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ABSTRACT

This work covers two main results united by multidimensional coherent spectroscopy
(MDCS): one experimental and one theoretical. MDCS is a nonlinear optical technique
in which a sample is probed using a series of ultrashort pulses. Measurements are made
while varying the relative time delays between the pulses, and the resulting spectra yield a
much richer set of information compared to traditional linear spectroscopies.

The experimental work concerns the negatively charged silicon-vacancy (SiV) center in
diamond. We use two-pulse correlation (TPC) spectroscopy and rephasing MDCS to probe
a diamond sample with a high density of implanted SiV centers. These spectra reveal a
large number of spectral peaks, which can be grouped into two families of SiV centers using
the MDCS spectra. By comparing spectra from two polarizations of the incident light, we
associate the two families with two orientation groups within the diamond.

We link the differences in the frequencies of the spectral peaks to strain intrinsic to our
sample, and use the peak locations from both families to solve for the full strain tensor local
to the laser spot. By measuring TPC spectra at multiple points on the sample, we track
changes in the measured strain. We observe non-zero strain on the order or 1 x 107° at every
measured location, and observe variation in both the normal and shear strain in the sample.
We interpret the strain as likely to be due to the high implantation density of silicon in the
diamond. These results could be useful when using SiV centers as a strain gauge.

The theoretical work uses simulations to calculate spectra. The simulations developed
here begin by recursively generating a list of Feynman diagrams for a given signal pathway
and system. The contributions due to each Feynman diagram are calculated and combined

to find the complete spectrum. The code is designed to be very flexible, and can be used to

xil



simulate arbitrary types of MDCS spectra and energy level diagrams.

We then apply the simulations to investigate the effects of correlated dephasing due to
scattering events in the Markovian limit on MDCS of interacting systems. We derive a math-
ematical expression to represent the dephasing rate of a coherence in terms of the dephasing
rates of the coherences from the constituent energy transitions and the correlation matrix of
these transitions. This expression is applied to simulate double-quantum and higher-order
n-quantum spectra of multiple interacting systems. For double-quantum spectra, correlated
dephasing results in a higher double-quantum dephasing rate, and anticorrelated dephas-
ing results in a lower double-quantum dephasing rate. Similar results are found for the
n-quantum dephasing rate. Generally, for certain configurations, the many-body dephasing
rate can be arbitrarily low, and the n-quantum linewidth can be arbitrarily narrow, although
this requires some form of anticorrelation. These results could be useful in creating quantum
sensors with higher sensitivities, since one limit of the sensitivity is the decoherence time of

the system.
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CHAPTER 1

Introduction

Multidimensional coherent spectroscopy (MDCS) is a nonlinear optical technique in which
a series of optical pulses are sent to a sample. By varying the times between the pulses
and taking appropriate Fourier transforms, we can achieve a spectrum whose intensity is
measured as a function of multiple frequencies. These multidimensional spectra yield richer
information compared to traditional linear spectroscopy.

I have worked on a variety of experimental projects during my doctoral work involving
MDCS, some of which are documented in References [62], [5], [14], and [53]. Many of
these projects concern the silicon-vacancy (SiV) center in diamond. This point defect in the
diamond lattice has been the source of much scientific interest recently due to its potential
use in quantum information and sensing applications [7].

The first half of this thesis will focus on one experimental result, regarding how the SiV
center responds to strain within the diamond. Strain is a measure of the deformation of a
material, and previous work has described how the spectrum of a SiV center changes due to
sample strain [45]. My work discussed in this dissertation uses these existing strain equations
to calculate the full strain tensor in our diamond [5]. We employ MDCS to aid in identifying
the peaks in our spectra, since the strain occurs in multiple families of SiV centers which can
be difficult to distinguish. We measure spectra at multiple points across the sample surface
to asses how much the strain changes.

The second main result included in this thesis is of a theoretical nature. Consider an en-



semble of quantum oscillators, with the same initial starting state. At first, all the oscillators
will be fairly synchronized. However, over time their relative phases may gradually shift,
possibly due to collisions with other atoms or phonons, until all of the individual phases are
effectively random. Such dephasing can be caused by Markovian scattering events, in which
we assume the scattering occurs quicker than other relevant timescales in the experiment.
We consider the possibility that the scattering events of different electronic states can be
correlated. Correlated dephasing has been observed previously in excitons [21], but for many
interacting systems, the magnitude and type of correlation may be controllable by adjusting
the distance between the systems. In this work I wrote MDCS simulation software and ap-
plied it to analyze the effects of correlated dephasing on interacting systems. In particular, I
found that anti-correlated dephasing can lengthen the dephasing time for certain coherences,
which manifests as an arbitrarily narrow linewidth on an MDCS spectrum.

Another uniting theme of this work is quantum sensing, which is relevant to the appli-
cations of both of the main results. Quantum sensing measures a physical property using
a quantum system or effect [16]. There are a wide variety of types of quantum sensors.
Trapped ions can be used as highly sensitive electric and magnetic field sensors [44]. The
Laser Interferometer Gravitational-Wave Observatory (LIGO) uses squeezed light to improve
the sensitivity of their gravitational-wave detectors [54]. The nitrogen-vacancy (NV) center
has been used to image magnetic fields of microscopic structures, such as biological cells [37].
The experimental SiV center work discussed here could be useful in using SiV centers as a
strain gauge, and the work with correlated dephasing may be able to improve sensitivity of
some quantum sensors.

Since it is necessary for understanding both of the main results in this thesis, Chapter 2
will focus on MDCS. This chapter will begin by outlining the theory behind the technique,
and will include descriptions of some of the main types of MDCS spectra. Next we will
discuss some methods used to experimentally obtain MDCS spectra, with a focus on the

methods I used in the work presented here.



The next two chapters concern the experimental SiV center work. Chapter 3 provides
a background on the SiV center itself. We will focus on both its physical and electronic
properties, and special attention is given to previous results concerning how the SiV center
responds to strain. There will also be some discussion of using MDCS to measure interactions
between nearby SiV centers. Chapter 4 discusses my experimental results. This chapter will
give some additional experimental details, before discussing the interpretation of the various
measured spectra, and how they can be used the calculate the strain present in the diamond
sample.

What follows concerns simulation and theoretical results. Chapter 5 describes some of the
key simulation code used in this work. We will start with code used to generate double-sided
Feynman diagrams, and later discuss how to use these diagrams to simulate the different
types of MDCS spectra. The chapter will include both how to use the software, and the
theory behind its implementation. Chapter 6 will discuss the correlated dephasing results.
This chapter starts by building a mathematical framework to understand correlated scat-
tering events and how they affect spectra. This is later applied to both double-quantum,
and higher-order n-quantum spectra, which are types of MDCS spectra that can be used to

measure interactions between multiple systems.



CHAPTER 2

Multidimensional Coherent Spectroscopy

Spectroscopy is the study of interactions between light and matter. Typically, the technique
involves measuring light as a function of its wavelength or frequency, for instance by sepa-
rating white light into its component colors [51]. One early success of spectroscopy was the
discovery of dark lines in the spectrum of light from the sun [70, 22|, which are known today
to be primarily due to frequencies absorbed by elements in the sun’s atmosphere. While
the spectrometers of today are more sophisticated, spectroscopy still has a variety of uses,
ranging from identifying compounds in a mixture [4, 2], to measuring the atmospheres of
distant planets [10], to investigating the properties of novel materials [33, 74].

Two common forms of spectroscopy are absorption and photoluminescence spectroscopies.
In an absorption spectrum, light is sent through a material. The spectra of the light before
and after the material are compared to determine what frequencies of light were absorbed
by the material. For photoluminescence spectra, light is sent to and absorbed by a material.
The material may then emit its own light, called photoluminescence, and the spectrum of
the emitted light is measured.

While the spectra of absorption and photoluminescence signals are often collected using
a prism or (more commonly) a grating to separate light into its different frequencies, this
is not the only way to measure spectra. We can alternatively measure spectra in the time
domain using short optical pulses [48]. One example is a two-pulse experiment, in which

the first pulse creates some sort of excitation, and the second pulse probes the response as



a function of the time delay between the two pulses. In the coherent spectroscopies used
in this dissertation, we can take a Fourier transform of the data to convert a time domain
spectrum into the frequency domain.

As mentioned in Chapter 1, much of this thesis will focus on MDCS, which is a nonlinear
form of coherent spectroscopy [12, 61, 29, 38]. It uses a series of optical pulses (typically
three or more) which interact with the quantum states in a material. Since there are mul-
tiple time delays that can be varied, we can manipulate the quantum states in a variety
of ways. This gives us the ability to measure a much richer set of information than the
linear spectroscopies described above. In particular, MDCS spectra can be used to differen-
tiate between homogeneous and inhomogeneous broadening [62], identify coupling between
electromagnetic transitions [5, 41], and observe interactions between nearby systems [14].

This chapter will begin by approaching MDCS from a theoretical background in Section
2.1. We will discuss how density matrices can be used to understand the nonlinear interac-
tions occurring during a measurement, and use double-sided Feynman diagrams to represent
these interactions in a more visual manner. In Section 2.2, we will use this framework to
describe some common implementations of MDCS and how they are used. Finally, in Sec-
tion 2.3, we will describe the experimental implementation used in this thesis, including its

collinear design and available detection schemes.

2.1 Theoretic Approach

MDCS is a nonlinear optical technique. First we will define
E; (t,x) = E; (t) efxiwit, (2.1)

in which a complex-valued electric field E; (¢,x) is described using an envelope function

A

E; (t), angular wave vector k;, position x, angular frequency w;, and time ¢t. We can then



write the electric field of a single optical pulse, distinguished by the subscript i, as

E; puise (t, %) = 2F; (t) cos (k - x — w;t)

_ E@ (t) eier—iwit + EAZ* (t) e—iki-x—&-iwit (2.2>
E;

+ Er.

The most common MDCS techniques are of third-order, so we will consider the sum of

three such pulses which strike a particular sample

Eiot = Ea+ E4y + Ep + Ep + Ec + Ef, (2.3)

as well as the third-order polarization

P = X(I)Etot + X(2)E‘520t + X(3)Et30t e (2-4)

If we insert Equation 2.3 into Equation 2.4, we will get a variety of third-order terms. In
a typical MDCS experiment, we will attempt to isolate a single one of these terms, and
the isolated term typically includes contributions from each optical pulse [39]. For example,
consider one such term

EZ EB EC’ X e_lkA Ax+zwAte’kB 'x—sztelkc X—iwot

(2.5)

_ e’i(—kA-‘rkB—i-kc)-Xe—i(—wA-i-wB-‘rwc)t

This equation shows the direction (—k4 + kg + k¢) and frequency (—wa + wp + we) of the
emitted four wave mixing signal. Note that both the direction and frequency are dependent
on the conjugation of the pulses used (i.e. E4 vs. E%). This particular signal pathway is
used when measuring rephasing spectra, which is the most commonly used form of MDCS.
A variety of other signal pathways can be used, as will be described in Section 2.2.

The arrival time of each optical pulse in an MDCS experiment can be varied. We will



define 7 as the time between pulses A and B, T' as the time between pulses B and C, and
t as the time between either a local oscillator or a fourth pulse D, depending on the type of
detection used, as described in Section 2.3.2.

To measure a MDCS spectrum, we will vary several (typically two) of the time delays,
and then Fourier transform with respect to these time delays to get data in terms of several
frequencies. Figure 2.1 shows an example spectrum, both in the time-domain and Fourier
transformed frequency-domain. The main power of MDCS lies in its ability to relate several
frequencies contributing to a given signal in a single plot.

However, before investigating the different types of MDCS spectra in more detail, we will
find it useful to better understand the density matrix and how it can be used to represent

nonlinear interactions.
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Figure 2.1: A sample MDCS spectrum, with magnitudes plotted in both the time and
frequency domains.

2.1.1 Density Matrix

The density operator allows us to represent a quantum ensemble with known statistics. If we

have quantum states [1;) which occur with fractional populations or probabilities w;, then



the density operator is defined as [58, pgs. 180-184]

p= Zwi |13 (il - (2.6)

It will be useful to represent the density operator as a matrix. Assume the system Hamilto-

nian Hy has eigenvectors |a), and write [¢;) in this basis as

) = cala). (2.7)

a

Thus we see that

p= Zwicacz la) (b] . (2.8)

i,a,b

For this basis, the matrix elements can be found using

pap = {al p|b) = Y wicacs. (2.9)

As a more concrete example, consider an ensemble of two-level systems where each system
has basis states [0) = (§) and |1) = (). If all systems in our ensemble are in the ground

|0) state, we can represent the system with the density matrix

p=toro= | (1 o) =), (2.10)

and if all systems in our ensemble are in the excited |1) state, we can represent the system

with the density matrix

p=mal= " (o) =[] (211)

These are called pure states, since all systems in our ensemble have the same state. If half of



the systems in our ensemble are in the ground state, and half are in the excited state, then

we have

[N
[

1 1
p =100 (0 +511) (1] = - - , (212)
0 0 0 0

N
NI

which is a mixed state, since there are multiple states represented among the different sys-
tems. Note that all of the density matrices shown so far are diagonal, since the only states
represented have been energy eigenstates. However, consider instead that all systems in our

ensemble are identical superpositions of the ground and excited state. Then we have

p= (75 00+ 1) (5 ol ah) = 1) -

This is a pure state, since all systems in the ensemble have the same state, namely

(2.13)

NI= N
NI—= N

S sk
A~
I

\/Lﬁ (|0) + |1)). However, we also see that this density matrix has nonzero off-diagonal el-
ements due to the eigenstate superposition.
We will want to observe how the density matrix evolves with time during a MDCS ex-

periment. Using the Schrodinger equation, we see that, for a general Hamiltonian H,

2.14
—% (szi|¢i> <¢i|—zwz’|¢z’> <¢1|H> ( )
= %(Hp—pﬂ)
= _% [HHO]
8pa,b [
ot _ﬁ[ 7:0]ab



This is known as the Liouville-von Neumann equation [29, eq. 3.20]. Note that we have
made the assumption that the w; terms do not vary over time. However, certain processes
can cause p,; to decay. To account for this, we will add a term to our equation [29, egs.

3.26, 29]

aloa,b 1
— = —7 H, play = YapPap, (2.15)
ot h

where 7, represents the rate of decay or dephasing.
Next we will rewrite H as the sum of the system Hamiltonian Hy, and the interaction

with the electric field V' () to get
H=Hy+V(t). (2.16)

Substituting this into Equation 2.15 gives [29, eq. 3.29]

Opa, i i
— = ——[Ho, pluy — 7 [V (1), Pluyy — YaPap. (2.17)
ot h h

For the first term, since |a) and |b) are eigenvectors, we see that

[Ho, |a) (b]] = Ho |a) (b| — |a) (b] Ho
= Eq |a) (b — |a) (0] By (2.18)

= (Eo — Eb) |a) (b,
where F, and FE} are the eigenenergies, thus

[Ho, P]a,b = pap (B — Ep) . (2.19)

To represent a nonlinear process, we will use perturbation theory to write p = p(@ +
PN + p@ 4 pB® 4 ... Here, p© is the initial state of the system (which we will assume

is diagonal and does not contain any coherences), and each successive p(™ corresponds to

10



another interaction with the electric field. For instance,

oph i ¢
5 =5 Ea—E)ply) ey~ V1)), (2:20)

or more generally [38, eq. 2.4]

ap"") i i
b (B, — B) " —4pl — — [V (t), p* D 2.21
ot h( b) pa,b ’ypa7b A [ ( )7p ]a,b’ ( )
If we define
E,— B
Wa,b = )
h (2.22)
Qa,b = Wab — Z"Ya,b;
we can rewrite this as
8p("b) i
ab . (n) n—1
ot — 1820005 — n [V (t) p )]a,b- (2.23)

This differential equation can be solved for pg”b) as [38, eq. 2.7]

t .
n ¢ n— —i —t/
W0 = [ =g V), e O e, (2:24)

The electric field due to all pulses interaction can be written using the field as defined in

Equation 2.2

V(t) = _’UZ E; pulse (t,x) = _'LLZ (EAl (t) pikix—iwit | E: (t) e*iki'X‘i”L’OJit) ' (2.25)

The transition dipole operator u is an off-diagonal matrix, that is, all of its diagonal elements

(1)

are zero. This means that to find [u, p(”*l)]a ,» We need elements of p"~Y other than Pab

If we divide the commutator into its two terms, we also see that (,up("_l))a , depends on the

11



bth column of p™~1, and (—p(”*l)

u) b depends on the ath row of p»~1).

Looking at Equation 2.24, we see that if we know our starting state p(®, we can apply
the equation repeatedly until we reach p™, which is the state of the density matrix after the
nth interaction with the electric field, which occurs at time t’. After each interaction, the

—iQap(t=t") yntil time t.

system can evolve according to e

However, with each iteration of Equation 2.24, the number of terms in our expression
increases. Each application corresponds to another interaction between an optical pulse and
our sample, and each interaction could be due to one of many pulses, and either conjugation
of a given pulse. Furthermore, each application of the commutator [,u, p(”*l)] can have two
terms, pup™ Y and —p Yy, and the electronic structure of the measured system can also
add additional complexity.

Fortunately, in a given experiment, we do not typically have to worry about each of these
terms. Some terms can be removed due to time ordering, i.e. if pulse A impinges on the
sample first, it cannot interact after pulse B does. Often we assume that each pulse acts once.

We can also isolate a given signal pathway, such as in the example described in Equation

2.5, which constrains the possible pulse conjugations.

2.1.2 Feynman Diagrams

To tabulate the terms that contribute in a given experiment, we will find it useful to use
double-sided Feynman diagrams [48, 29]. These show how each interaction affects the density
matrix, and depict the possible states of the system at each step of the experiment.

To motivate double-sided Feynman diagrams, we will revisit Equation 2.24. We will
simplify the notation by assuming the interaction term is due to a single predetermined

pulse £, + E?, instead of writing the full summation from Equation 2.25. We first need to

12



deal with the commutator

[V (t/) ’p(n—l)]mb S [U? p(n—l)]a’b (E'n (t) oiknx—iwnt + EA’; (t) 6—ikn~x+iwnt>

=~ ((:“p(n_l))ab - (’O(n_l)'u)a,b>

)

A

(En (t) eikn-x—iwnt + EA:L (t) 6—ikn~x+iwnt) (226)

- - <Z :ua,cpgz_l) - przilc_l)ﬂc,b)

A

(En (t) eikn-xfiwnt + E:L (t) efikn-eriwnt) )

Each term of this equation will correspond to a different Feynman diagram, d. If we sum

over all the individual p((zng 4> we should recover p((lnb) . Each Feynman diagram will show one of

the sets of density matrix elements ,0((17?2,, where m < n, that contribute to a final state pffg .

A double-sided Feynman diagram consists of rows of density matrix elements with arrows
pointing toward and away from the center. The bottom row represents the initial state of
the system, |ko) (bo| and each subsequent row, |k,) (b,|, represents the system at a later
time, or after the nth interaction. Each arrow represents an electric field interaction, which
occur between adjacent density matrix element rows. There are several rules used to build
Feynman diagrams, which are described as follows and illustrated in Figure 2.2.

First we will look at the two terms of the commutator [u, p(”_l)} , which we will represent

by (- If oo acts on the left, as in up™ =Y then the interaction arrow will be on the left side

H Excitation ‘ De-excitation

BRl N[
|

Figure 2.2: A table showing the four possible interactions that can occur in double-sided
Feynman diagrams, and how they would affect the density matrix elements.
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of the Feynman diagram, and ¢, 4 = 1. Looking at Equation 2.26, we see that the row of
the relevant density matrix element changes, and the column stays the same, so k,_1 # k,
and b,_1 = by,. If ju acts on the right, as in —p™ Y, then the interaction arrow will be on
the right side of the Feynman diagram, and ¢, 4 = —1. Similarly, we see that the column of
the relevant density matrix element changes, and the row stays the same, so b,,_; # b, and
kn_1=ky,.

Next we have the two conjugations of the pulse, E, = FE, (t)e knxtiont and F*x —
E;j (t) etnx=tnt wwhich we will represent by 7, 4. On the Feynman diagram, the pulse conju-
gation is represented by the direction that the arrow is pointing. If the unconjugated pulse
E, is used, then the arrow is pointed to the right (") and 7,4 = 1, and if the conjugated
pulse E? is used, then the arrow is pointed to the left () and 7, 4 = —1.

We can use the variables we have defined here to relate an individual Feynman diagrams
back to a term of Equation 2.24. As previously stated, after n interactions, the relevant
density matrix element of a Feynman diagram d is |k,) (b,|, which we can represent as
p,(c:%bYL; 4~ We will also use our definitions for ¢, 4 and 7, 4. Putting all of this together with

the results of Equation 2.26, we get [38, egs. 2.10-2.13]

; t
7 . ~ . ;. N (n—
pl(c:),bn;d (t) = Cn,d ,U;:,d emn,dkn.x/ Egn,d (t/) e—mn,dwnt G_ZQ"’"’b" (t—t )pl(cn,j,)bn,l,d (t/) dt,,

—0

(2.27)
where if ¢, q = 1, then ¢, , = pr, k,_,, and if G, g9 = =1, then ue, , = p,_,p,, and Ly
corresponds to E'n for 9,4 =1 and E; for n,q = —1.

The next rule for Feynman diagram formation is a consequence of the rotating wave
approximation. Essentially, if the interaction arrow is pointing toward the center of the
Feynman diagram, then that side of the density matrix element will be excited, or moved to
a higher energy state. If the arrow is pointing away from the center of the Feynman diagram,

then that side of the density matrix element will be de-excited, or moved to a lower energy

state.
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Finally, the last interaction arrow of a Feynman diagram often represents the emitted
coherent third-order (or more generally odd-order) signal. In this case, the last interaction
arrow is drawn with a wavy arrow pointing away from the Feynman diagram. This signal is
only emitted if the final density matrix element of the Feynman diagram has the same state
for the ket and the bra, so k, = b,. The emitted electric field is proportional to [38, eqns.
2.17-19]

n 8 n
By (1) 0 ~Guag 16, a1 (2.28)

Alternatively, the signal can be measured using an incoherent fourth-order (or more gen-
erally even-order) signal, in this thesis from the photoluminescence due to a decaying pop-
ulation state. After a final fourth optical pulse, the system must be in a population state,
such that k, = b, are in the same excited state. Here, the emitted intensity is proportional

to pgz)’bm 4 (). This will be discussed further in Section 2.3.2.

2.2 Varieties of MDCS Spectra

Next we will apply Feynman diagrams to a variety of spectra. Through this we can see how

Feynman diagrams are used in practice, and observe the diverse uses of MDCS spectra.

2.2.1 Two-Pulse Spectra

Two-pulse correlation (TPC) spectra are useful as a simple example to start with, but also
have experimental utility [5], as will be shown in Chapter 4. Consider a single pulse incident
on a two-level system, with states |0) and |1), as shown in Figure 2.3 (a). Since we are
working with a single pulse impinging on the sample, this is a linear measurement. We will
look for the signal that propagates in the same direction as the laser, so the interaction due
to the first pulse is unconjugated (E4).

The pulse sequence as well as a visual depiction of the system at each step of the sequence

is shown in Figure 2.3 (b), and the corresponding Feynman diagram is shown in Figure 2.3
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Figure 2.3: (a) The energy level diagram of a two-level system. (b) A TPC pulse sequence.
(c) The corresponding double-sided Feynman diagram.

(c). Before the pulse arrives, the system starts out in the ground state, so the first row of
the Feynman diagram is |0) (0.

Since the system starts out in the ground state, the first pulse interaction should be an
excitation, and we also know that the pulse is unconjugated. Referring to Figure 2.2, we
see that this first interaction must be on the left side, and should point toward the center of
the Feynman diagram, which is what is shown in Figure 2.3 (c¢). Due to the excitation on
the left side, the second row of the Feynman diagram is forced to be |1) (0]. Thus, the pulse
will drive the system into a coherent superposition between the ground and excited states,
as depicted in the bottom of Figure 2.3 (b).

Lastly, we have the emitted signal, which is depicted with a wavy arrow in the Feynman
diagram. We know that this emission arrow must point away from the diagram, so it
corresponds to a de-excitation. Since the ket |1) is excited and the bra (0| is not, this de-
excitation must occur from the left, as is shown in Figure 2.3 (c¢). It will also bring the
system back to the ground state |0) (0.

Notably, a second pulse is shown in Figure 2.3 (b). Here, it is labeled as a local oscillator,
meaning it does not interact with the sample, but instead interferes with the emitted signal to
enable heterodyne detection. Unfortunately, it will also interfere with pulse A, which is likely
stronger than the emitted signal from the sample, making it difficult to detect the sample

response. The TPC spectra in Chapter 4 were taken using photoluminescence detection,
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which makes it easier to filter out the incident laser. The differences between the different

detection schemes will be explored in Section 2.3.2.

2.2.2 Rephasing Spectra

The most common type of MDCS spectrum is the rephasing spectrum. This uses the same
third-order pathway described in Equation 2.5, namely E% EpE¢, so the first pulse has the
opposite conjugation of the second two pulses [61].

The pulse sequence is shown in Figure 2.4 (a), which is depicted here using an example
two-level system. Initially, the system starts out in the ground state. The first pulse A*
will create a coherent superposition between the ground and excited states. The second
pulse will create a population, here in the excited state. The third pulse will create another
coherent superposition between the ground and excited states. Lastly, the final interaction
is the emission, which brings the system back to the ground state, and is probed with a
heterodyne pulse which is assumed to not interact with the sample.

This qualitative picture is useful to conceptualize the rephasing pulse sequence, but several
details are better explained using the corresponding Feynman diagram, which is shown in
Figure 2.4 (b). The Feynman diagram is also color coded for each of the time delays in the

pulse sequence. Again, the system starts in the ground state, or |0) (0|. Using similar logic to

T

a) A B C D* b) c) 3
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Figure 2.4: (a) A pulse sequence for a rephasing spectrum. (b) The corresponding double-
sided Feynman diagram. (c) The rephasing spectrum for this system, where the magnitudes
of the complex valued data are plotted.
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the two pulse case, the first interaction is an excitation from the right, putting the system in
the state |0) (1|, which is the first superposition state. For the second interaction, we actually
have a choice. Since the pulse is un-conjugated, we know that the interaction arrow must
point to the right. However, this could be an excitation from the left with corresponding
state |1) (1], or a de-excitation to the right with corresponding state |0) (0]. The Feynman
diagram shown here chooses the former, but the latter choice is also associated with a valid
Feynman diagram. Moving on, the third interaction is forced to be a de-excitation from the
right, putting the system in the state |1) (0|. Lastly, we have the arrow corresponding to
emission, where that emission can again be measured using heterodyne detection.

For a rephasing spectrum, we measure data as a function of the time delays 7 and ¢, and
take a Fourier transform of the data with respect to these time delays to get a spectrum,
such as that in Figure 2.4 (c). Since the state during the 7 time delay is |0) (1], according
to Equation 2.27, this state evolves as e ®17 = e~wnT=107  Thys, the vertical w, axis
probes this evolution. Similarly, the state during the ¢ time delay is |1) (0], which evolves as
e~ #hot — e=iwiot—m0t and the horizontal w; axis probes this evolution. Note that v19 = Y01, so
the dephasing rate is the same during both time delays. However, by Equation , w9 = —wp1,
so the phase evolution during these two time delays is opposite. Thus, we will take the
convention that the vertical w, axis is negative, so the diagonal for which the excitation and
emission frequencies are equal is the downward sloping diagonal depicted with a black line
in Figure 2.4 (c).

One consequence of this is the ability to distinguish between homogeneous and inhomo-
geneous broadening [39]. The homogeneous linewidth is the width of the spectral peak of
a single system, and for our two-level system, this is determined by ~;9. The inhomoge-
neous linewidth is the width of a spectral peak of an ensemble of systems. An ensemble is
inhomogeneously broadened if the inhomogeneous linewidth is larger than the homogeneous
linewidth. One example of inhomogeneous broadening is Doppler broadening in a gas. Each

molecule of a specific gas has a very similar homogeneous linewidth. However, when we ob-
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Figure 2.5: (a) An inhomogeneously broadened 1D spectrum. (b) An inhomogeneously
broadened 2D spectrum

serve an ensemble, some molecules are moving toward us and others are moving away from
us, causing their frequencies to shift up or down, respectively. This makes the spectrum of
the ensemble much broader than the spectrum of individual molecules, as is shown in Figure
2.5 (a). Here, the homogeneous linewidth is the width of one of the colored curves, and the
inhomogeneous linewidth is the width of the black curve.

Now consider the rephasing spectrum of an inhomogeneously broadened ensemble. As
before, the evolution during time 7 is e™101=7107 and the evolution during time ¢ is e~w0t=710t,
Each system in our inhomogeneously broadened ensemble will have a slightly different value
for wyp, so during the 7 time delay the different systems will become out of phase with respect
to each other. However, due to the pulse conjugation and the resulting sign difference in the
phase evolution, during the ¢ time delay this process will reverse and the systems will be
brought back in phase with each other. Thus, a strong signal can be measured for 7 ~ t, even
in the presence of strong inhomogeneity. This signal is often referred to as a photon echo
[1]. Note that inhomogeneous broadening behaves differently compared to the homogeneous
dephasing 7,9, which cannot be reversed in this manner. We can obtain both linewidths
from a single rephasing spectrum in the frequency domain, as the inhomogeneous linewidth
is the width along the downward sloping, or main diagonal, and the heterogeneous linewidth
is the width along the upward sloping, or cross diagonal.

To better understand rephasing spectra, we will now consider the V-shaped three-level
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Figure 2.6: (a) The energy level diagram of a V-shaped three-level system. (b) The rephasing
spectrum for this system. (c¢) The Feynman diagrams corresponding to this spectrum.

NSNS

system shown in Figure 2.6 (a). We see that the corresponding spectrum in Figure 2.6
has a total of four peaks, which follow directly from the Feynman diagrams in Figure 2.6
(c). Each Feynman diagram will contribute to one of the peaks in the spectrum, where the
excitation frequency w, corresponds to the state during the 7 time delay, and the emission
frequency w; corresponds to the state during the ¢ time delay. The two peaks on the main
(downward sloping) diagonal are due to the Feynman diagrams where the 7 and ¢ coherences
are between the same two states. For this V-shaped three-level system, that means only one
of the excited states, |1) or |2), contributes. The remaining off-diagonal peaks are due to
the Feynman diagrams where the 7 and ¢ coherences are between different sets of states, so
both excited states must contribute.

These off-diagonal peaks only occur when the two relevant electronic transitions are cou-

pled [39], which for the system in Figure 2.6 is achieved by having a shared ground state. If
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the energy level diagram instead consisted of two disjoint two level systems, the off-diagonal
peaks in Figure 2.6 would be absent, and only the two on-diagonal peaks would remain. This
makes MDCS particularly useful in untangling complicated spectra by identifying which elec-
tronic transitions are coupled. This will be used in Chapter 4 to better understand spectra

of several families of SiV centers.

2.2.3 Zero-Quantum Spectra

One may notice by inspecting Figure 2.6 (c¢) that some of the Feynman diagrams contain a
coherence during the T delay. These coherences cannot be probed using a single rephasing
spectrum, although sometimes a series of rephasing spectra are taken at different 7' time
delays do so, forming a sort of three-dimensional spectrum. One alternate option is to use a
single two-dimensional zero-quantum spectrum.

Zero-quantum spectra use the same third-order pathway £’ EpE¢ as rephasing spectra,
so the pulse sequence is the same as that of Figure 2.4 (a). However, while the time delays
varied for rephasing spectra are 7 and t, the time delays varied for zero-quantum spectra are
T and ¢ [61].

Since the third-order pathway for zero-quantum spectra is the same as for rephasing
spectra, the Feynman diagrams are also the same. Figure 2.7 (a) shows a zero-quantum
spectrum for the V-shaped three-level system depicted in Figure 2.6 (a), and Figure 2.7
(b) reproduces the Feynman diagrams from Figure 2.6 (c). We can again associate the
different Feynman diagrams to different peaks in the spectrum. The emission frequency wy
is determined by the state during the t time delay, as before. The mixing frequency wr
therefore corresponds to the state during the 7" time delay. Since most Feynman diagrams
have a population state during the 7" time delay (|0) (0], |1) (1], or |2)(2]), the mixing
frequency is simply zero. However, two of the diagrams have coherences during the 7" time
delay, |2) (1] and |1) (2|, which manifests as two peaks with nonzero mixing frequencies, wq;

and wis = —wsy.
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These coherences are sometimes referred to as zero-quantum coherences, since the states
in the coherence are zero quanta apart. Here, both states in the coherence are excited states,
but zero-quantum spectra can also be used to probe split ground states. We can similarly
use the term single-quantum coherence to describe the coherences probed during the ¢t time

delay of zero-quantum spectra, or during the 7 and ¢ time delays of rephasing spectra.
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Figure 2.7: (a) The zero-quantum spectrum for the V-shaped three-level system in Figure
2.6 (a). (b) The Feynman diagrams corresponding to this spectrum.

2.2.4 Double-Quantum Spectra

The third type of MDCS spectra we will discuss is double-quantum spectra, which is pre-
dictably used to probe double-quantum coherences. This uses a different third-order pathway,
specifically E4EpE{, and the varied time delays in this case are T and ¢ [61, 71].

To investigate double-quantum spectra, we will require a doubly excited state, so we will
use the three-level system depicted in Figure 2.8 (a). The double-quantum pulse sequence
is shown in Figure 2.8 (b), and the possible Feynman diagrams are shown in Figure 2.8
(c). As before, the system will start in the ground state. The first two pulses are both
unconjugated, so according to Figure 2.2 they must either be an excitation to the left, or a
de-excitation from the right. Since the bra (0| is in the ground state, the first pulse must

be an excitation from the left, and since this interaction does not affect the bra, the second
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Figure 2.8: (a) A three-level system with a doubly excited state. (b) A pulse sequence for a
double-quantum spectrum. (c¢) The two corresponding double-sided Feynman diagrams. (d)
The double-quantum spectrum for this system.

pulse must also be an excitation from the left. Thus, after the first pulse, the system is in a
coherent superposition between the ground and the first excited state, and after the second
pulse, the system is in a coherent superposition between the ground and the doubly excited
state. Moving on, the third pulse is conjugated, so it can either be an excitation from the
right or a de-excitation to the left. Both of these can yield valid Feynman diagrams, and
will result in a single-quantum coherence. As before, the last interaction arrow corresponds
to emission which can be measured using heterodyne detection.

The location of the peak in the double-quantum spectrum again can be found using the
coherences in the Feynman diagram. The emission frequency w; is once again determined by
the state during the ¢ time delay. The double-quantum frequency is predictably determined

by the state during the T" time delay, which will have evolution frequency wsgy ~ 2wg. Unlike
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for the rephasing spectrum, this frequency is positive, so the vertical axis is also positive. In
the spectrum shown in Figure 2.8 (d), the plotted diagonal is wy = 2w;.

It is worth emphasizing the importance of the doubly excited state to a double-quantum
spectrum. We saw that for the double-quantum pathway, valid Feynman diagrams require a
double-quantum coherence after the second pulse. Thus a double-quantum signal will only
exist if a doubly excited state exists.

While double-quantum spectra can be used to probe a single system with a doubly excited
state, it is more commonly used to measure interactions between multiple systems. Consider
two two-level systems, which can combine to form a single diamond-shaped four-level system,
as is shown in Figure 2.9. The differences between the ground and singly excited states in
the four-level system are the same as for the individual two-level systems. However, the
difference between the ground and doubly excited states is not simply the sum of the energy
differences for the two two-level systems, instead it is reduced by a term A due to the
interaction between the systems.

Recall our two Feynman diagrams from Figure 2.8 (¢). Recall also that the leading sign
of Equation 2.27 is due only to the side of the interaction, notated by (, 4. For the first
Feynman diagram, all interactions act on the left side, and for the second diagram, all but
one of the interactions act on the left side. Thus, the signal due to these two diagrams have
opposite signs. If the energy difference between the ground and first excited state and the

energy difference between the first and doubly excited states are equal, or if wig = woy, then

— o)) —c))
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Figure 2.9: A depiction of two two-level systems combining to form a single four-level system.
Due to interactions, the energy of the doubly excited state |ejes) is reduced by A.
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the signals from the two Feynman diagrams will cancel, and no signal will be measured.
This means that an interaction term such as A is required to observe a double-quantum
signal [42]. Double-quantum spectra, therefore, provide a background-free measurement of
interacting systems, and seeing a double-quantum signal generally implies the existence of
interactions.

Lastly, we will note that higher order n-quantum spectra can be obtained by allowing
pulses B and C* to interact with the system multiple times, allowing us to probe a coherence

between a ground and nth excited state. This will be expanded upon in Chapter 6.3.1.

2.3 Experimental Realization

The experiment I primarily worked on for this thesis is a collinear MDCS experiment. It
is capable of heterodyne, photoluminescence, and photocurrent detection schemes [49], al-
though I primarily worked with photoluminescence detection. A schematic of the experiment
is shown in Figure 2.10. A pulsed titanium-sapphire (Ti:sapph) laser is fed through nested
Mach-Zehnder interferometer to create the four optical pulses needed for an MDCS experi-
ment. These pulses are each tagged using an acousto-optic modulator (AOM), before being
recombined to a single collinear beam, which is then sent to the sample. Regardless of de-
tection scheme, the final signal is measured using a photodetector and a lock-in amplifier.
In the following sections we will explore some of the specifics of the experimental setup in

more detail.

2.3.1 Collinear Multidimensional Coherent Spectroscopy

As expressed in Section 2.1, in a MDCS experiment it is very important to isolate the desired
third-order signal. Originally, this was done with k-vector selection. In this method the three
pulses A, B, and C strike the sample from different directions and the signal is emitted in

a fourth direction [12]. For instance, for a rephasing spectrum the signal is emitted in the
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Figure 2.10: A schematic of a collinear MDCS experiment.

—k4 + kp + k¢ direction. However, the complex geometry this requires can be tricky to
align and uses a large spot size on the sample, making any sort of imaging impractical.
Active phase stabilization is also required, which can be finicky to implement. Furthermore,
photoluminescence detection is not possible with this experimental configuration, since the
photoluminescence will not be emitted in any particular direction, so the desired signal
pathway cannot be isolated.

Instead, our experiment uses a collinear design, which was first demonstrated in Reference
[65]. Since the incident beams are collinear, we can no longer isolate the desired third-order
signal spatially. Rather, AOMs are used to tag each beam with a different frequency, as
shown in Figure 2.10. The first order diffraction from each AOM will be modulated at
the driving frequency of the AOM, which has the effect of shifting the laser frequency by
this driving frequency. Since each pulse is shifted by a different amount, the phases of the
four beams will shift with respect to each other. The phase shift between two beams will
cycle at a rate of the difference between their respective driving frequencies. This results in
modulations of the different third-order signals, each determined similarly to the k-vector
selection directions [49].

To enable more specificity, let the AOM frequencies for the four beams be wy, wg, we,
and wp. The rephasing signal will be modulated at frequency —w + wp + we — wp and the

double-quantum signal will be modulated at frequency ws + wp — we — wp [61].
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Our desired measurement is phase dependent, and is therefore sensitive to extremely slight
changes in distance between the different interferometer arms. To control for this, we use
passive phase stabilization in the form of a continuous wave (CW) reference laser. A CW
Helium-Neon laser co-propagates with the pulsed laser through the interferometer. We send
the combined AB and C'D CW beams onto separate detectors, labeled REF1 and REF2 in
Figure 2.10, which are used to obtain the reference for the detection frequency.

In practice, for a rephasing spectrum, we modulate the AOMs in the range of 80 MHz,
and set the difference frequencies wp — wy and wp — we, as well as the signal frequency
—wa + wp + we — wp, to values between 50 and 150kHz so that these frequencies can be
detected in the corresponding reference and signal detectors. The outputs of the reference
detectors are fed into a field programmable gate array (FPGA), which digitally computes
the sum and difference of the frequencies. The difference frequency is required for rephasing
spectra, and is sent to the lock-in amplifier to isolate the signal.

Double-quantum spectra can also be taken with our setup, but a few things must be
changed first. First, we set the difference frequencies we — w4 and wp — wp and the signal
frequency w4 + wp — we — wp similarly to the corresponding frequencies in the rephasing
spectrum. This means to retrieve these frequencies from the reference laser, we must send
all four CW beams onto a single detector. Then the FPGA applies filters to the detector
output to isolate the two difference frequencies, before computing their difference to obtain

the final reference frequency.

2.3.2 Detection Schemes

Now that we have determined the frequency reference, we need to find the signal itself. A
collinear geometry enables multiple detection schemes, and we will focus on heterodyne and
photoluminescence detection, whose implementations are described in Reference [62].

In heterodyne detection, only the first three pulses are sent to the sample, as shown

in Figure 2.11 (a). They impinge normally to the sample, and the third-order coherent
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Figure 2.11: Schematics of (a) heterodyne detection and (b) photoluminescence detection.

four-wave-mixing signal propagates backward the beam path, where it is picked off by a
beamsplitter. Another beamsplitter combines it with the fourth pulse to allow them to
interfere, and both are sent onto a detector. The detector output is fed into a lock-in
amplifier. Alternatively, some implementations of heterodyne detected MDCS find it more
convenient to send all four pulses to the sample. In this case, it is assumed that the fourth
pulse does not interfere with the sample. This form is easier to implement and align, and
makes more complex imaging feasible [52].

In photoluminescence detection, all four pulses are sent to the sample and interfere with
the sample, as shown in Figure 2.11 (b), making photoluminescence detection a fourth-order
signal. Instead of measuring the four-wave-mixing signal directly, the nonlinear effects result
in a modulation of the incoherent photoluminescence, which is collected. In order to isolate
the photoluminescence, it is important to remove as much of the laser scatter as possible.
One way we do this is by mounting the sample at a 30° angle, so that the laser is primarily
reflected away from the beam path. Since the photoluminescence is generally not emitted
in a single specific direction, it will still be collected. Additionally, we cross-polarize the
detection, meaning we send a linear polarization of light to the sample, and use a polarizer
to filter most of the reflected laser and collect only the perpendicular polarization. An
anti-reflective coating can also help reduce reflections from the sample surface.

Photocurrent detection is very similar to photoluminescence detection, in that all four
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pulses are sent to the sample. However, instead of measuring emitted light on a detector, a
photocurrent signal is measured directly using electrical contacts on the sample. While the
experiment I worked on for this thesis is capable of photocurrent detection, I did not use

this functionality.

2.3.3 Other Experimental Details

Regardless of detection method, MDCS requires resonant excitation of the system being
measured. Thus, the types of systems available for study are limited by the type of laser
being used. Our laser is a tunable, 700 — 950 nm, pulsed Ti:sapph with a 76 MHz repetition
rate and 7— 10 nm bandwidth. This makes it ideal for studying narrow resonance structures,
such as that of the SiV center, since more of the laser spectrum is able to access the system.
The narrow bandwidth also reduces the need for dispersion compensation. However, broader
resonances structures, for instance those of transition-metal dichalcogenide (TMDC)s, cannot
be effectively probed, since the laser is unable to interact with all resonances of a system at
once.

To ensure that we are observing a third-order signal, we measure the magnitude of the
signal as a function of laser power. Recall that heterodyne detection should be of third
order and photoluminescence detection should be of fourth order. Since the intensity of the
incident laser should follow I o |E ]2, for signal strength S, we ensure the laser power is within
the range such that S oc I3/2 for heterodyne detection and S o I? for photoluminescence
detection.

The systems being studied typically have narrower spectral peaks at low temperatures.
Thus, to observe the system in more detail, it is advantageous to chill the sample. To this
end, we use a closed-loop cryostat capable of keeping the sample at around 11 K.

One advantage of a collinear design is the ability to achieve small spot sizes and use
imaging. We send our recombined beams through a 20X/0.40 N.A. objective, giving a spot

size of 1 — 41m, depending on the diameter of the incident laser beam. Our objective also
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has a long working distance of 19 mm, which allows us to focus on any part of the sample,
even when it is mounted at an angle in the cryostat.

For simple imaging, the objective is mounted on a three-axis translation stage. A series
of mirrors are mounted to the stages to keep the laser centered on the objective for all stage
positions. Spectra can be taken at different points along the sample, down to a resolution

of 1pm.
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CHAPTER 3

Silicon-Vacancy Center Background

It is well known that diamond is a special material, and it has been prized since antiquity
for its beauty and strength. However, in recent years, there has been much scientific interest
in diamond color centers, such as the NV and SiV color centers. These impurities can be
found in naturally occurring diamond, and their presence can give these diamonds color.

There are many known impurities in diamond which can appear in absorption or photo-
luminescence spectra [73]. Finding the physical defects responsible for the various spectral
signatures was a challenge for researchers, however. The NV center was identified as a
nitrogen-based defect in the 1970s by comparing the absorption and luminescence spectra
from irradiated and annealed diamond with nitrogen impurities [13]. The physical structure
for the SiV center was determined in the 1990s using silicon doped diamond [11] and ab
initio calculations [25].

Since then, these defects have attracted attention due to their potential uses in quantum
information and quantum sensing. For instance, these defects have shown promise as a single
photon source [34] and as a quantum memory [23, 63|, and they have been integrated into
photonic circuits [20, 68]. Additionally, the NV center has demonstrated utility as a strain
gauge in a diamond anvil cell [31] and has been used extensively to measure the magnetic
fields of microscopic structures [64, 37].While much of this work has focused on the NV
center, the SiV center has some key advantages over the NV center, its large zero-phonon

line (ZPL) and inversion symmetry in particular, which has lead to an increased interest in
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it over the past decade.

In this chapter, we will give an overview of the SiV center. In Section 3.1 we will discuss
the physical crystal structure of diamond and the SiV center. Following that, Section 3.2 will
have a brief discussion of of the electronic structure of the ZPL of the SiV center. Section 3.3
will give more specific background regarding how the SiV center responds to strain, including
a general discussion of strain and a discussion of some previous results by Meesala, et al.
[45]. Finally, Section 3.4 will briefly discuss a project I worked on using double-quantum

MDCS to detect interactions between nearby SiV centers.

3.1 Physical Structure and Orientation

3.1.1 Diamond Crystal Structure

Diamond consists of a lattice of covalently bonded carbon atoms. More specifically, these
carbon atoms are arranged in face-centered cubic lattice structure of side length 3.57 A with

a two-atom basis: atoms at [000] and [75%] [3, pg. 76]. A view of the unit cell is shown in

i
Figure 3.1 (a).

It is common to use Miller indices to describe directions and surfaces within the crystal, as
described in Reference [3, pgs. 91-93]. They can be used to specify planes (with parentheses)
or directions (with square brackets) using the basis vectors of the unit cell. If the basis vectors
for the direct lattice are aj, as, and ag, (which, for a cubic lattice, point along the edges of
a unit cell), then directions defined with Miller indices [hkl] will always be parallel to the
vector ha; 4+ kas +lag. Miller indices of lattice planes are defined using the reciprocal lattice,
with basis vectors by, bs, and b, so the lattice plane (hkl) is defined to be normal to the
reciprocal lattice vector hby, + kby + [bs. For a cubic lattice, the reciprocal lattice vectors
and direct lattice vectors are parallel to each other, so the plane defined by (hkl) will be

normal to the direction [hkl]. It is also standard to represent negative numbers using bars,

for example k instead of —k. Some common examples for the cubic lattice are shown in
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Figure 3.1: (a) The unit cell of the diamond lattice, with the axis labels shown for the crystal

basis [46]. (b) Some commonly used Miller indices for the cubic lattice. Example directions
are shown in purple, and planes are shown in orange.

Figure 3.1 (b).

Miller indices are used to describe the cut of a diamond surface, or the plane on which it
is grown. The surfaces (100), (110), and (111) are all common growing surfaces. As will be
discussed in Section 4.1.2, our sample is (110)-oriented. A top-down view of (110)-oriented
diamond is shown in Figure 3.2.

The diamond lattice has four different orientations of carbon-carbon bonds, which can
be expressed using Miller indices as [111], [111], [111], and [111]. Due to the symmetry of
the diamond lattice, this can also be represented more succinctly as (111), where the angle
brackets indicate all equivalent lattice directions. Looking at these different directions in
the (110)-oriented diamond, we see that the carbon-carbon bonds can be sorted into two
groups: in-plane and out-of-plane orientations, as depicted in Figure 3.2. The in-plane

orientations have the carbon-carbon bonds in the plane of the sample surface. The-out-of-
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Figure 3.2: A top down view of (110)-oriented diamond. The four orientations of carbon-
carbon bonds can be grouped into in-plane (orange) and out-of-plane (purple) directions.

plane orientations are at an angle of 54.7° from the sample surface.

3.1.2 Silicon-Vacancy Structure

The SiV center is one of many color centers in diamond, which are point defects in the
diamond lattice. Point defects are so called because they occur around a single point in a
crystal [3, pg. 616]. The SiV center is formed by replacing two adjacent carbon atoms from
the diamond, and replacing them by a single silicon atom, as shown in Figure 3.3 (a). Since
there is one fewer atom than before, we often say that the second lattice site is empty, or
vacant, hence the name “silicon-vacancy” center.

The SiV center is often compared to the NV center, which is shown in Figure 3.3 (b), and
has been the focus of much scientific research [18]. Both have similar construction, but for
the NV center the two carbon atoms have been replaced by a single nitrogen atom. Unlike
the nitrogen in the NV center, the silicon in the SiV center is located directly between two

lattice sites in the crystal, as can be seen in Figure 3.3 [25]. This means that, unlike the NV
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Figure 3.3: Diagrams of the (a) SiV and (b) NV center [46].

center, the SiV center is inversion symmetric, which makes it less susceptible to the Stark
effect and other irregularities within the diamond.

Since the SiV center occurs between between two adjacent lattice sites, it is restricted to
several possible orientations within the crystal. We will define the SiV axis as the axis which
passes through the two vacant lattice sites in a given SiV center, and this axis is shown in
Figure 3.4 (a). Using this definition, the SiV axis can only occur along the four possible
directions of carbon-carbon bonds in the crystal. Thus, our discussion of carbon-carbon
bond orientations in Section 3.1.1 also translates to SiV center orientations. In particular,
for a (110)-oriented diamond, the SiV centers can be grouped into in-plane and out-of-plane

centers. This will be further expanded upon in Section 4.2.1.

o Bl S

Figure 3.4: (a) A diagram of the SiV center with the SiV axis shown in purple. (b) The four
possible orlentatlons of a SiV center [46].
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3.1.3 Bases

In this work, we will find it useful to define two different bases. The first of these is defined
for the diamond crystal. Since our sample is (110) oriented, we will choose the y-axis to
be normal to the sample surface, or in the [110] direction. We will fix the z-axis to the
[001] direction, which puts the x-axis in the [110] direction. These three axes are pictured
in Figure 3.5 (a).

The second basis will be defined relative to a given SiV center. We will let the z’-axis
be along the SiV axis shown in Figure 3.4 (a), which is also along the (111) direction. We
will define the z'-axis and g/-axis as pictured in Figure 3.5 (b), or along the (121) and (101)
directions, respectively. Because there the four orientations of SiV center, there are four
different SiV bases.

It will be useful to be able to convert between these different bases. First we will define

¢ = 1/2arccos (—1/3) ~ 54.7°, (3.1)

where 2¢ is also the angle between adjacent bonds in the diamond lattice [3, pg. 82]. Let

R, (6) be the matrix representing a counterclockwise rotation of  about the o axis. We can

b)

Figure 3.5: (a) The crystal basis for (110)-oriented diamond. (b) The SiV basis for a specific
SiV center.
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rotate a vector r from the crystal basis to each of the SiV bases using

(@),
(_gb) Rz (ﬂ-) r,

™

Ry
Ry
Ry (9) R (=5 ) .
R,

I./
I./
I‘/
r/

™

(_¢) R, <§) r.

To reverse these transformations, we can apply the transpose of the rotation matrices (cor-

responding to a clockwise rotation) in the opposite order.

3.1.4 Growing Diamond Samples

While diamond can form naturally and be mined, for scientific applications it is often de-
sirable to grow the diamond under controlled conditions. This is commonly done with
high-pressure high-temperature (HPHT) or chemical vapor deposition (CVD) growth pro-
cesses [19]. There are several ways to introduce color centers into the diamond lattice. They
can occur in natural diamond that is formed in the presence of a particular impurity. For
lab-grown diamonds, defects can be added either during the growth process or afterward,
through ion implantation .

For CVD grown diamond, an impurity can simply be added to the vapor, and atoms from
this impurity will be incorporated into the lattice as the diamond grows [50]. This means
there is no control over the position of individual defects, and they are randomly distributed
across a given plane in the diamond. This method can also prefer a particular orientation
(or several orientations) of defect centers, depending on the growth plane of the diamond
[27].

Impurities can also be added to existing diamond through ion implantation [69]. In this
case an accelerator is used to fire ions into diamond. This embeds the ions into the crystal,

but they cause damage to the crystal along the path over which they travel [32], and are
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likely not initially positioned as the desired defect center (e.g. an interstitial defect instead
of a NV or a SiV center) [35]. At this point, the diamond is typically annealed, or heated at
high temperatures, to allow the atoms to settle into a more regular and more favorable state.
This method does give some control over the position of the implanted ions, and the depth
of the ion can be controlled by varying the implantation energy. The density of implanted

ions can also be controlled, but the orientation of the resultant color centers is random.

3.2 Electronic Structure

While the understanding the physical structure of these centers is important when interpret-
ing results, the reason we want to study the SiV center is due to its electronic structure.
We will also restrict our discussion to the negatively charged SiV~ center [24]. Other charge
states do exist, most notably the neutral SiV? center [26, 17]. We will also continue to
compare the SiV center with the NV center.

One advantage of diamond as a host material is its wide band gap of 5.5eV [15]. This
means that electronic excitations can fit easily within the band gap and remain and isolated
from the conduction band.

We care primarily about the ZPL of the SiV center. The ZPL corresponds to the electronic
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Figure 3.6: A plot comparing the the ZPLs and phonon sidebands of the NV and SiV centers,
figure reproduced from Reference [6].
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transition without contributions from phonons, or vibration modes within the crystal. It is
often accompanied by a phonon sideband, for which phonons do contribute. The phonon
sideband is typically much broader than the ZPL [11]. Many color center applications require
the simpler physics of the ZPL, so it is desirable to have most photons absorbed by or emitted
from the ZPL. Thus, the relatively weak phonon sideband and strong ZPL of the SiV center
gives it an advantage over the NV center, which has a comparatively weaker ZPL as shown
in Figure 3.6 [6, 55].

The ZPL of the SiV center is centered around 407 THz or 1.68eV [11]. This makes
it optically accessible with 737nm light. The energy level diagram of the SiV center has
split ground and excited states resulting in a four-level system as pictured in Figure 3.7 (a)
[11, 30, 55]. These can also be split further with the application of a magnetic field due to
the Zeeman effect [30], which is not pictured.

As shown in Figure 3.7, each transition between a given ground and excited state pair is
allowed. This means there are four possible transitions in this level diagram, and a typical

SiV spectrum will have four peaks as shown in Figure 3.7 (b). However, it has also been
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Figure 3.7: (a) The energy level diagram for the SiV center. (b) SiV spectra and polarization
measurements, figure reproduced from Reference [30].
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found that there is a polarization dependence for these peaks [30, 55], which is also shown in
Figure 3.7 (b). These polarization selection rules are depicted in Figure 3.7 (a) using dashed

and solid lines.

3.3 Strain

3.3.1 Strain Tensor

The strain tensor is a measure of how much a material is deformed. We begin by defining
a function u (R), which measures how much the point R is displaced from equilibrium. For
example, if we consider R to be the equilibrium position, and R’ to be the position after a

deformation, then

u(R)=R —R. (3.3)

Note that u is a vector an can be broken into components as u = u,X + u,y + u.z. Each

strain tensor index can be written as [3, eq. 22.77]

1/ 0 0
Eon=—|=—u,+—=—uy ). 3.4
2\ 0z, " ox, (34)
Thus, the full strain tensor is
Oug 1 (Ouy | Ouy 1 (Oug | Ou,
€xx Eay Caz ox 2 < ox + Jy ) 2 ( 0z ox )
= = | 1(%uy 4 Ous Ouy 1 (Quz  Ouy
€ Eyz Eyy Eyz 2 (8:)0 + <9y> oy 2\ dy + 0z (35>
1 (0u du 1 (0u Ouy Ouz
€2z Ezy Ezz 2 (a; Bacz) 2 (8; + Bz) 2 -

Note that the strain tensor is symmetric, so there are only six different strain tensor indices,
which we will divide into the normal strain tensor indices (£;4, €4y, €22), and the shear strain
tensor indices (€4, €yz, €25). Also note that the strain tensor indices are unitless.

Normal strain in the x, y, or z directions can be thought of simply as stretching or
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Figure 3.8: The effects of (a) normal strain and (b) shear strain on a square.

squeezing the material along that axis. Figure 3.8 (a) shows an example of an object under
normal strain. In this example, £,, > 0, so as we move in the x direction, the displacement
in that direction, u,, increases. Similarly, ¢,, < 0, so as we move in the y direction, the
displacement in that direction, w,, decreases

Shear strain is not restricted to the x, y, or z directions. Figure 3.8 (b) shows an example
of an object under shear strain, so €;, > 0. As we move in the x direction, the displacement
in the y direction u, increases. Similarly, as we move in the y direction, the displacement in
the z direction wu, increases.

One last useful feature of the strain tensor is that we can change its reference frame using

rotation matrices using

R,(0)-€- RL(0). (3.6)

This often will turn normal strain into shear strain or vice versa, as normal strain in one

reference frame can become shear strain in another.
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3.3.2 The Effects of Strain on Silicon-Vacancy Centers

Previous experimental work has been done to characterize how the SiV center responds to
strain. Meesala, et al. [45] fabricated a diamond cantilever including two electrodes on and
below the cantilever. By applying a voltage to the electrodes, they could warp the diamond
in a predictable way and observe the resulting shifts in the spectral peaks.

In order to interpret these results, they also derived peak locations in terms of the strain
tensor indices and various constants. In the SiV reference frame described in Section 3.1.3,

these equations can be written as [45]

Agzpr, = Agzpro + (tH,es - 2f||,gs) €+ (tles — tigs) (5;31; + 5;;;;) g
Ags - \/)‘go,gs +4 (dgs (Eg::c o Eg/y) + fgse’zx)2 +4 (_ngsggcy + fgsgéﬂ)z’ (3'7)

Au = \/ Noes + 4 (des (2hp = €1,) + fostln)” + 4 (—2desely, + fostl,) ™.

In these equations, Ayzpy,, Ay, and A represent the corresponding labeled quantities in the

gss
energy level diagram in Figure 3.7. These can be used to uniquely determine the frequen-
cies of the four SiV peaks. The corresponding quantities at zero strain are represented by
Azp1,0, As0,es, and Agoes- The strain tensor indices in the SiV basis are given by ¢; ;. The
remaining quantities, £, 1, d, and f, are called the strain-susceptibility parameters, which
they determine from the experimental results.

Some of the experimental data from Reference [45] is shown in Figure 3.9. Due to the
crystal orientation relative to the cantilever, half of the SiV centers primarily saw changes

in Ay and A, while the other half primarily saw changes in Agzpr,.

By fitting this experimental data to the derived equations, they were able determine the

42



a) b) c)
— 450 650 o =
T ¢ T . ©
e °‘°¥ P08 =2 4‘?
22501 oS 450 2 LB T oS
£ 150 350 £ N < 737.0
2 50, 2 §T7369,
v 250 5 28
U 0005 10 1520 U 0.00.2 0.4 0.6 0.8 1.0
e €, (x109) e_(x10%)

Figure 3.9: The effects of (a) transverse strain on the ground and excited state splitting of
the SiV center, and (b) longitudinal strain on the mean ZPL wavelength. All three figures
reproduced from Reference [45]

necessary strain susceptibility parameters. They found that [45]

(tH,es — t||7gs) = —1.7 4+ 0.1 PHz/strain,
(t1es —t1gs) = 0.078 £ 0.009 PHz/strain,
dgs = 1.3 £ 0.1 PHz/strain,
des = 1.8 + 0.2 PHz/strain,
fes = —1.7£ 0.1 PHz/strain,

fos = —3.4 + 0.3 PHz/strain.

These results, in particular Equation 3.7, will be especially important in Chapter 4.

3.4 Coherent Interactions between Silicon-Vacancy
Centers in Diamond

While the strain results to be discussed in Chapter 4 make up my main experimental work,
there are several other SiV center projects to which I made lesser contributions. The first
of these measures MDCS spectra using both heterodyne and photoluminescence detection,
whose implementation is discussed in Section 2.3.2. The heterodyne detected measurements

reveal a single, inhomogeneously broadened peak. This is attributed to a large number of
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dark SiV centers, possibly in highly strained environments, which do not photoluminesce
[62]. The second result measures a double-quantum MDCS signal from an ensemble of SiV
centers [14], and will be discussed here in more detail.

Double-quantum MDCS is discussed in Section 2.2.4. In order to measure a double-
quantum signal, rather than the rephasing signal used in Chapter 4, we changed the detection
frequency from —w,4 + wp + we — wp to wa + wp — we — wp. This meant we no longer used
separate reference detectors, as depicted in Figure 2.10. Instead, we used a single detector,
and relied on filters in the FPGA to isolate the reference signals from the AD and BC CW
beams. We also used photoluminescence detection. There was additionally a fifth pump pulse
of variable intensity, which reached the sample before the four MDCS pulses. Otherwise, the
experimental details are similar to those described in Section 4.1.

One example spectrum is shown in Figure 3.10 (a). Recall from Section 2.2.4 that double-
quantum MDCS requires a doubly excited state. For the SiV center, this doubly excited state

must be due to interactions between SiV centers. Thus, observing any double-quantum signal
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Figure 3.10: (a) A double-quantum MDCS spectrum of SiV centers. (b) Integrated peaks
of the double quantum spectra, measured as a function of the power of the preceding pump
pulse. Both figures reproduced from Reference [14].
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at all requires the existence of such interactions. We attributed these interactions to dipole-
dipole coupling between nearby SiV centers.

We also took spectra as a function of the power of the preceding pump pulse. For the
off-diagonal peaks, we observe a decay in the peak strength as the pump power is increased.
For the on-diagonal peaks, we observe oscillations in the peak strength as the pump power
is increased. These trends are plotted in Figure 3.10 (b). Such oscillations are not present
in similar rephasing spectra of the sample. We took data with several delay times between
the pump pulse and MDCS pulses, with similar results. For each series of data, we also
randomized the order in which the individual spectra were measured, to reduce the impact
of slowly varying systematic error in the experiment.

The response to the pump pulse indicates that the interactions between nearby SiV centers
is tunable. The interactions were also shown to last at least 1ns, but we did not measure

spectra with longer delay times between the pump and MDCS pulses.
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CHAPTER 4

Using Silicon—Vacancy Centers in Diamond to

Probe the Full Strain Tensor

Reproduced in part, with the permission of AIP Publishing, from:

Kelsey M. Bates, Matthew W. Day, Christopher L. Smallwood, Edward Bielejec, Ronald
Ulbricht, and Steven T. Cundiff. “Using silicon-vacancy centers in diamond to probe the
full strain tensor”. J. Appl. Phys. 130, 024301 (2021).

NV centers have previously been used to sense strain in diamond [9, 66, 31]. The SiV
center is similarly sensitive to strain, as was discussed in Section 3.3.2 using the results of
Reference [45]. Here, we demonstrate the ability to use the SiV center to measure the full
diamond strain tensor. Notably, our measurements are of an ensemble of SiV centers, due
to the high implantation density of our sample. Since the strain in our sample has different
effects on different SiV orientations, linear spectra can become quite crowded and difficult
to read. Thus, we used the more powerful techniques of Chapter 2, in particular rephasing
MDCS, to identify the peaks in our linear TPC spectra.

In this chapter, we will discuss our experimental results, including both TPC and MDCS
spectra of the SiV center, and how we use them to find the strain present in our sample.
While many of the experimental details are discussed in the preceding chapters, in Section
4.1 we will review some details regarding the specific spectroscopic techniques used here and
the diamond sample used in these measurements. Section 4.2.3 will include the experimental

results and their interpretation. It will also include the procedure used to calculate the strain
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tensor using these results. The chapter will end with some concluding remarks in Section

4.3.

4.1 Experimental Methods

4.1.1 Spectroscopic Techniques

The experimental details are mostly discussed in Section 2.3. However, we will review and
highlight a few relevant details.

We study an ensemble of SiV centers with two different coherent spectroscopy techniques.
The first is a TPC measurement, as shown in Figure 4.1 (a), in which two optical pulses
from a Ti:sapph laser are sent to a sample, much like the description in Section 2.2.1. We
also use photoluminescence detection, as described in Section 2.3.2, in which we measure the
modulated photoluminescence from the sample as a function of the temporal separation ()
between the pulses and isolate the signal using a lock-in amplifier. The photoluminescence
intensity is Fourier transformed with respect to ¢, to yield a one-dimensional, coherently-
detected absorption spectrum. The phase coherent spectra reject signal contributions from
long-timescale effects, as the spectral response is recorded as a function of time delays be-
tween pulses which vary between 100 fs and 1 ns.

For this sample, the linear TPC spectra can be difficult to interpret on their own, as there

Frequency-tagged pulses

....... Ti Sapph : Lock-in t Lock-in

amplifier amplifier

Figure 4.1: A depiction of the experimental setup, including both (a) TPC measurements
and (b) MDCS measurements.
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are many observed peaks to identify. Thus, we also employ rephasing MDCS, as discussed
in Section 2.2.2 . Our collinear MDCS variant [65, 49, 62] is much like the TPC spectra
discussed above, but with two additional optical pulses, as depicted in Figure 4.1 (b). For
rephasing spectra, the first (7) and third (¢) time delays are varied, and these data are
Fourier transformed with respect to these time delays to obtain a two dimensional map of
the third-order signal as a function of excitation (w,) and detection (w;) frequency axes
(65, 49, 62].

Section 2.2.2 also mentioned two main advantages to using multidimensional rephasing
spectra: the ability to easily distinguish between homogeneous and inhomogeneous broaden-
ing, and the ability to identify if two spectral peaks are coupled. The latter of these is more
important to this work. If coupling exists between two transitions, a coupling crosspeak will
occur where the excitation and detection frequencies correspond to those of the two coupled
transitions. Since a single SiV center can emit at four different frequencies, a spectrum with
multiple shifted families, or groups, of SiV centers can be difficult to interpret. In a rephasing
MDCS spectrum, crosspeaks will be present for frequencies within a single family, but will
not be present for pairs of frequencies from different families, so we can determine which
spectral peaks correspond to a single family.

While the information contained in a TPC measurement is not as rich as that in a full
MDCS spectrum, the main advantage is that the acquisition time for a TPC spectrum is
much shorter. This enables us to take a large number of linear spectra to observe position
dependent trends, while only taking a few select MDCS spectra when needed to assign the
peaks.

As mentioned previously, both the TPC and MDCS spectra used here utilize collinear
geometries, whose implementation is the focus of Section 2.3.3. This enables a smaller spot
size than k-vector selection MDCS experiments [49], and allows us to compare spectra taken
at nearby locations on the sample. Studies of color centers often take measurements of a

single center, with no guarantees that the center is representative of neighboring centers. In
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contrast, the high density of our sample and the ability of MDCS to untangle complicated
spectra enable us to accurately measure the ensemble averaged optical response.

For both of these spectroscopic techniques, we linearly polarized the light incident on
our sample. This was mainly so that the detected light could be cross-polarized to reduce
laser scatter, which is important in photoluminescence detection. Additionally, since the
four electronic transitions of the SiV center are polarization dependent [55], spectra taken

at each polarization can be compared to understand the geometry of the sample.

4.1.2 Sample Information

Our sample is a CVD grown, (110)-oriented mono crystalline diamond. An ensemble of
SiV centers was created by implanting silicon-29 ions with a focused ion beam, at a depth of
0.5—2.4 pm and number density 7.5 x 10'¥ cm™3. A plot detailing the expected implantation
density as a function of depth is included in Figure 4.2 (a). The sample was then annealed
at 1000-1050 °C and tri-acid cleaned. A picture of the sample is included in Figure 4.4. The
sample has been cleaved, which explains its unusual shape, and an anti-reflective coating
was applied. Additional information about the sample and its implantation can be seen in
the Supplemental Material of Reference [62].

As discussed in Section 3.1, SiV centers can occur along four different orientations in
diamond, corresponding to the four directions of carbon-carbon bonds in the diamond lattice.
Figure 4.2 (b) shows the four orientations of SiV centers in our (110)-oriented sample, where
the four vectors on the diamond correspond to the SiV axis shown in Fig. 3.4. Note that
we can group these peaks into two orientation families. In-plane SiV centers (orange) lie
parallel to the (110) surface plane, and out-of-plane SiV centers (purple) do not.

The sample was placed in a closed-loop cryostat at a temperature of 11 K. Data were
taken using 76 MHz, 130 fs pulses from a Ti:sapph laser at a center wavelength of 736 nm.
The output of each interferometer branch had power 1.25 mW, giving a total TPC power

of 250mW and a total MDCS power of 5.00mW. This power was chosen to maximize
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Figure 4.2: (a) A plot showing the density of implanted silicon versus depth in our sample.
Reproduced from Reference [62] (b) The four orientations of SiV in our (110) oriented dia-
mond sample. The orientations of the centers along the (111) axes of the lattice yield two
in-plane (orange) and two out-of-plane (purple) orientations. The directions of vertical and
horizontal polarizations relative to the sample are shown.

the signal while still ensuring the signal was of fourth-order. At these powers, we do not
expect laser heating to impact our results since diamond is transparent at this wavelength.
This is corroborated by the relatively sharp peak widths observed in our measured spectra.
Pulses were focused onto the sample face using a home-built confocal microscope with a
20X/0.40 N.A. objective of focal length 10 mm. The Rayleigh range within the sample is
long enough that these measurements address the entire column of implanted SiV centers.
As shown in Figure 4.1, the sample was tilted by 30° from normal about the vertical axes
in Figure 4.2 (b) and Figure 4.4 (a) to reject the reflected Ti:sapph beam and any coherent
scatter that could corrupt the photoluminescence measurements. Due to the high index of
refraction of diamond, this 30° tilt has a relatively small effect on the propagation direction

of the laser within the sample. The two linear polarizations of light used here are depicted

in Fig. 4.2 (b).
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4.2 Results and Analysis

4.2.1 Peak Identification

As discussed in Section 3.2, previous experimental data taken of SiV centers [11, 55, 45, 62]
show the four spectral peaks corresponding to the four optical transitions in Figure 3.7.
Incoherent photoluminescence spectra taken from our sample have this structure as well
[62]. However, the TPC photoluminescence spectrum in Figure 4.3 (a) shows many more
peaks, indicating the presence of multiple groups of color centers.

These results, while initially suggestive, are greatly clarified by comparison to the results
of full-fledged MDCS. Figure 4.3 (b) shows an example MDCS rephasing plot in which
spectra taken with horizontally and vertically incident light have been summed together to
better highlight all visible peaks. The insets (c-e) below this spectrum show more detail for
some of the crosspeaks, both for the two polarized spectra and the combined spectrum. Note
that in the combined spectrum, the seven visible crosspeaks can be grouped into two squares,
which are highlighted in (c). Each square is formed from two lower energy crosspeaks, and
two higher energy crosspeaks, and the peaks used in each square are distinct. This allows us
to group the spectral peaks into two families, where peaks in a single family are coupled, and
no coupling is observed between different families. Using this, we conclude that each family
of peaks corresponds to a different type of SiV center. Additionally, the MDCS spectrum
shows some inhomogeneity, which could be due to microscopic strain fluctuations [62] or
interactions between nearby SiV centers [14].

To identify the origin of the two families of SiV centers, we can appeal to spectral peak
polarization dependence. While the MDCS spectra can be used for this, it is easier to
compare linear spectra, like the TPC spectra shown in Figure 4.3 (a). Note that the relative
peak strengths of the two families of peaks under different polarizations of incident light are
very different. This suggests that the two families of SiV centers are oriented differently in

the diamond lattice. By relating the possible orientations of SiV centers in our sample to the
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Figure 4.3: (a) TPC spectra of the SiV ZPL, including vertical and horizontal polarizations
of the incident laser and their sum, taken at a single point on the sample. (b) A rephasing
MDCS spectrum of the SiV ZPL, taken as the sum of spectra using both vertical and hori-
zontal polarizations. The orange and purple vertical lines highlight the peaks corresponding
to the two orientation families. (c-e) More detail of the outlined section in the MDCS spec-
trum, including both vertical and horizontal components. In (c), the crosspeak families are

highlighted.
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polarization selection rules shown in Figure 3.7, we find that the two sets of peak families
correspond to the in-plane and out-of-plane orientations in Figure 4.2 (b). While it may
be feasible to group the peaks into families based solely on polarization data, this would
become increasingly difficult for higher amounts of strain, and the crosspeaks in the MDCS
spectrum are easier to interpret and give a higher degree of certainty.

The peaks corresponding to these families are indicated in Figure 4.3 (a-b) using orange
and purple vertical lines, corresponding to the in-plane and out-of-plane families. In the
scans seen here, we do see additional splitting of the in-plane peaks. The specific in-plane

orientation can be determined with additional linearly polarized spectra.

4.2.2 Strain Calculation

While the analysis of the previous section justifies the necessity of having two different color-
center families, it does not yet explain the origin of the different families’ peak shifts. We
propose that the source of these shifts is due to strain intrinsic to our sample, mainly because
the shifts are different for different SiV orientations. By assuming this hypothesis is true,
we can solve for the full strain tensor in our sample.

Here we can apply the work completed by Meesala, et al. [45] and discussed in Section
3.3.2. They derived Equation 3.7 relating the four spectral peaks to the six strain tensor
indices local to a given SiV center, using six strain susceptibility parameters. For convenience

we have reproduced Equation 3.7 here [45]

Azpr, = Azpro + (Ees — tlgs) Ene + (Eles — tigs) (Ehg + gg;y) ;
Ags = \//\go,gs +4 (dgs (e, — Egjy) + fgsg,zm)Z +4 (_zdgsggsy + fgsg;;Z)Q’ (4.1)

Aes = \//\gO,es +4 (des (ggnx - %y) + fesglzx)Q +4 (_2desggpy + fesgéz)%

They combined these equations with experimental data and simulated strain tensor data to

fit for the strain susceptibility parameters. In this work, we instead used experimental data
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and the strain susceptibility parameters to estimate the strain tensor.

Note in Equation 4.1 that the expressions for Ay and A are linearly dependent, as
the ground state and excited state splitting respond similarly to strain. Recall that these
equations are given in the SiV reference frame, which is depicted in Figure 3.5 (b). Since there
are four different orientations of SiV centers in four distinct strain environments, we must first
rotate these equations into a common basis. We choose the crystal basis depicted in Fig. 3.5
(a), which gives the rotated strain tensor elements in Appendix A. The results are substituted
into Equation 4.1, yielding twelve total equations, eight of which are independent. Since (in
the crystal basis) there are six strain tensor indices, these equations are overconstrained and
we can use them to solve for the full strain tensor.

We took a series of TPC spectra at 23 locations on our sample, as shown in Figure 4.4
(b). These locations lie along a single line, with a gap in the middle where the implantation
density is lower and reliable peak locations and strain estimates could not be measured.
Slight shifts in the frequencies of the spectral peaks can be seen.

To use these data to solve for the strain, we first used the techniques in Section 4.2.1
to identify the peaks in our linear spectra (several MDCS spectra were collected at select
locations to help with this). The peaks were fitted to find the locations of all 16 spectral
peaks for each scan, taking advantage of both vertical and horizontal polarization spectra,
since some peaks are more visible on a given polarization. In cases where two peaks could
not be resolved (which sometimes occurs for two in-plane or two out-of-plane peaks), a single
frequency was reported.

Next, we used Equation 4.1 to find analytical expressions for the frequencies of the 16
spectral peaks as a function of the six strain tensor indices in the crystal basis, pf®° (g). We
estimated the error (standard deviation) of our measured peaks pi*** to be ¢ = 2 GHz. This

gives us an expression for y?,

16 meas calc 2
R 2
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Figure 4.4: (a) An image of the sample illustrating both the locations of the 23 linear spectra
used in the strain calculation, as well as the (110) crystal orientation [46]. (b) A series of
TPC spectra, summing both horizontal and vertical polarizations. The centers of each peak
are highlighted.

Next we found the strain tensor e, or equivalently the six strain tensor indices, such that x?
is minimized. This tensor is our solved result!.

To estimate the error in the calculation we note that if the error in our peak locations is
random, then the y? value from Equation 4.2 should indeed follow a chi-square distribution
with 16 degrees of freedom for the true value of the strain tensor. Thus, there is a 90%
chance that x? < 23.5. We explored the parameter space local to our solved strain tensor to
find the range of strain tensors such that x? is less than the desired value.

The strain-solving algorithm was also tested on simulated data. Peaks were generated
with Equation 4.1 using random values for the strain tensor indices. Random errors were
added to these peak values, and we attempted to recover the original strain tensor indices

using the algorithm above. The algorithm behaved as expected and produced simulated

1Source code available at https://github.com/chocokels/strain-solving.
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results that were within the range of observed strain values. The algorithm begins to break

down as the shear strain tensor index e,, becomes large (greater than 0.8 x 107°).

4.2.3 Strain Results

Extracted strain tensor results are shown in Figure 4.5. Before drawing conclusions from
these results, some limitations with the data should be noted. First, the values of the normal
strain tensor indices are dependent on the mean ZPL frequency at zero strain, or Azpr,o. We
did not take a direct measurement of this, but we estimated it to be 406.795 THz. However,
we find that changing this value results in a constant offset of the normal strain tensor
indices €,4, €4y and €., and that their relative values are preserved. Next, we encountered
a sign ambiguity for small values of €,,, and so we have elected to plot the absolute value of
this parameter in Figure 4.5 instead of its sign-dependent form. Future work could attempt
to resolve this sign ambiguity in a given sample by observing peak shifts due to €., strain
values that have been intensionally applied to calibrate the measurement. For all indices,
the error bars in Figure 4.5 are only meant to represent error due to random error in the
peak locations. They do not account for systematic errors, such as errors in the strain
susceptibility parameters listed in Equation3.8. We estimate that the error due to the strain
susceptibility parameters is less than 0.1 x 1075 for the normal strain tensor indices and less
than 0.03 x 107° for the shear strain tensor indices.

Despite these limitations, we are sensitive to strain differences of 2 x 10™° to 3 x 1077,
and we do see a varying strain in our sample. The normal strain indices are nonzero, and
these values appear to vary across the sample. While we do not see statistically significant
magnitudes for the shear strain tensor indices €,, and ¢,., the shear strain tensor index ¢,
does show statistically significant variation.

Previous strain measurements [45] observe shifts in single SiV centers. By contrast, these
measurements are taken on an ensemble of SiV centers, as mentioned in Section 4.1.1. This

means we measure the strain tensor averaged over the area and depth of the laser spot,
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Figure 4.5: Calculated strain tensor indices across the points shown in Figure 4.4. The first
plot shows the normal strain tensor indices, €., €4, and e,,. The following three plots
show the shear strain tensor indices, ¢, (for which positive values are plotted due to a sign
ambiguity), €,. and €,,. 90% confidence intervals are shown.

rather than at specific centers. Note that this variation in strain within a region is also
different from the strain fluctuations of individual SiV centers proposed in Reference [62], as
the latter concerns individual SiV centers in highly strained environments.

The source of this strain is likely due to the implantation and annealing processes, al-
though it has been established that diamond, natural or otherwise, has some degree of strain

due to existing defects [36]. As mentioned in Section 4.1.2; our sample has a rather high
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number density of implanted silicon of 7.5 x 10'® cm=3. This density corresponds to about
one silicon atom for every 2.3 x 10* carbon atoms. If we assume, as an approximation, im-
planting the silicon does not increase the size of the sample, but merely pushes the atoms
uniformly closer together, then we can estimate the normal strain as —1.4 x 107°. While
this simple estimation does not take into account many complexities of the system, it does

agree with our experimental values to within an order of magnitude.

4.3 Conclusion and Outlook

By analyzing both MDCS and TPC measurements of SiV centers, we were able to measure
the full strain tensor of our sample. We measure a nonzero strain, which varies across the
sample. This strain is most likely due to the large amount of implanted silicon in our sample.
One possible future direction would be to take measurements on a variable density sample,
to further measure the relationship between implantation density and strain. In addition,
the depth-dependent strain tensor could be studied using a sample containing thin layers of
implanted SiV centers or a more tightly focused beam spot. Modifications to the experiment
could be implemented or other spectroscopic techniques could be used to improve sensitivity
and accuracy. This work may also be useful in using SiV centers in diamond, or other color
centers with similar symmetries, as a strain gauge, potentially in a diamond anvil cell or

atomic force microscope tip.
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CHAPTER 5

Computationally Simulating

Multidimensional Coherent Spectroscopy

This chapter will discuss the code I have written to simulate MDCS spectra. It consists
of two main functions, with one to generate Feynman diagrams and the other to perform
the simulation. My code is not the most sophisticated MDCS simulation code [56, 57]; it
does not account for finite pulse effects [60], for instance. However, its strength lies in its
simplicity while still being flexible in the types of spectra and systems it can simulate. It can
compute spectra quickly, and allows for arbitrary pulse sequences and energy level diagrams.
All code is written in MATLAB (although there is also a version of the Feynman diagrammer
in Python), and is available on Github'.

Section 5.1 will focus on the Feynman diagrammer, which generates valid Feynman di-
agrams for a given system and pulse sequence. These Feynman diagrams can be used to
generate MDCS spectra, as will be described in Section 5.2. Each section will describe both

how to use the code and how it works. The code will ultimately be used in Chapter 6.

5.1 Feynman Diagrammer

The logical nature by which Feynman diagrams are formed, as described in Section 2.1.2

lends itself well to automation. While the initial goal of this code was to tabulate all valid

https://github.com/chocokels/feynman-finder
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rephasing Feynman diagrams for the SiV center, the generalized final product is useful for a
variety of other systems and signal pathways.

The Feynman diagrammer FeynmanFinderFunc takes as input an arbitrary energy level
diagram, a starting state, a signal pathway, and a detection scheme, and outputs all possible

Feynman diagrams. It accomplishes this through recursion.

5.1.1 Using the Feynman Diagrammer

To implement arbitrary energy level diagrams, we use directed graphs. Each node on the
graph represents a single state, and the edges represent the possible transitions between
these states. The directions of the edges should point from lower energy to higher energy
states. An example energy level diagram and corresponding directed graph are depicted in
Figure 5.1. To implement the graphs, we use MATLAB’s digraph object. This allows nodes
to be given names, which is convenient for identification and readability.

The first two arguments of FeynmanFinderFunc, named ket and bra, are the names for
both the starting ket and bra as character arrays. The following argument graph is the
directed graph representing the energy level structure.

The next argument eta represents the signal pathway or, using the symbology of Equation
2.27, the conjugations n of the pulses. This is given as a vector array. Each element is either
1 for an unconjugated pulse, or -1 for a conjugated pulse. As an example, [-1 1 1 -1]

should be used for rephasing spectra, and [1 1 -1 -1] should be used for double quantum

e |0) v,

Figure 5.1: (a) The energy level digram for a V-shaped three-level system. (b) The corre-
sponding directed graph.
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spectra. There are no restrictions regarding the length of eta, so higher order spectra with
more than four interactions [72, 40, 43] can be processed.

Finally, the last argument heterodyne indicates the detection scheme to be used. It
should equal 1 for heterodyne detection and 0 for photoluminescence detection.

The output feyn of the function is a cell array of structure arrays, where each structure
array element of the cell array represents a single Feynman diagram. Each structure array
has four fields. The first two, ket and bra, are cell arrays of the kets and bras of the Feynman
diagram, respectively, listed from bottom to top. Next is sign, which represents the pulse
conjugations, and is simply a copy of eta. Last is side, which represents the side ¢ of the
interaction, 1 for left and -1 for right.

There is an additional function, PrintFeynman, which takes a cell array of Feynman
diagrams as input, and prints a visual representation of the Feynman diagrams. To simplify
the output as text, de-excitation interactions, or interactions with arrows pointed away from
the center of the diagram, are displayed one row below their expected position.

As an example, we will consider the rephasing pathway for the V-shaped three-level system

depicted in Figure 5.1. We can compute the Feynman diagrams using

graph = digraph([1,1],[2,3]); %» Define graph
graph.Nodes.Name = {'0"' '1' '2'}'; 7 Name nodes
eta = [-1 11 -1]; % Rephasing
feyn = FeynmanFinderFunc('0','0',graph,eta,1);
We can view a single element of the cell array, both as a structure array, and using the

function PrintFeynman

>> feyn{1}
ans =
struct with fields:

ket: {IOI |O| |1| |1| |O|}
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bra: {'0" '1'" '1" 0
sign: [-1 1 1 -1]
side: [-1 1 -1 1]
>> PrintFeynman(feyn(1));
|0><0]|
\1><0]|
[1><1]/
/10><1|

[0><0 ]\

5.1.2 Implementation

assuming an interaction from the right.
To start with, we will consider the case in which the input eta is empty, meaning there

are no remaining interactions.

if eta is empty

if the ket and bra are equal, and either heterodyne detection or the
current (final) state is not a ground state

return a Feynman diagram using:

|O|}

The Feynman diagrammer uses recursion to achieve a flexible implementation. Each call
of FeynmanFinderFunc will find the possibilities for one row of the Feynman diagram. For
each of these possibilities, it will call FeynmanFinderFunc for the remaining interactions.
This process is illustrated in Figure 5.2. To increase readability, in this section, we will
summarize the content of FeynmanFinderFunc as pseudocode. We will divide the code into
three sections. In the first, we have the terminating base case, in which there are no remaining
interactions. In the second, we find all possible Feynman diagrams that satisfy the given

conditions assuming an interaction from the left, and in the third, we do the same thing
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Figure 5.2: A schematic illustrating the operation of the Feynman diagrammer for the exam-
ple computed in Section 5.1.1. It should be read from bottom to top, and each row represents
one call of the recursive function which determines one row of the Feynman diagram. Note
that not all possible outcomes are shown due to space constraints.
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current ket and bra as ket and bra arrays
empty arrays as sign and side
else
return an empty cell array

end

In this case, we have to start by checking that the Feynman diagram is valid. We want the
system to end up in a population, so the input ket and bra should be equal. If we are using
photoluminescence detection, we also want to check that this final population state is not a
ground state, since otherwise there would be no photoluminescence to measure. If both of
these conditions are met, we do have a valid Feynman diagram, and should begin the process
of outputting our result. If the conditions are not met, no Feynman diagrams are returned.

If there are remaining interactions, we will first assume that the next one is from the left,

which is represented by the purple arrows in Figure 5.2.

else

feyn = an empty cell array to store possible Feynman diagrams

% Assume an interaction from the left

if the interaction is conjugated
states = possible de-excitations of the current ket

elseif this is not the final interaction using heterodyne detection
states = possible excitations of the current ket

else
there are no valid states

end

for each possible state
next = the output of FeynmanFinderFunc with state as the ket and

eta without its first element
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for each Feynman diagram in next
modify the Feynman diagram:

append current ket to the beginning of ket array
append current bra to the beginning of bra array
append current sign to the beginning of signs array
append current side to the beginning of sides array

end

append this modified Feynman diagram to feyn

end

With an interaction from the left, we know that the ket will change as a result. Thus
we use the conjugation of the pulse to determine if the ket will undergo excitation or de-
excitation. Next, we look to the directed graph representing the energy level diagram to
find the possible kets after the interaction. We also verify that the final interaction with
heterodyne detection is a de-excitation, corresponding to the emitted signal. We apply
FeynmanFinderFunc recursively, with this new ket as the starting ket, and without the first
interaction. This will return a cell array of valid Feynman diagrams, which we will modify
by adding the information corresponding to the current interaction.

Finally, we will assume that the next interaction is from the right, which is represented

by the orange arrows in Figure 5.2.

% Assume an interaction from the right

if the interaction is unconjugated
states = possible de-excitation of the current bra

elseif this is not the final interaction using heterodyne detection
states = possible excitation of the current bra

else

there are no valid states
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end
for each possible state
next = the output of FeynmanFinderFunc with state as the bra
and eta without the first element
for each Feynman diagram in next
modify the Feynman diagram:
append current ket to the beginning of kets array
append current bra to the beginning of bras array
append current sign to the beginning of signs array
append current side to the beginning of sides array
end
append this modified Feynman diagram to feyn
end
return feyn

end

This proceeds like the previous section with one main difference: since the interaction is

from the right, the bra will be changed instead of the ket.

5.2 Simulating Spectra

With the Feynman diagrams computed as in Section 5.1, we can now proceed with simulation
of MDCS spectra. This simulation code, SimulateMDScan, will compute the time domain
data for each Feynman diagram individually. The final result will be obtained by adding
the individual data sets, and a spectrum in terms of frequency can be found by taking the

Fourier transform.
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5.2.1 Using the Simulator

The function SimulateMDScan has a total of four required inputs. The first of these, ts,
holds the time delay information. It is a cell array of length N — 1, where N is the total
number of interactions. Each element in the cell array is a vector array of time delays, where
the first element corresponds to the first time delay, the second element corresponds to the
second time delay, and so on. The values of the individual vector arrays should correspond
to the desired probed time delays, and the length corresponds to the number of data points
along that axis. Note that the length of the cell array should be one less than the length of
the array eta used in FeynmanFinderFunc, since the length of eta should match the number
of interactions.

This implementation means that any variety of MDCS, including but not limited to those
described in Section 2.2, can be calculated with a single function. For instance, rephasing
spectra can calculated using a single value for the second cell array element (7") and vector
arrays for the first and third (7 and ¢), and zero-quantum spectra can be calculated using a
single value for the first cell array element (7) and vector arrays for the for the second and
third (7" and t). Higher order spectra can also be computed by adding additional cell array
elements for the additional interactions.

The output of FeynmanFinderFunc should be included as the input feyn. Individual
Feynman diagrams can also be used, to view the signal due to only that diagram.

The following input, Omega, is equivalent to €1, as defined in equation 2.2.2. It should
be written as a square matrix whose rows and columns correspond to the energy levels, or
equivalently the nodes of the directed graph as defined in Section 5.1.1. It can include both
the transition frequencies w,; and dephasing terms 7, .

Lastly, to match the indices of Omega to the named nodes in the directed graph, the input
graph should be the directed graph used in FeynmanFinderFunc.

There is an additional optional argument inhom, and its use and implementation are

discussed in Appendix B. If nothing is included for the term inhom, no inhomogeneous
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broadening will be added.

The output res of this function is a complex-valued N-dimensional array. Each dimension
corresponds to one time axis in ts. Each point in the array corresponds to the signal at that
collection of time delays.

There is an additional function, P1lotMDCSScan, which can be used to plot either the time
or frequency domain spectra generated from the output of SimulateMDScan. It is intended
to be used for a two-dimensional dataset, so while any number of interactions is valid, only
two of the time delays between them should be varied. The first input, ts, is the same
cell array inputted into SimulateMDScan, and the second input, dat, is the corresponding
output. If the third input, four, is set to 0, the time domain is plotted, and if it is set to
1, the data is Fourier transformed and the frequency domain is plotted. Since the data is
complex-valued, the final input compx indicates how to convert it to a real value, where 0
will use the absolute value, 1 will use the real part, and 2 will use the imaginary part.

As an example, we will consider the V-shaped three-level system from Section 5.1.1. We
will also assume that graph and feyn are already defined as in that section. We can simulate

this system using

axtau (0:2000-1)/3; % tau axis

axt (0:2000-1)/3; % t axis

ts = [{axtau} {0} {axt}];

freqs = [0 0.67 1.33]; % Freqs measured relative to ground state
gamma = 0.04; % All states have the same dephasing rates
Omega = ((fregs' - fregs) - 1i * gamma);

res = SimulateMDScan(ts,feyn,Omega,graph);
We can also plot the time domain data with

PlotMDCSScan(ts,res,0,0); % For time domain

x1im([0,100]) ;y1im([0,100]);
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and the frequency domain spectrum with

PlotMDCSScan(ts,res,1,0); % For frequency domain

x1im([0,2]) ;y1im([-2,0]);

The resulting plots are shown in Figure 5.2.
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Figure 5.3: The result of a simulation of a V-shaped three-level system, plotted in both the
time and frequency domains.

5.2.2 Delta-Function Pulses

Before discussing the simulation code, we will return to the theoretical framework discussed
in Section 2.1, and include delta-function pulses. While finite pulse effects do influence the
final spectrum [60], we can simplify the mathematics by assuming our pulses are infinitely
short [38, pg. 42].

To do this, we first recall Equation 2.27 from Section 2.1.2. We are trying to find the nth
order density matrix element

; t
? ; ~ ; ’ . N (n—
P (£) = G M;in’d ek / Bt (#) e imasnt’ o= o =80 pin =Dy qt!. (5.1)

— 00
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We will write the envelope of the nth pulse as
B (t) = EMmag (t) . (5.2)

Next, we will substitute this envelope into the equation above, and add a time offset ¢/, for

the pulse (which will eventually allow our pulses to arrive at different times). This gives

(n) (t) _ Cmd Z:uCnd ei’ﬂn,dkn'x

pknybny FL
t
/ EMt (¢ — 1) e~ maen =) =m0, (1) d (5.3)
Z/”LCn &l i kp-x —if) — n—1
= (o ;1 en.d U G )pl(cn l)bn 4 (tl )

Note that we will need to find p(n Y b1 (tn). To facilitate repetitive applications of this

equation, we will find it more convenient to write it in terms of ¢, ; instead of ¢

n ZI’I’Cn gnnd ; x —i , _ "
p](fn),bn, ( ;1_’_1) — Cn d c}; e nn,dkn e an,bn (thrl tn)pén i’) b1 (t;,) . (54)
Thus, N — 1 repeated applications of this equation give
=1) (p 1 Z.MCn,dgnn’d Ny gKn-x ,—i§2 (t' —t! )
t — nd————— n,d®¥n kn,bn \!n4+1"tn . 55
)= [T Gt g—ermakene (55)

This is written in terms of ¢/, which is the arrival time of the nth pulse. We can rewrite it
in terms of t,,, which we will define as the time difference between pulse n and pulse n + 1,

so t, =1, —t,. Thus we write the density matrix elements after N interactions as

N_1 N-1 Zl’LC gnn,d . )
p((i B ) (tl, e ?tN—l) e H Cn7d%eznn,dkn'xe_Zan,bntn. (56)
n=1

Next we will assume that only the first N — 1 interactions are due to the laser interacting

with the sample, so the final Nth interaction corresponds to an emitted signal which can be
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heterodyne detected. In this case, we can use Equation 2.28, and ignore some constants, to

find that the measured signal S for a given Feynman diagram d is proportional to

N-1
SC(lN) (tl, e ,tN—l) X iCN,dluCN,d H Z'Cn’d,lj,cmde_igk”’b”t". (57)

n=1

5.2.3 Implementation

Now that we have built up the required math, we can proceed with using it to simulate spec-
tra. The function SimulateMDScan will compute Equation Equation 5.7 for each Feynman
diagram input, and find the sum of the results. The function does not currently account
for differing values of the dipole elements p, but this could be added. We will ignore the
code which handles inhomogeneous broadening, which is contained within several condi-
tional statements and is explained in Appendix B. As in Section 5.1.2, we will summarize

the content of SimulateMDScan as pseudocode.

for each axis in ts
reshape each axis so it is a vector array along the nth dimension
end
res = initialized array of zeros
for each Feynman diagram in feyn
resn = initialized array of ones
for each of N-1 interactions (excluding emitted signal)
% Compute using values from this row of this Feynman diagram
resn = resn * (i * zeta * exp(-i * Omega * nth axis))
end
% Compute using values from this emitted signal
resn = i * zeta * resn
res = res + resn;

end
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Most of this function is as expected. The function iterates over each Feynman diagram, and
over each interaction. For each iteration, the program computes the interior of the product
in Equation 5.7.

Reshaping the time axes in ts enables the flexibility of the code. When multiple dimen-
sions are used, the product step is executed element-by-element. Thus, every combination

of time delays is calculated, and the final result is an N-dimensional array.
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CHAPTER 6

Correlated Dephasing in Multidimensional

Spectroscopy of Interacting Systems

As discussed in Chapter 2, many features of a MDCS spectrum are due to the oscillation of
various coherent superpositions over time. If we are observing a collection of systems, their
phases will gradually desynchronize, resulting in a decaying signal. While there are multiple
possible sources for dephasing, our discussion here will be focused on scattering events in
the Markovian limit.

Some possible coherences can be due to multiple different energy transitions in the system.
For instance, a zero-quantum coherence may be given by the difference of two energy transi-
tions, and a double-quantum coherence may be given by the sum of two energy transitions.
This means the dephasing rate of the coherence is affected by both transitions’ scattering
events. Correlations between these scattering events will similarly affect the dephasing rate.

The effects of correlated and anti-correlated dephasing on a zero-quantum coherence have
been previously observed experimentally [21, 8, 67, 47]. For double-quantum or higher order
n-quantum coherences, the type and strength of correlations may be able to be controlled
by adjusting the distance between multiple interacting systems.

In this chapter, we will use the simulations from Chapter 5 to explore how correlated
dephasing affects MDCS spectra, with a particular focus on double-quantum and higher-
order n-quantum spectra. In Section 6.1, we will build a mathematical model for Markovian

scattering both with and without correlations. We will apply this model first to the simplest
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case of double-quantum spectra in Section 6.2. Then we will generalize these results to
higher-order n-quantum spectra in Section 6.3. We will finish with some concluding remarks

in Section 6.4.

6.1 Correlated Dephasing

One source of dephasing in MDCS scans is scattering events, which can be caused by collisions
of the system with atoms or phonons. Such collisions can cause the resonance frequency
between two states in the system to fluctuate. If there is a superposition between these two
states when a scattering event occurs, the phase of the evolution of the superposition will
jump, as is shown in Figure 6.1. If there is a collection of many such states undergoing
random scattering events, over time these phase jumps will cause them to dephase with
respect to one another.

Under the Markovian limit, we assume that the timescales of these scattering events are
smaller than the relevant timescale of the experiment. Thus, we can approximate them with
delta functions.

In Section 6.1.1, we will use this to mathematically describe how Markovian dephasing

affects the density matrix. With this mathematical framework in place, in Sections 6.1.2 and
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Figure 6.1: A depiction of how Markovian scattering events affect a system. The top plot
shows how individual scattering events cause fluctuations in an energy level, or oscillation
frequency, in the system. The bottom plot shows how the energy fluctuations create phase
jumps in the evolution of a superposition between two states in the system.
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6.1.3 we can begin to investigate the effects of correlated dephasing.

6.1.1 Markovian Scattering

Consider the evolution of a density matrix element, as in Equation 2.23, but absent any

electric field interactions

oo™
% = _Z.Qa,bpg;zb) - = (iwa,b - Z.’Ya,b) p((:b) (61)

To account for Markovian scattering, we will use the following derivation from Reference
[59, pgs. 86-87]. We can represent the random fluctuations due to Markovian scattering
by adding a random frequency shift dw, (¢). We will also assume that this frequency shift
follows Gaussian statistics. This gives
piiy .
W’b == (iwa,b + idwa,b (t) - Z"Ya,b) pg,b)‘ (62)

We can integrate this to get

Pab (t) = pap (0) exp (— (iwap + Yap) t — i/o dt’ dw (t’)) : (6.3)

The integral fot dt' ow (t') would represent the frequency drift over time of a single system. We
care about the dephasing of an ensemble of systems, which all experience different scattering

events. Thus, to find the dephasing of the ensemble, we perform an ensemble average.
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Isolating just the integral term, and expanding it as a series, we see that

(w(=i [arsu))
:<1—i/0tdt b (¢ /dt/dt”éw )b (¢) +
dtgn&u (t1) -+ dw (tzn)—|—~~> (6.4)
zl—i/otdt ——/dt/dt” (b (1) 8 (¢1)) +
_Qn;n/() dtl.../o dton (8w (t1) - - 0w (tan)) - -

Since the fluctuations are as likely to be positive as negative, (dw (t')) = 0. For the

dt1-~

later terms, we need to find (dw (t') dw (t")). If we assume Markovian scattering, then the
scattering events are infinitely fast, and the frequency shift for differing times ¢’ # t” is

uncorrelated. Thus this average will be nonzero only when ¢ = . We can write it as

(dw (") ow (")) = 27ypn0 (' — 1), (6.5)

where 7, represents the amplitude of the fluctuations. Using this we can compute the second

term Equation 6.4 as

t t t
_ % / ' / 4" (80 (') 0 (")) = —on / 45 (1 —1") = —yut. (6.6)
0 0 0

If we assume Gaussian statistics, we can compute the later terms by grouping
(0w (t1) - - - dw (t2,)) into distinguishable pairs like that in Equation 6.5. Since this cannot be
done for the odd terms in Equation 6.4, those terms vanish. The number of arrangements

of 2n terms into n pairs is (2n Since we want distinguishable arrangements, we divide this
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by n!. Thus, we can compute the even terms of Equation 6.4 as

dt1 dth (0w (t1) - - - 6w (t2n))
— —1)" (20)! (29n)" / dty- - / dton 0 (t1 —t2) - -+ 6 (tan—1 — ton) (6.7)
(2n ‘n‘ n " : !
_ (=pnt)"
=

Using this, we can collapse Equation 6.4 back into an exponential, giving
t oo . t n
<6Xp <—Z/ dt’ dw (t/)) > = Z % = exp (—fypht) . (68)
0 ~ nl

Our integrated expression from Equation 6.3 therefore becomes

Pab (t) = Pab (0) exp (_ <iwa,b + Ya,b + 752)) . (69)

Thus, the energy fluctuations due to Markovian scattering can be modeled as another de-
phasing term in the evolution of the density matrix. We can easily fit it into our model of
MDCS in Chapter 2 and our simulations in Chapter 5 by modifying our definition of {1, in

Equation 2.2.2 to be
Qap = Wap — Pap — i1 (6.10)

6.1.2 Correlations Between Two Transitions

If we have a system with multiple energy transitions, it is possible that the energies of
the different transitions are correlated. If one transition fluctuates, the other will fluctuate
similarly (for a specific system). Anticorrelation, where if one transition fluctuates up, the
other will fluctuate down, is also possible. Correlated dephasing has been previously observed

in excitons in GaAs [21], GaAs quantum wells [8, 67|, and InAs quantum dots [47].
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Figure 6.2: (a) A V-shaped three-level system. (b) An illustration of the effects of correlated
(p = 1), uncorrelated (p = 0), and anticorrelated (p = —1) dephasing processes on the
energy levels of this system.

All three of these instances concern a V-shaped three-level system, such as that in Figure
6.2 (a). To simplify the problem, we will measure all fluctuations relative to the ground
state. Correlated, uncorrelated, and anticorrelated scattering events for this system are
shown in Figure 6.2 (b). We will assume (for now) that the coherences |0) (1] and |0) (2|
have equal scattering dephasing rates ygﬁ = 73};. We wish to find the dephasing rate of the
zero-quantum coherence |1) (2|, which evolves at frequency wa; = wa g — w p.

For the uncorrelated case, p = 0, we see that the fluctuations of the two energy levels
are independent. We would expect the zero-quantum coherence to dephase twice as fast
as the single-quantum coherences, since the fluctuations will be twice as frequent for the

zero-quantum coherence. This expectation can be written mathematically as
ph

h h h
’7{),2 = 78,1 +%,2 = 278,2- (6-11)

For the completely correlated case, p = 1, the fluctuations in the two energy levels are

identical. Since wy; = wap — w1, we have that
Owa,1 = dwsg — Owi g = dwao — Owag = 0. (6.12)

Thus, the dephasing of the zero-quantum coherence is not affected by the scattering events,
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SO

W =0. (6.13)

For the completely anticorrelated case, p = —1, the fluctuations in the two energy levels

are exactly opposite. Since ws; = wap — w1, we have that
5(4.22,1 = (5&12’0 — (5&]170 = 6(4.)270 + (50.)270 = 2(50.)270. (614)

Looking at equation 6.5, we see that a factor of two increase in dw will increase 7, by a
factor of four, so

VP = 4185 (6.15)

These simplistic and intuitive results agree with the general result of Reference [21]

h h h / ph_ph
’752 = 78,1 + 7(})),2 —2p ’75),17(13),2 (6.16)

This equation allows for any —1 < p < 1 and 7})’7}1 =+ 7&};. Additionally, we will provide a
more rigorous justification for this equation in Section 6.1.3.

While prior experimental results used systems like the three-level system just discussed,
the diamond-shaped four-level system seen in Figure 6.3 (a) is more relevant to this work.
In particular, we are concerned with the dephasing rate of the double-quantum coherence.

The effects of scattering events on this system are illustrated in Figure 6.3 (b). We
would expect the uncorrelated case to be the same as that of the three-level system, since we
similarly see twice as many fluctuations of the double-quantum coherence. For the correlated
and anticorrelated cases, we look to the origin of the doubly excited state. The zero-quantum
coherence frequency was found by taking the difference of the single-quantum coherences, but
the double-quantum coherence frequency is approximately the sum of the single-quantum
coherences (minus a term due to the interaction). Thus, we would expect the effects of

correlation and anticorrelation on the double-quantum coherence to be opposite those of the
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Figure 6.3: (a) A diamond-shaped four-level system. (b) An illustration of the effects of
correlated (p = 1), uncorrelated (p = 0), and anticorrelated (p = —1) dephasing processes
on the energy levels of this system.

zero-quantum coherence.
Thus, referencing Equation 6.16 we would expect the general equation for the double-

quantum dephasing rate to be

/ ph h
’yglhgg,eleg = ’Y‘Iqjlh,el + ’Y‘Iquh,ez + 2p 751761752762‘ (617)

This equation will also agree with the results of Section 6.1.3.

Equations 6.16 and 6.17 are sufficient to describe all the coherences possible in a diamond-
shaped four-level system, which can be probed using double-quantum MDCS. However, we
would like to be able to simulate higher-order n-quantum MDCS as well. This will require
calculating dephasing rates for coherences which are comprised of more than two single-

quantum coherences, so we will need to generalize these results.

6.1.3 Generalized Correlations

In order to generalize this to more complicated energy level structures, we will turn to
statistics. Recall that we are assuming that the fluctuations follow Gaussian statistics, and

assume that all fluctuations dw are measured relative to some ground state. We already
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know that the mean of these fluctuations is zero
o = (dwy) = 0. (6.18)

We can also find the variance of a single transition, which we would expect to be proportional

to the Markovian dephasing rate, as defined in Equation 6.5
o2 = (0w, — ua)2> = (Sw? ) oc yPM. (6.19)
If we have two fluctuating states, we can also define their covariance
cov (dwg, dwp) = ((dwa — fa) (0w — p)) = (dwadwy) (6.20)

as well as their correlation
cov (0wq, Owp)

p = ——————> 6.21
Pab 0a0p- ( )

Using these, we can define the covariance matrix in a basis of fundamental energy transitions

o? cov (dwydwy) -+ cov (dw;dwy)
5 cov (dwadwy ) o3 -+ cov (dwadwy)
cov (dwpdw;)  cov (dwydws) - - - o?
(6.22)
o1 0 I pi2 - pig o1 0
B lop pi2 1 o pog lop
0 Ok Pk pP2r 1 0 Ok
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and the correlation matrix

I pi2 - puk
pi2 1 o pog
R = . (6.23)
Pk Pk - 1

Note that the covariance matrix must be symmetric and positive semi-definite [28, pg. 122].
This restriction is necessary to prevent impossible correlations. For instance, if a and b are
fully correlated, and b and c are fully correlated, then it is impossible for a and ¢ to be
anticorrelated.

Since the fluctuations follow Gaussian statistics, they can be modeled as a multivariate

normal distribution,

1 1
f(dw) = ————=exp (—ééwTE_ldw) . (6.24)
(27)" det 2
One convenient result of this is that every linear combination of its components (dwy, . . ., dwy)

is itself normal [28, pg. 123, def. 1].
Consider any vector s of length k. We know that the linear combination s?dw follows

normal statistics. We can find its variance by taking [28, pg. 124, thm 3.1]

02 =s"%s. (6.25)

s

2

Because we have 0* o< ypn, we can get a similar expression for 7y

1P = Ty Ry, (6.26)
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where

2 - 2 . (6.27)

Alternatively, we can write this matrix product as

W=D AR 2D sasupan/ 70" (6.28)

aFb

Using this, we can reproduce the results of Section 6.1.2. For instance, if we want to find
the dephasing rate of the sum of two energy levels with individual dephasing rates vP" and

75", then s = (1), so

Yoo = 10"+ 4 2pap\ R (6.29)

which matches Equation 6.17. Similarly, if we want to find the dephasing rate of the difference

of the two energy levels, then s = (1), so

h h h _ph
Toss = 9+ = 2000\ 8 S (6.30)

which matches Equation 6.16.

6.2 Double-Quantum Results

We begin by investigating the effects of correlated dephasing on a system consisting of two
interacting two-level systems using double-quantum MDCS, which was first introduced in
Section 2.2.4. This system can be represented as a diamond-shaped four-level system, as
shown at the center of Figure 6.4. Note that the doubly excited state is still reduced by an
interaction term A, as described in Section 2.2.4 and depicted in Figure 2.9. The simulations

that follow do include this term, but it is set to be small relative to the other values in the
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Figure 6.4: Two two-level systems combining to form a diamond-shaped four-level system,
which we can represent as a three-level ladder system.

simulation.

We should also be sure to distinguish this work from Reference [42]. This earlier work con-
cerns correlations between the frequencies of interacting systems and how these correlations
affect double-quantum lineshapes. Such correlations result in inhomogeneous broadening.
The work presented here instead concerns correlations in scattering events, which results in
correlations in the dephasing rates of interacting systems. We will set the frequencies of
the different transitions to be equal to simplify the problem, but these computations could
also be calculated using different frequencies for individual single-quantum coherences, or

including inhomogeneous broadening as well.

6.2.1 Double-Quantum Dephasing

To simulate this system, we need an expression for 2 as defined in Equation 6.10. In
particular, v, needs to be written concisely in the basis of the possible system states. Note
that this is different from the basis used in the covariance matrix 3. For this system of
two interacting two-level systems, the basis for ¥ consists of the two transitions of the two
individual interacting states, and the basis for 2 and ~,, is the four states in the combined
four-level system.

Let v, and 2 be the dephasing rates of the two individual two-level systems, and p be the

correlation between the dephasing of these two states, so the correlation matrix R = (2} 7 )
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Using the results of Equation 6.28, we find

(g9l (eg] (gel (ee]
lgg) 0 " V2 Y1+ 72 + 20172
leg) 7 0 7+ 72 — 2p/7172 Y2
“Yph = . (6.31)
lge) Y2 Y1+ 72 — 2p/7172 0 71
lee) \ v1 472+ 2pv/7172 Y2 7 0

Here, the rows and columns are labeled with the kets and bras of the corresponding coher-
ences.

All possible coherences for this system are represented in this matrix. However, not all of
them can be reached in a double-quantum signal. In particular, a zero-quantum coherence,
such as |ge) (eg|, will not occur. If we assume w; = wy and 73 = 79, then we can treat
leg) and |ge) as a single state, and represent this system by the three-level ladder system as

shown in the right side of Figure 6.4. In this case, ,, can be written as

(991 (gel (eel
l99) 0 v (242p)y
Toh = [ge) v 0 ot : (6.32)
lee) \ 2+2p)7 v 0

This simplification reduces the number of Feynman diagrams needed to simulate this system.
While not strictly necessary for double-quantum spectra, this simplification will become
much more useful for the higher-order n-quantum spectra explored in Section 6.3.1, since as

n increases, the number of valid Feynman diagrams increases dramatically.

6.2.2 Double-Quantum Simulations

We can now simulate double-quantum spectra using the dephasing matrix written in and
the simulation code described in Chapter 5. Some resulting simulations are shown in Figure

6.5 (a). The frequency axes are defined relative to the frequency difference of one of the
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two-level systems, so wey = 1. It is assumed that the dephasing due to Markovian scattering
events is much greater than other sources of dephasing, so the rate of dephasing is dominated
by vpn. The dephasing due to Markovian scattering for the individual two-level systems for
this set of spectra is set to be vpn = 0.05we,. The spectra are taken at differing values of
correlation, p. We also do not include any inhomogeneous broadening, and all spectra are
normalized independently.

As we would expect for this system, all spectra show a single peak with double-quantum
frequency of 2w., and emission frequency w.,. However, what is more relevant is the

linewidths along the two axes, which are portrayed more clearly in Figure 6.5 (b) and (c).

a)
p =-0.95 p=-05 p=0 p=0.5 p =0.95
o4 h ' : . .
(&)
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0, 1 ] ] ]
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b) 1 c)
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0
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Emission Frequency Double Quantum Frequency

Figure 6.5: (a) Simulated double-quantum spectra at a variety of correlation values. (b)
Horizontal cross section of double-quantum spectra at wy = 2. (c¢) Vertical cross section of
double-quantum spectra at w; = 1.
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The linewidth along the emission frequency axis is determined by the rate of dephasing dur-
ing the ¢ time delay. Since this time delay probes single-quantum coherences, and since the
correlation coefficient does not impact these single quantum coherences, the linewidth along
the emission frequency axis does not depend on p. The linewidth along the double-quantum
frequency axis is determined by the rate of dephasing during the 7" time delay, which probes
the double-quantum coherence. We determined above that this dephasing rate is given by
(24 2p) 7, so the linewidth along the double-quantum axis is strongly affected by «. In
particular, note that when p = —1 the dephasing rate of the double-quantum coherence
becomes 0, and the linewidth becomes arbitrarily small (although in practice it would be
limited by other sources of dephasing).

To be more exact, we can mathematically represent the lineshapes of cross sections of the

peaks, as plotted in 6.5 (b) (c¢). The single-quantum coherence has a Lorentzian lineshape,

described by

-1

I (w) = ((%)2 + 1) , (6.33)

and the lineshape of the double-quantum coherence is the root of a Lorentzian, as in

9 -1/2
W — 2Wegq

6.3 n-Quantum Results

6.3.1 Higher-Order n-Quantum Spectra

In Section 2.2.4 we discussed double-quantum spectra, which are used to probe double-
quantum coherences. By allowing the second and third pulses to interact with the system
multiple times, higher-order coherences can be observed [72, 40]. Written generally, we can
probe a coherence between the ground and nth excited state through n-quantum spectra.

The pulse sequence for an n-quantum scan is shown in Figure 6.6. For a double-quantum
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Figure 6.6: (a) A pulse sequence for an n-quantum spectrum. (b) The corresponding n-
quantum spectrum.

signal, the first two pulses have the same conjugation, which forces the system into a coherent
superposition between the ground and doubly excited states. Similarly, for an n-quantum
signal, the first n interactions have the same conjugation, which forces the system into
a coherent superposition between the ground and nth excited states. Much like in double-
quantum spectra, in n-quantum spectra the later interactions have the opposite conjugation,
and can act on the left or right. After the next n—1 pulses, the system is in a single-quantum
coherence, and the final signal can be detected using the same methods as in Section 2.2.

To remain consistent, we will label the time delay of the n-quantum coherence, which
is between the nth and n + 1th interactions, as 7', and time time delay of the final single-
quantum coherence, which is between the 2n — 1th and 2nth interactions, as ¢t. This is shown
in Figure 6.6 (a). The frequencies corresponding to these time delays are represented as the
axes in the example n-quantum spectrum in Figure 6.6 (b). The plotted diagonal in this
spectrum is wr = nwy.

Where double-quantum spectra are useful in observing interactions between two nearby
systems, n-quantum spectra are able to observe interactions between n nearby systems, such

as multi-atom Dicke states [72, 40].
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6.3.2 n-Quantum Dephasing

We can make similar simplifications to those in Section 6.2.1 for larger numbers of interacting
two-level systems, such as the three-level system shown in Figure 6.7, although again we need
a few conditions. First, we need wy = wy = -+ = w, and 7, = vy = --- = ~,. If all of the

Pab = p are also equal, using Equation 6.28 we can write for a four-level ladder system

(999| (ggel (geel (eee
l999) 0 v (2+2p)y (3+6p)y
lgge) v 0 ¥ (2+2p)y
Yph = ) (635)
lgee) | (2+ 2p)y gt 0 v
leee) \ (3+6p)y (2+2p)y g 0

or more generally, for a (n + 1)-level ladder system

(0] (1] (n]
10) 0 v o (nt+n(n—1)p)y
%mZID ! ! - E , (6.36)
: : ~
[n) \ (n+n(n—1)p)y v 0

A T ece)
— |€1> — |62> — |€3> gee) ge |eeg> T \gee)
>< >< -

+ lgge)

legg)

o
=
=
=y
S
~
S
@
{//1
o
]
=y
<

v
w—— | g) — |ggg)

Figure 6.7: Three two-level systems combining to form a eight-level system, which we can
represent as a four-level ladder system.
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Note that we are once again ignoring coherences which do not occur in a valid n-quantum
scan, such as |gge) (eeg| and |gge) (egg|.

Alternatively, if we ensure that the 2nd through nth interactions occur simultaneously,
and the n 4 1th through 2n — 1th interactions also occur simultaneously, then we can again
represent the system by a (n + 1)-level ladder system, even with differing values for the
correlation coefficients p,4,. The reason for this additional condition is that coherences such
as |gee) (ggg| and |eeg) (ggg| would have different dephasing rates, while being represented
by a single coherence under the four-level ladder system. However, if we require certain
interactions to occur simultaneously, then there is only phase evolution during one-quantum
and n-quantum coherences, so these dephasing ambiguities are irrelevant. The one-quantum
coherences are not affected by p, since there is no correlation for a single transition. For the

n-quantum coherence, we have

Vie--e){g-g| = (n + 2 Z Pa,b) . (6.37)

a#b
6.3.3 n-Quantum Simulations

The simulations for the n-quantum spectra will be quite similar to the double-quantum
spectra in Section 6.2.2. In particular, the linewidth along the emission frequency axis is
determined by the rate of dephasing during the ¢ time delay, and its corresponding line-
shape is again described by Equation 6.33. Similarly, the linewidth along the n-quantum
axis is determined by the rate of dephasing during the T time delay, and we can write its

corresponding lineshape using Equation 6.37,

2 -1/2

YT e 1 . (6.38)

Ir (W) = (n +23 .4 pa,b> v

With this in mind, we can analyze the results for various values of n.

First we will consider no correlation, so p,, = 0 for all @ # 0. In this case, we see that
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the n-quantum dephasing rate is simply n+vy, and scales linearly with n. Simulated spectra

for this case are shown in Figure 6.8 (a). The displayed spectra look identical because the

n-quantum frequency axes are scaled at the same rate as the n-quantum dephasing rate. It

is worth noting that this agrees with the experimental results of Reference [72], in which the

decoherence rate is found to scale linearly with atom number as shown in Figure 6.9 (a).

However, this experimental measurement also contains other sources of decoherence.

The next simplest case to consider is positive correlation, where all p,; > 0 and are equal

for all @ # b. Here, the n-quantum dephasing rate is (n +n (n — 1) p) v, which is notably

quadratic in n. This can be seen in Figure 6.8 (b), which plots simulated spectra with p = 1.

The quadratic nature is more easily seen when plotting the n-quantum dephasing rate as

e
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Figure 6.8: Simulated n-quantum spectra at a variety of values of n, with (a) p = 0 and (b)

p=1
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Figure 6.9: (a) A plot of the experimental measurement of the decoherence rate as a function
of n, figure reproduced from Reference [72]. (b) A similar plot for the theoretic dephasing
rate, relative to 7. Curves corresponding to n + n(n — 1) p are included to improve read-
ability.

a function of n, as is seen in Figure 6.9 (b). An instance of correlated dephasing could be
verified using a similar plot of experimental data. In particular, there is no clear evidence
for correlated dephasing measured in Reference [72], due to the linear relationship in Figure
6.9 (a).

Figure 6.9 (b) also gives us some insight into the anticorrelated case. Recall from Section
6.1.3 that the covariance matrix must be positive semi-definite. We find that, if all p,; are

equal, this is true if

(6.39)

Note that in Figure 6.9, if p < —ﬁ, the n-quantum dephasing rate would be negative,
which does not make physical sense. We also see that for a given n, we can find p = —ﬁ
such that the m-quantum dephasing rate equals zero and the linewidth of the coherence

becomes arbitrarily small.
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We can also consider the case where the p,; are not equal. The linewidth is still given by

Equation 6.37. However, note that setting

n+2> pap >0 (6.40)
a#b

is not by itself sufficient to ensure the covariance matrix is positive semi-definite. For in-

stance,

R=]1-1 1 05 (6.41)
-1 05 1
does satisfy Equation 6.40, but is not positive semi-definite.
If we take care to ensure the covariance matrix is positive semi-definite, we still can find
valid matrices for which the n-quantum dephasing rate is zero and the values of p,; are

different. One such example is

R = . (6.42)
-1 -1 1 1
-1 -1 1 1
Note that this satisfies
n+2Y pop=0. (6.43)
a#b

For any valid covariance matrix in which the above relation is satisfied, the linewidth of the
double-quantum coherence can in theory be arbitrarily small regardless of the dephasing rate

due to scattering events.
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6.4 Conclusion and Outlook

We have found a mathematical model that can describe correlations between Markovian
scattering events, and can calculate dephasing rates due to correlated scattering events. This
model was applied to view how correlated dephasing affects double-quantum and higher-order
n-quantum spectra. We saw that correlations have a direct effect on the linewidth along the
n-quantum axis.

The main result that should be highlighted is that anticorrelated dephasing can reduce
the linewidth along the n-quantum axis. In particular, there exist configurations where the
theoretical linewidth is arbitrarily small, although in practice the linewidth would be limited
by other sources of dephasing.

One possible application of this work is in quantum sensing. One limit to the sensitivity
of a quantum sensor is the decoherence time of the system [16]. If an appropriate anti-
correlated system can be found or engineered, possibly by controlling the distance between
the individual interacting systems, the ensemble could be used to improve the sensitivity or

reduce the sensing time of a quantum sensor.
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CHAPTER 7

Conclusion

This thesis investigated two projects using MDCS, one experimental and one theoretical.
MDCS is an incredibly useful technique due to its combined power and flexibility. It is
excellent at untangling complicated systems and a single MDCS spectrum, and such a spec-
trum can contain information that would typically require multiple measurements using more
traditional techniques.

The first result we discussed concerns experimental measurements of the SiV center in
diamond [5]. We used MDCS to identify the peaks in complicated spectra. We associated the
different families of spectral peaks to different orientations of SiV centers separated by strain
in the sample. Then we used the locations of these peaks combined with preexisting strain
equations [45] to calculate the strain local to our laser spot. We did measure a non-zero
strain which varied slightly at different points across the sample.

We did not purposely apply any strain to the diamond. We suspect the strain in the
sample may be due to the implantation and annealing processes, especially because our
sample has a high implantation density. In the future, it would be interesting to measure
the spectra and strain of a sample with varying implantation density to investigate the
possible relationship between strain and implantation density further. This may require
improving the sensitivity of the measurement.

We also briefly discussed some double-quantum spectra of the SiV center [14]. These

measurements allowed us to observe dipole-dipole coupling between nearby SiV centers.
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By adding a pre-pulse before the MDCS pulses, we also demonstrated the ability to tune
these interactions. This is another measurement that would be interesting to repeat with a
variable density sample, since it would allow us to measure the strength of the interactions as
a function of the average distance between adjacent SiV centers. It would also be interesting
to take higher-order nm-quantum spectra of these systems to observe interactions between
more than two SiV centers.

Later, we discussed the simulation software written for the theoretical results in this
thesis. This simplicity and flexibility of this code is designed to make it easy to use on a
wide variety of problems. Ideally, it could continue to be used to simulate MDCS, and by
including explanations about how to use the code in this thesis, I hope to encourage this.

This code was used to simulate double-quantum and higher-order n-quantum MDCS
spectra of interacting systems with correlated dephasing. We developed a mathematical
model describing different types of correlations and how they affect the dephasing rate of
a collection of systems. These results were then integrated into simulations of spectra.
Generally, we found that correlated dephasing typically results in a broadening of the spectral
peak along the n-quantum frequency axis, and anticorrelated dephasing typically results in
a narrowing of the spectral peak along the n-quantum frequency axis. We also found that
there exist correlations with arbitrarily long dephasing times, or arbitrarily narrow spectral
peaks, although in practice other sources of dephasing would limit the linewidth.

An ideal next step would be to try to confirm these results experimentally. Comparing
the linewidths of n-quantum spectra for varying values of n would be useful in identifying
different amounts and types of correlations. It may be desirable to try to engineer ensembles
of interacting systems with the desired properties. An ensemble with anticorrelated dephas-
ing could be useful in creating more sensitive quantum sensors, as anticorrelated dephasing
can lengthen the dephasing time of the n-quantum coherence.

We have seen that both the results in this thesis use MDCS to further the field of quan-

tum sensing. In particular, the experimental work uses SiV centers in diamond as a strain
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gauge, and the theoretical work suggests a possible way to improve the sensitivity of quan-
tum sensors. Both the topics of MDCS and quantum sensing remain exciting areas of
research. Researchers are still finding new ways to use or advance MDCS techniques, and
such techniques are increasingly available to researchers to study new and novel materials.
New methods of quantum sensing continue to be developed, and old methods continue to
be improved. The ideas presented in this thesis are built on top of the ideas of many other
researchers. I hope that the projects I have worked on while completing this work continue

on through the further advancement of these fields and the inspiration new ideas.
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APPENDIX A

Elements of the Rotated Strain Tensor

In this appendix, we give the rotated strain tensor elements needed in Chapter 4. These are

computed using the rotations from Equation 3.2.

For the two in-plane SiV centers we can compute

e =R, (—0¢)eR,(¢),

which gives

ro_ 1 2 22 I _ V3 V6
e;m; _56150 + §€zz - Tez:ca Exy _?exy - Teyza

/ - / _\/6 \/g

€yy =Eyys €yz =5 €aoy T "5 €yz,
/2 1 22 I \/2 V2

Ezz _gezx + §€zz + Tezam Ezgg _?exaz - ?ezz -

and we can compute

which gives

1
§€zx7

roo_1 2 2v2 I _ /3 V6
Emc —gexx + §€zz + Tezxa Exy _Texy + ?eyza

r 1 _\6 _ V3

Eyy =€yy; Eyz =3 €xy 3 €yz,

12 1 2v/2 I V2 V2 1
GZZ _gexm + gezz 73 €2z, sz —Texm - ?622 + gEZ:E
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For the two out-of-plane SiV centers we can compute

6', = Rz (%) R:c (_gb) E:Ra: (gb) RZ (_g) ’

which gives

' 1 2 22 ' V3 V6
€oe =3y T 5622 T Ty Epz, €ay = — 73 Coy — 73 €y

/ / \/6 \/g
Eyy —exx7 Eyz = — —3 Exy —|— —3 sz’

/ 2 1 2\/5 / \/i \/i 1

€22 =36y T 3622 — T3 €y, €2 =73 Cyy — 73 €2z T 56yz;

and we can compute

which gives

ro_ 1 2 2v2 I 3B V6
€ox =36y T 32— T3 Gz €oy = = 73 Cay T 73 €2a

; r_ V6 V3

ny =€z, Eyz - Texy - Tezccy
;o2 1 22 V2, V2, 1
€ =3€yy T 362 T T3 €z, €20 =73 Eyy 3 €2z — 3Cyz-

(A.5)

(A7)

(A.8)

These elements can be plugged into Equation 3.7 to give the twelve strain equations in the

crystal basis, as described in Section 4.2.2.

99



APPENDIX B

Simulating Inhomogeneous Broadening

This appendix will further discuss the function SimulateMDScan, whose basic implementa-
tion was the topic of Section 5.2. In particular, we will discuss the simulation of inhomoge-

neous broadening in MDCS spectra.

B.1 Using the Simulator

As mentioned in Section 5.2.1, SimulateMDScan has a fifth, optional argument, inhom. In-
homogeneous broadening is only included in the simulation if all five arguments are included
in the function call. The argument inhom should be a structure array with three fields.

In order to understand the fields of inhom, we must make the distinction between the
possible energy states, and the base frequency differences for the system. A similar distinction
is made at the start of Section 6.2.1. The possible energy states are represented by the nodes
in the graph defined in Section 5.1.1, and used to describe the rows and columns of Omega
defined in Section 5.2.1. The base frequency differences are a set of frequencies that can
be used to calculate the relative frequencies of each of the different energy states. For a
simple example, this set of frequency differences may be the set of frequency differences
between each excited state and a single ground state, or the set of the frequency differences
between each state (excited or ground) and a single arbitrary frequency. However, this is
not the only possibility. For instance, a diamond-shaped four-level system can be due to

the interactions between two two-level systems, as in Figure 2.9. In this case, the frequency

100



difference between the doubly excited state and the ground state is approximately the sum
of the two frequency differences between each singly excited state and the ground state. The
differences due to interactions are not necessary to include here, since inhom will concern
correlations between these frequency differences, rather than their actual values. Thus, for
the diamond-shaped four-level system, the set of frequency differences could consist of only
the two frequency differences between each singly excited state and the ground state.

The first field of the structure array inhom is the correlation matrix rho, where the
rows and columns correspond to the base frequency differences. Note that this is analogous
to the correlation matrix defined in Equation 6.23, except here the correlations concern
the frequencies of the interacting systems (as in Reference [42]) while Chapter 6 concerns
correlations in dephasing rates.

The second field of inhom is a vector array sigma of the inhomogeneous linewidths of
the base frequency differences. If we convert sigma to a diagonal matrix, then the matrix
product diag(sigma) * rho * diag(sigma) should be positive semi-definite, analogously
to the covariance matrix defined in Equation 6.22.

The final field of inhom is an array key used to convert between the possible energy states,
and the base frequency differences. The columns should correspond to the possible energy
states, and the rows should correspond to the base frequency differences.

To better understand this array, we will consider a few examples. First, we consider the
V-shaped three-level system in Figure B.1 (a). We can define two base frequency differences,

E., — E, and E,, — E,. In this case, we will set

l9) le1) |€2)
E,-E,[ o 1 0
key = : (B.1)
E.,-E,\ 0 0 1

Next, we consider the diamond-shaped four-level system in Figure B.1 (b). We can define
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Figure B.1: (a) A V-shaped three-level system. (b) A diamond-shaped four-level system.

two base frequency differences, F. g4, — Ey,4, and Ey ., — Ey,4,. In this case, we will set

|9192) le1g2) |g1e2) le1en)
E.., — B, 0 1 0 1
key = % : (B.2)
Eglez - Eglg2 0 0 1 1

In this example, note that the last column represents the doubly excited state, which is
found by summing the two singly excited states.

As an example, we will simulate an inhomogeneously broadened V-shaped three-level
system. First, some of the code is identical to the homogeneously broadened example in

Sections 5.1.1 and 5.2.1, and is reproduced here for convenience

% Generate Feynman diagrams

graph = digraph([1,1],[2,3]);

graph.Nodes.Name = {'0" '1' '2'}"';

eta = [-1 11 -1];

feyn = FeynmanFinderFunc('0','0',graph,eta,1);

% Initialize simulation parameters

axtau = (0:2000-1)/3;

axt (0:2000-1)/3;

ts = [{axtau} {0} {axtl}];
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freqs = [0 0.67 1.33];
gamma = 0.04;
Omega = ((freqs' - fregs) - 1i * gamma);

Next, we need to initialize the structure array inhom

r =1,
inhom.rho = [1 r; r 1];
inhom.sigma = 0.12 * ones(N,1);

inhom.key = deph.key;
Finally, we can perform the simulation using
res = SimulateMDScan(ts,feyn,Omega,graph,inhom) ;

We can plot the resulting spectra as in Section 5.1.1.
Figure B.2 plots some example simulated inhomogeneously spectra for several correlation
values . The correlation affects the crosspeaks, since it represents correlation between

multiple frequency differences. For r < 0, the crosspeaks blur due to the complex phase of

the peaks.
r=-1 r=0
0 0
AN e
37 -1 37 -
-1'5 ' ’ -1'5 ’ '
-2 : -2
O L N Y O L N Y
w w wt

—

t

Figure B.2: The result of a simulation of a V-shaped three-level system with inhomogeneous
broadening, with a variety of correlation values 7.
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B.2 Theoretical Background

A more rigorous mathematical treatment of inhomogeneous broadening can be found in
Reference [38], and the calculated lineshape for double-quantum spectra can be found in
Reference [42].

For our purposes, it will be simplest to think of inhomogeneous broadening as a convo-
lution of a spectral peak in the frequency domain with a multivariate Gaussian function.
Let w represent values along the frequency axes (for instance, w = () could be used for
a rephasing spectrum, and w = (Z7) could be used for a two-quantum spectrum). Then

we can write the homogeneous spectral signal as Sgingle (w) and the multivariate Gaussian

function as

Fw) = 1 2L e (—ész-lw) (B.3)

with covariance matrix 3. The inhomogeneous spectral signal is therefore the multivariate

convolution

Sensemble (w) = (Ssingle * f) (UJ) . (B4)

The covariance matrix 3 is defined similarly to that in Equation 6.22, and is still re-
quired to be positive semi-definite. It can be different for the different peaks (defined by
different Feynman diagrams) within a single spectrum, and is determined by frequencies of
the coherences during each time delay, and how they are correlated.

For instance, consider a rephasing spectrum for the three level system in Figure B.1
(a). There will be two on-diagonal peaks, and two off-diagonal peaks. For the on-diagonal
peaks, the probed coherences are the same, and are therefore the frequencies are perfectly

correlated. Thus, if the inhomogeneous linewidth is oq, then
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The correlation of the off-diagonal peaks depends on the system, as the frequencies can be
uncorrelated, correlated, or anti-correlated. Thus, if the inhomogeneous linewidths of the

two on-diagonal peaks are o; and o9, then

op 0 1 r op 0
Y= . (B.6)
0 o9 r 1 0 oy
for any —1 < r < 1, and the results for r = —1, r = 0, and r = 1 are shown in Figure B.2.

Double-quantum spectra are more complicated. Let the inhomogeneous broadening for
the two individual single-quantum coherences be o; and g9. The frequency along the wr axis
is approximately the sum of the two single-quantum frequencies, and the frequency along
the w; axis corresponds to one of single-quantum frequencies (depending on the specific
Feynman diagram used). In this case, (assuming the peak frequency along the w; axis is

W1 = Weyg, — Wng)

2 2 2
o7 + 2ro109 + 05 07 + ro109

2 2
o1 + 10102 o1

in agreement with Reference [42]. We can rewrite this as the product

o1 Oy 1 r oy 01
> = . (B.8)
01 0 r 1 09 0

Note that (17) is not the correlation matrix corresponding to this covariance matrix, since

(g2 %) and its transpose (g. G ) are not diagonal. However, it is the correlation matrix in

the basis of the base frequency differences (rho in Section B.1). The matrix (g, % ) and

its transpose serve to add the inhomogeneous linewidths and convert between the basis of

frequency axes (97 ), and the basis of the base frequency differences (! ). For instance, the
o1 01

first column of (5, G ) is (a5 ), since the peak along the wy axis is approximately located at

w1 + ws. Similarly, the second column of (7} G ) is (9 ), since the peak along the w; axis is
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located at w; for this Feynman diagram.

Next, we return to Equation B.4. So far, we have been working in the frequency domain,
but the existing code for SimulateMDScan is in the time domain. To convert back to the
time domain, we will take an inverse Fourier transform. The inverse Fourier transform of
a convolution is equal to the product of the inverse Fourier transforms of the individual

functions. Thus,

Sensemble (£) = F " (Sensemble (w))
=F! ((Ssingle * f) (w))
= .F_l (Ssingle (w)) ' ‘F_l (f (w))

= Ssingle (£) - F'(t),

(B.9)

where the homogeneous spectral signal and the inhomogeneously broadened spectral signal
in the time domain are Sgngle (t) and Sensemble (t) respectively, and F (t) is the inverse Fourier

transform of Equation B.3, or
Lor
F(t) =exp —§t 3t). (B.10)

Thus, to compute an inhomogeneously broadened spectrum, we will simply multiply the

calculated signal at each time step by Equation B.10.

B.3 Implementation

Before we can compute the Fourier transformed Gaussian, F' (t), for each Feynman diagram,
we need to find 3. It can be computed from the correlation matrix of the base frequency
differences, inhom.rho, similarly to Equation B.8. We will define a new matrix sigma (which
is distinct from the structure array field inhom.sigma), such that our desired matrix ¥ or

Sigma can be computed as
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Sigma = sigma' * inhom.rho * sigma

This new matrix sigma is built up column by column using inhom.sigma and inhom.key.
Next, we can compute the Fourier transformed Gaussian itself. We want it to be computed
at each time step in the cell array ts, so that it is an /N-dimensional array like the output
res. Because of the necessary combination of matrix multiplication and cell arrays, a custom
function is used to do this. Each row and column of Sigma corresponds to one of the time
axes in ts. This function will iterate over these rows k and columns 1 to compute the

pointwise product
ts{k} .* Sigma(k,1l) .x ts{l}

and sum these products for each k and 1. We can easily compute Equation B.10 from the
result, and multiply it by the calculated signal resn for the corresponding Feynman diagram.

The parts of SimulateMDScan which compute inhomogeneous broadening are contained
within a couple conditional statements. To summarize the above, and show how these addi-
tions fit into the existing code, we will rewrite the pseudocode summarizing SimulateMDScan

from Section 5.2.3, but include lines for the inhomogeneous calculations.

for each axis in ts
reshape each axis so it is a vector array along the nth dimension
end
res = initialized array of zeros
sigma = initialized array of zeros
for each Feynman diagram in feyn
resn = initialized array of ones
for each of N-1 interactions (excluding emitted signal)
% Compute using values from this row of this Feynman diagram
set nth column of sigma 7 From inhom.sigma and inhom.key

resn = resn * (i * zeta * exp(-i * Omega * nth axis))
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end

% Compute using values from this emitted signal
resn = 1 * zeta * resn

res = res + resn * computed F(t)

end
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