresponding Cartier algebra C* has
€ = Homp(F°R, R) x al"@ =11,

We can now restate many of the basic definitions from Section II.1 in Cartier algebra

setting.

Definition I1.3.4. Let R be a ring of prime characteristic, and let D be a Cartier algebra
on R.

e The pair (R, D) is F-finite if R is F-finite, i.e., F\ R is a finite R-module. We assume

every ring R in this dissertation will be F-finite.

12



e The pair (R, D) is Frobenius split or (sharply) F-pure if there exists some e > 0 and
some ¢ € D, with ¢(F71) = 1.

e If ¢ is an element of R, then the pair (R, D) is eventually Frobenius split along ¢ or

F-pure along c if there exists some e > 0 and some ¢ € D, with ¢(Ffc) = 1.

e The pair (R, D) is strongly F-regular if it is eventually Frobenius split along every ¢

which is not in any minimal prime of R.

We will follow the example of Blickle, Schwede, and Tucker and omit the adjective “sharp”
when discussing F-purity of pairs | , Def. 2.7]. Observe that if ¢ € D, is a splitting
of F¢, then there is a splitting in any multiple of the degree, given by ¢" € D,,,.

The notion of “compatibility” from Definition 11.2.2 also makes sense in this setting:

Definition I1.3.5. An ideal J C R is D-compatible if J is p-compatible for all e € N and

for all ¢ € D..

Remark I1.3.6 (Localizing a Cartier algebra). Since we will consider only pairs (R, D)
where R is Noetherian and F-finite, this means that for any ring S such that R — S is flat,
we have by | , Thm. 7.11],

S ®r Homg(FLR, R) = Homg(S ®g FER, S).

In the case that S is a localization of R we further know that S commutes with the Frobenius;

that is, for any multiplicative set W,
W 'R ®g Homg(F¢R, R) = Homy 1 z(FS(W'R), W 'R).

We will use this isomorphism freely: if = ® ¢ is a pure tensor in W™R ® Homg(F°R, R),
we will identify this with the map in Homyy—1z(F¢(W'R), W~'R) which sends F¢(%) to

s
u
W This identification is easier to understand if we first rewrite F(2) as

(supel) 1 Fe(suP™h) | Fe(suPh)
” :

upb® N

F€

*

1 U
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Thus we have a natural containment W'R ®g D, C (Cy-1r).. We can therefore con-

struct a new Cartier algebra W=D on W1 R using this isomorphism, so that
(WD), =W 'R® D..
When localizing at a prime ideal P, we write this Cartier algebra as Dp.

Now that we have the setup to discuss localizations of Cartier algebras, we can state and

prove the following result on the Frobenius split locus in the setting of Cartier algebra pairs.

Theorem 11.3.7. Let R be a Noetherian F'-finite ring, and D a Cartier algebra. Then the
set of primes P of R at which (Rp,Dp) is F-pure is open. Further, the pair (R, D) is F-pure

if and only if the localized pair (Rp,Dp) is F-pure for all primes P.

Proof. For any e, we get a module map ¥, : D, — R via evaluation at F¢1. The pair (R, D)
is F-pure exactly when this map is surjective for some e > 0, or equivalently, when there
exists an e > 0 such that R/im W, = 0. The localization (V,)p corresponds to the evaluation
map (Dp). — Rp, so the pair (Rp, Dp) is not F-pure if and only if Rp/im(V,.)p # 0 for
all e. Thus the non-F-pure locus is precisely the closed set ., V(im ¥,).

For the second statement, if (R, D) is F-pure, then there exists some e > 0 and ¢ € D,
with ¢(F¢1) = 1. By definition, the localization ¢p : F¢(Rp) — Rp is in (Dp)., and so
(Rp,Dp) is also F-pure.

Conversely, if each (Rp,Dp) is F-pure, then the complements of the sets V(im ¥,) give
an open cover of Spec R. Since Spec R is compact, only finitely many are needed, say, the
complements of V(im W, ),...,V(imV¥,,). Taking e = e;---¢; to be the product of these
indices, we must have that (Rp, Dp) has a splitting in D, for every prime P. Thus the map

W, is surjective, since it is surjective at every prime. O

This proof in fact shows that for any ¢, the set

{P € Spec R | (Rp, Dp) is not eventually Frobenius split along c}

14



is closed. Further, it also shows that (R, D) is eventually Frobenius split along c if and only
if (Rp, Dp) is for every prime ideal P. In particular, this shows that just like in the non-pair
setting (see | , Thm. 3.1}, (R, D) is strongly F-regular if and only if every (Rp, Dp) is

as well.

I1.4: Testing for Splittings in Quotients of Regular Rings

We have already seen one example (namely Kunz’s theorem, Theorem I1.1.1) of how a regular
ring behaves nicely with regards to the Frobenius. It turns out that the Hom sets we are
interested in also have a nice module structure in the regular setting. In fact, the following

result is true for Gorenstein rings, though we will only use it in the regular case.

Lemma II.4.1 (] , Lemma 1.6]). If S is an F-finite reqular local ring, then the maps
Homg(FES,S) form a free rank one F¢S-module.

We will typically use ®¢ to refer to the generator of Homg(F<¢S, S).

Example I1.4.2. Let S =, [z1,...,24] be a polynomial ring. Then F¢S is a free S-module
with basis {Ffz® |0 < a; < p Vi}. The standard monomial generator for Homg(F£S,S) is

defined on this basis to be

1l ap=ay==ag=p°—1
O°(Fiz®) =
0 else.

Now we see an example of how to use the F,S-module structure to get other maps in

Homg(F¢S,S) from our generator ®. We can present the standard monomial splitting as

(Fz®= 1) . & = & o (F,2®~ Y1) so that

oap=-=qa4=0
(® o (FaP D)) (Fa®) = &(FaPDite) =

0 else.
Further, Fedder goes on to give a nice description the image of an ideal under any map

in Homg(F¢S,S) (since we now know all such maps are of the form &€ x s):
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Lemma I1.4.3 (| , Lemma 1.6]). Let (S, m) be an F-finite reqular local ring. Let ®¢ be

the generator of Homg(F¢S,S), and let I,J C S be ideals, and s € S an element. Then
(D s)(FI)CJ < seJrl I

Taking I = J, this immediately indicates which maps ¢ = ®°xs € Homg(F£S,.S) descend

to maps in Homg,;(F¢(S/I),S/I) and gives the following isomorphism as a corollary:
Lemma I1.4.4 (Fedder’s Lemma, | , Lemma 2.1]). Let S be an F-finite regular local

ring and let R = S/I for some ideal I. Then

. (1P g T
HOHIR(F* R, R) = F* (W)

as R-modules.
It will also be useful of us to rephrase this result in the language of Cartier algebras:

Example I1.4.5 (Fedder’s Lemma, rephrased). Let (S, m) be a regular local ring, let I be
an ideal, and let R = S/I. Then the Cartier algebra D on S composed of all maps which
lift from CF to €Y is

D, = Homg(F<S, S) « (1P :1).

This description of Hompg(FfR, R) is the core of Fedder’s criterion and of Glassbrenner’s

criterion:

Proposition I1.4.6 (] , Prop. 1.7]). Let (S, m) be an F-finite regular local ring of prime

characteristic p, and let I be an ideal of S. Then R is F-pure if and only if (1P : I) ¢ m/,

Proposition 11.4.7 (| , Lemma 2.2]). Let (S, m) be an F-finite regular local ring of
prime characteristic p. Let I be an ideal of S. Then the map S/I — F£(S/I), where

1+ Fec, splits as an (S/I)-module map evactly when ¢ ¢ mlPl . (1P I,
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CHAPTER III

The Cartier Core Map

In this chapter, we study obstructions to strong F-regularity by introducing the Cartier
core map with respect to a Cartier algebra. We’ll first analyze the behavior of this map in
general, and then focus on the setting of the full Cartier algebra in a quotient of a regular
ring.

We assume that all our rings are commutative Noetherian of prime characteristic p, and

are F-finite. The work in this chapter originally appeared in | ].

I11.1: The Cartier Core Map

Fix a pair (R, D), where R is an F-finite Frobenius split ring and where D is a Cartier

algebra (see Definition I1.3.2). In this section we will define an explicit continuous map
Cop : Spec R — Spec R

that has some especially nice properties. The image of this map is the set of D-compatible
primes of Spec R, which in the case D = Cp is the set of (generic points of) F-pure centers.
If R is not Frobenius split, we can instead define Cp on the open locus of Frobenius split
points. More generally, the map Cp can be viewed as an endomorphism defined on the set
of all ideals of R (not necessarily proper), and is especially interesting on the class of radical

ideals in a Frobenius split ring.
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Definition II1.1.1. Let R be an F-finite ring of prime characteristic. Let J be an ideal of

R. Let D C Cr be a Cartier algebra. Then the Cartier core of J in R with respect to D is
Cop(J)={reR|o(Fir)e J VYe>0, Vo € D.}.

We will write Cr(J) to mean the Cartier core with respect to the full Cartier algebra Cg,
or just C(J) when the ring and Cartier subaglebra are clear from context. In the case that

D = Cpg, the Cartier core Cg(J) is also denoted (e.g., in | ]) as P(J).

Notation II1.1.2. The e-th Cartier contraction of J with respect to D is
Ap (J)={re R|¢(Fir)e J VYo € D.}.
We can express the Cartier core in terms of the Cartier contractions as

Co(J) =[] An.(J).

e>0

We can also express the Frobenius pushforward of the e-th Cartier contraction as
Fi(Ap () = [ 7).
$€De
When D = Cg, the e-th Cartier contraction Ap,(J) is sometimes denoted by J,.
Note that for an F-finite pair (R, D), Ap_(J) and Cp(J) are ideals. Both are clearly
additively closed, so it suffices to check that if a € Ap_ (J) and r € R, then ra € Ap, (J).

For any ¢ € D,, we have ¢(F¢(ra)) = (¢ *r)(Ffa), which is in J since a € Ap_(J).

The Cartier core was defined for the case Cg = D by Badilla-Céspedes | , Def. 4.12]
as a generalization of Aberbach and Enescu’s splitting prime | | and of Brenner, Jeffries,
and Nunez Betancourt’s differential core | |. Here we generalize this definition to the

context of pairs, similar to Blickle, Schwede, and Tucker’s generalization of the splitting
prime to the context of pairs | ].
To motivate the definition of the Cartier core, note that the condition J C Cp(J) (in

other words, ¢(F£(J)) C J for all e and for all ¢ € D.) is precisely the condition that .J is
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D-compatible (see Definition I1.3.5). In the case where D is the full Cartier algebra, this is
equivalent to saying J is uniformly F-compatible. In fact, it is known that when R is F-pure,
Cgr(J) is the largest uniformly F-compatible ideal contained in J | , Prop. 4.11]. We
will see in Corollary T11.1.20 that when the pair (R, D) is Frobenius split, the Cartier core
Cp(J) is the largest D-compatible ideal contained in J.

Further, as the next two results show, the Cartier core of a prime ideal P carries infor-

mation about the localization (Rp, Dp).

Proposition III.1.3 ([ , Prop. 2.12]). Let (R, D) be an F-finite pair and let P be a
prime ideal of R. Then r ¢ Cp(P) if and only if the pair (Rp,Dp) is F-pure along r/1. In

particular, (Rp, Dp) is F-pure if and only if Cp(P) is proper.

Proof. Since Dp = D ® Rp, saying ¢(F¢(r)) € P for some ¢ € D, C Hompg(F¢R, R) is
equivalent to saying ¢(F¢(r/1)) € PRp, viewing ¢ € (Dp). C Hompg, (F¢(Rp), Rp).
The pair (Rp, Dp) is F-pure if and only if there is some ¢ € Dp such that ¢(F£(1)) is a

unit, i.e., not in PRp, which by the above is equivalent to having 1 ¢ Cp(P). O

Proposition I11.1.4 (Cf. | , Thm. 2.11,Prop. 2.12]). Let (R, D) be an F-finite pair
and let P be a prime ideal of R. Then the pair (Rp, Dp) is strongly F-reqular if and only if

Cp(P) is contained in some minimal prime of R.

Proof. The pair (Rp, Dp) is strongly F-regular if and only if (Rp, Dp) is F-pure along every
non-zero divisor, i.e., Cp(P) is contained in the union of the minimal primes of R. Since
Cp(P) is an ideal, by prime avoidance this is equivalent to the containment of Cp(P) in

some minimal prime of R. O

Now that we have provided some motivation for the Cartier core construction, we will

discuss some of its nice properties.

Proposition II1.1.5. Let (R, D) be an F-finite pair. If J; C Jy in R, then Cp(J1) C Cp(Js).
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Proof. For every e, Ap, (J1) C Ap,(J2), since if ¢(F¢r) € J; for some ¢ € D,, we also have

¢(Fer) € Jy. Taking the intersection over all e gives our result. O]

Proposition III.1.6 (Cf. | , Prop 4.6]). Let {J.} be an arbitrary collection of ideals

i an F-finite ring R, and let D be a Cartier algebra. Then

Cyp (ﬂ Ja> =(Co(Ja).

Proof. We see that

Cop (ﬂJa) = {r € R|G(Fir) €[ ) Ja Ve, Vo € @e}

— ﬂ{r € R|¢(Fr) € J, Ve,V € D}

=) Co(Ja) O

In particular, the set of Cartier cores with respect to D is closed under arbitrary inter-
section. We will see in Proposition II1.1.15 that this set is also closed under arbitrary sum
for F-pure pairs.

Our next goal is to show that the Cartier core construction commutes with localization.

To do so, we need the following lemma.

Lemma II1.1.7. Let (R, D) be an F-finite pair, let Q) be a P-primary ideal of R, and let

W be a multiplicative set avoiding P, so that W NP = (. Then
Cw-10(QW'R)N R = Cp(Q).

Proof. By Remark 11.3.6, W=D, is generated by the maps % . F,(W™R) — R for

¢ € D, and w € W, where 2(F.(2)) = HEEw D) - e will start by showing that

u wu

2 e Aw-1p, (QW'R) if and only if s € Ap, (Q).

By definition, £ € Apy-1p (QW™'R) if and only if ¢(F:(2)) € QW 'R for all ¢ €

01
W=1D,. This is equivalent to having
F@
¢( ;(5)) c QW_IR
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for all ¢ € D, and all w € W. This means that we can write w = % for some j € @,
u € W, i.e., there exists v € W such that vug(F¢(s)) = vwyj. The latter is in @, but vu ¢ P,
so by P-primaryness of () we must then have ¢(F¢s) € Q). This holds for all ¢ exactly when
s € Ap,(Q).

Now we have shown our first claim, which implies Ap(Q) = Ay -1, (Q) N R. Intersecting

both sides over all e > 0, we see

Cy-19(Q) N R = Cp(Q). O

Theorem II1.1.8. Let (R,D) be an F-finite pair, let J be an ideal of R, and let W be a

multiplicative set avoiding every prime in Ass(J). Then
Cwip(JWIR)NR=Cp(J) and Cp(J)W'R=Cy1p(JW'R).

Proof. Write J = @1 N ---N Q¢ a minimal primary decomposition of J with corresponding

primes P; = 1/();. Then since intersection commutes with applying Cp and with contraction,

t

Cy-1p(J) N R = )(Cw-10(Q;) N R).

i=1

By Lemma I11.1.7, since W N P; = () we have Cy-19(Q;) N R = Cp(Q;) and so

Cy-1p(J) N R =[)Cn(Q:) = Cp(J).

i=1

For the second equality, we note
Cw-1p(J) = (Cp-1p(J) NR)W 'R = Cp(J)W 'R
since contracting then extending to a localization preserves ideals. O]

Now that we have established the preliminary results for arbitrary ideals, we move to
considering prime ideals. Our main results of the rest of this section can be summarized in

the following theorem.
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Theorem II1.1.9. Let R be an F-finite Noetherian ring, and let D be a Cartier algebra.
Then the Cartier core construction with respect to D induces a well-defined, continuous, and
containment preserving map on the F-pure locus of the pair (R, D) which fixes D-compatible
ideals. The image of the map is the set of ‘D-compatible ideals in Up and is always finite. The

image is the set of minimal primes of R precisely when the pair (R, D) is strongly F-regular.

Proof. We have already seen in Proposition II1.1.5 that the Cartier core is containment
preserving, even without restricting to primes. Corollary II1.1.12 will show that the map
C : Up — Up is well-defined. Theorem II1.1.23 will show that this map is continuous,
and Proposition II1.1.21 discusses the finiteness of the image. Theorem II1.1.19 will show
that the image is precisely the set of F-pure D-compatible ideals, which combined with
Proposition II1.1.16 shows that all the D-compatible ideals in Uyp are fixed.

The one statement that doesn’t have a stand-alone proof elsewhere is the last one.
(R, D) is strongly F-regular if and only if each (Rp, Dp) is strongly F-regular. By Proposi-
tion II1.1.4, this occurs exactly when each Cp(P) is contained in a minimal prime of R. But

since Cp(P) is prime, this is equivalent to having Cp(P) be a minimal prime. O

It is known that the splitting prime, which in our notation is Cr(m) for (R, m) local, is
indeed prime | , Thm. 3.3], even in the case of an arbitrary Cartier algebra | ,
Prop. 2.12]. After localizing, the same proof works here, which we repeat for the reader’s

convenience.

Proposition I11.1.10 (] , Prop. 2.12]). Let R be a Noetherian F-finite ring. If P is

prime ideal of R and Cq(P) is proper, then Cp(P) is prime.

Proof. Suppose co,c¢; ¢ Cp(P). Then we will show cye; ¢ Cp(P). Our assumption means
that (Rp,Dp) is F-pure along each ¢;, i.e., there exists an e; and ¢; € (Dp)., such that

Yi(F¢¢;) = 1. Then applying the map 1y o Flapy o Feoter(°1) to Feoter(cyey), where we

are writing Fte1(#°~1) to mean multiplication by this ring element, we get
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+ €0—1
FOTE T Fflyp P

y FO(Rp) —2— Rp

o (Rp) » Frot (Rp)

Feoter(coey) —— FOter (e ) = FO (¢1 F(c¢y)) ——— F¢ — 1.
Rewriting this map as vy o Ff4) o Ff”el(c’l’eo*l) = Py % Py * 0’1’6071, we see that it is in

(Dp)egrer, and thus that that (Rp, Dp) is also F-pure along cocy, as desired. O

Proposition I11.1.11. Let R be a Noetherian F-finite ring, and let ‘D be a Cartier algebra.
If Q is a P-primary ideal of R and Cp(P) is proper, then Cp(Q) C Q.

Proof. Since Cq(P) is proper, there is some e > 0 and ¢ € D, with ¢(F£1) ¢ P. Consider
r ¢ @ and the map v o (F¢(rP~1)) = ¢ xr?" =1 in D,. Then by P-primaryness,

rY(FL) = p(For™) = (0" 7)(Fir) ¢ Q,
and so r ¢ Cp(Q) as desired. O

Corollary II1.1.12. Let (R, D) be an F-finite pair, with F-pure locus Up C Spec R. Then

the Cartier core construction induces a well-defined map Cop : Up — Uyp.

Recall from Theorem I1.3.7 that because R is F-finite, the F-pure locus is an open subset
of Spec R.

Proof. Let P be a prime ideal in Up. Then (Rp, Dp) is Frobenius split, so Proposition I11.1.3
gives that Cqp is proper, and thus prime by Proposition II1.1.10. This gives a map Cyp : Up —
Spec R.

Then Proposition I11.1.11 says Cp(P) C P. Since the F-pure locus is open, this means

Cp(P) must also be in the F-pure locus. O

Corollary I11.1.13 (Cf. | , Cor. 4.8]). Suppose the pair (R, D) is F-finite and F-pure.

If P is a minimal prime of R, then Cp(P) = P.

Proof. Since (R, D) is F-pure, Cp(P) C P. Since Cp(P) is prime by Proposition II1.1.10

and P is minimal, we must have that Cp(P) = P. O
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Corollary I11.1.14 (Cf. | , Prop. 4.5]). If the pair (R, D) is F-finite and F-pure, then
for any ideal J we have Cp(J) C J.

Proof. Write J = QN ---NQy, where the ); give a primary decomposition of J. Then by
Proposition III.1.6,
Cop(J) = Cn(Q1) N+ N Cn(Qy).

Since (R, D) is Frobenius split, for every prime P the pair (Rp,Dp) is also Frobenius split,
and thus has Cp(P) proper by Proposition II1.1.3. By Proposition III1.1.11, each Cp(Q;) C

Q;. Intersecting, we get that Cp(J) C J as desired. O

Proposition IT11.1.15 (Cf. | , Lemma 3.5]). Let (R, D) be an F-finite, F-pure pair,

and let {Jo}aca be a collection of ideals with Cp(J,) = Jo for all € A. Then we have

o <Z Ja> =Y Cyp(Ja)
Proof. Since Jg C 3 J,, we have Cp(J3) € Cop (>, Jo) for all 5 € A by Proposition II1.1.5,

and so
> Cp(Ja) € Cop (Z Ja) .

For the reverse containment, we use our assumption that Cp(J,) = J, and Corol-

lary I11.1.14 to see that

Co (D Ja) = Co (32 Cola)) € 3 Co(a)

which is our desired opposite inclusion. O

Proposition I11.1.16. If the pair (R, D) is F-finite and F-pure, then for any ideal J in R,
Cop(J) = Cp (Cn(J)).

Proof. By Corollary I11.1.14, we know that Cp(J) € J. Then Cp (Cp(J)) € Cop(J) by

Proposition II1.1.5, so it suffices to show the other direction.
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Consider f ¢ Cp (Cp(J)). Thus there exists e > 0 and ¢ € D, with ¢(F¢f) ¢ Cp(J).
Then there must also exist ¢/ and ¢/ € Do with ¢/ (F¢(F(f)) ¢ J. This term can be

rewritten as (¢' x ¢)(FETe(f)) = ¢/ (FE(¢(Fef))), and so f ¢ Cop(J). O

Remark II1.1.17. If the pair (R, D) is F-finite and F-pure, then combining the results on
the forms of containments (Corollary II1.1.14, Proposition III.1.5, and Proposition I11.1.16)

shows that Cqp is a relative interior operation on ideals of R, in the sense of Epstein, R.G.,

and Vassilev | , Def. 2.2].

The following result is known when D = Cg | ], and for triples (R, A, a’) | ].
The proof in the Cartier algebra setting proceeds similarly to Badilla-Céspedes’ proof, with

a little care needed for the exponents used.

Proposition IT1.1.18 (Cf. | , Rmk. 4.14], [ , Cor. 3.3]). If the pair (R,D) is

F-finite and F-pure, then for any ideal J, the Cartier core Cq(J) is radical.

Proof. Suppose r € 1/Cop(J). Then there exists some n so that 7" € Cqp(J). Since the pair
is F-pure, there also exists some 1) € Dy so that (F21) = 1. Take e = nd, so that there is
¢ € D, with ¢(F°1) = 1, and so that Proposition I11.1.16 gives 77" € Cp(J) = Cp(Cp(J)).
Then

S(FL(r™)) = ré(F1) =1 € Cn(J). O

The hypothesis that (R, D) be F-pure is necessary. Consider R = k[z]/(x?) where k is
an F-finite field, and let D = Cg. This ring R is non-reduced, so it is not F-pure. For
any ideal J in k[z], use J to denote the image of J in R. Now using the presentation from

Theorem II1.2.1, we compute

Ac((@%)) = (@) 1pga) ()T 240 (27)) = (@2 2age (22°72) = ().

Intersecting over all e, we see that Cr((z2)) = (22), a non-radical ideal.
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Theorem II1.1.19 (Cf. | , Prop. 4.9, Thm. 4.10]). If the pair (R, D) is F-finite and F -
pure, then the set of Cartier cores with respect to D, i.e., the set {Cp(J) | J an ideal of R},

1s precisely the set of D-compatible ideals.

Proof. An ideal J is D-compatible precisely if ¢(F¢(J)) C J for all e and for all ¢ € D,
and thus by construction J is D-compatible if and only if J C Cp(J). By Corollary I11.1.14,
if the pair (R, D) is F-pure then this is equivalent to having J = Cq(J). This shows that
every D-compatible ideal is a Cartier core.

Conversely, the Cartier core Cp(J) is D-compatible since by Proposition I11.1.16 we have
Cop(J) = Cp(Co(J)). 0

Corollary IT1.1.20 (Cf. | , Prop. 4.11]). If the pair (R, D) is F-finite and F-pure and

J is an ideal of R, then Cp(J) is the largest D-compatible ideal contained in J.

Proof. Cp(J) is D-compatible by the previous result. If another D-compatible ideal J’ has
Cp(J) C J" C J, then by Proposition II1.1.5 we have Cp(Cqp(J)) C Cp(J") € Cp(J), and
by Proposition I11.1.16 we in fact have Cp(J') = J' = Cp(J). O

The following result, originally due to Schwede [ , Cor. 5.10] and to Kumar and
Mehta | , Thm. 1.1], captures another nice property of the Cartier core map. Recent
work of Datta and Tucker | , Prop. 3.4.1] provides an alternate proof that uses similar

language to the rest of this dissertation.

Proposition II1.1.21 (| , Prop. 3.4.1]). If (R, D) is an F-finite, F-pure pair, then
there are only finitely many Cartier cores with respect to D, i.e., there are only finitely many

D-compatible ideals.

Remark I11.1.22. If additionally R is local, one can in fact get concrete bounds on the
number of D-compatible ideals. Using Theorem 4.2 of | | or the argument from Re-
mark 3.4 of | |, the number of prime Cartier cores with respect to D of coheight d is

bounded above by (Z), where n is the embedding dimension of R.
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Theorem 1I1.1.23. Let (R, D) be an F-finite pair, and let Up denote the F-pure locus of

(R,D). Then the map Cop : Up — Up is continuous under the Zariski topology.

Proof. We will show that the inverse image of the closed set V' = V(J) NUsp is also closed,
where J is an ideal of R. Let K be the intersection of all Cartier cores containing J which

come from primes, so that

K= (1 Co(P).
Pelp
Cop (P)eV(J)

Since the set of Cartier cores with respect to D is closed under infinite intersection by
Proposition I11.1.6, K = Cp(K) is also a Cartier core. We claim that C;' (V) = V(K) NUyp.
Suppose P € C;'(V). Then since P € Uy, we have Cp(P) C P by Proposition I11.1.11.
Since Cp(P) € V(J), we have K C Cqp(P) by construction. Thus K C P and so C;'(V) C
V(K) NUp.
Conversely, if P € V(K) NUp, then K C P and by Proposition I11.1.5,

J C K = Cp(K) C Co(P).

Thus V(K) NUp C C5 (V). O

I11.2: Quotients of Regular Rings

Now that we have seen some abstract properties of the Cartier core map, Cp, we shift our
focus to actually computing it. In this section we give a concrete description of the Cartier
core in the case when R is presented as a quotient of a regular local ring (S,m), and D is
the full Cartier algebra Czr on R. We will then use this concrete description to show that
the Cartier core commutes with adjoining a variable and with homogenization (in the case
that our regular ring is a polynomial ring).

As we saw in Section I1.4 of the background, Fedder’s and Glassbrenner’s criteria give a
clear description of the elements which are obstructions to strong F-regularity, in the sense

that there are no splittings along these elements (see Proposition 11.4.7). For the following,
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we use .J to denote the image of an ideal .J in a quotient ring, and similarly  to denote the

image of an element c.

Theorem II1.2.1. Let S be a reqular F-finite ring, let I C J be ideals of S, and let R = S/1I.
Fize > 1, c € S. Then there exists some ¢ € Homgp(F°R, R) with ¢(¢) ¢ J if and only if

c¢ Jrl . (1P ). In particular,

Aer(J) = J g (I .5 I)  and  Cgr(J) = ﬂﬂpe} s (I :g 1).

e

Proof. The representations of A, and Cpg follow directly from the first statement, so it
suffices to prove that ¢ ¢ JPI: (1Pl . I) if and only if there is some ¢ € Homgz(F°R, R)
with ¢(c) ¢ J.

For our fixed e, let £ : Homg(FfR,R) — R be the “evaluation at ¢” map, so that
E(¢) = ¢(Fcc). Our goal is to show im(E) C J if and only if ¢ € JFT : (IP1 : [). By
Remark I1.3.6, we can view the localization of E as a map Hompg, (Ff(Rp), Rp) — Rp so
that (im F)p = im(FEp). Since localization also commutes with Frobenius and with ideal
colon, we can without loss of generality assume that (S, m) is local.

Let ¥ be a generator of Homg(F£S,S) as an F£S module. By Lemma I1.4.4, the maps
¢ € Hompg(FfR, R) are exactly those maps induced by something of the form ¥ o F¢(s)
where s € Il : I. Thus

G(FL(c)) = (Vo Fes)(Fre) = W(FE(sc))

*

and so there exists ¢ with ¢(F¢(¢)) ¢ J if and only if there exists s € IP1 : [ with

U(F(sc)) ¢ J, i.e., if and only if
U (Fe (c(IP7 1)) = (Feex O)(IPT . 1) € .
Using | , Lemma 1.6], this occurs if and only if

Fi(c) ¢ (JFLS) : (FL(I¥) 2 1)) = FE(JP) : FE(1P 2 D).
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Since S is regular, the flat Frobenius commutes with colon and is injective, thus this is

equivalent to

c¢ Jrl. (1), O

We will frequently move between considering Cg(.J) in R and its lift (., J¥7T: (IP7: 1)
in S, which we will denote as either Cg(.J) or Cg(J). Similarly, we will denote the lift of

Aer(J) as EE;R(J) or ge;R(j).

Remark III.2.2. In Chapter IV we will introduce the terminology of F'-graded systems,
which in a regular local ring (S, m) correspond exactly to the Cartier algebras. We'll then
be able to state Proposition IV.2.5, which gives a formula for the Cartier core Cp(J) of an

ideal J C S with respect to any Cartier algebra D C €%,

We now prove results which let us connect Cartier cores of related ideals computed in

different, related rings.

Lemma I11.2.3. Let S; — S5 be a flat map of reqular F'-finite rings. Consider ideals I C J;

in S1, and ideal Jy in Sy contracting to Jy. Let Ry = S1/I and Ry = S3/1Ss. Then
CRl (Tl)RQ - CRz (72)

Proof. Finite intersections always commute with flat base change. Thus for any sequence of
ideals { K. }een and for any n,

<ﬁ Ke) Sy C <ﬁ Ke) Sy = ﬁ(KeSQ)

e=1
and in particular we must have (72, K¢) 2 C (oo (KeS2). Colon commutes with flat base

change when the ideals are finitely generated | , Thm. 7.4]. Thus

(ﬂ JE (v I)) S2 € (N (A8 (IS)P]: 18) € () (A ((182)P7: 153))

e>1 e>1 e>1

which by using Theorem II1.2.1 to pass to the quotient gives

Cr,(J1)Ry C Cry( o). O
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In the case of a general flat map, even a general faithfully flat map, containment is the
best we can do. For example, consider Sy = k[zP] and Sy = k[z] where k is a perfect field. The
inclusion of S; into Sy is faithfully flat since it corresponds to the Frobenius on the regular
ring k[z]. Now consider I = J; = (2?) C S; and Jo = (x) C S;. Then Ry = 51/1 = K
which is Frobenius split, so Cg, (J;) = J;. But Ry = Sy/IS; = k[z]/(zP) is not reduced,
thus cannot be Frobenius split. Since .J; is a prime ideal, this means Cr,(J2) = Ry.

However, it turns out that in the case of adjoining a variable, we can get a stronger result.

Proposition 111.2.4. Let R be a quotient of a reqular F'-finite ring, let J be an ideal of R,

and let J' be an ideal of R[x| such that JR[x] C J' C JR[x] + (z). Then
Cr(J)R[z] = Cri)(J')  and  Crg(J)NR = Cg(J).
Proof. By Proposition II1.1.5,
Criai(JR[z]) C© Crpgy(J) € Criay(JR[z] + ().
Our first step will be to show
Chrpz) (JR[z]) 2 Cria)(JR[2] + (2)),

which will then give us Crpy(JR[z]) = Crpy(J') = Cra)(JR[z] + (x)).

To do so, note that by assumption we can write R = S/I where S is a regular F-finite
ring, and so we can also write R[x] = S[z]/1S[x]. We use ™ to denote lifting an ideal from R
or R[x] to S or S[z], as appropriate. Consider S[z] to be N-graded by x. Since J R[;]\—lf(x%
the lift of JR[z] + () to S[z], is homogeneous, as is I S[z], our lift of the Cartier core

Cra(Jle] + (@) = () JRla] + (a) : (18] 1S]a)

e>0

is also homogeneous. Consider some homogeneous ¢ in this lift of the Cartier core. Ideal
colon commutes with flat maps, and S — S[z] and the Frobenius are both flat. Thus for
every q¢ = p° we have

1S[z) . 1S[z] = (19 : I)S]x].
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Since g € A(J), we must have g(I1 : I) C (JR[z] + (z))9. However, any element of

(JR[x] + (x))ld of degree less than ¢ must be expressible in terms of elements of JR[z] . In

particular, if ¢ > deg g then g(I : I) C JR[z] . Thus for e > 0, we have

g€ TR+ (IS[a] s 1S[a) = A (JRla).
By | , Prop. 4.15], since Cry(JR[7]) = (.50 Ae:rz)(J R[2]), this tells us that
Crg(TRIz] + (2)) € Cry(JRIa])

as desired.

Now we have shown Cpp(JR[z]) = Cry(J’), and it suffices to show Cr(J)R[x] =
Chriz)(J]x]). To do so, we will show that adjoining a variable commutes with infinite inter-
section. Consider an arbitrary ideal K =, K, in S. As a set, each K,S[z] is polynomials
with coefficients in K, and so the polynomials in ("), K,S[z]| are those with coefficients in
K, for every «, which is precisely K S[z], as desired.

This lets us repeat the argument in Lemma II1.2.3 but with equalities, and thus
Cr(J)R[z] = Crpy(J]z]) = Cri(J')

as desired. The contraction result then follows directly from the fact that adjoining a variable

is faithfully flat, so that
Cr(J) = Cr(J)R[z] N R = Crpy(J) N R. O

If R is a quotient of a polynomial ring by a homogeneous ideal, we can also look at
how the Cartier core behaves under homogenization. More concretely, take R = S/I for
S = klzy,..., x4 and I a homogeneous ideal of S, so that R is N-graded. If f € R, we let

f" denote the minimal homogenization of f in R[t], so that

h_ 4degf g (%1 Ln
ety (2, I
f f " "

If J is an ideal of R, we define its homogenization in R[t] to be J" = (f*| f € J).
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For any degree-preserving lift of f to S, there is a corresponding lift of f" to S[t] so that
the lift of the homogenization is the homogenization of the lift. This means we can freely
consider a given homogenization to live either in R[t] or in S[t|. Further, the ideals (JA;) and

—_—

(j)h are the same: (J") is generated by the lifts of the homogenizations of elements of J,

and (J)" is generated by homogenizations of lifts of elements of J.
There is also a corresponding dehomogenization map ¢ : R[t] — R defined by 6(t) = 1,
which ensures that 6(f") = f.

We recall the following straightforward facts about homogenization.

Lemma II1.2.5. Let R be a quotient of a polynomial ring by a homogeneous ideal. Let I, J
be ideals of R, and {I,} a family of ideals. Let f be an element of R. Then the following

statements all hold.
o fc I ifandonlyif f* e I".
o (I:0)r=1":J" and (N1)" = NI").
° (]h)[pe] — (][pﬁl)h,

Proof. For the first two bullets, see Problems 3.15 and 3.17 in | |. For the third bullet,

use Proposition 3.15 of | | and Theorem 6.2 of | - O
Using these facts, we will prove the following useful result.

Proposition I11.2.6. Let R = S/I where S is a polynomial ring over an F-finite field and

I is a homogeneous ideal. Let J be an ideal of R. Then
(Cr(IN" = Crig(J")  and  Cr(J) =8 (Crpy(J"))

Proof. If we lift to S[t] using Theorem II1.2.1 and the above discussion on lifting and ho-
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mogenization, then

— ( (j)[q} : (_][q} I))

(Jh [q - ((IM) ld] . ]h))
()

0

o
V

: [[q] D)

@
V
o

— CR[t (Jh)
and so contracting back to R[t] via Theorem II1.2.1,
(Cr(]))" = Criy (J").

The last statement follows directly from dehomogenizing each side of the equation. [

I11.3: Formula for Stanley-Reisner Rings

A ring R is a Stanley-Reisner ring if it can be written as R = S/I, where S is a polyno-
mial ring and [ is a square-free monomial ideal. The following theorem gives a complete

description of the Cartier core map for Spec R where R is a Stanley-Reisner ring.

Theorem II1.3.1. Let R be a Stanley-Reisner ring over a field that has prime characteristic
and is F-finite. Let () be any prime ideal. Then

> P

PeMin(R)
PCQ

In particular, the set of prime Cartier cores of R, i.e., the set of generic points of F-pure

centers of R, is the set of sums of minimal primes.

This theorem extends some earlier results. Aberbach and Enescu showed that the split-

ting prime of a Stanley-Reisner ring, which is its largest proper uniformly F-compatible ideal,
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is the sum of the minimal primes | , Prop 4.10]. For the reader’s convenience, we will
reprove this in our proof of Theorem II1.3.1. At the other extreme, Vassilev showed that the
test ideal of a Stanley-Reisner ring, which is its smallest non-zero uniformly F-compatible
ideal, is Zle ﬂ#i P; where P, ..., P, are the minimal primes of R | , Thm. 3.7]. In
a related but different direction, for a specific choice of ¢ : FCR — R, Enescu and Ilioaea
showed that the ¢-compatible primes of R are precisely the prime monomial ideals which
contain a minimal prime of R. They used this to give a combinatorial description the test
ideal of the pair (R, ¢) | , Prop. 3.9, Prop. 3.10].

Badilla-Céspedes showed that if P’ is a prime monomial ideal, then C(P’) as well as each
A.(P') is also a monomial ideal, and more explicitly that A.(P') = (PP + C(P’) in this
setting [ , Lemma 4.16,Prop 4.17]. Meanwhile, Alvarez Montaner, Boix, and Zarzuela
gave a concrete description of 1Pl ;g I in terms of the minimal primes of I, which could be

used to explicitly compute the Cartier contractions for any ideal J | , Prop 3.2].

Proof of Theorem II1.3.1. Our proof will proceed as follows: First we will reduce to the case
where every minimal prime is contained in Q. Then we will homogenize and trap Q" between
a sum of minimal primes and the homogeneous maximal ideal, and use Proposition I11.1.5
and the convenient form of monomial primes to get our desired equality.

Let ~ denote the lift of any ideal to S, let I’ = ﬂ P be the intersection of the
PeMin(R), PCQ
minimal primes contained in @, and let R' = S/I’. Then

Rg = S@/I@ = S@/[{Qv = R/Q
and so by Lemma III.1.7,

Cr(Q)Rq = Cro(Q) = Cy (Q) = Cr(Q)Ry,

Stanley-Reisner rings are F-pure | , Prop. 5.8], and so Cr(Q) C @ by Corollary I11.1.14,

and thus when we lift back to S using Theorem II1.2.1, we see

M@ (¥ =NQw (1.

e>0 e>0
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Thus we can use I’ as our new I, and so we can assume P C () for all minimal primes P.
Relabel the variables so that > pcyp, gy P = (21, ..., 2¢) and define A = k[z1, ..., 2]/,
so that R = A[z.y1,...,74). Now we homogenize, so Q" C m where m is the homogeneous

maximal ideal in S[t]. Then Proposition II1.1.5 tells us

Criy Z P" | C Criyg(Q") € Cryy(m).

PEMin(R)
Each minimal prime P of R remains a minimal prime of R][t] after homogenizing, so Corol-
lary I11.1.13 says Cry(P") = P", and Proposition II1.1.15 then says that their sum is also

preserved by the Cartier core map. Applying Proposition I11.2.4 to m, we get
<QZ1, I ,$C>R[t] = CA(Pl 4+ 4 Pt)A[IC+17 e ,:cd,t} = CRM(E)

Thus
(x1,...,2c) = Cppy Z P | € Crpy(Q") C Cryg(m) = (21,...,2.)
PeMin(R)

and by Proposition I11.2.6,

(CR(Q))h = CR[t](Qh) = <»T1, cee ,$c>-

Dehomogenizing the homogenization always gives back the original ideal, and so
Cr(Q) = (z1,...,2) = » P
PeMin(R)
For the last statement of the theorem, note that since each minimal prime of R corre-
sponds to an ideal of S which is generated by variables, any sum of minimal primes is also

prime, and thus is fixed by the Cartier core map. O]

Since taking the Cartier core commutes with intersection, Theorem II1.3.1 immediately
gives a formula for the Cartier core of any radical ideal in terms of the Cartier cores of its
minimal primes. The following corollary instead gives a formula for the Cartier core of an

arbitrary ideal which is more analogous to the previous one.
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Corollary 111.3.2. Let R be a Stanley-Reisner ring over a field that has prime characteristic
and is F'-finite. Let J be any ideal. Then

Ca(J)= > (ﬂ P).

OCMin(R) \PeQ
( N P)g

PeQ
Proof. First, we will show our desired formula gives an ideal contained in Cg(J). The
restriction on the P’s appearing ensures that the resulting ideal is contained in J. Further,
each P appearing is minimal, so P = Cg(P) by Corollary I11.1.13. Using Propositions I11.1.6

and I11.1.15 (our intersection and sum results) to apply Cg to the formula and then using

Proposition I11.1.5 to preserve the containment gives

> (ﬂP>:CR 3 (ﬂP) C Ca(J).

QCMin(R) \Pe€Q QCMin(R) \Pe€Q
( N P)g ( N P)g

PeQ PeQ

To show equality, we will show that summing over a specific smaller subset in fact al-
ready yields Cg(J), and so the larger sum above must yield Cg(J) as well. Since R is
Frobenius split, Cg(J) is radical by Proposition II1.1.18, so we can write Cg(J) = (i, Qs
as the intersection of its minimal primes. By the same argument as in the proof of Theo-
rem [11.1.23, applying Proposition I11.1.10, Corollary I11.1.14, and Proposition I11.1.16 shows
that Cr(Q;) = Q; for each 1.

Now since the Cartier core commutes with intersection, we use Theorem III1.3.1 to see

Ca() =(1Cr@) = > P

i\ PeMin(R)
PCQ;

Writing R = S/I as a quotient of a polynomial ring and lifting back up to S, this says that
the lift of Cg(.J) is an intersection of sums of monomial ideals. Sum and intersection of
monomial ideals commute [ , Problem 1.17], and so passing back to the quotient gives

)= Y (m a) .

i=1



For each possibility for Py, ..., P, in the above sum, we have (;_, P, C Cg(J) C J, and so

this sum is a subset of our desired formula, which thus must be equal to Cg(J) as well. [
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CHAPTER 1V

F-Graded Systems and p-Families

In this chapter, we transition to thinking about Cartier algebras through a new lens, namely
that of F'-graded systems. We'll define notions of F-splitting and strong F-regularity in this
setting, and we’ll be especially interested in the special subclass of F-graded systems called
p-families.

As before, we assume that all rings in this chapter are commutative Noetherian of prime

characteristic p, and are F-finite.

IV.1: Preliminaries on F-Graded Systems

Definition IV.1.1 (| , Def 3.20]). Let R be a commutative Noetherian ring of prime
characteristic p, and let {b, },en be a sequence of ideals. We say b, is an F-graded system

of ideals if
1. bg = R, and
2. 6%lb; C b,y s for all e, f > 0.
We will refer to b, as the degree e piece (or degree e ideal) of the system.

Blickle first introduced a version of this definition in | , Def 3.20]. We use the
definition as it later appears in | , Def 4.7].
When describing an F-graded system (as in the following example), we will typically

omit stating the degree zero piece.
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Example IV.1.2 (Three main examples). For any ring R of prime characteristic p and any

ideal J in R, the following three systems of ideals are all F-graded:
1. Setting a, = [[7—, J¥! for e > 0.
2. Setting b, = JP1: J for e > 0.

3. Setting ¢, = JI*®P* =V for all e > 0, and for some fixed t € Rxy.

[r°]

Proof. For the second system, we will show by induction on n that a, D a,_.a. for all
0 < e <n. The base cases of n =0 and n = 1 are clear. Now suppose we want to prove the
statement for n + 1. If e = 0 or e = n + 1, again the result is clear. Otherwise,
n—e Pl se—1 n—e e—1 n
aﬁ]l,eae - <H J[Pi]) (H J[Pj]> - (H J[p”e]) <H J[Pj}) - H(][Pi] = Uit

i=0 =0 i=0 §=0 i=0

Note that (JIP] : J)[pf} C J 1 gl since for any z € JP: J, we have
2" JP C (@)l C (PP,

This containment makes it clear that

e+f}
Y

(6P 1p ) C (JPTT g (WL gy C gl

and so

e+f] X

6P lo, € IV T = by

For the last system, since

Pt = D)1+ [t — D] = [t = )] + [t = 1)] = [t =) +t(p’ - 1)],

we immediately have
chf]cf c Jr et =D gt =11 ¢ gl =] Corf- ]

Remark IV.1.3. A similar argument as for system a, above also tells us that for any F-
graded system 0,, we have 0,, D H?__Ol D[lp i], and 0., D H;:Ol ol particular, system a,

above is the minimal F-graded system that has by = J.
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The following straightforward result of Blickle, Schwede, and Tucker illustrates the origi-
nal motivation behind F-graded systems: they are a useful way to describe Cartier algebras

(as defined in Definition 11.3.2).

Lemma IV.1.4 (| , Lemma 4.9]). If (R,m) is an F-finite local ring, then every F'-
graded system of ideals a, of R defines a Cartier subalgebra C® on R by setting % = Clixa,
for all e > 0. Furthermore, if R is Gorenstein, then every Cartier subalgebra D arises

uniquely in this manner.

In light of this lemma, we have in fact seen examples two and three of Example IV.1.2
before: the system b, appeared in Example 11.4.5 as the F-graded system defining a Cartier
algebra on the regular local ring R which is the lift of the full Cartier algebra on R/.J, and the
system ¢, appeared in Example I1.3.3 as the F-graded system defining the Cartier algebra
for the pair (R, J*).

An interesting special case of F-graded systems are p-families of ideals, which were in-

troduced by Hernandez and Jeffries for a different purpose:

Definition IV.1.5 (| , Def 5.1]). A p-family of ideals is a sequence of ideals I, such

that I C I.., for all .

dl

Note that p-families are indeed F-graded; iterating the definition shows Ic[p C Iy for
any f > 1, and so
1P C L p Iy C Ly
Example IV.1.6 (cf. | , Ex. 5.4-5.7]). The following systems are all examples of p-

families:

e the classic example of Il

e (Ex. 5.4) the sequence of Cartier contractions A.(.J) of an ideal under the full Cartier
algebra (see Notation I11.1.2) also gives a p-family. In the setting of a quotient of a
regular ring, where R = S/I and I C J are ideals of S, recall from Theorem II1.2.1
that these are of the form A.(J/I) = (JP:g (1P :5 1)) /1.
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e (Ex. 5.5) If I, is a graded family of ideals (in the typical sense), then a, := I, is a
p-family.
As a variant of this example, if I, is a graded family of ideals (in the typical sense),

then a, := I is an F-graded system.

e (Ex. 5.6) p-families are preserved under arbitrary termwise product, sum, and intersec-
tion; by expansion and contraction to or from another ring; and by termwise saturation

with respect to a fixed ideal.

e (Ex. 5.7) Fix t € Ryg and f € R, and let a, be a p-family. Then b, := a, : f*1-1 is

also a p-family.

IV.1.1: New Systems From Old

We can also modify existing F-graded systems to get new ones. In this subsection, we
observe some basic operations on F-graded systems as a prelude to our more detailed study
of the operation of “p-stabilization” in Section IV.3.

First, we see that in a polynomial ring, the termwise operation of taking initial ideals
with respect to a fixed monomial order preserves the property of being an F-graded system.
For a polynomial r, we write in.(r) for the leading term (or simply in(r) if the monomial
order is clear). Similarly, we write in. (/) or simply in(/) for the initial term ideal of a given

ideal I. See | | for more background.

Proposition IV.1.7. Let a, be an F-graded system in S = K|z1,...,x,]. Fiz a monomial

term order. Then the system of initial ideals in a,, where
ina, = (in(r) | r € a.),
15 also F-graded. Similarly, if be is a p-family, then in b, is also a p-family.

Proof. Taking leading terms commutes with products and powers, i.e., in(r?) = in(r)? and

in(rs) = in(r)in(s). Thus our desired condition is preserved. More explicitly, if r € a, and
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s € ay, then

(in(r))”" in(s) = in(r”'s) € in(ag’f]af) Cindaey.
Removing the s’s from the argument gives the p-family result. O

Likewise, the termwise operation of taking integral closure also preserves the property of

being an F-graded system.

Proposition IV.1.8. Let a, be an F-graded system in some ring R. Then the system a, of
termuwise integral closures G, = @, is also F-graded. Similarly, if by is a p-family, then by is

also a p-family.

Proof. For any ideal I, we have F¢(I)F¢R C Fe¢(I)F¢R by persistence of integral closure
applied with the Frobenius [ , Rmk 1.1.3(7)], so that Fff[q] C Felld, In other words,

7 C Il This gives the p-family result, since b_e[p} C bl"] C beyr.

It is also true | , Rmk 1.3.2(4)] that I - J C I.J. Thus we see
a—e[pf}u—f C a[epf}a—f C agpf]af Cay
as desired. Removing the a;’s from the argument gives the p-family result. O]

Finally, it is illustrative to observe that the short-term behavior of an F-graded system
may not be representative of the long-term behavior, in the sense that one can “splice” a

smaller sequence together with a larger one:

Lemma IV.1.9 (Splicing Lemma). Let T' be a commutative ring of prime characteristic p
and let a, and b, be F'-graded systems. If there exists an index E such that a. C b, for all

e < 2F, then the system ¢, with

a. e<kE
Cc =

b, e>F
1s F'-graded.
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Proof. The grading condition clearly holds if e, f > E. It is not hard to check that the

condition also holds if e, f < E because of the containment between a, and b,:
"le; CalPlay Cagp Cbyp
So suppose ¢ < E and f > E. Then

c[c?f]cf = a[c?f]bf - prf]be C bety = Ceyy
C[pﬂce = b[;)e]ae - bgcpelbe - be-‘,—f = Cetf- O

IV.2: Detecting F-Singularities of an F'-Graded System

In continuation of our theme from the previous chapter of studying F-singularities of Cartier

algebras, we can now meaningfully define F-singularities for an F-graded system.

Definition IV.2.1. Let a, be an F-graded system. Then a, is Frobenius split if the cor-
responding Cartier algebra €% is Frobenius split. Likewise, a, is strongly F'-reqular if the

corresponding Cartier algebra €% is strongly F'-regular.

Remark IV.2.2. Recalling Definition 11.3.4, we can also restate the above definition even

more explicitly as follows: let a, be an F-graded system on the ring R.

e The system a, is Frobenius split if there exists some e > 0 and some ¢ € Homg(F¢R, R)

and a € a, with ¢(Ffa) = 1.

e The system a, is strongly F-regular if for every ¢ not in any minimal prime of R, there

exists some e > 0 and some ¢ € Homg(F¢R, R) and a € a, with ¢(F¢(ac)) = 1.

It can be difficult to verify that a given Cartier algebra is strongly F-regular, especially
if one does not have an explicit “strong test element” as in Theorem I1.1.10, and the same
difficulty holds for F-graded systems. However, we shall see that for p-families, strong F-
regularity and F-splitting collapse into the same condition. More specifically, our main result

of this section is the following:
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Theorem IV.2.3. Let (S, m) be a regular local ring. Let by be a p-family in S. Then b, is

F-split if and only if it is strongly F-regular.

Before proving this theorem we will first prove some useful tools for detecting strong
F-regularity of an F-graded system. The first is a version of Fedder’s criterion for F-graded

systems:

Lemma IV.2.4 (] , Lemma 4.12]). Let (S,m) be an F-finite reqular local ring, let a,
be an F-graded system, and let C* := @, €5 x a. be the corresponding Cartier algebra. Fiz

c € S. Then there is some ¢ € €% such that ¥(F¢c) =1 if and only if ¢ ¢ mP] : q,.

Proof. Recall Lemma 11.4.3, Fedder’s result which says (&€ x s)(F¢I) C J if and only if
s € JPl g I, where I, .J are ideals of S, s € S, and ®° is the free generator of Homg(F¢S, S).
Since every map ¢ € €% is of the form ¢ = ®° x a for a € a,, this means that ¥(Ffc) € m

for all such v if and only if
(®€xa)(Fic) = P(Ffac) = (P *c)(Fia) € m
for all a € a.. In other words, this occurs whenever
O°(F(aec)) = (P€*c)(Ffa.) Cm
which by Fedder’s criterion happens if and only if ¢ € mP7 : qa.. O

We can also revisit the Cartier core from Chapter III, as we can now give a formula
for the Cartier core of any ideal with respect to any Cartier algebra in a regular ring. In
particular, since we are working over a domain, the system a, is strongly F-regular exactly

when the Cartier core of every ideal is zero.

Proposition IV.2.5. As above, let (S,m) be an F-finite reqular local ring, let a, be an
F-graded system, and let C% = P, @Y % a. be the corresponding Cartier algebra. Then

Cewn (J) =[] 7" : a..

e
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Proof. By Lemma I1.4.3 and the same argument as Lemma IV.2.4, we have that ¢ (Ffc) € J

for all ¢ € % if and only if ¢ € JP : qa,. Intersecting over all e gives the desired result. [J

In order to put Lemma IV.2.4 to good use, we’ll next observe that the idea of using a
“test element” for strong F'-regularity also works in the setting of Cartier algebras. This is
effectively the same argument as in the setting of | , Thm. 3.3] (which we saw in the

background as Theorem I1.1.10), but we include the proof here for completeness.

Fact IV.2.6. Let R be a Noetherian F-finite ring, and D a Cartier algebra on R. Let g € R
be a non-zero divisor. Then (R, D) is strongly F-regular if and only if both (R[g™'], D[g™'])
is strongly F-regular and g eventually splits with respect to D (i.e., there exists some e and

some @ € D, with p(Ffg) =1).

Proof. Take any non-zerodivisor ¢ € R, and consider the “evaluation at ¢” map D; — R
which has ¢ — ¢(F/c). Since (R[g™'],D[g™']) is strongly F-regular, when we tensor with
R[g™'] there is some large enough f such that this map is surjective in the localization, i.e.,
there is some ¢ € D; and some m such that ¢(F7/c) = g™. Because g is eventually split
with respect to D, this means (R, D) is in particular F-split, and so there exists 7 € D, with
7(Ff1) = 1. We can always replace m by a larger m, and replace ¢ by a multiple of £, so we

reduce to the case where
V€ Dy, W(Fle) = ¢ and we Dy, m(F1) = 1.

Now
mxp(Fite) = n(Flg") = gn(F'1) = g.

Let ¢ € D, be our given splitting of g. Now finally ¢ % 7% is our desired splitting of ¢. [

In particular, it will be useful for us to have a ready-made collection of elements with

which to test strong F-regularity, which is what the following corollary provides.

Corollary IV.2.7. Let C% = C%«a,, where a, is an F-graded system in a strongly F-reqular

ring S. Let g be a non-zero element of S such that g € \/a. for all e > 0. Then €% is
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strongly F-regular if and only if the element g eventually splits with respect to (S,C%). In
particular, for any non-zero g € ay, we have that C% is strongly F-regular if and only if g is

eventually F-split.

Proof. By the previous fact, it suffices to show that (S[g~!], C*[g!]) is strongly F-regular.
Consider any element ¢ € S. Since S is strongly F-regular, there exists some e and ¢ € €
such that p(F¢c) = 1. Now choose f and a such that ¢ € G}? is an F-splitting and ¢° € a4 ¢,
and let n = [#W Then

n n e npetf e
9" = g (b x Q) (FHe) = pxpx g (FeHe).

e

By design, g”pe” € Uety SO Y *x % g”pe” € €% Once we localize, this shows c/1 is
eventually F-split with respect to (€*[g™!])c1s, and so by a standard result this means that
in fact any element c¢/g' € S[g~'] is eventually F-split with respect to this Cartier algebra.

For the “in particular,” note that if g € a;, then ng;olpi € a., and thus g € /a. for

all e. O

Using any element from a; as our test element combined with our understanding of
splittings from Lemma IV.2.4, we get a simplified criterion for checking F-splitting and

strong F-regularity of an F-graded system.

Corollary IV.2.8. Let (S, m) be a regular local ring. Let as be an F-graded system in S
with aq 7é 0.

o a, is F-split if and only if there exists e > 0 such that a,  mPl.
e a, is strongly F-reqular if and only if there exists e > 0 such that a;a, Z mP.
Now we are ready to prove the main theorem of this section:

Proof of Theorem IV.2.3. If b, is strongly F-regular, it is by definition also F-split. Con-
versely, suppose b, is F-split. Then by Corollary IV.2.8, there exists some e > 0 and some

c € b, \ mPl. Since b, is a p-family, & e prf] C beys for all f > 0. By Corollary IV.2.7,
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this ¢ is a test element. Further, the ideal ml*) : ¢ is proper, and so by Krull’s intersection

theorem there exists some f such that
c ¢ (mll: C)pf > (ml7: C)[pf] — mP . P 5 et Bess.

Thus by Lemma IV.2.4, €% is eventually F-split along ¢, which completes the proof. O

IV.3: p-Stabilization

In light of Theorem IV.2.3, it is natural to consider whether we can use p-families to get
results for F-graded systems more generally. Our goal in this section is thus to present a
useful construction which turns F-graded systems into p-families, in such a way that strong

F-regularity is preserved.

Definition IV.3.1. Let a, be an F-graded system. The p-stabilization of a, is a,, where

a, := {7“ | P e asie for all f>> O} )
From this definition, we immediately get the following result:

Fact 1V.3.2. The p-stabilization of any F-graded system is a p-family.

Proof. If r € a,, then for all f > 0, we have (rp)pf =" € Uet1)+f- O
Further, strong F-regularity is indeed preserved:

Theorem IV.3.3. Let (S,m) be a regular local ring. Let a, be an F-graded system in S
with a; # 0, and let a, be the p-stabilization of a,. Then a, is strongly F-reqular if and only

if ae is strongly F-regular.

Combining this theorem and Theorem IV.2.3 with the fact that a, is a p-family, the

following corollary is immediate.

Corollary IV.3.4. Let (S, m) be a regular local ring. Let a, be an F-graded system in S
with a; # 0, and let a, be the p-stabilization of a,. Then a, is strongly F-reqular if and only

if ae 1s F'-split.
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Now we proceed towards proving Theorem IV.3.3, the main theorem of this section. It
will help to first have some constraints on how far apart a, and a. can get, which the following

lemma addresses.
Lemma IV.3.5. Let a, be an F-graded system. Then for every e, a; - a, C de.
Proof. For any f € N, we have
Aot D alP’] ar D alr’] Hall :
In particular, this means that for r € a;, s € a., we have

_ e
fos Ly fopl=t
Cle+f > Sp re~i=0 P = Sp r r-1

Thus (s7)? € a..f for all f > 1, which means that rs € @, as desired. O
In the case that a; = 0, the previous lemma is of course not very informative.

Remark IV.3.6. Ideally, we would have some kind of containment that showed “something
related to a.” is contained in “something related to a,”. There are unfortunately some limita-
tions here. Taking a, = (xP"*¢) and a, = (27" ™) for integer 0 < ¢ < p as in Example IV.3.9
shows that for any monomial ideal I = (x®), we have that eventually, I - a. Z a.. So there

is no fixed multiplicative factor that will work in this direction.
We are now ready to prove the main result of this section.

Proof of Theorem IV.3.3. To show the contrapositive, assume that D% is not strongly F-
regular. By Theorem IV.2.3, this means D¢ is also not F-split, and by Corollary IV.2.8 this

tells us that for all e, b, C mP"). But then Lemma IV.3.5 further tells us that
aa, C b, € ml

for all e, and so D% cannot be strongly F-regular.
For the other direction, now assume that D is strongly F-regular. Thus there exists

an e such that b;b, € mP1 ie., thereis f € by, g € b, with fg ¢ mPl. On the one hand,
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this also means that (f g)pe/ 7 ml”*) for all ¢. On the other hand, by definition of b, for
all ¢/ >0, gpel € deyer and fpel € a1y Let eg be an € > 0 which satisfies both conditions,
i.e., g7 € deye, and fP € ayyq,.

e+e0]

Then (fg)P € a1yeyOere \m[pe+e°], which in particular means f7° ¢ mP D Oeteg-

Since f € by, this means f, and also fP, is in \/a. for all ¢ > 0, and thus fP is a test

element in the sense of Corollary IV.2.7. m

Now that we have seen a useful application of p-stabilization, we will note some other

properties of this construction.

Proposition IV.3.7 (Basic properties of p-stabilization). Let R be a Noetherian F-finite

ring, and let a, be an F-graded system of R.
1. ﬁe =q, for all e, i.e., any p-stabilized system is itself p-stable.
2. If further b, is an F-graded system with a. C b, for all e > 0, then a. C b, for all e.
3. If a, is a p-family, then a, C a, for all e.

Thus p-stabilization behaves like a “closure” operation on p-families.

Proof. We will prove these out of order, starting with the second and third:

2. Let r € a,, so that e aet¢ for all f > 0. But by taking sufficiently large f, we get

= Aetr C beyys, and thus r € Ee.
3. If r € a., then since it is a p-family, of course P e ey for all f, and thus r € a,.
Now we return to the first property on the list:

1. By using the other two properties just proven and the fact that a, is a p-family, we
automatically get a. C ﬁe for all e. Conversely, take r € ﬁe. Then for all f > 0 and

g>0, 7" = (r?" ) ¢ (et f)+g as desired.
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As a caution to the reader, we note that the restriction to p-families in the third property
of Proposition IV.3.7 is necessary: in Theorem [V.3.16, we will see an example of an F-
graded system where in fact @, C a, for all e, namely the system where a, = I : T for some
fixed ideal I, yields the smaller stabilization a, = I”l. We also note that the containment

in the third property can indeed sometimes be strict:

Example IV.3.8. Fix a constant ¢ € N with ¢ > 1, and let a, = (zP"*¢) C k[z]. One can
easily check that this is a p-family. However, a, = (2P"*!), since monomial 2% € a, means
()" e ("7 He) for all f>> 0, ie., p© + o7 <aforall f> 0. In particular, if ¢ # 1, the

p-stabilization is larger than the original family.
In fact, even exponential growth is not enough if the growth factor is less than p:

Example IV.3.9. Fix a constant ¢ € N and consider the system a, = (zP"*). This is a

p-family if and only if ¢“™ < p - ¢® for all e. One can further check that a monomial z¢ € a,

if and only if p© + c;f < a for all f>> 0. In particular, if 0 < ¢ < p, then a, = (2P 1).

In light of these examples and the first property of p-stabilization (Proposition 1V.3.7),
it would be interesting to identify the F-graded systems that are p-stable, i.e., the systems
a. such that a. = a. for all e. To be p-stable, it is clearly necessary for the system to be a

p-family to begin with. We now work towards giving a sufficient condition.

Lemma IV.3.10. Let S be a Noetherian F-finite ring, and let a, be an F-graded system.

Then for any fized surjective degree d map o € C35, we have

ae g U ﬂ (;O*n(Ffdae—l—nd)-

m>0n>m

Proof. Since ¢ is surjective, in particular there is some s € S with p(Fd%s) = 1, so that
further @ (Fndgl "+ """ — 1 for all n. Then consider any r € @, so that 7’ € Cet f

for all f > 0. In particular, for n > 0 we have
P (D) (P D)) € (),
This gives the desired containment. O
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Proposition IV.3.11. Let S be a ring, and let by be a p-family in S. Suppose there exists
some d and some map ¢ € €5 such that p is surjective and for all e, we have p(Fb.,4) C b,.

Then b, is p-stable, i.e., b, = b, for all e.
Proof. Note that the condition iterates in the sense that
Sp*n(F*ndbe—&-nd) g <,0*(n_1) (an_l)dbeJr(nfl)d) g e g be-

Thus

Ee C U ﬂ Sp*n(F*ndae—i-nd) C U ﬂ be = be-
m>0n>m

m>0n>m
Since b, is already a p-family, b, C Ee by the third property of p-stabilization (Proposi-
tion IV.3.7) and so b, is stable, as desired. O

Remark IV.3.12. The requirement that b, be a p-family in the previous proposition is
indeed necessary. Consider the F-graded system b, = (z'*7+ 7"} in k[z], and let ¢ be

the standard monomial splitting in Homy,) (Fik[x], k[x]). Then
@ (Fbern) = o (Fula 7)) = o400 (P (1)) = b 1p(F (@) = b,

so we have the desired containment. But the system is not p-stable. We shall see in Theo-

rem IV.3.15 that in fact Ee = xbe_1.
These results prompt the following conjecture:

Conjecture IV.3.13. Let S be a strongly F-reqular ring, and let by be a p-family in S.
Then b, s stable, i.e., Ee = b, for all e, if and only if there exists some d and some map

¢ € CF such that ¢ is surjective and for all e, we have p(F%b.,4) C b,.

This conjecture is in fact true when b, is a system of monomial ideals, as we shall see in

Proposition 1V.4.8.

Remark IV.3.14. A non-strongly F-regular ring, and even a non-F-split ring can certainly

have stable p-families. For example, the p-family b, = (1) for all e is stable in any prime
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characteristic ring, so our conjecture certainly wouldn’t hold in such settings. We can’t just
generalize the condition to being any map. For example, in S = k[z], the family b, = (2P 2)
is not stable, because

,I‘p2+2 . xp—2 — (xp—l-l)p c 62

but P! ¢ b;. However, taking ¢ = 2% x ®, where ® generates Homg(F, S, S), we see that

e+1
for any ra?” 2 € by,

O(F,(ra?*2)) = 2 o(F.(r2?)) = 27 t2®(r) € b,..

IV.3.1: Application: Our Three Main Examples

Now that we’ve seen some benefits of p-stabilization, we will show how to compute the p-
stabilization for (some special cases of ) our main examples from Example IV.1.2. A key tool
for computing the p-stabilization of a monomial idea will be the associated p-body, introduced
in Section IV.4. In fact, several of the proofs here will be deferred to Section 1V.4.1, once

we have developed the necessary machinery.

Theorem IV.3.15. Let I be a monomial ideal in k|xy,...,xq4] with minimal monomial

generating set {z” |v € V}, and let a, = [[—y I, Define

1
J = .T[Z” ovv] Cy € R>0, Cy = —— ).

Then the p-stabilization is

e—1
aezj-aE:J-HJW

=0

This theorem will be proven on page 60.

Theorem IV.3.16. Let S be a regular local ring, fix a non-zero ideal I in S, and define
a. = 1P [. Thena, = I[P,

Proof. We see first that
VL (L Nl (L
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and so P! C @.. On the other hand, if ' e Qe f = T I, then
IC el ([[PE] : T)[pf]_

But this is supposed to hold for all sufficiently large f. If I") : r is a proper ideal, then
Krull’s intersection theorem would tell us that I = 0. Otherwise, this means that r € "]

as desired. ]

Theorem IV.3.17. Let S = k[xy,...,z4], let m be the homogeneous mazimal ideal, and fix

t € Rsg. Let a, = mlt V1 Then the p-stabilization is

a, = ml#l,

This theorem will be proven on page 63.

IV.3.2: Other Possible Operations on F-Graded Systems

There are other operations one could conceivably define on an F-graded system. In Sec-
tion IV.1, we already saw that taking termwise integral closures (Proposition IV.1.8) and, in
a polynomial ring, taking termwise initial ideals (Proposition IV.1.7) are both ways one can
get a new F-graded system from an old one. In this section, we will suggest some possible
operations that act more holistically on an F-graded system, as well as pointing out the
limits of our current understanding of them.

First, we consider a definition that appears very similar to that of p-stabilization.
Definition IV.3.18. The sporadic p-stabilization is

jpete o]

a’ = {r ‘ ' e asi. for infinitely many f} .
By effectively the same proof as Fact 1V.3.2, we get

Fact IV.3.19. The sporadic p-stabilization of any F-graded system s a p-family.

However, these are legitimately different constructions, as the following examples show:
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Example IV.3.20. Define an F-graded system in F,[z] as follows:

(xP"t1) e is odd

(zP") e is even
One can straightforwardly check that this is an F-graded system, by considering the pos-
sible parities of e and f in a[ep f]af. However, one can also check, e.g., using the idea of

Example IV.4.7, that

.= (2t and @® = (a"").

Example IV.3.21. Take any F-graded system a,, and define a new F-graded system b, via

0 eisodd
b, =

a. e is even.
Now b, = 0 for all e, but Ego D a, which in particular is often not zero.

There are other differences in these constructions as well. For example, if we replace a,
by a3°, then Lemma IV.3.5 holds in a more general way—for any ¢ and every e, a,-a, C a2.
However, we do not know whether there is a version of Theorem IV.3.3 that holds for the
sporadic p-stabilization construction.

Our definition of p-stabilization evokes the idea of taking the Frobenius closure of an ideal.
One might then want to consider a notion of stabilization built on tight closure instead. This

leads to the following definition.

Definition IV.3.22. Let a, be an F-graded system. The tight stabilization is af, where

€

a = {7“ | Jee R st o € arye for all f> 0} :

However, this proposed definition has proven more challenging to work with, so we simply

pose the following questions:

Question 1V.3.23. Is the tight stabilization of an F-graded system always F'-graded? When

it 1s, do variants of any of the basic properties of p-stabilization (Proposition IV.3.7) hold?
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Alternatively, in the vein of viewing the p-stabilization as the p-family that is asymptot-
ically closest to the original system (and in particular, even when starting with a p-family,
the construction “fills in” missing elements in the earlier ideals), one could try and do this
“filling in” in a way more focused on being F-graded instead of being a p-family. More

concretely, this leads to the following definition.

Definition IV.3.24. Let a, be an F-graded system. The Cartier stabilization is a$, where

e

EIC — {’I“ ‘ T(pfe_l)/(pe—l) € ape for all f > O} .

This is intended to be an analog of p-stabilization that behaves more like a “closure” on

F-graded systems. Specifically:

Proposition 1V.3.25 (Basic properties of Cartier stabilization). Let a, be an F-graded

system such that a¢ is also F-graded.

1. If b, is an F-graded system with a, C b, for all e > 0, then aS C Eec for all e.

2. a, Cal for alle.

Proof. 1. Let r € @, so that r@®/-D/¢"-1) ¢ acr for all f > 0. But by taking sufficiently

large f, we get r@/=D/0"~1) ¢ q; C by, and thus r € bC.

2. If r € a., then
e
p@ /) et T H all Oef-
i=0
This immediately ensures that a, C a¢ for all e. O

However, as we would ultimately hope for a more complete analog of p-stabilization, we

again must pose the following questions:

Question IV.3.26. Is the Cartier stabilization of an F-graded system always F-graded?
When the resulting systems are F-graded, is this operation actually a “stabilization,” i.e., is

—c
it true that a° = a.°  for all e?
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In the case that a¢ is F-graded, we know that the Cartier stabilization does indeed

preserve properties of F-singularities, and in an even stronger way than p-stabilization does:

Proposition IV.3.27. Let (S, m) be a local ring, and suppose aq is an F-graded system such

that a is also an F-graded system. Then:
o a, is F-split if and only if aS is F-split.
e q, is strongly F-reqular if and only if a$ is strongly F-regular.

Proof. Because of the containment between the systems, both of the implications in the
forward direction are clear. We now proceed to the other direction.

Let ¢ € S be a non-zerodivisor, and suppose a¢ is eventually F-split along c. Then there
is some ¢ € €5 and r € a¢ such that (¢ x7)(F¢) = 1. But then for all g > 0, we have

r®=D/°*=1) ¢ q_. and in particular,
V9« (CT)(pegfl)/(pE—le:gl) = 9 P/ c(pegfl)/(phl)fl(ngc) =1

Taking ¢ = 1 gives the first statement. O

IV.4: The Associated p-Body

We now pivot to monomial F'-graded systems, i.e., F-graded systems in a polynomial ring
for which every ideal is a monomial ideal. In this setting, we will develop a new technique for
computing the p-stabilization introduced in Section IV.3, which comes by way of a geometric
construction (the associated p-body) that is interesting in its own right. In this section, we

assume the ambient ring is a polynomial ring over an F'-finite field.

Notation IV.4.1. If I is a monomial ideal, then log I = {a € N¢| : | 2* € I} is the set of
exponent vectors. For n € N, we write [n] := {1,2,...,n}. Whenever possible, we will use
lowercase greek letters to denote vectors (be they in N¥, (Z[1/p])?, or R%). It will often be

useful to consider the termwise partial order < so that given two vectors a, 3, we will write

56



a < [ if a; < B; for all coordinates ¢. Finally, we use 1 to denote the vector which has every

coordinate equal to 1.

Given a monomial ideal in k[z1, ..., x,4], it is often the case that looking at corresponding
diagrams of exponent vectors in N? can shed light on the algebraic picture. A version of this

correspondence is also illuminating for F-graded systems, which we now describe.

Definition IV.4.2. Let a, be a monomial F-graded system in k[zy,...,x4. Then the
d
associated p-body in <Z [%D is
1
Ala,) = U ﬂ —loga. = {a|p°a € loga, Ve > 0}.
>0 exf

Proposition IV.4.3. Let a, be a monomial F-graded system, and let A = A(a,). Then

sae ()

Proof. Since 0 € (N Ll)] >d, the containment C is clear.

Take a € A and let § € (N [%Dd. We will show that o + 5 € A. Choose G € N such
that p©3 € N?. By definition of A, there exists ¢ > G such that for all e > g, we have
2P°® € a,. Since our choice of G ensures 2P? € S, this means that 27 *2P"? € a,, so that

a+p e # log a, for all e > 0, as desired. O

Remark IV.4.4. As we will be primarily interested in using p-bodies in the context of the
p-body /p-stabilization correspondence (see Theorem IV.4.6 below), A(a,) is functionally
equivalent to the subset of R? obtained by taking A(a,) + R%, since the (Z[1/p])? points
are the same.

This perspective also explains the source of the name. Working in the setting of a local
ring accompanied by a sufficiently nice valuation, Hernandez and Jeffries introduce a subset
of R? called the associated p-body to a collection of subsets in a semigroup called a p-system
[ , Def. 4.4]. In Section 5 of their paper they then apply this to p-families to get the

associated p-body living in RY.
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d
Definition IV.4.5. Let A be any subset of (N[ ]) . Then we can define an associated

1
p

1
aeA::<x/B‘—ﬁ€A>.
pe

This is a p-family because for any 2° € a2, we have p’e’fl = #B € A and so 28 € aeA+1-

p-family a%, where

Theorem IV.4.6 (p-body/p-stabilization correspondence). If b, is F'-graded, then the as-

sociated p-family of the associated p-body of be is the p-stabilization, 1i.e., as®) = p,. If
A C (N[1/p))?, then A(al) = A+ (N[1/p])".
In particular, this gives a correspondence between p-stable F-graded systems and subsets

of (N[1/p])* which are invariant under adding (N[1/p])”.
Proof. A straightforward computation shows
A(bs) 5|1 5| P
ade) — (4 ’EBGA(E:.) —{z ‘Eﬂelog(bf)Vf>>O
— <x6 ‘ P by V> 0> — b..
For the statement about A, since a2 is a p-family, we have # log a2 C # log aeAH. Thus

A =1 N }élogmf) Yy %bg(a,e).

f>0 ex>f >0

The generating monomials of a]% come from the lattice points in A N (ﬁNd) Since a?

is an ideal, the monomials correspond to the lattice points in <A N (ﬁNd>) + ﬁNd, ie., we

have
1 1 1
— log(a%) = (A N (—Nd» + —N¢,
pf g( f) pf pf
and so taking the union over all f > 0 gives our desired result. O]

Now we will see our first example of using an associated p-body to find the p-stabilization:

Example IV.4.7. If A C N[1/p] is invariant under adding N[1/p|, then there exists some
a € R such that either A = [a,00) C N[1/p] or A = (a,00) C N[1/p]. In particular, any

p-stable system b, looks like either b, = (/1) or (zl®*1+1) for e > 0.
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This example also prompts the return of the question: which (monomial) F-graded
systems are p-stable? The p-body/p-stabilization correspondence (Theorem IV.4.6) gives a
geometric answer to this question. But there is also a description in terms of a distinguished

map, in support of Conjecture 1V.3.13:

Proposition IV.4.8. Let by be a monomial p-family. Then as ) = be if and only if for
all e, p(F,bey1) C b,, where ¢ € Homg(F?,S) is the standard monomial splitting which

sends F,1+— 1 and the other standard monomial generators of F..S to 0.

Proof. If p(F,bey1) C b, for all e, then Proposition IV.3.11 ensures that be = b..

Conversely, suppose that a5 = p

.. To show ¢(F.b.y1) C b, it suffices to consider
what happens on monomials. So, consider z® € b.y;. By assumption, a/p™ € A, which
means for all f > 0 we have # € Iﬁlog bet1+f. We also know that for a general

monomial, the standard monomial splitting sends

x(nfl)]l
p(Fa®) =

0 else.

a = npl for some positive integer n

In the latter case the result is clearly in b, so suppose a« = npl. But then #a = z%]l €A,

and so z"! € aeA(b') = b, as desired. O

IV.4.1: Application: Our Three Main Examples

Again, now that we have seen some benefits of the associated shape, we will show how to
compute it for (some special cases of) our main examples. This will also allow us to describe

the p-stabilizations of the corresponding ideals that were promised in Section IV.3.1.

Theorem 1V.4.9. Let I be a monomial ideal in k[z1,...,x4). Suppose that I has minimal

monomial generating set {xz¥ |v € V}, and let a, = Hf;& IP'1. Consider the set of vectors

W = {Zv(z)}%

=1

U:N>g—>V}CRd.
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Then
Ala,) = {u e (Z[1/p)* |TweW st u> w}.

In other words, A(a,) is the (N[1/p])¢-invariant subset generated by W.

An example of the process of computing this associated p-body is shown in Figure IV.1

for starting ideal I = (x3,y°) in characteristic 3.

Proof. Note that each sum in WV actually converges, since there are only finitely many vectors
in V. First, suppose that u € Z[1/p]? and that there exists some w € W with corresponding
function v : Nyg — V such that ¢ > w. Consider any e € N such that p°y € Z¢. By

assumption,

P> plw > pf (Z U(i)%) = Zv(e —i)p'.

i=1
In particular, this means that 27 is a multiple of z°(9) (x>~ D). (zvWP"" ¢ [T 1P,
For the other direction, suppose p € A. This means for all e > 0, u € # log a.. More
specifically, for all such e, there exists v(®) : [e] — V such that >°¢_ v(€)(4) 1% < p. Since V
is a finite set, we can iteratively define a function v : Nyg — )V via successively choosing

vectors as follows:

7(1) = a vector appearing infinitely often in the set {v(®)(1) | e > 0}.

v(n) = a vector appearing infinitely often in the set {v(®(n)|e > 0, v{® (i) = (i) Vi < n}.

By design, for every e, the restriction 9] agrees with the restriction v/)|y for some f > e
(in fact, for infinitely many such f). This ensures that the eth partial sum of » °, i?(z)pL
matches the eth partial sum of the vector corresponding to vf), which in particular is a

lower bound for pu. m

Now that we have a formula for this associated p-body, we can use it to give a description

of the p-stabilization of the minimal generator system.
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3.0 4 3.0 4
2.5 1 2.5
2.0 2.0 4
1.5 - 15 |
1.0 101
0.5 - 0.5
0.0 T T 0.0 T T T
0.0 0.5 L0 15 0.0 0.5 10 15
(a) e=1 (b)ye=2
3.0 1 30
2.5 25
2.0 4 2.0
15 - 15 |
1.0 1.0
0.5 - 0.5
0.0 T T T 0.0 T T T
0.0 0.5 Lo 15 0.0 0.5 10 15
(c)e=3 (d)e=38

Figure IV.1: Plots of --loga, when I = (2%,4°%), a. = [1=) 11, and p = 3. The relevant
lattice points of Z%N lie above and to the left of the blue line in each subfigure.
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Proof of Theorem IV.3.15. As in the setup of Theorem 1V .4.9, let

W= {Zv(z’)]%

=1

UZN>U—>V} CRd.
Then by Theorem IV.4.9,
d
Ala,) = {u e (Z/p)" | IweW st u> w} .

Since a2 = a. by Theorem 1V.4.6, it suffices to understand the vectors f € Z? with
#6 € A(a,), i.e., to understand the vectors [p°«a| for a« € A. In particular, it suffices to
understand our generators from W, so take

]S o]

=1 i=1

The term outside of the ceiling corresponds to monomials in Hf;& I s0 we only need to
understand the ceiling term, which is of the form [w] for w € W. Since there are only
finitely many vectors in V, we can factor w = > ¢,v, where each > ¢, = > z% = Iﬁ as
desired. O

For the next F-graded system, we will take another approach and use our already-

computed p-stabilization to find the associated p-body.

Theorem IV.4.10. For any fized monomial ideal I, if a, = I : I, then
A(a,) =log 1.

Proof. We know from Theorem IV.3.16 that a, = IP"l, and so by Theorem IV .4.6, it suffices
to show that A(IP")) =log 1.
But then log I = # log IP! and so
ﬂ U log IP1 =1og I
>0 e>f

as desired. O
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Finally, we will compute the associated p-body of the rounding system specifically when

starting with the homogeneous maximal ideal.

Theorem IV.4.11. Let a, = ml'®* V1 for t € Ryy. Then

Aas) = {a e (N[%])d | > t} |

Proof. Suppose that a € (N[1/p])¢ and |a| > t. Choose E such that pPa € N%. Now for all

e > E, we have p°la| > p°t and p°a € N9, so that

Ipal > [pt] = [(p° — 1)t],

and in particular, p¢a € logm/®* =Dt 5o that a € A.
Conversely, suppose that a € (N[1/p])? but || < t. Now choose F such that |o] <t — pLF.

Then for all e > F', we have
t 1 (& € €
|a|<t—F§t(1—1;) — plal < (p° =1t < [(p° — 1],
and in particular pa ¢ logm® ~V! for all such e, so that a ¢ A. O
Again, this allows us to compute the p-stabilization of this system as well:

Proof of Theorem IV.3.17. We simply note that #& € A if and only if #

al >t if and only

if a > tp°. Since |a| € N% this gives the desired ceiling statement. O

IV.5: Numerical Properties

In the last section of this chapter, we suggest some natural questions relating to an invariant

of F-graded systems.

Definition IV.5.1. Let R be a ring of prime characteristic p with dim R = d which is local
or standard graded with (homogeneous) maximal ideal m, and let a, be an F-graded system

of R which is eventually m-primary. The volume of a, is

vol(a,) := lim £<R/ae).

e—00 ped
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This limit is analogous to the Hilbert-Kunz multiplicity (first considered by Kunz in
[ |, and studied in-depth by Monsky | ]) and to the F-signature (introduced by
this name by Huneke and Leuschke in | |, but not shown to exist until Tucker’s work
a decade later [ ]). In fact this volume is an extension of the notion of the volume
of a p-family, introduced in | |, which already encompasses these two examples of the
Hilbert-Kunz multiplicity and the F-signature. When working with p-families, Hernandéz
and Jeffries have completely characterized the rings for which this volume is always guaran-

teed to exist:

Theorem IV.5.2 (| , Thm. 1.2]). Let (R,m) be a ring of prime characteristic p > 0
with dim R = d. Then vol(a,) ezists for every p-family a, of m-primary ideals of R if and

only if the R-module dimension of the nilradical of the completion of R is less than d.

Even for the case of F-graded systems, leveraging pre-existing work on the Hilbert-Kunz

multiplicity and F-signature can show cases when this volume exists:

Proposition IV.5.3. Let (R,m, k) be an F-finite local domain of dimension d, and let a,
be an F-graded sequence of ideals such that mP"! C a, for all e and such that a; # 0. Then

vol(a,) exists.

Proof. The key component of this proof is | , Thm. 4.3], which shows that in fact for

any sequence of ideals I, and constant 0 # ¢ € R with mlPl C I, and c[c[p } C Iy for all

e € N, the limit lim._, eR(fe/ L) oxists. In our case, the additional requirement that a, be

F-graded and a; # 0 means we can simply take ¢ to be any non-zero element of a;, since
then

aPle € alPla; C .y
as desired. ]

Beyond existence, of particular interest to us is how this invariant relates to the associated

p-body, and more generally how it relates the p-stabilization.
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Conjecture IV.5.4. If a, is an F-graded system in the polynomial ring k[xy, ..., x4, then
vol(a,) = volga (R%, \ Aa,)) .

Working in the setting of valuations into Z¢ instead of exponent vectors on a monomial,
Hernandéz and Jeffries prove a version of this conjecture for p-families. The conjecture is also
supported by computational evidence in the case of the three main examples of F-graded
systems from Example IV.1.2.

Finally, given the p-body/p-stabilization correspondence (Theorem 1V.4.6), the above

conjecture also prompts our closing question:

Question IV.5.5. For an F-graded system a,, is vol(a,) = vol(a,) ?
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